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ABSTRACT

This thesis is concerned with some exceptional sets which
arise in the second fundamental Theorem of Nevanlinna in the
theory of value distribution of meromorphic functions.

This Theorem states that for a meromorphic function F in
the plane we have the relation

q
(g-2)T(r,F) < z N(r,a\))—N1(r) + S(r) , (1)
v=1
for every q values a1,...,aq of the extended complex plane, where

N1(r) is a positive term and S(r) satisfies
S(r) = o(T(r,F)) , (2)

as r tends to infinity outside an exceptional set E1.

From (1) and (2) we obtain

q
(g-2)T(r,F) < ( Z N(r,av)J (14+0(1)) , (3)
V=1
outside the exceptional set E1.
But the relation (3) could be true even if (1) does not hold.

We can consider the exceptional set E. outside which (3) holds. We

2

have



The object of this work is to study the size of both
exceptional sets.

In Chapter Two I present some conditions on the size of these
sets.

Specifically I show that for a meromorphic function in the

plane we can find E1,E2 independent of A such that

[ Aar <

r dr rkdr < o . (4)

W —

Another condition is that we can enclose both sets in a sequence

of intervals [rn,rn+6n] satisfying

Y (n-1)
e

¥(1) =1, ¥(n) = (5)
(4) and (5) are independent conditions.
In the following chapters I show that these conditions are the

best that we can obtain.
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CHAPTER ONE

INTRODUCTION

The framework of this thesis is Nevanlinna's theory of the
value distribution of meromorphic functions.

In this Introduction I shall give some notation and try to
decribe the basic facts about this theory and finally I shall explain
the content of the chapters of the thesis.

The basic resulés in this theory are the two fundamental
theorems of Nevanlinna. Next I shall describe the first fundamental
Theorem with some historic remarks.

Picard [1880] had proved his famous theorem that an entire
function assumes every value with at most one exception. It is
guite natural to ask whether anything further can be said about the
roots of the equation f(z) = a for different values of a. We shall
call n(r,a) the number of these roots in {z||z| € r} and define the

exponent of convergence of these roots by

log n(r,a)

p(a) = lim log ©

>

Hadamard [1.893]) proved that if

M(r) = M(r,f) = max |£(z)| ,
z|=r

and the order of f is defined as



0 = Iim log log M(r)
log r

then p(a) € p for every a. Borel [1.897] notably extended Picard's
theorem by proving that p(a) =p for all a with at most one exception.

The theory obtained in this way was based on the product
decomposition of entire functions of finite order due to Hadamard
[1.893]. This theory lacked precision and did not work well for
fucntions of infinite order or meromorphic functions.

For the latter M(r,f) is not a good measure of the growth
since f can have poles.

The situation changed with Nevanlinna in the 1.920's. He used

the known formula of Jensen [1.899]

2m

1 id i r % r
loglf(O)l = — J log|f(re ") |a% + E:Log - log ,
2m 'b |
0 v % “u

\Y

where aU are the zeros and bv the poles of the meromorphic function
£(z) in {z]|z| < r}.

Following Valiron [1.913], he wrote

r Y
r r. n(t,0)
Z log = J’ log(=jdn(t,0) =‘[ —!— gt = N(r,0) ,
'au' A t a t
r r
E: log—= =_f log(£)dn(t,w)==j nlt,) dt = N(r,®)
]bvl t t
0

He then wrote

log+x = max(log x,0) ,



so that
log x = 1og+x - 1og+ % ' x 20
and
2m 2T 2T
( i% 1 + i% 1 [ + 1
- 8 = L - -
Tl log |f(re ") la ol log’ |f(re’”)|ad 7 log I 5 as .
0 0 0 |E(re™)

This simple step is a key one for the theory. He defined then

2T
1 + ig
m(r,») = P j log If(rel ylag ,
0

and for any finite complex a

2T

1

m(r,a) = 7 j log+
0

1
i%

f(rel )-a

as .

With this notation we can rewrite Jensen's formula in the form

m(r,®) + N(r,®) = m(r,0) + N(r,0) + log|f(0)| .

Applying this result to f(z)-a instead of f(z), we obtain easily

the first fundamental Theorem

m(r,») + N(r,~) = m(r,a) + N(r,a) + loglf(O)—aI + €la) ,

where [e(a)| < log+]a| + log 2 .

Nevanlinna wrote



T™{r,f) = m(r,») + N(r,») ,

and called T(r,f) the characteristic function of f(z).

Then the first fundamental Theorem shows that

m(r,a) + N(r,a) = T(r,f) + O(1) ,

as r varies in the positive real axis. Here we have assumed £(0) # a.

In the general case we shall define

r
N(r,a) = j [n(t,a);n(o,a)] dt + n(0,a) log r
0
The case £(0) = o also requires some modifications.

The first fundamental theorem gives us an upper bound for
N{r,a), which measures how often the function f takes on the value
a in {z| |z| < r}.

Nevanlinna's second fundamental Theorem deals with the more

difficult question of lower bounds.

Nevanlinna proved this theorem in [1.925]. It states that if
g 2 3 then
q
(g-2)T(r,£f) < E:N(r,av) - N1(r) + S(r,f) , (1)

=1

where N1(r) measures the zeros of £° and the multiple poles of f, that
is, the totality of the multiple roots of all equations f = a, a root
of multiplicity p being counted p-1 times and S(r,f) plays the role
of an error term.

For instance, if f(z) is meromorphic and not constant in the

plane, then we have
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S(r,f) = 0{log T(r,f)} + O(log r) |, (2)

as r =+ © through all values if f(z) has finite order and, otherwise
as r + o outside an exceptional set of finite linear measure.

Clearly (2) implies
S(r,f) = o(T(r,£)) , ' (3)

outside an exceptional set E1.

Using (1) and (3) we obtain
T(r,f) < (N(r,a1) + N(r,az) + N(r,a3)) (1+0(1)) , (4)

outside a set of finite linear measure.
But (4) could happen even if (3) is not true. We can consider

the exceptional set E2 outside which (4) holds and we should have

therefore

The object of this thesis is to find best possible conditions
on the size of both exceptional sets.
In Chapter Two, I give some results on the size of E1. In

particular I show that (3) holds outside a set E1, independent of A,

such that

Jr rxdr < o (6)

E



for every A.

In particular (6) implies that E1 is of finite linear measure.

I present also a condition of a different kind. The set

E1 of a merormophic function can be enclosed in a sequence of

. N . .
intervals [rn,rn Sn] satisfying

§ < ! where Y(1) =1, Y¥(n) = e?(n—l).

(7)
N y(n)?

In Chapter Three, I show that these conditions are the best
possible that, we can obtain. We give an example of an entire function

of the form

- z xn
F(z) = z: (—) (8)
r
1 n
for which the exceptional set E1 satisfies
J ®(r)dr = o (9)
E

1

where ¢ is a preassigned function which grows to infinity quicker
than every power r

This result is based on previous work by Hayman [3]. There
he shows with a function of the form (8), an example, where the excep-
tional set E1 exists. However, in order to construct an exceptional
set satisfying (9), some rather detailed quantitative estimates are
needed, which require fairly delicate analysis.

We also prove by means of an example of the same type that (7)

cannot be improved.

Finally in Chapter Four, I prove that condition (6) is also the
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best possible for the smaller set E The example is rather more

2°
complicated than in the previous case and is based on a construction
of Hayman [4] of a function, defined in such a way that it approximates

certain polynomials with few zeros and i-values and sufficiently large

characteristic on a sequence of expanding circles.
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CHAPTER TWO

Results about the size of the exceptional set in Nevanlinna's second

fundamental theorem

1. INTRODUCTION

In this chapter we shall use the notation and definitions
introduced in the preceding one. First of all we shall state in
detail Nevanlinna's second fundamental theorem as it can be found in

Hayman [2].

Theorem 2.1: Let F(z) be a nonconstant meromorphic function

in |z| < r. Let a,,a ,aq, where q > 2, be distinct complex numbers,

YARE

§ > 0, and suppose that Iau—avl 268, 1< u<v<aq. Then

q
m(r,®) + E: m(r,av) < 27(r,F) - N1(r) + S(r),
v=1

where N1(r) is positive and is given by

N (r) = N(r, 51— ) + 2N(r,F) - N(r,F°) ,

and

q
_ E [ F’ |
S(r) = m(r, F ) + m 1.r, }: a }- +
V=1

+ 3q 1
39, 2.1
+ q log 5 log 2 + log TE7TETT , ( )



- 14 =

with modifications if F“(0) = 0 or o,

The quantity S(r) will in general be negligible with respect
to T(r,F) and the combination of Theorem 2.1 and the estimation for
S(r) constitute Nevanlinna's second fundamental theorem.

In the next section, I present a basic result giving an

estimation for S(r).

2. Some conditions on the exceptional set

The following theorem is due to R. Nevanlinna

Theorem 2.2: Suppose that F is a nonconstant meromorphic

function in the plane, S(r,F) is defined by (2.1) and X a fixed

positive number, then we have

S(r,F) = O'{ log T(r,F) }- + O(logr) , (2.2)

as r + o through all values if F(z) has finite order, and otherwise

as r -+ © outside a set EX satisfying

Jr r)\dr < © . (2.3)

The proof of Theorem 2.2 in the case A = 0 can be found in [2]
and as we shall show the argument extends easily to the general case.
Nevanlinna gives a full but rather more complicated proof of (2.3) in
[8].

(2.3) implies, in particular, that EX is of finite measure.

If we now impose the weaker condition,
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S(r) = o(T(r,F)) (2.4)

instead of (2.2) we get a slightly stronger conclusion.

Theorem 2.3: The error term S(r,F) in Nevanlinna's second

fundamental theorem satisfies (2.4) i.e.

S(r,F) = o{T(r,F)} ,

as r » » outside a set E, independent of A, such that

Jr rxdr < o (2.5)
E

for every A.

3. Some auxiliary results

To prove Theorem 2.1 we shall need the following lemmas, where

we shall assume for simplicity that F(0) # 0,c.

Lemma 2.1 (Logarithmic derivative Lemma)

Let F(z) be meromorphic in |z| < R. For 0 < r < R, we have,

m(r, %;) < 4 log+T(R,F) + 4 log+ log+ TE%ETF

S log+ R+ 6 log+ + log+ % + 14,

1
R-r

The proof of Lemma 2.1 can be found in Hayman [ 2].
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Lemma 2.2 (Suppose that T(r) is a continuous increasing, real-

valued function and the T(r) 2 1 for r, €r <+ o, Then, we have
[ 1
Tir + U < 2T(r) ' (2.6)
r T(r) -

outside an exceptional set EA satisfying ,

j rxdr< ® . (2.7)
E

The proof of Lemma 2.2 is quite a simple adaptation of that of
Lemma 2.4 in [ 2].

Let r, be the lower bound of all r > T, for which (2.6) is false.

If there are no such r, there is nothing to prove.
We now define a sequence of numbers r.. Suppose that rn

has been defined and write

rl=r+1—
n A !

r T(r )
n n

then we define r, as the lower bound of all r 2 ré for which (2.6)

+1

is false. Since r, has already been defined, we obtain the sequence

1
{r_}.
n

By the continuity of T(r), (2.6) is false for r = r, ns= 1,2,3,..

Thus r belongs to the exceptional set EX'

Now, we have by the definition of r that there are no points

+1

of EX in (ré,rn+1) and so EA is contained in the union of the intervals

[rn,rél.

Next, we see that if there are an infinity of r then r cannot
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tend to a finite limit r. For otherwise, since

n n n+1
also
r' - r .
But
R N . > >0
r T(r ) r T(r)
n n

since T(r) is increasing, which gives a contradiction.

It remains only to prove that,

and since EA CE= U [rn,rA], it will be enough that
=1

( rxdr< o (2.8)

But (2.8) is equivalent to

Z: r X(r' -r ) <o | (2.9)
n n n

We have, in fact,

> vy 2
T(rn+1) T(rn) 2 2T(rn)



since

- 18 -

Hence
T(r_..) 2 2T(r_ ) > +++ 2 2%p(r) > 2"

n+1 n 1 !
T(r1) 21
Thus
o) [oo] [oe]

A, E: 1 z: 1-n
- = < =2 .
E: Th (rn rn) T(r ) 2 2
n

n=1 n=1 n=1

This completes the proof of Lemma 2.2.

Proof of Theorem 2.2

We recall that S(r) is defined by (2.1), and therefore can also

be written as,

where

S(r,F) = m(r, %:) + m(r, %;) + const., (2.10)
q
d(z)y = T {F(z)-a.} .
\V]
V=1

By Lemma 2.1, we have for 0 € r < R,

o + + 1
m(r, %) < 4 log T(R,$) + 51og R + 6 log 7o *+ const

(2.11)
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1

Now we take R = r + > - Then if r is large we have,
r T(r'F)
+
5 1log R <5 log r + const ’
6 log ﬁéz = 6A log r + 6 log T(r,F), and

4 log+T(R,¢) €4 log+{qT(r,F) + const} <

+
€ 4 log T(r,F) + const

j rxdr < o R
E

)\

’ outside a set Ek satisfying

by Lemma 2.2.

Thus,
o +
m(r, 3;) €10 log T(r,F) + (6A+5) log r + const , (2.12)
in particular,
F’ +
m(r, E;) <€ 10 log T(r,F) + (6A+5) log r + const . (2.13)
From (2.10), (2.12) and (2.13), we get

+
S(r,F) € 20 log T(r,F) + (12A+10) log r + const , (2.14)

outside a set EX satisfying (2.3), and (2.14) in particular implies

(2.2).

5. Proof of Theorem 2.3

By (2.14) we can find for every N €N a set EN and 128 such that

for r 2 rN outside EN, we have
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+
S(r,F) € 10 log T(r,F) + 23N log r , (2.15)

and E _ satisfies

N
N -
Jf rldr <27V, (2.16)
ENn[rN'“’)
We assume without loss of generality that TNt > Iy and that
rg > ®as N>, Then if N(r) is defined by the condition
€r <

N(r) "™N(r)+1 ’

we further assume ry to be so large that

N(r) log r

T(r) -0 . (2.17)

This is possible, since we can assume F to be transcendental

and therefore

log r

T(r) -0, as r +> o

Otherwise E is empty.

Now we define

(o]

E= U {Eplryryg,,1}
N=1
and prove that
j rxdr < o, AZz20, (2.18)
E

and

s(r,F) = o(T(r,F)) (2.19)
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outside E.

To prove (2.18), we note that,

0
Jr rxdr =z Jr rkdr ’
E N=1 Eﬂ[rN,rN+1]
and assume N1 < X £ N1+1. Now using (2.16), we have,
N, -1

1 -]

Z Jr r)\dr = z [ rkdr + Z J’ r)\dr <
N=N

N=1 En[rN,rN+1] N=1 En[rN,rN+1] 1 En[rN,rN+1]
o ©
< J rkdr + E: J rNdr £ K+ ). Z_N = K1 .
En[O,rN ] N=N, ENn[rN,m) N=N,

1

This completes the proof of (2.18).

Next we prove (2.19). By (2.15), we have outside E,
+
S(r,F) = 10 log T(r,F) + 23 N(r) log r
and using (2.17) we obtain
S(r,F) = o(T(x,F)) ,

outside E, i.e. (2.19), and the proof of Theorem 2.3 is complete.

6. Further conditions on the exceptional set

In this section, I give a new condition for the exceptional set E.
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Theorem 2.4: The error term S(r,F) satisfies,

S(r,F) = o{T(r,F)}

as r +» «» outside a set E, which can be contained in a union of intervals

+
[rn,rn Gn], such that,

Gn < ——1—3— where Y(1) =1, Y¥(n) = eW(n-1)

(2.20)
Y(n)

This condition implies, in particular, that the exceptional set

has finite measure, but it is a different condition in character from (2.5)

in section 2, i.e. neither implies the other for A > 0. In fact

(2.20) gives a limitation only on the size of the interval

[rn,rn+5n], whereas (2.5) limits their size relative to their location.

7. An auxiliary lemma

In the proof of Theorem 2.4 we shall use the following lemma.

Lemma 2.3: Suppose that T(r) is a continuous,

increasing,

real-valued function for r

0 € r <+ o, and that, T(r) 2 1 there.

Then we have

Nl

1 2T(r)
T(r + ;rm) < e ’ (2.21)

outside an exceptional set contained in a union of intervals

Ufr ,r +6 ], such that § satisfies (2.20).
, n'nn n

N~

We write t(r) = T(r)*, so that (2.21) becomes
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t(r)
e

t(r + ) < . (2.22)

t(r)

Let r, be the first value of r, such that r 2 r. and (2.21)

1 0

is false, i.e.

1 t(r1)
t(r1 + ~————5) Z e .
t(r1)

We write r, " =r_  + t(r1)—2, and let r_. be the lower bound

1 1 2

of all r 2 r1' such that (2.21) is false. Then we define inductively

and rn is the lower bound of all r 2 ré for which

1 2) > et(r)
t(r)

t(r +

The exceptional set is obviously contained in the union

1

Ulr ,r’1 = U lr ,r + —— ]
n non n n t(r )2
n
We write 6n = t(rn)-2 . Then, since
t{r ) 2 t(xr’) 2 et(rn-1) and t(r.)) 21 ,
n n 0

we obtain by induction

t(rn) 2 ¥(n+1) 2 ¥Y(n), and therefore
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§ = —+ ¢ 1

nogr ) y(m)?
n

This completes the proof of Lemma 2.3.

8. Proof of Theorem 2.4

We recall from (2.10) that

S(r,F) = m(r, %; ) + m(r, 15-) + const ,

where

d(z)

q
i {F(z)—av} .
v=1

Also by (2.11), we have for 0 € r <R

g + +
m(r, %)) € 4 log T(R,?) + 5 log R + 6 log ﬁé; + const.

We now take R=r + 1/T(r,F). Then
+ +
log R < 1log™ r + const ’

6 logt =6 log+T(r,F) ’

T
R-r
and
+ +
4 log T(r,%) € 4 log {qT(R,F) + const}

1
€ 8T(r)? + const ,

by Lemma 2.3, outside a set, which can be contained in a sequence of

intervals [rn,rn+6n], such that 6n satisfies (2.20).
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Thus, for r large and outside this set and any fixed a1,...,a R

we have
o 1 +
m(r, ﬁ;) < 8T(r)? + 6 log T(r,F) + 6 log r
1
€ 9T(r)®> + 6 log r ,
and in particular

1
—) € 9T(r)? + 6 log r

m(r, F

This implies (2.4) and completes the proof of Theorem 2.4.
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CHAPTER THREE

Some Converse Results

1. An example of function showing that the exceptional set can,

in fact, occur

1.1 In this chapter we construct a general example possessing an
exceptional set for S(r,F) in Nevanlinna's second fundamental theorem.
We use this example to prove that (2.5) and (2.20) in the
preceding chapter cannot be replaced by any stronger condition of the

same type.

Theorem 3.1: Suppose that 0 < & < 1 and that {rn} is a

seguence of positive numbers satisfying

r, =1 , r € a2r , n=1,2, . (3.1)

n>\r1—1
Ay =1, A =[x, 1+ 1, (3.2)
and write
(o o] An
F(z) = y (%) ) (3.3)
- r
n

Then F(z) is an entire function. Further if
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Xn >\n“)\n—1 rn
S, = {rn .2(n—1).ln_1} - sn+5n ’ 6n = O(X;) ' (3.4)
and f(z) = F’(z), then

By (3.2), we have for n large An 2 n and by (3.1) r e with n.
Thus F(z) defined by (3.3) converges everywhere and so is entire.

We consider now
< = <
rg $r |z| o re ' (3.5)

and write

= Z >\n A )\N g z >\r1
F(z) = z (r—) + (;—') + Z (?-') .
1 n N N+1 D
Now
N-1
X A
IZI=|Z(£)“|<(N-1)rN1 , (3.6)
1 1 n
and
Y l=1) & l<) af<) a"<x (3.7)
3 N+t D N+1 1
a
where K—m

We also have
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where
. A
N-1
< -
I ZE:I (N I)AN_1 r , (3.8)
1
and
’ o >\n - n
|zY|€Z)\na SZnOL:K] , (3.9)
3 N+1 1
where K1 = ——fL—E
(1-a)
Now, if s, is as in (3.4), we have
*n Xn An-l
— = 2(n-1)A s . (3.10)
r n-1 n
n
We note from (3.4) that sn > rn. Next we prove that
s ~r , as n-—+ o, (3.11)
n n
i.e.
n 1 1
xn_kn—l Xn_kn—l An-xn—1
lim rn . {2(n-1} . Xn—1
=1 . (3.12)
oo r

n

To prove (3.12) we consider the logarithm of the left hand side.

This logarithm is

Y

n__ log[2(n-1)]

[ S 1 ] log rn + T ox +
n n-1 n n-1

log Xn-
A=A
n n-

1

1

Since Xn/ln_ and An/n tend to infinity as n tends to infinity by

1

(3.2), the last two terms tend to zero. It remains to show that the

first term tends to zero. In fact
Xn By foe ¢ - Xn_1 log r ) log kn o
A X 9% T X X Y '
n n-1 n n-1 n n-1

as n » «, by (3.2).

Next we see that if r € [sn,sé] for N large then r satisfies (3.5),

in fact since
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x
r r r N N

IN

1 <€

z
2
Z
2

we can find € > 0 such that 1+€ < é and NO such that for N 2 N0

1<ri< 1+,
N
and therefore
1
< < + < = <
ry r € (1+g) ry € 3 InS Q LI ’

which is (3.5).

Now we show that as r - o through the intervals [SN’Sﬁ] we
have
Y A
n n
s
(=] . (=
r r ! (3.13)
\ "n) n
or equivalently
A
(o) "
n n
S 1 .
L "n )
But
X Snxn
s +6 n [ sn/én 1 5n
n n 1 0
= 1+ — e =1
S { s /8§ ‘
n n

by (3.4) and (3.11).

Since (3.13) holds for r€ [sn,sé], we also have for such r
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H,sm

r
e . (3.14)

3
=]

Therefore we deduce from (3.10), (3.11) and (3.14)

A
r n xn—l
(;;) ~ 2(n—1)Xn_1r .

Since we have already seen that for r€ [sn,sél n large, ris in

the range (3.5) then we can apply (3.6), (3.7), (3.8) and (3.9) to

obtain
r Xn Xn—]
|[F(z)| ~ (=) ~o2mk _.r '
n
Xn Xn—1
lz£(z)] = A_ (=) +ol(n-A__r "'}
n rn n-1
A
r n
~ X (=) ~ X _|F(2)] .
n r n
n
Hence

T(r,F) = Xn-1 log r + log(2n Xn—1) + o(1) ,

T(r,£)

T(r,F) + log Xn + o(1) - log r .

From r € [sn,sé] and (3.11) we deduce r ~ r and by (3.2) we have,

A log r = o(log Xn) ’

therefore

T(r,F) = o(T(r,f)) . ' (3.15)



This completes the proof of Theorem 3.1.

1.2 Next we show that the sequence of intervals [sn,sn+6n] must
be exceptional for the function F.

To do this it will be enough to prove that for large n we have
s(x,F) 2 27(x,F), r€ [sn,sn+6n] . (3.16)

By (3.15), we have for r large and in U [sn,sn+6n]
n

m{r,f) T™(r,f) 2 37(r,F) = 3m(r,F) ,

therefore, since

| rh
-

S(r,F) 2 m(r,
and

m(r,£) € m(r, % ) + m(r,F) ,
we obtain

S(r,F) 2 m(r, ) 2 2m(r,F) = 2T(r,F) = 2T(r,F)

o |rh

this proves (3.16).

In the next two sections we specialise the function (3.3) to

obtain counterexamples to (2.5) and the condition given in Theorem 2.4.
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2. A converse result to Theorem 2.3

Theorem 3.2: For any function ®(r) such that

@ir) + ® as r - o for all positive A, (3.17)

r

we can_choose the function F(z) in (3.3) such that (3.16), i.e.

S(r,F) 2 2T(r,F), holds in a set E satisfying

J d(r)dr = © (3.18)
E

In proving Theorem 3.2 we assume without loss of generality that
d(r) is increasing for large r. For, by hypothesis, for every positive

integer N, there exists t such that

N’

N
d(r) 2 r ’ r 2 t .

We suppose without loss of generality that

2 2 2
t1 1, and tN+1 ZtN , N 1

We then define

N
= < <
¢1(r) r ’ tN r tN+1

Then for r 2 t1, g(r) is increasing and satisfies (3.17) and also

®1(r) < O(r). Thus it is enough to prove (3.18) with ®1(r)

replacing ®(r).

The function F(z) in (3.3) satisfies (3.16) as r tends to
infinity through a sequence of intervals {[sn,sn+6n]} where {sn} and {Gn}
are given by (3.4). Then it will be enough that we can choose Sn’én

SO
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z d(s )8 = w (3.19)
n n
n

for (3.18) is implied by (3.19) since ¢ is increasing.

We show that we can choose rn and Gn in Theorem 3.1 so that

(s )8 >1 , (3.20)
n n

and so (3.19) holds.

We recall that by (3.2) and (3.3), we can take

n>\n-1 rn
x1 =1, An = [rn ] + 1, 6n ==
n
so that
d’(sn).rn
d(s )6 2 . (3.21)
n n A
n-1
nr
n
Let us assume now that r1,...,rn_1, A1""’An—1 and therefore

17" ne1 have already been defined. Then we define r such that

r 2 2rrl so that (3.1) is satisfied and in addition

z2 1 , r2r . (3.22)

This is possible by (3.17).
Now having chosen r in this way and therefore Sy’ Xn and 6n'
(3.20) follows from (3.21) and (3.22).

This completes the proof of Theorem 3.2.
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3. A converse result to Theorem 2.4

Next we construct an example to show that Theorem 2.4 cannot

be sharpened.

Theorem 3.3: We define

r = 0(n) = vy '3, (3.23)

where ¥(n) is given by (2.20).

Then F(z), given by (3.3), satisfies S(r,F) 2 2T(r,F) for

r sufficiently large in a sequence of intervals [tn,tn+8n] with

n ) , for large n . (3.24)
It is clear that {rn} given by (3.23) satisfies (3.1), therefore
F(z) is well defined and (3.16) holds.

We can choose

$

S
n_ A
n
so that (3.4) is satisfied. It remains only to verify (3.24).
Since ®(n) is defined by (3.23) and recalling the definition of
¥(n) in (2.20) we have

d(n+1) = ¥(n+1) /3 = exp{% ¥(n) }= exp 1% ®(n)°> ‘}

We now proceed by induction. We assume n so large that $(n)
is much bigger than n and log ®(n) and we assume that for such an n, N

is so large that
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An € ®(n+N) € ¥Y(n+N) . (3.25)

Then we prove that this inequality holds for all the following terms.

In fact by (3.2)

r (n+1))\n (n+2)>\rl
A1 = | Tn+1 ] *1Srg - exp-{(n+2)ln log rn+{}

< exp {j% ¢(n+N)3}-= ®(n+N+1) € Y(n+N+1)
since for large n

(n+2)>\n log r = (n+2)>\n log $(n+1) < <I>(n+N)3 .

1
n+1 3
This proves the inductive step, so that (3.25) holds for all

large n. By increasing N if necessary we ensure that (3.25) holds

for all n.

Therefore we obtain

1 1
6n - X; > Y(n+N) ’

for some positive integer N and all n.

i i = = >
We conclude (3.24), writing t S _N' Bn 6n—N' for n > N.
Theorem 2.4 shows that
S(r,F) = o(T(r,F)) (3.26)
[eo]
outside a union of intervals E = U [rn,rn+6n], where
1
1 1
§ < < (3.27)
n W(n)z Y(n)

where ¥Y(n) is defined in (2.20). We may omit a finite number of
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intervals from E without destroying (3.26) and thus replace E by

(oo} (o]
E°= U [r ,rn+6n] = U [rn+N’rn+N+6n+N]' for some NEN.
n=N+1 n=1

We now relabel the intervals of E” as [r ', r'+8°) where r” =r ,
n n n n n+N

Gg =6 and then (3.27) yields
6 4 < 1

n Y(n+N)

We show that this is the best that we can expect.

Theorem 3.4: For every increasing sequence L(n), such that there

is no N € N for which

Y{n+N) 2 L(n), nEN , (3.28)

there is an entire function F, for which we cannot find a sequence of

disjoint intervals {[rn,rn+5n]} satisfying

§ < 12 , (3.29)
n L(n)

and such that

S(x,F) = o(T(x,F)) ,

outside the union Ulr ,r +6 ].
o, n''nn

For the function F in Theorem 3.3 there is a sequence of intervals

[tn’tn+8n] such that for large n we have
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(3.30)

and

2 > i
S(r,F) 2T(r,F) for r r, in g [tn,tn+8n] . (3.31)
Therefore if we could find a sequence of intervals {[rn,rn+6n]}

as in the statement of Theorem 3.4, we should have for a certain NE N

,r, +8 ]

u [tn,tn+8n] c U [rk FO

n>N k
Since we are dealing with sequences of disjoint intervals, we

should conclude

[tn,tn+8n] c [rk ,r, +6 n>N . (3.32)

x top 14
n n 'n

By (3.1), (3.4) and the way that we constructed the intervals

[t ,£ 48 ] in Theorem 3.3, we have
n"n "n

tn+1 - tn ) . (3.33)

We may replace any intervals of the sequence {tn,tn+8n]} by
subintervals, without destroying Theorem 3.4 and so we suppose from now on

that (3.30) is replaced by
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Further, omitting a finite number of intervals [tn'tn+8n]’

we suppose from now on that

-t > 1+ .
1 "8V YT

Thus each interval [rk,rk+6k] having length at most 1/L(1)

cannot meet more than one of the intervals [tn,tn+8n] since

t - (t+B ) > 1 +
n n

n+1 (1)  "n”1n(1)y -

Since the sequence {rn} is assumed increasing we deduce from
here that the sequence {kn} is strictly increasing.

Now using (3.29), we must have for n large

1 1

= < < < X
B 8 L(k ) L(n-N) !

¥in) n kn L(kn)2

since kn 2 n-N. Hence there is nOEZN such that
Y(n) 2 L(n-N) , n > max(nO,N)

i.e. Y(n+N) 2 L(n) , n>n .
But then we would have
W(n+N+n0) 2 L(n+n0) 2 L(n) , n€ N

in contradiction with (3.28).

This completes the proof of Theorem 3.4.
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CHAPTER FOUR

A NEW EXCEPTIONAL SET

1. Introduction

In the previous chapters we have been concerned with the
exceptional set outside which the error term S(r), which arises in
the Lemma of the logarithmic derivative in Nevanlinna's second
fundamental theorem, is small compared with the characteristic
function.

We have outside this set
S(r) = o(T(r)) , (4.1)
and as a consequence
(g-2)T(r) < (N(r,a1) + N(r,az) + ... F N(r,aq))(1+o(1)) (4.2)

for every gq complex values a,,a ,a

g7 e eerdg:

But (4.2) could happen without (4.1) being true.

In this chapter we will deal with the exceptional set outside
which (4.2) holds. By what we have said above, this set is smaller
than the one outside which (4.1) holds, i.e. the one which we have
already studied.

Let us denote by E sets outside which (4.1) or (4.2) hold

1'E2

respectively. Given E1, we can always choose E2 so that E2 c E1.
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2. Statement of Theorem 4.1

By Theorem 2.3 in Chapter Two, E1 can be chosen to satisfy

I rxdr < @ , YA >0 (4.3)

and hence we can also choose E2, so that

J rkdr < o , YA >0 . (4.4)

£

In this chapter we prove that (4.4) cannot be replaced by any
stronger condition of the same type, as we did in Chapter Three with

(4.3)

Theorem 4.1. For any function ®(r) such that

&
a]

-+ © YA 20 , (4.5)

there exists an entire function such that the corresponding exceptional

set E2 satisfies

Jr $(r)dr =c.

£

The technique is basically that of Hayman [4] but some

quantitative estimates are needed.



3. Some preliminary results

3.1 In the proof of Theorem 4.1 we shall need the following results:

Lemma 4.1. Suppose that a,,a.,....,a

178, q-1 are distinct complex

numbers, 1 > 8§ > 0

1
Iau—av 2> 6, |au| < 3 v$yu vu=1,...,g-1, (4.6)

and that F maps conformally the unit disc onto the universal covering

surface over the Riemann sphere punctured at a1,...,a 1,@ and that it

satisfies
1

IF(O)—aul >8, |ro)] < § H=1,.000, (4.7)

then
1 2. Gl

T(r,F) 2 C1(q) log —— I—Ao(éé ) Sr<1 , (4.8)
where

C.(q) = 1 A = - and C. (g) = 29+3

1'Y = 3(g=2y © %0 T 3.000 2BE 4 :

The method of the proof is essentially due to F. Nevanlinna,
see Nevanlinna [6], but we obtain precise quantitative values for
the constants involved, whereas he only gets a qualitative result.

In the proof of Lemma 4.1 we shall make use of the magnitude

a(w) defined on the w-plane punctured at al,az,...,aq_1,w by

aw) = (1-]z|%) |r ()] w = F(z) . (4.9)
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This expression is a one-valued function of w and if we call

d(w) = min |w-a
1€usg-1

[4

ol

then a(w) satisfies

(i) a(w) 2 d(w) ] 4
1 F(Z)
(i1)  a(w) € 2aw) (|log d(w)| + leg 5 + ——)
2T

The first follows since the Riemann surface contains the
disc {E| IE-wl < d(w)} and so we can apply Schwarz's Lemma to the

inverse function of

G(s) = F(X2 )
1+2zs

in this disc.

We have

-1 _ 1 1 1
[ ] =1 a5yl = lemomer! € awr (4.10)

and from (4.9) and (4.10) we conclude (i).

The second follows from Landau's Theorem by considering the

function
s+z
F(——=)-a
$(s) = — 225 U (4.11)
_ a_ -a
vV U

where au is the nearest omitted value and av same other omitted value.

According to Landau's Theorem as in [5]



and

and since, for F(z) € EU' we have |F(z)—au] < % § < 1, we have
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4
r (Z)
|- (0] < 2|¢<0)|'{|1og|¢(0)|| + 5 }-
2m
Now we have
. 2
197 (0) | = [F(z)1-[z[%)] _  olw)
|av—aLl |a\)—au ’
F -
|¢(0)| - |Fiz) aul - ld(w) |

And from (4.12), (4.13) and (4.14), we obtain

mw)ézhﬂwﬂ<hﬂﬂdw”|+“m|a;g
VvV U
4

4

2ﬂ2

)
< 2]d(w) | {|log|d(w)|| +log%+ } o i.e. (ii) .

We now define

Eu={w| lw_aul <%6}I u=1,2,...,9-1,

2
= > £
Eq {jw[ Iml 3 }', Eq+1 elsewhere
Then if F(z) is in Eu we have by (i)

log((1-|z|2) [P (2)|) > log|F(z)-a,| .

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)



- R R s o1
m(r,au) = o7 J log 3 ‘ as + j log 3 as ,
E
u

(4.17)

where Eﬁ = C\Eu is the complementary set of Eu and where the first

integral is over the set of values of § such that F(rels) € E:u

and similarly the second integral is over the set of values of &

such that F(rela) € E& .

From (4.17) we obtain

1 i% _ a1 + 1
) log|F(re ™) auldS = m(r,au) *or ) log | — g as
B B F(re )—au
H H
> —m(r,au), 1Susg-1 . (4.18)
For w = F(z) € Eq we have
2 . 1
(=[z[)[F (2)] 25 |F(2)] . (4.19)
In fact, in this case
lF(z)—au[ > |F(z)] - Iaul , (4.20)
on the other hand
la | <~ <1 |r(2)] (4.21)
u § 2 !

therefore from (4.20) and (4.21) we obtain

[F(z)-a | > [F(z)] - 5 [F(z)] = 3 |F(2)], w=1,...,q-1

ul

and so by (i)
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(1-]z)®) |F ()] = aw > dw > 1 |[F(2)] ,

1
2
which is (4.19).

From (4.19)

2 L., 18 1 + i$
o7 J log((1-r“) |F (re )])as > o7 J log |F(rel )|a$ - 1og 2,

E
q Eq (4.22)

where the integral over Eq has the same meaning as above.

On the other hand

I R T (PR IRt 2
m(r,F) = 7 + 50 < on J log IF(re )|d9 + log 5
Eq Eq Eq (4.23)
so that we obtain from (4.22) and (4.23)
A f 1og((1-r2)|F’(re19)])d& > m(r,F) - log & . (4.24)
27 J S
E
q

In Eq+1 we have by (i), (1-|z|2)|F'(z)| zd(w) 2 % §, so that

== J log((l—rz)|F'(rei8)|)d8-2 log g . (4.25)

Eq+1

Now using (4.16), (4.18), (4.24) and (4.25) and using the fact

that 1og|F'(z)|is harmonic we obtain

g+1
log-{ (1—r2)|F'(0)| }-: é% z: log{:(1—r2)|F'(relS)| }-d&
H=1 Eu
qg-1
> m(r,F) - m(r,a ) - log( =) . (4.26)
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Since
m(r,au) < m(r,F) - log|F(0)—au| + log+|au| + log 2 ,

see Hayman [2], page 5, we deduce from (4.7) and (4.26)

g-1
~(g=2)m(r,F) € log(1-r2) + log|F (0)] + 2:log+|avl +

1
+(g-1) log 2 + log(j%) - (g-1) 1log §,
§

i.e.
q-1
1 . +
(g-2)T(r,F) 2 log > loglF (0)| - E: log |av|
1-r
1
2 8
-(g-1) 109(3) - 109(—5) . (4.27)
§
On the other hand, we have by hypotheses for u = 1,2,...,g-1
2
§ < |F(0)—au| <Iro| + fa | <5
so that
2
§ € a(rF(0)) € 3 .
Thus (ii) yields
4
1
[F (0)] < 4 (log 2 + 1og + + r(z) )< 8 (log+ + 3)
DT 93 2 T8993 '
27
i.e.
. 1 + 1
1og|F (0)1 < log 3 + log 8 + log log 3 + log 3 + log 2 .

< 2 log % + log 48 . (4.28)

We also have
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qg-1

+ < (an 1
Z log [aul (g-1) log 5 - (4.29)
1

From (4.27), (4.28) and (4.29), we conclude

- 2 log % - log 48 - (g-1) log %

(qg-2)T(r,F) 2 log >
1-r

~(a-11log(§) - log(3) > log - - (2q+3) log g
8

-(g+3)log 2 - log 48 ,

and so
(q-2)T(r,F) > + log ——
q ’ 2 “°99 7%
if
1 1og —— > 1og {48.29%3 g7(2a+3)y
2 1-r
i.e. if

_ 1 _-(g+3) 2g+3 [ 2
r > 1 {48.2 (S } ’

so that we get

1 1

>
T(r,F) 2 2(q=2) log 77

if
1 1 2g+3

2
3.000 (2 §%)

r > 1 -

which is (4.8).
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Lemma 4.2. Let p be a positive integer and x a positive

number. Then there exists a1 such that ex < a1 < 10ex and a function

_ p+1
F(z) a,z + ap+1z + .. (4.30)

reqular in |z| < 1 univalent in |z| < ¥2 - 1, omitting the values

¥ ex,» and assuming the values i,0 not more than once in Izl < 1.

Furthermore for x 2 2 the function F satisfies

1 1

T(r,F) 2 192p log - R €r<1, (4.31)

where

A
R =1 - -2 (ex) 2P
P P

and AO is a positive absolute constant.

Let E1 be the set {0,*ex,i,®} and let R be the universal

covering surface over the complement of E1. Let R1,R2 be the
surfaces obtained by cutting R from ex to + along the real axis and

R,,R

3 those obtained by cutting R from -ex to - . Let R5 be the plane

4

cut fromex to «© and from -ex to —© along the real axis and finally let R0

,R. to R

1R, 5 on the segment (ex,») and R_,R, to R

be obtained by joining R 377 5

along the segment (-«,-ex).
Thus R0 is a Riemann surface containing none of the points tex,®
in any sheet and containing points over 0 and i exactly once, namely in

the sheet RS' Further R0 is a simply connected Riemann surface and since

it does not contain points over tex,», R  is hyperbolic.

0

Therefore there is a conformal map F. from the unit disc

0
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{zl Izl < 1} onto Ro

2
= +
Fo(z) b,z b2z + ...

1

where b1 > 0.
It is clear that FO assumes i,0 precisely once and that it never

assumes fex,wo. It follows that FO is subordinate to the function
G mapping {z| |z| < 1} onto the universal covering over the plane

punctured at +¥ex,~ and satisfying the condition
G(0) = 0, G°(0) >0

This function G maps the sheet R5 onto a quadrilateral Q, in the
unit disc, bounded by four quarter circles orthogonal to the circum-
ference {z| Iz[ =1} joining the points z = 1, i,-1,-i in the form
(1,i), (i,-1), (-1,-i) and (-i,1).

Q contains the disc {z| |z| < ¥2 - 1} and since Fo(z) is
subordinate to G(z), Fo(z) maps this disc onto a subset of the sheet

Ry, so that F (z) is univalent in {z] |z]| <v2 - 1}.

5,
We obtain from Koebe's Theorem that

b1(/§-1)

> —
ex 2 .
On the other hand, the inverse function z = $(w) maps
the disc {w| |w| < ex} into the disc {z| |z| < 1}, so we can apply
Schwarz's Lemma and obtain
1

b, = 0°(0) < (ex)”' .



Hence we have
ex < b, < =4 ex < 10ex . (4.32)
1 V2-1

Thus we obtain a function with a development having the required
properties of the function (4.30) in the case p = 1.

If p > 1 we proceed as follows. We assume first p odd and
write Ep = {(ex)p, O,ip,m} , so that iP o 11,

Then we define Fp(z) as above with Ep instead of E1 and set

1
- +
Zp !

1/p P b2
F(z) =< F_(2F) =b, (z+ (—)+ ....) . (4.33)
p 1 b1p

Since Fp(z) # 0 for z ¥ 0, F(z) is regular. Let AO be the

part of {z| |z| < 1} which corresponds to the sheet R_ by Fp(z).

5
Then Fp(z) is univalent, in Ao. Let Ap be the set of all z such

that zP is in AO.
We see that F(z) is univalent in Ap. For if not let 2,12,
be two points in Ap such that F(z1) = F(zz).
Then 2z p,z P are two points of A, and F_(z Py = F (2 p)_and
1.7%2 0 p' 1 p %2
therefore z1p = zzp. We deduce from this that there is an integer
k for which
zZ, = 2, ex (Znik)
2 T %y SXP .

This implies

2mik

F(zz) = F(z1) exp )

so that Zy= 24y i.e. we have proved that F(z) is univalent in Ap.
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On the other hand Ap contains the disc {z] |z| < (/2 1P} ana

therefore the disc {z| |z| <v2 - 1}.

P

If F(z) = i or 0, then Fp(zp) = i¥ or 0 and this is possible

only for z® in A, i.e. z in Ap, where F is univalent so that Fp(z)

Ol
assumes i,0 at most once in {z| |z| < 1}.

Since (ex)p < b1 < 10(ex)p by what we proved above, one obtains

that ex < b11/p < (10)1/p ex € 10ex and so F(z) has again the required

development (4.30).

In the case p even, we consider the set

Ep’ B { t(ex)P,0,-iF"" o }

instead of Ep and the function i Fp(—iz) instead of Fp(z).
It remains to prove (4.31). For this we use Lemma 4.1.
We consider again the case p odd.
The case p even follows with small modifications. According

to that Lemma, any function F_ which maps conformally the unit disc

5
onto the universal covering surface over the Riemann sphere punctured

at the points of Ep =-{ 0, t(ex)p, ip,°° }-, such that

IFS(O)-a| 2 8, for every act Ep ’ IFS(O)I < % , (4.34)

where § < min{1, (ex)?, (ex)P-1} ana % > {(ex)P,1} i.e. such that
(4.6) and (4.7) hold, satisfies
1 1 1 .2.13
2 = —_ -A (= < .
T(r,FS) 6 log T 1 Ao(2 §%) r<1 , (4.35)

where AO is an absolute constant.
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For x 2 2 we can take § = 1/(ex)p.

First we prove (4.31) for a translate Fpa of Fp where

for some a such that |al < 1.

We fix the branch of Fs at z = 0, such that FS(O) = 1/(ex)p,
so that for x 2 2 (4.34) is satisfied and then consider a translate
F of Fp such that Fpa(O) = 1/(ex)p. In this way, we get a well

pa

defined function

w(z) = F -1 F_(z) , (4.36)
pa 5

in a neighbourhood of z = 0, such that w(0) = 0.

It is clear, from the definition of Fpa and FS’ that w

can be continued without limit in the disc and since this is a simply
connected set, by the Monodromy Theorem we obtain a function from the
whole unit disc into itself such that w{0) = 0.

From (4.36) we obtain
F_(z) = F_ (w(z)) ,
5 pa

i.e. we have proved that FS is subordinate to Fpa' Hence Fpa

satisfies also (4.35)

T(r,F ) > 213 oL L (43T

1 1
pa log 1-r ' 1-A0(5 (ex)

o=

Next we prove from (4.37) that Fp satisfies (4.31). To do
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this, we shall use the Ahlfors-Shimizu characteristic T0 instead of

the Nevanlinna characteristic T. T0 and T differ only by a bounded term

and therefore we obtain equivalent statements to (4.31) and (4.37).

In fact we recall that for a meromorphic function G, TO is defined

by
r
A(t)

To(r,G) = j s at ,
0
where TA(t) is the area, with due regard to multiplicity, of the image

on the Riemann sphere of {z| |z| € t} by G, and that if G is regular then

To(r,G) = Jﬁ f log-/1+|G(reis)|2 d% - log /1+|G(0)|2

Now using the inequality

2

+
log x € log vV 1+x < log+x + % log 2

and recalling that for G regular

2m

T(r,G) = L J log+|G(reiS)|d3 ’
27
0

we obtain

T(r,6)-log v1+[G(0)|? € T (r,G) < T(r,G)-log V1+[G(0)|* + I log 2

(4.38)

. 1
Therefore, since in our particular case Fpa(O) = F_(0) = ’

> (ex)P

< 1 for x 2 1 we obtain for G=F ,F

1
< —
and 0 Xp > pa’Fs

T(rIG) + A < To(r,G) < T(rrG) + B ’ (4.39)
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where A and B are absolute constants.

Next we show that

22 > - 1—_%[ (1-r) , lz| = . (4.40)
In fact, we have
Z-a I S r-@[
1-az ' 7 1-Talr
whence
_ z-a _ r-|al _ (-r)(+]a] < 2 _
! ! 1-az I N 1-lajr 1-lalr S o1-]a] (1-r) ,

which yields (4.40).

The function

maps the disc {z| |z| <t}, t> Ial conformally onto a disc containing
the origin and whose boundary is the image of {z| |z| = t}. On the

other hand by (4.40)

lw(z)| > 1-1—_7ng (1-t), lz] =t

i.e. we can conclude that that domain contains the disc

{jw[ |w| < 1 _7:%ET (1—t)}-.
Now since the correspondence between {z| |z| < t} and the closure

of that domain is one-to-one we deduce that for every solution in

{wl lw|] < 1 —1—_21;' (1-t) } of F (W) =, there is at least
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one solution of F _(z)=gin {z]|z] € t} and different solutions of the first
equation give rise to different solutions of the last equation.
We observe now that

A, (t) = J ng (t,g)amg) , A, (£) = JnF(t,g)du(t;) ,

where S is the Riemann sphere, du is the normalised area element in S

and nF (t), nF (t) are the number of roots of Fpa(m) = and

pa P

Fp(z) = in |w| € t, |z| € t respectively.

From the previous consideration we conclude

F

2
> - - .
A p(t) AFpa(1 T:T;T (1-t)), t > |a| (4.41)

On the other hand Fp is univalent in {zl |z| <v2 - 1} and

Fp(O) = 0. Thus by Koebe's Theorem the disc {w| |w] <l31V5-1)/4}

is covered by the image of {z| |z| <v2 - 1} by Fp. Since
Fp(-a) = Fpa(O) = (ex)_p, we can find a in {z[ Izl <v2 -1} provided
that
b, (V2 -1)
1 1
4 > ‘
(ex)P

By (4.32), |b | > (ex) > 10(ex) P since x > 2, so that the

.|
above condition is satisfied.

Now using an inequality for univalent functions, see Hayman

[1], page 4, we obtain
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b llal o]l
|F_(-a)| > 52— .
P (1+a//2-1)
Thus, since |b1| > (ex)P
4|F _(-a)|
la| < —2 < 4 R
|b1| |b1|(ex)p (ex)P e !
since x 2 2.
Next we note that
2 4 2
- - 2 = < <
1 1—_[;-[(1 t) t ’ 3 t 1.
In fact if |a| <1/7, and 2/3 € t < 1,
4 2 4 7
- - _ > 1= _ 4 -
1-t T:TET (1-t) 1-t 3 (1-t)
= (1-t) {14t + £2 + £ - 7/3}
[ 2 4 8 7 2
2 - =+ = —_ - = = = -t) >
(1-t) 1 1 + 3 + 3 + 57 3 }- 27 (1-t) >0
Now using (4.38), (4.41) and (4.42), and the fact that

Fp(O) = 0, we deduce

1
- >
T(r,Fp) + ) log 2 To(r
r
s [
J AFa
273 P
4
r
1 ds
‘ZJ' Bp (s)
g P2
(2/3)

r

at
JF) = j A, (0
F t
P P

(4.42)



- 57 -

4
{ To(r ,Fpa)—T0(1/5,Fpa) }

=

A%
|

4
-{ T(r ,Fpa)—T(1/5,Fpa)—log 2 }- . ‘ (4.43)

Next we obtain a lower bound for T(r4,Fpa) and an upper bound

for T(1/S,Fpa). For the former we use (4.37), i.e.

4 1 1 1
2 = 2 = —_
T(r .Fp ) 3 log 2 3 log 201-1)
1-r
=1 (1og == - log 4) > - log —— (4.44)
=% 9 3= 9 712 99 ’
if
P O O e M S (4.45)
02
and in addition
log T%; > 2 log 4, i.e. r 2 1—e_16 ,
both conditions can be included in (4.45) after decreasing Ao if
necessary.
Next we try to obtain an upper bound for T(1/S,Fpa).
F, is univalent in {z| |z]| < r, = V2 - 1}, so that using a
result for univalent functions, (see Hayman [1], page 4), we get
EXENIEY
IF (2)] <« ——— lz| <r . (4.46)
P 2 0
(r0—|z|)

Also for |€| < 1/5, ]al < 1/7, we have

| E+a |<[g|+lg{<1/5+1/7_1

1+at | 1+ |a 1+ 1/35 3 °
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Thus for |S] <€ 1/5

- Eta, _
Fpa(E) =F () = Fo(z)
where |z| < 1/3. Hence since r, = V2-1 > % , we conclude from (4.46)
EAIEY 1/3]b, |
[Fp(z)| < 5 < 5 = 12|b, |
(1_I:I) (1-5/6)
0
< 120(ex)P. (4.47)
From (4.47), we obtain
T(1/5,F ) < log{120(ex)F} . (4.48)

Thus if (4.45) holds, we have by (4.43), (4.44) and (4.48)

1 1 1 P
> 24 — LI -
T(r,Fp) 11 73 109 1 log{120(ex)*} - log 2.}
> L log . (4.49)
96 1-r '
if
L log . z 109{120(ex)p} + log 2
24 1-r
i.e. if

1> 21 - {200ex)P}724 | (4.50)
Again we can put together (4.45) and (4.50) in

4 -26p
1>r 2 1-A0(ex) (4.51)
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with a new AO.

Using (4.33) and (4.49), we deduce

1 p 1 1
T™(r,F) = — T(r",F ) 2 — 1lo (4.52)
T p " 9%p 0P
if
1> 2% > goa (e 2P (4.53)
This yields
T(r,F) 2 . lo ! = (lo LI log p)
=) 7 965 *°9 p1-1) 96p 29 T-r £l
> ! log ! {4.54)
192p 1-r '
if in addition
log - 2 2 log p i.e.r 21 - L (4.55)
1-r ! 2
p
Using the fact that
4p(1-r) > 1-r'P
we can put (4.53) and (4.55) together in
A
1>r21 - =2 (ex) 2P (4.56)

with A0 absolute constant.

So we conclude that (4.54) holds in the range (4.56) which is

(4.31). This completes the proof of Lemma 4.2.
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3.3

Lemma 4.3. Suppose that a1,...,ap are preassigned complex

numbers, not all zero, and write M = g Iavl H > eM. Then the
function > .
P
z a,z + u22p
w(z) = = , (4.57)
g — 2p-Vv
u o+ L. a,,z

has precisely 2p zeros and no poles in the disc

1
{z| |z| < exp(- 55)} . (4.58)

Furthermore the function w satisfies the following inequality

1-16p2 (1-]z|) < lw(z)| < 1 - 3% (1-lz|) . (4.59)

One can check that lw(z)l =1 for Izl = 1 and by Rouche's
Theorem w(z) has 2p zeros and no poles in {z||z| < 1}. Next we
show that more exactly these 2p zeros are in the smaller disc (4.58).

We write rp = exp{-1/2p}. Then for rp < |z| <1, we have

2p<|

2}_)[
p

Uz

Thus w(z) *# 0 for r < |z] <1, and so ]zv| < rp,1 < v < 2p.

We consider now the function
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Then $(z) = w(z)/m(z) is regular and not zero in {z| |z| < 1}

and |®(z)|=1on |z| = 1. Thus |[®(z)]| = 1 and
id i%  2p z-z
wiz) =e 'm(z) =e O T —> (4.60)
v=1 1—zvz

where 80 is a constant such that 0 < 80 < 27,

Using (4.58) we deduce that for |z| =r > rp , we have
r—rp 2p r+rp 2p
< = <
= [T(z)] = |w(z)| e . (4.61)
p p

We write

r—rp rp+r
*T 9 x ! Y= T4

p p

1-x?P = (1=x) (14x + ... + x2P71) < 2p(1-x)

(1-r) (1+rp) 4p
= 2 < —_— - . -
p rp— Tor (1-r) (4.62)
p
Also if t = 1/2p, so that 0 < t € § ,
—t -
1-e 7 = te T, 0<T<?i
so that
1-e"t > te_% > 1t r =et <1 1g=9- L
2 14 p 2 4p .
Thus
1-x*P <« 2B (1) < 16p%(1-1). (4.63)

Now the left hand inequality of (4.59) follows from (4.61) and
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(4.63). To obtain the right hand inequality we must have an upper
bound for y2p. We have

(1—rp)(1—r) 1 1-r

-y = > - - - > —
1-y 1+rpr 2 (1 rp)(1 r) 8p

N

This yields the right hand inequality in (4.59).

Lemma 4.4. Suppose given complex numbers, al,az,...,ap,

Then there exists Fp(z)

P
not all zero and write M= I |a
v=1
regular in Izl < 1, assuming i and 0 no more than 2p times and with a

ol

power series development

p+1

F (z) =a,z + a 22 + ... + a zp + O(z ) (4.64)
P 1 2 P
near z = 0. Further
le(z)I < 40eM in |z| < ngl , (4.65)
and if M 2 2 we have
1
T(r,F_) 2 log , R°<r <1, (4.66)
8.000p> 1-r P
A 4
where R’ =1 - —2 (16em)”1-000P
p p3

Suppose that U > eM and consider the function
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as in Lemma 4.3.
Let F(z) be the function whose existence is asserted in Lemma

4.2 with a1 = U and x = M. Then eM < U < 10eM. We now write
Fp(z) = Flu(z)} . (4.67)
It is easy to see that
p
- +
w(z) =4 ! E: avzv + O(zp 1) ’
v=1
and so

(zp+1)

14

F (z) = uww(z) + O
P
which yields (4.64).
The equation w(z) = C has precisely 2p roots in {z| |z| <1}
for any T in {¢| |g] < 1}, and since the equations
F(z) =0 and F(z) =1

have at most one root in the unit disc, we deduce that the equations

F (z) =0 and F (z) =1
| P
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have at most 2p roots in {z| Izl < 1}.

Since F(z) is univalent in {z] |z]| < r, = v/2-1}, it follows

from a classical result for univalent functions that

|F(z)| < : lz] <«

(ro-lzl)2 0 -

On the other hand, by Schwarz's Lemma, |w(z)]| < |z[ for Izl <1
r
and so for |z| = 7;— we obtain
u rozlw(z)l

|F (z)] < = < 4ufwiz)| € 40eM |z| < d0em,
P (r,-lwiz)])

which is (4.65).

To prove (4.66), we shall make use of (4.31) and the definition
of Fp in (4.67). We shall also use the Ahlfors-Shimizu characteristic
T0 instead of the Nevanlinna characteristic T as we did in the proof of

Lemma 4.2.

We first show that

F

A (t) > AF(1-16p2(1—t)), € > = exp{-1/2p} . (4.68)
p

This is a consequence of the definition of Fp in (4.67) and the

fact that the number of roots in {zl |z| € t} of any equation of the form

Fp(z) =z, (4.69)

is not less than the number of the roots in {w| Iml < 1—16p2(1—t)}

of the corresponding equation
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F(w) =C. (4.70)

In fact let w, be a root of (4.70) in {w] |w] < 1—16p2(1—t)}.

Then we assert that the equation

w(z) = wo (4.71)

must have at least one solution z, in {zl |z| < t}.
To prove this, we use the left hand inequality of (4.59).
The image by w of {z| |z| < t} is a domain D(t) contained in {w| |w| < 1},
containing the origin since w(z) has 2p zeros in the smaller disc
{z| |z| < exp(-1/2p)}, and whose boundary is contained in the image

of {z| |z| = t}.

By (4.59) we have

lw(z)| > 1-16p2(1-t), |z| =t , t > exp{-1/2p} , (4.72)

so that we can conclude that D(t) contains {w] |w| < 1-16p2(1—t)},
i.e. we have proved that the equation (4.69) admits at least one solution
in {z| |z| < t}, say z,-

Now

Fp(zo) = F(w(zo)) = F(w,)

]
Y
~

i.e. z, is a solution of (4.69).

Hence for every solution of (4.70) in {w| |w[ < 1—16p2(1—t)},
we have at least one solution of (4.69) in {z| |z| < t} and different
solutions of (4.70) yield, in this way, different solutions of (4.69).

We now recall that (see Hayman [2], page 13)
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A (t) = J n, (t,g)dul(z), AF(t) = J nF(t,g)du(g)
S

F
P P S

where S is the Riemann sphere, dp is the normalised area element

in S and n_ (t), nF(t) are the number of roots of (4.69)

F
p

and (4.70) respectively and deduce (4.68).

To prove (4.66), we shall make use of the following inequality

3n

3n(1-t) > 1-t > n(1-t) , €t <1, nz1. (4.73)

Ut —

To prove this inequality we note that the quotient

. . . . . 3n
increases with t, so that it is enough to consider the case t = 1/5

for the right hand inequality in (4.73). The left hand inequality

is obvious.

and note that

We write
1 1
h = o a=g3 log 5 ,
1-t _ 5 (1_e—ah) < 5ah _ 5 1og 5 1 ,
1_t3n 4 4 12n n

which proves (4.73).

-

Let r

We apply (4.73) with n = 16p2. We shall also use (4.68).
- 5~1/3n

and observe that r” 2 rp in (4.68), therefore for

r > r°, we obtain



r r
_ . _ [ at 5 f 1 dat
To(r,Fp) T, (x ,Fp) =] A (t) = > AF{I n(1-t)} .
r’ p r’
s r
> [ 3nyde _ 1 ds
] ApleT) X 3n J Apls)
. .3n
r r
- L 3n _ 1
= 3 {To(r ,F) TO(S,F)} . (4.74)

To obtain an upper bound for TO(%' F) we use the fact that

F(z) is univalent in Izl < ro, where r. =v2 - 1 > 2/5. Thus for

0
Izl =1/5 < 1/2 tyr we have
RTINS .
IF(z)| < > < alz] [FT(0)] € 5w < BeM
(r0—|z|)
Hence

1

1 1 1
- < - — <
TO(S,F) T(S,F) + 5 log 2 log(8eM) + 3

log 2 . (4.75)

By (4.31) in Lemma 4.2 and (4.71) we have

3n 1 1 1 [ 1
> > —_— .
To(r ,F) 192p log 1—r3n 92p ]\log T log (3n)}> ’ (4.76)
if
A
% s - 0 (em)726P (4.77)

Thus by (4.74), (4.75) and (4.76) we have

1
> - -
T(r,Fp) To(r,Fp) > log 2

1 1 [ 1 1
2 —_— —_— - - =1 2
3n -{ 192p 1~log - log 3n }- log(8eM) 5 1log }
1

-3 log 2 , (4.78)
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if (4.77) holds.

From (4.78) we obtain

1 1
IF ? r
Tl Fy) 31097

8000p

if (4.77) holds and if addition

4
r > 1 - A(16eM)”1000P )

Using again the inequality

1—r3n € 3n{1-r) = 48p2(1-r) ’

we conclude that (4.77) will be satisfied if

r>1 - -2 (em)26P

Now (4.80) and (4.82) can be included in

A 4
1 - —% (16em)”1000P

p

[ai
\Y2

after decreasing A, if necessary.

0

(4.79)

(4.80)

(4.81)

(4.82)

(4.83)

(4.79) and (4.83) yield (4.66) and the proof of Lemma 4.4 is

complete.
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4. Proof of Theorem 4.1

We prove Theorem 4.1 by showing that given an arbitrary function

d(r) satisfying (4.5), there is an integral function f such that

N(r,0,£) + N(r,i,£) + N(r,®,f) < ‘5 T(r,£) (4.84)
for o) —p—k(pk) <$r €p -y k 2 k (4.85)
x Px x Yk 0 ° .
Here
1
M) = o9 ®Gr) , (4.86)
log 2r

which tends to infinity, as r tends to infinity, by (4.5), {Qk} is
a sequence which grows to infinity very quickly and {Yk} is a sequence

decreasing to zero in such a way that

X(Dk)
Ykpk - 0 as k> o | (4.87)

Thus increasing k. if necessary we ensure that all the intervals

0
(4.85) belong to Ez.

Just as in the proof of Theorem 3.2 we assume without loss of

generality that A(r) increases with r. We shall also assume pk 2 po = 2
and X(DO) 20, i.e. ®(1) 2 1. Then
-A(p,) -A(p,)
k k ]
< - 2 = .
Ok 1, so pk pk > pk ’ (4.88)

Then using (4.86), (4.87) and (4.88) we obtain
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Alp, ) -A(p,)
[ d(r)dar = j (4r)X(2r)dr > §: Py k --{ Dk—Yk-(D -p k ) }

J kx Pk
B, E, ko
Alp, ) -X(p,) X(p,)
k k k
= . - > =
Zpk pk (lykpk /(1+o(1)z 1 .
ko %o

Next we proceed to construct the function f and the sequence
{p } . We note that as soon as {pk} has been defined, we can take

-(X(pk)+1)
Yk - pk ’

and since Py tends to infinity (4.87) holds.

We define f by
[eo]
f(z) = E: b z ’ (4.89)
1

and proceed to construct its coefficients bn successively.
We set b, = 1. Let now {pk} be a strictly increasing
sequence of positive integers such that p1= 1. We assume that we have

already defined bn for n € p, and proceed to construct bn for

k
P €1 S Py

To do this, we shall inductively define the increasing sequence
of positive numbers {Dk} with po = 2 and tending rapidly to infinity.
Let us assume that pk has already been chosen and let Fk(z) be the
function defined in Lemma 4.4 with p = Py and for 1 € n <p

k

a =bop . (4.90)
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Then if a are the coefficients of Fk(z) for all n, we define
< < .
bn by (4.90) for Py n Py11
We will prove that {pk} and {pk} can be successively constructed
so that f(z) satisfies (4.84).
First of all we show that, if pk—l'pk have already been chosen,
we can take pk so large that
-n
< < < . .
]bnl (20, _ )", P <n<p . (4.91)
To do this, we observe from (4.65) in Lemma 4.4 and Cauchy's

inequality that

v2-1 "
=l <
la | < 40e( > M, P <n<p.. (4.92)
where
P Py
= Y InleY <o < Y In
= vl P < Pk vl

which is bigger than p1 2 2.

Writing
V2 pk
2-1
By = 2 ' Bﬁz oyl
V=1
i < <
we obtain from (4.90) and (4.92) for P <0 Sp,
p, -n
k -n
< .
|b | < d0e.0, By B

Therefore (4.91) will hold if
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n
pkn pk > 40.e. (szk ! } Bk ’
0
i.e.
1 n
P20, TP
Py > (40.e.Bk) [ Ao J ’

and this will be satisfied for all n > Py if

p,+1
2Py "
>
Ok 40.e.Bk [ 2 J , (4.93)
0
since B > |b1| = 1. We choose p, to satisfy (4.93) and therefore

(4.91) will also hold. From (4.91) and the fact that pk tends to infinity
one deduces that f£(z) given by (4.89) is an integral function.

Next we show that all the roots of the equations

F(—)=0 and Fo( 5—) =i , (4.94)

—X(Dk)
are in {zl Iz' < pk—pk

In fact, let us recall that Fk(z) = F{w(z)}, where

p
k
}: a zv + U z2pk
AY)
V=
U)(Z) = ! ’
Py
2p, =V
H + E: 5 z k
\Y)
v=1
Pk pk
V
where eM < y < 10eM and M = Z |a\)| = z Ib\)'pk

v=1 v=1
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The equations
F(w) =0 and F(w) =1 ,

have at most one root in {w| |w| <1}, We denote these roots if any

by wo and w1 respectively.

The roots of (4.94) are the same as those of

w( —z—) and w( 52—
Py K

Il
(S

=W . (4.95)

Therefore we can deal with (4.95) instead of (4.94).

The equation w(z) = ¢ has precisely Zpk roots for |C' <1,
in particular the equations w(z) = wO and w(z) = w1 have in total
4p, roots. Let us call s = max{|w0|, |w1|}. Then s < 1 and by

(4.59), all the roots of the two equations above must satisfy

1-16pk2(1-|z|) <s , i.e.
(4.96)
IZ'<1———1-:S——
16p 2
k
We now choose pk large enough to satisfy
16pk2
> —
pk T-s ’ (4.97)

in addition to (4.93). Then

- -A(Ok)
1 PPk
Ok pk
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-A(p,)
Thus all the roots of (4.95) are in {zl Izl < PPy k }.
Therefore, there is an Ek such that 0 < ek < 1 and
z z
= > =y - il >
|, ( > W>e and |F, ( ) il >e (4.98)
k k
—X(Dk)
in {pk—pk < lz| < pk—Yk} , since this set is compact.

Finally, we show that if pk+1, which has not been determined yet,
is chosen suitably, then (4.84) will hold.

We write

[oo]
z n
Fk( p_ ) = Z an
k -1

and note that the series is absolutely uniformly convergent in

-A(p. )
k
- < < p -
{zl Dk Dk Izl Ok Yk} , so that we may choose ST so large
that
[o0]
n
) Isl ll <l
n 2 'k
=Py 1q

in this set.

We also have by (4.91)

o) (o) p
. _
Y olbllzl < ) 2=z KT
D=Py 4 gt =Py 4 *1

for the same values of z. This is smaller than % €k if Pytq is large

enough. Thus we can find Pr,q SO large that we get
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lf(z)—Fk(pi)I = | Z (bn—Bn)znl <e . (4.99)
k
Pryqt]

-A(Dk)

in {zlpk"pk < lzl < Ok-Yk}.

It follows from (4.98), (4.99) and Rouche's Theorem that the

equations

f(z) =0 and F(—) =0
have equally many roots in {zl Izl < r}, for every r such that

—X(pk)
- <r <o -
Dk Dk r Dk Yk ’

and the same is true for
. V4 .
f(z) =i and F(—) =1 .

By Lemma 4.4, the number of roots of all these equations is at
most 2pk.
We note now that (4.91) implies in particular that |bn| <1

for all n. Thus for Iz[ =p < % , we have

(o)
l£(2)] < z pn<%<20<1 .
n=1

Also for such p we have
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(=]
2 2
AV) -
l£(z)] 2 0 - z: oV =p-L = B2 5
2

1-p 1-p

Therefore we can choose a fix number §, 0 < § < % such that
the equations f(z) = 0 and £(z) = i have no roots different from

z=0 in {z| |z]| < &}.

-A(p,)
We conclude that for pk—pk k <r < pk-Yk we have

n(t,i) =0, t < 8§, and n(t,i) € Zpk, t<r
so that
r
Sy n(t,i) < r
N(r,i) = j Er— dt € Zpk log 3 - (4.100)
0

Since f(z) has a simple zero at the origin and no other zeros

in {z| 0< |z| < 8}, we obtain similarly

r
N(r,0) = J n(z,O) dt + log § € 2pk log % . (4.101)
§

Now we deduce from Lemma 4.4 that

1 1

yA
—_— >
T(r,Fk(pk)) o003 log — , (4.102)
-000py Kk
in
- -Apy) o
x Px S P v

provided that
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-X(Dk) 4
PPy —(k(pk)+1) A, -1.000p,
—_— = 1-p 2 1 - —= (16eM) » (4.103)
pk k 3
- Py
where Mk is given by
Py
M= Z: la,l - (4.104)
v=1
Recalling (4.90), we obtain from (4.104)
k k
= < <
My 2: la,] < o E: o | < co, © (4.105)
v=1 v=1

[oo]

since by (4.91), E: Ibvl converges.
=1

Therefore (4.103) is satisfied provided that

4
)\(pk)+1 AO Cpk 1.200pk

Px
Py

and since A(p) tends to infinity with p, this condition is satisfied

if pk is chosen sufficiently large.

Thus we may assume that (4.102) holds in the range

—A(Dk)

- <r <o -
PPy LS Py

Finally we impose on pk the condition

o

1 k
—_— - > —_
3 (X(pk)+1) log Pr log 2 Spk log 3
8.000pk

(4.106)
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Once we have chosen pk, we choose pk+1 so large that (4.99)
holds with sk = 1. Then the inductive definition of the sequences
pk,pk is complete and f£(z) is defined.

Now (4.102) and (4.106) yield

> 2 - s 1
T(r,£(z)) T-{ r,Fk(p )}- log 2 3 (X(Dk)+1) log pk
k 8.000p,
Py —X(Dk)
- . - <r €op -
log 2 > 8pk log 5 ! pk pk r pk Y - (4.107)

Thus from (4.100), (4.101) and (4.107) we obtain

N(r,0) + N(r,i) + N(r,o) € - T(r,f), in

N —

—A(Dk)

<r<op.-
PO, r < 0,-Y,

i~

This proves (4.84) and completes the proof of Theorem 4.1.
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