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ABSTRACT

This thesis is concerned with some exceptional sets which 
arise in the second fundamental Theorem of Nevanlinna in the 
theory of value distribution of meromorphic functions.

This Theorem states that for a meromorphic function F in 
the plane we have the relation

q
(q-2)T(r,F) < £ N(r ,3̂ -1̂  (r) +S(r) , (1)

V=1

for every q values a a of the extended complex plane, where1 q
N̂ (r) is a positive term and S(r) satisfies

S(r) = o(T(r,F)) , (2)

as r tends to infinity outside an exceptional set .
From (1) and (2) we obtain

q
(q-2)T(r,F ) ^ ^  N(r'aV } ) (l+o(1)) ' (3)

V=1

outside the exceptional set .
But the relation (3) could be true even if (1) does not hold. 

We can consider the exceptional set Ê  outside which (3) holds. We 
have

e2 c  e
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The object of this work is to study the size of both 
exceptional sets.

In Chapter Two I present some conditions on the size of these
sets.

Specifically I show that for a meromorphic function in the 
plane we can find E1 »E2 independent of X such that

X ,r dr X .r dr < 00 (4)

Another condition is that we can enclose both sets in a sequence
of intervals [r ,r +5 ] satisfying n n n 2

6n ¥( 1) = 1, T(n) = e'I’(n 11 (5)

(4) and (5) are independent conditions.
In the following chapters I show that these conditions are the

best that we can obtain.
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C H A P T E R  O N E

INTRODUCTION

The framework of this thesis is Nevanlinna's theory of the 
value distribution of meromorphic functions.

In this Introduction I shall give some notation and try to 
decribe the basic facts about this theory and finally I shall explain 
the content of the chapters of the thesis.

The basic results in this theory are the two fundamental 
theorems of Nevanlinna. Next I shall describe the first fundamental 
Theorem with some historic remarks.

Picard [ 1880] had proved his famous theorem that an entire 
function assumes every value with at most one exception. It is 
quite natural to ask whether anything further can be said about the 
roots of the equation f(z) = a for different values of a. We shall 
call n(r,a) the number of these roots in {z||z|  ̂r} and define the 
exponent of convergence of these roots by

P (a) lim
r-VOO

log n(r,a) 
log r

Hadamard [1.893] proved that if

M(r) =M(r,f) = max f(z)

and the order of f is defined as
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= lim
r-K»

log log M(r) 
log r

then p(a)  ̂p for every a. Borel [1.897] notably extended Picard's 
theorem by proving that p(a) =p for all a with at most one exception.

The theory obtained in this way was based on the product 
decomposition of entire functions of finite order due to Hadamard 
[1.893]. This theory lacked precision and did not work well for 
fucntions of infinite order or meromorphic functions.

For the latter M(r,f) is not a good measure of the growth 
since f can have poles.

The situation changed with Nevanlinna in the 1.920's. He used 
the known formula of Jensen [1.899]

27T
log | f (0) | = ̂  log | f (re^) ! d-9- + ^ log

y y

where â  are the zeros and b̂  the poles of the meromorphic function 
f(z) in {z j|z|  ̂r}.

Following Valiron [1.913], he wrote

i
log log(̂ )dn(t,0) = n (t, 0) dt = N(r,0) ,

l
log- log(-)dn( t,°°) = f n(t,«) dt = N(r,°°)

He then wrote

log x = max(log x,0) ,
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so that

log x = log+x - log+ ^ , x ̂  0

and

27T
2TT

i8\log f (re ) I d-9- =
27T

^  [ log+ |f(re1̂ )|d&
0

2tt
1 f , + 
2i J 109 

0
iO-f (re )

This simple step is a key one for the theory. He defined then

2tt
m( r,°°) = 2^ | log+| f (re1̂ ) I d$ f

and for any finite complex a

27T
m(r,a) = —1_

2tt log
f(re )-a

d&

With this notation we can rewrite Jensen's formula in the form

m(r,°°) + N(r,°°) = m(rf0) + N(r,0) + log | f (0)

Applying this result to f(z)-a instead of f(z), we obtain easily 
the first fundamental Theorem

m(r,o°) + N(r,°°) = m(r,a) + N(r,a) + log|f(0)-a| + e(a) ,

where j G(a)| < log+|a| + log 2 .

d& .

Nevanlinna wrote
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T(r,f) = m(r,°o) + N(r,°°) ,

and called T(r,f) the characteristic function of f(z). 
Then the first fundamental Theorem shows that

m(r,a) + N(rfa) = T(r,f) + 0(1) ,

as r varies in the positive real axis. Here we have assumed f(0) * a. 
In the general case we shall define

N(r,a)
r

0

[n(t,a)-n(0,a)] 
t dt + n(0,a) log r

The case f(0) = 00 also requires some modifications.
The first fundamental theorem gives us an upper bound for 

N(r,a), which measures how often the function f takes on the value 
a in {z| |z|  ̂r}.

Nevanlinna's second fundamental Theorem deals with the more 
difficult question of lower bounds.

Nevanlinna proved this theorem in [1.925]. It states that if 
q  ̂3 then

q

(q-2 )T(r,f) < ^N(r,a^) - N^r) + S(r,f) , (1)
V=1

where N̂ (r) measures the zeros of £ ' and the multiple poles of f, that 
is, the totality of the multiple roots of all equations f = a, a root 
of multiplicity p being counted p-1 times and S(r,f) plays the role 
of an error term.

For instance, if f(z) is meromorphic and not constant in the
plane, then we have
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S(r,f) = 0{log T(r,f)} + O(log r) , (2)

as r -*■ 00 through all values if f(z) has finite order and, otherwise 
as r -> 00 outside an exceptional set of finite linear measure.

Clearly (2) implies

S(r,f) = o(T(r,f)) , • (3)

outside an exceptional set .
Using (1) and (3) we obtain

T(r,f) < (N(r,a ) + N(r,a2) + N(r,a )) (1+o(1)) , (4)

outside a set of finite linear measure.
But (4) could happen even if (3) is not true. We can consider 

the exceptional set E2 outside which (4) holds and we should have 
therefore

E2 c  E i . (5)

The object of this thesis is to find best possible conditions 
on the size of both exceptional sets.

In Chapter Two, I give some results on the size of E^. In 
particular I show that (3) holds outside a set Ê , independent of X, 
such that

E
1

r dr < 00 (6 )



for every X.

In particular (6) implies that is of finite linear measure.
I present also a condition of a different kind. The set

of a merormophic function can be enclosed in a sequence of
intervals [r ,r +5 ] satisfying n n n J

6 < — -—- where ¥ (1) = 1, 4/(n)=e'^n1 .̂ (7)n \i/, .2

In Chapter Three, I show that these conditions are the best 
possible that, we can obtain. We give an example of an entire function 
of the form

F(z) (8 )

for which the exceptional set Ê satisfies

$(r )dr = °° (9 )
E i

where $ is a preassigned function which grows to infinity quicker 
than every power r\

This result is based on previous work by Hayman [3]. There 
he shows with a function of the form (8), an example, where the excep­
tional set Ê exists. However, in order to construct an exceptional 
set satisfying (9), some rather detailed quantitative estimates are 
needed, which require fairly delicate analysis.

We also prove by means of an example of the same type that (7) 
cannot be improved.

Finally in Chapter Four, I prove that condition (6) is also the
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best possible for the smaller set Ê . The example is rather more 
complicated than in the previous case and is based on a construction 
of Hayman [4] of a function, defined in such a way that it approximates 
certain polynomials with few zeros and i-values and sufficiently large 
characteristic on a sequence of expanding circles.
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C H A P T E R  T W O

Results about the size of the exceptional set in Nevanlinna's second

fundamental theorem

1. INTRODUCTION

In this chapter we shall use the notation and definitions 
introduced in the preceding one. First of all we shall state in 
detail Nevanlinna's second fundamental theorem as it can be found in 
Hayman [ 2 ] .

Theorem 2.1; Let F(z) be a nonconstant meromorphic function 
in |z|  ̂r. Let a^,a^/.../a , where q > 2, be distinct complex numbers, 
6 > 0, and suppose that |a -â | ^6 , 1 < u < V  ̂q. Then

q

m(r,°°) + ^ m(r,â ) < 2T(r,F) - N̂ (r) + S(r),
V=1

where N̂ (r) is positive and is given by

N,(r) = N(r, i  ) + 2N(r,F) - N(r,F') ,1 r

and

q

S(r) = m(r, y  > + m ̂  r, £ +
V=1

+ q log+ + log 2 + log F'(0) (2.1)
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with modifications if F' (0 ) = 0 0 £
The quantity S(r) will in general be negligible with respect 

to T(r,F) and the combination of Theorem 2.1 and the estimation for 
S(r) constitute Nevanlinna's second fundamental theorem.

In the next section, I present a basic result giving an 
estimation for S(r).

2 .  Some c o n d it io n s  on t h e  e x c e p t io n a l  s e t

The following theorem is due to R. Nevanlinna

Theorem  2 . 2 ;  Suppose that F is a nonconstant meromorphic 
function in the plane, S(r,F) is defined by (2.1) and X a fixed 
positive number, then we have

S(r,F) log T(r,F) + 0(log r) , (2 .2 )

as r  -> oo through all values if F(z) has finite order, and otherwise 
as r outside a set satisfying

I r\jr < <= (2.3)
E X

The proof of Theorem 2 . 2  in the case X  =  0 can be found in [ 2 ]  

and as we shall show the argument extends easily to the general case. 
Nevanlinna gives a full but rather more complicated proof of ( 2 . 3 )  in 
[8].

(2.3) implies, in particular, that is of finite measure.
If we now impose the weaker condition,
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S(r) = o(T(r,F)) (2.4)

instead of (2.2) we get a slightly stronger conclusion.

Theorem 2.3: The error term S(r,F) in Nevanlinna's second
fundamental theorem satisfies (2.4) i,e.

S(r,F) = o{T(rfF)} ,

as r -*■ 00 outside a set E, independent of X, such that

j r dr < oo 
E

for every X.

(2.5)

3. Some auxiliary results

To prove Theorem 2.1 we shall need the following lemmas, where 
we shall assume for simplicity that F(0) * 0,°°.

Lemma 2.1 (Logarithmic derivative Lemma)
Let F(z) be meromorphic in |z|  ̂R. For 0 < r < R, we have,

F' +m(r, — ) < 4 log T(R,F) + 4r log+ log 1
|F(0)| +

_ _ + _ _ + 15 log R + 6 log -—  +R-r log+ - + 14 r .

The proof of Lemma 2.1 can be found in Hayman [2].
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Lemma 2.2 (Suppose that T(r) is a continuous increasing, real­
valued function and the T(r)  ̂1 for < r < + °°. Then, we have

T s r +
1 r̂ T(r) I

< 2T(r) (2 .6 )

outside an exceptional set E. satisfying ,

r dr< 00 (2.7)

The proof of Lemma 2.2 is quite a simple adaptation of that of 
Lemma 2.4 in [ 2 ].

Let be the lower bound of all r > r̂  for which (2.6) is false 
If there are no such r, there is nothing to prove.

We now define a sequence of numbers r̂ . Suppose that r̂  
has been defined and write

r' = r + n n r T (r ) n n

then we define r „ as the lower bound of all r  ̂r' for which (2.6) n+1 n
is false. Since r̂ has already been defined, we obtain the sequence
(r }. n

By the continuity of T(r), (2.6) is false for r = r , n = 1,2,3
Thus r belongs to the exceptional set E.. n A

Now,we have by the definition of that there are no points
of E. in (r',r „) and so E. is contained in the union of the intervalsA n n+1 A
[r ,r'] . n n

Next, we see that if there are an infinity of r then r cannotJ n n
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tend to a finite limit r. For otherwise, since

r < n r'  ̂n n+1

also

r' ■+ r n

But

r > - r = n n
1 1

\  "  \r T(r ) r T(r) n n
> 0

since T(r) is increasing, which gives a contradiction, 
It remains only to prove that,

{ rXdr <

and since E, E = U [r ,r'], it will be enough that A „ n nn=1

f ^  ^r dr< °° (2.8)

But (2.8) is equivalent to

l
r (r' - r ) < °° n n n (2.9)

We have, in fact,

T(r _) £ T(r')  ̂2T(r ) n+1 n n
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Hence

T(r L1)  ̂2T(r ) > • • • >  2nT(rJ £ 2° , n+1 n 1

since

T(r )  ̂1 .

Thus

V r \ r '  - r ) = J  — 4  « J  2 1~n =
L, n n n T(r )
n=1 n=1 n=1

This completes the proof of Lemma 2.2.

4. Proof of Theorem 2.2

We recall that S(r) is defined by (2.1), and therefore can also 
be written as,

F ' <!> 'S(r,F) = m(r, —  ) + m(r, + const., (2.10)

where
q$(z) = n {F(z)-a }

V=1

By Lemma 2.1, we have for 0  ̂r < R,

m(r, -̂-) < 4 log+T(R,$) + 5 log+R + 6 log + const
(2 .1 1)
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Now we take R = r + — -̂---  . Then if r is large we have,
r T(r,F)

+5 log R < 5 log r + const ,

6 log = 6X log r + 6 log T(rfF), andR-r

4 log+T(R,$)  ̂4 log+{qT(r,F) + const} ^
< 4 log T(r,F) + const , outside a set Ê  satisfying

f K  ✓r dr < “ ,
E x

by Lemma 2.2.
Thus,

<J>' +m(r,  ̂10 log T(r,F) + ( 6 X + 5 )  log r+const , (2.12)

in particular,

m(r, < 10 log+T(r,F) + ( 6 X + 5 )  log r + const . (2.13)F

From (2.10), (2.12) and (2.13), we get

S(r,F) < 20 log+T(r,F) + ( 1 2 X + 1 0 )  log r + const , ( 2 . 1 4 )

outside a set satisfying (2.3), and (2.14) in particular implies
(2 .2 ) .

5. Proof of Theorem 2.3

By (2.14) we can find for every N E IN a set E%T and r,T such thatN N
for r > r outside E , we have
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S(r,F) < 10 log T(r,F) + 23N log r

and E„ satisfies N

(2.15)

N.  ̂r dr < 2 (2.16)

We assume without loss of generality that r„T . > r„ and thatN+1 N
r as N -»■ oo. Then if N(r) is defined by the conditionN

'N(r) r < rN(r)+1

we further assume r„ to be so large thatN

N(r) log r 
T(r) 0 (2.17)

This is possible, since we can assume F to be transcendental 
and therefore

log r 
T(r) 0 , as r -*■ °°

Otherwise E is empty.

Now we define

E " U, {V IrN'r»M1} 'N=1
and prove that

f X, ,r dr < oo , X  ̂ 0 , (2.18)

and

S(r, F)  = o (T (r , F )) (2.19)
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outside E.
To prove (2.18), we note that, 

00

I  rX<ir I  r*dr
E N=1 E n [rN, r N+1]

and assume N̂ < X  ̂N +1 . Now using (2.16), we have,

E

Nr1
f x,r dr ■ l

r dr E J
X,r dr

N=1 En(V rN+ 1] N=1 En[rN'rN+ 1] N=N1

, f X, ̂ r dr +
oo 00
r' f n . r
L  J r dr  ̂K + 'I

N=N e n[r ,°°) 1 N 1 Nf N=N
2 N = K.

This completes the proof of (2.18).
Next we prove (2.19). By (2.15), we have outside E, 

S(r,F) = 10 log+T(r,F) + 23 N(r) log r

and using (2.17) we obtain

S(r,F) = o(T(r,F)) ,

outside E, i.e. (2.19), and the proof of Theorem 2.3 is complete.

6 . Further con d ition s on the excep tion al s e t

In this section, I give a new condition for the exceptional set E.
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Theorem 2.4; The error term S(r,F) satisfies,

S(r,F) = o{T(r,F)}

as r -»• 0° outside a set E, which can be contained in a union of intervals
[r ,r +6 ], such that, n n n -------

6 < — -——  where ¥ (1 ) = 1 , ¥ (n) = e^ n ^ (2.20)
n V(n)2

This condition implies, in particular, that the exceptional set
has finite measure, but it is a different condition in character from (2.5)
in section 2, i.e. neither implies the other for X > 0. In fact
(2.20) gives a limitation only on the size of the interval
[r ,r +6 ], whereas (2.5) limits their size relative to their location, n n n

7. An auxiliary lemma

In the proof of Theorem 2.4 we shall use the following lemma. 
Lemma 2.3: Suppose that T(r) is a continuous, increasing,

real-valued function for r̂  < r < + °°, and that, T(r)  ̂1 there.
Then we have

T(r + T(r)
i. 2T(r)2< e (2 .2 1 )

outside an exceptional set contained in a union of intervals
U [r ,r +6 ], such that 6 satisfies (2.20).n n n -------  n -------n

iWe write t(r) =T(r)2, so that (2.21) becomes
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t{r + - L - )  < et(r) 
t(r)

(2.22)

Let be the first value of r, such that r  ̂ and (2.21)
is false, i.e.

t ( +
t i r ^ Y

•)  ̂ e
t(r i )

-2We write r^'=r^+t(r) , and let r be the lower bound
of all r  2 r ^ ' such that (2.21) is false. Then we define inductively

r 1 = r + n-1 n-1 t (r ) n-1
2

and r is the lower bound of all r  ̂r ' for which n n

/̂ . 1 x t(r)t (r + ----)  ̂e
t(r)

The exceptional set is obviously contained in the union

U  tr ,r'] = U  l r  , r  +  r  1 .n n n n , . , 2n n t(r )n
_2We write 6 = t(r ) . Then, sincen n

t(r )  ̂t(r')  ̂et r̂n-1̂  and t(r.) > 1 ,n n 0

we obtain by induction

t(r )  ̂¥(n+1) > 'i'(n), and therefore n
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n6
1

t(r ) n ¥(n) 2

This completes the proof of Lemma 2.3.

8. Proof of Theorem 2.4

We recall from (2.10) that

F ' <f>'S(r,F) = m(r, — ) + m(r, ) + const ,

where
q$(z) = II {F(z)-a }
V=1

Also by (2.11), we have for 0  ̂r < R

m(r, -̂)  ̂4 log T(R,$) + 5 log R + 6 log + const.

We now take R = r + 1/T(r,F). Then

log+R < log+ r + const ,

6 log+ = 6 log+T(r,F) ,K-r

and

4 log+ T(r,$)  ̂4 log+ {qT(R,F) + const}
l.< 8T(r)2 + const ,

by Lemma 2.3, outside a set, which can be contained in a sequence of
intervals [r ,r +6 ], such that 6 satisfies (2.20). n n n n
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Thus, for r large and outside this set and any fixed a^,
we have

<J>' i +m(r, -jp-) < 8T(r)2 + 6 log T(r,F) + 6 log r
i

^ 9 T (r)2 + 6 log r ,

and in particular

F ' -m(r, — ) < 9T(r)2 + 6 log r
F

This implies (2.4) and completes the proof of Theorem 2.4.
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C H A P T E R  T H R E E

Some Converse Results

1. An example of function showing that the exceptional set can,

in fact, occur

1 . 1  In this chapter we construct a general example possessing an 
exceptional set for S(r,F) in Nevanlinna's second fundamental theorem.

We use this example to prove that (2.5) and (2.20) in the 
preceding chapter cannot be replaced by any stronger condition of the 
same type.

Theorem 3.1: Suppose that 0 < a < 1 and that {r̂ } is a
sequence of positive numbers satisfying

r1 = 1 , rn < a2rn+i ' n = 1,2, . (3.1)

Let {X^} be the sequence of integers defined by

nX
X = 1 , X = [r n_ ] + 1 , (3.2)1 n n

and write
OO

F ( z ) = J  

1

Then F(z) is an entire function. Further if

X
(-5-) "rn

(3.3)
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X A -A ,
s = {r n.2(n-1).X } n n , s'n n n-1 n

1

s +6 , 6 = o(y-) fn n n An
(3.4)

and f(z) = F'(z), then

T(r,f) 
T(r,F) , as r -»• °° in E = U [ s , s n n n

By (3.2), we have for n large X > n and by (3.1) r 00 with n.2 n 2 n
Thus F(z) defined by (3.3) converges everywhere and so is entire. 

We consider now

rN « r = |z| < a rN+1 , (3.5)

and write
N-1

F(z) = Y (-2-) n + (-5-) N + Y (-2.) n
L  rn rN A  rnN+1

and

Now

i Y i
N-1

- I Y ( — )L  ' 
1 1

rn

I Y  i
oo

= i y (^)
3

L,N+1
rn

N-1

< K ,

(3.6)

(3.7)
N+1

where K = a
1-a

We also have

z f(z) = zF'(z) = z ^ + z + z ^
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where

|*E * (N-1)Xn_1 r N-1 (3.8)

and

[I < [ . K 1 '
3 N+1

, Clwhere K = ----
(1-a)2

Now, if s is as in (3.4), we have n

(3.9)

r _
= 2(n-1)X , s n-1 n

n- (3.10)

We note from (3.4) that s > r . Next we prove thatn n
s ~ rn n as n -»• oo , (3.11 )

i .e,

X -X .n n-1
lim
n-K»

{2(n-1)}
X -X ,n n-1 X -X ,n n-1

n-1 = 1 (3.12)

To prove (3.12) we consider the logarithm of the left hand side.
This logarithm is

X
L X -X  ̂ n n-1

-  1 , . log[2(n-1) ] . log ^n-1
109 rn + n n-1 X -X ,n n-1

Since X /X , and X /n tend to infinity as n tends to infinity by n n-1 n
(3.2), the last two terms tend to zero. It remains to show that the 
first term tends to zero. In fact

X
X -X ,L n n-1

-1 log r =
X , log r log Xn-1 n _  ̂ n

n X -Xn n-1 X -X ,n n-1
-*• 0 ,

as n -> oo, by (3.2).
Next we see that if r 6 [s ,s'] for N large then r satisfies (3.5),n n

in fact since
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r S + t—s +6 N X
1 < * - < -?L_n < ------ N

rN rN rN

N

N N ' X. 0  ,

we can find e > 0 such that 1+e < — and Nrt such that for N  ̂N„a 0 0

1 < —  < 1+e ,
rN

and therefore

r  ̂r < (1+e) r N N < 1a N a rN+1

which is (3.5).
Now we show that as r -> °° through the intervals [s„,s '] weN N

have

f „ > n f \sn rr rl n j l  n J
(3.13)

or equivalently

s +6 n n> n

But

s +6 n n
X\ n

1 +

5 Xn n

s /6 n n

s /6 n n
-*■ e =1

by (3.4) and (3.11).
Since (3.13) holds for r E [s , s'], we also have for such rn n
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f   ̂ \ n-1sn r
r r

l  n J l n )

n-1
(3.14)

Therefore we deduce from (3.10), (3.11) and (3.14)

( — ) ~2(n-1)X ,rr n-1n

Since we have already seen that for r £ [sn,ŝ ] n large, r is in 
the range (3.5) then we can apply (3.6), (3.7), (3.8) and (3.9) to 
obtain

n  ̂ - 1  F(z) | ~ ( — ) ~ 2nX r n' r n-1n

|zf(z)| = X (—  ) + 0{ (n-1 ) X r n 1}1 1  n r n-1

X (—  ) n rn
X | f ( z ) |

Hence

T(r,F) = log r + log(2n Xn_^) + o(1) ,

T(r,f) = T(r,F) + log Xn + o(1) - log r .

From r £ [s ,s"] and (3.11) we deduce r ~ r and by (3.2) we have, n n n

X , log r = o(log X ) ,n-1 n

therefore

T(r,F) = o(T(r,f)) . (3.15)
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This completes the proof of Theorem 3.1.

1 . 2  Next we show that the sequence of intervals [s ,s +6 ] mustn n n
be exceptional for the function F.

To do this it will be enough to prove that for large n we have

S(r,F)  ̂2T(r,F), rE [s ,s +6 ] . (3.16)n n n

By (3.15), we have for r large and m  U [s ,s +6 ]n n n n
m(r,f) = T(r,f) £ 3T(r,F) = 3m(r,F) ,

therefore, since

S(r,F)  ̂m(r, ^ ) ,r

and

m(r,f) < m(r, |j ) + m(r,F) ,F

we obtain

S(r,F) > m(r, | ) £ 2m(r,F) = 2T(r,F) = 2T(r,F) r

this proves (3.16).

In the next two sections we specialise the function (3.3) to 
obtain counterexamples to (2.5) and the condition given in Theorem 2.4.
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Theorem 3.2; For any function $(r) such that

2. A converse result: to Theorem 2.3

$(r) as oo for all positive X, (3.17)

we can choose the function F(z) in (3.3) such that (3.16), i,e. 
S(r,F) > 2T(r,F), holds in a set E satisfying

j* $(r)dr = °° 
E

(3.18)

In proving Theorem 3.2 we assume without loss of generality that
4>(r) is increasing for large r. For, by hypothesis, for every positive
integer N, there exists t„,, such thatN

$(r)  ̂rN , r  ̂tN

We suppose without loss of generality that

t  ̂1 , and t  ̂ 2t 1 ' N+1 N N ̂  1

We then define

)̂1 (r) = rN S  5 r 4 S h i

Then for r  ̂t^, $j(r) is increasing and satisfies (3.17) and also
$.j(r) < $(r). Thus it is enough to prove (3.18) with $̂ (r)
replacing $(r).

The function F(z) in (3.3) satisfies (3.16) as r tends to 
infinity through a sequence of intervals {[s ,s +6 ]} where {s } and {6 } 
are given by (3.4). Then it will be enough that we can choose sn/̂ n 
so
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for (3.18) is implied by (3.19) since $ is increasing.
We show that we can choose r and 6 in Theorem 3.1 so thatn n

$(s ) « 6  £ 1 ,n n (3.20)

and so (3.19) holds.
We recall that by (3.2) and (3.3) , we can take

nX r
X, = 1 , X = [r ] + 1, S = -Y- ,

1 n n n nXn
so that

0 (s ) • 6 ^n n
$(s ) .r n n
nr n- 1

(3.21 )

Let us assume now that r ,...,r , X ,...,X an<̂ therefore
5,,...,5 . have already been defined. Then we define r such that

1 n- 1  2 n
r  ̂2r .so that (3.1) is satisfied and in addition n n- 1

$ (r )
“ V T 'nr

r  ̂rn (3.22)

This is possible by (3.17).
Now having chosen r in this way and therefore s , X and 6 , r n 2 n n n

(3.20) follows from (3.21) and (3.22).
This completes the proof of Theorem 3.2.
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Next we construct an example to show that Theorem 2.4 cannot 
be sharpened.

Theorem 3.3; We define

r = $(n) = ̂ (n) 1 / 3  , (3.23)n

where T(n) is given by (2 .2 0 ).
Then F(z), given by (3.3), satisfies S(r,F)  ̂2T(r,F) for 

r sufficiently large in a sequence of intervals [t ,t +8 ]̂ with

8  ̂J  \ , for large n (3.24)n r(n) ----- —

It is clear that {r̂ } given by (3.23) satisfies (3.1), therefore 
F(z) is well defined and (3.16) holds.

We can choose

3. A converse result: to Theorem 2.4

n
so that (3.4) is satisfied. It remains only to verify (3.24).

Since $(n) is defined by (3.23) and recalling the definition of 
'i'(n) in (2 .2 0 ) we have

$ (n+ 1 ) = Y (n+ 1 ) 1 = exp ̂  -j Y (n) j* = exp $ (n) 3 "j- .

We now proceed by induction. We assume n so large that $(n) 
is much bigger than n and log $(n) and we assume that for such an n, N
is so large that
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X  ̂$(n+N) < ¥(n+N) n (3.25)

Then we prove that this inequality holds for all the following terms. 
In fact by (3.2)

Xn+ 1

(n+1)Xn (n+2)X
+ 1 < n+1 exp (n+2)Xn log r

 ̂exp $>(n+N) 3 $(n+N+1)  ̂¥(n+N+1) ,

since for large n

(n+2)X log r . = (n+2)X log $(n+1)  ̂ $(n+N)3n n+ 1  n 3

This proves the inductive step, so that (3.25) holds for all 
large n. By increasing N if necessary we ensure that (3.25) holds 
for all n.

Therefore we obtain

r _ J_ > 1n X y(n+N) n
for some positive integer N and all n.

We conclude (3.24), writing t = s . 8 = 6 . for n > N.n n-N n n-N

Theorem 2.4 shows that

S(r,F) = o(T(r,F)) (3.26)

outside a union of intervals E = U [r ,r + 6  ], where ̂ n n n

6 < — !---  « 1
n T(n) 2 't'(n)

(3.27)

where 'i'(n) is defined in (2 .2 0 ). We may omit a finite number of
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intervals from E without destroying (3.26) and thus replace E by

E = 1) [r ,r + 6  ]... n n n n=N+1
U [r %,,r x , + 6  >T], for some n 6 u, n+N n+N n+N n= 1

We now relabel the intervals of E" as [r',r'+6 '] where r ' = rn n n n n+N
6 ' = 6 and then (3.27) yields n n+N

6' < 1
n 'Ft n+N)

We show that this is the best that we can expect.

Theorem 3.4: For every increasing sequence L(n), such that there
is no N E IN for which

'Ft n+N) L̂(n), nE IN , (3.28)

there is an entire function F, for which we cannot find a sequence of 
disjoint intervals {[r ,r + 6  ]} satisfying

6 < — 1—  , (3.29)
n  T  / \  2L(n)

and such that

S(r,F) = o(T(r,F)) ,

outside the union U[r ,r + 6  ].------------- n n nn
For the function F in Theorem 3.3 there is a sequence of intervals 

[tn,tn+B ] such that for large n we have
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* WnT ’ (3-30)

and

S(r,F) > 2T(r,F) for r  ̂r_ in U [t ,t + 8  ] . (3.31)
0 n n nn

Therefore if we could find a sequence of intervals {[r , r + 6  ]}n n n
as in the statement of Theorem 3.4, we should have for a certain N E U

“ ' W U  c “ [ W V  •n>N k

Since we are dealing with sequences of disjoint intervals, we 
should conclude

[t ,t + 6  ] c [r ,r + 6  ], n > N .n n n k k kn n n
(3.32)

By (3.1), (3.4) and the way that we constructed the intervals
[t ,t + 8  ] in Theorem 3.3, we have n n n

t - t n+ 1  n (3.33)

We may replace any intervals of the sequence t̂n'tn+̂ n^ by 

subintervals, without destroying Theorem 3.4 and so we suppose from now on 
that (3.30) is replaced by

B =  \j7 7 ~ T  <  1 .n r(n)

In view of (3.29) and the fact that L(n) increases, we also have

n6
1

L( 1 )
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Further, omitting a finite number of intervals [t , t + 8  ],n n n
we suppose from now on that

tn+1 t n > 1 + L(1)

Thus each interval [r̂ ,r̂ t̂ ] having length at most 1/L(1)
cannot meet more than one of the intervals [t ,t + 8  ] sincen n n

t 1 - (t +3 ) > 1 + ttVt “ 8 > 77TTn+1 n n  L(1) n L(1)

Since the sequence {r̂ } is assumed increasing we deduce from 
here that the sequence {k̂ } is strictly increasing.

Now using (3.29), we must have for n large

1
Y(n) = 3 <n < — L -

Ln L(k ) L (k ) n
1

L(n-N)
n

since k  ̂n-N. Hence there is n„ Eu such that n 0

'i'(n) > L(n-N) , n > max(n̂ ,N)

i.e. 'Hn+N)  ̂L(n) , n > n̂

But then we would have

(̂n+N+n̂ )  ̂L(n+n̂ )  ̂L(n) , nE H

in contradiction with (3.28).
This completes the proof of Theorem 3.4.
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C H A P T E R  F O U R

A NEW EXCEPTIONAL SET

1. Introduction

In the previous chapters we have been concerned with the 
exceptional set outside which the error term S(r), which arises in 
the Lemma of the logarithmic derivative in Nevanlinna's second 
fundamental theorem, is small compared with the characteristic 
function.

We have outside this set

S(r) = o(T(r)) , (4.1)

and as a consequence

(q-2)T(r) < (N(r,a_) + N(r,a.) + ... + N(r,a )) (1+o(1)) (4.2
1 2  q

for every q complex values a^a^, ...,a .
But (4.2) could happen without (4.1) being true.
In this chapter we will deal with the exceptional set outside 

which (4.2) holds. By what we have said above, this set is smaller 
than the one outside which (4.1) holds, i.e. the one which we have 
already studied.

Let us denote by EifE 2 sets outside which (4.1) or (4.2) hold 
respectively. Given , we can always choose so that Ê  c .
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2. Statem ent o f Theorem 4.1

By Theorem 2.3 in Chapter Two, can be chosen to satisfy

* \r dr < °° , MX > 0 (4.3)
E i

and hence we can also choose , so that

r̂ dr < ° ° ,  MX > 0 (4.4)
E2

In this chapter we prove that (4.4) cannot be replaced by any 
stronger condition of the same type, as we did in Chapter Three with 
(4.3)

Theorem 4.1. For any function $(r) such that

$(r)
Xr

00 MX 2 0 (4.5)

there exists an entire function such that the corresponding exceptional 
set Ê  satisfies

j" $( r )dr =°°.
E2

The technique is basically that of Hayman [4] but some
quantitative estimates are needed.
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3. Same preliminary results
3.1 In the proof of Theorem 4.1 we shall need the following results:

Lemma 4.1. Suppose that a^,a ,̂ ...,aq_̂  are distinct complex 
numbers, 1 > 6 > 0

a -a I  ̂6 ,y v 1 5 ' v * y, v,y = 1,...,q-1f (4.6)

and that F maps conformally the unit disc onto the universal covering 
surface over the Riemann sphere punctured at â f...fa  ̂,°° and that it 
satisfies

|F(0)-a | > 6 , |F(0)j < ̂  , y = 1,...,q-1 , (4.7)

then

1 2 C2 <q)T(r,F) > C^q) log , 1-AQ< ) < r < 1 , (4.8)

where

C1 (q) = 2(i=2T ' A0 = O 0 0  ^  C2 (q) = 2q+3 .

The method of the proof is essentially due to F. Nevanlinna, 
see Nevanlinna [6 ], but we obtain precise quantitative values for 
the constants involved, whereas he only gets a qualitative result.

In the proof of Lemma 4.1 we shall make use of the magnitude 
a(U3) defined on the w-plane punctured at â ,â ,. . . 'aq_i fCO

0t(03) = ( 1 -1 Z | 2) |f'(z)| , 03 = F(z) . (4.9)
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This expression is a one-valued function of 03 and if we call

d(03) = min |o3-a | ,
"Ku^q-1 ^

then a(03) satisfies

(i) a(03) £ d(03) 4
r(7 )(ii) a(03) < 2d(03) ( | log d(03) j + log + -- -—  ) .
2 tt

The first follows since the Riemann surface contains the 

disc {£| |£-03| < d(03)} and so we can apply Schwarz's Lemma to the

inverse function of

G(s) f (2±!1+zs)

in this disc.

We have

(G 1) (03)l _ | 1 | _ I______1
1 1 G ' (0 ) 1 F ' ( z ) (1 - | z | d(03) (4.10)

and from (4.9) and (4.10) we conclude (i).
The second follows from Landau's Theorem by considering the 

function

$(s) =
T-./S + Z  XF 1 +zs ay

V au
(4.11)

where a^ is the nearest omitted value and a^ same other omitted value.

According to Landau's Theorem as in [5]
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and

|$'(0 )I « 2 |$<0 )I ||log|$(0 )I I + r<j)
21T2

(4.12)

Now we have

|$'(0) | =_ | F"(z)(l — |z| )| _ a(u))
a -a V y1

a -a V y1

(4.13)

|p(z)-a
|$(0)| = Ua -av y

d (a)) 1
a -aV y

(4.14)

And from (4.12), (4.13) and (4.14), we obtain

r(i )
a(Q J)  < 2 | d(0J) | ( | log | d(03) | + log t---- r  I + --—

 ̂21 d(co) | -jj log | d (03) | | + log ̂  +

av ay
! 4r(l)

27T 2

2TT

, i.e. (ii)

We now define

E = < 0) 03-a < - <5 V ,y 1 11 y 1 2 1 y — 1 / 2 , . . . , q 1 ,

E =•<( CO I I CO I >■?■ y , E , elsewhere . (4.15)
q L 5 J q +1

Then if F(z) is in Ê  we have by (i)

log((1 — |z| )|f ' ( z ) |) > log|F(z)-a | ,

and since, for F(z) E Ê , we have |F(z)-a | < <5 < 1 , we have

(4.16)
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m (r 'ay) 27T log i-9\F(re )-a
d& + 2TT log

. i&.F(re )-a
d$

(4.17)

where = (C\e  ̂ is the complementary set of E^ and where the first
i$integral is over the set of values of & such that F(re ) E Ê

and similarly the second integral is over the set of values of -9- 
i&such that F(re ) E E^ .

From (4.17) we obtain

2tt log iFfrê '̂ -â ld-fr = ra<r' V  + h  j lG9+
U

i-9\F(re )-a
dO-

> -m(r,â ), 1^U^q-1 (4.18)

For 1 0 = F(z) 6  E we have
q

( 1-| z | 2) | F ' ( z) | |F(z) | (4.19)

In fact, in this case

lF(z)-aM l > |F(z)| - |aj , (4.20)

on the other hand

aJ  4 1 * \  lp(z)l ' (4.21)

therefore from (4.20) and (4.21) we obtain

|F(z)-a | > |F(z)| - \  |F(z)| = \  |f (z )|, V = 1,...,q-1

and so by (i)
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(1-|Z|2) |F'(z) I = a(03) £ d(w)  ̂\  |f(z) | ,

which is (4.19).
From (4.19)

2~ j" log( (1 - r 2 ) |f ' ( r e ^ )  | )d& ̂  log+1 F(r e ^ )  |d$ - log 2
E E (4.22)

where the integral over Ê  has the same meaning as above. 
On the other hand

m(r,F) = — 1 <_L f27T . + 2 IT . 277 .
E E'

q q

log+1F(rê ) |d-9- + log ̂  ,
(4.23)

so that we obtain from (4.22) and (4.23)

J_ f . , ,. 2.i_,, i$
2tt J log((1 -r )|F'(re )|)d$ £ m(r,F) - log | . (4.24)

o 1In Eg+ 1  we have by (i), (1 — | z | )|F'(z)|̂ d(Q)) > — 6 , so that

277 . log( (1 - r Z) | F ' (r e ^ )  |)d-8- ̂ log (4.25)
Jq+1

Now using (4.16), (4.18), (4.24) and (4.25) and using the fact 
that log|F'(z)|is harmonic we obtain

q+1
log ̂  (1 -r2 ) | F' (0) | ^ —  £ log (1 ~ r 2 ) | F ' (re1̂ ) | "j- d-9-

U=1 E
q- 1

y

 ̂m(r,F) - Y m(r,a ) - log( ) .L_i P o 4
U=1 6

(4.26)
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Since

m(r,â )  ̂m(r,F) - log|F(0)-â | + log+|â| + log 2 ,

see Hayman [2], page 5, we deduce from (4.7) and (4.26)

q- 1

-(q-2)m(r,F) < log(1-r2) + log|F'(0)| +^log+|â| +
o 1+(q-1 ) log 2 + log( — ) - (q-1 ) log 6 ,

6 2

l .e.
q- 1

(q-2)T(r,F) > log — - log|F'(0)| - £ log+|â|

-(q-1 ) log(4 ) - log( -̂r ) .
0 6

(4.27)

On the other hand, we have by hypotheses for \i = 1,2,...,q-1

6 ̂  |F(0)-a | < |F(0)| + | a | < | ,

so that

6 < d (F ( 0 ) ) < |

Thus (ii) yields

F'(0) | 4 2 1 n I)< 5  (log 6 + log 5  + — 22 7T
) < | (log ̂ + 3 )

log|F' (0)|  ̂log ̂  + log 8 + log+ log ̂  + log 3 + log 2 .

< 2 log + log 48 . (4.28)

We also have
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q- 1

£ log+|aJ < (q-1 ) log ̂  .
1

From (4.27), (4.28) and (4.29), we conclude

(q-2)T(r,F) > log — - 2 log ̂  - log 48 - (q-1) log ̂  
1 -r

-(q- 1  )log(̂ ) - log( ) £ log ~ (2q+3) log ̂
6

-(q+3)log 2 - log 48 ,

and so

(q-2 )T( r ,F) > \  log -7 —̂
2 1 -r

if
1 lo 1 > log {48.2q+3.6-(2q+3)} ,
2 1 -r

i.e. if
r > , - .2 -(q+3 ,5 2 q+ 3 | 2  f

so that we get

T(r,F) > 0,J ̂  x log ^
2 (q-2 )  ̂ 1 -r '

if

r > 1 - — L _  (1 62,3.000 2
2q+3

(4.29)

which is (4.8).
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3.2

Lemma 4.2. Let p be a positive integer and x a positive 
number. Then there exists â such that ex < â < 10ex and a function

F(z) = a.z + a ,zP + 1  + .. (4.30)
1 p+ 1

regular in |z| < 1  univalent in |z| < - / l - 1 , omitting the values 
+ exr°o and assuming the values i,0 not more than once in |z| < 1 . 

Furthermore for x  ̂2 the function F satisfies

T(r,F) log 1
1 -r ' R  ̂r < 1 , P (4.31)

where

RP
0 , -26p—  (ex)P

and Aq is a positive absolute constant.
Let be the set {0,±ex,i,°°} and let R be the universal 

covering surface over the complement of . Let R̂ ,R̂  be the 
surfaces obtained by cutting R from ex to + 0 0 along the real axis and 
R̂ ,R̂  those obtained by cutting R from -ex to - oo. Let R̂_ be the plane 
cut from ex to °o and from-ex to -°° along the real axis and finally let R̂  
be obtained by joining R̂ ,R̂  to R 5 on se9 ment (ex,00) and R̂ ,R̂  to R̂
along the segment (-°°,-ex).

Thus Rg is a Riemann surface containing none of the points ±ex,°° 

in any sheet and containing points over 0 and i exactly once, namely in 

the sheet R̂_. Further R̂  is a simply connected Riemann surface and since 

it does not contain points over ±ex,°°, R̂  is hyperbolic.

Therefore there is a conformal map F̂  from the unit disc
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{z| |z| < 1} onto Rg

F q ( z ) =  b ^ z  + b 2 z  + . . .  

where b̂  >0.

It is clear that assumes i,0 precisely once and that it never 

assumes +ex,°°. It follows that F̂  is subordinate to the function 

G mapping {z| |z| < 1} onto the universal covering over the plane

punctured at +ex,°° and satisfying the condition

G(0) = 0, G'(0) > 0 .

2

This function G maps the sheet R,_ onto a quadrilateral Q, in the 

unit disc, bounded by four quarter circles orthogonal to the circum­

ference {z| |z| = 1} joining the points z = 1, i,-1,-i in the form

(1 , i ) , (i,-1), (-1,-i) and (-i,1).

Q contains the disc {z| |z| < y/2 - 1} and since Fg(z) is

subordinate to G(z), Fg(z) maps this disc onto a subset of the sheet 
R,., so that Fq(z) is univalent in {z| |z| < V l - 1}.

We obtain from Koebe's Theorem that

b (i/2 - 1 )

On the other hand, the inverse function z = $(U)) maps 

the disc {(x) | |(i)| < ex} into the disc {z | |z| < 1}, so we can apply

Schwarz's Lemma and obtain

b1
-1 $"(0) < (ex)
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Hence we have

ex < < 4
/2-1 ex < 1 Oex (4.32)

Thus we obtain a function with a development having the required 
properties of the function (4.30) in the case p = 1.

If p > 1 we proceed as follows. We assume first p odd and 
write E = {(ex)̂ , 0,î ,°°} , so that î  * ±1.p

Then we define F (z) as above with E instead of E. and set P P 1

F(z) = i F (ẑ ) P
1 /p p b zP + 1

= b 1 (Z+ (̂ “ ) + -------) . (4.33)

Since F (z) * 0 for z * 0, F(z) is regular. Let Art be thep 0

part of {z| |z| < 1} which corresponds to the sheet by F̂ (z).
Then F (z) is univalent, in A„. Let A be the set of all z such P O p
that zP is in Â .

We see that F(z) is univalent in A . For if not let z . , z „p 1 2

be two points in A such that F(z,) = F(z_).
p  1 2

Then z P,z P are two points of Art and F (z,1̂) = F (ẑ ) 1 2  0 p  1 P  2P^ - and
therefore z^ = 7.̂ . We deduce from this that there is an integer
k for which

z2 exp(2TTik j P

This

so that ẑ

implies

. ,27Tik.F(z2) = F^) exp(—-— ) ,

zi.e. we have proved that F(z) is univalent in A .P
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1 /pOn the other hand Â  contains the disc {z| |z| < (1 / 2 -1) and
therefore the disc {z| |z| < V l  - 1 }.

If F(z) = i or 0, then F (zP) = î  or 0 and this is possibleP
only for ẑ  in A . ,  i.e. z in A ,  where F is univalent so that F (z) O p  p
assumes i, 0  at most once in {z| |z| < 1 }.

Since (ex)̂  < < 10(ex)P by what we proved above, one obtains
that ex < b < (10)^P ex  ̂10ex and so F(z) has again the required 
development (4.30).

In the case p even, we consider the set

Ep = ̂ ±(ex)P,0 ,-iP + 1  ,°°

instead of E and the function i F (-iz) instead of F (z).P P P
It remains to prove (4.31). For this we use Lemma 4.1.

We consider again the case p odd.
The case p even follows with small modifications. According

to that Lemma, any function F which maps conformally the unit disc 
onto the universal covering surface over the Riemann sphere punctured 
at the points of = | 0 , ±(ex)P, iP,°° \ , such that

1F_(0)-a|  ̂6 , for every aG E , |f_(0)|  ̂t ,5 1 p 1 5 1 o (4.34)

where 6  ̂min{1 ,(ex)P,(ex)P-1 } and  ̂{(ex)P,l} i.e. such that 
(4.6) and (4.7) hold, satisfies

T(r,F5) 5 1 log ̂ 1-A0<I 6 2 ) 1 3  « r < 1

where Â  is an absolute constant.

(4.35)
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For x ) 2 we can take 6 = 1/(ex)P.
First we prove (4.31) for a translate F of F wherepa p

Fpa(z) = FP 1 -az

for some a such that |a| < 1 .
We fix the branch of F. at z = 0, such that F (0) = 1/(ex)P,5 5

so that for x > 2 (4.34) is satisfied and then consider a translate
F of F such that F (0) = 1/(ex)P. In this way, we get a well pa p pa
defined function

U)(z) = F 1 o F (z) , (4.36)pa 5

in a neighbourhood of z = 0, such that 03(0) = 0.
It is clear, from the definition of F and F,., that 03pa 5

can be continued without limit in the disc and since this is a simply 
connected set, by the Monodromy Theorem we obtain a function from the 
whole unit disc into itself such that U)(0 ) = 0 .

From (4.36) we obtain

F ( z) = F (0)( z) ) ,5 pa

i.e. we have proved that F_ is subordinate to F5 pa
satisfies also (4.35)

Hence Fpa

T(r,F )  ̂7  log -T-— pa 6  ̂ 1 -r 1 -Aq ( 1  (ex)_2p) < r < 1 (4.37)

Next we prove from (4.37) that F satisfies (4.31).P To do
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this, we shall use the Ahlfors-Shimizu characteristic instead of
the Nevanlinna characteristic T. and T differ only by a bounded term
and therefore we obtain equivalent statements to (4.31) and (4.37).
In fact we recall that for a meromorphic function G, is defined 
by

0(r,G) = J dt ,
0

where TTA(t) is the area, with due regard to multiplicity, of the image 
on the Riemann sphere of {z| |z|  ̂t} by G, and that if G is regular then

2iT
TQ(r,G) 2tt log >/l +1 G( re^) | 2 d& - log / 1 +|G(0 )

Now using the inequality

loĝ x  ̂log / 1  +x2  ̂log+x + j  log 2

and recalling that for G regular
27T

T(r’G) “ 2TT log+ I G( re^) I d-9- ,
0

we obtain

T(r,G)-log /1+|G(0) | 2 < TQ(r,G) < T(r,G)-log /l+|G(0) | 2 + ̂  log 2 .
(4.38)

Therefore, since in our particular case F (0) = F_(0) = — -—pa 5 , . p(ex)
1 1and 0  ̂  ̂— for x  ̂1 we obtain for G = F ,F,. ,p 2 pa 5x

T(r,G) + A  ̂TQ(r,G) < T(r,G) + B , (4.39)
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where A and B are absolute constants. 

Next we show that

z-a
1 -az 1 -

1 - a (1 -r) z I = r

In fact, we have

z-a | > r- 1  a
1 -az '  ̂1 -|a)r '

(4.40)

whence

1
z-a 

1 -az ^ 1 r- a
1 - a r

(1- r )(1+|a|) „-----r=T----- ^1-j a|r (1 -r) ,

which yields (4.40). 
The function

maps the disc {z| |z| < t}, t > |a| conformally onto a disc containing
the origin and whose boundary is the image of {z| |z| = t}. On the
other hand by (4.40)

lw(z ) I ^ 1 ~ i-]a[ (1_t) z = t

i.e. we can conclude that that domain contains the disc 
203 03 < 1 -

1- a
(1 -t)

Now since the correspondence between {zI Izl  ̂t} and the closure
of that domain is one-to-one we deduce that for every solution in

03 0) < 1 -
1 - a (1 -t) of F (03) = C , there is at least pa
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one solution of F (z)=£ in {z ||z|  ̂t} and different solutions of the first 
equation give rise to different solutions of the last equation.

We observe now that

Ap (t) =
pa s pa

np (t,£)dU(£) , Ap (t) = n (t,£)dVi(£) , rp

where S is the Riemann sphere, du is the normalised area element in S
and n„ (t), n„ (t) are the number of roots of F (to) = £ and F F papa p
F(z) =C in 1031  ̂t, |z|  ̂t respectively.P

From the previous consideration we conclude

af (t) > af (1- T^T P pa 1
(1 -t)), t > a (4.41 )

On the other hand F is univalent in {zI Izl < - / l  - 1} andp 1 1 1

Fp(0) = 0. Thus by Koebe's Theorem the disc {co| |CO| < b̂ 1/2 -1 )/4}
is covered by the image of {z| |z| < - / l - 1} by F . SinceP
F (-a) = F (0) = (ex) we can find a in {zj Izl < -/2 - 1} provided p pa i i i
that

b (t/ 2  -1 ) 
4

1

(ex) P

By (4.32), |b̂| > (ex) > 10(ex)  ̂since x ̂  2, so that the 
above condition is satisfied.

Now using an inequality for univalent functions, see Hayman 
[1], page 4, we obtain
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since

F (0) P

llal II I a|. Ib illa lF (-a) > -- !------ £P ,4. al2 4( 1 + a / / 2 - 1 )

Thus, since |b̂|  ̂(ex)

4 F (-a)
a I < --2 < ------- < ----- £ —  £ -4 < _L < 1s — “ s:

1
bJ(ex)P (ex)2p e2 7

x  ̂2 .
Next we note that

2 4
1 - ~—t—r ( 1 -t) > t 

1 -|a| f < t < 1 (4.42)

In fact if a I < 1/7, and 2/3  ̂t < 1,

4 2 4 7
1 -t - -— |— r ( 1 -t) > 1 -t - ̂  (1 -t)1- a 3

= (1-t) {1+t + t2 + t2 - 7/3}

* d-t) | i  + f  + | +  ~  ] = 27 n - t ) > o

Now using (4.38), (4.41) and (4.42), and the fact that 
= 0 , we deduce

T(r,F ) + - log 2  ̂T (r,F ) = p 2 O p P

2/3 pa
1 -

1 - a (1 -t)
1

\  dt > f 
f ”  > J

2/3 pa

(2/3)

- , >ds s 1A (s)—  > -F s 4pa
A (s) —  F spa

1/5
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l
4 T (r ,F )-T (1/ 5 , F ) 

0 pa 0 pa

T(r ,F )-T(1/5,F )-log 2pa pa (4.43)

Next we obtain a lower bound for T(r ,F ) and an upper boundpa
for T(1/5,F ). For the former we use (4.37), i.e.pa

T(r4fF )  ̂\  log —  pa 6 4
1 -r

> 1 i 1
" 6 109 4(1—r)

= 7  (log ~~ - log 4) > - 7 7 log 7 -̂—6 1-r 12 1-r (4.44)

if

4 %  ̂, 1 , ,~2p,13r  ̂1-A (- SX (4.45)

and in addition

log  ̂2 log 4, i.e. r  ̂1-e ^

both conditions can be included in (4.45) after decreasing Â  if 
necessary.

Next we try to obtain an upper bound for T(1/5,F ).pa
F is univalent in {z| Izl < r_ = -/2 - 1}, so that using ap ' 0

result for univalent functions, (see Hayman [1], page 4), we get

0F (z) < _
P ( r o - H >2

z < r.

Also for |£| < 1/5, |a| < 1/7, we have

C+a - I? + a  ̂1/5 + 1/7
1 +a£ " 1+ a l 1 + 1/35 3

(4.46)
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Thus for |C|  ̂1/5

F (£) = F = F (z) ,pa p 1 +ac, p

where |z| < 1/3. Hence since r̂  = /2-1 > — , we conclude from (4.46)

F (z P
b.||z| 1/3|b |

< 1 - ^ > (1-5/6)
= 1 2 |b1|

< 1 2 0 (ex)P. (4.47)

From (4.47) , we obtain

T(1/5,F )  ̂log{120(ex)P} .pa (4.48)

Thus if (4.45) holds, we have by (4.43), (4.44) and (4.48)

T(r,Fp) ^ \  log T̂ r ~ l o g ^ 1 2 0  (ex̂ ” 1°9 2 j*

> 1 i 1* 96 1 0 9 1 -r ' (4.49)

if

log  ̂log{ 1 2 0 (ex)̂ } + log 2

i.e. if

1 > r £ 1 - {240(ex)P} 2 4  . (4.50)

Again we can put together (4.45) and (4.50) in

1 > r4  ̂1-Aq(ex) 26p (4.51)
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with a new Â .
Using (4.33) and (4.49), we deduce

T(r,F) = 1  T(rP ,F ) 5* log — !—  , (4.52)P P 96p 1-rP

if
1 >  ̂1-Ag(ex) (4.53)

This yields

96p p( 1-r) = 9ii ( 1 ° 9  - 1 0 9  P)T(r,F) > -r-]— log 1

^ 1 , 1 --- log —1 92p 1 -r (4.54)

if in addition

log -—  ̂  2 log p, i.e. r  ̂1 - —  .
1 -r 2

(4.55)

Using the fact that
4p(1-r)  ̂1-r4̂  ,

we can put (4.53) and (4.55) together in

,  ̂ N . A 0 , .-26p
1 > r > 1 - —  (ex) ^P

with Ag absolute constant.
(4.56)

So we conclude that (4.54) holds in the range (4.56) which is
(4.31). This completes the proof of Lemma 4.2.
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3.3
Lemma 4.3. Suppose that a ,...,a are preassigned complex

P Pnumbers, not all zero, and write M = Z | a | \l > eM. Then the
V=1 V

function

(l)( z ) =
E
V=1

V 2pâ z + Uz

V  r

V=1
M + ^  a_z

(4.57)

has precisely 2 p zeros and no poles in the disc

{z| |z| < exp(- —  ) } (4.58)

Furthermore the function Q) satisfies the following inequality

1 — 1 6 p2 (1 - 1  z| ) < 103 ( z ) I < 1 - ~  ( 1 — I z I )ap (4.59)

One can check that 103(z)| = 1 for jz| =1 and by Rouche's
Theorem U)(z) has 2p zeros and no poles in {z||z| < 1}. Next we
show that more exactly these 2 p zeros are in the smaller disc (4.58)

We write r = exp{-1/2p}. Then for r < IzI < 1, we have P P 1 1

f a,2V| < M < H = „ r 2P < |yz2 P| 
L. V e p
v=1

Thus 0J(z) * 0 for r < Izl < 1, and so |z I  ̂r , 1 ̂  V < 2p.p 1 V1 p
We consider now the function

tt( z ) = H2 p z-z
V=1 1 -ẑ z
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Then $(z) = 0)(z)/tt(z) is regular and not zero in {z | |z| < 1}
and j$(z)|= 1 on |z| = 1. Thus |$(z)| = 1 and

i-91 i-8> 2 p z-z
03 (z) = e tt (z ) = e II — ——

V=1 1 -z ^ z
(4.60)

where -9-̂ is a constant such that 0  ̂-9-̂ < 2 tt.
Using (4.58) we deduce that for |z| = r > r̂  , we have

r \ 2 pr-r__P_
1 -r r P /

r , \ 2 pr+r
< |tt(z) I = 103 ( z) I <

1 +r r P y
(4.61)

We write

r-r
x =

1 -r r P
Y =

r +r _P__
1 +r r P

1 -x2p = (1 -x)(1 +x + ... + x2p 1) < 2 p(1 -x)

= 2 p
(1 -r) (1 +r )_______ P_

1 -r r P
< ( 1 . r )

1 -r (4.62)

Also if t = 1/2p, so that 0 < t  ̂i ,
-t -T ,1-e = te , 0 < T < i ,

so that

-t
1 -e > te 2 > it, r = e t < 1 - i t = 1 -y- P 4p

Thus

1-x2p < (1-r) < 16 p2 (1 -r) .1 -r (4.63)

Now the left hand inequality of (4.59) follows from (4.61) and
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(4.63). To obtain the right hand inequality we must have an upper 
bound for y2p. We have

1-v2p £ 1-i
(1 -r )(1 -r)___P____

1 +r r P
(1 -r ) (1 -r) P > 1 -r

8 p

This yields the right hand inequality in (4.59).

3.4

Lemma 4.4. Suppose given complex numbers, a , a ,...,aI ^ [•
not all zero and write M = E

V=1
Then there exists F (z) ------------- P

regular in |z| < 1 , assuming i and 0 no more than 2 p times and with a 
power series development

F (z) = a.z + a_z2 + ... + a zP + 0(zP+ )̂ , (4.64)P 1 2 p

near z = 0. Further

F (z) < 40eM inP ! —

and if M ̂  2 we have

(4.65)

T(r,F )  ̂P
1

8 .OOOp' 
A,

log 1
1 -r '

4
where R' = 1 - (16eM) 1*00°P
------ P P3

R' < r < 1 f P (4.66)

Suppose that Vi > eM and consider the function
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0)( z )
l
V=1
VV + yz2 p

-  I
- 2p-V a z V

as in Lemma 4.3.
Let F(z) be the function whose existence is asserted in Lemma 

4.2 with â = y and x = M. Then eM < y < 10eM. We now write

F (z) = F{(D(z)} . (4.67)P

It is easy to see that 

P/x - 1  r V _. p+ 1 .w(z) = y ) â z + 0 (ẑ  ) ,
V= 1

and so

F (z) = yw(z) + 0(zP+1) ,P

which yields (4.64).
The equation U)(z) = £ has precisely 2p roots in {z | |z| < 1}

for any C in {C| |c| < 1 }# and since the equations

F(z) = 0 and F(z) = i

have at most one root in the unit disc, we deduce that the equations

F (z) = 0 P and F (z) P l
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have at most 2p roots in {z| |z| < 1}.
Since F(z) is univalent in {z| |z| < = t/ 2 - 1}, it follows

from a classical result for univalent functions that

|F(z)| < M ro lzl 
<r0‘ lz !>

z l < ro •

On the other hand, by Schwarz's Lemma, 10)(z)|  ̂|z| for |z| < 1
r-g

and so for |z| = —  we obtain

F (z) | <
M rQ |o)(z) | 
(r0-|u(Z)|)

 ̂4y  | (jl)( z) |  ̂40eM | z | < 40eM,

which is (4.65).
To prove (4.66), we shall make use of (4.31) and the definition

of F in (4.67). We shall also use the Ahlfors-Shimizu characteristic P
Tg instead of the Nevanlinna characteristic T as we did in the proof of 
Lemma 4.2.

We first show that

A (t)  ̂A (1—16p2(1-t)), t  ̂r = exp{-1/2p} . (4.68)
r  r  Dp

This is a consequence of the definition of F̂  in (4.67) and the 
fact that the number of roots in {z| |z|  ̂t} of any equation of the form

F (z) = £ , (4.69)

is not less than the number of the roots in {to| |(i)|  ̂1 — 16p (1-t)} 
of the corresponding equation
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F(OJ) = C. (4.70)

2In fact let 0)̂ be a root of (4.70) in {(i)| |(i)|  ̂1 — 16p (1 —t)}.

Then we assert that the equation

U)( z) = U) (4.71)

must have at least one solution in {z| |z|  ̂t}.

To prove this, we use the left hand inequality of (4.59).

The image by (a) of {z | |z| < t} is a domain D(t) contained in {u)| |(jl)| < 1}, 

containing the origin since 0)(z) has 2p zeros in the smaller disc 

{z| |z| < exp(-1/2p)}, and whose boundary is contained in the image

of {z| |z| = t}.

By (4.59) we have

10) (z)| > 1-16p^(1-t), |z| = t , t > exp{-1/2p} , (4.72)

2so that we can conclude that D(t) contains {(ju)| |u)|  ̂1-16p (1-t)},

i.e. we have proved that the equation (4.69) admits at least one solution

in {z| |z|  ̂t}, say ẑ .

Now

F (z. ) = F(0)(z.) ) = F(0>. ) = C ,p 0 0 0

i.e. Zq is a solution of (4.69).
2Hence for every solution of (4.70) in {(i)| |o)|  ̂1 — 16p (1-t)},

we have at least one solution of (4.69) in {z| |z|  ̂t} and different

solutions of (4.70) yield, in this way, different solutions of (4.69).

We now recall that (see Hayman [2], page 13)
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Ap (t) = f np (t,C)dp(;), Ap(t) = J np(t,t)dy(5 )
P S P S

where S is the Riemann sphere, dy is the normalised area element

in S and n„ (t), n (t) are the number of roots of (4.69)F FP
and (4.70) respectively and deduce (4.68).

To prove (4.66), we shall make use of the following inequality

3n(1-t) > 1-t3n > n(1-t) , ^  ̂t3n < 1 , n  ̂1 . (4.73)

To prove this inequality we note that the quotient

1-t3n
1 -t — 1 + t + t + t3n-1

3 nincreases with t, so that it is enough to consider the case t =1/5 

for the right hand inequality in (4.73). The left hand inequality 

is obvious.

We write

h 2
n a = — log 5

and note that

1-t 5 , „ -ah4 „ 5ah 5 log 5  ̂1-- —  = — ( 1-e ) < — — = — — -—  < -3n 4 4 12n n

which proves (4.73).
2We apply (4.73) with n = 16p . We shall also use (4.68). 

■” 1 /3nLet r '  = 5 and observe that r '  2 r in (4.68), therefore forP
r > r ' f we obtain
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T0 (r' V  ' To(r''Fp) - J  AF ( t )  T  s
r '  P

r r
— ,.3n dt 1 f dsA (t —  = —  A (s) —F t 3n J _ F s,3n

A {1-n(1-t)} 7 7  r u

-  i  {To ( r 3 n ' F> -  To (l ' F , }  •
(4.74)

To obtain an upper bound for Tg( —, F) we use the fact that 

F(z) is univalent in |z| < r̂ , where r̂  = V2 - 1 > 2/5. Thus for 

|z| = 1/5  ̂1/2 r̂ , we have

|f '(0 )||z|r 2
IF(z)| < ------- r---  < 4 | z I |f '(0)| < | U < 8eM .

<r0-|z| ) 2

Hence

T (7 , F) < T(-̂ fF) + ]- log 2 < log (8eM) + 7  log 2 U b b z z (4.75)

By (4.31) in Lemma 4.2 and (4.71) we have

To(r3n'F) * 7755 log ;^35 ? r n i l “ 9 --—  -'log g-j— - log (3n) , (4.76)

i f

3n . . 0 -26pr  ̂1 - —  (eM)P (4.77)

Thus by (4.74), (4.75) and (4.76) we have

T(r,F ) £ T (r,F ) - - log 2 p O p 2

1 r
75  \  7 5 1 5  \ l o g  T :log 7 -̂— - log 3n log(8eM) - — log 2

1- 7  log 2 , (4.78)
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if (4.77) holds.

From (4.78) we obtain

T(r,F p 1 s — L_3 logi^F 'F 8000p
(4.79)

if (4.77) holds and if addition

r > 1 - A(16eM)-1 0 0 0p (4.80)

Using again the inequality

1-r3n < 3n(1-r) = 48p2(1-r) , (4.81 )

we conclude that (4.77) will be satisfied if

r  ̂1 - —| (eM) 26p
P

(4.82)

Now (4.80) and (4.82) can be included in

> 1 A° «. \ — 1 OOOp4r  ̂1 - —  (16eM)
P

(4.83)

after decreasing A^ if necessary.

(4.79) and (4.83) yield (4.66) and the proof of Lemma 4.4 is 

complete.
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4. Proof o f Theorem 4.1

We prove Theorem 4.1 by showing that given an arbitrary function 

$>(r) satisfying (4.5), there is an integral function f such that

N(r,0,f) + N(r,i,f) + Nfr,00̂ ) < — T(r,f) , (4.84)

-\(p, ) . .f°r Pk-Pk k < r < pk-yk , k ? kQ . (4.85)

Here

log $(jr) 
log 2r (4.86)

which tends to infinity, as r tends to infinity, by (4.5), {p̂ } is 

a sequence which grows to infinity very quickly and {ŷ } is a sequence 

decreasing to zero in such a way that

X(p )
Y, p, -* 0 as k -»■ oo . (4.87)k k

Thus increasing k̂  if necessary we ensure that all the intervals 

(4.85) belong to Ê .

Just as in the proof of Theorem 3.2 we assume without loss of 

generality that A(r) increases with r. We shall also assume p^  ̂Pq = 2 

and A(Pq) > 0, i.e. $(1)  ̂1. Then

-X(P ) - U p  )
pk K < 1, so Pk-Pk ' (4.88)

Then using (4.86), (4.87) and (4.88) we obtain
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$(r)dr = f , ,X(2r) .(4r) dr ^ [ »KX''k’ ■ {
-X(P )

Pk~Yk~(pk~pk 1

■ I
X(p ) -X(p ) X(P ) r

p,_ • p , .  n -YkPk > (i+o(D ^  1 =

Lo

Next we proceed to construct the function f and the sequence 

(Pr} • We note that as soon as {p̂ } has been defined, we can take

Yk ■ pk
-U(pk)+i)

and since p tends to infinity (4.87) holdsit
We define f by

f (z) = [  V n ' (4.89)

and proceed to construct its coefficients b^ successively.

We set b̂  = 1. Let now {p̂ } he a strictly increasing

sequence of positive integers such that p = 1. We assume that we have

already defined b for n  ̂p, and proceed to construct b for n k n
p, < n  ̂pn „ .*K+1

To do this, we shall inductively define the increasing sequence

of positive numbers {p } with p = 2 and tending rapidly to infinity.Jt U

Let us assume that p̂  has already been chosen and let F̂ (z) he the 

function defined in Lemma 4.4 with p = p and for 1  ̂n  ̂pit it

an b Pvn k (4.90)
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Then if a are the coefficients of F, (z) for all n, we define n k
b by (4.90) for p. < n  ̂p. , , . n 2 k rk+ 1

We will prove that {p } and {p } can be successively constructedit it

so that f(z) satisfies (4.84).

First of all we show that, if p ,p have already been chosen,it*" I it

we can take p^ so large that

b I < (2p ) n, p < n  ̂pn 1 v Mk-r ' Fk Fk+1
(4.91)

To do this, we observe from (4.65) in Lemma 4.4 and Cauchy's 

inequality that

f  i /2 - 1  V na I < 40e — -—  M,n ■ pk < n < pk+i - (4.92)

where

M ■ I  I M  p v < P k k Mk l  M  ■
V=1 V=1

which is bigger than > 2  

Writing

A - ^0 2 B
■ Ik U 1 v 

V=1

we obtain from (4.90) and (4.92) for p. < n < p, „k k+1

p.-n
b I  ̂40e. p. A _n B.n 1 k 0 k

Therefore (4.91) will hold if
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n-p. f 2p
> 40.e. k- 1

1 .e.

n-pr
Pk > (40.e.B )

2pk- 1
n-pT

and this will be satisfied for all n > P. ifk

f 2p pk+1
p, > 40.e.B, k k

k- 1 (4.93)

since B  ̂ lb | = 1. We choose p, to satisfy (4.93) and therefore 

(4.91) will also hold. From (4.91) and the fact that p tends to infinity.K
one deduces that f(z) given by (4.89) is an integral function.

Next we show that all the roots of the equations

F. ( ) = 0 and F ( ) = i , (4.94)
k Pk k Pk

. ■ . "X(Pk}are in {z| |z| < Pk“Pk } •

In fact, let us recall that F (̂z) = f{w (z)}, where

w( z)
l

\ ) =  1

v 2pk a^z + y z

y +  I  av  2
V=1

2Pk-v

V=1 V=1
where eM < y < 1OeM and M = V
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The equations

F (CO) = 0 and F(CJ) = i

have at most one root in {to| |CO| < 1}. We denote these roots if any

by Wq and cô respectively.

The roots of (4.94) are the same as those of

pT 1 = “o 'k
and to ( —  ) = (i), 

pk 1
(4.95)

Therefore we can deal with (4.95) instead of (4.94).

The equation 0)(z) = £ has precisely 2p^ roots for |̂ | < 1, 

in particular the equations U3(z) = tog and QJ(z) = have in total 

4p roots. Let us call s = max{|u) |, |CO |}. Then s < 1 and byK U I
(4.59), all the roots of the two equations above must satisfy

1-16pk (1-|z|) < s , l .e.

z < 1 - 1 -s
1 6p

We now choose p large enough to satisfyiC

(4.96)

16p.
pk " T T (4.97)

in addition to (4.93). Then

1 - < 116Pl/
Pk Pk

- x (pk )
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> , , 'X(Pk’Thus all the roots of (4.95) are in {z| |z| < p -p }.

Therefore, there is an such that 0 < < 1 and

I V  f r )l  > e*  '  and | f * ( i ]  '  ' ( 4 - 98)K

-Mpk>
in {p, —p, < |z| < p -yv} t since this set is compact.

iC iC K  K

Finally, we show that if p , which has not been determined yet,K i I
is chosen suitably, then (4.84) will hold.

We write

F, ( -f- ) 
k pk ■ l

B z n
n= 1

and note that the series is absolutely uniformly convergent in 
-X(pk)

{z | p^-p^  ̂ lzl  ̂P̂ -Yi,} t so that we may choose p̂ ., so largek k ■k+ 1

that

l  l Bnl
n=Pk+1

< 2 ek

in this set.
We also have by (4.91)

CO 00

[ bn ] • ] <  l  2

:pk+ 1 + 1 n=pk+1 +1

for the same values of z. This is smaller than j if k̂+1 âr9e 
enough. Thus we can find so large that we get
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| f ( z) “F, (““■ ) | = | 7  (b -B )zn| < £, ,1 k p, 1 1 L n n 1 k (4.99)

pk+i+1
-X(pk)

in {z|pk-Pk < |z| < Pk-Yk>-

It follows from (4.98), (4.99) and Rouche's Theorem that the 

equations

f(z) = 0 and F, (— ) = 0
k pk

have equally many roots in {z| |z|  ̂r} , for every r such that

-X(pk)
pk'pk < r < pk'Yk '

and the same is true for

f(z) = i and F (-7-) = i
k pk

By Lemma 4.4, the number of roots of all these equations is at

most 2p, . k
We note now that (4.91) implies in particular that | b^ j  ̂1 

for all n. Thus for |z| = p < j  , we have

OO

| f (z) I  ̂ Y. pn  ̂T^p  ̂2p < 1 *
n=1

Also for such p we have
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|f(z)| > p -  £  pv = P -
2

P-2P2
1-P > 0 .

Therefore we can choose a fix number 6 , 0 < 6 < — such that 

the equations f(z) = 0 and f(z) = i have no roots different from 

z=0 in {z| |z| < 6}.

We conclude that for p^-p
-X(pk )

< pk - \
we have

n(t,i) = 0 , t < 6 , and n(t,i) < 2 p̂ , t < r

so that

N(r,i) = n(t,i)  ̂_ . r— ---  dt < 2pk log ^ (4.100)

Since f(z) has a simple zero at the origin and no other zeros 

in {z| 0 < |z| < 6}, we obtain similarly

N(r,0) = n(t,0 ) j  ̂ , r— -—  dt + log o  ̂2pk log ^ (4.101)

Now we deduce from Lemma 4.4 that

T(r,F > ---'■---3
Pk 8 . OOOp

log 1

1-r/p,
(4.102)

in

-X(p, )
Pk Pk < r < Pk-Yk ,

provided that
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Pk'Pk
-X(v - ( X ( p )+1)  A

1-Pk > 1 --- - (16eM)
-1 .OOOp.

, (4.103)

where is given by 
Pi,

\ =  [  M  •
V=1

Recalling (4.90), we obtain from (4.104)

(4.104)

\  = i >avi  ̂ pk?k i ibvi < cp,
V=1 V=1

(4.105)

since by (4.91), £  |bv| converges.
V=1

Therefore (4.103) is satisfied provided that

X(P ) + 1 A Cp 1.200P
pk > —  <50Pk )

and since X(p) tends to infinity with p, this condition is satisfied 

if p is chosen sufficiently large..K
Thus we may assume that (4.102) holds in the range

-X(p )
pk-pk < r < •

Finally we impose on p the conditionJC

8.OOOp
1 Kk----- (X(pk ) + 1 ) log Pk - log 2 > 8pk log y (4.106)
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Once we have chosen p , we choose p so large that (4.99)
JC K t  |

holds with = 1. Then the inductive definition of the sequences 

p^,Pk is complete and f(z) is defined.

Now (4.102) and (4.106) yield

T(r,f(z)) > T i r,F (-p-) V - log 2 > -- ----- (X(p ) + 1) log f
 ̂ K Pk J 8 .000pk 3 *

pk -̂ <pk>- log 2 > 8pk log y  , Pk-P]t « r « Pk-Yk . (4.

Thus from (4.100), (4.101) and (4.107) we obtain

N(r,0) + N(r,i) + N(r,°°) < — T(r,f), in

-^(pk>P -P < r  ̂P -Ypk Mk Mk Tk

This proves (4.84) and completes the proof of Theorem 4.1.

'k

107)
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