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Abstract

In this thesis, we study two classes of point processes by analysing key properties
and discussing applications in finance and insurance. The first point process studied
was the default indicator process in credit risk modelling. We considered a pure
jump Lévy process of finite variation for the asset value and an unobservable random
barrier. The default time was defined as the first time the asset value falls below
the barrier. Using the indistinguishable intensity process and the instantaneous
likelihood process, we proved the absolute continuity of the compensator for the
default indicator process, or equivalently, the existence of the intensity process of
the default time. Moreover, we found the explicit representation of the intensity in
terms of the distance between the asset value and its running minimal value, thus
the intensity is an endogenous process, which sheds new light on the relationship
between the intensity model and the structural model.

The second class of point processes is the Dynamic Contagion Process, which
has intensities modelled with a shot-noise component describing the external impact
and mutually-exciting jump components that describe the internal contagion effect.
In the bivariate case, we found the stationarity condition with which we explored the
diffusion approximation of the high frequency point process system and applied it
in filtering. In the univariate case, we constructed a pure jump process derived from
a dynamic contagion process and showed the weak convergence to a Cox-Ingersoll-
Ross model (CIR) process. The pathwise approximation provides an alternative
method of simulating the square-root processes and can be further extended to the

approximation of the Heston model in option pricing.
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Notations

(Q, F,P) - the probability triple consisting of a sample space €2, the o-algebra

F which is the set of all measurable events, an the probability measure P.
L?(PP) - the set of all square-integrable random variables.

(Ft)e>0 - a filtration, that is an increasing family of sub-c-algebras of F;
./TsCft,OSSSt.

FX = (FX)i>o - the natural filtration generated by the process X.
R? - the d-dimensional Euclidean space.

(Dgral0, 00), D) - path space of processes with cadlag paths equipped the Sko-
rohod topology

P - the probability measure on (Dga[0,00), D) that is P = PX ! induced by

process X.
X" = X - weak convergence of process X" to X in (Dga[0, 0), D)
A, D(A) - the generator and its domain of a Feller process

Lk, Mgk - the mean and the i-th (i > 2) moment of a random variable with

distribution H.
UDCP - univariate dynamic contagion process

BDCP - bivariate dynamic contagion process
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Chapter 1

Introduction

1.1 Preamble

A key challenge in many areas is how to model event arrivals in a system using a
point process model that is able to capture a stylized fact. An understanding of key
properties is needed to construct an appropriate point process model. In this dis-
sertation, we will focus on the construction of appropriate point process models and
study their probabilistic properties. The first model (M1) is for the default event
of a firm. It aims to capture the short-term credit risk implied by the market and
to explain the default risk in an economically meaningful way. The second model
(M2) is a bivariate system for two-type event arrivals in a multi-name system with
rich dynamics. We aim to study the stationarity property, investigate the diffusion
approximation, and apply to solve filtering problems for the intensity process. The
third model (M3) is a univariate pure jump process built on a univariate point
process system for an approximate simulation algorithm of square-root diffusion

processes.

1.2 Overview

(M1): A First Passage Time Model with Pure Jump Lévy Processes in
Credit Modelling
An essential question in credit risk modelling is how to model the default time

of a firm. The compensator of the default indicator process from the Doob-Meyer

12



decomposition presents rich information on the default time. For example, the
regularity of the compensator conveys the extent of predictability of the default
time. If the compensator is continuous, then the default time is totally inaccessible.
Moreover, if it is absolutely continuous, then its Radon-Nikodym derivative with
respect to the Lebesgue measure, called the intensity process, can be interpreted
as the instantaneous default probability. In practice, it is also the short spread
observed in the market, which quantifies the compensation an investor requires for
bearing the short-term uncertainty of default. Ideally, we are looking for a model
that can explain the reason for a firm’s default as well as the short-term default
risk implied by the market.

There are three main modelling frameworks in the credit risk literature where
the default time is defined differently. As a result, the probabilistic properties of
default times are different. The first framework is the first passage time structural
model (Black and Cox [12]) where the default time is the first time the asset price
of the firm falls below a certain barrier. The model is economically meaningful as
it explains the reasons for a firm’s default. However, the classical model using a
geometric Brownian motion asset price and a constant barrier leads to a predictable
default time. Hence, the intensity process does not exist, which contradicts market
observations. The second framework is the intensity-based model (Lando [51])
where the intensity process is assumed to exist and is modelled by an exogenous
process. This framework does not explain why a firm defaults. A third framework
aims to bridge the gap between the above two main frameworks. It starts with a
first passage time structural model and assumes incomplete information for market
investors. It aims to show the existence of the intensity process. Duffie and Lando
[29] and Kusuoka [49] assume a noisy accounting report on the asset price process
and show the existence of the intensity process. Giesecke and Goldberg [36] and
Giesecke [34] propose an unobservable random barrier and an observable geometric
Brownian motion asset price process. They conclude that the intensity process does
not exist as the compensator is not absolutely continuous.

In line with Giesecke [34], we propose an incomplete information first passage
time structural model with an unobservable random barrier and an observable asset
price process modelled by a Lévy process with finite variation. Lévy processes with

finite variation, including the inverse Gaussian and the variance gamma models, are
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widely used in price process modelling (Madan et al. [55] and Madan and Schoutens
[56]) as they are able to capture some of the stylized facts of returns observed in the
market and their probabilistic properties can be characterised explicitly. We show
the existence of an intensity process based on the projection theory and the proper-
ties of Lévy processes. Moreover, we find the explicit form of the intensity process
that is an endogenous process depending on the parameters and the historical path
of the asset price process. Therefore, the intensity explains the short spread ob-
served in the market and it is dependent on the default mechanism. We therefore
reconcile the structural model and the intensity model in credit risk modelling.

In this framework, the pricing formula can be derived which has an additional
term (jump at default) compared to the classical formula in a Cox model. However

it is difficult to calculate the additional term explicitly.

(M2): Bivariate Dynamic Contagion Processes

We model event arrivals in a two-type events system by a non-explosive bi-
variate counting process with specified intensity processes. In order to reflect the
idiosyncratic risk from some external factors and also internal contagion effects, we
introduce the bivariate dynamic contagion process (BDCP) where the intensities
are piecewise deterministic processes with external-exciting jumps and self-exciting
jumps. The external-exciting jumps follow a compound Poisson process with an
exponential time decay. The self-exciting jumps happen at the jump times of the
counting process with a random jump size and an exponential time decay. There-
fore, the BDCP is a generalized model of a bivariate Hawkes process (Hawkes and
Oakes [39]) and a shot noise Cox process (Cox and Isham [19]).

We study a few key probabilistic properties of the BDCP. We find the station-
arity condition under which there exists a stationary version of the process. Note
that a BDCP is the limit of a sequence of finite branching systems in a cluster pro-
cess representation. We first use Markov process theory to study, as time tends to
infinity, the limiting distribution of a finite branching system in terms of a Laplace
transform. We explore the condition to ensure the existence of the limiting distri-
bution of the BDCP based on the convergence of the branching system. We show
the limiting distribution is actually the stationary distribution and conclude that
the condition found is the stationarity condition of the BDCP system.

We note that the BDCP is suitable to model a high frequency events system

14



due to the contagion effect. We study the diffusion approximation of the process
which enables the application of more results available in the diffusion class. This
is done using the martingale central limit theorem (Either and Kurtz [33]) and
the stationarity result for the standardized intensity process. We obtain a limiting
Gaussian system with the same mean and variance. Notice that the intensity in-
formation is important but usually unobservable in practice, therefore we need to
solve the filtering problem conditioned on the point process observations to get the
best estimate of the intensity. Filtering with point process observations is discussed
mainly in Brémaud [13] and Ceci and Geraldi [15]. The innovation approach based
on the martingale representation and the projection theory is used and the filter is
proved to be a unique solution of the Kushner-Stratonovich (KS) equation. How-
ever in general the KS equation can only be solved numerically. In this dissertation,
we propose an efficient approximate solution to the filtering problem of the BDCP
model. The solution proposed is a Kalman-Bucy filter of the limiting Gaussian
diffusion process with actual point process observation inputs. Essentially, we ap-
proximate not only the distribution but also the dependence structure of the point
process system by the limiting diffusion process. We will show that the constructed
filter is an asymptotically optimal filter. Moreover, we apply the diffusion approx-
imation and the filtering solution in insurance for the pricing problem of stop-loss

reinsurance contracts and the type estimation problem with numerical examples.

(M3): Pure Jump Processes for Approximate Simulation of CIR Pro-
cesses

Due to the bias introduced by the negative value adjustment in the Euler sim-
ulation method for CIR processes, alternative methods have been discussed in the
literature. The exact simulation scheme based on the explicit form of the transi-
tion probability of the CIR process is proposed, but it involves complications in
sampling and is inefficient and sometimes even yields poor performance. The most
popular method in practice is the Quadratic Exponential scheme (QE) introduced
by Andersen [4]. The QE scheme is an approximate simulation scheme based on
moment matching with a distribution that can be generated easily for the transition
probability distribution. However, there is no convergence in this framework.

We propose an approximate simulation scheme for the CIR process with weak

convergence results. We construct a pure jump process based on the univariate
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dynamic contagion process (UDCP) and show the weak convergence to the CIR
process when a model parameter tends to infinity using the martingale central
limit theorem. Moreover, as the UDCP can be simulated exactly and efficiently, we
obtain an alternative approximate simulation algorithm for the CIR processes. We
conclude that the simulation scheme works well by comparing the Laplace transform
of the simulated jump process with the theoretical value of the CIR process. As
an extension, we can show that if we use the CIR process to model the stochastic
volatility process of the asset, we obtain an approximate simulation scheme for the

Heston model based on the weak convergence.

1.3 Organization of the Thesis

Chapter 2 discusses the first model (M1), a first passage time structural model with
a pure jump Lévy asset price process and an unobservable debt level in credit risk
modelling. First, an overview of credit modelling and the motivation of our model
construction will be introduced. Then we present our model setup and the main
theorem about the existence of an endogenous intensity process. A few examples
with graphic illustrations and applications in credit risk are discussed. We prove

the main theorem in four steps.

Chapters 3, 4, 5 discuss the second model (M2), the bivariate dynamic contagion
processes (BDCPs).

In Chapter 3, we introduce the BDCP. We provide the definition the BDCP based
on the intensity process and the cluster process representation, respectively. We
also study the basic properties like the Markov property, an existence condition for

the moments and an exact simulation algorithm.

In Chapter 4, we investigate the existence of a stationary distribution of the BDCP.
We use Markov process theory to explore the limiting distributions of finite systems
and the BDCP as its limit when the system index tends to infinity. We verify
the limiting distributions are stationary distributions of the finite system and the

BDCP. We then compute stationary moments of the intensity process of the BDCP.

In Chapter 5, we explore the diffusion approximation of the BDCP system and

applications. We introduce the high frequency events framework and derive the
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diffusion approximation of the BDCP system. We apply the result to filtering the
intensities based on the point processes observations. Moreover, the assessment of
the performance of the filter is also provided. A few examples of filtering applica-

tions in insurance are discussed.

Chapter 6 discusses the third model (M3), a pure jump process built upon a uni-
variate dynamic contagion process. We demonstrate a sequence of such pure jump
processes converging to a CIR process weakly in the path space. Moreover, we will
show the weak convergence of an extended model to the Heston model in stochastic
volatility modelling. We provide an approximate simulation algorithm of the CIR
process and assess the performance by comparing the Laplace transform with the

theoretical one.

In Chapter 7, we conclude the dissertation and discuss some open questions for

future research.

17



Chapter 2

A Pure Jump Lévy Structural
Model with a Barrier of

Incomplete Information

In this chapter we discuss a credit risk model with a pure jump Lévy process for
the asset value and an unobservable random barrier. The default time is the first
time when the asset value falls below the barrier. Using the indistinguishability of
the intensity and the likelihood processes, we prove the existence of the intensity
process of the default time and find its explicit representation in terms of the
distance between the asset value and its running minimum value. The intensity
is therefore endogenous and represents the compensation for the short-term credit
risk. We apply the result to find the instantaneous credit spread process and
illustrate it with a numerical example.

The chapter is organized as follows. In Section 2.1, we first introduce credit
modelling, the motivation for the work, and review some basics of Lévy processes.
Section 2.2 introduces our model and states the main result (Theorem 2.2.2) with
several examples, and discusses the instantaneous credit spread as an application
with a numerical example. Section 2.3 proves the main result with details discussed

in four subsections. Section 2.4 discusses our conclusions.
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2.1 Introduction

In this section, we will first introduce credit risk modelling in Section 2.1.1, and
our motivation of the project in Section 2.1.3. We then review some basics of Lévy

processes in Section 2.1.2.

2.1.1 Basics of Credit modelling

In credit risk modelling, how to model the default time of a firm and value the
credit-linked products related to the firm are essential objectives. With a given
model, the goal is to find the default probability of a firm.

Following Protter [59], we first introduce the classification of stopping times 7'
defined on a probability space (2, F, P) with a filtration F.

The classification of stopping times

e Predictable stopping times:

A stopping time T is predictable if there exists a sequence of stopping times
(T)n>1 such that T, is increasing, 7,, < T on {T" > 0}, for all n, and

lim, o 75, = T a.s. Such a sequence (7},),>1 is said to announce 7.

e Accessible stopping times:

A stopping time 7' is accessible if there exists a sequence (7},),,>1 of predictable

stopping times such that

P (U{w :Th(w) =T(w) < oo}> = P(T < ).

Such a sequence (7},),>1 is said to envelop 7.

e Totally inaccessible stopping times:

A stopping time is totally inaccessible if for every predictable predictable
stopping time S,
P{w: T(w) = S(w) < 0}) =0.

We now recall an important theorem in stochastic analysis.

19



Theorem 2.1.1 (Doob-Meyer Decomposition (Protter [59])). Let Z be a cadlag
supermartingale with Zy = 0 of class D. Then there exists a unique, increasing,
predictable process A with Ay = 0 such that M, = Z; + A, is a uniformly integrable

martingale.

Given the probability space (€2, F,P) equipped with a filtration G = (G;)s>o,
the default indicator process Ny = 1{;<; is an adapted non-decreasing process and
by the Doob-Meyer decomposition above, there exists a unique G-predictable non-
decreasing process A with Ay = 0, such that N, — A, is a G-martingale, and we
call A the G-compensator of T which counteracts the increasing trend of N. The
probabilistic properties of the default time 7 can be characterized by A. For exam-
ple, if 7 is predictable, then the compensator A is equal to NV itself. The continuity
of the compensator A implies that 7 is totally inaccessible. If A is absolutely con-
tinuous and the intensity A is specified as the Radon-Nikodym derivative of the
compensator A with respect to the Lebesgue measure, then we have A; = f; Asds

and
P(r € [t, t+ dt)|G,) = \dt. (2.1)

That is the intensity is the instantaneous default likelihood process, or instanta-
neous credit spread (short spread) if it exists and it provides the first order ap-
proximation of the conditional default probability over a small interval. We will
illustrate this point in detail later. Note that with the explicit form of A, one can
compute the default probability and the expected losses.

In this chapter, we focus on a model which explains the following market ob-

servation (see Duffie and Lando [29]).

(*) Market observation of short-term credit spread: The instantancous
credit spread is positive and finite before the default event. Writing this mathe-

matically,

1
lim <P(7 € [t ¢+ A)|Gy)

exists. This property is guaranteed by the existence of the intensity process by (2.1).

In credit risk modelling literature, there are two main modelling frameworks:

the structural model and the intensity models.
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The structural model is built on the asset-liability structure of firms. Default
happens when the firm value process falls below its debt level. The structural
model was initiated by Merton [57], where the default status is discussed of a fixed
time 7', and this has been extended by Black and Cox [12] to the first passage time
problem where the default time is defined as the first time the value process falls
below the debt level. As we are focusing on the default time modelling, we will
discuss only the first passage type. In order to obtain the law of the default time
in this framework, we investigate the first passage time problem or equivalent by
the law of the running minimal/maximal of the process. Though this modelling
framework is economically meaningful, classical structural models cannot explain
the instantaneous credit spread in the market. For example, if one models the
asset value process as a diffusion process and the debt level as a constant, then
the default time is predictable and the compensator A is the same as the indicator
process N, which implies the intensity process does not exist.

Instead of modelling the asset-liability of a firm, the intensity model is based on
the assumption that the default happens as a surprise to the market, under which
the default time is a totally inaccessible stopping time. Moreover, the compensator
A is absolutely continuous and the intensity process A is modelled explicitly. The
intensity can be modelled as a constant, or a deterministic function, or a stochastic
process. In this framework, if the default time can be modelled as the first jump
time of a Cox process where the intensity depends on some external state processes,
Lando [51] showed that the defaultable claims can be priced with the standard
approach at the discount rate r replaced by r + A in the discount factor. Though
the short-term credit spread is non-zero which explains the market observation,
this framework is silent about the reason for a firm’s default.

Therefore, the two main frameworks in credit modelling have their own pros
and cons. How to reconcile them such that there is a model being able to explain
the default mechanism and yields an appropriate intensity process becomes an
interesting and important question. It is also the objective of the research in this

chapter.

Incomplete Information Modelling In the literature, there is an incomplete
information modelling approach that combines the structural and intensity models

that tries to incorporate the best features of both.
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In a first passage time structural model, we denote the filtration representing
the market information flow by G. We say the market information is complete if
both the asset value process and the debt barrier are observable and included in G.
In reality, we do not always have complete information. We name a sub-filtration
F of G the base filtration, which includes essential information of the model, then
we need to expand the filtration F to explore the compensator or intensity under
the market filtration G.

Theory of filtration expansion and its application in structural modelling with
incomplete information has been studied intensively. Discussion about compen-
sators of random times in different filtrations can be found in Jeulin and Yor [43],
Guo and Zeng [38], and Janson et al. [42].

In credit risk modelling, assume X is the log firm value process, and D is the
barrier, and the default time 7 is defined as the first time X falls below the barrier
D. Discussion in the literature about credit modelling with incomplete information

can be divided into three cases:

(1) Incomplete information about the firm value process X

Duffie and Lando [29] assume a discretely observable firm value X with noises
and a constant barrier D. In this case, the conditional density of the asset
value process and the intensity process were found. Kusuoka [49] extended
this to continuously observable noisy firm values. Cetin et al. [16] assumes the
information reduction of X and a constant D, intensity process was derived
based on an Azéma martingale and the pricing is done by using the excursion

theory of Brownian motion.

Essentially, the conditional density of the random time 7 under the base filtra-
tion I should be found. Then the problem becomes easier as this conditional
density is closely linked with the intensity process. The general framework

and problems about the conditional density are discussed in N. El Karoui et
al. [44].
(77) Incomplete information about random barrier D

In this framework, the firm value process X is assumed to be observable and
the base filtration FF is the natural filtration generated by X. In order to de-

scribe the fact that market investors cannot observe the true level of liabilities
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of a firm, the barrier D should be chosen randomly and unobservable.

This random and unobservable barrier has been introduced in Giesecke [34]
with a log firm value X being a Brownian motion and debt barrier D being
a random variable. It concluded that if X is a diffusion process, the G-
compensator A of 7 is continuous but not absolutely continuous. Therefore
T is a totally inaccessible stopping time under the market filtration G, but it
does not admit an intensity process. The same conclusion holds for general
diffusion processes. Under the same setup, Goldberg and Giesecke [36] further
discuss the specification and calibration of the model (I? model) where X is
a Brownian motion process. Moreover, besides the Brownian motion, they
provided an example of a calculation when taking X as a Poisson process with
a negative sign. However, they concluded that even though the intensity
exists with an explicit form due to the monotone path property, the asset
value process assumed is not reasonable. As far as we know, it is the only
asset value model with a discontinuous path with this information setup in

the literature.

(#7i) Incomplete information about both X and A

It is an extension of the previous two cases.

As the inaccessible liability of a company is an appropriate assumption in prac-
tice, it makes the discussion in case (7i) important. With the diffusion assumption
for X in case (ii), Giesecke [34] showed the intensity process of the default time
does not exist, and thus it is insufficient to explain the positive instantaneous short-
term credit spread phenomenon. An alternative is to include jumps in the asset
value process in case (i7). Pure jump processes are widely used in financial mod-
elling as they can capture the stylized fact of the asset returns, such as infinite
activities, jumps, skewness, and kurtosis. For example, Madan et al. [55] use a
variance gamma process for the stock price in option pricing. Moreover, inspired
by Madan and Schoutens [56] where a drifted subordinator is used for the log firm
value process in a first passage time model with complete information, we extend
the setup to incomplete information and discuss a broader class of pure jumps

processes covering drifted subordinators and variance gamma processes.
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2.1.2 Basics of Lévy processes

In our model the asset value process is modelled as a pure jump Lévy process, hence
in this section we recall briefly the definition and properties of Lévy processes from

Kyprianou [50].

Definition 2.1.2 (Lévy Process). A process X = {X;}i>0 defined on a probability

space (0, F,P) is said to be a Lévy process if it possesses the following properties:

1. The paths of X are P-almost surely right continuous with left limits.

3. For 0 <s<t, X;— X, is equal in distribution to X;_;.
4. For 0 <s<t, X;— X is independent of {X, : u < s}.

We will show some examples of Lévy processes in Example 2.2.4, 2.2.5 and 2.2.6.
Lévy processes have an intimate relationship with infinitely divisible distribution

defined in the following.

Definition 2.1.3 (Infinitely Divisible Distribution). We say that a real-valued ran-
dom variable © has an infinitely divisible distribution if for each n = 1,2, ... there

exist a sequence of i.1.d. random variables ©1,, ..., 0, , such that
d
@:Ql,n—l—""'_@n,n

where < s equality in distribution. Alternatively, the law of u of a real-valued
random variable is infinitely divisible if for each n = 1,2,... there exists another
law p, of a real-valued random variable such that p = ()™ where (p,)™ is the

n-fold convolution of i, .

The infinitely divisible distribution can be characterized by the characteristic

exponent ¥ and an expression known as the Lévy-Khintchine formula.

Theorem 2.1.4 (Lévy-Khintchine Formula). The probability law p of a real-valued

random variable is infinitely divisible with characteristic exponent ¥,

/ e p(dx) = e for 6 € R,
R
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if and only if there exists a triple (a,o,m) where a € R, 0 > 0 and 7 is a measure
concentrated on R\{0} satisfying [5(1 A 2®)w(dx) < oo, such that
1 .
\I’(Q) = 1a8 + 50'292 + / (1 — 61995 + i9$1{|x|<1}) W(dm)
R
for every 6 € R.

The measure 7 is called the Lévy measure of X.

The following theorem gives the Lévy-Khintchine formula for Lévy processes and
it indicates that one can construct a Lévy process such that X; has the specified

infinitely divisible distribution.

Theorem 2.1.5 (Lévy-Khintchine Formula for Lévy Processes). Suppose that a €
R, 0 > 0 and 7 is a measure concentrated on R\{0} such that [,(1Ax*)n(dz) < oo.
From this triple define for each 6 € R,
1 )
\IJ(Q) = 1a6 + 5(7292 + / (1 — ¢l + i@xl{‘xkl}) 7T(d$). (2.2)
R
Then there ezists a probability space (2, F,P) on which a Lévy process X is defined

having the characteristic exponent V¥, i.e.

E[eiGXz] — eft\Il(G).

The following theorem known as the Lévy—Ito6 decomposition characterizes the

path structure of Lévy processes by the Lévy-Khintchine formula.

Theorem 2.1.6 (Lévy-It6 Decomposition). Given any a € R, 0 > 0 and measure

7 concentrated on R\{0} satisfying

/Ru A 2?)r(dz) < oo,

there exists a probability space on which three independent Lévy processes X1, X2
and X exist such that X = XM+ X@ 1 X 45 ¢ Lévy process with characteristic
exponent WV in (2.2) where

o X q linear Brownian motion with drift given by Xt(l) = —at + oB,;.

o X@: a compound Poisson given by Xt(2) = Zi\il i where N 1is a Poisson
process with rate m(R\(—1,1)) and {&}i>1 are i.i.d. random variables with
w(dz)

distribution TR\ (—1,1))

concentrated on {x € R : |z| > 1}.
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e X® is a square integrable martingale with a.s. countable number of jumps
on each finite interval which are of magnitude less than unity and with char-

acteristic exponent given by f‘ (1 — €% +ifx)m(dx).

|<1

Now we focus on path properties and first recall the concept of finite variation

of a process.

Definition 2.1.7 (Finite Variation (Protter [59])). An adapted, cadlag process X is
a finite variation process (F'V) if almost surely the paths of X are of finite variation

on each compact interval of [0,00). Note that the variation of a path w of X over
the interval [a,b] is defined by:

() =sup 3 [Xi, (@) — X, ()]

7r€77t o
where P are all finite partitions of |a, b].
Now we present the path property of variation in the following proposition.

Proposition 2.1.8 (Lévy Processes with Finite Variation). A Lévy process with
Lévy-Khintchine exponent corresponding to the triple (a,o,m) has paths of finite

variation if and only if

o=0 and/R(l Alz|)m(dr) < oo.

Remark 2.1.9. If the Lévy process X is of finite variation, then the characteristic

exponent can be written as

U(0) = —idf + /R(l — e2)m(dx),

where d = —(a + f m(dz)), and in this case, X has the representation as

x\<1

Xt:dt+/ /xN(dsxda:), t>0.
[0,¢]

We introduce the concept of the subordinator as a fundamental element in the

finite variation process family.

Definition 2.1.10 (Subordinator). A Lévy process is a subordinator if and only if
7(—00,0) =0, f(O,oo)(l Azx)m(dr) < 0o, 0 =0 and d = — <a + f(O,l) :mr(dx)) > 0.
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By definition, it is clear that a subordinator has non-decreasing paths.

Definition 2.1.11 (Spectrally One-sided Process). A Lévy process X is a spectrally
positive Lévy process if it is not a subordinator and m(—o00,0) = 0. A Lévy process

X is a spectrally negative Lévy process if —X is a spectrally positive process.

Note that spectrally one-sided Lévy processes may be of finite or infinite varia-
tion.

Furthermore, note that Lévy processes have the strong Markov property.

Proposition 2.1.12 (Strong Markov Property). Suppose X is a Lévy process and
T is a stopping time. Define on {1 < 0o} the process X = (X;)i»0 where

Xt - X’7'+t - X’Ta t Z O

Then on the event {T < oo}, the process X s independent of F. and has the same

law as X and hence in particular a Lévy process.

2.1.3 Motivation

The objective of the chapter is to start from a first passage time structural model
with observable asset value processes modelled as a Lévy process with finite varia-
tion and an unobservable debt barrier, and show that this model can be embedded
into an equivalent intensity model. The key contribution is that we show the
existence of the intensity process and find its explicit form in this incomplete infor-
mation framework, which sheds new light on the relationship between the intensity
process of the default time and the running minimal process of the asset value. We
apply the result to find the instantaneous credit spread process, which remains pos-
itive and finite, conforming to market observations, and depends on the historical
path of the asset value.

With the help of the filtration expansion theory, for example, Jeulin & Yor’s
theorem, the essential mathematical quantity needed is the conditional survival (or
default) probability under the base filtration F: Z; = P(7 > ¢|F;). All results in
the literature on the existence of the intensity process are based on the absolute
continuity of the conditional default probability. Our challenge is that in the case of

pure jump processes, the conditional default probability becomes discontinuous at
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the time when the asset value process reaches a new minimal and the conditional
default density does not exist. This is reasonable as the expectation is that the
conditional default probability jumps when there is a large movement of the asset
value process. The main mathematical difficulty, unlike the continuous case in
which the compensator of the conditional default probability is itself, is to find the

compensator due to the unpredictability of the stopping time.

2.2 The Model and the Main Result

In this section, we introduce the model and present the main results.

The First Passage Time Structural Model Let (©2,G,P) be a probability
space and V' = (V});>0 the firm asset value process given by V, = Voe™Xt at time ¢,
where X = (X;):>0 is a Lévy process with finite variation and X, = 0. Examples
of X include drifted subordinators, variance gamma and normal inverse Gaussian

processes. Note that as a Lévy process with finite variation, X can be decomposed

as ([50, Exercise 2.8])
Xy =ct— S+ S5, (2.3)

where ¢ € R and S, S’ are independent pure jump subordinators with Lévy mea-
sures 7, 7', respectively, see [50, Lemma 2.14] for the definition and the properties
of a subordinator. Denote by F = {F;};>¢ the natural filtration generated by X,

F = FX. We assume the following assumption is satisfied in the paper:
Assumption 2.2.1. Lévy measure 7 is continuous and satisfies fooo xm(dr) < 0o.

The firm defaults at the first time when the asset value falls below a default

threshold, i.e., the default time 7 is defined by
Ti=inf{t>0:V, <D} =inf{t >0: X, <D :=1In(D/Vy)},

where D is an unobservable default barrier of the firm. Using the same assumption
as Giesecke [34] about D:

D is a uniform random variable on the interval [0, V;] and is independent of V.
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Then the barrier D for X is a standard negative exponential variable, i.e., —D is
a standard exponential variable with the distribution function P(D < x) = e” for

x < 0, and it is independent of X.

Information Setup We assume that the asset value process X is observable, but
the default barrier D is unobservable in the market. Since the default time 7 is
observable, we therefore define a progressive filtration expansion G = (G;) by ([59,
Chapter VI, Section 3])

G={BeG:3B,e F;,Bn{r >t} =B, Nn{r >t}}. (2.4)

The default time 7 is now a G-stopping time and we call G the investor filtration.
All filtrations involved are assumed to satisfy the usual condition, i.e. the filtration
is right continuous and complete.

Following the same notation in the introduction, denote by N the default indi-
cator process, defined by

N; = 1{Tgt},

and A as the G-compensator of N by the Doob-Meyer decomposition. If A is abso-
lutely continuous a.s. with respect to the Lebesgue measure and A can be written
as Ay = fot Asds a.s., where A is nonnegative and G-progressively measurable, then

A is the intensity process of N under G.

Main Result Denote by 7(z + du) := 7((x + u,x + u + dul). If 7 admits a Lévy
density v, then 7(z + du) = v(z + u)du. We can now state the main result of the

chapter.

Theorem 2.2.2. Let X be a Lévy process of finite variation and the Lévy measure
of S in the representation in (2.3) be m with Assumption 2.2.1 satisfied. Then the
G-compensator of the default indicator process N is absolutely continuous a.s. and
the intensity process A of N is indistinguishable from the instantaneous likelihood
process A = limy, FP(t <7 < t+h|G) on {T > t}. Moreover, using the same
notation as in (2.3), the intensity process A has the following representation for all
t>0,

At = sy (—elix,—x, =0y Liecoy + I1(X; — X)) | (2.5)
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where X, = info<s<; X 1s the running minimum process of X and
II(z) == / (1—e")m(z+du), Vz>0. (2.6)
0

Remark 2.2.3. Note that I1(-) on R, is bounded above by I1(0) that is fully deter-

mined by the Lévy measure of X.

Theorem 2.2.2 shows that the intensity process A is an endogenous process that
depends on the path of the asset value process X. Moreover, at each time ¢, )\; is a
decreasing function of X; — X, a financially desirable property as it means that the
default intensity increases when the asset value process X approaches its historical
minimal level.

We next give several examples to illustrate Theorem 2.2.2.

Example 2.2.4. (Drifted Compound Poisson Process) Let X be given by

My M|
Xp=ct—Y Yi+) V]
=1 =1

where ¢ € R, Y; and Y] are exponential variables with parameters 5 and ', respec-
tively, M and M’ are Poisson processes with intensities p and p’, respectively, and
{Yi}is1, {Yi }is1, M, M' are mutually independent of each other. The Lévy density
of X; on R_ is given by v_(x) = pBe*. The intensity process A of the default

indicator process NN is then given by Theorem 2.2.2 as

At = lgsp <_01{Xt—Xt_0}1{c<0} + 6_’6(Xt_Xt)) :

p
1+
Example 2.2.5. (Drifted Gamma Process [56]) Let X be given by

Xt :Ct—Gt,

where ¢ > 0, G, is a gamma process ['(¢, u,v) with the mean rate p, the variance
rate v, and the Lévy density v(x) = “—je’%xx_l. The intensity process of N is given
by
o0 2
At = 1{7—>t} (/0 (1 — e_u)%e_%(u—'—xt_it)(u + X; — Xt)_ldu> .
Note that ¢ > 0 in this case, hence the first term in (2.5) disappears.
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Example 2.2.6. (Variance Gamma Process [55]) Let X be a variance gamma
process VG(c,v,0,0) that is generated by a drifted Brownian motion 6t + oW,

time-changed by a gamma process I'(¢; 1, ), and an additional drift term ct, then
X :Ct+r(t;lll+7y+> —F<t;M_,V_), (27)

where pe = 34/62 + 22 £ 8 and v, = p2v. The intensity process of N is given by

_ > oy (=)
A = Loy | —clix—x,—0jliecoy + [ (1 —e")—"e
0

{—:(w&—&)(
V_

Applications in Credit Modelling We next provide an application of Theorem
2.2.2 in credit risk modelling. The credit spread S(¢, h) of a defaultable name over
the time interval [, ¢ + h] is defined by

S(t,h) = —% In(1-Pt<7<t+h|G)),

where P (t < 7 <t + h|G;) is the conditional default probability given 7 > ¢. Using
the Taylor expansion, we can find the instantaneous credit spread s(t) as

1 ~
s(t) : 1}%1 S(t,h) 1}%1 h]P’ (t<1<t+h|G) =M\

Theorem 2.2.2 says that s(t) is positive, finite almost surely, and is given by
s(t) = —clyx,—x,—0y Lje<oy + H(X; — X,).

It conforms to the market observation that the instantaneous credit spread remains
positive and finite even though the bond is near its maturity and that the bond price
often drops around the time of default due to uncertainties about the closeness of the
current asset value to the default threshold. For more details of the instantaneous

credit spread and the credit spread term structure, see [29, 34].

Numerical Illustration We next give a numerical example to illustrate the re-
sults. We take the variance gamma process VG(c,v,0,0) in Example 2.2.6. The
data used are (¢,v,0,6) = (—0.02,0.1,0.15,0.01). Figure 2.1 displays for ¢ € [0, 5]
a sample path of the asset return process X, the running minimum process X, and

the resulting intensity process A. Figure 2.1 also shows the distance X; — X, and its
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contribution IT1(X; — X,) to the intensity. We can observe the reciprocal relation of
the intensity \; and the distance X; — X, which is consistent with the observation
in the credit market. The upper bound II(0) is reached when X; — X, =0, i.e. the
process X reaches a new minimal level, and the intensity A; at that time is above
I1(0) by the amount |c| as the drift parameter ¢ < 0. Figure 2.2, using the same
sample path of Figure 2.1, shows the term structure of the credit spread h — S(t, h)
at time t = 0.5, starting from S(¢,0) = ;.

2.3 Proof of the Main Theorem

The main result Theorem 2.2.2 is proved in four steps, detailed in Subsection
2.3.1 to 2.3.4. Subsection 2.3.1 shows the relation between the likelihood processes
(conditional probability process) under different filtrations (Lemma 2.3.2), Subsec-
tion 2.3.2 and 2.3.3 establish the existence of the instantaneous likelihood process
for a spectrally negative Lévy process with finite variation (Proposition 2.3.8) and
for a general Lévy process with finite variation (Proposition 2.3.11) respectively,
and Subsection 2.3.4 confirms the indistinguishability of the instantaneous likeli-

hood process and the intensity process using Aven’s condition.

2.3.1 Compensators and Likelihood Processes under Dif-

ferent Filtrations

By the Doob-Meyer decomposition, there exists a unique, increasing, G-predictable
process A, the G-compensator of N, such that the difference of A and N is a
uniformly integrable G-martingale. Moreover, the probabilistic properties of default
and stopping time are closely linked to the analytic properties of the compensator.
Therefore our objective is to find A.

The conditional survival probability at each time ¢ is given by
Zy = P(1 > t|F) = P(X, > D|F,) = e+,

and let Z,_ = limgy Z, and Zp— = 1.
The following theorem shows the representation of the compensator A under

the expanded filtration G.
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Figure 2.1: The asset return process X as in Example 2.2.6, the distance
process X — X and the intensity process A. The data used are (c,v,0,0) =
(—0.02,0.1,0.15,0.01).
Theorem 2.3.1 (Jeulin and Yor [43]). Define a nondecreasing F-predictable process
A by
YdK
Ay = 2
t /O ZS_ )

where Ky is the unique, increasing, F-predictable compensator of the F-submartingale
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0.06 term structure of credit spread: drifted VG (cyv,0,6)= (-0.02,0.1,0.15,0.01), t = 0.5
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Figure 2.2: The term structure of credit spread S(¢,h): the asset return process X
as in Example 2.2.6 with the data (c,v,0,0) = (—=0.02,0.1,0.15,0.01), X — X at
t=0.5 is 0.0585.

1—-7Z, =P(r < t|F).
Then, the process N — A™ is a G-martingale, where AT = (Ainr)i>0-

Theorem 2.3.1 shows that one can transform the problem of finding the G-
compensator of N into the problem of finding the F-compensator of Z. As the base
filtration FF is the natural filtration generated by the asset value process X, all we
need to investigate is the path property of X.

If Z is a continuous process, then for any ¢ > 0 we have K; = —Z; and A; =
—In(Z;) is found explicitly. This is the case discussed in different setups in previous
literature. If Z is discontinuous, then finding K is nontrivial, see [38]. In the
following, we aim to find the representation of K.

We first show in the lemma below the pre-limit likelihood processes k" related
to K under F and A" related to A under G.
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Lemma 2.3.2. For any Lévy process X, h > 0, define

1 1
k= +E [Kipn — K| F]  and N\ = +E [Nesn — NG -
Then,
1
k' = et EE 1- e’(y’ih)q R and A} = lpsge Sk (2.9)
Proof. Since
Xppp — Xy = uE%f}:ltf-‘rh] Xy N X, — X,y
= él[lofh](XHu -~ X)AN (X - X)) — (X — X)
+
= - <<Xt —Xy) = inf (Xpp, — Xt)) 5
u€[0,h]

we have

E [eiwh _ e£t|]—"t} — €Xt]E [eiwh_it _ 1|-7:t]

Xt R [e—((lt—Xt)—iﬂfue[o,h](Xt+u—Xt))+ _ 1’]:4

— AR [e—(y—éhﬁ — 1]

y
yiﬁt—Xt

where the last equality comes from the independent and stationary increment prop-
erty of the Lévy process X and the adaptedness of X and X to F. Since K is the
F-compensator of 1 — Z, the Doob-Meyer decomposition says that

E[Kisn — Ki|F) = —E [Zion — Zi|F) = —E [eXt+r — eX4|F] .

Combining the above gives k" in (2.9).
Next, by the optional projection theorem (Theorem 14, Chap.VI, [59] and [34]),
we know that if a random variable £ is nonnegative and integrable, then for each

t > 0, the right continuous version of E[£|G;] is given by

1
E¢G:] = 1{r>t}ZE [Elirsny | Fe] + €<y aus. (2.10)

Therefore, using the tower property of the expectation and the fact that K is
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the F-compensator of 1 — Z, we have
1

)‘? = EE [Nt+h - Nt|gt]
11
= 1{T>t}EZE [Lit<r<tsny|Fi]
11
= 1{T>t}EZE [Zt - Zt+h|ft]
11
= 1{T>t}ZEE [Kt+h - Ktu:t] .

= lpspe k)
This gives A in (2.9). O
Remark 2.3.3. Note that {1(;<; in (2.10) is G, measurable. Indeed, since & and
T are random variables on (Q, G, P), then §lir<y 18 G-measurable. To show it is G,
measurable, it is equivalent to show Vb € R,  B(b) := {w : {(w)lfr<y(w) < b} € Gy
Note that
Bo)n{t <7} = {{lp<yp <bPn{t <7}

= ({g<bhrstuf{osht<rh)nit<r}

= {0<bt<T1}
{b<0}0+{b>0}{t <7}
= {b<0}@n{t<thH)+{b>0}QN{t<T}).

Since 0,Q € F; for allt > 0, we can take By(b) :== 1oy + 150y € Fy, such that
Bb) N {1 >t} = By(b)n{r > t}.
Therefore, we have B(b) € G;.

The next result follows immediately from Lemma 2.3.2.

Corollary 2.3.4. Define

ky = lim k!
h]0

and assume it exists for all t a.s., then the instantaneous likelihood process on

{T >t} is given by

- 1 -
=1 h =1 —_ < = _Xt
A léﬁ)l A léﬁ)l hIP’(t <1 <t+h|G)=e k.
We find the limit processes l;:t and S\t in the following subsections.
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2.3.2 Spectrally Negative Lévy Process with Finite Varia-
tion

By (2.9) the existence of the limit processes of k" and A" depends on the path
property of asset value process X and its running minimum process X. In this
subsection, let X be a spectrally negative Lévy process with finite variation, we
find the limit process using properties of one-sided jump processes. Though the
technique in this part can not be extended directly to the more general Lévy pro-
cesses of finite variation that contain double-sided jumps in (2.3), the result for
these specific processes will play an important role in the next subsection.

The spectrally negative process X has a representation [50, page 56]
Xt =ct — St7 (211)

where ¢ > 0 and S is a pure jump subordinator with Lévy measure 7. (2.11) is a
special case of (2.3) with 7/ = 0 and ¢ > 0. The Lévy measure of X is mx(dz) =
7(d(—z)) = n((—z, —x + dz]) on R_ and if 7 admits a density v then 7w(—dz) =
v(—x)dx. The following concept is needed in analysing the path properties of X.

Definition 2.3.5 ([50]). Let X be a Lévy process. A point x € R is said to be
irreqular for an open or closed set B if P, (TB = O) = 0, where the stopping time
8 =inf{t > 0: X, € B}.

We know ([27, Chapter 9, Proposition 15]) that for X defined in (2.11), 0 is
irregular for (—o0,0). Hence, starting at 0, it takes X strictly positive time to
reach (—o0,0). If we define 7} := inf{t > 0 : X; < 0}, then P(7} > 0) = 1. T} is
the first jump time of X but may not be the first jump time of X. We observe that
X is a pure-jump process as X can only move when S jumps and X cannot jump
to a pre-specified level on (—o00,0) as X cannot, see [50, Exercise 5.9]. Hence, the
jump size of X has no atoms and is strictly negative. The number of jumps of X
on the interval [0,¢], i.e., ny := #{s € (0,t] : X, = X,}, is a discrete set and is
a.s. finite. Moreover, we denote the arrival times of n; by (7;);>1, the inter-arrival

times by (d;);>1, and the jump sizes by (&;);>1. Then we have the following lemma.

Lemma 2.3.6. For X defined in (2.11), X can be written as a renewal-reward

process
nt
Xt = - E §i7
=1

37



where (0;,&;) are i.i.d. random variables.

Proof. The analysis above shows that X is a non-explosive marked point process
and can be written as X, = =Y " &, where —§ = AX, = X — X =
X1, — Xr,_,. (T;); are also jump times of Lévy process X and are stopping-times.
We have that (0;,&;); are i.i.d. random variables due to the strong Markov property
of X stated in Proposition 2.1.12. ]

Instead of investigating the exact law of X, we only need to analyse the small-
time behaviour of the process, which can be done with the help of the next result,
called the Ballot Theorem [11, Proposition 2.7] for drifted subordinators.

Lemma 2.3.7 (Bertoin [11]). Let X be defined in (2.11) and Ty := inf{t > 0 :
X, < 0}. Then, for everyt >0, 2> 0, and u < —z,

P(Ty € dt, Xr,_ € dz, AXz, € du) = it]P(Xt € dz)m(—du)dt,
c
where AX; = Xy — X;_ and w is the Lévy measure of S.

Hence the joint distribution of (7%, X1, ) is given by

P(T) € dt, X7, € dw) = (/ zm(z + d(—w))P(X, € dz)) édt (2.12)

€(0,00)
for w < 0. The following is another version of the Ballot theorem:
P(T, > t, X, € dz) = éIP’(Xt € da)
for every ¢t > 0 and x € [0, 00). Since X; = ¢t — S; < ct, we have
7]

1 [ 1 [ 1
P(Tl > t) = E/ .I‘P(Xt c dl‘) = E/ IP(Xt c dl‘) = EE [1{0§Xt§ct}7
0 0

Note as limy % = 0 a.s., we have for almost all w, there exists ¢to(w), such that for

all t € [0,to(w)], Si(w) < ct, hence 0 < Xy (w) = ¢t — Sp(w) < ¢t and
ltilr(l)l lo<xi<ety =1 a.s. (2.13)
The dominated convergence theorem leads to

. L1, Xy 1
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Proposition 2.3.8. Let X be defined in (2.11) and let Assumption 2.2.1 be satis-
fied. Then the following limit exists for all t a.s.

foy = lim k= AT0(X, - X))

where kP is defined in (2.9) for h > 0 and 11 is defined in (2.6). The instantaneous
likelihood process M, defined in Corollary 2.3.4 is given by

A= lim M =TI(X, — X,).

Proof. Recall that X, = —> " & is a renewal-reward process, where the jump
size & and inter-arrival times ¢; are positive random variables for all ¢, and (d;, &;)
are i.i.d. random variables.

By (2.14), denote by F the distribution function of §;. Then

: g P (= .
ltllrélF(t) ltllrélP(Tl_t) 0= F(0)

Hence, F is right continuous at zero, i.e. F'(0) = F'(0+) = 0.
Define by, for t > 0 and y < 0,

1 —
A?(:U) = ;E -1 — ef(yfztﬁ']
1 ~
Aly) = B L (1 - o))
1 & =k e \T
A?(y) = ZE Z 1{nt=k} (1 —e (Zi=1 fzJFy) )] .
Lk=2

We have
M) = 7B [1- e (=8| < Aly) + A2().
We next show that for y <0,
lim A; (y) = I(~y), and lim A} (y) = 0. (2.15)

Then, (2.15) gives the required conclusion.
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Since d; and dy are independent, also noting (2.12), we have
B [Lnmny (1 — e @0)7)] (2.16)

= E [1{T1§t}1{T2—T1>t—T1}(1 — 6_(£1+y)+)}

B /t /OO FT1(t - 5)(1 - e_gc_y)P(Tl < dstT1 € d(_x))

_ /; /jy Fr,(t — 8)(1 — e=Y) (/: om(z + da)P(X, € dz)) éds
— %/;0 Fr,(t—s) /Z: (/u:(l —em(z—y+ du)) zwds
_ %/; Fr,(t - s) (/:On(z - y)zw) ds.

The last equality is due to X, = cs — S5 < c¢s.
Since S is a pure jump subordinator, we have ([50, Lemma 4.11]) lim; .o 3t =

0 a.s., which implies
X
lim — =c. (2.17)

Using (2.17) and (2.13), the dominated convergence theorem, continuity of II(-),

and Xy, = 0, we obtain
s P(X, € dz)

, . X
18%1 . 2I(z — y)f = 1;&)11&7 |:1{0<Xs<cs}?H<Xs - y)}

. X
= E |:181§)1 1{0SX5§CS}?H<XS - y):|

= dl(—y).
Taking the limit in (2.16) gives
1 ° P(X; € dz)
. 1 _ L . s _ .
lim Ay (y) = — lim - Az —y)———— =1I(-y).

Here we have used the fact that if g(-) is a nonnegative function and F(0+) = 1,
then

%/O F(t)g(s)ds < %/O F(t —s)g(s)ds < %/O g(s)ds

and
t t

1im1 F(t —s)g(s)ds = lim1 g(s)ds = g(0+).

t—0 t 0 t—0 t 0
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We have proved the first limit in (2.15). We next prove the second limit in
(2.15). Since

1 1 1
Aﬂm=¥Ep-m&}ggEﬁ—eﬁq=¥(y—fmw)gnm)
and
0 < A4 (0) < A2(0) < TI(0),
the first limit in (2.15) implies
lim A%(0) = lim A}(0) = TI(0),

therefore

. 2 -

%Lr% A7 (0) =0.

On the other hand, we know
0 < AZ(y) < A7(0) forally <0,

which proves the second limit in (2.15). Hence, AY(y) = II(—y) and A, = AY(X, —
Xt) = H(Xt - Xt)' [

Remark 2.3.9. Note that on R, II(-) is continuous as 7(dx) is and it is decreasing
with the upper bound I1(0) = —InE[e~*"] being the Laplace exponent of S from
the Lévy-Khintchine formula. 0 < II(z) < I1(0) < [ um(du) < oo for all > 0 by
Assumption 2.2.1, and therefore II is bounded on R, .

2.3.3 Lévy Process with Finite Variation

In this subsection we investigate the limit processes k and X\ with X being a Lévy
process with finite variation which is a more general class of processes than the last

subsection. X then has a representation (2.3)
Xy=ct—5+S, t>0

where ¢ € R, S has the Lévy measure 7, and we assume Assumption 2.2.1 hold.
Note that the path properties and techniques used in Subsection 2.3.2 no longer

hold. In (2.3), denote the drift and negative jump components as
Zi(c) == ct — S;.

Then we first claim the following result for Z;(c).
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Lemma 2.3.10. For any c € R and y < 0 the following limit exists:

1
lim - [1 e—(y@(c))*] = —clyygyLiecoy + (—y), (2.18)

where I1 is defined in (2.6).

Proof. For ¢ > 0 the limit (2.18) has been proved in the previous subsection. We
now consider the case of ¢ < 0. Note that Zj(c) is decreasing in h and Z,(c) =
Zn(c). We split the proof into two cases.

(i) y = 0: We have

1 1
e o W=2,(0) ] =S
}lll_)né hE l—e h }ILILI(I) hIE [1—e ] c + I1(0).

(ii) y < 0: Take the function f(z) := 1 —e~®+*" which is bounded, continuous,
and vanishes in a neighbourhood of zero: take € < —y, then for any x € (0,¢), we
have f(z) = 0. Hence

1 1
im — o Ww=Zy(e)T| _
lim hE [1 e ] lim hE[ / f(x

h—0 h—0

The second equality is due to [60, Corollary 8.9] and 7 being the Lévy measure of
—Zy(c). Therefore,

[ famtan) = [ e ntan) = [T ey du) = (),

-y
which proves (2.18). O

We present the main result in this subsection in the following proposition.

Proposition 2.3.11. Let X; be defined in (2.3) and let Assumption 2.2.1 be sat-
1sfied. Then the following limit exists for all t a.s.

kt = hg)l kh = 6* ( Cl{Xt Xt—0}1{0<0} + H(Xt X )) s (2.19)

where kI is defined in (2.9) for h > 0 and 11 is defined in (2.6). The instantaneous
likelihood process A defined in Corollary 2.3.4 is given by

)\t = _C]‘{Xt—ﬁtio}l{c<0} + H(Xt — Xt) (220)
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Proof. The expression of )\, in (2.20) is an immediate result of Corollary 2.3.4 and
(2.19). To prove (2.19) we only need to show that for all y <0,

1
lim S B |1 — e 0507 = el L eco) + (). (2.21)

Since f(z) =1— e~ W=7 is a decreasing function of z on R_ and X, = ch —
Sy +S;, > ch — S, = Zp(c) for all w and h > 0, we have

Xy, = Zy(c)
and
1 X, 1 (- Z, ()t
EE[].—@ Y==n ] S #E[l—e Y=24n .
Using Lemma 2.3.10 we obtain
1
limsup 5 B [1 _ e—(y—zhﬁ] < —clgyoyLie<oy + (=) (2.22)

Take any € > 0, on the set {S] < eh} we have:
Xy =ch—S,+ 85, <ch—S,+eh=Zy(c+e),
which yields
X, <Zy(ct+e) on{S, <echj.

Moreover, as X;, < 0 for all h > 0, we have almost surely,

X =Lrgcan) Xn T oo Xn < Lrg can X < Lrg canyZule+e).
Therefore we have

1

“El1 = *(yfih)ﬂ“}
. e

v

1k [1 - O sz Al

1
— %IE [1 (5,<ch) (1 — e—<y—zh<c+e>>+>}
h—=

S, 1 n
— —_— < —_— —_ _(y_g (C+€)
P ( S 6) hIE [1 e h ] .

The last equality is due to the independence of S and S’. Since limy,_,qo %;‘ =0 a.s.,

which implies limj,_o P (% < e) =1, we have
1
ligln iélf E]E [1 - e_(y_ih)j > —(c+ €)1y=o}L{cte<oy + I(—y).
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Let € | 0 in the above inequality, we obtain

1
llgzll_}(lilf EE [1 — 6_(y_Xh)+:| Z _Cl{y:0}1{0<0} + H(_y)7

and together with (2.22) we proved (2.21). O

Remark 2.3.12. Note that if X is a Lévy process with a Lévy measure mx and
f is a bounded continuous function that vanishes in a neighbourhood of zero, then
([60, Corollary 8.9])

lim%E[f(Xh)]:/Rf(a:)wx(dx). (2.23)

10
In our case, we aim to compute

lim l]E [1 _ e*(yfzh)j )
rl0 h

However, we cannot apply (2.23) directly as X is not a Lévy process if X is not a
monotone process. Proposition 2.3.11 can be viewed as an extension for function

f(z) =1—e @7 and Lévy process X with finite variation.

2.3.4 Indistinguishability of Likelihood Process and Inten-

sity Process

We have proved the existence of the instantaneous likelihood process X when X is
a Lévy process with finite variation. Heuristically the intensity process A of the
G-compensator should be equal to A on the set {r > t}. However, they are not

necessarily the same.

Example 2.3.13 (Guo and Zeng [37]). Define a stopping time 7 := inf{¢t > 0 :
W, > y} where W is a Brownian motion and y > 0 is a constant. Suppose F is the

natural filtration of W. We have 7 is a F-stopping time and

1 1 MW, —
“P(t<T<t+hlF) = - >t}/ Wi = y] - g ) mio
h hJo 2nrt3

That is, A\, = 0 for all £ > 0. As 7 is predictable under F, the compensator of

Ni = 1fr<4y is Ng, which indicates the intensity A does not exist.

Aven’s condition in the next lemma provides a sufficient condition that ensures

A and \ are indistinguishable.
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Lemma 2.3.14 (Aven’s condition [6]). Iflimy,_o A = N, exists and \! is uniformly
bounded fort > 0 and h > 0 a.s., then on {T > t}, Ny — fg Mods is a G-martingale,
i.€., f(f Ayds is the G-compensator of N.

With the help of the results of previous subsections, we can now present the

proof of the main theorem.
Proof of Theorem 2.2.2. Recall (2.9) that on {7 >t}

A= e Xl = %E 1— e*(yfihﬁ]

y:Xt — Xt

and y < 0, X, < 0 and ¢ > ¢ A 0, which implies (y — X,)" < —X, and X, >
(¢ ANO)h — Sy, we have

)\f < %E [1 — ezh]
< %]E |:1 . e(c/\O)hfSh}
— % (1 . 6(c/\O)h—H(O)h)

< —(cA0)+II(0).

Hence the sequence (A\!);,~o is uniformly bounded in ¢ and h a.s., Lemma 2.3.14
gives the required conclusion that A and X are indistinguishable on {7 > t}, which
leads to the expression of A from Proposition 2.3.11. The proof of Theorem 2.2.2
is now complete. Il
Similarly, k' = eXtAl < A is also bounded and with a similar argument as
Aven’s condition due to the Meyer’s Laplacian approximation theorem, we can con-
clude that the F-compensator of P(7 < t|F;) is K; = f(f kyds where &, = lim,_q k2.

2.4 Conclusion

In this chapter we discussed the intensity problem of the first passage time of
a finite variation Lévy process with a random barrier. We proved the existence
of the intensity process and found its explicit representation. We computed the
instantaneous credit spread process explicitly and gave a numerical example for a
variance gamma process to illustrate the relationship between the credit spread and

the distance of the asset value to its running minimum value. We thus reconciled
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the structural model with incomplete information and the path-dependent intensity

model in this setup.
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Chapter 3

Introduction to Bivariate

Dynamic Contagion Processes

In this chapter we introduce the basics of point processes and in particular the
Bivariate Dynamic Contagion process (BDCP) that will be investigated in Chapter
4 and Chapter 5.

We first briefly review point process modelling in the literature in Section 3.1,
then we introduce basics of point processes and Markov processes in Section 3.2
and BDCPs in Section 3.3. In Section 3.4 we explore a sufficient condition of
existence of moments for BDCPs. With an exact simulation algorithm developed
in Section 3.5, we finally illustrate the dynamics of the BDCP in Section 3.6.

3.1 Introduction to Point Process Modelling

Multivariate point processes are used to model event arrivals of various types in a
system. There are many potential applications; stochastic models are needed for
events such as company bankruptcies, insurance claim arrivals, disease incidence,
machine failures and so on. How to model a point process that is able to describe
a rich dynamic and dependence structure becomes an essential issue.

In order to reflect both the external impact and the internal contagion effect, in
this chapter we introduce the Bivariate Dynamic Contagion Process (BDCP). The
BDCP family is a broad family of bivariate point processes with intensity processes

specified as non-diffusion Piecewise Deterministic Markov Processes (PDPs) (stud-
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ied by Davis [26]) and the processes incorporate a feedback (contagion) mechanism
within the system. The BDCP covers two distinct important classes of point pro-
cesses. The first class consists of shot-noise processes that usually describe point
process systems under the impact from external events modelled as compound
Poisson processes in intensity processes. They are studied by Cox and Isham [19],
Mpller [58], Dassios and Jang [21], and Kliippelberg and Mikosch [46], among oth-
ers. The class has a wide range of applications. For instance, it has been adopted
in modelling insurance claim arrivals and ruin probabilities by Altmann et al.[3],
Albrecher and Asmussen [2], and Macci and Torrisi [54]. The second class consists
of Hawkes processes, which have mutually-exciting intensities. In this class, jumps
in the point process bring the internal feedback into the underlying intensity pro-
cess and the impact factor is modelled by upward jumps with constant sizes. This
class is capable of modelling clustering and contagion effects. Hawkes processes are
introduced by Hawkes and Oakes [39], and they are studied by Daley and Vere-
Jones [20], and Liniger [52] and Embrechts et al. [31]. Recently, with the desirable
self-exciting property, Hawkes processes are extensively applied in modelling insur-
ance claims, defaults in a credit portfolio, and arrivals of trading orders in a limit
order book. One can find more details by the following: Hautsch [10], Ait-Sahalia
et al. [1], Bacry et al. [8], Errais et al. [32], and Cont and Larrard [17].

Moreover Dassios and Zhao [23] introduce Univariate Dynamic Contagion Pro-
cesses (UDCP) to include impact from both external and internal factors. Appli-
cations in credit risk and insurance modelling can be found in Dassios and Zhao
[63] and [24]. However, in practice, a univariate model is not sufficient to model
a heterogeneous population, and we need to introduce a bivariate system. The
dependency between marginals can be characterized in a few ways. Dassios and
Jang [41] studied a bivariate system by correlating external factors of two UDCPs.
In order to include the cross-exciting contagion effect, the BDCP is naturally intro-
duced here. Note that the cross-exciting dependency introduces a loop structure
that makes the system difficult to be decoupled. Hence, it is fundamentally differ-
ent from the univariate model and more difficult to analyse. Moreover, a BDCP
is also different from a bivariate Hawkes process since it is not obvious how the
additional external factors modelled by a shot noise component and random jump

sizes in the intensity would affect the probabilistic properties of the system.
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In principle, applications of Hawkes or shot-noise processes can be extended
using BDCP to incorporate a richer structure. Moreover, the general multivariate
dynamic contagion process can be easily extended from the bivariate case.

We first introduce the basics of point processes in the following section before
introducing the BDCP.

3.2 Introduction of Basics

3.2.1 Basics of Point Processes

Point Processes Following [13], we define point processes on the real half line
R, on a probability space (2, F,P).

Definition 3.2.1 (Point Processes [13]). A univariate point process is a sequence
of random variables {1}, }n>1 in Ry such that Ty =0, T,, < Tpy1 if T, < 00. The
associated counting process N = (Ny)i>o is defined by
No=) lp<n
n>1

The point process is non-explosive if P—a.s., To, = lim,,_ .o, T,, = 00, or equivalently
Ny < o0 forallt > 0.

Let {T,,}n>1 be a point process and {Z,}n>1 be a sequence of {1,2, ..., k}-valued
random variables also defined on (Q, F,P), and define for all i, 1 < i < k and [
t>0:

N} = Z Lir, <ty liz,=i},

n>1
then the k-vector process N = (Ny)i>o given by N; = (Ntl,...,Ntk) is called a

k-variate point process.
We define the predictable intensity by Watanabe’s characterization as in [13].

Definition 3.2.2 (Stochastic Intensity [13]). Let N = (N)i>0 be a point process
adapted to a filtration F = (F;)i>0 with jump times {T,,}n>1 , and let X = (A)i>o
be a non-negative predictable process under F such that f; Asds < 0o P-a.s. for all
t >0 and

AT,
Nipr, — / Asds is an F-martingale, (3.1)
0
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then we say that N admits an F-stochastic intensity .

Moreover, such intensity \ is unique.

In the definition above, the condition (3.1) can be replaced by

E [/OOO CSdNS] ~E [/OOO Cs)\sds} (3.2)

for all non-negative F-predictable process C' = (Cy)s>o.

Remark 3.2.3. Equivalently, by the Doob-Meyer decomposition, there exists a
unique non-decreasing predictable process A starting at 0, such that N — A is an
F-local martingale, then A is called the compensator of N. If A is absolutely con-
tinuous, i.e., there exists a non-negative, F-predictable and integrable process A, s.t.

for everyt >0, Ay = fg Asds a.s., then X\ is called the intensity process of N.

If the intensity process exists, then it can be interpreted as the instantaneous
jump rate of N:
1
A = lim —P(Nyp, — Ny = 1| F
t }},ﬁ)l A ( t+h t | t);

or equivalently P(Nyy, — Ny = 1|F;) = Mh + o(h) for h small.
As a special case, if the intensity A is taken to be Fy-measurable in Definition
3.2.2, then the point process N is called a Coz process or doubly stochastic Poisson

process. Therefore, we have the following special cases in this family:

(1) A\ = A(t) is a deterministic function: N is a homogeneous Poisson process if
A is a constant and inhomogeneous Poisson process if A(-) : R, — R, is a

non-negative deterministic function.

(2) A\t = A where A is an Fy-measurable random variable: N is a mixed Poisson

process.

(3) A\ = f(t,Y};) for some appropriately measurable nonnegative function f and
for some measurable process Y = (Y;)>o with FY C Fop: N is called a
doubly stochastic Poisson process driven by Y. Conditional on FX, N is an

inhomogeneous Poisson process.

Example 3.2.4 (Shot noise Cox Processes). The shot-noise Cox process is a count-

ing process N = (Ny)i>o with intensity A = (M\t)i>0 specified as an inhomogeneous

50



compound Poisson process:

A=Xo+ Yyt —S)Y;
Si<t
where y(+) is a non-negative function defined on Ry with v(0) = 1, {S;}i>1 and
{Y;}i>1 are the sequence of jump times and sizes of a Poisson process M.
In applications, shot noise processes are used to describe events that occur in
a system under the influence of an external factor characterized by a compound

Poisson process with impact decay with respect to time.

Now we introduce another family of point processes with stochastic intensity
important in applications. We start with cluster processes and then introduce
Hawkes processes that can be interpreted in terms of cluster processes and age-

dependent branching processes.

Cluster Processes [61] The cluster mechanism is a natural way to describe the
locations of individuals from consecutive generations of a branching process.

A cluster process N are defined in terms of two components:
e cluster centre process N.(+),
e cluster component process N(:|t) when the centre is at ¢.

Each point of N,(:) is assumed to initiate a cluster, generally called a cluster,
independently for each point, i.e., the clusters are independently and identically
distributed point processes. The cluster process then consists of the superposition

of all the clusters. For every bounded measurable set A on R,
N(A)= [ N(Aly)N(dy) = Y N(Aly) <o as.
e BENL()

We call N a Poisson cluster process if the cluster centres are points of a Poisson
process. For example, the Neyman-Scott process is a cluster process where the
cluster centre is a Poisson process and members in a cluster are independently and

identically distributed about the cluster centre with a certain distribution.

Hawkes Processes [39] The one-dimensional Hawkes process N = (IV;)ser is a

point process defined on the real line R with intensity A = (\;);cr specified as
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t
M = )\0+/ Y (t — u)dN,, (3.3)

where A > 0, y(z) > 0 for z > 0. Note that the function - is usually taken to be a
decreasing function vanishing at infinity which characterize the impact of historical
jumps of N at jump times and the decay of their influence. It is also called a
self-exciting point process.

Moreover, according to [61] and [39], the Hawkes process in (3.3) has a cluster
process representation and can be seen as an age-dependent birth process. The clus-
ter centres N, is a Poisson process of rate )y formed by arrivals of immigrants. For
each event of N., we have a cluster formed by all the descendants of all generations
of immigrants. The clusters are mutually independent by construction. In each
cluster, any individual of age x at time ¢ from all generations has the probability
of a birth in (¢,t + dt) of y(x)dt.

It is concluded in [39] that under the condition

0< /mv(x)dx <1, (3.4)

there exists a unique stationary cluster process with the intensity (3.3).
Note that if one takes the function v(z) = ae™® with a > 0 and § > 0, then
A is a Markov process and the process N is also called a Markovian self-exciting
process. The sufficient stationarity condition in (3.4) becomes « < ¢ in this case.
The cluster process representation of a multivariate Hawkes processes can be

extended and we refer to [52] for details.

Remark 3.2.5. In this thesis, we only discuss point processes N = (Ni)i>o that

are defined on the nonnegative real line Ry with a Markov intensity process.

3.2.2 Markov Processes

Martingale Problem We follow Ethier and Kurtz [33] to recall some definitions
and properties of Markov processes.
First recall that the inifinitesimal generator of a semigroup {7'(¢)} on a Banach

space L is the linear operator A defined by
o1
Af =lim H{T(0)f - f}
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in the norm topology, i.e.
Tt)f —
HAf—WH — o0 ast]O.

The domain D(A) of A is the subspace of all f € L for which this limit exists.
Suppose there is a process X = (X;);>0 on a probability space (2, F,P). Define
a process M = (M;)¢>o by

Ml = 5000~ [ AT (35)

Proposition 3.2.6. If X is a Markov process with generator A, then Mtf in (3.5)
is a (P, F;X)-martingale where FX = 0{X, : s < t}.

Definition 3.2.7 (Solution of the Martingale Problem). A probability measure
P € P(Dg[0,00)) is a solution of the martingale problem for (A, ) if the coordinate
process defined on (Dgl0,00), D, P) by X (t,w) = w(t) withw € Dg[0,00) andt > 0
is a solution, such that M/ defined in (3.5) is a F-martingale for all f € D(A)
and PX; ' = p.

Note that the martingale problem will be used to characterize Markov processes
and compute the moments. In the following, we introduce an important class of

non-diffusive Markov processes.

Piecewise Deterministic Markov Processes (PDP) [26] As indicated by
the name, PDPs are a general family of Markovian non-diffusive models and they
can be analysed by methods analogous to those of the diffusion theory. A PDP
X = (X})s>0 takes values on E an open subset of R? with boundary dE and Borel o-
field £. The PDP is determined by a flow function characterising the deterministic
move between jumps, a jump rate describing the arrival of random jumps and a
transition measure describing the transition of the state after jumps. The UDCP

intensity defined in the following is an example of PDP.

Univariate Dynamic Contagion Processes (UDCP) [23] A univariate dy-
namic contagion process is a point process N = (INVy);>o with intensity A = (A)i>o0
specified as a PDP:

A= Xoe " ) Ve TS 4N " 7600, (3.6)

S;<t T; <t

93



where {S;};>1 are jump times of a Poisson process M and {7;};>; are jump times
of N, {Y;}i>1 and {Z;};>1 are non-negative i.i.d. random variables and independent
of jump times. Therefore, a UDCP can be seen as a generalized Hawkes process
by randomizing jump sizes and including a shot noise component in the intensity.
We recover a shot noise process by setting Z; = 0 and a Hawkes process by setting
Y; =0 and Z; constant for all 4 > 1.

In the following chapters, we introduce the bivariate dynamic contagion pro-
cesses by keeping the structure of the UDCP and adding an additional cross-exciting

component to each marginal process.

3.3 The BDCP Model

3.3.1 Definition

Let (©,F,P) be a probability space equipped with a filtration F = (F;);>0 , on
which we introduce the Bivariate Dynamic Contagion Processes (BDCP) that is a

class of F-adapted bivariate point processes N = (NV;);>o defined on R, with

Ny = (N/, Ny) = (Z 1{Tm}7zl{T3St}> (3.7)
n>1 n>1

where {T%},>¢ are orderly F-stopping times representing event arrival times with
Ty = 0 for k = 1,2. A BDCP can be characterized by its intensity process A\ =
(At)i>0 which is specified as a piecewise deterministic Markov process (PDP) in
Definition 3.3.1. An alternative characterization is through the representation as a

cluster process with a specific branching structure in Definition 3.3.4.

Definition 3.3.1 (Bivariate Dynamic Contagion Processes (Intensity-based)). A
BDCP is a bivariate point process N = (Ny)i>o in (3.7) with jump times {T*},>0
for k = 1,2, and the intensity X\ = (\);>0 where Ny = (A}, A\}) for any t > 0 is
defined by

A= Ale 1t 4 Z }?16—51@—3;) n Z Z;,le—él(t—le) n Z Z;Qe_(;l(t_T]z)’

Si<t T}<t TP<t
(3.8)
2 1 2
)\? — )\gefégt + E }/}26—(52(15—5]-) + E 25716762@771- ) + E Z§,26—52(t—Tj )’
2 1 2
Sj <t Tj <t Tj <t
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where for k, k' =1,2,
e \: >0 is the initial intensity at time t = 0;
e Or > 0 is the constant rate of the exponential decay;

° {SJ’?}jzl are jump times of a Poisson process M* with the constant intensity
Pk - {ij}jzl are associated jump sizes that are 1.i.d non-negative random
variables with the distribution function Hy, the Laplace transform ﬁk(u) =

E[e_“yfk] foru € Ry, the mean ub; and the i-th moment ;g for i > 2;

o {T}}j>1 are jump times of N* with jump size {Zf’k/}jzl that are i.i.d non-
negative random variables with distribution function Gy, the Laplace trans-
form ggp(u) = E [e_uzfﬁk} for uw € Ry, the mean peww and i-th moment

Higrwr for i > 2;

o All jump times {S}};>1 and {T}};>1 are independent of jump sizes {Y}};21
and {ka,}jZl-

A simulation path of (N, A) is shown in Figure 3.1 in Section 3.6.
The intensity A is a Markov process due to the exponential decay. For k, k" =

1,2, the marked point process » sk< Y’“ O(t=57) characterizes the impact from an

external factor on the system. ETk ZM —0(t=T) and ZTk’<t Z’”‘C =51} for
k' # k are self-exciting and cross-exciting components characterlzmg the internal

dependence through contagion.
Denote for k£ =1, 2,

:Zy;k, Nk szl Nk sz2

k 1 2
Sk<t Tl<t T?<t

then the intensity process in (3.8) can also be written in integral form:
M= Akt / e Oklt=s) g JM* 4 / e OR=s) g Ny / e~ ORt=s) g JN*E - (3.9)
[0,t) [0,) [0,t)

From the intensity-based definition, we can see that the BDCPs are a broad
class of point processes covering a few distinct and important point process classes

introduced in Section 3.2.
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First by setting Zf’k/ =0forall j > 1, k,k' = 1,2, we obtain the shot-noise
Cox processes defined in Example 3.2.4:
)\f _ )\lgefﬁkt + Z Y,ke_(s’“(t_sf)
J
Sk<t
Second by setting Y;’“ =0and Zf’k, as constants for all j > 1, k, k' = 1,2, we obtain
a bivariate Hawkes process with exponential decay defined in (3.3):

A= Me Z Z;,le—El(t—le) i Z Z},26—51(t_Tj2)’

1 2
T;<t TF<t

)\% = )\36—5215 + Z Z?’1€_52(t_Til) + Z Z?’26_62(t_Tj2)_

1 2
T;<t Tr<t

(3.10)

Finally by removing the cross-exciting component in marginal intensity pro-
cesses, we also recover the univariate dynamic contagion process (UDCP) defined
in (3.6) with the intensity :

M= Age 4 YT Ve S N ke,

k k
Sj <t Tj <t

Conditions on BDCP In this thesis, we assume the following conditions al-
ways hold. We will assume a few more conditions hold later when solving specific

problems.

Condition 3.3.2.

(C1) For k,k' = 1,2, all random jump sizes {Y}'};>1 and {Zf’k/}jzl have the

finite first moments. i.e. gk, [lorew are finite.

Hg22  Hgl2
(C2) The spectral radius of the matriz [ 52 62 ] is less than 1.

Hg2,1 Mgl
01 01

Remark 3.3.3.

(1) One can easily check that under (C1), fot Asds < o0 a.s. for every t > 0,
thus the BDCP N is non-explosive. Indeed, it is sufficient to show that
E[fg Asds] < oo for all t > 0 using Gronwall’s inequality.

96



(2) The spectral radius condition in (C2) is equivalent to the following

2
Hgri | pg22 Hgri | Hg22 Hgr2 g2
= 4 <1 (31
> 51+52+\/<51+52)+52 5 (3-11)

(8) (C1) and (C2) will be a sufficient stationarity condition of the BDCP (see
Theorem 4.3.4).

(4) In addition, we assume that the second moments of jumps popr and flocew

are finite for the computation of the stationary second moment in Chapter 4.

Markov Processes Note that the process I' := (A}, A2, N1, N2 t) is a Markov
process with the generator A, and take any f in the domain D(A), then at A =

<>‘1a )\27 ni, N, t)a we have

Af ()\17 >\27 ni, ng, t)

_of sy Of o\ Of

T ot Mlaxl 0222 Oy

+ p1 { f (A1 +y, Ao,y mo,t) dH (y) — f(A)}
Ry

+,02 |: f()\17)\2+y7n17n27t) dHZ(y)_f(A)]
Ry

+ M\ F (A1 + 21, A2 + 29,11 + 1,n9,t) dG1 (21, 22) — f (A)
| /R A

+ A2 F O+ 21, A0 + 29,n9,n9 + 1,1) dGa(21, 22) — f(A) |

2
_R+

(3.12)

where Gl(zl, 22) == G171<21)G271(2’2) and G2(217 ZQ) == G172(21)G272(22).
Moreover, (A', \?) is also a Markov process with the generator Ay, and take any
f in the domain D(A,), then at A = (Ay, Ay), we have

Axf (A1, Ao, )

_of sy Of o\ Of

ot Mlaxl ‘W?mg

+ p1 [ J (A +y, ) dH (y) — f(A)
R+

o7



+ P2 [ f (A, A2 +y) dHy(y) — f (D)

R4
+ A f M+ 21, A0 + 22) dG 1 (21, 22) — f(A)
[/RY 1
+ )\2 f ()\1 + 21, )\2 + 22) dGQ(Zl, ZQ) — f (A) . (313)
[/RY 1

3.3.2 The Branching Structure

Inspired by [39] for Hawkes processes and [23] for UDCP; in this section we represent
the BDCP as a cluster process with a branching interpretation. The representation

is helpful in the stationarity analysis in Chapter 4.

Definition 3.3.4 (Bivariate Dynamic Contagion Processes (Cluster-based)). A
bivariate dynamic contagion processes N = (N1, N?) is a two-type cluster process

(C*, C?) with the branching interpretation as follows:

o Fork = 1,2, the cluster centres of type k are immigrants (zeroth generation)
arrived at {Tf{(o)}mzl with Ti© = Sk following a shot noise process with

o ©
intensity A0 = M=ot £ S yke—0t-T ),

e Fach cluster centre of type k arrived at T, 712,(0)

generates a cluster C* consist-
ing of events of type k. We include the cluster centre into the cluster. In
branching term, each C* is the set of type k immigrant arrived at 75O and

its decedents of all generations.

Moreover, the cluster process of type k becomes C* = J>°_, CF.

e Forn > 1, denote by CE™ the set of the n-th generation offspring in the clus-
ter C* | then the collection of the n-th generation offspring of type k from all
clusters is C*™ = | J>°_, CE™ " Denote by Nk = (Ntk’(n))tzo the offspring
birth process in C*™ with the arrival times {Tf’(")}jzl and the intensity
A = ().

For each n > 0, the (n + 1)-th generation is generated from n-th generation

individuals in all clusters with the intensity

/\f,(n+1) _ Z Z‘f,l,(n—Fl)e—&k(t_lev(”)) n Z Z]If;,2,(7‘b—&—1)6_5}6(t_TJ_?,(n))7

Tla(”) <t T21<”)

i j <t
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where for k, k' = 1,2, the random marks Z]l-c’kl’(nﬂ) are independent copies of
ZE.

J

e Collect all individuals of type k up to the n-th generation from all clusters,
denoted by C*", then CF" = U?:o C*U). The offspring birth process up to
the n-th generation in C*" is N*" = (NF");5¢ with birth times {Tf’"}jzl

and the intensity process \¥" = (Af’”)tzo. Hence, we have for any t > 0,
k.n k(i k.n k(¢ k.n k(i
D D D DA (i S UL Era S
i=0 =0 = =0 =

Clearly,

n—o0 n—o00

C*F = lim C*" = lim Lnj C*Y = lim CJ D CckU),
7=1

j=1m=1

By construction, all clusters {C* },,>; are independent. Moreover, we have

n—oo

NF = lim Nf" = lim Y NSO,
=0

n—oo

A= lim APt = lim YO AP©
=0

We call the sequence of processes N* = (N"),>; where N" = (N1 N?") with

intensity A" = (AL, \2") the truncated finite systems of the BDCP.

From the bivariate system to the univariate system To simplify the multi-

type problem, we merge the bivariate branching system into a univariate system,

such that the i-th generation of type 1 and type 2 offspring become the (2i — 1)-

th and 2i-th generation in the new univariate system. Denote the birth time of

the n-th generation in the new system as {Tj(n) }j>1 and the counting process as
N® = (Nt(n))tzo with the intensity A™, then for i > 1 and ¢ > 0,

AZD L@ L) 20,

Y

Then we have for ¢ > 1,

My 1,(0)
(1 1, —61t 1 _—61(t=T;"
A o= e M+ g Y:'e ( >,
i=1
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M?2

t 2,(0)
(2) _ y2,-6t Z 2 =8 (t-T;"
i=1

2i—1 27
(2i+1) i 11 —6 (=T V) N 12 o1 (11>
A, = E Z;"e J + g Z;%e i,

j=1 7j=1

2i—1 24
(2i+2) i 2,1 762<t7T?2F1>) N 2,2 762<t7T§21))
Ay = E Z7e J + E Z; % i),

Jj=1 Jj=1

By construction, the original bivariate branching system can be recovered:

n 2i—1 n 2i—1
A= AR NS YN
i=1 i=1

2.n 21 2.n 21
At = ZAg )a Ny :ZNt( g
=1 =1

Hence the original bivariate system with truncation up to n-th generation is
transformed into a univariate system with truncation up to m-th generation with
m = 2n. We call m and n as the system index for the transformed and the original

system respectively.

Remark 3.3.5. Note that the BDCP system (N', N2, A \?) and the intensity
process (A1, \?) are Markovian but the truncated finite system intensity (AL", A3™)
is not. However, the joint branching intensity process (A, ... A™) is a Markov

process.

3.4 Existence of Moments

In this section, we aim to find the condition under which the moment
H(p1,p2.q1,q2) = E [O‘%)pl (>‘§>p2 (Ntl)ql (NtQ)qQ}

exists for any p1, p2, q1, @2 € N. The condition found and Example 3.4.2 will be used

in exploring the filtering error in Proposition 5.3.7 in Chapter 5.

Proposition 3.4.1 (Existence of Moments). A sufficient condition of the ezistence
of the moment of E[(A\})Pr(A2)P2(N})#(N2)®] is that for k,k' = 1,2, the py-th
moment of jump size {Y}};>1 and (py + pa)-th moment of jump size {Zf’k/}jzl are
finite, 1.e.,

[kaHk < o0, lu’(p1+p2)Gkvk/ < 0Q. (314)
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Proof. First we denote

Note that the process I' :=
n (3.12), and if we take f(\,n) =

pi=p1+p2, q:=q+q.

(AL, A2, N1 N2 t) is a Markov process with the generator
(A1)P1(A2)Pr(ng)? (ng)® in (3.12), then we obtain

A Q) ()" (o)

— p151()\1>p1(/\2)p2 (nl)ql (n2)q2 _ p252()\1)p1 ()\2>p2 (nl)th (n2)qz

o ) () | [
a0 ) () | [

+ Ao

+

(A y)P dH () — wpl}

(Ao -+ y)PdH(y) — Wﬂ

+

+ A /RQ (AL + 20)P (A2 + 22)7% (01 + 1) (n2)®2d G 1 (21)dG2(22) — (A)PH (A2)P! (1) (n2)

/RQ ()\1 + Zl)pl ()\2 + 22)122 (nl)ql (n2 + 1)q2dG1’2(21)dG2’2(22) - ()\1)1)1 ()\2)p1 (nl)‘“ (TLQ)qQ

— (p101 + p202) (A1)" (A2)P* (1) (n2)®

p1—1

p2—1

+ 1 Z [y -y (A1) (A2)P2 (1) (n2) ™ + po Z fpo—gy 12 (A1)PE(N2)? (7)™ (ng)

=0

+ M F1L (A1, A2, iy, ng) + Ao Fo (A1, Ag, i, na),

=0

where using binomial expansion,

Fl()\la )\27n17n2)

p1—1p2—1qi—1

=2 > D i)

i=0 j=0 (=0
p1—1lqi—1

+Z Z 'LPQZQQ

=0 [=0

FQ()\la )\27 ny, n2)

p1—1lpa—1lg2—1

=22 2 busanh

i=0 j=0 [=0
p1—1lgq2—1

+ Z Zb(%mqﬂ

=0 [=0

(3.15)
p2—1lq1—1
(A2 (n1) (n2)2 + ) 0D gy jrgn (M) (M) (1) (na)®
=0 1=0
p1—1p2—1
) (M) () (n2)% + > ) @i jigr gy (M) (Na) (n2) % (n2) 2,
i=0 j=0
p2—1g2—1
Vo) ()" (n2)' + D7 D b ganny A" e (1) (o)
7=0 1[=0
p1—1pa—1
) (A2)? (n1) " (n2)" 4+ D> Y biijgrany (M) (M) (m2) " (no)*,
=0 45=0

61




with the coefficients

b1 P2 q1
Aijlagz) = ; i I H(p1—i)GL1 H(pa—5)G21»
b _ [Pt D2 42
(i,g,q1,l) = ; i ] H(p1—i)G12 H(py—5)G2:2 -

By martingale theorem, f(\;, N;) — fot Af(Xs, Ng)ds is a martingale, then
E [(A)P (AP (N (NF)2] =E [(Ag)" (A5)P2 (NG )™ (Ng)*%]
t]E Al (ADHPr (3P (NDa(N2)2 ) | ds. (3.16
= [Ela(0proer e o) o 610

The last term in above equation is obtained by taking expectation in (3.15) where
Ax and ny, are replaced by A and N* for k = 1,2. Note that all terms in (3.15)
are linear function of the moments ji(; j;.,) and therefore we actually need to solve
a linear ODE systems of {u(i7p_i,j7q_j) 1=0,...,p;7=0,... ,q} for p = p1 + po,
q = q1+qo recursively in terms of the indexes p and ¢ and if all lower order moments
{M(i,j,l,w) it <pltw< q} are known. Therefore, we can obtain fi(, ps.g1.¢0)-

As the existence of higher order moments implies the existence of lower or-
der moments, from (3.15), the moment fi(p, pq1.q2) €XIStS i Lo iyt f(pe—jym2s
(i p—ijig—j) and b p_; jq—j) are all finite for ¢ < p and j < g. Therefore, we obtain
a sufficient condition as in (3.14).

[]

Example 3.4.2. For exzample, the third moments E[(\F)3] and E[(NF)3] exist for
k=12, if uzge < 0o and piggrw < 0o for k, k' =1,2.

3.5 Exact Simulation of BDCP

First recall [25] where the exact simulation algorithm of the UDCP is based on
simulation of the inter-arrival times. In this section, we extend the algorithm for
the simulation of the BDCP system (N!', N? A',\?). Note that the univariate
process is a reduced case and more general multivariate processes can be extended
without difficulty.
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First recall the intensity process in (3.8):

)\% AL —51t+ZY1 —81(t—57) + ZZMG 1(t=T}) + 2212 —81(t— T2)

Si<t T} <t T?<t
)\? 2 —52t 4 § Y2 —d2(t— 52 + § 22 1 _—d6a(t— T + § Z2 2 —ba(t— T2)
2 1 2
Sj <t T] <t TJ <t

The simulation algorithm is based on the fact that A is a piecewise deterministic
process. For each & = 1,2, the dynamic of A\¥ consists of upward jumps and
exponential decay between jumps. Note that there are three types of jumps in
A¥ one is the external jumps as a Poisson process, and the other two types are
self-exciting jumps from N* and cross-exciting jumps from N* for k' # k.

The algorithm consists of simulating the inter-arrival times between jumps of the
intensity A, simulating the deterministic motion of A between jumps and updating
A at jump times. Since all jumps in the intensity process A are triggered by jumps
of N and M, meanwhile A determines the jumps of N, we generate all jumps of N
and M sequentially in the intensity processes.

First we denote by II the set of all jumps in the intensity processes:

Mi={Ty < Ty <+ <Tp <} = {8} o [ ST ot T} 1o T im0
Moreover denote

e T;: the i-th jump time in II.

e W;: the inter-arrival time between the (¢ — 1)-th and é-th jump in II, so
Wi =T, — Tiy.

e EF: the inter-arrival time of the first jump of Poisson process M* after T;.

e [F: the inter-arrival time of the first jump of N* after T; assuming no jumps

from other components.

Suppose there is a jump at T; and intensity right before the jump is Ak_ =
Aj._ = M}, then the intensity is updated at T;, denoted by A’ = M4 accordlng
to the type of the jump at T;:

e If the jumps is the jump of M*, i.e. T; = S} for some j, then )\k+ = )\k, +Y}.
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e If the jumps is the jump of M* ie. T, = S]'?’ for some 7, then )\;+ =\

e If the jumps is the jump of N* ie. T; = Tf for some j, then )\§_+ = )\;_ —|—Zf’k.
e If the jumps is the jump of N¥, ie. T; = Tf’ for some j, then )\;+ =
K ko ! '
)\T; +Z7.

After the update at T;, the intensity of the next jump 7;,; € Il becomes:

MNA+N+p+p, te (T, Ti)
where

AY =M e 0T e (T, Ty

Therefore the inter-arrival time between T; and T;,4 is
o 1 2 1 2
Wi = mln{Ei+17Ei+17]i+17Ii+1 )

where E}, |, E2 |, I}, I% | are mutually independent random variables conditioned
on the updated intensity )\f}r at T;. Moreover, for kK = 1, 2, we have the distribution
functions of the inter-arrival times:

Fpe () = P(EE, <t) =1,

i+1

T+t t
Flfﬂ(t) =P(If,, <t)=1—exp (—/ )\ﬁdu) =1—exp <—/0 )\l}Hudu)

T;

1 _ —5kt
=1—exp (—A';g%) )
i k

I,k
Or In Uiy
A\

Define d¥ , := 1+ where Uzﬁkl is a uniform random variable on [0, 1],

Tt
1
moreover define

- 1
[f+1 = o 1n(d§+1>1{d§‘+1>0}7

then _ff+1|df+1 >0< If, . Indeed, from the definition, we have

T 1— —Opt
P(L'kﬂ < 2f|df+1 >0)=1—exp (—)\§++) _
i k

Exact Simulation Algorithm of BDCP We simulate {7;};>; in II sequentially
and in this way we can simulate the BDCP system (N, \).
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1. Start from Ty = 0, )\;i =MN>0, N =0, for k=1,2.
0

2. For i > 0, we simulate the (7 + 1)-th inter-arrival time W;,; in the intensity

processes. Since
Wi = min{E}H, Ei2+17 Ii1+17 Ii2+1}7
then
Tiyr =T + Wiy

: : Ek p7Lk Yk Zk,j
Generate mutually independent random variables U7, U; 5, V7 and Vi

uniformly distributed on [0, 1] for k, j = 1,2. Then, generate

1
k Ek
Eiy = _E InU;.7,

1
]ik—i-l = _5_kln (df—&—l) 1{d§+1>0}|df+1 > 0.

3. Update AF and NF at T;, ;.
For k, k' =1,2 and k # K/,

(\k k k
)\T:—I + )/iJrl; Wi—i-l = E@'+1
T
k k,k _ 7K
R K3
L o=
S DY Wiy = EF
T-:_17 i+1 — i+1
k kK’ _ 7K
\AT:A +Z, Wi =1,
where
ko vk —0u(Tig1—T})
)\Tijrl = )\TZ_+€ s

and Vi1, = —-InV, 7, 2% = _ﬂT,janiH for j =1,2.

We update N* at Tj,; as
k _ 7k
e N L W=
L o=

T NE_ otherwise.
i+1
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3.6 Graphic Illustration

Take the exponential jump sizes of \: Y* ~ exp(B)), Zf’k’ ~ exp(ﬂkz’k,) with pa-
rameters in Table 3.1. Moreover, we suppose the process starts with the stationary
mean value computed in Section 4.4. We show in Figure 3.1 a simulated sample

path of a BDCP using the algorithm in the last section.

ﬁlgz,k:5(k:1a2) ﬁkZ,k’ZZ(k#k/)

p1 =10 p2 = 10
51:2 52:1
pY =1 BY =1

Table 3.1: Parameters for the simulated path

We observe that for k¥ = 1,2, the intensity A\*¥ have common jumps with the
counting process N* and N¥ for k # k’ which exhibits the mutually exciting
property. Moreover, the intensity has additional external jumps of the Poisson

process MP*.

3.7 Conclusion

In this chapter, we introduced the basics of point processes and BDCPs. We defined
the BDCP based on the intensity process and the cluster process representation.
We discussed its Markov property, and based on which we found the existence
condition of the moments. Moreover, we provided an exact simulation algorithm

of the BDCP and illustrated with a simulated sample path.
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BDCP: (N'A)

20

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time t

Figure 3.1: A simulated path of the BDCP and its intensity (N*, N2, A, A\?). The

self-exciting jumps {/\k — } and cross-exciting jumps {)\k' —\ } for
g jump TF+ T f 151 g jump Tk + T

k,K'=1,2 and k # k.
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Chapter 4

BDCP Stationarity Analysis

In this chapter, we explore the limiting and stationary distributions of the BDCP
intensity A = (\;)i>0 and the truncated finite system intensity A" = (A}');>o intro-
duced in Chapter 3. We first find the the limiting distribution (¢ — o0) of the finite
branching system, A", using Markov process theory, which coincides with the sta-
tionary distribution. As n — oo, the finite system converges to the original BDCP,
and we find a sufficient condition ((C1) and (C2) in Condition 3.3.2) for existence
of the limiting and stationary distributions of BDCP. The stationarity result will

be used in Chapter 5 for the diffusion approximation.

4.1 Introduction

Stationarity is an important property of stochastic processes and is also a common
assumption in many statistical applications. Based on the stationarity assumption
in Chapter 5, we will explore the diffusion approximation of BDCP with filtering
applications. Therefore, we investigate the existence of a version of a stationary
intensity of BDCP in this chapter.

In the following, we first review the definitions and the literature.

Stationarity On a probability space (2, F,P), a stochastic process X = (X¢)i>0

on state space (E, B(E)) is a stationary process if the finite dimensional distribution
P(Xigs, €11, Xiys, €T%)
is independent of t > 0 forall k > 1,0<s; <--- < s, and I'y,..., Ty € B(E).
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Then we recall the definition of the stationary distribution and the stationary
process in the class of Markov processes (see Section 9.4 in Ethier and Kurtz [33]).
Suppose that a martingale problem for the generator A on state space (E, B(E))
is well defined, then p as a probability measure on E is a stationary distribution of
A if every solution X of the martingale problem for (A, p1) is a stationary process.
Moreover, p is a stationary distribution for A if and only if X; has the distribution
w for all £ > 0.

The following stationarity theorem is from [33, Chapter 4, Proposition 9.2].

Theorem 4.1.1. For a Markov process X that solves the martingale problem for
(A, 1) with the domain D(A),

W is a stationary distribution if and only if for any f € D(A),
/ Af(x)du(x . (4.1)

Costa [18] discusses the stationarity condition of piecewise deterministic Markov
processes based on the analysis of the embedded Markov chain. Dassios and Zhao
[23] show the existence of a stationary distribution for UDCP, based upon which
the ruin probability in insurance modelling using UDCP is discussed in Dassios
and Zhao [24]. Brémaud and Massoulie [14] discuss the stationarity and stability
of linear and non-linear Hawkes processes defined on the whole real line based on
a recursively constructed approximating sequence of the intensity process. Fur-
thermore the BDCP can be seen as an affine process, and Duffie et al. [28] and
Keller-Ressel et al. [45] can be consulted for the research on affine processes. The
stationarity results are only available in a few cases of diffusion affine processes. For
example, the discussion of the stationarity of two-factor affine diffusion processes
can be found in Glasserman and Kim [35] and Barczy et al. [9].

The analysis of the BDCP intensity in the following is based on the convergence
of the finite branching system (A", A>™) or the joint system (AM), ... A™) in the
cluster-based representation of the BDCP intensity (A', \?) (see Section 3.3.2). We
apply the Markov theory of the PDP on the finite system to explore the limiting
distribution as t — co. With the branching system index n — oo, the existence con-
dition of the limiting distribution of (A}, \?) is obtained. The limiting distribution
result can be found in Theorem 4.2.2 and the existence condition is Condition 3.3.2

in Chapter 3. In Section 4.3, we show that the limiting distribution is also the
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stationary distribution. We provide a stationarity condition of (A™M, ... A®") in
Lemma 4.3.1 in terms of the Laplace transform. We verify that the limiting dis-
tribution found in Section 4.2 is also the stationary distribution of (A®, ... A(2")
and (A" A%") in Theorem 4.3.2 and Corollary 4.3.7 respectively. The convergence
argument is applied to conclude the stationarity of the BDCP intensity (A', \?)
in Theorem 4.3.4 and also BDCP (N!, N?) in Corollary 4.3.7. In Section 4.4, we

provide the stationary moments.

Notation Denote the limiting distribution (¢ — o0o) and the stationary distribution

in the branching system as follows:

process limiting distribution stationary distribution
(AD, L A Ly s
(AT, A%m) M s
(A, ) 1 s

Table 4.1: Notation of distributions in the branching system.

4.2 Markov Property and Limiting Distributions

We use the Markov property to explore the limiting distributions of the intensities

in this section.

4.2.1 Markov Property

Though the intensity (A!,\?) is a Markov process, it is difficult to explore the
stationarity directly using the PDP theory as the marginal processes are coupled
through the cross-exciting components. Instead, we start from the joint finite sys-
tem (AEI), A?), e ,Agm)) from the branching structure introduced in Section 3.3.2
since it is a Markov process and also a recursively decoupled system. Moreover it
can recover the finite system (A" A%") which is not Markovian but converges to
the Markov process (A, A\?).

Suppose the generator of (t,Agl),A?), . ,A§m)> is A,, with domain D (A,,),
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then for any f € D(An), A= (A1, .., Am)

A ft, A, Mgy ey Am)

R S PN

== ;(M@Ai

+ p1 [/OO ft, A+ ery)dH (y) — f(t, A)} + po {/OO ft, A+ exy)dHs(y) — f(t,/\)}
0 0

+ ZA ([ et cannian) - o) + ([T e+ enss)dcnn ) - 56.0)

+ :Z_i)‘% [(/OOO JE X+ e12)dGra(z) — f(1, )\)> + (/OOO F(E A+ eagi02)dGan(2) — f(t,A))} .
(4.2)

where ¢; := (0,...,0,1,0,...) € R™ with i-th element being 1 and other elements
being 0.
Take
¥ (t AW L A§m>) _ o~ BiOAL == B ()M +em (1)

and suppose it is a martingale. Consider for any 7' > 0 and assume that B;(T") = v;
and ¢;,(0) = 0, then the Laplace transform of (Agrl), . ,A(Tm)) conditioned on the
initial condition Ay = (A(()l), . ,A(()m)) at (v1,...,v,) € R is

1 m m m
E, |e—Ar ——vmAL 1 =F, [e*Bl(nA(T”f---me(T)A% )] — ¢ BUOA == B (O)AG —em ().

where Eq[-] := E[-|Ag].
A sufficient condition for f to be a martingale is that for any ¢ > 0, {\;}7, p1,
pron Ry A, f(t, A\, Ae, ..., A\n) =0, ie.

+ Aok [—sz(t) + 02 Boi(t) + (G1,2(Bort1(t)) — 1) + (g2,2(Baw2(t)) — 1)]

+ Aon s [_BQn,1<t) n 513%,1@)} + don [_BM@) n 5232n(t)]

Fén(t) + (ﬁl(Bl(t)) - 1) + o (152(32@)) - 1) .
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Therefore, the sequence of functions {B;(-)}.;~, solves the backward recursive
ODE system (k=1,...,n—1)

~Bon(t) + 61 Ban(t)

— By 1(t) + 09 Bop1(t) =
—Bo—1(t) + 01 Bop—1(t) + (91,1 (Bars1 (t)) — 1) + (§2.1(Bors(t)) — 1)
—Bai(t) + 62 Box(t) + (91.2(Bars1(1) = 1) + (G2,2( Baga(1)) — 1)

Moreover,
m(t) + 1 (ﬁl(Bl(t)) - 1) + o (EQ(BQ(t)) - 1) — 0, ¢n(0)=0.

We transform the system that is backward in the system index and the time

into a forward system by taking
lk(t) = Bm+1,k(T - t) == BgnJrl,k(T - t)

By construction, ASY = AL AP = A2 and AY) = 0 for j > 2, then the Laplace

transform becomes
—o A oy, AL L (T)AY =~ 1y (T)AS™ — o (T) o (T)N =lan—_1 (T)N\2—cm (T)
Eq |e T mip — e ‘m 0 0 m — e "2n 0 ‘on— 0 ems)

(4.3)

where [;(t) and ¢,,(t) solve the forward ODE system: with £k =1,...,n — 1,

(1) 4 60 (t) = 0, 11(0) = van,

Iy(t) 4+ 6115(t) = 0,  15(0) = vgn_1,
b1 (t) + Oalapsr () — (1= Gr2(lek(t))) — (1 = Gop(lox—1()) = 0, las1(0) = voue),
boka(t) + Orlapa(t) — (1= Gu1(lak(t))) = (1 = g1 (lak—1(t)) = 0,  logs2(0) = )1,

En(t) — p1 <1 - iLl(ZZn(t))> — P2 (1 - h2(l2n—1(t))> =0, cn(0)=0

(4.4)

Note that the ODE system (4.4) has a unique and explicit solution in a recursive
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form

lo(t) = wvap_1e ',

t
L1 (t) = U2(n7k)6_62t + 6_52t/ " [1 — g1o(lor(s)) + 1 — Goo(lar_1(s))] ds,
0

t
boii2(t) = vamory—1e” " + 6_61t/ e [1— g1 (lak(s)) + 1 — Goa(lak—1(s))] ds.
0
(4.5)

Moreover,
en(T) = /0 ' [1 - ﬁl(zgn(t))] dt + ps /O ' [1 — ha(lan 1 ()] dt.

4.2.2 The Limiting Distributions

The following lemma shows a necessary condition of the existence of the limiting
distribution. It also indicates that the limiting distribution of the finite system is

independent from the initial condition.

Lemma 4.2.1. For anyi=1,...,m, and (v1,...,v,) € RY,
Proof. See Section 4.5. O

Then the Laplace transform (4.3) of the limiting distribution of the univariate

finite system (AW, ..., At™) at any (vi,...,v,) € RT becomes

7%174)1(,017“-,'07”) = Th_I,I;oEO [e’”lA(Tl)*"‘*vagpm)}
= o (<o [ 1= huttmo)] at o [ 1= hultera)] ).
0 0

(4.6)

By Lévy’s continuity theorem, the limiting distribution exists and is non-degenerate
if 7% (v1, ..., vy) > 0. In the following theorem, we provide the existence condition

for the limiting distributions.
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Theorem 4.2.2 (Existence of Limiting Distributions).

(1) Under Condition (C1) in Condition 3.3.2, as t — oo, the limiting distributions
3 of (AW, ... AM™) and py of (A", A7) emist.

(2) Under Condition (C1) and (C2) in Condition 3.3.2, as t — oo, the limiting
distribution p* of (\', \?) exits.

Proof. (1) Since for any k € N,
1= oy (g (1)) = / "y (o (1)) = / R o (W) (W) < b (1), (A7)

Hence [;° [1 — Iy (lgk(t))] dt < p [ log(t)dt and (4.6) becomes

T (v1, ..., Um) > exp (—plqu / lon(t)dt — pgqu/ lgnl(t)dt) ) (4.8)
0 0

jgolgn_l(t)dt

J5~ lan(t)d

Therefore it is sufficient to show that [ ] is finite and thus the

process does not explode as t — oo.
From (4.5), for all j =1,...,2n, and ¢ > 0, the function /;(¢) is increasing with
the initial value vy, 41-;. We construct a sequence of functions {L;(t)}7, that is

the solution of the forward ODE system (4.4) with larger initial values

Lox—1(0) = vy = Max vy, Lok(0) = v] = max wvyq fork=1,...,n. (4.9)

7 lon—1 (t)dt
Therefore 1;(t) < L;(¢t) for j =1,...,2n, and [fo an—1(t) ] <

Iy~ L (t)dt
[ Lona(t )dt] e

[ Loy (t)dt
0 TL
With the same initial value as in (4.9), from the explicit recursive solution

f”L%/ﬂ)ﬁ
J5° Loy (t)dt

Then it is sufficient to show that [

(4.4), one can easily check by induction that for each ¢ > 0, Log_1(t) and Lo (t) are

increasing with k. We can define non-negative distance functions

k=1: dV(t) = Li(t), dP(t) = Ly(t).
k Z 2 d](gl) (t) = Lgk_l(t) — LQk_g(t), dl(f) (t) = Lgk(t> — Lgk_g(t),

hence we have d,gl)(O) = d,(f)(()) =0 for all £ > 1 and moreover

L%_l(t):idﬁ.”(, Lon(t Zd

=1
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The following recursive inequalities are proved in Section 4.5:

t
dl(cl+)1 (t) < 6_62t/ %28 [u@gdg)(s) + ,ugl,le(f)(S)] ds,
0

. (4.10)
dl(j)-l (t) < 6_61t/ 6518 [Mgz,ldg)(s) + ,ugl,ld](f)(s)] ds.
0

o] o] t
/ dM (dt < / e %2t / e (M(p,ng”(s)+ugl,gd§2>(s)> dsdt
0 t=0 s=0

= / (/ e‘btdt> €2 <ug2,2d§1)(5) + ,LLGl,Qd,EQ)(S)> ds
s=0 t

=S

pe / dV(s)ds + HE2 / d? (s)ds.
02 o2 Jo

0
Similarly,
/ d? (tar < He / dV(s)ds + £ / d? (s)ds.
0 51 0 61 0
i.e.
Lrdmar| _ o [5d @at
o d@@de] — P e
where

A= % 02

Iteratively, we obtain for ¢ > 1,

[f;” d§1><t>d1 e [ e

oo d® (1)t [ dP (t)at

— Aifl

V3
g]
vy | °
81

Denote by p the spectral radius of A. From matrix theory, for any € > 0, and
p = p+ ¢, there exists a norm || - ||, such that ||A|| < p. Then, for any i > 1,

1AT] < 1Al < 7.

If we take the Euclidean norm || - ||2, then due to the equivalence of norm there

exists a constant C' > 0, such that
|A"]2 < CJlA"| < Cp".
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By definition,

fooo Lon—1( -
oS e

. * Lon_1(t)dt]
Denote L,, := H [‘[0 2n-1(t) , then
Ji° Loatit ||,
g % 1= [ (v\®  [or)?
L, < At ol <O 2 <) <. 4.11
<3 Iblg‘ EV(E) +(F) < aw
1= 1 2

Hence [ Loy—1(t)dt < L, < oo and I3 Lon(t)dt < L, < oo, which indicates
that the limiting distribution 7 of (A®M ... A(™)) exists.

The existence of the limiting distribution p of (A" A>") is implied from the
analysis above. Indeed, by taking vy;_1 = v1 and vy; = vy for i = 1,...,n, then the

Laplace transform in (4.6) becomes

[0 (v1,02) == hm E, [ M%”—vz)\%”}
0 0

(1.12)
where ly,—1(t), l2,(t) are from the solution of the ODE system (4.4) with initial
values ly;_1(0) = v; and ly;(0) = vy for i = 1,...,n.

In this case, [;(t) = L;(t) for j = 1,...,m, and hence the limiting distribution

(' exists.

(2) We explore the existence condition for the limiting distribution g% of (A', \?)
using the convergence of iy when the system index n — oo.

Note that for the Laplace transform f7 in (4.12), l,(t) and ly,—1(t) are from
the explicit solution to (4.4) with ly; _1(0) = vy and ly;(0) = vy for i = 1,...,n, ie.,
for k=0,...,n—1,

ll (t) = U26_62t, lg(t) = Ule_élt,
t
mﬂwzwfm+fm/emﬂ—mﬂﬂﬁﬂi—hﬂmﬂwwﬁ (4.13)
0
t
l2k+2(t> = Uleiélt + 661t/ 6518 [1 — ng(le(S)) +1-— g271(lgk_1(8)>] ds.
0
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Note that for any ¢ > 0, lox_1(f) and Iy (¢) are increasing functions of k for
k > 1, hence by the monotone convergence theorem, (la, 1(t),l2,(t)) converges to
a limit ({3(¢),15(t)). Note that the convergence is uniform in ¢, hence (I%(-),15(+))
is a continuous function. Then again by the monotone convergence theorem, the

Laplace transform of the limiting distribution of (A!, A\?) is

~ %

(v, v9) = lim i (v1,v2)

= exp (-m /OOO [1 - hl(z;(t))} dt — ps /OOO [1 - @(z;@))] dt) .

(4.14)

To show p% is non-degenerate, following the same argument as in (4.7), it is suffi-
Uy (t)dt
Ji 1 @) ] o

J o i3 (t)dt
Since the spectral radius p < 1 under (C2) in Condition 3.3.2, take 0 < € < 1—53,

cient to have [

and by the matrix theory there exists a norm || - ||, such that ||[A|| < p=p+e<1,
then from (4.11) in the first part of proof,

~ 1-— ﬁn (%) 2 U1 2 1 (%) 2 U1 2
L, < 2 2 — /(2 L .
<o B (7) < (3) <er(7) < (3) <

Since L, as the upper bound of fooo lon_1(t)dt and fooo lon (t)dt is uniformly bounded

inn > 1, we have

[ﬁ%@ﬂzggpfmﬂw1<w

fooo 13(t)dt fooo lon(t)dt

4.3 The Stationary Distributions

The limiting distributions of the finite system and BDCP exist by Theorem 4.2.2.
In this section, we show the equivalence between the stationary distribution and
the limiting distribution.

First, a stationarity condition for the finite system <A§1), e ,Aﬁm)> is provided

based on Markov process theory in [33] for example.
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Lemma 4.3.1 (Stationary condition equation for the finite system).

Distribution & is a stationary distribution of (AEI), e ,AE”“) if and only if the

Laplace transform ©¢" at any (vi,...,vn) € R satisfies

= =) S (V1 vm) + pr(ha(v1) = 1) + pa(ha(ve) — 1)

n—1

o™ (v1, ..., U A 0
" Z " (0 ) (1 — g11(vakt1)) + (1 — Go1(vars2))]
P Qa1
n—1
o™ (v1, ..., U A 0
" Z 7 (01 ) (1 — G12(vart1)) + (1 — Goa(vars2))] -
P Ovag,

Equivalently, the equation can be written in terms of the ODE system (4.4):

a on 7 ~m
O_Zl2n k+2 Fk +l2(n k+1( )87Tk Pl(l—hl(v1)) —Pz(l—hz(vz))ﬂg-

(4.15)
Proof. See Section 4.5. ]

The following theorem states the equivalence between the limiting and sta-
tionary distribution, and the proof is based on the self-similarity structure of the

system.

Theorem 4.3.2 (Stationarity of the finite system).
For any system index m = 2n for (Agl), e ,Agm)>, if there exits a limiting distri-

: , . : o d
bution 7y, then there exits a unique stationary distribution w3 and 7 = 7'}

Proof. For the existence, it is sufficient to show that 7™ := 7} satisfies the con-
dition equation (4.15). The uniqueness of such 7§ follows immediately from the
uniqueness of 7y

Since limy o lo, (1) = limy o lo—1(t) = 0 from Lemma 4.2.1,

im A o Ol (1) /OOA, Dl 1 (1) ]
= m hy (lo, (t dt + ho(lop_1(t)) ———=dt
-k [m / e oy A A
o y Olzn (1) /°°A, a1 ()
Dom = {pl/ hy(lon(t)) ——= Do, ——=dt + po i hoy(lan—-1(1)) Dome dt

1 —BQ(UQ) = l2n 1 lQn 1(t)dt

1— hy(vy) :/ { (L (8)) o (£)dt
|
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Then, the stationarity equation (4.15) becomes

n

R ) [Z (a2 F2 4 larya 02 ) - z‘zn<t>] at

k=1 k—1

Ovap—1 Ovay,

Y ) [E O e Ll e R ] "

k=1

We observe that the functions [ is independent from the choice of ﬁz and p; for

i = 1,2, then for system index m = 2n, re-denote l3(-) as [2"(-), then it is sufficient

to show:
- n alzz n al22<t) 12n
E l% (n— k)+2(0) 2 ( ) l% (n—k)+1 (O) 2 o lgn(t) = 07
1 Ovog—_1 Ovay,
- (4.16)
- 0l3, (1) 8l§"_1(t)) i2
5 0) =21l 4 2n 0)————~= 5r = 0.
>~ (a0 Gt B 050 ) B0 =

By observing the self-similarity in the system structure, we prove (4.16) using

the induction with respect to the system index m = 2n.
For n = 1, it is easy to observe that [?(t) = voe™%* and 12(t) = vye~%* satisfies
(4.16).

Assume that m = 2n satisfies (4.16), we show that for m = 2(n + 1) also satisfies
(4.16). We need to show the first equation and the second follows in the same way.
Le.,

n+1 n+1) 2(n+1
Z l'2(n+1) (O) al?n—:g ( ) + Z'Q(n—i-l) (0) alZfl—i—E )< ) l 2(n+1) ( ) )
2(n+1—k)+2 E 2n+1—k)+1 Ovor 242 = Y
k=1
(4.17)
where Z;EZIB—FA(O) =y fori=1,...,2n.
Note that from the ODE system and the recursive solution, we have
2(n+1) (n+1)
2(n+1) . alQ(n—‘rl) (t) it a12(77,—‘,-1 ( ) .
[ 0)=w ———— =c —— =0
2(n+1) 1y v, ) vy .

Then, the £ = 1 term in (4.17) becomes lQan; (0)e~%1. Hence, we need to show

that

n+1 . 8[2(n+1 (t) . ((% 7’L+1)( )
Z l2(n+1) (O) 2n+2 + l2(n+1) (O) 2n+42 o l2(n+1) (t)— _(Sltl (n+1) (O)
2(n+1-k)+2 ank’—l 2(n+1-k)+1 av% 2n+-2 2n+2 :

k=2
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As (4.16) holds for m = 2n for all (vq,...,vs,) € R, one can construct functions
{L?"()}?",, such that they satisfies (4.16) with initial values

(’(71, c ,@Qn) = (?}3, Ce ,U2n+2).
Hence,
"/ oL2"(t) . OL¥(t) :
L2 o (0) =2l 2 (0) =2 — L2(t) =0,
> (Ettonea 0 G + By i@ ) ~ 1500
(4.18)
0L, (1) oL3, (1)

(@@MHm> i a(0) )—@wa:o
k=1

86214;— 1 66216

with L3? ..,(0) = ¥ = vy for i = 1,...,2n. Especially L3"(0) = vg,42 and
L%n(o) = VU2n+1-

By construction, for k=1,...,n,t >0,
2(n+1 n 2(n+1 n
LD = Loy (6), B0 = L),

and

oL@y oLty oLty aLUtV(t)  OLI(t) ALt
Ovgp—1  Ovgp_y  Ologpg Ovgg, Qv 0ot

For terms with £ > 2 in in (4.17),

n+1 2(n+1 2(n+1
) 0 oL (t) L 2 (0)31225)@)

Z a(nt1-1)+2(0) Do 1 2(n+1—k)+1 Do

k=2 B

OLyy ()
O0Vap—2

t n+1 2 9
= — /0\ e o1 (t )9/171 (Lgn(S)) |:L§(n+l—k‘)+2<0) —aszk ; + Lg(n—i—l—k)-i—l (0)—aszk , dS
k=2 - -
'y (pn Sf o 0L () | 2
- € 921 (LQn—l(S)) L2(n+1—kz)+2(0) 9% + L2(n+1—k)+1(0)
0 PR 2k—3
! — [ oLZ(t) . OL3(t)
- —01(t—s) ot L2n |:L2n 0 2n + L2n 0 2n :| d
e s _ - e — S
/0 91,1( an ( )) £ 2(n k)+2( )@vgk,l 2( k;)+1( ) o

K " OLZ [(t) . OLZ (1)

_ —01 (t—s) Al L2n |:L2n O 2n—1 + L2n 0 2n—1
e _4(s e — n— —

/0 92,1( an—1( )) £ 2( k)+2< ) Dop1 2( k:)-',—l( ) 5
(4.19)
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By (4.18), (4.19) becomes

t

t
G (130) Bishs — [ e, (181, (9)) £ 9)ds
0 0

0
6_61(75_8)% [1= g1 (L3n(s)) +1 = goa (L35 4(5))] ds

oo (t— s)aa [1 — 011 (lz(”+1)( )) +1— 922 (lg’(fll)(s))] &

S
—o(t—s) O Tia(n n
R B () + i ) ds

t

e

I
o\,ﬁh

Denote
F(s) = e™ B0 (s),

then £(s) = e (13715 () + 05757 (5)). and F(0) = B7757(0) + 6oy,

(4.19) = e~ /t e’sd (e‘élsF(s)>

_ it (F(t) - F(O)) — S (F(t) — F(0))
— (B0 + S 0) — e (B0 (0) + ) — e (HEIL (1) — 01
= 50 () — e MY (0),

[]

Hence, by Theorem 4.3.2 and Theorem 4.2.2, we can conclude that for the finite
system (Ail), e ,Ai"”), there exists a unique stationary distribution that is equal
to the limiting distribution.

Corollary 4.3.3. There exists a unique stationary distribution p% of (A", A",
and it is equal to the limiting distribution 'y with the Laplace transform (4.12).

Proof. The joint distribution of ()\tl’", )\?") atanyt >0, k>0and 0 <s; < ... <

Sk is
1In 1 2,n 2. A Ln 1 2,n 2
P (>\t+s1 < 2, >\t+s1 < Lyse-- )\t+sk < L )‘tJrsk < xk)

= <Z /\t+81 > 2y, Z >\t+81 — Z /\t+sk = xllca Z )‘?i?k S ZL’%)
i=1

L{1 1 1,(n TL 2,(n 2,(n
= /1/2 /1/2dP tJr(s)S ()AtJr(s)S ()"7)‘t+(slzg )/\tJr(sk)Szk;()>’
Di JD D D
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I

wherefor j =1,...,k, 7' =1,2, Dgl = {(zj/’(l), e ,z?l’(”)> eR": >0, zjl’(i) < x? }
By Theorem 4.3.2, take the distribution of ()\tl’(l),)\f’(l),...,/\i’(”),)\f’(")) =
(A(l), .. .,A(m)) as the unique stationary distribution =g, then the joint distri-
bution above is independent of t. Hence from the equation above, the distribu-
tion ()\tlfs SN )\,}fsw )\?ﬁgk) is also independent of ¢. Therefore by definition
(ALm A21) is a stationary process.
Since the limiting distribution exits and is independent of the initial value, then

e < w1’y and the uniqueness follows. O

Now we present the existence and uniqueness of stationary distribution for
(AL, A2) which is the final result of this chapter.

Theorem 4.3.4 (Existence of Stationary Distribution). Under the Condition (C1)
and (C2) in Condition 3.3.2, there ezists a unique stationary distribution p% of the
BDCP intensity (\', \?), and moreover 1 2 why where p is the limiting distribu-
tion of (A1, \?).

Proof. Recall that \," = Y7, AZTD = S Ar@ and AP = S AP =
mAZ0 Tet (AL, A2 starts from the stationary distribution u?, then for
i=1 "'t S

any t > 0,0<s; < ... < s,

1,n 2n A Ln 2,n d n n. . n n
()\t“rsl’ Afisse i /\t—i-sk)/\t—i-sk) = ()\1 DVLTED V. )\zk ) . (4.20)

S1 2781 ) Sk

Since the convergence of (A", A*™) to (A!, A\?) pathwise implies the convergence

of the finite dimensional distributions, as n — oo,

1n 2n | A Ln 2n 1 2 . Rt 2
()\t+sl7 >\t+517 R )‘t—&-sk? )‘t—i—sk) = ()‘t—i-sl? )\t+517 R >\t+5k’ )\H‘Sk) ) n — oo,
In y2n. yIn o y2n 1 2. ! 2
(AL AZRs b AZ0) = (AL A2 AL ), - oo

where the left hand side distribution is 7¢". By (4.20) and uniqueness of the weak

limit, we have the limiting process

1 2 a1 2 d /\1 2 . a1 2
(Mg Arpayi - M s At ) = (AL AZ AL A2 )

Sk

i.e. the finite dimensional distribution is independent of t. Hence (A, \?) has a
stationary distribution p%.
Since the limiting distribution p% exists and is independent of the initial value,

then p% 2 . As p is unique, the uniqueness of ;1§ follows.
O
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Remark 4.3.5. Note that for Hawkes processes defined on the whole real line R,
the Theorem 7 in Brémaud and Massoulié [14] has a similar result that can be

covered as a special case of ours for the bivariate case.

Remark 4.3.6 (Importance of the finite system). From the analysis above, in
addition to the BDCP system (A, \?), we also provide the distribution of the non-
stationary and stationary version of (A", A\*™) in terms of the Laplace transform.
Note that the contagion effect is more severe when the index n is increasing, there-
fore one can tune the the contagion effect for modelling purpose using the finite
system (NV" N*™) with intensity (AY", \>™) by choosing a certain system indez n.

Therefore, it is an interesting process itself for applications and further analysis.

For any h > 0, Nyqn — Ny |n, =x 4 Niyin — Nigln,=r. If A is stationary, then
Aty A At,, and hence N; i — Ny < Niyip, — N,. Hence we have the following

results:

Corollary 4.3.7. The BDCP N = (N);>0 has stationary increments.

4.4 Stationary Moments

From Theorem 4.3.4, the intensity process A = (A, \?) has a unique stationary
distribution pg. In this section, we show the first and second moments of the
stationary distribution based on Markov process theory.

Since A is a Markov process with the generator A, in (3.13), then by the sta-

tionary distribution characterization in (4.1), for any f € D(A)) we have

/ / Af()\l,)\2>[1,g()\1,)\2)d/\1d)\2 =0. (421)
0 0

In the following, denote A := A,, we use (4.21) to derive the stationary mean,
variance and correlation. Moreover, in addition to (C1) in Condition 3.3.2 where
the first moments of all jump sizes exist, we assume the second moments also exist.

Le. popr < 00 and fiygew < oo for k, k' =1,2.
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4.4.1 Stationary Mean

Take Af(A1, A2) = A\; and denote by m} = E[\!] the stationary mean for i = 1,2,

we have

— (81 = pra)my + peremi + prum = 0,
—(0y — prg22)m3 4 pgeami + popigz = 0.

Solving this linear equation system we obtain the stationary mean

ml — (02 — pigz2) i oL+ Har2 g2 02
t ( — MG, 1)( — Ha2, 2) MGtz hg21 (51 — ugl,l)(52 — ,U,GQ,Q) il ei®y Terh!
2 (01 — pgra) p HG21[LH!

my = p2 + P1
L= ( Mcl 1)( MGQ 2) ,qu,qu (51 — ,u(;1,1)(52 — IMG2,2) — ,ngl,Ql,LGQ,l

For i =1, 2, denote
Ai = 51 — H@Givi, A = AlAQ — Ugr2iget,

then we can rewrite the first moments as

A 1 1,2 2
my = 2ZH p1+ %pz =: fi1p1 F 1202

2,1 1 A 2
mf = £e A#H p1+ 1KH P2 =1 2101 + 2202

Remark 4.4.1. If there is no cross-exciting term, i.e. ugi; = 0 fori # j, then the
result recovers that of the univariate DCP in Dassios and Zhao [23].

4.4.2 Stationary Variance

We consider the second stationary moments: E[(A})?], E[(A\?)?] and E[A]AZ].
Take f(t, A}, 2) = (A2, (A?)? and A} )\? respectively, we have

A = =250+ | [ 0w ) - 2]

+>\1 |:/ ()\1 + 21)2G1’1(d21) - )\%:| + )\2 |:/ ()\1 + Zl)ZGl’Z(d,Zl) — )\%

0 0
—2(51)\% + 01 (2)\1,uH1 + M?Hl) + A\ (2)\1#@1,1 -+ ILL2G1,1) + )‘2(2)‘1MG172 + IM2G’1,2)
—2(51 - /L(ﬂ,l))\% + 2[1,@1,2)\1)\2 + (2p1,uH1 + M2G171))\1 + ,uggm/\g + Mo pP1-
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Similarly, we have

A((N)?) = —2(6g — pg22) A3 + 2lgzaMiAe + (2papipe + pagee) Aa + pagea M + Hop2pa
ANde = —(01 + 02) Mo + prdopm + peAipime + A (Aiptgen + Aofigrn + g pigen)
+Aa(AMpgze + Aapigrez + pigrzpige:2)
= peea] + peraAy + (= (01 — pgra) = (92 — pgee)) Mo
(2t + perapeea )M + (prim + perz2peez) As.

We denote
"4(/\%) = Al,l)\% + A1,2>\1>\2 + A\ + Ao + AO,
A(Ag) =: Bz,2>\§ + BiaAAg + Bado + BiA + By,
AN =1 C1aA] + Ca2A3 + Ciadids + Cidg + Cola,

with all coefficients in Table 4.2. Note that A; ;, B; ;, C; ; do not contain p; and ps,
and Ay, By, C1,Cy are linear with p; and ps.

X | Xia| Xop X1 X Xy | Xo

A | =24, 0 2ucr2 2upipr + poga Pagr2 | f2m1p1
B 0| =24, 2puG2a faG21 2um2p2 + flagz2 | Ham2p2
C | peea | pore | —Ar — Do | pepa + perapigea | pinpr + perepigee | 0

Table 4.2: Coefficient table for A, B,C, Ay = 61 —pgia > 0and Ay = do—pgz2 > 0.

We denote for ¢,j = 1,2 and j # 1,
my = E[(\)7],
my’ = E[NN],
then by (4.21) we obtain the linear equation system:

Aleé —+ ALQm;’Q + (Almi + Agm% + Ao) = 0,
Boomi + Biamy® + (Bem? + Bim} + By) = 0,
Cle% -+ CQ,ng + CLQTI’L%’Z + (C’mﬁ + Cgm%) = 0,

where the cross term is

1 2 1 2
1,2 C'lml + Cgml + Clez + 02,2m2

= 4.22
2 01,2 ( )
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Based on the first moments mi, m? obtained in the last subsection, we obtain the

second moments m3 and m3 by solving the linear equation system.

C - A
(11 = Ao ) m — a2 + (A= 5200) = o,
<B2,2 — B1,2%) - B 2% + (Bo — %Co) = 0,
where

Ay = Ayml4+ Aym? + A,

By = Bym?+ Bym!+ By,

Co = Cym}+ Cym?.

Denote v; := Cl L ~and 72 = £22 thep

T Ch2?

.5

A A Ay 9B1 27172 } 1 (Bo — ﬁCO)AL?W (fl Ao ~ )

— — Ll = — — .
bt 12N Bog — Bioya|  ? By o — Bi272

- Bio ~
(Bo— &2 Co)A1,272 ~ A - - ~
. 1,2 ’ . _ A12 A2
1 B2,2—DB1,272 (AO Cia CO) (B1’272 B B2’2>A0 B A1’272B0 + Ci,2 BMCO

m, = =
2 A12B1271% A(A A, —
— [ L L 1 2 1,2 2,1
A171 A1’271 Ba.2—DB1.272 ( Har2 e )

Similarly, we have

—B 271140 — (A — A 271)30 t 2A1 100

2
M = 4D Dy — figrapicen)
We obtain
my = (my)®+v1,101 + 1,202,
my = (m7)®+v2,1p1 + V2202,
where

1 (—QIUG2,1ILLGL2
Y11 = A A

— A , , +
SA At A, + 2> (pogriping + pogrefion + fop)

(MGl 2)2 1 MGl 2A2

" 20 A + A, oGtz + pagea i) + AN+ A, (e pigea iy + B2 pige2 i)

1 2/LG2,1 ,uG1,z
2R IRGE A 7 ,
SA ( A+ A, + Ay ) (Hagripin g + fogrefis2)

1 ’ 1 A
* EX;G—LXQ (Hacr2pia 2 + prace pin g + piam) + A ZIGI A2 (Beripigea i + fareficeefia) -

Y12 =
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Similarly,

1 —2pG21 flgr2
= — P AL A A 7 |
V2,1 IA ( Al T AQ + Ay (#2@2 2121 + o2 1;“11)

1 1)2 1 1A
+ ﬁ% (Hograp g + pagrapion + fom) + Kﬁ (Hgrapigeaping + pereflge2ion)

1 —Q[LG2,1ILLG1,2
= — [ ——=" 1+ A , ,
Y2,2 A ( A+ A, + Ay | (page2pig + pagzapin g + pop?)

1 (/JGQJ)Q 1 ILLGz,lAl
+ N NE (fagrfir 2 + plagr2fiz) + AN+ A, (Herapgeaping + a2 iz fa,2) -

Hence, we conclude that the stationary mean and variance are

my = E[N] = papr + pa2pe,

my = E[N] = po1p1 + p22p2,
and

v; = var(\}) = Y1101 + V1,209,

vy = var(\?) = V2,101 + Y2,202-

Remark 4.4.2. From above, we observe that the stationary mean and variance are

both linear functions of p1 and ps.

4.4.3 Stationary Correlation

The stationary correlation p; 2 can be computed as:
BN - ENJED]  mi? - mym,
P2 D) /var (2 NGNS

where my? is from (4.22).

Remark 4.4.3. Note that the cross-exciting jumps enhance the stationary corre-
lation compared to the processes with only self-exciting jumps due to the positive

mean [igrz and pgza of jump sizes.

4.5 Proof of Lemmas

Proof of Lemma 4.2.1. We prove the result by induction. First we have

lim [4(t) = tlim Vane %t =0, tlim lo(t) = tlim Vgp_1e 1t = 0.

t—o00
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Then assume lim;_, log—1(t) = 0 and limy_, lox(t) = 0,

t—o0

t
thIIl l2k+1 (t) = 11II1 6_62t/ 6625 [1 — gl,g(l%(s)) + 1-— g272<lgk_1(8>)] dS
— 00 O

'Hospita 1 q
L’ Hospital lim — (1 — g12(lok(t)) + 1 — Goo(l2k—1(1)))

t—o0 52

= 0.

Similarly, we have lim; ., log12(t) = 0.
Therefore we conclude that for any ¢ = 1,...,m, lim;_ {;(t) = 0.
]

Proof of Lemma 4.3.1. By the stationary distribution characterization in (4.1),
denote by 7 := 7¢" the stationary distribution of (A, AM™), then it satisfies

/Amf(/\l, )\2, ‘o ,)\m>71'()\1, )\2, ceny )\m)d/\l cee d)\n == 0, (423)

where A,, can be found in (4.2).
We now derive the equivalent Laplace transform equation. Denote by L,, the
Laplace transform of (A(l), . ,A(m)) and f(---) == f(A, -+, Ap) with limy, oo f(A1, ..o A) =
0 for kK =1,...,m. We decompose the LHS of (4.23) according to the generator
A, into three parts.
Part (I): drift part:

/ —51&%% (A, Ap)T( A, oy A)dA L - - - d Ay,

Ak a
= _5k/1gm8_)\kf<>\l’”")\m)/o 8)% (xm( Ay @y oy A)) dad Ay - - - d A,

0
- —5/ / / —f)\,...,)\ (A, A)) dadAy - - d A,
’ RT ™ S ap=0 Jo= Oa)\k ' )(9)\k( (1 )> 1

0
= -9 Ay A Ay e, Am)) dxdy - - dN,
k:/Rm 1/x 0/)% xa)\k 1 ) )aAk ('Tﬂ—< 1, y Ly ) )) x 1

= F, . A )5ka)\ (AT (A1y -y Am)) dAg -+ - d A,
R k
The Laplace transform at (vy,...,v,) € RT becomes
L, |0 8(/\7r()\ Am)) | = ke Lo [ Aem(A )\)]——5Ui7r(v Um)
kaAk k 1y« 7/\m — UpUk~m k 1y \m - kkavk 1y-+-+-yUm)-
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Part (II): shot-noise part

/ P1 fOq +y, ) dH (y)m(Ar, .oy Am)dAy -+ - dAp,
¥ y=0

— Pl/ / f(x,)\27...,/\m)/ w(x —y, Ag, ..o, A )dH (y)dzdNy - - - d,,
Rr71 =0 y=0

A1
= M f<)‘17>\27-"7Am)/ 7T(/\1_yu)‘Qa"'u)‘m)dHl(y)d/\l"'dAm)
Yy

RT =0

then

/Rm p1 VOOO S\ +y,)dHi(y) — f(--.)} T( Aty Am)dAL -+ - dA,

A1

= M f<>\1;>\2;~--7>\m) |:/ ﬂ—()‘l_ya')dHl(y)_ﬂ-(/\lw'w)\m> d/\1d>\m
R y

=0

The Laplace transform as

c [/: — -)dHl(y)} — Fvn, o) (00).

=0

Similarly, we have

c U; . — -)ng(y)} I Ay

=0
Part(III): mutually exciting part:
For k > 2, the jump excited by Agj_q is

”
(A Am)dAy - A

A2k+1

= f(A17-.-7)\m>>\2k71 |:/ 7T(~’)\2k+1 —27->dG171(2) —7'['()] d/\ld)\n
R7 z=0

A2k42

+ f()\l,...,/\m))\gk_l [/ W(',/\2k+2 —Z,')dG2,1(2> —7T<):| d)\ld)\n
R7 z=0

We have first

=0
= Loy opa1m( A, ooy )] Q1,1(U2k+1) — Lo [Aop—am(-. )]
0

= P) 7AT(Ula . 7Um)(1 - §1,1(U2k+1))-
Vok—1

A2k+1
L, |:>\2k1 / 7T('7 Aogy1 — 2, ')dG1,1(2) - )\21@7177(- . )1
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Similarly,

Aok+2
L, |:)\2k:—1 / 7T(', >\2k+2 -z, ')dGz,l(z) - )\21<;—17T(- . )}
z=0
0

— 8112;6,17%(”1’ o U) (1 = 9.1 (Vapaa))-

The same for jumps excited by Ao corresponding to

AQA%[(L:f@A%H+z,MGm@y—ﬂ”))+(L:f@A%H+¢,MGm@)—ﬂ”))

Ty Am)d - A

Since the stationary distribution 7 satisfies (4.23), we have from part (I), (II),
(IT1) that

“ 0
0 = Zéka—)\k ()\kﬂ'(}\l, ceey )\m))
k=1
A1
+p1 [/ T(A1 =¥, Az, oo Am)dH (y) — m(Aq, . '7/\m):|
y=0

A2
+p2{/ 7WAhA¢—ywn,xwdey>—ﬂ«mw.wxmﬂ
Y

=0
n—1 A2k+1
‘|—Z >\2k_1 |:/ 7T(>\17 ey /\2k+1 — 2y, )\m>dG1’1(Z) - 7T()\1, e 7)\m>:|
k=1 z=0
n—1 A2k42
—|—Z >\2k—1 |:/ 7T()\1, ey /\2k+2 — 2y, )\m>dG2’1(Z) — 7T()\1, R 7)\m>:|
k=1 z=0
n-l A2k+1
‘|—Z )\2k |:/ 7T(>\1, e 7/\2k+1 — 2y, )\m)dGl’g(Z) - 7T(/\1, Cee 7)\m>:|
k=1 z=0
n—1 A2k 42
‘|—Z )\2k |:/ 7T(>\1, . 7/\2k+2 — 2y, )\m)dGQ’Q(Z> — 7T(/\1, . 7)\m>:| .
k=1 z=0
In terms of Laplace transforms, we have for any (vy,...,vy,) € R}
P X
0 = =3 Gt prln(n) = 1)+ pala(wn) =1
k=1
o 07T
+ S 1—aq14(v + (1 —goq(v
; vt [( 91,1 (V2r41)) + ( 92,1 (V2k42))]
= O
S A .
7S (1 — 1—
+k2:: Dvas (1= G12(var+41) + (1 = Goa(vart2))]
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and after reordering the terms, we obtain (4.15).

Proof of (4.10). For j =1,2,

. . lak—2(t) . lak (1) N
2l = s(llt) = [ i) = [ (g (w) du
l

Lo (t) 2k—2(t)

< UGt (lgk(t) — l2k—2<t>) )

R R lak—3(t) lap—1(t) y
i e-alt) = doa () = [ gl = [ (=i ) d

lag—1(t) 26—3(t)

< a2 (l2k71(t> - l2k73<t>) :

Then we have
t

di) () = e [ e [(1 = Gua(lan(s)) — (1 — Gua(lan—a(s)))] ds

4 02t o028 [(1 = Goo(lok—1(5))) — (1 — Goo(lor—3(s)))] ds

t

< [ 6 [gaadD(s) + pradf(s)) ds

t
d;(fll (t) = e

S— 55— o 5—

e [(1 = g1a(lar(9))) — (1 — gra(lar—a(s)))] ds

o1t

+e” e [(1 = g2,1(lok—-1(5))) = (1 = g1 (lak—3(s)))] ds

s~

t

< e,(slt 6515 |:,UG2’1dl(gl)<8) + 'uGl’ld](f) (5) ds.

|
S—

4.6 Conclusion

In this chapter, we investigated the distributional information of the BDCP and

its finite branching system in the cluster process representation. With the help of

Markov process theory and the branching structure, we found the condition ((C1),

(C2)) under which the limiting distributions (when time tends to infinity) exist.

We then showed the limiting distributions are also the stationary distributions.

Therefore, we can conclude that there exists a unique stationary version of the

BDCP. The stationary moments were also computed. The stationarity result in

this chapter will help to derive the diffusion approximation of the BDCP system in

the next chapter.
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Chapter 5

BDCP Diffusion Approximation
and Applications in Filtering

In a high frequency event system modelled by a BDCP, we investigate the diffusion
approximation and its applications in filtering. The diffusion approximation is
based on the stationarity assumption from Chapter 4 and the martingale central
limit theorem.

In Section 5.1, we introduce basic concepts. We discuss the diffusion approx-
imation of BDCP in Section 5.2. We discuss the diffusion approximation of the
application in filtering in Section 5.3 and show numerical examples in Section 5.4.

We include all proofs in Section 5.5.

5.1 Introduction

As introduced in Chapter 3, the BDCP can be used to model multi-type event
arrivals with contagion effects in finance and insurance applications, including de-
fault events, trading order arrivals, and insurance claim arrivals. In this chapter,
we consider a stationary BDCP used in a high frequency events system resulting
from a big external impact. It is described by a large value of the intensity p; of the
Poisson external factor in the BDCP intensity and we study the diffusion approx-
imation of the system as this parameter goes to infinity. We first show that when
the external factor intensity px tends to infinity, the normalized intensity and point

processes converge to a bivariate diffusion process weakly. Hence, we can approx-
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imate the point process system with a diffusion system with the same mean and
variance when the external factor intensity parameter is large. The normalization
is done using the stationarity moments from Chapter 4. In this way, for a BDCP
system with a large external factor intensity, we can approximate it with an OU
process with the same mean and variance. Note that Dassios and Jang [22] study
this problem for univariate shot-noise Cox processes, and we extend the study to
the BDCP family. The BDCP has mutually exciting components and thus results
in a diffusion system fundamentally different due to the dimension extension and
the dependence structure. Moreover, there are discussions about the diffusion ap-
proximation of Hawkes process systems recently in finance. Bacry et al. [7] discuss
functional central limit theorems for Hawkes processes with scaling of time. Jais-
son and Rosenbaum [40] discuss the nearly unstable Hawkes processes and link the
problem with the asymptotic behaviour of the point process when the observation
scale tends to infinity. Cont and Larrard [17] explore the diffusion approximation
of the joint dynamic of a bid and ask queueing system.

In practice, the point process is observable while the underlying intensity is not,
as it usually carries more internal information. For example, in a BDCP system, in
addition to the internal information of the point process N, the intensity process A
also includes the information regarding the external factor and the impact modelled
by random jump sizes. It becomes a filtering problem to find out the best estimate
of the intensity, given the observations. In previous studies of filtering with point
process observations, Brémaud [13] introduces the innovation approach, based upon
which, Ceci and Gerardi [15] provide a framework to solve the filtering problem
where the point process are allowed to have common jumps with intensities. Note
that potentially the method can be used to filter the BDCP. However, since the filter
can be characterized as the solution of the Kushner-Stratonovich (KS) equation,
it requires confirming that strict assumptions hold for the dynamics of the point
process system to ensure the existence of a unique solution to the KS equation.
The KS equation can be evaluated numerically because the solution is a functional
of a process, which can be represented as the limit of a sequence of finite state and
discrete time Markov chains. The filter based on the Markov chain approximation
is not exact. Most importantly, if we have a high frequency events system, the

approach might be not efficient and accurate.
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Therefore, in this chapter we provide an efficient alternative approach of filtering
the point process system based on the diffusion approximation. Recall that there
is a clustering effect in the BDCP due to the mutually exciting components in the
intensity processes, which naturally makes the BDCP suitable for high frequency
modelling in the literature. We expect a reasonable performance of filtering with
the diffusion approximation. Essentially, we solve the filtering problem by plugging
the actual point process observation input into the solution of the Kalman-Bucy
filter of the approximate linear diffusion system. In this way, we construct a linear
estimate for the BDCP system. The idea of filtering with the diffusion approxima-
tion is adopted by Dassios and Jang [22] for univariate shot noise Cox processes and
the results can be recovered from ours as BDCP is a more general class. Moreover,
filtering in a multi-dimensional system is more interesting as different observation
scenarios (e.g. see (S1) and (S2) in Section 5.3) can be explored. Previously, filter-
ing with a diffusion approximation is also discussed in Kushner and Runggaldier
[48], and Lipster and Runggaldier [53] for a specific time scaled model with wide
bandwidth noises that are different from our modelling framework. Inspired by
[48] and [53], we will also assess the performance of the constructed estimate in
terms of the asymptotic estimate error. Furthermore, we apply the filtering solu-
tion in insurance, aiming for approximation solutions of pricing problems and type
estimation problems.

We first briefly introduce the basics of weak convergence and filtering.

Weak convergence in D = D0, o)

Let (2, F,P) be a probability space equipped with a filtration F = (F;);>¢ satis-
fying the usual conditions. We suppose that processes (X"),>; and X are stochas-
tic processes adapted to (F;)i>o and take values in the path space (D, D) which
is the space of cadlag functions valued in R? equipped with the Skorohod topol-
ogy. Since R? is complete and separable, (X"),>; and X : (2, F,P) — (D, D) are
F/D-measurable, thus they are random elements in (D, D). We say the processes
(X™)n>1 converge to X weakly as n — oo denoted by X,, = X if the probability
measures induced converge weakly on (D, D), i.e. P, :==P(X")"! = P :=PX .
Equivalently, P,f — Pf for every bounded and uniformly continuous real-valued
function f defined on (D, D).

Filtering
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In a dynamic evolving system on the probability space (€2, F, P), suppose there is
a Markov process X = (X¢):>0 which can not be directly observed and an observable
process Y = (Y;)i>o that is probabilistically dependent on X. (X,Y") is called
the signal-observation system and is supposed to be a Markov system. Let ), =
o{Ys; s <t} be the observations of Y up to time ¢. The goal of filtering is to find
the conditional distribution of X;|).

For example, the estimate of the mean value of the signal X; given ), X, =

E[X;|),] is optimal with respect to the mean square error criteria, i.e. for any ¢ > 0,
E[| X, — X|*] = Jnf {E[|X, — Y]},

where K := {Y : Q — R%4Y € L*(P) and is )Jy-measurable}. The statistical

performance of the estimator can be evaluated by the filter variance
v = E[(X: — Xt)(Xt - Xt)TWt]-

Moreover, in practice one often needs to find out the optimal filter of f(X;) given
Y, for some measurable and integrable function f : R? — R. The best estimate
with respect to the mean square error criteria is m(f) := E[f(X:)|)], i.e. for any

integrable and measurable function g : Dga[0,t) — R,

E [(f(X)) = E[f(X)IM])*] <E[(£(X0) — g((Ya)s<t))] -

There are two major approaches to get the solution of filtering problems m;(f) :=
E[f(X)|V:]. The first one is the reference probability approach based on the inde-
pendence of X and Y after a change of probability measure. It leads to solve
an unnormalized filtering equation called the Zakai equation. The second one is
called the innovation approach which is based on the martingale representation
of the signal process X and the projection theory to identify the projected signal
process on Y;. The innovation approach leads to the Kushner-Stratonovich (KS)
equation which is a normalized version of the Zakai equation. Explicit solutions to
the KS equation or the Zakai equation are rarely available. In general, they can
only be solved numerically. When (X,Y) is a Gaussian system (see more details in
Lemma 5.3.1), it becomes a linear filtering problem where an explicit solution (the
Kalman-Bucy filter ) is available.

Filtering problems with point process observations are usually solved via the

innovation approach (See Brémaud [13]). Note that when X and Y have common
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jumps, one cannot use the reference probability approach as there does not exist a
change of measure such that X and Y are independent under the new measure. For
example, Ceci and Geraldi [15] adopt the innovation approach to solve a general
filtering problem with point process observations, and the resulting KS equation

are solved recursively with Markov chain approximation.

5.2 Diffusion Approximation of The BDCP

Recall the BDCP (N, N?) with intensity

)\tl = )\(1)6*5115 + Z }/}16—51(15—5’}) + Z Z;,le—él(t—T}) + Z Z;’Q@_‘Sl(t_TjQ)’

1 1 2
Sj <t T]. <t Tj <t
2 1 2
)\? )\ge—égt E : Efj2€—§2(t—5'j) E Z]?,le—ég(t—Tj ) 2 : Zi,Qe—ég(t—Tj ).
2 1 2
Sj <t Tj <t Tj <t

In addition, we introduce a process C* = (CF);>¢ for k = 1,2 by

CF .= Zcf, (5.1)

where {cf}; are i.i.d. nonnegative random variables independent with (N, N?)
and with the distribution G.(-), mean piger < oo and variance vger < 0o. CF is
used to model the accumulative claim arrival process in insurance as an applica-
tion in Section 5.4 and we include it in the BDCP system to derive the diffusion
approximation.

We first recall the stationarity result from Chapter 4.

Stationarity of BDCP Under the Condition (C1) and (C2) in Condition 3.3.2,

/LGQ,Q H‘GLQ

i.e. the spectral radius of | % 02
Hg2,1 JaZel!

] is less than 1, and the moments pgr < 00,

51 o1
Perw < 00, there exists a unique stationary distribution of the intensity A in (3.8)

and thus the BDCP N has stationary increments. Moreover, we assume that the

second moments fiogr < 00, Lok < 00. The stationary mean m, variance v and
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correlation pio of A are given by
my M1 H12] | P1
m = = s
mJ Lz,l M2,2] [Pz]
v
v — 1 _ Y11 Y1,2| | P1 7 (5_2)
| V2 Y2, V22| P2
mé — TN11M2

/)12:—\/1]_1\/172 )

where p;, is the intensity of the Poisson process M* for k =1, 2.

)

Remark 5.2.1. We observe that the stationary condition is independent of the
intensity of pr. Moreover both the stationary mean and variance are linear in py
fork=1,2.

Throughout the chapter, we assume a stationary system and the intensity A
starts with its stationary distribution, hence A\ is a stationary process with mean

m and variance v at any time ¢ > 0.

5.2.1 High Frequency Events System

As for the Hawkes process, the BDCP is appropriate to model high-frequency events
system due to the contagion effect introduced by the mutually-exciting components.
We focus on the case when the BDCP system is under a great impact from external
factors described by a large intensity pp for £ = 1,2. For example, the external
factor can be a series of bankruptcies in a financial crisis or a catastrophes in
insurance modelling.

Throughout the chapter, in order to investigate the approximation of a BDCP
with a large intensity py by its weak limit, we embed the true model indexed by some
no into a sequence of point process systems {(N", \")},>; driven by a sequence of
external factor intensities {p}},>1 for k = 1,2 with

lim max (p7, p3) = o0. (5.3)

n—oo

Remark 5.2.2. We do not require both py and ps tend to infinity. If there is one
of the external factors having a big impact on the marginal process, then the impact

would be contagious through the cross-exciting components.

97



Denote by mé,") and U,i")the stationary mean and variance of the intensity A",

and by " := % the external factor intensity ratio with the limit

f:= lim " = lim p—i € [0, oo]. (5.4)
We define further for k£, k' =1, 2,
n ' n ﬁ n
RO Y Y B s A R e
g o WPt 208 gy ’ym% Ve + Yr2"
o Pi o _ L=y + 5" =gy
o APt A+ Ye2ph Ve + 5"z
Jm o _ erPT ey e+ k20"
i oo Pt w2t e+ 2B

and their the asymptotic values

ay = lim oz,(gn), 0, := lim 9,(6"), Vg g 1= r}gﬁlo 1/,?7,3,. (5.5)

n—oo n—oo

We will see that by (5.3) the point process system converges to a Gaussian diffusion
system that depends on the parameter [ in (5.4) in terms of (o, O, vk ). In other
words, when (3 is zero, a finite number or infinity, the resulting system tends to a

diffusion parameterized by different sets of (ax, Ok, vk x/).

1. 8 = 0: external impact of type 1 is dominating.

Fk,1 Lip=1 k1
=—=, = Q7 Vi k' = .
Vi1 Vi1 Vi 1

7

2. B € (0,00): external impact of both types are of the same order.

gt Bl _ Ape=ny + Blp=gy Ykt Va2
ap=—"———>, U= s Vg = .
Vi1 + BYk,2 Vi1 + BYk,2 Vira + Vi 2
3. [ = oo: external impact of type 2 is dominating.
lepe
ap = @, O = —{k_2}7 Vg k! = T2
Vk,2 Vk,2 Vi! 2
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5.2.2 Diffusion Approximation

Recall the intensity process in (3.8) in integral form:
t t t
A= Afe ™+ / e o= g g1 / e Ot=s) g N E / e (=g Nk,
0 0 0

where the integral is over the interval [0,¢), and
k N1k k,1 N2k k,2
JtM:ZY;k7 Ji :ZZi o :ZZi :
Sk<t Tr<t T2<t

Moreover, denote by X the integrated intensity process:

¢
th ::/ )\fds.
0

We aim to get a diffusion system (5\, N, C’) as an approximation of the orginal
system (A, N, C') with the help of Theorem 5.2.3 below. It is the martingale central
limit theorem in Ethier and Kurtz [33] and an extension of Donsker’s invariance

principle.

Theorem 5.2.3 (Diffusion Approximation [33, Theorem 1.4, Chapter 7] ). For
n=12,..., let F" = {F'}i>0 be a filtration and let M,, be an F}'-local martingale
with sample paths in Dga|0,00) and M,(0) = 0. Let A, = (AY) be a symmetric
d x d matriz-valued processes such that A% has sample paths in Dgal0,00) and

An(t) — An(s) is nonnegative definite for t > s > 0. Assume that for each T > 0,

lim E {sup |AY(t) — Ag(t—)‘] = 0, (5.6)

n—oo | 4<T
lim E {sup | M, (t) — Mn(t—)|2] = 0, (5.7)
and fori,7 =1,....,d,
M!(t)MI(t) — A4(t) s an F"-local martingale.
If for eacht >0 andi,5=1,...,d,
AY(t) — ¢;;(t) in probability, (5.8)

where C' = (¢;5) s a continuous, symmetric, d x d matriz-valued function, defined
on [0,00) satisfying C(0) =0 and > (c;;(t) — ¢ij(s)) &&; > 0, € € R Then,

M, = X,
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where X is a process with independent Gaussian increments such that X; X; — c;;

are T -local martingales.

Remark 5.2.4. (i) This theorem uses the martingale property to characterize a
Markov process associated with the given generator A. Moreover, the Lo conver-
gence conditions in the theorem is to ensure the uniform integrability for the limiting
process of the martingale sequence to be a martingale. The convergence of probabil-
ity and Ly convergence (implied by Lo convergence) implies the sequence is relatively
compact and thus has a limit point, and the convergence follows due to the unique
characterization of the martingale with Gaussian increments.

(i) A more general diffusion approzimation will be introduced in Theorem 6.2.1 for
another process (UDCP).

We first provide the diffusion approximation of all jump components in the
BDCP as the building block.

Lemma 5.2.5 (Diffusion Approximation with Brownian Motions).
Forj,k = 1,2, let lim,_.., max(p}, p§) = oo where p}} is the intensity of the external

factor M* in \F, then the following weak convergence holds:

[ NF—[7 M\ds ] BNk
Vk \/ QU ’

JtNk’j—M ik N o Jkj

e R € VL . .

o VUgikoy B; 5 9
kst | 7| e gk | '
+; UGc,kOékBt

k n M,k
TN —p kPRt V o0y By
L VVk .

where BtN’k, Bt‘lk’j, Btc’k and BtM’k are mutually independent Brownian motions for
all j,k=1,2.

Moreover, as n — o0,

TN e [1 Akds
Non
CF — liger fg Neds

Non

We aim for a diffusion system as an approximation of the point process system

k .
= \/’UG]',I@\/O{]CBZ] J ~|>,qu,k\/akBiV’k,

= \/ch,k\/akB,&C’k + //LGc,k\/OékBiNv’k.

with the same mean and variance. Therefore we focus on the normalized intensity
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process Z™ where for any t > 0,

)\k _ (n)
Ao Tl 3 (5.10)

o

By the central limit theorem, the initial value

1 |
~ (o, i) oz~ N o, PrzI)  (51)
piz 1 prz 1

where pi2 is the stationary correlation from (5.2), and N(u,>) denotes a Gaussian

Z(])-r(n)

o _
7= g2

random vector with mean p and covariance . Based on Lemma 5.2.5, we obtain

the following diffusion approximation for Z.

Lemma 5.2.6 (Diffusion Approximation with OU Process). Take the stationary
Ztlv(n)

version of (N, \), as lim, .. max(py, py) = oo, the process Zt(n) = | 2
t

m

1

';] weakly, where Z; has the initial distribution as in
t

(5.11) and the dynamic in matriz form

(5.10) converges to Z; =

dZ, = bZdt + XdB)" + $dBY (5.12)

where BY and BY are independent standard two-dimensional Brownian motions

from (5.10) and with parameters in (5.5),
b— —((51 — ,UGLl) Vo 1HGt.2
Vi20G2a —((52 — ,uGz,z) ’

S VAV g/ QolVr 1 hG2
- )
LA /O] 2G2r / Qa2 9 lhG2.2

\/61M2H1 -+ V1101100 + V910G1,2009 0

Y=

0 \/92M2H2 + V1202100 + Vo 2VUG2,2Q0
(5.13)
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Combined with Lemma 5.2.5, we obtain

NF — m,(en)t _ NF — f(f Neds / e — mk As—my”
= VarB\" +/ Zf’(")ds.
0
CF — pgesm ™t _ Cf — pgex Ny N, —m{"t

= + /,LGc,k -
lvlgn) /U’(ﬂn) U]E:n)

t
= \/UGC,kOéka7k + \/OZk,LLGc,kBiV’k + MGch/ Zf’(”)ds.
0

Therefore we obtain the diffusion approximation of the unnormalized original

process in the following.

Theorem 5.2.7 (Diffusion Approximation of the BDCP).
For a stationary BDCP system (A, N, C') with max(py, p2) large, there is a diffusion
approximation (5\, N,C) of the BDCP:

mq Ztl

t

b

ma

o
NG

~ 0 Ul

N, =mt+ VawlU, = |4 [V ‘. (5.14)
meo 0 \/m Ut

~ c,1 O Vl

Gy = mot + oV, = [FEM g Vo ol
HGeams 0 vl Vi

with (Z,U, V') being a linear diffusion system with dynamic:
dZ, = bZ,dt + $dBY + %dBY,
dU, = hZdt + dBY, (5.15)
dV, = rZ,dt + 0dBE + ¢dBY,

where b,%, % are given in (5.13) and

1
h:= |V / ] ri= [MGCJ 0 ]
0 %@ 0 pge2

- (5.16)
v/ VGe1 0 0 - v O hget 0
g = ,O0 = .
i 0 v/ VGe 209 0 v G2 hGe,2

102



Moreover, the initial value Zy is in (5.11), Uy = 0, Vo = 0 and 0 is the zero vector

of dimension 2 x 1.

Remark 5.2.8. The diffusion process (Z,U) from the normalized process of (A, N)
share the common noise BY due to the mutually-exciting component in the BDCP.

Moreover, the dynamic of the diffusion process (Z,U, V') is independent of p.

Corollary 5.2.9. Denote I, := (LT eb3d5> e % then

T T T
Ve—Vi = rLZ+ / rI,SdBY + / odBS + / [rl, + &) BY.
t t t
(5.17)

5.3 Kalman-Bucy Filtering with Diffusion Approx-
imation

Many practical problems in a point process system are related to the intensity
process which is unobservable. Estimating the intensity based on the observable
point process is a filtering problem. We propose an approximation solution of the
filtering problem as an application of the diffusion approximation of the BDCP.

On the probability space (2, F,P) with filtration F where the BDCP is defined,
let {X;}i>0 and {V:}i>0 be the filtration generated by the signal process X and
observation process Y, and &X; C F; and ), C F;. We discuss the signal-observation
system in terms of the diffusion system obtained in (5.15) for two scenarios of
observations (S1) and (S2) as follows.

(S1) Complete observation of events N1, N2

We aim to obtain the estimate of (A, A\?) with observations of (N, N?). In

this case, we consider the normalized diffusion system

X=(Z"7%, Y =(U"U?.

(S2) Partial observation of events N!, N2

This corresponds to the problem that we observe the event arrivals but cannot

distinguish the type of them, i.e. the observable quantity is N' 4 N2. We aim
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to obtain the estimate of (A, A2, N1, N?) given the observation of N! + NZ.
The type estimation problem of (N', N?) is a particular problem for multi-
dimensional system. According to (5.14), the normalized diffusion system is

therefore
X =(Z" 72, U, U?), Y = /oo U" + \Jayu,U?.

Observe that in both scenarios, the approximate signal-observation system ( X, Y)
is a Gaussian system where an explicit solution of the filtering problem is available

from the Kalman-Bucy filtering theory which we will introduce first.

Lemma 5.3.1 (Kalman-Bucy Filtering with Correlated Noise, Xiong [62]). Suppose
the signal process X and observation process Y are random vectors of dimension
d x 1 and m x 1 respectively and the signal-observation system (X,Y") is given by
the solution of

dX, = (b + b, X,)dt + c,dW, + 0,dB;,

3 (5.18)
d}/;g - (ht + htXt)dt + th,

where Xy is a normal random vector with mean XO € R? and covariance matriz
v € R4 (W,B) is an m + d-dimensional Brownian motion, the coefficients
I~)t, by, ¢, 04, ﬁt, hy are deterministic matrices (or vectors) of dimension d x 1, d x d,
dxm, mx1, mXxd, respectively.

Then, for any t > 0, the conditional distribution X; given Y, is a Gaussian

process with mean X, and covariance 7, being the unique solution of

dX, = (Bt n bg@) dt + K,dv,
(5.19)

d
= Wby + by + (acf +ov0l) — (e + b ) (e + vehi )7,

where
t ~ A
v = Y;— / (hs + ths> ds 1s the innovation process, and
0
K, = ”ythtT 4+ ¢ is the Kalman gain.

Note that ~; solves the matrix Riccati equation that is deterministic and does
not depend on the observation Y. In Section 5.3.1 and 5.3.2 below, we explore the

filtering problem for the scenarios (S1) and (S2) respectively.
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5.3.1 Filtering with Observation (N!, N?)

As discussed in (S1), the signal-observation system is (X,Y) = (Z,U) with the
dynamic

dX; = bX,dt + XdB)" + %dBY,
(5.20)
dY, = hX,dt + dBY,

where the coefficients can be found in (5.13) and (5.16). Then we can apply
Lemma 5.3.1 directly.

Proposition 5.3.2 (Filtering with (N', N?)). Let (X,Y) be in (5.20), for any
t > 0, the estimate X;|Y; is a Gaussian process with the mean Xt and variance 7y

being the unique solution of

dX, = bX,dt + K,dv,, Xo =E[Z),

d . (5.21)
= Wb by + (28T + 28T - KKE, 0 = var(Zy),
where K; =% + AT and v, =Y, — fot hX.ds.
Therefore we obtain the estimate of the normalized processes as
20V~ N (Zin). (5.22)
We obtain the estimate of the unnormalized intensity process A; by (5.14)
MY~ N <m v 7, v%> . (5.23)

5.3.2 Filtering with Observation N! + N2

In Scenario (S2) where the event types are unobservable, so the information is more

coarse than (S1). The signal-observation system becomes

T
Xt = |:Zt17 ZtZJ Ut17 UtQ] )

U (5.24)
}/; = |:, /01U \/042'02:| U2 )
t
with the dynamics
dX, = p* Xdt + SYVaBY + 5¥WaB), (5.25)

dY, = p¥ X,dt + XY dB),
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b 0
where X = [h 0

and 4 x 2 respectively, and 0 and [ are 2 x 2 zero and identity matrix. Moreover,

uyz[\/v_l Vs 0 0} andzyz[\/m \/@}

Note that we need to transform the noises in the system (5.25) such that the

) )
] , XN = [[] BDIRSLUGE= [0] are vectors of dimension 4 x4, 4x 2

noise term of BY in X can be written as a linear transformation of the noise in Y

to apply the Lemma 5.3.1 to solve the filtering problem.

Lemma 5.3.3 (Noise Transformation). We can rewrite the processes (X,Y) in
(5.25) as

dX, = X Xydt + 23XdB]" + 2XdBY,
y vy (5.26)
dY, = p" Xpdt + 377 dB, ",
where BX and BY'! are independent standard Brownian motions of dimension 3 x 1

and 1 x 1, and X7 is the first column of X*X below

i311\/041111 + 212\/042?12 i311\/0421)2 - i312\/0411)1
X 1 ZJ21\/041711 + 222\/042272 Z321\/@21)2 - E22\/@101
Vav + Qs NN NGO

1/ Q2Vo —+/ 01U

ET? Z:11 212
2;5( 221 222
X000
X000

Moreover, ¥ = and ¥3¥ = \J/ajv; + aovy.

Then, we obtain the following filtering result.

Proposition 5.3.4 (Filtering with N' + N?). Let (X,Y) be in (5.24), for any

t > 0, X;|V; is Gaussian process with mean X; = (Z;,U;)" and variance process

XU
v = [ Z{tU %U being the unique solution of
Ve i

) . . T

d . o\ T T var(Zy) 0
@%X = (W) + )T+ () 458 (2Y) - KK, g = o o
(5.27)
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. T
where v; = # (Yt — fg [LYXSCZ:S) 1s of size 1 x 1, and K; = ”th <%) + E*{X 18

of dimension 4 x 1.

Therefore we obtain the estimate of the normalized processes as

20V~ N (Zn)

. (5.28)
UV~ N (0097 ).
We obtain the estimate of the unnormalized process by (5.14) as
5\t|yt ~ N <m + ZAtaU’Yt) )
(5.29)

Nt]))t ~ N <m+ (A]t,owfth> )

5.3.3 An Approximate Filter

In this section, we construct a linear estimate for the BDCP by plugging the ac-
tual observation of the BDCP into the filter of the approximating diffusion system
obtained in the last section. Note that we embed the actual data in a sequence
{(X™ Y™)},>1 constructed with the parameter sequence {p*},~; which tends to
infinity. Then the original BDCP system corresponds to (X™,Y™) for some large
n > 1 in the sequence.

Recall from Section 5.3.1 and 5.3.2, we obtain the Kalman-Bucy filter estimate
for the normalized diffusion system (X,Y’). At any time ¢ > 0, the conditional
distribution X,|), is a Gaussian random variable characterized by (X;,7;) where
X, is the mean estimate X; = E[X¢|V4], and =, is the variance estimate and the

mean-square filtering error as well. For each ¢ > 0, we define a functional
Fi(x,y) : R* X Dge[0,00) — R?

with which X can be written as X, = Fy(Xo,Y), where X is the initial state of X
assumed to be known at ¢ = 0. From the dynamics of X, in (5.21) and (5.27), we
know that F} is a continuous functional of y € Dg2[0, 00).

Due to the weak convergence of (X" Y™), the natural choice of an approximate
estimate is to use the filter from the limit diffusion model with the actual point

process input. In other words, we propose an approximate filter for the conditional
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distribution X7"|)7. Assume the filter is a Gaussian process with mean X7 and

variance y; at each t > 0, where
and 7, is the same as in the diffusion system.

Remark 5.3.5. Essentially we constructed a linear filter estimate by applying the

Kalman-Bucy filter on the point process system.

(X™,Y™) in both observation scenarios (S1) and (S2) can be represented in

terms of the scaled jump processes Z™ and U™:

Z" = (Vo) (A —m),
U™ = (Vav) (N, — mt).

(5.31)

For (S1), we have
Xr=2zm yr=u",

then we obtain the Kalman-Bucy filter estimate X" and variance ; from (5.21):

dX7 = bX!dt + K,dvP, X =E[Z2),
) ) S ) ) (5.32)
0= wb F by + (BXT 4 EET) — KKy, 0 = var(Zp),

with the innovation

¢
v =YY" — / hXds.
0
For (S2), we have

T Ulv(n)
n 1,(n 2,(n 1,(n 2,(n t
Xy = |Z, ( )aZt ( )7Ut ( )7Ut ( )} ) 2™
¢

Y = | A/

)

then we obtain the Kalman-Bucy filter estimate X" and variance ; from (5.27) :

) ) ) T
dX; = X XPdt + Kydvy?, X = [E[ZSL]T 0} ’

d . 0\ T T var(Z§) 0
T =2 ) TS () 2 (BY) - KK g = 0 ° ol
(5.33)

with the innovation .
1 ~
v = ¥ (Y;” - / pYXS”ds> .
1 0
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In the following we discuss the asymptotic results of constructed estimates for
(S1) without loss of generality.

For (X™,Y™) = (Z™ U™) in the point process system, due to the continuity
of the functional F; for each ¢ > 0, and by the continuous mapping theorem, we

obtain immediately the weak convergence
(X7 XD = (X0, X),

where X and X, are the diffusion process Z and its estimate (see the proof in
Section 5.5).
We follow the idea in [48] and [53] to show that the construction is appropriate

in an important way presented in Proposition 5.3.6 and Proposition 5.3.7.

Proposition 5.3.6 (Asymptotic optimality). Let f be any bounded continuous and
real-valued function. Denote by q; the integral of f with respect to the Gaussian
distribution with mean Xt” and variance v, as a function of input Y™ up to time t.
Then, for any t > 0 and any measurable and continuous function q of Y™ defined
on [0,1),

lim E [|F(XE) — (v )P] < lim B[l7(XE) — a5 (530

n—oo

In other words, the conditional distribution is nearly optimal with respect to a broad
class of alternative estimators that are continuous and bounded functions of the

observations.

Moreover, we provide the result of the asymptotic estimate error to assess how

good the estimate of the normalized processes is when n is big.

Proposition 5.3.7 (Asymptotic estimation error). For anyt > 0, assume that the
third moments of the jump size Y} and Zl-k’k/ are finite, i.e. figgr < 00 and focrn <

oo for k,k' =1,2. Then, we have the asymptotic estimation error converges to the

error of the diffusion system:

n—oo

i B | (x7 - 2) (x0 - %) | =B | (- %) (- %) | =2 539

In particular,

n—oo

lim E [|Xf’" . Xf’"|2} ~E [|Xf - Xfﬂ = (). (5.36)
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Remark 5.3.8. The property in (5.36) is called the asymptotic optimality of the
filter variance in [53].

Graphic Illustration (S1) Take the exponential jump sizes of \: Y;¥ ~ exp(8Y),
AN exp(0f ) and CF ~ exp(Gf). All parameters are in Table 5.1 and they will

)

also be used in applications in Section 5.4.

ﬂkz,k:5(k:1a2) ﬁkz,k’:2(k7ékj)

pr =10 p2 =10
01 =2 0s =1
B =1 gy =1
-1 o =1

Table 5.1: Parameters for numerical applications

The comparison is based on the Monte-Carlo simulation of the BDCP (N, \).
We first simulate a sample path of (N, \). Conditioned on the path of observation
(N',N?), we obtain the filtered intensity process based on Proposition 5.3.2 and
compare the filtered mean process M with the original process \* in Figure 5.1.

Moreover, in Figure 5.2, we compare the empirical distribution of Ay and Ap|Vr
in (S1) with the observation Yy = o{N}, N2t < T} at a specific time T = 10.

5.4 Applications
We apply the result in Section 5.3 to two typical problems in insurance modelling.

Pricing problem We can price stop-loss reinsurance contracts with claims C;
as in (5.1) in a high frequency event environment. Under the physical probability

measure P, the stop-loss reinsurance premium at time t is
E[H (Cr — Cy) |V, (5.37)

where observations ) in the market can be from either (S1) or (S2) and H : R?* —
R, is a function including the discount factor under the physical measure and also
the payoff function. For simplicity we assume a constant discount factor, then H

is a payoff function can be H(x) = (zx —d)™ for claims in a single portfolio of type
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BDCP intensities 7\11 (S1): filtered 7\; F

___Ew],

time t

time t

Figure 5.1: Observation scenario (S1): A sample path of A¥ compared with its
unconditional stationary mean and conditional estimate A" = E[A|o{N! N2 s <
t}] for k =1,2.

k=1,2,or H(z) = (cnz1 + agwy — d) for claims on a joint portfolio with d as the

retention level.

Event type identification In the case we can’t distinguish the event types as in
(S2), we aim to find the distribution of the number of events of a certain type in

the interval [0, ¢]. It corresponds to
P (N; < n|)y), (5.38)

where YV, = 0 {N! + N2 s <t} and n < N} + N2
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Histogram of sampled )JT and 7\_}": atT=10

150

1
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§ so0f .
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Histogram of sampled )@ and A_ZF'F at T =10

150 :

2
- I
S 100f 2F[H
2 [ ]
o]
§ sof .
c

5 10 15 20 25 30 35 40
A

Figure 5.2: Histograms describing the empirical distribution of M and
Aelo{N} N2t < T} denoted by 2" in the graph at T =10 for k = 1,2.

5.4.1 Pricing Problem

We transform the pricing problem into solving the prediction problem using the
structure of diffusion system and the actual observation input. Recall that C, =
met++/vV;, the conditional law of Vi —V; is multivariate Gaussian by (5.17). Then

we have the following result.

Proposition 5.4.1. For any t > 0, in the diffusion system, define a functional
Ht() : DRQ[O, OO) — R with
H(Y) = E[H(Cr—C) ¥
= E[H(m(T —t) + Vo (Ve —V)|V]
= H((m(T —t) + vvz)) f(2)de,

RZ

where f(x) is the density function of the conditional law of Vi —V; that follows the

multivariate Gaussian distribution with mean ,ux o+ and covariance ZZ s
flx) = Gy Stz 2 exp ) (z—mr) Eir) (v —nir) v € RY
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where

v .
per = 112y,

T
ZXT = (r[t’yt (r[t)T +/ (O'ZV
¢

u

(@) + o) (o))" + 0l (0

(5.27) for observation scenarios (S1) and (S2) respectively.

Then, given the actual observation process Y™ for some n, the price of the con-

c

u

(5.39)

)") du,

oW =rL,Y, o = rI,Y + 6, 0C = o, and (Z;,7) is the solution of (5.21) and

tract with payoff H at the maturity T based on the estimation given the observation

Y up to time t can be computed approzimately as Hy(Y™).

We provide a numerical example to illustrate where we take the payoff function

as H(z) = (x1+axy—d)" forz = [xl
)

input of the point process.

] using the Kalman-Bucy filter and the actual

To see the impact of the update of observation on the estimate, we compare the

conditional with the unconditional expected values:

E[H(Cr—C)] = E [Ny — N E[C] + E [Nz = N/] E [C7]

= (mluGc,l -+ mguGc,a) (T — t),

where my, and jiger are mean values of A¥ and ¢f. In Table 5.2 we observe that at

t = 0, there is only null observation information thus the values are the same. When

t > 0, with the observation information included, we have the values deviated.

E

H(Cp — Cy)|FY N

E

H(Cp — Cy)|FN' Y

valuation time t E[H(Cr — Cy)]
0 598.7062
5) 447.4457

598.7062
454.9521

598.7062
440.1838

Table 5.2: Comparison of the approximate conditional and unconditional expecta-

tions with 7" = 19.5.

Moreover, in Table 5.3, we compare the contract value with various retention

levels d when pricing time ¢ is fixed and various pricing time ¢ with retention level

d is fixed.
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retention level d (t =5) E |H(Cr— C)|FNN| E|H(Cr— C)|FN' N
300 1410305 140226 _

420 32.4062 31.8488

460 12.1021 11.7923
pricing time ¢ (d = 300) E |H(Cr — C)|FY Y| E|H(Cr— C,)|FN'+V?
0  298.7062 2087062 _

5 141.0305 140.226

10 22.9873 25.0886

Table 5.3: Approximate stop-loss contract value of a given path of observation
(N}, N?), with H(x) = (21 + 29 — d)* with T' = 19.5.

5.4.2 Type Identification Problem

In the case of (S2) where we cannot distinguish event types, we can estimate the

event type distribution in the diffusion system:

n—mkt_Uk

n — myl NG t
) - (v < ) o (ST
t CT Vo VAF*

and hence we have the following approximation solution for the original BDCP

P <Ntk <n

system.

Proposition 5.4.2. For k = 1,2, in the diffusion system we have

n—mgt Uk
P <Ntk < n‘o‘{Nsl + N5273 < t}) = <—Va’“v’“t) 7 (5.40)

vV
where UF is from (5.27), 4V" =AY (k, k) in (5.28) and ® is the distribution function
of the standard Gaussian distribution.

Then given Y, = o{N} + N2 s < t}, the estimate P (Ntk <n

yt) can be com-
puted approzimately as (5.40) with Ut"“ replaced by the actual observation input
U™ in (5.33).

We illustrate with a numerical example. Given a path of N' + N2, the type

estimation results can be found in Table 5.4 and Figure 5.3.
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Lk=10) PN <HAT) BN < kA

0 1 1
0.5 0.9895 0.5749
1 0.454 0.0017
2 0.0022 0

k=1 PN <HA") PN <A

0 0.0007 0
10 0.454 0.0017
20 0.9995 0.6914

Table 5.4: Approximate type estimation when N! + N? is observable

Type estimation t =1

-

o o o o
D ~ [oo] ©

probability
o
[

0.4f B

0.3 B

0.2
P(N] < klo(N+N2s< 1)

0.1 e PN 1, N2 I
P(N? s k lo(N2+N2s< 1)

O . T T
0 5 10 15 20 25 30

Figure 5.3: Approximate solution of type estimation P <NtZ < k|FN'HN 2) at time
t=1.

5.5 Proofs

5.5.1 Proofs in Section 5.2

We first show a lemma that will be used in proving the diffusion approximation

results.
Lemma 5.5.1. Denote X} := fot Neds for k = 1,2, then var (Xf) < t*var (/\f)
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Proof. Note that for any nonnegative functions fi(-) and fo(-) on R, we have

cov (/Ot fl(s)d/\’g,/ot f2(s)d)\’;) >0

as the randomness comes only from jumps in A\¥. Then since

t t t
Xf:/ )\’;ds:Aft—/ sdA’;:/(t—s)dA’;,
0 0 0
we have

t t t
var (Ajt) = var (X}) + var (/0 sd/\f> + cov </0 (t — s)d)\lj,/o sd)\';) :

Hence,
var (th) <war (/\ft) = t*var ()\,’f) .
[
. TN NE .
Lemma 5.5.2. For allt >0 and j,k = 1,2, M]' .= =—F<=—L satisfies

(n)
v:

lim E {sup | M — Mt"_|2} =0.

n—oo t<T

Proof. First we have

. 2 . 2
max (Z{ — ,LLGj,k) e (Z]JV% — me)
sup | M;" — Mtril2 = (n) :
t<T vy,

. 2 _ . 2 ,
Denote Y; := <Zf’k - I,LGj,k) and Y}, := max { <Z{k - /LGj,Ic) ooy (Z3F — ,LLGj,Ic)Q},
and note that NF and vy, are both increasing with n, then it is sufficient to show

that for any ¢t > 0,

lim E

n—oo

v,(cn)

YNk]
Ll — . (5.41)

Y ok
It is sufficient to show the sequence {(Ln%} converges to zero in probability,
Yk n>1

Y,
denoted by (L"l; Eit 0, and it is also uniformly integrable.
Yk
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By definition, P (Vn < 6) =P (Y; <¢€)". Denote Fy as the c.d.f. of Y;, since the
jump size ka has the finite second moment, we have E [Y;] < co. Hence, we have

lim, o (1 — Fy(z)) = 0. Then % £ 0 as for any € > 0,

Y’n, < 7 — n — n—oo
P (— > e> =P (Y, > ne) =1— (1 — Fy(ne))" < nFy(ne) "= 0.
Ve P .
Then we have —+ — 0 since

n
Nf
?Nf . YNt’“
P ( N > e\Nf> lim P ( N > e|Nf>] =0,

. Yy .
P A
where the last equality is due to the dominated convergence theorem.

=E

t

Note that {a,g")}nzl is bounded uniformly in n due to the linearity:

n n Hke,1 n
w My g+ 2B ez e 70 - [y k2
ap =5 = P T Tor — <max{——,— ¢.
vy, Ve, + Vk,2 k2 5,5 + Ve Vk,2

Nk P . .
Now we show that —i — ayt. First, since

v

k

t ¢
var(NF) = var ((Ntk —/ )\';ds) +/ /\]S“ds)
. o t ¢
<wvar (Ntk —/ Afds) + var (/ )\';’ds) + 2 |cov <Nf —/ /\];ds,/ Afjds)
0 0 0 0
¢ ¢ t ¢
< war (Ntk — / )\’;ds) + var (/ )\fds) + 24/ var (Nt'“ — / )\’;ds) var (/ )\’;ds),
0 0 0 0

where the last inequality is due to the Cauchy-Schwartz inequality, and by Lemma 5.5.1

t
=E [/ /\’;ds} = tm"™,
0

and (5.45) that is independent of this lemma, we have

t ¢
var <Ntk—/ Aids) = E (Ntk—/ /\];ds)
0 0
t
var (/ Afjds) < tQU,in),
0

which leads to
var(NF) < tm,(gn) + tzv,gn) +2t3y mlgn)v,gn).
(n)

Since m{;) — qy, therefore for fixed ¢ > 0, we can choose n big enough such

2

Uk
(n)
that %t — ayt| < 5, then by the Chebyshev inequality,
Uk
Nk Nk (n) (n)
]P’(Wt)—akt >e> g]P’(vt)—%t %t—akt > e
Uy, Uy, k Vg,




1 var(NF)
n 2 (Y2
(™
(6 — v(_];) — O t) <Uk )
k
1 tm\"” + 20" + 254 /m{M o\
n 2 (n)y2
(™
(6—?’;)—0% t) (v)

! ! tal™ 4+ 2 4 224/l
") - 2 k k
Uk (e— ‘ak —ak‘t>

TLz)OO O’

IA

IN

IA

as v,(j) — 00 and other terms are nonnegative and bounded uniformly in n from

NF P . YNk P
above. Hence, 5y — ayt. Moreover, with £ — 0, we can conclude that
vk t
Yy
éf;) Zo. (5.42)
U

Note that

Y, Y, E [N}
sup E évtl; =supE |E (itl;ﬂ\ftk < E[Y]sup [( )t} = E[Y]t (supal(cn)) < 00.
n Ukn n Ukn n Ukn n
(5.43)
Y
Hence the sequence {%‘Ij} is uniformly integrable for a fixed ¢t. With (5.42)
Uk ) >t
and (5.43), (5.41) holds. O

Proof of Proposition 5.2.5. We prove the proposition by showing the martin-
gale central limit theorem in Theorem 5.2.3.

Note that the process T" := <)\1, A2, X1 X2 N N2, gM' M gNLL N2 N1 gN2 t)
is a Markov process with the generator A, and take any f in the domain D(A),

_ mm anl n2 ol g2
then at A = (A1, Ao, w1, T2, 01, o, 47 0 17 s J1 5 a5 Ja 5 t), we have

-m -m :n,1 .n2 .nl .n?2
Af()\la)\%xlvx%nlvn%jl7]27]1 yJ1 sJ2 5 )2 7t)

Cof . of . af . of o)
=5 ~ gy TRhgmt g+ g
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+

+ p2

+ M\

/.

/ g, g, wama a1y g3 G0 G000 0 ) dH (y) — f (A)}

R

{ / A+ y, 21,2, n0,n0, 37 55 4y, 0 A s gy ) dHo(y) — f (A)}
Ry

f ()\1 + 21, >\2 + 22, L1, L2, M + 1a n?vjinaj;nﬂj?,l + Zl?.j?Q + 227‘7‘;717]';72,15) dGl(Zb ZQ)

(5.44)

where Gl(Zl, ZQ) = GLl(Zl)GQ’l(ZQ) and GQ(Zl, 22) = G172(21>G272(22).

NF—[E\kds
k b

NT.j

Ji Jf“cjythk

First Vi is a martingale since from the generator in (5.44), we have

Then

Ctk “Hgek Ntk
k Yk
JM —p eyt

L NG _

ng — Tg G — iy,
A( ):o, A(—>:o,
VUk VUk

A <]m1C _\/'lﬁ{kpkt) _0. A (Ck — [LGC,knk) _o.
Uk

, we check the condition (5.8). Denote vgix := pogir — (gix)? for ¢ = 1,2,

we have

2
ng — T Ak Ng — Tk
A = —2 + A
< V Uk > V Uk < V Uk ) ’

/Ri (%)Qd@(zh%) _ <nk\/_v—::k>2]

o 9 o 2 — 2
I = PGk J™ + 2 = pgir(ng +1) I = PGk
A <—) =\ / ( dGik(z) — | ———F——
Uk ’ [ R, 0k M) Ve

119



P <jm’“ — umpkt>2 _ P (jm’“ — umpkt)

. 2 . 2
Ity — umpkt) (Jmk - ,qupkt)
+ dHy(y) — ( L——HmPt
Pk /0 < S k() Non
_ PrHamk
Vi ’
Cr — fgerng | cx + 2 — piges (n + 1)\ Cr — fgerni |
() L ) et - (*=7)
VU Ry Uk VU
_ UGc,k )\k
Uy,

Hence, the following are martingales:

NE— [Pakds\T 1 gt
A T ho AT L[ kg,
Vv Vk Vi Jo

) 2
NE k t
J - ,LLGIc,jN Vagik
¢ L) — = | N,
Vv Vk Ve Jo

2
(Jth — parpt \ priom

(5.45)

t,

NN Uk

2
<Ctk - MGC,ka) B 'UGc,k /t >\‘]§d8
m Uk Jo

Note that — fot Aeds & ayt. Indeed, for any fixed ¢, we can choose n big enough
Uk

(n)
such that %t — agt| < 5, then by the Chebyshev inequality, Lemma 5.5.1 and
(n)
lim,, o % = «ay, we have
Yk
1 t 1 t (n) (n)
P W/ MNeds —apt| >e] < P W/ Nods — —l5t| + | =5t — aut| > €
v, Jo v, Jo Uy, vy,

<
- () 2
€ — % Q. t
Uk
2 (n)
< t vy,
— 2 2
my" o™
€— |~y — Qk t k
Uk
0



k.

NYG_ ., Nk
We have shown in Lemma 5.5.2 that the condition in (5.7) holds for Jt]#,
the second component in (5.9). The condition also holds for other component in
(5.9) in a similar way.

Now we check the cross terms in (5.8). For k,k’,j,j' = 1,2 and k # K/,

ANz
N

Vk

A

(Jth’ _ pk’NHk/t> _0
) (Nk, fo Ak‘/ > - 0’
( JoAFds )

C, Gck:/N
:O,

A I = o T — proptget —0,
Vo

Nk,j k k' K’
Jt - MuGﬂ'*Nt (Ct B ’uuGC’k/Nt )

A

V!

Therefore, all cross terms in (5.8) converge to zero in probability.
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Hence by Lemma 5.2.3, there exists mutually independent standard Brownian

. Mk pNE pJ*j pCk
motions B, ", B,"", B; ”, B,"", such that as n — oo,

[ NF—[7M\kds ] NE
VVk o B
I g NE . Tk,j
2t PGLETE ; 5
| = /Uqik O By
Cck— N, Cik
%:kf [Uge.k Ot By
k n M,k
T —pyrit V om0k By
L VVk -
Moreover,
N*j tyk NF.j k k tyk
Ji — Haik fo Agds —J, — pair N Ny — fo Agds

= + Wik

o o o
k .
= \/UGj,kOékBg 74+ ,uc;j,m/osztN’k

Similarly, we have

t t
Cf — pges fo Ayds _ CF — pger Nf + g Nf - fo Ayds
NG NG “r o
= \//UGc,kO{kBtCJC + uGc,m/akaV’k.

]

Proof of Proposition 5.2.6. In this proof, we show how to obtain the OU sys-
tem from the building block. Recall the representation of AF in (5.2.2), and denote
by

t t
UF = Mee 0t 4 / e oKt g JME — Nkem0kt 4 MY g, / e Ok(t=9) JM" g
0 0
t t
‘/th — / e—(Sk(t—s)dJ;Vl,k _ JtNl,k _ 5k/ e—ék(t—s)JéVl,kds
0 0
t t
‘/tQ,k — / 6_6k(t_s)dJ;V2’k _ JtNQ,k . 5k/ 6_5k(t_s)J£V2’de,
0 0

then AF can be written as

)\f — Utk + ‘/;l,k + ‘/;Z,k'

Moreover,

k k k Mk Pk Kk Pk
Utk _ JtM — [ prt — 5 /t o0k (t=5) Jéw —MHkPdeS+ Ao — Ifsk ekt 4 Pfsk
v Uk v Uk 0 vV Uk vV Uk v Uk ’
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Nk t s
th,k B vy J; — MGk fo Alds 5 /t P U1 Jé\/l,k — ek fo /\}Lduds
- — — Uk
oy \V vk o 0 \/ v o

pers ' s (t—s)\1
+—— | e VTV ds,

VUi Jo

2 t s
v \/@JtN "o JyNds o / Lty [U2 I = ngra Jy Xidu

pere ' s (t—s) \2
+—— | e VTV AIds.

VU Jo

JME qup;”)t N TNV e fot Alds N TNE s fg Nds
VU NG vk
n Uk ¢ 2k ¢
JME yJH;cpEC 't N ﬂJtN — pgra [y Aids N v_thN — pgre [y Aids
VVk U NG V vk VU2 ’

(5.46)

then for k, k' = 1,2 and k' # k, the normalized process of ¥ is

1,k 2,k (n
Zf,(n) _ Ut 4 Vi . Vit mk)

where
k,(n) ml(;) Hakw Skt mén) HgrE Sty L HEE P
40 = L1 - + (1=t Bt
o Ok o Ok Ok [,
k k k
1
+ <>\§ _ Mk pk> L
o™ O o™
k _ Puk n _ Hgkk, (1)  Fger (1)
_ Ak —mé") C (1= e 0 JL: kT %mk - G;s’;k my,

U](gn) /'U](Cn)
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= 25" — (1 - e o™,

k_ HFHk o Fgkk m (™ Rak.k  (n)
. k, A=, PR "5, Mk T e, My
with C ™) = b b = b
Yk

Recall the first stationary moments in Section 4.4

n (O — pgr v ) e n [k "
ml(c ) - pk;+ 5 5 < pk"?
(Ok — pemw ) (O — b ) — prgrar figrrne (O = pmn ) (O — P a) — Hgrr g &

which yields

n n 1 ) n
Zy™ — gt = — {— (1——“Gk’“)m,§)+“G” <>+“ipz] ~ 0.
()

O O

Hence, we obtain

t t
Zf’(”) _ Z(l)c,(n)Jr/ 6—5k(t—s)dWSk,(n)+,qu,k/ e—(sk(t—s)Zf,(n)dS
0 0

t
oy Harw / e =) ZH (W gs — (1 — e~ Oy,
0

Equivalently,

Az = _g, (Zf’(") —(Zbm _ gkt )) dt + dWE™ 4 g ZE0 dt + o™ )0l e 28 dt

= {—((Lf — ugk,k)Ztk’(") +/ vk, /vk ek, er ] dt + dW

and in matrix form, we obtain

2,(n - 2,(n 2 n
Z; " \/UYL)/USZ)ILLGQJ —(09 — pig22) Z ) Wi )

(5.47)

Define the Brownian motion

m,/[LZHkBM’k—i—,/Vlk,/vgkh/ B +1/U2]€1/UGk2\/ BJ ok

BW’k ._
t T
\/QkMQHk + V1 kVUgka1Q + Vo g Ugk2 Q2

then from the construction we know B,}/V * and va * are independent by Lemma

5.2.5. Moreover, from (5.46) we have for k = 1,2,

WE = lim W™

n—o0
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= 1/ ka/IMQHszW’k + vV V1k <\/Uck,1\/OélB£]1’k + /Lgk,ly/alBiVJ)
2
+/V2.k (\/’UGk,Q\/OéQBij ko [/Jgk,Q\/O{QBt]VQ)
= \/QkMQHk + V1 pUGR1Oq F V27kvgk,zoz2BF/’k + . /l/ljk;aéllugk,lBiNJ + w/VZkO./Q/,LGk,ZBiV’Q.

BWi1 _ [pNa
o ¢ >N et

w?2 N,2
t Bt Bt

Note that Zé") = Z, in (5.11) by the central limit theorem and therefore Z™

~ Wk
Then, with ¥ and X defined in (5.13), we have [ t] =X

in (5.47) converges to Z in (5.12) weakly by the continuous mapping theorem. [

Proof of Lemma 5.2.9. First denote py,q; as deterministic d x d matrices which

% = —p;b and % = bq,, with po = I and ¢y = I. Then, we have p, = e~ %,

t
and ¢, = e”. Moreover denote Q; := [, e*ds.

solve

T T T
Vp -V, = 7"/ Zudu+/ adB§+/ 5dBY,
t t t

then to prove (5.17), it is sufficient to show that

T T T 5
/ Zudi = (Qr — Q1) pZs + / (Qr — Qu) puSdBY + / (Qr — Qu) puSBY.

Applying Ito’s formula, we obtain
d(pZ,) = —pbZydt + p, <btht + X%dB)Y + %dBY ) = p2dBY + pXdBY.

Denote 3B, := SB)Y + EBY (X = chol(£X* + £¥*)) and Q, = [; g,ds, then

t
Z;y = QtZO+Qt/psEstv
0

t t s t t
/ sts - QtZO + / / QSpuidBuds - QtZO + / (/ qu3> puid-éu
0 0 0 0 u

t
0

Therefore, we have

T T t
/ Zds = / Zods — / Z.ds
t 0 0

T t
0 0
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T T
' T ' T 5
— (Qr— Q)7+ / (Qr — Qu) puSdBY + / (Qr — Qu) puSBY,

where the last second equality is due to the fact that Zr = qrp:Z; + qr ftT psfldés.
m

5.5.2 Proofs in Section 5.3

Proof of Corollary 5.3.3. The transformation of the noises is simply due to the
decomposition of Brownian motions. We first construct a two-dimensional standard

Brownian motion

T
B = [Bty’l Bt“] =" By,

NG VUzas
-1
where BN 1= | viartnes vnatne | and note that (V)7 = B%Y, we have
Vviaituzaz  Vurartvzas

-1
BN = (2NY) ' BY.
Then, (5.25) becomes

dX; = p*Xudt +2*MdBM +2XNaBN
= X Xdt + S¥dBY +2XVdB)Y
dy, = p"X,dt +>"dBY.

where ¥*V = [\/vlal + vory O], and Y*¥ = XN (ZN’Y)_1 = NONYNY of di-

mension 4 x 2.

Note that

BY!
t
0

0

+ 82,72

E*XBtY — E*X (

) — ETXBE/J + E;XBB/,Q

where for i = 1,2, 5;* = (¥37) ;21234 € R™" are the 4-th column vectors of X*X,
Hence we have

dX, = pXXdt +XdBY + (2;%32” 2 4 $XW W )

Ay, = p¥Xudt +3YdB
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T
We can construct a 3-dimensional standard Brownian motion B;¥ = |B* B}"' B}" ’2]
%9 Xn X
Y5 Yo Yo
X0
X0 0

that is independent of B¥'!, and denote ¥¥ := , thus we obtain

dX, = p*X,dt+>%dB" + ¥XdB¥
Ay, = p¥ X,dt +xYdB] "

Hence we have finished the proof. 1

Proof of Proposition 5.3.6. Due to the weak convergence of (X™,Y") and the

continuous mapping theorem,

Jm E {70 = qi(SP) = E () — g (0)P)

lim E [| FXEmy - q(Y’“’”)|2] = E[If(X)—qYH)]].

n—oo

Hence (5.34) holds as the estimate ¢5(Y*) = E[X[|)}] satisfying the least square

criteria in the diffusion system. ]

Proof of Proposition 5.3.7. The continuous mapping theorem implies
(Xann)j(XM)z)? |th_th’2:>’Xt_Xt|2

Note that (5.35) is implied by (5.36) as the convergence of the covariance is implied
by the convergence of the variance of the marginal random variables. Hence we
need to show the convergence of | X" — X/"| in L2(P). It is sufficient to show

the uniform integrability of | X" — X2, Then it suffices to show that for some

e >0,
sup E [|Xf" - Xf’n|2+€] < 0. (5.48)
Note that
E[lxkn - XPrpee] <ot (B [IxEre] 4B [IXEE]).
Recall

X' = ( U("))_l (A — m(”)) ,



. . . -1
and X satisfies dX|' = (b—hK,;) X 'dt+K,dY;” where Y;* = ( v(”)> (N; — m™t).

Then, we have

~ ~ t -1 t t
Xr = X exp < / (b th)ds) + (Vo) / exp ( / (b— hKu)du> K.dN,.
0 0 s

To show (5.48), it is sufficient to take € = 1, and show for k = 1, 2,
3

3
Nk _ (”)t pra (n)
L < oo, suplk t M

/'U](gn) v[(gn)

We show (5.49) holds using the cluster process representation of the BDCP

sup E < 00. (5.49)

in Section 3.3.2. Without loss of generality, suppose max{p!, pb} = np — oo as

n — oo, then pf, pi can be written as

pr = pin,  py = pan, (5.50)

where pr has an upper bound independent of n.

Consider the BDCP and its intensity (V, \) that with external factor intensity
p" = (pt, py) in (5.50) for some n > 1. Being also a cluster process, the BDCP
can be constructed as the sum of the n independent copies of the unit process
(Nt(i),)\gi)) that is with p® = (py, p2) and other parameters being the same as

(N, ) for i =1,...,n. By construction, we have

N, 4 iNt(i): A 4 i)\gi)'
=1 =1

Note that the stationary distribution of N; and ), is equal to > ., Nt(i) and
Yoy )\,gi) in distribution where Nt(i) and )\,gi) are of the stationary version. Therefore,
denote m = (my, ms) and v = (v, v2) by the stationary mean and variance of Agi).
As both m and v are affine with p(?, the stationary mean and variance m and
v™ of (N, \) are m™ = nm and v™ = nv.

Hence we obtain

’ ) 3 n i 3 n i
i S B DD e R S Z/\f’()—mk P
3 . 3 .
NE—mt] S NPO gt 1 i NEO it _1ly
[ Vn/uk nt |~ Uk B e
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‘ Ntk’(z)—mkt 3 /\f’(l)—mk

3
We now focus on that are independent of the index

NS and NS
n. From Example 3.4.2 in Section 3.4, if we assume pzgyr < 0o and pigewr < 00,

we obtain
N3 N\ 3
E {(Nf‘”) } <oo, E {()\,’f’(z)> } < 00,
indicating
NEO ot AR my ’
E t o, E ! < Q.
N Vo
Therefore we obtain (5.49) as
o ['] [ \Bo(0) 3 ki, (3)
sup E < sup — E||l——— =sup —=E
(n) . : (@) 5 k(i)
NF —m"t 1 & N — gt 1 N — gt
sup E < sup — E =sup —=E
and hence we proved (5.49). O

5.6 Conclusion

In this chapter, using the martingale central limit theorem, we obtain the diffu-
sion approximation of a stationary BDCP which models a high frequency events
system with contagion effect under the influence of a big external factor. We then
propose an alternative solution of the filtering problems for the BDCP system by
constructing estimates based on the structure from the diffusion system with the
actual BDCP input. The asymptotic analysis and numerical example show a good
performance of the proposed filter. We apply the result in solving some insurance

problems.
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Chapter 6

Diffusion Approximation of
UDCP and Alternative CIR

Simulation Scheme

In this chapter, we show that a sequence of scaled intensity processes of univari-
ate dynamic contagion processes (UDCPs) converges to a CIR process weakly in
the path space. This result provides a link between two families of self-exciting
processes in non-diffusive and diffusion world. With the weak convergence result
and the exact simulation of the approximating sequence, we develop an alternative
approximation simulation scheme for CIR processes and the Heston model.

In Section 6.1, we review briefly the UDCP, the CIR process, and the Heston
model in the literature. In Section 6.2, we approximate the CIR process X with
the pure jump process X" constructed from the intensity of the UDCP based on
the weak convergence X" = X in the path space Dg[0,00). Moreover, the weak
convergence of the asset price processes in the Heston model is also investigated.
In Section 6.3 the simulation algorithm for UDCP and CIR is presented. The

performance of the CIR simulation is assessed by numerical examples in Section 6.4.
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6.1 Introduction

6.1.1 Univariate Dynamic Contagion Processes

The univariate dynamic contagion process (UDCP) is introduced in (3.6) in Chap-
ter 3. It is a self-exciting counting process N = (IVy);>o with intensity A = (A)i>0
consisting of an external Poisson process and a self-exciting jump process. In this
chapter, we assume additionally all jump sizes are constant in the UDCP intensity.

Hence the intensity in (3.6) in integral form becomes:

t t
A = e % 4 ayy / e =AM, + oy / e =), (6.1)
0 0

where
e )\ is the initial value, either a nonnegative constant or random variable;
e § > 0 is the decay rate;
e M is a Poisson process with a constant intensity p > 0;
e a;; > 0 and ay > 0 are constant jump sizes.
We see that the UDCP intensity A in (6.1) is a piecewise deterministic jump

process.

6.1.2 Basics of CIR Processes

CIR processes: A Coz-Ingersoll-Ross (CIR) process X = (X;)i>o is the unique
solution of the SDE below:

dX; = B(0 — X,)dt + o/ X, dW;¥, (6.2)
where Xy >0, 6> 0,60 > 0 and o > 0 are constants.

The Feller condition Let X, > 0 and W*¥ be a Brownian motion. If 230 > o2,
the process X never reaches zero. If 230 < 02, zero is accessible for the process X

and strongly reflecting. We call the condition 286 > o2 the Feller condition.

131



The transition probability For 7" > t, Xr|X; follows a non-central chi-square

distribution.
z-n(t,T)
where d = 4(%, n(t,T) = % and F'(z;v, A) is the cumulative distribution

function of the non-central chi-square distribution with v degrees of freedom and

non-centrality parameter A:

oo Yy, :
FlvN)=e ) / Ji-1e-bay,

J! 2%+jp(% +3) Jo

J=0

Therefore we can find the explicit form of the mean and variance of Xp|X;.

Applications As the CIR processes are affine processes we can compute the char-
acteristic function explicitly. Moreover, due to its non-negativity, CIR processes
are widely used in modelling interest rates and stochastic volatilities of asset prices

(the Heston model) in finance.

6.1.3 Basics of the Heston Model

Denote by X = (Xi)i>0 and S = (S;)i>0 the variance and asset price processes

respectively. We follow the same notation for the Heston model as in Andersen [4],
dX, = B(0 — X;)dt + o/ X dW;Y,
dSy = S/ X, dW7 (6.3)
d(WX W5, = pdt.
The Cholesky decomposition yields W;° = pWX + /1 — ,OQVVtX’L for all ¢ > 0,
where WX+ is a Brownian motion independent of W* as well as X.
Denote the log price process Y = (Y;)i>0 with Y; :=log S;. By It6’s Lemma we

have

1
dy, = —EXth\/Xtde

= Xt + o /Ked W 4 T KW

As (X,Y) is a Markov process, for any ¢ > 0, condition on (X, Y};), we have

1 t+A t+A t+A
Yia=Yi—g / Xds+p / VX AW +/1—p? / VX AW (6.4)
t t t
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We have from (6.3)
VX AWK = dXt B(6 — X,)dt),
then we obtain
/ VX AWE = XHA—Xt ——A+5/ X,ds.

By the Dubin-Schwartz theorem and the independence of W%+ with X,

t+
/ X1 d
/t XsdW; f”A Xsds’

therefore we have

0
YHA—(Yt—ﬂ >+§(Xt+A—Xt)+(———>/ Xuds + /1= Wit

o

(6.5)

Hence, for each ¢ > 0 conditioned on o{Xj, Y, s < t}, Y, is a Gaussian process

with mean p; and variance v; that are functions of (X, Y};), X;1a and fttJrA X,ds:

Y, ~
t o {Xa<t) N (e, ve)
e = (Y;f - & ) g(Xt-i-A — X)) + <— - —) / Xsds, (6.6)
t+A
vy = (1 —p?) X.ds.

t

In particular, if we take ¢ = 0 and A = ¢, we have

Yti(Y()—BXO—@t)—i—BXt-F(—__)/Xd3+ 1—0p 1
. i Xods'

o

The distribution of the asset price at each time ¢t in the Heston model is com-
pleted determined by X; and fot Xds.

6.1.4 Simulation Issues

When we aim to generate a sample path of a process X by the Monte-Carlo method,
the essential question is how to generate X;,a given X; with t > 0 and A > 0. In

the following, we denote by X the simulated value of X at time ¢.
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Simulation of CIR Processes There are a few approaches to simulating CIR
processes in the literature.

First consider the Fuler scheme where Xt+A is simulated based on the SDE of
the CIR process and its previous state X,. However, one needs to make adjust-
ments of the simulated X, when X, is negative. Discussed in Andersen [4]. The
adjustments would generate non-trivial bias. If the Feller condition is violated, the
bias can be large.

The exact simulation scheme based on the explicit form of the transition prob-
ability of the CIR process (see Section 6.1.2) becomes an alternative. However, in
practice the algorithm involves complications in acceptance-rejection sampling and
thus it is inefficient and sometimes even yields poor performance.

In the moment matching scheme, one approximates the transition probability
with another probability distribution with the same lower order moments. For
example, the lognormal distribution approrimation scheme is adopted by Ander-
sen and Brotherton-Ratcliffe [5], the Truncated Gaussian scheme (TG) and the
Quadratic Exponential scheme (QE) are introduced in Andersen [4]. QE scheme
is the most popular and accurate scheme among them where the approximating
distribution is a combination of a squared Gaussian and an exponential distribu-
tion depending on the value of the X, generated from the last step. However, the
distribution of the simulated X, for fixed + > 0 and the sample path X = (Xt)tzo

is not the exact one. Moreover, the weak convergence remains unverified.

Simulation of the Heston Model As shown in the previous section, the asset
price process is driven by the CIR process X = (X¢):>0 and its integrated process
( fot Xsds>t>0. First note that the transition probability of the integrated process
has no explicit form. Moreover, if using the QE method in [4], then the simulation
of the integrate f(f Xsds based on the finite points of the path (X'S)Ogsgt involves
additional numerical errors. Indeed, on each subinterval [u, u+A], the integration is
again computed by approximation: f;JFA X ds =7 Xu+72Xu+ A for some constants
71 and 7.

In summary, Andersen’s QE simulation scheme suffers from two types of errors:

(7). The simulated variance process X, deviates from the original X, and there is

no proof of the convergence in the path space.
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(77). Then is numerical integration error in computing fot X, ds.

In this chapter, we address these issues by proposing an alternative simulation

scheme which overcomes the weakness above in the following way:

(7). We approximate the variance process X by a process X" which converges

weakly to X in the path space and X™ can be simulated exactly.

(77'). We show that there is no additional error from the implementation of the
integrated process fg Xlds as f(f X7'ds can also be simulated exactly based
on the path of X" .

6.2 Diffusion Approximation

We first introduce an important diffusion approximation theorem showing the weak
convergence of Markov processes to a general diffusion process, which is an extension
of Theorem 5.2.3 where the limit process is a Gaussian process. The convergence
is based on the characterization of Markov processes by the associated martingale

problems.

Theorem 6.2.1 (Diffusion Approximation [33, Theorem 4.1, Chapter 7]). Let a =
(a;j) be a continuous, symmetric, nonnegative definite, d x d matriz-valued function

on R? and let b : R — R be continuous. Let
_ 1 . 0o d

and suppose that the Cra[0, 00) martingale problem of A is well posed.

Forn =1,2,..., let X,, and B,, be processes with sample paths in Dga|0, 00),
and let A, = ((A};)) be a symmetric d x d matriz-valued process such that Al has
sample paths in Dg[0,00) and A, (t) — A,(s) is nonnegative definite for t > s > 0.
Set F' = o{X,(s), Bu(s), An(s) : s < t}.

Suppose that

M, =X, — B,

o (6.8)
M M; — A7
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are F"-local martingales. Let 7} := inf{t : | X,,(t)| > r or |X,(t—)| > r}, and for
eachr>0,T>0andi,j=1,...,d,

lim E | sup |X,(t) — X,.(t-)]*| =0, (6.9a)
n—0e0 t<TNT});
lim E | sup |B,(t) — B.(t—)]*| =0, (6.9b)
n—00 t<TAT]
lim E | sup |A,(t) — A, (t—)*| =0. (6.9¢)
Nn—00 t<TAT]

Moreover, suppose that

t
sup |Bi(t) — / bi(X,(s))ds| 5 0, (6.10a)

t<TNT) 0

t
sup | AT (1) — / ais (X (s))ds| 2 0, (6.10b)

t<TATE 0

and

PX,(0)' = v e P(RY). (6.11)

Then, { X, }, converges in distribution to the solution of the martingale problem

for (A,v).

Remark 6.2.2. Note that the weak convergence to the solution of the martingale

problem (A, v) is equivalent to the weak convergence to the weak solution of the
SDE dX; = b(t, X;) Xydt + a(t, X;)dW, with Xq <. Moreover, (6.8) characterizes

the solution of the martingale problem by Ito’s lemma.

6.2.1 Scaled UDCP Intensity Processes

Consider a sequence of intensity processes (A"),>1 of the UDCP (N}"),,>1 in (6.1)

by taking «,, positive and constant, and
e the decay rate d, := 8+ oay,;
e the Poisson process M" has the intensity p, := G0a,;

e the jump size oy = 0%, and ay = o2ay,.
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Then,

t t
AP = Me 4 oty / e =g M + / e ont=9 N, (6.12)
0 0

We construct a sequence of processes (X"),>1 that are UDCP intensity processes

in (6.12) scaled by a constant factor ——, i.e.

1

2,2
o2

XM= (6.13)
We call (X"),>1 the scaled UDCP intensity processes.
Remark 6.2.3. Note that X" is a process derived from the UDCP system (N™, A™).

Therefore X™ depends on parameters (3,0, o, «,) and it has the representation:
1 /[ 1 /[
XM= XJe 0t 4 — / e =g 4 — / e o= gNT,
Qn Jo Qn Jo
1

2,2
ocag

(6.14)

X0 = ——\I.

Due to the exponential decay, X™ is a Markov process with the generator A,.

With any f in its domain, we have

Auf@) =~ g |1 (o ) = )] adoe |1 (24 1) - g0
= —(5nxg—£ + (pn + a20’x) [f <m + ain) - f(x)] : (6.15)

6.2.2 Weak Convergence to CIR processes

Theorem 6.2.4 (Diffusion Approximation to CIR Processes). As «,, — oo, the
scaled intensity processes (X™),>1 in (6.14) converge weakly to the CIR process X
in (6.3) in the path space Dg[0, c0).

Proof. Take f(z) =z in (6.15), we have

1
A f() = =6z 4 (po + abo’s) — = (=0, + 0’y )z + L —Bx + (6.

A Qp

Denote b(z) = —f3z + 0 and B := [ b(X?)ds = [, (—BX? + 9) ds, then

M .= X' — B is a martingale.
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Note that (X[, By) is a Markov process and the generator of (¢, X', B}') is
of | f af 1 8
B + (—pz —1—59) a—i-pn f t,m—i-a—n,x — f(t,x,7)

+o?als [f (t,x—i— ai’j) — f(t,x,i)} .

n

Abf(t, Z, j?) =

Take f(t,z,%) = (r — Z)?, then

Aof(t,2,8) = —2(—Bz+ B)(x —7) — 20,2(x — %) + (pn + 02a’x) [O%(:c —7)+
= o'+ @
Qp

Denote A := [/ (J2X§ + g) ds, then
(M")? — AP is a martingale.

= Now we show (6.9a), (6.9b) and (6.9¢c) hold. Note that by definition B™ and A"
2
are continuous processes. Moreover, since ‘th — th—‘2 < <$ + %) < o:%, for

any T > 0,

lim E lsup}X" X[ | } < lim — =0.

n—0oo t<T

Then, it is sufficient to verify (6.10a) and (6.10b). Define a(x) := o2z, then as

a, — 0o we have pathwise

¢
sup Bf—/ b(X1)ds| =0,
t<T 0
¢
6
sup |A} —/ a(Xg)ds‘ < ﬁ—T — 0.
t<T 0 Qn

By Theorem 6.2.1, we have X™ = X where X is the solution of the SDE
O

Remark 6.2.5. The theorem above builds the link between the self-exciting point

processes and the CIR processes.

Graphic Illustration (Sample Paths) We show a sample path of the scaled
UDCP intensity X" = (X}')i>o in Figure 6.1 when taking the parameter set
(8,0,0,a,) = (1,2,0.5,10) in (6.14).
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a sample path of scaled UDCP (th) with (ﬁ,e,o,an) =(1,2,0.5,10)

0 I I I I
0 5 10 15 20 25

time t

a sample path of CIR (X) with (5,00) = (1,2,0.5)

0 I I I I
0 5 10 15 20 25

time t
Figure 6.1: A Sample path of a scaled UDCP intensity and a CIR process (with
different random seeds).
6.2.3 From Variance Processes to Asset Price Processes

The variance process is modelled by a CIR process X with the weak convergence
X" = X in Dgjp) in the Heston model . Construct a sequence of log price

processes (Y™) by replacing X with X™ in (6.4), then we have

1 t t t
Y=Y — 5/ X"ds + ,0/ VX dWE /1 - p2/ VXrdW(6.16)
0 0 0

By Theorem 2.2 in Kurtz and Protter [47] about the weak convergence of the

stochastic integral, we have the following convergence result,
/ Xds = / Xds,
0 0
/ VXrdWE = / VX AW, (6.17)
0 0
/ VXrdWt = / VX AW
0 0
Therefore, we have Y = Y in (6.4).
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Lemma 6.2.6 (Integrated Variance Process).

1 1 1 1
Xlds = Xy +—M"+—N;" | — =X/ 6.18
/ S ( a, t +Oén t> 5 t ( )

Remark 6.2.7. The lemma shows that the simulation of the integrated variance
process can avoid numerical integration errors (ii) if all jump processes involved

can be simulated exactly.

Proof. Denote JM" = = fot e~ =) dM™ and J\" = - fot e~ =) dN™ then

X7 = Xpe ont 4 M N

t t
/ngs—/ Xle~ "Sds+—/ / (s= “>dM“ds+—/ / (=W dN"ds.
0 0 s=0 Ju=0 s=0 Ju=0

Note that
t s t t
/ / e nTaMds = / ( / e_(snsds) e d M
5=0 Ju=0 u=0 s=u
1 1 t
eV S — —5n(t—u)dMn
5,0t TS, /0 ‘ u
1. oy n
= 5_Mt 5_Jt]\/[ )

and similarly, we have

t s 1 N
/ / TNy = — NP — SR

Hence, we obtain

¢ 1 1 /1 " 1 /1 .
/ X'ds = X{f(s— (1—e )+ — (—Mt” — O‘—JM’"> + — (—Nt" — O‘—JN’”)
0 n

o, \ 6, 5, an \ 0, 6
- E(O _th+a_nNt)_$t'
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6.3 Approximation Simulation Scheme for CIR

Processes

From the diffusion approximation results in Theorem 6.2.4, we know that the
marked point processes X" converges to the CIR process X when n — oo. By
construction, X;' is simply scaled from the UDCP intensity process Ay. In the
following we show that we can simulate A}'. Then we propose a new simulation
scheme for the CIR process X based on the simulation of the pure jump process
X" when «, is large.

In the following, we describe the exact simulation algorithm of the approximat-
ing process X" of the CIR process X. It is a special case of the exact simulation
algorithm of BDCP in Section 3.5 in Chapter 3.

Exact Simulation of X The simulation of X™ for any n > 1 consists of the

following steps:
1. Start from T =0, A7. = Ag > 0, No = 0.
0

2. For i > 0, simulate the (i 4+ 1)-th inter-arrival time W;,; in the intensity
process.
Wip = min{Ei+17 Iz‘+1}-

Tigr =T + Wig.

Generate mutually random variables UZ, and U/, | uniformly distributed on
[0,1]. E;;q is the waiting time from 7; to the first jump of external process

M™, hence

1
Eip 2 ——InUE,.

n

I;11 is the waiting time from 7} to the first jump of internal process N"

supposing no external jumps before that, hence

1
L & 5 Ind;yi|dis >0

n

where
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3. Update A} and N/ at T;;.

no _ T
T;jﬂ n
)‘T* +ofa,, Wi =E§
i+1
where
An_ = A e T T,
i+1 i
and
n J—
Ni- +1, Wipn =1
n —_ i+1
Ti‘:—l o
n J—
N7, Wis1 = Eiq1.

i+1

(6.19)

(6.20)

From the simulation of A} above, we obtain the path of X' as scaled UDCP by

definition

1
X' =——=\".
t 0'20./721 t

6.4 Numerical Results

In this section we assess the performance of this approximate simulation scheme by

comparing the distributions in terms of the Laplace transform. Instead of taking

single-time random variable to compare, we choose the integrated processes fot Xds

and fot X,ds since they are variables related to the path of X™ and X respectively.

Since the CIR process X is an affine process, in [30] for example, we have the

closed-form of the Laplace transform of the integrated process fot Xyds for t > 0

when X follows the dynamics in (6.2) with a starting value Xj:

0
Bt 2

2 sinh (%t) u

E [ fuftXSds] _ ez i %
- (mmrrmmm) (@

K

where k = /(3% + 2uo?.

On the other hand, for the approximating process X" following the dynamics

in (6.14), with Lemma 6.2.6 and the exact simulation algorithm in Section 6.3, we

simulate the integrated variable fOT X!'ds using the Monte-Carlo method. Moreover,

we compare the theoretical Laplace transform of Ele

Laplace transform value E[e—uJo Xids),
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with the simulated
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We take T' = 1, the number of sample paths M = 1000, the Laplace transform

parameter © = 0 to 1, and use three parameter sets for different applications.
(a) For the interest rate modelling: (3,6, 0, Ag) = (0.1,0.07,0.4,0.07).
(b) For the variance modelling in the equity market: ((3,0,0, Ag) = (1,0.07,0.4,0.07).
(¢) For modelling a higher level of process: (f3,6,0, ) = (1,1,0.5,2).

The results are illustrated in (a), (b), (c¢) of Figure 6.2. We observe that the
Laplace transform values of the approximating process is very close to the theo-
retical one. Note that the Feller condition is violated in cases (a) and (b), the
convergence is slower («,, = 100) than the case (c) where we only need «,, = 10 to

have a good approximation.
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Laplace transform E[e™%" %], (T, Mgy ) = (1,1000,100),( B, 6,0, %) = (0.1,0.07,0.4,0.07)

T T
—&— CIR (theoretical)
—*— sUDCP (simulated) ||

0.981

0.96 —

0.94 B

0.92 —

0.9 —

0.88}- i

0.86 i

0.841 B

0.82- i

0.8 L L L L L L L L L

(a) The Laplace transform of the integrated process fOT Asds with A is the scaled UDCP
intensity X" and the CIR process X with parameter (3,6,0,A\g) = (0.1,0.07,0.4,0.07)
typically for the interest rate. 7= 1, M = 1000 and «,, = 100.

-
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(b) The Laplace transform of the integrated process fOT Asds with A is the scaled UDCP
intensity X™ and the CIR process X with parameter (3,6,0,\9) = (1,0.07,0.4,0.07)

typically for variance in the equity market. T"=1, M = 1000 and «,, = 100.
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Laplace transform E[e™0% %, (T, Mg, ) = (1,1000,10),(B, 0.0, %) =(1,1,052)

T T T T T T T T
—©— CIR (theoretical)
—*— sUDCP (simulated) ||

0.9

0.8 i

0.7} —

0.6 i

0.5 i

0.4 -

0.3 —

0.2 D

0.1 —
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intensity X" and the CIR process X with parameter (3,6,0,A\0) = (1,1,0.5,2). T =1,
M = 1000 and «,, = 10.

Figure 6.2: The Laplace transform of the integrated process with different param-

eter sets.

6.5 Conclusion

We discussed an application of diffusion approximation to a class of pure jump
processes. We constructed the sequence of pure jump processes based on the UDCP
that converges weakly to a CIR process and this allowed us to simulate CIR diffusion
processes approximately with the pure jump process. Note that the pure jump
processes are built upon univariate dynamic contagion processes and therefore, we
built the link between non-diffusive self-exciting processes and square-root diffusion

processes.
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Chapter 7

Conclusions and Future Research

Conclusions In this work, we mainly studied pure jump Lévy processes and
dynamic contagion processes, and their applications in finance. We first studied
the intensity process of a first passage time structural credit risk model when the
firm asset value is modelled as the exponential of a pure jump Lévy process of finite
variation. Moreover, we explored the stationarity and the diffusion approximation
of the bivariate dynamic contagion process, and we apply the results in filtering.
In the end, we investigate the diffusion approximation of a non-diffusive process
built upon a univariate dynamic contagion process by a CIR process, and hence we

obtain an alternative approach of simulating the CIR process.

Future Research

We discuss a few questions for potential future research.

Chapter 2: We discussed the existence of intensity processes from a first passage
time structural model. Though the framework is broad enough for the modelling

purpose, there are a few questions open for the future research:

1. If we model the asset price with a Lévy process of infinite variation, then we
can explore whether the intensity still exists and what the explicit represen-

tation is.

2. Recall Black and Cox [12] where the intensity process is a function of an
exogenous process and the default is the first jump of a Cox process. Then the

price can be simply computed in the same way as the risk-free case but with
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the intensity added to the interest rate in the discount factor. It is because the
default time is constructed as the first time the integrated intensity process
is bigger than an independent exponential random variable. In our case, as
the default time does not follow the Cox construction, and we have additional
jump risk at default, the pricing formula will have an additional term. How

to compute the additional term explicitly is open to future research.

Chapter 5: We explored the diffusion approximation of a high frequency event
system and applied it in filtering with point process observations. Note that the
constructed filter is an approximate one. We compared filtering errors using the
approximate filter with the limiting diffusion model and concluded that the filter is
asymptotically optimal. We can improve the assessment of the performance with

the following methods:

1. Compare the filtering errors of approximate filter with the exact one that is

the solution of the KS equation.

2. Explore the convergence rate of the approximate filter to the Kalman-Bucy

filter for the limiting diffusion process.

Chapter 6: We showed the weak convergence of the pure jump process to the CIR
process when a model parameter tends to infinity and the Laplace transform showed
that the performance of the approximate simulation scheme worked well. We have

the following remaining suggestions for future research.

1. It would be interesting to explore the convergence rate of the approximation.

2. As the weak convergence holds in the path space, we can assess the perfor-
mance of the simulation scheme for path-dependent options using the Heston
model. For example, we can compare prices of Asian options and barrier op-
tions using this approximation simulation scheme above with the quadratic

exponential scheme (QE) in [4].
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