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ABSTRACT

This work addresses the twin problems of designing an i ns t rument a t i on  

system to make measurements on a general  nuclear  process and then 

i n t e r p r e t i n g  the r e s u l t s  to recognise the requi red  process f e a t ur e s .

The e a r l i e r  chapt ers  descr i be  the m o t i v a t i o n  behind the approach and 

d e f i n e  the mapping from the output  of a nuclear  process to the observed 

s i gna l s  in terms of p r a c t i c a l  hardware and real  system examples.  A 

modular e l e c t r o n i c  c o n f i g u r a t i o n  is proposed,  which i ncorporat es  a 

number of new c i r c u i t s ,  and t h i s  may be used to c o l l e c t  data for the 

m a j o r i t y  of nuc lear  processes.  The second par t  of the work is the 

c o n s t r u c t i o n  of a general  mathemat ical  model .  This commences wi t h  the 

d e f i n i t i o n  of an a bs t ra c t  s ignal  space in which the measurement r e s u l t s  

from a l l  of the above i ns t r ument a t i on  may be represent ed .  An 

examinat ion of the ' n a i v e '  measurement concept t r a d i t i o n a l l y  assoc i a t ed  

wi t h  nuc l ear  i ns t r ument a t i on  is under taken and a number of weak areas  

are  i d e n t i f i e d .  I t  is proposed that  t h i s  concept is replaced wi t h  an 

' a x i o m a t i c '  concept  based on the mathemat ical  model .  By the d e r i v a t i o n  

of the model from the ax i omat i c  base i t  is shown that  t h i s  approach 

avoids the problems assoc i a t ed  w i t h  the t r a d i t i o n a l  concept .
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NOTATION

x observed t r a c k i n g  peak c en t r e  vo l t age

(i mean ( s e t )  vo l t age  for t r a c k i n g  peak

k ' k - g a i n '  constant

A count in upper t r a c k i n g  window

B count in lower t r a c k i n g  window

K spectrum s t a b i l i s a t i o n  t hreshold

X mean input pulse r a t e

q p r o b a b i l i t y  of a count in the upper t r a c k i ng  window

p p r o b a b i l i t y  of a count in the lower t r a c k i n g  window

kth energy i n t e r v a l  

t n nth t ime i n t e r v a l

Vm mth volume element

T(_ s ignal  geometry

Qj_ s p ec t r a l  image range

s spec t r a l  image f unct i on

K number of energy channels

N number of t ime channels

M number of d e t e c t o r s  or scanning p o s i t i o n s
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t  dead t ime per i od

n p r i o r  dens i t y  funct i on

p p o s t e r i o r / c o n d i t i o n a  I dens i t y  f unct i on

1 I i ke I i hood f u n d  i on

0 isotope a c t i v i t y  vector  0 = ( 0 ^, 0 2 , . . . > 0n )

P bias parameter  vector  p = ( P 1, P2 > • • • >Pm_n J

s signal  vector  s = ( s  ̂ , S2 , < . . > sr >

k constant /norma I isat  ion f ac t or

Rm m-dimensionaI  E u c l i d i a n  space

w composi te vector  w = (0 ,p)  s . t .  w E Rm

Rr r - d imensionaI  E u c l i d i a n  space

p mean signal  vector  p = ( p ^ , P2 > • • • >Mr ) s . t .  p 0 Rr

e basis  vector  of Rm

f basis vector  of Rr

g l i n e a r  t r ans f o r mat i on  g:Rm •+ Rr s . t .  p = Gw

G t r a ns f or mat i on  mat r i x  of g

g j j element of G

Q sample space s . t .  w t  Q 6 Rm

F 0 - f i e Id

P p r o b a b i l i t y  measure

X random process ( f o r  sample c o n f i g u r a t i o n )

X ( t )  random vector  in cont inuous t ime

Xj random vector  in d i s c r e t e  t ime

x sample path of X

t index

T index set

1 s t a t e  space s . t .  x E 1%, s E Eg

f p r o b a b i l i t y  densi t y /mass f unct i on

F f i n i t e  dimension d i s t r i b u t i o n  f unct i on

E expected value

cov aut ocovar i ance

+ c o n d i t i o n a l  e x p e c t a t i o n  opera t or

h arb i t r a ry  funct  i on

S random process ( f o r  s ignal  c o n f i g u r a t i o n )

s sample path of S

A est  imated vaIue

< . . ) ^  t ransposed vect or

*
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v , u covar i ance  mat r i ces

V mean vector  of p r i o r  dens i t y

\ s e l e c t i o n  parameters

Lc dec i s i on I eve I

l d detect  i on I eve I

l q det ermi na t i on  I eve I

oc e r r o r  of the f i r s t  kind

& e r r o r  of the second kind

c s t andard dev i a t i on

k <x'k B abscissa of the s tandard i sed  normal d i s t r i b u t i o n

A photopeak area

B background signal

v , w spect r a l  window widths

r s p a t i a l  p o s i t i o n  r = ( x , y , z )

t t ime

Q d i r e c t i o n  vector  Q = (<x,B,T)

« , & , r d i r e c t  ion cos i nes

E energy

i type of i sotope

j p a r t i c l e  t ype

1 number of i sotopes

J number of p a r t i c l e  types

L number of s i gna l s

0 mass dens i t y  of sample

X r a d i o a c t i v e  decay constant

P cor r e c t e d  mass de n s i t y  of sample

T d ur a t i on  of a measurement per iod

a r a d i o a c t i v i t y  of a sample

r 4 source geometry

r 7 f I u x  geomet ry

r general  geometry

Q i range of source dens i t y  I - t u p l e

range of f l ux  d ens i t y  J - t u p l e

0 f l u x  dens i t y

S1 ' S 2 composi te mappings

R react  ion r a t e

0 microscopic  cross s e c t i o n / p a r t i c I e emission r a t e
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v mean p a r t i c l e  ye i Id

S source s t rengt h

p p a r t i c l e  emission c o e f f i c i e n t

5 Di rac / Krondecker  d e l t a  funct ions

Z macroscopic cross sect ion

G Green ' s f unc t i on

I n t e g r a l  operat or  

£ d e t ec t i o n  e f f i c i e n c y  funct i on

< . I .> i nner produc t 

E d e t ec t i o n  e f f i c i e n c y  ma t r i x

P emission c o e f f i c i e n t  ma t r i x

e element of E

P c o r r e l a t i o n  c o e f f i c i e n t

T^(E)  Chebyshev polynominal  

A coef f i c i en t ma t r i x

T polynomial  value mat r i x

v v e l o c i t y  vector  of a p a r t i c l e

v speed of a p a r t i c l e

k s p a t i a l  f requency vector

(i) angular  temporal  f requency

V temporal  f requency

X s p a t i a l  F our i e r  t ransform

temporal  F our i e r  t ransform  

a f i r s t  order  res i duaI

0 po l a r  angIe

+ azimuth angle

4»+ forward cur rent  dens i t y  vector

backward cur ren t  dens i t y  vector  

P++,P~" forward tensors  

P +~ , P " + backward tensors

<x+ mean forward p a r t i c l e  product ion cosine  

<x~ mean backward p a r t i c l e  product ion cosine

6 + ,B~ mean or thogonal  p a r t i c l e  pr oduct i on cosines

X even p a r i t y  cur ren t  d ens i t y  vector

4* odd p a r i t y  cur r en t  dens i t y  vector

P even p a r i t y  tensor

Q odd p a r i t y  tensor
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forward d e t e c t i o n  e f f i c i e n c y  

backward d e t ec t i o n  e f f i c i e n c y  

I) even p a r i t y  d e t e c t i o n  e f f i c i e n c y

Q odd p a r i t y  d e t ec t i o n  e f f i c i e n c y

Hm quadrat ure  weight

am quadrat ure  c o e f f i c i e n t

h i nvers i on funct  i on

a i nvers i on  c o e f f i c i e n t

E* f i xed  geometry d e t e c t i o n  e f f i c i e n c y

b* f i xed  geometry background vector

l \ * ,C  f i xed  geometry d e t ec t i o n  e f f i c i e n c y

mat r i x

vectors
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CHAPTER 1

INTRODUCTION AND RESEARCH REQUIREMENTS

1.1 NUCLEAR PROCESS MONITORING AND CONTROL

From the development of the f i r s t  nuclear  r ea c t o r s  to the present  day 

the commercial  use of nuc l ear  energy to genera t e  e l e c t r i c i t y  has been 

subj ect ed to adverse c r i t i c i s m .  In p a r t ,  t h i s  is because of i t s  

a s s o c i a t i o n  wi t h  nuclear  weapons,  and a l so because of major i nc i dent s  

such as the Windscale f i r e  and those at Th r e e - mi l e  I s land and 

Chernobyl ,  which have done much to dest roy p u b l i c  f a i t h  in the 

t echnology.  The pr imary s a f e t y  co n s i d e r a t i o n  is the f a i l - s a f e  design  

of nuc l ear  r e a c t or s .  This is achieved for  r ea c t o r s  wi t h  ne g a t i v e  void 

c o e f f i c i e n t s ,  secondary containment  and ot her  f ea t u r es  l a i d  down in the 

var i ous  codes of p r a c t i c e  for  r eac t or  design.  However,  even w i t h  

i n t r i n s i c a l l y  safe  r e a c t o r s ,  p u b l i c  concern s t i l l  e x i s t s  over issues 

such as the r a d i o l o g i c a l  p r o t e c t i o n  of both people and the envi ronment  

and the safe  disposal  of r a d i o a c t i v e  waste.

I t  is reasonable  to suppose that  nuclear  e l e c t r i c i t y  w i l l  c ont i nue  as 

an important  supply of energy s i nce ,  d e s p i t e  i t s  we I I -pub I i c i sed

»-
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shor tcomings,  de t r i me n t a l  e f f e c t s  are a l so  associated w i t h  competing 

energy sources.  For example,  over the past few years ,  problems have 

a r i s e n  in the burning of f o s s i l  f ue ls  to produce e l e c t r i c i t y .  These 

i nclude not only c l i m a t i c  cond i t i ons  such as the greenhouse e f f e c t  and 

acid r a i n  but a lso the p o ss i b l e  short  supply of these m a t e r i a l s  which 

are ex t remel y  useful  for  many other  purposes and w i l l  become 

i n c r e a s i n g l y  expensive as the present  a c ces s i b l e  reserves are  used.  In 

a d d i t i o n ,  i t  w i l l  be many years ,  i f  eve r ,  be f ore  renewable sources of 

energy such as the wind,  waves or sun can provide s i m i l a r  gener a t i ng  

c a p a c i t y  to convent ional  or nuclear  power p l a n t s ,  and then only wi t h  

c o n s i der ab l e  d e s t r u c t i o n  of the c o unt r ys i de .

I t  has been f orecast  t h a t ,  in England and Wales,  the demand for  

e l e c t r i c i t y  w i l l  exceed supply by 1993 i f  no new g e ner a t i ng  ca pa c i t y  is 

added to the Nat ional  Gr id  and t h a t ,  by the year 2000,  there w i l l  be a 

s h o r t - f a l l  of some 13 GW C13. T h e r e f o r e ,  new power p l a n t s  are  

e s s e n t i a l .  I t  is the p o l i c y  of the CEGB to cont inue the development of 

a nuc l ear  gener a t i ng  c a p a c i t y  together  w i t h  new c o a l - f i r e d  p l a n t s .  In 

p a r t i c u l a r ,  a programme has commenced to b u i l d  s ix  l arge pressur i sed  

water  r eac t o r  (PWR) power p l a n t s .  S i z e w e l l . B  is a l r eady  under  

c o n s t ru c t i o n  and work was scheduled to s t a r t  on p l an t s  at H i nk l ey  

P o i n t ,  Wyl fa and Trawsfynydd,  and two at Dungeness,  at  one year  

i n t e r v a l s  over the next f i v e  years ,  a l though these p l a n t s  are  now 

t hreat ened by the impending p r i v a t i s a t i o n  of the CEGB. Whi le  t h i s  may 

cause a d e l a y ,  i t  is u n l i k e l y  to lead to complete c a n c e l l a t i o n  of the 

programme when t h i s  is reviewed in 1994.

Wi th the i n c r e a s i n g l y  widespread development of nuclear  power p l an t s

and support  o p e r a t i o n s ,  such as fuel  r eprocess i ng ,  the r a d i o l o g i c a l
/

p r o t e c t i o n  of people and the envi ronment  and the safe d isposal  of 

r a d i o a c t i v e  waste must be cons idered.  In g e n e r a l ,  the record of the UK 

nucl ear  indust ry  is good wi t h  respect  to these issues but i nc i dent s  of 

p o l l u t i o n  or i r r e g u l a r  waste disposal  have occurred and, a l though these 

i n c i d e n t s  are  u s ua l l y  s e n s a t i o n a l i s e d  by the media,  i t  is p o s s i b l e  that  

a rea l  danger could be presented to the p ub l i c  in some cases.

C o n c e p t u a l l y ,  th e  n u c l e a r  f u e l  c y c l e  can be r e g a r d e d  as a c o l l e c t i o n  of
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i n t e r r e l a t e d  processes.  These can be combined in se r i e s  or in p a r a l l e l  

and large processes assoc i a t ed  wi t h  complex opera t i ons  can us ua l l y  be 

subdiv ided into a combinat ion of smal l er  processes wi t h  s impler  

o p e r a t i o n s .  At each stage of the fuel  c y c l e ,  des i red products such as 

energy or nuclear  fuel  are  produced.  To obt a i n  the cor r ec t  process 

o u t p u t ,  the normal method of cont ro l  is to moni tor  the output  products  

and then adjust  inputs to the process so that  the des i red  products are  

always observed.  For example,  in the case of a PWR, the o per a t i ng  power 

is dependent upon the neut ron f l ux  dens i t y  in the r e a c t o r .  Ther e f o r e ,  

to cont ro l  the process,  the f l ux  d ens i t y  is r egu l a t ed  by a d j u s t i n g  the 

boron concen t r a t i on  in the coolant  water  and the he ight  of cont ro l  rods 

in the reac t or  so that  the requi red  power output  is ma i n t a i ned .

In a d d i t i o n  to the des i r ed  products ,  nuc lear  processes a l so  produce 

unwanted by-products such as r a d i o a c t i v e  waste.  These are  u s u a l l y  fed 

i n t o  separa t e  was t e - t r ea t me nt  processes and then stored or sent to a 

permanent disposal  s i t e .  However,  the by-products  are  o f t e n  in an 

awkward form, for example,  as t race contaminants in r e a c t o r  coolant  or 

st orage  pond wa t e r ,  in which case the e x t r a c t i o n  of the waste m a t e r i a l s  

can invol ve  complex f i l t e r  networks.  Also,  for used fuel  e l ements,  the 

waste ma t e r i a l  w i l l  be in chemical  compound wi t h  r e - u s a b l e  f u e l .  

T h e r e f or e ,  to e x t r a c t  the waste m a t e r i a l s ,  decladding and chemical  

s epar a t i on  oper a t i ons  are  necessary p r i o r  to t h e i r  s t a b i l i s a t i o n  and 

packaging for s t orage or d i s p o s a l .  In a l l  of these processes,  p o t e n t i a l  

e x i s t s  for the development of f a u l t s  which may lead to an i n c i d e n t .

I t  is poss i b l e  that  the occurrence of many i nc i dent s  could be avoided by 

the c l oser  moni t o r i ng  of the waste m a t e r i a l s  which are  output  from the 

processes *1 s ince de t ec t ed  i r r e g u l a r i t i e s  in the composi t ion or 

r a d i o a c t i v i t y  of the waste can i n d i c a t e  that  a f a u l t  has occur red.  I f  a 

f a u l t  is det ect ed e a r l y ,  a p p r o p r i a t e  cont r o l  procedures can be i n i t i a t e d  

to h a l t  the chain of events which could lead to an i n c i d e n t .

Fur t hermore,  the mo n i t o r i ng  may prov i de  data which could suggest ways of 

r e f i n i n g  a process so as to reduce the p r o b a b i l i t y  of a f a u l t  o ccur r i ng .

*1 Here the waste m a t e r i a l s  themselves are  considered only insof ar  as 
they represent  the output  of a process.
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This method of cont r o l  can be app l i ed  to any process of the nuclear  

fuel  cyc l e  and for  most of the waste streams output  from these  

processes,  subject  only to the a v a i l a b i l i t y  of s u i t a b l e  measuring  

apparatus and the achievabi  I i t y  of the necessary system or operat or  

response to a f a u l t  c o n d i t i o n .

A schemat ic diagram of a general  process moni t or ing and cont ro l  system 

is shown in F igure  1 . 1 .  I t  can be seen that  there are  t hree high level  

stages to such a system,  which are  data c o l l e c t i o n ,  data processing and 

nucl ear  process c o n t r o l .  The o per a t i on  of these stages is not 

i ndependen t .

To a l arge e x t e n t ,  the basic  hardware associat ed w i t h  process  

moni t or i ng  systems -  for  example,  d e t e c t o r s ,  nuclear  m a t e r i a l s ,  

e l e c t r o n i c s ,  computers e t c  -  is at a s t a t e  of development which would 

be s u f f i c i e n t  for  most p l ant  a p p l i c a t i o n s .  In f a c t ,  in many cases,  to 

obt a i n  even a marginal  improvement in the performance of a system by 

the f u r t h e r  o p t i m i s a t i o n  of the hardware,  a l arge c a p i t a l  investment  

would be r eq u i r e d .  However,  there are  s t i l l  basic  problems assoc i a t ed  

wi t h  the o v e r a l l  system design and the r e c ogn i t i on  of requ i r ed  f ea t u r es  

of the source ( nuc l ea r  process out pu t )  from the observed data  

spec t rum.

The f ea t ur es  of a source which need to be q u a n t i f i e d  are  governed by 

the c h a r a c t e r i s t i c s  of the nuclear  process and these remain f i xed  for  a 

p a r t i c u l a r  a p p l i c a t i o n .  The r e c o g n i t i o n  problem to q u a n t i f y  these 

f e a t u r e s  may only be so l ub l e  under c e r t a i n  s p e c i f i c  c o nd i t i o n s .  

T he r e f o r e ,  to design a data processing system, i t  is necessary f i r s t  to 

design a data c o l l e c t i o n  system in such a way that  a s o l u t i o n  to t h i s  

problem e x i s t s .

The oper a t i ng  concept of convent ional  nuc lear  i ns t r ument a t i on  systems 

is to reduce the observed data to a smal l  number of s t a t i s t i c s  which 

can be r e l a t e d  d i r e c t l y  to the r a d i o n u c l i d e  a c t i v i t i e s  of the source by 

one or more c a l i b r a t i o n  const ant s .  However,  a data spectrum may not 

a l l o w  s t a t i s t i c s  to be formed wi t hout  a s i g n i f i c a n t  loss of i n f ormat i on  

concerning these parameters .
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Fur t hermore,  for  measurements on a nuclear  process,  the observed data  

could depend upon many f ea t ur es  other  than the composi t ion and 

r a d i o a c t i v i t y  of the source and these a d d i t i o n a l  f e a t u r e s  may vary wi t h  

the obser va t i ons .  The r e f o r e ,  even i f  the s t a t i s t i c s  can be formed,  

exact  c a l i b r a t i o n  r e l a t i o n s h i p s  cannot be e s t ab l i s h e d  and the best that  

can be achieved is c a l i b r a t i o n  of the system in terms of some t yp i ca l  

output  of the nuclear  process.  This leads to a fundamental  u n c e r t a i n t y  

in a l l  of the measurement r e s u l t s .  Indeed,  for many a p p l i c a t i o n s ,  the 

u n c e r t a i n t y  may not be bounded and t h i s  severe l y  l i m i t s  the usef u lness  

of moni t o r i ng  for these processes and the e f f e c t i v e n e s s  wi t h  which they 

can be con t r o l l e d .

To improve upon t h i s  s i t u a t i o n ,  i t  is proposed to under take a study of 

the way the measurements can be made i f  they are t r e a t e d  e x p l i c i t l y  as 

measurements on the c o l l e c t i o n  of a l l  poss i b l e  process out put s ,  r a t h e r  

than the i nd i v i d u a l  out put s .  For ,  w i t h  t h i s  a ppa r e n t l y  t r i v i a l  

obs e r v a t i o n ,  i t  is poss i b l e  to f ormul a t e  a s t a t i s t i c a l  t reatment  for  

the measurement da t a ,  based on e x i s t i n g  general  t heor y ,  which could  

o f f e r  a s i g n i f i c a n t  improvement in both performance and a p p l i c a b i l i t y  

of the process moni t o r i ng  systems.  This approach w i l l  be i l l u s t r a t e d  

by a smal l  number of real  a p p l i c a t i o n s .  In p a r t i c u l a r ,  i t  is intended  

to address both the problems of system design and source r e c ogn i t i on  

for the nuc l ear  process moni t o r i ng  systems.  The problem of nuc l ear  

process cont r o l  w i l l  only be considered i nsofar  as i t  d i r e c t l y  a f f e c t s  

the design and r e c o g n i t i o n  problems.

1.2 PRODUCT DEVELOPMENT

The requi rement  for  t h i s  research has a r i sen  from the needs of a 

process i ns t r ument a t i on  company (Plessey Cont ro l s  L t d )  wi t h  respect  to 

the development of o n - l i n e  i ns t r ument a t i on  for the moni t o r i ng  of 

nuclear  processes.  In t h i s  s e c t i o n ,  an o u t l i n e  of the i n d u s t r i a l  

co n s i d e r a t i o n s  which have played an important  r o l e  in d i r e c t i n g  t h i s  

work w i l l  be g i ven .

U n t i l  f a i r l y  r e c e n t l y ,  c o n t r a c t o r s  such as Plessey Cont r o l s  Ltd have
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operated p r i m a r i l y  as design and manuf act ur ing houses.  That i s ,  using  

the design and manuf act ur ing c a p a b i l i t i e s  of the c o n t r a c t o r ,  the end 

user of the process moni t or i ng  equipment would take r e s p o n s i b i l i t y  for  

the development of a system,  o u t l i n i n g  the oper a t i ons  step by step and 

funding the work on a c o s t - p I  u s - p r o f i t  bas i s .  Today,  design and 

manufactur ing con t r a c t s  of t h i s  kind are r a r e l y  o b t a i n a b l e .  The 

cur rent  t rend is for end users to r e q u i r e  customised systems,  w i t h  

short  lead t imes and at low cos t ,  expect i ng indust ry  to fund i t s  own 

research and development .  This places a l l  the r e s p o n s i b i l i t y  for  a 

system upon the c o n t ra c t or  and requ i r es  that  c o n t ra c t or s  adapt t h e i r  

opera t i ons  to the development and c o mp e t i t i v e  market i ng of complete  

products and systems r a t h e r  than supply ing a design and manuf act ur ing  

s e r v i c e  to the end user .

Whi le the market for  nuc lear  process moni t or i ng  equipment is wide in 

the sense that  many d i v e r s e  a p p l i c a t i o n s  are  encountered,  i t  is not  

p a r t i c u l a r l y  deep in terms of system q u a n t i t i e s  for  each a p p l i c a t i o n .  

However,  because of the complexi t y  of the systems,  i f  each new design  

is s t a r t e d  from a c lean sheet of paper ,  a long research and development  

phase w i l l  normal l y  be requ i r ed  to e s t a b l i s h  a f i n a l  design for  the 

system. This s i t u a t i o n  presents  a ser i ous  problem in that  indust ry  has 

no way of funding research and development other  than by s e l l i n g  

products and i f  each development p r o j e c t  leads only to a smal l  number 

of product ion u n i t s ,  these systems w i l l  be d i s p r o p o r t i o n a t e l y  expensive  

and hence u n s a l eab l e .

The s o l u t i o n  to t h i s  problem is to produce more g e n e r a l l y  market ab l e  

products .  However,  s ince t h i s  must be achieved wi t hout  losing the 

ca pa c i t y  to b u i l d  customised systems,  a new approach to development  

must be cons idered.

In a ' c o s t - p l u s '  envi ronment ,  the development of a system is d i r e c t e d  

towards the f under ' s  s p e c i f i c  needs and evolves independent ly  of 

other  systems.  This tends to r e s u l t  in the d i r e c t  emp i r i ca l  

development of each system whereby a p r o t o t ype  is proposed,  b u i l t ,  

t es t ed  and modi f i ed  u n t i l  a f i n a l  design is e s t a b l i s h e d .  The design  

is then f rozen and the product i on  u n i t s  manufactured.
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The normal development procedure is to p a r t i t i o n  the system i nt o  a 

number of subsystems,  for  example,  mechanical  assembl ies,  power supply  

and d i s t r i b u t i o n ,  data c o l l e c t i o n ,  data processing,  cont ro l  and data  

out put .  Each of these is d i v i ded  into f unct i ona l  b l ocks ,  or modules,  

which are s p e c i f i e d  by t h e i r  inputs and outputs and the ranges these 

can take.  The modules are  then designed in d e t a i l  and combined (or  

i n t e g r a t e d )  to produce the p r o t o t y p e .  Since each module is designed 

e m p i r i c a l l y ,  the system i n t e g r a t i o n  w i l l  i n v a r i a b l y  h i g h l i g h t  problems.  

In f a c t ,  i f  a l l  of the requi rements of a measurement are  not c o r r e c t l y  

i d e n t i f i e d  at the system s p e c i f i c a t i o n  stage,  a fundamenta l l y  d e f e c t i v e  

pr o t o t ype  can be produced.  Wi th ' c o s t - p l u s ’ , t h i s  is of no great  

consequence,  s ince p r o j e c t  setbacks are accepted as a normal par t  of 

development and the c o r r e c t i o n  of design problems is f u l l y  funded by 

the end user .

To supply systems at a cost and t i me - sc a l e  which are  accept ab l e  to the 

modern user ,  i t  is e s s e n t i a l  to s t andar d i se  system modules so that  a 

complete system need not be developed for each a p p l i c a t i o n .  To obt a i n  

the necessary range of a p p l i c a t i o n ,  the modules must be adapt ab l e  to a 

wider  range of requi rements  than the modules developed for  a s p e c i f i c  

system.  This may make the i nd i v i d u a l  modules more compl i ca t ed;  

however,  s ince the major  cost of a system is in the development ,  

i ncreas i ng  the a p p l i c a b i l i t y  of the modules w i l l  r e s u l t  in a l arge  

reduct i on  in the o v e r a l l  cost of each product ion u n i t .

The main areas where s t a n d a r d i s a t i o n  is poss i b l e  are the d e t e c t o r s ,  

data c o l l e c t i o n  e l e c t r o n i c s  and the processing hardware and so f t war e .

A pos s i b l e  hardware c o n f i g u r a t i o n  of such a standard system is shown in 

F i gure 1 . 2 .

The r a d i a t i o n  d e t e c t o r s  i ncorporat ed i nto process moni t o r i ng  systems 

are  u s u a l l y  of the ion chamber,  p r o p o r t i o n a l  count er ,  Geiger  M u l l e r ,  

s c i n t i l l a t o r  or germanium type.  Wi th the except ion of ion chambers,  

each of these de t ec t or s  outputs charge pulses and for  ion chambers,  the 

cont inuous cur ren t  output  can be conver ted into pulses by use of a 

s u i t a b l e  p r e - a m p l i f i e r .  T h e r e f or e ,  i t  is poss i b l e  to choose a standard  

range of d e t ec t or  and p r e - a m p l i f i e r  p a i r s  wi t h  the same output  format .
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However,  t h i s  does not ne c e s s a r i l y  imply that  i t  w i l l  be p r a c t i c a l  to 

i n terchange the de t e c t o r  types,  keeping the subsequent e l e c t r o n i c  pulse  

shaping and data c o l l e c t i o n  c i r c u i t s  the same. This is because the 

de t ec t or s  have d i f f e r e n t  energy r e s o l u t i o n s  and high r e s o l u t i o n  

d e t e c t o r s ,  such as high p u r i t y  germanium, r e qu i r e  more compl icated  

e l e c t r o n i c s  than lower r e s o l u t i o n  d e t e c t o r s .  In terms of e l e c t r o n i c  

moduI i s a t i o n , the best  that  may be ach i evab l e  is to adopt a small  

number of module formats which toget her  cover the range of d e t e c t o r s .

The concept of modular e l e c t r o n i c  hardware is not new w i t h i n  the 

nucl ear  i ndust ry .  In f a c t ,  nuclear  i ns t r ument a t i on  modules (NIMS) E23 

are standard throughout the wor ld and,  al though these are  p r i m a r i l y  

designed for l abor a t o r y  use,  a p p l i c a t i o n  in a p lant  envi ronment  is made 

p o ss i b l e  by enc l os i ng  the e l e c t r o n i c s  in a s u i t a b l e  i n d u s t r i a l  package.  

The NIMS are g e n e r a l l y  high performance and p r e c i s i o n  systems and can 

be used wi t h  any pulsed type of d e t e c t o r .  However,  they n e c e s s a r i l y  

cont a i n  a l arge redundancy of components to obt a in  t h e i r  wide range of 

a p p l i c a t i o n  and each module performs only a s i n g l e  o p e r a t i o n .  This  

makes them bulky and expensive .  Th e r e f o r e ,  NIMS are best used for  high  

r e s o l u t i o n  systems where the compl ex i t y  of the a p p l i c a t i o n  ensures that  

many of the b u i l t - i n  f ea t u r es  are r equ i r ed  and the cost  of the modules 

and i n d u s t r i a l  packaging of the system is j u s t i f i e d .

Another e l e c t r o n i c  format used w i t h i n  the nuclear  and high energy 

physics f i e l d s ,  is CAMAC C3].  Apart  from the mechanics of the systems,  

and the fact  that  NIMS o r i g i n a t e d  in North America w h i l e  CAMAC is 

European,  these formats are very s i m i l a r .  Today NIMS seems to be more 

wi de l y  used.

For i n t e g r a t i n g  or low r e s o l u t i o n  systems,  NIMS or CAMAC represent  an 

o v e r k i l l ;  t h e r e f o r e ,  modu l i sa t i on  is best achieved by another  r ou t e .  

Here,  the o b j e c t i v e  is to s i m p l i f y  and combine oper a t i ons  which may be 

c a r r i e d  out by severa l  NIMS or CAMAC modules on to a s i n g l e  p r i n t e d  

c i r c u i t  board (pcb)  which can be mounted in a standard i n d i c a t o r  box 

t oget her  w i t h  power suppl i es  and ot her  pe r i p h e r a l  dev i ces .  By 

c o n f i g u r i n g  the input  stage of the pcb in such a way that  components 

can be interchanged to account for  d i f f e r e n t  pulse shapes,  the same pcb
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can be used wi t h  d i f f e r e n t  types of d e t e c t o r .

Fur t hermore,  i f  the data c o l l e c t i o n  c i r c u i t  is designed to cope wi t h  

the most compl icated requi rement  expected for  t h i s  system,  the pcb can 

be conf i gured for  s impler  a p p l i c a t i o n s  e i t h e r  by omission of the 

components which are  not needed or by sof t ware  s e l e c t i o n .

A t h i r d  p o s s i b i l i t y  for  the modul i sa t i on  of e l e c t r o n i c s ,  which is 

e s p e c i a l l y  useful  for  m u l t i p l e  d e t e c t o r  systems,  involves pcb's of a 

standard s i z e  which can be mounted d i r e c t l y  into a rack .  Several  pcb's  

of the same kind can be included to prov i de  input l i n e s  for the 

de t e c t o r s  t ogether  wi t h  data c o l l e c t i o n  and microprocessor  cards.  

Communication between pcb' s  is v i a  a d i g i t a l  bus i ncorporat ed into the 

backplane of the rack.  Several  vers ions of each data  input and 

c o l l e c t i o n  card can be k e p t ,  thereby a l l o w i n g  the redundancy of the 

NIMS or CAMAC modules to be avoided.  For a p p l i c a t i o n s  where a l l  of the 

d e t ec t o r s  form par t  of a s i n g l e  measurement system,  these w i l l  be 

d i r e c t l y  connected.  A l t e r n a t i v e l y ,  t h i s  c o n f i g u r a t i o n  can be used to 

c o l l e c t  data from severa l  of the i nd i c a t or  box systems which may be 

d i s t r i b u t e d  about an i n d u s t r i a l  p l a n t .

Both NIMS and CAMAC modules are p e c u l i a r  to the nuc l ear  indust ry  and 

t h i s  excludes the use of general  e l e c t r o n i c s  designed for  wider  

i n d u s t r i a l  a p p l i c a t i o n s .  The Eurocard format C4] is standard through­

out the whole e l e c t r o n i c s  i ndus t r y .  Fur thermore,  t h i s  format al lows  

standard s i zed pcb' s  to be conf i gured  to produce racked systems,  in 

which the pcb' s  can be inser t ed  d i r e c t l y  or as modules,  or as s i n g l e  

u n i t s  which can be mounted in an i n d i c a t o r  box.  T h e r e f or e ,  Eurocard  

may be super i o r  to both NIMS and CAMAC, al though these formats may have 

to be adopted for  c e r t a i n  a p p l i c a t i o n s  to ma i n t a i n  compatabi I  i t y  wi t h  

e x i s t i n g  ( p r o p r i e t a r y )  equipment .

The f l e x i b i l i t y  of the Eurocard format can be f u r t h e r  enhanced by the 

e f f e c t i v e  use of computer aided design (CAD) and the automat ic  t e s t i n g  

(ATE) of the pcbs.  For example,  i t  is poss i b l e  to design a standard  

motherboard w i t h  blank areas in which d i f f e r e n t  blocks of c i r c u i t r y  can 

be i nser t ed  by the computer .  The motherboard would be conf i gured  wi t h
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the components needed for  communicat ion,  together  w i t h  an arrangement  

of standard t racks to which the input and output  t racks of the c i r c u i t  

blocks can be connected,  and these provide the connect ions between the 

c i r c u i t  blocks and w i t h  the out s i de  wor l d .  The c i r c u i t  blocks  

themselves can be conf i gured to per form the f unct i on  of standard  

modules.  Hence,  a l l  manner of pcbs can be produced simply by ar r ang i ng  

the standard blocks of c i r c u i t  on the motherboards.

Today,  i t  is common p r a c t i c e  to separa t e  the f r o n t - e n d  hardware ( i . e  

d e t e c t o r s ,  a m p l i f i e r s  and data c o l l e c t i o n  e l e c t r o n i c s )  and the data  

processing system.  Wi th t h i s  approach,  the e l e c t r o n i c  modules are  

c o n t r o l l e d  by an on-board microprocessor  wh i l e  the data processing is 

c a r r i e d  out using standard " s t a t e  of the a r t "  computers plus  

a p p l i c a t i o n s  so f t war e .  This s t r a t eg y  can be implemented wi t h  a l l  of  

the above systems and o f f e r s  many advantages over convent iona l  systems 

where an embedded computer is conf i gured  s p e c i f i c a l l y  for  the 

a p p l i c a t i o n  and performs a l l  of the cont ro l  and processing ope r a t i o n s .  

These advantages inc lude:

1) Computer technology is advancing too qu i c k l y  for  i ns t r ument a t i on  

c o n t ra c t or s  to compete wi t h  o r g a n i s a t i o n s  such as IBM and DEC. 

T he r e f o r e ,  by the t ime an embedded processing computer is developed  

by a c o n t r a c t o r ,  i t  may be ob s o l e t e .  By c o n f i g u r i n g  separat e  

f r on t - end  hardware,  i t  is pos s i b l e  to upgrade the processing system 

wi thout  having to r ep l ace  the data c o l l e c t i o n  system and i t  becomes 

poss i b l e  to keep up to date w i t h  processing hardware.

2) The on-board microprocessor  sof t ware  can be made reasonably  

s t r a i g h t - f o r w a r d ,  w h i l e  the a d d i t i o n a l  processing power o f f e r e d  by 

standard computers w i l l  enable  h i g h - l e v e l  modular  sof t ware  w i t h  a 

wide range of a p p l i c a t i o n s  to be c ons t r uc t ed .  Fur t hermore,  the 

processing techniques which can be implemented may o f f e r  

cons i der ab l e  improvement in system performance over the 

convent ional  techniques.

3) The use of modular e l e c t r o n i c s  together  wi t h  standard computers 

o f f e r s  co n s i d e r a b l e  cost savings s ince the development costs  of the
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computer are  covered by the l arge product ion runs of the 

manu f ac t u r e r .

4) Networks i nvo l v i ng  many measurement s t a t i o n s  can be const ruct ed by 

connect ing local  computers into a c e n t r a l  processing system using  

standard network so f t ware .

To use t h i s  s t ra t eg y  e f f e c t i v e l y ,  i t  is necessary to adopt a p a r t i c u l a r  

fami ly  of computers and to design hardware and sof t ware  wi t h  t h i s  

fami ly  in mind.

P r e s e n t l y ,  IBM computers are supported by many i ns t r ument a t i on  

manuf act urers .  The r e f o r e ,  i f  t h i s  f ami ly  is adopted,  i t  is pos s i b l e  

to i ncorpora t e  p r o p r i e t a r y  e l e c t r o n i c  modules and sof t ware  w i t h i n  one ’ s 

own systems.

1.3 THE SYSTEM DESIGN PROBLEM

I t  is common p r a c t i c e  to consider  a nuc l eoni c  measurement system as a 

sensor (or  d e t e c t o r )  coupled to e l e c t r o n i c  data c o l l e c t i o n  equipment  

which inputs s i gna l s  from the sensor and then s t or es  or d i sp l ays  them 

in some p r e - s p e c i f i e d  format .  This instrument  concept  is adequate for  

the purpose of system design only i f  the f o l l o w i n g  cond i t i ons  are  met:

1) The input  s i gna l s  from the sensor are  not cor r upt ed  by no i se ,  

losses or cont ami nat i on .

2) The q u a n t i t i e s  about which i n f ormat i on is r equ i r ed  are the same as 

those measured by the sensor .

These ideal  cond i t i ons  may be encountered in p r a c t i c e  for many process  

cont ro l  a p p l i c a t i o n s .  However,  for  the measurement of r a d i o a c t i v i t y  

these c o nd i t i ons  do not hol d .  In t h i s  c i rcumst ance ,  i t  is necessary to 

extend the above inst rument  concept to include the c o n f i g u r a t i o n  of the 

r a d i o a c t i v e  source and the t r anspor t  of r a d i a t i o n  from the source to 

the d e t e c t o r .
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This i nt roduces a new step in t o  the system design process,  which is to 

design a source and d e t e c t o r  arrangement which leads to the observa t i on  

of meaningful  s i g n a l s .  Since r ad i o i so t opes  are r a r e l y  pure and the 

r a d i a t i o n  can i n t e r a c t  wi t h  many m a t e r i a l s  ( i n c l u d i n g  the source  

i t s e l f ) ,  i t  is u n l i k e l y  that  t h i s  design w i l l  be achieved wi t hout  

signal  c o r r u p t i o n .  T h e r e f or e ,  i t  is necessary to consider  methods for  

data c o l l e c t i o n  and processing which a l l o w  the d i f f e r e n t  components of 

the s i gna l s  to be separated and est i mat es  of the isotope a c t i v i t i e s  

formed.

A useful  concept for v i s u a l i s i n g  a l l  of the f a c t o r s  which a f f e c t  a 

measurement is that  of a measurement process.  This can be thought of 

as a sequence of stages l i n k i n g  the source to the observed s i g n a l s .  

Then, the high level  design of a measurement system can be thought of 

as the design of a measurement process.  The p a r t i c u l a r  advantage of 

t h i s  approach is that  i t  focusses a t t e n t i o n  on the ope r a t i o n a l  aspects  

of the system and a l lows the designer  to consider  these independent ly  

of t h e i r  d e t a i l e d  hardware or sof t ware  implementat ions.  For example,  

t yp i ca l  stages of a measurement process may be the r a d i o a c t i v e  source,  

the r a d i a t i o n  f i e l d  between the source and d e t e c t o r ,  the analogue  

s i gna l s  output  from the d e t ec t o r  and the d i g i t a l  s i g n a l s  (or  dat a )  

c o l l e c t e d  by the system.  To design a measurement process,  i t  is 

necessary to const ruct  a process model ,  which is simply a s p e c i f i c a t i o n  

of the process c o n f i g u r a t i o n  at each of i t s  stages together  w i t h  the 

poss i b l e  v a r i a t i o n  assoc i a t ed  wi t h  these c o n f i g u r a t i o n s .  P r ov i d i ng  

t h i s  task is c a r r i e d  out c o r r e c t l y ,  the propagat ion of s ignal  

c o r r u p t i o n  can be t raced through the process and any problem areas  

def i n e d .

Once a l l  of the f ac t or s  which a f f e c t  a measurement have been 

i d e n t i f i e d ,  the measurement process can be r e f i n e d  so as to avoid  

problems and opt i mi se  per formance.  There are  t hree  ways to approach 

t h i s :

1) Opt imise the f r o n t - e n d  system so as to reduce the s ignal  c o r r u p t i o n  

by the use of f i l t e r s  or by ar r ang i ng  for  e r r o r  f ac t or s  to cancel  

as f ar  as t h i s  is p os s i b l e .
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2) Design the source and de t e c t o r  arrangement and the data c o l l e c t i o n  

e l e c t r o n i c s  so that  the observed s i gna l s  ca r r y  s u f f i c i e n t  

i n f ormat i on  r egardi ng both the c o r r u p t i o n  and the r equi red  output  

parameters to a l l ow c o r r e c t i o n s  to be computed from the observed  

dat a .

3) Qu a n t i f y  the e f f e c t s  of the c o r r u p t i o n  in advance of the 

measurement and use t h i s  i n f ormat i on to cor r ec t  the observed 

s i g n a I s .

A p r a c t i c a l  measurement system g e n e r a l l y  uses a combinat ion of a l l  

three approaches and t here w i l l  be t r a d e - o f f s  between them. However,  

because the f i r s t  approach is n a t u r a l l y  l i m i t e d  by the a p p l i c a t i o n  

w h i l e  the second and t h i r d  are  l i m i t ed  by the i ns t ru me n t a t i o n ,  i t  is 

important  to spec i f y  the measurement process in d e t a i l  be f ore  

commitment to p a r t i c u l a r  hardware.

To const ruct  the process model for a p a r t i c u l a r  system,  the f i r s t  step  

is to d e f i n e  i n i t i a l  con d i t i o n s  such as the p o ss i b l e  d i s t r i b u t i o n s  of 

r a d i o n u c l i d e s  w i t h i n  the source.  Then, using these i n i t i a l  c o n d i t i o n s ,  

the process c o n f i g u r a t i o n  at each of i t s  higher  stages must be 

p r e d i c t e d .  To do t h i s  i t  is necessary to de f i n e  the oper a t i ons  which 

map one stage into the nex t .

For a p p l i c a t i o n s  wi t h  a f i x e d  source c o n f i g u r a t i o n  ( f o r  example,  a 

point  so u r c e ) ,  these oper a t i ons  can be def i ned  e x p e r i m e n t a l l y  and w i l l  

be expressed in terms of a c a l i b r a t i o n  const ant .  However,  for  

measurements on a nuc l ear  process which is evo l v i ng  in t ime,  i t  is 

u n l i k e l y  that  a simple exper iment  can be designed to a c c u r a t e l y  

s i mu l a t e  the real  s i t u a t i o n .  T h e r e f o r e ,  a super i o r  approach may be to 

d e f i n e  only the f i xed  c h a r a c t e r i s t i c s  of the ins t rument a t i on  

e x p e r i m e n t a l l y  and then i ncor por a t e  t h i s  data into a t h e o r e t i c a l  model 

of the measurement process,  where the i n i t i a l  cond i t i ons  and the 

oper a t i ons  which map one stage of the process into the next are  

def i ned  ma t h e ma t i c a l l y .

A st rong case can be made for  producing a r e a l i s t i c  process model ,
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since t h i s  w i l l  e l i m i n a t e  the high r i s k s  assoc i a t ed w i t h  the empi r i ca l  

approach to development ,  a l l o w  r e l i a b l e  system o p t i m i s a t i o n  and form a 

basis  for  the data processing system. However,  a r i gorous  mathemat ical  

a na l y s i s  of a measurement process is a t ime consuming task and w i l l  

u s u a l l y  lead to equat ions in a l arge number of v a r i a b l e s  which can only  

be solved by computer s i m u l a t i o n .  Hence,  the costs and t i me - sca l es  

assoc i a t ed  w i t h  producing such a model w i l l  normal l y  be p r o h i b i t i v e  

w i t h i n  the framework of a one - o f f  development p r o j e c t .

The s o l u t i o n  to t h i s  problem is to produce a general  mathemat ical  

model of a measurement process which can be conf i gured  to descr i be  any 

p a r t i c u l a r  process as a s p e c i f i c  case * 2 .  This is p o ss i b l e  because,  in 

abs t r ac t  terms,  the measurement processes have many common p r o p e r t i e s .  

The r e f o r e ,  by i n i t i a l l y  d i s r e g a r d i n g  the s p e c i f i c  d e t a i l s  of a process  

which tend to obscure the common p r o p e r t i e s ,  i t  is po s s i b l e  to de f i n e  

general  f ac t o r s  upon which the observed data depends for  a l l  of the 

pr ocesses .

Fur t hermore,  s ince the m a j o r i t y  of design and data processing problems 

are common to a l l  systems,  these can be solved once only for  the 

general  case and the s o l u t i o n s  app l i ed  to a l l  the s p e c i f i c  cases.  In 

f a c t ,  using the model ,  i t  is poss i b l e  to develop a number of standard  

measurement processes which are  mathemat icaI  Iy cons i s t en t  and can be 

taken o f f  the she l f  and implemented w i t h i n  a s p e c i f i c  system,  q u i c k l y  

and e a s i l y ,  using standard hardware and sof t ware  modules.

The adopt ion of standard measurement processes w i l l  a l l o w  each process  

to be thoroughly  t ested and opt imised bef ore  i t  is implemented w i t h i n  a 

system,  w i t h  the f i n a l  t e s t i n g  of the process being c a r r i e d  out 

e x p e r i m e n t a l l y .  The c o l l e c t i o n  of measurement processes a lso provides  

a basis  for  the design of the standard hardware and sof t ware  modules.  

That i s ,  a measurement process d e f i nes  the sequence of oper a t i ons  to be 

implemented w i t h i n  the modules and these can be s p e c i f i e d  in terms of 

the r equ i r ed  o per a t i on  and the method by which the oper a t i on  is to be

*2 The c o n s t ru c t i o n  of such a model w i l l  form a major  p o r t i o n  of the 
present  work.
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c a r r i e d  out in a d d i t i o n  to the ranges of t h e i r  inputs and outputs .  

Pr ov i d i ng  the oper a t i ons  are s u c c e s s f u l l y  implemented,  the modules w i l l  

always f i t  together  to produce a cons i s t ent  system because the 

measurement process upon which they are based is c o n s i s t e n t .

This methodology can be taken f u r t h e r  by implement ing the general  model 

on a computer and using t h i s  to s i mul a t e  the oper a t i on  of each s p e c i f i c  

measurement system. Wi th t h i s  development t o o l ,  i t  w i l l  be pos s i b l e  to 

s e l ec t  a p p r o p r i a t e  methods for  the data c o l l e c t i o n  and processing from 

the f ami l y  of standard measurement processes and system modules,  and to 

conf i rm that  a proposed system w i l l  work bef ore  i t  is necessary to 

f i n a l i s e  the design.  Also,  t here are c e r t a i n  aspects of a process  

moni t or i ng  system such as the source and d e t e c t o r  arrangement  which may 

be s p e c i f i c  to an a p p l i c a t i o n .  The computer s i mu l a t i o n  technique can 

be used to t ry  out p o s s i b i l i t i e s  in t h i s  area and to de f i n e  an optimum 

design.  Even though the f r on t - end  geometry of a system may be unique  

to the a p p l i c a t i o n ,  the design problem w i l l  always be of the same form.  

T h e r e f o r e ,  the computer program can be app l i ed  to a l l  the cases by 

changing the data and boundary cond i t i ons  used in the s i m u l a t i o n .

1.4 QUALITY IMPROVEMENT PROCESS

I t  is a fact  that  the most successful  companies are  those who supply  

q u a l i t y  products that  customers want to buy.  In everyday use,

" q u a l i t y "  has an unc l ear  meaning which is somehow assoc i a t ed  wi t h  

goodness.  This d e f i n i t i o n  is not very h e l p f u l  to companies s t r u g g l i n g  

wi t h  the problems of the development ,  manufacture and market ing of 

product s .  T he r e f o r e ,  companies tend to use a formal  system to de f i n e  

and improve q u a l i t y .  Plessey Cont r o l s  Lt d .  use an American system 

suppl i ed  by P h i l i p  Crosby Assoc i a t es ,  Inc.  C5].  I t  w i l l  be shown that  

a formal  product  development system,  i nc o r p o r a t i n g  the ideas of the 

prev ious  s e c t i o n s ,  f o l l ows  n a t u r a l l y  from the p r i n c i p l e s  of q u a l i t y  

i mprovemen t .

According to Crosby,  q u a l i t y  is de f i ned  as "conformance to a customer ' s  

requi rements"  and the basis  of q u a l i t y  improvement is to understand
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e x a c t l y  what these requi rements are and how to meet them. Here,  

"customer" can r e f e r  to an i n t e r n a l  customer w i t h i n  one ' s  own 

o r g a n i s a t i o n  in a d d i t i o n  to the e x t e r na l  customer to whom moni t or i ng  

systems are supp l i ed .  A key concept is that  a l l  work is a process.

The system used to achieve an improvement in q u a l i t y  is one of defect  

pr event i on  by the design of the work process r a t her  than the appr a i sa l  

and c o r r e c t i o n  of non-conforming process out put s .  This is implemented 

by moni t or i ng  the outputs of the work process and t e s t i n g  these against  

a q u a l i t y  performance standard of zero d e f e c t s .  I f  d e f ec t s  (or  

non-conformances)  are found,  these must be cor r ec t ed  and the cost  

i ncurred is used to e v a l u a t e  the ser iousness of the f a u l t  in the work 

process which led to the non-conformance.  The work process is then 

r ede f i ned  (or  r e g u l a t ed )  so as to permanent ly e l i m i n a t e  the f a u l t .

For nuc lear  process moni t o r i ng  a p p l i c a t i o n s ,  there a r e  two fundamental  

requi rements which are  common to a l l  systems.  These are :

1) To make dec i s i ons  regar d i ng  the s t a t e  of the nuc l ear  process so 

as to determine whether  the process is oper a t i ng  normal l y  or i f  a 

f a u l t  c o nd i t i on  has occurred.

2) To c o l l e c t  and log i n f ormat i on  regard i ng  the nuc l ear  process.

To meet these requi rements i t  is necessary to make r e l i a b l e  

measurements on the outputs  of the nuc l ear  process so as to q u a n t i f y  

the parameters which d e f i n e  i t s  s t a t e .  The r e f o r e ,  c o r r e c t l y  designed  

measurement systems are  e s s e n t i a l  to meet ing the customer ' s  

requi rement s .

I f  an e mp i r i c a l  ( c o s t - p l u s )  development methodology is app l i e d  w i t h i n  

a f i xed  p r i c e  or product  envi ronment ,  then there are two po s s i b l e  

outcomes.  F i r s t l y ,  the systems w i l l  be expensive so few orders  

w i l l  be won, or ,  secondly ,  p r o j e c t s  w i l l  be underfunded which leads to 

development s h o r t - c u t s  and d e f e c t i v e  systems.  C l e a r l y ,  t here  is need 

to r e g u l a t e  t h i s  process and the adopt ion of standard modules and 

measurement processes,  discussed in the prev ious s e c t i o n s ,  is o f f e r e d  

as a p o s s i b l e  s o l u t i o n .
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There are  a c t u a l l y  four d i f f e r e n t  l eve l s  of processes w i t h i n  the 

present  i n v e s t i g a t i o n .  These are the nuclear  processes upon which 

measurements are made, the measurement processes which d e f i n e  the 

sequence of opera t i ons  performed by the moni t or i ng  systems,  the 

process of system development and the q u a l i t y  improvement process  

i t s e l f .  Here,  the o b j e c t i v e  is to d e f i n e  a new work system for  the 

development of measurement processes,  toget her  w i t h  the hardware and 

sof t ware  modules necessary for  t h e i r  i mplementat ion,  which w i l l  

e l i m i n a t e  the cur rent  problems.

The i n s t a l l a t i o n  of a new work system r e q u i r e s  two p r e l i m i n a r y  s t eps,  

which are:

1) The d e f i n i t i o n  of the work process.

2) The proving of the work process by t r i a l  a p p l i c a t i o n s .

To ensure that  cons i s t en t  measurement processes which w i l l  lead to 

conforming systems are c o ns t r uc t ed ,  i t  is e s s e n t i a l  to d e f i n e  the work 

process in such a way that  the cor r ec t  d e f i n i t i o n  of the measurement  

and nuc l ear  processes f o l l ows a u t o m a t i c a l l y .  Crosby suggests a 

p i c t o r i a l  process model as a tool  for  d e f i n i n g  a work process.  The 

inputs to the process model are  a l l  of the requi rements necessary to 

complete the work s u c c e s s f u l l y  and the process outputs are  f i n i s h e d  

components,  products or ser v i ce s  which conform to the customer ' s  

requi rement s .  The model is app l i ed  to the present  s i t u a t i o n  in f i g u r e

1 . 3 ,  and discussed in the remainder of t h i s  se c t i o n .

The q u a l i t y  performance standard is p a r t i c u l a r l y  important  s ince t h i s  

a s s e r t s  that  i t  is only poss i b l e  to achieve  zero d e f e c t s ,  in the sense 

of measurement processes which can be implemented to produce conforming  

systems,  i f  a l l  of the input  requi rements to the work process are  

c o r r e c t l y  def i ned and s upp l i ed .

The requi rements under the " i nput s"  heading of f i g u r e  1.3 are  s p e c i f i c  

requi rements  for  the measurement process and system modules under  

development .  These inc lude  the d e f i n i t i o n  of the nuclear  process in
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FIG 1.3 PROCESS DIAGRAM FOR THE DESIGN OF A MEASUREMENT PROCESS
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terms of a source d e s c r i p t i o n  and the measurement requi rement  in terms 

of the parameters which must be q u a n t i f i e d  to adequat e ly  cont r o l  the 

nucl ear  process.  The above spec i f y  the inputs and outputs of the 

measurement process and i t  is e s s e n t i a l  that  they take in t o  account a l l  

of the r e l evant  f a c t or s  over the expected a p p l i c a t i o n  range of the 

sys t ems.

To minimise new design work in the implementat ion of the measurement  

process,  t h i s  should be developed around e x i s t i n g  hardware and 

sof t ware  modules as f ar  as p o s s i b l e .  I f  new modules are  r e q u i r e d ,  

these should be compat i b l e  wi t h  a l l  those e x i s t i n g  so as to add to the 

standard range of product s .  Secondary process requi rements  such as 

the need for spectrum s t a b i l i s a t i o n  should be i d e n t i f i e d  and these 

should be developed in p a r a l l e l  wi t h  the main process.

I t  is h e l p f u l  to d i s t i n g u i s h  between the "mechanics" and the "dynamics" 

of the measurement processes.  The mechanics are the e s s e n t i a l  

components to make the process work such as the d e t e c t i o n  of r a d i a t i o n ,  

the format ion of spec t ra  and the c a l c u l a t i o n  of r e s u l t s .  To a l arge  

e x t e n t ,  these are  taken for  granted by customers who expect  that  the 

i ns t r ument a t i on  s u p p l i e r  w i l l  have s u f f i c i e n t  knowledge to 

a u t o m a t i c a l l y  conform to these requi rement s .  On the o t her  hand the 

process dynamics are  f ea t u r e s  such as n i ce  graphic  d i s p l a y s ,  ease of 

o p e r a t i o n  and the l e g i b i l i t y  of documentat ion.  I t  is the dynamics in 

which the customer is i n t e r e s t ed  and these se l l  the systems.

The present  work is aimed p r i m a r i l y  at the process mechanics for the 

foI  lowing reasons:

1) The dynamics look s i l l y  i f  the fundamental  o pe r a t i on  of a process  

is d e f e c t i v e .

2)  I f  the mechanics are  c o r r e c t l y  de f i ned  by a standard measurement  

process,  a g r e a t e r  p r opor t i on  of t ime can be spent making the 

dynamics conform to the customer ' s  requi rements .

As f a r  as poss i b l e  the system modules should be p o r t a b l e .  This means
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that  f ea t ur es  designed to meet requi rements which may not be the same 

for  each customer,  can e a s i l y  be changed.  For example,  the modules 

should be designed so that  any s i z e  system can be conf i gured  simply by 

adding in more modules,  or f e a t ur e s ,  such as d i sp l ay  or data  

t ransmission formats,  can be a l t e r e d  by changing permanent data r a t he r  

than hardware or so f t war e .

The inputs to the model under the "procedures and process d e f i n i t i o n s "  

heading are used to guide the work o u t l i n e d  by the process model .  In 

the present  case,  these are  the general  mathemat ical  model of a 

nucl eoni c  measurement system (see s ec t i on  1 . 3 ) ,  a development  

methodology and a business s t r a t e g y .

In the present  context  the general  model can be thought of as a 

knowledge base which prov ides  the means to produce st andard high level  

designs for a range of measurement systems which can be implemented 

wi t h  a reasonable cost and t ime overhead,  and wi t h  conf idence  that  the 

system w i l l  work.  This is poss i b l e  because the development does not 

s t a r t  from a c lean sheet  of paper but from the e x i s t i n g  s t a t e  of the 

general  model which may a l r eady  be wel l  advanced towards the f i n a l  

measurement process.

The development methodology ( f i g u r e  1 . 4 )  s t a t es  how to use the general  

model together  wi t h  publ i shed data and repor t s  to produce a t h e o r e t i c a l  

concept  for  the range of measurement inst ruments and a s p e c i f i c a t i o n  

for  the assoc i a t ed  hardware and s o f t war e .  This concept is then tested  

and modi f i ed  u n t i l  i t  is demonstrated to be s a t i s f a c t o r y .

P r o o f - o f - p r i n c i p I e  t e s t i n g  can be c a r r i e d  out e x p e r i m e n t a l l y  where a 

s i m p l i f i e d  ( e x p e r i m e n t a l )  system is const ruct ed  and measurements are  

made on a range of sources which are  designed to represent  outputs from 

a nuc l ear  process.  Adjustments are  then made to the exper imenta l  

equipment and the t e s t i n g  repeated u n t i l  a s u i t a b l e  process  

c o n f i g u r a t i o n  is d e f i n e d .  To e x t r a p o l a t e  from the s imple exper iment  to 

the real  a p p l i c a t i o n  i t  is necessary to s i mul a t e  the o p e r a t i o n  of the 

measurement process using a computer .  This generates r e s u l t s  using a 

combinat ion of t h e o r e t i c a l  p r e d i c t i o n s  and exper imenta l  d a t a .  To test
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FIG 1.4 DEVELOPMENT METHODOLOGY
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the s i mu l a t i on  r e s u l t s ,  a number of s p e c i f i c  cases can be const ruct ed  

e x p e r i m e n t a l l y  which are  d i f f e r e n t  from those used to c a l i b r a t e  the 

model .  I f  these r e s u l t s  agree w i t h  the s i mu l a t i on  then conf idence w i l l  

be gained in the computer program and,  once t h i s  program v a l i d a t i o n  has 

been c a r r i e d  out for  the range of a p p l i c a t i o n s ,  l i t t l e  or no f u r t he r  

exper iment a l  input w i l l  be requ i r ed  when the process is implemented.

To f o l l ow the above methodology r e q u i r e s  both the equipment and s k i l l s  

i nd i ca t ed  in f i gure 1 .3 .

The t h i r d  procedure is a business s t r a t e g y ,  which is a statement  as to 

the market areas of i n t e r e s t  and the products best s u i t ed  for  t h i s  

market ,  together  w i t h  the commitment to support  the work necessary to 

develop these products .

In p a r t i c u l a r ,  the business s t r a t eg y  should be chosen to maximise the 

p r o f i t  -  o r ,  e q u i v a l e n t l y ,  to minimise the loss -  assoc i a t ed  wi t h  the 

e x p l o i t a t i o n  of each market  a rea .  In p r a c t i c e ,  t h i s  is achieved by 

choosing the product  development path which minimises " r i s k " .  In 

q u a n t i t a t i v e  terms,  r i s k  is de f i ned  as the p o t e n t i a l  loss associat ed  

wi t h  an a c t i o n ,  m u l t i p l i e d  by the p r o b a b i l i t y  of that  loss o ccur r i ng .  

T he r e f o r e ,  the development path wi t h  the minimum r i s k  is the path for  

which the t o t a l  sequence of ac t i o n s  needed to develop a product  

represent s  an optimum balance between development investment  and 

p o t e n t i a l  loss.  This path is not n e c e s s a r i l y  the one i nvo l v i ng  the 

smal l es t  c a p i t a l  o u t l a y .

This completes the o u t l i n e  of the Crosby process model .  The 

development and prov ing of the model a re  considered in the next  

sec t i o n .

1.5 RESEARCH OBJECTIVES

In the previous four  sec t i ons  of t h i s  chapter  i t  has been e s t ab l i s h e d  

that  a formal  method for  the development of process moni t o r i ng  systems 

may be f e a s i b l e .  The key to t h i s  method is the r e c o g n i t i o n  that  only a
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l i m i t e d  number of measurement processes e x i s t  and that  these have 

s u f f i c i e n t  common p r o p e r t i e s  to a l l o w  a general  mathemat ical  model to 

be produced.  This model can be used to f ormulate  s o l u t i o n s  to both the 

problems of design and the r e c o g n i t i o n  of nuclear  process out put s ,  for  

a wide range of systems.

The above statement  could suggest that  a model is merely  a convenient  

design t o o l .  However,  in phys i cs ,  models are more fundamental .  This  

is because observa t i ons  of a physica l  system can only be made by 

exper iment  but exper iments by themselves are meaningless s i nce ,  wi thout  

e x i s t i n g  knowledge of the system,  an experiment  cannot be i n t e r p r e t e d .  

Ther e f o r e ,  an e s s e n t i a l  p r e r e q u i s i t e  to any exper iment  is to const ruct  

a model which may be regarded as a p l a u s i b l e  r e p r e s e n t a t i o n  of some 

requi red  f e a t u r e  of the system i f  i t  suc c e s s f u l l y  p r e d i c t s  the outcome 

of the exper imen t .

E s s e n t i a l l y ,  a model is a set of mathemat ical  parameters which 

represent  physica l  concepts such as lengt h ,  energy or r a d i o a c t i v i t y ,  

together  w i t h  any r e l a t i o n s h i p s  which are proposed to e x i s t  between 

these parameters .  Each parameter  can be represented by numbers which 

are regarded as m u l t i p l e s  of a bas i c  u n i t .  Then, the r e l a t i o n s h i p s  can 

be represented g r a p h i c a l l y  by p l o t t i n g  corresponding numer ical  values  

of the paramet ers ,  where a point  on the graph denotes a poss i b l e  s t a t e  

of the u n der l y i ng  physica l  system and the r e l a t i o n s h i p  s p e c i f i e s  the 

set of a l l  s t a t es  that  a system can take.  The v a l i d i t y  of the 

r e l a t i o n s h i p s  can now be checked by exper imental  o b s e r v a t i o n ,  s ince the 

exper iments can be i n t e r p r e t e d  in terms of the model .  I f  they are not  

d i sproved,  the r e l a t i o n s h i p s  are  accepted as laws, w h i l e  the model is 

taken to represent  the physica l  system over the range of parameter  

values for  which i t  has been t es t ed .

The graphi ca l  r e p r e s e n t a t i o n  is l i m i t e d  to denot ing r e l a t i o n s h i p s  

i n v o l v i n g ,  at  most ,  t hree  parameters per graph.  T h e r e f or e ,  a l though  

t h i s  method of r e p r e s e n t a t i o n  is ex t remely  u s e f u l ,  i t  is r a t h e r  

cumbersome for  use wi t h  l a rger  systems.  Here,  an a l t e r n a t i v e  approach  

would be to use the t ool s  of mathemat ical  a b s t r a c t i o n ,  which involves  

working d i r e c t l y  w i t h  the equat ions for  the geomet r i ca l  c o n f i g u r a t i o n s
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which denote the r e l a t i o n s h i p s  r a t h e r  than t h e i r  graphs.  This method 

has at l east  two advantages over the graphi ca l  approach:

g e n e r a l i s a t i o n  to r e l a t i o n s h i p s  between many parameters is 

r e l a t i v e l y  e asy ;

given c e r t a i n  fundamental  r e l a t i o n s h i p s  or axioms,  i t  is p o ss i b l e  to 

de r i v e  new r e l a t i o n s h i p s  t y p o g r a p h i c a l l y .

For the present  a p p l i c a t i o n ,  the o b j e c t i v e  is to s p e c i f y  the 

r a d i o a c t i v i t y  of c e r t a i n  r a d i o n u c l i d e s  output  from a nuclear  process,  

from the r e s u l t s  of measurement.  T h e r e f o r e ,  i t  is necessary to 

const ruct  a model which embodies the r e l a t i o n s h i p  between these 

quan t i t i es .

More s p e c i f i c a l l y  t h i s  work w i l l  include:

1) An examinat ion of cur r en t  e l e c t r o n i c  signal  processing techniques  

to determine methods for  c o l l e c t i n g  data which r e s u l t  in a minimum 

loss of i n f ormat i on  concerning the sample,  but do not produce more 

data than can be processed w i t h  a reasonable  computat ional  

overhead.  These techniques w i l l  be i l l u s t r a t e d  by c o n s i d e r i n g ,  as 

examples,  systems which have r e c e n t l y  been i n v e s t i g a t e d  by Plessey  

Cont ro l s  L t d .  In p a r t i c u l a r ,  a number of new c i r c u i t s  w i l l  be 

presented and the problems of spectrum s t a b i l i s a t i o n  and dead t ime 

c o r r e c t i o n  w i l l  be cons i dered .

2) The c o n s t r u c t i o n  of the general  model which i nvolves an examinat ion  

of the i n t u i t i v e  concepts upon which i ns t r ument a t i on  systems tend 

to be based and the development of an ax i omat i c  f o r m a l i s a t i o n  of 

these concepts.  This w i l l  lead to a Bayesian procedure for  the 

i n t e r p r e t a t i o n  of measurements and an i n v e s t i g a t i o n  i nto the 

under l y i ng  p r o p e r t i e s  of the nuc l ear  processes which w i l l  be 

def i ned  in terms of a Markov random process.  The r e s u l t  w i l l  be a 

scheme which a l lows i n f ormat i on  concerning the nuc l ear  process to 

be b u i l t  up dur i ng the course of system ope r a t i o n  and t h i s  

i n f o rmat i on  used to s t a b i l i s e  the measurement i n t e r p r e t a t i o n .  An
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example of t h i s  scheme's implementat ion using the m u l t i v a r i a t e  

normal f ami l y  of d i s t r i b u t i o n s  w i l l  be considered.

3) The general  model w i l l  de f i n e  the high level  s t a t i s t i c a l  aspects of 

measurements on the nuclear  processes.  In f a c t ,  t h i s  model could 

be app l i ed  to any source which is descr ibed by a Markov process 

which a l so includes many non- nuc lear  processes.  However,  a pure 

s t a t i s t i c a l  approach may lead to a l arge number of parameters to be 

q u a n t i f i e d  i f  every dependence of the measurement is to be taken 

into account .  T he r e f o r e ,  a d e t e r m i n i s t i c  model which provides a 

system of c o n s t r a i n t s  w i l l  be cons idered.  By n a t u r e ,  such a model 

w i l l  be more s p e c i f i c  to a p a r t i c u l a r  c lass of processes than the 

general  model .  For the present  a p p l i c a t i o n ,  t h i s  w i l l  be based on 

the branch of s t a t i s t i c a l  mechanics known as Transpor t  t heory ,  

which is concerned mainly w i t h  neut ron and gamma r a d i a t i o n s .  Even 

so, these r a d i a t i o n s  form the bas i c  of almost a l l  nuclear  

i ns t r ument a t i on  systems and these prov i de  a wide a p p l i c a t i o n  f i e l d  

for the mode I .

4) Through out t h e i r  development ,  both models w i l l  be app l i ed  by way 

of examples to the design and r e c o g n i t i o n  problems assoc i a t ed  wi t h  

the systems i l l u s t r a t e d .

This work e s t a b l i s h e s  the t h e o r e t i c a l  basis  of new techniques for  the 

processing of data from nuc l eoni c  measurement systems,  t ogether  wi t h  a 

design procedure which w i l l  e l i m i n a t e  the cur rent  high r i s k  associat ed  

wi t h  the development of such systems.  Fur thermore,  by adopt ing the 

procedures o u t l i n e d ,  i t  is expected that  an improvement in the 

t echni ca l  q u a l i t y  and a reduct i on  in the costs and lead t imes of the 

products w i l l  be achieved.
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CHAPTER 2

ON-LINE MEASUREMENT PROCESSES

In t h i s  chapter  the problem of c o l l e c t i n g  measurement data w i l l  be 

addressed and the hardware requi rements of a t y p i c a l  data processing  

system i d e n t i f i e d .  This w i l l  involve  a b r i e f  d iscussion of the 

d e t e c t i o n  i ns t r ument a t i on  and assoc i a t ed  e l e c t r o n i c s  together  wi t h  

methods for  r e p r e s e n t i n g  the observed s ignal  da t a .  I t  is hoped that  

t h i s  w i l l  prov i de  a bas i s  for the s p e c i f i c a t i o n  of standard e l e c t r o n i c  

modules and a s t a r t i n g  point  for the con s t r u c t i o n  of the general  system 

model .  To i l l u s t r a t e  the concepts,  the a p p l i c a t i o n  to a number of real  

systems w i l l  be examined.

2.1 RADIATION DETECTORS

When one r e f e r s  to " r a d i o a c t i v i t y " ,  t h i s  normal l y  means the pr imary  

( a lpha  or be t a )  d e c a y - r a t e  of a sample.  Because of the n o n - p e n e t r a t i n g  

na t u r e  of a lpha and beta  r a d i a t i o n ,  these q u a n t i t i e s  cannot u s u a l l y  be 

measured d i r e c t l y  for  nuc l ear  process moni t o r i ng  a p p l i c a t i o n s ,  but must 

be i n f e r r e d  from neut ron or gamma-ray measurements.
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There are  three basic  types of d e t e c t o r  used for neutrons or gamma- 

rays;  which are g a s - f i l l e d ,  s c i n t i l l a t o r s  and semiconductor d e t e c t o r s .

The g a s - f i l l e d  de t e c t o r s  include ion chambers,  p r o p o r t i o n a l  counters  

and Geiger-Mu I I er  tubes (GMT's) .  These are e s s e n t i a l l y  an outer  metal  

case which is ear thed t ogether  wi t h  a c e n t r a l  w i r e  anode or cathode.  

This assembly cont a ins  a gas w i t h  which inc ident  r a d i a t i o n  i n t e r a c t s  to 

produce i o n i z a t i o n .  The e l e c t r o n - i o n  p a i r s  are swept from the a c t i v e  

volume of the de t e c t o r  by the e l e c t r i c  f i e l d  between the outer  case and 

the c e n t r a l  w i r e ,  and c o l l e c t e d  to produce an output  pu l se .  For slow 

charge c o l l e c t i o n ,  as in some ion chambers,  the pulses b u i l d  up to 

produce a d . c .  output  which is p r o p o r t i o n a l  to the t o t a l  energy of the 

absorbed p a r t i c l e s .  Such d e t ec t o r s  are  r e f e r r e d  to as " i n t e g r a t i n g " .  

Fast charge c o l l e c t i o n  r e s u l t s  in d i s t i n c t  pulses which can be counted 

to produce an e s t i ma t e  of the inc i dent  f l u x .  These are  r e f e r r e d  to as 

"pulse type" d e t ec t o r s  and t h i s  is the normal o per a t i ng  mode of 

p r o p o r t i o n a l  counters and GMT's.

For the d e t ec t i o n  of gamma-rays wi t h  any of the t hree d e t e c t o r s ,  the 

f i l l i n g  gas is t y p i c a l l y  a mi x t u r e  of argon and n i t r o g e n .  Here,  

e l e c t r o n - i o n  pa i r s  are  produced by Compton s c a t t e r i n g  or p h o t o e l e c t r i c  

absorp t i on  of the gamma-rays by gas atoms and the l i b e r a t e d  e l e c t r o n s  

are c o l l e c t e d  by a c e n t r a l  w i r e  anode.  As the e l e c t r o n s  and p o s i t i v e  

ions are  swept through the gas,  they may i oni ze  f u r t h e r  atoms causing a 

m u l t i p l i c a t i o n  of the charge deposi ted in the d e t e c t o r .  In a GMT, t h i s  

e f f e c t  dominates and s i m i l a r  height  pulses are  produced by gamma-rays 

of a l l  e n er g i es .  For a p r o p o r t i o n a l  counter  the m u l t i p l i c a t i o n  is 

constant  w h i l e ,  in an ion chamber,  the e f f e c t  is n e g l i g i b l e  so only the 

o r i g i n a l  charge c o n t r i b u t e s  to the output  s i g n a l .

Because of the constant  charge m u l t i p l i c a t i o n ,  p r o p o r t i o n a l  counters  

output  pulses w i t h  he ight  p r o p o r t i o n a l  to that  energy of the o r i g i n a l  

gamma-rays which is depos i t ed  in the gas.  The r e f o r e ,  these de t ec t or s  

can be used for  low r e s o l u t i o n  spect roscopy ( a l though s c i n t i l l a t o r s  are  

now more common for  t h i s  a p p l i c a t i o n ) .  Ne i t he r  of the ot her  gas 

de t ec t or s  a l lows the d i s c r i m i n a t i o n  between gamma e n e r g i e s .  However,  

by s u i t a b l e  choice of the argon to n i t r o g e n  r a t i o ,  and var i ous
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mechanical  ad just ment s ,  i t  is poss i b l e  to compensate these de t ec t o r s  so 

that  the product  of the gamma d e t ec t i o n  p r o b a b i l i t y  and the charge  

deposi ted by an event  is approx i mat e l y  const ant .  Hence,  they w i l l  be 

r e l a t i v e l y  i n s e n s i t i v e  to changes in the gamma energy d i s t r i b u t i o n  and 

the measurements can u s ua l l y  be i n t e r p r e t e d  in terms of the o r i g i n a l  

f l u x  using an e x p e r i m e n t a l l y  def i ned c a l i b r a t i o n  const ant .

For neut ron d e t e c t i o n ,  p r o p o r t i o n a l  counters and ion chambers can be 

f i l l e d  wi t h  boron t r i - f l u o r i d e  where d e t ec t i o n  takes p l ace  by the 

1^B( n , « ) ^L i  r e a c t i o n ,  or wi t h  he l i um- 3  where d e t ec t i o n  is by
q  q

H e( n , p ) ° H .  The charge r e s u l t i n g  from i o n i z a t i o n  by the alphas or 

protons is c o l l e c t e d  by a c e n t r a l  w i r e  cathode.  The c r os s - se c t i on s  for  

both r eac t i ons  are  highest  for thermal  neut rons.  However,  s ince the
o

o v e r a l l  d e t e c t i o n  e f f i c i e n c y  is g r e a t e r  for  the '■'He d e t e c t o r s ,  t h e i r  

energy range is extended into the e p i - t h e r ma l  r eg i on .  For p r o p o r t i o n a l  

count ers ,  t h i s  int roduces the p o s s i b i l i t y  of energy d i s c r i m i n a t i o n .  On 

the other  hand, the BFg de t ec t o r s  g i ve  super i or  n a t u r a l  d i s c r i m i n a t i o n  

aga inst  gamma backgrounds.

A s c i n t i l l a t i o n  d e t e c t o r  cons i s t s  of a s c i n t i l l a t i o n  phosphor,  which is 

a m a t e r i a l  which i n t e r a c t s  wi t h  i o n i z i n g  r a d i a t i o n  to produce l i gh t  

pu l ses ,  together  w i t h  a device such as a p h o t o m u l t i p l i e r  tube (PMT) or 

a photodiode for  con v e r t i n g  the l i g h t  pulses into charge.

There are  a l arge number of m a t e r i a l s  which w i l l  s c i n t i l l a t e ,  i nc l ud i ng  

i norgani c  c r y s t a l s ,  p l a s t i c s ,  l i q u i d  and g l ass ,  and phosphors are  

a v a i l a b l e  for  the d e t e c t i o n  of gamma-rays,  neutrons and alpha and beta  

p a r t i c l e s  E13, C23.  The main a p p l i c a t i o n  w i t h i n  nuc l ear  process  

moni t or i ng  is for  inorgani c  c r y s t a l s  to det ect  gamma-rays.  Of these 

t h a l l i u m  a c t i v a t e d  sodium iodide ( N a l ( T I ) )  is most common.

For inorganic  c r y s t a l  s c i n t i l l a t o r s ,  the inc ident  gamma photons 

i n t e r a c t  wi t h  bound e l e c t r o n s  in the c r y s t a l  l a t t i c e  by p h o t o e l e c t r i c  

absorpt i on  and Compton s c a t t e r i n g  or by the product ion of e l e c t r o n -  

p o s i t r o n  p a i r s  in the e l e c t r o - s t a t i c  f i e l d  of a nucleus.  In t h i s  case,  

the p os i t r on  w i l l  r a p i d l y  a n n i h i l a t e  wi t h  an atomic e l e c t r o n  to produce  

secondary gamma-rays which may undergo Compton or p h o t o e l e c t r i c
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i n t e r a c t i o n s .  Al l  of these processes l i b e r a t e  e l e c t r o n s  from the 

c r y s t a l  l a t t i c e  and these d i s s i p a t e  k i n e t i c  energy in c o l l i s i o n s  wi t h  

f u r t h e r  e l e c t r o n s  which are r a i sed  to h igher  energy s t a t e s  w i t h i n  t h e i r  

atoms.

When an e l e c t r o n  is e x c i t ed  i t  leaves a p o s i t i v e l y  charged hole  in the 

valence band of the c r y s t a l .  I f  the e l e c t r o n  is not given s u f f i c i e n t  

energy to complete ly  i on i ze  the atom or ,  i f  an e l e c t r o n  is subsequent ly  

capt ured ,  i t  w i l l  remain e l e c t r o s t a t i c a l l y  bound to the ho l e .  These 

bound e l e c t r o n s  occupy a band c a l l e d  the exc i t on  band,  just  below the 

conduct ion band, and the bound e l e c t r o n - h o l e  p a i r s  are  c a l l e d  e x c i t o n s .  

Since these are  e l e c t r i c a l l y  n eu t r a l  they can d r i f t  f r e e l y  through the 

c r y s t a l .  There are  t hree important  mechanisms by which the e l e c t r o n s  

r e t ur n  to the valence band:

1) F luorescence -  when the exc i t on  is captured by an a c t i v a t i o n  

c e n t r e ,  e x c i t i n g  t h i s  atom, and the a c t i v a t o r  r a p i d l y  decays wi t h  

the emission of a v i s i b l e  photon.

2) Quenching - when the e l e c t r o n  r e t u r ns  to the valence band wi t h  the 

d i s s i p a t i o n  of heat but no photon emission.

3) Phosphorescence -  when the e l e c t r o n  is t rapped in a met ast ab l e  

s t a t e  of an impur i t y  atom and t h i s  e v e n t u a l l y  decays wi t h  the 

emission of a photon.

Of the t hree  decay modes, f l uorescence  is the des i r ed  mechanism, wh i l e  

quenching reduces the e f f i c i e n c y  of the c r y s t a l  and phosphorescence  

produces an unwanted a f t e r g l o w  e f f e c t .  The a c t i v a t o r  is int roduced  

i n t o  the c r y s t a l  to op t i mi se  the f l uor escence .  The mean t ime for the 

e l e c t r o n s  to r e t u r n  to the valence band is a constant  known as the 

decay constant  and for  N a l ( T I )  t h i s  is of order  250ns.

The s c i n t i l l a t i o n  photons c o l l e c t i v e l y  form a pulse  of l i g h t  wi t h  

i n t e n s i t y  p r o p o r t i o n a l  to the energy deposi ted in the de t ec t or  by the 

o r i g i n a l  gamma-ray.  For N a l ( T I ) ,  these photons have wavelength of 

order  415nm and t h i s  is p a r t i c u l a r l y  wel l  matched to a b i a l k a l i  type
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PMT C3].  To det ect  the v i s i b l e  l i g h t ,  the s c i n t i l l a t i o n  c r y s t a l  is 

mounted in an aluminium case which is l i ned wi t h  a r e f l e c t i v e  ma t e r i a l  

such as MgO and cont a i ns  a g lass or quar t z  e x i t  window. This is 

o p t i c a l l y  coupled,  d i r e c t l y  or v i a  a l i g h t  guide,  onto the 

photo-cathode of the PMT. The l i g h t  emi t t ed  by the s c i n t i l l a t o r  

l i b e r a t e s  e l e c t r o n s  from the photo- cat hode and t h i s  charge is swept 

along the PMT, being m u l t i p l i e d  at each dynode s t age ,  u n t i l  i t  is 

c o l l e c t e d  on the anode to produce an output  pulse .

The observed v a r i a t i o n  in the output  pulse height  d i s t r i b u t i o n  w i l l  

depend upon a l l  of the events which lead to the f ormat ion of the 

pul ses .  T y p i c a l l y ,  for  incident  r a d i a t i o n  at 660keV,  the width of the 

d i s t r i b u t i o n  (at  h a l f  h e i g h t )  is of order  55keV or 8%.

A semiconductor d e t ec t or  is e s s e n t i a l l y  a p-n j un c t i o n  operated w i t h  a 

reverse  bias e l e c t r i c  f i e l d  so that  i t  acts l i k e  an ion chamber where 

charge creat ed in the d e p l e t i o n  region is swept out by the e l e c t r i c  

f i e l d  to form an output  pulse .  The main d i f f e r e n c e  between these 

d e t ec t o r s  is in the energy r e s o l u t i o n  of the observed s i gna l s  which 

a r i s e s  from the mean energ i es  to c r e a t e  a p a i r  of charge c a r r i e r s .

This is of order  30eV to i oni ze  a gas atom compared w i t h  3 to 4eV to 

c r e a t e  an e l e c t r o n - h o l e  pa i r  in s i l i c o n  or germanium [ 43 .

A p - t ype  semiconductor is doped w i t h  a t r i v a l e n t  i mpur i t y  to i nt roduce  

an excess of holes in the covalent  bond s t r u c t u r e .  These act l i k e  

p o s i t i v e l y  charged p a r t i c l e s ,  and can d r i f t  through the c r y s t a l  

c a r r y i n g  a c u r r e n t .  L i kewi se ,  for  pent ava l ent  doped ( n - t y p e )  

semiconductors,  the impur i t y  atoms int roduce e x t r a  e l e c t r o n s  which act  

as the charge c a r r i e r s .  In the neighbourhood of a p-n j u n c t i o n ,  holes  

d r i f t  i nto the n region and combine wi t h  e l e c t r o n s ,  w h i l e  e l e c t r o n s  

d r i f t  into the p region and combine wi t h  holes .  This int roduces a net  

n e ga t i ve  charge in the p region and a net p o s i t i v e  charge in the n 

r e g i on ,  which prevent s  the f u r t h e r  combinat ion of e l e c t r o n s  and ho l es .  

I f  a reverse  bi as  p o t e n t i a l  d i f f e r e n c e  is app l i ed  to the c r y s t a l ,  the 

d e p l e t i o n  region where the e l e c t r o n - h o l e  combinat ion occurs,  grows 

wider  but no c ur r en t  f lows across the j u n c t i o n .  However,  i f  e x t r a  

e l e c t r o n - h o l e  p a i r s  are  c r eat ed  in t h i s  region by thermal  e x c i t a t i o n  or
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i o n i z i n g  r a d i a t i o n ,  these are swept across the j un c t i o n  by the e l e c t r i c  

f i e l d  and a smal l  cur rent  f lows,  producing an output  pu l se .

There are  a number of basic types of semiconductor d e t e c t o r s ,  i nc l ud i ng  

sur f ace  b a r r i e r  and d i f f u s e d  j unc t i on  de t ec t or s  for  charged p a r t i c l e s ,  

l i t h i u m  d r i f t e d  s i l i c o n  ( S i ( L i ) )  de t ec t o r s  for X- rays and l i t h i u m  

d r i f t e d  germanium ( G e ( L i ) )  and h i g h - p u r i t y  germanium (HPGe) d e t ec t o r s  

for  gamma-rays.

A d r i f t e d  de t ec t or  is made by d i f f u s i n g  l i t h i u m  into the sur f ace  of a 

p-doped c r y s t a l  of s i l i c o n  or germanium, then he a t i ng  and appl y i ng  an 

e l e c t r i c  f i e l d  to d r i f t  the l i t h i u m  through the c r y s t a l  forming a l arge  

i n t r i n s i c  region between the p and n l aye r s .  This a l l ows  the d ep l e t i o n  

region to be expanded to almost the s i z e  of the c r y s t a l  by count er i ng  

the e f f e c t s  of i mp u r i t i e s  in the c r y s t a l  which act  as e l e c t r o n  t rappi ng  

cent res  * 1 .  To counter  the e f f e c t s  of thermal  noise and a l so because 

the l i t h i u m  becomes mobi le at room t emperatures,  d r i f t e d  de t e c t o r s  must 

be operated and permanent ly s t ored at  cryogenic  temperatures (about  77 

K e l v i n ) .

In recent  years ,  germanium c r y s t a l s  have been grown w i t h  a s u f f i c i e n t l y  

low dens i t y  of t r appi ng cent res  to a l l ow gamma-ray d e t ec t o r s  to be 

produced wi t hout  d r i f t i n g .  These HPGe d e t ec t o r s  can be made from 

p- t ype  germanium wi t h  l i t h i u m  d i f f u s e d  cont act s  or from n - t ype  m a t e r i a l  

wi t h  boron c o n t ac t s .  In e i t h e r  case,  the de t ec t or s  can be stored at  

room t emperat ure .  However,  because of the t her mal l y  produced c a r r i e r s ,  

l i q u i d  n i t r o g e n  coo l i ng  is s t i l l  r equ i r ed  for o pe r a t i o n .

T y p i c a l l y  for  a G e ( L i )  or HPGe d e t e c t o r ,  the v a r i a t i o n  in the pulse  

hei ght  d i s t r i b u t i o n  is of order  2keV (0.3%)  at  660 keV.  Comparing w i t h  

an N a l ( T I )  d e t e c t o r ,  t h i s  r epresent s  an improvement in energy 

r e s o l u t i o n  by a f a c t or  g r e a t e r  than 20.  The importance of the energy  

r e s o l u t i o n  is that  i t  a l lows the i d e n t i f i c a t i o n  of photopeaks from

These capt ure  e l e c t r o n s  for  a t ime of s i m i l a r  order  or g r e a t e r  than 
the mean charge c o l l e c t i o n  t ime,  and hence cause the loss of these  
e l e c t r o n s  to the d e t e c t i o n  process.
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i nd i v i dua l  isotopes in a mixed gamma e m i t t i n g  source,  thus p r o v i d i n g  a 

simple method for  measuring the i so t op i c  composi t ion in a d d i t i o n  to the 

r a d i o a c t i v i t y  of a sample.  On the other  hand,  N a l ( T I )  has advantages  

over G e ( l i )  and HPGe wi t h  respect  to gross d e t ec t i o n  e f f i c i e n c y ,  room 

temperature o p e r a t i o n ,  the geometry wi t h  which the c r y s t a l s  can be 

manufactured and neut ron damage r e s i s t an c e .

Al l  of the above d e t e c t o r s  produce smaI I . q u a n t i t i e s  of charge in 

response to the i nc ident  photons or neut rons.  To be of use,  t h i s  

charge must be a m p l i f i e d  and t ransmi t t ed  to e l e c t r o n i c  modules where 

the s i gna l s  are  processed and represented in the r equi red  form. A p r e ­

a m p l i f i e r  is t h e r e f o r e  an e s s e n t i a l  component of any d e t e c t o r .

Two p r e - a m p l i f i e r  c i r c u i t s  are shown in f i g u r e  2 . 1 .  For a pulse type 

d e t e c t o r ,  the p r e - a m p l i f i e r  is u s u a l l y  of the i n t e g r a t i n g  (or  charge)  

type.  The output  from t h i s  c i r c u i t  is a vo l t age  pulse  wi t h  height  

pr o p o r t i o n a l  to the t o t a l  charge output  from the d e t e c t o r  and an 

exponent ia l  t a i l  of l ength governed by the RC t ime constant  of the 

c i r c u i t .  To obt a i n  an accur a t e  r e p r e s e n t a t i o n  of the charge,  the t ime 

constant  should be l arge compared to the width of the input pulses ( i e ,  

of order  50ps ) .

The second p r e - a m p l i f i e r  is used w i t h  i n t e g r a t i n g  d e t e c t o r s  to conver t  

c ur r en t s  in the region of a few nanoamps to a sequence of pulses wi t h  

f requency p r o p o r t i o n a l  to the d e t e c t o r  ou t put .  This approach y i e l d s  a 

more accur a t e  r e p r e s e n t a t i o n  of the charge deposi ted in the de t ec t or  

than the t r a d i t i o n a l  approach where the output  cur r en t  is a m p l i f i e d  

d i r e c t l y .  However,  the a m p l i f i c a t i o n  of the t i ny  s i gna l s  from these  

d e t e c t o r s  s t i l l  represent s  a d i f f i c u l t  problem and c a r e f u l  design and 

t i gh t  component t o l e rances  are  e s s e n t i a l .  Since the pulses from a GMT 

car r y  no i n f ormat i on  regard i ng  the energy of the det ect ed p a r t i c l e s ,  

there is l i t t l e  b e n e f i t  to be gained from using a p r e - a m p l i f i e r  which 

preserves the pulse he ight  i n f o r ma t i on .  Ther e f or e  a simple v o l t ag e  to 

f requency conver t e r  along the same l i nes  as c i r c u i t  B is a l l  that  is 

r e q u i r e d ,  a l though an e l e c t r o n i c  quenching c i r c u i t  may be added to the 

basic  c i r c u i t .  For these de t ec t or s  the design and component t o l e r ances  

are much g r e a t e r  than for  the cor responding case of an ion chamber.
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B) CURRENT TO FREQUENCY CONVERTER

FIG 2.1 PRE-AMPLIFIER CIRCUITS
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Between them these p r e - a m p l i f i e r s  w i l l  cover the e n t i r e  range of 

d e t e c t o r s .  Ther e f or e  they can be adopted as standard i n t e r f ac e s  

between the d e t e c t o r s  and the data c o l l e c t i o n  e l e c t r o n i c s .

2 .2  FRONT-END SIGNAL PROCESSING ELECTRONICS

For measurements on a nuc l ear  process,  the c o l l e c t i o n  of data involves  

the s ix  oper a t i ons  shown »n f i g u r e  2 . 2 .  Of these,  the pulse shaping,  

q u a n t i s a t i o n  and s t a b i l i s a t i o n  are  e s s e n t i a l l y  hardware oper a t i ons  

which represent  the input pulses in a d i g i t a l  form s u i t a b l e  for  

s c a l i n g .  Since the output  of a cur rent  to frequency conver t e r  is 

a l r eady  in t h i s  form, these hardware oper a t i ons  are  necessary for  pulse  

type de t e c t o r s  on l y .  I t  w i l l  be assumed that  a charge s e n s i t i v e  

p r e - a m p l i f i e r  is i ncorporat ed into the d e t e c t o r  assembly.

The p r e - a m p l i f i e r  output  is t y p i c a l l y  a pulse wi t h  a sharp r i s e  t ime 

and a slow decay.  For example,  wi t h  an N a l ( T I )  d e t e c t o r ,  these values  

are of order  250ns and 50|is r e s p e c t i v e l y .  At high c o u n t - r a t e s  the long 

t a i l s  of the pulses w i l l  cause b a s e - l i n e  i n s t a b i l i t y .  T h e r e f or e ,  i t  is 

necessary to shape the pulses to remove the long t a i l s .

A simple shaping a m p l i f i e r  is shown in f i g u r e  2 . 3 .  This d i f f e r e n t i a t e s  

each input pu l se ,  ad j us t s  the d . c  l evel  to remove the n e ga t i ve  t a i l  and 

r e - i n t e g r a t e s  to produce a semi -gaussian shaped pu l se .  The d . c .  

adjustment  is c a r r i e d  out by adding a p r opor t i on  of the input pulse  

t r a i n  to the d i f f e r e n t i a t e d  pulses so as to cancel  the nega t i ve  

component.  This is known as p o l e - z e r o  c a n c e l l a t i o n .  The simple  

c i r c u i t  is o f t e n  adequate for  p r o p o r t i o n a l  counters and N a l ( T I )  

d e t e c t o r s .  However,  for  h i g h - r e s o l u t i o n  systems the c i r c u i t  is u s u a l l y  

modi f i ed  by the a d d i t i o n  of a c t i v e  b a s e - l i n e  r e s t o r a t i o n ,  gated  

i n t e g r a t i o n  and other  f ea t u r e s  designed to minimise the loss of 

i n f ormat i on  r egard i ng  the energy of the absorbed p a r t i c l e s .  The bas i c  

modi f i ed  c i r c u i t  is shown in f i g u r e  2 . 4  * 2 .  A l t e r n a t i v e l y ,  shaping  

c i r c u i t s  which minimise the loss of i n f ormat i on  concerning the t iming

* 2  See  a l s o  f i g u r e s  2 . 7 ,  2 . 8  and 2 . 9 .
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DIFFERENTIATED 
PULSE WITH DC 
OVERSHOOT

SHAPED PULSES

FIG 2.3 SIMPLE (SEMI-GAUSSIAN) SHAPING AMPLIFIER
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of the pulses may be used C5] ,  Such a c i r c u i t ,  based on a delay l i n e ,  

i s shown in f i gure 2 . 5 .

To enable the subsequent s c a l i ng  and data processing opera t i ons  to be 

c a r r i e d  out i t  is necessary to assign numerical  values to the 

analogue pulses output  from the shaping a m p l i f i e r .  This process is 

known as q u a n t i s a t i o n .  A schemat ic r e p r e s e n t a t i o n  of a q u a n t i s e r ' s  

oper a t i on  is shown in f i g u r e  2 . 6 .  Here the height  of each input pulse  

is t ested aga i nst  a set of dec i s i on  l eve l s  and i f  the input f a l l s  into  

the i n t e r v a l  between two dec i s i on  l e ve l s  i t  w i l l  be assigned a value  

assoc i a t ed  w i t h  that  i n t e r v a l .  These values are  c a l l e d  r e c o n s t ru c t i o n  

l e v e l s .  One p o s s i b i l i t y  is to a l l o w  the kth r e c o n s t r u c t i o n  level  to 

represent  the c en t r e  of the i n t e r v a l  between the ( k -1> th and the kth  

dec i s i on  l e v e l s .  I f  the i n t e r v a l s  between the dec i s i o n  l eve l s  are  

equa l ,  the qua n t i s e r  is said to be uni form.

In c e r t a i n  systems,  the vo l t age  ampl i tudes may correspond to one of a 

set of expected va l ues .  For these systems i t  may be poss i b l e  to 

ar range the dec i s i on  l eve l s  so that  they are more c l o s e l y  spaced about  

the regions where the most probable  values occur .  Fur t hermore,  in some 

s i t u a t i o n s ,  improvement in system speed and e f f i c i e n c y  may be obta ined  

by ass i gn i ng  a separa t e  q u a n t i z e r  to i nd i v i d u a l  or groups of input s .  In 

recent  years ,  i n t e l l i g e n t ,  non- uni f orm quan t i se r s  which adapt  

themselves to a p a r t i c u l a r  input have been developed.  By optimum 

q u a n t i s a t i o n  these systems o f f e r  reduct i on  in processing overhead or 

improvement in accuracy over convent ional  systems.

I f  a qua n t i s e r  cons i s t s  of a s i n g l e  r e c o n s t ru c t i o n  level  and one or two 

d e c i s i on  l e v e l s ,  then i t  is known as a threshold f i l t e r  or a 

d i f f e r e n t i a l  d i s c r i m i n a t o r  r e s p e c t i v e l y .  This c i r c u i t  cons i s t s  of one 

or two comparators and l og i c  to output  a d i g i t a l  s ignal  i f  a pulse  

f a l l s  into a region of i n t e r e s t  de f i ned  by the comparators.

A p p l i c a t i o n s  are  for  gross count ing in a broad s pe c t r a l  r eg i on ,  

d i s t i n g u i s h i n g  pulses from d i f f e r e n t  types of r a d i a t i o n ,  for example,  

neutron pulses amid a gamma background and as an input  stage to a 

t iming or spectrum s t a b i l i s a t i o n  c i r c u i t .  Two d i f f e r e n t i a l  

d i s c r i m i n a t o r  c i r c u i t s  are  shown in f i g u r e  2 . 7 .
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FIG 2.6 SCHEMATIC REPRESENTATION OF A QUANTISER
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A) DUAL D I F F E R E N T I A L  D I S C R I M I N A T O R  FOR S E M IG A U S S IA N  
SHAPED PULSES

B )  QUAD D I F F E R E N T I A L  D I S C R I M I N A T O R  FOR GATED 
INTEGRATOR OUTPUT

F I G  2 . 7  D I F F E R E N T I A L  D I S C R I M I N A T O R  - C I R C U I T S
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An ana I o g u e - t o - d i g i t a  I conver t e r  (ADC) forms a mu I t i p I e  channeI  uni form  

q u a n t i s e r .  Of the three types commercia l ly  a v a i l a b l e ,  a d u a l - s l o p e  

conver t e r  operates in tens of mi l l i s e c o n d s  * 3 ,  the success i ve-  

approximat ion type in a few microseconds and a f l ash conver t e r  in the 

nanosecond r eg i on .  However,  f l ash  conver t e r s  tend to be expensive;  

thus,  for  fast  systems,  a useful  a l t e r n a t i v e  is a hybr i d  successive  

approximat ion and f l ash  c o n v e r t e r .  This has performance and cost  

between the two basic  types.  The main a p p l i c a t i o n  of an ADC is for the 

c o l l e c t i o n  of gamma-ray or neut ron spect ra  where t y p i c a l l y ,  a twelve  

b i t  (4096 channel )  ADC is used; al though 8 - b i t  (256 channel )  ADC's are  

used for  many a p p l i c a t i o n s .

To obt a i n  non-uni form q u a n t i s a t i o n ,  i t  is usual  p r a c t i c e  to use an ADC 

wi t h  uni f orm dec i s i on  l e v e l s  spaced at the smal l est  i n t e r v a l  r e q u i r e d ,  

in con j unct i on  wi t h  a f u r t h e r  q u a n t i s a t i o n  stage which may be 

implemented in hardware or so f t war e .  For non- uni f orm q u a n t i s e r s ,  the 

optimum arrangement of the dec i s i on  and r e c o n s t ru c t i o n  l eve l s  is 

def i ned  using a model of the measurement process.

The d e t ec t i o n  of a p a r t i c l e  involves a s p a t i a l  i n t e g r a t i o n  over the 

energy deposi ted in the a c t i v e  volume of the d e t e c t o r ,  f ol lowed by 

a m p l i f i c a t i o n  and s ignal  process i ng.  The three types of s ignal  

processing c i r c u i t  -  that  i s ,  p r e - a m p l i f i e r  shaping as w i t h  a cur rent  

to f requency conver t e r  and energy opt imised and time opt imised shaping 

combined w i t h  a q u a n t i s a t i o n  stage - map the de t ec t o r  output  into a 

d i s c r e t e  phase space w i t h  the dimensions of t ime and v o l t a g e ,  where a 

poi nt  in t h i s  space represent s  the observed p a r t i c t e ( s ) .

As the measurement process evolves in t ime a random sequence of pulses  

is mapped into the phase space and the c o l l e c t i o n  of these po i n t s  

embodies the t o t a l  i n f ormat i on  a v a i l a b l e  from the measurement.

However,  the q u a n t i t i e s  about which i n f ormat i on  is r equ i r ed  are  

g e n e r a l l y  d e t e r m i n i s t i c  q u a n t i t i e s  such as mass, r a d i o a c t i v i t y  and 

i sotope type.  The random point  sequence cannot be r e l a t e d  d i r e c t l y  to

*3 Du a l - s l ope  conver t e r s  are  g e n e r a l l y  too slow for nuc lear  
i ns t r ument a t i on  purposes.
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these q u a n t i t i e s .  Fur t hermore,  the r equi red  i n f ormat i on  is encoded 

i n to a very l arge number of data i tems.  T h e r e f o r e ,  i t  is necessary to 

reduce the gross q u a n t i t y  of data and at the same t ime to s t rengt hen  

the c o r r e l a t i o n  between the observat i ons  and the r equ i r ed  f ea t ur es  of 

the source.

This is achieved by forming the energy and t ime d i s t r i b u t i o n s  (or  

spe c t r a )  of the observed data as these d i s t r i b u t i o n s  cont a i n  ( a lmost )  

the same i n f ormat i on  as the raw data but in a much more useable  form.

To s u c c e s s f u l l y  c o l l e c t  an energy spectrum,  i t  is e s s e n t i a l  that  the 

height  of the vo l t age  pulses bears a constant  r e l a t i o n s h i p  to the 

energy of the absorbed p a r t i c l e s .  In f a c t ,  to a l l o w  i n t e r p r e t a t i o n  of 

the spectrum,  t h i s  r e l a t i o n s h i p  must be the same for  a l l  of the 

measurements made by the system.  The only way t h i s  can be guaranteed  

( t o  w i t h i n  reasonable  l i m i t s )  is to a c t i v e l y  s t a b i l i s e  the spectrum 

throughout the measurements.

Spectrum s t a b i l i s a t i o n  involves the d e f i n i t i o n  of p o i n t s  at the bottom 

and top of the spect ra  and keeping the vol t ages  cor responding to these 

po i n t s  f i x e d .  This w i l l  a l l ow only second order  v a r i a t i o n s  due to 

s pec t r a l  n o n - l i n e a r i t y  to a f f e c t  the measurement.  Wi th reasonable  

pulse  shaping,  these v a r i a t i o n s  w i l l  normal l y  be smal l .

The bottom point  can be taken as zero and t h i s  is f i xed  e l e c t r o n i c a l l y  

using a b a s e - l i n e  r e s t o r a t i o n  c i r c u i t .  The top point  is de f i ned  by 

i mpl ant i ng  a r a d i o a c t i v e  source near to or w i t h i n  the a c t i v e  volume of 

the d e t ec t o r  which emi ts at a f i xed  ( h i gh)  energy.  The pulses from 

t h i s  source are  t racked and t h e i r  height  ad j ust ed  to keep the mean 

height  c o n s t a n t .

The source used may be on alpha e m i t t e r  such as Am-241 or a high energy  

gamma e m i t t e r  such as Co-60.

For an N a l ( T I )  de t ec t or  * 4 ,  an Am-241 doped p e l l e t  of NaI may be

* 4  In t h i s  c a s e  i t  may a l s o  be n e c e s s a r y  t o  t e m p e r a t u r e  s t a b i l i s e  t he
d e t e c t o r .
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mounted i ns i de  the main c r y s t a l .  As the Am decays the alpha p a r t i c l e  

produces a pulse of l i g h t ,  which is c o l l e c t e d  to form a t rack i ng  pu l se .  

The vo l t age  corresponding to the mean pulse height  can be ad j ust ed  by 

vary i ng  the p o s i t i o n  of the source w i t h i n  the c r y s t a l  to g i ve  a pulse  

height  e q u i va l en t  to a gamma energy in the range of one to four MeV.

Alpha sources can a l so be used to prov i de  t r a c k i ng  pulses for  He-3 and 

BFg p r o p o r t i o n a l  count ers .  Here,  the Am-241 is mounted i ns ide  the 

d e t e c t o r  and the alpha p a r t i c l e s  are det ect ed  in the same manner as the 

charged p a r t i c l e s  produced by i nc i dent  neut rons.  For Ar / N 2 f i l l e d  

d e t e c t o r s ,  i t  is normal p r a c t i c e  to i n s t a l l  a small  gamma source into  

the d e t e c t o r .  For p r o p o r t i o n a l  count ers ,  t h i s  can be used for  t r a c k i n g  

wh i l e  for  non-energy d i s c r i m i n a t i n g  d e t e c t o r s ,  the source provides a 

constant  background s ignal  which i nd i c a t e s  the d e t ec t or  is working.

Since alphas may damage a germanium gamma-ray d e t e c t o r ,  the t r a c k i n g  

pulses must be provided by a gamma source.  The background produced by 

down- scat t ered gammas w i l l  be g r e a t e r  than the background produced by 

an alpha source and the energies  cor responding to the t r a c k i n g  pulses  

w i l l  g e n e r a l l y  be lower.  T h e r e f o r e ,  spectrum s t a b i l i s a t i o n  is more 

d i f f i c u l t  for  germanium d e t e c t o r s .

Having e s t ab l i s h e d  the r e f e r e nc e  source,  there are a number of 

approaches to the t r a c k i n g .  One method uses the dual  d i f f e r e n t i a l  

d i s c r i m i n a t o r  of f i g u r e  2.7A to set two adjacent  windows over the 

v o l t age  region where the pulses are  expected such that  pulses wi t h  

height  above the c en t r e  t hreshold  are observed in one window wh i l e  

pulses below the c e n t r e  are observed in the o t he r .  For a s c i n t i l l a t o r  

or gas d e t e c t o r  the HT vo l t age  is stepped up or down to keep the counts 

in the windows the same wh i l e  for  a germanium d e t e c t o r  t h i s  adjustment  

must be c a r r i e d  out by vary i ng  the pre-amp I i f i e r  gain s ince the pulse  

height  is almost independent  of the HT. One way of doing t h i s  is to 

reduce the HT or gain by one step for  each pulse observed in the upper  

window and increase the HT or gain by one step for  each pulse  observed 

in the lower window. Whi l e  t h i s  method keeps the mean counts in the 

windows the same, t here  w i l l  be an o s c i l l a t i o n  about the mean va l ue .  

This can be kept reasonable  by choosing a smal l  step l engt h .
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A l t e r n a t i v e l y ,  s ince s pec t r a l  d r i f t  is u s u a l l y  g r adua l ,  i t  is not 

necessary to adjust  the HT or gain wi t h  every pulse and there are two 

basic  methods for de t e rmi n i ng  an optimum adjustment .  The f i r s t  keeps 

the t ime between adjustments constant  then sets the s t ep l engt h  to match 

the d r i f t  over that  p e r i o d .  This requ i r es  minimum hardware but has the 

disadvantage of a sof t ware  c a l c u l a t i o n  of the s t e p l e n g t h .  Ther e f o r e ,  

the method is best su i t ed  to simple systems where the need for  minimum 

hardware outweighs the disadvantage of the o f f - l i n e  c a l c u l a t i o n .

For a gaussian t r a c k i ng  peak,  an approximate formula for  the step 

I ength i s :

where A is the count in the upper window and B the count in the lower  

window. The q ua n t i t y  x is the v o l t age  corresponding to the c e n t r e  of 

the o f f s e t  peak,  p is the constant  vo l t age  at which the peak c en t r e  is 

to be set and k is an e m p i r i c a l l y  de f i ned  const ant .  Equat ion ( 2 . 1 )  

w i l l  a u t o m a t i c a l l y  g ive  the cor r ec t  sign to the step l ength.

This formula has become know l o c a l l y  as the " k - g a i n “ formula and is a 

consequence of the l i m i t  r e l a t i o n s h i p :

x -  |i (2.1)
A

pz + a
e x p ( y ~ / 2 ) d y

i m j  z exp( a z ) ( 2 . 2 )

a+0 pz
e x p ( y2 / 2 ) dy

J z -a

This may be proved as f o l l o ws .

Let :

n z
P ( z ) e x p ( y2 / 2 )  dy ( 2 . 3 )

J - C D

then equat i on  ( 2 . 2 )  may be w r i t t e n :

I im P ( z + a ) -  P ( z ) 
a-+0 P ( z )  -  P ( z - a )

(2.4)
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But :

P< z + a ) - P< z ) _ (P(z + a ) - P(z))/a 4 dP(z)/dz _ ^
P(z) - P(z-a) (P(z) - P(z-a))/a dP(z)/dz

as a -> 0 (2.5)

since P(z) is a differentiable function and the direction from which 

the limit is approached is immaterial. This concludes the proof.

The k-gain formula has been shown to be almost exact for a true 

gaussian tracking peak and offsets up to two standard deviations. 

However, when the peak deviates from a gaussian, a tendency to 

overshoot or undershoot, depending on the direction of the adjustment, 

has been observed. This effect may be countered using the rational 

approx i ma t ion:

--------- x ~ **----------  = k In ^ (2.6)
1 - a(x-|i) + &a2 (x-p)2 A

which may be rearranged to give:

x - P 1 ♦ a y

a2y
(2.7)

where y is the initial approximation given by the k-gain formula and a 

is an empirical constant. Both constants can be found by plotting 

$,n (( z-|i) l%n (B/A)) against (x-p) which will give an approximate straight 

line with gradient -a (at x-p = 0) and intercept $,n k.

For the application of both equations (2.1) and (2.7) it has been found 

beneficial to set k to a slightly lower value than given by the 

experiment which expresses a preference for taking more than one 

iteration to recentre the peak from a large distance rather than risk 

overshooting and a subsequent oscillation.

The second method of adjustment involves fixing a small step length 

then setting the time between adjustments to that taken to drift this 

distance. The method can be implemented completely in hardware which 

provides real time stabilisation. A schematic circuit diagram is shown
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in figure 2.8. This includes an up-down counter such that pulses in 

one window add to the count and pulses in the other subtract from the 

count. This smooths the input sequence of pulses and reduces 

oscillation. Then an adjustment is made only when the counter 

overflows in the positive or negative directions.

The counting process may be modelled by a simple random walk with 

absorbing boundaries at the overflow threshold levels Csee ref 2 of 

chapter 33. It can be shown that the maximum mean time to overflow is 

obtained when the probabilities for pulses in either window are equal 

and this time is K2/X where K is the overflow threshold and X is the 

mean input frequency of the pulses. Likewise, the minimum time to 

overflow is when pulses are only observed in one window and in this 

case the mean time is K/X. Between these extreme values, the overflow 

time varies as the smooth function:

K((q/p)K - 1)2

X(q - p) ((q/p) 2K ( 2 . 8 )

- 1)

where p is the probability for an up-count and q = 1 - p is the 

probability for a down count. For a gaussian tracking peak, these 

probabilities may be related to the drift using the k-gain formula 

(where we use the fact that p/q = B/A), which gives:

K(ey ♦ 1)(e"Ky - 1 )
X(ey - 1)(e“2Ky

(2.9)1 )
where y = (x-|i)/k is a standardised variable. Therefore, the circuit 

will naturally make more frequent adjustments when the window is off 

centre than when the system is correctly stabilised.

Providing the step length is kept reasonably small to prevent large 

oscillations at high frequencies of adjustment, the above property of 

the counting system can be used to provide an optimum mean frequency of 

adjustment for a particular rate of spectral drift. The circuit 

achieves this by comparing the actual adjustment frequency to the trial 

frequency X/K(K-1) which is one over the difference between the minimum 

and maximum adjustment periods. If the actual frequency is less than
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the trial frequency, this indicates a stable situation so the circuit 

slows down the rate of adjustment by adding one to the threshold level. 

On the other hand, if the actual frequency is greater than the trial 

this indicates instability, therefore the circuit increases the rate of 

adjustment by subtracting one from the threshold level. With each 

adjustment a new trial frequency is generated, and the process repeated 

until it converges to a threshold level where the actual frequency 

equals the trial frequency.

The above trial frequency has two attractive properties. Firstly, it 

is reasonably straightforward to generate in hardware which is achieved 

by dividing a clock signal by K and by K-1, then synchronizing the 

gross input pulses within the tracking window to the clock and adding 

the three pulse trains. Secondly, the rate of drift tolerated by the 

circuit decreases with increasing K. For example, at K = 10, the circuit 

will add one to K if the drift is less than approximately k/10 whereas 

at K = 100, the corresponding figure is k /1000. This counters the 

tendency for oscillation instabilities caused by over adjustment to 

increase the adjustment frequency still further and forces the mean 

peak position towards the centre of the window as the circuit settles 

to an optimum threshold level.

With some radiation detectors, in particular Nal(TI), there exists the 

possibility for rapid gain changes caused by mechanical or thermal 

shock. To counter this effect it is advisable to include a 

I ost-peak-aI arm circuit in the system. A schematic diagram of this 

circuit is shown in figure 2.9. This compares the input pulse 

frequency in each window to half of its expected value, using two 4-bit 

up-down counters. If the peak moves rapidly in the downwards direction 

this should create an alarm from the upper window before the peak is 

lost completely and conversely for a movement in the upwards direction. 

In this case, the circuit overrides the threshold optimisation circuit 

and sets K to one so that an adjustment is carried out with every input 

pulse and the rapid gain change corrected. If the default trial 

frequency with K equal to one is set to 2X, then the optimisation 

circuit will reset the K value in the course of its normal operation, 

unless this is again overridden. If the gain change is not corrected,
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the circuit continues counting in a further 8-bits of the up-down 

counters, and if one of these counters overflows an external lost peak 

alarm is actuated.

For many systems, the tracking peak will be situated among a background 

from other peaks in the spectrum. This will not affect the primary 

stabilisation circuit since the backgrounds in each window will cancel. 

However, the background must be taken into account for the generation 

of the trial frequency and in the peak alarm circuit. This may be 

estimated by setting extra windows at either side of the tracking 

windows using the quad differential discriminator circuit of figure 

2.7B. For the generation of the trial frequency the pulses from these 

windows are subtracted from the pulse train from the tracking windows 

and generation of the frequency proceeds as previously. For the peak 

alarm, the pulses are added into the counters as shown in figure 2.9 

and this configuration will actually improve the performance of the 

system since the background subtracted count becomes negative if the 

peak shifts by a significant distance.

It is also beneficial to test the background subtracted gross pulse 

train against a higher frequency of 3/2X since if this level is 

exceeded it may indicate that the system has stabilised on the wrong 

peak following a step gain change. In the same spirit limits could be 

placed on the possible range of gain adjustment and a fault alarm 

raised if any of the above conditions are violated.

2.3 SCALING AND DATA REPRESENTATION

Having obtained a sequence of digital outputs from a quantiser, these 

must be encoded with a minimum loss of information concerning features 

of the source. Since this information is conveyed by the radiation 

field, the required details must be inferred from its observed 

configuration where the useful properties correspond to distributions 

of the constituent particles with respect to space, time or energy.

The basic strategy for data collection is to form spectra which can be 

related to the underlying radiation distribution and then to reduce
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these spectra so as to provide an optimum data set with respect to the 

required source features.

A signal space is defined as a phase space with components 

corresponding to the set of variables over which the radiation field is 

distributed together with the observed distributions themselves. By 

configuring the data collection system so that several measurements are 

made simultaneously or in sequence, the spectra with respect to one or 

more of these variables may be constructed. This operation is known as 

scaling and maps the quantiser output into the signal space. A system 

is said to resolve the variables for which spectra are collected and 

the resolution of a system reflects the detail with which a spectrum 

represents the underlying distribution of the field.

A spectrum is constructed by dividing the range of values taken by each 

variable into a number of intervals and assigning an address in a 

microcomputer memory to each interval. For example, in the case of 

energy, a memory address would be assigned to each reconstruction level 

of the quantiser. Then, the spectrum is collected by adding unity into 

an address each time the value associated with that address is 

observed. The result of the process is a histogram stored in the 

memory of the microcomputer, where the histogram bins correspond to the 

intervals over which the radiation field is sampled. The memory 

addresses together with the sub-systems serving them are commonly 

referred to as channels.

Let Ek = (E1k,E2 k ) be the kth energy interval and tR = (t1n,t2 n > be the 

nth period of time. Then, the spectral function, s:T, ■+ Qj_, has 

doma i n :

rl = {Ek X tn : k = 1,..., K; n = 1,..., Nj (2.10)

where TL is known as the signal geometry *5 (next page), and image:

0L = (skn : k = 1, . . . , K; n = 1, . . . , N} (2.11)

where skn is the count obtained on the kth energy interval in the nth
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period of time. The pair (Tl ,Q|_) f°rm a signal space. The general 

subscript L denotes the size of the signal space which in this case is 

the number of combinations of k and n (i.e. L = KN).

If the input pulses are uncorrelated the observed count wi 

d i st ributed. That is:

be Po i sson

P( s kn> ( ^ l / n l n ) S k n  - X  t — SiQ-D—  e *knl n (2.12)
'kn :

where pts^) is the probability that the count, Sj<n, will be observed 

when the mean input rate of the pulses is Xkn<

For systems with a Poisson input from a single pulse type detector, the 

configuration of the data collection system can be defined by stating 

the number and end-points of the energy and time intervals.

If Xj<n is constant for all time periods, tn , there is no benefit to be 

gained by segmenting the measurement period into more than one 

interval. In this case, the spectral image, skn, reduces to a 

traditional energy spectrum which is denoted sk . For uniform 

quantisation, this involves adding unity into the memory addresses 

which appear on the output lines of the ADC. After a suitable counting 

time, the spectrum will be formed in the memory. Such a data 

collection circuit is referred to as a multichannel buffer (MCB) and a 

schematic diagram of this circuit is shown in figure 2.10A.

For a gross counting system, the output from a differential 

discriminator is counted into a single register. The result of this 

operation is a number, s, which corresponds to the particles observed 

in a spectral window defined by the discriminator settings. For a 

resolving system this number can be computed by adding together all of 

the counts in the individual channels.

Resolution with respect to time is achieved by collecting data over

*5 The operation A X B is a cartesian product and defines the set of 
all ordered pairs (a,b), a E A, b € B (see previous page).
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several time periods. In the case of a non-energy-resolving detector 

and signal processing system - for example, delay line shaping together 

with a threshold filter or a differential discriminator to remove 

noise - the spectral response function, skn, reduces to the time 

spectrum, sp . If the periods, tn , are selected to obtain a significant 

number of counts in each channel, time variations in the mean input 

rate, Xp , can be quantified. This technique is particularly useful 

with systems where the observed signal is induced by pulses of 

interrogating radiation from a source such as a neutron tube, LINAC or 

X-ray generator. Here, the system can be reset so that counting 

recommences at the first channel each time the radiation source is 

fired. Then a spectrum will be built up in the memory which represents 

the evolution of the process following an interrogating pulse. This 

method of data collection is sometimes called multichannel scaling 

(MCS). An MCS circuit is identical to the MCB circuit shown in figure 

2.10A except that the memory address is generated by a counter 

incremented with a fixed frequency rather than an ADC. This input 

circuit is shown in figure 2.10B.

In the case where Xj<n is changing with time, it is possible to collect 

energy spectra over several time periods so as to follow the build-up 

or decay of . However, since this approach may yield a large 

quantity of data which may rapidly exceed the memory capacity of a 

small computer, the possible resolution with respect to both energy and 

time is limited. Furthermore, a sufficient number of counts must be 

collected in each channel to ensure meaningful results, therefore, the 

minimum width of the energy channels or the duration of the periods is 

also restricted. However, this method is still useful with slowly 

varying sources, for pulsed interrogation where the system is reset 

after a small number of periods or for systems where only a coarse 

energy resolution is required.

An alternative approach is to collect only the marginal distributions 

with respect to energy and time. If these are statistically 

independent, that is the spectral function factorizes as Sj^ cc s^Sp, 

then this involves no information loss. On the other hand, if the 

energy distribution changes as the system evolves in time, information
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will be lost and this can only be recovered if precise prior knowledge 

of the time or energy dependence of each spectral component is 

ava itable.

To collect marginal distributions, the signal from the pre-amplifier is 

split and fed to both a time shaping amplifier and an energy shaping 

amplifier. The outputs from these are treated independently and the 

time and energy spectra collected in the normal manner.

Since the frequency of pulses from an integrating detector is 

proportional to the energy deposited in the detector, the observed 

count over a period, tn , is of the form:

*> CD
!n = Esn (E)dE (2.13)

J  0

Here, E is a continuous variable denoting the energy of the absorbed 

particles and sn (E)dE is the spectral function defined on the intervals 

E^ = (E,E+dE> for a pulsed type detector with the same efficiency as 

the integrating detector.

Every real counting system has a characteristic deadtime such that 

pulses arriving within a deadtime period of the previous pulse cannot 

be counted. There are actually two types of deadtime.

1) Extended deadtime whereby each input pulse creates a deadtime 

period regardless of whether that pulse is counted.

2) Non-extended deadtime whereby only those pulses which are counted 

create deadtime periods.

Typically, deadtime periods are of order one ps.

Providing the deadtime is one of the above pure types, a statistical 

model is available. For extended deadtime, the model may be 

constructed directly from the waiting time distribution of the pulses 

(that is, the probability distribution for the times between their
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arrival). For a Poisson distribution of pulses, the waiting time 

distribution is exponential with mean 1/X where X is the mean input 

rate of the pulses. Since all of the pulses create deadtime, but only 

those separated from the previous pulse by t > t (where T is the 

deadtime) are seen, the probability of observing a pulse is given by:

P( t > t)
idi

X e~xt dt
J  t

e- Xt

Hence, the observed mean count rate is:

(2.14)

s X e-Xt (2.15)

Note that as X tends towards infinity, the observed count tends towards 

zero.

In general, the natural deadtime associated with the pulses directly 

output from a detector is of the extended type. However, the natural 

deadtime is rarely constant and is difficult to define accurately. 

Therefore, on the grounds that an accurately known deadtime which can 

be corrected is superior to a shorter unknown deadtime, it is common 

practice to introduce a longer artifical deadtime of the non-extended 

type by the use of a gated integrator or a quantiser with a fixed 

opera t ion time.

For non-extended deadtime the model is constructed using expected 

values. That is, the expected proportion of the time for which the 

system is dead is given by the product s t , since only the observed 

counts create deadtime and the deadtime periods are disjoint. But 

then, the expected observed count in one unit of time is the total 

input counts minus those which arrive when the system is dead. Or:

s = X - X(st) (2.16)

which can be rearranged to give:

Xs
1 * Xt

(2.17)
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and, inversely:

'kn
skn

1 - sx
(2.18)

Equation (2.18) denotes the input pulse rate to a channel given the 

gross observed countrate, s, and the countrate on the channel, Sj^.

Note in this case, that as X -♦ co, s 1 l x  and that (2.17) is a 

monotonicaI Iy increasing function. However, in practice, high count 

rate experiments reveal that the count drops after reaching a certain 

maximum value. The explanation for this is that after a certain point 

the natural extended deadtime overtakes the artificial periods and the 

deadtime is no longer of a pure form. The above correction is usually 

good for up to 25% deadtime, and this adds at least one decade to the 

range of accurate counting.

Further dimensions may be added to the signal spaces by using more than 

one detector or by scanning. These dimensions are used to represent 

the spatial distribution of the radiation field.

The output of each detector is representative of the radiation field 

over the region of space defined by the active detector volume. This 

volume may be considered as the cartesian product of three intervals:

^m " ^x 1m'x2m* X *y 1m'y2m* * (z1m,z2mJ (2.19)

where the integer, m, denotes a specific detector or scanning position. 

The signal space may now be defined by the signal geometry:

rl = [Ek X tn X Vm : k = 1,..., K; n .., N; m = 1,..., MJ (2.20)

together with the spectral image:

QL = (sknm : k = !'•••' K; n = I,..., N; m = I,..., M} (2.21)

where s ^ ^  denotes the observed count on the kth energy channel, in 

the nth period of time, from the mlh detector (or scanning position).
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The spatial partitioning of the radiation field is of the same form as 

the energy and time partitions in the sense that the field is sampled 

over finite regions. However, in the cases of energy or time, the 

sampling regions are dense in the range of measurement. For spatial 

resolution, this can only be achieved if the volume of interest is 

completely filled with detectors, which is not usually possible. 

Therefore, it is necessary to choose the M spatial positions of the 

detectors so that information concerning the spatial distribution of 

the field can be obtained from a sparse array which may be remote from 

the source.

Consider, first, a sparse array of detectors throughout the volume of 

interest. There are two possible treatments for the results. Firstly, 

using the continuity of the radiation field, the measurements are 

interpreted by interpolating between the field sampling points defined 

by the detector positions. The result of this process is a continuous 

density function which describes the spatial distribution of the field. 

The accuracy of this representation will depend upon the number of 

sampling points and the variation of the field between points. The 

second approach is to distribute the detectors throughout the volume 

to obtain a sample from each small region. Then, the output of each 

detector is treated independently and taken to represent a constant 

field in that region. It is also possible to add the detector outputs 

to produce a single average value of the field for the volume as a 

who Ie.

In the case where the detectors are remote from,the source, it is 

necessary to extrapolate from the observed counts to the field in the 

volume of interest. If the volume is small compared with the distance 

between the source and detector or if the spatial distribution of the 

source is fixed (see section 4.3), then only one detector is needed 

since the possible variation in the field due to the distribution of 

the source may be neglected. By increasing the distance between the 

source and detector, the system geometry may often be improved but the 

efficiency of detection will be correspondingly reduced. Therefore, 

for many systems with a single detector, there will be a trade off 

between the geometry and the efficiency of the measurement.
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If the source volume is larger, then a sufficient number of detectors 

or scanning positions must be used to allow inferences concerning the 

radiation field to be made over regions within the volume which are 

small. The standard detector configurations include surrounding the 

volume with detectors to form a marginal spatial distribution near to 

the boundary of the source. Alternatively, similar results can be 

obtained by using one detector, scanning up and down with this through 

several discrete positions and rotating the sample. The rotation can 

be continuous, in which case the measurement results will be integrated 

over the azimuthal dependence of the field. It is also possible to add 

the results from the vertical scanning positions so the different 

detector positions are used simply to reduce the effect of spatial 

variations on the measurement rather than provide information 

concerning the variations. In the case of no signal absorption, by 

Gauss's law, the total radiation flux through a surface is independent 

of the spatial distribution of the source within the enclosed volume. 

Therefore, the signal averaging will produce good results. However, if 

the signal is partly absorbed within the sample, Gauss's law does not 

hold and it is necessary to rotate the sample through several discrete 

positions to resolve the azimuthal distribution of the field in 

addition to the vertical distribution.

For both a detector array surrounding the source and vertical and 

azimuthal scanning, the field sampling regions are dense on the 

vertical and azimuthal axes. However, in the radial direction, only 

one (remote) sampling interval is obtained. Since the three spatial 

coordinates of the field are not independent, the resulting marginal 

distribution is insufficient to fully quantify the distribution of the 

field within the enclosed volume. Further information can be obtained 

by scanning the detector through discrete positions on the radial axis. 

This is because, ideally, the field from a point source falls off asO
I/R (where R is the radius) and deviations from this distribution are 

representative of the source distribution. Alternatively, a detector 

arrangement used with transmission tomography systems is a flat array 

perpendicular to the direction of the interrogating radiation. This 

arrangement has properties which allow the measurements to be 

interpreted using Fourier transforms.
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If the field passes through solid material, then the energy and time 

distributions may carry (phase) information concerning the spatial 

distribution of the field. For each detector or scanning position, it 

is possible to collect data by all of the methods previously discussed 

and hence approximate the joint space, energy and time distributions of 

the radiation field, or any combination of these which proves useful in 

a par t i cu I ar situation.

When correlations exist between the input pulses, the observed counts 

will no longer be Poisson. This situation can occur, for example, with 

actinide sources where spontaneous fission events may be encountered. 

Here, two to three neutrons together with seven to ten gamma-rays are 

produced simultaneously, which introduces correlations between pairs of 

neutron or gamma-ray pulses. For such sources, it is useful to 

quantify the number of neutron or gamma-ray pairs observed as these 

relate directly to the fissions. This is achieved by coincidence 

coun ting.

In the case of gamma measurements, the gamma-rays are transmitted 

almost instantaneously. Therefore, the gamma pairs can be detected by 

opening a time-gate immediately after each pulse is detected and if a 

second pulse is observed in the time-gate, these are counted as a pair. 

Because the time-gate can be made very short, the probability of 

accidental coincidences from unrelated events is small. This method is 

known as fast coincidence counting.

For neutron detection, the time-gates must be longer to allow for the 

finite speed of the neutrons. This significantly increases the 

probability of observing accidental coincidences. These can be 

distinguished from true coincidences by counting the pulses singly, in 

addition to the pairs, and using this information to correct the 

results statistically. This method is known as slow coincidence 

counting. With regard to the data collection, the accuracy of the 

results can be improved by using more than one time-gate. A possible 

circuit configuration, based on shift registers, is shown in figure 

2.11. Here, neutron pulses entering the circuit are held on the input 

latch for one clock pulse. They are then clocked through the chain of
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shift registers moving one bit with each clock pulse. When a pulse 

enters a shift register, one is added to the corresponding up/down 

counter and when a pulse leaves the register, one is subtracted.

Hence, each up/down counter contains the current number of pulses held 

in the shift register. Whenever a neutron pulse is held on the latch, 

the adders are enabled so that unity is added to the S scaler and the 

contents of the up/down counters are added to the A scalers. It can be 

shown that in the absence of dead-time an exponential distribution will 

build up in the A scalers and the area under this curve can be related 

to the fission rate of the source.

For both fast and slow coincidence counting, the efficiency with which 

pairs of neutrons or gamma-rays are detected is the square of that for 

the single particles so it is essential to optimise the detection 

efficiency of the measurement. Therefore, the best counting geometry 

is to completely surround the source with detectors and to sum the 

outputs of these in front of the data collection circuit *6.

For systems involving many detectors the requirement exists to form 

either the spatial distribution of the radiation field or to sum the 

detector outputs without introducing extra deadtime. The former 

requirement may be met using the same circuit as the MCB or MCS but 

with the ADC or timing counter replaced by a priority encoder. This 

converts pulses from each detector into a binary address which denotes 

a channel where a count is accumulated. Alternatively the priority 

encoder can be used to form the high bits of an address while the ADC 

or timing counter denote the lower bits. This allows separate time or 

energy spectra to be collected for each detector using a common data 

collection system. To sum together the detector outputs, no extra 

deadtime is introduced if the input pulses are held on a latch until 

they can be processed and the summing operation is carried out in less 

than one deadtime period. A circuit for implementing this is shown in 

figure 2.12, where each latch is examined in turn and a pulse output if 

the latch is set. The circuit scans through all of the latches in less

*6 An example of such a system is given in section 2.7.
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FIG 2 . 1 2  DEAD TIME FREE SUMMING CIRCUIT
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than one |is and hence introduces no extra deadtime. This approach is 

particularly suited for use with the shift register coincidence 

counting circuit, however in conjunction with the appropriate address 

generator it can also be applied to the collection of simultaneous time 

or energy spectra from several detectors as shown in figure 2.10.

In all of the above methods of data collection the observed signals 

are resolved in terms of space by using more than one detector or by 

scanning with a single detector, energy using pulse height analysis 

or time by multichannel scaling, coincidence counting or repeated 

measurements. Other than gross counting, there are no other practical 

possibilities. This limited number of data collection techniques 

suggest that a signal space, (Tt ,Qt ), with the dimensions of space, 

energy and time (or multiples of these) is the most general signal 

space in the sense that the results of measurements by all nucleonic 

instruments can be defined in this space.

With this observation, the design problem to define a measurement 

process reduces to the configuration of a specific case of this signal 

space which mirrors the source or sample as closely as possible. 

Furthermore, the limited number of data collection possibilities 

supports the standard module methodology in that it may be feasible to 

configure systems for the majority of applications, from a small number 

of electronic modules. Such a standard system, based on the techniques 

defined in this chapter, is illustrated in figure 2.13.

Furthermore, the proposed standard interface can be used with radiation 

detectors such as surface barrier diodes which are not explicitly 

denoted in figure 2.13 and can also be used for non-radiation 

measurements. An example of this is given in section 2.6.

The recognition problem to reconstruct the required features of the 

source from the incomplete image in the signal space and to design the 

signal space to make this possible, requires that the relationship 

between the source and observed signals is defined in detail. This, 

however, is the purpose of the general system model which will be 

developed in chapters 3 and 4.
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The data collection techniques can yield large quantities of data, 

particularly if resolution with respect to several variables is 

obtained. The cost of processing this data may be substantial. 

Therefore, in many cases it is desirable to reduce the bulk data prior 

to the information processing stage of the system. There are two main 

techniques for data reduction which are non-1 inear quantisation and 

fitting parametric functions to the data. The implications and trade­

offs of these methods will be discussed in chapter 3 while the 

mechanics of data reduction will be discussed in the context of the 

nucleonic system examples in the following sections of this chapter.

However, in certain cases such as reactor guardline equipment (see 

section 2.6), the data reduction must be implemented in hardware. This 

is possible when the parameter can be represented by an inner product 

of the signals with some fixed vector, a, such that:

!_
0 = £ a^s^ (2.22)

1=1

where the subscript 1 is used to denote the particular combination of 

k, m and n which define the signal space for this application. The 

above equation may be written:

L s^
9 = £ £ aq (2.23)

1=1 l '  = 1 *

which implies that the parameter 8 can be constructed by adding the 1th 

coefficient, a^, into an accumulator each time a count is observed on. 

the 1th channel, hence building up the estimate in the accumulator.

The implementation of this circuit is shown in figure 2.14 where the9
coefficients are stored in the E~-PROM and the ADC, timing counter 

and/or priority encoder outputs denote the address of the coefficient 

to be added into the accumulator on each occasion. The logic behind 

this circuit can be extended to give a real time test on the parameter 

if the accumulator is configured so that an overflow indicates that the 

parameter takes the value one and an underflow indicates the value 

minus one. Then, as shown in the figure, the accumulator outputs are
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This circuit may be applied to both radiation dose measurements (see 

section 2.5) and activity measurements in the specific case of a fixed 

geometry system (see sections 2.6 and 4.3).

counted  in an up-down c o u n t e r  and compared a g a i n s t  a p u l s e  t r a i n  w i t h

f re quency  r e p r e s e n t i n g  an a l a r m  l e v e l .  The compar ison p u lse s  may be

c o n f i g u r e d  to i n c o r p o r a t e  an o n - l i n e  deadt ime  c o r r e c t i o n .

2 .4  DATA PROCESSING HARDWARE

A schematic representation of a possible data processing hardware 

configuration is shown in figure 2.15. This system includes several 

measurement stations, where data is collected using the standard 

electronics, and these are networked into a central computer. The 

stations may be distributed throughout an industrial plant, or operated 

as a local group making several measurements on the same source.

The data processing is carried out on two levels. These are local 

processing which is performed by processors dedicated to each 

measurement station, and central processing carried out simultaneously 

for all of the measurement stations, by the centra! system.

The role of the local processor is to remove from the observed data the 

distortion and corruption introduced by the measuring instrumentation 

and, if appropriate, to reduce this data by quantisation or parametric 

representation. The distortion factors introduced by the measuring 

operation are constant since the instrumentation is fixed for all 

measurements. Furthermore, the measurement stations operate 

independently of each other, therefore, there is no benefit to be 

gained by correcting the data for distortion on the higher central 

processing level. On the other hand, if the data is reduced before it 

is corrected, a significant information loss may occur. Hence, the 

local pre-processing represents an optimum configuration.

Once the dependence upon the measurement stations has been removed, the 

data from different measurements will relate directly to the radiation
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field or in some cases to the activity of a remote sample. Therefore, 

this data can be combined at the central processing level to produce 

estimates of the required features of the nuclear process.

An advantage of this approach is that the local processors can be 

configured to suit the requirements of the measurement station. In 

general, there are two formats which can be adopted. These are, 

firstly, to use a standard PC which can be mounted in a cubicle 

together with NIMS or CAMAC modules; or, secondly, to use a single 

board computer which can be mounted in a Eurocard rack (see section 

1.2). In either case, the main processor can be backed up with a maths 

co-processor, a transputer array or extra memory cards as necessary.

To obtain maximum flexibility, each measurement station should have the 

capacity for standalone operation in addition to its operation as part 

of a network.

For many systems, the central processing will involve a large number of 

arithmetic operations. Therefore, a powerful (although dedicated) 

processor is required. Thirty-two-bit array processors with an 

appropriate performance specification are readily available at a cost 

suitable for most applications. These include the Multiputer 190 [6], 

containing 19 T800 transputers together with an INTEL 80386 processor 

for input/output . Such an array processor will not support multi­

tasking. Therefore, there is a requirement for a central computer to 

act as a data collection facility for the data transmitted from the 

local processors, to perform operator interface and data logging 

functions and (if required) to communicate with any external networks. 

The central computer will feed data to the array processor as 

necessary, with the array processor being used only for calculations.

The operator interface is the subsystem which displays the results of 

measurement together with any system status reports to a human 

operator. This could involve a number of graphics termin-als to display 

a pictorial representation of the source, where more than one terminal 

may be used to display different representations at the same time. 

Quantitative information could be displayed on an alpha-numeric 

terminal or recorded on a hard copy device such as a line-printer.



2 . 5  FLUX MONITORING SYSTEMS 87

In addition to the requirement to make a decision regarding the correct 

operation of a nuclear process, a monitoring system may be required to 

keep records of the activities and isotopic composition of the observed 

nuclear process outputs, so as to form an inventory.

An important consideration of the inventory is the security of the 

information storage media, since, if this information is lost, a 

complete record of the operation of the nuclear process may no longer 

exist. The principal inventory information should be stored on-line so 

that it can be accessed quickly and easily, perhaps in non-volatile 

RAM. This should be backed up regularly on magnetic media such as tape 

or hard disk, for long-term, off line storage and to prevent loss of 

information in the event of a hardware crash or other system failure. 

For the purposes of data logging, the long term media could be 1600 

bpi , 12mm tape, which is inexpensive and can be used to store large 

quantities of data. For storing programs and shorter term data, a 

winchester fixed disk is more suitable. These are available with 

capacity from 10 to 150 Mbytes.

2 .5  FLUX MONITORING SYSTEMS

The installed measurement systems associated with nuclear process 

monitoring fall into three broad categories:

a) Radiation flux monitoring systems;

b) Contaminated fluid sampling and analysis systems;

c) Radioactive substance assay systems.

For the measurement of radioactivity, the assay and analysis systems 

are of primary interest. However, the other systems are related and 

could be based on similar hardware. Therefore, these will also be 

considered.

Typical applications of the flux monitoring systems are neutron flux 

monitoring for a nuclear reactor and area radiation dose monitoring for 

a power station or other nuclear establishment.
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Neutron flux monitoring systems may be based on ion or fission chambers 

which are distributed in and about the reactor core, C7], Here, the 

measurement requirement is to construct a spatial flux map which 

provides an (almost) instantaneous indication of changes to the thermal 

power and operating stability of the reactor. Neither of these 

detector types differentiate between neutron energies. However, 

providing the neutron energy distribution remains approximately 

constant, the measurements can usually be interpreted using an 

experimentally defined calibration constant to correct for detection 

efficiency. The flux map is constructed by interpolating between the 

samp ling points.

Because of the harsh environmental conditions encountered in or about 

a reactor core, the detectors and cables must be fabricated from 

materials which will withstand these conditions and resist neutron 

activation. Also, the in-core detectors must produce a sufficiently 

strong signal to allow transmission to the first amplification stage 

outside the reactor without excessively degrading the detector 

lifetime.

Although the front-end detection system is very specialised, the data 

can be collected using standard rack-mounted electronics and then 

transmitted to a remote computer for processing.

The radiation dose monitoring systems are usually based on ion 

chambers or Geiger-MuI Ier tubes. The normal implementation is to 

compensate the detectors so that their energy response is flat or, 

more recently, characteristic of the radiation damage effects in human 

tissue, C83. Hence, these systems can be calibrated directly in Grays 

(for the flat response) or Sieverts.

An alternative approach is to use a resolving detector such as a 

scintillator or a proportional counter. To obtain a measurement of 

dose, the observed signals must be corrected for detector efficiency 

and adjusted to give the required response. The standard method is to 

partition the energy range into a number of regions (channels) so that 

the required adjustments are approximately constant over each channel.
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Then counts are collected separately and multiplied by the appropriate 

correction factors before being summed to produce the final output.

This scheme can be implemented in hardware using the digital filter of

section 2.3 and figure 2.14 where the results can be interpreted

directly in Grays or Sieverts, although a constant factor to allow for 

the gross detection efficiency could be scaled from both the 

interpreted signals and the trip frequency against which they are 

compared.

For an area monitoring system, several detectors may be located 

throughout a plant with each connected to a local indicator box which 

contains data collection electronics and the trips which test the input 

signals against a pre-set threshold level. The indicator box may also

contain a local display and be connected to an alarm unit to warn

personnel of a high radiation level in the area. The local systems 

are connected via a rack-mounted multiplexer to a central computer 

which displays all of the radiation levels. For large systems, the 

detectors and indicators may be operated in groups with each group 

having its own computer and these, in turn, networked to the central 

system.

2 .6  SAMPLING SYSTEMS

Contaminated fluid sampling systems are designed to obtain a 

representative sample of gas or liquid from a volume such as a reactor 

core, pipeline or storage pond. The sample is fed in a regulated 

manner to an analysis vessel and may be analysed on-line, using an 

assay instrument such as a gamma spectrometer, or off-line using 

chemical analysis techniques. In either case, an estimate of the 

activity and isotopic composition of the trace contaminants is 

obtained. From these values, inferences are made regarding the 

activity of the contaminants in the original volume.

The configuration of the sampling system depends upon the nature of 

the fluid and the volume from which the sample is taken. In general, 

this will be either a static mass of fluid or a flow. To allow
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interpretation of the measurement, the sample must be a known mass 

fraction of the original fluid. In the case of a fluid volume, such as 

the coolant in a reactor core or water in a storage pond, the overall 

mass of fluid will usually be known. Therefore, to regulate the 

sample, the system need only draw fluid at a constant (known) mass flow 

rate. For measurements on a pipeline or stack, the instantaneous mass 

of fluid may vary considerably. To obtain a known mass fraction, the 

mass flow rate must be estimated and the sample drawn at a known 

proportion of this estimated flow rate.

The mass flow rate in a stack or pipeline can be inferred from a 

measurement of the differential pressure across a pitot tube and, in 

the case of a compressible fluid, separate measurements of the 

absolute pressure and temperature. The pressure measurement can be 

made using pressure transducers while the temperature is best measured 

with a fast-acting electrical thermometer such as a platinum 

resistance or a thermocouple. The output from these devices will be a 

continuous current or voltage which can be treated in exactly the same 

manner as the output from an ion chamber. Therefore, the data can be 

collected using a standard indicator box system. The results of the 

measurements are processed and a signal is returned to control the 

sample flow regulator.

The configuration of the analysis vessel used to contain the fluid 

sample will depend upon the mode of system operation, the measurement 

requirement and the concentration and nature of contaminants in the 

fluid. If assessment of all of the significant elements is required, 

a simple bottle or flow-through vessel may be suitable. Alternatively 

if the contaminants are present in low concentration or information 

concerning a particular element is required, a filter which separates 

and concentrates the contaminants by preferential absorption may be 

needed.

A high resolution gamma spectrometer located near to the analysis 

vessel could be used to obtain an on-line assay of the sample. We 

shall illustrate this using the example of a system known as the 

BIowdown Mon i tor.
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Among the trace contaminants present in the C09 coolant gas used in 

advanced gas-cooled reactors, the radioactive isotope, iodine 131, 

would represent a health hazard if released to atmosphere. Iodine 

tends to accumulate in the thyroid gland when taken into the body and 

the iodine 131, with a half-life of 8.05 days, would remain in the 

atmosphere long enough for human damage to occur. The Blowdown Iodine 

Spectrometers, now installed in the new Heysham II and Torness nuclear 

power plants, will detect significant levels of Iodine 131 in a sample 

of the coolant gas which is discharged to atmosphere during reactor 

bIowdown.

The gas sample is taken from the blowdown stack where it is 

representative of the discharged coolant after the majority of the 

radioactive contaminants have been removed by an effluent filter 

network.

A schematic diagram of the sampling system is shown in figure 2.16.

This has been designed to take off a constant mass fraction of the 

CO? flowing to atmosphere by measuring temperature, differential 

pressure and absolute pressure in the stack and using this information 

to estimate the instantaneous mass flow of gas to atmosphere C9]. The 

sample flow is then regulated so as to keep it at a constant fraction 

of the estimated stack mass flow.

The mass of reactor gas flowing to atmosphere changes throughout a 

blowdown as the gas pressure in the reactor drops to atmospheric 

pressure and the last few tonnes are removed by dry nitrogen purging. 

The stack acts as a critical restriction during the initial stages of 

the blowdown. This means that the mass flow of gas to atmosphere is 

restricted to the physical limit that can be transported through the 

stack under any pressure and the flow is approximately constant for 

this time. Once the differential pressure in the stack drops below the 

critical level, the flow ideally falls exponentially.

Once collected from the stack, the gas sample is drawn through a 

charcoal filter to concentrate and separate the iodine component of the 

gas. The absorption of the iodine occurs by a surface effect in that
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FIG 2.16 GAS SAMPLING SYSTEM FOR BLOWDOWN IODINE MONITOR
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methyl iodide lodges in cavities in the lattice structure of the 

charcoal and is retained by surface tension. The efficiency of the 

absorption is increased by activating the filter with non-radioactive 

iodine which will be exchanged with the radioactive iodine as the 

latter diffuses through the filter. To avoid the absorption of Ar41 

and other noble gases, the filter is heated to a steady state 

temperature of approximately 170°C so that sufficient thermal agitation 

will be imparted to the system to prevent the noble gases being 

absorbed, while the more retentive iodine is still held on the filter. 

The efficiency of the filter is of the order of 85%. However, this is 

dependent upon the chemical form of the iodine, the moisture content of 

the charcoal and the diffusion properties of the filter assembly.

The gamma photons emitted by the radioactive iodine nuclides in the 

collection filter are monitored by a I i qu i d-n i trogen-cooIed, 

high-purity, germanium (HPGe) detector, mounted in a lead collimator 

assembly beneath the filter. A schematic diagram of the collection 

filter, the detector and the collimator is shown in Figure 2.17. The 

output of the detector is a sequence of charge pulses with the total 

charge in each pulse proportional to the energy deposited by a detected 

photon. The pulses are amplified and integrated by an EG 8 G Ortec 

Model 673 spectroscopy amplifier and gated integrator.

The main requirement of the system is to collect a gamma spectrum and 

to interpret this to yield estimates of the total released activity 

from the Iodine isotopes over several, equaI - Iength, measurement 

periods, covering the entire blowdown. The subsystem which performs 

the data collection has been supplied by Nuclear Data, Inc.

The output from the spectroscopy amplifier is digitised by an ND580 

ana Iogue-to-digita I converter (ADC) and the spectrum is collected by a 

MICRO MCA multichannel buffer. At the end of each measurement period, 

the spectrum is transmitted, via a modem link, to an ND6700 computer 

and deconvoluted using standard Nuclear Data software. The results of 

this process are estimated peak areas for iodine spectral lines; an 

average count-rate is taken by division of the observed count by the 

measurement period.



2 . 6  SAMPLING SYSTEMS 94

FIG 2.17 BLOWDOWN IODINE MONITOR
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The s o f t w a r e  i n c l u d e d  in the N u c l e a r  Data package f o r  the pu r pos e  of  

c a l c u l a t i n g  the peak a r eas  i s  a FORTRAN IV p r ogr am c a l l e d  APS PEAK,

C103. T h i s  p r ogr am f i r s t  f i n d s  the peaks in a d e s i g n a t e d  s p e c t r a l  

r e g i o n  by t e s t i n g  a n u m e r i c a l  a p p r o x i m a t i o n  to the second d e r i v a t i v e  of  

the s p e c t r u m a g a i n s t  a t h r e s h o l d  v a l u e  and t e n t a t i v e l y  i d e n t i f y i n g  peak 

b o u n d a r i e s  where the second d e r i v a t i v e  a p p r o x i m a t i o n  c r o s s e s  the 

t h r e s h o l d .  Once a peak has been l o c a t e d ,  the progr am r e f i n e s  the peak 

b o u n d a r i e s  by t e s t i n g  p a i r s  of  channe l  c o u n t s  in the n e i g h b o u r h o o d  of  

the i n i t i a l  boundary  p o s i t i o n s  a g a i n s t  t h r e e  e m p i r i c a l  c r i t e r i a  u n t i l  a 

p a i r  of  c h a n n e l s  a r e  found wh i c h  s a t i s f y  the c r i t e r i a  or  come c l o s e s t  

to s a t i s f y i n g  the c r i t e r i a  a f t e r  100 c o m p a r i s o n s .  Wi t h  the b o u n d a r i e s  

e s t a b l i s h e d ,  the p r ogr am e s t i m a t e s  o u t e r  bac k gr ounds  at  e i t h e r  s i d e  of  

the peak by a v e r a g i n g  the c o u n t s  on a smal l  number o f  c h a n n e l s  a d j a c e n t  

to the peak b o u n d a r i e s .  The i n n e r  backgr ound  in the r e g i o n  benea t h  the 

pho t opeak  i s  d e f i n e d  by l i n e a r l y  i n t e r p o l a t i n g  between the o u t e r  

backgr ound  e s t i m a t e s .  The i n t e r p o l a t e d  i n n e r  backgr ound i s  then 

s u b t r a c t e d  f rom a l l  t he c h a n n e l s  in the p h o t o - p e a k  r e g i o n  and,  i n the 

case of  a s i n g l e t  peak,  the sum of  the b a c k g r o u n d - s u b t r a c t e d  channe l  

c ou n t s  i s  r e t u r n e d  as the peak a r e a .  In the case of  a m u l t i p l e t ,  a sum 

of  g a u s s i a n s  f u n c t i o n  i s  f i t t e d  to the c h a n n e l s  and the a r eas  of  the 

g a u s s i a n s  a r e  r e t u r n e d  as the peak a r eas  f o r  the m u l t i p l e t .

The ADC has a c o n v e r s i o n  t i me of  14|is f o r  each i npu t  p u l s e .  T h i s  w i l l  

cause s i g n i f i c a n t  dead t i me  at  h i g h  c o u n t - r a t e s .  A c o r r e c t i o n  i s  

a v a i l a b l e  f o r  the c o u n t s  l o s t  d u r i n g  dead t i me in t h a t  a r e c o r d  i s kept  

of  the t o t a l  t i me  l o s t  and t h i s  i s s u b t r a c t e d  f rom the o v e r a l l  

measurement  p e r i o d .  The c o r r e c t i o n  i s  a p p l i e d  by n o r m a l i s i n g  the peak 

a r eas  w i t h  the c o r r e c t e d  l i v e  t i me f o r  the measurement  (see e q u a t i o n  

( 2 . 1 6 > ) .  T h i s  c o r r e c t i o n  method w i l l  p r oduc e  the c o r r e c t  d i s t r i b u t i o n  

of  c o u n t - r a t e s  p r o v i d i n g  the c o r r e c t i o n  p e r i o d s  a r e  chosen so t h a t  the 

sou r c e  m a g n i t u d e  r emai ns  a p p r o x i m a t e l y  c o n s t a n t  t h r o u g h o u t  the 

measurement .  For  the p r e s e n t  s ys t em,  i t  i s  p o s s i b l e  f o r  h i g h  dead t ime 

to be e n c o u n t e r e d  at  t he  top end of  the measurement  range-.

In the event  of  a d i s c h a r g e - f i  I t e r  f a i l u r e  in the s t a c k ,  t he maximum 

g r o s s  c o u n t - r a t e  obs er v ed  by the sys t em w i l l  exceed the d e s i g n  

t o l e r a n c e  of  3 x 10^cps.  T h i s  s i t u a t i o n  w i l l  be i n d i c a t e d  on a
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r a t e m e t e r ,  wh i ch  i s c onnec t ed  d i r e c t l y  to a second o u t p u t  of  the 

s p e c t r o s c o p y  a m p l i f i e r ,  and the i n s t r u m e n t  w i l l  be s w i t c h e d  to  a f a u l t  

c o n d i t i o n  c o u n t i n g  mode. Th i s  i n v o l v e s  the a u t o m a t i c  i n s e r t i o n  of  an 

a t t e n u a t i n g  s h u t t e r  between the i o d i n e  c o l l e c t i o n  f i l t e r  and the 

d e t e c t o r  wh i ch  w i l l  p r e v e n t  sys tem o v e r l o a d  by r e d u c i n g  the g r os s  

c o u n t - r a t e  to the d e s i g n  l i m i t .  Because a s o l i d  s h u t t e r  w i t h  the 

r e q u i r e d  a t t e n u a t i n g  f a c t o r  wou l d  absor b  the lower  ener gy  pho t ons  to  a 

much g r e a t e r  e x t e n t  than those at  h i g h e r  e n e r g i e s  and i n t r o d u c e  

e x c e s s i v e  Compton d o w n - s c a t t e r  i n t o  the main 364keV peak f rom 1-131,  

the s h u t t e r  i n c o r p o r a t e s  a h o l e  and f l ame box a r r angement  ( see f i g u r e  

2 . 1 8 )  to r educe the s i g n a l  magn i t ud e  e v e n l y  a c r os s  i t s  ener gy  r ange.

The s h u t t e r  has been des i gne d  to a t t e n u a t e  the net  s i g n a l  by a f a c t o r  

of  40 and i n t r o d u c e  n o i s e  of  s i m i l a r  magn i t u d e  f rom s c a t t e r e d  

r a d i a t i o n ,  thus  g i v i n g  a g r os s  a t t e n u a t i o n  f a c t o r  of  20.  A l l  t he 

da t a  p r oduced d u r i n g  t h i s  p e r i o d  i s  i n t e r p r e t e d  f o r  t he  f a u l t  c o n d i t i o n  

geome t r y .

In c e r t a i n  c i r c u m s t a n c e s  the m o n i t o r i n g  of  a f l u i d  sample may be 

c a r r i e d  out  u s i n g  a lower  r e s o l u t i o n  N a l ( T I )  d e t e c t o r  based s ys t em.  A 

t y p i c a l  d e t e c t o r  a r r angement  f o r  mak ing measurements  on a l i q u i d  sample 

i s  shown in f i g u r e  2 . 1 9 .  Such a sys tem may be used to d e t e c t  b u r s t  

f ue l  p i n s  by m o n i t o r i n g  r e a c t o r  c o o l a n t  and a sys tem b l o c k  d i a g r a m f o r  

t h i s  a p p l i c a t i o n  i s  shown in f i g u r e  2 . 2 0 .  Th i s  s ys t em i s  c o n f i g u r e d  to 

make i ndependent  measurements  on f o u r  samples taken f rom d i f f e r e n t  

p o i n t s  in the r e a c t o r .  Each of  t hese  measurements i s  i n t e r p r e t e d  to 

y i e l d  the a c t i v i t y  of  an i s o t o p e  such as K r -88  where a h i g h  

c o n c e n t r a t i o n  i n d i c a t e s  a b u r s t  p i n .  I f  two d e t e c t o r s  out  of  the f ou r  

d e t e c t  K r -88  then an a l a r m  i s  r a i s e d .  V o t i n g  l o g i c  i s  i n c l u d e d  in the 

sys t em to p e r f o r m  t h i s  f u n c t i o n .

The d e t e c t o r  o u t p u t s  a r e  d i v i d e d  i n t o  two pa t h s  the f i r s t  i s the 

g u a r d l i n e  p a t h  and t h i s  must  be i ndependent  of  the comput er  s ys t em.  To 

meet t h i s  r e q u i r e m e n t  t he  measurements  a r e  i n t e r p r e t e d  u s i n g  the 

d i g i t a l  f i l t e r  of  f i g u r e  2 . 1 4 ,  where the c o e f f i c i e n t s  a r e  o b t a i n e d  by 

t a k i n g  the a p p r o p r i a t e  row of  a m a t r i x  wh i c h  r e l a t e s  the i s o t o p e  

a c t i v i t i e s  to t he  obs e r v ed  s i g n a l s .  T h i s  m a t r i x  i s  d e v e l op ed  in the
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•FIG 2 .2 0  SYSTEM BLOCK DIAGRAM FOR A SUITE OF REACTOR GUARDLINE EQUIPMENT
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c o n t e x t  of  the f i x e d  geomet r y  p r ob l em in s e c t i o n  4 . 3 .  The o u t p u t  of  

the d i g i t a l  f i l t e r  w i l l  be a p u l s e  t r a i n  w i t h  f r eq u e n c y  p r o p o r t i o n a l  to 

the K r -88  a c t i v i t y  and the a l a r m  f rom t h i s  d e t e c t o r  sys tem i s  r a i s e d  

when the f r e q u e n c y  exceeds the p r e - s e t  t r i p  f r e q u e n c y .  Almost  r e a l  

t i me m o n i t o r i n g  i s  a c h i e v e d  on t h i s  p a t h .

The second p a t h  i s  a c o n v e n t i o n a l  m u l t i c h a n n e l  b u f f e r  t o g e t h e r  w i t h  a 

s o f t w a r e  i n t e r p r e t a t i o n  sys t em and t h i s  i s  c o n f i g u r e d  to make 

measurements ov e r  an ex t ended  p e r i o d  and g i v e  a c o m p l e t e  assay of  

the sampl e.  The pu r pose  of  t h i s  i s  to form an i n v e n t o r y  of  the 

c o n t a m i n a n t s  in the c o o l a n t ,  t o p r o v i d e  a c o m p a r a t i v e  e s t i m a t e  of  the 

K r -88  a c t i v i t y  to d e m o n s t r a t e  the c o r r e c t  o p e r a t i o n  of  the g u a r d l i n e  

pa t h  and to p r o v i d e  the means to c a l i b r a t e  the s y s t em.  D u r i n g  

o p e r a t i o n ,  the a n a l y s i s  and g u a r d l i n e  pa t hs  must  be p h y s i c a l l y  

s e p a r a t e d  by means of  o p t o - i s o  I a t i n g  c i r c u i t s ,  howev er ,  when the s ys t em 

i s  o f f - l i n e  the comput er  can be used to i n t e r r o g a t e  and upda t e  the 

c a l i b r a t i o n  d a t a .

2 .7  ASSAY SYSTEMS

In a d d i t i o n  to the a n a l y s i s  of  sampled f l u i d s ,  assay systems a r e  used 

f o r  the a n a l y s i s  of  m a t e r i a l s  in r a d i o c h e m i c a l  p r o c e s s e s  such as 

u r an i um or  p l u t o n i u m  r e f i n e m e n t  and in the management  of  r a d i o a c t i v e  

was t e .

There a r e  two d i s t i n c t  t ypes  of  r a d i o n u c l i d e  commonly e n c o u n t e r e d ,  

wh i c h  a r e  b e t a / g a m m a - e m i t t i n g  n u c l i d e s  and a l p h a - e m i t t i n g  n u c l i d e s .  

Be t a / ga mma- e mi s s i on  i s  n o r m a l l y  a s s o c i a t e d  w i t h  f i s s i o n ,  s p a l l a t i o n  or  

n e u t r o n  a c t i v a t i o n  p r o d u c t s  such as Co-60 or  Cs-137 w h i l e  the m a j o r i t y  

of  a l pha  e m i t t e r s  a r e  c o n c e n t r a t e d  about  the a c t i n i d e s .  In g e n e r a l ,  

assay samples can c o n t a i n  many d i f f e r e n t  n u c l i d e s  of  e i t h e r  or  b o t h  

t ypes  in a w i de  v a r i e t y  of  c o n t a i n m e n t .  S p e c i f i c  examples a r e  gas or  

l i q u i d  s amp l es ,  l oose m a t e r i a l  c o n t a i n e d  in open t r a y s  or  mov i ng a l o n g  

a conv ey or  b e l t  and s e a l e d  c o n t a i n e r s  i n c l u d i n g  l i g h t  s t o r a g e  drums 

c o n t a i n i n g  a c t i n i d e  m e t a l ,  o x i d e  o r  f l u o r i d e  and r a d i o a c t i v e  was t e  

p a c k a g e s .
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Assay samples a r i s e  at  most  of  the s t ages  of  the n u c l e a r  f u e l  c y c l e ,  

i n c l u d i n g  t he  e x t r a c t i o n  of  n a t u r a l  u r an i um and t h o r i u m  f rom t hen -  

o r e s ,  e n r i c h m e n t  of  u r a n i u m in U-235 by i s o t o p i c  s e p a r a t i o n ,  the 

f a b r i c a t i o n  of  f ue l  r o d s ,  the o p e r a t i o n  of  n u c l e a r  r e a c t o r s  and the 

r e p r o c e s s i n g  of  spent  f u e l .  At each of  these s t a g e s ,  t h e r e  i s a need 

to assay t he  samples to e ns u r e  the c o r r e c t  o p e r a t i o n  of  the p r o c e s s  

and to keep and a u d i t  i n v e n t o r i e s  of  f i s s i l e  m a t e r i a l .

R a d i o a c t i v e  was t e  i s c a t e g o r i s e d  by i t s  s p e c i f i c  a c t i v i t y  i n t o  l o w - ,  

i n t e r m e d i a t e -  and h i g h - l e v e l  w a s t e .  In the UK, the d i s p o s a l  of  Iow-  

and i n t e r m e d i a t e - I  eve I was t e  i s  t he r e s p o n s i b i l i t y  o f  the N u c l e a r  

I n d u s t r y  R a d i o a c t i v e  Waste E x e c u t i v e  (NIREX) .  L o w - l e v e l  was t e  such as 

c o n t a m i n a t e d  c l o t h i n g ,  w i p e - t e s t  swabs and h o s p i t a l  was t e  i s compacted 

i n t o  nomi na l  200 l i t r e  drums and may be d i s p o s e d  of  by s h a l l o w  land 

b u r i a l  in s o i l  cover ed  t r e n c h e s ,  f o r  exampl e ,  at  D r i g g ,  Cumbr ia [ 1 1 ] .

No d i s p o s a l  r o u t e s  p r e s e n t l y  e x i s t  f o r  i n t e r m e d i a t e  l e v e l  was t e  such as 

i o n - ex c ha nge  r e s i n s ,  used f u e l  c l a d d i n g s  and f i l t e r  m a t e r i a l s .

However ,  the recommended r o u t e  f o r  f u t u r e  use i s  e n c a p s u l a t i o n  w i t h  

m a t e r i a l s  such as cement  or  t h e r m o s e t t i n g  po l y mer s  [ 1 2 ] ,  in nomi na l  500 

l i t r e  drums and deep land or  under sea  b u r i a l .  Such a deep r e p o s i t o r y  

i s  e x pec t ed  to be under  c o n s t r u c t i o n  by the end of  t h i s  c e n t u r y .

Smal l  amounts of  h i g h - l e v e l  was t e  a r i s e  f rom the r e p r o c e s s i n g  of  f u e l .  

Th i s  i s  p r e s e n t l y  s t o r e d  as a l i q u i d  in c o o l e d  v e s s e l s .  The 

recommended f u t u r e  d i s p o s a l  r o u t e  i s  v i t r i f i c a t i o n  and d r y  s t o r a g e  

i n i t i a l l y  in a C09 a t mospher e  and then in a i r  f o r  a p e r i o d  of  at  l e a s t  

50 y ear s  p r i o r  t o  d i s p o s a l  in a deep r e p o s i t o r y .

The main a p p l i c a t i o n s  f o r  assay  systems w i t h i n  was t e  management a r e  in 

the p r e p a r a t i o n  of  was t e  packages and the i ndependent  c h e c k i n g  of  

packages p r i o r  t o  d i s p o s a l .  Samples e n c o u n t e r e d  at  the p r e p a r a t o r y  

s t age  w i l l  be l oose  or  l i g h t l y  c o n t a i n e d  m a t e r i a l  w h i l e  the was t e  

packages e n c o u n t e r e d  by an i ndependent  c h e c k i n g  sys t em c o u l d  be f u l l y  

encapsuI  a t e d .

Assay sys tems a r e  u s u a l l y  based upon the d e t e c t i o n  of  e i t h e r  gamma-rays 

or  n e u t r o n s  and a r e  c a t e g o r i s e d  i n t o  e m i s s i o n  ( o r  p a s s i v e )  and
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t r a n s m i s s i o n  ( o r  a c t i v e )  s ys t ems.  In an e m i s s i o n  sys tem r a d i a t i o n  

wh i c h  i s  s p o n t a n e o u s l y  e m i t t e d  by the sample i s d e t e c t e d ,  w h i l e  in a 

t r a n s m i s s i o n  sys t em,  the sample i s  i n t e r r o g a t e d  w i t h  r a d i a t i o n  f rom an 

e x t e r n a l  sou r c e  and the p r i m a r y  r a d i a t i o n  or  r a d i a t i o n  f rom sec ondar y  

r e a c t i o n s  in the sample d e t e c t e d .

Most  b e t a / g a m m a - e m i t t e r s  do not  s p o n t a n e o u s l y  emi t  n e u t r o n s ,  t h e r e f o r e  

the sys tems used to assay samples c o n t a i n i n g  these n u c l i d e s  a r e  based 

upon the d e t e c t i o n  of  gamma- rays .  On the o t h e r  hand,  a c t i n i d e s  a r e  

s u s c e p t i b l e  to f i s s i o n  wh i c h  may be s pont aneous  or  i nduced by n e u t r o n s  

or  gamma- rays.  A l s o  c e r t a i n  a l p h a - e m i t t e r s  such as Am-241 emi t  gamma- 

r ay s  in t r a n s i t i o n s  f o l l o w i n g  the a l pha  decay .  Hence,  sys tems based 

upon the d e t e c t i o n  of  e i t h e r  n e u t r o n s  or  gamma-rays can be used f o r  the 

assay of  ac t i n i d e s .

Measurement  t e c h n i q u e s  a v a i l a b l e  f o r  the assay of  l i g h t  beta/gamma or  

g a m m a - e m i t t i n g  a c t i n i d e  samples i n c l u d e  gamma s p e c t r o s c o p y  and e m i s s i o n  

tomogr aphy .  These t e c h n i q u e s  i n v o l v e  f o r m i n g  a r e p r e s e n t a t i o n  of  the 

j o i n t  space and ener gy  d i s t r i b u t i o n  of  the gamma f i e l d  a r ound the 

sample.  In s p e c t r o s c o p y  sys tems t h i s  d a t a  i s  r educed to e l i m i n a t e  the 

s p a t i a l  dependence of  t he  measurement  and i n f e r e n c e s  a r e  made r e g a r d i n g  

the g r o s s  a c t i v i t y  of  t he  sampl e.  For  a tomography sys tem t he  ener gy  

d i s t r i b u t i o n  i s  e l i m i n a t e d  and i n f e r e n c e s  made r e g a r d i n g  the s a m p l e ' s  

spa t i a I d i s t r i b u t i o n .

These t e c h n i q u e s  can be i mpl emented by segmented s c a n n i n g  w i t h  an HPGe 

d e t e c t o r  o r  an N a l ( T I )  s c i n t i l l a t o r  and PMT c o m b i n a t i o n ,  w h i c h  a r e  

c o l l i m a t e d  to  obs e r v e  a h o r i z o n t a l  segment  of  a sampl e.  Her e ,  the 

d e t e c t o r  and c o l l i m a t o r  assembl y  i s scanned t h r ough  a number of  

v e r t i c a l  p o s i t i o n s ,  w h i l e  t he  package i s r o t a t e d  about  i t s  c e n t r a l  

a x i s .  Data i s  c o l l e c t e d  w i t h  the d e t e c t o r  and package s t a t i o n a r y  in 

each p o s i t i o n .  Th i s  r e q u i r e s  a m o t o r i z e d  t u r n t a b l e  t o  r o t a t e  t he  

sample and a l i n e a r  a c t u a t o r  to p o s i t i o n  t he  d e t e c t o r .

A s ys t em b l o c k  d i ag r am f o r  a t y p i c a l  segmented scanner  i s  shown in 

f i g u r e  2.21  w h i l e  the m e c h a n i c a l  a r r angement  i s  i l l u s t r a t e d  in f i g u r e  

2 . 2 2 .
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The e l e c t r o n i c s  package is d i v i d e d  i n t o  two p a r t s ,  wh i c h  a r e  da t a  

c o l l e c t i o n  and c o n t r o l .  The da t a  c o l l e c t i o n  sys tem i s  based on the 

t e c h n i q u e s  d e s c r i b e d  in s e c t i o n s  2 . 2  and 2 . 3 ,  and c o u l d  be i mpl emented 

w i t h  NIMS, CAMAC or  E u r o c a r d .  The c o n t r o l  c i r c u i t  p r o v i d e s  s i g n a l s  to 

s t a r t  and s t o p  t he  t u r n t a b l e  and to p o s i t i o n  the a c t u a t o r .  Th i s  c o u l d  

be based on p r o p r i e t a r y  c o n t r o l l e r s  wh i ch  a r e  i n t e r f a c e d  to a 

c o m p u t e r .

For  even-numbered a c t i n i d e s ,  such as Pu-240 and U- 232,  wh i ch  a r e  

s u s c e p t i b l e  to spont aneous  f i s s i o n ,  n e u t r o n  c o i n c i d e n c e  c o u n t i n g  can be 

used to q u a n t i f y  the f i s s i o n  r a t e  of  the sample.  An i n s t r u m e n t  u s i n g  

t h i s  t e c h n i q u e  i s  a n e u t r o n  wel l ,  c o u n t e r .  As shown in f i g u r e  2 . 2 3 ,  

t h i s  c o u l d  c o n s i s t  of  an a n n u l a r  p o l y e t h y l e n e  m o d e r a t o r  s u r r o u n d i n g  the 

sample.  He-3 or  BF3 p r o p o r t i o n a l  c o u n t e r s  a r e  embedded in the 

p o l y e t h y l e n e  and d e t e c t  n e u t r o n s  wh i c h  a r e  e m i t t e d  by the sample and 

t h e r m a l i s e d  in the m o d e r a t o r .  The s h i f t  r e g i s t e r  c i r c u i t  d i s c u s s e d  in 

s e c t i o n  2 . 3  i s used f o r  da t a  c o l l e c t i o n .  Th i s  s ys t em i s  i l l u s t r a t e d  by 

the b l o c k  d i a g r a m  shown in f i g u r e  2 . 2 4 .

The q u a l i t y  c h e c k i n g  of  e n c a p s u l a t e d  r a d i o a c t i v e  was t e  packages ,  p r i o r  

to d i s p o s a l ,  i s an i m p o r t a n t  f e a t u r e  of  was t e  management .  F o r ,  in 

o r d e r  to g a i n  t he  a c c e p t a n c e  of  a d i s p o s a l  s i t e ,  not  o n l y  must  was t e  

packages d e s t i n e d  f o r  t h a t  s i t e  c o n f o r m to a r i g o r o u s  s p e c i f i c a t i o n ,  

but  t h i s  c on f o r manc e  must  be a c t i v e l y  d e mo n s t r a t e d  b o t h  to the 

r e g u l a t o r y  a u t h o r i t i e s  and to  the p u b l i c  at  l a r g e .

Measurement  t e c h n i q u e s  a v a i l a b l e  f o r  the assay of  e n c a p s u l a t e d  packages 

i n c l u d e  gamma s p e c t r o s c o p y  and gamma tomography f o r  beta/gamma e m i t t i n g  

w a s t e ,  and p a s s i v e  n e u t r o n  c o u n t i n g  and a c t i v e  n e u t r o n  C133C14]  and 

gamma i n t e r r o g a t i o n  C153 t o g e t h e r  w i t h  n e u t r o n  d e t e c t i o n  f o r  a l p h a -  

e m i t t i n g  w a s t e .  W h i l e  adequa t e  f o r  200 l i t r e  packages ,  t hese 

t e c h n i q u e s  a p p l i e d  in i s o l a t i o n  may not  be s u f f i c i e n t l y  s e l e c t i v e  t o  

p r oduc e  s a t i s f a c t o r y  r e s u l t s  f o r  a c ement - enc aps u I  a t ed  5 0 0 - l i t r e  drum 

c o n t a i n i n g  mi xed was t e  such as a c t i n i d e s  t o g e t h e r  w i t h  f i s s i o n  

p r o d u c t s .  One method o f  i n c r e a s i n g  the measurement  s e n s i t i v i t y  i s  to 

a p p l y  s e v e r a l  measurement  t e c h n i q u e s  in sequence to  b u i l d  up 

i n f o r m a t i o n  c o n c e r n i n g  the  c o n t e n t s  of  a was t e  package.
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A p r o p o s a l  has been f o r w a r d e d  f o r  the devel opment  of  a n o n - d e s t r u c t i v e  

assay  f a c i l i t y  [ 1 6 3 ,  based on t h i s  s e q u e n t i a l  assay p r o c e s s ,  wh i ch  i s 

c ap a b l e  of  e x a mi n i n g  a l l  of  t he was t e  packages on a d i s p o s a l  r o u t e .  An 

a r t i s t ' s  i m p r e s s i o n  of  t h i s  f a c i l i t y  i s  shown in f i g u r e  2 . 2 5 .

The was t e  package assay f a c i l i t y  i s  to i n c o r p o r a t e  a c o m m e r c i a l l y  

a v a i l a b l e  LINAC w i t h  s u i t a b l e  t a r g e t s ,  wh i c h  i s  used to p r o v i d e  

i n t e r r o g a t i n g  r a d i a t i o n  f l u x e s ,  and a number of  measurement  s t a t i o n s .

A t y p i c a l  a r r angement  may i n c l u d e  f o u r  such s t a t i o n s .  The f i r s t  

measurement  s t a t i o n  woul d  be an e n t r y  s t a g e  where the i ncomi ng packages 

a r e  wei ghed and checked f o r  s u r f a c e  c o n t a m i n a t i o n .  The second woul d  be 

the main sys tem f o r  the assay of  beta/gamma was t e  and mi gh t  be a 

segmented gamma scanner  or  an e m i s s i o n  tomography sys t em ( i e ,  p a s s i v e  

gamma c o u n t i n g ) .  The t h i r d  woul d  be a gamma r a d i o g r a p h y  set  used 

m a i n l y  to check the p h y s i c a l  soundness of  was t e  packages and the f o u r t h  

a n e u t r o n  assay sys t em.  Th i s  i s  c o n s i d e r e d  to be the main s ys t em f o r  

the assay of  a l p h a - e m i t t i n g  was t e  and makes use of  t h r e e  measurement  

t e c h n i q u e s ,  namel y :

p a s s i v e  n e u t r o n  c o u n t i n g  

a c t i v e  gamma i n t e r r o g a t i o n  

a c t i v e  n e u t r o n  i n t e r r o g a t i o n .

The p r i m a r y  r e q u i r e m e n t  of  t he r a d i o a c t i v e  was t e  assay f a c i l i t y  i s  to 

p r o v i d e  a v e r i f i c a t i o n  of  the c o n t e n t s  of  e n c a p s u l a t e d  500 l i t r e  was t e  

packages and to  show t h a t  t hese packages c o n f o r m to t h e i r  

s p e c i f i c a t i o n s .  However ,  because i n f o r m a t i o n  c o n c e r n i n g  a was t e  form 

i s  r e l a t i v e l y  e a s i l y  o b t a i n e d  at  the p o i n t  of  p r o d u c t i o n ,  b e f o r e  the 

packages a r e  e n c a p s u l a t e d ,  t he need f o r  a sys tem such as the assay 

f a c i l i t y  i s  negat ed  u n l e s s  i t s  measurements  a r e  i ndependent  of  the 

p r o d u c e r ' s  own q u a l i t y  a s s u r a n c e .  I t  i s r e c o g n i s e d  t ha t  the m a j o r i t y  

of  was t e  packages w i l l  c o n f o r m to  t h e i r  s p e c i f i c a t i o n s .  However ,  

i n t e r s p e r s e d  among a s t r e a m of  c o n f o r m i n g  packages ,  t h e r e  may be a 

smal l  number of  " r o g u e "  packages w h i c h ,  in some sense,  do not  comply  

w i t h  t he  r e q u i r e m e n t s  of  a package wh i c h  i s  s u i t a b l e  f o r  d i s p o s a l .  The 

assay f a c i l i t y  may a l s o  e n c o u n t e r  o l d  was t e  packages about  wh i c h  v e r y  

l i t t l e  i s  k nown.
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In v i ew of  the c o s t  of  r e c y c l i n g  packages ( i f  a r ogue package i s  f ound ,  

the who l e  was t e  s t r eam may be s t o p p e d )  or  d e s t r u c t i v e  t e s t i n g ,  i t  i s 

i m p o r t a n t  t h a t  t he number of  f a l s e  a l a r ms  and b o r d e r - l i n e  cases i s 

reduced to a minimum.  Th i s  r e q u i r e s  t ha t  the e f f i c i e n c y  of  measurement  

i s  opt imum and t h a t  the d e c i s i o n  c r i t e r i a  a g a i n s t  wh i c h  the packages 

a r e  t e s t e d  a r e  o b j e c t i v e  and p o w e r f u l  enough to show c l e a r l y  whet her  

a l mos t  a l l  of  t he packages a r e  w i t h i n  or  out  of  s p e c i f i c a t i o n .

The c ement - enc aps u I  a ted was t e  packages a r e  a p p r o x i m a t e l y  1.2m h i g h  by 

0.8m d i a m e t e r  and wei gh up to 1.5 t onnes .  Mor eov e r ,  i t  i s  p o s s i b l e  f o r  

the cement  m a t r i c e s  of  d i f f e r e n t  ( c o n f o r m i n g )  packages f r om the same 

was t e  s t r eams to v a r y  in form and c o n s i s t e n c y ,  and because of  the s i z e  

and d e n s i t y  of  the was t e  packages ,  even a smal l  change in the m a t r i x  

may g r e a t l y  a f f e c t  a measurement .  In a d d i t i o n  to t he  m a t r i x  

v a r i a t i o n s ,  the d i s t r i b u t i o n  of  the r a d i o n u c l i d e s  in such a was t e  

package ( o r  even the t ype  of  r a d i o n u c l i d e s )  cannot  be known e x a c t l y .  

Th i s  p r o b l e m i s  compounded by the e x i s t e n c e  of  many d i f f e r e n t  was t e  

s t r eams .

For  the was t e  forms c o n s i d e r e d ,  the normal  c r i t e r i o n  f o r  the assessment  

of  the s u i t a b i l i t y  of  a was t e  package f o r  d i s p o s a l  i s  the p r i m a r y  

a c t i v i t y  ( i e ,  a l p h a  or  b e t a  a c t i v i t y )  per  u n i t  mass of  the package.  

T h e r e f o r e ,  under  p r e s e n t  d i s p o s a l  r ecommenda t i ons ,  t he  o u t p u t  r e q u i r e d  

by an o p e r a t o r  of  t he was t e  assay f a c i l i t y  w i l l  be a d e c i s i o n  as to 

whe t he r  the g r o s s  a l p h a  and b e t a  a c t i v i t i e s  c o n t a i n e d  in a was t e  

package a r e  g r e a t e r  o r  l ess  than the s p e c i f i e d  d i s p o s a l  l i m i t s  f o r  a 

s i t e .  T h i s  r e q u i r e s  two s e p a r a t e  h y p o t h e s i s  t e s t s  t o  be p e r f o r m e d ,  one 

on the a l pha  a c t i v i t y  and one on the be t a  a c t i v i t y .  There may a l s o  be 

r e q u i r e m e n t s  to s p e c i f y  the a c t i v i t y  of  p a r t i c u l a r  r a d i o n u c l i d e s  such 

as p l u t o n i u m  or  a m e r i c i u m .

To o b t a i n  i ndependent  v e r i f i c a t i o n  of  the c o n t e n t s  o f  a was t e  package ,  

we must  p r e c l u d e  the use of  i n f o r m a t i o n  such as the documented h i s t o r y  

and c o n t e n t s  of  the package ,  and o t h e r  c l a i m s  by the p r o d u c e r ,  in the 

f o r m a t i o n  of  the t e s t  s t a t i s t i c s .  Hence,  a l l  i n f o r m a t i o n  used to  

e s t a b l i s h  t hese r e s u l t s  must  s tem f rom d i r e c t  measur ement ,  g e n e r a l  

p h y s i c a l  laws or  the r e s u l t s  of  unc onnec t ed  measurements  u s i n g ,  f o r



2 . 8  REFERENCES 1 1 1

exampl e ,  c a l i b r a t i o n  packages .

The above r e q u i r e m e n t  a l o n e  more than j u s t i f i e s  t he deve l opment  of  the 

ge n e r a l  sys tem d e s i g n  and da t a  p r o c e s s i n g  model  c o n s i d e r e d  in the 

f oI  l owi ng  chap t e r s .
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CHAPTER 3

G E N E R A L  M O D E L

In this chapter, the design and recognition problems will be addressed 

for a system to monitor the radioactive samples output from a general 

nuclear process which is evolving in time. Two system concepts are 

examined. The first, termed the "naive concept", is based on certain 

simplifying assumptions which make the design and recognition problems 

tractable. However, it is shown that this approach leads to 

difficulties which may cause unbounded variations in the measurement 

results. Therefore, an attempt is made to form a second concept, 

called the "axiomatic concept", which avoids these difficulties.

It is shown that the axiomatic concept forms a natural generalisation 

of the naive concept, which is obtained by avoiding the simplifying 

assumptions. To make the problems tractable, it is proposed that the 

method of top-down development is adopted.

It is considered that the best approach to this development is to 

construct first a mathematical model of a general sample and 

measurement process. The need for this model is self-evident if one 

recognises the measurement process as a sequence of operations which
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encompass measurements on the collection of all samples encountered by 

the system, and that this process must be explicitly designed in 

exactly the same manner as individual instrument modules. The 

model is constructed in two parts. The first is the subject of the 

present chapter. This provides an optimum (statistical) method for 

interpreting a measurement and establishes conditions for the existence 

of the probability density functions which make this possible. The 

second part is considered in the next chapter and investigates the 

asymptotic (deterministic) relationships between the outputs of a 

nuclear process and the observed signals. These relationships 

establish a set of parameters which are used to describe a sample and 

provide the means to simplify the problem in a manner which does not 

Iead to difficulties.

3 . 1  N A I V E  C O N C E P T

With the naive concept of an instrumentation sytem, data from each 

measurement is treated in isolation to determine "main features" of the 

sample; for example, the radioactivity of particular isotopes, the 

density of attenuating material or the spatial distribution of material 

within the samp Ie.

In addition to these targeted main features, each of the measurements 

will always be dependent upon a collection of bias parameters which 

describe the effects of all variable influences upon the measurement 

other than the specific main features to be quantified by that 

measurement *1. The set of bias parameters may be different for each 

measurement but could include some of the following:

radiation interactions with stable materials within the sample; 

the spatial distribution of radionuclides within the sample;

*1 By a parameter, we mean a quantity which has a fixed but possibly 
unknown value or set of values for a particular sample. Parameters 
may be functions of time, space, energy etc. By this definition, 
the main features will also be represented by parameters.
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background radiation fluxes;

interrogating radiation fluxes;

radiation interactions with source radionuclides themselves.

The effect of a single bias parameter on a measurement is illustrated 

in figure 3.1 using the example of self shielding of the 375 and 415 

keV gamma rays emitted by Pu-239. It can be seen that in the presence 

of self shielding a wide range of counts can be observed from the same 

mass of Pu-239 depending on the spatial form of the material. That is, 

for a concentrated lump of plutonium only the gamma-rays emitted from 

the surface layers will be seen, with those emitted from the interior 

being absorbed; while, for a distributed source, a much higher 

percentage of the gamma-rays can be detected. Moreover, this 

fundamental uncertainty in the observed counts translates into an 

uncertainty in the mass value when a particular set of counts is 

observed by measurement. In the present example, the self shielding 

can cause an underestimation of the mass by up to approximately 84% of 

the true value.

The data generated by each measurement must be corrected for the 

detection efficiency of the measuring instrumentation together with the 

combined effect of the bias parameters. The corrections may 

necessarily require the use of information from other measurements or 

from a priori assumptions that the bias parameters which are not 

quantifiable by measurement remain fixed for all of the samples 

encountered by the system - in which case they can be defined by 

calibration - or that they influence the measurement by an 

i ns i gn i f i cant amoun t.

With the above assumptions, simple processing methodology can be 

applied to the individual measurements where the objective is to reduce 

the measurement data to a small number of statistics with minimum 

variance and which can be directly related to the required main 

features by one or more constants. These constants embody the bias 

correction and, using the assumptions, are formed by the composition of 

radiological data, main features of the sample defined by earlier 

measurements and experimental calibration data. To define the
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calibration data, it is necessary to construct a (representative) 

standard calibration sample.

However, the above approach leads to difficulties. Firstly this is 

because the observed signals are the result of a process which can 

involve many complex interactions between the radiation flux, the 

source and the measurement system. Therefore, a neatly partitioned 

section of the signal set which relates to each main feature will not 

exist. Furthermore, it may not be clear how to deconvolute the signal 

set to obtain statistics which do relate to each feature.

In certain cases these statistics can be defined. For example, the 

photopeaks in a high resolution gamma spectrum relate to the activity 

of a specific isotope. Even in this case, however, difficulties can 

still be encountered. This is because the calibration constants, which 

are central to the naive concept, rely upon assumptions which could 

break down for some samples and this possibility introduces 

unquantifiabIe uncertainties into the measurement results.

To see this, consider the implications of the standard sample used to 

define the calibration constants. By definition, such a sample must be 

constructed to the same specification as the samples output from the 

nuclear process, while conversely, the use of the calibration constants 

requires the assumption that the outputs being tested are of the same 

form as the representative standard. But, the bias parameters may be 

different for each measurement. Therefore, the assumption breaks down 

and this introduces an unknown uncertainty into the measurements which 

may be unbounded.

In the above cases, it would be possible to argue that it is always 

possible to define empirical statistics which relate to combinations of 

source features and that it may be possible to deconvolute these using 

the results of other measurements. Likewise, it could ba argued that 

the calibration constants will be an approximate representation of the 

effects of the bias parameters on a measurement for most of the 

samples. However, the resulting estimates of the main features will 

certainly be dependent upon both the compositions and the calibration
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constants used in the calculation and, even if these factors are a true 

representation for most of the samples, who can say what the 

composition and bias effects will be under a fault condition? 

Furthermore, the naive concept is not well suited to the use of 

information obtained by other measurements for correction purposes, 

since, by the definition of the naive concept, the results of these 

measurements have been reduced to a combination of main features and 

exclude the effects of the bias parameters on the measurements. Also, 

one may encounter the practical difficulty that correction information 

is required to define the correction information and it is not clear at 

which point one should start.

Hence, rather than pursue the naive concept and try to solve its 

intrinsic problems, an attempt will be made to formulate an axiomatic 

concept which avoids (rather than solves) the above problems.

1 18

3 . 2  A X I O M A T I C  C O N C E P T  -  T H E  K E Y  I D E A

The naive concept is loosely based upon a classical, information theory 

approach C1], where the objective is to reduce the measurement data to 

a small number of statistics with the minimum loss of information 

concerning the main features of a sample although minimum variance of 

the statistics is not necessarily the same thing as minimum loss of 

information. Then, these statistics are interpreted in terms of the 

main features using a pre-defined numerical relationship between these 

quantities. This approach breaks down because the underlying 

parameters (main features) do not define an adequate statistical model 

of the sample in the sense that other factors affect a measurement (eg, 

the bias parameters) and the model does not account for these extra 

factors. Therefore, the statistics cannot be related directly to the 

main features.

Within the information theory approach, an adequate statistical model 

can be defined by combining the set of isotope activities about which 

information is required and the set of bias parameters, into a single 

parameter vector. Here, the bias parameters are explicitly included in
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the model for analysis purposes only, so as to take them properly into 

account, and they will be eliminated from the final results. It is 

important that the set of bias parameters, together with the isotopes, 

totally describe a sample. In other words, if two samples have the 

same sets of values for the isotopes and bias parameters, then, in the 

absence of random noise *2, the samples will yield identical signals 

for each of the measurements. Having defined an adequate model, the 

objective is to estimate values for the isotopes and bias parameters 

which are mutually consistent and best fit the measurement data. In 

principle, to eliminate the bias parameters, one need only integrate 

them out of the final probability distribution for the estimates. 

However, if the measurement data does not contain sufficient 

information concerning both the isotopes and the bias parameters, this 

integral or the estimator itself can diverge. Therefore, the axiomatic 

concept includes an extension of this approach to incorporate Bayesian 

statistics, which form a natural generalisation of the classical 

approach and (within reasonable limits) can be used to stabilise the 

estimation and the integration over the bias parameters.

This involves the construction of a prior probability distribution 

which contains general information concerning the samples which are 

output from the nuclear process, such as the isotopes which could be 

encountered and the correlations between them. Then, we can take this 

distribution as the starting point of a measurement interpretation, 

rather than starting from the position of no information at all.

With this starting point, the key proposition of the axiomatic concept 

is that the measurement data can be used to restrict the isotopes and 

bias parameters to a smaller range of possible values than the original 

prior distribution and, in particular, eliminate some of the isotopes 

altogether. Furthermore, if several different measurements are made on 

the same sample, for example, in a scanning system, these measurements 

will be representative of the sample in different states .and, 

therefore, will not restrict the prior distribution in the same way.

* 2  Random v a r i a t i o n s  i n  t he  s i g n a l s  f o r  i d e n t i c a l  m e a s u re m e n ts  on t h e
same s a m p le .



3 . 2  AXIOMATIC CONCEPT: THE KEY IDEA 120

Thus - and this is the key point - the intersection of all the 

restrictions to the prior distribution will be much smaller and contain 

fewer isotopes than any of the restrictions themselves.

It is proposed that the prior distribution can be defined by starting 

from an initial approximation and refining this initial distribution 

using the results of measurements on all of the samples which are 

output from the nuclear process. Thus, once the system is operating, 

it will gradually "learn" about the nuclear process and the measurement 

results will continually improve until a limiting distribution is 

reached.

The above method of measurement interpretation can be used for making 

"decisions" concerning the operation of a nuclear process. For, with 

information concerning activity and isotopic composition represented by 

a probability distribution (te, the prior distribution combined with 

the measurement data), hypothesis tests can be constructed to check the 

correctness of the process operation. These tests will be subject to 

two types of error which are:

error of the first kind, rejecting a sample which conforms to its 

requirements,

error of the second kind, accepting a sample which does not conform 

to its requiremen t s

The results of these tests will be probabilities that a sample is 

within or out of specification, together with the probability for the 

corresponding type of error.

If a sample is well within specification, as will generally be the 

case, then the measured probability that the sample is out of 

specification will be small, even with noisy data. However, for 

border-line samples more accurate measurements will be required to 

reduce the probability of an error to an acceptable level.

To optimise the efficiency of the process monitoring system, data



3 . 3  MEASUREMENT INTERPRETATION 121

adaptive processing can be used. This involves making measurements for 

enough time to obtain sufficient accuracy to test most of the well 

conforming samples but not the border-line cases. Then, when a non- 

conclusive result is obtained, the measurements are repeated until 

sufficient accuracy for a conclusive result is achieved. Providing the 

sets of isotopes and bias parameters totally describe the samples, the 

probability of an error can be made as small as desired by repeating 

the measurements in this manner, while no more time than is necessary 

is spent testing the easier samples.

3 . 3  M E A S U R E M E N T  I N T E R P R E T A T I O N

The axiomatic concept is based on assumptions that certain features of 

the measurement process remain fixed for all of the samples (including 

those observed under a fault condition). In fact, these fixed features 

involve the generalisation of ideas from the naive concept in three 

specific areas.

1) The variable sets of isotopes output from a nuclear process are all 

replaced by the fixed set of isotopes which could be output from 

the process, where the possibility that certain isotopes have zero 

mass is not excluded. Also, it is recognised that certain 

combinations of isotopes have higher probability than others.

2) All that can be known about the bias parameters prior to a 

measurement is the probability that they will take a particular set 

of values. Therefore, the fixed calibration constants of the naive 

concept are replaced by a distribution of bias parameters, with 

each combination of the parameters having a fixed probability. 

Correlations may exist between the isotope sets and the bias 

parameters.

It is desirable that the set of bias parameters are concerned 

purely with features of the samples and, in particular, exclude 

the distortion effects of the measuring apparatus from the set.

This is because these effects will be unique to a measurement
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station and problems with the combination of data from different 

measurement stations may be encountered if the bias parameters are 

not independent of the apparatus.

3) The naive concept of several isolated measurements of different 

parameters (main features) is replaced by the concept of several 

observations of the same (fixed) set of isotopes and bias 

parameters but under different physical states. That is, each 

signal observed by the system is equivalent to a combination of 

these fixed parameters, with different observations giving rise to 

different combinations.

Since the above assumptions relate to features of all samples output 

from a nuclear process they do not violate the conditions for 

unbiased measurement results. Indeed, the assumptions state no more 

than the fact that we are making measurements on the nuclear process, 

as opposed to something else. However, the first of the assumptions 

specifies all that can be known concerning the radionuclide content of 

the process outputs prior to a measurement, while the second assumption 

concerns all the prior information regarding other features of a sample 

which can affect a measurement.

Conceptually, all of the prior information concerning the isotopes can 

be summarised by a (Bayesian) prior (joint probability) density 

function which, in particular, contains information from the 

correlations between isotopes. To define the effects of the bias 

parameters on a measurement, the prior density can be extended to 

incorporate the bias parameters by adding extra dimensions. Then, in 

addition to the information concerning the isotopes, this augmented 

function will contain information from correlations between the bias 

parameters and isotopes, and restrictions to the ranges of the bias 

parameters. It is traditional to denote the prior density function by 

it( 0 , P )  where 0 = (0,, 02' •••> 6n> is a vector of isotope activities 

and p  = (Pi, P2, ..., Pm_n) is a vector of bias parameters.

With the above conditions, a sample can be completely characterised by 

a specific vector ( 0 , p )  and further, the probability associated with
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that vector will be the probability that the sample will be encountered 

by the system.

The third of the assumptions is concerned with the information which is 

available by measurement. For a given set of isotopes and bias 

parameters, it would be possible to form a probability density function 

for the signals observed from this sample. This is known as a 

conditional density function and is regarded as a function of the 

signal data for fixed isotopes and bias parameters. The conditional 

density is usually denoted p(s|0,p), where s = (s,, s2> •••> sf) is 

regarded as a sample from a random vector of observed signals. If (and 

only if) the parameters (0,p) represent an adequate model of the 

samples output from a nuclear process, no factors other than random 

noise will contribute to the variation of s, and a well-defined 

relationship exists between the parameters (0,p) and the means of the 

conditional density, which, in particular, accounts for the (constant) 

distortion of the measuring apparatus.

For the present application, this relationship could take the form of a 

linear transformation. For example, let Rm be the set of all 

m-dimensionaI vectors such that the vector w = (0,p) belongs to Rm 

(written w e Rm ), then Rm defines an m-dimensionaI Euclidian space in 

which a point specifies the configuration of a sample. Likewise, if 

|i = (it,, p2, •••' Mr> <s a vector of the signal means, then p belongs 

to the space Rr. The linear transformation, g, is a mapping from Rm to 

Rr (written g:Rm -* Rr) which takes the form Gw = p, where G is an m x r 

matrix.

To define the matrix, G, let le,, e ?, ..., e|T)) be a base for Rm and 

f2 > •••> be a base for Rr. Then, the image under the

transformation of each basis vector, g(e,), is a vector in Rr. 

Therefore, we may write down the system of equations:

g < e i  > = g n h  4 g 2 1 f 2  + • • • •  4 2 r  1 * r

g ( e 2 ) = 2 1 2 f 1 + 8  2 2 f  2 + • * * * 4 S r 2 * r

S ( e m> S i m * 1 4 S 2 m * 2  4 • * • •  4 S r m f r ( 3 . 1 )
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and thus construct the matrix, such that:

8l  1 «12 8 1m\ /*M /Mi -
821 822 82m w2 -  M2

i S r 1 g r 2 ‘ * 2 rm/ \wr/ \ M (3.2)

With this relationship, the conditional density function will have the 

form:

which represents the possible distribution of observed signals about a 

fixed mean value which is related to the isotopes and bias parameters 

by the transformation (3.2).

In practice, the above formulation cannot be used directly since the 

fixed values for the isotopes and bias parameters are unknown, while 

the signal values are known, having been observed by measurement. 

Therefore, we define a likelihood function as a function of the 

isotopes and bias parameters which takes identical numerical values to 

the conditional density, for fixed (observed) signal values.

For example, if the likelihood function is denoted by 1(0,p|s), then:

for all 0 and p, with fixed s. Note that 1(0,Pis) is not a probability 

density function and the area under the curve is not necessarily unity.

A likelihood function, 1,(0,Pis,), can be constructed for each of the 

measurements on the same sample and these can be combined as a product:

p ( s | 0 , p )  = h ( s  -  g ( 0 , p ) ) (3 .3 )

1 ( 0 , P i s )  s p ( s | 0 , p ) (3.4)

N
1 ( 0 , P i s , , ------- -- s N ) = n 1 , ( 0 , P i s , ) ( 3 . 5 )

1 = 1

to summarise all of the information which is available by measurement, 

where the s, are independent observations.
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The total information concerning a sample is contained in the 

likelihood function (3.5) together with the prior density function. 

These can be combined using Bayes Theorem:

p ( 0 , p |  s , , . . . . , s N ) = k 4 ( 0 , p |  S | , . . . .  , s N ) i r ( 0 , p ) (3.6)

where k is a normalisation factor. The resulting probability density 

is known as a (Bayesian) posterior density function. Since knowledge 

is only required of the isotopes, the bias parameters must be 

eliminated from the posterior density by integration:

p(0ls1, s M) p(0,PIs1 sN )dp (3 .7)

Then, p(0|s^, ...., s^) will be the best available representation of 

the activities, given the prior knowledge and the measurement data.

Equation (3.6) can be interpreted as the prior density function 

reducing the ranges of isotope activity and bias parameter values on 

which the likelihood function can be defined. Therefore, if an 

informative prior density is constructed, this will tend to counter 

variations of the likelihood function resulting from noisy data which 

contains little information, and limit the increase in the variation of 

the isotope activity arising from the elimination of the bias 

parameters, which may otherwise cause the integral (3.7) to diverge.

Moreover, providing the prior density relates to all samples it can be 

freely used in the interpretation of the measurement data without 

violating the conditions for unbiased measurement.

Equation (3.6) can also be regarded as a linear operation which maps 

the prior density to the posterior density, with the mapping 

representing the change in the quantity of information concerning a 

sample brought about by measurements on that sample.

The interpretation process is illustrated in one dimension, using 

simple rectangular functions to indicate the range of the parameter, in 

Fig 3.2. In particular, if the intersection of the restrictions to
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these ranges is zero, the probability that the isotope is contained in 

the sample is also zero.

In more than one dimension, this method is potentially more powerful 

than in the single dimensional case. For example, each likelihood 

function will contain strong negative correlations between the isotopes 

and bias parameters. That is, with a likelihood function arising from 

a single measurement, the product of all the isotopes with the bias 

parameters could be accurately known having been defined by the 

measurement, but individually, all of the parameters would still be 

able to vary over wide ranges. However, the isotopes and bias 

parameters will not necessarily affect each measurement in the same way 

and when the product of all the likelihood functions is taken, the 

resulting ranges of the isotopes and bias parameters will be reduced to 

those values which are consistent with all of the measurement data.

So, if reasonably different correlation is obtained for each of the 

likelihoods, taking the product of the IikeIihoods will go some way 

towards decor re I ating the sets of isotopes and bias parameters.

However several different combinations of isotopes may still be able to 

produce the same signals; hence, strong negative correlations may still 

exist between certain isotopes, and this will be reflected in their 

possible ranges.

On the other hand, the prior density can be configured so that it 

contains strong positive correlations between the isotopes. This is 

because the information concerning the isotopes arises from knowledge 

of the composition of the different waste streams, rather than 

knowledge of the gross nuclear reaction rates within the sample. 

Therefore, when the product of the likelihoods and prior density is 

taken, this complementary information will be combined and may 

decorrelate the isotopes to a very large extent, thus reducing their 

ranges to an acceptable level. This concept is illustrated in Fjgure

3.3 for a three dimensional space.

We can conclude from this that optimum performance of a process 

monitoring system will be obtained from an informative prior density 

together with signal sets which contain a maximum number of different
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FIG 3 .3  INTERSECTION OF THE PRIOR DENSITY AND LIKELIHOOD FUNCTIONS
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correlations between the isotopes and the bias parameters. These, 

almost certainly, will not be the same as the signals required by the 

naive concept for which the bias parameters introduce minimum variance 

and the correspondence with the isotopes is assumed to be one-one.

3 . 4  R A N D O M  P R O C E S S E S

The formulation of the model in the previous sections has concentrated 

on the mapping from the source to the observed signals and its inverse. 

In particular, little mention has been made of the underlying processes 

and the existence of probability density functions has been assumed 

rather than demonstrated. Therefore, in this section an attempt will 

be made to present an argument which may go some way towards justifying 

the assumptions. However, in keeping with most Physics, standard 

mathematical results will be used without proof. Such proofs can be 

found in many mathematical texts, for example, references [23 and [33.

To form the probability density functions it is necessary to consider 

the evolution of the system configuration with time. There are three 

main areas of interest.

1) The sequence of samples output from the nuclear process.

2) The evolution of the radiation flux in and around the source 

containment.

3) The build-up of counts on the signal space.

In this section we shall consider the output of the nuclear process 

together with the definition of the Bayesian prior density function 

used to describe these outputs. The evolution of the flux and the 

build-up of counts will be considered in chapter 4.

The Bayesian prior density contains all of the information concerning 

a sample which is available prior to measurements being made, with the 

two cond i tions that:
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1) A point in the (domain of the) prior density must totally describe 

the sample.

2) No prior distinction can be made between any of the samples 

encountered by the measurement system in the interpretation of the 

measuremen t s .

It has been proposed that the prior density can be defined in two 

steps by first forming an initial approximation to the density 

function from calibration measurements and then refining this density 

using the measurement information from all of the samples output from 

the nuclear process, including thoseunder fault conditions.

In the previous sections, only measurements on a single (although 

arbitrary) sample have been considered. There, the isotopes and bias 

parameters were defined as fixed but unknown parameters relating to 

this sample while the prior density was interpreted as a distribution 

of possible values these fixed parameters could take. Here, however, 

the variations throughout all of the samples output from the process 

must be considered. To do this, it is necessary to introduce some new 

no t a tion.

Let Q be the set of all possible sample configurations. Then Q is 

called the sample space and the parameter vector w = (8,p) can be 

defined as a fixed but arbitrary sample configuration belonging to Q.

Since the actual values of a parameter vector are unknown and the most 

that may be known in practice concerning a vector is that it belongs to 

some subset of Q, it is necessary to introduce the concept of a 

O-field. A O-field, F, is defined as a collection of subsets of Q, such 

t ha t :

1) The empty set, 0, belongs to F.

2) All countably infinite unions of the sets of F belong to F.

3) A M  complements of the sets of F belong to F.
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The above conditions ensure that the subsets of ft belonging to a 0- 

field are sufficiently nice in the sense that they exclude pathological 

cases, such as the subsets of the empty set, which can lead to 

t echn i caI difficulties.

A probability measure, P, on (ft,F) is a function P:ft •* [0, 1J, such 

that:

1. P(0) = 0, P<ft> = 1 (3.8).

2. If A i, A*2 , .... is any collection of disjoint sets belonging to F, 

then:

CD QD

PI U An ) = l  P(An ) (3.9).
n= 1 n=1

The probability measure of a set, A, can be interpreted as the 

probability that a sample, w, belongs to A; where, in particular, the 

probability that a sample belongs to the empty set is zero while the 

probability that a sample belongs to ft is one.

The triple (ft,F,P), is called a probability space.

A suitable model for the samples which are encountered by the 

monitoring system is a random process, denoted:

X = {X(t) : t C T } (3.10)

where each X(t):ft is a random vector which is defined as a

function mapping the sample space onto a state space, *3, with the 

condit i on that:

(w e ft : X(t;w> < x(t)} E F (3.11)

*3 The subscript, X, is used to highlight the role of X in the
definition of E. This will be omitted when discussing arbitrary 
state spaces.
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The technical condition asserts that the subsets of Q for which the 

random vectors are defined belong to the O-field. If this conditon 

holds for all of the elements X(t) Z the random vector is said to be 

F-measureabIe. The specification of these subsets is often abbreviated 

to {X (t) < x(t)}, and we shall conform to this practice here.

A state space I can be constructed to represent any consequences of an 

experiment in which we are interested. For the present application,

X (t) could be interpreted as the identity function since we are 

intrested in the sample configuration itself. However, it would be 

equally feasible to define a random vector to map the sample 

configuration onto a radiation flux or a count on the signal space. In 

fact we shall do this shortly. A state space is called discrete if the 

random vectors take discrete values or continuous if the random vectors 

are continuous. The elements of the state space denoted:

x = [X(t; w) : t € T} (3.12)

are called the sample paths of the process. These can be regarded as 

specific numerical values, each corresponding to a sample, w, which are 

taken by the random process, X, as this evolves in time.

The form of the index set, T, depends upon the system under 

investigation. For example, in the case of discrete nuclear process 

outputs, such as the radioactive waste packages encountered by the 

assay facility of section 2.7, the index set can be put into 

correspondence with the natural numbers, such that t Z {0,1,2,....}. 

Then the random process is called a discrete time process and it is 

common practice to denote the random vectors by Xt. In the case of 

continuous outputs of a nuclear process such as the iodine building up 

on the collection filter of the blowdown monitor (see section 2.6), 

then t Z CO,oo). Such a random process is called a continuous time 

process and the random vectors are denoted by X(t).

The joint probability distribution functions:

= P(X, < x 1# X2 < x2 > ..., Xn < xn )F t ( x) ( 3 .  13)
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of the collection of the random vectors (X 1,%2> •••>Xn ) *or a discrete 

time process, are called the finite dimensional distributions (fdds).

In the case of a continuous state space, the corresponding probability 

density functions (pdfs) can be defined:

ft(x)dx = dFt(x) (3.14)

while for a discrete state space, the probability mass functions (pmfs) 

are defined:

f t(k> = F t(k) - Iim F t(x ) (3. 15).
xTk

In particular, the "one” dimensional distribution, Fj(x), is the 

distribution function of the single random vector, X t, and is referred 

to as the distribution of the process at the point t, with the density 

or mass of the process at the point t being defined similarly. The 

fdds, pdfs and pmfs can be defined for a continuous time process, by 

considering the process at discrete points in time.

It is possible to study the evolution of a random process in terms of 

either its sample paths or its fdds. In fact, the problem of updating 

the prior density function can be considered as the construction of the 

density function of the process at the next point in time, given 

information concerning a sample path up to the present. However, in 

both cases, this analysis is difficult unless extra conditions are 

imposed on the random process. In practice, it is usually possible to 

define the state space in such a way that one or more of these 

conditions hold and the applicability of the theory to real physical 

systems is little diminished. In particular, the sequence of outputs 

from a nuclear process can be modelled by a discrete time Markov 

process with a continuous state space *4 . Subject to an appropriate 

definition of the state space, this is guaranteed to converge to a 

unique stationary distribution from which the prior density can be 

def i ned.

*4 See section 4.3 for an example of how this model can be applied 
to a nuclear process with continuous outputs.
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A discrete time random process is called a Markov chain if it has the 

proper t y :

P(Xn < x|XQ , X v  ---  Xn_ 1) = P(Xn < xlXn_.,> (3.16).

This asserts that the future values taken by the process depend only on 

its present value and not the past.

With the Markov property it is possible to define the transition 

probabili t i es:

Pit_l(x|y)dx = dP(X, < x|X,_i = y) (3.17)

which gives the probability of the next value of the chain being x 

given that the present value is y. If:

p tt_ 1( x | y ) = p 1Q(x|y) (3.18)

for all t, x and y, the Markov chain is said to be homogeneous and the 

transition probabilities are written p(x|y). Let f,_^(y) be the pdf of 

the (t-1)'^1 random vector. Then:

f (x)
p

P (xIy)ft_ 1(y)dy
J ex

(3.19)

maps ft ,j(y) to the pdf of the t‘h random vector, ft(x). Equation 

(3.19) can be expanded to give:

f t (u)
' P
p (u|v)... p(y|z)f,_n (z)dz...dv

J I X J^x

pn (u|z)ft_n (z)dz (3.20)
Jlx

where the pn <x|y) are called the n-step transition probabilities and 

map a pdf n places higher up the chain.
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A pdf n is called a stationary distribution of the chain if it has the 

proper t y :

TT ( X) p(x|y)n(y)dy

which implies:

(3.21)

n< x) pn (x| y)iT(y)dy (3.22)

Equations (3.21) and (3.22) assert that if any random vector has 

distribution tt, then all subsequent random vectors will have the same 

distribution.

Therefore, n can be regarded as a limiting distribution of the process. 

In fact, it can be shown that:

pn ( x | y ) - + 7 T ( x ) a s n - + c o  (3.23)

for all starting values, y, and this implies:

>
pn (x | y ) f (y )dy ■+ tt (x ) as n ■+ co (3.24)

J z x

regardless of the starting distribution f(y); providing the stationary 

distribution exists. However, necessary and sufficient conditions for 

the existence of the stationary distribution are that the Markov chain 

is irreducible and non-null persistent. These conditons hold if Ex is 

closed and bounded *5, and:

! im p n ( x | x ) > 0 ( 3 . 2 5 )

n-*co

*5 Since £x C Rn this is simply the assertion that the state space is 
compact.
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for all x l Equation (3.25) asserts that the probability for

obtaining a particular sample does not tend towards zero as the process 

evolves in time or, equivalently, that the range of the nuclear process 

outputs does not change. Therefore, if the state space is defined so 

that these conditions hold, the existence of the prior density is 

guaranteed.

This argument can be taken further if the collections of random 

vec tors (X » > x t , ..., X t } and (X ̂ ̂ + j-j, ^ t 2 + h ' •••' ^t +h^ have the 

same fdds, then the process is strongly stationary. Or, if:

E(X, ) = E(Xt ) (3.26)t 1 t 2

and

cov(X, , X. ) t 1 t2 cov(Xt t .h'  x t 2 .h> (3.27)

where E(X) denotes the expected value of X and cov(X^,X2 ) is the 

autocovariance of X, then the process is stationary. It should be 

noted that strong stationarily implies stationarity but not conversly.

Clearly, a Markov chain is stationary if and only if the starting 

distribution of the process is the stationary distribution, n(x), and 

in this case the process is strongly stationary. However, a stationary 

process is not necessarily Markov.

With the outputs of a nuclear process modelled by a stationary random 

process, X, the random process:

S = [St : t = 0,1,2,...} (3.28)

where S t :Q ■+ I<* i s a random vector mapping the sample space onto the 

observed signals, will also be a stationary process. It is a 

requirement of the present work to construct the prior density, n(x), 

from the observed sample path:

s ( S t (w) : t = 0 , 1 , 2 , . . . } ( 3 . 2 9 )
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This can be done using the conditional expectation operator, 4»(S ), *6 

where:

i|/( s > E( X | S = s)

x p ( x I s ) dx (3.30)

and i|> i s a function mapping Eg onto Note, however, that the

conditional density function p(x|s) is just the Bayesian posterior 

density function defined in section 3.3. Furthermore, the expected 

value of a function, h, of X is given by:

E(h ( X)) = E(h (q»( S) ) )

h (qi( s) ) f ( s)ds 

'S

hence

£ h ( + ( s ,)) (3.31 )i = 1

E(h(X)) JL £ h ( x ) n J = 1 i
(3.32)

where x^ = +(Sj) is the estimate for the configuration of the ith 

samp Ie.

Equation (3.32) can be used to estimate the moments of the prior 

distribution, from which this distribution can be constructed.

It remains to demonstrate the convergence of (3.31) to a .unique 

stationary value since this does not follow from the law of large

*6 In the case of a stationary process we can drop the subscript, t, 
from the random vectors Xj and .
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numbers in the case of dependent random vectors. However, by 

restricting our attention to Markov chains, this convergence is 

guaranteed by virture of (3.23).

Finally, a few words concerning the function are in order. In 

section 3.3 a function, g, was constructed. This was assumed to be a 

transformation which mapped the sample configuration onto the observed 

signaIs , such that:

s = g (x> (3.33)

It can be seen that ^ ,s the inverse function to g. With this 

identification Bayes theorem can be written as:

p(x|+(s)) = k l(g(x)|s)n(x) (3.34)

where x and +(s) are defined on the state space E^> while s and g(x) 

are defined on the state space Eg. Hence Bayes theorem provides a 

mapping, from Eg to E^ given a mapping, g, from Ey to Eg.

Furthermore, since x and +(s) are defined on the same space, a specific 

value of given the signals, s, can be computed using standard 

es t ima t ing methods.

The problem of defining the forward mapping, g, in detail will be 

considered in chapter 4. Note, however, that equation (3.34) is 

completely general in that g is not necessarily linear, although if 

linearity is achieved this will reduce the computational overhead 

associated with the implementation of the model.

3 . 5  T H E  N O R M A L  B A Y E S I A N  F A M I L Y

It is important that the model includes consideration of the practical 

limitations on computer power, memory capacity and the possible 

processing time for each sample output from a nuclear process. To a 

large extent these requirements are governed by the form of the
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transformation between the source and the observed signals, the number 

of parameters and signals, and the method of representing the 

likelihood, prior and posterior density functions by the computer 

system.

With the above constraints, the obvious numerical method of 

representing the functions as mu Iti-dimensionaI histograms is clearly 

impractical, simply because of the gross quantity of data involved. 

Therefore, the likelihoods, prior and posterior densities are best 

represented by analytic functions. These are represented in the 

computer by auxiliary parameters such as means and covariances, which 

can be used to construct the required functions providing their form is 

known.

For the practical application of Bayes theorem, it is important that 

the likelihood, prior and posterior densities are functions of the same 

type. Such a collection of probability densities is known as a 

Bayesian family C43. In this section the general model will be examined 

in the particularly simple and practically useful case of the Normal 

Bayesian family.

Let x be an element of such that: 

x = X(0,p)

= x ( e 1 , e 2 ..... ,P1 > P2 > • • • ‘

CMXXII T
( 3 , , 3 5 )

where 0 is a vec tor of 1 sot ope activities and p is a vector of bias

parameters. Assume that k measurements are made on the same sample and

that for the ith measurement x is related to the vector of observed

signals by the linear transformation:

G,x (3.3$)

Then the likelihood functions can be defined, as previously, by
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equating it to the values taken by the conditional pdf for the signals: 

SL ( < x | s , ) h p • (s f t x ) , i = 1, 2, ..., k (3.37) 

where p,(s,|x) is a multivariate normal distribution, such that:

1.(x|s ) = c exp(-&(s - G x)TV 1(s - G x) } (3.38)

The collection of likelihoods can be combined with a multivariate 

norma I prior densit y :

T„- 1tt(x ) = c exp(-&(x - ii)U (x - J1)]

using Bayes theorem to yield a posterior density of the form:

k

(3.39)

p ( x | s) = kcc 1 . . . c,
r k t

exp [ (s, - G,x) V 
L i = 1

; !<s, - g ,x >

-£(x - n ) V 1(x - H) (3.40)

This equation can be tidied up as follows.

Let K = kcc^...^ be a new normalisation constant and define:

l s ' \ /Qi\ /V, 0
s2 (g2 V2

ski
W  /

G = J ' =
\l /

0 vk /
u/

(3.41)

where I is the identity matrix. Then equation (3.40) can be written 

as:

p(x|s) = K exp(-&(s - Gx)^V~1(s - Gx)j

= K exp { -&( x - +(s) )TG TV“ 1G(x - q, ( s ) )} (3.42)

which is multivariate normal with covariance matrix:

[GTV"1G]‘ 1
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and mean:

x = + (s) = [GTv " 1G]‘ 1GTy ” 1s (3.44)

Equation (3.44) may be identified in this case as the linear least 

square estimator for x.

The above estimator is actually more general than implied by the 

analysis presented here. In fact, it can be shown that equation (3.44) 

defines the optimum linear estimator when the shape of the distribution 

is unknown C13. Because of this the linear least square estimator is 

often referred to as the general linear model and its robustness is of 

great value in practical problems.

The inverse of the covariance matrix may have the form:

0 X . . X

where X denotes a non-zero element. Note that in this case the signals 

are mutually independent which results in the diagonal upper portion of 

the matrix. The diagonal elements of the lower portion have been set 

to zero so that the means of the prior density are given infinite 

variance, or equivalently, zero weight, in the estimation of parameter 

values. The estimator therefore takes into account only the relative 

proportions of the prior parameter values and as a result is not biased 

towards any particular value by the inclusion of the prior knowledge.

On the other hand, the non-zero off-diagonal elements will restrict the 

values which can be taken according to the strength of the correlation 

between these parameters. The resulting estimate will represent an 

optimum balance between the a priori and measurement information *7.

*7 See also figure 3.3 and section 4.3
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To define the prior density it is only necessary to specify the means 

and covariances of the appropriate multivariate normal distribution 

function. Using equation (3.32) these are given by:

N
2,N = 1 [ x (3.46)N J = 1
and

N
 ̂l kN " rr  ̂ **ij " ^ij*(xkj " ^kjJ (3.47)

J = 1

where x,j is the estimate of the ith component of x for the jth sample 

and and Vjj^ are respectively the Nth estimates for the elements of 

the mean vector and the covariance matrix.

In practice there is no need to recompute the entire partial sums 

(3.46) and (3.47) for each sample as these can simply be updated, by:

= £ < ; , N  * ( N - 1 > M , n - j ) ( 3 . 4 8 )

and

tfjkN = ^ ((xiN " ^iN)(xkN ' ^kNJ + (N " 1)^ikN-1) (3.49)

However, with the multivariate normal family, there is a problem in 

that the estimate of the variance is based on the estimated mean, ji, 

rather than the true mean, \ i. Therefore an accurate starting value is 

required for this parameter, which may be difficult in reality. The 

alternative is to use a family of distributions which take this 

uncertainty into account C5],

If the multivariate normal family is used an improvement can be made to 

(3.48) and (3.49) by fixing the parameter N at some suitably large 

value. Then, the latest terms of the sum will be given highest weight 

and since these are based on the later (more accurate) values of ft, 

the uncertainties in the early terms will slowly be weighted out. 

Furthermore, the rounding errors which would be introduced by adding 

smaller and smaller terms to the partial sums will be avoided. This 

approach also has the advantage that (long term) changes in the form of
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the nuclear process outputs encountered by the system can be taken 

into account and the prior density made to follow trends, hence 

relaxing the requirement for a pure stationary process. These 

possibilities are examined in greater detail in section 4.3.

It is useful to estimate the number of operations required to compute 

the parameter values since this will give an indication of the 

computation overhead associated with each method. In the case of the 

normal family with an embedded linear transformation, g, it can be 

shown that the total number of operations required to compute parameter 

estimates of the form (3.44) is approximately:

-̂ m̂  + 3m^ + n(m + 1)^ (3.50)
3

where m and n are the number of parameters and signals respectively.

In practical appI ications,the situation may arise where samples of 

several different types may be encountered by the same monitoring 

system. For example, for the waste package assay facility, radioactive 

waste may arrive from several locations each producing waste of a 

unique form. In this case it is unlikely that the prior density 

function will be well represented by a multivariate normal 

distribution. However, it would not be unreasonable to assume that the 

waste arising from each source was normally distributed.

The above analysis can be extended to incorporate this possibility by 

forming a separate multivariate normal prior density for each sample 

type. These can be combined to construct a prior density of the form:

Tf ( X ) Fj x) TU~ 1 (jij - FjX) (3. 51)

where:

x
9.
U x

J = 1
(3.52)

and |ij and x^ are the mean and sample path values for the jth sample 

type. The matrices Fj have elements zero and one such that Fj: x *+ x^.
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This prior density can be used in place of equation (3.39) in the 

interpretation of measurements.

To update the prior density it is necessary to test the result to 

determine which sample type has been observed. Then only the prior 

density for this sample type is updated. This may involve setting 

those parameter values below a particular critical level to zero, then 

testing to see which prior density best fits the remaining data. One 

method for performing this test is to transform the data to a set of 

statistics which are in one to one correspondence with the sample 

types, then simply read off the observed sample type.

Let x be represented by a linear combination of the prior density means 

such t h a t :

x = X 1|i1 ♦ X2^2 4 • • • 4

= MX (3.53)

where M is an 9, x m matrix with columns X,. Equation (3.53) can beJ
solved for X using the general linear model to give:

X = [MTV 1M]"1MTY"1x (3.54)

where Y is the covariance matrix of the posterior density for x.

The statistics X, should all be near zero except the one corresponding 

to the sample type and this should be near to unity. If this is not 

the case, then either mixed samples have been observed or the prior 

densities are not a sufficiently good representation of the sample 

types to be able to distinguish between them. In the former instance 

clear results should still be obtained with more than one Xj being 

non-zero. In the latter instance, the situation may be improved by 

giving the zero parameters higher weight, repeating measurements to 

obtain more accurate data or using the results of the next section to 

determine which sample types are significant and repeating the test 

with a smaller number of possible outcomes.
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3.6 HYPOTHESIS TESTING

In this section we shall specify criteria to indicate the minimum 

detectable activity (MDA) of isotopes within a sample, together with 

the activity of these isotopes which can be determined to a particular 

accuracy C63.

Within classical statistics, the criteria concerning detection and the 

determination of the isotope activity apply to the observed signals 

rather than the activity directly. These factors are related by a 

linear transformation and, given the minimum detected and determined 

count rates, the required activites can be calculated using the method 

o f sec tion 3.5.

The specification of the detection limits for a measurement of activity 

requires the construction of three specific threshold levels:

1 . An a posteriori decision, L q , which establishes whether an observed 

signal yields a significant result in the sense that the presence 

of an isotope is indicated.

2. An a priori detection level, Lq , which defines the signal magnitude 

which must be exceeded to yield a significant result in the sense 

that the presence of an isotope will be indicated when a 

measurement is made.

3 .  A determination level, L q , where an expected signal yields a 

significant result relating to the standard deviation of the signal 

falling within a quoted accuracy for the measurement process.

In statistical hypothesis testing, a hypothesis that a parameter takes a 

particular value (called the nuI I-hypothesis) is tested against the 

hypothesis that the parameter does not take that value (called the 

alternative-hypothesis). A significant result occurs when a variate 

takes a value in the tail of the underlying probability distribution
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for  which the parameter  is d e f i ne d .  In t h i s  c i rcumstance the 

a l t e r n a t i v e - h y p o t h e s i s  is accepted wi t h  the added proviso that  the 

conclusion has a f i xed  p r o b a b i l i t y  of being wrong.  This p r o b a b i l i t y  

can be made as small  as des i red by choice of the t hreshold  ( c r i t i c a l )  

l e v e l s  used in the t e s t .  Conversely ,  a n o n - s i g n i f i c a n t  r e s u l t  occurs 

when a v a r i a t e  takes a value out s i de  the t a i l  of the d i s t r i b u t i o n .

Here,  i t  would be a p pr o p r i a t e  to r e j e c t  the a l t e r n a t i v e - h y p o t h e s i s  and 

conclude that  the t rue value of the parameter  under t est  is in a region  

def i ned  by the t hreshol d  l e v e l s ,  about the nuI I - h y p o t h e s i s  value for  

the parameter .

Decis ions of t h is  na t ur e  are subject  to the two k inds of e r r o r s  

int roduced in sec t i on  3 . 2 ,  which we may now de f i n e  as:

a) e r r o r  of the f i r s t  k i n d ,  accept ing an a l t e r n a t i v e - h y p o t h e s i s  which 

is f a l se .

b) e r r o r  of the second k i nd ,  r e j e c t i n g  an a l t e r n a t i v e - h y p o t h e s i s  which 

i s  t rue .

The p r o b a b i l i t i e s  for  the e r r o r s  of the f i r s t  and second kinds are  

c o n v e n t i o n a l l y  denoted by « and 8 r e s p e c t i v e l y .

For the present  a p p l i c a t i o n  only one-s ided hypothesis  t es t s  are  of 

i n t e r e s t ,  for  example,  we need only e s t a b l i s h  whether  the l i m i t i n g  

( p o p u l a t i o n )  mean uc , f or  the s i g n a l s ,  s,  from a p a r t i c u l a r  i sot ope,  is 

g r e a t e r  than the nuI I - h y p o t h e s i s  value used in the t e s t .

In the a p o s t e r i o r i  case an act ual  exper iment a l  obser va t i on  is 

a v a i l a b l e .  I t  must be e s t a b l i s h e d ,  t h e r e f o r e ,  i f  t h i s  s ignal  a r i s e s  

e x c l u s i v e l y  from the background r a d i a t i o n  of isotopes other  than the 

one of p a r t i c u l a r  i n t e r e s t ,  or whether the signal  d ev i a t es  s u f f i c i e n t l y  

from the l i m i t i n g  mean jĵ ,  for  the background s i g n a l s ,  b,  to i n d i c a t e  

the presence of t h i s  i sot ope.  The above requi rement  amounts to t e s t i n g  

the nuI I - h y p o t h e s i s  ps = 0 against  the a l t e r n a t i v e  hypot hesis  ps > 0 , 

using the dec i s i on  l e v e l ,  Lr . Given a s i g n i f i c a n t  r e s u l t ,  i t  would be 

a p p r o p r i a t e  to conclude that  a non- zero s ignal  has been observed from
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the isotope of i n t e r e s t  and to assign a conf idence i n t e r v a l  to t h i s  

r e s u l t .  A l t e r n a t i v e l y ,  we accept L q  as an upper l i m i t  to the mean 

signal  from the isotope.

The dec i s i on  level  L q , is e s t a b l i s h e d  from the maximum accept abl e  value  

of « and the standard d e v i a t i o n ,  Og, of the net s i g n a l s  when ps = 0 , 

such that  the area in the t a i l  of the d i s t r i b u t i o n ,  g r e a t e r  than L q , is 

equal  to the maximum value of «.  Hence:

t-C = k«°0 ( 3 ' 55)

where is the abscissa for the s t andardi sed normal d i s t r i b u t i o n  

corresponding to the p r o b a b i l i t y  l evel  1 - <x.

In the a p r i o r i  case,  an exper imenta l  observat i on  is not yet a v a i l a b l e .  

Instead the requi rement  is to de f i n e  a l i m i t i n g  mean, ps , to the s ignal  

d i s t r i b u t i o n  for  which a random sample,  drawn from the d i s t r i b u t i o n  

( i . e .  when a measurement is made) ,  y i e l d s  a s i g n i f i c a n t  r e s u l t  to an 

(a p o s t e r i o r i )  t est  of the nuI I - h y p o t h e s i s  |is = 0 , w i t h  a p r o b a b i l i t y  

of 1 - The mean ns , is taken as the d e t ec t i o n  l i m i t ,  L q for  the 

measurement process,  such t ha t :

= LC + ( 3 . 5 6 )

where Op is the standard d e v i a t i o n  of the s i g n a l ,  s,  at the d e t ec t i o n  

l i m i t  and kg is the abscissa for the s t andardi sed normal d i s t r i b u t i o n  

corresponding to the p r o b a b i l i t y  l evel  1 - &.

The r e l a t i o n s h i p  between Lq , Lq , « and B is shown in f i g u r e  3 . 4 .  Lq 

may be considered to be the smal l est  mean count which w i l l  lead to the 

d e t ec t i o n  of an i sotope wi t h  the p r o b a b i l i t y  1 -  B, where the a 

p o s t e r i o r i  d e c i s i on  c r i t e r i o n  has a b u i l t - i n  p r o t e c t i o n  l e v e l ,  oc, 

against  concluding ( f a l s e l y )  that  a background observa t i on  represent s  a 

s i gn i f i cant s i gnaI  .

In the case of a sequence of measurements the accuracy of the 

hypothesis  t est  may be improved by using two dec i s i on  l e v e l s ,  as shown
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in f i g u r e  3 . 5 ,  and drawing conclusions according to the f o l l owi ng  

scheme.

1. I f  the gross signal  is less than Lq  ̂ then the a l t e r n a t i v e

hypothesis  is r e j e c t e d  w i t h  the ( sma l l )  p r o b a b i l i t y  8 , for  the 

dec i s i on  being i n c o r r e c t .

2. I f  the gross signal  is above the level  Lq  ̂ then the a l t e r n a t i v e  

hypothesis  is accepted wi t h  the ( sma l l )  p r o b a b i l i t y  o<2 > f ° r the 

dec i s i on  being i n c o r r e c t .

3) I f  the gross signal  is g r e a t e r  than but less than Lq^ , we

r e f r a i n  from drawing any conclusion and repeat  the measurement,  but 

recognize  t h a t ,  were the a l t e r n a t i v e  hypothesis  accept ed,  we would 

have a p r o b a b i l i t y  <x, (much g r e a t e r  than a?) for  being i n c o r r e c t .

4) I f  subsequent measurements y i e l d  a gross s ignal  less than Lq  ̂ or 

g r e a t e r  than Lq  ̂ then the a p p r o p r i a t e  ac t i on  i nd i ca t ed  in 1 ) or 2 ) 

is taken.  However,  i f  opt i on  3) a r i s e s  a p r edef i ned  number of 

t imes in succession we accept  the a l t e r n a t i v e  hypot hes i s .

The reasoning behind t h i s  approach is that  cond i t i ons  1) and 2) need be 

met once only and may be met by any of the measurements,  t h e r e f o r e  the 

p r o b a b i l i t i e s  8 and <x? combine as sums. However,  c o n d i t i o n  3) must be 

met by a l l  of the measurements.  There f ore  the p r o b a b i l i t i e s  combine 

as a product .  But ,  i f  8 and <x7 are made s u i t a b l y  smal l  i n i t i a l l y ,  then 

n8 and n<X2 may a l so be smal l  w h i l e ,  s ince must be less than one,  «^n 

can be made as smal l  as des i red  by the choice of n. For example,  i f  

8 = « 2 = 2x10"®,  = 1 0 " ‘ and n = 5,  then n8 = n«2 = 10~® wh i l e

K l n = 1 0"® so that  we have equal  ( s ma l l )  p r o b a b i l i t i e s  for  both kinds  

of e r r o r .

The above procedure is an example of data a d ap t i ve  processing (see  

sect i on  3 . 2 )  and t h i s  w i l l  converge to a p a r t i c u l a r  accuracy more 

q u i c k l y  than a convent i ona l  hypot hesis  t e s t .

The a p r i o r i  d e t e r mi n a t i o n  l e v e l ,  Lq , is the value of the s i gna l  mean,
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ps , when a p a r t i c u l a r  accuracy of data is achieved.  This is given by:

l Q kQ°Q ( 3 . 5 7 )

where 0 q  i s  the standard d e v i a t i o n  of the net s ignal  when u s = L q  and 

I / k g  is the requi red  r e l a t i v e  accuracy of the measurement.  For 

example,  for  10% accuracy,  1 / kQ = 0 . 1  and kg = 1 0 .

We sha l l  now consider  an a p p l i c a t i o n  of t h i s  methodology to a 

spect roscopy system such as the Blowdown iodine moni tor  (see sect i on  

2 . 6 )  .

A schemat ic r e p r e s e n t a t i o n  of the observed s ignal  is given in f i g u r e  

3 . 6 ,  showing a region of i n t e r e s t  about a gaussian photopeak on the 

channels of a mul t i channe l  b u f f e r .  The photopeak is assumed to rest  on 

a l i n e a r  background s i g n a l .  I f  the c e n t r o i d  channel  is denoted by c 

and 0 is the standard d e v i a t i o n  of the gaussian ( i n  u n i t s  of channel  

w i d t h ) ,  the expected count on the i t h  channel  is given by:

M ------ - —  expQ( c ,0)
co

Q ( c , 0 ) = [  exp
I = “ CD

♦ D . ( i -c ) + £  
w

( 3 . 5 8 )

Here,  A is the count w i t h i n  the photopeak and B is the t o t a l  

background.  The background may be d i v i d e d  into inner and outer  

components denoted by Bj and Bq r e s p e c t i v e l y ,  where Bj is the 

background under the photopeak,  given by:

B, = — B = — *—  Bn ( 3 . 5 9 )
' w w - V J

Let T represent  the gross count in the region v,  then T is Poisson wi t h  

mean A ♦ Bj (v > 20)  and i f  R represent s  the counts ou t s i de  v,  then R 

is Poisson wi t h  mean Bq . For l arge T and R, the net s i g n a l :

s (3.60)
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w i l l  be normal l y  d i s t r i b u t e d  wi t h  mean:

(A ♦ B , ) -
w -  v

( 3 . 6 1 )

and var i ance

T2 * A + ( - * - ) ( 3 . 6 2 )

where B j  is est imat ed from the outer  background B q . In the s p e c i f i cO
case where w = 2v,  ( 3 . 6 1 )  reduces to the f a m i l i a r  form 0 S = 2Bj .

The d e t ec t i o n  l i m i t s  L q and L q  are f unct i ons  only of the background 

under the photopeak.  To determine these,  set A in ( 3 . 6 2 )  to zero and 

s u b s t i t u t e  for  O q in ( 3 . 5 5 )  to ob t a i n :

( 3 . 6 3 )
w - v

Then, s e t t i n g  A to Lq in ( 3 . 6 2 )  and s u b s t i t u t i n g  for  Oq in ( 3 . 5 6 )  

gi ves:

Li LC + L0 + w -  V
B % ( 3 . 6 4 )

These equat ions may be solved for L q  to y i e l d :

B, S .  k . 2 
« w -  v 1 »

1 ♦ 1  ♦ IS l ^ a —  B, » * — I— -—  B.l 55
2 \w - vKB KB

For the s p e c i f i c  case of kK = k^ = k,  t h i s  reduces to:

k 2 ♦ 2kf— ^—  B,] 34 
\w - v '/

2 \ w - v

D

( 3 . 6 5 )

(3. 66)

F i n a l l y ,  to d e f i n e  L q , we s u b s t i t u t e  for  Oq  in equat ion ( 3 . 5 7 )  to g i ve :

LQ = kQ LQ +

( 3 . 6 7 )
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Hence,  the d e t ec t i o n  l i m i t s  are found by s u b s t i t u t i n g  the a p p r o p r i a t e  

values for  B| i nto equat ions ( 3 . 6 5 )  or ( 3 . 6 6 )  and ( 3 . 6 7 ) .

A s i m i l a r  a n a l y s i s  may be c a r r i e d  out w i t h i n  Bayesian s t a t i s t i c s  except  

in t h i s  case the test  is c a r r i e d  out d i r e c t l y  on the parameters of 

i n t e r e s t  using the p o s t e r i o r  dens i t y  f un c t i o n .  This may be app l i ed  to 

both the problems of dec i d i ng  on a s i g n i f i c a n t  isotope set and the 

sample type best f i t t i n g  the data which were discussed in sec t i on  3 . 5 .
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CHAPTER 4

DETERMINISTIC MODEL

The d e t e r m i n i s t i c  model involves the c o n s t r u c t i o n  of a d i s c r e t e  

t r a n s f o r ma t i o n ,  g,  from the isotope a c t i v i t i e s  of a sample to the 

observed s i g n a l s .  For t h i s  t r ans f o r mat i on  to e x i s t ,  i t  is necessary to 

design a parameter  set  which i ncorporat es  bias parameters .  These w i l l  

be de f i ned  by express i ng the a c t i v i t i e s  as dens i t y  f unc t i ons  on the 

source and r a d i a t i o n  f l u x  geomet r i es .  Then, s t a r t i n g  from these 

f un c t i o n s ,  the requ i r ed  mapping w i l l  be conf i gured  so that  the 

t r ans f o r mat i on  mat r i ces  cont a i n  only a combinat ion of known f ac t o r s  

w h i l e  a l l  of the unknown i n f l uences  on a measurement are  combined into  

the set of i n f e r ence  parameters together  wi t h  a minimum number of bias  

parame t e r s .

Wi th the forward mapping from the source to the observed s i g n a l s  

def i ned  in t h i s  manner,  i t  can be i nver t ed  to g i ve  the mapping,  4/, from 

the observed s i gna l s  to the source using the general  techniques  

e s t a b l i s h e d  in chapter  3.
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The r a d i o n u c l i d e s  of i n t e r e s t  are d i s t r i b u t e d  throughout a sample.  

Theref ore  i t  is necessary to const ruct  a r e p r e s e n t a t i o n  of the source 

which takes into account t h i s  d i s t r i b u t i o n .  The parameters which 

descr i be  a r a d i o n u c l i d e  are:

s p a t i a l  p o s i t i o n :  r = ( x , y , z ) ,

t ime:  t ,

t ype of i s o t o p e : i .

The c o l l e c t i o n  of a l l  p o i n t s ,  ( r , t ) ,  in space and t ime,  d e f i n e  the 

geometry of the source.  This is a four dimensional  E u c l i d i a n  geometry  

which w i l l  be denoted by The index,  i ,  de f i nes  the type of i sotope

and hence the i n t e r a c t i o n  p r o p e r t i e s  of a r a d i o n u c l i d e  at a point  of 

t h i s  geometry.

For each i sot ope,  the pr imary  r a d i o a c t i v i t y  is p r o p o r t i o n a l  to the 

number of nucle i  of that  type.  Let 0 , ( r | t )  be the number of nuc l e i  of 

the i t h  isotope per un i t  volume of the sample at the p o s i t i o n ,  r ,  and 

t ime,  t .  Then, the expected number of these nucle i  which decay in uni t  

t ime is g i ven b y :

—  0 : ( r I t ) = -X . 0 . ( r 1 1 ) ( 4 . 1 )
dt 1 1 1

where X, is the r a d i o a c t i v e  decay constant  for the i t h  i sotope.  The 

f unc t i on  0 j ( r | t )  w i l l  be r e f e r r e d  to as the source d e n s i t y .  The 

v e r t i c a l  l i n e  in the argument is used to i n d i c a t e  that  i t  has been 

normal i sed to un i t  volume only and not to un i t  t ime.

For sources which are  not decaying r a p i d l y ,  0,  may be taken to be 

appr ox i mat e l y  constant  over the t ime scales  of a measurement.  In t h i s  

case,  t here  is no need to s p e c i f y  the p r e c i s e  point  in t ime at  which 

the source is considered and the paramet er ,  t ,  may be dropped.  For 

many a p p l i c a t i o n s ,  i t  w i l l  be p o ss i b l e  to assume that  only s l owl y
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decaying r a d i onuc l i de s  are present  w i t h i n  a sample;  or ,  i f  t h i s  is not  

e x a c t l y  t r u e ,  i t  may be a simple mat t er  to f ormulate  a decay c o r r e c t i o n  

using equat ion ( 4 . 1 ) .  Wi th these c o n d i t i o n s ,  the source geometry  

reduces to normal t hree dimensional  space which w i l l  be denoted by Tg.  

For the present  we sha l l  cont inue working wi t h  T  ̂ because the a n a l y s i s  

w i l l  then be a p p l i c a b l e  to systems such as the Blowdown Moni tor  (see  

sect i on  2 . 6 ) where r a d i o a c t i v e  ma t e r i a l  is taken from a stack and 

bu i l d s  up on a c o l l e c t i o n  f i l t e r  in a d d i t i o n  to the decay by the normal  

r a d i o a c t i v e  process.  Even in t h i s  case,  however,  i t  is s t i l l  poss i b l e  

to cor r ec t  for decay.  For example,  let  P j ( t )  be the t o t a l  q u a n t i t y  of 

r a d i o a c t i v e  ma t e r i a l  which f lows onto the c o l l e c t i o n  f i l t e r  in the t ime 

i n t e r v a l  C 0,  t D. Then, i f  8 j ( t ) is the instantaneous q u a n t i t y  of 

m a t er i a l  (see equat ion ( 4 . 5 ) ) ,  the above equat ion may be extended to:

—— 0 : ( t ) = - X : 8 : ( t ) ♦ P: ( t )
dt 1 1 1  dt 1

and t h i s  rear ranged to g i ve :

P j ( t ) 0 i ( t )
'  t

♦ X j d t ' 0 j ( t ' )
J 0

( 4 . 2 )

( 4 . 3 )

which simply says that  the t o t a l  q u a n t i t y  of ma t e r i a l  which has entered  

the f i l t e r  is equal  to the q u a n t i t y  c u r r e n t l y  there plus the q u a n t i t y  

which has decayed.  However,  i f  measurements are made over N per iods of 

d u r a t i o n  T the i n t eg r a l  is e x a c t l y  the sum over these per iods of a l l  of 

the ( p r e v i o u s l y )  observed d i s i n t e g r a t i o n s ,  r egard l ess  of how the sample 

changes wi t h  t ime.  T h e r e f o r e ,  i f  an es t i ma t e  of 0 j ( t n ) is const ruct ed  

by d i v i d i n g  the observed d i s i n t e g r a t i o n s  by the measurement p e r i o d ,  an 

e s t i ma t e  of P j ( t n ) can be const ruc t ed  by:

N A
P j ( t n ) = 0 j ( t n ) * X j T l  0 j ( t n ) ( 4 . 4 )

n = 1

This f o r mul a t i on  may a l s o  be app l i ed  to cases such as the’ r ap i d  decay 

of daughter  nuc l i des  where,  i f  the parent  is uncor r ec t ed ,  near p e r f ec t  

ne g a t i v e  c o r r e l a t i o n  e x i s t s  between P j ( t )  and the change in a c t i v i t y  of 

the p a r e n t ,  independent ly  of i t s  decay mode (see sect i on  4 . 2 ) .
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I f  t here  are  I d i f f e r e n t  isotopes w i t h i n  a sample which c o n t r i b u t e  to 

the pr imary a c t i v i t y ,  the r a d i o a c t i v e  decay constants for  these nuclei  

can be de f i ned  as an ordered s e t ,  or l - t u p l e ,  of real  numbers,

X = (X^,  ^2 , . . . ,  X | ) .  L i kewi se ,  the source d e n s i t i e s  can be def ined  

as an l - t u p l e  of real  f u n c t i o n s ,  0 ( r | t )  = ( 0 ^ ( r | t ) ,  8 2  ̂r I t ) ,  . . . ,  

9 j ( r | t ) ) .  I f  Qj is the set of a l l  I - t u p  Ie s over [ ̂  * 1 ,  then 0 ( r I t ) Z 
Q| and, f ur t hermore ,  s ince X, can be regarded as a constant  f unc t i on  

over r 4 , X e Qj .  The p a i r  ( T 4 , Q | )  w i l l  be r e f e r r e d  to as the source  

space .

Because X and 0 are de f i ned  on the same space,  i t  is p o ss i b l e  to 

represent  the pr imary a c t i v i t y ,  a g ( t ) ,  of a sample by the inner  

p r o d u c t :

a0 ( t ) <X| 0 ( t )> = [ x,
i = 1

dr 0 , ( r I t ) 
V

= i  X , 0 | ( t )
i = 1

dr
V

f , ( r | t ) = [  X) 0 ) ( t )
i = 1

( 4 . 5 )

where f , ( r | t )  is a normal i sed d i s t r i b u t i o n  funct i on  for  the i t h  

i so t ope ,  which may be regarded as a c o n d i t i o n a l  p r o b a b i l i t y  d ens i t y  for  

the s p a t i a l  p o s i t i o n  of a r a d i o n u c l i d e ,  and as def i ned  above,  0 } < t ) is 

the number of these nuc l e i  in the sample at the t ime t .  These 

f unc t i ons  w i l l  be r e f e r r e d  to as the d i s t r i b u t i o n  and magni tude of the 

source respect  i v e I y .

Equat ion ( 4 . 5 )  suggests that  the pr imary a c t i v i t y  is dependent only  

upon the i s o t op i c  composi t ion and the magni tude of the source and not 

upon i t s  d i s t r i b u t i o n .  T h e r e f or e ,  i f  the measurement requi rement  is to 

q u a n t i f y  the pr imary a c t i v i t y ,  the source magni tudes can be taken to 

d e f i n e  the set  of i n f e r e nc e  parameters s i nce  these are  s u f f i c i e n t  to 

d e f i n e  the a c t i v i t y .  Note that  the t o t a l  a c t i v i t y  i t s e l f  cannot be 

taken as an i n f e rence  parameter  s ince t h i s  depends on the i s o t op i c  

composi t ion of the sample and the source magni tudes or the a c t i v i t i e s

1 1 A I t  erna t i ve Iy
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of the i n d i v i dua l  isotopes must be de f i ned  be f ore  a meaningful  es t i mat e  

of the t o t a l  a c t i v i t y  can be made.

In most n o n - d e s t r u c t i v e  assay processes,  d e t a i l s  concerning the source  

are i n f e r r e d  by the obser va t i on  of the gamma or neut ron f i e l d s  emi t t ed  

by the sample where the observa t i on  may be under passive  c o n d i t i o n s ,  

when r a d i a t i o n  is spontaneously e mi t t e d ,  or under a c t i v e  c ond i t i ons  

where nuc l ear  decays l eading to emission are  induced by i n t e r r o g a t i n g  

r a d i a t i o n  from an e x t e r n a l  source.  The observed f i e l d s  w i l l  depend on 

the d i s t r i b u t i o n  of r a d i o n u c l i d e s  w i t h i n  the sample,  t h e r e f o r e ,  the 

s p a t i a l  p o s i t i o n s  of the r a d i onuc l i de s  must be included in the set of 

bias  parameters .  N o t i c e ,  however,  that  the i n t e r p r e t a t i o n  of the 

source d i s t r i b u t i o n  ( d e f i n e d  by equat ion ( 4 . 5 ) )  as a c o nd i t i o n a l  

p r o b a b i l i t y  d e n s i t y ,  i mpl i es  that  the s p a t i a l  dependence may be t rea t ed  

as a par amet r i c  f unc t i on  in the same manner as the p r o b a b i l i t y  dens i t y  

for the source magni tudes (see sec t i on  3 . 3 ) .

The p a r t i c l e s  which are  det ect ed  may be produced by nuc l ear  reac t i ons  

in many m a t e r i a l s  ot her  than those which c o n t r i b u t e  to the pr imary  

a c t i v i t y .  Let l + denote the (augmented) number of i sotopes which by 

some mechanism i n f l u e n c e  the r a d i a t i o n  f i e l d s  observed by the 

d e t e c t o r s .  This c o l l e c t i o n  w i l l  i nclude most of the s t a b l e  nuc l i des  in 

a d d i t i o n  to the r a d i o n u c l i d e s  which c o n t r i b u t e  to the pr imary a c t i v i t y ,  

hence l + may be much g r e a t e r  than I .  The set Q,+ cont a i ns  the 

c o l l e c t i o n  of a l l  l +- t u p l e s  of source d ens i t y  f un c t i o n s ,  0 , ( r I t ) ,  which 

d escr i be  these isotopes and the source space may be extended to 

i ncor por a t e  t h i s  augmented isotope s e t .  Both the source magni tudes and 

d i s t r i b u t i o n s  of the a d d i t i o n a l  i sotopes ( l e .  for which i = 1 +1 , . . . ,  

! +) belong to the set  of bias parameters .  In f a c t ,  s ince the augmented 

set of source dens i t y  f unc t i ons  t o t a l l y  descr i be  the sample (see  

sec t i on  3 . 2 ) ,  i d e a l l y  these f unct i ons  c o n s t i t u t e  a f u l l  ( i e .  i n f e rence  

plus b i a s )  parameter  set  for  a measurement of the pr imary a c t i v i t y .

In the above p a r t i c u l a r  case,  the set  of i n f e r ence  parameters  

t h e r e f o r e  includes the source magni tudes,  0 = ( 0 , : i = 1 , 2 , . . . ,  I ) ,  

w h i l e  the set  of b ias  parameters includes the source magni tudes 0 + =

{0 i : i = 1 + 1 , I + 2 , . . . ,  I + ] ,  t ogether  w i t h  the s p a t i a l  p o s i t i o n s ,



4 . 1  BASIC SPACES AND THE DECOMPOSITION OF g 160

r = { r j : i = 1, 2,  . . . ,  I + ) .  These can be combined into the composi te  

parameter  vect or  which denotes elements of the sample space (see  

sect i on  3 . 4 )  and i f  the rea l  t ime,  t ,  belongs to an index set *2,  the 

general  theory of chapter  3 may be appl i ed  in p r i n c i p l e  to t h i s  

parameter  c o n f i g u r a t i o n .  In p r a c t i c e  we would f i nd  the pdf for  the 

s p a t i a l  d i s t r i b u t i o n  almost impossible to d e f i n e  wi t hout  making gross  

assumptions.  There f ore  we have need to g ive  g r e a t e r  s t r u c t u r e  to the 

sample space and t h i s  is the purpose of the d e t e r m i n i s t i c  model .  I t  

w i l l  be shown that  the parameter  sets are by no means unique and for  a 

p a r t i c u l a r  a p p l i c a t i o n  p r a c t i c a l  sets become apparent  when the 

t r ans f o r mat i on  which r e l a t e s  these parameters to the observed s i gna l s  

is cons idered.  In f a c t ,  c o n s t r u c t i n g  t h i s  t rans f o r mat i on  w i l l  

int roduce f u r t h e r  bias parameters assoc ia t ed wi t h  the t ranspor t  of 

r a d i a t i o n  from the point  of emission to the point  of d e t e c t i o n .  We 

shal l  e l i m i n a t e  these parameters using the d e t e r m i n i s t i c  model and 

reduce the bias  parameters to a set s i m i l a r  to that  ind i ca t ed  above.

For n o t a t i o n a l  s i m p l i c i t y  the ,,+" w i l l  hencef or t h  be dropped from 

re f e rences  to the augmented isotope set and the source space w i l l  

cont inue to be denoted by ( T ^ ^ j )  except in instances when i t  is 

necessary to d i s t i n g u i s h  between these set s .

To a l l o w  the c o n s t ru c t i o n  of the t ra n s f or ma t i o n .  I t  is useful  to 

extend the source geometry to i ncorpora t e  the geomet r i ca l  p r o p e r t i e s  of 

the p a r t i c l e s  produced by r e a c t i o n s  w i t h i n  the sample.  The parameters  

which descr i be  a p a r t i c l e  are:

spa t i a I pos i t i on: r ,

d i r e c t i o n  of t r a v e l :  Q = (<x,&,Y>,

-  energy:  E,

t ime:  t ,

p a r t i c l e  t ype : j .

The c o l l e c t i o n  of a l l  p o i n t s ,  ( r , Q , E , t ) ,  d e f i n e  a seven dimensional

*2 A l t e r n a t i v e l y ,  t could be included in the parameter  set and 
the sample number n = 1 , 2 , . . .  taken as the index.
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E u c l i d i a n  geometry which w i l l  be denoted by P7 . The c o e f f i c i e n t s  oc, 0 

and T are d i r e c t i o n  cosines * *3 wh i l e  the index,  j ,  is a l ab l e  a t t ached  

to each p a r t i c l e  to denote i t s  type.  The v a r i a b l e s  j ,  Q, and E are  

said to de f i n e  the phase of the p a r t i c l e .

A s u i t a b l e  model for  the c o l l e c t i o n  of p a r t i c l e s  w i t h i n  a system is the 

angular  f l ux  d ens i t y  f u n c t i o n ,  0 , ( r , Q , E , t ) .  This is de f i ned  as the 

number of p a r t i c l e s  of type,  j ,  which pass through un i t  area at the 

p o s i t i o n  r ,  in un i t  s o l i d  angle in the d i r e c t i o n ,  Q, per un i t  energy at  

the energy,  E, and per un i t  t ime at the t ime,  t .

Let J be the number of d i f f e r e n t  p a r t i c l e  types which c o n t r i b u t e  to the 

observed s i gna l s  e i t h e r  by d i r e c t  d e t e c t i o n  or by p l a y i n g  a r o l e  in the 

c r e a t i o n  of d i r e c t l y  d e t e c t a b l e  p a r t i c l e s .  Then, the f l u x  dens i t y  

f unct i ons  can be de f i ned  as a J - t u p l e ,  0 ( r , Q , E , t , )  = ( 0 ^( r , Q , E , t ) ,

0 9 ( r , Q , E , t ) ,  . . . ,  0 j ( r , Q , E , t ) )  e Q j ,  where Qj is the set  of a l l  

J - t u p l e s  over r 7 . The p a i r  ( T ^ Q j )  w i l l  be r e f e r r e d  to as the f l ux  

space .

The geometr ies Tg and P  ̂ may be considered as ( s m a l l e r )  geometr ies  

which are conta ined in T7 , and w i l l  be r e f e r r e d  to as sub-geomet r ies of 

Pj . L i kewise  any E u c l i d i a n  geometry const ruct ed from po i n t s  def ined by 

a combinat ion of the parameters r ,  Q, E or t w i l l  a l so  be a sub­

geometry of Ty.  Since the ana l y s i s  involves the c o n s t r u c t i o n  of 

f unc t i ons  over Ty and many of i t s  sub- geomet r i es ,  the more general  

symbol ,  T, w i l l  be used to denote the geometry,  T7 , t oget her  wi t h  a l l  

of i t s  sub- geomet r i es .  For completeness,  T wi I  I i nc lude the geometry 

Pg where the f unct i ons  over Tg are the set of a l l  constant  funct ions  

over Ty,  such as Xj the r a d i o a c t i v e  decay constant  for  nucle i  of type

i .  Wi th t h i s  g e n e r a l i s a t i o n  the source and f l ux  spaces may be denoted 

by <r ,Q,  ) and ( P , Q j )  r e s p e c t i v e l y .

In chapter  2 the s ignal  geometry,  P, , was def i ned as a c o l l e c t i o n  of

7 7 7*3 By v i r t u e  of the c o n s t r a i n t  or- + 6 + T = 1, the t hree  d i r e c t i o n
cosines denote a poi nt  on the u n i t  sphere and hence span a two 
dimensional  space.
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mu I t i - d i m e n s i o n a I  p a r a l l e l e p i p e d s  of the form, (E^ X t n X Vm) ,  where Ek 

is an energy i n t e r v a l ,  t n a t ime i n t e r v a l  and Vm an element of volume.  

However,  each of these p a r a l l e l e p i p e d s  de f i nes  a subregion of T. 

T h e r e f or e ,  f|_ may be regarded as a sub-geometry of T and the general  

s ignal  space can be w r i t t e n  as the p a i r  ( r , f t , _ )  where is the 

c o l l e c t i o n  of s pe c t r a l  image f unct i ons  of the form, sknm>

The t ra n s f or ma t i o n ,  g,  from the source to the observed s i gna l s  may now 

be i d e n t i f i e d  as a mapping from the source space onto the signal  space:

g : ( T , Q , ) *♦ ( T , QL ) ( 4 . 6 )

such t hat :

s = g ( 0 ( r | t ) )  ( 4 . 7 ) .

The o b j e c t i v e  is to d e f i n e  t h i s  f u n c t i o n .  However,  in the above 

f o r mul a t i on  the source space bears l i t t l e  resemblance to the signal  

space.  The r e f o r e ,  i t  is necessary to consider  an i n t e r me d i a t e  step.

Let g 1 be a t r a n s f o r ma t i o n  which maps the source space onto the f l ux  

space , such t ha t :

g 1 : < r , Q , ) -+ < r , Q j )  ( 4 . 8 )

and

♦ < r , f t , E , t )  = g 1( 0 ( r | t ) )  ( 4 . 9 )

Then,  l e t  g9 be a t ra ns f o r ma t i on  which maps the f l ux  space onto the 

signal  space,  such t ha t :

g 2 : <r , Qj )  (T, Ql ) ( 4 . 10 )

and

s g2 ( ♦ ( r , Q , E , t ) ) ( 4 . 11 )
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T h e r e f o r e ,  the t r a n s f o r m a t i o n ,  g,  can be w r i t t e n  as:  

g ( 0 ( r | t )) = g2 ( S 1 ( 0 ( r | t ) ) )

= ( g2 0 8 1  ^  r I * ^  ( 4 . 1 2 )

The symbol  " o "  deno t es  the c o m p o s i t i o n  of  two f u n c t i o n s  and t h i s  

o p e r a t i o n  i s d e f i n e d  by e q u a t i o n  ( 4 . 1 2 ) .  Hence,  g can be c o n s t r u c t e d  

by d e f i n i n g  g 1 and g 2 s e p a r a t e l y  and c omb i n i ng  t hese  a c c o r d i n g  to the 

above r u l e .  Note t h a t  by the above p r o c e d u r e  we have b o t h  i n t r o d u c e d  

and e l i m i n a t e d  the set  o f  b i a s  p a r a m e t e r s  { $ ( r , Q , E , t ) } .

The t r a n s f o r m a t i o n ,  g^ ,  can be c o n s t r u c t e d  u s i n g  r a d i a t i o n  t r a n s p o r t  

t h e o r y  w h i l e  g 2 may be r ega r ded  as t he c o n s t a n t  d i s t o r t i o n  i n t r o d u c e d  

by the meas u r i ng  a p p a r a t u s  and i t  i s  i n t ende d  to d e f i n e  t h i s  f u n c t i o n  

exper  imen t a I I y .

The d e f i n i t i o n  of  g^ w i l l  be c o n s i d e r e d  f i r s t  where the b a s i c  s t r a t e g y  

i s  to c o n s t r u c t  a s o u r c e  term to d e s c r i b e  the mapping f rom the masses 

of  the sample n u c l i d e s  o n t o  t he f l u x  space and then to  g e n e r a l i s e  t h i s  

by i n c o r p o r a t i n g  the movement of  p a r t i c l e s  about  t he f l u x  space.

4 . 2  MAPPING ONTO THE FLUX SPACE

In t h i s  s e c t i o n  e x p r e s s i o n s  f o r  the p a r t i c l e s  p r oduced  by r e a c t i o n s  

w i t h i n  the sample or  f r om an e x t e r n a l  sou r c e  w i l l  be c o n s i d e r e d .  We 

s h a l l  t hen i n t r o d u c e  the concept  of  a G r e e n ' s  f u n c t i o n  and w r i t e  down 

t he  gen e r a l  i n t e g r a l  f o r m of  the Bo l t zmann  T r a n s p o r t  E q u a t i o n .

The f o l l o w i n g  r e a c t i o n s  a r e  of  ma j o r  i n t e r e s t .

1) P a s s i v e  r e a c t i o n s

P r i m a r y  decay

Gamma t r a n s i t i o n s  accompany i ng a p r i m a r y  decay event  

Spontaneous f i s s i o n .
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2)  I n d u c e d  r e a c t i o n s

Absorp t i on 

Induced f i ss i on

E l a s t i c  and i n e l a s t i c  s c a t t e r i n g

Secondary  p a r t i c l e  p r o d u c t i o n  accompany i ng an a b s o r p t i o n  or  

i n e l a s t i c  s c a t t e r i n g  e v e n t .

3)  The p r o d u c t i o n  o f  an i n t e r r o g a t i n g  f l u x

Neu t r on  i n t e r r o g a t i o n  

Gamma i n t e r r o g a t i o n .

C o n s i d e r  the o b s e r v a t i o n  of  a sample under  p a s s i v e  c o n d i t i o n s .  Let  

R i k <r  > t ) deno t e  the number of  r e a c t i o n s  of  t he  k t h  t ype  f o r  t he i t h  

i s o t o p e ,  per  u n i t  volume of  the sample at  the p o s i t i o n ,  r ,  and per  

u n i t  t i me at  the t i m e ,  t .  Then i f  each n u c l e i  has a p r o b a b i l i t y  0 j k of  

d e c a y i n g  by the k t h  r e a c t i o n  in u n i t  t i m e :

R j k ( r , t ) = 0 j ( r  | t ) 0 j k ( 4 . 1 3 )

I f  Vj j j <(Q,E)  i s the e x p e c t e d  y i e l d  of  p a r t i c l e s  of  the j t h  t y pe  per  

u n i t  s o l i d  ang l e  in t he  d i r e c t i o n ,  Q, and per  u n i t  ener gy  at  the 

e n e r g y ,  E, then the r a t e  of  p r o d u c t i o n  of  t hese p a r t i c l e s  i s  g i v e n  by:

P \ K _
S j ( r , Q , E , t ) = l  l  R j k ( r , t )  Vj j k ( Q , E )

i = 1 k = 1

I K
= i  0 j ( r | t )  l  O jk  V j j k (Q,E)  ( 4 . 1 4 ) .

i = 1 k= 1

Wi t h  t he  p a s s i v e  r e a c t i o n s ,  the p r o d u c t i o n  of  p a r t i c l e s  may be taken to 

be i s o t r o p i c  * 4 .  T h e r e f o r e ,  the p a r t i c l e  y i e l d  may be w r i t t e n :

v i j k^®' ^  " 4n v i j k ^ * ( 4 . 1 5 )

* 4  In t h e  a b s e n c e  o f  e x t e r n a l  f i e l d s  t h e  a n g u l a r  and l i n e a r  momentum
v e c t o r s  o f  a n u c l e u s  w i l l  hav e  random o r i e n t a t i o n .
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where v s j ^ < E ) i s  the e x pec t ed  y i e l d  of  p a r t i c l e s  of  t he  j t h  t y p e ,  f rom 

the  k t h  r e a c t i o n  and the i t h  i s o t o p e ,  per  u n i t  ener gy  at  the e n e r g y ,  E. 

Hence,  by m u l t i p l y i n g  b o t h  s i d e s  of  e q u a t i o n  ( 4 . 1 4 )  by the f a c t o r  4n i t  

i s  p o s s i b l e  to e l i m i n a t e  the a n g u l a r  dependence so t h a t :

S i nc e  0 , ^ and v ^ ^ f E )  a r e  g e n e r a l l y  a v a i l a b l e  f rom t a b l e s  of  

r a d i o l o g i c a l  d a t a ,  i t  i s  p o s s i b l e  to f u r t h e r  s i m p l i f y  the p a s s i v e  

sou r c e  term by c o mp u t i n g  the sum over  k .  Hence:

i f  t he s ou r c e  i s of  c o n s t a n t  a c t i v i t y .

In the s p e c i f i c  case of  a p r i m a r y  decay e v e n t ,  f o r  example a l p h a  decay ,  

b e t a  minus and b e t a  p l u s  decay ,  and e l e c t r o n  c a p t u r e ,  the decay 

p r o b a b i l i t y ,  0 ^ ,  i s  s i m p l y  the r a d i o a c t i v e  decay c o n s t a n t ,  X , .  The 

p a r t i c l e  y i e l d  i s  a f u n c t i o n  of  ener gy  w h i c h ,  f o r  a l pha  decay i s  a 

d i s c r e t e  f u n c t i o n  of  t he  form:

where 6 (Ej< ** E) i s  a D i r a c  d e l t a  f u n c t i o n  w i t h  E^ b e i n g  t he  ener gy  of  

t he  e m i t t e d  a l p h a  p a r t i c l e ,  w h i l e  p , ^  i s  the p r o b a b i l i t y  f o r  an 

e m i s s i o n  at  t h a t  e n e r g y .  For  t he  b e t a  decay p r o c e s s e s ,  the ene r gy  of  

t he  r e a c t i o n  i s  s p l i t  between an e l e c t r o n  and an a n t i n e u t r i n o  f o r  the 

b e t a  minus dec ay ,  a p o s i t r o n  and a n e u t r i n o  f o r  the b e t a  p l u s  decay and 

c a r r i e d  o f f  by the n e u t r i n o  f o r  e l e c t r o n  c a p t u r e .  S i nc e  n e u t r i n o s  and 

a n t i n e u t r i n o s  a r e  not  d e t e c t a b l e  ( w i t h i n  t he  scope of  the a p p l i c a t i o n s  

c o n s i d e r e d )  o n l y  t he e l e c t r o n  and p o s i t r o n  s p e c t r a  need be c o n s i d e r e d .  

These w i l l  be c o n t i n u o u s  f u n c t i o n s  of  ener gy  w i t h  a f i x e d  end p o i n t  

c o r r e s p o n d i n g  to  t he  t o t a l  ene r gy  of  the r e a c t i o n  f o r  the b e t a  minus

S ^ ( r , E , t )
i = 1 k= 1

( 4 .  16)

S ^ ( r , E , t )  = [  0 , ( r | t  ) p , j ( E )
i = 1

(4.17)

or :

S ^ ( r , E )  = l  0 , ( r ) p j j ( E )
i = 1

( 4 . 1 8 )

( 4 . 1 9 )
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F o l l o w i n g  a p r i m a r y  decay the n u c l e u s  may be l e f t  in an e x c i t e d  s t a t e  

and t h i s  ener gy  i s  d i s s i p a t e d  by a gamma t r a n s i t i o n .  The p r o b a b i l i t y  

f o r  one of  these r e a c t i o n s  o c c u r r i n g  i s  the r a d i o a c t i v e  decay c o n s t a n t  

f o r  the p r i m a r y  decay mode w h i l e  the r e a c t i o n s  t hemse l ves  i n c l u d e  

gamma-ray e m i s s i o n  at  one of  a number of  d i s c r e t e  e n e r g i e s ,  i n t e r n a l  

c o n v e r s i o n  r e s u l t i n g  in the e m i s s i o n  of  an o r b i t a l  e l e c t r o n  and 

i n t e r n a l  p a i r  p r o d u c t i o n .  These r e a c t i o n s  may be f o l l o w e d  by the 

e m i s s i o n  of  c h a r a c t e r i s t i c  X - r a y s ,  Auger  e l e c t r o n s  or  a n n i h i l a t i o n  

pho t ons .

In the case of  spon t aneous  f i s s i o n ,  the ener gy  i s  c a r r i e d  away by the 

f i s s i o n  f r agmen t s  wh i c h  s u b s e q u e n t l y  decay to y i e l d  two or  t h r e e  prompt  

n e u t r o n s  and up to ten gamma- rays.  The p r o b a b i l i t y  f o r  a n u c l e u s  

d e c a y i n g  by t h i s  mode i s  c o n s t a n t  f o r  each i s o t o p e  w h i l e  the y i e l d s  a r e  

f u n c t i o n s  of  ener gy  wh i c h  a r e  n o r m a l i s e d  to the mean number of  n e u t r o n s  

or  gamma-rays p r o d u c e d .  F o l l o w i n g  a f i s s i o n ,  the f r a g m e n t s  may emi t  a 

de l a y e d  n e u t r o n ,  or  under go  an a l pha  or  be t a  decay as d e s c r i b e d  above.

For  the o b s e r v a t i o n  of  a sample under  a c t i v e  c o n d i t i o n s ,  the r e a c t i o n  

r a t e s  w i l l  depend upon b o t h  the s o u r c e  d e n s i t y  and the i n t e n s i t y  of  the 

i n t e r r o g a t i n g  f l u x .  The p r o b a b i l i t y  f o r  an i n t e r a c t i o n  of  a n u c l e u s  

w i t h  a u n i t  f l u x  of  e n e r g y ,  E, and p a r t i c l e  t y p e ,  j ,  i s  c a l l e d  a 

m i c r o s c o p i c  c r o s s - s e c t i o n  and i s  denot ed  by 0 , k ( E ) ,  wher e ,  a g a i n ,  i 

r e f e r s  to the i s o t o p e  and k r e f e r s  to the t ype of  n u c l e a r  r e a c t i o n .

The p r o d u c t  of  a s o u r c e  d e n s i t y  and a m i c r o s c o p i c  c r o s s - s e c t i o n  i s 

u s u a l l y  c a l l e d  a m a c r o s c o p i c  c r o s s - s e c t i o n ,  and d eno t e d :

and p l u s  d e c a y s  and z e r o  f o r  e l e c t r o n  c a p t u r e .  The p o s i t r o n s  p r o d u c e d

in  b e t a  p l u s  d e c a y  w i l l  u s u a l l y  be a n n i h i l a t e d  t o  p r o d u c e  p a i r s  o f

p h o t o n s .

Then,  the r e a c t i o n  r a t e ,  R , j k ( r , Q , E , t ) ,  wh i c h  i s i nduced by t he  a n g u l a r  

f l u x  d e n s i t y ,  <|>, ( r  ,Q,  E , t ) ,  i s  g i v e n  by:

e , ( r | t ) o,  k (E) (4.20)

R j j k ( r , Q , E , t ) £ , j k ( r , E , t >  ♦ J ( r , Q , E , t ) ( 4 . 2 1 )



4 . 2  MAPPING ONTO THE FLUX SPACE 167

Compar i son of  e q u a t i o n s  ( 4 . 1 3 )  and ( 4 . 2 1 )  shows t h a t ,  u n l i k e  p a s s i v e  

r e a c t i o n s ,  t he  r a t e s  of  r e a c t i o n s  induced by i n t e r r o g a t i n g  r a d i a t i o n  

have an ener gy  dependence they  t ake  f rom the p r o d u c t  of  the m i c r o s c o p i c  

c r o s s - s e c t i o n  and the f l u x .  The ener gy  dependence of  a m i c r o s c o p i c  

c r o s s - s e c t i o n  f o r  a p a r t i c u l a r  i s o t o p e  and r e a c t i o n  i s  u n i q u e .

For  the i nduced r e a c t i o n s ,  the ex pec t ed  y i e l d  depends upon t he  ener gy  

and a n g l e  of  i n c i d e n c e  *5 of  the i n t e r r o g a t i n g  p a r t i c l e  wh i c h  i nduced 

the r e a c t i o n .  Let  v l  ̂ ^ ( Q , E I Q ' , E ' )  deno t e  the e x p e c t e d  y i e l d  of  

p a r t i c l e s  o f  the j t h  t y pe  c r e a t e d  in the k t h  r e a c t i o n ,  per  u n i t  s o l i d  

a n g l e  in the d i r e c t i o n ,  Q, per  u n i t  ener gy  at  the e n e r g y ,  E, and f o r  

the a n g l e  of  i n c i d e n c e ,  Q' , and e n e r g y ,  E ' , o f  t he p a r t i c l e  of  t y p e ,  

j ' ,  wh i c h  i nduced the r e a c t i o n .

In a l l  the s t a t e d  cases of  i nduced r e a c t i o n s ,  the m a c r o s c o p i c  c r o s s -  

s e c t i o n s  gov er n  the p r o b a b i l i t y  of  the r e a c t i o n s  o c c u r r i n g ,  w h i l e  the 

p a r t i c l e  y i e l d s  d e t e r m i n e  the c o n f i g u r a t i o n  of  the p r o d u c t  p a r t i c l e s .

I f  i t  i s  s p e c i f i e d  t h a t  a l l  of  the p a r t i c l e s  wh i ch  e n t e r  a r e a c t i o n  

d i s a p p e a r  f r om the sys t em and a r e  r e p l a c e d  by t he p r o d u c t  p a r t i c l e s ,  

then a l l  of  t he s p e c i f i c  c a s e s ,  i n c l u d i n g  a b s o r p t i o n  and s c a t t e r i n g ,  

can be i n c o r p o r a t e d  i n t o  the model  by the a p p r o p r i a t e  d e f i n i t i o n  of  

the p a r t i c l e  y i e l d s .  For  ex ampl e ,  f o r  i nduced f i s s i o n  and a b s o r p t i o n  

or  i n e l a s t i c  s c a t t e r i n g  f o l l o w e d  by sec ondar y  p a r t i c l e  p r o d u c t i o n  

i n t e r a c t i o n s ,  the p a r t i c l e  y i e l d s  a r e  the mean number of  n e u t r o n s ,  

gamma-rays or  c har ged  p a r t i c l e s  wh i ch  a r e  p r oduced in a r e g i o n  of  t he 

sou r c e  geomet r y  by the r e a c t i o n s ,  minus the o r i g i n a l  p a r t i c l e .  For  

e l a s t i c  s c a t t e r i n g  the p a r t i c l e  y i e l d  i s  a s i n g l e  new p a r t i c l e  mov i ng 

in a d i f f e r e n t  d i r e c t i o n  and w i t h  a d i f f e r e n t  ener gy  f rom the o r i g i n a l  

p a r t i c l e  ( wh i c h  d i s a p p e a r s  f r om the s y s t e m ) .  For  pu r e  p a r t i c l e  

a b s o r p t i o n  the  y i e l d  i s  mi nus one.

The l os s  of  the o r i g i n a l  p a r t i c l e  can be taken i n t o  accoun t  by 

s u b t r a c t i n g  the f a c t o r  -  Q ' ) 6 (E -  E ' )  f r om t he  p o s i t i v e  y i e l d

f u n c t i o n  v , j j > ^ ( Q , E I Q ' , E ' )  wh i c h  d e s c r i b e s  the p a r t i c l e s  c r e a t e d  in t he

*5 T h i s  i s  the reason f o r  the i n c l u s i o n  of  an a n g u l a r  dependence in
( 4 . 2 1 )  wh i c h  i s  t aken s o l e l y  f rom the i n t e r r o g a t i n g  f l u x .
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t he r e a c t i o n ,  where 6 ^ / i s  a K r onec k er  d e l t a  f u n c t i o n  and S(Q - Q ' ) and 

6 ( E - E ' )  a r e  D i r a c  d e l t a  f u n c t i o n s .

The p a r t i c l e  p r o d u c t i o n  r a t e  i s then g i v e n  by:

S * ( r , Q , E , t >
! J K

E I E
i =1 j '=1 k =1

nE
dQ'

4n

max
d E ' ( V | j j , k < Q , E | Q ' , E ' )

J J/ 6 ( Q -  Q' )  6 ( E - E ' ) )  R j j k ( r , Q ' , E ' , t )

I J r  K
E e , < r l t ) £.=1 j'=1

K
- £ 0 , k (E)  <j> < r , Q , E , t >  ♦ 

l k =1

-* rEr
dQ'

4n JO
dE'

£ v,  j r k ( Q , E | Q ' , E ' )  0 j j k < E ' ) (j) j . ( r , Q '  ,E ' , t ) 
k= 1

I
£ 0 , < r | t )

i = 1
- a,  (E)  <J>. ( r ,Q,E, t )  + £

j '  = 1

PE
dQ'

4n

max
dE'

P j J J . C Q , E | Q ' , E ' )  < t y  < r , Q ' , E ' , t )

( 4 . 2 2 )

“ max deno t e s  the maximum ener gy  of  the p a r t i c l e s  wh i c h  a r e  c r e a t e d

w i t h i n  the sys tem or  e n t e r  the sys tem f rom o u t s i d e .

The main a b s o r p t i o n  mechanism f o r  gamma-rays of  low to i n t e r m e d i a t e  

e n e r g i e s  ( i . e .  10keV to  1MeV) i s  the p h o t o e l e c t r i c  e f f e c t .  Her e ,  the 

i n c i d e n t  pho t on s  i n t e r a c t  w i t h  bound a t o m i c  e l e c t r o n s  p a s s i n g  a l l  t h e i r  

ene r gy  to  t he  e l e c t r o n s  w h i c h  a r e  e j e c t e d  f r om the atom w i t h  k i n e t i c  

ener gy  equal  to the e ne r gy  of  the i n i t i a l  gamma-ray l ess  t h e i r  own 

b i n d i n g  e n e r g y .  At low e n e r g i e s  the c r o s s - s e c t i o n  f o r  t h i s  r e a c t i o n  

e x h i b i t s  a number of  s har p  edges,  c a l l e d  a b s o r p t i o n  edges.  These occur  

when the  pho t on  ener gy  e q u a l s  the b i n d i n g  ener gy  of  an e l e c t r o n  s h e l l  

and the a b s o r p t i o n  edge i n d i c a t e s  t h a t  gamma-rays w i t h  ener gy  l es s  than 

the b i n d i n g  ener gy  do no t  i n t e r a c t  w i t h  t he  e l e c t r o n s  of  t h a t  s h e l l  

w h i l e  t hose  w i t h  h i g h e r  ene r gy  do.  S i nc e  momentum must  be c o n s e r v e d  by 

t he r e c o i l  o f  t he atom t he  p h o t o e l e c t r i c  i n t e r a c t i o n  can o n l y  oc c u r  

w i t h  bound e l e c t r o n s .
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For  h i g h e r  ener gy  gamma- rays ,  p h o t o n u c l e a r  a b s o r p t i o n  may be 

s i g n i f i c a n t .  These r e a c t i o n s  can r e s u l t  in the p r o d u c t i o n  of  l ower  

ener gy  gamma- rays ,  n e u t r o n s  or  p r o t o n s .

Gamma-ray s c a t t e r i n g  can occur  w i t h  bound or  f r e e  e l e c t r o n s .  However ,  

i f  t he ener gy  of  the i n c i d e n t  pho t ons  i s  much g r e a t e r  than the b i n d i n g  

e n e r g y ,  an a t o mi c  e l e c t r o n  w i l l  behave as i f  i t  were f r e e .  T h e r e f o r e ,  

i t  i s  u s u a l l y  o n l y  n e c e s s a r y  to c o n s i d e r  i n c o h e r e n t  ( o r  Compton)  

s c a t t e r i n g  w i t h  f r e e  e l e c t r o n s .  For  the ener gy  range of  i n t e r e s t  t h i s  

mechanism w i l l  domi na t e  the c o h e r e n t  and n u c l e a r  s c a t t e r i n g  r e a c t i o n s .

For  gamma-rays w i t h  ene r gy  above 1.022MeV the p r o d u c t i o n  of  e l e c t r o n -  

p o s i t r o n  p a i r s  ( i e .  e x t e r n a l  p a i r  p r o d u c t i o n )  w i t h i n  the e l e c t r o - s t a t i c  

p o t e n t i a l  f i e l d  of  a n u c l e u s  or  an o r b i t a l  e l e c t r o n  i s  p o s s i b l e .  The 

r e s u l t i n g  p o s i t r o n  i s  e x t r e m e l y  r e a c t i v e  and may q u i c k l y  a n n i h i l a t e  

w i t h  an a t o m i c  e l e c t r o n  to p r oduce  a p a i r  of  511keV gamma- rays .

N e u t r on  a b s o r p t i o n  o c c u r s  by r a d i a t i v e  c a p t u r e  wh i c h  has a c o n t i n u o u s  

c r o s s - s e c t i o n  but  w i t h  s har p  resonances  o c c u r r i n g  at  the e n e r g i e s  

c o r r e s p o n d i n g  to n u c l e a r  ener gy  l e v e l s .  These r e a c t i o n s  r e s u l t  in the 

e m i s s i o n  of  p r omp t ,  h i g h  ener gy  gamma-rays a l o n g  w i t h  l ower  energy  

d e l a y e d  gamma-rays i f  t he  d a u g h t e r  n u c l e u s  i s r a d i o a c t i v e .  I t  i s  a l s o  

p o s s i b l e  f o r  n e u t r o n  c a p t u r e  to r e s u l t  in the p r o d u c t i o n  of  char ged  

p a r t i c l e s  such as p r o t o n s  or  a l pha  p a r t i c l e s  a l t h o u g h  t h e r e  i s  u s u a l l y  

a t h r e s h o l d  ener gy  a s s o c i a t e d  w i t h  t hese r e a c t i o n s .  I f  m a t e r i a l s  such 

as U-238 and Th-232 c a p t u r e  a n e u t r o n  t hese can decay by the b e t a  minus 

r e a c t i o n  to  y i e l d  a f i s s i l e  n u c l e u s  ( see nex t  p a r a g r a p h ) .  These 

i s o t o p e s  a r e  t h e r e f o r e  c a l l e d  f e r t i l e .

Ther e  a r e  t h r e e  t ypes  of  i nduced f i s s i o n  r e a c t i o n s .  These a r e  t hermal  

n e u t r o n  induced f i s s i o n ,  f a s t  n e u t r o n  i nduced f i s s i o n  and p h o t o f i s s i o n .  

Thermal  f i s s i o n s  can oc c u r  in a smal l  number of  f i s s i l e  i s o t o p e s ,  where 

o n l y  U- 233 ,  U-235 and Pu-239 a r e  s u f f i c i e n t l y  s t a b l e  to e x i s t  f o r  a 

r e a s o n a b l e  p e r i o d  of  t i me  and these have h a l f - l i v e s  of  many t housands 

of  y e a r s .  Ot her  n u c l i d e s  such as Th-232 and U-238 w i l l  f i s s i o n  when 

i n t e r r o g a t e d  by a n e u t r o n  or  gamma-ray above a c e r t a i n  t h r e s h o l d  ener gy  

w h i c h  i s  c h a r a c t e r i s t i c  of  the i s o t o p e .  These a r e  known as f i s s i o n a b l e
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n u c l i d e s .  As w i t h  s pon t aneous  f i s s i o n  the energy  p r oduced  in the 

i nduced r e a c t i o n s  i s  c a r r i e d  away by the f i s s i o n  f r agmen t s  wh i c h  decay 

to y i e l d  prompt  n e u t r o n s  and gamma-rays and may a l s o  emi t  a de l ay ed  

neu t r o n .

N e u t r o n s  under go two forms of  s c a t t e r i n g  wh i ch  a r e  e l a s t i c  s c a t t e r i n g  

and i n e l a s t i c  s c a t t e r i n g .  E l a s t i c  s c a t t e r i n g  i s  by f a r  the most  common 

r e a c t i o n  f o r  s l ow n e u t r o n s  and p r e d o m i n a t e s  when the n e u t r o n s  a r e  in 

t her mal  e q u i l i b r i u m  w i t h  t h e i r  s u r r o u n d i n g s .  In t hese  r e a c t i o n s  the 

mean ener gy  of  the t her mal  n e u t r o n s  r emai ns  unchanged w h i l e  the n e u t r o n s  

r a p i d l y  l ose any d i r e c t i o n a l  p r e f e r e n c e  and f o r  a homogeneous m a t e r i a l  

w i l l  d i f f u s e  i s o t r o p i c a l l y  t h r ough  space.  F a s t e r  n e u t r o n s  g i v e  up p a r t  

of  t h e i r  ener gy  to the s c a t t e r i n g  n u c l e u s  and a r e  t h e r e f o r e  s l owed down 

u n t i l  t hey a c h i e v e  the thermal  e q u i l i b r i u m  s t a t e  wher e  the p r o b a b i l i t y  

of  b e i n g  speeded up in a r e a c t i o n  e q u a l s  the p r o b a b i l i t y  of  b e i n g  

s l owed down.

For  i n e l a s t i c  s c a t t e r i n g  p a r t  of  the c o l l i s i o n  ener gy  i s  g i v e n  to 

e x c i t e  a t a r g e t  n u c l e u s  wh i c h  may decay to p r oduce  f u r t h e r  p a r t i c l e s .

For  exampl e ,  in c e r t a i n  heavy m a t e r i a l s ,  i t  i s  p o s s i b l e  f o r  n e u t r o n s  of  

about  10MeV or  g r e a t e r  to e x c i t e  a t a r g e t  n u c l e u s  so t h a t  i t  e mi t s  a 

second n e u t r o n  thus  g i v i n g  r i s e  to ( n , 2n) i n t e r a c t i o n s .

In g e n e r a l ,  a l l  of  t he above r e a c t i o n s  commence w i t h  t he  a b s o r p t i o n  or  

s c a t t e r i n g  of  a gamma-ray or  n e u t r o n  wh i c h  may l eave the atom or  

n u c l e u s  in an un s t a b  Ie s t a t e  and t h i s  s u b s e q u e n t l y  decays  ( o r  f i s s i o n s )  

t o  y i e l d  s econdar y  p a r t i c l e s .  A s i m i l a r  p a t t e r n  i s  obs e r v ed  w i t h  

cha r ged  p a r t i c l e s  ex c e p t  t ha t  in t h i s  case the main i n t e r a c t i o n s  at  the 

e n e r g i e s  of  i n t e r e s t  o c c u r  w i t h  a t o m i c  e l e c t r o n s  s i n c e  the char ged 

p a r t i c l e s  must overcome the e l e c t r o s t a t i c  f i e l d s  of  the atom to 

i n t e r a c t  w i t h  a n u c l e u s .  Hence the p r i m a r y  mechanism by wh i c h  a 

char ged  p a r t i c l e  l oses  ener gy  i s  by s c a t t e r i n g  w i t h  e l e c t r o n s  and 

subsequent  i o n i z a t i o n  o f  the atom.  In the case of  a p r o t o n  or  a l pha  

p a r t i c l e ,  once the k i n e t i c  ener gy  has been l o s t ,  t hese  can c a p t u r e  one 

or  two e l e c t r o n s  to  p r oduc e  e l e m e n t a l  hy dr ogen or  h e l i u m ,  r e s p e c t i v e l y .  

L i k e w i s e ,  an e l e c t r o n  may l ose i t s  k i n e t i c  ener gy  and be c a p t u r e d  by an 

atom.
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Charged p a r t i c l e s  ( p a r t i c u l a r l y  e l e c t r o n s )  a l s o  l ose  ener gy  when 

p a s s i n g  t h r ough  the Coulomb f i e l d  of  a n u c l e u s .  T h i s  i s c o n v e r t e d  i n t o  

e l e c t r o m a g n e t i c  ener gy  and b r e m s s t r a h  Iung phot ons  a r e  p r o d u c e d .  These 

have a c o n t i n u o u s  ener gy  s pec t r um and may take any ene r gy  f rom ze r o  to 

t h a t  of  the char ged  p a r t i c l e .

One i m p o r t a n t  e x c e p t i o n  to the r u l e  t h a t  char ged p a r t i c l e s  i n t e r a c t  

m a i n l y  w i t h  the a t o m i c  e l e c t r o n s  a r e  a l p h a - n e u t r o n  i n t e r a c t i o n s .  

Her e ,  a l pha  p a r t i c l e s  p r oduced by the decay of  heavy n u c l e i  i n t e r a c t  

w i t h  l i g h t  n u c l e i  t o p r oduc e  n e u t r o n s .  S i nc e  the heavy m e t a l s  

n a t u r a l l y  form o x i d e s  and f l u o r i d e s ,  t hese r e a c t i o n s  a r e  common and 

cannot  be n e g l e c t e d .

S i nc e  the p r o d u c t i o n  of  the i n t e r r o g a t i n g  p a r t i c l e s  i s  i ndependent  of  

the sampl e ,  t h e r e  i s  some s i m p l i f i c a t i o n  to be g a i n e d  by t r e a t i n g  the 

i n t e r r o g a t i n g  f l u x  as a t i me - d e p e n d e n t  b a c k g r oun d .  T h i s  i n t r o d u c e s  an 

e x t r a  f l u x  term of  t he  f o r m <j> ^ ( r  , Q , E , t ) wh i c h  must  be d e f i n e d  by
J

c a l i b r a t i o n .

The f l u x  d e n s i t y  f u n c t i o n  <t>̂ ( r , Q, E , t ) may be i n t e r p r e t e d  as the f l u x

t h a t  i s obser ved  t h r o u g h o u t  an empty sample c o n t a i n e r .  When m a t e r i a l0
i s  p r e s e n t  w i t h i n  a c o n t a i n e r ,  $,  ( r , Q , E , t ) i s m o d i f i e d  by n u c l e a r  and

J

a t o m i c  i n t e r a c t i o n s  as d e s c r i b e d  above and d e f i n e d  by the c ompos i t e  

p a s s i v e  and a c t i v e  s o u r c e  t erm:

Sj ( r , Q, E , t ) E e J < r  I t ) 
1 = 1

J

E
j ' = 1 J 4n

dft '

4tt r! J 
E

p, , ( E)  - 0 (E) <fr ( r , Q , E , t >

■max

0 dE'  p,  j ( Q , E | Q ' , E '  ) < t y < r , Q ' , E ' , t )

( 4 . 2 3 )

These i n t e r a c t i o n s  a l w a y s  occur  at  a p o i n t  in space and t i me ( a l t h o u g h ,  

w h i c h  p a r t i c u l a r  p o i n t  cannot  be known e x a c t l y )  and change o n l y  the 

phase ( i e .  t he v a r i a b l e s  j , Q  and E) o f  t he  p a r t i c l e .  However ,  between 

i n t e r a c t i o n s ,  t he  p a r t i c l e s  p r o p a g a t e  t h r o u g h  space and t i me  and to 

a s c e r t a i n  the e x t e n t  by wh i c h  the i n i t i a l  f l u x  i s  m o d i f i e d  f o r  a 

p a r t i c u l a r  sample c o n f i g u r a t i o n ,  i t  i s  n e c e s s a r y  t o  t ak e  t h i s
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p r o p a g a t i o n  i n t o  a c c o u n t .  Th i s  amounts to d e f i n i n g  an o p e r a t o r  k e r n e l ,  

G, known as a Gr e e n ' s  f u n c t i o n ,  such t h a t :

<D ( r , f l , E , t )
0
, ( r , Q , E , t )
J

d t 'J 0 d r ' G j ( r , t I r ' , Q , E , t ' ) S , ( r ' , f t , E , t ' )
J

( 4 . 2 4 )

or  u s i n g  ( 4 . 2 3 )  to expand the sou r c e  te r m:

$ j ( r , Q , E , t )
0

( r , Q , E , t )
■ ' t o  I

+ d t '  d r ' G , ( r , t | r ' , f t , E , t ' )  [  0 j ( r ' | t ' )
Jo Jv J i = 1

i
4tt

0 , j ( E )  4>J ( r , , f t , E , t ' )
J p

♦ L dQ 
j ' = 1 J 4n

oemax dE'• 0

p, j j ' ( Q , E | Q ' , E ' )  <t> j ' ( r ' , Q ' , E ' ,  t ' )J

( 4 . 2 5 )

E q u a t i o n  ( 4 . 2 5 )  i s  the g e n e r a l  i n t e g r a l  f o r m of  the Bo l t zmann  t r a n s p o r t  

e q u a t i o n  and t h i s  c o r r e s p o n d s  to  the mapping g^ .

The p r o b l e m  of  d e f i n i n g  the k e r n e l  w i l l  be c o n s i d e r e d  in the f o l l o w i n g  

s e c t i o n s .  However ,  f i r s t ,  we d i v e r t  t o c o n s i d e r  a p a r t i c u l a r  c l a s s  of  

systems f o r  wh i ch  i t s  d e t a i l e d ,  t h e o r e t i c a l  d e f i n i t o n  can be a v o i d e d .

4.3 APPLICATION TO FIXED GEOMETRY SYSTEMS

A f i x e d  geomet r y  sys tem i s  one f o r  wh i c h  the d e t e c t i o n  e f f i c i e n c y  of  a 

measurement  i s  c o n s t a n t  f o r  a l l  of  t he samples e n c o u n t e r e d  by the 

s ys t em.  That  i s ,  the obs e r v ed  s i g n a l s  a r e  d i r e c t l y  p r o p o r t i o n a l  t o  the 

p a r t i c l e  e m i s s i o n  r a t e  of  the s ou r c e  and the d e t e c t i o n  e f f i c i e n c y  can 

be d e f i n e d  by c a l i b r a t i o n .

For  examp l e ,  the c l a s s  of  f i x e d  geomet r y  sys tems i n c l u d e s  assay systems 

to make measurements  on a sample of  c o n t a m i n a t e d  f l u i d  where t he  f l u i d  

i s  drawn t h r o u g h  a sample v es s e l  at  c o n s t a n t  d e n s i t y  and o n l y  the 

l e v e l s  of  c o n t a m i n a t i o n  change.  Of c o u r s e ,  the as s u mp t i o n  t h a t  

s ec ondar y  r e a c t i o n s  w i t h  the c o n t a m i n a n t s  t hemse l ves  a r e  n e g l i g i b l e ,
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i s i m p l i c i t  t o  the above d e f i n i t i o n .  T h i s  c l a s s  of  systems a l s o  

i n c l u d e s  t he  m a j o r i t y  of  f l u x  m o n i t o r i n g  i n s t r u m e n t s  s i n c e ,  h e r e ,  the 

obs er v ed  s i g n a l s  a r e  dependent  o n l y  upon the e f f i c i e n c y  of  the d e t e c t o r  

and t h i s  r emai ns  f i x e d  f o r  a l l  measurements .

In c e r t a i n  c i r c u m s t a n c e s ,  f o r  exampl e ,  in the case of  t he Blowdown 

m o n i t o r ,  t he d e f i n i t i o n  of  a f i x e d  geomet r y  sys tem can be ex t ended  to 

i n c l u d e  smal l  v a r i a t i o n s  in the c o n s i s t e n c y  of  an a b s o r p t i o n  f i l t e r .  

Th i s  i s  because w e i g h t s  can be used to c o r r e c t  v a r i a t i o n s  (up to 

a p p r o x i m a t e l y  10%) in t hese  u s i n g  the c o r r e l a t i o n  between d i f f e r e n t  

s p e c t r a l  l i n e s  f rom the same i s o t o p e .  For  the Blowdown m o n i t o r  the 

w e i g h t s  may be a p p l i e d  d i r e c t l y  to the pho t opeak  a r eas  r e s u l t i n g  f rom 

the use of  a h i g h  r e s o l u t i o n  HPGe d e t e c t o r .  However ,  i t  w i l l  be shown 

t ha t  t h i s  method may a l s o  be a p p l i e d  when s t a t i s t i c s  of  t h i s  f o r m ar e  

not  a v a i l a b l e  such as f o r  a sys t em based on an N a l ( T I )  d e t e c t o r .

To f o r m u l a t e  the t r a n s f o r m a t i o n  between the s o u r c e  and the obser ved  

s i g n a l s ,  the f i r s t  s t ep  i s to d i s c r e t i z e  the ener gy  and t i me dependence 

of  e q u a t i o n  ( 4 . 2 5 ) .  T h i s  i s a c h i e v e d  u s i n g  a m u l t i - g r o u p  a p p r o x i m a t i o n  

[ 1] wh i c h  i n v o l v e s  i n t e g r a t i n g  over  smal l  r e g i o n s  and summing the 

r e s u l t i n g  terms to y i e l d  an e q u a t i o n  of  the form:

* j k n ( r ' Q)
0 n ( r,Q) * £n ' = 1j kn d r ' Gj k n n ’ ( r l r ' ' a)  £ t r ' ;

V i = 1 Tit 1

- 0 i j k  ^ j k n

J K' ( r,Q) ♦ £ £
j ' = 1 k= 1 3 4n

P i j j ' k k ' ( QI 8 ' )  0 J ' k ' n ' ( r ' ' Q' >

( 4 . 2 6 )

where k deno t e s  a smal l  e ne r gy  i n t e r v a l  and n deno t es  a smal l  t i me 

i n t e r v a l  wh i c h  a r e  chosen to  match the p a r t i t i o n  of  the s i g n a l  space.

N e x t ,  l e t :

♦ j k n < r ' f l ) =
0 n(r,Q) ♦ £n ' = 1j kn c*r  ^ j k n n '  ̂ r I r _4n £ P i j k  ® i n ' ^ r J

t = 1
( 4 . 2 7 )

wh i c h  u s i n g  the d e c o m p o s i t i o n  of  t he s o u r c e  d e n s i t y  i n t o  i t s  mag n i t u d e
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and d i s t r i b u t i o n  ( see s e c t i o n  4 . 1 ) ,  may be w r i t t e n :

*lkn( r ' Q) 0 n 
<r , Q)  ♦  [n ' = 1j kn

i
4tt d r ' G i k n n ' ( r >r ' ,Q> f n . ( r ' 1  [  |

J i = 1 i j k  ° i n

j k n * r ' ^ ' ^  + £ Gjknn £ P | j k  ®i n'n ' = 1 i = 1 ( 4 . 2 8 )

By a s s u m p t i o n ,  the i s o t o p e s  a r e  i d e n t i c a l l y  d i s t r i b u t e d  r e s u l t i n g  in 

the d i s t r i b u t i o n  f u n c t i o n ,  f n < ( r ' ) ,  b e i n g  i ndependent  of  i .  The 

f u n c t i o n ,  <t>j|<n ( r , Q )  c o n t a i n s  the p a s s i v e  sou r c e  te r m and depends o n l y  

on the f i r s t  I i s o t o p e s ,  wh i ch  deno t e  the r a d i o a c t i v e  i s o t o p e s  of
a

i n t e r e s t .  We may a l s o  d e f i n e  an i n t e g r a l  o p e r a t o r ,  K,  wh i ch  c o n t a i n s  

the induced sou r c e  t e r m.  By as s umpt i on  t h i s  i s i ndependen t  of  the 

r a d i o a c t i v e  i s o t o p e s ,  but  depends on the s t a b l e  i s o t o p e s  ( o f  known 

c o m p o s i t i o n )  and o p e r a t e s  on the unknown f l u x  d e n s i t y ,  <J>.

<r ,Q)
n K p
E E d r ' G , k n n . ( r | r ' , Q )

n '  = 1 k '  = H V  J
E e , n . ( r ' )  I ♦ 1

J
+ i  

J' = 1 dQ'p, j i ' kk(Q|Q' ) 4n ( 4 . 2 9 )

Wi t h  these d e f i n i t i o n s ,  e q u a t i o n  ( 4 . 2 6 )  may be w r i t t e n :

4> - $ + K4> ( 4 . 3 0 )

T h i s  i s  a F r edho l m i n t e g r a l  e q u a t i o n  of  the second k i n d .  For  a 

n o n - s u p e r c r i t i c a I  s y s t e m,  ( 4 . 3 0 )  i s  a c o n t r a c t i o n  mapping [ 2 ]  and,  

hence ,  i s  amenabl e t o  a Neumann s e r i e s  s o l u t i o n .  L e t :

•e
- ii -e
-

<t>2 = (J,1 ♦
*  1 K

«D3 = 4 ,1 ♦
*  2
K<|> Kt)> A A ^KK<t>

K<|> K4> KK<t> (K)q<t> ( 4 . 31  )
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Because of  the c o n t r a c t i o n  p r o p e r t y  of  the mappi ng ,  i t  can be shown:

$ = L i m <J>q = ( I  + K + KK + ____ ♦ <K) q ♦ ___  ) $ 1 ( 4 . 3 2 )
q-»m

The f i r s t  t erm of  the s e r i e s  may be i n t e r p r e t e d  as the d i r e c t  f l u x  at  

the d e t e c t o r  f rom the p a s s i v e  sour ces  w h i l e  the second,  t h i r d  and 

f o u r t h  terms ( e t c )  c o r r e s p o n d  to the f l u x  i n c i d e n t  on the d e t e c t o r  

a f t e r  r e s p e c t i v e l y  one,  two or  t h r e e  s ec ondar y  r e a c t i o n s .  The powers
a

of  K may be i n t e r p r e t e d  as the q - s t e p  t r a n s i t i o n  p r o b a b i l i t i e s  f o r  a 

d i s c r e t e  t i me ,  c o n t i n u o u s  s t a t e  space Markov p r oc es s  w i t h  s t a r t i n g  

d i s t r i b u t i o n  $ ' ( see s e c t i o n  3 . 4 ) .

Summing the c o r r e s p o n d i n g  terms of  the Neumann s e r i e s  in n ' ,  j '  and k '  

and i n t e g r a t i n g  over  the p r i med a n g u l a r  and s p a t i a l  v a r i a b l e s ,  g i v e s :

n K J !

^ j k n * r ' ^*  + £ £ £ §nn ' k k ' j j ' * r £ P i j k ' ^ i n '
n'  = 1 k'  = 1 j ' = 1 i = 1

( 4 . 3 3 )

where the backgr ound  f u n c t i o n ,  q,  depends on <j>̂ , b u t ,  o t h e r w i s e ,  bo t h  

of  the f u n c t i o n s  g and q depend o n l y  on the c o n f i g u r a t i o n  of  the 

measurement  sys tem wh i c h  i s c o n s t a n t  and not  upon the a c t i v i t y  or  

i s o t o p i c  c o m p o s i t i o n  of  the c o n t a m i n a n t s  w i t h i n  the sampl e.

^ j kn * r *

The obs er v ed  s i g n a l s  a r e  r e l a t e d  to the f l u x  w i t h i n  a d e t e c t o r  volume 

by the i n n e r  p r o d u c t :

K n
j knm l l

n ' = 1 k ' =k
d r 4n j k k  ' nn 'm ' r  ^ j k ' n ' ‘ r ^

<<̂ j k n m !<t’ j > ( 4 . 3 4 )

where t h i s  e q u a t i o n  d e f i n e s  the mapping g 9 f o r  the case o f  a f i x e d  

geomet r y  sys t em.  S u b s t i t u t i n g  f o r  $ . n . ( r , Q) f rom ( 4 . 3 3 )  t o  expand 

the i n n e r  p r o d u c t  g i v e s :

n K J I

s jknm " <^j knm* C|j > + E  ̂ ^  jknm * g j j ' k k ' nn ' ** £ P j j ' k ' ® i n '
n '  = 1 k '  = 1 j '  = 1 i = 1

( 4 . 3 5 )
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w h i c h  i s  the r e q u i r e d  c o m p o s i t e  mapping between the s o u r c e  d e n s i t y  

magn i t ud es  and the obs er v ed  s i g n a l s .

The d e t e c t o r s  d i s c u s s e d  in s e c t i o n  2.1 respond p r i m a r i l y  to one 

p a r t i c l e  t y p e ,  t h e r e f o r e ,  i t  i s u s u a l l y  p o s s i b l e  to f i l t e r  out  any 

bac k gr ound  f rom o t h e r  p a r t i c l e s .  For  t he  m a j o r i t y  of  a p p l i c a t i o n s ,  the 

d e t e c t e d  p a r t i c l e s  w i l l  be of  the t ype e m i t t e d  by the s o u r c e .  In these 

cases the i ndex j does not  p l a y  an a c t i v e  p a r t  in the i n t e r p r e t a t i o n  of  

the measurements  and may be d r opped .  In the cases where r e a c t i o n s  such 

as (<x,n) a r e  s i g n i f i c a n t  whereby p a r t i c l e s  of  one t ype  a r e  t r a n s f o r m e d  

i n t o  p a r t i c l e s  of  a d e t e c t a b l e  t ype in t h e i r  passage t h r o u g h  the 

sampl e ,  these can o n l y  be i n c l u d e d  in t he  f i x e d  geomet r y  model  i f  they 

can be i n c o r p o r a t e d  i n t o  an augmented p a s s i v e  sour c e  te r m and t r e a t e d  

as a p r i m a r y  sour c e  of  d e t e c t a b l e  p a r t i c l e s  or  i n t e r a c t  o n l y  w i t h  the 

f i x e d  i s o t o p e s  of  the sample so t h a t  t hey  bear  a c o n s t a n t  r e l a t i o n s h i p  

to the p r i m a r y  s o u r c e .  For  the r ema i nde r  o f  t h i s  s e c t i o n  we s h a l l  

assume t h a t  such r e a c t i o n s  a r e  n e g l e c t a b l e  and i g n o r e  t h i s  i ndex .

Each c o m b i n a t i o n  of  the d i s c r e t e  v a r i a b l e s  k ,  n and m, wh i c h  deno t e  the 

ener gy  and t ime c h a n n e l s  and the d e t e c t o r  p o s i t i o n ,  l eads  to a l i n e a r  

e q u a t i o n  in the s ou r c e  d e n s i t y  m a g n i t u d e s .  Let  = 1, 2,  . . . ,  L denot e  

the set  of  these c o m b i n a t i o n s  wh i c h  a r e  chosen to y i e l d  one of  the 

s i g n a l  space c o n f i g u r a t i o n s  d i s c u s s e d  in s e c t i o n  2 . 3 .  Then e q u a t i o n

( 4 . 3 5 )  may be w r i t t e n :

where t he  t i me dependence of  <t> has been i n c l u d e d  in p $ / ,  or  l eads to 

s e v e r a l  s e p e r a t e  measurements  each y i e l d i n g  i t s  own se t  of  e q u a t i o n s  of  

the above form.  In m a t r i x  n o t a t i o n ,  e q u a t i o n  ( 4 . 3 6 )  becomes:

H  = 4 E l P r  i e , ( 4 . 3 6 )
r  = 1 1 = 1

s -  b Epe ( 4 . 3 7 )

w her e ,  w r i t i n g  e q u a t i o n  ( 4 . 1 2 )  as:

s - b ( g 2 o g 1 ) ( 0 ) ( 4 . 3 8 )
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i t  can be seen t h a t  P i s  the m a t r i x  o f  the t r a n s f o r m a t i o n  g j ,  and E the 

m a t r i x  of  g?.  N o t i c e  t h a t  the f l u x  and s i g n a l  spaces have now merged 

i n t o  a s i n g l e  space,  wh i c h  c o u l d  be r e f e r r e d  to as the measurement  

space.  Hence,  g t , maps the sour c e  space o n t o  the measurement  space 

w h i l e  g? maps the measurement  space o n t o  i t s e l f  to account  f o r  the 

c o n s t a n t  d i s t o r t i o n  i n t r o d u c e d  by the meas u r i ng  a p p a r a t u s .

For  the f i x e d  geomet r y  systems o n l y  the s ou r c e  magn i t u d e s  of  the 

r a d i o a c t i v e  i s o t o p e s  need be c o n s i d e r e d .  T h e r e f o r e  t he  se t  of  

i n f e r e n c e  p a r a me t e r s  c o n s i s t s  of  t hose r a d i o a c t i v e  i s o t o p e s  in wh i c h  we 

a r e  i n t r e s t e d  w h i l e  the r ema i nder  a r e  b i a s  p a r a m e t e r s .  No t e ,  however ,  

t h a t  t he t o t a l  p a r a m e t e r  set  i s f i x e d  by the a p p l i c a t i o n  and w h i l e  

i s o t o p e s  may be exchanged between the pa r a me t e r  s e t s  and o n l y  t hose of  

i n t e r e s t  r e p o r t e d ,  the sys tem must  be c o n f i g u r e d  to make measurements  

on the t o t a l  pa r a me t e r  se t  and t h i s  cannot  be changed.

E q u a t i o n  ( 4 . 3 7 )  may be s o l v e d  f o r  0 u s i n g  the g e n e r a l  t e c h n i q u e s  

e s t a b l i s h e d  in c h a p t e r  3.  For  many s a mp l i n g  s y s t ems ,  t he change in the 

a c t i v i t y  of  the c o n t a m i n a n t s  in the f l u i d  w i l l  be c o n t i n u o u s .  In these 

cases the bes t  a p r i o r i  e s t i m a t e  of  the c u r r e n t  a c t i v i t y  wou l d  be the 

c o n f i g u r a t i o n  of  the n u c l e a r  p r o c e s s  at  the end of  t he  p r e v i o u s  

measurement .  T h e r e f o r e ,  r a t h e r  than c o n s t r u c t i n g  t he  p r i o r  d e n s i t y  

f r om the s t a t i o n a r y  d i s t r i b u t i o n  of  the p r o c e s s ,  i t  i s  p o s s i b l e  to 

s i m p l i f y  t h i s  p r o c e d u r e  by t a k i n g  the p o s t e r i o r  d e n s i t y  f o r  one 

measurement  as the p r i o r  d e n s i t y  f o r  t he  n e x t .  In t h i s  way the 

measurement  d a t a  i s used to u p - d a t e  the p r e v i o u s  e s t i m a t e  r a t h e r  than 

r e s t r i c t i n g  the more g e n e r a l  p r i o r  d e n s i t y  to a s p e c i f i c  case 

i n d e p e n d e n t l y  o f  p r e v i o u s  e s t i m a t e s .  Th i s  method of  e s t i m a t i n g  i s 

e q u i v a l e n t  t o  the c o n s t r u c t i o n  of  a mov i ng a v e r a g e ,  or  t r e n d ,  to 

r e p r e s e n t  t he  l e v e l s  of  c o n t a m i n a n t  a c t i v i t y .

Us i ng  the ge n e r a l  l i n e a r  model  of  s e c t i o n  3 . 5  to s o l v e  e q u a t i o n  ( 4 . 3 7 ) ,  

and t a k i n g  the p o s t e r i o r  d e n s i t y  as the p r i o r  d e n s i t y  f o r  t he  nex t  

measur ement ,  r e s u l t s  in an e s t i m a t o r  of  t he form:

( 4 . 3 9 )
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w h e r e :

-1 ( 4 . 4 0 )

g i v e s  the v a r i a n c e  of  the next  p r i o r  d e n s i t y .

The m a t r i x  P may d e f i n e  the e m i s s i o n  of  p a r t i c l e s  at  ( s a y )  d i f f e r e n t  

e n e r g i e s  f rom the same i s o t o p e .  In t h i s  case p o s i t i v e  c o r r e l a t i o n  w i l l  

e x i s t  between c e r t a i n  of  the ener gy  c h a n n e l s ,  and t h i s  may be used to 

d e f i n e  n o n - z e r o ,  o f f - d i a g o n a l  e l emen t s  of  the c o v a r i a n c e  m a t r i x ,  Vn .

In g e n e r a l ,  t hese a r e  g i v e n  by:

where p is the c o r r e l a t i o n  c o e f f i c i e n t  between t he  i t h  and V t h  

c h a n n e l s  and 0^ and are the s t a n d a r d  d e v i a t i o n s  of  t hese c h a n n e l s .  

In the absence of  f i s s i o n ,  the s i g n a l s  a r e  Po i s s on  d i s t r i b u t e d  (see 

s e c t i o n  2 . 3 )  and the bes t  e s t i m a t e  of  the s t a n d a r d  d e v i a t i o n s  a r e  g i v e n  

by t h e i r  squar e  r o o t s  where a c o r r e c t i o n  f o r  the s u b t r a c t e d  backgr ound  

i s  made as n e c e s s a r y  ( see s e c t i o n  3 . 6 ) .

The c o r r e l a t i o n  c o e f f i c i e n t s  may be d e f i n e d  by c o n s i d i n g  the i nner  

p r oduc  t s :

w h i c h  r e p r e s e n t  the m u l t i p l i c a t i o n  of  rows of  the m a t r i x ,  P,  and the 

a c t i v i t y  v e c t o r ,  0.  I t  i s assumed t h a t  the m a t r i x  e l e me n t s  a r e  known 

ac c u r a  t e I y .

Expand 0^ and 0^ ,  in a T a y l o r  s e r i e s  about  the mean a c t i v i t i e s ,  such 

that :

( 4 . 41  )

0^ = £ p ^ j  0 j and 0^ .
i = 1 i = 1

£ P f  , 0 ( 4 . 4 2 )

i = 1
( 4 . 4 3 )

and s i m i l a r l y  f o r  0 ^ .  . The n,  m u l t i p l y i n g  t h e s e  two s e r i e s  t o g e t h e r  and
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t a k i n g  e x pec t ed  v a l u e s ,  g i v e s :

COVt^,^* ) ».r(e,>
, d | i

( 4 . 4 4 )

i f  the 0j  a r e  i n d e p e n d e n t .  Hence,  i t  i s  p o s s i b l e  to c o n s t r u c t  a 

c o v a r i a n c e  m a t r i x  w i t h  e l e m e n t s :

= E ° ' 2H \  i
i = 1

o r ,  w r i t i n g  ( 4 . 4 5 )  in m a t r i x  n o t a t i o n :  

V* = pept

( 4 . 4 5 )

( 4 . 4 6 )

where I  i s a d i a g o n a l  m a t r i x  w i t h  e l emen t s  0 I f  a s u f f i c i e n t  number

of  c hanne l s  a r e  used to  ensur e  t h a t  no more than one i s o t o p e  e m i t s  on 

each c h a n n e l ,  then t h e r e  i s no l oss  of  g e n e r a l i t y  in t a k i n g  E to  be the 

i d e n t i t y  m a t r i x ,  I .  A l t e r n a t i v e l y  E may be taken to be the i d e n t i t y  

m a t r i x  so as to g i v e  t he i s o t o p e s  equal  we i g h t  or  c o n s t r u c t e d  f r om the 

v a r i a n c e s  of  t he p r i o r  d e n s i t y .

The above p r o c e d u r e  may be r e p e a t e d  f o r  the i nner  p r o d u c t s  of  the rows 

of  the d e t e c t o r  e f f i c i e n c y  m a t r i x  and the p a r t i c l e  e m i s s i o n  r a t e :

L L

H  = £ eW  V  and sm = £ eml■ H-  <4' 47>l '  = 1 l '  = f
where s deno t es  the sample mean of  the s i g n a l s .  T h i s  r e s u l t s  in a 

c o v a r i a n c e  m a t r i x  o f  the form:

Vs = ( E P) E( EP) 1" ( 4 . 4 8 )

F i n a l l y ,  t he m a t r i x  of  c o r r e l a t i o n  c o e f f i c i e n t s  has e l e m e n t s :

vl l ' ( 4 . 4 9 )

wher e  the v ^ *  a r e  e l e me n t s  of  Vs .
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The m a t r i x  P is e a s i l y  const ruc t ed  from publ i shed t ab les  of 

r a d i o l o g i c a l  data C33, w h i l e  the background vector  may be q u a n t i f i e d  by 

a s imple p r e l i m i n a r y  measurement wi thout  a sample.  I t  remains to 

d e f i n e  the d e t ec t i o n  e f f i c i e n c y  mat r i x  E, which is const ruct ed  by a 

c a l i b r a t i o n  exper iment .

The f i r s t  step is to use the system to c o l l e c t  spect ra  for  a number of 

d i f f e r e n t  i sotope c o n f i g u r a t i o n s .  I t  is not necessary for these to be 

the same as those encountered in p r a c t i c e .  However,  the emissions from 

the c a l i b r a t i o n  isotopes should occur in the same range as the intended  

samples and cont a i n  s u f f i c i e n t  v a r i e t y  to prov i de  a wel l  cond i t i oned  

emission p r o b a b i l i t y  m a t r i x .

For each spectrum,  the observed s i gna l s  are  r e l a t e d  to the source  

emissions by:

E* u = su ( 4 . 5 0 )

where the emissions may be computed from the known source a c t i v i t i e s  

by:

♦u = peu <4 - 51)

The equat ions for  i n d i v i d u a l  spect ra  can be combined into a s i n g l e  

expansion of the form:

E$ = S ( 4 . 5 2 )

where S and 0 are L X U m a t r i c e s ,  wi t h  L being the number of channels  

( i e ,  the dimension of the square m a t r i x ,  E) and U the number of 

c a l i b r a t i o n  spec t r a .

For a l a rge  number of channels i t  is inconvenient  to c o l l e c t  enough 

spect ra  to make ( 4 . 5 2 )  o v e r - d e t e r m i n e d . However,  the p r o b a b i l i t y  of 

d e t e c t i n g  a p a r t i c l e  at one point  of the s i gna l  geometry given i t s  

emission at  another  is a cont inuous f unc t i on  of these p o i n t s .

T h e r e f or e ,  the mat r i x  elements may be t r e a t ed  as samples from t h i s
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funct i on  and represented by s e r i e s  of or thogonal  po l ynomi a l s .  For 

example,  for  the energy r e s o l v i n g  system,  t h i s  takes the form:

R-1 R- 1

eiv = t I ajk Tj<Ei> V Er  ■' (4'53>
j =0 k=0

where E^ and E<j  ̂ may be taken as the energies  corresponding to the 

cent r e  of each channel ,  normal i sed to the i n t e r v a l  CO,13. The 

maximum order  and type of polynomial  are best  chosen to match a 

s p e c i f i c  a p p l i c a t i o n .  However,  for numerical  work,  the Chebyshev 

polynomials  def i ned  by:

T0 (E)  = 1, T1 ( E ) = E

Tk + 1 (E> = 2E Tk (E) -  Tk _ 1 (E)  ( 4 . 5 4 )

have severa l  opt imal  p r o p e r t i e s  C4 J .

Equat ion ( 4 . 5 3 )  may be w r i t t e n  as

E = TAT1 ( 4 . 5 5 )

where T is the ma t r i x  of polynomial  values and A is an R X R ma t r i x  of 

c o e f f i c i e n t s  where R-1 r epresent s  the highest  polynomial  o r der .  Wi th  

t h i s  decomposi t ion,  equat i on ( 4 . 5 2 )  becomes:

TA(TT$)  = S ( 4 . 5 6 )

where the unknown d e t e c t i o n  e f f i c i e n c y  m a t r i x ,  E, is reduced to the 

much smal l e r  unknown c o e f f i c i e n t  m a t r i x ,  A. This makes the 

exper iment a l  c o n s t r u c t i o n  of E a v i a b l e  p r o p o s i t i o n .

M u l t i p l y i n g  both sides of ( 4 . 5 6 )  by ( T^ T ) “ ‘ T  ̂ on the l e f t ,  g i ves:

A(TT£>) = ( T TT ) ‘ 1 TTS ( 4 . 5 7 )

which may be transposed to move the c o e f f i c i e n t  m a t r i x  to the r i g h t  of 

the ma t r i x ( T^£>)T .
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The mat r i ces  G = and F = ( ( T^T) " ^T^S)^ are both of order  R X U.

T h e r e f o r e ,  i f  the number of s pe c t r a ,  U, is g r e a t e r  than the number of 

polynomial  terms,  R, the equat ion:

GA = F ( 4 . 5 8 )

may be solved for A using the general  l i n e a r  model .  However t h i s  

s o l u t i o n  is more convenient  i f  we proceed as f o l l ows .

Let aj  and f j  denote the j t h  columns of A and F, r e s p e c t i v e l y .  Then 

( 4 . 5 8 )  may be w r i t t e n :

o  1 1 a 1 1
M i \

a 2 = f 2

6 / ' aR i Wr ] ( 4 . 5 9 )

or more s u c c i n c t l y  as:

Ga ( 4 . 6 0 )

Then we may use the e a r l i e r  procedure to de f i n e  the covar iance  m a t r i x  

of f and the equat ion can be solved using the general  l i n e a r  model as 

f ormulated in chapter  3.

Once an i n i t i a l  e s t i ma t e  for  the c o e f f i c i e n t s  has been obt a i ned ,  t h i s  

can be r e f i n e d  using p e r i o d i c  c a l i b r a t i o n  measurements throughout  the 

l i f e t i m e  of the system. In p a r t i c u l a r ,  t here  is no need for  a complete  

set of c a l i b r a t i o n  spect ra  to be def i ned  s ince the old c o e f f i c i e n t  

est i mat es  can be updated using a small  number of spect ra  t oget her  wi t h  

an es t i ma t or  of the form:

where the terms of ( 4 . 6 1 )  are  de f i ned  in an almost i d e n t i c a l  manner to 

those of ( 4 . 3 9 ) .  I t  may even be poss i b l e  to i n s t a l l  a shine through  

source in the sample co n t a i n e r  and use i t s  known a c t i v i t y  t oget her  wi t h  

the es t i mat ed  sample a c t i v i t i e s  to r e f i n e  the c o e f f i c i e n t s  o n - l i n e .
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We now r e t u r n  to the d e t a i l e d  d e f i n i t i o n  of the I n t eg r a l  Bol tzmann 

t r anspor t  equat i on .  The usual  d e r i v a t i o n ,  obta ined by c ons i der i ng  the 

balance of p a r t i c l e s  in a region of the f l u x  geometry C1 ] ,  leads to an 

i n t e g r o - d i f f e r e n t i a  I equat ion of the form:

— 3—  $ ( r , P , E , t ) ♦ P . ? 4> , ( r , P , E , t )v,(E) at > J £ 0 , ( r | t )
i = 1

j -  P, j<E>
4tt 1

0 , ( E >0 ( r , Q , E , t >  + £
j '  = 1

dP.'
4 TT

■max
dE' p,  j j . (P,  E | ft' ,E'  lilij - ( r , Q '  , E ' , t )

( 4 . 6 2 )

where v^(E)  is the speed of a p a r t i c l e  of type,  j ,  and energy,  E.

The r i g h t  hand side of t h i s  equat ion is the source term of equat ion

( 4 . 2 3 ) .  This may be p o s i t i v e  or nega t i ve  by v i r t u e  of the t o t a l  

i n t e r a c t i o n  term,  - 0  , j (E )<t> j ( r ,P,  E , t ) . This is t r a d i t i o n a l l y  included  

in the l e f t  hand side of the equat ion where i t  descr ibes the loss of 

propagat i ng  p a r t i c l e s  by i n t e r a c t i o n .  I t s  i ncor por a t i on  into the 

source has the advantage of removing the dependence of the l e f t  hand 

side upon the unknown source d e n s i t y ,  0 , ( r | t ) .  The importance of t h i s  

l i e s  in the fact  that  even w i t h  a known source d e n s i t y ,  i t  is d i f f i c u l t  

to d e f i n e  a Green' s  f unc t i on  (see equat ion 4 . 2 5 )  unless assumptions  

such as t ime independence,  homogenei ty and i s o t r o p i c  s c a t t e r i n g  are  

made -  which r a t he r  d e f ea t s  the o b j e c t i v e  of the present  e x e r c i s e .  

However,  the i nc o r p o r a t i o n  of the t o t a l  i n t e r a c t i o n  term in the source 

r equ i r es  the conceptual  block of n e ga t i ve  sources and t h e i r  e f f e c t s  

propagat i ng  through space to be overcome.  In f a c t ,  there is no reason 

why t h i s  should not be accepted i f  the arguments of sec t i on  4 . 2  are  

accepted.  Wi th the above s t i p u l a t i o n ,  equat ion ( 4 . 6 2 )  may be w r i t t e n :

— $ , ( r , P,E , t ) ♦ v • Vi}), ( r ,P,  E , t )
a t  J

V < E ) S j ( r , P , E , t ) ( 4 . 6 3 )

Where v = v^(E)P is the v e l o c i t y  of a p a r t i c l e .  This equat i on may be 

regarded as a pure p a r t i a l  d i f f e r e n t i a l  equat i on .



4 . 4  SPATIAL DEPENDENCE AND TRANSPORT THEORY 184

The c h a r a c t e r i s t i c s  of a p a r t i a l  d i f f e r e n t i a l  equat ion are the paths on 

which i t  reduces to an o r d i na r y  d i f f e r e n t i a l  equat i on .  As shown in 

f i g u r e  4 . 1 ,  the c h a r a c t e r i s t i c s  of the t ranspor t  equat ion are the 

s t r a i g h t  l i nes  def i ned  by the p o i n t ,  r ,  and d i r e c t i o n ,  Q. We wish to 

const ruct  a Green' s  f unct i on  to descr i be  the propogat ion of a p a r t i c l e  

along a c h a r a c t e r i s t i c  so as to express equat ion ( 4 . 6 3 )  in the form of 

equa t i on ( 4 . 2 4 ) .

W r i t i n g  G ( r , t )  as a shorthand n o t a t i o n  for  the Green' s  f unct i on  

G ( r , t I r ' Q , E , t ' ) ,  t h i s  f unc t i on  is a s o l u t i o n  of the equat ion:

— G( r , t ) ♦ v - V G ( r , t )  = 2v , ( E ) 6 ( r -  r ' ) 6 ( t -  t ' )  ( 4 . 6 4 )
at  J

where the D i r ac  d e l t a  f un c t i o n s ,  6 ( r - r ' ) 5 ( t  -  t ' ) ,  de f i n e  a un i t  

point  source at the p o s i t i o n  r '  and t ime t ' .  The f a c t or  2 a l l ows for  

the fact  that  a p a r t i c l e  can propagate in e i t h e r  d i r e c t i o n  along a 

charac ter  i s t i c .

Taking the F our i e r  t ransf orm of equat ion ( 4 . 6 4 )  w i t h  respect  to the 

s p a t i a l  v a r i a b l e s  g i ves :

p r* p oo

La
-G( r , t ) e ’ k * r dr + v

oo
oO d"C0

VG( r , t ) e ! k ‘ r dr

2 v , ( E ) 6 ( t - t ' )i
0

J J-co
( r -  r ' )  e 1 k ‘ r dr ( 4 . 6 6 )

which reduces to:

— X( k , t ) - i ( v* k ) X ( k , t ) = 2 v , ( E ) 6 ( t - t ' >  e , k * r '
a t  J

( 4 . 6 6 )

where X ( k , t )  is the s p a t i a l  F o u r i e r  t ransf orm of G ( r , t ) .  Then, t ak ing  

the Four i e r  t ransf orm of ( 4 . 6 6 )  w i t h  respect  to t ime g ives:

m
-oo — X(k,t) e1w*dt - i(v•k)

a t  ■

p oo

-oo X( k ,  t ) e !0)tdt

2 v , ( E )  e 1k ‘ r
oo

6 ( t -  t ' )  e lWldt (4 . 67)
-C D
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which reduces to:

i (1)4/ ( k , to) + i ( v •k) + (k,to ) = -  2 v , ( E )  e ! ( ^ ' r + *
J

where <|,(k,to) is the temporal  Four i e r  t ransform of X ( k , t ) .

( 4 . 6 8 )

We have succeeded in reducing the p a r t i a l  d i f f e r e n t i a l  equat ion ( 4 . 6 4 )  

to an a l g e b r a i c  equat ion in the complex plane ( 4 . 6 8 ) .  This can be 

rear ranged to g ive:

2 v . ( E )  Q i ( k • r ' + tot ' )
+(k, t t> = - -----1------  ^------------------------  ( 4 . 6 9 )

i to + v*k

To reconst ruc t  the Greens f unct i on  i t  is necessary to take the inverse  

s p a t i a l  and temporal  F our i e r  t ransforms of <j/(k,W). These can be 

combined to produce an express ion of the form:

G ( r , t )
2 v , ( E )

( 2 tt ) 4 i,

r> 00

-oo
i ( k * r  + tot ) - j ( k • r ♦ tot)

v k
dtodk

v , (E) ■> ' GO" 1 i0>|
8c__ ( k - ( r - r ' ) + to( t -  t ' ) )

( 2n ) 3 , “GO n i -co to + v • k
( 4 . 7 0 )

The inner i n t e g r a l ,  w i t h  respect  to to, has a simple pole on the real  

axis  at tog = - v - k .  This i n t eg r a l  can be eva l ua t ed  by complet ing the 

contour  through the complex p l a i n  at R = co as shown in f i g u r e  4 . 2 ,  than 

appl y i ng  the c a l cu l us  of r e s i d u a l s .  Since the closed contour  does not 

enclose any poles i t  can be shown [ 4 ]  that  the only c o n t r i b u t i o n  to the 

i n t e g r a l  is the Cauchy p r i n c i p a l  value of the pole on the real  a x i s .  

Hence we may w r i t e :

1 p  DO _
g ( k * ( r - r ' ) + to( t - t '  )  )

n  i "C D to tog
a 1

2tf i o
- i ( k • ( r - r ' )  + to(t- 1 ' ))

to t o,

dto

_ e-i(k-( r - r ' ) + toQ(t - t ')) ( 4 . 7 1 )



4
.4

 
S

P
A

TIA
L 

D
EPEN

D
EN

C
E 

AND 
TR

A
N

SPO
R

T 
THEO

RY
187FIG H.2 INTEGRATION CONTOUR ON THE COMPLEX PLANE



4 . 4  SPATIAL DEPENDENCE AND TRANSPORT THEORY 188

where is the f i r s t  order  r es i dua l  at t o g  and the last  step a r i s e s

from the d i r e c t  a p p l i c a t i o n  of the Cauchy i n t e g r a l  formula.

S u b s t i t u t i n g  for  t o g  in ( 4 . 7 1 )  the expression for the Greens f unct i on  

( 4 . 7 0 )  becomes:

G ( r , t )
v , ( e ) r 
(2n>3 J,

P  CD 

J  “ CD
i ( k • ( r - r * ) - v ( t - t ' ) ) dk ( 4 . 7 2 )

which is an a l t e r n a t i v e  express ion for the Di rac  d e l t a  f unc t i on :

G ( r , t  > = v , ( E ) 6 ( ( r - r ' )  -  v ( t - t ' ) )
J

( 4 . 7 3 )

In f a c t ,  for  the present  a p p l i c a t i o n  ( 4 . 7 2 )  is the more useful  

express i on.  S u b s t i t u t i n g  t h i s  i n t o  ( 4 . 2 4 )  and r e a r r a ng i ng  g i ves :

p *

( r , Q , E , t ) j ( r , Q , E , t ) ♦ v <E) d t ' exp ( - i t o n  < t - t '  ) }0

( 2tt ) dk e x p [ - i k • r j
U

d r ' e x p [ i k • r ' }  S j ( r ' , Q , E , t ' )  ( 4 . 7 4 )

Since the i n t e g r a l s  over r ' and  k represent  a forward and inverse  

Four i e r  t r ansf orm p a i r ,  equat i on ( 4 . 7 4 )  reduces to:

n t

( r , Q , E , t ) ■j ( r , Q , E ,  t ) ♦ v (E) d t ' exp ( - itog( t - t ' )} S j ( r , Q , E , t ' )

( 4 . 7 5 )

The above t r a ns f o r ma t i on  has the e f f e c t  of e v a l u a t i n g  the f l u x  at  an 

i n t e r i o r  point  of the source and t h i s  may be of great  value in the 

processing of data from nuc l ear  i ns t r ument a t i on  systems.

The Greens f unc t i on  must be r e a l ,  t h e r e f o r e  equat ion ( 4 . 7 5 )  only  makes 

sense at the d i s c r e t e  p o i n t s  in t ime.

( t -  t ' )  = = n ( 4 . 7 6 )
t o g  V

where V is i n t e r p r e t e d  as an i n t e r a c t i o n  f requency at the p o i n t ,  r.



4 . 4  SPATIAL DEPENDENCE AND TRANSPORT THEORY 189

But t h i s  impl i es :

t ' = t -  H = t _ ( 4 . 7 7 )v n
and when t n = 0

n = CVtl  ( 4 . 7 8 )

where [ ]  denotes the in t eger  par t  of the real  number,  V t .  This denotes  

the t o t a l  number of i n t e r a c t i o n s  at the p o i n t ,  r ,  in the t ime i n t e r v a l ,  

C 0 , U .  Hence,  the t ime i n t eg r a l  may be w r i t t e n  as a sum and equat ion  

( 4 . 7 5 )  becomes:

0 v , ( E )  Cyt]
<D, ( r ,Q,E, t >  = 4> . < r , Q , E , t )  ♦ —*------  [  S , ( r , Q , E , t _ )  ( 4 . 7 9 )

J J v n=1 J

Since S ^ ( r , Q , E , t )  is the number of p a r t i c l e s  produced in un i t  t ime and

V is the number of i n t e r a c t i o n s  per un i t  t ime,  the product

— S , ( r , Q , E , t )  denotes the p a r t i c l e s  produced per i n t e r a c t i o n  and the
V  j
sum is taken over a l l  of the i n t e r a c t i o n s  in the t ime i n t e r v a l ,  C 0 , t ] .

This r e s u l t  is not t o t a l l y  unexpected because of the phase r e l a t i o n s h i p  

embodied in the Di rac  d e l t a  f unc t i on  of equat ion ( 4 . 7 3 ) .  I t  impl i es  

that  the i n i t i a l  f l ux  at  the p o i n t ,  r ,  is modi f i ed  only by the s e r i e s  

of d i s c r e t e  r eac t i ons  at that  p o i n t .  This s i t u a t i o n  a r i s e s  because the 

movement of p a r t i c l e s  about the source volume is independent  of the 

source d e n s i t y  and i t  has been demonstrated that  in f ree  space the 

di vergence of the angular  f l ux  is zero.

Because the frequency V is unknown, equat ion ( 4 . 7 9 )  is best expressed  

in another  form. Consider  the change in the f l ux  over a t ime i n t e r v a l ,  

h, smal l  enough for  the p r o b a b i l i t y  of two r e a c t i o n s  occur r i ng  in that  

per iod to be n e g l e c t a b l e  and for  the p r o b a b i l i t y  of one r e a c t i o n  to be 

p r o p o r t i o n a l  to h.  Then equat i on ( 4 . 7 9 )  may be w r i t t e n :

0 0
<{> j ( r ,Q, E , t +h) - $ ( r , Q , E , t )  = 4>j ( r , Q , E ,  t +h) - $ ( r , f l , E , t )

♦ h v j ( E ) S  j ( r , Q , E , t ) ( 4 . 8 0 )
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where the f requency,  V, cance l s .  D i v i d i n g  through by h,  then t ak ing  

the l i m i t  as h tends towards zero ,  g ives:

4 - l < M r , Q , E , t >
d t J

0( r , Q, E, t )) = v , ( E) S . ( r , f t , E, t )
J j J

( 4 . 8 1 )

I n t e g r a t i n g  both sides wi t h  respect  to t and using the fact  that  

( r , Q , E , 0 )  = <{> ̂  ( r , 9,  E , 0 ) ,  we have:

$ j ( r , Q, E , t )
0
j ( r , Q , E , t )

"> t
+ d t ' v ( E ) S , ( r , Q , E , t ' )  

, ,  J j
( 4 . 8 2 )

F i n a l l y ,  expanding the source term g ives:

(J>, ( r ,Q, E , t )
0
, ( r , Q , E , t )J

M I
d t ' v , (E)  £ 0 . ( r | t ' ) . 0  J . = 1 (E)

- 0 , j ( E )0 ( r , Q , E , t ' )
J

♦ l
J' = 1

PE ■*max
dE' dft' 

JO J 4n

p , j j . ( Q , E | Q ' , E ' , E ' , t ' ) ( 4 . 8 3 )

which is the requ i r ed  i n t e g r a l  form of the t ranspor t  equat ion and 

def i nes  the mapping,  g , ,  from the source space onto the f l ux  space in 

d e t a i l .

4.5 APPLICATION TO GENERAL SYSTEMS

As wi t h  the f i x e d  geometry s o l u t i o n  the mapping g-̂  which r e l a t e s  the 

observed s i g n a l s  to the f l u x  takes the form of the inner product :

m * n umax
dt dr dE

V 0 VV , Ek ^
dQ ^ J(r , f l ,E, t )<|> ( r , f t , E , t )

1, 2,  ------  L ( 4 . 8 4 )

where each % r e p r e s e n t s  a c o m b i n a t i o n  of the p a r a m e te r s  k ,  n and m
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which d e f i n e  the signal  space.  The funct i on  tf, is independent  of the 

source d e n s i t y .

Equat ion ( 4 . 8 4 )  may be expanded using ( 4 . 8 3 )  to g i ve  the composi te  

mapp i ng:

sl \ = bl J  4

"> 1 • n
dt

-s
dr

“max
dE

"\
dQ ^  ( r , Q , E , t ) v  (E)

c 0 wV Ek 4rr

M I
d t ' £ 6 , ( r | t ' ) 

JO t = 1

-i- p. .(E) - 0. i(E)<!>1(r,ft,E,t') ♦ £
4 TT J J J • ' = 1  J 0

■max
dE' dQ'

4 TT

p, jj^fljElfl 'jE'Ji lyd^Q'jEM') (4.85)

where the background f u n c t i o n ,  b ^ j ,  is de f i ned  by:

pi• n
■> -»E P max

dt dr dE

c_ o c V . Ek J'4ndQ ( r ^ ^ n ^ n Q ^ t )

< ^ j l 0 j > I = 1 , 2,  . . . , L (4.86)

By i n t e rchangi ng  the order  of the t ime i n t e g r a l s  in equat ion ( 4 . 8 5 )  and 

f a c t o r i z i n g  out the source d e n s i t y ,  t h i s  equat ion may be w r i t t e n :

I p t
bo., + £

i = 1

dt
0 Jv

dr SSL i j < r , t ) 0 , ( r I t )

I
j + £ ^8$, i j I ® i ^i = 1

1 , 2,  . . . , L ( 4 . 8 7 )

where the f unc t i on  g ^ , j ( r , t )  is def i ned  by

P P “max >
dE dQJ Ek 4tt ^

M
ndt '<; i j ( r , Q , E , t ' ) v J(E) 7 ~  P M <E) 

4 it 1 J

- 0, : (E)(D. (r,Q,E, t) ♦ £
j '  = 1

•max
dE

4n
dQ' P i j j ' <Q,E|Q,E'  )(J)j. ( r , Q ' , E ' t ' )

( 4 . 8 8 )
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The general  procedure for  the s o l u t i o n  of equat ion ( 4 . 8 7 )  is to f i r s t  

solve equat ion ( 4 . 8 4 )  for  the f l u x ,  then s u b s t i t u t e  t h i s  s o l u t i o n  into  

equat ion ( 4 . 8 8 )  so as to d e f i n e  the f u n c t i o n ,  g. Equat ion ( 4 . 8 7 )  can 

then be solved for  the source dens i t y  using the r e s u l t s  of chapter  3.

Wi th the present  f o r m u l a t i o n ,  the above procedure r e qu i r e s  that  the 

f unc t i on  £ ^ j ( r , Q , E , t )  be def i ned  by exper iment  and that  the f unct i on  

p j j j / ( Q , E | f t ' , E ' ) be def i ned  from publ i shed t ab les  of da t a .  However,  

because of the number of v a r i a b l e s ,  both of these requi rements  present  

d i f f i c u l t  problems.  T h e r e f o r e ,  cons i der ab l e  b e n e f i t  would be obtained  

by re - f ormuI  a t i n g  the equat ions so as to reduce the gross q u a n t i t y  of 

data r equi red  to de f i n e  these f unc t i ons .

Returning to equat ion ( 4 . 8 3 ) ,  the angular  dependence is n e c e s s a r i l y  

included in t h i s  equat ion to obt a i n  the cor r ec t  s o l u t i o n  in the 

presence of source inhomogenei t ies and a n i s o t r o p i c  s c a t t e r i n g  and 

p a r t i c l e  p roduc t i on ,  but the angular  d i s t r i b u t i o n  cannot be resolved by 

any of the measurement systems we have discussed.  T her e f o r e ,  any 

simpler  method of i nc o r p o r a t i n g  the angular  dependence which 

s a t i s f a c t o r i l y  accounts for  t h i s  behaviour  would be s u i t a b l e  for  the 

present  requi rement .  I t  is i n t u i t i v e l y  apparent  that  the o pe r a t i on  of 

mapping the angular  f l u x  from one s t a t e  to the next  by the d i r e c t i o n  

dependent p a r t i c l e  y i e l d s ,  should be equ i va l en t  to the oper a t i on  of a 

tensor on a vector  r e p r e s e n t a t i o n  of the f l u x .  Fur t hermore,  i f  these  

f o rmul a t i ons  are  e q u i v a l e n t ,  then i t  should be po s s i b l e  to d e r i v e  one 

from the o t h e r .  In f a c t ,  we sha l l  show that  t h i s  is the case.

The f i r s t  step is to m u l t i p l y  equat ion ( 4 . 8 3 )  through by Q, so as to 

produce a vect or  equat ion of the form:

d t ' v . ( E )  l  0 , ( r | t ' ) —  ftp , : ( E ) 
J . _ «  1 4 tt 1 •>J 0
J PE,max

- Oj j (E)Q( | )J( r , Q , E , t ' )  ♦ l dE'ft dft' 
J4n

p, j j , ( f t ,E|f t '  ,E'  )<*>j ' ( r , f t '  ,E'  , t ' ) ( 4 . 89 )
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Next ,  we seek to rep l ace  the vector  f l u x ,  Q<j>, ( r , Q , E ,  t ) ,  by a vector
J

cur rent  de n s i t y  which i m p l i c i t l y  cont a ins  the angular  dependence of the 

p a r t i c l e s  as they propagate through a sample.  By the convent ional  

d e f i n i t i o n  C53, a cur rent  de n s i t y  has the form:

* j ( r , E , t ) Q<t>, ( r , Q , E ,  t ) dQ 
J 4n 3

(4.90)

Where q » ( r , E , t ) descr ibes the net f low r a t e  of p a r t i c l e s  across un i t  

area of a sur f ace  p e r pend i cu l a r  to the mean f low d i r e c t i o n  of the 

p a r t i c l e s .  This q u a n t i t y  is in many ways s i m i l a r  to an e l e c t r i c a l  

cur rent  d e n s i t y .  In fact  the above d e f i n i t i o n  reduces to the 

e l e c t r i c a l  case when the p a r t i c l e s  under c o n s i d e r a t i o n  are e l e c t r o n s .  

However,  i t  is u n s u i t ab l e  for  the present  requi rement  s ince the 

convent ional  cur ren t  disappears  when the f l u x  is i s o t r o p i c .  The r e f o r e ,  

we have need to modi fy the d e f i n i t i o n  to avoid t h i s  problem.

In c a r t e s i a n  coo r d i n a t e s ,  the un i t  d i r e c t i o n  vect or  is given by:

Q = i<x + jfi + kT ( 4 . 9 1  )

where <x, & and T are d i r e c t i o n  cosines and ii , j and k are  the c a r t e s i a n

un i t vectors  in the x,  y and z d i r e c t i o n s . In the spher i ca l po l a r

coordina t e system the d i r e c t i o n  cosines are given by:

(X = s i n0 C O S i p
& = s i n0 s  i n < p
r  = C O S 0 ( 4 . 9 2 )

and, a l so:

dQ = s i n9  d0d(p ( 4 . 9 3 )

where 0 is the po l a r  angle  and + the azimuth angl e .  We have expressed  

the t hree  interdependent  d i r e c t i o n  cosines in terms of two independent  

v a r i a b l e s  which,  by v i r t u e  of ( 4 . 9 2 ) ,  a u t o m a t i c a l l y  cont a i n  the 

c o n s t r a i n t  of f oot not e  3.  Wi th these d e f i n i t i o n s ,  equat ion ( 4 . 9 0 )  may
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be w r i t t e n :

P2 TT PTt
41 = IvJO

0
s i n -̂0 cos+ $ d0d+ ♦ j

2̂ TT"TT
s 1 n“ 0 s 1 n̂ i $ d0dt|>

P2 tt♦ k
JQ J 0

s in0  cos0 4> d0d+ ( 4 . 9 4 )

o r , equ 1vaIentIy: 

TT / 2 pn

-IT/2J0 s i n ^0 cos<j> 4> d0d4» - i
■3 tt / 2 f*TT

n/2J0

4 j

♦ k

■* TT TT 9
s 1 n“ 0 s 1 n«|i 4> d0d+ -  j

■2 IT

v 0  V 0 IT v

s i n **0 cos+ 4> d0d+

s i n ^0 sin^i 4> d6dq/

2 tt 'Til 2 2 n
s i n 0 cosG 4> d0d+ -  k

J q  V 0 0  V

sin© cos0 4> d0d<j/ ( 4 . 9 5 )
n/2

where equat ion ( 4 . 9 4 )  has been separated into component i n t e g r a l s  over  

the forward and backward f ac ing hemispheres cent red about each of the 

c a r t e s i a n  c o or d i na t e  a x i s .  These component i n t e g r a l s  w i l l  be denoted 

more s u c c i n t l y  by,  for  example:

+ * = <x 4> dQ ( 4 . 9 6 )
0 ^ x

where ( 4 . 9 6 )  denotes the i n t eg r a l  over the hemisphere about the 

pos i t i ve x-ax i s .

We may now to d e f i n e  the forward cur rent  dens i t y  v e c t or .

4»+ = <+x'  +y'  ( 4 . 9 7 )

as the vect or  w i t h  components given by the i n t e g r a l s  over the forward  

f ac i ng  hemispheres about each of the c o or d i na t e  axes,  together  w i t h  the 

backward cur r en t  d e n s i t y  vec t or :

*  = ^ x '  +y ' ( 4 . 9 8 )
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wi t h  components given by the i n t e g r a l s  over the backward f ac ing  

hemi s p her es .

The above procedure may be c a r r i e d  out on each term of equat i on ( 4 . 8 9 )  

to y i e l d  a set of s i x  coupled i n t e gr a l  equat ions in the components of 

the forward and backward cur r en t s  of the form:

4»x j ( r ,E,  t ) ( r , E , t )
p i !

dt'v , (E)  l  0,(rIt') JO J i = 1
16 P,j<E>

0 i j (E ^ x  j
J Eumax > p

) 4 L dE' dQ <x
J' = K 0 2lTx

dQ
4fl

p ! J j ( ( Q , E | Q ' , E ' ) ( r , 0 ' ,  E' , t ' ) . (4.99)
We now turn our a t t e n t i o n  to the angular  dependence of the induced 

source term. This par t  of the equat ion may be w r i t t e n :

+
p 0 dQ'dQ 

4 tt

I f  Q' has c a r t e s i a n  coor d i na t es  B'and T ' ,  then:

(4.  100)

■* "v p
oc' 2 p 0 dQ'dQ + IX

J 2tt J C 2 ttJ 2 ttJ v
<x' “ p 0 dQ'dQ

x  ~  2 t t x

+
■> r*

B ' 2 p 0 dQ'dQ +
% p

a

2ttx v 2Hy 2nJ -
B ' “ p 0 dQ'dQ

2 t t -

■» p
+ K T ' 2 p 0 dQ'dQ + «

- 2tt1 l 2 tt* o
T ' -  p 0 dQ'dQ (4 .  1 0 1 )

 ̂ O O
since <x 4 6 4 T' = 1 and the i n t eg r a l  ( 4 . 1 0 0 )  may be separated

into component i n t e g r a l s  over the forward and backward hemispheres.  

S i m i l a r  r e l a t i o n s h i p s  e x i s t  for  the i n t e g r a l s  mapping the angular  f l ux  

i n to the ot her  components of the forward and backward c u r r e n t s .

We may now d e f i n e  the forward t ensors ,  P 44 and P~~,  and the backward 

t ensors ,  P+~ and P- 4 , such that  each term of equat ion ( 4 . 1 0 1 ) ,  and the
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equat ions for  the other  cur ren t  components,  gives r i s e  to a component 

of one of these t ensors .  That i s ,  for  example:

■> p
<x <x' 2 p <{> dQ'dQ = P* *v. iTf* v

+ +
<x' tj) dQ' ( 4 . 1 0 2 )

where the last  step uses the d e f i n i t i o n  of the forward c u r r e n t .

Equat ion ( 4 . 1 0 2 )  must be t rue  for  a l l  angular  f l u x e s ,  4>. Fur thermore,  

the forward and backward tensors must depend only on the propagat ion  

medium and,  in p a r t i c u l a r ,  they must be independent  of the f l u x .  

The r e f o r e ,  wi thout  loss of g e n e r a l i t y ,  the f l ux  may be taken to be 

i s o t r o p i c .  But then the above equat ion reduces to:

xx 2tt4 -  x

<x'2 p dQ'dQ
2nJ

since the i s o t r o p i c  f l uxes  cancel  and:

( 4 . 1 0 3 )

«'  dQ' = it  ( 4 . 1 0 4 )
 ̂ 2t*x

Equat ion ( 4 . 1 0 3 )  may be f u r t h e r  reduced i f  the angular  i n t e r a c t i o n  

c o e f f i c i e n t s  are  w r i t t e n  as:

Pj j j / ( Q , E | Q ' , E )  = p j j j / ( E | E ' ) f , , ( Q | Q ' , E ' )  ( 4 . 1 0 5 )

where f , j j - ( Q I Q ' , E ' )  is a p r o b a b i l i t y  d ens i t y  for a p a r t i c l e ' s  f i n a l  

d i r e c t i o n  given i t s  i n i t i a l  c o n f i g u r a t i o n  and the type of i n t e r a c t i n g  

nucleus.  This decomposi t ion is always p o ss i b l e  s ince the f i n a l  energy  

and angle  of the p a r t i c l e  are  independent  v a r i a b l e s .  I n t e rchangi ng  the 

order  of i n t e g r a t i o n ,  equat i on ( 4 . 1 0 3 )  may now be w r i t t e n :

p ♦ +
xx i j  j ' (E I E' ) IT P * J J ' (E,E )

TT P l j  j  ( E , E /  >
, ? « “

J 2 TTX

« f , . ( Q I Q ' , E ' ) dQdQ'
J 2ttJ

E j i i . (<x|Q' , E ' ) dQ' (4 .  106)
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where Ejjj/(oc |ft',E ') is a conditional expectation (see section 3.4). 

However as shown in figure 4.3, this may be written as:

E j j j» (cc | Q' , E ' ) = «' E , j j. (« | ft' = i , E ' ) = «' a , j j / (E ' ) (4.107)

+
where « | j j , ( E ' )  is the cosine of the expected forward scattering or 

particle production angle. Hence:

P x x i j j ' ( E | E , ) 1 « , . . . ( £ ' )  p . : . / (E| E')Tf i J J > J J
<x'3 dft'

J 2trJ

* i i i ' *E * P|JJ.(EIE'> (4.108)

s i nee:

(4.109)

The remaining thirty five components of the four tensors are defined

similarly. In fact, all of the diagonal components of the forward+ + ++ ++ — — —
tensors, that is P xx, P yy, and P zz' and Pxx' Pyy and P zz are identical 

and are given by equation (4.107). Likewise, the diagonal components 

of the backward tensors, P +~ and P~+ are given by:

P , (E I E ' ) xx i j j 1 u
. ( E ' )

P. J J ( E | E' ) (4.110)

where «jjj,(E') is the cosine of the expected backward scattering or 

particle production angle. All other (off-d i agonaI ) components take 

identical values of the form:

p ; ; , j r <EiE-> P ^ j j . IEIE' ) B+ , (E' 
3 ’±1 P,j r (EIE') (4.111)

where Bjjj.(E') is the cosine of the expected scattering or particle 

production angle into a hemisphere about a coordinate axis orthogonal 

to the direction of particle incidence.

The formulation of equation(4.102) may be substituted into equation
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FIG 4.3 PARTICLE PRODUCTION GEOMETRY
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(4.99) and collecting together the components of the current density 

vectors gives:

« | i j ( r , E , t )  = i|» j + ( r , E , t ) ♦ v^CE)
p t !
dt ' i  Q,

 ̂0 1 = 1

J
I

■'Emax

J'=1 V. 0

4 -
♦ PMJ'

2 P 'J<E)

dE'(P,j j . (E t E') + j.<r,E',t'>

(4. 112)

for the forward current, and:

«|»j < r,E, t) ( r,E, t ) + v j (E)
pt I
dt' [ 0 , ( r I t' ) 

JO i = 1
j  p m (E)

- d,j(E)+J(r,E,t') ♦ £
j ' =1 JO

*ma x
dE' (f*j jj' <E|E' )«|»j-- (r>E' ,t ' )

♦ Pj jj'<E|E'>,|.j.<r,E ',t')) (4.113)

for the backward current. The passive source term, p (j(E), is a three 

dimensional vector with components, — p ,(E).

The above formulation has the disadvantage that both the forward and 

backward currents depend on the orientation of the coordinate system. 

This situation can be rectified by adding together equations (4.112) 

and (4.113), and using the fact that P ++ = P”  and P +” = P-+ to produce 

an equation of the form:

Xj (r,E,t) Xj(r,E, t) + vj(E)
t !
dt ' [ 0 , (rlt' )

0 i=1 P|j<E)

J PE
- 0 ,j(E)XJ(r,E,t') + l

j ' = 1 JO
■max

dE' Q,j '(E|E' ) X t ' <r,E' ,t' >j
(4.114)

where Xj(r,E,t) is known as the even parity current and is defined by:

X j ( r , E , t )  = + j ( r , E , t )  ♦ ^ ( i ^ E , ! ) ( 4 .  115)
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while Qjjj/(E|E') is the even parity tensor which is defined by

“ , , j ' <E|E'» = K l j - (Ei E' > * p! j r (E|E' ) (4.116)

Alternatively, we may subtract equation (4.113) from (4.112) to give

0 !
«l». ( r ,E , t) = q» ( r, E , t) ♦ £ v (E)

i = 1
dt‘ 9,(r 1 t' ) - a j ■ (E )tj»j ( r,E, t' )

J PE•max

j ' = 1 JO
dE' P, j j' (E I E ' ) »jiJ' ( r , E ' , t' ) (4.117)

where i|»,(r,E,t) is known as the odd parity current, which is defined

4» j ( r, E , t ) = i|ij(r,E,t) - q»j(r,E,t) (4.118)

and P j j j'(EIE') is the odd parity tensor, defined

P ( j  j ' ( E I E ' ) = p j * j ' ( E | E ' ) - p|~ j ' ( E I E ) (4.119)

The odd parity current is actually the conventional current defined by 

equation (4.90). Note that since the passive sources emit particles 

isotropically, this term is of even parity and disappears from the odd 

pari t y equa tion.

The above analysis yields two uncoupled vector equations. The even 

parity flux describes the spreading out of particles in space while the 

odd parity flux relates to the movement of the centre of mass of the 

part icIes.

The main quantity of interest is the angular independent flux:

<t>j(r,E,t) <4» , ( r , E , t ) | X . ( r , E , t ) >
j J (4. 120)

Furthermore, we have shown that this is identical to the function:

<r,E,t>
J 4rt

dQ $ (r,ft,E,t) (4. 121)
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where <J)̂ (r ,Q,E, t ) is the solution to equation (4.83). Hence, we have 

shown that both formulations of the theory produce equivalent results 

for the angular independent flux.

Having simplified the angular distribution the time and energy 

distributions can be discretized by integrating over the small regions 

corresponding to the partition of the signal space, in the same manner 

as for the fixed geometry solution. Hence equations (4.114) and 

(4.117) may be written as:

*jkn(r> jkn(r) M j k £ £ 0 !n'(r)n '= 1 i = 1
J K

4 I I Q
j ' = 1  k ' = 1

P,jk - 0  i jk *jkn-<r) 

'k'n-<r)]ij j'kk ' * j (4.122)

and

+jkn(r) *jkn<r) ‘ v jk £ I 6 in-(r> 
n ' = 1 i = 1

°i jk +jkn'(r)

J K

+ £ E P !j J'kk' +j'k'n'(r)j - = 1 k ' = 1 (4. 123)

The angular dependence of the detection efficiency may be treated in a 

similar manner to the induced reaction coefficients. That is, using 

the constraint of footnote 3 and defining component intergrals over the 

forward and backward facing hemispheres, the angular integral of 

equation (4.84) may be written:

£ dft 
4 tt

v.2 $ dQ
J 2irJ

a2 $ $ dft
J 2 TTy 
1

r2 z 4) dQ
A2tt4

<x2 (j <}> dft
. 2n-
■>

a2 <; $ da
 ̂2 TT“

r2 <; <t> dQ
vi 2 t t “

M + + -  -£ •+ 4 S • + ( 4 . 1 2 4 )
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Then allowing the flux to become isotropic, gives:

<>x <X-  <; dQ oc2 dQ
J 2nJ (4. 125)

and similarly for the other components of £ + and . The direction 

cosines may be interpreted as the cosines of the angles between the 

coordinate axis and the line joining the absorption centre of the 

detector to the point, r, and Cj is the gross detection efficiency.

Equation (4.124) may be expressed in terms of the even and odd parity 

currents using the decompositions:

»j»+ = &(X ♦ + ) and «|T = J4(X - +) (4.126)

Then, by rearranging this equation we may define the even parity 

detection efficiency:

n = £(£+ ♦ O  (4. 127)

and the odd parity detection efficiency:

C = & ( C  - O  (4.128)

so that equation (4.84) may be written:

n k
l  l

n ' = 1  k '=k
drlT^ jn'k'*r),*jn'k'(r'> + ^ijn'k' ( r ) •«!»jn' k ' ( r ))

(4.129)

Substituting the even and odd parity current terms of equations (4.122) 

and (4.123) into the above equation gives *6 :

H j bl j  4 E I
1 = 1 n ' = 1 J V

dr glljn.<r) 0jn.(r) (4. 130)

* 6  If 8  is constant in time the sum over n' may be incorporated into 
equation (4.132) and hence eliminated from equation (4.130)
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where:

n * I 0 0
b^j  - E E + ^ i j n ' k ' ^ r ^ ‘ + j n ' k ' ^ r ^

n ' = 1 k'=k J V
(4.131)

and:

K J K
Sl,jn'lr) = l v]k' 

k' =k
^Ijn'k'(r)* P.jk' +

L
E
' = 1

£ ®ijj'k,k"*i'n'k"*r* 
k" = 1 J

J K

+ ^’ijn'k'(r)' £  ̂ *,ijj'k,k“ + j'n'k''
j ' = 1 k " = 1

(4. 132)

Equation (4.132) has been tidied up by subtracting 0 ,^' from each 

diagonal term of the tensors Q , j j' and ^jjj'k'k" 5 0  as *° a^sor^

the total reaction term into the sums over j'and k " . Also the 

detection efficiencies have been redefined so that:

n
% j n ' k ' (r) = l  lijrrx'tr) (4.133)

n" =n'

and likewise for C$,jn'k'*r*‘

It remains to discretize the spatial distribution of equation (4.130). 

In section 4.1 it was established that the spatial distribution of the 

source could be represented by a probability density function. For the 

fixed geometry solution, it was convenient to assume that this function 

was common to all of the radioactive isotopes and this allowed it to be 

incorporated into the detection efficiency and defined by experimental 

calibration. In the general case, the spatial distribution must be 

explicitly included in the model. However, its shape is usually 

unknown and may not correspond to the shapes available within any 

standard family of probability distributions. Therefore, we seek a 

representation which allows non-standard shaped functions to be 

computed from the observed data.

This can be achieved by numerical quadrature. For example suppose the 

source volume is cylindrical with height 21 and diameter 2R. Then, the 

integral of a function, f(r), over this volume may be expressed in
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cylindrical polar coordinates:

>

dr f(r) =
•> IT ' z

J V 0 -z ,
■» R

f ( r , z , p ) r drdzdP 
-R

(4.134)

where r is the radial coordinate, z the height and p the azimuth angle. 

In numerical quadrature it is normal practice to transform the range of 

each variable into the interval [-1,13, using the transformations:

r ( x 1 ) = Rx 1, dr = Rdx,

Z ( x 2 > = Zx2 , dz = Zdx9

p< X3 ) = £ t t ( x 3 + 1 ) , dp = &irdx3 (4.135)

Then equation (4.134) may be written:

> 1
f ( r ( Xi ) , z ( X2>, P( X; 3) )  d x 1dx2dxgJ- 1

W V U
= E E E <HuH„Hw au > f ( r U u ),z<av ),p(aw >> (4.136)

- w = 1 v= 1 u = 1

where the a ‘s are selected points in the interval [-1,1] and the H ’s 

are weights associated with these points. If the points are chosen at 

equal intervals, we obtain the Newton-Cotes formulae of which the 

second order formula (Simpson's rule) has optimum properties. If an 

odd number of points are chosen, this will be exact when f is a 

polynomial of degree n, where n is the number of points. Better 

accuracy can be obtained if the points are chosen to coincide with the 

zeros of an nth degree orthogonal polynomial (for example one of the 

Legendre polynomials). Then a Gaussian quadrature solution will be 

obtained which is exact for a polynomial of degree 2 n - 1 , C3.

In the above example, a Gaussian quadrature solution could be obtained 

for the radial and height distributions while Simpson's rule could be 

applied to the azimuthal distribution so that the equal intervals 

coincide with the steps of a source which is discretely rotated as

ttR2Z
2
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measurements are made. This scheme is illustrated in figure 4.4 for a 

radioactive waste package and one of the measurement stations of the 

waste package assay facility described in section 2.7.

If a single index, m = 1, ..., M, is used to denote the combinations of 

u, v and w, then equation (4.136) may be written in the simpler form:

' M
dr f(r> = l  Hm fm (4.137)

cV m=1

The above formulation may be applied to equation (4.129) to obtain:

M N K

s!j ~ £ Z I ̂ m ^ l  jmnk ' ‘ * jmnk ' + ^Imnk ' ‘ + jmnk ' ̂
m= 1 n= 1 k'=k

= <n^jIXj> ♦ l+j>

which implies:

I M N

s$,j “ + I I I jmn ®imn
i = 1 m = 1 n = 1

where:

M N K o 0
^ij “ I I  I j m n k j m n k ' + ^^Lmnk ' ‘ + jmnk ' )

m = 1 n= 1 k'=k

and:

(4.138)

(4.139)

(4. 140)

+ ^Imnk'’ I I ^ijj'k'k" ^j'mnk 
j' = 1 k" = 1

This gives the required discrete form of the transformation. 

The expression for g^jjmn may be tidied up if we let:

(4.141)

K

*lj imn ~ ^m  ̂ vjk i mnk ' ‘ P i jk ') 
k ' =k

( 4 . 1 4 2 )
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FIG 4.4 QUADRATURE POINTS FOR A RADIOACTIVE WASTE PACKAGE
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and write the induced reaction terms as a bilinear form, so that:

J K K

£>9,j imn " ^9,jimn 4 ^m £ £ £ v jk'
j ' = 1  k'=k k " = 1

( 9̂, jmnk ' '^9,jmnk ' J .T k ' k"  ̂ \ / * j ' m n k “\
\  ̂ ^i j j' k ' k"/ \+j 'mnk7 <4 . 143)

To solve equation (4.139) for the source density, it is necessary to 

first form estimates for the even and odd parity currents.

Equation (4.138) is an inner product on the flux space, therefore, the 

set of L detection efficiency functions, l jmnk '*>9, jmnk ̂ ' sPan a 

subspace which is closed and convex on the flux space. Hence, there 

exists a unique element of this subspace which has minimum norm on the 

flux space and solves equation (4.138). This element is called the 

normal solution and, since it is defined on the space spanned by the 

detection efficiencies, it may be represented by a linear combination 

of these funct i ons:

!_
' * jmnk '^jmnk ' ' 9 ' ^ 1  ^ " J ' jmnk '̂>9,' jmnk ' (4.144)

It is implicit to the above argument that the measurement subspace is 

arranged so that it is sufficiently large with respect to the flux 

space so as to obtain a reasonable representation of the currents.

The may be found by substituting (4.144) into (4.138) to give:

L

H j  = E aV  J (<I19.j !TV  j> + <(̂ 9,i j'̂)

L

=  ̂ H '  j H i '  j u - 145)
9,' = 1 J

Then inver t i ng

 ̂x jmnk' + jmnk ̂

the matrix (Ti^')j to obtain a solution of the form: 

L L -1
 ̂ s9,j £ h9,9,' j ^9/ jmnk jmnk J 

9,= 1 V  = 1
( 4 .  146)
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where h ^ .  j is an element of the inverse matrix. This solution for the 

currents may be substituted into equation (4.143) to obtain an 

expression for n of the form:

L J

Sijimn ~ *ljimn + £  ̂ H'j' ' j j' iinn (4.147)
r  = 1 j '  = 1

where:

L K K

^ I V j j ' i m n  " pm £ £ £ v jk'  h W  j '
r  = 1 k'=k k'' = l

' %  jmnk ' jmnk ' ’/®i j j ' k ' k"  ̂ \ / j 'mnk“̂

\  ̂ P i j j ' k ' k’7 j' mnk“/ (4.148)

These results may be substituted into equation (4.139) and this may be 

solved for the source densities using the general linear model of 

chapter 3. The function, q, contains only factors which are constant 

for all measurements. Therefore the values of this function need be 

computed once only.

Equations (4.139), (4,142), (4.147) and (4.148) define a general 

solution which gives the complete isotopic configuration of a sample 

using the detection efficiency of the system for an empty sample 

container. It is worthwhile to explore the connection between this 

solution and the fixed geometry solution of section 4.3.

Let (p,nm) denote the source densities of a calibration sample. Then 

the configuration of an unknown sample can be denoted (P,nm 4 0 |nm) 

where (0|nm) are the differences between the samples. The equations 

for the even and odd parity currents may now be written:

* j knm

and

t
* jknm

n J
4 I £
n ' = 1 j ' = 1

K
£

k' = 1

!
v j'k ' £ ^ i n 'm ®ij j'k k ' 

i = 1
* j ' k ' n'm

(4. 149)

knm
*

^jknm
n

• En ' = 1
J K
£ £

j ' = 1  k ' =1
V k -  1 p m'm 

i = 1
P ij j'kk' +j'k'n'm

( 4 . 1 5 0 )
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where:

*Y
jknm

and :

jknm j k  ̂ E 9  
i = 1 n ' = 1

rn' m F jk
J K
E E Q

j ' = 1  k ' = 1
i j j'kk ' *j'k 'n'm j

(4.151)

*
^ j knm

0
^jknrn

n * J K

 ̂ ®in'm £ £ ^ijj'kk' ’I'j'k'n'm
n ' = 1 j ' = 1 k' = 1

( 1 . 152)

It has been assumed that none of the isotopes ( P j nm) are radioactive.

Equations (4.149) and (4.150) may be written in matrix form, as:

m X* + K XAm "mm (4.153)

and:

*
+m = +m + Jm+m (4. 154)

where we have a pair of equations for each point in space. These are 

of the same form as a Fredholm integral equation (see equation (4.30)). 

Therefore, using the contraction properties of the mapping, we can 

obtain the Neumann series:

m m ‘ W m  * (4.155)

and:

rm 'm JmJm
*

+m (4. 156)

If the series in Km and Jm have limits Gm and Fm , respectively, then 

the elements of these matrices may be combined with the detection 

efficiencies of equation (4.138) so that:

' k ' n ' r J j  j' kk ' nn 'm ®

\ ^ j j' kk ' nn 'm

* * n J K
^9, jknm'^l jknnJ - I I I  j' k ' n jn ' = 1 j ' = 1 k ' = 1

( 4 . 1 5 7 )
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Equation (4.139) may be modified to incorporate the new detection 

efficiencies, which gives:

* ! M N t

;̂ j = bl j  + E £ E
i= 1 m = 1 n= 1

inm inm (4.158)

where

M N K

) t̂j "  ̂  ̂ Hm ' n m' ^ i j k ' nm̂
m= 1 n = 1 k ' =k

ft i <*jk nm
0

+ j k 'nm,

(4.159)

*
%%ji nm

* J K K

9,jinm + ^m  ̂  ̂  ̂ v j k '
j'=1 k'=k k"=1

t *
jk ' nm'^9,jk ' nm^ i j j ' k 'k "

0 P
* j'k"nnv

i j j' k ' k "/ \ 'l' j' k “ nm/ (4,160)

and

t ^ t

^Ijinm “ *"*m  ̂ v jk' ^^jk'nm ‘ Pijk'*
k ' =k

(4. 161)

Note that equation (4.160) contains the current vector (X,q») which 

relates to the particles created by interactions with all of the 

nuclides within a sample, rather than (X*,«|»*) which relates only to the 

isotope set (8 *). This result is not surprising since it follows from 

the basic postulate of section 4.4 which allowed us to obtain a linear 

general solution. However, with the present method of solution the 

current vector must be estimated by solving equation (4.138) rather 

than the corresponding equation involving q* and . This results in a 

formulation with the current vector given by equation (1.145) and this 

being related to the observed signals by the set of equations (1.158) 

to (1.161). Hence, the formulation includes both types of detection 

efficiency, which must be quantified by calculation or experiment.

This limitation may only be considered worthwhile in practice if the 

change in the isotope set from (8 ) to ( 8  > offers a large reduction in 

the number of isotopes which need be considered (which will most often 

be the case). Alternatively, more elegant formulations involving only 

one detection efficiency may be obtained by implementing the general
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solution within the Bayesian framework so as to ensure stability *7, 

or by seeking another method of solution to the set of equations, 

(1.158) to (1.161), although it is not guaranteed that such a solution 

wouId be I i near.

The above argument aside, the present formulation is of both practical 

and theoretical interest since, letting % denote a combination of the 

indices x, j, k, n, and m, equations (4.158) to (4.161) may be written 

in matrix form as:

s = b* ♦ E* [P ♦ Qf] 0* (4.162)

where E is a detector efficiency matrix, P i s a  passive emission 

coefficient matrix, Q a matrix of induced reaction coefficients and ¥ 

is a matrix representation of the composite current densities which is 

arranged to give the correct row dimension to the combined reaction 

coefficient matrix. Then, since equation (4.146) may be written:

¥ = EH"1S (4.163)

so that (4.162) becomes:

s = b* + E*[P ♦ QEH‘1s]e* (4.164)

where S is a matrix of signals arranged in the same manner as ¥, this 

system of equations may be solved using the general linear model as 

formulated in section 3.5.

It can be seen by comparison with equation (4.37), that the general 

solution may be regarded as a perturbation about the fixed geometry 

solution, where the fixed geometry solution is obtained by assumming 

the secondary reactions with the sample itself can be neglected.

The above result also implies that the detection efficiency matrix for 

the general solution can be defined in a similar manner to the fixed

* 7  A l tho u g h  not e  e q u a t i o n  ( 4 . 1 3 3 ) .
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geometry matrix, which was considered in section 4.3. However, in the 

general case, it is essential to consider the spatial distribution of 

the source along with the other measurement dependences. This may lead 

to large matrix which must be constructed piece by piece with each 

dependence of the measurement defined by a separate experiment.

Using the decomposition of the source density into its magnitude and 

distribution (see section 4.1), we may write:

i nm 0 ; „ fi nm (4 . 165)

where for a measurement of the primary activity, the 0 jp may be 

regarded as inference parameters while the fjnm are bias parameters. 

Since 0jn and fjnm are combined as a product, they must be estimated 

together. However once numerical values have been obtained, the bias 

parameters may be eliminated by numerical quadrature to produce a 

solution of the form:

M
®in = £ Hm ®imn <4.166)

m= 1

where the weights and abscissa values are the same as used above.
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CHAPTER 5

COHCLUSI ON

Two g e n e r a l  r e q u i r e m e n t s  t o r  a n u c l e a r  p r o c e s s  i n s t r u m e n t a t i o n  s y s t e m  

h a v e  b e e n  e s t a b l i s h e d .  T h e s e  a r e  f i r s t l y  t o  m a k e  d e c i s i o n s  c o n c e r n i n g  

t h e  a c t i v i t y  a n d  c o m p o s i t i o n  o f  t h e  r a d i o a c t i v e  m a t e r i a l  o u t p u t  f r o m  

t h e  p r o c e s s  a n d  s e c o n d l y  t o  f o r m  a n  i n v e n t o r y  o f  t h e  s e q u e n c e  o f  

p r o c e s s  s t a t e s  t a k e n .  T h e s e  r e q u i r e m e n t s  i n t r o d u c e  t wo  f u r t h e r  

p r o b l e m s  w h i c h  a r e  t o  d e s i g n  a d a t a  c o l l e c t i o n  s y s t e m  s o  a s  t o  o b t a i n  

s u f f i c i e n t  i n f o r m a t i o n  c o n c e r n i n g  t h e  s o u r c e  t o  e n a b l e  t h e  r e l i a b l e  

i n t e r p r e t a t i o n  o f  t h e  m e a s u r e m e n t s ,  a n d  t h e n  t o  d e s i g n  a d a t a  

p r o c e s s i n g  s y s t e m  c a p a b l e  o f  r e c o g n i z i n g  t h e  r e q u i r e d  s o u r c e  f e a t u r e s  

f r o m  t h e  o b s e r v e d  d a t a .

T h e  d e s i g n  o f  t h e  d a t a  c o l l e c t i o n  s y s t e m  a m o u n t s  t o  t h e  d e f i n i t i o n  o f  a 

s p e c i f i c  c a s e  o f  a g e n e r a l  s i g n a l  s p a c e  w i t h  t h e  d i m e n s i o n s  o f  s p a c e ,  

t i m e  a n d  e n e r g y  o r  m u l t i p l e s  o f  t h e s e .  T h e n  t o  c o n f i g u r e  t h e  r a d i a t i o n  

d e t e c t o r s  a n d  s y s t e m  e l e c t r o n i c s ,  w h i c h  c o u l d  b e  c h o o s e n  f r o m  a 

c o l l e c t i o n  o f  s t a n d a r d  s y s t e m  m o d u l e s ,  s o  a s  t o  c o n s t r u c t  t h i s  s p a c e  i n  

r e a l i t y .  To  t h i s  e n d  a n  e x a m i n a t i o n  o f  t h e  s t a n d a r d  r a d i a t i o n  

d e t e c t o r s  t o g e t h e r  w i t h  a n u m b e r  o f  e l e c t r o n i c  d a t a  c o l l e c t i o n  c i r c u i t s
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h a s  b e e n  u n d e r t a k e n .  I n  p a r t i c u l a r ,  t h r e e  new c i r c u i t s  a r e  p r e s e n t e d  

w h i c h  p e r f o r m  t h e  f u n c t i o n s  o f  a d a p t i v e ,  r e a l  t i m e  s p e c t r u m  

s t a b i l i s a t i o n ,  d a t a  r e d u c t i o n  u s i n g  a d i g i t a l  f i l t e r  a n d  e n h a n c e d  

c o i n c i d e n c e  c o u n t i n g  u s i n g  a c i r c u i t  w h i c h  g i v e s  a n  i n c r e a s e d  

r e s o l u t i o n  o v e r  e x i s t i n g  c i r c u i t s  a n d  a d i r e c t  e s t i m a t e  o f  t h e  P o i s s o n  

d i s t r i b u t e d ,  “ a c c i d e n t a l "  c o i n c i d e n c e  r a t e .  I t  h a s  b e e n  p r o p o s e d  t h a t  

t h e s e ,  t o g e t h e r  w i t h  o t h e r  a l r e a d y  e s t a b l i s h e d  c i r c u i t s ,  a r e  c o m b i n e d  

i n t o  t h e  c o l l e c t i o n  o f  s t a n d a r d  m o d u l e s  f r o m  w h i c h  t h e  m a j o r i t y  o f  

n u c l e a r o n i c  d a t a  c o l l e c t i o n  s y s t e m s  c a n  be  c o n f i g u r e d .

Two c o n c e p t s  f o r  t h e  i n t e r p r e t a t i o n  o f  n u c l e a r  p r o c e s s  m e a s u r e m e n t s  

h a v e  b e e n  e x a m i n e d .  T h e  f i r s t ,  c a l l e d  t h e  “ n a i v e "  c o n c e p t ,  h a s  b e e n  

r e j e c t e d  b e c a u s e  i t  r e q u i r e d  t h e  i n t r o d u c t i o n  o f  a s s u m p t i o n s  w h i c h  

c o u l d  c o m p r o m i s e  t h e  r e l i a b i l i t y  o f  t h e  m e a s u r e m e n t s  a n d  p r e v e n t e d  a n  

o p t i m u m  r e s o l u t i o n  b e i n g  a c h i e v e d .  T h e  s e c o n d  c o n c e p t  c a l l e d  t h e  

" a x i o m a t i c "  c o n c e p t  a v o i d s  t h e s e  p r o b l e m s  a n d  p r o v i d e s  a m o r e  r i g o r o u s ,  

a n a l y t i c  a p p r o a c h  t o  t h e  d a t a  p r o c e s s i n g .

T h e  a x i o m a t i c  c o n c e p t  i s  b a s e d  o n  B a y e s i a n  S t a t i s t i c s  w h e r e  a p r i o r i  

i n f o r m a t i o n  c o n c e r n i n g  t h e  a c t i v i t y  a n d  i s o t o p i c  c o m p o s i t i o n  o f  t h e  

n u c l e a r  p r o c e s s  o u t p u t s ,  t o g e t h e r  w i t h  i n f o r m a t i o n  c o n c e r n i n g  o t h e r  

f a c t o r s  w h i c h  a f f e c t  a m e a s u r e m e n t  s u c h  a s  t h e  s p a t i a l  d i s t r i b u t i o n  o f  

r a d i o n u c l i d e s  w i t h i n  a s a m p l e ,  i s  c o n t a i n e d  i n  a p r i o r  p r o b a b i l i t y  

d e n s i t y  f u n c t i o n .  T h i s  c a n  b e  u s e d  t o  r e s t r i c t  t h e  r a n g e  o f  v a l u e s  

w h i c h  c a n  b e  t a k e n  b y  e s t i m a t e s  o f  t h e  a c t i v i t y  a n d  c o m p o s t i o n  o f  t h e  

p r o c e s s  o u t p u t s ,  t o  t h o s e  v a l u e s  w h i c h  a r e  c o n s i s t e n t  w i t h  t h e  

" p h y s i c s "  o f  t h e  p r o c e s s e s .  F u r t h e r m o r e ,  t h e  m e t h o d  a l l o w s  d a t a  f r o m  

s e v e r a l  d i f f e r e n t  m e a s u r e m e n t s  t o  b e  c o m b i n e d  s o  a s  t o  p r o d u c e  a 

s i m u l t a n e o u s  e s t i m a t e  w h i c h  i s  c o n s i s t e n t  w i t h  a l l  o f  t h e  m e a s u r e m e n t  

d a t a  a n d  m a k e s  f u l l  u s e  o f  t h e  e x t r a  i n f o r m a t i o n  a v a i l a b l e  f r o m  

c o r r e l a t i o n s  b e t w e e n  d i f f e r e n t  m e a s u r e m e n t s  on  t h e  s a m e  p r o c e s s .

H e n c e ,  l e a d i n g  t o  o p t i m u m  m e a s u r e m e n t  r e s o l u t i o n .

T h e  m a j o r  c r i t i c i s m  o f  t h e  B a y e s i a n  a p p r o a c h  i s  t h a t  t h e  d e f i n i t o n  o f  

t h e  p r i o r  d e n s i t y  f u n c t i o n  i s  s u b j e c t i v e  i n  t h e  s e n c e  t h a t  t h i s  m u s t  b e  

f o r m e d  u s i n g  l i m i t e d  i n f o r m a t i o n  a n d  may  n o t  a c c u r a t e l y  r e p r e s e n t  t h e  

t r u e  d i s t r i b u t i o n  o f  t h e  n u c l e a r  p r o c e s s  o u t p u t s .  I n  a n  a t t e m p t  t o
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The  f i r s t  s t e p  i s  t o  s h o w  t h a t  t h e  p r o p o s e d  t e c h n i q u e  i s  t h e o r e t i c a l l y  

p o s s i b l e  a n d  t o  t h i s  e n d  a s t a t i s t i c a l  a n a l y s i s  h a s  b e e n  u n d e r t a k e n .

I t  w a s  f o u n d  t h a t  t h e  s e q u e n c e  o f  n u c l e a r  p r o c e s s  o u t p u t s  c a n  be  

m o d e l l e d  b y  a d i s c r e t e  t i m e  M a r k o v  r a n d o m  p r o c e s s  a n d  t h a t  a n  e s t i m a t o r  

c a n  b e  c o n s t r u c t e d  w h i c h  i s  g u a r a n t e e d  t o  c o n v e r g e  t o  a u n i q u e  

s t a t i o n a r y  d i s t r i b u t i o n  o f  t h e  p r o c e s s  f r o m  w h i c h  t h e  p r i o r  d e n s i t y  

c a n  b e  d e f i n e d .  T h i s  r e s u l t  may  b e  a p p l i e d  t o  a n y  n u c l e a r  p r o c e s s ,  

e v e n  i f  i t s  o u t p u t s  c h a n g e  c o n t i n u a l l y  i n  t i m e ,  s i n c e  t h e  m e a s u r e m e n t s  

a r e  a l w a y s  m a d e  o v e r  f i n i t e  p e r i o d s  a n d  i n  t h e  c a s e  o f  a c o n t i n u o u s  

t i m e  p r o c e s s  we may  c o n s i d e r  t h e  c o m m u t a t i v e  a c t i v i t i e s  o u t p u t  o v e r  

e a c h  m e a s u r e m e n t  p e r i o d .  T h e r e f o r e ,  f o r  t h e  p r e s e n t  a p p l i c a t i o n ,  i t  i s  

p o s s i b l e  t o  f o r m u l a t e  a n  o b j e c t i v e  m e t h o d  f o r  d e f i n i n g  t h e  p r i o r  

d e n s i t y  w h i c h  o v e r c o m e s  t h e  m a i n  c r i t i c i s m  o f  t h e  a p p r o a c h .

T h i s  w o r k s  ( i n  t h e  p r e s e n t  s i t u a t i o n )  b e c a u s e  t h e  m e t h o d  o f  d e f i n i n g  

t h e  p r i o r  d e n i s t y  i s  r o o t e d  tn c l a s s i c a l  s a m p l i n g  t h e o r y .  T h e r e f o r e ,  

t h e  m e a s u r e m e n t  i n t e r p r e t a t i o n  m e t h o d  may  b e  c o n s i d e r e d  a s  an  e s t i m a t o r  

f o r  t h e  a c t i v i t i e s  a n d  c o m p o s i t i o n  o f  a s a m p l e  w h i c h  u s e s  a p p r o p r i a t e l y  

w e i g h t e d  i n f o r m a t i o n  f r o m  a l l  o f  t h e  s a m p l e s  p r e v i o u s l y  e n c o u n t e r e d  b y  

t h e  s y s t e m .  T h e  n e t  r e s u l t  i s  a n  i n t e r p r e t a t i o n  a l g o r i t h m  w h i c h  i s  

l o c a l l y  B a y e s i a n  a n d  w h i c h  p o s s e s s e s  t h e  p o w e r  o f  a B a y e s i a n  m e t h o d ,  

b u t  g l o b a l l y  c l a s s i c a l  a n d  p o s s e s s e s  t h e  o b j e c t i v i t y  o f  a c l a s s i c a l  

m e t h o d .  H e n c e ,  a c h i e v i n g  t h e  b e s t  o f  b o t h  a p p r o a c h e s .

F o r  t h e  p r a c t i c a l  d e f i n i t o n  o f  t h e  p r i o r  d e n s i t y  i t  i s  c o n v e n i e n t  t o  

u s e  a B a y e s i a n  f a m i l y  o f  d i s t r i b u t i o n s  a l t h o u g h  t h i s  r e s t r i c t s  t h e  

n u m b e r  o f  s h a p e s  w h i c h  c a n  b e  g e n e r a t e d .  H o w e v e r ,  f o r  m a n y  

a p p l i c a t i o n s ,  a m u l t i v a r i a t e  n o r m a l  p r i o r  d e n s i t y  may  b e  a r e a s o n a b l e  

a p p r o x i m a t i o n  t o  t h e  t r u e  s h a p e  o f  t h e  d i s t r i b u t i o n  a n d  t h e  a l g e b r a c  

c o n v e n i e n c e  o f  t h i s  p a r t i c u l a r  d i s t r i b u t i o n  f a m i l y  h a s  t o  b e  e x a m i n e d .  

F u r t h e r m o r e ,  i t  w a s  s h o w n  t h a t  t h e  a n a l y s i s  c o u l d  b e  e x t e n d e d  t o  

i n c o r p o r a t e  t h e  c a s e  o f  m a n y  d i f f e r e n t  s a m p l e  t y p e s  b e i n g  e n c o u n t e r e d  

b y  t h e  m e a s u r e m e n t  s y s t e m  w h e r e b y  e a c h  s a m p l e  t y p e  i s  d e s c r i b e d  b y  a

o v e r c o m e  t h i s  p r o b l e m  i t  w a s  p r o p o s e d  t h a t  t h e  p r i o r  d e n s i t y  c o u l d  b e

r e f i n e d  u s i n g  t h e  m e a s u r e m e n t  i n f o r m a t i o n  f r o m  t h e  s a m p l e s  w h i c h  h a v e

b e e n  p r e v i o u s l y  o u t p u t  f r o m  t h e  n u c l e a r  p r o c e s s .
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m u l t i v a r i a t e  n o r m a l  d i s t r i b u t i o n  a n d  t h e s e  a r e  c o m b i n e d  t o  c o n s t r u c t  

t h e  p r i o r  d e n s  i t y .

I t  h a s  b e e n  s h o w n  t h a t  g i v e n  a m a p p i n g ,  g ,  f r o m  t h e  p a r a m e t e r s  w h i c h  

d e s c r i b e  t h e  s a m p l e  c o n f i g u r a t i o n  t o  t h e  o b s e r v e d  s i g n a l s  a n d  a 

c o n d i t i o n a l  d e n s i t y  f u n c t i o n  f o r  t h e  s i g n a l s ,  B a y e s  T h e o r e m  p r o v i d e s  a 

m e t h o d  f o r  s w i t c h i n g  t o  t h e  s p a c e  on  w h i c h  t h e  p a r a m e t e r s  a r e  d e f i n e d  

w h i c h  a u t o m a t i c a l l y  i n v e r t s  g t o  c o n s t r u c t  a m a p p i n g ,  + ,  f r o m  t h e  

o b s e r v e d  s i g n a l s  t o  t h e  s o u r c e .  T h i s  o b s e r v a t i o n  p r o v i d e s  a c o n n e c t i o n  

b e t w e e n  t h e  s t a t i s t i c a l  t h e o r y  o f  m e a s u r e m e n t  a n d  t h e  d e t e r m i n i s t i c  

m o d e l s  o f  t h e o r e t i c a l  p h y s i c s ,  w h i c h  may  b e  i n t e r p r e t e d  a s  

r e l a t i o n s h i p s  o n  t h e  s a m p l e  s p a c e  o f  t h e  M a r k o v  p r o c e s s .  M o r e o v e r ,  

t h i s  g i v e s  a s t r u c t u r e  t o  t h e  s a m p l e  s p a c e  w h i c h  c a n  b e  u s e d  t o  

c o n s t r u c t  a s y s t e m  o f  c o n s t r a i n t s  o n  t h e  v a l u e s  w h i c h  a r e  t a k e n  b y  

e s t i m a t e s  o f  t h e  n u c l e a r  p r o c e s s  c o n f i g u r a t i o n .  F o r  t h e  p r e s e n t  

a p p l i c a t i o n ,  t h e  p r a c t i c a l  v a l u e  o f  t h e  o b s e r v a t i o n  l i e s  i n  t h e  f a c t  

t h a t  t h e  m a p p i n g  i s  v e r y  d i f f i c u l t  t o  d e f i n e  d i r e c t l y ,  w h e r e a s  t h e  

f u n c t i o n  g c a n  b e  c o n s t r u c t e d  b y  u s i n g  t r a n s p o r t  t h e o r y  t o  p r e d i c t  t h e  

r a d i a t i o n  f l u x  w i t h i n  a d e t e c t o r  f o r  a g i v e n  s o u r c e  c o n f i g u r a t i o n  a n d  

c o m b i n i n g  t h i s  m a p p i n g  w i t h  a n  e x p e r i m e n t a l  d e t e c t i o n  e f f i c i e n c y .

F o r m a l l y ,  t h e  d e t e r m i n i s t i c  m o d e l  w h i c h  r e l a t e s  t h e  i s o t o p e  a c t i v i t i e s  

w i t h i n  a s a m p l e  t o  t h e  o b s e r v e d  s i g n a l s  i n v o l v e d  t h e  d e f i n i t i o n  o f  two  

f u r t h e r  m a t h e m a t i c a l  s p a c e s  c a l l e d  t h e  s o u r c e  s p a c e  a n d  t h e  f l u x  s p a c e .  

T h e  r e q u i r e d  t r a n s f o r m a t i o n  i s  t h e n  d e f i n e d  a s  a c o m p o s i t e  m a p p i n g  

f r o m  t h e  s o u r c e  s p a c e  o n t o  t h e  f l u x  s p a c e  t h e n  f r o m  t h e  f l u x  s p a c e  o n t o  

t h e  s i g n a l  s p a c e .

T h e  f i r s t  m a p p i n g  ( d e s i g n a t e d  g ^ )  i s  c o n s t r u c t e d  b y  u s i n g  t h e  

p r o p e r t i e s  o f  t h e  n u c l e a r  r e a c t i o n s  w i t h i n  a s a m p l e  t o  d e f i n e  a 

g e n e r a l i s e d  s o u r c e  t e r m ,  t h e n  i n c o r p o r a t i n g  t h i s  i n t o  t h e  

i n t e g r o - d i f f e r e n t i a  I f o r m  o f  t h e  B o l t z m a n n  t r a n s p o r t  e q u a t i o n  t o  d e f i n e  

t h e  m o v e m e n t  o f  g a m m a - r a y s  a n d  n e u t r o n s  a b o u t  t h e  f l u x  s p a c e .  T h i s  

r e q u i r e s  t h e  i n t r o d u c t i o n  o f  a s e t  o f  " b i a s "  p a r a m e t e r s  t o  d e s c r i b e  t h e  

a n g u l a r  f l u x  d e n s i t y  w i t h i n  t h e  s a m p l e .  T h e s e  p a r a m e t e r s  a r e  

e l i m i n a t e d  b y  t r a n s f o r m i n g  t h e  g e n e r a l  B o l t z m a n n  e q u a t i o n  i n t o  a p u r e  

i n t e g r a l  e q u a t i o n  u s i n g  F o u r i e r  t r a n s f o r m  t e c h n i q u e s .  T h e n ,  e x p r e s s i n g
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t h e  s e c o n d  m a p p i n g  ( d e s i g n a t e d  g 2 > a s  an  i n n e r  p r o d u c t  on  t h e  f l u x  

s p a c e  o f  t h e  a n g u l a r  f l u x  w i t h  t h e  d e t e c t i o n  e f f i c i e n c y  f u n c t i o n ,  t h i s  

m a p p i n g  i s  i n v e r t e d  a n d  u s e d  t o  e l i m i n a t e  t h e  a n g u l a r  f l u x  f r o m  t h e  

i n t e g r a l  B o l t z m a n n  e q u a t i o n .

A s u r p r i s i n g  c o n s e q u e n c e  o f  t h e  t r a n s f o r m a t i o n  o f  t h e  B o l t z m a n n  

e q u a t i o n  t o  i t s  i n t e g r a l  f o r m  i s  t h a t  t h e  i n t e g r a l  o v e r  t h e  s p a t i a l  

v a r i a b l e s  d i s a p p e a r s .  T h i s  i s  a r e s u l t  o f  t h e  f a c t  t h a t  t h e  t i m e ,  

a n g u l a r  a n d  e n e r g y  v a r i a b l e s  a r e  s u f f i c i e n t  t o  d e f i n e  t h e  s p a t i a l  

d i s t r i b u t i o n  o f  t h e  a n g u l a r  f l u x  a n d  we a r e  l e f t  w i t h  a g e n e r a l  

i n t e g r a l  e q u a t i o n  i n  t h e s e  p h a s e  v a r i a b l e s ,  w h i c h  i s  l i n e a r  w i t h  

r e s p e c t  t o  b o t h  t h e  i s o t o p e  a c t v i t i e s  a n d  t h e  a n g u l a r  f l u x .  T h i s  

r e s u l t  may  o n l y  b e  d e r i v e d  f r o m  t h e  g e n e r a l  t i m e  d e p e n d e n t  f o r m  o f  t h e  

i n t e g r o - d i f f e r e n t i a  I e q u a t i o n  a n d ,  i n  p a r t i c u l a r ,  i t  c a n n o t  b e  d e r i v e d  

w h e n  t h e  s i m p l e r  a n d  m o r e  w i d e l y  u s e d  s t e a d y - s t a t e  e q u a t i o n  i s  t a k e n  

a s  t h e  s t a r t i n g  p o i n t  f o r  t h e  a n a l y s i s .

F u r t h e r m o r e ,  t h e  a b o v e  f o r m u l a t i o n  a r i s e s  o n l y  w h e n  a l l  o f  t h e  n u c l e a r  

r e a c t i o n  e f f e c t s  ( i n c l u d i n g  a b s o r p t i o n )  a r e  i n c o r p o r a t e d  i n t o  t h e  

s o u r c e  t e r m .  H o w e v e r ,  s i n c e  t h e  o n l y  c o n n e c t i o n  b e t w e e n  t h e  a n g u l a r  

f l u x  a n d  t h e  s a m p l e  i s  b y  t h e  n u c l e a r  r e a c t i o n s ,  t h e  m a p p i n g  g 2  i s  

e f f e c t i v e l y  i n d e p e n d e n t  o f  t h e  s a m p l e .  A s i d e  e f f e c t  o f  t h i s  i s  t h a t  a 

d e t e c t i o n  e f f i c i e n c y  r e l a t i n g  t o  a c a l i b r a t i o n  s a m p l e ,  w h i c h  may  

c o n s i d e r a b l y  r e d u c e  t h e  n u m b e r  o f  i s o t o p e s  w h i c h  n e e d  t o  b e  c o n s i d e r e d ,  

i s  d i f f e r e n t  f r o m  t h e  d e t e c t i o n  e f f i c i e n c y  u s e d  t o  e l i m i n a t e  t h e  

f l u x e s ,  w h i c h  e m b o d i e s  o n l y  g e o m e t r i c a l  p r o p e r t i e s  a n d  r e l a t e s  t o  an  

e m p t y  s a m p l e  c o n t a i n e r .  T h e r e f o r e ,  i n t r o d u c i n g  two  d e t e c t i o n  

e f f i c i e n c y  f u n c t i o n s  t o  b e  d e f i n e d  b y  e x p e r i m e n t  o r  c a l c u l a t i o n .  T h e s e  

a r i s e  b e c a u s e  t h e  d e t e c t i o n  e f f i c i e n c y  f o r  t h e  c a l i b r a t i o n  s a m p l e  m a p s  

t h e  p a r t i c l e  p r o d u c t i o n  r a t e  o n t o  t h e  o b s e r v e d  s i g n a l s  w h i l e  t h e  s e c o n d  

d e t e c t i o n  e f f i c i e n c y  m a p s  t h e  f l u x  w h i c h  i n d u c e s  t h e s e  r e a c t i o n s  o n t o  

t h e  s i g n a l s .  I n  p r a c t i c e  t h i s  i s  n o t  e x p e c t e d  t o  p r e s e n t  a s e r i o u s  

p r o b l e m  s i n c e  b o t h  d e t e c t i o n  e f f i c i e n c i e s  a r e  r e p r e s e n t e d  b y  s e r i e s  o f  

f u n c t i o n s  s u c h  a s  o r t h o g o n a l  p o l y n o m i a l s  a n d  t h e  d i f f e r e n c e s  b e t w e e n  

t h e  d e t e c t i o n  e f f i c i e n c i e s  c a n  b e  i n c o r p o r t e d  i n t o  t h e  c o e f f i c i e n t  o f  

t h e s e  f u n c t i o n s .  I n  f a c t ,  t h e  r o l e  o f  t h e  d e t e c t i o n  e f f i c i e n c i e s  s e e m s  

t o  b e  a n a l o g o u s  t o  t h a t  o f  t h e  c o n t r a v a r i e n t  a n d  c o v a r i e n t  v e c t o r s
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w i t h i n  t h e  t h e o r y  o f  d i f f e r e n t i a l  m a n i f o l d s .  I t  may  t h e r e f o r e  b e  

p o s s i b l e  t o  d e v e l o p  t h i s  c o r r e s p o n d e n c e  a t  l e a s t  t o  y i e l d  a d e e p e r  

i n s i g h t  i n t o  t h e  c o n s t r u c t i o n  o f  t h e  d e t e r m i n i s t i c  m o d e l ,  b u t  a l s o  a 

p r a c t i c a l  m e t h o d  f o r  d e f i n i n g  t h e  d e t e c t i o n  e f f i c i e n c i e s  f r o m  a common  

b a s i s .

T h e  m o t i v a t i o n  b e h i n d  b a s i n g  t h e  m o d e l  on  t r a n s p o r t  t h e o r y ,  w h i c h  l e a d s  

t o  a n  e q u a t i o n  i n  t h e  a n g u l a r  f l u x ,  r a t h e r  t h a n  d i f f u s i o n  t h e o r y  w h i c h  

l e a d s  t o  a n  e q u a t i o n  i n  t h e  s c a l e r  ( a n g u l a r  i n d e p e n d e n t )  f l u x ,  i s  t h a t  

t h e  d i f f u s i o n  e q u a t i o n  i s  n o n - l i n e a r  i n  t h e  s o u r c e  d e n s i t y .

F u r t h e r m o r e ,  t h e  d i f f u s i o n  k e r n e l  i n c o r p o r a t e s  b o t h  a b s o r p t i o n  a n d  

s c a t t e r i n g  a n d  r e p r e s e n t s  t h e  p r o p a g a t i o n  o f  p a r t i c l e s  a s  t h e  l i m i t  o f  

a r a n d o m  w a l k ,  a s  t h e  s t e p  l e n g t h  t e n d s  t o w a r d s  z e r o ,  on  a f i v e  

d i m e n s i o n a l  p h a s e  s p a c e  w i t h  c o m p o n e n t s  s p a c e ,  e n e r g y  a n d  t i m e .  

T h e r e f o r e ,  t h e  t h e o r y  i s  o n l y  a p p l i e d  e a s i l y  t o  t h e  c a s e  o f  a 

h o m o g e n e o u s  s a m p l e ,  s i n c e ,  o t h e r w i s e ,  i n t e g r a l s  o v e r  a l l  o f  t h e s e  

s a m p l e  p a t h s  m u s t  b e  c o m p u t e d  f o r  e a c h  d e t e c t e d  p a r t i c l e .  On t h e  o t h e r  

h a n d  t h e  t r a n s p o r t  k e r n a l  r e p r e s e n t s  o n l y  p a r t i c l e s  m o v i n g  i n  s t r a i g h t  

l i n e s ,  a n d  i f  t h e  a b s o r p t i o n  ( e . g .  t h e  t o t a l  i n t e r a c t i o n  t e r m )  i s  

i n c o r p o r a t e d  i n t o  t h e  s o u r c e  r a t h e r  t h a n  t h e  k e r n a l ,  t h i s  t a k e s  a 

p a r t i c u l a r l y  s i m p l e  f o r m  w h i c h  c a n  b e  a p p l i e d  t o  a g e n e r a l  n u c l e a r  

p r o c e s s .  H o w e v e r ,  t h e  c o s t  o f  t h i s  a p p r o a c h  i s  t h a t  t h e  s e v e n  

d i m e n s i o n a l  a n g u l a r  f l u x  m u s t  n o w  b e  c o n s i d e r e d .

W i t h i n  t h e  u s u a l  d e r i v a t i o n  o f  t h e  d i f f u s i o n  e q u a t i o n  a s i m p l i f y i n g  

a s s u m p t i o n  k n o w n  a s  F i c k ' s  L a w  i s  m a d e .  T h i s  r e d u c e s  t h e  r e s u l t  t o  an  

a p p r o x i m a t e  e q u a t i o n  w h i c h ,  i n  p a r t i c u l a r ,  b r e a k s  d o w n  n e a r  i n t e r m e d i u m  

b o u n d a r i e s .  I f  t h i s  d e r i v a t i o n  i s  c a r r i e d  o u t  f r o m  f i r s t  p r i n c i p l e s  

( e . g .  f r o m  a d i f f u s i o n  p r o c e s s )  t h e n  F i c k ' s  L a w  i s  u n n e c e s s a r y  a n d  t h e  

r e s u l t i n g  e q u a t i o n  w i l l  h a v e  a common  s o l u t i o n  w i t h  t h e  B o l t z m a n n  

t r a n s p o r t  e q u a t i o n .  H o w e v e r ,  i n  g e n e r a l  t h i s  d e r i v a t i o n  r e s u l t s  i n  a 

t e n s o r  r a t h e r  t h a n  a s c a l a r  e q u a t i o n .

T h e  a b o v e  common  s o l u t i o n  i m p l i e s  t h a t  i t  s h o u l d  b e  p o s s i b l e  t o  r e d u c e  

t h e  s e v e n  d i m e n s i o n a l  s c a l a r  t r a n s p o r t  e q u a t i o n  t o  a s i m p l e r  f i v e  

d i m e n s i o n a l  t e n s o r  e q u a t i o n  o f  t h e  s a me  f o r m  a s  t h e  g e n e r a l  d i f f u s i o n  

e q u a t i o n ,  e x c e p t  w i t h  t h e  p a r t i c l e s  p r o p a g a t i n g  i n  s t r a i g h t  l i n e s  a s
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o p p o s e d  t o  a l o n g  t h e  s a m p l e  p a t h s  o f  a r a n d o m  w a l k .  I n  f a c t ,  i t  w a s  

s h o w n  t h a t  t h i s  i s  i n d e e d  t h e  c a s e .  M o r e o v e r ,  i t  w a s  f o u n d  t h a t  t h e  

a n g u l a r  d e p e n d e n c e  c o u l d  b e  i n c o r p o r a t e d  i n t o  t h e  d e t e r m i n i s t i c  m o d e l  

u s i n g  o n l y  t h e  c o s i n e s  o f  t h e  m e a n  f o r w a r d ,  b a c k w a r d  a n d  o r t h o g o n a l  

s c a t t e r i n g  a n d  p a r t i c l e  p r o d u c t i o n  a n g l e s .

T h e  e n e r g y  a n d  t i m e  d e p e n d e n c e  o f  t h e  t r a n s p o r t  e q u a t i o n  w e r e  

d i s c r e t i z e d  u s i n g  a m u l t i g r o u p  a p p r o x i m a t i o n  w i t h  t h e  g r o u p s  c h o s e n  t o  

c o i n c i d e  w i t h  t h e  p a r t i t i o n  o f  t h e  s i g n a l  s p a c e .  T h e  s p a t i a l  

d e p e n d e n c e  o f  t h e  m e a s u r e m e n t  w a s  s i m i l a r l y  d i s c r e t i z e d  u s i n g  n u m e r i c a  I 

q u a d r a t u r e .  T h e r e f o r e ,  i n  c o n c l u s i o n ,  t h e  d e t e r m i n i s t i c  m o d e l  n ow 

d e f i n e s  a d i s c r e t e  t r a n s f o r m a t i o n ,  g ,  w h i c h  r e l a t e s  t h e  s o u r c e  d e n s i t y  

t o  t h e  o b s e r v e d  s i g n a l .  T h i s  c a n  b e  i n v e r t e d  u s i n g  t h e  t e c h n i q u e s  o f  

t h e  g e n e r a l  m o d e l  t o  p r o d u c e  a n  e s t i m a t e  o f  t h e  s o u r c e  d e n s i t y  w h e r e  

t h e  e s t i m a t o r  i s  s t a b i l i s e d  u s i n g  t h e  p r i o r  d e n s i t y  f u n c t i o n  d e f i n e d  

f r o m  t h e  r e s u l t s  o f  e a r l i e r  m e a s u r e m e n t s  o n  t h e  n u c l e a r  p r o c e s s ,  a n d  

t h i s  c o m p l e t e s  t h e  c o n s t r u c t i o n  o f  t h e  m o d e l .

I t  h a s  b e e n  e m p h a s i s e d  t h a t  t h e  c o n s t r u c t i o n  o f  t h e  t h e o r e t i c a l  m o d e l  

i s  o n l y  t h e  f i r s t  s t a g e  i n  t h e  d e v e l o p m e n t  o f  a f o r m a l  m e t h o d  f o r  

d e s i g n i n g  t h e  n u c l e a r  p r o c e s s  i n s t r u m e n t a t i o n  s y s t e m s  a n d  i n s u r i n g  t h e y  

o p e r a t e  i n  a n  o p t i m u m  m a n n e r .  T h e  n e x t  s t a g e  i s  t h e  d e t a i l e d  

a p p l i c a t i o n  o f  t h e  m o d e l  t o  t h e  d e s i g n  a n d  d a t a  p r o c e s s i n g  o f  s p e c i f i c  

i n s t r u m e n t s .  T h e s e  may  i n c l u d e  gamma s p e c t r o m e t e r s  f o r  b o t h  f i x e d  

g e o m e t r y  a n d  g e n e r a l  a p p l i c a t i o n s ,  n e u t r o n  w e l l  c o u n t e r s ,  t o m o g r a p h y  

s y s t e m s  a n d  a c t i v e  gamma a n d  n e u t r o n  i n t e r r o g a t i o n  s y s t e m s .  T h e  

i m p l e m e n t a t i o n  w i l l  i n c l u d e  t h e  c o n s t r u c t i o n  o f  b o t h  h a r d w a r e  a n d  

s o f t w a r e  t o g e t h e r  w i t h  t h e  i n t e g r a t i o n  o f  t h e s e  m o d u l e s  t o  p r o d u c e  

p r o t o t y p e  i n s t r u m e n t s .  T h e s e  a r e  t h e n  t e s t e d  a n d  t h e  c o m p o n e n t  p a r t s  

o p t i m i s e d .  W i t h  t h i s  w o r k  c o m p l e t e  i t  w i l l  b e  p o s s i b l e  t o  p r o d u c e  a 

d e t a i l e d  e n g i n e e r i n g  s p e c i f i c a t i o n  f o r  t h e  u n i f i e d  m o d u l a r  s y s t e m .

T o  a p p l y  t h e  m o d e l  t o  t h e  n u c l e a r  p r o c e s s  m e a s u r e m e n t s  it, i s  n e c e s s a r y  

t o  p r o d u c e  a r a d i o l o g i c a l  d a t a  b a s e  c o n t a i n i n g  t h e  n u c l e a r  a n d  a t o m i c  

r e a c t i o n  c r o s s - s e c t i o n s  f o r  t h e  r a d i o n u c l i d e s  w h i c h  w i l l  b e  e n c o u n t e r e d  

b y  t h e  s y s t e m s .
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To  d e s i g n  t h e  f r o n t  e n d  s y s t e m  g e o m e t r i e s  i t  i s  n e c e s s a r y  t o  c o n s t r u c t  

a c o m p u t e r  p r o g r a m  t o  s i m u l a t e  t h e  o p e r a t i o n  o f  t h e  s y s t e m s  f o r  v a r i o u s  

k n o w n  s o u r c e  c o n f i g u r a t i o n s .  T h e  p r o g r a m  c o u l d  a c h i e v e  t h i s  u s i n g  t h e  

Newmann  s e r i e s  e x p a n s i o n  o f  t h e  t r a n s p o r t  e q u a t i o n  a n d  c o m p u t i n g  t h e  

i n t e g r a l s  u s i n g  m o n t e - c a r l o  t e c h n i q u e s ,  t o  e s t i m a t e  t h e  f l u x  a t  t h e  

d e t e c t o r s  f o r  e a c h  s o u r c e  c o n f i g u r a t i o n .  T h e  s y s t e m  g e o m e t r y  i s  t h e n  

a d j u s t e d  t o  o b t a i n  a n  o p t i m u m  f l u x  f o r  t h e  r a n g e  o f  s o u r c e s  m o d e l l e d .  

W i t h  t h i s  d e v e l o p m e n t  t o o l  i t  may  b e  p o s s i b l e  t o  p r o d u c e  a s t a n d a r d  

r a n g e  o f  s y s t e m  g e o m e t r i e s  f o r  a p p l i c a t i o n  t o  p a r t i c u l a r  n u c l e a r  

p r o c e s s e s .

H a v i n g  o b t a i n e d  s o m e  p r a c t i c a l  e x p e r i e n c e  w i t h  t h e  i m p l e m e n t a t i o n  o f  

t h e  m o d e l  i t  may  b e  b e n e f i c i a l  t o  u n d e r t a k e  f u r t h e r  t h e o r e t i c a l  w o r k .

I n  p a r t i c u l a r  g r o u p  t h e o r y  a n d  t o p o l o g i c a l  i n t e r p r e t a t i o n s  o f  t h e  

s p a c e s  a n d  m o d e l s  s h o u l d  b e  u n d e r t a k e n  a s  t h e s e  w i l l  g i v e  g r e a t e r  

i n s i g h t  i n t o  t h e i r  s t r u c t u r e .  T h e n  t h e  g e n e r a l  m o d e l  c o u l d  b e  e x t e n d e d  

t o  i n c o r p o r a t e  B a y e s i a n  h y p o t h e s i s  t e s t i n g  a n d  a l s o  i m p l e m e n t e d  w i t h  

d i f f e r e n t  d i s t r i b u t i o n  f a m i l i e s .  I t  may  b e  h e l p f u l  t o  c o n s i d e r  t h e  

p r o p e r t i e s  o f  t h e s e  d i s t r i b u t i o n s  a n d  h o w  t h e y  a r e  r e l a t e d  t o  M a r k o v  

a n d  o t h e r  r a n d o m  p r o c e s s e s .  To  e x t e n d  t h e  m o d e l  t o  a p p l i c a t i o n  a r e a s  

o t h e r  t h a n  n u c l e a r  p r o c e s s e s  a d e t e r m i n i s t i c  m o d e l  c o u l d  b e  c o n s t r u c t e d  

f o r  t h e  a p p r o p r i a t e  e q u a t i o n s  o f  t h e o r e t i c a l  p h y s i c s .  T h i s  c o u l d  

i n c l u d e  f u r t h e r  w o r k  w i t h  t h e  d i f f u s i o n  e q u a t i o n ,  t h e  c l a s s i c a l  w a v e  

e q u a t i o n ,  t h e  H e l m h o l t z  e q u a t i o n  a n d  t h e  S c h r o d i n g e r  e q u a t i o n ,  t o  na me  

b u t  a f e w .  O n c e  t h i s  w o r k  i s  c o m p l e t e d  i t  may  b e  p o s s i b l e  t o  g i v e  a 

p h y s i c a l  i n t e r p r e t a t i o n  a n d  u n i f y  t h e s e  m o d e l s  i n t o  a g e n e r a l  t h e o r y  o f  

m e a s u r e m e n t  w h i c h  m i g h t  b e  a p p l i c a b l e  t o  a l a r g e  n u m b e r  o f  p h y s i c a l  

p r o c e s s e s .

T h e  f i n a l  a p p l i c a t i o n  o f  t h e  t h e o r y  i s  t o  t h e  q u a l i t y  i m p r o v e m e n t  

p r o c e s s  p r o p o s e d  b y  C r o s b y  s i n c e  m o d e l l i n g  t h e  d e v e l o p m e n t  o f  p r o d u c t s  

o n  a w o r k  p r o c e s s  o p e n s  up  p o s s i b i l i t i e s  f o r  t h e  d e s c r i p t i o n  o f  t h i s  

w o r k  i n  t e r m s  o f  a r a n d o m  p r o c e s s .  F u r t h e r m o r e ,  t h e  q u a l i t y  

i m p r o v e m e n t  p r o c e s s  i t s e l f  i s  a n  a p p l i c a t i o n  o f  t h e  s a m e  m e t h o d o l o g y  

s i n c e  t h i s  i s  a w o r k  p r o c e s s  t o  c o n t r o l  a c o m p a n y  b y  m o n i t o r i n g  

f i n a n c i a l  l o s s  t h e n  m o d i f y i n g  t h e  i n p u t s  t o  t h e  p r o c e s s  s o  a s  t o  

m i n i m i s e  t h e  p r o b a b i l i t y  o f  t h e  l o s s  o c c u r r i n g .  B u t  n o w  we a r e  i n
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d a n g e r  o f  e n c o u n t e r i n g  R u s s e l l ' s  p a r a d o x .  A l t e r n a t i v e l y  we c o u l d  

r e c o g n i s e  t h a t  t h e  h i g h e s t  l e v e l  o f  d e v e l o p m e n t  w i l l  a l w a y s  b e  

e m p i r i c a l ,  b u t  t h e n  t h e  B a y e s i a n  m o d e l  e m u l a t e s  t h i s  p r o c e s s  b y  

s a m p l i n g  o u t p u t  p r o d u c t s  a n d  u s i n g  t h i s  i n f o r m a t i o n  t o  m o d i f y  t h e  p r i o r  

d e n s i t y .  T h i s  i s  p r o b a b l y  a g o o d  p o i n t  t o  e n d  t h e  d i s c u s s i o n .  I


