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ABSTRACT

An optimal multiprocess problem is a dynamic optimization problem in which
there is a collection of control systems coupled through constraints in the end-points of
the constituent trajectories and through the cost function. Optimality conditions for
multiprocess problems posed over a finite interval have already been derived. However,
multiprocess problems in which one of the component processes operates over an infinite
time interval arise, for example, in mathematical economics problems. The question
then is whether general necessary conditions can be derived for such situations. In this
thesis new necessary conditions in the form of a maximum principle are obtained for
multistage problems defined over the infinite time horizon. The theory is then applied
to a specific economics example in which an explicit dependence on the intermediate
time (taken as a choice variable) is incorporated into the integrands of the cost
functionals. The hypotheses under which these necessary conditions apply are mild and

easily verified.

The thesis also contains an investigation of the relationship between necessary
conditions (in the form of the Pontryagin maximum principle) and dynamic
programming. The main results obtained are that, provided some kind of normality
hypothesis (which in certain circumstances is verifiable) is satisfied, there is a
relationship between the costate p(:) of the maximum principle, the Hamiltonian
function, H, and some verification function, W,

(H(tx*(t),u(t),p(t)) ,-p(t)) € "W (t,x"(t))
along a trajectory (x*,u*) which is both necessary and sufficient for that trajectory to be

optimal. Results of this nature have been termed ‘sensitivity relations’ in the literature.

The ‘generalized gradient’ 0¥W, in terms of which this relationship is expressed,
is the superdifferential. The superdifferential provides a more precise sensitivity relation
than the Clarke generalized gradient of the earlier literature on this topic. While
sensitivity relations involving superdifferentials have appeared elsewhere, only free end-
point problems have been treated. The main contribution of the thesis on sensitivity
relationships is that we establish validity of the superdifferential sensitivity relation in

the presence of general end-point constraints.
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Chapter One

INTRODUCTION AND PREVIEW

1.1 Introduction

Three central themes are present in the study of all optimization problems:
1) existence - is there an admissible arc which solves the problem?
2) necessary conditions - what conditions are there which help jdentify solutions?
3) sufficient conditions - what conditions are there to indicate that a given admissible
arc (which may have been identified with the help of the necessary conditions) s in fact
a solution of the problem?
In this thesis we concentrate on aspects of the latter two themes as they relate to

dynamic optimization.

Dynamic optimization is the study of optimization problems where the
underlying choice variables are functions of time and where explicit reference is made to
the derivatives of these time functions. Optimal control theory which is a branch of
dynamic optimization had its origins in the 1950’s when engineers, motivated in
particular by aerospace problems, became interested in ways of controlling a system
governed by a set of differential equations so that a given performance index could be
minimized. The optimal control problem can be formulated as follows:

The name ‘control’ is given to a function u(-) belonging to some class of functions (say
that of measurable functions) mapping [a,b] to a specified subset U of R™. Each control
u is associated with an arc x (called the state) by means of the differential equation and
initial condition

x(t)=¢(x(t),u(t)), x(a)=xo, (1.1.1)
where ¢ is given and where the point x, is free to be chosen within a given set C,. The
problem is then to choose u and x, (and hence x) so as to minimize a given functional of

the type
b
f(x(b))+ j F(x(t),u(t)) dt (1.1.2)

subject to x(b) lying in a given set C,. Note that U, F and ¢ may depend on t. Also a
state constraint g(t,x(t)) <0 may be admitted. The functional (1.1.2) is known variously
in the literature as the performance index, performance criterion, objective function or

cost function.

A large number of physical systems can be modelled by differential equations in
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which some parameter values (which we interpret as ‘controls’) can be chosen within a
certain range; this, combined with the fact that techniques have been developed which
are practical for both computation and implementation of optimal controls, means that
the theory can be applied to a wide range of fields, including, problems in economic

theory.

From the strictly mathematical viewpoint, the optimal control problem
subsumes the classical calculus of variations and conversely, many optimal control
problems can be reformulated as standard variational problems with inequality and
equality constraints, although this does not apply in all cases. However, the smoothness
requirements of classical variational theory are restrictive for optimal control theory and

much recent research has been aimed at weakening these requirements.

1.2 Optimal Multiprocesses

One of the best known results in optimal control theory is the set of necessary
conditions for optimality derived by Pontryagin et al. [P1], known as the (Pontryagin)
maximum principle. Research has been directed at weakening the hypotheses under
which it 1s known to be true and formulating solutions to non-standard optimal control
problems (e.g. where the dynamics are described by functional or partial differential
equations). Recently the work has been extended to cover problems where the data are
no longer assumed continuously differentiable in the state variable; in these cases
optimality conditions are expressed in terms of ‘generalized gradients’, which are
defined in the next chapter. A proof of the non-smooth version of the maximum
principle is given in Clarke [C3]. A further extension of this work, by Clarke and Vinter
[C8], 1s the development of a maximum principle for ‘multiprocesses’. Both the non-

smooth maximum principle and the multiprocess maximum principle are stated in
Chapter 2.

Multiprocess theory originated in a bid to solve a variety of non-standard
problems in dynamic optimization. The common feature of these problems is that they
involve a collection of dynamical equations with control term (i.e. control systems)
which are coupled through constraints in the end-points of the constituent state
trajectories and through a function of these boundary values in the cost. Examples of
these problems arise in flight mechanics, optimal investment, routing problems over
variable domains and plasma control, but until now ad-hoc techniques for each

individual case were required for studying the necessary conditions for optimality.

As an example, we may consider ‘impulse control’ problems, which arise in
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optimal investment and inventory control. Here, the standard optimal control problem
is modified to permit the state trajectories to be discontinuous at a finite number of
times and the jump times (choice variables) together with the end-states of the jumps
appear in the cost and are constrained to lie in some closed set. There is also a
constraint on the number of jumps. Necessary conditions of optimality are available but
are limited to a narrow class of cost functions and constraints as far as the jumps are
concerned, and apply only when the constraint on the number of jumps is inactive.
Alternatively, we can view impulse control problems as an instance of an optimal
multiprocess problem. The restrictions of trajectories, in the original problem, to
intervals between jumps are interpreted as component trajectories in the optimal

multiprocess problem.

Even when the theory is specialised to treatment of the standard optimal control
problem, significant advances on known results ensue. For free time optimal control
problems, the Pontryagin maximum principle provides a boundary condition on the
maximized Hamiltonian, evaluated along an optimal trajectory. This has previously
been proved only under the assumption that the data are continuous in the time
variable. Multiprocess theory, by contrast, yields a version of the standard boundary
condition when the data are merely measurable in the time variable, in which case it is
replaced by an inclusion involving the ‘essential values’ of the maximized Hamiltonian
(see Chapter 2).

The theory of optimal multiprocesses is a general theory in line with the
tradition of research whose aim is the unification of optimality conditions for as wide a
range of optimization problems as possible (in calculus of variations, control and
mathematical programming). Nevertheless, it ¢s targeted specifically at problems in
dynamic optimization and thus the checking of hypotheses is an easier task for
multiprocess theory than for the more general theories just referred to. Specifically, it
turns out that generating optimality conditions for specific classes of problems is usually

a simple matter of calculating normal cones (see Chapter 2).

In this thesis we investigate multiprocess problems (in particular two-stage
problems) in which one of the component processes operates over an infinite time
interval and we discover how multiprocess theory readily lends itself to this combined

area of research.

1.3 Infinite Horizon Optimal Control Problems

The motivation for studying deterministic continuous time optimal control
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problems defined over unbounded time intervals stems primarily from the economic and
biological sciences, where it is natural to formulate models of this type. The reason for
doing so is that, often, it is not meaningful to place a bound on the time horizon, when

we consider the evolution of the state of a given economy or species.

The earliest studies of problems of this type were probably those of F. Ramsey
[R1] in 1928 and H. Hotelling [H3] in 1931. Ramsey, in his theory of saving, modelled a
capital accumulation process by considering a dynamic optimization model defined on
an infinite time horizon, while Hotelling modelled a problem of non-renewable resource

extraction, likewise, over the infinite horizon.

From the 1960’s, applications of the optimal control formalism to the modelling
and analysis of dynamic economic systems have flourished. In 1965, Kurz [K2] and
Stoleru [S2] simultaneously initiated this research by applying Pontryagin’s maximum
principle to finite horizon optimal economic growth problems. Then shortly afterwards,
in 1969, Dorfman [D2] (among others) presented an economic interpretation of
Pontryagin’s theorem. A significant development was the introduction by von
Weizsidcker [W2] in 1965 of the overtaking optimality concept which provided, for the
first time, a means of dealing with a general class of infinite horizon optimal control
problems with unbounded cost criterion. This was in response to the question of
whether divergence of the cost integral indicates that no optimal policy exists; the

answer was found to be that this is not necessarily the case.

Other developments that played an important role in the development of this
theory were, the establishment of a continuous time ‘turnpike theorem’ for optimal
control problems by Cass [C2], existence results for overtaking and weakly overtaking
optimal solutions in discrete time by Brock [B3] and a systematic treatment of

continuous time infinite horizon optimal control problems by Arrow and Kurz in 1970

(A2).

All of these historical developments, treated in the economics literature, occurred
in parallel with the widening of the theory of dynamic optimization in automatic
control and applied mathematics to include the infinite horizon. An example of this was
the linear regulator problem where the linear structure of the dynamics coupled with a
quadratic performance index permitted the development of a link between infinite
horizon optimization and stability analysis. In this case the optimally controlled system

was found to be asymptotically stable.

The maximum principle for infinite horizon optimal control is discussed by
Pontryagin and his associates, but only briefly, and their requirement that the cost

functional be convergent is quite restrictive. However, a major turning point occurred
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when Halkin, in 1974 [H1], extended Pontryagin’s maximum principle to an infinite
horizon thus stimulating a great deal of research in this area of optimal control. For a
systematic account of the recent developments in deterministic infinite horizon optimal

control theory see Carlson and Haurie [C1] and the many references cited there.

1.4 Infinite Horizon Multistage Problems

Further motivation for considering multistage problems (defined over the infinite
horizon), as opposed to single-stage problems, is that dynamic optimization problems
which arise in economic theory often do so in the form of two-stage optimal control

problems, i.e. the performance index takes the following general form

t b
J=JL1(t)dt+IL2(t)dt (1.4.1)
o i

where t;, will be called the switching or intermediate time and the final time t; can be
either finite or infinite. The significance of this class of problems is that the
corresponding optimality conditions can be obtained by a relatively simple

generalization of results for regular optimal control problems.

Infinite horizon multistage problems arise in at least two areas of economics
research: the adjustment cost literature and the exhaustible resource literature. The
former area of research is concerned with studying the investment decision process of a
firm where, to account for delays in adjustment of capital stock, costs are built into the
optimization process. An example of this is where the acquisition of new capital goods is
subject to an exogenous delivery lag (see e.g. Maccini [M1], Nickel [N1], Rossana [R2]).
In these applications, the intermediate time is the capital goods delivery lag and this
may appear in the cost functions if the purchase price of capital depends on the delivery
lag. The latter area of research is concerned with natural resource management (see e.g.
Hoel [H2|, Dasgupta et al. [D1]) where the intermediate time is the time at which
alternative energy resources or new (or innovations of existing) technologies become

available.

However, the assumption in these studies that the intermediate time is fixed and
exogenous (i.e. it is taken as a given variable in the decision making process) restricts
the application of the model. We see this in both the first example, where control can
be exercised over delivery lags, depending on the choice of supplier by the firm, and in
the second example, where control can be exercised over the time at which alternative

resources are used.
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Necessary conditions to allow for an endogenous switch-point, (i.e. it is a choice
variable in the decision process) thereby extending the applicability of the model, have
been obtained through classical methods for the following two cases, namely, where the
integrands of the functionals do not depend on the intermediate time (see Tomiyama
[T1]) and where an explicit dependence upon this switch-point is incorporated into the
integrands (see Tomiyama and Rossana [T2]). These authors establish necessary
conditions only under severe, and somewhat restrictive, hypotheses - hypotheses which

we will show can be relaxed.

The question we now set out to answer in this thesis is whether general necessary
conditions, in the spirit of Halkin’s classic work, can be derived for multistage, infinite
horizon optimal control problems via the use of multiprocess theory as the latter
appears to be ideally suited to applications of this kind. It turns out that the answer is

in the affirmative.

We consider a problem of the form

ty 00
minimize jL (t,x(t),u t))dt+j Ly (t,x(t), u(t)) dt (1.4.2)
to t

and aim to derive a set of necessary conditions for optimality which is valid over the
infinite horizon and which can be extended to include problems of the more general

form

AT i J 0,(0) b | L (6 % (8), () . (1.4.3)
Z )

i-l

However, difficulties can arise in a number of areas. Firstly, we note that the
notion of ‘optimality’ for the infinite horizon case must be carefully defined. This is
because, although the definition of optimality is unambiguous over a finite horizon,
several non-equivalent definitions of optimality are available over the infinite horizon
(see e.g. Carlson and Haurie [C1] and Stern [S1]). The logical implications among the
different definitions are also discussed in these two references. Since, in proving the
necessary conditions, Halkin uses the weakest of the various definitions in the literature,
we may conclude that the infinite horizon maximum principle is valid for any of the

other definitions of optimality which have been employed.

A second problem area concerns the transversality conditions. Halkin [H1] notes
that there is a tendency to assume that results for the finite horizon case can be carried
over to the infinite horizon case by replacing evaluations of quantities at the terminal

time with evaluations of the limit of the same quantities as the time tends to infinity.
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However, Halkin then shows the limitation of this approach by providing a well-known
counterexample where the transversality conditions for the infinite horizon case cannot

be obtained as the limit of the transversality conditions in the finite horizon case.

Corresponding to a dynamic economizing problem of allocation over time, where
the state variable has the interpretation of an economic variable, there is a
corresponding dual problem of valuation over time where the costate variable (see
Chapter 2) has the interpretation of a price - a shadow price - or marginal cost. Thus
more concretely, in economics terminology, the transversality condition in finite horizon
optimal control without a constraint on the final state is that the final value of the
shadow price vector (costate) is zero, i.e. one more unit of any good at final time gives
no additional value to the criterion. However, in the infinite horizon, one more unit of a
good, at any time, changes the whole future and the zero value of the state becomes a
limit property which i1s not necessarily verified. In the literature, studies of the infinite
horizon transversality property have been made but these only give results in special

cases, some of which we shall mention in a later chapter.

1.5 Necessary Conditions and Applications of the Theory

Our contribution to the theory of multiprocess problems is that we derive a set
of necessary conditions of optimality applicable for an infinite horizon. This is achieved
by:

a) showing that an optimal solution for the given infinite horizon problem is still
optimal when the data of that problem are restricted to a fixed time interval with a
terminal condition on the state, and

b) using this property to apply the finite horizon multiprocess maximum principle over
strictly increasing time intervals in order to construct a function which will be a
suitable candidate for the costate function.

We then apply the theory to two-stage problems (discussed in Tomiyama and Rossana
[T2]) of the form

ty 00
minimize JLl(t,xl(t),ul(t),tl)dt—l— Ly (t, %5(t), us(t), t,) dt. (1.5.1)
to t

This is, in effect, the task of determining an optimal control strategy for multistage
problems where the intermediate times are included in the choice variables. Standard
optimality conditions of control theory, which accommodate changes in the dynamics

only at fixed times, cannot be applied directly to such problems.

These difficulties can sometimes be overcome by the following techniques where,
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to begin with, we solve a family of problems involving fixed times and then minimize
over the times to determine the optimum values (two-phase optimization) or,
alternatively, we reduce the free times to fixed times by transformation of the time
variable. Thus we see that, in general, two-phase optimization consists of ‘freezing’
certain choice parameters thereby reducing the problem to one which can be solved by
application of the classical maximum principle and then minimizing a value function
(the minimum cost as a function of the ‘frozen’ parameter values) to determine the

optimum parameter values.

However, the drawbacks to these techniques are that two-phase optimization
requires tractable formulae describing the value function relative to the intermediate
times (which cannot be done for complicated problems) and that time transformation
techniques are typically applicable only when certain regularity conditions are imposed

on the data. This rules out significant applications.

Optimal multiprocess theory overcomes these drawbacks in that, firstly, no
explicit reference is made to value functions and thus implementation of optimization
procedures will not depend on availability of such formulae and, secondly, in that it
treats dynamic optimization problems where the data are merely measurable in the

time variable. This is an important feature of the theory.

Although Tomiyama and Rossana establish necessary conditions for the two-
stage problem described by (1.5.1) they do so under the assumptions that the data and
the cost functions are continuously differentiable in the x, t and t, variables and also
under a smoothness assumption on a certain ‘value function’ introduced to decouple the
stages. This latter condition is difficult to verify in general. On the other hand, by
viewing trajectory segments between intermediate times as component trajectories, we
arrive at an optimal multiprocess problem for which the new theory supplies optimality
conditions under mild, verifiable hypotheses expressed in terms of the data themselves.
Presence of the intermediate time t; in the cost is simply dealt with by state
augmentation techniques. Here, then, we immediately see the advantages of applying

multiprocess theory instead of classical methods of analysis.

1.6 Sufficient Conditions, Dynamic Programming and the Maximum
Principle

We now turn our attention to sufficient conditions for optimality and we explore,
in particular, the relationship of the maximum principle to dynamic programming and

the attempt to characterize the value function (1.6.2) as a solution to the Hamilton-
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Jacobi-Bellman equation (1.6.3). (The use of the asterisk in the remaining sections of
this chapter and throughout the thesis denotes optimal quantities, unless otherwise
stated).

Let us consider, for example, the following free final state optimal control

problem:
1
minimize JL(t,x(t),u(t))dt+g(x(1)) (1.6.1)
0

subject to
x(t) =1(t,x(t),u(t)) a.e. t €[0,1],
x(0) =x,,
u(t) eQ a.e. te[0,1].

Here L:RxR"xR™ —R, :RxR"xR™ —>R" and g:R"—R are given functions, x,€R" is a given
point and QCR™ a given set.

Dynamic programming (initiated by Bellman [B1]) is a general methodology for solving
dynamic optimization problems. It centres on the properties of the value function,
which is defined as the infimum cost of the problem under consideration, taken as a
function of the initial time and state. In this case, the value function V:[0,1] xR™ =R is

taken to be

1
V(r,f)::Inf{g(x(l))—i—JL(t,x(t),u(t))dt::‘c(t)=f(t,x(t),u(t)),u(t)eQ,x(r)=£}, (1.6.2)

where the underlying time interval [0,1] is replaced by [r,1] and the initial state x, by ¢.
Whenever the value function is continuously differentiable it satisfies the Hamilton-

Jacobi-Bellman equation, namely
V,(t,x) + meig{vz(t,x) A(t,x,u) + L(t,x,u)} =0 for (t,x)€[0,1]xR" (1.6.3)
u

and boundary condition V(1,x)=g(x) for xeR". (1.6.4)
We find, furthermore, that if (x*,u") is a minimizing control process for the problem,
then

Vi(t,x*(t)) + Va(t,x"(t))-f(t,x™(t),u*(t)) + L(t,x*(t),u*(t))=0, a.e. (1.6.5)
The dynamic programming approach is to solve the Hamilton-Jacobi-Bellman equation

for V and to extract information about (x*,u") from (1.6.5) (see e.g. Fleming and Rishel
[F1]).

The question arises: how are the maximum principle and dynamic programming

related? Many authors have advanced heuristic arguments suggesting the following
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relationship
(H(t,x7(£),w° (1), p(£), -p(8))= PV (t,x°(t)) (1.6.6)
where (x*,u") is the optimal control process under consideration, p(t) is the costate

function and H is the Hamiltonian (see Chapter 2).

The drawback is that the hypotheses under which these relationships can be
made rigorous are very severe, especially the assumption that the value function is
smooth since, to quote Pontryagin et al. [P1] “it must be noted that the assumption on the
continuous differentiability of the functional does not hold in the simplest cases"’. Here, by ‘functional’

Pontryagin means the value function.

How do we overcome the difficulty that V need not be continuously
differentiable? Since we can expect V to be locally Lipschitz continuous (refer to
Chapter 2) it is natural to replace -p(t)=V:(t,x*(t)) by -p(t) € 6:V(t,x"(t)), where 9
denotes the partial generalized gradient of Clarke (see Chapter 2). This has been proved
by Clarke and Vinter [C6] who show that for a very large class of non-smooth free end-

point problems a costate function p(-) can be chosen to satisfy the inclusion.

Clarke and Vinter also show that the inclusion -p(t) € 8:-V(t,x*(t)) is valid for
some costate function even in the presence of a right end-point constraint set. Their
approach is to substitute some ‘verification function’ (see below) for V(-,.) and to
replace the terminally constrained problem by an equivalent free end-point problem
with a non-smooth penalty term. This reduces the original problem to one which can be

solved using existing techniques.

1.7 Verification Theory

We pause here in order to explain the term verification function. Verification
functions arise in a body of theory, referred to as ‘verification theory’, which provides

sufficient conditions of optimality expressed in terms of the Hamilton-Jacobi equation.

Consider Problem (1.6.1) when we supplement the constraints by the end-point
constraint x(1)eC. The idea underlying the verification technique may be simply
expressed. It is:

“Suppose that (x*,u") is an admissible process for the problem, and suppose ¢(t,x) is a

continuously differentiable solution of the Hamilton-Jacobi equation

= (t,x) + nél?z(ﬁ(t,x)-f(t,x,u)+L(t,x,u))-0 for (t,x) €[0,1] xR", (1.7.1)

and satisfies the boundary condition
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¢(1,x)=g(x) for xeC. (1.7.2)
Then if 1
6(0,x0) = gl (1) + [ Lltx ) dt, (1.7.3)
0

it follows that (x",u") is minimizing”.

¢ is known as a verification function since it ‘verifies’ the (local) optimality of (x*,u").

However, the smoothness condition imposed on ¢ is restrictive, in that for many
problems no such ¢ exists. Therefore, to raise the technique to a greater level of
generality and, in particular, to allow functions ¢ which are non-smooth, we make use of
the (extended) Hamilton-Jacobi equation which incorporates the generalized gradient of
¢, namely we allow ¢ to be a locally Lipschitz solution of

min{a - H(t,x,-8): («,8) €0¢(t,x)} =0. (1.7.4)
Here 8¢ denotes the Clarke generalized gradient of ¢. H is the Hamiltonian function
H(t,x,p)=Max{p-f(t,x,u):ue(2}.
In the case ¢ is smooth, 8¢ becomes (%%,g—i), and (1.7.4) reduces to (1.7.1).
The extended verification technique, by allowing the flexibility of ‘non-smooth’

verification functions ¢, applies to a wide range of problems.

Of course, there is a close relationship between verification functions and the
value function. The value function satisfies equations (1.7.2) and (1.7.3) in the definition
of verification function and we can expect equation (1.7.1) to be satisfied at least on
neighbourhoods where V is Lipschitz continuous. The difference is that there can exist a
(Lipschitz continuous) verification function for (x*,u*) even when V is ill-behaved (has

domain with empty interior, say).

We return to our earlier discussion. Following inclusion of the terminal
constraint x(1) € C, there is a real possibility that the value function will not even be
Lipschitz continuous on a neighbourhood of the optimal trajectory, hence the approach
used by Clarke and Vinter [C6] is that of verification theory, where, as previously
mentioned, some verification function is substituted for the value function. Using ‘exact
penalty’ techniques for this constrained end-point problem, they show that as well as
providing a sufficient condition for local optimality of a trajectory, the inclusion is also
necessary under a strict normality hypothesis, i.e. when the first order optimality
conditions yield non-trivial information. This is in line with recent research using non-
smooth analysis which has aimed at weakening the requirements on verification
functions to the point where, under mild and verifiable hypotheses, conditions are

provided which are necessary as well as sufficient for optimality.
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1.8 Minimum Cost Sensitivity Relations

As a next step, it is natural to conjecture that in place of (1.6.6) we can write:
(H(t ,x"(t),u"(t),p(t)),-p(t)) €dV(t,x*(t)) for all te[0,1] (1.8.1)
where 8V denotes the generalized gradient of V. This has indeed been proved by Vinter
[V1] for non-smooth free end-point problems. The new result improves on an earlier
result [C6] which merely interpreted the generalized gradient of V in the x variable, and
gave an ‘almost everywhere’ condition. Recently, Vinter and Wolenski [V3] have shown
that inclusion (1.8.1) holds in the case where the data are measurable in the time

variable.

A refinement of the above inclusion involves using the superdifferential of V,
dVV(t,x(t)), instead of the generalized gradient of V. It was shown by Subbotina [S3]
that standard first order necessary conditions coupled with a strengthened minimum
cost sensitivity inclusion expressed in terms of the superdifferential of the value function
are sufficient as well as necessary for optimality for a special class of problems with
smooth data. Since 8"V oV (see Chapter 2), the use of the superdifferential strengthens
the necessary conditions of (1.8.1) as it allows the costate to be more accurately located
than does the use of the generalized gradient and thus provides a more precise

sensitivity relation.

A feature of Vinter’s [V1] and Subbotina’s [S3] results is that they treat a
problem with a free right end-point. The question arises, can we develop the theory to
obtain a sensitivity relation in both variables for a constrained right end-point?

The above discussion suggests that we expect the answer to be in the affirmative but
that the sensitivity inclusion will not necessarily involve the value function. This is
because the value function may be too irregular or have an unsuitable domain,
especially in the presence of end-point constraints. Therefore we shall seek to use some
other well-defined function in the inclusion and hence our motivation for attempting to
formulate a result using verification theory.

Regarding ‘sensitivity relations’ we consider, in this thesis, the following problem with

purely integral cost and a terminal constraint set:
1
minimize JL(t,x(t),u(t))dt,
0

subject to
x(t) =1(t,x(t),u(t)), a.e. te[0,1],
x(0)=x,, x(1) € C,
u(t) e U, a.e. te[0,1].



Introduction and Preview 18

The essential idea is to introduce a definition of ‘verification function’ which
enables us to construct it as the ‘value function’ of some associated optimization

problem. In this way existence of a verification function is assured.

Our main new result in this area is that, provided a normality hypothesis is
satisfied (which in certain circumstances is verifiable), there is a relationship between
the costate p(-) of the maximum principle and the superdifferential of some verification
function W,

(H(t,x°(6),0°(8), p(4)), -p(2) ) € 8" W(t,x'(4)) (1.82)
along a trajectory x*(-), which (coupled with the maximum principle and a verification

theorem) is both necessary and sufficient for that trajectory to be optimal.

We deal with the presence of an end-point constraint set in two stages :
a) we prove that the theorem holds in the fixed end-point case, i.e. x(1)=x,, via a
penalty function technique,
b) we modify the original problem so that it can be incorporated into a fixed end-point

problem, via an extension of the underlying time interval.

1.9 QOutline of Thesis

We now briefly comment on the structure of the thesis. We present in Chapter 2,
as a reference source, the definitions and basic results of non-smooth analysis which we
shall require throughout the work. We also state the maximum principle for the non-
smooth case and its extension for multiprocesses. In Chapter 3 we state and prove new
necessary conditions for optimality for multistage problems defined over the infinite
horizon, and provide an application of the theory to a problem in economics. In Chapter
4 we present a detailed proof of the new sensitivity relation for general constrained end-
point problems. We conclude in Chapter 5 with a summary of the results and

suggestions for further work in these areas.
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Chapter Two

BACKGROUND THEORY

2.1 Introduction

In this chapter we present, for ease of reference, the essential background theory
required for this thesis. We begin with the main definitions and theorems of non-smooth
analysis used throughout this work. Unless otherwise stated, the notation follows that .of

Clarke [C3] where a more detailed presentation of this theory may be found.

In the second section, we replace the ordinary derivative by the generalized
gradient since it can be defined for a very general class of functions. In particular, we
consider real-valued ‘locally Lipschitz’ functions defined on a Banach space X, whose
elements x we refer to as vectors or points, whose norm we denote |xI and whose open
unit ball is denoted B.

In the third section, we consider, in particular, the relationship between the
generalized gradient and the strict derivative of a function at a given point. This theory
will be required when developing a necessary and sufficient sensitivity relation for a

constrained end-point optimal control problem in a later chapter.

Similarly, in the fourth section, we define the superdifferential of a function, give

an alternate characterization and indicate its relation to the generalized gradient.

In Section 5 we present results of the geometric theory of normal and tangent
cones associated with the generalized gradient. Again, proofs of all the results may be

found in Clarke [C3], unless otherwise stated.

In Section 6 we provide a statement of the basic optimal control problem,
together with a set of necessary conditions for an admissible process to be optimal - the
famous Pontryagin Maximum Principle. We also define the concept of normality for an

optimal control problem.

In the seventh section we give a basic introduction to the theory of optimal
multiprocesses developed by Clarke and Vinter [C7,C8], which extends the notion of the
classical Pontryagin maximum principle. We define a multiprocess, state a maximum
principle for optimal multiprocesses and prove some basic identities used in the
derivation of normal cones. Analysis of the latter is required to enable us to obtain

necessary conditions for specific multiprocess problems.
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2.2 Generalized Differentiation

2.2.1 The Lipschitz Condition

We recall that X is a normed space (by definition a Banach space is a complete
normed space) and begin our discussion with the following definition:
Definition 2.2.1: Let Y be a subset of X. A function f:Y—R is said to satisfy a Lipschitz
condition (of rank K) on Y if, for some non-negative scalar K,
|fiz)-A2)| < Klz-2'|  for all points z,2 in Y. (2.2.1)
We say that f is Lipschitz (of rank K) near x if, for some ¢> 0, f satisfies a Lipschitz

condition (of rank K) on the set 2+ ¢B, i.e. on the open ball of radius ¢ about z.

A function which is Lipschitz near a point is not necessarily differentiable there
and in order to study differential properties of f, we need the following definition of a
directional derivative. We note that it differs from the classical definition of directional

derivative in that the base point of the difference quotient varies.

2.2.2 The Generalized Directional Derivative
Definition 2.2.2: Let f be Lipschitz near z and let v be any other vector in X. The

generalized directional derivative of f at x in the direction v, denoted fo(:c; v) 18 gwen by

f(z30) = li;n_;sgp wy—) (2.2.2)
110

where ye X and t is a positive scalar.

The directional derivative fo(x;v) is a well-defined finite quantity since the
difference quotient is bounded above by K|v|, in view of the Lipschitz condition.
Furthermore, it is positively homogeneous and subadditive as a function of v, namely
fo(x;Av)zAfo(x;v) and fo(x;v+w) < fo(x;v)-i-fo(x;w), and hence allows us to develop

a definition for the generalized gradient of f at x (see below).

2.2.3 The Generalized Gradient

The Hahn-Banach theorem (see e.g. [R3]) states that any positively homogeneous
and subadditive functional on X majorizes some linear functional on X. Therefore there
exists at least one linear functional ¢:X — R such that for all veX, fo(x;v) >(¢,v). The
functional ¢ is bounded and belongs to the dual space X" of continuous linear
functionals on X. Hence we may define a non-empty set, 8f(x), the generalized gradient

of f at x, as follows:
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Definition 2.2.3: The generalized gradient of f at z, denoted by 8f(z) is the subset of X"
given by
Ofiz) = {C eX: fo(:z:;'v) >(¢,v) for all v in X}. (2.2.3)

It can be shown by considering the properties of £° that of(x) is a non-empty,
convex, weak”- compact subset of X" and that the following result holds. Recall that X"

is the ‘dual space’ of continuous linear functionals on X.
Proposition 2.2.4: fo(z;v) = maz{(c, v): (€ 8}‘(1)} (2.2.4)
Thus we see that knowing fo(x;v) is equivalent to knowing 8f(x).

2.2.4 Support Functions

The above is an example of a general fact: closed convex sets are characterized
by their support functions. We now state the definition of a support function and
describe, without proof, some properties of support functions (see e.g. [C3]) as these are

required later.

Definition 2.2.5: The support function of a non-empty subset C of X is the function
So: X = RU{+oo} defined by
S.(¢) :=sup{(§,:r,): TE C}. (2.2.5)

The function measures how much the set C extends in the given direction ¢. If C is
closed and convex, then C is the only closed convex set with support function S,. We
can state the following propositions, in which X is taken to be R" and therefore X and

its dual X" are equal.

Proposition 2.2.6: Let C c X be a closed convez set. Then
ze C iff S,(p) > (p,2), forallpe X.

This result reiterates that fo(x;-) is the support function of 8f(x) since we can write
£ of(x) iff £ (x;v) > (€,v), for all v in X.

Proposition 2.2.7: Let Cc X be a bounded subset, then S, is everywhere finite and

Lipschitz continuous.

We also require the definition of convex hull.
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Definition 2.2.8: The convex hull, co@Q, of a subset QQCR"™ is the intersection of all

convez sets which contain Q.

The closure of Q is denoted by ¢o Q.

2.3 The Generalized Gradient and its Relation to Strict Derivatives

It is natural to examine the relationship between the generalized gradient of(x)
of the locally Lipschitz continuous function f:X—R at xeX, and other notions of
derivative. Certainly 8f(x) is a generalization of the usual gradient, since when f is
smooth (continuously differentiable), 8f(x) reduces to the singleton set {Vi(x)}. Now
suppose that {:X —R is convex. Recall that this means

f(au+(1-2)u') < Mu)+ (1-2)f(u)
for all u, u’eX and A€[0,1]. It can be shown that f is locally Lipschitz continuous, so
the generalized gradient 9f(x) of f at x is defined. It can also be shown that
1)6f(x) coincides with the subdifferential of convex analysis, that is, the set of vectors ¢
in X such that f(x+u)-f(x) > (u,¢) for all u in X,
and

ii)fo(x;v) coincides with the directional derivative f'(x;v) for each v.

We shall also be interested in generalized gradients of ‘strictly differentiable’
functions. We begin by defining the strict derivative of a function at a given point. Note

that £(X,Y) denotes the space of continuous linear functionals from X to Y.

Definition 2.3.1: Let F map X to another Banach space Y. F 1s said to admit a strict
derivative at x, an element of £(X,Y) denoted DgF(z), provided that for each v,

/ !
fim F(a:—{-tvt) - F(d')

t]o

and provided the convergence is uniform for v in compact sets (the latter is automatic if

= (DgF(z),v) (2.3.1)

F is Lipschitz near z).

Proposition 2.3.2: Let F map a neighbourhood of X to Y, and let ¢ be an element of
2(X,Y). The following are equivalent:
a) F is strictly differentiable at z and DgF(z) =¢€.

b) F is Lipschitz near z, and for each v in X one has
' '
lim F(d'+ tv) - F(d)

x —z t
t]o

= (§, ).
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As a corollary we have that if F is continuously differentiable at x, then F is strictly

differentiable at x and therefore Lipschitz near x.

Specializing once again to real-valued functions, we note the following
relationship between the strict derivative and the generalized gradient, which 1s proved

in Clarke [C3].

Proposition 2.3.3: If the function f:X—R is strictly differentiable at zeX, then f is
Lipschitz near z and 0f(z) ={Dsfz)}.

Conversely, if f is Lipschitz near z and 8f(z) reduces to a singleton {¢}, then f is strictly
differentiable at z and Dgf(z) =¢.

We require this result to enable us to define a strictly differentiable ‘penalty

function’ when later dealing with constrained end-point optimal control problems.

Let us now assume that X=R" as this provides us with additional properties of
generalized gradients. In this case it follows that the space X and its dual X" are equal,

so that 0f(x) is now a subset of R".

We can give an equivalent definition of the generalized gradient in this case,
based on Rademacher’s theorem which states that a locally Lipschitz function is

differentiable almost everywhere in the sense of Lebesgue measure.

Theorem 2.3.4: Let f be Lipschitz near z, and suppose S ts any set of Lebesgue measure 0
in R". Let Q, denote the set of points at which f fails to be differentiable. Then

ofiz) = co{lim VAz): ;> z, 2,25, ng}. (2.3.2)
(i.e. consider any sequence z;, converging to z, while avoiding both S and the points at
which it ts not differentiable, and such that the sequence Vf(z;) converges; then the

convez hull of all such limit points is 8f(z)).

This characterization is often simpler to use than the original definition of

generalized gradients in finite dimensions.

Many calculus rules of classical analysis have some kind of parallel for

generalized gradients of locally Lipschitz functions. We note in particular:

Proposition 2.3.5: Let f,,...,f.: X—R be functions which are Lipschitz near a given point z.
Then

a) for any scalars ¢,,c,,
d(eifhi+ efa)(2) € 10fi(2) + ¢,0f(2)
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b) 8(£ifo)(2) € fi(2)0f(z) + f(2)0h (<)

¢) if f, takes on a local minimum or mazimum at z, then 0 € 8f(z).

2.4 The Generalized Gradient and its Relation to Superdifferentials

We begin with the definition of the superdifferential.

Definition 2.4.1: The superdifferential of a function ¢:R*—R at a point yeR*, written
8V4(y) ts defined to be the set

aw(y):{pewz tim sup ((6(¢) - #(9) - (¢ ~¥)/I¥-4l) < o}. (2.41)

y—y

This set may be empty even when ¢ is a convex function but 8¥4(y) reduces to the

familiar gradient ¢y(y) when ¢ is C' in a neighbourhood of y.
The following alternative characterization of the superdifferential is easy to check:

Lemma 2.4.2: Let ¢:R*—R and yeR* be given. Then 8V4(y) is the set of vectors p such

that, for an arbitrary vector ze R*

lz'mlsup (¢(y+cz’) - qS(y)) <p-z (2.4.2)
€]0
2, €

This leads to the following relationship between superdifferentials 8Y¢ and the
generalized gradient 9¢.

Corollary 2.4.3: Suppose that the function ¢:R*—R 1is Lipschitz continuous in a
neighbourhood of the point yeR*. Then
8" ¢(y) C 94(y). (2.4.3)

Proof: The definition of the set 6Y¢(y) implies that for an arbitrary vector ped“¢(y)
and arbitrary zeR*,
lim inf e"(q&(y—}-ez) - ¢(y)) <p-z (2.4.4)
€l0

Multiplying across this inequality by -1, introducing the function (y):=-¢(y), and
estimating the resulting lim sup gives
lim sup ™ (9(y'+ez) - ¥(y')) > (-p)-2. (24.5)

elo
y'—y
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The left side here is the Clarke generalized directional derivative D°y(y;z). Hence we
have shown that

D°y(y;z) > (-p) -2 (2.4.6)
for arbitrary z. This implies that (-p)€d(-¢)(y) by the definition of generalized
gradient.
Hence -p € -9¢ (see Proposition 2.3.5(a)) and therefore p € 8¢ and the result is proved. O

The inclusion (2.4.3) can be strict since e.g. for ¢(x)=|x|, 0¢(x=0) is the whole interval
[-1,+1], while 8¥¢(x=0) is empty.

2.5 Normal and Tangent Cones

We again assume X to be a Banach space. We show how the generalized gradient
is related to the geometric concepts associated with classical calculus and how it can be
used, in conjunction with the distance function, to develop concepts of tangency and
normality to an arbitrary set C that do not require smoothness. We begin by

considering the following definition.

2.5.1 The Distance Function
Definition 2.5.1: Let C be a non-empty subset of X. Then its distance function, i.e.
do(-): X — R is defined by

do(z) = inf {II:n-cII: ce C}. (2.5.1)

The function d, is non-smooth, however it is Lipschitz continuous with Lipschitz

constant 1 on X, i.e.
Idc(x)‘dc(Y)l < |x-y|, for all x, y e X. (2.5.2)

2.5.2 Tangent Cones

The distance function is used to define tangent vectors to a set. Let x be a point
in C. We have that a vector v in X is tangent to C at x if dz,(x;v)=0 hence we may

define the tangent cone as follows:

Definition 2.5.2: The tangent cone T.(z) to C at a point z is defined as the set of all

tangents to C at z, namely

To(2):={ve X: dg(z;v) = 0}. (2.5.3)

This condition specifies a closed, convex cone.
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2.5.3 Normal Cones

A natural candidate for normal cone is the one obtained from T ,(x) by polarity.

We define:

Definition 2.5.3: The (Clarke) normal cone to C at z 1s defined as
N(z) :={£ eX:(¢,0)<0 for all v in Tc(z)}. (2.5.4)

In the case that C is a closed, convex set the above definition is equivalent to the
standard one, namely, a (non-zero) normal vector is the normal to a hyperplane which

separates x and the relative interior of C:

Definition 2.5.4: € € X~ lies in the normal cone to C at z if and only if (¢,2'-z) < 0 for all
7eC.

It can be shown that N(x) is the closed convex cone generated by 8d,(x), i.e.
N (x) = cl{})) 20d ()} (2.5.5)
20

where cl denotes weak®- closure. The importance of the distance function in optimization
i1s due to its role in the ‘penalty function’ techniques which we make use of in a later
chapter. It is possible to define T, and N, directly without making use of the distance

function, via the following results.
2.5.4 Characterization of T¢(x)

Theorem 2.5.5: An element v of X is tangent to C at z iff, for every sequence z; in C
converging to z and sequence t; in (0,00) decreasing to 0, there is a sequence v; in X

converging to v such that z;4+t,v; € C for all 1.

The corollary which follows is made use of when calculating normal cones in
multiprocess theory. The first equality follows readily from the characterization of the

tangent cone given in the theorem, and the second follows by polarity.

Corollary 2.5.6: Let X=X,xX,, where X,, X, are Banach spaces, and let z € C;xC,,
where Cy, C, are subsets of X, X, respectively. Let 2=(z,,z,), then

Tclx%(x) = TCI(ml) x TC2(z2) (2.5.6)

Nclxcz(a:) = Ncl(wl) X ch(:cz). (2.5.7)
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To define N,(x) directly we again assume X=R" (i.e. we consider the finite

dimensional case). We require the notion of a perpendicular.

Definition 2.5.7: A non-zero vector v is perpendicular to C at a point = in C (denoted
v1 C at 7) if v=1' -z, where the point 7' has unique closest point z in C.

(Equivalently, v=x'-x, where there is a closed ball centred at x’ which meets C only at
X.)

The alternate characterization of normal vectors to sets in R” is given below. It is useful

in many particular instances and is the geometric analogue of Theorem 2.3.4.

2.5.5 Characterization of Normal Vectors
Theorem 2.5.8: Let z belong to ¢l C. Then

N (z) =c'?>{A lim I%fI:Az 0, v,1C at z;, 2,7, v;—+0}. (2.5.8)

i.e. N (x) is the closed convex cone generated by the origin and the set

{lim IX_:I v;1C at xi,xi~x,v;—+0}-

The two analytic concepts for functions (fo and 6f) and the two geometric
concepts for sets (T, and N,) are dual (obtainable from each other via Proposition
2.2.4 and by polarity respectively). They are also linked to each other via the epigraph
of a function f, denoted epi f, which is defined to be the set {(x,r) e XxR: {(x) gr} ie.
the set of points on or above the graph of f. The following relationships can be shown to
hold :

T,,.,(x,8(x)) = epi f (x;) (2.5.9)
8i(x) = {&: (&,-1) €N, (x,8(x))}- (2.5.10)
The last relationship reflects the familiar calculus result that if f is differentiable at x,

the vector [f'(x),-1] is normal to the graph of f at the point (x,f(x)).

All the functions considered have been locally Lipschitz since it is a reasonable

and usually verifiable hypothesis in a wide range of applications.

2.6 The Maximum Principle

Optimal processes may be characterized through the mazimum principle
developed by Pontryagin et al. [P1] which provides a set of necessary conditions for a

process to be minimizing, similar to the Euler equation of the Calculus of Variations.
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2.6.1 The Optimal Control Problem

The problem under consideration is :

1
Minimize JL(t,x(t),u(t))dt + g(x(1))
0
subject to
x(t)=1(t,x(t),u(t)), ae. tel0,1],
x(0) € Co, x(1) € Cy,
u(t) e Q,

a.e. t €[0,1].

Here L:RxR"xR™ —R, :RxR"xR™ —R", g:R" —R are given functions and C,, C,cR",
QCR™ are given sets.

Control functions u(-):[0,1] — R™ are taken to be measurable functions such that u(t) e
a.e.te[0,1].

A state trajectory x(-):[0,1] — R™ (corresponding to a control function u(-)) is a Lipschitz
continuous function satisfying the differential equation x(t) =1(t,x(t),u(t)), a.e. t €[0,1].
Minimization is conducted over ‘admissible processes’. An ‘admissible process’ is a pair
(x(+),u(-)) in which x(-) is a state trajectory, u(-) is a corresponding control function
and x(-) also satisfies the end-point constraints x(0) € Cq, x(1) € C,.

A minimizing admissible state trajectory or process is said to be ‘optimal’.

2.6.2 The Pontryagin Maximum Principle

7. n_mpm n+1 7 _ L(t,x,u)
£:[0,1]xR"xR™ —R""" where f(t,x,u) = Htoxu)

It is convenient to state hypoth[ses in t]rrns of the ‘augmented velocity function’
We wish to ensure that t—1(t,x(t),u(t)) is measurable for each measurable
function u(-) and continuous function x(-) and the appropriate weakest measurability
requirement which guarantees this is £ x B measurability. A function A:RxR™—R" is
£ x B measurable if it is measurable with respect to £ x B, where £ x % denotes the o-
algebra of subsets of [0,1] x R™ generated by product sets M x N, where M is a Lebesgue

measurable subset of [0,1] and N is a Borel subset of R™.

We define the Hamiltonian function as
H(t,x,u,p,\)=p-f(t,x,u) - AL(t,x,u).

Theorem 2.6.1 (Pontryagin maximum principle): Let (z*(-),u*(-)) be an optimal process

for the given problem. It is assumed that
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e for each ze€R", f(-,z, ) is £xB measurable where L denotes the class of Lebesgue
subsets in R and B denotes the class of Borel subsets in R™,
e there ezists a function K(-)€ L' such that
“]’(t,:c,u) - }(t,y,u)" < K(t)|z - y), a.e. te[0,1], z,yeR™ and ue Q,
e g is locally Lipschitz continuous,
e graph Q is a compact set,
e C, and C| are closed sets.
Then there ezists a number A€ {0,1} and a Lipschitz continuous function p(-):[0,1] - R"
such that

X+ |p(0)] > 0,

-p(t) € 8- H(t,z*(¢),u (t),p(t),)) a.e. (2.6.1)

H(t,z*(1),u*(2),p(t),)) = z7)n€a§12:H(t,:z:“(t),v,;p(t),/\) a.e. (2.6.2)
and

p(0) € Nco(z“(())), -p(1)e Ncl(:z‘(l)) + A¢  for some €€ dg(z"(1)). (2.6.3)

The function p(-) is called the costate function and A the cost multiplier. The
differential equation (2.6.1) is referred to as the costate differential equation and the
constraints (2.6.3) as the transversality conditions. Condition (2.6.2) is the mazimization

of the Hamiltonian condition.

Here, 8:H denotes the Clarke generalized gradient of H in the second argument.
We note that the theorem stated above extends the classical maximum principle to
problems where the data are non-smooth in the state variable. For a proof of this, see
Clarke [C3].
When the data are continuously differentiable in the state variable, 8H and og
are the single valued functions p-fz(t,x,u)-ALz(t,x,u) and g- respectively. In this case
the optimality conditions take the form:
-p(t)=p(t)-f=(t,x"(t),u*(t)) - AL=(t,x"(t),u*(t)) a.e. (2.6.4)
H(t,x*(t),u*(t),p(t),r) = max H(t,x"(t),v,p(t),r) a.e.

and
B(0) €Ng,(x°(0)), -p(1) €N g (x°(1)) + Age(x(1) (2.6:6)

2.7 Multiprocess Theory

The notation of this section follows that of Clarke and Vinter (see [C7]). An
optimal multiprocess problem, as defined by Clarke and Vinter, is a dynamic

optimization problem involving a collection of control systems coupled through
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constraints in the end-points of the constituent state trajectories and through the cost

function.

The development of a maximum principle for multiprocesses extends the
applicability of the classical Pontryagin maximum principle and permits the solution of

a wider range of problems.

2.7.1 Multiprocesses

Consider positive integers k and n;, m, (i=1,...,k), subsets U’ of RxR™"
(i=1,--,k), subsets X' of RxR™ (¢=1,.-,k) and functions ¢;:RxR"*xR"* —R"".
Since frequent reference is made to points in product spaces, and to products of product

spaces, we denote a point ((al,b,,~--),(a2,b2,-~),~--,(ak,bk,--~)) by a;,b;,--'}.

Definition 2.7.1: A multiprocess is a k-tuple {ré,ri,yi(-),w,.(-)} each element in which
comprises left and right endpoints i, 7} of a closed interval, an absolutely continuous

function y,(-):[r5,7i] = R"* and a measurable function w;(-):[rh,7i]—=R"* such that

yz(t) =¢i(t:yi(t)’wi(t)) a.e. tG[T{),Ti]
w(t)e Ui a.e. t€e [Té,'l’i]
y:(t) € Xi v telrori]

(X} denotes {z:(t,z) € X'}, etc.).

The individual elements are component processes, the y;(-)’s component
trajectories, the w;(-)’s component control functions and the intervals [r§,7}] component
time intervals. The processes or state trajectories are admissible if the y;(-)’s also satisfy

given endpoint constraints.

2.7.2 Optimal multiprocess problem

Let LiRxR"*xR"* =R (i=1,..,k) and f:E —» R be given functions_in which
E=Ii](RxRxR"ixR" ‘) and let AcC {Té,ri,yf),yi}eE|r{ > 78, i:l,...,k} be a given
closed constraint set. The optimal multiprocess problem is:

1
Minimize ({75, 7}, 4 () wi(rh)}) + 3 JL,.(t,y,.(t),w,.(t))dt
7o

over multiprocesses {ré,r{,yi(-),wi(-)} which satisfy {ré,r{,yi(ré),yi(ﬁ)} €A.

2.7.3 Essential Values

For free time dynamic optimization problems, we can expect optimality
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conditions to incorporate conditions on the boundary values of functions constructed
from the costate variables. When the data are merely measurable in the time variable,
the elementary definition of boundary value, namely evaluation at a point, cannot be
adopted, basically because it is not robust under the limiting arguments employed in
the derivation of optimality conditions. Instead we must interpret the boundary values
as ‘essential values’. Similarly when the data are discontinuous in the time variable, the
standard condition on the maximized Hamiltonian function is replaced by an inclusion
involving the ‘essential values’ of the function.

Let ICR be an open interval, t a point in I, and g:I—R* an essentially bounded
measurable function. |

The set of essential values of g at t, denoted ess g(s) is defined as follows.

Definition 2.7.2: 7ese§§‘g(s) if and only if, for any ¢> 0, the following set has positive
Lebesgue measure:
{s:t-e<s<t+e, ly—g(s)|<e}.

If a point lies in co Je_s*stg(s) we say it is a convex essential value of g at t. If the
function g has finite left and right limits at t (written g(t-) and g(t*)) then
ess g(s)= {g(t—),g(t*)}. It is clearly the case that, if g is continuous at t, then
ess g(s)={g(t)}, i.e. the essential value is merely the value of the function.

s—1

2.7.4 A Maximum Principle for Multiprocesses

We now state the multiprocess maximum principle for the finite horizon case
(see [CT]). To formulate the hypotheses it is convenient to introduce the augmented
velocity functions ¢;=[¢,,L;], ==1,...,k.
(H1)For each x € R, é:(-,x,-) is 2xB measurable for i=1,...,k where £ denotes the class
of Lebesgue subsets in R and % denotes the class of Borel subsets in R .
(H2)U' (i=1,...,k) are Borel measurable sets.
(H3)There exists a constant K such that for i=1,...,k

|6:(t,y,w)|] < K whenever (t,y,w) eRxXix U} and

(H4)|3:(t,y,w) - $:(t,y";w)| < K|y - y'| whenever (t,y,w), (t,y',w) e RxXixU:.
(H5)f is locally Lipschitz continuous.

Define the Hamiltonian functions H;, i=1,...,k as
H;(t,x,u,p,A) = p-¢;(t,x,u) -AL;(t,x,u).

Theorem 2.7.3 (Multiprocess maximum principle): Let {TB,T{,(E,-('),'U,;(-)} be an optimal
multiprocess. Suppose that graph {z,(-)} C interior {X*} and that hypotheses (HI) to (H5)
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are satisfied. Then there ezist a real number X equal to 0 or 1, real numbers h, hj,
i=1,...k, and absolutely continuous functions p;:[rh,7i] = R"™ i=1,..,k such that
A+ 3 Ipdrd)l > 0 and

-pi(t) € 0:H(t, 7,(1), ui(t), pi(2), ) a.e. t€[ro,mi] (2.7.1)
Hi(tyzi(t):ui(t):pi(t)!)‘) = magiH,-(t,zi(t),w,p,.(t),/\) a.e. te [Té,ri] (272)
we U;

hi€co ess ¢ sup H(t, z,.(r{,),w,p‘-(rg),/\)} (2.7.3)
t—'T:) ‘UIEU:

ki€ co ess { sup Hy(t,z,(r}),w, p,-('r‘l'),/\)} (2.7.4)
t—»T; weU;

for i=1,.. ,k and
{ h hi, pi(7o) Pi(ﬂ.)} € N, +2of. (2.7.5)

The normal cone N, and the generalized gradient of are evaluated at the point
{Té,Ti,Xz‘(Té)axi(Ti)}

Note that all the ingredients of the traditional maximum principle, namely
costate functions p;(-), costate differential equations and maximization of the
Hamiltonians, which separate out into statements about individual component
processes, are present in the multiprocess maximum principle. The fact that component
processes in the optimal multiprocess problem are coupled through the end-point
constraint and the cost function gives rise to a corresponding coupling of the component
costate functions through their end-points via the multiprocess transversality condition

{88, b1, pi(%),-pi(ri)} € Ny + 20k,
The formulation of the optimization problem incorporates the constraints y;(t) e X;
mainly for the purpose of hypothesis refinement. A consequence of the theorem is that
the assertions remain valid if {-rf,,r;',xi(-),u,-()} is merely a local solution to the given
problem in the sense that it is minimizing with respect to all multiprocesses
{r{,, r{,y,-(-),w,-(-)} that satisfy graph {y,} c graph{x;}+ ¢B.

2.7.5 Normal Cones

As we have just seen, we require analysis of generalized gradients and normal

cones in order to obtain necessary conditions for the solution of multiprocess problems.

In this section we develop formulae for the normal cones of certain sets which
arise in optimization, and which will be useful in the study of ‘two-stage’ problems later

on. For simplicity we limit our attention to the convex case, though the following
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formulae do have analogues for general closed sets.

Proposition 2.7.4: (i) For closed, convez sets C; CR* and C,CR', and points ae C, and
be C,,

Nclx cz(a,b) = Ncl(a) X ch(b)- (2.7.6)
(%) For any closed, convez subset CC R¥*xR' and a point (a,b) € C,
N{(x,z‘,y) |(2,y)€ C}((a”a)b)) - {(p) q,'f')l (p+Q)T) € NC((a‘)b))}' (277)

Proof: (i) For any (x,y) € C;x C, it follows that xeC, and y €C,.

Let (p,q) € Nclxcz((a"b))? then by the definition of a normal it implies that
p-(x-a) + q-(y-b) < 0 for all (x,y) e C,xC,.

If we fix y=b, then p-(x-2) <0 for all xe C,, i.e. p eNCI(a), (c.f. Definition 2.5.4).
Similarly, if we fix x=a, then q-(y-b) <0 for all yeC,, i.e. qeN 02(b).

Thus, if (p,q) € Nclxcz((a’b)) then p ENCI(a) and q€ ch(b).

Conversely, if p eNcl(a) and qeN 02(b), then we can immediately state that
p-(x-a) + q-(y-b) <0 for all xeC, and all y € C,.

This implies that (p,q)e NoGCQ((a,b)).

Hence the equality holds.

(i) We use the result from part (i) in proving the second part of the proposition.

Let C=C, x C, where C, cR* and C,cR'.

In addition let C=C,xC, where C c R*xR*xR'.

Let (p,q) %Nél((a,a)). Then by definition of a normal we have (p,q)-(x-a,x-a) <0, for

all (x,x)eC;.

Thus (p+q) - (x-a) < 0 and so (p+q) eNcl(a).

Let rech(b) then r.(y-b) <0, for all y € C,.

FIOI}) Proposition 2.7.4(i) we know that NézNélx NCz thus (p,q,r) is a normal to the

set C at the point (a,a,b). Furthermore, since C=C,xC, it also follows that
Nieneal(@b) =N eq (@) xNeo,,(b).

Therefore (p+q,r) €N, e ((a,b)).

Hence we obtain the required result

N e (@20 S {Ban)] (+an) €N (b))} :

Similar arguments to those employed in the above proof give
N o iemea(@2b) C{(pars)lp+a,rs)eNo((ab)). (2.78)
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Chapter Three

AN INFINITE HORIZON, MULTISTAGE OPTIMIZATION PROBLEM

3.1 Introduction

Dynamic optimization problems arise, especially in the economic and biological
sciences, which are defined over an infinite time horizon. In the deterministic,
continuous time case, the performance index is described by an improper integral which
may not necessarily converge; however it is still possible to obtain necessary conditions
for optimality in the form of a maximum principle as in Halkin’s classic paper in this
field [H1]. We now consider whether we may also derive general necessary conditions for

the solution of infinite horizon multistage optimal control problems.

An optimal multiprocess problem is a dynamic optimization problem involving a
collection of control systems coupled through constraints in the endpoints of the state
trajectories and through the cost function. The development of a maximum principle for
multiprocesses (see Clarke and Vinter [C8]) extends the notion of the classical

Pontryagin maximum principle and permits the solution of a wider range of problems.

In line with our theme of extending the applicability of the theory, the main
contribution in this chapter is to develop a maximum principle for multiprocesses over
an infinite time horizon. We consider the simplest example of a multistage problem,
namely a two-stage optimal control problem, in which one of the component processes
operates over an infinite time horizon:

t o0
J= J Ly (6,x(t),u(t))dt + J Ly(b,x(t),u(t))dt.

to ty
Extension to other problems exhibiting greater complexity is described in later sections.
We reformulate the problem in terms of multiprocesses and then state and prove

necessary conditions for a solution to be optimal.

The proof is in two parts:
1) We take the infinite horizon problem and restrict the data of the problem to a fixed
time interval with a terminal condition on the state. We prove that an optimal solution
for the infinite horizon problem is still optimal when the problem is restricted as
described.
2) We then show that if an optimal solution satisfies the first result we can prove

general necessary conditions for optimality over the infinite horizon. This involves
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applying the finite horizon multiprocess maximum principle over strictly increasing
time intervals and using Ascoli’s theorem to construct a nested family of subsequences
of the costates with the required convergence properties. We are then able to construct
a function which satisfies the necessary conditions of the maximum principle and is thus
a candidate for the costate function. Since the proof method can be generalized to
problems with more than two stages we have, in effect, a maximum principle for general

multistage problems operating over an infinite time interval.

We show that this theory can be applied to two-stage optimal control problems

of the form
ty 0
J= J Ly(t,x(t),u(t),t,)dt + J Lo(t,x(t),u(t),t,)dt,
to t

where, in addition to the intermediate time, t;, being a choice variable, there is an
explicit dependence in the integrands of the cost functions on this intermediate time,
(see Tomiyama and Rossana [T2]). We derive a set of necessary conditions for the
general statement of the problem using multiprocess theory, after which we consider a
problem from the field of mathematical economics. This is an example from the
adjustment cost literature on the choice of optimal delivery lags. We refer to Tomiyama
and Rossana [T2] whose discussion on this topic is based on a problem first posed by
Maccini [M1].

The notation used in this chapter follows that of Section 2.7.

3.2. Statement Of The Problem

We consider the following performance index defined over the infinite horizon:

b 00
I=JL1(t,x(t),u(t))dt+JLz(t,x(t),u(t))dt (3.2.1)
to ty
where L;:RxR"xR™ =R (i=1,2) are given functions.

We wish to minimize (3.2.1) subject to the state equations

c(t) = 4 atx(t)u(t)) a.e. t€to, b,
*H= {fg(t,x(t),u(t)) ae. te [tl, oo), (322)

1
o€ {DP%? vt c [[:f i;]) (3.2.3)

We also wish the minimization to be subject to the control constraints
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I_I:l a.e. t € [to,tl],
u(t) € { U2 a.e. t €[ty 00), (3.24)

and boundary conditions

X(to) € Co, (t1,%(t1)) € Cy. (3.2.5)

Here the f;:RxR"xR™—R" (i=1,2) are given functions; U'c RxR™, X‘c RxR",
CoCR™, C; CRxR" are given sets, (X} denotes {x:(t,x) e X'}, similarly for U}); the state
x(-) is absolutely continuous on [t,,00) and the control u(-) is measurable on [tq,00). The
intermediate time t; is a choice variable, constrained to satisfy t, <t, <oco. Conditions
on f; and L; will be stated in Theorem 3.3.1 in the next section. Any triple (x,u,t,;)
satisfying (3.2.1) to (3.2.5) is termed admissible. If, in addition, it is minimizing, it is

termed optimal.

Notice that this can be set up as an ‘infinite horizon’ multiprocess problem (c.1.
§2.7.2) with component dynamical equations x,=f;, %,=f, (in which the x;’s are
‘segments’ of the state trajectory, etc.), cost function

7]

> Lt uenae

1 .
1
To

and end-point constraint

(70,71,70,71,X1(T0),X 1(71),Xa(75), Xa(71)) € A
on the multiprocesses {ré,ri,x;(-),u;(-)};l,z considered.
Here the set A is

A={{ra,ri,xi(r:;),x,-(ri)}:ré=to,ri=r3=t1,rf=oo,x1(fé)eCo,x,(fi)=x2(r3),x2(rf)free}-
(3.2.6)

There is no unique way to define ‘optimality’ when we are dealing with problems
having infinite horizon. Issues are involved here of whether we require a control to give
rise to convergence of the improper integral in the cost function and, if not, what is
meant by the term ‘optimal’. Our ultimate goal is to prove necessary conditions for
‘optimal’ controls in the form of a Maximum Principle, and it is natural then to adopt
as definition of ‘optimal control’ as weak a notion of optimality as is compatible with
the Maximum Principle we have in mind, for then this Maximum Principle will also
serve as a necessary condition for other, stronger notions of optimality which other
control theorists may care to employ. We shall work with a weak concept of optimality
introduced by Halkin [H1], which does not require convergence of the improper integral
in the cost function. Comparisons between this and other definitions of optimality

relevant to infinite horizon problems are discussed in [S1].
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DEFINITION 3.2.1: We say an admissible triple (z°(-),u*(-),t;) is ‘weakly optimal’ if, for

every admissible triple (z,u,t,), every Te J (J=[t,,00)), and every e > 0, there ezists a T € J

with > T for which

2t T 4 T

J' Ll(t,z(t),u(t))dt+JL2(t,z(t),u(t))dtZJLl(t,m*(t),u‘(t))dt-FJLz(t,a:‘(t),u‘(t))dt—c. (3.2.7)
4

1) 4 )

3.3 An Infinite Horizon Multiprocess Maximum Principle

The main result in this chapter is the following set of necessary conditions on
optimal triples for the infinite horizon problem.
Define the Hamiltonian function H; (i=1,2) for each stage by
H;(t,x,u,p,\)=p-f;(t,x,u) - AL;(t, x, 1)
and define the augmented velocity function f; by f;=(f;,L;) where {;RxR"xR™ — R™*!
(+=1,2).

THEOREM 3.3.1: Let (z°(-), u'(-),t}) be the optimal triple for the infinite horizon problem
of §3.2.
Assume that:
(HI1)For each zeR", fi(,2,) is £xB measurable for i=1,2 where L denotes the Lebesque
subsets in R and B denotes the Borel subsets in R™.
(H2) U' (i=1,2) are Borel measurable sets.
(H3) There ezxists a constant K such that for i=1,2
|7.(t,z,0)] < K whenever (t,z,u) € RxXix Ui and
(H4) | Fi(t,z,u) - F(t,y,w)| < K|z-y| whenever (t,z,v), (t,y,4) € Rx Xix U
and that all the hypotheses are satisfied.
Let graph {z,(-)} C interior{X*} for i=1,2.
Then there ezist real numbers X (equal 0 or 1), hy, h, and a function p(.):[0,00) — R",

which is locally absolutely continuous on [0,8}), (t},00) such that ,\+||p(-)||Loo >0 and

() -p(t)€o-H(¢,2"(2), u'(?), p(t), A) a.e. 1€ [t,t]
}(3.3.1)
-p(t) € 0= Hy(t,2°(2), u"(t), p(2), ) a.e. te[t],00)
() Hy(t,z°(), v (1),p(),A) = maz H,(t,2°(8), w,p(t), ) a.e. t€ b, 1]
we Uy

}<3.3.2)
Hy(t,z (1), w(¥),p(2), ) = maz, Hy(t,z(t), w, p(2), ) a.e. L€ [t],00)
we Uy
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(323) hy € co ess_{ sup Hl(t,z"(t;),w,ltiTrtr‘zp(t),,\)}
1

t— i \we U% }(333)
h, € co ess*{ sup Hy(t,z*(t)),w, lim p(t), A)}
t=11 e 12 tle
(40) Plto) € N, (ho-hy, ~lim p(t)+ lim p(8)) € N, (3.3.4)
T4 t] 4 1

The normal cone NC0 is evaluated at z*(t,) and NC1 1s evaluated at (¢, z*(1})).

Equations (3.3.1) are the costate equations and equations (3.3.2) give the
condition for the maximization of the Hamiltonian. The essential values, required for
the evaluation of the normal cones, are given by (3.3.3) and the transversality conditions

are given by (3.3.4).

3.4. Proof of Theorem 3.3.1

3.4.1 PRELIMINARY RESULTS

Before we proceed with the proof of the main theorem, we recall two results,
namely Gronwall’s lemma and Ascoli’s theorem, which we now state for reference.

Proofs of these results may be found in standard texts, e.g. [F1,R3] respectively.

LEMMA 3.4.1 (Gronwall’s lemma): Let «(-):[0,]]—R be a bounded measurable non-
negative function, let y:[0,1]—R be a Lipschitz continuous function and let k(t):[0,1]—R be
a bounded measurable non-negative function such that

U(t) < a(B)y(t)+ k(t) a.e. te[0,1],

then ’ . t
y(3) < (y(0)+Jk(r)ezp{-Ja(r) dr dr) exp{Ja(r) dr} all te[0,1].
0 0 0

This result provides us with a means of obtaining bounds to solutions of differential
equations. The other result is the basic ‘sequential compactness’ theorem used to

establish convergence of subsequences of state trajectories.

THEOREM 3.4.2 (Ascoli’s theorem): Let {z,(-):[0,I]=R"} be a sequence of functions
which are uniformly bounded and uniformly Lipschitz continuous, i.e. there is a constant
K such that -
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(0) |z:(t)| < K, allte[0,1], i=1,2,... and

(0) Jzi(t) - z:(¢)| < Klt-t!l, for all t,¢ €[0,1), i=1,2,...

Then there ezists a subsequence {z,.j(-)} of {z;(-)} such that
t'gt(c)z’:zi]"xij(t)-i(t)“ — 0, as j—oo,

for some function Z(-) which s Lipschitz continuous with Lipschitz rank at most K.

3.4.2 PROOF OF NECESSARY CONDITIONS

We obtain the maximum principle over the infinite horizon by combining two
lemmas which we shall state and prove, but first we introduce some notation.

Given Te([t;,00) and ¢€R", we denote by P the finite horizon fixed end-point

T,§

problem obtained by restricting the interval of integration in the infinite horizon

problem to [0,T], and by introducing the terminal condition x(T)=¢, namely

ty T
Minimize JLl(t,x(t), u(t))dt + JLz(t,X(t), u(t))dt
0 t1

subject to to<t, <T,

x(t) = {fl(t,xm,u(t)) “ae teto,ta],

Ltx()u®)  ae telt,oo),

X(O) € COa (tlax(tl)) € Cla X(T)= f

‘Optimality’ for the finite horizon problem P, . is defined in the obvious way. Given an

T.§
admissible triple (x,u,t;) for the infinite horizon problem and also Te€[t;,0), we denote
by (x,u,t1) ., a triple in which the first two arguments are the restrictions of the original

state trajectory and control functions to [0,T)].
The first stage is to prove:

LEMMA 3.4.3: If (z°(-), u"(-),t}) is weakly optimal for the infinite horizon problem then,
given any T>1, (z°(), w(-),4) s optimal for PTz*(T)'
Proof: Assume the assertion is false. Then there exist T>t], ¢>0 and a triple (fc,ﬁ,%l)T

for PT’I,,(T), with to<t,<T, such that
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t T t] T
ILl(t,ﬁ(t), a(t))dt +J Ly(t, %(t),0(t))dt <J Ly(t,x"(t),u"(t))dt +J Lo(t,x*(t),u"(t))dt —e
to t, to 13¢ (3.4.1)

Define an admissible triple (x,u,t,) for the infinite horizon problem according to t,=t,

and
_[%(t) a.e. te[te,T] i(t) a.e. te[to,T ]
x(t)—{x‘(t)a.e. te[’I?,oo)’ u(t)= { u'(t)a.e. te[T,o0)

Then, for all r>T,

ty ,
[ Latt,x(e), u) bt Lage, xce), uiey at
£ £
Eg T T
= | Lu(t, (), a(t) di+ J (1), 4 ( t))dt+JL2(t,x‘(t),u‘(t))dt
& i) T
4
< [Lutxr(t),0° (t))dt+jL2(t,x (£, w' () dt — ¢
to £

by inequality (3.4.1).
This contradicts the weak optimality of (x*(-),u*(-),t]). The lemma is proved. O

The above result is clearly a variation on the Bellman optimality principle. In effect, we
have shown that if (x*,u",t]) is an optimal solution for the infinite horizon problem then

(x™,u",t}) is also optimal for any finite restriction of the problem.

The second stage is to prove:

LEMMA 3.4.4: Let (z*(-),u"(),t;) be an admissible triple. If, for any T>t,

(), u(-),8) . 18 optimal for P then the conclusions of the infinite horizon

T w(T))
multiprocess mazimum principle (Theorem 3.3.1) hold.

Proof: ’

Step 1: Necessary Conditions for a Sequence of Finite Horizon Problems

Let T',T2,... be a strictly increasing sequence of real numbers in [t],00) such that Too

as j—oo. For each je{1,2,...} we have that (x*(-),u'(-),tI)Ti is optimal for the associated

finite horizon fixed end-point problem, P
-p % . o T’)

(A) Necessary conditions for the finite horizon problems.

We now apply necessary conditions of optimality to each of the above finite horizon
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problems P . From the finite horizon maximum prmaple for mult1processes (see
§2 7.4) we know tl’xat for each j, there exist real numbers by equal 0 or 1, ho, hl, and
p’:[to,TV] = R", absolutely continuous on [te,t7) and [t} ,T’] such that

A +|p to)l >0 and

1) -Pj(t) € d-H,(t ,X'(t),u'(t),Pj(t) ; /\j) a.e. t € [to,t]
. . }(3.4.3)
—Pj(t) € 8:H,(t,x"(t),u’(t), p'(t), X) a.e. te[t], TV

(i) Hy(t,x"(t),u"(t), p'(t), ) = max_ Hy(t,x"(t),w,p'(t), X) ae. t€[tot]
we U}

}(3.4.4)
Ha(t,x"(t),u"(t), p'(t), N) = max, Hy(t,x"(8),w,p(t), X) ae. te[t:,TY]
we U; .
(111) hJoeco ess {sup Hl(t,x*(t{),w,limpj(t),Aj)}
t—t] e

HweU; }(3.4.5)

hjleco ess { sup, Hyt,x"(t),w 11mp(t) A)}
—~hlweU? il

i) plte)eNg, (ho- by, ~lim p’(t)+ lim p'(t)) € N (3.4.6)
e tl 1 1

The normal cone Nc(J is evaluated at x*(to), Nolis evaluated at (t7,x*(t})).

Conditions (3.4.3) to (3.4.5) follow directly from the multiprocess maximum principle.

Notice that by asserting the p'’s are absolutely continuous on the closed interval [tI,Tj]
we have effectively taken the right-continuous version of the concatenation of the

‘component’ costate functions obtained from the multiprocess maximum principle.

(B) Computation of Normal Cones.
From this point in the proof, we employ the notation r(t-), r(t*) to denote left and right
limits of the function r(-) defined on an interval containing the point t.

We may write the multiprocess transversality condition as

{(h’;,pj(tc,),-pj(tz-)),(-h’;,pj(t:’“),-p"(ﬂ)} eN ,1((t:,x*(to),x*(t:)),(t;,x*(t:),x*(r“')))

2(l+n+n)

where ]\:{((t,y,z),(t',y’,z’)) yeCo, t=t/, z=y/, z/=x" TJ)}

In view of Proposition 2.7.4(i)
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Pj(to)ENcoa (3.4.7)
and ‘
J j J j » * LY7% ] » LY7R]
(to,-p'(ti7), -hy, P'(ET)) € Np (1,7 (4, 65,x " (£9))
Where D:={(t)Y’t,7y,): (t,y)z(t,’y,)’ (t7y)ecl}'
By Proposition 2.7.4(i1),
'j j j j * Ed * *
(Ho,-p'(t17), b1, P'(E1)) E{(a,%a',v’):«a-i-a'),('ﬁ7’))6 N, (tix (tl))}-
It follows that
j J J - — J *+ * LR
Ho By, -p(ti7) + P'(t*) | €N, (61,%7(ED))- (3.4.8)

(3.4.7) and (3.4.8) are the required transversality conditions satisfied along the sequence

of ‘finite horizon’ problems we consider.

Step 2: Conclusion - Infinite Horizon Necessary Conditions

It remains to derive the necessary conditions of optimality for the infinite horizon
problem, by passage to the limit.
Note that the condition

¥ +Hp'tto)| +]p'cen)| >0

can be normalized to

W 4ol +p
by scaling the multipliers.

=1,

(A) Asymptotic Normalization

For each j, we have /\j=0 or 1. By extracting a subsequence, we can arrange that
the { X } converge to a limit. We call this limit . Clearly A=0 or 1.
By further extraction of subsequences, we can also arrange that pj(to)—q‘) and that
pj(t{')—+1=), for points p and P satisfying
A+IpI+[5I=1.

(B) Construction of costate function q(-)

We now consider the costate functions and construct a costate which satisfies the
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necessary conditions over the infinite horizon.

(1) We show that, for each k, the sequence of functions pj(-), j=k,k+1,... are uniformly
bounded and uniformly Lipschitz continuous on [to,t]) and the fixed subinterval [t],Tk].

From the maximum principle we deduce existence of bounded, measurable functions
such that .
'J H . . *
-b (1)=P(t)-7(t)- M(t) ae. t € [t],T"]
Thus for j=kk+1,...

') ') ll) + )

Hence, via Gronwall’s lemma, 'pj(t)lgpj(tI)DﬁDg for all te [tI,Tk], for some constants
D,, D,. By the normalization condition, lpJ(tI)’gl for all j. Hence |pJ(t)|5D, for all

K
t € [t],T ], for some constant D.

. ' : K
Thus the functions p'(-) are uniformly bounded over [t},T ). We deduce from the
differential equations for the p'(-)’s that they are also uniformly Lipschitz continuous on

t:,TX]. Similar arguments are valid over the first time interval [to,t]).
g

(2) Ascoli’s theorem now permits us to construct a nested family of subsequences of pj(t)
over [t},o0) as follows:

Consider the interval [t],T']. We know the functions pj(-), j=1,2,... are uniformly
bounded and uniformly Lipschitz continuous on the subinterval [t},T']. Therefore, by
application of Ascoli’s theorem, we can choose a subsequence of functions from the

sequence pj(t), j=1,2,..., which we relabel as pl'n(t), such that

max llp""(t)-q'(t)]| = 0 as n — oo for some Lipschitz continuous function q'(t).
teft], 7]
Now we consider the interval [t],T?]. We know that over this interval the pj( ) j=2,3,...
are uniformly bounded and uniformly Lipschitz continuous. Ascoli’s theorem tells us
that we can choose a subsequence of p''"(t), which we relabel p”"(t), whose elements are
selected from p?(-),p%(+),... such that the subsequence p>"(t) converges uniformly over

[t;,T?], namely,

max, [[p*"(t)-q*(t)|| = 0 as n — oo for some Lipschitz continuous function q*(t).
telt], T7]

Repeated application of this process results in a nested family of subsequences of pj(t),

namely,
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1,n S 2,n, \®
(") 2 (™) _ >
. /n=1 n=1
with the properties:
. . . K.n oo j 0 j .
1) for fixed k, terms in the sequence (p : (-)) are selected from (p (-)) where p'(-) is
n=1 j

the original sequence, and

ii) for each k, p“"(t) — qX(t) uniformly as n—oo over [t],T¥] where q*(t) is Lipschitz
continuous.

Furthermore, since the sequences are nested g¥(-) and ¢/(-) coincide on [t],T¥] for j > k.
We can similarly show that, since the pj(-), j=1,2,... are uniformly bounded and
uniformly Lipschitz continuous over [to,t}), a subsequence can be chosen which

converges to some Lipschitz continuous function q°(t).

(3) Now define the function q(-): [to,t1)U[t],00) — R" as follows:

qt) = 43 B teltoti)
qk(t) telti,oo) where k is such that T* > t.

Evidently, the definition of q(-) on [tg,00) is independent of k. Take any t >t], then t lies
in some interval [t],T*] where k is the minimum value such that T* >t and, as we have
just shown,

q*(t) =nimwpk'"(t) over [t],TK].
We know by construction of the subsequences, that each pk’"(t) (n=1,2,...) satisfies the
necessary conditions (3.4.3) to (3.4.6) over [t},TX].

We now proceed to show that q°(t) and g* satisfy the necessary conditions.

(i) Consider —p*"(t)=p""(t)-F=(t.x(t),u(t))- A La(t,x(t),u(t)), for some Fa(-), Lz(-).

Since each p*" is absolutely continuous we can integrate both sides to give

t t
-p“'“(t)=p“'”(t;)+jp“'“(s)-fz(s,x(s),u(s»ds-Ajix(s,x(sxu(s))ds.
t] t]

By the uniform convergence of p“" over [t;,T] we can take limits of both sides, to give

t t
g (t)=q"(t}) +nimwjpk’"(s) -f:(s,x(s),u(s))ds-,\J La(s,x(s),u(s))ds.
] T

We know that f. is integrable over [t},T¥], f:<a(t)eL'[t;,T*] and the pk'n are
uniformly bounded over [t],T¥]. Let 5" be the uniform bound for the sequence p*"
over [t},T¥], then

pk'n(s)-fz(s,x(s),u(s))< ]a(s)lfyk’n for all p*" over [t3,TX].
Furthermore,

p"(s)- T(s,x(5),u(s)) — q¥(s) - T=(s,x(s),u(s)) .
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Hence,
t t
i [P7(6) Fe(ox(s)u(s)) ds = [ 6%(6) Ex(ox(6),u(s)) ds
i i

by the Lebesgue Convergence Theorem, (see eg. [R3]).
Thus for each k, q¥(-) satisfies condition (3.4.3), similarly for q°(-). Therefore, by

construction of q(-) it satisfies the costate equation over [ty,00).

(i1) We have, for each pk'n(t), n=1,2,... and a given w e U?, that
H(t, x7(8), u™(t), p"(6),A) > Hit, x*(t), w, p<"(£),A) ae. te[t], T
Since the inequality holds along the sequence then it holds for the limiting value of pk'n
since H is continuous.
Therefore H(t,x*(t),u"(t),q*(t),A) > H(t,x*(t),w,q¥(t),)).
Since this holds for any w € U? it holds as a maximum over all we U2, i.e.
H(t,x"(t),u"(t),qX(t),A)= max_ H(t,x*(t),w,q"(t),)).
we U?

This holds for each k and similarly holds for q°, therefore q(-) satisfies the maximization

of the Hamiltonian condition (3.4.4) over [to,00).

(ii1) We have that for any fixed k, (3.4.5) holds when pk‘"(-) replaces pj for n=1,2,...
Passing to the limit (this is justified by the upper semi-continuity of the convex

essential value [L1, Lemma 1.2]) we see that (3.4.5) remains valid when q replaces pj.

(iv) We know that for j=1,2,... pj(-) satisfies pj(to)eNCO(x‘(to)). In view of the upper
semi-continuity of the normal cone to a convex set, passage to the limit is valid, thus
q(to) € Nco-

Similarly, we can deduce that (ho-h,, -q(t{7)+q(t:™)) eNg,.

(v) It is evident too, that q(to)=P and q(t;*)=p (see “(A)” of step 2). So
A+[p|+[Bl=1.

Thus we have constructed a costate g(-) that satisfies the necessary conditions over the

infinite horizon. O

Remarks:
1) We have obtained necessary conditions, in the form of a Multiprocess Maximum
Principle, for (x*,u"t}) to be a solution to the infinite horizon problem using the

concept of weak optimality. This definition is the weakest of the various definitions in
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the literature. It therefore follows that a solution to the infinite horizon problem using
any of the (stronger) notions of optimality will also satisfy the Multiprocess Maximum

Principle (see [S1)).

2) We emphasize that the formulation of the problem makes no statement concerning
the limiting values of either x*(T) or of J Ly(t,x*(t),u"(t))dt as T—co.
t1
3) The theory can obviously be extended to cover any performance index of the form
t ty )
le(t,x(t),u(t))dt + J o(t,x(t), u(t))dt + - + JLn+1t x(t),u(t))dt.
where transversality conditions for the intermediate times t,,...,tn can be obtained by

defining constraint sets C,,...,C,,, in a similar fashion to the C,; of the theorem.

4) The proof techniques used above can be applied to more general multiprocess

problems of the form

1 2
T1 T o0
ijt,xl(t),ul(t))dt + jLz(t,x2<t>,u2<t>)dt+...+ j L (6,%,(),1,()) dt
1 k
To To To

in which we do not assume coincidence of the interval end points.

5) Research has been aimed at formulating transversality conditions for infinite horizon
problems. We briefly mention some results.

Weitzman [W1] considered infinite horizon convex programming models with a free
end-point. He obtained a set of necessary and sufficient conditions for optimality, one of
which is a transversality condition in the limit at infinity, namely

Jim pe-xi =0,

where x; is the optimal trajectory from instant t-1 to t and p, is a price row vector.
This can be interpreted as saying that in an optimal program, {x;i,u;}, where u; is the
optimal gain (utility) from t-1 to t, the present value of unused capital must eventually
go to zero. However, setting to zero the limit value of the optimal capital stocks,
although often economically intuitive, requires special assumptions, in particular a non-
empty interior condition and moreover, Weitzman’s limit property is not satisfied by

optimal growth paths in the undiscounted growth model.

In the analogous continuous time problem, many authors have assumed that
Jm p(t)-x(t)=0,
the main justification for its use being that it looks like the ‘natural generalization’ of
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the finite horizon transversality condition of Pontryagin et al. [P1].

Benveniste and Scheinkman [B2] study concave, variational calculus type models

of the form
o0
maximize j L(t,x,%)dt
0

subject to (x,%) €T, x(0)=x,, where T is a convex subset of R*® and L is a continuous
function which is concave in (x,%) for every t>0. These are interpreted as dynamic
models of capital accumulation. The conditiontgngo p(t)-x(t)=0 has long been recognised
as sufficient for optimality under certain assumptions, but Benveniste and Scheinkman
[B2] prove the necessity of this condition under a set of similar assumptions. They
interpret p(t)-x(t) as a linear approximation to the present value of x(t) and hence, as
before, the transversality condition means that the present value of leftover capital is
zero. However, they acknowledge that in the continuous time analogue their results are

not as general as Weitzman'’s.

An extension of this work by Araujo and Scheinkman [Al] proves similar results
while allowing state constraints to be binding so that a wider class of economic

problems may be addressed by the theory.

A study by Aubin and Clarke [A3] of the following infinite horizon problem:

o0
minimize J e"stg(x(t),u(t))dt
0
in which the cost functional is locally Lipschitz and the dynamics linear and/or convex
indicates that there is a sensitive relationship between the growth rates of the cost

functional and the costate variables. They obtain the transversality conditions

T (q-1)6t T (a-1)6t

Je(q' 84 oty Ydt < oo, fe(q' 8 5t)|%dt < oo, (3.4.9)
where q €R is suitably defined, and

(-8, o9 = . (3.4.10)

Based on the results of their paper, the necessary conditions may be expected to hold in

lim e
t— 00

the strong form (i.e. ‘normally’, without the presence of a possibly vanishing multiplier)
provided the ‘discount rate’ § is sufficiently large. Furthermore, in the infinite horizon
case, growth (or dual) conditions such as (3.4.9) are more natural than pointwise
transversality conditions such as (3.4.10) (which are simply consequences of (3.4.9)). The
role of the infinite horizon and the discount factor are discussed in detail in T. C.

Koopmans [K1].
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Gray and Salant, in a discussion paper [Gl],i develop transversality conditions for
optimal programs in discrete time infinite horizon problems, firstly in which the value
of the control variable may be restricted but the value of the state is not and secondly
where the state variable, rather than the control, is restricted. They show that optimal
solutions to the Halkin counterexample, which belongs to the former class of problems,

do indeed satisfy this new condition, namely

. t'_ 1 —
Jim g p(t") [fu(:)fx(rH)f,(,uz)"'fz(u)] = 0. (3.4.11)

This condition involves the product of the limiting extension of the standard condition
lim 8'p(t") = 0
i — 00

where g is a discount factor (=1 in the Halkin example) and the bracketed terms that
represent the cumulative change in the state variable generated by ‘unreversed’
perturbations. A perturbation is a variation in a proposed program. In an ‘unreversed’
perturbation the value of the control is not altered after some t* (such that u(t*) is
interior to the control set) in order to restore the state variable to its original path. The
new necessary condition then states that either equation (3.4.11) is satisfied; or the
value function is not defined at u(t*), or the series of derivatives describing the costs
associated with an unreversed perturbation over the infinite horizon is not uniformly

convergent when expressed as a function of u(t").

Michel [M3] has shown that for a general discounted problem it is possible to
prove another property, namely, the maximized Hamiltonian converges to zero as time
goes to infinity. (This result may be obtained with the Hamilton-Jacobi equation but
then requires differentiability of the value function — see Section 1.6 for definitions of
these terms). He also shows that in certain circumstances this implies the transversality

condition. However, the problem formulation only deals with smooth data.

Currently, Michel [M4] has attempted to fill a gap in the literature by
establishing the transversality condition in a general form applying to concave discrete
time infinite horizon problems. The transversality condition can be interpreted as an
exhaustion property of the limit value of the optimal state variables and is obtained in
both strong (l}g&fp,~(xt-x:)20) and weak (13’3%‘0" p:-(X:-x;)>0) forms, corresponding to
the definitions of optimality used. The work is an attempt to remove the need for a
special argument in each case but further studies are required for other general classes

of problems.
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3.5 An Application of the Infinite Horizon Theory

In this section we consider an example of the application of the infinite horizon
multiprocess maximum principle, namely, a two-stage optimal control problem where
the switch-point is a choice variable and appears as an argument in the integrands of
the performance index. Previously, necessary conditions for problems of this type have
been obtained by Tomiyama and Rossana [T2] over the finite horizon. Using a
multiprocess formulation we show that general necessary conditions can be obtained

over the infinite horizon under relaxed hypotheses.

The problem considered by Tomiyama and Rossana [T2] is to find a triple

(x*,u",t7) that maximizes the performance index

ty , 0
J=jLl(t,x(t>,u(t>,t1)dt+jLz(t,x(t>,u(t>,t1)dt
£ t

subject to the state equations

Y — fl(tax(t)1u(t))t1) a.e te [to,tl}
X(t) B {fZ(t?x(t)au(t)atl) ae. te [tl,oo), (351)

the boundary condition
X(to) € XOa (352)

and the control constraint

U,cR™ a.e. t€lto,t]
t - ’ 3.5.3

u(t) € {UZCR a.e. t€ft;,00). ( )
In the original formulation, the functions f;, L; (+=1,2) are at least continuously
differentiable in x, t and t, and continuous in u; X, is a non-empty closed subset of R"
and U; (i=1,2) are closed subsets of R™.

A triple which achieves the minimum of the performance index over triples
satisfying the constraints of this problem is said to be optimal. Note that t; is a choice
variable to be chosen optimally and that the asterisk denotes optimal quantities. It is

assumed that an optimal control triple (x*,u*,t}) exists where t, <t] < 0.

We remove explicit t, dependence by state augmentation. An equivalent

formulation is as follows:
b o0

Minimize | Li(tx,(8)u(6)%s(t) dt + | Lot xat)ua(t) xs(0) dt (3.5.4)
to t

subject to
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X1 (t) =1, (b, %1 (t),uy(t),x5(t)) a.e. t € [to,t,]
Xo(t) =15(t,X,(t),us(t),xa(t)) a.e. t €[t;,00) }(3.5.5)
X3(t)=0 t € [to,t,] where x3(t;)=t,
X4(t)=0 te [tl,OO) Where Xq(t1)=t1
and u,(t) e U; a.e. t €fto,t], x,(t) e X} all t €[to,ty], (3.5.6)

u,y(t) € U? ae. t €[ty,00), x5(t) € X? all t € [ty,00),
where x,(to) € Co, (t1,%1(t,)) € C,. (3.5.7)

The minimization is conducted over multiprocesses

{(Bosta,x1(-)xa()0s() ), (£, b2ra()Xal)ua() )}
subject to the constraint set A, defined by:

A={<t0at1axl(to)axl(tl),Xs(to)axa(tl)),(t{,tz,xz(t;)axz(tz)’x«t(t{),X4(t2)):t1=ti,t2=0°a
X1(to) € Co, Xy3(b))=Xa(t1), X3(to) free, X3(b1)=t;=X4(t1), Xa(t2) free}. (3.5.8)

Here L;:RxR"xR™xR — R and f;:RxR"xR™xR —R" (i=1,2) are given functions (L;=-L;)
and U’ cRxR™, X' c RxR" (i=1,2) are given sets.

CocR", C; CRxR" are given closed endpoint constraint sets.

The intermediate time t; is a choice variable, constrained to satisfy t, <t, <co where t,

1s fixed. Note that the state is continuous at the switch-point i.e. x,(t;)=x,(t;).

It is important to realise, however, that by reformulating the two-stage problem
as a multiprocess problem we can relax the smoothness conditions imposed on the
functions to ones of Lipschitz continuity. The following theorem provides necessary
conditions of optimality over the infinite horizon for this particular problem.
Define the Hamiltonian function, H, for each stage by

H;(t,x,u,p,t) =p; - fi(t,x,0,t) + p, o - £ o (8%0,t ) 4+ AL (E,x 0ty ) =1,2
where p(t) is the costate.
(Note that this reduces to H;=p,-f; + AL;, =1,2 , since f3=1£,=0).
Define the augmented velocity function i:,-z(f,-,L‘-) i=1,2 where {;;RxR"xR™ — R"™**.
THEOREM 3.5.1: Let ((z{,u{,x;) , (z;,u;,m;)) solve the reformulated problem.
Assume that:
(HI) For each (z,t;) € R"xR, f,(-,z,-,t,) is £xB measurable for i=1,2 where £ denotes the

Lebesgue subsets in R and B denotes the Borel subsets in R™.
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(H2) U* (i=1,2) are Borel measurable sets.
(H3) There ezists a constant K such that for i=1,2
|f:(t,z,u,t,)| < K whenever (,z,u,t,) € RxXix UixR and

(H9)|fi(t,ut)-Fi(ty,ut)| < K|Z-7| (where 8=(z,t;), §=(3,t,)) whenever

(t,z,u,t), (t,y,ut) € Rx Xix Ut xR
and that all the hypotheses are satisfied. Let graph {z,(-)} C interior {X*} for i=1,2. Then
there exist real numbers A (equal 0 or 1), h,, h, and absolutely continuous functions
Pr(): o, 5] = R™, py(-): [£,00) = R, pa(-): [foy 5] = R™, pa(-): [£,00) — R",such that

At pito) + | po(ED)] + | pa(to)l + | pa(t])[> 0 and
(1) -pi(t) € 0= Hi(2,31(2),ui(2),pa(2),25(2)  a-e. te[ty,t]]

-Pa(t) € 02, Hy(1,75(1), u3 (%), po(4),23())  a.e. te[t],00)

}(3.5.9)
-p3(t) € =5 H,(4,31(2), 43 (1), p1(1),35(2))  a-e. t€(to, 8]
-1 4(8) €02 Hy(,75(8), u5(2),p(1),25(8))  a.e. te[t],00)
(11) Hy(2,21(2),u1(8),p(%),25(t)) = maz H,(t,31(£),w,p,(1),73(1))  a.e. te[ty, ]
we U;
}(3.5.10)
Hy(t,25(2),u3(2),po(2),73(2)) = 772052512(t,$5(t);w;Pz(t),$Z(t)) a.e. te[t;,00)
we Uy
(47) hy € co ess ,{Sup H1(t,mi(ti),wypl(ti),xé(if))}
t—#tl we Ul
t }(3.5.11)
h’2 € Co ess ‘{Sup H2(tJm;(tI))w1p2(t;))m;(ti))}
1= Lwe I?
(wv) Pl(to)eNcm (3.5.12)
(hy=hotpa(8)+pa(t]), -Pr(8)+Pa(81)) € Ncl. (3.5.13)

The normal cone N, is evaluated at (x(to)), Ny, is evaluated at (t1,x1(t1)).

Remarks:

1) Note that ((x},u{,xg),(x;,uE,XZ)) 1s the solution to the given problem where

X=X |[t0,tﬂ’ u;=u |[to,tI]’ x3=tll[to’tﬂ a‘nd X=X I[t;’oo)a Uz;=u |[t;,00)’ x4:tl|[t;,oo)'
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2) Note that if we maximize the performance index directly as in [T2], the usual
maximization condition of the Hamiltonian is replaced by the minimization condition,

and the infimum of H; replaces the supremum in the essential value inclusions.

Proof: Conditions (3.5.9) to (3.5.12) follow from a direct application of our infinite
horizon multiprocess maximum principle (Theorem 3.3.1) to this particular two-stage
problem.

We derive the conditions for a normal cone at C,. This follows closely from Step 1(B) in
the proof of Lemma 3.4.4.

We may write the multiprocess transversality condition as
{(hl,-Px(t;),Pa(ti),—hz,Pz(tI)’Pq(tf))} € Nx(t'{,XI(t;),X;(tI),tI,X;(t;),X;(t;))
where A:z{(t,y,z,t',y',z'):t=t'=z=z',y=y',(t,y)eCl}.

By Proposition 2.7.4(i1) we obtain
(B1,-Pa(t),Ps(tD),-ha,Pa(t]),Pa(t])) €
{(a,ﬁ,v,a',ﬂ','r'):(a+a’+7+7',ﬂ+ﬂ’)eNcl(tI,x;(tI))}.
It follows that
(Bi-ha+ps(t)+Pa(t), -Pr(t)+Ps(t) ) €Ng, (£, xi (D) ).

Thus we obtain the transversality condition on the set C, at the optimal switch-point as

required. 8]

We note that this condition yields further information if we do not incorporate a
constraint set, C,, in our problem formulation. Then (tI,xI(tI))eRxIR" and by theory of
normal cones, h;-h,+p3(t])+pa(t])=0 and -p,(t])+p2(t])=0. Thus p,(t})=p,(t]), hence
the costates corresponding to the state trajectories x;(-) and x,(-) are continuous at the
switch-point, as expected. The condition h,-h;=ps(t])+p4(t]) specifies the non-
continuity of the Hamiltonians at the switch-point due to the explicit t; dependence of
the functions and corresponds to the result obtained via the classical maximum
principle (see [T2]). The terms h,, h, correspond to the optimal Hamiltonian values at
the optimal switch-point and ps(t]), p4(ti) can be obtained by solving the costate
equations together with the boundary conditions for ps(-) and p4(-).

This analysis shows that the transversality conditions derived classically for the
two-stage problem can be recovered, without imposing such severe conditions on the

functions involved, via the application of the multiprocess maximum principle.
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Having established the optimality conditions for the general two-stage control
problem we now apply the optimality criteria to a problem adapted by Tomiyama and
Rossana [T2] from an original formulation by Maccini [M1]. This is the development of
a dynamic optimization model that deals with the effect of delivery lags on the demand
for investment by a firm in the case where the delivery lag is a choice variable in the
firm’s decision process. (In Maccini’s example the delivery lag is an exogenous variable,

i.e. it is beyond the firm’s control and assumed fixed for all time).

A delivery lag is the period of time which elapses between the placement of an
order for a capital good and its subsequent delivery. Previous research has considered
dynamic optimization models that deal with the effect of delivery lags from the point of
view of the supply side of the market (see e.g. Maccini [M2]). However, a complete
understanding of the effect of these delays requires some knowledge of the optimal
behaviour on the buying side as in the example we now consider. We seek to obtain

some qualitative results about the optimal choice of delivery lag.

We state the optimization problem as follows:

v
maximize J= J {P F(KO,L(t))_WL(t)}e-rt dt (3.5.13)
0

J {PIFX®),L)-RAw)e™ -BAt)] - WL(t) - GuIt) pe™* dt,

subject to K(t)=1I(t), K(t)=K, >0, 0<t<v, Go=Gga(v),where
Gv=nominal purchase price of capital goods (i.e. price of capital goods on
delivery at t=v),
G, = purchase price at time t=0 (immediate delivery),
K(t) = stock of capital goods,
I(t) = deliveries of capital goods,
L(t)=1labour hired by firm,
F(X(t),L(t)) = neo-classical production function,
R(I(t)) = planning costs, B(I(t)) = installation costs,
P = output price, r = discount rate,

v = delivery lag, W = money wage rate.

The capital stock for a typical firm is defined by the accumulation equation
K(t)=I(t) which states that the rate of change of the firm’s capital stock equals current
deliveries of capital goods. Investment expenditures may be identified with the value of
deliveries of capital goods since we assume that payment for the goods is made at the
time of delivery. Investment demand is identified with the placement of an order for a

capital good.
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The initial conditions include the firm’s capital stock from time zero to time v.
The behaviour of the firm’s capital stock during this time period is determined by

orders placed prior to the planning date (taken as time zero).

The planning and installation costs are associated respectively with placing
orders for, and taking delivery of, capital goods. Thus the functions R(-) and B(.) have
properties that are standard in the adjustment cost literature:

R(0)=0, R’(I(t))go as I(t)§0, R"(I(t)) >0,
B(0)=0, B'(I(t))go as I(t)go, B''(I(t))>0.
Similarly, the production function F(K(t),L(t)), which is concave, has the standard

properties:
Fu.,FL >0, Fu,F L <0, FeeF -Fiy >0,
lim F =0, lim F =co, [lim Fe=0, Jlim Fy=oco.

We express the purchase price of capital goods Gy in terms of a spot price Gy,
associated with the immediate delivery of capital goods, and a factor of proportionality
a(v). The latter depends on the delivery lag with

0<a(v)<l1, a'(v)<0,

l1<a(v)<oo,a'(v)>0,

a(v)=1, al(v)=0,

a(0)y=1,

and captures any discounts (when a’(v)<0) or premia (when a'(v)>0) imposed by

suppliers if the firm takes forward delivery of new capital.

We assume that a'/(v)>0 so that cash flow for v<t<co is concave in v. The
interval 0 <t<v is a finite time where the firm’s capital stock is fixed and the firm can
only engage in more limited decision making, namely, vary output by its choice of
labour input. A choice of delivery lag enables the firm to choose the length of this short

run. The second interval is when deliveries may be taken.

Using the notation of multiprocess theory, we can rewrite the problem as:

v o0
maximize J“.Fl(t,Kl(t),Ll(t))dt + J F,(t,Ka(t),La(t), In(t), Ka(t)) dt (3.5.14)
to v
subject to
K, (t)=1i(t) t € [to,V]
K, (t)=1I,(t) t € [v,00) }(3.5.15)
Ks(t)=0 t € [v,00) where K3(v)=v

and initial condition K;(t)=K, >0, 0<t<v.
We set Kl(tg) € Co, (V,KI(V)) € C17 (3-516)
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where Co cR", C; c RxR", are given closed endpoint constraint sets.
The maximization is conducted over multiprocesses

{(t0 62, Ka (), Lo 1)) (£ b2y K), K, La(), Ta() )}

which are subject to the following constraint set A,
A= {(to,tl,Kl(t()),Kl(tl)), (t1:t2,Ka(t1), Ko(t2), K1), Ks(ta) ): ta=t1,
t2=°°7K1(t0)€CO,Kl(t1)=K2(t{)at;=K3(t{)aK3(t2) free}. (3.5.17)

The delivery lag v is a choice variable, constrained to satisfy t, < v < oo where t, is fixed.
Note that the state is continuous at the switch-point i.e. K,(v)=K,(v).

We define the Hamiltonian function for each stage:
Hl(t,KnLnIan,V)=Pe_rt{F(K17L1)-(W/P)L1+P111}

H,(t,K5,Lp,I5,p0,v) = Pe‘rt{F(K2,L2) - R(Iz)erv -B(ly)- (W/P) L,- (GV/P)12+P212}

where p;(t) are costate variables that have the usual shadow price interpretation, (see
Maccini [M1)).

Let {(KI(-),LI(-),I{(-),v‘),(K;(-),L;(-),I;(-),v*)} solve the above problem. Then by
Theorem 3.5.1, there exist real numbers A (equal 0 or 1), h;, h, and absolutely

continuous functions p,(-):[to,v*] = R", p;(+):[v*,00) = R" (i=2,3) such that

A4]pi(to)| + | p2(v7)|+|pa(v)|[>0 and
(1) -put) = aKIHI(taK;(t)’L;(t)’I;(t)apl(t)) a.e. t € [tg,v"]
-pa(t) = 3K2H2(taKE(t),L;(t)715(t)7P2(t),K3(t)) a.e. t€[v",00) }(3-5-18)

-Da(t) = 0y Ha(t,K5(t),L3(t),15(£),p2(t).K3(t)) a.e. t€[v7,00)

(i) Hi(t,Ki(t),Li(t),Ii(t),pa(t)) = LH}igRHl(t,KI(t),Ll,Il,pl(t)) a.e.t € [to,v7]

141

}(3.5.19)
H,(t,K3(8),La(t),I5(t),p2(t),v"(t)) = mirelRHz(t,KE(t),Lz,Iz,Pz(t),KE(t))

I
2,72 *
a.e.t €[v*,00)

i) by = co ess { inf HL(LKi(v).LuLipa(v))]

}(3.5.20)

t—v*

h, = co ess inf H,(t,K2(v"),La,15,p2(v"),K3(v"))
L, I,€R
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(iv) Pl(to)ENco; (hl-hz‘l'Ps(V'), -P1(V')+p2(V'))€Ncl- (3.5.21)
The normal cone N, is evaluated at (Kj(to)), N, is evaluated at (v*,Kj(v")).

As before, if we remove the constraint set C,, we obtain

P:(V7)=p2(v7) (3.5.22)
i.e. the costates are continuous at the optimal lag v* and
hl-h2=P3(V‘)a (3.5.23)

which is the additional switch-point condition owing to the explicit v dependence in the

integrand of the cost function over the second time interval.

Thus optimality criteria for the problem are given by:
for 0<t<v",

F (Ko, Ly (t))=W/P, (3.5.24)
for v*<t<oo,

po(t) =R'(L(t))e"™ +B/(Iy(t)) + Gu/P, (3.5.26)

P2(t)=-Fr(Ky(t),Ly(t)) + P2, (3.5.27)

Jim pa(t)e T K, (t) =0. (3.5.28)

A full interpretation of these criteria is provided in Maccini [M1].

We note that the problem is formulated in a smooth setting and that we have
assumed continuity of the state variable at the switch-point and a constant capital stock
over the first time interval. (This latter condition does not allow for variations in capital
stock which may occur as a result of orders placed prior to the planning date). In fact,
since K, is constant, we have that p, =0. However, the analysis of multiprocess theory

remains valid without such assumptions.

Owing to the additional structure imposed on the problem by Tomiyama and
Rossana, condition 3.5.23 gives the following integral matching condition:
R(Io(v*))e™ +B(Io(v") + (Go/P)L(v") - po(vI)Io(v")
o)
- _J [R(L(6))re™” + (Go/P)a’(v)L(t)] e T4 at. (3.5.29)
e
By imposing quadratic form assumptions as in the economics literature, we can simplify
this expression. We assume that
F(K,L)=coK + (c,/2)K® +doL+(d,/2)L* + ¢, KL,
Co, dg, €, >0, ¢, d;<0, e%*-c;d; <0,
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R(I))=(Sl/2)123 B(I)=(q1/2)12, 51, >0.
Using these assumptions and eliminating p, from (3.5.29) via (3.5.26), we obtain
o0 by
((81/2)6rv +(Q1/2))12(V')2= -J [(51/2)Lx(t) re™ +(G0/P)&'(V')Iz(t)]e_r( s,
v (3.5.30)

This condition indicates that the firm should choose its delivery lag such that the
planning and installation costs at the delivery time are equal to the discounted benefits
and costs attached to resources used in placing orders for goods and any discounts or
premia associated with the purchase price of capital goods for future delivery. This
condition also shows that for the delivery lag to be non-zero, if I(t)is positive (negative),
then a'(v’) must be negative (positive). Finally, we note that variations in the

parameters (Gy,P,r,W) also affect the optimal delivery lag.
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Chapter Four

A NECESSARY AND SUFFICIENT SENSITIVITY RELATION FOR
CONSTRAINED END-POINT PROBLEMS

4.1 Introduction

In this chapter we consider the following optimal control problem, which we

label (P).

1
Minirmize JL(t,x(t),u(t))dt,

0

subject to
x(t)=f(t,x(t)u(t)) a.e. te[0,1], (P)
ut)eU a.e. te[0,1],

x(0)=x,, x(1) e C.

The data for problem (P) are functions f:RxR"xR™ —R" and L:RxR"xR™—R, a

subset U Cc R™, an n-vector x, and a non-empty subset C c R".

The minimization is conducted over ‘admissible processes’ which are pairs of
functions (x(-),u(-)) in which x(t) is an absolutely continuous function which is a solution
to the differential equation Xx(t)=1(t,x(t),u(t)) and satisfies the boundary conditions
x(0)=x¢, x(1)€C, and u(t) is a corresponding measurable function satisfying u(t)e U
almost everywhere. A process which achieves the minimum is called a minimizing
process.

We assume that the data satisfy the following hypotheses in which the
‘augmented velocity function’, £(-,-):[0,1]x R*xR™ —R"*" is

f(t,x,u):=col[L(t,x,u), f(t,x,u)].

(H1) f(t,x,u) is measurable in t for fixed (x,u)€R"xR™, and continuous in u for fixed
(t,x)€[0,1]xR",
(H2) there exists a function a(-) € L' such that, for all x,y eR"”, we U, a.e. t €[0,1],
|%(t,X,W) - i‘(t’y’W)l S a(t) IX‘YIa
(H3) there exists k(-) € L* such that, for all xeR", we U, a.e. t €[0,1],
[E(tx,w)] < kO + x|,
(H4) U is compact for almost every te[0,1] and f(t,x,U)c[0,1]xR"xR™, CCR" are

closed convex sets.
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We are concerned with a rigorous exploration of the interrelation between two
important branches of optimal control theory, namely the Pontryagin maximum

principle and dynamic programming.

We recall that the maximum principle provides a set of necessary conditions for

an admissible process to be optimal and can be expressed as follows:

THEOREM 4.1.1 (Maximum Principle): Assume that the data satisfy hypotheses (HI) to
(H4) and that f(t,z,u) is continuously differentiable in the z variable. Let (z*(-), u*(+)) be a
minimizing process. Then there ezists a number A€ {0,1} and an absolutely continuous
function p(-):[0,1)=R" such that X+ |p(1)| # 0,

“p(R) = pO)-folt,2°(0), 47 (1)) - ALa(2,2°(8),u"(2)) a.e. te[0,1, (4.1.1)
Ht,2°(8),u(9),p(8),3) = mog H(t,2"(8),4,p(t),3) a.e. te[0,1], (4.1.2)

and :
—p(1)eN (z*(1)). (4.1.3)

In the above H is the Hamiltonian function
H(t,x,u,p,))=p-f(t,x,u)- AL(t,x,u)

and N (x) denotes the (Clarke) normal cone to the closed set C at a point xeC. Recall
that the (Clarke) normal cone is a generalization to closed sets of the usual definition of
normal cone expressed in terms of ‘outward’ normal vectors to a convex set. In the
absence of the ‘continuous differentiability’ assumption we can replace equation (4.1.1)
by -p(t) € FH(t,x"(t),u"(t),p(t), ).

Here AH denotes the generalized gradient of H in the second argument, namely
0H(t,x,u,p,)) —co{hm VH(t,-,u,p, A)} when the ‘closed convex hull’ operation ¢o is taken
over all sequences {x;} along which the (ordinary) gradient VH(t,-,u,p,)) exists and for
which x;—x and {VH(t,-,u,p,A)} has a limit). For smooth data, 8H is the single-valued
function p-fz(t,x,u)-ALz(t,x,u), as in the statement of the theorem. A proof of Theorem
4.1.1 may be found, for example, in Fleming and Rishel [F1]. For a proof of the
extension of the classical maximum principle of Pontryagin to cases where the data is

non-smooth, see Clarke [C3].

Dynamic programming is based on properties of the value function
V:[0,1]xR"—R. For (s,¢) € [0,1]xR", V(s,¢) is defined to be the infimum cost of a problem
related to (P) in which the underlying time interval [0,1] is replaced by [s,1] and the

1nitial state xo by ¢, i.e.

1
V(s,g):=1nf{J.L t),u(t))dt: x(t)==£(t,x(t),u(t)),u(t)e U,x(s)=£,x(1)€C}. (4.1.4)
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Suppose for the time being that the constraint set C is all of R" (thus the right end-
point is effectively unconstrained), then hypotheses (H1) to (H4) ensure that the
evaluation of V involves taking an infimum over a non-empty set, where this infimum is
bounded below —thus V is well-defined. Heuristic arguments have been advanced
suggesting a relationship of the form:

(h(t),-p(t))=VV(t,x"(t)),
where h(t) is the Hamiltonian function evaluated along x*(t) and its associated costate
p(t):

h(t)=H(t,x"(t),u"(t),p(t),)).
However, such arguments, depending as they do on the differentiability of V, cannot be

made rigorous in a general setting since the differentiability assumption is not justified.

As we recall from the introductory chapter, weaker versions of this relationship
have been proved, an example of which is provided by the following theorem (due to
Vinter and Wolenski [V3)):

THEOREM 4.1.2: Assume that the data satisfy hypotheses (HI) to (H4) and assume that
C=R". Let (z*(-),u*(-)) be a minimizing process. Then there exzists an absolutely
continuous function p(-):[0,1]-»R™ such that the pair (A=1,p(-)) satisfies conditions
(4.1.1) to (4.1.3) of the mazimum principle and also satisfies the inclusion

(M), -p(t)) € O VL, z"(t)) a.c. te[0,1). (4.1.5)

Note that hypothesis (H3) ensures that V is locally Lipschitz continuous so that the
generalized gradient 8V of V is defined.

The theorem asserts that one costate can always be chosen to satisfy the
‘minimum cost sensitivity inclusion’ (4.1.5). Examples of control problems are known

where certain costates fail to satisfy the inclusion.

The above result, which relates the maximum principle to dynamic
programming, improves upon that obtainable by the methods of [V1] which require f to
be continuous with respect to the time variable and upon that of [C6] which merely
establishes “-p(t) € 8:V”’ and supplies no information about h(t). A similar result which
is both necessary and sufficient for optimality in a smooth setting has been proved by
Subbotina [S3] who uses the superdifferential of V, 8¥V(t,x(t)), (refer to Definition 2.4.1)

instead of the generalized gradient of V.

We now turn our attention to problem (P) where C is some given closed, convex

constraint set. The difficulty now is that V may possibly be discontinuous, and its
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domain (points in (t,x) space which can be driven to the terminal constraint set at time
t=1) may be a small subset of [0,1]xR". Thus relationship (4.1.5), which is expressed in
terms of a Lipschitz continuous function defined on some ‘tube’ about x*(-), does not
even make sense. We shall circumvent the difficulty by establishing the relationship
(4.1.5), not in terms of the value function, but instead in terms of a function, namely a

verification function, having related, but often nicer, properties.

As we have discussed in our introductory chapter, verification functions arise in
Hamilton-Jacobi theory. The theory, as it relates to problem (P), contains two main
elements:

(1) verification theorems and
(i) properties of the value function.

These are linked by the Hamilton-Jacobi equation or its related inequality.

We again recall (from Chapter 1) that a verification theorem (or the Hamilton-
Jacobi verification technique) is a sufficient condition for an arc to be minimizing - this
is expressed in terms of ‘verification functions’ which are solutions to the Hamilton-
Jacobi equation (suitably defined) and its associated boundary condition. However, the
value function also provides a solution to the Hamilton-Jacobi equation in the

appropriate sense.

Recent research has shown that the requirements on verification functions to be
classical C' solutions to the Hamilton-Jacobi equation may be weakened using non-
smooth analysis, to include functions ¢ which are locally Lipschitz continuous on
[0,1]xR™ and which are taken to be extended solutions to the Hamilton-Jacobi equation
(see e.g. Clarke and Vinter [C5)).

Vinter and Wolenski [V4] have proved a sufficient condition of optimality in
terms of locally Lipschitz verification functions, for a class of free end-point problems
with terminal cost g(x(1)). They use a class of verification functions which are defined as
lower-Dini solutions of the Hamilton-Jacobi inequality, i.e. functions which satisfy

min d”4((tx(t)); (L, fitx(t)u(t)) 2 0 (4.1.6)

with boundary condition ¢(1,x)=g(x) for all xeR". Here d ¢(n;w) denotes the lower-Dini

derivative of ¢ in the direction w:

e Tim -1
d”¢(niw):= hrtr‘llénf h {¢(n+hu) - ¢(n)}. (4.1.7)
u—w
The points of interest here are that their results are valid for data which are measurable

in the time variable and furthermore, since the value function serves as a verification
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function, we are assured that optimality of a putative minimizer can be confirmed by an

appropriate verification function.

Their approach is based on the following assertions (also proved in [V4]):
- that the value function is indeed a verification function and is identifiable as the
maximal element in the set of verification functions;
and moreover,
- that the value function is a lower-Dini solution of a suitably defined, extended

Hamilton-Jacobi equation which replaces the weaker inequality condition.

We use these developments as a starting point to obtain a minimum cost
sensitivity relation between the costate p(-) of the maximum principle and the
superdifferential 8YW of some verification function W, namely,

(h(t), -p(t)) € 8¥W(t,x*(t)), where (x*(-),u*(-)) is an optimal process.
We show furthermore, that this inclusion, together with the conditions in the

Pontryagin Maximum Principle, are sufficient (as well as necessary) for optimality.

This extends results from the earlier literature which are expressed in terms of
the value function, as it permits the use of a broader class of functions which are well-
defined even in the presence of end-point constraints. Proof of the theorem hinges on

consideration of appropriate auxiliary control problems and is in two parts.

In the first part we treat a fixed end-point problem. The critical idea here is that
the fixed right end-point constraint can be replaced by a strictly differentiable penalty
function under the strict normality hypothesis (H) of Section 4.3. The most challenging
step is to demonstrate existence of a verification function under (H); we show that the
value function of the penalized problem is a suitable candidate as the verification

function for the original problem (P).

In the second part we relax the restriction that C comprises a single point.
Reduction of a general convex constraint set to a single point by extending the

underlying time interval of the problem is involved.

The function f(t,x,u) is permitted to be merely measurable in the time variable;
the methods in [S3] are more restrictive since they involve taking time derivatives of {
and consequently treat only problems with data smooth in the time variable. ft,x,u) is

required, however, to be continuously differentiable in the state variable.

We note, finally, that optimality conditions involving Hamilton-Jacobi theory
(but not involving sensitivity inclusions) have been previously obtained for non-normal
control problems (i.e. those in which the maximum principle provides trivial

information about the optimal process) see e.g. Vinter and Mendoza [V2]. Their results
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are less convenient than ours however, because they are expressed in terms of a
sequence of locally Lipschitz continuous functions (instead of the single function we

employ).

4.2. Preliminary Results

The following results (a straightforward extension of results of Vinter and
Wolenski [V4] to allow for an integral cost) express precisely the ideas discussed in the
previous section. We shall make use of them in the proof of the main theorem of the

chapter.

DEFINITION 4.2.1: Suppose ¢:[0,1]xR*—R. Then ¢ is called a verification function (for

the problem (P)) if:

(a) ¢(-,-) is locally Lipschitz continuous,

(b) ¢(1,€) <0 for all ¢€C,

(c) there exists JC[0,1] of measure zero so that for all t¢J and £ eR",
urréw[r,j{d—qs((t,z);(1,f(t,z,u))) + L(t,:c,u)} > 0. (4.2.1)

We now quote two theorems for which we assume that C=R" i.e. the right end-
point is unconstrained. However, as we shall see in the next section the ideas do extend

to the constrained end-point problem.

The first theorem in this section asserts that the value function V is indeed a
verification function and moreover that it is the maximal element in the set of
verification functions. Furthermore, V has the additional property that the inequality in

(4.2.1) can be replaced by the stronger Hamilton-Jacobi equality.

THEOREM 4.2.2: Suppose that C=R" and suppose that the data satisfy the basic
hypotheses. Then V is a verification function that satisfies, for each (t,€) € [0,1]xR",

16%3) =maz{¢(t,£): é is a verification function}. (4.2.2)
Moreover, V satisfies the Hamilton-Jacobi equation in the following form using lower-

Dinsi derivatives: for t¢J and €€R", we have

min, {d‘ qs((t,z);(l,f(t,z,u))) + L(t,z,u)} =0. (4.2.3)

Proof: see [V4].

The second theorem in this section provides a set of necessary and sufficient

conditions of optimality expressed in terms of verification functions.
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THEOREM 4.2.3 (Hamilton-Jacobi Verification Technique): Suppose that C=R" and
suppose that the data satisfy the basic hypotheses. Then (z*(-),u*(-)) s an optimal solution
to (4.2.1) if and only if there ezists a verification function ¢ such that
1
¢(0,z0)=J'L(t,:c"(t),u*(t))dt. (4.2.4)
0
Proof: see [V4).

4.3 The ‘Strengthened Normality’ Condition

A key role in the new optimality conditions of this section is played by a
nondegeneracy condition, strengthened normality. In this section we define this concept
and give a sufficient condition for strengthened normality in terms of controllability of a
linearized system. The following definition relates to problems with data continuously

differentiable in the x variable.

Strengthened Normality Hypothesis (H)
Problem (P) has a unique minimizer (x*(-),u’(-)), there is a wunique function

p(+):[0,1]=R" which is absolutely continuous and satisfies

~p(t) = p(t)-f=(t,x7(t),u"(t)) - La(t,x"(t),u"(t)) a.e. t€[0,1] (4.3.1)
H(t,x"(t),u"(t),p(t)) = max H(t,x"(t),u,p(t)) a.e. te[0,1] (4.3.2)
-p(1) € N (x7(1)) (4.3.3)

and, for almost every te[0,1], u—H(t,x"(t),u,p(t)) has a unique minimizer over U.

One situation where strengthened normality is automatically satisfied is when
there is a unique optimal control and C=R". For then p(-) is the unique solution to the
differential equation:

_p(t) = p(t) - Fa(t,x"(£),0"(£)) - La(t,x"(t),u"(t)) a.e. t€[0,1]

-p(1) = 0.
When C is not the whole space, p(-) need not be unique (even when there is a unique
optimal control), because of the latitude which may be available to us in choice of p(-)
to satisfy the boundary condition

-p(1) € N4 (x*(1)).
We now explore the extreme case of this situation when C={x,}, for some x;eR". This
corresponds to a problem with fixed right end-point; now the transversality condition is
-p(1) eR™ and so conveys no information about p(-). Here a controllability type criterion

can be given for strengthened normality.
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DEFINITION 4.3.1: Let (z*(-),u"(-)) be a process. We say the linearized system about
z*(+) is controllable if % =R", where
%::{y(l): y(-) satisfies Y(t)=A()y(t)+ B(H)w(t) a.e. te(0,1], y(0)=0 for some

u(-)e L*(0,15R™)}
where A(t):=f:(t,z*(t),u" (%)) and B(t):=fu(t,z"(t),u"(1)).

A well-known equivalent definition of local controllability is the following (see [B4]):
“Let z, be an arbitrary non-zero n-vector. Then y(t)=0 on [0,1], where y(t) is the
solution of

z2(t)=AT(t)z(t), 2(0)=2,,
and y(t)=BT(t)z(t).”
Although less intuitive, this is often the most convenient form of the ‘local

controllability’ hypothesis for application purposes.

PROPOSITION 4.3.2: Suppose there is a unique minimizer (z°(t),u’(t)) for (P), the
linearized system is controllable and u’(t) € interior{U} for all t, then (P) satisfies the

strengthened normality hypothesis.

Proof: Suppose u*(t)eint(U) and that U equals the space R™. Also suppose that the
linearized system described by Xx(t)=fz(t,x"(t),u"(t))-x(t)+Lu(t,x"(t),u"(t))-u(t) 1is
controllable.
Assume that p(-) is non-unique. Let fI(t,x*(t),u*(t)) and fi(t,x"(t),u*(t)) denote the
matrix transpose of f:(t,x"(t),u"(t)) and fu(t,x"(t),u"(t)) respectively. Then there exist
pi(+) and p,(-) such that

-pa(t) = £2(t,X7(t),u"(t)) pa(t) - Le(t,x*(t),u’(t))

—Pa(t) = f2(t,x7(t),u(t)) pa(t) - La(t,x"(t),u(t)).
By interiority of u*(t) we have that

2 (p,(t) - (6, x"(£),07(1)) - Lt x"(6),u"(8)] = 0

6%[132(‘3) (8,7 (t),u7(t)) - L, x7(t),u’(t)] = 0.
Subtracting the equations gives

- (Ba(t) - Da(t) = f2(t,%°(t),u’(t)) - (Pa(t) - Pa(t))

(P1(t) - P2(t)) - fu(t,x7(t),u’(t)) = 0.
Defining q(t) = p,(t)-p2(t), we then obtain the system of equations

-q(t) = f2(t,x(t),u"(t) q(t)

y(t) = £I(t,x7(t), 0" (t) q(t),

where y(-) is the output. Since the linearized system described by f-(t,x"(t),u*(t)) and
fu(t,x*(t),u*(t)) is comntrollable, we have, by the above observation, that q(-)=0 i.e.
P1(-) = pa2(-) and the costate is unique. 0
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4.4 The Main Result

This section provides a statement of the main results. Additional hypotheses are
invoked (the process (x*(:),u*(-)) to which they make reference being determined by
context).

(H5) For each t€[0,1], f(t,-,u*(t)) is continuously differentiable in a neighbourhood of
x*(t).

(H) (Strengthened normality hypothesis): There is a unique minimizer (x*(-),u*(:)) to
problem (P), a unique costate p(-) (corresponding to the cost multiplier A=1)
associated with (x*(-),u*(:)) and, for almost every t€[0,1], u—H(t,x*(t),u,p(t)) has a

unique minimizer over U.

THEOREM 4.4.1:
Let (z*(-),u"(-)) be any admissible process for the given problem. Assume that the data

satisfy hypotheses (H1) to (H4).

1) (Necessity)
Assume additionally (H5) and the strengthened normality hypothesis (H). Suppose

(z°(-),u*(+)) is minimizing. Then there ezists a verification function (-, ):(0,I]xR" >R

satisfying
min {d‘ qS((t,z);(l,f(t,:z:,u))) + L(t,z,u)} =0 a.e. te[0,1), V zeR" (4.4.1)
1
¢(0,2,) =J L(t,2° (1), (¢))dt (44.2)
0

and, corresponding to any such verification function, there ezists a unique absolutely

continuous function p(-):[0,1]—=R" such that

-b(8) =p(2) - f(4,2° (1), 0 (D)) - La(2,2°(F),u" (1)) a.e. te[0,1], (4.4.3)

H(t,z*(1),u"(£),p(t)) = A1) a.e. te[0,1], (4.4.4)

-p(1) € Ny(2*(1)) (4.4.5)
and

(R(),-p(t)) € 8 (22" (1)) a.e. te[0,]) (4.4.6)

(where h(t):= sup {p(t)- f(t,:c*(t),u)-L(t,z‘(t),u)}).
vel
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1) (Sufficiency)
Let ¢ be any verification function &(-,-):(0,1]xR*—R. Suppose there ezists a costate

function p(-):[0,1) — R™ satisfying

-p(t)ed. Hit,z*(t),u* (1), p(1)) a.e. tel0,1], (4.4.7)

H(t,z*(8),w(2),p(t)) = M(1) a.e. te[0,1], (4.4.8)

-p(1)e Ng(z*(1)) (4.4.9)
and

(M(t),-p(t)) € 8 $(2,z" (1)) a.e. t€[0,1] (4.4.10)

in relation to ¢, then (z°(-),u*(-)) 18 @ mintmizing process.

Remarks:

1) The theorem gives necessary conditions for the existence of a minimizing process
through a class of verification functions (in relation to lower-Dini solutions of the
Hamilton-Jacobi equation) and the equations of the maximum principle which are
coupled with a sensitivity inclusion expressed in terms of the superdifferential of a
verification function. The other result in Theorem 4.4.1 (which has no parallel in
Theorem 4.1.2) is a set of sufficient conditions; even for non-smooth data, the
‘maximization of the Hamiltonian’ condition from the maximum principle and the
strengthened sensitivity inclusion in terms of a verification function ¢ assure that the

process (x",u") is minimizing.

2) ‘Normality’ is usually taken to mean that there exist costate functions associated
with a non-zero ‘cost multiplier’ (see Chapter 2). Our ‘strengthened normality’
hypothesis requires not only existence of such costate functions, but uniqueness as well,

as the controls range over all optimal controls for the optimization problem.

3) We note that the verification function of the theorem satisfies the stronger Hamilton-
Jacobi equality. Furthermore, via equation (4.4.2), the theorem also incorporates results
for the constrained end-point case that are similar to the Hamilton-Jacobi verification

technique of the previous section.
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4.5 Properties of the cost and value functions

Given an admissible process (X(:),G(-)) for (P), we can associate with it a cost
function V:[0,1]xR"—R, as follows. For (s,¢) € [0,1)xR",

1
V(s,f)::J L(t,x(t), @(t))dt (4.5.1)
S
where x(-) is the solution to the differential equation
X(t) = f(tx(t),at)) ae. tels,l] (4.5.2)
with boundary condition
x(s) = €. (4.5.3)

It is clear from this definition that V is the value function that would result from
replacing the control constraint set U by the subset {a(t)} almost everywhere. A direct
consequence of this observation and the principle of optimality is the following

relationship between V and V (the value function as defined by equation (4.1.4)).

LEMMA 4.5.1: For arbitrary (s,€) €[0,1]xR"™ we have

V(s,&) < V(s,8). (4.5.4)
If (Z(-), 4(.)) is a minimizing process for (P) then, for any s€[0,1]
V(s,%(s)) = V(s,%(s)). (4.5.5)

We note a differentiability property of the value function V; this follows directly
from the fact that V is locally Lipschitz continuous (see [V4]) and that the composition
of a Lipschitz continuous function and an absolutely continuous function is absolutely

continuous.

PROPOSITION 4.5.2: Assume hypotheses (HI1) to (H4). Let (Z(-),%(-)) be an arbitrary

process. Then t— V(t,Z(1)) 18 an absolutely continuous function.

The following proposition summarises the relevant differentiability properties of

the cost function, V.

PROPOSITION 4.5.3: Let (Z(-), u(-)) be an admissible process for problem (P), and take
V(,):[0,]]xR*—>R as defined in (4.5.1). Suppose that hypotheses (HI) to (H5) are
satisfied (in relation to (Z(-),u(-))). Let te[0,1) be a Lebesgue point of s F(8,3(8),8(8))
and let {a;}, {r;} and {¢;} be arbitrary convergent sequences in R”, R and R* respectively

with limits a, T and 0 respectively.
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e { V(tter, B(t)+ea) - VEED)} — (h(b),-p()- (7, 0) as i—oo

where p(-) solves

-p(t) = p(t)- fo(L,Z(8),0(1)) - La(2,Z(2), (1)) a.e. te[0,1]

with boundary condition
"p(l) = 0:
and h(t) is the function

h(t) = p(d)- f(,2(2), (%)) - L(2,2(D),u(t)).

Proof of the proposition is preceded by a number of technical lemmas.

(4.5.6)

(4.5.7)

(4.5.8)

(4.5.9)

LEMMA 4.5.4: Let (Z(-),u(-)) be en admissible process for problem (P) and let
V(-,-):[0,1)xR*—R be as given by (4.5.1). Suppose that hypotheses (HI1) to (H5) are

satisfied (in relation to (Z(-),%(-))).

Take te[0,1) to be a Lebesgue point of

s—f(s,%(s),u(s)) and let {r,} and {¢;} be arbitrary convergent sequences in R and R*

respectively with limits v and 0 respectively. Then

-1
)

lim ¢
i— 00

V(t+€iri,§(t+fir,.)) - V(t+e,.r,z(t)+c,.rﬂt,i(t),ﬁ(t)))’=0.

Proof: We know, by the absolute continuity of %X(-), that

t+tiri

\"/(t+e,.r,.,>-<(t+e,.r,.)) =\7(t+e,.r,.,>-<(t)+J %(s) ds)

t

t+£i‘r"~

\_/(t-%-eiri,)_((t)—{—f £(s,%(s),(s)) ds)

t

Furthermore, since t is a Lebesgue point of s—{(s,X(s),d(s)), then

t+£ir‘-

et J (s,%(s),0(s))ds — rf(t,%(t),0(t)) asi—oo, 7;—7.

t

Hence, by local Lipschitz continuity, there exists K>0 such that for each i,

czl{'v(t+c;7;,i(t+aﬂ)) - v(t'*'fi’"i(t)‘i'fﬁf(t»’_‘(t)’ﬁ(t)))‘}

_ -1
=€;

t+e'--ri

t

\_/'(t-}-c,-r,-,}'{(t)—{-J f(s,:’c(s),ﬁ(s))ds) - V(t+<,.r,i(t)+e,-rf(t,>—c(t),ﬁ(t)))

(4.5.10)




A Necessary and Sufficient Sensitivity Relation 70

t+£i‘r‘~

(r,.,e:‘J f(5,%(),(s)) ds) - (,rH(E.X(E,T(E))| = 0 as i—oo.

t

<ei'Ke

The assertion follows. a

LEMMA 4.5.5: Let (Z(-),4(-)) be an admissible process for problem (P) and and let
V(-,-):[0,]]xR"—=R be as given by (4.5.1). Suppose that hypotheses (HI) to (H5) are
satisfied (in relation to (ZT(-),u(-))). Let {r;}, {a;} and {¢;} be arbitrary convergent
sequences tn R™, R and R* respectively with limits a, 7 and 0 respectively. Then »
Jim ¢ [V (t4e,7i, T(t)+e,0,) - V(tHer, B(t)+e0)|=0 (4.5.11)

Proof: By local Lipschitz continuity there exists K>0 such that for each i,
El—i‘V(t+e,~ri,>':(t)+e,-a,-)—V(t+e,~r,>’((t)+e,~a)l5 EKe |(ri2:) - (7,0)]-

The right-hand side of the above expression has limit zero as i—co. The assertion
follows. 0

LEMMA 4.5.6: Let (Z(-), 4(-)) be an admissible process and suppose that hypotheses (HI)
to (H5) are satisfied (in relation to (T(-),u(-))). Let Z(-) solve Z(t)=ft,Z(t), u(t)) and let
29(.) solve T () =4, 27 (%), W(t)) where T (0)=%(0)+ €€, i.e. there is a perturbation in
the wnitial condition.
Then c;fl(a"vfi(t)-i:(t)) converges uniformly to y(t) where y(t) solves

Y(O=£(2,2(3),8(2)) y(t)

y(0)=¢.

Proof: We know by the growth condition (hypothesis H3) and by the standard theory of
ordinary differential equations that }'ce‘(-) is bounded and exists for each ¢; > 0.

We wish to show that ()‘(Ei(t)-i(t)) is uniformly bounded.

By hypothesis H2 on the data we have that

|%64(6) - (1)) = I, (4),8(4) - 8, R(6),8(8))] < (&) “()-% ()] ae. te[0,1]

We now pause to show that |(%(i€‘(t)—x(t))|=§G](ic"(t)-x(t))| a.e.
Setting z(t)=%"*(t)-x(t), we have that

lim h‘l(z(t-i-h)—z(t)) if 2(£)>0

d 1 — —_ h-—>0
d~t|z(t)|_hl£n0h 1(I'.z(t-!-h)l—lz(t)D - {hlimo-h“(z(tJrh)—Z(t)) if 2(t)<0
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and dlz(t)l— lim b~ (lz(t+h)|-0)=}}im0|h"z(t+h)| if 2(t)=0.

Thus, in general, at every point t where z(t) and |z(t)| are differentiable,

| 2] =Lz,

But since z(-) and |z(-)] are Lipschitz continuous, they are differentiable almost
everywhere and this relationship is satisfied almost everywhere.

Therefore we can apply Gronwall’s lemma to obtain
t
[£“0)-%(t)] < [£(0)-%(0)] exp{ J a(s)ds}, (4.5.12)
0

where |x“(0)-x(0)| = €;¢.

Thus we have shown that }'cei(t)—i(t) is uniformly bounded.

We know that the sequence {¢;} tends to zero. Consequently the right-hand side of
(4.5.12) tends to zero for all t €[0,1) and therefore )"cei(t) tends to X(t) uniformly as ¢; —0.

Furthermore, we note that

t
|7 (6)-%(0)] < €exp{ [ ate)ds}
0

and is therefore bounded for each i.
We now wish to show that €;(x“(t)-x(t)) converges to y(t).

Using an exact first order Taylor expansion of the data about %X(t), we have

(6, % (1), W(t)) - ik, (L), T(t)) o - ﬁ({- ‘(1) x(t)
1 i
where Qile):= [F (6 kEV DGED - 7)) 50))
(V]
Hence ) €:
X ‘(tzT () _ Q(\:) % ’(te)'_i(t).
Now define

Sy = "(tc)i—}“c(t) then ¥i(t)=% (te),._i(t)-

We have that yev( -) solves

)= (D G; g‘ ) where y(0) = ¢. (4.5.13)
Now @ (6): — f=(t, X(t), T(t)) almost everywhere since %4 (t)—%(t) for all t.

We deduce from the differential equation (4.5.13) satisfied by the yfi(-)’s that they are

in fact uniformly Lipschitz continuous. Standard compactness arguments coupled with
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the above convergence properties now yield

v (t)— y(t) uniformly,

where y(-) satisfies
¥(s) = f=(t,%(t), T(t)) y(t)
y(0) = ¢,

(t)- X(t)

le. =———— - y(t) uniformly.

We now continue with our proof of the convergence properties of V.

PROOF OF PROPQOSITION 4.5.3
We can write
. _l X 7 - X 7 -
lim ! {V(t+eirs, X(O+eia) - V(ERE)}

lim i {V (teims R(ter)) - VRO + Ve, Rt +eian) - Visers, X(+er)
€
= lim {A+B/}
where Aizze;l{\—/(t-l-c,-r,-, R(t+e;7;)) - V(t,i(t))}
B:= e {Vitheims, X(t)+ea) - Vithers, X(t+ar)}.
From the definition of V(-,-), (equation 4.5.1), we deduce that

1 1
A= e;‘{ J L(s,X(s),ii(s))ds - JL(s,i(s),ﬁ(S))ds}

t

t+e;Ty

= 6;1{- J L(s,i(s),ﬁ(s))ds}.

t

Now since t is a Lebesgue point of s— L(s,X(s),i(s)), it follows that

Lim T J L(s,x(s),u(s))ds = L(t,X(t),u(t)).
€;,—0 t

Hence,
lim 7 H{V(t+e;r;, X(b+ems))- V(t,%(t)))
1— 00

72
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= lim c,.-l{_ J L(s,sc(s),ﬁ(s))ds}
1— 00 A
= _rL(E,R(E),A(E)).

We turn next to analysing (B;) in the limit. But first some new notation is required.

Define the augmented state variable %(-):[0,1]—R"*' by:

<4y — | Xna1(t)
X(t)—[ X.Et) :]7
and define the functions F:[0,1]xR"*'xR™ —R"*!, G:R™*' =R, by:

P‘(t,i(w,ﬁ(t)){lf’((f i(((f))?((:))))} (%)= %y41-

With this notation, we see that V(t,6)=G(%(1)) where %(-) solves:

k(s)= F;‘E;()S)}F(s,i(s),ﬁ(s)) a.e. s€lt,l],

x(t)= {7
Furthermore, we define the system:

§(s)=F;-5(s) a.e. se[t,1]

N 0
y(t)—[a_rf(t,i(t),ﬁ(t))}

. 0 L.
where F; is the (n+1)x(n+1) block matrix { 0§ }

We denote by X(1,t) the (n+1)x(n+1) transition matrix for §(s)=F;-§(s) which is
uniquely defined by the following properties:

f—OX(T,a)z-X(T,a)F‘;

X(r,7)=1 where I is the identity matrix.

Let f denote f(t,X(t),a(t)). We have
B =&{Vt+er xt)+ea)- Vitter, X(t+ear))

= E{Vttar,x®)+aa)- Vittear, 2O+eard} + O()

by Lemma 4.5.4
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= El.{ (t+e7, R(t)+ea)- Vit+er, X(t)+arh} + O(e)
by Lemma 4.5.5

= zl-,.{v(t.-,y;+e,-(a-rf)) - V(ti,yi)} + O(e;)
where y, =X(t)+e,7f , t;=t+e;7

= V¢, x®)+ea-rh) - Vit, %(8))} + Ofe
= HaE" ) -GEan} + O
by definition of G where % ‘( s) is the solution to the differential equation

(s)—F(s,x(s),u(s)) .- a.e.s€t,l], with initial condition
fc“(t)=[0,fc(t)+e.-(a-rf)]T

Fl‘{ (X(l )'6;)—G(3~((1))}+ O(e;)
%{ (x()+e3 (1)) - (x(l))}+0(e,-)

where yci(s):zi{—i(w

I

= G4(2(1)+0(en)) 57 (1) + O(er)
by the mean value theorem.

By Lemma 4.5.6 we are justified in passing to the limit. There results

lim By=G(&(1))7(1)

= Gz(X(1)X(L,1)y(t).
Define P(t)=-G4&1)NX(1,t).
Then i’(t):Gi(fc(l))X(l,t)FE by the defining properties of the transition matrix,
ie -P(t)y=P)F,.
Now let P(t)=(q(t),p(t)) where q(-):(0,1]—R, p(-):[0,1]~R".
2 0 L. .
Thus —P(t)=(—<'1(t),—13(t))=(q(t),p(t)){ 0§ J which gives

-q(t)=0,
-p(t)= q(t)-Lz + p(t)-f=.

74
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We know that P(1)=-G;(&(1))X(1,1) = [<1 0 ---0) [, xpss

Hence q(1)=-1 and therefore g(-)=-1.

Thus p(t) solves -p(t)=p(t)-f=(t,X(t),q(t)) - L=(t,X(t),0(t))
-p(1)=0.

We thus obtain the limiting value of expression (B;), namely
Gz(x(1)X(L,L)y(t)
=-P(t)-3(t)
=-p(t)-(a-rf(t,X(t),(t))).

Therefore, combining the results from (A;) and (B;) gives that at points t which are
Lebesgue points of s—1(s,%(s),(s)),
Jim 1{V(t+c iy R(t)+e; a) <t,i(t))}
s ——Tth(t), fi(t)) - p(t)- (a Tf(t,)_c(t),ﬁ(t)))
= -p(t)-a + (P(t)'f(t,?(t),ﬁ(t))—L(t,i(t),ﬁ(t)))'T
= (h(t), -p(t))- (7,a)
where h(t) = p(t)-f(t,%(t),q(t))- L(t,%(t),T(t)).
This completes the proof of Proposition 4.5.3. O

4.6 Proof of Theorem 4.4.1 in Fixed End-Point Case

The purpose of this section is to demonstrate the validity of Theorem 4.4.1 when
the end-point constraint set takes the form:
C={x}
for some x, € R". We consider then a special case of (P) in which the right end-point of
the state trajectories considered are fixed.
The proof relies on the construction of an auxiliary problem for which we need the

following cost function ®(¢) where
1

(¢):= Inf {jL(t,xm,u(t))dt: %(t)=f(t,x(t),u(t)), u(t)eU, x(0)=xo, x(1)=¢}. (4.6.1)
0

Under the hypotheses, similar arguments to those employed by Clarke and Loewen [C4]
show that & is Lipschitz continuous on some ball about ¢=x; and

0®(¢=x,)€ co{p(1):p(-) € Q}
where Q is the set of all costate functions (associated with a unity cost multiplier)
corresponding to some optimal control for problem (P). But under our strengthened

normality hypothesis the set contains only one element. It follows that @ is Lipschitz
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continuous on a neighbourhood of x; and is strictly differentiable at ¢=x, (see

Proposition 2.3.3). Fix ¢>0 such that ¢ is Lipschitz continuous on the e-ball about x,.

For purposes of constructing a suitable verification function for (P) in this case,
we introduce an auxiliary problem, labelled (P,, ), in which the right end-point
constraint of the original problem is replaced by a penalty term (&) which is Lipschitz

continuous in a neighbourhood of x, and strictly differentiable at the point x, itself.

1
Minimize IL(t X(t), u(t))dt - () + KJx(1)-x]? + $(x1)

subject to %(t)=1(t,x(t),u(t)) a.e. t€[0,1],
ut)eU a.e. te[0,1],
X(0)=X0,
a(6) if |l¢ - x| < e
where &)(f):( ! - % ¢
§-x if |]¢ - x| >e.
#ute g 9)
Here K is a positive number, whose value will be chosen later.
We define the value function for the auxiliary problem to be
1
Va(s,€):= Inf{jL(t,x(t),u(t))dt - dx() + K|x(1) - x,|* + é(xl)} (4.6.2)
S

where the infimum 1s taken over all processes (x(-),u(-)) subject to the constraints of
Problem (P, ) except that the underlying time interval [0,1] is replaced by [s,1] and the
initial state x, by €.

Our goal is to show that V,(s,€) is a verification function for the original problem, i.e.
that it satisfies the conditions of Definition 4.2.1 and that it also satisfies equations
(4.4.1) and (4.4.2) and 1s therefore a suitable candidate function for the ¢ of the
theorem. However, before doing so we show that a minimizing solution to problem (P)
is, in fact, also a minimizing solution to (P, ) and thus the two problems are indeed

equivalent.

4.6.1 PRELIMINARY RESULTS

In what follows, we assume that the data satisfy hypotheses (H1) to (HS5) and the
strengthened normality hypothesis.

PROPOSITION 4.6.1: A minimizer (z*(-),u*(-)) for the original problem (P) is a global



A Necessary and Sufficient Sensitivily Relation 77

minimizer for the auziliary problem (P, ) provided K is sufficiently large.
Proof: Firstly, we show that for all admissible pairs (x(-),u(-)), there exists k such that

1
JL(t,x(t),u(t))dt - dx(1)) + d(xy)| < k. (4.6.3)
0

From the assumptions on the data (refer to hypothesis (H3)),
£t x(t), u(t) | <a+blx(t),
therefore
|%(t) <a+b[x(t)], x(0)=x,,
and by Gronwall’s lemma this implies the existence of a constant K’ such that
|x(t)| < K’ for all t.
We also deduce the existence of K"’ such that |$(x(1))] < K" for all x, and so

1
JL(t,x(t),u(t))dt - &(x(1)) + &(x;)| € a + bK' + 2K,
0

Setting k= a+ bK' + 2K"', we have shown that the bound exists for all admissible pairs.
Now choose K such that Ke? > 2k.

We wish to show that with this choice of K, (x*(-),u"(-)), the minimizer for the original
problem, is also a minimizer for the auxiliary problem. We introduce the following

notation:

1
Let n(x,u):jL(t,x(t),u(t))dt and let
0

1
) = Litx),u)dt - $(x(1)) + Kx(1) - x|+ &(xy)
0

Under the hypotheses, the auxiliary problem has a minimizer (X(-),G(-)). We show that
|x(1)- x| <e.

Suppose to the contrary. Then #(X,1)> -k+Ke®>>k>n(x",u’), (from (4.6.3) and since
Ke?>2k) but by optimality of (%,1) we have that #(x*,u*) > #(k,1).

However, 1
0= [Ligx @) dt - (1) + K [x(1) - [ + é0xy)
0

= n(x",u") , since on the optimal trajectory x*(1)=x,.
This gives p(x",u")=#(x",u") >#(X,0)>n(x*,u"). From this contradiction we conclude
that |x(1) - x4| < e.
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By definition of &, n(x",u")= &(x;), and also, for any (x,u),
1
fL(t,x(t),u(t))dt + Kx(1)-x4)® > o(x(1)).
0
Since ® and ¢ coincide on x;4¢B,
1
20,0 < [ L X(),60)dt - o%(D) + KIR()-x,[" + 2(x)
0

but p(x*,u") = #(x*,u") (since x*(1)=x,).
Hence we have obtained the result that n(x*,u")=#(x",u") < (X,1) where #(x,1) is the
minimum cost. Since #(x*,u") cannot be less than the minimum cost, (x*(-),u*(+)) is thus

a minimizer for the auxiliary problem. 0

We may write the dynamics in the form of the inclusion %(t)€ef(t,x(t),U) a.e.
te[0,1) where the set on the right-hand side is {f(t,x(t),u):ueU}. We use this in the
proof of the following lemma for which we recall some results from the theory of support
functions and the characterization of convex sets, introduced in Chapter 2. We know

that if Q CR" is a closed convex set then, x € Q if and only if sup p-x>p-x for all peR"

(see Proposition 2.2.6). x€Q

LEMMA 4.6.2: Let (2(-),u(-)) be any admissible process for P, . Then
t+e;

lim 1 J F(s,2(8),u(8)) ds € F(t,a(t), ),

1—00 !

for any te[0,1) and any sequence {¢;}, ¢;10, such that the limit on the left exists.

Proof: Since we assume f(t,x(t),U) is a closed convex set, then by Proposition 2.2.6, we
have that

t+e;

lim -}—J f(s,x(s),u(s))ds € f(t,x(t),U) if and only if
1—oo *

t+eg

supp - E(t,x(t),u) > Lim %J p-(s,x(s),u(s))ds for all peR".
ueU 1—o0 ¢
Conversely, t

lim El—J f(s,x(s),u(s))ds g f(t,x(t), U) if and only if there exists some p €R" such that
1— 00 !
t+e€g

sup p-(t,x(t),u) < lim %J p-E(s,%(s),u(s)) ds.
ueU 1—oo ¢

t
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Now let us assume that the assertion of the lemma is not true. Then there exists peR”
and 6> 0 such that, for all ueU

t+eg

p-?(t,x(t),u) < lim 31— J p-%(s,x(s),u(s))ds - 6.
1—oo ?

12

However,
t+eg
lim elj pf(s,x(s),u(s))ds
1—o0 ¢
! t+eg
. l .”'
< lim & | maxp-6x(s),u)ds
t+eg
= 11—1»11;10 %I Tee%cp»f(t,x(t),u)ds

since t— max p -%(t,x(t),u) 1s continuous

uGUP ( (t),u)
t+eg

However, since p.f(t,x(t),u) < lim el J p-?(s,x(s),u(s))ds - 6 for all u, then
1—oo *

t

p-I(t,x(t),u) < maxp-1(t,x(t),u)-¢ for all u.
uel

This is obviously a contradiction and hence the lemma is proved. 0

In effect, under the hypotheses of the lemma there exists ue U such that

t+(’-

lim L J f(s,x(s),u(s))ds = f(t,x(t), ). (4.6.4)
1—00 ! :
We deduce:

LEMMA 4.6.3: Given any admissible process ((-),u(-)) for (P, ), any time t€[0,1) which
is a Lebesgue point for s f(s,2(s),u(s)) and any sequence {¢;}, ¢;10, then the function V,

satisfies
Jim éV,,(t+<,~,w<t)+j fis,2(s),u(8)) ds) - V (e, 2(8) + ef(t,a(t),w))| = 0.

for some ue U.
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Proof: By Lipschitz continuity of VA(t,x(t)) there exists %>0 such that for each i,

t+e,

V(e x(t) + J ‘f(s,x(s),u(s))ds) - Va(t+enx(t) +ed(tx(6)w)

t

1
€

t+e.

1 I (s, x(s),u(s))ds ~ £(b,x(t),u)| — 0 as i—oo

t

1
< c_isti

by (4.6.4).

The assertion follows. 0

We make use of this result in the next section for demonstrating that the value

function V, satisfies the conditions of a verification function.

4.6.2 PROOF OF NECESSARY CONDITIONS

The value function satisfies condition (a) in Definition (4.2.1). We first need to
demonstrate the validity of the Hamilton-Jacobi equality and the associated boundary
condition for the fixed end-point case (namely V,(1,£)<0).

Take any (t,x)€[0,1)xR" and ueU. Let x(s), t<s<1, solve %(s)=i(s,x(s),u(s)=u)
with x(t)=x. By the principle of optimality applied to the control policy u(-)=u on [t,1],
we have, for each i,

t+€’~

Valtenx(t+6)) - Valt,x) + [ L(s,x(6),u)ds > 0

t

(the result is unaffected by the end-point constraint terms).

Therefore, vre;
0 < lim inf {%{VA(t-i-ci,x(t-i-e,')) - VA(t,x)} 4 J L(s,x(s),u)ds}
e, ere,
= lim inf {glg{VA(t+c,~,x+ I %(s)ds) - Va(t:x)} +i ;[ L(s, x(s), u) ds}
e,

= lim (i)gf{%,{VA(t—i-c,-,x+c,-f(t,x,u))-VA(t,x)}+ flj L(s,x(s),u)ds}
by Lipschitz continuity

— (11?; ji%(fl'f){gl;{VA(t+e;ri,x+c,-a,-) - Va(t,%)} +%t]£'L(s,x(s),u)ds}
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by Lipschitz continuity and where the lim inf has quantifiers (r;,a;) — (1,{(t,x,u))
= d Va(t,x;1,{(t,x,u)) + L(t,x,u)
by definition of d"V, and since t is a Lebesgue point of s— L(s, x(s), u).
It follows that
d" Va(t,x;1,f(t,x,u))+L(t,x,u)>0.
Since u was an arbitrary point in U,
Jg%d-VA(t’x;l’f(t’x’u)) + L¢t,x,u) > 0.

We now prove the reverse inequality. Again fix (t,x)€[0,1)xR". Let u(-):[t,1]=R™ solve a
variant of the auxiliary problem (P, ), in which (t,x) replaces (0,x,). We have

t+e

0 = lim %{VA(t'i'fi ,X(t—i-c,-))-VA(t,x)_l_J iL(s,x(s),u(s))dS}

1— 00 /

by the Principle of Optimality

% i

the t+e
%{VA(t-i-e,',x-l-J f(s,x(s),u(s))ds) - VA(t,x)-}-J
! t

m
100

L(s, x(s),u(s)) ds}

1— oo

= lim {%{VA(tJre,- ,x+e,-f(t,x,ﬁ)> - VA<t,x)}} + L(t,x,0)
for some 1@ € U, by Lemma 4.6.3

> liinléglf{%{VA(t+e,-,x+e,»f(t,X,ﬁ)) - VA(t,x)}} + L(t,x, 1)

=d Va(t,x;1,{(t,x,T)) + L(t,x,T) by definition of d'V,

>inf d° V(t,x;1,1(t,x,0)) + L(t,x,0).
uel

We have shown that
inf d” V(t,x;1,1{(t,x,u)) + L(t,x,u) < 0.
uelU

Combining this with the earlier inequality we obtain
inf d” Vu(t,x;1,1(t,x,u)) + L(t,x,u) = 0.
uely

This confirms that V, satisfies equation (4.4.1), as well as the inequality in condition (c)
of Definition 4.2.1.

To check the boundary condition at x(1)=x,, we note
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1
Va(l,x;) = Inf {J'L(t,x,u)dt S d(x) + 0+ é(xl)} = 0.
1
So V, certainly satisfies condition (b) of Definition 4.2.1.
Now take (x*,u") to be the optimal process referred to in Theorem 4.4.1.
To verify equation (4.4.2) we have merely to note that (x*,u*) solves the auxiliary
problem for initial data (t=0,x=x,) (see Proposition 4.6.1). By definition of V,,
1
VA(0,%,) = JL(t,x‘(t),u"(t))dt.
0
Thus equation (4.4.2) is verified and hence we have demonstrated that the value
function for the auxiliary problem, which replaces the end-point constraint by a strictly

differentiable penalty term, is a suitable choice of verification function for the theorem.

We finally wish to show that “(h,-p)e€8YV(t,x*(t))” can be included in the
optimality conditions satisfied by the optimal process (x*,u").
Take any point t€[0,1) which is a Lebesgue point of s f(s,x"(s),u’(s)) and arbitrary
convergent sequences a;—a, r;—7 and ¢; |0, in R”, R and R* respectively.
From Lemma 4.5.1 which states that V(t,x(t)) < VA(t,x(t)) where V, is the value

function and V , is the cost function, we obtain, for each i,
%{VA(t+'c,~ ri,x'(t)+e;ai)-VA(t,x‘(t))} < Eli{vA(t-Fe,- T X (8)Feas) - VA(t,x'(t))}.

However, by Proposition 4.5.3 the right-hand side has limit
(p(t)-f(t,x"(t),u'(t))—L(t,x"(t),u‘(t)))-r - p(t)-a

where p(t) satisfies the costate equation (4.4.3).

Since the sequences are arbitrary, this gives

lim sup %‘{VA(t—i-e,- T, X (V) + e,-a,-) - VA(t,X*(t))}

€;lo
(ri2;)—(7.2)

< (p(t) -f(t, x*(t),u’(t)) - L(t,x'(t),U'(t)),-P(t))-(T,a)-

Since (r,a) is arbitrarily obtained and since the set of Lebesgue points of an integrable
function has full measure (and since the union of two sets of full measure is a set of full

measure) then, by the characterization of the superdifferential (Lemma 2.4.2)

((p(t)-f(t,x‘(t),u*(t))—L(t,x'(t),u*<t))) , -p(t)) € 0"Va(t,x"(t) ae. te[0,1]

To complete the proof of necessity, we apply the maximum principle. The solution to

the costate equation (4.4.3) and the transversality condition (4.4.5) is unique under the
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hypotheses, hence by Theorem 4.1.1 the function p(t) must also satisfy the
maximization of the Hamiltonian (equation (4.4.4)), i.e.
p(t)-£(t,x7(t),u"(t))- L(t,x7(t),u"(t)) = max p(t)-£(t,x"(t),u)-L(t,x"(t),u) a.e.

This 1s the last relationship to be verified. o

4.6.3 PROOF OF SUFFICIENT CONDITIONS

Suppose (x*,u") is a process satisfying equations (4.4.7) to (4.4.9). We now wish
to show that (h,-p)€8"¢(t,x"(t)) is a sufficient condition for optimality in conjunction
with the equations of the maximum principle.

We choose a point t €[0,1) which is both a Lebesgue point for s—f(s,x*(s),u’(s)) i.e.
t+e;

L[ Eexe),une)ds — Hex o0 ®),

t

and is such that
(p(6)-£(6,x"(£),0"(8)) - L(t,x"(£),0° () , -P(t) ) € 8¥4(t,x"(1)).

We assume, in addition, that s—¢(s,x*(s)) is differentiable at t, i.e. that the derivative
%(t,x"(t)) exists. The subset of points in [0,1] formed with these properties is a set of
full measure. Then,

Lox(t) = limy gl;{¢(t+e,-,x'<t)+j f(s,x"(s),u"(s))ds ) - ¢(t,x'<t))}
< lim sup & o(t+eim, X (D) +ea;) - ¢(t,x*(t))}
where the lim sup has quantifiers 10, (r;,a;) — (1,{(t,x7(t)ju"(t))
< (p() - £(tx" ()07 (1) - Lt x"(0)u"(1) , -p(t))- (1, £(6,x7(8),u"(t))
by the inclusion and by the characterization of the superdifferential (Lemma 2.4.2)
= p(t) - £(t,x"(t),u™(t)) - L(t,x"(t),u"(t)) - p(t)-£(t,x(t),u"(t))
= - L(t,x"(t),u’(t)).

Therefore d%cﬁ(t,x'(t)) + Lt,x"(t),u"(t)) < 0 ae. (4.6.5)

However, choose any control function u(-) with corresponding state trajectory x(-) and
take t which is a Lebesgue point of s—f(s,x(s),u(s)) and which is such that s»—»disqﬁ(s,x(s))
1s differentiable and u(t)eU. Then

d¢ = lim 1 .

q(tx() = lim E{ot+es, x(t+e) - o(t,x(t)}
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t+e¢g

= lim {4+, x(t1+] () ds) - 6x}

t

= 1i111(1] 31—_{¢(t+e,-, X(t)+e,£(t,x(t),u)) - ¢(t,x(t))} by Lipschitz continuity
€ '

— L inf L

= l1rg:110nf 2‘.-{45(”‘“ x(b)+ef(t,x(t),0)) - ¢(t,x(t))}

= d ¢(t,x(t); 1,f(t,x(t),u)) by the definition of lower-Dini derivative.

1
We can write ¢(1,x;) - ¢(0,%o) =J
0

(6,%(t)) dt.

2
-

Recalling the definition of a verification function, we know that the following conditions
hold:
néi%d_¢(t,x;1,f(t,x,u)) + L(t,x,u) > 0 and 4(1,x,)=0, so that
u
d ¢(t,x;1,f(t,x,u)) + L(t,x,u) > 0.
1 1
Then ¢(0,%,) = -Jd_¢(t,x;l,f(t,x,u))dt < JL(t,x(t),u(t))dt. (4.6.6)
0 0
Hence ¢(0,%,) is a lower bound on the cost for an arbitrary control function.

1
In particular, ¢(0,%,) < JL(t,x*(t),u*(t))dt for the given process (x*(-),u*(+)).
0

We also know from our earlier result (inequality 4.6.5) that for (x*(-),u*(-))
Lo(t,x"(8)) + L(t,x"(t),0'(t)) < 0, and s0

d_¢(t,X’(t);1,f(t»X*(t),u"(t))> + L(t,x"(t),u’(t)) < 0.
1 1
This gives ¢(0,x,) = -J d a(t,x(t);1,1(t,x,u))dt ZJL(t,x‘(t),u‘(t))dt.
0 0

Therefore we have shown that (x*(-),u"(-)) satisfies

d7(tx"(£); LitX (1,u7(E) ) + Litx ()’ (1) =

1
and ¢(0,x,) = JL(t,x‘(t),u‘(t))dt for the given (x*(-),u*(+)).
0

1 1

Since ¢(0,%,) = JL(t x*(t),u"(t))dt < JL(t x(t),u(t))dt, by inequality (4.6.6),
0 0
)

¢(0,%,) 1s the minimum cost and (x*(-),u"(-)) is the optimal (minimizing) pair. O
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4.7 Proof of Theorem 4.4.1 for an End-point Constraint Set

In this section we complete the proof of Theorem 4.4.1 by relaxing the
requirement that the end-point constraint set be a single point. As earlier foreseen, the
approach we take is to modify the original problem so that it can be incorporated into a
fixed end-point problem. We do this by extending the time interval over which the
problem is defined and making use of the convexity properties of the constraint set. The

following representation of compact, convex sets is required.
LEMMA 4.7.1: Let CCR™ be a compact convez set.

1
Then C = {J u(s) ds: u(-) 1s measurable, u(t) e C a.e. t}.
0

Proof: Denote the set on the right hand side by €. The inclusion C c € follows from the
definition of the sets (and can be shown by considering constant functions u).

To prove the reverse inclusion, we suppose, by way of contradiction, that there exists
¢ € €\C. Let u(-) be a measurable function such that u(t)eC, a.e., and

1
€ = |u(t)dt.
|

Since C is closed and ¢ ¢ C, {¢} and C are strictly separated, i.e. there exists a vector p
such that p’¢ > max p’c, hence
ceC

1

p'lu(t)dt > max p'c.
This implies

1

!(p’u(t)—rcneaéc p'c)ds > 0,
but this is not possible since the integrand is non-positive everywhere. It therefore
follows that € c C.
Hence the equality is proved. 0

We recall the original problem which is:

1
minimize JL(t,x(t),u(t))dt,
subject to 0
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X(t)=f(t,x(t),u(t)) a.e. te[0,1],
u(t)e U a.e. t €[0,1],
and x(0)=x,, x(1) e C.
The constraint set C is a closed convex set.
We re-define it as a fixed end-point problem, labelled (®), over the extended time

interval t €[0,2], as follows.

2

Minimize Jz(t,x(t),u(t))dt,
0
. v JEEX(E)u(t) a.e. t €[0,1]
subject to x(t)—{ v a.e. te(1,2] where -veC,
u(t)eU a.e. t€[0,2],
X(0)=X0, X(2)=Oa (G.P)

2(t,x(t),u(t)) = {L(t,x(g),u(t)) :ZZ: E ?(%,12]].

Let (x*, u*) be a minimizing process for the original problem (P).

_ x"(t) 0<t<l

Let x = {x*(l) St-Dx(1) 1<t<?2
with corresponding controls

b =4 W) 0<tgl

"~ )arbitrary l<t<?2

, = arbitrary 0<t<l

Tl - xT() l1<t<?2

Then (x,v,v) solves (P) (the fixed end-point problem which we derive from the original
problem). We retain our assumptions on the data and, in particular, the normality

hypothesis on the data is still valid as we now prove.

PROPOSITION 4.7.2: If the original problem satisfies the strengthened normality
hypothesis (H) then so does the derived problem (P).

Proof: From the maximum principle, the costate equations are:
_p(t) = p(t) - fa(t, x(t),u(t)) - La(t,x(t),u(t)) a.e. te[0,1]
-pt) =10 a.e. te(l,2).
We can therefore set p(t)=p(1) for t>1.

The maximization of the Hamiltonians gives :
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max{p(t f(t X*(t),u)- L(t x*(t),0) }=p(t) - £(t,x"(1),0" (1)) - L(t,x" (£),u"(1)) 0t < 1
nax {-p(t) v} = -plt
= -p(t ) (1) since v = - x"(1)
= -p(1)-x"().
From the above equation
-p(t)-v > -p(t)-v for -veC.
Therefore -p(1)[x*(1)+v] < 0
= -p(1)-x*(1) < p(1)-v
= -p(1)-x*(1) < -p(1)-(~v) for all -veC.
Hence -p(1) e N (x"(1)).
By the normality hypothesis which we apply to the first time interval we have a unique
p(-) defined over this interval. Since p(-) is constant over the second time interval and
-p(1)eN,(x"(1)), then by constancy and the transversality condition at t=1, p(-) is
unique over the extended time interval. Thus we have shown that the derived problem

satisfies the normality hypothesis. a

We wish to construct a verification function for the original problem and do so
via consideration of the derived problem (?) and an associated auxiliary problem (%,)

which we shall introduce. To do this we need the following definition:

2
q>(g):=Inf{J L(t,x(t),u(t))dt} (4.7.1)
0
where the infimum is taken over all processes (x(-),u(-)) subject to the constraints of
problem (%) except that x(2)=¢.
Under the hypotheses, & is Lipschitz continuous on some neighbourhood about ¢=0, and
0®(€=0) € co {p(2):p(-) € Q} where Q is the set of all costate functions (associated with a
unity cost multiplier) corresponding to some optimal control for problem (?). Thus we
conclude (by Proposition 2.3.3) that & is strictly differentiable at ¢=0.
Fix ¢>0 such that & is Lipschitz continuous on the ¢-ball about 0.

e — ) 26 e <e
Define #(¢) = { (l_l.f) ifle| > e

We introduce the auxiliary problem (%®,) in which the end-point constraint is replaced
by a strictly differentiable penalty term:

2
minimize JL(t x(t),u(t))dt - &(x(2)) + K|x2)]* + $(0)

0
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f(t,x(t),u(t)) a.e. te[0,1]

subject to x(t) = { v ae. te(l2), (L)
ut) e U a.e. t €(0,2],
X(O) = Xp.

Here K is a positive number whose value may be chosen.

We now define the value function for the auxiliary problem to be

2

vA(s,g):=Inf{J L(t,x(t),u(t))dt - ¢x(2)) + K |x(2)|* + 6(0)} . (4.7.2)
S

where the infimum is taken over all processes (x(-),u(-)) subject to the constraints of

Problem (%,) except that the underlying time interval [0,2] is replaced by [s,2] and the

initial state x, by ¢.

We wish to show that ¥, is a verification function for the original problem, i.e. that it

satisfies
lrjnei{lj{d_‘lf A((t,x);(l,f(t,x,u)))+L(t,x,u)} =0 a.e. t€[0,1], VxeR" (4.7.3)
T41,x)<0 vxeC (4.7.4)
and
d_“fA(t,x‘(t);1,f(t,x“(t),u"(t)))+L(t,x"(t),u‘(t)) =0 a.e. te[0,1]. (4.7.5)

Firstly we claim, as before, that for K sufficiently large (x*,u") is a global minimizer for
the auxiliary problem. The proof follows exactly as for Proposition 4.6.1. Furthermore
we may quote the results from Section 4.6.2 which will verify that equations (4.7.3) and
(4.7.5) are satisfied. It remains to verify the boundary condition (4.7.4).

For our problem %x=v a.e. t€[1,2], -ve C and x(2)=0.

2
By definition of C, -J v(s)ds € C and we also know that x(1) e C.
1
2

Thus we can write x(2)=x(1)—Jv(s)ds and therefore if we take any x(1) € C there exists
1

-ve C driving the state to zero, i.e. there exists -v € C such that x(2)=0.

However, the corresponding cost is zero by definition of the auxiliary problem where

2=0 over [1,2). Thus the infimum cost, ¥,(1,x) <0 for all xe C.

Hence we have shown that ¥, is a suitable candidate function for the ¢ of the theorem.

Furthermore, we may quote the results stating the necessity and sufficiency of the

inclusion in conjunction with the maximum principle and the verification theorem since

the proof follows that of Sections (4.6.2) and (4.6.3). The main result, namely Theorem

4.4.1, is proved. |
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Chapter Five

CONCLUSION

This thesis is primarily concerned with two problems:
1) can we develop necessary conditions for optimality over the infinite horizon for
multistage optimal control problems,
2) can we develop a ‘sensitivity relation’ in terms of a verification function for an

optimal control problem with an end-point constraint set?

Our motivation for research into the first topic stems from application of such
theory to problems in the economic and biological sciences which may be formulated
over an unbounded time interval. Knowing that optimality conditions for multiprocess
problems posed over a finite interval have already been derived, we have attempted to
extend the theory so that it is valid over an infinite time interval and have obtained
necessary conditions for multistage problems defined over the infinite time horizon.
These necessary conditions are in the form of a maximum principle. We note that these
conditions depend neither on the limiting value of the state trajectory as the time tends

to infinity, nor on the convergence of the integral of the cost functional.

The techniques we employ yield necessary conditions of optimality under mild
and readily verifiable hypotheses. They yield stronger results than the ‘two-phase’

optimization methods typical of the mathematical economics literature.

However, as a consequence of the free end-point at infinity, although one might
expect that the transversality condition is such that the limiting value of the costate
function at infinity is zero, it has been shown that the transversality condition for the
infinite horizon case cannot necessarily be obtained as the limit of this condition in the
finite horizon case [H1]. Therefore, the statement of the maximum principle for general
classes of problems with an infinite horizon does not include the transversality condition
at infinity. We might hope, however, to derive transversality conditions at infinity in
special cases. Aubin and Clarke [A3] do just this for an infinite horizon problem
involving linear dynamics. An interesting area of future research will be to extend

Aubin and Clarke’s work to cover problems with non-linear dynamics.

We have applied the theory to a general formulation of a two-stage optimal
control problem in which an explicit dependence on the intermediate time (taken as a
choice variable) is incorporated into the integrands of the cost functionals. We have
shown, in these cases, that necessary conditions may be more easily obtained using

multiprocess theory than via classical methods. Furthermore, we have demonstrated the
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versatility of the theory by applying it to a specific example from the mathematical
economics literature concerning optimal delivery lags, where the time lag is a choice
variable, and it is likely that further research will yield more applications of the theory
in the field of mathematical economics. The theory might also be applied to problems in

mathematical biology.

The next part of the thesis contains an investigation into the relationship
between the maximum principle of optimal control theory and the dynamic
programming technique. The dynamic programming approach to optimal control theory
involves characterizing the value function V as a solution to the Hamilton-Jacobi
equation. Recent research has proved the validity of a relationship in terms of the
Clarke generalized gradient of V, for a large class of non-smooth, free end-point
problems. Results of this nature have been termed ‘sensitivity relations’ in the

literature.

The question which we have addressed in this thesis is whether we can develop
such a relationship for an optimal control problem with an end-point constraint set in

terms of a verification function.

Our motivation for using verification functions has been that we require
functions with similar properties to the value function, but which are defined and
locally Lipschitz on a suitable large domain, even in the presence of end-point
constraints. Furthermore we have attempted to use a different type of ‘generalized
gradient’, namely the superdifferential, and our motivation for doing so has been that it
provides a more precise sensitivity relation than the Clarke generalized gradient of the
earlier literature on this topic. We note that while sensitivity relations involving
superdifferentials have appeared elsewhere [S3], only free end-point problems have been

treated.

The results that we have obtained are, that provided some normality hypothesis
is satisfied (we provide sufficient verifiable conditions for this to be so), there is a
sensitivity relation between the costate p(-) of the maximum principle, the Hamiltonian
function H and some verification function W along a trajectory (x*,u"), which is both
necessary and sufficient for that trajectory to be optimal. Moreover, we have shown that

the sufficient conditions are valid in a non-smooth setting.

Although for most practical purposes results for a convex constraint set are
adequate, a possible extension of this work is to attempt to generalize the theory so that
it is valid for arbitrary closed end-point constraint sets. Similarly, the question arises as
to whether the results are still valid when the initial point belongs to some constraint

set as opposed to being fixed.



Conclusion 91

We conclude by summarising the main contributions of this thesis:

o firstly, we have provided necessary conditions for optimality for infinite horizon,
multistage, dynamic optimization problems under mild hypotheses (which dispense with
the need, present in earlier literature, to impose smoothness conditions on the data),
and

e secondly, by establishing the validity of the superdifferential minimum cost sensitivity
relation in the presence of general end-point constraints, we have provided new
information about the relationship between the maximum principle and verification

functions.
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