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ABSTRACT
A n  o p tim a l m u ltip ro cess p rob lem  is a d y n a m ic o p tim iz a tio n  p rob lem  in  w h ich  

th ere is a co llectio n  o f con trol sy ste m s cou p led  through co n stra in ts in  th e  en d -p oin ts of 

th e  c o n stitu e n t tra jecto ries and through th e  cost fu n ction . O p tim a lity  co n d itio n s for 

m u ltip ro cess  p rob lem s p osed  over a  fin ite  in terv a l h a v e alread y b een  d erived. H ow ever, 

m u ltip ro cess  p rob lem s in  w h ich  one o f th e  co m p o n en t p rocesses o p era tes over an in fin ite  

t im e  in terv a l arise, for ex a m p le, in  m a th em a tica l eco n o m ics p rob lem s. T h e q u estio n  

th en  is w h eth er gen eral n ecessary  co n d itio n s can be d erived for su ch  situ a tio n s. In th is  

th esis  new  n ecessa ry  co n d itio n s in  th e  form  o f a m a x im u m  p rin cip le  are o b ta in ed  for 

m u ltis ta g e  p rob lem s d efin ed  over th e  in fin ite  tim e  horizon. T h e  th eo ry  is th en  ap p lied  

to  a sp ecific  eco n o m ics ex a m p le  in  w hich  an ex p lic it d ep en d en ce on th e  in term e d ia te  

t im e  (ta k en  as a ch o ice  variable) is incorporated  in to  th e  in tegran d s of th e  cost  

fu n ctio n a ls. T h e h y p o th e ses under w hich  th ese  necessary co n d itio n s a p p ly  are m ild  and  

e a sily  verified.

T h e th esis  also con tain s an in v estig a tio n  of th e  relation sh ip  b etw een  n ecessa ry  

co n d itio n s (in  th e  form  o f th e P o n try a g in  m a x im u m  p rin cip le) and d y n a m ic  

program m in g. T h e m a in  resu lts o b ta in ed  are th a t, p rovid ed  so m e kin d  o f n o rm a lity  

h y p o th e sis  (w h ich  in  certain  circu m sta n ces is v erifia b le) is sa tisfied , th ere is a 

rela tio n sh ip  b etw een  th e  co sta te  p (-) o f th e  m a x im u m  p rin cip le, th e  H a m ilto n ia n  

fu n ctio n , H, and so m e v erifica tio n  fu n ction , W ,

( H ( t , x * ( t ) , u * ( t ) , p ( t ) ) , - p (t ) )  €  <9vW (t ,x * (t ) )

alon g a trajectory  (x *,u *) w hich  is b o th  n ecessary  and su fficien t for th a t tra jecto ry  to  be  

o p tim a l. R esu lts  o f th is  n atu re h a v e been term ed  ‘se n sitiv ity  re la tio n s’ in  th e  literatu re.

T h e ‘g en eralized  g ra d ien t’ <9VW , in  term s o f w hich  th is  re la tio n sh ip  is exp ressed , 

is th e  su perd ifferen tial. T h e superd ifferen tial p rovides a m ore p recise s e n sitiv ity  rela tio n  

th a n  th e  C larke g en eralized  gradient of th e  earlier litera tu re on th is  to p ic. W h ile  

s e n sit iv ity  rela tio n s in v o lv in g  superd ifferen tials h ave appeared elsew h ere, o n ly  free en d ­

p o in t p rob lem s h a v e b een  treated . T h e m a in  con trib u tion  o f  th e  th esis  on se n sitiv ity  

rela tio n sh ip s is th a t w e esta b lish  v a lid ity  o f th e  super differential s e n sitiv ity  rela tio n  in  

th e  p resen ce o f gen eral end-point con strain ts.



ACKNOWLEDGEMENTS

I a m  deeply grateful to m y  supervisor, Dr. R. B. Vinter, for all the friendly help, 
constructive advice a n d  careful guidance I received during the course of m y  research 
project.

M a n y  a n d  sincere thanks.

I w o u l d  also like to thank Dr. J. D .  L. R o w l a n d  for his helpful c o m m e n t s  a n d  
suggestions.

M y  parents have s up ported a n d  enc o ur a ge d  m e  throughout all m y  studies a n d  especially 
during m y  research.

I T  I S  T O  M Y  P A R E N T S  T H A  T  I D E D I C A  T E  T H I S  T H E S I S ,  W I T H  L O V E .



4

CONTENTS

C h ap ter 1. IN T R O D U C T IO N  AND P R E V IE W  6

1.1 Introduction 6

1.2 Optimal Multiprocesses 7

1.3 Infinite Horizon Optimal Control Problems 8

1.4 Infinite Horizon Multistage Problems 10

1.5 Necessary Conditions and Applications of the Theory 12

1.6 Sufficient Conditions, Dynamic Programming and the Maximum Principle 13

1.7 Verification Theory 15

1.8 Minimum Cost Sensitivity Relations 17

1.9 Outline of Thesis 18

C h ap ter 2. B A C K G R O U N D  T H E O R Y  19

2.1 Introduction 19

2.2 Generalized Differentiation 20

2.3 The Generalized Gradient and its Relation to Strict Derivatives 22

2.4 The Generalized Gradient and its Relation to Superdifferentials 24

2.5 Normal and Tangent Cones 25

2.6 The Maximum Principle 27

2.7 Multiprocess Theory 29

C h ap ter 3. AN IN F IN IT E  H O R IZO N , M U LTISTA G E O P T IM IZ A T IO N  34 

PR O B L E M

3.1 Introduction 34

3.2 Statement of the Problem 35

3.3 An Infinite Horizon Multiprocess Maximum Principle 37

3.4 Proof of Theorem 3.3.1 38

3.5 An Application of the Infinite Horizon Theory 49



Contents 5

C h ap ter 4. A  N E C E S S A R Y  A N D  S U F F IC IE N T  S E N S IT IV IT Y  58

R E L A T IO N  F O R  C O N S T R A IN E D  E N D -P O IN T  P R O B L E M S

4.1 Introduction 58

4.2 Prelim inary Results 63

4.3 The ‘Strengthened N orm ality’ Condition 64

4.4 The M a in  Result 66

4.5 Properties of the Cost and Value Functions 68

4.6 Proof of Theorem 4.4.1 in Fixed End-Point Case 75

4.7 Proof of Theorem 4.4.1 for an End-Point Constraint Set 85

C h ap ter 5. C O N C L U S IO N  89

R eferen ces 92



6

C h a p t e r  O n e

INTRODUCTION AND PREVIEW

1.1 Introduction
T h ree cen tra l th em es are p resen t in th e  stu d y  o f all o p tim iz a tio n  problem s:

1) e x iste n c e  - is th ere an a d m issib le  axe w hich  solves th e  p roblem ?

2 ) n ecessary  co n d itio n s - w h at co n d itio n s are there w h ich  help  id en tify  so lu tio n s?

3 )  su fficien t co n d itio n s - w h a t co n d itio n s are th ere to  in d ica te  th a t a g iv e n  a d m issib le  

arc (w h ich  m a y  h a v e b een  id en tified  w ith  th e  help  o f th e  n ecessary co n d itio n s) is in  fact 

a so lu tio n  o f th e  p rob lem ?

In this thesis w e concentrate on aspects of the latter tw o them es as th ey  relate to 

dynam ic optim ization.

D y n a m ic  o p tim iz a tio n  is th e  stu d y  o f o p tim iz a tio n  p rob lem s w h ere th e  

u n d erly in g  ch o ice  variables are fu n ctio n s of tim e  and w here ex p lic it  referen ce is m a d e to  

th e  d eriv a tiv es  o f th ese  t im e  fu n ction s. O p tim a l con trol th eo ry  w h ich  is a bran ch  of 

d y n a m ic  o p tim iz a tio n  had its  origins in th e  1 9 5 0 ’s w hen en gin eers, m o tiv a te d  in  

p articu lar b y  aerospace p rob lem s, b eca m e in terested  in w ays of co n tro llin g  a sy stem  

govern ed  b y  a set o f d ifferen tial eq u ation s so th a t a g iv en  perform an ce in d ex  could  be 

m in im ized . T h e o p tim a l control p rob lem  can be fo rm u la ted  as follows:

T h e  n a m e ‘c o n tr o l’ is g iv en  to  a fu n ctio n  u (-) b elon gin g to  so m e class o f fu n ctio n s (say  

th a t o f m ea su ra b le  fu n ctio n s) m ap p in g  [a,b] to  a sp ecified  su b set U  of Rm. E ach  control 

u is a sso cia ted  w ith  an arc x  (ca lled  th e  s ta te ) b y m ea n s of th e  d ifferen tial eq u a tio n  and  

in itia l co n d itio n

x (t )  =  tf(x (t),u (t)), x ( a ) = x 0, (1-1-1)

where <f> is given and where the point x 0 is free to be chosen w ithin  a given set C0. The 

problem  is then to choose u and x 0 (and hence x) so as to  m inim ize a given functional of 

the type

b

f(x(b)) + j F (x ( t ) ,u ( t ) )d t  (1.1.2)
a

su b ject to  x (b )  ly in g  in a g iven  set C x. N o te  th a t U , F  and m a y  d ep en d  on t. A lso  a 

sta te  co n stra in t g ( t ,x ( t ) )  < 0  m a y  be a d m itted . T h e fu n ctio n a l ( 1 . 1 . 2 )  is k n ow n  vario u sly  

in  th e  litera tu re as th e  p erform ance in d ex, p erform ance criterion, o b jectiv e  fu n ctio n  or 

co st fu n ction .

A large n u m b er o f p h y sica l sy ste m s can be m o d elled  b y  d ifferen tial eq u a tio n s in
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w h ich  so m e p aram eter v a lu es (w h ich  w e in terp ret as ‘co n tro ls’) can b e ch osen  w ith in  a 

certa in  range; th is, co m b in ed  w ith  th e  fact th a t tech n iq u es h a v e  b een  d ev elo p ed  w hich  

are p ra ctica l for b o th  co m p u ta tio n  and im p le m en ta tio n  o f o p tim a l c o n tr o ls , m ea n s th a t  

th e  th eo ry  can be ap p lied  to  a w id e range o f field s, in clud ing, p rob lem s in  eco n o m ic  

th eory.

F rom  th e  str ic tly  m a th em a tica l v iew p o in t, th e o p tim a l con trol prob lem  

su b su m es th e  classical calcu lu s o f variation s and con versely, m a n y  o p tim a l control 

p ro b lem s can b e reform u lated  as stand ard  v a ria tio n a l p roblem s w ith  in eq u a lity  and  

e q u a lity  co n stra in ts, a lth o u g h  th is  does n ot ap p ly in all c a s e s . H ow ever, th e  sm o o th n ess  

req u irem en ts o f classical v a ria tio n a l th eory are restr ic tiv e  for o p tim a l con trol th eo ry  and  

m u ch  recen t research has b een aim ed  at w eak en in g th ese  requ irem en ts.

1 . 2  O p t i m a l  M u l t i p r o c e s s e s

O ne o f th e  best k n ow n  resu lts in  o p tim a l con trol th eory  is th e  set o f n ecessary  

co n d itio n s for o p tim a lity  d erived  b y P o n try a g in  et al. [P I], k now n as th e  (P o n try a g in )  

m a x im u m  p rin ciple. R esearch  has been d irected  at w eak en in g th e  h y p o th eses under  

w h ich  it  is k n ow n  to  be tru e and form u latin g  so lu tio n s to  n on-standard o p tim a l con trol 

p ro b lem s (e.g . w here th e d y n a m ics are d escribed b y  fu n ctio n a l or p artia l d ifferential 

eq u a tio n s). R ecen tly  th e w ork has been ex ten d ed  to  cover p rob lem s w here th e  d a ta  are 

no lon ger assu m ed  co n tin u o u sly  d ifferentiable in th e  sta te  variable; in  th ese  cases 

o p tim a lity  co n d itio n s are exp ressed  in  term s o f ‘gen eralized  g ra d ie n ts’, w h ich  are 

d efin ed  in  th e  n ex t chapter. A proof of th e  n on -sm ooth  version  o f th e  m a x im u m  

p rin cip le  is g iv en  in  C larke [C3]. A  further ex ten sio n  o f th is w ork, b y  C larke and V in ter  

[C 8], is th e  d ev elo p m en t of a m a x im u m  p rin cip le for ‘m u ltip ro c esses’. B o th  th e  n on ­

sm o o th  m a x im u m  p rin cip le and th e  m u ltip ro cess m a x im u m  p rin cip le are sta te d  in  

C h ap ter 2.

M u ltip ro cess th eo ry  o rigin ated  in a bid  to  solve a v a riety  o f n on-standard  

p ro b lem s in d y n a m ic  o p tim iza tio n . T h e com m on  fea tu re of th ese  p rob lem s is th a t th ey  

in v o lv e  a co llectio n  o f d y n a m ica l eq u ation s w ith  con trol term  (i.e . co n tro l sy ste m s)  

w h ich  are co u p led  th rou gh  con strain ts in  th e  en d -p oin ts o f th e  c o n stitu e n t s ta te  

tra jecto r ies and throu gh  a  fu n ctio n  o f th ese  b ou nd ary v a lu es in  th e  cost. E x a m p les of  

th ese  p ro b lem s arise in  flig h t m ech a n ics, o p tim a l in v e stm e n t, ro u tin g  p ro b lem s over 

v a ria b le  d om ain s and p la sm a  control, b u t u n til n ow  ad-hoc tech n iq u es for each  

in d iv id u a l case w ere required for stu d y in g  th e n ecessary  con d ition s for o p tim a lity .

A s an ex a m p le, w e m a y  consider ‘im p u lse  co n tro l’ p rob lem s, w h ich  arise in
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o p tim a l in v e stm e n t and in v en to ry  control. H ere, th e  stand ard  o p tim a l con trol p rob lem  

is m o d ified  to  p erm it th e  s ta te  trajectories to  be d isco n tin u o u s at a fin ite  n u m b er of  

t im e s  and th e  ju m p  tim e s (ch o ice  variab les) to g eth er  w ith  th e  en d -sta tes o f th e  ju m p s  

appear in  th e  co st and are con strain ed  to  lie  in  so m e closed  set. T h ere is also a 

co n stra in t on th e  n u m ber o f ju m ps. N ecessary co n d itio n s of o p tim a lity  are a v a ila b le  but 

are lim ite d  to  a narrow  class o f cost fu n ctio n s and co n stra in ts as far as th e  ju m p s are 

con cern ed , and ap p ly  o n ly  w hen  th e  con strain t on th e  nu m ber o f ju m p s is in a ctiv e. 

A lte r n a tiv e ly , w e can v iew  im p u lse  control p rob lem s as an in sta n ce  o f an o p tim a l 

m u ltip ro cess  problem . T h e  restriction s o f trajectories, in th e  original p rob lem , to  

in terv a ls  b etw een  ju m p s are in terp reted  as co m p o n en t trajectories in  th e  o p tim a l 

m u ltip ro cess  p roblem .

E v en  w hen  th e  th eory is sp ecialised  to  trea tm en t of th e  stan d ard  o p tim a l con trol 

p rob lem , sig n ifica n t a d van ces on know n resu lts en su e. For free t im e  o p tim a l con trol 

p rob lem s, th e  P o n try a g in  m a x im u m  p rin ciple p rovid es a b ou nd ary co n d itio n  on  th e  

m a x im ized  H a m ilto n ia n , ev a lu a ted  along an o p tim a l trajectory. T h is  has p rev io u sly  

b een  p roved  o n ly  under th e  assu m p tio n  th a t th e  d a ta  are co n tin u o u s in th e  tim e  

v ariab le. M u ltip rocess th eo ry , b y  con trast, y ie ld s a version  o f th e  stan d ard  bound ary  

co n d itio n  w hen  th e  d a ta  are m erely  m easu rab le in th e  tim e  variab le, in  w h ich  case it  is 

rep laced  b y  an in clu sion  in v o lv in g  th e ‘essen tia l v a lu e s ’ of th e  m a x im ized  H a m ilto n ia n  

(see  C hap ter 2 ).

T h e th eory of o p tim a l m u ltip ro cesses is a general th eo ry  in  lin e w ith  th e  

tra d itio n  o f research w h ose aim  is th e  u n ification  o f o p tim a lity  co n d itio n s for as w id e  a 

range of o p tim iz a tio n  p rob lem s as p ossib le (in  calcu lu s o f v a ria tio n s, con trol and  

m a th e m a tic a l p rogram m in g). N ev erth eless, it  is ta rg eted  sp ecifica lly  at p rob lem s in  

d y n a m ic  o p tim iz a tio n  and th u s th e ch eck ing o f h y p o th eses is an easier ta sk  for 

m u ltip ro cess  th eory  th an  for th e m ore general th eories ju st referred to. S p ecifica lly , it  

tu rn s o u t th a t g en eratin g  o p tim a lity  con d ition s for sp ecific  classes o f p rob lem s is u su a lly  

a sim p le  m a tte r  o f ca lcu la tin g  norm al cones (see  C hap ter 2 ).

In th is  th esis  w e in v e stig a te  m u ltip rocess p rob lem s (in  p articu lar tw o-stage  

p ro b lem s) in  w h ich  on e o f th e  com p on en t processes op erates over an in fin ite  tim e  

in terv a l and w e d iscover h ow  m u ltip ro cess th eo ry  rea d ily  len d s its e lf  to  th is  co m b in ed  

area o f research.

1 . 3  I n f i n i t e  H o r i z o n  O p t i m a l  C o n t r o l  P r o b l e m s

T h e m o tiv a tio n  for stu d y in g  d eterm in istic  co n tin u o u s t im e  o p tim a l con trol
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p rob lem s d efin ed  over u n b ou n d ed  tim e  in tervals stem s prim arily  from  th e  eco n o m ic  and  

b io lo g ica l scien ces, w here it is n atu ral to  fo rm u la te m o d els of th is  ty p e. T h e reason for 

d oin g so is th a t, o ften , it  is n ot m ean in gfu l to  p lace a  bou nd  on th e  t im e  horizon, w hen  

w e con sid er th e  ev o lu tio n  of th e  sta te  o f a g iv en  eco n o m y  or sp ecies.

T h e ea rliest stu d ies  o f prob lem s of th is ty p e  w ere p rob ab ly th o se  of F. R a m sey  

[R l] in  1 9 2 8  and H. H o tellin g  [H3] in  1931 . R am sey, in  his th eory  o f savin g, m o d elled  a 

ca p ita l a ccu m u la tio n  p rocess b y  considering a d y n a m ic o p tim iz a tio n  m o d el d efin ed  on  

an in fin ite  t im e  h orizon, w h ile  H o tellin g  m o d elled  a p rob lem  o f n on-renew able resource  

e x tra c tio n , lik ew ise, over th e  in fin ite  horizon.

F rom  th e  1 9 6 0 ’s, a p p lica tio n s of th e  o p tim a l con trol fo rm a lism  to  th e  m o d ellin g  

and an a ly sis o f d y n a m ic  eco n o m ic sy ste m s h a v e flourished. In 1 9 6 5 , K urz [K2] and  

S toleru  [S2] s im u lta n eo u sly  in itia ted  th is research b y ap p lyin g P o n tr y a g in ’s m a x im u m  

p rin cip le  to  fin ite  horizon o p tim a l eco n o m ic grow th p roblem s. T h en  sh o rtly  afterw ards, 

in  1 9 6 9 , D orfm an  [D2] (a m o n g  oth ers) p resen ted  an eco n o m ic in terp reta tio n  of 

P o n tr y a g in ’s th eorem . A  sign ifican t d ev elo p m en t w as th e  in tro d u ctio n  b y  von  

W eizsa ck er [W 2] in 1 9 6 5  o f th e  overtak in g o p tim a lity  con cep t w h ich  p rovid ed , for th e  

first tim e, a m ea n s o f d ealin g  w ith  a general class o f in fin ite  horizon  o p tim a l con trol 

p rob lem s w ith  u n b ou n d ed  cost criterion. T h is  w as in resp on se to  th e  q u estio n  of 

w h eth er d iv erg en ce o f th e  cost in tegral in d ica tes th a t no o p tim a l p o licy  ex ists; th e  

answ er w as fou n d  to  be th a t th is is n ot n ecessarily  th e  case.

O th er d ev elo p m en ts th a t p layed  an im p o rta n t role in th e  d ev elo p m en t o f th is  

th eo ry  w ere, th e  esta b lish m en t of a con tin u ou s tim e  ‘tu rn p ik e th e o r e m ’ for o p tim a l 

con trol p rob lem s b y Cass [C2], e x isten ce  resu lts for overta k in g  and w ea k ly  ov erta k in g  

o p tim a l so lu tio n s in d iscrete  tim e  by B rock [B3] and a sy ste m a tic  tr ea tm en t of 

co n tin u o u s tim e  in fin ite  horizon o p tim a l con trol prob lem s b y A rrow  and K urz in  1 9 7 0  

[A 2].

A ll o f th ese  h isto rica l d ev elo p m en ts, trea ted  in th e eco n o m ics litera tu re, occurred  

in  parallel w ith  th e w id en in g  of th e  th eory of d y n a m ic o p tim iz a tio n  in  a u to m a tic  

con trol and ap p lied  m a th em a tics  to  in clu d e th e  in fin ite  horizon. A n  ex a m p le  o f th is  w as 

th e  linear regu lator p rob lem  w here th e  linear stru ctu re o f th e  d y n a m ics cou p led  w ith  a 

q u ad ratic  p erform an ce in d ex  p erm itted  th e  d ev elo p m en t o f a link  b etw een  in fin ite  

horizon  o p tim iz a tio n  and sta b ility  analysis. In th is case th e  o p tim a lly  co n tro lled  sy ste m  

w as fou n d  to  be a sy m p to tic a lly  stab le.

T h e m a x im u m  p rin cip le for in fin ite  horizon o p tim a l con trol is d iscu ssed  by  

P o n try a g in  and his a ssociates, b u t o n ly  briefly, and their req u irem en t th a t th e  cost  

fu n ctio n a l be con vergen t is q u ite restrictive. H ow ever, a m ajor tu rn in g p o in t occurred
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w hen  H alkin, in  1 9 7 4  [H i], ex ten d ed  P o n try a g in ’s m a x im u m  p rin cip le to  an in fin ite  

horizon  th u s stim u la tin g  a great deal of research in  th is  area o f o p tim a l control. For a 

s y ste m a tic  accou n t o f th e  recen t d ev elo p m en ts in  d eterm in istic  in fin ite  horizon  o p tim a l 

con trol th eo ry  see C arlson and H aurie [C l] and th e  m a n y  references c ite d  there.

1 . 4  I n f i n i t e  H o r i z o n  M u l t i s t a g e  P r o b l e m s

F u rth er m o tiv a tio n  for consid ering m u ltista g e  prob lem s (d efin ed  o v er th e in fin ite  

h o rizo n ), as op p osed  to  sin gle-stage problem s, is th a t d y n a m ic o p tim iz a tio n  prob lem s  

w h ich  arise in eco n o m ic th eo ry  often  do so in  th e  form  o f tw o-stage o p tim a l con trol 

p ro b lem s, i.e. th e  perform an ce in d ex  takes th e  fo llo w in g  general form

J = L x(t) dt 4- L2( t ) d t (1 .4 .1 )

t0 tx

w here tl w ill be called  th e  sw itch in g  or in term ed ia te  tim e and th e  fin al t im e  tf can  be  

e ith er  f in ite  or in fin ite. T h e sign ificance o f th is  class of p rob lem s is th a t th e  

correspon d in g o p tim a lity  co n d itio n s can be o b ta in ed  b y  a re la tiv e ly  sim p le  

g en era liza tio n  o f resu lts for regular o p tim a l control problem s.

In fin ite  horizon m u ltista g e  problem s arise in at lea st tw o  areas o f eco n o m ics  

research: th e  a d ju stm en t cost literatu re and th e  ex h a u stib le  resource literatu re. T h e  

form er area o f research is concerned  w ith  stu d y in g  th e  in v estm en t d ecision  process o f a 

firm  w here, to  accou n t for d ela y s in a d ju stm en t of ca p ita l stock , co sts are b u ilt in to  th e  

o p tim iz a tio n  process. A n e x a m p le  of th is is w here th e  a cq u isition  o f n ew  ca p ita l goods is 

su b ject to  an ex o g en o u s d eliv ery  lag (see e.g. M accini [M l], N ick el [N 1], R o ssa n a  [R 2]). 

In th ese  a p p lica tio n s, th e in term e d ia te  tim e is th e  ca p ita l goods d eliv ery  lag and this  

m a y  appear in  th e cost fu n ctio n s if  th e  purchase p rice of cap ital d ep en d s on th e  d eliv ery  

lag. T h e  la tte r  area o f research is concerned w ith  n atu ral resource m a n a g em en t (see  e.g. 

H oel [H 2], D a sg u p ta  et al. [D l] )  w here th e in term e d ia te  t im e  is th e  t im e  at w hich  

a lter n a tiv e  en ergy resources or new  (or in n o v a tio n s o f ex istin g ) tech n o lo g ies b eco m e  

availab le.

H ow ever, th e a ssu m p tio n  in  th ese  stu d ies th a t th e  in term ed ia te  t im e  is fix ed  and  

ex o g en o u s (i.e . it  is ta k en  as a g iv en  variable in  th e  d ecision  m a k in g  p ro cess) restricts  

th e  a p p lica tio n  of th e  m od el. W e see th is in b o th  th e  first ex a m p le, w here con trol can  

b e ex ercised  over d elivery  lags, d ep en d in g on th e  ch o ice of supplier b y  th e  firm , and in  

th e  secon d  ex a m p le, w here con trol can be exercised  over th e  tim e  at w h ich  a lter n a tiv e  

resources are used.
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N ecessa ry  co n d itio n s to  allow  for an en d ogen ou s sw itch -poin t, (i.e . it  is a ch oice  

v a ria b le in  th e  d ecision  p rocess) th ereb y ex ten d in g  th e  a p p lica b ility  o f th e  m od el, h ave  

b een  o b ta in ed  through cla ssica l m eth o d s for th e  fo llo w in g  tw o  cases, n a m ely , w here th e  

in teg ra n d s o f th e  fu n ctio n a ls do n ot d epend on th e  in term ed ia te  t im e  (see  T o m iy a m a  

[ T l ] ) and w here an ex p lic it d ep en d en ce upon th is  sw itch -poin t is in corp orated  in to  th e  

in teg ra n d s (see  T o m iy a m a  and R ossan a [T 2]). T h ese  authors esta b lish  n ecessary  

co n d itio n s  o n ly  under severe, and som ew h at restr ic tiv e , h y p o th eses - h y p o th e ses w h ich  

w e w ill sh ow  can be relaxed.

T h e  q u estio n  w e n ow  set ou t to  answ er in  th is  th esis  is w h eth er gen eral n ecessary  

co n d itio n s, in  th e  sp irit o f  H a lk in ’s classic w ork, can b e derived for m u ltis ta g e , in fin ite  

horizon  o p tim a l con trol p rob lem s v ia  th e u se o f m u ltip ro cess th eo ry  as th e la tter  

appears to  be id ea lly  su ited  to  ap p lication s o f th is  kind. It turns ou t th a t th e  answ er is 

in  th e  a ffirm ative.

W e consider a p rob lem  of th e form

ti oo

m in im ize L ift, x ( t ) ,  u ( t ) )  d t- f L 2( t , x ( t ) , u ( t ) ) d t (1.4.2)

t0 ^

and aim  to  d erive a set o f n ecessary  con d ition s for o p tim a lity  w h ich  is v a lid  over th e  

in fin ite  h orizon and w hich can be ex ten d ed  to  in clu d e prob lem s o f th e  m ore general 

form

m in im ize

oo

Y , L i ( t , X i ( t ) , u , - ( t ) ) d t +  L n+1( t , x n + 1 ( t ) , u n+ 1 ( t ) ) d t .
t=i

t-i tn

(1 .4 .3 )

H ow ever, d ifficu lties can arise in a n u m b er o f areas. F irstly , w e n o te  th a t th e  

n o tio n  o f ‘o p t im a lity ’ for th e  in fin ite  horizon case m u st be carefu lly  d efined. T h is is 

b eca u se, a lth o u g h  th e  d efin itio n  o f o p tim a lity  is u n am b igu ou s over a  fin ite  horizon, 

sev era l n on -eq u ivalen t d efin itio n s o f o p tim a lity  are a vailab le over th e  in fin ite  horizon  

(see  e.g. C arlson and H aurie [C l] and Stern [S i]) .  T h e logical im p lica tio n s  a m on g th e  

d ifferent d efin itio n s are also d iscu ssed  in th ese  tw o  references. S in ce, in  p rovin g th e  

n ecessa ry  co n d itio n s, H alkin  uses th e w eak est o f th e  various d efin itio n s in  th e  literatu re, 

w e m a y  co n clu d e th a t th e  in fin ite  horizon m a x im u m  prin ciple is v a lid  for any o f th e  

o th er d efin itio n s o f o p tim a lity  w h ich  h ave b een  em p lo y ed .

A secon d  prob lem  area concerns th e tra n sv ersa lity  con d ition s. H alkin  [HI] n otes  

th a t th ere  is a ten d en cy  to  a ssu m e th a t resu lts for th e  fin ite  horizon  case can  be carried  

over to  th e  in fin ite  h orizon case by replacing ev a lu a tio n s o f q u a n tities  at th e  term in a l 

t im e  w ith  ev a lu a tio n s o f th e  lim it of th e  sa m e q u a n tities  as th e  t im e  ten d s to  in fin ity .
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C orresponding to  a d y n a m ic eco n o m izin g  p rob lem  of a llo ca tio n  over tim e, w here  

th e  s ta te  variab le has th e  in terp reta tio n  o f an eco n o m ic variable, th ere is a 

corresp on d in g dual p ro b lem  o f v a lu a tio n  over t im e  w here th e  co sta te  v a ria b le (see  

C h a p ter 2 )  has th e  in terp reta tio n  o f a p rice - a sh adow  price - or m argin al cost. T h u s  

m ore co n cretely , in eco n o m ics term in ology, th e  tra n sv ersa lity  co n d itio n  in  f in ite  h orizon  

o p tim a l con trol w ith o u t a con strain t on th e  fin al s ta te  is th a t th e  fin al v a lu e  o f th e  

sh ad ow  p rice v ecto r  (c o s ta te ) is zero, i.e. on e m ore u n it of an y  good  at fin al t im e  gives  

no a d d itio n a l v a lu e to  th e  criterion. H ow ever, in  th e  in fin ite  h orizon, on e m ore u n it of a 

good , at an y tim e, ch an ges th e w hole fu ture and th e  zero v a lu e  o f th e  s ta te  b eco m es a 

lim it p rop erty  w h ich  is n o t n ecessarily  verified. In th e  literatu re, stu d ies  o f th e  in fin ite  

h orizon tra n sv ersa lity  p rop erty  h ave been m a d e b u t th ese o n ly  g iv e  resu lts in  sp ecial 

cases, so m e o f w hich  w e sh all m en tio n  in a la ter chapter.

H ow ever, H alkin  th en  sh ow s th e lim ita tio n  of th is approach b y p ro v id in g  a w ell-know n

co u n terex a m p le  w here th e  tra n sv ersa lity  co n d itio n s for th e in fin ite  horizon case can n ot

be o b ta in ed  as th e lim it o f th e  tra n sv ersa lity  co n d itio n s in th e  f in ite  horizon case.

1 . 5  N e c e s s a r y  C o n d i t i o n s  a n d  A p p l i c a t i o n s  o f  t h e  T h e o r y

Our co n trib u tio n  to  th e  th eory of m u ltip ro cess p roblem s is th a t w e d erive a set 

o f n ecessa ry  co n d itio n s o f o p tim a lity  ap p licab le for an in fin ite  horizon. T h is  is a ch iev ed  

by:

a) sh o w in g  th a t an o p tim a l so lu tio n  for th e  g iv en  in fin ite  h orizon  p rob lem  is still 

o p tim a l w h en  th e  d a ta  o f th a t problem  are restricted  to  a fix ed  tim e  in terv a l w ith  a 

term in a l co n d itio n  on th e sta te , and

b ) u sin g  th is  p rop erty to  ap p ly  th e fin ite  horizon m u ltip ro cess m a x im u m  p rin cip le over  

s tr ic tly  in creasin g t im e  in terv a ls in  order to  co n stru ct a fu n ctio n  w h ich  w ill be a 

su ita b le  ca n d id a te  for th e co sta te  fu n ction .

W e th en  a p p ly  th e  th eo ry  to  tw o-stage p roblem s (d iscu ssed  in  T o m iy a m a  and R ossan a  

[T 2]) of th e  form

ti oo

m in im ize L ^ t ,  x x( t ) ,  U!(t), tj) dt + L2( t , x 2( t ) , u 2( t ) , t 1)d t . ( 1 . 5 . 1 )

t0 tx

T h is is, in  effect, th e task  o f d eterm in in g an o p tim a l con trol stra teg y  for m u ltista g e  

p ro b lem s w here th e  in term e d ia te  tim es are in clu d ed  in th e ch o ice  variables. Stan dard  

o p tim a lity  co n d itio n s o f con trol th eory, w h ich  a cco m m o d a te ch an ges in  th e  d y n a m ics  

o n ly  at fix ed  t im e s , can n ot be ap p lied  d irectly  to  su ch  problem s.

T h ese  d ifficu lties can so m etim es be o v erco m e b y  th e  fo llo w in g  tech n iq u es w here,
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to  b egin  w ith , w e so lv e  a fa m ily  of prob lem s in v o lv in g  fixed  tim e s and th en  m in im ize  

o v er th e  tim es to  d eterm in e th e o p tim u m  v a lu es (tw o-p h ase o p tim iz a tio n ) or, 

a lter n a tiv e ly , w e red u ce th e  free tim es to  fix ed  tim es by tra n sfo rm a tio n  o f th e  tim e  

variab le. T h u s w e see th a t, in  general, tw o-phase o p tim iz a tio n  co n sists  of ‘freezin g ’ 

certa in  ch oice p aram eters th ereb y reducing th e  prob lem  to on e w h ich  can be so lv ed  by  

a p p lica tio n  o f th e  cla ssica l m a x im u m  p rin cip le and th en  m in im iz in g  a v a lu e  fu n ctio n  

(th e  m in im u m  cost as a fu n ctio n  o f th e  ‘fro zen ’ p aram eter v a lu e s) to  d eterm in e th e  

o p tim u m  p aram eter valu es.

H ow ever, th e  draw backs to  th ese  tech n iq u es are th a t tw o-ph ase o p tim iz a tio n  

requires tra cta b le  fo rm u la e d escribing th e v a lu e  fu n ctio n  rela tiv e  to  th e  in term e d ia te  

tim e s (w h ich  can n ot b e d on e for co m p lica ted  p rob lem s) and th a t t im e  tran sform ation  

tech n iq u es are ty p ic a lly  ap p licab le on ly  w hen  certain  regu larity  co n d itio n s are im p o sed  

on  th e  d ata. T h is rules o u t sign ifican t ap p lication s.

O p tim a l m u ltip ro cess th eory  overcom es th ese  draw backs in  th a t, firstly , no 

e x p lic it  reference is m a d e to  va lu e fu n ctio n s and th u s im p le m en ta tio n  o f o p tim iz a tio n  

proced u res w ill n ot d ep en d  on a v a ila b ility  o f such form ulae and, seco n d ly , in  th a t it 

trea ts  d y n a m ic  o p tim iz a tio n  p roblem s w here th e  d a ta  are m erely  m ea su ra b le in  th e  

t im e  variable. T h is is an im p o rta n t featu re o f th e  theory.

A lth o u g h  T o m iy a m a  and R ossan a esta b lish  n ecessary  co n d itio n s for th e  two- 

sta g e  p rob lem  describ ed  b y  (1 .5 .1 )  th ey  do so under th e  assu m p tio n s th a t th e  d a ta  and  

th e  co st fu n ctio n s are co n tin u o u sly  d ifferentiable in  th e  x, t and tx variables and also  

u nder a sm o o th n ess a ssu m p tio n  on a certain  ‘v a lu e  fu n ctio n ’ in tro d u ced  to  d eco u p le  th e  

sta g es. T h is la tter  co n d itio n  is d ifficult to  v erify  in  general. O n th e  oth er h an d, by  

v ie w in g  trajectory  seg m en ts b etw een  in term ed ia te  tim es as co m p o n en t trajectories, w e  

arrive at an o p tim a l m u ltip ro cess prob lem  for w hich  th e  new  th eo ry  su p p lies o p tim a lity  

co n d itio n s under m ild , v erifiab le h y p o th eses ex p ressed  in term s o f th e  d a ta  th em selv es. 

P re se n c e  o f th e in term e d ia te  tim e  ti in  th e  cost is s im p ly  d ea lt w ith  b y  sta te  

a u g m en ta tio n  tech n iq u es. H ere, th en , w e im m e d ia te ly  see th e  a d v a n ta g es of a p p ly in g  

m u ltip ro cess th eory  in stea d  o f classical m eth o d s of analysis.

1 . 6  S u f f i c i e n t  C o n d i t i o n s ,  D y n a m i c  P r o g r a m m i n g  a n d  t h e  M a x i m u m  

P r i n c i p l e

W e now  turn our a tte n tio n  to  su fficien t co n d itio n s for o p tim a lity  and w e exp lore, 

in  p articu lar, th e  rela tio n sh ip  o f th e m a x im u m  p rin cip le to d y n a m ic  p rogram m in g and  

th e  a tte m p t to  ch aracterize th e  va lu e fu n ctio n  (1 .6 .2 )  as a so lu tio n  to  th e  H am ilton-
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J a co b i-B ellm a n  eq u a tio n  (1 .6 .3 ) .  (T h e  use o f th e  asterisk  in  th e  rem ainin g sectio n s of 

th is  ch ap ter and th rou gh ou t th e th esis  d en otes o p tim a l q u a n tities, unless o th erw ise  

s ta te d ).

Let us consider, for ex a m p le, th e follow ing free fin a l s ta te  o p tim a l con trol 

problem :

m in im ize L ( t , x ( t ) , u ( t ) ) d t  +  g ( x ( l ) )

su b ject to

x ( t )  = f ( t , x ( t ) , u ( t ) )  a.e. t e  [0,1], 

x ( 0 )  =  x o,

u (t )  e  £1 a.e. t e  [0,1].

(1.6.1)

Here L:IRxlRnxlRm-+IR, f:IRxlRnxlRm—>!Rn and g:IRn-»R  are given functions, x0GlRn is a given 

point and QclRm a given set.

D y n a m ic  p rogram m in g (in itia te d  by B ellm a n  [ B l] ) is a general m eth o d o lo g y  for so lv in g  

d y n a m ic  o p tim iz a tio n  p roblem s. It cen tres on th e p rop erties o f th e  v a lu e fu n ctio n , 

w h ich  is d efin ed  as th e  in fim u m  cost of th e  p rob lem  under co n sid era tio n , ta k en  as a 

fu n ctio n  o f th e  in itia l t im e  and sta te. In th is  case, th e  va lu e fu n ctio n  V :[0,1] x IR” —► IR is 

ta k en  to  be

V ( r , £ ) : = I n f ^ g ( x ( l ) ) +  L ( t , x ( t ) , u ( t ) )  d t : x (t )  = f ( t , x ( t ) , u ( t ) ) , u ( t ) e S 7 , x ( r )  =  f (1.6.2)

w h ere th e  u n d erly in g  t im e  in terv a l [0,1] is rep laced  b y [r ,l]  and th e  in itia l sta te  x 0 b y £. 

W h en ev er  th e  v a lu e  fu n ctio n  is co n tin u o u sly  d ifferentiable it sa tisfies  th e H am ilton-  

J a co b i-B ellm a n  eq u a tio n , n a m ely

V t( t , x )  -f m in { V r ( t ,x ) - f ( t ,x , u )  +  L ( t , x , u ) j  =  0 for ( t , x )  €  [0 ,1 ]x Rn (1 .6 .3 )
u(E£1 i

an d  b ou nd ary co n d itio n  V ( l , x )  =  g (x ) for x e lR n. (1 .6 .4 )

W e  find, furtherm ore, th a t if (x * ,u * )  is a m in im izin g  control p rocess for th e  p rob lem , 

th en

V , ( t , x * ( t ) )  -f V * ( t , x * ( t ) ) - f ( t , x * ( t ) , u * ( t ) )  +  L ( t ,x * ( t ) ,u * ( t ) )  =  0, a.e. (1 .6 .5 )

T h e  d y n a m ic  p rogram m in g approach is to  so lv e  th e H am ilton -Jacob i-B ellm an  eq u a tio n  

for V  and to  ex tra c t in form ation  about (x * ,u * )  from  (1 .6 .5 )  (see  e.g. F lem in g  and R ish el

[F l]) .

T h e  q u estio n  arises: how  are th e  m a x im u m  p rin cip le and d y n a m ic  p rogram m in g  

re la ted ?  M an y authors h a v e  ad van ced  h eu ristic  argu m en ts su g g estin g  th e  fo llo w in g
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relation sh ip

( H ( t , x * ( t ) , u * ( t ) , p ( t ) ) ,  - p ( t ) )  =  W ( t , x * ( t ) )  (1 .6 .6 )

w h ere ( x ’ ,u * )  is th e  o p tim a l control process under con sid eration , p ( t )  is th e  co sta te  

fu n ctio n  and H is th e  H a m ilto n ia n  (see  C hapter 2 ).

T h e draw back is th a t th e h y p o th eses under w hich  th ese  rela tio n sh ip s can  be  

m a d e rigorous are v ery  severe, esp ecia lly  th e  assu m p tio n  th a t th e  v a lu e  fu n ctio n  is 

sm o o th  sin ce, to  q u o te  P o n try a g in  et al. [P I] “ i t  m u s t  b e  n o t e d  t h a t  t h e  a s s u m p t i o n  o n  t h e  

c o n t i n u o u s  d i f f e r e n t i a b i l i t y  o f  t h e  f u n c t i o n a l  d o e s  n o t  h o l d  in  t h e  s i m p l e s t  c a s e s  ". H ere, b y  ‘fu n c tio n a l’ 

P o n try a g in  m ea n s th e  v a lu e  fu n ction .

H ow  do w e o v erco m e th e  d ifficu lty  th a t V  n eed  n o t b e co n tin u o u sly  

d ifferen tiab le? S in ce w e can ex p ect V  to  be lo ca lly  L ip sch itz co n tin u o u s (refer to  

C hap ter 2 ) it  is n atu ral to  replace - p (t )  =  V r ( t ,x * ( t ) )  b y - p (t )  €  d x V (t ,x * ( t ) ) ,  w h ere dx 
d en o tes th e p artia l gen eralized  gradient o f Clarke (see  C hapter 2 ). T h is has b een  p roved  

b y  C larke and V in ter  [C6] w ho show  th a t for a very large class o f n on -sm ooth  free en d ­

p o in t p rob lem s a co sta te  fu n ctio n  p (-) can be ch osen to  sa tisfy  th e  in clusion.

Clarke and V in ter  also show  th a t th e  in clu sio n  - p (t)  €  d *V (t  , x * ( t ) )  is v a lid  for 

so m e co sta te  fu n ctio n  ev en  in th e p resen ce of a right end-point co n stra in t set. T h eir  

approach is to  su b stitu te  so m e ‘verification  fu n c tio n ’ (see  b elo w ) for V ( -, *) and to  

rep la ce th e  term in a lly  con strain ed  prob lem  b y an eq u iv a len t free end-point p rob lem  

w ith  a n on -sm ooth  p e n a lty  term . T h is reduces th e original p rob lem  to  on e w h ich  can be  

so lv ed  usin g e x istin g  tech n iq u es.

1 . 7  V e r i f i c a t i o n  T h e o r y

W e p au se here in order to ex p la in  th e  term  verifica tio n  fu n ctio n . V erifica tio n  

fu n ctio n s arise in a b od y o f th eory, referred to  as ‘v erifica tio n  th e o r y ’, w h ich  p rovid es  

su ffic ien t co n d itio n s of o p tim a lity  exp ressed  in term s o f th e H am ilton -Jacob i eq u a tio n .

C onsider P ro b lem  (1 .6 .1 )  w hen  w e su p p lem en t th e  co n stra in ts b y  th e  end -p oin t  

co n stra in t x ( 1 ) e C .  T h e id ea  u n d erlyin g  th e  v erifica tio n  tech n iq u e m a y  be s im p ly  

ex p ressed . It is:

“ S u p p ose th a t ( x ^ u * )  is an ad m issib le process for th e  problem , and su p p ose (£ (t ,x )  is a 

c o n tin u o u sly  d ifferen tia b le so lu tio n  of th e H am ilton -Jacob i eq u a tio n

d<p

dt ( t , x ) +  m i n ( ^ ( t , x ) - f ( t , x , u )  +  L ( t , x , u ) )  =  0  for ( t , x ) e [ 0 , l ] x ( 1 . 7 . 1 )

and sa tisfies th e b ou nd ary con d ition
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0 ( l , x )  =  g (x )  for x e  C.

T h en  if  i

d>( 0 , x o) =  g ( x * ( l ) )  +  L (t,x *,u *) dt, 

0

it  fo llow s th a t (x * ,u * )  is m in im iz in g ” .

(1 .7 .2 )

(1 .7 .3 )

0  is k n ow n  as a v erifica tio n  fu n ctio n  sin ce it ‘v erifies’ th e  (lo ca l) o p tim a lity  o f (x * ,u * ) .

H ow ever, th e  sm o o th n ess co n d itio n  im p o sed  on 0  is restr ictiv e, in  th a t for m a n y  

p rob lem s n o su ch  0  ex ists. T herefore, to  raise th e  tech n iq u e to  a greater le v e l of 

g en era lity  and, in  p articu lar, to  allow  fu n ctio n s 0  w h ich  are n on -sm ooth , w e m a k e u se of 

th e  (e x te n d e d ) H am ilton -Jacob i eq u ation  w h ich  in corporates th e  gen eralized  grad ien t of 

0, n a m ely  w e allow  0 to  b e a locally  L ip sch itz so lu tio n  of

m in j a  - H (t ,x ,- /? ):  (a ,/ ? )  G < 9 0 (t,x )j  =  O. (1-7.4)

H ere d(f> d en o tes th e  C larke gen eralized  grad ient of 0. H is th e  H a m ilto n ia n  fu n ctio n  

H (t,x ,p ) =  M a x |p - f ( t ,x ,u ) : u € f i |.

In th e  case 0  is sm o o th , <90 b ecom es an<l  (1-7-4) reduces to  (1 .7 .1 ).

T h e e x ten d ed  v erifica tio n  tech n iq u e, b y a llow ing th e  fle x ib ility  o f ‘n o n -sm o o th ’ 

v erifica tio n  fu n ctio n s 0, ap p lies to  a w id e range of problem s.

O f course, th ere is a close relation sh ip  b etw een  v erifica tio n  fu n ctio n s and th e  

v a lu e  fu n ction . T h e v a lu e  fu n ctio n  satisfies eq u a tio n s (1 .7 .2 )  and (1 .7 .3 )  in  th e  d efin itio n  

o f v erifica tio n  fu n ctio n  and w e can ex p ect eq u a tio n  (1 .7 .1 )  to  be sa tisfied  at lea st on  

n eigh b ou rh ood s w here V  is L ip sch itz con tin u ou s. T h e difference is th a t th ere can e x ist  a 

(L ip sch itz  co n tin u o u s) v erifica tio n  fu n ctio n  for (x * ,u * )  ev en  w h en  V  is ill-b eh aved  (has  

d o m a in  w ith  e m p ty  in terior, sa y ).

W e return to  our earlier discu ssion. F ollo w in g  in clu sio n  o f th e  term in a l 

co n stra in t x ( 1 ) g C ,  th ere is a real p o ssib ility  th a t th e  va lu e fu n ctio n  w ill n o t ev en  be 

L ip sch itz  co n tin u o u s on a  n eighbourhood of th e  o p tim a l trajectory, h en ce th e  approach  

u sed  b y C larke and V in ter  [C6] is th a t o f verifica tio n  th eo ry , w here, as p rev io u sly  

m en tio n ed , so m e v erifica tio n  fu n ctio n  is su b stitu te d  for th e v a lu e  fu n ctio n . U sin g  ‘ex a ct  

p e n a lty ’ tech n iq u es for th is  con strain ed  end-point problem , th e y  show  th a t as w ell as 

p ro v id in g  a su fficien t co n d itio n  for local o p tim a lity  o f a trajectory, th e  in clu sio n  is also  

n ecessa ry  under a strict n o rm a lity  h y p o th esis, i.e. w hen  th e  first order o p tim a lity  

co n d itio n s y ie ld  n on -trivial inform ation . T h is is in  lin e  w ith  recen t research u sin g  n o n ­

sm o o th  an alysis w h ich  has a im ed  at w eak en in g th e  req u irem en ts on v erifica tio n  

fu n ctio n s to  th e  p oin t w here, under m ild  and v erifiab le h y p o th e ses, co n d itio n s are 

p rovid ed  w h ich  are n ecessa ry  as w ell as su fficien t for o p tim a lity .
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1 . 8  M i n i m u m  C o s t  S e n s i t i v i t y  R e l a t i o n s

A s a n ex t step , it  is n atu ral to  con jectu re th a t in  place o f (1 .6 .6 )  w e can write: 

(H(t  ,x * ( t ) ,u * ( t ) ,p ( t ) ) , -p ( t ) )e  a v ( t  ,x-(t) ) for all t e [0,1] (1-8.1)

w h ere d V  d en o tes th e  g en eralized  gradient o f V . T h is has in d eed  b een  p roved  b y  V in ter  

[V I] for n on -sm ooth  free end-point problem s. T h e new  result im p ro v es on an earlier  

resu lt [C6] w h ich  m erely  in terp reted  th e gen eralized  grad ient o f V  in  th e  x  v ariab le, and  

g a v e an ‘a lm o st ev er y w h ere’ con d ition . R ecen tly , V in ter  and W o len sk i [V3] h a v e  sh ow n  

th a t in clu sio n  (1 .8 .1 )  h old s in  th e  case w here th e  d a ta  are m ea su ra b le  in th e  tim e  

variable.

A  refin em en t of th e  ab ove in clu sion  in v o lv es usin g th e  su p erd ifferen tial o f V , 

<9vV (t  , x ( t ) ) ,  in stea d  of th e  gen eralized  grad ient o f V . It w as sh ow n  b y  S u b b o tin a  [S3] 

th a t stan d ard  first order n ecessary  co n d itio n s cou p led  w ith  a  stren g th en ed  m in im u m  

co st s e n sitiv ity  in clu sio n  ex p ressed  in  term s o f th e  su p erd ifferen tial o f th e  v a lu e  fu n ctio n  

are sufficient as w ell as n ecessary  for o p tim a lity  for a sp ecial class o f p rob lem s w ith  

sm o o th  d ata. S in ce <9vV c d V  (see  C hapter 2 ), th e use o f the su p erd ifferen tial stren g th en s  

th e  n ecessary  co n d itio n s o f (1 .8 .1 )  as it  allow s th e  co sta te  to  be m ore a ccu ra tely  lo ca ted  

th a n  does th e  u se of th e  generalized  grad ien t and th u s p rovid es a m ore p recise  

s e n sitiv ity  relation .

A fea tu re o f V in te r ’s [V I] and S u b b o tin a ’s [S3] resu lts  is th a t th e y  trea t a 

p ro b lem  w ith  a free right end-point. T h e q u estion  arises, can w e d evelop  th e  th eo ry  to  

o b ta in  a se n sitiv ity  rela tio n  in b oth  variables for a con strain ed  right en d-point?

T h e  a b o v e d iscu ssion  su g g ests th a t w e ex p ect th e  answ er to  b e in  th e  a ffirm a tiv e but 

th a t th e  s e n sitiv ity  in clu sio n  w ill n ot n ecessarily  in v o lv e  th e  v a lu e  fu n ctio n . T h is  is 

b eca u se  th e  v a lu e  fu n ctio n  m a y  be too  irregular or h a v e an u n su ita b le  d om ain , 

e sp ecia lly  in  th e  p resen ce of end-point con strain ts. T herefore w e sh all seek  to  u se som e  

o th er w ell-defin ed  fu n ctio n  in  th e  in clu sion  and h en ce our m o tiv a tio n  for a tte m p tin g  to  

fo rm u la te  a resu lt u sin g  v erifica tio n  theory.

R eg a rd in g  ‘se n sitiv ity  r e la tio n s’ w e consider, in  th is th esis, th e  fo llo w in g  p ro b lem  w ith  

p u rely  in teg ra l cost and a term in a l con strain t set:

m in im ize

1
L ( t , x ( t ) , u ( t ) )  dt,

0

su b ject to

x ( t )  =  f ( t , x ( t ) , u ( t ) ) ,  a.e. t e [0,1], 

x ( 0 )  =  x o, x ( l )  g C, 

u (t )  €  U , a.e. t e [0,1].
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T h e essen tia l id ea  is to  in trod u ce a d efin itio n  of ‘v erifica tio n  fu n c tio n ’ w h ich  

en a b les us to  co n stru ct it as th e  ‘va lu e fu n c tio n ’ of som e a sso c ia ted  o p tim iz a tio n  

p rob lem . In th is  w ay e x iste n c e  of a verification  fu n ctio n  is assured.

Our m a in  new  resu lt in  th is  area is th a t, p rovided a n o rm a lity  h y p o th e sis  is 

sa tisfied  (w h ich  in  certa in  circu m stan ces is v erifia b le), there is a rela tio n sh ip  b etw een  

th e  co sta te  p (-) o f th e  m a x im u m  principle and th e  su perd ifferen tial o f so m e v erifica tio n  

fu n ctio n  W ,

( H ( t , x * ( t ) , u * ( t ) , p ( t ) ) ,  - p (t )  j  €  dvW ( t ,x * ( t ) )  (1 .8 .2 )

alon g a trajectory  x *(- ), w h ich  (cou p led  w ith  th e  m a x im u m  p rin cip le  and a v erifica tio n  

th eo rem ) is both necessary a n d  sufficient for that trajectory to be optimal.

W e d eal w ith  th e  p resen ce o f an end-point con strain t set in  tw o  sta g es :

a) w e p rove th a t th e  th eo rem  holds in th e  fix ed  end-point case, i.e. x ( l ) = x 1? v ia  a 

p en a lty  fu n ctio n  tech n iq u e,

b ) w e m o d ify  th e  original prob lem  so th a t it  can be in corporated  in to  a fix ed  end-point 

p rob lem , v ia  an ex ten sio n  o f th e u n d erlyin g  tim e  in terval.

1 . 9  O u t l i n e  o f  T h e s i s

W e now  briefly co m m en t on th e  stru ctu re o f th e  th esis. W e p resen t in  C h ap ter 2, 

as a reference source, th e d efin ition s and b asic resu lts of non-sm ooth an alysis w h ich  w e  

sh all require th rou gh ou t th e work. W e also sta te  th e  m a x im u m  p rin cip le for th e  non ­

sm o o th  case and its  ex ten sio n  for m u ltip rocesses. In C hapter 3 w e s ta te  and p ro v e new  

n ecessa ry  co n d itio n s for o p tim a lity  for m u ltista g e  p rob lem s d efin ed  over th e  in fin ite  

h orizon, and p rovid e an a p p lica tio n  o f th e  th eory to  a prob lem  in  eco n o m ics. In C hapter  

4  w e p resen t a d eta iled  p roof of th e new  se n sitiv ity  relation  for gen eral co n stra in ed  en d ­

p o in t prob lem s. W e co n clu d e in C hapter 5 w ith  a su m m ary o f th e  resu lts  and  

su g g estio n s for further w ork in th ese  areas.
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C h a p t e r  T w o

BACKGROUND THEORY

2.1 Introduction
In th is  ch ap ter w e p resen t, for ea se o f reference, th e  essen tia l background th eo ry  

required for th is  th esis. W e b egin  w ith  th e  m a in  d efin ition s and th eo rem s of n on -sm ooth  

a n a ly sis  u sed  th ro u g h o u t th is  work. U n less o th erw ise sta ted , th e  n o ta tio n  fo llow s th a t of 

C larke [C3] w here a m ore d eta iled  p resen ta tio n  of th is th eory  m a y  b e found.

In th e secon d  sectio n , w e replace th e  ordinary d eriv a tiv e  b y  th e  g en eralized  

gra d ien t sin ce it can be defin ed  for a v ery  general class of fu n ctio n s. In p articu lar, w e  

con sid er real-valued ‘lo ca lly  L ip sch itz’ fu n ctio n s defin ed  on a B a n a ch  sp ace X , w hose  

e le m e n ts  x  w e refer to  as vectors or p oin ts, w h ose norm  w e d en o te  ||x || and w h o se open  

u n it b a ll is d en o ted  B.
In th e  th ird  sectio n , w e consider, in  particu lar, th e  rela tio n sh ip  b etw een  th e  

g en era lized  grad ien t and th e  strict d eriv a tiv e  o f a fu n ctio n  at a g iv en  p oin t. T h is  th eo ry  

w ill b e required w hen  d ev elo p in g  a n ecessary  and su fficien t s e n sitiv ity  rela tio n  for a 

co n stra in ed  en d-point o p tim a l con trol p rob lem  in a la ter chapter.

S im ilarly, in  th e  fou rth  sectio n , w e defin e th e  su p erd ifferen tial o f a fu n ctio n , g ive  

an a ltern a te  ch a ra cteriza tio n  and in d ica te  its  relation  to  th e g en era lized  gradient.

In S ectio n  5 w e p resen t resu lts o f th e  g eo m etric  th eory  o f n orm al and ta n g en t  

con es a sso cia ted  w ith  th e  gen eralized  gradient. A gain, proofs o f all th e  resu lts m a y  be  

fou n d  in  C larke [C 3], u n less oth erw ise sta ted .

In S ectio n  6 w e p rovid e a s ta te m e n t of th e  b asic o p tim a l con trol p rob lem , 

to g eth er  w ith  a set o f n ecessary  con d ition s for an a d m issib le  process to  be o p tim a l - th e  

fa m o u s P o n try a g in  M a x im u m  P rin cip le. W e also defin e th e  co n cep t o f n o rm a lity  for an  

o p tim a l con trol p roblem .

In th e  sev en th  sectio n  w e g iv e a basic in tro d u ctio n  to  th e  th eo ry  o f o p tim a l 

m u ltip ro cesses  d ev elo p ed  b y  Clarke and V in ter  [C 7,C 8], w h ich  e x te n d s th e  n o tio n  o f th e  

cla ssica l P o n try a g in  m a x im u m  principle. W e define a m u ltip ro cess, s ta te  a m a x im u m  

p rin cip le  for o p tim a l m u ltip ro cesses and prove som e b asic id e n titie s  u sed  in  th e  

d eriv a tio n  o f n orm al cones. A n a ly sis  of th e  la tter  is required to  en a b le  u s to  ob ta in  

n ecessa ry  co n d itio n s for sp ecific  m u ltip ro cess problem s.
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2 . 2  G e n e r a l i z e d  D i f f e r e n t i a t i o n

2 .2 .1  T h e  L ip sch itz  C on d ition
W e recall th a t X  is a n orm ed space (b y  d efin itio n  a B a n a ch  sp ace is a c o m p lete  

n orm ed  sp a ce) and b egin  our d iscu ssion  w ith  th e  fo llow in g definition:

D efin itio n  2.2.1: Let Y  be a subset of X. A  function f: Y — > R is said to satisfy a  L ip sch itz  

co n d itio n  (of r a n k  K )  o n  Y  if, for s o m e  non-negative scalar K,

| f(x)-J[xf)\ < i f  llz-xll for all points x, a/ in Y. (2 .2 .1 )

W e  say that f  is L ip sch itz  (o f rank K ) near x  if, for s o m e  e >  0, f  satisfies a Lipschitz

condition (of r a n k  K )  o n  the set x-\-cE, i.e. o n  the o p e n  ball of radius e about x.

A fu n ctio n  w h ich  is L ip sch itz near a p oin t is n o t n ecessarily  d ifferen tiab le th ere  

and in order to  stu d y  d ifferential p roperties o f f, w e need th e fo llo w in g  d efin itio n  o f a 

d irectio n a l d eriv a tiv e. W e n o te  th a t it differs from  th e  classical d efin itio n  o f d irectio n a l 

d eriv a tiv e  in  th a t th e  b ase p oin t of th e difference q u o tien t varies.

2 .2 .2  T h e  G en era lized  D irection a l D er iv a tiv e
D efin itio n  2.2.2: Let f  be Lipschitz n e a r  x a n d  let v be a n y  other vector in X .  T h e

O
g en era lized  d irectio n a l d eriv a tiv e  of f  at x  in  th e  d irection  v, denoted f  (x \ v) is given by

f  (z; v) =  Urn sup  ~ (2 .2 .2 )

n o

w h e r e  y e X  a n d  t is a positive scalar.
O

T h e d irection al d eriv a tiv e  f  ( x ; v )  is a w ell-defined fin ite  q u a n tity  s in ce th e  

difference q u o tien t is b ou nd ed  ab ove b y K | v | ,  in v iew  of th e  L ip sch itz con d ition . 

F u rth erm ore, it is p o sitiv e ly  h om ogen eou s and su b a d d itiv e  as a fu n ctio n  o f v, n a m ely
o o o o o

f  ( x; Av)  =  Af ( x ; v )  and f  ( x ; v + w )  < f  ( x ; v )  +  f  ( x ; w ) ,  and h en ce allow s us to  d evelop  

a d efin itio n  for th e  g en eralized  grad ient of f  at x  (see  b elo w ).

2 .2 .3  T h e  G en era lized  G rad ien t
T h e H ahn -B an ach  th eo rem  (see  e.g. [R 3]) s ta tes  th a t any p o sitiv e ly  h o m o g en eo u s  

and su b a d d itiv e  fu n ctio n a l on X  m ajorizes so m e linear fu n ctio n a l on X . T h erefore there  

e x ists  at least o n e  linear fu n ctio n a l ( : X —>R su ch  th a t for all v e X ,  f  ( x ; v ) > ( £ , v ) .  T h e  

fu n ctio n a l C is b ou n d ed  and belon gs to  th e  dual sp ace X * o f co n tin u o u s linear  

fu n ctio n a ls on X . H ence w e m a y  d efine a n on -em p ty set, <9f(x), th e  generalized gradient 
o f f  at x, as follows:
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D efin itio n  2.2.3: T h e  g en eralized  gradient of f  at x, denoted by df[x) is the subset of X *  
given by

df[x) =  j c  e  X*: f  (x ; v ) > (C,v) for all v in  X j .  (2 .2 .3 )

O
It can b e sh ow n  b y  consid ering th e  p rop erties of f  th a t d f(x ) is a n on -em p ty, 

co n v ex , w ea k *-co m p a ct su b set o f X * and th a t th e  follow ing resu lt holds. R eca ll th a t X * 

is th e  ‘d ual sp a c e ’ o f co n tin u o u s linear fu n ction als on X.

P ro p o sitio n  2.2.4: /  (x;v) =  raazj(C ,v): C e d / W j .  (2 .2 .4 )

T h u s w e see th a t k n ow ing f  ( x ; v )  is eq u iv a len t to  k now ing d f(x ).

2.2 .4  S upport F unctions

T h e a b ove is an e x a m p le  of a general fact: closed  co n v ex  sets  are ch aracterized  

b y th eir support functions.  W e now  sta te  th e  d efin ition  o f a su p p ort fu n ctio n  and  

d escrib e, w ith o u t proof, so m e properties of support fu n ction s (see  e.g. [C 3]) as th ese  are 

required later.

D efin itio n  2.2.5: T h e  su pp ort fu n ctio n  of a n o n - e m p t y  subset C  of X  is the function 
S c : X *  —► IR U {+oo} defined by

S c ( t ) : = sup{(Z ,x): x e  C}. (2.2.5)

T h e fu n ctio n  m easu res how  m u ch  th e set C ex ten d s in th e g iv en  d irectio n  £. If C is 

closed  and co n v ex , th en  C is th e  on ly  closed  co n v ex  set w ith  su pp ort fu n ctio n  S c . W e  

can sta te  th e  fo llow in g p rop osition s, in w hich  X  is tak en  to  be !Rn and th erefore X  and  

its  dual X * are equal.

P ro p o sitio n  2.2.6: Let C  c X  be a closed c onvex set. T h e n  
x g C  iff S c (p) >  (p,x)} for all p e X .

O
T h is resu lt reitera tes th a t f  (x;-) is th e  support fu n ctio n  of d f(x ) s in ce w e can w rite  

£€ < 9f(x ) iff  f  ( x ; v )  > ( £ , v ) ,  for all v  in  X .

P ro p o sitio n  2.2.7: Let C c X  be a b o u n d e d  subset, then S c is everywhere finite a n d  
Lipschitz continuous.

W e also require the definition of convex hull.
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D efin itio n  2 .2.8: T h e  co n v ex  h ull, c o Q ,  of a subset  Q c R n is the intersection of all 
c onvex sets w h i c h  contain Q.

T h e closu re o f Q is d en o ted  b y c o Q .

2 . 3  T h e  G e n e r a l i z e d  G r a d i e n t  a n d  i t s  R e l a t i o n  t o  S t r i c t  D e r i v a t i v e s

It is n atu ral to  ex a m in e  th e relation ship  b etw een  th e gen eralized  gra d ien t d f(x )  

of th e  lo c a lly  L ip sch itz co n tin u o u s fu n ction  f:X-*IR at x e X ,  and o th er n o tio n s of 

d eriv a tiv e. C erta in ly  d f(x ) is a gen eralization  of th e  u sual grad ien t, s in ce  w h en  f  is 

sm o o th  (c o n tin u o u sly  d ifferen tia b le), <9f(x) reduces to  th e  sin g leto n  set (V f (x )} .  N ow  

su p p ose th a t f:X —>R is con vex. R ecall th a t th is m ean s  

f(Au + ( l - A j u 7) < Af(u) +  ( l - A ^ u 7)

for all u, u'eX and A e [ 0 , l ] .  It can be show n th a t f  is locally  L ip sch itz co n tin u o u s, so 

th e  g en era lized  grad ient d f(x ) of f  at x  is defined. It can  also be show n th a t

i )  d f(x ) co in cid es w ith  th e su b d ifferen tial o f co n v ex  an alysis, th a t is, th e set o f v ecto rs £ 

in X  such th a t f ( x + u ) - f ( x )  > < u ,f) for all u in X ,

and

ii )  f  ( x ; v )  co in cid es w ith  th e  d irection al d eriv a tiv e  f 7( x ; v )  for each v.

W e sh all also be in terested  in gen eralized  g rad ien ts of ‘str ic tly  d ifferen tia b le’ 

fu n ctio n s. W e b egin  b y d efin in g th e strict d eriv a tiv e  o f a fu n ctio n  at a g iv en  p o in t. N o te  

th a t £ ( X ,Y )  d en o tes th e  sp ace of con tin u ou s linear fu n ctio n a ls from  X  to  Y .

D efin itio n  2.3.1: Let F  m a p  X  to another B a n a c h  space Y. F  is said to a d m i t  a  strict  

d eriv a tiv e  at x, a n  element of l ( X , Y )  denoted D s F(x), provided that for e ach v,

K m  F ( J ± t v ^ J X J )

x '  —► X  L

4  0

(D s F ( x ) , v ) (2 .3 .1 )

a n d  provided the convergence is u n i f o r m  for v in c o m p a c t  sets (the latter is a ut o ma t ic  if 

F  is Lipschitz n e a r  x).

P ro p o sitio n  2.3.2: Let F  m a p  a n ei g hb o ur h oo d  of X  to Y, a n d  let £ be a n  element of 

l { X , Y ) .  T h e  following are equivalent:

a) F  is strictly differentiable at x a n d  D s F(x)  =  £.

b) F  is Lipschitz n e a r  x, a n d  for each v in X  one has
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A s a corollary w e h a v e th a t if  F  is co n tin u o u sly  d ifferen tiab le at x, th en  F  is str ic tly  

d ifferen tia b le  at x  and therefore L ip sch itz near x.

S p ecia liz in g  on ce again to  real-valued fu n ctio n s, w e n o te  th e  fo llow in g  

rela tio n sh ip  b etw een  th e  strict d eriv a tiv e  and th e  gen eralized  grad ien t, w h ich  is p roved  

in  C larke [C3].

P ro p o sitio n  2 .3.3: If the function } : X —»R is strictly differentiable at x e X ,  then f  is 
Lipschitz n e a r  x a n d  df(x) = { D sf(x)}.

Conversely, if f  is Lipschitz n e a r  x a n d  df{x) reduces to a singleton  {£}, then f  is strictly 

differentiable at x a n d  D sJ[x) = £ .

W e require th is  resu lt to  en ab le us to  d efine a str ic tly  d ifferen tia b le ‘p en a lty  

fu n c tio n ’ w h en  la ter  d ealin g  w ith  con strain ed  end-point o p tim a l con trol p rob lem s.

Let us n ow  a ssu m e th a t X = R n as th is provid es us w ith  a d d itio n a l p rop erties of 

gen eralized  grad ien ts. In th is case it  follow s th a t th e  sp ace X  and its  dual X * are equal, 

so th a t <9f(x) is n ow  a su b set o f Rn.

W e can g iv e  an eq u iv a len t d efin ition  of th e  gen eralized  grad ien t in  th is  case, 

b ased  on R a d em a ch er’s th eo rem  w hich  sta tes  th a t a lo ca lly  L ip sch itz fu n ctio n  is 

d ifferen tiab le a lm o st everyw h ere in th e  sen se of L ebesgue m easure.

T h eo rem  2.3 .4: Let f  be Lipschitz n e a r  x, a n d  suppose S  is a n y  set of L eb e sg u e  m e a s u r e  0 

in  Rn. Let denote the set of points at w hi c h  f  fails to be differentiable. T h e n

df[x) =  c o ^ l i m  V ^ z ,):  x{ —► x, x{ S, x{ £  f y j .  (2 .3 .2 )

( i.e. consider a n y  sequence x0  converging to x, while avoiding both S  a n d  the points at 
w h i c h  it is not differentiable, a n d  such that the sequence  V./(a;t) converges; then the 
con v ex  hull of all s uc h  limit points is df[x)).

T h is ch a ra cteriza tio n  is often  sim p ler to  u se th a n  th e  original d efin itio n  of 

g en era lized  gra d ien ts in  fin ite  d im en sion s.

M an y calcu lu s rules of classical an alysis h a v e  so m e k in d  o f p arallel for 

g en era lized  gra d ien ts o f lo ca lly  L ip sch itz fu n ction s. W e n o te  in  particular:

P ro p o sitio n  2.3.5: Let f1,...,fk: X —̂R be functions w hi c h  are Lipschitz n e a r  a given point x. 

T h e n

a) for a n y  scalars c1,c2,

dicJi +  c J s H z )  c  c ^ f i x )  +  c2df2(x)
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b) d (f j 2)(x) C f(x)df2(x) +  f2(x)dfl(x)
c) i f f  takes o n  a local m i n i m u m  or m a x i m u m  at x, then 0 € d f ( x ) .

2.4 The Generalized Gradient and its Relation to Superdifferentials
W e b eg in  w ith  th e  d efin itio n  o f th e su perdifferential.

Definition 2 .4.1: T h e  superdifferential of a function  —► IR at a point y e U k, written

d y<j>(y) is defined to he the set

d v < p ( y ) : = ^ p e R k: Urn sup  - <f>(y) - p-(j/ - y ) ) / W - y \ )  < flj. (2 .4 .1 )

T h is set m a y  be e m p ty  ev en  w hen  <p is a co n v ex  fu n ctio n  b u t d w<f>(y ) red u ces to  th e  

fam iliar gra d ien t <j>y(y) w hen  <f> is C 1 in  a n eigh b ou rh ood  of y.

T h e fo llo w in g  a ltern a tiv e  ch aracterization  of th e  su p erd ifferen tial is ea sy  to  check:

L em m a 2.4.2: Let <f):Rk- +R  a n d  y e R k he given . T h e n  d v <f>(y) is the set of vectors p  such 
that, for a n  arbitrary vector z e  R*

lim s u p ^(f>(y+€z/) - p  • z. (2 .4 .2 )

/ €

T h is lea d s to  th e  fo llo w in g  relation sh ip  b etw een  su p erd ifferen tials dv0  and th e  

gen eralized  grad ien t d<j).

C orollary 2.4.3: S u p p o s e  that the function <f>:Rk- + R  is Lipschitz continuous in a 

n ei g h b o u r h o o d  of the point y e R k. T h e n

d s/<f){y)cd(h{y). (2 .4 .3 )

Proof:  T h e d efin itio n  o f th e  set d s/(f>(y) im p lies th a t for an arbitrary v ecto r  pe<9v<£(y) 

and arbitrary z e R *,

lim  in f e_1^ ( y + e z )  - <f>(y ) )  < p-z .  (2 .4 .4 )

M u ltip ly in g  across th is  in eq u a lity  b y  -1, in tro d u cin g  th e fu n ctio n  ^ (y ): = - < £ (y ), and  

e stim a tin g  th e  resu ltin g  lim  sup gives

lim  supe'^Vfy'+fz) - V>(y')) > (-p)-z. (2 .4 .5 )
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T h e le ft sid e here is th e Clarke gen eralized  d irection al d eriv a tiv e  D 0 t/>(y;z). H en ce w e 

h a v e show n th a t

D ° ^ ( y ; z )  > (- p ) • z (2 .4 .6 )

for arbitrary z. T h is im p lies th a t (- p ) G d(-<f>)(y) b y  th e  d efin itio n  of g en eralized  

grad ien t.

H en ce -p €  -d<f) (see  P ro p o sitio n  2 .3 .5 (a ) )  and th erefore ped<j> and th e  resu lt is p roved . □

T h e  in clu sio n  (2 .4 .3 )  can b e strict s in ce e.g. for <f>(x) =  | x | ,  < 9^(x= 0) is th e  w h o le  in terv a l 

[- 1 ,+ 1 ], w h ile  <9v0 (x = O ) is em p ty .

2.5 Normal and Tangent Cones

W e again  a ssu m e X  to  be a B an ach  space. W e show  how  th e  g en eralized  grad ient 

is rela ted  to  th e  g eo m etric  con cep ts associated  w ith  cla ssica l calcu lu s and how  it can be 

u sed , in  co n ju n ctio n  w ith  th e  d ista n ce fu n ctio n , to  d ev elo p  co n cep ts o f ta n g en cy  and  

n o rm a lity  to  an arbitrary set C th a t do not require sm o o th n ess. W e b eg in  by  

con sid ering th e  fo llo w in g  d efin ition.

2 .5 .1  T he D ista n ce  F u n ction

D efin itio n  2.5.1: Let C  be a n o n - e m p t y  subset of X. T h e n  its d ista n ce  fu n ctio n , i.e. 

d c ( ' ) \ X - * R  is defined by

d c (x) =  m / j | |z - c\\: c e  C j. (2 .5 .1 )

T h e fu n ctio n  d c  is n on -sm ooth , h ow ever it  is L ip sch itz  co n tin u o u s w ith  L ip sch itz  

co n sta n t 1 on X , i.e.

| d c ( x ) - d c ( y ) |  < |x - y ||,  for all x, y e X .  (2 .5 .2 )

2 .5 .2  T an gen t C ones

T h e d ista n ce  fu n ctio n  is u sed  to  define ta n g en t v ectors to  a set. L et x  b e a  p oin t  

in  C. W e h a v e th a t a v ecto r  v  in X  is ta n g en t to  C at x  if  d c ( x ; v )  =  0 h en ce w e m a y  

d efin e th e  ta n g en t con e as follows:

D efin itio n  2.5.2: T h e  ta n g en t cone Tc (x) to C  at a point x is defined as the set of all 

tangents to C  at x, n a m e l y

Tc { x ) : = { v e X : d Oc (x;v) =  0\. ( 2 .5 .3 )

This condition specifies a closed, convex cone.
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2 . 5 . 3  N o r m a l  C o n e s

A n atu ral ca n d id a te  for norm al cone is th e  one ob tain ed  from  T c (x )  b y  p olarity. 

W e define:

D efin itio n  2.5.3: T h e  (C la rk e) norm al cone to C  at x is defined as

N c (z ) : =  €  X * : ( £ , v ) <  0 for all v in ^ ( z j J .  (2 .5 .4 )

In th e  case th a t C is a closed, co n v ex  set th e  a b ove d efin itio n  is eq u iv a le n t to  th e  

stan d ard  one, n a m ely , a (non-zero) norm al v ecto r is th e  n orm al to  a h y p erp la n e w hich  

sep a ra tes x  and th e  re la tiv e  interior o f C:

D efin itio n  2.5.4: f  e X *  lies in the n o r m a l  c one to C  at x if a n d  only if (£, x,-x) <  0 for all 

x ' e C .

It can be sh ow n  th a t N c (x )  is th e closed  co n v ex  cone gen erated  b y  d d c (x ), i.e.

N c (x ) =  cl{  i u a d c (x )}  (2 .5 .5 )

w here cl d en o tes weak*- closure. T h e im p o rta n ce o f th e  d ista n ce fu n ctio n  in  o p tim iz a tio n  

is due to  its  role in th e  ‘p en a lty  fu n ctio n ’ tech n iq u es w hich w e m a k e u se of in  a later  

chap ter. It is p o ssib le  to  d efin e T c  and N c  d irectly  w ith o u t m a k in g  u se o f th e  d ista n ce  

fu n ctio n , v ia  th e fo llo w in g  results.

2 . 5 . 4  C h a r a c t e r i z a t io n  o f  T c ( x )

T h eo rem  2.5.5: A n  element v of X  is ta n g en t to C  at x iff for every sequence x { in C  
converging to x a n d  sequence t{ in ( 0,oo) decreasing to 0, there is a sequence v{ in X  
converging to v s uc h  that xt-|- t ^  e C  for all i.

T h e corollary w h ich  follow s is m a d e u se of w hen  ca lcu la tin g  n orm al con es in  

m u ltip ro cess th eory. T h e  first eq u a lity  follow s read ily  from  th e  ch a ra cteriza tio n  o f th e  

ta n g en t con e g iv en  in  th e  theorem , and th e  secon d  follow s b y  p olarity.

C orollary 2.5.6: Let X = X 1x X 2, w h e r e  X l} X 2 are B a n a c h  spaces, a n d  let x e C lx C 2, 

w h e r e  C x, C 2 are subsets of X x, X 2 respectively. Let x = ( x 1}x2), then

^ c 1x c 2(x) ~  T ClM  x (2 .5 .6 )

(2 .5 .7 )
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T o  defin e N c (x ) d irectly  w e again assu m e X=IRn (i.e . w e consider th e  fin ite

d im en sio n a l ca se). W e require th e n o tio n  o f a perpendicular.

D efin itio n  2.5.7: A  non-zero vector v is p erpendicular to C  at a point x in C  (denoted 

v L C  at x) if v = x ! - x ,  w h e r e  the point x? has unique closest point x in C.

(E q u iv a le n tly , v = x '- x ,  w here there is a closed  b all cen tred  at x 1 w h ich  m e e ts  C o n ly  at

X.)
T h e a ltern a te  ch a ra cteriza tio n  o f norm al v ectors to  sets  in Rn is g iv en  b elow . It is useful 

in  m a n y  p articu lar in sta n ces and is th e  g eo m etric  an alogu e o f T h eo rem  2 .3 .4 .

2 . 5 . 5  C h a r a c t e r i z a t io n  o f  N o r m a l  V e c t o r s  

T h eo rem  2.5.8: Let x belong to cl C. T h e n

N c (x) =  cbi^Xlim  j ^ A > 0 ,  v ^ C  at xi} x ^ x ,

i.e. N c (x ) is th e  closed  co n v ex  cone gen erated  b y th e  origin  and th e  set

l  lim  j ^ :  v t± C  at x,- , x t—*x , v,— 0 >.

(2 .5 .8 )

T h e tw o  a n a ly tic  con cep ts for fu n ctio n s ( f  and <9f) and th e  tw o  g eo m etric  

co n cep ts for sets  ( T c  and N ^,) are dual (o b ta in a b le  from  ea ch  o th er v ia  P ro p o sitio n

2 .2 .4  and b y p o la rity  r esp ectiv e ly ). T h ey  are also link ed  to  ea ch  o th er v ia  th e  epigraph 
o f a fu n ctio n  f, d en o ted  epi f, w hich  is defin ed  to  be th e  set |( x ,r ) e X x lR :  f ( x ) < r |  i.e. 

th e  set of p o in ts on or ab o v e th e  graph of f. T h e fo llow in g rela tio n sh ip s can be sh ow n  to  

h old  :

T ePi / ( x , f ( x ) )  =  epi f ° (x ;  •) (2 .5 .9 )

5 f (x )  =  { « : U , - l ) € N (p,./ (x ,f (x ) )} .  (2 .5 .1 0 )

T h e  la st rela tio n sh ip  reflects th e  fam iliar calcu lu s resu lt th a t if  f  is d ifferen tia b le  at x, 

th e  v ecto r  [ f ' ( x ) , —1] is n orm al to  th e  graph o f f  at th e  p oin t (x ,f (x ) ) .

A ll th e  fu n ctio n s consid ered  h a v e b een  lo ca lly  L ip sch itz s in ce it  is a reason ab le  

and u su a lly  verifiab le h y p o th e sis  in  a w id e range of ap p lication s.

2 . 6  T h e  M a x im u m  P r in c ip le

O p tim a l p rocesses m a y  be ch aracterized  th rough th e  maximum principle
d ev elo p ed  by P o n try a g in  et al. [P i]  w h ich  provid es a set o f n ecessa ry  co n d itio n s for a

process to  be m in im izin g , sim ilar to th e  E uler eq u ation  of th e  C alcu lu s o f V a ria tio n s.
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2 .6 .1  T h e O p tim a l C on tro l P rob lem
T h e p rob lem  u nder con sid eration  is :

M in im ize L ( t ,x ( t ) ,u ( t ) ) d t  +  g ( x ( l ) )

su b ject to

x ( t ) = f ( t , x ( t ) , u ( t ) ) ,  a.e. t €  [0,1],

x ( 0 )  E C 0, x ( l )  6  C i,

u (t )  E ft, a.e. t E [0,1].

H ere L:RxRnxR m -►  R, f:RxRnxR m - ► Rn, g:R” — are given  fu n ctio n s and C 0, C iC R n, 

ft c  Rm are g iv en  sets.

C ontrol fu n ctio n s u ( -):[0,1] —► Rm are tak en  to  be m easu rab le fu n ctio n s su ch  th a t u ( t )  E 0  

a.e. t e  [0,1].

A s ta te  trajectory  x ( •):[(),1] —*• Rn (corresp on d in g to  a con trol fu n ctio n  u (- )) is a L ip sch itz  

co n tin u o u s fu n ctio n  sa tisfy in g  th e  differential eq u a tio n  x ( t )  = f ( t , x ( t ) , u ( t ) ) ,  a.e. t e  [0,1]. 

M in im iza tio n  is co n d u cted  over ‘a d m issib le  p ro cesses’. A n  ‘ad m issib le  p ro cess’ is a pair  

(x (- ),u (- ))  in  w h ich  x (* )  is a s ta te  trajectory, u (-) is a corresponding con trol fu n ctio n  

and x (- ) also sa tisfies th e  end-point con strain ts x (0 )  E C 0, x ( l ) e C j .

A m in im izin g  a d m issib le  sta te  trajectory or process is said  to  be ‘o p tim a l’.

2 .6 .2  T h e  P o n try a g in  M axim u m  P rin cip le
It is co n v en ien t to  sta te  h y p o th eses in  term s o f th e  ‘au g m en ted  v e lo c ity  fu n c tio n ’

f: [0 , l]x R nxR m-+Rn+1 w here f ( t ,x ,u )  =
L (t,x ,u )

f (t ,x ,u )

W e w ish  to  en su re th a t t*- + f(t,x (t),u (t))  is m easu rab le for each  m ea su ra b le  

fu n ctio n  u (-) and co n tin u o u s fu n ctio n  x (-) and th e app rop riate w ea k est m ea su ra b ility  

req u irem en t w h ich  gu aran tees th is is Ix 'iB  m ea su ra b ility . A  fu n ctio n  A>\ R xR m —>Rn is 

L  x m easu rab le if  it  is m easu rab le w ith  resp ect to  l  x %  w here l x %  d en o tes  th e  <r- 
alg eb ra  o f su b sets o f [0,1] x Rm gen erated  b y p roduct sets  M x N , w here M is a L eb esgu e  

m ea su ra b le  su b set o f [0,1] and N  is a B orel su b set of Rm.

W e d efin e th e  H a m ilto n ia n  fu n ctio n  as

H (t,x ,u ,p ,A )= p - f(t,x ,u ) - A L (t,x,u).

T h eo rem  2 .6 .1  (P o n try a g in  m a x im u m  p rinciple): Let  ( £ * ( • ) ,u *(-)) be a n  optimal process 

for the given problem. It is a s s u m e d  that
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•  for each  z e R n, / ( • , & , * )  *3 l x 1® m ea s urable w h e r e  L  denotes the class of Leb e sg u e  
subsets in R a n d  *35 denotes the class of B o r  el subsets in IRm;

• there exists a function K(-) e L 1 such that

\f{t,x,u) -f(t,y,u)\ <  K(t) \\x- y\, a.e. te[0,l], x , y e U n a n d u e t t ,
• g is locally Lipschitz continuous,

• g r a p h  Q  is a c o m p a c t  set,

•  C 0 a n d  C-l are closed sets.

T h e n  there exists a n u m b e r  A e {0,1} a n d  a Lipschitz continuous function  p(-): [0,1] —► Rn 

such that

A +  \p(l)\ >  0,

-p{t) e d xH(t,x*(t),u*(t),p(t),A) a.e. (2 .6 .1 )

H(t,x*(t),u*(t),p(t),\) =  maxH(t,x*(t),v,p(t),\) a.e. (2 .6 .2 )

a n d

p{0) £ N C q (xT(0)), -p(l)  €  N c ^(x*(l)) +  A^ for s o m e  £ g dg(x*(l)). (2 .6 .3 )

T h e fu n ctio n  p(-)  is called  th e  costate function  and A th e  cost multiplier. T h e  

d ifferen tial eq u a tio n  (2 .6 .1 )  is referred to  as th e  costate differential equation  and th e  

co n stra in ts (2 .6 .3 )  as th e transversality conditions. C on d ition  (2 .6 .2 )  is th e  m a x i m i z a t i o n  
of the H a m i l t o n i a n  con d ition .

H ere, <9*H d en o tes th e Clarke gen eralized  grad ient of H in  th e  secon d  argu m en t. 

W e n o te  th a t th e  th eo rem  sta ted  ab ove ex ten d s th e  classical m a x im u m  p rin cip le  to  

p rob lem s w here th e  d a ta  are non -sm ooth  in  th e  s ta te  variable. For a p roof o f  th is, see  

C larke [C3].

W h en  th e  d a ta  are co n tin u o u sly  d ifferentiable in th e  s ta te  variable, <9H an d  dg 

are th e  sin gle v a lu ed  fu n ctio n s p - f*(t,x ,u ) - A L r(t,x,u) and g x resp ectiv ely . In th is  case  

th e  o p tim a lity  co n d itio n s tak e th e  form:

- p (t )  =  p (t )- f » (t ,x * (t ) ,u * (t ) )- A L x (t ,x * (t ) ,u * (t ) )  a.e. (2 .6 .4 )

H (t ,x * (t ) ,u * (t ) ,p (t ) ,A )  =  m a x H (t ,x * (t ) ,v ,p (t ) ,A )  a.e. (2 .6 .5 )
v €f i

and

p(0) € N Co(x'(0)), - p ( l )  € N Ci(x '( l) )  +  *g ,(x ’( l) )  (2.6.6)

2 . 7  M u lt ip r o c e s s  T h e o r y

T h e n o ta tio n  o f th is  sectio n  follow s th a t of C larke and V in ter (see  [C 7]). A n  

o p tim a l m u ltip ro cess p roblem , as d efined b y C larke and V in ter, is a d y n a m ic  

o p tim iz a tio n  p rob lem  in v o lv in g  a co llectio n  o f control sy ste m s cou p led  through
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co n stra in ts in  th e  en d -p oin ts o f th e co n stitu en t sta te  trajectories and th rou gh  th e  cost 

fu n ctio n .

T h e d ev elo p m en t of a m a x im u m  p rin cip le for m u ltip ro cesses e x te n d s th e  

a p p lica b ility  o f th e  cla ssica l P o n try a g in  m a x im u m  p rin cip le and p erm its th e  so lu tio n  of 

a w id er range of p rob lem s.

2.T.1 Multiprocesses

C onsider p o sitiv e  in tegers k  and nt-, m i ( i = l  , . . . ,&) ,  su b sets IP o f Rx Rm‘ 

( z = l , • ••,&),  su b sets  X * o f RxRn* ( i =  1 , •••,&)  and fu n ctio n s <£,•:R xR n‘ xR m‘ —*• Rn*.

S in ce freq u en t reference is m a d e to  p o in ts in  prod u ct sp aces, and to  p ro d u cts o f p rod u ct 

sp aces, w e d en o te  a p o in t ( ( a x ,b j , • • • ) ,  ( a 2 , b 2 , • • • ) ,  •••, (a*  , b A, ••• ) )  b y  {a,- ,b,-, ••• }.

D efin itio n  2.7.1: A  m u ltip ro cess is a k-tuple |'r o ,r l1,y t(- );'iy ,(-)| each element in w hi c h  

c om prises left a n d  right endpoints of a closed interval, a n  absolutely continuous

function  2/,(-):[r cbr I] Rn* a n d  a m easurable function  w ,(- ):[r o?r i ] —1• s u °h that

Vi(t)=<l>i(t>yi(t)>wi(t)) a-e• ^£ [ro,r i]
w f t f e U ]  a.e. t e  [ro,rJ]

yi( t ) e X \  V ^G[ro,rl ]

(X\ denotes {x:(t,x) e X'}, etc.).

T h e in d iv id u a l e lem en ts are co m p o n en t p rocesses, th e  2/t( • ) ’s co m p o n en t  

trajectories, th e  w ^ - f s  co m p o n en t control fu n ctio n s and th e  in terv a ls [ro,r}] co m p o n en t  

t im e  in terv a ls. T h e processes or sta te  trajectories are admissible  if  th e  t/t(- )’s a^so sa tisfy  

g iv en  en d p o in t co n stra in ts.

2 .7 .2  O p tim a l m u ltip ro cess  prob lem
L et L t:RxRn,x Rm‘ —► R ( i = l ,  ...,k) and f : E - * R  be g iv en  fu n ctio n s in  w h ich  

E =  n ( R x R x R n,x R” and let A c  | { r o ,r l?2/o,Ui} G E | t \ > r j, i = l , . . . , f c j  b e a g iven  

closed  co n stra in t set. T h e o p tim a l m u ltip ro cess p rob lem  is:

7-1
M in im ize f f M ,  rj,  yt-(r£), ^  [ Lf( t , y,(t) ,  w {{t)) dt

* LtT 0
over m u ltip ro cesses { t-q, rj, &(• ) ,  wt(-)} w hich  sa tisfy  { tq, r j , & ( r j ) ,  e  A.

2 .7 .3  E ssen tia l V a lu es
For free tim e  d y n a m ic o p tim iz a tio n  p rob lem s, w e can ex p e c t o p tim a lity
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co n d itio n s to  in corp orate co n d itio n s on th e  b ou nd ary valu es o f fu n ctio n s co n stru cted  

from  th e  c o sta te  variables. W h en  th e  d a ta  are m erely  m easu rab le in  th e  t im e  variable, 

th e  e lem en ta ry  d efin itio n  of b oundary valu e, n a m ely  ev a lu a tio n  at a p o in t, ca n n o t be  

a d o p ted , b a sica lly  b eca u se it is n ot robust under th e  lim itin g  arg u m en ts em p lo y ed  in  

th e  d eriv a tio n  o f o p tim a lity  con d ition s. In stead  w e m u st in terp ret th e  b ou nd ary va lu es  

as ‘essen tia l v a lu e s’. S im ila rly  w hen  th e  d a ta  are d iscon tin u ou s in  th e  t im e  v ariab le, th e  

sta n d a rd  co n d itio n  on th e  m a x im ized  H a m ilto n ia n  fu n ctio n  is rep laced  b y  an in clu sio n  

in v o lv in g  th e  ‘essen tia l v a lu e s’ of th e  fu n ction .

L et I c R be an op en  in terv a l, t a p oin t in I, and g: I U k an e sse n tia lly  b ou n d ed  

m ea su ra b le  fu n ctio n .

T h e  set o f essen tia l v a lu es o f g at t, d en oted  ess^ g (s ) is d efined as follow s.

D efin itio n  2.7.2: 7 e e s s ^ s )  if a n d  only if for a n y  c >  0, the following set has positive 

L e b e sg u e  m e a s u r e :

{«s : t - e < s < t + e , | T - 0( s ) |< 6}.

If a p o in t lies in  co esstg (s )  w e say it  is a co n v ex  essen tia l v a lu e  o f g at t. If th e  

fu n ctio n  g has fin ite  le ft and right lim its  at t (w ritten  g (t~ )  and g ( t +)) th en  

ess g (s )  =  { g ( t ~ ) , g ( t +)}. It is clearly th e case th a t, if  g is co n tin u o u s at t, th en  

ess g (s )  =  { g ( t ) }, i.e. th e  essen tia l v a lu e is m erely  th e  v a lu e of th e  fu n ctio n .

2.7 .4  A M axim um  Principle for M ultiprocesses

W e n ow  sta te  th e  m u ltip rocess m a x im u m  p rin cip le for th e  fin ite  h orizon  case  

(see  [C 7]). T o  fo rm u la te  th e h y p o th eses it  is co n v en ien t to  in tro d u ce th e  a u g m en ted  

v e lo c ity  fu n ctio n s ,Lt] , i= l,...,fc .

(H l)F o r  each  xeIR  *, 0,-(- , x ,  •) is Ix^B  m easu rab le for i = l r ..,k w here l  d en o tes  th e  class  

o f L eb esgu e su b sets in  R and d en o tes th e class of B orel su b sets in  R \
(H 2)U * (t= l,...,fc ) are B orel m easu rab le sets.

(H 3 )T h e r e  e x ists  a co n sta n t K such th a t for z= l,...,&

| 0, ( t ,y ,w ) | < K w h en ever ( t ,y ,w )  e  IRxXjx JJ\ and  

(H 4 ) |J < (t ,y ,w ) - J i ( t ,y ' ,w ) | < K |y  - y ' | w hen ever (t ,y ,w ), (t ,y ',w ) <= R xX JxU J.

(H 5 )f  is lo ca lly  L ip sch itz  con tin u ou s.

D efin e th e  H a m ilto n ia n  fu n ctio n s H,-, i=l,...,A: as 

H *(t,x,u ,p ,A ) =  p-0,(t ,x ,u )  -A L ,(t,x ,u ).

T h eo rem  2 .7 .3  (M u ltip ro cess m a x im u m  principle): Let t [, £,(•)> ^,-(-)}  &e a n  optimal

multiprocess. S u p p o s e  that g r a p h  {x^-)}  c interior { X 1} a n d  that hypotheses ( HI )  to ( H 5 )
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are satisfied. T h e n  there exist a real n u m b e r  A equal to 0 or 1, real n u m b e r s  h l0, h\, 

i=l,...,k) a n d  absolutely continuous functions  pt:[ro,ri] —► IRn‘ i=l,...,k such that

>• +  b i ( ’-;)l >  0  a n d
i

>Ui{t) ,Pi{t) ,\) a.e. i e [ r o ;r ‘] (2 .7 .1 )

Hi{t,Xi(t) ,Ui(t) ,Pi(t), A) =  m a x H i(t,xi( t) , w, p i(t),\) a.e. te[r[,r[)  ( 2 .7 .2 )
w e U \

ho e co ess . |  sup H ^ t ,  ^ ( r ^ ) ,  w, p ,(r £ ), A)} (2 .7 .3 )

* — r o w e l P t

h\ e co ess . |  sup  i7 t( £ , z , ( r i ) ; w ,p ,(r i) ,  A)} (2 .7 .4 )

r i ''weu* 

for i=l,...,k a n d

e  \  +  \d f .  (2 .7 .5 )

T h e  norm al con e and th e gen eralized  grad ient df are ev a lu a ted  at th e  p oin t  

{ r o , r l , X , ( r o ) , x t(r l)} .

N o te  th a t all th e  in gred ien ts of th e  tra d itio n a l m a x im u m  p rin cip le, n a m ely  

co sta te  fu n ctio n s p,(-)? co sta te  d ifferential eq u a tio n s and m a x im iza tio n  o f th e  

H a m ilto n ia n s, w h ich  sep arate ou t in to  sta te m e n ts  about in d iv id u a l co m p o n en t  

p rocesses, are p resen t in  th e  m u ltip ro cess m a x im u m  principle. T h e  fa ct th a t co m p o n en t 

p rocesses in  th e  o p tim a l m u ltip ro cess problem  are cou p led  th rou gh  th e  end-point 

co n stra in t and th e  cost fu n ctio n  gives rise to  a corresponding co u p lin g  o f th e  co m p o n en t  

c o sta te  fu n ctio n s through th eir en d-points v ia  th e m u ltip ro cess tra n sv ersa lity  co n d itio n  

{-ho 5 M , p i ( r 0) , - p , ^ ! )  j  €  Na  -f Adf.

T h e  fo rm u la tio n  of th e  o p tim iz a tio n  problem  in corporates th e  co n stra in ts y ,- (t )e X l  

m a in ly  for th e  purpose o f h y p o th esis  refinem en t. A  con seq u en ce o f th e  th eo rem  is th a t  

th e  a ssertion s rem ain  v a lid  if  { tq, r ‘1, x t(- ) ,u 1( - ) | is m erely  a local so lu tio n  to  th e  g iven  

p rob lem  in th e  sen se th a t it  is m in im izin g  w ith  resp ect to  all m u ltip ro cesses  

{ ^ o ^ i , y . ( - ) 5w .(- )}  ^ a t  sa tisfy  g r a p h { y j  c g r a p h { x j  +  eB.

2 .7 .5  N o rm a l C on es
A s w e h a v e ju st seen , w e require an alysis of gen eralized  grad ien ts and n orm al 

con es in order to  o b ta in  n ecessary  co n d itio n s for th e  so lu tio n  o f m u ltip ro cess p rob lem s.

In th is  sectio n  w e d evelop  form u lae for th e  n orm al con es o f certain  sets  w hich  

arise in  o p tim iz a tio n , and w hich  w ill be useful in th e  stu d y  o f ‘tw o -sta g e’ p ro b lem s later  

on. For s im p lic ity  w e lim it our a tten tio n  to  th e  co n v ex  case, th o u g h  th e  fo llow in g



Background Theory 33

fo rm u la e do h a v e an alogu es for general closed  sets.

P ro p o sitio n  2.7.4: ( i) F o r  closed, convex sets C l c R k a n d  C 2 c R l, a n d  points a z C x a n d  

b £  C 2,
^ Clx c ^ ) ^ N Ci( a ) x N Ci(b). ( 2 .7 .6 )

(ii) F o r  a n y  closed, c onvex subset C c R kx R l a n d  a point (a,b) e C,

*,s<)ec)((a<a’6))c {(?>«>r)l (P+«-r)€ ̂ ctM))}- (2-7-7)

Proof:  ( i)  For an y  ( x , y )  e  C jx  C 2 it  follow s th a t x e C i  and y  e C 2.

L et ( p ,q )  €  N c,iXC,2( ( a , b ) ) ,  th en  b y th e  d efin itio n  o f a norm al it  im p lies th a t  

p • (x - a )  -f q • (y - b ) < 0 for all ( x j j e C j X  C 2.

If w e fix  y =  b, th en  p - ( x - a ) < 0  for all x e C 1? i.e. p e N ^ J a ) ,  (c.f. D efin itio n  2 .5 .4 ) .  

S im ila rly , if  w e fix  x =  a, th en  q • (y - b ) < 0  for all y  e C 2, i.e. q e  N  ^  (b ).

T h u s, if  ( p , q ) € N CiXC2( ( a , b ) )  th en  p e N ^ ( a )  and q e N ^ b ) .

C o n versely, if  p e N ^ f a )  and q e N ^ b ) ,  th en  w e can im m e d ia te ly  s ta te  th a t  

p • (x - a )  +  q • (y - b ) < 0 for all x £  Ci and all y e C 2.

T h is  im p lies th a t ( p , q ) e N c, xC ( ( a ,b ) ) .

H en ce th e eq u a lity  holds.

( ii)  W e u se th e  resu lt from  part (i)  in provin g th e secon d  part o f th e  p rop osition .

L et C =  Ci x C 2 w here Ci c  IR* and C 2 c R/.

In a d d itio n  le t C =  C xxC 2 w here C c U kx U k x R l.

L et (p ,q ) e N  - ((a ,a )) .  T h en  b y d efin ition  of a norm al w e h a v e ( p ,q )  • (x - a ,x - a )  < 0, for
~ c i

all ( x ,x ) e C i.

T h u s (p -fq ) • (x - a )  < 0 and so (p -fq ) (a ).

L et r €  N c  (b ) th en  r-(y -b ) < 0, for all y  €  C 2.

F rom  P ro p o sitio n  2 .7 .4 ( i )  w e know  th a t N *  =  N .  x N c  th u s ( p , q , r )  is a n orm al to  th e  

set C at th e  p o in t ( a , a , b ) .  F urth erm ore, sin ce C = C ! x C 2 it also fo llow s th a t

^{(*,!/)€ C}((a^ ) )  = ^{rGC1}(a) XN{y€ C2}(k)- 

T h erefore ( p + q ,r )  €  N {(r y)G Q ((a ,b )).

H en ce w e o b ta in  th e  required result

|(.,v)€ C)((a’a’b)) C {(P’q'r )l (P+q’r ) 6 Nc ( (a-b))}' □

S im ilar a rgu m en ts to  th o se  em p lo y ed  m  uuc auuvc p iu u i g ive

N . . _  ^ ( ( a ,a ,b ,b ) )  c { ( p , q , r ,s ) |( p + q ,r + s ) e N c ((a ,b )
{(r. .̂y.y) |(x>v)€  C)

(2 .7 .8 )
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C ha p t e r  T hr e e

A N  I N F I N I T E  H O R I Z O N ,  M U L T I S T A G E  O P T I M I Z A T I O N  P R O B L E M

3 . 1  I n t r o d u c t i o n

D y n a m ic  o p tim iz a tio n  prob lem s arise, esp ecia lly  in th e  eco n o m ic  and b iological 

scien ces, w h ich  are d efin ed  over an in fin ite  t im e  horizon. In th e  d eterm in istic ,  

co n tin u o u s t im e  case, th e  p erform ance in d ex  is d escrib ed  b y an im p rop er in teg ra l w hich  

m a y  n o t n ecessa rily  converge; h ow ever it is s till p o ssib le  to  o b ta in  n ecessa ry  co n d itio n s  

for o p tim a lity  in  th e  form  o f a m a x im u m  p rin cip le as in  H a lk in ’s c la ssic  pap er in  th is  

field  [H I]. W e n ow  consider w h eth er w e m a y  also d erive general n ecessa ry  co n d itio n s for 

th e  so lu tio n  o f in fin ite  horizon m u l t i s t a g e  o p tim a l con trol problem s.

A n  o p tim a l m u ltip ro cess prob lem  is a d y n a m ic  o p tim iz a tio n  p ro b lem  in v o lv in g  a 

co llectio n  o f con trol sy ste m s cou p led  through co n stra in ts in  th e  en d p o in ts o f th e  sta te  

trajectories and through th e cost fu n ction . T h e d ev elo p m en t o f a m a x im u m  p rin cip le for 

m u ltip ro cesses  (see C larke and V in ter [C 8]) ex ten d s th e  n o tio n  o f th e  classical 

P o n try a g in  m a x im u m  p rin cip le and p erm its th e  so lu tio n  of a w ider range of p roblem s.

In lin e  w ith  our th em e o f ex ten d in g  th e  a p p lica b ility  o f th e  th eo ry , th e  m ain  

co n trib u tio n  in th is  ch ap ter is to  d evelop  a m a x im u m  p rin ciple for m u ltip ro cesses  over  

an in fin ite  t im e  horizon. W e consider th e sim p lest ex a m p le  o f a m u ltis ta g e  p roblem , 

n a m ely  a tw o-stage o p tim a l con trol p roblem , in  w h ich  one o f th e  co m p o n en t p rocesses  

op erates over an in fin ite  tim e  horizon:

1̂ oo

J = L i(t ,x (t ) ,u (t ))d t  + L2(t ,x (t),u (t))d t.

t0 tj

E x ten sio n  to  o th er p rob lem s ex h ib itin g  greater co m p le x ity  is d escrib ed  in  la ter  section s. 

W e refo rm u la te  th e  p rob lem  in  term s o f m u ltip ro cesses and th en  s ta te  and p rove  

n ecessa ry  co n d itio n s for a so lu tio n  to  be op tim a l.

T h e  p roof is in  tw o  parts:

1) W e ta k e th e  in fin ite  horizon  prob lem  and restrict th e  d a ta  o f th e  p ro b lem  to  a fixed  

t im e  in terv a l w ith  a term in a l co n d itio n  on th e  sta te. W e prove th a t an o p tim a l so lu tio n  

for th e  in fin ite  horizon p rob lem  is still o p tim a l w h en  th e  p rob lem  is restr icted  as 

d escribed.

2) W e th en  show  th a t if  an o p tim a l solu tion  sa tisfies th e first resu lt w e can prove  

gen eral n ecessa ry  co n d itio n s for o p tim a lity  over th e  in fin ite  horizon. T h is  in v o lv e s
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a p p ly in g  th e  fin ite  horizon m u ltip rocess m a x im u m  p rin ciple over s tr ic tly  in creasin g  

tim e  in terv a ls and u sin g A sc o li’s th eorem  to  co n stru ct a n ested  fa m ily  o f su b seq u en ces  

o f th e  co sta tes  w ith  th e  required con vergence properties. W e are th en  ab le to  co n stru ct  

a fu n ctio n  w h ich  sa tisfies th e  n ecessary  con d ition s o f th e  m a x im u m  p rin cip le and is th u s  

a ca n d id a te  for th e  c o sta te  fu n ctio n . S ince th e  p roof m eth o d  can b e g en era lized  to  

p rob lem s w ith  m ore th a n  tw o  stages w e h ave, in  effect, a m a x im u m  p rin cip le  for general 

m u ltis ta g e  p rob lem s o p era tin g  over an in fin ite  t im e  in terval.

W e show  th a t th is  th eory  can be ap p lied  to  tw o-stage o p tim a l con trol p rob lem s  

o f th e  form

ti oo

J = L 1(t ,x (t ) ,u (t ) ,t 1)d t + L2(t,x (t),u (t),t! )d t,

to tj

w here, in  a d d itio n  to  th e  in term ed ia te  tim e, t 1? b ein g  a ch o ice variab le, th ere is an 

ex p lic it d ep en d en ce in  th e  in tegran d s of th e cost fu n ctio n s on th is in term e d ia te  tim e,  

(see T o m iy a m a  and R o ssa n a  [T 2]). W e d erive a set o f n ecessary  co n d itio n s for th e  

gen eral s ta te m e n t o f th e  p rob lem  usin g m u ltip ro cess th eory, after w h ich  w e con sid er a 

p rob lem  from  th e  field  o f m a th em a tica l eco n o m ics. T h is is an e x a m p le  from  th e  

a d ju stm en t cost litera tu re on th e  ch oice of o p tim a l d eliv ery  lags. W e refer to  T o m iy a m a  

and R o ssa n a  [T2] w h ose d iscu ssion  on th is to p ic  is b ased  on a p rob lem  first p osed  b y  

M accin i [M l].

T h e n o ta tio n  used in th is ch ap ter follow s th a t of S ectio n  2.7.

3.2. Statement Of The Problem

W e consider th e  fo llo w in g  perform ance in d ex  defin ed  over th e  in fin ite  horizon:

oo

L 1( t ,x ( t ) ,u ( t ) ) d t - f  L2(t ,x ( t ) ,u (t ) )d t

w here L t:IRxlRnxlRm —>R ( z = l ,2 )  are g iv en  fu n ction s.

W e w ish  to  m in im ize  (3 .2 .1 )  su b ject to  th e s ta te  eq u ation s

(3 .2 .1 )

1 f 2(t ,x (t ) ,u (t ))

a.e. t €  [t0, t x], 

a.e. t E [t1? oo),

w it h x (t )  e
x s

x ?

V t E [t0, t x] ,

V t E [t1? oo).

(3 .2 .2 )

(3 .2 .3 )

W e also  w ish  th e  m in im iza tio n  to  be subject to  th e  con trol co n stra in ts
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u ( t ) e
u s

u ?

a.e. t  e  [t0, tx], 

cL.6. t G [ t j , o o ) ,

and boundary conditions 

x(t0) e  C0, (ti,x(tj)) g C lt

(3 .2 .4 )

(3 .2 .5 )

H ere th e  f t:IRxRnxR m —► IRn ( i = l , 2 )  are g iv en  functions; U *clR xlR m, X* cR xlR n, 

C 0 c R ” , CiC RxIR " are g iv en  sets, (XJ d en otes { x : (t ,x ) g X '} , sim ilarly  for U{); th e  s ta te  

x(-) is a b so lu te ly  co n tin u o u s on [t0,oo) and th e  con trol u(-) is m easu rab le on [t0,oo). T h e  

in te r m e d ia te  tim e  t x is a ch oice variable, con strain ed  to  sa tisfy  t 0 < t x <  oo. C on d ition s  

on f,- and L* w ill be sta te d  in  T h eorem  3 .3 .1  in  th e  n ex t sectio n . A n y  trip le  (x ,u ,t i)  

sa tisfy in g  (3 .2 .1 )  to  (3 .2 .5 )  is term ed  ad m issib le. If, in  ad d itio n , it is m in im iz in g , it is 

term ed  o p tim a l.

N o tic e  th a t th is can be set up as an ‘in fin ite  h o rizo n ’ m u ltip ro cess  p ro b lem  (c.f. 

§2.7 .2) w ith  co m p o n en t d y n a m ica l eq u ation s X != fl5 x 2= f 2 (in  w h ich  th e  x t’s are 

‘se g m e n ts’ o f th e  s ta te  trajectory, e tc .), cost fu n ctio n

L .(t ,x t(t ) ,u 1(t ) )d t

and en d-point con strain t

( r o>r i ?r0 5r i5X1( r o),x 1(r j ) ,x 2(ro),X2(Ti))G A 

on th e  m u ltip ro cesses , r\ , x 1(- ) ,u i (- ) j t==1?2 considered. 

H ere th e  set A is

A = ^ { r 05r i , x t ( r o ) 7x  t ( r ! ) } :To = t o >r i = r  o= = t i ?r  i = 0 0 ’X i ( r o ) ^ C ° , x 1( r  j ) = x 2 ( r  o h x ^ r ^ f r e e ^ .

(3 .2 .6 )

T h ere is no u n iq u e w ay to  defin e ‘o p tim a lity ’ w hen  w e are d ealin g  w ith  p rob lem s  

h a v in g  in fin ite  horizon. Issues are in v o lv ed  here o f w h eth er w e require a con trol to  g iv e  

rise to  co n v erg en ce o f th e  im proper in tegral in  th e  co st fu n ctio n  and, if  n o t, w h a t is 

m ea n t b y  th e  term  ‘o p tim a l’. Our u ltim a te  goal is to  p rove n ecessa ry  co n d itio n s for 

‘o p tim a l’ con trols in  th e  form  o f a M a x im u m  P rin cip le , and it  is n atu ral th en  to  adopt 

as d efin itio n  of ‘o p tim a l c o n tro l’ as w eak a n o tio n  o f o p tim a lity  as is c o m p a tib le  w ith  

th e  M a x im u m  P rin cip le  w e h a v e in  m in d , for th en  th is  M a x im u m  P rin cip le  w ill also  

serve as a n ecessary  co n d itio n  for oth er, stronger n o tio n s o f o p tim a lity  w h ich  oth er  

con trol th eo rists  m a y  care to  em p lo y . W e sh all work w ith  a w eak co n cep t o f o p tim a lity  

in tro d u ced  b y  H alkin [H I], w h ich  does not require con vergen ce o f th e  im p rop er in teg ra l 

in th e  cost fu n ctio n . C om parisons b etw een  th is and oth er d efin itio n s of o p tim a lity  

relev a n t to  in fin ite  horizon  p roblem s are d iscu ssed  in  [S i].
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D E F IN IT IO N  3.2.1: W e  s a y  a n  admissible triple (•),%) is ‘weakly o p t i m a l ’ if, for

every admissible triple (x,u,ti), every T e  J  (t/= [£i,oo)), a n d  every c >  0, there exists a r e J  
with r >  T f o r  w h i c h

t  -i r

L 1(t,x(t)Xt))dt+ L A t X Q X t y d t ^ L ^ t X W X W d t + ^ L ^ t X W X W d t - e .  (3 .2 .7 )

3 . 3  A n  I n f i n i t e  H o r i z o n  M u l t i p r o c e s s  M a x i m u m  P r i n c i p l e

T h e m ain  resu lt in  th is  ch ap ter is th e  fo llo w in g  set o f n ecessa ry  co n d itio n s on 

o p tim a l trip les for th e  in fin ite  h orizon problem .

D efin e th e  H a m ilto n ia n  fu n ctio n  H t- ( i = l , 2 )  for each  sta g e  by  

H ,(t ,x ,u ,p ,  A) =  p -ft( t ,x ,u )- A L ,( t ,x ,u )

and define the augmented velocity function f,- by f, =  (f,-,L,) where f,-:RxRnxRm —► Rn+1

(i= l,2).

T H E O R E M  3.3.1: Let (x*(-),u*(-),t\) be the optimal triple for the infinite horizon p r o b l e m  

of 13.2.

A s s u m e  that:

(HI) F o r  e ach  rreR*1, / , ( • ,£ , • )  is Lx'S m easurable for i = l , 2  w h e r e  JL denotes the Lebesgue  
subsets in R a n d  S  denotes the Borel subsets in  Rm.

(H 2 )  U l (i = l , 2 ) are Borel m e a s ur a bl e  sets.

(H 3 )  T h e r e  exists a constant K  such that for i =l , 2

| / t-(£,z,w)j <  K  w h e n e v e r  (t,x,u) e  R xX \ x  U\ a n d  

(H4)  | / AtfXyU)-/i(t,y,u)\ < K \ x - y \  w h e n e v e r  (t,x,u), (t,y,u) €  R xX jx U\ 
a n d  that all the hypotheses are satisfied.

L et  g r a p h  {£,-(•)} c  interior{X1} for i=l,2.

T h e n  there exist real n u m b e r s  X (equal 0 or 1), h 0, h x a n d  a function p(-): [0,oo) —► Rn, 

w h i c h  is locally absolutely c ontinuous o n  \0,t{), (tj^oo) s u c h  that A +  ||p (- ) ||r 0 0 >  0 a n dJj

(i)

-p(t)e d xH 2(t, x*(t), u m(t) ,p(t), x)

a.e. te[t0,tl]

a.e. t £  [£!,oo)

(3 .3 .1 )

(it) H 1(t,x*(t),u*(t),p(f), A) =  m a x  H 1(t,xn‘(f),w,p(t),X) a.e. te[t0,tf\
w e U \

H 2(t,x*(t), u*(t),p(t), X) =  m a x  H 2(t,x*(t), w,p(t),X)
w e U 2t

a.e. t £  [£ ,o o )

(3 .3 .2 )
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(Hi) h 0 e co ess
t —► t J

s up  H l(t,x*(t\),w,limp(t),\)
w e U ]  W

(3 .3 .3 )

^ e c o  ess { sup H 2(t,x*(t*l),w,limp(t),  A)>

'I 'i J

(iv) p(t0) e N c , {h0- h u -limp(t) +  limp(t)) e N c ^
0 *1*1 *i*i

(3 .3 .4 )

T h e  n o r m a l  con e  N c is evaluated at x*(t0) a n d  N c  is evaluated at ( ^ , s * ( ^ ) ) .

E q u a tio n s (3 .3 .1 )  are th e  co sta te  eq u ation s and eq u a tio n s (3 .3 .2 )  g iv e  th e  

co n d itio n  for th e  m a x im iza tio n  o f th e  H am ilton ian . T h e essen tia l v a lu es, required for 

th e  ev a lu a tio n  of th e  n orm al cones, are g iven  b y  (3 .3 .3 )  and th e  tra n sv ersa lity  co n d itio n s  

are g iv en  b y  (3 .3 .4 ).

3 . 4 .  P r o o f  o f  T h e o r e m  3 . 3 . 1

3.4.1 P R E L IM IN A R Y  RESU LTS

B efore w e proceed  w ith  th e proof of th e  m a in  th eorem , w e recall tw o  resu lts, 

n a m ely  G ro n w a ll’s le m m a  and A sc o li’s th eorem , w h ich  w e now  sta te  for reference. 

P roofs of th ese  resu lts m a y  b e found in  stand ard  te x ts , e.g. [F 1,R 3] resp ectiv ely .

L E M M A  3 .4 .1  (G ro n w a ll’s lem m a): Let a('):[0,l] — >R be a b o u n d e d  m e a s u r a b l e  n o n ­

negative function, let y:[0,l]— be a Lipschitz continuous function a n d  let k(t):[0,l]— >U be 

a b o u n d e d  mea s ur a bl e  non-negative function such that 

y(t)<a(t)y(t) +  k(t) a.e. t e  [0,1],

then
t T  t

V(t) < {y(0) +  J & (r )e ® p |-J a (r ) drjdr'j exp j  a (r ) drj all te [0,1]

T h is resu lt p rovid es us w ith  a m ean s of o b ta in in g  b ounds to  so lu tio n s o f d ifferen tial 

eq u a tio n s. T h e oth er resu lt is th e b asic ‘seq u en tia l co m p a ctn ess’ th eo rem  u sed  to  

esta b lish  co n vergen ce o f su b seq u en ces of s ta te  trajectories.

T H E O R E M  3 .4 .2  (A sc o li’s theorem ): Let  {x,(-):[(?,i]—»-IRn} be a sequence of functions 
w h i c h  are uniformly b o u n d e d  a n d  uniformly Lipschitz continuous, i.e. there is a constant 

K  s uc h  that
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(a) \xi(t)\<K, allte[0,l], a n d

(b) ||z t( £ ) - £,•(£')|  < for all t,t' e [0,1], i=l,2,...
T h e n  there exists a subsequence  {:&,■ (•)} of {x^-)} s uch that 

m a x  IIX: ( £ ) - z (£)|| —*• 0, as  ?—*oo,
/e[0,l]l j 1

for s o m e  function  z(-) w h i c h  is Lipschitz continuous with Lipschitz r a n k  at m o s t  K.

3.4 .2  P R O O F  OF N EC ESSA R Y  CO N D ITIO N S

W e o b ta in  th e  m a x im u m  prin ciple over th e  in fin ite  horizon b y  co m b in in g  tw o  

lem m a s w h ich  w e sh all s ta te  and prove, but first w e in tro d u ce so m e n o ta tio n .

G iven  T e j t ^ o o )  and £ e lR n, w e d en ote b y P r ^ th e  fin ite  h orizon fix ed  end-point 

p rob lem  o b ta in ed  b y restrictin g  th e  in terv a l of in teg ra tio n  in  th e  in fin ite  horizon  

p rob lem  to  [0,T ], and b y  in tro d u cin g  th e  term in a l co n d itio n  x ( T ) = f ,  n a m ely

M in im ize L 1( t ,x ( t ) ,u ( t ) ) d t +  L2( t ,x ( t ) ,u (t ) )d t

> ti

su b ject to  to < tj< T ,

=  a-e- t G [t0, t j ,
| f 2(t,x(t),u(t)) a.e. t e [tl5 oo),

x(0) 6 Co, (ti,x(tj)) € C i ,  x (T) =  £.

‘O p tim a lity ’ for th e  fin ite  horizon  problem  is d efin ed  in th e  o b v io u s w ay. G iv en  an 

a d m issib le  trip le (x ,u ,ti)  for th e  in fin ite  horizon p rob lem  and also T e f t ^ o o ) ,  w e d en o te  

by (x ,u ,t!) a trip le in w h ich  th e  first tw o argu m en ts are th e restr ictio n s o f th e  original 

sta te  tra jecto ry  and con trol fu n ctio n s to  [0,T ].

T h e first sta g e  is to  prove:

L E M M A  3.4.3: If (x*(-),u*(•),%) is weakly optimal for the infinite horizon p r o b l e m  then, 

given a n y  T > t \ ,  (z*(-), u*(-),tl)T  is optimal for P T

Proof:  A ssu m e th e  assertion  is false. T h en  th ere e x ist  T > tJ , c > 0  and a trip le ( X j U , ? ^  

for P ^  w ith  t 0< t 1< T , su ch  th a t
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L 1( t , x ( t ) , u ( t ) ) d t +  L 2( t ,x ( t ) ,u ( t ) ) d t  <  L 1( t ,x * ( t ) ,u * ( t ) ) d t +  L 2( t ,x * ( t ) ,u * ( t ) ) d t - e  

i t, t0 tl (3 .4 .1 )

D efin e an a d m issib le  trip le  (x ,u ,tD  for th e  in fin ite  horizon p rob lem  accordin g to  t 1= t 1 

and

v m = J * ( t )  a 'e ' t € [t '>’T l a e - t €1 J |x*(t)a.e. te  [ T » ’ 1 \u*(t)a.e. te  [ ! » '
T h en , for all r > T ,

t i  r

L 1( t , x ( t ) , u ( t ) ) d t +  L 2(t ,x ( t ) ,u ( t ) ) d t

to tx

L 1( t , x ( t ) , u ( t ) ) d t  +  L 2( t , x ( t ) , u ( t ) ) d t +  L 2(t ,x * ( t ) ,u * ( t ) ) d t
J %

» t, T

<  L ! ( t ,x * ( t ) ,u * ( t ) ) d t +  L2( t ,x * (t ) ,u * ( t ) ) d t  — e

to

b y in eq u a lity  (3 .4 .1 ).

T h is co n tra d icts th e w eak o p tim a lity  of (x *(- ),u *(- ),tl). T h e le m m a  is proved. □

T h e a b o v e resu lt is clearly  a v a ria tio n  on th e  B ellm a n  o p tim a lity  p rin cip le. In effect, w e  

h a v e sh ow n  th a t if  (x * ,u * ,t l)  is an o p tim a l so lu tio n  for th e  in fin ite  horizon  p rob lem  th en  

(x * ,u * ,t l)  is also o p tim a l for any fin ite  restriction  of th e  problem .

T h e seco n d  sta g e is to  prove:

L E M M A  3.4.4: Let  (£*(•), be a n  admissible triple. If, for a n y  T > t \ ,

( ! * ( • ) ,u*(-),tl)T is optimal for P T x *^T y  then the conclusions of the infinite horizon 
multiprocess m a x i m u m  principle  (T h e o r e m  3.3.1) hold.

Proof:

S tep  1: N ecessa ry  C on d ition s for a Seq u en ce o f F in ite  H orizon P ro b lem s

L et T ^ T 2,... be a str ic tly  in creasin g seq u en ce o f real n um bers in  [t!,oo) su ch  th a t TJ—>00
as j —mx>. For each  j € { l ,2 , . . .}  w e h ave th at (x *(- ),u *(- ),tl)  • is o p tim a l for th e  a sso cia ted

T
fin ite  h orizon  fix ed  end-point p rob lem , P

T \x * { T )

(A ) N ecessa ry  co n d itio n s for th e  f in ite  horizon p roblem s.

W e now  ap p ly  n ecessary  co n d itio n s of o p tim a lity  to  each o f th e  ab o v e fin ite  horizon
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p rob lem s P  • . F rom  th e  fin ite  horizon m a x im u m  p rin ciple for m u ltip ro cesses  (see
T 3 , x * ( T j j j

§2.7.4) w e know  tn a t for each  j, th ere ex ist real num bers A eq u al 0 or 1, h 0, h 1? and  

pJ:[t0,T J] —► Rn, a b so lu tely  co n tin u o u s on [t0,t l)  and [t^,T J] such th a t  

Aj +  |p j( t o)| +  |pj ( t ; ) |> 0  and

(i) -pJ( t ) € 9 i H , ( t , x * ( t ) , u ' ( t ) , pJ( t ) , AJ) 

- P ( t )  e  a «H 2( t , x ’ ( t ) , u *(t)  ,pj( t ) , AJ)

a.e. t G [t0,tj]

a.e. t g [tI,T*]

► (3.4.3)

(ii) H 1( t , x * ( t ) , u * ( t ) , p J(t),AJ) =  m ax H ^ x ^ t ^ w ^ t ) ,  AJ) a.e. t e [ t 0,tt]
w€ Ul

H 2( t , x * ( t ) , u * ( t ) , p J(t),AJ) =  max H 2( t , x * ( t ) , w , p j(t),AJ) a.e. t e [ t J , T j]
weU?

(iii) ho Gco ess \ sup H 1( t , x * ( t J ) , w , l i m p \ t ) , A J)>

t— IwgUI ‘K J

A

► (3.4.4)

►(3.4.5)

h i G c o e s s  < sup H 2( t , x * ( t l ) , w ,  l im p e t ) ,A J)

j . j

(3 .4 .6 )(iv) pJ( t 0) € N c  , (h o -h j, - lim p J( t ) + l i m p J( t ) ) e N c
o tfi* 1

T h e n orm al cone N Cq is ev a lu a ted  at x * (t0), N c  is ev a lu a ted  at ( t j ,x * ( t j ) ) .

C on d ition s (3 .4 .3 )  to  (3 .4 .5 )  follow  d irectly  from  th e  m u ltip ro cess m a x im u m  p rinciple.

N o tic e  th a t b y assertin g  th e  pJ,s are a b so lu tely  con tin u ou s on th e  closed  in terv a l [t*,T J] 

w e h a v e e ffectiv e ly  ta k en  th e  right-con tinu ou s version  of th e  co n ca ten a tio n  o f th e  

‘c o m p o n e n t’ co sta te  fu n ctio n s o b ta in ed  from  th e  m u ltip ro cess m a x im u m  prin ciple.

(B ) C o m p u ta tio n  o f N o rm a l C ones.

F rom  th is p o in t in  th e  proof, w e em p lo y  th e  n o ta tio n  r (t—), r (t+) to  d en o te  le ft and right 

lim its  o f th e  fu n ctio n  r(-) defin ed  on an in terv a l co n ta in in g  th e  p o in t t.

W e m a y  w rite  th e  m u ltip ro cess tra n sv ersa lity  co n d itio n  as

(h J„,pj( t 0),-pJ( t n ) , ( - h J„ p j ( t r  ),-Pj (T 1))  |  e  n a ( ( t ; ,x ' ( t 0) , x ' ( t i ) ) )( t ; ,x * (t ; ) ,x * (T i) )

w here A = l( ( t ,y ,z ) , ( t ' ,y ' ,z ' ) )
2( 1 + n+n)

: y € C 0, t = t ' ,  z = y ',  z ^ x ^ T 0 )

In v iew  of P ro p o sitio n  2 .7 .4 (i)
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pj( t 0) e N Co, (3 .4 .7 )

and

(hJ„, - Pj( t r ), X , Pj( t n )  e NB(t;,x*(tn,tr,x*(tn)

w here D : = j ( t ,y , t ' ,y ' ) : ( t ,y ) = ( t ' ,y ' ) ,  ( t , y ) e C , |.

B y  P ro p o sitio n  2 .7 .4 (ii),

(h J„ , -pj( t n  , -hJ, , pj(t; +))  € | ( a )7 ,a ' )7 ' ) | a + a ') ,(7 + 7 ')) €  N Cl( t ; , x * ( t l ) ) |.

It fo llow s th a t

^h o - h J1,- p J(t D  +  PJ( t r ) j G N Ci( t l ,x * ( t l ) ) .  (3 .4 .8 )

(3 .4 .7 ) and (3 .4 .8 )  are th e  required tra n sv ersa lity  co n d itio n s sa tisfied  alon g th e  seq u en ce  

of ‘fin ite  h o rizo n ’ p rob lem s w e consider.

S tep  2: C on clu sion  - In fin ite  H orizon N ecessary  C on d ition s

It rem ains to  d erive th e  n ecessary con d ition s of o p tim a lity  for th e  in fin ite  horizon  

p rob lem , b y p assage to  th e  lim it.

N o te  th a t th e  co n d itio n

A + |p ’i( t 0)| +  |p'i( t l ) | >  0

can be n orm alized  to

Ia l + |p \ t 0) | +  |p \ t l ) |  =  l ,

b y  sca lin g  th e  m u ltip liers.

(A ) A sy m p to tic  N o rm a liza tio n

For each  j, w e h a v e AJ= 0  or 1. B y  ex tra ctin g  a su b seq u en ce, w e can arrange th a t  

th e  {AJ} con verge to  a lim it. W e call th is lim it A. C learly A =0 or 1.

B y  further e x tra c tio n  o f su b seq u en ces, w e can also arrange th a t pJ( t 0)->p an d  th a t 

PJ( t i - ) —>P, for p o in ts p and p sa tisfy in g

A +  |p | +  |P | =  1-

(B ) C o n stru ctio n  o f c o sta te  fu n ctio n  q(-)

W e now  con sid er th e  co sta te  fu n ction s and con stru ct a co sta te  w h ich  sa tisfies  th e
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n ecessa ry  co n d itio n s over th e  in fin ite  horizon.

(1 ) W e show  th a t, for each  k, th e  seq u en ce o f fu n ction s pJ(-), j = k ,k + l , . . .  are u n iform ly  

b ou n d ed  and u n ifo rm ly  L ip sch itz con tin u ou s on [t0,t l)  and th e  fix ed  su b in terv a l [tJ ,T k]. 

F rom  th e  m a x im u m  p rin cip le w e d ed u ce e x isten ce  o f b ou nd ed , m easu rab le fu n ctio n s  

such th a t

- p ( t )  =  pJ(t )* r j(t)-A /rj(t) a.e. t e [ t ; , T k]

T h u s for j= k ,k - f l, . . .

< |p j(t )llrj( t ) | +  A|Mj(t) |.

H ence, v ia  G ro n w a ll’s lem m a , |p J( t ) |< p j( t l ) D 1+ D 2 for all t € [ t J , T k], for so m e c o n sta n ts  

D 1? D 2. B y  th e  n o rm a liza tio n  con d ition , |p j( t ! ) |< l  for all j. H en ce < D , for all 

t e  [ti ,T  ], for so m e co n sta n t D .

k
T h u s th e  fu n ctio n s pJ(-) are u n iform ly  bou nd ed  over [tJ,T ]. W e d ed u ce from  th e  

d ifferen tial eq u a tio n s for th e  pJ(-)’s th a t th ey  are also u n iform ly  L ip sch itz  co n tin u o u s on  

[ t i ,T k]. S im ilar argu m en ts are valid  over th e first tim e  in terv a l [t0,tj).

(2 ) A sc o li’s th eo rem  now  p erm its us to  con stru ct a n ested  fa m ily  o f su b seq u en ces o f pJ(t) 

over [tj,oo) as follows:

C onsider th e  in terv a l [ t ^ T 1]. W e know  th e  fu n ctio n s pJ(-), j = l , 2 , . . .  are u n iform ly  

b ou n d ed  and u n iform ly  L ip sch itz co n tin u o u s on th e su b in terv a l [t j ,T 1]. T h erefore, by  

a p p lica tio n  o f A sc o li’s th eorem , w e can ch oose a su b seq u en ce o f fu n ctio n s from  th e  

seq u en ce pJ(t), j = l , 2 ,_, w hich  w e relabel as p 1,n(t ) ,  su ch  th a t

m a x  | |p 1,n(t) — q 1( t ) | | —*■ 0 as n —*• oo for so m e L ip sch itz co n tin u o u s fu n ctio n  q ^ t ) .
tSpLT1]

N ow  w e consider th e  in terv a l [tJ,T 2]. W e know  th a t over th is  in terv a l th e  pJ(-) j = 2 ,3 , . . .  

are u n iform ly  b o u n d ed  and u n iform ly L ip sch itz con tin u ou s. A sc o li’s th eo rem  te lls  us 

th a t w e can ch oose a su b seq u en ce of p 1,n(t), w hich  w e relabel p 2’n(t), w h o se e le m e n ts  are 

se le c te d  from  p 2(-),p3(-),... such th a t th e  su b seq u en ce p 2,n(t) con verges u n ifo rm ly  over  

[t! ,T 2], n am ely,

m a x  ||p 2’n(t) — q 2( t ) | |  —► 0 as n —► oo for som e L ip sch itz co n tin u o u s fu n ctio n  q 2(t). 
t e [ t l r 2]

R ep ea ted  a p p lica tio n  o f th is  process resu lts in  a nested  fa m ily  o f su b seq u en ces o f pJ(t), 

n a m ely ,
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( p 1̂ - ) ) 00 3  (p * -< .> r
'  _ / n = i  x y n = i

w ith  th e  properties:

( i \  y y  j  j \  ijv j  :

p ’" (•)) are se lected  from  (p  (• ) )  w here p (•) 
' n = i  '  ' j = k

th e  original seq u en ce, and

ii) for each  k, p k'n(t) —► q k(t) u n iform ly  as n —>00 over [tJ,T k] w here qk(t) is L ip sch itz  

con tin u ou s.

F u rth erm ore, s in ce th e  seq u en ces are n ested  q k(-) and qJ(-) co in cid e on [tJ,T k] for j > k.

W e can  sim ila rly  show  th a t, sin ce th e  pJ(-)> j = l , 2 ,_axe u n ifo rm ly  b o u n d ed  and

u n ifo rm ly  L ip sch itz  con tin u ou s over [t0,tj), a  su b seq u en ce can be ch o sen  w h ich  

con verges to  so m e L ip sch itz  co n tin u o u s fu n ctio n  q °(t).

.00

.00 ,00
is

(3) Now define the function q(-): [t0,tj)u[ti,oo) —+ IRn as follows:

q(t) =
q °(t) t e [ t 0,t l)

q k(t) t € [tI ,o o ) w here k is such th a t T k > t .

E v id en tly , th e  d efin itio n  o f q(-) on [t0,oo) is in d ep en d en t of k. T a k e any t > t j ,  th en  t lies  

in  so m e in terv a l [tJ,T k] w here k is th e  m in im u m  v a lu e  such th a t T k > t  and, as w e h ave  

ju st show n,

qk(t) = nh m op k,n(t) over [tJ,T k].

W e know  b y co n stru ctio n  o f th e su b seq u en ces, th a t each  p k,n(t) (n = l,2 , . . . )  sa tisfies th e  

n ecessa ry  co n d itio n s (3 .4 .3 )  to  (3 .4 .6 )  over [tJ,T k].

W e now  p roceed to  show  th a t q °(t) and qk sa tisfy  th e  n ecessary  con d ition s.

(i) C onsider - p k,n(t) =  p k,n(t) • f * ( t ,x (t ) ,u (t ) )- A  L * (t,x (t ) ,u (t )) ,  for som e f®(*), Lx(-).
k n • • • • •

S in ce each  p ' is a b so lu tely  con tin u ou s w e can in teg ra te  b o th  sid es to  g iv e

t  t

k , n , , .  k . n . , , .  f  k , n
-p ' (t)  =  p ' ( t l ) +  p ’ (s ) . fr (s ,x (s ) ,u (s ))d s - A  L r(s,x (s),u (s))d s.

t; t
k , n

B y  th e  u niform  co n vergen ce of p ' over [tJ,T k] w e can ta k e lim its  o f b o th  sid es, to  g iv e

t  t

—qk( t ) =  q k(t i)  + ^ 1 ^  p k,n(s )- fr (s ,x (s ) ,u (s ))d s - A  L *(s ,x (s ),u (s))d s .

tl tl

W e know  th a t f® is in teg ra b le over [tJ,T k], f * < a (t )  G L 1[tJ,T k] and th e  p k,n are 

u n ifo rm ly  b ou n d ed  over [t*,T k] . Let p k,n be th e  uniform  b ou nd  for th e  seq u en ce  p k,n 

o v er [t 1 ,T k], th en

p k'n(s )- f r (s ,x (s ) ,u (s ) )<  |a ( s ) |p k,n for all p k,n over [tJ,T k].

F u rth erm ore,

p k,n(s) • f  x (s,x (s),u (s)) -►  qk(s) -f * (s ,x (s ) ,u (s ) ) .
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H ence,

lim
n — K 5 0

t t
k.n,„x 1 _k,

p ’ (s )- f * (s ,x (s ) ,u (s ) )d s  =  qk(s )- f* (s ,x (s ) ,u (s ))d s

t? 11

b y th e  L eb esgu e C onvergen ce T h eorem , (see eg. [R 3]).

T h u s for ea ch  k, qk(>) sa tisfies co n d itio n  (3 .4 .3 ), s im ila rly  for q°(-). T h erefore, by  

co n stru ctio n  o f q(-) it sa tisfies th e  co sta te  eq u a tio n  over [t0,oo).

(ii) W e h a v e, for each  p k,n(t), n = l , 2 , . . .  and a g iv en  w e U 2, th a t  

H ( t ,x * ( t ) ,u * ( t ) ,p k'n(t),A) > H (t ,x * (t ) ,  w ,p k'n(t),A) a.e. t € [ tJ ,T k].

Sin ce th e  in eq u a lity  h old s along th e  seq u en ce th en  it  holds for th e  lim itin g  v a lu e  o f p 

sin ce H is con tin u ou s.

T h erefore H ( t , x * ( t ) , u * ( t ) , q k(t),A ) > H ( t , x * ( t ) , w , q k(t),A ).

S in ce th is  hold s for any w e  U 2 it holds as a m a x im u m  over all w  e  U 2, i.e.

H ( t , x * ( t ) , u * ( t ) , q k(t ) ,A )=  m a x  H ( t , x * ( t ) , w , q k(t),A ).
w e I r

k , n

T h is hold s for each  k and sim ilarly  holds for q°, th erefore q(-) sa tisfies th e  m a x im iza tio n  

of th e  H a m ilto n ia n  co n d itio n  (3 .4 .4 ) over [t0,oo).

(iii) W e h a v e th a t for an y fix ed  k, (3 .4 .5 )  hold s w hen  p k,n(-) rep laces pJ for n = l , 2 , . . .  

P a ssin g  to  th e  lim it (th is  is ju stified  b y th e  upper sem i-co n tin u ity  o f th e  co n v ex  

e ssen tia l v a lu e  [L I, L em m a 1.2]) w e see th a t (3 .4 .5 )  rem ains v a lid  w h en  q rep laces pJ.

(iv ) W e know  th a t for j = l , 2 , . . .  pJ(-) satisfies pJ( t 0) e  N c  (x *(t0)). In v iew  o f th e  upper 

sem i-co n tin u ity  o f th e  n orm al cone to  a co n v ex  set, p assage to  th e  lim it is v a lid , th u s  

q (t0) €  N Cq.

S im ilarly, w e can d ed u ce th a t (h o -h j, -q(tj“‘)-f q (t i+)) e  N c  .

(v ) It is ev id e n t too, th a t q (t0)= p  and q (t!+)= p  (see “ (A )” o f step  2). So

 ̂+ |p| + |P| = I-

T h u s w e h a v e co n stru cted  a co sta te  q(-) th a t sa tisfies th e  n ecessary  co n d itio n s over th e  

in fin ite  horizon. □

R em arks:

1) W e h a v e o b ta in ed  n ecessary  con d ition s, in  th e  form  o f a M u ltip ro cess M a x im u m  

P rin cip le , for (x * ,u * ,t i)  to  be a so lu tio n  to  th e  in fin ite  h orizon p ro b lem  u sin g  th e  

co n cep t o f w eak o p tim a lity . T h is d efin itio n  is th e  w eak est o f th e  various d efin itio n s in
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th e  litera tu re. It therefore fo llow s th a t a so lu tio n  to  th e  in fin ite  h orizon p rob lem  usin g  

an y o f th e  (stron ger) n o tio n s of o p tim a lity  w ill also sa tisfy  th e  M u ltip rocess M a x im u m  

P rin cip le  (see [S i]).

2 )  W e em p h a size  th a t th e  fo rm u la tio n  of  ̂ th e  p rob lem  m ak es no s ta te m e n t con cernin g  

th e  lim itin g  v a lu es of e ith er x *(T ) or o f L 2(t ,x * (t )  ,u * (t ))d t  as T -*o o .

3 ) T h e th eo ry  can o b v io u sly  be ex ten d ed  to  cover an y perform an ce in d ex  o f th e  form

*1
L i ( t , x ( t ) , u ( t ) ) d t  -f

*■2 OO

L 2( t , x ( t ) , u ( t ) ) d t  +  ••• -f- |  Ln+1( t , x ( t ) , u ( t ) ) d t .

tg  t j  t n

w h ere tra n sv ersa lity  co n d itio n s for th e  in term ed ia te  tim es t l v ..,tr» can b e  o b ta in ed  

d efin in g co n stra in t sets  C ! ,... ,C n+i in  a sim ilar fashion  to  th e C x o f th e  th eorem .

by

4 )  T h e p roof tech n iq u es used  a b ove can be ap p lied  to  m ore gen eral m u ltip ro cess  

p rob lem s of th e  form

i
t0

L 1(t ,x 1(t ) ,u 1(t ) )d t  +  j L2(t ,x 2(t ) ,u 2( t ) )d t  +  . . . + j  L * (t ,x * (t ) ,u * (t ) )d t

2
TO

k
T0

in  w h ich  w e do n ot a ssu m e coin cid en ce of th e in terv a l end p oin ts.

5 ) R esearch  has b een  a im ed  at form u la tin g  tra n sv ersa lity  co n d itio n s for in fin ite  horizon  

p rob lem s. W e briefly  m en tio n  so m e results.

W eitz m a n  [W l] con sid ered  in fin ite  horizon co n v ex  p rogram m in g m o d els w ith  a free 

end-p oin t. H e o b ta in ed  a set o f n ecessary  and su fficien t co n d itio n s for o p tim a lity , on e of 

w h ich  is a tra n sv ersa lity  co n d itio n  in  th e  lim it at in fin ity , n a m ely  

lim  PfX< =  0,
t—► CXJ

w here x* is th e  o p tim a l tra jecto ry  from  in sta n t t-1 to  t and p t is a price row  vector. 

T h is can b e in terp reted  as sa y in g  th a t in  an o p tim a l program , { x j,u j} , w here uj is th e  

o p tim a l gain  (u tility ) from  t-1 to  t, th e  presen t v a lu e  o f u n u sed  ca p ita l m u st e v en tu a lly  

go to  zero. H ow ever, se ttin g  to  zero th e lim it v a lu e  of th e  o p tim a l ca p ita l stock s, 

a lth o u g h  often  e c o n o m ic a lly  in tu itiv e , requires sp ecial a ssu m p tio n s, in  p a rticu la r a  n on ­

e m p ty  in terior co n d itio n  and m oreover, W e itz m a n ’s lim it p rop erty  is n ot sa tisfied  b y  

o p tim a l grow th  p a th s in  th e  u n d isco u n ted  grow th m od el.

In th e  an alogou s co n tin u o u s tim e  p roblem , m a n y  authors h a v e  assu m ed  th a t  

^ I§bP(t )'x(t )= 0’
th e  m a in  ju stifica tio n  for its  u se b ein g  th a t it  looks lik e th e  ‘n atu ral g en era liza tio n ’ of
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th e fin ite  horizon  tra n sv ersa lity  co n d itio n  of P o n try a g in  et al. [P i].

B e n v e n iste  and S ch ein k m an  [B2] stu d y  co n ca v e, v ariation al calcu lu s ty p e  m od els  

o f th e  form

oo
m a x im ize L(t ,x  ,x )d t

su b ject to  ( x , x ) e T ,  x (0 )  =  x o, w here T  is a co n v ex  su b set o f R2n and L is a co n tin u o u s  

fu n ctio n  w h ich  is co n ca v e in  ( x , x )  for every  t > 0 .  T h ese  are in terp reted  as d y n a m ic  

m o d els o f ca p ita l accu m u la tio n . T h e c o n d itio n ^lim )p (t )- x (t )= 0  h as lon g b een  recognised  

as su fficien t for o p tim a lity  under certain  a ssu m p tio n s, b u t B e n v e n iste  and S ch ein k m a n  

[B2] p rove th e  n ecessity  o f th is  co n d itio n  under a set o f sim ilar a ssu m p tio n s. T h ey  

in terp ret p (t)- x (t)  as a linear ap p ro x im a tio n  to  th e  p resen t v a lu e  o f x (t )  and h en ce, as 

before, th e  tra n sv ersa lity  co n d itio n  m ean s th a t th e  p resen t v a lu e  o f le fto v er  ca p ita l is 

zero. H ow ever, th e y  ack n ow led ge th a t in th e  co n tin u o u s tim e  an alogu e th eir  resu lts are 

n ot as gen eral as W e itz m a n ’s.

A n ex ten sio n  o f th is  work b y A raujo and S ch ein k m an  [A l] proves sim ila r resu lts  

w h ile  a llo w in g  s ta te  co n stra in ts to  be b in d in g so th a t a w ider class o f eco n o m ic  

p rob lem s m a y  be addressed  b y th e  theory.

A stu d y  b y  A ub in  and C larke [A3] of th e  fo llo w in g  in fin ite  h orizon problem :

m in im ize

oo
e _<5tg ( x ( t ) ,u ( t ) ) d t

0

in  w h ich  th e  co st fu n ctio n a l is lo ca lly  L ip sch itz and th e  d yn am ics linear a n d /o r  co n v ex  

in d ica tes  th a t th ere is a sen sitiv e  relation ship  b etw een  th e  grow th  rates o f th e  cost  

fu n ctio n a l and th e  co sta te  variables. T h ey  o b ta in  th e  tra n sv ersa lity  co n d itio n s

oo

e (q 1 ^ |p ( t ) |q dt <  00,

0

00
e  q 1 ^ |p ( t ) |q dt <  00

0

(3 .4 .9 )

w here q e  R is su ita b ly  d efined, and

(Um e (q- 1 )6 t |p ( t ) |q =  0. (3 .4 .1 0 )

B a sed  on th e  resu lts of th eir paper, th e  n ecessary co n d itio n s m a y  be e x p e c te d  to  h old  in 

th e stron g form  (i.e. ‘n o rm a lly ’, w ith o u t th e  p resen ce o f a p o ssib ly  v a n ish in g  m u ltip lier)  

p rovid ed  th e  ‘d isco u n t r a te ’ 6 is su fficien tly  large. F u rth erm ore, in th e  in fin ite  horizon  

case, grow th  (or dual) co n d itio n s such as (3 .4 .9 )  are m ore n atu ral th a n  p o in tw ise  

tra n sv ersa lity  co n d itio n s su ch  as (3 .4 .1 0 )  (w hich  are s im p ly  con seq u en ces o f (3 .4 .9 )) .  T h e  

role o f th e  in fin ite  horizon and th e  d iscou n t factor are d iscu ssed  in  d eta il in  T . C. 

K oop m an s [ K l] .
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G ray and S alan t, in a d iscu ssion  paper [G l], d evelop  tra n sv ersa lity  co n d itio n s for 

o p tim a l program s in  d iscrete tim e  in fin ite  horizon p rob lem s, firstly  in  w h ich  th e  va lu e  

o f th e  con trol variab le m a y  be restricted  but th e  v a lu e  o f th e  s ta te  is n ot and secon d ly  

w here th e  s ta te  variable, rather th a n  th e control, is restricted . T h ey  show  th a t o p tim a l 

so lu tio n s to  th e  H alkin co u n terex a m p le, w hich  b elon gs to  th e  form er class o f p rob lem s, 

do in d eed  sa tisfy  th is new  co n d itio n , n a m ely

lim  /?* p (t') [f *.f * Nf  * , . . .f  ,
t ' —►OO u ( t  ) a f t  + 1)  + 2 ) *(< )

= 0. (3.4.11)

T h is c o n d itio n  in v o lv es th e  prod u ct o f th e  lim itin g  ex ten sio n  o f th e  stan d ard  co n d itio n

lim  /?* p (t ')  =  0 
* '—► 0 0

w here (3 is a d isco u n t factor {(3=1 in  th e  H alkin ex a m p le) and th e  b ra ck eted  term s th a t  

rep resent th e  cu m u la tiv e  ch an ge in  th e  sta te  v ariab le g en era ted  b y  ‘u n rev ersed ’ 

p ertu rb ation s. A  p ertu rb a tio n  is a variation  in  a p roposed program . In an ‘u n rev ersed ’ 

p ertu rb a tio n  th e  v a lu e of th e con trol is n ot altered  after som e t* (such  th a t u (t*)  is 

in terior to  th e  con trol se t) in  order to  restore th e  s ta te  variab le to  its  original p a th . T h e  

new  n ecessary  con d ition  th en  sta tes  th a t eith er eq u ation  (3 .4 .1 1 )  is sa tisfied , or th e  

v a lu e  fu n ctio n  is n ot defin ed  at u (t*), or th e  series o f d eriv a tiv es d escrib in g th e  costs  

a sso cia ted  w ith  an u n reversed p ertu rb ation  over th e  in fin ite  horizon  is n ot u n iform ly  

co n v erg en t w hen  exp ressed  as a fu n ctio n  o f u (t*).

M ich el [M 3] has show n th a t for a general d isco u n ted  p ro b lem  it is p o ssib le  to  

p rove an oth er prop erty, n a m ely , th e  m a x im ized  H a m ilto n ia n  con verges to  zero as tim e  

goes to  in fin ity . (T h is resu lt m a y  be ob ta in ed  w ith  th e  H am ilton -Jacob i eq u a tio n  but 

th en  requires d ifferen tia b ility  o f th e  va lu e fu n ctio n  — see S ectio n  1.6  for d efin itio n s of 

th ese  term s). H e also show s th a t in certain  circu m sta n ces th is im p lies  th e  tra n sv ersa lity  

co n d itio n . H ow ever, th e  p rob lem  form u lation  on ly  d eals w ith  sm o o th  data.

C u rren tly, M ichel [M 4] has a ttem p ted  to  fill a gap in  th e  litera tu re  b y

esta b lish in g  th e  tra n sv ersa lity  co n d itio n  in  a general form  a p p ly in g  to  co n ca v e d iscrete

tim e  in fin ite  horizon p roblem s. T h e tra n sv ersa lity  co n d itio n  can be in terp reted  as an

ex h a u stio n  p rop erty  of th e  lim it v a lu e of th e o p tim a l sta te  variab les and is o b ta in ed  in

b o th  stron g (lim in fP r(x *-:x *)> 0) and w eak ( lim s u p p f(x r x j )> 0 )  form s, correspon d in g to  
t —► 0 0  t —> 0 0

th e  d efin itio n s o f o p tim a lity  used. T h e work is an a tte m p t to  rem o v e th e  n eed  for a 

sp ecia l a rgu m en t in each case but further stu d ies are required for oth er gen eral classes  

o f prob lem s.
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3 . 5  A n  A p p l i c a t i o n  o f  t h e  I n f i n i t e  H o r i z o n  T h e o r y

In th is sectio n  w e con sid er an ex a m p le of th e  ap p lica tio n  of th e  in fin ite  horizon  

m u ltip ro cess m a x im u m  p rin cip le, n am ely, a tw o-stage o p tim a l con trol p ro b lem  w here  

th e  sw itch -p o in t is a ch oice variable and appears as an argum ent in  th e  in teg ra n d s of 

th e  p erform an ce in d ex. P rev io u sly , necessary co n d itio n s for p rob lem s o f th is  ty p e  have  

been o b ta in ed  b y  T o m iy a m a  and R ossan a [T2] o v er th e  fin ite  h orizon. U sin g  a 

m u ltip ro cess  fo rm u la tio n  w e show  th a t general n ecessary  con d ition s can b e o b ta in ed  

over th e  in fin ite  horizon under relaxed  h yp oth eses.

T h e  p rob lem  consid ered  b y T o m iy a m a  and R ossan a [T2] is to  fin d  a trip le  

(x * ,u * ,t l)  th a t m a x im izes th e  p erform ance in d ex

oo

J = L 1(t ,x ( t ) ,u (t ) , t 1) d t +  L 2(t ,x (t ) ,u (t ) ,t1)d t

su b ject to  th e  s ta te  eq u ation s

th e  b ou n d ary co n d itio n  

x ( t 0) G X 0,

and th e  con trol con strain t

a.e. t e  [t0,ti] 

a.e. t £  ^tj,oo),
(3 .5 .1 )

(3 .5 .2 )

u(t) G UlC
U2c

m
m

a.e. tG ltc t i]  

a.e. te [t i,o o ).
(3 .5 .3 )

In th e  original fo rm u la tio n , th e  fu n ction s Lt- (i=  1 ,2) are at lea st co n tin u o u sly  

d ifferen tia b le  in x, t and t x and con tin u ou s in  u; X 0 is a n on -em p ty closed  su b set o f Rn 

and U t- ( f = l , 2 )  are closed  su b sets  o f IRm.

A  trip le  w h ich  a ch iev es th e  m in im u m  o f th e  p erform ance in d ex  over trip les  

sa tisfy in g  th e  co n stra in ts o f th is  prob lem  is said  to  b e o p tim a l. N o te  th a t t i  is a ch oice  

variab le to  be ch osen  o p tim a lly  and th a t th e  asterisk  d en o tes o p tim a l q u a n tities. It is 

a ssu m ed  th a t an o p tim a l con trol trip le (x * ,u * ,t l)  e x ists  w here t 0 < t l < o o .

W e rem o v e ex p lic it tj d ep en d en ce b y s ta te  a u g m en ta tio n . A n  eq u iv a len t  

fo rm u la tio n  is as follows:

M in im ize

ti

L i(t ,x 1(t ) ,u 1(t ) ,x 3( t ) )d t  +  L2(t ,x 2(t ) ,u 2( t ) ,x 4(t ) )d t

i
(3 .5 .4 )

su b ject to
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X i(t) =  fi(t,X 1(t),U 1(t),X 3(t))

x 2(t) =  f 2( t ,x 2(t ) ,u 2(t ) ,x 4(t))  

x 3(t) =  0 

x 4(t) =  0

a.e. t G [to,tj] 

a.e. t G [tj,oo) 

t e [ t 0,ti] w here x 3( t 1) = t 1 

t e  [ti,oo) w here x 4( t 1) = t 1

and U j(t) e  U i a.e. t g [t0, t j ,  x x(t) g X )  all t G [ t c t j ,  

u 2(t) G U? a.e. t G [t!,oo), x 2(t) G X? all t €  [ti,oo),

(3 .5 .5 )

(3 .5 .6 )

w here x 1( t 0) € C 0, ( t ^ x ^ t j ) )  G (3 .5 .7 )

T h e m in im iz a tio n  is co n d u cted  over m u ltip ro cesses

{ ( t 0,t i ,x 1(-),x 3(-),u 1( - ) ) , ( t /i , t 2,x 2( .) ,x 4(.) ,u 2(-))}

su b ject to  th e  co n stra in t set A, defin ed  by:

A = |( t 0, t 1,x 1(to ),x 1( t 1),x 3( t 0),x 3( t 1)) ,( t 'i,t2,x 2(t; ),x 2( t 2),x 4( t ,1),x 4( t 2)): t1= t ; , t 2= oo,

X i(t0) €  C 0, x 1( t 1) = x 2( t /1), x 3( t 0) free, x 3( t 1) = t 1= x 4(tj), x 4( t 2) fr e e j. (3 .5 .8 )

H ere L,-:RxRnxR mxR —► IR and f,-:RxRnxR mxR —► Rn ( t = l , 2 )  are g iv en  fu n ctio n s (L t= - L j )  

and U* C IRxIRm, X ‘ c  Rx Rn (i=  1 ,2 ) are g iven  sets.

C 0 c  Rn, C i C R x R "  are g iv en  closed  en d p oin t co n stra in t sets.

T h e in term e d ia te  tim e  t 2 is a ch oice variable, con strain ed  to  sa tisfy  t 0 < t 2 <  oo w here t 0 

is fixed . N o te  th a t th e s ta te  is con tin u ou s at th e sw itch -poin t i.e. x 1( t 1) =  x 2( t 1).

It is im p o rta n t to  realise, h ow ever, th a t b y  reform u latin g  th e  tw o -sta g e p roblem  

as a m u ltip ro cess  p rob lem  w e can relax th e  sm o o th n ess co n d itio n s im p o sed  on th e  

fu n ctio n s to  ones of L ip sch itz  co n tin u ity . T h e fo llo w in g  th eo rem  p ro v id es n ecessary  

co n d itio n s o f o p tim a lity  over th e  in fin ite  horizon for th is  particu lar p rob lem .

D efin e th e  H a m ilto n ia n  fu n ctio n , H, for each sta g e  b y

H ,(t ,x ,u ,p ,t1) =  pi • f ,( t ,x ,u ,t2) +  p j+2 • f i+2(t ,x ,u ,t1)-l- A L ^ t j X ^ t i )  i = l , 2  

w here p (t)  is th e  co sta te.

(N o te  th a t th is  reduces to  H; =  p r ft--f-ALt-, i = l , 2  , sin ce f3= f 4 = 0 ).

D efin e th e  a u g m en ted  v e lo c ity  fu n ctio n  f t= ( f t-,Lt) i =  1 ,2  w here f,-:RxRnxR m —► Rn+1.

T H E O R E M  3.5.1: Let ([x\,u\,x*3) ,(x2 ,U 2 ,x\)^ solve the reformulated problem.
A s s u m e  that:

(Hi) F o r  e ach (Xjt-f) G RnxR, fi(-,x,-,t2) is L x %  m ea s ur a bl e  for i =l , 2  w h e r e  L  denotes the 

L e b e s g u e  subsets in R a n d  denotes the Borel subsets in Rm.
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(H 2) IP (i = l , 2 ) are  B o rel m easurable  sets.

( H 3) T here exists a  c o n sta n t K  such th a t f o r  i = l , 2

\ f  i (t ,x ,u ,t\)\  < K  w henever ( t ^ u , ^ )  e R x X lt xlPt xR and  

( H 4 ) \ J d ^ u , ^ ) - ] ( w h e r e  x = (x ,ti ) ,  y ^ y , ^ ) )  w henever 

(tjX jU ,^), ( t ,y ,u ,ti ) e RxXjx U \xIR

an d  th a t all the hypotheses a re  satisfied . L et g rap h  {x{(- )} c in te r io r  {X 1} f o r  i = l , 2 .  T hen 

there  exist re a l num bers A ( equal 0  o r  1), h1} h2 a n d  absolutely c o n tin u o u s fu n c tio n s  

{to,1ft -> Rn; P2(’): [*b°°) —  Rn; P s i P  [ W l  —  R", P4( P  fo°°) —  Rn,SUch th a t

* +  IJPi(t0)| +  I?2(tl )| +  IP3(to)| +  Ip4(tl)|>o and

(i) -p^t) E  d XlH l(t}x\(t))u\(t),pl(t),xl(t)) o..e. te[t0,tl]

- P 2 ( t ) ^ d X2H 2( t !x l ( t ) , U 2 ( i ) > P 2 ( t )>x 4 ( t ) )  a -e - te[*T,o°) 

- p 3(t) e d X3H l(t,x\(t),u\(t),pl(t),x*3(t)) a.e. te[tQ,tl]

-p A (t)E d XAH 2(t ,x l ( t ) ,u l ( t ) ,p 2(t),x \{ t)) a.e. te [% ,oo)

(3.5.9)

(i i )  H ^ x K t ) ^ ) ^ ) ^ ) )  =  m ax H ^ t & W M p A t ) , ^ ) )  a.e. t e [ t 0,tl\
w e U]

H 2{t,x*2(t),u*2( t ) ,p 2( t ) ,x \ ( t ) )  =  m a x H 2(t,x 2(t),w ,p 2( t ) ,x \ ( t ) )  a .e. te[Q,oo)
w e U 2t

(Hi) e co ess <sup H l ( t ,2Z(% )fwfp l (t[),a% (1Z)) '  

h2 E co ess < sup H 2(t ,x l (t \ ) ,w ,p 2( t \ ) ,x \ ( t \ ) )

t - ' h l w e u l

(3.5.10)

(3.5.11)

(iv ) p M e N ^ (3.5.12)

( hi - h 2+ p 3( t l )+ p 4( t l ) ,  - p A l f i + p M )) € N Ci. (3.5.13)

The normal cone N c is evaluated at (xl(t0)), N c is evaluated at (ti,xj(tj)).

Remarks:

l)Note that (̂xJ,uJ,X3),(x^u^x^j is the solution to the given problem where 

x:=x,|[t0,t!]’ u:=u''[to.t;]- x^ t:|[t„,t;]and x>-x*|[t;,oo)' u»-u'|[ti,oo)’ x<-t;l[t;,oc)-
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2) N o te  th a t if  w e m a x im ize  th e  perform ance in d ex  d irectly  as in  [T 2], th e  usual 

m a x im iz a tio n  co n d itio n  o f th e  H am ilto n ia n  is rep laced  by th e  m in im iz a tio n  co n d itio n , 

and th e  in fim u m  o f H; rep laces th e  su prem um  in  th e  essen tia l v a lu e  in clu sion s.

Proof:  C o n d itio n s (3 .5 .9 )  to  (3 .5 .1 2 )  follow  from  a direct a p p lica tio n  o f our in fin ite  

horizon  m u ltip ro cess  m a x im u m  p rin ciple (T h eo rem  3 .3 .1 )  to  th is  p a rticu la r tw o-stage  

p rob lem .

W e d eriv e th e  co n d itio n s for a norm al cone at C i. T h is  follow s clo sely  from  S tep  1 (B ) in  

th e  proof o f L em m a  3.4 .4 .

W e m a y  w rite  th e  m u ltip ro cess tra n sv ersa lity  co n d itio n  as

| ( h 1,-Pi(t;),Ps(tr),-h3,P2(t;),P4(t;))|eN A^t;,x;(t;),x;(ti),t;,x;(tn,x;(t;) 

w here A := j ( t , y , z , t /,y /,z/) : t = t ,= z = z /,y = y /,( t ,y ) e C 1l .

B y  P ro p o sitio n  2 .7 .4 (h )  w e o b ta in  

(h „-P i(ti),p 3(tr),-h 2,p2(ti),P4(t;)) e

|  (o+ o'+ T + y, 0+ /J')eN Cl(t;,x;(t;)

It fo llow s th a t

( h 1- h 2+ p 3( t ; ) + p 4(t;), - P i(t; )+ p 2(t; ))  e N Cl(t ; ,x i ( t ; ) ) .

T h u s w e o b ta in  th e  tra n sv ersa lity  co n d itio n  on th e  set Cx at th e  o p tim a l sw itch -p o in t as 

required. □

W e n o te  th a t th is co n d itio n  yie ld s further in form ation  if  w e do n ot in corp orate a 

co n stra in t set, C 1? in our p rob lem  form u lation . T h en  ^ t l ,x l ( t j ) j  e  R xR n and b y  th eo ry  of  

n orm al con es, h 1- h 2+ p 3(tj )- fp 4(tj)  =  0 and - p i( t j ) + p 2(tj )  =  0. T h u s Px(tJ) =  p 2(tI), h en ce  

th e  co sta tes  correspon d in g to  th e  s ta te  trajectories x x(-) and x 2(-) are co n tin u o u s at th e  

sw itch -p o in t, as ex p ected . T h e con d ition  h 2 - tq  =  p 3( t l ) + p 4(t l )  sp ecifies th e  n o n ­

c o n tin u ity  o f th e  H a m ilto n ia n s at th e  sw itch -poin t d u e to  th e  ex p lic it tj d ep en d en ce  of  

th e  fu n ctio n s and corresponds to  th e  result o b ta in ed  v ia  th e  cla ssica l m a x im u m  

p rin cip le  (see [T 2]). T h e term s h l5 h 2 correspond to  th e  o p tim a l H a m ilto n ia n  v a lu es at 

th e  o p tim a l sw itch -p oin t and p 3(t l) ,  p 4(tj) can be ob tain ed  b y  so lv in g  th e  co sta te  

eq u a tio n s to g eth er  w ith  th e  bound ary con d ition s for p 3(-) and p 4(-).

T h is an alysis sh ow s th a t th e  tra n sv ersa lity  co n d itio n s d erived  c la ssic a lly  for th e  

tw o-stage p rob lem  can b e recovered, w ith o u t im p o sin g  such sev ere co n d itio n s on  th e  

fu n ctio n s in v o lv ed , v ia  th e  ap p lica tio n  of th e  m u ltip ro cess m a x im u m  prin ciple.
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H a v in g  esta b lish ed  th e  o p tim a lity  con d ition s for th e general tw o-stage control 

p rob lem  w e n ow  ap p ly th e  o p tim a lity  criteria to  a p rob lem  a d ap ted  b y  T o m iy a m a  and  

R ossan a [T 2] from  an original form u la tio n  b y M accin i [M l]. T h is is th e  d ev elo p m en t of 

a d y n a m ic  o p tim iz a tio n  m o d el th a t deals w ith  th e  effect of d eliv ery  lags on th e  d em an d  

for in v e stm e n t b y  a firm  in  th e  case w here th e  d eliv ery  lag is a ch o ice  v a ria b le in  th e  

fir m ’s d ecisio n  p rocess. (In M a cc in i’s ex a m p le  th e  d eliv ery  lag is an ex o g en o u s variable, 

i.e. it  is b ey o n d  th e  firm ’s con trol and assu m ed  fix ed  for all tim e).

A  d eliv ery  lag is th e  p eriod o f tim e  w h ich  ela p ses b etw een  th e  p la ce m e n t o f an 

order for a ca p ita l good and its  su bseq u en t delivery. P reviou s research has consid ered  

d y n a m ic  o p tim iz a tio n  m od els th a t deal w ith  th e  effect of d elivery  lags from  th e  p o in t of 

v iew  o f th e  su p p ly  sid e o f th e  m ark et (see e.g. M accin i [M 2]). H ow ever, a co m p lete  

u n d ersta n d in g  o f th e  effect o f th ese  d elays requires som e k n ow led ge o f th e  o p tim a l 

b eh aviou r on th e  b u yin g sid e as in  th e ex a m p le  w e now  consider. W e seek  to  ob ta in  

so m e q u a lita tiv e  resu lts ab ou t th e  o p tim a l ch oice o f d eliv ery  lag.

W e sta te  th e o p tim iz a tio n  problem  as follows: 

v

m a x im ize  J =  f { P F ( K 0 ,L ( t ) ) - W L ( t ) } e - rt dt (3 .5 .1 3 )

0

+  [ { P [ F ( K ( t ) ,L ( t ) ) - R (I ( t ) ) e r v - B ( I ( t ) ) ] - W L ( t ) - G » I ( t ) } e - rt d t,

V

su b ject to  K (t)  =  I(t), K (t) =  K 0 > 0 , 0 < t < v ,  Gv =  G 0 a (v),w h ere

Gv =  n o m in a l p u rchase price o f cap ital goods (i.e. p rice o f ca p ita l goods on  

d eliv ery  at t = v ) ,

G 0 =  p u rchase price at tim e  t = 0  (im m ed ia te  d elivery),

K (t) =  sto ck  of ca p ita l goods,

I (t) =  d eliveries o f ca p ita l goods,

L (t) =  labour hired b y  firm ,

F (K (t),L (t))  =  n eo-classical p rod u ction  fu n ctio n ,

R (I(t)) =  p lan n in g costs, B (I (t))  =  in sta lla tio n  costs,

P  =  o u tp u t price, r =  d isco u n t rate, 

v =  d eliv ery  lag, W  =  m o n ey  w age rate.

T h e ca p ita l sto ck  for a ty p ica l firm  is d efin ed  b y th e  a ccu m u la tio n  eq u a tio n  

K (t )= I (t )  w h ich  s ta tes  th a t th e  rate o f change o f th e  fir m ’s ca p ita l sto ck  eq u als current 

d eliveries o f ca p ita l goods. In v estm e n t ex p en d itu res m a y  be id en tified  w ith  th e  v a lu e  of  

d eliv eries o f ca p ita l goods sin ce w e assu m e th a t p a y m en t for th e  good s is m a d e  at th e  

t im e  o f d elivery. In v estm e n t d em an d  is id en tified  w ith  th e p la ce m e n t o f an order for a 

ca p ita l good.



An Infinite Horizon Multistage Optimization Problem 54

T h e in itia l co n d itio n s in clu d e th e firm ’s ca p ita l stock  from  tim e  zero to  t im e  v. 

T h e b eh a v io u r o f th e  fir m ’s ca p ita l stock during th is  tim e  period is d eterm in ed  by  

orders p la ced  prior to  th e  p lan n in g d a te  (tak en  as t im e  zero).

T h e  p la n n in g  and in sta lla tio n  costs are a sso cia ted  resp ectiv e ly  w ith  p lacin g  

orders for, and tak in g d eliv ery  of, cap ital goods. T h u s th e  fu n ctio n s R (-) and B (-) h ave  

p rop erties th a t are stand ard  in  th e  a d ju stm en t cost literature:

R (0 ) =  0 , R ' ( I ( t ) ) |0  as l ( t ) |0 ,  R " ( I ( t ) ) > 0 ,

B (0 )  =  0 , B ' ( I ( t ) ) |0  as l ( t ) |0 ,  B " ( I ( t ) ) > 0 .

S im ilarly, th e  p rod u ction  fu n ctio n  F (K (t ) ,L (t ) ) ,  w h ich  is con cave, h as th e  standard  

properties:

F k ^ l > 0, F k k ,F ll < 0, F k k F l l- F lK > 0 ,

lim  F, = 0 ,  lim  F, =oo, lim  F K =  0, lim  F K =  oo.
L  —*• OO L  ’ L - > 0  L  ’ K — *•00 K ’ K  — *0 *

W e exp ress th e  p u rch ase price o f cap ital goods G v  in  term s o f a sp ot p rice G 0,

a sso cia ted  w ith  th e  im m ed ia te  d eliv ery  of cap ital good s, and a factor o f p ro p o rtio n a lity

a(v). T h e la tter  d ep en d s on th e  d eliv ery  lag w ith

0 < a ( v ) < l ,  a ' ( v ) < 0 ,

l < a ( v ) < o o ,  a ' ( v ) > 0 ,

a (v) =  1, a '(v ) =  0,

a (0 ) =  1,

and cap tu res any d iscou n ts (w hen a ' ( v ) < 0 )  or p rem ia  (w hen  a ' ( v ) > 0 )  im p o sed  by  

su pp liers if  th e  firm  tak es forw ard d elivery  of new  cap ital.

W e a ssu m e th a t a " ( v ) > 0  so th a t cash flow  for v < t < o o  is co n ca v e in  v. T h e  

in terv a l 0 < t <  v  is a fin ite  tim e  w here th e firm ’s ca p ita l stock  is fix ed  an d  th e  firm  can  

o n ly  en g a g e in  m ore lim ite d  d ecision  m aking, n a m ely , vary o u tp u t b y  its  ch o ice  of 

labour in p u t. A ch o ice o f d eliv ery  la g  enab les th e  firm  to  ch oose th e  le n g th  o f th is  short 

run. T h e seco n d  in terv a l is w h en  d eliveries m a y  be tak en .

U sin g  th e  n o ta tio n  o f m u ltip ro cess th eory, w e can rew rite th e  p rob lem  as:

oo

m a x im ize S j ^ K j ^ M t H d t  +  «F2(t ,K 2(t),L 2(t),I 2(t ) ,K 3(t ) )d t

su b ject to

K 1(t) =  I1(t)

K 2(t) =  I2(t)

K s (l')=  0

and in itia l co n d itio n  K 1(t) =  K 0 > 0 ,  

W e set K ^ t o le C o ,  (v ,K x(v )) €  C i,

t e  [t0,v] 

t e  [v,oo)

t e  [v,oo) w here K 3(v )= v  

0 < t < v .

(3 .5 .1 4 )

(3 .5 .1 5 )

(3 .5 .1 6 )
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w here C 0 C Rn, Ch clR xR n, are g iv en  closed  en d p o in t con strain t sets. 

T h e m a x im iz a tio n  is co n d u cted  over m u ltip ro cesses

{(to , t i,  K 1(-), L ^- ), , ( t ( ,  t 2, K 2(-),K 3(*),L 2(-),

which are subject to the following constraint set A,

A = {(to ,t i,K 1( t 0),K 1( t 1)^, ( t ' , t 2,K 2 (t'),K 2(t2 ),K 3(t;),K 3(t2)): t\— 1(,

t 2—oo,K 1( t 0)€ C o ,K 1( t 1)—K 2( t i ) , t i—K 3(t[) ,K 3( t 2) free >. (3.5.17)

T h e d eliv ery  lag v is a ch oice variable, con strain ed  to  sa tisfy  t 0 < v  <  oo w h ere t 0 is fixed. 

N o te  th a t th e  s ta te  is co n tin u o u s at th e  sw itch -poin t i.e. K ! (v )= K 2(v).

H 1(t ,K 1,L 1,I1,p 1,v) =  P e - rt{ F (K 1,LI) - ( W / P ) L 1 +  p 1I1}

H 2 ( t , K 2 , L 2 , l 2 , p 2 , v )  =  P e  rt{ F (K 2,L 2) - R ( I 2 ) e r v  - B ( I 2 ) - ( W / P ) L 2 - ( G y / P ) l 2 + P 2 l 2 )

w here p ,(t )  are co sta te  variables th a t h ave th e  u su a l shadow  p rice in terp reta tio n , (see  

M accini [M l]).

L et { (K t(- ),L J (- ),IJ (- ),v *),(K 5 (- )jL $ (- ),I j |(- ),v *)j>  so lv e  th e a b ove p rob lem . T h en  by  

T h eo rem  3.5.1, there ex ist real num bers A (eq u al 0 or 1), h1? h 2 and a b so lu tely  

co n tin u o u s fu n ctio n s P i(-);[to>v *] -» R n, p,-(-)-[v *,cx>) -> IRn (z=2,3) such th a t  

A +  | P i(t0) | +  | p 2(v * ) | +  | p 3( V ) | >  0 and

(i) —p i(t )  =  ^ H j ^ K ^ t b L ^ t b l K t h p ^ t ) )  a.e. t e [ t o ,v * ]

W e d efin e th e  H a m ilto n ia n  fu n ctio n  for each stage:

(3.5.19)

a.e. t e [v*,oo)
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(iv ) P i ( t 0) € N Co; (h j- h a  +  paC O , - P i(v * )+ p 2(v * ))  e  N ^ .  (3 .5 .2 1 )

T h e n orm al con e N Co is ev a lu a ted  at (K J(t0)), N c  is ev a lu a ted  at (v *,K J (v *)).

A s before, if  w e rem ove th e  co n stra in t set C i, w e o b ta in

Pi(v*) = P2(v*) (3 .5 .2 2 )

i.e. th e  c o sta te s  are co n tin u o u s at th e  o p tim a l lag v* and

h 1- h 2 =  p 3(v*), (3 .5 .2 3 )

w h ich  is th e  a d d itio n a l sw itch -p oin t con d ition  ow in g to  th e ex p lic it v  d ep en d en ce in  th e  

in teg ra n d  o f th e  cost fu n ctio n  over th e second tim e  in terval.

T h u s o p tim a lity  criteria  for th e  problem  are g iv en  by: 

for 0 < t < v ‘ ,

F L(K 0,L 1(t)) =  W / P , (3 .5 .2 4 )

for v * < t <  oo,

F L(K 2(t),L 2(t)) =  W / P , (3 .5 .2 5 )

p 2(t) — R ,(I2(t ) )e rv -f B ;(I2(t)) +  G v /P , (3 .5 .2 6 )

P 2(t) =  - F K(K 2(t),L 2(t ))- f  rp2, (3 .5 .2 7 )

t lim op 2(t)e  rtK 2(t) =  0. (3 .5 .2 8 )

A  fu ll in terp reta tio n  o f th ese  criteria  is provid ed  in  M accini [M l].

W e n o te  th a t th e p rob lem  is form u lated  in  a sm o o th  se ttin g  and th a t w e h ave  

a ssu m ed  c o n tin u ity  of th e sta te  variable at th e  sw itch -p oin t and a co n sta n t ca p ita l stock  

over th e  first t im e  in terval. (T h is la tter  con d ition  does n ot allow  for v a ria tio n s in  ca p ita l 

sto ck  w h ich  m a y  occur as a result of orders p laced  prior to th e  p la n n in g  d a te). In fact, 

sin ce K : is co n sta n t, w e h a v e th a t Pi =  0. H ow ever, th e  an alysis o f m u ltip ro cess th eory  

rem ain s v a lid  w ith o u t su ch  assu m p tion s.

O w in g to  th e  a d d itio n a l stru ctu re im p o sed  on  th e  p rob lem  b y  T o m iy a m a  and  

R ossan a, co n d itio n  3 .5 .2 3  g iv es th e  follow ing in tegral m a tch in g  condition:

R (I 2(v *))e rv’ +  B ( I 2(v *)) +  (G w/ P ) I 2(v *) - p 2( V ) I 2(V )

oo

[R (I2(t))rerv* +  (G 0/P )a '(v * )I 2(t)] e
-r(t-v ')

dt. (3 .5 .2 9 )

B y  im p o sin g  q u adratic form  a ssu m p tio n s as in  th e  eco n o m ics litera tu re, w e can  sim p lify

th is  exp ression . W e a ssu m e th a t

F (K ,L ) =  c„K +  ( c ,/ 2 )K 2 +  d 0L +  (d ,/2 )L 2 +  e,K L ,

c 0, d 0, e ! > 0 ,  c l5 di < 0 ,  e ^ - C id jC O ,
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R (I)) =  (s 1/ 2 ) I 2, B (I) =  ( q ,/ 2 ) I 2, Sl,q , > 0 .

U sin g  th ese  a ssu m p tio n s and elim in a tin g  p 2 from  (3 .5 .2 9 )  v ia  (3 .5 .2 6 ),  w e o b ta in

oo
( ( s 1/ 2 ) e rvV ( q i / 2 ) ) l 2(v U 2= -  [(s1/ 2 )I 2( t )2rerv* + ( G 0/ P ) a /(v *)I2(t ) ]e  V ^dt

(3 .5 .3 0 )

T h is  co n d itio n  in d ica tes  th a t th e  firm  sh ould  ch oose its  d eliv ery  lag su ch  th a t th e  

p la n n in g  and in sta lla tio n  co sts  at th e d elivery  tim e  are equal to  th e  d isco u n ted  b en efits  

and co sts a tta ch ed  to  resources used in p lacin g  orders for goods and an y d isco u n ts or 

p rem ia  a sso cia ted  w ith  th e  p u rchase price o f ca p ita l goods for fu tu re d eliv ery . T h is  

co n d itio n  also show s th a t for th e  d elivery lag to  be non-zero, if  I (t) is p o s itiv e  (n eg a tiv e), 

th en  a '(v *) m u st be n eg a tiv e  (p o sitiv e). F in a lly , w e n o te  th a t v a ria tio n s in  th e  

p aram eters (G 0,P ,r,W ) also affect th e o p tim a l d eliv ery  lag.
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C h a p t e r  F o u r

A NECESSARY AND SUFFICIENT SENSITIVITY RELATION FOR 
CONSTRAINED END-POINT PROBLEMS

4.1 Introduction
In th is  ch ap ter w e consider th e  fo llow in g o p tim a l con trol p ro b lem , w h ich  w e  

la b el (P ).

M in im ize

1

L (t,x (t),u (t))d t,

0

su b ject to

x ( t )  =  f (t ,x (t ) ,u (t ) )  

u (t)  e  U

x (0 )  =  x o, x ( l ) e  C.

a.e. t €[0,1], 

a.e. t€[0,l],
(P )

T h e  d a ta  for p rob lem  (P ) are fu n ctio n s f:RxRnxRm —► Rn and L:RxRnxR m-+R, a 

su b set U  c  Rm, an n -vector x 0 and a n on -em p ty su b set C c R " .

T h e  m in im iza tio n  is co n d u cted  over ‘a d m issib le  p ro cesses’ w h ich  are pairs of  

fu n ctio n s (x(-),u (-)) in  w h ich  x (t )  is an a b so lu tely  con tin u ou s fu n ctio n  w h ich  is a so lu tio n  

to  th e  d ifferen tial eq u a tio n  x ( t )  =  f (t ,x (t ) ,u (t ))  and sa tisfies th e  b o u n d ary co n d itio n s  

x (0 )  =  x o, x ( l ) e C ,  and u (t)  is a corresponding m easu rab le fu n ctio n  sa tisfy in g  u ( t ) e U  

a lm o st everyw h ere. A  process w h ich  a ch ieves th e  m in im u m  is ca lled  a m in im izin g  

process.

W e assume that the data satisfy the following hypotheses in which the 

‘augmented velocity function’, f(-,-): [0,1] x RnxRm -» R n+1 is 

f (t,x,u) :=  col[L(t,x,u),f(t,x,u)].

( H i)  f(t,x,u) is measurable in t for fixed (x ,u )e R nxR m, and continuous in u for fixed 

(t,x )e[0 ,l]x R n,

(H 2) th ere e x ists  a fu n ctio n  a ( - ) e L 1 such th a t, for all x , y € R n, w e U ,  a.e. t e  [0,1], 

|f ( t ,x ,w )  - f ( t ,y ,w ) | < a ( t ) |x - y |,

(H 3) th ere ex ists  k ( - ) e L ° °  su ch  th a t, for all x e R n, w e U ,  a.e. t € [0 ,1 ],

|f ( t ,x ,w ) | < k ( t ) [ l  +  |x ( t ) |] ,

(H 4) U  is co m p a ct for a lm o st ev ery  t e  [0,1] and f (t ,x ,U )  C [0,1] x RnxR m, C c R n are 

clo sed  co n v ex  sets.
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W e are concerned  w ith  a rigorous ex p lo ra tio n  of th e  in terrela tio n  b e tw een  tw o  

im p o rta n t branches o f o p tim a l control th eory, n a m ely  th e  P o n try a g in  m a x im u m  

p rin cip le  and d y n a m ic p rogram m ing.

W e recall th a t th e  m a x im u m  prin ciple p rovid es a set o f n ecessa ry  co n d itio n s for 

an a d m issib le  process to  be o p tim a l and can be ex p ressed  as follows:

T H E O R E M  4 .1 .1  (M a x im u m  Principle): A s s u m e  that the data satisfy hypotheses (Hi) to 
(H4) a n d  that }(t,x,u) is continuously differentiable in the x variable. L et  n*(-)) be a 
m i n i m i z i n g  process. T h e n  there exists a n u m b e r  A 6 {0,1} a n d  a n  absolutely continuous 

function p(-):[0,l]-+ Rn s u c h  that A +  \p(l)\ ±  0,

-Pit) =  p(tyfx(t,x-(t),u-(t)) - xLr(<,*•(< ),« '(*)) 

H(t,x"(t))u ’(t),p(t),X) =  max. H(t,x‘(t),u,p(t),X)u E  U

a.e. te[0,l], 
a.e. te[0,l],

(4 .1 .1 )

(4 .1 .2 )

- p ( l ) e N c (x-(l)). (4 .1 .3 )

In th e  a b ove H is th e  H am ilto n ia n  fu n ctio n

H (t,x,u ,p ,A ) =  p -f(t,x ,u ) - A L (t,x ,u )

and N c.(x) d en o tes th e  (C larke) norm al cone to  th e  closed  set C at a p o in t x e C . R ecall 

th a t th e  (C larke) norm al cone is a gen eralization  to  closed  sets o f th e  u su al d efin itio n  o f  

n orm al con e exp ressed  in  term s o f ‘o u tw a rd ’ n orm al vectors to  a co n v ex  set. In th e  

a b sen ce o f th e  ‘co n tin u o u s d ifferen tia b ility ’ a ssu m p tio n  w e can rep lace eq u a tio n  (4 .1 .1 )  

by - p (t)  <E < 9H (t,x*(t),u*(t),p(t),A ).

H ere <9H d en o tes th e  gen eralized  gradient o f H in  th e  secon d  argu m en t, n a m ely  

d H (t,x,u ,p ,A ) =  c o |l i m  V H (t,- ,u ,p ,A )| w hen th e  ‘closed  co n v ex  h u ll’ op era tio n  co is tak en  

over all seq u en ces {xt} along w hich  th e (ordinary) grad ient V H (t,-,u,p,A ) ex ists  and for 

w h ich  x t-—>x and {V H (t,-,u ,p ,A )| has a lim it). For sm o o th  d ata, <9H is th e  sin gle-valu ed  

fu n ctio n  p - f* (t ,x ,u )-  A L *(t,x,u ), as in th e  sta te m e n t o f th e  th eorem . A p roof o f T h eo rem

4 .1 .1  m a y  be found, for ex a m p le, in F lem in g  and R ish el [F l]. For a p roof o f th e  

e x te n sio n  o f th e  classical m a x im u m  prin ciple o f P o n try a g in  to  cases w here th e  d a ta  is  

n on -sm ooth , see C larke [C3].

D y n a m ic  p rogram m in g is based on  p roperties o f th e  v a lu e  fu n ctio n  

V: [0 ,l]x R n-*R. For (s,£) e  [0,l]xlR n, V (s,£ ) is d efin ed  to  be th e  in fim u m  co st o f a p rob lem  

rela ted  to  (P ) in w h ich  th e  u n d erlyin g  tim e in terv a l [0,1] is rep laced  b y  [s ,l]  and th e  

in itia l s ta te  x 0 b y £, i.e.

,<L (t ,x (t ) ,u (t ) )d t: x (t )= f (t ,x (t ) ,u (t ) ) ,u (t ) €  U , x (s) = £ , x ( 1 ) e c 1.V(s,0:=lnf. (4 .1 .4 )
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S u p p o se for th e  tim e  b ein g  th a t th e  co n stra in t set C is all o f Rn (th u s th e  right en d ­

p o in t is e ffectiv e ly  u n co n stra in ed ), th en  h y p o th eses (H I) to  (H 4) en su re th a t th e  

ev a lu a tio n  of V  in v o lv e s ta k in g  an in fim u m  over a n on -em p ty set, w here th is  in fim u m  is 

b o u n d ed  b elow  — th u s V  is w ell-defined. H eu ristic  argu m en ts h a v e  b een  a d v a n ced  

su g g estin g  a  rela tio n sh ip  o f th e form:

(h ( t ) ,- p ( t ) )  =  W ( t , x - ( t ) ) >

w here h (t)  is th e  H a m ilto n ia n  fu n ctio n  ev a lu a ted  along x *(t)  an d  its  a sso cia ted  co sta te  

p(t):

h (t) =  H (t,x *(t),u *(t),p (t),A ).

H ow ever, su ch  arg u m en ts, d ep en d in g as th ey  do on th e  d ifferen tia b ility  o f V , ca n n o t be  

m a d e rigorous in a gen eral se ttin g  sin ce th e  d ifferen tia b ility  a ssu m p tio n  is n ot ju stified .

A s w e recall from  th e  in trod u ctory  ch ap ter, w eaker v ersion s o f th is  relation sh ip  

h a v e  b een  proved , an ex a m p le  of w hich  is p rovid ed  by th e  fo llo w in g  th eo rem  (d u e to  

V in ter  and W olen sk i [V3]):

T H E O R E M  4.1 .2:  A s s u m e  that the data satisfy hypotheses (HI) to (H 4 ) a n d  a s s u m e  that 
C = U n . L et  (x*(-),u* ( •)) be a min i mi z in g  process. T h e n  there exists a n  absolutely 
continuous function p(-): [0,1]— >IRn such that the pair  (A= l , p ( ‘)) satisfies conditions

(4.1.1) to (4.1.3) of the m a x i m u m  principle a n d  also satisfies the inclusion

(h(t), -p(t)) €  dV(t,x*(t)) a.e. te{0,l]. (4 .1 .5 )

N o te  th a t h y p o th esis  (H 3) ensures th a t V  is lo ca lly  L ip sch itz co n tin u o u s so th a t th e  

g en era lized  grad ient dV  o f V  is defined.

T h e  th eo rem  asserts th a t o ne  co sta te  can alw ays b e ch osen  to  sa tisfy  th e  

‘m in im u m  cost s e n sitiv ity  in clu sio n ’ (4 .1 .5 ). E x a m p les o f con trol p rob lem s are k n ow n  

w h ere certa in  co sta tes  fail to  sa tisfy  th e  in clusion.

T h e  ab ove resu lt, w hich  relates th e  m a x im u m  p rin cip le  to  d y n a m ic  

p rogram m in g, im p roves u p on  th a t o b ta in a b le  b y  th e  m eth o d s o f [V I] w h ich  require f  to  

b e co n tin u o u s w ith  resp ect to  th e  tim e  variab le an d  upon th a t o f [C6] w h ich  m erely  

esta b lish es  “ -p(t) e d * V ” and supplies no in fo rm a tio n  about h (t). A  sim ila r resu lt w h ich  

is b o th  n ecessary  a n d  su fficien t for o p tim a lity  in  a sm o o th  se ttin g  h as b een  p ro v ed  b y  

S u b b o tin a  [S3] w ho u ses th e  superdifferential o f V , dvV (t,x (t )) ,  (refer to  D efin itio n  2 .4 .1 )  

in stea d  o f th e  gen eralized  gradient of V.

W e now  turn our a tte n tio n  to  prob lem  (P ) w here C is so m e g iv en  closed , co n v ex  

co n stra in t set. T h e d iffic u lty  now  is th a t V  m a y  p ossib ly  be d isco n tin u o u s, an d  its
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d o m a in  (p o in ts in  (t,x ) sp a ce w hich  can be driven to  th e  term in a l co n stra in t set a t tim e  

t = l )  m a y  be a sm a ll su b set o f [0 ,l]x R n. T h u s relation sh ip  (4 .1 .5 ), w h ich  is ex p ressed  in  

term s o f a L ip sch itz co n tin u o u s fu n ctio n  defin ed  on som e ‘tu b e ’ ab ou t x*(-), d oes not  

e v e n  m a k e sense. W e sh all c ircu m ven t th e  d ifficu lty  by esta b lish in g  th e  relation sh ip  

(4 .1 .5 ),  n ot in term s o f th e  v a lu e fu n ction , b u t in stea d  in  term s o f a fu n ctio n , n a m ely  a 

v erifica tio n  fu n ctio n , h a v in g  related , b u t often  nicer, p roperties.

A s w e h a v e d iscu ssed  in  our in tro d u cto ry  ch apter, v erifica tio n  fu n ctio n s arise in  

H am ilto n -J a co b i th eory. T h e th eory, as it  relates to  prob lem  (P ), co n ta in s tw o  m ain  

elem en ts:

(i) v erifica tio n  th eo rem s and

(ii) p rop erties o f th e  v a lu e  fu n ction .

T h ese  are lin k ed  b y  th e  H am ilton -Jacob i eq u ation  or its  related  in eq u a lity .

W e again  recall (from  C hapter 1) th a t a verifica tio n  th eo rem  (or th e  H am ilton-  

J acob i v erifica tio n  tech n iq u e) is a su fficien t co n d itio n  for an arc to  be m in im iz in g  - th is  

is ex p ressed  in  term s o f ‘verifica tio n  fu n c tio n s’ w h ich  are so lu tio n s to  th e  H am ilton-  

J acob i eq u a tio n  (su ita b ly  d efin ed ) and its  a sso cia ted  b ou nd ary co n d itio n . H ow ever, th e  

v a lu e  fu n ctio n  also p rovid es a so lu tio n  to  th e  H am ilton -Jacob i eq u a tio n  in  th e  

ap p rop riate sense.

R ecen t research has show n th a t th e req u irem en ts on v erifica tio n  fu n ctio n s to  be  

cla ssica l C 1 so lu tio n s to  th e  H am ilton-Jacobi eq u a tio n  m a y  b e  w eak en ed  u sin g  n o n ­

sm o o th  an alysis, to  in clu d e fu n ction s <p w h ich  are lo ca lly  L ip sch itz  co n tin u o u s on  

[0 ,l]x R n and w h ich  are ta k en  to  be ex ten d ed  so lu tio n s to  th e  H am ilton -Jacob i eq u a tio n  

(see  e.g. Clarke and V in ter  [C5]).

V in ter  and W o len sk i [V4] h ave proved a su fficien t co n d itio n  of o p tim a lity  in  

term s o f lo ca lly  L ip sch itz  verification  fu n ctio n s, for a class o f free en d-point p rob lem s  

w ith  term in a l cost g (x ( l ) ) .  T h ey  u se a class of verifica tio n  fu n ctio n s w h ich  are d efin ed  as 

low er-D ini so lu tio n s o f th e  H am ilton -Jacob i in eq u a lity , i.e. fu n ctio n s w h ich  sa tisfy

m in  d ~ < ^ (t ,x (t ) ); (1, f ( t ,x (t ) ,u (t ) ) ) )  > 0 (4 .1 .6 )

w ith  b ou nd ary co n d itio n  < £(l,x)= g(x) for all x e R n. H ere d <p(r);u) d en o tes th e  low er-D ini 

d eriv a tiv e  o f <f> in  th e  d irectio n  w:

d <t>{r)\u):= lim ^in f h ^ (r / d - h u )  - <£(77)}. (4 .1 .7 )

T h e  p o in ts o f in terest here are th a t their resu lts are v a lid  for d a ta  w h ich  are m ea su ra b le  

in  th e  tim e  variab le and furtherm ore, sin ce th e  v a lu e  fu n ctio n  serves as a v erifica tio n
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fu n ctio n , w e are assured th a t o p tim a lity  of a p u ta tiv e  m in im izer can b e con firm ed  b y  an 

ap p rop riate v erifica tio n  fu n ction .

T h eir approach is b ased  on th e  fo llow in g a ssertion s (also p roved  in  [V4]):

- th a t th e  v a lu e fu n ctio n  is in d eed  a v erifica tio n  fu n ctio n  and is id en tifia b le  as th e  

m a x im a l e lem en t in  th e  se t o f verifica tio n  functions;

an d  m oreover,

- th a t th e  v a lu e  fu n ctio n  is a  low er-D ini so lu tio n  o f a su ita b ly  d efin ed , ex te n d e d  

H am ilton -Jacob i eq u a tio n  w hich  replaces th e  w eaker in eq u a lity  co n d itio n .

W e u se th ese  d ev elo p m en ts as a sta rtin g  p oin t to  o b ta in  a m in im u m  cost 

s e n sitiv ity  rela tio n  b etw een  th e  co sta te  p(-) of th e  m a x im u m  p rin cip le an d  th e  

su p erd ifferen tial dvW  o f so m e verification  fu n ctio n  W , n am ely,

(h (t ) ,  - p (t))  e  d vW (t ,x * (t )) ,  w here (x *(-),u *(-)) is an o p tim a l process.

W e show  fu rth erm ore, th a t th is in clu sion , to g eth er w ith  th e  co n d itio n s in  th e  

P o n try a g in  M a x im u m  P rin cip le , are sufficient (as w ell as n ecessary) for o p tim a lity .

T h is ex ten d s resu lts  from  th e  earlier litera tu re w hich  are ex p ressed  in  term s of 

th e  v a lu e  fu n ctio n , as it  p erm its th e use of a broader class o f fu n ctio n s w h ich  are well- 

d efin ed  ev en  in  th e  p resen ce o f end-point con strain ts. P roof o f th e  th eo rem  h in g es on  

co n sid era tio n  of ap p rop riate au xiliary con trol p rob lem s and is in  tw o  parts.

In th e  first part w e trea t a fix ed  end-point p roblem . T h e  critica l id ea  here is  th a t  

th e  fix ed  right end -p oin t con strain t can be rep laced  b y  a s tr ic tly  d ifferen tia b le  p en a lty  

fu n ctio n  under th e  str ict n o rm a lity  h y p o th esis  (H ) o f S ectio n  4 .3 . T h e  m o st ch a llen g in g  

step  is to  d em o n stra te  e x iste n c e  o f a v erifica tio n  fu n ctio n  u nder (H); w e sh ow  th a t th e  

v a lu e  fu n ctio n  o f th e  p en a lized  prob lem  is a su ita b le  ca n d id a te  as th e  v erifica tio n  

fu n ctio n  for th e  origin al p rob lem  (P ).

In th e  secon d  part w e relax th e restrictio n  th a t C com p rises a s in g le  p oin t. 

R ed u c tio n  of a gen eral co n v ex  con strain t set to  a  sin gle p o in t b y  e x te n d in g  th e  

u n d erly in g  tim e  in terv a l o f  th e  prob lem  is in v o lv ed .

T h e fu n ctio n  f ( t ,x ,u )  is p erm itted  to  be m erely  m easu rab le in  th e  t im e  variable; 

th e  m eth o d s in  [S3] are m ore restr ictiv e  sin ce th ey  in v o lv e  ta k in g  tim e  d er iv a tiv es  o f f  

and co n seq u en tly  trea t o n ly  prob lem s w ith  d a ta  sm o o th  in th e  t im e  variable. f ( t ,x ,u )  is 

required, h ow ever, to  b e co n tin u o u sly  d ifferen tiab le in  th e  s ta te  variable.

W e n o te, fin a lly , th a t o p tim a lity  co n d itio n s in v o lv in g  H am ilto n -J a co b i th eo ry  

(b u t n ot in v o lv in g  s e n sitiv ity  in clu sio n s) h a v e  b een  p rev io u sly  o b ta in ed  for n on-norm al 

co n tro l p rob lem s (i.e. th o se  in w h ich  th e  m a x im u m  p rin cip le  p ro v id es tr iv ia l 

in fo rm a tio n  ab ou t th e  o p tim a l p rocess) see e.g. V in ter  and M en d o za  [V2]. T h eir  resu lts
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are less co n v en ien t th a n  ours h ow ever, b eca u se th e y  are ex p ressed  in  term s o f a 

seq u en ce o f lo ca lly  L ip sch itz con tin u ou s fu n ctio n s (in stea d  o f th e  sin g le  fu n ctio n  w e  

em p lo y ).

4 . 2 .  P r e l i m i n a r y  R e s u l t s

T h e fo llo w in g  resu lts  (a  straightforw ard e x ten sio n  o f resu lts  o f V in te r  and  

W o len sk i [V 4] to  allow  for an in teg ra l co st) exp ress p recisely  th e  id ea s d iscu ssed  in  th e  

p reviou s sectio n . W e sh all m a k e use of th em  in  th e  proof o f th e  m a in  th eo rem  o f th e  

chapter.

D E F IN IT IO N  4.2.1: S u p p o s e  (j>:[0,l]xRn -*R. T h e n  <j> is called a  v erifica tio n  fu n ctio n  (for 

the problem,  (P )) if:

(a) <f>(-,-) is locally Lipschitz continuous,

( b) <f>(l,£) <  0 for all £ e C ,
( c) there exists J C [0,1] of m e a s u r e  zero so that for all t g J  a n d  f  e  IRn,

jmra {cT<j)((t,x);(l,f(t,x,u))s) +  L(t,z,u)} >  0. (4 .2 .1 )

W e now  q u o te tw o  th eo rem s for w hich  w e a ssu m e th a t C = R n i.e. th e  right en d ­

p o in t is u n con strain ed . H ow ever, as w e shall see  in  th e  n ex t sectio n  th e  id ea s do e x ten d  

to  th e  co n stra in ed  end-point problem .

T h e first th eo rem  in  th is  sectio n  asserts th a t th e  va lu e fu n ctio n  V  is in d eed  a  

v erifica tio n  fu n ctio n  and m oreover th a t it  is th e  m a x im a l e lem en t in  th e  set of 

v erifica tio n  fu n ctio n s. F u rth erm ore, V  has th e  a d d itio n a l property th a t th e  in eq u a lity  in

(4 .2 .1 )  can be rep laced  b y th e stronger H am ilton -Jacob i eq u ality .

T H E O R E M  4.2.2: S u p p o s e  that C = R n a n d  sup p os e  that the data satisfy the basic 
hypotheses. T h e n  V  is a verification function that satisfies, for e ach (t,£) 6  [0 ,I ]xRn,

V{t,i)=max^<j>{t,^)\ <t> is a verification function^ . (4 .2 .2 )

M o r e o v e r ,  V  satisfies the H am i lton-Jacobi equation in the following f o r m  using lower- 

D i n i  derivatives: for t & J  a n d  fGR", w e  have

mn{(T<l>(jit,x);(l,J(t,x,u))>) -f L(t,x,ujj =  0. (4 .2 .3 )

Proof:  see [V4].

T h e  secon d  th eo rem  in  th is  sectio n  p rovid es a set o f n ecessa ry  and su fficien t  

co n d itio n s o f o p tim a lity  ex p ressed  in  term s o f v erifica tio n  fu n ction s.
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T H E O R E M  4 .2 .3  (H am ilton -Jacob i V erifica tio n  T echnique): S u p p o s e  that C = R n a n d  
s up p os e  that the data satisfy the basic hypotheses. T h e n  (x*(-),u*(-)) is a n  optimal solution 
to (4.2.1) if a n d  only if there exists a verification function <j> s uch that

<t>{0,x 0)

1

L(t,x*(t),u*(t))dt.
0

Proof:  see [V4],

(4 .2 .4 )

4.3 The ‘Strengthened Normality’ Condition
A  k ey role in th e  new  o p tim a lity  co n d itio n s o f th is  sectio n  is p la y ed  b y  a 

n o n d eg en era cy  co n d itio n , stren g th en ed  n o rm a lity . In th is  sectio n  w e d efin e th is  co n cep t 

and g iv e  a su fficien t co n d itio n  for stren g th en ed  n o rm a lity  in term s o f co n tro lla b ility  o f a 

lin ea rized  sy stem . T h e fo llo w in g  d efin ition  relates to  problem s w ith  d a ta  co n tin u o u sly  

d ifferen tia b le  in th e  x variable.

S tren g th en ed  N o rm a lity  H y p o th esis  (H )

P ro b lem  (P ) has a u n iq u e m in im izer (x*(-) ,u *(-)), there is a u n iq u e fu n ctio n  

p (-):[0 ,1 ]—>IRn w h ich  is a b so lu tely  con tin u ou s and sa tisfies

- p (t)  =  p (t )- fr (t ,x * (t ) ,u * (t ) )  - L a:(t,x*(t),u*(t)) a.e. t 6  [0,1] (4 .3 .1 )

H (t,x * (t ) ,u * (t ) ,p (t ))  =  m a x H (t,x * (t ),u ,p (t))  a.e. 1 6  [0,1] (4 .3 .2 )

- p ( l )  e N C(X*(1)) U€  (4 .3 .3 )

and, for a lm o st every  t e [ 0 , l ] ,  un->H (t,x*(t),u,p(t)) has a unique m in im izer  over U.

O ne situ a tio n  w here stren g th en ed  n o rm a lity  is a u to m a tica lly  sa tisfied  is w hen  

th ere is a u n iq u e o p tim a l con trol and C = R ”. For th en  p(-) is th e  u n iq u e so lu tio n  to  th e  

d ifferen tial equation:

- p (t )  =  p ( t )- f * ( t ,x * (t ) ,u * (t ) )  - L r (t,x *(t),u *(t))  a.e. t e [ 0 , l ]

-P ( l)  =  o.
W h en  C is n ot th e  w h ole sp ace, p(-) n eed n ot be u n iq u e (even  w h en  th ere is a u n iq u e  

o p tim a l con trol), b eca u se o f th e  la titu d e  w h ich  m a y  b e ava ila b le to  us in  ch o ice  o f p(-) 

to  sa tisfy  th e  bound ary co n d itio n  

- p ( l )  €  N c (x * ( l) ) .

W e n ow  exp lore th e  ex tr e m e  case o f th is situ a tio n  w hen  C = {x!}, for som e x ^ R " .  T h is  

corresponds to  a prob lem  w ith  fixed  right end-point; now  th e tra n sv ersa lity  co n d itio n  is 

- p ( l)e lR n and so co n v ey s n o in form ation  about p(-). H ere a co n tro lla b ility  ty p e  criterion  

can be g iv en  for stren g th en ed  n orm ality .
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D E F IN IT IO N  4.3.1: L et  (x*(-),u*(-)) be a process. W e  say the linearized s y s t e m  about 
x*(-) is controllable ift% = R n , w h e r e

<&:={y(l): y(-) satisfies y(t)=A(t)y{t)-\- B(t)u(t) a.e. te[0,l], y ( 0 ) = 0  for s o m e

u (-)e  £ 2( [ M ; « n }

w h e r e  A(t):=f3:(t,x*(f))u m(t)) a n d  B{t):=fu(t,x*(t),u*(t)).

A  w ell-know n eq u iv a len t d efin itio n  o f local co n tro lla b ility  is th e  fo llo w in g  (see [B4]):

“ L et z 0 b e an arbitrary non-zero n-vector. T h en  y ( t ) = 0  on  [0,1], w here y (t )  is th e  

so lu tio n  of

z (t )  =  A T(t )z ( t ) ,  z ( 0 ) = z o, 

and y (t )  =  B T( t ) z ( t ) . ”

A lth o u g h  less in tu itiv e , th is is often  th e  m o st co n v en ien t form  o f th e  ‘local 

c o n tr o lla b ility ’ h y p o th esis  for ap p lication  purposes.

P R O P O S IT IO N  4.3.2: S u p p o s e  there is a unique m i n i m i z e r  (x*{t),u*{t)) for (P), the 
linearized s y s t e m  is controllable a n d  u*(t) einterior{U) for all t, then  (P) satisfies the 
strengthened normality hypothesis.

Proof:  S u p p ose u * ( t ) e i n t ( U )  and th a t U equ als th e  space IRm. A lso  su p p ose th a t th e  

lin earized  sy ste m  d escrib ed  b y x (t )  =  fx (t,x *(t),u *(t))- x (t)- f  f« (t ,x * (t ) ,u ,‘(t))-u (t) is 

con trollab le.

A ssu m e th a t p(-) is non-unique. Let f j ( t ,x * ( t ) ,u * (t ) )  and fu (t ,x *(t ) ,u *(t ))  d en o te  th e  

m a trix  tran sp ose o f fr (t ,x * (t) ,u * (t ))  and fu (t,x *(t),u *(t))  resp ectiv ely . T h en  th ere ex ist  

P i(•) and p 2(-) such th a t

—P i(t ) =  fr " (t ,x *(t ) ,u *(t ))p 1(t) - L « (t ,x * (t ) ,u * (t ))

- p 2(t) =  f J ( t , x * ( t ) , u * ( t ) ) p 2(t) -  L x ( t ,X * ( t ) ,U * ( t ) ) .

B y  in terio rity  of u *(t) w e h a v e th a t

^ j [ P i( t ) - f ( t ,x ' ( t ) ,u * ( t ) )  - L (t ,x * (t ) ,u '( t ) ) ]  =  0 

A [ p 2(t )- f (t ,x * (t ) ,u - (t ))  - L (t ,x ‘( t ) ,u '( t ) ) ]  =  0.

S u b tra ctin g  th e eq u a tio n s g ives

- (P i(t)  - p 2(t)) =  f i ’( t , x * ( t ) , u * ( t ) ) . ( p 1(t) - p 2(t))

(Pi ( t )  - p 2( t ) )- f u (t ,x * (t ) ,u * (t ) )  =  0.

D efin in g  q (t) =  p i ( t ) - p 2(t), w e th en  ob ta in  th e  sy ste m  of eq u ation s  

-<i(t) =  f J ( t ,x - ( t ) ,u * ( t ) )  q (t)  

y (t )  =  f l ( t ,x * ( t ) , u * ( t ) ) q ( t ) ,

w here y(-) is th e o u tp u t. S in ce th e linearized  sy ste m  described b y  fx (t ,x *(t ) ,u * (t))  and  

fu (t,x *(t),u *(t))  is con trollab le, w e h ave, b y  th e  ab ove ob serv a tio n , th a t q(-) =  0  i.e. 

px(•) =  p 2( ■ ) and th e  co sta te  is unique. □
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4 . 4  T h e  M a i n  R e s u l t

T h is  sectio n  p ro v id es a sta te m e n t of th e  m ain  results. A d d itio n a l h y p o th e ses  are 

in v o k ed  (th e  p rocess (x*(-),u *(-)) to  w hich  th e y  m ak e reference b ein g  d eterm in ed  b y  

c o n te x t).

(H 5 ) For each  t e  [0,1], f ( t ,- ,u * (t ) )  is co n tin u o u sly  d ifferen tiab le in  a n eigh b ou rh ood  of  

x *(t).

(H ) (S tren g th en ed  n o rm a lity  hypothesis): T h ere is a u n iq u e m in im izer  (x *(- ),u *(- )) to  

p rob lem  (P ), a u n iq u e co sta te  p(-) (corresponding to  th e  cost m u ltip lier  A = l)  

a sso cia ted  w ith  (x*(-),u *(-)) and, for a lm o st ev ery  t e [ 0 , l ] ,  u ^ H ( t ,x * ( t ) ,u ,p ( t ) )  has a 

u n iq u e m in im izer  over U.

T H E O R E M  4.4.1:

Let  (xm(-),u* ( •)) be a n y  admissible process for the given problem. A s s u m e  that the data 
satisfy hypotheses (Hi) to (H 4 ).

i) (Necessity)

A s s u m e  additionally (H 5 ) a n d  the strengthened normality hypothesis (H). S u p p o s e  
( ! * ( • ) ,u*(*)) is minimizing. T h e n  there exists a verification function <f>(-, •):[#,i]xR"-+OI 

satisfying

r m r ^ ^ d T  <p((t,x);(l,f(t,x,u))^ +  L(t,x,u)j =  0 a.e. te[0,l], VzeIRn (4 .4 .1 )

<f>(0,xo)

1

L(t,x*(t),u*(t))dt
0

(4 .4 .2 )

and, corresponding to a n y  such verification function, there exists a unique absolutely 

continuous function p(-):[0,l)— *-!Rn such that

=  Hi)

a.e. t£[0,l], 

a.e. te[0,l],

a n d

- p ( l ) z N n (x'(l))

(h(t),-p(t))ed^(t,x*(t)) a.e. te[0,l]

(w h e r e  h(t):= sup \p(t)-f(t,x*(t),u)-L(t,x*(t),u)\).
u e U 1 J

(4 .4 .3 )

(4 .4 .4 )

(4 .4 .5 )

(4 .4 .6 )
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it) (Sufficiency)
L e t  4> be a n y  verification function  ^ ( v ) : [ 0 , i ] x R n—̂>R. 

function p(-):[0,l]— > R" satisfying

S u p p o s e  there exists a costate

- p ( t ) e d , H ( t ,  x ’ ( t ) , u ’ ( t ) , V ( t ) ) a.e. t e  [ 0 , 1 ] , (4 .4 .7 )

H(t,x'(t),u'(t),v (t)) =  hft) a.e. t£[0,l], (4 .4 .8 )

- p ( l ) e N c (x*(l)) (4 .4 .9 )

a n d

( h(t),-p(t))<=d''<Kt,x'(t)) a.e. t e  [ 0 , 1 ] (4 .4 .1 0 )

in relation to <f), then (x*('),u*(-)) is a mi n i m i z i n g  process.

R em arks:

1) T h e th eo rem  giv es n ecessary  con d ition s for th e e x isten ce  o f a m in im iz in g  process  

th rou gh  a class of v erifica tio n  fu n ctio n s (in relation  to low er-D ini so lu tio n s o f th e  

H am ilton -Jacob i eq u a tio n ) and th e eq u ation s o f th e  m a x im u m  p rin cip le w h ich  are 

co u p led  w ith  a s e n sitiv ity  in clu sion  exp ressed  in  term s o f th e  su p erd ifferen tial o f a 

v erifica tio n  fu n ctio n . T h e  oth er resu lt in  T h eo rem  4 .4 .1  (w h ich  has no p arallel in  

T h eo rem  4 .1 .2 )  is a set o f su fficien t conditions; even  for n on -sm ooth  d ata, th e  

‘m a x im iz a tio n  o f th e  H a m ilto n ia n ’ con d ition  from  th e  m a x im u m  p rin cip le and th e  

stren g th en ed  s e n sitiv ity  in clu sio n  in  term s o f a verification  fu n ctio n  <j) assure th a t th e  

process (x *,u *) is m in im izin g .

2 )  ‘N o r m a lity ’ is u su a lly  tak en  to  m ean  th a t th ere ex ist co sta te  fu n ctio n s a sso cia ted  

w ith  a non-zero ‘cost m u ltip lie r ’ (see C hapter 2). Our ‘stren g th en ed  n o r m a lity ’ 

h y p o th e sis  requires n ot o n ly  ex isten ce  o f such co sta te  fu n ctio n s, b u t u n iq u en ess as w ell, 

as th e  con trols range over all o p tim a l controls for th e o p tim iz a tio n  p roblem .

3) W e n o te  th a t th e  v erifica tio n  fu n ctio n  o f th e  th eo rem  sa tisfies th e  stronger H am ilton-  

Jacob i eq u a lity . F u rth erm ore, v ia  eq u ation  (4 .4 .2 ), th e  th eo rem  also in corp orates resu lts  

for th e  con strain ed  end-point case th a t are sim ilar to  th e H am ilton -Jacob i v erifica tio n  

tech n iq u e o f th e  p revious section .



A Necessary and Sufficient Sensitivity Relation 68

4 . 5  P r o p e r t i e s  o f  t h e  c o s t  a n d  v a l u e  f u n c t i o n s

G iven  an a d m issib le  process (x (- ),u (- )) for (P ), w e can a sso c ia te  w ith  it  a  cost  

fu n ctio n  V: [0,l]x!Rn—>IR, as follow s. For (s ,f )  e [0,l]xlR n,

V ( s , 0 :

1

L (t ,x (t ) ,u (t ) )d t (4 .5 .1 )

w here x(-) is th e  so lu tio n  to  th e  differential eq u ation

x (t )  =  f ( t ,x ( t ) ,u (t ) )  a.e. t € [ s , l ]  (4 .5 .2 )

w ith  b ou nd ary co n d itio n

x (s ) =  f. (4 .5 .3 )

It is clear from  th is  d efin ition  th a t V  is th e v a lu e  fu n ctio n  th a t w ould  resu lt from  

rep la cin g  th e con trol co n stra in t set U b y th e  su b set (u (t)}  a lm o st everyw h ere. A  d irect 

co n seq u en ce of th is  o b serv a tio n  and th e  p rin ciple of o p tim a lity  is th e  fo llo w in g  

rela tio n sh ip  b etw een  V  and V  (th e v a lu e fu n ctio n  as d efined b y  eq u a tio n  (4 .1 .4 )).

L E M M A  4.5.1: F o r  arbitrary  (s ,£ ) e  [0,l]xRn w e  have

V(s,£) <  V(s,£). (4 .5 .4 )

If (x(-), u(-)) is a m i n i m i z i n g  process for (P) then, for a n y  s e [ 0 , l ]

7 ( s ,z ( s ) )  =  7 ( s , x ( s ) ) .  (4 .5 .5 )

W e n o te  a d ifferen tia b ility  p roperty of th e v a lu e  fu n ctio n  V; th is  fo llow s d irectly  

from  th e  fact th a t V  is lo ca lly  L ip sch itz con tin u ou s (see [V 4]) and th a t th e  co m p o sitio n  

o f a L ip sch itz co n tin u o u s fu n ctio n  and an a b so lu tely  co n tin u o u s fu n ctio n  is a b so lu tely  

con tin u ou s.

P R O P O S IT IO N  4.5.2: A s s u m e  hypotheses (HI) to (H 4 ). Let  (x(-),u ( •)) be a n  arbitrary 

process. T h e n  t V ( t , x ( t) )  is a n  absolutely continuous function.

T h e fo llo w in g  p ro p o sitio n  su m m arises th e  relev a n t d ifferen tia b ility  p rop erties of 

th e  co st fu n ctio n , V .

P R O P O S IT IO N  4.5.3: L et  ( 5 ( * ) , i t ( - ) )  be a n  admissible process for p r o b l e m  (P), a n d  take 

P (- ,* ):[0,l]xMn — as defined in (4.5.1). S u p p o s e  that hypotheses (Hi) to (H5) are 
satisfied (in relation to ( $ ( • ) ,! * ( • ) ) ) .  Let te[0,l) be a L ebesgue point of s>-+f(s,x(s),u(s)) 

a n d  let {a,}; { r j  a n d  {e,} be arbitrary convergent sequences in  IRn, IR a n d  IR+ respectively 

with limits a, r a n d  0 respectively.
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T h e n

* r 1{ ^ ’( * +cir » - V’ , -p (i)) • ( t-, a) as w o o  (4 .5 .6 )

w h e r e  p(-) solves
-p(t) =  p(t) • fx(t,x(t),u(t)) - L x(t,x(t),u(t)) a.e. te[0,l]  (4 .5 .7 )

with b o u n d a r y  condition
-p{l) =  0, (4 .5 .8 )

a n d  h(t) is the function

h(t) =  p(t) •A t , x ( t ) , m ) - L(t,x(t),m)-  (4-5.9)

P ro o f of th e  p ro p o sitio n  is preceded b y a n u m ber of tech n ica l lem m as.

L E M M A  4.5.4: Let  (z ( .) ,  u(-)) be a n  admissible process for p r o b l e m  (P) a n d  let 
V '(- ,- ): [^ i]x R " —*>IR be as given by (4.5.1). S u p p o s e  that hypotheses (HI) to (H5) are 
satisfied (in relation to (2: (• ) ,& (• ))) .  T a k e  te[0,l) to be a Leb e sg u e  point of 

st-*f(s,x(s),u(s)) a n d  let {rt} a n d  {et} be arbitrary convergent sequences in R  a n d  R + 

respectively with limits r a n d  0 respectively. T h e n

7 ^ + c i r i , 5 ( i + € i r f) )  - V ( t + c iT , ^ t ) + e iTf(t)̂ t ) )u(t)j^ =  0. (4 .5 .1 0 )lim e,-1
l —y OO

Proof:  W e know , b y th e  a b so lu te  co n tin u ity  o f x(-), th a t

V ^ t + f 1r ,- ,x (t+ e ,r t) )  =  V ( t + e |.r |. ,x ( t )+ J  x ( s )d s )

t+ f. -T ;

=  V ( t + e l-Ti ,x (t)+  f(s,x(s),u(s))ds)
t

F u rth erm ore, sin ce t is a L ebesgue p oin t of si-+ f(s,x(s),u(s)), th en

i

f(s,x(s),u(s))ds -+ rf(t,x(t),u(t)) as w o o , r t-—*r.

H en ce, b y local L ip sch itz co n tin u ity , there ex ists  K > 0  such th a t for each  i, 

e r 1{ |v ( t + e iT ;,x (t+ e t-rt-)) - V ( t + e tr , x ( t ) + e tr f ( t ,x (t ) ,u (t ) ) )

-1 V(t+eiri,x(t)+ f(s,x(s),u(s))ds) - V t̂-fftr,x(t)-f e,rf(t,x(t),u(t))̂
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t + ( - r  ■

1 f (s ,x (s ) ,u (s ))d s )  - ( r ,r f ( t ,x ( t ) ,u ( t ) ) ) 0 as i —► oo.

T h e assertion  follow s. □

L E M M A  4.5.5: Let  ($(■ ), E (*)) be a n  admissible process for p r o b l e m  (P) a n d  a n d  let 

be as given by (4.5.1). S u p p o s e  that hypotheses (HI) to (H5) are 

satisfied (in relation to ( 5 ( * ) , S ( * ) ) ) .  Let  { r j ,  {a,} a n d  { e j  be arbitrary convergent 
sequences in  IRn, R  a n d  IR+ respectively with limits a, r a n d  0 respectively. T h e n

lim  e”1 |V’( i+ c ir i; z (t )+ e .a ,)  - x (t)- fe ,a ) | =  0  (4 .5 .1 1 )
2—*• OO

Proof:  B y  local L ip sch itz  co n tin u ity  there ex ists  K > 0  su ch  th a t for each  i,

V ( t + € tr i ,x ( t ) + € 1a , ) - V ( t + e , r , x ( t ) + e ia )  < ^ K c i |( r f,ai ) - ( r , a ) |

T h e right-hand sid e o f th e  ab ove exp ression  has lim it zero as i —>oo. T h e assertion  

follow s. □

L E M M A  4.5.6: L et  ( $ ( • ) ,  & (•)) be a n  admissible process a n d  sup p os e  that hypotheses (HI) 
to (H5) are satisfied (in relation to ( 5 ( • ) , £ ( • ) ) ) .  Let x(-) solve t(t) =f(t,x(t),u(t)) a n d  let 

x €*(') solve ft€'(t) =f(t, x €*(t), u(t)) w h e r e  x €'(0) = x ( 0 )  +  i.e. there is a perturbation in 
the initial condition.

T h e n  e~l(x€'(t)-x(t)) converges uniformly to y(t) w h e r e  y(t) solves 
y(t)==fx(t,x(t),u(t))y(t)

y{0)=£-

Proof:  W e know  b y  th e  grow th  co n d itio n  (h y p o th esis  H 3) and b y th e  stan d ard  th eo ry  of 

ordinary d ifferen tial eq u ation s th a t x C'(-) is b ou n d ed  and e x ists  for each  et- > 0 .

W e w ish  to  show  th a t ( x 6* ( t ) - x ( t ) )  is u n iform ly bounded.

B y  h y p o th esis  H 2 on th e  d a ta  w e h ave th a t

I £ f ‘( t ) -  * ( t ) |  =  |f ( t ,x e‘( t ) ,u ( t ) ) - f ( t ,x ( t ) ,u ( t ) ) | < a ( t ) |x e‘( t ) - x ( t ) | a.e. t e  [0,1].

W e now  p a u se to  show  th a t | ^ ( x e,( t )- x ( t ) ) | =  ^ | ( x e,( t )- x ( t ) ) | a.e. 

S e ttin g  z (t)  =  x e* (t )- x (t), w e h a v e th a t

d_
dt

z ( t ) | = hlim  h _1( |z ( t + h ) | - |z ( t ) |)  =

' lim h 
h-+0
lim -h 

'h—>0

1̂ z(t-fh)-z(t)̂  if z(t)>0 

-1̂ z(t-fh)-z(t)j if z(t)<0
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and T r |z ( t ) |=  lim  h 1f |z ( t + h ) |- 0 ) =  lim  |h  1 z(t-f-h.)| if  z (t )= 0 .  
a t h —>0 ' ' h-+0

T h u s, in  general, at ev ery  p oin t t w here z (t)  and |z ( t ) | are d ifferentiable,

l ^ Z(t )i = ^ | Z(t ) | .

B u t sin ce  z(-) and |z ( *) | are L ip sch itz co n tin u o u s, th ey  are d ifferen tia b le a lm o st  

ev ery w h ere and th is  re la tio n sh ip  is satisfied  a lm o st everyw here.

T herefore w e can a p p ly  G ro n w a ll’s lem m a  to  ob ta in

t

|x e‘( t ) - x ( t ) | < |x e* (0 )- x (0 ) | e x p j j a ( s ) d s j ,  (4 .5 .1 2 )

0

w here |x e* (0 )- x (0 ) | =  etf.

T h u s w e h a v e show n th a t x e‘(t )- x (t )  is u n iform ly  bounded.

W e k n ow  th a t th e  seq u en ce {e,} ten d s to  zero. C o n seq u en tly  th e  right-hand sid e of 

(4 .5 .1 2 )  ten d s to  zero for all t 6 [ 0 , l ]  and therefore x f , (t) ten d s to  x ( t )  u n iform ly  as £ ,—► (). 

F u rth erm ore, w e n o te  th a t

-• 1( x C,( t ) - x ( t ) ) |< ^ e x p {  a ( s ) d s |

0

and is th erefore b ou nd ed  for each  i.

W e now  w ish  to  show  th a t e” 1( x C,(t )- x (t ))  con verges to  y (t).

U sin g an ex a ct first order T a y lo r exp an sion  o f th e  d a ta  about x (t ) ,  w e h a v e

f ( t , x £t( t ) ,u ( t ) )  - f ( t ,x ( t ) ,u ( t ) ) x (t ) )

uilnere := J f j t ,  icCtV X ^ ) ~  U .

O

H ence

*  * ( t )  _
Cf

x 6t'(t)- x (t)

N ow  defin e  

y e’(t)
e „ , 1 = x ^ t j - x ( t )  ^  .e

y  *(t)
x  ‘( t )- x (t )

W e h a v e th a t y e*(-) so lves

y € ‘( t ) =  0 i ( k ) ^ ( k y  w here y f , (0) =  £. (4 .5 .1 3 )

N ow  —> fx (t ,x (t ) ,u (t ) )  a lm o st everyw h ere since x f ‘( t ) —>x(t) for all t.

W e d ed u ce from  th e  d ifferen tial eq u ation  (4 .5 .1 3 )  sa tisfied  b y  th e  y e,(-)’s th a t th e y  are 

in  fa ct u n iform ly  L ip sch itz  con tin u ou s. S tandard co m p a ctn ess arg u m en ts co u p led  w ith
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the above convergence properties now yield

uniformly,

where y(-) satisfies

y ( s ) =  fx (t ,x (t ) ,u (t ) )y (t )

y (0 )  =  e,

XC‘(t)-  x (t)  ... .r , _
i.e. — — — -» y(t) uniformly. □

W e now  co n tin u e w ith  our p roof of th e  con vergen ce p rop erties o f V .

P R O O F  O F  P R O P O S I T I O N  4 . 5 . 3

W e can w rite

lim  ^ { V tt- K - r ,- ,  x ^ d - q a ; )  - V (t ,x (t ) )}

=  lim 6 r 1{ V ( t + e tr 1- ,x ( t + e t-ri ) ) - V ( t ,x ( t ) )  +  V ( t + e i r i , x ( t ) + e fa l ) - V ( t + e 1-rl-,x (t+ e,-rl ))}

=  lim  { A i + B,.}

w here A,- := etr t-, x (t- f  e ,r ,)) - V ( t ,x ( t ) ) j

B i := £* ^ V ^ t- H fr ,- , x(t)+ e,-at) -  V ( t + e tr t-, x ( t + e t-rt) ) |.

F rom  th e  d efin itio n  o f V (-,-), (eq u ation  4 .5 .1 ), w e d ed u ce th at

Ar
-1

-1

L(s,x(s),u(s))ds - L(s,x(s),u(s))ds

.t +  C i T i

L (s ,x (s ) ,u (s ))d s |.

Now since t is a Lebesgue point of si-*L(s,x(s),u(s)), it follows that  

<+e»T»

lim L(s,x(s),u(s))ds =  L(t,x(t),u(t)).i— * o o
C . - - + 0  t

Hence,

.lim J{V(t-f , x ( t + e tr t))-  V (t,x(t))}
1 —► oo
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=  lim  et V - 
i— > o o

L (s ,x (s ) ,u (s ))d s j  

=  - r L (t ,x (t ) ,u (t )).

W e turn n e x t to  a n a ly sin g  (B ,) in  th e  lim it. B u t first som e new  n o ta tio n  is required. 

D efin e th e  a u g m en ted  s ta te  variable x (- ): [0 ,l]—>IRn+1 by:

x » + i(t)  
x (t )

x ( t )  =
L j

and d efin e th e  fu n ctio n s F:[0,l]xlR ri+1xlRm->IRn+1, G:IRn+1-+IR, by:

F (t ,x (t ) ,u (t ) )  =
L (t,x (t),u (t))'

f (t ,x (t ) ,u (t ) )
, G (x ) =  x n+1 ■

W ith  th is n o ta tio n , w e see th a t V (t,£ )  =  G (x ( l ) )  w here x(-) solves:

x (s )  = '*n+i(s)'
x (s )

=  F (s ,x (s ),u (s ))  a.e. s e [ t , l ] ,

x ( t )  =

F u rth erm ore, w e d efine th e  system :  

£ ( s ) = F r y (s )  a.e. s e [ t , l ]

y(t)= 0
a - r f(t ,x (t ) ,u (t ))

w here F j  is th e  ( n + l ) x ( n + l )  block m a trix
0 L a 

0 f ,

W e d en o te  b y J f ( l,t )  th e  ( n + l ) x ( n + l )  tra n sitio n  m a trix  for y ( s )= F j * y (s )  w h ich  is

u n iq u ely  d efin ed  b y  th e  fo llow in g properties:

4-X (T ,<r) =  -X(T,<r)F~ 
d a

X ( t ,t ) =  I  w here I  is th e  id e n tity  m atrix.

L et f  d en o te  f ( t ,x (t ) ,u (t ) ) .  W e have

(B <) = ^ { V ( t + € lr :- ,x (t )+ € ta t)-  V (t+ f ,T i , x ( t + e tr t) ) |

_  1
l { V ( t + f ir i ,x ( t ) + c ia i )-  V ( t + e ,r ,x ( t ) + e trf)}  +  0 ( e . )

b y L em m a  4 .5 .4
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=  ^ { V (t- K - r , x ( t ) + e ,a ) -  V (t+ e,-r, x(t)+<rtrf)}  +  0 ( e t) 

b y  L em m a  4 .5 .5

=  q { V ( t t- ,y t+ e ,(a - r f))  - V ( t t- ,y ,)}  +  0(c< ) 

w here y f =  x (t )- fe fr f , t ^ t + e . r

=  ^ { V ( t , x ( t ) + € , ( a - r f ) )  - V ( t , x ( t ) ) }  +  0 ( u )

=  i { G ( x f i ( l ) ) - G ( x ( l ) ) }  +  0 ( f .)

b y  d efin itio n  o f G w here x  *(s) is th e so lu tio n  to  th e  differential eq u a tio n  

x £‘(s )= F (s ,x (s ) ,u (s ))  . a .e .s G [t , l] ,  w ith  in itia l co n d itio n

x e,' ( t ) = [ 0 ,x ( t ) + e 1(a-rf)]T

= $ { g (* (1 ) + * ^ ^ . £() - G ( s (1))}+  0 ( £j)

=  l j G ( x ( l ) + < jy f i ( l ) ) - G ( x ( l ) ) J  +  0 ( £i)

w h ere y £‘( s ) : = * ^ i ^ >

=  G j ( x ( l ) + 0 ( e j ) ) - y f ' ( l ) +  0 ( £j) 

b y  th e  m ea n  v a lu e  th eorem .

B y  L em m a 4 .5 .6  w e are ju stified  in p assing to  th e  lim it. T h ere resu lts  

. lim  B ,=  G j ( x ( l ) ) y ( l )
i —*■ 00

=  G * ( x ( l ) ) * ( l , t ) y ( t ) .

D efin e  P ( t )  = - G J( x ( l ) ) A ’( l , t ) .

T h en  P ( t )  =  G j ( x ( l ) ) J f ( l , t ) F j  b y th e defin in g properties o f th e  tra n sitio n  m a trix , 

i.e. - > ( t )  =  P ( t ) F s .

N o w  let P ( t ) = ( q ( t ) ,p ( t ) )  w here q(-):[0,1]—>R, p (- ):[0 ,l]—*-IRn.

T h u s - P ( t )  =  (- q (t),  - p (t))  =  (q (t ) ,p (t ) )  

- q (t )= 0 ,

- p (t )=  q(t)-L r +  p(t)-far.

0

0

L

fa
w h ich  gives



A Necessary and Sufficient Sensitivity Relation 75

W e know  th a t P ( l ) = - G j ( x ( l ) ) X ( l , l )  =  [-1 0 •••()] /n+1Xn+1 
H en ce q ( l )  =  - l  and therefore q(-) = - l .

T h u s p (t )  so lv es - p (t)  =  p (t )- fx (t ,x (t ) ,u (t ) )- L x (t ,x (t ) ,u (t ) )

-p(i)=o.

W e th u s o b ta in  th e  lim itin g  v a lu e  o f exp ression  (B ,), n a m ely  

G ? ( x ( l ) ) X ( l , t ) y ( t )

=  - P (t )- y (t )

=  - p (t)- (a - r f(t ,x (t ) ,u (t ))) .

T herefore, co m b in in g  th e  resu lts from  (A ,) and (B .) gives th a t at p o in ts  t w h ich  are 

L eb esgu e p o in ts o f s *- * .f(s ,x (s ),u (s )),

, x ( t ) + e ,a t)  - V ( t , x ( t ) ) }

=  - r L (t ,x (t ) ,u (t ) )  - p (t) • (a - r f ( t ,x ( t ) ,u (t ) ) )

=  -p (t)-a  +  ( p ( t ) - f ( t ,x ( t ) ,u ( t ) )- L (t ,x ( t ) ,u ( t ) ) ) .r

=  (h (t), - p ( t ) ) - ( r , a )

w here h (t) =  p ( t ) - f ( t , x ( t ) , u ( t ) ) - L ( t , x ( t ) , u ( t ) ) .

T h is  co m p lete s  th e  proof o f P rop osition  4 .5 .3 . □

4 . 6  P r o o f  o f  T h e o r e m  4 . 4 . 1  i n  F i x e d  E n d - P o i n t  C a s e

T h e purpose of th is  sectio n  is to  d em o n stra te  th e  v a lid ity  o f T h eo rem  4 .4 .1  w hen  

th e  en d -p oin t con strain t set tak es th e  form:

C =  { x j

for so m e x x elRn. W e con sid er th en  a special case o f (P ) in w h ich  th e  right end -p oin t of 

th e  s ta te  trajectories con sid ered  are fixed.

T h e p roof relies on th e  co n stru ctio n  of an a u x ilia ry  prob lem  for w h ich  w e n eed  th e  

fo llo w in g  cost fu n ctio n  <£(£) w here

$ (£ ): =  In f {
1

L (t ,x ( t ) ,u ( t ) )d t :  x (t )= f (t ,x (t ) ,u (t ) ) ,  u (t ) € U , x ( 0 ) = x o, x ( l ) = ^ } .

0

(4 .6 .1 )

U n d er th e  h y p o th eses, sim ilar argu m en ts to  th o se em p lo y ed  b y C larke and L oew en  [C4] 

sh ow  th a t $  is L ip sch itz co n tin u o u s on som e b all ab ou t £ = x x and  

d ^ ( e = x 1) € c o { p ( l ) : p ( - ) € Q )

w h ere Q is th e  set o f all co sta te  fu n ction s (a sso c ia ted  w ith  a u n ity  co st m u ltip lier)  

correspon d in g to  som e o p tim a l control for p rob lem  (P ). B u t under our stren g th en ed  

n o rm a lity  h y p o th esis  th e set con tain s on ly  on e e lem en t. It follow s th a t 0  is L ip sch itz
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co n tin u o u s on a n eigh b ou rh ood  o f Xi and is str ic tly  d ifferen tiab le at C ~ x i (see  

P ro p o sitio n  2 .3 .3 ). F ix  e > 0  such th a t $  is L ip sch itz con tin u ou s on th e  c-ball ab ou t Xj.

F or purposes o f co n stru ctin g  a su ita b le  verification  fu n ctio n  for (P ) in  th is  case, 

w e in tro d u ce an a u xiliary  problem , la b elled  ( P ^ * . ) ,  in w hich  th e  right end-point 

co n stra in t o f th e  original p rob lem  is replaced b y a p en a lty  term  ( 6 )  w h ich  is L ip sch itz  

co n tin u o u s in  a n eigh b ou rh ood  o f x 1 and str ic tly  d ifferen tiab le at th e  p o in t x x itself.

M in im ize

1

L (t ,x ( t ) ,u ( t ) ) d t  - fc (x (l))  -f ^ |x ( l )  — x x| 2 -f $(Xx)

0

su b ject to  x ( t )  =  f ( t , x ( t ) , u ( t ) )  a.e. t € [ 0 , l ] ,

u ( t ) e U  a.e. t €  [0,1],

x(0 )  =  x o,

w h ere <1(0 =
$(xj+

* (f )  
f - *1 

Ilf - *lll 0

if | |f  -  xJI < e

if Ilf - x , || >c.

H ere K is a p o sitiv e  nu m ber, w hose valu e w ill be ch osen  later. 

W e d efin e th e  v a lu e  fu n ctio n  for th e  au xiliary p rob lem  to  be

VA( s , 0 : =  Inf-

1

L ( t , x ( t ) , u ( t ) ) d t  - $ ( x ( l ) )  -f jRT|x ( l )  - x x| 2 +  $ (x ! )  

s
(4 .6 .2 )

w here th e  in fim u m  is tak en  over all p rocesses (x(-),u (-)) su b ject to  th e  co n stra in ts of  

P ro b lem  ( P ^ ^ )  ex ce p t th a t th e  u n derlyin g t im e  in terv a l [0,1] is rep laced  b y  [s,l] and th e  

in itia l s ta te  x 0 b y £.

Our goal is to  show  th a t VA( s , f )  is a v erifica tio n  fu n ctio n  for th e  origin al p rob lem , i.e. 

th a t it sa tisfies  th e co n d itio n s of D efin itio n  4 .2 .1  and th a t it  a lso  sa tisfies eq u ation s

(4 .4 .1 )  and (4 .4 .2 )  and is therefore a su ita b le  ca n d id a te  fu n ctio n  for th e  <f> o f th e  

th eo rem . H ow ever, before d oin g so w e show  th a t a m in im izin g  so lu tio n  to  p ro b lem  (P )  

is, in  fa ct, also a m in im iz in g  so lu tio n  to  ( P ^ J  and th u s th e  tw o  p ro b lem s are in d eed  

eq u iv a len t.

4.6.1 P R E L IM IN A R Y  RESULTS

In w h a t follow s, w e a ssu m e th a t th e d a ta  sa tisfy  h y p o th eses (H I) to  (H 5) an d  th e  

stren g th en ed  n o rm a lity  h y p o th esis.

P R O P O S IT IO N  4.6.1: A  m i n i m i z e r  (s" (-); u*(-)) for the original p r o b l e m  (P) is a global
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m i n i m i z e r  for the auxiliary p r o b l e m  (P A ) provided K  is sufficiently large.

P r o o f : F irstly , w e show  th a t for all ad m issib le pairs (x (- ),u (* )) ,  th ere e x ists  k  such th a t

1
L (t,x (t ) ,u (t ) )d t  - $ ( x ( l ) )  +  & (x j) < k.

0

(4 .6 .3 )

F rom  th e  assu m p tio n s on th e  d a ta  (refer to  h y p o th e sis  (H 3)),

|f ( t , x ( t ) , u ( t ) ) |< a  +  b |x ( t ) |,  

therefore

|x ( t ) |  < a +  b |x ( t ) |,  x ( 0 ) = x o,

and b y  G ron w all’s le m m a  th is im p lies th e  e x iste n c e  of a co n sta n t K 1 su ch  th a t  

| x ( t ) | < K f  for all t.

W e also  d ed u ce th e  e x iste n c e  o f K 11 such th a t |$ ( x ( l ) ) | < K 1t for all x , and so

1
L (t,x (t ) ,u (t ) )d t

0

& (x ( l ) )  -f 4>(xx) < a +  bK*  +  2 K " .

S e ttin g  k =  a +  bK* 2 K 11, w e h a v e  show n th a t th e  bound ex ists  for all a d m issib le  pairs. 

N ow  ch o o se K  such th a t K e 2 >  2k.

W e w ish  to  show  th a t w ith  th is  ch oice of K , (x *(-),u *(-)), th e m in im izer  for th e  original 

p rob lem , is also a m in im izer  for th e au xiliary p roblem . W e in tro d u ce th e  fo llow in g  

notation :

L et r/(x,u)=  L (t ,x (t ) ,u (t ) )d t  and let

0

i)(x,u ) = L (t ,x (t ) ,u (t ) )d t  - & (x ( l ) )  +  i f |x ( l )  - x 1| 2 +  4>(x 1).

0

U n d er th e  h y p o th eses, th e  au xiliary  p roblem  has a m in im izer (x (- ),u (- )). W e show  th a t  

|X (1 )-  X j|< C .

S u p p ose to  th e contrary. T h en  r)(x ,u )  >  - k + K e 2 >  k >  ^ ( x ^ u * ) ,  (from  (4 .6 .3 )  and sin ce  

K e 2> 2 k )  b u t b y o p tim a lity  o f ( x , u )  w e h ave th a t ^ (x * ,u * )  > t)(x , u ).

H ow ever,

^(x*,u*)=

1

L (t ,x * (t ) ,u * (t ))d t  - $ ( x * ( l ) )  +  K  |x * ( l )  - X l| 2 +  4 ( x j )

0

=  ?7(x *,u * )  , s in ce on th e  o p tim a l tra jecto ry  x * (l)= X ! .

T h is  g iv es  7/(x*,u*) =  ^ ( x * , u ,'‘) > ^ ( x , u ) > r ; ( x * , u * ) .  F rom  th is co n tra d ictio n  w e co n clu d e  

th a t |x ( l )  - Xj| < e.
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B y  d efin itio n  of $ ,  77(x*,u*) =  $ (X i ), and also, for any (x,u ), 

1
L(t,x(t),u(t))dt +  i(T|x(l)-x1|2 > $(x(l)).

0

S in ce $> and 4  co in cid e on  Xi+cB,

1
^ ( x * ,u * ) < L (t ,x (t ) ,u (t ) )d t  - $ ( x ( l ) )  +  J ^ |x ( l ) - x x| 2 +  $(X j)

0

b u t 7j(x*,u*) =  T}(x*,VL*) (sin ce x *(l)= X !).

H en ce w e h a v e o b ta in ed  th e  resu lt th a t t)(x *,u *) =  t)(x * , u *) < 7)(x,u) w here r)(x,u) is th e  

m in im u m  cost. S in ce t)(x *,u *) can n ot be less th a n  th e  m in im u m  co st, (x * (* ) ,u * (* ) )  is th u s  

a m in im izer  for th e  a u x ilia ry  problem . □

W e m a y  w rite th e  d yn am ics in th e form  o f th e in clu sion  x ( t )  e f ( t , x ( t ) , U )  a.e. 

t g [0,1 ] w here th e set on th e  right-hand sid e is |f ( t  ,x (t )  ,u): u 6  u } . W e  u se th is in  th e  

p roof o f th e  fo llow in g le m m a  for w hich  w e recall som e results from  th e  th eo ry  of support 

fu n ctio n s and th e ch a ra cteriza tio n  o f co n v ex  sets, in trod u ced  in  C h ap ter 2. W e know  

th a t if  Q c  is a closed  co n v ex  set th en , x  e  Q if  and only if  sup p - x  > p - x  for all p e  IRn 

(see P ro p o sitio n  2 .2 .6 ). X ^ Q

L E M M A  4.6.2: Let  (x(-),u( •)) be a n y  admissible process for P. . T h e n

t +  t:

lim
i —► oo c

f{s,x(s),u{s))ds e  f(t,x(t), U), 

for a n y  te[0,l) a n d  a n y  sequence  {e,}, e^O, s uc h  that the limit o n  the left exists.

Proof:  S in ce w e assu m e f ( t , x ( t ) , U )  is a closed  co n v ex  set, th en  b y  P ro p o sitio n  2 .2 .6 , w e  

h a v e  th a t

t+ei
lim  

i—>00 f* f ( s , x ( s ) , u ( s ) ) d s  e  f ( t , x ( t ) , U )  if  and on ly  if

t + C:

C o n versely,

s u p p - f ( t , x ( t ) , u )  > lim  ^  p - f (s ,x (s ) ,u (s ) )d s  for all p e R n. 
u g U i->oo

t +6 ,

.lim  j 
i —>00 f(s  ,x (s )  ,u (s ))d s  £  f ( t  , x ( t ) , U ) if and o n ly  if  th ere ex ists  so m e p € R n su ch  th a t

t + t ,
*J -V

sup p - f ( t , x ( t ) , u )  <  lim  ^  p - f ( s ,x ( s ) ,u ( s ) ) d s .
ugU i - + o o ‘ J
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N o w  let us a ssu m e th a t th e  assertion  of th e  le m m a  is not true. T h en  th ere e x ists  p e R n 

and <5>0 su ch  th a t, for a ll u e U

p - f ( t , x ( t ) , u )  <  lim  ^  
i—>oo *

i+ e t-

p - f (s ,x (s ) ,u (s ))d s

t

6.

H ow ever,

lim
•oo

1
t+£ t

p - f (s ,x (s ) ,u (s ) )d s

t
t +  Ci

< .lim  
i—►oo

1 m a x  p - f (s ,x (s ) ,u )d s  
u€ U

t +  Ci
1 r

=  lim  ^  m a x p - f ( t , x ( t ) ,u ) d s  
i —► oo * J u6U

sin ce t ^ m a x  p - f ( t , x ( t ) , u )  is con tin u ou s

=  m i n p . f ( t , x ( t ) , u ) .
u e u

H ow ever, sin ce p - f ( t ,x ( t ) , u )  <  lim  i  p - f (s ,x (s ) ,u (s ) )d s  - <5 for all u, th en
i—>00 * J

p - f ( t ,x ( t ) , u )  <  m a x p - f(t ,x (t ) ,u )- < 5  for all u. 
ugU

T h is is o b v io u sly  a co n tra d ictio n  and h en ce th e  le m m a  is proved.

In effect, under th e  h y p o th eses of th e  le m m a  th ere ex ists  u g U  su ch  th a t

lim  
i—>00

I
U

f ( s ,x (s ) ,u (s ) )d s  =  f ( t ,x ( t ) ,u ) . (4.6.4)

W e deduce:

L E M M A  4.6.3: G i v e n  a n y  admissible process for (^Aux)> a n y  ^ m e  w h i c h
is a L e b e sg u e  point for s^f(s,x{s),u(s)) a n d  a n y  sequence  {£,•}, e^O, then the function V A 
satisfies

lim j- 
i—► oo *

t + e.'

V A [t+Ci, x{t)+ J{s, x{s) ,  u(s)) ds) - V A ( t + t i} x{t) + =  0 .

for s o m e  u e  U.
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Proof:  B y  L ip sch itz  co n tin u ity  o f V A^ t , x ( t ) ^  th ere e x ists  3G>0 su ch  th a t for ea ch  i,

<+«.•
V A(t+ e,- ,x (t) +  f (s ,x (s ),u (s ))d s )  - V A( t + e * ,x ( t )  +  e ,f (t ,x (t),u ))

t + e,

f (s ,x (s ),u (s ))d s  - f(t,x (t),u ) 0 as i —*-oo

b y (4 .6 .4 ).

T h e a ssertio n  follow s. □

W e m a k e use o f th is  resu lt in  th e n ex t sectio n  for d em o n stra tin g  th a t th e  v a lu e

fu n ctio n  V A sa tisfies th e  co n d itio n s o f a verification  fu n ction .

4.6 .2  P R O O F  OF N EC ESSA R Y  C O N D ITIO N S

T h e v a lu e  fu n ctio n  sa tisfies con d ition  (a) in  D efin itio n  (4 .2 .1 ). W e first n eed  to  

d em o n stra te  th e  v a lid ity  o f th e  H am ilton -Jacob i eq u a lity  and th e  a sso c ia ted  b oundary  

co n d itio n  for th e  fix ed  en d-point case (n am ely  V A( l , f ) < 0 ) .

T a k e an y (t,x ) e  [0 ,l)x lR n and u e U .  L et x (s), t < s < l ,  so lv e x (s )= f(s ,x (s ) ,u (s )= u )  

w ith  x ( t )= x .  B y  th e p rin cip le o f o p tim a lity  ap p lied  to  th e  control p o licy  u(-) =  u on [t,l], 

w e h a v e, for each  i,

t+£.-

V A(t-fe,-,x(t-ffj)) - V A( t , x )  +  L (s ,x (s ) ,u )d s  > 0

i

(th e  resu lt is u n affected  b y  th e end-point con strain t term s).

T herefore, t+e,.

0 -  I ^ { VA ( t+ £t',X(t + € ‘) )  " L ( s , x ( s ) , u ) d s |

*+ti t + f :

=  lim  in f i  e){V A( t + e i , x +  J x ( s )d s )  - V A( t , x ) |  + 1  L (s ,x (s ) ,u )d s

*+e;

=  1\ ^ ^ f | ^ { V A (t + en X+ c.f (t ^ U) ) - V A (t 5x ) } + ^  L (s,X (s),u )d s  

b y  L ip sch itz  c o n tin u ity

t + £.-

=  j ^ { V A (t + ci r i> x + eiai )  - V A( t , x ) }  -f i  L (s ,x (s ) ,u )d s

(T.-a*)“+(l'f) *
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b y  L ip sch itz  c o n tin u ity  and w here th e  lim  in f has q u antifiers (r .^ a ,)  —► ( l , f ( t ,x ,u ) )  

=  d " V A( t ,x ; l , f ( t ,x ,u ))  +  L(t , x , u )

b y d efin itio n  o f d V A and sin ce t is a L ebesgue p o in t o f s —► L (s ,x (s ),u ).

It fo llow s th a t

d V A(t,x ; l,f ( t ,x ,u ))- f  L (t , x , u )  > 0.

S in ce u w as an arbitrary p o in t in U ,

In f d V A( t ,x ; l , f ( t ,x ,u ))  +  L ( t ,x ,u )  > 0.

W e now  p rove th e  reverse in eq u a lity . A gain  fix  (t,x )€ [0 ,l)x !R n. L et u (- ): [t,l]—dRm so lv e  a 

va ria n t o f th e  au x ilia ry  p rob lem  ( P ^ J ,  in w h ich  (t,x ) replaces (0 ,x o). W e h a v e

0 =  .lim ^ ^ | v A(t+C i , x ( t + e , ) ) - V A( t , x ) + J  L ( s ,x ( s ) ,u ( s ) ) d s |

b y th e  P rin cip le  o f O p tim a lity

i+t. t +  e.

.lim  V A^t+ e ,- ,x +  f (s ,x (s ) ,u (s ) )d s )  - V A^ t , x )  +  L (s ,x (s ) ,u (s ))d s

=  il™o|f;{V A(t + ei ,X+€,f(t,X,u)) - VA( t , x ) } j  +  L (t ,X,u)

for so m e u e  U , b y  L em m a 4 .6 .3

> |^ { V A( t +c<’x + e if ( t ’X»u)) - V A( t , x ) U  +  L ( t ,x ,u )

=  d V A(t , x ; 1 ,f (t  ,x  ,u ) )  -f L(t ,x ,u )  b y d efin itio n  o f d V A

> in f d 
“ u € U

V A( t , x ; l , f ( t , x , u ) )  +  L(t ,x ,u ) .

W e h a v e sh ow n  th a t

in f d V A( t , x ;  1 , f ( t ,x ,u ) )  -f L (t ,x ,u )  < 0. 
u e U

C o m b in in g  th is  w ith  th e  earlier in eq u a lity  w e ob ta in

in f d V A( t , x ; 1 , f ( t ,x ,u ) )  +  L (t ,x ,u )  =  0. 
u e U

T h is confirm s th a t V A sa tisfies eq u ation  (4 .4 .1 ), as w ell as th e in eq u a lity  in  co n d itio n  (c) 

o f D efin itio n  4 .2 .1 .

T o  ch eck  th e  boundary co n d itio n  at x ( l ) = x 1? w e n o te
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V A( l , X i )  =  Inf L ( t ,x ,u ) d t  - ^ ( x x) -f 0 +  d(X i)

1

1
= 0.

So V A certa in ly  sa tisfies co n d itio n  (b) of D efin itio n  4 .2 .1 .

N o w  ta k e (x *,u *) to  be th e  o p tim a l process referred to  in  T h eorem  4 .4 .1 .

T o  verify  eq u a tio n  (4 .4 .2 )  w e h ave m erely  to  n o te  th at (x *,u *) so lv es th e  au xiliary  

p ro b lem  for in itia l d a ta  ( t = 0 , x = x 0) (see P ro p o sitio n  4 .6 .1 ). B y  d efin itio n  o f V A,

V A(0 , x 0) =

1

L ( t ,x * ( t ) ,u * ( t ) ) d t .

0

T h u s eq u a tio n  (4 .4 .2 ) is verified  and h en ce w e h a v e d em o n stra ted  th a t th e  va lu e  

fu n ctio n  for th e  a u xiliary  p rob lem , w hich  replaces th e  end-point co n stra in t b y  a str ic tly  

d ifferen tia b le  p en a lty  term , is a su ita b le  ch oice o f v erifica tio n  fu n ctio n  for th e  th eorem .

W e fin a lly  w ish  to  show  th a t “ ( h , -p ) e  dvV A(t ,x * ( t ) ) ” can b e in clu d ed  in  th e  

o p tim a lity  co n d itio n s sa tisfied  b y th e o p tim a l process (x*,u*).

T a k e an y  p o in t t G [0,1) w h ich  is a L ebesgue p oin t o f s f-> f(s,x *(s),u *(s)) and arbitrary  

co n v erg en t seq u en ces a ,—»a, r ,- ^ r  and e , j 0 ,  in  IRn, R and IR+ resp ectiv ely .

F rom  L em m a  4 .5 .1  w h ich  sta tes  th a t V A( t , x ( t ) ) < V A( t ,x ( t ) )  w here V A is th e  valu e  

fu n ctio n  and V A is th e cost fu n ctio n , w e ob tain , for each  i,

q | V A (t + f .-7' . ?x *(t ) + eia . ) - V A( t , x * ( t ) ) |  < ^ | V A(t+C i r t- ,x *(t)+ e ta ,)  - V A( t , x ‘ ( t ) ) j .

H ow ever, b y  P ro p o sitio n  4 .5 .3  th e right-hand sid e has lim it 

(p (t )  • f ( t , x * ( t ) , u *(t)) - L ( t , x * ( t ) , u *(t))^  • r - p (t) • a 

w h ere p (t) sa tisfies th e co sta te  eq u ation  (4 .4 .3 ).

S in ce th e  seq u en ces are arbitrary, th is  gives

lim ^su p  ^ | v A( t + f f r f , x * ( t ) +  e .a ,) - V A( t , x * ( t ) ) j

(T.-.ai ) - +(T.a)
< ( p ( t ) . f ( t ,x * ( t ) ,u * ( t ) )  - L ( t ,x * ( t ) ,u ‘ ( t ) ) , - p ( t ) ) • ( r ,a ) .

S in ce (r ,a )  is arbitrarily  o b ta in ed  and sin ce th e  set o f  L ebesgue p o in ts  o f an in teg ra b le  

fu n ctio n  has fu ll m easu re (and sin ce th e  u n ion  o f tw o  sets of fu ll m ea su re is a set o f full 

m ea su re) th en , b y th e  ch aracterization  of th e su p erd ifferen tial (L em m a  2 .4 .2 )

( ( P ( t ) • f ( t , x ' ( t ) , u ' ( t ) ) - L ( t , x ’ ( t ) , u ' ( t ) ) )  , -p (t)J  €  a vV A( t , x * ( t ) )  a.e. t e [0,1]-

T o  c o m p lete  th e  proof of n ecessity , w e ap p ly th e  m a x im u m  prin ciple. T h e so lu tio n  to  

th e  c o sta te  eq u a tio n  (4 .4 .3 )  and th e tra n sv ersa lity  co n d itio n  (4 .4 .5 )  is u n iq u e u n der th e
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h y p o th e ses, h en ce b y  T h eo rem  4 .1 .1  th e  fu n ctio n  p (t) m u st also sa tisfy  th e  

m a x im iz a tio n  of th e  H a m ilto n ia n  (eq u ation  (4 .4 .4 )), i.e.

p (t)  • f ( t , x * ( t ) , u * ( t ) ) - L ( t , x * ( t ) , u * ( t ) )  =  m a x  p ( t ) - f ( t , x * ( t ) , u ) - L ( t , x * ( t ) , u )  a.e.
ugU

T h is is th e  la st rela tio n sh ip  to  be verified. □

4.6 .3  P R O O F  OF S U F F IC IE N T  C O N D ITIO N S

S u p p ose (x * ,u * )  is a process sa tisfy in g  eq u a tio n s (4 .4 .7 )  to  (4 .4 .9 ). W e now  w ish  

to  sh ow  th a t ( h , - p ) € 0 v0 ( t , x * ( t ) )  is a su fficien t co n d itio n  for o p tim a lity  in  co n ju n ctio n  

w ith  th e  eq u a tio n s o f th e m a x im u m  principle.

W e ch oose a p oin t t €  [0 ,1 ) w h ich  is b oth  a L ebesgue p o in t for s ^ f ( s ,x * ( s ) ,u * ( s ) )  i.e.

t + c,-

1 f ( s ,x * ( s ) ,u * ( s ) ) d s  — f (t ,x * (t ) ,u * (t)) ,

and is su ch  th a t

(p (t)- f(t ,x * (t ) ,u * (t ))  - L ( t , x * ( t ) , u ' ( t ) ) , - p ( t ) ) e e ' > ( t , x * ( t ) ) .

W e a ssu m e, in  ad d ition , th a t s i- h £ ( s , x * ( s ) )  is d ifferen tiab le at t, i.e. th a t th e  d eriv a tiv e  

g ( t , x - ( t ) )  ex ists. T h e su b set o f p o in ts in [0,1] form ed w ith  th ese  p rop erties is a set o f  

fu ll m easu re. T h en ,

^ ( t , x * ( t ) )  =  lim  i j < £ ( t + e {,x * ( t )+

t+e.

f(s ,x *(s ),u *(s ))d s )  - 4 > (t,x *(t))

< lim  sup l |< ^ t + e t-r,-,x*(t)+e.-a.-) _ ^ t , x * ( t ) H  

w here th e  lim  sup has q u antifiers e,j0, (r,-,a,) -+ ( l , f ( t ,x ’ (t),u *(t))

< ( p ( t ) - f ( t ,x ’ (t ) ,u *(t))  — L (t,x *(t),u *(t))  , - P ( t ) ) . ( l  , f ( t ,x ' ( t ) ,u * ( t ) ) )

b y  th e  in clu sio n  and by th e  ch aracterization  of th e  su p erd ifferen tial (L em m a  2 .4 .2 )  

=  p (t )- f ( t ,x * (t ) ,u * (t ) )  - L (t,x *(t),u *(t))  - p (t )- f (t ,x * (t ) ,u * (t ) )

=  - L (t,x ‘ (t ) ,u ’ (t)).

T h erefore j j 0 ( t ,x * ( t ) )  -f L ( t ,x * ( t ) ,u * ( t ) )  < 0 a.e. (4 .6 .5 )

H ow ever, ch oose any con trol fu n ctio n  u(-) w ith  corresponding sta te  tra jecto ry  x(-) and  

ta k e  t w h ich  is a L eb esgu e p o in t o f st-»f(s,x(s),u(s)) and w hich  is su ch  th a t st-+^< £(s,x(s)) 

is d ifferen tia b le and u (t )e U .  T h en  

^ |( t , x ( t ) )  =  lim  x(t+e,-)) - ^ ( t ,x (t ))}
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t +  Ci

=  lim  x ( t ) +  x (s )  ds) - 0 ( t ,x (t ) )}

=  lim  i{ 0 (t+ e ,- ,  x (t )+ f if ( t ,x (t ) ,u ) )  - 0 ( t ,x ( t ) ) j  b y  L ip sch itz  c o n tin u ity  

=  Hm in f ^ ( t + e , - ,  x (t)+ < r,f(t,x(t),u )) - 0 (t ,x (t ) )}
€ t’4.U

=  d 0 ( t ,x ( t ) ; l , f ( t ,x ( t ) ,u ) )  b y  th e  d efin itio n  o f low er-D ini d eriv a tiv e.

1
W e can w rite  0 (1 ,Xj) - 0 ( 0 ,x 0) =  ^  (t ,x (t ) )d t .

0

R eca llin g  th e  d efin itio n  o f a verification  fu n ctio n , w e know  th a t th e  fo llo w in g  co n d itio n s  

hold:

m in d  0 (t  , x ; l , f ( t ,x ,u ) )  +  L (t,x ,u ) > 0 and 0(1,X !) =  O, so th a t 
ugU

d 0 (t  ,x ;  l , f ( t ,x ,u ) )  +  L (t,x ,u ) > 0.

1 1

T h en  0 (0 ,x 0) =  - d 0 (t ,x ;  l , f ( t ,x ,u ) ) d t  < L (t ,x ( t ) ,u ( t ) )d t .

0 0

H ence 0 ( 0 ,x 0) is a low er b ou n d  on th e  cost for an arbitrary con trol fu n ctio n .

1

In p articu lar, 0 (0 ,x 0) < L (t ,x * (t ) ,u * ( t ) )d t  for th e  g iv en  process (x*(-),u *(-)).

0

W e also know  from  our earlier resu lt (in eq u a lity  4 .6 .5 )  th a t for (x*(-),u *(-)) 

^ 0 ( t , x * ( t ) )  -f L (t ,x * (t ) ,u * ( t ) )  < 0, and so

d ~ 0 ( t ,x * ( t ) ; l , f ( t ,x * ( t ) ,u * ( t ) ) )  -f L (t,x *(t),u *(t))  < 0.

1 1

T h is g iv es 0 ( 0 ,x 0) =  - d 0 ( t , x ( t ) ; l , f ( t , x , u ) ) d t  > L (t ,x * (t ) ,u * (t ) )d t .

0 0 

T herefore w e h a v e show n th a t (x*(-) ,u *(-)) sa tisfies

d “ 0 ( t ,x * ( t ) ; l , f ( t ,x * ( t ) ,u * ( t ) ) )  +  L (t,x *(t),u *(t))  =  0,

1

and 0 (0 ,x 0) =  L (t ,x * (t ) ,u * (t ))d t  for th e  g iven  (x *(- ),u *(- )).

0

1 1

S in ce 0 (0 ,x 0) =  L (t ,x * (t ) ,u * (t ))d t  < L (t ,x ( t ) ,u ( t ) )d t ,  b y  in eq u a lity  (4 .6 .6 ),

0 0

(4 .6 .6 )

0 (0 ,x 0) is th e  m in im u m  co st and (x *(- ),u *(- )) is th e  o p tim a l (m in im izin g ) pair. □
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4 . 7  P r o o f  o f  T h e o r e m  4 . 4 . 1  fo r  a n  E n d - p o in t  C o n s t r a in t  S e t

In this section w e com plete the proof of Theorem  4.4 .1  by relaxing the  

requirem ent that the end-point constraint set be a single point. As earlier foreseen, the  

approach w e take is to m odify the original problem  so that it can be incorporated into a 

fixed end-point problem. W e do this by extending the tim e interval over which the  

problem  is defined and m aking use of the convexity properties of the constraint set. The  

follow ing representation of com pact, convex sets is required.

LEM M A 4.7.1: L e t  C c  Rn be a compact convex set.

Then C  = u(s)ds: u (’ ) is measurable, u (t)e  C  a.e. t
0

P r o o f: D enote the set on the right hand side by d . T he inclusion C c  d follows from the  

definition of the sets (and can be shown by considering constant functions u).

To prove the reverse inclusion, we suppose, by way of contradiction, that there exists  

£ €  e \C .  Let u(-) be a m easurable function such that u ( t )e C , a.e., and

£ =

1
u (t)d t.

0

Since C is closed and £ g C, {£} and C are strictly  separated, i.e. there exists a vector p 

such that p ;£ >  m ax p ;c, hence

1

0

u (t)d t  >  m ax p'c. 
c £ C

This im plies

1

( p , u (t )- m a x  p ^cjd s >  0,
. c£C
0

but this is not possible since the integrand is non-positive everywhere. It therefore 

follows that G c  C.

H ence the equality is proved. □

W e recall the original problem  which is:

m inim ize L (t,x (t),u (t))d t,

1

subject to 0
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x (t )= f ( t ,x ( t ) ,u ( t ) )  a.e. t €  [0,1], 

u (t)  G U a.e. t g [0,1], 

and x (0 )  =  x o, x ( l )  G C.

T h e co n stra in t set C is a closed  co n v ex  set.

W e re-define it  as a  fix ed  end-point p roblem , la b elled  ( 9 ) ,  over th e  ex te n d e d  tim e  

in terv a l t g [0,2], as follow s.

M in im ize

2

£ ( t ,x ( t ) ,u (t ) )d t ,

0

su b ject to  x ( t )  =
f(t ,x (t ) ,u (t ) )

v
a.e. t G [0,1]

a.e. t €  (1 ,2 ] w here -v  e  C,

u (t)  g U  a.e. t g [0,2] ,

x (0 )  =  x 0, x (2 ) =  0, w

£ ( t ,x (t ) ,u (t ) )  =
L (t,x (t),u (t))

0
a.e. t G [0,1] 
a.e. t G (1,2].

L et (x% u *) be a m in im iz in g  process for th e original p rob lem  (P ).

Let x =
x*(t)

x*(l) - (t-l)x*(l)
0 < t < 1

1 <  t < 2

w ith  correspon d in g con trols

V
u *(t)

arbitrary

0 < t < 1

1 <  t < 2

arbitrary 0 < t < 1

- x * ( l )  1 <  t < 2

T h en  solves ( 9 )  (th e  fix ed  end-point p rob lem  w hich  w e d erive from  th e  original

p rob lem ). W e retain  our a ssu m p tio n s on th e  d a ta  and, in  p articu lar, th e  n o rm a lity  

h y p o th e sis  on th e  d a ta  is st ill va lid  as w e now  prove.

P R O P O S IT IO N  4.7.2: If the original p r o b l e m  satisfies the strengthened normality 
hypothesis  (H )  then so does the derived p r o b l e m  (<?).

Proof:  F rom  th e  m a x im u m  p rin ciple, th e  co sta te  eq u a tio n s are:

- p (t)  =  p ( t ) - f r ( t , x ( t ) , u ( t ) )  - L r (t , x ( t ) , u (t))  a.e. tG[0,l]

- p (t)  =  0 a.e. tG(l,2].

W e can th erefore set p (t) =  p(l) for t>l.

T h e m a x im iz a tio n  o f th e  H a m ilto n ia n s g ives :
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m a x { p (t)  • f ( t ,x * (t ) ,u )- L (t ,x * (t ) ,u )j= p (t )  • f ( t ,x * (t ) ,u * (t ) )- L (t ,x * (t ) ,u * (t ) )  0 < t <  1
u g U t

=  - p ( t ) - x * ( l )  sin ce v —  - x * ( l )

=  - P ( l ) - x * ( l ) .

F rom  th e  a b o v e eq u ation  

—p (t) • v > - p (t)  • v  for -v  G C.

T h erefore - p ( l ) [ x * ( l )+ v ]  < 0

=> - P ( l ) - x * ( l )  < p ( l ) - v

=» - p ( l ) - x * ( l )  < - p ( l ) . ( - v )  for all - v g C.

H en ce - p ( l )  G N c (x * ( l ) ) .

B y  th e  n o rm a lity  h y p o th e sis  w h ich  w e app ly to  th e  first tim e  in terv a l w e h a v e a u n iq u e  

p(-) d efin ed  over th is  in terv a l. S in ce p(-) is co n sta n t over th e  secon d  tim e  in terv a l and  

- p ( l )  g N c ( x * ( l ) ) ,  th en  b y  co n sta n cy  and th e  tra n sv ersa lity  co n d itio n  at t = l ,  p(-) is 

u n iq u e over th e  ex ten d ed  tim e  in terval. T hus w e h a v e show n th a t th e  d erived  p rob lem  

sa tisfies th e  n o rm a lity  h y p o th esis. □

W e w ish  to  co n stru ct a verification  fu n ctio n  for th e original p rob lem  and do so 

v ia  co n sid era tio n  o f th e  d erived  prob lem  (5>) and an asso cia ted  a u x ilia ry  p ro b lem  (<iP4) 

w h ich  w e shall in trod u ce. T o  do th is w e need th e  fo llow in g definition:

u n ity  co st m u ltip lier ) corresponding to  som e o p tim a l con trol for p rob lem  ( 9 ) .  T h u s w e  

co n clu d e (b y  P ro p o sitio n  2 .3 .3 )  th a t $  is str ic tly  d ifferen tiab le at f = 0 .

0

w here th e  in fim u m  is ta k en  over all processes (x(-),u (-)) su b ject to  th e  co n stra in ts of 

p rob lem  (3P) ex c e p t th a t x (2 )= £ .

U nd er th e  h y p o th eses, $  is L ip sch itz con tin u ou s on so m e n eigh b ou rh ood  ab o u t f = 0 ,  and  

< 9$(£= 0) G co |p (2 ): p (* )  g Q ] w here Q is th e  set of all co sta te  fu n ctio n s (a sso c ia ted  w ith  a

F ix  e > 0  su ch  th a t $  is L ip sch itz con tin u ou s on th e  e-ball about 0.

W e in tro d u ce th e  au x ilia ry  prob lem  (*5^) in w h ich  th e  end-point co n stra in t is rep laced  

b y  a str ic tly  d ifferen tiab le p en a lty  term:

2

m in im ize  J t (t ,x (t ) ,u (t ) )d t  - 4 ( x ( 2 ) )  +  i f |x ( 2 ) |2 +  <l(0),

0
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su b ject to * (t )  = { f( w v).” (t))
a.e. t g [0,1] 

a.e. t g (1,2],

u (t) G U  a.e. t g [0,2],

x (0 )  =  x 0.

H ere K is a p o sitiv e  n u m ber w hose v a lu e  m a y  be chosen.

W e now  d efin e th e  v a lu e  fu n ctio n  for th e au xiliary  prob lem  to  be

^ (3 ,0 = =  I“f' i . ( t ,x ( t ) ,u ( t ) ) d t  - $ ( x ( 2 ) )  +  K  |x ( 2 ) |2 +  4>(0)

( ^ )

(4 .7 .2 )

w here th e  in fim u m  is tak en  over all processes (x(-),u (-)) su b ject to  th e  co n stra in ts  of 

P ro b lem  (<iP4) ex c e p t th a t th e u n d erlyin g  tim e  in terv a l [0,2] is rep laced  b y  [s,2] an d  th e  

in itia l s ta te  x 0 b y  £.

W e w ish  to  show  th a t VA is a v erifica tio n  fu n ctio n  for th e  origin al prob lem , i.e. th a t  it  

sa tisfies

r n in |d _<r >î (t ,x ); (l,f (t ,x ,u ))^  +  L ( t ,x ,u ) | =  0 a.e. tG [0 ,l], V x g IR" (4 .7 .3 )

r ^ ( l , x )  < 0 V x  G C (4 .7 .4 )

and

d ' r j4( t , x -( t ) ; l , f ( t , x , (t ) ,u , ( t ) ) )  +  L (t,x ’ (t),u , (t))  =  0 a.e. t e [ 0 , l ] .  (4 .7 .5 )

F irstly  w e cla im , as before, th a t for K  su fficien tly  large (x *,u * )  is a glob al m in im izer  for 

th e  au xiliary  p rob lem . T h e  proof follow s e x a c tly  as for P ro p o sitio n  4 .6 .1 . F u rth erm ore  

w e m a y  q u o te  th e  resu lts from  S ectio n  4 .6 .2  w hich  w ill verify  th a t eq u a tio n s (4 .7 .3 )  and  

(4 .7 .5 )  are satisfied . It rem ains to  verify  th e  boundary co n d itio n  (4 .7 .4 ).

For our p rob lem  x = v  a.e. t G [1,2], -v  g C and x (2 )= 0 .

B y  d efin itio n  of C,

2

v (s )d s  G C and w e also know  th a t x ( l )  G C.

T h u s w e can w rite  x (2 )  =  x ( l ) - v (s )d s  and therefore if  w e ta k e an y x ( l )  G C th ere e x ists

1

- v g  C d riving th e  s ta te  to  zero, i.e. th ere ex ists  - v g C su ch  th a t x (2 )= 0 .

H ow ever, th e  correspon d in g cost is zero b y  d efin itio n  o f th e  a u x ilia ry  p ro b lem  w here  

£ = 0  over [1,2]. T h u s th e  in fim u m  co st, T4 ( l , x ) < 0  for all x g C.

H en ce w e h a v e sh ow n  th a t V A  is a su ita b le  ca n d id a te  fu n ctio n  for th e  o f th e  th eo rem . 

F u rth erm ore, w e m a y  q u ote th e  resu lts sta tin g  th e n e c e ssity  and su fficien cy  o f th e  

in clu sion  in  co n ju n ctio n  w ith  th e  m a x im u m  p rin ciple and th e  v erifica tio n  th eo rem  sin ce  

th e  proof fo llow s th a t o f S ection s (4 .6 .2 )  and (4 .6 .3 ). T h e m a in  resu lt, n a m ely  T h eo rem

4 .4 .1 ,  is proved. □
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C h a p t e r  Five

CONCLUSION

T h is th esis  is p rim arily  concerned  w ith  tw o  problem s:

1) can w e d ev elo p  n ecessa ry  co n d itio n s for o p tim a lity  o v er th e  in fin ite  h orizon  for 

m u ltis ta g e  o p tim a l con trol p rob lem s,

2 )  can w e d ev elo p  a ‘s e n sitiv ity  re la tio n ’ in  term s o f a v erifica tio n  fu n ctio n  for an  

o p tim a l con trol p rob lem  w ith  an end-point con strain t set?

Our m o tiv a tio n  for research in to  th e  first to p ic  stem s from  a p p lica tio n  o f  such  

th eo ry  to  p rob lem s in  th e  eco n o m ic and b iological scien ces w h ich  m a y  b e  fo rm u la ted  

over an u n b ou n d ed  tim e  in terval. K n ow in g th a t o p tim a lity  co n d itio n s for m u ltip ro cess  

p rob lem s p osed  over a fin ite  in terv a l h ave already b een  derived , w e h a v e a tte m p te d  to  

e x ten d  th e  th eo ry  so th a t it  is v a lid  over an in fin ite  tim e  in terv a l and h a v e o b ta in ed  

n ecessa ry  co n d itio n s for m u ltista g e  problem s defin ed  over th e  in fin ite  t im e  horizon. 

T h ese  n ecessary  co n d itio n s are in th e  form  o f a m a x im u m  prin ciple. W e n o te  th a t th ese  

co n d itio n s d ep en d  n eith er on th e  lim itin g  va lu e o f th e  s ta te  trajectory  as th e  t im e  ten d s  

to  in fin ity , nor on th e  con vergen ce o f th e in tegral o f th e  cost fu n ction al.

T h e tech n iq u es w e em p lo y  y ie ld  n ecessary co n d itio n s o f o p tim a lity  u n d er m ild  

and read ily  verifia b le  h y p o th eses. T h e y  y ie ld  stronger resu lts  th a n  th e  ‘tw o -p h a se’ 

o p tim iz a tio n  m eth o d s ty p ica l of th e  m a th em a tica l eco n o m ics literatu re.

H ow ever, as a  con seq u en ce o f th e  free end-point at in fin ity , a lth o u g h  o n e m ig h t  

ex p ect th a t th e  tra n sv ersa lity  co n d itio n  is such th a t th e  lim itin g  v a lu e o f th e  co sta te  

fu n ctio n  at in fin ity  is zero, it has b een  show n th a t th e  tra n sv ersa lity  co n d itio n  for th e  

in fin ite  horizon case can n ot n ecessarily  be ob ta in ed  as th e  lim it o f th is co n d itio n  in  th e  

fin ite  horizon  case [H i]. T herefore, th e  s ta tem en t o f th e  m a x im u m  p rin cip le for general 

classes o f p rob lem s w ith  an in fin ite  horizon does n ot in clu d e th e  tra n sv ersa lity  co n d itio n  

at in fin ity . W e m ig h t hope, h ow ever, to  d erive tra n sv ersa lity  co n d itio n s at in fin ity  in  

sp ecia l cases. A u b in  and C larke [A3] do ju st th is for an in fin ite  horizon  p rob lem  

in v o lv in g  linear d y n a m ics. A n in terestin g  area o f fu tu re research w ill be to  ex ten d  

A u b in  and C lark e’s w ork to  cover prob lem s w ith  non-linear d yn am ics.

W e h a v e ap p lied  th e  th eo ry  to  a general fo rm u la tio n  o f a tw o -sta g e o p tim a l 

con trol p rob lem  in  w h ich  an ex p lic it d ep en d en ce on th e  in term ed ia te  t im e  (ta k en  as a 

ch oice v a ria b le) is in corporated  in to  th e  in tegran d s o f  th e  co st fu n ctio n a ls. W e h ave  

sh ow n , in  th ese  cases, th a t n ecessary  con d ition s m a y  be m ore ea sily  o b ta in ed  u sin g  

m u ltip ro cess  th eo ry  th a n  v ia  classical m eth od s. F u rth erm ore, w e h a v e d em o n stra ted  th e
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v e r sa tility  o f th e  th eory  by ap p lyin g it  to  a sp ecific ex a m p le  from  th e  m a th e m a tic a l 

eco n o m ics litera tu re con cernin g o p tim a l d elivery  lags, w here th e  t im e  lag is a  ch o ice  

v ariab le, and it  is lik e ly  th a t further research w ill y ie ld  m ore a p p lica tio n s o f th e  th eory  

in  th e  field  o f m a th e m a tic a l econ om ics. T h e th eory m ig h t also b e ap p lied  to  p ro b lem s in  

m a th e m a tic a l b iology.

T h e n e x t part o f th e  th esis  con tain s an in v e stig a tio n  in to  th e  rela tio n sh ip  

b etw een  th e  m a x im u m  prin ciple o f o p tim a l con trol th eo ry  and th e  d y n a m ic  

p rogram m in g tech n iq u e. T h e  d y n a m ic program m in g approach to  o p tim a l con trol th eory  

in v o lv e s  ch a ra cterizin g  th e  va lu e fu n ctio n  V  as a so lu tio n  to  th e  H am ilton -Jacob i 

eq u ation . R ecen t research has p roved  th e  v a lid ity  o f a rela tio n sh ip  in  term s o f  th e  

C larke g en eralized  grad ien t of V , for a large class o f n on -sm ooth , free en d-point 

prob lem s. R esu lts  o f th is  n atu re h a v e been term ed  ‘se n sitiv ity  r e la tio n s’ in  th e  

literatu re.

T h e q u estio n  w h ich  w e h ave addressed in th is th esis is w h eth er w e can d evelop  

such a rela tio n sh ip  for an o p tim a l con trol problem  w ith  an end-point co n stra in t set in  

term s o f a v erifica tio n  fu n ction .

Our m o tiv a tio n  for usin g v erifica tio n  fu n ctio n s h as b een  th a t w e require  

fu n ctio n s w ith  sim ila r properties to  th e v a lu e  fu n ctio n , b u t w h ich  are d efin ed  and  

lo c a lly  L ip sch itz  on a su ita b le  large d om ain , ev en  in th e  p resen ce o f end-point 

co n stra in ts. F u rth erm o re w e h ave a tte m p te d  to  u se a different ty p e  o f ‘gen eralized  

g r a d ie n t’, n a m ely  th e  superd ifferen tial, and our m o tiv a tio n  for d oin g so has b een  th a t it 

p rovid es a m ore p recise se n sitiv ity  relation  th an  th e C larke gen eralized  g ra d ien t o f th e  

earlier litera tu re on th is  top ic. W e n o te  th a t w h ile  se n sitiv ity  relation s in v o lv in g  

su p erd ifferen tials h a v e  appeared elsew h ere [S3], on ly  free end-point p rob lem s h a v e  been  

treated .

T h e resu lts  th a t w e h ave o b ta in ed  are, th a t p rovid ed  so m e n o rm a lity  h y p o th e sis  

is sa tisfied  (w e  p ro v id e su fficien t verifiab le co n d itio n s for th is  to  b e so ), th ere  is a 

se n sitiv ity  rela tio n  b etw een  th e  co sta te  p (-) o f th e  m a x im u m  p rin cip le, th e  H a m ilto n ia n  

fu n ctio n  H and som e v erifica tio n  fu n ctio n  W  along a trajectory  (x * ,u ‘ ), w h ich  is b o th  

n ecessa ry  and su fficien t for th a t trajectory  to  be o p tim a l. M oreover, w e h a v e  sh o w n  th a t 

th e  su fficien t co n d itio n s are valid  in a n on-sm ooth settin g .

A lth o u g h  for m o st p ractical purposes resu lts for a co n v ex  co n stra in t set are 

a d eq u ate, a p o ssib le  ex ten sio n  of th is w ork is to  a tte m p t to  g en era lize th e  th eo ry  so th a t  

it  is va lid  for arbitrary closed  end-point con strain t sets. S im ilarly, th e  q u estio n  arises as 

to  w h eth er th e  resu lts  are still v a lid  w hen th e  in itia l p oin t b elon gs to  so m e co n stra in t  

set as op p osed  to  b ein g  fixed .
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W e co n clu d e b y  su m m arisin g  th e  m ain  con trib u tion s o f th is thesis:

• firstly , w e h a v e  p rovid ed  n ecessary  con d ition s for o p tim a lity  for in fin ite  horizon, 

m u ltista g e , d y n a m ic  o p tim iz a tio n  p rob lem s under m ild  h y p o th eses (w h ich  d isp en se  w ith  

th e  need , p resen t in  earlier litera tu re, to  im p ose sm o o th n ess co n d itio n s on th e  d a ta ), 

and

• seco n d ly , b y  esta b lish in g  th e  v a lid ity  of th e su perd ifferen tial m in im u m  cost s e n sitiv ity  

rela tio n  in  th e  p resen ce o f general end-point co n stra in ts, w e h a v e p ro v id ed  new  

in fo rm a tio n  ab o u t th e  relation sh ip  b etw een  th e m a x im u m  p rin cip le and v erifica tio n  

fu n ction s.
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