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1 Introduction

The Goldstone boson equivalence theorem [1-3] states that the dynamics of massive gauge
bosons is greatly simplified at energies far above the bosons’ mass — but below the sym-
metry breaking scale — when a description based purely in terms of the interactions of the
Goldstone scalars becomes applicable. An analogous story takes place in the context of
theories of massive gravity. Even though the equivalent of the Higgs mechanism for spin-2
particles is unknown,' describing the spontaneously broken phase can still be achieved by
means of the Stiickelberg formulation. For a massive graviton, this amounts to the in-
troduction of additional vector and scalar fields responsible for restoring diffeomorphism
invariance, which is done while remaining agnostic about the physics behind the symmetry

'The concept of Higgs-type mechanism is used here in a loose sense, since it is likely that massive gravity
does not possess any simple analogue of the traditional Higgs mechanism (see e.g. [4]). This of course does
not invalidate the formalism of symmetry breaking and non-linear realizations as a tool to investigate
theories of massive particles.



breaking. In this setting, at energies much higher than the graviton mass, a picture is re-
covered in which the relevant degrees of freedom correspond to massless spin-2, spin-1 and
spin-0 particles, what is commonly referred to as the decoupling limit of massive gravity
(see [5, 6] for reviews).

Generic interactions for a massive graviton give rise to a pathological degree of freedom
besides the expected five polarizations of a massive spin-2 particle (in four dimensions) —
the infamous Boulware-Deser ghost [7]. In the language of effective field theory (EFT), this
translates into a very low strong coupling scale that renders the model uninteresting from
a phenomenological point of view. In the decoupling limit, the ghost manifests itself in the
fact that the spin-0 equation of motion is of fourth order, producing an additional propagat-
ing mode that is unstable as a consequence of the Ostrogradsky theorem. As is well known,
however, this issue can be solved by a judicious tuning of the graviton interactions, in what
is known as the de Rham-Gabadadze-Tolley (ARGT) theory of massive gravity [8-12]. The
decoupling limit of this ghost-free theory is particularly enlightening [13, 14], with the
spin-0 sector being described by a galileon theory [15],? a property that is at the heart of
some of the virtues of the model, such as the Vainshtein mechanism [19].?

In this paper we address what may be thought of as the opposite story to the de-
coupling limit: starting from a galileon theory for a single scalar field ¢, is it possible
to systematically derive massive gravity as an infrared completion? We will answer this
question in the affirmative — with some caveats. Our approach is based on the gauging
of the symmetries that define the galileon, namely Poincaré invariance, a shift symmetry
¢ — ¢+ c, and a “galileon shift” symmetry ¢ — ¢ + bﬂa:“.4 That this is a natural starting
point can be motivated by noting that this procedure works correctly in the simple case of
a massive spin-1 field. There the decoupling limit theory is given by a scalar field 7 and
a shift invariance, with an action that depends on Lorentz invariant combinations of 0,7
(at lowest order in derivatives). Conversely, regarding the field 7 as a Goldstone boson
that non-linearly realizes a shift symmetry, gauging this symmetry amounts to introducing
a 1-form gauge field A, while the shift is promoted to a local U(1). The gauge theory is
then constructed out of the invariant combination 9,7 + A, according to the derivative
expansion, yielding the action of a massive spin-1 field with 7= now playing the role of a
Stiickelberg field. Returning to the galileon, in addition to the constant shift we now also
have the galileon shift as a non-linearly realized symmetry. Upon gauging, the latter gives

rise to a Lorentz vector-valued 1-form A®,, which can naturally be interpreted as a viel-

'UJ
bein for a dynamical spin-2 field. Indeed, just like the gauging of spacetime translations
produces a massless spin-2 degree of freedom — a procedure that may be used to derive

general relativity [26] — gauging the galileon shift, which may be better thought of as an

2The galileon arises as an effective degree of freedom in several other settings besides that of massive
gravity; see [16-18] for reviews.

3Not only its virtues but also some of its vices, such as the problem of superluminal fluctuations; see
e.g. [20-22].

4This approach differs from that of [23, 24] which considered the gauging of some additional symmetries
under which the galileons transform linearly. This is also the case of the “covariant galileon” [25], which
can be seen to arise from the gauging of the linearly realized Poincaré symmetry.



“internal” translation, gives rise to a spin-2 field that is now generically massive, not being
constrained by general coordinate invariance. Together with the gauge field associated to
shifts and the original Goldstone scalar, we are thus left with all the necessary ingredients
to construct theories of massive gravity in the Stiickelberg formulation.

Now to the caveats. First, the galileon symmetry has a crucial difference relative to
the usual constant shift; namely, it is a spacetime symmetry, in the sense that it does
not commute with Poincaré transformations. Because of this, and the fact that gauge
symmetries must form a subgroup, we will be forced to also gauge (at least part of) the
unbroken Poincaré group, yielding in principle an additional local translation. In order to
describe a massive spin-2 degree of freedom, we will have to explicitly break this symmetry
by fixing the associated vielbein as a non-dynamical background field. Although this is
a welcome extra ingredient that will allow us to formulate massive gravity in the general
case of an arbitrary reference metric, it has the disadvantage that some of the symmetries
must be broken by hand. Second, even though our formalism produces the correct degrees
of freedom and symmetries, the interactions that we can construct are not limited to be
the ghost-free ones of dRGT massive gravity. This is however an expected outcome given
that the structure of the dRGT action is a result of a tuning of operators’ coefficients in
the derivative expansion, barring the existence of some hidden symmetry.

Motivated by the search of additional symmetries that could provide a rationale for
the particular structure of dRGT theory, we also consider the gauging of the special
galileon [27]. The special galileon theory is a one-parameter subset of the generic galileon
that enjoys an extended shift symmetry that is responsible for an enhanced soft behavior
of scattering amplitudes [28], among other interesting properties [29-31]. In our formal-
ism, the fact that this symmetry is spontaneously broken will allow for the presence of an
additional Goldstone mode in addition to the massive spin-2 degrees of freedom that we
are interested in. Remarkably, by imposing the absence of this extra field in the action at
zeroth order in derivatives we will prove that the resulting potential for the graviton is of
the ghost-free type, and that it is precisely the one-parameter subset of the dRGT action
that maps onto the special galileon in the decoupling limit. In addition, we show that the
two-derivative kinetic terms can also be engineered so as to decouple the extra Goldstone
when linearized about flat spacetime. However, the question of whether a decoupling at
the fully nonlinear level can be achieved remains open at this stage.

We emphasize that our method is completely general and systematic, and thus opens
the door to several generalizations, even beyond the context of galileons and massive gravity.
It is based on the extension of the coset construction to accommodate spontaneously broken
gauge symmetries, which we review in section 2. The application of the formalism to
the galileon symmetry as a way to investigate theories of massive gravity is presented in
section 3, and in section 4 we consider the extension of the symmetries to the case of the
special galileon. We conclude with a discussion of our results in section 5. Some technical
calculations are given in appendix A. For pedagogical reasons we also present in some detail
in appendix B the coset construction of the special galileon algebra.



Conventions. We use the mostly-plus metric signature and work in D spacetime di-
mensions, although we will specify some results to D = 4. Coordinates of the spacetime
manifold are labeled by greek indices (except in the general discussion of section 2) and
coordinates of the flat tangent space are labeled by latin indices. Symmetrization and anti-
symmetrization of indices is defined with unit weight. We will use anti-hermitian symmetry
generators in order to avoid factors of 7 in the algebras and in several other expressions.

2 Coset construction for gauge symmetries

The coset construction [32, 33] is a general and systematic method to derive the low-energy
effective action for a set of Goldstone bosons associated with any given symmetry breaking
pattern. This construction can also be used to describe the couplings between Goldstones
and any additional field. While the Goldstones themselves transform nonlinearly under
the broken symmetries, the coset construction furnishes a set of covariant building blocks
which transform under all symmetries (i.e., even the broken ones) according to linear
representations of the unbroken group. Thus, by combining these elements in a way that
is manifestly invariant under the unbroken symmetries, one can obtain the most general
action that is invariant under all the symmetries. Moreover, the coset building blocks
are usually organized in increasing order in derivatives, allowing one to produce invariant
actions that systematically implement the derivative expansion. We refer the reader to [34]
for a textbook treatment.

The generalization of the original technique to accommodate spacetime symmetries
(i.e. symmetries that do not commute with the Poincaré group®) was developed in [35, 36];
some recent works that provide good self-contained reviews are [37, 38]. Here we limit
ourselves to outline only the main elements of the coset construction, in order to establish
our notation, and to review the method for including gauge symmetries in this set-up,
following [26].°

Let us consider a theory that is invariant under a symmetry group G, but with a
ground state that spontaneously breaks G down to a subgroup H. For simplicity, we will
assume that spacetime translations are unbroken,” so that the algebra of H is spanned by
the generators P, of translations and by a set of generators T4 that include all the other
unbroken symmetries, both internal and spacetime, while the remaining generators of the
algebra of GG, the spontaneously broken ones, are denoted by Z,. We introduce the coset
representative €(x), which is a G-valued field with no components along the unbroken

5One may of course consider background spacetimes other than Minkowski, in which case the Poincaré
group would be replaced by the relevant isometry group. For simplicity, in this work we restrict our attention
to Poincaré invariant theories.

SFor a different but equivalent approach to gauge symmetries within the coset construction, see [39-41].

"It would actually be sufficient for the discussion that follows to consider a static, homogeneous ground
state. This weaker requirement amounts to demanding that there exists a set of generators P, that commute
with each other and, if the system is also isotropic, have the correct transformation properties under
rotations. Notice that the P,’s could be a linear combination of the original space-time translations and
internal generators — as is for instance the case in many condensed matter systems [42].



generators Ty,

Q(z) = ¥ Paem (@2 (2.1)

where the 7%’s are the Goldstone fields associated with the broken generators Z,’s. From
this, one defines the Maurer-Cartan form Q~'d(Q, which is an algebra-valued field and as
such may be expanded as a linear combination of all the generators:

Q1O = P, + wZy + wiTy . (2.2)

The 1-forms e® are interpreted as vielbeins due to the way they transform under Lorentz and
b

general coordinate transformations; in particular, one can define a metric g, = nape?,€”,

with the expected transformation properties. The 1-forms w® transform covariantly under
all the symmetries, as announced, and are the basic building blocks out of which invariant
actions may be constructed, simply by contracting indices with H-invariant tensors. It
is in fact often more convenient to work with the Goldstone covariant derivatives V7%,
defined by

Var® = ()M (W), - (2.3)

Lastly, the 1-forms w? transform as connections and are necessary in order to couple the
Goldstones to matter fields, or to write higher-order covariant derivatives of the Goldstone
fields themselves.

As is well known, in the presence of symmetry breaking patterns that involve spacetime
symmetries, the standard counting of gapless modes dictated by Goldstone’s theorem does
not apply — see e.g. [43]. Instead, one finds in general that some of the Goldstones are
redundant, in the sense that they are not necessary to achieve a non-trivial nonlinear
realization of the symmetries under consideration. This usually happens either because
these modes are not independent, or because they are gapped and may be integrated out
upon restricting oneself to energy scales below the gap.® These redundant Goldstones can
usually be eliminated directly at the level of the coset construction, by imposing the so-
called “inverse Higgs constraints” [45]: whenever the algebra contains a commutator of the
form [P, Z°] = Aaa” 2 + (unbroken), then the constraint

Ao VT =0, (2.4)

may be imposed and solved for the Goldstone 7”, which is redundant. The solution can
then be substituted back into the components of the Maurer-Cartan form without affecting
their transformation properties.’

The discussion so far has been restricted to global symmetries, but the coset construc-
tion can be easily generalized to the case where some of the symmetries are gauged, be
they broken or unbroken by the ground state [26]. Let Gy C G be the gauged subgroup,
and denote its generators by V7. The inclusion of gauge fields A (z) is done by modifying
the Maurer-Cartan form as

o=0"(d+4'v)Q. (2.5)

8See however [44] for a interesting exception, namely the dynamical Higgs mechanism.
9We refer the reader to [38, 46, 47] for more complete discussions related to redundant Goldstones and
inverse Higgs constraints, as well as their physical interpretation.



One can easily verify that © is invariant under local G, transformations,
Q= glx), AV = g(2)ATVig™ (x) + g(2)dg ' (2), (2.6)

with g(x) € Gj.

As usual, the gauge invariance related to a spontaneously broken gauge symmetry can
be used to completely eliminate the corresponding Goldstone field, by working in the so-
called unitary gauge. To see this explicitly in our set-up, consider a subgroup G; C Gy
of gauged generators V7 which are also broken, with associated Goldstone fields 7!. To
leading order in the Goldstones we have

wl = AT 4 dr! + f1,AT7K + O(n?), (2.7)

with f! sk the structure constants of the algebra of qu. On the other hand, under an
infinitesimal gauge transformation g(z) = e @V~ 1 4 f V1, the gauge field changes as
Al — AT —del — f1 JKAJ e, so that the choice of gauge ¢/ = 7! precisely eliminates
the Goldstones 7! from the Maurer-Cartan form. Although obviously more economic, the
language of unitary gauge is not necessarily the most useful one, since depending on the
context it may obscure the correct power counting of operators in the derivative expan-
sion.!? For this reason, it is in general good practice to carry out the coset construction
keeping all the Goldstones and gauge fields, and only fix unitary gauge after building the
action, if so desired.

The Maurer-Cartan 1-form provides all the necessary ingredients to build kinetic terms
for the Goldstones. On the other hand, kinetic terms for the gauge fields are furnished by
the components of

O, = Q7 (d+ ATV Q=1 (2dATV; + AT A AT [V, V) Q, (2.8)

which we will refer to as the Maurer-Cartan 2-form. Because the gauged generators form
an algebra, with some structure constants f! JK» We can write ©2 as

Oy = Q1 (2dAT + 1 AT N AF) VI, (2.9)

and we recognize inside the parenthesis the usual gauge field strength, but which in the
spontaneously broken case will in general receive corrections proportional to the Goldstones.

3 (Gauged galileons and massive gravity

In this section we carry out the coset construction of the gauged galileon algebra and
investigate its relation to theories of massive gravity.

10This is completely analogous to the treatment of massive field theories in the Stiickelberg formulation,
see e.g. [48, 49].



3.1 Coset construction

In addition to the generators of translations P, and Lorentz transformations J,;, the
galileon algebra contains a constant shift generator C' and some internal translations —
or “galileon shifts” — generated by (). On a scalar field 7, the latter correspond to sym-
metry transformations dcm = 1 and dg,m = x,. The non-vanishing commutators of the
algebra are given by

[Paa Qb] =

[ ab ] cha nach ; (31)
[ abs ] nbc nach )
[Jab, Jed] = Mbedad — NacIvd — MbdJac + NadIbe -

with the last two making the usual Poincaré subalgebra. The Galileon theory is defined
around a state that breaks the symmetry generators C' and @, down to Poincaré [37], so
that the coset representative we consider is

Q = @ FagmCel’ Qs (3.2)

with Goldstones 7(z) and £%(x). Because we are interested in obtaining a spontaneously
broken gauge theory, and because the gauged generators must form a subalgebra, we con-
clude that there are two possible ways to include gauge symmetries in this context: either
by gauging P,, ), and C, or by gauging the whole algebra. However, the first case without
gauging J,, would not give all the necessary ingredients that we expect in a sensible theory
of gravity. Indeed, in the case of pure Poincaré it is necessary to gauge both P, and Jg,
in order to derive General Relativity [26]. We therefore focus on the case where all the
symmetries are gauged, and introduce 1-form gauge fields €%, w®, A and h® respectively
for translations, Lorentz transformations, shifts and galileon shifts. The Maurer-Cartan
form is then
e=0"! (d +é*P, + %(JJQbJab +hQa + AC) Q
(3.3)
=e'P, + %w“bJab + wHQa + weC,

where the covariant 1-forms are given by
e = §% 4+ &° +wabxb’
wh = dE* + W™ + h* = €, Vit dat (3.4)
wo=dr+A+e%, =c¢ vaﬂ'd$“,

with 6% = jdz" and A = A — hoz,. By performing simple field redefinitions, we can now
consider €%, w™, h* and A as the relevant variables for our gauge fields, and recall that e®
and w® define, respectively, the vielbein and spin connection of the spacetime manifold.
It is convenient at this stage to eliminate the redundant Goldstones by identifying
the inverse Higgs constraints. The algebra commutator [P,, Qp] = 14C allows us to set

(cf. (2.4))
V=0 = o = —0um — Ag, (3.5)



where as usual we employed the (inverse) vielbein to trade Lorentz for spacetime indices,
eg. Ay = (e7h) A,. Notice that, after solving the constraint, the choice of unitary gauge
will allow us to eliminate both 7 and A from the action.

The last ingredients we need are the gauge field strengths, which are necessary to build
kinetic terms and derivative interactions for the gauge fields. The Maurer-Cartan 2-form is

1 B 2
O, =071 (d +é*P, + 3 w® Ty + hQq + AC) Q

. (3.6)
=T°P, + 3 R Jo, + TQq + TeC,
and we find the components
T% = de® —eb/\w“b,
TS = dwd — wd A w? ,
Q Q WMWY (3.7)

Te = dwe + ea Awp,
b b b
R = dw®” +w* Aw,’.

The last term is the familiar Riemann 2-form for the spin connection. The 2-form as-
sociated with C' does not carry any new information, since it reduces to To = e4 A wo
upon solving the inverse Higgs constraint, which we already knew to be a covariant object.
Lastly, the 2-forms associated with P, and @, correspond to torsion fields for e® and we-

3.2 Background vielbein and torsion-free condition

The 1-forms e and wg, in (3.4) and the 2-forms 7, T and R in (3.7) give all the building
blocks required to construct invariant actions at lowest order in derivatives. At this stage
we apply some physical input in view of the type of theories we seek, i.e. theories with a
massive spin-2 field. Although both e* and h® — or equivalently w¢ — contain a rank-2
symmetric tensor (upon pulling back to the spacetime manifold), physically we cannot
regard both as dynamical because with a single Riemann 2-form we can only write down
one Einstein-Hilbert kinetic term. Recall that in general relativity and massive gravity
this is done by expressing the spin connection w® in terms of the vielbein after imposing
that the torsion vanish. Here we have two torsions and one spin connection, so the best we
can do is to set a particular combination of 7% and 15 to zero, but not both. To identify
this combination, the first step is to define the vielbein that is going to describe the spin-2
degree of freedom in our theory. A natural choice is

" =e"+uwp, (3.8)

and we will interpret e® to be a non-dynamical background vielbein, and wgz as the fluc-
tuation field about this background. That this choice makes sense can be seen by noting
that, in unitary gauge where the Goldstones are set to zero, the “vacuum” configuration
in which the gauge fields vanish corresponds to

e’ =0, wh =0, (3.9)



so that the above interpretation is consistent. Of course, since e® was originally the gauge
field of local translations, by treating it as an externally prescribed field we are giving up
diffeomorphism invariance, which is again consistent with our goal of constructing models
of massive gravity.

Another choice we will make on physical grounds is to eliminate the spin connection
via some torsion-free condition. Having in mind that the kinetic interactions of ¢* should
be given by the Einstein-Hilbert term,'! we impose the condition

T+ T4 =dg" — ¢" Nw® =0, (3.10)
which has the standard solution for the spin connection,

w®, = (a7)"0,q,” — (7 H)M9,0,” — (1) (a7) 7 4uedp,” - (3.11)

In summary, we have eliminated e® and w® as physical variables by choosing to give up
diffeomorphism invariance and by imposing the condition of vanishing torsion. In addition,
and as mentioned before, the Goldstone 7w and the gauge field A — which may be better
thought of as a Goldstone or Stiickelberg field after the inverse Higgs constraint is imposed
— are pure gauge degrees of freedom and may be fully eliminated by choosing to work in
unitary gauge. This leaves us with h® as the only propagating field, and with local Lorentz
transformations as the only relevant symmetry. These are precisely the defining properties
of a theory of massive gravity.

3.3 Effective action

The most general action can now be straightforwardly constructed through a standard
derivative expansion. However, it is well known that generic interactions for a massive
spin-2 particle lead to an additional ghostly degree of freedom [7], which can only be
remedied by a special tuning of operator coefficients.'? This leads to the dRGT theory of
massive gravity [8, 9]:3

MD—2
SdRGT = P | /€a1a2~--aDRala2 (Q) A qa3 ARERNA an

6(D —2)
(3.12)

D—-1
2 O AL A LA O A gOndl A L. A o@D
+m /;% nl(D )l Coraan Acos A Agintt A A gD | |

with Mp the Planck mass and m the graviton mass. The Riemann form is now a function
of g%, so that the first term is the standard Einstein-Hilbert action in second-order form.

1 Ghost-free massive spin-2 kinetic interactions that are not of the Einstein-Hilbert type have been ruled
out in [50, 51]. This result is reminiscent of what happens for massive spin-1 fields, where the only ghost-free
kinetic term is the gauge-invariant one.

120f course, in an effective field theory the presence of a ghost simply signals an incorrect identification
of the UV cutoff. The requirement of “having no ghosts” is thus a phenomenological one, motivated by the
need of enlarging the range of applicability of the theory.

13The prefactor has been chosen so that the Einstein-Hilbert term yields the standard normalization

D—2
when switching to the metric formulation: Sgn = MPT [ dPz/=g R(g).



Among the D dimensionless coefficients ¢,,, one combination of them is fixed after m is
chosen as the physical graviton mass, and another combination can be set to zero by
assuming the absence of a tadpole term. This leaves D — 2 independent parameters in
addition to Mp and m.

It is worth repeating that the action (3.12) is a result of a tuning of EFT coefficients
in our formalism and does not follow from a derivative expansion. We have shown that the
coset construction of the gauged galileon group provides all the necessary ingredients to
build theories of massive gravity, but ultimately no additional symmetries are present that
can be used to restrict the set of allowed interactions. This outcome was expected, as it is
known that the form of the dRGT action is not protected against under quantum correc-
tions [52], suggesting that it is not protected by any symmetry. An analogous conclusion
was reached in [41], where a similar line of reasoning — although in a different set-up —
was used to construct massive gravity as a spontaneously broken gauge theory.

4 Gauged special galileons

The special galileon algebra extends the galileon algebra (3.1) with a generator Sy, that is
symmetric and traceless in its Lorentz indices [27]. It is realized on a scalar field ¢ as an
extended shift symmetry,

1 1
05, = Tqlp — D Nap> — a2 |Dgmym — D 77ab(87r)2 , (4.1)

where « is an arbitrary constant. In what follows, we will set @ = 1 without loss of
generality by a rescaling of generators. We will now repeat the analysis in the previous
section for a Galileon field endowed with the additional symmetry (4.1).

4.1 Coset construction

In addition to (3.1), the special galileon algebra contains the following non-trivial commu-
tators:

2
[Paa Sbc] = nach + nach - 5 ncha s

[Qm Sbc] = nach + nach - % nbcPa , (4'2)
[Sabs Sedl = Mbead + NacTbd + MbdJac + NadJbe »
[Jabs Sed] = MbeSad — MacSed + MbdSac — MadShe -
The special galileon theory is defined by a state that breaks C, @, and Sy, down to the
Poincaré subgroup.
Our goal is to work out the coset construction for the gauged special galileon. Gold-
stone bosons are introduced via the coset parametrization

b 1 _cd
Q = ¥ FaemC 8 Qo™ Sed (4.3)

where 0™ is symmetric and traceless. The algebra contains three subalgebras: Poincaré,

the subalgebra formed by P,, @, and C, and the galileon algebra (3.1). When it comes to

~10 -



choose which symmetries to gauge, we ignore as before the options of gauging only Poincaré
(because we are interested in broken gauge symmetries), or only P,, @, and C' (because
of the absence of a spin connection). This leaves us with the possibilities of gauging either
the whole group or the galileon subgroup. We make the simplest choice of gauging only
the galileon subgroup, which as we will see will allow us to recover a subset of the dRGT
potentials. Nevertheless, the option of gauging the extended symmetry S, is interesting
and we will comment on it in section 5.
The Maurer-Cartan form is therefore given by

1 5
=01 (d + &P, + 5 W T + hQu + AC> 0
1 1 (4.4)

= E"Pa+ 5 QT + QB Qq + QcC + 3 Q%¥S,,,

where E¢ and Q% (not to be confused with the coset representative) are the vielbein and
spin connection, and Q‘é, Qc and QaSb are the covariant 1-forms associated to the broken
generators. In terms of the redefined gauge fields e® = §% + é* + w®z; and A = A — hoz,
introduced in the previous section, we find*

E® = (cosh0)%e” + (sinh o)abwa ,
Q% = w® + (A% (cosh A — 1)23% (daef + 2wg(eaf)g> ,
O = (sinh o)%e’ + (cosh U)abwg = Ebuvbg“ dz# | (4.5)
Qo =drn+ A+e%, = Eauvaw dz* |
QP = (A% (sinh A)2 (daef + 2w )g) = B, V.0 dat".
where we defined Agg = (5gabd — (520“6. Notice that E%, Q% and Q% respectively reduce to
the quantities e®,w® and wg? introduced in the previous section when ¢ = 0.

The inverse Higgs constraint related to the galileon algebra commutator [Py, Qp] =1aC
is exactly the same as in section 3, i.e.

Var =0 = €4=—0am— Aq. (4.6)

In the special galileon case there is also another constraint related to the commutator
[Pa, Sbe) = NapQc + MacQp — % Qanpe- This implies that we can set to zero the traceless
symmetric part of the covariant derivative of £%,

2
Viabp + V& — 5 nab[vd =0, (47)
where [...] stands for the trace. This equation can in principle be solved to express o in

terms of derivatives of the other Goldstones and the gauge fields.
Let us now define the rank-2 tensor K,° = (e7!)." (w%)“. This is essentially the
covariant derivative of the Goldstones £ in the absence of the field ¢® — see eq. (3.4).

Switching for a moment to a matrix notation with contractions of Lorentz indices denoted

1 The calculation of Q% and Q% is non-trivial; the interested reader can find more details in appendix B.
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by a dot, we can write E = e - (cosho + K -sinho) and wg = e - (sinho + K - cosho),
and therefore
V& = (cosho 4+ K -sinho) ™! - (sinho + K - cosh o). (4.8)

The inverse Higgs constraint (4.7) now implies a relation between o and K, which means
that a solution exists only if [0, K] = 0. This observation allows us to rewrite V¢ as

V¢ = tanh(o + tanh ™' K) . (4.9)

At this point we will make the additional assumption that V¢ is a symmetric matrix,
i.e. V& = Vpé,. We will expand on this assumption below, where we will show that it is
related to the so-called “symmetric vielbein condition” [53] commonly used in the context
of massive gravity.

Using such symmetry condition in (4.7) we find that V& = % [V¢], which we substitute
in (4.9) to obtain (reinstating indices)

1
0% = —(tanh™ K)® + D n®[tanh~! K]. (4.10)

b

This is the desired solution of the second inverse Higgs constraint, which defines ¢% as a

function of the Goldstone 7 and the gauge fields.

4.2 Effective action: potential terms

It is worth pausing at this stage to consider the ingredients we have so far, and the type
of invariant operators we can build out of them. The relevant fields are again e® and we
(which reduces to h* in unitary gauge), the spin connection (which due to a torsion-free
condition will ultimately not be independent), and now possibly also o (depending on
whether or not we choose to apply the second inverse Higgs constraint to express o in
terms of e and w¢) as in eq. (4.10)). Keeping in mind our goal of constructing theories of
massive gravity, we will remove the diffeomorphism symmetry associated to the gauging
of translations by setting e* to be a non-dynamical background field, and interpret wo
as the spin-2 fluctuation about this background — precisely as we did in the standard
galileon case. The difference is that now e and wg), do not transform covariantly under the
special galileon group, but instead the correct building blocks are now E¢ and Q‘é defined
in eq. (4.5). In particular, the dRGT type potentials we are interested in, namely the terms
of the form

D
bn a an an a
S = [ 32 g v 0 A A B A B (41
n=

b as well as self-

will generically involve interactions between w¢, and the Goldstone o
interactions for the latter. If we choose to replace o® in terms of wg) by solving the inverse
Higgs constraint, eq. (4.10), the resulting potential will clearly not be of the ghost-free

ab

type. If instead we decide not to apply the constraint and leave ¢®° as an independent

degree of freedom, which will generically be gapped, the action will now yield the correct
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self-interactions for wg?, but also some extra operators involving the Goldstone ¢, and it
is far from clear whether they will be free of pathologies.

Remarkably, however, we can bypass these issues — at least as far as the potential is
concerned — by observing that it is possible to choose the coefficients b, in (4.11) in such a
way that o® drops out completely from the expression in (4.11). In appendix A, we show
in fact that for the specific choice

if n is even,
by =4 (4.12)
Bo if nis odd,
with 87 and (5 arbitrary constants, the action in (4.11) reduces to
ﬁl a an ant1 ap
SpOt:/ealaQ.“aD[n§nTL‘(D_'n/)!e1/\“‘/\6 /\UJQ /\/\LL)Q
(4.13)

52 al an an+1 ap
+Zﬁe Ao NEM AW A A Wl

This action has the desired ghost-free property, being a specific member of the dRGT
family of potentials. However, the n = 1 term in the above sum gives rise to a tadpole,
and therefore we will set 8y = 0 in what follows. The parameter 5 instead is related to
the graviton mass as explained in section 3. Thus, in this theory, the graviton mass is
the unique parameter controlling the non-derivative spin-2 interactions. In relation to our
original motivation of constructing IR completions of the special galileon, one can check
that dRGT massive gravity with the “special” potential (4.13) indeed yields the special
galileon theory in its decoupling limit.'®

Incidentally, although we have been able to engineer an action in which the Goldstone
o plays no role, it is worth going back to the assumption we made when solving the second
inverse Higgs constraint, namely the symmetry condition V&, = V,&,. Remembering that
V€t = (Efl)b“ (Q“Q) u» We observe that the symmetry of V&, is equivalent to the so-called
symmetric vielbein condition that is typically used in the context of ghost-free massive
gravity, and which allows to connect the vielbein and metric formulations. It has been
shown that, for the dRGT type potentials (4.11), this condition is not an extra assumption
but actually follows from the equations of motion [54].1° Precisely the same reasoning can
be used in our case if we decide to focus on ghost-free potentials.

4.3 Effective action: kinetic terms

Lastly, we turn our attention to the kinetic terms which are generated by the coset con-
struction. The Maurer-Cartan 2-form is given by

1 ~ 2
Oy =01 (d + 9Py + = w® o + hQq + AC) 0
2 (4.14)

1 1
=T"Put R® JTap + T5Qa + TeC + 3 TE S,

15 Albeit with some additional interactions with helicity-2 modes.
161t was later pointed out in [55] that this is not strictly true in general, as there exist non-perturbative
field configurations for which the argument may fail depending on the parameters.
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and the various components are

T*=dE" — E* AQ% + Q) A Qs%,
Rab — anb + Qac A ch + QSac A QSCba
§ =d0g — QY A Q% + B A Qg% (4.15)
To =dQc + B, A QY
T =da¥ + Q" A Qg + Q0L A Qg

The tensors 7¢ and R generalize the spacetime torsion and Riemann 2-forms to include

additional contributions from the Goldstone o®.

The “Q-torsion” 7 likewise involves
extra terms proportional to ¢®, while 7¢ is again redundant upon solving the first inverse
Higgs constraint.

At this stage we are faced again with the issue of constructing a non-pathological action
for the spin-2 field wo (or, in unitary gauge, h*). When considering non-derivative operators
in the previous subsection, we had a set of coefficients that could be tuned so as to yield a re-
sult that was independent of ¢®, which was desirable in view of the complications related to
this additional field. Now, the potential in eq. (4.13) implies the absence of any mass terms
for 0® (which, being a redundant Goldstone, should generically be present). Therefore, the
application of the inverse Higgs constraint, albeit still valid from a symmetry viewpoint, is
no longer equivalent to integrating out o at the level of the action. For this reason, we
proceed by considering o as an independent degree of freedom, in addition to we-

Focusing on the kinetic self-interactions of the spin-2 field we, & natural guess for the
kinetic term would be

MD72
SEH = - | /5(11 az"-aDR’ala2 NGB N NP (4‘16)

6(D —2)

where ¢ = E® + QZ) We would like this to reduce to the Einstein-Hilbert action for the
vielbein e” +wg) when 0% is turned off, which implies that the correct torsion-free condition
we should impose is

T+ 75 =d¢" — " ANQ% + " A Q5% = 0. (4.17)
This can be solved for the spin connection as

Q% = Q% (q) + 2quc(q )0 (4.18)

o
where Q“bu (q) is the usual solution for the spin connection as a function of ¢ (cf. (3.11)).

While Sgp indeed generates the correct kinetic term for wgz, it also induces self and
mutual derivative interactions for the Goldstone 0% (notice from eq. (4.5) that Q% ~ do®
at lowest order in ¢). In fact, in the absence of an analogue of the Einstein-Hilbert
term for 0 (notice that the “curvature” 7% in eq. (4.15) is symmetric), we are led to
consider the most general invariant two-derivative terms built out of the relevant covariant
objects, namely the components of the Maurer-Cartan 2-form, the covariant derivative

V.0, as well as the second covariant derivative of the Goldstone £*. We should stress
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that, in restricting our attention to those terms that are invariant under all the symmetries,
despite the fact that the treating e* as non-dynamical breaks some of them, we are simply
following the same strategy that yields ghost-free kinetic terms for massive spin-1 and
spin-2 fields — cf. comment in footnote 11.

This strategy yields in principle a slew of possible combinations, and we are faced with
the problem of either (1) finding a specific choice (or set of choices) of operator coefficients
such that the field 0 can be completely removed from the kinetic terms, as we did for
the potential terms; or (2) in the absence of such a choice, to determine if an action exists
for both the spin-2 field w¢, and the Goldstone 0% that is free of pathologies. Although
a full analysis is beyond the scope of this paper, a positive initial observation is that one
can achieve the decoupling of ¢ at linear level when expanding the fields in perturbations
about flat space.

To prove this, it is sufficient to note that the Goldstone covariant derivatives already
furnish, at linear order about flat space, all the possible combinations of kinetic opera-
tors for ¢® and the metric fluctuation v%, the latter being defined by ¢* = §¢ + %v“ +
O(7?). Notice that, by expanding the original definition ¢® = E® + Q%, we have that
~4 =2 (o“béb + (wg?)(l)), where (wg?)(l) denotes the first-order piece in wg- In terms of ~¢

we have 1
Va = (E_l)bu(QaQ)u =3 Yot (4.19)

where 7% = (7*),0),, and the ellipses stand for non-linear terms (which involve both ~+*
and ¢). Thus, the Goldstone covariant derivatives

1
vavbgc = 5 aa’ch +- Vagbc = 0a0pe + -+~ ) (420)

are sufficient to construct any set of kinetic operators in the action at quadratic order. In
particular, we are free to engineer an action in which the Goldstone o® disappears from
the kinetic terms at the quadratic level (while keeping the standard Fierz-Pauli kinetic
terms for ).

Although this simple observation is encouraging, we have no reason to expect this
decoupling to persist beyond linear order. Therefore, a more relevant question is whether
the presence of o necessarily leads to pathologies at the non-linear level. Notice that,
if we were to choose to keep 0 as a dynamical field, writing a healthy quadratic kinetic
term for it is indeed possible, i.e.

5@

kin.o /dDm< - % D00y + aaabcﬁbaac> : (4.21)
We have checked that this is the unique two-derivative quadratic action without ghosts for
a traceless symmetric field. Unsurprisingly, this is nothing but the usual kinetic term for
a spin-2 field, except that the trace of o is zero from the outset. This latter fact however
does not affect the possible choices of kinetic operators that are free of ghosts.

To summarize, we have investigated how theories of massive gravity can be obtained
from the gauging of the special galileon. The additional symmetry of the special galileon
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group, which by definition is spontaneously broken, gives rise to an extra Goldstone boson
0. Interestingly, by restricting the spectrum of the gauge theory to contain only a massive
spin-2 particle at zeroth order in derivatives, we showed that the symmetries single out
a unique action (at least among the ghost-free class of potentials). We have also shown
that the decoupling of the additional Goldstone can be achieved at the two-derivative level
when expanding the action to quadratic order in perturbations about flat space. It remains
to be seen whether such decoupling can be attained at the fully non-linear level, as was
possible for the potentials, or at the very least whether it is possible to build an interacting
action that is free of pathologies.

5 Discussion

In this paper we have discussed the gauging of non-linearly realized symmetries as a method
to systematically construct spontaneously broken gauge theories. More specifically, we
have addressed the question of how to derive a gauge theory in the Higgs phase from the
knowledge of the Goldstone theory that it corresponds to in the decoupling limit. We have
put forth the coset construction, along with its extension to include gauge symmetries, as a
very general and systematic method to tackle the problem. Focusing on the particular case
of the galileon shift symmetry, we have argued that its gauging may be used to investigate
infrared completions of galileon theory, the goal being to better understand how massive
gravity can be formulated when viewed as a gauge theory for the spontaneously broken
diffeomorphism invariance.

Our results followed from a number of assumptions made on physical grounds, and it
may be interesting to modify or relax some of them. First there is the question of which
symmetries one wishes to gauge, and we remarked that the choices we made were not
unique. This requires some physical input since formal consistency only demands that
gauge symmetries make a subgroup. For the standard galileon we were naturally led to
consider the gauging of the whole group: we insisted on gauging the galileon symmetries
because of our interest in broken gauge theories, and we insisted on gauging Lorentz because
of our wish to have healthy spin-2 kinetic terms. For the special galileon there is, in
addition, the option of gauging the extended shift symmetry generated by Sg,. Although
we chose not to do so, it would certainly be intriguing to consider this possibility. In this
setting the additional Goldstone o associated to the breaking of the extra symmetry
would not by itself pose a problem, being now a pure gauge degree of freedom that would
disappear in unitary gauge. However, the issue would then be to understand the possible
interactions induced by the extra gauge field, a non-trivial task given that this field — a
tensor-valued 1-form — would a priori contain a spin-3 degree of freedom upon expanding
in perturbations around flat space.

A second assumption needed in the implementation of the coset construction concerns
the inverse Higgs constraints. Typically, as we have explained, the fields one removes via
such constraints are not restricted to be gapless by the symmetries. They are therefore mas-
sive in the absence of fine tuning, and one is allowed to integrate them out in order to focus
on the gapless modes. This was the situation in our treatment of the standard galileon,
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where the Goldstone associated to the broken galileon shift could be removed — at low
energies — without loss of generality. On the other hand, in the case of the special galileon,
our insisting on having a potential with the dRGT structure led us to a theory where the
Goldstone o® was gapless, despite the fact that the symmetries allowed for mass terms and

b via an inverse Higgs constraint. Although it is likely that our

the option of removing o
choice is the only one that leads to a ghost-free potential for the graviton, we cannot discard
the logical possibility that other potentials may exist for a gapped Goldstone o® which,
after integrating out the latter, could produce a ghost-free mass term for the graviton.

Lastly, the derivation of our models relied on additional physical assumptions that are
independent of the symmetry considerations dictated by the coset construction. One such
assumption was the torsion-free condition that we chose to impose in both the standard
and special galileon cases. Even though it was natural for us to avoid a dynamical torsion
based on the spectrum we were interested in, it could be intriguing to eventually consider a
Palatini-type formulation of our construction with the spin connection left unconstrained.
Another assumption, based again on our wish to build a theory of massive gravity, was to
set the vielbein associated to diffeomorphisms as a non-dynamical reference field. It would
be of course natural to remove this constraint should one be interested in models of bi-
gravity, but this would require some extra symmetries in order to produce the ingredients
needed for building an additional spin-2 kinetic term.

Given the generality of the method, it is clear that this work can be extended in several
directions, some of which we hope to address in future investigations. For instance, our
analysis may be extended to the case of multi-galileons [56-58] with the goal of exploring
theories of multi-gravity [54, 59, 60]. The extension to multiple scalars would also allow
for the inclusion of additional internal symmetries [61, 62], thus serving as a starting point
to investigate theories of massive spin-2 fields with extra symmetries of this type. Going
beyond the standard galileon, it would be interesting to consider other related theories such
as the conformal galileon and the DBI galileon [63]. Also intriguing would be the application
of our techniques to Goldstone theories for which little intuition is available regarding the
nature of the corresponding gauge theories, such as the p-form and tensor galileons [64—67].
Lastly, relativistic versions of the galileon group and its symmetry breaking pattern — for
example ISO(3,1) x ISO(3,1) — ISO(3,1) — could be helpful to address the problem of
deriving ghost-free kinetic terms for multiple spin-2 fields in our formalism.
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A Ghost-free potentials in the gauged special galileon

In this appendix we give a proof that the potential term

S = /Z nI(D )] e apQg A AQE AETTUA - ABOP (A1)
with , ,
E® = (cosho)%,e” + (sinho)* H”,

= (oo + o) "
Q¢ = (sinho)%e” + (cosh o), H”,

is in fact independent of the Goldstone field o for the specific choice of coefficients
o
b, — b1 if nis even, (A.3)
Bo if nis odd,

and only for this choice. Although it is possible to show this by a direct calculation, we
will employ an alternative method that will also turn out to be useful in appendix B.
For simplicity, we will focus on the even terms in (A.1), namely

1
S :/ Z m Galag---aDQZj A+ A QaQn A B+l Ao A EGLD, (A.4)

as the proof for the odd terms is completely analogous. It suffices to prove that S7 remains
unchanged upon making an infinitesimal variation of ¢. Using that §,E% = 50“,)922 and
5(;9“@ = 50“bE’b, we have

/Z 2D —n)! Caraz-an [néa“leb/\Qg/\---/\QZ)’L/\w?D”“/\-'-/\E“D
n !

neven

+(D—n) 60“11)9%/\9“@2/\- . .AQ‘g“ ANEF2 - -AE“D]

1
/Z €ajaz-ap |:n' D—n— 1) do™ Q /\QZ;/\'"/\QZ;+1/\E(Z”+2/\-“/\EGD

neven

1
n+1 WD —n—2)!

€aiaz--ap a1 b az A . An41 anta n .. o
/Z (n+1)!(D—n— 1)![("“)5” BQOAQG A AQGH AE2 A AEP

S50 L Wh AQE A AQGH AESS A ~/\E“D]

neven

+(D—n—1)60" wh AQE A- AQ“MAEWSA---AE“D]. (A.5)

Next we show that the term in square brackets in the last line vanishes for all n. Consider
the following expression:
€araz--ap 60 QG ANQG N+ NQE A B A A ED

b b . .
= €a1a2..-aD5b1 5Ua1b1QQ A Q(ZQQ A+ A Q‘é A EOnt1 A ... A FOD
1
— —W Galaz..~aD€b1b2--~bDEbbz...bD 60-a1b19(é A Qg VANERIRIVAN QCLQTL A E(ln+l A A EQD ]
(A.6)
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Using the identity

eble..‘bbebg--- _5b1"'bD

bp a1--ap €bba-bp

D

_ _ | sb1 gb2bp b1 §b2--bp

- [501502“'(1D 5ak5a2---ak,1a1ak+1---aD €bby---bp A
P (A7)

€araz--ap

D

_ b1 by

= _(D - 1)! [5a1€ba2---ap - E :6ak6ba2"'ak1alak+1"'aD] )
k=2

and the fact that do is traceless, we infer that
€arag--ap 00 Y A QOF A AQG AE™H A N B

D
S Z €bag-ap_1araps1--ap 00 0, U A QF N AQE AE™H Ao AEP
k=2

(A.8)
= _(n - 1) €ataz--ap 5Ua1bQ% A Qan VANEERIVAN QaQ” AN B+t Ao N BOD
— (D = n) €ayagap 00" EX ANQEG A+ NQGH ANETH2 A A B
that is
N €aras-ap 60 QG ANQG A+ ANQE A B A A EYD A9)

= —(D —n) €ayaz-ap 60 E" A QBN AQGH NE™2 A NEWD

Using this last result with n — n+ 1 in the last line of eq. (A.5) establishes that 6,51 = 0.
Repeating the same steps for the odd terms in the action we reckon that §,5 = 0, so that
the full action S is indeed independent of o.

The fact that the coefficients (A.3) are the unique possible choice follows simply by
construction. The variation of the n = 0 term in S yields a term with one factor of E, which
can only be canceled by the variation of the n = 2 term. But this term will also include
an expression with three factors of £, which again must be matched with one coming from
the n = 4 term. This construction thus produces a unique set of coefficients b,, for all even
n. The same argument of course applies to the odd-n coefficients as well.

B Coset construction of the special galileon algebra

The derivation of the special galileon from a coset construction has been first discussed
in [30]. Given that several steps of the calculation are quite non-trivial and are not shown
in [30], we deem it useful to repeat it here in some detail. Along the way, we will also
generalize this construction to arbitrary dimensions.
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Let us start by summarizing all the non-vanishing commutators of the algebra we are
interested in:

[Pa, Q] = nabC

[Jabs Qc] = MbeQa — MacQb ,

[Jabs Pe] = MbePa — NacPs
[Jabs Jed] = Mbedad — NacTbd — MbdJac + NadJbe »

2
[Pcw Sbc] = nach + nach - 5 ncha , <B'1)

2
[Qaa Sbc] =a? (nabpc + NacPy — B nbcpa) ,

[Sabs Sed] = & (Mbedad + NacIvd + ModJac + TadTse)

[Jabs Sed] = MbeSad — NacSed + MaSac — NadShe »
(for the sake of clarity we will keep « explicit now). The Goldstone fields are then intro-
duced as the parameters that enter the coset representative

Q = " Peem0 et Q30 Sea (B.2)
B.1 Maurer-Cartan form

The Maurer-Cartan form is expanded as
1 1
Q'dQ = E*P, + 3 QT+ QHQa + QcC + 5 Q¥S,, (B.3)

where
E® = (cosh ao)%dz® 4 a(sinh ao)?%,de?

Q% = oa?(A71)% (cosh aA — 1)?} do®/
a 1 . a a
0= a(smh a0)%daz® + (cosh ao)?,de?, (B.4)
Qc =drm + &, dx?,
1
0w — a(A_l)gg (sinh aA)E‘Jic do®7

with the definition A‘clg = (5gabd — (530“ While the computation of E¢, Q‘é and Q¢ is
straightforward, obtaining the closed form expression for Q% and Q“Sb shown above via

c*

a direct calculation is quite non-trivial. For this reason, we derived the explicit results
in (B.3) using a series of tricks, which we will now explain in detail.

We will start by replacing o — Ao in eq. (B.2), and noting from eq. (B.3) that
Q%?)\ Qab
2

The trick is now to differentiate with respect to A in order to get differential equations for

_2

Sab+7)\<]ab:6 2

754375 (B.5)

Q‘éb/\ and Qib. Using the algebra commutators we find

anb
di’A = —2U(acQ|/\c|b) +do®,

1 (B.6)
R
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and the “initial conditions” are Q%b)\:() = 0 and Qibzo = 0.7 Ignoring the do® term
in (B.6) we have a set of homogeneous equations with general solution

Q%{’A = A‘fd ((cosh Aao) *(cosh )\aa)db — (sinh Aao) *(sinh /\aa)db>

+ Ag? ((cosh Aao) 2 (sinh Aao) 2 — (sinh Aao) % (cosh )\aa)db) ,
(B.7)
050 = a A ((cosh Aao) (cosh M) 2 — (sinh Aao) % (sinh )\aa)db>

aAsl ((cosh Aao) 2 (sinh Aao) 2 — (sinh Aao),*(cosh )\aa)db> ,

where A% is symmetric and traceless and A% is antisymmetric. On the other hand, a
particular solution of (B.6) is provided by

Q¥ =0, Qf =B, (B.8)
where B (a 1-form) is independent of A and satisfies, in matrix notation,
[0, B] =do. (B.9)

This equation cannot in general be solved explicitly for B. Nevertheless, the final result
for the Maurer-Cartan form components can be written in such a way that B disappears,
as we will now show.

First, from the initial conditions we find A¢® = 0 and A" = —1 B, so that setting
at last A = 1 we have the desired solutions

1

0 = —— B« ((cosh ao) (sinh o)’ — (sinh ac) ?(cosh oza)db> , (B.10)
«

Qb = g _ g« ((cosh ao) (coshao),’ — (sinh ac) % (sinh ao)db> . (B.11)

Switching again to matrix notation, we can expand the r.h.s. of (B.10) in powers of o and

recast it as
oo a2(m+n)

Qab: = 2m+lB 2n ZnB 2m-+1\ab . B.12
° mzn;O(QmH)!(Qn)! (o Bo™ — o™ B (B.12)

Next, from eq. (B.9) we infer that
k—1
(0%, B] = Z(fjdaak_l_] , (B.13)
j=0

which allows us to rewrite (B.12) as
i a2(m+n) ([U
| |
o (2m + 1)!(2n)!

o 2k 2k (2K l ab
~ (2]47"‘ 1)| l:O( ) l (U loxea )

b

QaSb — 2m+1’ B]JQn _ [0271, B]O_2m+1)a

(B.14)

This result is manifestly independent of the unknown matrix B, as claimed above.

17Tn the presence of gauge fields (cf. section 4), the differential equations (B.6) would remain unchanged
while the initial conditions would be modified.
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In order to find a closed form expression for Q%b, we can use the binomial theorem
to find

2k

2 ab
Z(—l)l ( Zk> (Uldaa%_l> = (A?F)ab qged A% = 5250, — 5509, . (B.15)
=0

Substituting this expression in eq. (B.14) gives the result quoted in (B.4) after some ma-
nipulations. Lastly, having found Q%b, we can determine Q% from the differential equa-
tion (B.6) by direct integration. This yields the result shown in (B.4).

B.2 Inverse Higgs constraints

For completeness we also include here the solution of the inverse Higgs constraints, even
though they may be easily obtained from our results of section 4 for the gauged special
galileon. The standard first constraint inferred from the algebra commutator [P,, Q] =
NapC implies

Var = (E71) (0,7 +€,) =0 = fo = —0Oum, (B.16)

remembering that 9, = (E71),"9,. The second constraint arises from the commutator
[Py, Ste] = NabQec + MacQp — % MpeQaq, Which gives the following relation for the covariant
derivative of the Goldstone &,:

2
Voo + Visa — D nab[v’f] =0, (B'17)
where [...] denotes the trace in matrix notation. From (B.4) we have
V& = (cosho 4+ K -sinho)™! - (sinho 4+ K - cosho), (B.18)

where K,? = 0,6°. The last expression may be simplified by noting that we must have
[0, K] = 0 by consistency, since the inverse Higgs constraint, eq. (B.17), ultimately implies
a relation between ¢ and the matrix K. It then follows that

V¢ = tanh(o + tanh ™' K) . (B.19)

We now apply the first constraint to infer that K., = —0,0y7, and thus the matrix V&
is actually symmetric. Eq. (B.17) then states that V& = 4 [V¢], which can be combined
with (B.19) to yield the desired solution for the Goldstone ¢® as a function of T,

1
0% = —(tanh ' K)® + D n®tanh~! K]. (B.20)

B.3 Wess-Zumino terms

As already mentioned in section 2, the covariance of the coset vielbein and the Goldstone
covariant derivatives ensures that H-invariant contractions will be invariant under the
whole group G. In addition, there exists also the possibility to include “Wess-Zumino
(WZ) terms” (also called Chern-Simons terms in other contexts) in the effective action.
WZ terms are by definition invariant under the symmetries only modulo a total derivative,
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and cannot be written as an exactly invariant expression upon integrating by parts. In
mathematical language, they are in one-to-one correspondence with the elements of the
relative Lie algebra cohomology of G/H in the space of G-valued (D + 1)-forms (with D
the spacetime dimension). We will now show how to carry out such construction in the
case of the special galileon. This turns out to be a particularly interesting application,
because the leading-order Lagangian for the special galileon is precisely a WZ term.

The calculation starts by determining the elements of the relative Lie algebra coho-
mology. This can be done solely from the knowledge of the algebra, from which the Cartan
structure equation follows: d© = —% ©2, where O is the Maurer-Cartan form. In compo-
nents this gives, for the special galileon,

dE® = Qg% A Qf
dQf = Qg% A E,
dQe = —E, A QY ,
dQ® =0,

(B.21)

and we are ignoring terms involving Q% on the right-hand side, as such terms must nec-
essarily cancel in any Lorentz invariant quantity. In the case of the standard galileon the
WZ terms are obtained from the (D + 1)-forms [37]

T = €ayapQo AU N AQE A BT A N B (B.22)

which are d-exact for any n = 0,...,D. This is not true anymore for the special galileon,
because the presence of {2g on the right-hand side of (B.21) implies that d~,, # 0. There
are however two particular linear combinations of the -, forms that do close under d, hence
giving rise to two candidate WZ terms.

To this end we write the most general combination of the above forms as

D
a.
Y= Z n'(Din—n)‘ 6alaz~~-a1:)QC A Qan ARRRNA Qcén AESHIA - NED (B'23)
n=0

The goal is now to determine the set of coefficients a,, for which dv = 0. Upon taking the
exterior derivative the term proportional to dQ2¢ vanishes, so that after some manipulations
we are left with

D
a
dy = —Z W"_n)!ealaz...(wﬁc A n Qg™ /\Eb/\Q‘g A AQG A BN A EP
+(D—n) Qg AQYAQE A AQGT AE™ A NEP | (B.24)

This result is formally identical to the expression one obtains upon varying the dRGT type
potential, eq. (A.1), with respect to o (cf. (A.5)), and which we used as the basis of our
proof in appendix A. The only difference is that now 2g appears instead of o, but because
both Qg and o are symmetric and traceless, all the steps performed in appendix A can be
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repeated verbatim here to conclude that dy = 0 if, and only if, the coefficients a,, satisfy

ap ifnis odd,
tn = (B.25)
ag  if n is even.
There are therefore precisely two candidate WZ terms,
_ 1 . o . )
Fl_den!u)_n)!eﬁcu---apﬂc/\ﬁd/\'--/\QQ A E%+L A N\ EOD
< (B.26)

_ 1 . o . )
Ly = Z mealaQ---aDQC/\QQl/\"'/\QQ A B+l A .. A EOD

n even

Finding the corresponding Lagrangian D-forms is simplified by the fact that the terms I'q 2
are actually independent of 0%, again from the results of appendix A. From the expressions
in (B.4) we thus have

1 a a Qa a a
Ty= > Wealaz...@(dﬂ—i—ﬁadx YAAED A AdEm™ Adz® A AdatP

— |
nodd n)
Z 1
F2 - neven m €araz--ap (dﬂ' + fad:ca) A d§a1 VANKIEVAN dfan Adz® A Ada®P .

(B.27)
Let us focus on the first term and write I'y = dA;. We then find that

1
Ay = Z (D —n)! €arag-—ap | TAEM A -+ AdEY A da® L A A dx®P

nodd ' (B28)
€2dEM A - AdEW1 A da A - A dafP

2(D—-n-1)

Finally, the Lagrangian is obtained from A; after pulling back to the D-dimensional space-

time manifold. At this stage we may apply the inverse Higgs constraint £, = —0,7 to
arrive at
1 1 b1---b a a.
Li=3 > 0 00, 0" Oy, O (B.29)
nodd

We have thus reproduced the special galileon Lagrangian from the coset construction. The
calculation of the Lagrangian that follows from I'y is of course analogous and produces an
independent term, which however has a tadpole and will usually be ignored in physical
applications.
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