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Abstract

Given two symbolic matrices X and Y of dimensions m x n and n X m, respectively, the
rank principle states that when m = n+ 1 and A is a scalar matrix of rank n + 1, the equation
XY = A is unsatisfiable. When m is arbitrarily larger than n and A has rank exceeding n,
we obtain the weak rank principle. We study this principle as an algebraic generalisation of
the weak pigeonhole principle (WPHP), asserting that m pigeons cannot be injected into n
holes, extending its counting argument to an algebraic setting. As a strengthening of WPHP,
it admits proof complexity lower bounds in settings where none are known for WPHP, yet we
show that these still yield applications analogous to those of WPHP. In particular, using new
generalised types of random restrictions, which may be interesting by themselves, this allows us
to resolve a number of open problems in proof complexity, including the construction of proof
complexity generators for Polynomial Calculus Resolution over the two-element field (PCRg,),
new generators for Sherali-Adams (SA), and hardness results for circuit lower bound statements
against PCRg,, as detailed below.

Generators for PCRg,: We prove exponential size lower bounds for several encodings—both
algebraic and CNF—of the weak rank principle in PCR over F;, where no such bounds are
known for the WPHP in the regime with arbitrarily many pigeons. In particular, we obtain
222" size lower bounds for both algebraic and standard CNF encodings, including the bamboo-
tree encoding, which is the most useful and corresponds to a circuit encoding, as considered by
Alekhnovich, Ben-Sasson, Razborov, and Wigderson (SIAM J. Comput., 2004) and Razborov
(Ann. Math., 2015). Our bounds hold for every matrix A in XY = A, implying that the rank
principle forms a proof complexity generator with nearly quadratic stretch. Using a standard
iteration technique we amplify the stretch to 2"9(1), meaning we obtain a function generator.
This resolves an open problem posed by Alekhnovich et al. (SIAM J. Comput., 2004) and
Razborov (Ann. Math., 2015) concerning the construction of proof complexity generators with
good stretch for PCRE,.

Generators for SA: Since in SA even the strong pigeonhole principle is easy, we develop a new
size lower-bound technique showing that the weak rank principle, encoded as a bamboo-tree
CNF, serves as a proof complexity generator for SA. Our method introduces a new relaxed
notion of degree and a new corresponding pseudoexpectation tailored specifically to the rank
principle (and incompatible with the pigeonhole principle).

Circuit lower bound formulas: We show that PCRg, does not admit short proofs of lower-
bound statements against Boolean circuits, nor against weak models of algebraic circuits such
as non-commutative algebraic branching programs. This settles an open problem raised by
Razborov (Ann. Math., 2015) concerning the provability of such lower bounds in PCRg,.

Rank principle as an axiom: Finally, we demonstrate the centrality of the weak rank
principle by showing that it is necessary for proving NC? circuit lower bounds and sufficient for
proving AC°[p] lower bounds.
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1 Introduction

Proof complexity provides both a concrete and conceptual framework for studying computa-
tional lower bounds. On the one hand, it seeks to develop combinatorial and algebraic techniques
for proving unconditional lower bounds on the lengths of proofs, with relations to complexity class



separations. On the other hand, it offers a setting for formulating and exploring metamathemat-
ical questions—for example, which proof systems can efficiently establish which lower bounds in
computational complexity theory.

For concrete proof-size lower bound questions, it remains a long-standing open problem to
establish superpolynomial size lower bounds against sufficiently strong proof systems, such as
textbook propositional logic (i.e., Frege systems). Such lower bounds are unknown even against
significantly weaker fragments, such as those operating with AC0[2] circuits. Nonetheless, the
development of theoretical frameworks and techniques aimed at tackling such lower bounds remains
a highly active and vibrant area of research.

The Weak Pigeonhole Principle. A prominent example illustrating the broad reach of proof
complexity is the pigeonhole principle (PHP for short), which is the (suitably encoded) statement
that m = n + 1 pigeons cannot be mapped into n holes if each hole can accommodate at most one
pigeon. The weak pigeonhole principle (WPHP) refers to the case where the number of pigeons
is possibly much larger than the number of holes; namely, it is the collection of such statements
for all pairs m > n, where m may be arbitrarily larger than n. In this regard, WPHP is logically
weaker than PHP where m =n + 1.

The pigeonhole principle is perhaps the most influential example in proof complexity, serving
as a driving force behind many lower bound techniques and frameworks. These include bottleneck
counting [35], pigeonhole switching lemmas and k-evaluations [2,51, 63], pigeon dance [39, (9],
pseudo-width [65,71], etc. As for upper bounds, already TCO-Frege admits polynomial-size proofs
of PHP (and hence WPHP); see [16,20]. Despite this progress, a notable open problem posed by
Razborov [73] remains unresolved: proving size lower bounds for WPHP against the polynomial
calculus resolution (PCR) proof system (see Footnote 1 and discussion therein).

Beyond concrete lower bounds, the pigeonhole principle plays a central role in the development
of theories in bounded arithmetic, which study the computational complexity of the concepts
required to prove various statements within formal systems. In bounded arithmetic, the weak
pigeonhole principle serves as an axiom from which important results—particularly those related to
randomness in computation—can be derived. As early as 1981, Woods [82] observed that explicit
counting of the number of elements in a finite set can often be replaced by applications of the
pigeonhole principle for bounded formulas. Building on this idea, Paris, Wilkie, and Woods [(1]
introduced the weak pigeonhole principle, and showed that it often serves as a more suitable
substitute for PHP in such contexts and that it is provable in bounded arithmetic To. Initial
work by Wilkie (unpublished; see Krajicek [48, Theorem 7.3.7]), further developed by Thapen [79]
and systematically pursued by Jetdbek [42—44], established WPHP as a useful axiom for reasoning
about randomized computation.

WPHP and proof complexity generators. A concept closely related to the weak pigeonhole
principle is that of a proof complexity generator. In fact, it is more directly connected to the
dual weak pigeonhole principle (denoted dWPHP), which states that when n pigeons are mapped
to 2n holes, at least one hole must remain empty. The notion of proof complexity generators
was introduced independently by Alekhnovich, Ben-Sasson, Razborov, and Wigderson [4], and by
Krajicek [49,50]; see also the monograph [53] for a comprehensive treatment.

A proof complexity generator is any encoding of the statement that expresses that a point
b € {0, 1}1Z is not in the image of a given polytime mapping G : {0,1}"" — {0, l}g, with m < £.
The proof complexity of such statements depends on G and is sensitive to the encodings; indeed,
[4] suggested three different encodings (see also Sokolov [76] for a discussion). We say that a proof
complexity generator is hard against a proof system when for every point b there is no short proof
that b is not in the image of GG. This means that the proof system cannot prove that G is non-
surjective. (Notice that even a single b for which the proof complexity generator is easy would
constitute a proof of non-surjectivity, hence we insist that no such b exists; this point is explained
further in Alekhnovich et al. [4].)

The hope is that for strong propositional proof systems, one can establish (at least condition-
ally) that there are no poly(¢)-size proofs that g is non-surjective, under the assumption that the
mapping ¢ is sufficiently pseudorandom (cf. [73]). Razborov in [73] proved the existence of hard



proof complexity generators for systems such as PCR and Res(k). However, as Razborov mentions,
the important case of generators for PCR over Fy is completely open (the importance of this case
is explained after stating Theorem 2.4).

WPHP and the provability of circuit lower bounds. WPHP and proof complexity gen-
erators also play a central role in the metamathematics of complexity theory—particularly in
understanding which systems can efficiently prove circuit lower bounds. This connection was first
observed by Razborov [69], who showed that WPHP reduces to circuit lower bound statements.
Informally, this means that if WPHP is hard for some (“nice”) proof system P, then P cannot
prove any circuit lower bound efficiently. This idea was employed by Razborov [69] and later by
Raz [65]. The former established degree lower bounds for WPHP in polynomial calculus, and the
latter established resolution size lower bounds. Both work then leveraged the above reduction to
show that the statement “NP ¢ P/poly”, when encoded as a family of CNF formulas, does not
admit efficient refutations in those systems.

More generally, one can define the truth-table generator, which maps a description of a small
Boolean circuit to the truth table of the function it computes. Establishing that a string b lies
outside the image of this generator is equivalent to proving that no small circuit computes the func-
tion with truth table b. Hence, the truth-table generator constitutes a proof-complexity generator
against a system P exactly when P cannot efficiently prove any circuit lower bounds.

Linear algebraic instances. Beyond simple counting arguments like the pigeonhole principle,
linear algebra is a key tool in discrete mathematics. Accordingly, Cook and Rackoff suggested lin-
ear algebraic statements as potential hard instances for strong propositional proof systems. Bonet,
Buss, and Pitassi [15, Sec. 3.1.1] further explored this idea and identified candidates hard tautolo-
gies such as the oddtown principle, which asserts X X1 # I,,, for an m x n variable matrix X with
m > n, where I, is the m x m identity matrix. Soltys and Cook [77] systematically studied the
hard matriz identities in the context of bounded arithmetic, focusing on statements such as the
inversion principle, which asserts that XY = I, implies Y X = I,, for square n X n variable ma-
trices X,Y, as well as other equivalent formulations of basic linear algebraic facts. Their goal was
to identify minimal formal theories capable of proving such statements. Soltys and Urquhart [78]
showed that the pigeonhole principle is reducible to (hence, not stronger than) these matrix identi-
ties. Later, it was demonstrated by Hrubes and Tzameret over Fs [37] and by Tzameret and Cook
over the integers [81] that these linear algebraic principles admit quasipolynomial-size proposi-
tional (i.e., Frege) proofs and are provable in relatively weak theories of arithmetic. The latter two
works roughly show that linear algebra sits within “NC?-reasoning” (formally, the theory VNC2).
The hard matrix identities were also considered in the context of the Ideal Proof System (IPS)
by Grochow and Pitassi [34], and Andrews and Forbes [7] who investigated a close unsatisfiable
instance {det(X) = 0, XY = I} for two square variable matrices X, Y.

A related algebraic principle is the (strong) rank principle: Let m = n + 1. Given two variable
matrices X,Y of dimension m x n and n X m, respectively, the product XY = A is unsatisfiable
whenever A is an m X m scalar matrix of rank m. This formula was considered implicitly in
Krajicek [52], as a way to algebraically express proof complexity generators based on PHP.

For the specific case where A is the identity matrix I, Soltys and Cook [77, Equation (V), page
287] showed that the strong rank principle is equivalent over their theories (the base one denoted
LA; hence over Frege) to the hard matrix identities, and specifically the inversion principle. Galesi,
Grochow, Pitassi, and She [31] formulated the rank principle explicitly, for the special case when
A is the identity matrix I, and when m is not necessarily n+ 1. Galesi et al. established PC degree
lower bounds for the rank principle, using the same reduction from PHP degree lower bounds that
was used in [78].

The weak rank principle. In this work we show the advantage in considering what we call the
weak rank principle, WRank for short, as a natural algebraic analogue and augmentation of the
weak pigeonhole principle. Given two variable matrices X and Y of dimensions m x n and n x m,
respectively, WRank states that



WRank. For an arbitrary scalar matrix A of rank at least n + 1, the equation XY = A
is unsatisfiable, where m > n; here we mean that m is arbitrarily larger than n.

Notice that WPHP is (usually) considered in the same regime, namely when m is arbitrarily larger
than n [71]. Accordingly, all our lower bounds are expressed in terms of n and are independent of
m.

Our results show that the weak rank principle can be applied in settings where the weak
pigeonhole principle fails, and that it provides a framework for both lower and upper bounds
in proof complexity. In particular, we obtain lower bounds and corresponding proof-complexity
generators with a good stretch for PCRp, which can also be iterated to a function generator
(where none were previously known) and introduce a new generator for the Sherali-Adams system,
establish the hardness of circuit lower-bound statements for PCRg, (which was open), and identify
upper bounds—namely, feasibly constructive proofs—that are facilitated by the weak rank principle
itself.

The proof systems we shall consider in this work are polynomial calculus resolution PCR and
Sherali-Adams SA. See Section 4 for the precise definitions and references.

What is known about WRank. For the strong rank principle (where m = n + 1, and in fact up
to m < n?), size lower bounds against PCR could be shown over any field, by a reduction to the
(strong) pigeonhole principle (with m pigeons; see [31, 78] for this reduction), and then using a
size-degree tradeoff argument. However, for the weak rank principle (when m is arbitrary) only
degree lower bounds are known in polynomial calculus resolution (PCR); again, this follows easily
from known degree lower bounds for WPHP. However, the more challenging and meaningful regime
is that of size lower bounds for PCR and stronger systems. Notably, no PCR size lower bounds are
currently known for WPHP for arbitrary many pigeons, and in fact when the number of pigeons
exceeds n? (see MikSa and Nordstrém [55] and de Rezende, Nordstrom, Risse and Sokolov [28]).
This motivates algebraically extending WPHP to WRank, which enables new size lower bounds in
settings where WPHP has so far proven insufficient (as the current work shows).

With respect to upper bounds, while WPHP admits polynomial-size proofs in TC’-Frege, the
best known upper bound for WRank is a polynomial-size proof in NC2-Frege. This could be shown
as follows: for strong enough proof systems closed under low degree reductions WRank is implied by
the special case of WRank when A = I (see Lemma 7.4), which in turn is implied by the inversion
principle by [77]; finally, the inversion principle admits polynomial-size proofs in NC2-Frege by the
work of Hrubes and Tzameret [37]. On the other hand, it is reasonable to conjecture that Frege
does not admit polynomial-size proofs of WRank by the fact that linear algebraic statements are
expected not to have polynomial-size Frege proofs as noted by Buss el al. [15].

Note that the relation between the weak rank principle and the strong one (and hence, by
[77], its relation to the hard matrix identities) is not entirely understood, since the latter concerns
square matrices, while our focus is on highly non-square matrices (hence, the “weak” regime).

2 Our Results

We present four types of results based on the weak rank principle: Lower bounds and generators
for PCR over Fg, hereafter denoted PCRg, (Section 2.1), lower bounds and generators for SA
(Section 2.2), hardness of circuit lower bound statements for PCRg, (Section 2.3), and upper
bounds (namely, feasible constructive proofs) facilitated by the weak rank principle (Section 2.4).

2.1 Lower Bounds and Generators for PCR,

We establish lower bounds and construct generators for PCR over [y, under the following
encodings of increasing strength:

'Beyond n? pigeons, size lower bound techniques against PCR based on degree break down. Note that for
resolution, using different techniques by Raz [65] and subsequently Razborov [70,72] as well as de Rezende et al.
[28], the case of WPHP lower bounds with arbitrary many pigeons m is resolved.



e Algebraic encoding. This setting provides the most direct algebraic formulation and serves
as a foundation for the subsequent encodings.

o Perfect matching (PM) encoding. In the PM encoding, we obtain lower bounds for the
weak rank principle, when A = I, against PCRp,. This encoding is in a CNF. To get a generator
in this encoding, we should prove the lower bound for every A. Although it is achievable by
similar techniques used in the next item, we do not formally prove this case, since this encoding
does not appear to be directly useful to establish hardness of circuit lower bound statements.
The case A = I is conceptually simpler than the general case of arbitrary A, yet serves as an
instructive case for the forthcoming generators because those results expand on similar ideas.
It requires a different notion of degree from the algebraic encoding, that is useful in the sequel
(e.g., for SA lower bounds).

¢ Bamboo-tree encoding. The Bamboo-tree encoding yields the strongest construction,
achieving the same stretch as the generators above (2mn to m?). In addition, we are able
to prove that this generator is iterable (in the sense of [50,73]) under this encoding, hence we
establish a function generator (i.e., a generator with a stretch of 2”9(1>). A notable consequence
of this function generator is that PCRf, does not admit short proofs of circuit lower bound
statements such as NP Z P/poly.

We start by providing more technical background to our new generators.

Context and motivation for our generators. Recall that a proof complexity generator
encodes the statement that a point b € {0,1} is not in the image of a polynomial-time map
G :{0,1}™ — {0,1}*, with m < £. When the weak rank principle is viewed in this framework, the
matrix product XY plays the role of the map G, and the point outside its image is the matrix A.

The known generators for PCRg, in the literature are based on reductions to the pigeonhole
principle. For the strong pigeonhole principle, Kraji¢ek [52, Section 1] constructed a generator
stretching n bits to n + 1 bits. The same construction can be combined with the best known
lower bounds for the weak pigeonhole principle over PCRg, [5,55] to yield a slightly superlinear
stretch—from n? to n* bits?. (For comparison, our results achieve a nearly quadratic stretch of
2mn to m? since our lower bounds hold in the regime where m is arbitrarily larger than n.)

In the present work, we aim to base the hardness of such generators on the hardness of WRank
instead, which is stronger than WPHP. For instance, WPHP is easy for the SoS proof system,
but WRank is plausibly hard for it; likewise, Res(logn) admits quasipolynomial-size refutations of
WPHP [54], yet statements based on linear algebra (and in particular WRank) are expected to be
hard for it [15].

As mentioned above, for arbitrary m, the hardness of WPHP against PCR over any field
remains open. If such bounds were known, they could yield strong generators through Krajicek’s
construction and further applications. In particular, a sufficiently strong lower bound for the
Onto-WPHP would, via Raz’s method [65], yield that certain circuit lower bound statements for
unbounded fan-in circuits cannot be efficiently proven in PCR.

This led Alekhnovich et al. [4] to study hard instances distinct from WPHP on which to
base proof-complexity generators and their applications to circuit lower-bound statements. They
proposed the so-called Nisan generator, a special case of the Nisan—Wigderson generator [59], which
is based on systems of linear equations over [Fo defined over expander graphs. The stretch of this
construction alone is not sufficient to yield application to circuit lower bound statements.

An important research direction is to obtain proof complexity generators with as large stretch
as possible. When the stretch is exponential (i.e., 27" in the seed length n) the generator is
called a function generator. To achieve such amplification, Krajicek [50] introduced the notion
of s-iterability, designed to boost the stretch of a variant of the Nisan generator [59]. Improving
[4], Razborov [73] relaxed the expander requirements and showed that linear systems as in [4]

2Given a formula PHPT', Kraji¢ek [52] builds a function stretching nm--tn bits into tm, for any parameter t;
the ratio tm/(nm+tn) is maximised at t = ©(n?). The best known lower bounds for PHP?" against PCR hold for
m = o(n2). If we plug these values of ¢ and m into nm-+tn and tm, respectively, we obtain a stretch of n® to n*.



can be iterated to achieve a much larger stretch—about 2*°. In particular, the hardness of the
base generator transfers to the iterated version, since an iterated expander remains an expander.
However, systems of linear equations over [ are easy to refute in PCRp,; therefore, this construction
cannot yield generators hard for PCR,.

The limitations of existing principles motivate the use of the WRank which subsumes both the
weak pigeonhole principle and systems of linear equations. This allows us to obtain lower bounds
for WRank (over [Fy) for arbitrary m, thereby producing a hard base generator. The hardness of
WRank persists under iteration, which enables us to construct function generators that remain
hard and leads to the hardness of corresponding circuit lower-bound statements.

Among other results known about generators are Khaniki’s Nisan—Wigderson generator against
AC®[p]-Frege [46] encoded as a (non-CNF) propositional formula. In addition, Sokolov [76] im-
proved the lower bounds for a particular generator encoding (functional encoding as in [4]).

Algebraic encoding. The algebraic encoding of the negation of WRank, denoted Rank]'(A),
consists of m? polynomial equations of degree 2,

Rank"(A): Z Ti kYk,; = Aij, foralli,j e [m]. (1)
k=1

Theorem 2.1 (Algebraic encoding lower bound; see Theorems 5.7 and 5.43). For every m > n
and A € FJ"™™ every PCRg, refutation of Rank™(A) requires size 24" . Consequently, Rank™(A)
is a proof complexity generator stretching 2nm bits into m?. Moreover, the iterated variant of
Rank(A) is a function generator with stretch on® M)

Here, size is measured by the number of distinct monomials appearing in the refutation (see
precise definitions in Section 4).

Algebraic encoding lower bounds are obtained using random restrictions, which yield a size-to-
degree reduction and already suffice to derive the hardness of certain circuit lower-bound statements
(for example, for non-commutative algebraic branching programs; see Section 8.3.1). The argument
in this setting is technically simpler than the proofs for the CNF encodings introduced below, as
the latter requires translating the algebraic reasoning into a combinatorial framework. The lower
bound for the algebraic instance in Theorem 2.1 thus forms the basis for the CNF lower bounds
presented later and underlies the high-level random-restriction approach used throughout.

The algebraic encoding, however, is specific to algebraic proof systems and therefore not directly
comparable with encodings suited for other systems. To address this, we encode WRank as a CNF
formula based on the perfect matching principle, and later consider the more demanding bamboo-
tree encoding (see Section 5.3). The choice to work with CNF encodings is natural, as CNF is
the standard formulation in proof complexity. Moreover, to extend lower bounds from algebraic
proof systems such as PCR and SoS to systems like AC’-Frege or Res(lin) (that is, resolution
over linear equations [66]), CNF encodings are the appropriate framework, whereas the algebraic
formulation—involving degree-2 polynomial equations—Ilies outside the expressive power of these
systems.

Perfect matching encoding. The perfect matching CNF encoding of WRank, denoted
PMRank;"'(A), encodes each equation > p_; z; xyr; = Aji; of Rank)'(A) by stating there exists
a perfect matching on the satisfied monomials (i.e., those equal 1) of this equation. To encode
such a matching we use extension variables for each pair of monomials in the equation (together
with an extra point if A; ; = 1). See Section 5.2 for the definition. Similar encodings of parity
computations were considered in Impagliazzo-Segerlind and Ken [40,45].

As mentioned above, we shall consider only the case A = I and prove lower bounds for this en-
coding against PCRp,. The case for every A, yielding a generator could be achieved with techniques
similar to the ones in the bamboo-tree encoding.



Theorem 2.2 (Perfect matching encoding lower bound against PCRE,; see Theorem 5.9). For every

m > n, every PCR, refutation of the perfect matching CNF encoding PMRank'(I,,) requires size
QQ(n)

The case of PCRE, is the most interesting because the perfect matching principle (stating that
there is no perfect matching on an odd size set) is in fact easy for PCRf,, hence the hardness of
PMRank!™(I,,) does not stem from the encoding per se. This contrasts many other cases where
the hardness follows from the hardness of the perfect matching principle itself [9,17,19,33,39, 48],
as we show for the case of PCRy when char(F) # 2 in the next theorem.

The next result demonstrates the sensitivity of the encoding of the generators. Although we
can construct generators for several proof systems using the PM encoding, it is not known how to
get hardness of circuit lower bound statements from these generators.

Theorem 2.3 (Perfect matching encoding lower bound over any field; see Theorem 5.17). For
every m >n and A € {0,1}™*™ every PCRg for any field F with char(F) # 2, SoS, or AC°-Frege
refutation of the perfect matching CNF encoding PMRank]'(A) requires size 28Un)

Bamboo-tree encoding. The main challenge and open problems regarding proof complexity
generators and their applications is predominantly about proving lower bounds for good encodings;
where an encoding is good, if it has extension variables that correspond to gates of a circuit, hence
could be applied to circuit statement lower bounds [4, 73].

The bamboo-tree CNF encoding of the WRank, denoted BTRank]'(A), encodes each equation
> oh—1 ZikYk; = Aij of Rank]'(A) by using extension variables introduced to sequentially compute
all inner products involved. The extension variables for each inner product are arranged in a totally
unbalanced binary tree known as a “bamboo”. Each extension variable u; ;, encodes the partial
sum Zi:l xi kyr,; (for £ € [n]). Moreover, each monomial z; .y ; has its own extension variable

zi7j7k'

Wi, j,n
uivjvn_l Zi’j?”
—
.. 1,7, —
Wi,j5,2 o
Uij,1 — 1,J,2
1,,1

Figure 1: Example of one axiom of BTRank}'(A). Here, u; ;, are the extension variables for the
partial sum Y5 _; 2 kyr; = Y1 Zijk (for £ € [n]). See Definition 5.18.

This natural encoding corresponds to a circuit in the sense of [4, 73], and similar encodings
have been used repeatedly for parity computations [4, 73, 78].

Theorem 2.4 (Bamboo-tree encoding lower bound; see Theorems 5.19 and 5.67). For every
m >n and A € F**™, every PCRg, refutation of BTRank]'(A) requires size 22Un) - Consequently,
BTRank(A) is a proof complexity generator stretching 2nm bits into m? bits. Moreover, there is
an iterated variant of BTRank]'(A) that yields a function generator with stretch on

This result resolves an open problem raised in [4, 73] concerning the construction of proof-
complexity generators for PCRg,. Razborov’s [73] established generators against PCR based on the
Nisan construction only over fields of characteristic different from 2. Our result closes this gap
by exhibiting hard generators for PCRf,. Lower bounds over F, are particularly significant and
technically more challenging than those over other fields, as we now explain.

There are two distinct field parameters to consider: the ground field, over which the proof
system operates, and the expressed field, over which the matrix product expressed in the weak
rank principle is computed. Although these two fields may differ, the case where both are Fo—that
is, WRank over F, and PCR over Fo—is the most natural and the most difficult.



For example, unsatisfiable linear systems over [Fa are easy for PCR,, and more generally, linear
systems over [, are easy for PCRg,. When p # 2, however, such systems are non-Boolean and
require explicit encoding of non-Boolean field elements, which makes the lower-bound task formally
easier but conceptually less meaningful, as the hardness would then stem from the encoding rather
than from the inherent structure of the weak rank principle. In contrast, working with both ground
and expressed fields equal to Fo keeps all variables Boolean and ensures that the difficulty arises
from the combinatorial and algebraic content of the principle itself.

Furthermore, Fo is usually the most challenging case for algebraic and semi-algebraic proof
systems. For instance, lower bounds in the Nullstellensatz system or its variants often require
substantially more complex designs over F, than over larger or characteristic-0 fields (cf. [12,
Theorem 12], [47]). Likewise, proof systems such as Res(lin) admit lower bounds over characteristic
0 [62], whereas corresponding results over finite fields—and in particular over Fy (cf. [41])—remain
open. Thus, establishing hard generators over Fy advances our understanding precisely in the
setting that is both the most natural and the least understood.

Lower bounds techniques. All our lower bounds share the following general random self-
reduction structure: Use a reduction from size to appropriate, carefully defined notions of degree
that vary from formula to formula and across our results. This means that we shall start, by way
of contradiction, from a small refutation (having a small number of distinct monomials) and apply
a random restriction or a generalised random restriction (changing variables to different ones) that
simplifies terms in the refutation with respect to the appropriate notion of degree, reducing the
formula to a smaller instance of the same principle. The second step is proving a lower bound on
the relevant notion of degree, which will result in a contradiction (namely, no small size refutation
exists).

The novelty and challenge is in finding the appropriate notions of degree and in devising the
right random substitutions which will decrease the corresponding notion of degree. These notions
of degree increase in level of complication along with the complexity of the encoding. Accordingly,
the random substitutions increase in level of complication.

One idea that is different from the usual proof complexity lower bounds is that our generalised
random restrictions are random substitutions of both 0-1 and variables in formulas. In PHP lower
bounds, the usual argument hinges on applying 0-1 restrictions (representing partial matchings).
But in our case partial 0-1 random restrictions are not always sufficient, hence we need to substitute
the original variables by both 0-1 and other variables or their negations. The goal is to get self-
reducibility: a smaller version of the principle. In the literature such random substitutions were
used in works by, e.g., Pitassi, Rossman, Servedio and Tan [64] and subsequently Hastad [36] for
AC-Frege lower bounds.

Bamboo-tree encoding of rank principle. The following explains the lower bounds for both the al-
gebraic Rank]'(A) and the bamboo tree BTRank]'(A) encoding. We outline some ideas behind
the proof of Theorem 2.4, which establishes a 24" size lower bound for BTRank™(A) in PCRg,.
The key challenge is that this lower bound must hold independently of the parameter m, which
precludes the use of standard expander-based techniques. These techniques would typically involve
restricting one of the matrices, say X, to an expander, zeroing out most of the entries x;j, for
k € [n], in each row 7 € [m]|. However, when the gap between m and n is too large, there are no
bipartite expanders with suitable parameters for achieving degree lower bounds.

To overcome this, we relax the degree notion, aiming to balance two competing requirements
for establishing size lower bounds: (1) the existence of random self-reductions of BTRank]"(A)
that effectively reduce the relaxed degree, and (2) the existence of a lower bound on the relaxed
degree for refutations of BTRank]"(A). The random self-reduction we design to achieve (1) is
highly sensitive to the structure of the extension variables (the z-variables and u-variables defined
above) and its necessarily technical nature leads us to present it in two stages for clarity. In this
outline, we focus solely on motivating the notion of the relaxed degree that the self-reduction aims
to decrease, and we primarily discuss requirement (2).

Consider a term t in x-, y- and z-variables of BTRank]'(A), that is, a product of some z-, y-




and z-variables and their negations. For a variable v, we write v to denote v and v¥ to denote
its negation, v. Let C be the set of indices k such that :UZ k> yk, jor zf ik appears in t for some
b€ {0,1} and 4,j € [m]. We refer to C as the set of columns X-, Y- and Z-mentioned in t.
Now, let 7 be the substitution of X7 A for Y, i.e., T(Tik) = ik, T(Yrj) = >irefm) Tir kAi j, and
T(2ijk) = T(xik)7T(yx,;) for all i, 5 € [m] and k € [n], with 7(7) = 1+ 7(v) for any variable v. We
see that if we apply 7 to ¢, the columns X-mentioned in each term of the polynomial 7(¢) remain
in C. Tt follows that each term ¢’ of 7(¢) either has degree at most |C| (since we are working over
the ring of multilinear polynomials), or there is k € C' and ¢ < i’ € [m] such that ¢’ is a multiple of
x; ki ) (by the pigeonhole principle).

Why is the last observation useful? The substitution 7 maps the set of polynomial equations
XY = A to the set of polynomial equations XXTA = A, and the latter has a straightforward
degree-2 derivation from the oddtown equations X X© = I,,, which in turn have an immediate
degree-2 derivation from the algebraic formulation of the functional pigeonhole principle FPHP}".
For FPHP", Razborov [69] established a degree lower bound of n/2, which holds even for PCR
proofs operating with multilinear polynomials modulo the ideal generated by the hole axioms
(@igryp for i < ¢ € [m] and k € [n]) and the functionality axioms (x; ;s for i € [m] and
k < k' € [n]). We conclude that there is no refutation of the algebraic formulation Rank]'(A) each
term of which has less than n/2 X- or Y7-mentioned columns. If such a refutation existed, then 7,
along with the aforementioned degree-2 derivations, would convert it into a refutation of FPHP]",
where every term has either degree less than n/2 or is a multiple of a hole axiom, contradicting the
cited lower bound. This forms the column degree lower bound part in the proof of Theorem 2.1.
Similarly, this argument rules out the existence of a refutation of a variant of Rank'(A) that
involves the z-, y-, and z-variables (but not the u-variables), where each term in the refutation has
less than /2 X-, YT~ or Z-mentioned columns.

It is clear that the argument from the above paragraph alone is not sufficient for BTRank"(A).
This is because 7 must be consistently extended to the u-variables by 7(u; ;i) = > telk] T(2i40),
and the column index k of u; ;. is not particularly relevant here: when 7 is applied to a product
of multiple u-variables mentioning a small number of columns, it leads to a blow up in the X-
mentioned columns in the resulting terms. Our notion of degree for the u-variables concerns the
first of the three indices of u; j x. We say that i is U-left-row-mentioned in a term ¢ if u?’j’k appears
in ¢t for some j € [m], k € [n], and b € {0,1}.

To appreciate this definition, let us first calculate T(Ui;%) modulo the hole axioms. We have

T(uz]k)_b+T(u1]k )=b+ Z 7(2i ) = b+ Z (i) T(Ye,;) = b+ Z%‘,z Z Ty g Ay
Le(k] Le(k] Le(k] i’ €[m)]

=b+ Z Z l’i,f$i/7£Ai/7j =b+ Z xz‘,el‘i,éAi,j =b+ Ai,j Z T
Le[k] &' €[m] L€k tek]

We see that, modulo the hole axioms, the only remaining row index is ¢. Let ¢ be a term consisting
of u-variables and their negations and let R be the set of indices U-left-row-mentioned in ¢. Based
on the above calculation, we observe that each term ¢’ of the polynomial 7(¢) either has degree
at most |R|, or is a multiple of a hole axiom, or (by the pigeonhole principle) is a multiple of a
functionality axiom of FPHP]".

The preceding discussion motivates the definition of the relaxed degree of a general term ¢ in the
variables of BTRank]'(A) as the sum of the cardinality of the set of indices U-left-row-mentioned
in ¢t and the cardinality of the set of X-, Y- or Z-mentioned columns in ¢. For a precise definition
of random self-reductions and a proof of their effectiveness in reducing the relaxed degree, we refer
the reader to the proof of Theorem 5.19.

Tterated rank principles. In order to address the iterated variants of the rank principle, we need
additional techniques besides the ones that were sufficient for Theorem 2.1. We start by describing
the ideas behind the iterated algebraic principle. We consider the classical Goldwasser, Goldreich
and Micali [32] iteration protocol, which was also used in [73]. This protocol achieves a generator
with exponential stretch (i.e., a function generator) by iterating the base generators (the way to
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achieve such a function generator from the weak rank principle is described after Theorem 2.8 in
this section).

Let @ be a binary string of length at most k and consider the polynomial system
IRank™({A(M}, k) = Unreqo1y=- X®@y = A, Here, each X(MY = A is an instance of the

weak rank principle, except that the matrices A are not necessarily constant: we also allow
them to contain the variables from X (™) for some |7’| > |n|. Letting “()” be the empty string,
these copies of Rank are naturally arranged in a binary tree as shown in Figure 2.

x0y = A0

/ \

X0y — 40 Xy — A1)

SN SN

X000y — 400  x0OLy — 401) x10y — 410 x@Dy — 4@11)

A A AAY

Figure 2: Iteration structure of IRank.

In this tree, the entries of each matrix A can depend only on the entries of X (™) from the
layers below. This differs from the standard notion of s-iterability, which only assumes a flat
structure; that is, the iterated copies are arranged as a path and not as a tree. We need to use
a tree structure to maximise the stretch versus the iteration depth ratio, since our lower bound
depends on the depth of the tree (that is, on  in the above notation). The tree structure was also
used by Razborov [73]. Nevertheless, this construction turns out to be sufficient for applications
to circuit lower bounds statements. Our goal would be to show that any refutation of IRank with

. . Q
parameters m and n requires size 2("/ K)

We consider two notions of degree for IRank:

o the column degree, which measures the number of different columns of X(™ or Y7 the term
mentions, where the same columns from different matrices are counted at most once; and

o the row degree, which measures the number of different rows of X (™ or Y7 the term mentions,
where the same rows from different matrices are counted individually.

(0) (1)

For example, the term 23 jz; y1,1 has column degree 1 and row-degree 3. We perform two random
self-reductions p and o. The former reduces the row degree of every term in a refutation to < d
while the latter reduces the column degree to < d. This implies the total degree does not exceed
2d?. We show that IRankm(A(”), k) requires degree n/2 by reducing it to one copy of the formula
Rank™(I,,,) using a reduction that substitutes each X (™ with A(™) X for a new variable X. Since the
entries of A(™ are not necessarily constant, this reduction can increase the degree of a refutation.
However, it can grow by at most a factor of k + 1, because for each copy the degree grows by at
most 1. This explains the dependency on x we mentioned earlier.

We now turn to the CNF encoding of UﬂE{OJ}gH XMy = A (note that here the matrix

Y is different in each iteration, unlike before) and again use the iterated protocol from [32]. We
encode U_. {0,1}=" XMy (™) = A using the extension variables that are similar to the ones from
BTRank and additionally impose some structure on the matrices Y(™). Our goal is again to prove
that any PCRg, refutation requires size 2(%/ W

The notion of column degree is not well suited for the extension variables. For instance, given

(m) ()

an extension variable u; ik which semantically encodes the sum Zee[k] a:f k)yk j, it is clear that it
depends not only on the lith column but also on the preceding columns {1 —1}. To address
this, we restrict our matrices Y (™) (and hence the extension variables) to a blpartite expander G
with a small left-degree A. This automatically restricts the column degree of all but z-variables
to be at most A, thus for all extension variables we only need to reduce the row degree.
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Overall, the proof strategy is executed as follows: we start by reducing the row-degree (and thus
the total degree) in u-variables that compute partial inner products. We then reduce the column
degree in the z- and z-variables (recall that the latter compute the binary ANDs: zl(z)k, = xﬁ) ylgfr]) ).
This is performed in the same way as in the algebraic construction. Finally, we reduce the row
degree in the z-, y-, and z-variables by using a random substitution similar to the one that reduces
the row degree for IRank. To deal with the z-variables we need to further modify the refutation.
This is because of the terms of the form s = [[;c; Zi, .k (or of the symmetric form [];¢; Zi jo k),
which have the shape of a star (when the z- and y-variables are considered as two sides of a bipartite
graph with an edge between mZ(TI? and y,(:]) present whenever 557;)1@ appears in s). Such stars have
common centre ig, and our substitutions do not, in fact, set them to 0 w.h.p. However, we can
show that each such a star with sufficiently many rays—that is, with large enough set J—collapses
to its centre Z;, , w.h.p. This property limits the degree of all such star terms. For the rest of the
variables, we can greedily identify a large set of variables in a term that are independently set to

0 w.h.p., implying that such a term vanishes from the proof w.h.p.

2.2 Generators for Sherali-Adams

We address the problem of establishing proof complexity generators for the Sherali-Adams (SA)
semi-algebraic refutation system [25].

First, note that the Nisan generator construction, denoted 7(A, b) in [73], can be shown to work
also for SA and even SoS. Specifically, its hardness follows from the lower bound on the Gaussian
width of T(A,b) as introduced in [14], and whose lower bound against SoS was established in [33,74].
Combined with the random restriction from Razborov [73], this gives an SA size lower bound for
T(A,D).

We provide a different generator for SA than Razborov’s by proving that our bamboo-tree
encoding of WRank is such a generator. Note that WPHP is easy for SA in terms of size. Therefore,
WPHP cannot be directly used as a generator. We thus come up with a new technique that does not
use the reduction to PHP and instead defines a relaxed notion of degree (row degree, in our case).
The lower bounds are thus based on a reduction from size to row degree, followed by a lower bound
on row degree. To establish the row degree lower bound we come up with a pseudoexpectation
based on a new family of distributions tailored to WRank (and not to WPHP).

Lemma 2.5 (Row degree lower bound for SA (informal); Lemma 6.4). For every m > n and every
A € {0,1}™*™ every SA refutation of (a variant of) BTRank!"(A) requires row degree n — 1.

Theorem 2.6 (Size lower bound for SA (informal); see Theorem 6.8). Assume m > n and A €
{0,1}™*™ s a Boolean matriz. Then any SA refutation of (a variant of) BTRank]!'(A) requires
size 29",

This result fits in the generator approach to proof complexity as stated by Razborov [73, p. 417]
and proposed earlier by Krajicek [49,50] and Alekhnovich et al. [4]. Specifically, the generator
approach seeks to establish proof complexity generators for as many proof systems as possible,
roughly based on the computational hardness of the generator.

To rule out low row-degree SA refutations of BTRank]'(A), we define a family of distributions
over partial assignments. Each distribution in this family is indexed by a pair (I, J), where I C [m]
and J C [m] are sets of row indices of X and Y7, respectively, with |I|+|J| < n—2. The distribution
corresponding to (1, J) is the uniform distribution supported on certain assignments to all variables
x; with i € I,k € [n] and y,; with £ € [n],j € J.

Before specifying these assignments, it is helpful to recall the family of distributions used against
the functional pigeonhole principle FPHP!" by [26]. Each distribution in that family is indexed by
a set I C [m] of at most n — 2 pigeons and consists of the uniform distribution over all matchings
of the pigeons in I to holes. Thus, the distribution indexed by I is supported on all assignments
to the variables x;;, : @ € I,k € [n] that do not violate any axiom of FPHP]". In other words, no
condition whatsoever limits these assignments except the axioms involving the pigeons in [.
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In contrast, for BTRank]"(A), we cannot allow similar freedom in the supports of the distribu-
tions in our family. It is straightforward to verify that if the support consisted of all assignments
towx;p i€ I,k € [n]and y,; : £ € [n],j € J that do not violate any axiom of BTRank;'(A), the
marginal distribution condition—a key ingredient of SA lower bounds®—would fail. In other words,
limiting the support only by the requirement that the axioms concerning Ay ; (the submatrix of A
determined by rows I and columns J) hold is insufficient. Our approach therefore imposes stronger
restrictions on the support than those dictated by the axioms of BTRank'(A) alone.

Specifically, we require that the row vectors assigned to the rows of X indexed by I be linearly
independent, that the column vectors assigned to the columns of Y indexed by J form a linearly
independent set of vectors, and that the product of these rows and columns evaluates to A ;. Of
these three requirements, only the last is directly dictated by the axioms of BTRank!"(A). We show
that the uniform distribution over such assignments satisfies the marginal distribution conditions
for members of our family. Notably, these assignments violate the FPHP]" axioms even in the
special case A = I, and Y = X7 (the oddtown case X X = I,,,), highlighting the bespoke nature
of our distribution family.

It is plausible that our method could be extended to the case of SoS, though we have not
pursued this direction.

2.3 Hardness of Circuit Lower Bounds from the Weak Rank Principle

Next, we connect the weak rank principle to the provability of circuit lower bounds. We
show that the weak rank principle is necessary for proving certain circuit lower bound statements,
while in the sequel (Section 2.4) we show that it is also sufficient for proving some known circuit
lower bounds of interest. These results suggest a fundamental relationship between the weak rank
principle and the provability of circuit lower bounds.

Our results are inspired by—and, to some extent, mirror—the connection between the weak
pigeonhole principles and the provability of complexity lower bounds. Razborov [69,72] and Raz [65]
showed the unprovability of circuit lower bounds such as NP Z P/poly in weak proof systems via
reductions from WPHP. Miiller and Pich [57] formalised a wide range of circuit lower bounds in
Jerabek’s theory for approximate counting in bounded arithmetic [42—44], which includes the dual
weak pigeonhole principle as an axiom. More recently, Chen, Li, and Oliveira [18] showed that
certain lower bound statements are equivalent to variants of weak pigeonhole principles.

We extend the above line of research in two aspects. First, we present low-degree reductions
from the weak rank principle to circuit lower bound sentences, generalising the aforementioned
connections by Razborov and Raz [65,69,72]. Then, as a concrete example, we show that PCRg,
does not have efficient proofs of circuit lower bound statements such as NP Z P /poly, by iterating
the WRank-based proof complexity generators against PCRg, (as in [73]). A variant of circuit
lower bound statements was recently proved to be hard for SoS [10].

Necessity of the weak rank principle. First, we present low-degree reductions showing that
WRank is necessary for proving circuit lower bounds:

Theorem 2.7 (WRank is necessary for Boolean circuit lower bounds (informal); see Corollary 8.4
and Remark 8.5). Let P be an algebraic proof system closed under low-degree reductions. If P
cannot prove the weak rank principle efficiently, then for every Boolean function f (represented as
a truth table), P cannot prove circuit lower bounds for f efficiently.

Interestingly, our argument goes through algebraic circuit complexity. Specifically, we show
that WRank is necessary for proving lower bounds against non-commutative algebraic branching
programs (non-commutative ABPs, or ncABPs for short), which is a fairly weak algebraic circuit
model (making our unprovability results stronger). Our reduction relies on Nisan’s characterisation

3In our case, the marginal distribution condition says that marginalising the distribution indexed by (I U {io}, J)
to the variables x;x : 4 € I,k € [n] and ye; : £ € [n],j € J coincides with the distribution indexed by (I, J), and
similarly for the distribution indexed by (I, J U {jo}).
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of ncABP complexity via matrix rank [58]. We then establish that lower bounds on ncABP
complexity are themselves necessary for proving lower bounds on (Boolean) circuit complexity.

Concrete lower bounds. Inspired by the above connection, we use the generators for PCRE,
demonstrated in Section 2.1 to show that this system cannot efficiently prove circuit lower bounds®.

Theorem 2.8 (Informal; see Theorem 8.9). Let f: {0,1}" — {0,1}. There exists a constant
c > 1 such that for every s > n¢, any PCRg, refutation of the statement “f cannot be computed by

Boolean circuits of size s” (encoded as a system of polynomial equations) requires size 2" '

As in the case of Razborov [73] our Boolean circuits are in the basis —, A,V,® where the
last three connectives are binary. The proof idea is similar to [73]. We work with the iterated
rank principle J_. (0,1}=" X@y (™ = A encoded as a CNF using the bamboo-tree encoding.

Given 7 € {0,1}", we choose the matrices A(™ such that Agﬂl) = f(m) the rest of the matrices
(for |m| < n) are arranged as Alm) — [X(TF*O) x (1) Y(W*O)T Y(W*l)T}. That is, given a copy

X@y ™ = A we can compute both copies X (™0 Yy (m0) — A(m0) anq x(mxD)y (1) — g(m«l)
recursively. This way, starting with the empty string “()”, we can gradually compute A for
m € {0,1}", thus obtaining f(7). This computation can be naturally expressed as a Boolean
circuit, using the gates that correspond to the extension variables.

2.4 On the Strength of WRank

Finally, we initiate the study of the weak rank principle as an axiom in bounded arithmetic.
Linear algebra is used extensively throughout combinatorics and complexity theory, resulting in a
variety of breakthroughs such as the resolution of the finite field Kakeya conjecture [29], Cap Set
problem [24,30] and the Sensitivity Conjecture [38]. Indeed, there is a whole book dedicated to
linear algebraic methods in combinatorics [11].

Soltys and Cook [77] initiated the study of formal theories that “capture linear algebra” from
the complexity perspective. Specifically, they considered a few formal theories for linear algebraic
reasoning and showed that VLAP, the strongest theory considered in [77] which incorporates ma-
trix powering and certain induction schema, proves many linear algebraic identities including the
(strong) rank principle. Subsequently, Tzameret and Cook [81] showed that the seemingly weaker
theory VNC? suffices for linear algebraic reasoning and specifically proving properties of the de-
terminant. We take a somewhat similar route, but instead of powerful concepts such as matrix
powering (which is DET-complete [21] and hence intuitively captures “full” linear algebra), we only
consider the weak rank principle, hence our theories appear to be somewhat weaker.

An important motivation for considering the weak rank principle is that they capture arguments
in combinatorics and complexity theory that are “loose” (i.e., not tight). Intuitively, the weak
rank principle should already suffice when one is satisfied with a bound that is only tight within
multiplicative factors. This is the case when we are satisfied with, say, a bound of ¢-2.756™ for the
Cap Set problem or a bound of c- 2n'! for ACO [p] circuit complexity, where ¢ > 0 is an unspecified
constant. This is similar to the case of approximate counting where we only care about the sizes
of sets approzimately, hence the weak pigeonhole principle is already applicable [44].

In this work, we put forward a theory VO(p) + WRank,, which incorporates the two-sorted

theory V9(p) in the style of Cook-Nguyen [20] with an extra axiom WRank, expressing the weak
rank principle over F,. We demonstrate the power of the weak rank principle and confirm the
above intuition by showing that this theory can prove Smolensky’s circuit lower bound against
ACO[p] [75):

Theorem 2.9 (Informal). For every prime number p > 2, VO(p) + WRank,, proves that MODy

cannot be computed by ACO[p] circuits of depth d and size go(n!/ D),

4Unfortunately, when measured by size, PCRp, is not closed under low-degree reductions. Hence our concrete
lower bounds are not direct corollaries of Theorem 2.7 and requires more work.
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Previously, Miiller and Pich [57] formalised Smolensky’s ACY[p] lower bounds in Jefabek’s
theory APC; [42,44]. The difference between our formalisation and theirs will be discussed in
Remark 9.13, at the end of Section 9.2.2. We also note that Razborov mentioned in [68, Section
E.3] that the metamathematics of Razborov—Smolensky lower bounds are left open. Our work
addresses this gap by showing that Smolensky’s lower bounds can be proved in V9(p) + WRank,,.
In addition, Galesi et al. [31] considered the rank principle with A = I as an axiom added to the
polynomial calculus.

3 Conclusions and Open Problems

Our work introduces the weak rank principle as a new object of study in proof complexity and
applies it to advance the generator approach to proof complexity, introduced by Krajicek [49,50] and
Alekhnovich et al. [4], and later emphasized by Razborov [73, p. 417]. The goal of this approach is
to construct proof-complexity generators for as many proof systems as possible, where the hardness
of the generator reflects the computational limitations of the corresponding system. In our case,
the hardness originates from linear-algebraic reasoning: the weak rank principle expresses the
unsatisfiability of certain linear systems and matrix identities, and its difficulty is directly tied to the
inability of a proof system to efficiently formalize arguments involving matrix rank. Consequently,
the weak rank principle is expected to be hard for proof systems that cannot efficiently reason
about linear algebra.

Future directions. Several directions appear promising for further study:

e The weak rank principle provides a useful family of tautologies to study in proof systems for
which the pigeonhole principle is easy or for which no proof-complexity generators are known.
The basic instance, XY = I, already gives a concrete candidate for proving lower bounds.
Obtaining a lower bound for this instance is the first step toward establishing lower bounds for
the more general case XY = A, where A ranges over matrices of rank greater than n. Such
results would yield a proof-complexity generator based on WRank. Once such a base generator
is obtained, it can be iterated to obtain a function generator, showing that the proof system in
question cannot efficiently prove certain complexity-class separations such as NP Z P /poly.

o Develop bounded arithmetic theories that use WRank as axioms, such as the theory VO(p) +
WRank, developed in this paper. We speculate that many interesting results in combinatorics
and complexity theory can be formalised in such theories and that the weak rank principles
suffice. Our formalisation of Smolensky’s lower bounds [75] can be seen as the first step towards
this goal.

e The weak rank principle provides a natural candidate for lower bounds against /-\Co[p]—Frege (for
which no lower bounds are currently known) and SoS. This connection follows from the conjecture
that NC? captures the computational complexity of linear algebra. According to the informal
correspondence between circuit classes and propositional proof systems whose proof-lines come
from those classes, one expects that proofs operating with NC2-circuits (that is, NCQ—Frege) are
exactly those capable of efficiently reasoning about rank-based arguments. In contrast, the weak
pigeonhole principle admits quasipolynomial-size proofs already in Res(logn) and thus in AC’-
Frege [54,61], indicating that stronger algebraic principles are required to obtain meaningful
lower bounds.

4 Preliminaries

We will use the following common notations throughout the paper.
e For all £ > 0, I}, denotes the k x k identity matrix (Ik)i,j =0;; for all 4, j € [k].

o For all k,¢ >0, Ji denotes the k x £ all-one matrix, i.e., (J), . = 1 for all i € [k], j € [{].

i,J
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4.1 Proof Systems

Let TAUT denote the coNP-complete set of propositional tautologies. Cook and Reckhow [23]
defined propositional proof systems as nondeterministic algorithms for TAUT. Equivalently, a
propositional proof system P(p, 7) is a deterministic algorithm that takes as inputs a propositional
formula ¢ and a purported proof 7w, and satisfies the following properties:

o Completeness: If ¢ € TAUT, then there exists a proof 7w such that P(p, 7) accepts.
o Soundness: If ¢ € TAUT, then for every m, P(p, ) rejects.
« Efficiency: P runs in time polynomial in |¢| + |7].

A propositional proof system P is polynomially bounded (or p-bounded) if there is a polynomial
p(+) such that every tautology ¢ € TAUT admits a proof 7 of length at most p(|¢|) for which
P(p, ) accepts. Cook and Reckhow [23] showed that p-bounded propositional proof systems exist
if and only if NP = coNP.

Sometimes we will equivalently consider refutation systems, which are nondeterministic algo-
rithms for the language SAT. A DNF F is a tautology if and only if =F (which can be expressed
as a CNF) is unsatisfiable. Thus a proof of F' can be equivalently viewed as a refutation of —F.

While traditional proof systems reason about Boolean formulas, algebraic proof systems reason
about the unsatisfiability of collections of polynomial equations. Fix an underlying field F, and let
fi, foy- ooy fm € Flx1,22,...,2,] be a collection of polynomials, where each f; is called an aziom
and means f;(Z) = 0. The goal is to prove that these polynomials do not have a common zero
over F™. Tt is standard in the literature to add the Boolean azioms z? — x; into the collection to
enforce that all variables take values in {0, 1}; however we do not include these Boolean axioms in
our definition of rank principles.

For a polynomial f, let || f|| denote the number of monomials appearing with a nonzero coeffi-
cient in f.

Definition 4.1. Let F' = (fi1, fo,..., fm) be an unsatisfiable collection of polynomial equations
over a field F.

o A Nullstellensatz (NSg) [13] refutation of F' is a sequence of polynomials (g1, g2, - . , gm) such
that the following polynomial identity holds.

m
D firgi=1.
i=1

The degree of the refutation is max;e|,, {deg(fi-g:)}. The size of the refutation is 37, || fi| -
lgsll-

o Polynomial Calculus (PCg) [19] is a dynamic proof system where proof lines are polynomials
over F. Starting from (f1, fo,..., fin) as axioms, this system has two inference rules:

f g (for o, € F) and

af+Bg wi- f
A PCg refutation of F is a derivation of 1 from F. The degree of the refutation is the
maximum degree of any polynomial appearing in it. The size of the refutation is the total
number of monomials appearing in it.

o Suppose F = R. A Sum-Of-Squares (SoS) refutation of F' is a sequence of polynomials
(91,92, - -,9m) and (hy,ha, ..., hy) such that the following polynomial identity holds.

m l
D firgitd hi=1.
i=1 j=1
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The degree of the refutation is the maximum over max;c,{deg(fi - ¢:)} and
2max;cg{deg(h;)}. The size of the refutation is 3 ;i [1fill - gill + 22 ;¢ 151-

Definition 4.2. Let F' = (f1, f2,..., fm) be an unsatisfiable collection of polynomial equations
over R. We enforce the variables 21, x, . . ., 7, to be Boolean by adding every Boolean axiom x? —x;
in F. A Sherali-Adams (SA) [25] refutation of F is a sequence of polynomials (g1, g2, ..., gm) and
a conical junta J such that the following polynomial identity holds.

S firgi+T =1

1€[m]

Here, J is a conical junta if it is a nonnegative linear combination of terms (J = Zg ajtj(x)
for a; > 0), and each term is a product of some z;’s and some (1 — z;)’s. The degree of the
refutation is the maximum of deg(J) and max;{deg(f;) + deg(g;)}. The size of the refutation is

Ziepmy 1fill - lgill +£-

Definition 4.3. Let F' = (f1, f2,..., fm) be an unsatisfiable collection of polynomial equations
over a field F with underlying variables x1, xa,...,x,. We enforce the variables to be Boolean by
adding every Boolean axiom x? —x; in F. A Polynomial Calculus Resolution (PCRg) [3] refutation
of F'is a PCf refutation of F’, where F” is F' with the twin variables T1,To, ..., T, and the axioms
1—x; —T; and Tf — T; added.

Note that PCg and PCRf are equivalent w.r.t. the degree measure, but a collection of polynomial
equations might have much more efficient PCRg proofs than PCg proofs in terms of size.

4.2 Substitutions

In the proof complexity setting, substitutions are usually defined as follows.

Definition 4.4. Given variables (z1,...,x,) and their twins (Z1,...,T,), the restriction p is a
partial mapping from {x;...,z,} U{Z1,..., Ty} to {0,1}.

Here we consider a generalised notion of substitutions, when we can substitute variables with
new fresh variables.

Definition 4.5. Given variables (z1,...,z,) and (y1,...,ym) and their twins (Z1,...,%,) and
(U1, -+, Um), the restriction p is a mapping from {z1 ..., 2z, }U{Z1,...,Tp} t0 {0,1}U{y1 ..., ym}U
{y1,-.-,Y}, which is consistent w.r.t. the twin variables: if p(v) = b for some b € {0,1}, then
p(v =1—"0); if p(v) = u for some variable u, then p(7) = w.

It coincides with the standard definition when (y1,...,ym) = (z1,...,2,) and for every v with
p(v) € {0,1}, f(v) = v.
Given a polynomial f € F[z1,...,2n,T1,...,Ty] and a restriction p, the application of p to f,

denoted f [ p is the polynomial g(y1,...Ym,J1,---,Fm) = f(p(x1), ..., p(Tn), p(T1), - - -, p(Tn))-
Given a proof II (a sequence of polynomial), the application of a restriction p to II, denoted

II | p, is obtained by applying the p | p to each line p of II and removing any line that becomes
the zero polynomial

4.3 Reductions in Proof Complexity

Let F and G be two collections of polynomial equations. In this paper, we use low-degree
algebraic reductions [17,27] to formalise the idea that F' is “easier” to prove than G. Intuitively,
this happens when F is a substitution instance of G, namely there is a substitution to G under
which G equals F'; or more precisely, there is a substitution R to G, such that there is an efficient
(e.g. low degree) derivation from F' of the substitution instance G' o R. Hence, a short proof of
G o R is also a short proof of F. For example, to show that circuit lower bounds are as hard to
prove as the weak rank principle, we exhibit a low-degree reduction from the polynomial equations
encoding the weak rank principle to those encoding circuit lower bounds.
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Definition 4.6 (Algebraic reductions; [27, Def. 8.2]). Let F' = (f1,..., fm) be a collection of
polynomials over variables (x1,...,%;), and G = (g1,...,gn) be a collection of polynomials over
variables (y1,...,yn’). A degree-d algebraic reduction (denoted as F' Szlg () consists of the follow-
ing:

(Reduction) a mapping R : F™ — F™ such that each output element R; € Flz1,...,Zm], 7 € [n],
is a degree-d polynomial in (x1,...,Z);

(Axioms) for every i € [n], the polynomial g; o R has an NSg-proof from F of degree d - deg(g;).
That is, there exist polynomials (g; 1, .., ¢im) such that

m
gio R="" fitin,
k=1

and for every k € [m], deg(fi) + deg(q;x) < d - deg(g;).
It is a standard and useful fact that algebraic reductions are closed under composition.

Fact 4.7. Let F = (f1,..., fm), G = (91,---,9n), and H = (hy,...,hy) be systems of polynomial
equations. If F' gzllg G, G gzlf H, then F Szllng H.

Proof. Suppose that F' is over variables (z1,...,z,/), G is over variables (yi,...,yn), and H
is over variables (21,...,2¢). Let R : F™ — F" be a degree-d; reduction from F to G and
R? : F" — FY be a degree-dy reduction from G to H. We claim that R2 o R! : F" — F¥ is
a degree-d;dy reduction from F to H. Clearly, every output element of R? o R! is a degree-d;ds
polynomial over its variables (i.e., (1, ..., Zm)).

Now consider some axiom h; in H, we want to show that h; o R? o R! has an NS-proof from F'
of degree dydy - deg(h;). We have

n
hio R* = Z 9k ik
k=1

for some polynomials (¢; 1, .., ¢in) such that for every k € [n], deg(gi) + deg(g; ) < da - deg(h;).
For each k € [n], we also have

m
gro R' =" fipk,
j=1

for some polynomials (py 1, ..., Pk,m) such that for every j € [m], deg(f;)+deg(pk,;) < di-deg(gr).

Hence
n

hio R?o R! = Z(gk o Rl)(Qi,k oR') = i fi- (f:pk,j “(gik o Rl)) . (2)
j=1

k=1 k=1

T’L,j
Note that deg(f;) + deg(r; ;) = maxy{deg(f;) + deg(pk, ;) + deg(q;ir) - d1} < maxy{d; - (deg(gr) +
deg(qix))} < didy - deg(h;). Hence, (2) is an NS-proof of h; o R* o R! from F that has degree
d1d2 . deg(hi).
In conclusion, R? o R! is a degree-d;ds reduction from F to H. O

Algebraic proof systems such as Nullstellensatz and Polynomial Calculus are closed under low-
degree algebraic reductions when the efficiency measure is degree [27, Lemma 8.3]. This paper
exhibits many low-degree algebraic reductions; for example, Corollary 8.4 showed a low-degree
algebraic reduction from the weak rank principles to circuit lower bound statements. Such a
result can be interpreted as: for any algebraic proof system P closed under low-degree algebraic
reductions, if P cannot prove the weak rank principles, then P cannot prove any circuit lower
bounds.
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4.4 The Pigeonhole Principle

We define the algebraic encoding of the pigeonhole principle, first considered by Razborov
in [69]—this version is sometimes called the functional pigeonhole principle because of the Func-
tionality Axioms below. Fix positive integer parameters m and n with m > n. FPHP]" is defined

over mn variables arranged as a Boolean matrix X € (z;); clml ken]” It consists of the following

polynomial equations:
Pigeon Axioms: For i € [m], the polynomial

1= > i (3)
keln]

Hole Axioms: For i,j € [m|,i # j, k € [n], the polynomial
T kT k- (4)
Functionality Axioms: For i € [m], k, ¢ € [n], k # ¢, the polynomial
Ti kT (5)
Boolean Axioms: For i € [m], k € [n], the polynomial
xzzk — Lik- (6)

We comment that the standard (non-functional) PHP from m pigeons to n holes is defined the
same as FPHP", only excluding the Functionality Axioms (5).

Razborov [69] proved a PCRg degree lower bound on FPHP]" for arbitrary m > n.

Theorem 4.8 ([69]). For every field F, every PCg refutation of FPHP)' has a term that mentions
at least n/2 + 1 pigeons and at least n/2 + 1 holes.

Although not stated explicitly, the lower bounds in [69] holds when the refutation is considered
modulo the ideal generated by the functional and hole axioms. This implies that every refutation
of FPHP} contains a term [[, ¢ (g @i, k,, Where £ > n/2+1, all i, are distinct and all k,, are distinct.

There is a similar degree lower bound for SA. It was originally stated for FPH PZ‘H, but exactly
the same proof applies to FPHP}".

Theorem 4.9 ([26]). Every SA refutation of FPHP contains a term that mentions at least n — 1
PLGEONS.

4.5 The Perfect Matching Principle
The perfect matching principle, which we denote by Count?, states that it is possible to find

n?
a perfect matching on n elements ([1,60]). Formally, Count? is a CNF over the variables Yikey

{k, 0} € ([g]) that consists of the following axioms, expressing that n elements can be partitioned
into a set of pairs {k,(} € ([Z]) (with each element in [n] appearing in some pair—first axioms
below; and each element appearing in at most one pair—second axioms below):

V' vk k e [n],
te[n]\{k}
“Y{k,0} \% TY{k '} ke [n],f,ﬂ' S [n] \ {k},f 75 7.

When n is odd, it is clear that this formula is unsatisfiable.

4.6 Lossless Expanders
Let G be an m x n bipartite graph with parts L and R.
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Definition 4.10. Given i € L, the neighbourhood of i in G, denoted Ng (i), is the set of all k € R
that are connected to i in G.

Definition 4.11. Given a set I C L, the boundary of I, denoted Jg(i), is the set of all unique
neighbours of I:

dc(I) = {k € R : there is exactly one i € I satisfying k € Ng(i)}.

Definition 4.12. G is an (r,c¢)-boundary expander if for every set I C L with |I| < r, it holds
that

0c(1)] = cl].
Definition 4.13. G is an (r,d)-lossless expander if for every set I C L with |I| < r, it holds that
> Wal(i) =106 < dl1. (7)

el
This is called a lossless expander because the expansion from the left side to the right side

preserves (almost) all edges without significant loss of distinctness. The following fact immediately
follows from this definition.

Fact 4.14. Let A, be the minimum left-degree of the vertices in G. Then if G is an (r,d)-lossless
expander, then it is also an (r,c)-boundary expander with ¢ = Ay, — d.

Lemma 4.15. Let C > 1. There exist constants §,d > 0 such that for every large enough positive
integers m,n with n < m < Cn, there is an m X n bipartite graph G satisfying the following:

1. the minimum left-degree of G is at least A, = 50logn,
2. the maximum left-degree of G is at most A = 1501logn,

3. G is an (n%,d)-lossless expander.
In particular, G is an (n°, Apin — d)-boundary expander.

Let G be a bipartite graph with parts L and R and edges E. Given K C R, we define G \ K
as the bipartite graph with parts L and R\ K and edges {(i,k) € E:i € L,k € R\ K}. Observe
that for every i € L, No\k (1) = Ng (i) \ K.

Lemma 4.16. Let G be an m X n (n‘s, d)-lossless expander with parts L and R, a minimum left-
degree at least A, = 50logn and a maximum left-degree at most A = 150logn. Let K be a
random subset of R such that every j € R is added to K independently with probability 2/3. Then
the graph G\ K is an (n°,d)-lossless expander with a minimum, left-degree Amin /6 with probability
1 —o(1). In particular, G\ K is an (n’, c)-boundary expander, where ¢ = Apin /6 — d.

The proofs of these lemmas can be found in Appendix A.

4.7 The Rank Principle and Oddtown Principle

In this section, we introduce our main instance. Here we focus on their purely algebraic
formulations, as it is the simplest and most transparent. Later, we will also consider its CNF
encodings.

Fix a field F and positive integer parameters m and n with m > n. We denote Rank]'(A) the
system of degree-2 polynomial equations stating that the rank of an m x m matrix A is at most n
over F. More precisely, the rank principle Rank]'(A) is defined over 2mn variables arranged into
two matrices X € F™*" and Y € F™*"™. For every i,j € [m], there is an equation in Rank]'(A)
stating that the (4, j)th entry of the product XY is equal to A4; ;. That is:

Aij— Z Ti kYk,js i,j € [m]. (8)
ke[n]
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Every equation in Rank]' has degree 2 over the variables from X and Y. It follows from basic
linear algebra that when the rank of A exceeds n, Rank!'(A) is unsatisfiable.

When A = I,,,, the m x m identity matrix, we might omit explicitly specifying the matrix in
the notation and simply write Rank".

We also need the oddtown principle OT™(A), which is the special case of Rank” with Y = X7,
That is, given a symmetric matrix A € F™*™ OT"(A) is defined over mn variables arranged as
a matrix X € F™*" and for every i,j € [m], there is an equation in OT]" stating that the (4, j)th
entry of X X7 is equal to A

Aij— D ik, i,j € [m],i <. 9)

k€[n]

5 Proof Complexity Generators for PCR,

In this section, we consider the following generator and show that it is a proof complexity
generator hard against PCRf, under various encodings.

The Low-Rank Generator g

Assume m > n.
Input: Two matrices X € F™*" and Y € F"*™.
Output: Their product XY € F™*™,

Note that g: F2™ — [FmQ, hence this function is stretching when n < 3. This function was
considered by Kraji¢ek in [52] as a proof complexity generator based on the pigeonhole principle,
for algebraic proof systems. It was also considered as a candidate hitting set generator in algebraic
complexity and polynomial identity testing by Andrews and Forbes [6, 7].

Given an m x m matrix A over [y, in this section, we consider different encodings of the
statement “A ¢ Range(g)”.

In Section 5.1 we show the hardness of the algebraic encoding Rank"'(A) for PCRg,.

In Section 5.2 and Section 5.3, we consider two Boolean encodings of the statement “A ¢
Range(g)”. The first encoding, PMRank'(A), employs the perfect matching principle to encode
parities. The second encoding, BTRank]'(A), uses extension variables arranged in unbalanced
binary trees (bamboos). For the perfect matching encoding, when working with over Fs and
specifically PCRp,, we only consider the case A = I, establishing its hardness against PCRf,. For
fields different from Fa, we consider PMRank]'(A) with any matrix A, and specifically construct a
reduction to the perfect matching principle Count?. Consequently, this implies hardness for PCRg
with char(F) # 2, SoS, and AC%-Frege.

For the bamboo-tree encoding BTRank;'(A), we demonstrate its hardness for PCRf, in the
general case when the matrix A is arbitrary.

In Section 5.4, we show that certain iterated variants of Rank and BTRank are hard for PCRg,.
Iterability is a way to increase the stretch of a generator by repeatedly applying it multiple times.
Kraji¢ek [50] introduced the notion of s-iterability, designed to boost the stretch of a variant of the
Nisan generator [59]. Improving [4], Razborov [73] relaxed the expander requirements and showed
that linear systems as in [4] can be iterated to achieve a much larger stretch—about 2" .

Here we use a weaker notion compared to s-iterability that is still sufficient for our applications.
Namely, this notion is sufficient for the circuit lower bounds in Section 8.3, which are obtained by
reductions to the formulas in Section 5.4.

In this section, we consider PC in which every proof line is a multilinear polynomial (and the
multiplication rule involves multiplying with a variable followed by multilinearisation). Namely,

we assume that proof-lines are polynomials from a quotient ring Fo[Z] /(2% — &) factorised over the
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Boolean axioms for all variables. This does not increase neither the monomial-size nor the degree
of PC refutations (see [19]).

5.1 Algebraic Rank Principle

In this section, we will use a special notion of degree, called column degree, that is equal to the
number of distinct columns a term in a refutation of Rank]’(A) mentions. This is formally defined
as follows.

Definition 5.1 (Column-mentioned variables). Let ¢ be a term in the variables of Rank"'(A). We
say that k € [n] is X -column-mentioned in t if there is i € [m] such that z;} or T; ; appears in t.
We say that k € [n] is YT -column-mentioned in t if there is j € [m] such that yj ; or Uk,; appears
in ¢.

Definition 5.2 (Column degree). Let ¢ be a term in the variables of Rank]'(A). Let K be the set
of all k € [n] that are either X-column-mentioned or Y7-column-mentioned in t. We say that ¢
mentions columns K. The column degree of t is defined as |K]|.

We start with proving a lower bound on the column degree of PCRg, refutations of Rank]"'(A).

mxXm

Lemma 5.3. Suppose that m > n > 0 and A € {0,1} is an m X m Boolean matriz. Then
any PCRE, refutation of Rank!'(A) requires column degree at least n/2 + 1.

Proof. We reduce FPHP}"' pigeonhole principle (in the sense of Definition 4.6) to this instance;
namely, we show that there is a substitution 7 under which Rank]'(A) [ 7 is efficiently derivable
from the axioms of FPHP]". The reduction 7 is defined as follows.

Let P = (pik) be fresh variables. It is useful to think of P as an m x n variable
matrix.

1€[m],k€[n]

1. For each i € [m] and k € [n], set

T(xi,k) = (Ap)z,k = Z Ai,sps,k~

s€[m]

2. For each j € [m] and k € [n] set
7(Yr.j) = Pjk-

Observe that 7(x; 1) and 7(yg, ;) only use the variables of the form p,j : s € [m].
Let 4,5 € [m]. The (i,j)th axiom of Rank]'(A) under 7 transforms as follows (recall that
Ai,j = _Ai,j over [FQ):

(Z TikYkj + Ai,j) fr=> ( > Ai,dl;,k) Pk + Aij

ke[n] ke[n] \s€[m]

=3 A (Z ps,kpj,k) + Aij

s€[m] ke[n]
= ) A (Z ps,kPj,k) + Aij (Z Pjk + 1) ’
s€[m\{j} ke[n] ke[n]

which is a degree-2 NSf, derivation from the Hole Axioms p, xp;x : s € [m] \ {j}, and the Pigeon

Axiom 3 g Pik + 1.
Let II be a PCRg, refutation of Rank]’'(A) of column degree d and let II' =1I | 7.
Under the substitution

T(@ig) = Y. Aispsr and  T(ye;) = Piks
s€[m]
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the image of every variable of Rank™(A) that X-column mentions or Y 7-column mentions some
k € [n] depends only on the pigeonhole principle variables ps : s € [m] associated with the kth
hole. Thus, each column k in the rank principle corresponds exactly to the hole k in the pigeonhole
principle. Therefore, if a monomial in the rank principle axioms mentions a set K C [n] of columns,
its image under 7 involves only the variables corresponding to holes in K. Consequently, every
term in IT" mentions at most d holes.

The refutation IT" can be extended to a refutation II” of FPHP]" such that each term in IT” still
mentions at most d holes, in a straightforward manner (we omit the details). Combined with the
bound from Theorem 4.8, we conclude that the column degree of IT must be at least n/2 +1. O

We continue by demonstrating a trade-off between the size and the column degree of refutations
of Rank]"(A). We construct a random substitution o that w.h.p. turns any small refutation II of
Rank!"(A) into a refutation Rankl'(A) with 7 = Q(n) while simultaneously reducing the column
degree of II. The proof of the next theorem is relatively straightforward, as there are no extension
variables to take care of. This substitution will later be used in proving lower bounds on CNF
encodings.

Definition 5.4 (Substitution o). Assume m > n > 2 and A € {0,1}"*"™ is an m x m Boolean
matrix. A random substitution o is chosen as follows.

1. For each k € [n — 1], uniformly and independently sample ¢; € {*,1,0}. Then set ¢, = [{k €
[n—1] : ¢ = 1}| mod 2. This guarantees that [{k € [n] : ¢ = 1}| is even. We will call ¢, the
column type of k.

2. Let v = |[{k € [n] : cx = #}| and let X = (%) be fresh

variables.

iepmp e A Y = (Uk5) e jeim)

3. Let ¢ be a bijection between {k € [n] : ¢, = *} and [7].
4. For each i € [m] and k € [n] set

Tiuk) I g =,
Ck. if ¢, € {0,1}.

5. For each j € [m] and k € [n] set
(e ) = Uy, 1f cw =%,
7 Ck if ¢, € {0, 1}.

6. For any variable § mapped to 0 or 1 by o, set o(f) = 1 — o(6).

. For any variable § not mapped to a Boolean constant by o, set o(f) = o(f) (namely, the
negated variable of o(6)).

J

Lemma 5.5. Assume m >n > 2 and A € {0,1}™™ is a Boolean matriz. Let t be a term that
mentions columns K C [n]. Then Pr[t | o # 0] < (2/3)1. Furthermore, Pr[i < (n —1)/6] <

n—1

e 24

Proof. For the former statement, assume w.l.o.g. that for each column k from the set K there
is a single variable v in ¢ that mentions column k. Let I'y be the event that (v, [ o # 0).
Then {I'y : k € K} is a set of |K| mutually independent events and each of them happens with
probability at most 2/3.

For the second statement in the lemma, define for each k € [n — 1] the random variable

1 if ¢p = %,
2 =
0 otherwise.
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Then 7 = Zke[n—l] zk. It follows from the multiplicative Chernoff bound that Pr [ﬁ < %} <

n—1

e~ o, =
The substitution o transforms any refutation of Rank]"(A) into a refutation of Rank}'(A).

Lemma 5.6. Assume m >n >2 and A € {0,1}"™*™ is a Boolean matriz. Then for every PCRE,
refutation II of Rank!'(A), Il [ o is a refutation of Rank}'(A).

Proof. For every i,j € [m], the (7, j)th axiom of Rank]"(A) transforms under o as follows:

(Ai,j +> fﬂi,kyk,j) lo=Aij+ Y. Fiumbw;+HEEM o =1} =Ai; +> &,
k=1 k€[n],cp=x =1

since [{k € [n] : ¢y = 1}| is even and ¢ is a bijection between {k € [n] : ¢, = %} and [n]. O

Theorem 5.7. Suppose that m > n > 2 and A € {0,1}™*™ is an m x m Boolean matriz. Then
any PCRE, refutation of Rank™(A) requires size 22,

Proof. Assume that Rank]"(A) has a refutation II of size less than (3/2)%(1 — 6_%1) = 26(m),
Then, by the union bound and Lemmas 5.5 and 5.6 there exists a restriction o such that II | o
n—1 n—1 < n

is a refutation of Rankj'(A4) with 7 > "z and column degree less than "7 < 5. This would

contradict Lemma 5.3. O

5.2 Perfect Matching Encoding of the Rank Principle

To encode the rank formula XY = A as a CNF, we consider the encoding that uses the
perfect matching principle to encode the parities appearing XY = A. Similar encodings were
used in [40,45]. For every i,j € [m], we encode the parity > jc(, Zik¥k,; by exhibiting a perfect
matching on the pairs «; yyi ; (together with an extra unmatched point when A4; ; = 1).

Definition 5.8 (The CNF encoding PMRank]"(A)). Assume m > n and A € {0,1}"*™.
Variables: X = (x@k)z‘e[m],ke[n]’ Y = (ykvj)ke[n],je[m]’ for each i,j € [m], {zj ke : 1k, ¢} €
([3])} if Ai,j =0 and {wi7]~7{k7@} : {k,g} c <[n—2i_1])} if A@j =1.
Even Axioms: For every i,j € [m] with A; ; = 0, we use the following clauses:

ZikV Yk V \/ 2 5 {k,0}> k € [n], (10)
een)\{k}

“Zik V Wk V 2 ke V Tigs k€ [n],l € n]\{k}, (11)

ik V Yk V 2 (ke V Y k€ [n], 0 € [n]\ {k}, (12)

Tk V WYk V % 5 (k. 0) vV TG kY k€ [n],f,f’ S [n] \ {k},f =+ /. (13)

Odd Axioms: For every 4, j € [m]| with A; ; = 1, we use the following clauses:

“Zik V Yk V \/ Wi 5 {k,0}> k € [n], (14)
ten+1)\{k}
e\[/] Wij{n+1,6) (15)
cn
gV Wk VWG gk V T keln],len]\{k},  (16)
ik V Yk V Wi ke VY Y k€ [n], ¢ € [n]\ {k}, (17)
Wi G g1,y V T € [n], (18)
Wi G nt+1,0} V Yl € [n], (19)
Tk NV Yk V W j {k,0} V W (k) ke [n], l, = [n + 1] \ {k‘}, L+ f’, (20)
Wi 1,6y V Wi g 1,0} ¢ [n], 0 € [n]\ {4} (21)
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In words, for each polynomial equation 3-;cp, i kyk,; = Aij in Ranky'(A), the statement that
the equation is satisfied is encoded by stating that there is a perfect matching on the satisfied mono-
mials appearing in the equation (namely, those monomials that evaluate to 1 under a given assign-
ment). In particular, clauses (10)-(13) express that each polynomial equation } iy ZigYk,; = 0
is satisfied by stating that there is a perfect matching on the set consisting of the satisfied mono-
mials among x; py ;, with k € [n]: each monomial x; yx ; with x;3 = yr; = 1 is matched with
some other monomial z; ¢yp; (that also satisfies z; ¢ = yy; = 1) by the variable z; ; 11, o. Similarly,
clauses (14)—(21) express > keln] TikYk,; = 0 using an extra point: each monomial z;xyy,; with
Tik = Yk,; = 1 can be either matched to another such monomial or to the extra point n + 1 by
setting w; j (1 n+1y = 1. The axioms about the extra point ((15), (18), (19) and (21)) are stated
separately since they have a simpler formulation than their counterparts (14), (16), (17) and (20).

To simplify the reasoning and highlight the main proof ideas, we focus on the case where A
is the identity matrix I,,. The general case requires additional arguments, which we present in
the next section (Section 5.3) for the bamboo-tree encoding, as it is more useful in the context of
this paper. A similar approach can be taken for PMRank!"(A), but this would require repeating
many parts of the proofs from Section 5.3. In the case A = I,;,, we can consider a weaker variant
of PMRank”(I,,) when Y = X7T. Since the ones lie only on the diagonal we can replace each
w-variable w; ; 1 sy With w; 1 ¢y, where i € [m]. For 4, j € [m] with i # j, the axioms for A;; and
Aj; become symmetrical, thus we unify the variables z; ; 11 ¢y and z;; (1 o into a single variable
2{ij} {k,¢y- This leads to the following simplified set of axioms:

Even Axioms: For every i, j € [m] with i # j:

i Vozie Vo 2o k € [n], (22)
eeln]\{k}

ik V Tk VY T2y (ke Y Tk k€ [n], l e [TL] \ {]{7}, (23)

Tk V 2Tk NV D2y (ke Y TR k) ken], 0,0 en]\{k},e£0 (24

Odd Axioms: For every i € [m]:

~zip Vo W k € [n], (25)
et 1\{k}

\/ Wi {n+1,6}5 (26)
L€n]
ik V W (k0y V Tigs k € [n], £ € [n] \ {k}, (27)
Wi (ng1,0y V Tigs ¢ € [n], (28)
LGk NV W5 (g0} V TW (k) ken), 6,0 €n+1]\{k},£#1, (29)
W; (41,6} V Wi {4 1,0} ¢ n],l € [n]\{£}. (30)

We call the formula consisting of the above axioms PMOT)" (since it encodes the negation of
the oddtown principle).

Theorem 5.9. Let m > n > 15 with n divisible by 5 and n/5 odd. Then every PCRg, refutation
of PMOT" (and thus PMRank!"(1,,,)) requires size at least (10/9)n/20.

We prove this result by applying a random restriction that employs a different degree measure
than the one used in Section 5.1. Previously, we counted how many times each column is mentioned
in a term. While this approach is effective for z- and y-variables, it becomes less applicable for
z- and w-variables. Instead, we are interested in the row degree, that is, the number of different
columns a term mentions. Formally, it is defined as follows.

Definition 5.10 (Row-mentioned variables for perfect matching encoding). Let ¢ be a term in
the variables of PMOT]". We say that ¢ € [m] is X -row-mentioned in t if there are k € [n] and
b € {0,1} such that mfyk appears in t. We say that ¢ € [m] is W-row-mentioned in t if there are
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{k, 0} € () and b € {0,1} such that w?y{k’e} appears in t. We say that ¢ € [m] is Z-row-mentioned
in t if there are j € [m], {k,(} € ([";1]) and b € {0,1} such that z%’j}’{k,g} appears in t.

Definition 5.11 (Row degree). Let ¢ be a term in the variables of PMOT]". Let I be the set of
all i € [m] that are either X-row-mentioned, W-row-mentioned or Z-row-mentioned in ¢. The row
degree of t is defined as |I|. We also say that ¢ mentions each i € I.

As previously, we construct a random substitution p that eliminates every term of high row
degree with exponentially small probability. The constructed is based on the matrix B,,, which we
define below.

Recall that J; » denotes the ¢ x ¢’ all-ones matrix. We use ® for the Kronecker (tensor) product.
For two matrices P and (), the matrix P ® () is obtained by replacing each entry P; ; by the block
P; ;Q. In particular, if QQ = Jy; is the 1 x ¢ all-ones matrix, then P ® J;; is obtained by repeating
each column of P into a block of ¢ identical columns.

Let B be the 5 x 5 matrix

1 = 000
01 = 00
B=10 01 % 0 (31)
0 00 1 =«
*x 00 0 1
We will use the 5 x n matrix B,, = B® Jy /5. For example,
111 % % % 00 O0O0O0O0O0O00O0
0001 11 % % % 00UO0O0OTUO0OTDO
Bs=B®Jizg=[ 0000001112000
000O0O0OOOOQO0OT1T11 % *x =
x « « 0000 0O0O0OO0OO0OT1T1T1
Given r € [5] and s € {x, 1,0}, let
Co(r) ={k €[n]: (Bn),), = s} (32)

be the set of all the column indices of the occurrences of s in the rth row of B& Jy ;, /5. For example,
Clry={(r—1)n/5+1,(r —1)n/5+2,...,7n/5} for all r € [5].

The substitution p reduces PMOT]' to a smaller instance PMOT}' with 7 = n/5. For each
row i € [m], we sample independently its row type r; € [5], which corresponds to a row of B, and
assign the x-variables accordingly. We proceed by assigning the remaining z- and w-variables by
assigning them to a random matching that is consistent with B,,. Observe that we can freely set
z- and w-variables with indices from CY(r;) arbitrarily.

Definition 5.12 (Substitution p for PMOT]"). Assume that n is divisible by 5 and 7 = n/5 is
odd. For each r € [5] fix an arbitrary perfect matching M(r) on the set Cl(r) U {n + 1}. For
each r € [5] fix k(r) to be the first (for definiteness) integer in C}(r) and fix an arbitrary perfect
matching M'(r) on the set CL(r) \ {k(r)}. k(r) will play the role of new extra point. Define a
random substitution p as a random partial map from the variables of PMOT),' and their twin
variables to {0, 1} by the following random experiment:

1. Independently for each i € [m], choose uniformly at random an integer r; € [5]. Then, for
each i € [m] and k € [n] \ C;(r), set p(z;k) = (Bn),, - This assigns all the constant (0 or
1) entries of (By),. ;, in the ith row of X. The remaining variables xi L, where i € [m] and
k € C}(r;), are left unassigned.

2. Independently for each i € [m] and each {k, £} C C(r;), p maps w; g ¢y to 0 or 1 each with
probability 1/2. These variables can be assigned to arbitrary variables since all the axioms
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they appear in ((25), (27) and (29)) also contain —x;  or —; ¢, which we set to 1 in Item 1,
satisfying these axioms.

Next, p(w; (1) = 1 for every {k,l} € M(r;), and p(w; (r¢y) = 0 for all variables w; 1 n
that are not yet mapped, except for those with {k,¢} C C}(r;). This assignment sets all
the remaining variables p(w; (1)) according to M(r;), leaving those with {k,¢} C Cy(r;)
unassigned.

Observe that, since (n + 1) is matched in M(r;), we always set all w; 414}, k € [n], to
constants (exactly one of these variables to 1 and the rest to 0).

3. Independently for each i # j € [m] and each {k,£} C C9(r;) UC2(r;), p maps Z{ij}{key 100
or 1 each with probability 1/2. This is done similarly to Item 2 since every axiom containing
Zgi gy ke ((22), (23) and (24)) also contains either —x;  V =z or =0V —x;, and both are
satisfied under p.

4. For each i # j € [m] with r; = r; and each {k,(} € M'(r;), set p(zf; 1 (key) = 1. Set
P(2{ij},ik,ey) = O for all variables with i # j and r; = r; that are not yet mapped, except for
those with {k, ¢} C Cx(r;) U{k(r;)}.

5. For each i # j € [m] with r; # r; and each {k, £} € () with |{k, £} N (CO(r;) UCO(r))| = 1,
set p(2gi 4y, key) = 0.

6. For any variable # mapped to 0 or 1 by p in Items 1 to 5, define p(f) = 1 — p(h).

It follows from the above definition that for every variable § of PMOT", we have Pr[f [ p = 0] >
1/10 and Pr [5 [ p= O} > 1/10. Moreover, this probability depends only on the rows that 6

mentions. This allows eliminating every term that mentions many rows w.h.p. This intuition is
formalised in the following lemma.

Lemma 5.13. Suppose that n is divisible by 5 and n = n/5 is a positive odd integer. Let t be a
term in the variables of PMOT" and let t' be a subterm of t obtained by removing all variables
Wi (knt1}, 1 € (M), k € [n], and their twins. Let I be the set of alli € [m] that are X-, W- or Z-row

mentioned by t'. Then Pr[t | p # 0] < (9/10)17172,

Proof. We may assume without loss of generality that no variables from wj ¢ 13,7 € [m], k € [n]
or their twins appear in ¢t. Given ¢ € {X,W,Z}, let I(q) be the set of rows i € [m] that are
X-row-mentioned, W-row-mentioned or Z-row-mentioned in ¢, respectively. For example, I(X) =
{i € [m] : 3k € [n],z; ), or T;} occurs in t}.

There is a set A of at least half of the elements from the set V = I(Z) \ (I(X)U I(W)) and
an injection f from A to {zg; jy ke : {65} € (™, {k, ¢} € ()} such that for each i € A,
f(i) mentions i and f(i) or its twin occurs in ¢. To see this, consider a graph G with vertex set
V and edge set {{i,j} € (‘2/) : for some {k,(} € ([g]), Z{i j} {k,0} OF Z{ij},{k,} Occurs in t}. For
each connected component of GG, fix a spanning tree and a root vertex. For each vertex i in the
component other than the root, let j be the neighbour of i in the tree that is closer to the root. We
define f(i) to be a z-variable that mentions both ¢ and j and either occurs in ¢ or its twin occurs
in t. This finishes the definition of A and f; they clearly have the required properties.

We can extend f to a function f’ defined on AUI(X)UI(W) by setting f/(i) for i € I(X)\ A
to some z-variable or its twin that occurs in ¢ and mentions i and by defining f'(i) for i €
I(W)\ (AUI(X)) to be a w-variable that mentions ¢ and either occurs in ¢ or its twin occurs in ¢.

For every i € I(X) \ A, define the event I'; = (f’(i¢) = 0). By Item 1, we have Pr[(]T';) > 1/5.

For every i € I(W)\ (AU I(X)), let f'(i) = w; e and define the event A; =
({k, €} € CY(r;i) A f'(i) = 0). It follows from the estimate Pr[{k, ¢} C CO(r;)] > 1/5 (by Item 1)
that Pr[Z;] > 1/10 (by Item 2).

For every i € A, let f'(i) = Zlfi,j},{k,é} and define the event Z; = ({k, £} C C(r;) A f'(i) = 0).
It follows from the estimate Pr[{k, ¢} C C2(r;)] > 1/5 (by Item 1) that Pr[E;] > 1/10 (by Item 3).
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Since all the events {I'; : i € I(X) \ A}, {A; :i € W)\ (L(X)UA)} and {5; : i € A} are
independent, we have

Prt | p #£ 0] < (4/5)TCNALL (9 /10)HIVNARIXON . (9 /10)H(A1/2 < (9/10)%/2.

Recall that PMOT." semantically encodes the following statements:

ik = 1, 1€ [m],

ikTik =0, i #j € [m].

n
Y x
k=1
n
Y x
k=1
Under p, the former is transformed into

> @i =0, i € [m].

kGC,*L(m)
The latter depends on r; and r;j. Let ¢ # j € [m]:

. If?“i =Ty,

Z xi,ka@jyk =1.

keC} (T‘Z)

o If rj —r; =1 (mod 5),

Z CC,;’]C =0.

keCs (rs)

o If rj —r;=—1 (mod 5),

Z Tjk = 0.

keCy (r5)

Now, we demonstrate that a refutation of PMOT]" | p can be further restricted by a substitution

o that transforms it into a refutation of PMOT;’%?1 for some m > m/5.

Lemma 5.14. Let m > n > 15 with n divisible by 5 and i = n/5 odd. Let p be an element of the
support of the above distribution of random substitutions from Definition 5.12. Then there is an
integer m with m/5 < m < m and a map o from the variables of PMOT" [ p and their twins onto
the variables of PMOTZY | and their twins such that (PMOT}! [ p) [ o coincides with PMOTZ" .
Moreover, there is a function f : [m] — [m] such that every variable of PMOT." | p that mentions
rows i,j € [m] (i and j can coincide) is mapped by o to a variable that mentions rows f(i) and

f()-

Proof Sketch. Given r € [5], define
I(ry={i:r; =1}
Let o1 be the substitution that replaces the columns {rn : r € [5]} with the all-ones columns.
Then, under o7 o p, PMOT] becomes the union of five disjoint instances of PMOTL{ (Tl”, r € [5].

This step is required because p transforms even axioms into odd ones and vice versa.
We proceed by constructing a substitution og to unify all these disjoint formulas into a single

instance of PMOTZ?";, where m = max{|I(r)| : r € [5]}. O

Finally, we also verify that any refutation of PMOT]" requires large PCRg, degree by reducing
FPHP to it.
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Lemma 5.15. Every PCRg, refutation of PMOT)" has a term t that mentions at least n/2 + 1
TOws.

Proof. We will reduce FPHP] to PMOT". Let p; : i € [m], k € [n] be fresh variables.
Consider the reduction 7 defined as follows.

1. For every i € [m] and k € [n], set 7(x; 1) = pix and 7(T; 1) = D; -

2. For every i # j € [m] and {k,(} € ([g]), set T(2g jy,(key) = 0 and 7(Zg; jy, 1key) = 1.
3. For every i € [m] and {k,(} € ([g‘]), set 7(w; (r,¢y) = 0 and 7(W; ;.1) = 1.

4. For every i € [m] and k € [n], set 7(w; {n41,1y) = Pik and 7(W; fny1,k,}) = Di k-

Let IT be a PCRp, refutation of PMOT]" such that every term in II mentions at most d rows.
Then every term in II' = II | 7 mentions at most d pigeons. Now we show that each polynomial
from PMRank"'(I,;,) [ 7 has a simple derivation from FPHP]".

o The axioms (23) and (24) are satisfied since we set all z-variables to zero.
« The axiom (22) becomes p; p; x, which is a Hole Axiom of FPHP] of the form (4).

o The axioms (25) and (28) become p; xp; 5, and thus trivially follow from the properties of twin
variables.

» The axiom (26) becomes [y, P; ¢ that semantically follows from the axioms of the form (3)
and (5) and has a simple derivation from them, which mentions only pigeon 4.

o The axioms (27) and (29) are satisfied.

e The axiom (30) becomes p; ¢p; ¢, which is a Functionality Axiom of FPHP]" of the form (5).

Thus, II' can be further extended to a refutation II” of FPHP]" such that each term in IT”
mentions at most d pigeons.
The theorem follows from the lower bound on the number of pigeons from Theorem 4.8. O

Combining Lemmas 5.13 to 5.15, we proceed by proving Theorem 5.9.

Proof of Theorem 5.9. Assume for the sake of contradiction that PMOT," has a refutation II of
size less than (10/ 9)”/ 20— (10/ 9)ﬁ/ . We start by sampling a random substitution p from Defini-
tion 5.12. It follows from Lemma 5.13 that any term that mentions more than n/2 rows is not set
to 0 by p with probability at most (9/ 10)ﬁ/ *_ By the union bound, there exists a substitution p
such that every term in II | p mentions at most 7/2 different rows.

By Lemma 5.14 we can further restrict II | p and obtain a refutation II' =11 | p | o of PMOT%’VL
with m/5 < m < m. Moreover, every term II' still mentions at most 7/2 rows. This contradicts
the row degree bound from Lemma 5.15. 0

As we mentioned earlier, for proof systems, for which the perfect matching principle is hard,
the hardness of PMRank™(A) follows from the hardness of Count?. We begin by describing this
reduction. We describe it for the general case PMRank]'(A), where A is arbitrary.

Lemma 5.16. Let A be an arbitrary m x m Boolean matriz that is distinct from matrices of
all ones or all zeros. Then there exists a reduction p such that PMRank]'(A) | p coincides with
Count? A Count?, ;.

Proof. Let ug, ¢y : {k, 0} € ([72‘]) and vy ey - {k, 0} € ([”;1]) be fresh variables and consider the
reduction p defined as follows:

1. For every i € [m] and k € [n] set p(x; ) =1 and p(Z; ;) = 0.
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2. For every j € [m] and k € [n] set p(yx,;) = 1 and p(yy, ;) = 0.
3. For every i, j € [m]| with A; ; = 0 and every {k,(} € ([72‘]), set p(2j(k,e}) = Ufk,e}-

4. For every i,j € [m]| with A; ; =1 and every {k,(} € (["'QH]), set p(W; j {k,e}) = Vik,0}-

5. For every variable 6, if p() is not a Boolean constant, set p(6) = p(0).

This restriction substitutes X with Jp, ,, Y with J, ,,, and unifies all isomorphic instances of
Count? and Count? ;.

We show that PMRank”"(A) | p becomes a union of disjoint instances of Count? and Count?
Let 7,5 € [m]. We consider the following cases.

o Suppose A;; = 0. In this case, we use the axioms (10)—(13), which under p become an
instance of Count? in the variables ugpy  {k 0} € (["])
(

o Suppose A;; = 1. In this case, we use the axioms (14)-(21), which under p become an
instance of Count?_; in the variables Vigey {1k L) € ("+ })

Since A contains both ones and zeros, both formulas Count? and Count?,, appear in
PMRank}*(A) | p. O

This lemma immediately implies the hardness of PMRank]'(A) for proof systems, in which
Count? is hard.

Theorem 5.17. Let m > n > 0. Let A be an arbitrary m X m Boolean matriz. Then any
P-refutation of PMRank™(A) requires size 2" where P is PCRg with char(F) # 2, SoS, and
ACY-Frege.

Proof. If all entries of A are all ones or all zeros, the formula is satisfiable and the theorem
holds trivially. Otherwise, by applying Lemma 5.16, we conclude that there is a reduction from
Count? A Count? ,; to PMRank"(A). Depending on the parity of n exactly one of these instances is
unsatisfiable. They are defined on disjoint sets of variables, hence we can satisfy the other. Since
Count? require size 2°(*) for PCRy with char(F) # 2 (a combination of degree lower bounds [17]
and size-degree trade-offs [19,39]), SoS (a combination of [33,74] and [9]), and AC®-Frege [48], the
theorem follows. O

5.3 Bamboo Tree Encoding of the Rank Principle

To encode the rank formula XY = A as a CNF, extension variables are introduced to se-
quentially compute all inner products involved. The extension variables for each inner product
are arranged in a totally unbalanced binary tree known as a “bamboo”. This natural encoding
corresponds to a circuit in the sense of [4,73], and similar encodings have been used repeatedly for
parity computations [4, 73, 78].

Definition 5.18 (The CNF encoding BTRank]'(A)). Assume m > n are positive integers and
A € FJ"™ is an m by m matrix over the two-element field. The CNF encoding the bamboo tree
rank formula, denoted BTRank]'(A), uses input variables x; i, yi; : ¢ € [m],k € [n] together with
extension variables z; j k., U j i : 9, J € [m],k € [n], and consists of the following axioms.

Output Axioms: For every i,j € [m], the clause u;;, if A;; = 1 and the clause —wu; j,, if
Ai,j =0.

Binary AND Axioms: For every i,j € [m| and k € [n], z;jr = %irYk,j, encoded by the
clauses Tik NV D%k Yk Y TZigky Zigk Y ik V Yk -

Summation Base Axioms: For every i,j € [m], u;j1 = Zij1, encoded by the clauses
Uig1 V 721, Zig Vo Tl
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Summation Axioms: For every i,j € [m],and k € {2,...,n}, u; jr = w; jr—1+2ik, encoded
by the following four clauses:

zi7j7k \/ _‘u7'7j7k_1 \/ uivjvk’
Zijk V Wijk—1V Uik,
TZigk V U k-1 V Uk,

TZigk V Uigk—1V Uik

We focus on the regime where m is arbitrarily larger than n. As with related formulas like
PHP]", obtaining size lower bounds in this regime is challenging across various proof systems, since
standard measures such as resolution width or PC degree do not appear to be effective, at least
when applied directly. Our technique applies to any matrix A and provides a PCRp, size lower
bound of 22("). This makes BTRank”(A) a proof complexity generator, stretching 2mn input bits
into m? output bits.

mXxXm

Theorem 5.19. Suppose that m > n > 16 are integers, 8 divides n, and A € Fy is anm by m
matriz over Fo. Then any PCRE, refutation of BTRank]'(A) has size at least 9852,

Recall that the basic strategy for the simpler algebraic encoding of the rank principle is to
use a random restricting that reduces with high probability a small-size refutation into a small-
degree refutation, which then leads to a contradiction with the pigeonhole principle PCR degree
lower bounds. Accordingly, our goal here is to show that if BTRank]'(A) admits a small PCR,
refutation, then it can be converted into one in which a certain relazed form of degree is small.
This relaxed notion of degree is carefully tailored to the structure of our formula, with distinct
definitions for each variable sort. Moreover, it appears that if we require a random substitution
to serve as a meaningful self-reduction (i.e., converting BTRank]'(A) to a smaller instance of the
same principle), then this relaxed degree measure is close to the limit of what can be effectively
decreased under such a random transformation. While the definition can be made slightly stricter,
any substantial move toward the standard notion of degree (i.e., total degree of term) does not seem
to yield a measure that decreases adequately under random self-reductions. This limitation seems
to stem from the distinct nature of the (“extension”) u-variables, whose behaviour differs from that
of the other variables in the formula. Fortunately, our relaxed degree is still strong enough to yield,
after an additional substitution and some proof manipulations, a PCR, refutation of FPHP}) of
degree less than n’/2, which is ruled out by a theorem of Razborov [69].

The initial conversion of a purported small refutation of BTRank]'(A) begins by applying two
distinct random substitutions, p and later o. The random substitution p converts (with probability
1) a refutation of BTRank]'(A) to a refutation of an instance with less rows BTRank'(A), for some
n < n. Additionally, this substitution simplifies with high probability the presence of u-variables
in terms appearing in refutations.

We now define the random substitution p, (not to be confused with the substitution with the
same notation in Section 5.2). This substitution randomly compresses the matrices X and Y from
n columns to about n/4 columns, row by row, in a way that preserves the bamboo structure and
makes different rows behave independently.

Definition 5.20 (Substitution p for BTRank]'(A)). Assume that m > n > 8 and n is divisible
by 4. Let n = (n —4)/4 and {Z;¢ : i € [m],0 € [A]} U{Ge; : i € [m|,0 € [R]} U{Z . :i,j €
(m], 0 € [n]} U{a; 14,5 € [m],£ € [n]} be a set of fresh variables. The random substitution p is
defined as follows. Independently and uniformly at random, choose 4m bits {p; 0, pi1,4i0,¢1: 1 €
[m]} € {0,1}4™. These bits are used as follows: p; o chooses how the boundary columns of row i
in X are hard-fixed, p; ; chooses which half of the interior columns of row i carry Z-variables (the
other half become 0), g;0 similarly fixes boundary entries for column j in Y, ¢;1 chooses which
interior blocks of column j carry g-variables (the rest become 0). See Figure 3 and Figure 4. We
extend p to the u- and z-variables so that it agrees with what p already does to X and Y, and so
that BTRank"*(A) restricted by p becomes an instance of BTRankZ'(A) (with the same matrix A).
Formally, this is done as follows.
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1. For each ¢ € [m] and k € [n], set

Di,0 if ke {1,n—1},
1 if k e {2,n},
(2:2) 0 if ke {3,....n—2},|52] € {0,1} and p;; =0,
P T4k - . _
' Ti((h-3)modmy41 1k €{3,...,n—2} |E2] €{2,3} and pi1 =0,
Ti((h-3)ymodmy+1 fk€{3,...,n—2} 53] €{0,1} and p;i1 =1,
0 ifk€{3,...,n—2}ng€{2,3}andpi,1:1,
and similarly, for each k € [n] and j € [m], set
1 if ke {1,n— 1},
q;,0 ifke {2, n},
() 0 if ke {3,....n—2} %3] € {0,2} and ¢;; =0,
P\Yk,j) = § - . _
’ Jh-3) mod )41 fk€{3,...,n—2} 53] €{1,3} and ¢;1 =0,
Pz mod )11y fk€{3,...,n—2}|5E2] €{0,2} and ¢;1 =1,
0 if ke {3,....n—2} |52 € {1,3} and ¢;; = 1.
In other words, the first two variables (x; 1, x;2) of the row (z;1,...,%;5) are set to (0, 1) if
pio =0, and to (1,1) if p; o = 1, and the same is true for the last two variables (x; ,—1,Zin).
The block of remaining variables (z;3,...,%;n—2) is set to (0,0,1,1)®(Z;1,...,Zin) if pi1 =

0, and to (1,1,0,0) ® (&i1, ..., &in) if p;n = 1. Similarly, for (y1j,...,yn,;), the first two (as
well as the last two) variables are set to (1,0) or (1,1) depending on the value of g; 0, and
the remaining variables (y3;,...,yn—2) are set to (0,1,0,1) ® (91,5, --,Yn,;) or (1,0,1,0) ®
(91,45 - -, Un,j) depending on the value of g; ;.

2. For each i,j € [m] and k € [n], set z; j to the correct value as determined by the values
of p(x; 1) and p(yk, ;) just defined and by Binary AND Axioms. That is, for k € {1,n — 1}
we define p(z; ;) = pio, for k € {2,n} we set p(z;;r) = qj0, and for k € {3,...,n — 2}
we have four cases based on the values of p;1,q;1. First, let r;; € {0,1,2,3} be defined by
rij = 3 — 2p;1 — qj1. It follows from Item 1 that the following definition is consistent with
the Binary AND Axioms:

p( A k) _ 2i7j7((k*3) mod 71)+1 if ke {ri,jﬁ +3,..., (’I”i,j + 1)7~7, + 2},
7 0 if ke {3,...,n—2}\ {rijin+3,...,(ri; + )i+ 2}.

In other words, for k € {3,...,n—2} we define p(2; ;1) = 0 if either p(x; 1) = 0 or p(y ;) = 0;
otherwise it follows from the previous item that p(x;r) = Z;¢ and p(yx;) = ¥ej, where
¢ = ((k—3) mod n)+ 1, and in this case we set p(z; k) = Zij-

3. The u-variables are assigned by p consistently not only with Summation Base Axioms and
Summation Axioms, but also with Output Axioms, taking into account that after applying
p to BTRank;'(A) we want Output Axioms to hold for the new variables ;7. Given
i € [m] and j € [m], the definition of p(u;j1),...,p(u; n) splits into cases based on the
values p;o,pi1,q;0,q;1- It follows from Item 1 that the values of the first two variables
are constant, namely p(u; ;1) = pio and p(u;j2) = pio @ ¢jo. We now define the values
p(wij3),. .., p(tijn—2) with the help of the integer r; ; defined in Item 2.

Ui ((k-3) mod )41 i kE{ri it +3,...,(ri; + 1)+ 2} & pio ® gj0 =0,
am-,((k_g) mod 7)+1 if ke {Ti,jﬁ +3,..., (Tz',j +1)n+2} & pio® qj0 = 1,
Pi,0 D Q5,0 ifk€{3,...,7‘i7j’r~l+2},

Pio® qjo®Ai; fke{(ri;+1)n+3,...,n—2}.

p(wijk)=
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To define p consistently at the last two variables, u;;,—1 and u;;,, we need to set
p(Uijn—1) = (Pio ® ¢j0 ® Aij) @ pio = g0 ® Aij and p(uijn) = (g0 @ Aij) S g0 = Aij.

4. For any variable v mapped to 0 or 1 by p, set p(7) =1 — p(v).

5. For any variable v not mapped to a Boolean constant by p, set p(v) = p(v)

Action of p on a fixed row of X when p;; =0
block 2 block 3

block 0 block 1
|pi’0 1 | 0 0 (#i,1, -7375i,ﬁ)|(55i,17---7531',ﬁ)|pi«,0
Green = keeps T variables (one per column inside the block), Red = hard-fixes to 0

1]

Action of p on a fixed row of X when p;1 =1
block 1 block 2 block 3
0 | 0

Diof 1 |

block 0
Pi,0| 1 |(1Ei,17 200 oBa5) | (@si00 000 i5,)
Green = keeps Z variables (one per column inside the block), Red = hard-fixes to 0

Figure 3: Action of p on a fixed row of X (two cases: p;; =0 and p;; = 1).

Action of p on a fixed

Action of p on a fixed
column of Y when ¢;; = 0 column of Y when ¢;; = 1
1 1
a5,0 45,0
£
2
0 block 0 block 0
=
£
block 1 0 block 1
£
—
g
=
0 block 2 block 2
5
S~—
T
&
block 3 0 block 3
1 1
q5,0 45,0

Green = keeps ¢ variables, Red = hard-fixes to 0

Figure 4: Action of p on a fixed column of Y (two cases: ¢;1 =0 and ¢;1 = 1)

First, we demonstrate the desired effect of p on the u-variables occurring in terms.
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Definition 5.21. [Row and column indices mentioned by U variables inside a term| Let ¢ be a
term in the variables of BTRank"'(A). We say that i € [m] is U-left-row-mentioned in t if there is
j € [m],k € [n], and b € {0,1} such that u?,j,k appears in ¢t. We say that j € [m] is U-right-row-

mentioned in t if there is i € [m], k € [n], and b € {0, 1} such that U?,j,k appears in t. We say that
k € [n] is U-column-mentioned in t if there are i, j € [m] and b € {0,1} such that ui-’d»,k appears in

t.

Note that row indices are those that range originally over [m]| while column indices range
originally over [n].
Lemma 5.22 (Random restriction p kills terms that mention many u-rows). Suppose that m >
n > 8 are integers, 4 divides n, and A € FJ**™ is an m by m matriz over Fa. Suppose that t is
a term in the variables of BTRank"(A), I C [m] is a set and t' is a subterm of t such that every
i € I is U-left-row-mentioned in t' and no k € {1,2,n — 1,n} is U-column-mentioned in t'. Then,
Prlt [ p# 0] < (3/4)11.

Proof. Let » = |I|. By the assumption of the lemma, ¢ contains a subterm of the form
si,juhu?;,jz,kz"'ui:,jr,kw where 1 < i3 < ig < -+- < i, < m and for each s € [r] we have
bs € {0,1}, js € [m] and ks € {3,...,n — 2}. It follows from the definition of p that for each row
i that actually appears in the term (via some w; ;5 with k € {3,...,n —2}), there is a 1/4 chance
that p sets that u-factor to the “opposite” constant (so the whole product becomes 0), and these
events are independent across the r different rows; hence the term survives with probability at
most (3/4)".
More formally, by the definition of p for each (as)sc)y € {0,1}", for each (aj0,a51)je(j,...50} €
{0,1}2Ha10r} and for each h € [r], we have

Prip(ui, j, k) = an : for all s € [r], ¢;,.0 = aj, 0 and gj,1 = aj, 1] > 1/4.

Moreover, these 7 conditional events are, for any choice of (as)scpy € {0,1}" and
(a5,05@51) jefjr, iy € 10 1321134 mutually independent. The lemma follows. O

Next, we verify that p transforms a refutation of BTRank('(A) into a refutation of BTRank}'(A).
Namely, we reduce the number of columns in X (and accordingly, number of rows in Y'). This is a
structural consequence of the way the substitution is defined, and happens with probability 1: the
k-indices in the input variables x; , yx; : @ € [m], k € [n] (excluding the four boundaries ones) are
partitioned into four consecutive blocks of equal size, and for each fixed row ¢ the rule for p keeps
exactly two of these blocks of z; ;. as live variables while fixing the other two blocks to constants;
similarly, for each fixed column j the rule for p keeps exactly two blocks of y ; (see Figures 3
and 4). These two surviving blocks are deliberately misaligned, so that for every pair (i, j) their
intersection is contained in a single block. Since z; j; can only remain potentially nonzero when
both z; 1, and yy, j survive (based on the definition of p, Item 2), it follows that after applying p the
surviving z-variables (hence the relevant k-columns) for each ¢ and j are confined to one block, i.e.
to at most (n — 4)/4 columns. Formally, we have the following.

Lemma 5.23. Suppose that m > n > 8 are integers, 4 divides n, and A € FY"*™ is an m by m
matriz over Fy. Let I1 be a PCRE, refutation of BTRank]'(A). Then I | p is a PCRg, refutation of
BTRankle_4)/4(A).

Proof. We only need to check how p affects (the translations into polynomials of) the clauses of
BTRank]'(A). By Items 2 and 3, the clauses of each Output Axiom and each Summation Base
Axiom are satisfied by p. Equivalently, p converts the translation of each such clause into the zero
polynomial (which can be removed from II | p). Further, by Item 2, each of Binary AND Axioms
is either satisfied by p or turned into the corresponding axiom of BTRank?'(A). Next, by Items 2
and 3, Summation Axioms for k € {2,n} are satisfied by p.

Consider now a Summation Axiom for k = n —1, i.e. the CNF encoding of u; j,—1 = %j jn—2+
Zi,5,n—1- By the definition of P, wWe have p(zi,j,nfl) = Pi,0, and p(uiyjynfl) = 45,0 D Ai,j- If Ti,j = 3,
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~pi,00q;,0D1

we have p(ui7j7n,2) =U; ;5 , which means that each of the four clauses encoding the axiom

is either satisfied or turns into the corresponding Output Axiom clause ﬂf;}l If r;; # 3, then
p(uijn—2) = Dio @ qj,0 ® Aij, and so all four clauses encoding the Summation Axiom are satisfied.

Finally, consider Summation Axioms for k& € {3,...,n —2}. For k = r; ji + 3, the axiom
turns into the corresponding Summation Base Axiom (for either value of p;o @ ¢j0). For k €
{rijn+4,...,(rij +1)7 + 2}, the axiom turns into a Summation Axiom (again, for either value
of pio @ gjo). For k e {3,...,r;jn+2yU{(r;; + 1)n +3,...,n — 2}, the Summation Axiom is

satisfied by p. O

The second random substitution, denoted by o, is intended to simplify the z-, y- and z-variable
occurrences in terms while, again, turning BTRank]'(A) into a smaller instance. In contrast to the
substitution p, which aims to reduce in each term with high probability the number of row indices
(of X) appearing through the u-variables (as well as to reduce the instance from n to 7 columns),
the goal of ¢ is to reduce the number of column indices (of X and Y7 involved via the x-, y- and
z-variables. Applying p reduces the range of k-indices that can remain relevant from [n] to a
set of size (n — 4)/4 (Lemma 5.23). However, p does not typically imply that a given term will
involve only a small number of k-indices after restriction: a term may still mention many different
k’s within the surviving block via the x-, y-, and z-variables. The purpose of ¢ is to further reduce,
for each term, the number of k-indices that remain unfixed in these variables.

Definition 5.24 (Substitution o for BTRank]'(A)). Assume that m > n > 3 and n—1 is divisible
by 2. A random substitution o is chosen as follows.

1. Choose a subset S C [n— 1] uniformly at random from all (n—1)/2-element subsets of [n—1].
For each k € [n — 1] \ S independently choose ¢ € {0,1} at random with Pr[g; = 0] =
Pr[gx = 1] = 1/2. For each k € S, define g5, = *, and set g, = [{¢{ € [n — 1] : ¢ = 1}| mod 2.
Note that this choice of g, makes the total number of 1s even, i.e., if for k € [n] we let
or = |{¢ € [k] : g¢ = 1}| mod 2, then we have o, = 0. Denote by s; = |S N [k]| the number of
stars among q1, ..., k-

2. For each i, j € [m] and k € [n], define
q  if g €{0,1}, q  if g €{0,1},
o(wik) =1 . . 0.1} o(Yr,j) =1 - . 0.1}
Tis, i gr =%, Usig 1 qr =,
and extend o consistently to the z- and u-variables by

if 0,1
g = {2 O

Z4,5,55 if qr = *,

Ok if ke {1,...,min(S) — 1},
o(uijk) = ﬂﬁ'ﬁi if k£ € {min(5),..., max(5)},

Ai,j Qo ifke {maX(S) +1,... ,n}.

3. For any variable v mapped to 0 or 1 by o, set o(7) =1 — o(v).

4. For any variable v not mapped to a Boolean constant by o, set o(v) = o(v).
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Example for Definition 5.24: choosing S and defining g, ok, si (here n =9)

gk 1 * 0 * 1 * 0 * 0

Ok 1 1 1 1 0 0 0 0 0

—
—
[N}
no
W
w
S
IS

Sk 0

Green = k € S (so g = * survives), Gray = constant bits (fixed by o).
Here S = {2,4,6,8} and ¢ is chosen so that og = 0.

Figure 5: A concrete example of the random data in Definition 5.24: the set S, the values g, and
the derived sequences oy and si = |S N [k]|.

Example: action of o on (z;1,...,i9)

k 1 2 3 4 5 6 7 8 9

o(z; k) @ | &p | a3 | T2 | a5 | @iz | a7 | Tia | @

Rule: o(x; 1) = qi if g, € {0,1}, and o(z;) = &4, if g = *.

Figure 6: Example of ¢ on the xz-variables.

Example: action of o on (y15,...,%9,;)

k 1 2 3 4 5 6 7 8 9

O'(y]%j) q1 Y1,j q3 Y2,5 g5 ER qr Y4, j q9

Rule: o(yk ;) = gk if & € {0,1}, and o (yk,;) = Ts,,; if g = *.

Figure 7: Example of ¢ on the y-variables.

Example: action of o on (u;j1,...,ui;9) (here a =2, b =38)
k 1 2 3 4 5 6 7 8 9
~ 021 ~ o031 ~ 041 ~o5P1 ~ ogP1 ~o7P1 ~ogP1l L
O—(uivjvk) @i ij,sz i,§,53 i,;,54 ijass i,?,SG i,;,57 ij,ss Aij @ 09

Rule: o(u; ;1) = o for k <a; o(u;jx) = &L"j?: fora <k <b; o(uijr)=A4A;;Pox for k>0
Figure 8: Example of o on the u-chain (three regions determined by a = min(S) and b = max(.5)).

Definition 5.25. [Column indices mentioned in a term by X,Y and Z variables| Let ¢t be a term
in the variables of BTRank]'(A) and let k € [n]. We say that k is X -column-mentioned in t if there
is i € [m] and b € {0, 1} such that xﬁk appears in t. We say that k is Y7 -column-mentioned in t if
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there is j € [m] and b € {0, 1} such that yz?j appears in t. We say that k is Z-column-mentioned
in t if there are i,j € [m] and b € {0,1} such that zf7j7k appears in t.

Lemma 5.26. Suppose that m > n > 3 are integers, 2 divides n — 1, and A € FY"*™ is an m by

m matriz over Fo. Suppose that t is a term in the variables of BTRank'(A) and K C[n—1] is a
set such that every k € K is either X -column-mentioned or YT -column-mentioned or Z-column-
mentioned in t. Then Pr[t | o # 0] < e~ IKI/16 1 9=IKI/4,

Proof. By the definition of ¢ and the Chernoff bound, Pr[|K \ S| < |K|/4] < e [KI/16 As
suming |K \ S| > |K|/4, pick for each kK € K \ S a single variable from ¢ witnessing that k is
X-column-mentioned or Y 7-column-mentioned or Z-column-mentioned. Notice that o evaluates
these variables independently to 0 or 1, each with probability 1/2, and only one of at least olK1/4
assignments to these variables may not zero out t. O

mxXm

Lemma 5.27. Suppose that m > n > 3 are integers, 2 divides n — 1, and A € Fy is an m by
m matriz over Fo. Let II be a PCRg, refutation of BTRank]'(A). Then Il | o is a PCRE, refutation
of BTRank{;,_1)/5(A).

Proof. We inspect how ¢ acts on (the translations into polynomials of) the clauses of BTRank]'(A).
Considering Output Axioms, we know by Item 1 that o, = 0, and that n € {max(S)+1,...,n} for
any choice of S. Hence by Item 2, o(u; jn) = A; j, which means that Output Axioms are satisfied.
Next, it is immediate by Item 2 that the Binary AND Axiom for k € [n] is either satisfied by
o (if g € {0,1}) or turned into the Binary AND Axiom Z; j s, = Zi s, Us;,j Of BTRank?}l_l)/Q(A).
Further, the Summation Base Axiom is satisfied if 1 ¢ S, since o(u; ;1) = 01 = q1 = 0(2ij1);
otherwise s; = 1 and it turns into a Summation Base Axiom of BTRank(_;)»(A).

Next, consider Summation Axioms. For k € {2,...,min(S) — 1} the axiom is satisfied by o. If
2 < k = min(S), then each clause of the axiom is either satisfied or turned into a clause of the Sum-
mation Base Axiom of BTRank(, ;) 5(A) (for either value of o). For k € {min(5), ..., max(S)}\S,
each clause of the axiom is either satisfied or turned into u; s, V ;.. For k € S\ {min(S)},
the axiom turns into the Summation Axiom for sy of BTRank{;_;)/5(A) (for either value of o).
For k = max(S) + 1, each clause of the axiom is either satisfied or turned into an Output Axiom
of BTRank(},_;y5(A). Finally, for k € {max(S) +2,...,n}, the Summation Axiom is satisfied by
. U

The next lemma combines Lemmas 5.22, 5.23, 5.26 and 5.27.

Lemma 5.28. Suppose that m > n > 16 are integers, 8 divides n, and A € Fy**™ is an m by m

matrix over Fo. If 11 is a PCRg, refutation of BTRank]'(A) of size s, then there exists a PCRE,

refutation II' of BTRank’(?}l_S)/S(A) of size at most s such that, letting d = 101g6€ (logs + 1), every

term t in II' satisfies the following:
1. the number of indices i € [m] that are U-left-row-mentioned in t is less than d, and

2. the number of indices k € ["T_S] that are X -column-mentioned or YT -column-mentioned or
Z-column-mentioned in t is less than d.

Proof. Applying Lemmas 5.23 and 5.27, let II; = II | p be a refutation of BTRankzﬁ_4)/4(A) and
II, =II; | o be a refutation of I?)'I'Rank?(?;_g)/8 (A). A term ¢t violating Item 1 can only appear in 11y

ift = (t ] p) | o for some term ¢ in IT such that there exist a set I C [m] and a subterm #' of ¢ with
the following properties: |I| > d, every i € I is U-left-row-mentioned in ¢, and no k € {1,2,n—1,n}
is U-column-mentioned in ¢'. (The wu-variables U-column-mentioning k¥ € {1,2,n — 1,n} can be
excluded from ¢’ since they are set to a constant by p with probability 1 and hence cannot contribute
to a violation of Item 1 by t.) However, for such a term f we have Pr[f | p # 0] < (3/4)1 < (3/4)¢
by Lemma 5.22.

Similarly, a term t violating Item 2 can only appear in Il if t = £ | ¢ for some term % in
IT; such that there is a set K C [%2 — 1] with |K| > d and every k € K is either X-column-

1 >
mentioned or Y7-column-mentioned or Z-column-mentioned in . (The z-, y-, and z-variables
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X-, YT- or Z-column-mentioning the last column index ”TJ‘ cannot contribute to a violation of

Item 2 by t as they are always evaluated to a constant by ¢.) For such a term #, Lemma 5.26 gives
Pr(f | o # 0] < e IKI/16 4 o=IKI/4 < ¢=d/16 | 9=d/4

Denote by 7). the set of all terms ¢ in II defined as above. In the event that all of these terms
are zeroed out by p, there are at most s — |T}| terms £ in II; defined as above. This is because
II; =11 | p has no more terms than II. By the union bound, the probability that there is a term ¢
in II, that violates Item 1 or Item 2 is upper bounded by |T;|- (3/4)¢ 4 (s — |T}|) - (e=%/16 4-2-4/4) <

5. (e7 /16 L o=d/4y < 5. 9 At — 1 for d = 101g66(10gs +1). Thus, we can fix some restrictions p

and o such that II' = (II | p) | o has the required properties. ]

Proof of Theorem 5.19. Assuming for a contradiction that a PCRp, refutation II of size s < 9’85 n—2

witnesses that the theorem fails, we let 7 = (n — 8)/8 and construct a PCRg, refutation of FPHP}
of degree less than n/2, thereby contradicting a theorem of Razborov [69]. By Lemma 5.28, there

is a PCRF, refutation II; of BTRankj'(A) such that Items 1 and 2 hold with d = ; ge(logs +1) <
n _ 16 _ 8it8 _ 16 i _ 1.
32 loge 32 loge

Let 7 be the following substitution to the variables of BTRank3'(A): 7(xix) = @ik, T(yr;) =
> icm] x; kA (that is, 7 substitutes XTA for Y), T(zijk) = T(Xik)T(Yk;), and T(u; k) =
>t T(2ije). Extend 7 to negations by 7(v) = 1+ 7(v) for any variable v of BTRank'(A).
Let II, =1I; | 7.

Consider a term ¢ occurring in a proof line of II;. We can write ¢ = t1to, where ¢ consists of
all z-, y- and z- variables and their twins that appear in ¢, and t5 consists of all u-variables and
their twins appearing in ¢.

Claim 5.29. Every term of the polynomial t1 | T either has a degree less than d, or is a multiple
of a Hole Aziom of FPHP}'.

Proof. Let C denote the set of all indices k& € [n] that are X-column-mentioned or
Y7T-column-mentioned or Z-column-mentioned in t;. By the choice of II;, we have
|C| < d. Further, it is immediate from the definition of 7 that the set {k € [7]

k is X-column-mentioned in some term of the polynomial ¢; [ 7} is a subset of C. Thus, if a
term t' in ¢1 [ 7 has degree at least d, then, by the pigeonhole principle, t must be a multiple of a
Hole Axiom of FPHPZ'. o

Claim 5.30. Every term of the polynomial to | T either has a degree less than d, or is a multiple
of either a Hole Aziom or a Functionality Azxiom of FPHPZ'.

Proof. Denote by R the set of all indices i € [m] that are U-left-row-mentioned in t3. By the choice
of IIy, |R| < d. Assume that u!-° appears in tp for some i € R,j € [m],k € [A] and b € {0,1}.
Then

zgk

( ,]k _b+z ZZJZ —b+z xzﬂ ij —b+2ng Z SUz’ZAz]
i'€[m]
=b+ Z Z xijl‘i/’gAi/’j.

Le(k] i/ €[m]

For every ¢ € [k] and every ¢ € [m] such that i’ # ¢ and Ay ; # 0, the summand x; gz ¢Ay ; in the
last expression is a Hole Axiom. Since such summands only give rise to terms in t3 | 7 that are
multiples of a Hole Axiom, we can continue the above calculation modulo Hole Axioms, obtaining
b+ Zée[k] i pAi g = b+ A j de[k] x; . Thus, modulo Hole Axioms, t5 [ 7 is either 0 or can be
written as a product of degree-1 polynomials of the form

b+ Z Ti 0,

Le(k]
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where b € {0,1},k € [n], and i € R. Whenever this product gives rise to a term of degree at
least d, it follows from |R| < d by the pigeonhole principle that such a term is a multiple of a
Functionality Axiom of FPHPZ'. o

Combining the two claims, we see that every term of the polynomial ¢t [ 7 = (1 | 7)(t2 | 7)
either has a degree at most 2d, or is a multiple of either a Hole Axiom or a Functionality Axiom
of FPHP}'. The same conclusion holds for every term appearing in Iy = II; | 7, since ¢ was an
arbitrary term occurring in II;.

The next step is to transform the sequence of polynomials II5 into a PCf, refutation of FPHPZL'.

First, we inspect the effect of 7 on the axioms of II;. By definition, 7 satisfies all Comple-
mentarity Axioms. Additionally, 7 satisfies the polynomial translation of every clause in the CNF
encoding of Binary AND Axioms, Summation Base Axioms, and Summation Axioms. This can be
verified by noting that each such clause is a semantic consequence of the algebraic version of the
corresponding Binary AND Axiom (i.e., z; j = ®;i kYk,; for some 4, j € [m] and k € [n]), Summation
Base Axiom (i.e., u; ;1 = % 1 for some i, j € [m]), or Summation Axiom (i.e., w; j x = Wi jk—1+%ijk
for some i,j € [m] and k € {2,...,n}), and all of these are clearly satisfied by 7.

Each Output Axiom in Il is converted by 7 into one of the axioms algebraically encoding
XXTA = A. Each of the latter axioms is a sum of some axioms of XX” = I,,, which is the
algebraic oddtown formula OTJ'. Each of the axioms of OTZ' is a sum of some axioms of FPHPJ'.
We append the degree-2 derivation just described to each axiom in Ily that is the result of an
application of 7 to an Output Axiom in IIj.

Next, we examine the non-axiom proof lines of II;. The addition rule is not affected by 7, since
if a polynomial p was inferred in II; as a sum of ¢ and r, then p [ Tisasum of ¢ [ 7 and 7 | 7.
Regarding the multiplication rule, suppose that p and ¢ are proof lines in II;, and let p be inferred
from ¢ by multiplying ¢ with v, where v is a variable or the negation of a variable of BTRank}'(A).
Then p [ 7 = (¢ | 7)(v | 7), and v [ 7 is a polynomial of degree at most 2. We add to Iy a
derivation of p [ 7 from ¢q [ 7, each term of which is a term of ¢ [ 7 multiplied by at most two
variables.

Let II3 denote the sequence of polynomials resulting from Iy by the modifications introduced
in the last two paragraphs. It follows that II3 is a PCf, refutation of FPHPZ'. Moreover, every
term appearing in I3 either has a degree at most 2d + 2, or is a multiple of either a Hole Axiom
or a Functionality Axiom of FPHPZ'.

Finally, using Hole Axioms and Functionality Axioms of FPHPZ', we transform II3 into a PCp,
refutation of FPHP}" in which each term has a degree at most 2d +3 < 2 — 17 < £, which is the
desired contradiction. This can be done as follows. Delete from II3 each term that is a multiple of
either a Hole Axiom or a Functionality Axiom. Then, for each line p that is an incorrect conclusion
of the multiplication rule—which can only happen if p is missing some terms each of degree at
most 2d + 3 and having either exactly one row mentioned twice or exactly one column mentioned
twice—insert the correct conclusion p’ of the rule before p and use Functionality Axioms and Hole
Axioms to derive p from p’. O

5.4 Iterated Generators

In the previous sections, we proved that the low-rank generator g: F2"" — [F%"Q is a hard proof
complexity generator against PCRg,. However, even when m is arbitrarily large compared to n, the
stretch of this generator is at most quadratic. In this section, we iterate g (in the sense of [50,73])
to obtain a proof complexity generator of arbitrarily large stretch that is still hard against PCRg,.

5.4.1 Iterability of Rank'(A)

Here we iterate the algebraic version of the rank principle. We will use a more limited notion
of iterability, which is sufficient for the argument used by Razborov in [73].

We will denote by X=* the set of strings of length at most h over the alphabet ¥. Similarly,
Y.<% denotes the strings of length less than h over the alphabet 3. We use () to denote the empty
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string.

Definition 5.31 (The iterated formula IRank!'(A,k,X)). Let m > n > 0 and k > 0 be integer

(m)

parameters and ¥ a finite alphabet. For every string 7 € ©5F, let X (M = (2, & be a

)ie[m},ké[n]

variable matrix. Let Y = (yx;) be a variable matrix. Let A = {A™ : 7 € ©=¢} be a

ke[n],i€[m]
collection of m x m matrices, where, for every 7 € X% and i,j € [m], the entry Agg) is either
a Boolean constant or a variable from X(™) for some 7/ € ¥=¢ with |z/| > |x|. In particular,
all entries of A, where © € X%, are constant. The iterated rank formula IRank" (A, K, X) is the
polynomial system (J ex<x XMy = A(™),

Note that the formula IRank™(A,0,%), where A = {A0}, is the formula Rank™(A0). The
iteration structure differs from the iteration from [50, 73]: here we impose that different copies
of Rank form a |X|-ary tree, whereas the original definition assumes the flat linear structure, i.e.,
[3] = 1. Our lower bound will depend on the number of iterations , and for the application, we
will need ¥ with |S| = n¥b,

We need the following measure, which describes how many rows are mentioned in a term.

Definition 5.32. Let ¢ be a term in the variables of IRank]"(A, k,Y). We say that i € [m] is

(m) (m)

X ™) _row-mentioned in t if there is k € [n] such that «) or 7, appears in t. We say that j € [m]

is YT -row-mentioned in t if there is k € [n] such that Yk,j O Y, j appears in t.

Definition 5.33 (Row degree). Let ¢ be a term in the variables of IRank]'(A, k,3). For every
7 € B¢ let I be the set of all i € [m] that are X (™)-row-mentioned in ¢. Similarly, let J be the set
of all j € [m] that are Y -row-mentioned in t. We say that t mentions rows ({I(™ : = € ¥=¢},.J).
The row degree of t is defined as the sum Y, cx<x [T+ |J].

We will construct the restriction that w.h.p. evaluates to zero any term with a large row degree.
We need the following auxiliary matrices.

0

* ¥ O =
* O ¥ =
* = ¥ O
= O % %
O = % %
= X% O ¥
* ¥ O =
* = % O
* K = O
* O ¥ =
O ¥ X%
= O % %
= % O ¥
O = X ¥

1
*
*

O % = %

We will construct a random substitution p to reduce the row degree, and then follow with a
substitution o to reduce the total degree.

Definition 5.34 (Substitution p). Assume m > n > 16 and n divisible by 16. Let 7 = n/8 and
then let X (™) = (jgj;))ie[m],ke[ﬁ’ where 7 € X5, and Y = (J;) be fresh variables. A
random substitution p is chosen as follows.

keln],ie[m)]

()

1. For each i € [m] uniformly and independently sample r,"’ € [4], where 7 € ¥=F, and s; € [4].

2. For each m € ¥=F i € [m] and k € [n], let v = |21 ] 4+ 1 and set

n

~(m) . _
p(x(ﬂ’)) _ {ml,((kl) mod 7)+1 if Drz(ﬂ)v’/ = %,
ik .

Drgﬂ),u if Drgﬂ)J/ € {0,1}.

3. For each j € [m] and k € [n], let v = [E=1] + 1 and set

n

p(Yk) = {Z((k_l) mod )ty 1 oy =¥,
if £, € {0,1}.

4. For any variable § mapped to 0 or 1 by p, set p(6) =1 — p(f).
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5. For any variable # not mapped to a Boolean constant by p, set p(6) = p(0).

Lemma 5.35. Assume k > 0, m > n > 16, n divisible by 16 and A = {A™ . 7 € B=F
is a collection of m X m matrices as in the definition of IRank. Let t be a term in the vari-
ables of IRank™(A,k,%) that mentions rows ({I™) : 7 € X<F} J). Then Pr[t|p#0] <
(3/4)LmessnlI I+

Proof. Assume w.l.o.g. that for each i from the set I(™ there is a single variable 71-(7” in t that
mentions row ¢, and for each j from the set J there is a single variable § in ¢. Let FEW) be the event
that (’yi(w) [ p# 0)and Ay the event that (65 [ p # 0). Then Uﬁezgn{l“gﬂ) ci e IMIU{AL k€ K}
is a set mutually independent events and each of them happens with probability at most 3/4. O

The substitution p transforms any refutation of IRank]' (A, k, X) into a refutation of IRank}' (A |
Pk, X).

Lemma 5.36. Assume £ > 0, m > n > 16, n is divisible by 16 and A = {A(’T) T E ESK} is a
collection of m x m matrices as in the definition of IRank. Let A be a collection of matrices defined
as

A={A" | p:7ensr
Then for every PCRE, refutation IT of IRank]' (A, k, %), IL | p is a refutation of IRank’;”/8(A, K,2).

Proof. The proof is straightforward: each axiom }7jcp,; xﬁ)yk’j = A;; of IRank]'(A, k, %) trans-
forms into an axiom 3 4cp, /) @g’z)gm = A, of IRanknm/g(A7 K, 2). O

We also construct a substitution o that reduces the total degree of any term with small row
degree. The construction is analogous to Definition 5.4.

Definition 5.37 (Substitution o). Assume x > 0, m >n > 2 and A = {A™ : 7 € ¥F} is a
collection of m X m matrices as in the definition of IRank. A random substitution o is chosen as
follows.

1. For each k € [n — 1], uniformly and independently sample ¢; € {*,1,0}. Then set ¢, = [{k €
[n— 1] : ¢ = 1}| mod 2. This guarantees that [{k € [n] : ¢t = 1}| is even.

2. Let 7 = |{k € [n] : ¢z = }| and let X(™) = (:ig?) where 7 € ©=F, and Y =

(QkJ)ke[ﬁ] je[m) e fresh variables.

i€[m],ke[n]’

3. Let ¢ be a bijection between {k € [n] : ¢ = %} and [n].
4. For each m € ¥=F i € [m] and k € [n] set

~ () .
- z;, if ¢ = *,
0(5'71(',1{)) = () .
Ck if ¢, € {0, 1}.

5. For each j € [m] and k € [n] set

N Uy e =
U(yk’]) {Ck if CL € {0, 1}.

6. For any variable # mapped to 0 or 1 by o, set () =1 — o(6).

7. For any variable § not mapped to a Boolean constant by o, set o(6) = o(6).

o behaves similarly to the substitution from Definition 5.4. We have the following analogue of
Lemma 5.5.
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Lemma 5.38. Assume k >0, m >n > 2 and A = {A™ : 1 € X=F} is a collection of m x m

matrices as in the definition of IRank. Let t be a term in the variables of IRank]' (A, k,X) of degree
d

d that mentions rows ({I™) : w € XK} .J). Then Pr[t | o # 0] < (2/3)2(Zwez§~\1(”>\+ul) '
Furthermore, Prin < (n —1)/6)] < e 5T

Proof. Let K™ be the set of all k € [n] such that for some i € [m], either xﬂ) or @(7,;) appears in
t. Let L be the set of all £ € [n] such that for some j € [m], either y,; or 7, ; appears in t.
The degree of t is then upper-bounded by

2( > II(”)\'IK(”)H!JI-ILI) §2( > !I(”)|+|J|) -max({| K™ : 7 € 5=} U{|L]})

TELSH TELSHK

By the pigeonhole principle, one of the sets {K(™ : 7 € ¥<¢} U {L} must have size at least
d = Z(Zﬂezgj\l(")lﬂﬂ)‘ Let S be such a set and {75 : s € S} some variables in ¢ corresponding to

S. For every s € S, let I's be the event that (75 | o # 0). Then {I's : s € S} is a set of d’ mutually
independent events, each of which happens with probability at most 2/3.
The proof of the latter statement is the same as the proof of Lemma 5.5. O

The substitution o transforms any refutation of IRank]' (A, k, ) into a refutation of IRank2' (A |
O, K, 2).

Lemma 5.39. Assume k > 0, m >n > 2 and A = {AM) . 1 € B=FY s a collection of m x m
matrices as in the definition of IRank. Let A be a collection of matrices defined as

A={A" g:7enr
Then for every PCRE, refutation I1 of IRank]' (A, k, %), I | o is a refutation of IRank?/S(A,mZ).
Proof. The proof is the same as the proof of Lemma 5.6. O

We also give a lower bound on the degree of PCRE, refutations of IRank!" (A, k, ) by construct-
ing a reduction to a single copy of Rank!"(I,,).

Definition 5.40 (Reduction 7). Assume £ > 0, m > n > 0. Let X = (z;4) be fresh

variables. A substitution 7 is defined inductively on |7| in decreasing order.

i€[m],k€[n]

1. For each i € [m] and k € [n] set

@) = (A™ 1) X)e = 3 (A ),

s€[m]

T(Yki) = Y,i-

2. For any variable 6, set 7(0) = 1 — 7(0)°.
Note that A | 7 = A for every m € £* since the entries of A(™ can only be constant.

Lemma 5.41. Assume k >0, m >n > 0 and A = {A™ : 1 € X=F} is a collection of m x m
matrices as in the definition of IRank. Then for any PCRg, refutation II of IRank]' (A, k, %) with
degree d, IIT can be transformed into a refutation of Rank]'(I,,) with degree at most d(k + 1).

Proof. Let II be a PCRE, refutation of IRank]' (A, k, X).
It follows by induction on |7|, that for every 7 € X%, 4 € [m], and k € [n], 7(1'57;)) (and thus

T(LB,E?)) is a polynomial of degree at most k — |7| + 1.

5The proof size may increase arbitrarily after applying such a substitution; however, the degree can at most
double. The resulting refutation will still be a PC refutation.
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It implies that all polynomials from IRank!*(A, k, ) | 7 can be easily derived from the axioms
of Rank]*(I,,).

Claim 5.42. Ewvery polynomial from IRank!'(A,k,X) [ 7 has a degree-(k + 2) proof from
Rank]*(1,,).

Proof. Fix m € ©=¢. As shown above, all the entries of A(™ | 7 are polynomials of degree at most
Kk — |7
Let i,7 € [m]. The (7, j)th axiom of IRank]'(A, k,¥) under 7 transforms as follows

(Z wzkykﬁf‘”)) =2 (Z T<A57?>$sﬁ’f) oo+ 7A)

k€[n) ke€[n] \s€[m]

= Y (4) (Z xkyka) +7(A7)

s€[m] keln]
= > T(A (Z Zs kyk,y) + T(A ( > wikykg + 1)
s€[m]\{7} ke(n] €ln’]
which is trivially derivation of degree at most k — || + 2 from Rank'(1,,). o
Thus, we can extend II [ 7 to a refutation of Rank'(I,,) of degree at most d(x + 1). O

Now we have all the components for proving the lower bound on the iterated formula
IRank]' (A, k, X).

Theorem 5.43. Assume k > 0, m >n > 8+ 192(k + 1), (n — 8) is divisible by 192(k + 1) and
A= {A(”) :m € XK} s a collection of m x m matrices as in the definition of IRank. Then any

PCRE, refutation of IRank!"' (A, k,X) requires size 9Q(\/n/h).

Proof. Let
n—38
dy = ———
YT 192k + 1)
-8
= Vi = 192(n 1)

Assume, for the sake of contradiction, that IRank!"(A, k, X) has a refutation II of size less than
(4/3)% = 26W/n/h),

By the union bound and Lemmas 5.35 and 5.36, there exists a substitution p such that Il | p
has row degree less than ds, and it is a refutation of IRankg/ (A ] p,kK), 2.

By the union bound and Lemmas 5.38 and 5.39 (with d = d;), there exists a substitution o such
that every term of Il | p | o has degree less than 2d;, and, furthermore, Il [ p [ ¢ is a refutation of
IRankZ'(A | p | 0, %, %) with 7 > 281 — n=8,

48
By Lemma 5.41, we can extend II [ p| o[ 7 toa refutation of Rank}'(I,,) with degree less
than 2d;(k+ 1) < fL/2, which contradicts Lemma 5.3. O

5.4.2 TIterability of BTRank]'(A)

Definition 5.44. Given two sequences (a1, ...,a,) and (b, ..., by, ), we write aUb to denote their
concatenation (aj,...,an,b1,...,bn).

Here we define a specific variant of the rank principle, where the structure of the matrix Y
is based on a graph. When this graph is an expander, each axiom ), ; 1yx ; depends only on a
few entries and therefore does not require too many extension variables. Formally, the instance is
defined as follows.
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Definition 5.45 (The iterated formula )g(A, k)). Let m,n > 0 and k > 0 be integer parameters
and let G be an m x n bipartite graph.

We define a formula ¥ (A, k) that encodes the statement of the form Uﬂe{oyl}gn Xy =
A(™ | ysing extension variables that form a binary tree to compute partial parities. The structure
of each matrix Y (™ is based on G.

The formula uses the following variables:

U [ U <{x§,’;’“’ ci € [m),k € [n]}

re{0,1}5% Lpeld]
U {yl(;rfru) je [m],k c NG(])}
U= ig € fm) k€ No(i)}
U {U” SREVES [m], ¥ is a non-empty initial segment of NG(])})
U{w(?, i,5 € [m], € € {0,1,2}}].

Let A = {A™ : 7 € {0,1}="} be a collection of m x m matrices, where, for every 7 € {0 1} a

and i,j € [m], the entry A(-7 ™) is either a Boolean constant or a variable of the form m(, k,,“ ) or

(m’

Yar 5 ) for some 4 7 € m], k' €[n], i €[4 and =’ € {0,1}=" with |7’| > |x|. In particular, all
entries of A, where 7 € {0,1}", are constant.
The iterated formula a(A, k) is a polynomlal system consisting of the following axioms.

Binary AND Axiom: For every 7 € {0,1}=", p € [4], i,j € [m], k € Ng(j), the polynomial

Z(;r Z) _ :::f k:u)ylgﬂyu)

Summation Base Axiom: For every 7 € {0,1}=", u € [4], i,j € [m], the polynomial

(Tr v (mu)
Yij(1) = %ig1 -

Summation Axiom: For every 7 € {0,1}=", 4,j € [m] and every initial segment ¥ U (k) of
Ne(j) with 3 # &, the polynomial

(mp) (T (7,)
i3S = Yigs O Zigk -

Graphically, the last two types of axioms can be represented as follows. Let Ng(j) =
(k1,...,ka), X1 = (k1) and for every ¢ € {2,...,A}, ¥y = ¥y_1 U (k¢). Then they form the
bamboo tree as follows.

uEs
e ™~

() (o)
27]72A71 lzjzkA

~N
o - 2t
L1HRA—-1
/

(1)
Ui,
(m,m) Z(Tr,u)
i7j721 i7j7k2
\
(7,1)
Zivjvkl
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Output Axioms: For every m € {0,1}=", i,j € [m], the following four axioms:

O I CE) (7,2)
Wiga = i Na () © %ijNa ()
() _ (m3) (m,4)

Wi g2 = U j Na(5) Du Ui i Na ()

wz(;r)o = wz(j)l ® w(,],)Qv
wz(,j,)o = Az(,j)‘

Graphically, these axioms can be represented as follows.

(m)
AT
Il
wz(,ﬂj?o
(m) (m)
%,7,1 2752
/N /N
(m,1) (m,2) (m,3) (m,4)

iiNe()  YigNe()  YiiNeG)  YiiNel)
Although we defined ¥ (A, k) as a polynomial system, it can be easily encoded as a CNF since
each axiom of ¥ (A, k) depends only on a constant number of variables.

We will also need the following lower bound on the PC degree of FPHP(G).

Proposition 5.46 ([55]). Let G be an (r,c)-boundary expander with left- degree at most Apaz-
Then any PCRg refutation of FPHP(G) requires degree strictly larger than A

In our applications, we assume the setting from Lemma 4.15 to simplify the computations.
Given a term t and 61,...,0; € {z,y,2,u,w}, let ty, g, be the projection of ¢ on the corre-
sponding variables.

Definition 5.47. Let ¢ be a term in the variables of ¥(A, k). We say that i € [m] is U™ -left-

(™)
1,7,k

We say that j € [m] is U™ -right-row-mentioned in t if there are p € [4], i € [m] and k € [n] such

()
1,7,k

row-mentioned in t if there are p € [4], j € [m] and k € [n] such that u( )k or u; /, appears in t.

that u( )k or u appears in t.

We begin by defining a restriction p; that w.h.p. eliminates any term ¢ that U (7) _Jeft-row-
mentions or U(™-right-row-mention a lot of rows. Moreover, it is defined such that p; substitutes
all w-variables with either constants or z- or y-variables. The construction uses the following

auxiliary matrices.
* x 0 0 * 0 % 0
B= (0 0 = *) » €= (0 * 0 *) )

We will define p; only for graphs with two all-ones columns in their adjacency matrix.

Definition 5.48 (Graph P(G)). Let m,n > 0 and let G be an m x n bipartite graph. Given an
adjacency matrix Mg of G, define P(G) as the m x (n + 2) bipartite graph with the adjacency

matrix
1 1

Mpey = |: | Mg
11

Definition 5.49 (Substitution p; for ¥pg)(A,k)). Let K > 0, m,n > 0 and let G be an m x n
bipartite graph with parts [m] and [n].
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For every m € {0,1}=", let {xﬁ) i € [m]k € [n]}, {y,(:]) :j € [m]k € Na(4)}, {zfg)k :
i,j € [m],k € Ng(j)} and {uy;)z : 4,7 € [m],X is a non-empty initial segment of Ng(j)} be fresh
variables. The random substitution p; for 1 p(g) (A, k) is defined as follows. For every m € {0, 1157

1. For each i € [m], independently and uniformly sample bg”) ™ e [2] and az(w), BZ-(W) €{0,1}.

»

2. For each p € [4], i € [m], k € [n+ 2], set

™ ik =1,

- 1 if k=2,
pl(xivk )= 0 if k> 3 and Bb(w>u:0,
xl(j;c)72 if k>3 and Bb("> = .

i

3. For each pu € [4], j € [m], k € Np()(j), set

1 if k=1,
g™ k=2,
( (ﬂ-7/'[/) ) — J .
P1\Yk,; 0 if k>3andCm =0,
j 9

Yp_o,; 1ifk >3 and Ccyr)# = x*.

4. For each p € [4], 4,5 € [m], k € Np()(j), set

™ itk =1,
g g =2,
(2™ = . .
PI\Zij k 0 if £k > 3 and either B.(ry =0o0rC y =0,
bi M Cj HH

(m) : — =
A if k>3 and Bbl(_ﬂ)# = Cc;-"),u = *

5. For each p € [4], 4, j € [m] and every non-empty initial segment ¥ of Np()(j), set

al™ if ¥ = (1),
o @™ i s = (1,2),

mwgghzugm&% ﬁE\ﬂﬂ}#&@wﬂzng*mﬂ@ﬂ:@Q
@Qm“% ifE\ﬂﬂ}%@J%ﬂ#:c¥J:*MMQYL#@ﬂ’
ozl(ﬂ) & ye] j(ﬂ) otherwise.

6. For each p € [4], i,7 € [m], set

pr(w) = A7,

(m) e p(m)
(M) y _ Am- ity =1,
p1(w;) {0 o™ — o,

i p ()
() 0 ifv,’ =1,

w: - =

Pl( 1,],2) {AZ(Z) if bETr) —9

7. For any variable 6 mapped to 0 or 1 by p1, set p1(6) =1 — p1(0).

8. For any variable # not mapped to a Boolean constant by p1, set p1(6) = p1(6).
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Lemma 5.50. Let k > 0, m,n > 0 and let G be an m x n bipartite graph with parts [m] and [n]
and the maximum left-degree at most Ay, Let A = {A(”) :m € X5F) be a collection of m x m
matrices as in the definition of . Lett be a term in the variables of ¥p G)(A, k) and t' a subterm
of t such that no index from {1,2} is U™ left-row-mentioned or U™ -right-row-mentioned in t'.
Then

deg(t&)
4Amaz

Pr[t [ p1 # 0] < (1/3/4)

Proof. For each m € {0,1}=", let I(™ be the set of indices i € [m] that are U-left-row-mentioned
in ¢, and let J(™) be the set of indices j € [m] that are U-right-row-mentioned un t. Let D =

ZWG{OJ}S&(\I(“)\ + [J™). Then deg(t,) < 4D?A 4z, which implies that D > ieAgSM)

Let t” be a minimal subterm of ¢, that for each 7 € {0,1}=", U-left-row-mentions 1™ and
U-right-row-mentions J(™). If we think of the variables u( ’;) (or their negations) appearing in t”
as undirected edges {(m,1%), (7, j)} in a bipartite graph, then t" corresponds to a minimal edge cover

of such a graph. This cover cannot contain a path of length three, thus 1ts connected components
(1) —(m,) ()
are stars of the form H(ﬂ',j,u,E)EP Uiy 5.5 H(ﬂ*,j,u,E)EN Uiy 5.5 O H(ﬂ,i,,u,Z epr “z Jo, 2 H (mi,T)eN Ui jo 5
and each of these stars mentions its own disjoint set of indices.
Assume that we have a star with r rays, say s = [[(;; .5x)ep uEO,JZH T E)EN ™. For

10,7, "
every b(™ € [2] : m € {0,1}5%, o™ € {0,1} : 7 € {0,1}", the events

50,_] SRS #0]| /\ bg:) = b(ﬁ), /\ Oé(w) =a™ , where (m,j, u, ) € P,
re{0,1}5F re{0,1}=F

and

ak T 201 Ao = A el =al || where (m,j,1,%) € N,
re{0,1}57 re{0,1}57

are independent and each happens with probability at most 3/4. Thus, all of them simultaneously
happen with probability at most (3/4)" < (1/3/ 4)T+1. It implies that

deg(t{u)

D 4Amaz

Prit [ p1 #0] < (y/3/4) < (y/3/4) H

We define another polynomial system ¢¢(A, k), which is analogous to ¥ (A, k,G). The sub-
stitution p; transforms any refutation of ¥ p(q) (A, k) into a refutation of ¢a(A | p1, k).

Definition 5.51 (Formula ¢g(A,k)). Let m,n > 0 and x > 0 be integer parameters and let G
be an m x n bipartite graph.

¢ (A, k) uses the variables {%572 11 € [m], k € [n]}, {y(w) € [m],k € Na(j)}, {21(7;),C 11, €
[m],k € Ng(j)} and {UEZ)E : 1,7 € [m], X is a non-empty initial segment of Ng(j)}. It consists of
the following polynomial axioms.
Binary AND Axiom: For every m € {0,1}=" 4,j € [m], k € Ng(j), the polynomial z( ™ =
2, ()

z k Yk g
Summation Base Axiom: For every 7 € {0, 1}9”, i,7 € [m], the polynomial “57;)(1) z(,J)l
Summation Axiom: For every 7 € {0,1}=", i,j € [m] and every non-empty initial segment

U (k) of Ng(4), the polynomial u( )Zu(k) = U(,J)E ) (,J)k

Output Axiom: For every 7 € {0, 1} , 1, € [m], the polynomial UEZ)NG(j) = AZ(Z-).
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Lemma 5.52. Let k > 0, m,n > 0 and let G be an mxn bipartite graph. Let A = {AM ;7 e n=mY
be a collection of m xm matrices as in the definition of 1. Let A be a collection of matrices defined
as

A={AT | p 7 e{0,1}5"}.

Then for every PCRg, refutation IT of Y pc) (A, k), IL [ p1 is a refutation of bc(A, k) (modulo the
azioms for twin variables 6 + 6 + 1.

Proof. Follows from the definition of p;. Under p;, the axioms of ¥ p(g) (A, k) are either satisfied
or become axioms of the same type for qﬁg(A, k). Since p; sometimes substitutes variables with
negated variables, we need to apply the twin variables’ axioms #4604 1 to replace such occurrences
of @ with #+ 1. This can lead to an insignificant increase in the refutation size, which we can safely
ignore. O

Next, we define a random restriction ps that w.h.p. turns any term ¢ that mentions many
columns into 0. Similarly, to p;, we will not apply it to general graphs G but only to those that
have a specific structure.

Definition 5.53 (Graph H(G)). Let m,n > 0 and let G be an m x n bipartite graph. Given an
adjacency matrix Mg of G, define H(G) as the m x (8n + 8) bipartite graph with the adjacency
matrix

Mg : Mg @ Mg : Mg : Mg : Mg : Mg : Mg
Mu) =

Definition 5.54. Let t be a term in the variables of ¢z () (A, k). Let N = 8n+8. Given k € [N],
let ¢(k) = ((k—1) mod (n+ 1)) + 1 and v(k) = n—i—lJ + 1
We say that k € [n] is X ™ -column-mentioned in t if there are i € [m] and £ € [N] with +(£) = k

such that 332(;) or Egz) appears in t. We say that k € [n] is (Y(“))T-column-mentz'oned in t if there

are j € [m] and ¢ € [N] with ¢(¢) = k such that yé]) or yé ]) appears in t. We say that k € [n] is

(™)

Z™) _column-mentioned in t if there are i, € [m] and £ € [N] with ¢(¢) = k such that Z(])e orz; i

appears in t.

Definition 5.55 (Substitution p3). Let k > 0, m,n > 0, N = 8n + 8 and let G be an m x n
bipartite graph with parts [m] and [n].
The random substitution py for ¢ () (A, k) is defined as follows.

1. For each k € [n], independently and uniformly sample ¢; € {,1,0}. Assign ¢ 41 = *.

2. Let K { € [N] : e,k € {0,1}} and let G =G\ {k c[n]:c € {0,1}}. Note that

( /) G)(j) for all j € [m)].
3. For every 7 € {0,1}="

(a) Let {1157;)2 24,7 € [m],X is a non-empty initial segment of N, HG) (7)} be fresh extension
variables.

(b) For every i € [m], and k € [N], set

p2(a7)

s .
ik otherwise.

{CL(k’) if e,r) € {0,1},
X
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(c) For every j € [m], and k € NH(G) (j), set

p2(Yy. (r

)y _ Jam if ¢,y € {0,1},
’ Yk.; otherwise.

(d) For every i,j € [m], and k € NH(G)(j): set

p2 (Zz(g)k

s .
% ik otherwise.

) _ {CL(k) if Cuk) € {Oa 1}a

(e) For every i,j € [m] and every non-empty initial segment X of Ny ) (j), set

0 if '\ K =@ and [{k € X : ¢,y = 1} is even,
1 it ¥\ K= and [{k € ¥: ¢, = 1}] is odd,
a . if ¥\ K # @ and {k € ¥ : ey = 1} is even,
if S\ K # @ and [{k € S : ¢,y = 1}| is odd.

pa(u) =

(f) For any variable § mapped to 0 or 1 by pa, set p2(0) = 1 — pa(6).

(g) For any variable # not mapped to a Boolean constant by pa, set pa(6) = pa(6).
We show that under ps every term that mentions many columns becomes zero w.h.p.

Lemma 5.56. Let k > 0, m,n > 0 and let G be an mxn bipartite graph with parts [m] and [n]. Let
t be a term in the variables of qﬁH(G)(A, k). Let K be the set of all k € [n] that are X _column-
mentioned, (Y(“))T—column-mentioned or Z™ _column-mentioned in t, for some ™ € {0,1}S“.
Then Pr[t | pa # 0] < (2/3)51.

Proof. For every variable x-, y- or z-variable 6 appearing in ¢, Pr[p2(0) # 0] = 2/3, which happens
independently for distinct columns. Thus, (¢ | p2 # 0) occurs with probability at most (2/ 3)|K|. O

When G is an expander with sufficiently large minimum left-degree, the graph G defined in
Definition 5.55 remains a good expander due to Lemma 4.16.

Proposition 5.57. Let k > 0, n > 0, N = 81+ 8, m = 16(N + 2) and let G be an m x n
(n®, d)-lossless expander with parts [m] and [n], the minimum left-degree at least A, = 50logn
and the mazimum left-degree at most Apap = 150logn. Then with probability at least 1/2, the

graph G from Definition 5.55 is an (n®, ¢)-boundary expander, where ¢ = Ay /6 — d.

We show that py transforms any refutation of ¢ () (A, k) into a refutation of ng(é)(A [ p2, K).

Lemma 5.58. Let £ > 0, m,n > 0 and let G be an m x n bipartite graph with parts [m] and [n].
Let A = {A(”) € LSFY be a collection of m x m matrices as in the definition of ¢. Let A be a
collection of matrices defined as

A ={A™ | py: 7 e {01}
Then for every PCRE, refutation I1 of ¢p(a) (A, k), IL | p2 is a refutation of qu(é) (A, k).
Proof. Can be verified straightforwardly from the definition of ps, similarly to Lemma 5.39. O

Now we define a random restriction ps that reduces the total degree of the terms in any refuta-
tion of (A, k) if such a refutation has certain restrictions on its u-degree and column degree. We
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need the following matrices.

* ¥ O
O ¥ ¥
* O ¥ =
* ¥ R O
* = ¥ O
— O % ¥
O~ ¥ ¥
= X% O %
* ¥ O
* = % O
¥ ¥ = O
* O ¥ =
O ¥ X%
— O ¥ ¥
=% O ¥
O~ % ¥

Definition 5.59 (Substitution ps3). Let k > 0, m,n > 0, N = 8n + 8, and let G be an m x n
bipartite graph with parts [m] and [n]. Given k € [N], let ¢(k) = ((k — 1) mod (n + 1)) + 1 and
v(k) = ZJFH + 1.

The substitution p3 for ¢p () (A, k) is defined as follows. For every 7 € {0, 1357

1. For every i € [m] uniformly and independently sample 32(-77) € [4] and rgﬂ) € [4].

2. For each i € [m] and k € [N], set

1 if o(k) =n+1 and D () k) = 1,
(e (ﬂ)) _ 0 if 1(k) =n+1 and Ds§"),u(k) # 1,
ik xitzk) if o(k) #n+1and D () o) = %
Dsgﬂ)’y(k) if 1(k) #n+1 and DsY’),u(k) €{0,1}.
3. For each j € [m] and k € Ny (), set
INg'(7)| mod 2 if «(k) =n+1and & W (k) =1,
0 if (k) = n+1and € # 1,
ps(uy)) = () g
7 ngc),j if (k) #n+1and & ) ) =
J K
E x if (k) #n+1and € = e {0,1}.
W (k) (k) # W k) {0,1}

4. For each i, j € [m] and k € Ny (j) set

() (™)

p3(Zi,j,k) = p3(T;y, (ﬂ))

P3(yk7j .

5. For each i,j € [m] and every non-empty initial segment ¥ of N H(G) (7), set

7]2 Zpg Jk

kex

6. For every variable 6 assigned by ps, set p3(6) = 1 — p3(6).

Note that ps does not substitute any negated variables and expands the extension variables as
polynomials. It can be trivially extended to a PC refutation. The size of the resulting refutation
can grow exponentially, but we will prove that its degree becomes small w.h.p.

For every refutation II of ¢ () (A, k), I | p3 can be transformed into a refutation of ng(A i

p3, k), which is the algebraic analogue of ¢ (A | p3, k). That is, ¢g (A, k) is the polynomial system
(m), (m) _ ()
U U { Z 7lr~cyk7r] A i 1
re{0,1}=" i,5€[m] keENG())

In order to handle z-variables, we need to define a transformation R,;. It is a linear mapping
defined on the terms in the variables of ¢ (A, k).
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Definition 5.60. Let ¢ be a term in the variables of ¢c(A,r). We define R4(t) by contracting

every subterm of the form [];c; zgo)jk and [[;¢; zg J) o where [I|,|J| > d. Let t = tito, where t;

contains only negated z-variables and ¢s contains the rest. Let

Stepe = {(m,i0, {j € [m] : 27, € vars(t1)}, k) = w € {0,1}5",ig € [m], k € [n]},
Srigt = {(m, {i € [m] : 27 | € vars(t1)}, jo, k) = m € {0,1}" o € [m]. k € [n]}
and define
bieft = H H ZO,J k %:)’f ’
(7r,7,0,J k)ESleﬁ jeJ 7r zo,Jk Eslﬁﬁ
|J]<d |J|>d
_ —(m)
Lright = H H J07 Yk,jo
(ﬂ"l j07k)esrzght el (Tl' IJO’k)GSnght
|T|<d [I|>d
Then

Rq(t) = tieps - trighs - to-
We proceed by extending R, to polynomials linearly.
Lemma 5.61. Let £ > 0, m,n > 0, d > 0 and let G be an m x n bipartite graph with parts [m)]
and [n] with the mazimum right-degree Amq;. Let t be a term in the variables of ¢p(q)(A, k). Let

K be the set of all k € [n] that are X -column-mentioned, (Y(“))T-column-mentioned or Z(™-
deg(Rz(0), )

column-mentioned in t, for some m € {0,1}=". Then Pr[Rg(t) | p3 # 0] < (15/16) 240K +Amas)

Proof. Suppose that deg((R4(t)), y) > deg((Rg(t))zy .)/3. For every 7 € {0, 115 let

(M ={ie[m]:3ke[n]: :cﬂ) or f(? appears in t},
I = {j €[m]: 3k € [n]: y(ﬂ) or y,(w) appears in t}.

Then

deg((Ra(1),, )/3 < des(Ry(t)), ) < 8(K| + Dpar) 32 (] 4 1),
7e{0,1}=F

For every i € Ig(fr) there is a variable in Rj(t) that is independently set to 0 with probability 1/4
by ps. Similarly, for every j € JZ(/T), there is a variable in Rj(t) that is also set to 0 by p3 with the

same probability. It implies that

deg(R(1) 5, )

Pr((Ry(1)),, | ps # 0] < (3/4)F0RTF2mi).

Otherwise, it must be that deg((R;(t)),) > 2deg((RJ(t))x’y7z)/3. Let (Rj(t)), = s152, where s1
and s consist of all the positive and negative occurrences of the z-variables in Rj(t), respectively.
Suppose that deg(s;) > deg((RJ(t))my _)/3. For every m € {0, 1155 let
I = {ie[m]:3jemlken: (])k or zgj)k appears in t},

J™ = {ie[m]:Jie[m)keln:z (m )k or zgj)k appears in t}.
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Then

deg(s1) < 88mar  ». (I +|) < 16Amee Y. max{|I{7][JM]}.
ne{0,1}=" re{0,1}=7

The term s; contains at least »° (0,1}5% max{|I éw)\, |Jz(7r)\} variables that are assigned indepen-

dently by p, and each does not become zero with probability at most (3/ 4)2. It implies that

deg((Rz(1), )

z,Y,2

Prls; [ p3 #0] < (3/4)" 28mar

Finally, consider the remaining case deg(s2) > deg((R;(t)), ” .)/3. We will greedily identify a
large set of variables in so that are independently set to 0 by ps3 w.h.p. Initially set S = vars(sz)
and T = @.

o Pick any variable fgz)k es.

.« AddZT), to T

Z’j
e Remove all variables {El(?k, 27 € m]k €n]}u {EE,TF g)‘,k’ i € [m], k' € [n]} from S.
e Repeat until S is empty.

Observe that each variable in T’ mentions its own indices: for every 7 € {0,1}=" and ¢ € [m], there
is at most one variable of the form Zl(.?k and at most one of the form Zéz)k. Thus, every variable
from T independently becomes zero under ps with probability at least 1/16. It remains to show

that the size of T is sufficiently large. At each step we remove at most 8d(|K| + Apaz) 2-variables
deg((Rg(*)), , )

from S due to the properties of R j, therefore the size of T' is at least VAR Ay

. It implies that

des((Ry(1), )

Prsy | p3 # 0] < (15/16) 240K +Amar) .
O

We proceed by showing that for every PCRE, refutation IT of ¢ () (A, k) of degree d, Ri(II) | p3
can be extended to a refutation of ¢g(A, k) of degree at most d + 1.

Lemma 5.62. Let £ >0, m,n >0, N =8n+8, d > 0 and let G be an m x n bipartite graph with
parts [m] and [n] with the mazimum right-degree Apq,. Let 11 be a PCRg, refutation of ¢ q)(A, k)

of degree d and size at most 4(2/137);. Then, with probability at least 1/2, R3(I1) | p3 can be extended

to a valid PC refutation II of ¢a(A., k) of degree at most d + 1.

Proof. We begin by observing the following property of ps.
Claim 5.63. Let = € {0,1}=" and k € [N]. For every i € [m] and J C [m),

Pr|Ve e J: ps(Z7,| # ps@0) < 3/,
Similarly, for every j € [m] and I C [m],
Prve e I': ps(z7)| # ps(@)) < (3/9)".

(m)

i

()

Proof. We will show the first statement, and the second is symmetrical. Fix s;"’ and thus p3 /' (x; 1).

Then pg(ZZ(jzk) = pg(@(j,?) when pg(y,ﬂ)) = 1, which happens with probability at least 1/4 inde-

pendently for each £ € J. By averaging, the claim holds. o
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There is at most 2mN2%|II| different maximal stars in II: for every term ¢ choose a triple
(m, £, k) and consider two induced stars {Zf?k 4 € [m]} Nvars(t) and {ze]k J € [m]} N vars(t).
Together with the union bound, the above claim shows that with probability at least 1/2, the
following holds for every term t appearing in II:

e For every 7 € {0,1}=", k € [N], i € [m], if the star {z ik 17 € [m]} Nvars(t) has at least d

rays, then for some j € [m] there is a variable z( ~) appearing in ¢ with p3(z, ( ) o) = p3(T; (m ))

« For every 7 € {0,1}=", k € [N], j € [m], if the star {2(7;) :i € [m]} Nvars(t) has at least d

rays, then for some i € [m] there is a variable zg ) ., appearing in ¢ with p3(z; ( ) ) = p3 (@grj))

For the rest of the proof, fix such ps.

We prove the lemma by induction on the proof lines in II. Let f be a proof line in II.

If f is an axiom, then R;(f) = f.

If f is obtained from polynomials g and h as f = ag + Bh, then clearly R;(f) = Rj(g) + R;(h)
by linearity of Rj.

The interesting case is when f = g - 0 for some variable 6. It is possible that (R(f) | p3) #
(R(g) | p3)-p3(0). In particular, this happens when there is a term ¢ € g such that (R(t-0) | p3) #
(R(t) | p3) - p3(#). From the construction of R it must be the case that 6 is a negated z-variable,

say 0 = Zg?k- This occurs because t contains as a subterm at least one of the following subterms.
t1 = Ilpey 20y, such that R(ty) = t1, R(t127,) =23 and (27 )
o t1=1lses 20k SUC at R(t1) = t1, R( 1Zi,j,k) =Ty an ( 1zi,j,k) [ p3 # ik [ ps.

o t2=Tlses 7y, such that R(tz) = to, R(t22(})) =) and (t277) | ps # T | po-

o t3=1Ilpey ifz)k, Tper 2&?,6 such that R(t3) = ts, R(t3§§$?k) = Tl(?y,(;) and (t3z£]k) [ ps #

VT | pa.

Suppose that ¢ contains ¢;. By our choice of p3, there must be j € J U {j} with pg(zl(,?k) =

03 (T(?) Consider the term #; = @(7,? [Lsesu GNG Zl(?k,, which is obtained by replacing 257:) with

.k
—(m) . (m )

T, in tlz . Then z( ) [pgztl [ p3.

1. Suppose p3(.”17(k)) = 1. Then pg(z(e)k) =1forall/ € JU{j} and (tlz( ™) w) [ p3 = @(72 [ ps =1,
contradicting our choice of #.

2. Suppose pg(@(?) = 0. Then p3(z, ( ) ) =0 and (tﬂi?k) [ p3 = x( ™ I p3 = 0, contradicting
our choice of ;.

()) () (m)

3. Suppose p3(T —1— g™ ) We show how to derive the polynomial (z;, — tlz” w) | p3.

i,u(k
It coincides with the polynomial (Z Z( k) —11) | p3.

For every ¢ € JU{j}\ {j}, from Zz(z)k - xg k)y/,(c ") we can first derive fl(.’k) - x(k)z( ™) . Then

we use these polynomials telescopically to derive a:ﬁ) —t1. Applying p3 to such a derlvatlon,

() (m)

we obtain a proof of (z;, — tlz” w) | p3.

Thus, we can derive R(1Z%; ( ) ) | p3 from R(t) | p3 by multiplying it with p3(Z; ( ) ) and then using

(jg k:) - tlzz( ])k) [ p3.
The case when t contains ¢y is symmetrical. When ¢ contains t3, we can analogously show how

to derive (37( k)y,(”) tgzz( J)k) | p3, which then can be used to derive R(tff?k) [ ps from R(t) [ p3. O

Finally, we show how ¢ (A, k) can be reduced to FPHP(G).
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Definition 5.64 (Reduction 7). Let £ > 0, m,n > 0 and let G be an m x n bipartite graph with
parts [m] and [n]. Let P = (p; 1) | keNg(i) Pe fresh variables. The reduction 7 for oc(A, k) is

i€[m

defined as follows. For every 7 € {0, 1}§” in the decreasing order:

1. For each i € [m] and k € [n] set

@)= Y (AT Ipes’
sem
such that[kéNg(s)

2. For each j € [m] and k € Ng(j) set

() = pj.

This definition is well-defined: A | 7 = A for every m € {0,1}", because A(™ only contain
constants in these cases.

Lemma 5.65. Let K > 0, m,n > 0 and let G be an m X n bipartite graph with parts [m] and
[n]. Let A = {A™ : 1 € ©=F} be a collection of m x m matrices as in the definition of ¢. Then
for any PCRE, refutation I1 of <;~5G(A7 k) with degree d, IIT can be transformed into a refutation of
FPHP(G) with degree at most d(x + 1).

Proof. Tt follows by induction on |x|, that for every 7 € {0,1}=", i € [m], and k € [n] \ K, T(mf?)

(and thus T(xﬁ))) is a polynomial of degree at most k — || + 1.

It implies that all polynomials from ¢g(A, k) | T can be easily derived from the axioms of
FPHP(G).

Claim 5.66. Every polynomial from g(A, k) | T has a degree-(k + 2) proof from FPHP(G).

Proof. Fix 7 € {0, 1}§”. As shown above, all the entries of A | 7 are polynomials of degree at
most k — 7. .
Let i,7 € [m]. The (7, j)th axiom of ¢G(A, k) under 7 transforms as follows:

( )» xE,’L’yS,;?+A£7?) = 3 > AP | pa AT
keNa(5) keNe(5) s€[m]
such that k€Ng(s)

=Y T(Ag;)) ( > ps,kpj,k) +T(A§,7;))
keNg

s€[m)] (4)NNea(s)

= Z TME?)( Z ps,kpj,k>
keNg (s)

sefm\{j} (/)NNe
+ (A7) ( S ikt 1) :
keNG(5)

which is trivially derivable in degree x — |7| + 2 from the hole axioms p; ;p;; and the polynomial

Z pjk+ 1.

keNG(7)

5Tt is useful to think of P as an m x n variable matrix, where P;; = 0 for all 4 € [m] and k ¢ Ng(i). Then
T((}) = (A7 1 7)P), i

i,
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Note that the latter is an immediate consequence of the pigeon axiom for pigeon j together with
its functional axioms, and thus has a derivation of degree at most A,,,, from FPHP(G).
Thus, we can extend II [ 7 to a refutation of FPHP(G) of degree at most d(x + 1). o

O

Theorem 5.67. Let n > 0, N = 8n+8, m = 16(N + 2), k < n®, for some a < 1, and let
G be an m x n (n?,d)-lossless expander with parts [m] and [n], the minimum left-degree at least
Apin = 50logn and the mazimum left-degree at most Apqe = 150logn. Let A = {A(“) T e

¥=F} be a collection of m x m matrices as in the definition of 1. Then any PCRg, refutation of
Vpa(G)) (A, k) requires size 90((n®/x)""?)

Proof. Let

c= Amm/6 —d,

CTL6

T 8A (ki + 1)

5 1/3
dy = a3 = LA )
1 8A az(k+ 1)

Note that d; = O(n’/k) and dy = @((n‘s/m)l/g) due to our choice of A, and A,

Let II be a PCRE, refutation of ¢ p(r(q)) (A, k). Suppose, for the sake of contradiction, that
TT| < 2¢¢2 for some small € > 0. We will fix the value of ¢ later.

We start with applying the restriction p; from Definition 5.49 to II. Let II; = II | p;. By
Lemma 5.50 and the union bound, there exists p; such that for every term ¢ in Iy, deg(t,) < d;.
This holds since the maximum left-degree of H(G) is 8A,.; + 8 and the size of II is less than

dq

/ dy dy \1/2
(4/3)V HEAmarts) — 99((gn) ") for sufficiently small e. By Lemma 5.52, II; is a refutation of

brc) (A T p1, k).
We proceed by applying the restriction po from Definition 5.55 to II;. Let Ily = II [ po. By
=

Lemma 5.56 and the union bound, with probability bigger than 1/2, for every term ¢ in Iy it
holds that ¢, . mentions less than dy columns; that is, there is a set K C [n] such that no k ¢ K

is X (™_column-mention, (Y(”))T—column—mentioned or Z™-column-mentioned in t. This holds
since the size of II; is less than %(3/2)d2 = 29(@) for sufficiently small e. By Proposition 5.57,
the graph G’ is an (n’, ¢)-boundary expander with probability at least 1/2. Thus, by the union
bound, there is ps for which both of these events happen. By Lemma 5.58, Ils is a refutation of
brcy(A T p1 | p2, k).

Next, we apply the restriction ps from Definition 5.59 to II. Let d=dyand II' = Rg,(II) | ps.
By Lemma 5.61 and the union bound, with probability larger than 1/2, for every term ¢ in R(Ilz),

deg(tzy,-) < di. This holds since |K| in Lemma 5.61 is less than dy due to p2, and the size of IT' is
d

less than %16 / 15m = 2(9(&2)) for sufficiently small e. Therefore, the degree of any term
in I is at most 4dy — 4: every term in R(ms) has degree at most 2d; — 2, and the degree can grow
by at most the factor of 2 due to p3. By Lemma 5.62, II' can be extended to a refutation Il3 of
QB(A I'p1 | p2 | p3, k) by increasing the degree by at most 1. Thus, by the union bound, there is
ps3 for which both of the above events happen. In this case, II3 has degree at most 4d; .

Finally, we apply the restriction 7 from Definition 5.64 to II3. By Lemma 5.65, II3 [ 7 can be
extended to a refutation Iy of FPHP(G’). The degree of I14 is at most 4d;(k + 1) = 20"6 This

AW’LGI :
contradicts the degree bound from Proposition 5.46. 0
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6 Proof Complexity Generators for SA

In this section, we will state our results for a stronger formula BT*Rank]"'(A), which is similar
to BTRank'(A) except that it does not use z-variables. Formally, it is defined as follows.

Definition 6.1 (The CNF encoding BT®Rank(A)). Assume m > n are positive integers and
A € {0,1}™™ is an m by m Boolean matrix. The CNF encoding the (simple) bamboo tree
rank formula, denoted BT®*Rank;'(A), uses input variables x; , yx; : 4 € [m], k € [n] together with
extension variables u; ;1 : 4,7 € [m],k € [n], and consists of the following axioms.

Output Axioms: For every i,j € [m], the clause u; ;, if A;; = 1 and the clause —w; j,, if
AiJ = 0.

Summation Base Axioms: For every i,j € [m], u;j1 = xi141,5, encoded by the clauses
Wi VT V oy, @iV g and g Voo g

Summation Axioms: For every i,j € [m], and k € {2,...,n}, ujjr = Ui k-1 D Ti Yk
encoded by the following six clauses:

Tik V U5 k-1 V Uik,

Tik V Ui jk—1V U ks

Yk V Uij k-1 V Uijk,

Yk,j vV Ui k—1V U5k,

Xk NV WYk V UG k-1 Y UG ks
ik NV WiV Wigk—1V U k-

We will also consider the substitution instance of BT®Rank, denoted as BT®Rank’. In this
instance, the last row of X and the last column of Y are substituted with ones. Specifically, for
every k € [n], we assign Ty = Yk.m = 1 and Uy, ;. = k mod 2.

Instead of reducing BT*Rank]'(A) to PHP, we can perform a reduction to BT'Rank’ﬁm(fl) and
explicitly prove the degree lower bound for the latter formula.

6.1 Row Degree Lower Bound
We start by proving the degree bound on BT*Rank’}'(A).

Definition 6.2. Let ¢ be a term in the variables of BT*Rank/™(A). We say that i € [m — 1] is
X -row-mentioned in t if there are k € [n] and b € {0,1} such that mgk appears in t. We say that
j € [m — 1] is YT -row-mentioned in t if there are k € [n] and b € {0,1} such that y,l;’j appears in
t. We say that i € [m — 1] is U-left-row-mentioned in t if there are j € [m], k € [n] and b € {0,1}

such that u?,m appears in t. We say that j € [m — 1] is U-right-row-mentioned in t if there are

i € [m], k € [n] and b € {0,1} such that uf,jyk. appears in t.

Definition 6.3 (Row degree). Let t be a term in the variables of BT*Rank/"(A). Let I be the set
of all i € [m — 1] that are either X-row-mentioned or U-left-row-mentioned in ¢. Similarly, let J
be the set of all j € [m — 1] that are either Y7 -row-mentioned or U-right-row-mentioned in t. We
say that t mentions rows (I,J). The row degree of t is defined as the sum |I| + |J|.

Lower bounds on the SA degree are typically established by constructing a pseudoezxpectation,
which is a linear mapping that satisfies the following properties: it maps all low-degree multi-
linear polynomials to R, vanishes on multiples of the axioms, and is non-zero on the constant-1
polynomial. We present such a mapping for multilinear terms with small row degree.

Lemma 6.4. For every m > n and every A € {0,1}"™*"™ with Apm = nmod 2 and A;,, =
Ami =1, for alli € [m — 1], every SA refutation of BT*Rank]"(A) requires row degree n — 1.

Proof. We construct a linear mapping

R: R[fvgvﬁ]/(f275’3727?77627{[) —+R
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that satisfies the following properties.
1. R(1) =1.
2. R(t) > 0 for every term t with row degree at most n.

3. For every axiom axiom and every term ¢ such that axiom-¢ mentions at most n rows, R(axiom-
t)=0.

This mapping rules out the existence of a refutation of BT*Rank!"(A) with row degree at most n.
Indeed, in any SA refutation of BT*Rank!"(A), the left-hand side becomes non-negative under R,
while the right-hand side evaluates to R(—1) = —1, leading to a contradiction.

Let I,J C {2,...,m} with d = |I| + |J| < n. We define the random partial assignment py ; as
follows.

1. Sample random matrices M € {0, 1}/2m* and N e {0, 13790} of full rank such that
MN = Arimy,ju{m} and for every k € [n], My, x = Ngm = 1.

2. Assign p(Xp,,)) = M, meaning that for every i € I and k € [n], set p(z;x) = M; . Similarly,
assign p(Y},),7) = N: for every j € J and k € [n], set p(yx;j) = Nk,;-

3. For every (i,j) € (I U {m}) x (JU {m})\ {(1,1)}), and k € [n], set p(ui,x) =
S~y M; Ny j mod 2.

4. For every variable 6 assigned by p, set p(6) =1 — p(0).

Let ¢ be a term in the variables of BT*Rank!™(A) with row degree at most n — 2; namely, it
mentions rows (I,J) with |[I| +|J] < n — 2. We define R(t) = Pr[pr,;(t) = 1]. Note that pr s
assigns values to all the variables in ¢, which implies that py s(¢) € {0, 1}.

A key property of R is that p; ; remains consistent when extended to larger sets of rows. Let
I,J C [m—1] with [I| 4+ |J| <n—2and let J' = JU {jo}. We show how to inductively sample
the pair of matrices (M, N'), where M € {0, 1}V anq N7 e {0, 13" Hm) - guch that
MN'" = Argmy,rugmy and for every k € [n], My, = Np . = 1.

1. Sample full-rank matrices M € {0, 1}1U{m}x[n] and N € {0, 1}["]X‘]U{m}, such that MN =
ArUtmy,Ju{m} and for every k € [n], My, x = Ngm = 1.

2. Sample a vector v € {0,1}" such that Mv = Ay j,, and the matrix N’ = [N v] has full
rank, i.e., rank(N') = |J| + 2.

This process is equivalent to just sampling (M, N’) uniformly. Indeed, for a fixed pair of
matrices (M, N), the number of choices for v is independent of the choice of the pair (M, N). We
demonstrate this as follows. Since M has full rank, there are 2"~HI=1 possible choices for v that
satisfy Mv = AIu{m},jO- The rank of N’ can be either |J| + 1 or |J]| + 2. It equals |J| + 1 if
and only if v is linearly dependent with the rows of N, i.e., there exists a vector p € {0, 1}‘]U{m}
such that Ny = v. Moreover, each such p corresponds uniquely to a v since N has full rank.
Substituting Ny = v into Mv = Ay j,, we find that p must satisfy M Nu = Ay j,, which simplifies
to Argjpu = Arj, due to our choice of M and N. Let v denote the number of solutions to the
linear system A; ju = Ay j, and observe that v < 21/I+1. Therefore, there are 2"~HI=1 —y choices
for v that satisfy Mv = Ay, and ensure rank(N’) = |J| + 2. This number is positive when
on=HI=1 > 9lJl+1 > 1 which holds when |I| 4 |.J| < n — 2. Clearly, v depends only on A and is
independent of the specific choice of M and N.

Similarly, by symmetry, we can sample M’ € {0, 1}Ilu{m}x["} and N € {0, 1}["}X‘]U{m}, where
I' =TU {ip}, if we can sample M and N.

This implies that the matrices M and N in the definition of pr ; always exist. For the base
case [ = J =@, we have M = (1,...,1) and N = (1,..., 1)T and the inductive steps follows from
the reasoning above.

o7



Similarly, for every term ¢t with row degree at most n — 2 that mentions rows (I, J), and for
every I' D I and J' D J with |I'| + |J'| < n — 2, it holds that Pr[p j(t) = 1] = Pr[pp s (t) = 1].
This can be proved by induction on |I’\ I| + |J"\ J|. The base case, where I = I' and J = J', is
trivial. The inductive step again follows from the above inductive construction.

The last property simplifies verifying the properties of R. Let ¢t be a term and axiom an axiom
of BT*Rank/™(A). Suppose the polynomial ¢ - axiom mentions rows I of X and rows J of Y7, with
|I|+|J| < n. Expanding ¢-axiom as a sum of monomials Y /_; t;, where each monomial ¢, mentions
rows Iy C I and J; C J, we have:

q q
R(t - axiom) Z ZRtg =
/=1 (=1

q
Z[EPIJ —[EZMJ )] = E[pr,s(t - axiom)] = 0.
=1

I MQ

q
v(pr,,7,(t) = 1] Z rlpr,s(t) = 1]

The last equality holds because t - axiom evaluates to zero under every choice of matrices M and
N in pyr ;. O

6.2 Size to Row Degree Reduction
We need the matrices D and £ (they are used in the iterated BTRank bound).

* ¥ O =
O ¥ = ¥
* O ¥ =
* ¥ R O
* = ¥ O
= O % %
O = % %
= X% O ¥
* ¥ O =
* = % O
* K% = O
* O ¥ =
O ¥ X%
= O % %
= % O ¥
O = X ¥

The following definition is similar to Definition 5.20.

Definition 6.5 (Random substitution p). Assume m > n > 20 and (n — 4) is divisible by 16. Let
n=(n-4)/8and {Z;; :i € [m],k € 0]}, {Gr; : J € [m],k € [n]} and {@; ;1 : 4,5 € ((fm + 1] x
[m+1])\ (1,1)), k € [7]} be fresh variables. Given k € {3,...,n—2}, let (k) = ((k—3) mod ) +1
and v(k) = Lk 3| +1. A random substitution p is chosen as follows

1. For each i € [m], uniformly and independently sample s;,7; € [4] and oy, 5; € {0,1}.

2. For each i € [m] and k € [n], set

o if k e {1,n — 1},

1 if k € {2,n},

T fke{3,...,n—2}and Dy, 4y = *,

Ds, (k) if ke {3,...,n—2} and Dy, (k) € {0,1}.

3. For each j € [m] and k € [n], set

1 if ke {1,n— 1},

Bj if k€ {2,n},

Gury,y Hke{3,...,n—2}and & k) = *,
Erwiey HEE{3,...,n—2}and &, 4 € {0,1}.

p(Yrj) =

4. For each i,j € [m] and k € [n], we deﬁne p(u”k) according to 351 p(;¢)p(ye ;) mod 2.

Given k € {3,...,n — 2}, let p; jr = Ze 1 DAt p(xie)p(ye,;) mod 2 simplified under the
assumptions » ) Z; ¢¥e; = Aij mod 2, 32 ¢ = 1 mod 2 and >7j_; 3z ; = 1 mod 2. Then
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for each 7,5 € [m] and k € [n], set

Q; if k=1,
a; B B; if k=2,
A;; ® B; ifk=n-—1,
Aij if k =n,
pluige) = 3 i if ke {3,....,n =2} Dy, i) = &y i) = *;
TR ik €{3,...,n— 2}, Dy iy = % Eryuii) = L,
Ty 1 ifke{3,....,n—2}, Dy ) = 1,En wiy =
Dijk D (L(k‘) mod 2) if k e {3, e, = 2} DSZ v(k) = grjﬂj(k) =1,
Dijk ifke{3,....n—2}4D, iy =0o0r & ,x =0.

Lemma 6.6. Assume m > n > 20, (n — 4) is divisible by 16 and A € {0,1}™*™ is a Boolean
matriz. Let t be a term in the variables of BT*Rank!"(A) and t' be a subterm of t such that t'
does not mention columns {1,2,n — 1,n} but mentions rows (I,J) for some I,J C [m]. Then

I|+|J
Prft | p# 0] < (v7/8)" )
Proof. Consider the bipartite graph G with parts I and J and edges

{(,7) : 3b € {0,1}, k € [n] such that uﬁ?’jyk appears in t'}.

Let ¢ be a minimal subterm of ¢’ that mentions rows (I,.J). In terms of G, the term t”
corresponds to one of its minimal edge covers. Such a cover does not contain any paths of length
three, thus its connected components are

e isolated vertices ;Uf j; OF yz i

o stars [ pyep Wio.sk L men Wiojk and 1 mep Wijok i x)en ijo ks

and each of these components mentions its own disjoint set of indices.
In the first case, for every b € {0, 1}, we have Pr {p(:cfk) # O] =Pr {p(yz,j) # 0} =3/4.
In the second case, assume that we have a star with r rays, say s = H(jvk)ep Ujg .k H(j7k)€N Wi .k

where |P|+|N| = r. This star U-left-row-mentions index ig € I and U-right-row-mentions r indices
{j:3keN: (j,k) e PUN} CJ. For every s € [4] and « € {0, 1}, the events

['p#0]| si, =s,qi, = «), where (j, k) € P,

(ui07.j7k

and
(Hioyjyk [P 7£ 0 | Sig = 8, Qg = Oé), where (]7 k) €N,

are independent and each happen with probability at most 7/8. Thus, all of them simultaneously

do not happen with probability at most (7/8)" < (1/7/ 8)r+1. It implies that
[11+]7]
Pr[t' [ p#0] <Pr[t" | p#£0] < (/7/8) : O

The substitution p transforms any refutation of BT*Rank into a refutation of BT*Rank’.

Lemma 6.7. Assume m > n > 20, (n —4) is divisible by 16 and A € {0, 1}™*™ is a Boolean
matriz. Let A be an (m + 1) x (m + 1) Boolean matriz defined as

A; i € [m] and j € [m],
Az‘j: nmod?2 ifi=m+1andj=m+1,
’ 1 ifi=m+1 and j € [m],
1 ifi € [m] and j =m + 1.
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Then for every SA refutation I of BT*Rank]'(A), II | p is a refutation of BT'Rank/(ZLfi)/g(fl).

Proof. Every Output Axiom uZA;jL is either satisfied, or becomes the Output Axiom of the form
A

U; 5’55 Uism1,7 OF UjomA1,7-

Every set of Summation Base Axioms encoding u; ;1 = ;,1%1,; is either satisfied or encodes the
statement of the form ﬂi7]’,1 = ji,lgl,j» ﬂi,m—i—l,l = i‘i,l or ﬂm+l,j,1 = ng.

Every set of Summation Axioms encoding wu; j i = u; jk—1 © T xYk,; iS

o either satisfied,

o encodes the statement of the form 4; j ,(x) = U; j . (k)—1 D Ti (k) Vu(k),jr Wisma1,u(k) = i ju(k)—1 D
(k) OF Ut 1,ju(k) = Uigo(k) -1 D Yu(),j» OF

. LA~ -
¢ becomes the Output Axiom of the form uij’%, Wi m+1,7 OF Ujomt1,- O

Theorem 6.8. Assume m > n > 20, (n — 4) is divisible by 16 and A € {0,1}*™ is a Boolean
matriz. Then any SA refutation of BT*Rank]'(A) requires size ( 8/7)(7174)/871.

Proof. Let i = (n — 4)/8 and suppose, for the sake of contradiction, that there exists a refu-
tation IT of BT®*Rank]’(A) with size [II| < ( 8/7)n_1. By Lemma 6.7, I [ p is a refutation
of BT'Rankg”H(fl), which requires row degree . — 1 by Lemma 6.4. By the union bound and
Lemma 6.6, there exists p such that every term of row degree at least 7 — 1 vanishes from II | p.
This leads to a contradiction. O

7 Structural Results

7.1 Amplification of the Rank Principle

In this section, we prove an amplification theorem for the weak rank principle, namely that the
proof complexity of Rank]' is robust for different choices of parameters (m,n), under low-degree
algebraic reductions and assuming that m and n are not too close. The proof is an adaptation
of known amplification theorems for weak pigeonhole principles [42,61,80]. This result should
be regarded as a basic property of the weak rank principle that essentially follows from previous
constructions. Nonetheless, it plays a foundational role in later sections, and we include it here
for completeness. Moreover, this result provides another aspect in which the weak rank principle
behaves similarly to the weak pigeonhole principles.

Theorem 7.1. Let m > 2n be positive integers, € > 0, and d = O(e !log(m/n)), then there is a
degree-d algebraic reduction
Rank(1 79" <& Rank™.

We prove Theorem 7.1 in two steps. First, we reduce Rank%" to Rank]" for arbitrarily large m.

Theorem 7.2. Let m > 2n be positive integers and d = [log(m/n)]. Then there is a degree-d
algebraic reduction
Rank2" <28 Rank™.
Proof. Let X € F?"*™ and Y € F™*?" be the variables of Rank?". For every positive integer i, we
will build a reduction from Rank2" to Rank2™ inductively. Let X € F2x® and Y(©) € Frx2'n be
the variables of Rank%i”. Abusing notation, we will also specify our reduction R; : Fin® _y F2+n? by
defining the following two matrices X e F2nxn and YO € FPX2'n whose entries are polynomials
over (X,Y).
This is done inductively. First, X(!) = X and Y =Y. For each i > 1:

A xX@ . Y@ 0
(i+1) — N (i+1) — . A
X ( 0 X(%)) 2\)5/’ Y \}; ( 0o Y®]/"
nXxXn

nx2n

2it1nx2n 2nx2it1ln
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The idea underlying our reduction is that if XY = I, then X0y () = Iy, for every ¢ > 1. This
is easily seen by an induction on i:

x (41 (i+1) (X(i) 0 )) v (Y(i) 0 )

0o Xx¢@ 0 Y®
x (@) 0 y (@) 0
o x® 0o Y®
— .[21'+1 n:

It is easy to see that each entry of X(® (Y respectively) is a degree-i polynomial over X (Y

respectively). Now we prove that each axiom of Rank?:”, when composed with our reduction R,

admits a degree-2i NS-proof from the axioms of Rank?". Again, this is via an induction on . The
case when ¢ = 1 is trivial; assuming this is true for Rankiln, we prove this for Rank%ﬂrl”:

x 1)y (+1)

- IQH—ln

X® 0 Y@ o
xX@ y (@) x@ v o

0 )
(
X0y 1, X@ 0 y@
:< 0 xoyo _p, J T 0 xo)EY kI, ye )

(Part I) (Part II)

By our induction hypothesis, each entry of (Part I) admits a degree-2i NS-proof from the axioms
of Rank?". Since the axioms of Rank?™ only express XY = Iy,, and each X and Y¥) are degree-i
polynomials over (X,Y), it follows that each entry of (Part II) also admits a degree-2i NS-proof
from the axioms of Rank?". This proves our claim for i + 1.

Now we wrap up the proof. Let k = [log(m/n)] be the smallest integer such that 2¥n > m.
Let X’ € F™*™ and Y’ € F™*™ be the variables of Rank'. Given (X,Y"), our reduction sets X’ to
be the first m rows of X(¥) and sets Y’ to be the first m columns of Y(¥). It is easy to see that the
reduction can be computed in degree k and that each axiom of Rank]' admits a degree-2k NS-proof
from the axioms of Rank?". O

Now we reduce Rank{1*9" to Rank?". The proof idea is very similar to that of Theorem 7.2

but we include the full proof here for completeness.

Theorem 7.3. Let n be a positive integer, € > 0 such that en is an integer, and d = [1/€|. Then
there is a degree-d algebraic reduction

Rank(1 79" <% Rank?".

Proof. Let X € FA+tOnxn and vV e F»*(149n he the variables of Rank{!*9". For every positive

n

integer 4, we will build a reduction from Rank{1*9" to Rank(! 7)™ inductively. Let X () e Ftionxn

and Y() ¢ Frx(+i9)n he the variables of Rankg‘”e)”. Abusing notation, we will also specify our
reduction R : F2(+on® _, p2(1+ic)n? by defining the following two matrices X and Y® whose
entries are polynomials over (X,Y).

This is done inductively. First, X = X and Y = Y. For each i > 1:

4 X® 0 : Y@ o
(+1) — . (i+1) — .
X < 0 I€n> ( \)f./ ) Y \}:./) ( 0 Ien

. , 1+e)nxn nx(1+e)n ,
(14+(i+1)e)nx(1+€)n (1+e)nx(14+(i+1)e)n
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For the sake of intuition, let us see that if XY = I(j,,, then X@y @ = I(14icyn for every
3 > 1. This is via an induction over i:

= I(l—f—(i—i—l)e)n'

It is easy to see that each entry of X (Y(i) respecti\{ely) is a degree-i polynomial over X (Y
respectively). Now we prove that each axiom of Rankgﬂe)", when composed with our reduction

R, admits a degree-2i NS-proof from the axioms of Rank(!*te". Again, this is via an induction on 1.

n . .
The case that ¢ = 1 is trivial; assuming this is true for Rankg‘*“)n, we prove this for Rank%H(l‘H)e)":

x (D) y (i+1) _ I(1+(z‘+1)€)"

xX® y® g
- ( 0 Im> XY( 0 I,) " lostEnon
x@ 0 vy@ x@ vy@®
= < 0 I€n> (XY - I(1+6)TL) ( 0 Ien + 0 Ien 0 IEn - I(1+(i+1)e)n

_(XxX® 0 Y@ o XOY® — I 4i0n O
- < 0 IEn) (XY_I(1+E)7Z)< 0 Ien + 0 0

(Part I) (Part II)

By our induction hypothesis, each entry of (Part II) admits a degree-2i NS-proof from the axioms
of Rankg*e)”. Since the axioms of Rankg“)” only express XY = I(1,,), and each X@ and Y
are degree-i polynomials over (X,Y), it follows that each entry of (Part I) also admits a degree-2i
NS-proof from the axioms of Rank,(ll‘*'e)". This proves our claim for ¢ 4 1.

Now we wrap up the proof. Let k = [1/€] be the smallest integer such that (1+ke)n > 2n. Let
X' € F?™™ and Y’ € F"*?" be the variables of Rank?". Given (X,Y), our reduction sets X’ to be
the first 2n rows of X*) and sets Y’ to be the first 2n columns of Y*). It is easy to see that the
reduction can be computed in degree k and that each axiom of Rank?" admits a degree-2k proof

from the axioms of Rank{!*9", O

The takeaway message from the above two reductions is that the proof complexity of weak rank
formulas Rank]" are robust (in the regime when m and n are not too close), in the sense that they
can be reduced to each other via low-degree reductions.

Theorem 7.1. Let m > 2n be positive integers, ¢ > 0, and d = O(e~'log(m/n)), then there is a
degree-d algebraic reduction
Rank{1+" <& Rank™,

Proof Sketch. This follows from Theorem 7.2, Theorem 7.3, and Fact 4.7. O

7.2 Low-Degree Reductions for WRank in Strong Proof Systems

For sufficiently strong proof systems closed under low-degree reductions, we show that it is
enough to prove the hardness of WRank with A = I to get a generator (namely, hardness of WRank
for every A). We demonstrate this simple property for the bamboo-tree encoding BT*Rank"(A).

We show that the the formula BT*Rank'(A) can be reduced to BT*Rank] (1), where r > n,
by a degree-1 reduction. The main idea consists of substitution X’ = AX and Y’ = Y into the
statement X'Y’ = A, thus obtaining AXY = A, which is derivable from XY = I,.

62



Lemma 7.4. Let A € {0,1}™™ be an arbitrary matriz of rank v with r > n. Then there is a
degree-1 reduction from BT*Rank], (I,) to BT*Rank]'(A).

Proof. Let the variables of BT*Rank],(I,) be X = <mi:k)i6[r],k6[n]7 Y = (yk’j)ké[n],je[r]’ and U =
: ° m I _ / [ /
(um,k)i’je[r],ke[n}, and the variables of BT*Rank]"(A) be X’ = ($i»k)ie[m],ke[n}’ Y= (ykyj)k:e[n]ge[m]’
and U’ = (u; j k)@,,je[m]’ keln] Here we are going to slightly abuse the notation of degree-1 reductions:
we are going to construct the reduction R that substitutes (X', Y’ U’) with degree-1 polynomials
in (X,Y,U), but the axioms of BT*Rank]"(A) o R will have constant degree NS-proofs from the
axioms of BT®*Rank], (1,). Since the axioms of BT*Rank are themselves have constant degrees, this

does not pose any problems and such a reduction is sufficient for our applications.
We can consider the following degree-1 reduction R that computes (X', Y’, E’) from (X, Y, F):

o for every i € [m], k € [n], x} ), = zip;
o for every k € [n],j € [m], y;g,j = D belr] YrbAb s
o for every i,j € [m] and k € [n], U;jk = Zbe[r] Ap,juip k-

We show that BT*Rank] (1) reduces to BT*Rank"'(A) under R.
Recall that in algebraic proof systems, we encode a clause C = \/;cpv; V V;cn —v; as the
polynomial [[;cp(1 + v;) [Ty vi- We give the following names to the axioms in BT*Rank], (7,.):

OutAx; j = i j + Ui jn, i,j €[],
MultBaseAx; ; = u; j.0, i,j € [r],
I\/IultAx}’j’/,€ =1+ 2ip)uijr—1(1+ui k), i,7 €r],k € [n],
MultAx? ; . = (14 24) (1 + i jgo—1) Wi jks i,j € [r], k € [n],
I\/IultAx?’j’k = (1 + yrj)uijk—1(1 + wijr), i,7 €r],k € [n],
MultAx ;. = (1 + yii) (1 + Wi 1) Ui ks i,j €[rl,k € nl,
MUItAX? 1 = @5 kWi, j k—1i,j i,j € [r], k € [n],
MuItAng =z k Yk, (1 + wijp—1)(1 4+ uijr), i,j €[r],k € [n].

To simplify the proofs, we also consider the following three types of auxiliary polynomials:

MUltAXZj,k = (1 + 20) (Wi j g—1 + Ui j k), i,j € [r], k € [n],
MuItAxij-’k = (1 + yrj) (Wi k-1 + Uijk), i,j € [r],k € [n],
MultAx? ; . = i ke (1 + Wi je—1 + Ui jk), i,j €[],k € [n].

It is easy to see that for all i,j € [r] and k € [n] (over characteristic 2):

MultAx; ; ;. = MultAx; ; , + MultAx?

Z7.j7k’
MultAx? ; . = MultAx} ; . 4+ MultAx;
MultAx?; , = MultAx; ; ;. + MultAx}; ;.

Let axiom be any polynomial from BT*Rank'(A). There are the following cases:

!/
2,7,M7

e Output Axioms: Suppose axiom = A; ; + u where i, j € [m]. Then

axiomo R = A; ; + Z Ap jUipn
be(r]

= Coi((0ip + uipn) + 0ip) + Aij
be(r]

= Z Ab,jOutAx@b,
be(r]
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which is a linear combination of the axioms of BT*Rank] ().

 Multiplication Base Axioms: Suppose axiom = u; ; ;, where i, j € [m]. Then

axiomo R = Z Ap juipo = Z Ay jMultBaseAx; p,
be(r] be(r]

which is a linear combination of the axioms of BT*Rank], (Z,.).

e Multiplication Axioms:

1. Suppose axiom = (1 + @7, Ju; ;. (1 +uj; ), where i,j € [m], and k € [n]. Then

axiomo R = (1 + xuk)( Z Abl,jui,bl,k—l)(l + Z Abg,jui,bg,k)
ble[r] bQE[T]

7
= E Abl,jAbg,jui,bl,k—lMU|tAXi7b27ka
b1,b2€[7“]

which is a degree-4 NS proof of axiomo R from BT®Rank] (I,). This polynomial identity
can be verified by induction on r.

2. Suppose axiom = (147 ;. )(1+u; ;1 )u; ;,, where i, j € [m], and k € [n]. Then axiomoR
has a degree-4 NS-proof from BT*Rank;, (/,) due to symmetry: simply exchange u,p r—1
and uqpk in Item 1.

3. Suppose axiom = (1 +y; Juj ;4 (1 +uf; ), where i,j € [m] and k € [n]. Then

axiomo R* = (14 > Ay, iUkps)( D Abyjtipy 1)1+ D> Ay jeinon)

ba€[r] bi€[r] ba€[r]
= Y Ay A, juip, et MultAxP,
b1,b2€(r]
7
+ D Ab A Ay Uk bstiby k-1 (MUltAX] o
bl,bg,bge[r]
bo7#bs3

+ MuItAx?’b%k + xi,kMU|tAX§,b27k)7

which is a degree-6 NS proof of axiom o R from BT*Rank]" ().

4. Suppose axiom = (1+y; ;)(1+u; ;. 1)u; ;1, where i, j € [m], and k € [n]. Then axiomoR
has a degree-6 NS-proof from BT®Rank;, (/,) due to symmetry: simply exchange ugp r—1
and ugp 1 in Item 3.

5. Suppose axiom = x ;Y ;i qU; ;p, Where i,j € [m] and k € [n]. Then

axiom o R = x5 ( Y Aby jtks)( Y Apyjtlipy k1) D Abyjlipy k)

bs€[r] bi€[r] ba€[m]
9

= > Ay A, juis, k1 MultAx)y

b1,b2€[r]

9

+ D Ab Ay Abs kb iy k-1 (MUltAX)

bl,bg,bgé[ﬂ

ba#bs

+ xi7kMu|tAx§7b2’k),
which is a degree-6 NS proof of axiom o R from BT*Rank] (1,).

6. Suppose axiom = z v (1 + ;. 1)(1 + ), where i,5 € [m] and k € [n]. Then

)

axiomo R =2 k(D Apy j¥kps) (D Abyjiny k1) D Apy i k)

bse [T} b1 € [7"} bo € [m]

64



= Y Ay, iMultAx)y, ¢
ng[’r‘}

9 8
+ E Abz,jAb37jyk7b3(MultAbe&k + mLkMuItAxi,b%k)
ba,bz€[r]
bo#b3
+( / / / / )O R
LikYk,j%i,jk—1%i,5,k ’

which is a degree-6 NS proof of axiom o R from BT*Rank (1,). O

8 Hardness of Proving Circuit Lower Bounds

In this section, we show that there is a low-degree reduction from the weak rank principles to
circuit lower bound statements. In other words, for every algebraic proof system P closed under
low-degree reductions, if P cannot prove the weak rank principle, then P cannot prove circuit lower
bounds for the truth table of any function. We also unconditionally show the hardness of such
circuit lower bound statements for PCRf,. Although PCRF,, when measured by size, does not seem
to be closed under low-degree reductions, we still manage to prove the hardness of circuit lower
bound statements for PCRf, by reducing them to an appropriate iterated variant of the weak rank
principle.

Remark 8.1 (Comparison with [69,72]). Razborov showed that low-degree polynomial calculus
proofs [69] and short resolution proofs [72] cannot prove any circuit lower bounds. Both proofs
proceed by first showing that (variants of) weak pigeonhole principles are hard for the underlying
proof system and then reducing the weak pigeonhole principle to the circuit lower bound statements.
Intuitively, these weak proof systems cannot prove circuit lower bounds because they cannot count.

Complementing Razborov’s results above, in this section we show that there is a low-degree
reduction from the rank principles to the circuit lower bound statements. Intuitively, weak proof
systems that cannot reason about linear algebra cannot prove circuit lower bounds, either. Our
result demonstrates yet another aspect in which the (weak) rank principles behave as an algebraic
analogue of the (weak) pigeonhole principle.

Roughly speaking, our arguments uses non-commutative algebraic branching programs
(ncABPs) as a proxy. Nisan [58] showed that the ncABP complexity of every non-commutative
homogeneous polynomial f is characterised by the rank of certain matrix associated with f. Hence,
if P cannot prove the weak rank principles, then P cannot prove any lower bound on the ncABP
complexity of non-commutative homogeneous polynomials. In Section 8.1, we formalise the above
intuition as a proof complexity reduction from the weak rank principles to polynomial equations
expressing ncABP lower bound. Then, in Section 8.2, we show that the unprovability of ncABP
lower bounds imply the unprovability of lower bounds for general Boolean circuits.

8.1 Lower Bounds for Non-commutative Algebraic Branching Programs

Fix an underlying field F. We consider non-commutative polynomials over the variable set
X ={x1,x9,...,2,}. Denote

Xk = {xilxiQ e Ty D11,12,...,1 € [n]}

as the set of degree-k non-commutative monomials.

Formalisation of ncABP lower bounds. Let f be a non-commutative homogeneous poly-
nomial of degree d over the variable set X = {z1,z9,...,2,}. Let ¥ = (rg,r1,...,74) where
ro = rq = 1, we now define lb,capp(f,7), which is a set of polynomial equations expressing that f
cannot be computed by a non-commutative ABP where the i-th layer has r; nodes.

Variables) For every layer 1 < ¢ < d and every variable z; (1 < 57 < n), there is a matrix
J
M; ;; € F'i=1*"i among the variables of Ibycapp(f, 7). We will also denote M; as the r;_1 x 1;

65



matrix where the (u,v)-th entry is the (formal) linear form 3°,cp,) Mig;[u, v]z;. Note that
here, M; ;. [u,v] is a variable of the polynomial equation system Ib,cap(f,7) and z; is a
formal variable of f.

(Equations) For every degree-d non-commutative monomial m € X<, lbpeapp(f,7) contains a
degree-d equation stating that the m-th coefficient of f is equal to the m-th coefficient
of f', where f’ is the non-commutative polynomial computed by the ABP. Suppose that
m = Tj T, ...%j,, then this equation can be written as

d
11 M; ;. — coeff[f,m] = 0.
i=1

(Note that H;-izl M, is a1 x 1 matrix over F, ie., a scalar in F.)

Theorem 8.2. Let f be any non-commutative homogeneous polynomial of degree d over the variable
set X = {x1,29,...,2,} and let N =n?. Let r € N and denote ¥ = (1,r,7,...,r,1).
———

(d=1) r’s
Then there is a degree-2 reduction from Rankiv to Ibpeapp (f, 7).

Proof. Identify [N] with X<, i.e., the set of non-commutative degree-d monomials over X. Consider
what we call the brute-force ncABP computing f: this is a ncABP consisting of d + 1 layers, with
each internal layer of width N. The ncABP consists of N disjoint (with respect to nodes, except
for the source and sink nodes) paths, where each such path from the root to the sink computes
a single non-commutative monomial. More precisely, we can describe the brute-force ncABP in
terms of matrices whose entries are linear forms over X as follows:

o For every m € X% let MPf[1,m] = coeff[f, m]z; where z; is the first variable in m.

o For every 2 <i < d and every m € X%, let MPf[m,m] = x; where x; is the i-th variable in
m; for every m,m’ € X with m # m’, let M [m,m’] = 0.

o For every m € X%, let M5 [m, 1] = 24 where z, is the d-th variable in m.

Let X € FN*" and Y € F™*Y be the variables of Rankfy and (My, Mo, ..., My) be the variables
of Ibpcap(f, 7). Consider the following degree-2 mapping R that maps (X,Y) into:

o My =M. X, My=Y M
. : _ asbf _ bf
(What this actually means is that M ., My, - X and Mga, =Y Md,xj for every z; € X.)

o« M;=Y  MP.X forevery 2 <i < d.
(Similarly, what this actually means is that M;,, =Y - MP - X for every z; € X.)
»Lj

We prove this is a valid reduction from Rankfnv to lbpeanp(f, 7). Towards this end fix any monomial
m=zj7j,...2j, € X% and consider the polynomial corresponding to m:

d
Dm = H M ;. — coeff[f, m].
i=1
Then, p,, o R is the following polynomial over (X,Y):

pmo R =M (XYM (XY)MP . wbf (XY)MEF  — coeff[f,m).

1,%1 2,:)32 3,9}3 ° d*l,l‘dfl d,xd
On the other hand, the following is immediate from the definitions of MPf:

MPE M M b MET — coeff[f,m] = 0.

1z, #2297 3,23 —1,zq-1 \Ld
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Now we have the following telescoping sum:

pm o R = 111M2m2' be , — coeff[f,m]
+]\4111()(}/7 I)Mng Mdmd

+M1 xl(XY)MQ xg(XY I)MB T3 " Md:nd

+...
+M1 :cl(XY)MQ a:g(XY)MfS T3 * (XY I)Mdmd
d—1
=) Prefix;(XY — I)Suffix;t1, (33)
i=1
where Prefix; = MPf, (XY)MS, (XY)... (XY)MP and Suffix; = MPE MPE, o MET, L Tt s
easy to see that (33) is of the form > _u,we[N] AXIOMy, v Py v, Where axmmuv is the (u, U) th entry of
(XY —I), and each p,,, is a polynomial over (X,Y’) of degree at most 2d — 2. O

As a corollary, there is a degree-O(log(n?/r)) reduction from Rank?" to Ibneasp(f, 7).

8.2 Boolean Circuit Lower Bounds

We show that there is a degree-O(n) algebraic reduction from polynomial equations expressing
ncABP lower bounds to polynomial equations expressing Boolean circuit lower bounds. This
implies that for every proof system P closed under low-degree algebraic reductions, if P cannot
prove the weak rank principle, then it also cannot prove circuit lower bounds for any Boolean
function. (Note that in our formalisation, the circuit lower bound statement has size 20(")  hence
a reduction of degree O(n) can be seen as low degree.)

Let f: {0,1}" — {0,1} denote a Boolean function (represented by its length-2" truth table),
s € N, and Ib(f, s) denote the polynomial equation system expressing that the circuit complexity
of f is greater than s.

Theorem 8.3. For every f: {0,1}" — {0, 1}, there is a non-commutative polynomial py : F* — F
of degree n such that for every parameter r, if we let ¥ = (1,r,7r,...,r, 1), then
——

(n—1) r’s
Ibheanp (P, 7) <alg Ib(f, s) where s = O(m“z).

Formalisation of Ib(f,s). We now recall the precise definition of Ib(f, s) from [69,72,73].

First, we list all variables of Ib(f,s) along with their intended meaning. (In what follows,
a € {0,1}" represents the input of the circuit, v,v" € [s] represent gates of the circuit, v/ < v,
b € {1,2}, and i € [n] represents a variable.)

Name Intended Meaning
Yav The Boolean value computed at the computational node v on the input
a
Yabv The value on a brought to v by the b-th input to v
Fanin(v) This is 0 if v is a NOT gate and 1 if v is an AND gate or an OR gate
Type(v) When Fanin(v) = 1, this is 0 if v is an AND gate and 1 if v is an OR
gate
InputTypey(v) This is O if the b-th input to v is a constant or a variable and 1 if it is
one of the previous computational gates
InputType),(v) When InputType,(v) = 0, this is 0 if the b-th input to v is a constant,
and is 1 if it is a variable
InputType} (v) When InputType,(v) = InputTypej(v) = 0, this equals the b-th input to
v
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InputVary (v, ) When InputTypey(v) = 0 and InputTypej(v) = 1, this is 1 if and only if
the b-th input to v is the i-th variable

INPUTVARy(v,i) | Equals V,; <; InputVar, (v, "), introduced to keep bottom fan-in bounded

InputNode,(v,v") | When InputType,(v) = 1, this is 1 if and only if the b-th input to v is
the previous gate v’

INPUTNODE,(v,v") | Analogous to INPUTVAR(v,%) (i.e., equals V<, InputNode, (v, v")).

Table 1: Variables of Ib(f,s)

Then, Ib(f,s) consists of the following clauses (we can translate them into low-degree polyno-
mials in the standard way):

(Group 1) If the b-th input of v is a constant, then this constant is equal to Ygpy:

o —InputType;,(v) A ~InputType}(v) = (Yapw = InputTypey (v));

(Group 2) If the b-th input of v is a variable, then there is a unique 7 such that it is the i-th
variable:
o —InputType;,(v) A InputType,(v) — —(InputVar,(v,i) A InputVar,(v,i')) where
i A

o —InputType;,(v) AlnputType,(v) — (INPUTVAR(v, i) = INPUTVAR(v,i—1) V
InputVar,(v, 7)) where we define INPUTVAR(v,0) = 0;
(

o —InputType,(v) A InputTypej(v) — INPUTVAR(v, n);
o —InputType,(v) A InputTypej(v) A InputVar,(v,7) = Yapy = a3
(Group 3) If the b-th input of v is a previous gate, then there is a unique v’ < v such that it is the
v'-th gate:
o InputType,(v) — —(InputNodey (v, v") A InputNodey (v, v”)) where v' # v”;

(
o InputTypey(v) — (INPUTNODEy(v,v') = INPUTNODE(v,v" — 1) V
InputNode,(v,v")) where we define INPUTNODE(v,0) = 0;
(v

) — INPUTNODE(v,v — 1);
o InputType,(v) A InputNode, (v, V") = Yaby = Yar';

o InputType,

(Group 4) Every gate operates as expected:

o —Fanin(v) = (Yar = Walv);
. Fanin(v) A ﬁTypG(U) — (yav = Yalv N ya2’u);
e Fanin(v) A Type(v) = (Yav = Yalv V Ya2v);

(Group 5) The circuit computes f:
® Yas = f(a)

The reduction. We first provide an outline of the reduction. Given any Boolean function
f:{0,1}" — {0,1}, let ps : F? — F be the degree-n non-commutative polynomial over the
variables zq, z1 such that:

o For every x € {0,1}", the coefficient of the monomial 2z, 2z, . .. 2, is equal to f(x). (Here

we treat f(z) € {0,1} as an element in F.)

n
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Suppose that p; can be computed by a small ncABP P. For every degree-n non-commutative
monomial m, let Coeff(P, m) denote the coefficient of m in the non-commutative polynomial com-
puted by P (this non-commutative polynomial should be equal to ps). Then Coeff can be computed
by a small Boolean circuit. Plugging P into Coeff gives us a small circuit for f.

In more details, let ¥ = (rg,7r1,...,7,) where 7o = r4 = 1 and r; = r for every 1 < i < d.
Let My, ..., M, denote the matrices representing the ncABP P, where each M; is of dimension
r;i—1 X ;. Note that each entry of each M; is a linear form over (the non-commutative variables) zy
and zj, hence we can write M; = M; . z0 + M; ., z1 where each M; ., € F'~1*". Every x € {0,1}"
corresponds to the non-commutative monomial m, = 25, 24, . .. 2,,, and the coefficient of m; is

n

i=1

Let Coeff({M; ., },x) denote the circuit that given {M; ., } and z as inputs, outputs the value
of (34). The size of Coeff is at most s = O(nr?). Moreover, it is possible to design a circuit
implementation of Coeff such that for every internal gate g and every = € {0,1}", there is an
F-polynomial g, , of degree O(n) over the inputs {M; ., } that computes the value of g.

Now we are ready to specify the reduction from Ibycagp(py,7) to Ib(f,s), where s = O(nr?).
Let {M;.,} be the inputs of Ibycapp(pf, ™). Consider the circuit C(x) = Coeff({M; ., }, ) that
takes x € {0,1}" as an input. The variables

Fanin(v), Type(v), InputTypey (v), Input Typey, (v),
InputVary (v, i), INPUTVAR (v, ), InputNode, (v, v"), INPUTNODE (v, v') (35)

are fixed constants that reflect the wiring of C'. Note that the circuit Coeff takes {M; ., } as inputs,
but the circuit C' treats {M, ;, } as hardwired constants. Therefore, some variables of the form
InputTypej (v) are projections over {M; ., }. Finally, the variables y,, and yup, are internal values
on the computation C(a); all of them can be computed by a degree-O(n) polynomial over {M; ., }
(i.e., gg,q for the corresponding gate g).

Next we verify that every clause in Ib(f, s) (composed with our reduction) admits a degree-O(n)
NS-proof from Ibncapp(pf, 7). In fact this essentially follows from definition:

o (Group 1) is true since we assign both y,p, and InputTypey (v) the same projection over
{Mivzb}‘

o (Group 2) and (Group 3) only contains variables in (35) (which are constants under our
reduction). They assert that the circuit has a valid structure; since our circuit C' indeed has
a valid structure, they are trivially true.

The only two exceptions are

—InputType,(v) A InputTypey,(v) A InputVar, (v, i) — yapy = a;; and
InputType, (v) A InputNodey (v, V") = Yabo = Yaw-

as they contain not only variables in (35) but also variables of the form y,;, and yg,,. But
they are also trivially true by our definitions of y.p, and yg,.

e (Group 4) is true because the polynomials ¢, , correctly captures the values being computed
g?
at the gate g on input .

o (Group 5) asserts that yas = f(a). This is exactly the a-th axiom in Ibycapp(pf, ™) and hence
trivially admits a degree-O(n) NS-proof from Ibycapp (pf, 7).

Corollary 8.4. For every f : {0,1}" — {0,1} and every parameter r, if the circuit complezity
of f is greater than s = O(nr?), then there is a degree-O(n?) algebraic reduction from Rank?" to

Ib(f,s).
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Proof. Let 7= (1,7,7,...,r,1) and ps : F? — F be the non-commutative polynomial guaranteed by
—_———
(n—1) r’s
Theorem 8.3, then there is a degree-O(n) reduction from Iby.app(py, 7) to Ib(f, s). By Theorem 8.2,
there is a degree-2 reduction from Rank%n to IbneaBP(pf, 7). By Theorem 7.2, there is a degree-
O(n) reduction from Rank?” to Rank?". Composing these three reductions (via Fact 4.7) gives us
a degree-O(n?) reduction from Rank?" to Ib(f, s). O

Remark 8.5. The circuit for Coeff can be computed in NC? (since it computes an iterated matrix
multiplication over F). Hence, the above argument also gives a reduction from the weak rank
principle to sentences expressing NC? circuit lower bounds. In particular, let lbyez(f, s) denote the
collection of polynomial equations encoding that f cannot be computed by a circuit of size s and
depth log? s (we do not attempt to formally define Ibyc2(f, s) here). The same argument above
shows that for every Boolean function f and every parameter r, letting s = poly(n,r), there is a
degree-O(n?) algebraic reduction from Rank?" to Ibyc2(f,s). Hence, if the rank principle is hard
for some proof system P (that is closed under low-degree reductions), then P cannot prove any
lower bound against NC? circuits as well.

8.3 Lower Bounds for PCR,

We show how to apply iterability to obtain PCR, size lower bounds on Ibycapp(f,7) and
Ib®(f,s) (a variant of Ib(f,s) that allows binary @ gates).

8.3.1 Lower Bounds for Non-commutative ABPs

Definition 8.6. Let f be any non-commutative homogeneous polynomial of degree d over the
variable set Z = {z1,292,...,2p}. Let ¥ = (ro,71,...,7q) with ro = r4 = 1. For every A € [d]
and j € [n], let Mp ., be a variable matrix of dimension 7o_; X ra. Let Ma be the set of all
degree-A non-commutative monomial in z1,...,2,. For every A € [d] and m € M, let Pa ,, be
an ra_j X ra variable matrix.

In this section, we assume that lb,capp(f, 7) is the following polynomial system:

Pl,zj = Ml,Zj .7 € [n]a
PAJan = PA*l,mMA,Zj Jj e [n], A€ {2, c ,d}, m € Ma_q,
Py, = coeff(f,m) m € Mgy.

Assuming the formula IRank]'(A, ) is satisfiable, we will show how to construct a polynomial-
size ncABP circuit for any non-commutative polynomial.

Theorem 8.7. Let f be any non-commutative homogeneous polynomial of degree d over the variable
set Z ={z1,22,...,2n}. Let r >0 and denote ¥ = (1,r,r,...,r,1).
——
(d=1) r’s
Then any PCRg, refutation of Ibyeanp(f,T) requires size 282(y/r/d)

Proof. We will reduce Ibycasp(f,7) to IRank'" (A, d, [n]) for some particular A. Let II be a PCRg,
refutation of Ibycasp(f, 7).
Let A1 and Ap be nr x nr matrices defined as:

100 -0 010 0
010 - 0 100 0
A =001 - 0| anga,=|0 01 0
000 - 1 000 - 1

The main property of these matrices is that for every b € {0, 1}, (Ab)l,l =b.
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For every 7 € [n]?, define A(™) = Acoef(f . =) For every 7 € [n]<%, define A as an nr x nr
Lljern

block matrix
A<w>:[x(w*1> x(m2) .. X(w*n)],

Let A = {A™ : 7 e [n]").
Also let Y be split into n consequent blocks of dimension 7 X 7:

Y:[Y1 Yy - Yn}

Now define the reduction 7 as follows.

(Pam) = XU1--2) Aeldm= 2z, € Ma,
T(Ml’zj) = x 0 J €lnl,
T(MA,ZJ'):)/} A€{2;7d}7.7€[n]

Every axiom of Ibpcapp(f,7) | 7 is either satisfied or becomes an axiom of IRank]" (A, d, [n]),
and II [ 7 is a refutation of IRank]'"(A,d, [n]). By Theorem 5.43, it implies that the size of II is

2Q(\/r/n). n

Observe that the size of Ibycapp(f,7) is polynomial in nddr?, thus the bound becomes non-
trivial when 7 = w(dlog?®n).

8.3.2 Lower Bounds for Boolean Circuits

Similarly to [73], we consider Boolean circuits in the basis =, A, V,®, where the last three
connectives are binary.

Definition 8.8 (Formula Ib®(f,s)). Let n,s > 0 and f: {0,1}" — {0,1}. The formula Ib®(f,s)
is defined similarly to Ib(f, s) except that it also allows binary @ connectives.

We show that if, for a particular choice of parameters, the formula 1 p () (A, %) is satisfiable,
we can construct a polynomial-size circuit for any Boolean function.

Theorem 8.9. There exists 6 > 0 such that for every sufficiently large n and every function
1/3

f:{0,1}" = {0,1}, if s > n®, then any PCR, refutation of Ib¥(f,s) requires size 20(s/%/n)")
Proof. Let r = s'/5 > n. Let 6,d > 0 from Lemma 4.15 such that there exists an (167) x ((r—10)/8)
(((r — 10)/8)°, d)-lossless expander G with the appropriate degree bounds.

We will reduce Ib¥(f, s) to Yp(a(a)) (A, n) for some particular A. Let II be a PCRE, refutation
of Ib(f, s).

Let A; and Ag be 167 x 167 matrices defined as:

100 0 010 0
010 0 100 0
A =0 01 0| and Ag= |0 0 1 0
000 - 1 000 - 1

For every 7 € {0,1}", define A(™ = Af(r). For every m € {0, 1}<", define A™ as a 16r x 16r
block matrix
A(W) — |:X(7T*0) X (mx1) Y(ﬂ'*O)T Y(Tl’*l)T:| .

We construct the circuit C(v1,...,v,) that computes f, provided that 1 p(g(q)) (A, n) is satis-
fied. The circuit uses gates that correspond to the extension variables of 1 p( H(g))(A, n).
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1. For every pu € [4], i € [167], k € [r]:

2. For every ¢ € [n], u € [4], i € [167], k € [r]:

gall,p 1, k) = (ve A gul€ — 1,4, (0 — D)7 + K, 0)) V (mvg A gu[€ — 1,4, (0 — 1)r + k + 47, 0]).

3. For every p € [4], j € [167], k € Ny (j):

gy [07 My kv j] = y[g;%’u)

4. For every £ € [n], p € [4], i € [16r], k € Nu(j):
gyll, 1, k1] = (ve A gl — 1,1, (p—1)r + k+8r,0]) V (mvg A gw[l — 1,4, (u — 1)r + k +12r,0]).
5. For every £ € {0,...,n}, p € [4], i,5 € [16r], k € N (j):
9ells s, 5, K] = galls s i, k) A gyl s K, -
6. For every £ € {0,...,n}, u € [4], 1,5 € [167]:
gulls s, 3, (V)] = g2[6; 1,3, 5, 1.

7. For every £ € {0,...,n}, p € [4], i,j € [16r] and every initial segment ¥ U (k) of Ny (j) with
Y #£ o
gu[€7u7i7j7z U (k)] = gu[g7u7i7j7 E] @gz[&M?i?j? k]

8. For every £ € {0,...,n}, i,j € [167]:

gw[gﬂ/l’?]? ]‘] :gu[€’1’1’7j7NH(])]@gu[€7277’7]7NH(])]’
gw[&iajaﬂ :gu[€737l7]7NH(3)]@gu[€74717j7NH(j)]7
g’w[eaivjv 0] = g’wwvi?j? 1] ®gw[£7i7j7 2]

The output of the circuit is g,[n,1,1,0]. The size of the circuit is O(nr?), which is less than s for
large enough n. Tt follows from the construction that for every m € {0,1}", C(x) = A = f(n).

We plug C(vi,...,v,) into Ib®(f s). It is not hard to verify that, as a result, we obtain a
polynomial system that can be easily derived from ¥ p(g(g))(A,n). By Theorem 5.67, it implies

that Ib®(f, s) requires a refutation of size 9Q(r/m)'*) = 29((‘96/5/”)1/3). O
Observe that the size of Ib®(f, s) is polynomial in 27, thus the bound becomes non-trivial when

s = w(n?0/9).

9 Proving Circuit Lower Bounds via the Weak Rank Principle

We show that the weak rank principle is capable of proving lower bounds against AC” [p] circuits
by formalising Smolensky’s lower bound [75].

Roadmap of Section 9. Smolensky’s proof consists of two parts: a correlation bound against
low-degree polynomials (i.e., any low-degree polynomial over [, has to make many errors when com-
puting []"; ;) and the “polynomial method” (i.e., every small AC°[p] circuit is well-approximated
by a low-degree polynomial over [F,). Hence we arrange this section as follows:
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e Section 9.1 provides an exposition of Smolensky’s proof. The exposition is equivalent to the
original proof, but it will be presented in a way that only involves simple manipulations
computable in ACY[p] and the weak rank principles.

In Section 9.1.1 we prove the correlation bound against low-degree [F,-polynomials. This
is the main step where the weak rank principle is involved. In Section 9.1.2 we show that
small AC%[p] circuits can be approximated by low-degree F, polynomials, and put everything
together to finish the circuit lower bound.

o In Section 9.2 we formalise the lower bound in VO(p) + WRank,,.

We start with a description of the relevant theories (VO(p) and V°(p) + WRank,) in Sec-
tion 9.2.1. The main formalisation will appear in Section 9.2.2. Finally, Section 9.2.3 contains
a postponed proof of a technical theorem related to error-correcting codes.

It is recommended to read Section 9.1 before delving into Section 9.2 for the following reasons.
First, to make the invocation of weak rank principles explicit, the proofs in Section 9.1 are presented
in a somewhat different way than it is usually presented in textbooks (e.g., [8]); it would be
beneficial to be familiarised with the proof before formalising it. Second, Section 9.1 contains
important definitions (such as the matrices on which the weak rank principle is invoked) that the
formalisation in Section 9.2 needs to reason about.

9.1 Smolensky’s Lower Bound
9.1.1 Correlation Bound Against Low-Degree Polynomials

We need the following correlation bound against low-degree polynomials.

Theorem 9.1. Let P : F} — [, be a polynomial of degree at most 0.1y/n. Let S = {x € {-1,1}":
P(z) = Ty zi}, then |S] < 0.99 - 2".

Proof Ideas. The idea is that every function f : S — [, is equivalent to a polynomial of degree at
most d = n/2 4 0.1y/n over S. In fact, let T' C [n] and m = [[;cr 2; be a multilinear monomial.
If |T'| = deg(m) < n/2, then m is trivially equivalent to a polynomial of degree at most d (i.e., m
itself). If |T| = deg(m) > n/2, then the equality

= ( H xz) - P(x) (36)

ie[n)\T

still holds over S, and the RHS of (36) is a polynomial of degree at most d. Hence every multilinear
monomial m is equivalent to a polynomial of degree at most d over S. Since S C {—1,1}", every
function f : S — [F, can be written as a linear combination of multilinear monomials, hence is also
equivalent to a polynomial of degree at most d.

Given this, it follows that there are at most

() < e

different functions f : S — F,, indicating that |S| < 0.99 - 2™. O

To aid our formalisations later, we need to explicitly construct the matrices over which the
weak rank principle is used (instead of using concepts such as dimensions of vector spaces). We
now rephrase the above proof so that the invocation of the weak rank principle becomes clear.

Theorem 9.2. Let S C {—1,1}", |S| >0.999-2", P : S — [, be any polynomial of degree at most
0.1y/n. Then there exists some z € S such that P(z) # [[i- .

Proof. Given S C {—1,1}", we construct the following matrices A € [F,LSlXT and B € Fp “IS1 where

r = 0.99-2". We identify [r] (i.e., columns of A and rows of B) with monomials m of degree at
most d = n/2 + 0.1y/n. Now, for an input = € S and a monomial m € [r]:

73



o Define Az, m] = m(z) to be the value of m on input . Note that A can be seen as a linear
mapping for polynomial evaluation: Let € € F, and think of € as the coefficient list of a
polynomial P with degree at most d. (That is, for every monomial m of degree at most d,
€m is the coefficient of m in P.) Then Aé' € [F;,g is exactly the list of values of P over S.

o Define B[m, z] to be the sum of the following values:

1. if deg(m) < n/2, we add (%)"m(‘r) to B[m, z];

2. for every monomial m’ that appears in P with coefficient a,,, if the degree of m =
m' - m - [L;ep) i is greater than n/2, we add (%)" - Q- m(x) to Blm, x].

The intended meaning of B is the following. It was shown in Theorem 9.1 that every function
f S — [, is equivalent to a polynomial of degree at most d = n/2 + 0.1y/n. Let U € [FZ;q be
the vector representing the value list of f, then Buy € F) is exactly the coefficient list of this
polynomial.

To be more precise, we introduce the following notation. Let M denote the set of all multilinear
monomials on variables z1, ..., zn, M,/ and M, /5 denote the subset of monomials with degree
< n/2 and > n/2 respectively. Let f : S — F, be a function, then it can be expressed as the
polynomial

where ¢, = (%)” Ywes flx)m(z).
To see this, notice that

-(2°) > @) X miem(a
:<p‘gl)n%f(x) Gys - 20
= f(2) (over Fp)

Given any function f : S — [F,, denote

flow(z) = Z )\f,mm(z) and fhigh (z) = Z )‘f,mm(z)'
mEMSn/Q mEM>n/2
The following claim expresses the “intended meaning of B” mentioned above:

Claim 9.3. Let f : S — [F, be any function, vy € [Fi,9 be the list of values of f on S, and f denote
the polynomial whose coefficient list is B - Uy. Then for every z € S,

n

F(2) = fiow(2) + fuign(2) - P(2) - [] 2i-

i=1
Proof. We have that

n

flow(z) + fhigh(z) : P(Z) : H Zq

i=1

= X Mm@+ X Arai(2)P) [ =

mEMSn/2 mEM>n/2 i=1
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PPyl S s@m@me s Y f@m@nePe [[a | 60)

zEeS mEMSn/Z ’ﬁlEM>n/2 i=1

=

(Part I) (Part II)

Let z € S, m € M, consider the coefficient of f(x)m(z) in (37). If deg(m) < n/2 then the
contribution of (Part I) is (%)”m(z), otherwise it is 0. For every monomial m’ of P with
coefficient v, if m = m - m’ - [[7; z; has degree > n/2, then it contributes to (Part II) a
coefficient of (%)”ﬁz(x)am/; otherwise it contributes nothing. It follows from the definition of B

that
(37)=>_ > Blm,a]f(z)m(2),
€S meM

which by definition is equal to f (2). o

We also claim that any witness that A - B is not the identity matrix gives rise to a bad input
on which P and [[;, #; differ:
Claim 9.4. Ifz,x € S and (AB)[z,x] # 6, ., then P(z) # [[i- 2.
Proof. Let f:{—1,1}" — F, be the function that evaluates to 1 on input = and evaluates to 0 on
every input in {—1,1}" \ {z}; note that 1, is exactly the “value list” vector of f. By Claim 9.3,

B -1, € F} is the coefficient list of the polynomial f'(2) = fiow(2) + fhigh(2) - P(2) - [T}, 2. Note
that f(2) = fiow(2) + fhigh(2) = 0... However, (AB)[z,z] = f(2) # 0.. This means that

P(z) # [liz1 2 o
Since |S| > 0.999 - 2" > r, it follows from the weak rank principle that there exists z,x € S
such that (AB)[z,x] # 0, 4. This implies that P(z) # [[;—; z; as shown by Claim 9.4. O

The matrices A and B in the above proof will be crucial for our formalisation, hence we reiterate
their definitions here. (Note that A does not depend on the polynomial P but B does.)

Definition 9.5. Let N = 2", r = 0.99 - 2", and P : {—1,1}" — F, be a polynomial of degree
at most 0.1y/n. Identify [N] with {—1,1}" and [r] with the set of monomials of degree at most
d=n/2+0.1y/n. Define:

o A to be the N x r matrix such that A[z, m] = m(z) for every x € {—1,1}" and m € M.

e B(P) to be the r x N matrix such that for every x € {—1,1}" and m € M<g4, B[m, z] is the
sum of the following values. (1) If deg(m) < n/2, we add (pTH)”m(x) to B[m, x]; (2) for every
monomial m/ that appears in P with coefficient a,,, if the degree of m =m’-m - Hie[n] x; 18
greater than n/2, then we add (%)” - Q- m(x) to Blm, z].

9.1.2 Approximating AC’[p] Circuits by Low-Degree Polynomials

The next ingredient in the proof is the low-degree approximation of AC%[p] circuits [67]: For
every parameter A and every AC%[p] circuit C of depth d and size s, there is a polynomial P :
Fy — Fp of degree at most (pA)? that agrees with C' on at least a (1 — s-0.9%) fraction of inputs.
Here we treat {0,1} as a subset of F, and we guarantee that for every x € {0,1}", P(z) € {0, 1}.
We also assume that C' only consists of NOT gates, MOD,, gates, and OR gates (AND gates can be
simulated by NOT and OR gates using De Morgan’s law), and the definition of MOD,, gates is

0 if X ,2;,=0 (mod p);

MOD,,(x1,x2,...,Zn) =
p(71, 22 ) {1 otherwise.
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Defining the low-degree polynomials. In fact, the Razborov—Smolensky proof provides us a
stronger guarantee: There is a distribution P of low-degree polynomials such that for every input
x € {0,1}", with high probability over P - P, we have P(x) = C(z). Using error-correcting
codes, we can make P the uniform distribution over a support of size L = 20(n) 7 That is, there is
a list of L polynomials Pc 1, P2, ..., Pc 1, of degree at most (pA)? such that for every € {0,1}™,

Pr [Poj(z) # C(z)] < s-0.92.
J<[L]

In particular, let ¢ < poly(¢), Enc : [F;; — [Fﬁ be an [F,-linear error-correcting code such that
for every Z € Fj \ {0'}, at least a 0.1 fraction of indices 7 € [f] satisfy that Enc(Z); # 0. Let

j’ = (J1,J2,---,Ja) where each j; € [¢]. We will have a polynomial PC;. for each such f, hence there
are L = (® polynomials in total. We define ch' inductively over the structure of C":

1. If the top gate of C is a NOT gate, then C' = —=C’ for some circuit C’. We define ch. =

1- P, .

2. If the top gate of C' is a MOD,, gate, then C' = MOD,(C,Cs,...,C}) for some t € N and
sub-circuits C1, Co, . ..,C;. We define

—1
Poy=0Q_ P, )"

The correctness of ch' follows from Fermat’s little theorem.

3. If the top gate of C' is an OR gate, then C' = OR(C1,Cq,...,C}) for some t € N and sub-
circuits Cp,Cy, ..., Cy. The idea here is to approximate the OR function using the ji-th, ...,
ja-th outputs of Enc: let Ho(z) = (Ci(x),...,Cz)), we “think” that C(x) outputs 1 if
there exists some ¢ € [A] such that Enc(H¢(z))j, # 0 (mod p).

In particular, let OR : [FpA — F, be any degree-A polynomial over F, that computes the OR

function over A Boolean inputs; for example, one could take OR(z1,...,2a) =1— Hle(l —
x;). We define

Pe.; = OR((Enc(He (2));,)P ™, (Enc(Ho(@)),)" ™ .., (Enc(Ho());,)P ).
It can be seen from the above inductive proof that the degree of ch is at most (pA)<.

Correctness of P, 7 Next we show that for a random j, there are only a fraction of 0.9 - s
inputs = € {0,1}" such that P +(z) # C(z). In fact, let Bad denote the set of (z,7) such that

Po3(@) # C(x), and let K = 2"L - 0.9 - s, then |Bad| < K. Moreover, this inequality can be
“feasibly witnessed” by a pair of functions

¢ :Bad — [K] and ¢ :[K|— Bad
such that for every (x,;) € Bad, @Z)(gf)(:ﬂ,j)) = (x,j) (Clearly, the existence of such functions (¢, 1)
implies that |Bad| < K. The complexity of computing ¢ and ¢ will be crucial our formalisation
and will be discussed in Section 9.2.2.)

We identify [K] with {0,1}" x [s] x [0.92 - L]. That is, each element in [K] is treated as a tuple
(x,g,c) where 2 € {0,1}" is an input, g € [s] is the index of some OR gate in C, and ¢ € [0.9% - L]
is the “compressed” representation of some j € [L] = [¢(]* that introduced an error on the g-th
gate of C' when computing C(z).

"As our formalisation in Section 9.2 will use the weak rank principles over matrices of dimension poly(L,2"), it
is crucial that L is not too large.

76



Now, let (:1:,5) € Bad. Let g be the bottommost gate of C that introduced an error; that
is, if we denote by CY the sub-circuit computed by g, then g is the bottommost gate such that
CI(x) # Py ;(x) Suppose that C9 is the OR of sub-circuits C1,Cs,...,C;. Then we have:

o Hy(z) = (Ci(x),Co(x),...,Cz)) is not the all-zero vector, but for every k € [A] we have
Enc(Hy(2));, = 0.

For every fixed 2 and g, the probability over a random j < [¢] that Hy(x) # 0 but Enc(Hy(z)); = 0
is at most 0.9; hence the probability over a random ; that the above bullet happens is at most
0.92. Tt follows that given z and g, every ; that makes the above bullet happens can be encoded by
a number ¢ € [0.92 - L]. We then define ¢(z, j) = (2,9, c). It is easy to define the inverse function

-,

¥ such that ¢(z, g,¢) = (z,]) so that for every (z,7) € Bad, we have that ¢(¢(x,7)) = (z,7)

Basis change. A minor but annoying issue is that Theorem 9.2 deals with low-degree polynomi-
als P: {-1,1}" — {-1,1} but our P> are polynomials from {0,1}" to {0,1}. Observe that the
linear map 7(z) = 1—22 maps 0 to 1 and maps 1 to —1, and its inverse map is 7! (x) = %(m— 1).
We define

Qoj(@y,. .. an) = T(PCJ‘(T_l(.%l), T ().

Clearly, the degree of QC; is the same as the degree of P, I Moreover, for every = € {0, 1}", we
have that P =(x) = MODz () if and only if Q+(7(x)) = [1iL, 7(x:). (Hereafter, for x € Fy, 7(2)
is a vector in [} obtained by applying 7 to each coordinate of x individually.)

Proof of the main lower bound. Now we are ready to prove the main lower bound against
AC®[p] circuits. Let C : {0,1}" — {0,1} be an AC%[p] circuit that purportedly computes MODs.
A nalve attempt is to find a good j’, construct the matrices A € [sznxo'gg‘Qn and B = B(QCJ’) €
ﬂfg‘gg'QnX2n (see Definition 9.5), use the weak rank principle to find inputs z, z € {—1,1}" such that
(AB)[z,2] # 6.4, and conclude that C(771(z)) # MODy(771(2)). However, it may be the case
that (7—'(2),) € Bad, which does not give us the desired conclusion.

To remedy this, we put the matrices A and B(QCJ‘) together for every possible j (there are
L many possibilities) in a block-diagonal manner. This results in a giant matrix multiplication of
dimension (2"L) x (0.99-2"L) x (2"L). We still need to handle the entries in Bad. However, since
|Bad| < 0.01 - 2"L, we can afford to increase the middle dimension (i.e., 0.99 - 2"L) by |Bad| to
“correct” all the values related to entries in Bad.

Theorem 9.6. Let C be an ACY[p] circuit of depth d and size s < 2”1/2d/(20p), then there exists an
input x € {0,1}" such that C(x) # MODq(x).

Proof. We set the following parameters:

Value Intended meaning
A n/2 Number of “samples” taken in S.
- 10p Equiv. the degree of the “polynomial approximation” of OR
¢ = poly(s) Output length of Enc
L = (? < exp(n) Number of polynomials in P
N =2"L Dimension of the weak rank principle

K =2"L-0.6%-5<0.00lN |Bad|
R=099-2"L+ K <0.991N Rank parameter of the weak rank principle

We construct the following two matrices A and B where A € [F:éV *R and B € [FfXN . It would be

convenient to identify [N] with {—1,1}" x [L], so every element in [N] can be parsed as (z, j) where
z € {—1,1}" and j € [(]®. Similarly, we identify [R] with the disjoint union of [0.99 - 2] x [¢]®
and [K]. Recall from the proof of Theorem 9.2 that we also identified [0.99 - 2"] with monomials
of degree at most d =n/2 + 0.1/n.

Let (z,7) € [N] and a € [R], we define A[(z,7),a] as follows:
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« Suppose a = (m, j') € [0.99-2"] x [(]>. If j # j" then A[(z,]),a] = 0; otherwise A[(z,7),a] =

* Suppose a € [K]. If (t7Y(2),7) € Bad and a = ¢(771(2),7) then A[(z,7),a] = 1; otherwise
Al(2,7),a] = 0.

Similarly, let a € [R] and (z,7) € [N], we define Bla, (x,7)] as follows:

e Suppose a = (m,j’) € [0.99-2"] x [(]2. If 7 = ' then Bla, (x,7)] = B(Qc;)la, x] (recall the

definition of B(Q ) in Definition 9.5); otherwise Bla, (z,7)] = 0.

« Suppose a € [K]. Let (t7(2),7') = 1(a), we define

B[aa (xaj)] = 5(2«,]—"/)7(17;) - Z A[(Z,j/), (maj/)] ' B[(maj/)> (I’,j)]
me[0.99-27]

-, -,

(The intention is to set Bla, (x,)] so that (A - B)[(z,]), (z,7)] = 5(z,3’"),(x,j’)')

From the above definition it is clear that for every (t7Y(2),7") € Bad and every (z,7) € [N],
we have (AB)[(z,7), (x,7)] = 5(273.,),(13). On the other hand, the weak rank principle implies that
there exists (z,7'), (x,7) € [N] such that (AB)[(z,7), (z,7)] # 0, 7.(x7)- 1t is easy to see that
j =7 as otherwise (AB)[(z,7), (x,7)] = 0 = 0(»7).(x7)- Then we can see that (A-B(Qg 7))z, x] #
0z, It follows from Claim 9.4 that Qn3(2) # I[iL 2, hence PCJ(T*l(z)) # MODo(771(2)).
However, since (77'(z),7') ¢ Bad, we have that PCJ(T_I(Z)) = O(t7(2)). Hence C(771(2)) #

MODy(77%(2)) and C fails to compute the MOD3 function. O

9.2 Formalisation in V%(p) + WRank,

9.2.1 The Theory V°(p) + WRank,,

We start with a brief introduction to the theories V9(p), VO(p), and VO(p) + WRank,. A more
comprehensive treatment for the theories VY(p) and VO9(p) can be found in Cook and Nguyen’s
textbook [20]. The theory VO(p) + WRank,, is introduced and studied for the first time in this
work.

We consider two-sorted logic: the first sort are natural numbers (i.e., indices) and the second
sort are bit strings (or more precisely, finite sets of natural numbers whose characteristic vectors
are bit strings). In this context, we usually use capital letters (X,Y, Z) to denote strings and
lower case letters (z,y,z) to denote numbers; however our notation does not strictly follow this
convention and we list the exceptions in Remark 9.7.

The vocabulary for two-sorted logic is £%, which contains symbols

0717+7'7 | . ‘;:17:27§7€‘

Here, =1 and =2 denotes equality over numbers and strings respectively; it is usually clear in the
context whether numbers or strings are being compared, so we often omit the subscripts 1 and 2
and simply write = for convenience. We will also use X (¢) or X; to denote “t € X”. These symbols
are governed by a set of “basic axioms” called 2-BASIC (see [20, Figure 2]).

Let @ be a set of formulas, then we can define the following axiom schema:

e &-COMP (comprehension): 3X < yVz <y (X(2) <> ¢(2)), where ¢(z) is any formula in ®
and X does not occur free in ¢(z).

e O-IND (number induction): (p(0) AVz (p(xz) = @(x +1))) = Vz ¢(2), where (z) is any
formula in ®.
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e O-MIN (number minimisation): ¢(y) = (Jz <y (¢p(x) A 73z < z p(2))), where ¢(z) is
any formula in .

Let £ be a two-sorted vocabulary that contains £%, then (L) is the set of £-formulas whose
only quantifiers are bounded number quantifiers (there can be free string variables).

Let m be a constant®, the theory V°(m) has vocabulary £% and is axiomatised by 2-BASIC,
»8(£%)-COMP, and an axiom defining the function MOD,,,; see [20, Section IX.4.6] for details.

We actually work with the theory VO(m) instead of V°(m). This theory has vocabulary
Leaco(my that contains a symbol for every function in FAC®(m) (FAC®(m) is the class of (possibly

non-Boolean) functions computable in AC%(m)). Tt proves Z(?(EFACo(m))—COMP, E(?(EFACO(m))'
IND, and EE(EFACo(m))—MIN: for example, for every FAC?(m) function f that maps a string X

to the string f(X), we can use the number minimisation axiom inside VO(m) to conclude that if
f(X) is not the all-zero string, then there exists the smallest ¢ such that f(X); = 1. Again, we
refer to [20, Section IX.4.6] for more details.

Although VO(m) “contains much more features” than V°(m), it is a conservative extension of
V9(m), i.e., every formula in the vocabulary £% that can be proved in VO(m) can be proved in
V9(m) as well. Hence it is without loss of generality to work with VO(m) instead of V°(m).

Finally, let m = p be a prime. The weak rank principle over F,, denoted as WRank,, is the
following axiom. Let n be a number, A € [anxn and B € [FI?XQ” be matrices coded as strings, then
there exists z,y € [2n] such that

Z Ag2bzy # 02y (mod p).

z€[n]

(Note that - cp,) az,2bz,y mod p can be expressed as a function in FACY[p], hence WRank,, is indeed
a universal sentence in the language Lpaco(,).) For every constant € > 0, one can use a similar

argument as Theorem 7.3 to show that V9(p) + WRank,, proves the following: Let n be a number,

Ae [Fnge)nxn and B € IF;LX(HG)R be two matrices encoded as strings, then AB # I(1,¢),. In other
words, “rank(lz,) > n” and “rank(l(11¢),) > n” are equivalent, and replacing the constant 2 in
the definition of WRank, with other constants greater than 1 does not affect the strength of the

theory VO(p) + WRank,. In fact, our formalisation will use “rank(/(¢),) > n” for some small
constant € > 0.

9.2.2 Smolensky’s Lower Bound in V%(p) + WRank,

Fix a constant d € N (in the meta-theory). Let n € Log (that is, we assume 2" is a “number”),
s = 2n""*/(20) and C be a string that codes an AC%[p] circuit of depth d and size s. Let Evaly(C, 2)
denote the circuit evaluation function on depth-d ACY[p] circuits, where z € [2"] is a number that
denotes the input of C. Since Evaly is in AC°[p], it is in the language of VO(p). Also, since z is a

number, we can talk about MODs(z) in VO(p). Our goal is to prove that

Jz Evaly(C, z) # MOD2y(z).

Remark 9.7. It should be clear from the context whether a variable is of the number sort or the
string sort. Most of the times we use capital letters (X, Y, Z) to denote strings and use lower-case
letters (x,y,z) to denote numbers. However, one exception is that L, N, K, R (in the proof of
Theorem 9.6) are numbers.

The matrix B(P) (Definition 9.5). It is clear from the definition that there is an FAC’[p]
function that given (m,x) and the list of coefficients in P, outputs the value of B(P)[m,x].

Claim 9.8 (VO(p) b:). Let z,x € {—1,1}" such that (A- B(P))[z,z] # 0,4. Then P(z) # [Tiv; .

8Here we mainly consider the case that m = p is a prime, but it also makes perfect sense to consider the theory
V°(m) when m is a composite number.
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Proof Sketch. The proofs of both Claim 9.3 and Claim 9.4 can be carried out in V9(p). O

The polynomials ch and QCJ“ For each gate g, let C'9 denote the sub-circuit computed by
g, we represent the polynomials P Co.7 - and ch - by their list of coefficients. There is an FAC?[p]
circuit that given the descrlptlon of C an index g, and a list of vectors ], outputs the coefficient
list of P, =. (Note that since j € (/]2 and ¢* = L is a number in the theory, j can be represented
as a single number.) The coefficient list of Q 5(z) = P 7(z — 1) + 1 can be computed in FAC?[p]
as well, If C is an AC%[p] circuit of depth d, then the degree of P o 7 IS at most (pA)? (and we
only consider monomials up to this degree in our representation).

A good error-correcting code. Before formalising the low-degree approximations of ACO[p]
circuits, we need the following F,-linear error-correcting code whose correctness can be proved
feasibly. In fact, we need to feasibly prove the following formalisation of “every nonzero codeword
of Enc has constant relative Hamming weight”:

Theorem 9.9. Suppose that log?s € Log. For some { < poly(s), there is an F,-linear code
Enc: FJ — [Flf and functions ¢(X,iy1,i),¥(X, i1,¢) computable in FAC?[p] such that VO(p) proves
the following. For every string X € Fj, every numbers i1 € [s| and i € [{], if X;; # 0 but
Enc(X); =0, then:

o &(X,i1,i) returns a number in [0.9¢], and
o V(X i1, (X, i1,1)) =

Note that the above statement implies that the relative Hamming weight of Enc(X) is at least
0.1. Roughly speaking, the error-correcting code is the concatenation of Reed—Muller code and
Hadamard code; the proof proceeds by formalising the local (unique-)decoding algorithm of the
Reed-Muller code (see e.g., [8, Section 19.4.2]). We postpone the proof to Section 9.2.3.

The functions ¢,1. We need to show that ¢ and 1/1 are computable in FACO[ ]. Given a string
C representing our ACY[p] circuit and two numbers z, j, we can compute o(x, ]) as follows:

1. First, find the bottommost gate g for which C9(x) # P, 7(x).

For every g, we can compute the indicator of whether C9(xz) = P, 7(x) in ACY[p]. Then we

use an FAC? circuit to compute the number g, which is the index of the bottommost gate on
which the indicator is False. (If there is no such gate then we set g = L.)

2. Let Hy(z) = (Ci(x),...,Ci(x)) where C1,...,Cy are input gates of g. For each k € [A], we
have that Enc(Hy(x));, = 0. However, there exists an index j' € [t] such that Cj(z) = 1,
and the smallest such index can be computed in FAC? given Hy(xz). Hence we compute
e = d(Hy(x),5',41) € [0.94] using Theorem 9.9. This gives us a vector @ = (c1,...,ca).
(Note that ¢ = L is a number in the theory, hence & can be represented as a single number.)
We output ¢(z, ) = (z, g, ).

Similarly, one can compute 1 in FACY [p] by invoking the function ¥ in Theorem 9.9. Namely,
given a string C representing our AC" [p] circuit and three numbers z, g, ¢, we can compute ¥ (z, g, ¢)
as follows. First, let C1, ..., Cy be the input gates of g, we can compute Hy(z) = (C1(x),...,Ci(x))
in FAC"[p]. We can also compute the smallest index j/ such that Cj/(z) = 1 in FAC? given Hy(z).

Then, for each K € [A], we let ji = @(Hg(x),j’, c). We return ¢(z, g,¢) = (l‘,j)

Claim 9.10 (VO(p) +:). Suppose that log?s € Log. For every xz € {0,1}" and j € [(]®, if
Po=(x) # C(a), then p((x, ) = (@,7).
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Proof Sketch. Since Pp+(x) # C(x), it follows from EOB(EFACo(p))—MIN that there exists a bot-
tommost gate g for which CY(z) # chj(:v). It follows that Hy(x); # 0 but Enc(Hy(x));, = 0 for
every k € [A]. Let ¢ = ¢(Hy(x),4', k), then ¢(z, ;) = (x,9,8). Let ¢(x,g,é) = (x,;'), then for
every k € [A], . )

]I/c = ¢(Hg(x)7jlv Ck) = ¢(Hg($),j/, ¢(Hg(x)7]/7]k)) = Jk

where the last equality follows from Theorem 9.9. Hence w(gb(x,j)) = (x,;) O

The matrices fl B as defined in the proof of Theorem 9.6. It is easy to see that these matrices
can be computed in FACY[p]. That is, there is an FACO[ | function that takes a string C' and
numbers z, 7, a as inputs and outputs the value of A[(z ]) al, and the analogous statement holds
for B.

Claim 9.11 (VO(p) :). L
(a) If j # ', then (A )[(

-,

1,1}, 7,7 € [()2, then:

blm

{-1,1
¢ S =0
(b) If ¥(é(z —1,j)) = (2 — 1,3), then (AB)[(z,)), (z,7)] = 5( RCEDE
() If (o= = L.7)) # (2 = 1.J), then (AB)[(2,9), (7)) = (A B(Q))[z,].

Proof Sketch. These follow easily from the definitions. O

1 Hlil At
~

Putting it together. Fix a constant d € N (in the meta-language), we have:

Theorem 9.12 (VO(p) + WRank, I-:). Let n € Log, s = 2n' 1/ (200)  gnd C be a string that codes
an AC°[p] circuit of depth d and size s. Then there exists an input x € {0,1}" (coded as a number)
such that Evaly(C, x) # MODs(x).

-,

Proof. ConsiderAtlle matrices A and B as defined above. By WRank,, there exists (z, ), (z,7) €
[N] such that (AB)[(z,7), (x, )] ;A 87 (x7)- Them:

o By Claim 9.11 (item a), i=7, o o

o By Claim 9.11 (item b), ¢ (é(z — {J)) #(z—1,J);

e By Claim 9.11 (item ¢), (AB)[(z,7), (z,7)] = (A - B(QC]))[Z x) # 0, 4.

« By Claim 9.8, Q #(2) # [IiZ1 2, hence P +(z — 1) # MODy(z — 1);

o By Claim 9.10 (and note that it is indeed the case that log? s € Log), Pos(z— N=C(-1).

Hence C(z — 1) # MODqy(z — 1). O

Remark 9.13 (Comparison with [57]). We point out a few differences between our formalisation of
Smolensky’s lower bounds and the formalisation in [57].

1. Miiller and Pich proved a lower bound against circuits of size nl°8™ in the (single-sorted)
theory APC; with the assumption that nlos™'n ¢ Log. This allows randomised quasi-
polynomial time reasoning over the purported ACO[ | circuit. We prove a lower bound against
size 220" i the (two-sorted) theory VO(p) 4+ WRank where the circuit is represented as
an object of string sort. Except for the weak rank principle, this theory only allows (quasi-
polynomial-size) ACY[p]-reasoning over the purported AC%[p] circuit.

2. One drawback in the Miiller—Pich proof is the requirement that nlos™'n ¢ Log. In fact, this
allows them to prove the required rank principle by brute force. Our formalisation explicitly
separates the weak rank principles from other ACO[p]—manipulations.

9.2.3 Proof of Theorem 9.9

Theorem 9.9. Suppose that log?s € Log. For some { < poly(s), there is an F,-linear code
Enc: Fj — IF]f and functions ¢(X,iy,i), (X, i1,¢) computable in FAC?[p] such that VO(p) proves
the following. For every string X € Fj, every numbers iy € [s| and i € [{], if X;; # 0 but
Enc(X); =0, then:
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o &(X,i1,1) returns a number in [0.9¢], and
b @(X77:17 (g(X7i17 7’)) =1.

Proof. Let n = O(log s/ loglog s), h = [s'/"], ¢ be the smallest power of p that is greater than 10nh.
Note that ¢ < log?s € Log, hence VO(p) can reason about Fy by brute force. (For example, VO(p)
can prove the existence of an irreducible degree-log, ¢ polynomial over F,. See e.g., [43, Section
4.3].) Let H be the set of lexicographically first & elements in F;. We interpret X € F, C F7 as

a function X : H" — F,. Then there is a unique polynomial X Fy — Fy of individual degree

at most h that is consistent with X on H™. Moreover, one can compute X () using an FAC?[p]
circuit (in fact, an Fy-linear transformation) over the string input X and the number input v.

We now concatenate the above Reed-Muller code with the Hadamard code. Treat F, as the
log,, g-dimensional vector space over Fp, then each a € F; is encoded as a vector Had(a) € Fl

1
defined as follows. For each u € F4, we interpret both o and u as vectors in [Fpog" q, and the u-th

element of Had(«) is equal to IP(«a,u) = Z;O:gfqajuj. Again, since ¢ € Log, V9(p) can reason
about the Hadamard code using brute force.

Define Enc(X) be the concatenation of Had(X (%)) for each @ € Fy. That is, the length of
Enc(X) is £ = ¢"*! < poly(s). Given an index i € [¢], we interpret i as a pair of vectors (7 €
Fru € Fy = F, ™ ?), and define Enc(X); = TP(X (v), ).

The local decoder of the Reed—Muller code requires the following equivalence class over “di-
rections” in F;': two non-zero vectors v1,v2 € Fj' are equivalent if and only if there is a non-zero
scalar o € Fy such that ¥ = at. Let ¥ be a non-zero vector in ;' and define [9] as the following
vector: let ¢ € [n] be the first index such that v; # 0, and for each j € [n], the j-th element of []
is equal to v; 'v; (over F,). Again, VO(p) can prove (by brute force) that v; and vy are equivalent
if and only if [v1] = [v2], and that there are ¢" ! + ¢ 2 +--- + ¢+ 1 < 2¢" ! equivalence classes.

Let X € F; be a non-zero string, i1 € [s] be an index such that X;, = 1, and i € [{] be an
index such that Enc(X); = 0. We interpret ¢ as a pair of vectors (7 € Fy,u € Fy). To compute

A

o(X,i1,1), we consider the following two cases:

o If X (V) # 0, then we consider the Hadamard code. In particular, u is among the vectors in
F, for which IP(X (0),u) = 0. There are at most ¢/p such elements, hence we let ¢(X,i1,7) =

(Hadamard, 7, k) where u is the k-th smallest element in F, such that IP(X(¥),u) = 0.

o If X (V) = 0, then we consider the Reed—Muller code. In particular, consider the directional
vector W = ¥ — 41 (where we interpret iy € [s] C F' and the subtraction happens in F).
The unique line determined by ¥ and iy is £(t) = t - [@] + 4. Composing X with ¢ gives us
a univariate polynomial f(t) = X(t - [W] + 41) of degree at most nh. Since f(0) # 0, this
polynomial has at most nh roots. We define ¢(X,i1,i) = (Reed-Muller, [@], k, u) where
corresponds to the k-th root of f. (Recall that k can be found by brute force.)

Now we can see that ¢(X,i1,4) either returns (Hadamard, 7, k) where ¥ € Fy',k € [g/p] or returns
(Reed-Muller, [], k, u) where [7] € [2¢"~Y], k € [¢/10], u € F,. It follows that the size of Range(¢)
is at most ¢" ! /p + ¢"*1/5 < 0.9¢.

We can similarly define the function (X, i1, c):

o If ¢ is of the form (Hadamard,?,k), then we compute the k-th smallest v € F; such that

IP(X (¥),u) = 0 and output (¥, u).

o If ¢ is of the form (Reed—Muller, [w], k, ), then we compute the k-th root @ of the degree-nh
polynomial f(t) = X (t- [&] 4 ¢1) and output (7, ).

It is easy to see that (X, i1, ¢(X,i1,4)) =i for every i such that Enc(X); = 0. O
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A Expander Properties

The proofs here mostly mimic the corresponding proofs from [73].

Lemma 4.15. Let C > 1. There exist constants §,d > 0 such that for every large enough positive
integers m,n with n < m < Cn, there is an m X n bipartite graph G satisfying the following:

1. the minimum left-degree of G is at least A = 50logn,
2. the maximum left-degree of G is at most Apqr = 1501logn,
3. G is an (n%,d)-lossless expander.

In particular, G is an (n’, Apin — d)-boundary expander.

Proof. The proof essentially follows [73] but with a slightly different choice of parameters. We
construct a bipartite graph G with parts [m] and [n]. For every ¢ € [m] and k € [n], we add an
edge between ¢ and k with probability 1001%. Let Mg = (a;;) n] be the adjacency matrix
of such graph.

For each i € [m] and k € [n], a;, = 1 with probability . Hence 3 ;¢ @ik is the sum of
n independent variables with expectation 100 logn. We apply the standard multiplicative Chernoff
bound (see, e.g., [56, Corollary 4.6]), which states that for any 0 < € < 1, Pr[|X —E[X]| > e E[X]] <
2exp(—€? E[X]/3). Taking X = > ke[n] @ik, E[X] =100logn, and € = 1/2, we obtain

1€[m],k€|[

100 log n
n

Pr U Z a; , — 100 logn‘ > 50 logn] < 2¢100008n/12 — (1 /).
ke[n]

By the union bound, these events happen simultaneously for all ¢ € [m] and k € [n] with probability

o(1).
Now let r = n?®.

Claim A.1. If property (7) is violated for some set I C [m] of size | < r, then there exist a set
K C [n] of size ld/2 such that the rectangle I x K contains at least ld ones in A.

Proof. Let K = J;e; Na (i) \ Og(I), i.e., it contains all non-unique neighbours of I. In particular,
every column of the rectangle I x K contains at least two ones. Thus, if |K| > ld/2, we can take
any K’ C K of size exactly Id/2. Now assume that |K| < Id/2. The number of ones in I x K is at

least
> WG (i)\ da(D)] = > ING (i) — |0a(I)],

el el

since each k € dg(I) is contained in exactly one N (7). Thus, since (7) is violated for I, this is
further lower bounded by d|I| = ld. To conclude the proof, we can arbitrarily enlarge K to have
size exactly ld/2. o

Now we will bound the probability of the existence of such I x K. For every ¢ € [r], there is at
most (Cn)g choices of I, n‘¥/? choices of K, and (Ed)%d choices of the positions of ones in I x K.
Thus, the probability that there exists such a rectangle I x K with |I| = ¢ < r = n? is at most

o\ 4d)2
(Cn)enzdm(gd)zed(1007110gn>£d < n2e<”45d4(1(7)1010g n) ) < -2

for small enough & and large enough n and d. Observing that >j_;n=2¢ = o(1), the proof

follows. o

Lemma 4.16. Let G be an m x n (n°,d)-lossless expander with parts L and R, a minimum left-
degree at least Ay = 50logn and a maximum left-degree at most Apae = 150logn. Let K be a
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random subset of R such that every j € R is added to K independently with probability 2/3. Then
the graph G\ K is an (n°,d)-lossless expander with a minimum, left-degree Amin /6 with probability
1 —o0(1). In particular, G\ K is an (n%, c)-boundary expander, where ¢ = Apin /6 — d.

Proof. Let G' = G\ K. For every i € L, let M; C Ng(i) be any fixed subset of size exactly A .
3 3 Min = .

For each i € L, every vertex k € M; is included in K independently with probability 2/3,
and therefore survives with probability 1/3. Hence |M; \ K| is the sum of A, independent
indicator variables with expectation (1/3)A,;,. We apply the standard multiplicative Chernoff
bound (see, e.g., [56, Theorem 4.5]), which states that for any 0 < € < 1, Pr[X < (1 —¢) E[X]] <
exp(—e? E[X]/2). Taking X = |M; \ K|, E[X] = (1/3)Ain, and € = 1/2, we obtain

Pr|M; \ K| < Apin /6] < e Bmin/24 — o(1/n),

since Apin = 50logn.

By the union bound, the left-degree of G’ is at least A,,;,/6 with probability 1 — o(1).

The remaining part of the proof repeats the argument from [73]. Let I C L with |I| < n°. For
every k € R, let v, = [{¢ € I : k € Ng(i)}]. Using the bound from (7), it is easy to see that

> =D ING(@)| — 106(1)] < d|I].
ke iel

Now let v, = |{t € I : k € N (i)}|. Clearly, ;, < v, for all k, since 7}, = 0 for all k € K. This

implies that
Y Wer @) —10c()= D %< Y w<dll 0
icl keRr keR
V22 Vi 2>2
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