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Abstract

This thesis presents a state-space analysis for a class of 36°°-optimal control problems. The 3>
approach to design provides a framework within which multivariable frequency response characteristics
may be shaped in an optimal manner. This is achieved by modelling noise/disturbance signals and
plant uncertainties in a set framework and subsequently minimising their effect in the closed loop for
the worst case in the set, under the consraint of closed loop stability for the nominal plant. Formally,

any }6*°-optimal control problem may be described by the constrained minimisation,
Yo= Z}JE'_||P11+P12K(1—P22K)-1P21”w (1)

where Z is taken to be the set of all (internally) stabilising compensators. Using the Youla
parametrisation of this set in terms of a free parameter Q(s)€33°, we may transform (1) to
To=_inf [|R(Q)l, (2)
s) ey

where ®( Q) is an affine function of Q(s), or, alternatively to

o
in which R(s)=(R;;(s))€XZ.

Allowing P;.(s) to have more rows than columns (with P,,(s) square) or, alternatively. Pa;(s)
to have more columns than rows (with P,,(s) square), results in a minimisation in (3) in which R;,=0
and R,,=0. These problems have been termed “problems of the second kind” to distinguish them from
the case when both P, ,(s) and P,,(s) are square (problems of the first kind) and the general case in
which both Pj,(s) and P, (s) are non-square (problems of the third kind). A detailed state-space
analysis is performed for the 36 control problems that belong to this class. It is shown that for every
J6°° problem of the second kind a continuum of optimal controllers exists requiring no more than n
states (where n=deg(P)). A parametrisation of the corresponding interpolation functions ®(Q) is also

obtained and the results are extended to the suboptimal (y>1,) case.

Secking to use the degrees of freedom that are available in the solution set of (3) for problems
of the first kind in order to minimise all the singular values of (R;;—@)(s) in turn, leads to the
formulation of the so-called “super-optimal™ Nehari approximation problem. Formally, this may be
stated as follows: Given a rational matrix R;;(s)€32, find a matrix function Q(s)€33 which
minimises the sequence [s{%, s5°, ---] with respect to lexicographic ordering, where
s;-”(RU——Q):supweR s,(R;—Q)(jw) and s;(-) denotes the jth singular value of a matrix (in
decreasing order of magnitude).

This is a stronger version of Nehari’s theorem for multi-input/output systems which restores



uniqueness to the optimal solution and provides a finer measure of approximation. A state-space
algorithm is derived for the solution of this problem. The procedure is to use a set of all-pass
transformations (determined by the maximal Schmidt pairs of a sequence of Hankel operators) to
sequentially minimise each frequency-dependent singular value in a dimension-peeling algorithm.
Bounds on the minimal achievable values of s7°(R);— Q) are derived along with the MacMillan degree
of the super-optimal extension and the corresponding 36 controller. The construction is finally
extended to super-optimal Hankel-norm approximations and to other mixed-type (L£°%/L%

£%°/Maximum entropy) problems.
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General Introduction

During the last decade 36* theory has been developing as a new methodology for multivariable
feedback design. This method provides a framework within which multivariable closed-loop frequency
response characteristics may be optimally shaped. In this way, a number of important issues related to
the stability and the performance properties of the system may be addressed. The particular

importance of 36°°, however, is its ability to treat the issue of uncertainty in a systematic way.

Uncertainty in control systems may be attributed to a variety of factors. For the purposes of
analysing its effects in design (for example its effects in causing instability), it may be distinguished to
exogenous signals and model uncertainty. The first type of uncertainty arises due to the presence of
disturbances, process noise and measurement noise signals. Model uncertainty (taken to describe any
mismatch between the model and the actual system) typically arises due to neglected dynamics,
uncertain coefficients in differential equations and the effects of linearisation. To describe uncertainty of
this type. the true plant is assumed to belong to a family of which the model is also a member. Since
any design based on a model is required to work for the actual system when it is implemented, the
issue of robust control arises, i.e. the problem of achieving the goals of the design not only for the

nominal plant but also for every other plant in the family.

In the 36* formulation both plant perturbations and the exogenous signals are assumed to
belong to norm-bounded sets. In particular, model uncertainties are assumed to be bounded in the £%
norm, giving rise to robust-stability criteria mathematically expressed as infinity-norm constraints on
certain closed-loop transfer functions. In the case of 'unstructured’ perturbations (i.e. if no information
is available on how the uncertainty is distributed among the elements of the matrix function
representing the plant) this choice of norm is the most appropriate one since it provides both necessary
and sufficient conditions for robust stability, under mild assumptions on the perturbed system’s
stability properties. Exogenous signals, on the other hand, are assumed to be unknown but bounded in
energy, their spectral characteristics being reflected in an associated frequency weight acting as a
weighting factor on their spectral density. With this type of uncertainty characterisation enforced, 3>
problems may be formulated as constrained minimax optimisations: A typical 36° problem seeks to
minimise the effects of the exogenous signals/plant perturbations in the closed loop under the
constraint of internal stability for the nominal plant. Since the induced norm of an operator acting on
22 bounded signals is the £°-norm of its transfer function, both types of objectives (exogenous signal
rejection and robust stabilisation) may be expressed as infinity-norm minimisation problems. In this
way, mixed-type problems incorporating multiple performance and robust stability objectives may be

formulated and solved within the 3*° framework.

The reason why 3™ is particularly suitable in dealing with uncertainty is thus twofold: First,
the characterisation of exogenous signals implicit in the 3° formulation is more realistic than the ones

offered by other design methods: Algebraic control methods, for example, assume perfect knowledge of
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Figure 1: Generalised-regulator configuration
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signal uncertainty, while LQG, though modelling process and measurement noise as stochastic signals,
assumes perfect knowledge of their spectral characteristics. The second reason is to be found in the
ability of 36 to deal directly with robust-stability objectives. In this respect, other methodologies offer
very poor results: Pole-placement and geometric methods, for example, seem to be incapable of
extending their results when model uncertainty is taken into account. A simple example by J. Doyle
[D5] has demonstrated that the stability margins guaranteed by LQG theory in the perfect-state
information case are lost when incorrect models are implemented in the Kalman filter employed within
the LQG configuration to reconstruct the state of the system. Loop transfer recovery techniques have
been suggested to ’robustify’ the design, but these are only guaranteed to work under a number of

restrictive assumptions.

Formally, any 36* optimal control problem may be embedded in the generalised regulator
configuration of Figure 1. In this diagram, »(s) is the vector of all external (or fictitious) inputs, z(s)
contains the error signals to be regulated, u(s) are the control inputs and y(s) the measured outputs.
K(s) represents the controller to be designed, while P(s) is a transfer matrix whose structure is defined
by the particular problem to be solved, incorporating the model of the nominal plant together with all
scalings and frequency-dependent weights employed by the designer to shift the emphasis with
frequency between different design objectives. Throughout the thesis attention is restricted to linear
time-invariant finite-dimensional systems so that both P(s) and K{(s) are assumed to be real-rational

matrix functions.
With P(s) in Figure | partitioned as

Py Pry
P(s)= (1)
Py Py

the general 36°° problem may be expressed as the constrained minimisation,

Yopr= inf _|| Fy(P, K) || = inf _|| Pry+PypK(I—PyyK) ™ Pyl (2)
Ke= Ke=

in which K(s) is allowed to range over the set = of all internally stabilising compensators. In other
words, we seek to minimise the worst-case energy transfer between v(s) and 2(s) over all energy-
bounded input signals, using compensators that do not generate any unstable hidden modes in the

feedback configuration of Figure 1.

The type of solution of the general 36> problem (2) strongly depends on the input/output
dimensions of the off-diagonal blocks of P(s). Three general problem-categories will be distinguished:
¥ problems of the first kind are characterised by the assumption that both P;,(s) and P, (s) are
square (though not necessarily of the same size); the condition that just one of the two blocks is square
defines a problem of the second kind, while the condition that both blocks are non-square a problem of
the third kind. The reason behind this distinction will become apparent in Chapter 1 when a solution to

(2) is outlined.
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The optimisation problem in (2) is a constrained minimisation of a bilinear function in A(s)
over an implicitly-defined set. The problem may be simplified considerably by invoking the Youla

parametrisation of internally stabilising compensators,
=={ T (K, Q) | QEHT ) (3)

in which Q(s) is allowed to vary over 3 and Ky(s) (the generator of the family of all stabilising
controllers) is obtained by performing a coprime factorisation on P(s) over }3° and solving a double
Bezout identity defined by the coprime factors. Substituting ¥ ,(K,, Q) for K€Z allows (2) to be

written as
Yopt= inf || F (P, F (Ko, Q) || ;= inf I T11"T12QT21” (4)
QexnT ) ) ~ ek oo
in which T; j(s)ef}{;‘f. Since the problem has now been expressed as a free minimisation of an affine

function. it is much easier to tackle than in its original form.

Equation (4) is often referred to as the “model-matching” problem. Since the T;’s and Q(s)
are all stable functions, the norm of R(s)=T},— T,,QT5; (in the case when T, and T, are square) is
constrained only by the RHP transmission zeros of T, and T,, (and in the MIMO case by the

*° problems of the first kind. therefore, reduce to the

corresponding zero directions as well). 36
construction of a stable matrix function of minimum norm satisfying a finite number of interpolation
constraints in the RHP. Problems of this type may be solved via classical Nevanlinna-Pick
interpolation theory [D1]. v,,, is obtained by solving a generalised eigenvalue problem and a generator
of all optimal interpolating functions may be constructed as a “chain” of linear-fractional compositions

of degree-one functions, each associated with a RHP interpolation constraint [L5], [K10].

The interpolation approach in solving 3 control problems is particularly appealing from an
intuitive point of view since it provides insight to the constraints on the magnitude of the closed-loop
functions on the jw-axis due to the presence of RHP constraints. Unstable zeros and poles of the plant,
for example, may be easily seen to impose pointwise interpolation constraints on the sensitivity and the
complementary-sensitivity functions, if stability in the closed loop is to be attained; these are in fact
equivalent (via Poisson’s integral formula) to integral relations that the two functions must satisfy on
the jw axis [F7], [F9]. 3> design may be viewed, in this way, as a method of shaping the closed-loop
frequency-response characteristics by trading the magnitude of the target closed-loop functions at
different frequency intervals in a way which keeps all integral constraints in force. Unfortunately. the
application of Nevanlinna-Pick interpolation theory is only restricted to 36° problems of the first kind
(although a generalised interpolation procedure for 36 problems of the second and third kind
involving matrix-like interpolation constraints of the form A(s)®(s)=B(s) has been proposed [H3].
[H4]). In addition, the presence of interpolation constraints defined at zeros having multiplicities
greater than one makes the application of the theory awkward, even for problems of the first kind. To

deal with such difficulties, an alternative method for solving (4) has been developed.

The model-matching problem (4) is first transformed to
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on= ol N T[T T l][% ’ M;ﬂnw (5)
in which [T}, T_L] and [T3, Tl]' are inner matrices. (Note that this is in general possible under mild
assumptions on the structure of P(s): First, inner-outer factorisations may be performed on T, and
T,j, the outer factors being absorbed in @(s); matrices T jand T, may next be constructed as inner
complements of Ty, and T,, [D4]). The norm-preserving properties of the multiplication by all-pass

matrices may be next be employed to transform (5) to

) . RII_Q R12
Yopt = tnf (6)
Q(s) €IS Ry, Ry,
0o
in which
R R T -
ro=| 0T = ] T Ty Jews (7
Ry, Ry, ™

(6) is referred as the four-block general distance problem. In the case of 3 problems of the first kind,

it reduces to the approximation

Yopr=_nf || Ryy—@Qll (8)
Qs)eXRT
known as the Nehari-extension problem. By Nehari’s theorem [G1], [F2], the infimum in (8) is achieved
and is equal to the norm of the Hankel operator induced by R;,(—s) (definition given in section 1.5).
while a simple state-space characterisation of all Q(s)’s which attain this value has been derived by
Glover [G1]. The case of 3°° problems of the second and third kind is considerably harder: In fact, the
presence of matrix blocks in R(s) which cannot be directly approximated (see (6)) makes only iterative
solutions possible. Such a solution, based on the work of Davis, Kahan and Weinberger [D10]. has been
suggested by Doyle [D4]. The method consists of a bisection algorithm at each stage of which an

inequality of the form

RIJ_Q Rl?

<7 (9)
R21 R22

%)
is checked by transforming (9) to a two-block and a Nehari-extension problem in turn, thus reducing it
to the calculation of a Hankel norm. This two-stage transformation requires the performance of one
inner-outer and two spectral factorisations and, in practical situations, has to make use of model-

reduction routines at each stage to suppress state-inflation effects.

3> originated from the work of Zames in the late seventies who first suggested the use of
infinity-norm minimisations in dealing with plant uncertainty and shaping the sensitivity function. The
scalar sensitivity problem was solved by Zames and Francis [Z1]. [F4] using interpolation theory. The

multivariable sensitivity minimisation problem was treated by Francis, Helton and Zames [F3], Chang
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and Pearson [Cl] and Savonov and Verma [S1], while Savonov and Chen have obtained a solution in
the case that sensitivity is constrained to be decoupled [S6]. Robust stabilisation problems in the
context of 36> optimisation were treated by Kimura [K6], Glover [G2] and Glover and McFarlnane
[G6], while mixed-type problems were adressed by Kwakernaak [K9], Verma and Johnckhere [V1] and
Foo and Postlethwaite [F1]. Extensions of 36 theory to adress robust performance and structured
perturbation problems are mainly due to Doyle et al [D1] and Savonov [S5). Investigations of analytic
tradeoffs in closed loop functions due to the presence of unstable poles and non-mimimum phase zeros
(in the context of 36* optimisation) are due to Freudenberg and Looze [F8], [F9] in the scalar case and
O’Young and Francis in the multivariable case [O1], [02]. Most of the state-space advances in the 3
and model-reduction areas are due to Glover [G1], [G3], [G4], Ball and Ran [B5] and Doyle [D4].
Among recent developments in this area the solution of the general distance problem by all-pass
embedding techniques [G5], a generalised interpolation approach [H3], [H4] and a J-factorisation
approach [G8] are of particular importance. A polynomial-based approach for solving several 3}
problems has been developed by Kwakernaak [K12]. His approach requires the solution of systems of
matrix polynomial equations and implicitly treats the ensuing Nehari-extension problem as a Wiener-
Hopf minimisation weighted by a strictly-proper function. (This function in fact coresponds to the
maximal Schmidt vector of the corresponding Hankel operator [S7], [S8]). The polynomial approach
heavily depends in keeping track of polynomial degrees and for this reason, despite recent advances in
this area, it is rather awkward. From a numerical point of view it seems to be inferior to state-space

methods.

Although 3% is predominantly a frequency-domain method, some very interesting time-
domain interpretations have recently emerged. Khargonegar et al [K5] have shown that if all states are
accessible, the minimum-norm interpolating function may be constructed using a constant state
feedback. This result suggested the possibility of a separation principle between estimation and
regulation in 36*° compensators, similar to the one obtained in LQG theory. Such a separation principle
has in fact been established by Doyle et al [D9] for a class of 36 controllers; their analysis has also
produced considerable computational simplifications resulting in a generator of all 3* controllers
based on the solution of two indefinite Riccati equations. An interpretation of 3* optimisation in
game-theory terms has been developed by Limebeer et al [L10]. Their analysis is based on an
interpretation of the 36 minimax-type cost as a linear-quadratic differential game between the
exogenous signal (’trying’ to maximise the overall cost) and the controlled signal (’trying’ to minimise
it). The description of the problem in these terms illustrates the significance of the indefinite Riccati
equations obtained in [D9], [G5] and has led to extensions to the time-varying case. Such extensions

have also been obtained by Tadmor [T1] using the maximum principle.

Considerable interest has also been devoted in using the degrees of freedom that are available
to 3> interpolating functions in the suboptimal (||R(s)|| <7, 7,p:<7) and the optimal case.
Maximum entropy extensions (in the context of }*° control) have been considered by Limebeer and
Hung [L6] for the one-block case: their results have been extended to the four block case by Glover and

Mustafa [G7] and Glover et al [G5] using all-pass embedding techniques. In [G5] particular attention is
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given in maximising entropy at infinity establishing interesting links with risk-sensitive LQG theory.

Finally, superoptimal extensions proposed by Young [Y3] have been considered by Limebeer et al [L9],
Postlethwaite et al [P4] and Jaimouka [J1].

Thesis layout and contribution:

This thesis presents a state-space analysis for a class of 3 optimal control problems. As has
been mentioned in previous paragraphs the general 3:°° problem may be distinguished to problems of
the first, second and third kinds according to a dimensionality condition. Problems of the first kind
admit closed form solutions, the optimal cost being obtained by solving a Nehari or “free”
approximation problem. Problems in the last two categories may be solved via an iterative procedure

which involves a number of state-dimension inflation steps.

In Chapter 1 some background theory for 3 control is outlined. The general problem is
formally defined as an optimisation problem incorporating internal stability in the closed loop as a
constraint. Using the Youla parametrisation of internally stabilising compensators allows this problem
to be transformed to a general-distance approximation in terms of a free matrix parameter in 3. In
the one block case this may be solved using the state-space methods in {G1] while a bisection algorithm
is outlined for solving the approximation problem in the general case. A number of control problems of
engineering interest (sensitivity minimisation, robust stabilisation and the mixed-sensitivity
minimisation) are fitted in the configuration of Figure 1. A class of problems treated in [L11] using the
results in [D9] (parametric mixed-sensitivity problems) which nominally belong to the family of
problems of the second kind are shown to reduce to one-block problems and a closed-form solution of
the optimal cost is obtained. In the last section of the chapter links between RHP interpolation

constraints and the magnitude of certain closed-loop functions are described.

Chapter 2 presents a detailed state-space analysis of 3°° problems of the second kind which
leads to the identification of degree-inflation phenomena in the interpolating function and the
controller. Riccati equation balancing techniques are employed to establish links between the
interpolation constraints of the problem, the rank of the solution of the two Riccati equations
associated with this family of problems and the degree of R(s) in the two-block general-distance
problem. A detailed state-space analysis is performed yielding a realisation and a degree bound for the
family of all optimal interpolating functions. This leads to the derivation of the degree bound for the
J6>=-optimal controller by identifying the possible pole/zero cancellations which can occur in the
feedback configuration of Figure 1. It is shown that for every problem of the second kind a continuum
of 3:°° controllers exists requiring no more than n—1 states in the optimal case and n states in the
suboptimal case (v>9,,:), where n=deg(P). Finally, the last two sections include a mixed
sensitivity/additive robustness example illustrating the results together with a discussion of the

computational improvements in 36> software resulting from the cancellation analysis of the Chapter.

Seeking to use the degrees of freedom that are available in the solution set of (6) for problems
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of the first kind in order to minimise all the singular values of (R;;—@)(s) in turn, leads to the
formulation of the so-called “super-optimal” Nehari extension problem, treated in Chapter 3. Formally.
this may be stated as follows: Given a rational matrix R,,(s)€362°, find a matrix function Q(s)e}3
which minimises the sequence [s{°, s3°, ---] with respect to lexicographic ordering, where
s}”(Rn——Q)=supweR sj(R;;—Q)(jw) and s;(-) denotes the jth singular value of a matrix (in
decreasing order of magnitude). A state-space algorithm is derived for the solution of this problem. The
procedure is to use a set of all-pass transformations (determined by the maximal Schmidt pairs of a
sequence of Hankel operators) to sequentially minimise each frequency-dependent singular value in a
dimension-peeling algorithm. Bounds on the minimal achievable values of s?"(Ru—Q) are derived
along with the McMillan degree of the super-optimal extension and the corresponding 3 controller.
The construction is extended to super-optimal Hankel-norm approximations and to other mixed-type
(£%°/42, £°°/Maximum entropy) problems. Finally, a number of examples are included to illustrate
the results of the Chapter and superoptimal robust stabilisation designs are discussed in the context of

a-posteriori error characterisation tests.



A state-space analysis for a class of H optimal control problems -8-

Chapter 1

1.0 Introduction

This thesis presents a state-space analysis for a class of }6™-optimal control problems. The
purpose of this Chapter is threefold: First, it defines the notation and gives some preliminary results
used in the following Chapters. Secondly, it formally defines the general optimisation problem to be
considered, links it to a number of issues arising in multivariable design and outlines a number of
methods for its solution. The general problem is distinguished to problems of the first, second and third
kind according to a dimensionality condition: The first of these reduces to a “free” approximation for
which closed-form solutions exist; for the other two, however, only iterative solutions are in general
possible (although section 1.6 describes a class of problems of the second kind for which closed-form
solutions exist). Finally, the last section of the Chapter relates the minimum cost which can be
achieved in the 36 problem to a number of interpolation constraints which must be satisfied in the
RHP; this illustrates the dependence of the optimal cost on a number of structural constraints due to
the plant such as the position of unstable poles/non-minimum phase zeros and approximate pole/zero

cancellations in the RHP.

1.1 Notation and preliminaries

R, R,.C real, non-negative and complex numbers

R(s) field of rational functions in s with real coefficients

Fm! set of mx! matrices with elements in F(=R, C, R(s) etc.)
C,, C, open (resp. closed) right half plane

Cc_, C_ open (resp. closed) left half plane

A(A),Amez(A) eigenvalue of a square matrix A, largest eigenvalue of A

A" complex conjugate transpose of AGCmXI(transpose if AeRmx{)
A>0, A>0 A is positive semidefinite (resp. positive definite)

A<0, A<D A is negative semidefinite (resp. negative definite)

mxl

RL* space of matrices in R(s)™" which have no poles on the jw axis (including

the point at oo)

T 2%°-norm of matrices in RL*
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R}, RIS subspaces of RL™; matrices which have no poles in C+ (resp. C_)

T'q Hankel operator associated with G(s)€RIS’

o;(G(s)) i-th Hankel singular value of G(s) (i.e. of I' ;) in decreasing order of magnitude
HG(s)I| g = 0,(G(s)) , the Hankel norm of G(s)

Re(s), s, 1| the real part, complex conjugate and modulus of s€C

G'(s) = G(—7)", the para-hermitian conjugate of G(s)

mxl

Associated with a transfer function matrix G(s)€R(s) of MacMillan degree n is a state-

space realisation
G(s) = D+C(sI-A)"'B (1.1.1)

where A€R™", BER™!, C€R™" and DeR™!. The alternative notation G(s)=(4, B, C, D) or

A B
G(s) = c D (1.1.2)

will also be used.

In the above notation, we have G7(s)=(—A", C", —B", D*) and in the case that D is non-
singular, G~'(s)2(A—BD"'C, BD™', —D7'¢C, D7Y. If G}(s)=G"(s), then G(s) is all-pass. G(s) is
called stable (asymptotically stable) if it has no poles in C, (resp. C,). If G(s) has no pole in C_ it
is called unstable. If G(s) is stable and all-pass it is called inner. Unstable and all-pass matrices are
called anti-inner. If G(s) is unstable and [{G(s)|| <1 it is called a matrix contraction. The set of all

matrix contractions is called the unit ball and is denoted by BHZ.

If G(s)=(A, B, C, D), the system matrix of the given realisation is defined as

sI-A —B

c K (1.1.3)

and the system zeros are defined to be the points at which the system matrix loses normal rank. In the
case when D is non-singular, the system zeros are also given by A(A—BD™'C). The input decoupling
zeros (uncontrollable modes) are points at which [s]—A | B] loses rank. The output decoupling zeros
(unobservable modes) are the points at which [sI—A" | C'] loses rank. In the sequel, the term “zero”
refers to “system zero” unless stated otherwise. Obviously, {input decoupling zeros}U {output
decoupling zeros} are a subset of both A(A) and the set of system zeros. The realisation (A4, B, C, D) is
minimal if it has no input/output decoupling zeros. A sufficient condition for this is that all system

zeros are distinct from A(A).

If G,(s)%(A,, By, Cy, D)) and G,(s)Z(A,, By, Coy Dy) then the cascade system G;Gy(s) has a

realisation given by
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A, B A, B
¢, D C, D,

Al BICZ BID2
0 A, | B, (1.1.4)

L ¢, D,C, |D1D2 _|

where we have taken the “multiplication” of two realisations to mean cascading the two systems. This
is not to be confused with ordinary matrix multiplication. The context will always make the distinction

between these two possible interpretations clear.

If a basis change T is introduced into the state-space of G(s), this will be taken to mean the
transformation (A, B, C, D) L(TAT, TB, CT™", D). The MacMillan degree of G(s) will be written
as deg(G) and the set of poles (zeros) of G(s) will be denoted {poles of G} ({zeros of G}).

Linear fractional maps and compositions

Let P(s) be a partitioned matrix with a state space realisation given by

|_ A |B, B, 1
Pll P12 s ‘ .
P(s): (S) = Cl ‘Dll Dl?. (1.1.0)
P?l P22
CQ D21 D21
then
-1

is a state-space realisation of P,;(s). A (lower) linear fractional transformation for the partitioned

matrix P and a matrix A is defined as
F (P K)y=Pyy+PoK(I— PyyK) ™' Py (1.1.7)

where K is of dimension €xm if P,, has dimension mx{. Occasionally, the upper linear fractional

transformation will also be used. This is defined as
Fu(P, K)=Pyyt Py K(I—P;;K)7 Py, (1.1.8)
for a suitable partitioning of P(s). A state space realisation for ¥ y(P, K) is given by the next lemma.

Lemma 1.1.1

If P(s)EIR(p”)x(m”)(s) and K(s)eR™*Y(s) have state-space realisations

[ 4|5 B |

Pis)=| C |Dy Dre K(s) £ (1.1.9)
Cy | D2y Doa

S
(v}

o
[w i
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Then if the well-posedness condition det(I—D,,D)#0 is satisfied,

FyP, K) £ | A+B,DL,C, B,L,C By+B,DL,D,,
BL,C, A+BL,D,,C BL,D,, (1.1.10)
|_ Ci+D12L,DC, Dy,L,C | Dyy+D12 DLy Dy J
where
Li=(J—DgsD)™' 5 L,=(I—DDy,)™* (1.1.11)
Proof:
This result follows by routine computation. 0

The next result says that if H(s) and U(s) are all-pass, then Fy(H, U) is all-pass also. (See also
[G4], [L5] and [L9]).

Lemma 1.1.2

Suppose
H(s) = (1.1.12)
satisfies H(s)H"(s)=c"I. that H,,(jw) has full row rank for all w and that
R(s) = F¢(H(s), U(s)) (1.1.13)
Then if (I— UHa») " '(jw) ezists for all w,
o’ I— R(jw)R™(jw)=0 & I—c2U(jw) U (jw)=0 (1.1.14)

Proof:

From the assumed properties of H(s) we get (suppressing the s-dependence):

H11m1+H12H;2=021 (1115)
Hyy By + Hy o H39=0 (1.1.16)
HoyHyy+ HygHap=01 (1.1.17)

Using equations (1.1.15) to (1.1.17) gives,

UQI_RR- = ‘721_{H11+H12U([—H??U)_lHZI}{Hll'*'Hl?U(]_HTJU)_IHZI}-
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= (01— Hy Hyy)+ Hy o Ho(1— U‘ng)_lU‘H;ﬁ'Hw U(I= Hyp U) " Hop 3

- H12U(I—szm—l{azf—Hz'zH;z}(]— U‘HZQ)—IU‘HI'.’

= Hyo(I— UHyp) {I—o? UU(I— H3,U7) T Hy, (1.1.18)
which proves the lemma. ]
For two systems H(s)GR(p+m)x(p+m)(s) and ﬁ(s)eR(p+m)'(p+m)(s) partitioned as
H, H ) By H
Hsy=| " B =| "0 (1.1.19)
Hy Hy Hy Hi

in which Hu(s)ElRme(s) and H,,(s)€RP*™(s) such that (I—Hy,H,,)™" exists, the linear fractional

composition of H(s) and H(s) is defined as

- = ~15
c}e(H, Hu) H]Q(I—HIIHQZ) H12 € R(p+m)x(p+m)(s) (1120)

Hs)oH(s)= . . N
HZI(I_HHHU) H21 G_Tu(Hq H?'Z)

We finally associate with P(s) a substitution matrix

S Si Pyy— PyyPis Py PyPTy
S=1 . = (1.1.21)
21 922 — P3P, Pry
From Fig. 1 we see that
(1.1.22)

and
a(s)| . |uls)
_ | = S(s) (1.1.23)
y(s) y(s)
Algebraic Riccati equations
The algebraic Riccati equation
(1.1.24)

A"P+PA—PBB"P+Q Q=0

is of considerable importance in the state-space analysis of Chapters 2 and 3. Among the possible

multitude of solutions to (1.1.24) stabilising solutions will refer to those for which A—BB"P is stable.

Certain properties of (1.1.24) are summarised below [W2], [W1], [P3], [KT7]:
(1) If @"@>0, the real symmetric solution P>0. (2) If the pair [@, A] is observable, then P>0.

(2) The stabilisability of [A, B] and the condition that the Hamiltonian
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A —BB”
H= . . (1.1.25)
-QQ -4
has no eigenvalues on the imaginary axis is necessary and sufficient for the existence of a

stabilising solution.

(3) If a stabilising solution exists it is unique.

1.2 Control design objectives

Consider the feedback configuration of Figure 2 in which G(s) denotes the plant which has to
be controlled by a compensator K(s). Both the plant and the compensator are assumed to be linear
finite-dimensional time-invariant MIMO systems. r{s) is a reference or command input, d(s) a
disturbance signal entering at the plant’s output, y(s) is the system’s output and n(s) denotes sensor

noise. Designing an appropriate compensator for a given G(s) should address a number of issues:

(1) Stability considerations: K(s) should stabilise the closed loop system and provide adequate

stability margins.

(2) Performance considerations: The output y(s) should track the reference signal r{s) fast and
accurately. Further, it should do so in the presence of d(s) and n(s). The linearity assumption implies

that the individual effects of these two signals at the output should be small.

(3) Control effort considerations: The control signal u(s) should remain within acceptable

bounds to avoid actuator saturation. Finally,

(4) Robust stability considerations: The above objectives should be maintained as far as

possible in the presence of plant uncertainty.

It is shown in this section that design goals of this type may be achieved by appropriately
shaping a number of closed-loop transfer functions in certain frequency intervals. In particular.
attaining a small magnitude in the sensitivity function at an interval, say, [0, w;] will result, among
other things, in good attenuation of disturbances entering at the plant output (typically having their
power concentrated in a low frequency interval) and in the accurate following of set input changes: on
the other hand, the magnitude of the complementary sensitivity in a high-frequency interval [w, oo]
governs wide-band measurement noise attenuation and the sensitivity of the design to multiplicative

model errors in the plant.

The system’s output y(s) in Figure 2 may be written as

Y(8)=yr(8)+yn(s)+ya(s)=T(s)(r(s)—n(s))+5(s)d(s) (1.2.1)

where 5(s) and T(s) denote the system’s sensitivity and complementary sensitivity functions
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S(s)=(I+Q)~*(s)=(1+GK)™'(s) (1.2.2)
and
T(s)=(I+ QY)Y (s)=GK(I+ GK) (s)=I- 5(s) (1.2.3)

(1.2.1) shows that the steady-state response of the system output to a sinusoid disturbance signal
d(t):doejw' is governed by the sensitivity function as yd(s)—>5(jw)doejm. The effect of d(?) at the

output, therefore, can be made small by requiring that

11S(w) doll,

—= K1 1.2.4
4l (1.2:4)

so that disturbance attenuation independently of the direction dj requires
sup 18(G0)doll =3(S(j)) < 1. (1.25)
[1dol],=1

at the disturbance frequency w. Thus, assuming that d(?) is a random signal having a power spectrum
concentrated in the interval [0.w,], its effect at the output will be negligible provided that #(5(j))<1

Ywe[0,w,]. The tracking error e(s)=1m(s)—y(s) can be expressed as

e(s)=(I+Q(s)) ™ (s):=5(s)1(s) (1.2.6)

and hence accurate following of command inputs also requires 7(S(jw))< 1 for frequencies w belonging
to an interval [0, w,]. In particular, zero steady-state error to step commands requires &(S5(0))=0 (this is
achievable if there is at least one integrator at each path of the feedback loop), while fast following of
the command signal can be attained by making the interval over which sensitivity is small wide
enough. The upper bound of this interval, however, cannot be pushed arbitrarily high (partly) due to
the effects of sensor noise amplification at the output: (1.2.1) implies that the attenuation of sensor

noise in the interval [w, w3] requires

F(T(jw)) <1 (1.2.7)
for w€[w,, ws] while the algebraic identity S(s)+7(s)=/ indicates that conditions (1.2.5) and (1.2.7)
cannot be satisfied simultaneously at a single frequency. Since sensor noise normally has wide-band
spectral characteristics it is typical to require that

F(S(jw)) <1 wE[0. wy]

7(T(Hw)) <1 w>w,

for frequencies w, and w, chosen so that w,>w;.
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An important issue in control system design is the effect of model uncertainty. In particular, it
is important to ensure that a compensator design based on a nominal model Gy(s) will retain its
closed-loop stability properties if “reasonable” plant perturbations are taken into account. The term
“plant perturbation” is taken to describe any mismatch between the model and the actual system. Such
a mismatch may arise due to neglected (usually fast) dynamics, plant parameter variations, “drifting”
of the operating point at which the system has been linearised, or the modelling of time-delays by

finite-dimensional models.

Model uncertainty may be distinguished in structured and unstructured uncertainty: Structured
uncertainty is used to describe situations in which spatial information about the perturbation is
available; it normally arises due to uncertain coefficients in differential equations which model the
underlying physical system [D4]. In contrast, by “unstructured uncertainty” (frequency-dependent)
norm-bounded variations are described. These typically arise due to unmodelled dynamics: In the
MIMO case, for example, high-frequency uncertainty is typically present due to the loss of phase

information at high frequencies. This may be represented as

G(s)=(I+A(s)) Gl s) (1.2.9)
or

G(5)=Go(s)(I+A(s)) (1.2.10)

depending on whether it arises at the output or the input of the plant. (Uncertainty. for example.
arising due to unmodelled actuator dynamics would be represented by (1.2.9), while (1.2.10) would
more accurately represent sensor uncertainty). In either case, A(s) is assumed to be an arbitrary
unknown transfer function (subject to certain stability requirements) which satisfies [|WA||<1 for a
suitable norm ||-|| and a frequency weighting W(s). Alternative models of unstructured perturbation in
the plant include additive perturbations (Figure 4), inverse-additive/inverse multiplicative

perturbations, perturbations in the coprime factors of the plant etc.

The following two Theorems establish closed-loop robust-stability conditions in the case of

additive and multiplicative uncertainty in the plant dynamics:

Theorem 1.2.1

The additively perturbed system of Figure 4 is closed-loop stable if the following conditions are
satisfied:
(1) Qo(s) is closed-loop stable
(1) Qo(s) and Q(s)=Qy(s)+Aa(s) have the same number of poles in the CRHP.
(117) G(Aa(s)) <a(I+Qo(s)) VsEDp.
where Dp is a Nyquist contour with radius R large enough to contain all the RHP poles of Qu(s) and

Aq(s). (Indentations are made into the LHP whenever Qy or Ay have imaginary azis poles.)
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Proof: See [H6). O

A similar condition may be established in the case of multiplicative uncertainty.

Theorem 1.2.2

The maultiplicatively perturbed system of Figure 5 is closed-loop stable if the following
conditions are satisfied:
(2) Qo(s) is closed-loop stable
(17) Qo(s) and (I+Am(s)) Qo(s) have the same number of poles in the CRHP.
(ii1) F(Am(s))<a(I+Q5'(s)) Vs€Dp.

Proof: See [H6)]. 0

Theorem 1.2.2 shows that the smallest singular value of 1+Q51 defines a (frequency-dependent)
bound that the largest singular of the uncertainty must satisfy for robust stability in the closed-loop to

be maintained. This bound, may be written as

1 _ 1 _1
FUI—(I+Qo)™Y) &(Qo(I+Qp)") &(T)

F(Am)<a(I+Q3h)= (1.2.11)

1
F(I+QzH ™!

from which it follows that the system will tolerate large high-frequency uncertainties if (7)1 at
high frequencies. This requirement, therefore, is consistent with (1.2.8). It is shown next that the
infimum of g(/+Qg'(jw)) is also related to the gain and phase margins of the system. Gain and phase
margins in SISO systems denote the maximum amounts of pure gain and phase shifts that the (stable)
closed-loop system can tolerate without inducing instability. The next definitions generalise these

concepts to the MIMO case.

Definition 1.2.1

Suppose that Q(s)ER™™(s) s closed-loop stable. Let M=diag(k,, ky, ---, km), k;ER. Then the
gain margin interval (GMI) is defined to be the largest interval (a, b) such that k;€(a, b)
Yi=l, 2, .-+, m implies that MQ(s) ts closed-loop stable.

Definition 1.2.2

8, 56 0 m
Suppose that Q(s)ER™™(s) is closed-loop stable. Let M:diag(e] 1 J2, 6’]0 ),
0,€[—m., w). Then the phase margin interval (PMI) is defined to be the largest interval (a, B) such that

0,€(a, B) Yi=1, 2, .-+, m implies that MQ(s) is closed-loop stable.

The following Theorem applies the result of Theorem 1.2.2 to the special structures of

(multiplicative) uncertainty which is implicit in the definitions of the gain and phase margins. It shows
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that the stability margins of the system can be extended by maximising infa(/4+Q~'(jw))=|| TH;‘.
W

Theorem 1.2.3

Let Q(s)ER™X™(s) be strictly proper and closed-loop stable and let o be given by

a=inf o(I4+Q7'(jw)) (1.2.12)
weR,

Then the following intervals are estimates of the Gain Margin Interval and the Phase Margin Interval:
(?) 1=a, 14+a)CGMI (1.2.13)

(if) (—cos'l(l—%z), cos-l(l—%z))gpm (1.2.14)

Proof: [H6]

Follows by using the special multiplicative uncertainty structures

Am(s)=diag(6,) with §,€(—a.a) (1.2.15)
and

Am(s)zdiag(efgi)zdiag(‘zj-sin%i ezp(@)) with cosHie(—(l—‘%_), (1-—%-)) (1.2.16)
in Theorem 1.2.2. See [H6] for details. 0

The above analysis illustrates some of the desirable properties that certain closed-loop functions
must satisfy in order to achieve objectives (1) to (4). Different design methodologies may be assessed
with respect to how easily their design parameters can be used to shape the appropriate closed-loop

functions.

Classical SISO design methods use the open-loop gain and phase as design tools: Large gains at
low frequencies result in low sensitivity (|S(jw)|<1) and complementary-sensitivity near unity
(J|T(jw)|=1) while low gains at high frequencies have the opposite effect. In addition, at the “cross-over
frequencies” (open-loop gain close to unity) feedback properties are sensitive to the phase
characteristics: bounding the system’s phase away from +180° gives the closed-loop system adequate
stability margins; most of classical design methodologies, therefore, concentrate in “bending™ the
Nyquist plots in the critical region (by employing, for example lead-lag compensators) to achieve this
effect. One of the limitations of this method is that the two design parameters cannot be independently
manipulated as is illustrated by the Bode gain-phase relation [F7], [D8]: For any proper rational
function with real coefficients which is both stable and minimum phase, the following integral relation

must hold at each frequency wy:

: “d
AQ(]wo)—éQ(O)z}—r/ —C:’gJ—QI{Iog coth %—I/l}du (1.2.17)

-0l
where
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u:log((‘%) (1.2.18)
In effect, this relation provides a limit on how fast the open-loop gain can be rolled-off in a frequency
interval for a given phase variation. Thus, (1.2.17) demonstrates a fundamental analytic tradeoff
between performance on the one hand and stability margins/robustness on the other [F7]. This tradeoff
manifests itself clearly in the critical region: To extend the benefits of feedback in terms of
performance, the frequency below which sensitivity is small should approach the frequency above which
the complementary sensitivity is small; this, however, would result in a steep gain roll-off near
crossover which by the the Bode relation would produce large phase variations thus affecting the

stability margins of the system.

The tradeoff exhibited by the Bode relation continuous to operate in multivariable systems. In
fact, the integral relation in (1.2.17) may be generalised by replacing @Q(s) by its algebraic function
[D8]. In addition, for non-minimum phase systems the gain-rate/phase-variation tradeoff is aggravated
due to the additional phase lag contributed by each RHP transmission zero. (The presence of non-
minimum phase transmission zeros produces by itself analytic tradeoffs in the magnitude of the
sensitivity function while unstable poles have a dual effect for complementary sensitivity. These
tradeoffs are described in section 1.7). The increased complication in linking the open-loop gain and
phase characteristics in multivariable systems to the attainable shape of its closed loop functions
(sensitivity. complementary sensitivity. etc.) has given rise to methodologies which try to manipulate
directly the frequency characteristics of these functions. (Such methods include 36*-control described in
section 1.5 and the Fractional representation approach [D1]). In opposition to these methods. various
attempts have been made to reduce MIMO design problems to a sequence of SISO designs. The most
important of these include the Inverse Nyquist Array, the Characteristic Loci and a number of
Sequential-Design methods. Although these methods have proved to be effective and reliable in a
number of cases, their (implicit or explicit) use of eigenvalues as the basic tool of analysis prevents

them from dealing systematically with the issue of uncertainty. (See the example given in [D8]).

The first systematic optimisation-based approach in multivariable design which arose out of
Kalman’s work is the LQG methodology [Y2]. This method assumes stochastic models for the
disturbance and sensor noise signals and minimises a weighted mean square error criterion. In the
ensuing design, closed loop stability is automatically enforced by the optimality condition. In addition,
as a result of the separation principle, the optimal controller consists of the standard interconnection of
a Kalman-Bucy filter (used to track the states of the plant) and a pure gain factor KLQ arising from
the solution of an infinite-horizon LQ regulator problem based on'the state estimate Z. The control

signal which drives the plant is the product I\'LQ:E.

LQG originated as a time-domain method. This made the method in its original form difficult
to apply to real design situations since it was impossible to relate the frequency-domain properties of
the closed loop functions to the time-domain penalty-weighting on the control and state energy. An
additional criticism consisted of the design’s apparent lack of integrity [R3]. Interest in the frequency

domain properties of LQG controllers started to arise when the excellent gain/phase margins of LQ
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designs were demonstrated [L3], [S4]. Although these properties are lost with the loss of perfect state
information [D5], modern LQG approaches concentrate on shaping the open loop function using *“full
state transfer recovery” techniques [K11], [D7], [D8]. These techniques, however, require a number of
restrictive assumptions on the input/output dimensions of the plant and cannot be applied at all when

the plant has transmission zeros in the RHP [D8].

The next section outlines the second major optimisation-based approach to multivariable

design: 36™ control.

1.3 The ¥%™-optimal control problem

3% control originated from the work of G. Zames [Z1], [Z2] during the early 80’s. It is an
optimisation-based method for shaping directly the frequency characteristics of the relevant closed loop
functions (sensitivity, complementary sensitivity etc.). In addition to being a synthesis tool for
multivariable design it may also be used to exhibit possible fundamental limitations imposed by the
structure of the plant. 36* is predominantly a frequency-domain method although certain interesting

time-domain interpretations have recently emerged [D9], [L10}, [T1].

Rather than assuming a fixed and known power spectrum for the exogenous signals, 36
models them as being bounded in power, their spectral characteristics being reflected in an associated

frequency weight. In particular, disturbance/noise signals d(s), are assumed to belong to a set
D={d(s): d=W,z for €36, ||z|[,<1} (1.3.1)
or, equivalently,
D={d(s)€%,: || W7 d||;<1} (1.3.2)

in which W,(s)€}%% and W,"}(s)€L. Wy(s) may be viewed as a frequency weight which determines
the spectral characteristics of the signals in 9@: For example, the inequality in (1.3.2) for a scalar-valued

d(s) may be written as

oc
5| 1dGw))’IWy(jw)|*dws1 (1.3.3)
~00
which in turn may be interpreted as a constraint on the weighted energy of the signal d(s), | W,(jw)|™2
being a weighting factor on the energy spectral density |d(jw)|>. Thus, a signal having its power
(uniformly) concentrated in a frequency interval [w,, w,] would correspond to a band-pass filter W,(s)

having this interval as its band-pass.

Suppose next that d(s) enters the feedback loop at a point A and that it is required to
minimise its effect at a point B. The corresponding }*° optimal control problem is to find a

compensator A{(s) such that (i) the feedback loop is internally stable and (ii) the output signal power
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(weighted by a matrix function W,(s)€36S such that W;'(s)€XS) at the point B due to the worst-
case d(s)€D is minimised. If S, 5(G, K) denotes the transfer function between points A and B, the

optimisation problem may be formally expressed as the constrained minimisation
1an€Esupdec_D 1S4 5(G, K)dlIﬁszKEEsupzeI}Bi,Hzllzg1 || WaS 4 5(G, K) W], (1.3.4)

in which = denotes the set of all internally stabilising compensators of G(s) in the configuration of
Figure 1. Since K{(s) in (1.3.4) is internally stabilising, W,S,5(G, K)W,€3 and (1.3.4) may be

written as
ianeEnwﬂsAB(G’ K) Wl”oo (1.3.5)

Robust stabilisation problems may be also formulated as infinity-norm minimisations. In fact, the
choice of this norm is the most appropriate in the case of unstructured perturbations since it provides
both necessary and sufficient conditions for robust stability under mild assumptions on the perturbed
system’s stability properties. (In contrast the ||-||, norm does not even give sufficient conditions for
robust stability [D4].) Consider for example the additive perturbation case in which the nominal plant
Gy(s) is perturbed to Gg+A(s). Assume further that Gy+A(s) has the same number of poles in Cy as
Go(s) and let r(s) be a scalar-valued function in 365 such that &(A(jw))<|[r(jw)| for all w. It is shown
in [C2] that in this case the condition HrK(]—i—P]\’)_’Hoogl is both sufficient and necessary for the

stabilisation of all plants in this family.

The important fact in the 36°° formulation is that both noise/disturbance attenuation and
robust stability requirements may be formulated as infinity-norm inequalities for certain transfer
functions which may be represented as linear fractional transformations of the compensator and the
plant. vThus “mixed-type problems” may be defined which incorporate a number of design objectives.
Particular examples of such problems are given later in the section. Before that, however, the general

problem is defined:

The }%>-optimal control problem

Let P(s) in the generalised regulator configuration of Figure 1 be partitioned as

P, P
Py =| 1P |eRimrRIXraa) (1.3.6)
21 22

in which Py (s)ER™  with m>q and p>r. Suppose also that P(s) has a minimal realisation

{_A|Bl 321

P(s)=| Cy| Dy Dy (1.3.7)
Ca | Dy Dy
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partitioned conformally with (1.3.6). Suppose further that
(3} (A, B,) is stabilisable and (A, C,) is detectable.

(1) Dy, has full column rank and Re(A(A— Bo(DjyD15)~ Dy, Cy))#0

(iti) Dy, has full row rank and Re(A(A— By(Dy,D3,)"1C,))#£0
A compensator Ky(s) is %°-optimal if (1) the feedback configuration in Figure 1 is internally stable

and (ii) Ky(s) achieves the infimum ianeE”“}e(P, K)|l,, where = denotes the set of all internally

stabilising compensalors.

In the above formulation of the problem, condition (i) is included to ensure the existence of
stabilising compensators and thus to guarantee that the optimisation problem is not vacuous (see
section 1.4). Conditions (ii) and (iii) are included to ensure that ianE:H‘Ig(R K)||,, can be achieved

for some A(s)€Z=. (Internal stability in the context of Figure 1 is formally defined in section 1.4).

In Chapter 2 a detailed state-space analysis is carried out for a special class of 36>-control
problems. This class is characterised by the assumption that P,,(s) is square while P;,(s) has more
rows than columns. (In this case D,, is assumed to be non-singular and Re(A(A— B, D3} C,))#0). If one
considers ‘:'R:T(s):ﬁfg(P, K), it is easy to see that an equivalent characterisation is given by the
assumptions that P,,(s) is square while P,;(s) has more columns than rows. Any problem fitting either
of these alternative descriptions will be called a problem of the second kind. In contrast, the
assumption that both the off-diagonal blocks of P(s) are square defines a problem of the first kind
whereas the general case a problemn of the third kind. The state-space analysis in Chapter 2 shows that
for the class under consideration certain cancellations are a direct consequence of 36°° optimality.

Chapter 3 deals with a strengthened optimality condition for 36 problems of the first kind.

In the remaining paragraphs of this section a number of 3 problems will be presented: The

weighted sensitivity problem [C1], [F2], [F3], [F3], [F6], [S1]. [Z1], [Z2] is defined as
inf [|WoI+GE)T' Wil = inf ||Bes(s)ll (1.3.8)
Kez Ke=
where = is the set of stabilising compensators. By choosing
wo,w, W,G

Py(s) = v, o (1.3.9)

this problem may be embedded in the generalised regulator configuration of Fig. 1. Since,
Ro(s) = Fo(P, ~K) = Py~ P, K(I+Py k)™ Pyy (1.3.10)

direct comparison with (1.1.7) reveals that

Rs(s) = F 4 Ps(s). — K(s)) (1.3.11)
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In the case that. G(s) is square, this problem falls into the class of problems of the first kind analysed in
[L5]), [L6]. If, on the other hand, G(s) has more outputs than inputs and W,(s) is square,

Pyo(s)=W,G(s) will have more rows than columns giving rise to a problem of the second kind.

Another problem which has received attention:is the mixed sensitivity problem [F1], [F2], [F3],

[F6), [V1], [V2]. In this case we seek

W,GK(I+GK)™' W,

|| wymeryiw, || T ez 1Tl (1.3.12)
o0
Setting
0 (WG
Pms(s) = | WaW,|W5G (1.3.13)
BN

gives

Roms(s) = ‘Fc(Pm(s),—-K(s)) (13.14)

which is also an example of a problem of the second kind.

Several other problems of the second kind may be found in the literature. See for example [F2].
[F6] and the numerous references therein. Rather than analyse these problems individually, the analysis

in Chapter 2 identifies the common characteristics shared by all 3 control problems of the second

kind.

In the next two sections a few methods for solving the 3 problem will be outlined. Section
1.4 summarises the Youla parametrisation [D3], [Y2] which is used to characterise the class of all
stabilising compensators and the corresponding closed loop transfer functions %(s) in Fig. 1. Following

that, the closed loop transfer functions which have minimum £ norm are identified.

1.4 Parametrisation of all internally stabilising compensators

Consider the feedback system in Figure 2 in which K(s) denotes the compensator, G(s) the
plant, u; and u, denote externally applied inputs, e¢; and e, the inputs to the compensator and the
plant, while y, and y, the outputs to the compensator and the plant respectively. It is assumed that

K(s) and G(s) represent lumped linear time-invariant systems of compatible dimensions.

The equations describing the various interconnections of the feedback system in Figure 2 are

= - i (1.4.1)
€q Uy -K 0 e,
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and
y K 0 e
i ' (1.4.2)
Yo 0 G €9
which may be written more compactly as
e=u—FGe (1.4.3)
and
y=Ge (1.4.4)

in obviously-defined notation. If the determinant det(/4+GK) is not identically zero for all s€C, the

system is well-posed and it is possible to solve (1.4.1) and (1.4.2) for ¢; this gives

e=(I+FG) v := H(G, K)u (1.4.5)

where

(I+GK)™' —GU+KG)™!
H(G, K) = (1.4.6)
K(I+GK)™* (H+KG)™!

Stability in the feedback loop in Figure 2 is defined by the condition H(G, K)€¥S (provided that the
well-posedness condition det(/+GK)#0 is satisfied). This is a generalisation of the usual condition for
SISO stability given as G(I+KG)™'€¥%; in fact it may be easily verified by considering the four
blocks of (1.4.6) that the two conditions are equivalent in the case that a stable compensator is used
[V3]. It is shown in the next Lemma that the condition H(G, K)€}3 is equivalent to internal stability
for the feedback interconnection in Figure 2. (Internal (or asymptotic) stability implies that the state
vector decays to zero with time when released from an arbitrary initial condition, provided that all
external inputs have been set to zero). Thus Lemma 1.4.1 guarantees that no unstable hidden modes
are present in a state-space realisation which describes the system in Figure 2 provided that no such

modes are present in the realisations of the plant and the compensator.

Lemma 1.4.1

Let K(s) and G(s) in Figure 2 be described by the state-space equations

jfc=.4¢1:c+Bcltc N yc:Cc1c+Dcuc (1.4.7)
i‘p=44pzp+BpuP s yp=CpIp+DpUp (1.4.8)
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Let also (A, B, Ce) and (Ap, By, Cp) be stabilisable and detectable triples and assume that the well

posedness condition
det( I+ K(00) G(00))=del(I+DcDyp)#0 (1.4.9)
is satisfied. Then the system in Figure 2 is internally stable if and only if H(G, K)€¥5.

Proof: [V3]
Let the composite state vector of the interconnected system be z=[z{ zj]T. Also let
v=[v7 va]T, e=[ef es]T, u=[u] u;)T and define the block diagonal matrices A=A.®A,, B=B:® By,

C=C.®Cp and D=D.® D,. Further define

0 I
F= (1.4.10)
—-I 0
Then,
t=Az+4Be (1.4.11)
and
y=Crz+De (1.4.12)
In addition,
€ U—Y ~1 1
e = = = u— F(Cz+De) = e=(I+FD) " u—({+FD)" FCr (1.4.13)
€9 u2+y1

Substituting (1.4.13) in (1.4.11) and (1.4.12) gives a state-space realisation of the interconnected

system W(G, K) with input u(s) and output y(s) as

i=Azr+Bu (1.4.14)
and

y=Cz+Du (1.4.15)
where

A=A—B(I+FD)"'FC : (1.4.16)

B=B(I+FD)™! (1.4.17)

C=(I+DF)7'C (1.4.18)
and

D=(1+DF)"'D (1.4.19)
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In addition, since (Ae, B:) and (Ap, Bp) are stabilisable so is (4, B) which implies that there exists a

state feedback matrix L such that A— BL is asymptotically stable. Defining

Z:(1+FD){L—(1+FD)“FC} (1.4.20)
gives

A—BlI=4 —B(1+FD)'1FC—B{L—(I+FD)‘1FC}=A—BL (1.4.21)

which shows that (4, B) is stabilisable; similarly (4, C) can be shown to be detectable which implies
by [K1] that the interconnected system is asymptotically stable (“internally stable”) if and only if
W(G, K)€ 3. The result follows on noting that

H(s)=I—FW(s) & W(s)=F(H(s)—1) (1.4.22)
so that

H(G, K)eXT e W(G, K)elY (1.4.23)
This concludes the proof. [}

The set of all internally stabilising compensators for the plant G(s) may be parametrised in
term of a free parameter Q(s)€365° via a right and left coprime factorisation of G(s). Before stating
this Theorem, however, we include a formal definition of coprime factorisations. Since a real-rational

plant is assumed, the definition is restricted to factorisation over R}65:

Definition:
(1) Two matrices F and G in RIS are right coprime (over RIT) if they have equal number

of columns and there ezist mairices X and Y in R¥% such that
] F
[ Xy ] . [ XFeYG=T (1.4.24)

This is equivalent to saying that [FT GT :lT is left invertible in RIGY.

(2) Two malrices F and G in 15 are left coprime (over RIT) if they have equal number of

rows and there exist mairices X and Y in RIT such that
X
[ F G ] L = EXeGY=1 (1.4.25)

This is equivalent to saying that [ F G ] is right invertible in RIS

(3) Let G be a proper real rational matriz. A right coprime factorisation is a faclorisation
G=NM"" where N and M are right coprime R¥ matrices. A left coprime factorisation has the form

G=M"'N where N and M are left coprime over R¥%. 0
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Theorem 1.4.2

Let G(s) admit right and left coprime factorisations
G(s)=N:-D:~}(s)=D; ' Ny(s) (1.4.26)

over }%63° and let Vr, V,, Ur and U, solve the corresponding Bezout identity

V. U || D =1 I 0
= (1.4.27)
-N, b, || M W 0 I

Then the family of all internally stabilising compensators for the feedback loop in Figure 2 1is

parametrised by

%(s) ={ (UAD:QVi—N: Q™' | QEHT, det(V,—N:Q)#0 }

= { (Vr—QN)™'(U-+QD) | QERT, det(V,—QN)#0 } (1.4.28)
Proof:

See [V3]. a

The generalised regulator configuration of Figure 1 will be considered next. Internal stability in this
context may be defined by introducing the additional inputs »; and v, (Figure 3) and requiring that
the nine transfer functions from [w? v} v3]" to [zT «7 yT]T all belong to 36, Restricting P(s) by
setting Py;, P,, and P, to the zero matrices (of the appropriate dimension) and the input w=0, shows
that this definition of internal stability is a generalisation of the definition given in the context of

Figure 2.

The equations corresponding to Figure 3 may be written as

I —PI'Z 0 2 Pll 0 0 w
0 I -k v |=] 0 I 0 v (1.4.29)
0 “‘PQQ I Y P21 I Uy

These may be solved for the output vector [z7 uT yT]T provided that the well-posedness condition

I =Py, 0
0 I —K [[#0 & det(I—PyyK)#0 (1.4.30)
0 —P,, I

is satisfied.

For an arbitrary plant G(s) there is always a compensator K(s) such that the feedback system
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in Figure 2 is internally stable. This follows from Theorem 1.4.2 since coprime factorisations of G(s)
are always possible. The existence of stabilising compensators, however, is not guaranteed in the case of
the generalised regulator: Consider for example the case P,,=0, P,,;=0, P,,=0 and P;;€}"; since P,
is disconnected from control action by the zero off-diagonal blocks of P(s) this system is not

stabilisable. In terms of a minimal state-space realisation of P(s)

Pll P12 l' ! l Bl Bz —(
P(S) = é Cl 'Dll D12 (1.4.31)

P, P
wo Ca | Dyy Dy

existence of an internally stabilising controller is equivalent to the condition that that (A, B,, C,) is
stabilisable and detectable. Intuitively, this implies that P(s) and P,,(s) must share all unstable poles
so that stabilising P,,(s) is sufficient to stabilise P(s). Under the condition that P(s) is stabilisable, a
compensator K(s) stabilises the feedback system in Fig. 2 if and only if it stabilises Py,(s) [F3]. This
implies that Theorem 1.4.2 may be applied to P,,(s) to parametrise all stabilising compensators for the

configuration of Figure 3. This parametrisation is summarised in the following theorem.

Theorem 1.4.3

(1) Let P(s) have a minimal stale-space rtealisation given in 1.4.31. Then an internally
stabilising compensalor in Figure 3 exists. if and only if (A, B,) is stabilisable and (A, C,) s
detectable.

(2) Assume that P(s) is stabilisable. Let Pyo(s) admat right and left coprime factorisations
Pao(8)=NeDr ™} (8)=Dj ' N(s) (1.4.32)

over 63 and let Vi, V|, Ur and U, solve the corresponding Bezout identity

Vr Ur Dr - U[ I 0
= . (1.4.33)
-N, D, || NV, 0 I

Then the family of all internally stabilising compensators for the feedback loop in Figure 3 is

parametrised by

%(s) ={ (U+DrQ)(V,—N:Q)™' | QeWRT, det(V,—N:Q)#0 }

={(V:=QN) N U-+QD) | QEXT. det(V.—QN,)#0 } (1.4.34)
Proof:

See [F3]. O

Applying the controller parametrisation of Theorem 1.4.3 it is easy to verify that for every stabilising



controller K(s),

K(I4 PyyK)™Y(s) = (U; + D-Q)Dy(s)

Hence

R(s) = [Pyy— PioK(I + PyyK) ' Pyy)(s)

= [(Py1— P12UiDyPay) — (P12 Dr) Q( Dy Pyy)](5)

= [Ty, — T12QT2(s)
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(1.4.35)

(1.4.36)

where the T;;(s)’s are defined in an obvious way. Equation (1.4.36) shows that R(s) is parametrised
linearly in terms of a free matrix Q(s)ERIES. Since R(s)ERIT if and only if Q(s)ERIT, we would
expect that T),, T}, and T,, all belong to RI65°.

Next, state space realisations will be given for the construction outlined in the previous

paragraphs. Since (A, B,) is stabilisable, there exists a state feedback matrix F such that A—B,F is

stable. Similarly, since (A, C,) is detectable there exists an output injection matrix H such that

A—HC, is stable. Given any such pair of stabilising matrices F and H, right and left coprime

factorisations of P,,(s) together with the solutions of the Bezout identities are given by [D4]

and

Ve
— N, |

Substituting (1.4.37) and (1

Tll
T2l

Ur
D l}

1

IVA—B:,F I B, H —|
_F 7 0

Co-DyF | Dy I

[ A-nc| B—HDy B ]
F I 0
—C, | -Dy I

.4.38) into (1.4.36) gives after minor calculation [D4], [L5], [L6],

A—B,F  ByF B, B,
0 A—HC,| Bj—HD,, 0

Ci—DF  DyF | Dy Dy
0 C, D,, 0

Note that the T;;(s)’s all belong to R} as expected.

(1.4.37)

(1.4.38)

(1.4.39)
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Remark:

In the special case that P,,(s) is stable, we may set F=0 and H=0. This gives U,=0, U-=0,
D=1, D;=1I, Vi=I, V,=I and N;=N,;=P,,(s). Substituting these into (2.13) gives

Qs) = K(I + Pyk)™\(s)

which is the Q-parametrisation of Zames [Z2].

1.5 Solving the model-matching problem

It is shown in the previous section that using the controller parametrisation of Theorem 1.4.3 it

is possible to transform the problem

[P1]): v,,= f_ 1P, Bll, = oy || Pyy— PyaK(I+ Py ) Pyl (1.5.1)

to
. = ] = ] —_ 5 9
[P2]: Yopt Qé"}f;)io“%(Q)”w Qén{BfHTU T15QTol,, (1.5.2)

The advantage of this transformation is clear: whereas [P1] describes a minimisation of a complex
objective function over an implicitly defined set, [P2] involves a cost function which is affine in a free
parameter Q€363. Since by assumption P,(jw) and P,(jw) are full row and column rank, so are

T,5(jw) and Toy(jw) (see (1.4.36)) and hence by Theorem 5.1 in [F6], the infimum in [P2] is achieved.

In the next sections a number of methods for solving [P2] will be outlined. For this task the
two types of problem introduced in section 1.3 will be distinguished. Problems of the first kind will be

treated by transforming (1.5.2) to a Nehari approximation problem

Yopt= znf ”R—Q”oo (153)
Qe

This may be achieved by making a specific choice for the state feedback and output injection matrices
F and H which define the coprime factors of P,,(s) in (1.4.37) and (1.4.38) so as to make Tj,(s) and
T,,(s) inner. (This is always possible after scaling the off-diagonal blocks of P(s) at infinity to
orthogonal matrices of the appropriate dimensions). Alternatively, if arbitrary stabilising matrices F
and H have been chosen in the state-space realisation of (1.4.39), Ty, and T, may be made inner by
performing inner-outer factorisations on them and absorbing the outer factors in the free parameter
Q(s). In either case, this step involves the solution of two algebraic Riccati equations. Multiplication
from left and right by 77, and T3, is then a norm-preserving operation giving rise to a problem having

the form of (1.5.3). The infimum in (1.5.3) is known to be the Hankel norm of R(—s), while a
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complete parametrisation of all Q(s)’s which achieve this value has been described in [G1].

Alternatively, the model-matching problem for the class of 36 problems of the first kind may
be solved via classical Nevanlinna-Pick interpolation theory. This approach is outlined later in the
section; 7,,; is obtained by solving a generalised eigenvalue problem, while the family of all optimal
interpolating functions may be obtained as a “chain” of linear fractional compositions of degree-one
matrix functions, each associated with a RHP interpolation constraint. [L5). An advantage of the
interpolation approach in solving the model-matching problem is that no special choice of F and H is
necessary (and thus no need arises for solving the two Riccati equations), while the solution of an
eigenvalue problem is (computationally) equivalent to the calculation of a Hankel norm. In addition,
this method gives insight to the constraints on the magnitude of ®(s) on the imaginary axis, arising
due to the interpolation constraints in the RHP; in contrast, the approximation solution conceals the
interpolation constraints on %(s) although these are still implicit in the rank of the solution of the two
Riccati equations and the MacMillan degree of R(s). A disadvantage of the interpolation-based
approach is the awkward treatment of constraints defined at zeros having multiplicities greater than

one.

For problems of the second kind a special choice of matrices F and H makes T,,(s) and T)4(s)
(square) inner and part of a (square) inner matrix respectively. Multiplication from left and right by
[Ty T,)" and T3; (where T is the inner complement of Ti,) is again norm preserving and thus

(1.5.2) may be transformed to

ar | ? (1.5.4)
= m - .9,
Yopt P R, 0
oo

where R(s)=[R] RI]T€3>. This is referred as the two-block general distance problem. If Q(s) was
allowed to “cover” the whole of R, the minimum distance would be obtained from Nehari’s Theorem as
[|R(—3)||g. from which we conclude that 7,,,>||R(—s)]|y. In addition, since @Q(s)=0 is admissible.
Yopt SIIR(—3s)l|, which may be bounded, in turn, by the more easily computable value
F(R(0))+25 o ,(R(—s)), where the o; denote the Hankel singular values of R(—s) [G1]. Later in this
section an iterative algorithm is described which solves (1.5.4). This is essentially a binary search

procedure between the upper and lower bounds given above.

A generalised interpolation procedure for solving problems of the second and third kind is given
in [H3], (H4]. This involves the characterisation of all ®(s) of minimum norm which satisfy matrix-like

interpolation constraints of the form A(s)%(s)=B(s).

Solution of the model-matching problems for problems of the second kind

Let P(s) in Fig. 1 be given by
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[ 415 5]
Pll P12 s
P(S) = P P (S) = Cl 'D].l D12 (1.5.5)
21 22 C2 I D22

and suppose that (A4, By, C,) is stabilisable and detectable. Note that there is no loss of generality in
assuming that D,;=I and that D,, is part of an orthogonal matrix [L6], [S2]. It is always possible to
achieve this by a constant rescaling of the problem. Under these assumptions there exist unique

stabilising positive semi-definite solutions to the algebraic Riccati equations [D4], [S2]

I(A—BZD;‘Z,CIH(A—1!?2D;201)‘£—EBQB§£+C'{D_LD‘J_C1 =0 (1.5.6)
and

D(A-B,Cy)" + (A-B,C)9) — 9GC,9 =0 (1.5.7)

D, has been chosen to make the augmented matrix [D12 | D] orthogonal [D4], [S2]. Associated with

these two Riccati equations we have the stabilising matrices F and H given by [D4], [L6], [S2]

F=D1,Ci+B3% (1.5.8)
and

H= B+9C; (1.5.9)

The Youla parametrisation theory allows us to write

R(s) = [Ty;— TyoX Ta)(s) (1.5.10)
and

K(s) = F (Ko(s), X(s)) (1.5.11)-
in which

P—BQF— HCr+HDF | —H Bo— HD,, _|
Ko(s) = —F 0 I (1.5.12)
Cy— Dy F I Dy,

and

T, T, T, | , [A-B.F BF | B, B, -%
T, 0 0 | 0 A-HG,|-9C, 0 0
C=DuF DuF | Dy Dy D

0 ¢ | 1 0 0

(1.5.13)
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Z# is the Moore-Penrose generalised inverse of £. With the particular choice of the matrices F and H
given in (1.5.8) and (1.5.9), T,; and [Ty, | T ] are inner [D4], [S2). We call T') (s) an inner or all-pass

extension of Tj,(s).

The ~-iteration

In this subsection we will outline an algorithm [D4], [F1], [F2], [F3], [F6], [S2], [V1], which

reduces the problem of finding an upper bound for

inf [| (33— T12XTo1)(5) Il = 7o (1.5.14)
X(s) R 11 124 421 o pt

to the Nehari problem [N1] of identifying those matrices in R} which are closest (in the sense of the
L%-norm) to a given point (matrix) in RL£%. The approach will be to generate a sequence
7 =R (9l o= 1Ty — T12X; Tarll,, which converges on 7v,,, (from above). In applications, the
calculation of this sequence is terminated when an upper bound « for 7,,, has been found such that

(a—7,p¢) <€ for some sufficiently small ¢>0.

It may be seen from (1.5.10) that
X - -
R(s) = (T1,—[Th2l T_L] [ 0 }Tn)(s) (1.5.15)

Since [T, | T_L](s) and T,,(s) are inner and thus norm-preserving, we can write

(172 T, T3, — X)(s)

Ro( = 1.5.16
R()]l,, T Ty T3 (1.5.16)
o0
(R;=X)(s) .
= (1.5.17)
Ry(s)
oo

and a routine direct calculation from (1.5.13) shows that

R(s)=[ Rl} £ [ —(A=ByF)" —{(C,—Dy,F)"Dy+EB)C,Y) | (C—Dy,F) Dy +EB,

R, 0 —(A—HCy" o
—B; FY—D1,D,C,9 D5y Dy,
D CE* —D7 D;,G,9 D", Dy, |

which implies that R(s) is completely unstable. We also observe that if

[PR(s)ll o < ¥ (1.5.18)



A state-space analysis for a class of H°® optimal control problems -33-

then
(1.5.17) = (R;—X)"(s)(R,—X)(s) < v2I—R3(s)Ry(s) = M™(s)M(s) (1.5.19)

where M(s) is a stable and minimum-phase spectral factor of y2/—R3R,(s) (the existence of which

requires y>||Ry(s)|| ). Continuing, we deduce from (1.5.19) that

NRM ()= XM ()|, = < 1 (1.5.20)
Decomposing R, M~!(s) into stable and unstable parts gives

I [RyM™Ns))_— X(s) | =p < 1 (1.5.21)

in which

X(s) = [RyM7Y ()] ,+ XM Y(s) (1.

o
8]
(V]
~

Rearranging leads to
X(s) = (X=[R,M],) M(s) (1.5.23)

(1.5.21) is a Nehari or optimal approximation problem. The characterisation of all solutions to this

problem is given in the next section.

The specific algorithm for the 4-iteration is essentially a binary search procedure described in

[D4], [F1]. [F2). [F3], [F6). [S2]. [V1).

Characterisation of all solutions to the Nehari approximation problem

The purpose of the +-iteration was to reduce the problem in (1.5.17) to a Nehari-extension

problem. That is, the problem of finding all X{(s)’s which achieve
inf |[H()=X(9)], (1.5.24)
XeERKT

or else which satisfy
[[H()—X"()ll, < p (1.5.25)

By Nehari's theorem the infimum in (1.5.24) is achieved and is equal to the norm of the Hankel
operator induced by H(s). (For H(s)€33°, the Hankel operator induced by H(s) is defined by T'y :
J‘BiL—':H;'_), T yu(s)=[Hu(s)],. where [-], denotes the operation of taking stable projection). In addition,
Glover [G1] has shown that all the solutions to problems (1.5.24) and (1.5.25) may be characterised in

terms of a balanced realisation of H(s). In [G1], this characterisation is in terms of a linear fractional
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transformation parametrised by a constrained unstable matrix contraction for the optimal case (1.5.24)
and a free unstable contraction for the suboptimal case (1.5.25). The result for the former case adapted

from Theorem 8.7 in [G1] appears next:

Theorem 1.5.1

Let G(s) be a stable, rational, pxm transfer function with Hankel singular values
O1=03 . =Or20,,120,,9>..20,>0 (1.5.26)

Suppose that a balanced realisation of G(s)=(A, B, C, 0) having controllability and observability

grammzians
P=Q > 0
=@ = 1.5.27
0 0’1]7‘ ( )
in which £,=diag(c ..y, 0,49, ... , 0n) 1s partitioned (conformally with 1.5.27) as
An Ap B ct
I I - = e e (1.5.28)
Agp Agy B, Cy

and let T be defined as

I =52—02,, (1.5.29)
Then all F(s)€XS for which

|G—Fl| =0, (1.5.30)

are generated by the linear fractional map

F=Hy,— Hyy K(I+Hyy K) ™ o,y (1.5.31)
in which
I i I_I"l(afAII-J;-ElA“Zl) | 'z, -I'c —'
2
H“ H‘ £l C,E 0 I (1.5.32)

and K(s) ts any element of BIZ which satisfies C,+ K(s)B5=0.



A state-space analysis for a class of H® optimal control problems -35-

Proof:

See Theorem 8.7 in [G1]. a

In [L6], a different version of this result is given which characterises all solutions in terms of a
bounded real type condition. This characterisation will be used in the proof of Theorem 2.2.1 in
Chapter 2; it will also be employed in Lemma 3.8.2 to establish the degree bound for super-optimal

Nehari extensions. The theorem (adapted to the Nehari case) appears next:

Theorem 1.5.2

Let G(s) be a stable, minimal and balanced realisation with Hankel singular values
O1=04g c. 0120, 120.,92...20,>0 (1.5.33)
Assume that the Hankel singular values have been arranged so that the grammians are given by
diag(X,, o,1r) (1.5.34)
where

Si=diag(0, 41, Trypa . On) (1.5.35)

and let (A, B, C) be partitioned conformally with (1.5.34) as

AL Ap B o
a=| B=| |, =] (1.5.36)
Agy Agy B, Cy
Also let
r=s?—¢?J, (1.5.37)
Then for every error system E(s)=G(s)— F(s) with
(a) [|E(jw)l| <o, (1.5.38)

(8) F(s) totally unstable

there exist A, B, C and D such that E(s) has a realisation (Ae, Be, Ce, De)

[ An A 0 0 B, ]
Az Ay 0 0 B,
0 0 I~Y(0}A11+%141,5,~0,C1DB]) r-'qc I~(TB+0,G1D)
0 0 —0,BB; A :
¢ G —(C,Z+0,DB}) c o,D
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(1.5.39)

which satisfies both

I:—(AePZ+PeAZ+BeBZ) —(B.Di+P.C) J =|: Lei| [L: W*] (1.5.40)
We

—(BeD+P.Co)" o2I-D.D:
and
—(QeAcHAIQ+CiC)  —(CiDetQeB) | = L., I:Led Wed] (1.5.41)
—(CeDe+QeBe) o2I-D:D. W,4

where tn the above equations

r o0 I 0 r 0 -r o
0 oy 0 O 0 o 0 0
P. = , , Qe =
I 0 Xr— o -r 0 2r 0 (1.5.42)
0 0 0 o%P 0o 0 0 Q@
and
Li=[0 0 o,W"C,;T7! oI] . Li=[0 0 —o,W B: L, (1.5.43)
for some L, f,d, W, Wd, P=P"<0. Q=Q"<0. and further
We=o W, W,;=0,W, and PeQe=0?l. (1.5.44)
Proof:
See [L6]. ]

Interpolation approach

In section 1.4 it was shown that all internally stable closed loops may be parametrised as

Ro(s) = (T1y,— T12QT5)(9) (1.5.45)

in which Ty,(s) and T,,(s) are stable and Q(s) is a free element of }63°. (Assumptions (ii) and (iii) in
the definition of the J° problem also imply that Ti4(s) and T,,(s) have no transmission zeros
anywhere in the imaginary axis including the point at infinity). When both Tj,(s) and Ty (s) are
square (problems of the first kind) it has been shown that it is possible to transform 1.5.45 to a Nehari
extension problem. In this section an alternative way of solving the model-matching problem is

outlined arising from classical Nevanlinna-Pick-Schur interpolation theory.
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Since Q(s)ERM S, no pole/zero cancellation may occur in the product T},QT,(s) in C,, and
thus every right half plane zero of either T),(s) or T5,(s) is also a zero of Ty,QT5,(s). In the SISO case,

therefore,
ns;) = ta(sy) = b; (1.5.46)

where s; is any right half plane zero of either 1;4(s) or t,,(s). The pairs (s;, b;) are the interpolation
constraints to be satisfied by any r(s) which corresponds to an internally stable closed loop. From [D1]
it is known that there exists an interpolating function r(s)€RIZ, with |[r(s)]|_ <p, if and only if the

hermitian Pick matrix

2 - 1=1,2
—b3.
m= {p i ,} . (1.5.47)
j=1,z

s;+5;

is positive semi-definite. Also,
(i) If >0 and is not definite, the interpolating function is unique with deg(r) = rank(II)

(i) The minimum norm taken by any interpolating function is given by the solution of a

generalised eigenvalue problem: Find the maximum value of p such that det(Il) is zero.

In the MIMO case if T,,(s) has a transmission zero at s;, it must lose rank at this point; this

implies that there exists a vector ¢;#0 such that

R(s;)a; = Tyq(s;)a; = b; =1, 2, -+, 2 | (1.5.48)
Similarly, if s; are the right half plane zeros of T;.(s), there exist vectors a;7#0 such that

a;R(s;) = a; Tyy(s;) = b7 i=29;+1, -+, 2 (1.5.49).

Equations (1.5.48) and (1.5.49) taken together describe the MIMO interpolation constraints associated
with all internally stable closed loops in the case of simple zeros. (z,; denotes the number of the RHP
transmission zeros of T(s) and z the total number of such zeros contained in both T),(s) and T,,(s)).

The Nevanlinna-Pick tangent problem may formulated as follows:

[P1] Tangent interpolation problem

Given a (finile) sequence of poinis in the open right half plane
{s} =L2n (1.5.50)
logether with the sequences of veclors

a,€C? and b;eC™ i=1,2, -, n, (1.5.51)
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and a second sequence of points (also in the right half plane)

{ s; } ) =0l ee, netn=n (1.5.52)
together with two further sequences of vectors

a,€C™ and b,eC” i=n+1, oo, n (1.5.53)

For a given positive number p find necessary and sufficient conditions for the eristence of a stable

interpolating matriz function R(s)eR™F(s) with ||| <p which satisfies both

%(si)al = bi 1=11 2, ceey Np (1.5.54)
and
a;R(s;) = b} i=nr+1, -+, n (1.5.53)
' o

A necessary and sufficient condition for the existence of an interpolating function bounded in
norm by p is provided by the following Theorem [L5]. In addition, [L3] characterises all (admissible)

interpolating functions in terms of a Blaschke product of MacMillan degree one factors.

Theorem 1.5.3

There exist a stable mxp matriz function R(s) with ||R(s)||  <p satisfying the interpolation
consiraints (1.5.54) and (1.5.55) if and only if the matriz

= : (1.5.56)

2 % Bh i=1, nr -} b i=1, np
)P a;a— 0;0; _)paiby—pbia; = =
k=1, ny k=nr+l, n
and
i=nr+l, n i=nr+l, n
- = 2 % *
. pbia,—paid pa;a,—0b;b .
12:{-—'—5‘;?31,#} II,,= {W (1.5.58)
k=1, ny k=nr+l, n
Proof:

1.6 Problems of the second kind which admit closed-form solutions

It has been shown in a previous section that allowing one of the off-diagonal blocks of P(s) to
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be non-square leads to the approximation problem

RI_JY .
vo= inf (1.6.1)

XeRH® R,
o0

in which [R] R7]T€R¥%>. This minimisation may be solved via the computationally expensive binary
search procedure (known as the <v-iteration) described in section 1.5. It is clear, however, that special
cases exist for which (1.6.1) may be reduced directly to a Nehari approximation problem: If R,(s)=0,

for example, (1.6.1) simply becomes

Yo = inf IRy —X|| =Ryl (1.6.2)
XeR®Y o A

Similarly, following the sequence of arguments in section 1.5, if

R3R,(s)=6%1 (1.6.3)
then
Rl_Xapt R (—s)
Yopt = ~ ” _},_' “H=1 (164)
R, Jop—6
oC

which implies that in this case, i
Topt = I Ra( = 9)l[5+67 (1.6.5)

In this section the so-called parametric mixed-sensitivity problem will be considered. Although this
nominally belongs to the class of 3°°-problems of the second kind, a closed formula has been derived
for the optimal cost in [L11] via the indefinite Riccati equation solution to the general 3> problem
given in [D9]. Here the optimal cost will be derived by transforming the parametric mixed-sensitivity
problem to one belonging to the class of problems of the second kind which satisfy (1.6.3); in this way

the optimal cost formula reduces to the calculation of a Hankel norm.

The parametric mixed-sensitivity problem may be defined as

, (1=€)(Im—S$(s)) . .
Yopt = 1nf = anf [|2(9)]], (1.6.6)
Ke= €S(s) Ke=

oc
where S(s)€R™>™(s) denotes the sensitivity function

S(s)=(I+GK)}(s) (1.6.7)
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and € belongs to the interval [0, 1]. Defining the ¢-dependent orthogonal transformation

Im»cos{tan_l( I—TCC)} Im-sin{tan'l( 1_766)}

€= (1.6.8)
—Im-sin{tan’l(I_:‘z)} Im-cos{tan'l(l"'T‘e)}
(1.6.6) may be transformed to
Yope = inf 10l = inf 1102(S)l,,
Ke= Ke=
‘ aln+ 35(s)
= inf . (1.6.9)
Kez b1Im
oo
where we have defined
e— -1 =
a._(l—c)-cos{tan (1—_—‘6)} (1.6.10)
6:=e-sin{lan'l(l—__%)}-—(l—e)-cos{tan_l(i—__—cg)} (1.6.11)
6::—(1—6)-sin{tan'1(1_766-)} (1.6.12)
(1.6.9) may be reformulated along the lines given in section 1.5 to
(O+,B)1m 8G
inf ‘.TE( 0Im 0 , K(s) = inf ||f}'a(P, . (1.6.13)
Ke= Ke=
L In | G J
: )
Using the constant output scaling 37'G~}(c0) this may be written as
(a+8)Im GG (o)
inf |, 6Im 0 , K(s) ) = ;ge [1F o(Ps. K[, (1.6.14)

KeZ I_ . |ﬁ'1GG‘1(oo)J

o o]

where Z=fG(00)= denotes the set of internally stabilising compensators for B7'GG Y(cc). If

G(s)=(A, B, C, D), Ps(s) in (1.6.14) may be written as

[ 4 0 gDt |
pio 2 3C | (a4B8)m  In (16,15
0 51 0
C Im B
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Hence, since
[0m | Im] Fy(P, K) = 6Im V K(s)€E (1.6.16)

(1.6.9) may be transformed to

. Ty, —T1,QTy _
Yopt=_inf (1.6.17)
QeXy §1m
)

in which T),(s) and T5;(s) may be assumed inner with no loss of generality. Hence,

-
nf T, 0 Ty, —T12QTy
= in
Yopt Qe 0 Im 6Im A
- oo
| merami-o
= nf (1.6.18)
Qey 613,
- )
Since T3,(s) is antiinner,
Yope= Y| T T Tor( —9)l[f+6 (1.6.19)

The closed formula for 7,,, may now be obtained via a state space realisation of T7,T);T%(s).

Choosing the state feedback matrix F and the output injection matrix H as

F=3 C+%D"B‘£ (20)

and
H=9C (1.6.21)
where X and 9) denote the stabilising solutions to the algebraic Riccati equations

X(A~BD'C)+(A—BDIC)"E— ;}15230-10-'3‘x= 0 (1.6.22)
and

YA +AD—-YCCY = 0 (1.6.23)

makes T),(s) and T,(s) in (1.6.17) inner. Using (1.6.20), (1.6.21), (1.6.22), (1.6.23) and (1.6.15) in
(1.4.39) gives
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B,
B,

? ]

‘All 'A12
T;2T11T51 & 0 "4‘22

‘.cl c,

_BpYc+Lp—px)\ atBepp-1 _atByrpp-i
—{A BDH(C+25D Bx)} FeEBD Y S-EBD
= 0 —(A-9C0)” s (1.6.24)
—%D"B" (%D"B‘S—a(f)@ (a+8)Im

The Hankel norm of T7,Ty;73,(s) will be calculated as Amaz(PQ) where P and @ are the
controllability and observability grammians of the realisation in (1.6.24). At this point it will be
assumed that £ and ¥) are positive definite. (This is equivalent to requiring that G(s) is completely
unstable and non-minimum phase). This assumption is made only for notational convenience and
involves no loss of generality in the derived formula for 7,,,. The Riccati equation balancing

techniques developed in [L6] may be employed to establish the formula for v, ,, for the general case.

Lemma 1.6.1

Let ¥ and Y defined in (1.6.22) and (1.6.23) be non-singular. Then the controllability and

observability grammians corresponding to the realisation in (1.6.24) are

(a+3)*% 0
_ 1.6.25
0 —g]—l ( )
and
Q - ’
= . (1.6.26)
) —(a’I+9E)Y
respectively.
Proof:
The two grammians should satisfy
A A || Pun P2 Py Py || An Ap 3,
+ + [ B7 B2)=0 (1.6.27)

0 Ay Piy Py Ply Py 0 Ay,

and
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*

‘All ‘AIQ Qll Q12 Qll Ql? ‘All '412 c;
‘ Ho + (e el=0 (16:28)
0 Ay Q2 Qa2 Q2 Qo 0 Ay c;

Comparing (1.6.23) with the (2,2) block of (1.6.27) shows that P,,=—%7'; subststituting this to the

(1,2) block of (1.6.27) gives, after cancelling terms,
{—A+BD"(C’+-ﬁl§D“B"£)} P12+P12{—A+‘ZJC‘C} =0 (1.6.29)

from which, since both terms inside the brackets are completely unstable, P,;,=0. Using this in the

(1,1) block of (1.6.28) gives, after direct comparison with (1.6.22) that Py;=—(a+5)%.

The substitution £-}(22)X~" =0 into the (1,1) block of (1.6.28) verifies that Q,;;=—%"". Using
this in the (1,2) block of (1.6.28) shows that @,,=9. Finally, the (2,2) block of (1.6.28) may be written

as

(252)DE B0 O+ Qu(— A7+ C D) +(252) DO D BED+(— A+DC ) Qoo

g(%zBD-l—ac*)(%xBD-l-ac*)-g) =0 (1.6.30)

which becomes after cancelling terms

Qoo =A™+ C CY)+(— A+Y C C) Qpot DEAD+ DA ED+*YC CY=0 (1.6.31)
Substituting from 97}(1.6.23)9 7! gives

Q2297 AD+DA™Y T Qoo+ DEAD+ YA ED+a’YC CD=0 (1.6.32).

from which the (2,2) block of (1.6.26) may be verified. O

Using the derived grammians, 7y,,, may be written as

(a+B8)’I  —(a+P)EY }
(1.6.33)

=62+/\mar P =62+)\ ar
7opt ( Q) m _7 a2]+zg

so that

73pt=62+§{(a+B)2+a2+Amar(zm>}+§J{ﬁ2+Amua@)}{(‘zaw)ﬂﬂmax?))}

Substituting from (1.6.10), (1.6.11) and (1.6.12) gives



A state-space analysis for a class of H® optimal control problems -44-

73,,,:%{524_(1—c)2+,\ma$(IQ)}+%J{52+(1—e)2+,\m”(29)}{6£i6—(;_12€-5§+/\m”(E‘Q)}

in agreement with {L11].

1.7 Interpolation constraints on the Sensitivity and Complementary Sensitivity

functions

It has been shown in sections 1.4 and 1.5 that a class of 36°° control problems may be

transformed to the model-matching problem

Yopt= inf ”Tu—TnQTzl”oo (1.7.1)
QEXNY
in which T\,(s) and T,,(s) are square. It is clear that the presence of T),(s) and T,(s) in section 1.7.1
constrains the value v,,, can attain. If both these functions were equal to the unit matrix, for example.
no interpolation constraints would be present and it would be possible to achieve v,,,=0 by taking
Qopr=T11€XS. In section 1.5 the constraints on the optimal cost were more precisely formulated in

terms of certain interpolation constraints that the function
fR:(.S)=Tu—TIQQT21(S) (1.7-2)

must satisfy at each RHP transmission zero of Tj,(s) and T,;(s) and along certain zero directions.

A natural question arising is whether these interpolation constraints in the RHP impose any
restrictions on the magnitude of R(s) on the jw axis. The interpolation-approach solution of the model-
matching problem in section 1.5 suggests that they do, the minimum norm ||®||_ being defined in
terms of the solution to an eigenvalue problem constructed from the interpolation data. In this section
certain constraints on the magnitude of the sensitivity and complementary sensitivity functions will be
described. In this case, the unstable poles and the non-minimum phase zeros of the open-loop transfer
function define the relevant interpolation constraints; these may be translated to integral relations on

the jw axis using Poisson’s integral formula.

A number of integral constraints on the sensitivity function for certain classes of systems have

been known for a long time. Consider first the open-loop system

k -
qQs)= 9 113
(= (1.7.3)
where k is an arbitrary gain factor. Since the sensitivity of the system is the reciprocal distance of the
Nyquist plot from the critical point —1, it may be seen that in this case the there is always a frequency

s=jw, above which the sensitivity exceeds one; moreover this transition frequency w, may be pushed
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arbitrarily high by increasing the gain. In fact, this tradeoff in sensitivity is a special case of a general
class of transfer functions as it may be seen from Bode’s sensitivity integral [F7]: For every open loop
rational transfer function Q(s) which is stable, minimum phase, has at least two more poles than zeros

and stabilises the closed-loop, the sensitivity function S(s) must satisfy

/;g [S(jw)] dw = 0 (1.7.4)

0
so that requiring |S(jw)|<1 at some frequency implies that |S(jw)|>1 at another. It is clear, however,
that this type of constraint does not imply by itself (i.e. unless additional bandwidth constraints are
imposed) any real design limitation: The sensitivity can be made arbitrarily small for an arbitrarily
large frequency interval [0,w] by making the sensitivity marginally larger than one for the upper tail of

the frequency axis (w,00).

As the interpolation formulation in section 1.5 suggests, a more serious constraint on the
magnitude of the sensitivity function on the jw axis is due to the presence of non-minimum phase zeros
in the open-loop transfer function. Intuitively this is expected since such zeros provide additional phase
lag and thus have the effect of *bending” the Nyquist plot towards the critical point. Note first that if

Q(s) has a zero at s=:z of multiplicity m, S(s)=(1+Q(s))™" is constrained at this point by

S=1 , L _ =0fori=l, 2,--, m—1 (1.7.5)
ds' °=°
Similarly, at any pole at s=p of Q(s) of multiplicity =,
S(m=0 , L8 _ =0for i=1, 2.+, n—1 (1.7.6)
ds' °=P

The Poisson integral formula may be used to translate the RHP zero constraints to a weighted integral
relation that S(s) must satisfy along the jw axis. Noting that any RHP zero of S(s) is due to a RHP

pole of Q(s), these can be factored out as

5(s)=5(s)Bp(s) (1.

=1
-1
~—

where Bp(s) is the Blaschke product

X p—s =
BP(S)z;I;IJi‘*‘S (1.7.8)
which contains all RHP poles of @Q(s) counted according to their multiplicity. Applying Poisson’s
integral formula to log[S(s)] (S is by construction analytic and free of zeros in the RHP) may be used

to derive the following Theorem given in [F7], [F9]
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Theorem 1.7.1 [F7)

Suppose that the open-loop transfer function Q(s) has a zero, z=z+jy, with 2>0. Assume that

the associated feedback system is stable. Then the sensitivity function must satisfy

/ log S(jw)| W(z, w) dw = = log |B5(2)| (1.7.9)
0

where W(z, w) is a weighting function. For a real zero, z=z,

W(z, w) = xzifwz (1.7.10)

and for a complez zero,

W(z, w) = Z + Z 1.7.11
&)= T T Frop (1)
In addition, for a complex zero, the sensilivity function must satisfy,
oC
/log IS(]w)I V(z, w) dw = 7£B5'(2) (1.7.12)
0
where
. — +y -
Vs w)= —2—8  _ __“ry (1.7.13)
FHy—w)  THyw)
Proof:
See [F7], [F9] O

The integral relation (1.7.9) is much more severe in constraining sensitivity than the one given
in (1.7.4). This is due to the type of weighting function W(zw). Since the weighted length of the jw
axis in this case is finite, the amount by which the sensitivity can exceed one at high frequencies by
keeping its value small at low frequencies cannot be made arbitrarily small; in fact it is shown in [F7]

that constraining S(s) in a low-frequency interval as
IS(jw)|<a<l, YweR=[0, w, (1.7.14)

results in a peak in the magnitude of sensitivity at a frequency outside the interval, bounded from

below as
W(z,Q) .
T— W(z,Q _ — Wi
1si1>(8) ™ 5 g = e (1.

-1
—
[\S11
~—
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This shows that [|S]|  becomes unbounded as a —0 which may imply poor stability margins for the
closed loop system. z in (1.7.15) denotes a non-minimum phase zero of Q(s) and
. wy
W(zQ)= [ W(zw)dw (1.7.16)
0
with W(zw) being defined in Theorem 1.7.1; W(2,2) may be interpreted (in the real zero case) as
minus the phase lag contributed by the zero at the upper endpoint of the frequency interval 2. Note in
this respect that jw-axis zeros (let z—0 in (1.7.10) and (1.7.11)) do not impose integral constraints on
S(jw) but only a point discontinuity at S(jy) which does not affect ||S||_. (See [S3] for a treatment of

the technical issues arising due to the presence of imaginary axis zeros in the context of 3 control).

The effect of the RHP transmission zeros of the plant on the magnitude of the sensitivity
function may be generalised for the MIMO case. (Note that by the internal stability requirement, any
RHP transmission zero of G(s) must appear as a zero of the open loop transfer function @Q(s) with at
least the same multiplicity.) If the plant G(s) is strictly proper and there is a point s,€C, such that
the rank of G(sy) is less than the number of its rows, then there exists a positive real number a such

that for every stabilising compensator A(s)
x(+GE)™ U+ GE) T2 >1 (1.7.17)
where y(-) denotes the characteristic function

1 of Jw|<wy
x(jw)= (1.7.18)
0 if |w|>w,

for some frequency w; [F3]. On the other hand, if G(s) has a right inverse which is analytic in C,,
bounds

lIx(I+GE)™H| <€ (1.7.19)
and

(I+GE)™Y| <8 (1.7.20)

may be achieved for arbitrary ¢>0 and 6§>1. [F3]

It is also interesting to note that Theorem 1.7.1 illustrates the dependence of the optimal cost
in the }*° sensitivity minimisation problem to approximate pole/zero cancellations in the RHP.

Consider as an example the unstable and non-minimum phase plant

s—1+¢
-1 (1.

-~
o
—
~

9(s)=

for 0 <e<1. The optimal cost is given as [L6]
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Yopr=infllSIl = {1+ Amaz(£D) (1.7.22)

where £ and ) are the stabilising solutions to the Riccati equations (1.5.6) and (1.5.7) respectively. It

may be readily verified that in this case

$=2(lc—€) : y=

op,_,ll+4(1 <) 2'_‘—voo as e —0 (1.7.24)

On noting that the magnitude of the optimal sensitivity is constant over all frequencies and also that a

(1.7.23)

~ND

so that

constant optimal controller exists in this case,

€ -
10g(Y o pt) / o +) dw = 7 log |B3'(1—¢)|
1 9_ o
= ron=[(122) [ (1.7.25)

in agreement with (1.7.24).

A similar analysis may be performed for the complementary-sensitivity function T=1— 5(s),
the unstable poles of the open-loop transfer function now defining the appropriate interpolation
constraints. The (dual) integral relation which the complementary-sensitivity function must satisfy is

described by the following Theorem [F7].

Theorem 1.7.2

Suppose that the open-loop transfer function Q(s) has a pole, p=z+jy, with £>0. Assume that
the associated feedback system is stable. Let B.(s) be the Blaschke product

B.(s)= 1‘12 +s (1.7.26)

containing all the RHP zeros of Q(s) (N: in number) counied according lo multiplicity. Then the

complementary sensitivily function must salisfy

[ee]
/log lT(jw)I W(p, «) dw = = log IB;'l(p)l (1.7.27)
0

where W(p, w) ts a weighting function. For a real pole, p=z,

Wz, w) = zi"izw? (1.7.28)
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and for a complez pole,

W(p, w) = z + - 1.7.29)
# )= T mop t Py (
In addition, for a complexr pole, the complementary sensitivity function must satisfy,
/log ]T(]w)l V(p, w) dw = m£B5(p) (1.7.30)
0
where
Vip w) = =¥ _ Wty 1.7.31
)= ol T Frre) (-3l
Proof:

See [F7] 0
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Chapter 2

2.0. Introduction

The generalised regulator in Fig. 1 has been adopted as the standard configuration on which
¥ >-optimal control studies are based. By appropriately choosing the four partitions of P(s), most
design examples of engineering interest may be embedded in this diagram. Early 36°° studies were
special in the sense that P,4(s) and P,,(s) could be chosen square. Examples of this case (for which the
term “problems of the first kind” or “one-block problems” has been adopted) are the optimal sensitivity
[C1], [F4], [F3], [S1], [Z21], [Z2] and the robust stabilisation problem [G2], [K6]. Problems of the first
kind have been fully analysed and a controller degree bound has been derived [L5], [L6]. Although this
class of problems admits a particularly elegant and simple solution, it is too special for most practical
design applications since it typically formulates single-target optimisation objectives. This limits their

application to:

(1) Investigating analytic tradeoffs of a single feedback property (ie. tradeoffs of the property in
different frequency ranges). These may be dealt by including a frequency weighting in the cost function
of the optimisation. (Directionality properties in the multivariable case may also be dealt by exploiting

the spatial nature of the weighting function).

(2) Evaluating control designs by comparing the properties of the closed-loop system with the
optimal levels obtained by solving a relevant 36°° problem. This may help to give a qualitative account
of possible inherent limitations which may be due to structural properties of the plant such as the

position of its poles and its transmission zeros.

Control system design should attain a number of different objectives. These include good
performance for the closed-loop system (accurate and fast following of set-point changes), good stability
margins, the attenuation of disturbances and measurement noise, moderate control action in order to
avoid actuator saturation, etc. In addition, these characteristics should be maintained as far as possible
in the presence of plant uncertainty. It was shown in the previous chapter that it is possible to
translate most of these objectives to bounds on the magnitude of certain closed-loop transfer functions
governing the response of signals within the feedback loop to exogenous inputs. Minimising, for
example, the sensitivity function at low frequencies results in good tracking and in the rejection of
disturbances (which typically have their power concentrated in this frequency range) entering at the
plant output. Similarly, limiting the magnitude of the complementary-sensitivity function at high

frequencies has the effect of measurement-noise attenuation (typically having wide-band spectral
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characteristics) and minimises the effects of (multiplicative) plant uncertainty on the stability margins
in the closed loop. (Model uncertainty is again dominant in the high-frequency region partly due to the
loss of phase information caused by unmodelled fast dynamics and the approximation of time delays by

finite-order LTI models).

It is clear that the two functions mentioned in the previous paragraph (sensitivity and
complementary sensitivity) cannot be manipulated independently. In fact, since their sum is the unit
matrix, it follows that it is not possible to achieve, for example, both disturbance rejection and
measurement noise attenuation over all frequencies and directions. This illustrates one of the basic
“algebraic” constraints in control system design [F7]. In the context of optimisation-based design
methodologies (which include 36°° methods) the tradeoffs which must be performed between conflicting
design goals suggest the need to include all such “conflicting” functions (appropriately weighted in

frequency) in formulating the optimisation problem.

By allowing one of the off-diagonal blocks of P(s) to be non-square, the range of problems
which one may study within the 36 framework is considerably enlarged. For this type of problems the
term “problems of the second kind” has been adopted. This family is now sufficiently large to include
multitarget objectives; an important example is the so-called mixed-sensitivity problem [F1], [F2], {F3],
[F6], [V1]. As one would expect, this enlarged class is more difficult to analyse as well as being
computationally more demanding; in general the optimal solution must be determined via an iterative

procedure which involves a sequence of (apparent) state-dimension inflating operations.

In this chapter a detailed state-space analysis of }6°°-optimal control problems of the second
kind is carried out. It is shown that the transition from problems of the first kind to problems of the
second kind is free in terms of the controller state dimension. In particular it is shown that for every
36> problem of the second kind a continuum of optimal controllers exists requiring no more than n
states (where n=deg( P)). A parametrisation of the optimal interpolating functions is also obtained and

the results are subsequently extended to the suboptimal case.

The layout of this chapter is as follows: Section 2.1 describes some Riccati equation balancing
techniques; this simplifies the exposition by making transparent the interpolation constraints of the
problem. In section 2.2 a detailed state-space analysis is performed and a degree bound is derived for
the optimal interpolating function under a few simplifying assumptions. Section 2.3 deals with the
possible pole/zero cancellations which may occur in the linear fractional map of Figure 1 under the
constraint of internal stability, while section 2.4 removes the assumptions made in section 2.2. In
section 2.5 the results are combined to derive the controller degree bounds both for the optimal and the

sub-optimal cases. Finally sections 2.6 and 2.7 include an example and some computational remarks.
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2.1 Balancing the Riccati equations

The state space analysis of 76°° problems of the second kind will be greatly simplified if the
Riccati equations (1.5.6) and (1.5.7) have a diagonal balanced structure. Balancing of the Riccati
equations in problems of the first kind has the effect of removing the right half plane zeros of the
square off-diagonal blocks of P(s) in the early stages of the analysis; in effect this makes transparent

the interpolation constraints defined at each right half plane zero of P 4(s) and P, (s).

Problems of the second kind have a mixed type of interpolation constraints. ’Right’
interpolation constraints (zeros of the square P,,(s) block) will be dealt with identically as in problems
of the first kind: Balancing of the Riccati equation (1.5.7) will have the effect of identifying the right
half plane zeros of P,,(s) with the full-rank subblock of its solution. A similar dimension deflation
corresponding to the non-square off-diagonal block and its interpretation in terms of the left
interpolation constraints is also possible. In addition, the balanced Riccati equations lead directly to a

minimal realisation for

, T,, T,
Ty 0 0

We begin by considering any basis change T in the state-space of P(s) in (1.5.5). In the new basis, the

realisation of P(s) becomes

l>TAT'1| TB,  TB, _‘
P(s) = ClT—l Dy, Dy, (2.1.1)
C:,T“l Dy, Dy,

and the algebraic Riccati equation (1.5.6) becomes
X¥(TAT '=TB,D},C,\ T )+ TAT ' = TB,D;,C, T )" E—XTB,B3 T2+ T "D | D7) C,T"'=0
(2.1.24q)
where T denotes (T!)". After pre-multiplication by 7" and post-multiplication by T we get
TET(A—B,Di,C) + (A= By D1, C)'TET — TETBB,TET+CID | D" =0 (2.1.2b)
which shows that X undergoes the congruence transformation
I—-T¥T! (2.1.3)

Similarly, in the new basis, (1.5.7) becomes

T YT (A—B,Cy)" + (A=B,C))T 9T — T 9T "C;C, T YT " = 0 (2.1.4)
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and hence

9-TIT (2.1.5)

(2.1.3) and (2.1.5), together with Z=X">0 and 9=9">0 show that the construction in [G1, Appendix
B] may be used to select a T which diagonalises both £ and 9. This construction is reproduced in the

next Lemma for completeness.

Lemma 2.1.1:

Let £ and Y be the solutions to the Riccali equations (1.5.6) and (1.5.7) respectively. Then

there ezists a change of basis T in the state-space of (2.1.1) such that

and

with £,, £, and £3 positive definite and diagonal.

Proof: [G1]

The proof essentially depends on simultaneously diagonalising the two solutions of the Riccati
equations, using congruence transformations on ¥ and %, £=TXT" and Y=T""YT . Since >0 there

exists a congruence transformation T, such that

T\¥T7 o 2.1.8
= 2.1.
1217, 0 0 (2.1.8)
Let 9 9
YT = Y (2.1.9)
gl? g2'..’

Let U, be the unitary matrix such that

$.000
09,01 = 0 0 (2.1.10)
with £,>0. Writing
Ui o0
T3'=Ty=| (2.1.11)

0 I
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gives
5 0 9,
(T, 7)™ YTT)™'=| 0 0 9B,
?);3 "I-J;S gJ33

and since 9>0=7,,=0. Now let

I 0 0
T = 0 I 0
9,5t 0 I
which gives that
£

(TsToTy) " Y(Ts T, Ty) "=

o ©

oo o

(2.1.12)
(2.1.13)
0
0 (2.1.14)

* &l
933—?)1321 913

and since congruence transformations do not affect the inertia of a matrix, 2]33—%32‘191320, so that

there exists a unitary transformation [, such that

g et 5/ 0 -
Us(Dy;—9 579,50 Vs = 0 (2.1.15)
with £5>0. Finally, defining
£V 0 o
"= 0 [ 0 (2.1.16)
0 0 U
and letting T=T4T3T,T; proves the result for the transformed ¥ and 9. O
It is convenient at this point to introduce a permutation matrix J so that
_ X3 —_| 72 -
JYJ = 0 = 0 (2.1.17)

Clearly, £,>0 and £,>0.

In the rest of the analysis it will be assumed that the realisation in (1.5.5) has been put into a
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basis corresponding to balanced Riccati equations. We continue by defining

M := JA-B,C)J" (2.1.18)
Z = A—-'BQD;QCI (2.1.19)
and introduce the partitioning
Ci=[C1 | C12] (2.1.20)
By By
(By | By] = (2.1.21)
By By
which is consistent with that in (2.1.6). We will also make use of the partitioning
CoJ = [021| 022] (2.1.22)
and
FI* = [F,| F,) (2.1.23)

which is consistent with that in (2.1.17). Allowing (2.1.6) to induce a partitioning on Z and

substituting into (1.5.6) gives

£ 0 [z 2, Z Zn [ = 0
0 0 || 2y Zn Z, T || 0 0
- (2.1.24)
= 0 B”BB]210 CI‘IDD[CC]O
- o + - =
0 0 ||By (B2 B2y c, (Yl G

From the (2,2} block of (2.1.24) we get

CiaD | D7 C1p=0 = D" C1= 0 = C},D | D C15=0 (2.1.25)
Consequently, from the-(1,2) block of (2.1.24)) one obtains

$1Z12= 0 = Z;,= 0 (Since £;>0) (2.1.26)
Finally, the (1,1) block gives

Z12),+ 25,5, — 1B B2+ 6D | D7y Cy= 0 (2.1.27)
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which is a deflated Riccati equation with a positive definite solution £, . Since
A—B,F = Z—B,B3% (2.1.28)

we get from (2.1.26) that

2, 0 By|
A—ByF= - [Bn Bzz]
ZZ] Z22 322 0 0

| Zu-BuBLE 0 .12
ZZI—BZZB;ZZI ZZZ

Since A— B,F is asymptotically stable, so too is Z,, . One concludes also that each eigenvalue of Z,,
corresponds to a stable mode of A—B,D1,C; which is undetectable through D”; C; . In fact Zy, consists

precisely of these modes [P2]; this is shown next.

Lemma 2.1.2:

If z; is a stable mode of A—B,D},C, which is undetectable through ") C, then ;€ A(Zyn).

Proof:

Suppose for contradiction that Z;, contains some stable modes of Z which are undetectable

through D7) Cy;. Define a basis change U such that

sI-2y, —-2ys =
51_211 U ~ SI_le
. = 0 sl=25, |:= (2.1.30)

in which Z,; contains all the stable modes of Z;; which are undetectable through D" Cy;. Then (2.1.27)

may be transformed to

£.2,,+721,E,-%,B,,B,Z,+3"d=0 (2.1.31)
where we have defined

Sp=U""g,U! (2.1.32)
and

B,;:=UB,, (2.1.33)

Since T, is the stabilising solution to the Riccati equation (2.1.27)
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1 BT R T
Zyy = ByyB1, 5y = U (Zy,— B1pB1oXy) U (2.1.34)

is asymptotically stable. Let

o x, x
g=| " P (2.1.35)
X2 Koo

partitioned conformally with (2.1.30). The (transformed) Riccati equation (2.1.31) may be written out

in full as
X1 X2 Zy, 7y N 2y Zy X1 X2
Xl2 Xo9 0 2, 0 Zy X12 Xo
- ar- (2.1.36)
X1 X2 || Bio . e Xn Xio 0
- = [Bi2 B3l + (00, =0
Xi2 Xap || Bao Xi2 Xoo ¢,
where
_ By,
Bia=1 . (2.1.37)
B,
partitioned conformally with (2.1.30). Expanding, we get
X022+ 251X, — (X4 B+ X19B15) (X1, B+ X15B15)™= 0 (2.1.38)
X11Z19+ 251X 15— (X1, By 1+ X2 B1) (BT X g+ B9 Xp0)= 0 (2.1.39)

and

X122 194 X022 20+ 232X 9+ 232X 20— (X12B11+ X220 B1o) (B X1 0 B2 X00)+2352,=0 (2.1.40)
Now, since ¥, is the stabilising solution of the Riccati equation (2.1.31), £,>0 which implies that
X;;>0. From (2.1.38). however, Z,, is stable which implies that X;,<0. Hence X,;=0, which when
substituted in (2.1.38) gives

X,2B1,=0 (2.1.41)
so that (2.1.39) becomes

X122 59+ 271 X15= 0 (2.1.42)

However, since X, is the stabilising solution to (2.1.31) by (2.1.34), we have that

—| .| [Bi2 B3 (2.1.43)
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is asymptotically stable, or (using (2.1.41)) that

21~ B, BioXT,

212”311(3I1X12+B;2X22)
0

i - .. (2.1.44)
Z99— B12(B11 X194 B12 X))
is asymptotically stable, which implies that Z,,— B,,(B};X,,+B},X,,) is also asymptotically stable
On using (2.1.41), (2.1.44) may be rewritten as

X122 20— B1o( B X104 B12 X00)]+ 231 X15= 0 (2.1.45)

with the term in the square bracket being stable as a diagonal subblock of (2.1.44). Since Z,, is also
asymptotically stable, equation (2.1.45) admits the unique solution X;,=0, and

_ . 0 0 ( )

L=U7"%,U = 2.1.46

1 1 0 Xu
Noting that X, is full rank (by construction) gives the required contradiction. O
A similar procedure has already been applied to (1.5.7) [L6] to obtain
—I,M 550 M;p—%,05C -
JA=HCy) "= arh 1o (2.1.47)
0 My,

in which {A(M;,)}={right half plane zeros of P,,}.

Making use of (2.1.21), (2.1.23), (2.1.25), (2.1.29), (2.1.47) and (1.5.6), we can rewrite (1.5.13)

as
Ty Tho T_l_
To, 0 0 |
(2.1.48)
Zn—BwBI'zEl B12F1 Bll Bl2 _EI—IC{ID_L

0 —T,M;, 25! -%,C5, 0 0

D_LD]_CII_D12BI221 D12F1 Dy D, D_L
0 Cy I 0 0

We also note that the change of basis

_ (2.1.49)
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will balance the realisation in (2.1.48). From the balanced version of (2.1.48) we obtain

1 _1 1
-T7M,uE,° —5°C3,
T51(9) = R _%
CnZe ! (2.1.50)

which has both its controllability and observability grammians the identity. We conclude, therefore,

that (2.1.50) is a minimal and balanced realisation of T,,(s). We also deduce that
1 L 1 1
R R I L

1 1

[ThIT,] =

|
J (2.1.51)

D, D" CyyE; *~Dy,B;, %,

is balanced with controllability and observability grammians again the identity ; this realisation is thus

also minimal.
We conclude this section by pointing out that the realisation in (2.1.48) is also minimal. This
may be established by proving that all the system zeros in (2.1.48) lie in the open right half plane and

consequently cannot cancel any of the poles of this realisation which lie in in the left half plane. An

almost identical argument may be found in section 3 in [L6].

As one would expect, replacing the realisation (1.5.13) with (2.1.48), allows the realisation of

R(s) to be reduced to

Ris) & —(21,— B12B12%)” Ap(1,2) Bp(1,1)
s) = R
0 M 2,05
- — =2 (2.1.52)
—Bi, D130y, Co— Fy Di»Dy,
WGy Dy Dy, Cy, D) Dy
where
Ap(12) = Cle_LD]_Dn021‘*‘21311021—EleDIanézl (2.1.53)
and )
(2.1.54)

Bp(1,1) = C1yD | D’ Dy, —%,B3D12D11+ 5, B,
The realisation in (2.1.52) need not be minimal. The results of the analysis of this section are

summarised in the following lemma.
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Lemma 2.1.3

(1] (a) The number of zeros of Py (s) in C = rank(D)
(b) The number of stable modes of A—B,D},C, which are undetectable through D, C,
= rank defect(X)
[t2] The realisation (3.22) is minimal with MacMillan degree = rank(X)+rank()
[i1]] The realisation (3.24) is minimal and deg(T,,) = rank(9)
(i) The realisation (3.25) is minimal and deg([Ty, | T (])=rank(ZE)
[v] deg(R)< rank(E) + rank()

Proof:

[i] to [iv] follow from the discussion of this section. [v] follows by inspecting the realisation in

(2.1.52). o

Remark 2.1.1:

Lemma 2.1.3i(b) shows that any stable mode of A— B,D],C, which is undetectable through
DG will cause a drop in the rank of the stabilising solution ¥ to the Riccati equation (1.5.6). A
future Lemma (2.3.2) will identify these modes with the minimum-phase Smith zeros of the non-square
off-diagonal block Pj,(s). We can associate, therefore, the drop in the rank of the solutions to both
Riccati equations with the minimum phase zeros of the off-diagonal blocks of P(s). Although. however.
for the square block we can associate directly the rank of the corresponding Riccati equation solution
(D) with the non-minimum phase zeros of P,;(s) (and hence with the right interpolation constraints).

this is no longer the case for the non-square block.

In order to give an interpretation of the rank-defect of the Riccati solution corresponding to the
non-square block in interpolation terms, the model matching problem may be reformulated in terms of
matrix-like (rather than pointwise) interpolation constraints, along the lines given in [H3], [H4].

Assuming for simplicity that T,,{s)=/, the model-matching problem

E(s)=Ty;— T12Q(s) (2.1.55)
may be transformed on using 77| T5(s)=0 to

T E(s)=T| Ty(s) (2.1.56)
Now, the RHS of (2.1.56) is an element of 362° by a standard state-space calculation. In addition
(2.1.55) and (2.1.56) are equivalent since 7} (E— Ty;)(s)=0 with T“_]_(s)EJG°_° and (E—Ty))(s)eXy

forces (E— T1;)(s) to admit a factorisation E— T},=T;,Q(s) for some Q(s)€ 36" [H3]. Equation (2.1.56)

may now be interpreted as a set of (interpolation) constraints for the minimisation
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min || E(s)|| E(s)eXT (2.1.57)

o
since it forces the residues of 77| E(s) and T7| Ty;(s) to be identical at any (r.h.p.) pole of T7.
Consequently, the number of the left interpolation constraints will depend on the MacMillan degree of
the all-pass extension T, (s). It may be seen, however, from the state-space realisation in (2.1.48) that
all the modes of Z,, (which correspond to the stable modes of A—B,D],C; which are undetectable
through D:LCI) are not contained in a minimal realisation of T )(s) and consequently do not

correspond to active interpolation constraints.

2.2 The H*- optimal interpolation function for problems of the second kind.

In the following sections the results obtained so far are combined with a new theorem to obtain the
controller degree bound for all problems of the second kind. Both the optimal and suboptimal cases will

be treated.

Suppose n=deg(P), t=deg(R) and let ¢ be the number of cancellations which occur between
P(s) and K(s) as a result of closing the feedback loop in Fig. 1. Then {=n+deg(h)—c. that is
deg(K) < ty+c,—n where t, and c, are upper bounds on ¢ and c respectively. The upper bound ¢, will
be derived in section 2.4 while ¢, will be found in section 2.3. These results will be combined in section

2.5 to give the controller bound.

The derivation of the bound {, for the degree of the closed loop requires several steps. Before
stating and proving the main theorem of this section a brief sketch will be given of the route which will

be taken:

(a) It may be recalled from Lemma 2.1.3(ii) that

Iw T, Ty
deg = rank(X)+rank(D) (2.2.1)
Ty, 0 0

(b) If T); and T, are all-pass right coprime, and Tj; and [T}, | T ] are all pass-left coprime,
[L6, Theorem 4.1] shows that

deg| |2 geg| T2 KE)+rank(D) (2.2.2)
€ = dae = ran ran 4
! RZ ! T_LTllT;l

Ty, and T,; will be called all-pass right coprime if in

=|. | A(s) (2.2.3)

all all-pass common right divisors A(s) of Tj,(s) and Tj,(s) are constant orthogonal matrices. All-pass
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left coprimeness is defined in a similar way.

(c) It will be assumed at this point (and in Theorem 2.2.1), that the all-pass coprimeness

condition is satisfied. If this is not the case, the factorisation

Tu Tiz Tp | |Ads) O Ty Tio Ty [|Ads) O (2.2.4)

Ty 0 0 [ | 0 1 Toy 0 0 0 I

is always possible in which T, and T',; will be all-pass right coprime, and Ty; and [T}, | T ] will be
all-pass left coprime [L6, Theorem 4.1]). It will be shown in a later section that for reasons almost
identical to those given in {L6], the existence or otherwise of these all-pass common factors makes no

difference to the bound t, we seek.

(d) Next, it will be proved that

(8
o
(1]
~

deg( [RyM™Y]_) < rank(E)+rank(D) (

(the definition of M(s) may be found in (1.5.19)). In the hypothesis of Theorem 2.2.1 it will be

assumed that (2.2.5) is met with equality since this assumption simplifies one of the later calculations.

(e) (d) together with work by Glover [G1] ensures us that
deg(X) < rank(E)+rank(D)+deg(U)—1 (2.2.64)
in the optimal case, and
deg(X) < rank (£)+rank())+deg( V) (2.2.6b)

in the suboptimal case. In the above U(s)eRIZ is a free matrix contraction to be chosen by the

designer and X(s) is defined in (1.5.22).

(f) It will be shown that

o
[ 3]
-1
~

deg(X) < deg (X) (
and that

o
™o
o
~

deg(B) < deg(X) (

X(s) and X(s) are related in (1.5.23). Consequently,

ty= rank(X)+rank(D)+deg(U)—1 (2.2.9q)
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in the optimal case, or
ly= rank(X)+rank(D)+deg( U) (2.2.90)

in the suboptimal case. In the first instance the reader may wish to skip to sections 2,3, 2.4 and 2.5. In
this way one may get an initial overview without getting swamped in the details surrounding the

proofs of claims (d), (e) and (f) above; these details are considerable.

The general form of the state space model for

Ty T, T
T,, 0 0

(in (2.1.48)) is the basis of the hypothesis for the next theorem which establishes an inclusion result of
the poles of the optimal interpolating function, along with explicit state-space formulae of its state-
space realisation under the simplifying assumptions [iii] and [iv] given below; these will be removed at
a later point (section 2.4). In the interest of clarity, long calculations and certain technical points are

treated in a number of Lemmas which are proved in a sequence of Appendices at the end of this

chapter.

Theorem 2.2.1

Let

L
Tll Tl'.’ Tl'l All Al'.’ Bll Bl'.’. 313
T,y 0 0 0 Ayp|By 0 0

=

(2.2.10)

is all-pass, minimal and balanced

L[4 s B
_L Ch |D12 D3

i [ Thol Ti5 )(9)
is all-pass, minimal and balanced
1] Tyy(s) and Tyos) are all-pass right coprime

]  Tyy(s) and [ Ty,) Tl'lz‘] are all-pass left coprime
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'Ul] A12+q1012= 0 (2.212)
Then
) R |, i -An -ChDyB3y-By, By, ChDn+8y,y
a =
R, 0 -Ajs C3s
-Bi, -Dio( Dy, B3y +Cy) Di,Dyy
‘3;3 = D;3DUB;1 DI3D11

1
|
aN|
*
*
L

C
| -B; | D; (2.2.13)
—F‘_, D;
is a minimal balanced realisation.
. 1
) . —A" FE?
RMY £ - 2.2.14
) (Rarh = D (2.2.14)

where the matrices E and F are defined in the proof; see (2.2.41) and (2.2.45) respectively.

P —A" FE*
c MY = —
LA I I
s minimal and
N A B
X(s) =] .
cC D
1s chosen so that
_ 1
—AT 0 FE? -
R.M™! X1(s) 2 0 A B 45 2.2.15
(R\M7)_+ X](s) = - ; . =l = » (2.2.15)
— B3 C D
satisfies the bounded real type equations
—(AP+PA*+BB*) —(BD"+PC") L
= (L~ W (2.2.16)

—(DB*+CP) I-DD* Tl w
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and their dual

—(A"Q+QA+C*C) —(C*D+QB) L
- s s S = [Ly W, (2.2.17)
—(D*C+B"Q) I-D*D w3
in which
] QP=1 (2.2.18)
and
il] L‘-'-_- [ 0 L;l] H Ld= [ 0 LZld] (2.2.19)

where the partitioning in (2.2.19) is conformal with that in (2.2.15),

Then:
1.] { poles of X} C { poles of X } (2.2.20)

2.) { poles of Ty + Ty, XTy} C { poles of X } (2.2.21)

Ezplicit formulae for X(s) and [T+ Ty, XT,,)(s) are given in equations (2.2.59)
and (2.2.71) below.

Remark 2.2.1

The validity of the bounds in (2.2.9) is proven by applying Theorem 2.2.1 to a balanced

version of (2.1.48). In this regard we should note the following :

(a) The general form of the realisations in (2.1.48) and (2.2.10) is the same.
(b) Tay and [Ty, | T ] are both inner and their realisations are minimal and balanced.

(c) Equations (2.2.11) and (2.2.12) are easily seen to be satisfied after balancing (2.1.48) since

(in the notation of section 2.1)

(i) Di3Cyy=D") DypF1,55"%= 0

and

. /2, = «l/2 x . “1/2epn = «l/2
(ii) A12+C;1012=21/ B12F1222/ +[(D_LD_[_011—D1231221)21 / ] D12F122/ =0

on using the orthogonality of [Dy, D |]. It will be shown at a later point that these equation

remain valid even if it is necessary to extract all-pass common factors.
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(d) Theorem 2.1 and Corollary 2.2 in [20] ensures us that the error systems corresponding to
any Nehari or suboptimal extension of [R,M~']_ will satisfy the bounded real type equations

in (2.2.16) and (2.2.17)

(e) Theorem 2.2.1 and Lemma 2.1.3(ii) thus establish the validity of (2.2.5), (2.2.6), (2.2.7),
(2.2.8) and (2.2.9).

Remark 2.2.2

In the case that the final value of T>Yope the cancellation phenomena predicted by Theorem
2.2.1 can only be guaranteed if X(s) is a suboptimal extension of [R,M~!]_ corresponding to an error

system with an infinity norm of one.

Proof:
The assumed properties of the realisation of T,;(s) in (i) enforces
Ayt Aget By By = 0 (2.2.22)
and
Cayo=—B3, (2.2.23)

Similarly, the realisation of [T}, Tl‘lz'] must satisfy

An+AL+ B2 Blat+ B3 Bi3 = 0 (2.2.24)
AL+AT+CLCL =0 (2.2.25)
Di,Cj1+Bia =10 (2.2.26)
DI3C+Bj3 =0 (2.2.27)
Dy3Bio+D3Bi3+Cy; =0 (2.2.28)
[Dyal D3] [Dysl Dya]™ =1 (2.2.29)
(Equations (2.2.22) to (2.2.29) follow from a state-space characterisation of all-pass matrices given in

[G1]).
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From (2.2.10) and (2.2.23) we get

I Ay Ap |Bn .
s -A3y By
Ty, = 0 Ay By | .
By I
Cy Gy |D11 J
An Ay By, B2 By,
s 0 Az, By, By, By (2.2.30)
0 0 — A3, B,,
Cn Cia Dy, B3, Dy,
Introducing the change of basis
I 0 0
r=| 0 1 -1 (2.2.31)
0 0 I
and making use of (2.2.22) gives
T.Ty 2 An Ajs At By, By By
0 Ay 0 0
0 0 — A3, By,
Ch Ciq Dy1B31+ Gy, Dy,
F An  Apt+BuBiy | B
L 0 — A3, B,, (2.2.32)
Cny DBy +Cyy I Dy, J

Next,
Ry |(s) = Ti2 | Ty Tou(s)= Ajo+ BBy, By,
R, T5” — A3 By,
DyyBy+Cyy I Duj
—AnL, CLCy Chy(D11B21+Cyy) C1 D1
0 An Ap2+ BBy By,
< 0 0 — A3, Bs,
—Bl, Di.(y, Dio(Dy1B21+C») Di,Dyy
| —Bi3 DGy Di3Dy By, Di3zDy,

by (2.2.11). Introducing the change of basis
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I I ¢
T = 0 I 0
0 /] I
and invoking (2.2.12), (2.2.25), (2.2.26) and (2.2.27) gives
R, s —An —C},Dy, B3 — By, By, | C1,Dyy+Byy
R, 0 — A3 — B,
— B, — D15(Dy3B31+Cy2) Di, Dy,
—Bi3 —Di3Dy, B, Di3Dy,
(2.2.33)
_alc |
2| -B, | D;
-5 | B}

which is the same as (2.2.13). The minimality of this realisation follows from assumptions (i), (ii}, (iii)

and (iv) together with Limebeer and Hung [L6, Theorem 4.1]. This completes the proof of (a).

We begin the proof of the remainder of the theorem by writing down the equations describing

the spectral factorisation of (7°/— R3R.)(s). Clearly.

(71— R3Ro)(s) ( i BB I B,D; W
0« - _T (2.2.34)
The next step is to carry out the decomposition
(21— R5R,)(s) = Z(s)+Z"(s) (2.2.35)

in which Z(s) is positive real. Since A is asymptotically stable there exists a unique ©=0">0 which

satisfies the Lyapunov equation
AO+OA +B,B, =0 (2.2.36)

For our later convenience we will also introduce the partitioning

Oll 612
o= . (2.2.37)
e12 @22

which is conformable with that of A in (2.2.33). The change of basis
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T= (2.2.38)

in the state-space of (2.2.34) gives

Z(s)£[A4,N,-C,LE] (2.2.39)
in which
—— = | N
N=B,D3+0C = (2.2.40)
N,

where the partitioning is also induced by that in (2.2.33). Finally,
E = ~421-D,D, (2.2.41)

The spectral factor M(s) may now be expressed in terms of the unique positive definite solution of the

Riccati equation [A2]
Y(A+NE1C)+(A+NE'C)Y Y+ YNE'N'Y4+C EIC = 0 (2.2.42)
The next lemma shows that the required solution to (4.42) always exists.

Lemma 2.2.2

The Riccali equalion (2.2.42) has a unique positive definite stabilising solution.

Proof:
See Appendix 2.A at the end of this chapter. O
As with (2.2.37), the solution to (2.2.42) has a partitioning induced by (2.2.33)
Y Yo (2.2.43)
_ 2.4
T2 Yoo
Since Y is stabilising,
_ 1 1
Mis)=[A, N, —E*F, E?) (2.2.44)

in which

F=EYNC+NY)=[F|F) (2.2.45)
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is a minimum phase spectral factor (it is easy to check that M (s)M(s)=2(s)+Z (s)). v>||R,||,, ensures

the positive definiteness of E and therefore that

, F, E

LM L
N

M Y(s) £ [ A+NF, NE~ ] (2.2.46)

is proper.
We will now carry out the calculations which lead to state space realisations of R, M~(s),

[R\M7Y(s)],, and [RyM7(s)]

— — — —l 1
-4 C A+NF NE?
RM(s) R 1
—B, D F E 2
— _ . . _l -
—A4 C'F CE?
1
= 0 A+NF | NE? (2.2.47)
-, DiF | DiEY/?

The change of basis

in the state space of (2.2.47) together with (2.2.42) and (2.2.45) yields
—A 0

1
l .
RIMY(s) = 0 A+NF NE ? (2.2.
-B, DF+By D2

(8]
()
=N
[0 4]
~—

In (2.2.48) we note that —74 is completely unstable while A+NF is asymptotically stable. Thus

[RMY(s)| 2[4, F E'lz ~B;1,0] (2.2.49)

and

,DF+B.Y, D:E

L1l

[R,M(s)], & [ A+NF, NE- 7 (2.2.50)

The remainder of the proof is based on detailed manipulations requiring various partitions of
the bounded real type equations (2.2.16) and (2.2.17). The (1,1) and (2,1) blocks of (2.2.16) may be

written out in full as
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—Al, —(CiDy+By)By 0 Py, Py, Pyj
0 — A3, 0 Pl Py Pp3 |+
0 0 A Pis P33 Ps;
Py, Py Py —An 0 0
Ply Py Py — By (D5, Cy1+B1) —Ay 0 +
Pl3 Py Pay 0 0 A
_ = _ -
FE? 0
1 1 1 -
R [ PR PR, B ]+ 0 |[ 0 0 Iy ]=0 (2.2.51)
B Ly,

and

)9 1 - —- — .
D[ E*F, E?F, B+ [—=B;, =By C)| Puu Pia Pz |+ W[0 0 L ]=0
Py Pay Po3 (2.2.52)
PIS P;S P33

where the partitioning of B;=[B;; | Ba,] is defined in (2.2.33). In the same way the (1,1) and (2.1)

blocks of (2.2.17) may be written out as

F —An 0 0 Qu le Qxa
—B21(DI1011+BI]) _A22 0 Q;Q Q22 Q23 +
0 0 4 Qs @ Qs |
Q, Q. @ —An —(CDy+By)By 0
Q;'z @y @3 0 — Az 0 +
Qs @3 @y 0 0 A
—-By; 0
~Bu|[-Bh-BuC J+| 0 [[ 0 0 Lys] = 0 (2.2.53)
o L3
and )
- — — . 1 1 e
D[ =By | =Bay |C]+[E*F | E*F, | B]| Q) @5 Q3 [+ W3[0 0 Lyy]=0
Q, @ Qpy (2.2.54)

Qs Qs Qg5

[
w
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An easy rearrangement shows that (2.2.42) may be written in the alternative form

YA+A Y4+FEF =0 (2.2.55)

which together with (2.2.51) yields

Yin Y __ Pil Pyy (2.2.56)
Yis Yo Pl Py
The (1,1) block of (2.2.53) together with (2.2.24), (2.2.36) and (2.2.37) yields
I+Q11= @11 (2.2.57)
Next, we have
X(s) = (XY= (R,M™Y) ) M(s)
A 0 B B
_ 1 A N
é 0 A+NF ‘—JVE 2 L] 1 1
- . . 1. —E*F E?
C D F+BiY |—-D;E %+D
— ) ! ) _
A 0 —BE?F BE?
. 0 A+NF NF —N
- 0 0 A N
¢ DiF+B.Y (DEY?-D)E'*F| DEV?-D;
which after the change of basis
I o0 o
T= 0 I I
o o I
becomes
_ ) 1 1 -
A —BE?F E?
X(s) £ 0 A N (2.2.58)
¢ —DE'?F_B)y | DEV?*-D;

The change of basis

I Pz P
T=( 0 I 0
0 0 I
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together with the (3,1) and (3,2) blocks of (2.2.51), and the (1,1) and (1,2) blocks of (2.2.52) gives

. .1
A BEM4P3Ni+Py3N,

X(s) = 1.
DE—D:

Q)

thereby proving (2.2.20).

The last part of the proof is concerned with showing that (2.2.21) is true. This will be

established by a chain of intricate manipulations of the state-space realisation of T),XT5(s). From

(2.2.10) and (2.2.59) we have

[ An | B |-[ A | BEV PN Py |- [ An | Ba |

T2 X To(s) =
ERE RS

Jle=fr]

— s ) T
An Byo(DE?— D)) Cyy B)»C Byy(DE*— D)
| O . Az 0 1 Bn (2.2.60)
0  (BE®4+Pj3N+Py3N,)Coy A BE?4 Pj3N,+ P33 N,
Cu  Du(DE/*-D)Cyn Dl | Dyu(DEY?-Di)
The first change of basis in the state space of (2.2.60) is given by
I 0 —-Q,
T=| 0 I 0 (2.2.61)
0 0 1
This together with the (1,3) block of (2.2.53) gives
. L1, 1 -
Ty, XTo(8)= | Ay Bya(DE?-D1)Coy-Q, 5( BE*+ P3Ny +P33N;) Cyy 0 I
0 1 Ay 0 By,
.1 . .1
0 (BEQ+PI3N1+P;3A73)CQQ A BEQ+P;3N1+P531V2
_Cu Dlz(DEl/z—E;)sz D120+011Q13 Du(DEI/Z—EI)
(2.2.62)

Our next lemma gives a simplified expression for II in (2.2.62)
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Lemma 2.2.3

In the state-space realisation of T19XTy(s) tn (2.2.62) above,

I = (0;,— Q12)321—311

Proof:

See Appendix 2.B at the end of this chapter. a

A second change of basis

gives

T2 X Toy(s) = Ap D) 0 —By
0 Aag 0 By
.1 - . L
0 (BE?+Pi3N;+ P33N,) Cys A BE?+ Pi3N,+ P33 N,
Cii Dip(DE/?-D))Co=Ciu(Q,,=01)  DinC+CuQyy| Din(DE/?-Di) |
(2.2.63)
Lemma 2.2.4
In the state space realisation of T1,XTyy(s) tn (2.2.63) above, & = — Ay,
Proof:
See Appendix 2.C at the end of this chapter. a
Making use of Lemma 2.2.4 yields
T2 XTon()= | An Ajpa 0 - By
0 Ags 0 — By,
- l “ T l’ - -
0 —(BE?+ P3N+ P33No) Cag A BE?+ P3N+ P3N,
| Gy —Din(DE?=D}) Copt C1a(Q),—O12) D12C+Cy @y Dyy(DE'*~D))

(2.2.64)
Before continuing further, we need to link © and Y (the solutions to (2.2.36) and (2.2.42) respectively).

This connection is provided in Lemma 2.2.6. The proof of this Lemma, however, requires an
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intermediate result that is established next.

Lemma 2.2.5:

There exists a nonsingular mairiz Ty transforming the Hamillonian matriz corresponding to

the Riccali equalion in Lemma 2.2.2 1o

[ i, AT Hy 0]
0 A, 0 0
H, ® H,; 0
BOD A —Ay

TIHTTI = —

where H is the Hamiltonian matriz associated with the Riccati equation (2.2.65) partitioned as

=]}
sl

E=| 00T (2.2.66)
Hi; Hj
In particular, the similarity transformation T; can be chosen as
re- [ g 01}
T, = 7 (2.2.67)

0 I

in which case,

A:=C5,E' D} Dy 5 (2.2.6
Bi= Cor B YD}, Cry+B7y) (2.2.686)
D= C3pE'Coy (2.2.6

in previously defined notation.

Proof:

See Appendix 2.D.1 at the end of this chapter. ]

Lemma 2.2.6

(a) There erists a unique “largest” solution Z, to the Riccati equation

{A11+By3D;3 D1, (D}, Cyy+ By)} 2+ Z{ A1+ By 3D} s Dy ™Y (D}, Cyy+ Bry) }+

2(C1yDyy+Byy) E( D}y Cyyt Biy) 2+ By g I+ Dig Dy B D}y Dy ] By s= 0 (2.2.69)
Further,

Hy=(B,3D;j3Dy1+ Zo(Ci1Dyy+Byy)) B! (2.2.70)
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is a destabilising output injection for [Ay,,(D5;Cy+B1y)] (i.e. Re[A(Ay+Ho(D5,C+By) ] > 0)

(b) The stabilising solution to (2.2.42) is related to Zy and © by

vlio=| 2 ! (2.2.71)
0 A o

where the partitioning is induced by that in (2.2.37) and (2.2.43).

Proof:

See Appendix 2.D at the end of this chapter. ]

For convenience we introduce the notation
. Yiu Yy
Y= e - (2.2.72)
Yis Yo

and the last transformation we require is

I 0 0
T= 0 I 0 (2.2.73)
0 Pl3Yio+PisYe I
Applying this to (2.2.64) gives
r T
. yp 2 Ary Ars 0 ~B,
128421 = 0 As 0 _B,,
0 ) A A
i v D12C+CIIQ13 Dlz(DEl/z—l_j;)
(2.2.74)
Lemma 2.2.7
In the state space realisation of Ty, XTo (s) in (2.2.74) above,
\I' = C]Q (2-2-750)
d=0 (2.2.750)

1
A= BE*+ Pi3B13Di3Dy 1+ P33ChrE + (Pi3©11+P33010)( G\ Dyt Byy) (2.2.75¢)



A state-space analysis for ¢ class of H® optimal control problems -77-

Proof:

See Appendix 2.E at the end of this chapter. 0

Invoking Lemma 2.2.7 gives

-

A A
(Ty+T12XTo)(s) ) 1 (2.2.76)
D1y C+C1Q,;  Dio(DE*~Dy)
which verifies (2.2.21) and concludes our proof. O

2.3 An upper bound for the pole/zero cancellations in F,(P, K)

The bound ¢, will be established by counting those points in the complex plane (including
multiplicities) at which cancellations may occur in ¥ y(P(s),— K(s)) in the case that K{(s) is (internally)

stabilising.

Theorem 2.3.1 below shows that every uncontrollable mode in Fy(P(s),— K(s)) is due to a
cancellation at a zero of P,i(s). In the case that A{(s) is internally stabilising, the number of
uncontrollable modes is bounded above by the number of zeros of P,;(s) in C_ (counting
multiplicities). In the same way, the number of unobservable modes is bounded above by the number

of zeros of Pj,(s) in C_ (counting multiplicities).

Theorem 2.3.1 [L6}, [L7)

Let
(405 5]
Py, P |,
C? D?l DZ?

P21 Pi’?

in which Plg(s)ERplme(s) with p,>m, and PZI(S)ERpgxml(s) with m;>p,. Suppose also that

A B

K(s) & - (4.73)

is @ minimal realisation and that the well posedness condilion det(]—DZZD)¢0 is satisfied. Then in the
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closed loop of Fig.1

(a) every unobservable mode (from y,) is a Smith zero of

B T
sI—-A —B2
(4.74)
Gy Dy,
(b) every uncontrollable mode (from u,) is a Smith zero of
SI_A —Bl
c D (4.75)
L 2 21 _J
Proof:
The equations describing the closed loop in Figure 1 are
= Az+ B u+B,j (2.3.5)
y= Ciz+Dyut+ Dyl (2.3.6)
= Cozt+Dyyu+ Doy (2.3.7)
t= Az+Bu (2.3.8)
7= Ci+Diu (2.3.9)
Eliminating the variables % and ¥ leads to the following state-space model for the closed loop
i A+B,DMC, B,[I+DMD,,)C || = B+ B,DMD,,
= . - i +| [«] (2.3.10)
T BMC, A+BMD,,C z BMD,,
in which
M := (I— DsyD)7! (2.3.11)
and

z
[ y }:[ Cy+D,,DMC, D12[1+DMD22]C] +[DH+DI2DMDZI:|[ " J(‘z.a.l-z)
:

If s, is an unobservable mode of the closed loop state-space model (2.3.10) and (2.3.12), then

there exists a vector [w] w3]"#0 such that

sol—A—B,DMC,  —By[l+DMD,,|C
- - - -~ wl
"‘BMC2 SOI—A—BMDQQC = O (23-13)
Wy

C,+D,,DMC, Dy,[I+DMD,,)C
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Defining
29:= DMCyw+[I+ DMDy,) Cw, (2.3.14)

implies that

50]—)4 "Bz wy -0 (2 3 15)
G Dy, 22

The proof of the (a) part is concluded by establishing that [w] w3)#0=[w] 23]#0. Suppose for

contradiction that [w] 23] = 0. This implies that

[1+DMD22] CUI2= O
& (I=DDyy) " Cuwy= 0

& Cwy= 0 (2.3.16)
We also have from (2.3.13) that
(sf— A)w,= 0 (2.3.17)

(2.3.16) and (2.3.17) taken together contradict the assumed minimality of (2.3.2) which proves the (a)

condition. The (b) part may be established by a parallel sequence of arguments. O

The next lemma provides a link between the Smith zeros of P;,=(A. By, C;, D;,) and the

modes of (A— B,D1,C;) which are undetectable through D7} C,.

Lemma 2.3.2

Suppose that

sI—A ‘—32 !
P(s) = (2.3.18)
G Dy
is a polynomial matriz of dimension (n+p)x(n+m) with p>m. If D\, is part of an orthogonal matriz

and D s ils orthogonal completion, then every Smith zero of P(s) is an unobservable mode of

[A—B,D},Cy, D7) Cy] and vice versa.
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Proof

If sy is a Smith zero of P(s), there exists a vector [w"] v*] # 0 such that

Sol—A —B2 w
Cl D12 v

=0 (2.3.19)

We note also that w#0 since if this were not the case, we would have D;ov = 0 which is impossible.

From (2.3.19) we get

(sgJ—A)w—Byv =0 (2.3.20)

and
v
Ciw+[Dy, | D] 0 |5 0 (2.3.21)
Multiplying (2.3.21) on the left by [ D, | D |]" gives
$,Cw+ v =0 (2.3.220)
D'J_Clw =0 (2.3.220)

Substituting (2.3.22a) into (2.3.20) and combining the result with (2.3.22b) yields

sol— A+ B, D, C,

w=0 (2.3.24)

which completes the proof in one direction.

If (2.3.24) is satisfied, we may write

(sopf—A)w—Byv=0 (2.3.25)
where
vi= —D,Ciw (2.3.26)

Combining (2.3.26) with the (2,1) block of (2.3.24) gives

1 v
iz Clw+ =0
DJ_ 0

and hence also

= Cyw+Djv=10 (2.3.27)
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Finally, we note that (2.3.27) combined with (2.3.25) gives (2.3.19) thereby establishing the result.
O

In the next lemma, an upper bound c, is established on the number of cancellations that can
occur in the linear fractional map Fy(P(s), K(s)), with K(s) chosen as any internally stabilising

controller.

Lemma 2.3.3:

If K(s) is any internally stabilising compensator in Figure 1, the number of pole/:zero
cancellations that can occur in the linear fractional map Fy(P(s), K(s)), is bounded from above by
c,=2n— Rank(X)— Renk(), where n=deg(P(s)) and X and Y are the stabilising solutions to the Riccati
equations (1.5.6) and (1.5.7) respectively.

Proof:

Since K(s) is an internally stabilising compensator, no pole/zero cancellations in Fg(P. K) can
occur in C,. Theorem 2.3.1 shows that every uncontrollable mode in a realisation of ¥ (P, k) is due to
a cancellation with a zero of P,;(s) and every unobservable mode is due to a cancellation with a zero of

P;4(s). Consequently, an upper bound on the number of cancellations is given by
cy=(number of zeros of Py,(s) in C_)+(number of zeros of Pyy(s) in C_) (2.3.28)

Now, Lemma 2.1.3.ia] gives that the number of minimum phase zeros of P,,(s) is equal to n— Rank(),
while Lemma 2.3.2 identifies the minimum phase zeros of P;,(s) with the stable modes of A— B,D},C;

which are undetectable through D) C; then Lemma 2.1.3ib] gives their number as n— Rank(9).

Combining these results we obtain that
cy=2n— Rank(X)— Rank(D) (2.3.29)

as required. 0

2.4 The bound t, on the degree of the optimal interpolating function.

In this section we will establish an upper bound for the MacMillan degree of the 36~-optimal
interpolating function %(s). Theorem 2.2.1 establishes such a bound under the special assumptions

(iii) —(vi1) for the realisation of T{(s). Here these assumptions will be removed.

In Lemma 2.1.3v] it was shown that the MacMillan degree of R(s) is bounded from above by
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the sum of the rank of the two Riccati solutions, rank(X)+rank(9). It turns out that this bound is
tight only under the condition that (T;, T,) are all-pass right coprime and (T, [Ty, T]) are all-
pass left coprime (the notions of all-pass right and left coprimeness being defined in section 1.4). This
in not just a technical point; in fact, a whole class of J6°° optimisation problems does not satisfy these
conditions (see the example at the end of this chapter). The next theorem shows that if these

coprimeness conditions fail, a factorisation of

Ty T Ty B Als) 0 Tu T, TJ_ Ar(s) 0 (2.4.1)
T,, 0 0 [ | 0 1 o 00 0 I o
is always possible, in which A,(s) and A(s) are the maximal left and right all-pass common factors

respectively. In addition, the corresponding realisation of

is minimal of degree deg(R)=rank(X)+rank())—deg(A,)—deg(A;). This theorem is proved in [Limebeer
and Hung]. In the subsequent Lemma, it is shown that after the extraction of the all-pass common
factors A,®I and A;®I, a state-space realisation of T(s) retains the structure required for the

application of Theorem 2.2.1. In particular:

(a) The A, B and C matrices of a state space realisation of 7(s) can be assumed to be block-
upper triangular while the resulting realisations of [T}, T |] and T,(s) are still minimal and

balanced.

(b) Equations (2.2.11) and (2.2.12) are still satisfied for the state space realisations of T'(s).
Consequently, Theorem 2.4.1 and Lemma 2.4.2 ensure that if the all-pass coprimeness conditions are

not satisfied, Theorem 2.2.1 can be applied after extracting all inner common factors A,&1 and A;S]

in T(s).

Theorem 2.4.1: [L6]

Let r -
An A2 |Bu B
G A, 0 Ay By O
- (2.4.3)
A, 0 C, C,| D I
0 Cyp| I 0

tn which A\(s) and Aq(s) are assumed inner. Suppose also that the realisations for A,(s) and Ao(s)
gtven in (2.4.3) are minimal. Then there ezists a change of basis such that (2.4.3) can be put to the

form
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G A A B
(s) =| - -
Ay 0 ¢ D
in which,
Ago Aoy Aoz Ags BT B}, BT, Bj, B
sl 0 An A A By, B, 0 0
Tl 0 0 Ay Ay
0 0 0 Asaj e Cio Cp Cia Cis
, 1l o 0 Cy Ca
an L. -
P (2.4.4)
D=
I 0

which admits the following factorisations

Ax(s) = Ay(8)Ar(s) =| - (2.4.6)

- ;10 B i A 4 P 2 ;133 E
Gls) = A)GAL(s) = | o0 ~oF | | Au A Buo ) Te3 T (2.4.7)
CIO I - - Cga I
0 Aso By
Cll al? D

further

(a) Ay(s), Aq(s), Ai(5), As(5) are inner

(b) The factorisation in (2.4.5), (2.4.6) and (2.4.7) are minimal in the sense that

deg(A,) = deg(A;)+deg(A,) (2.4.8)
deg(A,) = deg(Ar)+deg(A,) (2.4.9)
deg(G) = deg(A)+deg(G)+deg(A,) (2.4.10)

(c) AIGAT = /1{@21{ has @ minimal realisation given by
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1. Figure 1, next to page 2: “— K{(s)” should read “K(s)”

o

. Page 5, lines 1 and 6: “Savonov” should read “Safonov™.

. Page 6, line 3: “Postlethwaite et al [P4]” should read “Tsai et al [T2]".

. Page 9, line 16: “unstable” should read “anti-stable”. .
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(1t) Dy, is full column rank and D, is full row rank
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(129) is full column rank YweR
1 12
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(tv) is full row rank YweR
G Dy

7. Page 27, lines 23 and 24: Conditions “det(V,—N,Q)#0” and “dei(V.—QN,)#0” should read
“det[( V;— NrQ)(0)]#0” and “det[( Vr— QN,)(0)] #0” respectively.

8. Page 54, line 9: “)3;/2” should read “Z,”.

9. Page 56, lines 10, 12, 15; page 60, line 3: “undetectable” should read “unobservable”.

10. Page 60, lines 5, 6 and 7: “(3.22)”, “(3.24)” and “(3.25)” should read “(2.1.48)”, “(2.1.50)” and
“(2.1.51)".

11. Page 63, line 22: “T4,(s)” should read “T,,(s)”

12. Page 65, line 12: “(2.2.71)” should read “(2.2.76)".

13. Page 66, line 1: “[20])” should read “[L6]".

14. Page 69, line 11: “(4.42)” should read “2.2.42”.

15. Page 109, line 20: “the standard ||Ggl||,” should read “the maximum level”.

16. Page 116, line 11: « (I‘hu)(t):/h(t+s)u(s)ds€.2.2((], 00;C?) ” should be replaced by
0
“(I‘hu)(t)z[/h(t+s)u(s)ds]+€£2(0, 00;CP), where [-], denotes causal projection.”
0

17. Page 118, bottom line, page 119, lines 1 and 2: Expression (3.3.4) should be replaced by:

= / 1 c;eA tC"CeAtcj dt
0

O’iO'j
< -
=1 c?(/eAtC"CeAtdt)cj
0’50’1 A
__1 —
= U'O_JCTECJ——ég]

18. Page 129, line 18: Expression (3.4.12) should be replaced by:
en(SA+A'T)enten(ia+A")TIC C(A—ja) en = 0



19. Page 131, line 6: Expression (3.4.21) should be replaced by:
(sI—An) "' ApE(Agy+ Ags Ty, Azs 1, 0)
20. Page 147, line 19: “(See _)” should read “See section 3.4”.
21. Page 155, line 3: Equation number (4.16) should be omitted.
22. Page 164, line 19: “uniqueness” should read “multiplicity”.
23. Page 164, line 20: Phrase “no finite cost solution exists” should be replaced by “a finite cost
solution may fail to exist”. A
24. Page 167, line 1: “the largest Hankel singular value of G,(s) is equal to one” should read * the
(k+1)th Hankel singular value of Gy(s) is strictly less than one”.
25. Page 172, line 18: “[4]” should read “[G3]".
26. Page 196, line 14: “)” should read “3)”
27. Page 196, line 18: “Q,” should read “[Q;,,]+”-
28. Page 197, line 10: Expression (3.13.1) should be replaced by:
A P(jw)] <L | W(Hw)| for all 0<w < o0
29. Page 203, line 3: “3.4.35” and “3.4.36” should read “3.4.31” and “3.4.41” respectively.
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— A3y Ayo+By, B3+ C3y(C o+ DB3y) Ci\D+By,
0 — A3, -C3, (2.4.11)
l_ - Bi, 6'12'1'0851 ’ D __'
Proof:
See [L6] 0
Lemma 2.4.2
Suppose that
[ Ay Aw| By By
G 4 0 Ayl By 0
(2.4.12)

A, 0 | | ¢y Cn| D I

in  which Ay(s) and Ay(s) are assumed inner, with their corresponding realisations

Ay()=Cyy(sT— Ay,) ' Byo+T and Coo(sI— As) " Boy+1 balanced, is factored as

G A A0 G A A, 0
(2.4.13)

in which A,(s) and A,(s) are inner, (G, A,) is an all-pass left coprime pair and (G. A,) an all-pdss

right coprime pair. Suppose also that

[10] Cp=0 (2.4.14)
and
A]g'*'cqlclg = 0 (2.4.15)
Then, there ezists a stale space realisation for
Ay Az| By By,
- = . N (2.4.16)
Ay, 0 Cy, Ciol D I
0 Cyp| I 0
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such that the realisations for A,(s)=C,,(sI—A;,) " By,+I and Coo(sI—Ags) ' Boy+1 are minimal and

balanced; in addition

()[0]Cpr=0 (2.4.17)

(id) A13+C5C1p =0 (2.4.18)

Proof:

Consider a realisation of

G A
A4, 0

(2.4.19)

in the state space of (2.4.12). Conditions (2.4.14) and (2.4.15) imply that in the notation of Theorem

2.4.1,
[01][C1; Ci3) =0 (2.4.20)
and
Ap; A e . .
ISt I B [Cm C]3]=0 (2.4.21)
Al‘.? 13 C‘11
Since
T T
All Al'_’ Bll Bl'.?
G A 0 Ay By 0
) = p— (2.4.23)
A, 0 C, Con|D I
0 Cop| I 0 J

the required relations

(07] Cp=0 | (2.4.24)

and

may be obtained from the (1,1) block of (2.4.20) and the (2,1) block of (2.4.21) respectively. Note also
that the (2,2) block of (4.36) in the proof of Theorem 4.1 given in [L6] implies that the realisation of

Ays) = & ) (2.4.26)



A state-space analysis for a class of H*® optimal control problems -86-

is minimal and balanced. Similarly for the realisation of A,(s) given in (2.4.23). O

We conclude this section by establishing an upper bound {, on the MacMillan degree of the
optimal interpolation function. This shows that there is always such a function requiring no more than
rank(X)+rank(P)—1 states. Since by Lemma 2.1.3(a) the number of zeros of P, (s) in C4 (the number
of right interpolation constraints) is equal to rank(®) while the number of the left interpolation
constraints (in the sense given in Remark 2.1.1) is equal to rank(¥), this Lemma is a generalisation of
the result which bounds the degree of the optimal interpolating function in problems of the first kind
by the total number of interpolation constraints (counted according to multiplicity) minus one [L5],

[L6].

Lemma 2.4.3:

An upper bound on the MacMillan degree of any }°°-optimal interpolation function R(s), ts
given by ty=rank(X)+rank(Y)+deg(U)—1, where £ and Y are the stabilising solutions of the Riccati
equations (2.1.2a) and (2.1.28) respectively and U is an arbilrary contraction (which may be chosen as

constant).

Proof:

From the factorisation given in (2.4.1), the interpolating function R(s) can be written as

R(s) = As) Ty +[T1a T ] ? T4y) Ar(s) (2.4.27)
=: A(s)P(5)Ar(5) (2.4.28)

Consequently,
{poles Bo(s)} C {poles A(s)}U{polesT(s)}U{poles Ar(s)} (2.4.29)

After extracting the maximal all-pass common factors A;(s) and A.(s), we can ensure from Lemma

2.4.2 that a state space realisation of

Ty Ty T_L
. (2.4.30)
Ty, 0 0
satisfies the conditions of Theorem 2.2.1. Consequently, we conclude that
{poles ()} C{poles X(s)} (2.4.31)
where X(s) is any optimal Nehari extension of [R,M™!]_, with
Ry
deg(R,M™Y)_ < deg R |= rank(E)+rank(D)—deg(Ar)—deg(A,) (2.4.32)

2
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Hence from [G1],

deg[R(s)] < rank(E)+rank(D)+deg(U)—1 (2.4.33)

where U is an arbitrary unstable contraction describing all the degrees of freedom in the approximation
problem inf ||RlM"1-+—)-(||(_)c> (which can be chosen constant if a minimum-degree extension is required).
Inequality (2.4.33) establishes the upper bound ¢, on the degree of the optimal interpolating function.

O

2.5 The Controller degree bound

A bound on the MacMillan degree of the controller can now be proved by combining the

bounds {, and c;.

Theorem 2.5.1

For any % -optimal control problem of the second kind, every 1" -optimal controller satisfies
(1) deg(K) < n+deg(U)—1 (2.5.1)
and every suboptimal controller ( ||‘.R>(s)||°c>7opt) satisfies
(2) deg(l) < ntdeg(l) (2.5.2)

In (2.5.1) and (2.5.2) U(s)ERHZ is an arbitrary matriz contraction of specified dimensions. which

may be chosen constant (or even zero).

Proof:

Follows directly from Lemmas 2.3.3 and 2.4.3. u|

2.6 Example

In this section we will illustrate the cancellation results of this chapter by means of a small
computer example. Rather than working in an arbitrary generalised regulator setting (for which the
cancellation analysis would also be valid), a two-objective sensitivity/robustness problem will be

described.
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Let a single input/output plant g(s) be described by the model

2 2
s°+Ts4+22 s°+Ts+22

= = 2.6.1
os) s°—2s—15  (s+3)(s—5) ( )

which will be assumed to be accurate at low frequencies only (say below 10 rads/s); above this
frequency model uncertainty will be represented by an unknown additive component §(s). Suppose that
it is required to design a compensator k(s) that minimises the system’s sensitivity at frequencies below
1 rad/s (in order to achieve, for example, good tracking for command inputs and a high disturbance
rejection of signals at the output of the plant in this frequency range); in addition, suppose that the
controller is required to achieve closed-loop stability not only for the nominal plant g(s), but also for a

whole family of *perturbed’ plants {g(s)+6(s) | ||6(jw)l|co<u} for an (unspecified) uncertainty level p.

An 36 optimisation problem corresponding to the two design objectives may be formulated as

pwk
1+gk
inf =7(p) (2.6.2)
Ke=z Wy
149k

o0

This is a combined weighted sensitivity/additive-robustness minimisation over the set = of all
(internally) stabilising compensators k(s). p is a scalar non-dynamic parameter which describes the
relevant emphasis between the two design objectives in the minimisation. w,(s) and w(s) are weighting
functions which will be chosen to reflect the relevant frequency ranges over which the two objective

functions will be minimised. We will choose w,(s) as the high-pass filter

wy(s)=2EL (2.6.3)

achieving a relative penalty ratio of 1/10 between low and high frequencies, with the 10 rad/s
frequency (above which the high-frequency model uncertainty is concentrated) being 3db only below

the maximum penalty level. For analogous reasons w,(s) will be chosen as the low pass filter

0. 1
wy(s) =0 (2.6.4)

It can be easily verified that the optimisation problem (2.6.2) may be reformulated in the

generalised regulator configuration as

18]
(=}
(S]]
~—

15PN = inf 5| Tk (
1 , =n , K .
ke= ¢ * re= ¢ Py Py

o0

where
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Pll

P12

Wo
0

Wag

w;

(2.6.6)

P21 P22

L]
Since P,,(s)=—1 and Pjo(s) = [weg ws]T€R*}(s) this problem belongs to the class of 36> control

problems of the second kind.

The first part of the algorithm described in Chapter 1, uses constant input and output scalings
on P(s) to make the D-matrices of P ,(s) and P,,(s) orthogonal and part of an orthogonal matrix

respectively [D4]. In our case, an input scaling

0

Psc(s) = P(S) (2.6.7)

5

with 5,=0.995037 achieves this effect. A state-space realisation of Ps¢(s) (for p=1) may be obtained as

Pt Py Py (2.6
scl$ = - - 2.0.
P21 P22
- q-tir .
= s+1 =3 =27 0 0.3 0.2985
3 1 09 0
0 s+3 -1 0 0 0
= 0 0 0 3
0 0 s—5 0 0 0.9950
0 —-10 -9 0
L 0 0 0 s+10 0 —2.9851
0.1 0.09950
- Gy 1 Dy Dy
+ 0 0.99504 | := (sI—A)"' [ B, By] +
G, D3y Doy
1 —0.99504

The optimal controller will be calculated for P,.(s) and subsequently the scaling will be reversed to

obtain the optimal controller for the original optimisation problem; clearly, no MacMillan degree

inflation or deflation is involved in this process.

The solutions to the two Riccati equations (1.5.6) and (1.5.7) were obtained as

and

1.9629

1.2713

0.9253

—0.1499

1.2713 0.9253
0.9627 0.8267
0.8267 2.5705
-01297 -0.9498

-0.1499
-0.1297
—0.9498

0.4232

(2.6.9)
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F 0 0 0 0

0 0.1487-10-2  0.1190-10-1 0 T

9= =9 (2.6.10)
0 0.1190-10-1  ¢.9518-10-1 0
0 0 0 0

X is a full rank matrix (eigenvalues 0.0108, 0.1109, 1.6859 and 4.1117). From Lemma 2.1.3ib],
therefore, we expect all the stable modes of A—B,D],C, to be detectable through D” (). Indeed,

A—B,Dj,C; can be shown to have two stable and two unstable eigenvalues while the matrix

A;j—A+B,D1,Cy
DG

(2.6.11)

to have full column rank for either stable eigenvalue A; of A—ByD],C,. The rank of matrix 9 was
found to be one (eigenvalues 0.0967, 0, 0, 0) and consequently we expect from Lemma 2.1.3.ia] a single
non-minimum phase zero in the state-space realisation of Py;(s). This is in fact the case for s=5 as can
be verified from the state space realisation in (2.6.8). Lemma 2.1.3 also shows that minimal realisations
of T(s), [Ty» T1](s) and T, (s) have MacMillan degrees rank(¥)+rank(9), rank(¥) and rank(D)
respectively, while R(s) has a minimal realisation of degree bounded by rank(X)+rank(9). From

minimal realisations of the various partitions of 7(s) we obtain for our example:

(a) Ty(s) has five stable poles. {—5, —4.654j0.7613. —1.959+; 2.458} with
corresponding Hankel singular values {0.857, 0.5815, 0.3134, 0.803 10}, 0.2623 10™?}

(b) [Ty2 T1])(s) has four stable poles {—4.65+j0.7613, —1.9594j 2.458} with Hankel
singular values {1, 1, 1, 1}. (This also verifies that [T}, T ] is all-pass).

(¢) T5y(s) has a single stable pole at s=—5 with a corresponding Hankel singular value

equal to one.

(d) Forming the product

T,

R(s) = ™ T, T2y(s) (2.6.12)

we obtain the Hankel singular values of R(s) as {0.53868, 0.21339, 0.15706, 0.11873, 0.26-
1078, 0, 0, 0} implying that deg(R(s))=4<rank(X)+rank(P)=5 in agreement with the

bound in Lemma 2.1.3v].

Lemma 2.1.3 has therefore been verified in its entirety. It can be also seen from (d) above that
the bound on deg(R) is not tight; this indicates that an all-pass common factor exists in one of the

pairs (Tyy, [T12 T4]) or (Tyy, Tay) causing the cancellation of the corresponding mode either in the
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product

T

2.6.13
T ( )

Ty,
or in Ty, T5:(s). Indeed it may be verified from the realisations of Ti,(s) and T,y(s) that the scalar all
pass common factor (s—5)/(s+5) may be extracted from both Tiy(s) and Ty(s); this accounts for the

extra cancellation in R(s).

In fact, it may be shown that for the class of 36 problems considered in this example, the
bound on .the degree of R(s) given in Lemma 2.1.3v] as deg(R) <rank(Y)+rank(£X) may be tightened to
deg(R)<rank(X). This is due to the fact that an all-pass right common factor can always be extracted
from Tj,(s) and T,,(s) (containing the modes of W, and the unstable poles of G). To show why this is

the case consider the general weighted sensitivity/additive robustness 3°° problem

Wy(I+GK) ™' W,

inf ) o (2.6.14)
KeZ || WsK(I+GK)™*'W,
o
in the usual notation. (2.6.14) may be transformed to the standard regulator setting as
L ggp ol =mr | | & (2.6.15)
m (P, N)|| . = in . , K 2.6.15
Ke= ¢ * Ke=z ¢ Pyy Py
o0
where
w,w, W,G
Py P
= 0 Ws (2.6.16)
Pyy Poy
w, G
(2.6.16) is equivalent to
inf ||F,(P, K) ||, =mf |Tu—T2QTall, (2.6.17)
ke = QeX™
in which
= Py~ P U D1Pyy (2.6.18)
T]'_): Pl:_)D,- (26.19)
and
Ty = D1Poy (2.6.20)

where G admits left and right coprime factorisations G(s)=N,D;'=D;’N,. Also, the Bezout identity
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Ve U, D, -1 I 0
= (2.6.21)
-N D || NV 0 I
is satisfied for some matrices U.(s), Ui(s), V(s) and V(s) in 363’ In our case, therefore,
Ty = Ty QTa(s) "o 0 [=cub ¢ D.QD, S W (2.6.22)
— s) = - r Bt
11— T12Q T2 ( 0w, — D, I 1
W, 0o | DyY(I-NU)D N,
. : R oD, bw,  (2.6.23)
0 W, —UD, D,
W, 0 v, W, 0 N,
= Dw, — QD,W, (2.6.24)
0 Wi (|0 0 Ws D,

W, 0 v,
Ty,(s) = DWW, 2.6.23)
1(s) 0w, 1, W (
W, 0 N,
Tyq(8) = 2.6.26
12(8) 0w, D, ( )
and
Tyi(s) = D, W, (2.6.27)

In addition, the left and right coprime factorisations may be arranged so that T,,(s)=D,W, is inner
and Ti,(s) is part of an inner matrix function [D4]. This implies, however, that the whole of T,,(s) can

be extracted as a (maximal) right all-pass common factor in a factorisation

= DiW, (2.6.28)

where

i fwz 0 v,

Foo) = 2.6.29
11(8) [0 W, v, ( )

Consequently, for Ai(s) and A,(s) chosen as the maximal all-pass left and right common factors of

(Tyy, [Ty2 T]) and (Tyy, Toy) respectively, Theorem 2.4.1 shows that
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deg(R) = rank(E)+rank(D)—rank(A;)—rank(A,)
< rank(E)+rank(Y)—deg(D,W,)
= rank(X) (2.6.30)

since, from Lemma 2.1.3[iii], deg(T,;)=deg(D;W,)=rank(%)). This establishes the bound for deg(R) in
the special class of 36 sensitivity/additive robustness problems and verifies the drop in the MacMillan
degree in R(s) by the number of unstable poles of G(s) in the unweighted problem; this is due to the
fact that the rank of the Riccati solution ) is equal to the number of non minimum phase zeros of

Dy(s) which is equal to the number of unstable poles of G(s)).

The v-iteration for the problem we are considering has been performed with an accuracy level
for p=]|R1M1||H equal to 1077, The Hankel singular values of R1M1(70) for the optimal v,=0.5387
are given by {1.0, 0.21897, 0.02876-107", 0.11038-107%} indicating that deg[(R,M (v,))_]=4. (Note
that after the extraction of the all-pass common factor in

$=9
T(s) = | St° 7(s) (2.6.31)

0 1
the MacMillan degree of T(s) (for which Theorem 2.2.1 is applied) is equal to 4). The eigenvalues of
the (unique in this case) Nehari extension of [RIM'l(‘yO)]_, Q(s) are given by {—3.4607, —1.899+j
1.7468) with corresponding Hankel singular values {0.1341, 0.1929-107%, 0.62106-10} indicating a
MacMillan degree deg(Q)=3 in agreement with minimal-order Nehari extension results [G1]. Finally,
the Hankel singular values of the 36 optimal controller (obtained by taking Q(s)+[R,M" 1(‘70)] S Q(s)
as the feedback term in the linear fractional map defined in Figure 1 and subsequently reversing the

effects of scaling) were obtained as
{ 0.33682, 0.13264, 0.60817-10~", 0.6988-10°, 0.15316-10"%, 0, 0 }

indicating a MacMillan degree for the controller deg[ky(s)]=3 in agreement with Theorem 2.5.1. It may

be verified, in addition, that

fko(9)) wiko(1+0ko)™ 0.5387 (2.6.32)
s)) == _ =7v,=0. .6.32
’ wy(1+gko) ™! °

o0

with

w1k0(1+gk0)_1

2.6.33
wo(1+gky) ™! ( )

all-pass at that level.
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2.7 Computation time trials and conclusions

In this section some quantitative data are presented which demonstrate the importance of
removing cancellation phenomena from 3% computer software. A number of test computations have
been performed on both the original software, and an improved program which takes into account the
cancellation phenomena predicted in this chapter. Both programs were run on a VAX750 computer
under UNIX. The timing data was obtained using the UNIX routine dtime. In every case the 7-
iteration was allowed to run until the solution was almost optimal: The computation exited from the
iterative loop when pu was in the interval 1—0.5-107°<pu<]1.

The results given in Table 2.1 show the state dimension of P(s), the execution time of the

original program and the execution time of the improved program (both in seconds). Apart from a

marked reduction in computation time, the improved program demonstrated improved robustness

properties.
No of states Program I Program II

1 4.517s 18.23s
2 11.617s 67.95s
3 53.417s 406.98s
4 102.470s 442.32s
6 141.430s 692.98s
8 215.770s 1611.42s

14 1128.480s 25273.70s

17 1703.470s terminated after 12

hours of processor time

Table 2.1

Experience suggests that the solution of large 36 control problems is time consuming
especially when several iterations corresponding to various weight selections are required. Further, long
calculations of this type are susceptible to severe numerical difficulties. The results in this chapter
suggest that there is considerable scope for reducing these problems by using cancellation theory to
remove state inflation effects from computer code. Although the level of benefit varies from problem to
problem, a cpu time reduction of between 5 and 10 times is easy to achieve. The modified code is also

considerably more robust from a numerical point of view.
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Appendix 2.A: Proof of Lemma 2.2.2

Lemma 2.2.2

The Riccati equation (2.2.42) has a unique positive definite stabilising solulion.

Proof:

Since A is asymptotically stable, [A, N] is stabilisable. 7>||R2(s)||°°=>721—D2D§=E is

positive definite and

I 0 1
[s[—4 | N] __1 |=[sI-A-NE'C | NE?]
—-EC E?
_ - _1
ensures that [A+NE"'C , NE % is also stabilisable. The Hamiltonian matrix associated with (2.2.42)

is

A+NE"'C  NE'NT

H= _ _ -
—CE'C —(A+NEIC)

and we note that
{AM(H)}C{Smith- MacMillan zeros of (72— R5R,)(s)}U{A;(A)}U{),(—A)} (A.1)

Since y>||Ry(s) no Smith-MacMillan zero of (y2I—R3R,)(s) lies on the imaginary axis. This

Il
together with the asymptotic stability of A ensures that H is free of imaginary axis eigenvalues.
Finally, the stabilisability of [A+NE™'C , NE_I/z] ensures the existence of a unique stabilising solution
Y=Y">0 to (2.2.42). Part (a) in the theorem statement ensures that [4, E_llz(_,'] is observable = Y is

nonsingular or else that the unique stabilising solution satisfies Y=Y">0. O
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Appendix 2.B: Proof of Lemma 2.2.3

Lemma 2.2.3

In the state-space realisation of T12X Ty(s) in (2.2.62),
H=(@12—Q12)Bz1—311

Proof:
The change of basis (2.2.61) in the state-space of (2.2.60) gives

1

L _ .
II = Byy(DE*—D3)— Qia( BE*+ Pi3N,+ P33 Ny) (B.1)
Making use of the (1,1) block of (2.2.54) yields
I = QFIE + Q2F3E — By3D1yDyy— Q3PN — Q13P33N, (B.2)

From the (1,1) and (1,2) blocks of (2.2.18), and (2.2.56) along with the defining equations of C
(2.2.13) and F (2.2.43), we get

I = =N + @Q1(C11 D11+ Byy)+@Q12Coo— By D15 Dyy (B.3)

(2.2.57) gives

I = = (7D — Byt (Q12—012) Coo— B3 D130y — By, D7Dy, (B.4)
Finally, from (2.2.28) we get
I = =B+ (€12—01,) 3, (B.5)

as required. ]
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Appendix 2.C: Proof of Lemma 2.2.4

Lemma 2.2.4:

In the state space realisation of Ty15X Ty (s) in (2.2.63), & = —A,,.

Proof:

After the coordinate change (2.2.61) in (2.2.60) we get
L1 1
T=(Q12—O12)A20— A11( Q12— O12)+Bio( DE* = D7) Cop— Qu3( BE+ Pi3Ny+ P33 N,) Coy (C.1)
Making use of (2.2.13) and the (1,1) block of (2.2.54) gives

E=(Q12—012)A22—=A1(Q12—©13) — B13 D12 D11 Cop— Q1 5( P1aNy+ PagNy) Cont(Qy F1E+ Q12 F3E) Coy

(C.2)
which can be expanded, using the defining equations (2.2.45) and (2.2.13) to
T = (Q12—012)As—A11(Q12—012)+Q,, [Cl1 D11+ B+ Y1y N+ Y1 N, Coot
Q, [~ Bar+ Y1aN1+ Y23 No] Cog— By D12 D1y Cog— Q, 5(P1aN1+ PaaNa) Cyy (C.3)

Next, using (2.2.56) to substitute the various partitions of Y by the corresponding partitions of P and

simplifying by the (1,1) and (1,2) blocks of equation (2.2.18) we get,
L= (Q12—912)A20— A11(Q12—012) = N1Coz— Q,, B2 Coot Q, (C11 D11+ Byy) Cas (C4)

which, on substituting the defining equation (2.2.40) for N; and N, and using (2.2.22) can be expanded

to

L = (Q12—012)A435— A11(Q12—012) —{By3 D13 D11 +01,(C11 D11+ B11) 401,55} Cyp
+ Qui(B11+C11D1y) Cop— By D13 Dy Cog+ Qro( —Aga—A3y) (C5)

Invoking (2.2.22) and (2.2.23) gives

L= (Q12—012)A2,—A411(@12—012) — (B3 D] 3+ B12D13) D11 Coo+( Q11— ©1,)( By + €11 Dyy) Cont
(Q12—O12)(—Agp—A3)) (C.6)

which, on cancelling terms and using (2.2.28) and (2.2.57) becomes
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= An(elz“Q12)—(Q12—912)A§2—311022 (C.7)

Finally, on substituting the (1,2) block of (2.236) and the (1,2) block of (2.2.53) and simplifying with
(2.2.23) and (2.2.57) we obtain

¥ = ByyD1,C 9= C1,D1,D1,C19= C};C1o =— Ay, (C.8)

as required on using (2.2.26), (2.2.11), (2.2.29) and (2.2.12). O
Appendix 2.D1: Proof of Lemma 2.2.5

Lemma 2.2.5:

There ezxists a nonsingular matriz T, transforming the Hamiltonian matriz corresponding o

the Riccati equation in Lemma 2.A to

—H;, =4 Hy 0
0

e Az-2 ~0 0
Hy, B Hy 0
B D A —Ay

where H is the Hamillonian matriz associated with the Riccati equation (4.65) partitioned as

nall
aall

11
Hi,

12

H=

oo

22

In particular, the similarity transformation T, can be chosen as

0 0
roe-| g ]
T, = 0 21

0 I

in which case,
A:=C5,E7' D}  Dy5
B:= Cy,E Y (D},C,,+B1y)
D= C5oE~1Cyy
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in previously defined notation.

Proof:

Using the notation of Theorem 2.2.1, it suffices to show that:

i 0 0 = pe ]
I e — [ 0 721] A+NE'C  NE'N*
0 I —C*E'C —(A+NEC)
—H} —A" Hy 0 0o o071
0 A 0 0 I © =19 721}
. L. (D1.1)
g, % H,; 0 0 '
B D A —Asy i

This will be verified by treating each block separately. Equality in the (1,1) block of (D1.1) is

equivalent to

_ _ 0o 0 _ _ H}, A
A+NE'C—-{0 — ,. |{CE"'C = . (D1.2)
0 Y I 0 —A22
or, using the defining equations for N in (2.2.40) to
= — = o o0 | |& A
A+B,D,E"'C + , |CTE'C= . (D1.3)
0 Y I 0 —A22

The (1,1) and (1,2) blocks of (D1.3) may be verified directly; (2.2.41) and (2.2.22) may be used to
establish equality in the (2,2) block and while equation (4.41) will verify the equality in the (2,1) block.

For the (2,1) block of (D1.1) we note that

_ | ¢ \Dy+B . . H, @
C'E'C= 1 l; ' E_l|: Dy, G+ By, - B j|= 3;2 - (D1.4)
— By

directly from the definitions of B >(2.2.68b) and H,, using (2.2.23). This in turn implies that
_ _. | Hp B 0 0 H, 0
(A+NEIC) - e - - =
A —Agy

(D1.5)
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_ e 0 0 By 0
(A+NE'C)'— T'E'Tl{0o — | =0
0 o d 1 -A. —A22

by taking complex conjugate transposes in (D1.3) and using the defining equation (2.2.40), thus

verifying the (2,2) block of (D1.1).

It remains to show that

. 0 0 _ _. | A A 0 0 Hyy 0
~NE'N'+{0- 0 (A+NE™1C) = 0- 2 |t

v — A, 0 v 0 0
(D1.6)
The L.H.S. of this equation can be rewritten, using (2.2.40) and (2.2.36) as
_ - - — 0 O - -
-B,D;E'N*—~40-B,B; — 0 2 (A+NE'0) (D1.7)
Y
It suffices. therefore, to show that
_ _ 0 0 | _ _ o 0 0 |_.
~{B,D53E"'C+A+ ,. |C"E'C ©—B,y[I+D3E D)) B3— . |4 =
0 I ¥-I
. . (D1.8)
0 0 — — H2] ')'-.A
.. | C"E™'D,B5 — 9w |=0
0 77 0 —77As

The (1,1) block of (D1.8) is verified directly from the definition of H,,. Finally equations block(1,2)=0.
block(2,1)=0 and block(2,2)=0 follow on using the defining equations of A (2.2.68a) and (2.2.41).
0

Appendix 2.D: Proof of Lemma 2.2.6

Lemma 2.2.6
(a) There extsts a unique “largest” solution Z, 1o the Riccati equation

{Al1+313D;30115_1(Df1Cu'f'Bfl)}Z+Z{A11+313D;30115_1(D;1C11+B;1)}-+
Z(q1D11+Bx1)5—1(DI1Cu"'B;l)Z'*'B13[]+D;3D11E_1DI1D13]313: 0
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Further,
Hy= (B,3D}3Dy,+ Zy(Cy, Dy +Byy)) E7

is a destabilising oulpul injection for [A,,,(D5,Cy,+Biy)] (i.e. Re[A(Ay+Ho(D5,Cyy+Biy) 1>0)
(b) The stabilising solution to (4.42) ts related to Z, and © by

Z, 0

Y'+e= .
v°I

where the partitioning is induced by that in (2.2.37) and (2.2.43).

Proof:

The existence of a destabilising solution Z, is established by proving that

(i) [A31y CiyDy1+ By} is controllable

(ii) The Hamiltonian matrix corresponding to (2.2.69) is free of imaginary axis eigenvalues.

The fact that Z; is the largest solution (ie Z,—Z>0 for any other solution) is only of peripheral interest

and consequently will not be proved here. In fact, all that is needed is a minor modification of an

argument in [W1, Lemma 3].

We begin by showing that (i) is true. We know from part (2) of the theorem that

—AnL (C11Dy1+B11) Cop Cl1Dy+ By,
0 — A3, (32

is controllable. Next, we suppose for contradiction that (i) is not satisfied. That is there exists a vector

w#0 such that

WAL = Aw

w(C, Dy + Byy) =0

Whence
i — AL (ChiDy1+Byy) Gy
[w 0] . =[—-Auw"]0] (D.1)
0 —A3,
and
Cl1D1,+By,
[w]0] =[0]0) (D.2)
a2

which contradicts part (a) of the theorem (which is already proved). This contradiction establishes (i).

As will be now shown, (ii) is in fact a consequence of Lemma 2.2.2. Direct substitution into the
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Hamiltonian in Lemma 2.2.2 gives

H= Ay+NETY( D5, Cy+Byy) N\ET1Cyy
(— Coot N2 E7H)( D1y G+ Byy) AgatN,E71Cyy
~(Ci1Dy1+Byy) E- 1D}, G+ Biy) —(CiiD1+By)E ' Coy
B — C3,E" (D}, C1y+Byy) —CpE Gy
(D.3)
NEN; NEN i
NET'N N,ET'N;
—Ah—(C D+ B ET N (Bu+Cii D) (B N3 = Cy)
GaF'N; A G|

A simple rearrangement of the rows and columns of — T HT7! in Lemma 2.2.5 above,

establishes the existence of a non-singular matrix T such that — THT ! is equal to

. 1. . 1. . . 1 ]
FA“+(CIID“+BH)E D1y Dy 3873 (C11Dyy+ By JE™ (D1, C1+BYy) (C11D11+B1 )E™ oy 0
- 1= ™ - —1 - - - -1
~B,3D;3[I+Dy,ET'D},]D) 3B, -Ay~B,3D130y,E7 (D1, Cry+BYy) —By3Dj3D11E7 Cyy 0
0 0 A3y 0
C59E~'D}y D387, CoE~H (D}, €1+ B5y) C39E™1Cyy —Aag
(D.4)
where
~ .
0 0 1 0
T= . , (D.5)
0 1 O12 O2—7"1
0 0 0 I

Since H in (D.3) is free of imaginary axis eigenvalues (Lemma 2.2.2), so too is the matrix in (D.4).

Suppose

-

S(1,1) S(1.2
5(2,1) 5(2,2)

where S(i,7) represents the (3, j)th block of (D.4). Then it is easy to see that

(a) Sis the Hamiltonian associated with (4.65), and

(b) A(S) € AM(H) = (ii)

This concludes the proof of the existence part of (a)

Next, let us suppose that the orthogonal matrix W transforms S into an ordered upper Schur
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form [L2], specifically

Wi Wi Wi Wiy T, T (D.7)
= ol
War Woy Wy Wa, 0 Ty
in which Tj, is completely unstable and T,, is asymptotically stable. Substituting from (D.4) into

(D.6) gives

S Si2 Wi Wy
= [ T4 (D.8)
Sa1 Sap Wa Way
where
S1= {Ay1+B13Di3 Dy BN (D}, Cyy+Byy)}” (D.8a)
S19= (C1,Dyy+By)) E"H (D3, Cyy+ Bry) (D.8b)
Sy= —313(1+D;3011E_1D;1D13)BI3 (D.8¢c)
and
Sg9= =51 (D.84d)

The Riccati equation solution is given by [L2]
Zy= W21W1—11 (D.9)
Conjugating the (1,1) block of (D.8) and multiplying on the left by W[ gives
AnH{(B13Di3Dy+2o( Gy Dy + By)) E1 YDy, Cry+-Byy) = Wil T Wiy (D.10)

which proves that H, in (2.2.70) is a destabilising output injection. Thus (a) is proved.

Part (b) of the lemma will be established in two steps. Firstly, it will be proved that any
solution to (2.2.69) will generate a solution to (2.2.42) via (2.2.71). Following that, we show that the

largest (destabilising) solution to (2.2.69) generates the stabilising solution to (2.2.42).

From (2.2.55) we get
YA+ AY '+ YIFEFY ' =0 (D.11)

Adding this to (2.2.36) gives
(Y'4+0)A™+ A(Y"'+0) + Y'FEFY '+ B,B; = 0 (D.12)

Substituting from (2.2.71) and writing (D.12) out in full gives
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Z 0 A}, A}, Ay 0 zZ 0
2 Ll
0 I 0 Al Ajp A,y 0 7

2-0y, -0, CiD+ By, E! (D5, C 4811 | Co ] Z-0;; -Op +
_“932 ‘/21—922 Cs, -0, 721-@22

Ny | E7Y[D;,Cyyl Cyil 2-9y, -0y, | + B3 (Bi3 | Di3Dyy B3] +
N, -01, 721"@22 By D1, Dy5

-
Z-©;, -0O;, Cl1 D1+ 8By, N
o, EY[N | N+ E'[ N N ]=0 (D.13)
-072 7°1-Oy C3a
in which
Ajp= By (B1+Di;Cyy) (D.14)

(2.2.40) and (2.2.23) allow the (2,2) block (denoted (2,2)) of (D.13) to be written out in full as:

(2,2) = ¥2 Aot 7 ASot[Boy E+ Ny ETY[EB3 1+ N3] — Ny B3+ E~ N3)+
NoE7IN3 — [Byy+NoE7Y )Ny + Byy(v*I—E)Bj,

after cancelling terms this becomes
(2,2) = 7*(Ags+A30+ By Bay)
=0 by (2.2.22) (D.15)

The definitions of N and E in (2.2.40) and (2.2.41) allow the (1,2) block of (D.13) (denoted (1,2) ) to

be written out in full as

(1,2) = ZAj, + [2(C7,D1y+Byy) + By3DisDyy— Ny E - [— EB3 — N3]
— N, [B5,+E"'N3) + [2(C;,Dyy+ Byy)+ByaDiaDy — N ET'NG
+ N ET'N3 + By3D7,3D,, B,

After cancelling terms this becomes
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(1,2) = Z(A3,~(C3,Dyy+Byy) B))
=0 by (D.14) (D.16)

Clearly, (2,1)=0 follows by symmetry.

As with (D.15) and (D.16), it is easy to show that the (1,1) block of (D.13) is zero provided Z

is a solution of (2.2.69). This verification only requires the definitions of Nyjand N, in (2.2.40).

The sequence of arguments which follows proves that the largest solution Z; to (2.2.69)
generates the stabilising solution to (2.2.42). Since Hy in (2.2.70) is a destabilising output injection, and

since A,, is stable, the matrix

AL +(CL D+ By 0
Coo B [D11 D13 Bi 3+( D}, O+ B1) 2, —Agy (D.17)
is completely unstable which implies that
AL H(C1 Dy +By) Hy Af2+(C11 D11+ Byy) oy
CsoE'[D71 D3B3 3+( D3, Cyy+B1) 2 A3y + 3200 (D.18)
is completely unstable by (D.14), (2.2.22) and (2.2.23). This implies by (2.2.70) that
Al Al | +| GiDy+By | BTN DL DysBiaH( D Crut B 2 | ECoy)
0 A3 o (D.19)
is completely unstable. Using the notation
vl = ):/11 }:/12
Yis Yoo
(D.20)
together with (2.2.71), (2.2.40) and (D.19) establishes that
A5, AL, |+ | CuDy+By [E'[A| B
0 Ay C22 (D.21)

is completely unstable, where we have defined

A = M+(D},Cy+B) V1 1+ Cop Vs
B = N§+(DI1C11+311)?12+022Y22

Substituting from (2.2.13) shows that
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A+ CEY(N+CY)
is completely unstable. From (2.2.42) we get
A+C"EYN'+C*Y) = —Y{A+NE'C+NE'N'Y } ¥

Whence by (2.2.45)

(D.22) = A+NEN(C+N'Y) = A+NF

is completely stable. This thus proves that Z; generates the required solution to (2.2.42).

Appendix 2.E: Proof of Lemma 2.2.7

Lemma 2.2.7
In the state space realisation of T1,XTo(s) tn (4.70),
¥ =y
=0

1
A = BE" 4 P{3B13D73D,+ P33Co0E + (P1301,+P3301,)(C1y D14+ Byy)

Proof:

We begin by proving that
- l - ~ -
¥ = Cy)(Q2—0;2)— Dyy( DE*— D}y Dyy) Cag— (Dy3C+Cy @13)(PisY 10+ Pa3 ¥ ) = Ciy
From the (1,1) and (1,2) blocks of (2.2.52), (2.2.56) and (2.2.13) we get

1
— CP;3 = DE’Fy+B;,Y,,+Diy( Dy, B3+ Cp) Y,

1
— C P33 = DE*Fyt B}y Y19+ Dio( Dy, B3+ Ca) Yoy

We will also use the three equations from (see (2.2.72))

(D.22)

(D.23)

(E.1)

(E.2)

(£.3)
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Yiu Y Y:x }:’12 _ I 0 (E4)
Yia Yo Yis Yoo 0 I
Substituting (E.2), (E.3) and (E.4) into (E.1) gives
.1 L .
¥ = Cyy(Q12—©13)— D12 DE*Cypt Dy DE* Y 154 D3 D5C12— C11 @13Pi3 Y 12
-~ l - -~
+Dy,DE*F,Y 55— C11Qy3P33Y 25 (E.5)
Using (2.2.11), (2.2.29), (2.2.45), (2.2.23) and (E.4) gives
V= Cpy(Q12—012— QaPis V1o~ Q1aP3a¥20) + Ciap +
- —L - -
Dy DE *[ (D}yCpy4Biy) Yig+ ConPogt Nyt ECyy | (E.6)
Using (2.2.11), (2.2.23), (2.2.71) and (2.2.41) we get from (E.6)
U = Cy(Q12—010—~ Q13Pis V10— Q13 P53V 29)+Ciy
Using (2.2.18) and
Yyo= (Yo— Y1, Y71 Yyy) ™} (Y>0 = Y;;>0 = Y7} ezists) (ET)
Y12: lel Yio(Yao— Y;2y1_11 le)_l (E.8)

gives (E.1) as required. Next,
O=(Pi3Y 19+ P23 Y02)Aga— A(PiaY 19+ PogY 05) —(BE +PiaNi+P33Np) Cop= 0  (E.9)
will be established. Substituting the (3,1) and (3,2) blocks of (2.2.51), (2.2.45) and (E.4) gives

1 . . .
® = BE *{ DflcuY12+BhY12+A’§+022Y22—E022}‘_
P33{A12Y 10+ Aga ¥V ogt NoCog— VipAgs} — Pia{ Ay V1ot NiCoy— Y1245} (E.10)

By (2.2.40), (2.2.41) and (2.2.71) we get

== P3{A3 Y19+ A3y ¥ g0t NyCop— V5o Any} — Pia{ A V 1+ Ny Cop— V1pA50} (B
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& = —Pia{ A1, ¥+ B13Di3 D11 Cag+013( Gy DiytByy) Coa— 01545}
From the (1,2) block of (2.2.36) we obtain
A11015—011(C11 D11+ Byy) Cog+012435 = Bi3Di3Dy Gy
and this together with the (1,2) block of (2.2.71) gives

=0

as required.

Finally, we have from (2.2.64), (2.2.73) and (2.2.74) that
. L . .
A = BE®+ P3N+ P33Ny—(PisY 10+ P33 Y 20) By
From (2.2.40) this becomes

L .
A = BE®+Pj3{B,3D;3D,;+0,,(C11 D11+ By1)+01,C30— Y128y }+
Py3{ By Dy D13 D53Dy 1 +055( Cry D1y Byy)+045Co0— V9 By }

Using (2.2.23), (2.2.41) and (2.2.71) to cancel terms gives

1
A = BE*+Pj3(B,3D73D,,+0,,(C11 Dy 1+ By)))+ Paa( Coo E+O1 o Gy Dyy+Byy))

1
= BE*+P;3B,3D;3D; 1+ P33Ca0 E+( P30+ P33012)( €1y Dy 1+ Byy)

as required.

(E.13)

(E.14)
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Chapter 3

3.0 Introduction

As we have seen in Chapter 1, a large class of 3 control problems may be expressed as
Nevanlinna-Pick interpolation problems, in particular, the minimisation of the supremum norm over
the set of 3 functions subject to a finite set of interpolation constraints. In the case of scalar
problems, the required interpolating function is unique and may be characterised in terms of a maximal
Schmidt pair of a Hankel operator [F2, pg.71]. In the case of matrix valued-problems, however, this
interpolating matrix function is hardly ever unique. In order to restore uniqueness, N. Young [Y3]
proposed tightening the minimising condition by also considering the second and subsequent singular

values of the interpolating function. For Gy(s)€R%(PX™) et
s7(Go)=sup_ s;(Go(jw)) =1, 2, ..... (3.0.1)
weR
and denote
s7( Go)=(si’°(Go), $3°(Gp), -+ ) (3.0.2)
In this notation,
1 Goll (o=37°(Go) (3.0.3)

The standard Nevanlinna-Pick type problem is to find an interpolating function for which s{°(-) is
minimised. In the superoptimal interpolation problem we seek to minimise each s?"(-), j=1,2, .-+, in
turn rather than just s7°(-). Apart from offering a way of using up redundant degrees of freedom,
superoptimal interpolating functions may have an 22 gain in certain singular subspace directions well

below the standard || Gy||y. The main problem which will be considered in this chapter is the following:

Problem [P1]: Suppose we are given a rational matriz GO(S)GRJG:C”(PX'"). Find a rational

oo,(pXm)

F(s)ERIZ such that the (finite) sequence,
{s(Go+ P} =1, 2, -+, rank(Gy) < min(p, m) (3.0.4)

is minimised with respect 1o lezicographic ordering. Rank is taken to mean the rank for almost all s.

0

More specifically a concrete state-space procedure which leads to the superoptimal
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approximation F,o(s) to Ggy(s) will be derived. This algorithm requires only standard linear algebraic
type library routines and is, therefore, easy to implement. The procedure minimises sequentially each
frequency-dependent singular value of the interpolating function in a dimension peeling algorithm. For
the purpose of clarity three parts in this algorithm will be distinguished: In the first, a pair of all-pass
matrix functions is constructed based on the maximal Schmidt pairs of a sequence of Hankel operators
which correspond to a sequence of recursively-defined matrix functions G;(s). These are employed in
the second part to diagonalise all Nehari extensions of G;(s). The minimisation of the (i+1)th largest
singular value of the interpolating function (over all frequencies) is formulated as a constrained
optimisation problem and solved as a ’free’ Nehari extension problem for G;(s). This process terminates
when the original problem is reduced to one of unit rank; at this stage all the available degrees of
freedom have been exhausted. Finally, in the third phase, the super-optimal extension is reconstructed

from the solutions to optimisation problems arising in phase 2.

In addition to deriving and proving the algorithm for the construction of the super-optimal

Nehari extension,

(i] It will be proved that
(a) s7(Go—Fso) = 04(G;_1)<0,(Gy) j=1,2, -+, n (3.0.5)
(8) 0,(Gis1) < 0311(G) =0, 1, -+, rank(Gp)—1 j=1,2, ---, n—1 (3.0.6)

where n=deg(G,). The Gi(s)’s i=1, 2, ---, rank(Gy)—1 will be defined later and are generated as the
algorithm progresses. By (1.6), we see that they provide progressively tighter bounds on s3°( Go— Fio).

[ii] It will be shown that under certain assumptions

min(n,r)

deg(Fso) < z_:] (n—1) (3.0.7)

where r=rank(G,) and n=deg(G,). If the algorithm is terminated after {<min(r, n) steps, (thus

minimising the first ¢ levels) there exist extensions for which

deg(F) < ¥ (n—i) (3.0.8)

i=1

is satisfied.

[iii] A number of alternative uses of the degrees of freedom in the solution set of the multivariable
Nehari extension problem (closely related to the super-optimal construction) will be discussed. These
include the minimisation of an L%type cost and an “entropy”-like cost associated with the r—1

smallest singular values of the error system. In particular the minimisations
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“F 2%{51’—740 gs?(c°_m(jw)d‘”} (3.0.9)
e HG |l )
ln 0T H _ 5 (Ga F)(jw Re( so) o

will be considered where ¥ denotes the family of all Nehari extensions of Gy(s) and sy in (3.0.10) is an

arbitrary point in the RHP.

As a generalisation of the super-optimal Nehari extension problem the super-optimal Hankel-
norm approximation problem may be defined similarly to [?1], the difference being that now a number
of stable poles is allowed in the approximant F(s). Formally the super-optimal Hankel norm

approximation problem may be formulated as following:

Problem [P2]: Suppose that we are given a rational matriz Gys )GR}Gm’(me) Find a rational
F(s)EIRJEio’(pxm)(k) such that the (finite) sequence, {s7°(Go—F)}, j=1, 2, -+ , rank(Gp) <min(m, p) is

minimised with respect to lezicographic ordering. 0O

Apart from being an obvious generalisation to the super-optimal Nehari extension problem,
[?2] has an interest in its own right. There are numerous occasions on which reliable low-order
approximations to high-order models are required. For this reason, the model order reduction problem
has been the subject of numerous theoretical investigations, and several different approaches have been
developed. Following the paper of Glover [G1], the optimal Hankel-norm approach has emerged as the
front runner. This is largely due to the fact that the method offers good guaranteed performance

characteristics which are close to verifiable low bounds.

In matrix-valued case the optimal Hankel-norm approximation problem will also Lypicaliy
have a continuum of solutions. The question then arises as to which one (if there is one) is best. A
partial answer to this question is implicit in [G1], in that £%-error bounds are available for only
certain optimal Hankel-norm reduced-order models. In [Y4] Young introduced an alternative approach
to the uniqueness question by proposing again the lexicographic minimisation for the sequence
s®°(E)=(s{°(E), s3°(E), --- ) rather than just s{°(F) where the s{°(£) now correspond to the error
arising from the approximation. The reduced-order model which minimises s*°(E) has been shown to

exist and to be unique [Y4].

In this chapter an algorithmic solution to the super-optimal Hankel-norm problem will be
derived in state-space terms. Although the first part of the algorithm is almost identical for both
problems, a number of technical details are involved at the later stages of [P2]. For the purposes of

clarity, the two cases will be clearly distinguished.

The idea behind super-optimality is easily illustrated by way of a simple 2x2 example. Suppose
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2
s+1

(=]

G(s) = = diag{n(s), 0o(9)} (3.0.11)

1
s+1

in which ¢;(G)=1, ;—, Suppose also that a reduced order approximation in 32°(1) is required. Any

solution of the form

F(s)=diag{f1(s), %} (3.0.12)

is an optimal approximation to G(s), provided that f,(s) is chosen to be in 3%(1) such that
2 __ 1
L+1 flLog . (3.0.13)

For example, the solution

Fap(s) := diag{Q::*-Bl)’ %} (3.0.14)
results in the all-pass error system,
1(s=1
—5l = 0
2 1
G—Fap(s) = (s+ ) U s—1 (3.0.15)
o i)

and in this case (s{°(G— Fap), Sgo(G—'Fap))=(._l,, %) It is clear, however, that we can do better than

this: Suppose we use our one stable pole to cancel g,(s). This gives

2
s+1
Fo(s)=| °F . (3.0.16)
0 3
resulting in an error system
0 0
G—Fy(s) = 3.0.1
so(s) . _l( _s;l) (3:0.17)
2\s+1

for which (s°(G— Fs,), s§°(G—F,o))=(;l,, 0). This is the super-optimal approximation to G(s). The
case in which the (1, 2) and (2, 1) elements are present in (3.0.11) is harder, and a formal algorithmic

procedure is required.
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3.1 Preliminaries

This section provides a description of all k-th order optimal approximations of a rational
transfer function Go(s)EIRﬂﬁf'(pxm). The description is in terms of a balanced realisation of Gy(s) and
is based on [G1l, Theorem 8.7). If Gy(s)=(4, B, C, D) is balanced and minimal, the following

Lyapunov equations are satisfied:

AP+PA"4+BB =0 (3.1.1)

ATQ+QA+C C=0 (3.1.2)
in which

P=Q=diag(X, ;) (3.1.3)
where

E=diag(o,, ++* 0y, Tpdo " s On) (3.1.4)

Remark 3.1.1

In the interest of a clear presentation, it is assumed that the (k+1)th Hankel singular value is

unique. Matrices A, B and C are partitioned conformally with P and @ in (3.1.3) as

All Al? Bl
A21 A22 B?

In a further attempt to keep the notation simple, it will be assumed that G,(s) has been scaled to give
C;Cy=B,B5=1. This involves no loss of generality, since, by the (2, 2) blocks of equations 3.1.1 and

3.1.2 the (column) vectors C, and B3 have equal lengths.

The next Lemma parametrises the family of all optimal Hankel-norm approximations and their

corresponding extensions in terms of an (arbitrary) unstable contraction.

Lemma 3.1.1

Let the transfer function GD(S)ERJGf'(me) have a stable, minimal and balanced realisation
Go(s)=(4, B, C, D) with Hankel singular values 6,>+--20,>0,,1>0,9>+-20,>0. Suppose also
that

I=%*—0? I, (3.1.6)

Then all error systems E(s)=Gy(s)— F(s) with

[ E(8)|| =0k 41=20 (3.1.7)
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and F(s)€XZ(k) are generated by
E‘(s):“fe(H(s), },U(s)) U(s) eBI> (3.1.8)

in which H(s)H'(s)=c?l, and

H(s) = Gotfu o (3.1.9)
Fy Fyy
where
|_ Y024}, +54,,5—0 CLUB]) | I~YSBi+oCilU) —ol™'CiCY _|
F(s)= —(C,Z+0 UBY) clU —aC (3.1.10)
L —oB | B; cB| 0 J

Also F(s)GRI}G?'(p'*'m_l)x(p'*'m—l)(k). The matrices U, B and C | are defined in the proof.

Proof:

This Lemma is a minor variation of [G1, Theorem 8.7] and [G4]. Since
B,By = C5C, =1 (3.1.11)

there exist orthogonal extensions to C; and B, such that

1 1
c B

02 e=| 2. 32 o (3.1.12)
+ 0 L 0

We know from [G1, Theorem 8.7] that all error systems may be characterised in terms of a matrix

K(s)€BIZ which must satisfy
Cot K(5) By=0 (3.1.13)
Next, (3.1.13) implies that

2 K( ) p ‘] B‘ 0 (3 1 14)
‘: + S B l; = ..
C | 2 C l 2 B l 2

or
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1 1

C5
O+ e B BL]| ! |=0 (3.1.15)
o | Lot 0

(3.1.15) together with the fact that

o
¢, K(s) B B || <1 (3.1.16)
oo
implies
10...0
2 |, P 0 -
K(s| By B ]= L) (3.1.17)
0
Consequently,
10...0 B
0 2
—K(s)=—| C, C" .
(S) I: - 'L:l . U(S) BJ_
0
=U-C L Us)B) ;5 U=—CyB, (3.1.18)

Substituting the characterisation of K{(s) given in (3.1.18) into [G1, Theorem 8.7] yield the result. The
all-pass character of H(s) follows from a calculation almost identical to the one given in the proof of

[G1, Theorem 6.3]. o

3.2 Definition of the Hankel operator

For a linear, time-invariant and causal system with input u(?)€£,(0, co; C™) and output

y(1)=L,(0, co; CF), the input/output map may be expressed as the convolution,

y(i):/h(t—s)u(s)ds*:-h(t)-u(i) | (3.1.1)
0

where A(?) is the system’s impulse response. The Hankel operator T'j, in the time domain is defined by,

Fh : L2(01 o5 Cm)_’LQ(Oa 03 CP)

(I‘hu)(i)=/h(t+s)u(s)ds (3.2.2)

0

Defining v(?)=u(—1), we see that (3.1.1) may be rewritten as
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[=<] 0
(I‘,,u)(t):/h(t+s)v(—s)ds=/ h(1—s)v(s)ds=h(1)~v(1) (3.2.3)

0

and so, the Hankel operator may be interpreted as the input-output map between past square-
integrable inputs to future square-integrable outputs via the state z(0) at #=0. In the s-domain, the

Hankel operator may be defined as

T g:365 — %6,

I gu(s)=[Gu(s)], (3.2.4)

where [-], denotes the operation of taking stable projection. The equivalence of the two definitions
follows by considering the multiplication/convolution duality of the Laplace transform in the time and
frequency domains. The following diagram summarises the definition of the Hankel operator in the two

domains:

u(t) € L45(0, 0o; C™) E’»‘ (I‘,,u)(t):/h(t—f-s)u(s)dse.2,2(0, oo; CP)

l / h:’u(—t) °
u(—1)ELy(—o00, 0; Cm) | L-transform
| L-transform
r
u(—5)€¥; T =< [Gu(—s)], €75

In discrete-time, the Hankel operator may be defined in a similar way. Consider the asymptotically

stable system,
{zy41=Az+ By , y,=Cz;} (3.2.5)
and suppose that its transfer function G(z~)=C(z/—A)™' B is expanded as the infinite series,
G(z'l)=iCAk'1B:"‘:= \iﬂkﬂ (3.2.6)
k=1 k=1

The coefficients of this series expansion Hk:'C'Ak"lB are known as the Markov parameters. They are the

Fourier coefficients of G(z~!) and may be evaluated via the integrals

H= / GYFd 5 =& (3.2.7)
09
defined around the unit circle. The doubly-infinite (block) Hankel matrix is defined as

00, 00

H:{H,-+,-_1} (3.2.8)

i=1, j=1
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This may be decomposed as

H, Hy Hy --- c
_| H2 H3 —| A 2p ... = 9
H=| =| o2 [B AB A2B :|_W(,Wc (3.2.9)
Considering the composition of the two mappings
U_y u_y Y
Weiltu_g |— zp= W, | u_o Wo: zg—t ¥, | = Wz (3.2.10)

the Hankel matrix may again be interpreted as the map between the past (square sumable) input
sequence to the future (square sumable) output sequence via the state at 1=0. Note also that since
rank( W.) and rank( W,) are equal to the number of controllable and observable states respectively, the
rank of the Hankel matrix is finite and bounded by the MacMillan degree of G(z7}!). In fact, due to
Kronecker’s theorem (see e.g. [G1]), this bound is tight.

The Hankel singular values {o;} are the square-roots of the eigenvalues of I';T', (H*H in

discrete-time), where I'}, is the adjoint operator,

(T)()= / K (t+5)y(s)ds (3.2.11)
0

and y€ £,(0, co; CP). Since rank(T';)=deg(G) the number of Hankel singular values is also equal to this
number. It may be shown [G1] that o?=),(PQ) where P and @ are the controllability and

observability Grammians of the realisation of G(s), i.e.

o0
P:/eA’BB‘eA Lay (3.2.12)

0

and ©
Q:/eA tercedlat (3.2.13)

0

or, equivalently as the solutions to the Lyapunov equations

AP+PA™4+BB'=0 (3.2.14)
and
ATQ+QA+CC=0 (3.2.15)

Note that if (A4, B, C) undergoes a general basis change, (4, B, C')I-»(TA T-!, TB, CT™') P and Q
undergo the congruence transformations P— TPT" and Q— T *QT, so that PQ— T(PQ)T'I. This
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implies that the Hankel singular values are invariant under state-space transformations as is expected

from the definition of the Hankel operator purely in input/output transfer terms.

A special basis exists [G1], [M2] for which

e o] [=¢]
P= / eA1Bpred lai=Q= / Al cetlii=s=diag(c,, 04 - , 0n) (3.2.16)
0 0

where {o,} are the Hankel singular values of G(s). Such a realisation is called “balanced”. The existence
of balanced realisations may be verified by introducing a transformation T=2"Y20"R in an
(arbitrary) minimal realisation (A, B, C) of G(s) with corresponding controllability and observability
grammians P and @, where R is a Cholesky factor of Q (i.e. @=R"R) and RPR" admits the singular
value decomposition RPR*=UX2U". Balanced realisations for a particular singular value ordering are

essentially unique (up to an arbitrary unitary transformation T such that TE=XT) [G1].

3.3 Singular vectors of the Hankel operator

Let (A, B, C) be a minimal and balanced realisation of G(s). The impulse response of the

system, h(-), may be decomposed as

h(tr) = c AT g _ CeAt{ifl{;}eArB

i=1

n
=Y o:f()gi(r) (3.3.1)
i=1
where we have denoted by ¢; the i-th unit (column) vector and defined
At
f{t) = \l—-l=Ce €; (3.3.2)
i o
and
ezeflp (3.3.3)

(1) = =L

g,(t) - \I?‘ 1
for i=1, 2, ---, n. Note that since A is asymptotically stable, {f,} and {g;} are £5(0, o0) functions. In
addition the {f;} and {g,} are orthonormal. For example, for the {f.}'s,

<fo £ 0000, 00) = /f;(t)fj(’)d’
0

o
= / =l c"-eA tC"CeAtci dt
0
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2]

— 1 * ATt At ,
= B €; ( /e C"Ce dt)e,
0
— 1 _ = §::
= T Ta=by (3.3.4)

where we have made use of the assumption that the realisation is balanced, so that the observability
grammian is equal to X. Similarly, on using the fact that the controllability grammian is also equal to
Z, {g,} can also be seen to be a collection of orthonormal functions in £,(0, c0). Next consider the

definition of the Hankel operator in the time-domain:

(Thu)(?) :/h(t+s)u(s)ds
0

Il

| Souvae um ar

i=1

n

D oif(Y) / gi(r) u(r) dr
0

i=1

n

Y TF(D<gs u> 10 o) (3.3.5)

i=1

This is the polar decomposition of I ;; in particular, choosing as input vectors
u(t) = g(1) =12, -, n (3.3.6)
we obtain that

(Tag;)(1) = Zn:”if;(fkg,-, 95> Ly(0, 00y=0 if3(1) (3.3.7)

i=1

since {gj} are orthonormal in £5(0, co). Hence, for the {f;}’s and {g,}’s defined in (3.3.2) and (3.3.3)

we may write that

thjz Ujfj (33.8)
and

M= o0, (3.3.9)
for j=1,2, .-+ , n, where the second set of relations follows by duality. (f, g;) is called a Schmidt pair of

Iy corresponding to o, (equivalently, f; is an eigenvector of I} and g; an eigenvector of T'}iT,

corresponding to aj). In the s-domain the Schmidt pair of I'; corresponding to o;is given by the
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Laplace transforms of fi(f) and 9;(—1) and will be denoted by fi(s) and g—s) where
f{(9)=CsI=A)'en and g,(—s)=B"(sI+A") e,

The next result demonstrates that any Schmidt pair of I, has singular vector type properties

for (Gy—F) i.e. it shows that if F(s) is any optimal approximation of Gy(s)€36%, then

(Go—=F)g(—3)=0441fs) (3.3.10)

Thus, modulo scaling, fs) and g(s) are singular vectors of the error system E(s)=(G,—F)(s)
corresponding to the (k+1)th Hankel singular value o, ,(Gy).

First a proof for the Nehari case is given and subsequently this is extended to the k#0 case.

Theorem 3.3.1

Suppose  Gy(s) €I (mxp) gnd suppose also that F(s)EZ}GT'(mXP) is any matriz function
satisfying ||Go— Fll = o1(Go). Then (Go—F)a(—s) = T ga(—s) = o,(Go)fls).

Proof:

A proof in the scalar case is given in [F2, pgs.70-71]). The multivariable extension is trivial and

is reproduced here for easy reference.

As in [F2], we look at the £, norm of (Go— F)g—T g ,¢:

I(Go—F)g—Tgy0ll: = <(Go—F)g—[Gogl,, (Go—F)g—[Gog],>
<(Go—F)g, (Go—F)g>—<[Gogl,, (Go—F)g>

—<(Go—F)y, [Gog],>+<[Gy4],, [Gogl > (3.3.11)

Since [G,g], is orthogonal to the 3{;5" component of (Gy— F)g, we get
09, g 0
<(GO—F)9, [Gog]+>=<[009]+a [Go.q]+> (3312)

Consequently,

<(Go—F)g, (Go—F)g>—<[Gyg),, [Gogl, >
= <(Go—F)g, (Go—F)g>—<f, oif>

2
Il Go—FlIZ, llgll;— o

I(Go— F)g—T g9l

IA

2
= ||Go—Fllz,—o}

=0 (3.3.13)
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This together with Nehari’s theorem completes the proof. g

Theorem 3.3.2 [P1]

Every F(s)e¥2(k) which achieves the infimum

infc'o [|Go—Fll .= 0 k41(Go) <0 (Go) (3.3.14)
F(s)€%62(k)
satisfies
(GomF)gy1(= 9= T 0y s =9= T40(Co) (o) (3.3.15)

where (g, ., f,,,) is a Schmidt pair of T g, corresponding to the (k+1)th singular value of T'g,.

Proof:

Let F(s) be any (matrix) function which achieves the infimum in (3.3.14) and let ' be the
Hankel operator which it induces. Since F(s)€362°(k), rank(T g)<k. Suppose (g;, f) =1, 2, --- are the
Schmidt pair of I'g, associated with o; and define P to be the orthogonal projection onto

Span(fy, fps *+*s fiyy)- Then ||[T g —T pl|=0441(Go) implies that
HP(T g,—T p)l|<0441(Go) (3.3.16)

The operator PI'r mapping Span(g,, g, ***, 9,,,)—Span(f}, f,, -+, f,,,) has rank at most k and

therefore there exists a function of norm equal to one such that

k+1
x:Za,-g,-EI\'er(PI"p) (3.3.17)
i=1
Consequently,
[|P(T gy =T p)zll, = PT o2l , £ 041 Go) (3.3.18)
Also,
k k
PP 6y(Zim ol =P D el oo, = IIPE 2ol

k+1
= IIZ":lgiaifiHZ

552 q ) (3.3.19)

i=1 4

k+1 2 2 9 .
i 0ila;] <oy, and since o4y, <oy <-e-<oy

|a,-|2=1, we conclude that a;=0 for i=1, 2, .- k, so that z must be a multiple of

since the f’s are orthonormal. This implies that }

k+1
i=1

together with )
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Ippr SBY =Py, ., with |8|=1. Now, since z€ Ker( PT'f), we have that T'pzl Span(f,, f) -+, f,,,) and

in particular <T gz, fk+1>2=0. Consequently,

2
“FGOI_PFI”g = ||ﬁrcogk+1"er”2
2
= ”01:+1fk+1“2+||ri'$“§

o} 41T pall] (3.3.20)

But since l[I‘Goz—FFzII:S]|I"G0—I‘F[|2|[z“:=a§+1, we conclude that
ot tITpall2<ot, ;= Tpz=0=>Tpg, , =0 (3.3.21)

so that
(FGO_PF)gk+1=ak+1fk+1 (3'3'22)

Also, defining I1; to be the stable projection operator,

Orse1 = Ilak+1fk+1”2 = IIH+(G0_F)gk+1”2
< W(Go—Fg, 4l
1 Go— Fll llg; 4411,

= |Go— Fll ;=041 (3.3.23)

IN

since F(s) achieves the infimum in (3.3.14). This shows that 1.(Go—F)g,, ,=(Go—F)g, ;=0 rs1f;,, as

required. a

Theorems 3.3.1 and 3.3.2 above define “constraining equations” for the set of all admissible
approximations (extensions) of Gy(s). For example, in the scalar case f, and g; are scalar functions and
F(s) is determined uniguely as,

F(s) = Go(s)-akﬂg}%—(‘(_s)s—)emﬁf (3.3.24)
k41

(In addition, in this case, |fjw)|=]g(—jw)] V w€R, and the resulting error system Gy—F(s) is all
pass.) In fact, for this special case, the realisations of the Schmidt vectors together with the result from
Lemma 3.4.1 may be used to obtain the state-space formula of the (unique) optimal approximation
F(s) given in [G1] directly from (3.3.15). This derivation is made in the following Lemma. For
simplicity it is assumed that the (k+1)thk Hankel singular value has multiplicity one and also that the

realisation of G(s) is real.
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Lemma 3.3.3
Let g(s)ERf}ﬁf'(ln) have a real balanced realisation (A, B, C) parlitioned conformally with

the grammians P=Q=%5=diag(Z, o) as

A Ap B, i
A= H B = H C:[ C] 02 J (3.3.20)
Ax Apy B,
where ¢ denotes the (k+1)th Hankel singular value of g(s). Then, the (unique) opiimal Hankel-norm

approzimation F(s)ERW%6S (XD(k) is given by (A, b, ¢, d) as

A:=T"Yc2AT|+Z A, Z—ouCT B]) (3.3.26)
b=T"YEBy+0Clu) (3.3.27)
¢=C,Z+ouBf (3.3.28)
d=ou (3.3.29)

where T=X%—0¢?] and u salisfies Bo=—uCj.

Proof:

From Lemma 3.4.1, the Schmidt vectors f{s) and g(—s) corresponding to ¢ may be scaled to

£(s) and y(s) respectively as fls)=E(s)¢(s) and g(—s)=—v(s)¢(—s) where,

E(5)=Cy(sI—Ap) At Cy , B(s)=—B] (sH+AD) T AZ+ B] (3.3.30ab)
and
B(8)=[5— Ago— Agy(sI— Ay) " Ay T'= det(sI— Ayy)/ det(sI— A) (3.3.31)

From the (2, 2) blocks of equations 3.1.1 and 3.1.2 (with the partitioning induced by (3.3.25)) we
obtain that B} B,=C,Ci=—20A,, with B,, C, and A,, scalar. Assume next without loss of generality
that B,>0 (otherwise the realisation resulting from the transformation T=diag(l,_,, —1) is still

balanced); further assume that C,>0. (3.1.1) and (3.1.2) now imply that

CQ=B'2=«—2O'A22 (3332)

Ap=—T"Y=CT =0 B) {~20 45, (3.3.33)
Ah=—T"YEB,—aCT){-204,, (3.3.34)

The (unique) optimal error system G—F may be written as

o Rs) _ del(sI+A) det(sI—Ayy)
G F—Ug(—s)_ 7 det(SI—A) det(s[+A11)

E(s)¥™(s) (3.3.35)

%7 (s) may be written as
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PN s)=[1+ BT (s]- A) "' B] —L— (3.3.36)
\I—20'A22
where we have defined
A=T"Yo?AT|4+ZA,, =+ C] BY) (3.3.37)
b=r"YZB,—cCT) (3.3.38)
and have substituted from (3.3.32), (3.3.34) and (3.1.1). Also define
6(s)=det(sI— Ay;)/det(sI+Ay,) (3.3.39)

Since 6(s) is all-pass with 6(co)=1 and deg(6)=n—1, (3.3.39) may be written in a balanced state-space

as
8(s)=1+C, 7 (sI+ A1) "' CT (3.3.40)

Cascading 6(s) with €(s) and using equations from various sub-blocks of (3.1.2) to remove the

(unobservable) modes of A;; results in

§(s)E(s)= Co— O\~ Y(sI+AT) 'oAq, (3.3.41)
Similarly with (3.3.39) define,

A(s):=det(sI+A)/det(sI— A)=1— C(sI— A)"'E-1CT (3.3.42)

Introducing a finer partitioning in (3.3.42) which is conformal with (3.1.3) gives after cascading with

8(s),

A o =
A(s)6(s)€(s) = 0 —AlL |—cdy (3.3.43)
|_ c 0 | C, J

where we defined

® 0 Ais
= ; = 3.3.44
O'_IA;'FZ _0—10'21"02 ( )

{1]

and used the state-space transformation
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I o 37!
T=| 0 I 0 (3.3.45)
0o o0 I

Finally, cascading (3.3.43) with (3.3.36) and introducing the transformation

I 0 0 0
T 0 I 0 0 6
= 3.3.4
0 0 I i ( )
0 0 0 I
to remove the uncontrollable modes of —AJ, together with
I 0 z
T = 0 I 0 (3.3.47)
0 0 I
in the resulting realisation, gives the decomposition
A M) = — ClsT—A)1B |' A | I Y(—SBj+o CIT)_I
$)6(8)E(s)y ™" (s) = —C(sI—A)""B + 3.3.48

-1
= F(s)=a+(clz-aBIT){sI—r-l(a2Aﬁ+zAu>:—acIBlT)} IYTB,—oCT)  (3.3.49)

This is in agreement with [G1, Theorem 6.3] on noting that u=—1 due to the choice in the sign of C,.

(Choosing C,<0 gives an identical result). O

In general, the relation (Gy—F)g(—s)=c,,f(s) does not constrain completely the admissible

approximations as is shown in the following example:

Ezample 3.3.1

Again let
2 0
s+1 )
G(s) = LT diag{g;, g5} (3.3.50)
O &

and consider equation (G—F)g(—s)=0,,,f(s) as constraining the elements of an optimal Hankel-norm

approximation F(s)€362 (k). The Schmidt vectors corresponding to o,=1 may be written as
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. - 2 T
92(-5) = %}B (sI+A") 152=[ 0 —sgi J (3.3.51)
and
T
= —\[cl,=2 (sI=A) ¢y =[ 0 si_é-l :] (3.3.52)
Hence, (G—F)g(—s)=0},,f(s) implies that
2
s+_1_f11 —fiz 0 0
= 3.3.53)
ooa |leE T £ (
21 s+1 722 s—1 s—1

From the first block of this equation we conclude that f ,(s)=0 while the second block fixes f,.(s) as

f =25+ () = f9 =1 (3.3.59)

Hence, the family of admissible error systems is constrained to

_Q__f
s+1 ‘11
G(5)—F(s) = (3.3.55)

Next note that the norm constraint ||G—%|| =3} implies that £,,(5)=0 and || +1 —fille <} as before.
Formally, minimising s9°(-) in the family of all optimal Hankel-norm approximations, may be

expressed in this case (since no stable pole has been used in f,,) as

inf 2§ (3.3.56)
f,,€%5(1) s,

This has the trivial solution f = a+1’ resulting in the super-optimal approximation

2 0
1
Fo=| °F 1 (3.3.57)
0 )
as before. O

Remark 3.3.1

The constraining equations (Gy— F)g(—s)=0,,,fs) may be verified directly from the state-

space realisations describing the family of all optimal approximations given in [G1] or [L6]: Following
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the proof of Lemma 3.3.3, (3.3.15) may be written in state-space terms as
F(s)[By— Bi(sI+ A7) " As)=0 Cy— C,D(sI+A7y) ™ A3y (3.3.58)

or, equivalently, as

A BB; BB;
0 —A} — A3, =0 (3.3.59)
l_ c DB;—C® ‘ DBy—aC, J

where we have defined F(s)=(A, B, C, D). Using the state-space parametrisation in [L6], any optimal

error system may be written as

A 0
8(s)=G—%F(s) 0 A|B Ae Be 3
s)=G—%(s) = = 3.3.60
( 1?7 c. D ( )
|_ c -C ’—DJ
which satisfies the bounded-real type equations.
_(AcPc“l'PeA:‘}'BcB;) _(BeD:'i"PeC:) Le
. = [L: W) (3.3.61)
—(BeDe+P.Ce) I-D.D; We
with ~ -
z 0 I 0 s o p
, 0 o 0 0 ; 53
— = o 3.3.62
‘ 1 0 zr 0 b o p (3:8.62
0 0 0 o2F e 33
L -

and L. of the form L:=[0| -] partitioned conformally with the A matrix in 8. Invoking the

transformation

I —Pi3
T= (3.3.63)
0 I

in the state-space of (3.3.59), gives

0 — AL — Ay

(3.3.64)

{ A Pi3A,+ AP 3+ BB, 1 PlsA+BB; —I
=0
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The constraining equations (3.3.58) may now be verified: The A(1, 2) and the B(1) blocks in (3.3.64)
vanish on using the (1,3) and (2,3) block equations which correspond to the (1, 1) block of (3.3.61).
Similarly the C(2) term and the D-matrix may also be shown to be identically zero on using the (1,1)

and the (1,2) block equations which correspond to the (1, 2) block of (3.3.61).

3.4 Scaling of Schmidt vectors and construction of all-pass completions

In our application, we use f{s) and g¢(s) as a basis for constructing two all-pass transformations
to be used in a diagonalisation procedure. The next Lemma represents the first step in a two stage
scaling process. The aim is to find vectors £(s) and ¥(s) which have full-rank at infinity, but which

retain the singular vector properties of the Schmidt pair.

Lemma 3.4.1

Let Gy(s)=(A, B, C, D) be the minimal and balanced realisation referred to in (3.1.1) to
(3.1.3). Then
a) f(s)=(A, €n, C, 0) (3.4.1a)
9()=(—A7, €n, B, 0) (3.4.1b)

are a Schmidt pair for the Hankel operator FGO corresponding to the singular value o . Also

b) fs)=¢(s)&(s) (3.4.20)
9(5)=8"(s)¥(s) (3.4.20)
i which _
A, A
gz | T T e(w) £0, weRU{oo) (3.4.30)
G G
L .
[ 47, — 43, |
P(s)= .u .21 ; Y(jw)#0, weRU{c0} (3.4.3b)
By B
8(s) = det(sI—Ay,)/del(sI— A) | (3.4.4)
Proof:

A proof of the (a) part is given in [F2, pg.69]. This proof is adapted by assuming that the

controllability and observability grammians are balanced. That is
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P=Q=diag(c, -+, o, Ckyr *** Ony Uk+1) (3.4.5)

To prove (b) note that
-1
sI—A;; —Aj2
fs)=C(sI—A)len=[ C; Cy] €n (3.4.6)
—A21 SI—A22

Invoking a result on the inverse of a partitioned matrix [K1, pg 656] we get

(SI—Au)_lAlz _ _
fis) =[C G] ) [s—Agg—Agy(sI—Ay)) T Ay ™!

= £(5)¢(s) (3.4.7)

by the Schur formulae for partitioned determinants.

When proving that £(jw)#0, we deal with infinity first. Clearly, {(c0)=C,#0 by standard

balanced realisation results. Next, observe that
(ja+ANE+E(A—ja)+C C =0 (3.4.8)

Since no eigenvalue of A is on the imaginary axis, we can write

(at+A™) " 'S+E(A—ja) M+ (Ga+ AT ICC(A—ja) Tt =0 (3.4.9)
or more compactly

AT4+ZA+CC =0 (3.4.10)
in which

Ai=(A—ja)™!  C:=C(A—ja)~’ (3.4.11)
Finally,

2e5TAepten(jatAT) I CC(A—ja) len =0 (3.4.12)

Since [4, C] is balanced by (3.4.10), and since A has no eigenvalues on the imaginary axis, enZAen#0
and so f (jo)fjor) #0= fjer) #0.

The results pertaining to g(s) and (s) are proved in the same way. O
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The following Lemma shows that the realisations of f{s) and &(s) given above have the same
number of uncontrollable modes. Since both (A4, C) and (A;;, C;) are observable pairs,

deg(€)=deg(f)—1. A dual argument shows that deg()=deg(g)—1.

Lemma 3.4.2

The pairs (A, €n) and (A, A;5) have the same number of uncontrollable modes.

Proof:

Assume first that (A, €,) is controllable and suppose for contradiction that there exist a AeC

and a ##0 such that
BT [AT—Ay,] A9)=0 (3.4.13)

This implies that

A—A,, -A 0,_
(871 0] N . "o (3.4.14)
—Ay  A—Ap 1

which contradicts the assumed controllability of (A, ex).

Next, assume that k modes of the pair (A, €,) are uncontrollable. Then there exists a non-

singular transformation T such that

TAT'=| . . (3.4.15)
21 A22

and

Ten=¢n (3.4.16)

in which A,,€CF*¥; it has also been assumed without loss of generality that the pair (Ag,, €,_,) has
11 g 22 Enk

L]

been put into controllable canonical form. Now (3.4.16) implies that T has the form

T = (3.4.17)

‘:411 Ol,n—k—l 0
TAT '= Aqy Ay Agg (3.4.18)
;131 7132 ;133
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in which Az5 is a scalar. Then,

Ay Ap T 0,y A 0y k-1 0 \l T, 0 (3.4.19)
Ay Agp | | TnTH 1 Ay Agy Aga Ty 1 o
Az Az, ‘ Ass
which implies that
1 Ay 0 0 0
[Aul A= | Th| 5 - |TutTi|s |Ta T | - (3.4.20)
Ay Ag Agz Azz
so that
(sI—Ap) ' ApE] ApatArs T | Agg ) (3.4.21)

where the uncontrollable modes of A,, in (3.4.20) have been removed by introducing the

transformation Ty, and have defined
TnTh=[T,| T,] (3.4.22)

with 7,€C™*, Since

/_4') ;i
T e, (3.4.23)
A3z Aszs

is controllable be construction so is (A4, A53) and hence (3.4.21) is minimal. O

To scale £(s) to be of unit length, note that the scalar function £7(s)&(s) is positive on the
imaginary axis (by 3.16a) and hence can be spectrally factorised. In particular, let é=nd™' be a
coprime factorisation over the polynomials with £*é=d "n"nd™'. Factoring n"n=#"% where 7 is scalar

with its zeros in C,, we obtain
v:=£(id ™) '=na~ eRI P (3.4.24)

with v*2(s)=1.

The construction of V| (s) such that V=[v V ](s) is all-pass, is given in [G1, Theorem 5.2]
and is possible without increasing the MacMillan degree (i.e. deg(V)=deg(v)). Explicit state-space
formulae for V(s) and W(s) may obtained in terms of the solutions of Riccati equations. The details

appear later in the section.
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The construction given above may be summarised by the following Lemma.

Lemma 3.4.3

There exist all-pass malrices VERKZP*P gnd WERJQT'mxm given by

V=[v V](5) with v=Rv*f)~" (3.4.25)
and
W=[w W ](s) with w=g(w*g)™’ (3.4.26)

Furthermore, minimal realisations of V(s) and W(s) are controllable from the first input.

Proof:

Follows from the discussion in this section. O

Next, we give a concrete state-space construction of the scaled Schmidt vectors v(s) and w(s)

along with their all-pass completions which are derived from standard spectral factorisation theory.

Scaling £(s)=Cy+Cy(sI—A;;) 'Ay2 to unit length as u(s)=€(s)m™'(s), requires the spectral
factorisation £7(s)&(s)=m"(s)m(s). Since »(s) is required to be completely unstable (for reasons that will
become apparent later), the spectral factor m(s) must be non-minimum phase. This is achieved by
choosing the appropriate solution to the corresponding Riccati equation [A2]. The construction of the
all-pass completion V| (s) may be achieved in a standard manner [G1] and requires no increase in

degree; this accounts for the fact that minimal realisations of V(s) and W(s) are controllable from the

first input.

Forming the product £*(s)é(s) and decomposing into stable and unstable parts gives

-An GG | (G
E7(s)e(s) = 0 An Aps
—A, GG |1 _l
[ - 0 |Goqzay,
= 0 An Ay (3.4.27)
—AL,  ALTHGC | 1 J
Thus
£7(s)€(s)=C(5)+¢7(s) (3.4.28)
where

C(s):zé_UAZI(SI_AII)_IAIZ (3.4.29)
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on substituting from (3.1.1). Since ((s) is asymptotically stable and ((s)+{"(s)=€7(s)€(s), ((s) is

positive-real. The spectral factor m(s) and the scaled Schmidt vector »(s) may be constructed via a

controllable realisation of {(s).

If (A}, Ayo) is completely controllable, v(s) is given by

u(s)= l— Apt+Ap(ADLQ—C0) ‘ Ajs _I
|_ C'LC| Ci+Co AT c, _| (3.4.30)

where Q is the destabilising solution to the Riccati equation

QA1 — A2 Co0)+H( A1 — A12C3C1) Q@+ QA A2~ CIC € C= 0 (3.4.31)
The corresponding Hamiltonian matrix for this equation is given by
AppALs
(3.4.32)

Ho— Ap—A41,C3C
Tl aeeye
which is free of imaginary axis eigenvalues since £(s) is full rank everywhere on the jw-axis. In the case

that (A;,, A;,) is not completely controllable, a transformation T) in the state space of (3.4.3a) gives

—(An—412G0)’

(3.4.33)

An Ap

B A A T, ~
£(s) = . © - 0 Agg
SRS I I PR A e

in which (;1“, ]113) is completely controllable. In this basis, v(s)€3> may be constructed as

u(s)= IF ;111'*';113(;1;39"_0561) l Agg —|
L C"_LC_LC'I'*'CzAISQr Cz '] (3.4.34)

where Q. is the destabilising solution to the Riccati equation

Qr(Ay—A;3C5C)+H( A= A413C5C1) Q4Q, 4134750, C1C7 € €= 0 (3.4.35)

In this case, since (A;;, A;3) is controllable by construction while the corresponding Hamiltonian is

again free of jw-axis eigenvalues, the destabilising solution 2, is guaranteed to exist.

An all-pass completion to ¥(s) can be constructed as

| o*ae ]

= r Ant+A(ALQ—-CC)
| ] (3.4.36)

V_L(S) =
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Note that even if (A;;, A;y) is not completely controllable, [v| V] may be described by the (non-

minimal) realisation,

V(s) = [v]| VJJ = I— A11+A12(A129—C;C1) ‘ A Q#CTUL _I
|_ C' C | Ci+CyA},0 | C, L _| (3.4.37)
in which
Q=T 0 T 3.4.38
= 1 0 0 1 ( o ke )

This may be verified by augmenting the state space realisation of [v| V] corresponding to (3.4.34)
and (3.4.36) by the uncontrollable modes of A,, as

lﬁ Ap+A5(A739,— C5C)) Ap—A13C5C,

A13 Qr#CIC.l
0 Ay 0 0 (3.4.39)

| CLCLOHGALR, et | 6 ]

and subsequently applying the state-space transformation 77

A similar treatment may be used for the scaling of ¥(s) to w(s) and the construction of

[w| W ](s). Assuming that (A,;, A;) is an observable pair,

Wis) = [w] W) 2] —AL-An(4n0-B.B) | -4y -8B ]
L B’ B | Bj+B3A,0 | B By J (3.4.40)

where Q is the destabilising solution to the Riccati equation
Q(Ay— By B3Ag) +(A— B1B3A5 ) )Q+Q A5 A5 Q— BB B | Bi= 0 (3.4.41)
Again, if (A;;, As;) is not completely observable a state-space transformation T; may be defined in the

state-space of ¥(s),

U(s) =

—Ah -AL |1, | A5, -Aj
B B

-;1;31 ’
0 (3.4.42)

in which (4;;, As;) is an observable pair. In this basis W=[w | W] may be constructed as
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S —‘ —- 2 o n* _‘ ~#_ -
W) = [w] W] 2] — A5~ A3,(Aa—B,B) | -4 -97 BB |
|_ B B | Bi+B3A5Q, | B} B _} (3.4.43)

where 0, is defined as the destabilising solution to the (reduced) Riccati equation
Q.(An—ByB3Asy) +(An— B, B3A3,)Qr+Q, A3 A Q, — B1B) B Bi=0 (3.4.44)
which now is guaranteed to exist. Again, by defining

Q- 0
0 0

T (3.4.45)

oLl
I
~h

-3

it may be verified that (3.4.40) still defines a (non-minimal) realisation of W(s) even in the case that

(Ay1, Agq) is not observable.

The next Lemma shows that the reduced-order Riccati equations Q, and Q, defined in the

construction of V(s) and W(s) exist and are positive definite.

Lemma 3.4.4

In the Nehari-eztension case the destabilising solutions Qr and Qr are positive definite.

Proof:

Consider first the algebraic Riccati equation
Qe (= Ap+A13C5C ) +H(=Ap+413C5C1) QU —Q, Ay341:0,+C1C € C1= 0 (3.4.46)
By construction, (A,,, A,3) controllable = (—A,,4+A,3C5C,, A,3) controllable. In addition,

—A;+413GC, —Aj3AL; -
H= . . - . S (3.4.47)
-0, C, C (An—4136C)

is free of jw-axis eigenvalues. To see why this must be so, note that if H had a jw-eigenvalue this would

had to be either an uncontrollable mode of
[—An+413C5C,, Al (3.4.48)

or an unobservable mode of

—;111’*';1130"2&1

. (3.4.49)



A state-space analysis for a class of H® optimal control problems -136-

Again (3.4.48) is controllable by construction. The fact that (3.4.49) has no unobservable modes on the

jw axis (in fact nowhere in the CLHP) follows from the second part of the proof.

From Lemma 2.1.3,

Rank(Q,)= {# unstable eigenvalues of — A, +4,3C3C,} +
{# stable eigenvalues of —A,;+A,3C5C, which are observable through C_LC'I}

To prove that €, is non-singular, therefore, it suffices to show that all stable eigenvalues of
—A,,+A;,C5C, are observable through C 1 C1- Next, suppose for contradiction that A is a stable,
unobservable mode of this pair. Then 3£+#0 such that

£=0 (3.4.50)
¢, 6

which implies that

M—-TT'AT-ET7'CC) €| G

¢, 6

where we have defined A=I'"}(¢2A},+LA;,E—0 C;UB]) and substituted from (3.1.1), (3.1.2), (3.1.3),
(8.1.18) and (3.1.11). (3.4.51) implies that

(M—A7)(T€)=0 (3.4.52)

which is impossible since A is completely unstable and T is non-singular. The non-singularity of

follows by a dual argument. B}

The state-space construction of V(s) and W(s) when the Riccati equations (3.4.31) and (3.4.41)

are solvable is summarised in the following Theorem.

Theorem 3.4.5

Suppose that @ and ) satisfy the algebraic Riccali equations

A1~ A0+ A1 — A412CC) " Q+QA AR~ C1C € =0 (3.4.53)
and

Ay~ By B3Agy) +(Ayy— By B3 Asy ) Q+QA% A5 Q— B B B | Bi= 0 (3.4.54)
Then
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Ws)=[v] V)] £ |— AptA(ADQ - C30) | Ay Q#C{C"_L —I
and
- - ~ - = "# -
W) = [w] W) 2] ~AL—A5(4n0-B,B) | —45, -97BBY |
l_ B B | Bi+BjAyQ | B; B J (3.4.56)

are all-pass.

Proof:

The proof follows from the discussion of the previous section together with standard spectral
factorisation results [A2]. The method of converting a spectral factorisation problem into the problem
of solving an algebraic Riccati equation may be found in [A4]. The construction of the all-pass

completion is given in the proof of [G1, Theorem 5.2]. a

Remark 3.4.1

A direct computation will verify that (3.4.55) and (3.4.56) are all-pass for any solutions to
(3.4.53) and (3.4.54). In our application, it is important that V(s) and W(s) have the correct stability
properties. For this reason we will select the solutions to (3.4.53) and (3.4.54) which make V(s) and
W (s) completely unstable, or, in general, if no such solutions exist, we follow the construction giv_en
previously. In the future, the solutions to the Riccati equations (3.4.55) and (3.4.56) (or (3.4.35) and

(3.4.44)) will refer to the destabilising solutions unless otherwise stated.

The next two results establish a number of connections between (3.4.53) and (3.4.54) and their
associated Hamiltonian matrices. It is first shown that the two Hamiltonians have the same spectrum

and that they are related in a surprisingly simple way (see (3.4.59)).

Lemma 3.4.6

The Hamillonians associated with the two Riccati equations (3.4.53) and (3.4.54) are

b= [ Ap—A12CC ApAT, . (3.4.57)
i1 C1G —(A11—4120C))
and
AT — A3, B,B; A51A, ]
Hy= 11 ‘ 21 2*1 * 21 '-1 N (3.4.58)
BxBLBJ_Bl —(An—A:lezBl)

Further
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-1
I -z " I -Z - 9
= 3.4.5
s T 1 _g 2 ( )
Proof:
See Appendix 3.A at the end of this Chapter. a

In the first part of the next Lemma a linear fractional connection is established between the
solutions of the two Riccati equations. This connection is a direct consequence of (3.4.59). In the second

part we prove a technical result which is required later.

Lemma 3.4.7

Suppose that Q and Q are solutions to the Riccali equations (3.4.53) and (3.4.54) respectively.
and suppose also that [-], and [-]_ denote the stabilising and destabilising solutions lo these equations.

Then if Q3! exists,

(1) Q-=F(E, O3h) (3.4.60)
where
_ ¥ ol
== s (3.4.61)
(i1) If
A(Q, Q) := QQ+ZQ+QE+T (3.4.62)
Then
A, Q4)=0 (3.4.63)
and
A(Q-, Q) (3.4.64)

is non-singular.

Proof:

See Appendix 3.B at the end of this Chapter. ]
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3.5 Diagonalisation of all-optimal Hankel-norm approximations (extensions)

The construction of section 3.5 together with Lemmas 3.3.1 and 3.3.2 imply that V(s) and

W(s) will block-diagonalise all the optimal error systems (Gy+ F)(s). Moreover, the augmented system

Gy(s) 0
Ga(s) = ‘; . eR3pe (prm)x(pm) (3.5.1)

will have Schmidt vectors [f7(s) 0] and [¢7(s) 0]7 and hence is block-diagonalised by

Vi 0 W 0
Va(s) == fJS) ! Wa(s) := [()5) !
m p

(3.5.2)

The Nehari case will first be considered. F(s) in Lemma 3.3.1 is an optimal Nehari extension of G,(s),

so that

Va(Gat+F)Wy(s) = 0 G+Q, @, (3.5.3)

where a(s) is scalar and all-pass (in fact inner) and Q,,(s)=F(s). Also, the (1,3) and (3,1) blocks of

(3.5.3) are given by

v"Fy4(5)=0 Fyu(s)=0 (3.5.4)

Suppose that

| A B .| A4 B A B
V- = - - ‘U' = ~ - F12 é - N (3-5-5)
C D C dl C D

Then (3.5.4) implies that

A BC |BD
vF,=0<| 0 A |B (3.5.6)
|_ & d4,C |81D J

Since Re(A;(A))<0 and Re(A;(A))>0 the equation

XA—AX+BC=0 (3.5.7)
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has a unique solution X. Introducing the basis change
T=[ ' ] (3.5.8)
in the state-space of (3.5.6) gives
A 0
0= 0

L & d,C—&,X l d,D
Since [A, ] is completely observable by Lemma 3.4.2,
BD+XB=0, d,D=0 (3.5.10)

This now implies that

A 0 0 P 5
V' Fa(s) = 0 A B = _. . .
— _ bC-Ccx Db

l_ ¢ DC-Cx | DD J

0
= ERKZ (3.5.11)
12

Repeating these arguments for F,; W(s) completes the proof of the following Lemma.

Lemma 3.5.1
(3.5.3) holds for a(s) all-pass, Gy(s)€RHT P~Xm=1) gng O(s)eRIED (Prm=1x(prm=1)
Further,

1 G1+Q11 le
7(G) 9 @y,

(3.5.12)

is all-pass.

Proof:
Follows from the discussion of this section. W]

The next result is a state-space version of Lemma 3.5.1; it demonstrates that V(s) and W(s)
will block-diagonalise the entire set of error systems generated by any U(s)€BI6Z; even non-rational
ones. (Recall that E(s)=F g(H(s), U(s)) U(s)€BME where H(s) is given in (3.1.9)). In addition, it

gives a simple state-space characterisation of G,(s) and Q(s) in the case that the Riccati equations
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(3.4.53) and (3.4.54) exist. These realisations will be employed at a later point of this chapter to

establish MacMillan degree bounds for the super-optimal extension.

Theorem 3.5.2

Let H(s) be the generator of all Nehari extensions given in Lemma 3.1.1. Then, assuming that

the Riccati equations 3.4.35 and 3.4.36 have positive-definite destabilising solutions Q and €,

v 0
Hy Hy, w W, 0 oa(s) 0
v Hy Hyy 0 0 I +Q, @
" 0 @y @y
in which
(i) a(s)ER®S and is all-pass, G,ERW]S (M~IX(P-1) geRyger (m+p=2)x(m+p-2)
U B e o 9 ) o'mE | ]
(71) Gi(s) = . N - (3.5.14)
L C| GO QT +T+QQ+E0) 0
(1ii) Q(s) érr-‘(a?A;,+2A11>:—aC‘;UB;) (Q'+I-'2)B, B —ar-lc;c’l_]
—C C(Z+Q7'T) 0 —ol (3.5.15)
—oB | B] ol 0
o,(Gy) has been abbreviated to just o.
Proof:
See Appendix 3.C at the end of this Chapter. o
Remark 3.5.1:
It may be seen from the proof of Theorem 3.5.2 that the decomposition
Vi o0 w, 0 G, 0
H(s = +Q(s 3.5.16
0 L (s) 0 I 0 0 Q(s) ( )

with G,(s)€ERXS and Q(s)ERIZ is independent of the assumption on the existence and non-
singularity of the solutions to the two Riccati equations; the state-space realisation, however, of G,(s)
depends on this assumption. Note also that Theorem 3.5.2 remains valid for the Hankel-norm

approximation case the only change of  notation being the substitution of

Q(S)ERJGSO’ (m+p—2)x(m+p—2)) by Q(s)eRH% (m+p—2)x(m+p—2)(k). 0
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Next, Lemma 3.5.1 is generalised to the AAK case.

Lemma 3.5.3

The generator of all k-th order optimal error systems G,— F(s) can be diagonalised as

0 k4+18(9) 0 0
V;( GG_FV) Wd(s) = 0 GI+Q11 le (3.5.17)
0 Q) @,

in which

(a) a(s) is inner

(8) Gy(s)eIT and Q(s)€WZ(k), with Q(s) containing modes of F(s) only.

G+Q, @
1 1 11 12 . _
—_— - , 3.5.18

() 7 141(Go) Q,, 02 ro alpass (3.5.18)

Proof:

The augmented system G,(s) has Schmidt vectors [f7(s) 0)7 and [¢"(s) 0] corresponding to the
(k+1)th Hankel singular value of Gy(s) and therefore is block-diagonalised by V,(s) and W,(s). The
fact that V,(s), W,(s) and (G,— F)(s) are all-pass, implies that

1 GI+Q11 le

—1 3.5.19

o +1(Go) Q21 sz ( )
and a(s) are all-pass.

To show that a(s) is in fact inner, we consider the product
v(G—F)w(s)=m™ " (G— Fy)w(s) (3.5.20)
= 1 —x == ad d(_s) o : :

where m(s)=Rd" (s)=>m™*(s)=i""(s)d (s):i,l—(—_—s)-eRI}G.(,. The only unstable modes in this product
must be contained in

d(—5) - 5

e AOLAORD (3.5.21)

as a subset of the unstable poles of £ Fy,(s). A straightforward state-space calculation based on a

concrete realisation of F(s) in (3.1.10) shows that all the poles of Fy;(s) cancel. In fact,
€ Fyy(s)=0By— Aja(sI+AT) 'L B, (3.5.22)

On noting that all the modes of a minimal realisation of £"Fy;(s) (resulting from removing all the
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unobservable modes of the pair (A];, A}2)) are contained in the zeros of d(—s) accounts for the

remaining cancellations of all unstable modes in a(s) thereby proving that a(s) is inner.

Finally, to show that the decomposition in (b) is valid, assume that Vg(s), Wy(s) and F(s)

have realisations

) [ A B o0
’ e, la, o
Vis)= V. <0 (3.5.23)
&, Dy 0
Im
00 In
) [ A|B B o |
Wa(s)= J'I ¢ [4 D, o0 (3.5.24)
P olo o0 1
and
[ A5 B |
F(S)é 01 Dn D12 (3.5.25)
Co| Dy 0

with Vi(s), Wa(s)ERIY and F(s)€RIEZ(K). Next, let Fy,(s) admit a right factorisation
.. . - . . -1

A+ByF B, A+B.F B,

Fio(s):=NMYs) |, . . (3.5.26)

in which F is chosen so that A(A+B,F)NA(A)=0. This can be done if no stable mode of A which is

uncontrollable through B, belongs to the spectrum A(A); in fact no such assumption is required (see

Remark 3.5.1).
v"F14(s)=0=>v"N(s)=0 and we may write

B, (3.5.27)

fle

B [ a+b,r B
01+D12F D12 - - -
C,  dy(C+DoF) | dy

Now let X be the (unique) solution to the linear matrix equation
(3.5.28)

X(A+B,F)— AX+B(Cy+D,,F)=0

Since V3(s) is observable through its first output, the basis change
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T=[ é )1{ ] (3.5.29)

in (3.5.27) establishes that

BD,+XB,=0 (3.5.30)
which when substituted back into (3.5.28) gives

XA—-AX+BC,=0 (3.5.31)
A similar argument based on Fy uw(s)=0 will establish the existence of a matrix Y such that

YA—AY+B,C=0 (3.5.32)
and

Dy C—C,Y=0 (3.5.33)
In fact, a long but straightforward calculation based on the proof of Theorem 3.5.2, shows that

(possibly non-minimal) realisations of V,(s) and W,(s) exist for which equations (3.5.30) to (3.5.33)

admit the solutions X=—T and Y=—1. No a priori spectrum assumptions are required.

Forming the product

(vo0 |[e-Fy -F, |[wL 0 ],
0 I || =Fy —Fp || 0 1 |7
i BCc -BG,- -BDb,C | —-BD.D, -BD, |
0 4 0 BC BD, 0
0 0 A B,C B\D, B,
0 0 0 A B, 0 (3.5.34)
Cz DQC —D2éx _Dzbué —D2D11D2 _DQDIZ
0 0 -C, —D,,C — Doy D, 0
and introducing the state-space transformations
7 0 -x o | 1 0 o0 o |
0 I 0 0 0 I 0 0
T, = T, = (3.5.35)
0 0 I 0 0 0 I Y
o o0 o0 I 0 0 0 I
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together with equations (3.5.30) to (3.5.33) establishes the decomposition

v, o || e=F, —F W, 0 G 0 Q. Q
L oo L = +| 2 (g536)
0 I “Fy —Fym || 0 T 0 0 Q, Q,

in which G,(5)€R33 and

I A | By VB, B
Q) =| —D,C+C,x 0 —D,Dy, ERKZ(K)  (3.5.37)
This proves the result. O

Remark 3.5.2

A direct calculation from the state-space formula for the scaled Schmidt vectors gives the

following concrete realisation for Q(s) in terms of Q and Q defined in 3.4.27 and 3.4.34:

Qo) £ [T A48, -0CUB) | (@F4ri)BE —eTiCC ]
—C | C(Z+07T) 0 —ol (3.5.38)
—oB | B ol 0

3.6 Construction of Super-optimal Nehari extensions

In this section a solution to the super-optimal Nehari extension problem is derived. Theorem
3.6.1 below characterises all Nehari extensions which minimise s§°(:); its proof also shows that the
lexicographic minimisation of s°°(-) reduces to a sequence of problems of this type. The construction of
the super-optimal extension is given in Algorithm 3.6.1 and the results of the section are summarised in

Theorem 3.6.2.

Theorem 3.6.1

The family F(s) of all Nehari extensions F(s)€3> which minimise the pair

(s2(Go+ P, s5(Go+ ) (3.6.1)

with respect to lexicographic ordering is parameirised by

F(s)=Fy(s)+V 1 (= Q,,+F1) W' (s) (3.6.2)
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where ‘fFl denotes the family of Nehari extensions to G,(s).

Proof:

The parametrisation of all Nehari extensions is given by
V(Go+F)W= V'Fy(G+F, U)W(s)

= G'FZ( V:(Ga'i'F) Wa, U)(S)

G 0
_| oulGoals) Ue L B3> (3.6.3)
0 Gl+5je( Q’ U) !

The family of error systems is hence diagonalised with all the degrees of freedom in
U(s)€o7 B> only affecting the (2,2) block. This block can then be used to minimise the second
singular value s§°(Go+F)=inf{HG'l+‘:'Fe(Q, Nl Uecrl_l‘iBf}Bf’}. Since QERK, Ueo'BKS and
[1@,, Ull <1, the small-gain theorem ensures that F (@, Ne¥rn>.

As will be shown next, replacing Fy(@Q, U) by a free parameter in %2> does not change the

optimisation problem. Given any ¥F,€362° we set

- -
a1(Go)a(s) 0
Gy+% =V w"
0 G\ +9,
—a (Gpra(s) 0 i 0 0
=v| WV w
0 G+Q, 0 F,-Q,
Gor Ty Fy 01+ V| " lw (3.6.4)
= + » )+ .6.4
o 0 F,-Q,
gives
F()=Fp+V (F1—Q )W €N (3.6.5)

Since F(Q, V)€, s2°(Go+F) is bounded from above by ”G1”H by Nehari’s theorem. Since the
minimisation of ||G,+ F||_ is achieved precisely by the Nehari extensions of Gy(s), ¥,, while the
substitution of Fy(@Q, U) by any F(s)€F, gives rise to an element of &, we conclude that (3.6.5)
generates the extensions in ¥ which minimise the pair (sf"(Go—{-F), s§°(GO+F)) with respect to

lexicographic ordering. |

As a consequence of Theorem 3.6.1, all solutions that minimise s5°(Gy+%) can be
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parametrised in terms of all solutions that minimise s{°(G,+%,) which is a problem of dimension
(p—1)x(m—1). The procedure can continue until one of the dimensions is unity. At this point there is

a unique Nehari extension and the process stops.

Remark 3.6.1

The proof of Theorem 3.6.1 shows that Fy(Q, U), U€oT!BH, generates all (optimal) Nehari
extensions of Gj(s). In fact it is shown in Lemma 3.10.5 that Fy(Q, U) generates all o,(G,) sub-

optimal extensions of G,(s); this is a (strictly) larger set by the result of Theorem 2.7.2.

Algorithm for super-optimal Nehari eztension

The following algorithm will generate the unique superoptimal Nehari extension.

Algorithm 3.6.1

Given any G,(s)ERISP™, this algorithm finds F,o(s ERWZPX™ which is a super-optimal
0

extension of Gy(s).

1) r=rank(Gy)

2) Construct F,, for G, (see 3.1.10)

3) Eo=Go+Fyy

4) Fyo=Fp

5 V=Ip, and W=Ip

6) For i=0 to r—1
1) Find V; and W; (See _) N
2) V=VV | (s) and W=WW (s)
3) Gi+1:=[VliEi W_Li]+
4) Q,~+1:=[V‘_LiEi WJ_.']_
5) Find F;,, corresponding to G (see 3.1.10)
6) Eis1=Gip1+Fip

7) Fso= Fsot V(Fip1—Q, )W

i+l

Note that if in the above algorithm the inner loop [6] was terminated after £<r iterations, the

first €+1 singular values would be minimised.

The results of this section can be summarised in the following theorem.
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Theorem 3.6.2

Suppose we are given a rational Go(s)eRfH}T'(”xm) of rank r, where 1<r<min(p, m). Then ils

(unique) super-oplimal extension F,o(s) is given by

r=2_k k
Fuo(&=Fu()+Y {TTV1s (= QuurtFee) [IW L) }©) (3.6.6)
k=0 "+=0

1=0

where Fyy(s) corresponds to Gy(s) and the matrices V| (s), W (s), Fi(s), @ (s) in (3.6.6) are

(recursively) defined as

V) :(s), W (s) all-pass completions to the scaled mazimal Schmidt pairs
of T g (Theorems 3.4.3 and 3.4.5)

Gr+1(9) (VL (Gr(8)+F) W ], (9)
Qp4+109) (VL k(G(s)+F)W 1 ,]_(s)
Fry1(s) the rational Nehari ezxtension of Gy 4(s) corresponding to

U(s)=0 in (3.1.8).
where k=0, 1, ---, r—2.

Proof:

Follows from the repeated application of Theorem 3.6.1. 0

3.7 Optimal level bounds

In this section the bounds (3.0.5) and (3.0.6) on the levels of the singular values of the super-
optimal interpolating function will be established. The proof is given in Theorem 3.7.2 below. Before
proving this result, however, we need to relate the Hankel singular values of matrices which sum to
form all-pass matrices. The following Lemma due to K. Glover is a matrix generalisation of a result in
[L1] which relates the number of the Hankel singular values of an all-pass matrix which are equal to

one to the number of stable and unstable poles.

Lemma 3.7.1

Let G(s)=G,(s)+Gy(s) satisfy G(s)G"(s)=c>I with G,(s)ERIS and G,(s)ERIZ. Suppose also
that deg(Gy)=n,+n, where n;=deg(G,) and ny,=deg(G,). Then, if n,>n,

(o2 3=1, 2, cty nl_n2

o(Gy) = { (3.7.1)

Ui—n1+n2(G§)SJ z-=nl_112+13 Ty My
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Proof:

Let

A B Ay B,
Gy(s) £ i Gy(s) £ (3.7.2)
C]_ Dl C2 D2

be minimal realisations. By the assumptions of the Lemma,

4 A 0 B,
G(s) = = 0 A, B, (3.7.3)
cC D

L C, C, , D1+D2J

is minimal also. It then follows from properties of minimal realisations of all-pass systems [G1] that

there exist P=P* and @=Q" such that

AP+PA™+BB =0 (3.7.4)
and

ATQ+QA+CC=0 (3.7.5)
with )

PQ=c’I (3.7.6)
Let

- P, P, o= Q Q (3.1.7)

Py Py Q, Q,

in which

Py, Q>0 and Py, Q,<0.

From the (1,1) block of PQ=02I we get,

det(Ma —P,Q,) = det|Ma —(0*I+P,Q,)]
= det[(A—02)1n1+P2Q2]
= (A=0?)"V " et[An,— (01— Q,P,)]
= (A=) """ de[Aln,— P3Q

3]

(by (2, 2) block of PQ=c2I). This proves that
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g 1-_-1, 2, teey Ny—Ng
o(G) = { (3.7.9)
ai—n1+n2(G;) =n—nptl, oy
Since ‘71(Gl)=”G1“H5”01+G2“°°=0' by Nehari’s theorem, (3.7.1) is verified. O

The following inequality may now be established:

Theorem 3.7.2

Suppose Gy(s) RIS is defined in (3.5.12). Then
Ui+1(G0)Zai(Gl) =1, 2, -+, n—1 (3710)

Proof:

For G, and F defined in (3.51) and Lemma 3.1.1, 5,1—1(G6+F) is all-pass with
deg(Gg)=n>deg(F)=n—1. Hence, by Lemma 3.7.1

ai+1(GO) = U;(F.) =1,2, ---, n—1

= inf ||F‘+<I>||oo
deHRZ(i-1)

= inf |1 F+ G+l

SeHZ(i-1)
w0 v, 0
> inf 1 (F + G+ 9®) 1
deR>u-n|] 0 I 0 In
L oo
G‘+Q- Q*
> inf mor g
deIHZ(i-1) @, Q2
L 0o
= o (Q(—s) (3.7.11)
Lemma 3.5.1 shows that
G+ @Q Q
_L_ |t tu e (3.7.12)

a1(Go) Q,, Q,,

is all-pass. Moreover, it is easily verified that @Q,, (or alternatively @,,) is full rank on the imaginary

axis, whence ||G,+@Q,,||,,<o1=>01(G) <o, (by Nehari’s theorem). Therefore by Lemma 3.7.1
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o(G) Lo (Q(—5))<0;.1(Go) =1, 2, oo, n—1 (3.7.13)

Propagating this inequality through the subsequent steps of the algorithm gives (3.0.6). )

3.8 MacMillan degree bounds for super-optimal extensions

The purpose of this section is to carry out a detailed cancellation analysis for Algorithm 3.6.1.
The results show that several cancellation phenomena are quite general and lead to a superoptimal
Nehari extension of surprisingly low order. If deg(Gy)=n, there exist Nehari extensions of degree n—1;
these are optimal in the supremum norm sense. It will be shown that s3°(E) may be optimised with an
extension of degree 2n—3=32_,(n—1). Following that, a simple induction leads to (3.0.7), and (3.0.8)
if the algorithm is terminated after minimising only ¢<rank(G,) levels. The results of this section will

be proved under the following assumption:

Assumption 3.8.1

It is assumed that the required solutions to (3.4.53) and (3.4.54) exist.

We begin by illustrating one of the cancellation phenomena which occurs in (3.6.5) in the =2

problem. From Theorems 3.4.5 and 3.5.2 we see that

deg(V ), deg(W7) ), deg(Q,)) <n—1 (3.8.1a)
which implies that

deg(V) Q, W7 )<3(n—1) (3.8.1b)
The next result shows that

V, QW =J(s)+Fyy (3.8.2q)
in which deg(J)<2(n—1), whence

deg(Fyy~ V) QW) <2(n—1) (3.8.20)
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Lemma 3.8.1

V_LQ“W'_L(S) may be decomposed as VJ_QuW_L(S): J(s)+ Fyy(s) tn which

A; B
| (3.8.3)
CJ -0 U
where
Ay=[ Ant+A(45,0-C,C)  —QITN(@4TTIE)B B B
0 Ap+(QA3- B B3) Ay (3.8.4)
. [ Q@4 TIn) BB B B .
7 BB B +Q43,B, h
C=|  CLCLCHCALe —(C, S+ UB)Q™! ] (3.8.6)
Proof:
From (3.4.55) and (3.5.15) we see that
An+Ap(ARQ-CC) QTG C)
ViQ, = .
C-LCJ_CI+CZAIQQ C‘_L
I Y(o%4;,4+ZA,, -0 C; UB;) (Q4T7'%)B, 87
(3.8.7)
—C | C(E+Q7'T) 0
[ AptAn(AQ-CC) QTG0 C) (2497 0
=3 0 I Yo%4;,+L4,,5—0 C,UBY) (Q'4+17'2)B, B
C C| C+ CATQ —C'| C | C(Z+Q7'T) | 0 _|

Introducing the change of basis

I =Q°r
T = 0 ; (3.8.8)

shows that V| @,,(s) is equal to
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A+ AL(AT.Q—-C5C)) A1, 2) -Q7'N(Q4+I7I8) B, B
( 0 IY(c?A54+EA,, E—0 ClUB)) (Q'+T7'5)B, B .l
|_ CLC | CHCATLQ aa, 2) | 0 _|
(3.8.9)

in which
C(1,2)= —C| C| C\T+C,ALT
= — () C) C,E—Cy[~(A1;E+0Ay) E+0(Ay Z+0A)]
= — (" C| CE— C;C;C,T+0 C,B,B}
= —CZ—oUB; (3.8.10)
by (3.1.1), (3.1.2) and (3.1.5); also

A(L,2)= —Q7ICIC C) Cy(S+Q7'T)+[An+Ara(ATQ - G5 C)]Q7'T
—Q o2A}+54,, 5~ 0 CiUBY)

Invoking the Riccati equation (3.4.53) gives

A(1,2) = —QHCC C) CiE+0 AL+ A E— 0 CUB (AL — C1ChAT)T}
Substituting from (3.1.1), (3.1.2) and (3.1.5), and cancelling terms gives

A(1,2)= —Q7HCIC7 C| C\Z+ClC,C5C E+(A], Z+ZA,)E} = 0 (3.8.11)

by (3.1.5) and the orthogonality of [C, C7y]. Hence V { @, W7} may be written as

[ A4 A(AL—CC) 0 —Q (411D B BT '
0 IY(o?4A1,4+ZA,,2—0C UB]) (Q+I7'5)B,B"| .
C'\C C+CA5Q  —(CiS+0UB}) | 0 _|

Ay +(QA3,— B B3) Ay BlBlBJ_+QA;132

B, B! B,
[ Ay 4 A(AT9 - C50) 0 —Q7'r(Q-14TIT)B, B B B | B1LY) |
0 I Yo?4],+Z4,, -0 C;UB)) (Q'+I"'%)B, B B BiQ! B(2,1)
0 0 Ap+(QA3— B B3) Ay B(3,1)

(3.8.12)
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where we have defined,

B(1,1)= —Q7'IN(Q~'+T"')B B B | (3.8.13)
B(2,1)= (Q7'+T"'5)B,B" B (3.8.14)
B(3,1) = B,B"| B | +Q143,B, (3.8.15)
The change of basis
I 0 0
T=| 0 1 -=Q7 (3.8.16)
0 0 I
shows that V; @, W7 is equal to
[ AL+ A (A0 = CoC,) 0 —Q (@ 47188, B B B | B(LL) ]
0 I }o2A},+ZA;,E— 0 CiUB;) A(2,3) B(2,1)
0 0 An+(QA3— BiB3) Ay B(3,1)
C| C | Ci+CsALLA —(C\Z+0 UB}) —(C,Z+c UB)Q™! 0
(3.8.17)
where
B(1,1)= —Q7'I(Q'+I"'%)B, B B | (3.8.18)
B(3,1) = B,B"| B | +QA3; B, (3.8.19)
and
B(2,1)=T"'£B,B"| B | —A3,B,
= F*I{EBIB‘:LBJ_+[-—-E(GA12+2A;1)+0'(A;10'+2A12)]BQ} (3-8.20)
which by (3.1.1) and (3.1.2) becomes
B(2,1) = I"Y{£B,B’| B | +ZB,B3B,—0 C]C;B5}
=TI"YEB+o CiU} (3.8.21)
Also
A(2,3)= (U +T7'D)B, B B BiQ ' —Q (A}, — BBy Agy) — A3 Ag
+I Y0245, +ZA,,S—c C{UB)Q! (3.8.22)

Substituting the Riccati equation (3.4.54) gives

A(2,3)=(A;;—B,B3A4)) Q@ '+T7'SB, B B | BiQ4 4T} (024;,+ 54,2 -0 C{UB)Q™!

Invoking (3.1.1), (3.1.2) and (3.1.18) and simplifying gives
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A(2,3) = T"YZ?4],+£A,,S+5B,B"| B | Bj+LB,B;B,B;}Q™*
which by (3.1.1) and the orthogonality of [B; B|] gives
A(23)=0 (4.16)
This last equation (ie (3.8.23)), together with (3.8.17) produces the decomposition in (3.8.2a). 0

Remark 3.8.1

Should the assumption on the existence of the Riccati solutions Q and §) fail, the proof of
Lemma 3.8.1 would still be valid by defining Q and Q via (3.4.38) and (3.4.43) and replacing proper
inverses by pseudo-inverses throughout. Consider for example the term C(1,2) defined in (3.8.10); this

becomes
C(1,2) = —C| C | CiE+CALQ0%T
Invoking the transformation T, defined in (3.4.33),

0

= * I » T - -
Al'.’QQ#: Al'.’T;[ 0 0 ]Tl_ =[ Al 0] Ty "=A7,

so that C(1,2) in (3.8.10) remains unchanged. Further, the nonsingularity of the reduced Riccati

equation solution Q, (Lemma 3.4.4) shows that
(An—AwC;Cl)Q#'*'Q#(Au—AmC;Cl)Q#'*‘AnA;z—Q#chclclﬂ#zo

which accounts for the output decomposition (A(1,2)=0) of the Lemma.

Removing the uncontrollable and unobservable modes associated with the rank defect of o

and 0% in the state-space of (3.8.4) to (3.8.6) shows that in the general case,

deg(J) < deg(f)+deg(g)—2<2(n—1)

where f and ¢ denote the maximal Schmidt vectors of T’ Gy B

Remark 3.8.2

Algorithm 3.6.1 is a sequential updating scheme of the super-optimal extension Fy,(s), of the
form Fii':=¢(Fi,, F;), where each Fy(s) is defined as a particular Nehari extension of G;(s). The choice
of Fi(s) made at step 6.5 of the algorithm, however, is far from being the only possible one. In fact, the

algorithm would remain valid if Fi(s) at this step is chosen as any Nehari extension ¥F,(F, U) of G;(s).
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Using the equations arising from the (1,3) and (3,1) blocks of 3.5.3 shows that the decomposition in

Lemma 3.8.1 may be generalised to
V1Fe(Q YW = J(s)+F(F, 1) (3.8.23)

for all Uco B>, Since

Fuols) = Fo(F, U)+V 1 Fo(Q WL +V FIW

—J(S)+V  F W (3.8.24)

the “updated” super-optimal extension constructed at step 6.7 depends only on the choice of F; , made
at the current step. Since finally a rank one Nehari extension problem is encountered, the corresponding

extension F,_; at the last step is unique and therefore so is Fso. O

Substituting (3.8.2a) into (3.6.5) gives
Foo(8)=V  F,W | —J(s) (3.8.25)
in which &, represents any rational Nehari extension of G;(s). In the next result it is shown that
deg(Fso)<n—14deg(F,) (3.8.26)
Since deg( G,;)<n—1. there exist F,(s) such that

deg(Fy0)<2n—3 ' (3.8.27)

Lemma 3.8.2

Suppose that

4 s
Fi(s) = b (3.8.28)
is any rational Nehari extension of G,(s). Then
Ar Br
Fso(s) = —J(5)+ V_Lgl W_j_ < (3829)

Cr Dr
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where
Ao AptAp(A10— G 0)) o 'cicy ¢
= 0 A
5 Q™ Y(ZB,B"| B, +C{C"| DB ~T' A3, B,)
F= T - e
BB —Piy( BB’} B +QA1,By)
and
Dp= C._LDB_L-*-O’U
Proof:
We begin by noting that
=J(s) Vi(s) |,| A B
Wiss 0 | | C D
with
A=| Ap+A(ALQ—C5C) —Q7'IN(Q74+T7!)B, B B BiQ!
0 An+(QA5 — B, B3) Ay
5 QINQT4+T'Y)B B B | Q¢
— BB B —QA3 B, 0
C C]_CJ_CI'*‘CzAIgQ —(CIE’*‘O' UBI)Q-I
B 0 - B, Bi0™
and _
clU C
D= +
B, 0

(3.8.30)

(3.8.31)

(3.8.32)

(3.8.33)

(&83@

(3.8.351)

(3.8.3517)

(3.8.351i)

(3.8.35i)
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Applying Lemma 1.1.1 to (3.8.28) and (3.8.34) gives that F,,(s) has a state-space realisation

Apt+A(A1,Q—C50) A(1,2) Qlcic ¢ B(1,1)
0 Ay +(QA3,— B B3) Ay 0 -B1BlBL—QA§1Bz
0 BB BiQ! A BB
C"| C | Ci+CrATQ c(1,2) ¢\ C oU+C | DB
(3.8.36)
where
A(1,2) = —Q7'(Q4+T7'8)B, B B BiQ~'—-Q~ICiC" DB B!
B(1,1) = QYI(Q'+T~'T)B,B" B +C;C" DB}
C(1,2) = —(C, =40 UB)Q'~C | DB BiQ™!
Next, we put (3.8.36) into a more convenient form by introducing the basis change
I Qrat o
T= 0 I 0 (3.8.37)
0 0 I
so that F,,(s) becomes:
[ A+ An(A50-C30) A(1,2) QiCC C B(1,1) i
0 Ay +(QA3 — By B3) Ay 0 —BIB:LBJ__QAEIBZ
0 — BB BI0! A BB
C7.C | Ci+CrATQ C(1,2) cC c DB,
(3.8.38)
where
B(1,1) = Q"YTB,B"| B +C;C| DB —T A3 B,}
The terms A(1,2) and C(1,2) can be written as
0(1,2) = —{(C,Z+0 UB})+C" DB Bj+C7| C| C,Q™'T+C,A;, T}
={-CE-C DB | B;—C" | C| CQ'T+C,CoC T} by (8.1.1)
= —{C" DB Bi—C" C | C,(Q7'T+E)}Q! (3.8.39)

A(12) = -Q7'N(Q'+T7'2)B,B° B BIQ'-Q71C1C" DB | BiQ!
+Q7TQ T A +(QA5 — BiB3) Ay — [An+A15(41,Q— C5C)]Q7' T
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Invoking the Riccati equations (3.4.53) and (3.4.54) gives

A(1,2) = ~QYT(Ay—Bi1B3Ay) +EB,B] B Bi—(An~AnCC) T
-qQ-'cicr DB B —-a icicy Q7T

Several substitutions from (3.1.1), (3.1.2) and (3.1.5) yields after cancelling terms

A(1,2) = —Q7lciC C G(E+7In)Q -7 C[C" DB B! (3.8.40)

The cancellations predicted by this lemma rely on the fact that every member of the class

F,(s) must satisfy certain bounded real type equations [L6]. Since F,(s) is the class of all (rational)

Nehari extensions of G,(s), the corresponding error systems (8(s)) are given by

8(s)=G,(s)+F1(s) = — A1— A5 (A Q— B, BY) 0 N
0 A B (3.8.41)
|_ CL GO QD4T+Q0+20)  C | b

and the required bounded real-type equations are [L6]:

— A= An(AnQ—ByB]) 0 Py P
0 A P}, P,
N Py, Py An+(QA3 — B B3) Ay 0
P}y Py 0 A
Q'BB |1 iy 0
T . B Bt B ]+ [ 0 . }: 0 (3.8.42)
and
-1 SR aTe ; Py Py
[ C | QO QE4T+00+50) & ] !
P2 Py
+ D[ B BQ' B :|+[ 0 - }: 0 (3.8.43)
A long and rather tedious calculation based on (3.4.53), (3.4.54) and (3.4.59) verifies that
Py =(QE+T+20+£0) " H(T+Q5)0! (3.8.44)

in which the indicated inverse exists by (3.4.64). The last transformation we require is
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1 0 0
T= 0 I 0 (3.8.45)
0 P;Q I

which is applied to (3.8.38). This shows that Fy,(s) is equal to

A+ A(ALQ—C50) A(1,2) Qlcic C B(1,1)
0 Ap+(QAS — B1B3) Ay 0 —B,B"| B| —QA5B,
0 A(3,2) A B(3,1)
|_clc | C+CyA},9 €(1,2) c.C oU+C" DB _]
(3.8.46)
where
A(L2) = =Q7ICiC {DB B+ C | C(Z+Q7'T)Q 7+ C Py}

—Q7ICIC {C ) C(E+QTT)Q - C | O HQEHT+QO+EQ) Py,
by the (1,1) block of (3.8.43). Therefore,
A(1,2) =0 by (3.8.44)

Also
A(3,2)

—BB | BiQ ' — AP+ Piy[A+(QAS, — By B3) A5y]=0 by (2,1) block of (3.8.42)

C(1,2) = —C DB B~ C C, C(Q ' T+E2)Q7 1~ C | C Py
—CLC) G T+D) 07 - Q H(QE4T+QO+2Q) Py,
=0

on using the (1,1) block of (3.8.43) and (3.8.44). Finally,

B(3,1) = BB Pi,(B,B"| B +QA3B,)
B(1,1) = Q7'TLBB B +Q7'CiC DB —Q"'T A3 B,

Removing the unobservable modes associated with the second block row and column in (3.8.46) yields

(3.8.29) and completes the proof. ]

The next theorem summarises the results of this section.

Theorem 3.8.3

Under Assumption 3.8.1, any rational iransfer function GO(S)ER%f'(pxm) has a (unique)

superoptimal eztension Fy,(s) with a degree bounded by



A state-space analysis for a class of H® optimal conirol problems -161-

min(n,r)

deg(Fyo(s))< Y5 n—k (3.8.47)
k=1
where r=rank(Gy(s))<min(p, m) and n=deg( Gy(s)).

Proof:

Suppose first that n>r. Referring to Theorem 3.6.2 we recall that the super-optimal extension

is generated by

r=2 _k k
F,o(s)=Fo(s)+kZ[ Hovl.- (= Qe Ferd)(JITW LD 1(9) (3.8.48)
=0 st= 1=0

or, equivalently, by the recursion

Fyo(s)=5p05,0 -+ °Sr—2(Fr—1(5)) (3.8.49)

where
Sk(')=Fk(s)+ V_Lk[_Qk+1+()] W_Lk ’7—_0, 1» Tty r—2 (3-850)

F,._y(s) is the unique extension to the rank 1 transfer function G,_,(s), and the matrices V; ,, W ,,

@, Gy and F are generated recursively (See Theorem 3.6.2).

Applying Lemma 3.8.1 to each of the S;’s gives
Si()==JL(8)+V | ()W (s) k=0, 1, ---, r—2 (3.8.51)
We also recall that

deg(Gp)<n—k = deg(V | ,)
} < n—k-1 (3.8.52)
deg(W ,)

and

deg(J) <2(n—k—1) (3.8.53)

We complete the cancellation analysis by applying Lemma 3.8.2 to (3.8.51). This result says

that if (-) is any rational Nehari extension to G,4 1, then
deg(Sy)=n—k—1+deg(+) (3.8.54)

Noting that Si(s) is a rational Nehari extension to G,(s) allows us to use Lemma 3.8.2 iteratively. In

the case that r<n this gives
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r
deg(F Z (3.8.55)

In the case that r>n we get

deg(Fyols)) < i (3.8.56)
Combining (3.8.55) and (3.8.56) gives (3.8.47). 0
3.9 Example

In this section we demonstrate the algorithm and illustrate the results with the aid of an

example. Let us suppose that Gy(s)ERIET" (3x3) i given by

[ -1 1 0 i ) 0
0 -2 0 ! ! 1
Go(s)= 0 0 -3 2 2 1 (3.9.1)
1 Z1 2 0 0 0
2 3 0 0 0 0
B 1 -5 -1 0 0 o

Inequalities (3.0.5) and (3.0.6) are illustrated first. Table 3.9.1 contains a list of the ¢,(G,)’s
which are seen to satisfy both (3.0.5) and (3.0.6).

Go(s) Gi(s) G(s)
oy(+) 4.6925 1.0442 0.12908
oo-) 1.4132 0.1294 0
oa(+) 0.3097 0 0

Table 3.9.1 Hankel singular values of the G;(s)’s

Figure 6 shows how each of the frequency response singular values of the error system are
minimised in turn. Fig. 6(A) shows that s{°(-)=4.6925 and is consequently optimal. The other two
singular values do not exhibit an all-pass characteristic. In Fig. 6(B), s5°(-) has been optimised and is
given by ||G||,=1.0442. As one would expect, s{°(-) remains unaltered. Finally, in Fig. 6(C) the
super-optimal error system is illustrated. In this figure we note that all the singular values show all-

pass characteristics with
ST (Got+Foo) = 0y(Gy) =0, 1, 2 (3.9.2)

The MacMillan degree of the superoptimal extension is 3 which is in accordance with (3.0.7).
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3.10 L°°/L? and maximum-entropy optimal Nehari extensions

In this section a number of mixed-type problems will be considered. For G(s)€RL?, the £2 and

the £°° norms have been defined as

1613= & [ trace 6°(jw)Gliw)] do (3.10.1)
and -
IIGllw=sgp 7(G(jw) (3.10.2)

respectively. Consider the minimisation

in_ ||G+Fl|, (3.10.3)
for a=2 or oo: For the case a=2 the optimal solution is simply obtained by projection as
Fopt(s)=—G(00)=0. The case a=oco corresponds to the Nehari extension problem which has been
considered in detail in previous sections. For scalar problems the optimal solution F(s) is unique and
the optimal error G+ F may be characterised in terms of (the maximal) Schmidt pair of the Hankel
operator whose symbol is G(s). In the case of matrix-valued problems, however, the solution is hardly
ever unique and in general may be parametrised in terms of a linear fractional map of an (arbitrary)
unstable contraction (see Lemma 3.1.1). In either case, imposing an £%-norm in the minimisation
(3.10.3) makes the largest singular value of the optimal error system constant over all frequencies.

Writing the definition of the 2% norm as

||G+FH§= 2—1— /trace[(G-{—F) (Jw)(G-I-F)(]w)
=2L/ .r MG+ F)'(G+ F))(jw)dw

=§1—/ 3 s3(G+ F)(jw) dw (3.10.4)
0

we see that the optimal £ solution corresponds to an infinite £2 cost. It follows, that if we wished to
use the degrees of freedom that are available in the solution set of the multivariable Nehari extension
problem in order to minimise some measure of an £>-type cost, we would have to restrict our attention
to the smallest r—1 singular values. The first problem that will be considered in this section may be

formally expressed as follows:

[93] : Let G(s)eRW>(™P). Find an F(s)eR%™ such the pair

' o

\8

(|| G+F||_, L& Zs (G+F) (]w)dw) (3.10.5)

Yoo 1=2
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is minimised with respect lo lezicographic ordering. (r<min(p, m) is the (normal) rank of G(s) in C).

0
This is equivalent to minimising
G r
B= 2%_ / s G+ F)(jw)dw (3.10.6)
Yoo 1=2

in the family of Nehari extensions of G(s). Intuitively, (3.10.6) represents the output energy G+ F(s)
when it is driven by white noise of unit intensity constrained to lie in directions orthogonal to the

maximal Schmidt vector of T'g.

For G(s) such that ||G]| <7 and s,€C,, entropy at s, is defined [L6], [M1], [G7] as

det(I—;l—ﬁG'(jw) G(jw))‘ (&30))2 dw (3.10.7)

2 oo
oo g )=
I(G,'y,so)_27r /ln -
—o00

Note that I is non-positive and that I(G;v;s,)=0 if and only if G=0. We also note that if F denotes the

family of Nehari extensions of GERIS and o=||G||y, then
I(G+F;o;s5)=—o0c for all FEF, seCy (3.10.8)

Rewriting the definition of the entropy function as

1 —%sf( G(jw))’ (RC(SO))Q dw

Iso-je|

9
1(0;7;50)=;7/.

T
In
Yooi=1

1— :yl—zsf( G(]w))’ (M)z dw

lso-jw]

2 o3 r o
of - R :
+ 7—-7/ In l—ﬁs{(G(Jw))l (lsoef;:)l) dw
_°°i=2
= I)(s,)+1(Gi;s0) (3.10.9)

we define the second optimisation problem to be addressed in this section:
P4]: maz I(G+Fio;s 3.10.10
[P4]): maz K y (3.10.10)

It is emphasised that the assumption on the uniqueness of the largest singular value (Remark 3.1.1)
remains in force throughout this section. If this assumption fail, no finite cost solution exists for either
[P3] or [P4]. In this case [P3] and [P4] may be redefined by considering the sum of the r—¢ smallest

singular values of the error system, where ¢ denotes the multiplicity of o,.
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Generators of sub-optimal Hankel-norm approzimations/ Nehari eztensions

In this section it is shown that Q(s) defined in Lemma 3.5.1 acts as a generator of all o(Gy)-
suboptimal extensions to G;(s). The proof relies on a characterisation of sub-optimal generators given
in Lemmas 3.10.1 to 3.10.4 together with a result on the position of the system zeros of Q;,(s) and
@Q-1(s). The characterisation of sub-optimal generators is given in terms of Hankel-norm

approximations which contain the Nehari case as a special case.

Lemma 3.10.1

Let - -
A 0 |B o0
G+F, F 0 A |B B
E(s)=7 IF B Fn ="¢ ¢ 01 12 (3.10.11)
21 22 1
0 C,| I 0

a minimal realisation of an all-pass matriz function with Gy(s)ERIT and Q(s)ERICZ(K). Let the

grammians of this realisation be

£ P, T Q,

P.= - 3.10.12
°“J e, o, (310:12)

where we have assumed without loss of generality that (A, B, C) is balanced. Then, all solutions 1o the

equaiion Pchza'QI subject 1o the constraint In(Pg2)=In(Q,,)=(k,¢,0) are given by

It oo - LT 0 .

Py=T =T" T 3.10.13
22 0 —ol, @22 0 —ol, ( )
Po=[1I|0]T Q.,=[-T|0] T (3.10.14)

where T=S2—g2l Further, £>n-k and the zero columns of P, T~" and QuT are present only if

€>n-k.

Proof:

The proof follows by a slight modification to the proof of Lemmas 8.2 and 8.3 in [G1].

Next the definition of the linear fractional composition of two systems is given.
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Definition 3.10.1

For H(s)GR(p+m)x(p+m)(s) and I?(S)ER(Hm)'(”m)(s) partitioned as

Hy, H i B, &
Hs)=| T = MU (3.10.15)
H?l H?? H21 H??

in which Hu(s)elRpxm(s) and fz’ll(s)ERpxm(s) such that (I—HyoH,\)™" ezists, the linear fractional

composition of H(s) and H(s) is defined as

F,(H, Hy) Hy(I-Hyy Hyy) 7 H R+

H(s)®@H(s)= - - -
(@A) Ho\(I—Hypf1y) ™ Hyy Fu(H, Hyp)

where F (-, -) and Fu(- , ) denote the lower and upper linear fractional maps respectively. O
Note that if

H(s) : [ 121 :|—+[ '1:71 j] . H(s) :[ ynz :l-—»|: ;2 :' (3.10.16)

HeH(s) : [ Z’ jl—»[ ‘y" ] (3.10.17)

then

From the definition of the linear fractional composition the following properties may be easily

established whenever the compositions are well-posed:

(1) (H,® H,)@ Hy=H,®(H,@ H3)
(i) FHOH, U)=F ,(H, F,(H, )
(1#) If H(s) and H(s) are all pass such that
= 0 I 0o I
o el ]
then,

H(s)®1?(s)=[ﬁ ” and f](s)@H(s):[? ”

The next Lemma characterises matrix functions in R362°(k) which are all-pass completions to
(an augmented) stable matrix function, in terms of a linear fractional composition of two systems; the
first of these is an element of R}>(k), has minimal degree, and all system zeros of its off-diagonal
blocks lie in the ORHP (so that it acts as the generator of all sub-optimal extension constructed in

[G3]) while the second is anti-inner. It is assumed for simplicity (and without loss of generality) that
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the largest Hankel singular value of G,(s) is equal to one.

Lemma 3.10.2

Let [ 4 o I B 0
Gi+Q, @ L0 4 B, B, (3.10.18)
Qn sz ¢ G| 0 I
0 C,| I 0

be a minimal realisation of an all-pass matriz function with Gy(s)ERKT. and Q(s)ERWZ(k). Suppose

also that dim(A)=n and dim(A)=0+k with ¢>n—k. Then,

(1) Q(s) decomposes as Q(s)=H(s)® H(s) in which

(a) H(s) is completely unstable and all-pass of degree L+k-n.

(b) [GI;HU f]l? } is all-pass; further H(s)ERWZ(k) with all the zeros of its off-
21 22

diagonal blocks Hyo(s) and Hqy(s) in the open right half plane.

(1) Every system zero of Qa(s) (Q(s)) that lies in the LHP is a system zero

of E12(s) (f]'zl(s))

Proof:
Applying Lemma 3.10.1, we may partition the state-space of (3.10.18) as

A 0 0 B 0
Ae=| 0 Ay Ap | B.=| By By
0 Ay A By, Bs,
) ) (3.10.19)
¢ e, 6 0 I
Ce = - “ Dez
with corresponding controllability and observability grammians
x I 0 ¥ - o0
-1
P.=| I LT 0 Q={ - ZT 0 (3.10.20)
0 0 —11 0 0 _Il

(Note that without loss of generality we have assumed that (A, B, C) is balanced and have chosen the

basis T=1 in Lemma 3.10.1). The all-pass equations corresponding to (3.10.18) are
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A.P.+P.A:+B.B. =0 (3.10.21)
and
CeP+D.B; =0 (3.10.22)

which may be expanded using (3.10.19) and (3.10.20) to yield

AT+ZA+BB"=0 (3.10.23)
A+ A+ BB} =0 (3.10.24)
A3+ BB3=0 (3.10.25)
AnEZT 42T A} 4 By, B} 1+ B, B} =0 (3.10.26)
A;,— ST A5, — By By — By, B5,=0 (3.10.27)
Agot+A3y— By By — ByyB3=0 (3.10.28)
and
CT+C,,=0 (3.10.29)
C+C ST 4 B},= (3.10.30)
B3,—C,,=0 (3.10.31)
Co+B"=0 (3.10.32)
C,, ST+ B;,=0 (3.10.33)
B3, —Cpy=0 (3.10.34)
respectively.
Now suppose that H(s) and H(s) are defined as
[ 4 By By | [ Ao | B B |
Hs)E| Ch | 0 I H)E| Cp | 0 I (3.10.35)
[ Cul T 0 J [ Coppl I 0 J
Suppose

H(s) ;[ 1(;1 }—,[ ”51 ] and  H(s) = [ 52 ]ﬁ[ ;’;] (3.10.36)

Eliminating £ and ¢ shows that

~

én 012 ( ;111 Bwélz )_ Bu 312 0
. R sl — . . . - +
Ca Co By Cyy Agz By, Bi

—~
o

maps [u," uzT]T—»[le sz]T. The all-pass equations (3.10.25), (3.10.33), (3.0.32) and (3.10.31) prove
that
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;112 :EI‘—IA;l-I-B“B;l‘f'..BmB;g
=YTY(— BB3,))+B,, B3+ B,,B3,
=—STY(B+C3,) Bsi+ By, B3,

=B,,C,, (3.10.37)

while (3.10.25) and (3.10.32) show that
Ay=—ByB"=B,,Cy, _ (3.10.38)

which establishes the required fractional decomposition of Q(s).

To verify i(a) and i(b) for this decomposition, we note using (3.10.28) that H(s) is completely
unstable, while (3.10.28), (3.10.31) and (3.10.34) establish its all-pass character. The inertia properties
of A, follow by (3.10.26), while the positions of the zeros of H,,(s) are established by noting that

1‘411_3126‘11 =_A‘_B11B‘+F-1C-CE
=— AT IZ(AS4+ZAT) — T HZA+ATE)E
=T AT (3.10.39)

on using (3.10.24), (3.10.29), (3.10.30), (3.10.32), (3.10.34), the definition of I' and the (1,1) blocks of
(3.10.21) and its dual. A similar calculation proves that the zeros of H,(s) are also located at —A;(A).

Finally,
det( Hyp(jw)) #0 = || Hapa(jw)l] o<1 = ||H22(jw)f{n(jw)||°°<l (3.10.40)

and the fractional decomposition is well-posed.

To show (ii) note that

}»

A B .. y B (¢
Au An 3 B12 |: Cn Cu } _ 1?11—?126:11 ) 0 )
21 22 22 A21~B22011 A22_B22012

on using (3.10.37). The result follows on noting that by (3.10.39) all system zeros of H,,(s) lie in the
ORHP. This concludes the proof. m}

The next Lemma characterises all matrix functions which act as generators of Nehari

extensions for G,€RIT.
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Lemma 3.10.3

Let

G+ Qu le
Qm sz

be all-pass with G(s)ER®P*™ and Q(s)eRI1Z PH™XP+™) 1y 4nd suppose that all system zeros
of @Q15(s) and Qyy(s) in a minimal realisation of Q(s) lie in the ORHP.
Then:

(?) ?Fe(Q, U) generates all approzimations F(s)€IZ(k) such that || G+ F|| <1

(i1) If F(s) denotes the generator of all sub-optimal approrimations given in [G3)] for which

(a) deg(F)=deg(G,)

0 I
(8) F(oo)=[ 0 ]

then,

F(s)=o(s)®[ T, }Q‘(OO)[ T } (3.10.41)

Proof:

Since all system zeros of @,,(s) and @s;(s) lie in the ORHP, del(Q;5(>0))7#0 and
det( Qo,(00))#0. Since

Q11(00) @1a(0)
00)= 3.10.42
“le) @Q21(00)  Q@25(0) ( )

is unitary and its off-diagonal blocks are invertible,

7(Qaa(o0)) <1 (3.10.43)
Defining
@(s)zQ(s)@,Q‘(oo)—_- ge(Q, Q32(c0)) Q21— QSz(W)sz)_lez(oo)
@31(00)(I— 022Q32(00) @y m([ o ob }(«a), @)
where

Q'(ao):[? j}@'(oo)[ﬁ (’,J (3.10.44)

and noting that due to (3.10.43) the composition is well-posed, we conclude that
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Q(c0) =[ f z ] (3.10.45)

In addition, the system zeros of Q,,(5) (Qa(s)) coincide with those of Q4(s) (Q;o(5)): If, for example,

Q(s) has a state-space realisation

[ 4]5 5 |
Qs)=| G| Dn Dy (3.10.46)
Co| Dy Dy

it may be shown by a straightforward calculation that

A+ By(I—D3,D45) "' D}, C, By(I—D35D55) "' D}s

. . . 1. (3.10.47)
Ci+Dyo(I— D33D55) ™" D15Cy D\5(I—D33D,,)" Dy

612(3)=

with Q(s) and Q,,(s) sharing the same A-matrix. The system zeros of Q;,(s) are located to the

eigenvalues of
At By(I—= D3y Da3)™ D} Cy— BoI— D Dy2) ™ Diad Dyo( 1= D3y D) Dip} = Gyt DyalI—= D D) ' D3 o
= A—B,D;}C, (3.10.48)

so that {system zeros of Q,,}={system zeros of Q,,}. A similar calculation shows that the system

zeros of Q,,(s) are identical with those of Qy,(s).

Next, since

G a12

21

G+ .
_| GFQe O ® §*(c0) (3.10.49)
22 Q2l Qs

Ol Ql
©

|+
Q

with G,+@Q all-pass and Q*(co) unitary, we conclude that G,,+Q(s) is all-pass also. This implies that

we may obtain a decomposition
Qs)=H(s)® H(s) (3.10.50)

along the lines given in Lemma 3.10.2. Next note that since, by assumption, all system zeros of @,
and Q,; (and hence also of Q,, and @,;) lie in the ORHP, H(s) (being completely unstable) must be

the constant matrix

i 0 I
B = (3.10.51)
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To establish this fact, suppose for contradiction that H(s) has a (dynamic) minimal balanced

realisation
4] 5 |
Hs)=| ¢ |0 I (3.10.52)
C, | I O

The all-pass character of H(s) shows that the equations

A+A*—BBi—B,B5=0 (3.10.53)

C\=5; (3.10.54)
and

C,=B; (3.10.55)

are satisfied. Hence, since the system zeros of H,,(s) and H,,(s) lie in the ORHP,

X (A—B,B3)<0 (3.10.56)
and

Ai(A—-B\Bj)<0 = X, (A™—-B,B})<0 (3.10.57)
and in view of (3.10.53), (3.10.56) and (3.10.57) cannot be satisfied simultaneously.
Since by the proof of Theorem 4.1 in [G3] the conditions
(i) Gy,+Q(s) all pass with G,,€3% and Q€¥
(i1) deg(Gy)=deg(Q)

(iii) Q(oo):l: T }

determine Q(s) uniquely, we conclude that Q(s)(=H(s)) is the generator constructed in [4] and
consequently ‘.Fe(@, BIT) generates all F(s)€IZ(k) such that ||Gi+F|| <1. To show that Q(s) is

also a generator, note that

F (@ BHX) =% (Q® Q"(0), BH)
=F,(Q, Fy(Q(c0), BIL)) (3.10.58)

Since Q*(co) is unitary with non-singular off-diagonal blocks the map
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XeBHX—F ) (Q7(c0), X)EBHZ (3.10.59)
is a bijection and consequently
F(Q, Fy(Q7(00), BK))=F (@, BX) (3.10.60)

This concludes the proof. O

In the case of sub-optimal Nehari extensions the conditions of Lemma 3.10.3 may be simplified

by replacing system zeros of the off-diagonal blocks with MacMillan zeros. This is shown next.

Corollary 3.4:
Let
G+ Qu Q12
Q21 Q22

be all-pass with Gl(s)ERI}ﬁf"(pxm) and Q(s)eRI}{f’(Hm)x(Mm) and suppose that all MacMillan zeros
of Q2(s) and Q,(s) in a minimal realisation of Qs) lie in the ORHP. Then ?fe(Q, U) generates all
extensions F(s)€XZ such that || Gi+F||_<1.

Proof:

Using the decomposition of Q(s)=H(s)® H(s) in Lemma 3.10.2,
Q12(3)=H12(1—I.{uH'n)_lle

in which H;,€X%> has all its MacMillan zeros in the ORHP while H,,H,,€ B> and H,,€¥%%>. This
implies that every MacMillan zero of H,, which lies in the LHP must be a MacMillan zero of Q,,. By

assumption, therefore, H,, is free of any such zero (and similarly for ).

Next, following the proof of Lemma 3.10.3 we see using (3.10.53) to (3.10.57) that if H is
dynamic there exists at least one system zero of H,, (H,,) in the LHP; since this cannot be a
MacMillan zero it must be a non-minimal (uncontrollable/unobservable) mode. This however is

impossible since by (3.10.53) the A-matrix of H(s) is completely unstable. a

Remark 3.10.1

Lemmas 3.10.2 and 3.10.3 show that the generator of all sub-optimal extensions constructed in
[G3, Theorem 4.1] is essentially unique (up to a linear fractional composition with a constant unitary
matrix). All-pass completions F(s)€X2(k) to G,(s):=G,®0, with deg(F)>deg(G,) introduce
minimum-phase system zeros to the off-diagonal blocks F,,(s) and F,,(s). Using the decomposition

F(s)=H® H established in Lemma 3.10.2, we see that all these system zeros are inherited by the off-
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diagonal blocks of H(s). Note also that if H(s) is dynamic ‘.Fe(fl, BI>) reproduces, in general, only a

strict subset of B35, This may be seen by considering the example

s+1
3

. 0 =i
F,(H, BHX)=F U axe =(’—t1)m{;2° (3.10.61)
¢ ¢ Lo 1

which is a strict subset of BI}° since the zero at s=—1 can not be cancelled. The ’unnecessary
unstable dynamics in F(s), therefore, have the effect of ’filtering’ the unstable contractions U(s)€ B}
in the ’feedback loop’ of the linear fractional map ¥ ,(H, U), H(s) being the minimal degree generator
constructed in [G3]). In this case, therefore, F o (F, BI), will generate only a strict subset of all
F(s)eRIZ(k) which satisfy ||G,+F||  <1. O

Remark 3.10.2

The relaxation of the assumptions of Lemma 3.10.3 for the Nehari case is not possible in the
general AAK case. The point to note is that stable pole/zero cancellations may occur in the product
Q,=Hy,(I—H,,H,,)"'H,, in the general case. (Consider for example the A given in (3.10.61) and

assume that H,, has a pole at s=—1). O

The next Lemma shows that Q(s) defined in 3.5.1 acts as a generator of all ¢,(G,) sub-optimal

Nehari extensions of G,(s). (Note that by Theorem 3.7.2, 0,(G,) <0 5(Gy) <04(Gp)).

Lemma 3.10.5

F (@ o7 (Go)BI®) generates all F(s)€WH™ such that || Gi+F||  L0,(G).

Proof:

From the diagonalisation Lemma 3.5.1 we may write that
vt 0
FL,C = (3.10.62)
vy L7 @i

where we have factored
Fipi= F,C) (3.10.63)

and defined

. -1
F1o(s)=0(C,S+0 UBI){SI—I"l(a"’AII-{-ZAuE—UCI UB;)} r='¢—ol,

A simple calculation [G3] shows that the system zeros of F, are located at the eigenvalues of —A,,.
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Since in addition V7(s) is inner, the LHS of (3.10.62) is a non-singular transformation of a full
(column) rank matrix for every point in the LHP. This shows that Q,, has no MacMillan zero in the

LHP which, by direct application of Corollary 3.10.4, proves the result. 8]

Next, [3] and [P4] will be transformed to (sub-optimally) constrained £2/£% and maximum
entropy/L> problems respectively. In a number of papers [M1], [B4] mixed £2/2% problems have been
tackled by minimising an upper bound of the £2 cost. In [M1] it is shown that imposing this bound is
equivalent to minimising the entropy function at infinity. Similarly, imposing the corresponding bound
in (1.6) will reduce [®3] to a special case of [P4]. The next theorem gives an exact solution to [P3] for
the special class of matrix functions Gy(s) for which [|Gy|] <o. A sufficient condition for this

inequality to hold is given in the remark following the proof.

Theorem 3.10.6

If 1| Gyl yS0y Fop(s)=Fyy— V_LQHW'_L(S)ERJ{:T minimises (3.10.6) uniquely in the family of
Nehari extensions of G(s).

Proof:

Consider the parametrisation of all Nehari-optimal error systems given in Lemma 3.6.1 as -

V(G+T)W = V'Fy(Gat+ F, U)W(s) = Fy(Va(Gat+ F) Wa, U)(s)
o(G)a(s) 0
= U(s)€LBHS (3.10.64)
Since the cost in (3.10.6) is unitarily invariant,
iy T - L &
inf 5r /s,-(G-{-‘I)(]w)dw = inf T /s?(Gl-i-‘.Fe(Q, ) (jw)dw
Fe¥ i=2 Yo éUEc.B:}ESO i=1 Yoo
r—=1 o«
> &S [HGHRG = [IGHRIE=NGI;  (31069)
Fex> T Fex>

with the (unique) F)(s) achieving this infimum equal to — G;(0co)=0. The result follows by back-
substitution on noting that IIGI||°°_<_0=>0€{‘FFQ(Q, 0| U(s)E%fBZ}G‘f} and the bound in (3.10.65) is
attained. 8]

Remark 3.10.3

A sufficient condition for ||Gy|| <o may be established in terms of the sequence of Hankel
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singular values of G(s): Since G,(s) is strictly proper,
2( Z“i(Gl))52(E”i+1(G)) (3.10.66)
) 1
on using a bound for the infinity norm of a matrix given in [G1] and the bound
o(G)<L0oi(G) (3.10.67)
for each 7 which follows from Lemma 3.7.2. Consequently ||Gy|| <o will be satisfied whenever

al(G)22( §0e+l(G)) (3.10.68)

Since the bound on the infinity norm can be arbitrarily weak, the class of G’s for which ||G|| <o

may be considerably larger than (3.10.68) indicates.

The next Theorem gives a lower bound for the optimal cost in terms of the solutions to the

two Ricatti equations (3.4.53) and (3.4.54)

Theorem 3.10.7

1

wo= pun{ 2 | LGP )2 11GE (3.10.69)

[N

8\»8

the bound being tight if |G| <o. Provided that the solutions of the Ricatti equations (3.4.53) and
(3.4.54) ezist the bound (3.10.69) may be written as

G2 = irace{C L(;19-1(r+Qz)s‘r1(5‘2524-s"2.2+29+r)Q-lc;cl} (3.10.70)

Proof:

From Theorem 3.5.2, a state space realisation of G,(s) when Q and Q exist, is given by
Gl(s)zclclg-l{SI'f'AIl""(QA12 OCQ 12} QQ+EQ+QZ+F)Q—1BlBl (3.10.71)
The corresponding controllability grammian may be calculated as

P=(I+ Q)0 Y(QQ+QZ+ZQ4T)Q ! (3.10.72)

The result follows on noting that for G(s)=C(sI—A)™'B with controllability Grammian P,
||G,|)3=trace{ CPC"}. g
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The next theorem gives a degree bound of F,,.(s) under the assumption on the existence and
non-singularity of the solutions to the Riccati equations (3.10.35) and (3.10.36). The proof follows

immediately from Lemma 3.8.1.

Theorem 3.10.8

Let f(s) and g(s) be the Schmidt vectors of I' ;. Then deg(F,,,) < deg(f)+deg(g)—2<2(n—1). In
particular, F,p(s)=0U— C(sI—A)"'B where,

A = | Ap+Ap(ADLQ—C0) —Q#r(s'z#+r—lz:)31313 | BOF
0 Ap+(QA3,—B By Agy (3.10.73)
| —er@*ir's)B,B B,
B = . g (3.10.74)
BIB_LBJ_+QA2132
& = C'LC | Crt-CrAL0 —(C,S+oUB)O# ] (3.10.75)
Proof:
Follows directly from Lemma 3.8.1 and Remark 3.8.1. ]

Remark 3.10.4

The proof of Lemma 3.8.1 shows that the two diagonal sub-blocks in the A are similar. This

shows that, in general, the optimal extension F,,,(s) has repeated poles.

Theorem 3.10.9

[P4] is solved uniquely by Fopi(8)=F y(F, o Fya(5p))-

Proof:

Throughout the proof it is assumed that o has been normalised to 1. The family of all Nehari

extensions FEF of G(s) is parametrised as

G+ F(s)=V(s)diag(a(s), G;+Fp(Q, V) W'(s) ; UeBKZ (3.10.76)
and consequently,

$i+1(GHF)(jw)=5,(G+F ((Q, U))(jw) for all WER, FE%F, i=1, 2,--. (4.10.77)

Since the entropy function is unitarily invariant, and since ‘:'FE(Q, U) generates all the suboptimal
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extensions of G,(s), [P4] is equivalent to

maz _ I(Gy+F ,(Q, V);l;sy) = maz I(G,+Fy;l;s 4.10.78
Ue%%?(xg(QU) o) z I(Gy+Fy3158) ( )

where the maximum in the RHS is taken over all F;ERIZ such that ||G,+Fy||  <1. From [L6] this is

solved uniquely by
FPY ()= o(H, H3y(s0)) (3.10.79)

in which H(s) is the generator of -suboptimal extensions of G,(s) given in [G3]. From Lemma 3.10.3,
0o I . 0 I
H(5)=Q(S)®[ I o ] Q7(c0) [ I o } (4.10.80)

Next note that F (@, @3a(sp)) may be written as

r~ - — —

F4(Q Q3als0)) =€Fe(o(s)® Dol T ) e, Q;Q(so))

:?Q(Q(s)@) I ‘I, Q"(o0) g ; ,ffe(Q(oo), Qh(%)))

= 7 H(s), Fy(Q=0), Qials0))) (3.10.81)

where
H(s) = F,(Q, Q35(c0)) Q12(1— Q55(0) Q22) ™' Q12(0)

Q51(00)(I~ Q22 Q3n(e0)) Qs en([ = ar J(oo), Q)

On noting that

Q25(0)  Q13(0)

Q35(00)  Q3p(c0) | Q22(50)> = “J:e'(Q(oo), Q;g(so))

Hy(50) =gu(
we conclude that

Fo( @ Frals0))=F o @ @3als0) )=F (B, Hiols0) J=Fopuls) (3.10.82)
(Note that since Fy,(s) is completely unstable, by the maximum modulus theorem

T[Fa(s0)] < [1F22(iw)ll <1 (3.10.83)
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so that this choice of feedback term is admissible). The optimal extension is given by back-substitution

as
i a(s) 0
G+F0pl = V
0 G1+gg(Q, F34(0))
i a(s) 0 0 0
=V w+v
0 Gi+@Q, 0 =@, +F (Q, Faa(s0))
= G+F¢(F, 04V | Quo(I—F22F35(50)) " @ W' (5) (3.10.84)
Further,
V| Qo=V | V7| Fio=(I—v")F13=F15(s) (3.10.85)

on using the (1,3) blocks of (3.5.3). Similarly, Q) W"| =Fy, so that,
Fopt(s)=‘-Fe(F. F;;)(so)) (3.10.86)

as required. o

3.11 Example

In this example, we work through the various steps of the algorithm for calculating super-
optimal and £%°/2%optimal Nehari extensions. This will verify the results presented in the previous
sections and give an overview of the complete algorithmic procedure. Since the lexicographic
minimisation of the complete sequence of singular values essentially involves solving a recursively-
defined optimisation problem, a two input/output, two state example will be considered; this captures

the essential features of the algorithm without any unnecessary complications.

Let G(s)€%% (*?) be defined as:

125+3 12s-1

=3 1.
Gls) &(s) 12s-1 24547 (3.11.1)

where ¢(s):=365°+45s+5. G(s) may be expressed in terms of the balanced realisation

-1
1 0 s+1 1/3 1 1 0 0

G(s) = + (3.11.2)
1 1 1/3  s+1/4 0 1 0 0

with corresponding observability and controllability grammians given by P=Q=diag(1, 2)
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(a) Maximising singular vectors and their all-pass completions

From Theorem 3.3 it follows that the scaled singular vectors corresponding to the Hankel norm
of G(s) ||G(s)

equations:

||H=0'1=2 can be calculated via the solution to the two (identical in this case) Riccati

%Qz—gﬂ—lzﬂ = Q= 6-_|_-3\[5 , Q=Q from symmetry. (3.11.3)

It is also easily verified that the destabilising solutions correspond to the largest solution 6+345; we also

note in passing that the relations predicted in Lemma 3.6 can be easily seen to be satisfied, namely

AQ-, Q) =00 430 +Q,Z+T =
= (6+345)(6+35)+(6+345) — (6+35)—3
=0 (3.11.4)

and
A(Q-, Q2)<0 (3.11.5)

Using the state-space formulae of section 3.4, the (scaled) maximising vectors of the Hankel operator T'g

can be found to be

.vl(s)=|: 33‘;2 ]-7;1@ wl(s):[ 35’_2 L—;I@ (3.11.6)

and their corresponding all-pass extensions

Vl(s)=[ e ]33_1\‘3 W_L(s)=|: o }3;\’3 (3.11.7)

(b) Diagonalisation

From Glover [G1] we can express the complete family of error systems 8=G+% with F€3
and ||8|| <2 in terms of the parametrisation 8=G+% ¢(Fs, U) where

1 =1 4-6s
3(s-1) 3(s-1) 3(s-1) 5 b4 P
- 35— -
Fo(Fay U) = + Ui-3¥) ! 3(s—1)  3(s-1)
-1 7—-6s 2
3(s-1) 3(s-1) 3(s-1)

with U(s)€32 such that [|U(s)|| < 3.

Let us apply, next, transformations V(s) from the left and W,(s) from the right to the

generator H(s) of all error systems &(s)

1 35~2 0 I 3542 0
VeH(s) Wy = (—L=)?| 3542 1 0 H(s)| 3s-2 1 0 (3.11.8)
35445 0 0 3s+5 0 0 3545
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where V, and W, denote the augmented matrices V(s) and W(s) and H(s) is given by

-1 4—6s
TR T 3(-1)
H(S) = 3(5 1)+G21 ??:_L}’)+G22 Eﬁ%l_) (3.119)
65—4 -2 -4
3(s-1) 3(s-1) 3(s~1)
After a number of calculations we arrive at the result,
oa(s) 0 0
VaH(s) W, = 0 G1+Q11 le (3.11.10)
0 Q21 @y
where 3 e
( 35+45)(365°—455+5) 4(3s—+5)
_ G+ = TN 3.11.11
710(8) = 2 e B Besiaaners) | ) T T G ) ( )
2(3s—15) —4
Q21=—— Q12= m— and Q22= m (3.11.12)
Note:

(i) The (1,1) block is indeed all-pass at a level equal to the Hankel norm of G(s), ||G(s)||H=?.
The poles of a(s) consist of the poles of G(s) together with either the poles of V*(s) or W(s), in

agreement with the results of the diagonalisation theorem 3.5.2.
(ii) All the terms (1,2), (2,1), (1,3) and (2,3) cancel identically as expected.

(i) @, @, Q,,,,EJG._ and the (2, 2) block of V,H(s)W, has both a stable and an unstable
part consisting of the poles of V7(s) (or W(s)) together with the poles of the initial extension Fy(s)

(here the unstable poles of the generator) respectively.

Next, the (2,2) block will be decomposed into its stable and unstable parts G,(s)€3}3 and
Q,,(s)€36Z; this gives

43s—5) 64510 14— 6«15
3(8—1)(35-]-\[_) 35+J_ 3(s— G](S)'{"Q ( ) (3.11.13)

Minimising the maximum level of the second singular value (super-optimal solution) or its integral
over all frequencies (£>°/L? solution) in the family of Nehari extensions of G(s), N gC3Z can be

formulated as
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14-645 -2(35-15)
. - ) $i-10 3(s-1) 3(s-1)
inf s°(G+F)= inf | NS-10, g ( UL,
peie” T aveans MU el o
2
= inf I 4(3s—\5)  4(35-+5) v (1_{_3(’4_1)[/)-1”0 (3.11.14)

2UecBR®  Ae-D(3s45)" 9(s-1)?

where a=oco or 2. Applying Theorems 3.6.1 and 3.10.6 (while noting that for the case a=2,
01(G)=20,(G)=||G)l|,<2) the two constrained minimisations can be replaced by a ‘’free’

approximation on the stable part of the (2, 2) block, G(s),

: 65-10
——+ F A1.1
NS il (3.11.15)
For a=2, the optimum choice of F; is equal to zero. In the case a=oo0, the (unique) Fy(s) which
achieves the infimum in (3.11.15) is the constant that makes the sum all-pass at ]|G1(s)||H. This is

given by F1=«B—3, corresponding to an all-pass error system,

ﬁ

Js-\8 (3.11.16)

Gy(s)+Fy = (\5-3) 7= T

(c) Construction of the £°°/2%-optimal extension.

The £%°/2? optimal extension is given by,

Fopt(s) = F3— V10, W (s)

3(6\5-13)s+17-85 ~3s+(11-445)
(35-5)? (355 )2
= (3.11.17)
—3s+(11—445) — 1852 +(3+125 )s~(7+245)
(3s=+5)? (35-5)?
L -
The £%-optimal cost may be evaluated as
ez 1 [F66=107 1 (6610 _;r3,\1°_(646—10)>
uo—IIGlllz—z,,/w TR T {tan (43)}0 ==F (3.11.18)

which achieves the bound given in Theorem 3.10.7.
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(d) Recovery of the superoptimal extension.

The super-optimal extension is recovered by the ’unwrapping part of the algorithm as

Foo8)=( Fo— V1 Q W )()+V  FiW) ()=F,p+V ) W (5)

(5-3)s+4-5 25
3s+45 35445
= (3.11.19)
2-+5 14+245-63
35+\E 3.s+‘\|3 J

We note:

(i) The level of sP(G+Fuo)(s) = lIGill, = ME+TQY(E+TNTY) = 3—B<1=0,(G) in

agreement with Theorem 3.7.2.

(ii) The cancellation results in Lemmas 3.8.1 and 3.8.2 are verified. In particular, the residue of
the pole at s=1 is zero independently of F,; this implies a cancellation of the poles of the extension
Fo(s) (and in fact of any initial extension) in the term Fo—V ) QW' (s) (see Lemma 3.8.1 and
Remark 3.8.1). The choice of F) as the (unique in this case) extension of G|(s) results in the remaining

cancellation (of the poles of V| (s) or W'| (s)) in agreement with Lemma 3.8.2.

Figure 7 shows the singular values of G+ F(s) with F(s) taken as the super-optimal extension,
the £%optimal extension and the extension which minimises the entropy cost (at infinity). The largest
singular value of all three error systems is constant over all frequencies at 2. Note also that since [P4]
involves a logarithmic cost function while [®3] a linear one, the maximum-entropy solution emphasises

the approximation at low frequencies relative to the £2 solution.

It may be seen from (3.11.19) that we end up with a real-symmetric super-optimal extension

Fy4(s) corresponding to a real-symmetric G(s). That this is true in general is shown in the next lemma:

Lemma 3.11.1:

The superoplimal extensions of real-symmelric rational matriz functions are real-symmetric.

Proof:

The proof will be by induction on the input/output dimension of G(s)=G"(s). Clearly, for p=1
the result holds trivially. Suppose it is true for all real-symmetric rational (p—1)x(p—1) matrix
functions, and consider a real-symmetric rational pxp matrix function G(s). Since G(s) is real
symmetric, I' =T GT:I‘E:; this in turn implies that the maximising vectors of I'; satisfy fls)=g(—s)
Vs. Scaling fis) and g(—s) does not affect their symmetry, so that v(s)=w(—s). It follows that the all-

pass matrices based on (s) and w(s) satisfy, V'(s)=VT(—s)=WT(—s) and in particular,
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Vi (s)= Vﬁ_(—s): WTL(s). Consider next the generator of all Nehari extensions ¥ y(F, U) (defined in
Lemma 3.1.1), corresponding to G(s)EJG?'(”X”). F,=%(F, 0) is an admissible extension since it is
generated by U=0; in addition, since for real symmetric rational matrices G(s), real symmetric Nehari

extensions correspond precisely to real symmetric "feedback’ terms U(s) [B2], Fli(s)=Fy,(s). Hence,
Gy(9)+@Q,,(8) = V() Hiy(s) W1 (s) = WTL(s)Hpa(s) W 1 () (3.11.20)

is real symmetric, and, therefore, since G,(s)€¥5, Qn(s)ef}ﬁf with both G, and @,, strictly proper,

Gy(s) = G{(s) and Q,,(s) = Q;rl(s). Now, the super-optimal extension for G(s) can be expressed as

Fyo(s) = Fo(s)— V1 (F+Q, ) W7 () (3.11.21)
where Fy(s)=H,,(s) and F(s) is the super-optimal extension to G,;(s)€XS (p=1x(p-1). from the
induction hypothesis and the symmetry of G; it follows that FT(s)=F(s). The result follows on noting
that Fo(s)=Hyy(s)=F3(s) and that W7 (s) = V7| (s) so that

Feo(s) = Fo(s)= V  (F+Q,) VT (s) = Fio(s) (3.11.22

as required. a

3.12 Construction of Super-optimal Hankel-norm approximations

In this section the construction of super-optimal Hankel-norm approximations is derived.
Before stating and proving the main Theorem of the section a preliminary result is required concerning

the zeros of the off-diagonal blocks of Q(s) defined in Lemma 3.5.3. This is given next:

Lemma 3.12.1
Let
[ 4|5 B |
Q(s)= Qn @ s :
(s)= —[01 0 —ol (3.12.1)

@ Qs &, lor o

be defined as 1n (3.5.38). Then

(1) All the MacMillan zeros of Q,,(s) and Q,,(s) lie in the open right half plane.

(2) Any system zero of the realisation of Qm(s) that lies in the left half plane is an
uncontrollable mode of the pair (}1, B,).

(3) Any system zero of the realisation of Q,,(s) that lies in the left half plane is an
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unobservable mode of the pair (A, C,).
(4) If A is a stable system zero of Q ,(s) then —X is a MacMillan zero of &(s).
(5) If A is a stable system zero of Q, (s) then it is also a MacMillan zero of (s).

Proof:

The position of the zeros of @ ,(s) will be established directly from the state-space realisation
(3.5.38). From this realisation it is clear that the system zeros of @, ,(s) are located at the eigenvalues

of

® = A4+TIC;C°| C | C\(=+9%T) (3.12.2)
in which

A=T"Yo%A},+L4,2—0 CiUB)) (3.12.3)

Using the (1,1) block of (3.1.2) and the (1,2) blocks of (3.1.1) and (3.1.2) gives

A= -T7ICC\ C| CE-TY(A);—A;,C5C)T (3.12.4)
Provided that the desired solution to (3.4.31) exists and is invertible, substituting (3.12.4) into (3.12.2)
gives

® = IIQ{A;1+4,,(41,0-C,C)}Q7T (3.12.3)

which is completely unstable because 2 is chosen to be destabilising.

In the event that (A,;, A;2) is not controllable, the required solution to (3.4.31) will not exist.

In this case we substitute (3.12.4) into (3.12.2) and make the transformation T; in (3.4.33) to obtain

T TOT™'T; = T7[CiCLC ) CQF — A5+ Ci AL T}

C;C7L C L COF — 4114 03 Cy A7 0
(3.12.6)

* _A52

in which A(—A3,)CA(—Aj;) are completely unstable and Q, is the appropriate solution to the reduced
dimension Riccati equation (3.4.24). As explained in section 3.4, (3.4.24) will always have the required
destabilising solution. In the case that Q, is invertible, we may substitute (3.4.24)Q-! into (3.12.6) to
obtain a (1,1) block of

C;ULCl51971—;1;1'*‘CICz;’33=9r[f:111+;113(3;39r— o]ofy)it>e (3.12.7)

which is completely unstable due to our choice of solution to (3.4.24). Thus, in this case also, the

system zeros of @,(s) are completely unstable.
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In the remaining of this proof we will consider the third possibility that Q, is singular. We

begin by introducing the notation

A=Ay, —A3C5C, (3.12.8)
B:=4,, (3.12.9)
¢:=C, C, (3.12.10)

In this notation (3.4.24) becomes
QA+ A" Q+Q, BB Q. —CC*=0 (3.12.11)
Next we note that if (A, B, €) undergoes a general basis change T we may write,
T"(Q,T'l-TA+A'T'-T"‘Q,}Q,Tl-Y‘B“.B‘T~T"‘Q,-—CC')T‘1=0

so that Q,— T7"Q, T~ . Now following the construction of section 2.1 we can find a special basis T for

which

Q, = (3.12.12)
0 0

with Q;;>0. Note also that with no loss of generality we can absorb this special basis change T into T)

(defined in section 3.4) by redefining

T 0
lez[ 0 I JTI

Hence, redefining (A, B, C) in this basis and partitioning conformally with (3.12.12), we get

Lo 0 [[an 4| [ ][ an 0
0 0 || Ay Ay | | A A || 0 0
(o, o0 |[ ® Q, 0 ¢
! ' [ @B; B ] ! - [ e, ¢, ]:0 (3.12.13)
0 0 B, 0 o0 C;
L JL
From the (2,2) block of this equation we get that

while the (1,2) block and (3.12.13) gives

QII‘A'lQ:O = ./(12=0 (3-12.15)
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since §,; is invertible. We conclude that A,, contains the modes of A;;—A;3C;C, which are

unobservable through C J_C'l. In addition, since A+BB"Q, is completely unstable, we observe that

A, 0 B . oAl ey o A +B,BIQ 0
11 " 1 l: B B :' 11 _ 11T 01813 (3.12.16)
Az Agp B, 0 . Aoy
is completely unstable, whence
RC[ ’\i(All+€Bl%IQII)]>0 (3.12.17)
and
Re[ A;(A2)]>0 (3.12.18)
The (1,1) block of T"*T®T' 1T, &,,, given in (3.12.6) becomes (in the new notation),
| ot o | [ 4 45
), = [ ¢, G ] - .
0 0 o0 0 A5
CiCQ — Af, — A
= : (3.12.19)
0 — A3

The (1,1) block of &, is completely unstable by the (1,1) block of the transformed Riccati equation
(3.12.13) since,

CICQT — ATy = Q[ A1, +B,B1Q,,)Q1 (3.12.20)

with A;,+B,BQ,,; completely unstable by (3.12.17). We also note that all the modes of —.A5, are
stable (by (3.12.18)) and appear as eigenvalues of the zero matrix ®. It will next be shown that all the
stable system zeros of @ ,(s) which are associated with — A3, are uncontrollable modes in the

realisation of @, ,(s) given in (3.5.38).

Suppose that s, is any (unstable) mode of A;;—A;3C5C; which is unobservable through
C_Lén so that —5,€A(—.A3,). Then there exists a vector £ #0 such that

sol— An+4,2C5C

=90 3.12.21
cooie |8 (3.1221)

However,

A= FAF-1+(A11—AIQC;CI),'*'C?C:LCLCHF—IE
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= azAI1+EA112—aC{UB{+(A{1—C’ICZAIZ)I‘+C'{C”_]_CJ_CIE v
= —C;C,[C5C,E— 0 ByBi+ AL, !
=0 (3.12.22)

on substituting from (3.1.1), (3.1.2), (3.1.3), (3.1.18) and (3.1.11); Using this in (3.12.21) we get

€ [Sol—AN+CiCAL, | CIC7 C G ] =0 (3.12.23)
& € [5+TAT4-C{C C OIS | CIC7 C1C]=0 (3.12.24)
o € [3+TAT™| C]C° C 1G] =0 (3.12.25)
so that

(€T) [ =SoI—=A | T7ICICTL ] =0 (3.12.26)

with £'T#0 since T is non-singular. Inspecting the realisation of @, ,(s) given in (3.5.38) we conclude
that every eigenvalue of —.45, in the zero matrix & corresponds to an uncontrollable mode in the
realisation given in (3.5.38). This shows that:

(1) All the MacMillan zeros of @, ,(s) lie in the open right half plane.

(2) Every system zero of Ql,_)(s) that lies in the left half plane is an uncontrollable mode in
(3.5.38).
The link between the stable system zeros of @ ,(s) and the unstable MacMillan zeros of {(s) may be
established using Lemma 2.3.2: If sy is a stable system zero of @,,(s) then it must belong to the
spectrum of — A3, where Ao, contains the unstable modes of A,,—A,3C;C,; which are unobservable
through C_Lcl. However, from Lemma 2.3.2 these modes coincide with the unstable system zeros of
s]—;lu —;113
z, , (3.12.27)
or, equivalently, (since (A;;, A;3, C;, C,) is a minimal realisation), with the unstable MacMillan zeros

of &(s).

A dual argument will establish the position of the zeros of @, (). a

Theorem 3.12.2

Assume that the Schmidt vectors £(s) and ¥7(s) given in (3.16) are free of right half plane
MacMillan zeros. Then the family F(s) of all approzimations FEW(k) that minimise the pair

(s2(Go—F), (Go—F)) (3.12.28)
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lezicographically is paramelrised by
F(s)=Fi+ V1 (Q,+F) W7 (9) (3.12.29)

in which ¥, denotes the family of all optimal €-th order extensions to Gy(s). That is all Fy(s)EHZ(E)
that satisfy || Gy~ Fy|| =0,,,(G,) where t=deg(Q,)<k.

Note: The case in which either £(s) or ¥*(s) or both have right half plane MacMillan zeros will be
dealt with later tn Remark 3.12.4.

Proof:

Using the results of Lemma 3.5.3, the family of all ‘optimal’ error systems (with respect to

57°(+)) may be parametrised by

GotF(5)={ V(9o 401(Co)a(s) © GrtFo(Q, VW (s) | U(s)e —L—mr) (3.12.30)
7 k4+1(Go)
Since V(s), W(s) and a(s) are all-pass, the family of all extensions which minimise s5(Gy+%F) are

generated by

inf o NG+F (@ D)l ;=57 (Go+F) (3.12.31)
U61/0k+1(60)%:}{;_

It will now be shown that provided £(s) and ¥"(s) have no MacMillan zeros in the right half plane, the

minimisation problem in (3.12.31) is equivalent to the unconstrained problem

_inf ||Gl+F||w:ae+1(G1) (3.12.32)
Fex2()

where €<k is the MacMillan degree of the stable part of @(s). Since Q(s)€32(¢) and
1@y, Ull o=lF22Ul| o<1, a ‘small-gain’ argument [6, 10] shows that Fo(QU)ERZ(L), for all
U(s)€1/0,1(Go)BIZ. By comparing (3.12.31) and (3.12.32) we may write

inf L 16+34(Q Dl 2 inf  |G+Fll =0y, (Gy) (3.12.33)
U(s)€1/041(Go) B2 Fer>(e)

It will be shown that every Fe}2°(¢) which achieves the minimum in (3.12.32) is generated by some
U(s)€1/041(Go)BIZ via Fyp(Q, U). This is based on an argument given in [G3].

Since all the MacMillan zeros of @Q,,(s) lie in the open right half plane (Lemma 3.12.1),

@, ,(jw) is non-singular for every w€R. This together with the all-pass character of (Lemma 3.5.3)
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1 Gl+Qu le

— 1 3.12.34

0 +1(Go) Q,, Q,, ( )
gives

|G+ @) 1l o <o k41(Go) (3.12.35)
Further,

70 (GULIIGHQyll, (3.12.36)
so that

7p,,(G1)<0141(Go) (3.12.37)
In addition, we will demonstrate that

{‘-Fe(Q, 0) : 1U(s)| o<1/ @ ks Ue%f’} (3.12.38)

generates every F(s)€362°(¢) with the property ||G;— F||co<.,1(Go). Suppose that some F(s) satisfies
”G1+Fl|°°<<7k+1( G,)- Then

(7(s)=ge(+ G @y ,GI+F(5)> (3.55) ~
oi+1(Go) | @, Gi+Q,
gives
F(s)=F, “u @ , U(s) (3.56)
Q'.’l Q22

Since ||G+Q,,ll . <0 k41(Go) and ||Gy+F|| <0y, 1(Gy), the linear fractional map defining U(s) is well-
posed and further ||l7(5)“°o<°';i1(Go)- It remains to show that U(s)€36>. Suppose contrary to what
will be proved that U(s) has r poles in the left half plane. This implies that the A-matrix for Fo(Q, )
has ¢+r eigenvalues in the left half plane by a Nyquist-type argument [G4], [R1]. Since FeXZ(() by
assumption, there must be at least r cancellations in the closed-loop. Since any cancellation is
constrained to occur at a system zero of @ ,(s) or @,,(s) (see Theorem 2.3.1), we obtain the required
contradiction since by Lemma 3.12.1 and the Theorem’s hypothesis Qu(s) and Qzl(s) are free of any

such zeros.

It follows, therefore, that all optimal £-th order extensions of G (s) are generated via F (@, U)
as claimed. As a consequence, the set of all extensions F(s) which minimise (s{°(Gy—F), s3°(Gy—F))

lexicographically, is parametrised by

o+1(Go)a(s) 0

F(s) = Gom
() = Go=¥ 0 Gy(s)—F1(s)
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- G—V o 1+1(Go)a(s) 0 WtV 0 0
- 0 G1+Q11 0 ql'*'Qu
= Fo(F, 0)+V  (F1+Q, )W = Fii(s) + V (F1+Q,) WL (s) (3.12.41)

where F,(s) denotes the family of all ¢-th order optimal approximations of G,(s). This completes the

proof of the theorem. o

Remark 3.12.1

Theorem 3.12.2 establishes that all solutions which minimise s3°(Gy— F) can be parametrised
in terms of all solutions that minimise s{°(Gy— F) which is a problem of dimension (p—1)x(m—1).
Similarly to the Nehari super-optimal case, the procedure can now be continued until a unity rank
problem is encountered (or until deg(Gi,;)<deg[(Q,,,),]- At this point there is a unique optimal

approximation and the process stops.

Remark 3.12.2

Theorem 3.12.2 gives F(s)=Fy,(s)+V | (F,+Q, )W (s) as the family of all optimal
approximations with respect to the first two singular values. Since Fy(s), Q,,(s) and any member of
F,(s) all belong to J62°(k), we expect a number of cancellations to occur in this sum since the members
of %(s) are k-th order approximations of Gy(s). A simple calculation based on (3.5.30) to (3.5.33) and
the all-pass equations corresponding to V(s) and W(s), establishes that in the case when

deg(v)=deg(w)=n—1, V) Q, W) (s) may be decomposed as V) @, W7 (s)=— Fy;(s)+J(s), where

(Here we have defined ©=B,D,+YB, and assumed that W(s) and V*(s) are described by the minimal
and balanced realisations (3.5.23) and (3.5.24) while X and Y are the solutions to the linear equations
(3.5.31) and (3.5.32). This decomposition verifies that F(s)€J6°(k) and shows that all its stable poles
are those of F,(s). 0
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Remark 3.12.3 [H2)

It is interesting to note that the construction given in Theorem 3.12.2 is particularly simple in

the special case that k=n—1. To see this we begin by noting that all error systems are given by
8(8)= G4 Fy 45 Fy U(I— 5= Fap U) ™ Fyy (3.12.43)
in which F(s) is stable. Next suppose we set U:=51;;F52(s) which we note has the characteristic
[|Ulleo<1 by the all-pass property H(s)H'(s)=cil and since det(F},F),(jw))#0 for all real w. In
addition, #“F;Q is completely unstable. By exploiting the all-pass character of (3.1.9), the expression
for the error system may be rearranged as
&(s) = G‘*'Fu’*'lele;z(I—%Fzzpiz)—lel
On On
= G+Fy+F1aF5y(Fy Fay) ' Fyy)
= G+Fy —(G+Fy)) Fyy(Fay F3y) ' Fay)

= (G+Fy))(Im— F31(Fy1 F31) 7' Fay) (3.12.44)

Since F,)(jw) has rank m—1, the error system has rank 1 and satisfies ||8|| =on which is super-

optimal. O

Remark 3.12.4

The following construction gives the super-optimal approximation in the case when the vectors

¥"(s) and £(s) have right half plane MacMillan zeros:

From the definition of Q(s),

V:L O G+F11 F12 W_L 0 Gl+Qll le (3 19 4__)
= 12.49
0 I Foyy Fyy 0 I Q,, Q,,
We may also write
QIQQH(S) = 12V_]_V‘_LF12(3)=FT2U"U”')F12(5)
= F}3F1y(s)=0%1=F35F,y(s) (3.12.46)
since v*F,,=0 and G,+F is all-pass. Similarly,
Quu@,(9) = Fou W1 W1 Fay(s)=0I— FyF3als) (3.12.47)

Let
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Fpot 4 B (3.12.48)
¢, 0
then
A 636, 0 ]
Q,Q= 0 A | B (3.12.49)
B3 0 o?l
and - -
A4 BB | o ]
Q@51 U e (3.12.50)
C'z 0 ol

Next suppose without loss of generality that @,,(=F3,) has been put in the Kalman canonical form (A4,

B,, €4, 0) in which

All 0 A13 0 B12
| Ay Ay A A .| B
i 21 Aaa 23 24 B= 22 (3.12.514,b)
0 0 Az 0 0
0 0 Ay Ay 0

and
(3.12.51¢)

C = [: CQI 0 C‘23 0 ]
where (A,;, B;,) is completely controllable and (A;;, C,;) is completely observable. Substituting into

(3.12.50) we see that

All BI2B;2 0
Q,,Q5,= 0 -4 |[Cx (3.12.52)
|_ Ca 0 | 2 J
where we have written
AlB B |
Q, @ _
Q(s)= Q“ Q“ £l C, |0 of (3.12.53)
21 %22 (';2 ol 0
with (A4, By, C,) as in (3.12.48) and B,, C, partitioned conformally as
(3.12.544a)

R R . R R T
BT=[BH By B Bu]
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and

¢, = [ Ci Ciy Ci3 Cus ] (3.12.548)
Similarly, substituting the minimal part of (3.12.561) into (3.12.49) gives

~47 C5Cy | 0

Q,Q,%| 0 A | By (3.12.55)
|_ BIZ 0 | 0'21 _’
We note that all the modes of A, in the realisation of @Q,,(s) given by
A 0 By,
Q)= Ay A | By (3.12.56)

cancel in the product QI2Q12(5). The stable modes of A,, are controllable by construction and are also
observable since by Lemma 3.12.1 all system zeros of Q,,(s) that lie in the left half plane are due to
uncontrollable modes. Hence, there exists a (left) all-pass factor 9B(s), i.e. Qu(s):‘.B(s)@(s) with
deg(B.) given by the number of stable modes of Ago. This means that without loss of generality the

realisation of @, ,(s) in (3.12.56) may be chosen such that

Bl? - -1 - -~ -

. Ay 07 By Ay By,

By, = : . (3.12.57)
C12 I Cll ol

Ql,_,é /:121 Aga
L Cn (:”12 l ol _I

in which B(s)=I+0"C,(s]— Ass) ' Byy and Ay =%B,,C,,. Similarly, considering

Bs, (3.12.58)

in the product Qle;l(s) we conclude that there exists a (right) all-pass factor A(s) containing the

modes of Ajj, i.e.

All '2113
Q= 0 Az | By |=]| . A (3.12.59)

L Co  Coas ] ol _’

with .A(S)=I+0'-l623(51—A33)_x331 and A13=U—IBIIC‘23. Hence,
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inf o HGI-}-‘.FQ(Q, U)”w = inf m||G1+Q11+Q12U(I—QZ?.U)-IQZI”OO
cUeBHZ cUeBI_
= inf  ||G+Q,+B(9)Q,,UI—Q,, 1)@, A(9) .,
cUeBKH>
= inf  I2(G+Q)A—0,+%4Q, ) ll,  (3.12.60)
cUeBHZ

where

_ — (All |Bll Bl2—|
é( _ Qll Q12 KR F
S)_ — _ = Cll 0 ol (3.12.61)
“n Qu Coy|ol 0

Since all the stable modes of A,, are controllable through B,, (observable through C,;) by

construction, all the system zeros of 612 (@21) in the above realisation lie in the open right half plane.

Hence, following the proof of Theorem 3.12.2 we see that in this (the general) case, the family
of all extensions that minimise the pair (s7°(Gy— F), s3°(Gy— F)) with respect to lexicographic ordering

may be parametrised by

- I 0 oa(s) 0 I 0
F(s) =Go—V . . = w-
0 %B(s) 0 B(G+Q, DA =@, —F 0 A(s)
0, ,a(s) 0 I 0 0 0 I 0
= G,—v| WV _ W
0 G1+Qll(s) 0 CEB(S) 0 q1_*'-Q11 0 ‘A'(S)

= Fo(F, 0)+V | B(s)(F1+Q,,)A(s) WL

= Fyy(s) + Vi B(s)(F1+Q, ) A(S) W) (9) (3.12.62)

where ¥, denotes the family of all optimal Hankel-norm approximations of %'(G1+Q11).A'~ a“ of
degree €=deg( Q+)=dcg([F22]+). O

A simple inductive generalisation of Theorem 3.12.2 will establish the following algorithm for

calculating the (unique) super-optimal approximation.
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Algorithm 3.12.1

Given any Go(s)ERWBT" PXM this algorithm finds F,o(s)€ " PX™ (k) which is the superoptimal
k-th order approzimation of Gy(s).
1) r=rank( Gy) <min(p, m)
2) Find F(s) for Gy(s) (the generator of all optimal k-th order approzimations —use state-space
formulae in (3.1.9) )
3) Ey=Go—Fy,
4) F,,=Fy,
5 V=I, and W=I,
6) For i=0 to r—1
1) Find £,(s) and ,(s) corresponding to Gy(s) and consiruct v(s), wi(s), V, ()
and W_L‘.(s) using state-space formulae in seclion 3.4.
2) Define G;,(s)€XS and Q”l(s)ei}{;?(k) via decompositlions given in Lemma 3.4.3
) IF €;(s) and ¥i(s) have RHP zeros THEN
1) Ertract all-pass common factors A(s) and B(s) (see Remark (3.12.4)).
2) Redefine: V| (s):=V | (s)B(s), W7 (s):=A(s) W (5),
Qi41(8):=Q141(8), G111 (8):=B (G + Q11n)) A" — Qi
4) t=deg(Q+)
5) Find F;_,, the generator of all £-th optimal approzimations to G, (using (3.1.9))
6) Ein=Gip1—Fin
) V=VV,,and W=WW ,
8) Fso(s)= Fsot V(Fily1+Qi} ;) W(s)€HZ(k)

Note that if the above algorithm were terminated after €< r steps, the first ¢+1 singular values

will be minimised and

1 J
FO(s)=Fy(5) Z{H (Q, 41+ Fi+) (le, }(s) (3.12.63)

will have no more than k poles in the open left half plane.

3.13 A-posteriori tests in robust stability analysis

In this section the use of super-optimal Nehari extensions in the approximation stage of 3£
algorithms is discussed. In [P4] super-optimality was justified for the case of multi-objective
disturbance rejection (for example the rejection of the combined effect of a disturbance signal at the
plant output and a measurement noise signal in the feedback path). It was argued that if the combined

signal is constrained not to lie along a particular singular vector direction, the level of the second
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singular value describes the new worst case effect. Since £°°-norm optimisation is concerned precisely
with the worst case effect of sets of signals, lexicographic (or “nested”) minimisation was seen as
capturing the essence of the }6™-design philosophy in using the available degrees of freedom in multi-

input/output problems.

Here super-optimal extensions will be discussed in the context of robust-stability 36> design.
Consider the additive perturbation case, i.e. a family of plants { P+AP} where P is assumed to be the
nominal plant and AP represents an unknown perturbation, arising, for example, due to unmodelled
dynamics or parameter variations. Suppose also that AP is bounded on the imaginary axis by the

’radius function” W(jw)

AP, < [1WGull,, for all 0<w<oo (3.18.1)
or, equivalently,

W AP, <1 (3.13.1)

It was shown in Chapter 1 that the robust stabilisation problem for this type of uncertainty, i.e. the
problem of designing a controller to maximise p=||AP||  such that P+AP is internally stable in the

closed loop, may be recast as the £°° optimisation
§ = inf ||W(s)K(I—-PK)7Y|_, (3.13.3)
Ke=

where = is the set of all (internally) stabilising compensators. Provided that an infimum 6<1 can be

achieved, it is guaranteed that all plants in the family
{P-}-AP: AP <HUW(w)ll,, P(s) and P+AP(s) have the same number of Ct poles}

are internally stable in the closed loop. For a known ’radius function’ W(jw), therefore, the condition
that 6{ WK(I— PK)'I(jw)}Sl for all frequencies guarantees robust stability irrespective of the
behaviour of the remaining singular values. In what sense, therefore, can the super-optimal solution to
(3.13.3) be considered as a ’better’ solution? In answering this question particular emphasis will be
given to the relative improvement of the robustness test after imposing some ’a-posteriori structure’ on
the admissible set of errors. By ’error structure’ spatial information about the uncertainty is implied
(similar to the one arising due to uncertain coefficients in the differential equations describing the
model) the term ’unstructured’ being retained to describe frequency weighted bounds on a particular

norm of the uncertainty.

A robust-stability analysis in control system design must provide a simple characterisation of a
model] error set which contains a sufficiently large subclass of model errors which do not destabilise the

feedback system. Without this simple characterisation, “even the best engineering judgment may not
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be adequate to answer the question on whether the class of model errors for which the feedback system
is stable actually contains these particular errors that can be reasonably expected to occur” [L3]. A
compromise, therefore, between simplicity of characterisation and the extend of the subclass of non-

destabilising errors that can be considered is necessary [L3].

In [L3], a-posteriori robustness tests are employed to assess the increase in the magnitude of
the error that can cause instability, by imposing ’structure’ on the model error set. This is achieved by
a partial characterisation of the modelling error, in particular, its projection onto a subspace. In
essence, the idea is the following (consider the case of additive perturbations): From Nyquist theory,
the stability properties of a closed-loop system can be inferred by the multiplicity of the encirclements
of a critical point on the negative real axis. Suppose that from such a test closed-loop stability can be
inferred for a nominal open loop transfer function Qu(s). A perturbed system Q(s) will have identical
stability properties if the Nyquist loci of the nominal plant can be deformed in such a way that we
avoid crossing the critical point, that is, if there exists a homotopy Q(s, €) = Qq(s)+€A(s) for 0<e<1
and with Q(s, 1)=Q(s), such that

det[I+Qq(s)+eA(s)]#0  for all s€Dp, 0<e<1 (3.13.4)

where D, is a suitably large D-contour in the right-half of the complex plane and A is the additive
error Q(s)—Q(s). (We must also ensure that Q and @ have the same number of closed-loop right-half
plane poles, that the closed loop corresponding to the nominal plant is stable and that provided'the
perturbed system Q(s) has a pole on the imaginary axis, so does the nominal system at the same

location).

The range of robust stability to additive perturbations, therefore, essentially depends on the
extend by which the matrix A(s)=I4+@y(s) can be deformed by an error matrix E(s) without making
the sum A+FE singular. Now, if A+F is singular and &(E)=g(A), then <unvh, E>=—0on=—g(A)
where A has a singular value decomposition A:UEV‘:E:,;Ia'iuiv; (¢;20;,;) and the matrix ’inner
product’ <., -> is defined by <A, B>=trace(A*B). In addition, if T(£)<g(A) then A+E is
nonsingular. Constructing a constraint set so that E cannot have a projection of magnitude o5 in the
most critical direction unvn, we can see that @(E) must increase for A+E to lose rank [L3]. A solution
to the problem “by how much @(F) has to increase for this to happen?”, allows the formulation of the

main theorem in [L3]). The crucial result is that if A=G~'4+K has a singular value decomposition

¥ o ,u;v}, then robust-stability for all additive errors E(s) bounded by

PR At Rt B

pz\lanan_l+c(an—an_l) (3.13.9)
is guaranteed provided a bound ¢ of the ’structured’ error

|<unvn, E>|<c<0on (3.13.6)
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can be found whenever 7(E)>0 . Similar results follow for other types of uncertainty (multiplicative,
inverse additive, inverse multiplicative) by an almost identical analysis. Note, that since un and v, are
not specified a-priori (i.e. they are not defined until the compensator K(s) has been designed), any
structural information about the error E(s) is utilised only indirectly in determining a bound for

| <unvn, E>|.

Consider next the robust stabilisation problem
. , - . 0 I
inf_||E(4+GK) | = inf_ ||°Ie([ I G ] K)ll, (3.13.7)
Ke= Ke= .

Let G(s) admit right and left coprime factorisations G=N,D7'=D;' N, with inner denominators D, and

D,. Next, (3.13.7) is equivalent to

inf ||—=UD—DrQD|| = inf ||-De(DF'U+Q)Dl = inf |IDFUA+Q)|(3.13.8)
Qe¥? Qe¥? QeNRT

on using (1.4.33). Let T denote the Hankel operator with symbol D7'U,(—s) and denote its sequence of
singular values by {o;} with 01:1/0'"“-,,(1"6(_’)) by [G2], [F2]. Let also H(s) denote the generator of
the family of all Nehari extensions of D;y'U,. Then, all J®-optimal interpolating functions are

generated by

BR(s) ={K(I+GK)"1| K€Z= achieving the infimum in (3.13.7)}

:{—D,[D:lU,-i-‘fe(H, mD, | UeallEBJ{,?}
Using Lemma 3.5.1, R(s) may be parametrised as
Ro(s)=—D- VT y([0108(Gy,+Q)), V)W"D, (3.13.9)
where V=[v, V] and W'=[w] W] correspond to the maximal Schmidt vectors of I'. It follows that
(ot G'l(ju-')="3=_l(jw)=51;Dz'wleD;(J'w)a( —jw)—Dj Wl{ge(Q’ U)+ Gl} V7, Dr(jw)
and since || ,(Q, V)|l <01, Diw(jw) and viDr(jw) are singular vectors for every element of R (jw)
corresponding to the smallest singular value of o ,; (R~ !(jw))=0,. Consequently, if a (uniform) bound

¢ may be established on the ’structured’ error

|<un(BHn(R7Y), E>| =

trace{n(B)us( ) B

> A Diuyvi D B(jw) }

= IUID:ED,'wl(jw)IS c v (3.13.10)
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the magnitude g(E(jw)) of the nearest destabilising error (for the ’structured’ error set) is increased by

a factor

_ Pa(B (W) _ c c
5—\ (B~ (jw)) {1 ”n(%_l(jw))}+0n(%_l(jw))

= {7 n_t(R7H(Gw))ory(T)+coy(T)

=\32(‘;§’((12)))(1—ca,(r))+wl(p) (3.13.11)

Maximising € for the worst w is achieved by the super-optimal solution,

Es0=| oy(T)
T \so(Re(jw))

)

(T)
;(F)(l—col(l‘))mal(r) (3.13.12)

(1—c0'1(1"))+60’1(r)2 “

\

S}

by Theorem (2.7.2). Note that when the bound in (3.13.12) is tight, the ratio of the two largest Hankel
singular values of Dy U;(—s) is an indicator of the level of improvement that is likely to be achieved by
imposing structural constraints on the uncertainty. Figure 8 gives a plot of 20-log(€) versus co, for

various ratios ¢,/0,.
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Figure 8: Error margin improvements in a-posterior: stability tests
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Appendix 3.A: Proof of Lemma 3.4.6

Lemma 3.4.6

The Hamiltonians associated with the two Riccali equations (3.4.35) and (3.4.36) are

H= A — A0 A2A7, ] (A1)
C;C‘_LC_LCl —(An—AnC;Cl) |
and
Al — A5 BBy A5 A ]
Hy= 11 ‘ 21 2‘1 ) 21 ‘21 . (A.2)
BIB_LB_LBI —(AII_A2IB2BI)
Further
-1
I =z I =X
= Al
- T oz T ? (43
Proof:

(A.1) and (A.2) follow from standard theory on the algebraic Riccati equation [A2]. We will

verify (A.3) by showing that each of the four partitions of

I =X I =X
— Ad
1| _s s T 2 (A.4)
is zero.
Block (1,1) is equal to
(1,1) = Ay —A12C5C — A AT,E — A+ By By Ay,
= A1p(A]22+0A5)— A2 A1 E— (0 A1 9+ EAS) A+ EA5 Ay
=0 (A.5)

using (3.1.1), (3.1.2), (3.1.3) and (3.1.8). Similarly,

(1,2) == (A~ A12C30)Z+A1A1,T — BB B§ Bi—S(A1+B1B3Ay)”
=—A112+A12(A;22+0'A21)E+A12A;222—02/112-4;2—B1B]_B_|_B;
—TA+EA By By
=—0AAnE—02ApAl+a Ao ATt Ay E)
=0 (A.6)
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(2,1) = C1C7 C | Ci+(AT1— C1CoAT) E+E( Ay — By B3 Ap)) — T2 A5 Agi+0° A5 Ay
= CiC) C | C+(ALIZ+EA)+CC,CoC1+0 CLCyAp+0T A Ay 02 Aj Ay
= —(ZAyp+0As)0 Ap+0 T A Ag+02As Ay
=0 (A7)

Finally,

(2,2) = — C,C+C,Cy( CyC,E+A}oT) — A1 T+5 B, B, — (S B, Bo+ T A3) By B+ T Al

— CIC1E+ ClCyA]25% — 0% ATy — (A]2Z+0 Agy) T~ AL T+T AL+ £ B, B
—[2?A45—0° A% —Z(0 A2+ EA3)) B, By

= —C|C,Z— AL 2%+ X?A},+ 2B, B

=0 (A.8)

where (3.1.1), (3.1.2), (3.1.3) and (3.1.8) have been used. Finally, the fact that

I -z
det . det(T—£?) = det(—a?I) # 0 (A.9)

establishes the non-singularity of the transformation and hence proves the result. 0
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Appendix 3.B: Proof of Lemma 3.4.7

Lemma 3.4.7

Suppose that Q and Q are solutions to the Riccali equations (8.4.35) and (3.4.36) respectively,
and suppose also that [-],_ and [-]_ denote the stabilising and destabilising solutions 1o these equations.

Then if 07! erists,

(i) Q_=F (=, Q7 (B.1)
where
- ol
== 0 (B.2)
(i) If
A(Q, Q) := QQ+EQ+QZ+T (B.3)
Then
A(Q2-, Q.)=0 (B4)"
and
A(Q_, Q) (B.5)

is non-singular.

Proof:

Suppose that
T T |
[xl xz] (B.6)

is a basis for the completely unstable eigenspace of H3. Since

H,T=TH, (B.7)
where
I -X
T = (B.8)
- T

it is easy to see that
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] "‘E Xl XI—E‘XZ

- T || X, | |-ZX+TX,
is a basis for the completely unstable eigenspace of H,. Consequently
Q- = (PX,—ZX) (X, 2Xp) ™
= (TXo X7 —Z)(I-ZX, X7 1)~
= —B—0Xo X7 (I-2X, X7 ) Y01

By assumption

Xy Xy
H, = (A]
Xy X3

in which A is completely unstable. If

0 -1
J=
I 0
we can write
Xy Xy
JH,J =—J [A]
X Xa

Since H; is Hamiltonian, this gives

—-X, -X,
H, = [—A]
X X

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)

which implies that [~ X7 X;T]T is a basis for the asymptotically stable eigenspace of H,, so that

—Q3'=X,X7"
whence
Q. = —S+oQ7 I+2Q37Y) el
= Fy(E, O3

which proves the first part. From (B.16) we get

(+07'2)Q_= —Q3'r~%

(B.15)

(B.16)
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= Q.0 42Q_+T+0,Z =0
= A(Q,, Q) =0 (B.17)

which verifies (B.4). Finally,

A(Q-, Q) = A0S, Q)-A((Q, Q4)
= (Q-—,)(-+X) (B.18)

Since £>0 and Q_>0, (R_+X) is non-singular. The non-singularity of (Q-—£,) follows from a simple
Lyapunov equation type argument [W1, pgs 626-627]. O
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Appendix 3.C: Proof of Theorem 3.5.2

Theorem B.1

Let H(s) be the generator of all Nehari extensions given in Lemma 3.1.1. Then, assuming that

the Riccati equations (3.4.35) and (3.4.36) have positive-definite destabilising solutions Q and Q,

v* 0
Hy, Hi w W, 0 oa(s) 0 0 ,
V._L 0 = 0 G+0 0 (C1)
0 I HZI ng 0 0 Ip 1+ 11 12
" 0 Q @
in which

(i) a(s)ERIEY and ts all-pass, GIER%T'("‘_I)X(?']), QeRf}{’T'(m+p"2)x(m+P'2)

L a0y | ovsE ]
(1) Gy(s) = ) - - (C.2)
CLCRHQSAT+Q045Q) | 0
(411) Q(s) é[_ I~ Yo24],+ZA;;Z—0 CiUB;) ’ (Q'417'T)B B —aI"lC';C'_L_]
—C| C(Z+Q7'T) 0 —ol
—oB | B] ol 0
(C.3)

We have abbreviated o(Gy) to just o.

Proof:

From Lemmas 3.1.1 and Theorem 3.4.5, we observe that H(s) is given by the state-space

realisation,
[ Ay Ay 0 B, 0 ]
Ay Az 0 B, 0
0 0 T }o24},+ZA4,2—0CUB;) I"YEB+oCil) —ol'CIC (C.4)
¢ G —(CiZ+0 UBY) ol —-oC|
0 0 —0oB | B] oB| 0

Also V(s) may be written as
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V50
0 Inm

(s) =

AL —(Q4,-CGC)AL, | GiCUC 494, 0 ]
~ Al o 0
- C, 0
0 0 Im

In the first part of the proof we cascade the realisations in (C.4) and (C.5), and then implement the

basis changes

(C.7)

Simplifying calculations which make use of the Riccati equations (3.4.35) and (3.4.36), and also various

partitions of (3.1.1) and (3.1.2) gives that VzH(s) is equal to

(A= Q41— G4, 0 0 0 By 0 |
0 Ay Ay, 0 B, 0
0 Aoy Ass 0 B, 0
0 0 0 T Yo24],+Z4,Z—0CiUBY) B,, B,
— A, CoCi—ALQ 1 0 —0B, 0
-c, 0™ 0 0 —C | C(Z+Q7'T) 0 —oI
0 0 0 —0B | B oB) 0
(C.8)

where we have defined,

[vel}

11 — —O'QAIQBz—QBl—SBI—UCIU
By =TI"Y(ZB+0CiU)

Next, we multiply (C.8) on the right by

w Wy 0 | —AL-An(4n0~B;B) | -45 -QBBL 0 |
0 0 I B’ B Bj+B3A5,Q B; By 0 (C.9)
0 0 0 i

which is taken from Theorem 3.4.5. Following that, we make use of the change of basis:
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[ -(n+r2)n ]
Fol
I 0
T= =T (C.10)
0 I

Simplifications based on the Riccati equation (3.4.36) and the partitions of (3.1.1) and (3.1.2) yield

™

H, H w W 0 A B
VJ. 1 12 1 2 (C11)
Hy Ha 0 0 I C D
0 Inm
in which
[~ A5, —(R4,,-C[C4l, 0 0 0 0 ]
A= 0 AZI A22 0 0
0 0 0 T Yo24],+ZA;,E—0CiUB;) 0
0 0o 0 0 —AnL—A%(AnQ—B,B))
(C.12)
[ (QT4T+00+30) 43, 0 0 ]
B,B3— QA3 0 0
B= 1 0 0 (C.13)
0 (Q7'-r"'t)B,B| -oT~lCiCy
— A3, Soxy:N: ol 0 J
— A}, CyCi—ALY 1 0 0
c=| —-c,0q7! 0 0 —C G(E+Q7T) —C; Q7Y QS+T+90+5Q)
0 0 0 —0B | B; 0
(C.14)
—c 0 0
D= 0 0 =—oI (C.15)
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An inspection of the first row of C in conjunction with A establishes that a(s)eR¥S . Since the
three matrices on the left of (C.1) are all-pass, it follows that a(s) is necessarily all-pass also. The
second and third columns of B, together with the second and third rows of C, and A verify (C.2) and
(C.3). The fact that Q(s)eRHI™(mTp=2X(mtr=2y folows from [G1, (6.35) pg.1140]. That

Gl(s)eRI}ﬁi"'(""l'p'l) is immediate; review Remark 3.4.1. 0
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