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ABSTRACT

This work addresées the twin problems of designing an instrumentation
system to make measurements on a general nuclear process and then
interpreting the results to recognise the required process features.
The earlier chapters describe the motivation behind the approach and
define the mapping from the output of a nuclear process to the observed
signals in terms of practical hardware and real system examples. A
modular electronic configuration is proposed, which incorporates a
number of new circuils, and this may be used to collect data for the
majority of nuclear processes. The second part of the work is the
construction of a general mathematical model. This commences with the
definition of an abstract signal space in which the measurement results
from all of the above instrumentation may be represented. An
examination of the ‘naive' measurement concept traditionally associated
with nuclear instrumentation is undertaken and a number of weak areas
are identified. 1t is proposed that this concept is replaced with an
‘axiomatic' concept based on the mathematical model. By the derivation
of the model from the axiomatic base it is shown that this approach

avoids the problems associated with the traditional concept.
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NOTATION

X observed tracking peak centre voitage

H mean (set) voltage for tracking peak

k ‘k-gain' constant

A count in upper lracking window

B count in lower tracking window

K spectrum stabilisation threshold

by mean input pulse rate

q probability of a count in the upper tracking window
P probability of a count in the lower tracking window
Ey kth energy interval

th nth time interval

Vin mth volume element

T signal geomelry

Q spectral image range

s spectral image function

K number of energy channels

N number of time channels

M number of detectors or scanning positions
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basis vector of RM

basis vector of RF
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transformation matrix of g
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o-field

probability measure

random process (for sampie configuration)
random vector in continuous time

random vector in discrete time

sample path of X

index

index sel

state space s.t. x € Ly, s £ Lg

probability density/mass function

finite dimension distribution function
expected value

autocovariance

conditional expectation operator

arbitrary function

random process (for signal configuration)
sample path of §
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transposed vector



NOTATION

v,u covariance matrices

mean vector of prior density

A selection parametefs
L decision level

Lp detection level

Lg determination level

error of the first kind
error of the second kind

standard deviation

«
B
o
k«,kﬁ abscissa of the standardised normal distribution
A photopeak area

B

background signal

vV,wW speciral window widths

r spatial position r = (x,y,2)
t time

Q direction vector Q@ = («,B8,Y)

x,B,Y direction cosines
E energy

i type of isotope

] particle type

! number of isotopes

J number of particle types

L number of signals

6 mass density of sample

by radioactive decay constant

o] corrected mass density of sample
T duration of a measurement period
a radioactivity of a sample

F4 source geometry

T7 flux geometry

T general geometry

Q, range of source density I-tuple

Q, range of flux density J-tuple

] flux density

81,8y composite mappings
R reaction rate

(] microscopic cross section/particle emission rate



NOTATION

<

T M A RO M & T ®
v

©

T (E)

<

<

+

T TV €& € € @®©® 9o € X < € =x

+

R

+

~-

h e
1

O T € »x ™ R

+
+*
.
T
i

mean particle yeild

source strength

particle emission coefficient
Dirac/Krondecker delta functions
macroscopic cross section
Green‘s_function

Integral operator

detection efficiency function
inner product

detection efficiency matrix
emission coefficient matrix
element of E

correlation coefficient
Chebyshev polynominal
coefficient matrix

polynomial value matrix
velocity vector of a particle
speed of a particle

spatial frequency vector
angular temporal frequency
temporal frequency

spatial Fourier transform
temporal Fourier transform
first order residual

polar angle

azimuth angle

forward current density vector

backward current density vector

~ forward tensors

*=,P”" backward tensors

mean forward particle production cosine
mean backward particle production cosine
mean orthogonal particle production cosines
even parity current density vector

odd parity current density vector

even parity tensor

odd parity tensor



NOTATION

¢’ forward detection efficiency

€ backward detection efficiency

n even parily detection efficiency

¢ odd parity detection efficiency

Hn quadrature weight

an quadrature coefficient

h inversion function

a inversion coefficient

E¥ fixed geometry detection efficiency matrix
b* fixed geometry background vector

n*,c* fixed geometry detection efficiency vectors
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CHAPTER 1

INTRODUCT ION AND RESEARCH REQUIREMENTS

1.1 NUCLEAR PROCESS MONITORING AND CONTROL

From the development of the first nuclear reactors to the present day
the commercial use of nuclear energy to generate electricity has been
subjected to adverse criticism. In part, this is because of its
association with nuclear weapons, and also because of major incidents
such as the Windscale fire and those at Three-mile Island and
Chernobyl, which have done much to destroy public faith in the
technology. The primary safetly consideration is the fail-safe design
of nuclear reactors. This is achieved for reactors with negative void
coefficients, secondary containment and other features laid down in the
various codes of practice for reactor design. However, even with
intrinsically safe reactors, public concern still exists over issues
such as the radiological protection of both people and the environment

and the safe disposal of radioactive waste.

It is reasonable to suppose that nucliear electricity will continue as

an important supply of energy since, despite its well-publicised
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shortcomings, detrimental effects are also associated with competing
energy sources. For example, over the past few years, problems have
arisen in the burning of fossil fuels to produce electricity. These
include not only climatic conditions such as the greenhouse effect and

acid rain but also the possible short supply of these materials which

are extremely useful for many other purposes and will become
increasingly expensive as the present accessible reserves are used. In
addition, it will be many years, if ever, before renewable sources of

energy such as the wind, waves of sun can provide similar generating
capacity to conventional or nuclear power plants, and then only with

considerable destruction of the countryside.

It has been forecast that, in England and Wales, the demand for
electricity will exceed supply by 1993 if no new generating capacity is
added to the National Grid and that, by the year 2000, there will be a
short-fatl of some 13 GW [1]. Therefore, new power plants are
essential. It is the policy of the CEGB to continue the development of
a nuclear generating capacity together with new coal-fired plahts. In
particular, a programme has commenced to build six large pressurised
water reactor (PWR) power plants. Sizewell B is already under
construction and work was scheduled to start on plants at Hinkley
Point, Wylfa and Trawsfynydd, and two at Dungeness, at one year
intervals over the next five years, although these plants are now
threatened by the impending privatisation of the CEGB. Whiie this may
cause a delay, it is unlikely to lead to complete cancellation of the

programme when this is reviewed in 1994,

With the increasingly widespread development of nuclear power plants
and support operations, such as fuel reprocessing, the radiological
protection of people and the environment and the séfe d{sposal of
radioactive waste must be considered. |In general, the record of the UK
nuclear industry is good with respect to these issues but incidents of
pollution or irregular waste disposal have occurred and, glthough these
incidents are usually sensationalised by the media, it is possible that

a real danger could be presented to the public in some cases.

Conceptually, the nuclear fuel cycle can be regarded as a collection of
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interrelated processes. These can be combined in series or in parallel
and large processes associated with complex operations can usually be
subdivided into a combination of smalier processes with simpler
operations. At each stage of the fuel cycle, desired products such as
energy or nuclear fuel are produced. To obtain the correct process
output, the normal method of control is to monitor the output products
and then adjust inputs to the process so that the desired products are
always observed. For example, in the case of a PWR, the operating powe;
is dependent upon the neutron flux density in the reactor. Therefore,
to control the process, the flux density is regulated by adjusting the
boron concentration in the coolant water and the height of control rods

in the reactor so that the required power output is maintained.

In addition to the desired products, nuclear processes also produce
unwanted by-products such as radioactive waste. These are usually fed
into separate waste-treatment processes and then stored or sent to a
permanent disposal site. However, the by-products are often in an
awkward form, for example, as trace contaminants in reactor coolant or
storage pond water, in which case the extraction of the waste materials
can involve complex filter networks. Also, for used fuel elements, the
waste material will be in chemical compound with re-usable fuel.
Therefore, to extract the waste materials, decladding and chemical
separation operations are necessary prior to their stabilisation and
packaging for storage or disposal. |In all of these processes, potltential

exists for the development of faults which may lead to an incident.

It is possible that the occurrence of many incidents could be avoided by
the closer monitoring of the waste materials which are output from the
processes X1 since detected irregularities in the composition or
radioactivity of the waste can indicate that a fault has occurred. If a
fault is detected early, appropriate control procedures can be initiated
to halt the chain of events which could tead to an incident.
Furthermore, the monitoring may provide data which could suggest ways of

refining a process so as to reduce the probability of a fault occurring.

¥1 Here the waste materials themselves are considered only insofar as
they represent the output of a process.
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This method of control can be applied to any process of the nuclear
fuel cycle and for most of the waste streams output from these
processes, subject only to the avaitability of suitable measuring
apparatus and the achievability of the necessary system or operator

response to a fault condition.

A schematic diagram of a general process monitoring and control system
is shown in Figure 1.1. 1t can be seen that there are three high level
stages to such a system, which are data collection, data processing and
nuclear process control. The operation of these stages is not

independent.,

To a large extent, the basic hardware associated with process
monitoring systems - for example, detectors, nuclear materials,
electronics, computers etc - is at a state of development which would
be sufficient for most plant applications. |In fact, in many cases, to
obtain even a marginal improvement in the performance of a system by
the further optimisation of the hardware, a large capital investment
would be required. However, there are still basic problems associated
with the overall system design and the recognition of required features
of the source (nuclear process output) from the observed data

spectrum,

The features of a source which need to be quantified are governed by
the characteristics of the nuclear process and these remain fixed for a
particular application. The recognition problem to quantify these
features may only be soluble under certain specific conditions.
Therefore, to design a data processing system, it is necessary first to
design a data collection system in such a way that a solution to this

probliem exists.

The operating concept of conventional nuclear instrumentation systems
is to reduce the observed data to a small number of statistics which
can be related directly to the radionuclide activities of the source by
one or more calibration constants. However, a data spectrum may not
allow statistics to be formed without a significant loss of information

concerning these parameters.
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Furthermore, for measurements on a nuclear process, the observed data
coutd depend upon many features other than the composition and
radioactivity of the source and these additional features may vary with
the observations. Therefore, even if the statistics can be formed,
exact calibration relationships cannot be established and the best that
can be achieved is calibration of the system in terms of some typical
output of the nuclear process. This leads to a fundamental uncertainty
in all of the measurement results. Indeed, for many applications, the
uncertainty may not be bounded and this severely limits the usefulness
of monitoring for these processes and the effectiveness with which they

can be controlled.

To improve upon this situation, it is proposed to undertake a study of
the way the measurements can be made if they are treated explicitly as
measurements on the collection of all possible process outputs, rather
than the individual oulputs. For, with this apparently trivial
observation, it is possible to formulate a statistical treatment for
the measurement data, based on existing general theory, which could
offer a significant improvement in both performance and applicability
of the process monitoring systems. Thisbapproach will be illustrated
by a small number of real applications. In particular, it is intended
to address both the probliems of system design and source recognition
for the nuclear process monitoring systems. The problem of nuclear
process control will only be considered insofar as it directly affects

the design and recognition problems.

1.2 PRODUCT DEVELOPMENT

The requirement for this research has arisen from the needs of a
process instrumentation company (Plessey Controls Lid) with respect to
the deveiopment of on-line instrumentation for the monitoring of
nuclear processes. In this section, an outliine of the inﬁustrial
considerations which have played an important role in directing this

work will be given,

Until fairly recently, contractors such as Plessey Controls Ltd have
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operated primarily as design and manufacturing houses. That is, using
the design and manufacturing capabilities of the contractor, the end
user of the process monitoring equipment would take responsibility for
the development of a system, outlining the operations step by step and
funding the work on a cost-plus-profit basis. Today, design and
manufacturing contracts of this kind are rarely obtainable. The
current trend is for end users to require customised systems, with
short lead times and at low cost, expecting industry to fund its own
research and development. This places all the responsibiliity for a
system upon the contractor and requires that contractors adapt their
operations to the development and competitive marketing of complete
products and systems rather than supplying a design and manufacturing

service to the end user.

While the market for nuclear process monitoring equipment is wide in
the sense that many diverse applications are encountered, it is not
particularty deep in terms of system quantities for each application.
However, because of the complexity of the systems, if each new design
is started from a clean sheet of paper, a long research and development
phase will normally be required to establish a final design for the
system. This situation presents a serious problem in that industry has
no way of funding research and development other than by selling
products and if each development project leads only to a small number
of production units, these systems will be disproportionately expensive

and hence unsaleable.

The solution to this problem is to produce more generaily marketable
products. However, since this must be achieved without losing the
capacity to build customised systems, a new approach to development

must be considered.

In a ‘cost-plus’' environment, the development of a system is directed
towards the funder's specific needs and evolves independently of
other systems. This tends to result in the direct empirical
development of each system whereby a prototype is proposed, built,
tested and modified until a final design is established. The design

is then frozen and the production units manufactured.
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The normal development procedure is to partition the system into a
number of subsystems, for example, mechanical assemblies, power supply
and distribution, data collection, data processing, control and data
output. Each of these is divided into functional blocks, or modules,
which are specified by their inputs and outputs and the ranges these
can take. The modules are then designed in detail and combined (or
integrated) to produce the prototype. Since each module is designed
empirically, the system integration will invariably highlight prob!ems.-
In fact, if all of the requirements of a measurement are not correctliy
identified at the system specification stage, a fundamentally defective
prototype can be produced. With ‘cost-plus', this is of no great
consequence, since project setbacks are accepted as a normal part of

development and the correction of design problems is fully funded by

the end user.

To supply systems at a cost and time-scale which are acceptable to the
modern user, it is essential to standardise system modules so that a
complete system need not be developed for each application. To obtain
the necessary range of application, the modules must be adaptable to a
wider range of requirements than the modules developed for a specific
system., This may make the individual modules more complicated;
however, since the major cost of a system is in the development,
increasing the applicability of the moduies will result in a large

reduction in the overalil cost of each production unit.

The main areas where standardisation is possible are the detectors,
data collection electronics and the processing hardware and software.
A possible hardware configuration of such a standard system is shown in

Figure 1.2,

The radiation detectors incorporated into process monitoring systems
are usually of the ion chamber, proportional counter, Geiger Muller,
scintillator or germanium type. With the exception of ion chambers,
each of these detectors outputs charge puises and for ion chambers, the
continuous current output can be converted into pulses by use of a
suitabie pre-amplifier. Therefore, it is possible to choose a standard

range of detector and pre-amplifier pairs with the same output format.
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However, this does not necessarily imply that it will be practical to
interchange the detector types, keeping the subsequent electronic pulse
shaping and data collection circuits the same. This is because the
detectors have different energy resofutions and high resolution
detectors, such as high purity germanium, require more compiicated
electronics than lower resolution detectors. |In terms of electronic
modulisation, the best that may be achievable is to adopt a small

number of moduie formats which together cover the range of detectors.

The concept of modular electronic hardware is not new within the
nuclear industry. In fact, nuclear instrumentation modules (NIMS) [2]
are standard throughout the world and, although these are primarily
designed for laboratory use, application in a plant environment is made
possible by enclosing the electronics in a suitable industrial package.
The NIMS are generally high performance and precision systems and can
be used with any pulsed type of detector. However, they necessarily
contain a large redundancy of components to obtain their wide range of
application and each modufe performs only a single operation. This
makes them bulky and expensive. Therefore, NIMS are best used for high
resolution systems where the complexity of the application ensures that
many of the built-in features are required and the cost of the modules

and industrial packaging of the system is justified.

Another electronic format used within the nuciear and high energy
physics fields, is CAMAC [31. Apart from the mechanics of the systems,
and the fact that NIMS originated in North America while CAMAC is
European, these formats are very similar. Today NIMS seems to be more

widely used.

For integrating or low resolution systems, NIMS or CAMAC represent an
overkill; therefore, modulisation is best achieved by anaother route.
Here, the objective is to simplify and combine operations which may be
carried out by several NIMS or CAMAC modules on to a single printed
circuit board (pcb) which can be mounted in a standard indicator box
together with power supplies and other peripheral devices. By
configuring the input stage of the pch in such a way that components

can be interchanged to account for different pulse shapes, the same pcb



1.2 PRODUCT DEVELOPMENT 23
can be used with different types of detector.

Furthermore, if the data collection circuit is designed to cope with
the most complicated requirement expected for this system, the pcb can
be configured for simpler applications either by omission of the

components which are not needed or by software selection.

A third possibility for the modulisation of electronics, which is
especially useful for multiple detector systems, involves pcb's of a
standard size which can be mounted directly into a rack. Several pcb's
of the same kind can be included to provide input lines for the
detectors together with data collection and microprocessor cards.
Cqmmunication between pcb‘s is via a digital bus incorporated into the
backplane of the rack. Several versions of each data input and
collection card can be kept, thereby aliowing the redundancy of the
NIMS or CAMAC modules to be avoided. For applications where all of the
detectors form part of a single measurement system, these will be
directly connected. Alternatively, this configuration can be used to
collect data from several! of the indicator box systems which may be

distributed about an industrial plant.

Both NIMS and CAMAC modules are peculiar to the nuclear industry and
this excludes the use of genera! electronics designed for wider
industrial applications. The Eurocard format 4] is standard through-
out the whole electronics industry. Furthermore, this format allows
standard sized pcb's to be configured to produce racked systems, in
which the pcb's can be inserted directly or as modules, or as single
units which can be mounted in an indicator box. Therefore, Eurocard
may be superior to both NIMS and CAMAC, although these formats may have
to be adopted for certain applications to maintain compatability with

existing (proprietary) equipment.

The flexibility of the Eurocard format can be further enhanced by the
effective use of computer aided design (CAD) and the autoﬁalic testing
(ATE) of the pcbs. For example, it is possible to design a standard
motherboard with blank areas in which different blocks of circuitry can

be inserted by the computer. The motherboard wou!d be configured with
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the components needed for communication, together with an arrangemen;
of standard tracks to which the input and output tracks of the circuit
blocks can be connected, and these provide the connections between the
circuit blocks and with the outside world. The circuit blocks
themselves can be configured to perform the function of standard
modules. Hence, all manner of pcbs can be produced simply by arranging

the standard blocks of circuit on the motherboards.

Today, it is common practice to separate the front-end hardware (i.e
detectors, amplifiers and data collection electronics) and the data
processing system. With this approach, the electronic modules are
controlled by an on-board microprocessor while the data processing is
carried out using standard "state of the art" computers plus
applications software. This strategy can be implemented with all of
the above systems and offers many advantages over conventional systems
where an embedded computer is configured specifically for the
application and performs all of the control and processing operations.

These advantages include:

1) Computer technology is advancing too quickly for instrumentation
contractors to compete with organisations such as IBM and DEC.
Therefore, by the time an embedded processing computer is developed
by a contractor, it may be obsolete. By configuring separate
front-end hardware, it is possible to upgrade the processing system
without having to replace the data colliection system and it becomes

possible to keep up to date with processing hardware.

2) The on-board microprocessor software can be made reasonably
straight-forward, while the additional processing power offered by
standard computers will enable high-level modular software with a
wide range of applications to be constructed., Furthermore, the
processing techniques which can be implemented may offer
considerable improvement in system performance over the

conventional techniques.

3) The use of modular electronics together with standard computers

offers considerable cost savings since the development costs of the
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computer are covered by the large production runs of the

manufacturer.

4) Networks involving many measurement stations can be constructed by
connecting local computers into a central processing system using

standard network software.

To use this strategy effectively, it is necessary to adopt a particuliar
famity of computers and to design hardware and software with this

family in mind.

Presently, IBM computers are supported by many instrumentation
manufacturers. Therefore, if this family is adopted, il is possible
to incorporate proprietary electronic modules and software within one's

own systems.

1.3 THE SYSTEM DESIGN PROBLEM

It is common practice to consider a nucleonic measurement system as a
sensor (or detector) coupled to electronic data collection equipment

which inputs signals from the sensor and then stores or displays them
in some pre-specified format. This instrument concept is adequate for

the purpose of system design oniy if the following conditions are met:

1) The inpul signals from the sensor are not corrupted by noise,

losses or contamination,

2) The quantities about which information is required are the same as

those measured by the sensor.

These ideal conditions may be encountered in practice for many process
control applications. However, for the measurement of radioactivity
these conditions do not hold. In this circumstance, it {s necessary to
extend the above instrument concept to include the configuration of the
radioactive source and the transport of radiation from the source to

the detector.



1.3 THE SYSTEM DESIGN PROBLEM 26

This introduces a new step into the system design process, which is to
design a source and detector arrangement which leads to the observation
of meaningful signals. Since radioisolopes are rarely pure and the
radiation can interact with many materials (including the source
itself), it is unlikely that this design will be achieved without
signal corruption. Therefore, it is necessary to consider methods for
data collection and processing which allow the different components of
the signals to be separated and estimates of the isotope activities

formed.

A usefu! concept for visualising all of the factors which affect a
measurement is that of a measurement process. This can be thought of
as a sequence of stages linking the source to the observed signals.
Then, the high level design of a measurement system can be thought of
as the design of a measurement process. The particular advantage of
this approach is that it focusses attention on the operational aspects
of the system and allows the designer to consider these independently
of their detailed hardware or software implementations. For example,
typical stages of a measurement process may be the radioactive source,
the radiation field between the source and detector, the analogue
signals output from the detector and the digital signals (or data)
collected by the system. To design a measurement process, it is
necessary to construct a process model, which is simply a specification
of the process configuration at each of its stages together with the
possible variation associated with these configurations. Providing
this task is carried out correctly, the propagation of signal
corruption can be traced through the process and any problem areas

def ined.

Once all of the factors which affect a measurement have been
identified, the measurement process can be refined so as to avoid
problems and optimise performance. There are three ways to approach

this:

1) Optimise the front-end system so as to reduce the signal corruption
by the use of filters or by arranging for error factors to cancel

as far as this is possible.
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2) Design the source and detector arrangement and the data collection
electronics so that the observed signals carry sufficient
information regarding both the corruption and the required output
parameters to alfow corrections to be computed from the observed

data.

3) Quantify the effects of the corruption in advance of the
measurement and use this information to correct the observed

signals.

A practical measurement system generally uses a combination of atl
three approaches and there will be trade-offs between them. However,
because the first approach is naturaliy limited by the application
while the second and third are {imited by the instrumentation, it is
important to specify the measurement process in detail before

commi tment to particular hardware.

To construct the process model! for a particular system, the first step
is to define initial conditions such as the possible distributions of
radionuclides within the source. Then, using these initial conditions,
the process configuration at each of its higher stages must be
predicted. To do this it is necessary to define the operations which

map one stage into the next.

For applications with a fixed source configuration (for example, a
point source), these operations can be defined experimentally and will
be expressed in terms of a calibration constant. However, for
measurements on a nuclear process which is evolving in time, it is
unlikely that a simple experiment can be designed to accurately
simulate the real situation. Therefore, a superior approach may be to
define only the fixed characteristics of the instrumentation
experimentally and then incorporate this data into a theoretical model
of the measuremen! process, where the initial conditions and the
operations which map one stage of the process into the next are

defined mathematically.

A strong case can be made for producing a realistic process model,
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since this will eliminate the high risks associated with the empirical
approach to development, allow reliable system optimisation and form a
basis for the data processing system. However, a rigorous mathematical
analysis of a measurement process is a time consuming task and will
usually lead to equations in a large number of variables which can only
be solved by computer simulation., Hence, the costs and time-scales
associated with producing such a model will normally be prohibitive

within the framework of a one-off development project.

The solution to this problem is to produce a general mathematical

model of a measurement process which can be configured to describe any
particular process as a specific case ¥2. This is possible because, in
abstract terms, the measurement processes have many common properties,
Therefore, by initially disregarding the specific details of a process
which tend to obscure the common properties, it is possible to define
general factors upon which the observed data depends for all of the

processes.

Furthermore, since the majority of design and data processing problems
are common to all systems, these can be solved once only for the
general case and the solutions applied to all the specific cases. In
fact, using the model, it is possible to develop a number of standard
measurement processes which are mathematically consistent and can be
taken off the shelf and implemented within a specific system, quickly

and easily, using standard hardware and software modules.

The adoption of standard measurement processes will allow each process
to be thoroughly tested and optimised before it is implemented within a
system, with the final testing of the process being carried out
experimentally. The collection of measurement processes also provides
a basis for the design of the standard hardware and software modules.
That is, a measuremen! process defines the sequence of operations to be
implemented within the modules and these can be specified in terms of

the required operation and the method by which the operation is to be

x2 The construction of such a model will form a major portion of the
present work.
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carried out in addition to the ranges of their inputs and outputs.
Providing the operations are successfully implemented, the modules will
always fit together to produce a consistent system because the

measurement process upon which they are based is consistent.

This methodology can be taken further by implementing the general model
on a computer and using this to simulate the operation of each specific
measurement system. With this development tool, it will be possible to”
select appropriate methods for the data collection and processing from
the family of standard measurement processes and system modules, and to
confirm that a proposed system will work before il is necessary to
finatise the design. Also, there are certain aspects of a process
monitoring system such as the source and detector arrangement which may
be specific to an application. The computer simuiation technique can
be used to try out possibilities in this area and to define an optimum
design. Even though the front-end geometry of a system may be unique
to the application, the design problem will always be of the same form.
Therefore, the computer program can be applied to all the cases by

changing the data and boundary conditions used in the simulation.

1.4 QUALITY IMPROVEMENT PROCESS

It is a fact that the most successiul companiés are those who supply
quality products that customers want to buy. |In everyday use,
“quality" has an unclear meaning which is somehow associated with
goodness. This definition is not very helpful to companies struggling
with the problems of the development, manufacture and marketing of
products., Therefore, companies tend to use a formal system to define
and improve quality. Plessey Contrdls Ltd. use an American system
supplied by Philip Crosby Associates, Inc. [56]. It will be shown that
a formal product development system, incorporating the ideas of the
previous sections, follows naturally from the principles of quality

improvement.

According to Crosby, quality is defined as “conformance to a customer's

requirements” and the basis of quality improvement is to understand
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exaclly what these requirements are and how to meel them. Here,
“customer" can refer to an internal customer within one's own
organisation in addition to the externai customer to whom monitoring
systems are supplied. A key concept is that all work is a process.
The system uséd to achieve an improvement in quality is one of defect
prevention by the design of the work process rather than the appraisal
and correction of non-conforming process outputs. This is implemented
by monitoring the outputs of the work process and testing these against
a quality performance standard of zero defects. |f defects (or
non-conformances) are found, these must be corrected and the cost
incurred is used to evaluate the seriousness of the fault in the work
process which led to the non-conformance. The work process is then

redefined (or regulated) so as to permanently eliminate the fault.

For nuclear process monitoring applications, there are two fundamental

requirements which are common to all systems. These are:

1) To make decisions regarding the state of the nuclear process so
as to determine whether the process is operating normally or if a

fault condition has occurred.
2) To coilect and log information regarding the nuclear process.

To meet these requirements it is necessary to make reliable
measurements on the outputs of the nuclear process so as to quantify
the parameters which define its state. Therefore, correctly designed
measurement systems are essential to meeting the customer's
requirements. -

If an empirical (cost-plus) development methodology is applied within
a fixed price or product environment, then there are two possible
outcomes., Firstliy, the systems will be expensive so few orders

will be won, or, secondly, projects will be underfunded which leads to
development short-cuts and defective systems. Clearly, there is need
to regulate this process and the adoption of standard moduies and
measurement processes, discussed in the previous sections, is offered

as a possible solution.
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There are actually four different levels of processes within the
present investigation. These are the nuclear processes upon which
measurements are made, the measurement processes which define the
sequence of operations performed by the monitoring systems, the
process of system development and the quality improvement process
itself. Here, the objective is lo define a new work system for the
development of measurement processes, together with the hardware and
sof tware modules necessary for their implementation, which will

eliminate the current problems.

The installation of a new work system requires two preliminary steps,

which are:
1) The definition of the work process.
2) The proving of the work process by trial applications.

To ensure that consistent measurement processes which will lead to
conforming systems are constructed, it is essential to define the work
process in such a way that the correct definition of the measurement
and nuclear processes follows automatically. Crosby suggests a
pictorial process model as a tool for defining a work process. The
inpuls to the process model are all of the requirements necessary to
complete the work successfully and the process outputs are finished
components, products or services which conform to the customer's
requirements. The model is applied to the present situation in figure

1.3, and discussed in the remainder of this section.

The quality performance standard is particulariy important since this
asserts that it is only possible to achieve zero defects, in the sense
of measurement processes which can be implemented to produce conforming
systems, if all of the input requirements to the work process are

correctly defined and supplied.

The requirements under the "inpuls" heading of figure 1.3 are specific
requirements for the measurement process and system modules under

development. These include the definition of the nuclear process in
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terms of a source description and the measurement requirement in terms
of the parameters which must be quantified to adequately control the
nuclear process. The above specify the inputs and oulputs of the
measurement process and it is essential that they take into account all
of the relevant factors over the expected application range of the

systems.

To minimise new design work in the implementation of the measurement
process, this should be developed around existing hardware and

sof tware modules as far as possible. If new modules are required,
these should be compatible with all those existing so as to add to the
standard range of products. Secondary process requirements such as
the need for spectrum stabilisation should be identified and these
should be developed in parallel with the main process.

It is helpful to distinguish between the "mechanics" and the "dynamics"
of the measurement processes. The mechanics are the essential
components to make the process work such as the detection of radiation,
the formation of spectra and the calculation of results. To a large
extent, these are taken for granted by customers who expect that the
instrumentation supplier will have sufficient knowledge to
automatically conform to these requirements. On the other hand the
process dynamics are features such as nice graphic displays, ease of
operation and the legibility of documentation. 1t is the dynamics in

which the customer is interested and these sell the systems.

The present work is aimed primarily at the process mechanics for the

following reasons:

1) The dynamics look sitly if the fundamental operation of a process

is defective.
2) 1f the mechanics are correctly defined by a standard measurement
process, a greater proportion of time can be spent making the

dynamics conform to the customer's requirements,

As far as possibie the system modules should be portable. This means
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that features designed to meet requirements which may not be the same
for each customer, can easily be changed. For exampie, the modules
should be designed so that any size system can be configured simply by
adding in more modules, or features, such as display or data
transmission formats, can be altered by changing permanent data rather

than hardware or software.

The inputs to the mode! under the “procedures and process definitions"
heading are used to guide the work outlined by the process model. In
the present case, these are the general mathematical model of a
nucleonic measurement system (see section 1.3), a development

methodology and a business strategy.

In the present context the general model can be thought of as a
knowledge base which provides the means to produce standard high level
designs for a range of measurement systems which can be implemented
with a reasonable cost and time overhead, and with confidence that the
system will work. This is possible because the development does not
start from a clean sheet of paper but from the existing state of the
genera! model which may already be well advanced towards the final

measurement process.

The development methodology (figure 1.4) states how to use the general
model together with published data and reports to produce a theoretical
concept for the range of measurement instruments and a specification

for the associated hardware and software. This concept is then tested

and modified until it is demonstrated to be satisfactory.

Proof-of-principle testing can be carried out experimentally where a
simplified (experimental) system is construclted and measurements are
made on a range of sources which are designed to represent outputs from
a nuclear process. Adjustments are then made to the experimental
equipment and the testing repeated until a suitable process
configuration is defined. To extrapolate from the simplé experiment to
the real application it is necessary to simulate the operation of the
measurement process using a computer. This generates resuits using a

combination of theoretical predictions and experimental data. To test
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the simulation results, a number of specific cases can be constructed
experimentally which are different from those used to calibrate the
model. If these results agree with the simuiation then confidence will
be gained in the computer program and, once this program validation has
been carried out for the range of applications, littie or no further

experimental input will be required when the process is implemented.

To foilow the above methodology requires both the equipment and skills

indicated in figure 1.3.

The third procedure is a business strategy, which is a statement as to
the market areas of interest and the products best suited for this
market, together with the commitment to support the work necessary to

develop these products.

In particular, the business strategy should be chosen to maximise the
profit - or, equivalently, to minimise the loss - associated with the
exploitation of each market area. |In practice, this is achieved by
choosing the product development path which minimises “risk". In
quantitative terms, risk is defined as the potential loss associated
with an action, multiplied by the probability of that loss occurring.
Therefore, the development path with the minimum risk is the path for
which the total sequence of actions needed to develop a product
represents an optimum balance between development investment and
potential loss. This path is not necessarily the one involving the

smallest capital outlay.

This completes the outline of the Crosby process model. The
development and proving of the model are considered in the next

section.

1.5 RESEARCH OBJECTIVES

In the previous four sections of this chapter it has been established

that a formal method for the development of process monitoring systems

may be feasible. The key to this method is the recognition that only a
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limited number of measurement processes exist and that these have
sufficient common properties to allow a general mathematical mode! to
be produced. This mode! can be used to formutate solutions to both the
problems of design and the recognition of nuclear process outputs, for

a wide range of systems.

The above statement could suggest that a model is merely a convenient
design tool. However, in physics, models are more fundamental. This
is because observations of a physical system can only be made by
experiment but experiments by themselves are meaningless since, without
existing knowledge of the system, an experiment cannot be interpreted.
Therefore, an essential prerequisite to any experiment is to construct
a model which may be regarded as a plausible representation of some
required feature of the system if it successfully predicts the outcome

of the experiment.

Essentially, a model is a set of mathematical parameters which
represent physical concepls such as length, energy or radioactivity,
together with any relationships which are proposed to exist between
these parameters. Each parameter can be represented by numbers which
are regarded as multiplies of a basic unit. Then, the relationships can
be represented graphically by plotting corresponding numerical values
of the parameters, where a point on the graph denotes a possible state
of the underlying physical system and the relationship specifies the
set of all states that a system can take. The validity of the
relationships can now be checked by experimental observation, since the.
experiments can be interpreted in terms of the model. [|f they are not
disproved, the relationships are accepted as laws, while the model is
taken to represent the physical system over the range of parameter

values for which it has been tested.

The graphical representation is limited to denoting relationships
involving, at most, three parameters per graph. Therefore, although
this method of representation is extremely useful, it is }ather
cumbersome for use with larger systems. Here, an alternative approach
would be to use the toois of mathematical abstraction, which involves

working directly with the equations for the geometrical configurations
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which denote the relationships rather than their graphs. This method

has at least two advantages over the graphical approach:

generalisation to relationships between many parameters is

relatively easy;

given certain fundamental relationships or axioms, it is possible to

derive new relationships typographicaily.

For the present application, the objective is to specify the

radioactivity of certain radionuc!ides output from a nuclear process,

from the resultls of measurement. Therefore, it is necessary to

construct a model which embodies the relationship between these

quantities.

More specifically this work will include:

1)

2)

An examination of current electronic signal processing techniques
to determine methods for collecting data which result in a minimum
loss of information concerning the sample, but do not produce more
data than can be processed with a reasonable computational
overhead. These techniques will be illustrated by considering, as
examples, systems which have recently been investigated by Plessey
Controls Ltd., In particular, a number of new circuits will be
presented and the problems of spectrum stabilisation and dead time

correction will be considered.

The construction of the general model which involves an examinatiaon
of the intuitive concepts upon which instrumentation systems tend
to be based and the development of an axiomatic formalisation of
these concepts. This will lead to a Bayesian procedure for the
interpretation of measurements and an investigation into the
undertying properties of the nuclear processes which will be
defined in terms of a Markov random process. The regult will be a
scheme which allows information concerning the nuclear process to
be built up during the course of system operation and this

information used to stabilise the measurement interpretation. An
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example of this scheme's implementation using the multivariate

normal family of distributions will be considered.
3) The general model will define the high level statistical aspects of
measurements on the nuclear processes. In fact, this model could

be applied to any source which is described by a Markov process
which also includes many non-nuclear processes. However, a pure
statistical approach may lead to a large number of parameters to be-
quantified if every dependence of the measurement is to be taken

into account. Therefore, a deterministic model! which provides a

system of constraints will be considered. By nature, such a model
will be more specific to a particular class of processes than the
general model., For the present application, this will be based on

the branch of statistical mechanics known as Transport theory,
which is concerned mainly with neutron and gamma radiations. Even
so, these radiations form the basic of almost ail nuclear
instrumentation systems and these provide a wide application field

for the model.

4) Through out their development, both models will be applied by way
of examples to the design and recognition problems associated with

the systems illustrated,

This work establishes the theoretical bastis of new techniques for the
processing of data from nucleonic measurement systems, together with a
design procedure which will eliminate the current high risk associated
with the development of such systems. Furthermore, by adopting the
procedures outlined, it is expected that an improvement in the
technical quality and a reduction in the costs and lead times of the

products will be achieved.
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CHAPTER 2

ON-LINE _MEASUREMENT PROCESSES

In this chapter the probiem of collecting measurement data will be
addressed and the hardware requirements of a typical data procéssing
system identified. This will involve a brief discussion of the
detection instrumentation and associated electronics together with
methods for representing the observed signal data. 1t is hoped that
this will provide a basis for the specification of standard electronic
modules and a starting point for the construction of the general system-
model. To illustrate the concepts, the application to a number of real

systems will be examined.

2.1 RADIATION DETECTORS

When one refers to “radioactivity", this normally means the primary

(alpha or beta) decay-rate of a sample. Because of the Aon—penelrating
nature of alpha and beta radiation, these quantities cannot usually be
measured directly for nuclear process monitoring applications, but must

be inferred from neutron or gamma-ray measurements,
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There are three basic types of detector used for neutrons or gamma-

rays; which are gas-filled, scintillators and semiconductor detectors.

The gas-filled detectors include ion chambers, proportional counters
and Geiger-Muller tubes (GMT's). These are essentially an outer metal
case which is earthed together with a central wire anode or cathode.
This assembly contains a gas with which incident radiation interacts to
produce ionization. The electron-ion pairs are swept from the active
volume of the detector by the electric field between the ouler case and
the central wire, and coliected to produce an output pulse. For sliow
charge collection, as in some ion chambers, the pulses build up to
produce a d.c. output which is proportional to the total energy of the
absorbed particles. Such detectors are referred to as “"integrating".
Fast charge collection results in distinct pulses which can be counted
to produce an estimate of the incident flux. These are referred to as
“pulse type" detectors and this is the normal operating mode of

proportional counters and GMT's.

For the detection of gamma-rays with any of the three detectors, the
filling gas is typically a mixture of argon and nitrogen. Here,
electron-ion pairs are produced by Compton scattering or photoelectric
absorption of the gamma-rays by gas atoms and the liberated electrons
are collected by a central wire anode. As the eleclrons and positive
ions are sweplt through the gas, they may ionize further atoms causing a
multiplication of the charge deposited in the detector. in a GMT, this
effect dominates and similar height pulses are produced by gamma-rays
of all energies. For a proportional counter the multiplication is
constant while, in an ion chamber, the effect is negligible so only the

original charge contributes to the output signal.

Because of the constant charge multipiication, proportional counters
output pulses with height proportional to that energy of the original
gamma-rays which is deposited in the gas. Therefore, these detectors
can be used for low resolution spectroscopy (although scintillators are
now more common for this application). Neither of the other gas
detectors allows the discrimination between gamma energies. However,

by suitable choice of the argon to nitrogen ratio, and various
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mechanical adjustments, it is possible to compensate these detectors so
that the product of the gamma detection probability and the charge
deposited by an event is approximately constant. Hence, they will be
relatively insensitive to changes in the gamma energy distribution and
the measurements can usually be interpreted in terms of the original

flux using an experimentally defined calibration constant.

For neutron detection, proportional counters and ion chambers can be
filted with boron tri-fluoride where detecltion takes place by the
1UB(n,oc)7Li reaction, or with helium-3 where deteclion is by
3He(n,p)3H. The charge resulting from i1onization by the aiphas or
protons is collected by a central wire cathode. The cross-sections for
both reaclions are highest for thermal neutrons. However, since the
overall detection efficiency is greater for the 3He detectors, their
energy range is extended into the epi-thermal region. For proportional
counters, this introduces the possibility of energy discrimination. On
the other hand, the BF3 detectors give superior natural discrimination

against gamma backgrounds.

A scintillation detector consists of a scintillation phosphor, which is
a material which interacts with ionizing radiation to produce light
pulses, together with a device such as a photomultiplier tube (PMT) or

a photodiode for converting the light pulses into charge.

There are a large number of materials which will scintillate, including
inorganic crystals, plastics, liquid and glass, and phosphors are
available for the detection of gamma-rays, neutrons and alpha and beta
particles [11, [2]. The main application within nuclear process
monitoring is for inorganic crystais to detect gamma-rays. Of these

thallium activated sodium iodide (Nal(T1)) is most common.

For inorganic crystal scintillators, the incident gamma photons
interact with bound electrons in the crystal lattice by photoelectric
absorption and Compton scattering or by the production of electron-
positron pairs in the electro-static field of a nucleus. 1{n this case,
the positron will rapidly annihilate with an atomic electron to produce

secondary gamma-rays which may undergo Compton or photoelectric
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interactions. All of these processes liberate electrons from the
crystal lattice and these dissipate kinetic energy in collisions with
further electrons which are raised to higher energy states within their

atoms.

When an electron is excited it leaves a positively charged hole in the
vatence band of the crystal. f the electron is not given sufficient
energy to completely ionize the atom or, if an electron is subsequently”
captured, it will remain electrostatically bound to the hole. These
bound electrons occupy a band called the exciton band, just below the
conduction band, and the bound electron-hole pairs are called excitons.
Since these are electrically neutral they can drift freely through the
crystal. There are three important mechanisms by which the electrons

return to the valence band:

1) Fluorescence - when the exciton is captured by an activation
centre, exciting this atom, and the activator rapidly decays with

the emission of a visible photon.

2) Quenching - when the electron returns to the valence band with the

dissipation of heat but no photon emission.

3) Phosphorescence - when the electron is trapped in a metastable
state of an impurity atom and this eventually decays with the

emission of a photon.

Of the three decay modes, fluorescence is the desired mechanism, while
quenching reduces the efficiency of the crystal and phosphorescence
produces an unwanted afterglow effect. The activator is introduced
into the crystal to optimise the fluorescence., The mean time for the
electrons to return to the valence band is a constant known as the

decay constant and for Nal(Tl) this is of order 250ns.

The scintillation photons collectively form a pulse of liéhl with
intensity proportional to the energy deposited in the detector by the -
original gamma-ray. For Nal(Tl), these photons have wavelength of

order 415nm and this is particulariy well matched to a bialkali type
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PMT [3]1. To detect the visible ltight, the scintillation crystal s
mounted in an aluminium case which is lined with a reflective material
such as MgO and contains a glass or quartz exit window. This is
optically coupled, directly or via a light guide, onto the
photo-cathode of the PMT. The light emitted by the scintillator
liberates electrons from the photo-cathode and this charge is swept
along the PMT, being multiplied at each dynode stage, until it is

collected on the anode to produce an output pulse,.

The observed variation in the output pulse height distribution will
depend upon all of the events which lead to the formation of the
pulses. Typically, for incident radiation at 660keY, the width of the
distribution (at half height) is of order 55keV or 8%.

A semiconductor detector is eésentially a p-n junction operated with a
reverse bias electric field so that it acts like an ion chamber where
charge created in the deplietion regiton is swept out by the electric
field to form an output pulse. The main difference between these
detectors is in the energy resolution of the observed signals which
arises from the mean energies to create a pair of charge carriers.
This is of order 30eV to ionize a gas atom compared with 3 to 4eV to

create an electron-hole pair in silicon or germanium [4].

A p-type semiconductor is doped with a trivalent impurity to introduce
an excess of holes in the covalent bond structure. These act like
positively charged particles, and can drift through the crystal
carrying a current. Likewise, for pentavalent doped (n-type)
semiconductors, the impurity atoms introduce extra electrons which act
as the charge carriers. |In the neighbourhood of a p-n junction, holes
drift into the n region and combine with electrons, while electrons
drift into the p region and combine with holes. This introduces a net
negative charge in the p region and a net positive charge in the n
region, which prevents the further combination of electrops and holes.
If a reverse bias potential difference is applied to the crystal, the
depletion region where the electron-hole combination occurs, grows
wider but no current flows across the junction. However, if extra

electron-hole pairs are created in this region by thermal excitation or
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ionizing radiation, these are swept across the junction by the electric

field and a smal!l current flows, producing an output pulse.

There are a number of basic types of semiconductor detectors, including
surface barrier and diffused junction detectors for charged particies,
lithium drifted silicon (Si(Li)) detectors for X-rays and lithium
drifted germanium (Ge(Li)) and high-purity germanium (HPGe) delectors

for gamma-rays.

A drifted detector is made by diffusing tithium into the surface of a
p-doped crystal of siticon or germanium, then heating and applying an
electric field to drift the lithium through the crystal forming a large
intrinsic region between the p and n layers. This allows the depletion
region to be expanded to aimost the size of the crystal by countering
the effects of impurities in the crystal which act as electron trapping
centres x1. To counter the effects of thermal noise and also because
the lithium becomes mobile at room temperatures, drifted detectors must
be operated and permanently stored at cryogenic temperatures (about 77

Kelvin).

In recent years, germanium crystals have been grown with a sufficiently
low density of trapping centres to allow gamma-ray detectors to be
produced without drifting. These HPGe detectors can be made from
p-type germanium with lithium diffused contacts or from n-type material
with boron contacts. 1In either case, the detectors can be stored at
room temperature. However, because of the thermally produced carriers, -

liquid nitrogen coaling is still required for operation.

Typically for a Ge(Li) or HPGe detector, the variation in the pulse
height distribution is of order 2keV (0.3%) at 660 keVY. Comparing with
an Nai(Tl) detector, this represents an improvement in energy
resolution by a factor greater than 20. The importance of the energy

resolution is that it allows the identification of photopeaks from

*x1 These capture electrons for a time of similar order or greater than
the mean charge collection time, and hence cause the loss of these
electrons to the detection process.
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individual isotopes in a mixed gamma emitting source, lhus providing a
simple method for measuring the isotopic composition in addition to the
radioactivity of a sample., On the other hand, Nal(Tl) has advantages
over Ge(Li) and HPGe with respect to gross detection efficiency, room
temperature operation, the geometry with which the crystals can be

manufactured and neutron damage resistance,

All of the above detectors produce small.quantities of charge in
response to the incident photons or neutrons. To be of use, this
charge must be amplified and transmitted to electronic modules where
the signals are processed and represented in the required form. A pre-

amplifier is therefore an essential component of any detector.

Two pre-amplifier circuits are shown in figure 2.1. For a pulse type
detector, the pre-amplifier is usually of the integrating (or charge)
type. The output from this circuit is a voltage pulse with height
proportional to the total charge output from the detector and an
exponential tail of length governed by the RC time constant of the
circuit., To obtain an accurate representation of the charge, the time
constant should be large compared to the width of the input pulses (ie,

of order 50us).

The second pre-amplifier is used with integrating detectors to convert
currents in the region of a few nanoamps to a sequence of pulses with
frequency proportional to the detector output. This approach yields a
more accurate representation of the charge deposited in the detector
than the traditional approach where the output current is amplified
directly. However, the amplification of the tiny signals from these
detectors still represents a difficult probiem and careful design and
tight component tolerances are essential. Since the pulses from a GMT
carry no information regarding the energy of the detected particles,
there is tittle benefit to be gained from using a pre-amplifier which
preserves the pulse height information. Therefore a simple voltage to
frequency converter along the same lines as circuit B is all that is
required, although an electronic quenching circuit may be added to the
basic circuit., For these detectors the design and component tolerances

are much greater than for the corresponding case of an ion chamber.
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Between them these pre-amplifiers will cover the entire range of
detectors. Therefore they can be adopted as standard interfaces

between the detectors and the data collection electronics.

2.2 FRONT-END SIGNAL PROCESSING ELECTRONICS

For measurements on a nuclear process, the collection of data involves )
the six operations shown in figure 2.2. Of these, the pulse shaping,
quantisation and stabilisation are essentially hardware operations

which represent the input puises in a digital form suitable for

scaling. Since the output of a current to frequency converter is
already in this form, these hardware operations are necessary for pulse
type detectors only. 1t will be gssumed that a charge sensitive

pre-amplifier is incorporated into the detector assembly,

The pre-amplifier output is typically a pulse with a sharp rise time
and a slow decay. For examplie, with an Nal(T1) detector, these values
are of order 250ns and 50us respectively., At high count-rates the long
tails of the pulses will cause base-line instability. Therefore, it is

necessary to shape the pulses to remove the long taiis.

A simple shaping amplifier is shown in figure 2.3. This differentiates
each input pulse, adjusts the d.c level to remove the negative tail and
re-integrates to produce a semi-gaussian shaped pulse. The d.c.
adjustment is carried out by adding a proportion of the input pulse
train to the differentiated pulses so as to cancel the negative
component. This is known as pole-zero cancellation. The simple
circuit is often adequate for proportional counters and Nal(T1l)
detectors. However, for high-resolution systems the circuit is usually
modified by the addilion of active base-line restoration, gated
integration and other features designed to minimise the loss of
information regarding the energy of the absorbed particles. The basic
modified circuit is shown in figure 2.4 %2, Alternatively, shaping

circuits which minimise the loss of information concerning the timing

%2 See also figures 2.7, 2.8 and 2.9,
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of the pulses may be used [S§]. Such a circuilt, based on a delay line,

is shown in figure 2.5,

To enable the subsequent scaling and data processing operations to be
carried out it is necessary to assign numerical values to the

analogue pulses output from the shaping amplifier. This process is
known as quantisation. A schematic representation of a quantiser's
operation is shown in figure 2.6. Here the height of each input pulse
is tested against a set of decision levels and if the input falls into
the interval between two decision levels it will be assigned a value
associated with that interval. These values are calied reconstruction
levels. One possibility is to allow the kth reconstruction level to
represent the centre of the interval between the (k-1)th and the kth
decision levels. |f the intervals between the decision levels are

equal, the quantiser is said to be uniform.

In certain systems, the voltage amplitudes may correspond to one of a
set of expected values. For these systems 1l may be possible to
arrange the decision levels so that they are more closely spaced about
the regions where the most probable values occur., Furthermore, in some
situations, improvement in system speed and efficiency may be obtained
by assigning a separate quantizer to individual or groups of inputs. In
recent years, intelligent, non-uniform guantisers which adapt
themselves to a particular input have been developed. By optimum
gquantisation these systems offer reduction in processing overhead or

improvement in accuracy over conventional systems.

If a quantiser consists of a single reconstruction level and one or two
decision levels, then it is known as a threshold filter or a
differential discriminator respectively, This circuit consists of one
or two comparators and logic to output a digital signal if a pulse
falls into a region of interest defined by the comparators.
Applications are for gross counting in a broad spectral region,
distinguishing bulses from different types of radiation, for example,
neutron pulses amid a gamma background and as an input stage to a
timing or spectrum stabilisation circuit. Two differential

discriminator circuits are shown in figure 2.7,
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An analogue-to-digital converter (ADC) forms a multiple channel uniform
quantiser. Of the three types commercially available, a dual-slope
converter operates in tens of milliseconds %3, the successive-
approximation type in a few microseconds and a flash converter in the
nanosecond region. However, flash converters tend to be expensive;
thus, for fast systems, a useful alternative is a hybrid successive
approximation and flash converter. This has performance and cost
belween the two basic types. The main application of an ADC is for the
coilection of gamma-ray or neutron spectra where typically, a twelve
bit (4096 channel) ADC is used; although 8-bit (256 channel) ADC's are

used for many applications.

To obtain non-uniform quantisation, it is usual practice to use an ADC
with uniform decision levels spaced at the smallest interval required,
in conjunction with a further quantisation stage which may be
implemented in hardware or software. For non-uniform quantisers, the
optimum arrangement of the decision and reconstruction levelis is

defined using a model of the measurement process.

The detection of a particle involves a spatial integration over the
energy deposifed in the active volume of the detector, followed by
amplification and signal processing. The three types of signal
processing circuit - that is, pre-amplifier shaping as with a current
to frequency converter and energy optimised and time optimised shaping
combined with a quantisation stage - map the detector output into a
discrete phase space with the dimensions of time and voltage, where a

point in this space represents the observed particle(s).

As the measurement process evolves in time a random sequence of pulses
is mapped into the phase space and the collection of these points
embodies the total information available from the measurement.
However, the quantities about which information is required are
generally deterministic quantities such as mass, radioactivity and

isotope type. The random point sequence cannot be related directly to

%3 Dual-slope converters are generally too slow for nuclear
instrumentation purposes.
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these quantities. Furthermore, the required information is encoded
into a very large number of data items. Therefore, it is necessary to
reduce the gross quantity of data and at the same time to strengthen
the correlation between the observations and the required features of

the source.

This is achieved by forming the energy and time distributions (or
spectra) of the observed data as these distributions contain (almost)
the same information as the raw data but in a much more useable form.
To successfully collect an energy spectrum, it is essential that the
height of the voltage pulses bears a constant relatiénship to the
energy of the absorbed particles. In fact, to allow interpretation of
the spectrum, this relationship must be the same for all of the |
measurements made by the system. The only way this can be guaranteed
(to within reasonable limits) is to actively stabilise the spectrum

throughout the measurements.

Spectrum stabilisation involves the definition of points at the bottom
and top of the spectra and keeping the voltages corresponding to these
points fixed. This will allow oniy second order variations due to
spectral non-{inearity to affect the measurement. With reasonabie

pulse shaping, these variations will normally be small.

The bottom point can be taken as zero and this is fixed electronically
using a base-line restoration circuit. The top point is defined by
implanting a radioactive source near to or within the active volume of
the detector which emits at a fixed (high) energy. The pulses from
this source are tracked and their height adjusted to keep the mean

height constant,.

The source used may be on alpha emitter such as Am-241 or a high energy

gamma emitter such as Co-60.

For an Nal(Tl) detector %4, an Am-241 doped pelliet of Nal may be

¥4 In this case it may also be necessary to temperature stabilise the
detector.
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mounted inside the main crystal. As the Am decays the alpha particle
produces a pulise of light, which 1s collected to form a tracking pulse.
The voltage corresponding to the mean pulse height can be adjusted by
varying the position of the source within the crystal to give a pulse

height equivalent to a gamma energy in the range of one to four MeV.

Alpha sources can aiso be used to provide tracking pulses for He-3 and
BF3 proportional counters. Here, the Am-241 1s mounted inside the i
detector and the alpha particles are detected in the same manner as the
charged particles produced by incident neutrons. For Ar/N, filled
detectors, it is normal practice to i1nstall a small gamma source into
the detector. For proportional counters, this can be used for fracking
while for non-energy discriminating detectors, the source provides a

constant background signal which indicates the detector is working.

Since alphas may damage a germanium gamma-ray delector, the tracking
pulses must be provided by a gamma source. The background produced by
down-scattered gammas will be greater than the background produced by
an alpha source and the energies corresponding to the tracking pulses
will generally be lower. Therefore, spectrum stabiiisation is more

difficult for germanium delectors.

Having esfablished the reference source, there are a number of
approaches to the tracking. One method uses the dual differential
discriminator of figure 2.7A to set two adjacent windows over the
voltage region where the pulses are expected such that pulses with
height above the centre threshold are observed in one window while
pulses below the centre are observed in the other. For a scintiltator
or gas detector the HT voitage 1s stepped up or down to keep the counts
in the windows the same while for a germanium detector this adjustment
must be carried out by varying the pre-amplifier gain since the pulse
height is almost independent of the HT. One way of doing this is to
reduce the HT or gain by one step for each pulse observed in the upper
window and increase the HT or gain by one step for each pulse observed
in the lower window., Whiie this method keeps the mean counts in the
windows the same, there will be an oscillation about the mean value.

This can be kept reasonable by choosing a small step length,
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Alternatively, since speciral drift 1s usually gradual, it is not
necessary to adjust the HT or gain with every pulse and there are two
basic methods for determining an optimum adjustment. The first keeps
the time between adjusiments constanl then sets the steplength to match
the drift over that period. This requires minimum hardware but has the
disadvantage of a software calculation of the steplength. Therefore,
the method is best suited to simple systems where the need for minimum

hardware outweighs the disadvantage of the off-line calculation,

For a gaussian tracking peak, an approximate formuia for the step

length 1s:
x-u=k9.n-i1 (2.1)

where A is the count in the upper window and B the count in the {ower
window. The quantity x is the voltage corresponding to the centre of
the offset peak, 4 is the constant voltage at which the peak centre is
to be set and k is an empirically defined constant. Equation (2.1)

will automatically give the correct sign to the step length.

This formula has become know locally as the "k-gain" formula and is a

consequence of the limit relationship:

zZ+a ,
J‘ exp(y=/2)dy
limd_z = explaz) = 1 (2.2)

a0 pz
I exp(y2/2)dy

Z-a

This may be proved as follows.

Let:

2
P(z) = I exp(y2/2) dy (2.3)
-

then equation (2.2) may be written:

lim P(z+a) - P(z) _ 1 (2.4)
at0 P(z) - P(z-a)
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But:

P(z+a) - P(z) . (P(z+a) - P(z))/a , dP(z)/dz .

P(z) - P(z-a) (P(z) - P(z-a))/a dP(z)/dz

as a 4+ 0 (2.5)

since P(z) is a differentiable function and the direction from which

the limit is approached 1s immaterial. This conciudes the proof.

The k-gain formula has been shown to be almost exact for a true
gaussian tracking peak and offsets up to two standard deviations.
However, when the peak deviates from a gaussian, a tendency to
overshool or undershoot, depending on the direction of the adjustment,
has been observed. This effect may be countered using the rational

approximation:

x - M = x9n 8 (2.6)
1 - alx-p) + %al(x-m?2

which may be rearranged to give:

- p = Llray, [(1 : ay)2 .2 ]* (2.7
aZy a’y a’y

where y 1s the initial approiimallon given by the k-gain formula and a
is an empirical constant., Both constants can be found by plotling
L ((z-w)/Un(B/A)) against (x-y) which will give an approximate straight

line with gradient -a (at x-yg = 0) and intercept %n k.

For the application of both equations (2.1) and (2.7) it has been found
beneficial to set k to a slightly lower value than given by the
experiment which expresses a preference for taking more than one
iteration to recentre the peak from a large dislance rather than risk

overshooting and a subsequent oscilliation,

The second method of adjustment involves fixing a small step length
then setting the time between adjustments to that taken to drift this
distance. The method can be implemented completely in hardware which

provides real time stabilisation. A schematic circuit diagram is shown
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in figure 2.8. This includes an up-down counter such that pulses in
one window add to the count and pulises 1n the other subtract from the
count. This smooths the input sequence of pulses and reduces
oscillation. Then an adjustment 1s made only when the counier

overflows in the positive or negative directions.

The couniing process may be modelled by a simple random walk with
absorbing boundaries at the overflow threshold levels [see ref 2 of
chapter 31. It can be shown that the maximum mean time to overflow is
obtained when the probabilities for pulses 1n either window are equal
and this time is K2/) where K is the overflow threshold and \ is the
mean input frequency of the pulses. Likewise, the minimum time to
overflow is when puises are only observed in one window and in this
case the mean time is K/A. Between these extreme values, the overfiow

time varies as the smooth function:
f

K _ 4,2
v = K((g/p} 1) (2.8)
Mg - pqrpr 2K -

where p is the probabitity for an up-count and g = 1 -~ p is the
probability for a down count. For a gaussian tracking peak, these
probabilities may be related to the drift using the k-gain formula

(where we use the fact that p/q = B/A), which gives:

-K _
Ke¥ + 1) (e Y 1) (2.9)
MeY - e 2Ky - )

where y = (x-H)/k is a standardised variable. Therefore, the circuit
will naturally make more frequent adjustments when the window is off

centre than when the system is correctly stabilised.

Providing the step length is kept reasonably small to prevent large
oscillations at high frequencies of adjustment, the above property of
the counting syétem can be used to provide an optimum mean frequency of
ad justment for a particular rate of spectral drift. The circuit
achieves this by comparing the actual adjustment frequency to the trial
frequency M K{(K-1) which is one over the difference between the minimum

and maximum adjustment periods. |If the actual frequency is less than
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the trial frequency, this indicates a stabie situation so the circuit
slows down the rate of adjustment by adding one to the threshold level.
On the other hand, if the actual frequency is greater than the trial
this indicates instability, therefore the circuit increases the rate of
adjustment by subtracting one from the threshoid level. With each
adjustment a new trial frequency is generated, and the process repeated
until it converges to a threshoid level where the actual frequency

equals the trial frequency.

The above trial frequency has two attractive properties., Firstly, it
is reasonably straightforward to generate in hardware which is achieved
by dividing a clock signal by K and by K-1, then synchronizing the
gross input pulses within the tracking window to the clock and adding
the three puise trains. Secondly, the rate of drift tblerated by the
circuit decreases with increasing K. For example, at K=10, the circuit
will add one to K if the drift is less than approximately k/10 whereas
at K = 100, the corresponding figure is k/1000. This counters the
tendency for oscillation instabilities caused by over adjustment to
increase the adjustment frequency still further and forces the mean
peak position towards the centre of the window as the circuit setties

to an optimum threshold level.

With some radiation detectors, in particufar Nai(Ti), there exists the
possibility for rapid gain changes caused by mechanical or thermal
shock. To counter this effect it is advisable to include a
lost-peak-alarm circuit in the system. A schematic diagram of this
circuit is shown in figure 2.9. This compares the input pulse
frequency in each window to half of its expected value, using two 4-bit
up-down counters. |f the peak moves rapidly in the downwards direction
this should create an alarm from the upper window before the peak is
fost completely and conversely for a movement in the upwards direction.
in this case, the circuit overrides the threshold optimisation circuit
and sets K to one so that an adjustment is carried out with every input
pulse and the rapid gain change corrected. |f the defau{t trial
frequency with K equal to one is set to 2\, then the optimisation
circuit will reset the K value in the course of its normal operation,

uniess this is again overridden. |f the gain change is not corrected,
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the circuit continues counting 1n a further 8-bits of the up-down
counters, and if one of these counters overflows an external lost peak

alarm is actuated.

For many systems, the tracking peak will be situated among a background
from other peaks in the spectrum. This wiil not affect the primary
stabilisation circuit since the backgrounds in each window will cancel.

However, the background must be taken into account for the generation
of the trial frequency and in the peak alarm circuit. This may be
estimated by setting extra windows at either side of the tracking
windows using the quad differential discriminator circuit of figure
2.7B. For the generation of the trial frequency the pulses from these
windows are subtracted from the pulse train from the tracking windows
and generation of the frequency proceeds as previously. For the peak
alarm, the pulses are added into the counters as shown in figure 2.9
and this configuration will actually improve the performance of the
system since the background subtracted count becomes negative if the

peak shifts by a significant distance.

it is also beneficial to test the background subtracted gross pulse
train against a higher frequency of 3/2) since if this level is
exceeded it may indicate that the system has stabilised on the wrong
peak following a step gain change. 1In the same spirit limits could be
placed on the possible range of gain adjustment and a fault alarm

raised if any of the above conditions are violated.

2.3 SCALING AND DATA REPRESENTATION

Having obtained a sequence of digital outputs from a quantiser, these
must be encoded with a minimum Joss of information concerning features
of the source. Since this information 1s conveyed by the radiation
field, the required details must be inferred from its observed
configuration where the useful properties correspond to d}stributions
of the constituent particles with respect to space, time or energy.
The basic strategy for data collection is to form spectra which can be

related to the underlying radiation distribution and then to reduce
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these spectra so as to provide an optimum data set with respect to the

required source features.

A signal space 1s defined as a phase space wtth components
corresponding to the set of variables over which the radiation field 1s
distributed together with the observed distributions themselves. By
configuring the data collection system so that several measurements are
made simultaneously or in sequence, the spectra with respect to one or
more of these variables may be constructed. This operation i1s known as
scaling and maps the quantiser output into the signal space. A system
1s said to resolve the variables for which spectra are collected and
the resolution of a system refiects the detai!l with which a spectrum

represents the underlying distribution of the field.

A spectrum is constructed by dividing the range of values taken by each
variable into a number of intervals and assigning an address 1n a
microcomputer memory to each interval. For example, in the case of
energy, a memory address would be assigned to each reconstruction level
of the gquantiser. Then, the spectrum 1s collected by adding unity into
an address each time the value associated with that address 1is
observed., The result of the process i1s a histogram stored in the
memory of the microcomputer, where the histogram bins correspond to the
intervals over which the radiation field 1s sampled. The memory
addresses together with the sub-systems serving them are commonly

referred to as channels,

Let E, = (E4 ,Ey,) be the kth energy interval and t = (t, ,t, ) be the
nth period of time. Then, the spectral function, s:l‘L + QL, has
domain:

My o= (B Xty st k=1,..., Kyn=1,..., N} (2.10)
where FL is known as the signal geometry %5 (next page), and image:

Q = sgn K= e Kino= 1, N (2.11)

where s, 1s the count obtained on the kth energy interval in the nth
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period of time. The pair (I ,Q ) form a signal space. The general
subscript L denotes the size of the signal space which in this case is

the number of combinations of k and n (1.e. L = KN).

if the 1nput pulses are uncorrelated the observed count will be Poisson

distributed., That is:

S
(kkntn) kn

plsyy? = —0—— e Mkntn (2.12)
s ]
kn*

where p(s, ) is the probability that the count, sy ., will be observed

when the mean input rate of the pulses is M.

For systems with a Poisson 1nput from a single puise type detector, the
configuration of the data collection system can be defined by stating
the number and end-points of the energy and Lime intervals,

'f M ts constant for all time periods, t there is no benefit to be

n’
gatned by segmenting the measurement period into more than one
tnterval. In this case, the spectral image, s,,, reduces to a
traditional energy spectrum which 1s denoted s, . For uniform
quantisation, this involves adding unity 1nto the memory addresses
which appear on the output lines of the ADC. After a suitable counting
time, the spedtrum will be formed in the memory. Such a data
collection circuit is referred to as a multichannel buffer (MCB) and a

schematic diagram of this circuit 1s shown in figure 2.10A.

For a gross counting system, the output from a differential
discriminator is counted into a single register. The result of this
operation is a number, s, which corresponds to the particles observed
in a spectral window defined by the discriminator setiings. For a
resolving system this number can be computed by adding together all of

the counts in the individual channels.

Resolution with respect to time 1s achieved by collecting data over

¥5 The operation A X B is a cartesian product and defines the set of
all ordered pairs (a,b), a € A, b € B (see previous page).
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several time periods. In the case of a non-energy-resolving detector
and signal processing system - for example, delay line shaping together
with a threshold filter or a differential discriminator to remove

noise - the spectral response function, s, , reduces to the time

spectrum, s tf the peritods, t,, are selected to obtain a significant

n
number of counts 1n each channetl, time variations in the mean input
rate, A\, can be quantified. This technique is particularly useful
with systems where the observed signal 1s induced by pulses of
interrogating radiation from a source such as a neutron tube, LINAC or
X-ray generator, Here, the system can be resel so that counting
recommences at the first channel each time the radiation source is
fired. Then a spectrum will be butit up 1n the memory which represents
the evolution of the process following an interrogating puise. This
method of data collection 1s sometimes called multichannel scaling
(MCS). An MCS circuit is i1dentical to the MCB circuit shown in figure
2.10A except that the memory address 1s generated by a counter

incrementied with a fixed frequency rather than an ADC. This input

circuit 1s shown 1n figure 2.108B.

'n the case where )  1s changing with time, it is possibie to colfect
energy spectra over several time periods so as to follow the build-up
or decay of xkn. However, since this approach may yield a large
guantity of data which may rapidly exceed the memory capacity of a
small computer, the possible resoiution with respect to both energy and
time is limited. Furthermore, a sufficient number of counts must be
collected in each channel to ensure meaningful results, therefore, the
minimum width of the energy channels or the duration of the periods is
also restricted. However, this method 1s still useful with slowly
varying sources, for pulsed interrogation where the system is reset
after a small number of periods or for systems where only a coarse

energy resolulion i1s required.

An alternative approach i1s to collect only the marginal distributions
with respect to energy and time. |f these are statistically
independent, that i1s the spectral function factorizes as s , « s, s,
then this involves no information loss, On the other hand, if the

energy distribution changes as the system evolves in time, information
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will be lost and this can only be recovered 1f precise prior knowledge
of the time or energy dependence of each spectral component s

available.

To collect marginal distributions, the signal from the pre-amplifier 1s
split and fed to both a time shaping amplifier and an energy shaping
amplifier. The outputs from these are treated independently and the

time and energy spectra collected in the normal manner.

Since the frequency of pulses from an integrating detector is
proportional to the energy deposited in the detector, the observed

count over a period, t 1s of the form:

nl

o

Ih % J‘ Es, (E)dE (2.13)
0

Here, E is a continuous variable denoting the energy of the absorbed

particles and s (E)dE is the spectral function defined on the intervals

E, = (E,E+dE) for a pulsed type detector with the same efficiency as

the integrating detector.

Every real counting system has a characteristic deadtime such that
pulses arriving within a deadtime period of the previous pulse cannot

be counted. There are actually two types of deadtime.

1) Extended deadtime whereby each input pulse creates a deadtime

period regardless of whether that pulse is counted.

2) Non-extended deadtime whereby only those pulses which are counted

create deadtime periods.
Typically, deadtime periods are of order one gs.

Providing the deadtime is one of the above pure types, a‘statistical
model is available, For extended deadtime, the mode! may be
constructed directly from the waiting time distribution of the pulses

(that is, the probability distribution for the times between their
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arrival)., For a Poisson distribution of pulses, the waiting time
distribution is exponential with mean 1/) where ) 1s the mean input
rate of the pulses. Since all of the pulses create deadlime, but only
those separated from the previous pulse by t > t (where T is the

deadtime) are seen, the probability of observing a pulse is given by:
o

P(L> 1) = L[ e hldt = e (2.14)
T

Hence, the observed mean count rate is:
s = )\ e AT (2.15)

Note that as ) tends towards infinity, the observed count tends towards

Zero.

In general, the natural deadtime associated with the pulses directly
output from a detector is of the extended type. However, the natural
deadtime is rarely constant and is difficult to define accurately.

Therefore, on the grounds that an accurately known deadtime which can
be corrected is superior to a shorter unknown deadtime, it is common
practice to introduce a longer artifiéal deadtime of the non-extended
type by the use of a gated integrator or a quantiser with a fixed

operation time.

For non-extended deadtime the model is constructed using expected
values. That is, the expected proportion of the time for which the
system is dead is given by the product st, since only the observed
counts create deadtime and the deadtime periods are disjoint., But
then, the expected observed count in one unit of time is the total

input counts minus those which arrive when the system is dead. Or:
s = X - A1) (2.16)
which can be rearranged to give:

s = —» (2.17)
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and, inversely:

S
Mg = —XD_ (2.18)
kn 1 - st

Equation (2.18) denotes the input pulse rate to a channel given the

gross observed countrate, s, and the countrate on the channel, s ..

Note in (his case, that as » » o, s + 1/t and that (2.17) is a
monotonically increasing function. However, in practice, high count
rate experiments reveal that the count drops after reaching a certain
maximum value. The explanatvon.for this 1s that after a certain point
the natural extended deadtime overtakes the artificial periods and the
deadiime is no longer of a pure form. The above cbrrection is usually
good for up to 25% deadtime, and this adds at least one decade to the

range of accurate counting.

Further dimensions may be added to the signal spaces by using more than
one detector or by scanning. These dimensions are used to represent

the spatial distribution of the radiation field.

The outpul of each detector is representative of the radiation field
over the region of space defined by the active detector volume. This

volume may be considered as the cartesian product of three intervals:

Vm = (x1m,x2m) X (y1m,y2m) X (Ztm'ZZm) (2.19)

where the integer, m, denotes a specific detector or scanning position.

The signai space may now be defined by the signal geometry:

FLo= (B Xty X Vgt k= 1,000, Kpn= ..., Nym=1,..., M| (2,20

together with the spectral image:
QL = lsknm c k=, 00, Kpn= 0,00, Npmo= 0,00, M) (2.21)

where s, .. denotes the observed count on the kth energy channel, in

the nth period of time, from the mih delector (or scanning position),.
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The spatial partitioning of the radiation field is of the same form as
the energy and time partitions in Lhe sense thatl the field is sampled
over finite regions. However, In the cases of energy or time, the
sampling regions are dense i1n the range of measurement. For spatial
resolution, this can only be achieved if the volume of interest 1s
completely filled with detectors, which 1s not usually possible,.
Therefore, 1t is necessary to choose the M spatial positions of the
detectors so that 1nformation concerning the spatial distribution of
the field can be oblained from a sparse array which may be remote from

the source.

Consider, first, a sparse array of detectors throughout the volume of
interest. There are two possible treatments for the results. Firstly,
using the continuity of the radiation field, the measurements are
interpreted by interpolating between the field sampling points defined
by the detector positions. The result of this process is a continuous
density function which describes the spatial distribution of the field.
The accuracy of this representation will depend upon the number of
sampling points and the variation of the field between points. The
second approach is to distribute the detectors throughout the volume

to obtain a sampie from each small region. Then, the output of each
detector is treated independently and taken to represent a constant
field in that region. It 1s also possible to add the detector outputs
to produce a single average value of the field for the voilume as a

whole.

In the case where the detectors are remote from.the source, it is
necessary to extrapolate from the observed counts to the field in the
volume of interest., |f the volume is smail compared with the distance
between the source and detector or if the spatial distribution of the
source is fixed (see section 4.3), then only one detector is needed
since the possible variation in the field due to the distribution of
the source may be neglected. By increasing the distance between the
source and detector, the system geometry may often be improved but the
efficiency of detection will be correspondingly reduced. Therefore,
for many systems with a single detector, there will be a trade off

between the geometry and the efficiency of the measurement.
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If the source volume is larger, then a sufficient number of detectors
or scanning positions must be used to allow inferences concerning the
radiation field to be made over regions within the volume which are
small. The standard detector configurations inciude surrounding the
volume with detectors to form a marginal spatial distribution near to
the boundary of the source. Alternatively, simitar results can be
obtained by using one detector, scanning up and down with this through
several discrete positions and rotating the sample. The rotation can
be continuous, 1n which case the measurement results will be integrated
over the azimuthal dependence of the field. It is also possible to add
the results from the vertical scanning positions so the different
detector positions are used simply to reduce the effect of spatial
variations on the measurement rather than provide information
concerning the variations. In the case of no signal absorption, by
Gauss'‘'s law, the total radiation flux through a surface is independent
of the spatial distribution of the source within the enclosed volume.
Therefore, the signal averaging will produce good results. However, if
the signal is partly absorbed within the sample, Gauss's law does not
hotd and it is necessary to rotate the sample through several discrete
positions to resolve the azimuthal distribution of the field in

addition to the vertical distribution.

For both a detector array surrounding the source and vertical and
azimuthal scanning, the fieid sampling regions are dense on the
vertical and azimuthal axes. However, in the radial direction, only
one (remote) sampling interval is obtained. Since the three spatial
coordinates of the field are not independent, the resulting marginal
distribution is insufficient to fully gquantify the distribution of the
field within the enclosed volume. Further information can be obtained
by scanning the detector through discrete positions on the radial axis.
This is because, ideally, the field from a point source falls off as
1/R% (where R is the radius) and deviations from this distribution are
representative of the source distribution. Alternatively, a detector
arrangement used with transmission tomography systems is,a flat array
perpendicular to the direction of the interrogating radiation. This
arrangement has properties which allow the measurements to be

interpreted using Fourier transforms.
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tf the field passes through solid material, then the energy and time
distributions may carry (phase) information concerning the spatial
distribution of the field. For each detector or scanning position, 1t
is possible to collect data by all of the methods previously discussed
and hence approximate the joini space, energy and time distributions of
the radiation field, or any combination of these which proves useful In

a particular situation,.

When correlations exist between the i1nput pulses, the observed counts
will no longer be Poisson. This situation can occur, for example, with
actinide sources where spontaneous fission events may be encountered.
Here, two to three neutrons together with seven to ten gamma-rays are
produced simuitaneously, which 1ntroduces correlations between pairs of
neutron or gamma-ray pulses. For such sources, i1t is useful to
quantify the number of neutron or gamma-ray pairs observed as these
refate directly to the fissions., This is achieved by coincidence

counting.

In the case of gamma measurements, the gamma-rays are transmitted
almost instantaneously. Therefore, the gamma pairs can be detected by
opening a time-gate immediately after each pulse is detected and if a
second pulse is observed in the time-gate, these are counted as a pair.
Because the time-gate can be made very short, the probability of
accidental coincidences from unrefated events is small. This method is

known as fast coincidence counting.

For neutron detection, the time-gates must be longer to allow for the
finite speed of the neutrons. This significantly increases the
probability of observing accidental coincidences. These can be
distinguished from true coincidences by counting the pulses singly, in
addition to the pairs, and using this information to correct the
results statistically. This method is known as slow coincidence
counting. With regard to the data collection, the accuracy of the
results can be improved by using more than one time-gate. A possible
.circuit configuration, based on shift registers, is shown in figure
2.11. Here, neutron pulses entering the circuit are held on the input

latch for one clock pulse. They are then cliocked through the chain of
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shift registers moving one bit with each clock pulse. When a pulse
enters a shift register, onev»s added to the corresponding up/down
counter and when a pulse leaves the register, one i1s subtracted.

Hence, each up/down counter contains the current number of pulses held
in the shift register. Whenever a neutron pulse is held on the tatch,
the adders are enabled so that unity 1s added to the S scaler and the
contents of the up/down counters are added to the A scalers. 1t can be
shown that in the absence of dead-time an exponential distribution will-

build up in the A scalers and the area under this curve can be related

to the fission rate of the source.

For both fast and slow coincidence counting, the efficiency with which
pairs of neutrons or gamma-rays are detected is the square of that for
the single particles so it is essential to optimise the detection
efficiency of the measurement. Therefore, the best counting geometry
is to completely surround the source with detectors and to sum the

outputs of these in front of the data collection circuit *86.

For systems involving many detéctors the requirement exists to form
either the spatial distribution of the radiation field or to sum the
detector outputs without introducing extra deadtime. The former
requirement may be met using the same circuit as the MCB or MCS but
with the ADC or timing counter replaced by a priority encoder. This
converts pulses from each detector into a binary address which denotes
a channel where a count is accumulated. Alternatively the priority
encoder can be used to form the high bits of an address while the ADC
or timing counter denote the lower bits. This allows separate time or
energy spectra to be collected for each detector using a common data
collection system. To sum together the detector outputs, no extra
deadtime is introduced if the input pulses are held on a latch until
they can be processed and the summing operation is carried out in less
than one deadtime period. A circuit for implementing this is shown in
figure 2.12, where each latch 1s examined in turn and a pulse output if

the fatch is set. The circuit scans through all of the latches in less

¥6 An example of such a system is given in section 2.7,
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than one s and hence introduces no extra deadtime. This approach is
particularty suited for use with the shift register coincidence
counting circuit, however in conjunction with the appropriate address
generator it can also be appiied to the collection of simultaneous time

or energy spectra from several detectors as shown in figure 2.10.

in alt of the above methods of data collection the observed signals
are resolved in terms of space by using more than one detector or by
scanning with a single detector, energy using pulse height analysis

or time by multichannel scaling, coincidence counting or repeated
measurements. Other than gross counting, there are no other practical
possibilities. This limited number of data collection techniques
suggest that a signal space, ([, ,9 ), with the dimensions of space,
energy and time (or muitiples of these) 1s the most general signal
space in the sense that the results of measuremenls by all nucleonic

instruments can be defined in this space.

With this observation, the design problem to define a measurement
process reduces to the configuration of a specific case of this signal
space which mirrors the source or sample as closely as possible.
Furthermore, the limited number of data colleclion possibilities
supports the standard module methodology in that 1t may be feasibie to
configure systems for {he majority of applications, from a smal!l number
of electronic modules. Such a standard system, based on the techniques

defined in this chapter, 1s 1llustrated in figure 2.13.

Furthermore, the proposed standard interface can be used with radiation
detectors such as surface barrier diodes which are not explicitly
denoted in figure 2.13 and can also be used for non-radiation

measurements. An example of this 1s given 1n section 2.6.

The recognition probiem to reconstruct the required features of the
source from the incomplete image in the signal space and to design the
signal space to make this possible, requires that the relationship
between ‘the source and observed signals i1s defined in detail., This,
however, 1s the purpose of the general system model which will be

developed in chaplers 3 and 4.
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The data collection techniques can yield large quantities of data,
particutariy if resolution with respect to several variables is
obtained. The cost of processing this data may be substantial,
Therefore, in many cases it is desirable to reduce the bulk data prior
to the information processing stage of the system. There are two main
techniques for data reduction which are non-li1near quantisation and
fitting parametric functions to the data. The implications and trade-
offs of these methods will be discussed in chapter 3 while the
mechanics of data reduction will be discussed in the context of the

nucleonic system examples in the following sections of this chapter.

However, in certain cases such as reactor guard!ine equipment (see
section 2.6), the data reduction must be implemented in hardware. This
is possible when the parameter can be represented by an inner product

of the signals with some fixed vector, a, such that:

1

-

8 = £ agsq (2.22)
=1

where the subscript & is used to denote the particular combination of
, m and n which define the signal space for this application. The

above equation may be written:

L s
9
(¢ = ) ) ag (2.23)
=1 %=1

which implies that the parameter 6 can be constructed by adding the %th
coefficient, ag, into an accumuiator each time a count s observed on

the Lth channel, hence building up the estimate in the accumulator,

The implementation of this circuit 1s shown 1n figure 2.14 where the
coefficients are stored in the E2-PROM and the ADC, timing counter
and/or priority encoder outputs denote the address of the coefficient
to be added into the accumulator on each occasion. The logic behind
this circuit can be extended to give a real time test on the parameter
if the accumulator is configured so that an overflow indicates that the
parameter takes the value one and an underflow indicates the value

minus one. Then, as shown in the figure, the accumulator outputs are
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counted in an up-down counter and compared against a pulse train with
frequency representing an alarm level. The comparison pulses may be

configured to incorporate an on-1line deadtime correction.

This circuit may be applied to both radiation dose measurements (see
section 2.5) and activity measurements in the specific case of a fixed

geometry system (see sections 2.6 and 4.3).

2.4 DATA PROCESSING HARDWARE

A schematic repre;entatlon of a possible data processing hardware
configuration is shown in figure 2.15. This system includes several
measurement stétions, where data is collected using the standard
electronics, and these are networked into a central computer. The
stations may be distributed throughout an industrial plant, or operated

as a local group making several measurements on the same source.

The data processing 1s carrted out on two levels, These are local
processing which is performed by processors dedicated to each
measurement station, and central processing carried out simuiltaneously

for all of the measurement stations, by the central system.

The role of the local processor is to remove from the observed data the
distortion and corruption introduced by the measuring instrumentation
and, if appropriate, to reduce this data by quantisation or parametric
representation. The distortion factors introduced by the measuring
operation are constant since the instrumentation is fixed for all
measurements. Furthermore, the measurement stations operate
independent!ly of each other, therefore, there is no benefit to be
gained by correcting the data for distortion on the higher central
processing level. On the other hand, if the data is reduced before it
is corrected, a significant information !oss may occur. Hence, the

local pre-processing represents an optimum configuration.

Once the dependence upon the measurement stations has been removed, the

data from different measurements will relate directly to the radiation
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field or in some cases to the activity of a remote sample. Therefore,
this data can be combined at the central processing level to produce

estimates of the required features of the nuclear process.

An advantage of this approach 1s that the local processors can be
configured to suit the requirements of the measurement station. In
general, there are two formats which can be adopted. These are,
firstly, to use a standard PC which can be mounted in a cubicle
together with NIMS or CAMAC modules; or, secondly, to use a single
board computer which can be mounted in a Eurocard rack (see section
1.2). In either case, the main processor can be backed up with a maths
co-processor, a transputer array or extra memory cards as necessary.

To obtain maximum flexibility, each measurement station should have the
capacity for standalone operation i1n addition to its operation as part

of a network.

For many systems, the central processing will involve a large number of
arithmetic operations. Therefore, a powerful (although dedicated)
processor is required. Thirty-two-bit array processors with an
appropriate performance specification are readily available at a cost
suitable for most applications, These include the Multiputer 180 (8],
containing 19 7800 transputers together with an INTEL 80386 processor
for input/output. Such an array processor will not support muiti-
tasking. Therefore, there is a requirement for a central computer to
act as a data collection facility for the data transmitted from the
local processors, to perform operator interface and data logging
functions and (if required) to communicate with any external networks.
The central computer will feed data to the array processor as

necessary, with the array processor being used only for calculations,

The operator interface is the subsystem which displays the results of
measurement together with any system status reports to a human
operator. This could involve a number of graphics terminals to display
a pictorial representation of the source, where more than one terminal
may be used to display different representations at the same time.
Quantitative information could be displayed on an alpha-numeric

terminal or recorded on a hard copy device such as a line-printer.



2.5 FLUX MONITORING SYSTEMS 87

In addition to the requirement to make a decision regarding the correct
operation of a nucliear process, a monitoring system may be required to
keep records of the activities and i1sotopic composition of the observed

nuclear process outputs, so as to form an inventory.

An important consideration of the inventory 1s the security of the
information storage media, since, 1f this information is lost, a
complete record of the operation of the nuclear process may no longer
exist. The principal inventory information should be stored on-line so
that it can be accessed quickly and easily, perhaps in non-volatile
RAM. This should be backed up regularly on magnetic media such as tape
or hard disk, for long-term, off line storage and to prevent ioss of
information in the event of a hardware crash or other system failure,
For the purposes of data logging, the long term media could be 1600
bpi, 12mm tape, which is inexpensive and can be used to store large
quantities of data. For storing programs and shorter term data, a
winchester fixed disk is more suitable. These are available with

capacity from 10 to 150 Mbytes.

2.5 FLUX MONITORING SYSTEMS

The installed measurement systems associated with nuclear process

monitoring fall into three broad categories:

a) Radiation flux monitoring systems;
b) Contaminated fluid sampling and analysis systems;

¢) Radioactive substance assay systems.

For the measurement of radioactivity, the assay and analysis systems
are of primary interest. However, the other systems are related and
could be based on similar hardware. Therefore, these will also be

considered.

Typicai applications of the flux monitoring systems are neutron flux
monitoring for a nuclear reactor and area radiation dose monitoring for

a power station or other nuclear establishment.
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Neutron flux monitoring systems may be based on i1on or fission chambers
which are distributed in and about the reactor core, [7]. Here, the
measurement requirement is to construct a spattal flux map which
provides an (almost) instantaneous indication of changes to the thermal
power and operating stability of the reactor. Neither of these
detector types differentiate between neutron energies. However,
providing the neutron energy distribution remains approximately
constant, the measurements can usually be interpreted using an
experimentally defined calibration constant to correct for detection
efficiency. The flux map is constructed by interpolating between the

sampling points.

Because of the harsh environmental conditions encountered in or about
a reactor core, the detectors and cablies must be fabricated from
materials which will withstand these conditions and resist neutron
activation., Also, the in-core detectors must produce a sufficiently
strong signal to allow transmission to the first amplification stage
outside the reactor without excessively degrading the detector

lifetime.

Although the front-end detection system is very specialised, the data
can he collected using standard rack-mounted electronics and then

transmitted to a remote computer for processing.

The radiation dose monitoring systems are usually based an 10on
chambers or Geiger-Mulier tubes. The norma! implementation is to
compensate the detectors so that their energy response is flat or,
more recently, characteristic of the radiation damage effects in human
tissue, [8]. Hence, these systems can be calibrated directly in Grays

(for the ftat response) or Sieverts.

An alternative approach is to use a resolving detector such as a
scintillator or a proportionatl counter., To obtain a measurement of
dose, the observed signals must be corrected for detector efficiency
and adjusted to give the required response. The standard method is to
partition the energy range into a number of regions (channels) so that

the required adjustments are approximately constant over each channel.
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Then counts are collected separately and multiplied by the appropriate
correction factors before being summed to produce the final output.
This scheme can be implemented in hardware using the digital filter of
section 2.3 and figure 2.14 where the resulfls can be interpreted
directly in Grays or Sieverts, although a constant factor to allow for
the gross detection efficiency could be scaled from both the
interpreted signals and the trip frequency against which they are

compared.

For an area monitoring system, several detectors may be located
throughout a pfant with each connected to a local indicator box which
contains data collection electronics and the trips which test the input
signals against a pre-set threshold level. The indicator box may also
contain a local display and be connected to an alarm unit to warn
personnel of a high radiation tevel in the area. The local systems
are connected via a rack-mounted_multaplexer to a central computer
which displays all of the radiation fevels. For large systems, the
detectors and indicators may be operated :n groups with each group
having its own computer and these, In turn, networked to the central

system.

2.6 SAMPLING SYSTEMS

Contaminated fluid sampling systems are designed to obtain a
representative sample of gas or liquid from a volume such as a reactor
core, pipeline or storage pond. The sample i1s fed in a regulated
manner to an analysis vesse! and may be analysed on-line, using an
assay instrument such as a gamma spectrometer, or off-line using
chemical analysis techniques. In either case, an estimate of the
activity and isotopic composition of the trace contaminants is
obtained. From these values, inferences are made regarding the

activity of the contaminants in the original volume.

The configuration of the sampling system depends upon the nature of
the fluid and the volume from which the sample is taken. |In generatl,

this will be either a static mass of fluid or a fiow. To allow
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“interpretation of the measurement, the sample must be a known mass
fraction of the original fluid. In the case of a fluid volume, such as
the coolant in a reactor core or water in a storage pond, the overall
mass of fluid will usually be known. Therefore, to regulate the
sample, the system need oniy draw fluid at a constant (known) mass flow
rate. For measurements on a pipeline or stack, the instantaneous mass
of fluid may vary considerably. To obtain a known mass fraction, the
mass flow rate must be estimated and the sample drawn at a known

proportion of this estimated flow rate.

The mass flow rate in a stack or pipeline can be inferred from a
measurement of the differential pressure across a pitot tube and, in
the case of a compressible fluid, separate measurements of the
absolute pressure and temperature. The pressure measurement can be
made using pressure transducers while the temperature is best measured
with a fast-acting efectrical thermometer such as a platinum
resistance or a thermocouple. The output from these devices will be a
continuous current or voltage which can be treated in exactly the same
manner as the output from an ion chamber. Therefore, the data can be
collected using a standard indicator box system. The results of the
measurements are processed and a signal is returned to control the

sample flow regulator.

The configuration of the analysis vesse! used to contain the fluid
sampie will depend upon the mode of system operation, the measurement
requirement and the concentration and nature of contaminants in the
fluid. 1f assessment of all of the significant elements is required,
a simple bottle or fiow-through vesse! may be suitable. Alternatively
if the contaminants are present in low concentration or information
concerning a particular element is required, a filter which separates
and concentrates the contaminants by preferential absorption may be

needed.

A high resolution gamma spectrometer {ocated near to the analysis
vessel could be used to obtain an on-line assay of the sample. We
shall illustrate this using the example of a system known as the

Blowdown Monitor.
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Among the trace contaminants present i1n the CO, coolant gas used in
advanced gas-cooled reactors, the radiocactive rsotope, 1odine 131,
would represent a health hazard if released {o atmosphere. lodine
tends to accumutate in the thyroid gland when taken into the body and
the iodine 131, with a half-1life of 8.085 days, would remain in the
atmosphere long enough for human damage to occur. The Blowdown lodine
Spectrometers, now instatied in the new Heysham I{ and Torness nuclear
power plants, will detect significant levels of lodine 131 in a sample
of the coolant gas which 1s discharged to atmosphere during reactor

b1owdown.

The gas sample is taken from the blowdown stack where it is
representative of the discharged coolant after the majority of the
radioactive contaminants have been removed by an effluent filter

network.

A schematic diagram of the sampling system 1s shown in figure 2,16,
This has been designed to take off a constant mass fraction of the

CO, flowing to atmosphere by measuring temperature, differential
pressure and absolule pressure 1n the stack and using this information
to estimate the instantaneous mass flow of gas to atmosphere [9]. The
sample flow 1s then regulated so as to keep 1t at a constant fraction

of the estimated stack mass flow.

The mass of reactor gas flowing to atmosphere changes throughout a
blowdown as the gas pressure in the reactor drops to atmospheric
pressure and the last few tonnes are removed by dry nilrogen purging.
The stack acts as a critical restriction during the initial stages of
the blowdown. This means that the mass flow of gas to atmosphere 1s
restricted to the physical limit that can be transported through the
stack under any pressure and the flow s approximately constant for
this time. Once the differential pressure in the stack drops below the

critical level, the flow i1deally falls exponentially,

Once collected from the stack, the gas sample 1s drawn through a
charcoal filter to concentrate and separate the 1odine component of the

gas. The absorption of the iodine occurs by a surface effect in that
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methyl iodide lodges in cavities in the jattice structure of the
charcoal and is retained by surface tension. The efficiency of the
absorption is increased by activating the filter with non-radioactive
iodine which will be exchanged with the radioactive iodine as the

latter diffuses through the fiiter. To avoid the absorption of Ardt

and other noble gases, the filter is heated to a steady state
temperature of approximately 170°C so that sufficient thermal agitation
will be imparted to the system to prevent the noble gases being )
absorbed, while the more retentive 1odine is still held on the filter.
The efficiency of the filter 1s of the order of 85%. However, this 1s

dependent upon the chemical form of the iodine, the moisture content of

the charcoal and the diffusion properties of the filter assembliy.

The gamma photons emiited by the radiocactive i1odine nuclides in the
collection fitter are monitored by a tiquid-nitrogen-cooled,
high-purity, germanium (HPGe) detector, mounted in a lead collimator
assembly beneath the fitter. A schematic diagram of the collection
filter, the detector and the collimator 1s shown in Figure 2.17. The
output of the detector is a sequence of charge pulses with the total
charge in each pulse proportional lo the energy deposited by a detected
photon. The pulises are ampiified and integrated by an EG & G Ortec

Model 673 spectroscopy amplifier and gated integrator.

The main requirement of the system 1s to coliect a gamma spectrum and
to interpret this to yield estimates of the total released activity
from the lodine isotopes over several, equal-length, measurement
periods, covering the entire blowdown. The subsystem which performs

the data collection has been suppiied by Nuclear Data, Inc.

The output from the spectroscopy amplifier 1s digitised by an ND580
analogue-to-digital converter (ADC) and the spectrum is collected by a
MICRO MCA multichanne!l buffer. Al the end of each measurement period,
the spectrum 1s transmitted, via a modem Jink, to an ND6700 computer
and deconvoluted using standard Nuclear Data software. fhe results of
this process are estimated peak areas for 1odine spectral lines; an
average count-rate i1s taken by division of the observed count by the

measurement period.
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The software included in the Nuclear Data package for the purpose of
calculating the peak areas is a FORTRAN |V program called APS PEAK,
[10]. This program first finds the peaks in a designated spectral
region by testing a numerical approximation to the second derivative of
the spectrum against a threshold value and tentatively identifying peak
boundaries where the second derivative approximation crosses the
threshoid. Once a peak has been located, the program refines the peak
boundaries by testing pairs of channel counts in the neighbourhood of
the initial boundary positions against three empirical criteria until a
pair of channels are found which satisfy the criteria or come closest
to satisfying the criteria after 100 comparisons. With the boundaries
established, the program estimates outer backgrounds at either side of
the peak by averaging the counts on a small number of channels adjacent
to the peak boundaries. The i1nner background in the region beneath the
photopeak is defined by linearly interpolating between the outer
background estimates. The interpolated inner background is then
subtracted from all the channels 1n the photo-peak region and, in the
case of a singlet peak, the sum of the background-subtracted channel
counts is returned as the peak area. In the case of a multipiet, a sum
of gaussians function 1s fitted to the channels and the areas of the

gaussians are returned as the peak areas for the multiplet.

The ADC has a conversion time of 14us for each input pulse. This will
cause significant dead time at high count-rates. A correction is
available for the counts lost during dead time in that a record is kept
of the total time lost and this is subtracted from the overall
measurement period. The correction is applied by normalising the peak
areas with the corrected live time for the measurement (see equation
(2.16)). This correction method will produce the correct distribution
of count-rates providing the correction periods are chosen so that the
source magnitude remains approximateiy constant throughout the
measurement. For the present system, it is possible for high dead time

to be encountered at the top end of the measurement range.

In the event of a discharge-filter failure in the stack, the maximum
gross count-rate observed by the system will exceed the design

tolerance of 3 x 105cps. This situation will be indicated on a
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ratemeter, which is connected directly to a second output of the
spectroscopy amplifier, and the instrument will be switched to a fault
condition counting mode. This involves the automatic insertion of an
attenuating shutter between the iodine collection filter and the
detector which will prevent system overload by reducing the gross
count-rate to the design limit. Because a solid shutter with the
required attenuating factor would absorb the lower energy photons to a
much greater extent than those at higher energies and introduce
excessive Compton down-scatter into the main 364keV peak from 1-131,
the shutter incorporates a hole and flame box arrangement (see figure

2.18) to reduce the signal magnitude evenly across its energy range.

The shutter has been designed to attenuate the net signal by a factor
of 40 and introduce noise of similar magnitude from scattered
radiation, thus giving a gross attenuation factor of 20. All the

data produced during this period is interpreted for the fault condition

geometry.

In certain circumstances the monitoring of a fluid sample may be
carried out using a lower resolution Nal(Tl) detector based system. A
typical detector arrangement for makihg measurements on a liquid sample
is shown in figure 2.19. Such a system may be used to detect burst
fuel pins by monitoring reactor coolant and a system block diagram for
this application is shown in figure 2.20. This system is configured to
make independent measurements on four samples taken from different
points in the reacior. Each of these measurements is interpreted to
yield the activity of an isotope such as Kr-88 where a high
concentration indicates a burst pin., If two detectors out of the four
detect Kr-88 then an alarm is raised. Voting logic is included in the

system to perform this function.

The detector outputs are divided into two paths the first is the
guardline path and this must be independent of the computer system. To
meet this requirement the measurements are interpreted using the
digital filter of figure 2.14, where the coefficients are obtained by
taking the appropriate row of a matrix which relates the isotope

activities to the observed signals., This matrix is developed in the
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context of the fixed geometry probtem in section 4.3. The output of
the digital filter will be a pulse train with frequency proportional to
the Kr-88 activity and the alarm from this detector system is raised
when the frequency exceeds the pre-set trip frequency. Almost real

time monitoring is achieved on this path.

The second path i1s a conventional multichannel buffer together with a
software interpretation system and this is configured to make
measurements over an extended period and give a complete assay of

the sample. The purpose of this is to form an inventory of the
contaminants in the coolant, to provide a comparative eétimate of the
Kr-88 activity to demonstrate the correct operation of the guardline
path and to provide the means to calibrate the system. During
operation, the analysis and guardline paths must be physically
separated by means of opto-isolating ctrcuits, however, when the system
1s off-line the computer can be used to interrogate and update the

calibration data.

2.7 ASSAY SYSTEMS

In addition to the analysis of sampled fluids, assay systems are used
for the analysts of matertals in radiochemical processes such as
uranium or plutonium refinement and in the management of radioactive

waste.

There are two distinct types of radionuctide commonty encountered,
which are beta/gamma-emitting nuc!ides and alpha-emittlng nuclides,
Beta/gamma-emission is normally associated with fission, spallation or
neutron activation products such as Co-60 or Cs-137 while the majority
of alpha emitters are concentrated about the actinides. In general,
assay samples can contain many different nuclides of either or both
types in a wide variety of containment. Specific exampies are gas or
liquid samples, loose material contained in open trays or moving along
a conveyor belt and sealed containers including light storage drums
containing actinide metal, oxide or fluoride and radioactive waste

packages.
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Assay samples arise at most of the stages of the nuclear fuel cycle,
including the extraction of natural uranium and thorium from thesr
ores, enrichment of uranium 1n U-235 by i1sotopic separation, the
fabrication of fuel rods, the operation of nuclear reactors and the
reprocessing of spent fuel. At each of these stages, there 1s a need
to assay the samplies to ensure the correct operation of the process

and to keep and audit inventories of fissile matertal,

Radioactive waste 1s categorised by 1ts specific activity into low-,
intermediate- and high-level waste. In the UK, the disposal of low-
and intermediate-level waste 1s the responsibility of the Nuclear
Industry Radioactive Waste Executive (NIREX), Low-ievel waste such as
contaminated clothing, wipe-test swabs and hospital waste 1s compacted
into nominal 200 litre drums and may be disposed of by shallow land
burial i1n soil covered trenches, for example, at Drigg, Cumbria [11],
No disposal routes presently exist tor intermediate level waste such as
ion-exchange resins, used fuel claddings and filter materials.

However, the recommended route for future use 1s encapsuiation with
materitals such as cement or thermoseltting pofymers [12], in nominal 500
litre drums and deep land or undersea burial. Such a deep repository

is expected to be under construction by the end of this century.

Small amounts of high-tevel waste arise from the reprocessing of fuel.
This is presently stored as a liquid 1n cooled vessels. The
recommended future disposal route i1s vitrification and dry storage
initially in a 002 atmosphere and then i1n air for a period of at least

50 years prior to disposal 1n a deep repository.

The main applications for assay systems within waste management are In
the preparation of waste packages and the independent checking of
packages prior to disposal. Samples encountered at the preparatory
stage wil! be loose or ltightiy contained material while the waste
packages encountered by an independent checking system could be fully

encapsulated.

Assay systems are usually based upon the detection of either gamma-rays

or neutrons and are categorised into emission (or passive) and
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transmission (or active) systems. In an emission system radiation
which is spontaneousiy emitted by the sample is detected, while 1n a
transmission system, the sample 1s interrogated with radiation from an
external source and the primary radiation or radiation from secondary

reactions in the sample detected.

Most beta/gamma-emitters do not spontaneously emit neutrons, therefore
the systems used to assay samples containing these nuclides are based
upon the detection of gamma-rays. On the other hand, actinides are
susceptible to fission which may be spontaneous or induced by neutrons
or gamma-rays. Also certain alpha-emitters such as Am-241 emit gamma-
rays in transitions folltowing the alpha decay. Hence, systems based
upon the detection of either neutrons or gamma-rays can be used for the

assay of actinides.

Measurement techniques availabie for the assay of light beta/gamma or
gamma-emitting actinide samples include gamma spectroscopy and emission
tomography. These techniques involve forming a representation of the
joint space and energy distribution of the gamma field around the
sample. In spectroscopy systems this data 1s reduced to eliminate the
spatial dependence of the measurement and inferences are made regarding
the gross activity of the sample. For a tomography system the energy
distribution i1s etiminated and inferences made regarding the sample's

spatial distribution,

These techniques can be impliemented by segmented scanning with an HPGe
detector or an Nal(Tl) scintiltator and PMT combination, which are
collimated to observe a horizontal segment of a sample. Here, the
detector and collimator assembly 1s scanned through a number of
vertical positions, while the package is rotated about its central
axis. Data i1s collected with the detector and package stationary in
each position. This requires a motorized turntable to rotate the

sample and a linear actuator to position the detector,

A system block diagram for a typical segmented scanner is shown in
figure 2.21 while the mechanical arrangement is illustrated in figure
2.22.
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The electronics package is divided into two parts, which are data
collection and contro!l., The data collection system is based on the
techniques described in sections 2.2 and 2.3, and could be implemented
with NIMS, CAMAC or Eurocard. The control circuit provides signals to
start and stop the turntable and to position the actuator. This could
be based on proprietary controllers which are interfaced to a

computer.

For even-numbered actintdes, such as Pu-240 and U-232, which are
susceptible to spontaneous fission, neutron coincidence counting can be
used to quantify the fission rate of the sample. An instrument using
this technique s a neutron well counter. As shown in figure 2,23,
this could consist of an annular polyethylene moderator surrounding the
sample. He-3 or BF4 proportional counters are embedded in the
polyethyiene and detect neulrons which are emitted by the sample and
thermalised 1n the moderator. The shift register circuit discussed in
section 2.3 1s used for data collection., This system ts iliustrated by

the block dragram shown 1n figure 2.24.

The quality checking of encapsulated radioactive waste packages, prior
to disposal, 1s an important feature of waste management. For, n
order to gain the acceptance of a disposal site, not only must waste
packages destined for that site conform to a rigorous specification,
but this conformance musi be actively demonstrated both to the

regulatory authorities and to the public at large.

Measuremen! techniques available for the assay of encapsulated packages
include gamma spectroscopy and gamma tomography for beta/gamma emitting
waste, and passive neutron counting and active neulron £131[14] and
gamma interrogation [15] together with neutron detection for alpha-
emitting waste. While adequate for 200 litre packages, these
techniques applied in isolation may not be sufficiently selective to
produce satisfactory results for a cement-encapsulated 500-litre drum
containing mixed waste such as actinides together with fission
products. One method of i1ncreasing the measurement sensitivity is to
apply several measurement techniques in sequence to build up

information concerning the contents of a waste package.
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A proposal has been forwarded for the development of a non-destructive
assay facility [16], based on this sequential assay process, which 1s
capable of examining all of the waste packages on a disposal route. An

artist's impression of this facility is shown in figure 2.25,

The waste package assay facility is to incorporate a commerciatly
availabie LINAC with suitable targets, which is used to provide
interrogating radiation fluxes, and a number of measurement stations,

A typica! arrangement may include four such stations. The first
measurement station would be an entry stage where the i1ncoming packages
are weighed and checked for surface contamination. The second would be
the main system for the assay of beta/gamma waste and might be a
segmented gamma scanner or an emisstion tomography system (ie, passive
gamma counting). The third would be a gamma radiography set used
mainly to check the physica! soundness o! waste packages and the fourth
a neutron assay system. This is considered to be the main system for
the assay of alpha-emitting waste and makes use of three measurement

techniques, namely:

- passive neutron counting
- active gamma interrogation

- active neutron interrogation.

The primary requirement of the radioactive waste assay facility is to
provide a verification of the contents of encapsulated 500 litre waste
packages and to show that these packages conform to their
specifications. However, because information concerning a waste form
is relatively easily obtained at the potnt of production, before the
packages are encapsulated, the need for a system such as the assay
facility is negated unless 1ts measurements are independent of the
producer's own quality assurance. It 1s recognised that the majority
of waste packages will conform to their specifications. However,
interspersed among a stream of conforming packages, therg may be a
small number of "rogue" packages which, in some sense, do not comply
with the requirements of a package which is suitable for disposal. The
assay facility may aiso encounter old waste packages about which very

little is known.



Sealed
environment Be-U target SC]
. —Calibration
LINAC N T | ' packages

Radiography
station

Package
entry

= Gamma Spectroscopy
station

FIG

2.25 ARTISTS IMPRESSION OF THE IRIS SYSTEM

SW3ILSAS AVSSY L°¢

601



2.7 ASSAY SYSTEMS 110

In view of the cost of recycling packages (i1f a rogue package is found,
the whole waste stream may be stopped) or destructive testing, it 1s
important that the number of false alarms and border-line cases is
reduced to a minimum. This requires that the efficiency of measurement
is optimum and that the decision criteria against which the packages
are tested are objective and powerful enough to show cleariy whether

almost all of the packages are within or out of specification.

The cement-encapsulated waste packages are approximately 1.2m high by
0.8m diameter and weigh up to 1.5 tonnes. Moreover, 1! is possiblie for
the cement matrices of different (conforming) packages from the same
waste streams to vary in form and consistency, and because of the size
and density of the waste packages, even a smal! change in the matrix
may greatly affect a measurement. In addition to the matrix
variations, the distribution of the radionucl!ides in such a waste
package (or even the type of radionuciides) cannot be known éxactly.
This problem 1s compounded by the existence of many different waste

streams.

For the waste forms considered, the normail criterion for the assessment
of the suitability of a waste package for disposal is the primary
activity (ie, alpha or beta activity) per unit mass of the package.
Therefore, under present disposa! recommendations, the output required
by an operator of the waste assay facility will be a decision as to
whether the gross alpha and beta activities contained in a waste
package are greater or less than the specified disposal limits for a
site. This requires two separate hypothesis tests to be performed, one
on the alpha activity and one on the beta activity., There may also be
requirements to specify the activity of particular radionuclides such

as plutonium or americium.

To obtain independent verification of the contents of a waste package,
we must preclude the use of information such as the documented history
and contents of the package, and other claims by the producer, in the
formation of the test statistics. Hence, all information used to
establish these results must stem from direct measurement, general

physical laws or the results of unconnected measurements using, for
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example, calibration packages.
The above requirement alone more than justifies the development of the

general system design and data processing mode!l considered in the

following chapters.
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CHAPTER 3

GENERAL MODEL

in this chapter, the design and recognition probiems wil! be addressed
for a system to monitor the radioactive samples output from a general
nuctear process which 1s evolving 1n time. Two system concepts are
examined. The first, termed the “naive concept”, i1s based on certain
simplifying assumptions which make the design and recognition problems
tractable. However, it 1s shown that this approach leads to
difficulties which may cause unbounded vartations in the measurement
results. Therefore, an attempt 1s made to form a second concept,
called the "axiomatic concept”, which avoids these difficulties,

It is shown that the axiomatic concept forms a natural generalisation
of the naive concept, which 1s obtained by avoiding the simpiifying
assumptions. To make the problems tractable, 1t is proposed that the

method of top-down development 1s adopted,.

It is considered that the best approach to this development is to
construct first a mathematical model of a generat! sample and
measurement process. The need for this mode! is self-evident if one

recognises the measurement process as a sequence of operations which
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encompass measurements on the collection of all samples encountered by
the system, and that this process must be explicitly designed in
exactly the same manner as individual instrument modules. The

mode!l is constructed in two parts. The first is the subject of the
present chapter. This provides an optimum (statistical) method for
interpreting a measurement and establishes conditions for the existence
of the probability densily functions which make this possible. The
second part is considered in the next chapter and investigates the
asymptotic (deterministic) relationships between the outputs of a
nuclear process and the observed signals. These relationships
establish a set of parameters which are used to describe a sample and
provide the means to simplify the problem in a manner which does not

lead to difficulties.

3.1 NAIVE CONCEPT

With the naive concept of an instrumentation sytem, data from each
measurement is treated in isolation to determine "main(features“ of the
sample; for example, the radioactivity of particular isotopes, the
density of attenuating material or the spatial distribution of material

within the sample.

In addition to these targeted main features, each of the measurements
will always be dependent upon a collection of bias parameters which
describe the effects of all variable influences upon the measurement
other than the specific main features to be quantified by that
measurement x1, The set of bias parameters may be different for each

measurement but could inciude some of the following:

- radiation interactions with stable materials within the sample;

- the spatial distribution of radionucliides within the sample;

*¥1 By a parameter, we mean a quantity which has a fixed but possibly
unknown value or set of values for a particular sample. Parameters
may be functions of time, space, energy etc. By this definition,
the main features will also be represented by parameters.
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- background radtation fluxes;
- interrogating radiation fluxes;

- radiation interactions with source radionuciides themselves.

The effect of a single bias parameter on a measurement 1s illustrated
in figure 3.1 using the example of self shielding of the 375 and 415
keV gamma rays emitted by Pu-233, It can be seen that in the presence
of self shielding a wide range of counts can be observed from the same
mass of Pu-239 depending on the spatial form of the material. That is,
for a concentrated tump of plutonium only the gamma-rays emitted from
the surface layers will be seen, with those emitted from the interior
being absorbed; while, for a distributed source, a much higher
percentage of the gamma-rays can be detected. Moreover, this
fundamental uncertainty in the observed counts transiates into an
uncertainty 1n the mass value when a particular set of counts is
observed by measurement. In the present example, the self shielding
can cause an underestimation of the mass by up to approximately 84% of

the true value.

The data generated by each measurement must be corrected for the
detection efficiency of the measuring instrumentation together with the
combined effect of the bias parameters. The corrections may
necessarily require the use of information from other measurements or
from a priori assumptions that the bras parameters which are not
quantifiable by measurement remain fixed for all of the samples
encountered by the system - in which case they can be defined by
calibration - or that they influence the measurement by an

insignificant amount.

With the above assumptions, simple processing methodology can be
applied to the individual measurements where the objective is to reduce
the measurement data to a small number of statistics with minimum
variance and which can be directly relfated to the required main
features by one or more constants. These constants embo&y the bias
correct(on and, using the assumptions, are formed by the composition of
radiological data, main features of the sample defined by earlier

measurements and experimentail calibration data. To define the
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calibration data, it ts necessary to construct a (representative)

standard calibration sample.

However, the above approach leads to difficulties. Firstly this is
because the observed signals are the result of a process which can
itnvolve many complex interactions between the radiation fiux, the
source and the measurement system. Therefore, a neatly partitioned
section of the signal set which relates to each main feature will not
exist., Furthermore, it may not be clear how to deconvolute the signal

set to obtain statistics which do relate to each feature.

fn certain cases these statistics can be defined. For example, the
photopeaks in a high resolution gamma spectrum relate to the activity
of a specific isotope. Even in this case, however, difficulties can
still be encountered. This 1s because the calibration constants, which
are central to the naive concept, rely upon assumptions which could
break down for some samples and this possibility introduces

unquantifiable uncertainties into the measurement results.

To see this, consider the i1mplications of the standard sample used to
define the calibration constants, By definition, such a sample must be
constructed to the same specification as the sampies output from the
nuclear process, while converseiy, the use of the calibration constants
requires the assumption that the outputs being tested are of the same
form as the representative standard. But, the bias parameters may be
different for each measurement. Therefore, the assumption breaks down
and this introduces an unknown uncertainty into the measurements which

may be unbounded.

In the above cases, it would be possible to argue that it 1s always
possible to define empirical statistics which refate to combinations of
source features and that it may be possible to deconvolute these using
the results of other measurements., Likewise, it could be argued that
the calibration constants will be an approximate representation of the
effects of the bias parameters on a measurement for most of the
samples. However, the resulting estimates of the main features will

certainly be dependent upon both the compositions and the calibration
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constants used in the calcutation and, even if these factors are a true
representation for most of the samples, who can say whal the

composition and bias effects will be under a fault condition?
Furthermore, the naive concept is not well suited to the use of
information obtained by other measurements for correction purposes,
since, by the definition of the naive concep!t, the results of these
measurements have been reduced to a combination of main features and
exclude the effects of the bias parameters on the measurements. Also, i
one may encounter the practical difficulty that correction information

is required to define the correction information and it is not clear at

which point one should start.

Hence, rather than pursue the naive concept and try to solve its
intrinsic problems, an attempt will be made to formulate an axiomatic

concept which avoids (rather than solves) the above problems.

3.2 AXIOMATIC CONCEPT - THE KEY {DEA

The naive concept is loosely based upon a classical, information theory
approach [1], where the objective is to reduce the measurement data to
a small number of statistics with the minimum loss of infarmation
concerning the main features of a sample although minimum variance of
the statistics is not necessarily the same thing as minimum loss of
information. Then, these statistics are interpreted in terms of the
main features using a pre-defined numerical relationship between these
quantities. This approach breaks down because the underlying
parameters (main features) do not define an adequate statistical model
of the sample in the sense that other factors affect a measurement (eg,
the bias parameters) and the model does not account for these extra
factors. Therefore, the statistics cannol be related directly to the

main features.

Within the information theory approach, an adequate statistical model
can be defined by combining the set of isotope activities about which
information is required and the set of bias parameters, into a single

parameter vector. Here, the bias parameters are explicitly included in
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the model for analysis purposes only, so as to take them properly into
account, and they will be eliminated from the finatl results. |t 15
important that the set of bias parameters, together with the i1sotopes,
totally describe a sample. In other words, 1f two samples have the
same sels of values for the isotobes and bias parameters, then, in the
absence of random noise ¥2, the samples will yield i1dentical signals
for each of the measurements. Having defined an adequate model, the
objective is to estimate values for the i1sotopes and bras parameters
which are mutually consistent and best fit the measurement data. In
principle, to eliminate the bias parameters, one need only integrate
them out of the final probability distribution for the estimates.
However, 1f the measurement data does not contain sufficient
information concerning both the 1sotopes and the bias parameters, this
integral or the estimator itself can diverge. Therefore, the axiomatic
concept includes an extension of this approach to incorporate Bayesian
statistics, which form a natural generalisation of the classical
approach and (within reasonable I imits}) can be used to stabilise the

estimation and the integration over the bras parameters.

This involves the construction of a prior probability distribution
which contains general information concerning the samples which are
output from the nuclear process, such as the i1sotopes which could be
encountered and the correlations between them, Then, we can take this
distribution as the starting point of a measurement interpretation,

rather than starting from the position of no information at att,

With this starting point, the key proposition of the axiomatic concept
is that the measurement data can be used to restrict the isotopes and
bias parameters to a smailer range of possible values than the original
prior distribution and, 1n particular, eliminate some of the i1sotopes
altogether. Furthermore, if several ditferent measurements are made on
the same sample, for example, in a scanning system, these measurements
will be representative of the sample 1n different states .and,

therefore, will not restrict the prior distribution 1n the same way.

*¥2 Random variations in the signats for i1dentical measurements on the
same samplie.
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Thus - and this 1s the key point - the intersection of all the
restrictions to the prior distribution wil! be much smaller and contain

fewer 1sotopes than any of the restrictions themselves.

It 1s proposed that the prior distribution can be defined by starting
from an initial approximation and refining this initial distribution
using the results of measurements on all of the samples which are

output from the nuclear process. Thus, once the system is operating,

it wit! gradually “learn” about the nuclear process and the measurement
results will continually improve unti! a Iimiting distribution s
reached.

The above method of measurement interpretation can be used for making
“decisions” concerning the operation of a nuclear process. For, with
itnformation concerning activity and i1sotoptc composition represented by
a probability distribution (1e, the prior distribution combined with
the measurement data), hypothesis tests can be constructed to check the
correctness of the process operation. These tests will be subject to

two types of error which are:

- error of the first kind, rejecting 3 sampie which conforms to 1ts

requirements,

- error of the second kind, accepting a sample which does not conform

to 1ts requirements

The results of these tests wil! be probabilities that a sample 1s
within or out of specification, together with the probability for the

corresponding type of error.

if a sample s well within specification, as will generally be the
case, then the measured probabitity that the sample is out of
specification will be small, even with noisy data. However, for
border-line samples more accurate measurements will be required to

reduce the probability of an error to an acceptable level,

To optimise the efficiency of the process monitoring system, data
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adaptive processing can be used. This involves making measurements for
enough time to obtain suftijcient accuracy to test most of the well
conforming samples but not the border-itine cases. Then, when a non-
conclusive result 1s obtained, the measurements are repeated untit
sufficient accuracy for a conclusive result 1s achieved. Providing the
sets of i1sotopes and bias parameters totally describe the samples, the
probability of an error can be made as small as desired by repeating
the measurements 1n this manner, while no more time than i1s necessary

1s spent testing the easier samples.

3.3 MEASUREMENT INTERPRETATION

The axiomatic concept 1s based on assumptions that certain features of

the measurement process remain fixed for all of the samples (including

those observed under a fault condition). In fact, these fixed features
tnvolve the generalisation of i1deas from the naive concept 1n three

specific areas.

1) The variable sets ol i1sotopes output from a nuclear process are al/
replaced by the fixed set of 1sotopes which could be output from
the process, where the possibility that certain isotopes have zero
mass 1s not excluded. Also, 't 1s recognised that certain

combinations of i1sotopes have higher probability than others.

2) All that can be known about the bras parameters prior to a
measurement is the probabtlity that they will take a particular set
of values. Therefore, the fixed calibration constants of the naive
concept are replaced by a distribution of bias parameters, with
each combination of the parameters having a fixed probabifity.
Correlations may exist between the i1sotope sets and the bias

parameters.,

It 1s desirable that the set of bias parameters are concerned
purely with features of the samples and, in partticular, exclude
the distortion effects of the measuring apparatus from the set.

This is because these effects will be unique to a measurement
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station and probiems with the combination of data from different
measurement stations may be encountered i1f the biras parameters are

not independent of the apparatus.

3) The naive concept of several i1solated measurements of different
parameters (main features) !s replaced by the concept of several
observations of the same (fixed) set of i1sotopes and bias
parameters but under different physical states. That 1s, each
signal observed by the system 1s equivaient to a combination of
these fixed parameters, with different observations giving rise to

difterent combinations.

Since the above assumptions relate to features of all samples output
from a nuclear process they do not violate the condttions for

unbtased measurement results. Indeed, the assumptions state no more
than the fact that we are making measurements on the nuclear process,
as opposed to something else. However, the first of the assumptions
spectfies all that can be known concerning the radionuciide content of
the process outputs prior to a measurement, while the second assumption
concerns atl the prior information regarding other features of a sample

which can affect a measurement.

Conceptually, all of the prior i1nformation concerning the i1sotopes can
be summarised by a (Bayestian) prior (joint probability) density
function which, tn particular, contains information from the
correlations between i1sotopes. To define the effects of the bias
parameters on a measurement, the prior dens:ty can be extended to
incorporate the bias parameters by adding extra dimensions. Then, in
addition to the information concerning the isotopes, this augmented
function will contain information from correlations between the bias

parameters and 1sotopes, and restrictions to the ranges of the bias

parameters. It 1s traditional to denote the prior density function by
1(0,p) where 8 = (08,, 6,, ..., 8,) 1s a vector of i1sotope activities
and P = (P4, Py, ..., Pp_p?) 1S @ vector of bias parameters.

With the above cdndullons, a sample can be compietely characterised by

a specific vector (0,p) and further, Lhe probability associated with
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that vector will be the probability that the sampie will be encountered

by the system.

The third of the assumplions 1s concerned with the information which s
avatlable by measurement. For a given set of 1sotopes and biras
parameters, 1t woutd be possible to form a probability density function
for the signals observed from this sample. This 1s known as a
conditional density function and 1s regarded as a function of the
signal data tor fixed i1sotopes and bias parameters. The conditional
density 1s usually denoted p(s|8,p), where s = (s!, Sos ey sr) 1S
regarded as a sample from a random vector of observed signals. 1If (and
only 1f) the parameters (8,p) represent an adequate model of the
samples output from a nuclear process, no facltors other than random
noise will contribute to the variation of s, and a well-defined
relationship exists between the parameters (0,p) and the means of the
conditional density, which, in particular, accounts for the (constant)

distortion of the measuring apparatus.

For the present application, this relationship couid take the form of a
linear transformation. For example, 'et R™ be the set of all
m-dimensional vectors such that the vector w = (8,p) belongs to R"
(written w € R™), then R™ defines an m-dimensional Euclidian space in
which a point specifies the configuration of a sample. Likewise, 1f

H = (u!, Hou vvvy ur) 1s a vector of the signal means, then | belongs
to the space R". The linear transformation, g, 's a mapping from R™ to
RT (written g:R™ + R™) which takes the form Gw = {1, where G 1s an m x r

matrix.

To define the matrix, G, let {ey, e, ..., e,) be a base for R™ and
(fy, f,, ..., f ) be a base for R'. Then, the image under the
transformation of each basis vector, g(e,), 1s a veclor in R'.

Therefore, we may write down the system of equations:

gley) g11fy * gt * e gty

g12f1 * g22f2 * ot gr2fy

gley)

“ e CEE Y e e LU

glen) = gimfy * 8omf2 * o0 * gl (3.1
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and thus construct the matrix, such that:

811 812 +++ 8im\ [Wy Hy

821 822 82m| |¥2| . |M2

8r1 8r2 ¢+ &rm/ \¥r Hr (3.2)
With this relationship, the conditional density function will have the
form:
p(si®,py = his - g(8,p)) (3.3)

which represents the possible distribution of observed signals about a
fixed mean value which 1s related to the i1sotopes and bias parameters

by the transformation (3.2).

In practice, the above formulation cannol be used directiy since the
fixed values for the i1sotopes and bias parameters are unknown, while
the signal values are known, having been observed by measurement.
Therefore, we define a likelihood function as a function of the
1sotopes and bias parameters which takes identical numerical values to

the conditional density, for fixed (observed) signal values.
For example, tf{ the l'tkel 1thood function 18 denoted by 1(O,pls), then:
LO,pis) = p(siB,p) (3.4)

for all 8 and o, with fixed s. Note that 2(6,pis) 1s not a probability

density function and the area under the curve 1s not necessarily unity.

A likelihood function, Q!(O,ols,), can be constructed for each of the

measurements on the same sample and these can be combined as a product:

N
\l(e;p|5!,.~.., SN) = ﬂ‘l)(e,plsl) ' (3.5)
1=1

to summarise all of the information which 1s available by measurement,

where the s, are independent observations.
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The total information concerning a sample 1s contained in the
likelthood function (3.5) together with the prior denstty function.

These can be combined using Bayes Theorem:
p(e,pls!,....,sN) = k (O,Rlsy,....,85y)M(8,0) (3.6)

where k 1s a normalisation factor. The resulting probabilitly density
ts known as a (Bayesian) posterior density function. Since knowledge
1s only required of the i1sotopes, the bias parameters must be

eliminated from the posterior density by integration:

POISy, ...., sy = Jp(e.ols1, B LT (3.7)

Then, p(elsi, «vv., Sy) will be the best available representation of

the activities, given the prior knowledge and the measurement data.

Equation (3.6) can be interpreted as the prior density function
reducing the ranges of i1sotope activity and bias parameter values on
which the likelihood function can be defined. Therefore, 1f an
informative prior density 1s constructed, this will tend to counter
vartations of the likelithood function resulting from noisy data which
contains littlte information, and timit the increase in the variation of
the 1sotope activity arising from the elimination of the bias

parameters, which may otherwise cause the integral (3.7) to diverge.

Moreover, providing the prior density retates to all sampies 1t can be
freely used in the inlerpretation of the measurement data without

violating the conditions for unbrased measurement.

Equation (3.6) can aiso be regarded as a linear operation which maps
the prior densily to the posterior density, with the mapping
representing the change in the quantity of information concerning a

sample brought about by measurements on that sample,

The interpretation process 1s i1liustrated in one dimenston, using
simple rectangular functions to i1ndicate the range of the parameter, in

Fig 3.2. In particular, 1f the intersection of the restrictions to
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these ranges is zero, the probability that the isotope 1s contained 1In

the sample 1s also zero.

In more than one dimension, this method 1s potentially more powerful
than in the single dimensional case. For example, each li1kelihood
function will contain strong negative correlations between the isotopes
and bias parameters. That 1s, with a tikelirhood function arising from
a single measurement, the product of all the i1sotopes with the bias
parameters could be accurately known having been defined by the
measurement, but individually, all of the parameters would still be
able to vary over wide ranges. However, the 1sotopes and bias
parameters will not necessarilyvaffect each measurement 1n the same way
and when the product of all the likelihood functions is taken, the
resulting ranges of the 1sotopes and bias parameters will be reduced to
those values which are consistent with all of the measurement data.

So, 1f reasonably different correlation 1s obtained for each of the
likelihoods, taking the product of the likelihoods will go some way
towards decorrelating the sets of i1sotopes and bias parameters.

However several different combinations of i1sotopes may stiil be able to
produce the same signals; hence, strong negative correlations may sti!!
extst between certain 1sotopes, and this witll be reflected in their

possible ranges.

On the other hand, the prior density can be configured so that it
contains strong positive correlations between the i1sotopes. This s
because the information concerning the isotopes arises from knowledge
of the composition of the different waste streams, rather than
knowledge of the gross nuciear reaction rates within the sample.
Therefore, when the product of the |ikelihoods and prior density is
taken, this complementary information will be combined and may
decorrelate the isotopes to a very targe extent, thus reducing their
ranges to an acceptable level. This concept 1s 1llustrated in Fjgure

3.3 for a three dimensional space.

We can conclude from this that optimum performance of a process
monitoring system will be obtained from an informative prior density

together with signa! sets which contain a maximum number of different
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correlations between the i1sotopes and the bias parameters. These,
almost certainly, will not be the same as the signals required by the
naive concept for which the bias parameters i1ntroduce minimum variance

and the correspondence with the 1sotopes 1s assumed to be one-one.

3.4 RANDOM PROCESSES

The formulation of the model in the previous secttons has concentrated
on the mapping from the source to the observed signals and i1ts inverse.
In particular, li1ttle mention has been made of the underlying processes
and the existence of probabitity density functions has been assumed
rather than demonstrated. Therefore, 1n this section an attempt wil!
bé made to present an argument which may go some way lowards justifying
the assumptions. However, in keeping with most Physics, standard
mathematical resuits will be used without proof. Such proofs can be

found 1n many mathematical texts, for example, references (2] and [3].

To form the probability density functions 1t 1s necessary to consider
the evolution of the system configuration with time. There are three

main areas of interest.
1) The sequence of samples output from the nuciear process.

2) The evolution of the radiation flux 1n and around the source

contarinment.
3) The build-up of counts on the signal space.

In this section we shall consider the output of the nuclear process
together with the definition of the Bayesian prior density function
used to describe these outputs. The evolution of the flux and the

buiid-up of counts will be considered i1n chapter 4.

The Bayesian prior density contains all of the information concerning
a sample which s available prior to measurements being made, with the

two conditions that:



3.4 RANDOM PROCESSES 130

1) A point i1n the (domain of the) prior density must totatly describe

the sample.

2) No prior distinction can be made between any of the samples
encountered by the measurement system i1n the interpretation of the

measurements.

It has been proposed that the prior density can be defined in two
steps by first forming an initial approximation to the density
function from calibration measurements and then refining this density
using the measurement information from all of the samples output from

the nuclear process, including those under fault conditions.

In the previous sections, only measurements on a single (although
arbitrary) sample have been considered. There, the isotopes and bias
parameters were defined as fixed but unknown parameters relating to
this sample while the prior density was interpreted as a distribution
of possible values these fixed parameters couid take. Here, however,
the vartations throughout all of the samples output from the process
mus! be considered. To do this, 1t 1s necessary to introduce some new

notation.

Let Q be the set of all possible sample configurations. Then @ is
called the sample space and the parameter vector w = (8,p) can be

defined as a fixed but arbitrary sample configuration belonging to Q.
Since the actual values of a parameter vector are unknown and the most
that may be known i1n practice concerning a vector 1s that i1t befongs to
some subset of Q, i1t 1s necessary to introduce the concept of a
o-field. A O-field, F, 1s defined as a collection of subsets of Q, such
that:

1} The empty set, 0, belongs to F.

2) All countably infinite unions of the sets of F belong to F.

3) All complements of the sets of F belong to F.
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The above conditions ensure that the subsets of Q belonging to a O-
field are suffictently nice 1n the sense that they exclude pathological
cases, such as the subsets of the empty set, which can lead to

technical difficulties.

A probability measure, P, on (Q,F) 1s a function P:Q + [0,1], such

that:
1. P(O) = 0, P(Qy = 1 (3.8).
2. If Ay, Ay, .... 15 any collection of disjoint sets belonging to F,
then
© ®
PLUAL) = L P(A,) (3.9).

1 n=1

The probability measure of a set, A, can be interpreted as the
probability that a sample, w, belongs to A; where, 1n particular, the
probability that a sample belongs to the emply set is zero while the

probabitity that a samplie befongs to @ is one.
The tripte (Q,F,P), 1s called a probabiiity space.

A suitable model for the samples which are encountered by the

monitoring system i1s a random process, denoted:
X = [X(ty : t e T} (3.10)

where each X(t):Q -+ Zx ts a random vector which 1s defined as a
function mapping the sampie space onto a stale space, Ex *¥3, with the

condttion that:
{we Q@ X(Ct;w) ¢ x(t)} € F (3.11)
¥3 The subscript, X, is used to highlight the role of X in the

definition of L. This will be omitted when discussing arbitrary
state spaces.
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The technical condition asserts that the subsets of Q for which the
random vectors are defined belong to the ¢o-field. If this conditon
holds for all of the elements X(t) ¢ ZX the random vector 1s said to be
F-measureable. The specification of these subsets is often abbreviated

to [X(t) < x(t)}, and we shati conform to this practice here,

A state space ¥ can be constructed to represent any consequences of an
experiment in which we are interested. For the present application,
X(t) couid be interpreted as the identity function since we are
intrested 1n the sample configuration 1t{self. However, 1t would be
equally feasible to defsne a random vector to map the sample
configuration onto a radiration flux or a count on the signal space. |In
fact we shal! do this shortly. A state space 1s called discrete if the
random vecltors take discrete values or continuous 1f the random vectors

are continuous. The elements of the state space Zx denoted:

x = [X(t;w) : t € T} (3.12)

are called the sample paths of the process. These can be regarded as
spectfic numerical values, each corresponding to a sample, w, which are

taken by the random process, X, as this evoives 1n time,

The form of the index set, T, depends upon the system under
investigation. For example, 1n the case of discrele nuclear process
outputs, such as the radioacltive waste packages encountered by the
assay facility of section 2.7, the index set can be put into
correspondence with the natural! numbers, such that t € [0,1,2,....}.
Then the random process 1s called a discrete time process and 1t 1s
common practice to denote the random vectors by X,. In the case of
continuous outlputs of a nuclear process such as the i1odine building up
on the collection filter of the blowdown monitor (see section 2.6},
then t € [0,m). Such a random process 1s called a continuous time

process and the random vectors are denoted by X(t),
The joint probability distribution functions:

Fetx) = P(Xy € xq, Xy € Xp, +.0, X, € %Xp) (3.13)
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of the collection of the random veclors (X,.,X,,...,X,} for a discrete
time process, are called the finite dimensional disiributions (fdds).
In the case of a continuous state space, the corresponding probabitity

density functions (pdfs) can be defined:
ft(x)dx = dF ¢ (x) (3.14)

while for a discrete state space, the probabi!lity mass functions (pmfis)

are defined:

ft(k) = Ft(k) - 1im Ft(x) (3.15).
xtk

In particular, the “one" dimensional distribution, Fy(x}), s the
distribution function of the single random vector, X,, and 1s referred
to as the distribution of the process at the point t, with the density
or mass of the process at the point t being defined simitarly. The
fdds, pdfs and pmfs can be defined for a continuous time process, by

considering the process at discrete points 1n time,.

1t is possibie to study the evolution of a random process in terms of
etther 1ts sample paths or i1ts fdds. 'In fact, the problem of updating
the prior density funclion can be considered as the construction of the
den9|tygfunction of the process at the next point in time, given
information concerning a sample path up to the present. However, in
both cases, this analysis 1s difficult unless extra conditions are
imposed on the random process. |In practice, it 1s usually possible to
define the state space 1n such a way that one or more of these
conditions hold and the applicability of the theory to real physical
systems 1s little diminished. |In particular, the sequence of outputs
from a nuclear process can be modelied by a discrete time Markov
process with a continuous state space %4. Subject to an appropriate
definition of the state space, this is guaranteed to converge to a
unique stationary distribution from which the prior density can be

def ined.

x4 See section 4.3 for an example of how this model can be applied
to a nuclear process with continuous outputs.
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A discrete time random process i1s called a Markov chain if it has the

property:

P(Xy € XIXg, Xgo oo Xqoq) = POX, < xIX o) (3.16).

n=-1

This asserts that the future values laken by the process depend only on

its present value and not the past.

With the Markov property 1t is possible to define the transition

probabilities:
Pry-qixliy)dx = dP(Xy < xIXy_y = ¥) (3.17)

which gives the probability of the next value of the chain being x

given that the present value 1s y. If:
Prt-1(xty) = pygixly) (3.18)

for ati t, x and y, the Markov chain 1s said to be homogeneous and the
transition probabilities are written p(xjy). Let f,_,(y) be the pdf of

the (t-1)!h random vector. Then:
ft(x) = [ p(xly)ft_1(y)dy (3.19)
¢ Zx

maps f,_4(y) to the pdf of the t'h random vector, f,(x). Equation
t-1" t

(3.19) can be expanded to give:

-
ft(u) = plulv)... J p(ylz)ft_n(z)dz...dv
N
= Palulz)f,_ (z)dz ’ (3,200
JIy

where the p, (x|y) are called the n-step transition probabilities and

map a pdf n places higher up the chain.
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A pdf m is called a stationary distribution of the chain if it has the

property:

m{x) = J pixiy)un(yidy (3.21)
Lx

which implies:

mi{x) = Pnixly)n(y)dy (3.22)
Ly

Equations (3.21) and (3.22) assert that if any random vector has
distribution w, then all subsequent random vectors will have the same

distribution.

Therefore, w can be regarded as a timiting distribution of the process.

In fact, it can be shown that:
Ppixty) + n(x) as n + o (3.23)

for atl starting values, y, and this implies:

S
J pn(xly)f(y)dy + #(x) as n + o (3.24)
)}
X

regardiess of the starting distribution i(y); providing the stationary
distribution exists, However, necessary and sufficient conditions for
the existence of the stationary distribution are that the Markov chain
is irreducible and non-null persistent. These conditons hold if Zx 1S

closed and bounded %5, and:

Lim po(xtx) > 0 ) (3.25)
n+m

¥5 Since Zx C R this 1s simply the assertion that the state space is
compact.
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for all x € Zx. Equation (3.25) asserts that the probabiiity for
obtaining a particular sample does not tend towards zero as the process
evolves in time or, equivalently, thal the range of the nuclear process
outputs does not change. Therefore, 1f the state space 1s defined so
that these conditions hold, the existence of the prior density i1s

guaranteed.

This argument can be taken further if the collections of random
vectors {Xy , Xy , ..., X and X , X ; ovees X have the
(Xy o Xy, ty! (X, ene Xi,0n t,+h

same fdds, then the process 1s strongly stationary. Or, 1f:

E(Xy ) = E(X; ) (3.26)
ty t2

and

cov(Xl1, th) = cov(Xt1,h, th,h) (3.27)

where E(X) denotes the expected value of X and cov(Xy,X,) is the
autocovariance of X, then the process i1s stationary. 1t should be

noted that strong stationarity implies stationarity but not conversly.

Clearly, a Markov chain 1s stationary 1f and only 1f the starting
distribution of the process 1s the stationary distribution, ni(x), and
in this case the process 1s strongly stationary. However, a stationary

process ts not necessarily Markov,

With the outputs of a nuclear process modelled by a stationary random

process, X, the random process:
S = [S! :t =0,1,2,...} (3.28)

where SQ:Q + ZS 1s a random vector mapping the sample space onto the
observed signals, will also be a stationary process. It 1s a
requirement of the present work to construct the prior density, w(x),

from the observed sample path:

s = ([Sy(w) : t =10,1,2,...} (3.29)
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This can be done using the conditional expectation operator, ¢(S), *6

where:

"
m
=
%)

n
2

pls)

(3.30)

1]
L_._=
™M

»
o
—~
x
%2}
o
Qa
>

and ¢ ts a function mapping Lg onto Ly. Note, however, that the
conditional density function p(xls}) 1s just the Bayesian posterior
density function defined I1n section 3.3. Furthermore, the expected

value of a function, h, of X 1s given by:

E(h(X)) = E(h(4(S8)))
= ] h(g(s))f(s)ds
s
n
~ 1 f higts, N (3.31)
nozd ?
j=1
hence:
n ~
ECh(X)) ~ 1 [ hix,) (3.32)
n - J
1=1
where ij = ¢(sj) 1s the estimate for the configuration of the ith
sample.

Equation (3.32) can be used to estimate the moments of the prior

distribution, from which this distribution can be constructed.

It remains to demonstrate the convergence of (3.31) to a unique

stationary value since this does not follow from the faw of targe

¥6 In the case of a stationary process we can drop the subscript, t,
from the random vectors X; and S¢.
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numbers 1n the case of dependent random vectors. However, by
restricting our attention to Markov chains, this convergence 1s

guaranteed by virture of (3.23).

Finally, a few words concerning the function ¢ are tn order. In
section 3.3 a function, g, was constructed. This was assumed to be a
transformation which mapped the sample configuration onto the observed

signals, such that:

s = g(x) (3.33)

It can be seen that ¢ 1s the i1nverse function to g. With this

identification Bayes theorem can be written as:
pixig(s)) = &k W(g(x)Is)u(x) (3.34)

where x and ¢(s) are defined on the state space Ly, while s and g(x)
are defined on the state space ZS. Hence Bayes theorem provides a

mapping, ¢, from Ig to Xy given a mapping, g, from Ly to Ig.

Furthermore, since x and ¢(s) are defined on the same space, a specific
value of ¢ given the signals, s, can be computed using standard

estimating methods.

The problem of defining the forward mapping, g, tn detail will be
considered in chapter 4. Note, however, that equation (3.34) 1s
completely general in that g 1s not necessarily linear, although if
linearity is achieved this will reduce the computational overhead

associated with the implementation of the model.

3.5 THE NORMAL BAYESIAN FAMILY

It 1s important that the mode! includes consideration of the practical
limitations on computer power, memory capacity and the possible
processing time for each sample output from a nuciear process. To a

targe extent these requirements are governed by the form of the
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transformation between the source and the observed signals, the number
of parameters and signals, and the method of representing the
likelihood, prior and posterior density functions by the computer

system.

With the above constraints, the obvious numerical method of
representing the functrons as muiti-dimensional histograms 1s clearly
impractical, simply because of the gross quantity of data involved.
Therefore, the likelihoods, prior and posterior densities are best
represented by analytic functions. These are represented in the
computer by auxiliary parameters such as means and covariances, which
can be used to construct the required functions providing their form is

known.

For the practical application of Bayes theorem, 1t is important that

the liketihood, prior and posterior densities are functions of the same
type. Such a collection of probability densities ts known as a

Bayestan family £4). In this section the general model will be examined
in the particularly simple and practically useful case of the Normal

Bayesian family.
Let x be an element of Ex such that:
x = X(6,p)
= X(e1,92;-~-;enlp1102:"'lp,n—n)
= y 7 (3.35)
= XqaXoseeesXy (3.
where 8 is a vector of isotope activities and P i1s a vector of bias
parameters. Assume that k measurements are made on the same samplie and
that for the i1th measurement x i1s related to the vector of observed
signals by the linear transformation:

s = G x £3.36)

Then the likelihood functions can be defined, as previousty, by
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equating 1t to the values taken by the conditiona! pdf for the signals:
L, (xls;) = p,(s Ix), =, 2, L,k (3.37)

where p‘(s’lx) 1s a multsvarrate normal distribution, such that:

T,-1

Li(xls ) = ¢ exp(-%(s, - G,x) ¥, (s, - G,x) ] (3.38)_

i |

The collection of likelihoods can be combined with a multivariate

normal prior density:
mx) = ¢ exp(-%(x - WU x - ) (3.39)
using Bayes theorem to yield a posterior densily of the form:

- Glx)

_ k T -4
p{x|s) = kccy...cp exp[-% P (s, - G x)'V, (s,

1=1
“%(x - U x - u)] (3.40)

This equation can be tidied up as follows,

Let K = kcc1...ck be a new normalisation constant and define:

Sy Gy vy 9
S G, \E:
s = |.. 6 = |.- v = . (3.41)
Sy Gy 0 Yy
" | U

where | is the identity matrix. Then equation (3.40) can be written

as:

K exp{-%(s - 6x) v (s - Gx))

pixls)

K exp[-%(x - ¢(sNTGY 1G(x - ¢(s))] , (3.42)

which 1s multivariate normal with covariance matrix:

v = (a'vlg;!
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and mean:

5 = oo = (av'e e’y s (3.44)

Equation (3.44) may be i1dentified 1n this case as the {inear least

square estimator for x.

The above estimator is actually more general than implied by the
analysis presented here. In fact, it can be shown that equation (3.44)
defines the optimum linear estimator when the shape of the distribution
is unknown [1]. Because of this the linear least square estimator is
often referred to as the general linear model and its robustness is of

great value in practical probiems.

The inverse of the covariance matrix may have the form:

X
X 0
vl o= X (3.45)
0 X .. X
X 0 X
0 ..
X X 0

where X denotes a non-zero element. Note that in this case the signals
are mutually independent which results in the diagonal upper portion of
the matrix. The diagonal elements of the lower portion have been set
to zero so that the means of the prior density are given infinite
variance, or equivalently, zero weight, i1n the estimation of parameter
values. The estimator therefore takes into account only the refative
proportions of the prior parameter values and as a result is not biased
towards any particular value by the inclusion of the prior knowledge.
On the other hand, the non-zero off-diagonal elements will restrict the
vajues which can be taken according to the strength of the correlation
between these parameters. The resulting estimate will represent an

optimum balance between the a prior:t and measurement information %7,

x7 See also figure 3.3 and section 4.3
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To define the prior density it 1s only necessary to specify the means
and covariances of the appropriate multivariate normal distribution

function. Using equation (3.32) these are given by:

N

" - 1 n

“1N = -[\‘I E le (3.46)
=1

and

LY 1 N n " " "~

vlkN = E\'_‘_ J§1(X’J - ulj)(XkJ = ukj) (3.47)

where X 1s the estimate of the 1th component of x for the jth sample

t .
and ﬁ:N and osz are respectively the Nth estimates for the elements of

the mean vector and the covariance matrix.

In practice there ts no need to recompute the entire partial sums

(3.46) and (3.47) for each sample as these can simply be updated, by:

" - 1 " - "

Hin = XNt N N (3.48)
and

n - 1 a _ " ~ - " - IS

Hien = gCOON 7 i e 7 Bew? N ey (3.49)

However, with the multivariate normal family, there is a problem in
that the estimate of the variance 1s based on Lhe estimated mean, {,
rather than the true mean, . Therefore an accurate starting value is
required for this parameter, which may be difficult in reality. The
alternative is to use a family of distributions which take this

uncertainty into account [51.

If the multivariate normal family is used an improvement can be made to
(3.48) and (3.49) by fixing the parameter N at some suitably large
value. Then, the latest terms of the sum will be given highest weight
and since these are based on the later (more accurate) values of i,

the uncertainties 1n the early terms will slowly be we;gﬁted out.
Furthermore, the rounding errors which would be introduced by adding
smaller and smaller terms to the partial sums will be avoided. This

approach also has the advantage that (long term) changes in the form of
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the nuclear process outputs encountered by the system can be taken
into account and the prior densiiy made to follow trends, hence
relaxing the requirement for a pure stationary process. These

possibilities are examined in greater detat!l 1n section 4.3,

It is useful to estimate the number of operations required to compute
the parameter values since this will give an indication of the
computation overhead associated with each method. {n the case of the
normal family with an embedded linear transformation, g, il can be
shown that the total number of operations required to compute parameter

estimates of the form (3.44) is approximaletiy:

3 4 3m2 + n(m + 12 (3.50)

w§4>

where m and n are the number of parameters and signals respectively.

In practical applications,the situation may arise where sampies of
several different types may be encountered by the same monitoring
system. For example, for the waste package assay facililty, radioactive
waste may arrive from several locations each producing waste of a
unique form. In this case 1t is unlikely that the prior density
function will be well represented by a muitivariate normatl
distribution. However, it would not be unreasonable to assume that the

waste arising from each source was normally distributed,

The above analysis can be extended to incorporate this possibility by
forming a separate multivariate normal prior density for each sample

type. These can be combined to construct a prior density of the form:

2 -
m(x) = ¢ exp[—% L (u, - Fix)TU-‘(u - F x)] (3.51)
J } } J J
1=1
where:
Q‘ N
X = U x (3.52)

and “j and X are the mean and sample path values for the jth sample

type. The matrices FJ have elements zero and one such that Fj: x + X
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This prior density can be used in place of equation (3.39) in the

interpretation of measurements.

To update the prior density it 1s necessary to test the result to
determine which sample type has been observed. Then only the prior
density for this sample type is updated. This may involve setting
those parameter values below a particular critical level to zero, then
testing {o see which prior density best fits the remaining data. One
method for performing this test 1s to transform the data to a set of
statistics which are in one to one correspondence with the sample

types, then simply read off the observed sample type.

Let x be represented by a linear combination of the prior density means

such that:
X = MHy 2 MMy ot Mgy
= M) (3,.53)

where M is an & x m matrix with columns A\, . Equation (3.53) can be
3

solved for \ using the general! linear model to give:
o= My M MY Ty (3.54)
where ¥ is the covariance matrix of the posterior density for x.

The statistics X\, should all be near zero except the one corresponding
3

to the sample type and this should be near to unity. If this 1s not

the case, then either mixed samples have been observed or the prior

densities are not a sufficiently good representation of the sample

types to be able to distinguish between them. In the former instance
clear resultls should still be obtatned with more than one xj being
non-zero. In the latter instance, the situation may be improved by

giving the zero parameters higher weight, repeating measurements to
obtain more accurate data or using the results of the next section to
determine which sample types are significant and repeating the test

with a smaller number of possible outcomes.
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3.6 HYPOTHESIS TESTING

In this section we shall specify criteria to indicate the minimum
detectable activity (MDA) of i1sotopes within a sample, together with
the activity of these isotopes which can be determined to a particular

accuracy [6].

Within classical statistics, the criteria concerning detection and the
determination of the isotope activity apply to the observed signals
rather than the activity directly. These factors are related by a
linear transformation and, given the minimum detected and determined
count rates, the required activites can be caiculated using the method

of section 3.5.

The specification of the detection limits for a measurement of activity

requires the construction of three specific threshold levels:

t. An a posteriori decision, L, which establishes whether an observed
signal ytelds a significant result 1n the sense that the presence

of an 1sotope 1s indicaled.

2. An a priori detection level, Ly, which defines the signal magnitude
which must be exceeded to yield a significant result in the sense
that the presence of an i1sotope wil! be indicated when a

measurement is made.

3. A determination level, Ly, where an expected signal yields a
significant result relating to the standard deviation of the signal

falting wilthin a quoted accuracy for the measurement process.

In statistical hypothesis testing, a hypothesis that a parameter takes a
particular value (called the null-hypothesis) 1s tested aéalnst the
hypothesis that the parameter does not take that value (called the
alternative-hypothesis). A significant result occurs when a variate

takes a value in the tail of the underlying probability distribution
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for which the parameter is defined. 1In this circumstance the
alternative-hypothesis 1s accepted with the added proviso that the
conclusion has a fixed probability of being wrong. Thtis probability
can be made as small as desired by choice of the threshold (critical)
levels used 1n the test. Conversely, a non-significant result occurs
when a variate takes a value outside the tail of the distribution.
Here, it would be appropriate to reject the alternative-hypothesis and
conclude that the true value of the parameter under tes! i1s in a region
defined by the threshold levels, about the null-hypothesis value for

the parameter.

Decisions of this nature are subject to the two kinds of errors

introduced in section 3.2, which we may now define as:

a) error of the first kind, accepting an aiternative-hypothesis which

is false,

b) error of the second kind, rejecting an alternative-hypothesis which

is true.

The probabilities for the errors of the first and second kinds are

conventionaliy denoted by x and 8 respectively.

For the present application only one-sided hypothesis tests are of
interest, for example, we need only establish whether the limiting
(population) mean pg, for the signals, s, from a particular isotope, is-

greater than the null-hypothesis value used in the test.

In the a posteriori case an actual experimental observation 1s
available. |t must be established, therefore, 1f this signal arises
exclusively from the background radiation of isotopes other than the
one of particutar interest, or whether the signal deviates sufficiently
from the limiting mean y,, for the background signals, b, to indicate
the presence of this isotope. The above requirement amodnts to testing
the null-hypothesis Mg = 0 against the alternative hypothesis Mg > 0,
using the decision level, Lo, Given a significant result, 1t would be

appropriate to conclude that a non-zero signal has been observed from



3.6 HYPOTHESIS TESTING 147

the isotope of interest and to assign a confidence interval to this
result. Alternatively, we accept LC as an upper !limit to the mean

signal from the isotope.

The decision level Ly, is established from the maximum acceptable value
of «x and the standard deviation, 0y, of the nel signals when ., = 0,
such that the area in the tail of the distribution, greater than Ls, is

equal to the maximum value of x. Hence:
LC = kuOU (3.55)

where k“ is the abscissa for the standardised normail distribution

corresponding to the probability level 1 - «.

In the a priori case, an experimental observation is not yet available.
Instead the requirement is to define a Iimiting mean, g, to‘the signal
distribution for which a random sample, drawn from the distribution
(i.e. when a measurement is made), yields a significant result to an

(a posteriori) test of the null-hypothesis yu, = 0, with a probability
of 1 - B. The mean p., is taken as the detection limit, L for the

measurement process, such that:
LD = LC + kBGD (3.56)

where Op is the standard deviation of the signal, s, at the detection
limit and kB is the abscissa for the standardised normal distribution

corresponding to the probability tevel 1 - 8.

The relationship between Ls, Lp, « and B is shown in figure 3.4. Lp
may be considered to be the smallest mean count which will lead to the
detection of an isotope with the probability 1 - f, where the a
posteriori decision criterion has a built-in protection level, «,
against concluding (falsely) that a background observation represents a

significant signal.

In the case of a sequence of measurements the accuracy of the

hypothesis test may be improved by using two decision levels, as shown
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in figure 3.5, and drawing conclusions according to the following

scheme.

t. 1f the gross signal is less than LC1 then the alternative
hypothesis 1s rejected with the (small) probabslity B, for the

decision being incorrect.

2. If the gross signal 1s above the tevel LC? then the alternative
hypothesis 1s accepted with the (smail) probability «,, for the

decision being incorrect,

3) If the gross signal is greater than LC1 but less than LCz’ we
refrain from drawing any conclusion and repeat the measurement, but
recognize that, were the aiternative hypothesis accepied, we would

have a probability x, (much greater than «,) for being incorrect,

4) |{ subsequent measurements yield a gross signal less than LC1 or
greater than L07 then the appropriate action indicated in 1) or 2)
is taken. Howe;er, 1f option 3) arises a predefined number of

times in succession we accept the alternative hypothesis.

The reasoning behind this approach is that conditions 1) and 2) need be
met once only and may be met by any of the measurements, therefore the
probabilities B and X, combine as sums. However, condition 3) must be
met by all of the measurements. Therefore the probabilities xy combine
as a product. But, if 8 and %, are made cutlably small initially, then .
np and nx, may also be small while, since «x, must be tess than one, «,n
can be made as small as destred by the choice of n. For example, if

B = uy = 2x1078, Xy = 10! and n = 5, then nB = nw, = 1075 while

x,” = 107% so that we have equal (small) probabilities for both kinds

of error.
The above procedure is an example of data adaptive processing (see
section 3.2) and this will converge to a particular accuracy more

quickliy than a conventional hypothesis test.

The a priori determination level, Lg, is the value of the signal mean,
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Mg, when a particular accuracy of data s

LQ =

kq%q
where OQ 1s the standard deviation of the

!/kQ ts the required relative accuracy of

example, for 10% accuracy, Vikg = 0.1 and

161

achieved. This i1s given by:
(3.57)

net signal when {. = LQ and

the measurement. For

kQ = 10.

We shall now consider an application of this methodology to a

spectroscopy systém such as the Blowdown t1odine monitor (see section

2.6).

A schematic representation of

3.8, showing a region of interest about a

the observed signal

is given in figure

gaussian photopeak on the

channels of a muftichanne! buffer, The photopeak is assumed to rest on
a linear background signal. [|f the centroid channel is denoted by ¢
and 0 is the standard deviation of the gaussian (in units of channel
width), the expected count on the ith channel i1s given by:
-, 5
W, = — A oyp —(’ = C) ] £+ 0.(i-c) + B
Q(c,0) | 20 w
] S 2
Q(c,0) = [ exp —(‘ - 0)7] (3.58)
e P\ 20
Here, A is the count within the photopeak and B 1s the total
background. The background may be divided into i1nner and outer
components denoted by B; and BD respectively, where B, 1s the
background under the photopeak, given by:
(3.59)

Let T represent the gross count iIn

the region v,

then T is Poisson with

mean A + B, (v > 20) and 1f R represents the counts outside v, then R

ts Poisson with mean BO' For

large T and R,

the net signal:

(3.60)



COUNTS

4 OBSERVED

BACKGROUND | SIGNAL
I
_—
\\\ ;
D% y
s )
A \< !
a i
I~ |
b = === — 1 4 A o Bl e i Uittt
f
| & |
| — t
i T~ i
I [ |
f
: \: B/W
|
[}
|
I
[}
]
| I
! >
CHANNELS
-t v —
< W

FIG 3.6 SCHEMATIC REPRESENTATION OF A GAUSSIAN PHOTOPEAK PLUS BACKGROUND

ON11S31 SIS3HIOdAH 3HL 9°€

st



3.6 THE HYPOTHESIS TESTING 1563

will be normally distributed with mean:

- - v -
g = (A+Bp - —'—8g = A (3.61)

v

and variance

2
2 . 2 v 2 . (
(6] = 07° ¢+ o] = A ¢
s T (w _ v) R

2

B, (3.62)
w -V
where B, is estimated from the outer background By. In the specific

case where w = 2v, (3.61) reduces to the familiar form 032 = ZBl.

The detection limits Ly and Ly are functions only of the background
under the photopeak. To determine these, set A in (3.62) to zero and

substitute for Gg In (3,.55) to obtain:

La = Kk ( L )B % (3.63)
C Ny - v ]

Then, setting A to Lp in (3.62) and substituting for On 1n (3.56)

gives:

Ln = L *+ kailp * 8 )* : (3.64)
D C a( D "oy B!

These equations may be solved for LD to yield:

Lp = ky —%— 8, %+ kg?[d s (1 . X (s )% . ( W B)) %
D X w -y | B {2 4 o2\w -y ’ AU
8 B
(3.65)
For the specific case of k., = kﬂ = k, this reduces to:
Lp = k% 2k( L BJ % (3.66)
wo- v

Finally, to define Lo, we substitute for 05 1n equation (3.57) to give:

Lan = knalLlg + —¥ B )%
Q Q( S — 1)

K2
-iL-b : G s AW BJ ”] (3.87)
2 v
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Hence, the detection limits are found by substituting the appropriate

values for B, into equations (3.65) or (3.66) and (3.67).

A similar analysis may be carried out within Bayesian statistics except
tn this case the test 1s carried out directiy on the parameters of
interest using the posterior density function. This may be applied to
both the problems of deciding on a significant isotope set and the

sample type best fitting the data which were discussed in section 3.5,
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CHAPTER 4

DETERMINISTIC MODEL

The deterministic mode! involves the construction of a discrete
transformation, g, from the isotope activities of a sample to the
observed signals. For this transformation to exist, it is necessary to
destgn a parameter set which incorporates bias parameters. These wil!
be defined by expressing the activities as density functions on the
source and radiation flux geometries. Then, starting from these
functions, the required mapping wili be configured so that the
transformation matrices contain only a combination of known factors
while ali of the unknown influences on a measurement are combined into
the set of inference parameters together with a minimum number of bias

parameters.

With the forward mapping from the source to the observed signals
defined in this manner, it can be inverted to give the mapping, ¢, from
the observed signals to the source using the general technigues

established i1n chapter 3.
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4.1 BASIC SPACES AND THE DECOMPOSITION OF g.

The radionuc!ides of interest are distributed throughout a sampile.
Therefore i1t 1s necessary to construct a representation of the source
which takes into account this distribution. The parameters which

describe a radionuclide are:

- spatial position: r = (x,y,z)},
- time: ¢,

- type of i1sotope: !.

The collection of alt points, (r,t), 1n space and time, define the
geometry of the source. This 1s a four dlmensionaI‘Euclidian geometry
which will be denoted by F4. The i1ndex, 1, defines the type of isotope
and hence the interaction properties of a radionuclide at a point of

this geometry.

For each isotope, the primary radioactivity ts proportional to the
number of nucter of that type. Let B!(rlt) be the number of nucler of
the 1th isotope per unit volume of the sample at the position, r, and
time, t. Then, the expected number of these nuclei which decay in unit

time 1s given by:

%Bi(rlt) = =)0, (rit) (4.1

where X, is the radioactive decay constant for the 1th i1sotope. The
function ej(rlt) will be referred to as the source density. The
vertical fine 1n the argument is used to indicate that it has been

normalised to unit volume only and not to unit time.

For sources which are not decaying rapidly, 6, may be taken to be
approximately constant over the time scales of a measurement. In this
case, there i1s no need to specify the precise point in time at which
the source 1s considered and the parameter, {, may be dropped. For

many applications, 1t will be possible to assume that only siowly
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decaying radionuclides are present within a sample; or, if this is not
exactly true, it may be a simple matter to formulate a decay correction
using equation (4.1). With these conditions, the source geometry
reduces to normal three dimensional space which will be denoted by Ij.
For the present we shall continue working with T, because the analysis
will then be applicable to systems such as the Blowdown Monitor (see
section 2.8) where radioactive material is taken from a stack and
builds up on a collection filler in addition to the decay by the normal
radioactive process. Even in this case, however, it is still possible
to correct for decay. For example, let p,(1) be the total quantity of
radioactive material which fiows onto the collection filter in the time
interval [0,t]1. Then, if ei(l) is the instantaneous quantity of

material (see equation (4.5)), the above equation may be extended to:
d_g,(t) = -n8;(t) + pict) (4.2)
dt dt

and this rearranged to give:

t
0

which simply says that the total quantity of material which has entered
the filter is equal to the quantity currently there plus the quantity

which has decayed. However, if measurements are made over N periods of
duration T the integral is exactly the sum over these periods of all of
the (previously) observed disintegrations, regardiess of how the sample
changes with time. Therefore, if an estimate of 6;(t,) is constructed |
by dividing the observed disintegrations by the measurement period, an

estimate of pi(tn) can be constructed by:

(t.) (4.4)

This formuliation may also be applied to cases such as the rapid decay
of daughter nuclides where, if the parent is uncorrected, near perfect
negative correlation exists between p;(t) and the change in activity of

the parent, independently of its decay mode (see section 4.2).
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If there are | different isotopes within a sample which contribute to

the primary activity, the radiocactive decay constants for these nuclei

can be defined as an ordered set, or I-tuplte, of real numbers,

M= Oy, Ao, «v., M) Likewise, the source densities can be defined
as an l-tuple of real functions, O(rit) = (84(rit), 6,(rit), ...,
9,(rit)). 1f Q, is the set of all I-tuples over T, %1, then 6(rit) ¢
Q, and, furthermore, since X, can be regarded as a constant function
over F4, M e Q. The pair (F4,Q|) wili be referred to as the source
space.

Because X and O are defined on the same space, it is possible to
represent the primary activity, ag(t), of a sample by the inner

product:

ag(t) <MB(> = LN, dr 8, (rlt)

! !
= L X'ei(t).[‘dr f,(r(t) = L X!e’(i) (4.5)
=1 Y 1=1

where f (rlt) 1s a normalised distribution function for the ith
tsotope, which may be regarded as a cdndlttonal probability density for
the spatial position of a radionuciide, and as defined above, 9!(1) 1s
the number of these nuclei 1n the sampie at the time t. These
functions will be referred to as the distribution and magnitude of the

source respectively.

Equation (4.5) suggests that the primary activity is dependent only
upon the isotopic composition and the magnitude of the source and not
upon its distribution. Therefore, if the measurement requirement is to
quantify the primary activity, the source magnitudes can be taken to
define the set of inference parameters since these are sufficient to
define the activity. Note that the total activity itself cannot be
taken as an inference parameter since this depends on the isotopic

composition of the sample and the source magnitudes or the activities

¥1 Alternatively F3
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of the individual isotopes must be defined before a meaningful estimate

of the total activity can bhe made.

In most non-destructive assay processes, details concerning the source
are inferred by the observation of the gamma or neutron fields emitted
by the sample where the observation may he under passive conditions,
when radiation is spontaneous!y emitted, or under active conditions
where nuclear decays leading to emission are induced by interrogating
radiation from an external source. The observed fields will depend on
the distribution of radionuclides within the sample, therefore, the
spatial positions of the radionuclides must be included in the sel of
bias parameters., Notice, however, that the interpretation of the
source distribution (defined by equation (4.5)) as a conditional
probability density, implies that the spatial dependence may be treated
as a parametric function in the same manner as the probability density

for the source magnitudes (see section 3.3).

The particies which are detected may be produced by nuclear reactions
in many materials other than those which contribute to the primary
activity., Let I* denote the (augmented) number of tsotopes which by
some mechanism Influence the radiation fields observed by the
detectors. This collection will inctude most of the stable nuclides In
addition to the radionuclides which contribute to the primary activity,
hence |* may be much greater than I. The set Q,+ contains the
collection of all l'—tuples of source density functions, el(rlt), which
describe these isotopes and the source space may be extended to
incorporate this augmented i1sotope set. Both the source magnitudes and
distributions of the addilional.lsolopes (i1e. for which 1 = 1+1, ...,
t*) belong to the set of bias parameters. In fact, since the augmented
set of source density functions totally describe the sample (see
section 3.2), ideally these functions constitute a fuil (ie. inference

pius bias) parameter set for a measurement of the primary activity,

tn the above particular case, the set of inference parameters
therefore includes the source magnitudes, ® = (8,:i =1, 2, ..., 1},
while the set of bias parameters i1ncludes the source magnitudes o' =

(81 = 141, 1+2, ..., 1*}, together with the spatial positions,
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r = [r’:i =1, 2, ..., l+). These can be combined 1nto the composite
parameter vector which denotes elements of the sample space (see
section 3.4) and 1f the real time, t, belongs to an index set %2, the
general theory of chapter 3 may be applied 1n principle to this
parameter configuration. In practice we would find the pdf for the
spatial distribution almos! 1mpossible to define without making gross
assumptions. Therefore we have need to give greater structure to the
sample space and this 1s the purpose of the deterministic model. It
will be shown that the parameter sets are by no means unique and for a
particular application practical sets become apparent when the
transformation which relates these parameters to the observed signals
1s constdered. 1In fact, constructing this transformation will
introduce further bias parameters assoctated with the transport of
radiation from the point of emission to the point of detection. We
shall eliminate these parameters using the deterministic model and

reduce the bias parameters to a se! similar to that indicated above.

For notational simplicity the “+" wiil henceforth be dropped from
references to the augmented i1sotope set and the source space will
continue to be denoted by (F4,Q,) except 1n instances when 1t is

necessary to distinguish between these sets.

To alfow the construction of the transformation. [t is useful lo
extend the source geometry to incorporate the geometrical properties of
the particles produced by reactions within the sampie. The parameters

which describe a particle are:

- spatial position: r,

- direction of travel: 9 = («,8,Y},
- energy: E,

- time: t,

- particle type: j.

The coltection of all points, (r,Q,E,t), define a seven dimensional

x¥2 Alternatively, t could be included in the parameter set and
the sample number n = 1, 2, ... taken as the i1ndex.
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Euclidian geometry which will be denoted by ;. The coefficrents «, B‘
and Y are direction cosines %3 while the index, j, ts a lable attached
to each particle to denote 1ls type. The variables j, Q, and E are

said to define the phase of the particie.

A suitable model for the collection of particles within a system 1s the
angular flux density function, ¢J(r,Q,E,t). This 1s defined as the
number of particles of type, 3, which pass through unit area at the
posittion r, 1n unit solid angie tn the direction, Q, per unit energy at

the energy, E, and per unit time at the time, t.

Let J be the number of different particle types which contribute to the
observed signals either by direct detection or by playing a role in the
creation of directly detectable particles. Then, the flux density

functions can be defined as a J-tuple, &(r,Q,E,1,) = (,(r,Q,E, 1),

do(r, QE, 1), ., 04(r,QE, 1)) € Qy, where @ is the set of all
J-tuples over ;. The pair ([,,Q,) will be referred to as the flux
space,

The geometries F3 and F4 may be considered as (smaller) geomeiries
which are contained In F7, and will be referred to as sub-geometries of
F7. Likewise any Euclidian geometry constructed from points defined by
a combination of the parameters r, Q, E or t will also be a sub-
geometry of F7. Since the anatysis i1nvolves the construction of
functions over F7 and many of i1ts sub-geometries, the more general
symbol, T, will be used to denote Lhe geometry, I,, together with all
of its sub4geometr|es. For compieteness, T will include the geometry
FU where the functions over FO are the set of al! constant functions
over F7, such as kl the radioactive decay constant for nuclei of type
i. With this generalisation the source and flux spaces may be denoted

by (T,Q,) and (T,Q;) respeclively.

In chapter 2 the signal geometry, FL, was defined as a collection of

¥3 By virtue of the constraint «2 + 82 + Y2 = 1, the three direction
cosines denote a point on the unit sphere and hence span a two
dimensional space.
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multi-dimensional parallelepipeds of the form, [Ek X th X Vm}, where Ek

is an energy interval, t_  a time interval and V an element of volume.

n
However, each of these parallelepipeds defines a subregion of T.
Therefore, FL may be regarded as a sub-geometry of T and the general
signal space can be written as the pair (T, ) where Q s the

collection of spectral image functions of the form, sy ..

The transformation, g, from the source to the observed signals may now

be identified as a mapping from the source space onto the signal space:

g:(F,Q,) + (F,QL) (4.6)
such that:
s = g(8(r|t) (4.7).

The objective is to define this function. However, in the above
formutation the source space bears little resemblance to the signal

space. Therefore, it is necessary to consider an intermediate step.

Let gy be a transformation which maps the source space onto the flux

space, such that:

and
’(r,Q)E'l) = 81(e(rlt)) (4,9)

Then, let g, be a transformation which maps the flux space onto the

signal space, such that:

and

§ = gz(b(r,Q,E,l)) (4.11)
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Therefore, the transformation, g, can be written as:

ga(rit)) = go(g(BCrit))N
= (gp o gy)B(rit)) (4.12)
The symbol "o0" denotes the composition of two functions and this

operation is defined by equation (4.12). Hence, g can be constructed
by defining gy and g, separately and combining these according to the
above rule. Note that by the above procedure we have both introduced

and eliminated the set of bias parameters [&(r,Q,E,t)}.

The transformation, gy, can be constructed using radiation transport
theory while g, may be regarded as the constant distoriion introduced
by the measuring apparatus and it is intended to define this function

experimentally.

The definition of g4 will be considered first where the basic strategy
is to construclt a source term to describe the mapping from the masses
of the sample nuclides onto the flux space and then to generalise this

by incorporating the movement of particlies about the flux space.

4.2 MAPPING ONTO THE FLUX SPACE

In this section expressions for the particles produced by reactions
within the sample or from an external source will be considered. We
shall then introduce the concept of a Green's function and write down
the general integral form of the Boltzmann Transport Equation.

The following reactions are of major interest.

1) Passive reactions

- Primary decay

- Gamma transitions accompanying a primary decay event

- Spontaneous fission.
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2) lInduced reactions

- Absorption

- Induced fission

- Elastic and inelastic scattering

- Secondary particle production accompanying an absorption or

inelastic scattering event.
3) The production of an interrogating flux

- Neutron interrogation

- Gamma interrogation.

Consider the observation of a sample under passive conditions. Let
Ri(r,tO denote the number of reactions of the kth type for the ith
isotope, per unit volume of the sample at the position, r, and per

unit time al the time, t. Then if each nuclei has a probability 0;, of

decaying by the kth reaction in unit time:
Rip(r,ty = Bi(rit) o4 (4.13)
I f ;ijk(Q,E) is the expected yield of particles of the jth type per

unit solid angle in the direction, Q, and per unii{ energy at the

energy, E, then the rate of production of these particles is given by:

b K )
S.(r,Q,E,t) = L LR (r,t) v, (Q,E)
) . ik i jk
i=1 k=1
| K )
= '{18i(rlt)k{10ik Vijk(Q’E) (4,14) .,
i= =

With the passive reactions, the production of particles may be taken to

be isotropic ¥4, Therefore, the particle yield may be written:

- _ 1 - ’

x4 In the absence of external fields the angular and linear momentum
vectors of a nucleus will have random orientation.
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where ;,jk(E) is the expected yield of particles of the jth type, from
the kth reaction and the ith i1sotope, per unit energy at the energy, E.
Hence, by multiplying both sides of equation (4.14) by the factor 4m it
1s possible to eliminate the angular dependence so that:

| K

P -
S|(rE, 1) = ‘[16|(r|t)k[10!k vy KtED (4.16)
l: =

Since 0, and v k(E) are generally avartable from tables of

1)
radiological data, 1t 1s possible to further simpiify the passive

source term by computing the sum over k. Hence:

ST(r,E,t) = i el(rlt) p,J(E) (4.17)
1=1

or:

p |

Sj(r,E) = L 8, piJ(E) (4,18)

1=1

if the source is of constant activity.

In the specific case of a primary decay event, for example alpha decay,
beta minus and beta plus decay, and electron capture, the decay

probability, G,,, is simply the radioactive decay constant, N;,. The

i
particle yield 1s a function of energy which, for alpha decay is a

discrete function of the form:
viuk(E) = piuk 6(Ek --E) (4,19)

where G(Ek - E) is a Dirac delta function with £, being the energy of
the emitted alpha particle, while p, , 1s the probability for an
emission at that energy. For the beta decay processes, the energy of
the reaction i1s split between an electron and an antineutrino for the
beta minus decay, a positron and a neutrino for the beta plus decay and
carried off by the neutrino for eiectron capture. Since peulrinos and
antineutrinos are not detectablie (within the scope of the applications
considered) only the electron and positron specira need be considered.
These wiil be continuous functions of energy with a fixed end point

corresponding to the total energy of the reaction for the beta minus
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and plus decays and zero for electron capture. The positrons produced
in beta plus decay will usually be annithilated to produce pairs of

photons.

Following a primary decay the nucleus may be left in an excited stale
and this energy is dissipated by a gamma transition. The probability
for one of these reactions occurring is the radioactive decay constant
for the primary decay mode while the reactions themselves inciude
gamma-ray emission at one of a number of discrete energies, internal
conversion resulting in the emission of an orbital electron and
internal pair production., These reactions may be followed by the
emission of characteristic X-rays, Auger electrons or annihitation

photons.,

In the case of spontaneous fission, the energy is carried away by the
fission fragments which subsequently decay to yield two or three prompt
neutrons and up to ten gamma-rays. The probability for a nucleus
decaying by this mode 1s constant for each i1sotope while the yields are
functions of energy which are normalised to the mean number of neutrons
or gamma-rays produced. Following a fission, the fragments may emit a

delayed neutron, or undergo an alpha or beta decay as described above.

For the observation of a sample under active conditions, the reaction
rates will depend upon both the source density and the intensityvof the
interrogating flux. The probability for an interaction of a nucleus
with a unit flux of energy, E, and particle type, j, is called a
microscopic cross-seclion and 1s denoted by O,Jk(E), where, again, |
refers to the 1sotope and k refers to the lype of nuctear reaction.

The product of a source density and a microscoptic cross-section is

usually called a macroscoptic cross-section, and denoted:
i,jk(r,E,t) = 8;(rit) O,Jk(E) (4.20)

Then, the reaction rate, R!jk(r,Q,E,t), which is i1nduced by the angular

flux density, ¢ ,(r,Q,E,t), 1s given by:
3

Rijk(HLE D = I, (rE 0 ¢ (r,Q,E 0 (4.21)
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Comparison of equations (4.13) and (4.21) shows that, unlike passive
reactions, the rates of reactions induced by interrogating radiation
have an energy dependence they take from the product of the microscopic
cross-section and the flux. The energy dependence of a microscopic

cross-section for a particular i1sotope and reaction 1s unique,

For the induced reactions, the expected yreld depends upon the energy
and angle of incidence x5 of the interrogating particle which induced
the reaction. Let ;,lek(Q,EIQ',E’) denote the expected yield of
particles of the jth type created 1n the kth reaction, per unit solid
angle in the direction, Q, per unit energy at the energy, E, and for
the angle of incidence, Q°, and energy, E’, of the particle of type,

J°, which i1nduced the reaction,

In at! the stated cases of induced reactions, the macroscopic cross-
sections govern the probability of the reactions occurring, while the
particle yields determine the configuration of the product particiles.
If it 1s specified that atll of the particles which enter a reaction
disappear from the system and are replaced by the product particles,
then all of the specific cases, including absorption and scattering,
can be incorporated into the model by the appropriate definition of
the particle yields. For example, for i1nduced fission and absorption
or inelastic scattering foillowed by secondary particle production
interactions, the particle yields are the mean number of neutrons,
gamma-rays or charged particles which are produced in a region of the
source geometry by the reactions, minus the original particle. For
elastic scattering the particle yield is a single new particle moving
in a different direction and with a different energy from the original
particle (which disappears from the system). For pure particle

absorption the yield 1s minus one.

The loss of the original particle can be taken into account by
subtracting the factor 61116(9 - Q)E(E - E') from the positive yield

function ;'jj,k(Q,ElQ’,E’) which describes the particles created in the

x5 This is the reason for the inclusion of an angular dependence in
(4.21) which is taken solely from the interrogating flux.
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the reaction, where &, ,.15 a Kronecker delta function and 4(Q - Q') and

&
I
S(E - E’) are Dirac delta functions.

The particle production rate 1s then given Dby:

K n E
max .
S?(r,Q,E,t) L J dQ:[ dE’(v!jJ,k(Q,ElQ',E')
1 k=1 Jd4n 9

]
-~
1~

i=1 g’

-5 80 - QYS(E - ET)) R, . ‘g
5,800 - QOBE - ED) Ry (r,QE 1)

! Jop oK P Emax
= [e,(rity [ E [0, (E) &,(r,QE, 1) + J dQ:[ dE
i= yr=t b=t an  Jdo
K -
. { r ‘ .. [ ., ’ .
kE1V!JJ K (QEIQLED) O (E) §).(r,QE ,t%

| J Emax
= ze,um[- 0, (E) ¢ (r,QE, 1) ¢+ | J dQ’J dE’
J J
1°=1 Jan 0

1=1
p!JJ'(Q,EIQ':E,) ¢J’(FJQ,;E’:t)1

(4,22}

Enax denotes the maximum energy of the particles which are created

within the system or enter the system from outside.

The main absorption mechanism for gamma-rays of low to intermediate
energies (i.e. 10keV {o 1MeV) 1s the photoelectric effect. Here, the
tncident photons interact with bound atomic electrons passing all their
energy to the electrons which are ejected from the atom with kinetic
energy equal to the energy of the initial gamma-ray less their own
binding energy. At low energies the cross-section for this reaction
exhibits a number of sharp edges, ca!led absorption edges. These occur
when the photon energy equals the binding energy of an eiectron shell
and the absorption edge indicates that gamma-rays with energy less than
the binding energy do not interact with the electrons of that shell
while those with higher energy do. Since momentum must be conserved by
the recoil of the atom the photoelectiric interaction can only occur

with bound electrons.
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For higher energy gamma-rays, photonuciear absorption may be
significant., These reactions can result in the production of lower

energy gamma-rays, neutrons or protons.

Gamma-ray scattering can occur with bound or free electrons. However,
if the energy of the incident photons i1s much greater than the binding
energy, an atomic electron will behave as if it were free. Therefore,
it 1s usualiy only necessary to consider incoherent (or Compton)

scattering with free electrons. For the energy range of interest this

mechanism will dominate the coherent and nuclear scattering reactions.

For gamma-rays with energy above 1.022MeV the production of eflectron-
positron pairs (ie. external pair production) within the electro-static
potential field of a nucleus or an orbital electron 1s possible. The
resulting positron i1s extremely reactive and may quickly annihilate

with an atomic electron to produce a pair of 511keV gamma-rays.

Neutron absorption occurs by radiative capture which has a continuous
cross-section but with sharp resonances occurring at the energies
corresponding to nuclear energy levels. These reactions result 1n the
emisstion of prompt, high energy gamma-rays along with lower energy
delayed gamma-rays if the daughter nucleus ts radioactive. It is also
possible for neutron capture to result in the production of charged
particles such as protons or-alpha particlies although there is usually
a threshold energy associated with these reactions. |f materials such
as U-238 and Th-232 capture a neutron these can decay by the beta minus -
reaction to yield a fissile nucleus (see next paragraph). These

isotopes are therefore called fertile,.

There are three types of induced fission reactions. These are thermal
neutron induced fission, fast neutron induced fission and photofission.
Thermal fissions can occur 1n a small number of fissile i1sotopes, where
only U-233, U-235 and Puy-239 are sufficiently stable to e;nst for a
reasonable period of time and these have half-lives of many thousands
of years. Other nuclides such as Th-232 and U-238 will fission when
interrogated by a neutron or gamma-ray above a certain threshold energy

which is characteristic of the isotope, These are known as fissionable
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nuclides. As with spontaneous fission the energy produced in the
induced reactions is carried away by the fission fragments which decay
to yield prompt neutrons and gamma-rays and may aiso emit a delayed

neutron.

Neutrons undergo two forms of scattering which are elastic scattering
and inefastic scattering. Etastic scattering is by far the most common
reaction for slow neutrons and predominates when the neutrons are in )
therma! equilibrium with their surroundings. In these reactions the
mean energy of the thermal neutrons remains unchanged while the neutrons
rapidly lose any directional preference and for a homogeneous material
will diffuse isotropicaliy through space. Faster neutrons give up part
of their energy to the scattering nucleus and are therefore siowed down
until they achieve the thermal equilibrium state where the probability
of being sheeded up in a reaction equals the probability of being

s lowed down.

For inelastic scattering part of the collision energy fs given to
excite a target nucieus which may decay to produce further particles,
For example, in certain heavy materials, it is possible for neutrons of
about 10MeV or greater to excite a target nucleus so that it emils a

second neutron thus giving rise to (n,2n) ;nteractions.

In general, all of the above reactions commence with the absorption or
scattering of a gamma-ray or neutron which may leave the atom or
nucleus in an unstable state and this subsequently decays (or fissions)-
to yield secondary particles. A similar pattern 1s observed with
charged particles except that in this case the main interactions at the
energies of interest occur with atomic electrons since the charged
particles must overcome the ejectrostatic fieids of the atom to
interact with a nucleus. Hence the primary mechanism by which a
charged particle loses energy 1s by scattering with electrons and
subsequent ionization of the atom. In the case of a proton or alpha
particle, once the kinetic energy has been lost, these can caplture one
or two electrons to produce elemental hydrogen or helium, respectively.
Likewise, an electron may lose its kinetic energy and be captured by an

atom,
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Charged particles (particulariy electrons) also lose energy when

passing through the Coulomb field of a nuclieus. This is converted into
electromagnetic energy and bremsstrahlung photons are produced. These
have a continuous energy spectrum and may take any energy from zero to

that of the charged particie.

One important exception to the rule that charged particles interact
mainly with the atomic electrons are alpha-neutron interactions.
Here, alpha particles produced by the decay of heavy nuclei interact
with light nuclei to produce neutrons. Since the heavy metals
natural!ly form oxides and fluorides, these reactions are common and

cannot be neglected.

Since the production of the interrogating particles is independent of

the sample, there 1s some simplification to be gained by treating the

tnterrogating flux as a time-dependent background. This introduces an
extra flux term of the form ¢Jo(r,Q,E,t) which must be defined by

calibration.

The flux density function ¢?(r,Q,E,t) may be interpreted as the flux
that 1s observed throughout an emply sample container. When materiatl
1s present within a contatiner, ¢?(r,Q,E,!) 1s modtfied by nuclear and
atomic interactions as described above and defined by the composite

passive and active source term:

!
- 1 -
S,(r,9,E,1) = ’E1e,mu[ﬂp”(e> G, (E) ¢,(r,Q,E,1)

J nE
max
s dQ'J dE’ p, ), (EIQE") d,)].(r,Q',E’,t)]
j7=194an 0

(4.23)

These interactions always occur at a point 1n space and time (although,
which particular point cannot be known exactly) and change only the
phase (je. the vartables J,Q and E) of the particle. Hoﬁever, between
interactions, the particies propagate through space and time and fo
ascertain the extent by which the initial fiux is modified for a

particular sample configuration, 1t 1s necessary to take this
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propagation into account. This amounts to defining an operator kernel,

G, known as a Green's function, such thatl:

0 N
$,(r.QE, 1) = 8,(r,0E D J dt'[ dri G, (rtir 0 E, 1) S, (r 9,6, ")
J D \;v J

(4.24)

or using (4.23) to expand the source term:

t i
0 .
¢j(r,Q,E,t) = ¢}(r,Q,E,t) + [ dt'I dr’Gj(r,tlr’,Q,E,t') ) ei(r'lt’)
by \ i=1

' : J Emax ,
“— p, (E) - O, (E) ¢ (r",Q,E,t") + [ dQ . dE
4n ' R .

17=1 J4n 0

Py (LEIQLED ¢j’(r’,9',E’,t')]
(4.25)

Equation (4.25) is the general integral form of the Boltzmann transport

equation and this corresponds to the mapping gy.

The problem of defining the kernel will be considered in the following
sections. However, first, we divert to consider a particular class of

systems for which its detailed, theoretical definiton can be avoided.

4.3 APPLICATION TO FIXED GEOMETRY SYSTEMS

A fixed geometry system is one for which the detection efficiency of a
measurement is constant for all of the samples encountered by the
system. That is, the observed signals are directly proportional to the
particle emission rate of the source and the detection efficiency can

be defined by calibration.

For example, the class of fixed geometry systems includes assay systems
to make measurements on a sample of contaminated fluid whére the fluid
is drawn through a sample vessel al constant density and only the
levels of contamination change. Of course, the assumption that

secondary reactions with the contaminants themselves are negligible,
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ts 1mplicit to the above definttion. This class of systems also
includes the majority of flux monitoring instruments since, here, the
observed signals are dependent only upon the efficiency of the detector

and this remains fixed for al! measurements.

In certain circumstances, for example, in the case of the Blowdown
monitor, the definition of a fixed geometry system can be extended to
inctude small variations 1n the consistency of an absorption filter.
This is because weights can be used to correct variations (up to
approximately 10%) in these using the correlation between different
spectral lines from the same tsotope. For the Blowdown monitor the
weights may be applied directiy to the photopeak areas resulting from
the use of a high resolution HPGe detector. However, it will be shown
that this method may also be applied when statistics of this form are

not available such as for a system based on an Nal(T1) detector.

To formulate the transformation between the source and the observed
signals, the first step 1s to discretize the energy and time dependence
of equation (4.25). This 1s achieved using a multi-group approximation
[1] which involves integrating over small regions and summing the

resulting terms to yield an equation of the form:

0 n !
- (3 . ‘ 1
¢;kn(r'9) = ¢;kn(r'9) + ¥ k[ dr b;knn'(rlr A L8, (r )[Z;p’jk
n'=1dJy 1=1
J K p
- oljk d)jkn:(r,Q) + z z j 49 p!JJ:kkr(Q'Q’) ¢j:k/n'(r',Q';l
17=1 k=1 J4n

(4.286)

where k denotes a small energy tnterval and n denoles a small time

interval which are chosen to match the partition of the signa! space.

Next, let:

n

1 0 !

- . ‘ 1 B

¢jkn(r;Q) = ¢Jkn(r,Q) + X J\ dr ijnn,(rlr ;Q)L—n [ p']k Qin«(r )]
n'=1vy 1=1

(4,27)

which using the decomposition of the source density into its magnitude
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and distribution (see section 4.1), may be written:

1

1 0 n !
¢3kn("Q) = ¢Jkn(r,Q) + '{1[;; J;dr b;knn""' S r } [1p|]k 9,n
n = 1=

!
1 G pnn (F19) X1p,1k 6,n (4.28)
| =

L1 at Beo |

0 .
¢Jkn(r)Q)) +
n

By assumption, the 1sotopes are i1dentically distributed resulting In
the distribution function, f,.(r’), being i1ndependent of 1. The
function, ¢?kn(r,Q) contains the passive source term and depends only
on the first | 1sotopes, which denote the radiocactive isotopes of
interest. We may also define an integra! operator, ﬁ, which contains
the induced source term. By assumption this 1s independent of the
radioactive i1sotopes, bul depends on the stable 1sotopes (of known

compostition) and operates on the unknown flux density, ¢.

+

K !
Z J‘Vdr'G}knnn(rlr',Q) Z e!’nv(r')

1 k'=1 p=] 41
E vkt )
b

With these definitions, equation (4.26) may be wriiten:

K;kn("Q) = '
n

ne 3

{11 qaae I 48

dQ’p!jJ,kk(QlQ';l (4.29)
1 4n .

1 ~
b = ¢ + Ko (4.30)

This i1s a Fredholm integral equation of the second kind. For a
non-supercritical system, (4.30) is a contraction mapping [2] and,

hence, is amenable to a Neumann series sofution. Let:

o' = o
¢2 - ¢1 . K¢1
82 = o'+ ke? = o'+ Ke' + Kke'

o'+ Ko%= o' ¢ Ko+ KK& ¢+ .... + (K3’ (4.31)
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Because of the contraction property of the mapptng, it can be shown:

o = Limed = (1 + K + KK + ...+ 0%+ ... e (4.32)

qto

The first term of the series may be interpreted as the direct flux at
the detector from the passive sources while the second, third and
fourth terms (etc) correspond to the flux incident on the detector
after respectively one, two or three secondary reactions. The powers
of & may be interpreted as the g-step transition probabilities for a
discrete time, continuous state space Markov process with starting

distribution ¢1 (see section 3.4).

Summing the corresponding terms of the Neumann series in n’, ‘' and k’

and integrating over the primed angular and spatial variables, gives:

J !
Z1 Ban‘kky (T L Pk Bin
- ’ -

n
= )
'I’Jkn(r,Q) q}kn(r,Q) + : 1

(4.33)

where the background function, q, depends on ¢g, but, otherwise, both
of the functions g and g depend oniy on the configuration of the
measurement system which 1s constant and not upon the activity or

tsotopic composition of the contaminants within the sample.

The observed signals are related to the flux within a delector volume

by the 1nner product:

K

n
i ) \[ er‘ dQ q;kk’nn'm(r'g) ¢;k'n’(r’g)
= kJdV an

S jknm
1 k=

= <6iknm!?)? (4.34)

where this equation defines the mapping g, for the case of a fixed
geometry system. Substituting for ¢,k,n,(r,9) from (4,33) to expand
3

the inner product gives:

n K J !
Siknm = <Gjknmfa> + L L L <Ciknm!8y ) kkrnn? L Piji®ne
n=1 k =1 gr=1 i=1
(4.35)
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which 1s the required composite mapping between the source density

magnitudes and the observed signals.

The detectors discussed i1n section 2.1 respond primaritiy to one
particle type, therefore, 1t 1s usually possible lo filter out any
background from other particies. For the majority of applications, the
detected particles will be of the type emitted by the source. |In these
cases the index j does nol play an active part in the interpretation of
the measurements and may be dropped. In the cases where reacltions such
as {(«x,n) are significant whereby particles of one type are transformed
into particles of a delectable type 1n their passage through the
sampie, these can only be included in the fixed geometry model 1f they
can be incorporated into an augmented passive source term and lrealed
as a primary source of detectable partictes or interact only with the
fixed isotopes of the sample so that they bear a constant relationship
to the primary source. For the remainder of this section we shail

assume that such reactions are neglectable and ignore this index.

Each combination of the discrete variables k, n and m, which denote the
energy and time channels and the detector position, leads to a linear
equation in the source density magnitudes., Let & =1, 2, ..., L denote
the set of these combinations which are chosen to yield one of the
signal space configurations discussed 1n section 2.3, Then equation

(4,35) may be written:

L !
sq = <CQ'|Q<L> *&’{1<C(Ligq’q’,> X’pi.‘ el . (4,36)
= 1=

where the time dependence of ¢ has been included i1n pg., or leads to
several seperate measurements each yielding 1ts own set of equations of
the above form. In matrix notation, equation (4.36) becomes:

s - b = EPB (4.37)

where, writing equation (4.12) as:

s -b = (g, 0gy)(0) (4.38)
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it can be seen that P 1s the matrix of the transformation g4, and E the
matrix of g,. Notice that the flux and signal spaces have now merged
into a single space, which could be referred to as the measurement
space. Hence, gy, maps the source space onto the measurement space
while g, maps the measurement space onto i1tself to account for the

constant distortion introduced by ithe measuring apparatus.

For the fixed geometry systems only the source magnitudes of the
radioactive i1solopes need be considered. Therefore the set of
inference parameters consists of those radiocactive isotopes in which we
are intresied while the remainder are bitas parameters. Note, however,
that the {otal parameter set 1s fixed by the application and while
isotopes may be exchanged between the parameter sets and only those of
interest reported, the system must be configured to make measurements

on the total parameter set and this cannoil be changed.

Equation (4.37) may be solved for 8 using the general techniques
established in chaplter 3. For many sampling systems, the change in the
activity of the contaminants 1n the fluid will be continuous., In these
cases the best apriori estimate of the current activity would be the
configuration of the nuciear process at the end of the previous
measurement. Therefore, rather than constructing the prior density
from the stationary distribution of the process, 1t 1s possible to
simplify this procedure by ltaking the postersor density for one
measurement as the prior density for the next. In this way the
measurement data 1s used to up-date the previous estimate rather than
restricting the more general prior density to a specific case
independentiy of previous estimates. This method of estimating is
equivalent to the construction of a moving average, or trend, to

represent the levels of contaminant activity.

Using the general linear model of section 3.5 to solve equation (4.37),
and taking the posterior density as the prior density for the next

measurement, results 1n an estimator of the form:

I R I AN SRS I
! u/ A u, e,
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where:

Unst = [[EP\ TV )”(EP) - (4.40)
vy e )

gives the variance of the next prior density.

The matrix P may define the emission of particles at (say) different
energites from the same isotope. In this case positive correlation will
exist between certain of the energy channels, and this may be used to
define non-zero, off-diagonal elements of the covariance matrix, V..
In general, these are given by:

Vvoq: = Pqq-0¢0q. = Pgq-lsq + 2bg)®(sq.+ 2bg )% (4.41)

where 0 1s the correlation coefficient between the %th and %'th
channels and Oy and Og. are the standard deviations of these channels.
In the absence of fission, the signals are Poisson distributed (see
section 2.3) and the best estimate of the standard deviations are given
by their square roots where a correction for the subtracted background

1s made as necessary (see section 3.86).

The correlation coefficients may be defined by considing the inner

products:

! !
b = L pgi 6 and 0g- = [ pg-, 9, (4.42)
=1 1=1 '

which represent the multiplication of rows of the matrix, P, and the
activity vector, 8. It 1s assumed that the matrix elements are known

accurately.

Expand dq and ¢Q, In a Taylor series about the mean activities, such
that:
t

(0 8,) = ( )+ [ (e, - 2% 9.2 4
¢1 IR = ¢1 UP.--,LH [1( i u' Bu + of i ) (4.43)
= |

and similarly for ¢q-. Then, multipiying these two series together and
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taking expected values, gives:

1

3 Bdg -
covidg,dg ) = f var(el) —2& ?2&_ (4.44)
1=1 Bu, Ou,
1 the QI are i1ndependent. Hence, it 1s possible to construct a
covariance matrix with elements:
!
veg = L0 %eg, ey, £4.45)
1=1
or, writing (4.45) in matrix notation:
Vo © prp! (4,46)
where L i1s a diagonal matrix with elements 0!2. If a sufficient number

of channels are used to ensure that no more than one i1sotope emits on
each channel, then there is no loss of generality in taking ¥ to be the
identily matrix, I. Alternatively ¥ may be taken to be the i1dentity
matrix so as to give the 1sotopes equal weight or constructed from the

variances of the prior density.

The above procedure may be repeated for the inner products of the rows

of the detector efficiency matrix and the particle emission rate:

L L
s = L oeqqr og- and Sm ~ Loepg 0y (4.47)
%=1 %=1

where s denotes the sample mean of the signats. This results 1n a

covartance matrix of the form:

V. = (EPYE(EP)T (4.48)

Finally, the matrix of correlation coefficients has elements:

VQ.Q.'
. = (4.49)
pq'g’ (VQ‘Q, VQ,'Q,' )}5

where the Veq - are elements of Vs.
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The matrix P is easily constructed from published tables of
radiological data [31, while the background vector may be quantified by
a simple preliminary measurement without a sample. 1t remains to
define the detection efficiency matrix E, which 1s constructed by a

calibration experiment.

The first step is to use the system to collect spectra for a number of
different isotope configurations. It is not necessary for these to be
the same as those encountered in practice. However, the emissions from
the calibration isotopes shouid occur 1n the same range as the intended
samples and contain sufficient variety to provide a weli conditioned

emission probability matrix.

For each spectrum, the observed signals are related to the source

emissions by:

Eé, = s, (4.50)
where the emissions may be computed from the known source activities
by:

¢, = PO, (4,51
The equations for individual spectra can beicombrned into a single

expansion of the form:
E@Q = S (4,52)

where S and @ are L X U matrices, with L being the number of channels
(ie, the dimension of the square matrix, E) and U the number of

calitbration spectra.

For a large number of channels it is inconvenient to collect enough
spectra to make (4.52) over-determined. However, the probability of
detecting a particle at one point of the signal geometry given its
emission at another is a continuous function of these points.

Therefore, the matrix elements may be treated as samples from this
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function and represented by series of orthogona! polynomials. For

example, for the energy resolving system, this takes the form:

R-1 R-1
1=0 k=0

where Eq and Eq. may be taken as the energties corresponding to the
centre of each channei, normalised to the interval [0,1]. The
maximum order and type of polynomial are best chosen to match a
specific application. However, for numerical work, the Chebyshev

polynomials defined by:

Tesg(EY = 2B T (E) - T-1(BD (4.54)
have several optimal properties {41,

Equation (4.53) may be written as

E = TAT (4.55)
where T 1s the matrix of polynomial values and A 1s an R X R matrix of
coefficients where R-1 represents the highest polynomial order. With
this decomposition, equation (4.52) becomes:

TA(TT®) = s (4.56)
where the unknown detection efficiency matrix, E, 1s reduced to the
much smaller unknown coefficient matrix, A. This makes the
experimental construction of E a viable proposition.

Multiplying both sides of (4.56) by (' 17 on the left, gives:

ATTey = (7T 11Ts (4.57)

which may be transposed to move the coefficient matrix to the right of
the matrix (TT®)T,
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The matrices G = (T'®7 and F = ((T'DH '77$)T are both of order R X U.
Therefore, if the number of specira, U, is greater than the number of

polynomial terms, R, the equation:
GA = F (4.58)

may be solved for A using the general |inear model. However this

solution is more convenient if we proceed as follows.

Let aj and fj denote the jth columns of A and F, respectively. Then

(4.58) may be written:

G 82 = f2
o . \"
G/\ap fR (4,59)
or more succinctly as:
Ga = f (4,60)

Then we may use the earlier procedure to define the covariance matrix
of f and the equation can be solved using the general |inear model as

formulated in chapter 3.

Once an initial estimate for the coefficients has been obtained, this
can be refined using periodic calibration measurements throughout the
lifetime of the system. In particular, there is no need for a complete
set of calibration spectra to be defined since the old coefficient
estimates can be updated using a small number of spectra together with

an estimator of the form:

= T -1 -1 T -1
Ay T G+ Vn+ G+t G+ Vet st (4.61)
{ u, | { U, a,

where the terms of (4,61) are defined in an almost identical manner to
those of (4.38). It may even be possible to install a shine through
source in the sample container and use its known activity together with

the estimated sample activities to refine the coefficients on-line,
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4.4 SPATIAL DEPENDENCE AND TRANSPORT THEORY

We now return to the detairled definition of the Integral Boltzmann
transport equation. The usual derivation, oblained by considering the
balance of particles 1n a region of the flux geometry [1], leads to an

integro-differential equation of the form:

1 ) -

: 2 ¢ (r,Q,E,t) + Q.¥ (r,Q,E,t) =

v (E) 3t * |
J

e -

RN
1e,um[w PijE)

J Emax
-0, (E)0 (r,Q,E, 1) + [ o’ dE'p, , , (REIR LED® . (r,Q ,E )
AR 1 dan Jo 1yl ]

(4.62)
where vJ(E) ts the speed of a particte of type, j, and energy, E.
The right hand side of this equation 1s the source term of equation
(4,.23). This may be positive or negative by virtue of the total
tnteraction term, -oiJ(E)¢J(r,Q,E,t). This 1s traditionally included
in the left hand side of the equation where 1t describes the foss of
propagating particles by interaction. |Its incorporation into the
source has the advantage of removing the dependence of the left hand
side upon the unknown source density, 6 (rlit). The importance of this
lies 1n the fact that even with a known source denstty, 1t 1s difficult
to define a Green's function (see equation 4.25) uniess assumplions
such as time independence, homogeneity and i1sotropic scaltering are
made - which rather defeats the objective of the present exercise.
However, the incorporation of the total interaction term in the source
requires the conceptual block of negative sources and their effects
propagating through space to be overcome. |In fact, there i1s no reason
why this should not be accepted 1f the arguments of section 4.2 are

accepted. With the above stipulation, equation (4.62) may be written:

%T¢J(r,Q,E,t) $ VT (rQ,E, D = v (E)S(r,0,E, 1) (4.63)

Where v = vj(E)Q is the velocity of a particle. This equation may be

regarded as a pure partial differential equation.
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The characleristics of a partial differentral equation are the paths on
which 1t reduces to an ordinary differential equation. As shown in
figure 4.1, the characteristics of the transport equation are the
straight lines defined by the point, r, and direction, Q. We wish to
construct a Green's function to describe the propogation of a particle
along a characteristic so as to express equation (4.63) in the form of

equation (4.24).

Writing G(r,t)> as a shorthand notation for the Green's function

Gj(r,tlr’Q,E,t'), this function 1s a solution of the equation:

%TG(r,t) + v.VG(r,t) = ZV}(E)ﬁ(r - r)sct -t (4.64)
where the Dirac delta functions, &(r - r*35(t - t°), define a unit
point source at the position r* and time t'. The factor 2 allows for

the fact that a particle can propagate in eitther direction along a

characteristic.

Taking the Fourier transiorm of equation (4.64) with respect to the

spatial variabies gives:

) PP
Ba(r,t) etk Tgr + . VG(r,t) ek Tyr
p Ot -o

|

N @
= ZVJ(E)G(t - t')J\[[ 5(r - r') o'k Tyr (4.65)
v—0 ’

which reduces to:

tker? (4.66)

D

%TX(k,t) S Xk, t) = 2v (EDSCL - 17
J

where X(k,t) is the spatial Fourier transform of G(r,t). Then, taking

the Fourier transform of (4.66) with respect to time gives:

ra} o
B xik,t) 't - j(v.k) x(k,t) e'9tgy
-0 6t ' -0

m .
= 2v (E) otker J s(L - t7) el®tgy (4.67)
-®
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which reduces to:

10y, @) + P (v-k)g(k,0) = = 2v () gt ket wt?) (4.68)
where ¢(k,0}) 1s the temporal Fourier iransform of X(k,t).

We have succeeded in reducing the partial differential equation (4.64)
to an algebraic equation 1n the complex plane (4.68). This can be

rearranged to give:

ZVI(E) ev(k-r'* wt )
1 w o+ vk

(4.69)

glk,0) = -

To reconstruct the Greens function it is necessary to take the inverse
spatial and temporal Fourier transforms of ¢(k,w). These can be

combined to produce an expression of the form:

2v (E) PP i(ker s 0ty
G(r,1) = —L " [ J‘ -8 e tlker + 01 4yqi
cnt | id-o 9+ vk

v (E) T2 1 D -1tk (r-r) o+ @alt-t )
—4 - — e doldk  (4.70)
(2m3 -oL T l-gp o o+ vk -

The inner integral, with respect to ®, has a simple pole on the real
axts at @y = -v-k. This integral can be evaluated by completing the
contour through the complex ptain at R = @ as shown in figure 4.2, than.
applying the calculus of residuals., Since the closed contour does not
enclose any poles 1l can be shown [4] that the only contribution to the
integral is the Cauchy principal value of the pole on the real axis.,

Hence we may write:

1 J‘m ootk Crmr ) 4 alt-t))

© m - i)

1 otk (r=r’) 4 git-t))
A du
21'“ r ] - (IJU

= o ilkelr-r’) + wgt-t")) (4.71)
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where a_y is the first order residual at @y and the last step arises

from the direct application of the Cauchy integral formula.

Substituting for @y 1n (4.71) the expression for the Greens function

(4.70) becomes:

viE) PP ey e
G(r,t) = JIJ e ! (ke tror) = vt gy (4.72)
2m3Jdd-o

which is an alternative expression for the Dirac delta function:
G(r,t) = v (BE)&{r-r") - v(t-t° )N (4.73)
El

in fact, for the present application (4.72) 1s the more useful

expression. Substituting this into (4.24) and rearranging gives:

t
0 .

¢J(r,Q,E,t) = ¢J(r,Q,E,t) + VJ(E) J dt exp(-i10g(t-t)}
0

! ( dk exp{-1k-r} ‘ driexp(ik-r} S (r,QE L) (4.78)
c2m3 Jdu dy

Since the integrals over r’and k represent a forward and inverse

Fourier transform pair, equation (4.74) reduces to:

]
0 S
¢J(r,Q,E,t) = ¢j(r,Q,E,t) + vJ(E) [ dt'exp[-lwg(t—t’)} Sj(r,Q.E,t‘)
0 :
(4.75)

The above transformation has the effect of evaluating the flux at an
interior point of the source and this may be of great value i1n the

processing of data from nuclear instrumentation systems.

The Greens function must be real, therefore equation (4.75) only makes

sense at the discrete points 1n time.

({ -ty = 2nm - n (4.76)
(1]0 v

where v is interpreted as an interaction frequency at the point, r.
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But this implies:

(4.77)
and when t = 0

n = [vtl (4.78)

where [] denotes the integer part of the real number, vt. This denotes
the total number of interactions at the point, r, in the time interval,
{0,t]. Hence, the time integral may be written as a sum and equation

(4.75) becomes:

0 v () tvil
o (r,QE, ) = ¢ (r,Q,E, t) + —4—— | S (r,Q,E,t_ ) (4.79)
J J v . n
n:’

Since Sj(r,Q,E,t) 1s the number of particles produced in unit time and
Vv 1s the number of interactions per unit time, the product

% S (r,Q,E,t) denotes the particies produced per interaction and the

1 Pl

sum is taken over all of the interactions in the time interval, [0,t],

This result is not totally unexpected because of the phase relationship
embodied in the Dirac deita function of equation (4.73). It implies
that the initial flux at the point, r, is modified only by the series
of discrete reactions at that point. This situation arises because the
movement of particles about the source volume is independent of the
source density and it has been demonstrated that in free space the

divergence of the angular flux s zero.

Because the frequency v is unknown, equation (4.79) is best expressed

in another form. Consider the change in the flux over a time interval,
h, small enough for the probability of two reactions occurring in that
period to be neglectable and for the probability of one reaction to be

proportional to h, Then equation (4.79) may be written:

: 0 ]
¢j(r,Q,E,t4h) - ¢J(r,Q,E,t) = ¢J(r,Q,E,!‘h) - ¢}(r,Q,E,t)

+ th(E)SJ(r,Q,E,t) (4.80)
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where the frequency, v, cancels. Dividing through by h, then taking

the timit as h tends towards zero, gives:

d 0

Ej--t-{d>J(r,Q,E£,t) - ¢J(r,Q,E,t)} = v,(E)Sj(r,Q,E,t) (4.81)
J

Integrating both sides with respect to t and using the fact that

¢j<r,Q,E,0) = ¢?(r,Q,E,D), we have:

t

0 .
¢J(r,Q,E,t) = ¢J(r,Q,E,t) + [ dt‘vj(E)S.(r,Q,E,t’) (4.82)
Jo ’

Finally, expanding the source term gives:

t |
0 .
O (rQE 1) = &.(r,Q,E, 1) + J dt'v (E) 9’(r|t’)[%— pi (E
3 3

0 ’ i=1 n

3 [Emax
- G,j(E)¢J(r,Q,E,t’) + dE“| d@’
1°=14d0 4n

p!]1,(Q,EIQ',E’)¢J,(r,Q’,E',t'ﬁ (4.83)
which is the required integral form of the transport equation and
defines the mapping, g4, from the source space onto the flux space in
detail.

4.5 APPLICATION TO GENERAL SYSTEMS

As with the fixed geometry solution the mapping 8> which relates the

observed signals to the flux takes the form of the inner product:

!n [ Emax
dtJ dr dE dQ € (r,Q,E, )¢ (r,Q,E, )
J J
0 Y Ek 4v

<Gy jlo >, L o= 1,2, ..., L (4.84)

squ

where each % represents a combination of the parameters k, n and m
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which define the signal space. The function € 1s independent of the

source density.

Equation (4.84) may be expanded using (4.83) to give the composite
mapping:

) tn Y "Emax
sgj = by, *| at] ar dE

S nt ]
49 €, (r,Q.E, v (E)] dt’ [ 6,(rit")
0 Jv €y Jam

! 0 1=1

1 . J “max s ,
op (E) -0, (E)O(r,QE,t) ¢ [ dE’|  dQ
An (=140 4

plJJ.(Q,EIQ’,E')¢J:(r,Q’,E’,t’i (4.85)

where the background function, b&;' 1s defined by:

t nE
‘n max 0
dt| dr dE dQ Q% (r,Q,E, )¢ (r,Q,E, t)
J }
0 v Ek 41

<C’\LJ‘¢}>‘ = 1; 2; Ve ey L (4.86)

H

bQJ

By interchanging the order of the time integrals 1n equation (4.,85) and

factorizing out the source density, this equation may be written:

! t
n
Slj = ij + »[ j‘ dtj dr gilj(r,t) 9,(r|t)
1=1d 0 v
{
= bij + Z <8Qljlel>' | = 1, 2, ..., L (4.87)

1=1

where the function ngj(r,t) 1s defined by:

_ Emax 'n , , 1
gqi,(r -ty = dE | dQ| dt ng(r,Q,E,t v (E) e Py j(E)
Ek 47 t

£ o
-0, . (). (r,Q,E,t) + dE dQ'p. ; AQEIQE N, . (r,Q°,E" L)
t} J 1 an v J

(4.88)
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The general procedure for the sofution of equation (4.87) is to first
solve equation (4.84) for the flux, then substitute this solution into
equation (4.88) so as to define the function, g. Equation (4,87) can

then be solved for the source density using the resuilts of chapter 3.

With the present formulation, the above procedure requires that the
function @Qj(r,Q,E,t) be defined by experiment and that the function
péjj:(Q,E!Q',E’) bevdeflned from published tables of data. However,
because of the number of variables, both of these requiremenis present
difficult problems. Therefore, considerable benefit would be obtained
by re-formulating the equations so as to reduce the gross quantity of

data required to define these functions,

Returning to equation (4.83), the angular dependence i1s necessarily
inctuded 1n this equation to obtain the correct solution in the
presence of source tnhomogeneities and anisotropic scattering and
particle production, but the angutar distribution cannot be resoived by
any of the measurement‘systems we have discussed. Therefore, any
simpler method of incorporating the angular dependence which
satisfactorily accounts for this behaviour would be suitable for the
present requirement. It ss intuirtively apparent that the operation of
mapping the angular flux from one state to the next by the direction
dependent particle yields, should be equivalent to the operation of a
tensor on a vector representation of the flux. Furthermore, 1f these
formulations are equivalent, then 1t should be possible to derive one

from the other. In fact, we shall show that this 1s the case.

The first step 1s to multtiply equation (4.83) through by @, so as lo

produce a vector equation of the form:

Nt |

0 .~ b
Q. (r,Q,E,1) = Qb (r,Q,E,t) + | dt'v (E) [ 8 (rit)|1 Qp. . (E)
H J 0 J 1=1 ! 41 '

- 0 (E)Qp (r,QE, L) 4

pijj:(Q,EIQ',E')Q)j'(r,Q',E',l';J (4-89)
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Next, we seek to replace the vector flux, Q¢ (r,Q,E, 1), by a veclor

J
current density which 1mplicitly contarns the angular dependence of the
particles as they propagale through a sample. By the conventional

definition [51, a current density has the form:

n

v, (rE 0 = J Q6. (r,9,E,1) dQ (4.90)
an -’

Where ¢J(r,E,t) describes the net flow rate of particles across unit
area of a surface perpendicular to the mean flow direction of the
particles. This quantity 1s in many ways similar to an eleclirical
current density., In fact the above definition reduces to the
electrical case when the particles under consideration are electrons.
However, 1t 1s unsuitable for the present requirement since the
conventional current disappears when the flux i1s (sotropic. Therefore,

we have need to modify the definition to avoid this problem.

In cartesian coordinates, the unit direction vector is given by:

Q = ix *+ jB + kY (4.91)
where «, 8 and Y are direction cosines and i, j and k are the cartesian

untt vectors in the x, y and z directions, In the spherical polar

coordinate system the direction cosines are given by:

®x = stnb cosy
= sind sing
Y = cos8 (4.92)

and, also:

dQ@ = sin6 dbdy (4.93)

where 6 is the poiar angle and ¢ the azimuth angle. We have expressed
the three interdependent direction cosines in terms of two independent
variables which, by virtue of (4,92), automatically contain the

constraint of footnote 3. With these definitions, equation (4,90) may
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be written:

o1

21 p2m
W = ij jﬁsinze cosy ¢ dBdy + jj s1n2@ stny ¢ dBdy
0 J0 0 Jo

nfn
+ kjg J sinB@ cos6 ¢ dbdy (4.94)
0o

or, equivaientiy:

nl2pn pP3m/ 2t 5
$p = ij s1n2e cosy ¢ dBdy - iJ sin“0 cosy ¢ dBdy
-n/2J0 w/2v0
noo : 2n
+ [ s1n2@ sing § dBdy - j s1n20 sing ¢ dBdy
¢ 0 J0 J oo Jo
2a /2 °n ™
+ kj sinB cosB ¢ dbdy - k sinB cos8 ¢ dOdy (4.85)
0 <0 J 0 dn/2

where equation (4.94) has been separated into component integrals over
the forward and backward facing hemispheres centred about each of the
cartesian coordinate axis. These component integrals will be denoled

more succintly by, for example:

Pl

by = x ¢ dQ (4.96)
U211;

where (4.96) denotes the integral over the hemisphere about the

positive x-axis.
We may now to define the forward current density vector.

+ + +
¢ = gy, by $y) (4.97)

as the vector with components given by the integrals over the forward
facing hemispheres about each of the coordinate axes, together with the
backward current density vector:

b ey by wy) (4.98)
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with components given by the integrals over the backward facing

hemispheres.

The above procedure may be carried out on each term of equation (4,89)
to yield a set of six coupled integral equations in the components of
the forward and backward currents of the form:

t ]
+ 0+ : , ’ , 1
¢xj(r,E,t) = Wy (r,E,t) + j dt v}(E) i 9!(rlt ){— pij(E)

0 1=1 6
+ 3 P Epnax
- G'j(E)¢xj(r,E,t') + f dE~’ dQ « dQ’
1°=1d 0 Zﬂ; 4n

p!JJ,(Q,ElQ',E') ) '(r,Q',E',t’% (4.99)

J

We now turn our attention to the angular dependence of the induced

source term. This part of the equation may be written:
. ~
A, = x j p ¢ dQ'dQ (4,100)
J 2TT; 4

If Q° has cartesian coordinates x', B°and Y', then:

2

n -
A; = « j o« 2 p ¢ d'dQ + x j\ x 2 p ¢ dQdQ
2my 2my J2ng 2m3

C

: % 82 p ¢ dQ dQ + x 82 p ¢ dR'dQ
Jd2ng 2md J2nt Je2ns

+J x Y'2p¢dQ‘dQ+j\ x Y2 p ¢ d2 dQ (4.101)
2my 9 2m3 2y g 21y

since «'2 + 8’2 + Y2 = 1 and the integral (4.100) may be separated
tnto componen! integrals over the forward and backward hemispheres,
Similar relationships exist for the integrals mapping the)angular flux
into the other components of the forward and backward currents,

+ 4

We may now define the forward tensors, P~ and P*~, and the backward

tensors, P'” and P™*, such that each term of equation (4.,101), and the
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equations for the other current components, gives rise to a component

of one of these tensors. That 1s, for example:

J «[ x2p ¢ dQdQ = Py = P;;J x ¢ dQ’ (4.102)
2my  J2my 21y

where the last step uses the definition of the forward current.

Equation (4.102) must be true for all angular fluxes, ¢. Furthermore,
the forward and backward tensors must depend only on the propagation
medium and, in particular, they must be independent of the flux.
Therefore, without loss of generality, the flux may be taken to be

1sotropic. But then the above equation reduces to:

o
2l

X

++

s 2 .
<X « p d0'dQ (4,103)

+
2ny

EWE

since the isotropic fluxes cancel and:

J x dQ° = (4.104)
Zn;

Equation (4.103) may be further reduced i1f the angutar interaction

coefficients are written as:

pljJ’(Q'ElQ"E) = p!JJ’(E‘EI) f‘JJ:(Q‘Ql'E’) (4.105)

where fljj
direction given its initial configuration and the type of interacting

AQIQ°,E’) 1s a probability density for a particle's final

nucleus. This decomposition 1s always possibie since the final energy
and angle of the particle are independent variables. Interchanging the

order of integration, equation (4,103) may now be written:

+4 1 X 5
P o, d = = , . g , g .
Pexijj (EIE") 7 Piyy (EIE") Qﬂ‘m \[2ﬂ¢“ f!JJ (Q1Q’ ,£7)dQdQ
~ L x x
= 4 p,.: (EIE") “,2 E.. .. (x|Q ,E") dQ° (4.106)
LR o+ 1yl
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where Eijj
However as shown 1n figure 4.3, this may be written as:

Ax|Q ,E’) 1s a conditional expectation (see section 3.4),

Epjjr (xIQ,ED = @ B, (xIQ7F,ED = x| (BT (4.107)

)]
+

1
particle production angle. Hence:

where « (E") 15 the cosine of the expected forward scattering or

PIYEIED) = & L(ED (EIE) x 349
xxify Sow %y Pigy -
2nx
x! L C(E)
- _LLLE____ Py, (EIED (4.108)
since:

j x3 dQ =
21y

The remaining thirty five components of the four tensors are defined

(4.109)

NRE]

similarly. In fact, alt of the diagonal components of the forward
+ 4+ + + ++ - - - -~ - . .
tensors, that 1s P, Pyy, and P,,, and P,., Pyy and P,, are identical

and are given by equation (4.107). Likewise, the diagonal components

of the backward tensors, P'~ and P™' are given by:

.- ®, o (ET)
Pl L(EJE) = L= , : ‘
Pexrjy (EIED) > Py, (EIED) (4.110)

¥
particle production angle. All other (off-dragonal) components take

where « «(E’) 15 the cosine of the expected backward scattering or

identical values of the form:

+
* +- 8,,, (E")
R ‘ = , . = ! -, R )
Peyijj-(EIED) Payiyy  (EIED ——iig———— Py (EIE (4.111)
where Bf (E”") 1s the cosine of the expected scattering or particle

Hij
production angle into a hemisphere about a coordinate axis orthogonal

to the direction of particle incidence.

The formulation of equation(4.102) may be substituted into equation



4.5 APPLICAT!ION TO GENERAL SYSTEMS

198

UNIT HEMISPHERE

MEAN PARTICLE
PRODUCTION
ANGLE /

\

/
!
|

[
’

Z A

E(ael@ = i,E)

REACTION
CENTRE

L

7

__,__-.,-
<
TN

<

< - >

'

|

|

1

l |

Y h'E(alQ:i,E)
i |

FIG 4.3 PARTICLE PRODUCTION

GEOMETRY




4.5 APPLICATION TO GENERAL SYSTEMS 199

(4.98) and collecting together the components of the current density

vectors gives:

St I}

' 1
dt”’ [el(rll')l}‘pu(E)
JO t=1 =

+ 0+
¢j(r,E,t) = Wy (r,E,t) + VI(E)

+ . J "Emax + 4 +
-0, (E)¢g (r,E,t7) + [ dE“(P; . (EIE )¢, . (r,E',t")
v J a1 do 1) J

4=

. P!JJ’(EIE')¢;,(r,E',t')ﬂ (4.112)

for the forward current, and:

ot
- - 1
o (LE D = 0 T(rE D v~(E)J dt’ f Gv(rlt’)[% p, (E)
) ] ] r 2 Pry
a 1=1
TOrLEL e Py i (EIE g (r,E",t")
-0, By (rLEL L) *1'51 n dE (P (EIE g (r,E",

. P '(EIE')¢;.(r,E’,t’)4 (4.113)

-+
Y
for the backward current., The passive source term, plj(E), is a three
dimensional vector with components, % o, (E).

3
The above formulation has the disadvantage that both the forward and
backward currents depend on the orientation of the coordinate system.
This situation can be rectified by adding together equations (4.112)
and (4.113), and using the fact that P** = P™7 and P*~ = P™* {o produce

an equation of the form:

1

{ }

0 ~ H

X, (r,E, ) X, (r,E,t) + v (E) dt* £ 8, (r{t"}|p, (E)
J J J 0 =1 ! ')

Emaxds' Q@ . CGEIE) X, (r,E',t°)
i J ’J] (EIE )XJ r, »

J
- 0, ((EXX (r,E,t7) +
=1J0

(4.114)

where Xj(r,E,t) is known as the even parity current and is defined by:

¢}(r,£,t> * ¥ 0rE, D) (4.115)

Xj(r,E,l)
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while Q;;:(EIE") 1s the even parity tensor which is defined by:

Ji

++ +-
‘(EIE"Y = P J(ETES) + P' (EJED) (4.116)

Qijj 1) )1

Alternatively, we may subtract equation (4.113) from (4.112) to give:

! t

O H

¢j(r,E.t) ¢J(r,E,i) + ¥ vJ(E) X dt” Gl(rlt')[- OiJ(E)¢J(r,E,t')
1=1 0

nr- o«

Emax
r dE”’ P!JJ’(EIE’) ¢J’(r,E',t’q (4.117)
1'=1J0

where ¢ (r,E,t) 1s known as the odd parity current, which is defined:
3

W (r E,t) - ¢ (rE, ) (4.118)

and P,jj’(E(E') 1s the odd parity tensor, defined:

P,y (EIEDY = Py 7(EIE") - P[) "(EIE) (4.119)

] JJ

The odd parity current 1s actually the conventional current defined by
equation (4.80). Note thal since the passive sources emit particles
tsotropically, this term 1s of even parity and disappears from the odd

parity equation,

The above analysis yields two uncoupled vector equations. The even
parity flux describes the spreading out of particles in space while the
odd parity flux relates to the movement of the centre of mass of the
particles.

The main quantity of interest is the angular independent fiux:

(rE 1) = <.;,,(r,E,t)nzj(r,E,t»’é (4.120)
J

Furthermore, we have shown that this is i1dentical to the function:

o, (r,E,ty = j 4@ ¢, (r.E, 1 (4.121)
4n
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where ¢j(r,Q,E.t) 1s the sofution to equation (4.83). Hence, we have
shown that both formulations of the theory produce equivalent results

for the angular independent flux.

Having simplified the angular disiribution the time and energy
distributions can be discretized by integrating over the smal!l regions
corresponding to the partition of the signal space, in the same manner
as for the fixed geometry solution, Hence equations (4.114) and

(4.117) may be written as:

0 n !
Xjkn(r) }kn(r) + ij Z Z eln,(r)[p!jk - Oijk Xjknl(f)
n'=1 =1 5
J K
j7=1 k=1
and
0 n |
*jkn(r) = *jkn(r) T ) L G,n.(r)[? O!Jk *jkn’(r)
n=t1t 1=1
J K
L) Py ki ¥k n:(r)] (4.123)
1= k=1

The angular dependence of the detection efficiency may be treated in a
similar manner {o the induced reaction coefficients. That 1s, using
the constraint of fooinote 3 and defining component intergrals over the
forward and backward facing hemispheres, the angular integral of

equation (4.84) may be written:

€ o dd = Q ¢ dQ *& € ¢ dQ
4 N 2n; 2my
+ 8‘ € ¢ dQ + ( € ¢ dQ
uZn; »Zn

n
+l r2q¢dQ+I Y2 ¢ ¢ dQ
2m; 2n3

= c‘.q,‘ + c-.q, (4.124)
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Then allowing the flux to become 1sotropic, gives:

g; = lJ\ 9(2 C dQ = Q x= d@Q (4,125)
"Jom: RRETT
X X

and similarly for the other components of €' and €”. The direction
cosines may be interpreted as the cosines of the angles between the
coordinate axis and the iine joining the absorption centre of the

detector to the point, r, and € 1s the gross detection efficiency.

Equation (4.124) may be expressed i1n terms of the even and odd paristy

currents using the decompositions:

+

o= B(X 4+ ) and ¢ o= BIX - ) (4.126)

Then, by rearranging this equation we may define the even parity

detection efficiency:

no= RET 4 €7 (4.127)
and the odd pariily detection efficiency:

¢ = %' -6 (4.128)

so thal equation (4.84) may be written:

k

n
59' = z E dr[n(L n,k.(l")-x n'k'(r) + Ci'nfk:(r)‘\yn'k:(r))
i P I ) J ] j
(4.129)

Substituting the even and odd parity current terms of equations (4.122)

and (4.123) into the above equation gives ¥6:

n
g’ fvdr glijn'(r) Bin- () (4.130)

¥6 |f 6 is constant in time the sum over n‘ may be incorporated into
equation (4.132) and hence eliminated from equation (4,130)
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where:
no Kop 0 0
bq‘J = X X j dr(nQ‘Jnekr(r)~Xjn,k:(r) + (;Q’Jn:kl(r)'qunlkt(r)]
n'=1 k'=kJdv
(4.131)
and
K J K
g8 jn (r) = I ij'[“Q,Jn’k'(” [pljk' 1 [Qljj’k’k"xj'n’k”(r)]
k‘=k i =1 k"=1
J K
+ (;\ljn:k:(r)' l£1 k“£1p'erkrkulpjrnlku(r)] (4-132)
= =

.

Equation (4.132) has been tidied up by subtracting o!jk from each
diagonal! term of the tensors Qijj'k'k" and Pijj’k'k" so as to absorb
the total reaction term into the sums over j“and k". Also the

detection efficiencies have been redefined so that:

n
nqun.kr(r) = "E ‘:Iq'jnnkl(r) (4.133)
n =n

and likewise for cijn’k'(r)‘

It remains to discretize the spatial distribution of equation (4.130).
in section 4.1 it was established that the spatial distribution of the
source could be represented by a probability density function. For the
fixed geometry solution, it was convenient to assume that this function
was common to all of the radioactive isotopes and this allowed it to be
incorporated into the detection efficiency and defined by experimental
calibration. |In the general case, the spatial distribution must be
explicitly included in the model. However, i1ts shape is usually
unknown and may not correspond to the shapes available within any
standard family of probability distributions. Therefore, we seek a
representation which allows non-standard shaped functions to be

computed from the observed data.

This can be achieved by numerical quadrature. For example suppose the
source volume is cylindrical with height 2Z and diameter 2R. Then, the

integral of a function, f(r), over this voiume may be expressed in
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cylindrical polar coordinates:

b YA R
J dr f(r) = ‘[ j r f(r,z,0) r drdzdo (4.134)
v 0 v-Z J-R

J

where r 1s the radia! coordinate, z the height and 0 the azimuth angle,.
In numerical quadrature it 1s normal practice to transform the range of

each variable into the interval [-1,1], using the transformations:

r(x1) = Rx1, dr = Rdx!
z(x2) = sz, dz = de2
Plxg) = %mlixg + 1), dp = ¥mwdxg (4,135)

Then equation (4.134) may be written:

A 1

> 1

ng Z\[lf f(r(x1),z(x2),p(x3)) X4 dx,dxzdx3
-1

2. WV U
L [ [ L (HyHHuay) flriay),z(a,),pla,))  (4.136)
w=1 v=1 u=1

where the a's are selected points i1n the interval [-1,1] and the H's
are weights associated with these points. 1f the points are chosen at
equal intervals, we obtain the Newton-Cotes formulae of which the
second order formula (Simpson‘s rule) has optimum properties. |f an
odd number of points are chosen, this will be exact when f is a
polynomial of degree n, where n 1s the number of points. Better
accuracy can be obtained if the points are chosen to coincide with the
zeros of an nth degree orthogona! polynomial (for example one of the
Legendre polynomials). Then a Gaussian quadrature solution will be

obtained which is exact for a polynomial of degree 2n-1, [1].

in the above examplie, a Gaussian quadrature solution could be obtained
for the radial and height distributions while Simpson‘s rule could be
applied to the azimuthal distribution so that the equal intervals

coincide with the steps of a source which is discretely rotated as
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measurements are made. This scheme is illustrated in figure 4.4 for a
radioactive waste package and one of the measurement stations of the

waste package assay facility described in section 2.7.

1f a single index, m = t, ..., M, is used to denote the combinations of

u, v and w, then equation (4.136) may be written in the simpler form:
M
dr f(r) = I H, | (4.137)
JY =

The above formulation may be applied to equation (4.129) to obtain:

M N K

L 1 L Hn(0g jmak X jmnk * Somnk ¥ jmnk )
m=1 n=1 k’'=k

s?a.
J

which implies:

| M N :
S ° b%j * .Z L L 89 jimn 8 imn (4.139)
i=1 m=t n=1
where:
M N K 0 0
bej = L 1 L Hn (Mg jmnte “Xjmnk * Somnk’ % jmnk ) (4.140)
m=1 n=1 k’=k
and:
K J K
8 jimm = Hm I ij’["ljmnk"[pijk’ L Ly ek xj'mnk“]
K’ =k j1 k=t
J K
* Cﬁmnk",,f1 kuz1pijj’k'k“ *j'mnkJ (4.141)
J - =

This gives the required discrete form of the transformation.

The expression for 89 jimn May be tidied up if we let:

K
fejimn = Hmklgkvjk'(nlimnk"pijk’) (4.142)
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O

LINAC
TARGET (:)

PROPORTIONAL
COUNTERS

VERTICAL DIRECTION -~ 3 POINT GAUSSIAN QUADRATURE
RADTAL DIRECTION - 5 POINT GAUSSIAN QUADRATURE
AZIMUTHAL DIRECTION - 9 POINT SIMPSONS RULE

FIG 4.4 QUADRATURE POINTS FOR A RADIOACTIVE WASTE PACKAGE
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and write the induced reaction terms as a bilinear form, so that:

J K K
8Ljimn = foyimn * Hp L L Lovye
J7=1 kO=k kU=t
(nQJmnk"QlJmnk’) Qljj‘k'k“ 0 )(xj’mnk)
0 P!lelv('k" qurmnku (4.143)

To solve equation (4.139) for the source densitly, i1t 1s necessary to

first form estimates for the even and odd parity currents.

Equation (4,138) 1s an inner product on the flux space, therefore, the
set of L. detection efficiency functions, l"ijmnk’cijmnk)' span a
subspace which 1s closed and convex on the flux space. Hence, there
exi1sts a unique element of this subspace which has minimum norm on the
flux space and solves equation (4,138). This element is called the
norma!l solution and, since 1t 1s defined on the space spanned by the
detection efficiencies, 1t may be represented by a linear combination

of these functions:

"ne= -

(x;mnk'¢1mnk} a9 Mg ymnk» 69 jmnic? (4.144)

%=1

It is 1mplicit to the above argument that the measurement subspace is
arranged so that it is sufficiently large with respect to the filux

space so as to obtain a reasonable representation of the currents.

The aQ,j may be found by substituting (4,144) into (4.138) to give:

L
syj 1'§131'](<n112n1'1> * <Ggy Gy )
L
= 1 ag., hege, (4.145)
=1

Then inverting the matrix lh&%”] to obtain a solution of the form:

L .

L
g S £1h11‘j (“&'Jmnk'g&'jmnk} (4.146)

(X imnkc > ® jmnk
1 g =

p)
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where hii'j 1s an element of the inverse matrix. This sofution for the
currents may be substituted into equation (4.143) to obtain an

expression for 894 1mn of the form:

. L J
8jimn ~ f9jimn +Q 21 £1SQ'J' 9997 4" (mn (4.147)
: ‘= j':_
where:
L K K -1
WY gy mn T Hn L ) L Vik Ry gu -
=1 k =k k"=1
(“Q;mnk"Cﬁjmnk'}{Qajj’k’k“ 0 ) /“&"j'mnk"\
/
' \ O Py kK \C&"j'mnkv (4.148)

These results may be substituted into equation (4.139) and this may be
solved for the source densities using the general linear model of
chapter 3. The funclion, g, contains only factors which are constant
for all measurements. Therefore the values of this function need be

computed once only.

Equations (4.139), (4,142), (4.147) and (4.148) define a general
solution which gives the complete i1sotopic configuration of a sample
using the detection efficiency of the system for an empty sample
container. It 1s worthwhile to explfore the connection between this
solution and the fixed geometry solution of section 4.3,

Let ) denote the source densities of a calibration sample. Then

%
rnm * elnm)

(0 nm
the configuration of an unknown samplie can be denoled (p

¥
where (elnm

for the even and odd parity currents may now be written:

) are the differences between the samples. The equations

% n J K !
xjknm = xjknm v L L L V;'k’_z Pin‘m Qljj'kk' xj'k’n'm
n“=1 3°=1 k' =1 i=1
(4.149)
and
" n J K !
¥iknm = ¥jeam * LI Lovie Tomnm Pryjruk ¥ k'n'm
n'=1 j=1 k'=1 i=1 !

(4.150)
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where:
Yjknm = Xjkam * Vi I 1 ein’m[pujk foL L@k Xjrknm
i=1 n’=1 jr=1 k=t
(4,151)
and:
% i 0 | noy J K
Yiknm ~ ¥jknm * Vik L L ein'm. L L Pijj’kk' Yi'k'n'm
i=1 n*=1 j=1 k=1
(1.152)

|t~has been assumed that none of the isotopes (p;,,) are radioactive.

Equations (4,149) and (4.150) may be written in matrix form, as:

X
X, = Xyt KX (4.153)
and

X
Y T ¥yt dntn (4.154)

where we have a pair of equations for each point in space. These are
of the same form as a Fredholm integral equation (see equation (4.,30)).
Therefore, using the contraction properties of the mapping, we can

obtain the Neumann series:

b3
X = |+ Km + Kme AT % (4.155)
and

X
by = | + Jm + Jme oo Yy (4,156)

If the series in K, and Jn have limits G, and F respectively, then

mn’
the elements of these matrices may be combined with the detection

efficiencies of equation (4,138) so that:

X *
(“%jknm'gljknm)

(“lj'k'n'm'ﬁij'k'n'm)(ij'kk'nn'm 0 )
0 F

jj‘'kk’nn’m
(4.157)
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Equation (4.139) may be modified to incorporate the new detection

efficiencies, which gives:

! M N

_ ¥ ¥ X .
S5 ° blj v L L L 85 1nm % nm (4.158)
1=t m=1 n=1
where:
¥ Mo N K * X 0 (
bej = ) L Hy ("ij’nm'cljk’nm) Xk nm (4.159)
m=1 n=1 k =k 0
*;k’nm
N ok J KX
g8 4inm = foyinm * Hn L L Lovyye
1°=1 k' =k k"=1
¥ *
[“Q.Jk‘nm‘caijk'nm’(Qljj’k’k" 0 )(xj'k"nm)
0 Pljj'k'k" *j’k“nm (4,160)
and
x K ¥
f&jinm = Hmk‘)_:kvjk’ ("QJk’nm ' p|jk':‘ (4.161)

Note that equation (4.160) contains the current vector (X,4) which
relates to the particles created by interactions with all of the
nuclides within a sample, rather than (X*,y*) which relfates only to the
1sotope set (6%). This result is not surprising since 1t follows from
the basic postulate of section 4.4 which allowed us to obtain a l|inear
general solution. However, with the present method of solution the
current vector must be estimated by solving equation (4,138) rather
than the corresponding equation invoiving n* and Q*. This results 1n a
formulation with the current vector given by equation (1.145) and this
being related to the observed signals by the set of equations (1.158)
to (1.161)., Hence, the formuiation includes both types of detection
efficiency, which must be quantified by calculation or experiment.

This limitation may oniy be considered worthwhile 1n praqtice 1f the
change in the isotope set from (8) to (8%) offers a targe reduction in
the number of isotopes which need be considered (which will most often
be the case). Alternatively, more elegant formutations involving only

one detection efficiency may be obtained by implementing the general
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solution within the Bayesian framework so as to ensure stability x7,
or by seeking another method of solution to the set of equations,
(1.158) to (1.161), although it is not guaranteed that such a solution

would be |inear.

The above argument aside, the present formulation is of both practical
and theoretical interest since, letting L denote a combination of the
indices x, j, k, n, and m, equations (4.158) to (4.161) may be written

in matrix form as:
s = b*+ eX[p + ¥ of (4.162)

where E is a detector efficiency matrix, P is a passive emission
coefficient matrix, Q a matrix of induced reaction coefficients and ¥
is a matrix representation of the composite current densities which is
arranged to give the correct row dimension to the combined reaction

coefficient matrix. Then, since equation (4,.146) may be written:

Y = EH s (4.163)
so that (4.162) becomes:

s = b*+ EX[P + qeH 's]e* (4.164)
where S is a matrix of signals arranged in the same manner as ¥, this
system of equations may be solved using the general linear model as
formulated in section 3.5.

It can be seen by comparison with equation (4.37), that the general
solution may be regarded as a perturbation about the fixed geometry
solution, where the fixed geomelry solution is obtained by assumming

the secondary reactions with the sample itself can be neglected.

The above result also implies that the detection efficiency matrix for

the general solution can be defined in a similar manner to the fixed

*¥7 Although note equation (4.133),
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geometry matrix, which was considered in section 4.3. However, in the
general case, it is essential to consider the spatial distribution of
the source along with the other measurement dependences. This may lead
to large matrix which must be constructed piece by piece with each

dependence of the measurement defined by a separate experiment.

Using the decomposition of the source density into its magnitude and

distribution (see section 4.1}, we may write:

einm = ein finm (4.165)
where for a measurement of the primary activity, the ein may be
regarded as inference parameters while the f; . are bias parameters,

Since 8;, and f,; ., are combined as a product, they must be estimated
together. However once numerical values have been obtained, the bias
parameters may be eliminated by numerical quadrature to produce a

solution of the form:
M
0. = I H 6. (4,166)

where the weights and abscissa values are the same as used above.
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CHAPTER 5

CONCLUSION

Two general requirements for a nuclear process instrumentation system
have been established. These are firstly to make decisions concerning
the activity and composition of the radioactive material output from
the process and secondly to form an i1nventory of the sequence of
process states taken. These requirements introduce two further
problems which are to design a data coliection system so as to obtain
sufficient information concerning the source to enable the reliable
interpretation of the measurements, and then to design a data
processing system capable of recognizing the required source features

from the observed data,

The design of the data coliection system amounts to the definition of a
specific case of a general signal space with the dimensions of space,
time and energy or multiples of these., Then to configurg the radiation
detectors and system electronics, which could be choosen from a
collection of standard system modules, so as to construct this space n
reality. To this end an examination of the standard radiation

detectors together with a number of electronic data collection circuits
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has been undertaken. 1In particular, three new circuits are presented
which perform the functions of adaptive, real time spectrum
stabilisation, data reduction using a digttal firlter and enhanced

coincidence counting using a circuit which gives an increased
resolution over existing circutts and a direct estimate of the Poisson
distributed, "accidental” coitncidence rate. |t has been proposed that
these, together with other already established circuits, are combined
into the collection of standard modules from which the majority of

nuclearonic data collection systems can be configured.

Two concepts for the interpretation of nuclear process measurements
have been examined. The first, called the "naive" concept, has been
rejected because 1t required the introduction of assumptions which
could compromtse the reliabitlity of the measurements and prevented an
optimum resolution being achieved. The second concept calied the
“axitomatic" concept avoids these problems and provides a more rigorous,

analytic approach to the data processing.

The axiomatic concept 1s based on Bayesian Statistics where a priori
information concerning the activity and i1sotopic composition of the
nuciear process outputls, together with information concerning other
factors which affect a measurement such as the spatial distribution of
radionuctides within a samplie, 1s contained 1n a prior probabilty
density function. This can be used to restrict the range of vailues
which can be taken by estimates of the activity and compostion of the
process outputs, to those values which are consistent with the
"physics" of the processes. Furthermore, the method aiflows data from
several different measurements to be combined so as to produce a
simultaneous estimate which 1s consistent with all of the measurement
data and makes full use of the extra information available from
correlations between different measurements on the same process.

Hence, leading to optimum measurement resolution.

The major criticism of the Bayesian approach 1s that the definiton of
the prior density function 1s subjective in the sence that this must be
formed using Iimited nformation and may not accurately represent the

true distribution of the nuclear process outputs. In an attempt to
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overcome this problem 1t was proposed that the prior density could be
refined using the measurement information lrom the samples which have

been previously output from the nuclear process.

The first step is to show that the proposed technique 1s theoretically
possible and to this end a statistical analysis has been undertaken.

It was found that the sequence of nuclear process outputs can be

model led by a discrete time Markov random process and that an estimator
can be constructed which 1s guaranteed to converge to a unique
stationary distribution of the process from which the prior density

can be defined. This result may be applied to any nuciear process,
even if 1ts outputs change continualty in time, since the measurements
are always made over finite periods and i1n the case of a continuous
time process we may consider the commuiative activities output over
each measurement period. Therefore, for the present application, it 1s
possible to faormulate an objective method for defining the prior

denstity which overcomes the main criticism of the approach.

This works (in the present situation) because the method of defining
the prior dentsty i1s rooted tn classical sampling theory. Therefore,
the measurement i1nterpretation method may be considered as an estimator
for the activities and composition of a sample which uses appropriately
weighted information from all of the samples previously encountered by
the system. The net resuilt 1s an interpretation algorithm which 1s
locally Bayesian and which possesses the power of a Bayesian method,
but globally classical and possesses the objectivity of a classical

method. Hence, achieving the best of both approaches.

For the practical definiton of the prior density 1t 1s convenient to
use a Bayesian family of distributions although this restricts the
number of shapes which can be generated. However, for many
applications, a multivariate normal prior density may be a reasonable
approximation to the true shape of the distribution and {he algebrac
convenience of this particular distribution family has to be examined.
Furthermore, i1t was shown that the analysis couild be extended to
tncorporate the case of many different sampie types being encountered

by the measurement system whereby each sample type is described by a
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multivariate normal distribution and these are combined to construct

the prior density.

It has been shown that given a mapping, g, from the parameters which
describe the sample configuration to the observed signals and a
conditional density function for the signals, Bayes Theorem provides a
method for switching to the space on which the parameters are defined
which automatically inverts g to construct a mapping, ¢, from the
observed signals to the source. This observation provides a connection
between the statistical theory of measurement and the deterministic
models of theoretical physics, which may be interpreted as
relationships on the sample space of the Markov process. Moreover,
this gives a structure to the sample space which can be used tlo
construct a system of constraints on the values which are taken by
estimates of the nuclear process configuration. For the present
application, the practical value of the observation lies in the fact
that the mapping ¢ is very difficult to define directly, whereas the
function g can be constructed by using transport theory to predict the
radiation flux within a detector for a given source configuration and

combining this mapping with an experimental detection efficiency.

Formally, the deterministic mode! which relates the isotope activities
within a sample to the observed signals involved the definition of two
further mathematical spaces called the source space and the flux space.
The required transformation is then defined as a composite mapping

from the source space onto the flux space then from the flux space onto.

the signal space.

The first mapping (designated g4) is constructed by using the
properties of the nuclear reactions within a sample to define a
generalised source term, then incorporating this into the
integro-differential form of the Boltzmann transport equation to define
the movement of gamma-rays and neutrons about the flux space. This
requires the introduction of a set of “bias" parameters fo describe the
anguiar flux density within the sample. These parameters are
eliminated by transforming the general Bollzmann equation into a pure

integral equation using Fourier transform techniques. Then, expressing
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the second mapping (designated g,) as an inner product on the flux
space of the angular flux with the detection efficiency function, this
mapping is inverted and used to eliminate the angular flux from the

integral Boltzmann equation.

A surprising consequence of the transformation of the Boltzmann
equation to its integral form is that the integral over the spatial
variables disappears. This is a result of the fact that the time,
angular and energy variables are sufficient to define the spatial
distribution of the angular flux and we are left with a general
integral equation in these phase variables, which is linear with
respect to both the isotope actvities and the angular flux. This
result may only be derived from the general time dependent form of the
integro-differential equation and, in particular, it cannot be derived
when the simpler and more widely used steady-state equation is taken

as the starting point for the analysis.

Furthermore, the above formulation arises only when all of the nuclear
reaction effects (including absorption) are incorporated into the
source term, However, since the only connection between the angular
flux and the sample is by the nuclear reactions, the mapping g, is
effectively independent of the sample. A side effect of this is that a
detection efficiency relating to a calibration sample, which may
considerably reduce the number of isotopes which need to be considered,
is different from the detection efficiency used to etiminate the
fluxes, which embodies only geometrical properties and relates to an
empty sample container. Therefore, introducing two detection
efficiency functions to be defined by experiment or calculation. These
arise because the detection efficiency for the calibration sample maps
the particle production rate onto the observed signals while the second
detection efficiency maps the flux which induces these reactions onto
the signals. In practice this is not expected to present a serious
probliem since both detection efficiencies are represented by series of
functions such as orthogonal polynomials and the di[ferenées between
the detection efficiencies can be incorported into the coefficient of
these functions. In fact, the role of the detection efficiencies seems

to be analogous to that of the contravarient and covarient vectors
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within the theory of differential manifolds. It may therefore be
possible to develop this correspondence at least to yield a deeper
insight into the construction of the deterministic model, but also a
practical method for defining the detection efficiencies from a common

basis.

The motivation behind basing the model on transport theory, which leads
to an equation in the angular flux, rather than diffusion theory which
leads to an equation in the scaler (angular independent) flux, is that
the diffusion equation is non-linear in the source density.
Furthermore, the diffusion kernel incorporates both absorption and
scattering and represents the propagation of particles as the limit of
a random walk, as the step length tends towards zero, on a five
dimensional phase space with components space, energy and time.
Therefore, the theory is only applied easily to the case of a
homogeneous sample, since, otherwise, integrals over all of these
sample paths must be computed for each detected particle. On the other
hand the transport kernal represents only particles moving in straight
lines, and if the absorption (e.g. the total interaction term) is
incorporated into the source rather than the kernal, this takes a
particularly simple form which can be applied to a general nuclear
process. However, the cost of this approach is that the seven

dimensional angular flux must now be considered.

Within the usual derivation of the diffusion equation a simplifying
assumption known as Fick's Law is made. This reduces the result to an
approximate equation which, in particular, breaks down near intermedium
boundaries. |If this derivation is carried out from first principles
(e.g., from a diffusion process) then Fick's Law is unnecessary and the
resulting equation will have a common solution with the Boltzmann
transport equation. However, in general this derivation results in a

tensor rather than a scalar equation.

The above common solution implies that it should be possible to reduce
the seven dimensional scalar transport equation to a simpler five
dimensional tensor equation of the same form as the general diffusion

equation, except with the particles propagating in straight lines as



CONCLUSION 220

opposed to along the samptie paths of a random walk. In fact, it was
shown that this 1s indeed the case. Moreover, 1t was found that the
angular dependence could be incorporated into the deterministic model
using only the cosines of the mean forward, backward and orthogonal

scattering and particle production angles.

The energy and time dependence of the transport equation were
discretized using a multigroup approximation with the groups chosen to
coincide with the partition of the signal space. The spatial

dependence of the measurement was similarly discretized using numerica !
quadrature. Therefore, in conclusion, the deterministic mode! now
defines a discrete transformation, g, which relates the source density
to the observed signali. This can be inverted using the techniques of
the general model to produce an estimate of the source density where

the estimator 1s stabilised using the prior density function defined
from the results of earlier measurements on the nuclear process, and

this completes the construction of the model.

It has been emphasised that the construction of the theoretical model
1s only the first stage 1n the deveiopment of a formal method for
designing the nuclear process instrumentation systems and insuring they
operate 1n an optimum manner. The next stage 15 the detailed
application of the model to the design and data processing of specific
tnstruments. These may include gamma spectrometers for both fixed
geometry and general applications, neutron well counters, tomography
systems and active gamma and neutron interrogation systems. The
implementation will include the construction of both hardware and

sof tware together with the integration of these modules to produce
prototype instruments. These are then tested and the component parts
optimised. With this work compliete 1t will be possible to produce a

detailed engineering specification for the unified modutar system.

To apply the model to the nuclear process measurements it 1s necessary
to produce a radiological data base contatning the nuclear and atomic
reaction cross~sections for the radionuciides which will be encountered

by the systems.
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To design the front end system geometrics it is necessary to construct
a computer program to simulate the operation of the systems for various
known source configurations. The program could achieve this using the
Newmann series expansion of the transport equation and computing the
integrals using monte-carlo techniques, to estimate the flux at the
detectors for each source configuration., The system geometry is then
adjusted to obtain an optimum flux for the range of sources modelled.
With this development tool it may be possible to produce a standard
range of system geometrics for application to particular nuclear

processes.

Having obtained some practical experience with the implementation of
the mode!l it may be beneficial to undertake further theoretical work.
In particular group theory and topoiogical interpretations of the
spaces and models should be undertaken as these will give greater
insight into their structure. Then the general mode! could be extended
to incorporate Bayesian hypothesis testing and also implemented with
different distribution families. It may be helpful to consider the
properties of these distributions and how they are related to Markov
and other random processes. To extend the model to application areas
other than nuclear processes a deterministic model could be constructed
for the appropriate equations of theoretical physics. This could
include further work with the diffusion equation, the clfassical wave
equation, the Helmholtz equation and the Schrodinger equation, to name
but a few. Once this work is completed it may be possible to give a
physical interpretation and unify these models into a general theory of"
measurement which might be applicable to a large number of physical

processes.

The final application of the theory is to the quality improvement
process proposed by Crosby since modelling the development of products
on a work process opens up possibilities for the description of this
work in terms of a random process. Furthermore, the quality
improvement process itself is an application of the same methodology
since this is a work process to control a company by monitoring
financial loss then modifying the inputs to the process so as to

minimise the probability of the loss occurring. But now we are in
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danger of encountering Russell's paradox. Alternalively we could
recognise that the highest level of development wiil always be
empiricatl, but then the Bayesian model emulates this process by
sampiing output products and using this information to modify the prior

denstty. This 1s probably a good point to end the discussion. B



