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Abstract

This thesis presents a state-space analysis for a class of 3t°°-optimal control problems. The lit00 

approach to design provides a framework within which multivariable frequency response characteristics 

may be shaped in an optimal manner. This is achieved by modelling noise/disturbance signals and 

plant uncertainties in a set framework and subsequently minimising their effect in the closed loop for 

the worst case in the set, under the consraint of closed loop stability for the nominal plant. Formally, 

any Dt^-optimal control problem may be described by the constrained minimisation,

To= inf \ \P u+ P l2 K U - P 2^ r 1P2i \ \^ (1)

where E is taken to be the set of all (internally) stabilising compensators. Using the Youla 

parametrisation of this set in terms of a free parameter <2(s)€3&+3, we may transform (1) to

To =  i n f  | |% (Q ) ||00 
Q (5)63G?

where % (Q) is an affine function of Q(s), or, alternatively to

( 2 )

To =  inf  
Q(s)e%+

in which f2(s)=(i?JJ(s))GKT.

Allowing F12(s) to have more rows than columns (with P21(s) square) or, alternatively. P21(s) 

to have more columns than rows (with P12(s) square), results in a minimisation in (3) in which 7?12=0 

and R22=0. These problems have been termed “problems of the second kind’’ to distinguish them from 

the case when both P12(s) and P21(s) are square (problems of the first kind) and the general case in 

which both P 12(s) and P21(s) are non-square (problems of the third kind). A detailed state-space 

analysis is performed for the 3f°° control problems that belong to this class. It is shown that for every 

lit00 problem of the second kind a continuum of optimal controllers exists requiring no more than n 

states (where n = d e g ( P ) ) .  A parametrisation of the corresponding interpolation functions %(Q) is also 

obtained and the results are extended to the suboptimal (t > T o) case.

Seeking to use the degrees of freedom that are available in the solution set of (3) for problems 

of the first kind in order to minimise all the singular values of (P n — Q)(s) in turn, leads to the 

formulation of the so-called “super-optimaf' Nehari approximation problem. Formally, this may be 

stated as follows: Given a rational matrix ^ n (5)6K “  find a matrix function Q(s)e!Jf^ which 

minimises the sequence [sj’0, s£°, • • • ] with respect to lexicographic ordering, where

sj°(̂ n — sj (Ru~Q)UljJ) and sj{’) denotes the j-th singular value of a matrix (in

decreasing order of magnitude).

This is a stronger version of Nehari’s theorem for multi-input/output systems which restores

Ru — Q R12 

R‘> i R-22
(3)



uniqueness to the optimal solution and provides a finer measure of approximation. A state-space 

algorithm is derived for the solution of this problem. The procedure is to use a set of all-pass 

transformations (determined by the maximal Schmidt pairs of a sequence of Hankel operators) to 

sequentially minimise each frequency-dependent singular value in a dimension-peeling algorithm. 

Bounds on the minimal achievable values of s^°(il11— Q) are derived along with the MacMillan degree 

of the super-optimal extension and the corresponding M00 controller. The construction is finally 

extended to super-optimal Hankel-norm approximations and to other mixed-type (L 00/ L 1. 

i.°°/Maximum entropy) problems.
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General Introduction

During the last decade M00 theory has been developing as a new methodology for multivariable 

feedback design. This method provides a framework within which multivariable closed-loop frequency 

response characteristics may be optimally shaped. In this way, a number of im portant issues related to 

the stability and the performance properties of the system may be addressed. The particular 

im portance of Dt°°, however, is its ability to treat the issue of uncertainty in a systematic way.

Uncertainty in control systems may be attributed to a variety of factors. For the purposes of 

analysing its effects in design (for example its effects in causing instability), it may be distinguished to 

exogenous signals and model uncertainty. The First type of uncertainty arises due to the presence of 

disturbances, process noise and measurement noise signals. Model uncertainty (taken to describe any 

mismatch between the model and the actual system) typically arises due to neglected dynamics, 

uncertain coefficients in differential equations and the effects of linearisation. To describe uncertainty of 

this type, the true plant is assumed to belong to a family of which the model is also a member. Since 

any design based on a model is required to work for the actual system when it is implemented, the 

issue of r o b u s t  c o n tr o l  arises, i.e. the problem of achieving the goals of the design not only for the 

nominal plant but also for every other plant in the family.

In the formulation both plant perturbations and the exogenous signals are assumed to 

belong to norm-bounded sets. In particular, model uncertainties are assumed to be bounded in the 

norm, giving rise to robust-stability criteria mathematically expressed as infinity-norm constraints on 

certain closed-loop transfer functions. In the case of ’unstructured’ perturbations (i.e. if no information 

is available on how the uncertainty is distributed among the elements of the m atrix function 

representing the plant) this choice of norm is the most appropriate one since it provides both necessary 

and sufficient conditions for robust stability, under mild assumptions on the perturbed system’s 

stability properties. Exogenous signals, on the other hand, are assumed to be unknown but bounded in 

energy, their spectral characteristics being reflected in an associated frequency weight acting as a 

weighting factor on their spectral density. W ith this type of uncertainty characterisation enforced, 

problems may be formulated as constrained minimax optimisations: A typical !Hd°° problem seeks to 

minimise the effects of the exogenous signals/plant perturbations in the closed loop under the 

constraint of internal stability for the nominal plant. Since the induced norm of an operator acting on 

£ 2-bounded signals is the i,°°-norm of its transfer function, both types of objectives (exogenous signal 

rejection and robust stabilisation) may be expressed as infinity-norm minimisation problems. In this 

way, mixed-type problems incorporating multiple performance and robust stability objectives may be 

formulated and solved within the 36°° framework.

The reason why 3G00 is particularly suitable in dealing with uncertainty is thus twofold: First, 

the characterisation of exogenous signals implicit in the 3G00 formulation is more realistic than the ones 

offered by other design methods: Algebraic control methods, for example, assume perfect knowledge of
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signal uncertainty, while LQG, though modelling process and measurement noise as stochastic signals, 

assumes perfect knowledge of their spectral characteristics. The second reason is to be found in the 

ability of M°° to deal directly with robust-stability objectives. In this respect, other methodologies offer 

very poor results: Pole-placement and geometric methods, for example, seem to be incapable of 

extending their results when model uncertainty is taken into account. A simple example by J. Doyle 

[D5] has demonstrated that the stability margins guaranteed by LQG theory in the perfect-state 

information case are lost when incorrect models are implemented in the Kalman filter employed within 

the LQG configuration to reconstruct the state of the system. Loop transfer recovery techniques have 

been suggested to ’robustify’ the design, but these are only guaranteed to work under a number of 

restrictive assumptions.

Formally, any UG°° optimal control problem may be embedded in the generalised regulator 

configuration of Figure 1. In this diagram, v(s )  is the vector of all external (or fictitious) inputs, .?(s) 

contains the error signals to be regulated, u ( s ) are the control inputs and y ( s )  the measured outputs. 

K ( s )  represents the controller to be designed, while P(s) is a transfer matrix whose structure is defined 

by the particular problem to be solved, incorporating the model of the nominal plant together with all 

scalings and frequency-dependent weights employed by the designer to shift the emphasis with 

frequency between different design objectives. Throughout the thesis attention is restricted to linear 

time-invariant finite-dimensional systems so that both P ( s ) and K ( s )  are assumed to be real-rational 

m atrix functions.

W ith P ( s )  in Figure 1 partitioned as

P ( s ) =
P n

P 21

P n  

P 22

the general J t03 problem may be expressed as the constrained minimisation,

(1 )

7opi=  » /  II ? £(P, K )  || :=  i n f  || P n + P i 2 K { I - P 22K T 1P 2 ,1 ^  (2)
Jf€ = ‘ /f€  5

in which A'(s) is allowed to range over the set E of all internally stabilising compensators. In other 

words, we seek to minimise the worst-case energy transfer between v (s )  and z(s) over all energy- 

bounded input signals, using compensators that do not generate any unstable hidden modes in the 

feedback configuration of Figure 1.

The type of solution of the general 3G00 problem (2) strongly depends on the input/ou tput 

dimensions of the off-diagonal blocks of P { s ) .  Three general problem-categories will be distinguished: 

3f>°° problems of the first  k ind are characterised by the assumption that both P12(s) and P2i(s) are 

square (though not necessarily of the same size); the condition that just one of the two blocks is square 

defines a  problem of the s e c o n d  k ind , while the condition that both blocks are non-square a problem of 

the th i r d  kind. The reason behind this distinction will become apparent in Chapter 1 when a solution to 

(2) is outlined.
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The optimisation problem in (2) is a constrained minimisation of a bilinear function in K { s )  

over an implicitly-defined set. The problem may be simplified considerably by invoking the Youla 

param etrisation of internally stabilising compensators,

h ={ 5fe(A'o, Q) I Q e X ?  } (3)

in which Q(s) is allowed to vary over and A'0(s) (the generator of the family of all stabilising 

controllers) is obtained by performing a coprime factorisation on P (s )  over and solving a double 

Bezout identity defined by the coprime factors. Substituting 7 ^ ( K 0, Q) for A 'eE allows (2) to be 

written as

To„=>»/ II 5 ,(p, <?)) IL== -"/ II rIi-rI2<?r21||00 (4)
<jeK“

in which T’tJ(s)EK^0. Since the problem has now been expressed as a free  minimisation of an a f f in e  

function, it is much easier to tackle than in its original form.

Equation (4) is often referred to as the “model-matching” problem. Since the T,- •’s and Q (s )  

are all stable functions, the norm of <3fe(s)= T n — T l 2 Q T 2 \ (in the case when T12 and P21 are square) is 

constrained only by the RHP transmission zeros of T12 and T21 (and in the MIMO case by the 

corresponding zero directions as well). 3G00 problems of the first kind, therefore, reduce to the 

construction of a stable matrix function of minimum norm satisfying a finite number of interpolation 

constraints in the RHP. Problems of this type may be solved via classical Nevanlinna-Pick 

interpolation theory [D1]. -yop1 is obtained by solving a generalised eigenvalue problem and a generator 

of all optim al interpolating functions may be constructed as a “chain” of linear-fractional compositions 

of degree-one functions, each associated with a RHP interpolation constraint [L5]. [K10].

The interpolation approach in solving 3G00 control problems is particularly appealing from an 

intuitive point of view since it provides insight to the constraints on the m agnitude of the closed-loop 

functions on the j u - axis due to the presence of RHP constraints. Unstable zeros and poles of the plant, 

for example, may be easily seen to impose pointwise interpolation constraints on the sensitivity and the 

complementary-sensitivity functions, if stability in the closed loop is to be attained; these are in fact 

equivalent (via Poisson’s integral formula) to integral relations that the two functions must satisfy on 

the j u  axis [F7], [F9j. K 03 design may be viewed, in this way, as a method of shaping the closed-loop 

frequency-response characteristics by trading the magnitude of the target closed-loop functions at 

different frequency intervals in a way which keeps all integral constraints in force. Unfortunately, the 

application of Nevanlinna-Pick interpolation theory is only restricted to K°° problems of the first kind 

(although a generalised interpolation procedure for J t00 problems of the second and third kind 

involving matrix-like interpolation constraints of the form y4(s)(tR5(s)=A(s) has been proposed [H3]. 

[H4]). In addition, the presence of interpolation constraints defined at zeros having multiplicities 

greater than one makes the application of the theory awkward, even for problems of the first kind. To 

deal with such difficulties, an alternative method for solving (4) has been developed.

The model-matching problem (4) is first transformed to
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l o p t — *nf  II ^11— [ ^12 
Q 6 % ?

" Q 0 > 2 l '
0 0

[ f ± \

( 5)

in which [T12 TjJ and [7 ^  are inner matrices. (Note that this is in general possible under mild

assumptions on the structure of P ( s ): First, inner-outer factorisations may be performed on T12 and 

T n , the outer factors being absorbed in Q (s ) \  matrices Tj^and T j ^  may next be constructed as inner 

complements of T 12 and r 2i [D4]). The norm-preserving properties of the multiplication by all-pass 

matrices may be next be employed to transform (5) to

in which

l o p t  =  i n f
Q [ s ) e %

R \ \  —  Q  

R - 2 1
#12

#22
OO

( 6)

#(*) =

—
1

to __
1

---
-1

to
1

r1 
CN

____
I #22

:
1__

_ . T n
r 2 l  t \ <)

(6) is referred as the four-block general distance problem. In the case of 3t°° problems of the first kind, 

it reduces to the approximation

7 o P t =  i n f
Q ( s ) e % ?

R n - Q I L ( 8 )

known as the Nehari-extension problem. By Nehari’s theorem [Gl], [F2], the infimum in (8) is achieved 

and is equal to the norm of the Hankel operator induced by # n ( — s) (definition given in section 1.5). 

while a simple state-space characterisation of all Q (sfs which attain this value has been derived by 

Glover [Gl]. The case of K 00 problems of the second and third kind is considerably harder: In fact, the 

presence of matrix blocks in #(s) which cannot be directly approximated (see (6)) makes only iterative 

solutions possible. Such a solution, based on the work of Davis, Kahan and Weinberger [DIO], has been 

suggested by Doyle [D4]. The method consists of a bisection algorithm at each stage of which an 

inequality of the form

R-n-Q R-12
R 2i R 22

<  7 (9)
■- - 1 oo

is checked by transforming (9) to a two-block and a Nehari-extension problem in turn, thus reducing it 

to the calculation of a Hankel norm. This two-stage transformation requires the performance of one 

inner-outer and two spectral factorisations and, in practical situations, has to make use of model- 

reduction routines at each stage to suppress state-inflation effects.

K 00 originated from the work of Zames in the late seventies who first suggested the use of 

infinity-norm minimisations in dealing with plant uncertainty and shaping the sensitivity function. The 

scalar sensitivity problem was solved by Zames and Francis [Zl], [F4] using interpolation theory. The 

m ultivariable sensitivity minimisation problem was treated by Francis, Helton and Zames [F5], Chang



A state-space analysis for a class of H°° optimal control problems -5

and Pearson [Cl] and Savonov and Verma [SI], while Savonov and Chen have obtained a solution in 

the case that sensitivity is constrained to be decoupled [S6]. Robust stabilisation problems in the 

context of Ut°° optimisation were treated by Kimura [K6], Glover [G2] and Glover and McFarlnane 

[G6], while mixed-type problems were adressed by Kwakernaak [K9], Verma and Johnckhere [VI] and 

Foo and Postlethwaite [FI]. Extensions of K°° theory to adress robust performance and structured 

perturbation problems are mainly due to Doyle et al [Dl] and Savonov [S5]. Investigations of analytic 

tradeoffs in closed loop functions due to the presence of unstable poles and non-mimimum phase zeros 

(in the context of K 00 optimisation) are due to Freudenberg and Looze [F8], [F9] in the scalar case and 

O ’Young and Francis in the multivariable case [01], [02]. Most of the state-space advances in the [It00 

and model-reduction areas are due to Glover [Gl], [G3], [G4], Ball and Ran [B5] and Doyle [D4]. 

Among recent developments in this area the solution of the general distance problem by all-pass 

embedding techniques [G5], a generalised interpolation approach [H3], [H4] and a J-factorisation 

approach [G8] are of particular importance. A polynomial-based approach for solving several Ht00 

problems has been developed by Kwakernaak [K12]. His approach requires the solution of systems of 

m atrix polynomial equations and implicitly treats the ensuing Nehari-extension problem as a Wiener- 

Hopf minimisation weighted by a strictly-proper function. (This function in fact coresponds to the 

maximal Schmidt vector of the corresponding Hankel operator [S7], [S8]). The polynomial approach 

heavily depends in keeping track of polynomial degrees and for this reason, despite recent advances in 

this area, it is rather awkward. From a numerical point of view it seems to be inferior to state-space 

methods.

Although %°° is predominantly a frequency-domain method, some very interesting time- 

domain interpretations have recently emerged. Khargonegar et al [K5] have shown that if all states are 

accessible, the minimum-norm interpolating function may be constructed using a constant state 

feedback. This result suggested the possibility of a separation principle between estimation and 

regulation in 3G°° compensators, similar to the one obtained in LQG theory. Such a separation principle 

has in fact been established by Doyle et al [D9] for a class of controllers; their analysis has also 

produced considerable computational simplifications resulting in a generator of all K 00 controllers 

based on the solution of two indefinite Riccati equations. An interpretation of 3G°° optimisation in 

game-theory terms has been developed by Limebeer et al [L10]. Their analysis is based on an 

interpretation of the K°° minimax-type cost as a linear-quadratic differential game between the 

exogenous signal (’trying’ to maximise the overall cost) and the controlled signal ( ’trying’ to minimise 

it). The description of the problem in these terms illustrates the significance of the indefinite Riccati 

equations obtained in [D9], [G5] and has led to extensions to the time-varying case. Such extensions 

have also been obtained by Tadm or [Tl] using the maximum principle.

Considerable interest has also been devoted in using the degrees of freedom that are available 

to HG00 interpolating functions in the suboptimal ( ||# (s ) || < 7 , 7oPt< 7 )  an<̂  the optimal case. 

M a x i m u m  e n t r o p y  extensions (in the context of 3G°° control) have been considered by Limebeer and 

Hung [L6] for the one-block case: their results have been extended to the four block case by Glover and 

M ustafa [G7] and Glover et al [G5] using all-pass embedding techniques. In [G5] particular attention is
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given in maximising entropy a t infinity establishing interesting links with risk-sensitive LQG theory. 

Finally, s u p e r o p t im a l  extensions proposed by Young [Y3] have been considered by Limebeer et al [L9], 

Postlethwaite et al [P4] and Jaim ouka [Jl].

Thesis layout and contribution:

This thesis presents a  state-space analysis for a class of 36°° optimal control problems. As has 

been mentioned in previous paragraphs the general 36°° problem may be distinguished to problems of 

the first, second and third kinds according to a dimensionality condition. Problems of the first kind 

adm it closed form solutions, the optimal cost being obtained by solving a Nehari or “free’* 

approxim ation problem. Problems in the last two categories may be solved via an iterative procedure 

which involves a number of state-dimension inflation steps.

In Chapter 1 some background theory for 3t°° control is outlined. The general problem is 

formally defined as an optimisation problem incorporating internal stability in the closed loop as a 

constraint. Using the Youla parametrisation of internally stabilising compensators allows this problem 

to be transformed to a general-distance approximation in terms of a free m atrix param eter in 3t°°. In 

the one block case this may be solved using the state-space methods in [Gl] while a bisection algorithm 

is outlined for solving the approximation problem in the general case. A number of control problems of 

engineering interest (sensitivity minimisation, robust stabilisation and the mixed-sensitivity 

minimisation) are fitted in the configuration of Figure 1. A class of problems treated in [L ll] using the 

results in [D9] (parametric mixed-sensitivity problems) which nominally belong to the family of 

problems of the second kind are shown to reduce to one-block problems and a closed-form solution of 

the optimal cost is obtained. In the last section of the chapter links between RHP interpolation 

constraints and the magnitude of certain closed-loop functions are described.

Chapter 2 presents a detailed state-space analysis of 3G‘X> problems of the second kind which 

leads to the identification of degree-inflation phenomena in the interpolating function and the 

controller. Riccati equation balancing techniques are employed to establish links between the 

interpolation constraints of the problem, the rank of the solution of the two Riccati equations 

associated with this family of problems and the degree of R ( s )  in the two-block general-distance 

problem. A detailed state-space analysis is performed yielding a realisation and a degree bound for the 

family of all optimal interpolating functions. This leads to the derivation of the degree bound for the 

3t°°-optimal controller by identifying the possible pole/zero cancellations which can occur in the 

feedback configuration of Figure 1. It is shown that for every problem of the second kind a continuum 

of 3 tco controllers exists requiring no more than n — 1 states in the optimal case and n  states in the 

suboptimal case ( 7 > 7 opt), where n = d e g ( P ) .  Finally, the last two sections include a mixed 

sensitivitv/additive robustness example illustrating the results together with a discussion of the 

com putational improvements in 3t°° software resulting from the cancellation analysis of the Chapter.

Seeking to use the degrees of freedom that are available in the solution set of (6) for problems
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of the first kind in order to minimise all the singular values of { R n  — Q ){ s )  in turn, leads to the 

formulation of the so-called “super-optimal” Nehari extension problem, treated in Chapter 3. Formally, 

this may be stated as follows: Given a rational m atrix i£n (s)e!Hjf?, find a m atrix function Q(s)6 3t+ 

which minimises the sequence [sf3, s£°, ••• ] with respect to lexicographic ordering, where 

sj° ( -^ ii~ Q')= s u P Uj £ R  sj ( ^ n ~ Q ) U UJ) and Sj(’) denotes the )-th singular value of a matrix (in 

decreasing order of magnitude). A state-space algorithm is derived for the solution of this problem. The 

procedure is to use a  set of all-pass transformations (determined by the maximal Schmidt pairs of a 

sequence of Hankel operators) to sequentially minimise each frequency-dependent singular value in a 

dimension-peeling algorithm. Bounds on the minimal achievable values of s^°(i?11— Q) are derived 

along with the McMillan degree of the super-optimal extension and the corresponding 3t°° controller. 

The construction is extended to super-optimal Hankel-norm approximations and to other mixed-type 

( L ° ° / L 2, £°°/M axim um  entropy) problems. Finally, a number of examples are included to illustrate 

the results of the Chapter and superoptimal robust stabilisation designs are discussed in the context of 

a-posteriori error characterisation tests.
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Chapter 1

1.0 In trod u ction

This thesis presents a state-space analysis for a class of 36°°-optimal control problems. The 

purpose of this Chapter is threefold: First, it defines the notation and gives some preliminary results 

used in the following Chapters. Secondly, it formally defines the general optimisation problem to be 

considered, links it to a number of issues arising in multivariable design and outlines a number of 

methods for its solution. The general problem is distinguished to problems of the first, second and third 

kind according to a dimensionality condition: The first of these reduces to a “free” approximation for 

which closed-form solutions exist; for the other two, however, only iterative solutions are in general 

possible (although section 1.6 describes a class of problems of the second kind for which closed-form 

solutions exist). Finally, the last section of the Chapter relates the minimum cost which can be 

achieved in the 36°° problem to a number of interpolation constraints which must be satisfied in the 

RHP; this illustrates the dependence of the optimal cost on a number of structural constraints due to 

the plant such as the position of unstable poles/non-minimum phase zeros and approxim ate pole/zero 

cancellations in the RHP.

1.1 N o ta tio n  and prelim inaries

IR, IR+.C

p m x /

c +, c + 

c_, c_

m a x  (A)

A *

/1>0, ,4>0 

A < 0, ,4<0

real, non-negative and complex numbers

field of rational functions in s with real coefficients

set of mx/ matrices with elements in F(=!R, C, IR(s) etc.)

open (resp. closed) right half plane

open (resp. closed) left half plane

eigenvalue of a square m atrix A , largest eigenvalue of A  

complex conjugate transpose of A £ C mxl(transpose if A £ R m x l )

A  is positive semidefinite (resp. positive definite)

A  is negative semidefinite (resp. negative definite)

space of matrices in R ( s ) m xl  which have no poles on the ju; axis (including 

the point at oo)

i,°°-norm of matrices in
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RM ?, R % ~

V i ( G ( s ) )

l |G (s ) | |*

R e { s ) , s , \ s \

( ? ( s )

subspaces of IRJL°°; matrices which have no poles in C_|_ (resp. C_)

Hankel operator associated with G(s)GlR%+>

i-th Hankel singular value of G ( s ) (i.e. of T G) in decreasing order of magnitude

=  o’1(G(s)) , the Hankel norm of G ( s )

the real part, complex conjugate and modulus of sEC

=  G(—?)*, the para-hermitian conjugate of G ( s )

Associated with a transfer function m atrix G(s)ER(s)mx/ 

space realisation

of MacMillan degree n  is a state-

G(s) =  D + C ( s I — A ) ~ 1B (1.1.1)

where A ER nXn, 5 e R”x/, CERmX71 and £>ERmX/. The alternative notation G(s)=(A, 5, C, D )  or

will also be used.

G { s ) ±
A  B  

C  D
( 1 .1 .2 )

In the above notation, we have G’(s)=( —A*, C , —B ~, D ’) and in the case that D  is non­

singular, G ~ l { s ) = ( A  — B D ~ l C\ B D ~ l , — D ~ l C , D ~ l ). If G-1(s)=G ‘(s), then G(s) is all-pass .  G {s)  is 

called s ta b le  ( a s y m p t o t i c a l l y  s ta b le )  if it has no poles in C + (resp. C +). If G(s) has no pole in C_ it 

is called u n s ta b le .  If G {s)  is stable and all-pass it is called inner. Unstable and all-pass matrices are 

called a n ti - in n er .  If G(s) is unstable and ||G(s)|| <1 it is called a m a t r i x  c o n tr a c t io n .  The set of all

m atrix contractions is called the u n i t  ball and is denoted by

If G(s)=(A, 5, C, D ), the system matrix of the given realisation is defined as

s i — A  - B  

C  D
(1.1.3)

and the system zeros are defined to be the points at which the system m atrix loses normal rank. In the 

case when D  is non-singular, the system zeros are also given by \ { A  — B D ~ l C ).  The input decoupling 

zeros (uncontrollable modes) are points at which [ s i — A  \ B\ loses rank. The output decoupling zeros 

(unobservable modes) are the points at which [ s i — A *  | CT) loses rank. In the sequel, the term “zero” 

refers to “system zero7’ unless stated otherwise. Obviously, {input decoupling zeros} U {output 

decoupling zeros} are a subset of both A(A) and the set of system zeros. The realisation (A, B , G, D )  is 

minimal if it has no inpu t/ou tpu t decoupling zeros. A sufficient condition for this is that all system 

zeros are distinct from A(A).

If G i ( s ) = ( A i ,  B n  C i,  D i )  and G 2( s ) = ( A 2, B 2, C 2, D 2) then the cascade system G1G2(s) has a 

realisation given by
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* i

n

i 
1

ccT 
cf

*
a 2 b 2

d 2
__

A i

0

b 1c 2

^2

B \ D 2

b 2
°1 °2

C l D i C 2 d 1d 2

(1.1.4)

where we have taken the “m ultiplication” of two realisations to mean cascading the two systems. This 

is not to be confused with ordinary matrix multiplication. The context will always make the distinction 

between these two possible interpretations clear.

If a basis change T  is introduced into the state-space of G(s), this will be taken to mean the 

transformation (A, 2?, C, D ) - £ * ( T A T ~ 1, T B , C71-1, D ) .  The MacMillan degree of G(s) will be written 

as d e g ( G )  and the set of poles (zeros) of G (s )  will be denoted { p o le s  o f  G } { { z e r o s  o f  G}).

L i n e a r  f r a c t i o n a l  m a p s  a n d  c o m p o s i t i o n s

Let P { s )  be a partitioned matrix with a state space realisation given by

then

A B i b 2

(*) = Cl D u D \2

Co D 2l D 2\

P i j { s ) = C i { s I - A ) - 1B j + D i j

(1.1.5)

( 1.1.6 )

is a state-space realisation of P t- -(s). A (lower) linear fractional transformation for the partitioned 

m atrix P  and a m atrix K  is defined as

®F£(A  K ) = P n + P n K { I - P 22h T l P 2i (1.1.7)

where K  is of dimension C x m  if P 2o has dimension m x £ .  Occasionally, the upper linear fractional 

transformation will also be used. This is defined as

h - ) = P v + p 2 , K ( i - p n h r ' P u  (1.1.8)

for a suitable partitioning of P ( s ) .  A state space realisation for 7g (P , K )  is given by the next lemma.

L em m a 1.1.1

I f  P(s)(E.M^p+9^ m + r \ s )  a n d  K { s ) £ R rXq(s )  h a v e  s t a t e - s p a c e  r e a l i s a t i o n s

A B , Bo

P ( s )  = C i D \  1 D y , K { s )  L
A  B

c  b
(1.1.9)

Co Do\ Doo
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T h e n  i f  th e  w e l l - p o s e d n e s s  c o n d i t i o n  d e t ( I — D 22D ) ^ Q  is s a t i s f i e d ,

S £(P, K) ^ A-\- B2D C2 B2L2C By\-B2DLiD2i

BLi C2 a + b l xd 22c BLxD21

CyJrD\2L2b C 2 d 12l2c DuA~Di2DLiD2i

w h e r e

L ^ I - D n ' D ) - '  ; L 2= U - D D 22r '  (1.1.11)

Proof:

This result follows by routine computation. □

The next result says that if H ( s ) and U(s) are all-pass, then H , U) is all-pass also. (See also

[G4], [L5] and [L9]).

L em m a 1.1.2

S u p p o s e

H u  H\ 2
H ( s )  =

H 2 i Hoo

s a t i s f i e s  H { s ) H ‘ { s ) = a 2L  th a t  H l2 [ j u )  h a s  f u l l  r o w  r a n k  f o r  all u  a n d  th a t

(1.1.12]

R ( s ) =  S £(ff(s), U (s)) (1.1.13)

T h e n  i f  { I — U H 22) ' { j u )  e x i s t s  f o r  all u>.

cr2I—R(joj)R*(juj)=0 I-<T2U{ju)ir(ju>)=0 (1.1.14)

Proof:

From the assumed properties of H ( s )  we get (suppressing the s-dependence):

H \ \H \ \~ \~ H \2H \ 2 c 21 (1.1.15)

^il^21+-#12-^22=0 (1.1.16)

Ho i Hf> i -)- H 2 •) ffi> 2= cr 21 (1.1.17)

Using equations (1.1.15) to (1.1.17) gives.

<t 2I - R R *  =  a 2I - { H u + H n U { I - H 2 2 U ) - l H 2 l} { H n + H l 2 U { I - H 2 2 U ) - l H 2 l Y
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= {a21-  Hn irn)+Hn ir22{ i -  m r2 2y l itit12+ h12 u ( i-  h22 

-  Hn u(i-H22u)~1{a2i - H 22ir22} ( i - i r f r22)~1in rl2

= Hu {i-u H 22)~1{i-(T2u ir}{ i-sr22i r y lH[2 (1.1.18)

which proves the lemma. □

For two systems H ( s ) € R ^ p + m ^ p + m \ s )  and H ( s ) £ U ^ p + m ^ ’^ p + m \ s )  partitioned

H ( s )  =
H n  H 12

h 21 h 22
H ( s )  =

H 11 H i2
H  21 -̂ 22

(1.1.19)

in which H n ( s ) £ R p* m ( s )  and F jj(5 )G R pXm(s) such that ( / — H 22H n ) 1 exists, the l inear  fra c t io n a l  

c o m p o s i t i o n  of H ( s )  and H ( s ) is defined as

H 12U - H u H 22r ' H 12 

■3U(H, H22)
H ( s ) ® H ( s ) =

We finally associate with P ( s )  a s u b s t i t u t i o n  matrix

S  =
6n b12
S 21 S-22

P 2i — P 2 2 ^ \2 P \ \  F22F12

- P l l P i  i PI,I

From Fig. 1 we see that

e R i p + m M p + m \ s )  (1.1.20)

( 1. 1. 21;

y{s)  =  T ^ P , A >(s)

and

u(s)

y{s)
=  S ( s )

u(s) 
y{s)

1. 1.22)

(1.1.23)

Algebraic Riccati equations

The algebraic Riccati equation

A ’ P + P A - P B B ‘ P + Q mQ = 0  (1.1.24)

is of considerable importance in the state-space analysis of Chapters 2 and 3. Among the possible 

m ultitude of solutions to (1.1.24) stabilising solutions will refer to those for which A  — B B * P  is stable. 

Certain properties of (1.1.24) are summarised below [W2], [Wl], [P3], [K7]:

(1) If Q"Q>0, the real symmetric solution F > 0 . (2) If the pair [Q, A] is observable, then P >0.

(2) The stabilisability of [A , B ] and the condition that the Hamiltonian
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H  =
A  - B B T  

Q ' Q  - A •
1.1.25)

has no eigenvalues on the imaginary axis is necessary and sufficient for the existence of a 

stabilising solution.

(3) If a  stabilising solution exists it is unique.

1.2 C ontrol design ob jectives

Consider the feedback configuration of Figure 2 in which G(s) denotes the plant which has to 

be controlled by a compensator K ( s ) .  Both the plant and the compensator are assumed to be linear 

finite-dimensional time-invariant MIMO systems. r(s) is a reference or command input, d ( s ) a 

disturbance signal entering at the p lan t’s output, y{s)  is the system’s output and n ( s )  denotes sensor 

noise. Designing an appropriate compensator for a given G ( s ) should address a number of issues:

(1) Stability considerations: K ( s )  should stabilise the closed loop system and provide adequate 

stability margins.

(2) Performance considerations: The output y ( s ) should track the reference signal r(s) fast and 

accurately. Further, it should do so in the presence of d (s )  and n(s). The linearity assumption implies 

that the individual effects of these two signals at the output should be small.

(3) Control effort considerations: The control signal u (s )  should remain within acceptable 

bounds to avoid actuator saturation. Finally,

(4) Robust stability considerations: The above objectives should be m aintained as far as 

possible in the presence of plant uncertainty.

It is shown in this section th a t design goals of this type may be achieved by appropriately 

shaping a number of closed-loop transfer functions in certain frequency intervals. In particular, 

attaining a small magnitude in the sensitivity function at an interval, say, [0, u;^] will result, among 

other things, in good attenuation of disturbances entering at the plant output (typically having their 

power concentrated in a low frequency interval) and in the accurate following of set input changes: on 

the other hand, the magnitude of the complementary sensitivity in a high-frequency interval [u;^, oo] 

governs wide-band measurement noise attenuation and the sensitivity of the design to multiplicative 

model errors in the plant.

The system ’s output y (s )  in Figure 2 may be written els

y ( s ) = y r { s ) + y n { s ) + y d{ s ) = T { s ) ( r { s ) - n { s ) ) + S { s ) d { s )  (1-2.1)

where S ( s )  and T ( s ) denote the system’s sensitivity and complementary sensitivity functions



d(s)

F ig u r e  2: C o n t r o l  s y s t e m  f e e d b a c k  c o n f i g u r a t io n

F ig u r e  3: G e n e r a l i s e d  re g u la to r .  D e f i n i t i o n  o f  I n t e r n a l  s t a b i l i t y
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S ( s ) = ( I + Q ) - \ S) = ( I + G K ) - l ( s )  (1.2.2)

and

T ( s ) = ( I + Q ~ l ) ~ l ( s ) = G K ( I + G K ) ~ l ( s ) = I — S ( s )  (1.2.3)

(1.2.1) shows that the steady-state response of the system output to a sinusoid disturbance signal 

d ( i ) = d 0eJU>t is governed by the sensitivity function as y d( s ) —> S ( j u ) d 0eJ u t . The effect of d{t) at the 

output, therefore, can be made small by requiring that

\\SU»)do\\2 „  ,
ik ii2

so th a t disturbance attenuation independently of the direction dQ requires

(1.2.4)

s u p  ||S(;w)d0||o= < r(S (jw ))« l. (1.2.5)
IMolU=l

at the disturbance frequency w. Thus, assuming that d ( t )  is a random signal having a power spectrum 

concentrated in the interval [O.u^], its effect at the output will be negligible provided that ct(S{]-j ))<^\ 

Vu^ O . u/’j]. The tracking error e(s)=r(s) —y(s) can be expressed as

e(s)= (/+ Q (s))-1 r(s):=S(s)r(s) (1.2.6)

and hence accurate following of command inputs also requires ^(SQu;))^; 1 for frequencies u  belonging 

to an interval [0, u;J. In particular, zero steady-state error to step commands requires a(5(0))=0 (this is 

achievable if there is at least one integrator at each path of the feedback loop), while fast following of 

the command signal can be attained by making the interval over which sensitivity is small wide 

enough. The upper bound of this interval, however, cannot be pushed arbitrarily high (partly) due to 

the effects of sensor noise amplification a t the output: (1.2.1) implies that the attenuation of sensor 

noise in the interval [ u 2, cj3] requires

<r(7Uw))«l (1.2.7)

for u;E[u>2, w3] while the algebraic identity S ( s ) + T ( s ) = I  indicates that conditions (1.2.5) and (1.2.7) 

cannot be satisfied simultaneously at a single frequency. Since sensor noise normally has wide-band 

spectral characteristics it is typical to require that

<t ( 5 ( j u ; ) ) < 1  w€[0.

a { 70'ij))<l uj> u 2

( 1.2.8 )

for frequencies uj1 and u>2 chosen so that w2> w 1.



F ig u r e  4: A d d i t i v e  m o d e l  u n c e r t a i n t y

F ig u r e  5: M u l t i p l i c a t i v e  m o d e l  u n c e r t a i n t y
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An im portant issue in control system design is the effect of model uncertainty. In particular, it 

is im portant to ensure th a t a compensator design based on a nominal model G0(s) will retain its 

closed-loop stability properties if “reasonable” plant perturbations are taken into account. The term 

“plant perturbation” is taken to describe any mismatch between the model and the actual system. Such 

a mismatch may arise due to neglected (usually fast) dynamics, plant param eter variations, “drifting” 

of the operating point a t which the system has been linearised, or the modelling of time-delays by 

finite-dimensional models.

Model uncertainty may be distinguished in s t r u c tu r e d  and u n s t r u c tu r e d  uncertainty: Structured 

uncertainty is used to describe situations in which spatial information about the perturbation is 

available; it normally arises due to uncertain coefficients in differential equations which model the 

underlying physical system [D4]. In contrast, by “unstructured uncertainty” (frequency-dependent) 

norm-bounded variations are described. These typically arise due to unmodelled dynamics: In the 

MIMO case, for example, high-frequency uncertainty is typically present due to the loss of phase 

information at high frequencies. This may be represented as

G (s)= (/+A (s))G 0(s) (1.2.9)

or

G(s)=G0(s)(/+A (s)) (1.2.10)

depending on whether it arises at the output or the input of the plant. (Uncertainty, for example, 

arising due to unmodelled actuator dynamics would be represented by (1.2.9), while (1.2.10) would 

more accurately represent sensor uncertainty). In either case, A(s) is assumed to be an arbitrary 

unknown transfer function (subject to certain stability requirements) which satisfies | j PFA11 < 1 for a 

suitable norm ||*|| and a frequency weighting IU(s). Alternative models of unstructured perturbation in 

the plant include additive perturbations (Figure 4), inverse-additive/inverse multiplicative 

perturbations, perturbations in the coprime factors of the plant etc.

The following two Theorems establish closed-loop robust-stability conditions in the case of 

additive and multiplicative uncertainty in the plant dynamics:

T h eorem  1.2.1

T h e  a d d i t i v e l y  p e r t u r b e d  s y s t e m  o f  F ig u r e  4 is  c lo s e d - lo o p  s ta b le  i f  th e  f o l l o w i n g  c o n d i t i o n s  are

s a t i s f i e d :

(*) Q 0(s )  is  c lo s e d - lo o p  s ta b le

( i t) Q0(s) a n d  Q (s)=Q0(s)-f-Aa(s) h a v e  the  s a m e  n u m b e r  o f  p o le s  in  th e  C R H P .

( i i i ) a (A a(s ) )< a ( /+ Q 0(5)) V s € D R .

w h e r e  D R  is a N y q u i s t  c o n t o u r  w i t h  r a d i u s  R  large  e n o u g h  to  c o n ta i n  all th e  R H P  p o le s  o f  Q 0{s) a n d  

A a(s). (I n d e n t a t i o n s  a re  m a d e  in t o  th e  L H P  w h e n e v e r  Q 0 o r  A 0 h a v e  i m a g i n a r y  a x is  p o le s . )
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Proof: See [H6]. □

A similar condition may be established in the case of multiplicative uncertainty.

T h eorem  1.2.2

T h e  m u l t i p l i c a t i v e l y  p e r t u r b e d  s y s t e m  o f  F ig u r e  5 i s  c lo s e d - lo o p  s ta b le  i f  th e  f o l l o w i n g  

c o n d i t i o n s  a re  s a t i s f i e d :

(i) £?o(5) z5 c lo s e d - lo o p  s ta b le

(») Qo(s) a n d  ( l + A m ( s ) ) Q 0(s)  h a v e  th e  s a m e  n u m b e r  o f  p o le s  in  th e  C R H P .

(Hi) & (& m (s))<a(/-i-Qo1(s)) V s e D R .

Proof: See [H6]. □

Theorem 1.2.2 shows that the smallest singular value of I + Q q 1 defines a (frequency-dependent) 

bound that the largest singular of the uncertainty must satisfy for robust stability in the closed-loop to 

be maintained. This bound, may be written as

a(Am)<a(l+Q 0 !)= 1
v(l+Qol) 1

1 _ 1 _ 1
t ( i - ( i + Q 0r l ) z ( Q o V + Q o r l )

(1.2.11)

from which it follows that the system will tolerate large high-frequency uncertainties if <t(T)<^l at 

high frequencies. This requirement, therefore, is consistent with (1.2.8). It is shown next that the 

infimum of er(I-t-Qo 1(jw)) is also related to the gain and phase margins of the system. Gain and phase 

margins in SISO systems denote the maximum amounts of pure gain and phase shifts that the (stable) 

closed-loop system can tolerate without inducing instability. The next definitions generalise these 

concepts to the MIMO case.

Definition 1.2.1

S u p p o s e  t h a t  Q ( s ) £ R m X m (s )  is  c lo s e d - lo o p  s ta b le .  L e t  M = d i a g ( k 1? k 2, •••, k m), k ^ R .  T h e n  th e  

g a in  m a r g i n  i n t e r v a l  ( G M I )  is  d e f i n e d  to  be th e  la r g e s t  i n t e r v a l  (a, b) s u c h  t h a t  k {£ ( a .  b) 

V 2=1, 2, •••, m  i m p l i e s  t h a t  M Q ( s ) is  c lo s e d - lo o p  s ta b le .

Definition 1.2.2

S u p p o s e  t h a t  Q ( s ) £ R m X m (s )  is  c lo s e d - lo o p  s ta b le .  L e t  M = d i a g ( e ^ 1, e ^ 2, •••. e ^ m ). 

0 ,E [— tt, 7r]. T h e n  th e  p h a s e  m a r g i n  i n t e r v a l  (P M T ) is  d e f i n e d  to  be th e  la r g e s t  i n t e r v a l  (a , 0 )  s u c h  th a t  

# ,E (a , 0 )  Vi= 1, 2, •••, m im p l i e s  t h a t  M Q ( s )  is  c lo s e d - lo o p  s ta b le .

The following Theorem applies the result of Theorem 1.2.2 to the special structures of 

(multiplicative) uncertainty which is implicit in the definitions of the gain and phase margins. It shows
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th a t the stability margins of the system can be extended by maximising i n f a ( I + Q  1(;u;))= || r | |  *.
uj

T h eorem  1.2 .3

L e t  <3(s)elRmXm(s) be s t r i c t l y  p r o p e r  a n d  c lo s e d - lo o p  s ta b le  a n d  le t  a  be g iv e n  by

a = i n f  q . { I + Q ~ \ j u ) )  (1.2.12)
u>eR+

T h e n  th e  f o l l o w i n g  i n t e r v a l s  a re  e s t i m a t e s  o f  th e  G a in  M a r g i n  I n t e r v a l  a n d  th e  P h a s e  M a r g i n  I n t e r v a l :  

(*') (1 — a , l + a ) C G M I  (1.2.13)

(n) ( - c o s - ‘( l - y ) .  c o s - \ l - ^ ) ) c P M I  (1.2.14)

Proof: [H6]

Follows by using the special multiplicative uncertainty structures

and

A m ( s ) = d i a g ( 6 i ) with <5{€( — a ,  a ) (1.2.15)

A m { s ) = d i a g ( e j 9 l ) = d i a g ( 2 j - s t n ^  e x p { ^ f ) ^  with cos0tG ^ - ( l  —^-), (1—%-)) (1.2.16)

in Theorem 1.2.2. See [H6] for details. □

The above analysis illustrates some of the desirable properties that certain closed-loop functions 

m ust satisfy in order to achieve objectives (1) to (4). Different design methodologies may be assessed 

with respect to how easily their design parameters can be used to shape the appropriate closed-loop 

functions.

Classical SISO design methods use the open-loop gain and phase as design tools: Large gains at 

low frequencies result in low sensitivity (|5(jw)|<Cl) and complementary-sensitivity near unity 

(| T(ju>)\ ~  1) while low gains at high frequencies have the opposite effect. In addition, a t the “cross-over 

frequencies” (open-loop gain close to unity) feedback properties are sensitive to the phase 

characteristics: bounding the system’s phase away from ±180° gives the closed-loop system adequate 

stability margins; most of classical design methodologies, therefore, concentrate in “bending” the 

Nyquist plots in the critical region (by employing, for example lead-lag compensators) to achieve this 

effect. One of the limitations of this method is that the two design parameters cannot be independently 

manipulated as is illustrated by the Bode gain-phase relation [F7], [D8]: For any proper rational 

function with real coefficients which is both stable and minimum phase, the following integral relation 

must hold at each frequency u/0:

^Q{juo)-^Q(0)=WJ coih TT} dl/ (1.2.17)
where
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v = l o g ( p . ^  (1.2.18)

In effect, this relation provides a limit on how fast the open-loop gain can be rolled-off in a frequency 

interval for a given phase variation. Thus, (1.2.17) demonstrates a fundamental analytic tradeoff 

between performance on the one hand and stability margins/robustness on the other [F7]. This tradeoff 

manifests itself clearly in the critical region: To extend the benefits of feedback in terms of 

performance, the frequency below which sensitivity is small should approach the frequency above which 

the complementary sensitivity is small; this, however, would result in a steep gain roll-off near 

crossover which by the the Bode relation would produce large phase variations thus affecting the 

stability margins of the system.

The tradeoff exhibited by the Bode relation continuous to operate in m ultivariable systems. In 

fact, the integral relation in (1.2.17) may be generalised by replacing Q (s )  by its algebraic function 

[D8]. In addition, for non-minimum phase systems the gain-rate/phase-variation tradeoff is aggravated 

due to the additional phase lag contributed by each RHP transmission zero. (The presence of non­

minimum phase transmission zeros produces by itself analytic tradeoffs in the magnitude of the 

sensitivity function while unstable poles have a dual effect for complementary sensitivity. These 

tradeoffs are described in section 1.7). The increased complication in linking the open-loop gain and 

phase characteristics in multivariable systems to the attainable shape of its closed loop functions 

(sensitivity, complementary sensitivity, etc.) has given rise to methodologies which try to manipulate 

d ire c t ly  the frequency characteristics of these functions. (Such methods include %°°-control described in 

section 1.5 and the Fractional representation approach [Dl]). In opposition to these methods, various 

attem pts have been made to reduce MIMO design problems to a sequence of SISO designs. The most 

im portant of these include the Inverse Nyquist Array, the Characteristic Loci and a number of 

Sequential-Design methods. Although these methods have proved to be effective and reliable in a 

number of cases, their (implicit or explicit) use of eigenvalues as the basic tool of analysis prevents 

them from dealing systematically with the issue of uncertainty. (See the example given in [D8]).

The First systematic optimisation-based approach in multivariable design which arose out of 

K alm an’s work is the LQG methodology [Y2]. This method assumes stochastic models for the 

disturbance and sensor noise signals and minimises a weighted mean square error criterion. In the 

ensuing design, closed loop stability is automatically enforced by the optimality condition. In addition, 

as a result of the separation principle, the optimal controller consists of the standard interconnection of 

a Kalman-Bucy filter (used to track the states of the plant) and a pure gain factor K L q  arising from 

the solution of an infinite-horizon LQ regulator problem based on the state estimate x .  The control 

signal which drives the plant is the product K ^ q X.

LQG originated as a time-domain method. This made the method in its original form difficult 

to apply to real design situations since it was impossible to relate the frequency-domain properties of 

the closed loop functions to the time-domain penalty-weighting on the control and state energy. An 

additional criticism consisted of the design’s apparent lack of integrity [R3], Interest in the frequency 

domain properties of LQG controllers started to arise when the excellent gain/phase margins of LQ
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designs were demonstrated [L3], [S4]. Although these properties are lost with the loss of perfect state 

information [D5], modern LQG approaches concentrate on shaping the open loop function using “full 

state transfer recovery” techniques [K11], [D7], [D8]. These techniques, however, require a number of 

restrictive assumptions on the inpu t/ou tpu t dimensions of the plant and cannot be applied at all when 

the plant has transmission zeros in the RHP [D8].

The next section outlines the second major optimisation-based approach to multivariable 

design: 3G°° control.

1.3 T he ^ “ -op tim al control problem

3t°° control originated from the work of G. Zames [Zl], [Z2] during the early 80’s. It is an 

optimisation-based method for shaping directly the frequency characteristics of the relevant closed loop 

functions (sensitivity, complementary sensitivity etc.). In addition to being a synthesis tool for 

multivariable design it may also be used to exhibit possible fundamental limitations imposed by the 

structure of the plant. 3G00 is predominantly a frequency-domain method although certain interesting 

time-domain interpretations have recently emerged [D9], [L10], [Tl].

Rather than assuming a fixed and known power spectrum for the exogenous signals, I t 00 

models them as being bounded in power, their spectral characteristics being reflected in an associated 

frequency weight. In particular, disturbance/noise signals d(s), are assumed to belong to a set

<iD={d(s): d =  ITjX for xG3G2: ||z | |2<1} (1.3.1)

or, equivalently,

<3>={rf(s)e3t2: (1.3.2)

in which and W, - J (s)€ tV,(5 ) may be viewed as a frequency weight which determines

the spectral characteristics of the signals in *3): For example, the inequality in (1.3.2) for a scalar-valued 

d { s ) may be written as

|dO u O I2 | H ' i ( ; u , ) r 2r f u , < l  ( 1 . 3 . 3 )

— oo

which in turn may be interpreted as a constraint on the weighted energy of the signal d (s ) ,  \ W^C/w)!-2 

being a weighting factor on the energy spectral density \d ( ju j ) \2. Thus, a signal having its power 

(uniformly) concentrated in a frequency interval [w1? u>2] would correspond to a band-pass filter fFj(s) 

having this interval as its band-pass.

Suppose next that d(s )  enters the feedback loop at a point A  and that it is required to 

minimise its effect at a point B .  The corresponding 3G00 optimal control problem is to find a 

compensator A'(s) such that (i) the feedback loop is internally stable and (ii) the output signal power



A state-space analysis for a class of H°° optimal control problems -20-

(weighted by a m atrix function such that a t the point B  due to th e  w o rs t-

ca se  d ( s ) E ^ )  is minimised. If S A g ( G ,  K ) denotes the transfer function between points A  and B , the 

optimisation problem may be formally expressed as the constrained minimisation

i n f K e Z s u p d e cb  H h ^ 2 = tnh ' e ^ s u p x e % l \ \ x \\2 < i  Ww *s a b ( g ' ^
W xx | (1.3.4)

in which E denotes the set of all internally stabilising compensators of G ( s ) in the configuration of 

Figure 1. Since K ( s )  in (1.3.4) is internally stabilising, W 2S A B ( G ,  and (1.3.4) may be

written as

i nf K e l L \ \ W 7s A B ( G , JO^ilL (L3-5)

Robust stabilisation problems may be also formulated as infinity-norm minimisations. In fact, the 

choice of this norm is the most appropriate in the case of unstructured perturbations since it provides 

both necessary and sufficient conditions for robust stability under mild assumptions on the perturbed 

system ’s stability properties. (In contrast the | |- | |2 norm does not even give sufficient conditions for 

robust stability [D4].) Consider for example the additive perturbation case in which the nominal plant 

G0(s) is perturbed to G0+A (s). Assume further that G0-f A(s) has the same number of poles in C+ as 

G 0( s ) and let r(s) be a scalar-valued function in such that <r(A(ji'u;))<|r(_/u;)| for all w. It is shown 

in [C2] that in this case the condition ||r/\'(/-t-PA')-1 | |00< l  is both sufficient and necessary for the 

stabilisation of all plants in this family.

The im portant fact in the K 00 formulation is that both noise/disturbance attenuation and 

robust stability requirements may be formulated as infinity-norm inequalities for certain transfer 

functions which may be represented as linear fractional transformations of the compensator and the 

plant. Thus “mixed-type problems” may be defined which incorporate a number of design objectives. 

Particular examples of such problems are given later in the section. Before that, however, the general 

problem is defined:

The %°°-optimal control problem

L e t  P ( s )  i n  th e  g e n e r a l i s e d  r e g u l a to r  c o n f i g u r a t i o n  o f  F ig u r e  1 be p a r t i t i o n e d  as

eR(m+p)X(r+,)(s) ( 136 )

in  w h ic h  P n ( s ) E R m X rw ith  m > q  a n d  p > r .  S u p p o s e  a lso  t h a t  P ( s )  h a s  a m i n i m a l  r e a l i s a t io n

P ( s )  =
P n  T l2 

P2l P ’17

A B i b 2

c , D n D \ 2

c2 ■̂21 tD ro to 1__
_
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p a r t i t i o n e d  c o n f o r m a l l y  w i th  (1.3.6). S u p p o s e  f u r t h e r  t h a t

(i) ( A ,  B 2) is  s ta b i l i sa b le  a n d  ( A ,  C 2) is  d e te c ta b le .

(ii) D l2 h a s  f u l l  c o l u m n  r a n k  a n d  R e ( \ ( A  — B 2( D { 2D l2 ) ~ l D 12C 1 ) ) ^ 0

( i i i ) D 21 h a s  f u l l  r o w  r a n k  a n d  R e ( X ( A  — B l ( D 2 l D l 1) ~ 1C 2) ) ^ 0

A  c o m p e n s a t o r  K 0{s) is  % ° ° - o p t i m a l  i f  (i) th e  f e e d b a c k  c o n f i g u r a t i o n  in  F ig u r e  1 is  i n t e r n a l l y  s ta b le  

a n d  ( i i ) K 0( s )  a c h ie v e s  th e  i n f i m u m  i n f ^ ^ W ^ ^ P ^ ^ W ^  w h e r e  E d e n o t e s  th e  s e t  o f  a ll  i n t e r n a l l y  

s t a b i l i s i n g  c o m p e n s a t o r s .

In the above formulation of the problem, condition (i) is included to ensure the existence of 

stabilising compensators and thus to guarantee that the optimisation problem is not vacuous (see 

section 1.4). Conditions (ii) and (iii) are included to ensure th a t 2n/ ^ - | | <?g(P, A^ll^, can be achieved 

for some A'(s) e E. (Internal stability in the context of Figure 1 is formally defined in section 1.4).

In Chapter 2 a detailed state-space analysis is carried out for a special class of 3£> ̂ -control 

problems. This class is characterised by the assumption that P 2i(5) *s square while .P12(s) has more 

rows than columns. (In this case D 2l is assumed to be non-singular and R e { \ { A  — 5 1Z)J11C2))^ 0 ) .  If one 

considers <$3T ( s ) = <$ J ( P ,  K ), it is easy to see that an equivalent characterisation is given by the 

assumptions th a t P 12(5) ls  square while P 21(s) has more columns than rows. Any problem fitting either 

of these alternative descriptions will be called a problem of the second kind. In contrast, the 

assumption that both the off-diagonal blocks of P ( s ) are square defines a problem of the first kind 

whereas the general case a problem of the third kind. The state-space analysis in Chapter 2 shows that 

for the class under consideration certain cancellations are a direct consequence of lit00 optimality. 

Chapter 3 deals with a strengthened optimality condition for 36°° problems of the first kind.

In the remaining paragraphs of this section a number of K 00 problems will be presented: The 

weighted sensitivity problem [Cl], [F2], [F3], [Fo], [F6], [SI], [Zl], [Z2] is defined as

i n f  | |H s ( /+ G A r 1lF1||oo=  i n f  ||«M s) KeZ  °° KeE
(1.3.8)

where E is the set of stabilising compensators. By choosing 

P s(s )  =

this problem may be embedded in the generalised regulator configuration of Fig. 1. Since,

W 2 W ! w 2 g

W 1 G
(1.3.9)

%(s) = 3g(P, -A] = A i — A*!2A'( 1 +  P 22A')- 1P2j (1.3.10)

direct comparison with (1.1.7) reveals that

a.(«) = •al { P , { s ) , - K { s)) ( 1.3.11)
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In the case that G ( s ) is square, this problem falls into the class of problems of the first kind analysed in 

[L5], [L6]. If, on the other hand, G(s) has more outputs than inputs and fF2(5) is square. 

P 12( s ) = W 2 G (s )  will have more rows than columns giving rise to a problem of the second kind.

Another problem which has received attention-is the mixed sensitivity problem [FI], [F2], [F3], 

[F6], [VI], [V2]. In this case we seek

Setting

i n f
K e Z

W 2 G K (  1+  G K )  ~1 W x 

W 3{ I + G K ) ~ l  W 1
=  i n f  | |^ m 4(s)||

K e z
oo

(1.3.12)

gives

0 w 2g

P m s { s )  — W 3 w 1 w 2 g

G

V  ^ P m s i s ) , -  K ( s ) )

(1.3.13)

(1.3.14)

which is also an example of a problem of the second kind.

Several other problems of the second kind may be found in the literature. See for example [F2]. 

[F6] and the numerous references therein. Rather than analyse these problems individually, the analysis 

in Chapter 2 identifies the common characteristics shared by all K°° control problems of the second 

kind.

In the next two sections a few methods for solving the K°° problem will be outlined. Section 

1.4 summarises the Youla parametrisation [D3], [Y2] which is used to characterise the class of all 

stabilising compensators and the corresponding closed loop transfer functions %(s) in Fig. 1. Following 

that, the closed loop transfer functions which have minimum i .03 norm are identified.

1.4 P aram etrisa tion  o f all in ternally  stabilising com pensators

Consider the feedback system in Figure 2 in which /f(s) denotes the compensator, G {s)  the 

plant, u l and u 2 denote externally applied inputs, ex and e2 the inputs to the compensator and the 

plant, while y 1 and y 2 the outputs to the compensator and the plant respectively. It is assumed that 

K ( s )  and G(s) represent lumped linear time-invariant systems of compatible dimensions.

The equations describing the various interconnections of the feedback system in Figure 2 are

(1.4.1)



A state-space analysis for a class of H°° optimal control problems -23-

and

Vi K 0 ei

V2 0 G «2

which may be written more compactly as

e = u — F G e (1.4.3)

y = G e (1.4.4)

in obviously-defined notation. If the determinant d e t ( I + G I \ )  is not identically zero for all sEC, the 

system is w e l l -p o se d  and it is possible to solve (1.4.1) and (1.4.2) for e; this gives

e = { I + F G ) ~ 1u  := H ( G ,  K ) u  (1.4.5)

where

(1 + G h T 1 - G i l + K G ) - 1

K V + G K ) - 1 ( I + K G r 1
(1.4.6)

Stability in the feedback loop in Figure 2 is defined by the condition H ( G ,  (provided that the

well-posedness condition d e t ( I + G K ) ^ 0  is satisfied). This is a generalisation of the usual condition for 

SISO stability given as G(/+ATj)- 1E16+>; *n feet ^  m ay be easily verified by considering the four 

blocks of (1.4.6) that the two conditions are equivalent in the case that a stable compensator is used 

[V3j. It is shown in the next Lemma that the condition H ( G , A ^EK ?3 is equivalent to in t e r n a l  s ta b i l i t y  

for the feedback interconnection in Figure 2. (Internal (or asymptotic) stability implies that the state 

vector decays to zero with time when released from an arbitrary initial condition, provided that all 

external inputs have been set to zero). Thus Lemma 1.4.1 guarantees that no unstable hidden modes 

are present in a state-space realisation which describes the system in Figure 2 provided th a t no such 

modes are present in the realisations of the plant and the compensator.

L em m a 1.4.1

L e t  K { s )  a n d  G (s )  in  F ig u r e  2 be d e s c r ib e d  by th e  s t a t e - s p a c e  e q u a t i o n s

X c = A c x c+ B c U c  , y c = C c X c + D c Uc 

x p — A p X p - \ - B p U p  , y p ~  G p X p - \ - D p U p

(1.4.7)

(1.4.8)
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L e t  a lso  (,4C, B c, C c )  a n d  (Ap, B P, C P) be s ta b i l isa b le  a n d  d e te c ta b le  t r ip l e s  a n d  a s s u m e  th a t  th e  well-  

p o s e d n e s s  c o n d i t i o n

d e t ( I + K ( o o ) G ( o o ) ) = d e t ( I + D cD p) ^ 0 (1.4.9)

i s  s a t i s f i e d .  T h e n  th e  s y s t e m  in  F i g u r e  2 is  i n t e r n a l l y  s ta b le  i f  a n d  o n ly  i f  H ( G ,

Proof: [ V3]

Let the composite state vector of the interconnected system be x = [ x j  x J ] T . Also let 

y = [ y j  yJ]T, e=[e^ eJ]T, «=[u^ «J]T and define the block diagonal matrices A = A C® A P, B = B C® B P, 

C = C c ® C p and D = D C®  D p . Further define

Then,

x = A x + B e

and

y — C x + D e

(1.4.10)

(1.4.11)

(1.4.12)

In addition,

el u x - y 2

e2 u 2+ V \

u - F ( C x + D e )  => e = ( I + F D ) - l u - ( I + F D ) ~ l F C x (1.4.13)

Substituting (1.4.13) in (1.4.11) and (1.4.12) gives a state-space realisation of the interconnected 

system \V {G , K )  with input u (s )  and output y ( s ) as

and

where

and

x = A x - \ - B u (1.4.14)

y =  C x + D u (1.4.15)

A = A - B { I + F D ) ~ l F C (1.4.16)

B = B ( I + F D ) ~ 1 (1.4.17)

C = { I + D F ) ~ l C (1.4.18)

b = { I + D F ) ~ l D (1.4.19)
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In addition, since (A c, B c) and (A p, B p ) are stabilisable so is (A , B )  which implies that there exists a 

state feedback m atrix L  such that A  — B L  is asymptotically stable. Defining

1 = { I + F D ) { l - { I + F D ) ~ 1F C }  (1.4.20)

gives

A - B L = A - B ( I + F D ) - 1F C - B { L - ( I + F D ) - 1F C j = A - B L  (1.4.21)

which shows that (j4, B )  is stabilisable; similarly (A, C ) can be shown to be detectable which implies 

by [Kl] th a t the interconnected system is asymptotically stable ( “internally stable” ) if and only if 

W ( G , A')€3£+>. The result follows on noting that

H { s ) = I - F W ( s ) &  W ( s ) = F ( H ( s ) - I ) (1.4.22)

s o  that

H ( G, K ) W { G ,  K ) GX ? (1.4.23)

This concludes the proof. □

The set of all internally stabilising compensators for the plant G(s) may be parametrised in 

term of a free param eter ^ ( s) e K+ via a right and left coprime factorisation of G’(s). Before stating 

this Theorem, however, we include a formal definition of coprime factorisations. Since a real-rational 

plant is assumed, the definition is restricted to factorisation over RDf?2:

Definition:

(1) T w o  m a t r i c e s  F  a n d  G  in  R % ^ a re  r ig h t  c o p r i m e  ( o v e r  R K ^) i f  t h e y  h a v e  e q u a l  n u m b e r  

o f  c o l u m n s  a n d  th e r e  e x is t  m a t r i c e s  X  a n d  Y  in  R!Hj“  s u c h  th a t

Y
F

G

T h i s  is  e q u iv a l e n t  to  s a y i n g  th a t

=  X F +  Y G  =  I

H F t  Gt ] t  is  le f t  i n v e r t i b le  in  R3f+

(1.4.24)

(2) T w o  m a t r i c e s  F  a n d  G  in  are  le f t  c o p r i m e  ( o v e r  R%^°) i f  t h e y  h a v e  e q u a l  n u m b e r  o f  

r o w s  a n d  th e r e  e x i s t  m a t r i c e s  X  a n d  Y  in  RHf.25 s u c h  th a t

F  G
X

Y
F X + G Y =  I

T h i s  is  e q u iv a l e n t  to  s a y i n g  t h a t  F  G ii r ig h t  in v e r t i b l e  in  R3£5°,

(1.4.25)

(3) L e t  G  be a p r o p e r  r e a l  r a t i o n a l  m a t r i x .  A  r ig h t  c o p r i m e  f a c t o r i s a t i o n  is  a f a c t o r i s a t i o n  

G = N M ~1 w h e r e  N  a n d  M  are  r ig h t  c o p r i m e  m a t r i c e s .  A  le f t  c o p r i m e  f a c t o r i s a t i o n  h a s  th e  f o r m

G = M ~ 1N  w h e r e  N  a n d  M  are  le f t  c o p r i m e  o v e r  RJG^3. □
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T h eorem  1.4.2

L e t  G(s) a d m i t  r ig h t  a n d  le f t  c o p r i m e  f a c t o r i s a t i o n s

G ( s ) = N r D r- \ s ) = D Y 1N l(s ) (1.4.26)

o v e r  a n d  le t  Vr , V b Ur a n d  U{ so lv e  th e  c o r r e s p o n d i n g  B e z o u t  i d e n t i t y

Vr Ur 

~ N \  Dj

D r - U ,  

N r V,

I 0 
0 I

(1.4.27)

T h e n  th e  f a m i l y  o f  a ll  i n t e r n a l l y  s t a b i l i s i n g  c o m p e n s a t o r s  f o r  th e  f e e d b a c k  lo o p  in  F ig u r e  2 is  

p a r a m e t r i s e d  by

9G(s) ={ (t/,+A-<2)(Vr/-ArrQ)"1 | Qe%?, detW -N rQ )?0}

= { (Vr-QNJ-'iUr+QDt) | Qe%?, de iiV r-Q N ^O  } (1.4.28)

Proof:

See [V3j. □

The generalised regulator configuration of Figure 1 will be considered next. Internal stability in this 

context may be defined by introducing the additional inputs v x and v2 (Figure 3) and requiring that 

the nine transfer functions from [wT v j  i'T]T to [j t  u T  yT]T all belong to Restricting P ( s )  by

setting A l ’ ^12 and P 21 to the zero matrices (of the appropriate dimension) and the input iu=0, shows 

that this definition of internal stability is a generalisation of the definition given in the context of 

Figure 2.

The equations corresponding to Figure 3 may be written as

1
•"-l 1 to O __
_

1

2

i

O o __
_

1

0 /  - I < u — 0 / 0

i
0 1 to to

1__
__ y

1
“a to O

1 __
__

(1.4.29)

These may be solved for the output vector T  TuT yT]T provided that the well-posedness condition

I  - P l2 0 

0 I  — K  

0 — D  22 I

^  d e t ( I — (1.4.30)

is satisfied.

For an arbitrary plant G(s) there is always a compensator K ( s )  such th a t the feedback system
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in Figure 2 is internally stable. This follows from Theorem 1.4.2 since coprime factorisations of G (s )  

are always possible. The existence of stabilising compensators, however, is not guaranteed in the case of 

the generalised regulator: Consider for example the case P i2—0, P 2i—0, P 22—0 and P n £ % ^ ]  since P n  

is disconnected from control action by the zero off-diagonal blocks of P ( s )  this system is not 

stabilisable. In terms of a minimal state-space realisation of P (s )

P ( s )
Pn A 2
2̂1 P22

A B1 b 2

Ci Dn D\2
C2 D2 i d 22

(1.4.31)

existence of an internally stabilising controller is equivalent to the condition that that ( A ,  B 2, C 2) is 

stabilisable and detectable. Intuitively, this implies that P ( s )  and P 22(s )  m ust' share all unstable poles 

so th a t stabilising P22 (s) is sufficient to stabilise P ( s ) .  Under the condition th a t P ( s )  is stabilisable, a 

compensator K ( s )  stabilises the feedback system in Fig. 2 if and only if it stabilises P 22(s) [F3]. This 

implies th a t Theorem 1.4.2 may be applied to P 22 (5) to parametrise all stabilising compensators for the 

configuration of Figure 3. This parametrisation is summarised in the following theorem.

T h eorem  1.4.3

(1) L e t  P ( s ) h a v e  a m i n i m a l  s t a te - s p a c e  r e a l i s a t io n  g iv e n  in  1.4.31. T h e n  an i n t e r n a l l y  

s t a b i l i s i n g  c o m p e n s a t o r  in  F ig u r e  3 e x is ts ,  i f  a n d  o n ly  i f  { A .  B 2) is  s t a b i l i s a b le  a n d  ( A ,  C 2) *is  

d e te c ta b le .

(2) A s s u m e  th a t  P ( s )  is  s ta b ih s a b le .  L e t  -P22 (s) a d m i t  r ig h t  a n d  le f t  c o p r i m e  f a c t o r i s a t i o n s

P „ ( s ) = N r D r - \ s ) = D T ' N t s )  (1.4.32)

o v e r  36^ a n d  le t VV, V x, Ur a n d  Uj so lv e  th e  c o r r e s p o n d i n g  B e z o u t  i d e n t i t y

Vr Ur 

- N { Dx

Dr - U x 

Nr Vx

I 0 
0 I

(1.4.33)

T h e n  th e  f a m i l y  o f  all i n t e r n a l l y  s ta b i l i s in g  c o m p e n s a t o r s  f o r  th e  f e e d b a c k  lo o p  in  F ig u r e  3 is  

p a r a m e t r i s e d  by

% ( s )  = { ( U l+DrQ)(Vl-NrQ)~l \ Q<E%?, d e t ( V x- N r Q ) ^ 0 }

=  { ( V r - Q N ^ - ' l U r + Q D , )  | Q e % ? .  d e t i V r - Q N ^ O  } (1.4.34)

Proof:

See [F3]. □

Applying the controller parametrisation of Theorem 1.4.3 it is easy to verify that for every stabilising
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con tro lle r K ( s ),

K ( I + P 2 2 K ) - ' ( s ) =  ( U ,  +  D r Q ) D , ( s )

Hence

% ( s ) =  [ P u - P 12K ( I +  P 2 2 K ) ~ 1P 2 i ) ( s )

(1 .4.35)

= [ {P n -P i tU iD iP iJ - iP u D r M D fn m

— [Pll~ Pl2QP2l](S) (1 .4.36)

where the r i ; (s ) ’s are defined in  an obvious way. E qua tion  (1.4.36) shows th a t ‘iRj(s) is param etrised  
l inearly in  te rm s o f a free m a tr ix  Q (s )eR 36+ \ Since % (s )€ R M “  i f  and on ly  i f  Q (s)€ iR36+\ we wou ld  
expect th a t T l l t  T 12 and T 22 a ll be long to  R!16“ .

N ex t, s ta te  space rea lisa tions w il l be given fo r the construc tion  ou tlin ed  in the previous  
paragraphs. Since { A ,  B 2) is s tab ilisab le , there exists a state feedback m a tr ix  F  such th a t A  — B 2 F  is 
stab le . S im ila r ly , since ( A ,  C 2 ) is detectable there exists an o u tp u t in je c tio n  m a tr ix  H  such th a t  
A  — H C 2 is stable. G iven any such pa ir o f s tab ilis in g  matrices F  and H ,  r ig h t and le ft cop rim e  
fa c to risa tio ns  o f P 2 2 { s )  toge the r w ith  the so lu tions o f the Bezout iden tit ie s  are given by [D4]

1 A  — B r , F B o H
D r - u ,

- F / 0
N r V,

L 6*2 ^ 2 2 ^ D 2 2 /

V r U r

O1-r
1___ B 2 — H D  22 H

F / 0
- N ,  D t

— C 2 — D 22 I

(1 .4.37)

(1.4.38)

S u b s titu t in g  (1.4.37) and (1.4.38) in to  (1.4.36) gives a fte r m ino r ca lcu la tion  [D4 ], [L5 ], [L6],

Tn
0

A - B 2 F b 2 f B i b 2

0 a - h c 2 B 1 — H D 2l 0

C i ~ D 12F d 12f D u D \  2

0 C 2 D 2 \ 0

(1 .4.39)

Note that the T { j ( s y s all belong to as expected.
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R e m a r k :

In  the special case th a t P 22(s) is stable, we m ay set F = 0  and H — 0. T h is  gives £/,=(), Ur—0, 
D r — I,  D t= I ,  V t= I ,  V r = I  and N r= N t= P 22( s ) .  S ub s titu tin g  these in to  (2.13) gives

Q(s) = K(I + P22iq-\s)

wh ich  is the Q -pa ram e trisa tion  o f  Zames [Z2].

1.5 Solv ing th e  m od el-m atch in g  problem

I t  is shown in  the prev ious section th a t using the con tro lle r pa ram e trisa tio n  o f Theorem  1.4.3 it  
is possible to  tra ns fo rm  the prob lem

[ P I ] :  Top,=  in f  ||5F |(P , A")|| =  in f  ||7’ i 1- P 12A '( /+ J ’ 22A ') - I i> , i | |o0 (1 .5.1)K e z  K ez
to

[ P 2 ] : 7op r=  i n f  i w g ) | | 00=  i n f  \ \ T n - T 12Q T 2 l \\ (1 .5.2)
Qe%? Qe%+

The  advantage o f th is  tra ns fo rm a tio n  is clear: whereas [P I] describes a m in im isa tio n  o f a complex  
ob jec tive  func tion  over an im p lic it ly  defined set, [P2] invo lves a cost fu n c tio n  which is aff ine in a free 

pa ram ete r Since by assum ption P l2(ju>) and P 2 i { j u )  are fu ll row  and co lum n rank , so are
T 12(Juj) and T 21{juj) (see (1 .4 .36 )) and hence by Theorem  5.1 in  [F6], the in f im u m  in  [P2] is achieved.

In  the next sections a num ber o f methods fo r so lv ing [P2] w ill be ou tlined . Fo r th is  task the  
tw o  types o f p rob lem  in troduced in section 1.3 w ill be d is tingu ished. P roblems o f the firs t k ind  w il l be 
trea ted  by tra ns fo rm ing  (1 .5.2) to  a Nehari app rox im a tion  prob lem

To p ,=  inf P - O I L  (1-5.3)
QeK$°

T h is  m ay be achieved by m ak ing  a specific choice fo r the sta te feedback and o u tp u t in je c tio n  m atrices  
F  and H  wh ich define the coprim e factors o f P 22( 5) in  (1.4.37) and (1.4.38) so as to  make T 12( s ) and  
T 21( 5 )  inner. (T h is  is a lways possible a fte r scaling the o ff-d iagona l blocks o f P ( s )  a t in f in ity  to  
o rthogona l m atrices o f the app rop ria te  dimensions). A lte rn a tiv e ly , i f  a rb it ra ry  s ta b ilis in g  m atrices F  

and H  have been chosen in  the state-space rea lisa tion o f (1 .4.39), T n  and T 21 m ay be made inne r by  
pe rfo rm ing  inne r-ou te r fac to risa tions  on them  and absorb ing the ou te r factors in  the free param eter 
Q(s). In  e ithe r case, th is  step invo lves the so lu tion  o f tw o  algebra ic R icca ti equations. M u lt ip lic a t io n  
from  le ft and r ig h t by T [ 2 and T"2l is then a norm -preserv ing opera tion g iv in g  rise to  a p rob lem  hav ing  
the  fo rm  o f (1 .5.3). The  in f im u m  in  (1 .5.3) is known to be the Hanke l no rm  o f R{ — s), w h ile  a
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com ple te pa ram e trisa tio n  o f a ll Q (s)’s w h ich  achieve  th is  value has been described in  [G l] .

A lte rn a tiv e ly , the  m ode l-m a tch ing  prob lem  fo r the class o f l i t 00 prob lem s o f the f irs t k ind  may  
be solved v ia  classical N evan linna -P ick  in te rp o la tio n  theory. T h is  approach is ou tlin ed  la te r in  the  
section; y opt is ob ta ined by so lv ing  a generalised eigenvalue prob lem , w h ile  the fa m ily  o f a ll o p t im a l 
in te rp o la t in g  func tions  m ay be ob ta ined as a “ cha in ”  o f linea r fra c tio n a l com pos itions o f degree-one 
m a tr ix  functions , each associated w ith  a R H P  in te rp o la tio n  cons tra in t. [L5 ]. A n  advan tage o f the  
in te rp o la tio n  approach in  so lv ing  the m ode l-m a tch ing  p rob lem  is th a t no special choice o f F  and H  is 
necessary (and thus no need arises fo r so lv ing  the tw o  R icca ti equations), w h ile  the  so lu tio n  o f an 
eigenvalue p rob lem  is (com p u ta tio n a lly ) equ iva len t to  the ca lcu la tion  o f a Hanke l no rm . In  a d d itio n ,  
th is  m ethod gives in s ig h t to  the constra in ts  on the m agn itude o f ^ ( s )  on the im ag in a ry  axis, aris ing  
due to  the in te rp o la t io n  constra in ts  in  the R HP ; in  con tras t, the app ro x im a tio n  so lu tio n  conceals the  
in te rp o la tio n  cons tra in ts  on % (s ) a lthough these are s t i l l  im p lic it  in  the rank o f the so lu tio n  o f the tw o  
R icca ti equations and the M acM illa n  degree o f R ( s ) .  A  d isadvantage o f the in te rpo la tion -based  
approach is the aw kw a rd  tre a tm en t o f constra in ts defined a t zeros hav ing  m u lt ip lic it ie s  greater than  
one.

Fo r prob lem s o f the second k ind  a special choice o f m atrices F  and H  makes T 21(s) and T l2(s)  

(square) inne r and pa rt o f a (square) inne r m a tr ix  respective ly. M u lt ip lic a t io n  from  le ft and rig h t by  
[ T 12 T jJ ” and T ^1 (where T ^  is the inner com p lem en t o f T 12) is again no rm  preserving and thus  
(1 .5 .2) m ay be trans fo rm ed to

7 o p t =  inf  
Q e % :

1

JrO Q ]--------1
M

1

1 -------1
o

oo
(1 .5.4)

where R ( s ) = [ R j  T h is  is referred as the tw o -b lock general d istance p rob lem . I f  Q(s) was
allowed to  “ cover”  the who le o f R , the m in im u m  distance wou ld be ob ta ined from  N eha ri’s Theorem  as 
[|/2( — s ) | |^ ,  from  wh ich we conclude th a t 7 opt > | | ^ (  —s ) | |^ .  In ad d itio n , since $ (s )= 0  *s adm issib le . 
j o p t <  ||/2( — 5)| | w h ich  m ay be bounded, in  tu rn , by the more easily com pu tab le  value  
a ( R ( o o ) ) + 2 ' % 2 o ' i [ R (  — s)), where the a i denote the Hanke l s ingu la r values o f R (  — s) [G l] .  La te r in  th is  
section an ite ra t iv e  a lg o r ith m  is described which solves (1 .5.4). T h is  is essentia lly a b in a ry  search 
procedure between the upper and lower bounds given above.

A  generalised in te rp o la tio n  procedure fo r so lv ing prob lems o f the second and th ird  k in d  is given  
in  [H3], [H 4 ]. T h is  invo lves the characte risa tion o f a ll ^ ( s )  o f m in im u m  no rm  wh ich  sa tis fy  m a tr ix - lik e  
in te rp o la tio n  constra in ts  o f the fo rm  -4.(s)<3^ (s )= (iB(s).

Solution of the model-matching problems for problems of the second kind

Let P ( s )  in  F ig . 1 be given by
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p P  „
A B i b 2

P ( s )  =
r n

P 21

M 2

P 22
0 0  = Ci

C 2 I

D \ 2

d 22

and suppose th a t (A , B 2, C 2) is s tab ilisab le  and detectable. Note th a t there is no loss o f gene ra lity  in  
assum ing th a t D 2l= I  and th a t D l2 is p a rt o f an o rthogona l m a tr ix  [L 6 ], [S2]. I t  is always possible to  
achieve th is  by a constan t rescaling o f the p rob lem . Under these assum ptions there ex is t un ique  
s ta b ilis in g  pos itive  sem i-de fin ite  so lu tions to  the a lgebra ic R icca ti equations [D4 ], [S2]

X ( A - B 2D m12C 1) + ( A - B 2D l 2 C i y ‘3 Z - 3 Z B 2B'2X + C r i D ± D \ C 1 =  0 (1 .5.6)
and

w a - b & y  + u-flicya -  gc-2c2si = o 0.5.7)

D j _  has been chosen to  make the augmented m a tr ix  [ D 12 \ D  j J  o rthogona l [D4 ], [S2]. Associated w ith  
these tw o  R icca ti equations we have the s ta b ilis ing  m atrices F  and H  given by [D4 ], [L 6 ], [S2]

F = D ml 2 C 1+ B l X (1 .5.8)
and

H  =  R j+ S q (1 .5.9)

The Y ou la  pa ram e trisa tio n  theory allows us to  w rite

% ( 5 ) = [ T n - T 12X T 21] (s )  (1 .5.10)
and

K ( s )  =  T £(A '0(s), X ( s )) (1-5.11) -

in  wh ich

and

a - b 2f -  h c 2+ h d 22f - H B 2 — H D  22

- F 0 I

1 .P 1 to to / D 22

T n T 12 T±~ _5_ a - b 2f  b 2f B i b 2 -

T2i 0 0 0 1 - v c r 2 0 0

c x- d 12f  d 12f D i  1 D \ 2 D 1
0 c2 I 0 0

—1

(1 .5.13)
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3: is the M oore-Penrose generalised inverse o f BE. W ith  the p a rtic u la r choice o f the m atrices F  and H

g iven in  (1 .5 .8) and (1 .5.9), T u  and [ T ^  | T jJ  are inne r [D4], [S2]. We ca ll T j_ (s ) an inner or all-pass  
extension o f T12(s).

T h e  7- i t e r a t io n

In  th is  subsection we w il l ou tlin e  an a lg o r ith m  [D4], [F I ] ,  [F2], [F3 ], [F 6 ], [S2], [V I ] ,  wh ich  
reduces the p rob lem  o f f in d in g  an upper bound fo r

i n f  || ( T n - T u X T 21) ( s )  11^ =  7opt d -5 .1 4 )
V(s)€RK$°

to  the Nehari p rob lem  [N l]  o f id e n tify in g  those m atrices in  which are closest ( in  the sense o f the
i.° ° -n o rm ) to  a given p o in t (m a tr ix )  in  R £°°. The approach w ill be to  generate a sequence 
l i  = P i (s ) l lC0=  I I T n - T ^ ^ I ^  wh ich converges on y opt (from  above). In  app lica tions , the  
ca lcu la tio n  o f th is  sequence is te rm ina ted  when an upper bound a  fo r j opt has been found such th a t 
(a  —7 o p t ) < e  fo r some su ff ic ie n tly  sm a ll 6 > 0 .

I t  m ay be seen from  (1.5.10) th a t

«R>(s) ( T n - [ T 121 T ± ]
X
0 T n ) ( s ) (1 .5.15)

Since [T l2 | T j ( s )  and T 21(s) are inner and thus norm -preserv ing , we can w rite

IWaMloo
( r 12T n r 21- x ) ( s )

oo

(1.5.16)

( R 1 — X ) ( s )

R2(s)
oo

(1 .5.17)

and a ro u tine  d irec t ca lcu la tio n  from  (1.5.13) shows th a t

R(s)= Ri JL -(a - b2fy -{(C1- D n F)-Dn+?EB1}C2tl (C1-D12F)'Dn+3iB1
0 *1T — C*2
-BT2 m-D\2DuC2̂ Dl2Dn

-D'±DnC2y D*ĵ Dn

w hich im p lie s  th a t R ( s )  is com p le te ly  unstable. We also observe th a t i f

I W « ) I L  <  7 (1.5.18)
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then
(1 .5.17) => (A 1-JO *(s )(fl1- * ) ( s )  < 7 2I - R * 2{ s ) R 2{ s ) =  M * ( s ) M ( s )  (1.5.19)

where M ( s )  is a s tab le and m in im um -phase spectra l fa c to r o f j 2I — R l R 2{s )  (the  existence o f which  
requires 7 > | | i 22( s) l l 00)- C on tin u in g , we deduce from  (1 .5.19) th a t

P .A T ’fs) — = p  < 1 (1.5.20)

Decomposing R l M ~ 1( s)  in to  s tab le and unstable pa rts  gives

II [fl.M -'ts)],- X( s)  1 1 ^  < 1 (1.5.21)

in  wh ich
X ( s )  =  [ A j A r H s ) ] ^  AMT'(S) (1.5.22)

Rearrang ing  leads to

X ( s )  =  (1.5.23)

(1.5 .21) is a Nehari o r o p tim a l app rox im a tion  p rob lem . The  cha racte risa tion o f a ll so lu tions to  th is  
p rob lem  is given in  the nex t section.

The specific a lg o r ith m  fo r the 7 - ite ra tio n  is essentia lly a b ina ry  search procedure described in  
[D 4 ], [F I ] ,  [F2], [F3], [F 6 ], [S2], [V I] .

Characterisation of all solutions to the Nehari approximation problem

The purpose o f the 7 - ite ra tio n  was to reduce the prob lem  in (1 .5.17) to  a Nehari-extension  
prob lem . T h a t is, the p rob lem  o f f in d in g  a ll A '(s)’s wh ich achieve

i n f  | | t f ( s ) -A ~ (s ) | |  (1 .5.24)

o r else wh ich sa tis fy

I l f l W - r M I I ^  < p (1 .5.25)

B y  N ehari's  theorem  the in f im u m  in  (1.5.24) is achieved and is equal to  the no rm  o f the Hankel 
ope ra to r induced by H{s).  (F o r the Hanke l opera to r induced by H(s ) is defined by T H :

% 2~—+ K 2, Tf ju ( s)=[Hu(s ) )+. where [•]+ denotes the opera tion o f ta k in g  s tab le p ro je c tio n ). In  a d d itio n , 
G love r [G l]  has shown th a t a ll the so lu tions to  prob lems (1.5.24) and (1 .5.25) m ay be characterised in 
te rm s o f a balanced rea lisa tion  o f H(s). In  [G l] ,  th is  cha racterisa tion is in  term s o f a linea r fra c tiona l
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tra n s fo rm a tio n  param etrised by a constra ined unstable m a tr ix  con trac tion  fo r the o p tim a l case (1.5.24) 
and a free unstab le con tra c tio n  fo r the subop tim a l case (1.5.25). The resu lt fo r the fo rm er case adapted  
from  Theorem  8.7 in  [G l]  appears next:

T h eorem  1.5.1

L e t  G(s) be a s t a b l e , r a t i o n a l ,  p x m  t r a n s f e r  f u n c t i o n  w i t h  H a n k e l  s i n g u l a r  v a lu es

a 1= a 2 ... = 0> > 0-r+ i><Tr+ 2 > . . .> c r n>O  (1.5.26)

S u p p o s e  t h a t  a b a l a n c e d  r e a l i s a t i o n  o f  G (s )= (A , B,  C, 0) h a v i n g  c o n t r o l l a b i l i t y  a n d  o b s e r v a b i l i t y  

g r a m m i a n s

in w h i c h  E l = d i a g ( c r r + l , <rr + 2 ........ crn) is p a r t i t i o n e d  ( c o n f o r m a l l y  w i t h 1.5.27) as

A n A 12 B i c j
, B = , c T =

. 4  2 i . 4  22 b 2 c J

a n d  lei T be d e f i n e d  as

r  =

T h e n  all F (s )€ !H j”  f o r  w h ic h

a re  g e n e r a t e d  by the  l i n e a r  f r a c t i o n a l  m a p  

F = H n - H 12K { I + H 22K ) ~ 1H 21

(1.5.27)

(1.5.28)

(1.5.29)

(1.5.30)

(1.5.31)

in w hi ch

H n h 12

H 2\ h 22

r - V ^ n + M n ^ )

17

1

0 /

- a , B l a j 0

(1 .5.32)

a n d  K ( s )  t s  a n y  e l e m e n t  o f <$ % T > w h ic h  s a t i s f i e s  C 2+ K ( s ) B l = 0 .
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Proof:

See Theorem  8.7 in  [G l] . □

In  [L 6 ], a d iffe ren t version o f th is  resu lt is g iven wh ich characterises a ll so lu tions in  te rm s o f a 
bounded real type  cond itio n . T h is  cha racte risa tion w il l be used in  the p ro o f o f Theorem  2.2.1 in  
C hap te r 2; i t  w il l also be employed in  Lem m a 3.8.2 to  establish the degree bound fo r supe r-op tim a l 
Nehari extensions. The theorem  (adapted to  the Nehari case) appears next:

T heorem  1.5.2

L e t  G ( s ) be a s ta bl e ,  m i n i m a l  a n d  b a l a n c e d  r e a l i s a t i o n  w i t h  H a n k e l  s i n g u l a r  v a lu e s

(71= c r 2 ... =  0>>C rr + 1> 0 'r + 2 > . . . > 0 ' n > O  (1 .5.33)

A s s u m e  t h a t  the  H a n k e l  s i n g u l a r  v a lu es  h a ve  been a r r a n g e d  s o  t h a t  the g r a m m i a n s  are  g i v e n  by

w h e r e

d i a g { S lf c r j r )

= d i a g ( c r + ±, c r + 2 , ■■■ • o’n)

a n d  le t  ( A ,  B , C) be p a r t i t i o n e d  c o n f o r m a l l y  wi th (1 .5.34) as

^ i i A n Bi c j
. 4  = , B = , c T =

■ ^ 2 1

1

CN b 2 c l

A l s o  let

r=E2-<r?/,

T h e n  f o r  e v e r y  e r r o r  s y s t e m  F ( s ) = G ( s )  — F ( s )  w i t h

( а )  | | £ ,0 ^ ) l l oo< c r 1

( б) F ( s ) t o t a l l y  u n s t a b l e

t h e r e  e x is t  A ,  B , C  a n d  D  s uc h t ha t  E ( s )  h a s  a r e a l i s a t i o n  (A e, B e, C e, D e

(1 .5.34)

(1.5.35)

1.5.36)

(1.5.37)

(1.5.38)

A±2 0 0 Bi

^21 A 22 0 0 b 2

0 0 r - ' t f A h + Z j A ^ - V ' d D B ; ) T~ l C[ C

0 0 — a 1BB\ A a l B

Cl c 2 — (CjE+o-\DB\ ) C a^D
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w h i c h  s a t i s f i e s  both

(1 .5.39)

a n d

- ( A e P'e+ P e A : + B e B'e) - ( B.K+P'Ci) = L e

- ( B e D + P e C T e Y vli-DeD; w e

— ( Q e A e + A e Q e - h C e C e ) - ( C . D ' + Q ' B e) = L e d

— ( Ce-De-H Q e B e ) o\l-D\D«

[ i ;  w ;]

w h e r e  in  t he  a b o v e  e q u a t i o n s

E 0 7 0 E 0 - r 0

0 tT j / r 0 0
, Q e  —

0 (7 j7 r 0 0

7 0 e  r _1 0 - r 0 E r 0

0 0 0 a \ P 0 0 0 Q

L7= [ 0 0 r _1 a^L] , L me= [ 0 0 - a x W d B me L d\

f o r  s o m e  L , L d, I47, P = P m< 0. Q = Q *< 0 . a n d  f u r t h e r

W ed=<Tx W d a n d  P e Q e= c r j L

Proof:

See [L 6 ].

(1 .5.40)

(1.5.41)

(1.5.42)

(1.5.43)

(1.5.44)

□

Interpolation approach

In  section 1.4 i t  was shown th a t a ll in te rn a lly  stab le closed loops m ay be param etrised as

=  ( ^ \ i — ^ i 2 $ ^ 2 i ) ( s) (1 .5.45)

in  wh ich T 12{s )  and T 21(s) are stable and Q ( s )  is a free element o f K ^°. (A ssum ptions ( i i)  and ( i i i )  in  
the  d e fin it io n  o f the 3G00 p rob lem  also im p ly  th a t T 12(s) and T 21(s) have no transm iss ion zeros 
anywhere in  the im ag in a ry  axis in c lud ing  the p o in t a t in f in ity ) .  When bo th  T M  and T 21{ s ) are 
square (p rob lem s o f the f irs t k in d ) i t  has been shown th a t i t  is possible to  tra ns fo rm  1.5.45 to  a Nehari 
extension p rob lem . In  th is  section an a lte rn a tive  way o f so lv ing the m ode l-m a tch ing  p rob lem  is 
ou tlin ed  a ris ing  from  classical N evan linna -P ick-S chur in te rp o la tio n  theory.
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Since Q (s) g R K 4°, no po le /zero cance lla tion m ay occur in  the p roduc t T l 2 Q T 21(s )  in  C + , and
thus every r ig h t h a lf plane zero o f e ithe r T 12(s) or T 21(s) is also a zero o f T 12Q T 2 l ( s) .  In  the SISO case, 
there fore ,

where sf is any r ig h t h a lf p lane zero o f e ithe r t 12(s) o r *2 i ( 5)- The  pa irs (s t-, bf) are the in te rp o la tio n

is pos itive  sem i-de fin ite . A lso,

( i)  I f  I I > 0  and is no t de fin ite , the in te rp o la tin g  func tion  is un ique w ith  d eg( r )  =  r a n k ( U )

( i i )  The m in im u m  no rm  taken by any in te rp o la tin g  fun c tion  is given by the so lu tion  o f a 
generalised eigenvalue p rob lem : F ind  the m ax im um  value o f p  such th a t de^(II) is zero.

In  the M IM O  case i f  T 21(s) has a transm ission zero a t s,-, i t  m us t lose rank a t th is  p o in t: th is  
im p lie s  th a t there exists a vecto r a, ^ 0  such th a t

= *n(5i) = b i (1 .5.46)

cons tra in ts  to  be satis fied by any r(s) w h ich  corresponds to  an in te rn a lly  s tab le closed loop. F rom  [D l]  
i t  is known th a t there exists an in te rp o la tin g  fun c tion  r(s)(E IRK5?, w ith  | | r ( 5)lloo — P' ^  an^ on^  ^  
he rm itia n  P ick m a tr ix

(1.5.47)

= 6,- i = l ,  2 , ••• , z21 (1 .5.48)

S im ila r ly , i f  s, are the r ig h t h a lf plane zeros o f T 12(s), there exist vectors a*=£0 such th a t

a -% (s t) =  a’ T n (st ) =  b' i— ̂ 2 i"hl» ••• (1 .5.49)

E qua tions (1 .5.48) and (1 .5.49) taken together describe the M IM O  in te rp o la tio n  constra in ts  associated 
w ith  a ll in te rn a lly  stab le closed loops in  the case o f s im ple zeros. ( z 21 denotes the num ber o f the RHP  
transm iss ion  zeros o f T 2 i ( s ) and z  the to ta l num ber o f such zeros conta ined in  bo th  T 12(s )  and T 21(s)). 
The  N evan lin na -P ick  tangen t p rob lem  m ay fo rm u la ted  as fo llows:

[P I] Tangent interpolation problem

G i v e n  a (f i n i t e ) s e q u e n c e  o f  p o i n t s  in the o p e n  r i gh t  h a l f  p l a ne

(1 .5.50)

t o g e t h e r  w i t h  the s e q u e n c e s  o f  v e c t o r s  

a,G C p a n d  6,-G C m i= l ,  2 , •••, n (1 .5.51)
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a n d  a s e c o n d  s e q u e n c e  o f  p o i n t s  ( also in the r i gh t  h a l f  p l a ne )

|  st- J , i= n r + l ,  •••, nr + n }= n  (1.5.52)

t o g e t h e r  w i t h  t w o  f u r t h e r  s e q u e n c e s  o f  v e c t o r s

a ,G C m a n d  b{ £ C p i= n r + l ,  ••• , n (1.5.53)

F o r  a g i v e n  p o s i t i v e  n u m b e r  p  f i n d  n e c e s s a r y  a n d  s u f f i c i en t  c o n d i t i o n s  f o r  the  e x i s t e n c e  o f  a s t ab le  

i n t e r p o l a t i n g  m a t r i x  f u n c t i o n  <iR>(s)elRmXp(s) w i t h  ||%||oo<p w hi ch  s a t i s f i e s  bo th

^ ( s . - K  =  bi i =  1 , 2 , ••• , n r (1 .5.54)

< % (* ,.)  =  6* i = n r+ l , • , n (1.5.55)
□

A  necessary and su ffic ien t cond ition  fo r the existence o f an in te rp o la t in g  fun c tion  bounded in  
no rm  by p  is p rov ided by the fo llow ing  Theorem  [L5 ]. In  ad d itio n , [L5] characterises a ll (adm issib le ) 
in te rp o la t in g  func tions  in  term s o f a Blaschke p roduc t o f M acM illa n  degree one factors.

T h eorem  1.5.3

T h e r e  ex is t  a s ta b le  m x p  m a t r i x  f u n c t i o n  R ( s ) w i t h  ||i2(s)|| < p  s a t i s f y i n g  the  i n t e r p o l a t i o n  

c o n s t r a i n t s  (1 .5.54) a n d  (1 .5.55) i f  a n d  o n l y  i f  t he  m a t r i x

n =
rin n  12

H12 h 22
(1 .5.56)

i s  p o s i t i v e  s e m i - d e f i n i t e ,  w h e r e

J p 2a * a k -  b*bk 

11 1 3.-+S*

j = l, nj

k =  1, n»

_ )  p a ^ b j - p b \ a k
12 1 c_c.

s i ~ s k

i =  1. n i

k=nr+l, n
(1.5.57)

a n d

p b ’ a k - p a * b k 
ll12-< 5t_ s .

i = n r + l ,  n

k =  1, nr
n»= T k

» = nr+l, n

k =  n r + 1, n
(1 .5.58)

Proof:

See [L5]

1.6 P rob lem s o f th e  second kind w hich adm it closed-form  solu tion s

It has been shown in a previous section that allowing one of the off-diagonal blocks of P{s) to
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be non-square leads to  the app ro x im a tio n  p rob lem

To =  inf  
XeR%?

R̂  — X 

R 2
( 1.6. 1)

oo
in  wh ich T h is  m in im is a tio n  m ay be solved v ia  the com pu ta tio n a lly  expensive b ina ry
search procedure (know n as the 7 - ite ra t io n ) described in  section 1.5. I t  is clear, however, th a t special 
cases ex is t fo r wh ich (1 .6.1) m ay be reduced d ire c tly  to  a Nehari ap p ro x im a tio n  p rob lem : I f  /?2( 6 )—0’ 
fo r example, ( 1 .6 . 1 ) s im p ly  becomes

To =  i n f  | | * 1- X | | e = | l * i l l / /
X£R%f H

S im ila r ly , fo llow in g  the sequence o f argum en ts in  section 1.5, i f

(1.6.2)

R m2R 2( s ) = 6 2I

then

l o o t
R\—X0pt

Ro
ii - s) - n..=i

oc Jt opt  ^2 "H

(1 .6.3)

(1.6.4)

w h ich  im p lie s  th a t in  th is  case,

l o p t  =  J ll^ i(-5 )||^+<52 (1.6.5)

In  th is  section the so-called pa ram e tric  m ixed -sens itiv ity  p rob lem  w il l be considered. A lth o u gh  th is  
n o m in a lly  belongs to  the class o f IlG ^-prob lems o f the second k ind , a closed fo rm u la  has been derived  
fo r the o p tim a l cost in  [L 11] v ia  the in d e fin ite  R icca ti equa tion so lu tion  to  the general prob lem  
g iven in  [D9]. Here the o p tim a l cost w ill be derived by tra ns fo rm ing  the pa ram e tric  m ixed -se ns itiv ity  
p rob lem  to  one be longing to  the class o f prob lem s o f the second k ind  wh ich  sa tis fy  (1 .6 .3 ); in  th is  way  
the o p tim a l cost fo rm u la  reduces to  the ca lcu la tion  o f a Hankel no rm .

The pa ram e tric  m ixed -sens itiv ity  p rob lem  m ay be defined as

1  op t i n f
K£E

(1 - e ) ( I m - S ( s ) )  

eS(s)
oc

i n f  I I ^ I L
K G Z

where S (s )e R mXm(s) denotes the sen s itiv ity  func tion

(1.6.6)

S(s)=(I+GK)-\s) (1.6.7)
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and e belongs to  the in te rv a l [0, 1]. D e fin ing  the e-dependent orthogona l tra ns fo rm a tio n

©e
I m ' c o s ^ t a n I m - s i n { t a n

Im- cos t̂an~1( =̂̂ 2)^
( 1.6.8)

( 1 .6 .6 ) m ay be trans fo rm ed to

7 opt i n f  I I ^ I L  =  i n f  | | e c*(S )||00Kez Kez

=  i n f
KeZ

a I m + 0 S ( s )

6 1 m
oo

where we have defined

a : = ( l  — e)* cos|<an_1( j " ! ^ ) }

/?:=£• szn|fan-1( j1̂ )  j  —(1 — e)*cos|/an-1( j ^ ; ) |  

6:= —  (1 — e)-sin|fan-1( j~ ^ ) }

(1.6.9)

( 1.6 . 10)

( 1.6. 11)

(1.6.12)

(1 .6 .9) m ay be re fo rm u la ted  a long the lines given in  section 1.5 to

i n f
KeZ

( Q +  0 ) I m 0 G

S i m 0

I m G

, K ( s )

oo

i n f  \ \ V C( P , K ) \ \ X
KgE 1

(1.6.13)

Using the constan t o u tp u t scaling 0  1 G  *(0 0 ) th is  m ay be w rit te n  as

i n f
h'ez

<37
(Oc +  0 ) l m G G ~ \ oo)

S i m 0

I m 0 ~ l G G ~ \ oo)
oo

i n f  \ \ V t ( P „  A 0 ||to
Kez

(1.6.14)

where 3 = 0 G ( o o ) E  denotes the set o f in te rn a lly  s tab ilis in g  compensators fo r 0  l G G  1(oo). I f  
G(s)=(y4, 5 , C, D ), P , ( s ) in  (1.6.14) m ay be w rit te n  as

A 0

1----77

I 3 C [ c * - \ - 0 ) I m I m

0 S i m 0

c I m 0 - ' U

(1.6 .15 )
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Hence, since

[ Om | I m ]  £(P, K )  =  S i m  V A'(s)<EE 

(1 .6 .9 ) m ay  be trans fo rm ed to

1  o p t — i n f
Q e %

oo+

*n — T12QT21

6 1 m
-> 00

in  w h ich  7 \ 2(s) and T 21(s) m ay be assumed inner w ith  no loss o f genera lity . Hence,

7 o p t i n f
Qe%? 0

0 T n — T 12Q T 21

6 1 m
* 2 1

OO

=  i n f
Qe%?

T l 2 T u T 2 l - Q

sr21
oc

Since T ^ s )  is an tiin ne r,

7 o p t J|7T2r 1I7S1(-s)||},+« 2

The closed fo rm u la  fo r j opt m ay now be ob ta ined v ia  a sta te space rea lisa tion  o f 
Choosing the sta te feedback m a tr ix  F  and the ou tp u t in je c tio n  m a tr ix  H  as

F = 3 C + j j D ~ ’ B ' X

and

H = t y C

where X  and 2) denote the s tab ilis in g  so lu tions to  the algebra ic R icca ti equations

£(X - BD~lQ+{A - BD~1G)mX - j^XBD^D^ 0
and

(1.6.16)

(1.6.17)

(1.6.18)

(1.6.19)

*12 *11 *21 (5) •

(20)

( 1.6.21)

( 1.6.22)

(1 .6.23)

makes T 12( s ) and T 21(s) in (1.6.17) inner. Using (1 .6.20), (1 .6.21), (1 .6.22), (1 .6.23) and (1.6.15) in  
(1 .4.39) gives
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Tm r n  m *
1 2 i  11 1 21 —

jtll 4̂-12 %  ~

0 A 2 2 *$2

Cl C o 9

(1.6.24)

The  Hanke l no rm  o f T^2 i ^ 2 i ( 5) w ill be ca lcu la ted as Am a x { P Q )  where P  and Q  are the  
c o n tro lla b il i ty  and ob se rvab ility  gram m ians o f the rea lisa tion  in  (1.6.24). A t  th is  po in t it w ill be 
assumed th a t X  and 3) are pos itive  de fin ite . (T h is  is equ iva len t to  requ iring  th a t G ( s )  is com ple te ly  
unstab le  and n on -m in im um  phase). T h is  assumption is made on ly fo r n o ta tio n a l convenience and 
invo lves no loss o f gene ra lity  in  the derived fo rm u la  fo r y opt. The R icca ti equa tion ba lancing  
techniques developed in [L 6 ] m ay be employed to  establish the fo rm u la  fo r 7 opt fo r the general case.

L em m a 1.6.1

L e t  X  a n d  3) d e f i n e d  in ( 1.6.22) a n d  (1.6.23) be n on - s in g u la r .  T h e n  the  c o n t r o l l a b i l i t y  a n d  

o b s e r v a b i l i t y  g r a m m i a n s  c o r r e s p o n d i n g  to the r e a l i s a t i o n  in (1.6.24) are

a n d

(a+i?)2£ 0

0 - g - 1

-3 T 1 D
SI - (a 2/+SS)S

r e s p e c t i v e l y .

(1.6.25)

(1.6.26)

Proof:

The tw o  g ram m ians should satisfy

*̂■11 *̂ 12 

0 -/4.22

1̂1 P l2 1̂1 P n
+

1̂2 P  22 P 'n P  22

*̂■11 *̂■12

0 J.22 <3&2
[ «Bg= 0 (1-6.27)

and
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*̂ 11 ^12

0 *̂ 22

Qll

Q h

Q l 2

Q22

Q l 2  

Q  22

J-ll •̂ •12 e;

0 ^22 C2

(1 .6.28)

C om pa rin g  (1.6.23) w ith  the (2 ,2) b lock o f (1 .6.27) shows th a t P 22=  — 2) s u b s ts titu tin g  th is  to  the  
(1 ,2 ) b lock o f (1 .6.27) gives, a fte r cance lling terms,

{ - A + B D - \ C + ± D - - E T 3 . ) y  P n + P u { - A + ' $ C C }  =  0 (1.6.29)

from  w h ich , since bo th  te rm s inside the brackets are com p le te ly  unstable , P 12= 0. Using th is  in  the  
(1 ,1 ) b lock o f (1 .6.28) gives, a fte r d irec t comparison w ith  (1.6.22) th a t P n =  — ( a + 0 ) 3E.

The  s u b s titu tio n  3£- 1(22)3£ - 1  = 0  in to  the (1 ,1 ) b lock o f (1.6.28) verifies th a t Q u =  — 3Z~l . Using  
th is  in  the  (1 ,2) b lock o f (1 .6.28) shows th a t Q 12=%). F in a lly , the (2,2) b lock o f  (1 .6.28) m ay be w r it te n  
as

(2 + £ )9 iB D -1<^+Q22(-^ -+ < 7 c ^ )+ (^ )9 C D -B -i9 + (-A + g < r q < ? 2,+

=  o (1 .6.30)

w h ich  becomes a fte r cance lling terms

Q 22( - A - + r < ^ ) M - A + t y C Q Q 22+ t y X A $ + y ) A * 3 i y W V ) C r C V ) = 0  (1 .6.31)

S u b s titu t in g  from  2)-1 (1 .6.23)2)-1 gives

Q222)_ 1^ S + 2 ) ^ ‘ ?)_ 1< ? 2 2 + 2 ) ^ 2 ) + ^ ^ 2 ) + a 22 ) rC ? )= 0  (1 .6 .32 ),

from  wh ich the (2 ,2 ) b lock o f (1 .6.26) m ay be ve rified . □

U sing the derived g ram m ians , y opt m ay be w r it te n  as

7 opt= ^~A~^max(PQ)~ max
(a+0)2I - ( cH-/?)£5)

- I  a 2/+£2)
(1 .6.33)

so th a t

T»p,=«2+5{(a+tf)2+ a 2+ W (£ S )} + !J { /9 2+AmaI(£a)}{(2a+3)2+Amax(£?))}

S u b s titu t in g  from  (1 .6.10), (1 .6.11) and (1.6.12) gives
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7^ ,= 2{f2+ ( l - e ) 2+A™,r(3Ea)}+^{f2+ ( l - e )2+AroaI(£9)}{ (2e —l)2
■f2+ ( l - f )

;+ Ar ,(3ES))}

in  agreement w ith  [L I  1].

1.7 In terpolation  con stra in ts on th e S en sitiv ity  and C om p lem en tary  S en sitiv ity  
functions

I t  has been shown in  sections 1.4 and 1.5 th a t a class o f con tro l prob lem s m ay be 
trans fo rm ed to  the m ode l-m a tch ing  p rob lem

T .p,=  >nf | | r 11- r 12(? r 21|| ( 1.7. 1)
Q e x ?

in  w h ich T i2{s) and T 21(s) are square. I t  is clear th a t the presence o f T 12(s) and r 21(s) in  section 1.7.1 
constra ins the value -yopt can a tta in . I f  bo th  these functions were equal to  the u n it m a tr ix , fo r example, 
no in te rp o la tio n  constra in ts  w ou ld  be present and i t  w ou ld be possible to  achieve 7 o p ( = 0  by ta k in g  
Q o p t — T n £ % <̂ >. In  section 1.5 the constra in ts on the o p tim a l cost were more precisely fo rm u la te d  in  
te rm s o f certa in in te rp o la tio n  constra in ts  th a t the fun c tion

<3M5)— ^li-  Ti2QT2i(s) (1 .7.2)

m us t sa tis fy  a t each R H P  transm iss ion zero o f T 12(s) and T 2i ( s) and a long certa in  zero d irec tions.

A  na tu ra l question a ris ing  is whether these in te rp o la tio n  constra in ts  in the RHP  impose any  
re s tr ic tions  on the m agn itude  o f % (s ) on the jw  axis. The in te rpo la tion -app roach  so lu tion  o f the m odel­
m a tch in g  p rob lem  in section 1.5 suggests th a t they do, the m in im u m  no rm  ||% || being defined in  
te rm s o f the so lu tion  to  an eigenvalue prob lem  constructed from  the in te rp o la tio n  da ta . In  th is  section  
ce rta in  constra in ts  on the m agn itude  o f the sen s itiv ity  and com p lem en tary  s e n s it iv ity  func tions  w il l be 
described. In th is  case, the unstable poles and the non -m in im um  phase zeros o f the open-loop transfe r 
fu n c tio n  define the re levan t in te rp o la tio n  constra in ts ; these m ay be trans la ted  to  in teg ra l re la tions on 
the ju> axis using Poisson’s in te g ra l fo rm u la .

A  num ber o f in te g ra l constra in ts  on the sen s it iv ity  func tion  fo r ce rta in  classes o f systems have 
been known fo r a long tim e . Consider f irs t the open-loop system

?(*)= k
( s + l f

1.7.3)

where k is an a rb itra ry  gain fac to r. Since the sen s it iv ity  o f the system is the reciprocal d istance o f the  
N yqu is t p lo t from  the c r it ic a l p o in t — 1 . i t  m ay be seen th a t in  th is  case the there is a lways a frequency  
s = j u Q above which the s e n s it iv ity  exceeds one; moreover th is  tra n s itio n  frequency u Q m ay be pushed
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a rb it ra r i ly  h igh by increasing the ga in. In  fac t, th is  tra deo ff in sen s itiv ity  is a special case o f a general 
class o f transfe r func tions  as i t  may be seen from  Bode’s sen s it iv ity  in teg ra l [F 7 ]: Fo r every open loop  
ra tio n a l trans fe r fu n c tio n  Q(s) which is stable, m in im u m  phase, has a t least tw o  more poles than zeros 
and stab ilises the closed-loop, the sen s it iv ity  fun c tion  5(s) m ust satisfy

r°°
/  log |5(ju;)| duj =  0 (1 .7.4)

so th a t re qu ir in g  |S ( ;u ; ) |< l a t some frequency im p lie s  th a t |5 (ju> ) |> 1 a t another. I t  is clear, however, 
th a t th is  type  o f con s tra in t does no t im p ly  by its e lf (i.e. unless a dd it io n a l bandw id th  cons tra in ts  are 
im posed) any real design lim ita t io n : The  se n s it iv ity  can be made a rb it ra r i ly  sm a ll fo r an a rb it ra r i ly  
large frequency in te rv a l [0 ,u;] by m ak ing  the se n s it iv ity  m a rg in a lly  larger than  one fo r the upper ta i l o f 
the  frequency axis (w ,oo ).

As the in te rp o la tio n  fo rm u la tio n  in  section 1.5 suggests, a more serious con s tra in t on the  
m agn itu de  o f the se n s it iv ity  fun c tion  on the jui axis is due to  the presence o f n o n -m in im um  phase zeros 
in  the open-loop trans fe r func tion . In tu it iv e ly  th is  is expected since such zeros p rov ide  a d d it io n a l phase 
lag and thus have the effect o f ‘‘bend ing”  the N yqu is t p lo t towards the c r it ic a l p o in t. Note f irs t th a t i f  
Q ( s ) has a zero at s = z  o f m u lt ip l ic ity  m, S (s )= ( l +  Q (s ) ) - 1  is constra ined a t th is  p o in t by

S (.- )= l , £ s i  = 0  fo r i = l ,  m - 1
ds

(1.7.5)

S im ila r ly , a t any pole a t s = p  o f Q { s )  o f m u lt ip l ic i ty  n ,

S ( p ) = 0
£
ds

i ^ L = P—0 f ° r n — 1 (1 .7.6)

The  Poisson in teg ra l fo rm u la  m ay be used to  trans la te  the RHP  zero constra in ts  to  a weigh ted in teg ra l 
re la tio n  th a t S ( s )  m ust sa tis fy  a long the jw  axis. N o tin g  th a t any R HP  zero o f S ( s )  is due to  a RHP  
pole o f Q (s), these can be factored ou t as

S { s ) = S ( s ) B p \ s ) (1 .7 .7)

where B p (s )  is the Blaschke product

NP p - sBp{s ) = n h —
i=\Pi+s

(1 .7 .8)

wh ich con ta ins a ll R HP  poles o f Q ( s )  counted accord ing to  th e ir m u lt ip l ic i ty .  A p p ly in g  Poisson’s 
in te g ra l fo rm u la  to  /o#[5 (s)] ( S  is by construc tion  ana ly tic  and free o f zeros in  the R H P ) m ay be used 
to  derive the fo llow in g  Theorem  given in [F7], [F9]



A state-space analysis for a class of H°° optimal control problems -46-

T h eorem  1.7.1 [FI]

S u p p o s e  t h a t  t he  o p e n - l o o p  t r a n s f e r  f u n c t i o n  Q ( s )  h a s  a z e r o , z = x + j y , w i t h  x > 0 . A s s u m e  th at  

the  a s s o c i a t e d  f e e d b a c k  s y s t e m  is  s t ab le .  T h e n  the s e n s i t i v i t y  f u n c t i o n  m u s t  s a t i s f y

/
OO
log |S(j'u;)| W ( z ,  u>) d u  =  tt log |JBp1( r̂)| (1 .7.9)

w h e r e  W ( z ,  u/) i s  a w e i g h t i n g  f u n c t i o n .  F o r  a r e a l  z e r o , z = x ,

W( x,  w )  =  ~2 ~ ~ —2
X + u

(1 .7.10)

a n d  f o r  a c o m p l e x  z e r o ,

W ( z ,  u )  = +
x ' + ( y — w) x ' + ( y + u > )

(1 .7.11)

In  a d d i t i o n , f o r  a c o m p l e x  z e r o , the  s e n s i t i v i t y  f u n c t i o n  m u s t  s a t i s f y ,

fcc
/  log |S(ju;)| V(z,  u;) d w =  7 r / . B p l (z) 1.7.12)

w h e r e

,/Y , _  u - y _______ u+y
x - \ - (y— ui)~ x “+ (^ /+ u ;) ‘

1.7.13)

Proof:

See [F7], [F9] □

The in teg ra l re la tio n  (1.7.9) is m uch more severe in  constra in ing  s e n s it iv ity  than  the one given  
in  (1 .7 .4). T h is  is due to  the type  o f w e igh ting  fun c tion  W(z,u>). Since the weigh ted leng th  o f the j w  

axis in  th is  case is f ini te , the am oun t by which the sen s itiv ity  can exceed one a t h igh  frequencies by 
keeping its  va lue sm a ll a t low  frequencies cannot be made a rb it ra r ily  sm a ll; in  fac t i t  is shown in  [F7] 
th a t cons tra in ing  S ( s ) in  a low -frequency in te rva l as

|S 0 'w ) |< a < l ,  V u ;6 f t= [0 ,  Wl] (1 .7.14)

results in  a peak in the m agn itude o f sen s itiv ity  a t a frequency outside the in te rva l, bounded from  
below as

W{z,<A)

\ \ s \ L > { h y - Wiz'a] \B-A (1.7.15)
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T h is  shows th a t ||S|| becomes unbounded as a —+0 which m ay im p ly  poor s ta b ility  m arg ins fo r the  
closed loop system , z in  (1.7.15) denotes a n o n -m in im um  phase zero o f Q ( s ) and

W { z f t ) =  /  W { z , u j ) d u  (1 .7.16)
o

w ith  W ( z , u )  being defined in  Theorem  1.7.1; VF(2, f 2) m ay be in te rp re ted  (in  the real zero case) as 
m inus the phase lag con tr ib u te d  by the zero a t the upper endpo in t o f the frequency in te rv a l Q.  Note in  
th is  respect th a t j t o -axis zeros (le t r —+0 in  (1.7.10) and (1 .7.11)) do no t impose in te g ra l cons tra in ts  on 
S(juj ) b u t on ly  a p o in t d is co n tin u ity  a t S ( j y )  which does no t affect ||S|| . (See [S3] fo r a tre a tm en t o f 
the techn ica l issues a ris ing  due to  the presence o f im ag ina ry  axis zeros in  the con te x t o f l i t 00 con tro l) .

T he  effect o f the RHP  transm iss ion zeros o f the p la n t on the m agn itude  o f the sen s it iv ity  
fu n c tio n  m ay be generalised fo r the M IM O  case. (N o te  th a t by the in te rn a l s ta b il i ty  requ irem en t, any  
R H P  transm iss ion  zero o f G ( s )  m ust appear as a zero o f the open loop trans fe r fu n c tio n  Q(s) w ith  a t 
least the same m u lt ip l ic i ty . )  I f  the p la n t G(s) is s tr ic t ly  proper and there is a p o in t s0 £ C +  such th a t  
the rank  o f G (s0) is less than the num ber o f its  rows, then there exists a pos itive  real num ber a  such 
th a t fo r every s ta b ilis in g  compensator K ( s )

| | x ( / + G A r 1| | J | ( / + G A r 1||“ > l  (1-7.17)

where \ ( - )  denotes the characte ris tic  func tion

1 l f \ u j \ < U J l

X ( j 'w )= j (1-7.18)
0 i f  |u ;|> 0^

fo r some frequency u>x [F3]. On the o ther hand, i f  G(s) has a r ig h t  
bounds

||X(/+GA')-1| | „ «
and

| | ( / + G A r 1||co« 5

m ay be achieved fo r a rb it ra ry  e > 0  and 6 > 1 . [F3]

I t  is also in te res ting  to  note th a t Theorem  1.7.1 illu s tra te s  the dependence o f the o p tim a l cost 
in  the 3600 se n s it iv ity  m in im isa tio n  p rob lem  to  app rox im a te  po le /zero cance lla tions in  the RHP . 
Consider as an example the unstable and non -m in im um  phase p la n t

«<a>=J7 r r  (L7-21)

inverse w h ich is a n a ly tic  in  C +,

(1.7.19)

(1.7.20)

fo r 0 <  e <  1. The  o p tim a l cost is given as [L 6 ]
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1  o p t — *n/ll‘Sll00— aJ1 +Amar^S) (1 .7.22)

where 3: and 5) are the s ta b ilis in g  so lu tions to  the R icca ti equations (1.5.6) and (1 .5 .7) respective ly. I t  
m ay be re ad ily  verified th a t in  th is  case

(1.7.23)

so th a t
oo as  e —>0 (1 .7.24)

On n o tin g  th a t the m agn itude  o f the o p tim a l sen s itiv ity  is constan t over a ll frequencies and also th a t a 
c o n s t a n t  o p tim a l con tro lle r exists in  th is  case,

o

(1 .7.25)

in  agreement w ith  (1.7.24).

A  s im ila r analysis m ay be performed fo r the com p lem en ta ry -sens itiv ity  fu n c tio n  T = l  — S( s ) ,

constra in ts . The (d ua l) in teg ra l re la tion  wh ich the com p lem en ta ry -sens itiv ity  fun c tion  m ust sa tis fy is 
described by the fo llow in g  Theorem  [F 7 ].

T h eorem  1.7.2

S u p p o s e  t h a t  the  o p e n - l o o p  t r a n s f e r  f u n c t i o n  Q ( s )  h a s  a p o l e , p = x + j y ,  w i t h  x > 0 . A s s u m e  t ha t  

the  a s s o c i a t e d  f e e d b a c k  s y s t e m  is  s tab le .  L e t  B z ( s ) be the  B l a s c h k e  p r o d u c t

the unstab le poles o f the open-loop transfe r func tion  now de fin ing  the app rop ria te  in te rp o la tio n

(1.7.26)

c o n t a i n i n g  al l  the  R H P  z e r o s  o f  Q { s )  ( N 2 in n u m b e r )  c o u n t e d  a c c o r d i n g  to  m u l t i p l i c i t y .  T h e n  the  

c o m p l e m e n t a r y  s e n s i t i v i t y  f u n c t i o n  m u s t  s a t i s f y

OO

(1 .7.27)
o

w h e r e  W ( p , a?) i s  a w e i g h t i n g  f u n c t i o n .  F o r  a r e a l  po le ,  p = x ,

(1.7.28)
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a n d  f o r  a c o m p l e x  p o l e ,

W(p, u/) = x______ |______ x
x 2+ { y - w ) 2 x 2+ ( y + u ) 2

(1.7.29)

In a d d i t i o n , f o r  a c o m p l e x  p o l e , the  c o m p l e m e n t a r y  s e n s i t i v i t y  f u n c t i o n  m u s t  s a t i s f y ,

. C O

/ l°9 \T(juj)\ V(p, w) du = 7t/LBz 1(?) (1 .7.30)

w h e r e

V(p, u/) = ^ —y <*H-y
z2+ ( y —w ) 2 z2+ ( y + w ) ‘

(1 .7.31)

Proof:

See [F7] □
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Chapter 2

2.0. Introduction

The generalised regu la to r in  F ig. 1 has been adopted as the s tandard con fig u ra tio n  on which  
H t°°-op tim a l con tro l stud ies are based. B y app rop ria te ly  choosing the fou r p a r t it io n s  o f P { s ) , most 
design examples o f engineering in te res t m ay be embedded in th is  d iag ram . E a rly  K '*0 studies were 
special in  the sense th a t P 12(s) and P 2 i ( s) cou ld be chosen square. Examples o f  th is  case (fo r wh ich the  
te rm  “ p r o b le m s  o f  th e  f i r s t  k in d ” or “ o n e -b lo c k  p r o b le m s ' has been adopted) are the o p tim a l sen s itiv ity  
[C l] ,  [F4], [F5], [S I], [Z l] ,  [Z2] and the robust s ta b ilis a tio n  p rob lem  [G2], [K 6 ]. P rob lem s o f the f irs t  
k in d  have been fu lly  analysed and a con tro lle r degree bound has been derived [L5 ], [L 6 ]. A lth o u gh  th is  
class o f p rob lem s adm its  a p a r t ic u la r ly  elegant and s im p le  so lu tion , i t  is too  special fo r m ost p rac tica l 
design app lica tio ns  since i t  ty p ic a lly  fo rm u la tes s ing le -ta rge t o p tim isa tio n  ob jectives. T h is  l im its  the ir  
ap p lic a tio n  to :

(1) In ve s tig a tin g  a n a ly t ic  tradeoffs o f a sing le feedback p rope rty  (ie. tradeo ffs  o f the p rope rty  in  
d iffe ren t frequency ranges). These m ay be dea lt by in c lud ing  a frequency w e igh ting  in  the cost func tion  
o f the op tim is a tio n . (D ire c t io n a lity  properties in  the m u ltiv a r ia b le  case m ay also be dealt by e xp lo it in g  
the spa tia l na tu re  o f the w e igh ting  fun c tion ).

(2) E va lu a tin g  con tro l designs by com paring  the properties o f the closed-loop system w ith  the  
o p tim a l levels ob ta ined by so lv ing  a re levant [Hi00 p rob lem . T h is  m ay he lp to  g ive a q u a lita t iv e  account 
o f possible in h e r e n t l im ita t io n s  which m ay be due to  s tru c tu ra l properties o f the p la n t such as the  
pos itio n  o f its  poles and its  transm iss ion zeros.

C on tro l system design should a tta in  a num ber o f d iffe ren t ob jectives. These inc lude  good 
perfo rm ance fo r the closed-loop system (accurate and fast fo llow in g  o f se t-po in t changes), good s ta b ility  
m arg ins, the a tte n ua tio n  o f d isturbances and measurement noise, m oderate c on tro l ac tion  in  order to  
avo id  a c tua to r sa tu ra tio n , etc. In  ad d itio n , these characteris tics should be m a in ta ined  as fa r as possible 
in  the presence o f p la n t u n ce rta in ty . I t  was shown in  the previous chap te r th a t i t  is possible to  
tra ns la te  m ost o f  these ob jectives to  bounds on the  m agn itude o f certa in  c lo s e d - lo o p  t r a n s fe r  f u n c t io n s  

govern ing the response o f signals w ith in  the feedback loop to  exogenous inpu ts . M in im is in g , fo r  
example, the s e n s i t iv i t y  f u n c t io n  a t low  frequencies results in good tra ck in g  and in  the re jec tion  o f 
dis turbances (w h ich  ty p ic a lly  have th e ir power concentra ted in  th is  frequency range) en te ring  a t the  
p la n t o u tp u t. S im ila r ly , l im it in g  the m agn itude o f the c o m p le m e n t a r y - s e n s i t iv i t y  f u n c t io n  a t h igh  
frequencies has the effect o f measurement-noise a ttenua tio n  ( ty p ic a lly  hav ing  w ide-band spectra l
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cha rac te ris tics ) and m in im ises the effects o f (m u ltip lic a t iv e ) p la n t u n ce rta in ty  on the s ta b ility  marg ins  
in  the closed loop. (M ode l u n ce rta in ty  is again dom inan t in  the h igh-frequency region p a rt ly  due to  the  
loss o f phase in fo rm a tio n  caused by unm odelled fast dynam ics and the app ro x im a tio n  o f t im e  delays by 
f in ite -o rd e r L T I  m odels).

I t  is clear th a t the tw o  func tions  m en tioned in  the previous paragraph (s e n s itiv ity  and 
com p lem en ta ry  s e n s it iv ity ) cannot be m an ipu la ted  independently . In  fac t, since th e ir sum  is the u n it  
m a tr ix , i t  fo llow s th a t i t  is no t possible to  achieve, fo r example, b o t h  d is tu rbance re jec tion  a n d  

measurement noise a tte n ua tio n  over a ll frequencies and d irec tions. T h is  illu s tra te s  one o f the basic 
"algebraic" constra in ts  in  con tro l system design [F7]. In  the con tex t o f op tim isa tion -based  design 
methodo log ies (w h ich  inc lude K 00 m ethods) the tradeoffs  w h ich m ust be perfo rm ed between co n flic tin g  
design goals suggest the need to  inc lude a ll such “ co n flic tin g ”  functions (a pp ro p r ia te ly  we igh ted in 
frequency) in  fo rm u la t in g  the o p tim is a tio n  prob lem .

B y a llow in g  one o f the o ff-d iagona l blocks o f P(s) to  be non-square, the range o f prob lems  
w hich one m ay s tudy  w ith in  the 3t°° fram ew ork is considerably enlarged. For th is  type  o f prob lem s the  
te rm  “p r o b l e m s  o f  t he  s e c o n d  kincT has been adopted. T h is  fa m ily  is now su ffic ie n tly  large to  inc lude  
m u lt ita rg e t ob jectives; an im p o rta n t example is the so-called m ixed -sens itiv ity  p rob lem  [F I ] ,  [F2], [F3], 
[F 6 ], [V I ] .  As one w ou ld  expect, th is  enlarged class is more d if f ic u lt  to  analyse as w e ll as being  
c om p u ta t io n a lly  more dem anding; in  general the o p tim a l so lu tion  m ust be de te rm ined v ia  an ite ra tiv e  
procedure w h ich  invo lves a sequence o f (apparen t) s ta te -d im ension in f la tin g  operations.

In  th is  chapter a de ta iled state-space analysis o f % °°-o p tim a l con tro l p rob lem s o f the second 
k ind  is carried ou t. I t  is shown th a t the tra n s itio n  from  prob lems o f the first, k ind  to  p rob lem s o f the  
second k ind  is free in  te rm s o f the con tro lle r state d im ension . In  p a rtic u la r i t  is shown th a t fo r every 
K 00 p rob lem  o f the second k ind  a con tin uum  o f o p tim a l con tro lle rs exists re qu ir in g  no more than n 
states (where n=deg(P)). A  pa ram e trisa tio n  o f the o p tim a l in te rp o la tin g  func tions  is also ob ta ined and 
the resu lts are subsequently extended to  the subop tim a l case.

The la yo u t o f th is  chapter is as fo llows: Section 2.1 describes some R icca ti equa tion ba lancing  
techniques; th is  s im p lifie s  the expos ition by m ak ing  transpa ren t the in te rp o la tio n  cons tra in ts  o f the  
p rob lem . In  section 2.2 a deta iled state-space analysis is perfo rm ed and a degree bound is derived for 
the o p tim a l in te rp o la t in g  fun c tion  under a few s im p lify in g  assumptions. Section 2.3 deals w ith  the  
possib le po le /zero cance lla tions wh ich m ay occur in  the linea r fra c tio n a l m ap o f F igu re  1 unde r the  
con s tra in t o f in te rn a l s ta b ility , w h ile  section 2.4 removes the assumptions made in  section 2.2. In  
section 2.5 the resu lts are combined to  derive the con tro lle r degree bounds bo th  fo r the o p t im a l and the  
sub -op tim a l cases. F in a lly  sections 2.6 and 2.7 inc lude an example and some com pu ta tio n a l rem arks.
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2.1 Balancing the Riccati equations

The sta te  space analysis o f 3 t°° prob lem s o f the second k ind  w il l be g rea tly  s im p lif ie d  i f  the  
R icca ti equa tions (1 .5 .6) and (1.5.7) have a d iagona l balanced s truc tu re . B a lanc ing  o f the R icca ti 
equations in  p rob lem s o f the f irs t k ind  has the effect o f rem ov ing  the r ig h t h a lf plane zeros o f the  
square o ff-d iagona l b locks o f P ( s ) in  the ea rly  stages o f the analysis; in  effect th is  makes transpa ren t 
the in te rp o la t io n  constra in ts  defined a t each r ig h t h a lf plane zero o f P12(s) and P 21( 5 ).

P rob lem s o f the second k ind  have a m ixed type  o f in te rp o la tio n  constra in ts . ’R ig h t ’ 
in te rp o la t io n  cons tra in ts  (zeros o f the square P 2i {s )  b lock) w il l be dea lt w ith  id e n tic a lly  as in  prob lems  
o f the f irs t  k ind : Ba lanc ing  o f the R icca ti equa tion (1 .5.7) w il l have the effect o f id e n tify in g  the r ig h t  
h a lf  p lane zeros o f P21(s) w ith  the fu ll- ra n k  subblock o f its  so lu tion . A  s im ila r d im ens ion de fla tion  
correspond ing to  the non-square o ff-d iagona l b lock and its  in te rp re ta tio n  in  te rm s o f the le ft 
in te rp o la tio n  cons tra in ts  is also possible. In  a d d it io n , the balanced R icca ti equations lead d ire c tly  to  a 
m in im a l rea lisa tion  fo r

T n  T n  T ±

t21 0 0

W e begin by considering any basis change T  in  the state-space o f P ( s )  in  (1 .5 .5). In  the new basis, the  
rea lisa tion  o f P(s) becomes

T A T 1 T B l t b 2

P { s )  = D n d 12

C 2 V l -^21 to to to

1

and the algebra ic R icca ti equa tion (1.5.6) becomes

X(TAT~l - T B 2Dl2C1T-1)+ {T A 'r 1- T B 2D*12C1T~ly X - X T B 2B'2r X + T ~ mC'1D± D'± C1T ' 1=0

(2 .1.2 a)

where T ~ m denotes A fte r p re -m u lt ip lic a t io n  by T* and p o s t-m u lt ip lic a t io n  by T  we get

r X T l A - B z D ^ C J  +  ( A - B 2D l 2C j ) mT X T  -  T X T B 2B 2 T X T + C [ D _LP j_C '1=  0 (2.1.26)

w h ich shows th a t undergoes the congruence tra ns fo rm a tio n

X — T - ’ X T - 1 (2 .1.3)

S im ila r ly , in  the new basis, (1 .5.7) becomes

' T 1$ T - * { A - B l C 2) m +  ( A - B l C 2) T ~ 1^ ' r m -  T ~ l t y rr ' C m2 C 2 =  0 (2 .1 .4)
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and hence
9 — r g r  (2.1.5)

(2 .1 .3) and (2 .1 .5 ), togethe r w ith  3E = £ *> 0  and 2 )= 2T > 0  show th a t the construc tion  in  [G l,  A ppend ix  
B] m ay be used to  select a T  w h ich  diagonalises bo th  3: and 2). T h is  construc tion  is reproduced in  the  
nex t Lem m a fo r completeness.

L em m a 2.1.1:

L e t  X  a n d  2) be the  s o l u t i o n s  t o  the  R i c c a t i  e q u a t i o n s  (1 .5.6) a n d  (1 .5.7) r e s p e c t i v e l y .  T he n  

t h e r e  e x i s t s  a c h a n g e  o f  bas i s  T  in the  s t a t e - s p a c e  o f  (2.1.1) s u c h  t h a t

a n d

w i t h  E j, E 2 a n d  E 3 p o s i t i v e  d e f i n i t e  a n d  d iagonal .

(2.1.6)

(2 .1.7)

Proof: [G l]

The p roo f essentia lly depends on s im u ltaneous ly  d iagona lis ing the tw o  so lu tions o f the R icca ti 
equations, using congruence trans fo rm a tions  on X  and 3), 3£=T3ET' and 3 )= T - ’ 2 )T -1 . Since £ > 0  there 
exists a congruence tra ns fo rm a tio n  T t such th a t

Le t

T f X  T x
/ 0

0 0

»„ ®12
s ; 2 $ 22

Le t U1 be the u n ita ry  m a tr ix  such th a t

u $ n u\
Ex 0 

0 0

w ith  E 1> 0 . W r it in g

0

( 2. 1.8)

(2 .1.9)

(2. 1. 10)

7T = t 2=
0 /

(2. 1. 11)
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gives
S i 0

0 0 S 23

®33

and since 2 )> 0= ^2 )2 3= 0 . Now let

n  =

I 0
0 I

'-1 02>;3£r

0
0
I

which gives th a t

(r3T2r 1)"’8Kr3r 2r1)_1:
Si
0
0

0
0

0
0

and since congruence trans fo rm a tions  do no t affect the in e rt ia  o f a m a tr ix , S 33  —? ) i3^ r  
there exists a u n ita ry  tra ns fo rm a tio n  U2 such th a t

ui(y33- y ; 3t 7 % 3)u2 =
tr  o 

0 0

w ith  £ 3 > 0 . F in a lly , de fin ing

TT =

;”1/4 0 0
0 I 0

0 0 ir2

and le t t in g  T = T 4 T 3 T 2 T 1 proves the resu lt fo r the trans fo rm ed 3E and £).

I t  is conven ient a t th is  p o in t to  in troduce a pe rm u ta tio n  m a tr ix  J so th a t

•m r  =
S i

S 3

1
M to __
__

_
1

0

0 1
O_____

1

(2 . 1 . 1 2 )

(2.1.13)

(2.1.14)

^ ^ > 0 , so tha t

(2.1.15)

(2.1.16)

□

(2.1.17)

C lea rly , E ^ O  and E 2 > 0 .

In  the rest o f the  analysis i t  w il l be assumed th a t the rea lisa tion  in  (1 .5 .5) has been p u t in to  a
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basis correspond ing to  balanced R icca ti equations. W e con tinue by de fin ing

M  :=  J i A - B ^ r  

Z  :=  A  — B 2D \ 7 C i

and in troduce  the p a rt it io n in g

£l= [Cll I 1̂2 ]

which is consis tent w ith  th a t in (2 .1 .6 ). We w ill also make use o f the p a r t it io n in g

c2r  — [c*2il 2̂2]
and

FJ- =  [Fj | Fj]

which is consis tent w ith  th a t in  (2 .1.17). A llow in g  (2 .1.6) to  induce a p a r t it io n in g  
su b s titu t in g  in to  (1 .5 .6) gives

S i 0 Zn z12
+

Zh r2l S i 0

0 0

i

to Z 22

1

to ^ 2 2 0 0

E* 0 
0 0

B \ 2
[b 2̂ B 22]

S i 0
+

CIi
b 22 0 0 c~12

D  j_ ̂  j_ [ 1 C 12] — 0

F rom  the (2 ,2 ) b lock o f (2 .1.24) we get

C [ 2-^j_-^j _C,12=0 =>• D m̂ C 12=  0 => C [ \ D 12=  0 

Consequently , from  th e -(1,2) b lock o f (2 .1 .24)) one ob ta ins  

E iZ i2=  0 => Z 12=  0 (Since E x> 0 )

F in a lly , the ( 1 , 1 ) b lock gives

(2.1.18)
(2.1.19)

(2.1.20) 

(2.1.21)

(2.1.22)

(2.1.23) 

on Z  and

(2.1.24)

(2.1.25)

(2.1.26)

(2.1.27)
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which is a de fla ted R icca ti equa tion w ith  a positive de fin ite  so lu tion  E x . Since

A - B o F =  Z - B 2B m2Z (2 . 1 .2 8 )

we get from  (2 .1.26) th a t

A  — B 2F =
*11 0

2̂1 Z22

Bn
B22

b \ 2 b 22

Ej 0 
0 0

Zll~ ̂ 12 1̂2 1̂ 0
Z 2i — B 22B^21^i Z 2 2

(2.1.29)

Since A  — B 2F  is a s ym p to tic a lly  stable, so too is ^ 22 . One concludes also th a t each eigenvalue o f Z 2 

c or r e s p o nd s  t o  a s ta b l e  m o d e  o f  A  — B 2D \ 2 C i which Is u n d e t e c t a b l e  through  . In  fa c t Z 22 consists
precisely o f these modes [P2 j; th is  is shown next.

L em m a 2.1.2:

I f  i s  a s ta b le  m o d e  o f  A  — B 2D [ 2 C 1 which is u n d e t e c t a b l e  t hr ou gh  t h e n  : i £ \ ( Z 22).

Proof:

Suppose fo r con trad ic tio n  th a t Z n  conta ins some s table modes o f Z  w h ich  are undetectable  
th rough D"j^Cn . Define a basis change U such tha t

s i — Z x!

D±Cn

s I — Z n

0

0

— 1̂2 
s i — Z  22 

*2

sI—Z u  
$

(2.1.30)

in  wh ich Z n  con ta ins a ll the s table modes o f wh ich are undetectable th rough  D * ^ C n . Then (2.1.27) 
m ay be trans fo rm ed to

E i ^ n + Z n E i  — —0 (2.1.31)

where we have defined

T,l : = U - xE 1 U - 1 (2.1.32)
and

B 12: = U B 12 (2.1.33)

Since E j is the s ta b ilis in g  so lu tion  to  the R icca ti equa tion (2.1.27)
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Z\l~ •̂ 12̂ 12̂ 1— U~1(Zu (2.1.34)

is a s ym p to tic a lly  stable. Le t 

* 1 1  * 1 2E ,=
* 2 1  X 22

(2.1.35)

p a rt it io n e d  con fo rm a lly  w ith  (2 .1 .30). The (trans fo rm ed ) R icca ti equation (2 .1.31) m ay be w rit te n  ou t 
in  fu l l as

*11 *12
*12 1

CNCN*

L

*11

1
Ĉ»

-

*12 *22

Z n  Z l2 

0 Z 22
+

Z n  Z 12 

0 Z 22

X n  * 1 2  

* 1 2  * 2 2

12

22

* 1 1
: 

^
 

to
__

__
_1

0
[ B \ 2 s y +

* 2* 1 2 A 22

(2.1.36)
[ 0 $ 2] = 0

where

B  i 2;=
12

22
(2.1.37)

p a rtit io n e d  con fo rm a lly  w ith  (2 .1 .30). E xpand ing , we get

X n Z  n + Z ’[ 1X n  — ( X n B n + X 12B 12) ( X n B n + X l 2 B l 2 ) =  0

*11-̂ 12+̂ ! 1 * 1 2  ~ (*11-̂ 11+*12-®1 2)(-®l l *12+-®12*22)= 0

(2.1.38)
(2.1.39)

and

X \ 2Z  12+ ^ 22^  22 ' b ^ l 2* 12" b ^ 2 2 * 2 2  —( * 12-^11" F * 22 -®12) (-^11* 12"b-®l 2 *22 )4 *^  2<̂>2—0 (2.1.40)

Now , since E j is the s tab ilis in g  so lu tion  o f the R icca ti equa tion (2.1.31), E 2> 0  w h ich  im p lies  tha t 
X n > 0 . F rom  (2 .1.38), however, Z n  is stable which im p lie s  th a t A'n < 0 . Hence Arn = 0 , which when 
sub s titu ted  in  (2 .1.38) gives

Â 12 5 12— 0

so th a t (2 .1 .39) becomes

Xi2Z22~\~Z11A12— 0

However, since T,1 is the s ta b ilis in g  so lu tio n  to  (2.1.31) by (2 .1.34), we have th a t

(2.1.41)

(2.1.42)

- “ -

* 1 1 Z 12 B l2
[R l2 B 22]

* 1 1 * 1 2

I
cr IO ro

1 __
_ B 22

1

£ IO * 2 2
(2.1.43)
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is a s ym p to tic a lly  stable, o r (using (2 .1 .41 )) th a t

Zn — Bn Bl2^i2
0

z  12 — 12X22)
%22~ Bn(BllXl2+BhX22)

(2.1.44)

is a s ym p to tic a lly  stable, w h ich  im p lie s  th a t ^ 2 2 “ - ^ i2(-®n-X i2+ -^12^ 22) a ŝo a s ym p to tic a lly  stable. 
On using (2 .1 .41 ), (2 .1.44) m ay be rew ritte n  as

X 1 2 ^  2 2 ~  8 12 (8 11X 12 + 8 12 X 2 2 )]+ ^  11X12— 0 (2 .1.45)

w ith  the te rm  in  the square b racke t being stable as a d iagona l subblock o f (2 .1 .44). Since Z u  is also 
a sym p to tic a lly  stable, equa tion (2 .1.45) adm its  the un ique so lu tio n  ^ 2= 0 , and

e 1=
0 0

0 X 22
(2 .1.46)

N o tin g  th a t E j is fu ll rank (by  cons tru c tio n ) gives the requ ired con trad ic tion . □

A  s im ila r procedure has a lready been app lied to  (1 .5.7) [L 6 ] to ob ta in

J ( A - H C 2) r =
— E2A/iiE2 1

0
^ 12- ^ 2^21^22

M-22
(2 .1.47)

in  wh ich { A( A/'11) }  =  { r ig h t  h a lf plane zeros o f P 2 i l -

M ak ing  use o f (2 .1.21), (2 .1.23), (2 .1.25), (2 .1.29), (2 .1.47) and (1 .5 .6), we can rew rite  (1.5.13)
as

T n T l 2 T ±  ^

T 2l 0 0

(2.1.48)

Z'11 — 8-[2812^1 8n Fi Bn 812 “S T1crnD±
0 — E2M iiE2 1 - E 2C ai 0 0

8  D ̂  C i 1 — Dx 28\ 2E 1 Dl2F  1 Dn D\o d±
0 C 2i I 0 0

W e also no te th a t the change o f basis

1

0
T  = (2.1.49)



A state-space analysis for a class of H00 optimal control problems -59-

w il l balance the rea lisa tion  in  (2 .1.48). F rom  the balanced version o f (2.1.48) we ob ta in

T2i(s)

1 _1 
z f M u Z27 

_ 1

C21E2 ^

1

I (2.1.50)

w h ich  has bo th  its  c o n tro lla b il i ty  and ob se rvab ility  g ram m ians the id e n t ity . W e conclude, therefore, 
th a t (2 .1.50) is a m in im a l and balanced rea lisa tion o f r 2 i(s ). W e also deduce th a t

[r ,2|T J  i

_1 1
D ^ D ^ C ^ - D ^ Z , 7

Z*BU - e, 7cnDx

D12 D ± (2.1.51)

is ba lanced w ith  c o n tro lla b ility  and obse rvab ility  g ram m ians again the id e n t ity  ; th is  rea lisa tion  is thus  
also m in im a l.

W e conclude th is  section by po in tin g  ou t th a t the rea lisa tion in  (2 .1.48) is also m in im a l. T h is  
m ay be established by p rov ing  th a t a ll the system zeros in  (2.1.48) lie in  the open r ig h t h a lf plane and 
consequently cannot cancel any o f the poles o f th is  rea lisa tion which lie  in in  the le ft h a lf plane. An  
a lm ost iden tica l a rgum en t m ay be found in  section 3 in [L 6 ].

As one wou ld expect, rep lacing the rea lisa tion (1.5.13) w ith  (2 .1.48), a llow s the rea lisa tion o f  
R ( s ) to  be reduced to

R ( s )  ±
- ( Z n - B 12B ‘l2 E,)- A r ( 1,2) b r ( 1 ,1 )

0 M n E2C 21

~ B h B i 2D n C 2\ — F 1 *12*11
D j_ D u C 21 *_j_*n

where

A^(l,2) = C\\D j^D C C 2\ — ̂ -'1* 12-̂ 12^11 ̂ 21
and

**(1,1) =

(2.1.52)

(2.1.53)

(2.1.54)

The  rea lisa tion  in  (2.1.52) need no t be m in im a l. The results o f the analysis o f th is  section are 
sum m arised in the fo llow in g  lem m a.
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L em m a 2.1 .3

[i] (a) T h e  n u m b e r  o f  z e r o s  o f  P 2i(s) in ^ + =  ran^(S))

( b) T h e  n u m b e r  o f  s ta b le  m o d e s  o f  A  — B 2 D \ 2 C X w h ic h  a re  u n d e te c ta b le  t h r o u g h  D m̂ C 1 

=  r a n k  d e f e c t ( X )

[»] T h e  r e a l i s a t i o n  (3.22) i s  m i n i m a l  w i th  M a c M i l l a n  d e g re e  =  r a n k ( £ ) + r a n k (%))

[iii] T h e  r e a l i s a t i o n  (3.24) is  m i n i m a l  a n d  d e g ( T 2 i)  =  r a n k ( ty )

[n;] T h e  r e a l i s a t i o n  (3.25) i s  m i n i m a l  a n d  d e g ( [ T 12 I T j J ) = r a n k { X )

[u] d e g { R ) <  r a n k ( X )  +  r a n k ( Q )

Proof:

[i] to [iv] follow from the discussion of this section, [v] follows by inspecting the realisation in 

(2.1.52). □

Remark 2.1.1:

Lemma 2.1.3i(b) shows that any stable mode of A  — B 2 D \ 2 C i which is undetectable through 

D m̂ C 1 will cause a drop in the rank of the stabilising solution 3E to the Riccati equation (1.5.6). A 

future Lemma (2.3.2) will identify these modes with the minimum-phase Smith zeros of the non-square 

off-diagonal block P 12(s). We can associate, therefore, the drop in the rank of the solutions to both 

Riccati equations with the minimum phase zeros of the off-diagonal blocks of P ( s ) .  Although, however, 

for the square block we can associate directly the rank of the corresponding Riccati equation solution 

(5)) with the non-minimum phase zeros of P 2 Rs) (and hence with the right interpolation constraints), 

this is no longer the case for the non-square block.

In order to give an interpretation of the rank-defect of the Riccati solution corresponding to the 

non-square block in interpolation terms, the model matching problem may be reformulated in terms of 

matrix-like (rather than pointwise) interpolation constraints, along the lines given in [H3], [H4]. 

Assuming for simplicity that T 2 1 ( s ) = /, the model-matching problem

E ( s ) — T n  — T i 2 Q ( s ) (2.1.55)

may be transformed on using T j _T12(s)= 0 to

rj_E(s)=r± Tu (s) (2.1.56)

Now, the RHS of (2.1.56) is an element of Ilf.!0 by a standard state-space calculation. In addition 

(2.1.55) and (2.1.56) are equivalent since T ^ [ E — T n ) ( s )= Q  with Tj_(s)E3f>!? and ( E — T n ) ( s ) e . \16+ 

forces ( E — T n ) ( s )  to adm it a factorisation E — T u = T 1 2 Q ( s ) for some (2(s)EHf>!° [H3]. Equation (2.1.56) 

may now be interpreted as a set of (interpolation) constraints for the minimisation
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m i n  ||£'(s)||oo ; E(s)e%+ (2.1.57)

since it forces the residues of T j _ E ( s )  and 7j_ T u ( s )  t o  be identical at any (r.h.p.) pole of Tj_. 

Consequently, the number of the left interpolation constraints will depend on the MacMillan degree of 

the all-pass extension T jl(s). It may be seen, however, from the state-space realisation in (2.1.48) that 

all the modes of Z 2 2 (which correspond to the stable modes of A  — B 2 D \ 2 C l which are undetectable 

through ) are not contained in a minimal realisation of Tj_(s) and consequently do not

correspond to active interpolation constraints.

2.2 The H°°- optimal interpolation function for problems of the second kind.

In the following sections the results obtained so far are combined with a new theorem to obtain the 

controller degree bound for all problems of the second kind. Both the optimal and suboptimal cases will 

be treated.

Suppose n = d e g ( P ), t = d e g ( % )  and let c be the number of cancellations which occur between 

P ( s )  and K ( s )  as a result of closing the feedback loop in Fig. 1. Then t= n - \ - d e g { K )  — c. that is 

d e g ( I \ )  <  t b+ c b — n  where t b and cb are upper bounds on t and c respectively. The upper bound tb will 

be derived in section 2.4 while cb will be found in section 2.3. These results will be combined in section 

2.5 to give the controller bound.

The derivation of the bound i b for the degree of the closed loop requires several steps. Before 

stating and proving the main theorem of this section a brief sketch will be given of the route which will 

be taken:

(a) It may be recalled from Lemma 2.1.3(ii) that

deg
Ti i
r2i

Tn T±  
0 0

r  a n k( 3E )+  r a n k( 5)) (2 .2 .1 )

(b) If T n  and T 2i are all-pass right coprime, and T n  and [T12 | T jJ  are all pass-left coprime, 

[L6, Theorem 4.1] shows that

deg
R 2

deg

r * rrt rt i* 
1 2  1 1 1 1 2 1

J j . r n r 21
r a n k ( X ) - \ - r a n k ( ^ j ) (2.2.2 )

Tn and T21 will be called all-pass right coprime if in

---
---

--
1

__
__i

ii_____

i

_____
i

to

A ( s ) (2.2.3)

all all-pass common right divisors j4(s) of Tn (s) and T12(5) are constant orthogonal matrices. All-pass
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l e f t  coprimeness is defined in a similar way.

(c) It will be assumed at this point (and in Theorem 2.2.1), that the all-pass coprimeness 

condition is satisfied. If this is not the case, the factorisation
---

---
-1

to 1-
__

__
__

__
_

1 Ms) o i ' l l  i i 2  i ± A r (s )  0

1
oo_________

1

0 I

1

to o o
1 _

__
__

__
__

0 I
(2.2.4)

is always possible in which T n  and T 2i will be all-pass right coprime, and T n  and [ T l 2  | T _J will be 

all-pass left coprime [L6, Theorem 4.1]. It will be shown in a later section that for reasons almost 

identical to those given in [L6], the existence or otherwise of these all-pass common factors makes no 

difference to the bound t b we seek.

(d) Next, it will be proved that

deg( [/ZjAP1] ^  < r a n k ( X ) + r a n k ( ^ } )  (2.2.5)

(the definition of M ( s )  may be found in (1.5.19)). In the hypothesis of Theorem 2.2.1 it will be 

assumed that (2.2.5) is met with equality since this assumption simplifies one of the later calculations.

(e) (d) together with work by Glover [Gl] ensures us that

d e g [ X )  <  r a n k (3 Z )+ ra n k (% ))+ d c g (  [f) — l  (2.2.6a)

in  th e  o p t i m a l  c a s e , a n d

d e g ( X )  <  r a n k  (£ ) - \ - r a n k ( ? D ) + d e g ( U ) ( 2.2.66)

in the suboptimal case. In the above 6 /(s)€R K ? is a free m atrix contraction to be chosen by the 

designer and .Y(s) is defined in (1.5.22).

(f) It will be shown that

and that

d e g ( X )  <  deg  (X )

d e g ( c& )  <  d e g ( X )

(2.2.7)

(2.2.8)

A'(s) and X ( s )  are related in (1.5.23). Consequently,

t b=  r a n k ( £ ) + r a n k ( t y ) + d e g ( U )  — 1 (2.2.9a)
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in the  o p tim a l case, o r

i b=  r a n k ( £ ) + r a n k ( t y ) + d e g ( U ) (2.2.96)

in  the subop tim a l case. In  the f irs t instance the reader m ay w ish to  sk ip  to  sections 2,3, 2.4 and 2.5. In  
th is  w ay one m ay get an in i t ia l overv iew  w ith o u t ge ttin g  swamped in  the de ta ils  su rround ing  the  
proofs o f c la im s (d ), (e) and (f) above; these de ta ils  are considerable.

The general fo rm  o f the s ta te  space model fo r

T i  i T12 T l  

T21 0 0

( in  (2 .1 .48 )) is the basis o f the hypothesis fo r the next theorem  which establishes an inc lus ion  resu lt o f  
the poles o f the o p t im a l in te rp o la t in g  func tion , a long w ith  e xp lic it state-space fo rm u lae  o f its  state- 
space rea lisa tion  under the  s im p lify in g  assumptions [ ii i]  and [iv ] given below ; these w il l be removed a t 
a la te r p o in t (section 2.4). In  the in te res t o f c la r ity , long ca lcu la tions and ce rta in  techn ica l po in ts  are 
trea ted in  a num ber o f Lemmas wh ich are proved in  a sequence o f Appendices a t the end o f th is  
chapter.

T h eorem  2.2.1

L e i

Tn Tn

to 0

t-J. 
1 12 s

•x

1___ A12 B n B \ 2 CO __
_1

0 0 A 22 B 21 0 0

C n

0
C l  2

C 22

D n

I

D u

0

D i z

0

be a s y m p t o t i c a l l y  s ta b l e  a n d  s u p p o s e  a lso  t ha t

>] T n ( s )  ±
A22 B21
c22 I

tl

i s  a l l - p a s s , m i n i m a l  a n d  b a l a n c e d

[ r l2| r h  ](S) i

1

B n B 13

1

D n d \3

is  a l l -pass ,  m i n i m a l  a n d  b a l a n c e d

(2.2.10)

iit] T n (s )  a n d  T 22(s) are  a l l -pass  r i ght  c o p r i m e  

*’u] T n (s )  a n d  [ T 12| T ^  ] a re  a l l -pass  lef t  c o p r i m e



A state-space analysis for a class of H°° optimal control problems -64-

v'] -̂ 13̂ 12— 0

w] 1̂2*̂ * ̂ 11̂ 12“  0

T h e n

R i s
- A ' n -  A  i A i B \  r-  B x y B \  i A1A1+A1

R-2 0 — ̂ 22 ^22

~ B \ 2 -D-l2(Dn B ‘2l+ C l2) A2A1
1

1 to
 

•-“* 
*

CO -  O13A1A1 AsAi

1

1 >-
1 • C*

a

- B n m

is a m i n i m a l  b a l a n c e d  r ea l i s a t i o n .

- A m r E  
- B \  0

la
b) ( R l A f ~ 1) _  =

w h e r e  t he  m a t r i c e s  E  a n d  F  are  d e f i n e d  in the  p r o o f ,  s e e  (2 .2.41) a n d  (2 .2.45)

c) I f

25 m i n i m a l  a n d

l

X ( s )

- A m

.4 B

c  b

r E 2 
o

is c h o s e n  s o  t ha t

[(RlM-,)_+ X](s)

1
- A * 0 r F ?

-L 0 A B

~ B \ C b

A  B

c  d

s a t i s f i e s  t he  b o u n d e d  r e a l  t y p e  e q u a t i o n s

- ( A P + P A ' + B B *) - ( B D m+ P C m) L

- ( D B * + C P ) I — D D * W
[ L m W ]

(2.2.11)

(2 .2 . 1 2 )

(2 .2.13)

(2.2.14) 

r e s p e c t i v e l y .

(2 .2.15)

(2.2.16)
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a n d  i h e i r  d u a l

in  w h ic h

-  ( A '  Q +  Q A +  C * C )  ~ { C mD +  Q B ) L'd

- { D ' C + B ' Q )  I - D ' D
(2.2.17)

i] Q P = I  (2.2.18)

a n d

U] i * = [ 0  L-n ] ; L d= [  0 £ 2J  (2.2.19)

w h e r e  th e  p a r t i t i o n i n g  in  (2.2.19) is  c o n f o r m a l  w i th  t h a t  in  (2.2.15),

T h e n :

1. ] { p o le s  o f  X  } C { p o le s  o f  X  } (2.2.20)

2. ] { p o le s  o f  T u + T n X T 21] C { p o le s  o f  X  } (2.2.21)

E x p l i c i t  f o r m u l a e  f o r  X ( s )  a n d  [ T n - \ -T l 2X T 2 f[{s) a re  g i ve n  *n e q u a t i o n s  (2.2.59) 

a n d  (2.2.71) below .

R e m a r k  2 , 2 . 1

The validity of the bounds in (2.2.9) is proven by applying Theorem 2.2.1 to a balanced 

version of (2.1.48). In this regard we should note the following :

(a) The general form of the realisations in (2.1.48) and (2.2.10) is the same.

(b) T21 and [ T u  I T jJ  are both inner and their realisations are minimal and balanced.

(c) Equations (2.2.11) and (2.2.12) are easily seen to be satisfied after balancing (2.1.48) since 

(in the notation of section 2.1)

(i) D 1 3 C i 2= D ^ D 12F  1 2 ^ 2^  =  0

and

(u) An+CuCn=T\nBnFnx\/2̂ (DLD-LCil-DnB]2T,{)r.iu\D l2FlZ.\/'2= 0

on using the orthogonality of [D 12 D jJ. It will be shown at a later point that these equation

remain valid even if it is necessary to extract all-pass common factors.
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(d) Theorem 2.1 and Corollary 2.2 in [20] ensures us that the error systems corresponding to 

any Nehari or suboptimal extension of [i21A/“ 1]_ will satisfy the bounded real type equations 

in (2.2.16) and (2.2.17)

(e) Theorem 2.2.1 and Lemma 2.1.3(ii) thus establish the validity of (2.2.5), (2.2.6), (2.2.7), 

(2.2.8) and (2.2.9).

Remark 2.2.2

In the case that the final value of 7 > 7 opt> the cancellation phenomena predicted by Theorem 

2.2.1 can only be guaranteed if X(s) is a suboptimal extension of corresponding to an error

system with an infinity norm of one.

Proof:

The assumed properties of the realisation of T21(s) in (i) enforces

A  2 2~I- 22~b -̂ 21 -̂ 21 ~  9

and

C22= —-621

Similarly, the realisation of [T12| T[^] must satisfy

0 0 991

(2.2.23)

^ ll +  ̂ 4n+51215i2+ -̂ 13-̂ 13 — 9 (2.2.24)

^li+^ii+CnCTi = 0 (2.2.25)

^12 — 9 (2.2.26)

(2.2.27)

■Di2-^12+- l̂3- l̂3_*"̂ 'll =  ^ (2.2.28)

P 12I 0 13) \Dn \ z y *  =  / (2.2.29)

(Equations (2.2.22) to (2.2.29) follow from a state-space characterisation of all-pass matrices given in
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From (2.2.10) and (2.2.23) we get

i___ a 12 td

T n  r 2l ± 0 A  22 B 2 i *

o___1 Cl 2 b i__
_

*21
I

---
--

1
^ 1 2 B 1 1 B 21 B n

0 A 22 *21*21 B 2i

0 0 — A 22 B 2i

1 p Cl 2 *11*21 B n

Introducing the change of basis

I 0 0
0 I - I
0 0 I

and making use of (2.2.22) gives

—
1

■ ^12 +  12+ *  1 1 ^ 2 1 * 1 1

1

0 +  22 0 0

0 0 —  +  22 * 2 1

1

Cl 2 B \  1 * 2 1  +  C^2 * 1 1

M i "412+*11*21 *11

1-----

0 - a 22 *21
Cn *11*21+Cj2 *11

(2.2.30)

(2.2.31)

(2.2.32)

Next,

*1 ( s )  = n 2 r n r 2i(S)̂ = — A n Cli + 11 + 12+*11*21 *11
R 2 '7'iJ- * 112 *12 d \ 2 * 0 — "422 *21

- * I s *13 _  C l1 *11*21+ C12 *11

—+ 11 CTnCn Ci i ( * h *21+Ci 2) C n D n
0 + 11 A12+ *11*21 *11
0 0 — "422 *21

— *12 * i2Cn *12( *11*21+ C12) b t—* * to b

~*13 *13 Cl J *13*11*21 *13*11

by (2.2.11). Introducing the change of basis
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T  =
I I
o l 
0 0

0
0
I

and invoking (2.2.12), (2.2.25), (2.2.26) and (2.2.27) gives

* 1 s - A n — C [ l D n B 2\ — B u B 2i C n D n + B n

i?2 0 — A 22 — B 21

— B l 2 — D i 2 { D n B 2 i + C 12) D \ 2 D u

— 8*13 — D 1 3 D 1 1 B 21

----- *

— A C*

S 1 to
l

►
-* 

ft

%

- b 2 d \

which is the same as (2.2.13). The minimality of this realisation follows from assumptions (i), (ii), (iii) 

and (iv) together with Limebeer and Hung [L6, Theorem 4.1]. This completes the proof of (a).

We begin the proof of the remainder of the theorem by writing down the equations describing 

the spectral factorisation of [ j ' l — R 2 R 2 ){ s ) .  Clearly,

( r I - R ‘2 R 2 ) ( s )  ± A B 2 B 2 B 2 D 2

n - a ’ - c ’

- c —d 2 b 2 r i - D 2 D m2

(2.2.34)

The next step is to carry out the decomposition

(7 2 i - r -2r 2 ) ( s ) =  z ( s ) + r ( s ) (2.2.35)

in which Z {s )  is positive real. Since A  is asymptotically stable there exists a unique 0 = 0 " > 0  which 

satisfies the Lyapunov equation

.4 0 + 0 /1  - \ -B 2 B 2 — 0

For our later convenience we will also introduce the partitioning

©ii ©12
0 =

©12 ©22

(2.2.36)

(2.2.37)

which is conformable with that of A in (2.2.33). The change of basis
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T  —
I - 0

0 /

in the state-space of (2.2.34) gives

(2.2.38)

Z ( s )  ±  [ A  , N  , - C  , '2E ] (2.2.39)

in which

N =  B 2 D*2+ O C * =
N 2

(2.2.40)

where the partitioning is also induced by that in (2.2.33). Finally,

E = y 2 l - D 2 D '2 (2.2.41)

The spectral factor M(s) may now be expressed in terms of the unique positive definite solution of the 

Riccati equation [A2]

Y ( A + N £ T l C ) + ( A + N E - 1 C ) ’ Y + Y N E - l N ~ Y + C * E - 1C  =  0 (2.2.42)

The next lemma shows that the required solution to (4.42) always exists.

Lemma 2.2.2

T h e  R i c c a t i  e q u a t i o n  (2.2.42) h a s  a u n iq u e  p o s i t i v e  d e f i n i t e  s t a b i l i s i n g  s o l u t i o n .

Proof:

See Appendix 2.A at the end of this chapter. □

As with (2.2.37), the solution to (2.2.42) has a partitioning induced by (2.2.33)

Y  =
*n Yn
r n  Y,22

Since Y  is stabilising,

(2.2.43)

_  i i
M ( s )  =  [ A  , N  , - & F  , E? ) (2.2.44)

in which

F =  E - \ C + t T Y )  =  [ F , | F2 ] (2.2.45)
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is a minimum phase spectral factor (it is easy to check that M * (s ) M (s ) = Z (s )+ Z * ( s ) ) .  j >  ll-ftolloo ensures 
the positive definiteness of E  and therefore th a t

_  - 1 _ !
=  [ A + N F , N E  2 , F  , E  2 ] (2.2.46)

is proper.

We will now carry out the calculations which lead to state space realisations of R 1 M ~ 1 ( s ) ,  

[f21Af“ 1(s)]+, and [7?iA/-1(s)]_.

R ^ r \ s )  ±
— A  C  A + N F  

- B \  D \  ’ F IOI
*- 

1

1__
__

__
__

I
— ~A C mF

1
C E  2 

N E ~ *0 A + N F

- B l D \ F D \ E T l / 2

The change of basis

T  =
I

0
Y

I

in the state space of (2.2.47) together with (2.2.42) and (2.2.45) yields

RiM-'is) =

■A

0
0

A + N F

- B y  D y F + B y  Y

i -i
F F T -

_i
N E  2

D y E ,-l/2
(2.2.48)

In (2.2.48) we note th a t — A  is completely unstable while A + N F  is asymptotically stable. Thus

[ R i A T ' W J :  [ - A \  - B \  , 0 ]

[f?iM-1(s)]+=  [ A + N F ,  N E ~ \ d \ F + B \ Y , D I E " *  ]

(2.2.49)

(2.2.50)

The remainder of the proof is based on detailed manipulations requiring various partitions of 

the bounded real type equations (2.2.16) and (2.2.17). The (1,1) and (2,1) blocks of (2.2.16) may be 

written out in full as
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— ̂ 11 ~ (^11^ 11+ Bn)B2i 0
0 - A m22 0

0 0 A

P i  1 P 12 P 13

p i  2 P 22 P  23

P'l 3 P23 P  33

P i  1 ►-
* to P l3

P \  2 P 22 P23

^ 3 P ’23 P 33

—An 0 0
•̂ 2l(-̂ llCll+-®ll) —A22 0

0 0 A*

and

1 " “
rxF?

1 1 1r- — ~ •

0

r2FT- [  F ? F X F ? F 2 B ]  + 0

B

1
tr-i 10

1 __
_

(2.2.51)

D [ t - F x EPFo B }  +  [ - B mn  - B m21 C ]

where the partitioning of B x= [ B n  I B 2l] 

blocks of (2.2.17) may be written out as

P i  1 P 12 P l3 +  W [  0 0 L 2 1 ] =  0

P h p  22 P  23 (2.2.52)

P i s P  23 P  33

is defined in (2.2.33). In the same way the (1,1) and (2,1)

- A n  0 0

— B2i(DnCn+Bn ) — A22 0 
0 0 A

O n Q i  2 ^ 1 3

Q 1 2 Q 2 2 ^ 2 3

Q l , ^ 2 3 CO CO

On Q i 2  Q 13 — A n  — ( C [ i D i i + B n ) B 2i 0

$ 1 2 ^ 2 2  ^23 0 — A 22 0

_ ^13 ^23 ^33_ 0 0 A

- B n 0

— B 2 i 5 n  — B 2l c ] + 0 0 0 b>i (O tx 1 __
1

II

* •
C L 2 Id

(2.2.53)

D [ - B n - B m2l | C  ] 4- [ & F X | & F 2 | B ] On Q 12 ®13 +  K  [ 0  0  l 2 U  } =  0

On Q 2 2 ®23 (2.2.54)

^13 ®23 ®33
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An easy rearrangement shows that (2.2.42) may be written in the alternative form

Y A + A  Y + F E F  =  0

which together with (2.2.51) yields

1

Yl2 Pi 1 P n

1--- X to & to

1_
__

__
__

__

P[ 2 ? 2 2

The (1,1) block of (2.2.53) together with (2.2.24), (2.2.36) and (2.2.37) yields

/+ Qn— ©ii

Next, we have

X(s) = (-Y— ( R i i r X W U )

s

A

0

C

0 B

A + N F  - N E  5

3  I  I  II
d \ f + b \ y  - d \ e  2+i)

A  N

i l 
- E ? F  E?

A 0
1

- B E ? F B E ?

0 A + N F N F — N

0 0 A N

C d \ f + b \ y ( D \ E r U 2 - b ) E l / 2 F D E l / 2 - b \

which after the change of basis

I 0 0
0 I I
0 0 I

becomes

— i i —
A — B E ? F B E ?

0 A N

C - d e 1 / 2 f - b [ y D E l / 2 - b \

The change of basis

I ^ 3 ? 2 3

0 I 0

0 0 /

(2.2.55)

(2.2.56)

(2.2.57)

(2.2.58)
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together with the (3,1) and (3,2) blocks of (2.2.51), and the (1,1) and (1,2) blocks of (2.2.52) gives

X ( s )  ± i _
c  d e ? - d \

(2.2.59)

thereby proving (2.2.20).

The last part of the proof is concerned with showing that (2.2.21) is true. This will be 

established by a chain of intricate manipulations of the state-space realisation of T 12X T 2 i { s ) . From 

(2.2.10) and (2.2.59) we have

■̂ 11 *12 - A B E ' ^ + P l ^ + P l s N , * ■̂ 22 *21

_  C11 *12 C d ^ / 2 - d \ C22 /

^ 1 1

1
B ^ D E P  —  * i ) C 22 B n C B n (DE*— D \ )

s 0 ^ 2 2 0 * 2 1

0
i

( 5 ^ + ^ 3iV1+ P 23;V2)C22 A
1

BEP+P i 3  Ni+P 23A 2

Cll D u { b E l / 2 - D \ ) C 22 d u {'d e ' / 2 - d \ )

The First change of basis in the state space of (2.2.60) is given by

T  =

I 0 - Q ,

0 I 0

0 0 1

This together with the (1,3) block of (2.2.53) gives

(2.2.61)

T l 2X T 2 1 ( s ) ± ■^11 B l d b & - D ’1 ) C 2 2 - Q l 3{ B £ ? + P l a N 1+ F l'2 3 N i ) C 22 0 n

0 ^221
(B E P - \ -P  1 3 ^ 1 + * 2 3  A^) 0 22

0  ̂ 5 2i

B P + r ^ N . + P ^ N ,0 A

_ C u z>12(i>£1/2- » ; ) c 22 Dnc+cn^13 D n { D E l / 2 - D \ )

(2.2.62)

Our next lemma gives a simplified expression for II in (2.2.62)
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L em m a 2 .2 .3

I n  th e  s t a t e - s p a c e  r e a l i s a t i o n  o f  T 1 2 X T 2 l ( s )  in  (2.2.62) a b o v e , 

n = (©12 ^i2)-®21 1̂1

Proof:

See Appendix 2.B at the end of this chapter. □

A second change of basis

gives

T  =

f Qi 2 —©12 0
0 / 0  
0 0 /

A n  E 0 

0 A 22 0 

0 ( B E P + P l ^ + P I M C ^  A

- B u

B n i
1

B  E ? + Pi 3  N \ + P 2 3 A 2

C n  B 1 2 ( D F 1 ^ 2 — D 1 ) C 2 2 — C u ( Q 12 — 0 12) B l 2 C + C u Q l 3

L em m a 2 .2 .4

I n  th e  s t a t e  s p a c e  r e a l i s a t io n  o f  T 1 2 X T 2 l [s) in (2.2.63) a b o v e , E =  —A12.

(2.2.63)

Proof:

See Appendix 2.C at the end of this chapter. □

Making use of Lemma 2.2.4 yields

T 1 2 X T 2 1 ( s ) ± An A i2 0 - B n

0 Al 2
- ( B F ? + P \ 3N ^ P \ 3 N 2) C 22

0 i — B2i 
B P + P l 3 N l + r 2 3 N 20 A

_ C n — B \ 2 { D E ^ ^  —D-l)C22+C11(Q12—0 12) d 1 2 c + c u ^13

—
1

IGl1CN
\

CN

(2.2.64)

Before continuing further, we need to link 0  and Y  (the solutions to (2.2.36) and (2.2.42) respectively).

This connection is provided in Lemma 2.2.6. The proof of this Lemma, however, requires an
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interm ediate result that is established next.

L em m a 2.2.5:

T h e r e  e x i s t s  a  n o n s i n g u l a r  m a t r i x  T x t r a n s f o r m i n g  th e  H a m i l t o n i a n  m a t r i x  c o r r e s p o n d i n g  to  

th e  R i c c a i i  e q u a t i o n  in  L e m m a  2.2.2 to

T xH T f l =  -

~ H h - A * H  21 0

0 a ; 2 0 0

H \ 2 #11 0

®D a — A 22

(2.2.65)

w h e r e  H  is  th e  H a m i l t o n i a n  m a t r i x  a s s o c i a t e d  w i th  th e  R i c c a t i  e q u a t i o n  (2.2.65) p a r t i t i o n e d  as

H  =
Hii H12

HI2 H22
(2.2.66)

I n  p a r t i c u l a r ,  th e  s i m i l a r i t y  t r a n s f o r m a t i o n  T x c a n  be c h o s e n  as

I

0

in  w h ic h  c a s e ,

A : = Cf2 2 E ~ 1D Ji D13 
®:= (T^E-HDnCn+Bn) 
C3D:= C 2 2 E T l C 22

(2.2.67)

(2.2.68a)

(2.2.686)

(2.2.68c)

in  p r e v i o u s l y  d e f i n e d  n o t a t i o n .

Proof:

See Appendix 2.D.1 a t the end of this chapter. □

L em m a 2.2 .6

(a )  T h e r e  e x i s t s  a u n iq u e  “ l a r g e s t” s o l u t i o n  Z 0 to  th e  R i c c a t i  e q u a t io n

{ A u + B l 3 D \ 3 D n ! r l (D-n C u + B -n ) } Z + Z { A u + B ^ D \ 3 D u i r \ D - n C n + B -u ) Y +  

Z(Crn D n + B u ) B r \ D - n C u ^ B - u ) Z + B l 3 [ I + D \ 3 D n i r l D-n D , 3} B i3 =  0 (2.2.69)

F u r t h e r ,

R < ,= {B l 3 D l 3 D n +  Z 0 (Crn D n + B n ) ) E - 1 (2.2.70)
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i s  a d e s t a b i l i s i n g  out-put i n j e c t i o n  f o r  [y4i1,(2?J'1C11+5J‘1)] (i.e. R c [ X ( A n -+ B o ( B h C n + B ^ )  ] >  0)

(6) T h e  s t a b i l i s i n g  s o l u t i o n  to  (2.2.42) is  r e l a t e d  to  Z Q a n d  0  by

i ^ ^  0
V + © = 2 0 7 I

w h e r e  th e  p a r t i t i o n i n g  is  i n d u c e d  by t h a t  in  (2.2.37) a n d  (2.2.43).

(2.2.71)

Proof:

See Appendix 2.D a t the end of this chapter. □

For convenience we introduce the notation

y^1 = I 'l l  ^12 

Yn Y22

and the last transformation we require is

T  =

7 0 0

0 7 0

0 P \ 3 > 12~^~^23 Y 22 7

Applying this to (2.2.64) gives

T v  nr 12a  1 2 1  —

(2.2.72)

(2.2.73)

An A12 0 - B n
0 a22 0 — B21

0 $ A A
Cn $ DuC+CnQ13 D ^ D ^ /2-D\)

(2.2.74)

L em m a 2.2 .7

I n  th e  s t a t e  s p a c e  r e a l i s a t i o n  o f  T 1 2 X T 2 1 (s )  in  (2.2.74) above,

# = c12
$ = 0

1
A =  B E ^ +  P \ 3 B 13D 13D l l +  P 2 3 C ^ 2E  +  ( P  13©ii +  -P23®12)(

(2.2.75c)

(2.2.756)

(2.2.75c)
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Proof:

See Appendix 2.E a t the end of this chapter. □

Invoking Lemma 2.2.7 gives

( T n + T l 2 X T 2 1 ) ( s )  A
A A

Di2C+Cn Q13 Di2{b£P — Di)
(2.2.76)

which verifies (2.2.21) and concludes our proof. □

2.3 An upper bound for the pole/zero cancellations in Fg(P, K)

The bound c b will be established by counting those points in the complex plane (including 

multiplicities) at which cancellations may occur in T^(P(s), —A"(s)) in the case that K ( s )  is (internally) 

stabilising.

Theorem 2.3.1 below shows that every uncontrollable mode in ^ ( ^ ( s ) ,  — /f(s)) is due to a 

cancellation at a zero of P21(s). In the case that K ( s )  is internally stabilising, the number of 

uncontrollable modes is bounded above by the number of zeros of P 21(s) in (counting

multiplicities). In the same way, the number of unobservable modes is bounded above by the number 

of zeros of P 12(s) in C_ (counting multiplicities).

T h eorem  2.3.1 [L6], [L7] 

Let

p
A B i b 2

r ll r 12
Q D n D ±2

p 21 P  2 2
c 2 D 2l D  22

(4.72)

in  w h ic h  P 12(s)€lRPl 2(s) w ith  p { > m 2 a n d  P 21(s)E U ?2  1{ s ) w i th  m1> p 2. S u p p o s e  a lso  t h a t

K(s) =
A  B

c  b
(4.73)

i s  a m i n i m a l  r e a l i s a t i o n  a n d  t h a t  th e  w e l l  p o s e d n e s s  c o n d i t i o n  d e t ( J — D 22D ) ^ 0  is  s a t i s f i e d .  T h e n  in th e
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c lo s e d  lo o p  o f  F ig . 1

(a) e v e r y  u n o b s e r v a b le  m o d e  (f r o m  y j  is  a S m i t h  z e r o  o f

s i — A  — B 2 

C x D 12

( b) e v e r y  u n c o n t r o l l a b l e  m o d e  (f r o m  tq) i s  a S m i t h  z e r o  o f  

s i - A  - B i

C2 D 2i

Proof:

The equations describing the closed loop in Figure 1 are 

x— Ax+BiU+B2y 

y =  C i i + D n u + D i 2y  

u =  C 2 x - \ -D 2 i U + D 22y  

x =  A x + B u  

y — C x + D u

(4.74)

(4.75)

(2.3.5)

(2.3.6)

(2.3.7)

(2.3.8)

(2.3.9)

Eliminating the variables u and y  leads to the following state-space model for the closed loop

X A + B 2 D M C 2 B 2[ I + D M D 22] C X B i A  B ' fD  M D 2 1

— +
X b m c 2 a + b m d 22c X B M D 2 i

[ » ]  (2.3.10)

in which

and

M  :=  { I - D 2 2 D )n\ —1

 ̂ ]  =  [  C ^+ D ^ M ° 2 D n [ I + D M D 22] C ~ ^ + D  j j D 12 D  M D 2 j
-

U
_ -

(2.3.11)

;2.3.12)

If s 0 is an unobservable mode of the closed loop state-space model (2.3.10) and (2.3.12), then 

there exists a vector [twj such that

s QI — A  — B 2 D M C : 

- B M C 2 

Ci -f- D12 D MC2

- B 2 [ I + D M D 22] C

s 0I - A - B M D 2 2 C

D i 2 [ I + D M D 22] C

w  i
= 0

w 2

(2.3.13)
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Defming

z2.— D M C 2 Wi + [ I + D M D 22] C w 2 (2.3.14)

implies that

S q I — A  B 2 

C i D x 2
(2.3.15)

The proof of the (a) part is concluded by establishing that [tuj w 2] ^ 0 = > [ w l  z 2] =£0. Suppose for 

contradiction that [tuj1 z 2] =  0. This implies that

[ I + D M D 22] C w 2=  0 

<& ( l — D D 22) ~ l C w  2=  0

C w 2=  0 (2.3.16)

We also have from (2.3.13) that

{ s 0I - A ) w 2=  0 (2.3.17)

(2.3.16) and (2.3.17) taken together contradict the assumed minimality of (2.3.2) which proves the (a) 

condition. The (b) part may be established by a parallel sequence of arguments. □

The next lemma provides a link between the Smith zeros of P 1 2 = ( A ,  B 2, C v  Z?12) and the 

modes o f  ( A  — B o D ^ C ^  which are undetectable through

L em m a 2.3.2

S u p p o s e  th a t

P ( s )  =
s i — A  — B 2 

Ci Bu
(2.3.18)

i s  a p o l y n o m i a l  m a t r i x  o f  d i m e n s i o n  ( n + p ) x ( n + m ) w i t h  p > m .  I f  D n  i s  p a r t  o f  a n  o r t h o g o n a l  m a t r i x  

a n d  D ^  is  i t s  o r t h o g o n a l  c o m p l e t i o n ,  t h e n  e v e r y  S m i t h  z e r o  o f  P ( s )  is  a n  u n o b s e r v a b le  m o d e  o f  

[.A  — B 2 D \ 2 C i , a n d  v ic e  ve rsa .
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P ro o f

If s0 is a Smith zero of P(s), there exists a vector [ty*| v*] ^  0 such that

s QI — A  — B 2

Ci D12
w

v
(2.3.19)

We note also th a t w ^ O  since if this were not the case, we would have £ 1 2 v =  0 which is impossible. 

From (2.3.19) we get

(s0I — A ) w —  B 2 v  =  0

and

C\W+[D12 I D jJ = 0

Multiplying (2.3.21) on the left by [ D l 2  \ D jJ*  gives

;2.3.20)

(2.3.21)

D*l 2 C xw  +  v  =  0 (2.3.22a)

= 0 (2.3.226)

Substituting (2.3.22a) into (2.3.20) and combining the result with (2.3.22b) yields

SqI — A  B->D^ 9 Cj

d l c,
w  = 0 (2.3.24)

which completes the proof in one direction.

If (2.3.24) is satisfied, we may write

where

( s 0I — A ) w — B 2v  =  0

v :=  — D \ 2C^w

Combining (2.3.26) with the (2,1) block of (2.3.24) gives

D:'12

D 1
Cxw + = 0

and hence also

(2.3.25)

(2.3.26)

=> C 1 w + D 12v  =  0 (2.3.27)
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Finally, we note that (2.3.27) combined with (2.3.25) gives (2.3.19) thereby establishing the result.

□

In the next lemma, an upper bound c b is established on the number of cancellations that can 

occur in the linear fractional map 1Fg(.P(s), K(s)), with K ( s )  chosen as any internally stabilising 

controller.

L em m a 2.3.3:

I f  K ( s ) i s  a n y  i n t e r n a l l y  s t a b i l i s i n g  c o m p e n s a t o r  in  F i g u r e  1, t h e  n u m b e r  o f  p o l e / z e r o  

c a n c e l l a t i o n s  t h a t  c a n  o c c u r  in  th e  l i n e a r  f r a c t i o n a l  m a p  ^ ( ^ ( s ) ,  K ( s ) ) ,  i s  b o u n d e d  f r o m  a b o ve  by  

cb= 2 n — R a n k ( X )  — R a n k ( t y ) ,  w h e r e  n = d e g ( P ( s ) )  a n d  £  a n d  2) are t h e  s t a b i l i s i n g  s o l u t i o n s  t o  th e  R i c c a t i  

e q u a t i o n s  (1.5.6) a n d  (1.5.7) r e s p e c t i v e ly .

Proof:

Since K ( s )  is an internally stabilising compensator, no pole/zero cancellations in ‘7 ^ ( P .  K )  can 

occur in C+. Theorem 2.3.1 shows that every uncontrollable mode in a realisation of T^(P, K )  is due to 

a cancellation with a zero of P2i(5) and every unobservable mode is due to a cancellation with a zero of 

P 1 2 (s ) .  Consequently, an upper bound on the number of cancellations is given by

cb= ( n u m b e r  o f  z e r o s  o f  P 12(s) *n C - ) + ( n u m b e r  o f  z e r o s  o f  P 2 l ( s )  in  C_) (2.3.28)

Now, Lemma 2.1.3.ia] gives that the number of minimum phase zeros of P 2 \ ( s )  is equal to n — Rank(?Q ),  

while Lemma 2.3.2 identifies the minimum phase zeros of .P12(s) with the stable modes of A  — B 2 D \ 2 C X 

which are undetectable through then Lemma 2.1.3ib] gives their number as n — R a n k ( f f f ) .

Combining these results we obtain that

cb= 2 n - R a n k { X ) - R a n k { $ )  (2.3.29)

as required. □

2.4 The bound tb on the degree of the optimal interpolating function.

In this section we will establish an upper bound for the MacMillan degree of the K ^-optim al 

interpolating function %(s). Theorem 2.2.1 establishes such a bound under the special assumptions 

(iii) — (vi) for the realisation of T ( s ) .  Here these assumptions will be removed.

In Lemma 2.1.3v] it was shown that the MacMillan degree of 7Z(s) is bounded from above by
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the sum of the rank of the two Riccati solutions, rant(3£)+ranA^2)). It turns out th a t this bound is 

tight only under the condition that ( I ’ll, t 2 i) are all-pass right coprime and ( T u , [T12 T_J) are all­

pass left coprime (the notions of all-pass right and left coprimeness being defined in section 1.4). This 

in not just a technical point; in fact, a whole class of K°° optimisation problems does not satisfy these 

conditions (see the example at the end of this chapter). The next theorem shows that if these 

coprimeness conditions fail, a factorisation of

1

to 1
-

__
__

__
__

_
1

M s )  0 i 'l l  i i 2  i j . A r( s )  0

1

o o
1 _

__
__

__
__

0 /
1

oo

CN

_________
1

0 I

is always possible, in which ,4r(s) and A t(s )  are the maximal left and right all-pass common factors 

respectively. In addition, the corresponding realisation of

1
JrO

 
__

_1 T'n

1
CN

___
I 1 h- 1

t n r;21 (2.4.2)

is minimal of degree d e g (R )= r a n k (3 c . )+ r a n k ( % ))  — d e g ( A r ) — d e g ( A i ) .  This theorem is proved in [Limebeer 

and Hung]. In the subsequent Lemma, it is shown that after the extraction of the all-pass common 

factors A r ® I  and 4 f©/, a state-space realisation of T (s) retains the structure required for the 

application of Theorem 2.2.1. In particular:

(a) The A , B  and C  matrices of a state space realisation of T { s ) can be assumed to be block- 

upper triangular while the resulting realisations of [T12 T jJ  and T 2 1 (s )  are still minimal and 

balanced.

(b) Equations (2.2.11) and (2.2.12) are still satisfied for the state space realisations of T ( s ) .

Consequently, Theorem 2.4.1 and Lemma 2.4.2 ensure that if the all-pass coprimeness conditions are 

not satisfied, Theorem 2.2.1 can be applied after extracting all inner common factors A r Q l  and A \ S l  

in T ( s ) .

T h eorem  2.4.1: [L6]

•^li a 12 B n B \  2

G A \ 0 A  22 B 2 i 0

a 2 0 Cn Cl 2 D I

0 Co 2 I 0

in  w h ic h  /^ (s ) a n d  j42(s) are  a s s u m e d  in n e r .  S u p p o s e  a lso  t h a t  th e  r e a l i s a t i o n s  f o r  ^ ( s )  a n d  .42(s) 

g i v e n  in  (2.4.3) a re  m i n i m a l .  T h e n  th e r e  e x i s t s  a c h a n g e  o f  b a s is  s u c h  th a t  (2.4.3) ca n  be p u t  to  th e  

f o r m
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G A , A B
(s) =

a 2 0 C b

i n  w h ic h ,

00 *01 * 0 2 * 0 3
B r =

*oi B h

0 *11 * 1 2 *13 ■̂ 02 b J2 0 0

0 0 * 2 2 *23

0 0 0 *33 ^10 C n c 12 ^13
C =

0 0 c 22 C  2 3

I
0

w h ic h  a d m i t s  th e  f o l l o w i n g  f a c t o r i s a t i o n s

* 1 1  B 12

Cn I
>ll(5) — yl/(5)^1(5) —

0̂0 "02
C, n I

^2(5) = * 2(5)4r(s) =
-̂ 22
C'lO

B 2\

I
* 3 3 B 3 I

C  0 3 I

G (5 )  =  A ^ G A r i s )  =
•^00 B 02

1

to ~Bn A 33  B 31

c 10 / G  03 I
0 * 2 2 B 2i L J

Cn C12 D

f u r t h e r

(а) ./̂(s), A 2{s), >1/(5), >lr(5) are inner

(б) T h e  f a c t o r i s a t i o n  in  (2.4.5), (2.4.6) a n d  (2.4.7) a re  m i n i m a l  in  th e  s e n s e  t h a t

d e g i A f )  =  d e g i A ^ + d e g i A f )  

d e g ( A 2) =  d e g ( A r ) + d e g ( A 2) 

d e g ( G )  =  d e g { A i ) + d e g ( G ) + d e g ( A r )

(c) A \ G A \  =  A ^ G A i  h a s  a m i n i m a l  r e a l i s a t io n  g iv e n  by

(2.4.4)

(2.4.5)

(2.4.6)

(2.4.7)

(2.4.8)

(2.4.9)

(2.4.10)



Errata

1. Figure 1, next to page 2: U— K ( s )” should read u K ( s ) n

2. Page 5, lines 1 and 6 : “Savonov” should read “Safonov”.

3. Page 6 , line 3: “Postlethwaite et al [P4]” should read “Tsai et al [T2]”.

4. Page 9, line 16: “unstable” should read “anti-stable” .

5. Page 12, line 22: phrase “(1) If Q * Q > 0, the real symmetric solution P > 0 ” should be omitted.

6 . Page 21, lines 3 and 4: Conditions (ii) and (iii) should be replaced by:

(it) D l 2  is full column rank and D 2l is full row rank

(«0
A  — j u j l  B 2 

Ci Dl2
is full column rank Vw €R

(it;)
A  — j u l  B l 

C 2 D 2l
is full row rank

7. Page 27, lines 23 and 24: Conditions a d e i ( V l — N r Q ) ^ O n and u d e i ( V r — shoul d read

u dei[( Vf — N r Q ) ( o o ) ] ^ 0r> and “de/[( V r — respectively.

8 . Page 54, line 9: “Eg/2” should read “£ 3” .

9. Page 56, lines 10, 12, 15; page 60, line 3: “undetectable” should read “unobservable” .

10. Page 60, lines 5, 6  and 7: “(3.22)” , “(3.24)” and “(3.25)” should read “(2.1.48)” , “(2.1.50)” and 

“(2.1.51)” .

11. Page 63, line 22: uT2 2 (s)” should read “ T2 1(s)”

12. Page 65, line 12: “(2.2.71)” should read “(2.2.76)” .

13. Page 6 6 , line 1: “[20]” should read “[L6 ]”.

14. Page 69, line 11: “(4.42)” should read “2.2.42” .

15. Page 109, line 20: “the standard IICqII^” should read “the maximum level” .

CO

16. Page 116, line 11: “ ( r htt)(/)=J h ( t + s ) u ( s ) d s £ L 2( 0, oo;Cp) ” should be replaced by
0

OO

“( ! » ( ( ) = [  J h ( i + s ) u ( s ) d s ]  + ESL2(Q, oo;Cp), where [•]+ denotes causal projection.”

17. Page 118, bottom line, page 119, lines 1 and 2: Expression (3.3.4) should be replaced by:

=  f  -7= ^=  e \ e A m tC C e A i i i  d t
J ‘ 3

CO

1 £  eJ = 6‘i

18. Page 129, line 18: Expression (3.4.12) should be replaced by:

e;(Ea+X, £)e„+«;(ja+.4*rIC 'q il- ja ) -1£„ =  0



19. Page 131, line 6: Expression (3.4.21) should be replaced by:

[ s i — A n )  •^12= (-^22'Pŷ 23 -̂ 2 > -^23i A G)
20. Page 147, line 19: “(See _ )” should read “See section 3.4” .

21. Page 155, line 3: Equation number (4.16) should be omitted.

22. Page 164, line 19: “uniqueness” should read “multiplicity” .

23. Page 164, line 20: Phrase “no finite cost solution exists” should be replaced by “a finite cost 

solution may fail to exist” .

24. Page 167, line 1: “the largest Hankel singular value of Gt(s) is equal to one” should read “ the 

(Jt-f-1 )th Hankel singular value of G^s) is strictly less than one” .

25. Page 172, line 18: “[4]” should read “[G3]” .

26. Page 196, line 14: “)” should read “3)”

27. Page 196, line 18: “Q+” should read

28. Page 197, line 10: Expression (3.13.1) should be replaced by:

<x[AP ( j u ) ]  <  | W { j u )  | for all 0 <  u <  oo

29. Page 203, line 3: “3.4.35” and “3.4.36” should read “3.4.31” and “3.4.41” respectively.
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— A \  1 ^12+-^ll-®21+C'n(C'l2+-^i?2l) 

0 —• ̂ 22

C n D + B u

—c 22

— B \<2 C 1 2 + D B 21 D

Proof:

See [L6] □

L em m a 2.4.2

S u p p o s e  t h a t

^11 A 12 *11 B \ 2

G ■^1 0 A 2 2 B 2 \ 0

a 2 0 C \ \ C i 2 D I

0 C22 1 0

(2.4.12)

in  w h ic h  ^ i(s) a n d  2(s) are  a s s u m e d  i n n e r , w ith  t h e i r  c o r r e s p o n d i n g  r e a l i s a t i o n s

A l ( s ) = G u { s I — Xn ) 1 B l2 + I  a n d  C 2 2 { s l — A 22) 15 21+7 b a la n c e d ,  is  f a c t o r e d  as
-1

G  A- A \  0

0 I
G  A 1

Ao 0

A r 0

0 I
(2.4.13)

in  w h ic h  / l r(s) a n d  >1/(5) a re  i n n e r , ( G , A { )  is an a l l -p a ss  le f t  c o p r i m e  p a i r  a n d  ( G . .42) an a l l -p a ss  

r ig h t  c o p r i m e  p a i r .  S u p p o s e  a lso  t h a t

a n d

[7 0 ]  C12 = 0

A  i2+  Cj 1 C i2 =  0

T h e n , t h e r e  e x i s t s  a s t a t e  s p a c e  r e a l i s a t io n  f o r

(2.4.14)

(2.4.15)

-4n A12 B n B \ 2

G 0 ^22 B 2\ 0

a 2 0 C n C 12 D I

0 C 22 I 0

(2.4.16)
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s u c h  t h a t  th e  r e a l i s a t i o n s  f o r  A i ( s ) = C n ( s I — A n ) " 1 B 1 2 + 1 o.nd C z i i s l —  -^2 2 ) 1-®2i+7 a r e  m i n i m a l  a n d  

b a la n c e d ; in  a d d i t i o n

(0  [0 7] C n  =  0 

(*'*) A^A-CnC 12 — 0

(2.4.17)

(2.4.18)

Proof:

Consider a realisation of

G  A 1 

A 2 0
(2.4.19)

in the state space of (2.4.12). Conditions (2.4.14) and (2.4.15) imply th a t in the notation of Theorem 

2.4.1,

[0 I] [Cl2 C13] — 0
and

4 , i o CO

__
__

I

C b r

+ C l 2  Cj3
A ±2 A \ 3 C n -

= 0

Since

A n A 12 B n B u

G A \ 0 A -22 & 2 \ 0

A  2 0 C n G 12 D I

0 G  2 2 I 0

the required relations

[0 /] c l2 =  0

Ai2+C11C12 = 0

and

(2.4.20)

(2.4.21)

(2.4.23)

(2.4.24)

(2.4.25)

may be obtained from the (1,1) block of (2.4.20) and the (2,1) block of (2.4.21) respectively. Note also 

that the (2,2) block of (4.36) in the proof of Theorem 4.1 given in [L6] implies that the realisation of

4 ( s) A n B  i

C n I
(2.4.26)
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is minimal and balanced. Similarly for the realisation of A 2 ( s )  given in (2.4.23). □

We conclude this section by establishing an upper bound i b on the MacMillan degree of the 

optimal interpolation function. This shows that there is always such a function requiring no more than 

r a n k ( 3 i ) + r a n k ( % ) )  — 1 states. Since by Lemma 2.1.3(a) the number of zeros of P 2 \ ( s )  in C+ (the number 

of right interpolation constraints) is equal to r a n k ( t y )  while the number of the left interpolation 

constraints (in the sense given in Remark 2.1.1) is equal to r a n k ( 3£), this Lemma is a generalisation of 

the result which bounds the degree of the optimal interpolating function in problems of the first kind 

by the total number of interpolation constraints (counted according to multiplicity) minus one [L5], 

[L6].

L em m a 2.4.3:

A n  u p p e r  b o u n d  o n  th e  M a c M i l l a n  d e g re e  o f  a n y  % ° ° - o p t i m a l  i n t e r p o l a t i o n  f u n c t i o n  ‘Dk(s), is  

g iv e n  by t b= r a n k ( X ) + r a n k ( % ) ) - { - d e g ( U )  — l ,  w h e r e  X a n d  2) a re  th e  s t a b i l i s i n g  s o l u t i o n s  o f  th e  R i c c a t i  

e q u a t i o n s  (2.1.2a) a n d  (2.1.26) r e s p e c t i v e l y  a n d  U is  a n  a r b i t r a r y  c o n t r a c t i o n  ( w h ic h  m a y  be c h o s e n  as  

c o n s t a n t ) .

Proof:

From the factorisation given in (2.4.1), the interpolating function %(s) can be written as

s ) — A {{ s ) ( f n + [T  12 ^  _J T 21) A r ( s ) (2.4.27;

=: A l( s ) c% ( s ) A r (s) ; 2.4.28)

Consequently,

{ p o le s  ^ ( s ) }  C { p o le s  Aj(s)} U (po/es'D^s)}U { p o l e s  ,4r(s)} (2.4.29)

After extracting the maximal all-pass common factors A;(s) and Ar(s), we can ensure from Lemma 

2.4.2 that a state space realisation of

Tii t l3 T j_
f 21 0 0

(2.4.30)

satisfies the conditions of Theorem 2.2.1. Consequently, we conclude that

{ p o le s  % (s)}C{po/es A(s)} (2.4.31)

where A'(s) is any optimal Nehari extension of [ R l M  J]_, with

d e g ( R 1 M ~ 1) _  <  deg
Ri
Ro

=  r a n k ( £ ) + r a n k ( % ) )  — d e g ( A r )  — d e g ( A i ) (2.4.32)
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Hence from [Gl],

rfep[<Sj(s)] < r a n k ( £ ) - \ - r a n k ( % ) ) + d e g ( U )  — 1 (2.4.33)

where U  is an arbitrary unstable contraction describing all the degrees of freedom in the approximation 

problem i n f  ||/21Af“ 1+.X’|| (which can be chosen constant if a minimum-degree extension is required). 

Inequality (2.4.33) establishes the upper bound t h on the degree of the optimal interpolating function.

□

2.5 The Controller degree bound

A bound on the MacMillan degree of the controller can now be proved by combining the 

bounds t b and cb.

T h eorem  2.5.1

F o r  a n y  HG00- o p t i m a l  c o n t r o l  p r o b l e m  o f  th e  s e c o n d  k i n d , e v e r y  % cc- o p t i m a l  c o n t r o l l e r  s a t i s f i e s

(1) d e g ( I \ ) < n + d e g ( U )  — 1 (2.5.1)

a n d  e v e r y  s u b o p t i m a l  c o n t r o l l e r  ( ll'3M5)lloc> 7 0p<) s a t i s f i e s

(2) deg(I<) <  n + d e g { U ) (2.5.2)

I n  (2.5.1) a n d  (2.5.2) U ( s ) £ IRUĜ 3 is  an  a r b i t r a r y  m a t r i x  c o n t r a c t i o n  o f  s p e c i f i e d  d i m e n s i o n s ,  w h ic h  

m a y  be c h o s e n  c o n s t a n t  ( o r  e v e n  z e r o ) .

Proof:

Follows directly from Lemmas 2.3.3 and 2.4.3. □

2.6 Example

In this section we will illustrate the cancellation results of this chapter by means of a small 

computer example. Rather than working in an arbitrary generalised regulator setting (for which the 

cancellation analysis would also be valid), a two-objective sensitivity/robustness problem will be 

described.
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L e t  a single inpu t/ou tpu t plant g(s) be described by the model

/ \   s2+ 7 5+22   52+7s+22
M  ~  s2—2s—15 “  (s+3)(s—5)

(2.6.1)

which will be assumed to be accurate at low frequencies only (say below 10 rads/s); above this 

frequency model uncertainty will be represented by an unknown additive component <5(s). Suppose that 

it is required to design a compensator k (s )  that minimises the system’s sensitivity at frequencies below 

1 rad /s  (in order to achieve, for example, good tracking for command inputs and a high disturbance 

rejection of signals a t the output of the plant in this frequency range); in addition, suppose that the 

controller is required to achieve closed-loop stability not only for the nominal plant y(s), but also for a 

whole family of ’perturbed’ plants {<7(s)+<5(s) | ||6(;if;)||oo</i} for an (unspecified) uncertainty level p .

An !JG°° optimisation problem corresponding to the two design objectives may be formulated as

i n f
K e E

pŵ k 
1+ g k

w2

l + g k

=  1  (p)

oo

(2.6.2)

This is a combined weighted sensitivitv/additive-robustness minimisation over the set E  of all 

(internally) stabilising compensators k (s ) .  p  is a scalar non-dynamic param eter which describes the 

relevant emphasis between the two design objectives in the minimisation, w ^ s )  and itf2(s) are weighting 

functions which will be chosen to reflect the relevant frequency ranges over which the two objective 

functions will be minimised. We will choose u ^s) as the high-pass filter

u>i(s)= 5 + 1
s+10 (2.6.3)

achieving a relative penalty ratio of 1/10 between low and high frequencies, with the 10 rad/s 

frequency (above which the high-frequency model uncertainty is concentrated) being 3db only below 

the maximum penalty level. For analogous reasons w 2 ( s )  will be chosen as the low pass filter

<2-6-4>

It can be easily verified that the optimisation problem (2.6.2) may be reformulated in the 

generalised regulator configuration as

i n f  | |S £(P, /O IL  =  i n f  
k e E  k e E

P\\ P\2
P  21 P 2n

, K

oo

(2.6.5)

where
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Pn
P21

P12

P22

1 w 2 w 2g

- 0 w i

- - 1 - 9

(2.6.6)

Since P 21(s)=  — 1 and P 12(s) =  [w 4 g itf3]TelR2xl(s) this problem belongs to the class of 3t°° control 

problems of the second kind.

The first part of the algorithm described in Chapter 1, uses constant input and output scalings 

on P ( s ) to make the D-matrices of P 12(s) and P 21(s) orthogonal and part of an orthogonal matrix 

respectively [D4]. In our case, an input scaling

P s c ( s )  =  P ( s )
1 0

(2.6.7)
0 sx

with s ^ O .995037 achieves this effect. A state-space realisation of P Sc { s )  (for p = l)  may be obtained as

Pi 1 P12
P s c ( s )  =

P21 P 22
(2.6.8)

3 1 0.9 0

0 0 0 3

0 -1 0  - 9  0

s+1 - 3  -2 .7  0 

0 s+3 - 1  0

0 0 s - 5 0

-1 - 1
0.3 0.2985

0 0
0 0.9950

+

- - 0 0 0 s+10 0 -2.9851

r-
0.1 0.09950 Cl Du P \ 2
0 0.99504 * “

c 2
( s i - A ) - '  | B i  B 2 ] +

D21 B22
1 -0.99504 -

The optimal controller will be calculated for P 3C{ s ) and subsequently the scaling will be reversed to 

obtain the optimal controller for the original optimisation problem; clearly, no MacMillan degree 

inflation or deflation is involved in this process.

The solutions to the two Riccati equations (1.5.6) and (1.5.7) were obtained as

1 .9 6 2 9 1 .2 7 1 3 0 .9 2 5 3 - 0 .1 4 9 9

1 .2 7 1 3 0 .9 6 2 7 0 .8 2 6 7 - 0 .1 2 9 7

0 .9 2 5 3 0 .8 2 6 7 2 .5 7 0 5 - 0 .9 4 9 8

- 0 .1 4 9 9 - 0 1 2 9 7 - 0 .9 4 9 8 0 .4 2 3 2

and
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0 0 0 0

0 0 . 1 4 8 7 - 1 0 ~ 2 0 . 1 1 9 0 - 1 0 - 1 0

0 0 . 1 1 9 0 - 1 0 ~ ! 0 . 9 5 1 8 - 1 0 - 1 0

0 0 0 0

( 2 . 6 . 1 0 )

I  is a full rank matrix (eigenvalues 0.0108, 0.1109, 1.6859 and 4.1117). From Lemma 2.1.3ib], 

therefore, we expect all the stable modes of A — B2D\2Ci to be detectable through D*j_Cv  Indeed, 

A — B2Di2Ci can be shown to have two stable and two unstable eigenvalues while the matrix

A,- — A~\~ B2Di2C\

D \ C X
( 2 .6. 11)

to have full column rank for either stable eigenvalue Ai of A — B2D\2Ci. The rank of matrix 5) was 

found to be one (eigenvalues 0.0967, 0, 0, 0) and consequently we expect from Lemma 2.1.3.ia] a single 

non-minimum phase zero in the state-space realisation of P2 i(s)- This is in fact the case for s=5 as can 

be verified from the state space realisation in (2.6.8). Lemma 2.1.3 also shows that minimal realisations 

of T(s), [Tj2 T’jJ(s) and P2 i(5) have MacMillan degrees ran£(3E)+ran/;(2)), rank(X) and rank(ty) 

respectively, while R(s) has a minimal realisation of degree bounded by rank(3Z)+rank(%)). From 

minimal realisations of the various partitions of T{s) we obtain for our example:

(a) Tn (s) has five stable poles. { —5, —4.65+/ 0.7613. —1 .9 5 9 + / 2.458} with 

corresponding Hankel singular values {0.857, 0.5815, 0.3134, 0.803 10_1, 0.2623 10~2}

(b) [P12 TjJ(s) has four stable poles { —4.65+/ 0.7613, —1.959+/ 2.458} with Hankel 

singular values { 1 , 1 , 1 , 1 }. (This also verifies that [P12 T_J is all-pass).

(c) Toi(s) has a single stable pole at s= — 5 with a corresponding Hankel singular value 

equal to one.

(d) Forming the product

R(s) =
n  2

^11^2l(s) (2 .6.1 2 )

we obtain the Hankel singular values of R(s) as {0.53868, 0.21339, 0.15706, 0.11873, 0.26■ 

10-8 , 0, 0, 0} implying that deg(R(s))=4<rank(3Z)+rank(y))=b in agreement with the 

bound in Lemma 2.1.3v].

Lemma 2.1.3 has therefore been verified in its entirety. It can be also seen from (d) above that 

the bound on deg(R) is not tight; this indicates that an all-pass common factor exists in one of the 

pairs (Tii,  [Ti2 T jJ) or (T n , T2j) causing the cancellation of the corresponding mode either in the
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product

* 1
Tn (2.6.13)

or in Tn T̂ >i(s). Indeed it may be verified from the realisations of Tn (s) and T21(s) that- the scalar all 

pass common factor (s—5)/(s-f5) may be extracted from both Tn (s) and T21(s); this accounts for the 

extra cancellation in R(s).

In fact, it may be shown that for the class of Dt°° problems considered in this example, the 

bound on the degree of R(s) given in Lemma 2.1.3v] as deg(R)<rank(ty)+rank(BE) may be tightened to 

deg(R)<rank{4£).  This is due to the fact that an all-pass right common factor can always be extracted 

from rn (s) and T21(s) (containing the modes of W1 and the unstable poles of G). To show why this is 

the case consider the general weighted sensitivity/additive robustness K 00 problem

inf
K eS

W2{I+GK)~1Wl

W3K(I+GK)~1W1
oo

(2.6.14)

in the usual notation. (2.6.14) may be transformed to the standard regulator setting as

.*«/_ 'OILi c. —
: inf
I(eE

, K

oo

where

W2W1 W2G 

0
G

(2.6.16) is equivalent to

,nf ||5F£(P, K) 11̂  =  inf | |Tn -  
k e E  Qe  36“

1̂1 P n

P21 P 22

in which

Tn— P — PuUiDiP 21 

T i n— P i 2Dr

T2\ = D[P 21

(2.6.15)

(2.6.16)

(2.6.17)

(2.6.18)

(2.6.19)

(2 .6.2 0 )

where G  admits left and right coprime factorisations G ( s ) = N r D r l = D i  1N i . Also, the Bezout identity
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1i______

i

fcS*1k

i______ /  0

i

1
_______i

Nr V, 0  /

is satisfied for some matrices Ur(s), f//(s), ^r(s) and Vt(s) in In our case, therefore,

w 2 0 f I— GUjDi G
Tn — Ti2QT21(s) — { — DrQDX

0 ^ 3 l —  UxDi I

w 2 0 Nr

0 ^ 3 { - U tDi Dr
QDi

W2 0

0 ^3
V,

- U i
DiW,

W2 0

0 W3

Nr

Dr
QD,Wl

on using the (2,2) block of (2.6.21). Consequently,

T u (s )
W2 0

0 w 3
V,

-U,
D,Wi

fi;2

1o 1

*1

T ]2(s ) = o__
1

TT* oF 1 __

--
1

w__
1

and

T 2 l ( s )  =  A W ' i

In addition, the left and right coprime factorisations may be arranged so that T21(s)=Dl \ 

and T12(s) is part of an inner matrix function [D4j. This implies, however, that the whole of 

be extracted as a (maximal) right all-pass common factor in a factorisation

11 ___

1•E-s
i___

1 1__
_ /

DXWX

where

^n(s)
W2 0

0 ^3
Vi

- v t

( 2 .6.22)

(2.6.23)

(2.6.24)

(2.6.251

(2.6.26)

(2.6.27)

71 is inner 

T 21(s ) can

(2.6.28) 

(2.6.29)

( 2 . 6 . 2 1 )

Consequently, for Ax(s) and j4r(s) chosen as the maximal all-pass left and right common factors of 

(T ii, [Ti? TjJ) and (T n , T21) respectively, Theorem 2.4.1 shows that
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deg(R) =  rank(X)+rank(^}) — rank(Ai) — rank(Ar)

< rank(3Z)-\-rank(y)) — deg(Dt W1)

=  rank(X) (2.6.30)

since, from Lemma 2.1.3[iii], deg(T:2i)=deg(DiW1)=rank{^).  This establishes the bound for deg(R) in 

the special class of !Hj°° sensitivity/additive robustness problems and verifies the drop in the MacMillan 

degree in R(s) by the number of unstable poles of G(s) in the unweighted problem; this is due to the 

fact that the rank of the Riccati solution §) is equal to the number of non minimum phase zeros of 

D}(s) which is equal to the number of unstable poles of G(s)).

The 7 -iteration for the problem we are considering has been performed with an accuracy level 

for (i=\\R1M~1\\jj equal to 10-7 . The Hankel singular values of RlM~1('fQ) for the optimal 7 Q=0.5387 

are given by {1.0, 0.21897, 0.02876-10-1, 0.11038-10“2} indicating that deg[(RlM~1( j Q))_]=A. (Note 

that after the extraction of the all-pass common factor in

T ( s )  =
05 - 5  

s+5 
0 1

T ( s ) (2.6.31)

the MacMillan degree of T(s) (for which Theorem 2.2.1 is applied) is equal to 4). The eigenvalues of 

the (unique in this case) Nehari extension of [■ff1A/_ 1(7 0)]_, Q(s) are given by { — 3.4607, — 1.899+j 

1.7468} with corresponding Hankel singular values {0.1341, 0.1929-10” 1, 0.62106-10-3 } indicating a 

MacMillan degree deg(Q)= 3 in agreement with minimal-order Nehari extension results [Gl]. Finally, 

the Hankel singular values of the K 00 optimal controller (obtained by taking Q(5)+[72iAf-1(7 0)]+:=Q(5) 

as the feedback term in the linear fractional map defined in Figure 1 and subsequently reversing the 

effects of scaling) were obtained as

{ 0.33682, 0.13264, 0.60817* 10_1, 0.6988-10"9, 0.15316-10"11, 0, 0 }

indicating a MacMillan degree for the controller de£[£0(5 ) ] = 3  in agreement with Theorem 2.5.1. It may 

be verified, in addition, that

with

A k 0( s ) )
Wik0(l+gk0) 1 

^(l+^o)"1
=  7 0=  0.5387

oo

(2.6.32)

i^0( l+ ^ 0)

2(l+<7&0)

all-pass at that level.
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2.7 Computation time trials and conclusions

In this section some quantitative data are presented which demonstrate the importance of 

removing cancellation phenomena from 36°° computer software. A number of test computations have 

been performed on both the original software, and an improved program which takes into account the 

cancellation phenomena predicted in this chapter. Both programs were run on a VAX750 computer 

under UNIX. The timing data was obtained using the UNIX routine dtime. In every case the 7 - 

iteration was allowed to run until the solution was almost optimal: The computation exited from the 

iterative loop when ft was in the interval 1 — 0.5*10- 5 < /x<1.

The results given in Table 2.1 show the state dimension of P(s), the execution time of the 

original program and the execution time of the improved program (both in seconds). Apart from a 

marked reduction in computation time, the improved program demonstrated improved robustness 

properties.

No of states Program I Program II

1 4.517s 18.23s

2 11.617s 67.95s

3 53.417s 406.98s

4 102.470s 442.32s

6 141.430s 692.98s

8 215.770s 1611.42s

14 1128.480s 25273.70s

17 1703.470s terminated after 12

hours of processor time

T able 2.1

Experience suggests that the solution of large 3t°° control problems is time consuming 

especially when several iterations corresponding to various weight selections are required. Further, long 

calculations of this type are susceptible to severe numerical difficulties. The results in this chapter 

suggest that there is considerable scope for reducing these problems by using cancellation theory to 

remove state inflation effects from computer code. Although the level of benefit varies from problem to 

problem, a cpu time reduction of between 5 and 10 times is easy to achieve. The modified code is also 

considerably more robust from a numerical point of view.
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Appendix 2. A: Proof of Lemma 2.2.2

L em m a 2.2 .2

The Riccati equation (2.2.42) has a unique positive definite stabilising solution.

Proof:

Since A is asymptotically stable, [A, N\ is stabilisable. 7 >||-fl2(5)ll00 =̂ T2f — D^D^-E  is 

positive definite and

[ s / - i 4  | N]
I 0

E~l C E 2
sI—A — NE~l C | NE 2 ]

_i
ensures that [A+NE~1C , NE 2] is also stabilisable. The Hamiltonian matrix associated with (2.2.42) 

is

A + N E - ' C  NE-'N* 

- C ' E T ' C  - { A + N E ~ l CY

and we note that

{X(H)}C{Smith-MacMillan zeros of { j 2I— ̂ 2 -̂ 2)(s)} U{At(.4)}U{Af( — ̂ 4)} (-4.1)

Since 7 > | | f 2 2 ( s ) | |  no Smith-MacMillan zero of {~f2I— lies on the imaginary axis. This 

together with the asymptotic stability of A ensures that H is free of imaginary axis eigenvalues. 

Finally, the stabilisability of [A+NE~l C , NE 1^2] ensures the existence of a unique stabilising solution 

y = y * > 0  to (2.2.42). Part (a) in the theorem statement ensures that [A, E C] is observable => Y is 

nonsingular or else that the unique stabilising solution satisfies y = y * > 0 . □
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Appendix 2.B: Proof of Lemma 2.2.3

L em m a 2.2 .3

In the state-space realisation of T ^ A T ^ s) (2.2.62), 

n = ( © i 2 - 21 — -®n

Proof:

The change of basis (2.2.61) in the state-space of (2.2.60) gives

l _  l
n  =  B ^ b E i - D D - Q ^ B t f + r ^ N t + p - M  ( & i )

Making use of the (1,1) block of (2.2.54) yields

n = QiiF^E -f- Qi2^2  ̂ — -®i2-̂ i2-̂ n— Q13P13N1 — Q13P23A2 (-̂ -2)

From the (1,1) and (1,2) blocks of (2.2.18), and (2.2.56) along with the defining equations of C

(2.2.13) and F (2.2.45), we get

I I  =  —Ni +  Q\\{ C l l - ^ l l - h - ^ l l ) - ! '  Q l 2 ^ 2 2  —  - ^ 12- ^ 12-^11 ( ■ ^ • 3 )

(2.2.57) gives

n =  — C\iDn — Bu +  (Q l2 —®12)^ 2 2—-^13-^13-^H-  ^ 12- 1̂2-^11 (^-4)

Finally, from (2.2.28) we get

I I  =  —Bu + (Qi2~ © 12)^22  ( - ® * 3 )

as required. □
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Appendix 2.C: Proof of Lemma 2.2.4

L em m a 2.2.4;

In the state space realisation of T12AT21(s) in (2.2.63), E =  — A12-

Proof:

After the coordinate change (2.2.61) in (2.2.60) we get

l _  l
E= (Ql2~  ® 1 2 ) ^ 2 2  — - 1̂1( Ql2~  — • 1̂ ) ^ 2 2  — ~̂ >̂\3^1' '̂^>23^2) ^ 2 2  ( C.\)

Making use of (2.2.13) and the (1,1) block of (2.2.54) gives

L—(Qi2 ~  © 12)^ 2 2 —-^ii(^?i2 — ©12) — -̂ i 2- 1̂2- l̂ 1^ 2  2 — Q \ 3 ( P \ 3 N P 23Nf)C22+{QnF\.E'^ C22

(C.2)

which can be expanded, using the defining equations (2.2.45) and (2.2.13) to 

E = {Q12 1̂2)“̂ 22 '̂11(̂12 ®i2)”k ̂11 [̂ 11̂ 1id” ■̂ii"b ̂1 l̂id* ̂12̂2] ̂22'b
Q\2  ̂— ^ 2 id”  ̂12^1+Y20N2} C22 — ̂ 21^12^11 Q>2— Q\3 (^ 13- l̂~̂ >̂23^2) ̂ 2 2  ( C.3)

Next, using (2.2.56) to substitute the various partitions of Y by the corresponding partitions of P and 

simplifying by the ( 1 ,1 ) and ( 1 ,2 ) blocks of equation (2.2.18) we get,

£ — ( Q \2 ~  ®12M22— ^ l l ( ^ 1 2  — © 1 2 ) “”' ^ \ ^ 2 2 ~  $ 1 2 -®21 £ 2 2+ Qn ( C ll-^ll+ i? ll) Q>2 ( CA)

which, on substituting the defining equation (2.2.40) for Nj and N2 and using (2 .2 .2 2 ) can be expanded 

to

L  —  ( £ ? 1 2 ~  © 1 2 ) ^ 2 2  — ^ l l ( ^ 1 2  —  ©  12) “  { - ^ 1 3 - ^ 1 3 - ^ 1 1 + ®  l l (  C T l A l + ^ l l )  +  0 l 2  ̂ 22}  ^ 2 2

+ QllC-^ll+Cll^ll)^- 5 i2 ̂ 2-^11^22+ Ql2( —̂ 22“ ^22) (C-̂ )

Invoking (2.2.22) and (2.2.23) gives

L = { Q \2 ~  © 1 2 ) ^ 2 2 “  ̂ l l (  Q \2 ~  © 1 2 ) ““ (-^13-^134-^12 A  2 ) ^ 1 1  ̂ 2 2+ ( ^ l l  —® 1  l)(-^l 1 + ^ 1  l-^ ll)^ 2 2 'b
(Gl2-012)(-^22-^22) (C.6)

which, on cancelling terms and using (2.2.28) and (2.2.57) becomes
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L “  Ql2)~ (Q\2~  ®12)-^22 — ■̂ 11^22  ( C.7)

Finally, on substituting the (1,2) block of (2.236) and the (1,2) block of (2.2.53) and simplifying with 

(2.2.23) and (2.2.57) we obtain

£ = ■̂ 12-̂ 12̂ 12=: £'11#12-#12̂ '12= 1̂1̂ 12 = — -̂ 12 (C'-S)

as required on using (2.2.26), (2.2.11), (2.2.29) and (2.2.12). □

A p p e n d ix  2 .D 1 :  P r o o f  o f  L e m m a  2 .2 .5

L e m m a  2 . 2 .5 :

There exists a nonsingular matrix 7\ transforming the Hamiltonian matrix corresponding to 

the Riccati equation in Lemma 2.A to

TxHTLl =

22

- H h - J L m #  21 0

0 A 22 0 0

# 1 2 ‘T # 1 1 0

$ *3) A - A

where H is the Hamiltonian matrix associated with the Riccati equation (4.65) partitioned as

H =
# ii #12 

# 1 2  # 2 2

In particular, the similarity transformation Tx can be chosen as

in which case,

A:=C^2LT1Dl1D13 

S :=  C ‘22E - 1(lTn Cn + B ’n ) 

^:=  (T22E~^C22
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in previously defined notation.

Proof:

Using the notation of Theorem 2.2.1, it suffices to show that:

I © 

0

0 0 
0 7 2I

A+NE~1C NETlN*

— C*E~l C - ( A + N E C y

~ H h -JL* H 21 0

0 a 22 0 0

0 1 2 0 ii 0

*3) A - A 22

©  -
0 0
0 7 2/

( 01 . 1)

This will be verified by treating each block separately. Equality in the (1,1) block of (D l.l)  is 

equivalent to

A+NE~1C —< 0
0 0 1 - H u  X

\C*E~l C =
0 T 2I J 0 — a *22

(01.2)

or, using the defining equations for N in (2.2.40) to

A + B 2D2E~l C *t-
0 0 0 n x

C mE~l C =
0 7 2/ 0 —A22

(01.3)

The (1,1) and (1,2) blocks of (D1.3) may be verified directly; (2.2.41) and (2.2.22) may be used to 

establish equality in the (2,2) block and while equation (4.41) will verify the equality in the (2,1) block.

For the (2,1) block of (D l.l)  we note that

C'ETl C=
C\\Dn+Bu 

— B21
0n Ci i+0n

H12 &
•3 <3) (01.4)

directly from the definitions of 'iB (2.2.68b) and H12 using (2.2.23). This in turn implies that

(.A+NETl C y ~
H12 <3&* 

*3)
0 -

0 0 

0 72/
H n  0

A ~A 22

(01-5)
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(.A+NE~l C y C*ETl C

”
0 0

1 -
Hn 0

0 to
1__

_

J A — A22

by taking complex conjugate transposes in (D1.3) and using the defining equation (2.2.40), thus 

verifying the (2,2) block of (D l.l) .

It remains to show that

- A ^ y r + j © —
0 0 
0 72/

(A+NE~l C)'=
Hn A* ( 0 0 \ H 2l 0\e- >+

0  ~a22l o ri J 0  0

The L.H.S. of this equation can be rewritten, using (2.2.40) and (2.2.36) as

(£1.6)

■B2D*2i r l i r - A Q - B 2B m2 -
0 0 

0 7 2I
(A+NE~l Cy (£1.7)

It suffices, therefore, to show that

B 2D2E~1C + A +
0 0 

0 7 21
C mE - l C ^ Q ~ B 2[I+Dm2E - lD2]Bm2-

0 0 

0 7 2/

0 0 

o ri C METlD2B 2 -

1--
---

---
---

-1

J 
-

(£1.8)
= 0

The (1,1) block of (D1.8) is verified directly from the definition of H21. Finally equations block(l,2)=0. 

block(2,l)=0 and block(2,2)=0 follow on using the defining equations of A  (2.2.68a) and (2.2.41).

□

Appendix 2.D: Proof of Lemma 2.2.6

L em m a 2.2 .6

(a) There exists a unique “largest' solution Z0 to the Riccati equation

{ A 11+ B l3D13D1iE~ (Du Cll+ B n )}Z+Z{An + B 13Dl3Dn E~l(Dl l Cn + B n )} -f 

Z( Cl1D11+ B n )E~1(Dn Cn +B'l1)Z+B13[I+D'l3Dn E~lD’l1Dl3]Bi3=  0
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Further,

(-̂ 13-̂ 13-̂ 11+ ^(Qi-^ii+^ii))-^1

is a destabilising output injection for [A11,(D'l1Cn + B i 1j\ ( i.e. Re[X(A11+ H 0(Dl1Cn + B n ) ]> 0 )  

(b) The stabilising solution to (4.42) is related to Z0 and 0  by

y -1 + © =
0
.2 ;0 7 I

where the partitioning is induced by that in (2.2.37) and (2.2.43).

Proof:

The existence of a destabilising solution Z0 is established by proving that

(i) C[iDll+ B 11] is controllable

(ii) The Hamiltonian matrix corresponding to (2.2.69) is free of imaginary axis eigenvalues.

The fact that Z0 is the largest solution (ie Z0 — Z> 0 for any other solution) is only of peripheral interest 

and consequently will not be proved here. In fact, all that is needed is a minor modification of an 

argument in [W l, Lemma 3].

We begin by showing that (i) is true. We know from part (a) of the theorem that

~ A \ i  (C!lAl+-®ll)C22 CTn D n + B n

1

0 1 to 
«

to 1 __
_

-----1

cs
tr

___
i

is controllable. Next, we suppose for contradiction that (i) is not satisfied. That is there exists a vector 

w^O  such that

Whence

and

wm =  A w* 

^(CTi^n + Bn) ~ 0

w* | 0  ]
- A n (C-nDn+Bu)C22

_ + 22
=  [ —Xw* | 0  ] (l u ;

w* | 0  ]
Qi-^ii+^n

C22
= [ 0 I 0 ] {D. 2)

which contradicts part (a) of the theorem (which is already proved). This contradiction establishes (i).

As will be now shown, (ii) is in fact a consequence of Lemma 2.2.2. Direct substitution into the
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Hamiltonian in Lemma 2.2.2 gives

H = A u + N ^ D h C n + B ^ )
- C n + N 2E - 1)(,Dll Cu + B l 1)

( Crn Dn + B n )E-\D-n Cn +B-n ) 

-C -22E-'(D-n Cn +B'n )

Nx ETl C22 

A 2 2+  -^2 1 Q> 2

-{CliDn+B\i)E~lC22 
C22E~1 C22

NXE-XN\ N ^ N l
N2E~lN\ N2E~xNI

-A l . - iC l .D n + B ^ E - 1̂  {Bn +C iM iET 'N l-C n)
- C 22ETlNl — A 22—C*22E~l

{D. 3)

A simple rearrangement of the rows and columns of — T^HT^1 in Lemma 2.2.5 above, 

establishes the existence of a non-singular matrix T such that — THT~l is equal to

A h + ^c iiD n + B ii)E  l D h D i3B i3 ( c liD n * B u ) E ~ ' ( D h c i i + B h ) (^1 ] E ] 2+-®j i ) E ~1 ̂22 0

~ B \ 3 D \3\.J + D \ iE  I'̂ ll]̂ 13-®13 -vll1-S13Dj3£>n£ ”■̂ 13̂ 13̂ 11̂ ' 1 ̂22 0

0 0 ■̂ 22 0

C \ 2E  1E l lD 13B ^ 3 cr22E  ^ ( E ^ C ^ + B ^ ) Cr^ryE Ĉ"29 ~  A 22

(D.4)

where

0 0
“1

I 0i o e n  e 12
0 1 0J2 ©22-72̂
0 0 0 /

(D. 5)

Since H in (D.3) is free of imaginary axis eigenvalues (Lemma 2.2.2), so too is the matrix in (D.4). 

Suppose

5(1,1) 5(1,2) 

5(2,1) 5(2,2)
(ZL6)

where S{i,j) represents the (i,j)th block of (D.4). Then it is easy to see that

(a) 5  is the Hamiltonian associated with (4.65), and

(b) \ {S)  C X(H) => (ii)

This concludes the proof of the existence part of (a)

Next, let us suppose that the orthogonal matrix W  transforms 5  into an ordered upper Schur
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form [L2], specifically

---
1

to
___

1 wn w12 ^11 ^12
1--- £ to 1 __ ^21 ^22 o t22 ( D . 7 )

in which Tn  is completely unstable and T22 is asymptotically stable. Substituting from (D.4) into 

(D.6 ) gives

ro
i___ 5 i2 ---

---
1

__
_

1 i------

1___

to
____

1

s 22
1__

__

i

af 
____

1

where

and

[ r,J

■̂ n=  { A n + B 13D13Dn E - \ D n Cn + B n )} 

S\2— (C nD n + B n )E -\ D 'n Cn +irn )

521— ~Bi3{I-hD13Du E~lD11D13)B13

522— — *Sii

(D. 8 )

(D.8a) 

(D.8b) 

(D.8c) 

{D.8d)

The Riccati equation solution is given by [L2] 

Z0= 2̂1 (D. 9)

Conjugating the (1,1) block of (D.8 ) and multiplying on the left by gives

A n H { B l2D\3Dn + Z G{Crn Dn + B n ) ) i r l }(D’n Cn + B n ) =  (0-10)

which proves that H0 in (2.2.70) is a destabilising output injection. Thus (a) is proved.

Part (b) of the lemma will be established in two steps. Firstly, it will be proved that any 

solution to (2.2.69) will generate a solution to (2.2.42) via (2.2.71). Following that, we show that the 

largest (destabilising) solution to (2.2.69) generates the stabilising solution to (2.2.42).

From (2.2.55) we get

Y~lA '+  AY~l+  Y~lF*EFY~l =  0 ( D .  11)

Adding this to (2.2.36) gives

( r ' 1+ 0)A *+  A ( r ' 1+ 0 )  +  y - lF E F Y - l+  B 2B\  =  0 ( £ . 1 2 )

Substituting from (2.2.71) and writing (D.12) out in full gives
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o riZ  0 A'n a ;2
0 Ano

+
1̂1 0

An A22

Z 0 

0 y2I

1

1 © - © 1 2 ^ l l A l + ^ l l fT 1 [DhCn+Bh  | C22 ] Z— 0 11 —© 12

- © 1 2 7 2 ^ “ ® 2 2
1

to

1__
__

__

“ © 1 2  7 2 A © 2 2

1

__
__

__
_

1

^ [ A i C n l  Q 2 2 ] z - @ n  - © 1 2 + ■ ^ 1 3 [ B i s  1 D \ s D n B - 2 l ]  +

1

_______
i

— © 1 2  7 2 -^“ © 2 2 - ^ 2 1 - ^ 1 1 - ^ 1 3

Z -0 „  - 0 1 2

-®12 72̂ _©22

CliD11+ B 11

C$2
e ~1 [ n 1 \ n 2 ] +

N*
E~l [  ]  =  0 (DAZ)

in which

A 12=  B^(B-n +D-n Cn ) (D.U)

(2.2.40) and (2.2.23) allow the (2,2) block (denoted (2,2)) of (D.13) to be written out in full as:

(2.2) =  y 7A22W A ‘22+[B21E+N2]E-l [EB'2l+ N l ] - N 2 [ K ,+ £ - 1. \g +

N^E-'Nl -  [B22+ N 2I T l]tr2 +  B21( y 2J-E)B"2l

after cancelling terms this becomes

(2.2) = 7"(-d22‘bĴ 22‘b-̂ 21-̂ 2l)

=  0  by (2 .2 .2 2 ) (0.15)

The definitions of N and E in (2.2.40) and (2.2.41) allow the (1,2) block of (D.13) (denoted (1,2) ) to 

be written out in full as

(1.2) =  ZA\2 +  {Z(CTUDU+ B U) +  B ^ D n - N ^ E r ' l - E B ^ - N ^

-  A', + WCuDu+B^+BuDlaDu-NAE-'iq

+ N2E~lNl + Bl2Di2DliB2i

After cancelling terms this becomes
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(1,2) — Z(A\2 — (C\ \DnJrBn )B*2T)

=  0 by (D.14) (D. 16)

Clearly, (2,1)=0 follows by symmetry.

As with (D.15) and (D.16), it is easy to show that the (1 ,1 ) block of (D.13) is zero provided Z 

is a solution of (2.2.69). This verification only requires the definitions of A^and N2 in (2.2.40).

The sequence of arguments which follows proves that the largest solution Z0 to (2.2.69) 

generates the stabilising solution to (2.2.42). Since H0 in (2.2.70) is a destabilising output injection, and 

since A 22 is stable, the matrix

Ah+(CTn Dn+Bn)Hl
C:22E~1[Dl1D13Bl3+(Dl1Cu+B[1)ZQ

is completely unstable which implies that

— A 22

C-nir'lDuDuB^+lDuCu+BlJZ0
£11̂ *1 l+^ll)

^22 + c*22c22

is completely unstable by (D.14), (2.2.22) and (2.2.23). This implies by (2.2.70) that

Dn D13B13+ ( D 11Cn -\-Bn )Z0 \ EC22]Ah Ai2 + ChDu+Bn

0 ^22 CN

___1

(0- 17)

;d .i 8)

(0.19)

is completely unstable. Using the notation

y-1 _  y  12
[ >'I2 >'22

together with (2.2.71), (2.2.40) and (D.19) establishes that

Ah A12 + Cl 1011+011
0 ^22_ C22

E~l [A | %

(D. 20)

( 0 -21)

is completely unstable, where we have defined

A — A1+(D11C11+ 5 11) y\\+C22 Y12 

*35 = Nl+(D'[1Cn-+Bll) Yi2+C22Y22

Substituting from (2.2.13) shows that
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A*+C*E~l{N*+C*Y) ( £ .  2 2 )

is completely unstable. From (2.2.42) we get

A*+CmE T \N * + C * Y ) =  - Y { A + N E ~ l C + N E - l i r Y  } 7 (£.23)

Whence by (2.2.45)

(D.22) => A +N E ~\C +N * Y )  =  A+NF (D. 24)

is completely stable. This thus proves that Z0 generates the required solution to (2.2.42). □

Appendix 2.E: Proof of Lemma 2.2.7 

L em m a 2 .2 .7

In the state space realisation of Ti-2X T 2\{s) in (4.70), 

*  = Ci 2 

$ = 0

From the (1,1) and (1,2) blocks of (2.2.52), (2.2.56) and (2.2.13) we get

Proof:

We begin by proving that

- C P [ 3 =  b E 2F1+BloYn -+D’[2(Dn B2i+C12) Y[2 (E. 2)

— CP23 — b  E2 F2-j-Bi2Yi2-j-Di2[D^^B2i~\-Ci2)Y22 (E. 3)

We will also use the three equations from (see (2.2.72))
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---
1

to __
_1 1

10 __
_1 1 0

r 1 2 y22 1̂2 2̂2 0 1

Substituting (E.2), (E.3) and (E.4) into (E .l) gives

1 1 ^
^  =  C n (Q  12) ~~ D 12^ ^  C22+ F ^ Y  12+ Cu Qi z P i z Y  12

1

+ D 12bE^F2Y 22- C n Q13r 23Y 22 {E-5)

Using (2.2.11), (2.2.29), (2.2.45), (2.2.23) and (E.4) gives

^ = Ql(Ql2 — ©12— 1̂3-̂ 13 ^12— 1̂3-̂ 23 ^22) + &12 +

_1
D 1 2 D E  ( - ^ n  Cu + ^ j j ) y i2+ C ,22-f>22*b-^2+-£'C22 ] ( E . Q )

Using (2.2.11), (2.2.23), (2.2.71) and (2.2.41) we get from (E.6 )

^  =  Cn(Ql2~®12~ Q13E1 3 Y 12~ Q13E 2 3 ^ 2 2 ) d ' C ' i 2  

Using (2.2.18) and

y 22=  ( v'2 2 -^ 2 > 7 i1 i ,ij) - 1 ( y > 0  =s. y „ > 0  => yj-,1 exi^s) (£.7)

y 12=  Y l l Y ^ Y n - Y l t Y i t Y u ) - '  (E. 8 )

gives (E .l) as required. Next.

1
4>=(P;3 y , 2 + ^ 3 ^ 22)^ 2 2 -  MP',3 Y i2 +P i3 Y 2 2 ) - (B E i + r i3Ni+P-23N2)C22=  0 (£.9)

will be established. Substituting the (3,1) and (3,2) blocks of (2.2.51), (2.2.45) and (E.4) gives

_i
4> =  BE 2{ D’u Cn Y i2+ B ’n Y 12+N-2+ C 22Y 22- E C 22} -

12*^^2 2 7*22~t"N2C22 y 22^ 22} — 7>13{ A h Y i 2+ N i C22—Y i2A22} (£.10)

By (2.2.40), (2.2.41) and (2.2.71) we get

<&= — P 23{ A 12 y  1 2 + ^ 2 2  ^22+-^2^22 — ^ 2 2 ^ 2 ? )  ~ P  13 ( ^ 1 1  ^ \ 2 J r ^ \ C 2 2 ~  ^  12^ 22} (- -̂M)

Making use of (D.14), (2.2.11), (2.2.22), (2.2.40), (2.2.71), and the (2,2) block of (2.2.36) gives
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$ — — P\3{ ■An Yl2+B13D’[3Dn C22+Qn(C{1Dn+Bn)C22 — ©12-̂ 22}

From the (1,2) block of (2.2.36) we obtain

• ^ l l® 1 2  — Q l l ( C i l A l + ^ l l )  ^ 2 2 + ^ 1 2 - ^ 2 2  — - ^ 1 3 ^ 1 3 ^ 1 1 ^ 2 2

and this together with the (1,2) block of (2.2.71) gives

$ = 0
as required.

Finally, we have from (2.2.64), (2.2.73) and (2.2.74) that 

1

A =  £ £ 24-P I 3 N 1 + P 2 3 N 2 — ( P 1 3  ^ 1 2 ^ ^ 2 3  ^ 2 2)^ 21

From (2.2.40) this becomes 

1
A =  ^ 2'+PI3{ -S l3 ^ 3 A l+ 0 1l(C TlA l+511) + 0 12C-22- y i 25 2i} +

-^23!  - ^ 2 l A l - ^ 1 3 - ^ 1 3 - ^ l l  +  0 1 2 ( ^ T l - ^ l l - ® l l )  + 0 2 2  ̂ 2 2 “  ^ 2 2 - ^ 2 l )

Using (2.2.23), (2.2.41) and (2.2.71) to cancel terms gives

A — £ £ “-fP13(£ 13£ 13£ 1j + 0 11(C [i£ii+£ii))+ .P23(C22£ + 0 i2(C7i£ii-l'£ll))

— BE2+ F [ 3B13Dl3Dll+ P  23C^2E+{P  i3 0 ii+ -f>230i2)(Qi-^ii+-^n)

as required.

(£-12)

(£.13)

(£.14)

(£.15)
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Chapter 3

3.0 In trod u ction

As we have seen in Chapter 1, a large class of 3G°° control problems may be expressed as 

Nevanlinna-Pick interpolation problems, in particular, the minimisation of the supremum norm over 

the set of K°° functions subject to a finite set of interpolation constraints. In the case of scalar 

problems, the required interpolating function is unique and may be characterised in terms of a maximal 

Schmidt pair of a Hankel operator [F2, pg.71]. In the case of matrix valued-problems, however, this 

interpolating matrix function is hardly ever unique. In order to restore uniqueness, N. Young [Y3] 

proposed tightening the minimising condition by also considering the second and subsequent singular 

values of the interpolating function. For C?0(s)GlR!Hj“ ’ p̂Xm̂  let

s f ( G 0)=sup Sj(G0(ju>)) j =  1, 2 , ...... (3.0.1)
wgIR

and denote

s~(G 0) = ( Sr (G 0), *r(Go), )  (3.0.2)

In this notation,

W G o W ^ i G o )  (3.0.3)

The standard Nevanlinna-Pick type problem is to find an interpolating function for which s f ° ( - )  is 

minimised. In the superoptimal interpolation problem we seek to minimise each Sy°(-), j = l ,  2, ••*, in 

turn rather than just s “ ( * ) .  Apart from offering a way of using up redundant degrees of freedom, 

superoptimal interpolating functions may have an JL2 gain in certain singular subspace directions well 

below the standard ||G0||# . The main problem which will be considered in this chapter is the following:

P roblem  [*P1]: Suppose we are given a rational matrix G'0(s)GlR3t^o’ p̂Xm .̂ Find a rational 

f ( s )E R K -’ p̂Xm  ̂ such that the (finite) sequence,

{s^°(G0 +  F)} j =  1, 2, •••, rank(G0)<min(p , m) (3.0.4)

is minimised with respect to lexicographic ordering. Rank is taken to mean the rank for almost all s.

□

More specifically a concrete state-space procedure which leads to the superoptimal
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approximation Fao(s) to G0(s) will be derived. This algorithm requires only standard linear algebraic 

type library routines and is, therefore, easy to implement. The procedure minimises sequentially each 

frequency-dependent singular value of the interpolating function in a dimension peeling algorithm. For 

the purpose of clarity three parts in this algorithm will be distinguished: In the first, a pair of all-pass 

matrix functions is constructed based on the maximal Schmidt pairs of a sequence of Hankel operators 

which correspond to a sequence of recursively-defined matrix functions <?,($). These are employed in 

the second part to diagonalise all Nehari extensions of G,(s). The minimisation of the (i+ l)th  largest 

singular value of the interpolating function (over all frequencies) is formulated as a constrained 

optimisation problem and solved as a ’free’ Nehari extension problem for G,(s). This process terminates 

when the original problem is reduced to one of unit rank; at this stage all the available degrees of 

freedom have been exhausted. Finally, in the third phase, the super-optimal extension is reconstructed 

from the solutions to optimisation problems arising in phase 2 .

In addition to deriving and proving the algorithm for the construction of the super-optimal 

Nehari extension,

[i] It will be proved that

(а) s? ( G 0- F , o) =  G0) 7=1, 2, ••• , n (3.0.5)

( б) ffjiGi+i) <  o-;+1(G,) i=0, 1, ••• , rank{G0) ~  1 ;=1, 2, •••, n - 1 (3.0.6)

where n=deg(G0). The Gi(s)’s t= l, 2, •••, rank(G0) — 1 will be defined later and are generated as the 

algorithm progresses. By (1.6), we see that they provide progressively tighter bounds on s^°(G0— Fso).

[ii] It will be shown that under certain assumptions

m i n ( n , r  )

deg(FS0) < £  (» -* )  (3.0.7)
i =  1

where r=rank(G0) and n=deg(G0). If the algorithm is terminated after t<min(r ,  n) steps, (thus 

minimising the first i  levels) there exist extensions for which

t
deg(F) <  £ ( n - i )  (3.0.8)

i=1

is satisfied.

[iii] A number of alternative uses of the degrees of freedom in the solution set of the multivariable 

Nehari extension problem (closely related to the super-optimal construction) will be discussed. These 

include the minimisation of an X2-type cost and an “entropy’Mike cost associated with the r— 1 

smallest singular values of the error system. In particular the minimisations
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Ss?( G ° - F ) u u ) i w }
(3.0.9)

and

H2 = inf  <
Fev

\\Go\\
& r t » -J i—9_rv -%  • —

s? (G a- F ) U u , )

IIGollH
Fe(so)

|50-j'w| L (3.0.10)

will be considered where denotes the family of all Nehari extensions of G0(s) and s0 in (3.0.10) is an 

arbitrary point in the RHP.

As a generalisation of the super-optimal Nehari extension problem the super-optimal Hankel- 

norm approximation problem may be defined similarly to [®P1], the difference being that now a number 

of stable poles is allowed in the approximant F(s). Formally the super-optimal Hankel norm 

approximation problem may be formulated as following:

P r o b le m  [^ 2]: Suppose that we are given a rational matrix G0(s)€[R3G!+o’ p̂Xm). Find a rational 

F(s)€lRI}G^pXm\fc) such that the (finite) sequence, {s^°(G0 —F)}, j =  1, 2, ••• , rank(G0)<min(m,  p) is 

minimised with respect to lexicographic ordering. □

Apart from being an obvious generalisation to the super-optimal Nehari extension problem, 

[3P2] has an interest in its own right. There are numerous occasions on which reliable low-order 

approximations to high-order models are required. For this reason, the model order reduction problem 

has been the subject of numerous theoretical investigations, and several different approaches have been 

developed. Following the paper of Glover [Gl], the optimal Hankel-norm approach has emerged as the 

front runner. This is largely due to the fact that the method offers good guaranteed performance 

characteristics which are close to verifiable low bounds.

In matrix-valued case the optimal Hankel-norm approximation problem will also typically 

have a continuum of solutions. The question then arises as to which one (if there is one) is best. A 

partial answer to this question is implicit in [Gl], in that £°°-error bounds are available for only 

certain optimal Hankel-norm reduced-order models. In [Y4] Young introduced an alternative approach 

to the uniqueness question by proposing again the lexicographic minimisation for the sequence 

5°°(F )=(sf:>(F), s??(E), ••• ) rather than just sf3(E) where the sf^F) now correspond to the error 

arising from the approximation. The reduced-order model which minimises s00(E) has been shown to 

exist and to be unique [Y4].

In this chapter an algorithmic solution to the super-optimal Hankel-norm problem will be 

derived in state-space terms. Although the first part of the algorithm is almost identical for both 

problems, a number of technical details are involved at the later stages of [?P2]. For the purposes of 

clarity, the two cases will be clearly distinguished.

The idea behind super-optimality is easily illustrated by way of a simple 2x2 example. Suppose
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G ( s )  =
S+l = dzatfĵ s), £2(s)} (3.0.11)

s+ 1

in which tr,-(G)=l, Suppose also that a reduced order approximation in !lGff(l) is required. Any 

solution of the form

F(s)=diag^f1{s), (3.0.12)

is an optimal approximation to G(s), provided that f2(s) is chosen to be in M2f(l) such that

_2__/1 < I
s+ 1  Ji\ -  2 (3.0.13)

For example, the solution

Fap(s) := | } (3.0.14)

results in the all-pass error system,

G — F a p ( s )  —
K s l )  "

• - i t e f )
(3.0.15)

and in this case (s(̂ °(G— F a p ) ,  s??(G— F a p ) ) = ( j j ,  It is clear, however, that we can do better than 

this: Suppose we use our one stable pole to cancel g^s). This gives

Fao{s) =

2

(3.0.16)

resulting in an error system

G - F 30{ s) =
0

2 \ s + l )

(3.0.17)

for which (sf3(G — Fso), s£°(G— Fi0))= ^ , oj. This is the super-optimal approximation to G(s). The 

case in which the (1, 2) and (2, 1) elements are present in (3.0.11) is harder, and a formal algorithmic 

procedure is required.
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3.1 P relim in aries

This section provides a description of all k-th order optimal approximations of a rational 

transfer function G0(s)ER36+5,̂ pXm̂  The description is in terms of a balanced realisation of G0(s) and 

is based on [Gl, Theorem 8.7]. If G0(s)—(4 , B, C, D) is balanced and minimal, the following 

Lyapunov equations are satisfied:

AP+PA*+BB '= 0 (3.1.1)

A*Q+QA+(?C=Q (3.1.2)

in which

P=Q=diagCL, (rk+1) (3.1.3)

where

T,= diag(crlt ••• ,a k, (rk+2, ••• , a n) (3.1.4)

Remark 3.1.1

In the interest of a clear presentation, it is assumed that the (l-f l)th  Hankel singular value is 

unique. Matrices A, B and Care partitioned conformally with P and Q in (3.1.3) as

^11 4̂ 1 o B i r
; B  = ; C  = C i C 2

A 2 i 4  22 Bn

In a further attempt to keep the notation simple, it will be assumed that G0(s) has been scaled to give 

C2C2= B 2B2= \ • This involves no loss of generality, since, by the (2, 2) blocks of equations 3.1.1 and 

3.1.2 the (column) vectors C2 and B2 have equal lengths.

The next Lemma parametrises the family of all optimal Hankel-norm approximations and their 

corresponding extensions in terms of an (arbitrary) unstable contraction.

L em m a 3.1.1

Let the transfer function C0 (s) e R3G+3’ p̂Xm̂  have a stable, minimal and balanced realisation 

C0 (s)=(i4, B, C, D) with Hankel singular values cr1> - ‘ '>(rk>(Tk+1> a k+2> - - - > a n>0.  Suppose also 

that

r = £2—crjfe+1/n_i (3.1.6)

Then all error systems E(s)=G0{s) — F(s) with 

ll^lloo^Jfe + l=:cT (3.1.7)
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and F(s)€%™(kr) are generated by

E { s ) = V ±ff(s)) U(s)ê %-

in which H ( s ) H * ( s ) = ( t 2I, and

'o+Fn F\2
F2\ F22

(3.1.8)

(3.1.9)

where

F(s)=
r-'i^Ah+ZAnZ-crClUBl) r _1(E B^aClU)

-{CfL+cUBD crU bHb1

— aBĵ Bl aB̂_ 0

(3.1.10)

Also F(5)GlRK̂0,̂ p"̂ Tn ^(k). The matrices U, Bj_ and C_j_ are defined in the proof.

Proof:

This Lemma is a minor variation of [Gl, Theorem 8.7] and [G4]. Since

B2B2 = C2C2 = 1 (3.1.11)

there exist orthogonal extensions to Cf2 and B2 such that

r 1 " 1(ft
C n  =

0 . b2
B'2 =

0

C ±
0 0

We know from [Gl, Theorem 8.7] that all error systems may be characterised in terms of a matrix 
Ar(s)€<iB;}tf? which must satisfy

C2+K(s)B2=0 
Next, (3.1.13) implies that

C*2
C l

C2 +
C2

c ±
A'(S)[ B\ Bj_] B2

B l
B n  = 0

(3.1.13)

(3.1.14)

or
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1
0

0
+

C*2

C±
A'(S)[ b; B-j.] = 0 (3.1.15)

(3.1.15) together with the fact that

cr2

Cj.
K(s)[ B\ B j_] < 1

oo

implies

0*2

Cl A'(S)[ Bl  B j . ]  =

1 0 ... 0 
0
: u(s)
0

Consequently,

— A'(s)——[  C2 C l ]

1 0 ... 0 
0
; u(s)
0

b 2

=  U - C ± U(s)B±  ; U : = - C 2B2

(3.1.16)

(3.1.17)

(3.1.18)

Substituting the characterisation of K(s) given in (3.1.18) into [Gl, Theorem 8.7] yield the result. The 

all-pass character of H(s) follows from a calculation almost identical to the one given in the proof of 

[Gl, Theorem 6.3]. □

3.2 D efin ition  o f th e  H ankel operator

For a linear, time-invariant and causal system with input u(/)GJL2(0, o o ; Cm) and output 

y (/)= i.2(0 , oo; Cp), the input/output map may be expressed as the convolution,

0°
y( * ) = J  h(i—s)u(s)ds=h(t)*u(t) (3.1.1)

o

where h(t) is the system’s impulse response. The Hankel operator T/, in the time domain is defined by,

Th : £ 2 (0, oo; Cm) - I , 2(0, oo; Cp)
OO

{Thu ) ( t ) = J  h{t+s)u(s)ds (3.2.2)
o

Defining v ( t ) = u [ — i) ,  we see that (3.1.1) may be rewritten as
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00 u

(Thu)(t)=Jh{i+s)v( — s)ds= J h(t—s)v(s)ds=h(i)*v(t) (3.2.3)

and so, the Hankel operator may be interpreted as the input-output map between past square- 

integrable inputs to future square-integrable outputs via the state x(0) at /=0. In the s-domain, the 

Hankel operator may be defined as

TG:%£--+%2

r Gu(s)=[GU(s)]+ (3.2.4)

where [•] denotes the operation of taking stable projection. The equivalence of the two definitions 

follows by considering the multiplication/convolution duality of the Laplace transform in the time and 

frequency domains. The following diagram summarises the definition of the Hankel operator in the two 

domains:

«(<)€i,2(0, oo; Cm) —£ (Tftu)(f)=Jh(t+s)u(s)ds€.L2(0, oo; Cp)
I / 0' h-u(-t)

u{ — Cm) J. L-transform

j L-transform
p

a (-s )eK j 'm S  [G „(_s)]+gKP

In discrete-time, the Hankel operator may be defined in a similar way. Consider the asymptotically 

stable system,

{ xk + l = Axk+Buk > yh= Cxk} (3.2.5;

and suppose that its transfer function G(z l)—C{zI— A) lB is expanded as the infinite series,- i  r> •

G{z- l) = J 2 C A k~lB z -k:= Y l Hkz~k (3-2.6)
Jt=i Jt=i

• • • L IThe coefficients of this series expansion Hk=CA B are known as the Markov parameters. They are the 

Fourier coefficients of G(z-1) and may be evaluated via the integrals

(3.2.7)

defined around the unit circle. The doubly-infinite (block) Hankel matrix is defined as
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This may be decomposed as

Hi h2 h3 ••• c
h2 H3 CA
h3 CA2

_ •' _

AB A2B ••• ] =  W0WC (3.2.9)

Considering the composition of the two mappings

u- \ « -i
1------O
1___

Wc :

1--
---

---
--- si

...
 

| to
I__

__
__

_ iioT

i
si

..
. 

, to
i __

__
__

_ w 0 : x0->

i

• • 
• 

^
 

i __
__

__
_ (3.2.10)

the Hankel matrix may again be interpreted as the map between the past (square sumable) input 

sequence to the future (square sumable) output sequence via the state at t=  0. Note also that since 

rank( Wc) and rank( W0) are equal to the number of controllable and observable states respectively, the 

rank of the Hankel matrix is finite and bounded by the MacMillan degree of G{z~l). In fact, due to 

Kronecker’s theorem (see e.g. [Gl]), this bound is tight.

The Hankel singular values {<rj are the square-roots of the eigenvalues of (H*H in

discrete-time), where T£ is the adjoint operator,

OO

( n y ) ( t ) = J h ’(t+s)y(s)ds (3.2.11)
o

and yE 1 .2(0 , 0 0 ; Cp). Since rank(Th)=deg(G) the number of Hankel singular values is also equal to this 

number. It may be shown [Gl] that a?=\ i (PQ)  where P and Q are the controllability and 

observability Grammians of the realisation of G(s), i.e.

CO

P= J eA iBB’eAmidt

and

Q
OO

, / / ■ i C C e A i dt

or, equivalently as the solutions to the Lyapunov equations

(3.2.12)

(3.2.13)

AP+PA*+BB*=0  (3.2.14)

and

A mQ + Q A + C G = 0  (3.2.15)

Note that if (.4, 5, C)  undergoes a general basis change, [ A ,  5, C ] ^ - r { T A T ~ l , T B , C T ~l) P  and Q

undergo the congruence transformations P - ^ T P T "  and Q ^ T r~ * Q T ~ 1, so that P Q - + T ( P Q ) T ^ 1. This
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implies that the Hankel singular values are invariant under state-space transformations as is expected 

from the definition of the Hankel operator purely in input/output transfer terms.

A special basis exists [Gl], [M2] for which

00 00

P= JeA tBB'eA*i di=Q= J C C e A i di=Z=diag(av  <r2, ••• , a n) (3.2.16)
0 0

where {crt} are the Hankel singular values of G(s). Such a realisation is called “balanced'. The existence 

of balanced realisations may be verified by introducing a transformation T= YTl^2lTR in an 

(arbitrary) minimal realisation (A, 5 , C) of G(s) with corresponding controllability and observability 

grammians P and Q, where R is a Cholesky factor of Q (i.e. Q=R*R) and RPR“ admits the singular 

value decomposition RPR*=UT,2U*. Balanced realisations for a particular singular value ordering are 

essentially unique (up to an arbitrary unitary transformation T  such that 7TI=ET) [Gl].

3 .3  Singular vectors o f th e  H ankel operator

Let (A, B, C) be a minimal and balanced realisation of G(s). The impulse response of the 

system, h(-), may be decomposed as

h(t+r)  =  c / ((+ r )B =
1 =  1 J

-  E <T< ( ^ Ce'4i<:0 ( ,p ‘£ie>5TB)

1=1

where we have denoted by ef the i-th unit (column) vector and defined

and

m  =  - b . C ' Atu

9\(t) =

(3.3.1)

(3.3.2)

(3.3.3)

for i= l, 2, ••• , n. Note that since A is asymptotically stable, { /{} and {g{} are X2(0, 0 0 ) functions. In 

addition the { f  } and {^.} are orthonormal. For example, for the {/ .}'s,

< 4 / i> I 2(o.co) = / w W *

/  -j=J= e;e'4"'C '<V Uej d i
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= -j^ ‘* ( JeA'tCrCeAt it)u

V  f* E U =  h i  (3.3.4)
* 3

where we have made use of the assumption that the realisation is balanced, so that the observability 

grammian is equal to E. Similarly, on using the fact that the controllability grammian is also equal to 

E, {<7t.} can also be seen to be a collection of orthonormal functions in JL2(0, oo). Next consider the 

definition of the Hankel operator in the time-domain:

OO

( i » ( o  =  J h(t+s)u(s)ds 
o

X / 7*/,■(*)£•(r) U(T) dr
i= 1

OO
= /,(<)

1=1

n
= ”> « 0,cc)j=i

This is the polar decomposition of T G\ in particular, choosing as input vectors

“(0 = ^(0 ;=1, 2, ••• , n

we obtain that

(3.3.5)

(3.3.6)

(rh 9 j ) { t )  =  J2<rif i(t)<gi, 9 j > L 2 ( 0 , o o ) = < r j f j ( i ) (3-3-7)
t=i

since {^.} are orthonormal in T2(0, co). Hence, for the { / .) ’s and {<7.}’s defined in (3.3.2) and (3.3.3) 

we may write that

r i>3j= ° j f j (3.3.8)

r t f - (3.3.9)

for j —1,2, ••• , n, where the second set of relations follows by duality. (/., g.) is called a Schmidt pair of 

Th corresponding to crt- (equivalently, f.  is an eigenvector of ThTh and g ■ an eigenvector of ThTh 

corresponding to cr j). In the s-domain the Schmidt pair of corresponding to is given by the
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Laplace transforms of f-{i) and 9j( — 0  and will be denoted by f . {s) and g^ — s) where 

fj ( s ) = C ( s I - A ) ~ 1en and gj ( - s ) = B * ( s I + A m)~1en.

The next result demonstrates that any Schmidt pair of T q has singular vector type properties 

for (G0—F) i.e. it shows that if F(s) is any optimal approximation of G 0( s ) 6 K + ,  then

( G0- F ) g ( - s ) = a k+1j{s) (3.3.10)

Thus, modulo scaling, J{s) and y(s) are singular vectors of the error system E(s)=(G0 — F)(s) 

corresponding to the (k+l)th  Hankel singular value 0).+i(Gq)-

First a proof for the Nehari case is given and subsequently this is extended to the kjk 0 case.

T h eorem  3.3.1

Suppose G0(s)GlHaiJ?’ m̂Xp̂  and suppose also that F(s)€%T'^mXp  ̂ is any matrix function 

satisfying HGq- F H ^  <t x{Gq). Then (G0- F ) g { - s )  =  T Gg ( - s )  =  cr^GoXfts).

Proof:

A proof in the scalar case is given in [F2, pgs.70-71]. The multivariable extension is trivial and 

is reproduced here for easy reference.

As in [F2], we look at the L 2 norm of (G0 — F)g—T g Qg:

ll(G0- f ) j - r G()f||j = <(G0-^J-[G 0S]+, (G0-fOj-[G0j]+>
=  < ( G 0-F )g ,  {G0 — F)g> — < [ G 0g]+, (G0 — F)g>

— < { G 0—F)g, [G0 ]̂+> + < [G 0y]+, [G0g]+>  (3.3.11)

Since [G0<7] + is orthogonal to the component of ( G0 — F)g, we get

< ( G 0 — F)g, [G0y]+>  =  <[G 0 ]̂_j_, [G0<7]_j_> (3.3.12)

Consequently,

||(G 0 - J > - r God|* =  < ( G 0-F)g ,  ( G0- F ) g > - < [ G 0g)+, [G0g) + >

=  < { G 0-F )g ,  (G0—F)g> — < f  a \ f >

< UGo-FUl IMI 

=  \\G0- F \ \ l - a l  

=  0 (3.3.13)
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This together with Nehari’s theorem completes the proof. □

T h eorem  3 .3 .2  [PI]

Every F(s)E^>^(k) which achieves the infimum

•'"/ l|G0- f | | „ =  <rt+1(G „)«rt(G„) (3.3.14)
f(s )S K !°(t)

satisfies

(G0- F ) h +i ( - s)= TO0h +i ( - s)= ff*+i(Go) l i+M  (3-3.15)

where (gk+v f k+])  is a Schmidt pair of T g0 corresponding to the (k+l)th singular value of T qq.

Proof:

Let F(s) be any (matrix) function which achieves the infimum in (3.3.14) and let Tp  be the 

Hankel operator which it induces. Since P(s)€36f°(£), rank(T p)<k.  Suppose (g{, f.) z=l, 2, ••• are the 

Schmidt pair of r Go associated with crt- and define P to be the orthogonal projection onto 

Span(fv  f2, •••, 4 +1). Then | | r Go-rjr||=<rfc+1(G0) implies that

| | ^ r Go-I > ) ||< < r t+1(G0) (3.3.16)

The operator PT p  mapping Span(g , g2, •••, gk+1) —+Span(fv f2, • • • , /Jk+1) has rank at most k and 

therefore there exists a function of norm equal to one such that

fc + 1
I= £ > jJieA-er(PrY) (3.3.17)

Consequently,

||p (rGo- r f )I||,= ||/T Gox||J<<Tt+1(G0) (3.3.18)

Also,

ll^rGo(E ‘: > ijj)ll2= l|/,( E ': ii“ ir<;0ji)ll2 =yk + 1 Jfc + 1

E A : + 1  2 i | 2 (3.3.19)

since the / . ’s are orthonormal. This implies that 5 Z ^ icrila i |2^ cr*+i an<̂  since crjfc+i<crjfc5:'"<ori 

together with 11 ̂  * 12= 1» we conclude that o t=0 for *=1, 2, ••• k, so that x must be a multiple of



A state-space analysis for a class of H°° optimal control problems -122-

gk + l , say x = /3 g k+ l  with \ / 3 \= l .  Now, since x £ K e r { P T p ) ,  we have that T p x ± S p a n ( f 1, / 2, •••, / fc+1) and 

in particular < r ^ x ,  f k + l > 2=0. Consequently,

\\rGo* - r F*\\l = m Go9M - T F^\l

=  \ \ * k+ J k + 1 \ \ l + \ \ r F x \ \ l

=  * l +i + \ \ r F x \ \ l  (3.3.20)

But since | | T T 1 1 ? ^ —T/r| | 2| l x | w e  conclude that

°'fc+i+llr F a:ll2 ^ o'fc+i=J>rF a:= 0=;>r^ jk +i= 0 (3.3.21)

so th a t

^ G 0 - T F ) g t ^ k+ J k+l (3.3.22)

Also, defining 11 + to be the stable projection operator,

**+. = lki+i/n.,ll2 = lin+(C„-f)jl+1||2

< IK G o -^ ,1 1 ,

=  l |G „ -F |L = < r t+1 (3.3.23)

since F ( s )  achieves the infimum in (3.3.14). This shows that II+ ( G 0 — F ) g k + l= ( G 0 — F ) g k + l= c r k+ 1f k+l as 

required. □

Theorems 3.3.1 and 3.3.2 above define “constraining equations” for the set of all admissible 

approximations (extensions) of £ 0(«s). For example, in the scalar case / .  and g .  are scalar functions and 

F ( s )  is determined u n iq u e ly  as,

f  (s )
F ( s )  =  G M - , , t + 1} * + J _ s ) € K X ?  (3.3.24)

(In addition, in this case, \ J { j w ) \= \ g { — j w ) \  V wEIR, and the resulting error system G 0 — F ( s )  is all 

pass.) In fact, for this special case, the realisations of the Schmidt vectors together with the result from 

Lemma 3.4.1 may be used to obtain the state-space formula of the (unique) optimal approximation 

F ( s )  given in [Gl] directly from (3.3.15). This derivation is made in the following Lemma. For 

simplicity it is assumed that the ( k + l ) i h  Hankel singular value has multiplicity one and also that the 

realisation of G(s) is real.
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L em m a 3 .3 .3

L e t  <7(s) £ R K ^ ’ ^1x1) h a v e  a r e a l  b a la n c e d  r e a l i s a t i o n  { A ,  B , C) p a r t i t i o n e d  c o n f o r m a l l y  w i th  

th e  g r a m m i a n s  P = Q = l l = d i a g ( ' £ ,  a )  as

w h e r e  a  d e n o t e s  th e  (fc+l)Z/i H a n k e l  s i n g u l a r  va lu e  o f  g (s ) .  T h e n ,  th e  (u n i q u e ) o p t i m a l  H a n k e l - n o r m  

a p p r o x i m a t i o n  i',(s)G R K T' ^l x l \ k )  is  g iv e n  by ( A ,  b, c, d )  as

A : = r - 1(<r2Air1+ £ A 11E-<ruC7' B j ) (3.3.26)

b = T ~ 1 ( ' E B l -\-cr C j  u) (3.3.27)

c= C 1 E + ( t u B J (3.3.28)

d = a u (3.3.29)

w h e r e  r=E2 — a 2I  a n d  u s a t i s f i e s  B 2=  — u C 2 .

Proof:

From Lemma 3.4.1, the Schmidt vectors J{s) and g( — s) corresponding to a  may be scaled to 

£(s) and xp(s) respectively as A 5)—£(5)0(5) an^ <7( — s ) =  — ip(s)<f)( — s) where,

^ ( s ) = C 1 { s I - A n ) ~ 1 A 1 2 + C 2 , i P { s ) = - B j ( s I + A j 1 ) ~ 1A ^ 1+ B j  (3.3.30a6)

and

0 (s)= [s—A 22  — A 2 1 ( s I —  1̂ 4i 2]—1= d e t ( s I — A u ) / d e t ( s I — A )  (3.3.31)

From the (2, 2) blocks of equations 3.1.1 and 3.1.2 (with the partitioning induced by (3.3.25)) we 

obtain that B 2 B 2= C 2 C 2 =  — 2<t A 22 with B 2, C 2 and A 22 scalar. Assume next without loss of generality 

th a t B 2> 0 (otherwise the realisation resulting from the transformation T = d i a g ( I n _ 1, —1) is still 

balanced); further assume that C 2 > 0. (3.1.1) and (3.1.2) now imply that

C 2—B 2— ^— 2 a  A 2o

The (unique) optimal error system G — F  may be written as

G - F - a
A s )

9 ( ~ s )

d e t ( s I - \ -A )  d e t ( s I — A n ) 

d e t ( s I - A )  d e t ( s I - \ - A n )
£ ( s ) i p  x(s)

(3.3.32)

(3.3.33)

(3.3.34)

(3 .3 .3 5 )

0  *(s) may be written as
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^ — 2 a  A  22

where we have defined

(3.3.36)

A = Y - \ a 2A j l + Y , A n ? : + a C l  B j )  (3.3.37)

6= r“ 1(E51- <rC'J’) (3.3.38)

and have substituted from (3.3.32), (3.3.34) and (3.1.1). Also define

6 ( s ) = d e t { s I - A n ) / d e i { s I + A n ) (3.3.39)

Since 6 (5 ) is all-pass with <$(oo)=l and d e g (8 ) = n — 1 , (3.3.39) may be written in a balanced state-space 

as

6 ( s ) = l + C 1 Z ~ 1 ( s I + A j l ) ~ 1C j  (3.3.40)

Cascading 6 (5 ) with £(s) and using equations from various sub-blocks of (3.1.2) to remove the 

(unobservable) modes of A n  results in

<5(s)£(s)= C j j - C j Z r V + A j i r V A j i  (3.3.41)

Similarly with (3.3.39) define,

A { s ) : = d e t ( s I + A ) / d e i ( s I - A ) = l - C ( s I - A ) - 1 £ - 1 C T (3.3.42)

Introducing a finer partitioning in (3.3.42) which is conformal with (3.1.3) gives after cascading with 

6(s),

A $ T

A(s)<5(s)£(s) = 0 - A t — ctA T 1

C 0 C 2

where we defined

---
---

--
1

0

__
__

_
1 1

to __
__

_1

1
(-2

7b_____
1

- a ~ l C l C 2

(3.3.43)

(3.3.44)

and used the state-space transformation
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T  =

I
0
0

0 E -1

1 0 
0 I

Finally, cascading (3.3.43) with (3.3.36) and introducing the transformation

(3.3.45)

I 0 0 0

0 I 0 0

0 0 I <r2I

0 0 0 I

to remove the uncontrollable modes of — A ^  together with

I 0 E

0 I 0

0 0 I

(3.3.46)

(3.3.47)

in the resulting realisation, gives the decomposition

A { s) 8 ( s) £ ( s) tP ~ 1( s) =  — C ( s l — A ) ~ l B  +-l A r - 1( - E 5 1+<rC;r )

— CjE + ct- B \ a
(3.3.48)

F { s ) = c r + ( C 1 Tl - a B j ) { s I - r - \ c T 2A j 1+ T lA n L - a C j B j ) ' j  V '^ E B ^ a C j )  (3.3.49)

This is in agreement with [Gl, Theorem 6.3] on noting that u =  — 1 due to the choice in the sign of C2. 

(Choosing C2< 0 gives an identical result). □

In general, the relation ( G 0 — F )g (  — s ) = a k_^1 j { s )  does not constrain completely the admissible 

approxim ations as is shown in the following example:

Example 3.3.1

Again let

G ( s )  =

2
5+1

0 1
5 + 1

=  d i a g { g ^  g2} (3.3.50)

and consider equation { G — F )g (  — s ) = a k+ lj [ s )  as constraining the elements of an optimal Hankel-norm 

approxim ation F(s)€3t^°(A:). The Schmidt vectors corresponding to cr2=  1 may be written as
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»>(-') = [ 0 -A I
/ . w = &  * )- '< > = [ » A ] T

(3.3.51)

(3.3.52)

Hence, ( G — F ) g (  — s ) = ( ? k + 1j { s )  implies that

-2—  /  
s+1 -'ll

- l .2 1

~ f n 0 0

- i ----- /S+1 y 22

—
s—1 s—1

(3.3.53)

From the first block of this equation we conclude that f  A s )—0 while the second block fixes L A s )  as

A + ) = STT + 2 (3.3.54)

Hence, the family of admissible error systems is constrained to

G (s)-«?(s)

—— /  0 s+1 -'ll

_ /  - L ( s = l )-i 2 \s+ ly

(3.3.55)

i 9 iNext note that the norm constraint \ \ G — ̂ 11^=2 implies that / 21(s)= 0 and | —/ 11ll0O< 2 ^  bef°re* 

Formally, minimising s£°(-) in the family of all optimal Hankel-norm approximations, may be 

expressed in this case (since no stable pole has been used in / 22) as

i n f

/n eK ?( i)
(3.3.56)

This has the trivial solution /  =  resulting in the super-optimal approximation

F s o ( s )

as before.

2
s+1

0

0

1
2

(3.3.57)

□

Remark 3.3.1

The constraining equations { G Q— F ) g (  — s)=<rk+1j [ s )  may be verified directly from the state-

space realisations describing the family of all optimal approximations given in [Gl] or [L6]: Following
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the proof of Lemma 3.3.3, (3.3.15) may be written in state-space terms as 

or, equivalently, as

A B B \ B B \

0 - A n - A n

C D B \ - C j : O
’

ta to 
t 1

1 __
_

where we have defined ®F(s)=(.A, B ,  C ,  D ). Using the state-space parametrisation in 

error system may be written as

g (s)= G —S(s)

A 0 B
A t Be

0 A B —
c e B e

c - C - D

which satisfies the bounded-real type equations.

— (.AeB.+P eA e* h B eB e) - ( B ,D 'e+ P , C , ) Le

- ( B e D ; + P ' C i y l —DtB\ We
LZ W ]

with

P e  =

E 0 / 0

0 a 0 0

/ 0 E r _1 0

0 0 0

1

‘Q,
CNb

-

E

0

P13

0 Pl3
<7 0
0 COCO

and L e of the form L \= [0 | -] partitioned conformally with the A  m atrix in 

transformation

T -
I  - P i  3 
0 /

in the state-space of (3.3.59), gives

A P 1 3 A 1 1 + A P  1 3 -f B B i P  13-^2l4" B B 2

0 — A n - A n

c C P l z + D B l - C ^ D B ^ - c r C i

(3.3.58)

(3.3.59)

[L6], any optimal

(3.3.60)

(3.3.61)

(3.3.62)

g. Invoking the

(3.3.63)

(3.3.64)
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The constraining equations (3.3.58) may now be verified: The A (l, 2) and the B (l) blocks in (3.3.64) 

vanish on using the (1,3) and (2,3) block equations which correspond to the (1, 1) block of (3.3.61). 

Similarly the C(2) term and the D-matrix may also be shown to be identically zero on using the (1,1) 

and the (1,2) block equations which correspond to the (1, 2) block of (3.3.61).

3.4  Scaling o f Schm idt vectors and construction  o f all-pass com p letion s

In our application, we use J { s) and g (s )  as a basis for constructing two all-pass transformations 

to be used in a diagonalisation procedure. The next Lemma represents the first step in a two stage 

scaling process. The aim is to find vectors £ ( s )  and 'ip(s) which have full-rank a t infinity, but which 

retain the singular vector properties of the Schmidt pair.

L em m a 3.4.1

L e i  G0(s)=(A, J9, C, D ) be th e  m i n i m a l  a n d  b a la n c e d  r e a l i s a t i o n  r e f e r r e d  to  in  (3.1.1) to  

(3.1.3). T h e n

a ) K s ) = ( A , «n, C, 0) (3.4.1a)

g ( s ) ± ( - A ' ,  en, B \  0) (3.4.16)

a r e  a S c h m i d t  p a i r  f o r  th e  H a n k e l  o p e r a t o r  T q q c o r r e s p o n d i n g  to  th e  s i n g u l a r  v a lu e  crJt+1. A l s o

in  w h ic h

b) j[ s )= 4 > {s)S {s)  

g ( s ) = 4>m(s)i>{s)

tp ( s ) =

A  i i A \ 2

Ci c 2

— A ii - A 2 1

B \

; £Ou>):̂ 0, u e1Ru {oo}

; V’C M ^ O ,  w G 1 R U { c o }

(3.4.2a)

(3.4.26)

(3.4.3a)

(3.4.36)

0(s) =  d e t ( s I — A i i ) / d e t ( s f — A ) (3.4.4)

Proof:

A proof of the (a) part is given in [F2, pg.69j. This proof is adapted by assuming that the

controllability and observability grammians are balanced. That is
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P —Q —diag((T l5 •••, c j., Ck+2 > (3.4.5)

To prove (b) note that

c 2]
si—A n  

- A 2 i s i —A 2 2

(3.4.6)

Invoking a result on the inverse of a partitioned m atrix [Kl, pg 656] we get

A s )  = [< ? !  C 2 ]
( s I — A n ) 1A 12

1
[ s i — A 2 2 ~  A 2 \ { s l — A n ) 1A 12]

=  t{s)<t>{s) (3.4.7)

by the Schur formulae for partitioned determinants.

When proving that ^(jcj) 9^0, we deal with infinity first. Clearly, £(oo)=C 27^0 by standard 

balanced realisation results. Next, observe that

( j a + A ' ) Z + Z ( A - j a ) + C r C =  0 (3.4.8)

Since no eigenvalue of A  is on the imaginary axis, we can write

0‘ar+j4’)-1E+E(.4 — j a ) ~ l + ( j a + A m) ~ l C* C { A — j a ) ~ l =  0 (3.4.9)

or more compactly

A mZ + Z A + C * C  =  0 (3.4.10)

in which

A \ = { A - j a ) ~ l C — C i A - j a ) - 1 (3.4.11)

Finally,

i r n S A c n + i U j a + A T ' C C i A - j a r ' c n  =  0 (3.4.12)

Since [A, C ] is balanced by (3.4.10), and since A  has no eigenvalues on the imaginary axis, CnE/len^ 0  

and s o / ‘(jo )y (;a )^0 = > i/(<;'o )^0 .

The results pertaining to g(s) and tp (s) are proved in the same way. □
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The following Lemma shows that the realisations of J[s) and £(s) given above have the same 

number of uncontrollable modes. Since both (A, C) and (An , C{) are observable pairs, 

d e g ( £ ) = d e g ( f )  — 1. A dual argument shows that d eg (x p )= d e g (g )  — 1.

L em m a 3 .4 .2

T h e  p a i r s  (A, en) a n d  (An , A12) h a v e  th e  s a m e  n u m b e r  o f  u n c o n t r o l l a b l e  m o d e s .

Proof:

Assume first that ( A ,  e n ) is controllable and suppose for contradiction that there exist a Ag C 

and a 0 ^ 0  such that

/?*[A7—A n| A12]—0 (3.4.13)

This implies that

[0* I 0]
A/—A n — ̂ 1 2  0n_:i

— A  21 A —A22 1
= 0 (3.4.14)

which contradicts the assumed controllability of (A, e n )-

Next, assume that k modes of the pair (A, en) are uncontrollable. Then there exists a non- 

singular transform ation T  such that

T A  1 ~ 1=
An 0

l 2 1  ■'1 2 2

(3.4.15)

and

Tcn=Zn (3.4.16)

in which A u E C k x k ; it has also been assumed without loss of generality that the pair (A22, £„_*) has 

been put into controllable canonical form. Now (3.4.16) implies that T  has the form

T  =
Tn

r 21

0
1

in which T n  is non-singular. Further let T A T ~ l in (3.4.15) be partitioned finer as

(3.4.17)

A n 0l,n-Jk-l 0

A2i ^22 •̂ 23

^31 ^32 ^33

T A T l= (3.4.18)
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in which A 3 3  is a scalar. Then,

A n  A 12

l21 -̂ 22
^ T l  ® n - l

T2iI7i 1

T,li
21

(3.4.19)

which implies that

Mil I ^ 12]

so that

—

T ~ l 1 11
A n  0

T n + T 7 l
0

T 2l T ~ l 1 11

0

_
■^21 - ^ 2 2 ^23 ^23

(3.4.20)

( s I — A u ) M 12—[ A 2 2 A~A2 3 T 2 | ^ 2 3 ] (3.4.21)

where the uncontrollable modes of in (3.4.20) have been removed by introducing the

transform ation Tn  and have defined

T2i 77i‘=[ f i  I f 2 ]

with T 1 E. C l x k . Since

(3.4.22)

(3.4.23)

is controllable be construction so is ( A 22, A 23) an^ hence (3.4.21) is minimal. □

To scale f(s) to be of unit length, note that the scalar function £’(s)£(s) is positive on the 

imaginary axis (by 3.16a) and hence can be spectrally factorised. In particular, let ^= nd_1 be a 

coprime factorisation over the polynomials with ^ m̂ = d ~ l,n * n d ~ 1. Factoring n * n = n * n  where n is scalar 

with its zeros in C +, we obtain

,pX1 (3.4.24)

with v * v ( s ) = l .

The construction of Vj_(s) such that V = [ v  V jJ(s) is all-pass, is given in [Gl, Theorem 5.2] 

and is possible without increasing the MacMillan degree (i.e. deg( V ) = d e g ( v ) ) .  Explicit state-space 

formulae for F(s) and IT(s) may obtained in terms of the solutions of Riccati equations. The details 

appear later in the section.
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The construction given above may be summarised by the following Lemma.

L em m a 3 .4 .3

T h e r e  e x i s t  a l l -p a s s  m a t r i c e s  Vr€R%^°’pXp a n d  g i v e n  by

V — [v l/j_](s) w i t h  (3.4.25)

a n d

W = [ w  W jJ(s) w i t h  w = g ( w * g ) ~ 1 (3.4.26)

F u r t h e r m o r e ,  m i n i m a l  r e a l i s a t i o n s  o f  V1(s) a n d  W(s) a re  c o n tr o l la b le  f r o m  th e  f i r s t  in p u t .

Proof:

Follows from the discussion in this section. □

Next, we give a concrete state-space construction of the scaled Schmidt vectors v (s )  and w (s )  

along with their all-pass completions which are derived from standard spectral factorisation theory.

Scaling £ (s)= C 2+ C 1(s /— ̂ l l )  ^ 1 2  to unit length as v(s)=£(s)m ^s), requires the spectral 

factorisation ^*(s)^(s)=m*'(s)m(s). Since v(s) is required to be completely unstable (for reasons th a t will 

become apparent later), the spectral factor m ( s )  m ust be non-minimum phase. This is achieved by 

choosing the appropriate solution to the corresponding Riccati equation [A2j. The construction of the 

all-pass completion Vj_(s) may be achieved in a standard manner [Gl] and requires no increase in 

degree; this accounts for the fact that minimal realisations of F(s) and JT(s) are controllable from the 

first input.

Forming the product £*(s)£(s) and decomposing into stable and unstable parts gives

- A h CIC,

lCJ

0 An A12

— An 1

- A h 0 C[ Co~ĥ Ai2
0 An A12

- A h 1

Thus

r(sK(s)=C(s)+C*(s)

where

C(s):— v A 2\{ sI — An) A l2

(3.4.27)

(3.4.28)

(3.4.29)
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on substituting from (3.1.1). Since C(s) is asymptotically stable and C(s)+C*(5)=£*(5)£(s)i C(5) is 

positive-real. The spectral factor m(s) and the scaled Schmidt vector t;(s) may be constructed via a 

controllable realisation of C(s).

If (v4n, A l2 ) is completely controllable, v(s) is given by

v{s)~ + n++i2(+i2^— Ĉ Ci) +12
Cj_Cj_C1+C2A12fi C2 (3.4.30)

where Q  is the destabilising solution to the Riccati equation

t o { A n - A n <?2 C l ) + { A n - A u C 2 C t f t o + t o A n A l 2 t o - C [ C ' ' L C ± C l =  0 (3.4.31)

The corresponding Hamiltonian m atrix for this equation is given by

+ 11 — ̂ 12^2^1 + 12+12
H'= CJClCxC, - ( A n - A n C ^ Y

(3.4.32)

which is free of imaginary axis eigenvalues since £(s) is full rank everywhere on the jw-axis. In the case 

th a t (A n, j412) is not completely controllable, a transformation T\ in the state space of (3.4.3a) gives

tfs) =
+ 11 A in
Ci C2

r~
A u A12 A13

0 .4 2 2 0

Cl C 2

-----1

0"

(3.4.33)

in which (A n, ^ 13) is completely controllable. In this basis, d( s) g K _  may be constructed as

i;(s)= +n++i3(Ai3f2r — C*2Ci) + 13
C* 1 C | Ci~f C2Ai3flr c2 (3.4.34)

where Q r is the destabilising solution to the Riccati equation

f t r ( j 4 n  — + i 3 ^ ' 2 ^ ' i ) + ( + i i — A ^ C ^ C i )  ^ r " h f2 rj 4 i 3 ^ i 3 Q r — C 1 C*_l C C i =  0 ( 3 . 4 . 3 5 )

In this case, since (An, Ai3) is controllable by construction while the corresponding Hamiltonian is 

again free of jw-axis eigenvalues, the destabilising solution f2r is guaranteed to exist.

An all-pass completion to i>(s) can be constructed as

V ± ( s ) i +  ll+ + 1 2 (  +  12 ^— C2 C1) Q # C [ C l

C j_ C  _|_ C1+  C2A i2f i (3.4.36)
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Note that even if (A n, Ai2) is not completely controllable, [v | V_J may be described by the (non- 

minimal) realisation,

n » )  =  [® i v ' j  - A n + A 12(A12f i— C^Cj) Al2 n * c [ c r ±

C | C  | Cj-l-C2A i2f̂ c 2 1

in which

Q := Tx
Qr 0 
0 0 Ti (3.4.38)

This may be verified by augmenting the state space realisation of [v | V jJ corresponding to (3.4.34) 

and (3.4.36) by the uncontrollable modes of A22 ^

An+Ai3(Ai3Qr — CoC i) A\2—Ai^C^C 2 A13 n t  c i c ±
0 A22 0 0

Cj_ Cj-j-C2Aj 3f2r C j.C x C2 c2 1

and subsequently applying the state-space transformation T f1.

A similar treatm ent may be used for the scaling of ip (s)  to w(s) and the construction of 

[w | f f jJ ( s ) .  Assuming that (An , A2i) is an observable pair,

W(s) = [w  I W± ) = — An — A2i(A2iQ — B o B ^ ) — A2i
B \ B  L B \ + B ' 2A 2S l b ; b \ (3.4.40)

where Q  is the destabilising solution to the Riccati equation

Q(j4h — R^R2A2i) -{-(An— 5 iR 2A2i)f2-f-f2A2iA2i£7— B ^ B  ̂ B  ̂ B ^— 0 (3.4.41)

Again, if (An , A2i) is not completely observable a state-space transformation T 1 may be defined in the 

state-space of

Ms) =

1
1 ft 1 »-* 
ft

to __
__

1

T i -A n

# CN 1 1 .̂1 w 
»

__
_l

B \ 0 -A 22 0

i«f 

____
1

B *2 B \

(3.4.42)

in which (A^, A31) is an observable pair. In this basis W = [ w  | WjJ may be constructed as
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W(s) =  [ti; | W_J  = — An —A31(A31fir —5 25 i ) - A ^  - n # 5!R j_

B  j _ B  j _ B l + B 2A 3 iClr B \  B \

where Clr is defined as the destabilising solution to the (reduced) Riccati equation 

— B 1 B 2 A 3 1 ) +  ( A n  — 5 i 5 2 j 4 3 i ) f i r + f i r ^ 2 1 - ^ 2 1 ^ r  — B \ B  J_B J_B i = 0  

which now is guaranteed to exist. Again, by defining

(3.4.43)

(3.4.44)

Q := T\
Qr
0 Ti (3.4.45)

it may be verified th a t (3.4.40) still defines a (non-minimal) realisation of IT(s) even in the case that 

(A n , A2i ) is not observable.

The next Lemma shows that the reduced-order Riccati equations Q r and Q r defined in the 

construction of K(s) and If(s) exist and are positive definite.

L em m a 3 .4 .4

I n  th e  N e h a r i - e x t e n s i o n  c a se  th e  d e s ta b i l i s in g  s o l u t i o n s  a n d  Q r a re  p o s i t i v e  d e f in i t e .

Proof:

Consider first the algebraic Riccati equation

Qr( — j4i j-f-j4j3 C*i)■+"( - 4 A 13^2^i) ^r-4i3Ai3f)r+Ci — 0 (3.4.46)

By construction, (A n, A j3) controllable => ( -A n + A n C iC j ,  A j3) controllable. In addition,

— An+A13C^C1 — 4 i3Ai3

— C1C‘ĵ C^C1 (4n ~ 4 13Ĉ C'1)
(3.4.47)

is free of ;'u;-axis eigenvalues. To see why this must be so, note that if H  had a jw-eigenvalue this would 

had to be either an uncontrollable mode of

[—An+A13Ĉ C'1, A13] (3.4.48)

or an unobservable mode of

— An+A^C^Ci

CL C,
(3.4.49)
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Again (3.4.48) is controllable by construction. The fact that (3.4.49) has no unobservable modes on the 

j u  axis (in fact nowhere in the CLHP) follows from the second part of the proof.

From Lemma 2.1.3,

R a n k ( Q r ) =  { #  u n s t a b le  e ig e n v a lu e s  o f  — A n + A 1 3 C ^ C i )  +

{ #  s ta b le  e i g e n v a lu e s  o f  — A11+ A 13C^C'1 w h ic h  a r e  o b s e r v a b le  t h r o u g h  C± Ci}

To prove that Q r is non-singular, therefore, it suffices to show th a t all stable eigenvalues of 

— are observable through Cj^C^ Next, suppose for contradiction that A is a stable, 

unobservable mode of this pair. Then 3 such that

AZ-f-Aji—-̂ 12 ̂ 2

C ± C 1
(3.4.50)

which implies that

M - r - ' A T - E r - ' C i C j ^ C j ^ C !
C ± C 1

£=o (3.4.51)

where we have defined A=T 1 { a 2A \ l - \ - E A n E  — a C [ U B \ )  and substituted from (3.1.1), (3.1.2), (3.1.3), 

(3.1.18) and (3.1.11). (3.4.51) implies that

(A /-A ') ( rO = 0  (3.4.52)

which is impossible since A  is completely unstable and T  is non-singular. The non-singularity of Q  

follows by a  dual argument. □

The state-space construction of l/(s) and lF(s) when the Riccati equations (3.4.31) and (3.4.41) 

are solvable is summarised in the following Theorem.

T h eorem  3.4.5

S u p p o s e  t h a t  a n d  Q. s a t i s f y  th e  a lg e b r a ic  R i c c a t i  e q u a t i o n s

£2( A 1 1 — A  1 2 ^ 2  Ci)~f-(-̂ 411 — ̂ 1 2 ^ 2  Ci) A j2^i2^ — Cj Cj_ C  | C i — 0 (3.4.53)

a n d

T h e n

— B xB2A 2l) “l-(̂ 41 1  — BiB2A2i)&~\~&A2\A2i&—B i B j^B ĵ B i — 0 (3.4.54)
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a n d

F(s) =  [v | V i }  ± A n + A 12(A12ft — C*2 C]) Al2
Cj_ C  j_ Ci+ C2 A  i 2f2 c2

b*

W(s) =  [w W ± ] i ~  A n — A21(A21n  — B 2 B i ) —a 21

R_LR_LR1+ R 2A21f2 b 2 B ±

a re  a l l -p a ss .

Proof:

The proof follows from the discussion of the previous section together with standard spectral 

factorisation results [A2]. The method of converting a spectral factorisation problem into the problem 

of solving an algebraic Riccati equation may be found in [A4]. The construction of the all-pass 

completion is given in the proof of [Gl, Theorem 5.2]. □

Remark 3.4.1

A direct com putation will verify th a t (3.4.55) and (3.4.56) are all-pass for any solutions to 

(3.4.53) and (3.4.54). In our application, it is im portant that V(s) and IF(s) have the correct stability 

properties. For this reason we will select the solutions to (3.4.53) and (3.4.54) which make K(s) and 

lF"(s) completely unstable, or, in general, if no such solutions exist, we follow the construction given 

previously. In the future, the solutions to the Riccati equations (3.4.55) and (3.4.56) (or (3.4.35) and 

(3.4.44)) will refer to the destabilising solutions unless otherwise stated.

The next two results establish a number of connections between (3.4.53) and (3.4.54) and their 

associated Hamiltonian matrices. It is first shown that the two Hamiltonians have the same spectrum 

and that they are related in a surprisingly simple way (see (3.4.59)).

L em m a 3.4 .6

T h e  H a m i l t o n i a n s  a s s o c ia t e d  w i th  th e  tw o  R i c c a t i  e q u a t i o n s  (3.4.53) a n d  (3.4.54) a re

a n d

H 2=

An- A12Ĉ C1 

An A2iB2Bi

Ai2Ai2
— (An —A12Ĉ C1)

A2iA2i

— (An —A21R25 1)

(3.4.57)

(3.4.58)

F u r t h e r
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r  -1 - l r
I - E

H i
i - E

- E r - E r (3.4.59)

Proof:

See Appendix 3. A at the end of this Chapter. □

In the first part of the next Lemma a linear fractional connection is established between the 

solutions of the two Riccati equations. This connection is a direct consequence of (3.4.59). In the second 

part we prove a technical result which is required later.

L em m a 3 .4 .7

S u p p o s e  t h a t  S7 a n d  Q a re  s o l u t i o n s  to  th e  R i c c a t i  e q u a t i o n s  (3.4.53) a n d  (3.4.54) r e s p e c t i v e l y ,  

a n d  s u p p o s e  a lso  t h a t  [•] a n d  [•]_ d e n o te  th e  s ta b i l i s i n g  a n d  d e s ta b i l i s in g  s o l u t i o n s  to  t h e s e  e q u a t io n s .  

T h e n  i f  e x i s t s ,

(i) f t_ = 7 £(E, Q l 1) (3.4.60)

w h e r e

— E a l  

a  I  — E
(3.4.61)

(*0 If

A(fi, Q ) :=  Q fi+ E Q + ftE + r (3.4.62)

T h e n

A(fi_, ft+)=0 (3.4.63)

a n d

A (n_ , n_) (3.4.64)

is  n o n - s in g u la r .

Proof:

See Appendix 3.B at the end of this Chapter. □
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3.5 D iagonalisation  o f all-optim al H ankel-norm  app roxim ations (ex ten sion s)

The construction of section 3.5 together with Lemmas 3.3.1 and 3.3.2 imply that V(s) and 

iy(s) will block-diagonalise all the optimal error systems (G0+ F )(s). Moreover, the augmented system

Ga{s) =
G 0( s )  0

0 0
eR%oo, (p+m)x(p+m) (3.5.1)

will have Schmidt vectors [/T(s) 0]T and [</T(s) 0]T and hence is block-diagonalised by

Va(s) :=
K(s) 0

0  Im
W a( s )  :=

W ( s )  0 

0 Ip
(3.5.2)

The Nehari case will first be considered. F (s )  in Lemma 3.3.1 is an optimal Nehari extension of Ga(s). 

so that

o’i(G0)a(s) 0 0

K ( G « + F ) W a( s )  = 0 G \  + Q n Q 12

0 Q 2 1 ®22

(3.5.3)

where a(s) is scalar and all-pass (in fact inner) and Q ^ ^ ( s ) = F 2 2 ( s ) .  Also, the (1,3) and (3,1) blocks of

(3.5.3) are given by

v ' F 1 2 { s ) = 0 F21u>(s)=0 (3.5.4)

Suppose that

A  B A  B A  B
y  j . *  sV = F \ 2  ~

C  D c 1 d x c  b
(3.5.5)

Then (3.5.4) implies that

A B C B D

v* F 12 =  0 i 0 A B

d xC d xD

Since /2e(A,(A))<0 and i2e(At(A ))> 0  the equation

X A - A X + B C = 0 (3.5.7)
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has a unique solution X .  Introducing the basis change

in the state-space of (3.5.6) gives

A  0 B D + X B

0 = 0 A B

Cj d 1 C —c ^ X

I

Since [A , c j  is completely observable by Lemma 3.4.2,

B D + X B = 0, d ^D = Q

This now implies that

\ T F 1 2 { s )

A

0

~5

0 0

A B

D C - C X D D

A B

D C - C X D D

(3.5.8)

(3.5.9)

(3.5.10)

Q
eu%. (3-5.ii;

1 2

Repeating these arguments for F 2 1 W ( s )  completes the proof of the following Lemma.

L em m a 3.5.1

(3.5.3) h o ld s  f o r  a { s) a ll -p a ss ,  G 1 { s ) e U % + ' (̂P -1)x(m- 1} a n d  Q(s) g R K !°1 (p+m" l)x(p+m_l).

F u r t h e r ,

1
* i ( G )

G i + Q n  Q 12

@21 @22
(3.5.12)

is  a l l -p a ss .

Proof:

Follows from the discussion of this section. □

The next result is a state-space version of Lemma 3.5.1; it demonstrates that V'(s) and lT(s) 

will block-diagonalise the entire set of error systems generated by any U ( s ) E <i$>%™‘, even non-rational 

ones. (Recall that E ( s ) = ^ ^ ( H ( s ) ,  ^ U ( s ) )  U (s ) £ c. w h e r e  H (s )  is given in (3.1.9)). In addition, it

gives a simple state-space characterisation of Gx(s) and Q ( s ) in the case that the Riccati equations
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(3.4.53) and (3.4.54) exist. These realisations will be employed a t a later point of this chapter to 

establish MacMillan degree bounds for the super-optimal extension.

T h eorem  3 .5 .2

L e t  H ( s )  be th e  g e n e r a t o r  o f  a ll  N e h a r i  e x t e n s i o n s  g iv e n  in  L e m m a  3.1.1. T h e n ,  a s s u m i n g  th a t  

t h e  R i c c a t i  e q u a t i o n s  3.4.35 a n d  3.4.36 h a v e  p o s i t i v e - d e f i n i t e  d e s t a b i l i s i n g  s o l u t i o n s  ft a n d  ft,

V* 0

0

0 Im

H u h 12

H 2l h 22

w w ± 0

0 0 Ip

in  w h ic h

<ra(s) 0 0

0 G i+Q n ^12
0 ^21 ^22

(3.5.13)

(i) a(s)6lR}t+ a n d  is  a l l -p a s s , (?1e!R% +' (m" l)x(p_l), QelR^^0’ (^ + P - 2 )x(r^+P- 2 )

(n) G^s) ±

(m) Q (s )  =

— An —A2i(A2ift—525 i)
C^Qft-^ftE+r+ftft+Eft) 0

r - \ ( r 2 A mn + X A u Z - ( r C i U B l ) ( ft"1+ r ” 1£ )JB1flj_ - a Y - l C x C L

- C j^ fE + Q - ’ r) 0 —  c r l

O’/ 0

(3.5.14)

(3.5.15)

a  . ( G o )  h a s  b e e n  a b b r e v i a t e d  to  j u s t  a .

Proof:

See Appendix 3.C at the end of this Chapter. □

Remark 3.5.1:

It may be seen from the proof of Theorem 3.5.2 that the decomposition

Vj_ 0

0 I m
H ( s )

W_l 0 

0 IP
<?! 0

0 0
(3.5.16)

with G1(s) g RK+5 and Q (s)6RK !° is independent of the assumption on the existence and non­

singularity of the solutions to the two Riccati equations; the state-space realisation, however, of Gj(s) 

depends on this assumption. Note also that Theorem 3.5.2 remains valid for the Hankel-norm 

approximation case the only change of notation being the substitution of 

Q(s)GR5G!°’(m+p“ 2)x(m+p" 2)) by Q (s)€lR % -,(m+p" 2)x(m+p" 2\it) . □
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Next, Lemma 3.5.1 is generalised to the AAK case.

L em m a 3 .5 .3

T h e  g e n e r a t o r  o f  a ll  k - ih  o r d e r  o p t i m a l  e r r o r  s y s t e m s  G a — F ( s )  c a n  be d ia g o n a l i s e d  as

Jt+la(s) 0 0
0 Gi+Qn Q12
0 Q21 Q22

in  w h ic h

K{G„-F)W„{s) =

(a) a(s) is  i n n e r

( b) G1(s) g 3£+3 a n d  Q(s) €%!?(£), w i th  Q (s )  c o n t a i n i n g  m o d e s  o f  F ( s )  o n ly .

(3.5.17)

(c) 1
Ĵb + lĈ o)

G 1+ Q U ^12

Q21 2̂2
is  a l l -pass . (3.5.18)

Proof:

The augmented system G a(s )  has Schmidt vectors [/T(s) 0]T and [<7T(s) 0]C orresponding to the 

(k + l)th  Hankel singular value of G0(s) and therefore is block-diagonalised by V^s) and lTa(.s). The 

fact that V a( s ) ,  lTa(s) and ( G a — F ) ( s ) are all-pass, implies that

1
**+i(G0)

G1+Qn Qu

^21 ^22
(3.5.19)

and a(s) are all-pass.

To show th a t a(s) is in fact inner, we consider the product 

v * ( G — F x j) w( s ) = m ~  * £ * ( G — F x l) u>( s) (3.5.20)

where m ( s ) = n d ~ 1 ( s ) ^ m ~ * ( s ) = h  *(s)cf (s)= :^---- The only unstable modes in this productn( — 5)
m ust be contained in

^3^r(s)^u(5)u;(s) (3.5.21)

as a subset of the unstable poles of £ * F n (s ) .  A straightforward state-space calculation based on a 

concrete realisation of F ( s )  in (3.1.10) shows that all the poles of -Fn(s) cancel. In fact,

C F n ( s ) = a B 2 - A ' 1 2 ( s I + A ' n ) - 1 Z B l (3.5.22)

On noting that all the modes of a minimal realisation of £ ' F i M  (resulting from removing all the
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unobservable modes of the pair (^4^, ^ 1 2)) are contained in the zeros of d (  —  s) accounts for the 

remaining cancellations of all unstable modes in a (s )  thereby proving that a(s) is inner.

Finally, to show that the decomposition in (b) is valid, assume that K (s), ^ ( s )  and F (s )  

have realisations

K ( * ) =

V

V*1

A B 0

C i d i 0

C 2 b 2 0

0 0 I m

and

w  W j _
A b 2 0

W a( s ) =
s

C di d 2 0
Ip

0 0 0 Ip

Hs) =

A Bi b 2

Cl B n d 12

c 2 d 2 i 0

(3.5.23)

(3.5.24)

(3.5.25)

with V^(s), iya(s)GR3t+ and F(s)EtRIH^(£). Next, let F l 2 ( s )  adm it a right factorisation

F n ( s ) : = N M - ' ( s )  i
a + b 2f

C\-\-D\2F
b 2

d12
A + B 2 F

F

- i - l
b 2

I
(3.5.26)

in which F  is chosen so that \ { A - \ - B 2 F ) C \ \ ( A ) = $ .  This can be done if no stable mode of A  which is 

uncontrollable through B 2 belongs to the spectrum A(v4); in fact no such assumption is required (see 

Remark 3.5.1).

w*-^12(s)= 0=4>- v * N ( s ) = 0  and we may write

0=
A

Ci

B

di

a + b 2f  b 2 

c x+ d 12f  b i 2

A B D 12

0 a + b 2f b 2

C l ^l( C  i^ rF ) i2 F ) ~d\Di2

(3.5.27)

Now let X  be the (unique) solution to the linear matrix equation 

X { A + B 2 F ) - A X + B { C i + D l 2 F) = 0 (3.5.28)

Since K (s) is observable through its First output, the basis change
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X
I

in (3.5.27) establishes that

B D X B 2— 0

(3.5.29)

(3.5.30)

which when substituted back into (3.5.28) gives

X A - A X + B C ^  0 (3.5.31)

A similar argument based on F21u/(s)=0 will establish the existence of a m atrix Y  such that

Y A - A Y + B ^ C ^  0 (3.5.32)

and

Z)21C - C 2y= 0 (3.5.33)

In fact, a long but straightforward calculation based on the proof of Theorem 3.5.2, shows that 

(possibly non-minimal) realisations of y a(s) and fFa(s) exist for which equations (3.5.30) to (3.5.33) 

adm it the solutions X =  — T  and Y — — I. No a priori spectrum assumptions are required.

Forming the product

V*±  0
0 /

G — F n  — F 12  

— F2i —F22

W ±  0

0 /

A B C - B C X - — B D n C —B D 1 1 D 2 —b b  12

0 A 0 B C B D 2 0

0 0 A B XC B i b  2 B n

0 0 0 A B 2 0

G  2 d 2 c — Z?2Z)1]C — b 2 b u b 2 — D 2 D 12

0 0 - c 2 — b 2\ C — b 2 i b 2 0

and introducing the state-space transformations

I 0 - X 0 I 0 0 0

0 I 0 0
t 2 =

0 I 0 0

0 0 I 0 0 0 I Y

0 0 0 / 0 0 0 I

(3.5.34)

(3.5.35)
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together with equations (3.5.30) to (3.5.33) establishes the decomposition

r_j_ o

0 I

G — F n

- f 21

- F 12

— F22

W  J_ 0

0 I

G! 
0

0
0

1̂1 1̂2 

Ql 1 2̂2
(3 .5 .3 6 )

in which Gf1(s)€R3t4° and

A B \ D 2+  y b 2 b 2

Q ( s ) = — D 2 C  ̂ - \-C 2X 0 — b 2b 12 £ U % - { k )  (3.5.37)

G  2 — b 2 1 b 2 0

This proves the result. □

Remark 3.5.2

A direct calculation from the state-space formula for the scaled Schmidt vectors gives the 

following concrete realisation for Q(s) in terms of Q  and fi defined in 3.4.27 and 3.4.34:

Q(s) = Y - \ < t 2A'u + Y , A u Y1 - ( t C 1 U B \ ) (n # + r  ̂ E ) # ^ - ctT - 1 C [ C l

0 — crl

<rl 0

3.6 C onstruction  o f Super-optim al N ehari exten sion s

In this section a solution to the super-optimal Nehari extension problem is derived. Theorem 

3.6.1 below characterises all Nehari extensions which minimise s£°(-); its proof also shows that the 

lexicographic minimisation of s°°(') reduces to a sequence of problems of this type. The construction of 

the super-optimal extension is given in Algorithm 3.6.1 and the results of the section are summarised in 

Theorem 3.6.2.

T h eorem  3.6.1

T h e  f a m i l y  T(s) o f  all N e h a r i  e x t e n s i o n s  F ( s ) £ % <f? w h ic h  m i n i m i s e  th e  p a i r

( s f ( G 0 +  F), s f ( G 0 + F ) )  (3.6.1)

w i t h  r e s p e c t  to  l e x i c o g r a p h ic  o r d e r in g  is  p a r a m e t r i s e d  by

5(5)=Fu(S)+V'x ( - 0 11+51) r L(S) (3 .6 .2 )
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w h e r e  d e n o t e s  th e  f a m i l y  o f  N e h a r i  e x t e n s i o n s  to  G ^ s ) .

Proof:

The param etrisation of all Nehari extensions is given by 

\ r ( G 0+ v ) w =  r ^ a f G a + F ,  u ) w ( s )

= ^e(K(Ga+F)Wa, £0(s)

<7-i((?o)a(s) 0

0 G j+ s ty g ,  V )
ue±<%%- (3.6.3)

The family of error systems is hence diagonalised with all the degrees of freedom in 

U ( s ) £ ( T i lci&%(̂  only affecting the (2,2) block. This block can then be used to minimise the second 

singular value s ? ( G 0 + F j ^ n f ^ W G ^ V z { Q ,  f/)llTO: Since Q e R tt!0, U e a ^ % ^  and

| | t h e  small-gain theorem ensures that ^Fg($, C/)eK” .

As will be shown next, replacing *7g (Q ,  U) by a free parameter in !H->T does not change the 

optimisation problem. Given any 'J jG K f0 we set

G n +  V  =  V

=  V

<r1 ( G 0) a ( s )  0

0 Gi + ̂ i

<ri(Go)a(s) 0 

0 G 1+ Q n
w r+v

=  G 0+ V z ( F ,  0 ) + V
0 0

o «Fi-g ii

0
0

vr

o

* i-O n
vr

(3.6.4)

gives

^ ( s ) = F l l + V ± ^ 1- Q n ) W m± e % - (3.6.5)

Since *3 (i{Q, C/)€36!°, sjj°((7o+^) is bounded from above by HG^H^ by Nehari’s theorem. Since the 

minimisation of ||G i4 -F || is achieved precisely by the Nehari extensions of GT1(s), while the 

substitution of ° F p (Q ,  U) by any .F(s)€^Fi gives rise to an element of ° F ,  we conclude that (3.6.5) 

generates the extensions in °F which minimise the pair ^s£°(G 0+ F ), s^°(G0 +  F)^ with respect to 

lexicographic ordering. □

As a consequence of Theorem 3.6.1, all solutions that minimise ^ (G o  +  ̂ O can be
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parametrised in terms of all solutions that minimise Si°(G'1 +  <5F1) which is a problem of dimension 

(p —l)x (m —1). The procedure can continue until one of the dimensions is unity. At this point there is 

a  unique Nehari extension and the process stops.

Remark 3.6.1

The proof of Theorem 3.6.1 shows that V f i i Q ,  U), generates all (optimal) Nehari

extensions of G^s). In fact it is shown in Lemma 3.10.5 that *7g (Q ,  U) generates all crx{ G Q) sub- 

optimal extensions of G^s); this is a (strictly) larger set by the result of Theorem 2.7.2.

Algorithm for super-optimal Nehari extension

The following algorithm will generate the unique superoptimal Nehari extension.

Algorithm 3.6.1

G iv e n  a n y  G0(s)GIRTG^°’pXrri, t h i s  a lg o r i th m  f i n d s  F S0( s ) £ R % c? ,pXm w h ic h  is  a s u p e r - o p t i m a l  

e x t e n s i o n  o f  G 0(s ) .

1) r = r a n k ( G 0)

2) C o n s t r u c t  F n  f o r  G0 (s e e  3.1.10)

3) E 0= G 0 +  F n

4) F S0= F n

5 V = I m a n d  W = I P 

6) F o r  i = 0  to  r — 1

1) F i n d  V i a n d  W i  ( S e e  _ )  \

2) V = V V ± i {s)  a n d  W = W W ± i (s )

3) Gj+, = [ V ± ^ . ^ ± j]+

4) Q i +i - [ V ± i E i W x i _

5 )  F i n d  F { +x c o r r e s p o n d i n g  to  G,-+1(see 3.1.10)

6) E i+ i = G i + 1  +  F i + 1

7) F , o =  F 30+ V ( F i+ 1 - Q i+ 1 ) W *

Note that if in the above algorithm the inner loop [6] was terminated after t < r  iterations, the 

first £+1 singular values would be minimised.

The results of this section can be summarised in the following theorem.
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T h eorem  3 .6 .2

S u p p o s e  w e  a re  g iv e n  a r a t i o n a l  Go(s) e R365°’ ^pXm  ̂ o f  r a n k  r, w h e r e  1 < r < m i n ( p ,  m). T h e n  i t s  

( u n i q u e ) s u p e r - o p t i m a l  e x t e n s i o n  F 30( s ) i s  g i v e n  by

ir. . ( s ) = f i . ( s ) + E { n v'± i ( - e * +.+ f *-n) } m  (3-6-6)
Jt =  0 1 = 0 *=0

w h e r e  F n ( s )  c o r r e s p o n d s  to  G0(s) and th e  m a t r i c e s  V j^ s ) ,  F k {s) ,  Q k( s ) i n  (3.6.6) are

( r e c u r s i v e l y ) d e f i n e d  as

£jfc + l(s)

<5fc+i(s)
•^*+i(s)

a l l -p a s s  c o m p l e t i o n s  to  th e  s c a l e d  m a x i m a l  S c h m i d t  p a i r s  

o f  TQk { T h e o r e m s  3.4.3 a n d  3.4.5)

[ V ± k { G k (a) +  F k) W ± l Z +{s)

[V*j_k ( G k (s )  +  F k) W ± k U s )

th e  r a t i o n a l  N e h a r i  e x t e n s i o n  o f  Gfc+1(s) c o r r e s p o n d i n g  to  

U ( s ) = 0  in  (3.1.8).

w h e r e  k =  0, 1, •••, r —2.

Proof:

Follows from the repeated application of Theorem 3.6.1. □

3.7  O ptim al level bounds

In this section the bounds (3.0.5) and (3.0.6) on the levels of the singular values of the super- 

optimal interpolating function will be established. The proof is given in Theorem 3.7.2 below. Before 

proving this result, however, we need to relate the Hankel singular values of matrices which sum to 

form all-pass matrices. The following Lemma due to K. Glover is a m atrix generalisation of a result in 

[LI] which relates the number of the Hankel singular values of an all-pass m atrix which are equal to 

one to the number of stable and unstable poles.

L em m a 3.7 .1

L e t  G(5)=G1(s)+ G 2(5) s a t i s f y  G ( s ) G * ( s ) = a 2I  w i th  G ^ s^ IR K ^  a n d  G2(s)ER36^°. S u p p o s e  also  

t h a t  d e g ( G 0) = n 1+ n 2 w h e r e  n 1= d e g ( G 1) a n d  n2=de</(G2). T h e n , i f  n1> n 2

^i(G l)

a i=l, 2, • • •, rij — n2

^t-nj+n 2{G*2 ) <( T

(3.7.1)

t=n1- n 2+l ,
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Proof:

B 2

d 2

be minimal realisations. By the assumptions of the Lemma,

G(*) =
A  B  

C  D
__ 0

0

a 2

B i

b 2

<?! C 2

G M  ±
A ,  B x 

C i D x
; G 2{s ) ±

a 2

c2

is minimal also. It then follows from properties of minimal realisations of all-pass systems 

there exist P = P *  and Q = Q *  such that

A P +  P A * + B B "  =  0

and

A  Q +  Q A + C * C  =  0

with

P Q = ct2I

1

l'0 to __
1

<?, Q \

«o II

P*2 P  3 Q-> Q 3

in which

Pi, Q i > 0  and P 3, Q 3 < 0.

From the (1,1) block of P Q = a 2I  we get,

d e i i X I ^ - P M  =  d e i [ \ I n i - { c r 2I + P 2 Q 2)]

=  d e t [ ( X - ( T 2 ) I n i + P 2 Q 2]

=  (A —o-2)" 1 n2det[XIn2- ( c r 2I - Q 2P2)]

=  (A - ( ra)ni_narfe/[A/„2- P 3g 3)

(3.7.2)

(3.7.3) 

[Gl] that

(3.7.4)

(3.7.5)

(3.7.6)

(3.7.7)

(2.7.8)

(by (2, 2) block of PQ=<t 2I) .  This proves that
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a  *=1, 2, •••, n j - n s

O i i G ,  ) =  |  (3.7.9)

^ i-n 1+n2(G2) z=n1“ n2+l> nl

Since cri ( £ 1)= ||G ?1||^ < ||G r1+G ,2||oo=0' by Nehari’s theorem, (3.7.1) is verified. □

The following inequality may now be established:

T h eorem  3.7 .2

S u p p o s e  G1(s)€RK^° i s  d e f i n e d  in  (3.5.12). T h e n

'i+ iC G o te ^ G j)  *=1, 2, n — 1 (3.7.10)

Proof:

For G a and F  defined in (3.51) and Lemma 3.1.1, G a + F )  is all-pass with 

d e g ( G a) = n >  d e g ( F ) = n — 1. Hence, by Lemma 3.7.1

<ri+i(G0) = ° i( n i= l, 2, •••, n — 1

=  i n f  | |r  + $|| OO

=  i n f  | | r + G :  +  0 ||

> i n f
W±

0

0

b
(f + g:+$) v±

0
oo

> i n f
<t1 + q:ll

q :2 1

Q1 2

q:22
OO

= ^,(Q( —«)) (3.7.11)

Lemma 3.5.1 shows that

1
l̂l G q)

G i  +  Q n  

Q 21

1 2

22
(3.7.12)

is all-pass. Moreover, it is easily verified that Q 10 (or alternatively Q n ) is full rank on the imaginary 

axis, whence 11^1+Q1J | TO<cr1=>cr1((71)< cr1 (by Nehari’s theorem). Therefore by Lemma 3.7.1
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(3.7.13)

Propagating this inequality through the subsequent steps of the algorithm gives (3.0.6). □

3.8  M acM illan degree bounds for super-optim al exten sion s

The purpose of this section is to carry out a detailed cancellation analysis for Algorithm 3.6.1. 

The results show th a t several cancellation phenomena are quite general and lead to a superoptimal 

Nehari extension of surprisingly low order. If d e g ( G 0) = n , there exist Nehari extensions of degree n — 1; 

these are optimal in the supremum norm sense. It will be shown that s <2 3( E )  may be optimised with an

extension of degree 2n—3=23?=1(n — i). Following that, a  simple induction leads to (3.0.7), and (3.0.8) 

if the algorithm is term inated after minimising only t < r a n k ( G 0) levels. The results of this section will 

be proved under the following assumption:

Assumption 3.8.1

I t  is  a s s u m e d  th a t  th e  r e q u i r e d  s o l u t i o n s  to  (3.4.53) a n d  (3.4.54) e x is t .

We begin by illustrating one of the cancellation phenomena which occurs in (3.6.5) in the r = 2  

problem. From Theorems 3.4.5 and 3.5.2 we see that

d e g { V j_), d e g ( W j_), d e g ( Q n ) < n - 1 (3.8.1a)

which implies that

deg{ V_\_Qn I^Jl) —3(n—1) (3.8.16)

The next result shows that

(3.8.2o)

in which deg( J ) < 2 ( n — 1), whence

d e g ( F n - V ± Q n \ r ± ) < 2 ( n - l ) (3.8.26)
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L em m a 3.8 .1

V ^ _ Q u W *±{s) m a y  be d e c o m p o s e d  as  V j _ Q  VFj_(s)= J { s )  +  F n (s )  in  w h ic h

J ( s ) -
A J B j

C j - a U

w h e r e

Ar= An-A-Ai2{Ai2 î—
0

- n - lT(n~1+ r - lz)B1Bm± B±
A 11+ ( & A  21 -  B i  B 2) A  21

Br=
B \ B  | B  | -\-ClA2 1 B 2

C J = [ _  —( CjE+cr U B \ ) S l ~ l j]

Proof:

(3.8.3)

(3.8.4)

(3.8.5)

(3.8.6)

From (3.4.55) and (3.5.15) we see that

vx <3n =
A  2 ( ^ 1 2^  — C^^i) C\ C 1

~l~ C72 12 Cj_

r - V ^ n + E ^ n E - f f C ; ^ ; )  ( fT M - r ^ E )^ #  j_

- c J_c,1(E+fi-1r) 0
(3.8.7)

4irMi2Mi2n-<%) Q"1C1C*_LCj_C1(E+Q"1r) 0
0 r -^ A n + Z A u Z -a C lU B l)

-<7LC_LC1(E+fT1r) 0

Introducing the change of basis

T -
i

0 I
(3.8.8)

shows that Vrj_Qn (s) is equal to
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>11 iH~ ■̂ 1 2( ^ 12^  ^ 2 ^ 1) -<4(1,2) - n -1r ( f i “ 1+ r -1E )5 15j_

0 Y ~ \ ( r 2A \ l + ' Z A n '£ .-< r (? l U B 'd { Q - 1+ T - 1 Z ) B 1 B \

cr± c ± c l+ c2Am12n c( 1,2) 0

(3.8.9)

in which

C ( l,2 )  =
=  — CT | C  | C^S— -^1 2)]

— —( T | C  | C xE —C^C^CiE-hc C2.025i

=  - C ^ - a U B l  (3.8.10)

by (3.1.1), (3.1.2) and (3.1.5); also 

>1(1,2)=

- Q . - \ < T 2A mn + Y , A l l y . - a C x U B \ )

Invoking the Riccati equation (3.4.53) gives

>1(1,2)= - Q . ~ l { C l (?jL C 1 _ C j : + a 2A mn + Y lA n Y , - a C l U B \ + { A \ l - C l C 2A ’l 2 ) T }

Substituting from (3.1.1), (3.1.2) and (3.1.5), and cancelling terms gives

>1(1,2)= - f i “ 1{CjCj_C_LC1E + C ;C 2C;C1E + (X n E + E > li1)E ) =  0 (3.8.11)

by (3.1.5) and the orthogonality of [C 2 C jJ . Hence V ± Q n W*± may be written as

y4ll+>ll2(>li2^— C2 C1) 0 - c r ^ f r M - r ^ E ) # ^

0 ►n 1 ^ n + E A n E - ^ C ; ^ ) ( c r ^ r ^ E ) # ^

C *| 0  | C -̂f~C2>li2^ - ( C ^ + a U B l ) 0

•4n"b(^-42i — 5i-62)>l2i B ] B  1 B  | 4~f2>l2i52

5 ±

-4n+>li2(>li2^— ^2^1) 0 —
0 T - \ c 2A mn + ' L A n ' E . - a C l U B ml )

0 0

—(CiE+cr UBi)

Q - ' T i n - ' + T - ' ^ B ^ B ^ l n - 1

A\\-\-{QA2\— 51^2)^21 

0

5(1,1)

5(2,1)

5(3,1)

0

(3.8.12)
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where we have defined,

5 (1,1) =  - n - 1r ( n - l+T~lx)B lB*± B±

5 ( 2 , 1 ) =  ( f i - 1 + r _ 1 E ) 5 15 j _ 5 _ L 

5 ( 3 , 1 )  =  5 15 j _ 5 j _ + f i X ; i 5 2

The  change o f basis

I 0 0
0 I -Q

0 0 I

(3 .8.13)
(3.8.14)
(3.8.15)

(3.8.16)

shows th a t V ± Q n W*± is equal to

•̂ 11+ ^ 12(^12^ — ^2 ̂ 1) 
0 
0

C j _  C j _  C j +  C 2A n Q

0 - f l " 1r ( Q " 1+ r - 1E )5 15 j_ 5 j_ 5 i f i" 1

T - ' i ^ A n + Z A n Z - a C l U B l )  >1(2,3)

0 A1 i+(f2y42i — ̂ 1^2) A2\
- { C ^ + ctU B D  —(Q E + c r  U B \ ) Q ~ l

5 (1 ,1 )
5 (2 ,1 )
5 (3 ,1 )

0
(3 .8.17)

where
5 (1,1) = - f r 1r ( s r 1+ r - 1E)515j_5J_ (3.8.18)

5 ( 3 , 1 )  =  5 15*_L 5 J_ + Q + 2 i ^ 2  ( 3 . 8 . 1 9 )

and
5(2,1)= r _1E515j_5j_->i;i5 2

= r~1{E515j_5_|_+[—E(cr+12+E>l21)+ cr(^21cr+E +12)]52} (3.8.20)

w h ich  by (3 .1 .1) and (3 .1.2) becomes

5(2,1) = r-1{E515j_5_1_+£515252— ctC^C252}
=  r ” 1{ E 5 1+ (7 (^C /} (3 .8.21)

A lso
>1(2,3) = (fi-1+r"1E)515*1515^-1-Q-1(A11-515;>l21)->i;iA21

+ r _ 1(a 2 A n + E > l11E - c r ( ^ f / 5 j ) Q " 1 (3 .8.22)

S u b s titu t in g  the R icca ti equa tion (3.4.54) gives

A(2,3)=(>l11- 5 152A21)*fi-1+ r -1E515’_L5 j_ 5 ^ -1+ r -1((T2An+E>l11E-a(^C/5j)Q-1

Invoking (3.1.1), (3.1.2) and (3.1.18) and simplifying gives
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>1(2,3) = Y-\Y?A*n+Y,AnY.+Y,BlB \B L B\+Y.BlB2B2B\}Q.-1

w h ich  by (3 .1 .1) and the o rth o gon a lity  o f [B*2 R jJ  gives

>1(2,3) = 0  (4.16)

T h is  las t equa tion (ie (3 .8 .23 )), toge the r w ith  (3.8.17) produces the decom position in  (3 .8.2a). □

Remark 3.8.1

Should the assum ption on the existence o f the  R icca ti so lu tions Q and fa il, the p roo f o f  
Lem m a 3.8.1 wou ld  s t i l l  be va lid  by de fin ing  and v ia  (3.4.38) and (3 .4.43) and rep lacing proper 
inverses by pseudo-inverses th rou ghou t. Consider fo r example the te rm  C ( l,2 )  defined in (3 .8.10): th is  
becomes

0(1,2) = ~(?L C'LC{L+C2A\2m * Y

In v o k in g  the tra n s fo rm a tio n  T j  defined in  (3.4.33),

>1^2^^^= >112
I 0
0 0 77 U ; 3 o ]7 r= x i2

so th a t C ( l ,2 )  in  (3.8.10) remains unchanged. F u rthe r, the nons ingu la rity  o f the reduced R icca ti 
equa tion so lu tio n  Q r (Lem m a 3.4.4) shows th a t

{ A u - A l 2 C 2 C l ) n # + n * { A n - A l 2 C 2 C l ) t i * + A l 2 A \ 2 - S l * C l C L C L C l Q # = b

w h ich  accounts fo r the o u tp u t decom position (>1(1,2)=0) o f the Lemma.
j i

R em ov ing  the uncon tro llab le  and unobservable modes associated w ith  the rank defect o f
*  - a

and in  the state-space o f (3 .8.4) to  (3.8.6) shows th a t in  the general case, 

d e g ( J ) <  d e g ( f ) + d e g ( g ) —2 <  2( n - 1)

where /  and g denote the m ax im a l S chm id t vectors o f T □

Remark 3.8.2

A lg o r ith m  3.6.1 is a sequentia l upda ting  scheme o f the supe r-op tim a l extension F 40(s), o f the  
fo rm  F ls V ’:=( l>{Fsoi Fi) , where each F ^ s )  is defined as a p a rt ic u la r Nehari extension o f G ,(s). The choice 
o f F i { s )  made a t step 6.5 o f the a lg o r ithm , however, is fa r from  being the on ly  possible one. In  fac t, the  
a lg o r ith m  w ou ld  rem ain va lid  i f  F ^ s )  a t th is  step is chosen as any Nehari extension ^ / ( F ,  U) o f (j, (s).
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Using the  equations a ris ing  from  the (1 ,3) and (3 ,1) blocks o f 3.5.3 shows th a t the decom pos ition in  
Lem m a 3.8.1 m ay be generalised to

V A_«Fg(Q, U ) W \ =  J { s )  +  V £ ( F ,  V) (3 .8.23)

fo r a ll £/€cr_1<i S i n c e

F , 0( s )  = V z ( F , U ) + V ± V c ( Q , U ) W * _ i + V ^ U T l

=  - j ( s ) + v ± ^ 1 \ r 1 _ (3 .8.24)

the  “ upda ted ”  supe r-op tim a l extension constructed a t step 6.7 depends o nl y  on the choice o f F i+1 made  
a t the cu rren t step. Since f in a lly  a rank one Nehari extension p rob lem  is encountered, the correspond ing  
extension F r _ 1 a t the las t step is un ique and therefore so is F so. □

S ub s titu t in g  (3.8.2a) in to  (3.6.5) gives

F90(s)=  V ± V l W j_ - J ( s )  (3 .8.25)

in  w h ich ($ 1 represents any ra tio n a l Nehari extension o f G x( s) .  In  the next resu lt i t  is shown th a t

d e g ( F 30) < n — l + d e g ^ ^  (3 .8.26)

Since d e g ( G 1) < n — 1 . there ex is t ^ ( s )  such th a t

d e g ( F S0) < 2 n — 3 (3 .8.27)

L em m a 3 .8 .2

S u p p o s e  t ha t

A  B

c  d

is a n y  r a t i o n a l  N e h a r i  e x t e n s i o n  o f  G j(s ). T h e n

*i (*) =

A p Bf  

Cp Dp

(3 .8.28)

FSo ( s ) =  - J W + V ^ W ^  =§= (3.8.29)
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w h e r e

An~hAi2(Ai2Q ^2^l) n-'cicr^c
A

Q>- \T lBlB \B 1 +C fl C¥L bB L -Y A \ lB2)

BB± - P i 2{BlBrLB1 + nAm12B2)

C p — ^  C*| C  | C i - \ - C 2A i 2Yl C* 1 C

a n d

D f =  C T j _ b B ± + a  U

Proof:

W e begin by no ting  th a t

- J ( s )  V ± ( s ) 3 A B

W 'jJ s ) 0 C D

w ith

A = 2(^12^ “  C2C1) n"1r(fi"1+ r -1E)515*_L5 ± 5;fi"1

0 Ai\-\-(YlA2\ — B1B0) A2\

Q - 1T { Q - l + T ~ 1E ) B 1B \ B ±  Yl~l C [ C \

— B iB * j_ B  j_  — £2A 21B 2 0

C ^ C ^ - h C ^ Q  -{C^+aUBDQ-1
0 - B L B \ Q . ~ l

and

D  =
<t U C l  

B ±  0

( 3 . 8 . 3 0 )

( 3 . 8 . 3 1 )

( 3 . 8 . 3 2 )

( 3 . 8 . 3 3 )

( 3 . 8 . 3 4 )

( 3 . 8 . 3 5 0

( 3 . 8 . 3 5 * 0

( 3 . 8 . 3 5  m )

(3.8.35tz»)
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A p p ly in g  Lem m a 1.1.1 to  (3.8.28) and (3.8.34) gives th a t 5 a0(s) has a state-space rea lisa tion

^ U + A 12( A 12f t  — ^ 2 ^ l ) ^4(1,2) f i _ 1 c ; o j _ o 5 ( 1 , 1 )

0 • ^ n + ( ^ 2 i — 5 x5 2) A 21 0 — 5 15 j _ 5 j _ — Q A 21B 2

0 5 5 j _ 5 l f i _1 A 5 5  j_

C j ^ O i + O s A ^ f t 0(1,2) cr±c a U + C j_ D B ±

(3 .8.36)
where

. 4 ( 1 , 2 )  =  - f i - 1r ( f i " 1+ r - 1E ) JB 1B*_L 5 j _ 5 i f i - 1- f i " 1( ^ ( r LL>5_L 5 1* Q - 1

5 (1,1) = fi_1{r(n“1+ r“1E)515 i5 j_ + c;cr L̂ j L}
0(1,2) = - (C p + cU B d Q -'-C ^ b B ^ B 'f i-1

N ex t, we p u t (3.8.36) in to  a more convenient fo rm  by in tro du c in g  the basis change

I 0
0 I 0
0 0 I

(3 .8.37)

so th a t F S0( s ) becomes:

A i i + A i 2( A ^ 2Q O^O^) - 4 ( 1 ,2 ) Q .- l C [ C L C 5 ( 1 , 1 )

0 A 11+ ( SI A  2 i — 5 i  5 2) A  21 0 — 5 15 j _ 5 j _ — Q A 215 2

0 - 5 5 ± 5 ^ - 1 A 5 5  j _

0 *  1 0  1 Oj-f- C 2A  i 2f i 0 ( 1 , 2 ) 0*± 0 CT± D B j_

(3 .8.38)
where

5 (1 ,1 ) =  f r 1{ E 5 15 ,± 5 ± + C jC _ L 5 5 x - I \ 4 ; i 5 2}

T he  term s A ( l , 2 )  and C ( l,2 )  can be w r it te n  as

0 (1 ,2 ) =  — { (O jE - fc r  { 7 5 i)+ C j_ 5 5 _ L5 i+ C j_ C j_ C 1f t - 1r + C 2A i 2 r } Q _1

=  { - C 12 - C ± b B _ L B l - C r ± C ± C 1n - 1r + C ^ C ^ Q T 1 by  (3 .1.1)
=  — { 0 j _ 5 5 ± 5 ; ~  C ^ C j ^ Q ^ r + E ) } ^ 1 ( 3 . 8 . 3 9 )

>1(1,2) = -Q "1r(fi"1+ r -1E)515j_5_L5 ;fi'1- f i" 10;0*_L55_L5;fi-1

+fi~1rfi"1[A11+(fiA;i- 5 15;)A21]-[A 11+^ 12(>lt2Q -0 ;0 1)]fi_1rfi"1
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In v o k in g  the R icca ti equa tions (3 .4.53) and (3.4.54) gives

A ( i f i )  =  - n - 1{ r ( > i 11- s 1f l ^ 21) ‘ + E B 1B x 5 j . s ; - ( ' 4 u - > i i 2 c ; c 1) ' r } Q - 1

Several sub s titu tio n s  from  (3 .1 .1 ), (3 .1.2) and (3 .1.5) y ie lds a fte r cance lling term s

>1( 1 ,2 ) =  ( 3 .8 .4 0 )

T he  cance lla tions p red icted by th is  lem m a re ly  on the fa c t th a t every mem ber o f the class 
^ ( s )  m us t sa tis fy  ce rta in  bounded real type  equations [L 6 ]. Since ^ ( s )  is the class o f a ll ( ra t io n a l)  
Nehari extensions o f G ^s ), the correspond ing e rro r systems ( 6 (s )) are given by

g (s )= G 1( s ) + ? 1(s) i — A n  —A 2 i(> l2 i ^  —5 25 i ) 0 n - l B xB \

0 A B

* ( f2E - | - r - | - f i f2- l-E f2) C D

and the requ ired bounded rea l-type  equations are [L 6 j:

and

■̂ 11 —̂ 2l(^21^—-̂ 2-̂ 1) 0
0 A

Pll
P\2 P22

+

+

P\\ P\2 

P\ 2 P 22

j4h4-( QAo\ — B̂ B>2)A2i 0
0 A'

B
B ± B l Q ~ l B +

+  D

^ C | C]Q (̂flE-Hr-t-fifl-l-Efi)

[  B j ^ B l Q - 1 B*  J  +  [̂  0 .

C

= 0

= 0 (3.8.42

] - ' l l  r  12 

P 12  P 22

(3 .8.43)

A  long and ra the r ted ious ca lcu la tio n  based on (3 .4.53), (3 .4.54) and (3.4.59) verifies th a t

P11=(Q E +r+^+E fi)"1(r+QE)fi>-i (3 .8.44)

in which the indicated inverse exists by (3.4.64). The last transformation we require is
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I 0 0

0 I 0

0 P \  2 I

(3.8.45)

wh ich  is app lied  to  (3 .8.38). T h is  shows th a t F S0{s) is equal to

A ll-\- A 12^12^1 — C2 C1) >1( 1 ,2 ) f r ^ c i c 3 ( 1 , 1 )

0 0 —  5 i 5 j _ 5 j _ — QA21B2

0 >1(3,2) A 5 (3 ,1 )
C j_  C jl C i+  C2 A 1 C( 1 ,2 ) Cj_C <r C/+ Cf^DB

(3 .8.46)
where

>1(1,2) = -Q _1(^Cj_{Z?5J_5iQ-1+Cj_C1(E+Q"1r)fi-1+CP^}
= - n _1c^Cj_{c,_Lc 1(E+fi"1r )n -1- c _ Lc 1Q"1(ni:+r+nn+En)p11

by the (1 ,1) b lock o f (3 .8.43). There fore ,

>1(1,2) = 0  by (3.8.44)
A lso

>1(3,2) = - B B ± B*l n - 1- A P * 12+ P ' 12[ A n + ( Q A 21- B 1B 2) A 21] = 0 by (2 ,1) b lock o f (3 .8.42)

C(l,2) = -Cj_Z)5j_Brfi"1-Cj_C'_LC1(fi_1r+E)n"1-Cj_CPl2 
= -Cj_C_LC1{(Q“1r+E)fi-1-Q_1(fiE+r+f2Q+EQ)P11 
= 0

on using the (1 ,1) b lock o f (3 .8.43) and (3.8.44). F in a lly ,

5 (3 ,1 ) =  B B ± F m12( B 1B m'L B ± + Q A * 21B 2)

5 (1 ,1) = fi_1E515j_5j_+fi_1c;(rLz)5_L- n “1rA;152

R em ov ing  the unobservable modes associated w ith  the second b lock row  and co lum n in  (3 .8.46) yie lds  
(3 .8 .29) and completes the p roo f. □

The  nex t theorem  summarises the results o f th is  section.

T h eorem  3 .8 .3

U n d e r  A s s u m p t i o n  3.8.1, a n y  r a t i o n a l  t r a n s f e r  f u n c t i o n  G 0( s ) € R % <f ?’^pXm  ̂ h a s  a ( u n i q u e ) 
s u p e r o p t i m a l  e x t e n s i o n  Fso(s) w i t h  a d e g r e e  h o u n d e d  by



A state-space analysis for a class of H°° optimal control problems -161

m i n ( n ,  r )
d e g ( F S0{ s ) ) <  £  n - k  

k = 1

w h e r e  r = r a n k ( G 0( s ) ) < m i n ( p ,  m ) a n d  n = d e g ( G 0( s ) ) .

(3 .8.47)

Proof:

Suppose f irs t th a t n > r .  Referring to  Theorem  3.6.2 we recall th a t the supe r-op tim a l extension  
is generated by

^ . . ( s ) = f o ( » ) + E [  n  v J . i  ( -  <?t + 1+ * w i ) ( n  w j - . ) '  H s)Jfc=0 i=0 *=0

or, eq u iva le n tly , by the recurs ion

(3.8.48)

F 3 O( s ) = S 0 o S 1 o  ••• ° S r _ 2 ( F r _ 1( s ) )

where
(3.8.49)

Si ( - ) = ^ W + V , ± )t[ - £ ? t + 1+ ( - ) ]H 0 . t  k = 0 ,  1 , ••• , r — 2 (3 .8.50)

F r _ i(s ) is the un ique extension to  the rank 1 transfe r fun c tion  Gr _ 1(s), and the m atrices V j _ k, W j _ k. 

Q k, G k and F k are generated recurs ive ly (See Theorem  3.6.2).

A p p ly in g  Lem m a 3.8.1 to  each o f the S*.’s gives

St ( - ) = - 4 ( s ) + ' / _ u ( - )H r_ u (S) fc=0 , 1 , •••,  r —2  

W e also reca ll th a t

(3.8.51)

d e g { G k) < n - k  => d e g ( V j _ k)
> < n — k — 1 

d e g i W ^ y

and

(3.8.52)

d e g { J k) < 2 { n - k - l ) (3 .8.53)

W e com ple te the cance lla tion analysis by ap p ly ing  Lem m a 3.8.2 to  (3 .8.51). T h is  result says 
th a t i f  ( • )  is any ra tio na l Nehari extension to  then

d e g ( S k) = n — k — l + d e g ( - )  (3 .8.54)

N o tin g  th a t S k( s ) is a ra tio n a l Nehari extension to  G k( s ) a llows us to use Lem m a 3.8.2 ite ra t iv e ly . In  
the case th a t r <  n th is  gives
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d e g { F t o ( s ) ) <  £ n - k
Jk=l

In  the  case th a t r > n  we get

d e g ( F ao( s ) ) <  J ^ n - k  
k=1

(3 .8.55)

(3.8.56)

C om b in in g  (3 .8.55) and (3.8.56) gives (3.8.47). □

3.9  E xam ple

In  th is  section we dem onstra te  the a lg o r ith m  and illu s tra te  the  resu lts w ith  the a id o f an 
exam ple . Le t us suppose th a t G0(s )cR !l£ ^ )' ( 3x3) is g iven by

Go(«)=

-1 1 0 1 2 0
0 -2 0 1 1 1
0 0 -3 2 2 1
1 -1 2 0 0 0
2 3 0 0 0 0
1 -5 -1 0 0 0

(3 .9.1)

Inequa lities  (3 .0.5) and (3 .0.6) are illu s tra te d  f irs t. T ab le  3.9.1 con ta ins a l is t o f the a ^ G ^ s  

wh ich  are seen to  sa tis fy bo th  (3 .0 .5) and (3.0.6).

G 0(s) G M G2(s)

* l ( - ) 4.6925 1.0442 0.12908
1.4132 0.1294 0

o'sCO 0.3097 0 0

T able 3 . 9 . 1  Hanke l s ingu la r values o f the G ,(s )’s

F igu re  6 shows how each o f the frequency response s ingu la r values o f the e rro r system are 
m in im ised  in  tu rn . F ig . 6 (A ) shows th a t sJ>0(-)= 4 .6 925  and is consequently o p tim a l. The o the r tw o  
s ingu la r values do no t e xh ib it an all-pass cha racte ris tic . In  F ig . 6 (B ), s£°(-) has been op tim ised and is 
g iven by ||G 1||^ = l-0 4 4 2 . As one w ou ld  expect, s f ^ - )  remains una lte red . F in a lly , in  F ig . 6 (C ) the  
supe r-op tim a l e rro r system is illu s tra te d . In  th is  figu re  we note th a t a ll the s ingu la r values show a ll­
pass cha racte ris tics w ith

s ? ( G 0 + F t o ) — o’l i G j )  i—0, 1 , 2 (3.9.2)

The  M a cM illa n  degree o f the supe rop tim a l extension is 3 which is in  accordance w ith  (3.0.7).
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F i g u r e  6 : S i n g u l a r  va lue  l ev e l s  in  s u p e r - o p t i m a l  e r r o r  s y s t e m
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3.10  L °° /L 2 and m axim u m -en trop y  optim al N ehari exten sion s

In  th is  section a num ber o f m ixed -type  problems w ill be considered. Fo r G (s )€ lR i.2, the L 2 and  
the JL°° no rm s have been defined as

and

TO
\ \ G \ \ l =  9̂  J  t r a c e [ G T ( j w ) G { j u ) ]  dw

—  OO

N G N c^sup  v ( G { j u )

respective ly. Consider the m in im is a tio n

™j"oo I l o i l o

(3 .10.1)

(3.10.2)

(3.10.3)

fo r q = 2 or oo: F o r the case a = 2  the o p tim a l so lu tion  is s im p ly  ob ta ined by p ro je c tion  as 
F 0p t ( s ) = — G ( o o ) = 0 .  The case o = o o  corresponds to  the Nehari extension p rob lem  w h ich  has been 
considered in de ta il in  previous sections. Fo r scalar prob lems the o p tim a l so lu tion  F ( s )  is un ique and 
the o p tim a l e rro r G + F  m ay be characterised in te rm s o f (the  m ax im a l) S chm id t pa ir o f the Hankel 
ope ra to r whose sym bo l is G ( s ) .  In  the case o f m a tr ix -va lu ed  prob lems, however, the so lu tio n  is ha rd ly  
ever un ique and in  general m ay be param etrised in  te rm s o f a linea r fra c tio n a l m ap o f an (a rb itra ry )  
unstab le  con trac tio n  (see Lem m a 3.1.1). In  e ithe r case, im posing an i.° ° -n o rm  in  the m in im is a tio n  
(3 .10.3) makes the largest s ingu la r value o f the o p tim a l e rro r system constan t over a ll frequencies. 
W r it in g  the d e fin it io n  o f the JL2 norm  as

OO

l | G + f | | ' =  £  / l r a c e { ( G + F ) ' U “ ) ( G + F ) ( j u ) d ,
-OO
OO

' J 1 = 1— oo 1 1
oo

Jn i = 1
(3 .10.4)

we see th a t the o p tim a l JL°° so lu tio n  corresponds to  an in f in ite  L 2 cost. I t  fo llow s , th a t i f  we w ished to  
use the degrees o f freedom  th a t are ava ilab le  in  the so lu tion  set o f the m u lt iv a r ia b le  N ehari extension  
prob lem  in  order to  m in im ise  some measure o f an i . 2-type  cost, we w ou ld  have to  re s tr ic t ou r a tte n tio n  
to  the smallest r — 1 s ingu la r values. The f irs t  p rob lem  th a t w il l be considered in  th is  section m ay be 
fo rm a lly  expressed as  fo llows:

[3P3] : L e t  G { s ) e M % 2' (mXp\  F i n d  an F ( s ) e R % ° °  s u ch  the  p a i r

OO

( hg+^IIoo- sf /  J 2 s1(g + f) U ^ )
_/*v\ t — 2

(3.10.5)
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i s  m i n i m i s e d  w i t h  r e s p e c t  to  l e x i c o g r a p h i c  o r d e r i n g .  ( r < m i n ( p , m )  is the ( n o r m a l )  r a n k  o f  G ( s )  in C ).
□

T h is  is equ iva len t to  m in im is in g

oo
/<,= £  f  Y .sJ(G + F)(ju)du! (3.10.6)

-oo »' = 2

in  the  fa m ily  o f Nehari extensions o f G(s). In tu it iv e ly , (3 .10.6) represents the  o u tp u t energy G + F ( s )  

when i t  is d r iven  by  w h ite  noise o f u n it in te n s ity  constra ined to  lie  in  d irec tions o rthogona l to  the  
m ax im a l S chm id t vec to r o f T G.

F o r G(s) such th a t UGH < 7  and s0 GC+, en tropy  a t s0 is defined [L 6 ], [M l] ,  [G 7] as

I(G-,r,so)=fJ / ' «  M / - J5G*(;w)G(ju.))| ( r ^ j ) 2 du (3.10.7)
—oo ‘  ̂ I I 0 I

Note th a t I  is non -pos itive  and th a t 7(G ;7 ;so) = 0  i f  and on ly  i f  G =0 . We also note th a t i f  9  denotes the  
fa m ily  o f N ehari extensions o f G g R M 0̂ and £t= | |G | |# ,  then

/ ( G -fF ;c r;s0)=  —oo fo r a ll F g 9 , s0 GC+ (3.10.8)

R ew rit in g  the d e fin it io n  o f the en tropy fun c tion  as

I(G;r,s0) = £  J p n j - f 2s](GUu))\ ( j g j ) ’
— no* — * '

o-M'

oo

- h j “ (Sj)’
h  I t ' - l ' - H *|"»I (£$’*■

— o o 1 —2

:=  71(s1)+ / (G ;a ;s 0) (3.10.9)

we define the second o p tim isa tio n  prob lem  to  be addressed in  th is  section:

[ 9 4 ] :  m a x  I ( G + F \ c r ; s 0) (3.10.10)
FG 9

I t  is emphasised th a t the assum ption on the uniqueness o f the largest s ingu la r value (R em ark  3.1.1) 
remains in  force th ro u ghou t th is  section. I f  th is  assum ption fa il, no f in ite  cost so lu tio n  exists fo r e ither 
[9 3 ] o r [9 4 ]. In  th is  case [9 3 ] and [9 4 ] m ay be redefined by considering the sum o f the r — (? smallest 
s ingu la r values o f the e rro r system , where i  denotes the m u lt ip l ic i ty  o f a v
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Generators of sub-optimal Hankel-norm approximations/ Nehari extensions

In  th is  section i t  is shown th a t $ (s ) defined in  Lem m a 3.5.1 acts as a generator o f a ll c ri(G 0)- 
subop tim a l extensions to  G j(s ). The  p roo f relies on a cha racte risa tion o f  sub -op tim a l generators given  
in  Lem m as 3.10.1 to  3.10.4 toge the r w ith  a resu lt on the pos ition  o f the  system zeros o f Qx2{s)  and 
Q2 i ( s). The  cha rac te risa tion  o f sub -op tim a l generators is g iven in  te rm s o f H anke l-no rm  
app ro x im a tio n s  w h ich  con ta in  the N ehari case as a special case.

L em m a 3 .10 .1

Let

E{s)=l
G i  +  F n  F12

-̂ 21 F22

A 0 B 0

0 A Bi b 2

C C i 0 I

0 c 2 I 0

(3.10.11)

a m i n i m a l  r e a l i s a t i o n  o f  an  a l l -p as s  m a t r i x  f u n c t i o n  w i t h  a n d  Q(s)£iR3G^(A:). L e t  the

g r a m m i a n s  o f  t h i s  r e a l i s a t i o n  be

£ P n ]
Pe= Q =  (3.10.12)PI2 2̂2 J 6 [ Q1 2 Q2 2

w h e r e  w e  h av e  a s s u m e d  w i t h o u t  l os s  o f  g e n e r a l i t y  t h a t  { A ,  B , C)  i s  ba l an ce d .  T h e n , all  s o l u t i o n s  to  the

P 22=  T

12*

'ubjec t to  the c o n s t r a i n t  I n ( P 22) =HQ22)=(M,0) a r e  g i v e n

E f 1 0 E r 0 r*1T i r *

0 - a  I, ^22 0 - a  It

n  | 0 ] T Ql2= [ - r 1 o ] T ~ i

(3.10.13)

(3.10.14)

w h e r e  T = T , ~  — a 2I. F u r t h e r , i > n - k  a n d  t he  z e r o  c o l u m n s  o f  P l 2 T~* a n d  Q l 2 T  are  p r e s e n t  o n l y  i f  

£>n-k.

Proof:

The  p ro o f fo llow s by a s lig h t m od if ic a tio n  to  the p roo f o f Lemmas 8.2 and 8.3 in  [G l] .

N ex t the d e fin it io n  o f the linea r fra c tio n a l com pos ition  o f tw o  systems is given.
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Definition 3.10.1

F o r  # ( s ) £ R ^ p+m^ p+m^(s) a n d  H (s )E R ^p+m^’^p+,n\ s )  p a r t i t i o n e d  as

*(*)=
*11 *12
*21 *22

H ( s ) =
* n * 1 2  

*  2 1 * 2 2
(3.10.15)

in  w h i c h  H n ( s ) £ R pXm(s )  a n d  H n ( s ) E R pXm(s)  s u ch  t h a t  ( / — * 22* 11) 1 e r is *5> the  l i n e a r  f r a c t i o n a l  

c o m p o s i t i o n  o f  H ( s )  a n d  H ( s )  i s  d e f i n e d  as

H ( s ) ® H ( s )  = * £(*. * 1 1)
B „ ( I - B 21f f n  ) - l H2l

H n ( I - H n H n ) - ' H l2

M B ,  B 22)
gR(p+m)x(p+m)(s)

w h e r e  *3g(- , •) a n d  ? u(- , •) d e n o t e  the  l o w e r  a n d  u p p e r  l i n e a r  f r a c t i o n a l  m a p s  r e s p e c t i v e l y . □

Note th a t i f

H ( s ) uiZ Vi
V H ( s )  : 1

V2
Z
V2

t h e n

H<3>H(s): ' Vi
1)2

(3.10.16)

(3.10.17)

F r o m  t he  d e f i n i t i o n  o f  the  l i n e a r  f r a c t i o n a l  c o m p o s i t i o n  the  f o l l o w i n g  p r o p e r t i e s  m a y  be ea s i l y  

e s t a b l i s h e d  w h e n e v e r  the  c o m p o s i t i o n s  a r e  we l l -posed:

( i )  ( H 1® H 2) ® H 3= H 1® ( H 2 ® H 3 )

( 11) t f ) = S £( * ,  U))

(Hi) I f  H ( s )  and H ( s ) are a ll pass such th a t

H =
0 I
1 0 f T ( s )

0 I
1 0

then,

H ( s ) ® H ( s )  =
0 I
1 0 and H ( s ) ® H ( s ) 0 I

1 0

The next Lem m a characterises m a tr ix  functions in  IRKf?(/;) wh ich are all-pass com p le tions to  
(an augm ented) s tab le m a tr ix  fun c tion , in terms o f a linea r fra c tiona l com pos ition  o f tw o  systems; the  
f ir s t  o f these is an element o f IR3&f?(fc), has m in im a l degree, and a ll system zeros o f its  o ff-d iagona l 
blocks lie  in  the O R H P  (so th a t i t  acts as the generator o f a ll sub -op tim a l extension constructed in  
[G 3]) w h ile  the second is an ti- in ne r. I t  is assumed fo r s im p lic ity  (and w ith o u t loss o f gene ra lity ) th a t
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the largest H anke l s ingu la r va lue o f G ^s ) is equal to  one.

L em m a 3 .10 .2

L e t

Gi + Q l 2  Qu

Q21 ^22

A 0 B 0
0 A Bi b 2

C C1 0 I

0 c 2 I 0

(3.10.18)

be a m i n i m a l  r e a l i s a t i o n  o f  an  a l l -p as s  m a t r i x  f u n c t i o n  w i t h  G1(s )€ R % +  a n d  Q ( s ) £ R % ™ ( k ) .  S u p p o s e  

also  t h a t  d i m ( A ) = n  a n d  d i m { A ) = i - \ - k  w i t h  i > n - k .  T h e n ,

(*) Q ( s ) d e c o m p o s e s  as  Q ( s ) = H ( s ) < 8 > H ( s )  in w hi ch

(a) H ( s )  is  c o m p l e t e l y  u n s t a b l e  a n d  a l l -p ass  o f  d eg re e  t - \ - k - n .

(*)
Gi + Hn H\ 2

H2± B22 i s  a l l -p a ss ; f u r t h e r  H ( s ) £ R % ' f ( k )  w i t h  al l  the  z e r o s  o f  i t s  off-

d i a g o n a l  b locks  H l 2 (s )  a n d  H 21(s)  in the  o p e n  r i g ht  h a l f  p l a ne .

(» )  E v e r y  s y s t e m  z e r o  o f  Q12(s) (Q 2 i ( 5)) ^ es *n ^ e L H P  is a s y s t e m  z e r o

o f H l 2 (s )  (H21(s))

Proof:

A p p ly in g  Lem m a 3.10.1, we m ay p a r t it io n  the  state-space o f (3 .10.18) as

A 0 0 B 0

0 ^11 to 11 B n B \ o

0 A 21 A  22

<oq
____

1

b 22

(3.10.19)

c cn G 1 2 0 I
D e=

0 C 21 G 2 2 I 0

w ith  correspond ing c o n tro lla b ility  and ob se rvab ility  g ram m ians

E I 0 E - r 0

I Er_1 0 Qe = - r s r 0

0 0 - h 0 0 - h

(3 .10.20)

(Note that without loss of generality we have assumed that (A, 5, Q  is balanced and have chosen the

basis T = I  in Lemma 3.10.1). The all-pass equations corresponding to (3.10.18) are
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A eP e+ P eA ; + B eB ;  =  0 (3.10.21)
and

C eP e+ D eB me =  0 (3 .10.22)

w h ich  m ay be expanded using (3 .10.19) and (3.10.20) to  y ie ld

AZ+ZA*+BB*=Q ( 3 . 1 0 . 2 3 )

A+A'n +BB'n = 0 ( 3 . 1 0 . 2 4 )

^ 2 1 + ^ 2 1 = 0 ( 3 . 1 0 . 2 5 )

A u E r - ' + E r - ^ ^ + ^ n ^ i + ^ ^ ^ o ( 3 . 1 0 . 2 6 )

A j 2 — 1A 2 i ~  B 11B 21 — B i 2B 22= Q ( 3 . 1 0 . 2 7 )

A 22+ A 22— B2iB2i — B22B22= 0 ( 3 . 1 0 . 2 8 )

C E  ■+■ C j j—0 ( 3 . 1 0 . 2 9 )

C + C n ET~l+ B l 2=Q ( 3 . 1 0 . 3 0 )

B22— C'12= 0 ( 3 . 1 0 . 3 1 )

C 21+ £ * = 0 ( 3 . 1 0 . 3 2 )

c ^ E r - V i ^ o ( 3 . 1 0 . 3 3 )

B21— C 22= 0 ( 3 . 1 0 . 3 4 )

respective ly.

Now  suppose th a t H ( s )  and H ( s )  are defined as

H(s)=

----
--1

B u B \ 2 a 22 B 2\ B 22

C n 0 I H ( s ) ± C i2 0 I

C 2l I 0 •
_ C 22 I 0

Suppose

H ( s ) ---
1

c __
1

Vi

\--- •0-
 

1__

---1
Vr 
__1

and H ( s ) a
u2

4>

E lim in a tin g  £ and 0  shows th a t

(3.10.35)

(3 .10.36)

' Cn &12 ( 1̂1 b 12c 12 \ i Bn B\2 0 I
s i - +

0C2i C22 \ B21&21 A22 ) B21 B22 I

maps [«!T «2T]T—>[y1T ^he equations (3.10.25), (3.10.33), (3.0.32) and (3.10.31) prove

that
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A\2 —ST -̂ 12-̂ 22

=Er-1(-bb;1)+b11b;,+b12b52
= - E r - ‘(B+c;,)B;1+B12B;2

= B 12C 12 (3.10.37)

w h ile  (3 .10.25) and (3.10.32) show th a t

A21=-B21B*=B21C2l (3.10.38)

wh ich  establishes the requ ired fra c tio n a l decom position o f Q ( s ) .

T o  ve r ify  i(a ) and i(b )  fo r th is  decomposition, we note using (3 .10.28) th a t H ( s ) is com ple te ly  
unstab le , w h ile  (3.10.28), (3 .10.31) and (3.10.34) establish its  all-pass character. T he  in e r t ia  properties  
o f A n  fo llow  by (3 .10.26), w h ile  the positions o f the zeros o f # 12( 5) are established by no tin g  th a t

A n - B n C n  = - A * - B n B * + r - l C ' C Z

= - A m+r~1z{Ai:+ZAm) - r - 1{i:A+Amz)L
=  - r M T  (3.10.39)

on using (3 .10 .24), (3 .10.29), (3 .10.30), (3 .10.32), (3 .10.34), the de fin it io n  o f T and the  (1 ,1) blocks o f
(3 .10.21) and its  dua l. A  s im ila r ca lcu la tion  proves th a t the zeros o f H 2 i ( s )  are also located a t — A ,(A ). 
F in a lly ,

i e l ( H u ( j u ) ) ^ 0 => ||JT22(jw ) | | „ < 1  => (3.10.40)

and the fra c tio n a l decom position is well-posed.

T o  show ( i i)  note th a t

A u  A l2 1 i? i2
C n  & i 2 A \ \  — B l 2 C n  0

A  21 A 2 2 b 22
A 2 i — B 22C h  A 22— B 22 C l2

on using (3 .10.37). The resu lt fo llow s on no ting  th a t by (3.10.39) a ll system  zeros o f H 12(s )  lie  in  the  
O R HP . T h is  concludes the p roo f. □

The next Lemma characterises all matrix functions which act as generators of Nehari

extensions fo r
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L em m a 3 .10 .3

L e t

Gi+ Q n  Q1 2

$ 2 1  $ 2 2

be a l l - p a s s  w i t h  G 1(s )E R K +  a n d  Q (s)ER !H i!?^p+m^ p+m\ £ )  a n d  s u p p o s e  t h a t  al l  s y s t e m  z e r o s

o f  Q 12(s) a n d  Q 2 i ( s) zn a m i n i m a l  r e a l i s a t i o n  o f  Q(s) l ie in  t he  O R H P .

T h e n :

(*) g ( Q ,  U) g e n e r a t e s  al l  a p p r o x i m a t i o n s  F ( s ) £ % <f ( k )  s uch  t ha t  || Gri + i r | |00< l

( i i ) I f  F ( s )  d e n o t e s  t he  g e n e r a t o r  o f  al l  s u b - o p t i m a l  a p p r o x i m a t i o n s  g i v e n  in  [G3] f o r  w hich

(а ) d e g ( F ) = d e g ( G 1)

(б ) f M =  ] '

t h e n ,

F { s ) = Q ( s ) ®  °j QT(oo)
0 I
1 0 (3.10.41)

Proof:

Since a ll system zeros o f Q12(s) and Q21(s) in the O R H P , d d (Q 12( o o ) ) ^ 0  and 
d e t ( Q 21( o o ) ) ^ 0 .  Since

C n (o o ) Q i 2( oo )

$2l(°°) $22(°°)
Q ( o o ) =

is u n ita ry  and its  o ff-d iagona l b locks are in ve rtib le ,

(3.10.42)

<t(Q22(oo) )<1 (3.10.43)
Defining

Q { s ) = Q ( s ) < 8 > Q * (  o o )=

where

$22(°°)) $12(f—$22(°°)$22) ^^C00)

5„( Q22 Ql2
Q22 Q22 (o°)» $ 22)

$*( 00):= <2*(oo) (3.10.44)

and no tin g  th a t due to  (3.10.43) the com pos ition  is well-posed, we conclude th a t
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Q{ oo) 0 I
1 0 (3.10.45)

In  a d d it io n , the  system zeros o f CJ12(s) (Q 2 i ( s)) coincide w ith  those o f Q 12(s) (C?i2( s) ) : fo r example,
Q { s )  has a state-space rea lisa tion

Q ( s )  =

A B 2 "

C 1 D n D n
c 2 D u *-*

1__
i t  m ay  be shown by a s tra ig h tfo rw a rd  ca lcu la tion  th a t

A + B 2{ I - D * 22D 22) - l D \ 2 C 2 

C i+ D i 2( I — D 22D 22) ^D^2 C 2

B 2{ I - D ' 22D 22) ~ l D'l2 

D i2( I — D 22D 22) l D±2

(3 .10.46)

(3.10.47)

w ith  Q (s) and Q \ 2{s )  sha ring the same A -m a tr ix . The  system zeros o f Q 12(s) are located to  the  
eigenvalues o f

A - \ - B 2( I — D 22D 22) ^D^2 C 2— B 2( I —D 22D 22) * -^ i2^ - ^ i2(-^—D 22D 22) ^ ^ 12^  D \ 2{ I — D 22D 22) D \ 2 C 2

=  A - B 2D ^ C 2 (3.10.48)

so th a t { s y s t e m  z e r o s  o f  Q 12} = { s y s t e m  z e r o s  o f  Q 12} . A  s im ila r ca lcu la tion  shows th a t the system  
zeros o f Q21(s) are iden tica l w ith  those o f Q 21(s).

N ex t, since

1̂+ Qn ^12 G\+Q l 2 Q1 2

1

Ol to Q2 2 ^21 Q2 2

(3.10.49)

w ith  G i + Q  all-pass and Q * ( o o ) u n ita ry , we conclude th a t G ia+ Q (s ) is all-pass also. T h is  im p lie s  th a t  
we m ay ob ta in  a decom position

Q ( s ) = H { s ) ® H ( s ) (3 .10.50)

a long the lines given in  Lem m a 3.10.2. N ex t note th a t since, by assum ption , a ll system zeros o f Q 12 

and Q 2l (and hence also o f Q 12 and Q 21) lie  in the O R H P , H ( s ) (being com p le te ly  unstab le ) m ust be 
the constan t m a tr ix

H ( s )  =
0
I 0

(3 .10.51)
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T o  estab lish th is  fac t, suppose fo r con trad ic tio n  th a t H ( s ) has a (d ynam ic ) m in im a l balanced  
rea lisa tion

A *1 b 2

f f ( s )  = c 1 0 I

c 2 I 0

(3 .10.52)

The  a ll-pass character o f H ( s ) shows th a t the equations

A + A m- B l BTl - B 2B ^ =  0 (3.10.53)

C j = B r 2 (3 .10.54)

c 2= b \ (3.10.55)

are satis fied . Hence, since the system zeros o f / f 12(s) and H 21(s )  he the O R H P ,

X i ( A - B 2B m2) < Q  (3.10.56)
and

=> X ^ A ' - B ^ k O (3.10.57)

and in  v iew  o f (3 .10.53), (3.10.56) and (3.10.57) cannot be satisfied s im u ltaneous ly .

Since by the p roo f o f Theorem  4.1 in  [G3] the cond itions

( i)  G i a+ Q ( s )  a ll pass w ith  G la € K + 3 and

( i i )  d e g i G ^ d e g i Q )

( i i i )  Q(oo)= °f  '

de te rm ine Q(s) uniquel y , we conclude th a t Q ( s ) ( = H ( s ) )  is the genera tor constructed in  [4] and 
consequently T £(<2, generates a ll F ( s ) £ % ' f >(k) such th a t ||Gr1- f- ir| 1 ^ ^  1* T o  show th a t Q ( s ) is
also a genera tor, note th a t

«F£(§ ,  M T )  = ? £(<2® §*(oo ), <$%?)

= * £( 3 ,  3 £(Q '( 0 0 ), « B K ? )) (3.10.58)

Since Q*(oo) ls u n ita ry  w ith  non-s ingu la r o ff-d iagona l blocks the m ap
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x e ^ % - g (̂<2*(oo), (3 .10.59)

is a b ije c tio n  and consequently

S £(Q, ^(Q*(00), «BK2°))=̂ F£(g, (3 .10.60)

T h is  concludes the proo f. □

In  the case o f sub -op tim a l N ehari extensions the cond itions o f Lem m a 3.10.3 m ay be s im p lif ie d  
by rep lac ing system zeros o f the o ff-d iagona l blocks w ith  M acM illa n  zeros. T h is  is shown nex t.

C orollary 3.4:

L e i

G i+Q n Q1 2  

Q2\ Q2 2

be a l l - p a s s  w i t h G1( s )E R M > ^ pXm  ̂ a n d  (2 ( s )E R K !° ^ p+m^ p+m  ̂ a n d  s u p p o s e  t h a t  al l  M a c M i l l a n  z e r o s  

o f  Q 10{s )  a n d  Q 2 l { s )  in a m i n i m a l  r e a l i s a t i o n  o f  Q ( s )  lie in t he  O R H P .  T h e n  *5g i Q ,  U) g e n e r a t e s  all  

e x t e n s i o n s  F (s )€ 3 t “  s u c h  t h a t  || G1+ .F ||oo<  1 .

Proof:

Using the decom pos ition o f Q ( s ) = H ( s ) ®  H ( s )  in  Lem m a 3.10.2,

QAs)=Hn [I -H uH22)- lHn

in  w h ich  H 12E % T > has a ll its  M acM illa n  zeros in  the O R H P  w h ile  H n H 22 (E<3B3tT and H 12£ % ^ .  T h is  
im p lie s  th a t every M a cM illa n  zero o f H l2 wh ich lies in  the LH P  m ust be a M acM illa n  zero o f Q 12. B y  
assum p tion , therefore, H 12 is free o f any such zero (and s im ila r ly  fo r H 21).

Next, fo llow in g  the p roo f o f Lem m a 3.10.3 we see using (3.10.53) to  (3 .10.57) th a t i f  H  is 
dynam ic  there exists a t least one system zero o f H 12 ( H 2 i) in  the LH P ; since th is  canno t be a 
M a cM illa n  zero i t  m us t be a n on -m in im a l (u ncon tro lla b le /unobse rvab le ) mode. T h is  however is 
im poss ib le  since by (3.10.53) the A -m a tr ix  o f H ( s ) is com p le te ly  unstable . □

Remark 3.10.1

Lemmas 3.10.2 and 3.10.3 show th a t the genera tor o f a ll sub -op tim a l extensions constructed in  
[G3, Theorem  4.1] is essentia lly  un ique (up to  a linea r fra c tio n a l com pos ition  w ith  a constan t u n ita ry  
m a tr ix ) .  A ll-pass com p le tions F ( s ) £ % ,f ( k )  to  Gla (s ) := G 10 0 , w ith  d e g ( F ) > d e g ( G 1) in troduce  
m in im um -phase  system  zeros to  the o ff-d iagona l blocks -F12(s) and F21(s). Using the decom pos ition  
F(s)=H<8> H  established in  Lem m a 3.10.2, we see th a t a ll these system zeros are inhe rite d  by the o ff-
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d iagona l b locks o f H { s ) .  Note also th a t i f  H ( s ) is dynam ic  °Fg(# , SI162?) reproduces, in  general, on ly  a 
s tr ic t  subset o f . T h is  m ay be seen by considering the example

S £(£, <M~)=<iF£|
0 5 + 1 

5 — 1
1 0

(3 .10.61)

w h ich  is a s tr ic t  subset o f 'iBK f? since the zero a t s =  — 1 can no t be cancelled. The  ’unnecessary 
uns tab le  dynam ics in  F (s), there fore , have the effect o f ’f i l te r in g ’ the unstable con trac tions  C /(s)6(3&Kf? 
in  the  ’feedback loop ’ o f the linea r fra c tio n a l m ap % g{H,  U), H ( s ) being the m in im a l degree genera tor 
construc ted  in  [G3]). In  th is  case, therefore, ^ ( F ,  w il l generate on ly  a s tr ic t subset o f a ll
F (s )£R !lG f? (l) w h ich  sa tis fy  I IG i+ F H ^ ^ l .  □

Remark 3.10.2

The re laxa tion  o f the assumptions o f Lem m a 3.10.3 fo r the Nehari case is no t possible in  the  
general A A K  case. The  p o in t to  note is th a t stable po le /zero cance lla tions m ay occur in  the p roduc t 
Q i 2—R \ 2^ ~ R u ^ 22) ~ 1^ i 2 the general case. (Consider fo r example the H  g iven in  (3.10.61) and
assume th a t H 12 has a pole a t s=  — 1 ). □

The  next Lem m a shows th a t Q (s )  defined in  3.5.1 acts as a genera tor o f a ll ct̂ G q) sub -op tim a l 
N ehari extensions o f G ^s ). (N o te  th a t by Theorem  3.7.2, cr1(G 1) < o '2(G 0) < o ’1(G 0)).

L em m a 3.10.5

*5q{ Q ,  Gq) ^ ^ ? 3) g e n e r a t e s  al l F (s) g K ^° s uc h t h a t  II G1+ F | | oo< o ,1(G ).

Proof:

F rom  the d iagona lisa tion  Lem m a 3.5.1 we m ay w rite  th a t

v“ 0Fi2 Gĵ
Q\ 2

where we have factored

F i2:=  F 12C ±

(3 .10.62)

(3.10.63)

and defined

P i2(s)=:cr(C 15IH-cr U B i ) ^ s I — T ~ l (( r2 A ] l + ' E A l { E  — <t T ~ l C [ — a  I p

A  s im p le  ca lcu la tio n  [G3] shows th a t the system zeros o f F 12 are located a t the eigenvalues o f - A n .
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Since in  a d d it io n  K*(s) is inner, the LHS o f (3 .10.62) is a non-s ingu la r tra n s fo rm a tio n  o f a fu ll 
(c o lum n ) rank m a tr ix  fo r every p o in t in  the LH P . T h is  shows th a t Q l2 has no M acM illa n  zero in  the  
LH P  w h ich , by d ire c t app lica tio n  o f C o ro lla ry  3.10.4, proves the resu lt. □

N ex t, [3] and [*iP4] w il l be transfo rm ed to  (s ub -o p tim a lly ) constra ined L 2/ L ° °  and m ax im um  
e n tro p y / ! , 00 prob lem s respective ly. In  a num ber o f papers [M l] ,  [B4] m ixed L 2/ L ° °  prob lem s have been 
ta ck led  by m in im is in g  an u p pe r  b o u n d  o f the  L 2 cost. In  [M l]  i t  is shown th a t im pos ing  th is  bound is 
equ iva le n t to  m in im is in g  the en tropy  fun c tion  a t in f in ity .  S im ila r ly , im pos ing  the  correspond ing bound  
in  (1 .6 ) w il l  reduce [<5P3] to  a special case o f [®P4]. T he  nex t theorem  gives an exact so lu tio n  to  [^P3] fo r 
th e  special class o f  m a tr ix  func tions  G0(s) fo r w h ich  ||G?1| |00<<r. A  su ffic ien t cond itio n  fo r th is  
in e q u a lity  to  ho ld  is g iven in  the rem ark  fo llow ing  the proo f.

T h eorem  3 .10 .6

I f  || G x F o p t { s ) = F n - V L Q u VrL { s ) z R % ~  m i n i m i s e s  (3 .10 .6 ) u n i q u e l y  in the  f a m i l y  o f

N e h a r i  e x t e n s i o n s  o f  G ( s ) .

Proof:

Consider the pa ram e trisa tio n  o f a ll N eha ri-op tim a l erro r systems given in  Lem m a 3.6.1 as -

r ( G + V ) W  =  V * V £( G a +  F,  U ) W ( s )  =  V z ( K ( G a + F ) W a, U )( s)

o 1( G ) a ( s )  0

0 <?!+?£( Q, V)
U {s)e^% - (3.10.64)

Since the cost in  (3.10.6) is u n ita r ily  in v a ria n t,

OO

inf hr £  / =  infFe°F 27rfe2_4

r _ i  co
> inf  fSiiGi + FJij^du =F,£%̂ 2 i = iJco

1 OO

h E  / s’ ( Gi +  1 £(Q, U))du)iu 
1 — 1 J* —1 —no

>«/ l|G i +  A l l j = l | G i l l 2 (3 .10.65)

w ith  the (un ique ) F ^ s )  ach iev ing th is  in f im um  equal to  — G1(o o )= 0 . T he  resu lt fo llow s by back- 
s u b s titu t io n  on no ting  th a t ||G 1| |oo< ct̂ 0 € | T £ ( Q ,  U) | {7(s)(E;y(iB!16!0j> and the bound in  (3 .10.65) is 
a tta in ed . □

Remark 3.10.3

A sufficient condition for ||<-?i|| <<r may be established in terms of the sequence of Hankel
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s ingu la r values o f G(s): Since (-^(s) is s tr ic t ly  proper,

2 (  5 ^ j (G 1) ) < 2 ( i ; ^ j+ 1(G ) )  (3 .10.66)

on us ing a bound fo r the in f in ity  no rm  o f a m a tr ix  g iven in  [G l]  and the bound

* i (G i) < < r 4+ i(G ) (3 .10.67)

fo r each i  wh ich fo llow s from  Lem m a 3.7.2. Consequently ||GJ1||0O<<r w ill be satis fied whenever

< r i ( G ) > 2 ( " f > , + 1(G ) )  (3 .10.68)

Since the  bound on the in f in ity  no rm  can be a rb it ra r i ly  weak, the class o f G 's  fo r wh ich ||G!1 ||00<c r 
m ay be considerab ly la rge r than  (3.10.68) ind icates.

The  next Theorem  gives a low er bound fo r the o p tim a l cost in  te rm s o f the  so lu tions to  the  
tw o  R ic a tt i equations (3.4.53) and (3.4.54)

T h eorem  3 .10 .7

P0= mvn{ J Y j f ( G 0 - F ) ( j u ; ) d u ;  } >  ||G i||
—  no ! —  -

(3 .10.69)

the  b o u n d  b eing  t igh t  i f  P r o v i d e d  t ha t  the  s o l u t i o n s  o f  the R i c a t t i  e q u a t i o n s  (3 .4.53) a n d

(3 .4 .54) ex is t  the  b o u n d  (3 .10.69) m a y  be w r i t t e n  as

HGilll = frace{c± c1fi_1(r+QE)fi-1(nQ+fis+Efi+r)fi-1qcrL} (3.10.70)

Proof:

F rom  Theorem  3.5.2, a sta te space rea lisa tion o f (^ (s )  when Q  and Q ex is t, is g iven by

G 1( s )= C J_C1f i ' ' 1{ s / + i 4 I i + ( f i ^ i 2 - q C 2 ) i4 ; 2 }  ' ( f t C M - E Q + f tE + n f r 1# ^  (3.10.71)

The  correspond ing c o n tro lla b ility  g ram m ian m ay be calcu la ted as

p=(r+nE)Q”1(QQ+fiE+EQ+r)fi -l (3 .10.72)

The result follows on noting that for G { s ) = C ( s I — A) l B  with controllability Grammian P,

||G1||H race{C P C '*}. □
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The nex t theorem  gives a degree bound o f F o p t (s )  under the assum ption on the existence and 
non -s in g u la r ity  o f the so lu tions to  the  R icca ti equations (3.10.35) and (3 .10.36). The p roo f fo llows  
im m ed ia te ly  from  Lem m a 3.8.1.

T h eorem  3 .10 .8

L e t  J[s)  a n d  g (s )  be i he  S c h m i d i  v e c t o r s  o f  T q . T h e n  d e g ( F o p t ) < d e g ( f ) + d e g ( g )  — 2 < 2 ( n — l ) .  In  

p a r t i c u l a r , F o p t { s ) —( x U — C { s I — A ) ~ l B  w h e r e ,

A A n + A 12( A i 2Q - C 2 C j)

0 Aii+{Q.A2i — BiBf)A2i (3 .10.73)

-f ir ( f i# -fr"1E)R1Rj_R±  
B-[B 1 B  1 - \ -£lA2-[B2

C [ Cj_ C_l Cj-j- C2Â 2̂ l - { C f L + c r U B D t o * ]
Proof:

Fo llows d ire c t ly  from  Lem m a 3.8.1 and Rem ark 3.8.1.

(3 .10.74)

(3.10.75)

□

Remark 3.10.4

The p roo f o f Lem m a 3.8.1 shows th a t the tw o  d iagona l sub-blocks in  the A  are s im ila r. T h is  
shows th a t, in  general, the o p tim a l extension F o p t (s )  has repeated poles.

T h eorem  3 .10 .9

[*iP4] i s  s o l v e d  u n i q u e l y  by F o p t ( s ) = <5 g(F, cr_ 1-F^2(so))-

Proof:

T h rou gh ou t the p roo f i t  is assumed th a t a  has been normalised to  1. T he  fa m ily  o f a ll Nehari 
extensions F e *3 o f G ( s )  is param etrised as

G + F ( s ) = V ( s ) d i a g ( a ( s ) ,  G ^ V t f Q ,  U ) ) W * { s )  ; U e ^ % -  (3 .10.76)

and consequently,

* i + i ( G + W w ) = * i ( < ? !+ * £ (&  U ) ) { j u )  f o r  al l w GR, F e V ,  1=  1, 2, - . .  (4 .10.77)

Since the entropy function is unitarily invariant, and since 5^ (Q , U) generates all the suboptimal
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extensions o f Gx(s), [<iP4] is equ iva len t to

max /(Gj+S^Q, C/);l;s0) = max ^(Gi+ î;l;so)
UG aj

(4 .10.78)

where the m ax im um  in  the RHS is taken over a ll such th a t ||G 1+ f ’1| |oo< l .  F rom  [L 6 ] th is  is
solved un ique ly  by

f t r\s )= i^ H ,  fr22(So)) (3 .10.79)

in  w h ich  H { s )  is the genera tor o f -subop tim a l extensions o f Gx(s) g iven in  [G3]. F rom  Lem m a 3.10.3,

H { s ) = Q { s ) ®
0 I
1 0 Q*(oo) 0 I

1 0 (4 .10.80)

N ex t no te th a t *3 g ( Q ,  £?22( so)) m ay w r it te n  as

q{Qi $ 22(̂ 0)) — ^g( Q(s)(
0 I
1 0 <3*( 00) 0 1

1 0 ®  Q(oo), G22(so)

= * /zyQ(s)®
0 1
1 0 <3*( 00)

0 1
1 0 i ^g(Q(°°), ^22(̂ 0))

where

— g^H{s), ĝ(CKoo), $ 22(̂ 0))̂ (3 .10.81)

H ( s )  = g(Qi Q*2 2 {°°)) Ql2 ^  $22(0°) Q22) 1 1̂2(°°)

^2l(°°)(^— Q22^22(°°)) 1Q2I Q22 Ql2
Q22 2̂2

(OO), (Q22)

On no tin g  th a t

■̂22(̂ 0) —
Q 22(o o) <3I2(o°)
<322(0o) <322(0°) 1 ^22(̂ 0) | — *$ £ ^Q(°°)» Q22(5o))

we conclude th a t

* t(Q, r 22(s0))=«f£( q, <?;2(»„))=5Fj(fr, fli2(s0))=-P.p.(*) (3 .10.82)

(N o te  th a t since F 22(s) is com p le te ly  unstable , by the m ax im um  m odulus theorem

5 W j (* o) ] <  II^20'“ ) I L < i (3.10.83)
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so th a t th is  choice o f feedback te rm  is adm iss ib le ). The  o p tim a l extension is g iven by ba ck -subs titu tio n  
as

G + F opt =  V

=  V

a{s)

0

a(s) 0

0 Gl-VQn

0

Gl+<5 q(Q> F22(s0))

vr +  v
vr

0 0

0 — F22(sQ))
vr

=  G + T £(F , o) + V ± Q 12( I - F 22r 22( s 0) ) - l Q 21 Vr± (s )  (3 .10.84)

F u rth e r,

V ± Q 12= V ± ]r± F 12= ( I - v v m) F 12= F 12(s )  (3 .10.85)

on using the (1 ,3) b locks o f (3 .5.3). S im ila r ly , Q 2\ V r ^ = F 2^ so th a t,

F o p t ( s ) = ^ ^ F ,  i ^ 2(s0) ) (3.10.86)

as requ ired. □

3.11 E xam ple

In  th is  example, we work th rough  the various steps o f the a lg o r ith m  fo r ca lcu la tin g  super- 
o p t im a l and i , ° ° / £ 2-o p t im a l Nehari extensions. T h is  w il l ve rify  the resu lts presented in  the previous  
sections and give an overv iew  o f the comple te a lg o r ithm ic  procedure. Since the lex icog raph ic  
m in im is a tio n  o f the com ple te sequence o f s ingu la r values essentia lly invo lves so lv ing  a recurs ive ly- 
defined o p tim is a tio n  p rob lem , a tw o  in p u t /o u tp u t ,  tw o  sta te example w il l be considered; th is  captures  
the  essential features o f the a lg o r ithm  w ith o u t any unnecessary com p lica tions .

Le t G (s )€ K ? 5’ (2x2) be defined as:

G^ = t >
12s+3

12s-l

12 s-1 

24s+7
(3 .11.1)

where 0 (s ) := 3 6 s2+45 s+5 . G ( s )  m ay be expressed in  term s o f the balanced rea lisa tion

G(s)
2 0 

1 1

--1 -
s+l 1/3 1

1/3 s+1/4 0

1 0 0
+1 0 0

(3 .11.2)

w ith  correspond ing ob se rvab ility  and c o n tro lla b ility  g ram m ians given by P = Q = d i a g (  1, 2)
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( a )  M a x im is in g  s ingu lar  v e c to r s  a n d  their  a l l -pass  c o m p le t io n s

From Theorem 3.3 it follows that the scaled singular vectors corresponding to the Hankel norm 
of G ( s ) ||G|,(s)||̂ =cr1=2 can be calculated via the solution to the two (identical in this case) Riccati 
equations:

— 1=0 => Q =  6+3^5 , £ l = Q  f r o m  s y m m e t r y . (3.11.3)

It is also easily verified that the destabilising solutions correspond to the largest solution 6+3-J5; we also 
note in passing that the relations predicted in Lemma 3.6 can be easily seen to be satisfied, namely

A(Q_, E-hT =
= (6+3>|5)(6+3̂ )-f(6+3>|5)-(6+3>|5)-3
= 0 (3.11.4)

and
A(ft_, Q - ) < 0  (3.11.5)

Using the state-space formulae of section 3.4, the (scaled) maximising vectors of the Hankel operator TG 

can be found to be

y i ( s )
-l
3s+2

1
35-̂ 5

and their corresponding all-pass extensions

V ± ( s )  =
3 s-2 
-1

1
3s- >15

^l(s) 1
3 s-2

1
3s+j5

W ± (S) =
3s+2

1
1

3s+^5

(3 .11.6)

(3.11.7)

( b )  D ia g o n a l isa t io n

From Glover [Gl] we can express the complete family of error systems S=G+T with 
and ||8|| <2 in terms of the parametrisation 8=G-f^£(Fa, U) where

^ ( S a, U) =
1 -1 4-6 s

3(s—l)

-1

3(s-l) 

7-6 s
+

3(s— 1) 

2 W ' - x L f r 1
3(s—l) 3(s-l) 3(s-l)

6 s—4 
3(s—l)

- 2
3(s—l)

with t/(s)€K!? such that ||i/($)||00< §•

Let us apply, next, transformations V̂ (s) from the left and W^s) from the right to the 
generator H ( s ) of all error systems 8(s)

1 3s—2 0 l 3s+ 2 0
3s+2 1 0 H (s) 3 s-2 1 0

0 0 3s+4 5 0 0 3s+̂ 5 _
(3.11.8)
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where V a and W a denote the augmented m atrices V(s )  and W(s) and H ( s )  is g iven by

E ( s )

3(tT)+G 11 3^T)+Q 12 $ £ )

3tf~T)+G 21 30T )+G 22 I f t l )
6 s-4 -2 -4
3(s—l) 3(s—l) 3(s—l)

A fte r  a num ber o f ca lcu la tions we a rrive  a t the result,

V"aH(s)Wa =

o-ia(s) 0 0

0 G\ +Qn ^12
0 «o to «Q to to

where
, , 0  ( - 3 s + ^ 5 ) (3 6 s 2-4 5 s + 5 )(Tl flf 5)   2 t— n )

(3s+45)(36s2+45 s+ 5 )
G&Qn{s) 4(3s— >]5) 

3 (s - l) (3 s + « j5 )

(3.11.9)

(3 .11.10)

(3.11.11)

^21~ 1̂2“
2(3s--j5)
3(5-1) and Q -  - 4

2 2 “  3 (s— 1 ) (3.11.12)

Note:

( i)  The  (1 ,1) b lock is indeed all-pass a t a level equal to  the Hanke l no rm  o f G(s), | |G (s ) | |^ = 2 .  
The poles o f a(s) consist o f the poles o f G(s) together w ith  e ither the poles o f V*(s) or H7(s), in  
agreement w ith  the results o f the d iagona lisa tion  theorem  3.5.2.

( i i )  A l l the te rm s (1 ,2), (2 ,1), (1 ,3) and (2,3) cancel id e n tic a lly  as expected.

( i i i )  Q10, G01, and the (2, 2) block o f VaH { s ) W a has bo th  a s tab le and an unstable  
pa rt consis ting o f the poles o f Vr,(s) (o r lT (s )) together w ith  the poles o f the in i t ia l extension F 0( s ) 
(here the unstab le poles o f the generator) respectively.

N ex t, the  (2 ,2 ) b lock w il l be decomposed in to  its  stab le and unstab le pa rts  G1( s) g 3€^° and 
Q n ( s ) € % ™ ;  th is  gives

4 (3 s -« j5 ) 6^5—10 14—6^5
3 (s— l)(3s+> |5 ) Z s + $  3 (5 - 1 ) '

G1(s )+ Q 11(s) (3.11.13)

M in im is in g  the m ax im um  level o f the second s ingu la r va lue (supe r-op tim a l so lu tio n ) o r its  in teg ra l 
over a ll frequencies ( £ ° ° / £ 2 so lu tio n ) in  the fam ily  o f Nehari extensions o f G(s), can be
fo rm u la te d  as



A state-space analysis for a class of H°° optimal control problems -182-

i n f  s ? ( G + F )  =  i n f
F e t f G 2 U e c% % -

6̂ 5-10
3s+̂ 5 + * l \

3(s—l)

2(3s-̂ 5)
3(s—l)

-2(3s--f5)
3(s—l)

3(s-l)

, u a

=  i n f  
2U€<$%-

4(3s-Js) 4(3s-f5)2
3(s-l)(3s+̂ 5)~ 9(s-l)2 a (3.11.14)

where or=oo o r 2. A p p ly in g  Theorem s 3.6.1 and 3.10.6 (w h ile  n o tin g  th a t fo r the  case o = 2 ,  
o-1(G )= 2 o-2 (G ;)= ^ | |G 1||oo< 2 ) the  tw o  constra ined m in im isa tio n s  can be replaced by a ’free’ 
a p p ro x im a tio n  on the stable p a rt o f the  ( 2 , 2 ) block, (^ (s ) ,

i n f 6 5̂-10
3s+̂ 5 + *illa (3.11.15)

F o r a = 2 , the o p tim um  choice o f F x is equal to zero. In  the case o = o o , the (un ique ) F i ( s )  which  
achieves the in f im u m  in (3.11.15) is the constan t th a t makes the sum all-pass a t ||G !1( s ) | |^ .  T h is  is 
given by F 1= -j5  — 3, correspond ing to  an a ll-pass  erro r system,

G i ( s ) + F 1 — ( ^ 5 - 3 )
3s- ̂ 5 (3.11.16)

( c )  C o n s t r u c t i o n  o f  the £ °° / L 2- o p t i m a l  extens ion.

The i . ° ° / £ 2 o p tim a l extension is given by,

F o Pt ( s )  =  F n - V ± Q n W ± (s )

3(6^-13)3 + 17-8̂ 5 
(3s--f5)2

-3s + (U —  4̂ 5) 
(3s- {5)2

-3s+(ll-4-f5)
(3s-fi)2

- 18s2+(3+12^5)s-(7+2f5) 
(3s-J5)2

J

(3.11.17)

The  i , 2-o p t im a l cost m ay be eva luated as

which achieves the bound given in Theorem 3.10.7.
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( d )  R e c o v e r y  o f  t he  s u p e r o p t i m a l  extens ion.

The  su p e r-o p tim a l extension is recovered by the ’unw rapp ing  p a r t o f the a lg o r ith m  as 

. (> )= (  F * -  V ± Q n  r ± )(5 )+  V j _ F l W x ( s ) = F , p t +  K j  F , W x {s)

(■$5-3)s+4-fi5
3s+^5 3s+^5

2-^5 l+2-f5-6s
3s+^5 55 + ̂

(3 .11.19)

W e note:

( i)  The  level o f s f ( G + F S0) ( s )  =  H G ^  =  ^ ( E + r C T ^ E + r f T 1) =  3 - 4 5 < l= < r 2(G ) in  
agreement w ith  Theorem  3.7.2.

( i i )  The  cance lla tion  results in  Lemmas 3.8.1 and 3.8.2 are verified . In  p a rtic u la r , the residue o f  
the pole a t s = l  is zero independen tly  o f th is  im p lie s  a cance lla tion o f the poles o f the extension  
F q ( s ) (and in  fa c t o f  any in i t ia l extension) in  the te rm  F 0 — V ± Q n  W j_(s) (see Lem m a 3.8.1 and  
Rem ark 3.8 .1). The  choice o f F : a s  the (un ique in  th is  case) extension o f G j(s ) resu lts in  the rem a in ing  
cance lla tion  (o f the poles o f V jJ s )  or W j_ (s)) in  agreement w ith  Lem m a 3.8.2.

F igu re  7 shows the s ingu la r values o f G + F ( s ) w ith  F ( s )  taken as the supe r-op tim a l extension, 
the i , 2-o p tim a l extension and the extension which m in im ises the en tropy cost (a t in f in ity ) .  The  largest 
s ingu la r va lue o f a ll three e rro r systems is constan t over a ll frequencies a t 2. Note also th a t since [^P4] 
invo lves a lo g a r ith m ic  cost fu n c tio n  w h ile  [^P3 ] a linea r one, the m ax im um -en trop y  so lu tio n  emphasises 
the ap p ro x im a tio n  a t low  frequencies re la tive  to  the 1?  so lu tion .

I t  m ay be seen from  (3.11.19) th a t we end up w ith  a rea l-sym m etric  supe r-op tim a l extension  
F 3 0 ( s ) correspond ing to  a rea l-sym m etric  G(s). T h a t th is  is true  in  general is shown in  the nex t lem m a:

L em m a 3.11.1:

T h e  s u p e r o p t i m a l  e x t e n s i o n s  o f  r e a l - s y m m e t r i c  r a t i o n a l  m a t r i x  f u n c t i o n s  a r e  r e a l - s y m m e t r i c .

Proof:

The p roo f w il l be by in d u c tio n  on the in p u t /o u tp u t d im ension o f G (s )= G T (s). C lea rly , fo r p =  1 

the resu lt ho lds t r iv ia l ly .  Suppose i t  is true  fo r a ll rea l-sym m etric  ra tio na l ( p — l ) x ( p — 1) m a tr ix  
func tions , and consider a rea l-sym m etric  ra tio na l pxp  m a tr ix  func tion  G(s). Since G(s) is real 
sym m e tric , r £ = r GT = r J ;  th is  in  tu rn  im p lies  th a t the m ax im is in g  vectors o f sa tis fy  J [ s ) = g (  — s)  

Vs. Scaling f [ s )  and g( — s) does no t affect th e ir sym m e try , so th a t i>(s)=iu( — s). I t  fo llow s th a t the a ll­
pass m atrices based on r(s ) and w ( s ) sa tis fy , F *(s )=  KT ( —s )=  WT( —s) and in  p a rtic u la r ,
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l / j_ ( s )=  V j_ ( — 5) =  W ^ (s ) .  Consider next the genera tor o f a ll Nehari extensions *?£(F , U) (defined in 
Lem m a 3.1.1), correspond ing to  G ( s ) E % <+ ' ^ pXp -̂ F n = ^ ^ ( F ,  0) is an adm iss ib le extension since i t  is 
generated by U =  0; in  a d d it io n , since fo r real s ym m e tric  ra tio na l m atrices G ( s ) ,  real sym m e tric  Nehari 
extensions correspond precisely to  real sym m e tric  ’feedback’ terms U( s) [B2], F j 1( s ) = F n ( s ) .  Hence,

=  V x M t f n M  w ± ( , )  =  ^ J _ (S) (3.11.20)

is real s ym m e tric , and, there fore , since G1(s )6 3 t “ , Q11(s) g K ^ > w ith  bo th  G x and Q 11 s tr ic t ly  proper, 
Gx(s) =  G j ( s )  and £Jn (s) =  ^ ( s ) .  Now , the  s u p e r-o p tim a l extension fo r G ( s )  can be expressed as

F , M  =  F 0( s ) ~  K_L( l ’+ Q 11) r L ( S) (3 .11.21)

where F 0( s ) = H n (s)  and F ( s )  is the supe r-op tim a l extension to  G1(5) g K + ' ^ " 1^ p“ 1 ;̂ from  the  
in d u c tio n  hypothesis and the sym m e try  o f G x i t  fo llow s th a t F T ( s ) = F ( s ) .  The  resu lt fo llow s on no ting  
th a t F 0{ s ) = H n ( s ) = F ^ ( s )  and th a t W jJ s )  =  V j_(s) so th a t

F s o ( s ) =  F 0( s ) - V ± ( F + Q n ) V T± (s )  =  F j 0( s )  (3 .11.22)

as requ ired. □

3.12 C onstruction  o f Super-optim al H ankel-norm  approxim ations

In  th is  section the construc tion  o f supe r-op tim a l H anke l-no rm  app rox im a tion s  is derived. 
Before s ta tin g  and p rov ing  the m a in  Theorem  o f the section a p re lim in a ry  resu lt is requ ired concern ing  
the zeros o f the o ff-d iagona l blocks o f Q(s) defined in  Lem m a 3.5.3. T h is  is g iven next:

L em m a 3.12.1

L e t

Q ( s ) =
Q n

Q 2 1

A B i b 2

C i 0 — a l

c 2 <rl 0
(3.12.1)

be d e f i n e d  as  in (3 .5.38). T h e n

(1 ) A l l  the  M a c M i l l a n  z e r o s  o f  Q l 2 { s)  a n d Q2i ( s) *n ° Ven r i gh t  h a l f  p lane .

(2) A n y  s y s t e m  z e r o  o f  the  r e a l i s a t i o n  o f  Q 12( s )  t h a t  l i es  in  t he  lef t  h a l f  p l a n e  is  an  

u n c o n t r o l l a b l e  m o d e  o f  t he  p a i r  (A , B 2).

(3 ) A n y  s y s t e m  z e r o  o f  the  r e a l i s a t i o n  o f  Q 21(s )  t h a t  l ies  in  the  lef t  h a l f  p l a n e  is  an
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unobservable mode of the pair (A, C 2).

(4) If X is a stable system zero of Ql2{s) then —X is a MacMillan zero of £(s).

(5 ) If X is a stable system zero of Q21(s) ^ en ^ 2S a ŝo a MacMillan zero of rp(s).

Proof:

The po s itio n  o f the zeros o f @12(s) w il l be established d ire c tly  from  the state-space rea lisa tion  
(3 .5 .38). F rom  th is  rea lisa tion  i t  is clear th a t the system zeros o f Q12(s) are located a t the eigenvalues  
o f

$> = ̂ +r-1<̂ <7± C_LC1(E+ft# r) (3.12.2)
in  w h ich

A  =  T - \ < t 2A \ 1+ ' L A 11Y , - < t C x U B \ )  (3 .12.3)

U sing the (1 ,1) b lock o f (3 .1.2) and the (1 ,2) blocks o f (3 .1.1) and (3 .1 .2) gives

a = -r^c^c^c^E-r-^Au-A^c^r (3.12.4)

P rovided th a t the desired so lu tion  to  (3.4.31) exists and is in ve rtib le , s u b s titu t in g  (3.12.4) in to  (3.12.2) 
gives

$  =  r " 1f } { y l11- f> i12( J4 l2f i - < ^ C 1) } Q " 1r  (3.12.5)

wh ich  is com p le te ly  unstable because Q is chosen to  be destab ilis ing .

In  the event th a t ( A n , A n ) is no t con tro llab le , the required so lu tio n  to  (3.4.31) w il l no t exist. 
In  th is  case we sub s titu te  (3.12.4) in to  (3.12.2) and make the tra n s fo rm a tio n  in  (3.4.33) to  ob ta in

= 7T[^(rLCjLC1Q# -^n+(^C2̂ 1*2]7̂

C I C T ^ C  ̂ C f i f - A h + C l C t A U  0

* ~-̂ 22
(3 .12.6)

in  w h ich  A( — A 22) c A( — ̂ n )  are com p le te ly  unstable and Clr is the app rop ria te  so lu tio n  to  the reduced 
d im ens ion R icca ti equa tion (3.4.24). As exp la ined in  section 3.4, (3 .4.24) w il l a lways have the requ ired  
des tab ilis ing  so lu tio n . In  the case th a t Q r is in ve rtib le , we m ay sub s titu te  (3 .4 .2 4 ) f ir 1 in to  (3 .12.6) to  
ob ta in  a (1 ,1) b lock o f

C xC L C L C ^ r x — A11+C,1C2A13=17r[A11+A13(Ai3Slr — C ^ C (3.12.7)

wh ich  is com p le te ly  unstab le due to  our choice o f so lu tion  to  (3.4.24). Thus, in th is  case also, the  
system zeros o f Q12(s) are com p le te ly  unstable.
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In  the rem a in ing  o f th is  p ro o f we w il l consider the th ird  p o ss ib ility  th a t f i r is s ingu la r. W e  
begin by in tro du c in g  the no ta tio n

- A : = A n ~  ̂ 1362 Ci
1̂3

C : = C 1 C 1

In  th is  n o ta t io n  (3.4.24) becomes

f ir<x + jT n r+ n r®B«B*flr-ee*=o (3.12.11)

(3 .12.8)
(3.12.9)
(3.12.10)

N ex t we note th a t i f  (-4., *36, C) undergoes a general basis change T  we m ay  w rite ,

T ^ m( Q r T ^ 1- T A + A * T • T ~ * Q r+ Q r T ~ 1 - T'&'Ub*T" • T ~ mQ r — £ £ * )  ^ = 0

so th a t Q r —+ T ~ mQ r T ~ l . Now fo llow in g  the construc tion  o f section 2.1 we can fin d  a special basis T  fo r 
wh ich

f ir  =
fin
0

(3 .12.12)

w ith  f i n > 0 .  Note also th a t w ith  no loss o f gene ra lity  we can absorb th is  special basis change T  in to  7 \  
(defined in  section 3.4) by rede fin ing

r,:= T  0
0 I

Hence, rede fin ing  (-4., <3B, C) in  th is  basis and p a rt it io n in g  con fo rm a lly  w ith  (3 .12.12), we get

-4.il -4.2if i l l o
1

1---
---- o

1
o

1

---
---

-1
p

1o -

o-------1 1
o

-4.il -4-12
-4_2i -4-22 + —4>io -4-22

fin 0
0 0 +

%  

98 2
CD * CD* jo 2 JO 2

F rom  the (2 ,2) b lock o f th is  equa tion we get th a t 

Ĉ 2̂ 2~0 C 2“~ 0

fin 0 
0 0

e;
c;

C l es =  0 (3.12.13)

(3.12.14)

w h ile  the (1 ,2) b lock and (3.12.13) gives

^ll*^12~0 => -4-12—0 (3.12.15)
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since is in ve rtib le . W e conclude th a t A 22 con ta ins the modes o f A n  — A 13C ^ C 1 w h ich are 
unobservable th rough  C j ^ C y  In  a d d it io n , since is com p le te ly  unstable , we observe th a t

----
----

1

0

__
__

_1
%

1
p 0

__
__

_1

•̂ ■ 11+ ^ 1^ 1^11 0
+ M & I  ^ 2 =r

a 21 a 22 *3B2 L J 0 0 » A  20
(3 .12.16)

is com p le te ly  unstable , whence

R e [  Aj ( <̂4.i > 0
and

R e [  A ,(.A 22) ] > 0

(3.12.17)

(3.12.18)

T he  (1 ,1) b lock o f T ~ * T $ T  1 $ n , given in  (3.12.6) becomes (in  the new n o ta tio n ),

$n =
e;
0

[ C, c2 ]
Qn1

10

•A h A 2i

1
0

1
0

1
0 a 22

Ci C1Q 1 j — A n

0
— A 2 i

— *̂ 22
(3 .12.19)

The  (1 ,1) b lock o f 4>n  is com p le te ly  unstable by the (1,1) b lock o f the trans fo rm ed R icca ti equa tion  
(3 .12.13) since,

=  Q n ^ n + ^ i ^ i i j Q r i 1 (3.12.20)

w ith  com p le te ly  unstable by (3.12.17). W e also note th a t a ll the modes o f — A 22 are
s tab le  (by (3 .12.18)) and appear as eigenvalues o f the zero m a tr ix  $ . I t  w il l nex t be shown th a t a ll the  
stab le  system zeros o f Q12( s) w h ich are associated w ith  — A 22 are un con tro llab le  modes in  the  
re a lisa tion  o f Q12( s) g iven in  (3.5.38).

Suppose th a t s0 is any (unstab le) mode o f A 11 — A 13C ^ C 1 w h ich  is unobservable th rough  
C j _ C 1, so th a t —s0EA( — j ( 22). Then there exists a vecto r such th a t

5ô — A 11+ A 12 C 2 C \

c , c L c L c ,
i  = 0 (3 .12.21)

However,

a  =  r A r - 1+ ( x 11- > i 12c ; c 1)*+(^(r1 c_Lc 1r - 1E



A state-space analysis for a class of H°° optimal control problems -188-

= [ <T2A n+ zA n z-<Tcr1UBi+(A'n -c r1c2A'12)T+crl cr± c± c1'z ]r_1 
= - c r l c 2[cr2 c 1i : - < T B 2B i - i - A i 2r ] T - 1

=  0 (3.12.22)

on s u b s titu t in g  from  (3 .1 .1), (3 .1.2), (3 .1 .3), (3 .1.18) and (3.1.11); Using th is  in  (3.12.21) we get

C  [ s q I - A u + C I C i A I i  | C i C * ^ ^  ] =  0 (3.12.23)

<=> C [ so Z + rA r-^ ^ c ^ C j^ r^ E  | c r ^ c ^  ] = o (3.12.24)

o  s' [ v + r A r -1 1 cicTlC lCj ] = 0 (3.12.25)

so th a t

(«T) [ - s 0I - A  | r-‘CTCi ] = 0 (3 .12.26)

w ith  since T is non-s ingu la r. Inspecting the rea lisa tion o f Q 12( s ) g iven in  (3 .5.38) we conclude
th a t every eigenvalue o f —-4.22 in  the zero m a tr ix  $  corresponds to  an uncon tro llab le  mode in  the  
re a lisa tion  given in  (3 .5.38). T h is  shows th a t:

(1 ) A l l the M acM illa n  zeros o f Q12(s) lie  in  the open r ig h t h a lf plane.

(2 ) Every system zero o f Q12(s) th a t lies in  the le ft h a lf p lane is an un con tro llab le  mode in  
(3 .5 .38).

T he  lin k  between the s tab le system zeros o f Q10(s) and the unstable M a cM illa n  zeros o f f ( s )  m ay be 
estab lished using Lem m a 2.3.2: I f  50 is a stable system zero o f Q12(s) then i t  m us t belong to  the  
spectrum  o f —-4.22’ where A 22 con ta ins the unstable modes o f A n  — A 13 C ^ C 1 wh ich are unobservable  
th rough  C j _ C v  However, from  Lem m a 2.3.2 these modes coincide w ith  the  unstable system zeros o f

sZ—A n  ~ ^ 1 3

Ci c2
(3 .12.27)

or, equ iva le n tly , (since (A n ,  A i 3, C i, C2) is a m in im a l rea lisa tion ), w ith  the unstable M a cM illa n  zeros 
o f £ (s).

A  dua l a rgum en t w il l establish the pos ition  o f the zeros o f Q 21( s ) . □

Theorem 3.12.2

A s s u m e  t h a t  t he  S c h m i d t  v e c t o r s  £ (s) a n d  t/>*(s ) g i v e n  in (3 .16) a r e  f r e e  o f  r i gh t  h a l f  p l a n e  

M a c M i l l a n  z er o s .  T h e n  t he  f a m i l y  'J (s) o f  al l  a p p r o x i m a t i o n s  F £ % ™ ( k )  t h a t  m i n i m i s e  t he  p a i r

(■ s ? ( G 0 - F ), s ? ( G 0 - F ) ) (3.12.28)
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l e x i c o g r a p h i c a l l y  i s  p a r a m e t r i s e d  by

* M = F „ + 1 0 . (  < ? „+ # , )  I T J * )  (3 .12.29)

in w h ic h  ^  d e n o t e s  t he  f a m i l y  o f  al l  o p t i m a l  i - t h  o r d e r  e x t e n s i o n s  to  G i ( s ) .  T h a t  is al l F j^ E  3 6 ^ (0  
t h a t  s a t i s f y  || G x — F 1 ||oo= c rJ+1(Gr1) w h e r e  l — d e g { Q J)) < k .

N o t e : T h e  c a s e  i n  w h i c h  e i t h e r  £(s) o r  rp*(s) o r  both h a ve  r i gh t  h a l f  p l a n e  M a c M i l l a n  z e r o s  w i l l  be 

d e a l t  w i t h  l a t e r  in  R e m a r k  3.12.4.

Proof:

Using the  resu lts o f Lem m a 3.5.3, the fa m ily  o f a ll ‘ o p t im a l’ e rro r systems (w ith  respect to  
s f ’( - ) )  m ay be pa ram etrised  by

Go+ 'F ( s ) = { v ( s)[<Tt+1 (G 0)a (s)© G 1+5F£(O , V ) ] W ( s )  \ U { s ) & a  1 S K ? }  (3.12.30)

Since V^s), lT *(s) and a(s) are all-pass, the fa m ily  o f a ll extensions wh ich  m in im ise  s2(G 0+ 7 )  are 
generated by

i n f  I I C i + W ,  m ^ T i G o + V )  (3 .12.31)
U e l / a k + l ( G 0) ^ % -

I t  w il l now be shown th a t p rov ided f ( s )  and i/>*(s) have no M acM illa n  zeros in  the r ig h t h a lf p lane, the  
m in im is a tio n  p rob lem  in  (3 .12.31) is equ iva len t to  the unconstra ined prob lem

<»/ l l <? i+ ^ 1 la)= cr { . , (< ? ,)  (3 .12.32)
F e % - ( C )

where l < k  is the  M a cM illa n  degree o f the stable p a rt o f Q(s). Since Q (s )E 3 tf? (£ ) and 
||(222C/1|oo= | |F 22f / ] |oo< l ,  a ‘sm a ll-ga in ’ a rgum en t [6 ,1 0 ] shows th a t ^ ( Q , U ) £ % ' f >(C), fo r a ll 
U ( s ) e l / a  i + i (G 0) <iBK ^0. By com paring  (3.12.31) and (3.12.32) we m ay w rite

i n f
U ( s ) e l / a k + l ( G 0) <% % ~

I I< ? !+ * !« ? , tOlleo >  m f  \ \ G 1+ F \ \ e = a i  ( G f )  
F 6 % - { £ )

(3 .12.33)

I t  w il l be shown th a t e v e ry  FE3G^°(£) wh ich achieves the m in im u m  in  (3.12.32) is generated by some 
U { s ) £ l / a  k + l ( G 0) < % % ~  v ia  *?£(Q , U). T h is  is based on an argum en t given in  [G3].

Since all the MacMillan zeros of Ql2i s) he in the open right half plane (Lemma 3.12.1),

Q 12(ju>) is non-singular for every wER. This together with the all-pass character of (Lemma 3.5.3)
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**+i(G0)
1 G \ + Q n

Qo'21

12

22

gives

HGl+^llllco<^+l(G0)

Fu rthe r, 

so th a t

cr£+l(̂ 1)<crfc + 1(^0)

In  a d d it io n , we w il l dem onstra te th a t

(3.12.34)

(3 .12.35)

(3.12.36)

(3.12.37)

{s«(G, V ) ■■ I I ^ ) I U < 1 M +1- (3 .12.38)

generates every F(s)6!H!>T(£) w ith  the p rope rty  ||G i —-F||Oo < o ‘jt+1(G !0). Suppose th a t some F ( s ) satisfies  
| |G 1+ F | |oo< £t , + 1(G 0). Then

U ( s ) = * l \
1

ajk + l(̂ o)
Q 22 Q \2

<?2i Gi+Qn
Gi+F(s)

gives

F ( s ) = * l \

Q 12
Q 2 i ^22

(3 .55)

(3 .56)

Since ||G 1+ Q 11||oc< a A:+1(G 0) and ||G 1+ F | |< < rA.+1(G 0), the linea r fra c tio na l m ap de fin ing  U(s) is we ll- 
posed and fu r th e r I I ^ ( s) l l00< crjfc+i(G?o)* ^  remains to  show th a t £ /(s)G % “ . Suppose con tra ry  to  w ha t 
w il l be proved th a t U(s) has r  poles in  the le ft h a lf plane. T h is  im p lies  th a t the A -m a tr ix  fo r g(Q, U) 

has £ + r  eigenvalues in  the le ft h a lf plane by a N yqu is t-type  argum en t [G4], [R l] .  Since F £ % ^ { C )  by  
assum ption , there m us t be a t least r  cance lla tions in  the closed-loop. Since any cance lla tion  is 
constra ined to  occur a t a system zero o f Ql2{s) or Q01(s) (see Theorem  2.3 .1), we ob ta in  the requ ired  
con tra d ic tio n  since by Lem m a 3.12.1 and the Theorem ’s hypothesis Q12(s) and C?21(s) are free o f any  
such zeros.

I t  fo llow s , therefore, th a t all o p tim a l £-th order extensions o f G 2(s) are generated v ia  ' S g i Q ,  U) 

as c la im ed . As a consequence, the set o f a ll extensions F ( s ) wh ich m in im ise  ( s ^ ° ( G 0 — F) ,  s%°(G0—F))  
le x icog raph ica lly , is param etrised by

<t*+i(g o)“(s) 0
0 G , ( s ) -V , ( s )

W#(s) = G0— V
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* * +i(G0)«(s) 0
w * + v

0 0
v r0 $ + l __ 0 ^ rH ?n

=  5 | ( F ,  0 ) + K j.( 'F 1+ < }11)W'*j . =  F n ( s)  +  V x ( # , +  (?n ) ( 3. 12. 41)

where ^ ( s )  denotes the fa m ily  o f a ll £-th order o p tim a l app rox im a tions  o f G ^s ). T h is  completes the  
p ro o f o f the theorem . □

Remark 3.12.1

Theorem  3.12.2 establishes th a t a ll so lu tions wh ich m in im ise  s£°(G0 — F)  can be param etrised  
in  te rm s o f a ll so lu tions th a t m in im ise  s ^ ° ( G 0 — F) wh ich is a p rob lem  o f d im ens ion ( p — l ) x (m — 1). 
S im ila r ly  to  the Nehari supe r-op tim a l case, the procedure can now be con tinued u n t i l a u n ity  rank  
prob lem  is encountered (o r u n t i l d e g ( G i+1) <  d e g [ ( Q i + ] ) +]. A t  th is  p o in t there is a un ique o p tim a l 
ap p ro x im a tio n  and the process stops.

□

Remark 3.12.2

Theorem  3.12.2 gives <D:(5 )= f r11(s )- f Vrj_ (0 :1-4- Q1X) W jJ s )  as the fa m ily  o f a ll o p tim a l 
app ro x im a tio n s  w ith  respect to  the f irs t tw o  s ingu la r values. Since Qn ( 5) and any member o f
• ^ (s )  a ll belong to  we expect a num ber o f cance lla tions to  occur in  th is  sum since the members
o f «F(s) are k -th  order app rox im a tion s  o f G0(s). A  s im p le  ca lcu la tion  based on (3 .5.30) to  (3.5.33) and 
the all-pass equations correspond ing to  K(s) and lT (s), establishes th a t in  the case when 
d e g ( v ) = d e g ( w ) = n — \ ,  V j _ Q  W jJ s )- m ay be decomposed as V j _ Q n  lk j_ (s )=  — T 11(s )+ J (s ) , where

i

i * - X Q B i X Q D l

J ( s )  = 0 — A* C*
- B m C , Y D u

e u % - (3.12.42)

(Here we have defined 0=B 1D2+YB2 and assumed th a t lF (s) and V*(s) are described by the m in im a l 
and balanced rea lisa tions (3.5.23) and (3.5.24) w h ile  X  and Y  are the so lu tions to  the linea r equations  
(3 .5 .31) and (3 .5.32). T h is  decom position verifies th a t ^ (s ^ U G ^ A :)  and shows th a t a ll its  s tab le poles 
are those o f ^ ( s ) .  □
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R e m a r k  3 . 1 2 . 3  [H2]

I t  is in te res ting  to  no te th a t the construc tion  given in  Theorem  3.12.2 is p a r t ic u la r ly  s im ple in  
the special case th a t k = n — 1. T o  see th is  we begin by no ting  th a t a ll e rro r systems are given by

g (s)=G+Fn + ± F i2U(I-±F22V)-lF2l (3 .12.43)

in  w h ich  F ( s )  is stable. N ex t suppose we set U: = ^  r 22( s )  w h ich  we note has the cha rac te ris tic  
| | t / | |o o < l by the  a ll-pass p rop e rty  H ( s ) H * ( s ) = a n I  and since d e t ( F [ 2F 12( j u j ) ) ^ 0  fo r a ll real w. In  
a d d it io n , a \ ~ F 22 is com p le te ly  unstable . B y  exp lo it in g  the all-pass character o f (3 .1 .9), the expression 
fo r the  e rro r system  m ay be rearranged as

S (s) = G+Fn+ ± F 12r 22( I - ± F 22r 22)-'F21
CTn (Tn

=  G+FU+F12^22(^21^21) 1̂ 2i)

=  G + F n - i G + F i j r ^ F ^ r ' F , ! )

=  ( G + F , i ) ( I m - r 2i ( F 2 i r 2i ) - ' F 2 i ) (3 .12.44)

Since F 2 l (ju>) has rank m — 1, the e rro r system has rank 1 and satisfies | |g | |oo= c rn wh ich is super- 
o p tim a l. □

Remark 3.12.4

The fo llow in g  construc tion  gives the super-op tim a l a p p rox im a tion  in  the case when the vectors  
ip*(s) and £(s) have r ig h t h a lf plane M acM illa n  zeros:

F rom  the de fin it io n  o f Q(s),

--
-1 10

1--
- 0 I

G-F-Fn F12 
Fo\ F22

W e m ay also w rite

1
1-

10
1 0 ‘-'1
1 __

_

Gx+Qn Q12 

Q 2i q 22

(3.12.45)

Q'nQJs) = r i2V± \r± F12(s)=ri2(I-vv ')F 12(s)
=  ^12^'l2 (s ) = 0 '2^ ~ ^ 2 2 ^ 2 2 { s ) (3.12.46)

since v *F 12= 0  and G a+ F  is all-pass. S im ila r ly ,

^2i^2i(5) =  *21 W± W*± r 2l(s)=a2I -  F22r 22(s) (3.12.47)

Le t
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then

and

B 2

0

Qm Q = 1̂2̂ 12

2̂1̂ 21

- A * C \ C 2 0
0 A b 2

B \ 0 a 2I

A B 2B 2 0
0 - A * c*2

c 2 0 ( X 2 I

(3.12.48)

(3 .12.49)

(3.12.50)

N ex t suppose w ith o u t loss o f gene ra lity  th a t Q 22( = F 22) has been pu t in the K a lm an  canon ica l fo rm  (A, 

B 2, C 2, 0) in  w h ich

A n 0 A l3 0 B l 2

A 2i A 22 A 23 A 24 b 22
A  = B  =

0 0 A 33 0 0
0 0 A 43 1

■<r•<r 0

c  = ^ 2 1 0 £*23 0

(3.12.51a, b)

(3.12.51c)

where (A n , Bl2) is com p le te ly  con tro llab le  and (An , C 21) is com p le te ly  observable. S u b s titu t in g  in to  
(3 .12.50) we see th a t

1____ b 12b \ 2

1

0

^ 21^ 21
0 — A 11 ^21

C*21 0 a 2I

(3 .12.52)

where we have w r it te n

^ 1 2

A B i b 2

Q(s)= c l 0 <t I

^ 2 1 Q22
c 2 a l 0

w ith  (A , Z?2, C 2) as in  (3.12.48) and B x, C 1 p a rtit io n e d  con fo rm a lly  as 

= £ B n  2̂1 -®31 -̂41

(3 .12.53)

(3.12.54a)
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and
C 12 &13 14 ]

S im ila r ly , s u b s titu t in g  the m in im a l p a rt o f (3 .12.51) in to  (3.12.49) gives

(3.12.546)

- M i C 2 l C 21 0

Q \ 2 Q l2 = 0 M i B \ 2

B \ 2 0 a  2I

(3 .12.55)

W e no te th a t a ll the modes o f ^ l22 in  the rea lisa tion  o f <312(s) g iven by

r~ - H
Mi 0 Bn
A2i ^22 B2 2
Cn Ci2 £tI

(3 .12.56)

cancel in  the p roduc t Q [ 2 Q 12( s)- The stable modes o f A 22 are con tro llab le  by construc tion  and are also 
observable since by Lem m a 3.12.1 a ll system zeros o f Q12(s) th a t lie  in  the le ft h a lf p lane are due to  
uncon tro lla b le  modes. Hence, there exists a ( le ft) all-pass fac to r 3B(s), i.e. Q12(s )= 'iB (s)(5 (s) w ith  
deg(<Q +) given by the num ber o f stable modes o f A 22- T h is  means th a t w ith o u t loss o f gene ra lity  the  
rea lisa tion  o f Q12(s) in  (3.12.56) m ay be chosen such th a t

r~
0 B u

* *

a 21 ^22 B 22

C n C \ 2 crl

in  w h ich  *iB (s)= /+cr 1C 12( s I — A 22) 1B 22 and A

^11 ^13 M i

Q  =  ^21 0 ^33 B 31

C 2i ^ 2 3 crl

M i  B \ 2

C u  <rl

2i = f f B 22C n . S im ila r ly , considering

M 2 a ~ l B~

C \2 I
(3 .12.57)

(3.12.58)

in  the p roduc t Q 21Q 21( S) we conclude th a t there exists a ( r ig h t)  a ll-pass fa c to r .A(s) con ta in in g  the  
modes o f A 3 3, i.e.

M i M 3 M i

Q 2 i~ 0 ^ 3 3 B 31

c 2i C  23 a  I

^11 B n

C 21 <t I

^33 B 3 i

a ~ 1C 23 I
(3 .12.59)

w ith  J.(s)=I+(r 1C 23(sI— A 33) XB 31 and A 13=a 1B n C 23, Hence,
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i n f  ||G1+'F£(0, tOIL = i n f  W G . + Q ^ Q ^ I - Q ^ Q ^
r u e ’m u -  c U e % % -

=  i n f  ||G 1+ Q u + S ( s) 5 12£ / ( / - ( ? 22fO -10 21J l ( S) 1 ^
( r U e ^ % -

=  i n f  l l® * (G 1+ 0 11K - g i l + ^ ( 5 ,  U) I U  (3.12.60) 
a V £ c$>% -

where

^12
^11 B n *12

Q ( s ) =
s_

( ' l l 0 t t I

^21 ^22
c 2 l a l 0

(3 .12.61)

Since a ll the s table modes o f A n  are con tro llab le  th rough  B l2 (observable th rough  C 2i)  by  
cons truc tion , a ll the system zeros o f Q 12 ( Q 21) in  the above rea lisa tion  lie in  the  open r ig h t h a lf  plane.

Hence, fo llow in g  the p roo f o f Theorem  3.12.2 we see th a t in  th is  (the general) case, the fam ily  
o f a ll extensions th a t m in im ise  the pa ir (s f^ G o -  F),  s ^ ( G 0 — F))  w ith  respect to  lex icog raph ic  orde ring  
m ay be param etrised by

#(5) = G0- K
I 0
0 (s )

a a { s )  0
o <r(G1+ gii).r_Qii_<?1

i  o
0 .A(s)

W"

G q - V

Cjt+i^s) 0
w r + v

I 0 0 0 I 0
0 ^i+@ n(s) 0 < $ ( s ) 0 * « + 3 „  _ 0 ~4(s)

= o)+v'J $(s)(?F1+<j11).x(5)rL

=  +  K j 3 ( s ) ( 7 1+ C 11U (s )W 'x ( s )  (3 .12.62)

where ^  denotes the fa m ily  o f a ll o p t im a l H anke l-no rm  app rox im a tions  o f  Q n  o f
degree £ = d e g ( Q + ) = d e g ( [ F 22] + ). □

A  s im p le  induc tive  genera lisa tion o f Theorem  3.12.2 w il l establish the fo llow in g  a lg o r ith m  fo r 
ca lcu la tin g  the (un ique ) supe r-op tim a l app ro x im a tion .
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Algorithm 3.12.1

G iv e n  a n y GoCsjElRK^3'pXm, th i s  a lg o r i th m  f i n d s  F s0( s ) E % ™ ' p* m (k) w h ich  is  th e  s u p e r o p t i m a l  

k-th  o r d e r  a p p r o x i m a t i o n  o f  G 0(s ) .

1) r = r a n k ( G 0) < m i n ( p , m)
2) F in d  F (s )  f o r  G 0(s ) ( th e  g e n e r a t o r  o f  all o p t i m a l  k -th  o r d e r  a p p r o x i m a t i o n s  — use s t a t e - s p a c e  

f o r m u l a e  in (3.1.9) )
3) E 0= G 0 — F n

4) F 30= F n

5 V = I m a n d  W —1P 

6) F o r i=0 to  r — 1
1) F in d ff(5) a n d  rpi(s) c o r r e s p o n d in g  to G{(s) a n d  c o n s t r u c t r,(s), io,(s),
a n d  u s i n 9 s t a t e - s p a c e  f o r m u l a e  in  s e c t io n 3.4.
2) D e f in e G,+1(s)€3t^ a n d Qt.+1(s)GK?>(̂) v ia  d e c o m p o s i t i o n s  g iv e n  in  L e m m a 3.4.3 
) I F  £ i ( s )  a n d  ip*(s) h a ve  R H P  z e r o s  T H E N

1) E x t r a c t  a l l -p a ss  c o m m o n  f a c t o r s .A(s) a n d  ̂ B(s) ( s e e  R e m a r k (3.12.4)).

2) R e d e f i n e: V ±  ,(s):= V ±  .(s)*B(s), W ±  . { s ) : = J L ( s )  W ±  .(s),

4 ) t = d e g ( Q + )
5) F i n d  F i+ V  the g e n e r a t o r  o f  a ll  t - t h  o p t i m a l  a p p r o x i m a t io n s  to G,+1 ( u s in g (3.1.9))
6) F i + i = G i + i — Fi+1

7) V = V V ± i  a n d  W = W W ± i

8) F , „ ( s ) = J?..+ V/(Fj+1+<j;+1)l̂ *(s)€3t!0(J:)

Note that if the above algorithm were terminated after t < r  steps, the first £+1 singular values 
will be minimised and

1 r jc r
j =0 t=0

will have no more than k poles in the open left half plane.

FSL,(5)=F11(S)+^{n V '_Lj (<3 +FJ+i) {f[wu y }(5)
;' = 0 ̂1 = 0 t = 0 J

(3.12.63)

3 .13  A -p osteriori te s ts  in robust sta b ility  analysis

In this section the use of super-optimal Nehari extensions in the approximation stage of K°° 
algorithms is discussed. In [P4] super-optimality was justified for the case of multi-objective 
disturbance rejection (for example the rejection of the combined effect of a disturbance signal at the 
plant output and a measurement noise signal in the feedback path). It was argued that if the combined 
signal is constrained not to lie along a particular singular vector direction, the level of the second
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s in g u la r va lue describes the new w ors t case effect. Since .L ^ -n o rm  o p tim isa tio n  is concerned precisely 
w ith  the w ors t case effect o f sets o f signals, lex icog raph ic (o r “ nested” ) m in im is a tio n  was seen as 
cap tu r in g  the essence o f the M °°-design ph ilosophy in  using the ava ilab le  degrees o f freedom in m u lt i-  
in p u t /o u tp u t  problems.

Here supe r-op tim a l extensions w il l be discussed in  the con text o f ro b u s t-s ta b ility  K 00 design. 
Consider the a d d it iv e  pe rtu rb a tio n  case, i.e. a fa m ily  o f p lan ts  { P + A P }  where P  is assumed to  be the  
n o m in a l p la n t and A P  represents an unknown pe rtu rb a tio n , aris ing , fo r exam ple , due to  unm odelled  
dynam ics  o r pa ram eter va ria tio ns . Suppose also th a t A P  is bounded on the im ag in a ry  ax is by  the  
’ rad ius  fu n c t io n ’ W ( jw )

11APQ'iw)11^ <  || W C /tw )!^ fo r a ll 0 < ty < o o  (3.13.1)

or, equ iva le n tly ,

| | I T JA P ( » | | M <  1 (3.13.1)

I t  was shown in  C hap te r 1 th a t the ro b u s t s ta b ilis a tio n  p ro b le m  fo r th is  type  o f u n ce rta in ty , i.e. the  
p rob lem  o f design ing a con tro lle r to  m ax im ise / /= | |A P | |  such th a t P - fA P  is in te rn a lly  stab le in  the  
closed loop, m ay be recast as the JL°° o p tim isa tio n

6 =  , n f  | |H '( s ) A '( / - P / 1' T 1||0o (3.13.3)
Ke e

where E  is the set o f a ll ( in te rn a lly )  s ta b ilis ing  compensators. P rov ided th a t an in f im u m  <5<1 can be 
achieved, i t  is guaranteed th a t a ll p lan ts  in  the fam ily

| p + A P  : 1 1A P ||^<  11 ^ 0 ^ ) 1 1q q  P ( s ) a n d P + A P (s )  h av e  the s a m e  n u m b e r  o f  C_|_ p o l e s j-

are in te rn a lly  s tab le in  the closed loop. For a known ’rad ius fu n c tio n ’ W (ju)) , therefore, the cond ition  
th a t a $ y W K { I — P K ) ~ l { j u > ) ^ < \ fo r a ll frequencies guarantees robust s ta b il i ty  irrespective o f the  
behav iou r o f the rem a in ing  s ingu la r values. In  w ha t sense, therefore, can the supe r-op tim a l so lu tio n  to  
(3 .13 .3 ) be considered as a ’be tte r ’ so lu tion? In  answering th is  question p a rt ic u la r emphasis w il l be 
g iven to  the re la tive  im p rovem en t o f the robustness test a fte r im posing some ’a -poste rio ri s truc tu re " on 
the  adm iss ib le  set o f errors. B y ’e rro r s tru c tu re ’ spa tia l in fo rm a tio n  abou t the un ce rta in ty  is im p lie d  
(s im ila r  to  the one a ris ing due to  uncerta in  coeffic ients in  the d iffe re n tia l equations describ ing the  
m ode l) the te rm  ’u n s tru c tu re d ’ being re ta ined to  describe frequency weigh ted bounds on a p a rt ic u la r  
n o rm  o f the un ce rta in ty .

A  ro b u s t-s ta b ility  analysis in  con tro l system design m ust p rov ide  a s im p le cha rac te risa tion  o f a 
m ode l e rro r set wh ich con ta ins a s u ff ic ie n tly  la rge subclass o f m odel errors w h ich  do no t destab ilise the  
feedback system . W ith o u t th is  s im p le  cha racte risa tion , “ even the best engineering ju d gm e n t m ay no t
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be adequate to  answer the question on whether the class o f model errors fo r w h ich the feedback system  
is s tab le a c tua lly  con ta ins these p a rtic u la r errors th a t can be reasonably expected to  occur”  [L 3 ]. A  
com prom ise , therefore, between s im p lic ity  o f cha racte risa tion and the extend o f the subclass o f non­
de s tab ilis ing  errors th a t can be considered is necessary [L3 ].

In  [L3 ], a -poste rio ri robustness tests are employed to  assess the  increase in  the m agn itude  o f  
the  e rro r th a t can cause in s ta b ility ,  by im posing ’s tru c tu re ’ on the model e rro r set. T h is  is achieved by  
a p a r t ia l cha rac te risa tion  o f the m ode lling  erro r, in  p a rtic u la r, its  p ro je c tio n  on to  a subspace. In  
essence, the idea is the  fo llo w in g  (consider the case o f a d d it iv e  pe rtu rba tion s ): F rom  N yqu is t theory, 
the  s ta b il i ty  properties o f a closed-loop system can be in fe rred by the m u lt ip l ic i ty  o f the encirc lements  
o f  a c r it ic a l p o in t on the negative real axis. Suppose th a t from  such a test closed-loop s ta b il i ty  can be 
in fe rred  fo r a nom ina l open loop transfe r fun c tion  Q0(5)- A  pertu rbed system  Q ( s ) w il l have iden tica l 
s ta b il i ty  properties i f  the N yqu is t loc i o f the nom ina l p la n t can be de formed in  such a way th a t we 
avo id  crossing the c r it ic a l p o in t, th a t is, i f  there exists a hom o topy  Q (s ,  e) =  Q0(s )+ e A (s ) fo r 0 < e < l  
and w ith  Q ( s ,  l ) = Q ( s ) ,  such th a t

d e i [ I + Q o ( s ) + e A (s ) ]^ 0  fo r a ll s G ^ ,  0 < e < l  (3 .13.4)

where ^  is a su ita b ly  large ^ -c o n to u r in the r ig h t-h a lf  o f the complex p lane and A  is the add it iv e  
e rro r Q(s) — Q (s). (W e m ust also ensure th a t Q  and Q  have the same num be r o f closed-loop r ig h t-h a lf  
p lane poles, th a t the closed loop corresponding to  the nom ina l p la n t is s tab le and th a t p rov ided the 
pe rtu rbed  system Q(s) has a pole on the im ag ina ry  axis, so does the nom ina l system a t the same 
lo ca tio n ).

The range o f robust s ta b il i ty  to  a d d itiv e  pe rtu rba tions , therefore, essentia lly  depends on the 
extend by which the m a tr ix  A (s )= /- t-Q 0(5) can be deformed by an erro r m a tr ix  E ( s ) w ith o u t m ak ing  
the  sum  A + E  s ingu la r. Now , i f  A + E  is s ingu la r and a ( E ) = a ( A ) , then < u n v n , E >  =  — a n=  — ^ { A )  

where A has a s ingu la r value decom position A = i r E V = ' % 2 * - 1(7i ui v i ( ° ‘i ^ . (Ti+ i ) an<  ̂ the m a tr ix  ’ inner 
p ro d u c t’ < • ,  • >  is defined by < A ,  B > = t r a c e { A * B ) . In  a dd itio n , i f  a ( E ) < a ( A ) then A + E  is 
nons ingu la r. C ons tru c ting  a con s tra in t set so th a t E cannot have a p ro je c tion  o f m agn itude  crn in  the  
m ost c r it ic a l d irec tion  u n Vn, we can see th a t cr(E) m ust increase fo r A + E  to  lose rank  [L3 j. A  so lu tion  
to  the  p rob lem  “ by how m uch & (E ) has to  increase fo r th is  to  happen?” , a llow s the fo rm u la t io n  o f the  
m a in  theorem  in  [L3 j. The  c ruc ia l resu lt is th a t i f  A = G ~ 1+ K  has a s ingu la r va lue decom pos ition  

i u i v b then ro b u s t-s ta b ility  fo r a ll add itiv e  errors E (s ) bounded by

f i = ^ a n(rT1_ 1+ c ( a n - a ri_ 1) (3 .13.5)

is guaranteed p rov ided a bound c o f the ’s tru c tu re d ’ erro r

| < UnVn, E > \ < C < a n (3 .13.6)
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can be found  whenever a ( E ) > < r n- S im ila r results fo llow  fo r o ther types o f un ce rta in ty  (m u lt ip lic a t iv e ,  
inverse ad d it iv e , inverse m u lt ip lic a t iv e )  by an a lm ost iden tica l analysis. Note, th a t since un and v n are 
no t specified a -p r io r i (i.e. they are no t defined u n t i l the compensator K ( s )  has been designed), any  
s tru c tu ra l in fo rm a tio n  abou t the e rro r E ( s ) is u tilis ed  on ly  in d ire c tly  in  de te rm in ing  a bound fo r  
| ̂  E"̂ > |.

Consider nex t the robust s ta b ilis a tio n  p rob lem

i n f  ||A '(/-t-G A ')-1 || =  i n f  ||«F£( 0 I
1 G ’ OO (3 .13 .7 )

Le t G ( s )  a d m it r ig h t and le ft coprim e fac to risa tions G = N r D r 1= D l xN t w ith  inne r denom ina to rs  D r and  
D {. N ex t, (3 .13.7) is equ iva len t to

i n f  | | -  UtDj-DrQDJl =  i n f  \ \ - D r { D 7 l Ul+Q)Dl\\o = i n f  l ^ r 1 +  011^3.13.8)
Qe%? Qe%?

on using (1 .4 .33). Le t T denote the Hankel opera to r w ith  sym bo l D 71Ui( — s) and denote its  sequence o f  
s ingu la r values by {o -J  w ith  (T i = l / ( r  m i n { Y by [G2], [F2]. Le t also H ( s ) denote the genera to r o f
the fa m ily  o f a ll N ehari extensions o f Then, a ll 36°°-optim al in te rp o la t in g  func tions  are
generated by

<iR,(s) = | a '( /+ G A ') - 1 | K E E a c h i e v i n g  t he  i n f i m u m  in  (3 .1 3 .7 )|

={-Z)r[B71y,+?£(J, U))D, I

Using Lem m a 3.5.1, % (s ) m ay be parametrised as

(% { s ) = - D r V ^ i {[crl a e { G l a + Q ) l  U ) W * D , (3 .13.9)

where V = [f l1 U jJ  and I F J  correspond to  the m ax im a l S chm id t vectors o f I \  I t  fo llow s th a t

Ko+ (T ‘( jw )= 9 r  -jw)  -  DJ Wx {<3  ̂Q, {/)+ G ^ V± KUu)

and since ||®Fg(£J, £ 0 lloo5 :0'i> and v\D*r { j u ) are s ingu la r vectors fo r e v e ry  element o f <3R5-1(ju;)
correspond ing to  the sm alles t s ingu la r value o f o-m in (% _1(;'u ;))=cr1. Consequently , i f  a (u n ifo rm ) bound  
c m ay be established on the  ’s tru c tu re d ’ erro r

| < u n( % - 1K ( % - 1), E >  | / r a c e ^ U r ,^  ! )« n (%  l ) E ( j u > ) j

D J w ^ l D r

\ v l D * E D * w 1(ju)) \< c (3 .13.10)
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the  m agn itu de  a { E { j u ) )  o f the nearest destab ilis ing e rro r (fo r the ’s tru c tu re d ’ e rro r set) is increased by  
a fa c to r

g~n—lC& CM)
V +■£ r„(%  1{ juj )) l ”  0*n(®» ^ jw ) )

=^n-i(^ 10w))°’i(r)+c<r1(r)

W ? & ( 1- cffi(r))+c<r‘(r) (3 .13.11)

M ax im is in g  £ fo r the wors t u> is achieved by the supe r-op tim a l so lu tion ,

(jo— ^ M ( I- OT>(r>)+OT>(r)H S r ) ( 1- OTl(r))+c<Tl(r) (3.13.12)

by Theorem  (2 .7 .2). Note th a t when the bound in (3.13.12) is t ig h t, the ra t io  o f the  tw o  largest Hankel 
s ingu la r values o f D 7 U {( — s) is an in d ica to r o f the level o f im p rovem en t th a t is lik e ly  to  be achieved by  
im pos ing  s tru c tu ra l constra in ts  on the unce rta in ty . F igu re 8 gives a p lo t o f 20 - l o g ( £ )  versus cctj fo r 
various ra tio s  c r j /ct2.
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Appendix 3. A: Proof of Lemma 3.4.6

L em m a 3 .4 .6

T h e  H a m i l t o n i a n s  a s s o c i a t e d  w i t h  t he  t w o  R i c c a t i  e q u a t i o n s  (3 .4.35) a n d  (3.4.36) ar e

a n d

A \ \  — A i 2 C 2 C i -4l2̂ 12
— (-4ii — A 12CXC1)

A u —A2iB2B1 d 214 21

B xB \ B L B l  - ( A ' n - A l M ) '

(A.  1)

(A.  2)

F u r t h e r

I

— E

I  - E

- e  r
= HI (4 .3 )

Proof:

( A . l )  and (A .2) fo llow  from  standard theory on the algebra ic R icca ti equa tion [A 2 j. W e w ill 
ve r ify  (A .3) by show ing th a t each o f the fou r p a rtit io n s  o f

--
1

1 M __
1 1--w1

1__

1--
- 1 M T1 1

w1
___1

HX (4 .4 )

is zero.

B lock (1 ,1 ) is equal to

(1,1) — 4 n  —4 12C^C1 —4 124 12E —4 11-|-.01.024 21

— 4 12( 4 12E + o-4 21) — 4 124 12E — ( c  4 i 2-f E 4 21) 4 2i - f E 4 2i 4 2j 

=  0 (4 .5)

using (3 .1 .1), (3 .1 .2), (3 .1.3) and (3 .1.8). S im ila r ly ,

(1 ,2) = - ( A n - A 12CT2 C 1) Z + A 12A*12r - B 1B*± B ± B l - Z ( A n + B 1B*2A 21) m 

= — 4nE-t-4i2(4j2E-f*<7’421)E+412412E2— (t24 j24^2— B ± B  \ B | B  ̂
— E4u+E42iB2Bi

= —a 4 124 21E —tr 4 124 12+ c4 12((t4 12+ 4 21E)

= 0 (4 .6)
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(2 ,1) — C [( T^ _C  ̂ C i A r i A n — — B 1B 2A 21) E 2■ ^2i-^2i+°’2-^2 i-^2 i
= Cj CT[ C  | CT\ C2C2 C yV ff Cj C2-'421"l"̂ E>ii2>l21-l'<7’2>i21>l21

=  0 (>1.7)

F in a lly ,

(2 ,2) = - C [ C l Y ,+  C l C 2{(?2 C { L + A \ 2T ) - A * n T + ' L B l B \ - { Y lB l B 2 + Y A l l ) B 2B \ + Y A mn  

=  -CriC1Z+CriC2[Aml2Z2-<T2Aml2-(Al2Z+<TA2l)Z]-Anr+rA[1+ZB1Bl 
- [ i : 2A m2 l - c r 2A m2 l - L ( a A l2 ^ A m2 l) \ B 2B l  

= - < ? l C & - A \ J ? + ' E ? A \ l + ' L B l B [

= 0 (>1.8)

where (3 .1.1), (3 .1 .2 ), (3 .1.3) and (3 .1.8) have been used. F in a lly , the fa c t th a t

d e t
I -E

- e r de<(r-E2) = d e t { - a 2l ) ^ 0 (>1.9)

establishes the non -s in gu la r ity  o f the tra ns fo rm a tio n  and hence proves the resu lt. □
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Appendix 3.B: Proof of Lemma 3.4.7

L em m a 3 .4 .7

S u p p o s e  t h a t  a n d  Q  are  s o l u t i o n s  t o  t he  R i c c a t i  e q u a t i o n s  ( 3 . 4 . 3 5 )  a n d  ( 3 . 4 . 3 6 )  r e s p e c t i v e l y ,  

a n d  s u p p o s e  a l s o  t h a t  [•] a n d  [•]_  d e n o t e  t he  s t a b i l i s i n g  a n d  d e s t a b i l i s i n g  s o l u t i o n s  to  t h e se  e q u a t i o n s .  

T h e n  i f  Q +1 ex i s t s ,

(.) n_=5{(= n;1)

w h e r e

( 5 . 1 )

— E  a l  

a l  - E
(5 .2 )

(iO U

A ( f 2 ,  f i )  :— Q f t - f E f t - f f 2 E - f T  

T h e n

(5 .3 )

A (Q _ , f t + )= 0  (5 .4 )

a n d

A ( f i_ ,  f i_ )  (5 .5 )

i s  n o n - s i n g u l a r .

Proof:

Suppose th a t

(5 .6 )

is a basis fo r the com p le te ly  unstable eigenspace o f 5 ^ . Since

H x T =  TH*2

where

T  =
I  - E

- e r

(5 .7 )

(5 .8 )

i t  is easy to  see th a t
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I  — E
- e  r

*1

*2
X l - T , X 2

- z x 1+ t x 2

is a basis fo r the  com p le te ly  unstable eigenspace o f Consequently

( B . 9 )

Q. = ( r X 2- 'E X l )(X 1EX 2)~ 1 
= (r^2xr1-E)(/-Ex2xr1)-1 
=  — E  — crX2X [ 1( I — T , X 2X i l ) ~ l (X !

B y assum ption

H*2
X ,

x2
* 1

x2[A ]

(5 .1 0 )

(5 .1 1 )

in  w h ich  A is com p le te ly  unstable. I f

(5 .1 2 )

we can w rite

JH*2JJ
X 2

=  - J (5 .1 3 )

Since H"2 is H am ilto n ia n , th is  gives

H 2
- X 2

X ,

-x2
X i

[ A ] (5 .1 4 )

wh ich im p lie s  th a t [— X 2 A'J']7 is a basis fo r the a sym p to tica lly  stab le eigenspace o f H 2, so th a t

(5 .1 5 )
whence

= - e + ^ V + e q ;1)-1̂ /
=  ^ ( E ,  f i ; 1) (5 .1 6 )

w h ich  proves the  f irs t  p a rt. F rom  (B .16 ) we get

(/+q ;1e )^_= -fi^r-E
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=> A ( f i_ ,  Q+) =  0

w h ich  verifies (B .4 ). F in a lly ,

A ( f t_ ,  f i_ )  =  A ( f i_ ,  f L )  —A (Q _ , f i +)
= (Q_— Q+)(r2_+S)

(B .17 )

(S .18 )

Since £ > 0  and £2_>0, ( f2 _ - f£ )  is non-s ingu la r. The non -s in gu la r ity  o f ( f t _ —f2+) fo llow s  fro m  a s im p l 
Lyapunov  equa tion type  a rgum en t [W l,  pgs 626-627]. □
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A p p e n d ix  3 .C : P r o o f  o f  T h e o r e m  3 .5 .2

T h eorem  B . l

L e t  H ( s )  be th e  g e n e r a t o r  o f  a l l  N e h a r i  e x te n s io n s  g iv e n  in  L e m m a 3.1.1. T h e n ,  a s s u m in g  th a t  

th e  R i c c a t i  e q u a t i o n s (3.4.35) a n d (3.4.36) h a v e  p o s i t i v e - d e f i n i t e  d e s ta b i l i s in g  s o l u t i o n s Q a n d f2,

V * 0

0

0 I m

H u H n

H n h 22

w h- 0

0 0 Ip

a a ( s ) 0 0

0 ^ l + ^ n Q 12

0 Q 2i Q 22

(C.  1)

in  w h ich

(i) a { s ) e R % +  a n d  is  a l l -p a s s, GjElRK?'(m_l)x(p-l), QeRttT’(m+p-2)x(m+p_2)

— A n  — A 2 i ( A 2iCl — B 2B {)

C^CiCr^fiE+r+ClQ+EQ) 0 ( C . 2)

Hi) Q ( s) = T - ' i ^ A n + Z A n X - a C i U B ; ) (fi^+r^E)^^

bHb~7b1

-c^cdE+frT) 0 — a l

- a B ^ B l a l 0

(C.3)
W e h a ve  a b b r e v i a t e d  o- ^ G q) to  j u s t  a .

Proof:

From Lemmas 3.1.1 and Theorem 3.4.5, we observe that H ( s) is given by the state-space 
realisation,

dn dl2 0 *1 0
A 21 A 22 0 b 2 0
0 0 r-V^n+EAnE-orC^t/^) T - ' i X B ^ a C l U ) - a r - l c [ c r ±

C l C 2 - { C ^ + a U B l ) a U — crCj_
0 0 - a B ± B \ a B j _ 0

Also V̂ (s) may be written as
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v* 0 — y4n—(Qi4i2— C [ C 2) A l2 C [ C*| C | ~hS7̂ 4̂ 2̂ 2 0
Vj_0 00 = - a \ 2 ^2 0
0 Im C x 0

0 0 Im

( C .  5)

In  the f irs t  p a rt o f the p roo f we cascade the rea lisa tions in  (C .4 ) and (C .5 ), and then im p lem en t the  
basis changes

( C .  ?)

S im p lify in g  ca lcu la tions  wh ich m ake use o f the R icca ti equations (3.4.35) and (3 .4.36), and also various  
p a rt it io n s  o f (3 .1.1) and (3 .1.2) gives th a t V ’a H ( s )  is equal to

— A n  — ( V tA l2 — C [C < ^ A i 2 0 0 0 B n 0
0 1̂2 0 B i 0
0 2̂1 j422 0 Bo 0
0 0 0 T - ^ A n + E A n E - a C l U B l ) B 41 B 42

— ̂12 1 0 — <t B 2 0
0 0 - C j ^ E + n ^ r ) 0 — a  I

0 0 0 - a B L B \ a B 0

(C.8)

where we have defined,

B n  =  — <t Q .A 12B 2 — Q .B 1 — YiB 1 — <t C [ U  

B 41 =  T - ' { X B i + a C l U )  

b 4 2 =  - a v - l c { c r L

N ext, we m u lt ip ly  (C .8 ) on the r ig h t by

6 1- o ___
1

— A u  —  A 2 i { A 2]Q. — B 2B x) —  ̂ 21 0

o o 1__
_ B \ B  l B x+B*2A 21$1 B l B ± 0

0 0 0 I

wh ich  is taken from  Theorem  3.4.5. F o llow in g  th a t, we make use o f the change o f basis:
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I

T  =

- ( n + z ) n
h
o

- I

0 I

(C. 10)

S im p lif ic a tio n s  based on the R icca ti equa tion (3.4.36) and the p a rtit io n s  o f (3 .1 .1) and (3 .1 .2) y ie ld

V* 0

v ± 0
0 Im

B n H \ 2

H 2l to to
w 1- 0
0 0 Ip

A  B  

C  D
( G i l )

in  w h ich

— A\\ — { S I A i 2 — C^C2)A12 0 0 0 0
0 •̂ 11 ^12 0 0

A= 0 a 21 ^22 0 0
0 0 0 r - 1(a iA ‘n +Y.Al l Y,-(TClUB\) 0
0 0 0 0 —  ̂4 ii —  A2i{LA2iCl— B2Bi)

(C.12)

( A E + r + f i f i + E f i ) ^ 0 0
B i B 2 — Q A 2 i 0 0

1 0 0 (C .13)
0 ( f i “ - a T - ' C l C ' L

— ̂ 21 - Q - ' B i B ^ 0

- a :12 C ^ C i — A-^2 l̂

c=
0

0
0

1 0 
0 -C_LC,1(E+fi_1r)
0 — < r B ± B \

0
— (̂f2E-|“F-f-S"2fi-l-Ef2)

0

— a
D - 0

0 0 
0 — <rl

( C .  14)

0 < r l 0

(C.15)
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A n  inspection o f the f irs t  row  o f C  in  con junc tion  w ith  A  establishes th a t a(s) G iRK^0. Since the  
th ree m atrices on the  le ft o f (C . l )  are all-pass, i t  fo llow s th a t a(s) is necessarily all-pass also. The  
second and th ird  co lumns o f B,  together w ith  the second and th ird  rows o f C, and A  ve rify  (C .2 ) and  
(C .3 ). The  fac t th a t Q (s)£lR3GT’^m"**p -2 ^ m"^p -2 ^) fo llow s from  [G l,  (6 .35) pg. 1140]. T h a t  
G1(s)GlR!H>+3̂ m -1 ,p -1  ̂ is im m ed ia te ; review Remark 3.4.1. □
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