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Abstract—The relative entropy is the basic concept underlying
various information measures like entropy, conditional entropy
and mutual information. Here, we discuss how to make use of
variational formulas for measured relative entropy and quantum
relative entropy for understanding the additivity properties of
various entropic quantities that appear in quantum information
theory. In particular, we show that certain lower bounds on
quantum conditional mutual information are superadditive.

I. QUANTUM RELATIVE ENTROPIES

For a positive measure () on a finite set X' and a probability
measure PP on X that is absolutely continuous with respect to
@, denoted P < @, the relative entropy or Kullback-Leibler
divergence [1] is defined as
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where we understand P(x) log ggi; = 0 whenever P(z) = 0.
By continuity we define it as +o0o if P &« Q. (We use log to
denote the natural logarithm.) More generally, for o € (1, 00)

we define the Rényi divergence [2] as
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if P< @ and as +o0 if P &« Q. For o € (0,1) it diverges
to 400 only when P and @) are orthogonal. It is well known
that the Rényi divergence converges to the Kullback-Leibler
divergence when o — 1 and we thus set D = D;.

A thorough understanding of quantum generalizations of the
relative entropy is of preeminent importance in quantum infor-
mation theory. Let us denote the set of positive semidefinite
operators acting on a finite-dimensional Hilbert space by P
and the subset of density operators (with unit trace) by S. For
p € S and o € P, the measured relative entropy is defined
as [3], [4], [5], D"(pllo) = sup x ar D(Bpn||Poar),
where the optimization is over finite sets X and positive
operator valued measures (POVMs) M on X, and P, p/(z) =
tr[M(z)p]. For p € S and o € P non-zero, the following
identity holds [6], [7],

DM (p||o) = sup tr[plogw] + 1 — trfow] . 3)
w>0
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The measured Rényi relative entropy for o € (0,1) U (1, 00)
is defined as DY(pllo) := sup(x ary Do (Pp.as || Poar)- The
following identities hold [7]:
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The last two expressions are a generalization of Alberti’s
theorem [8] for the fidelity (which corresponds to o = 1/2)
to general o € (0,1) U (1,00). Since the Rényi divergences
are uniformly continuous in « around one we also get for the
limit o — 1 that D™ = DY

In contrast to these measured quantities Umegaki’s quantum
relative entropy [9] is given as D(p||o) := tr[p(log p—log 7)]
if 0 > p. We recall Petz’ variation expression [10],

D(pllo) = sup tr[plogw]+1—trlexp(log o + logw)]. (6)
w>0

We have [4], [7], DM(p|lc) < D(p|lo) with equality iff

[p,0] = 0. More generally, the sandwiched Rényi relative
entropy of order o € (0,1) U (1, 00) is defined as [11], [12],
1 .
Da(pllo) := — log Qalpllo),  with @)
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where the same considerations about finiteness as for the
measured Rényi relative entropy apply. We also consider the
limits @ — oo and o — 1 of the above expression for
which we have [11], Dy (p|lo) = inf {\ € R|p < exp(A\)c}
and D1 (p||o) = D(p||o), respectively. We recall the following
variational expression [13],
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where the first formula is valid for o € (0, 1) and the second
one for a € (1,00). We have DY (p|lo) < D,(p||c) with
equality iff [p, o] =0 [7].

Qalpllo) =



II. SOME OPTIMIZATION PROBLEMS IN QUANTUM
INFORMATION

The variational characterization of the relative entropy (6),
the sandwiched Rényi relative entropy (9), and their measured
counterparts (3) and (5), turn out to be useful for deriving
properties of various entropic quantities that appear in quantum
information theory. Here, we are interested in operational
quantities of the form

M(p) :=minD(p||o), (10)
o€eC

where D(-||-) stands for any relative entropy, measured relative

entropy, or Rényi variant thereof, and C denotes some convex,

compact set of states. For Umegaki’s relative entropy D = D,

prominent examples for C include the set of

o separable states, giving rise to the relative entropy of
entanglement [14].

e positive partial transpose states, leading to the Rains
bound on entanglement distillation [15].

« non-distillable states, leading to bounds on entanglement
distillation [16].

o quantum Markov states, leading to insights about the
robustness properties of these states [17].

« locally recoverable states, leading to bounds on the quan-
tum conditional mutual information [18], [19], [20].

o k-extendible states, leading to bounds on squashed entan-
glement [21].

Other examples are conditional Rényi entropies which are
defined by optimizing the sandwiched Rényi relative entropy
over a convex set of product states with a fixed marginal,
see, e.g., [22]. A central question is what properties of the
underlying relative entropy D translate to properties of the
induced measure M(-). For example, all the relative entropies
discussed in this paper are superadditive on tensor product
states in the sense that

D(p1 ® pollor ® 02) = D(p1flo1) + D(pzfloz).  (AD

We might then ask if we also have

min D(p1 ® pallo12) = M(p1 @ pa) = M(p1) + M(pa)

012€C12
(12)
= Umeln D(leUl) + meln D(p2\|02)
(13)

To study questions like this we propose to make use of the
variational characterizations of the form

D(p|lo) = sup f(p,o,w) in order to write (14)
M(p) = min sup f(p, 0,w) = supmin f(p,0,w), (1)
oeC w>0 o€C

where we made use of Sion’s minimax theorem [23] for the
last equality. We note that the conditions of the minimax
theorem are fulfilled for all relative entropies discussed in

this paper. The minimization over ¢ € C then often sim-
plifies and is a convex or even semidefinite optimization.'
We can then use strong duality of convex optimization to
rewrite this minimization as a maximization problem [24],
mingec f(p,0,w) = maxzee f(p,d,w). This leads to the
expression

M(p) = sup max f(p,7,w) (16)

w>0 7€C

which, in contrast to the definition of M(p) in (10), only
involves maximizations. This often gives useful insights about
M(p). As an example, let us come back to the question
of superadditivity raised in (13). We want to argue that the
following two conditions on f and C imply superadditivity.
First, we need that the function f is superadditive itself, i.e.
we require that f(py ® pa, 51 @69, w1 @wsa) > f(p1,61,w1)+
f(p2,52,w2). And second, we require that the sets C are
closed under tensor products in the sense that 5, € C; and
7o € Co imply that 5, ® G5 € Cio. Using these two properties,
we deduce that ./\/l( PL®p2) > fp1 @ pa, 01 G2, w1 Dws) >
flp1,51,w1) + f(p2,F2,ws), for any wy,ws > 0 and any
o1 € Cy, 02 € Co. Hence, the inequalities also holds true if
we maximize over these variables, implying superadditivity.

III. RELATIVE ENTROPY OF RECOVERY

In the following we denote multipartite quantum systems
using capital letters, e.g., A, B, C. The set of density operators
on A and B is then denoted S(AB), for example. We also use
these letters as subscripts to indicate which systems operators
act on.

As a concrete application, we study the additivity properties
of the relative entropy of recovery defined as [20], [19], [25]

D*(paplloar) = inf D(papl|(Za ®I's~p)(0ar))
E—D

a7
where the infimum is taken over all trace-preserving com-
pletely positive maps I'p_,p. One motivation for studying
the additivity properties of the relative entropy of recovery
is the study of lower bounds on the quantum conditional
mutual information and strengthenings of the data-processing
inequality for the relative entropy [18], [20], [26], [27], [28],
[29], [30], [31]. In particular, [20 Prop. 3] shows that

Drec (PaBelleZs) »  (8)

where the systems are understood asD=BCand E = B. To
obtain a lower bound that does not involve limits, the authors
of [20] use a Finetti-type theorem to show that

I(A:C|B) > lim
n—oo

lim DreC(PABcHP@”) > D" (papcllpan) -

n—o00 N

19)

with the measured relative entropy of recovery defined as [20]
(see also [19, Rmk. 6]),

Linf D"(pap||(Za @ Tp—p)(0aR)).
(20)

DMr(paploag) =

!As an example, for the measured relative entropies the objective function
becomes linear in o.



This gives an interpretation for the conditional mutual informa-
tion in terms of recoverability. The measured relative entropy
is superadditive and if this property would translate to D\rec
we would get an alternative proof for the step (19). Using the
variational expression for the measured relative entropy (3)
together with strong duality for semidefinite programming, we
find the following alternative characterization for DVbree,

Lemma 1. Let pap € S(AD) and o s € S(AE) with o4 >
0, and let o opr be a purification of g ap. Then, we have

tr[pap log Rap]

SAF > 0, Rap >0
1p®Sar 2 Rap ® 1F
tr[Sapoar] =1.

DMrec(p 4 plloar) = maximize:

subject to:

ey

Proof. We write

I'rsp(oar) = trp [FE—>D (\/UAE\I/AE:F\/UAE‘)} , (22)

where we denote by ¥ 4p.r the (unnormalized) maximally
entangled state between AFE : F' in the Schmidt decomposition
of o4gr. With this we define the Choi-Jamiolkowski state
(unnormalized) of the map I'p_,p as

(23)

Tapr =Leop(Yapr), 7ar =1%p,

where I19 . denotes the projector onto the support of o 4f.
Hence, we can write

Tpp(0ap) =tre [\/OAFTADFVOTAF] ,

and thus we can express the optimization problem for I'p_, p
in terms of the Choi-Jamiotkowski state in (23). Together
with the variational characterization of the measured relative
entropy (3) we find

(24)

min sup tr[pap log Rap]
TapFERec(0AE) Ryp>0

+1—tr [TADF\/@RADW ) (25)

D" (paplloar) =

where Rec(oag) := {Tapr > 0, Tar = II%r}. We now
apply Sion’s minimax theorem [23] to exchange the minimum
with the supremum. The theorem is applicable as Rec(oag)
is convex and compact and {wap > 0} is convex. Moreover,

as the logarithm is operator concave, the function

Rap — tr[paplog Rap) + 1 —tr [Tapr\/0arRap\/TaF
(26)

is concave for any fixed 74pp. Finally, for any fixed R4p,
the function being optimized is linear on 74pr. As a result,

sup tr[paplog Rap]+ 1—
Rap>0

tr [Tappyv/oarRapyvoar]. (27)

DM(paplloar) =

max
Tapr€Rec(oar)

Now for a fixed Rap > 0, the inner maximization is a
semidefinite program for which we can write the following
programs,

maximize:  tr [Tapp\/TAFRAD\/TAF]

subject to: Tapr >0 (28)
Tar = 5k

minimize: tr[Sarcar]

subject to: 1p ® Sar > Rap @ 1p. (29)

As the primal problem is strictly feasible, Slater’s condition
(see, e.g., [24]) is satisfied and we have strong duality. This
leads to the following expression for D™°¢(pap|loar):

maximize:
subject to:

tr[pAD logRAD] +1- tI‘[SAFO'AF]
SAF > 0, RAD >0
1p ®Sar > Rap ® 1p.

(30)

Observe now that we can restrict the optimization to
tr[Saroar] = 1. In fact, for arbitrary feasible Rap and Sar,

— _ Rap _ _ Sar
we can define Rap = B[S aroar] and Syap = B[S aroar]’ The

constraint 1p ® S AF > Rap ® 1g is still satisfied and the
value of the objective function can only increase,

tr[pap log Rap] > tr[pap log Rap) — tr[Saroar] + 1,
(€29)

where we used the inequality logz < z—1 and that tr[pap] =
1. [

DM,rec

This readily implies that is indeed superadditive.

Proposition 2. Let pap € S(AD), Tarp € S(A'D’), oap €
S(AE), and war g € S(A'E") with 0 4,war > 0. Then,

DMrC(pap @ Tarpr||oar @ warg)

> DMJQC(/)ADHUAE) + DM’reC(TA’D’ ||WA’E’) . (32)

Proof. Given feasible operators Rap,Sapr for the quantity
DMre¢(paplloag) and feasible operators Ra/pr, S for
the quantity DM*¢(74 pr||war g ), we have

lp®Sar > Rap®1p A 1p @ Sarpr > Rarpr @ 1
—

1ppr ® Sar @ Sarpr > Rap @ Rarpr @ 1ppr . (33)

Here, we used that A > B =—= M ® A > M ® B for
M > 0, which holds since taking the tensor product with M
is a positive map. Moreover, we have tr [(SAF®SA/F/)(0AF®
O'A/F/)] = 1. In other words, (Rap ® Ra'p/,Sar @ Sarp)
is a feasible pair in the expression (21) for DM’reC(pAD &
Tap ||oAE ® warp) and we get

DM,reC(pAD & Ta D! HO’AE‘ ® WAIE/)
> tr [pAD IOgRAD] 4+ tr [TA’D’ IOgRA'D/] .

Taking the supremum over feasible (Rap,Sar) and
(Ra'pr, Sarpr), we get the claimed superadditivity. O

(34)



Now, if the relative entropy of recovery would be superad-
ditive we could strengthen (19) to

(35)

2
lim D™(papcllpan) -

n—oo M

Drec(pABC HpAB)

This together with (18) would lead to a stronger lower bound
on the conditional mutual information. Using strong duality
for convex programming we can write D™ in a dual form
similar to Lemma 1.

Lemma 3. Let pap € S(AD) and o4 € S(AE) with o4 >
0, and let o opF be a purification of 0 ap. Then, we have

D*(paplloar) =
maximize: tr[pap log pap] — DM (pap||Rap)
subject to: Sarp >0, Rap >0
1p®Sar > Rap ® 1p
tr[SAFO'AF] = 1,

(36)

where Rap is not normalized and the measured relative
entropy term is in general negative.

We provide a proof based on strong duality for convex
programming in the full version [7]. The expression (36) is
to be compared to our variational expression for the measured
relative entropy of recovery from Lemma 1, which has the
same constraints and whose objective function can be writ-
ten as tr[paplogpap] — D(pap||Rap). Unfortunately, we
can not solve the open additivity question for the relative
entropy of recovery using the variational expression from
Lemma 3. However, we note that the argument flipped relative
entropy of recovery D™°(cag|pap) = infr, ,, D(Z4 ®
T'r~p)(car)|lpap) becomes additive.

Proposition 4. Let psp € S(AD) and cap € S(AE) with
pa >0, and let o opr be a purification of o og. Then,

D*(cagllpap) =
maximize: —tr[Saroar]
subject to:  Sar >0, Rap >0
1p ® Sar > (logpap —log Rap) ® 1p
tr[RAD} =1.
(37)

Moreover, for Tapr € S(A'D') with 7o+ > 0, we have
D**(0ap ® warp|pap ® Tap) = D*(oaglpap) +
Drec(wA/El ||TA’D’)-

We provide a proof based on strong duality for convex
programming in the full version [7].

IV. RENYI RELATIVE ENTROPY OF RECOVERY

As a generalization of the measured relative entropy of
recovery (20) we define the measured Rényi relative entropy
of recovery for a € (1,00) as (see also [19, Rmk. 6]),

D¥re(paplloag) = log Q¥ (paplloar) (38)

-1

with
Qa"(paplloar) == inf Qi(pap|(Ta® Pr-p)(04r))
E—D
(39)
and analogously for a € (0,1) with

QU (paplloas) = Sup Q¥ (papll(Za @ TE—p)(0aE)).
B (40)

Using the variational expressions for the measured Rényi rel-
ative entropy (5) together with strong duality for semidefinite
programming, we find the following alternative characteriza-
tion for QMree,

Lemma 5. Let pap € S(AD) and o s € S(AE) with o4 >
0, and let o opr be a purification of o ap. For o € [%, 1),

Qu"*(paplloas) =

1-11¢
tr [pADRADQ} tr[Saroar]!
Sap >0, Rap >0
1p®Sar > RAp ® 1F.

(1, 00).

minimize: @

subject to: (41)

Similar dual formulas hold for a € (0, 3) U

Proof. Using the variational formula (5), we get from Sion’s
minimax theorem [23] that
inf max

M,rec =
s ag
Q (PADH AE) Rap>0~yap€Rec(oar)

+ (1 —a)tr[Taprv/oarRap\/oar] .

The set Rec(oag) is convex and compact and {R4p > O} is

atr [PAD R}[Dﬂ
(42)

convex. Moreover, the function Rap — atr [p ADR AD ] +

(1—a)tr [TADFMRADW] is convex for any fixed
Toapr because of the operator convexity of ¢ th
with 8 = 1 — 1 for @« € [},1). Finally, for a
fixed Rap, the function being optimized is linear on
Tapr. As in (28) we then look at the convex dual of

MAax,, . cRec(oap) I |[TADF\/TAFRAD\/TAF), and find

Qu"**(panlloar) =

_1
minimize: o tr {pADRiD“] + (1 —a)tr[Saroar]

subject to: Sap >0, Rap >0
Ip ® Sar > Rap ® 1F.
(43)
Invoking the arithmetic-geometric mean inequality establishes
the claim. O

Using this we find that the measured Rényi entropy of
recovery is superadditive for all Rényi parameters.

Proposition 6. Let pap € S(AD), Tarp € S(A'D’), oag €
S(AE), and wa g € S(A'E’) with o4,war > 0. For a €
(0,1) U (1,00), we have

DM (pap @ Tarpr||oar @ warpr)

> Dy (paplloap) + Da(tarpr lwarer) . (44)



Analogously, (17) is generalized to the Rényi rela-
tive entropy of recovery as (see also [19, Rmk. 6]),

DE(paplloap) == 725 1og Q(paplloar) with

Qu(paplloar

)
inf Qa(pap|(Za®Tpsp)(oar)) for a € (1,00)
(

) Tesp
Sup Qa(papll(Za ®Tep)(oag)) for a € (0,1).
E—D
(45)

Now, for the special case of a = 1/2, the sandwiched Rényi
relative entropy is equal to the negative logarithm of the
fidelity and as the measured fidelity is the same as the fidelity
(see, e.g., [32, Sec. 3.3]). That is, we have QI}% = Q1/2 as
well as 175 = Ii%rec. The same holds true at o — oo [33].
As such Proposition 6 can be seen as a generalization of the
multiplicativity of the fidelity of recovery [19] that was derived
by two of the authors [26]. Finally, since the Rényi divergences
are uniformly continuous in « around one, we recover the
superadditivity of the measured relative entropy of recovery
(Proposition 2) in the limit av — 1.

V. CONCLUSION

Using variational characterizations of relative entropy we
have shown that the measured Rényi relative entropy of
recovery is superadditive for all o > 0. It would be desirable to
extend this to the sandwiched Rényi relative entropy of recov-
ery, including the relative entropy of recovery corresponding
to a = 1. However, for this case we only have preliminary
numerics indicating that they are not additive. Finally, it would
also be interesting to use variational characterizations for
relative entropy for studying the operational entropic quantities
mentioned in Section II. This might lead to new applications
of measured relative entropy in quantum information theory
(see also [34]).
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