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Asymptotic analysis of new stochastic volatility models
ABSTRACT

A good options pricing model should be able to fit the market volatility sur-
face with high accuracy. While the standard continuous stochastic volatility
models can generate volatility smiles consistent with market data for rel-
atively larger maturities, these models cannot reproduce market smiles for

small maturities, which have the well-observed ‘small-time explosion’ feature.

In this thesis we propose three new types of stochastic volatility models, and
we focus on the small-time asymptotic behaviour of the implied volatility in
these models. We show that these models can generate implied volatilities
with explosion, hence they can theoretically provide a better fit to the market

data. The thesis is organised as follows.

Chapter 0 is the introduction. We briefly discuss the development and per-
formance of standard continuous stochastic volatility models, and raise the

small-time fitness issue of these traditional models.

In Chapter 1 we propose the randomised Heston model and analyse its small
and large time asymptotic behaviours. In particular, we show that any small-
time explosion rate in between of [0,1/2] for the implied variance can be

captured by a suitable choice of the initial randomisation.

In Chapter 2 we propose a fractional version of the Heston model and detail
the small-time asymptotic behaviour of the implied volatility in this setting.

We precise the link between the explosion rate and the Hurst parameter.

Finally, in Chapter 3 we propose a new stochastic volatility model based on
the recent work by Conus and Wildman [28] in which the stock price can
have past dependency. We show that in the case of a CIR variance process

this model has similar behaviours to a fractional Heston environment.
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INTRODUCTION

Throughout this thesis we assume a normalised market in which the under-
lying stock price process (S;)i>o satisfies Sy = 1 and the constant risk-free

interest rate is r = 0. These assumptions should not cause a loss of generality.

Over the past two decades, a number of stochastic volatility models have been
proposed in order to understand the dynamics and reproduce the features of
the implied volatility. In general, in a continuous stochastic volatility model
the instantaneous volatility of the stock price is governed by a second SDE,

so that we can write

as, = a8, (paw + paw?) S, =1, "
doy = a(t,o)dt + b(t, o)dW, 09> 0,
where the process (Wt(l), Wt(2))t20 is a standard two-dimensional Brownian
motion supported on the probability space (2, F, (Fi)i>0,Q), p € [—1,1],
p = \/1—7p2, and functions a and b satisfy certain regularity conditions
such that the solution (S, 0) to Equation (1) exists. By definition, stochas-
tic volatility models naturally provide the desirable stochasticity for the

volatility of the underlier, and the correlation parameter p captures the well-
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observed leverage effect in equity markets. For these reasons, stochastic
volatility models quickly became a favourable choice in the industry, and
practitioners and academic researchers have proposed various dynamics for
the volatility process [92, 93, 98]. These models generally provide a better
fit to the market volatility surfaces compared with the Black-Scholes frame-
work; however, as we will see in the example of the Heston model, they also

have a common shortcoming.

In his seminal paper [62] Heston proposed a stochastic volatility model in
which the instantaneous variance of the underlying is a Cox-Ingersoll-Ross

process. Specifically, we have

s, =SV, <det(l) +de§2>) Sy =1,

(2)
AV = k(0 — Vo)t + &/ VdW", Vo =1y >0,

where the positive constants x, 0 and £ are usually required to satisfy the
Feller condition 2xf > &2 such that the zero boundary is unattainable. The
Heston model quickly gained its popularity due to an explicit representation
for the characteristic function of the log-price (the model is briefly reviewed in
Appendix B), so that a Fourier Transform method for options pricing can be
applied. In Figure 1 we calibrate the Heston model to the S&P options data
on Sept. 20th, 2016. The calibration results are accurate for a wide range of
maturities. However, as the time to maturity becomes smaller, the model-
generated smile is not steep enough to match the market data, which has the
so-called ‘small-time explosion’ feature. This phenomenon is described in
detail by Gatheral [52, Chapters 3 and 5|. As a side note, we comment that
a local volatility setting does not have the small-time fitness issue since the
Dupire formula [37] can be applied to back out the volatility directly from
market option prices. However, the local volatility model underestimates
the randomness of the volatility, thus provides unrealistic dynamics for the
volatility and tends to misprice exotic products such as forward starting

options and barrier options.

To improve the small-time fitness of stochastic volatility models, Gatheral

(among others) comments that jumps should be added to model the stock

17



price dynamics. The literature on the influence of jumps is vast: a clear
review of exponential Lévy models is provided in [94], where the small-time
implied volatility explodes at a rate of |tlogt| for small . To observe non-
trivial convergence, Mijatovi¢ and Tankov [85] introduced strikes that are
maturity-dependent, and they studied the behaviour of the smile in this

regime.

Alternatively, a portion of the mathematical finance community has recently
been advocating the use of fractional Brownian motion (where the Hurst pa-
rameter H is in (0,1/2)) as the driving process of the volatility. Alos, Leén
and Vives [3] first showed that such a model is indeed capable of generating
steep volatility smiles for small maturities (see also the recent work by Fuka-
sawa [49]), and Gatheral, Jaisson and Rosenbaum [54] recently showed that
financial data exhibits strong evidence that volatility is rough (an estimate
for SPX volatility actually gives H & 0.14). This is currently a very active
research area, and the reader is invited to consult [10, 38, 39, 40, 46, 81] for
further developments. However, a severe concern for the fractional models is

its significant increase of the computational cost.

In the following chapters we provide three new types of pricing models,
namely randomised Heston, fractional Heston, and Conus-Wildman with
stochastic volatility, and we focus on their asymptotic behaviours at the
short end. We show that these models are capable of generating implied
volatilities ‘with explosion’, so that they have better small-time fitness to
the market data.
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Figure 1: We calibrate the standard Heston model using the SPXW data on Septem-
ber 20th, 2016 with six different time to maturities (represented in years). As the expiration
tends to zero the market volatility smile is much steeper than the model-generated smile.
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RANDOMISED HESTON MODEL

In this chapter we propose and investigate the idea of initial randomisation.
We focus on the Heston case, and analyse the small/large-time asymptotic
behaviours of the implied volatility in the randomised Heston environment.
We show that as the time to maturity tends to zero, our model generates a

much steeper volatility smile compared with standard SV models. *

1.1 INTRODUCTION

We propose a new class of models, namely standard stochastic volatility
models (driven by standard Brownian motions) where the initial value of the
variance is a random variable. The motivation for this approach originates
from the analysis of forward-start smiles by Jacquier and Roome [70, 71],
who proved that the forward implied volatility explodes at a rate of t'/4 as t
tends to zero. A simple version of our current study is the ‘CEV-randomised
Black-Scholes model” introduced in [72], where the Black-Scholes volatility

*Major results and numerical examples presented in Sections 1.1-1.6 and their proofs
in Section 1.9 have previously appeared in the submitted paper ‘the randomised Heston
model’ [74].
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has a distribution generated by an independent CEV process; in this work,
the authors proved that this simplified model generates the desired explosion
of the smile. The Black-Scholes randomised setting where the volatility has a
discrete distribution corresponds to the lognormal mixture dynamics studied
in [21, 22]. Here we push this analysis further; our intuition behind this
new type of models is that the starting point of the volatility process is
actually not observed accurately, but only to some degree of uncertainty.
Traders, for example, might take it as the smallest (maturity-wise) observed
at-the-money implied volatility. Our initial randomisation aims at capturing
this uncertainty. This approach was recently taken by Mechkov [84], who
considers the ergodic distribution of the CIR process as starting distribution.
Mechkov argues that by randomising the starting point we are able to capture

potential hidden variables.

The main result of this chapter is to provide the connection between the ex-
plosion rate of the small-time implied volatility and the choice of the initial
distribution of the variance process. The following table (a more complete
version with more examples can be found in Table 1.1) gives an idea of the
range of explosion rates that can be achieved through our procedure; for
each suggested distribution of the initial variance, we indicate the asymp-
totic behaviour (up to a constant multiplier) of the square of the out-of-
the-money implied volatility smile. In the first row, the function f will be
determined precisely later, but the absence of time-dependence is synony-
mous with absence of explosion. This result might seem undesirable at first,
but in Sections 1.6 and 1.7 we show that the bounded support case can gener-
ate a steepened small-time volatility smile even without an explosion factor.

Hence this special case could still be of importance from a practitioner’s point

of view.
Name Behaviours of oZ(z) (x #0)  Reference
Uniform f(x) Equation 1.6
Exponential(\) ||t/ Theorem 13
x-squared ||t/ Theorem 13
Rayleigh 2313 Theorem 7
Weibull (k > 1) (22 /t)1/(+k) Theorem 7
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The rest of this chapter is structured as follows: Section 1.2 includes a dis-
cussion on the connection between our model and the study on model un-
certainty. A simplified numerical example is provided to give a flavour of
the quality of such a randomisation. We formally introduce the randomised
Heston model in Section 1.3, and discuss its main properties. Section 1.4
is the main part of this chapter, in which we prove large deviations princi-
ples for the log-price process, and translate them into small- and large-time
behaviours of the implied volatility. In particular, we prove the claimed
relation between the explosion rate of the small-time smile and the tail be-
haviour of the initial distribution. The small-time limit of the at-the-money
implied volatility is, as usual in this literature, treated separately in Sec-
tion 1.4.6. Section 1.5 includes a dynamic pricing framework: based on the
distribution at time zero and the evolution of the variance process, we dis-
cuss how to re-price the option during the life of the contract. Section 1.6
presents examples of common initial distributions, together with numerical
examples. In Section 1.7 we calibrate the randomised Heston model using
the USD/JPY market data. The result shows that our model substantially
improves the calibration accuracy. In Section 1.8 we discuss the hedging
problem in the randomised Heston framework. A martingale representation
theorem in a randomised environment is included in this section. Finally,

Section 1.9 gathers the proofs of the main theorems.

1.2 CONNECTION TO MODEL UNCERTAINTY AND A NUMERICAL APPE-
TISER

1.2.1 MODEL UNCERTAINTY

Our framework is closely related to model uncertainty, a detailed review of
which can be found in [60], and our assumption of an initial distribution
of the variance directly corresponds to calibration and parameter uncertain-
ties: as mentioned, in a standard stochastic volatility model, the starting
point vy is not observed precisely, and is usually approximated by at-the-
money (ATM) implied volatilities with the smallest maturities. As a result,

the noises of market data contribute to the parameter uncertainty, and the
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Bayesian method immediately provides a posterior distribution for vy. Con-
sider for example a standard Heston environment, in which a trader wants to
calibrate vy. From [44, Theorem 3.1], the small-time asymptotic expansion

of European option prices is given by

CH(O t) ’Uot 3
= — bt + O (77 1.1
00 _ ol gy o (), Ly
for some explicit constant b. Then the map (vg,t) — +/vot/(27), which
only depends on vy and ¢, is an approximation to the (Heston) ATM option
price with small maturities. Denote by P := (P®)~_ a sequence of observed

market ATM mid-prices with one-week maturity (t ~ 0. ()19) on n different

dates, and assume that the approximation noises ¢ = P — (%)1/2, for

1 =1,...,n form an independent sequence satlsfymg

Q(e® e Alw) = ( ) dx, for any Borel subset A C R,
( | 0 \/ﬂ Yy

where 7y is the ‘true’ value of vy and (;); are positive constants. In this
simplified setting, the errors (¢®)™, summarise all microstructure effects
that can potentially generate market noises. Finally, assume that the prior
is a Gamma distribution I'(a, #) that approximates the invariant distribution

of the variance process. Then the posterior of v, is given by

p(vo|P) = Cp(vo)p(P|vo)

(Voo @) — PO’

257

=CvS texp{ —Pug —
i=1

[tvg = P?
= Cv§~ exp{ <5+—Z(5 )Uo+ %ZF},
=1 4

for some normalising factor C changing from line to line. With the posterior
provided, the pricing scheme in our randomised setting can be seen as the
partial Bayesian method [19, 60], in which prices (and hedging ratios) are

averaged according to the posterior.
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1.2.2 'THE BOUNDED SUPPORT CASE: A PRACTICAL APPETISER

As mentioned in the introduction, the main drawback of classical continuous-
path stochastic volatility models (driven by standard Brownian motions and
without randomisation), is that the small-maturity smile they generate is not
steep enough to reflect the reality of the market. Figure 1.1 below represents
a comparison of the implied volatility surface generated by the standard

Heston model with
k= 2.1, 0 = 0.05, Vo = 0.06, p=—0.6, ¢E=0.1,

and that of the Heston model randomised by a uniform distribution with
v_ = 0.04 and vy = 0.082. Clearly, the randomisation steepens the smile for
small maturities, while its effect fades away as the time to maturity increases.

This numerical example intuitively yields the following informal conjecture:

Figure 1.1: Volatility surfaces of standard Heston (coloured) and with randomisation
v 20 (4%, 8.2%).

Conjecture 1. Under randomisation of the initial volatility, the smile ‘ex-

plodes’ for small maturities.

The next section provides a precise formulation and exact statements of this
conjecture. In fact, despite the appearances in Figure 1.1, the conjecture is
actually false when the initial distribution has bounded support, such as in

the uniform case here. However, as will be detailed in Section 1.6.1-where
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small-time expansions of the option price are proved—greater steepness of
the smile (compared to the standard Heston model) does appear for a wide
range of strikes, but not in the far tails (the at-the-money curvature in the
uncorrelated case is discussed in Section 1.6.1). This leads us to believe
that, even if ‘explosion’ does not actually occur in the bounded support case,
this assumption may still be of practical relevance given the range of traded

strikes.

1.3 MODEL AND MAIN PROPERTIES

On a filtered probability space (£2, F, (F)t>0, Q) supporting two Brownian
motions W and W® we consider a market with no interest rates, and

propose the following dynamics for the log-price process:

1
AX, = —3Vidt+\/V, (det(l) +de,§2)> S Xo=0
dV; = k(0 — Vi)dt + £/ Vidw,, Vo=V,

where p € [-1,1], p := \/1—in, and k, 0, & are strictly positive real num-
bers. Here V is a continuous random variable that is independent of the
filtration (F3)¢>0, supported on (v_,0,) for some 0 < v_ < v, < co. De-
note the moment generating function of V as My(u) = E (e*V), for all
u € Dy :={ucR:E(Y) < oo} D (—00,0], and we further assume
that Dy, contains at least an open neighbourhood of the origin, namely that
m := sup{u € R: My(u) < oo} belongs to (0,00]. Then clearly all positive
moments of V exist. We define the solution to the SDE (1.2) in the sense
of [78, Chapter 5, Definition 2.1]: the process (X, V) is adapted to the aug-
mented filtration o(F; V a(V))i>0, it satisfies (1.2) in the integral form, and
Q((Xo, Vo) = (0,V)) = 1. Since V admits a second moment, [78, Chapter 5,
Theorem 2.9] guarantees the existence and uniqueness of the solution to this
stochastic system. Also notice that the process (X, V') is not adapted to the
filtration (F3);>0 due to the lack of information on V in F;. The process is

Markovian, however, with respect to the augmented filtration o (F;Vo(V))i>o-

When V is a Dirac distribution (b_ = v.), we recover the standard Hes-
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ton model [62], and it is well known that the stock price process exp(X) is
a Q-martingale. Behaviour [97], asymptotics [43, 44, 45], estimation and cal-
ibration [6, 97] of the standard Heston model have been treated at length in
several papers, and we refer the interested reader to this literature for more
details about it; we shall therefore assume that v_ < v,. Throughout this
chapter we always deal with a risk-neutral pricing framework, hence when

taking expectations we omit the notation Q for brevity.

Remark 2. For any t > 0, the tower property for conditional expectations

yields

E(Vi) =EEW|V)] =0 —e™)+e™E(V),

2 29
V(V;) =e 2t (V(V) + % (e —1) E(V)) + 527 (1- e)?
Consider the standard Heston model (o = v, =:V;), and construct V such
that B(V) = Vy. Then, for any timet > 0, both random variables V; (in (1.2)
and Vy in the standard Heston model) have the same expectations; however,
the randomisation of the initial variance increases the variance by e=*V (V).
As time tends to infinity, it is straightforward to show that the randomisation
preserves the ergodicity of the variance process, with a Gamma distribution
as tvariant measure, with mean and variance:
&9

%{2 E(V;) =0 and %EEV(W) =S50

For any t > 0, let M(¢,u) denote the moment generating function (mgf)
of Xt:

M(t,u) :=E (e"*), for all u € Dy == {u e R: E (") < oo}. (1.3)
The tower property then yields
M(t,u) = E [E [¢"¥*|V]] = E [eCEWTPERV] = oCEWNL, (D(t, 1)),  (1.4)

where the functions C and D arise directly from the (affine) representation

of the moment generating function of the standard Heston model, recalled
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in Equation (B.1).

1.4 ASYMPTOTIC BEHAVIOURS

This section is the core of this chapter, and relates the explosion of the
implied volatility in small times to the tail behaviour of the randomised
initial variance. Section 1.4.1 (Proposition 3) provides the small-time lim-
iting behaviour of the cumulant generating function (cgf) of the random
sequence (X;):>o, and relates it to the choice of the initial distribution V.
With this result we can prove the large deviations principle for the se-
quence (X;);>o. Section 1.4.2 concentrates on the case where both m and v,
are infinite: Theorem 7 indicates that the squared implied volatility has
an explosion rate of t7 with v € (0,1/2). The case where m < b, = 400 is
covered in Section 1.4.3, where an explosion rate of v/ is obtained for the im-
plied variance. Results of moderate deviations are stated in Section 1.4.4. In
Section 1.4.5 we provide the large-time asymptotic behaviour of the implied
volatility in our randomised setting. In particular, the long-term similarities
between standard and randomised Heston models are presented in this sec-
tion. Section 1.4.6 covers the singular case of the small-time at-the-money

implied volatility.

1.4.1 PRELIMINARIES

As a first step in understanding the behaviour of the implied volatility, we
analyse the short-time limit of the rescaled cgf of the sequence (X;);>o. To
do so, let h: R, — R, be a smooth function, which can be extended at zero
by continuity such that h(0) := limy o A(t) = 0. Therefore, in light of (1.4),
for any ¢ > 0, we introduce the effective domain of the moment generating

function of the rescaled random variable X;/h(t):

Dt::{ueR:M(t,%><oo},
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as well as the following sets, for any ¢t > 0:

u . o
D}, = {UER:MVOD(t,W)<oo}, D :zhrﬁ(l)nfpt:UﬂDs,

t>0 s<t
D}, := lim inf D}, = Dy,.
L Uﬂ 12

t>0 s<t

We now denote the pointwise limit Ay (u) := lgfél Ay (t,u/h(t)), where

u

An (t, W) .= h(t)log M (t, %) . (1.5)

The seemingly identical notations for the function and its pointwise limit
should not create any confusion. The following theorem, whose proof is
postponed to Section 1.9.1, summarises the limiting behaviour of Ay (-,-) ast
tends to zero. The real numbers v_ and u, and the function A are defined
in (B.3)-(B.4). In view of Remark 4(ii) below, we shall only consider power
functions of the type h(t) = ct”. Without loss of generality we take ¢ =
1, as it only acts as a space-scaling factor. We shall therefore replace the

notation Ay by A, to highlight the power in action.

Proposition 3. Let h(t) = ¢V, with v € (0,1]. As t tends to zero, the

following pointwise limits hold:

A, (u) :==limA, <t, %)

t10
0, u € R, if vy €(0,1/2), for anyV,
)0, u € R, ifve[1/2,1), vy < oo,
] Ao, u € (u_,uy), if v =1, v, < 00,
Lilpsyamy ©€[-V2m V2m], ify=1/2, v, =00 m<oo,

and is infinite elsewhere. Whenever v > 1 (for any V), or m < oo and v >

1/2, the pointwise limit is infinite everywhere except at the origin.

We shall call the (pointwise) limit ‘degenerate’ if it is equal to zero everywhere
or if it is zero at the origin and infinity everywhere else. In Proposition 3

only the last two cases are not degenerate.
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Remark 4.

(i) The case where vy and m are both infinite is treated separately in Sec-
tion 1.4.2, as more assumptions are needed on the tail behaviour of the
distribution of V.

(i) If h is not a power function, the proofs of Proposition 3 and Lemma 8
indicate that we need to compare the order of h with orders of t'/? and t.
The asymptotic results then depend on the explicit representation of h.
The methodology for this slightly more general case is the same as the
case where h(t) = t7, hence we focus on the case where h is a power

function.

(#ii) In the last case, Ly depend on the explicit form of the mgf of V. Ex-
ample 1.6.2 illustrates this.

If the initial distribution ¥ has bounded support (v, < o), Proposition 3 in-
dicates that the only possible speed factor is h(t) = t, and a direct application
of the Gértner-Ellis theorem (Theorem 61) implies a large deviations prin-
ciple for the sequence (X;);>0; adapting directly the methodology from [42],

we obtain the small-time asymptotics of the implied volatility:

Corollary 5. If v, < oo, then X ~ LDPy(t,A;,) with Ay, defined as the

Fenchel-Legendre transform of A: Ay, () :== sup {uz — A(u)v,}, and
ue(u_,uq)
. 9 z°
lgfél oi(x) = M, for all z # 0. (1.6)

Approximations of the rate function Ay, , in particular around the at-the-
money point z = 0, can also be found in [42, Theorem 3.2] and therefore can

be applied here directly.

1.4.2 'THE THIN-TAIL CASE

In the case where both m and v, are infinite, Proposition 3 is not sufficient as

several different behaviours can occur. In this case, which we naturally coin
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as the ‘thin-tail’ case, a more refined analysis is needed, and the following

assumption shall be of uttermost importance:

Assumption 6 (Thin-tail). m = v, = 0o and V admits a smooth density f
with log f(v) ~ —l1v"2 as v tends to infinity, for some (I1,12) € R x (1, 00).

For notational convenience, we introduce the following two special rates of

convergence % <7 < 1<%, and two positive constants ¢, ¢:

lo la

ULy 7T

cm LT, e )T (17

The following theorem is the main result of this thin-tail section, and pro-
vides both a large deviations principle for the log-price process as well as its
implications on the small-maturity behaviour of the implied volatility. Define
the function A" : R — R by

<

213321, for any z in R. (1.8)

A () =
Theorem 7. Under Assumption 6, X ~ LDPy(t2, A*) with A* given in (1.8),
and, for any x # 0,
li tl—l 2 _ C_l 2(1—1)'
im ¢ o; () =c¢ "z
In exponential Lévy models, [94, Proposition 4] indicates that the implied
variance o7(z) for non-zero x explodes at a rate |tlogt| as t tends to zero.
Theorem 7 implies that in a thin-tail randomised Heston environment we
have a much slower explosion rate of t” with n € (0,1/2). In [85] the authors
commented that market data suggests that implied volatility with decreasing
maturity still has a reasonable range of values and does not explode signifi-
cantly; this might provide empirical grounds that justify the potential value
of this randomised model as an alternative to the exponential Lévy models.

The theorem relies on the study of the asymptotic behaviour of the rescaled
mgf of X;:

Lemma 8. Under Assumption 6, the only non-degenerate speed factor is
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v =7, and

Ay(u) = %u”, for any u in R. (1.9)

Assumption 6 in particular implies that the function log f is regularly vary-
ing with index [ (which we denote |log f| € Ry,, see also Appendix A.1 for
a review of and useful results on regularly variation). Without this slightly
stronger assumption, however, the constant in (1.9)—essential to compute pre-
cisely the rate function governing the corresponding large deviations principle
(Theorem 7)-would not be available. In order to prove the lemma and hence
the theorem, let us first state and prove the following result:

l

Lemma 9. If |log f| € Ry (I > 1), then logMy(z) ~ (I —1) (3)7T ¢(2) at
infinity, with ¢ € Ry defined as

0= (o)

Proof. Since |log f| € R;, Bingham’s Lemma (Lemma 58) implies log(Q(V >
z)) = log [~ elst Wdy ~ log f(x), as = tends to infinity, and the result
follows from Kasahara’s Tauberian theorem [18, Theorem 4.12.7]. O

Proof of Lemma 8 and of Theorem 7. Lemma 59 implies that the mgf of V

is well-defined on R, . Lemmas 9 and 63 imply that as ¢t tends to zero,

u
t" log My, (D <t, z€_7>>

2
t" log My, (%tl_27 (1 + 0O (tl_”)) ~ %uzﬁtﬁ(l_wl), when v € (%, 1),
Y

tlog My, (@ 1+0@)] ~ 2i_2VA(u)7tl_W, when v = 1.
Y

For u # 0 the right-hand side is well defined with non-zero limit if and
only if v = v € (1/2,1); the case v = 1 does not yield any non-degenerate
behaviour, and the lemma follows.

The large deviations principle stated in Theorem 7 is a direct consequence
of Lemma 8 and the Gértner-Ellis theorem (Theorem 61), noting that the
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function A, in (1.9) satisfies all the required conditions and its Fenchel-
Legendre transform is A*. The translation of this asymptotic behaviour into

implied volatility follows the same lines as in [42]. O

1.4.3 'THE FAT-TAIL CASE

If v, is infinite and m is finite, Proposition 3 states that the only choice for the
rescaling factor is h(t) = t'/2, but the form of the limiting rescaled cumulant
generating function does not yield any immediate asymptotic estimates for
the probabilities. In this case, we impose the following assumption on the

mgf of V in the vicinity of the upper bound m of its effective domain:

Assumption 10. There exists (yo,71,72,w) € R* x R x R x N7, such that
the following asymptotics hold for the cgf of V as u tends to m from below:

o (1.10)
7o log(m — u) + 7 + o(1), @bt
_ 1 — u) log(m — - —
Yo {1 +m(m—u) Og(?:n _“i;_wlz(m Wrom=uw} o> 2,7 > 0,

and the derivative of the cqf satisfies

M, (u) F(l +0o(1)), w=1,7% <0,
My (u) H(l +a(m —u)log(m —u) + b(m —u)(1+0(1))), w>2,9 >0,

(1.11)
with a == vy (w —2)(w—1)"" and b := (1w —2) — 1) (w — 1)1

Remark 11. Condition (1.11) together with the expressions of a and b imply
that the asymptotics of (log(My)) can be obtained by differentiating (1.10)
term by term. This is of course not always true; however, Condition (1.11)
18 rather mild, and we shall check it directly in several cases where My, is

known in closed form.

Example 12.

e For the Exponential distribution with parameter m, (v, 71,w) = (—1,logm, 1).
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e For the non-central x-squared distribution as in Example 1.6.2, (Yo, V1,72, w) =

(%,—%,—2 <1+%10g2> ,2).

For m € (0, 00), introduce the function A* : R — R, as
A (z) :=V2m|x|, (1.12)

as well as, for any t > 0 the functions &,C, : R* — R’ by &(x) = 1=1y +
exp (Ctll(/ﬁ)) {2} and

1 |x||’70|—1t1—|70|/2
o (S06m Dt n) o o=

Ci(x) :=

1 Yo +7/8+70m /4 ;
— 1 _— — =2
exp (2(,0§m+ )I+7072+4m) ovIre(@) or w =2,

(1.13)
where the functions ¢; and ¢ are defined in Lemmas 41-42 respectively. Then
the following behaviour, proved in Section 1.9.2, holds for FEuropean option

prices:

Theorem 13. Under Assumption 10, FEuropean Call options with strike e*

have the following expansion:

NG

as t tends to zero. Moreover, the small-time implied volatility behaves as

E (e — ex)+ = (1 —e") +exp (_A*(x)) E(x)Cy(x) (L +0(1)), forz #0,

follows whenever x # 0:

2y~ 7 b () + b log(t) + o(1), forw =1,

o;(x) = +

T 2w 46,111@4 + 1 (2) + b8 log(t) + o(1), forw=2,
(1.14)
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where

1 (2 -1 deM 2 1
WY () = = {%log |z| + log < ° ﬁ) _ 2ol + log(2m)} + 'Ogi,

4 L'(J70l) 4 8
1 m 9 5 3 1 1
W (2) = - {%x + Y02 + 4—7“2 +5log2 — clogm+ 2 log o — Zloglﬂil} )
1 /1 e
h(l) N h(2) - (= )
2 Sm (2 |70|) ’ 2 16m \ 2 +m

A particular example of a randomisation satisfying Assumption 10 is the
non-central Chi-squared distribution. This case was the central focus of [70],
where the small-time behaviour of the forward smile in the Heston model was
analysed. As a sanity check, our Theorem 13 corresponds to [70, Theorem
4.1].

Corollary 14. Under Assumption 10, for w < 2, X ~ LDPy(v/t, A*).

Remark 15. Fven though the leading order in the expansion is symmetric,
Theorem 13 explains how the asymmetry in the volatility smile is generated.
In particular, the term p€x/8 immediately shows how the leverage effect can

be produced with p < 0.

1.4.4 MODERATE DEVIATIONS

The asymptotic behaviours we have studied so far belonged to the realm of
large deviations. We temporarily leave this territory and enter that of mod-
erate deviations; mathematically, moderate deviations can be achieved from
large deviations via space rescaling as follows: for a # 0, define the pro-

t(a) :=t7*X,. The moderate deviations principle for

cess X (@) pathwise via X
the sequence (X3);>0 (equivalently a large deviations principle for (Xt(a))tzo)

as t tends to zero can be derived similarly to Corollary 5 and Theorem 7.
Theorem 16. Assume that v, is finite. For any~y € (0,1), set a := 3(1—7);
then X(©) ~ LDP, (17, 2.

’ 20+

Theorem 16 presents a moderate deviations principle in the bounded support

case. One of the striking feature of moderate deviations is that, contrary to
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classical large deviations, the rate function is usually available analytically,
and is often of quadratic form [48, 58, 59].

Proof. Let a,y € (0,1). From (1.4) and (1.5), for any ¢ > 0, the rescaled cgf

of Xt(a) reads
uXx!® T 1osE uX;
exp = =17 logK lexp | 2

=110t ) + oMy (B (1 7555))
ftC<t,t7+a +t7logMy (D t’t7+a ,

for all © € R such that the left-hand side exists. Lemma 63 and Lemma 65
imply that the term (7 + «) has to be less than one. Moreover, as t tends to

A(f‘) (t, %) =1t"1ogE

zero, the following asymptotic behaviours hold:

< u) _ O +o A", ify+a=1, forallu € (u_,uy),

A(a) , — 4]
t o(t") + %uztlﬂ_zo‘, it y+a <1, forall ueR.

Y

Since « # 0, the non-degenerate result is obtained if and only if v + 2a = 1,

ie. a = 1_77, and the proof follows from the Gértner-Ellis theorem (Theo-

rem 61). O

Theorem 17 (the thin-tail case). Under Assumption 6, the following state-

ments hold as t tends to zero:
(i) for any v € (0,7), set o = 3(1 —v/7); then X® ~ LDPy(t7,A")
with A* given in (1.8);

(i) if y =7, set o = 1—7, then X® ~ LDPy(t7, A") where (with A and u
defined in (B.3)-(B.4))

AN (z):= sup {um - ;27_1/\(11)7} ,  forallz € R.

u€(u—,uq) 8

Proof. Following the proof of Lemma 8, if v+ a < 1, then

C _
A(f) (t, t%) ~ 2—_u27t”+[1_2(°‘+7)]”’, as t tends to zero, for all u € R.
g
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The only non-degenerate result is obtained when v = 3(1—7/7), and y+a <
1 implies that v < 7. The rest follows directly from the Gartner-Ellis theorem
(Theorem 61). If v + a = 1, then

- o
A (¢, LA DY =27 A(u)"t"7,  as t tends to zero, for all u € (u_,u,),
Y Y ~

which imposes v = 7. Define now the function f(u) = 7 'e271A(u)?
on (u_,uy), then

Flu) = 27N )T N (u), " (u) = 27 e A W) [(F = DA (w)” + A(w)A" ()] -

Since 7 > 1, and since A is strictly convex and tends to infinity at u4, then
so does f. Consequently, for any z € R the equation z = f'(u) admits a
unique solution in (u_,uy), hence the function A" is well defined on R and
is a good rate function. The large deviations principle then follows from the
Gartner-Ellis theorem (Theorem 61). O

Remark 18. The case where v < v belongs to the regime of moderately
out-of-the-money as in [48, 85], with the time-dependent log-strike x; = xt®
with x € RY and o € (0,1/2). In a thin-tail randomised environment, the
rescaled limiting cqf does not satisfy [48, Assumption 6.1] in which the limit
15 assumed to have a quadratic form. Moreover, Theorem 17 implies that for

the original process (Xi)i>o,

QX >umx)=0Q (Xt(a) > :z:) = exp (—%ix)(l + 0(1))) , ast tends to zero.

Corollary 19. Recall the following two different regimes:

e Moderately out-of-the-money (MOTM): (o, x) € (0,1/2) x R*;

e Small time and large strike: (a,z) € (1 —7,0) x R*.

Under Assumption 6, define the time-dependent log-strike x; = xt®, and

set 7 := (1 —=2a)(1 —~) > 0. Then in each of the two regimes, the implied
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volatility has the short-time behaviour

li y .2 _ 1 2(1—1).
tlfglt oy (zy) = ¢ 'y
Proof. We only prove the large-strike regime with « > 0, the other cases
being analogous. For v := 7(1 — 2a) > 0, Remark 18 implies that as ¢
tends to zero, —log(Q(X; > z;)) ~ t77A"(x). It is easy to check that the
sequence ((t7, x;))s>o satisfies [24, Hypothesis 2.2], so that as ¢ tends to zero,

[24, Theorem 2.3] implies

2
2™ ¢z ¢ x*271
o7 () ~ o ~A/ 52 —1
t 2y trre  \[2y pre
21 ¢ 2?21 ¢ 227! -
~ i i — 1
tlfa 21 trta + 21 o
13;-2(177)
and the corollary follows. [

Corollary 20. Under Assumption 6, for any v € (071) and any slowly
varying (at zero) function s : Ry — R, let a := 5(1 —v/v) and define the
time-dependent log-strike x, := t*s(t). Then

A (s(1)

t

QX2 ) = e (o))

Proof. The function ¢ : R? — R* defined by ¢(t) := s(¢)™*2 is slowly

a 2y
varying at zero, and limyot7¢(t) = limg (th/s(t)> ~ = 0. Notice that
v+ a € (1/2,1), so that t = o (17 %¢(t)s(t)), and Lemmas 63-65 imply
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that the rescaled cgf of the process (X;/(s(t)t%)),s, is given by

t1q(t) log M (t’ W)

— 17q(t)C <t, m> + t7q(t) log My <D (E m>)

~0 o) + e (ALY

Then from Lemma 9, plugging in the expressions for o and the function ¢,

the limit of the rescaled cgf reads

= CPlim tq(t) (—1 h 0<1))>2>7 - L

u
limt7q(t)logM | {, ———+— — =
i a0 (¢ ezt ) = 350 00 (e >

The Gértner-Ellis theorem (Theorem 61) implies that (S (§;a> ~ LDPy(t7q(t), A*)
>0
with A* in (1.8). Consequently,

— inf A*(z) <limt7q(t)logQ (X; > zy)
z€(1,00) tl0

, X;
— 2 >
= ltli%lt q(t)logQ ( > 1)

tos(t)
< — inf A*(z).
o zel[rll,oo)_ (I)
A*(1
The proof follows by noticing that _((t)) = 235(75)21 = A" (s(t)) for all
q gl
t>0. a O

Finally, in the fat-tail case we apply the sharp large deviations technique to
the rescaled process (X7 );>o defined by X7 := X;g(t)~!, for ¢ > 0, where
the function g : R, — R, satisfies g(t) = o(1) and v/t = o(g), as t tends
to zero. For any rescaling function h(t) := v/t/g(t) (= o(1)), denote the

rescaled cumulant generating function as
AJ(u) i= h(t) log E [ e*X?/10)]
We provide a full asymptotic expansion for the European call option price
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with a time-dependent log-strike z; := xg(t), for any fixed x # 0, and trans-
late this into small-time asymptotic behaviour of the implied variance o2(z;).
We discuss the case where the initial randomisation satisfies Assumption 10

with w = 1. The case where w = 2 can be processed in a similar fashion.

Remark 21. The two rescaling factors g and h have to satisfy g(t)h(t) =
Vt, otherwise we obtain a degenerate small-time limit of A, as implied by

Lemma 63 (also see Figure 1.2).

Exp(0.6), sqrt(2m}=1.095445 Exp(0.6), sqrti2m)=1.095445 Expl(0.8), sqrt(2m)=1.095445
25 | d— — 25 1 ' 25

Figure 1.2: Function AY with different rescaling factors g and h. The initial randomisation
is an exponential distribution with m = 0.6, and ¢ = 1073. From left to right we have
gh = V/t, V/t = o(gh), and gh = o(+/t). Vertical dashed lines represent the boundaries:
x = +v2m = £1.095. The function’s value is set to 2.5 when the cgf explodes.

Theorem 22. For any x # 0, as the time-to-maturity t tends to zero, a

FEuropean call option with strike x; satisfies

E (e* (1 —e™)* (1.15)

[v0l—1
[2m x
+ exp ( |xt| +v + fﬂt) (|71|)t(|2m)170/2751”0/29@) (I+o0(1)).

Moreover, the implied variance satisfies

1
o) = S b0 () 4 1P log(t) + 1 Tom(9(6) +of1), a5 40,
where
1 167me2 1
WV (2) = —dz, — (2 N1 log [ ————— log(2
1 /1
h(l) _ [z _ _
2 ™ <2 "70‘)
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Proof. The proof is similar to the one of Theorem 13 provided in Section 1.9.2,
thus we only highlight the main differences. Notice that v/t = o(h(t)).

Lemma 23. For any © # 0 and small t > 0, the equation 0, A{(u) = x
admits a unique solution u;(z) satisfying u;(x) = sgn(x)yv/2m — @h(t} +

O (h(t)* + V1).

The proof of the lemma is similar to that of Lemma 40. As t tends to zero,

direct computations yield

o { ) MG

= exp {—\/?!SCJ — %t ’71} (%) (1+o0(1)).

For fixed z # 0 and small ¢ > 0, define the time-dependent measure Q; by

dQ > {ui‘ (2) X = Af (uj(x)) }

@ = exX h(t)

then for > 0, the call option price is given by

E (X — )" = E% [emt (e9<t><Xf ) — 1)+ %} (1.16)
~oxp {—wuzf(w) ;Etf)\g(uif (z)) } e [exp < %) (9021 _ 1)+] ,

where Z; := X7 — x, for t > 0. The rest of the proof is identical to the proof
of Theorem 13. O

1.4.5 LARGE-TIME ASYMPTOTICS

As observed in Figure 1.1, and further explained in Remark 2, the effect
of initial randomness decays exponentially fast when the maturity becomes
large, hence the large-time behaviour of the randomised Heston model should

be similar to that of the standard Heston model, which has been discussed in
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Asymptotics vs true iv level Asymptotics vs true iv level

e

Figure 1.3: In an exponential randomisation scheme (m = 13.09) we plot the implied
volatility oy () with z; := 29!, 2 = 0.2 (left) and = = 0.4 (right). Blue and cyan dashed
lines are first- and second- order asymptotics, and the yellow dashed line represents the true
implied volatility.

detail in [43, 45, 68]. In the particular example of the forward Heston model-
which coincides with randomising with a non-central y-squared distribution—
such a large-time behaviour has been analysed in [71]. Throughout this sec-
tion we assume that |p| < 1 and k > p¢ (this condition usually holds on eq-
uity markets, where the instantaneous correlation p is negative-the so-called
leverage effect), which guarantees the essential smoothness of the limiting cgf

in a standard Heston as ¢ tends to infinity, and define the function £ on R

by:

0 _
Su) = /2—2 (k — p€u —d(u)), foru € [u_,uyl, (117)
+o00, for u e R\ [a_, 7],

1
where g := ﬁ (5 —2kp £ \/(§ —2kp)? + 4/12ﬁ2), and where the func-

p
tion d is given in (B.1). We further denote £*(x) := sup,,cg {ur — £(u)}, the
convex conjugate of £. Forde and Jacquier [43, Theorem 2.1] proved that

u_ < 0 and uwy > 1. Consider now the following assumption:
Assumption 24. max{u_(u_ — 1),u, (uy — 1)} < m&? < 0.

Remark 25. Assumption 24 is a technical one, needed to ensure that the
limiting cqgf of the randomised model is essentially smooth. Should it break
down, a more refined analysis, similar to the one in [71] could be carried out

to prove large deviations.
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Theorem 26. Under Assumption 24, (t71X;) ~ LDP,(t7%, £*) and

2 (22*(m) — 42/ L (z)(L*(x) — x)) , forxze <—9 @) ,

fim o?(at) = zY
2 (21)*(95) — 1z —2\/L*(z)(L*(x) — x)) , forzeR\ [—5, 5] ,

_ } 5 , ot
where 0 = rig > 0. Ifx e {—g,g}, then grorgaf <§> = 0, and

o1
. 2 (70 _
fm oy ( 2) b

Remark 27.

o As proved in [43], the map x — £*(x) — x is smooth, strictly convet,
attains its minimum at the point 0/2, and £*(0/2) — 0/2 = £5(0/2)' —
1=0.

e Theorem 26 has the same form as [43, Corollary 2.4], hence confirms
the similar large-time behaviours of the classical and the randomised

Heston models.

e Higher-order terms can be derived similarly to Theorem 13 (see also [71,
Proposition 2.12]).

Theorem 26 provides the large-time behaviour of the implied volatility smile
with a time-dependent strike. In the fixed strike case we recover the so-called

flattening effect of the smile, which has the same form as [43, Corollary 2.17]:

Corollary 28 (fixed strike). Under Assumption 24, for any x € R,

. . 4k6
%{2 oi(r) = 8L%(0) = §2(1—/1_102) (—25 + p€ + /€2 + 4K2 — 4/<;p5> .

1.4.6 AT-THE-MONEY (ATM) CASE

So far our small-maturity results have been focusing on the out-of-the-money

case © # 0. As usual in the literature on implied volatility asymptotics, the
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at-the-money behaviour of the implied volatility is radically different, and a

separate analysis is necessary.

Theorem 29. In the randomised Heston model the at-the-money implied
volatility satisfies limyyo 0,(0) = E(vV/V).

Proof. Since m € (0, o] then E(v/V) is finite. Denote by Cgs(t, z, ¥) the Eu-
ropean Call option price in the Black-Scholes model with maturity ¢, strike e*
and volatility ¥. Further denote Cy(¢,z,v) as its price in the standard He-
ston model with V = v, and Cy(¢,x) as its price in the randomised Heston

setting. Using the tower property,
Cu(t,0) =E [(ext - 1)*] ~E [E [(eXt —? |v” = E[Cu(t,0,V)]. (1.18)

[44, Theorem 3.1] states that the following equation holds almost surely:

Cu(t,0,V) = \/g — Bt*? 4+ Op (t°7),

where B = 451/ 35(€2(1 — p?/4) + V(V — 3p€) — 6k(0 — V)). Notice that the
terms in the expansion are random, hence we use Op instead of O to high-
light the difference. The sequence of random variables (Cy(t,0,V)/v/t —
V' V/(27))i>0 converges to zero almost surely as t tends to zero. Since

‘CH(t,O,V) IVE— \/V/(Qw)‘ < Cu(t,0,V)/vi + \/V/(2r), the Dominated

Convergence Theorem implies that

1
Loy — 2] =

limE
im i ,0, o

10

[hm (CH (t,0,V)/vt — \/V/Twﬂ

from which we have Cy(t,0) = E(v/V)\/t/(27) + o(\V/t), where the little-o
term is now deterministic. [44, Proposition 3.4] states that

3
Cgs (1,0,%) = Y2 232 L0 (t5/2)) .

7 ("

Equate it with the asymptotics of Cy(¢,0) and compare the leading order we

immediately have the result. O]
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Remark 30. If E(V~Y2) is finite then following a similar procedure we ob-

tain higher order terms of 04(0),
0:(0) = E(W)+{c11@<w/2) + E(WVY) + o (E(ﬁ)ﬁ* - E<v3/2>) } t+o(t),

where ¢ = (k0 + E(p* — 4)/24), ¢ := §(p€ — 2k), and ¢3 := 5;. In the

non-central chi-squared case we recover the result of [70, Theorem 4.4].

1.5 A DYNAMIC PRICING FRAMEWORK

So far we have been studying the randomised Heston model in a static way,
namely from the inception time of the (European) contract, with a view to-
wards calibration of the implied volatility surface. While the randomised
Heston model provides a better fit to small-maturity options by steepening
the volatility smile, it is not obvious, however, how to use the model dy-
namically; in particular, it is unclear how to choose the initial distribution
of the variance process during the life of the contract, should one be wishing
to sell or buy the option, or for hedging purposes. Mathematically, assume
that at time zero the trader chooses an initial randomisation V (or classically
a Dirac mass at some positive point), and suppose that at some later time
t > 0 she will need to reprice the option (with remaining maturity 7 := 7'—t).
How should she estimate the choice of the initial random variable V;? Since
the variance process has continuous paths, a suitable candidate that is con-
sistent with the dynamics of the variance is obviously V;, the solution of
the SDE (1.2), after running it from time zero to time ¢. With an initial
guess V at time zero, V; conditional on V is distributed as B;x*(g, ), where
B = &1 — e /(4k), and x*(g,\) is a non-central Chi-squared distri-
bution with ¢ := 4k6/£? degrees of freedom and non-centrality parameter
A = 4kV/(€%(e — 1)). From the tower property, the moment generating

function of V; then reads

My, (u) = E [E (V)] = (1 — 26,u) "M, (%ﬁ) BNCRC)
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for all u € D := {u € R: My, (u) < oo}. Setting b; := 1/(20;), we have

D{{:(—oo,bt)ﬂ{ueR:MeDv}

1— Qﬂtu
(—o0, by), if m = oo,
m “ .
(-OO7 bt) ﬂ (—OO7 m) = (—OO, bt), if m < o0.
mbt

where b} =

b, We now discuss the impact of different choices of V
at time zero on the distribution of V; and on the implied variance o2(z,t) at
time ¢ for a remaining maturity 7. We keep here the terminology introduced

in Section 1.4 regarding the tail behaviour of V.

Before diving into the detailed analysis, we argue that V; chosen this way
should only serve as a candidate for the initial distribution at time ¢ and
in practice it should be recalibrated according to updated (noisy) market
observations at time ¢. A Bayesian approach which was briefly discussed
in Section 1.2.1 can be applied. Market noises explain how the distribution
of V; at a given time ¢ can deviate from the ergodic distribution: the impact
of the (instantaneous) noises can change the shape and parameterisation
of the initial randomisation. Finally, we comment that understanding the
choice of V, is also useful from a model risk point of view: at time zero, it is
important to understand and simulate the behaviours of model parameters

at any given future time.

1.5.1 THE BOUNDED-SUPPORT CASE

In this case, DT = (—o0, b;). In Section 1.9.1 we showed that liTm log My,(u) /u
v,. Combining this with (1.19), then as u tends to b; from below,

e "o u

1-— 2615“
q bt e_”“tn+btu

og (2 ) + S+ of1)
e_ﬁtb_;_b%

= (o).

log My, (u) = —g log(1 — 2B,u) + (1+o(1))
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Consequently, at leading order V; behaves asymptotically as a fat-tail distri-
bution as in Assumption 10 with w = 2. In the particular case of a uniform

distribution on [v_, v, ] C [0,00), as u tends to b; from below, we obtain

log My, (u) = glog (b be u) + byo e <b b o 1)
t— t—
_ _ —#t _
+ IOg (1 exp{(U_ U+)e btu/<bt u)} (bt o u))

e rtbu(vy — o)

e "blo, e (2 — q)
S el B TR Sl 7 T PN | _
— ( + 2070, (b; — u) log(b; — u)

efntBQU elit emtqu_g b, —u
+ s log | —— | —1] = +o(b; —u)| .
bt — U btU+ U+ —b_ bt
Hence in a uniform randomisation environment, at future time ¢ the shape of

the distribution of V; depends both on V and on the parameters k, 0, £ that

control the dynamics of the variance process. Moreover from Theorem 13,

the implied variance o2(z,t) at time ¢ has an explosion rate of /7

~1/2 folzl
o2(z,t) = |2|\;2_bt + 2e:;l§| 26,7) Vo0 (7Y, forz#0,as 7 L0

1.5.2 'THE THIN-TAIL CASE (ASSUMPTION 6)

Here again, Dy = R implies that D¥ = (—o0,b;). Apply Lemma 9 with

log f ~ —1;v'2, we have

121731 —Kt2 l;%l
1%Mmm:qmggbt)+h@—n(ﬁJ Cfbﬁ (1 +o(1))
102

t— U bt—u

>
- Lo (-2 )+21%(e“@)?1+dn» (1.20)

b, —u ~ by —u

as u tends to b; from below, so that a thin-tail initial randomisation generates
a fat-tail distribution for V; at time ¢. In light of (1.20), Assumption 10 does
not hold, hence V; is of neither Gamma nor non-central Chi-squared type. A
case-by-case analysis depending on the distribution of V is therefore needed

in order to make the o(-) term in (1.20) more precise.
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v

Example 31 (Folded-Gaussian randomisation). When f(v) = ce %", straight-

forward computations yield
q b, 1 e "pbu ))
log M ==1 1 -4+ —
0g My, (u) = 3 Og(bt_u>+ og <2+ ( (o a)
+ i T : +log | ¢ il
L\ b,—u & b
Co C1

_. _ 4 _
= o= u)? + — to—g log(b; — u) + o(1).

We can obtain the small-time asymptotic expansion of the option price using
an approach similar to the proof of Theorem 13. Specifically, only Lemma 42
needs to be adjusted, in which the rescaling factor is now V(1) = 75, the
main contribution to the asymptotics of out-of-the-money option prices is
still given in Lemma 41. Translating this into the asymptotics of the implied

variance, we obtain, for small T,

2] Blaf*/?_exp (=%

Vs | BB 71

oZ(x,t) = ) +o(t71/3).

1.5.3 THE FAT-TAIL CASE

In this case Dff = (—o0, b}). Here we only discuss two special cases for V: the

Gamma distribution, and the (scaled) non-central y-squared distribution.

Example 32 (Gamma randomisation). If V (Léw)F(a,m), then from (1.19),

we have

q b, e "yub,
log My, (u) = 21 —alog [1— S M0
0g Vt(u) 2 0g (bt—U) a log ( m(bt—U))
—a log mbt — (m + exp(—mt)bt)u
m(bt — u)

‘”(bt - U) q by
— —al * 1 kS| -t ).
alog(b; —u) + alog ( expl mﬁ)bt> + 5 og -

Consequently V, is still a fat-tail distribution satisfying Assumption 10 with w =
1, while the upper-bound of the support of the mgf now depends on both the
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initial distribution V and on the evolution of the process through bf. A direct

application of Theorem 13 further suggests that, for small enough T > 0,

2]

— 4 o(r7?).
24/2bj1

03(%75) =

Example 33 (Non-central x? randomisation). If V () ax?(a,b) then m =

1/(2a), and

log My, (u) = qlog( b > + < abs Elog(l - 2az))

T2 by —u 1—2az 2

e "bbiu  a b (b] — u) q b,
= t° ] RS A 2
om(b; —u) 2 Og( fo—w) 2%\ —u

e "hb;? a qg—a b,
= 0 Speer — )+ L0
ooy — ) 2080 —w) 5 log ( )

a % e
+§10gbt —

which satisfies (1.10) in Assumption 10 with w = 2 as u tends to by. As a
result, the implied variance o2(x,t) has an explosion rate of \/T as T tends

to zero.

This analysis shows that a suitable choice for V;, consistent with the dynamics
of the variance process, can actually depend on the initial randomisation at
time zero, as well as the evolution of the variance. Even though all three types
of initial randomisation imply a fat-tail initial distribution at future time,
the generated small remaining-maturity implied volatility smiles are very
different. The folded-Gaussian (thin-tail) generates a steeper smile compared
to the bounded support case; a fat-tail distribution for V' generate an even
steeper volatility smile at ¢, since the coefficient of the leading order is b;,

which is strictly less than b.

1.5.4 NUMERICS

We now illustrate numerically the results in Section 1.5. In Figure 1.4 we

price the option in three different randomisation schemes after one month

48



(t = 1/12) into the life of the contract. To compare different schemes, at
time zero we again match the parameters of V with different distributions
according to Theorem 29. We see that the higher-order term in Theorem 13
is quite accurate even for relatively large remaining time to maturity. Not
surprisingly (especially in the folded-Gaussian case) the leading order is in-

sufficient, and higher orders are needed for reliable approximations.

Strike Strike Strike

04 06 08 10 12 14 16 18

045 045 045
S a ay
040 . " 040 . 040 Pa,
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035 A & 035 ', & 035 & 4
o - & ' o L o
- - & — -'- n, & - n a
030 B « = 030 n n o - 030 . « q
B, a, - A, « - A a0 a
n - A - T n & — "n S & o
025 - « . 025 n - - 025 ', i -
020 \ 020 \. A 020 n L
1 {' m )
015 - 015 L] / 015 L] o
010 o 010 {. 010 g
005 005 005
0.00, 0.00, 0.00,
07 08 04 10 11 12 13 14 04 06 08 10 12 14 16 18 04 06 08 10 12 14 16 18 20
Strike Strike Strike

Figure 1.4: We price the option at ¢t = 1/12 in three different randomisation schemes:
Gamma (I'(0.4, 3.868), top), non-central Chi-squared (0.07x?(0.23,1.25), middle), folded-
Gaussian (lo = 2, I3 = 63.46, bottom). Remaining time to maturities 7 are one week, one
month, and two months (left to right). Blue and cyan squares are first- and second-order
asymptotics, red squares (in the second row) are third-order asymptotics; yellow triangles are
true implied volatilities.
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1.6 EXAMPLES AND NUMERICS

In this section we choose some common distributions supported on a subset
of [0, 00) for the initial randomisation to illustrate the results in Section 1.4.
We start with the bounded support case, and provide rigorous justifications
to the statements in Section 1.2. In Section 1.6.1 we consider a uniformly
distributed initial variance, and provide full asymptotics of European Call
prices. The remaining examples are devoted to the unbounded support case;
specifically, Sections 1.6.2-1.6.3 correspond to the fat-tail case, so that The-
orem 13 can be applied. The thin-tail environment is illustrated in Sec-
tion 1.6.4 where the initial distribution satisfies Assumption 6 with I, = 2.

We provide thoughts on how to deal with this special case.

1.6.1 UNIFORM RANDOMISATION

Assume that V is uniformly distributed on [o_, 0] with 0 < v_ < v, < 0,
then Corollary 5 provides the small-time limit of the implied volatility. How-
ever, as will be shown in Section 1.6.6, the true volatility smile for small ¢
is much steeper compared with the leading order, hence higher-order terms
shall be considered. For any x # 0, denote by uL(m) the unique solution
in (u_,uy ) to the equation x = A’(u)v where the function A is described as
in (B.4). From [44], existence and uniqueness of such a solution are straight-

forward, and wg, (z) # 0 holds for any non-zero z. Introduce the function
Uy, : R* = R% by

Uy, (z) := exp {Dg(uy, ()04 + Coluy, (z)) + 2}, (1.21)

where the functions DJ and Cy are provided in (B.5)-(B.6). From [44, Re-
mark 3.2], the function U, is well defined on R*. The following theorem
provides a full asymptotic expansion of call option prices as the maturity

becomes small:

Theorem 34. Under uniform randomisation, for any x # 0, the small-time
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FEuropean Call option price behaves as

exp (_AL(I)) Uy, (2)t5/2 (1 4 o(1))

t

(04 = ) A, (0))us, ()2 [2m0, A" (u ()

where the function Ay, was introduced in Corollary 5.

Remark 35.

e The higher order term is of order t*/?, instead of t3/? as in both standard
Heston and Black-Scholes models [44]. This can also be seen at the level
of the (asymptotics of ) corresponding densities, as noted in Remark 36

below.

o Theorem 34 holds locally for any fixed log-strike x # 0. However, the
numerics indicate that for fired t > 0, as x tends to zero the provided
asymptotics of option prices explode to infinity. This is in contrast with

the standard Heston case as in [{4, Section 5].

e Since the function A is strictly positive and strictly convex on (u_,u )\
{0} and uy, (v) € (u—,uy) \ {0} for any x # 0, the quotient on the
right-hand side is well defined.

Proof. The procedure is essentially the same as the proof of Theorem 13.
Applying Lemmas 63 and 65, the rescaled cgf of X; for each ¢ is given by

(with the same notations as in (1.5))

A(u) = A, (t, %) e (t, %) + tlog My (D (t, %)) (1.22)
u 0+ D(tu/t) _ qo-D(tu/t)
=0 (t ) ”log( (0 — v D, u/t) >

= v A(u) +t (Co(u) + v.Dg(u) — log ((by — v_)A(u))) + tlogt + O (%)

For fixed x > 0 and small enough ¢t > 0, introduce the time-dependent
probability measure Q; by
dQ, <U’S+ ()X — At(UL(I)))

@ = exp ;
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Changing the measure, applying (1.22) and rearranging terms yield the fol-
lowing expression for the Call option price with strike e”:

E (eXt — ex)+

*

n+(z>

e (S ]

Xi—x

It is easy to show that under Q; the random variable ( NG ) converges
weakly to a Gaussian distribution for small . The rest of the proof is similar
to Section 1.9.2 and we omit the details. O

We now explain the steepness of the volatility smile in the uncorrelated case
p = 0. Using the at-the-money curvature formula for the implied volatility
(for general uncorrelated stochastic volatility models) proved by De Marco

and Martini [32, Equation (2.9)], we can write, for any ¢ > 0,

2

o), = 5 {ovEen (C2) o) -1} )

=0 " 8

where p, is the density of the log-price at time t. In the standard Heston
model with the initial condition Vj = vy € (v_,v,) satisfying E(v/V) = /vy,
the small-time asymptotics of the density reads [48, Section 5.3]

A (ﬂf)) Uy ()

t 2\ ()

pi(x) = exp (— t™Y2(1 +o(1)), for any z # 0,
with the function U defined in (1.21). Applying the saddle point method
similar to the proof of [44, Theorem 3.1], the small-time asymptotics of the

density in a randomised setting, denoted as p;, has the expression

S e (L@ U @) #P4e(1)
pilr) = p( : ) 2o A 2) (0 — v A (@) "7

Remark 36. Note the difference between the powers t'/? and t='/? in the
expressions for p; and p; above. FEven if in the bounded support case the

leading-order term is not affected by the randomisation, the latter does act at
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higher order. We leave a precise study of this issue to further research.

For any = # 0, the ratio p:(x)/pi(z) then reads

pz) 1 N0t (ui)% Uy (2)

= ) T o P () (14 o).

It is easy to verify that 135161 Uy, () = lxlﬂ)l Up, () =1 and 1;&)1 A(ug, (z)) = 0.

Moreover, for any fixed x # 0,

O () = Oy [uy (2)z — vA(uy ()]

= —A(u;(x)) < 0.

Combining these results, assume that the density at + = 0 can be approxi-
mated by p;(z) for small x > 0, then there exists t* > 0 small enough such
that pi(x)/pe(x) < 1 for all ¢ € (0,¢*). Plugging it back to (1.23), and notic-
ing that (Section 1.4.6) ¢,(0) ~ E[VV] = /iy ~ 04+(0,vp) holds as ¢ tends
to zero, then the small-time curvature in a uniform randomisation scheme
is much larger compared with that of a standard Heston, implying a much
steeper smile around the at-the-money. We provide a visual explanation in
Figure 1.6, and this steepening effect in a uniform randomisation scheme is
further tested in Section 1.7.

Finally, we mention that the tail behaviour of the implied volatility in a uni-
formly randomised Heston model is similar to that of the standard Heston.
To see this, notice that the moment explosion property in the standard He-
ston setting is described in [5, Proposition 3.1]. Specifically, the explosion
of the mgf of X; is equivalent to the explosion of the function D provided
in (B.1). Since m is infinity, Equation (1.4) suggests that it is still the case in
the uniform randomised setting. Then the similarity of the tail behaviours
follows from [80] (see also [14, 24]).

93



1.6.2 NON-CENTRAL X-SQUARED

Assume that V is non-central y-squared distributed with ¢ > 0 degrees of
freedom and non-centrality parameter A > 0, then its moment generating

function reads

My (u) = i ;u)q/Q exp (1 iUQU) : for all u € Dy, = (—o00,1/2).
In this case v, is infinite and m = 1/2. By Proposition 3, the only suitable
scale function is h(t) = v/tcorresponding exactly to the forward-start He-
ston model-the asymptotics of which have been studied thoroughly in [70].
Applying Equation (1.26) in Section 1.9.1 and L’Hopital’s rule with % =
M1 —2u)"2 4 ¢(1 — 2u)~! implies that, at the right endpoint u = v/2m = 1,

as t tends to zero, the pointwise limit

Tl My(1/2—s) 2 pt

1 4 ML, (1/2 — A
limAl/g t, — i i V( / S)
10 Vit
can be either finite or infinite. In particular, since A > 0, the limiting rescaled
cumulant generating function is not continuous at the right boundary of its

effective domain. Finally, the cgf of V satisfies Assumption 10 with w = 2,

then Theorem 13 implies that we can recover [70, Theorem 4.1]:

VA
Jtz(@ _ mflp i |$|t71/4

2 5 +o (t’l/‘l) , ast tends to zero.

1.6.3 STARTING FROM THE ERGODIC DISTRIBUTION

Remark 2 shows that the stationary distribution of a randomised Heston

model has the density

ab

foolv) = Wvbfle"w, for v > 0,

where @ := 2—’; and b := afl. Assume now that the initial randomisation has
the density fs, so that the cgf of V is given by log My,(u) = —blog (a — u) +
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bloga, with u < a = m. Then Assumption 10 is satisfied with w = 1. A
direct application of Theorem 13 implies that

_ &l
Akt

ol(z) +o (t_l/z) , for any x # 0.

1.6.4 FOLDED GAUSSIAN RANDOMISATION

(Law)

Assume that V" '="|N(0,1)|, then the density of V reads

2 1
f(v) = \/;exp <—§v2) , forall v € Dy, =R,

which satisfies Assumption 6. Simple computations yield My, (z) = 2e7°/ 20(2),
for any z € R, where ® denotes the Gaussian cumulative distribution func-

tion. Lemma 63 implies that for v € (0, 1),

4 5 3
Fiogty (D (1 2)) = L4 B i Lo (57) 4 0 1),

If v =1, then My(zA(u)) = 2exp (3A%(u)z?) ®(xA(u)), and hence

tlog My (D (t, %)) = A22(tu) + Dy(u) + O(t).

The limit is therefore non-degenerate if and only if h(t) = t¥3, in which

case Ags3(u) = Lu? for all u € R, and Theorem 7 implies
/ 8

2/3
< 41/3 2 _ (2z)
ltlftl)lt o; () 3

for all x # 0.

1.6.5 OTHER DISTRIBUTIONS

The following table presents some common continuous distributions for the
initial variance, together with the corresponding parameters v, , m, and /. In
each case, we indicate (up to a constant multiplier) the short-time behaviour

of the smile.
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Table 1.1: Some continuous distributions with support in R

Name 0, m I Behaviour of o7(x) (z #0)  Reference
Beta 1 00 2 /A (x) Equation 1.6
Exponential(\) oo A<oo 1 ||t =1/2 Theorem 13
x-squared o 1/2 1 ||t —1/2 Theorem 13
Rayleigh 00 00 2 x2/3¢=1/3 Theorem 7
Weibull (k >1) oo oo k (z2/t)1/(+R) Theorem 7

1.6.6 NUMERICS

We present numerical examples for the volatility smiles and surfaces for four
types of initial randomisation: uniform (v, < o0), folded-Gaussian (m =
v, = 00), exponential (m < v, = 00), and Gamma distribution (m < v, =
o0). To generate volatility surfaces, we apply the Fast Fourier Transform
(FFT) method [25] to derive a matrix of option prices, and then compute
the corresponding implied volatilities using a root-finding algorithm. The
Heston parameters are given by (k,0,&, Vo, p) = (2.1,0.05,0.1,0.06, —0.6),
which corresponds to a realistic data set calibrated on the S&P options data.
In view of Theorem 29, parameters of V are chosen to satisfy E(v/V) = /17,

so that results of standard and randomised Heston models can be compared.

The numerics show that the randomised Heston model provides a much
steeper small-time volatility smile compared with the standard Heston model,
while this difference tends to fade away as the time to maturity increases.
The exponential randomisation in Figure 1.9 provides the steepest short-time
volatility smile, reflecting that the largest explosion rate of /¢ (Theorem 13)
occurs when m < v, = co. In the uniform case, Figure 1.5 and Corollary 5
may seem contradictory at first, since the former indicates steepness and the
latter excludes explosion. There is no issue here, and in fact suggests that
even though there is no proper explosion, it is still possible to generate steep

short-time volatility smiles in a randomised setting.
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Figure 1.5: Uniform randomisation with (b_,0,) = (0,0.135). Left: implied volatility sur-

faces. Right: triangles, squares and circles represent implied volatility by FFT, leading-, and

second-order asymptotics. Time to maturity is ¢ = 1/24. Higher-order terms are obtained by
inverting the asymptotic formula in Theorem 34.
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Figure 1.6: Uniform randomisation with (b_,v) = (0,0.135). Blue squares is the implied
volatility obtained from the standard Heston model, maturity t = 5 X 103, Blue, yellow, red,
green and black triangles represent the implied volatilities computed from the randomised
Heston model, with the maturities (x1073) equal to 5, 10,50, 100 and 200 respectively. The
graph illustrates the increase of steepness in a randomised Heston setting as the maturity
tends to zero.
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Figure 1.7: Implied volatility surfaces of folded-Gaussian randomisation and standard Hes-
ton.
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Figure 1.8: V(Liw) Folded-Gaussian. Left: implied volatility by FFT (triangles) and the

leading order (squares), t = 1/24. Right: triangles, squares and circles represent +/Vy, ATM
implied volatility o;(0) by FFT, and large-time limit. The parameter {; in Assumption 6
is 63.46.
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Figure 1.9: V Exponential distribution with m = 13.1. Left: volatility surfaces of
exponential randomisation and standard Heston. Right: implied volatility computed by FFT
(triangles) and leading order described in Theorem 13 (squares). Time to maturity is t =
1/24.

L .
Figure 1.10: V( iW)I‘(O.4,3.868). Blue and cyan squares are first- and second-order asymp-
totics, yellow triangles are true implied volatilities. From left to right maturities are one
week, two weeks and one month.
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1.7 CALIBRATION RESULTS USING FX MARKET DATA

In this section we test the calibration accuracy of the randomised Heston
model using the USD/JPY FX market data’. Notice that in the FX market
the implied volatility still has the small-time explosion feature: in Figure 1.11
the standard Heston is calibrated to the market data with 6 different time
to maturities, and the result shows that the model-generated volatility smile
is too flat compared with the market data for small maturities. This finding
agrees with the existing literature. For instance, in [75] the authors fixed &
and vg, and calibrated the remaining 3 parameters (6, ¢, p) in a standard He-
ston environment to the EUR/USD market data. They selected time to ma-
turities ranging from one week to 2 years, then calibrated the Heston model
for each fixed maturity. Even with this ‘slice-by-slice’ calibration procedure,
the authors still observed a poor fitness of the standard Heston to the mar-
ket data when the time to maturity becomes smaller. Unsurprisingly, they
commented that time-dependent parameters, or a ‘stochastic volatility plus
jumps’ setting (SVJ) as appeared in [7, 8], are needed to improve calibration

accuracy.
Before processing the data, we propose a ‘mixed’ distribution for V:

(Law)

V' ="pU(a,b) + (1 = p)T'(a, ), 0<p<1,

where the random variables U(a,b) and I'(«, 5) are independent. We have
My (u) = My(pu)Mr((1 — p)u), indicating that Dy, D Dr. Theorem 13 then
implies that the mixed distribution generates volatility smiles with the steep-
ness in between of uniform and Gamma randomisations, thus it is similar to
a thin-tail environment. The advantage of this scheme is that the computa-
tional cost is less than that of a thin-tail distribution in which case we have

to perform a numerical integration to obtain the pair ({1, ls).

TMarket prices are obtained from Bloomberg Terminal.
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1.7.1 ASK PRICES ON JANUARY 20TH, 2017

We compare the calibration accuracy of standard and randomised Heston
using market ask prices on January 20th, 2017. The results are presented
in Figure 1.12 and Table 1.2: notice that all three different randomisation
schemes have substantial improvement over the standard Heston model. A

volatility surface comparison is provided in Figure 1.13.

USDAPY FX smiles on Jan 20th, 2017. Maturity is 0019231 16 USDJJPY FX smiles on Jan 20th, 2017. Maturity is 0.057692 o180 USD/JPY FX smiles on Jan 20th, 2017. Maturity is 0500000
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o8 USD/JPY FX smiles on Jan 20th, 2017 Maturity is 1500000 o015 USD/JPY FX smiles on Jan 20th, 2017. Maturity is 3.000000 020 USDJJPY FX smiles on Jan 20th, 2017. Maturity is 5.000000
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Figure 1.11: Calibration results of the standard Heston model. Blue triangles are market

ask prices and the cyan circles are Heston volatility smiles. The time to maturity ranges from
one week to 5 years.
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USD/JPY FX smiles, maturity is 0057692 USD/JPY FX smiles, maturity is 0.500000

USD/JPY FX smiles, maturity is 0.019231
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Figure 1.12: Calibration results of standard and randomised Heston models using the mar-
ket ask prices on January 20th, 2017. We present three different randomisation schemes:
uniform, mixed, and Gamma randomisations.
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Figure 1.13: The volatility surface comparison of standard and randomised Heston. Blue
lines with triangles are USD/JPY market data. The coloured surface is generated by the
Gamma randomisation, and the transparent surface is the standard Heston. On the right we
have the small-time zoomed-in version.
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Model Small maturities Less than one year Total

Heston 11.356 8.260 6.894
Gamma 5.568 5.239 4.655
Uniform 5.888 6.014 5.424

Mixed distribution 5.977 5.936 5.363

Table 1.2: The root-mean-square deviation (RMSD) of standard and randomised Heston
models (x1073), calibrated to the USD/JPY ask prices on January 20th, 2017. Small matu-
rities are those less than one month; the total RMSD is calculated over all maturities up to
five years.

1.7.2 MID PRICES ON AUGUST 26TH, 2016

We analyse market mid prices on August 26th, 2016. Figure 1.14 shows that
the randomised Heston is capable of providing an improved calibration result

across all maturities. The mean squared errors of different schemes are listed
in Table 1.3.
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Figure 1.14: Calibration results of standard and randomised Heston settings using
USD/JPY mid prices on August 26th, 2016.
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Model  Small maturities Less than one year Total

Heston 17.200 13.343 10.916
Gamma 8.650 6.398 5.278
Uniform 9.027 6.748 6.074

Table 1.3: The RMSD of standard and randomised Heston models (x1073), calibrated
to the USD/JPY mid price data on August 26th, 2016. The total RMSD is calculated for
maturities up to 7 years.

1.8 A MARTINGALE REPRESENTATION THEOREM

We briefly discuss the hedging problem in the randomised Heston model.
The main result of this section is a martingale representation theorem with
an augmented filtration (Proposition 39). We define the enlarged filtration
H = (Hi)iso by Hi = Ngst(Fs V o(V)) for any t > 0. Also define the
filtration G := (G;)i>0 by G = H,; for t > 0, and Gy = Fy as the trivial o-field
up to completion. Then F; C G; C H; holds for all t > 0.

The setting of two filtrations F and its augmentation H connects our model
to the literature on initial enlargement of filtrations and insiders’ trading,
see [4, 41, 51] for more details. However, we require it that the information
on V should not be available at time zero, hence the market obtainable
information should be represented by the filtration G instead of H.

Remark 37. The filtration G is not right-continuous at time zero. One way
to avoid potential issues with this setting is to assume that the information
on V s obtained at an infinitesimal ‘observation time’ € > 0. This assump-
tion is similar to the one in [23] where the authors proposed a discretely ran-
domised version of the Black-Scholes model. We refer the interested reader
to [86, Section 1.2] for an interpretation of this setting and its connection
with model uncertainty. For the remainder of this section we stick with our
original definition of G, as it will not affect the major result of this section
which is based on the filtration H.

Proposition 38 (Martingale preservation). The price process (€X);>q is a

martingale with the filtration G.

Proof. Since the filtrations G and H only differ at time zero, we only need
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to show that the proposition holds with the filtration . The independence
of 0(V) and F validates Hypothesis (ii) in [76, Proposition 5.9.1.1], which is

equivalent to our statement. O]

Proposition 39 (Martingale representation). Fiz T' > 0, then for any H €
L*(Q, Hr, Q), there exists a process (g:)epo,r) adapted to (He)iepor, such that

T
H:E(H|V)—|—/ gf - dW;
0

with Wy := (VVt(l), Wt(Q))T fort > 0.

Proof. This result can be seen as a special case of [4, Theorem 4.2]. Here we
provide an alternative proof based on the systematic approach given in [31,
87]. As shown in [87, Lemma 4.3.1], by applying the martingale convergence

theorem we can prove that the set
D= (W, W W WD W) ke CR®R*M),0 <t < .. <t, <T}
is dense in L?(Q2, Hy, Q). Then for n =2, and for any 0 < t; <t <ty < T,

E [h(V, Wt(ll)v Wt(12)7 Wt(21)7 Wt(22)) ’Ht] . (t, Vv, Wt(11)7 Wt(12)7 Wt(l), Wt(2)> . with

v (t, v, 2, y,u,v) = m [[ h(v,z,y,s,1)exp {2(#1_”[(3 —u)?+ (I — "U)2]} dsdl
for t < ty. Also for t < ty, define

Vo <t7 V7 Wt(l)a Wt(2)> = E [Ul (tla Va Wt(11)7 Wt(12)7 Wt(11)7 Wt(12)> ’/Ht] )

where vy(t, v, z,y) = m [ vo(tr, v, s,1) exp {Z(%I_t)[(s —z)*+ (- y)Q]} dsdl
for 0 <t < t;. It can be easily checked that

ovy 1 (0%, 0*n vy 1 [(0%vy O%vy
A _ a &0z _0.
ot T3 (W T ) =0 ad ol g T ) =Y

Applying the It6 formula and the tower property, and notice that W
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and W® are independent Brownian motions, then
1 2 1 2 1 2 1 2
n (VW w2 WP W) =& [n (v W W Wi W) v

to
+/ﬂmMM%M%dm,
0

where
Qm%T< (U(ﬂ
g (V W(].) W(Z)) N <8a§ ’ Oy > S, Va WS 7Ws ) s < tl,
BT e v du\T M) @) 1r2)
(E)u’ av) S>V7Wt1 7Wt1 Ws 7Ws 5 t1§8<t2.

The result can be generalised to the case where n > 3, indicating that
the martingale representation property holds on the set D. For any H €
L*(,Hr,Q), assume that the sequence {H,}°°, C D has the limit H.
Write H, = E(H,|V) + [, g - dW,, and define Y, := H, — E(H,[V),
then the sequence {Y,,}>°, tends to H — E(H|V), as n tends to infinity. For

any n # m,
T 2
</@@ﬂﬁde)]
0

T
ZE{/(QM—Q?UW¢M—9TU&}
0

E[(Yn - Ym)2] =E

oS
n=1

Then {Y,}°, being a Cauchy sequence implies that {g™ is a Cauchy
sequence in L?(2 x [0,T]). Hence there exists an adapted process g such

that g, — ¢, as n tends to infinity. Consequently,

nToo

T T
H = lim (]E(Hnyv)+/ ggnh.dWS) :E(H]V)Jr/ gl - dW;.
0 0
O
The quantity E[H|V] in Proposition 39 requires full information on V at time
zero, which is not available in our setting and can only be approximated.

Since the model is also incomplete by nature, Proposition 39 serves as a first

step towards constructing a hedging strategy. We leave the study on the
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hedging problem in the initially randomised environment for future research.

1.9 PROOFS OF THE MAIN RESULTS

1.9.1 PROOF OF PROPOSITION 3

Jacquier and Roome [70, Section 6] proved that D* = R whenever v < 1,
and D* = (u_,u, ) if v = 1. Throughout the proof we keep the notation h,
emphasising that the statement still holds for function h with a general form,

not only polynomials.

Case v € (0,1/2). We need to analyse the behaviour of log M(z) as z
approaches zero. Since m is strictly positive, by continuity of the mgf around
the origin, My, (u?t(2h*(t)) "1 (1 + O(h(t)))) converges to My,(0) = 1 as ¢ tends
to zero for any u in R, which implies that D}, = R. For small ¢, a Taylor

expansion indicates that

o (o(s5)

g (exp{i?t(l:) {1 B ? G) (%) +0 (hQ(t))] })

o Mo ()] o)

- ofu )

Since h(t)C(t,u/h(t)) is of order O (t*/h(t) + h*(t)), then

A, (t, h?t)) _ “zli((;)t {1 10 (h(t) + hf(t) + h4(t)> } 2

and therefore limy o A, (¢, u/h(t)) = 0, for all u € R.

Case v € (1/2,1]. We need to evaluate My, at infinity. If m is finite, for ¢
sufficiently small, the term My (su?th™2(t) (1 + O (¢/h(t)))) is infinite for
any non-zero u, hence D}, = {0}, and A,(u) is null at v = 0, and infinite
elsewhere. If m is infinite, then D}, = R. Assume first that v, is finite;
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we claim that liTm(tLru)’1 log My,(u) = 1. In fact, let F}, be the cumulative

distribution function of V, then

My(u) = E (e*) < exp(un+)/ Fy(dv) = exp(uby).

[vab+]

For any small € > 0, fix 6 € (0,ev,/2), so that

04
log MV(U> > 1 IOg (/ equv(d’l)))
uvy uv 04 -5

1
> log ("®+=Q (V > v, — 5))
UU+

o 1
=1—-—4+—1 V>0, —90),
U++un+ 0gQ(V >0y —9)
since v is the upper bound of the support; therefore Q(V > v, —0) is strictly
positive, and the result follows. If v € (1/2,1), notice that h(t)C(t,u/h(t))

is of order 277 from Lemma 65, hence

241-2y
. (% 1 2—~ . ~ 1—~
ltlglA7 (t, _h(t)> ltlfglo () + l;fglt log My, ( (1+ 0 )))
2
_ 20 limt"™7 =0, for any u in R.
2 tlo

When v =1, A(u) is positive whenever u € (u_,u,) \ {0}. Therefore,

lim A, (t, %) = lim O(t) + lim¢ (“*At(“)u + O(t))) = A(u)vs,

£0 0 tl
for any u € D* = (u_,uy).

Case 7 = 1/2. If v, is finite then the pointwise limit is null on the whole real
line. Assume now that v, is infinite and m is finite. Following Remark 64(iii),
“72 + (%“3 — %) t'2 + O(t) < m implies D} = (—v2m,v2m) C D}, C
[—\/ 2m,\/2m| = D_]*; For sufficiently small ¢,

u KOu> u? péu®
Ao t,— ) = =32 )+t 2logMy | — + [ — — = ) ¢1/? 1)) .
1/2(,\@) 1 +0O (?)+t"? log My, 573 5 +O(t)
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For any fixed u in D37, by definition there exists a positive ¢, such that u is in
D%, for all ¢ less than to. Then the mgf of V is infinitely differentiable around
the point u%/2, and the n-th order derivative at this point is ngn) (2u?) =
E [V” exp (%U2V)] Denote now a,(u) := Mgl) (%uQ) M;l (%uz), for n € N,
and agp(u) := log My (%u2) A Taylor expansion of the function M,, around
the point $u? yields

Ay (t, i) — Vilog {MV <“;> {1 + ai(u) (pé“? - 1) %% + O(t)] }

<

KOu? /
+ P+ O(#)
2
= ao(w)Vt + a1 (u) ('052“ - 1> %t + O3, (1.25)

Letting ¢ tend to zero, we finally obtain

Avjo(u) 0, when u € Dy,
u) = —
12 oo, when u € R\D;,.

However, the limit at the boundaries, i.e. A/, (t, iW), depends on the
explicit form of M,,. To see this we take the example where pém < 1, which is
guaranteed in particular when p < 0, and compute the limit when v = v/2m.
The L’Hopital’s rule implies
20/

ltif? Vtlog My, (m + \/g (pEm — 1)Vt + O(t)) =7 _2/{;; lsiﬂ)l SMI\:[}V(;m_ sj)

(1.26)
and the right-hand-side is dependent on both My, and its first order derivative.

Y

1.9.2 PROOF OF THEOREM 13

The systematic procedure is similar to the proof of [70, Theorem 3.1]. To
simplify notations, write A,(u) := Avjs (t,u/V1), Ci(u) == C(t,u/Vt) and
Dy(u) := D(t,u/+/?), whenever these quantities are well defined. We shall
prove the theorem in several steps: in Lemma 40 we show that a saddle-

point analysis is feasible; by taking the expectation under a new probability
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measure, the main contribution of the option price arises and its asymptotic
expansion is provided in Lemma 41; in Lemma 42 we prove the convergence
(with rescaling) of the sequence (X; — x);>0 under this new measure; finally,
the full asymptotics of the Call option price is obtained via inverse Fourier

transform.

Lemma 40. Under Assumption 10, for any v # 0, t > 0 small enough, the
equation O,Ay(u) = z admits a unique solution uy(z) such that ﬁt(u,’f(x)) €

D%, and the following holds as t tends to zero:

sgn(z)v2m + bl(yc)zfi +o <ti> , for w

uy(x) =
(@) sgn(z)v2m + bl(x)ti + bQ(x)t% logt + b3(x)t% +o0 <t5> , forw

where

1-w ]- w=1 ’,70‘ + 1 w>2 (CU — 1)”70 1/w 1 — pé-m
bi(x) := —sgn(z)(2m) 2 ( {w=1} |;|_ } i :

av2m B2

by(z) = —Sgn(x)Q—wg 1(),

bs(x) := sgn(z) { b7 () (1 — g — 2am log (\/%|b1(x)|> — 2[]m>} + 1-pém

vV 2mw 2

If x = 0, then u}(0) defined as the solution to 8,M,(u) = 0 satisfies u} (0) =
IVt +o(V1).

Proof of Lemma 40. Assume that x > 0, the case when z < 0 being analo-
gous. Equation (1.4) implies that for any u € R, the equation GuKt(u) =z

reads

. W\ M, (Di(w))
r = O,M\(u) =Vt (logM (t, —)) = V1C}(u) + Vt———LDi(u).
Vi My (Di(u))
(1.27)
The existence and uniqueness of the solution to (1.27) are guaranteed by the
strict convexity of the rescaled cgf A, for each t [77, Theorem 2.3] and (1.11),
in which the denominator tends to zero as u tends to the boundary of D%,

Denote now the unique solution by u;(x). Applying Lemma 63 and Lemma 65

70

=1,
> 2,

1{w:1}7

m
]_{w:Q}.



with h(t) = t'/2,

~ uxf

Ci(u) = —1t+ 0 (t%) , and Dj(u) = u+ (3”@2 — %) Vit+O(1).

2 4

We first prove that ltif(r)l ui(z) = v2m. If limyyouf () # +/2m, there exists
a sequence {t,}2°, and (small enough) ¢y > 0, satisfying lim,toot, = 0
and |uj (z) —v2m| > go for any n > 1. In Section 1.9.1 it is proved that
limyo D}, C limsup,,, D}, C Dj, = [—v2m,v2m]. Also notice that for any
fixed ¢t small enough the map Oy D}, — R is continuous and strictly
increasing. Hence for fixed positive ¢y there are at most finitely many ¢; in
the sequence such that u} (z) > v/2m + .

Equation (1.27) implies that for fixed > 0 the limit of t~%/28,A,(u}(z))
is infinity as t tends to zero. Taking a subsequence of {t¢,},>1 if necessary,
assume now that u} (z) < v2m — &, for any n > 1. Since Dy(v2m —¢) =
m — v/2me + £2/2 + O(V/1), then for any £ > 0 there exists N(g) € N such
that

2
~ V2
Dy, (V2m —¢) —m+ V2me — % < %, for any n > N(e).

Fix 0 < £; < min(ep, v2m) small enough so that m — 3v/2me, /2 + £7/2 >
m — Jg, where oy > 0 is chosen to satisfy that for any m — §y < u < m, the
higher-order term in (1.11) is bounded above by one. Then for such £, and for
any n > N(g1) we have m— 8y < Dy, (vV2m—e) < m—+/2me /24+¢2/2 < m.

The function &JL is strictly increasing, implying

Ay, (u Ay, (V2m — w1
fim Oul\y, (utn (.r)) < lim Oul\y, ( m 61) < 2914,
nfoo Vin nfoo Vin €9 (V2m — g )@t

where 61 := 1g,=1}|Y0| + L{w>23(w — 1)70, hence the contradiction. Therefore

< 00,

limy o uy () = v/2m. Analogously we can prove that limgjou;(0) = 0.

Case w = 1. Assume that u;(z) = v2m + h,(t), where h,(t) = o(1). Equa-
tion (1.27) implies that h,(t) = O (v/1), hence all the terms of order O(v/%)
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in the expansion of ISt(uj(:B)) should be included. More specifically,

Dy (4 () = m + v2mhy (t) + @ (p€m — 1)Vt + o(V1).

Plugging this back into (1.27) and solving at the leading order yield the

desired result.

Case w > 2. In this case h,(t) = O(t"/*)). Equation (1.27) now reads

% = F"eg%t + %ethx(t) +O ()
do (1 4+ o(1))
+ ((—\/ﬁhx(t) oy \/g))‘”> (\/%+hx(t) +0 (x/%)) .

(1.28)

Denote by h’ as the leading order of the function h,. Solving (1.28) at
the leading order, then dpv/2mt = z (—mh;(t))w, from which hl(t) =
— (2m) = (5O/x)% t2o. Higher orders in the expansion of u} (z) can be derived
similarly, simply by replacing the little-o term in (1.28) with precise higher-
order terms provided in (1.11). We omit the details.

Finally, when x = 0, write u;(0) = h(t) with h(t) = o(1). As t tends
to zero, My (u(0)) ~ 1, M, (u}(0)) ~ E(V), and D, (u;(0)) = h(t) — W+
O (t + h*(t)V't). Plugging these into (1.27) with 2 = 0 proves the lemma. [

Lemma 41.

1. When v9 > 0 and w > 2, as t tends to zero,

exp (—:cu;f (z) + Kt(u;f(x))> = exp (_A*(a:) + 1 (x)tlz;ww +o0 <t12f>> ,

Vi Vi

w - 1-1/w
for any x # 0, where ¢;(x) = wfy(l)/ (%) , and the func-
tion A* is defined in (1.12);
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2. If v0 <0 and w = 1, then for any x # 0, as t tends to zero,

i (@) + Ao (2))
o (g

~exp (—Ai? Feofa) + 71) (M'T'ﬁ) " o),

where cy(z) := 5 (pfm — 1)z — 7.

Proof of Lemma 41. Case w > 2. Assumption 10 and Lemma 40 imply

exp (_xuf/(;)) — exp {—i [\/ﬁ + by ()t + o(t%)] }
— exp {_A*(”“") Cb(@)etE 4o (t)} ,

Vit
Ar(ui () ) = =~
exp (T) = exp {Ct(ut) + log oMV(Dt(ut))}

_ % (e
_exp{<mwl<x>|)“‘lt Foll >}'

Using the expression of by(-) provided in Lemma 40, the coefficient of the

term of order ¢ % is given by

—) - w — 0% ol(w — okTw il ik
T {1w =190l + 0l — )30 = } (vV2m) =

; 2]

-t (i) =l

Case w = 1. This case follows straightforward computations after noticing
that

exp {M} = exp {(’)(t) + 70 log (m - ]St(uf(:r;))) +7+ 0(1)}

Vi
=N (M> (14 0(1)).

]
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]

For each z # 0 and ¢ > 0 small enough, define the time-dependent measure Q;
by

(% )|
d@ $1/2

Lemma 40 implies that A,(u}(z)) is finite for small £. Also by definition it is
obvious that E[dQ,/dQ] = 1, then Q; is a well-defined probability measure

for each t.

Lemma 42. For any x # 0, let Z; = (X; — x)/Y(t), where () =
Li=1y + l{wzg}tl/B. Under Assumption 10, as t tends to zero, the charac-

teristic function of Z; under Q; is

; Yo
et (1 - ﬂ) (14+0(1)), forw=1,
Uy(u) = EY (") = [l

exp <w> (1+0(1), forw=2,

om\ /3
where ((x) == V2 (—2> |2|3/4.
il

0

Remark 43. Lemma 42 and Lévy’s Convergence Theorem [96, Theorem 18.1]
imply that under Qy the process (Z;)i>o converges weakly to a Gamma dis-
tribution (or a Gamma distribution mirrored to the negative real half line)
if © > 0 (or x < 0) minus the constant x when w = 1, and to a Gaussian

distribution when w = 2.

Remark 44. Intuitively, the case w > 3 should be similar to the case w = 2,
so that a suitable candidate for the function 9 can be found. However, in
such scenario more information on the asymptotics of log My, and its deriva-
tive are required in order to obtain the suitable (non-constant) characteristic
function. These extra assumptions turn out to be very restrictive and of little

practical use, and are thus omitted.

Proof of Lemma 42. Assume that x > 0, with x < 0 being analogous. Func-
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tion log ¥; can be written as

log ¥;(u) = logE |exp (iu(Xt —2) + ui (@) Xi = At(u;“(az)))] (1.29)

0(t) Vi
_dux (1uvt/9(t) + uj (z)) X, A (uf ()
——W—I—logE exp( 7 >]—T
_ _% + % (R (w @) + 1uvi/00) = R (ui ()
Case w = 1. Lemma 40 implies that
= ( 1;@15) :m—l—@—l—im/?_mt—i-o(\ﬁ),
D2 = ) =m -+ 22 (/7
Ci(u) =C ( (1:) ) =t /24 O (892),
Cy  =C(ui(2)) = mrft/2 + O (*?).

As a result, the lemma follows in this case from the following computations:
log U, (u) = —iuz + Cy(u) — Cy + log My, (f)l(u)> — log My, (f)Q)
D,
= —iux + vy log (m_()) +o(1)

m D2

= —iux + v log (1 - Tﬂ + 0(1)) + o(1).

Yol

Case w = 2. Denote 6 :=1/8, then % —0> ;11 = i Lemma 40 implies

Dy (u) = m + V2mb i + iuv/2mez 4+ ( + V2mbs + \/7(mp§ - 1)) t7 4+ o(V1),

=m+V2mbt1 + < +V2mbs + 4/ = (mp£ — 1)) t2 +o(V1),
mrOt n K0V 2mb, 45/

Cilw) = 22 : O, and
~ V2
Cy = m;&t LA 2m61t5/4 +O (7).
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Consequently,

A, (up + dut'/?79) — Ay (u})
Vit
Yo 51(U) - ]52 ~ ~
= g )~ + Yomn <log (m — Dl(u)> — log (m — Dz)) +o(1)
o Yo (1U 2mt1/2_'9 + 0(\/%)) iut1/4_9 1/4 iU”)/[)”)/ltl/4_0
Sl o), ]
i'YOU —0 70 (1)

= +
V2mb? V2mb3

and the proof follows by noticing that b; < 0 and vy = zv2mb?, from
Lemma 40. O

= Cy(u) — Cy + log My(Dy () — log My(Ds)

+0o(1)

We finally prove the main theorem, when x > 0. The price of a FEuropean

Call option with strike e* is

dQ,
=E® exp <_u:<x>Xt + At(u:(@)) (eXt . ea;)+]

t1/2

— exp | )J\F/EAt(ut ) " EY exp( ‘z(t — x)) (eXe — 1)*}

|

Case w = 2. The proof is identical to [70, Theorem 3.1] and is therefore

EC (eXt — egc)jL =E® [(eXt — eg”)+ @]

omitted.

Case w = 1. The Fourier transform of the modified payoff exp (—M> (eZt — 1) -

NG
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under Q; is

/0 T exp (—“rf/?z> (e — 1) et dz

o+iu—ui (@)t 1/2)z % u—uj (@)t1/2)z |
- 1+ iu — uf(x)t—1/2 . N [iu_uf(ﬁ)t_l/zl
_ 1 1
=@ T (@)

t
(ui(z) — (1 + iu)vt) (uf(z) — iuvt)’

where in the second line we use the fact that lim o u; (x)t~1/2 = +o00. Recall

that the Gamma distribution with shape || and scale |$—0| has density fr €
L*(R) given by

[0l =1

fry) = N exp (— ‘%‘ y) (‘%Dm' , fory > 0. (1.30)

Applying [55, Theorem 13.E] and Lemma 42,

_ b > U, (u)du
21 J oo (ui(z) — (1 — iw)V1) (ui(z) + iuv/t)

t o iux\ ™"
= — e (1 - — 1+o0(1))du
R = R

=D o), (1.31)

where the last line follows from Fourier inversion. Combining Lemma 41
and (1.31), the Call price reads

E (eX — )" = exp (_A’:/(;:) ot a4 %) (ﬁ) ol

fr(z)
2m

Yol

1% (11 0(1)), fora > 0.
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Assume now that x < 0, the price of a European Put option with strike e” is

E (¢ — )" = exp (—xu;(w) \} Kt<uz<w>>> J—y [eXp <¥) (- )] |

and the Fourier transform of the modified payoff function exp (%) (1 — eZt) *

18

/_(; X (_Lf;g) (=) ez = e s iu)\t/f) (ui () — 1uvi)

Following a similar procedure, and noticing that (eX*);>o is a Q-martingale,

the Put-Call parity implies

X o\ = (1 — %) +ex _A*(x) T+ co(x & "
E (X —e)" = (1—¢") + p< VAR HM) <wo|\/%)
fFQ(:Dtl? (1+o0(1)), forax<DO.

In the standard Black-Scholes model with volatility ¥ > 0, the short-time
asymptotics of the Call option price reads [44, Corollary 3.5] E (eXt — e:‘”)Jr =
1 x?
o)+ 2,13/2
(1—e")" + NG exp <_ﬁ + 2> (22t)32(1 + O(t)). Then the asymp-
totics of implied volatility can be derived following the systematic approach

provided in [50, Corollary 7.1].

T

1.9.3 PROOF OF THEOREM 26

We first prove the large deviations statement, which we then translate into
the large-maturity behaviour of the implied volatility. Andersen and Piter-

barg [5, Proposition 3.1] analysed moment explosions in the standard Heston

uXt)

model, and proved that for any u > 1, the quantity E(e always exists as

long as
Kk > p&u and  d(u) > 0. (1.32)

Moreover, the assumption k£ > p¢ implies (see [43]) that (1.32) holds for

uXt)

any u € [u_,u], so that E(e is well-defined for v € [u_,u,] and any

78



(large) t in the standard Heston model. The tower property then yields
M(t, u) = E [E(e"*|V)] = C(t,u) (My o D(t, u)).

Consequently, for any large ¢, M(¢, u) is well-defined for u € S := [u_,u ] N
Sy, where the set Sy is defined by

Sy ::Uﬂ{u:D(s,u)<m}.

t>0 s>t
Using the expressions of functions C and D in (B.1), the rescaled cgf of the
process (171 X});>o reads
_ 1 ey 1 1
E(t,u) = n logE (e"*t) = zC(t,u) + Zlog My (D(t,u))

_ w0k — pgu—d(u)) 20, (1 -~ g(u)edw)
- 20 o
1—g(u)

& £t
K — péu —d(u) 1 — e dWt
& 1 g(U)ed(“’t) '

1

For any u € (u_,u, ), since the quantity d(u) is strictly positive, then

1 1 — —d(u)t
lim — log ( gluje ) =0, and

ttoo t 1 —g(u)
. k—péu—du) 1—e ' g — pu—d(u)
ggi £2 1 — g(u)e—dwt — &2 ' (1.34)

Since u + Z(t,u) is continuous for each ¢ > 0, L'Hopital’s rule implies
E(t,us) = kO(k — péu) /&2

Case m = co. In this case Sy = R, implying that S = [u_,u,|. Equa-
tion (1.33) shows that

that hmtToo

=(u) = %m E(t,u) = £(u), for any u € R,

with £ provided in (1.17). In [43, Theorem 2.1}, it is proved that the limit-
ing function = and its effective domain S satisfy all the assumptions of the

Gértner-Ellis theorem (Theorem 61), and hence the large deviations principle
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for the sequence (t7'X;)s>o follows.

Case m < co. Equation (1.34) implies that

fur 2rm ) b ey {us PR <l

' &
As a result, the essential smoothness of function = is guaranteed if
— —d
[a_,u,] C {u o ,0522 () < m}
= {u Lk — péu < Em 4/ (k — péu)? + E2u(l —u)}

Since k — p&u > 0 holds for any u € [u_,u.],

k= péu < Em 4 \/(k — ptu)? + Eu(l - u)
=0 < u(l —u) + Em? + 2my/(k — p€u)? + E2u(l — u)
u(u —1 2m
@)% <m?+ ?\/(/{ — p&u)? + u(l —u). (1.35)
Since [0,1] C (u_,uy), Condition (1.35) holds for any w € [0,1]. When-
ever u > 1 or u < 0, as functions of u, the left-hand-side is strictly increasing
while the right-hand-side is strictly decreasing. Therefore, (1.35) holds for
any u € [u_,u,] if and only if max{u_(u_ — 1),u, (u, — 1)} < m?¢%. Con-

sequently, Assumption 24 ensures that S = [u_,u|, and the proof follows
from the Gértner-Ellis theorem (Theorem 61).

We now prove the asymptotic behaviour for the implied volatility. We claim
that in a randomised Heston setting the European option price has the fol-

lowing limiting behaviour:

1 6

— gm — log (E (e — e”)Jr) = £"(x) — z, for z > 27

1 0 6
—gg;;log <1—E(exf—e"’”t)+) = £%(z) — =, for ~3 <z< 2’
. 1 t X\ T 9

—1lim = ot _ Xt = &%(x) — < ——.
%{g ; log (E (e — ™) ) £ (z) — x, for x < 5
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The proof is covered in detail in [71, Section 5.2.2], and we therefore highlight
the main ideas for completeness. From Theorem 26, define a time-dependent

probability measure Q;:

o= e (0 (@)X - (@)1
where u*(x) is the solution to the equation x = Z'(u). The option price
is then expressed as the expectation under Q; of a modified payoff, and
can be computed by (inverse) Fourier transform with the main contribution
equal to exp{— (£*(z) — x)t}. It is also known (see [42, Corollary 2.12] for
instance) that in the Black-Scholes model with volatility 3, the asymptotics

of European option prices with strike e** are given by

1 2

— gm —log <IE (e — ext)+> = Ajs (2, %) — o, for x > -

1 ¥:2 2

—liérolglog <1 —E (¥ — e“)+> = Ajg (2,2) — 2, for — > <z< >

: 1 xt X\t * 22

—gmglog <]E(e — ™) ) = Ajg (2, %) — z, forxﬁ—;,
(w+22/2>2

where Ajg (7,%) = 5 Then the leading order of the large-time

implied variance is obtained by solving

* Ak - (_I + 22/2)2
L(x) — o = Ajg(x,X) —x = o :

We omit the details of the proof which can be found in [43, 45].
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FRACTIONAL HESTON: ROUGH
VOLATILITY

In this chapter we discuss the asymptotic behaviour of a fractional version
of the Heston model. * Comte, Coutin and Renault [27] firstly proposed
this model and analysed the ‘smooth’ case where the Hurst parameter H is
greater than 1/2. Here we focus on the ‘rough’ case with H € (0,1/2), and

we show that the small-time implied variance has an explosion rate of t#-1/2,

2.1 INTRODUCTION

An increasing amount of literature on volatility modelling has been focusing
on the rough volatility environment. In this section we briefly review some
recent development. Firstly, it is worth noting that there are other ways to in-
clude rough volatility in a Heston setting: a different fractional Heston model

was proposed and analysed in [38, 39, 40|, in which the authors defined a dif-

*This chapter is based on the submitted paper ‘Asymptotic behaviour of the fractional
Heston model’ [57], in which I contribute to the numerics and a complete proof of Propo-
sition 46. These results are included in this chapter.
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ferent structure for the variance process through the fractional integration.
In particular, El Euch, Fukasawa and Rosenbaum [40] bridge the connection
between market microstructure and rough volatility by proposing a micro-
scopic price model and by showing that it converges to a rough Heston setting
in the long term. Another rough volatility setting, i.e. the rough Bergomi
model, has been extensively analysed: Bayer, Friz and Gatheral [10] argued
that the model is capable of providing a much improved calibration accuracy
compared with standard stochastic volatility models. Jacquier, Pakkanen
and Stone [73] proved the large deviations principle for the underlying pro-
cess in the rough Bergomi model, and provided the small-time asymptotic
behaviour of the implied volatility in this setting. McCrickerd and Pakka-
nen [83] proposed a novel simulation method which significantly reduces the
computational cost of log-normal rough volatility models including the rough
Bergomi. Finally, we comment that in [65] the authors combined the ideas of
initial randomisation and rough volatility by proposing and analysing a gen-
eral randomised fractional volatility setting. For other recent development
we refer interested readers to [2, 9, 11, 16, 46, 69, 81].

2.2 MODEL SETUP

Let (0, F, (Ft)i>0, Q) be a given filtered probability space supporting two
independent standard Brownian motions B and W. We denote by (S;)i>o0
the stock price process, and let X; := log(S;) be the unique strong solution

to the stochastic differential equation

1
dX, = —Ethdt + 1/ VAdB,, Xy =0,
AV, = k(0 - V)dt+&/VidWs, Vo =1y >0, (2.1)

‘/;fd = /’7 + I(C)l—f—‘/;h
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where d € (—1/2,1/2) and the coefficients satisfy x,0,& > 0. The opera-

tor 1§, is the classical left fractional Riemann-Liouville integral of order d:

/t Mgb(s)ds, for d € (0,1/2),
oot = Jp 1@

é%qﬁi¢u% for d € (—1/2,0),
valid for any function ¢ € L'([0,¢]), where I is the standard Gamma function.
If the function ¢ is 1/2-Hoélder continuous, which is the case for the path of
the CIR process V' in Equation (2.1), then [67, Proposition 1.2] states that
V@ is (1/2 + d)-Holder continuous. For more details on these integrals, we
refer the interested reader to the monograph [91, Chapter 1, Section 2], and

for the application to discretisation schemes we refer to [27, Section 5].

Finally, notice that the fair strike of a continuously monitored variance swap

with maturity 7" reads

1 T | T
TE (/0 Vﬁdt) = f/o {77 + [g+ [er—nt +0(1— e_’“)} } o
UOTd [{(0 — fUO)e*NT /T P

B t e dt. 2.9

7]+F(d+2)+ T+ J, e (2.2)

Note in particular that, when n = d = 0, this representation coincides with
the expected variance formula in the standard Heston case, provided in [52,
Chapter 11]. Furthermore, for small 7' > 0, Equation (2.2) reads

g /Tvddt —UO—Td+ +O(T*)
7\J, YY) T vz " ’

so that in the rough Heston case (d < 0) the variance swap rate explodes
with a rate of T.

2.3 MAIN RESULTS

In this section we summarise the main results. Recall that the mgf of X is
denoted as M(t,u) := E(e**t), for t > 0, and we define the effective domain
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Figure 2.1: We simulate five smooth (d = 0.4, above) and rough (d = —0.3, bottom) sam-
ple paths for the stock prices (left) and their volatility movements (right). Other parameters
for the variance process are (k, 0, &, vp,n) = (2.1,0.05,.2,0,0.03).

of the (rescaled) mgf as D; := {u ceR: M (t, %) < oo} The following
theorem shows that (at least in the symmetric case) the mgf remains affine

in the fractional Heston case.
Theorem 45. For anyt > 0,

u(u — 1)yt

log M(t,u) = 5

— B(t,u)vg + A(t,u), for allu € Dy, (2.3)
where the functions A and B satisfy the ordinary differential equations

0sA(s,u) + k0B(s,u) =0,

0sB(s,u) + kB(s,u) + 5—2B(s, u)? +

u(u —1) (2.4)
2 =0

Md+1)°

for 0 < s <t, with the initial conditions A(0) = B(0) = 0.

Proof. The proof is an application of the Feynman-Kac formula and the
details can be found in [57]. O
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Introduce functions A} : R — R4,

M) = D a(a) = LT

2.5
2 TR (2.5)

Proposition 46. The following hold as t tends to zero:

(i) if d € (0,1/2), let h(t) = t, then 11ti¢r(IJ1Dt =R and ltiiI(r)ltlogM(t,u/t) =
2
%, for any u € R;

(i) if d € (—1/2,0), let h(t) = t'*9, thenlgfglpt R andlgfglt log M (t, [
2
VoU

—_ R.
T2+ d) for any u €

Theorem 47. Ast tends to zero,

(a) if d € (0,1/2), then X ~ LDPq(t, \%). Moreover, for any x # 0, o7 (x)
converges to n;

(b) if d € (—=1/2,0), then X ~ LDPy(t'T4, \*). As a result, for any x # 0,
t=do2(x) converges to vy /T'(d + 2).

Proof. The proof of the large deviations principle is nothing more than apply-
ing the Gértner-Ellis theorem (Theorem 61) and Proposition 46. Translating
this into the small-time asymptotic behaviour of the implied volatility is stan-
dard in the literature (see [50, Corollary 7.1] for example), hence we omit
the details. O

2.4 NUMERICS

In this section we provide numerical examples describing the behaviour of our
model, with parameters (k,6,¢) = (2.1,0.06,0.2). In Figure 2.3 we provide a
comparison of volatility surfaces generated by fractional and standard Heston
models. We observe that in the case where the Hurst parameter is less

than 1/2 (d < 0), a larger value of vy pushes up the small-time volatility
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smile, resonating our small-time analysis in Theorem 47. Finally, the term

structure of the expected annualised variance is given in Figure 2.4.

Figure 2.2: The rescaled cgf of X; (blue) and its small-time limits (red) given in Proposi-
tion 46. The time parameter is t = 1/10 on the left column, and t = 103 on the right.
The first row is the rough case where d = —0.3, and we have d = 0.2 at the bottom.
(k,0,&,v0,m) = (2.1,0.06,0.2,0.03,0.03).
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Figure 2.3: Comparison of volatility surfaces. The first row represents the fractional case

with (vg,n,d) = (0.03,0.02,—0.3) on the left and (vo,n,d) = (0.02,0.02, —0.3) on the
right. The bottom plot is the standard Heston case (d = 0) with vy = 0.06.

. voT?
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Figure 2.4: Term structure of the expected annualised variance (blue) in (2.2) where
(vo,m,d) = (0.03,0.02,—0.3). Cyan dashed lines represent its small-time approxima-
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2.5 PROOF OF PROPOSITION 46

We separate the case for kK = 0 and « > 0.

Case k = 0 This special case was proved by Guennoun, Jacquier and
Roome [57]. We sketch the essence of the proof here for completeness. The
function B as the solution of the ODE

2 u(l —u)
B'(t) = —=B*(t) + ==t B(0) =0
can be written as B(t) = Y. a;¢*t*+%1 where ¢ := 21}((1511“2))' The sequence
i>1

of real numbers {a};>1 is determined by matching orders of ¢, and is given
by o =1, oy = W%A) 22;11 oo, for ¢« > 2. The authors proved that
the infinite sum ) .., o;2" has a radius of convergence greater than 1/4, so

that the representation of B is well-defined for small ¢ > 0.

As a result, in the case where d € (0,1/2) the function B satisfies

d+1 u2td i
=B (9 t) =t o (o -
t’ ;a 2I'(d+2) 2I(d+2)

2

’ t U '
— Y gt ( ut )
2 oT(d+2) 20(d+2)

2

ut u N Z Jid ut u? ah
- - a; - ’
2'(d+2) 2W(d+2) & " \2r(d+2) 20(d+2)

and the sum of higher order terms converges to zero as t tends to zero, so

u2

t1=4B(u/t,t) must converge to —5ra7zy- Lhen the small-time limit follows

directly from Equation (2.3).
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In the case where d € (—1/2,0), the function B satisfies

’ ~ " \2l(d+2) 20(d+2)

utttd u? ut w2t O\’
= - Z Qit1 -
2I(d+2)  20'(d +2) e~ 2I(d+2)  20(d + 2)

utler U2

* 2'(d+2) 20(d+2)

Applying the same approach as in the previous case we can show that the

first term above tends to zero as ¢ tends to zero, so t17¢B(u/t' T4 t) converges

u2

to ~5(dT2) which proves the proposition.

Case > 0 Plug B(t) := Z Bi ;£ into (2.4) yields

,52>1

- 2 . . ? . .
<,61,1(d + 1) + %) 4 % (Z ﬁi,jtm—i_]) + K (Z /Bmtzd-&-])

i,j>1 4,521

+ Y Biylid+ )T =0,
(1)#(L1)

The following statements hold, and are related to the case k = 0 above:

1. B;; =0 forany i > 2 and for 1 < j <2i—2;

2. Bi,?i*l = OZZCZ for any 1 2 1.

Combining terms of the same order yields 811 = a;¢. Moreover, for any (4, j) €
N x (N5 {1}),

2 i—1 j—2
(/BiJ (ld + j) + Hﬁi,j—l + % (Z Z ﬂp,qﬂi—p,j—l—q)) tid+j_1 =0.

p=1 ¢=1

Then the two statements above can be easily verified by induction, from
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which B(t) =Y Y Bt with

i>1 j>2i—1
¢ i—1 j—2i+2p 1
Bi; = [—fiﬂi,j_l Y (Z Z 6p7q/8i—p7j—1—q> P (2.6)
p=1 q=2p—1 J

We show that the series is absolutely convergent. Notice that

Z Z |Bi7j|tid+j _ Ztid—i-%—l ( Z |Bi7j‘tj—2i+1)

i>1 j>2i—1 i>1 §>2i—1

_ Z ‘ﬂigiil‘tid-&%—l (1 + Z ﬁi,j tj—2i+1> ‘ (2‘7)
= par Bizi1
Following Lemma 48, 1+, % 3=+l < 9i=1eirt holds for any i > 1,

and (2.7) then reads

Z Z |Bz‘,j|tid+j < t—l Z 2i_1|04i| (|€|td+2ent)i ) (2.8)

i>1 j>2i—1 1>1

Since the infinite sum Y., o,z has a radius of convergence no less than 1/4,
then the series >, 21| o, |2 has a radius of convergence no less than 1/8.
Notice that (d + 5) is strictly positive, then (2.8) implies that the series
B(t) = 351 25951 Bigt'™™ is absolutely convergent for small ¢ such that
|C[t42e" < 1/8 holds. Therefore the previous ansatz B(t) is the solution to
the Riccati equation for small . The rest of the proof is essentially the same

as the case where k = 0, and we therefore omit the details.

Lemma 48. For any i > 1, the following estimation for ;; defined in (2.6)
holds for any j > 2i:

2@'71 (Z'H>j72i+1

igl < -
1B (j—2i+1)!

|/Bz’,2i—1|-

Proof. We prove by induction. In the case where i = 1, direct computations

yield
i—1
_ F(d—i—2). il o »,4 |
Ld+1+y) — (=1

B
B

for any j > 1.
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Assume that the upper bound holds for |3, ,| for any p < i — 1. Then we

have

20~ (pr) | By 21|
(¢g—2p+1)! ’
27PN ((i — p)R) B (i) 1|

(j—q—2i+2p)!

|Bpal <

’Bi—p,j—l—q’ <

As a result, for any fixed 1 <p <17 —1,

§—2i+2p

Z ’Bp,qﬁi—pd—l—ﬂ

q=2p—1
j—2i+2p o _ . g
< S P22 (pR) T ((1 = )Y I By oy 1 Bipatiop) 1
TS5 (¢q—2p+D(j—q—2i+2p)!
2B 1Bipaip] §2p( — 20+ 1)!(pr)I2P (i — p)r)i—a- 22
(j—2i+1)! (g—2p+ 1)Nj —q—2i+2p)!
21 Q(ZFL)J —2i+1

7(] 2i +1)!

q=2p—1

‘ﬂp 2p— 1ﬁz —p,2(i—p

Plug it into (2.6), and notice that |5; 21| = zd+21 T Z 1| Br2k—1Bi—k26—k)—1|
which follows from the fact that all the terms [y ox—18i—k,2(i—k)—1 have the

same sign for any k, then

i—1 j—2i+2p

|6w| = ﬁ‘gzj_ 1’ dgi Z Z |quﬁz —pj—1- q|
! J Z ‘7 p=1 gq=2p—1
. . . NA_9s i—1
K|Bi -1l E2(id + 2i — 1)2172 (i )7 2+
< ! Z |Bp,2p-15i-p.2(i—p) -1l

id+j  2(id+j)(id+2i—1)(j — 20 + 1)! —

K|Bij_1]  2072(ik)? 2 (id + 20 — 1)

id+j (j—2i+ D)(ed + j) [Biizal-
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Apply the inequality iteratively, we finally obtain

K,j_Zi—H 61 . J JR—2i+1 id+ 2 —1
‘ 2 1‘ z 2 j 21+1|ﬁ7, i 1| Z (' - )
7o (1d + k:) (k—=2i+ 1T _,.(id +m)

- 2i—2,€jf2i+1|ﬁi72i_l| Z ik—2i+1

- (j—2i+1)! Narval

B 2i—2l€j—2i+1|ﬁ‘2, 1|(,ij—2¢+2 _ 1)
(j—2i+1)I(i —1)

2i—2(2/€)] 2Z+1’B'2i 1’7/

(j—2i+ 1) —1)

21 I(ZK,)J —2i+1

+||ﬂi,2i—1|a

(j —2i+1)!

18i.5] <

where the second line follows from the trivial estimation i(d+2) > 1, for any
€(—1/2,1/2). O

93



CoNUS-WILDMAN:
PAST-DEPENDENT PRICE PROCESS

In this chapter we investigate a new type of stochastic volatility model in
which the driving process of the underlier is a modified Dobri¢-Ojeda pro-
cess instead of a standard Brownian motion. The new driving process allows
us to model the past dependency of the stock. We focus on the case where
the variance is described by a CIR process, and we prove the existence of a
risk-neutral pricing measure in this setting. We also provide an affine repre-
sentation of the moment generating function of the log-price. Similarities to

a fractional Heston model can be found therein.

3.1 INTRODUCTION

Several empirical studies have been carried out to examine the past depen-
dency of stock returns [56, 66, 82]. These studies are not only important
from a statistical point of view, but they also have potential applications
in derivatives pricing: the path-dependent volatility model (see [61, 63] for

example), the one that describes the instantaneous volatility as a function of
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the historical performance of the underlier (for instance its maximum and/or
its average level over a fixed amount of time), is promoted as an alterna-
tive to local volatility and stochastic volatility models due to the fact that
it is a complete model with satisfying volatility skews for both vanilla op-
tions and forward starting options [61]. For these reasons, modelling of the

past-dependency of the underlier looks necessary.

In the literature some researchers suggested to use a fractional Brownian
motion as the driving process for the stock price: under the physical measure

the price process (S;)i>o satisfies
dS; = pSidt + oS, dWH,

where the process (W );>¢ is a centred Gaussian process with the covariance
structure E[WHWH] = L (12 + s*# — |t — s|*), for H € (0,1). Bayraktar,
Poor and Sircar [12] estimated the Hurst parameter using the S&P 500 index
and showed that H ~ 0.6. However, as explained in [26, 90] and summarised
in detail in [17, Chapter 7], it is now clear that the introduction of a fractional
Brownian motion with H # 1/2 includes arbitrage opportunities. Hence a

different driving process is needed in order to model the past dependency.

Dobri¢ and Ojeda [35] proposed an approximation of the fractional Brownian
motion which remains a semi-martingale. We briefly review this approxima-
tion process. Consider a fractional Brownian field (WH ) (¢, H)€[0,00)x (0,1) With
the covariance structure E[WHAWH| = ap g (71T 4 sHHH — |t — | HHH") /2,
for some positive constant ag g precised in [35]. In the special case where
H + H' =1 the constant ay g has the form

ag = ag,_g=\/T(2H + 1)T'(3 — 2H) sin® (7 H).

Define the filtration (F7 )9 by FF := o(WH 0 < s < t), and further define
the process (M;);>0 by M; := E(W}H|FH), for t > 0. The process M is
a martingale with the filtration (F);>0, and Dobri¢ and Ojeda [35] further
showed that

_ 2-2H o al%lr(g/z — H)
BIMM,} = en(s NO™00 en = S a1 (s — 20
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Finally, the approximation of a fractional Brownian motion (W}H);>o with
the filtration (F ) is the process (Z;)¢so := (VU(t)M;);>0 where the (deter-
ministic) function ¥(+) is chosen to minimise the difference E(W/ —W(t)M;)?
for each t > 0. It has the form

2HT(3 —2H)I'(H +1/2) 55, 2H—1
= t = th

= > 0.
U(t) onT (32— H) , fort>0

As shown in [35], The relative L? error between the fractional Brownian
motion W¥# and its approximation Z is less than 12% for H € (0.4,1).

Conus and Wildman [28] applied this approximation process to options pric-
ing theory. They proved that there exists a Brownian motion (B;);>o adapted
to the filtration (F/7);>o such that the process Z satisfies

dZ; = Ct*dB; + 2dcyt** ' M,dt,

where d :== H —1/2 € (—1/2,1/2) and C := ¢y+/cpm(1 — 2d). The authors
then proposed a modified version of the Dobri¢-Ojeda process, denoted now
by (Zf)te[o,T]i

dZ; = Ct*dB, + 2dcyt* ™ M1 o) (t)dt, (3.1)

for some fixed € in (0,7"). * Following this, the stock price (S;):>o in [28] is
given by dS; = Sy(pudt + 0dZ5), Sy = sp > 0, where u and o are drift and
diffusion constants under the physical measure. Conus and Wildman proved
the existence of a risk-neutral measure QQ, and derived a Black-Scholes type

pricing formula for the European call option:

B2 [S; — Soet] " = So {N(d1) — "N (ds) }

k /Qd—f—l oC | t2d+1 $2d+1
Wheredlzz—m WT—i_T 2d+1andd2::d1—00 2d—|—]_W€

assume as usual that the risk free interest rate is zero.

While the stock price process now allows for past dependency, the assump-

tion of a constant volatility ¢ > 0 suggests that the volatility smile of a

*The introduction of € is a technical assumption needed to provide a risk-neutral pricing
measure.
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European option is still flat (see Figure 3.1), which is inconsistent with mar-
ket observations. In this chapter we consider a stochastic volatility version
of the model proposed by Conus and Wildman [28]. We prove the existence
of a risk-neutral pricing measure, then we provide numerical evidence show-
ing that such a stochastic volatility setting is capable of generating desirable

volatility smiles.

Implied volatilities Call option prices

—H =030 0.200 — H =030

014 — H =050 =— H =050
— H =070 0.175 — H =070

0150
012 0125
o100
0.075
0.050
0.025

0.000

0.08

strike strike

Figure 3.1: Flat implied volatilities in a standard Conus-Wildman setting with different
Hurst parameters. Time to maturity is one year and ¢ = 0.1.

3.2 (GENERAL STOCHASTIC VOLATILITY ENVIRONMENT

Assume that the process (S, 0¢)sejo,7] satisfies the following stochastic differ-

ential equation under the physical measure P:

dSt = IUStdt -+ O'tStdZtE, SO = 1,

3.2
doy = alt,o)dt + B(t, o0 <det + /1= p2th> o0, 32

where the process W is a Brownian motion independent of B (the driving
process of Z¢ as in (3.1)), p € [—1,1], and functions a and [ satisfy usual
conditions such that the solution to (3.2) exists. Assume that the risk free
interest rate is zero, and that the price of the volatility is constant, i.e. there

exists n > 0 such that p = noy, for any ¢ > 0. We define measure Q by
t t
% : t:exp{—/ Asst—%/ /\ids},

Fi 0 0

[1]

97



N 2eyd 4 _ A d—1
As 1= @ + TS Msl[s,oo)(s) = E + Bs Msl[s,oo)(s)a for s € [0>T]

The representation of the process (A);>0 suggests that the dynamics of the
volatility change dramatically from P to Q for non-zero p. Hence we focus
on the uncorrelated case (p = 0).

Proposition 49. For any ¢ > exp{—T/(2B%cy)}, EF[exp(3 fOT Nds)| <
0o. As a result, the measure Q is an equivalent local martingale measure

(ELMM), and the process (S¢)ico,r %5 a Q-supermartingale.

Proof. Direct computations yield

1 [T [A ?
exp {5/0 <E +BM51[€VOO)(s)sd1> ds}]
T ds T
< EF [exp {A2/ i +B2/ M8252d_2ds}]
o S €
A271-2d T
= exp {1——2d} E]P {exp {]_3)2/6 MSQSQd_QdS}:| .
[28, Proposition 3.6] states that the second term above is finite for ¢ >

exp {—T/(2B?%cy;)} from which we immediately have the result. The Gir-
sanov theorem and the Novikov’s condition imply that

EP [e% Jr ,\gds] _ RP

48, = S0, CtH(dB, + \dt) =: S,0,Ctd B,

where (ét)tzo is a Brownian motion under Q. The process S is a positive
local martingale, hence it is a supermartingale under Q. O]

Remark 50. The dynamics of the volatility determines whether the price
process is a true martingale under Q. For exzample, if (04)scp 45 bounded
almost surely, then E@ [exp{%C2 fot afsmds}} < 00, so that the stock price
s a true martingale under Q.

Remark 51. Applying a similar procedure as in [95, Proposition 2/, de-
fine dQ'/dP|,, := Z;exp{W; —t/2}. The independence of W and B guaran-
tees that Q' is also an ELMDM, hence the market is incomplete.
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Following Proposition 49, for the remainder of this chapter we move to the
risk-neutral pricing measure Q, then for brevity we omit the notation Q when

taking expectations. The log-price (X});>o in the risk-neutral world is given

by

252424 R
ax, = —%dt + Cot%dB,, X, =0, (3.3)

dO't = Oé(t,O't)dt + ﬁ(t,O’t)th, oo > 0.

Example 52 (OU process). Assume that the volatility is an Ornstein- Uhlenbeck

process:

doy = (a + boy)dt + EAW,, 09 > 0.

Applying Monte-Carlo we generate a volatility surface with symmetric smiles.

12
10 ad
.
A
08 4o
06 W

12
10 g 08

08 \@‘9 10
5 Strike 17

08
1a
o 12

Strike 14 o

Figure 3.2: We generate a volatility surface using Monte-Carlo with (a,b,&,0¢) =
(0.4,-2,0.2,0.1), d = —0.2 on the left and d = 0 on the right. The simulation is run

for 5 x 10° times.
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3.3 Conus-WILDMAN WITH A CIR VARIANCE PROCESS
Assume that the process (X, V;)i>o satisfies the following SDE,

dXt:—

2t2d R
¢ 5 Vi + Ct?\/VidB,, X, =0, (3.4)

dV; = k(0 = Vi)dt + £/ VidWs, Vo = vp > 0,

where the parameters satisfy the Feller condition 2x6 > £2. We term this set-
ting as the ‘CW-CIR’ model. Direct computations yield C’ZE(fJ 52V, ds) =
C? 582”[(9 +e " (vy — 0))ds < oo for d € (—1/2,1/2), hence the existence
and uniqueness of the solution to (3.4) are guaranteed. The following theo-
rem, the proof of which is postponed to Section 3.5, provides the martingale

property of the price process under the pricing measure.

Theorem 53. For any d € (—1/2,1/2) there exists T* > 0 such that
E [e%C2 i VSSQdds] < 00,

so that the price process (Si)ico,r+] is a true martingale under Q.

Proposition 54. For any (t,u) € [0,T*] x R such that E(e"*t) < oo, the

moment generating function of X; is given by
M(t,u) = B(e") = exp {C(t, u) + D(t, w)vo}
where functions C and D satisfy the following PDE for any 0 < s < t,

0sC(s,u) — kD(s,u) =0, (3.5)

1
0sD(s,u) + kD(s,u) — §§2D(s,u)2 +
with the initial condition C(0,u) = D(0,u) = 0.

Proof. Denote (F) );>0 as the filtration that is generated by (W;);>o only.
Applying the tower property, and notice that the processes W and B are
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independent, the mgf has the form

2

M(t,u) = E [E [QXP {—%/t SQstderuC/t sd\/ﬁdﬁs}‘ﬂvn

0 0
- [e%u(u—l)C2 fot Vss2dds:|

For fixed u denote (s, v) := Elexp{iC?u(u — 1) [' V,7%4d7}|V, = v]. The
Feynman-Kac formula [76, Theorem 2.5.1.1] implies that the function 1 sat-
isfies

2 C*u(u

05 (s,v) + k(0 — )0, (s,v) + %v&ww(s, v) + T_l)vszdw(s, v)=0

with the initial condition ¥ (¢,v) = 1. Define ¢(s,v) := 1(t — s,v), and plug
in the ansatz ¢(s,v) := exp{C(s,u) + D(s,u)v} we immediately have the
result. ]

The term (t — s)?? rules out an explicit solution to the Riccati equation (3.5).
Nevertheless we can numerically solve the PDE and apply the Fourier trans-

form method to compute options prices.

3.4 NUMERICS

This section gathers some numerical examples of a CW-CIR model. In Fig-
ure 3.3 we apply Proposition 54 and numerically compute the mgf of X,.
Figure 3.4 presents three sample paths for the price process with different
Hurst parameters. Finally we generate volatility surfaces in a CW-CIR en-
vironment. Notice that in Equation (3.4) the volatility of X has a factor t¢,
then intuitively as ¢ tends to zero the implied volatility will blow up (d < 0)
or tend to zero (d > 0). This is confirmed in Figure 3.5.

3.5 PROOF OF THEOREM 53

Denote (p(t))>0 as a BESQ?® process (squared -dimensional Bessel process)
starting from p(0) > 0. The following result stated in [89, Chapter 11] is
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Figure 3.3: On the left (d = —0.2) we have the mgf of the log-price in the CW-CIR frame-
work with (k,0,&,v9) = (2.1,0.05,0.2,0.06). On the right (d = 0) we plot the numeri-
cally solved CW-CIR mgf (crosses) and the explicit solution (standard Heston, circles) given
in [52, Chapter 2]. Time to maturity is one year.
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Figure 3.4: In the CW-CIR setting we simulate three sample paths for the price process

with d = —0.42 (short memory, cyan), d = 0 (standard Brownian motion, green) and
d = 0.3 (long memory, blue dashed). (x,6,&,v9) = (2.1,0.06,0.4,0.06).

essential to prove the desired martingale property.

Proposition 55. (/89, Chapter 11, Theorem 1.7]) Denote by u a positive
Radon measure on R satisfying fooo(l + y)u(dy) < oo, and denote ¢ as
the solution to the Sturm-Liouville equation ¢" = ¢u with the initial condi-
tion ¢(0) = 1. Then

o (5 [ otoutan)| =ote e (FPo0)). 3o

Remark 56. Revuz and Yor [89, Appendiz 8] also provided the representa-
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Figure 3.5: A CW-CIR volatility surface with (k,6,&,v9) = (2.1,0.06,0.4,0.02), d = —0.2
(top left), d = 0 (top right) and d = 0.1 at the bottom.

tion of ¢: define function g as the solution to the Riccati equation
@) =1+ (0.2 = [ P 90) =1
0
Further define (x) := exp {foz 9(y)dy}, then the map ¢ is given by ¢(x) =
U(x) [ (y)dy.

We separate the proof into 3 different cases.

Case d = 0 This is the standard Heston environment and the moment

explosion feature has been well analysed in the literature, see [5] for example.

Case d € (0,1/2) In this case the following inequality is trivial,

2 t 2t2d t
E [exp{%/ Vss?dds}] <E {exp{cz / Vsds}], for d > 0.
0 0
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The mgf of an integrated CIR process is provided in [36, Theorem 4.2], and
the right-hand-side above is finite if

02t2d<“2:>t< r 1/d—-T*
2 T 282 —\C¢ T

Finally, the Novikov’s condition implies that the process (S¢)co,r+] is a Q-

martingale.

Case d € (—1/2,0) [76, Proposition 6.3.1.1] states that the CIR process
(V;)i>0 is a space-time changed BESQ° process described by V; = e~ p(£2 (e —
1)/4k), where (p(t));>0 is a BESQ?® process with dimension ¢ = 4k6/¢? that
starts from p(0) = vy > 0. For any ¢ > 0,

E [exp {%2 /tVSSdeSH
0

=T |exp {%2 /t e "p (%(em - 1)) SQddSH

i 0

[ (e v dmy) 4ry\ \** 4r2ld
el () e () )|
T s [V 4y \\** ply)dy
~E _exp{wz“%gz/o (on (1)) @i |

where y* := £2(e" — 1)/4k. Define now a measure y on R, by

A 2d
u(dy) == A <log (1 + §—2y>> (& + 4Ky) 1, (y)dy, for any A > 0.

Fix constant [ > max(£72, (4k)™") such that I(§ + 4ky) > 1 + y holds for
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any y > 0. Then

0o y* 1+y 4/{y 2d
dy) =\ — <2 |1 —= d
/o (1 y)uldy) /0 (£2+4ny>2<°g(1+ 52)) Y

N[V 4Ky 2d 4rdy
< — 1 14+ — _—
Iy (g( ! f)) &1 dny

_ ﬁ Kt

4k
)\l(ﬁt)2d+1

= ———— < o0,

- 4k(2d + 1)

s2ds

and Proposition 55 implies that the expectation Elexp{—3 foy* p(s)p(ds)}]
has a representation given by (3.6), for any A > 0, y* > 0. We prove
that there exists (small) y* > 0 such that the function ¢ in (3.6) is still
well-defined for \* := —4C?¢2k%4 < 0. Following the representation of ¢
detailed in Remark 56 (see also [89, Appendix 8|), we first show that there
exists y* > 0 such that the Riccati equation

A* 4Ky 2d
() = ——— (1o 1+—>> - (y), g(0)=1 3.7
9'(y) (£2+45y)2( g( e 9°(), 9(0) (3.7)
does not explode on the interval [0,y*]. Fix d* € (—1/2,d), and choose
y* > 0 small enough such that the inequality log(1 + 4ky/£2) > y%"/¢ holds
for any y in [0, y]. The existence of y™ is guaranteed by the convexity of the
power function f(x) = x7 for v > 1. Then the following inequality holds:

gyzd —¢*(y) < g'(y) < —g*(y), foranyy € [0,y7]. (3.8)

As a result, the comparison principle implies that the explosion time of g as
the solution to (3.7) on [0, 4] is no less than the explosion of the solution to
the ode

*

Fy) = —12(y) + gy”‘, F(0) = 1.

Since d* < 0, the function f’ is again bounded from below by h(y, f) :=
ETAIN Y (1 + f?) for small y > 0. Brauer [20, Section 3] proved that the
solution to the (seperable) equation f'(y) = h(y, f(y)) exists on a small
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interval [0, y* ] for some y™t > 0, hence there exists y* > y* Ay™* > 0 such
that the solution to (3.7) is well-defined on [0, y*]. Moreover, the continuity of
the solution indicates that we can choose y*™* € (0, y*] such that the solution

to the following ode

gy = % (l 0g (1 + t—f))zd —¢*(y), 9(0) =1,

is strictly positive on the interval [0, y**]. Since for y > y** the solution has
the form g(y) = (y—y**+1/g(y™)) ™!, then function g is actually well-defined,
decreasing, and strictly positive on R,. Consequently, functions ¢ and ¢ in
Remark 56 are still well-defined on R, with our choice of ;1 and a negative \*,
and straightforward computations yield that ¢ is concave and increasing on
[0,y**], and is constant on [y™* 00), hence ¢(o0) is finite and positive. The
rest of the proof is identical to the proof of [89, Chapter 11, Theorem 1.7],
and finally we have E [exp {7 fo V. stdsH < 00, Where the small 7% > 0
is determined by inverting y** through y** = ¢2(e"”"" —1)/4x. The Novikov’s

condition is then satisfied, hence the process (S¢):cjo,r++ is a Q-martingale.

100 —-—_______________~
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0.00
—0.25
—0.50
-0.75

0000 0025 0050 0075 0100 0125 0150 0.175 0200

Figure 3.6: An example where we (numerically) solve Equation (3.7) (blue), and compare it
with the boundaries given in (3.8).

3.6 CONCLUSION AND FUTURE WORK

We have shown that in the CW-CIR model the stock price (S;)icpp,r+] is a
true martingale under the risk-neutral measure. The boundary 7™ is not

optimal, however, and in Theorem 53 it is not specified in the short memory
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case (d < 0). We put this part of analysis, i.e. a more precise estimate of the
upper bound T* which could be dependent on the parameters of the model,

into future work.

Considering the similarities between Theorem 45 and Proposition 54, it is
reasonable to conjecture that the fractional Heston model and the CW-CIR
model should have similar small-time asymptotic behaviours for the implied

volatility. A rigorous asymptotic analysis will be carried out in the future.
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Reminder on large deviations and

Regular variations

A.1 REGULAR VARIATIONS

We recall here some notions on regular variations, following the monograph [18].

Definition 57. Let a > 0. A function [ : (a,00) — R is said to be reqularly
varying with index | € R (and we write f € R;) if liTm fQz)/f(x) = A, for
any A > 0. When | =0, the function f is called slowly varying.

Lemma 58 (Bingham’s Lemma, Theorem 4.12.10 in [18]). Let f be a reg-

ularly varying function with index | > 0; then, as x tends to infinity, the

asymptotic equivalence —log [ e~/ Wdy ~ f(x) holds.

Let Y be a random variable supported on [0, 00) with a smooth density f.
The following lemma ensures that its moment generating function has un-

bounded support.

Lemma 59. If there exists | > 1 such that |log f| € Ry, then sup{u € R :
E(e"Y) < 0o} = +00.
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Proof. Karamata’s Characterisation Theorem [18, Theorem 1.4.1] implies
that | log f(v)| = v'g(v) for any v > 0, where the function g is slowly varying,

and Karamata’s Representation Theorem [18, Theorem 1.3.1] provides the

g(v) = c{v) exp ( / 2@)2—?’) ,

where the functions ¢ and ¢ satisfy lim, 1o c(v) = ¢ > 0, limyoo e(v) = 0,

following expression:

and a is a fixed positive number. Then there exists v; > a such that c(v) >
¢/2 for all v > v;. Additionally, for any fixed £y small enough satisfying that
[ > 1+ ¢, there exists vo > a such that f:z e(y)dy/y > —eolog(v/vy), for

any v > vy. Denote d := exp <f:2 e(y)%), then for any v > max(vy, v5), and
any u > 0,

v d d ) d d
u—c(v) exp (/ g(y)_y) ol < u—c—exp (/ e(y)—y) L < u—c—vg%l*l*%.
a y 2 Vg y 2

Thus there exists v3 large enough so that u — %cdvé%lilf&@ < —1, for v > v3.

With v* := max(vy, ve, v3),

*

]E(euY) :/ e"”f(v)dv—l—/ ev(u—vlflg(v))dv
0 v

*

*

</ e“”f(v)dv+/ e ’dv < oo.
0 v

*

A.2 LARGE DEVIATIONS AND THE GARTNER-ELLIS THEOREM

In this section, we briefly recall the main definitions and results from large
deviations theory, which we need in the thesis. For full details, the inter-
ested reader is advised to look at the excellent monograph by Dembo and
Zeitouni [33]. Let (Y,,)n>0 denote a sequence of real-valued random vari-
ables. A map I : R — R, is said to be a good rate function if it is lower

semicontinuous and if the set {y : I(y) < a} is compact in R for each o > 0.
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Definition 60. Let h : R — R, be a continuous function that tends to
zero at infinity. The sequence (Y, )n>o Satisfies a large deviations principle
as n tends to infinity with speed h(n) and rate function I (in our notations,
Y ~ LDP(h(n),I)) if for each Borel measurable set S C R, the following

inequalities hold:

— inf I(y) < lirr%inf h(n)logP(Y, € §) <limsuph(n)logP(Y, € §) < —inf I(y).

yeSe ntoo yeS

Let now Aj; be the pointwise limit of the rescaled cgf of Y: Ap(u) :=
lim, 100 h(n) log E [exp(uY;,/h(n))], whenever the limit exists, and denote by Dy :=
{u € R : |Ap(u)| < oo} its effective domain. Then Ay is said to be essen-
tially smooth if the interior DY is non-empty, A, is differentiable on DY,
and 1}5{}0 |A),(u)| = oo, for any ug € 9D,. Finally, for any y € R, define

Ay (y) := sup,ep, {uy — An(u)}, the convex conjugate of function Ay.

Theorem 61 (Gértner-Ellis theorem, Theorem 2.3.6 in [33]). If the func-
tion Ay, is lower semicontinuous on Dy and essentially smooth, and 0 € DY,

then (Yn)n>o0 ~ LDPo(h(n), A}).
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Notations and the moment generating

function of the Heston model

B.1 NOTATIONS FROM THE HESTON MODEL

In this section we recall some notations and definitions of the Heston model.
As proved in [1], the moment generating function (1.3) admits the closed-form

representation M(t,u) = exp (C(t,u) + D(t, u)vy), for any u € Di;, where

)]

(

C(t,u) = Z—g (k — p&u — d(u))t — 2log (
k—plu—d(u) 1—exp(—d(u)t)

{ D(t,u) = & 1— g(u) exp (—d(u)t)’ _ o — d(w)
d(u) = ((k — p€u)?® + Eu(l — u))1/2 and  g(u) := Z _ ,’éz + d(Z) '
\ (B.1)

In [44], the authors proved that the functions d and ¢ have the following

behaviour as ¢ tends to zero:

u\ . dou R Y 2
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ip — psgn(u)
ip+psgn(u)

. Define the two real numbers u_ < 0 and uy > 1 as

2 gsgn(u), Jo =
2p

with dy := {psgn(u), dy =i and ¢ :=
(2r — p€)sgn(u)

§p(p+ ipsegn(u))?

2 arct (p) 1 Ty + = ( | (ﬁ) 1
u_ = — arctan | - — =1, — |(arctan (| = | — 7 ,
§2p p ) {p<0} 6 {p=0} §p , p B {p>0}
p 0 p

uy =—|arctan|{ -] +7)1 + —1¢,—0v + — arctan (— 1 ,

BT ( (p> > PO T T g p) 170
(B.3)

as well as the function A : (u_,u,) — R by

A(u) = “ (B.4)

£t (Gu/2) — p)’

which arises as the pointwise limit of the (rescaled) cumulant generating

function of X;:
ltifgltlogM (t, %) = A(u)vy, for any u € (u_,uy ).

From [44], the function A is well defined, smooth and strictly convex on

(u_,uy), and infinite elsewhere.

B.2 COMPONENTS OF THE MGF

We start by investigating the short-time behaviour of the function D(¢, u/h(t)).
For any 3 € R, define the function DJ : (u_,uy) — R by

1— e_idO“ lgl(pg —+ ldo)(]. — e_idou)
D (u) ==

R R =
(,05 + ido)’u dl - idouﬁ

—idou
B 52 (]_ — goe—idou)Q (]' - 90) € ? ) (B5)

where the functions dy, di, go, g1 are defined below (B.2) above.

Remark 62. The function Dg is well defined: to see this, we only need to

check that the B terms sum up to a real number, and the rest follows from [44,
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Remark 3.2]. The first term in (B.5) reads

1— e—idou
§2(1 — goe~dov)

(p€ + ido)fu = —SA(u),

which is a real number, and the sum of the remaining terms with B reads
(taking out the prefactor idyu/3)

(p€ + idp)ue (1 — go) (g - e A (u)
£2(1 — go exp(—idou))? (1 — goe—idou)(1 — e~idou)
ipsgn(u)A(u)

Y

- pcos(dou) + psgn(u) sin(dou) — p
which s purely imaginary, so that the whole term is a real number.
The following lemma makes the effective domain of DY precise, and shows

that it arises as the second order of the short-time expansion of a rescaled

version of the function D in (B.1).

Lemma 63. Let § € R. Ast tends to zero, the map t — D (t,u/h(t))

behaves as

0, u =0, for any h,
undeﬁned u#0, if h(t) = o(t),
5 (t L) ) "A(w) +DE(u) +0o(1),  we (u_,uy), if h(t) =t+ B2 + o(t?),
"h(t) 2h2(tt) (1 S” + 55 (t>> ueR, if t = o(h(t)).
t2 3
\ h2(t) h4(t)) '

Remark 64.

(i) If h(t) = t + o(t) without further information on higher-order terms

(third case in the lemma), then only the leading order is available:

D (t,u/h(t)) =t A(u)(1 + o(1)).

(ii) As in Remark 4(ii), one can consider h(t) = ct + Bt + o(t?), but by

dilation, setting ¢ = 1 is inconsequent.
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(iii) When h(t) = t*/2, D <t, %) = 1u? + L (pu® = 2) ut'/? + O(t), which
is consistent with [70].

The function Cp : (u—,us) — R defined as

K0
e

Co(u) = (B.6)

{(pé +ido)u + 2log (1 — 9 eXp(—idou))]

L —go

is clearly real valued [44], and determines the asymptotic behaviour of the

function C as follows.

Lemma 65. The map t — C(t,u/h(t)) has the following asymptotic be-

haviour as t tends to zero:

;

undefined, u # 0, h(t) = o(t),
. (t " ) Cg(u) + O(t), u € (u_,uy), h(t)=t+ O(t?),
vy KOut? t
)7 e [+ (0 i)
| +O (th(t) + R3(1)), u € R, t = o(h(t)).

Proof of Lemma 63. Obviously D (¢,0) = 0, so we assume from now on that
u # 0. From (B.2), we have

U Cdou U . g1 2
d{—= | =1i—++d h(t d —— | = go—i=h(t h*(t)) .
() =immracomm) (i) = a0-i a0 (00)

(B.7)
Plugging these back into the expression of the function D in (B.1), we obtain
. ( u > B 1— exp {3t — it 4 O(th(1)) }
"h(t) el _ (g0 — 124() + O(12(1))] o st~ it O(th(1)
id
<n —dy - W + O(h(t))) . (B.8)

If h(t) = o(t), dy is a real number and d; is purely imaginary, then as t/h(t)
goes to infinity the term exp (—iudyt/h(t) — d;t) oscillates on the unit circle
in the complex plane, thus no asymptotic can be derived.

Assume now that h(t) =t + 8t? + o(t?). Then t/h(t) = 1 — Bt + o(t), and
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Equation (B.8) yields

° ()

1 (_ (p€ + ido)u

— g (P e + o))

[ 1 — exp (—idout/h(t) — dit + O(th(t))) }
1 — (go — itgi/u + O(t2)) exp (—idgut /h(t) — dit + O(th(t)))
_ L (g tadou g .

- o ( - (1—Bt+o(t) + (k—dy) + O(t))

(1—e ™ (1 —dit + O(t?)) (1 + iBdout + o(t))) (1 — goe *@*)~*

s . . —idgu
(1 X ( 191/u =+ go(ldoui d1>)e " + 0(t)>
1 — goe—1dov
e~ tdou _ 1 + idy)u 1 — e~ idou
= (o€ + do)u ((p€ + ido)Bu + Kk — dv)

€2t 1— goeidou | €2(1 — goe—idou)
n (p€ + ido)(ig1 — gou(ifdou — dy))(1 —e %) _
52(1 _ goe—idou)2 €
_ (pg+ido)u (dy — ifdgwpe Q

52 1— goe—idou

=2 + Dg(u) + o(1).

The form of the effective domain is straightforward from these expressions.

If h(t) = t + o(t) without further information on higher-order terms, then
t/h(t) = 1+ o(1). Following the same procedure as above then only the
leading order can be derived, i.e. D (t,u/h(t)) = t "' A(u)[1 + o(1)].

Finally in the case t = o(h(t)),

-1

[1 } (90 — Sh() + O(h%))) e—i‘?ff—dltww»}

_ igh(®) idogout 2 2
1= 2i=g0) ~ Gegonm T © <t + () + h?(t))

1—go
—idyut idout 22 2

Y

Fin(e)).
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Plugging these results into (B.8) yields

° (50)

_ 1 _dgih(t)  idogout ) t?
‘eu—%ﬂlzm—%> u—wuw+oc+h@+hm0}

{% +dit + % +0 (% + th(t))} {—W +(k—d)+ 0O (h(t))}

_ 1 _igih(t)  idogout 5 t?
=20 - [ al—go) (0 —ghp) " ° (t T+ h?(t))}
{(do — ip§)dou’t  [idou(k —di) — diu(p€ +ido)]t  dgu’(p€ + ido)tQ}
R2(1) 1) 213 (1)
t2
+0 (t + h2—(t)>
B w3t h(t)  pEut 12 )
= 2(r) [1 B O (h2<t> RO+ t)} ’

where we used the identity

(do — 1pE)dy _ (Epsmn(u) — 1p)Poen(u) 1
(1 - 90)62 €2 (1 . ip*ﬁsgn(U)> 2

ip+psgn(u)

]

Proof of Lemma 65. Assume that v # 0. Expand d(u/h(t)) and g(u/h(t))
to the third order,

dou

A —) =122 4 d —idyh(t) + O (B2(1))
hut) h(t) . 0 3 (B.9)
g W) = go — izh(t) - iﬁh (t)+ O (R*(1)),

where dy := (k% — d3)/(2dpu) and go := [(k* — d?)p€/dy + (K — dy)(p€ —
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idy)g1](p€—1idy)~2. Combining these expansions with Equation (B.7) implies
u K0 (p€ + idy)ut
t, — | = —= —dy)t— — th(t
0 (1) = 5 [t = an o = LRI o
2/{91 1_ (90 B iglf(t) o 192:;(0 + O(h3(t))> efidout/h(t)7d1t+id2th(t)+(9(th2(t))
o8 1= go+ igih(t)/u+ ig2h2(t) u? + O (h3(t)) '
(B.10)

If h(t) = o(t), no short-time asymptotics can be derived since t/h(t) tends
to infinity. For the proof of the case where h(t) =t + O(t*) we refer to [44,
Lemma 6.1]. Assume now that ¢ = o(h(t)), then the following asymptotic

expansions hold:

(1 ot ih(;f)m n ihif;).% Lo (hg(t))) -

_ 1 igih(?) g3h*(t) 3
b (1‘ Wl—g) @a—gy O (”)> ’

exp (—% — dit + idath(t) + O (thQ(t))>
idout 1 [dyut
A2 (W)

)2 — dit + idsth(t) + O (thQ(t) + %) )
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where g3 := g7 + igo(1 — go). Consequently,

1— (90 o iglh(t)/u o ig2h2 (t)/u2 + O(h3 (t))) e—idout/h(t)—d1t+0(th(t))
1— go + igih(t)/u+ ig:h2(t)/u? + O(h3(t))

idout 1 [dout\> , ) o
= [1 0 2 (W) — dit + idaoth(t) + O <th (t) + h(t))]

ll - <90 - %h(t) - %h%) + O(hf”(t)))] (1— go)

igih(t) gsh*(t) 3
(1 - u(1 - go) - u?(1 — go)? + o (t))>
_ (1 igodout igih(t) | digo —l-dong_ igah*(t) godgu*t? )
(1 —go)h(t)  u(l—go) 1—go w?(1—go)  2(1— go)h?(t)
(1 — ul(ilﬁ(éz) - uﬁh—(;l)Q +O (h3(t))> +0O (th(t) +h3(t) + %)
_ igodou t udggot® digo +dog1 . dogog:
ST nm 2 g ( —g ' Q —go)2>t

+0 (th(t) + R3(t) + %) ,

and therefore

log (1 — [go — ih(t)g1/u — ih2(t)ga/u® + O(RP(t))] e P/ h(t)dl”o“h“”)
1 —go + ih(t)g1/u + ih*(t)ga/u? + O(h3(t))

_igodou 1 w’dygo 1 (d190 +dog1 | dogog: )t

C 1—go h(t)  2(1— go)%h2(t) 1—go (1 — go)?

+ 0O (th(t) +h3(t) + % + h?lf—(t)) .

Plugging this into (B.10), the result follows by noticing that the coefficients

of ﬁ and t are both zero. m
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Calibration of the randomised Heston

model

We have shown that any explosion rate of t7 with v € [0, 1/2] for the implied
variance can be captured by suitably choosing the distribution of the initial
variance V. It is also proved in Section 1.4.5 that the large-time (asymptotic)
behaviours of the randomised and standard Heston models are identical.

These results suggest two methods for calibration,

e Method I: calibrate the parameter set (k, 0, £, vg, p) in the standard He-
ston model, fix (k, 0, &, p), then calibrate the parameters of V according
to the choice of vg. This method is similar to the calibration procedure
of the ‘stochastic volatility plus jump’ model described in [52, Chapter
5;

e Method II: preset the distribution and the initial parameters of V', then
calibrate the updated parameter set which consists of (k,0,&, p) and
all parameters of V. For instance, fix V = I'(a, 8), then we calibrate

(k,0,¢&, p,a, B) at once.
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In our test Method II outperforms Method I in terms of the calibration

precision. Define the objective function by

J n(j)

Gu(0) ==Y > “wij(o(ty kij) — onlts, kij, ©))°,

=1 i=1

where w; ; are weights of importance and n(j) are numbers of strikes avail-
able in the market for each maturity ¢;. Then the calibration process is to

minimise Gy over the parameter set ©.

Similar to the standard Heston case, the output of © is very sensitive to the
initial guess. In the thesis we apply the method described in [44, Theorem 5.1]
to obtain an initial choice of (k,6,&, p,vg). The essence is to calculate the
model parameters so that the model-generated volatilities precisely match 4
small-time near the money market volatilities and the ATM implied volatility

with the smallest time to maturity.
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