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Abstract

Bayesian inference on complex models is challenging, as long simulation times and large ob-
servational data sets can make computation infeasible and posterior samplers can struggle with
high-dimensional parameter spaces with complex posterior geometries. However, several active
areas of research offer methods to address some of these challenges, such as Hamiltonian Monte
Carlo (HMC) to use gradient information for robust posterior sampling, Stochastic Variational
Inference (SVI) for faster inference which is robust to noisy data, Neural Networks (NNs) and
Neural Density Estimators (NDEs) for fast and scalable approximations of deterministic functions
and stochastic processes. However, they are yet to őnd adoption for the more complex, realistic,
long running models in the sciences, such as climate, astrological or disease transmission mod-
els. Fast and scalable inference for these models would result in timely scientiőc understanding
and policy making which could have a far-reaching impact on our societies. Newer methods of
inference are of particular interest in global malaria research, where models have grown in com-
plexity. These often include hundreds of parameters which inŕuence an intricate combination of
non-linear dynamics, need to be őt to several decades of global prevalence and incidence data,
and simulations for each location take many hours to execute. Researchers have developed these
models to meet the growing demands for malaria control and elimination in a widening landscape
of potential interventions and confounding dynamics-such as new vaccines, insecticide resistance
and a changing climate. Bayesian inference of model parameters affects the predictive power of
malaria transmission forecasts when estimating burden or planning intervention strategies, which
impacts hundreds of millions of lives globally. New methods are needed to ensure that researchers
can perform inference on malaria transmission models as they grow to capture the nuances of
modern malaria. This thesis documents my investigations into new methods which could address
these needs.



0.1 Extended abstract

Bayesian inference on complex models is challenging, as long simulation times and large observa-
tional data sets can make computation infeasible and posterior samplers can struggle with high-
dimensional parameter spaces with complex posterior geometries. However, several active areas
of research offer methods to address some of these challenges, such as Hamiltonian Monte Carlo
(HMC) to use gradient information for robust posterior sampling, Stochastic Variational Inference
(SVI) for faster inference which is robust to noisy data, Neural Networks (NNs) and Neural Density
Estimators (NDEs) for fast and scalable approximations of deterministic functions and stochastic
processes. To date, these methods have been proven on models with a handful of parameters and
observations, such as the Susceptible-Infected-Recovered (SIR) and Lotka-Volterra models. How-
ever, they are yet to őnd adoption for the more complex, realistic, long running models in the
sciences, such as climate, astrological or disease transmission models. Fast and scalable inference
for these models would result in timely scientiőc understanding and policy making which could
have a far-reaching impact on our societies.

Newer methods of inference are of particular interest in global malaria research, where models
have grown in complexity. These often include hundreds of parameters which inŕuence an intricate
combination of non-linear dynamics, need to be őt to several decades of global prevalence and
incidence data, and simulations for each location take many hours to execute. Researchers have
developed these models to meet the growing demands for malaria control and elimination in a
widening landscape of potential interventions and confounding dynamics - such as new vaccines,
insecticide resistance and a changing climate. Bayesian inference of model parameters affects the
predictive power of malaria transmission forecasts when estimating burden or planning intervention
strategies, which impacts hundreds of millions of lives globally. New methods are needed to ensure
that researchers can perform inference on malaria transmission models as they grow to capture
the nuances of modern malaria. This thesis documents my investigations into new methods which
could address these needs. In the őrst chapter, I elaborated on the problem of Bayesian inference
for parameter estimation, the latest malaria transmission models and provided an overview of
related research in HMC, SVI and NDE.

In the second chapter, I investigated the effectiveness of HMC based inference on a simpliőed
malaria model, the łBi-stable equilibriumž published in (Griffin, 2016). My objectives were to see
if (1) it was feasible to implement this malaria model in an auto-differentiable framework, as it had
not been done before and required sophisticated programming constructs, (2) HMC was feasible in
terms of convergence diagnostics and inference time, and (3) what prior selection would be necessary
to improve inference. I evaluated the inference by constructing synthetic data, performing inference
and developing prior and posterior predictive checks to assess the inferred immunity, prevalence
and incidence relationships. I found that the auto-differentiable model was implementable in JAX
(a ŕexible framework for hardware accelerated and auto-differentiable computing) and I could
efficiently produce gradients for a sensitivity analysis (using the less commonly used forward-mode
auto-differentiation). When used in conjunction with HMC, the sampler converged within 100
warmup samples requiring over 5 hours to produce 100 samples from the posterior on an 8-core
CPU. The diagnostics I developed helped me to tune the prior distribution for faster inference and
posteriors which were closer to the true parameters. This workŕow illustrates the beneőts of modern
auto-differentiation and inference frameworks, especially for models which may have previously
been cumbersome or infeasible to re-implement in an auto-differentiable way, and may encourage
researchers to adopt them for future modelling studies. However, my analyses revealed that many of
the model parameters remained un-identiőable despite my best efforts in prior selection, prompting
future research into model design for this particular malaria transmission model.

In the third chapter, I investigated the effectiveness of NN-based surrogate models on the same
inference problem in order to speed up inference and avoid the re-implementation of existing mod-
els into an auto-differentiable framework. My objectives were to see if (1) an NN-based surrogate
could approximate the malaria model within a reasonable number of samples, (2) if the surrogate’s
outputs could be used for accurate parameter inference, and (3) if this alternative workŕow would
be quicker than that proposed in the previous chapter. I used a Multi-Layer Perceptron (MLP)
as the surrogate for the Bi-stable equilibrium and investigated two parameter sampling strategies
(prior and Latin-Hypercube), two output structures (full outputs and őxed outputs - limited to
a speciőc inference problem), and three posterior sampling strategies (NUTS, SVI and annealed
SVI). The posteriors which were estimated using each surrogate were compared to the reference
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posterior estimated in the previous chapter. I found that NN-based surrogates approximate best
with targeted parameter sampling strategies but are unaffected by higher-dimensional outputs.
Inference using NUTS was quicker when using a surrogate but would not converge. The only pos-
terior sampling method to have promising results was annealed SVI, which had similar predictive
performance to the reference posterior and required 40 minutes to execute (a 7.5x speed improve-
ment). However, the posterior estimated using annealed SVI still had signiőcant discrepancies from
the reference posterior. This was the őrst time annealing had been applied to ameliorate issues
in high-dimensional Bayesian inference using SVI. Annealed SVI could be a step towards enabling
robust, fast and scalable NN-based inference for high-dimensional inference problems.

In the fourth chapter, I explored the effectiveness of sequence-to-sequence (Seq2Seq) surrogates
in enabling Bayesian inference for different observational data with varying time horizons. My
objectives where to see if (1) a Seq2Seq surrogate could approximate dynamic model of malaria
transmission - the Agent-Based Model (ABM) published in (Griffin, Ferguson, and Ghani, 2014),
(2) it could extrapolate temporal dynamics beyond the time horizon in the training set, and (3)
it could be used to infer a critical malaria burden parameter (baseline Entomological Inoculation
Rate) given a time-series of prevalence data in the region of Kolda, Senegal. I used a Recurrent
Neural Network (RNN) to implement the Seq2Seq surrogate, an LHS-based sampling strategy for
the input parameters and a NUTS sampler to sample the posterior. I found that the surrogate was
able to closely approximate trajectories which were twice as long as its training data for arbitrar-
ily chosen sites without retraining. In this low-dimensional inference setting, the LHS parameter
sampling strategy and NUTS posterior sampling strategy were satisfactory - contrary to the high-
dimensional inference attempted in the previous chapter. Moreover, the sampler could produce
1000 samples of the posterior in under 12 minutes using the surrogate, despite the underlying
Agent-Based model requiring 29 minutes per simulation. These őndings suggest that pre-trained
surrogates of computationally expensive models could be made available to facilitate cheap, rapid
inference for low-dimensional inference problems in a variety of scenarios. This would be partic-
ularly impactful in research institutions with limited computing resources, such as those in the
Global South which are disproportionately affected by malaria. However, the surrogate did exhibit
high approximation errors in a minority of cases without a clear pattern, and so care should be
taken if the surrogate is to be used for general purpose modelling.

In the őfth chapter, I investigated the effectiveness of the Seq2Seq surrogate on a high-dimensional
inference problem. My main objective was to see if the Bayesian inference workŕow which I in-
troduced in chapter three would converge in a realistic, challenging inference scenario - i.e. with
a data set of 369 prevalence and incidence studies between 1985 and 2013, 84 parameters to infer,
and a likelihood function derived from a stochastic trajectory produced by the ABM I introduced
in chapter four. A secondary objective was to see if my posterior estimate entailed differing im-
munity dynamics to those inferred by most recent published estimates for the same model (ibid.).
To sample the posterior, I used the annealed SVI method I devised for chapter three. As for the
surrogate, I extended the RNN architecture introduced in chapter four to model stochastic out-
puts. I found that the surrogate approximation of the ABM outputs were at times unsatisfactory,
sometimes mistaking seasonal variation in model outputs for noise. However, the inference pro-
duced a posterior which was predictive of the observed data, according to surrogate simulations.
The diagnostics suggest that more research is required to improve the approximation error of the
surrogate in the estimated posterior space and make inference more reliable. My preliminary pos-
terior estimates suggest that there may be a signiőcant update in our understanding of malaria
immunity in response to relaxing previous restrictive modelling assumptions and including more
recent observational prevalence and incidence data.

These őndings show that there is great potential in the application of NN-based surrogates for
complex malaria transmission models and scientiőc models more generally. They can speed up
inference and produce estimates which exhibit strong predictive performance. In low-dimensional
settings, the surrogates can be trained using sampling strategies which make few assumptions about
the inference problem, making them more general, re-usable and appropriate for pre-training. In
high-dimensional settings, annealed SVI is a powerful, hitherto unexplored, technique for amelio-
rating inference when using NN-based surrogates. However, there were important limitations in
the approximation quality of NNs and NDEs for estimating the model outputs of the most complex
malaria transmission models. Further research is needed to improve it to a standard where they
can be used for reliable inference.

3



0.2 Statement of originality

I, Giovanni Charles, declare that the following thesis is my work under the supervision of Professor
Azra Ghani, Professor Samir Bhatt and Dr Seth Flaxman. I have indicated in the text where
information, data or images have been derived from other sources. Below I have acknowledged
research suggestions and comments, not from my supervisors, which have also directed this work:

Dr Peter Winskill, Dr Robert Verity and Dr Patrick Walker pointed me towards the Bayesian
inference problems I tackled in this thesis and gave feedback on my methods for validating the
Bayesian models, including synthesising observational data and diagnostic plots.

Dr Peter Winskill and Dr Richard Fitzjohn reviewed my code for the individual and malariasim-
ulation code bases and Dr Peter Winskill suggested methods for testing and resolving differences
between malariasimulation and a legacy model.

Dr Jeffrey Imai-Eaton and Dr Ewan Cameron advised me to dig deeper into Bayesian inference
challenges instead of my initial plan to explore a wider range of mathematical modelling problems.

0.3 Copyright declaration

The copyright of this thesis rests with the author.
Unless otherwise indicated, its contents are licensed under a Creative Commons Attribution-

Non Commercial 4.0 International Licence (CC BY-NC).
Under this licence, you may copy and redistribute the material in any medium or format. You

may also create and distribute modiőed versions of the work. This is on the condition that: you
credit the author and do not use it, or any derivative works, for a commercial purpose. When
reusing or sharing this work, ensure you make the licence terms clear to others by naming the
licence and linking to the licence text. Where a work has been adapted, you should indicate that
the work has been changed and describe those changes.

Please seek permission from the copyright holder for uses of this work that are not included in
this licence or permitted under UK Copyright Law.

0.4 Acknowledgements

I would like to thank my supervisors for giving me the space for exploratory research and their
advice when reőning it. I am very grateful for their time and attention. On our őrst group call, Seth
suggested that I look into neural networks to speed up Bayesian Inference. The ensuing rabbit hole
engaged me for several years and led to the work you see here. Seth’s light-hearted and continued
support kept me digging deeper. Sam’s rigour and clarity kept me on the straight and narrow.
Azra’s detailed editing kept my thesis text tight. This research would not have happened without
the Wellcome Trust and Medical Research Council funding which Azra and Richard Fitzjohn had
won.

I would very much like to thank Peter Winskill. He helped me put together and test the malaria
model used in this thesis, and his support, joy and malaria knowledge were an immense help.

Collaborating with Sean Wu has also been a highlight. To have found such a warm, capable,
interesting and close collaborator on GitHub őlls me with optimism. I have fond memories of our
conversations on the design of łIndividualž and of other exciting research directions. I hope we
meet in person some day.

The malaria group at Imperial College London has been incredibly supportive of my work. My
chats and progress updates with the malaria elimination team (Hillary Topazian, Nora Schmit,
Matteo Pianella, Katharina Hauck and Anh Pham) have been especially helpful and gave me a
much needed routine. Everyone’s feedback in the Malaria Group seminars gave me an invaluable
impetus and food for thought (in this regard I would particularly like to thank Patrick Walker,
Tom Churcher and Joe Challenger).

I am also immensely thankful to my friends and family for their support. Particularly to my
parents, my brothers and my closest friends (Chris, Lauren and Josh - The Centipede). They have
been the spice of my life and kept me in high spirits. I care for them very deeply.

During my PhD, I suffered a long-term illness. I am grateful to Alex and Scott for nursing me
back to some semblance of health. Thanks to them, I made it through the PhD and am once again
optimistic about my future.

4



Contents

0.1 Extended abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
0.2 Statement of originality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
0.3 Copyright declaration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
0.4 Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
0.5 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1 Introduction 12
1.1 Bayesian inference for complex models . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.1.1 Challenges posed by realistic models . . . . . . . . . . . . . . . . . . . . . . 13
1.1.2 Neural networks and Bayesian inference . . . . . . . . . . . . . . . . . . . . 14

1.2 Malaria and its life cycle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.2.1 The Anopheles vector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
1.2.2 Clinical malaria . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
1.2.3 Immunity to malaria . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
1.2.4 Malaria burden . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
1.2.5 Malaria control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
1.2.6 Mathematical models of malaria . . . . . . . . . . . . . . . . . . . . . . . . 18

1.3 Parameter inference for malaria models . . . . . . . . . . . . . . . . . . . . . . . . 20
1.4 Surrogate based parameter inference outside of malaria modelling . . . . . . . . . . 21

1.4.1 Gaussian Processes as surrogates . . . . . . . . . . . . . . . . . . . . . . . . 21
1.4.2 Bayes linear emulation for parameter inference . . . . . . . . . . . . . . . . 21
1.4.3 Input parameter sampling for surrogate training . . . . . . . . . . . . . . . 22
1.4.4 Neural density estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
1.4.5 Recurrent Neural Networks as surrogates . . . . . . . . . . . . . . . . . . . 23

1.5 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2 An auto-differentiable malaria model for efficient parameter inference 25
2.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.1.1 Observational data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.1.2 Hamiltonian Monte Carlo (HMC) . . . . . . . . . . . . . . . . . . . . . . . . 26
2.1.3 Auto-differentiation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
2.1.4 Related work on Bayesian inference of malaria model parameters . . . . . . 27
2.1.5 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.2 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
2.2.1 Bi-stable equilibrium for a Plasmodium falciparum malaria transmission model 29
2.2.2 Implementation of the equilibrium solution . . . . . . . . . . . . . . . . . . 31
2.2.3 Parameter inference formulation . . . . . . . . . . . . . . . . . . . . . . . . 31

2.3 Bayesian inference workŕow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
2.3.1 Diagnostics on the prior distribution . . . . . . . . . . . . . . . . . . . . . . 34
2.3.2 Diagnostics on the posterior samples . . . . . . . . . . . . . . . . . . . . . . 34

2.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3 Fast black-box Bayesian inference using neural-network based surrogates 43
3.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.1.1 Surrogates for Bayesian inference . . . . . . . . . . . . . . . . . . . . . . . . 44
3.1.2 Neural networks as surrogates . . . . . . . . . . . . . . . . . . . . . . . . . . 44
3.1.3 Neural density estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.1.4 Stochastic Variational Inference (SVI) . . . . . . . . . . . . . . . . . . . . . 46

5



3.1.5 Annealing in SVI . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.1.6 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.2 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.2.1 Surrogate formulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
3.2.2 Posterior samplers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
3.2.3 Sample space reőnement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
3.2.4 Surrogate training . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
3.3.1 Surrogate approximation quality . . . . . . . . . . . . . . . . . . . . . . . . 54
3.3.2 Agreement of surrogate posterior estimates with non-surrogate based inference 56
3.3.3 Convergence diagnostics of posterior samplers . . . . . . . . . . . . . . . . . 57
3.3.4 Speed of inference . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
3.3.5 Surrogate-based inference diagnostics . . . . . . . . . . . . . . . . . . . . . . 61

3.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
3.4.1 Stochastic Variational Inference for black box inference . . . . . . . . . . . 62
3.4.2 No-U-Turn Sampling for black box inference . . . . . . . . . . . . . . . . . 63
3.4.3 Curating the input and output space of the surrogate . . . . . . . . . . . . 64
3.4.4 Complex models for black-box inference . . . . . . . . . . . . . . . . . . . . 64

4 Seq2Seq surrogates for recreating disease transmission dynamics over time 66
4.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.1.1 Temporal models for malaria transmission . . . . . . . . . . . . . . . . . . . 66
4.1.2 Challenges in Agent-Based Model (ABM) development . . . . . . . . . . . . 67
4.1.3 Challenges with parameter inference for ABMs . . . . . . . . . . . . . . . . 68
4.1.4 The site calibration problem . . . . . . . . . . . . . . . . . . . . . . . . . . 68
4.1.5 Related work on parameter inference using ABMs . . . . . . . . . . . . . . 68
4.1.6 Improving surrogates with inductive biases . . . . . . . . . . . . . . . . . . 70
4.1.7 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.2 Agent based modelling method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
4.2.1 Individual: a framework for ABM development . . . . . . . . . . . . . . . . 72
4.2.2 Malariasimulation: an Agent-based malaria transmission model . . . . . . . 73

4.3 Parameter inference method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
4.3.1 Surrogate model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
4.3.2 Sampling strategy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
4.3.3 Surrogate model architecture . . . . . . . . . . . . . . . . . . . . . . . . . . 83
4.3.4 Sampling training data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
4.3.5 Site calibration formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

4.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
4.4.1 Surrogate evaluation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
4.4.2 Parameter inference . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

4.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
4.5.1 A surrogate for general analysis . . . . . . . . . . . . . . . . . . . . . . . . . 86
4.5.2 Generality of the workŕow . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87
4.5.3 Simpliőed ABM Development with łIndividualž and łmalariasimulationž . . 88

5 Bayesian inference of high-dimensional Agent Based Model parameters 91
5.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

5.1.1 Inference using stochastic models . . . . . . . . . . . . . . . . . . . . . . . . 92
5.1.2 Related work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
5.1.3 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

5.2 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
5.2.1 An Agent Based Model of malaria transmission . . . . . . . . . . . . . . . . 93
5.2.2 Site data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
5.2.3 Surrogate model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
5.2.4 Surrogate training . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98
5.2.5 Parameter Inference . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

5.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
5.3.1 Validation of approximation quality . . . . . . . . . . . . . . . . . . . . . . 100
5.3.2 Inference of model parameters from synthetic data . . . . . . . . . . . . . . 101

6



5.3.3 Inference of model parameters from observational data . . . . . . . . . . . . 101
5.3.4 Execution time for inference . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

5.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
5.4.1 Surrogate approximation quality . . . . . . . . . . . . . . . . . . . . . . . . 103
5.4.2 Parameter inference . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
5.4.3 Computational performance . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

6 Discussion 113
6.1 Summary of contributions and őndings . . . . . . . . . . . . . . . . . . . . . . . . . 113
6.2 Limitations and future directions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
6.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

7



List of Figures

1.1 The life cycle of the malaria parasite, (Warrell and Gilles, 2002) . . . . . . . . . . . 15
1.2 A global map of malaria vectors, (Sinka et al., 2012) . . . . . . . . . . . . . . . . . 15

2.1 Selected prior and posterior distribution comparisons . . . . . . . . . . . . . . . . . 37
2.2 Model based predictive checks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
2.3 Sensitivity Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
2.4 Correlation Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.1 A Multi-layer Perceptron . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
3.2 A Normalising Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
3.3 The complete surrogate-based inference workŕow . . . . . . . . . . . . . . . . . . . 49
3.4 Output activation function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
3.5 Mean Squared Error of standardised surrogate outputs in the prior distribution . . 55
3.6 Approximation error on prior distribution disaggregated by the outputs used for

likelihood estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
3.7 Approximation error on the surrogate posterior distribution . . . . . . . . . . . . . 55
3.8 Approximation error on the surrogate posterior distribution disaggregated by round 56
3.9 Concurrence of surrogate posteriors with underlying posterior at different sample sizes 57
3.10 Concurrence of surrogate posteriors with underlying posterior for each parameter . 58
3.11 Log-likelihood of the observational data per round . . . . . . . . . . . . . . . . . . 58
3.12 Log-likelihood of the surrogate posterior predictive distribution . . . . . . . . . . . 58
3.13 Analysis of surrogate gradients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
3.14 r̂ for surrogate methods using NUTS . . . . . . . . . . . . . . . . . . . . . . . . . . 60
3.15 Loss for surrogate methods using SVI . . . . . . . . . . . . . . . . . . . . . . . . . 60
3.16 Time for training a surrogate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
3.17 Time for performing inference . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
3.18 A comparison of sensitivity analyses using surrogate models . . . . . . . . . . . . . 62
3.19 Posterior predictive checks for surrogate-based inference . . . . . . . . . . . . . . . 63
3.20 Surrogate predictive error plots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.1 An LSTM cell . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
4.2 Individual Simulation Loop . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
4.3 A high-level overview of łmalariasimulationž . . . . . . . . . . . . . . . . . . . . . . 75
4.4 Human Infection States . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
4.5 Predictive error plot of seq2seq surrogate . . . . . . . . . . . . . . . . . . . . . . . 84
4.6 Posterior predictive check showing baseline EIR in Kolda, Senegal . . . . . . . . . 85
4.7 Comparison of model őt using seq2seq surrogate and ABM . . . . . . . . . . . . . 85
4.8 16 cases with the lowest MSE from the historic benchmark . . . . . . . . . . . . . 86
4.9 16 cases with the highest MSE from the historic benchmark . . . . . . . . . . . . . 88

5.1 Visualisation of Insecticide Treated Net usage in Africa . . . . . . . . . . . . . . . 97
5.2 Visualisation of global seasonality parameters . . . . . . . . . . . . . . . . . . . . . 97
5.3 Plot of recorded Entomological Inoculation Rate (EIR) against estimated PfPr2−10 98
5.4 A Parametric Density Estimating Recurrent Neural Network . . . . . . . . . . . . 99
5.5 Approximation quality of density estimating ABM surrogate . . . . . . . . . . . . 106
5.6 Qualitative analysis of density estimating surrogate trajectories . . . . . . . . . . . 107
5.7 Posterior estimates for immunity parameters based on synthetic observations . . . 108
5.8 Posterior estimates for site transmission parameters based on synthetic observations 109

8



5.9 Bayesian p-value plots for surrogate based inference of ABM parameters . . . . . . 110
5.10 The immunity functions for prior and posterior estimates of ABM parameters . . . 111
5.11 Prevalence and incidence trajectories for selected sites sampled from the prior and

estimated posterior . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

9



List of Tables

1 Table of mathematical symbols and their descriptions . . . . . . . . . . . . . . . . 11

1.1 Description of variables and parameters in the Ross-Macdonald model . . . . . . . 19

2.1 Synthetic site parameters and observations . . . . . . . . . . . . . . . . . . . . . . 32
2.2 Prior distribution of the intrinsic parameters . . . . . . . . . . . . . . . . . . . . . 33
2.3 Marginal estimates of the intrinsic parameters . . . . . . . . . . . . . . . . . . . . . 35
2.4 Mean Squared Error (MSE) of posterior estimates . . . . . . . . . . . . . . . . . . 36
2.5 Mean Squared Predictive Error (MSPE) reduction due to prior tuning . . . . . . . 36

3.1 The combination of sampling strategies considered for the range and domain of
főxed or feq . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.2 Sampling parameters for the intrinsic parameters . . . . . . . . . . . . . . . . . . . 52
3.3 Surrogate output ranges . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.3 Default parameter values for łmalariasimulationž, set as the mean estimates from
Griffin, Ferguson, and Ghani (2014) . . . . . . . . . . . . . . . . . . . . . . . . . . 80

4.1 Model variables for malariasimulation . . . . . . . . . . . . . . . . . . . . . . . . . 82
4.2 Processes for malariasimulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
4.4 Hyper-parameters used in the grid search. The selected parameter is emboldened . 90
4.5 The timings per simulation for 10,000 simulations on the training and validation

parameter sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

5.1 Parameters for Anti-malarial drugs . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
5.2 Representation of countries in sub-Saharan Africa in observational data . . . . . . 96
5.3 Prior distribution of the Agent Based Model parameters . . . . . . . . . . . . . . . 100
5.4 Posterior estimates for ABM model parameters . . . . . . . . . . . . . . . . . . . . 102

10



0.5 Notation

Below are deőnitions for symbols which occur throughout this thesis. For notation which is speciőc
to Imperial College London’s malaria transmission model, please refer to Table 4.3.

Symbol Description
X The input parameter space for a model.
Y The space of valid outputs for a model.
f Original model to be emulated; f : X → Y

f̃ϕ Surrogate model parameterised by hyper-parameters ϕ
θ Parameters of the original model to be inferred
ϕ Hyper-parameters of the surrogate model

ϕ̂ Optimal surrogate hyper-parameters
x Input variables (model parameters), x ∈ X
y Output variables (model outputs), y = f(x)

L(x,y, f̃ϕ) Loss function measuring the discrepancy between y and f̃ϕ(x)
p(x) Weighting function over the input space X
N Batch size for neural network training
Malaria speciőc symbols:
Λ Transmission level parameter, used to characterise a site
η Demographic parameter, used to characterise a site
pos_Mi Probability of detection by microscopy for age group i
inci Incidence rate for age group i
bi Probability of pre-erythrocytic infection for age group i
φi Probability of clinical infection for age group i
qi Probability of detection for age group i
feq Equilibrium model function; feq : (Λ, η, θ) 7→ (pos_Mi, inci, bi, φi, qi)
ffixed Fixed surrogate model; a surrogate functional form which tailored to a speciőc

inference problem
Seq2seq speciőc symbols:
T Number of time steps in sequence data
x1:T Sequence of input variables over time steps 1 to T
xi Input variables at time step i
x<i Sequence of input variables preceding time step i
yi Model output at time step i; yi = f(x)i
T Index set over time steps
Probabilistic surrogate symbols:
Yx,t Random variable representing ABM outputs at time t given parameters x

Px Probability distribution of ABM outputs given x

µϕ
x,t Mean of surrogate model output at time t given x and ϕ

σ2ϕ
x,t Variance of surrogate model output at time t given x and ϕ

Φ Cumulative distribution function of the standard normal distribution

Table 1: Table of mathematical symbols and their descriptions
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Chapter 1

Introduction

The development of complex and realistic models for malaria transmission has been instrumental
in the ongoing disease control and prevention efforts. These models help researchers to understand
its dynamics (World Health Organization, 2023), assess the burden in data scarce Low and Middle
Income Countries (LMICs), evaluate the efficacy of interventions (Bhatt et al., 2015), and plan
intricate control measures (Peter Winskill et al., 2017).

However, the utility of these models is often constrained by the computational demands of
simulation and the limitations of rudimentary parameter inference methods. Parameter inference
in the context of large-scale malaria models have been hampered by long execution times, restrictive
modelling assumptions, or their inability to fully capture the dynamics of malaria transmission.
These challenges have led to compromises in model complexity and ődelity, which, in turn, impact
the reliability and robustness of any insights which researchers make.

I hypothesised that using neural network-based surrogates within the Bayesian inference work-
ŕow would help overcome these constraints. By serving as a rapid, high-ődelity approximation of a
complex malaria model, a neural network surrogate could drastically reduce simulation times and
enable a more thorough exploration of the model parameter space, which has traditionally been
computationally prohibitive. The ŕexibility offered by a fast approximation would allow researchers
to relax any restrictive modelling assumptions that have previously restricted the expressive power
of malaria models. In doing so, they could construct models which more faithfully represent the
intricacies of malaria transmission, its variability across different geographies, and the impact of
various intervention strategies.

In this chapter, I will review the research which is related to malaria transmission modelling and
surrogate modelling before summarising my contributions to the intersectional őeld. In section 1.1,
I will review why model calibration using Bayesian inference is particularly challenging for complex
models. In section 1.2, I will review malaria biology and previously published malaria transmission
models. In section 1.3, I will review previously published parameter inference methods for malaria
transmission models. Finally, I will summarise my contributions, which culminate in a scalable
method for Bayesian parameter inference for a complex malaria transmission model.

1.1 Bayesian inference for complex models

Bayesian inference is an important tool for inferring model parameters in various scientiőc dis-
ciplines. By integrating prior knowledge with observational data, it enables scientists to update
their understanding of a system in a clear way. It also allows scientists to quantify the uncer-
tainty in their predictions by outputting a probabilistic posterior distribution. This is particularly
important in őelds where decision-making is made in critical circumstances or under considerable
uncertainty. Bayesian models are especially interpretable since they allow scientists to specify clear
modelling assumptions through prior selection and posterior sampling methods, and beneőt from
a variety of well-established diagnostic methods.

Thus, advances in Bayesian inference methodology would have a wide reaching impact. In
infectious disease modelling it has been effective in understanding the control and spread of COVID-
19, Ebola and Zika, among other diseases (Flaxman et al., 2020; Adegboye et al., 2021; Charniga
et al., 2022). In biology, it has played a role in interpreting biological experimental data and
evolutionary trees (Liepe et al., 2014; Cappello, J. Kim, and Palacios, 2023). Macro-economists
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have increasingly used it to study market dynamics under uncertainty (Lamperti, Roventini, and
Sani, 2018). It is also used in astronomy to analyse data from telescopes, a recent example being
inference of the őrst image of a black hole (Arras et al., 2022).

1.1.1 Challenges posed by realistic models

More formally, Bayesian inference aims to estimate a posterior distribution p(θ|y) for parameters,
θ, and observational data, y. To this end, one deőnes a joint distribution p(y, θ) = p(y|θ)p(θ) which
speciőes prior knowledge, p(θ), as a probability distribution over θ, and a likelihood of observed
data p(y|θ). The alternative methods for Bayesian inference exploit the fact that p(θ|y) ∝ p(y, θ)
to produce samples from the posterior distribution.

In practice, realistic models present a series of signiőcant challenges to Bayesian inference,
largely due to the intricate dynamics of these models and the computational demands of simulating
and inferring their parameters accurately. These challenges can be split into the computational
intensity of realistic models - i.e. difficulties in evaluating p(y|θ), the complex geometry of posterior
distributions - i.e. difficulties in sampling from p(θ|y), and estimating derivatives for fast inference
- i.e. difficulties in evaluating ∂

∂θ
p(y, θ).

Many realistic models require extensive computational resources due to their complexity and
the granularity of simulation needed. Agent-based models of disease transmission, for example,
simulate the interactions of millions of humans (and often households, workplaces or non-human
disease vectors) to model the transmission of disease in a population. These models require a great
deal of engineering effort to make extensive simulations feasible. Similarly, differential equation-
based models face scalability issues as additional realistic details increase the dimensionality of the
system, thereby making numerical simulation intractable. Neural networks, proven to be universal
function approximators (Hornik, Stinchcombe, and H. White, 1989), have emerged as a solution to
speed up simulations across various őelds including climate science and ŕuid dynamics (Kovachki
et al., 2022; Sanchez-Gonzalez et al., 2020). These advancements suggest neural networks could
signiőcantly reduce the computational burden of traditional simulation methods for other complex
systems.

The geometry of posterior distributions introduces another layer of complexity to Bayesian
inference. The presence of narrow, skewed, or multi-modal distributions complicates the task for
many inference algorithms (Gorinova, Moore, and Matthew D. Hoffman, 2019; Yao, Vehtari, and
Gelman, 2021). Sampling methods, particularly Markov Chain Monte Carlo (MCMC) approaches,
may exhibit non-converging or incomplete sampling behaviours when faced with such complex
distributions. Although derivative-based MCMC methods like the No-U-Turn Sampler (NUTS)
(Matthew D. Hoffman and Gelman, 2011) and Hamiltonian Monte Carlo (HMC) (Neal, 2011) offer
improvement by efficiently navigating complex geometries, they too can suffer from slow iteration
times or remain in localised regions of the posterior space.

Rapid gradient estimation is necessary when implementing the latest MCMC methods, such as
HMC and NUTS, which rely on gradient information of model outputs relative to input param-
eters. For realistic models, particularly those implemented with extensive code-bases, this poses
a signiőcant engineering challenge of deriving and maintaining gradient calculation code. Auto-
differentiation offers a solution by executing the model within a specialised environment which
propagates the gradient of each operation alongside its result, using the chain rule to facilitate
the computation of gradients of complicated operations. However, the inclusion of, particularly
discrete, stochastic processes in models complicates gradient estimation, as the gradients which are
computed for a single simulation may not accurately reŕect the expected gradients for a given set of
parameters. Traditional approaches like Monte Carlo gradient estimation (Mohamed et al., 2020),
although useful, introduce prohibitive computational overheads when combined with parameter
inference methods.

Stochastic Variational Inference (SVI) (Matthew D Hoffman, 2013) methods have gained trac-
tion for their speed, especially when traditional MCMC methods prove impractically slow. SVI
approaches recasts Bayesian inference as an optimisation problem. Instead of sampling from the
posterior directly, SVI methods search for a tractable distribution - referred to as the variational
model - which closely approximates the posterior. This is done by optimising parameterisations of
the variational model to minimise a divergence metric between the variational model and the pos-
terior. The variational model can then be efficiently sampled to produce an approximate posterior.
Despite the promising speed improvements, optimisation in SVI remains challenging in realistic
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modelling scenarios. SVI has only been proven to converge on smooth, convex objectives (K. Kim
et al., 2023). Moreover, the performance of SVI is highly sensitive to choice of variational model,
optimiser and objective (Dhaka and Catalina, 2021). In some cases leading to inaccurate and over
conődent inference (Huang et al., 2018; Mandt et al., 2016).

1.1.2 Neural networks and Bayesian inference

In light of these challenges, Neural Density Estimation (NDE) methods have recently emerged as
promising solutions (Cranmer, Brehmer, and Louppe, 2020; Papamakarios, Sterratt, and Murray,
2019; Greenberg, Nonnenmacher, and Jakob H. Macke, 2019; Glockler, Deistler, and Jakob H
Macke, 2022). These methods train neural networks to estimate probability densities directly
from data, or model simulations in this context. This is particularly well-suited for Bayesian
inference frameworks, where deriving a likelihood function from the estimated densities can avoid
the difficulties posed by intractable stochastic models. For realistic models, which incorporate a
multitude of stochastic processes, the intractability of derived likelihood functions has long been
a bottleneck in Bayesian inference. This has traditionally been addressed by methods such as
Approximate Bayesian Computation (ABC) and model emulation with Kernel Density Estimators
and Gaussian Processes (Lamperti, Roventini, and Sani, 2018; McKinley et al., 2018). However,
NDE has proven to be a more scalable, ŕexible and efficient route to inference than traditional
alternatives (Cranmer, Brehmer, and Louppe, 2020). Another advantage of using neural networks
in this context is their inherent compatibility with auto-differentiation and stochastic optimisation
software.

Despite these promising advances, the application of NDE methods to realistic, computationally
demanding models remains relatively unexplored. The majority of research and experimentation
with NDE methods to date have focused on smaller, theoretical models to demonstrate the general
sampling performance and advantages of NDE for Bayesian inference (Lueckmann et al., 2021). It
would őll a gap in research if one were to extend these explorations to more complex and realistic
models, where the full spectrum of challenges associated with making realistic inferences can be
addressed. Such efforts would validate the efficacy of NDE methods in more demanding scenarios
and potentially unlock new avenues for the application of Bayesian inference across a wider range
of scientiőc and engineering domains.

1.2 Malaria and its life cycle

Malaria is a parasitic disease, caused by őve known species of the Plasmodium genus (falciparum,
vivax, ovale, malariae and knowelsi). However, malaria burden today is predominantly caused by
the Plasmodium falciparum (P. falciparum) and Plasmodium vivax (P. vivax) parasites (Warrell
and Gilles, 2002). Transmission to humans occurs through the bite of an infected Anopheles
mosquito. Infectious bites introduce parasites, known as sporozoites, into the bloodstream. The
sporozoites quickly target and invade liver cells, or hepatocytes, initiating łtissue schizogonyž. In
tissue schizogony, the sporozoites will transform into merozoites, a form which is capable of rapid
asexual reproduction. The build up of merozoites will rupture the hepatocyte, releasing them into
the bloodstream and infecting blood cells. The infected red blood cells undergo further cycles of
invasion, replication, and rupture. This cycle is called łerythrocytic schizogonyž. The release of
large numbers of parasites into the bloodstream triggers the body’s immune response, leading to the
characteristic symptoms of the disease (ibid.). During this blood stage, some parasites differentiate
into sexual forms, or gametocytes, ready to be ingested by another Anopheles mosquito during a
blood meal, thus perpetuating the cycle. The P. vivax species is unique in its ability to remain
dormant in the liver as hypnozoites. Hypnozoites can re-enter the cell cycle after days or weeks
causing relapses of infection.

Upon ingesting gametocytes from an infected human, a female Anopheles mosquito facilitates
the parasite’s sexual reproduction within her digestive tract. The male gametocytes undergo
łexŕagellationž, after which they fertilise female gametocytes to produce zygotes. The zygotes then
develop into motile ookinetes, which burrow into the mosquito’s midgut wall and form oocysts.
Over a period of one to two weeks, each oocyst produces thousands of sporozoites, which, upon
the oocyst’s rupture, migrate to the mosquito’s salivary glands. This makes the mosquito capable
of transmitting the infection to humans, completing the life cycle of the parasite.
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Figure 1.1: The life cycle of the malaria parasite, (Warrell and Gilles, 2002)

1.2.1 The Anopheles vector

The Anopheles mosquitoes, a principal vector of malaria, vary geographically in their density,
which in turn inŕuences the dynamics of malaria transmission, see Figure 1.2 for a map of the
most abundant malaria vectors. This variation in Anopheles populations impacts malaria trans-
mission through differences in behaviour such as anthrophily (preference for human blood over
animal blood) and endophily (the tendency to feed and rest indoors). In sub-Saharan Africa,
the most affected area in terms of malaria morbidity and mortality, three types of Anopheles
mosquitoesÐAnopheles arabiensis, Anopheles gambiae complex, and Anopheles funestusÐare pre-
dominantly responsible for P. falciparum transmission (Sinka et al., 2012). These species are highly
efficient vectors due to their strong preference for feeding on humans.

Figure 1.2: A global map of malaria vectors, (Sinka et al., 2012)

The life cycle of Anopheles mosquitoes can be divided into aquatic and adult stages. The
aquatic phase includes the development of eggs, larvae, and pupae and can extend up to two weeks,
depending on environmental conditions. Once mature, female Anopheles mosquitoes require blood
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meals to develop eggs. Following a blood meal, females typically seek environments for resting
and egg maturation, a process that takes 2-3 days. After this, mosquitoes will deposit their eggs
in standing water, initiating another life cycle. The frequency of oviposition and the development
rate of the eggs are both heavily inŕuenced by the ambient temperature (Christiansen-Jucht et al.,
2015). For a female mosquito, the interval between ingesting malaria parasites during a blood meal
and becoming infectious, known as the extrinsic incubation period, has been estimated to range
from 9 to 18 days by (Stopard, Thomas S. Churcher, and Lambert, 2021; Ohm et al., 2018). In
this period parasites will develop within the mosquito and they will migrate to the salivary glands,
enabling transmission to humans during subsequent feedings.

1.2.2 Clinical malaria

Clinical malaria is triggered by the proliferation of Plasmodium parasites within red blood cells,
known as parasitaemia. If left untreated, this not only results in the classic symptoms of uncompli-
cated clinical malaria but has the potential to progress to severe malaria or death. Uncomplicated
clinical malaria typically presents with symptoms similar to febrile illnesses, including fever, chills,
headaches, and tiredness (Cowman et al., 2016). However, what distinguishes malaria is its peri-
odic recurrence of symptoms, which corresponds with the erythrocytic cycle - as the infected red
blood cells rupture in synchrony, releasing new parasites into the bloodstream, patients can experi-
ence waves of fever (Warrell and Gilles, 2002). Fortunately, with timely diagnosis and appropriate
treatment, uncomplicated clinical malaria is curable.

However, delays in treatment can result from delayed treatment-seeking behaviour by the pa-
tient or limited access to healthcare services. Such delays can allow the disease to progress to se-
vere malaria, which is characterised by a range of life-threatening complications, including cerebral
malaria, respiratory failure, renal failure, severe anaemia, hypoglycaemia and metabolic acidosis
(Cowman et al., 2016). Each of these conditions poses signiőcant risks to the patient and requires
urgent and specialised medical treatment to prevent fatality.

Diagnosis is key for the effective treatment of malaria. There are three main methods for
diagnosis: Rapid Diagnostic Tests (RDTs), Microscopy and Polymerase Chain Reaction (PCR)
- for detailed comparisons see (L. Wu et al., 2015; Madkhali, Ghzwani, and Al-Mekhlaő, 2022).
Microscopy is the preferred method of diagnosis as it can be used to identify the species of Plas-
modium and produce an estimate of parasite density. RDTs can provide a fast and cheap diagnosis,
with similar sensitivity , without a clinical laboratory which makes it convenient for rural settings.
PCR tests are the most expensive and sensitive of the three making them appropriate for quality
control. However, in Low and Middle Income Countries PCR tests are limited.

1.2.3 Immunity to malaria

On őrst exposure to malaria, individuals are highly susceptible to illness. However, in regions where
malaria is endemic, repeated exposure to the parasite results in an accumulation of a natural im-
munity which signiőcantly reduces the risk of clinical malaria. In endemic settings, the prevalence
of parasites is concentrated in children, with a decreasing prevalence with age after young adult-
hood (Oshagbemi et al., 2023; Makenga et al., 2020). This trend suggests a gradual acquisition
of immunity, which not only reduces the likelihood of clinical symptoms but also diminishes the
severity of the disease when it does occur. The patterns of mild and severe malaria suggest dif-
ferent immune responses at play across the various stages of the parasite’s lifecycle. Although the
mechanisms of immunity have been extensively studied, major gaps in our understanding remain
(Jong et al., 2021; Barua et al., 2019; Langhorne et al., 2008; Pohl and Cockburn, 2022).

Pre-erythrocytic immunity targets the early stages of malaria infection, before the parasites
infect red blood cells. It is characterised by an inŕammatory response mediated by cytokines and
an adaptive immune response through the recognition of parasites, likely sporozoites, by B and T
cells. These immune cells identify and attack the parasite before it is able to establish itself in the
liver.

However erythrocytic, or blood stage, immunity is thought to be where most natural immunity
against malaria is developed. The immunity, acquired through repeated exposure, primarily targets
the merozoites and intraerythrocytic parasites (parasites inside red blood cells). Antibodies pro-
duced by the immune system bind to free merozoites and intraerythrocytic parasites, neutralising
them, preventing further infection of red blood cells and clinical symptoms in the host.
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Anti-gametocyte immune responses target the sexual stages of the parasite within the human
host, reducing the number of gametocytes capable of infecting mosquitoes (William E. Collins,
Geoffrey M. Jeffery, and J. M. Roberts, 2004). One known mechanism of anti-gametocyte immunity
is to attach antibodies to the male gametocytes in the human host in order to disrupt fertilisation
after they are ingested by a feeding mosquito (Rener et al., 1980). Anti-gametocyte immunity has
been identiőed as a łbottleneck in the malaria life cyclež (P. E. Duffy, 2021). Since gametocytic
parasite densities are found to be relatively low, anti-gametocyte immunity has been of particular
interest to researchers seeking a łTransmission-Blocking Vaccinež (TBV).

1.2.4 Malaria burden

The burden of malaria remains a signiőcant global health challenge, with an estimated 249 million
cases and 608,000 deaths attributed to the disease in 2022 alone (World Health Organization,
2023). Geographically, malaria burden is concentrated in Africa, accounting for 95% of all malaria
cases (World Health Organization, 2020). The youngest have the worst outcomes, with children
under őve years of age representing 77% of malaria deaths in 2020 (ibid.). The predominant cause
of these cases and deaths is Plasmodium falciparum, responsible for 99.7% of malaria cases in
Africa (ibid.).

To understand the epidemiology of malaria and evaluate control strategies effectively, three
measures of malaria burden are commonly used:

Clinical Malaria Incidence This is the number of clinical malaria episodes within a speciőc
time frame. An episode is typically deőned as a new patient with a fever coupled with a
positive diagnostic test. Incidence can be determined through active or passive case detection
methods. Active case detection involves routinely monitoring a pre-enrolled cohort over
the time frame, allowing for an accurate representation of malaria incidence by capturing
cases as they occur. In contrast, passive case detection uses existing healthcare systems to
identify incoming patients and their contact networks, which, although practical, is known
to underestimate the true incidence of malaria due to reliance on symptomatic individuals
seeking treatment (Rios-Zertuche et al., 2021).

Parasite Prevalence Representing the proportion of the population infected with malaria at
any given time, parasite prevalence is determined through cross-sectional surveys. This
measure includes asymptomatic infections, offering a broader perspective on the infection’s
spread. However, the prevalence is inŕuenced by the diagnostic methods used, with RDTs
and microscopy detecting fewer low density infections compared to PCR testing.

Entomological Inoculation Rate EIR estimates the average number of infectious mosquito
bites received by a person per year. This rate is subject to considerable variability, in-
ŕuenced by the methods used for mosquito capture and the estimation of the sporozoite rate,
as not all mosquito bites result in transmission. The EIR’s variability is further compounded
by environmental heterogeneity and seasonal factors, such as rainfall and temperature, which
affect mosquito breeding and survival rates.

All of these metrics are heavily inŕuenced by the vectorial capacity, the rate of contact between
infectious mosquitoes and susceptible humans. However, a myriad of confounding factors, such
as demographics, seasonality, human habitats, land use, diagnostic methods and wider malaria
controls can obscure their precise relationship. Understanding these relationships are essential
for predicting and mitigating malaria burden, and so have been the subject of extensive research
(Griffin, Ferguson, and Ghani, 2014; Griffin, 2016; Cameron et al., 2015; Reiker, Golumbeanu,
et al., 2021).

1.2.5 Malaria control

Many initiatives have been set up to control malaria. Whilst eradication (i.e. complete elimination
of the parasite worldwide) is generally considered the ultimate goal, most national programmes
strive for local elimination (deőned as no ongoing locally-acquired infections whilst allowing for
some importation and secondary transmission) (World Health Organization, 2020; Chen et al.,
2018; L. Roberts and Enserink, 2007). By 2017, the malaria map had been restricted to the
Americas, Asia and the Western Paciőc and Africa, where it was most prevalent (Chen et al.,
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2018). The World Health Organisation (WHO) established ambitious targets for 2030 (World
Health Organization, 2021), including the reduction of incidence of malaria cases and mortality
rates by 90% and achieving malaria elimination in at least 35 countries.

However, malaria cases have been on the on the rise since 2015 (World Health Organization,
2020), due to a range of factors such as COVID-19 (ibid.), reduction in funding, environmental
changes and insecticide and anti-malarial resistance. This trend was exacerbated in 2020, which saw
an alarming increase of 14 million cases and 68,000 deaths compared to the previous year, thanks
to many humanitarian crises and the COVID-19 pandemic (ibid.). Meeting the WHO targets will
require signiőcant improvements in and efficient distribution of current control measures.

The most widespread and effective option so far has been the Insecticide Treated Net (ITN)
(World Health Organization, 2023), particularly the Long Lasting Insecticide-treated Net (LLIN).
ITNs are hung over beds to protect people while they are sleeping by repelling or killing mosquitoes
which attempt to feed. The majority of households in sub-Saharan Africa (70% in 2022) (ibid.)
have at least one ITN.

Indoor Residual Spraying (IRS) is an alternative form of vector control where an insecticide is
applied to the indoor surfaces of a household. Insecticide spray repels or kills mosquitoes providing
protection for a large proportion of the day. IRS was estimated to protect less than 6% of the
population at risk in 2022 (ibid.).

Antimalarials play an important role in the treatment and prophylaxis of malaria, targeting
the blood-stage parasites. Previously, Chloroquine and Sulfadoxine-Pyrimethamine (SP) were the
frontline treatments, but an increasing parasite resistance to these drugs has necessitated a shift
to artemisinin-based combination therapies (ACTs) (Okell et al., 2014; Nguyen et al., 2023). The
quality and accessibility of health care services can vary greatly in countries with high malaria
transmission, with surveys suggesting that the percentage of patients who received ACTs after
seeking care varies from 30% to 93.4% (World Health Organization, 2020).

Additionally, chemoprevention strategies have been adopted in some countries, distributing
antimalarials like SP to vulnerable sub-populations during peak transmission seasons. Seasonal
Malaria Chemoprevention (SMC) is a strategy which distributes SP to children a few months
before the seasonal peak of transmission to maximise the effectiveness of the strategy (World
Health Organisation, 2022). Intermittent Preventive Treatment of pregnant women (IPTp) protects
women and neonates who are at risk of complications in pregnancy due to malaria or death (ibid.).
Intermittent Preventive Treatment of infants (IPTi) protects infants who are yet to develop an
immunity to malaria and therefore pose an increased risk (ibid.).

Vaccines which target the pre-erythrocytic stage of the malaria parasite induce long-term immu-
nity against sporozoites. To date, two pre-erythrocytic vaccines (RTS,S and more recently R21)
have been approved as an intervention to protect children (World Health Organization, 2023).
Due to a constrained supply of RTS,S, vaccination has only been distributed in Ghana, Kenya and
Malawi and Côte d’Ivoire (World Health Organization, 2023; University of Oxford News, 2024).
However, the global vaccine coverage is expected to grow as the new R21 vaccine relieves the supply
issues.

1.2.6 Mathematical models of malaria

Mathematical models are integral to monitoring the global burden of malaria, providing key global
health stakeholders insights into the efficacy of control programs and the potential impact of
new strategies. These models simulate the complex interactions between human and mosquito
populations, the dynamics of parasite transmission, and the effectiveness of intervention strategies
across various settings. The earliest models are referred to as Ross-MacDonald models, which
were developed by Ronald Ross, George MacDonald and Alfred Lotka alongside others during the
Global Malaria Elimination Programme in 1955 to 1969, see (D. L. Smith, Battle, et al., 2012)
for a history of its development. Among the notable models designed for contemporary modelling
and intervention planning are those developed by the Swiss Tropical and Public Health Institute
(OpenMalaria) (T. Smith, Ross, Maire, Chitnis, et al., 2012), the Institute for Disease Modelling
(EMOD DTK) (P. A. Eckhoff, 2011), and Imperial College London (referred to here as the Griffin
model) (Griffin, Hollingsworth, et al., 2010).

The Ross-MacDonald family of models were the őrst to quantitatively facilitate the prediction
and control of malaria transmission. They were the őrst to relate transmission to vectorial capacity
and/or a basic reproduction number R0, which is now widely used in epidemiology, and to uncover
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the dynamics of łsuper-infectionž, where human infections are prolonged by repeated exposure to
infectious mosquitoes (D. L. Smith, Battle, et al., 2012). Ross-MacDonald models are characterised
as a system of differential equations which describes (1) the force of infection towards humans
during blood feeding, (2) the increase of parasite density in the human host, (3) the force of
infection towards mosquitoes during blood feeding, and (4) the extrinsic incubation period of
the parasite in the mosquito host. I have included an example Ross-MacDonald style model in
Equation 1.1 with an explanation of the variables and parameters in Table 1.1. These models often
make simplifying assumptions about transmission dynamics such as uniformly distributed blood
feeding rates in the human population, a constant mosquito density and human populations are
closed to birth and migration. As malaria transmission models have developed, these assumptions
have been relaxed and models have become more realistic to meet the need for large scale applicable
projections.

dx

dt
= mabz(1− x)− rx

dy

dt
= ax(1− y − z)− axt−v(1− yt−v − zt−v)e

−gv − gy

dz

dt
= axt−v(1− yt−v − zt−v)e

−gv − gz

(1.1)

Symbol Description
x Proportion of infected humans
y Proportion of exposed mosquitoes
z Proportion of infected mosquitoes
m Mosquito density
a Biting rate of mosquitoes
b Probability that an infectious bite infects a human
c Probability that a mosquito is infected after biting an infectious human
r Recovery rate of infected humans
g Death rate of mosquitoes
v Extrinsic incubation period

Table 1.1: Description of variables and parameters in the Ross-Macdonald model

The Griffin model consists of an agent-based model of human populations coupled with a
differential equation-based model for mosquito populations. It allows for detailed parameterisation
based on demographics and the heterogeneity of mosquito biting rates. The model simulates the
progression of human infections through discrete stages (including sub-patent, asymptomatic and
clinical infection stages), incorporating an immunity model which recreates known patterns of
incidence and prevalence based on age and exposure (Griffin, Ferguson, and Ghani, 2014). This
model can be conőgured to simulate a variety of interventions, including Insecticide Treated Nets
(ITNs), Indoor Residual Spraying (IRS), Seasonal Malaria Chemoprevention (SMC), Intermittent
Preventive Treatment in infants (IPTi) and pregnant women (IPTp), larval control, as well as
pre-erythrocytic and transmission-blocking vaccines. I used two variants of this model, the Bi-
stable equilibrium and the Agent-Based Model, for my experiments and describe them in detail in
subsection 2.2.1 and subsection 4.2.2. However, the inference methods which I present could be
applied to any dynamic systems model as they make no assumptions which are speciőc to this use
case.

The OpenMalaria model, while offering similar features to the Griffin model in terms of sup-
ported interventions, distinguishes itself in its modelling of infection and the use of an ensemble
of sub-models to predict outcomes. Instead of simulating discrete infection stages, OpenMalaria
simulates a continuous parasite density for each individual in the model. The OpenMalaria model
includes several model variants for simulating the probability of clinical infection based on parasite
density, including the łbase pathogenesis modelž (T. Smith, Ross, Maire, Christophe Rogier, et al.,
2006) and the łMüller pathogenesis modelž (I. Müller et al., 2009). The ensemble approach allows
for OpenMalaria to incorporate multiple mathematical formulations for natural immunity levels,
transmission heterogeneity, and susceptibility to co-morbidities.

EMOD DTK differs from the Griffin and OpenMalaria models by integrating more sophisti-
cated mosquito ecology and immunity models. The EMOD DTK model allows the researcher to
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parameterise extra environmental variables such as temperature and humidity, which inŕuence
larval and parasite development within mosquitoes. Similarly to OpenMalaria, EMOD DTK also
models parasite densities in human individuals continuously. However unlike OpenMalaria, the
strength of the human immune response is modelled to inŕuence infection duration and the recur-
rence of clinical disease due to the erythrocytic cycle (P. Eckhoff, 2012). The human population
model within EMOD DTK is also highly customisable, allowing for the simulation of multiple
spatially distributed sub-populations with distinct demographics and transmission rates.

These models allow researchers to quantitatively assess the outcomes of various intervention
combinations across different transmission settings, a task that would be impractical, if not im-
possible, through randomised controlled trials alone. Such models are invaluable for projecting
the impacts of funding changes, as illustrated by the US President’s Initiative report, which used
the Griffin model to estimate the potential effects of a 44% funding cut on malaria interventions
in Africa (Peter Winskill et al., 2017). They also help researchers to interpret and generalise trial
data (Thompson et al., 2022; Schmit, Topazian, Natama, et al., 2024; Stuckey et al., 2014; T. A.
Smith et al., 2019), support cost-effectiveness analyses (Topazian et al., 2023; Penny et al., 2016)
and the prioritisation of global resources for malaria control (Schmit, Topazian, Pianella, et al.,
2023; Reiker, Chitnis, and T. Smith, 2019). These models collectively enhance our understanding
of malaria dynamics and intervention strategies, providing a robust framework for planning and
optimising the global initiatives against this disease.

1.3 Parameter inference for malaria models

Malaria models need to be calibrated to data in order to estimate the many biological and epidemi-
ological parameters which are used for forecasting and planning. The large parameter spaces make
searching for the most likely sets challenging. Also, Bayesian methods for calibration, like Markov
Chain Monte Carlo (MCMC), for estimating probability densities over the parameter space require
large numbers of simulations. For Agent Based Models (ABMs), such as the contemporary malaria
transmission models listed above, long execution times are a considerable barrier.

For example, (Griffin, Ferguson, and Ghani, 2014) published Bayesian estimates for the param-
eters of the Griffin model by calibrating the model to pre-intervention prevalence and incidence
data in 31 sites. The published estimates revealed the relationship between prevalence and inci-
dence in different age groups and the proportion of cases which are likely missed by passive case
detection. The authors used a bi-stable equilibrium version of the model which made simplifying
assumptions about the transmission dynamics in order to reduce the execution time for inference.

Researchers working on the EMOD DTK model avoided the issues of execution time by estimat-
ing parameters to sub-components of the model separately. For example, parameters describing
the relative types of larval habitat and and temperature in the mosquito ecology component of the
model were őt to local mosquito abundance data (P. A. Eckhoff, 2011), whereas immunity parame-
ters in the pathogenesis component were őt to malariatherapy 1 data (P. Eckhoff, 2012). Estimating
parameters for each sub-component is more convenient as each inference problem operates on a
low dimensional parameter space. However, this inference method precludes the possibility of
interdependencies between the sub-components.

More recently, surrogate models have been used to infer the parameters of entire models by
speeding up their execution time. Surrogate models, or emulators, can quickly provide model
outputs for a given parameter set, often approximately and/or for a limited parameter space, in
order to speed up the evaluation of a likelihood function. For example, (Cameron et al., 2015)
used a kernel regression based surrogate model to emulate the relationship between a parameter
set (including treatment probability and an EIR curve) and the resulting prevalence and incidence
curves produced by three ABMs (EMOD DTK, OpenMalaria and the Griffin model). The surrogate
could then be used in place of the computationally expensive ABMs in conjunction with MCMC
to estimate the relationship between incidence and prevalence.

In a more recent example, a surrogate model was used for Bayesian optimisation, in (Reiker,
Golumbeanu, et al., 2021). In Bayesian optimisation, the authors optimise the OpenMalaria
model’s parameters to minimise an objective function which quantiőes the discrepancy between

1malaria therapy data was collected, before 1963, from studies where participants where infected with malaria
to treat other illnesses. The datasets included dynamic observations of parasite counts after infection across the
different stages of the parasite’s development cycle (W. E. Collins and G. M. Jeffery, 1999; William E. Collins and
Geoffrey M. Jeffery, 2002)
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a transmission model and observed data. Since the objective function is computationally expen-
sive to evaluate, the authors employed a Bayesian strategy where they modelled a prior over the
objective function and collected evaluations of the objective function which would efficiently up-
date their posterior estimate. The efficiency of each evaluation was dictated by an łacquisition
functionž. The objective is modelled using a surrogate, typically a Gaussian Process, as they are
typically robust for uncertainty quantiőcation. Bayesian optimisation with a carefully designed
acquisition function would likely beneőt from fewer ABM evaluations than the kernel regression
method described above. However, (ibid.) reported a bottleneck in inference which was caused due
to the poor scaling properties of Gaussian Processes with respect to the dimensionality of model
parameters and the size of the observational data set. Furthermore, it was infeasible to extend
their approach to produce probabilistic parameter estimates due to these scalability issues.

1.4 Surrogate based parameter inference outside of malaria

modelling

Beyond malaria modelling, the use of surrogate models to accelerate parameter inference has gained
signiőcant traction in various domains. The challenge in surrogate modelling is to approximate
complex, computationally intensive models, with minimal simulations, striking a balance between
accuracy and efficiency. In this section, I review some of the most commonly employed surrogate
approaches, their trade-offs and suitability for different types of inference.

1.4.1 Gaussian Processes as surrogates

Gaussian Processes (GPs) have emerged as a versatile and expressive tool for accelerating compu-
tationally expensive analyses. Their ability to model non-linear and stochastic functions, coupled
with robust uncertainty quantiőcation, makes them particularly appealing for surrogate modelling.

One well known application of GPs is as surrogates is in Bayesian optimisation (Gramacy,
2020), where the goal is to identify optimal input parameters for a model based on an objective
function. The inherent uncertainty quantiőcation of GPs enables acquisition functions, such as
"expected improvement", which balance exploration of the parameter space with exploitation of
known optimal regions - which is especially useful in reducing the number of evaluations of the
underlying model.

GPs have also been used for uncertainty quantiőcation (UQ) for models which do not natively
support it (Kennedy and O’Hagan, 2001; Sawe et al., 2024; Marmin and Filippone, 2022). In such
cases, researchers őt GPs to functional input-output pairs of a complex model, where inputs vary
according to known uncertainties. Whether the underlying model is deterministic or stochastic,
the GP surrogate allows for efficient estimation of uncertainty in the model outputs, reducing the
need for repeated runs of the intensive model.

Another important use of GPs is in parameter inference (Z. Li and Tan, 2022). Once a GP
is őtted to the outputs of a complex model, it can serve as a surrogate likelihood function for
inference methods like Markov Chain Monte Carlo (MCMC) and Stochastic Variational Inference
(SVI). This approach has proven effective in many cases; however, challenges such as scalability
and computational speed have been highlighted in recent studies, particularly for high-dimensional
problems or large datasets.

1.4.2 Bayes linear emulation for parameter inference

Bayes Linear emulation has been widely used to approximate model outputs, particularly for
approximate Bayesian computation (I. Vernon et al., 2022; Craig et al., 1997; Goldstein and
Huntley, 2017; Bower, Goldstein, and Ian Vernon, 2010). This approach centres around a speciőc
formulation for the surrogate:

fi(x) =
∑

j

βijgij(x) + ui(x),

where fi(x) represents the surrogate approximation of the model output corresponding to the
i-th observation. The őrst term,

∑

j βijgij(x), uses a set of deterministic functions (gij(x)), often
polynomials, to capture the global structure in the model’s behaviour. Each function are weighted
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by coefficients (βij), which are estimated during the őtting process. The second term, ui(x),
accounts for local variations not captured by the global structure. This term is modelled as a
stochastic process, using a covariance function to describe the residual dependencies in the outputs.
The surrogate is őtted by determining βij using either expert opinion or data-driven methods, such
as Maximum Likelihood Estimation (MLE) or Maximum A Posteriori (MAP) estimation.

Bayes Linear emulators can be used alongside Bayesian inference methods, including Markov
Chain Monte Carlo (MCMC) and Stochastic Variational Inference (SVI), to provide a surrogate
likelihood function for posterior estimation (Goldstein and Huntley, 2017). More commonly, how-
ever, Bayes Linear emulators are used in History Matching (McKinley et al., 2018; Goldstein and
Huntley, 2017; I. Vernon et al., 2022), an iterative method for identifying plausible parameter
spaces for a model which I describe in the following section.

1.4.3 Input parameter sampling for surrogate training

The choice of input parameters for őtting surrogates could be inŕuential to the accuracy of the
resulting approximations. It is particularly of concern in high-dimensional spaces where regions
of the parameter space could be insufficiently sampled, resulting in surrogates that fail to capture
critical behaviours of the underlying model especially with non-linear dynamics.

Straightforward methods for selecting input parameters include space-őlling designs, such as
Latin Hypercube Sampling (LHS), or sampling from a prior distribution if one is available (McKin-
ley et al., 2018; Andrianakis et al., 2015; G. Charles, Wolock, et al., 2023). However, these ap-
proaches can become inefficient for many real-world inference problems. In such cases, most of
the parameter space may correspond to inputs that are irrelevant or implausible for explaining the
observed data.

An alternative approach is to use History Matching (HM), which uses a heuristic to identify
"plausible" regions of the input space (Goldstein and Huntley, 2017; I. Vernon et al., 2022; McKin-
ley et al., 2018). HM compares model outputs and their associated uncertainties to observational
data, systematically excluding regions of the parameter space where the model’s outputs are not
consistent with observations.

History Matching is conducted in "waves", an iterative process in which the plausible region
of the parameter space is reőned in successive rounds. In the őrst wave, an initial set of inputs
is chosen using space-őlling methods or a prior distribution and corresponding simulations are
made. Samples are selected as implausible according to an implausibility metric calculated from
the simulations. The plausible input space is then resampled for the next wave until the plausible
region is sufficiently small for inference.

1.4.4 Neural density estimation

In recent years, Neural Density Estimation (NDE), in particular Normalising Flows (NFs), have
become popular surrogates for ŕexible and efficient inference (Cranmer, Brehmer, and Louppe,
2020; Papamakarios, 2019; Greenberg, Nonnenmacher, and Jakob H. Macke, 2019; Papamakarios,
Sterratt, and Murray, 2019; Glockler, Deistler, and Jakob H Macke, 2022). They are particularly
attractive as neural networks have become easier to train with auto-differentiation and have been
proven to be expressive enough to approximate any continuous probability distribution (De Cao,
Titov, and Aziz, 2019), more formally the universal approximation theorem. There is on going
research into how to best integrate these surrogates into a Bayesian workŕow (Talts et al., 2020;
Cranmer, Brehmer, and Louppe, 2020).

Normalising ŕows are a class of invertible neural networks that transform a simple, tractable
distributions (most often a Gaussian distribution) into a complex target distribution by applying
a series of transformations. A beneőt of normalising ŕows, over traditional neural networks, is
their ability to compute the probability density of any point in the target distribution through the
**change-of-variables formula**:

pX(x) = pZ(z)

∣

∣

∣

∣

det
∂f−1

∂x

∣

∣

∣

∣

,

where z = f−1(x) maps the target distribution pX(x) back to the base distribution pZ(z). This
density estimation makes normalising ŕows particularly well-suited for Bayesian inference, where
the goal is to approximate and sample from posterior distributions.
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Normalising ŕows have been used for approximate Bayesian inference in a variety of ways.
One is Neural Likelihood Estimation (NLE) where the NF is trained to approximate an unknown
likelihood function by learning the relationship between model inputs and outputs (Papamakarios,
Sterratt, and Murray, 2019; Glockler, Deistler, and Jakob H Macke, 2022). Once trained, the
NF is used in conjunction with traditional inference methods, such as Markov Chain Monte Carlo
(MCMC) or Stochastic Variational Inference (SVI), to sample from the posterior distribution.
Neural Posterior Estimation (NPE) takes a more direct approach by training the NF to approximate
the posterior distribution itself in an amortised fashion (Greenberg, Nonnenmacher, and Jakob H.
Macke, 2019). This means the NF is trained to map any given observation in the model output
space to a posterior distribution over the input parameters. Once trained, the NF can provide
rapid posterior estimates for new observations without additional training.

Loosely analogous to HM, NDE based approaches have often adopted "sequential sampling"
to iteratively reőne the surrogate on increasingly important regions of the sample space. In the
initial round, the surrogate is trained on the prior distribution. In subsequent rounds, the NF is
trained on the posterior estimated from the proceeding round.

1.4.5 Recurrent Neural Networks as surrogates

Recurrent Neural Networks (RNNs) have emerged as a natural choice for surrogate modelling in
temporal systems, exploiting the auto-regressive relationships encoded in such models. By intro-
ducing temporal inductive biases directly into the surrogate architecture, RNN-based approaches
can improve approximation accuracy, reduce parameter size, and potentially stabilise training.

Early RNNs, suffered from the vanishing or exploding gradients problem. When training on
long sequences, gradients would either diminish to negligible values (vanishing gradients) or grow
exponentially large (exploding gradients), leading to difficulties in optimising the network.

To address this, gated RNN architectures such as Long Short-Term Memory (LSTM) networks
and Gated Recurrent Units (GRUs) were been developed (Hochreiter and Schmidhuber, 1997;
Bahdanau, Cho, and Bengio, 2016). These architectures introduce gating mechanisms to selectively
control the ŕow of information through the network, for example Forget Gates to control which
parts of the previous state are carried forward; Input Gates to determine how much new information
should be incorporated into the state; and Output Gates to decide which parts of the state inŕuence
the next output.

In climate and physical sciences, an alternative RNN variant, the Echo State Network (ESN),
has gained popularity for time-series prediction tasks (Jirak et al., 2023; McDermott and Wikle,
2019; Doan, Polifke, and Magri, 2020). ESNs address some of the limitations of traditional RNNs
by signiőcantly reducing the number of trainable parameters, while maintaining strong predictive
accuracy (Lukoševičius and Jaeger, 2009).

An ESN comprises of a computing reservoir, an encoder network and a decoder network.
The reservoir is a sparsely connected RNN with őxed parameters. This reservoir acts as a high-
dimensional state space that transforms the input signals into a richer representation. The encoder
network is trained to map model inputs into the reservoir’s state. The decoder Network is trained
to reconstruct the desired model outputs from the reservoir’s state. Unlike traditional RNNs, the
training is focused solely on the encoder and decoder networks, to reduce the number of trainable
parameters and stabilise training.

1.5 Contributions

In this thesis, I introduce methods for performing Bayesian inference on complex models of malaria
transmission, leveraging neural network (NN)-based surrogates. NN-based surrogates are designed
to facilitate rapid and efficient modelling of malaria dynamics as their parameter sets grow in size
and complexity, thereby offering novel avenues for both current and future inference challenges.
My work includes sampling strategies for improving convergence during the training of these sur-
rogates, diagnostics for surrogate based inference, as well as updated parameter estimates for a
complex malaria model. These estimates could provide deeper insights into malaria transmission
dynamics and improve conődence in modelling studies aimed at predicting or controlling malaria
transmission.
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An auto-differentiable malaria model for efficient parameter inference

In the next chapter, I perform derivative-based inference within the context of a malaria transmis-
sion model. I adopt and adapt the bi-stable equilibrium model from (Griffin, Ferguson, and Ghani,
2014), implementing it within an auto-differentiable programming framework for the őrst time. I
redeőne the priors over the model parameters to reŕect updated knowledge and insights derived
from a sensitivity analysis. This approach demonstrates the potential of derivative-based methods
in enhancing the accuracy and reliability of inferences drawn from complex epidemiological models.

Fast black-box Bayesian inference using neural-network based surrogates

In chapter three, I introduce a workŕow for employing NN-surrogates in derivative-based inference,
avoiding the need for re-implementing complex models into auto-differentiable languages. Through
this workŕow, I explore and compare various sampling strategies, examining their impact on the
efficiency and convergence of surrogate training. This comparative analysis not only highlights the
versatility of NN-surrogates but also sets the stage for their broader application in complex system
modelling.

Seq2Seq surrogates for recreating disease transmission dynamics over time

In the fourth chapter, I apply the NN-surrogate workŕow to infer malaria transmission parameters
of a computationally demanding agent-based model (ABM). This application showcases the surro-
gate model’s ability to generalise to longer time horizons than those encountered during training
and to adapt to arbitrary intervention parameters without the need for retraining. To my knowl-
edge, this is the őrst time rapid Bayesian inference of model parameters has been achieved for
a model of this detail, facilitating timely and informed decision-making in malaria control and
prevention efforts.

Bayesian inference of high-dimensional Agent Based Model parameters

In the őfth chapter, I apply the NN-surrogate workŕow to estimate the immunity parameters of
the same ABM. This chapter illustrates how the workŕow effectively addresses a high-dimensional
inference challenge in a realistic modelling scenario. The resulting parameter estimates demonstrate
a high predictive accuracy for real-world incidence and prevalence data and an alternative modality
of immunity dynamics than has been previously published using the Griffin model.

The insights gained from the development and application of NN-surrogates in this thesis extend
beyond malaria transmission modelling. I present methodologies which hold promise for addressing
similar inference challenges across a variety of domains. By demonstrating the feasibility and
effectiveness of NN-surrogates in complex system modelling, this work contributes to the broader
őeld of Bayesian inference, offering avenues for future research and application in diverse scientiőc
and engineering disciplines.
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Chapter 2

An auto-differentiable malaria model

for efficient parameter inference

2.1 Background

In malaria transmission modelling, parameter inference is essential for understanding of malaria
dynamics and producing reliable and consistent predictions. Contemporary malaria models, de-
scribed in subsection 1.2.6, rely on parameter inference to őt simulations to observable data, namely
malaria prevalence and incidence data. To faithfully capture these observable data, contemporary
models have introduced complex immunity dynamics which are not directly observable. Developing
and őtting using these models is particularly challenging since many biological aspects of malaria
immunity remain unknown (Pohl and Cockburn, 2022; Deloron and Chougnet, 1992; Langhorne
et al., 2008). The assumed immunity dynamics have implications for the simulated relationship
between incidence, prevalence and underlying malaria transmission (Griffin, Ferguson, and Ghani,
2014; Cameron et al., 2015; Reiker, Golumbeanu, et al., 2021).

Malaria transmission dynamics are inherently complex and non-linear, which poses further chal-
lenges for Bayesian inference. This complexity could lead to situations where parameters exhibit
multi-modal posterior distributions or become non-identiőable due to uninformative priors and/or
the presence of noisy data. Additionally, the dynamics of the model could result in skewed or
narrow geometries, resulting in slow convergence times for commonly used Markov Chain Monte
Carlo (MCMC) samplers. The design of the transmission model and prior selection during param-
eter inference would have an important role in inŕuencing the posterior landscape for successful
inference.

Observational data is unfortunately limited and noisy adding another layer of complexity to
accurate and reliable inference. Global malaria transmission is highly concentrated in Low to Mid-
dle Income Countries (LMICs) in sub-Saharan Africa, regions where surveillance systems are still
in the development phase. Health Management Information Systems (HMIS) are being deployed
across the continent to systematically track malaria cases and treatments from various healthcare
systems in a standardised way. Despite these efforts, the recent reports from the World Health
Organization suggest that the effectiveness of routine surveillance is compromised by inadequate
record-keeping in the private sector and the prevalence of low treatment-seeking behaviours (World
Health Organization, 2021). Apart from routine surveillance, research surveys and limited surveil-
lance initiatives have been carried out with various aims. These surveys, however, can provide
disjointed or inconsistent information on malaria burden as they each have their own research
goals and methodologies.

2.1.1 Observational data

The most accessible observational data for inferring immunity model parameters is the prevalence
of parasites. This data is generally collected through cross-sectional surveys (XSS), wherein a large
sample from a population is screened for infection over a brief time window. The methodology of
these surveys mostly varies with respect to the diagnostic test used (Rapid Diagnostic Tests (RDT),
microscopy, or Polymerase Chain Reaction (PCR) tests), target parasites (usually Plasmodium
falciparum or Plasmodium vivax in sub-Saharan Africa), and the age demographics of the subjects
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(often younger populations). The Demographic and Health Surveys programme, which subsumes
the Malaria Indicator Surveys (MIS), provide the most up-to-date, regularly collected data from
such surveys in LMICs, speciőcally for children aged between 0 and 59 months (Demographic and
Health Surveys, 2022). Additionally, (Snow et al., 2017) has provided a meta analysis on prevalence
data published in studies between 1900 to 2017.

The clinical incidence of malaria is tracked through Passive Case Detection (PCD) and Active
Case Detection (ACD) strategies. PCD involves testing for malaria among sub-populations that
seek medical care. Although it can be seamlessly integrated into existing healthcare services,
PCD often yields unreliable incidence estimates due to factors like inconsistent healthcare access,
criteria for malaria suspicion, and the likelihood of seeking treatment (Rios-Zertuche et al., 2021).
Conversely in ACD studies cohorts of patients in high risk areas are regularly monitored for the
study period providing unbiased estimates of incidence. However, the frequency of screenings and
cohort size in ACD studies varies, leading to differing incidence estimates. (Battle, Cameron, et
al., 2015) published a database of ACD studies of malaria cases (and matched prevalence studies)
recorded between 1985 and 2013 providing a valuable resource for understanding prevalence and
incidence trends.

2.1.2 Hamiltonian Monte Carlo (HMC)

HMC offers a robust method for efficient inference in models which produce complex posterior
geometries, (Neal, 2011). Such posteriors are commonplace in Bayesian inference, where the model
complexity and noisy observations would likely lead to challenging posterior landscapes. However,
there has been little research on applying Bayesian inference to őt contemporary malaria models
and no known cases of derivative-based Bayesian inference at the time of writing. By using gradient
information of the target distribution, derivative based approaches can acheive better mixing and
faster convergence than less sophisticated counterparts, such as Random Walk Metropolis Hastings
(RWMH).

In HMC, each chain is characterised by a position (representing a point in the parameter space)
and a momentum (related to the potential energy, or the negative log-likelihood), which together
guide the sampling process towards regions of higher posterior probability. The Hamiltonian,
H(q, p), is deőned as the sum of the kinetic energy, K(p), and the potential energy, U(q), where q
represents the position and p the momentum:

H(q, p) = K(p) + U(q),

The kinetic energy is often modelled using a mass matrix, M , which is typically chosen to
be diagonal for computational efficiency, although non-diagonal, positive-deőnite matrices can
be employed to better account for correlations in the posterior space at the cost of increased
computation:

K(p) = pTM−1 p

2

The partial derivative of the Hamiltonian governs the trajectory of p and q over time, t. In
practice, the leapfrog sampling method is widely used as a numerical approximation using a step
size ε, which incorporates a half step to improve stability compared to Euler’s method for the
integration of differential equations. The potential and momentum of each particle under the
leapfrog sampling scheme is deőned below, see (ibid.) for further implementation details.

p(t+ ε/2) = p(t)− (ε/2)∇U(q(t))

q(t+ ε) = q(t) + εM−1p(t+ ε/2)

p(t+ ε) = p(t+ ε/2)− (ε/2)∇U(q(t+ ε))

The No-U-Turn Sampler (NUTS) extends HMC by adaptively determining the step size and the
number of leapfrog steps required in each iteration. This mitigates the need for manual tuning - a
process that is both time-consuming and computationally intensive. For complex high-dimensional
models, it is unlikely that manual tuning will result in optimal parameterisations. NUTS employs
a binary tree expansion mechanism, where leapfrog steps are added either forward or backward
in time until a maximum depth is reached or a U-turn is detected. A U-turn occurs when the
trajectory of samples turns towards itself, indicating inefficiency in further sampling from regions
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beyond the current scope of the binary tree. This is detected with a negative scalar product of the
position vectors at the extremes of the binary tree δ = (qend − qstart) · pend. After each iteration,
NUTS adjusts the step size to steer sampling towards the target acceptance rate.

2.1.3 Auto-differentiation

For the above methods, the computation of gradients is required to perform inference, speciőcally
∇U(q). However, in complex models, like those used for malaria transmission modelling, calculat-
ing these gradients can be challenging. Automatic differentiation (auto-differentiation) signiőcantly
simpliőes this step. Auto-differentiation is a computational technique for calculating gradients for
computations at execution-time, as opposed to onerous manual or symbolic derivations of deriva-
tives. It achieves this by applying the chain rule to propagate gradients through each operation
within a computational process. This series of operations and their interrelationships are tracked
using an łexecution trace.ž

The process of calculating gradients can be executed using łforward-modež auto-differentiation.
In this mode, gradients of the input parameters x ∈ Rn with respect to themselves are trivially
calculated at the beginning of the execution trace. These initial gradients are then propagated
forward through the sequence of operations, enabling the computation of gradients of intermediate
values, vi, with respect to the inputs, ∂vi

∂x
, throughout the trace. This procedure continues until

gradients for the output values y ∈ Rm are determined. At the end of an execution one will
accumulate a Jacobian matrix, J ∈ Rn×m, which can be expressed as:

J =







∂y1

∂x1
· · · ∂ym

∂x1

...
. . .

...
∂y1

∂xn
· · · ∂ym

∂xn






. (2.1)

Forward-mode auto-differentiation is particularly advantageous when dealing with łtallž, i.e.
n ≫ m, Jacobian matrices and for computing Jacobian-vector products. However, it may not be
memory efficient for łwidež matrices, as the intermediate gradients, ∂vi

∂x
, could be large.

An alternative approach is reverse-mode auto-differentiation, where gradients are propagated
in the opposite direction, from the output back to the inputs. Gradients are calculated after an
execution at the end of the execution trace, starting with trivially computed adjoint values, ∂y

∂vi
,

for the őnal operations and works backward to arrive at J . Reverse-mode auto-differentiation
is especially preferred in contexts such as deep learning, where the Jacobian matrix is typically
łwidež, i.e. m ≫ n, involving large parameter models.

2.1.4 Related work on Bayesian inference of malaria model parameters

In malaria transmission modelling, there have been many efforts to apply Bayesian Inference for the
estimation of model parameters. However, as of this writing, the use of derivative-based inference
methodologies to estimate malaria transmission model parameters remains unexplored. This is
potentially an area for improvement in the efficiency and accuracy of parameter inference.

Parameters for the Imperial College London’s model of malaria transmission were estimated
using Bayesian inference (Griffin, Hollingsworth, et al., 2010; Griffin, Ferguson, and Ghani, 2014).
The authors used prevalence and incidence data from 20 countries in sub-Saharan Africa to estimate
values for 28 parameters including immunity and random study effects introduced by incidence
data collected through Passive Case Detection (PCD) or weekly Active Case Detection (ACD). A
similar method was carried out for a P. Vivax model in (M. T. White et al., 2018), where instead
observational data was focused on 11 studies in Papua New Guinea.

In order to simulate incidence and prevalence rates for the likelihood function, a theoretical
model of malaria transmission in bi-stable equilibrium was used, which is described in (Griffin,
2016). This model calculates the proportion of individuals in disease-free and endemic states
which would persist indeőnitely without intervention for a given set of parameters, which can
be used to derive stable prevalence and incidence rates for a given age group. The beneőt of
this model is that simulations can be run extremely quickly compared to agent-based simulations.
Unfortunately there is no direct evidence for bi-stable equilibria in practice, except perhaps in
elimination scenarios (D. L. Smith, Cohen, et al., 2013), and the widespread interventions that are
being deployed today makes malaria unsuited to equilibrium modelling in most scenarios. (Griffin,
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Ferguson, and Ghani, 2014), used this likelihood under the assumption that all observational data
was collected in pre-intervention scenarios.

The posterior for the model parameters were sampled using a Random Walk Metropolis Hast-
ings (RWMH) kernel for MCMC. In RWMH, candidate samples are drawn from a symmetric
proposal distribution, typically a Gaussian distribution centred on the current sample. Samples
are accepted according to a parameterised acceptance probability. This technique is easy to im-
plement and effective for small inference problems, however can experience low acceptance rates
on high-dimensional, complex inference problems.

Parameters for EMOD’s transmission model (McCarthy et al., 2015) were estimated using an
incremental importance sampling method (Raftery and Bao, 2010). Here, a data set of parameters
is drawn from a prior distribution to begin inference. Each parameter draw is assigned a weight
based on the likelihood for each draw, which is calculated by estimating the likelihood of observed
data given EMOD’s simulation outputs. In the incremental step, new parameters are sampled from
a multivariate Gaussian distribution centred around the most likely previous draw and a covariance
matrix estimated from the weighted distances of the previous draws to the prior distribution. For
small unimodal, parameter spaces, this method may explore the posterior distribution quickly
with a large number of concurrent samples. However, for more complex inference problems, the
majority of the samples will likely fall outside of the accepted posterior distribution requiring a
large number of iterations (ibid.).

A study by Cameron et al. (2015) explored the relationship between malaria incidence and
prevalence by using three contemporary malaria transmission models: EMOD, OpenMalaria, and
the Griffin model. They employed a Random Walk Metropolis-Hastings (RWMH) kernel in con-
junction with Parallel Tempering (PT) to sample the posterior space for their Bayesian model.

Parallel Tempering is designed to improve the mixing behaviour of MCMC sampling meth-
ods. In this approach, multiple chains are run in parallel, each assigned a distinct temperature,
T . These chains sample from an augmented log-likelihood function, log(p(x))−T , where chains
assigned higher temperatures have greater degree of freedom to traverse the posterior distribution,
potentially overcoming local optima and facilitating a more comprehensive exploration. Samples
are swapped between adjacent chains with a carefully selected swap probability. Swapping algo-
rithms for PT have attracted extensive research, please refer to Syed et al. (2022) and N. F. Müller
and Bouckaert (2019) for recent advances.

2.1.5 Contributions

I developed the őrst auto-differentiable implementation of the Griffin et al.’s Bi-stable equilibrium
model of malaria transmission. At the time of writing, this is the őrst auto-differentiable modern
malaria model. It includes three distinct models of immunity - pre-erythrocytic immunity, clinical
immunity, and immunity to detection - that vary with age and account for heterogeneity in biting
rates in the human population.

I conducted Bayesian inference on simulated observational data using a No-U-Turn Sampler
(NUTS) sampler, speciőcally the Numpyro implementation (Phan, Pradhan, and Jankowiak, 2019),
to validate a derivative-based MCMC approach. To this end, I proposed a set of diagnostics
for use with this model along with carefully tuned priors. These priors were tuned based on
our latest understanding of malaria transmission dynamics, a sensitivity analysis, model speciőc
diagnostics, an analysis of posterior artefacts - such as multi-modality and non-identiőability, and
commonly used MCMC sampling diagnostics. The diagnostics validated the approach, showing
fast convergence and healthy mixing, and produced priors which could be used in future Bayesian
inference using this malaria model.

This work builds on the established Bayesian inference workŕow to estimate malaria transmis-
sion model parameters. This is the őrst application of derivative-based Bayesian inference to a
complex malaria model and, prior to this, no comprehensive analysis including on prior tuning,
model and sampling diagnostics, and sensitivity analysis for a complex malaria model has been
published. This workŕow can produce robust inference and delivers new insights into the dynamics
of the Griffin model.
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2.2 Methods

Firstly I will describe the bi-stable equilibrium model for malaria transmission, which I will also
refer to as the łequilibrium solutionž. Then I will deőne a Bayesian inference problem for inferring
the core parameters of the equilibrium solution and implementation details for auto-differentiation
and parameter sampling.

2.2.1 Bi-stable equilibrium for a Plasmodium falciparum malaria trans-
mission model

The equilibrium solution, originally published in (Griffin, 2016), can be used to calculate the age-
stratiőed steady state prevalence and incidence of the malaria transmission model given a constant
number of infectious mosquito bites per day, or Entomological Inoculation Rate, parameterised by
Λ.

Human transmission is disaggregated into age and heterogeneity compartments. The average
age and heterogeneity of biting rates in each compartment are assumed to be exponentially and
log-Normally distributed respectively. I discretised the age compartments into 100 age groups,
each group a year wide except for the őnal group which has no upper bound. Heterogeneity was
discretised into 5 groups using Gaussian quadrature. The force of infection Λij for each compart-
ment depends on the age group i, heterogeneity group j as well as Λ, deőned in Equation 2.2. ξj
and Ψi represent the relative biting rates for a heterogeneity and age group respectively, while bi is
the probability of pre-erythrocytic infection given the average immunity level in the compartment.
From Λij , I calculated the stable average immunity levels, size of each infection state compartment,
and the resulting prevalence and incidence in the population.

Λij = ξjΛΨibi (2.2)

where,

bij = b0



b1 +
1− b1

1 + IB
IB0

kb





The human transmission dynamics for the model can be expressed as a system of differential
equations, see Equation 2.3, where susceptible humans, Sij , are infected at rate Λij . Depending on
the probability of clinical infection ϕij , humans progress to clinical infection, Dij , or asymptomatic
infection, Aij . Clinical infections will progress to asymptomatic before becoming a sub-patent
infection, Uij , and recovering to the Sij state. Λij also drives super-infection, where infected
individuals are re-exposed, prolonging recovery.

Immunity is accrued on each exposure to malaria, reducing the rate of infection. Pre-erythrocytic
immunity, IB , reduces general force of infection. Acquired clinical immunity, ICA, is immunity to
clinical infection. Immunity to detection, ID, reduces the detection of asymptomatic infection to
microscopy. All acquired immunity is boosted by exposure to infectious mosquito bites and decays
exponentially. Maternal immunity, ICM , provides protection from clinical disease by transferring
a mother’s immunity, IC20, at birth which is not boosted on exposure.

The rates of transition between compartments are deőned by ri, the rate of growth from age
group i, rD|A|U the rate of exit from the corresponding infection state, and η the average mortality
rate in the population.

dSij

dt
= βSij

Sij + ri−1Si−1 + rUUij

dDij

dt
= βDij

Dij + ri−1Di−1 + ϕijΛij(Sij +Aij + Uij)

dAij

dt
= βAij

Aij + ri−1Ai−1 + (1− ϕij)Λij(Sij + Uij) + rDDij

dUij

dt
= βUij

Uij + ri−1Ui−1 + rAAij

(2.3)

where,
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βSij
= Λij + ri + η

βDij
= rD + ri + η

βAij
= ϕijΛij + rA + ri + η

βUij
= Λij + rU + ri + η

ϕij = ϕ0



ϕ1 +
1− ϕ1

1 + ICA+ICM

IC0

kc





By solving Equation 2.3 at equilibrium I can express formulae for the steady state prevalence
and incidence in the system. This calculation őrst deőnes the average immunity levels, for each
compartment, see Equation 2.4.

Iij =
Fij + (ri + η)Ii−1

1
d
+ (ri + η)

ICMij
= IC20j

e−
i

dm − e−
i+1

dm

ridm

(2.4)

where F depends on the type of immunity:

FBij
=

ξjΛij

ξjΛijuB + 1

FCij
=

Λij

ΛijuB + 1

FDij
=

Λij

ΛijuD + 1

From average immunity levels, I can derive the size of each infection state compartment,
S,D,A,U , see Equation 2.5.

Dij =
ri−1Di−1 + ϕijΛijYij

βDij

Aij =
ri−1Ai−1 + (1− ϕij)ΛijYij + rDDij

βAij
+ (1− ϕij)Λij

Uij =
ri−1Ui−1 + rAAi

βUij
+ (1− ϕij)Λij

Sij =
ri−1Ai−1 + (1− ϕij)ΛijYij + rDDij

βAi + (1− ϕij)Λij

(2.5)

where,

Yij = Sij +Aij + Uij =
πij − bDij

1 + aDij

aDij
=

ϕijΛij

βDij

βDij
= rD + ri + η

βAij
= ϕijΛij + rA + ri + η

βUij
= Λij + rU + ri + η

Finally, the prevalence and incidence is estimated from the infection state compartments, see
Equation 2.6. In this experiment I deőne prevalence as P. falciparum prevalence as detected by
microscopy, a common statistic in malaria surveys, and incidence as the number of clinical cases
in the population per day. I modelled the asymptomatic infections detectable by microscopy with
probability qi. Whereas sub-patent infections are undetectable by deőnition and therefore do not
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contribute to prevalence (as detected by microscopy). Clinical incidence is calculated using the
rate of clinical infection Λ · ϕ and the sub-population who are susceptible to (super-)infection.

incij = Λijϕij(Aij + Uij + Sij)

pos_Mij = Dij + qiAij

(2.6)

where,

fD = 1−
1− fD0

1 + a
aD

γD

qij = d1 +
1− d1

1 + fD
ID
ID0

κD

(2.7)

I used Bayesian inference to őt the free parameters in the above equations to observed prevalence
and incidence data. I have listed the free parameters, acceptable ranges and the priors which I
selected for those parameters in Table 2.2. These parameters describe the infection dynamics
due to pre-erythrocytic immunity and clinical immunity and the probability of detection from a
microscopy test due to immunity to detection. The parameters affect the simulated initial and
maximum immunity levels as well as their rates of accumulation with exposure, which inŕuence
the simulated patterns of prevalence and incidence per age group.

The site parameters, used to characterise each location in the observational data, included Λ
and η. These allow for the inference to roughly distinguish between environments with different
levels of malaria burden and demographics. In later chapters I will use models which support
more detailed site parameters, including age varying mortality, seasonality, vector composition
and intervention usage.

2.2.2 Implementation of the equilibrium solution

I implemented the equilibrium solution in a numerical computing framework called JAX, see (Brad-
bury et al., 2018), which supports forward- and reverse-mode auto-differentiation for all standard
arithmetic operations as well as control ŕows such as while- and for-loops on models deőned in
the Python programming language. JAX also provides functionality for performance optimisa-
tions including Just-In-Time (JIT) compilation, vectorisation, parallelisation and GPU execution.
JAX’s JIT compilation translates most Python functions into an execution graph to be executed
on XLA, an optimised execution environment for linear algebra. Domain Speciőc Language (DSL)
primitives such as vmap and pmap allow users to make their code concurrent by either vectoris-
ing a function by transforming the XLA execution graph, or distributing tasks different devices
respectively. JAX supports CPU core, GPU and Tensor Processing Units (TPU) devices almost
interchangeably allowing users to use all available resources.

The recursive immunity values, in Equation 2.4, and state size variables, in Equation 2.5,
are calculated starting with the youngest age group where the previously accumulated immunity,
(ri + η)Ii−1 is zero. The immunity levels for the older age groups can be calculated inductively.
This iteration is implemented in JAX using a scan primitive. The scan primitive is a loop con-
struct which supports both forward- and reverse-mode auto-differentiation and beneőts from a JIT
compiled loop body, whereas standard Python loops are ŕattened during JIT compilation.

The calculation of prevalence and incidence for each heterogeneity group is vectorised using
JAX’s vmap primitive. Since immunity and state equations for each heterogeneity group are
independent they are calculated concurrently with pre-calculated values of heterogeneity, ξj .

I published my auto-differentiable implementation of the equilibrium solution as a Python pack-
age called dmeq, see (G. Charles, 2024b). At the time of writing, this is the őrst JAX (or hardware
accelerated and auto-differentiable) implementation of a malaria model. This implementation is
the őrst step towards more computationally efficient malaria models, which can support more
ambitious inference, forecasts and control optimisation research.

2.2.3 Parameter inference formulation

Similarly to previous parameter inference efforts in Griffin, Ferguson, and Ghani (2014) and
Cameron et al. (2015), I deőned a parameter inference problem in which I estimate model pa-
rameters based on observed parasite prevalence and clinical incidence statistics for many sites in
sub-Saharan Africa. However, for this exercise I simulated observational data from the model, in
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order to focus on inference diagnostics and suitable priors to include in the workŕow, instead of
data analysis and cleaning.

Let θ be a candidate parameter set, with my prior knowledge of these parameter values listed
in Table 2.2. The simulated observations were be made at six transmission sites characterised by
the EIR, Λ ∈ R

+6
and demography (deőned as average age, ηobs ∈ R

+6
). Let pos_Ma(θ,Λ, η)

and inca(θ,Λ, η) be functions which map model parameters onto detectable parasite prevalence
and clinical incidence respectively, where a is an age range for the statistic. In practice, pos_Ma

and inca are implemented by simulating the equilibrium solution and aggregating the detectable
prevalence and incidence at age group a. I selected őve age ranges, which loosely correspond to
those found in the malaria surveys of detectable parasite prevalence and clinical incidence used in
Griffin, Ferguson, and Ghani (2014).

Λ η pos_M[2,10] pos_M>10 inc<5 inc[5,15] inc>15

3.9 0.000050 232 232 660 899 668
15.0 0.000028 388 329 1817 1840 1076
20.0 0.000045 414 330 2088 1950 1248

100.0 0.000035 461 335 4737 3888 2967
150.0 0.000051 432 373 5503 4734 4051
418.0 0.000031 437 425 8439 8142 8236

Table 2.1: Synthetic site parameters and observations drawn for 6 sites of increasing malaria trans-
mission. Malaria transmission in each site is characterised by Λ. Age in each site is exponentially
distributed with rate η. pos_M[2,10] and pos_M>10 represent positive microscopy counts for syn-

thetic XSS, each with a population size of 105, for the 2-10 and over 10 age groups respectively.
inc<5, inc[5,15] and inc>15 represent positive case counts for synthetic ACD studies, each track-
ing 1,000 participants for 1 year, for the under 5, 5-15 and over 15 age groups respectively. The
prevalence and incidence results where simulated by executing the equilibrium solution with latent
parameters θ∗ and the simulated Λ and η for each site.

To generate synthetic observational data, I őrst simulated latent model parameters and subse-
quently generated prevalence and incidence data by executing the equilibrium solution with those
latent parameters. Let θ∗ be the latent model parameters, which I sampled from their respective
prior distributions. I selected the site parameters, listed in Table 2.1, to be consistent with the
range of Λ found in the previous parameter inference study published in (ibid.). η is sampled
from a uniform distribution in [100−1, 40−1], assuming an average age between 40 and 100. The
latent prevalence and incidence for each age group, a, was calculated using pos_Ma(θ

∗,Λ, η) and
inca(θ

∗,Λ, η) respectively. The observed prevalence and incidence data, Y, was sampled from syn-
thetic XSS and ACD studies respectively. The XSS studies were assumed to have a sample size
of N = 105 and detect malaria according to the Binomial distribution. The ACD studies were
assumed to track 1,000 participants for 1 year, i.e. PYO = 103 × 365, and őnd new malaria cases
according to the Poisson distribution. This is more formally written in Equation 2.8

Y = {n_pos_M∗
2−10, n_pos_M∗

>10, n_inc∗<5, n_inc∗<5, n_inc∗5−15, n_inc∗>15}

n_pos_M∗
2−10 ∼ Binom(N, pos_M2−10(θ

∗,Λ, η))

n_pos_M∗
>10 ∼ Binom(N, pos_M>10(θ

∗,Λ, η))

n_inc∗<5 ∼ Pois(inc<5(θ
∗,Λ, η))

n_inc∗5−15 ∼ Pois(PYO × inc5−15(θ
∗,Λ, η))

n_inc∗>15 ∼ Pois(PYO × inc>15(θ
∗,Λ, η))

(2.8)

The likelihood function for inference is deőned as the joint likelihood of Binomial and Poisson
likelihoods, for prevalence and incidence respectively, calculating the probability of a number of
positive microscopy and clinical incidence cases given the simulated rates for a candidate parameter
set θ, see Equation 2.9.
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Parameter Support NI Prior Tuned Prior
Pre-erythrocytic immunity:

κb R
+ Uniform(0, 10) LogNormal(0, 0.25)

ub R
+ Uniform(0, 10) LogNormal(0, 1)

b0 [0, 1] Beta(1, 1) Beta(1, 1)
IB0 R

+ Uniform(0, 1000) Normal(50, 20) (25 < IB0 < 75)
Clinical immunity:

κc R
+ Uniform(0, 10) LogNormal(0, 0.25)

uc R
+ Uniform(0, 10) LogNormal(0, 1)

ϕ0 [0, 1] Beta(1, 1) Beta(2, 1)
ϕ1 [0, 1] Beta(1, 1) Beta(1, 5)
IC0 R

+ Uniform(0, 1000) Normal(25, 10) (5 < IC0 < 50)
PM [0, 1] Beta(1, 1) Beta(1, 1)
dm R

+ Uniform(0, 1000) Normal(50, 20) (5 < dm < 100)
Immunity to detection:

κd R
+ Uniform(0, 10) LogNormal(0, .25)

ud R
+ Uniform(0, 10) LogNormal(0, 1)

d1 [0, 1] Beta(1, 1) Beta(1, 1)
ID0 R

+ Uniform(0, 1000) Normal(25, 1) (5 < ID0 < 50)
fd0 [0, 1] Beta(1, 1) Beta(1, 1)
γd R

+ Uniform(0, 10) LogNormal(0, 2)
ad0 R

+ Uniform(40, 100) Normal(70, 1) (40 < ad0 < 70)
rU R

+ Uniform(0, 10) LogNormal(0, 1)

Table 2.2: Intrinsic parameters to be inferred. The łSupportž column lists the valid sets of values
for each parameter. The łNI Priorž column lists the non-informative prior distributions which
were initially selected to investigate the likelihood space. The łTuned Priorž column lists the
priors which were selected to avoid spurious immunity dynamics.

.

L(Y|θ) =

Pr
(

n_pos_M∗
2−10;N, pos_M2−10(θ,Λ, η)

)

×
Pr
(

n_pos_M∗
>10;N, pos_M>10(θ,Λ, η)

)

×
Pr
(

n_inc∗<5; inc<5(θ,Λ, η)
)

×
Pr
(

n_inc∗5−15; inc5−15(θ,Λ, η)
)

×
Pr
(

n_inc∗>15; inc>15(θ,Λ, η)
)

(2.9)

I implemented this model in a probabilistic programming language called Numpyro, (Phan,
Pradhan, and Jankowiak, 2019). I chose it so that I could easily integrate it with dmeq and for its
range of MCMC kernels. I used the No-U-Turn-Sampler (NUTS) variant of the HMC kernel with
an initial step size of 1 and acceptance probability of 0.8.

2.3 Bayesian inference workŕow

In this section, I describe the diagnostics I used to select the prior distribution for each model
parameter. These analyses build on well known general Bayesian workŕows for checking prior
and posterior distributions, particularly constructing synthetic data to validate the Bayesian joint
distribution, and apply them to the domain speciőc setting of Bayesian inference for őtting param-
eters of malaria transmission models, see Gelman, Vehtari, et al. (2020) and Talts et al. (2020) for
details. I began with non-informative priors within each parameter’s support, referred to as the
łNI Priorsž. Here, I use łnon-informativež to describe a distribution which does not incorporate
prior knowledge into the model. However, it is worth noting that some łNI Priorsž reduced the
valid support for their parameters and, moreover, in a non-linear system even uniform priors can
inŕuence the posterior distribution. After reviewing my analyses, including sensitivity analyses,
immunity curve analysis and prior and posterior predictive checks, I selected prior distributions
which were more informative and consistent with malaria dynamics described in the literature. I
refer to the distributions selected after these analyses as the łTuned priorsž.

33



I then present a comparative analyses on the posterior estimates for the model parameters
given the two prior distribution sets. I include traditional convergence diagnostics as well as model
speciőc posterior predictive checks for immunity dynamics. I also analyse the posterior parameter
space to show correlations and compare the estimates to the ground truth, latent parameter values.

2.3.1 Diagnostics on the prior distribution

My prior predictive checks involved visualising the model’s immunity probability, incidence and
prevalence values for each age group and across all transmission intensities. Immunity probability
outputs were considered anomalous if they were łŕatž, or output a similar immunity probability
for all age groups. Flat probability curves for medium to high burden environments would conŕict
with the general consensus that immunity is acquired with age, making the older population less
susceptible to infection. Prevalence/incidence curves were also considered anomalous if they were
ŕat, as this would conŕict with the consensus that malaria predominantly affects younger age
groups. The őnal prior predictive checks are shown in Figure 2.2 for 1000 draws from the NI and
tuned priors.

The most effective mitigation for ŕat immune response was to select log-Normal prior distribu-
tions in place of the uniform distributions for the the hill coefficients κb, κc and κd. When these
coefficients are set to lower values, they allow for a larger accumulation of immunity over time. The
NI priors were biased towards ŕatter immunity dynamics, especially for immunity to detection, see
Figure 2.2a. However, these changes had little effect on the prevalence probabilities per age, likely
due to inherent sensitivity issues in the model.

I conducted a sensitivity analysis using derivative-based local sensitivity measures. I őrst
calculated the derivative of the likelihood function, using automatic differentiation, with respect

to the model parameters, i.e. dL(Y|θ)
dθ

, at 1000 points drawn from the NI and the tuned priors.
I also disaggregated the likelihood function into its independent parts, i.e. the prevalence and
incidence likelihoods for each site, in order to visualise the inŕuence of each component. The
gradients are shown in Figure 2.3. It is important to note that the sensitivity values are based
on synthetic data created from one parameter draw and may not reŕect the model sensitivity to
real observational data. I used forward-mode differentiation to compute the Jacobian of the above
likelihood function, which mitigated numerical and out-of-memory errors which I experienced for
the reverse-mode alternative.

The sensitivity analysis in Figure 2.3a showed that the likelihood is not sensitive to many
parameters. In particular it showed that the rate of recovery from sub-patent infection, rU, would
not be adequately explored using the NI priors. In response, I set the rU prior to a log Normal
distribution, since the likelihood was more sensitive to lower rU values, or a longer duration of
sub-patent infection. Tuning the remaining parameters had smaller effects on their sensitivity,
with parameters for initial immunity levels remaining the most sensitive, i.e b0, phi0, phi1 and d1;
and some parameters remaining particularly insensitive to tuning, i.e. ad0 and dm.

The sensitivity analysis disaggregated by model output showed that parameter sensitivity is
dependent on the available data. Incidence likelihoods are insensitive to immunity to detection
parameters, i.e. ID0, ad0, d1, fd0 and γd, whereas prevalence likelihoods are extremely sensitive.
Some parameters are more informed by age based likelihoods. For example, PM and dm are most
informed by prevalence and incidence at lower age groups.

2.3.2 Diagnostics on the posterior samples

The posterior estimates, see Table 2.3, show varying success in terms of Bayesian updates towards
the observed data. Some posterior estimates displayed a strong update towards the true parameter,
e.g. b0, ϕ0, ϕ1 and d1. The majority of parameters had little discernible update, and were still
dominated by their prior distributions, which was consistent with the sensitivity analysis. Of the
weakly sensitive parameters, IB0, IC0, ID0, ad0 and dm beneőted the most from prior tuning, as
the posterior mean for the NI priors remained far from their latent values. The error in the posterior
estimates are listed in Table 2.4 in terms of mean squared error and visualised in Figure 2.1 terms
of prior and posterior distribution comparisons.

Despite this, estimates inferred with both the NI and the Tuned priors őt well to the observed
data, as is shown in Figure 2.2f. The absolute change in the Mean Squared Prediction Error
(MSPE), listed in Table 2.5, suggests that prior tuning has a limited (if any) effect on model
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prediction quality. The limited effect of prior tuning on predictive error despite the clear positive
effect on parameter inference further points towards identiőability issues in the model.

Correlation in the posterior samples was investigated using pair plots, see Figure 2.4. The pair
plots revealed stronger relationships between parameters in the posterior after prior tuning. For
example, my tuned priors for ϕ0 and ϕ1 had less overlapping density leading to steeper immunity
accumulation over time. Initial and slope parameters, like d1 and κd, were more accepted at low
values of the slope parameter.

As a result, the NUTS sampler required 1.7× longer to draw samples from the posterior using
NI priors (8 hours, 42 minutes) than Tuned priors (5 hours, 11 minutes). Both sets of samples
(n=400) were drawn from 4 parallel chains, after 100 warm-up samples on each chain, on an 8-core
Intel i7 CPU. I measured forward simulation times for the equilibrium solution for each site to be
436 ms ± 4.06 ms. Thus, the cause of the long parameter inference times is likely due to large
numbers of forward simulations in low acceptance regions. The prior tuning steered the sampler
towards regions of the parameter space with high acceptance probability, which caused a noticeable
speed up in sampling in the case of this complex model. However, contemporary malaria models
require in the order of hours for forward simulations making this method of parameter inference
infeasible, an issue which I address in the next chapter.

NI Tuned
mean std median 5.0% 95.0% n_eff r_hat mean std median 5.0% 95.0% n_eff r_hat latent_value

kb 5.066 2.874 4.920 0.724 9.485 552 1.003 1.730 1.929 1.118 0.057 3.855 644 1.005 0.297
ub 3.484 2.997 2.362 0.001 8.437 405 1.010 1.474 1.744 0.957 0.046 3.275 867 1.005 2.171
b0 0.712 0.070 0.706 0.592 0.815 624 1.006 0.746 0.066 0.737 0.637 0.845 383 1.019 0.745
IB0 493.852 298.085 496.748 26.575 904.282 259 1.025 51.181 9.352 51.263 37.330 67.093 1280 0.998 58.737
kc 5.465 2.529 5.412 1.474 9.273 770 1.002 1.868 1.491 1.579 0.530 2.912 290 1.029 2.499
uc 2.865 2.410 2.231 0.003 6.708 807 1.000 0.907 0.771 0.687 0.034 1.826 1059 0.997 0.391
phi0 0.753 0.115 0.744 0.590 0.969 521 1.007 0.904 0.068 0.914 0.807 1.000 515 1.007 0.962
phi1 0.227 0.057 0.228 0.130 0.317 272 1.032 0.169 0.055 0.173 0.087 0.261 227 1.038 0.172
IC0 121.102 51.632 110.364 48.270 196.237 317 1.018 102.861 15.650 100.864 79.286 127.450 756 1.005 103.927
PM 0.407 0.255 0.343 0.021 0.817 585 1.004 0.427 0.244 0.396 0.051 0.825 802 1.004 0.730
dm 418.639 273.329 367.565 6.180 850.305 598 1.001 199.912 49.074 199.191 147.878 246.929 598 1.014 182.862
kd 6.527 2.188 6.679 3.412 10.000 721 1.015 6.152 5.716 4.624 1.036 11.719 827 1.004 7.250
ud 4.367 2.906 3.973 0.016 8.667 1174 0.999 1.204 1.259 0.790 0.051 2.735 1073 1.003 2.499
d1 0.607 0.016 0.606 0.581 0.631 269 1.028 0.615 0.018 0.616 0.587 0.644 512 1.006 0.619
ID0 20.604 4.707 20.344 13.514 28.448 700 1.006 24.692 1.845 24.841 21.771 27.147 1143 0.997 25.626
fd0 0.575 0.274 0.607 0.165 0.980 985 1.000 0.656 0.263 0.727 0.243 0.996 895 1.007 0.958
gd 4.986 2.901 5.069 0.292 9.074 1778 1.001 1.359 1.716 0.813 0.035 2.854 822 1.003 6.689
ad0 18446.075 10299.738 18433.989 2475.442 34610.334 1164 1.004 10909.862 735.362 10920.983 9838.957 12032.443 690 1.006 10555.968
rU 5.013 2.978 4.937 0.511 9.555 1525 0.996 1.672 2.288 0.963 0.040 3.954 659 1.004 6.905

Table 2.3: Marginal estimates of the intrinsic parameters in the model along with diagnostic met-
rics. n_eff is the Effective Sample Size (ESS) (Stan Development Team, 2018), a measure of
information content in the posterior sample. The ESS can be compared with the total number of
samples in this experiment, 1000. The ESSs are generally high, indicating uncorrelated samples
within each chain. However in the minority of cases, ESSs exceeded the number of samples indicat-
ing negative autocorrelation in certain chains, a sign that further investigation is necessary. r_hat,
or the Gelman-Rubin value, is a metric for convergence (Stan Development Team, 2018), numbers
close to 1 indicate that posterior draws are consistent within and between chains. 10 chains were
used for sampling. latent_value is the ground truth, latent parameter value which was used to
generate the observational data

In the interest of reproducibility, I have published the code I wrote to perform these analyses
and visualisations. You can access the code using details listed under (G. Charles, 2024d).

2.4 Discussion

The differentiable implementation of the bi-stable equilibrium model successfully facilitated a
derivative-based Bayesian inference workŕow. The diagnostics demonstrated a high predictive ac-
curacy for both prevalence and incidence rates across all age groups, despite the coarse age bands
used in the observational data. The immunity dynamics suggested by the posterior parameter es-
timates agreed with the ground truth dynamics, despite many parameters being non-identiőable.
The MCMC diagnostics revealed high Effective Sample Size (ESS) and strong convergence statis-
tics, even with non-informative priors, suggesting that the NUTS sampler is robust and forgiving
of less precise prior information. This is useful in the context of complex epidemic models, where
exact priors are often difficult to ascertain due to the inherent uncertainties and incomplete data.

The gradient-based sensitivity checks was a quick and effective method for analysing the infor-
mativeness of the prior distributions within complex models. Traditional approaches to sensitivity
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Parameter NI MSE tuned MSE MSE reduction
kb 24.8 0.202 24.6
ub 13.6 5.47 8.08
b0 0.0447 0.0143 0.0304
IB0 1.23e+05 204 1.23e+05
kc 1.09 0.012 1.08
uc 9.9 0.561 9.34
phi0 0.00832 0.0227 -0.0144
phi1 0.00136 0.000227 0.00113
IC0 85.2 78.9 6.36
PM 0.218 0.0667 0.151
dm 1.06e+05 686 1.06e+05
kd 26 0.139 25.8
ud 9.68 3.28 6.4
d1 0.00233 0.000557 0.00177
ID0 22.6 63.9 -41.3
fd0 0.199 0.145 0.0538
gd 1.6e+03 2.65e+03 -1.05e+03
ad0 1.53e+08 1.96e+05 1.53e+08
rU 12.5 32.4 -19.9

Table 2.4: Mean Squared Error (MSE) of samples drawn from the posterior (n=400) under the
non-informative (NI) and tuned priors. MSE values are relative to the true latent parameters listed
in Table 2.3

MSPE reduction
output → inc_0_5 inc_15+ inc_5_15 prev_10+ prev_2_10
EIR ↓
3.9 414 426 -159 -94.1 36.6
15 179 499 129 -139 -34.8
20 -534 -928 -2.46e+03 -61.8 239
100 -762 -1.08e+03 -360 262 -47.2
150 2.72e+03 872 78.9 -37.6 150
418 -2.78e+03 -307 1.55e+03 569 78.7

Table 2.5: Mean Squared Predictive Error (MSPE) reduction due to prior tuning. The difference
between the MSPE of posterior predictive draws (n=400) with respect to the latent prevalence and
incidence rates for each age group.
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(a) (b)

(c)

Figure 2.1: Selected prior and posterior distribution comparisons
Above are kernel density estimates of the prior (n=1000) and posterior (n=400) distributions of
three pre-erythrocytic immunity parameters for both the non-informative (NI) and tuned priors.
The latent parameter value is plotted as a red horizontal dashed line. Figure 2.1a shows how
the more informative tuned prior can lead to posteriors which more reliably infer the true value.
Figure 2.1b demonstrates how the tuned priors can lead to improved posterior updates for the
b0 parameter despite its particular prior remaining uninformative. However, in some cases, such
as the estimates for ub depicted in Figure 2.1c, where the parameter is unidentiőable and the
estimated posterior does not update from the prior.

analysis typically require multiple executions of the model, varying parameter sets each time to
evaluate their impact on the model’s outputs. However, by using the gradient information as-
sociated with each parameter draw, the method is more computationally efficient and further
encourages experimentation with prior tuning. Sensitivity analyses are crucial for understanding
Bayesian inference, yet their publication is infrequent for more complex models due to the technical
and computational hurdles.

For the malaria model, the sensitivity checks correctly identiőed the inŕuential model parame-
ters and observational data. The inŕuential model parameters clearly displayed the largest average
gradients and were subsequently validated through MCMC analyses. Moreover, by disaggregating
the likelihood function during the sensitivity analysis, it became possible to discern how future data
collection efforts could be improved to reőne parameter estimates. There was no clear pattern in
sensitivity of model parameters to the transmission intensity in the observed site. Variations in
sensitivity were likely due to distributional artefacts in the likelihood function, i.e. larger vari-
ance with higher Poisson rates and smaller variance with extreme Binomial success probabilities.
Further investigation would be required to identify and correct any unwanted biases. Parameters
pertaining to immunity to detection were more sensitive to prevalence data, whereas maternal
immunity parameters showed a pronounced inŕuence from data pertaining to younger age groups.
Such analyses could play a role in survey design to increase the the predictive power of our epidemic
models and shed light on under-researched biological mechanisms of malaria.

One could extend this work to perform a sensitivity analysis on the posterior estimates. In
this study, the goal of sensitivity analysis was to present a quantitative estimate of the inŕuence
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of perturbations in the prior space on the likelihood function in order to assess identiőability and
informativeness. Other sensitivity analyses assess the inŕuence of prior parameters and likelihood
formulation on the posterior estimates, as outlined in Gelman, Carlin, et al. (2021). Such analyses
are important for quantifying uncertainty in posterior estimates and validating modelling assump-
tions. However, given the non-differentiability and long execution time of traditional inference
methods, extensive quantitative sensitivity analyses of the posterior are computationally expen-
sive and an active area of research, see the latest advances in (Paananen et al., 2019; Y. Kim,
Berliner, and D. H. Kim, 2015).

In light of the above diagnostics, parameter tuning was important for ensuring reasonable
assumptions in the underlying dynamics of malaria transmission and improving the estimation
of the latent parameters. The diagnostics and sensitivity analysis conducted revealed a notable
challenge inherent to complex epidemiological models: the non-identiőability of many parameters.
Non-identiőability is where multiple parameter values yield similar model outputs, complicates the
inference process and can obscure our understanding of disease dynamics. Moreover, it became
apparent that certain regions within the model’s parameter space generated implausible immunity
dynamics. Such outcomes not only detract from the model’s utility but suggest a careful reconsid-
eration of the parameter values and assumptions embedded within the model. To mitigate these
issues, I reőned the prior parameter space to ensure that the tuned parameters were biologically
plausible and improved the model’s performance during inference. The parameter tuning improved
on Griffin, Ferguson, and Ghani (2014) priors with a more detailed justiőcation for each parameter
informed by the most current understanding of malaria immunity dynamics. Furthermore, param-
eter inference need not be limited to observational data in the form of prevalence and incidence.
More detailed data on immune responses to infection, as is used in (P. A. Eckhoff, 2012), could
also mitigate these identiőability issues.

The adoption of JAX to implement the malaria model yielded performance optimisations for
forward simulation. The Just-In-Time (JIT) compilation of the model resulted in considerable
speed improvements, while executing on a GPU led to moderate performance gains. It’s important
to acknowledge that not all operations beneőt equally from GPU acceleration and many of the
computational tasks involved in malaria transmission modelling do not exhibit the high degree of
parallelism found in, for instance, neural network operations. Nevertheless, these advancements
collectively contribute to a more efficient analytical workŕow. A large performance improvement
was achieved by vectorising the model computation across the heterogeneous biting rates. This
optimisation is device independent and can be applied to any epidemiological model which handles
sub-populations independently before aggregating their statistics. Since forward simulation is used
for most epidemiological analysis tasks, it could allow for speed improvements across other tasks
such as intervention planning, optimisation or counterfactual analysis.

Despite these improvements, the practicality of re-implementing more complex models in JAX
remains a challenge from a software engineering standpoint. The existing code bases for such
models can be extensive and intricate, potentially incorporating features not easily supported by
JAX, such as resizable populations or auto-differentiable discrete processes (Quera-Bofarull et al.,
2023). In light of these considerations, in the next chapter I explored alternative methods that
aim to create a differentiable surrogate model without re-implementation.

There are several alternatives to using the JAX ecosystem for hardware accelerated auto-
differentiation based parameter inference. Stan (Stan Development Team, 2018), Julia (Turing.jl)
(Ge, Xu, and Ghahramani, 2018), Pyro (Bingham et al., 2018) and Tensorŕow Probability (Abadi
et al., 2016) all provide compilation, auto-differentiation and high-level constructs for performing
Bayesian inference. I had no reason to suspect any platform to be more appropriate for this
particular inference task.
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(e) (f)

Figure 2.2: Model based predictive checks
a, c and e show three functions of immunity probability per age group for the each site in the
experiment, labelled with each site’s EIR. prob. b shows the probability of a pre-erythrocytic
infection; prob. c, the probability of clinical infection; and prob. d, the probability of non-detection
by microscopy.
b, d and f show prevalence and incidence functions for each site in the experiment. pos_M shows
the probability of detection by microscopy per age group; inc shows the rate of clinical infection
by age group.
a, c, b, and d are plots of 1000 draws from prior distributions whereas e and f are plots of posterior
estimates using the tuned priors.
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Figure 2.3: All bar plots show the Absolute Mean Gradient of the posterior measure with 95%
conődence intervals shown as error bars. Figure 2.3a shows the difference in gradients between the
NI and tuned priors for the overall likelihood. Figure 2.3b and Figure 2.3c show the gradients for
the tuned priors only, disaggregating the likelihood by the site EIR and model output respectively.
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(c)

Figure 2.4: Pair plots of the posterior estimates of immunity parameters for pre-erythrocytic
immunity Figure 2.4a, clinical immunity Figure 2.4b and immunity to detection, Figure 2.4c.
Kernel density estimates were made for 1000 posterior samples from each set of priors (NI and
tuned) and are visualised using contour plots.
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Chapter 3

Fast black-box Bayesian inference

using neural-network based

surrogates

3.1 Background

In the previous chapter, I presented a Bayesian inference workŕow for inferring the parameters
of a Bi-stable equilibrium solution for a malaria transmission model. I introduced the No-U-
Turn Sampler (NUTS) which used gradient information to reliably sample the posterior, prior and
posterior diagnostics to validate and interpret the results and tuned priors which encode knowledge
about malaria immunity and improve posterior sampling. However, the equilibrium solution is a
simpliőed version of Griffin et al’s malaria transmission model. On a CPU, forward simulations
required less than a second to execute and NUTS required over 5 hours to produce 100 samples of
the posterior.

For more complex models, high computational requirements remain a limiting factor. Contem-
porary agent-based malaria models can take, in the order of hours, to run forward simulations,
since they often need to simulate large populations for decades in order to produce outputs which
can be őt to epidemiological data. In a study which calibrated the OpenMalaria model (Reiker,
Golumbeanu, et al., 2021), the parameter inference workŕow took between 7 and 14 days. Addi-
tionally, the need to run for several days on computing clusters increase carbon emissions and could
act as a barrier to entry and restrict access to researchers with limited computational resources.
This is particularly problematic for malaria models, as researchers in the regions most affected by
malaria Ð in the Global South Ð may not have access to the necessary computing infrastructure.
In practice, researchers are often forced to adopt simpler models to avoid long inference times,
which limits the detail and applicability of our models to realistic scenarios.

Another drawback of the derivative-based workŕow discussed in the previous chapter is the
need to (re-)implement a model within an auto-differentiable framework. This can pose a con-
siderable challenge, particularly for complex epidemiological models which demand a signiőcant
software engineering effort to implement. Although demanding, it is not insurmountable. For in-
stance, (Chopra et al., 2023) implemented a differentiable agent-based model (ABM) for COVID-
19 transmission, demonstrating that ABMs can be adapted to support gradient-based inference
methods. However, as model complexity increases, researchers face challenges in propagating gra-
dients through discrete randomness (Arya et al., 2023) and avoiding vanishing/exploding gradients
(Quera-Bofarull et al., 2023; Andelőnger, 2021).

Current research is rising to these challenges. Discrete randomness can be differentiated us-
ing approximations, such as Gumbel softmax (Jang, Gu, and Poole, 2017), or alternative auto-
differentiation frameworks (Krieken, Tomczak, and Teije, 2021). This area of research holds
promise for making gradient-based methods more accessible and effective across a broader range
of epidemiological models. However the issue of long execution time will remain.

As an alternative, I propose the use of surrogate models. Surrogates have the potential to
accelerate forward simulations by orders of magnitude while being differentiable, eliminating the
need for the re-implementation of models in an auto-differentiable way and providing a route to
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derivative-based inference. Surrogate models closely emulate original models but offer a speed ad-
vantage by approximating the model outputs given a set of model parameters. Surrogate modelling
is a mainstay in Bayesian Optimisation where it is used to emulate a costly objective function.
It is also commonly used in climate modelling and ŕuid simulation in order to speed up large
scale simulations (Lam et al., 2023; Sanchez-Gonzalez et al., 2020) and even perform parameter
inference (Kovachki et al., 2022).

Neural network-based surrogates are particularly attractive, as they are inherently differen-
tiable, seamlessly integrate with ecosystems which support gradient-based optimisation methods,
such as PyTorch, Tensorŕow and JaX (Paszke et al., 2019; Abadi et al., 2016; Bradbury et al.,
2018), and more conveniently scale to large data sets. This makes them valuable tools for inference,
providing a practical and efficient alternative to direct simulation of complex models.

3.1.1 Surrogates for Bayesian inference

The őrst surrogate applied to a modern malaria model was published in Cameron et al. (2015).
The authors’ approach used a functional regression method to develop a fast surrogate capable
of producing estimates for prevalence and incidence from the OpenMalaria, EMOD and Imperial
College London’s Agent-Based Models (ABMs) (Thüring et al., 2016; P. A. Eckhoff, 2011; Griffin,
Ferguson, and Ghani, 2014). Their surrogate was trained using samples from noisy simulations
derived from the ABMs simulating a less computationally demanding, low population size making
Bayesian inference more feasible and efficient. Despite its beneőts, this approach had several
limitations including its sensitivity to the kernel parameters used in the functional regression. For
the high-dimensional and non-linear model dynamics we see in malaria models, it remains unclear
whether the kernel used could accurately capture the model outputs across all relevant areas of
the parameter space. In the same study, the authors noted that careful kernel selection and model
sampling strategies were needed to ensure that the surrogate could reliably replicate the outputs
of high-dimensional epidemiological models.

The challenges of surrogate modelling in a large parameter space were also acknowledged in
McKinley et al. (2018). Their study posited that in Bayesian inference, the posterior densities
are often concentrated in is a small region of the overall parameter space. They argued that a
more strategic sample selection, which would concentrate on more of the yet unknown posterior
space, would improve the accuracy of a surrogate during inference. This intuition lead to the
authors devising an "implausibility" metric as a heuristic to identify regions of the parameter
space which are useful for surrogate training. As the surrogate model, they proposed a Gaussian
Process (GP), which they trained iteratively: starting with a Latin Hypercube Sampling (LHS)
strategy to initially cover the parameter space, followed by the rejection of implausible regions
and resampling around the plausible samples. This method, known as History Matching, was
applied in Andrianakis et al. (2015) to calibrate an HIV model using prevalence data from Uganda,
demonstrating its utility in practical epidemiological studies.

A more sophisticated surrogate was introduced in Reiker, Golumbeanu, et al. (2021) to em-
ulate the OpenMalaria model. They proposed a GP Stacked Generalisation (GPSG) surrogate,
which ensembles predictions from a neural network, regression splines, and a random forest un-
der a Gaussian Process meta-learner. The GPSG was used in a Bayesian Optimisation workŕow,
designed to iteratively reőne the surrogate by optimising the őt of 11 OpenMalaria outputs. How-
ever, the scalability of GPs was cited as a limiting factor, as the computational requirements scale
cubically with the size of the input parameter space due to the need for inverting large covariance
matrices in order to perform inference. This scaling issue presents a signiőcant challenge, espe-
cially when dealing with high-dimensional data, making it impractical for large-scale applications.
Consequently, although the GPSG method provided valuable insights, it did not facilitate a fully
Bayesian estimation of the posterior distribution.

3.1.2 Neural networks as surrogates

Given that neural networks (NNs) are not commonly used as surrogates in infectious disease
modelling, I will include a primer on their application and functionality in this context. Neural
networks are models inspired by biological neural networks. They consist of a network of "nodes"
which act as basic computational units connecting model inputs to outputs. Each node performs
a simple linear transformation on its input data, y = wx+ b, where w, the weight, b, the bias, are
NN parameters and x is the input and y the output.
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Figure 3.1: A 8× 4× 4× 8 multi-layer perceptron - each circle represents a "node" which has bias
and weight hyper-parameters in order to process its inputs with a linear transformation followed
by a non-linear function. The arrows show how outputs from previous layers are used as inputs to
subsequent layers. This image was generated using NN SVG

.

A multi-layer perceptron (MLP) is a typical neural network architecture. In an MLP, nodes are
organised into layers, each layer, indexed by i, processing a vector of inputs xi to produce a vector
of outputs xi+1. The output of one layer becomes the input for the next layer, except for the őnal
layer, which produces the network’s overall output. Between these layers, activation functions are
used to introduce non-linearities into the model, enhancing its ability to capture complex patterns
in data that linear models cannot. This sequential processing allows for the modelling of complex
relationships between high-dimensional inputs and outputs.

In the context of surrogate modelling, the aim is to optimise the neural network’s weights and
biases to minimise the discrepancy between the surrogate and the emulated model. To this end,
one speciőes a loss function to quantify this discrepancy using sampled inputs and outputs from
the emulated model and optimise the weights and biases, in a process known as training. The most
widespread method for optimising neural networks is Stochastic Gradient Descent (SGD).

Given that neural networks tend to be overparameterisedÐhaving more parameters than nec-
essary to simply őt the training dataÐregularisation techniques are used to prevent overőtting.
Overőtting occurs when a model learns the details and noise in the training data to an extent that
it negatively impacts the performance of the model on new data. Common regularisation meth-
ods include dropout, where outputs from randomly selected nodes are set to zero during training,
and penalty-based methods, which augment the loss function to penalise large weights and biases,
thereby encouraging simpler models which generalise better to unseen data. These techniques help
ensure that the surrogate model remains robust and performs well across various input parameters.

3.1.3 Neural density estimation

Neural Density Estimators (NDEs) are designed to produce probabilistic estimates using neural
networks. There are several methods by which NDEs can achieve this. One simple approach is
the parametric method, where neural networks parameterise a pre-deőned tractable probability
distribution, effectively learning the inputs which best őt the parametric distribution to the data.

A more ŕexible approach, which does not prescribe a parametric distribution, is a normalising
ŕow (NF), which uses neural networks to estimate the density in a wider range of settings. NFs
train neural networks to learn a differentiable, invertable transformation (T and its inverse T−1)
from a source of noise sampled from a tractable random process (u ∼ p(u)) into the desired
distribution (q(x) for model outputs x). With an NF, one can sample the model by transforming
noise T (u) and estimate the density of any output using the inverse transform and its Jacobian,
deőned in Equation 2.1, q(T−1(x))|det(JT−1(x))|. The possible distribution is only limited by the
expressiveness of T . In practice, NFs layer a sequence of k transformations T1..k, as is done with
conventional neural networks, to learn more complex distributions, this is shown in Figure 3.2.

Neural Autoregressive Flows (NAF) represent a particularly efficient and expressive variant of
NFs. NAFs reformulate the target distribution q(x) as a product of univariate densities, with each
density conditioned on all preceding dimensions:
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u0 u1
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Ti(ui−1)
uk. . .

Tk(uk−1)
= x

u0 ∼ p0(u0) ui ∼ pi(ui) uk ∼ pk(uk)

Figure 3.2: A Normalising Flow. A tractable source of randomness u0, depicted with a normal
distribution, is transformed by a sequence of differentiable, invertable transformations T1..k, which
are learned by neural networks. Until the distribution of the outputs uk are close to the desired
distribution. Image adapted from (Riebesell and Bringuier, 2020)

q(x) = q(x1)
n
∏

i=2

q(xi|x<i)

This formulation, where each variable xi depends only on the variables before it (x<i), is
the basis for the term "autoregressive". Each univariate density q(xi|x<i) in the sequence is
modelled using a modiőed NF, which includes an invertible and differentiable transformation Ti and
a conditioning function ci. This decomposition ensures that the entire transformation’s Jacobian
matrix is lower triangular, since each transformation Ti is dependent only on preceding variables,
x<i. This guarantees that the Jacobian’s determinant can be computed efficiently, making density
evaluations in high-dimensional spaces particularly efficient.

Many variants of NAFs, including Masked Autoencoder for Distribution Estimation (MADE)
(Papamakarios, Pavlakou, and Murray, 2018) and Block Neural Autoregressive Flow (B-NAF)
(De Cao, Titov, and Aziz, 2019) are, theoretically, universal density approximators. This asserts
that autoregressive ŕows can approximate any real, continuous distribution, provided the transfor-
mations Ti and the conditioners ci are learned with universal function approximators, given wide
or deep enough architectures. In practice, these assertions are contingent on őnding the correct
hyper-parameterisations for the neural networks in the őrst place.

3.1.4 Stochastic Variational Inference (SVI)

NDEs are most often trained using SVI in the context of simulation based inference (Papamakarios,
2019; Glockler, Deistler, and Jakob H Macke, 2022; Greenberg, Nonnenmacher, and Jakob H.
Macke, 2019), where they are used for őtting probabilistic models which include latent variables,
denoted as z, to a dataset of observations, denoted x. These observations are assumed to be sampled
from a distribution p(x). The goal in SVI is to optimise a variational distribution qϕ(z), where ϕ
are parameters for the variational distribution, to closely approximate the posterior distribution
p(z|x). In order to do this, one minimises a discrepancy measure between these two distributions. A
commonly used measure of discrepancy is the forward Kullback-Leibler (DKL) divergence, leading
to the following objective:

ϕ̂ = arg min
ϕ

DKL (qϕ(z)||p(z|x)) (3.1)

where DKL can be expressed as:

DKL (qϕ(z)||p(z|x)) =

∫

q(z) log
p(z|x)

qϕ(z)
dz (3.2)

DKL (qϕ(z)||p(z|x)) = Eqϕ [log p(x, z)− log qϕ(z)] + log p(x) (3.3)

Since the term log p(x) is often intractable or not directly available, one instead optimises a
lower bound to this loss, known as the Evidence Lower BOund (ELBO) or the variational bound.
The ELBO is expressed as
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ELBO(qϕ(z)||p(z|x)) = Eqϕ [log p(x, z)− log qϕ(z)]

Across large datasets, this expectation can be approximated by drawing N samples from the
variational model qϕ(z) to allow for optimisation:

ELBO (qϕ(z)||p(z|x)) ≈
1

N

N
∑

i=0

(log p(x, zi)− log qϕ(zi)) where zi ∼ qϕ(z)

In practice, optimisation involves sampling a mini-batch of data from q(z), computing the
ELBO as the loss, and performing stochastic gradient descent (SGD) on the model parameters to
improve the őt of the NDE to the data.

However, integrating NDEs into Bayesian inference workŕows can be approached in multiple
ways, each with its own set of advantages and challenges. For instance, Neural Likelihood Esti-
mation (NLE) involves training an NDE to estimate an unknown likelihood function. This allows
the use of traditional posterior samplers, such as Markov Chain Monte Carlo (MCMC), offering
ŕexibility since the NLE can be adapted for use with different sampling techniques (Papamakarios,
Sterratt, and Murray, 2019). Conversely, Neural Posterior Estimation (NPE) involves training an
NF to directly estimate the posterior distribution itself (Greenberg, Nonnenmacher, and Jakob H.
Macke, 2019). The requirement of invertibility does impose limits on the choice of neural network
architectures, and these methods have struggled with complex posterior geometries. Signiőcant
research efforts are currently directed towards improving the performance of invertible NDEs (Pa-
pamakarios, Pavlakou, and Murray, 2018; De Cao, Titov, and Aziz, 2019). Often these inference
methods are applied sequentially, meaning that parameter estimation occurs in rounds, with pos-
terior estimates produced from each round being used to reőne the training of the NDE for the
subsequent round. This iterative process helps to address the challenge of training surrogates to
approximate a small, yet unknown, posterior space in a large parameter space, as identiőed by
McKinley in (McKinley et al., 2018).

Most studies which present these workŕows have evaluated their methods on simple, theoretical
models, such as M/G/1 queues, Gaussian mixtures, SIR, Lotka-Volterra, Brock and Hommes, and
dual moon models (Papamakarios, Sterratt, and Murray, 2019; Greenberg, Nonnenmacher, and
Jakob H. Macke, 2019; Lueckmann et al., 2021; Lamperti, Roventini, and Sani, 2018). These
models have a handful of parameters with simple, uncorrelated relationships to the outputs. At
the time of writing, neural density estimation workŕows have not yet been applied to models as
complex as modern malaria models.

3.1.5 Annealing in SVI

Annealing is a parameter search and optimisation technique that has seen success in a variety
of contexts, including parameter inference in complex models. The technique is especially useful
for global optimisation problems, where conventional algorithms tend to converge to local optima.
Drawing inspiration from physical systems, annealing introduces the concept of "internal energy"
to parameter search and optimisation algorithms: in a łhigh energyž or łhotž state, the algorithm
is allowed to explore a wide region of the parameter space. This state is conducive to escaping
local optima since the algorithm can make larger, more exploratory moves. In a łlow energyž or
łcoldž state, the algorithm focuses its search on a narrower region, optimising towards local optima
as it cools down and settles.

This method is famously a key part of simulated annealing (Kirkpatrick, Gelatt, and Vecchi,
1983; Tsallis and Stariolo, 1996), a technique designed to őnd global optima of complex objectives
within large parameter spaces. In applications involving continuous search spaces, the algorithm
simulates the movement of a particle which navigates the parameter space towards the nearest
optimum, using gradient information, with its momentum inŕuenced by the temperature of the
systemÐhigher temperatures allowing for broader exploration.

Annealing has also been adapted for use with Markov Chain Monte Carlo (MCMC) in an
approach called Parallel Tempering or Exchange Replica MCMC (Syed et al., 2022; Sambridge,
2014). This involves running several MCMC chains in parallel at different energy levels. The
energy level of a chain is used to calculate an exponential coefficient to augment the likelihood
function and thereby inŕuence whether it explores the posterior distribution or the wider parameter
space. The coldest chain uses the original likelihood function and samples from the posterior.
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Meanwhile, hotter chains have coefficients less than one, which ŕattens the target distribution
thereby allowing a broader exploration. States are allowed to swap between chains according to
speciőc swapping criteria, facilitating exploration across different regions of the posterior, which is
particularly advantageous when dealing with multi-modal distributions.

Annealing principles have also been applied to Stochastic Variational Inference (SVI) (Mandt
et al., 2016; Huang et al., 2018). Given SVI’s tendency to produce overconődent estimates, re-
searchers have investigated modiőcations to the optimisation process to steer it towards exploring
a broader distribution space. These adaptations often involve tweaking the loss function to adjust
the balance between the weight of the prior probability and the likelihood of the observed data.
Such adjustments have led to improvements in predictive likelihoods and more stable optimisation.

3.1.6 Contributions

My key contribution is the development and evaluation of a neural network-based surrogate work-
ŕow to facilitate inference on the malaria model introduced in the previous chapter. This workŕow
does not require a re-implemention of the model into an auto-differentiable framework, as a neural-
network based surrogate provides a differentiable likelihood function in its stead. This makes the
proposed method more applicable to complex models which are not trivially differentiable such as
Agent-Based Models. I have illustrated the workŕow in item 3.3.

I evaluated twelve variations on the workŕow: two proposal distributions for surrogate training
(Prior vs LHS), two surrogate formulations (Fixed vs Full) and three posterior sampling strategies
(NUTS vs SVI vs Annealed SVI). My analyses focused on the effects of these strategies on each
surrogate’s approximation error, the accuracy of inference estimates, as well as how these metrics
are affected by sample size. Additionally, I assessed the implications on inference speed offered by
each workŕow, considering both training and inference times. This analysis includes insights into
the trade-offs between approximation accuracy and computational efficiency, proposing feasible
workŕows which can be adopted depending on speciőc research needs and resource availability.

Furthermore, I have replicated several diagnostic tests from the previous chapter using the
evaluated surrogate models to demonstrate that the gains in speed do not undermine the inter-
pretability of the results.

This is the őrst evaluation at the time of writing to apply Neural Density Estimation for
Bayesian inference on a high-dimensional, complex model. Likelihood-free studies have evaluated
on low-dimensional toy models and previous inference studies on modern malaria models have used
surrogate models which do not well scale to high-dimensional settings. This study reveals that in
high-dimensional settings Sequential Stochastic Variational Inference coupled with an annealed
likelihood can prove effective for parameter inference. It also shows that MCMC based samplers
and SVI alone may not converge to useful posteriors.

3.2 Methods

I begin by detailing the two surrogate formulations I considered to accelerate the parameter in-
ference problem. The primary goal of these surrogates is to emulate the underlying model in an
auto-differentiable way to facilitate quicker parameter inference. Therefore, I construct surrogates
to speed up the calculation of prevalence and incidence statistics so that the likelihood function,
deőned in Equation 2.9, and its gradients can be estimated more quickly. It is worth noting that
I do not propose Neural Density Estimation for estimating the likelihood, as is the case in similar
Simulation Based Inference methods in the literature (Papamakarios, Sterratt, and Murray, 2019;
Glockler, Deistler, and Jakob H Macke, 2022; Lueckmann et al., 2021), since likelihood function in
this case is well established.

The alternative formulations I propose have trade-offs in terms of ŕexibility and diagnostic
interpretability against the speciőcity to the observed dataset. By exploring these trade-offs, this
study aims to identify the most effective strategies for improving inference speed without sacriőcing
the accuracy and reliability of the results.

3.2.1 Surrogate formulations

The following is an adaptation of a formulation I have previously published in (G. Charles, Wolock,
et al., 2023).
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Figure 3.3: The complete surrogate-based inference workŕow used in this study. The ŕow begins
in the top left and results in parameter estimates produced in the bottom right.

1. Model parameters are sampled from the parameter space according to a proposal distribution.

2. These parameters are simulated, preferably in parallel, to calculate corresponding outputs.

3. A surrogate is trained to produce similar outputs conditioned on model parameters.

4. The posterior is estimated using either Stochastic Variational Inference (SVI) or No-U-Turn
Sampling (NUTS), which in turn uses a likelihood function which is calculated using model
outputs provided by the trained surrogate.

5. Posterior estimates are added to the surrogate training data, the surrogate is retrained, and
the posterior is re-estimated. This is referred to as sequential sampling.
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Let f : X → Y be the model to be emulated. I refer to f̃ϕ as a surrogate model. Let L(x,y, f̃ϕ)
be the loss of the surrogate model with respect to y (where y = f(x)).

The goal of surrogate modelling is to őnd a parameter set that replicates the original model
accurately over the entirety of X . That is, we want to őnd ϕ̂:

ϕ̂ = arg min
ϕ

∫

X

p(x)L(x,y, f̃ϕ) dx

Here, p(x), allows me to ascribe a relative importance for accurately recreating certain areas
of the parameter space. Note that if p(x) is uniform, this surrogate modelling procedure is akin to
empirical risk minimisation, described in (Vapnik, 1991). I outline two alternatives for p(x) later
in this section.

In practice, it is impossible to integrate over the entirety of X , as the parameter space is a
high-dimensional inőnitely large space (see Table 2.2), so I instead optimised over samples xi ∼
p(x), where i ∈ 0 . . N . I then investigated the sample size, N , to effectively approximate the
underlying model.

ϕ̂ = arg min
ϕ

N
∑

i=1

L(xi,yi, f̃ϕ)

I assumed the mean squared error (MSE) as my loss function making my objective function:

ϕ̂ = arg min
ϕ

N
∑

i=1

∥

∥

∥yi − f̃ϕ(xi)
∥

∥

∥

2

Full & Fixed surrogate formulations

It is helpful to view the bi-stable equilibrium model, introduced in the previous chapter, as a
function, see Equation 3.4. As input it takes the model parameters to infer, θ, and parameters to
characterise each site, Λ and η, representing the transmission level and demographics respectively.
The outputs include the probability of detection by microscopy pos_Mi, the incidence rate inci,
and the probabilities of pre-erythrocytic infection, clinical infection and detection bi, ϕi, qi for each
age group i.

The likelihood function, see Equation 2.9, uses aggregated microscopy and incidence outputs
and calculates a likelihood of the observational data considering the study type and sample size.

feq : (Λ× η × θ) → (pos_Mi × inci × bi × ϕi × qi) (i ∈ [0 . . 100]) (3.4)

I will refer to a full surrogate as one which attempts to emulate feq in its entirety. The
surrogate would act as a drop-in replacement for the equilibrium model. It would similarly need to
be executed one time for each site and its outputs aggregated to calculate a likelihood value. Most
of its outputs would be redundant for likelihood calculations, however they provide contextual
outputs which could regularise training.

An alternative formulation, which I will refer to as őxed, trains a surrogate with a functional
form which is speciőc to my inference problem, see Equation 3.5. Given a parameter set, the
surrogate is trained to produce only the aggregated prevalence and incidence rates which are
relevant for the current problem pos_Mj

2−10, pos_Mj
>10, incj<5, incj5−15, incj>15. In this scenario,

the surrogate would have to learn a lower dimensional input and output space, but would have to
be re-trained if one would like to introduce observational data with new age ranges or sites.

főxed : (Λ× η × θ) → (pos_M2−10 × pos_M>10 × inc<5 × inc5−15 × inc>15) (3.5)

Both of the formulations described decompose the likelihood function into independent calcu-
lations for each site. This decomposition reduces the dimensionality of the outputs required of the
surrogates. Such a reduction could simplify and accelerate the training of the neural networks, as
the models now have fewer interactions and complexities to learn.

Such a formulation is not limited to this speciőc model but can be broadly applied to any
parameter inference problem where the likelihood is constructed from model outputs across multiple
sites, a common scenario in epidemiological studies.
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Strategy name Intrinsic parameters Site parameters Outputs
prior_őxed prior őxed őxed
lhs_őxed lhs őxed őxed
prior_full prior lhs full
lhs_full lhs lhs full

Table 3.1: The combination of sampling strategies considered for the range and domain of főxed
or feq

Prior & Space őlling sampling strategies

For each formulation, I sampled model parameters from the input space, X , calculated the corre-
sponding outputs in Y using the bi-stable equilibrium model, and stored the input-output pairs
for training. All of the model parameters represented in X are positive, continuous and some were
bounded in [0, 1]. I considered two strategies for sampling values, prior and lhs.

The prior strategy samples training points from the prior distribution, as is proposed for
surrogate training in (Jabot et al., 2014), with distributions which were selected in the previous
chapter. If an informative prior distribution over the parameter space is known, it could be used
to improve the coverage of the training set on a sub-space in X , leading to better approximations
during inference. This relies on high-posterior densities lying in that same sub-space.

The lhs strategy instead samples the parameters from a Latin Hyper-Cube, as suggested in (G.
Charles, Wolock, et al., 2023; Andrianakis et al., 2015), with margins of the hypercube selected
to include a sensible range of values for each parameter. With computationally intensive models,
it is unlikely that an informative prior is available, and a range of valid values requires much less
subjective decision making than the distributional approach used in prior. Using this strategy
would allow researchers to perform prior tuning and predictive checks using the surrogate.

I combined each surrogate formulation with each sampling strategy to experiment with four
surrogates, listed in Table 3.1. For the full formulations, site parameters were sampled according to
the lhs strategy, whereas for the őxed formulations, the site parameters from the observational data,
see Table 2.1, were used for training set construction. The hyper-parameters for each sampling
strategy are listed in Table 3.2. For each sampling strategy, the data set is standardised by removing
the mean and scaling to unit variance.

3.2.2 Posterior samplers

With a surrogate model that produces model outputs for prevalence and incidence, I can look to-
wards sampling from the posterior distribution based on the evidence calculated from observations.
I explored three alternative posterior sampling methods.

No-U-Turn Sampler (NUTS)

The őrst method applied the same NUTS kernel as described in the previous chapter. However,
given the convergence diagnostics I initially observed - with r̂ values far greater than one and
effective sample sizes between 1 and 20 despite 500 posterior samples - I increased the number of
warm-up samples from 100 to 500. On further investigation, it became apparent that increased
warm-up samples would not improve convergence. These őndings are discussed in subsection 3.3.3.

Stochastic Variational Inference (SVI) with B-NAF

The second method was Stochastic Variational Inference (SVI) using a Block Neural Autoregressive
Flow (B-NAF) variational model. B-NAF is a Neural Autoregressive Flow described in detail in
(De Cao, Titov, and Aziz, 2019). I conőgured the B-NAF model with őve ŕows, each containing
8 x 8 blocks. The model was trained over 50,000 training steps, with each training step using
N = 128 samples from the likelihood to estimate the Evidence Lower Bound (ELBO) loss. After
training, I sampled 500 posterior samples from the variational model. This training procedure
equates to optimising the following objective:

ϕ̂ = arg min
ϕ

1

N

N
∑

i=0

log p(x, zi)− log qϕ(zi) where zi ∼ qϕ(z)
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Parameter Support Prior LHS Range
Pre-erythrocytic immunity:

κb R
+ LogNormal(0, 0.25) [0, 10]

ub R
+ LogNormal(0, 1) [0, 10]

b0 R
+ Beta(1, 1) [0, 1]

IB0 R
+ Normal(50, 20) (25 < IB0 < 75) [25, 75]

Clinical immunity:
κc R

+ LogNormal(0, 0.25) [0, 10]
uc R

+ LogNormal(0, 1) [0, 10]
ϕ0 [0, 1] Beta(5, 1) [0, 1]
ϕ1 [0, 1] Beta(1, 2) [0, 1]
IC0 R

+ Normal(25, 10) (5 < IC0 < 50) [5, 50]
PM [0, 1] Beta(1, 1) [0, 1]
dm R

+ Normal(50, 20) (5 < dm < 100) [5, 100]
Immunity to detection:

κd R
+ LogNormal(0, 0.25) [0, 10]

ud R
+ LogNormal(0, 1) [0, 10]

d1 [0, 1] Beta(1, 1) [0, 1]
ID0 R

+ Normal(25, 10) (5 < ID0 < 50) [5, 50]
fd0 [0, 1] Beta(1, 1) [0, 1]
γd R

+ LogNormal(0, 2) [0, 10]
ad0 R

+ Normal(70, 1) (40 < ad0 < 100) [40, 100]
rU R

+ LogNormal(0, 1) [0, 10]
Site parameters:

Λ R
+ - [0, 500]

η R
+ - [20, 40]

Table 3.2: Intrinsic parameters to be inferred. The "Support" column shows valid the valid sets
of values for each parameter. The "Prior" column lists the prior distribution used for inference
and the Prior sampling strategies. The "LHS Range" column lists my restrictions on the range of
values which can be sampled from the Latin-Hypercube

.

Annealed Stochastic Variational Inference (Annealed SVI)

In the third method, which I refer to as łannealed SVIž, I adapted the ELBO objective to balance
the importance of the evidence relative to the prior likelihood according to a temperature parameter
T . In my case, the target conditional distribution in the ELBO can be expressed in terms of the
prior distribution p(z) and the evidence p(x|z):

ELBO(qϕ(z)||p(z|x)) = Eqϕ(log p(z) + log p(x|z)− log qϕ(z))

I annealed the evidence using a temperature T , leading to the following objective:

ϕ̂ = arg min
ϕ

1

N

∑

i

log p(zi) + log p(x|zi)
−T − log qϕ(zi)

As an annealing schedule, I used a geometric temperature schedule where each round, i ∈ 0 . . 9,
optimised at a constant temperature, T = r−j , where j = 9 − i and r = 0.45. Note that at
each round the temperature would decrease until T = 1 for the tenth, and őnal, round when the
unchanged ELBO was optimised.

3.2.3 Sample space reőnement

Here I address the issue of non-informative training sets. The initial training sets sampled with
the above strategies may not be adequate for training surrogates capable of accurately sampling
the posterior space during inference, as the parameter space is very large. To overcome this, I
performed sequential posterior sampling, aimed at reőning the surrogate training set towards more
informative regions for posterior sampling.
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Figure 3.4: Output activation function. The function I used to constrain the surrogate to produce
valid outputs for inference

Output Range
Fixed surrogates:
pos_M [0, 1]
inc R

+

Full surrogates:
pos_M [0, 1]
inc [0, 1]
b [0, 1]
ϕ [0, 1]
q [0, 1]

Table 3.3: Surrogate output ranges

As in previously published sequential sampling methods, (Papamakarios, Sterratt, and Murray,
2019; Greenberg, Nonnenmacher, and Jakob H. Macke, 2019), I carried out inference in rounds,
with each round’s estimated posterior being added to the training set for the next round. The
premise is that the estimated posterior will progressively converge towards the true posterior,
provided that the initial samples are capable of training a surrogate that generates sufficiently
informative posterior estimates.

In the őrst round I drew n samples from the proposal distributions outlined in section 3.2.1. In
each subsequent round, I drew n model samples from the posterior using the samplers outlined in
subsection 3.2.2. Each sample resulted in n× 6 model runs, since there were six different sites in
this study, which was sub-sampled to create a new training set of size n. Each surrogate was then
retrained from scratch on a concatenation of the initial training samples and posterior training
samples from all preceding rounds. This sequential sampling process was run for 10 rounds. I
explored values of n ranging between 102 and 104, resulting in total sample sizes ranging between
103, 105, in order to assess convergence behaviours.

As with previous studies, I attempted to preserve the posterior sampler’s state between rounds.
In the case of the NUTS sampler, I tried to preserve the state by setting the initial state of the
chains to the őnal posterior sample from the previous round. However, this lead to unstable
inference since the sampler would often struggle to őnd a suitable starting point for inference. To
complete inference, I sampled the initial state for each round from the prior distribution. In the
case of the SVI samplers, I preserved the state by re-using the optimised hyper-parameters from
the previous round at the start of optimisation for each round.

3.2.4 Surrogate training

I a multi-layer perceptron as the surrogate architecture, with 3 layers of 256 linear units and
rectiőed linear units as the activation function. The outputs of the surrogate were clipped to
restrict them to valid ranges, see Figure 3.4 for an example output which was restricted to [0, 1].
I imposed this constraint so that the surrogate outputs would always be valid for the likelihood
function and not interfere with inference. The range for each output is listed in Table 3.3.

The gradients in the network were optimised using Adam after each mini-batch of 100 samples
to minimise a mean squared error loss function. For regularisation, I set a dropout rate of 20% in
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the hidden layers. The training set was randomly shuffled after each epoch. The surrogate and
optimiser were implemented using Flax (Heek et al., 2023) and Optax (Babuschkin et al., 2020)
respectively.

Two test data sets were constructed to evaluate the surrogate at different levels of generality.
The surrogate posterior test sets were sampled using each of the posterior samplers outlined in
subsection 3.2.2. The prior test set consisted of 600 out-of-sample input/output pairs generated
using the prior_őxed and sampling strategy.

I have made the code publicly accessible to reproduce these experiments in (G. Charles, 2024e).

3.3 Results

After executing the above alternatives, I evaluated the approximation quality of surrogates, how
it was inŕuenced by the sample size and strategy, and how it affected the parameter inference. I
compared the surrogate outputs to outputs computed from the auto-differentiable model, posterior
estimates to a reference posterior which I computed for the previous chapter and the speed of
inference. These results revealed the convergence behaviour and speed of inference of the alternative
workŕows for estimating malaria transmission parameters.

3.3.1 Surrogate approximation quality

The approximation quality was evaluated against validation inputs and outputs from the prior
distribution and the estimated posterior distributions. The approximation quality was measured
using the mean squared error (MSE) for both standardised - centred at zero and scaled to unit
variance, see Figure 3.5, and the surrogate outputs in their original scale, Figure 3.6. The stan-
dardised MSE was used to assess the accuracy of the surrogate training process, while the MSE
on the unscaled outputs provided insights into the errors on the original scale, which more directly
affects downstream tasks such as parameter inference. It is important to note that the posterior
distributions estimated using the surrogates may vary from the reference posterior.

As expected, surrogates that were trained on prior data demonstrated the best performance
on unseen prior samples. Interestingly, the surrogate trained on the prior_full data showed com-
parable performance to prior_őxed despite its higher dimensional output. This can be explained
by the universal approximation theorem, which states that neural networks can approximate any
measurable function given that it has enough hidden units (Hornik, Stinchcombe, and H. White,
1989). In this example, the NN architecture was sufficiently wide and deep to approximate both
the prior_őxed and the prior_full functions. Since prior_őxed is in fact a functional composition
of prior_full and an aggregation, one could surmise that the higher dimensional output provided
by the prior_full function is redundant and that both surrogates learn similar, low-dimensional
representations in their hidden layers leading to similar performance. However, a functional anal-
ysis of the trained surrogates would need to be carried out to conőrm such claims. For training
set sizes larger than 6,000 samples, there were diminishing returns with respect to improvements
in the approximation quality for the prior_full and prior_őxed proposal distributions. The LHS
proposal distributions showed less reliable improvement with increased sample size, especially in
the lhs_full case, pointing to the importance of curating the distribution of the training set.

Without standardisation, I observed that incidence was better approximated than prevalence
outputs. This discrepancy is likely due to the larger scale of plausible prevalence values compared to
incidence. It is standard practice to train neural networks on standardised data and independently
standardising each type of data can improve training performance. However, this approach may
lead to uneven approximation performance when recovering the original data distribution. Further
exploration is needed to develop methods that ensure equal approximation quality across different
types of data. This also suggests that the model’s overall predictions, after inference, could be
more sensitive to discrepancies in prevalence outputs.

However, when assessing the quality of the estimated posteriors, all proposal distributions
which used the annealed SVI sampler consistently approximated the underlying model best, see
Figure 3.7 and Figure 3.8. The annealed SVI sampler produced sound approximations even at the
minimum sample size, 100 samples per round. More surprising was the őnding that increasing the
number of rounds in sequential sampling did not improve the approximation quality for the other
posterior samplers. This suggests that the assumption underlying sequential sampling - that the
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Figure 3.5: Mean Squared Error of standardised surrogate outputs on out-of-sample parameter
draws from the prior distribution. Values are aggregated across the different posterior samplers,
with the mean shown as a solid line and the 95% conődence interval shown by the shaded area.
The samples on the X-axis represent the number of samples which were drawn for training each
surrogate. With the LHS proposal functions, the distributional shift of the validation set led to a
non-monotonic decrease in the approximation error of the surrogate with respect to training set
size - which is not ideal if you would like to assign a simulation budget.

Figure 3.6: Mean Squared Error of surrogate outputs on parameter draws from the prior distri-
bution in their original scale, disaggregated by the type of output. This was evaluated on the
"prior" validation set, using the surrogates which were trained on the initial training set, i.e. no
posterior sampling and surrogate re-training had occurred. The surrogate trained on the lhs_full
proposal distribution produced 7 MSEs greater than 1010 which were removed as outliers. The
95% conődence interval is shown in the shaded area. The interval is not visible in most cases as
the MSE is plotted on a log scale to accommodate the large variation in errors.

Figure 3.7: Mean Squared Error of surrogate outputs on parameter draws from the posterior
distribution, estimated using each surrogate. This was evaluated on each surrogate after 10 rounds
of sequential posterior sampling with their respective posterior samplers. The X axis labelled
"samples" refers to the number of training samples introduced before each round of posterior
sampling. Each point represents a single execution of inference, since inference was computationally
expensive even in the surrogate setting, therefore no conődence intervals are shown.
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Figure 3.8: Mean Squared Error of surrogate outputs on parameter draws from the posterior
distribution, estimated using a surrogate after each round. This was evaluated on each surrogate
using a sample size of 10,000 for each round. Each point represents a single execution of inference,
since inference was computationally expensive even in the surrogate setting, therefore no conődence
intervals are shown.

estimated posterior in early rounds adequately covers the true posterior - may not hold in those
contexts despite even the largest sample size of 10,000 samples per round.

3.3.2 Agreement of surrogate posterior estimates with non-surrogate
based inference

I then evaluated how the posterior estimates using the surrogates with different sample sizes agreed
with non-surrogate based posterior estimates. This analysis focused on the concurrence between
posterior estimates obtained using each surrogate model and those generated by the underlying
model, which I refer to as the reference posterior. For the reference posterior, estimates were made
using the NUTS sampler as outlined in the previous chapter. Posterior estimates for the surrogates
were sampled using each posterior sampler listed in subsection 3.2.2 with the likelihood function
calculated from surrogate outputs.

To quantify the agreement between the surrogate-derived posteriors and the reference posterior,
I used a two-sample Kolmogorov-Smirnov (KS) test on each model parameter (see Figure 3.9a
and Figure 3.10). The KS test poses the null hypothesis that two one-dimensional empirical
distributions are the same. It uses the metric, Dn,m = supx |F1,n(x) − F2,m(x)| where Dn,m is
the KS statistic, F1,n(x) and F2,n(x) are the empirical distributions of the two samples, n and m
are the sample sizes, and supx represents the supremum function over all possible values of x. A
large value of Dn,m suggests a signiőcant difference between the two distributions, leading to the
rejection of the null hypothesis. It is worth noting that as a one-dimensional test, the KS test does
not account for correlations between parameters.

I also considered the C2ST metric for quantifying the agreement between posteriors (see Fig-
ure 3.9b). This metric has become popular since it was revisited by (Lopez-Paz and Oquab,
2018) and used as the preferred method for benchmarking Simulation Based Inference methods
by (Lueckmann et al., 2021; Glockler, Deistler, and Jakob H Macke, 2022). In essence, the C2ST
metric is calculated by training a classiőer to discriminate between the two posteriors and analysing
the test accuracy. If the test accuracy is close to 1

2 , or "chance-level", then the posteriors are likely
the same. Conversely, if the test accuracy is higher the posteriors are likely different. Further de-
tails on hypothesis testing using C2ST is detailed in (Lopez-Paz and Oquab, 2018). It is an easily
interpretable method for comparing probability distributions over high dimensional input spaces,
since classifers which are robust to high dimensional data can be used. I followed the evaluation
proposed by (Lueckmann et al., 2021) by training a 2 layer multilayer perceptron with 10 × n
nodes, where n was the dimensionality of my posterior space, over 10,000 epochs and evaluated
the test accuracy over 5 fold cross-validation.

I observed that posterior estimates using the annealed SVI generally showed the closest agree-
ment with the reference posterior, with KS statistics averaging at around 0.2 compared to 0.4
for NUTS and 0.5 for SVI. My inference diagnostics, which will be detailed in the next section,
revealed that the NUTS sampler suffered from convergence issues during inference.

I also found that the C2ST metric was less helpful than the KS statistic for diagnosing inference
issues. The KS statistic provided parameter-level information on the divergence in the posterior
estimates and exhibited much more sensitivity to the different surrogate methods and sample sizes
which I investigated.
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Figure 3.9: Concurrence of surrogate posteriors with underlying posterior at different sample sizes.
In Figure 3.9a I estimated concurrence by taking the mean of the KS statistics for each parameter,
solid line, with the 95% conődence interval, shaded region, between the reference posterior and
a posterior estimated with each posterior sampler using surrogate after 10 rounds of sequential
sampling. Figure 3.9b instead uses the C2ST metric for comparing posterior estimates. The X
axis, "samples", refers to the number of samples introduced in each round.

Additionally, I evaluated the model őt likelihood (calculated using the underlying model) of
the observed data given the posteriors estimated by the surrogates. This evaluated both the
approximation quality and the suitability of the posterior samples for explaining the observed
data. See Figure 3.11 for a summary of these likelihoods for each posterior sampling method at
increasing sample sizes. The annealed SVI posterior sampler was the only method to provide
comparable model őts to the reference posterior. Other methods produced more variable, and thus
less reliable, model őts.

Lastly, I evaluated the likelihood of the posterior predictive distributions estimated using the
surrogates, given the latent model variables θ∗. This measure helped compare the approximated
posterior predictive distribution against the latent data-generating process. See Figure 3.12 for a
plot of the likelihoods for each surrogate. Again, the surrogate trained using the annealed SVI
posterior sampler generated a posterior predictive which was closest to the reference posterior
predictive. Again, the annealed SVI sampler generated posterior predictive distributions which
were most viable. The variability in the predictive performance of the NUTS sampler suggested
that the sequential sampling was divergent.

3.3.3 Convergence diagnostics of posterior samplers

The convergence diagnostics of NUTS revealed poor quality samples, with r-hat values much greater
than 1 and effective sample sizes mostly below 10 for 500 sampling steps, despite increasing the
warm-up period from 100 (which was sufficient to generate the reference posterior) to 500 steps.
This suggested that the surrogate models approximate the model in such a way that makes posterior
geometries that are more challenging to sample. On closer inspection, the surrogates produced far
noiser and discontinuous gradients compared to the underlying model, as illustrated in Figure 3.13,
which could be a contributing factor. However, the SVI samplers showed very minor improvements
in ELBO loss after 50 samples, see Figure 3.15 for the losses which I recorded during training.
Both scenarios suggest a rapid convergence of SVI on the estimated posterior and room for further
performance improvements with meta-optimisation techniques such as early stopping and learning
rate scheduling.
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Figure 3.10: Concurrence of posterior, estimated by the surrogate trained with the "prior_őxed"
proposal and "svi_annealed" posterior sampler after 10 rounds, against the underlying posterior
estimated using "nuts" on the underlying model. The colour of each bar represents whether the
null hypothesis, that the values of each posterior were drawn from the same distribution, can be
accepted at the 95% conődence interval.

Figure 3.11: The log-likelihood of observational data evaluated on the underlying model using pos-
teriors estimated from each posterior sampler after the őnal round of sequential posterior sampling.
Each surrogate was trained using the "prior_full" proposal distribution. The mean likelihood is
shown by the solid line and the 95% conődence interval is shown by the shaded region. The log-
likelihood of the observational data using the reference posterior is represented by the dashed line
and grey region representing the mean and 95% conődence interval respectively.

bb

Figure 3.12: The log-likelihood of the posterior predictive distribution, estimated by each posterior
sampler after each round of posterior sampling, estimated using the underlying model. Each
surrogate was trained using the "prior_full" proposal distribution. The mean likelihood is the
solid line and the 95% conődence interval is the shaded region. The dotted line and the grey
area shows the mean and 95% interval respectively of the log-likelihoods of the reference posterior
predictive.
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Figure 3.13: An illustration of the effects of non-smooth gradients on No-U-Turn-Sampler (NUTS)
based MCMC. I plotted the gradient of the likelihood function, listed in Equation 2.9, as estimated
by the underlying model - shown in Figure 3.13a - and estimated by a surrogate trained on 10,000
samples from the "prior_őxed" proposal distribution - shown in Figure 3.13b. The gradients were
plotted with respect to two model parameters: b0 and κb across a 50×50 grid of valid values. Traces
from their respective posterior samples using NUTS were plotted in Figure 3.13c and Figure 3.13d.
The surrogate which produces non-smooth outputs is not suitable for NUTS sampling as chains
easily become lost in local optima.

3.3.4 Speed of inference

To assess the potential speed improvements offered by surrogate-based workŕows, I timed the
various components within the workŕow. This was in order to estimate the speed improvements
that could be expected under different scenarios to facilitate faster inference and experimentation.
The timing data were aggregated from inference runs conducted during the above convergence
experiments, listed in Figure 3.16 and Figure 3.17. All experiments were executed using JAX in a
vectorised manner on a single Nvidia A100 GPU.

The sampling phase of the underlying model is the most predictable part of the workŕow, as
it scales linearly with the number of samples. This scaling is also dependent on the available
computational resources. In this case, solving the equilibrium solution for a single sample took
approximately 3.53 × 10−4 seconds, and batch sampling remained constant at around 2 seconds
for each sample size due to parallelism on the GPU. However, for complex malaria agent-based
models (ABMs) such as EMOD, OpenMalaria, and the Griffin model, sampling a single instance
could take hours, making it the most computationally intensive component of the workŕow.

Despite differences in output dimensions, neural network training times remained relatively
consistent across the different surrogates, requiring under 50 seconds to complete 1,000 epochs for
up to 10,000 samples. Training time variability can also depend on optimisations within JAX’s
execution environment and its just-in-time (JIT) compilation.

Inference times using the NUTS sampler varied signiőcantly. Running NUTS with 500 warmup
samples and 500 posterior samples took between 3 to 14 minutes, with an average of 11 minutes.
This was a substantial improvement over the 5 hours required to sample the reference posterior
on the CPU. Conversely, sampling using Stochastic Variational Inference (SVI) sampler, which
involved training over 50,000 samples from the surrogate before generating 500 posterior samples,
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Figure 3.14: r̂ for surrogate methods using NUTS. The mean r̂ measure for all estimated parameters
is shown as the solid line and 95% conődence interval is shaded

Figure 3.15: Loss, negative log likelihood as estimated by the surrogate, during SVI training for
each proposal method and sample size. These losses were recorded on the őnal round of posterior
sampling.
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Figure 3.16: Time, in seconds, for sampling from the underlying model and training each surrogate.
The time was evaluated on the initial round of sequential posterior sampling.

Figure 3.17: Time, in seconds, for sampling the posterior distribution for the NUTS and SVI
posterior samplers. Timing values were aggregated over all sample sizes and each round as they
were similar. The annealed SVI sampler had similar inference times to the SVI sampler.

took an average of 3 minutes and 30 seconds with much less variability. Although these inference
times provide a general idea of execution times in a surrogate-based workŕow, they could increase
with the addition of more observational data, which would necessitate more frequent surrogate
executions. The NUTS execution time, in particular, may be more sensitive to changes in the
surrogate’s approximation error.

In practical terms, from start to őnish, the NUTS and SVI-based inference workŕows, with
10,000 samples and without sequential posterior sampling, took on average 11 minutes and 57
seconds and 4 minutes and 27 seconds, respectively. Sequential posterior sampling would have
a multiplicative effect on the runtime which depends on the number of rounds. After 10 rounds
of SVI-based inference, this workŕow would have taken 40 minutes, which was an 8 times speed
improvement on the 5 hour workŕow I presented in the previous chapter. These results show the
potential of these methodologies as rapid alternatives for inference and experimentation.

3.3.5 Surrogate-based inference diagnostics

I recreated the inference diagnostics which I introduced in the previous chapter to assess if these
faster surrogate-based workŕows could reliably replicate the diagnostic methods and to highlight
any potential issues with the surrogates. As demonstrated earlier, the full surrogates, which
produce the complete model outputs, are particularly advantageous as they can be used for these
diagnostics. Coupled with the annealed SVI posterior sampler, the prior_full surrogate does not
compromise on approximation or inference quality. For these diagnostics I used the prior_full
surrogate trained with 10,000 samples, as it performed best in the above experiments.

I őrstly re-ran a sensitivity analysis to determine if the gradients produced by the surrogates
aligned on average with those from the underlying model. The results indicated that the sensi-
tivity of each model parameter was broadly consistent across different surrogates. However, the
sensitivity of some the parameters I identiőed as correlated and non-identiőable, such as ad0 and
ru, was overestimated. The general variability of gradients was also higher than those produced
using the underlying model. A comparison of the sensitivity is listed in Figure 3.18. Despite
the discrepancies, a surrogate based sensitivity plot could still provide accurate insights into the
importance of parameters in a probabilistic model.
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Figure 3.18: A comparison of sensitivity analyses using surrogate models. The local sensitivity,
was estimated for each surrogate by calculating the absolute gradient of the likelihood function,
see Equation 4.14, over 600 samples from the prior distribution. The error bars show the 95%
conődence interval of the estimate.

I then performed posterior predictive checks to analyse the immunity by exposure and the
prevalence/incidence by age. In both the prior and posterior space these, generally showed close
agreement with the true values Figure 3.19. Bayesian p-value plots also showed a strong predictive
performance of the posterior sampler, see Figure 5.9. These plots show consistency with those
produced with the underlying model, making them suitable for prior tuning and sanity checking
posterior draws.

Lastly, I used predictive error plots to reveal areas where the surrogate struggled in approx-
imating the model in both the prior and the posterior, see Figure 3.20. These plots indicated
that the surrogate generally did not exhibit systematic approximation issues when the validation
data was drawn from the prior distribution. However in the posterior, outputs tended towards
the mean. Predictive error plots, especially disaggregated by output, can help diagnose surrogate
training issues. This is especially useful when training opaque surrogates such as neural networks.

3.4 Discussion

3.4.1 Stochastic Variational Inference for black box inference

Stochastic Variational Inference (SVI) with annealing showed a lot of promise for black-box infer-
ence for high-dimensional, complex inference problems. Both of the SVI samplers converged rapidly
to an estimate and were more computationally efficient than NUTS. However these estimates were
not necessarily close to the true posterior distribution. With the baseline SVI sampler, this caused
a scenario where inaccuracies in the estimated posteriors, lead to unstable and divergent posterior
samples across rounds.

Annealing the evidence term in the SVI objective appeared to address this instability by gradu-
ally transforming the surrogate training set from the prior distribution to the posterior distribution.
At the start of sequential inference, the hot temperatures produced a likelihood function that was
closer to the and easily sampled prior. In later rounds, the incrementally colder temperatures
shifted the likelihood towards the more challenging, and yet unknown, posterior likelihood. The
gradual transition helped to stabilise the sequential sampling process and ensured more reliable
convergence. The empirical results showed that annealing achieved a good őt to the observed data,
exhibited strong predictive performance, and demonstrated a high degree of agreement with the
reference posterior.

Moreover, the annealing approach is not limited to the speciőc parameter inference problem
addressed in this study. It could be broadly applied to any simulation-based inference problem,
even in the commonly studied likelihood-free context, to stabilise the convergence of sequential
posterior sampling.
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Figure 3.19: Posterior predictive checks for surrogate-based inference. I recreated the posterior pre-
dictive checks on the immunity, prevalence and incidence outputs of the model, introduced in Fig-
ure 2.2, to qualitatively compare the posterior estimates (in green) to model outputs which would
be generated by the true latent values (in red). The surrogate was trained using the "prior_full"
proposal distribution with the annealed SVI posterior sampler and a sample size of 10,000 per
round.

However, further research is needed to reőne the design of annealing schedules and explore
adaptive annealing strategies. In this study, the hyper-parameters for annealing - such as the
geometric rate of decay, the maximum temperature, and the temperature during SVI optimisation -
were determined largely through trial and error and convenience. This approach, while practical, is
sub-optimal. Hyper-parameter optimisation techniques could search for more effective parameters,
or adaptive annealing as described in (Huang et al., 2018; Mandt et al., 2016) could further improve
the performance and stability of annealed SVI for simulation based inference. Additionally, the
use of a global annealing coefficient for all observations may not be ideal, as the scale of evidence
can vary signiőcantly between different observations. Tailoring annealing coefficients to individual
observations could provide more nuanced control and improve overall inference accuracy. While
there has been some research on the reliable application of annealing to SVI, this area remains
under-explored, especially as a method to mitigate surrogate approximation error. The current
body of work does not address how annealing can be adapted to optimally improve the performance
of surrogate models within Simulation Based Inference workŕows.

3.4.2 No-U-Turn Sampling for black box inference

I found the No-U-Turn Sampler (NUTS) to be the least effective, primarily because of its poor
convergence behaviour when the likelihood was approximated using Neural Network (NN) surro-
gates, likely due to the noisier gradients it produced. While there has been some research into
training neural networks to produce smooth functions (Anil, Lucas, and Grosse, 2019), this őeld
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is still developing. Current methods often compromise the expressivity of the networks, making
them less suitable for complex inference tasks where approximation quality is a key factor.

There has also been research on enhancing MCMC methods to be robust against non-smooth
potential functions (Chaari et al., 2015). These efforts aim to develop MCMC algorithms which
are robust to the irregularities and discontinuities that arise from noisy gradients. However, these
techniques still require signiőcant computational resources and inference time, making them less
appealing than the SVI alternatives.

3.4.3 Curating the input and output space of the surrogate

Selecting a proposal distribution which is close to the posterior is important for effectively training
surrogates in complex models. In contexts where the parameter space is vast and intricate, an
informed proposal distribution helps in concentrating the surrogate training on regions that are
most relevant for accurate posterior estimation. Conversely, using uninformative priors, such as
those generated by a Latin Hypercube Sampling (LHS) distribution, tends to result in surrogates
with a higher approximation error, even as the number of training samples increases.

Neural networks (NNs) offer the signiőcant advantage of being able to model high-dimensional
outputs, which can include contextual outputs valuable for diagnostics. However, when using an
uninformative proposal distribution, such as Latin Hypercube Sampling (LHS), the training of
surrogates which produce high-dimensional full outputs can become unstable. In these cases, the
validation loss can sometimes increase with the sample size, indicating that the model is struggling
to generalise and learn effectively from the training data. This instability is likely due to the
surrogate being exposed to a wide range of parameter values, many of which are irrelevant or less
informative for the posterior estimation.

In contrast, with the prior proposal distribution, the full outputs provide comprehensive di-
agnostic information without increasing the approximation error. The ŕexibility and ődelity of
the prior_full surrogate could enable researchers to perform a variety of modelling tasks, outside
of parameter inference, much more efficiently. By simulating counterfactual or future scenarios,
optimising parameters, and conducting other analyses using the surrogate, researchers can produce
research in a fraction of the time that they typically require for simulation.

3.4.4 Complex models for black-box inference

There is a pressing need to study surrogate-based inference methods for more complex models.
In applying the latest simulation-based inference methods, SNLE and SNVI (Papamakarios, Ster-
ratt, and Murray, 2019; Glockler, Deistler, and Jakob H Macke, 2022), to this malaria model I
have uncovered several shortcomings which were not previously apparent. These issues, such as
instability in training with uninformative priors and the challenges in accurately approximating
high-dimensional posteriors, highlight the limitations of current methodologies when scaled beyond
simple, toy models with only a few parameters.

It would be beneőcial for the wider scientiőc community to develop benchmarks which evaluate
surrogate-based inference methods on more complex and realistic models. Such benchmarks would
provide a more rigorous assessment of each method’s capabilities and limitations, guiding future
research and development efforts. They would help identify speciőc areas where improvements are
needed and drive innovation in creating more robust and reliable inference techniques. Creating
these benchmarks would require a signiőcant engineering effort. Developing complex models suit-
able for benchmarking involves careful decision-making to establish representative ground truths
and observational data. However, it would push the boundaries of current inference methodologies,
promoting the development of more advanced techniques capable of handling the complexities of
real-world models.
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Figure 3.20: Predictive error plots for model outputs at each site. I validated the predic-
tive error against out-of-sample prior draws (Figure 3.20a) and posterior draws (Figure 3.20b).
Each point represents a point in the validation data, with its x and y position correspond-
ing to the surrogate prediction and underlying model output value respectively. The red
lines represent x = y, i.e. no approximation error. Each plot varies model outputs
(pos_M2−10, pos_M>10, inc<5, inc5−15, inc>15) on the vertical axis and site (listed in Table 2.1)
on the horizontal axis.
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Chapter 4

Seq2Seq surrogates for recreating

disease transmission dynamics over

time

Please note that this research was previously published in (G. Charles, Wolock, et al., 2023) (with
the code published in (G. Charles, 2024a)) and (G. D. Charles and S. L. Wu, 2021). All of the
writing, programming and experimental work in (G. Charles, Wolock, et al., 2023) was my own
with supervision and editing from the co-authors. I have adapted much of this text to contextualise
it within the rest of this thesis. Since this paper was published, łmalariasimulationž an agent-based
malaria transmission model, see (G. Charles, Peter Winskill, et al., 2022), received contributions
from a wider community of researchers to add or modify interventions, resolve bugs and optimise
performance. At the time of writing I am the largest contributor to the original malariasimulation
repository. The design and most of the programming of the łindividualž library was done by me, with
contributions from the community to add more expressive primitives to support a wider range of
Agent-Based Models and for code optimisations. At the time of writing I am the largest contributor
to the individual repository. The content for (G. D. Charles and S. L. Wu, 2021) was written by
my collaborator, Dr. Sean Wu, and was not used in this text.

4.1 Background

In the previous chapter, I established that neural networks could serve as effective surrogate models
for high-dimensional complex inference problems associated with malaria transmission. However,
a limitation of the model I discussed is that it assumes a stable equilibrium in transmission.
Equilibrium transmission does not represent most real-world conditions since malaria transmission
is inŕuenced by various interventions and environmental factors. With this in mind, I shift the focus
in this chapter towards developing surrogate models which are designed for recreating temporal
outputs, i.e. a sequence of outputs over time. These outputs are also referred to as trajectories.

4.1.1 Temporal models for malaria transmission

Two primary methodologies have been used to model infectious disease dynamics: differential
equation-based (DE) models and Agent Based Models (ABMs). Both have been applied to malaria
transmission modelling, but offer advantages and challenges in the simulation of disease spread
and mitigation through interventions. DE models are typically quicker to simulate, even using
numerical methods, for a low-dimensional system of equations. However, ABMs may be preferred
when one is studying more granular interactions or a large number of interventions.

The Ross-Macdonald model, a DE model, was widely used during the őrst Global Malaria
Eradication Programme (GMEP) from 1955 to 1969, see (D. L. Smith, Battle, et al., 2012) for a
detailed evolution of the model. Despite its broad usage, the model’s simplistic assumptions, such
as (a lack of) human immunity and a constant mosquito density, has limited its applicability to
modern malaria modelling, which requires the simulation complex intervention scenarios and our
latest understanding of the disease dynamics.
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As malaria pathology research and malaria control has progressed, more sophisticated DE mod-
els have been published to study the implications on public health. For instance, (O. Collins and
K. Duffy, 2022) incorporated bed nets and treatment and drug resistance to forecast their effects
on transmission in Nigeria; (Adegbite et al., 2023) incorporated a travelling human population to
study the effects of human movement on transmission; and Imperial College London have pub-
lished a complex DE model of malaria transmission which incorporated a range of interventions,
including insecticide-treated nets, indoor residual spraying, Artemisinin Combination Therapies,
and seasonal malaria chemoprevention (Hellewell et al., 2023). Additionally, it modelled the de-
tailed immunity dynamics and current research on vector behaviours such as growth, infection, and
oviposition. These models can simulate more realistic disease transmission trajectories in theoret-
ical and controlled environments, which is useful for informing current policy-making. However,
as these models incorporate increasingly complex scenarios, such as multiple simultaneous inter-
ventions, they can become computationally infeasible due to the numerical challenges of of solving
high-dimensional systems of differential equations.

In contrast, ABMs simulate interactions within a population of agents, each representing a
discrete entity whose behaviours are designed to reŕect the known dynamics of disease transmission.
ABMs are favoured in scenarios requiring detailed simulation of complex interventions due to
their predictable computational complexity, which generally scales linearly with the size of the
simulated population. This scalability makes ABMs particularly suited for handling increased
complexity without exponential increases in computation time experienced when increasing the
dimensionality of DE models.

Among the prominent ABMs for malaria are EMOD, OpenMalaria, and the Imperial College
London model (P. A. Eckhoff, 2011; Thüring et al., 2016; Griffin, Ferguson, and Ghani, 2014).
Their detail and ŕexibility are unmatched, as they provide functionality for understanding and
exploring strategies against malaria transmission in a wide array of hypothetical scenarios. How-
ever, they require substantial computational resources, often running for hours to complete a single
simulation.

4.1.2 Challenges in Agent-Based Model (ABM) development

Modern malaria transmission ABMs are most commonly implemented in systems programming
languages like C/C++, see subsection 1.2.6, as their execution speed is more easily optimised when
developers have explicit memory management and low-level algorithmic control. However, systems
programming requires advanced software engineering skills and optimised codebases can become
difficult to parse, maintain and extend. Moreover, scientiőc researchers with less programming
expertise may őnd it challenging to engage with such models and explore new hypotheses, inhibiting
research in the őeld.

Many scientiőc researchers are more familiar with high-level scripting languages like R and
Python. These languages offer several advantages for academic and research settings: they are
easier to learn and use, particularly for those without a formal background in computer science;
as interpreted, dynamically typed languages, researchers need not concern themselves with issues
in object oriented programming, type systems, memory management or compilation; they also
enable quick, iterative development, which is convenient for testing new hypotheses and making
frequent adjustments to models; őnally, both R and Python have rich ecosystems of libraries and
frameworks which support data analysis, visualisation, and computational statistics.

Several ABM development frameworks have emerged to take advantage of the beneőts provided
by high-level programming languages, often through domain-speciőc languages (DSLs) to balance
the trade-off between optimisation with ŕexibility. Some examples include: NetLogo, "A multi-
agent programmable modelling environment" (NetLogo Home Page 2024); Mesa (Kazil, Masad, and
Crooks, 2020), an open-source Python library for agent-based modelling. It allows users to create,
analyse, and visualise ABMs with an interface aligned with Python’s programming principles;
and Agents.jl (Datseris, Vahdati, and DuBois, 2022), built in the Julia programming language,
combining the ease of use found in high-level languages with the performance closer to that of
low-level languages. These tools make ABM development more accessible to researchers who may
not be expert programmers but want to create detailed simulations. By providing user-friendly
interfaces and abstracting away some of the lower-level computational details, these frameworks
help lower the barrier to entry for running sophisticated simulations.
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4.1.3 Challenges with parameter inference for ABMs

Using Agent Based Models (ABMs) presents new obstacles to parameter inference. Their lengthy
run times make Bayesian inference methods such as MCMC infeasible. The stochasticity in ABM
outputs complicates matters further, as the probability of any output given the model parameters
is intractable for all but trivial ABMs, which makes it challenging to deőne a likelihood function for
inference. Finally, gradient estimation for ABMs is challenging due to the simulation of discrete
randomness and the potential for vanishing or exploding gradients in long simulations, leaving
modellers with less efficient, gradient-free methods, which are known to scale poorly in high-
dimensional settings.

Building on the őndings presented in the previous chapter, where neural network surrogates
were used to estimate the equilibrium outputs of a malaria model, I extend the surrogates to
estimate temporal outputs. ABMs do not produce a single equilibrium output but a sequence
of outputs over time. This increases the dimensionality and complexity of the data, requiring a
new formulation of surrogates which can effectively model such sequences as inputs and reproduce
sequential outputs.

4.1.4 The site calibration problem

One of the parameter inference problems researchers face when using ABMs of malaria transmis-
sion is the łsite calibrationž problem. The purpose of site calibration is to estimate the baseline
Entomological Inoculation Rate (EIR), or the number of infectious bites per person per unit time,
for a given location, where łbaselinež refers to the counterfactual EIR in conditions prior to any
interventions being applied. Site calibration involves aligning model predictions of malaria preva-
lence with a time-series of observed historical prevalence. The model predictions are conditioned
on łsite parametersž which reŕect the impact of various environmental factors and interventions in
a particular location and could vary with time. These site parameters could include factors such as
rainfall, vector composition, and records of historical interventions. Once a baseline EIR has been
estimated, a modeller could simulate any counterfactual trajectory or predict future trajectories
given current or alternative intervention strategies.

The prevalence statistics used for site calibration are usually gathered through cross-sectional
studies (XSS). In these studies, researchers conduct routine surveys using Rapid Diagnostic Tests
(RDT) or microscopy to test a portion of the population. These studies are relatively simple since
they do not require a longitudinal tracking of individuals, allowing for consistent and frequent data
collection over time. For instance, the Demographic and Health Surveys (DHS), see (Demographic
and Health Surveys, 2022) regularly carry out XSS surveys across Sub-Saharan Africa, focusing on
children aged between 5 and 59 months. Outside of the DHS, (Snow et al., 2017) have compiled
a sizeable database of prevalence studies dating back to 1900, providing a valuable historical
perspective on malaria prevalence.

Site calibration has been used in several important studies and global health reports, serving
as a useful tool for decision-making regarding malaria interventions. A study for The President’s
Malaria Initiative (PMI), a US governmental initiative, used site calibration to őt the Imperial
College ABM to prevalence data for 1,020 administrative units across Sub-Saharan Africa (SSA)
(Peter Winskill et al., 2017). This calibration allowed them to estimate the potential impacts of
funding adjustments, informing the PMI’s decisions around future funding. Simulations for The
Global Technical Strategy (GTS) for Malaria, a report published by the World Health Organisa-
tion, featured results from a modelling study which used site calibration to align Griffin model
simulations with observed malaria prevalence data across SSA in order to estimate the burden
of incidence of malaria - a less readily available metric (World Health Organization, 2021). The
Malaria Intervention Tool (MINT) uses site calibration to align the Griffin model to a policy
maker’s location of interest so that they can evaluate various scenarios of bed net distribution in
their region (Sherrard-Smith et al., 2022).

4.1.5 Related work on parameter inference using ABMs

When calibrating computationally intensive infectious disease models, researchers frequently re-
sort to optimisation techniques, see (Luo et al., 2018; Sauboin et al., 2015; Knight et al., 2015).
The objective in these scenarios is to minimise discrepancies between observed time-series of dis-
ease prevalence and the outputs generated by the ABM. Common metrics for measuring these
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discrepancies include absolute errors or likelihood functions. Since gradient estimates for ABMs
are challenging, these optimisation efforts rely on gradient-free methods such as grid-search and
NelderśMead search, for low-dimensional convex optimisation problems, despite being limited in
their efficiency and scalability. Another drawback of using optimisation is that they yield point
estimates without providing insights into uncertainty. This limitation gives no indication of the
robustness of the results or the range of potential outcomes under different scenarios, which is
critical in infectious disease modelling given the widespread impact of public decision making.

With more computational resources, researchers have applied probabilistic inference techniques
for ABM calibration. These methods include Incremental Mixture Importance Sampling (IMIS)
(Raftery and Bao, 2010), Approximate Bayesian Computation (ABC) (McCreesh et al., 2017),
and surrogate modelling for Markov Chain Monte Carlo (MCMC) (Cameron et al., 2015). Due to
the large computational requirements, these methods have not been used for reoccurring inference
problems like site calibration, which is typically performed before modelling malaria transmission
in any speciőc location.

In IMIS, modellers set up a Bayesian framework with a prior distribution over model parameters
and specify a likelihood with respect to observed data with the goal to sample from a posterior
distribution. This process is iterative: simulations are run drawing model parameters from the prior
distribution, after which the likelihood of these samples given the observed data is calculated. Then
an acceptable region of parameters is determined, and resampling occurs from this accepted region.
The process continues until the posterior distribution is sufficiently approximated.

Instead in ABC, the likelihood function is assumed to be intractable. This is common with
Agent Based Models (ABMs), where the stochastic nature of the outputs and the complexity of
the models often mean that there is no closed form for the probability of outputs given model
parameters. ABC avoids the need for a direct likelihood calculation by using a similarity measure
between observed data and simulated data, rejecting simulations which do not meet a predeőned
threshold of similarity.

Surrogate modelling allows for fully Bayesian inference (Lamperti, Roventini, and Sani, 2018;
Cameron et al., 2015; G. D. Charles and S. L. Wu, 2021). A tractable surrogate model is trained
using a dataset of reference simulations and is then used in place of the ABM to rapidly calculate
a likelihood for MCMC. This has been applied to parameter inference in many high-dimensional
ABMs of infectious disease.

IMIS, ABC and surrogate models for MCMC require a considerable amount of computational
resources for inference. These methods require running large numbers of computationally intensive
simulations, many of which result in low likelihood outputs that are not informative for sampling the
posterior. This makes these approaches inefficient and time-consuming. The reliance on extensive
simulation runs to approximate the posterior distribution or to őlter through acceptable simulations
in ABC places can be impractical for routine use in policy-modelling or rapid response scenarios.

Advances in surrogate modelling across various scientiőc domains, such as physics and climate
science, have introduced surrogate models which can generalise to different scenarios by incorpo-
rating inductive biases. Inductive biases steer surrogates towards learning more generalised model
dynamics, enabling surrogates to perform robustly across a range of scenarios without the need
for retraining. In one example, Sanchez-Gonzalez et al. (2020) proposed a surrogate which learned
ŕuid simulations in from single time-step simulations of thousands of particles. Their research
demonstrated that once the surrogate had learned inter-particle interactions, it could generalise
to simulate more complicated physical conditions, with more particles on longer time horizons.
In another compelling example, Kovachki et al. (2022) developed surrogates for climate mod-
els. These surrogates were trained to produce łsuper-resolutionž simulation outputs, generating
high-resolution outputs from lower-resolution data. The key to their approach was in training
the surrogate to learn a discretisation-invariant mapping from model parameters to outputs. So
that the surrogate could be trained on quickly generated low-resolution training data and produce
outputs at alternative resolutions in a fraction of the time required by traditional models.

By adopting similar inductive biases, I hypothesised that one could develop surrogates capable
of learning from a short, cheap to simulate, simulations and generalise to long simulations. This
ŕexibility would allow a single, well-trained surrogate to adapt to various geographical settings
or intervention strategies without the need for re-training. The potential to train such models
once and apply them across multiple inference problems could result in substantial computational
savings, and speed up response times in policy-making scenarios where rapid decision-making is
needed.
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4.1.6 Improving surrogates with inductive biases

To exploit the sequential nature of outputs from ABMs, I propose sequence-to-sequence (seq2seq)
surrogate models to recreate ABM outputs to facilitate Bayesian Inference. These models are
designed to take sequences of model inputs over time inputs and produce sequences of prevalence
or incidence values. This sequential approach allows me to introduce an inductive bias towards
learning autoregressive relationships, where each output depends on present and past inputs. If the
seq2seq surrogates learns the autoregressive relationship which underlies the temporal dynamics
of disease transmission, it would theoretically be able to predict model outputs over longer time
horizons than those present in the training data. The beneőts of this approach include training
seq2seq surrogates on shorter sequences than those used in inference, reducing computational
demands of training set generation, and applying the same surrogate to inference problems varying
sequence lengths.

Recurrent Neural Networks (RNNs) are a class of neural networks which are suited to processing
sequential data, making them ideal for tasks that involve sequential input. A distinguishing feature
of RNNs is that they model a hidden state, denoted as hi, which represents information learned
from prior elements in the sequence for subsequent predictions. This ability to łrememberž previous
inputs via the hidden state is how RNNs could recreate temporal dynamics.

The fundamental computational unit of an RNN is known as a cell, which updates the hidden
state for each time step. The typical computation within an RNN cell can be described by the
formula for the hidden state:

hi = tanh(Uxi +Whi−1 + b)

Here, U and W represent the weight matrices for the current input xi and the previous hidden
state hi−1 respectively, while b is a bias term. The activation function tanh (hyperbolic tangent)
introduces non-linearity into the model. Non-linear activation functions are an important ingredi-
ent in neural networks for learning complex patterns in data, including non-linear autoregressive
functions.

RNN architectures often layer cells in order to learn more complex sequences. In a multi-layered
RNN, the hidden state output from one layer becomes the input to the next layer. This stacking of
layers enables the network to learn more complex representations of the autoregressive dynamics
in the hidden states of the deeper layers. RNNs can be used to generate sequences by outputting
the sequence of hidden states produced by the őnal layer.

One of the key advantages of RNNs, compared to other autoregressive models, is their opera-
tional efficiency in processing sequences. Since each element of the sequence is processed exactly
once and the results are accumulated through the hidden states, RNNs are particularly efficient at
relating current inputs to the history of previous inputs. This efficiency is crucial in applications
where real-time processing of incoming data streams is required, such as in speech recognition or
real-time anomaly detection in network systems.

While RNNs are highly effective for sequential data processing, they are not without their
challenges. One issue is the problem of vanishing and exploding gradients, which commonly oc-
curs when training RNNs on very long sequences. This problem stems from the nature of back-
propagation in RNNs, where gradients of the loss function are propagated back through each time
step of the input sequence to update the parameters. During this backward pass, the gradients can
either shrink exponentially towards zero (vanish) or grow exponentially towards inőnity (explode)
as they pass through the recurrent cell many times. If the gradients vanish, the update to the
weights becomes inőnitesimally small, which slows down the learning process or halts it altogether.
Conversely, if the gradients explode, it leads to large updates that cause learning to diverge, often
manifesting as numerical overŕow errors. Both scenarios result in unstable training dynamics.

To address these issues, cell architectures such as Long Short-Term Memory (LSTM) units and
Gated Recurrent Units (GRUs) have been developed. These architectures incorporate mechanisms
such as łforget gatesž to help regulate the ŕow of information through the network and maintain
stable gradients when inferring long sequences.

The LSTM cell, in particular, includes three gates which manage the memory and information:
a łForget gatež which decides what information is discarded from the cell state; łInput gatež which
updates the cell state with new information from the current input; and an łOutput gatež which
determines what part of the current cell state is used to compute the output. The complete of
operations is depicted in Figure 4.1.
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Figure 4.1: An LSTM cell
An LSTM cell. As with an RNN state, the hidden state ht is output at every time step and

re-used to calculate outputs for subsequent time steps. However the LSTM cell introduces a cell
state ct to regulate the ŕow of information in each cell execution. This diagram was made by

https://tex.stackexchange.com/questions/432312/how-do-i-draw-an-lstm-cell-in-tikz

4.1.7 Contributions

Development of the łindividualž Library for ABMs in R One of my contributions in this
chapter has been the development of the łindividualž library, a framework for implementing
Agent-Based Models (ABMs) in R. This library simpliőes the creation of epidemic ABMs
by abstracting many common operations and providing optimised C++ implementations for
these intensive tasks. It provides the most extensive collection of primitives of its kind in
the R ecosystem, including a diverse range of modelling primitives to characterise agents and
events. This contribution adds to the R community, providing tools which were previously
available only in more complex or less accessible programming environments.

Implementation of Imperial College London’s Malaria Model Another major contribution
is the development of an open and extensible implementation of the Imperial College London’s
Agent-Based malaria transmission model using the łindividualž library. This implementa-
tion leverages both R and C++ to offer a ŕexible system architecture, allowing researchers
to explore new malaria interventions and alternative infection models. The design focuses on
maintaining simulation times that are competitive with other contemporary malaria mod-
els while offering greater ŕexibility and accessibility for modiőcations and extensions by
researchers familiar with R.

Development of a Reusable Surrogate Model for Site Calibration I also developed a novel
surrogate model to produce fast approximations of the ABMs outputs, designed to be reusable
across different site calibration problems. This improves on previous surrogate modelling
methods which where surrogates are trained for single inference problems, requiring repeated
retraining. My proposed surrogate model can adapt to various settings without the need
for site-speciőc retraining, thereby improving the efficiency of site calibration and provid-
ing probabilistic estimates where previously researchers may have resorted to optimisation
methods.

Evaluation of Surrogate Model Performance I then evaluated the surrogate model’s ability
to accurately recreate time-series data that extends beyond the length of those in the training
set. This evaluation demonstrates the model’s potential to be trained on shorter sequences,
thus saving computational resources and mitigating common issues related to training RNNs
on long sequences.

Demonstration of Site Calibration for Kolda, Senegal Finally, I applied the surrogate model
to calibrate the ABM to observational data collected in Kolda, Senegal. This application suc-
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cessfully provided a plausible posterior estimate for the Baseline Entomological Inoculation
Rate (EIR) rapidly and without any site speciőc training.

4.2 Agent based modelling method

4.2.1 Individual: a framework for ABM development

I designed the łIndividualž framework to simplify the development of Agent-Based Models (ABMs)
for public health researchers who use R. I identiőed some useful programming patterns common to
epidemic ABM development, particularly when scaling to large populations or modelling complex
and competing agent interactions. I then created optimised functions and classes in C++ to provide
these patterns to high-level R modellers.

Vectorised computation is encouraged when using the łIndividualž framework. Aligning with
the Single Instruction, Multiple Data (SIMD) principle, vectorisation allows for the simultaneous
processing of multiple data points with a single instruction. By leveraging modern CPU optimisa-
tions for SIMD operations, models designed with łIndividualž can execute faster than ABMs which
perform complex logical operations for each agent in turn. This design philosophy also opens the
door to future acceleration with massively parallel computing architectures such as GPUs and
TPUs. This is a similar approach to modern machine learning frameworks like JAX, which are
speciőcally built to exploit such hardware capabilities for high-performance scientiőc computing
(see subsection 2.2.2 for an explanation of JAX).

Variables

To steer users towards vectorised computation, łIndividualž introduces a set of variable primitives
which allow the user to characterise a wide range of agent traits, including IntegerVariable, which
manages integer-based attributes of agents, suitable for searchable discrete data such as age groups
or drug types; DoubleVariable, which handles continuous attributes, facilitating calculations involv-
ing metrics like immunity level; and CategoricalVariable, designed for data that fall into a limited
number of categories, such as blood types, genetic traits, or infection states providing an efficient
way to subset the population based on characteristics.

These variable types are implemented to represent characteristics across the entire agent pop-
ulation in a vectorised format. Individual also provides common optimised operations such as
random sampling, subsetting, and updating of these variables to exploit fast, low-level vectorised
operations to improve the performance of large-scale simulations.

Bitsets

One speciőc optimisation łIndividualž provides is efficient subsetting of a population based on
speciőc characteristics, an operation which is required for simulating targeted behaviours such
as vaccinating certain age groups or infecting individuals based on their infection status and in-
tervention usage. The łIndividualž framework supports efficient population subsetting through
bitsets.

In R, typical set operations like setdiff, intersect, union, and %in% are implemented using
vectors, which do not scale well with set size. The computational complexity of these operations, if
naively looping through elements in each vector, would scale polynomially with the population size,
i.e. O(n2) for a population size n. This can become particularly cumbersome and time-consuming
with the large population sizes which common in ABM simulations.

Bitsets offer a more efficient alternative. A bitset is a vector of łwordsž, where each word is
a collection of bits, and each bit represents the presence or absence of an agent in a set. This
data structure allows for extremely efficient set operations, which can be performed using bitwise
logical operations such as AND, OR, and NOT. These operations are supported at the processor level,
offering performance proportional to the population size, i.e O(n). Another advantage of bitsets
is the ability to insert and delete elements in constant time. This stands in contrast to operations
on vectors R or the binary search tree set provided in C++’s Standard Template Library, where
adding or removing elements can involve expensive memory reallocation, which is undesirable at
simulation time.
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Processes

The łIndividualž framework encourages users to implement the dynamics of infectious diseases
as łprocessesž. This is a design choice to help users in manage the complexity of interactions and
dependencies within ABMs. By deőning infection, recovery, vaccination, and other epidemiological
events as processes, the framework provides a structured approach to simulate the progression and
interaction of disease elements effectively.

In łIndividualž, each process is implemented as a function, which can be written in either
R or C++. Processes are designed to interact with the state of each agent with minimal side
effects, making them testable and maintainable. Each function can access a snapshot of the model
variables before any modiőcations are applied, allowing it to operate on a consistent view of the
agent’s state. After evaluating the necessary changes, the process submits them as łtransactionsž
to be applied after all the processes have executed.

This helps users reason through a common challenge in modelling infectious diseases: competing
hazards Ð situations where two or more processes could inŕuence the same characteristics of an
agent in different ways. For instance, an agent might simultaneously be at risk of infection and
recovery, each altering the agent’s state in divergent directions. By providing a transactional view
of the agent’s states, a user is encouraged to consider how competing transactions will resolve.

Transactions submitted by different processes are resolved in a First In, First Out (FIFO) order.
This means that transactions submitted later can overwrite the effects of those submitted earlier
when simulating the same time step. This transaction management system allows researchers to
see how transactions will resolve with a glance at the list of processes and ensure that computations
carried out by one process are not adversely affected by the operations of another. However, this
system places a responsibility on the users to carefully consider the ordering of processes. The
sequence in which processes are executed and transactions are submitted can inŕuence the őnal
state of the simulation.

Events

łIndividualž provides event primitives, which allow users to model behaviours which impact future
states of agents within the simulation. This functionality is particularly useful for representing
infrequent events or events which are targeted toward speciőc sub-populations, such as booster
vaccinations. By using these primitives, researchers can conveniently avoid implementing discrete
event schedulers from scratch.

Events in łIndividualž are managed through a sparse mapping of time steps to bitsets. Each
bitset represents the agents affected by an event at a speciőc time step. This structure allows
the simulation to efficiently schedule events, trigger events, look up sub-populations which are
scheduled for any event at any time step, and clear scheduled events for a sub-population.

Simulation loops

łIndividualž provides a simulation loop which ensures that all of these components interact together
as intended. For each time step, each process is executed in sequence, allowing it to view the current
state of the population, submit transactions for updating agent states, and schedule future events;
then the event scheduler triggers any scheduled events, calling the appropriate listeners which will
submit further transactions for the affected agents; őnally, after all events have been handled,
all the submitted transactions are processed to update the state of the agents accordingly. The
complete ŕow of the simulation loop, including the interaction between processes, event handling,
and transaction management is illustrated in Figure 4.2. By abstracting away the complex and
common operations in epidemic ABM simulations, łIndividualž allows researchers to devote their
efforts to the more critical task of developing and reőning the disease dynamics of their models.

4.2.2 Malariasimulation: an Agent-based malaria transmission model

I implemented Imperial College London’s malaria transmission model, which I have called łmalar-
iasimulationž, using the łIndividualž framework. This implementation allowed me to explore the
real world applications of the high-dimensional parameter inference methods discussed in this and
the next chapter. As an added beneőt, transitioning to an R-based codebase offers the research
group numerous beneőts, including an improved accessibility for extensions and updates to the
model, particularly as new malaria interventions emerge.
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Figure 4.2: Individual Simulation Loop. A ŕow of operations when simulating an ABM written
using Individual. I originally created this diagram for the following publication (G. D. Charles and
S. L. Wu, 2021)
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Figure 4.3: A high-level overview of łmalariasimulationž. Arrows represent model outputs which
are used as inputs for the different components. The equilibrium outputs are used before the
simulation begins, however all other outputs are time-varying and are communicated each time
step.

The łmalariasimulationž model consists of four main components. The human model handles
immunity response, disease progression, and intervention dynamics, providing statistics which are
important for evaluating malaria burden and calculating the Force Of Infection towards Mosquitoes
(FOIM) necessary for the mosquito model. The adult female mosquito model is responsible for
tracking the mosquito population density and infectiousness of mosquitoes, which is used to simu-
late the Entomological Inoculation Rate (EIR). Meanwhile, the aquatic model focuses on the early
life-cycle of mosquitoes, particularly from larvae to adult, taking into account the environmental
carrying capacity and the simulated reproduction from the adult mosquito population. Lastly,
the equilibrium solution establishes initial conditions for all other components based on speciőed
baseline transmission levels, ensuring the simulation starts from a somewhat realistic state. This
ŕow of data is illustrated in Figure 4.3.

The human model

The human population are modelled as agents. There are őve human infection states in the model,
depicted in Figure 4.4. Individuals default to the Susceptible (S) state. After exposure to an
infectious bite, individuals can move to the Clinical Disease (D), Asymtomatic (A) or Treated (T)
states. Untreated individuals in the D state will recover to the A state, from the A to the Subpatent
(U) state, and from the U to the S state. Infected humans cause infections when exposed to bites
from susceptible mosquitoes, which is quantiőed by the Force Of Infection towards Mosquitoes
(FOIM or ΛM ). Individuals in the T state eventually recover to the S state and are protected by
a period of prophylaxis to infection. The population in the S, A and U states are susceptible to
re-infection on exposure to infectious mosquito bites. The Entomological Inoculation Rate (EIR)
governs the number of infectious mosquito bites the population experiences over time.

Individuals experience EIR differently based on their heterogeneity and age variables. Hetero-
geneity ζi is sampled from the log normal distribution, while age ai is sampled from the exponential
distribution. The effective EIR experienced by each individual Λi(a, t) at time t is modelled relative
to the EIR experienced by the complete human population Λ(t).

Λi(a, t) = Λ(t)ζi(1− ρ exp(−
a

a0
))

log(ζi) ∼ N(
−σ2

2
, σ2)

a ∼ exp (µa)

(4.1)

There are three functions representing immunity in the model. b(t) and ϕ(t), which represent
the probability of a blood-stage infection and progression to clinical disease, respectively, inŕuence
the infection transition rates, whereas qi(t, a) represents the probability of detection by a routine
diagnostic test. These are calculated from acquired immunity variables IB , ICA, ID, which are
incremented on exposure to an infectious bite or on progression to clinical disease and later decay
exponentially with rates rb, rc and rd. ϕ also takes into account a maternal immunity ICM which
is set to a proportion of the individual’s mother’s clinical immunity at the time of birth. Maternal
immunity also decays exponentially with rate rcm.
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Figure 4.4: Human Infection States. The boxes represent the infection state of a single agent,
while arrows represent the transition rates between each state. Here, Λ represents EIR, b pre-
erythrocytic immunity, Φ clinical immunity, ft treatment seeking probability, and da, du, dt are
static delay parameters which are listed in Table 4.3

bi(t) = b0



b1 +
1− b1

1 + IB
IB0

kb





ϕi(t) = ϕ0



ϕ1 +
1− ϕ1

1 + ICA(i,t)+ICM (i,t)
IC0

kc





qi(t, a) = d1



d1 +
1− dmin

fD(i, a) 1+ID(i,t)
ID0

kD





(4.2)

Immunity also plays a part in simulating detection by microscopy. An individual will be detected
by microscopy if they are in the D state, or with probability q if they are in the A state. The
diagnostic prevalence of malaria in the model PfPr(t, l, u) is the proportion of individuals between
ages l and u who would test positive in a routine diagnostic test at time t, as deőned in equation
4.3.

PfPr(t, l, u) =

∑

i detected(i, t)× 1l<ai≤u
∑

i 1l<ai≤u

detected(i, t) =











1 state(i, t) = D

qi(t, a) state(i, t) = A

0 otherwise

(4.3)

The adult mosquito model

The mosquito population are modelled as a system of delay differential equations. Susceptible
female mosquitoes (Sm) are infected at a rate ΛM , calculated from the human part of the model.
Infected mosquitoes will undergo an Extrinsic Incubation Period (EIP or τ) in the Em state before
becoming infectious. If they survive, they will transition to the Infected (Im) state where they
remain until death.

dSv
m

dt
= −Λv

MSm + βv
em(t)− µvSv

m

dEv
m

dt
= Λv

MSv
m + βv

em(t)− Λv
M (t− τ)Sv

m(t− τ) exp(−µvτ)− µvEv
m

dIvm
dt

= Λv
M (t− τ)Sv

m(t− τ) exp(−µvτ)− µvIvm

(4.4)
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Aquatic mosquito model

The aquatic mosquito model has three states which represent the different stages in larval devel-
opment. The Early (E) and Late (L) larval states track the number of larvae soon after hatching.
These two stages are dependent on the density of larvae and the carrying capacity K which can vary
with rainfall R(t). Conversely, the subsequent Pupal (P) stage is inŕuenced by these factors and
is the őnal stage before development into an adult mosquito. These aquatic stages are simulated
using an ordinary differential equation model with a system of equations listed in Equation 4.5.

dEv

dt
= βv

egg(t)M −
Ev

de
− µeE

v

(

1 +
Ev + Lv

K

)

dLv

dt
=

Ev

de
−

Lv

dl
− µlL

v

(

1 + γ
Ev + Lv

K

)

dP v

dt
=

Lv

dl
−

P v

dp
− µpP

v

(4.5)

where,

K = K0
R(t)

R̄
R(t) = g0 +

3
∑

i=1

gicos(2πti) + hisin(2πti) (4.6)

The number of new adult female mosquitoes, βv
em(t), which inŕuences growth in the Sv

m com-

partment is assumed to be
dpP

2 , since half of the pupae in the simulation will develop into female
mosquitoes at rate dp.

The number of new eggs laid, βv
egg(µ, f, t), which inŕuences the number of new larvae in the

aquatic mosquito model, is calculated based on the total number of adult female mosquitoes in the
simulation, their mortality rate µ and feeding rate f and egg laying rate β:

βv
egg(µ, f, t) = β(e

µ
f − 1)e−

µ
f (1− e−

µ
f )−1

Insecticide Treated Nets (ITNs)

łmalariasimuationž supports several interventions, but in this chapter I will focus on Insecticide
Treated Nets (ITNs) for simplicity as they are the most effective intervention (Bhatt et al., 2015).
In the subsequent chapter, I will include more interventions including seasonal malaria chemopre-
vention, front-line treatment, indoor residual spraying to make a more realistic inference.

ITNs are an effective malaria intervention which protect individuals while they are in bed. The
nets are treated with an insecticide which repels or kills a mosquito when they attempt to feed on
a human while in bed. Mosquitoes which are repelled will take longer to feed, indirectly affecting
their mortality and reproduction rates. The effects of ITNs on mortality and reproduction, for
various mosquito species and insecticide types, have been examined in experimental hut trials
(Sherrard-Smith et al., 2022). For humans, ITNs reduce the EIR an individual experiences, since
mosquitoes which have been repelled or killed before feeding no longer contribute towards infectious
bites. We assume that bed nets are retained for an average of őve years before being thrown away.
The model can be parameterised with a sequence, ν(t), describing the proportion of the population
who receive an ITN each year.

Repelling mosquitoes results in a lengthening of the gonotrophic cycle and an increase in the
proportion of bites taken on unprotected people and other animals. I express a dynamic mortality
rate µv as a function of the feeding rate fv

R and the probabilities of surviving feeding pv1 and the
gonotrophic cycle pv2.

µv = −fv
R log(pv1p

v
2)

k Without vector control, I model the probability of surviving a feeding attempt as pv10, a function
of the natural time spent in search of a blood meal, δv10 and the natural mortality rate for a vector,
µv
0:

pv10 = exp(−µv
0δ

v
10)
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As vector control interventions are introduced, pv1 will become less than pv10. This is because
vectors will have a smaller probability of a successful feeding attempt, W v, and have a larger
probability of being repelled Zv. I express pv1 as:

pv1 =
pv10W

v

1− Zvpv10

pv2 will remain independent of vector controls as we can express it as a function of µv
0 and the

time for each species’ gonotrophic cycle, δv2 :

pv2 = exp(−µv
0δ

v
2)

In the model, vector controls are assumed to reduce the effective biting rate on each human
λv
i based on their level of protection. I express λv

i in terms of the human blood meal rate αv, the
relative proportion of bites taken on each human πi, the probability of a successful feeding attempt
on the ith individual wi and the probability of feeding and surviving on the ith individual yi.

λv
i =

αvπiy
v
i

∑

πiwv
i

The human blood meal rate is a product of the overall blood meal rate fv
R and the proportion

of blood meals taken on humans Qv:

αv = fv
RQ

v

As a result of vector control, fv
R is reduced. This is because mosquitoes are repelled from and

require a longer time to successfully őnd a blood meal, δ1. I capture this extension in terms of the
natural time to őnd a blood meal δ10 and Zv.

fv
R =

1

δv1 + δv2

Where,

δv1 =
δv10

1 + Zv

Qv is also reduced, since fewer bites are successfully made on humans. We can capture that
reduction in terms of the natural proportion of bites made on humans Qv

0:

Qv = 1−
1−Qv

0

W v

Probabilities for wi, yi and zi, take into account the level of protection that nets or spraying
provided for each individual. When an individual has a net, the probability of a mosquito suc-
cessfully feeding and being repelled on each feeding attempt of a host i is sN and rN respectively.
We deőne these as sS and rS for individuals who are protected by indoor residual spraying. The
proportion of feeding attempts indoors and on hosts in bed are ΦI and ΦB respectively.

wi = 1− ΦI +ΦB(1− rS)sNsS + (ΦI − ΦB)(1− rS)sS

yi = 1− ΦI +ΦB(1− rS)sN + (ΦI − ΦB)(1− rS)

zi = ΦB(1− rS)rN +ΦIrS

(4.7)

For ITNs, rN and sN have been estimated from bioassay data (Thomas S Churcher et al.,
2016; Nash et al., 2021; Sherrard-Smith et al., 2022). This enables different types of mosquito nets
that may incorporate different combinations of insecticide or synergist chemistry and that elicit
different protective effects to be simulated. The effectiveness of the net in repelling mosquitoes
is modelled as an exponential decay with rate γN and scaled between minimum and maximum
values rNM and rN0. sN is modelled using rN and an intermediate value dN , which represents the
effectiveness of the net in killing mosquitoes. dN also has an exponential decay with rate γN . If
an individual does not have a net, I set ΦB = rN = 0, sN = 1 to remove the effects of nets from
the equations for wi, yi, zi.
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sN = 1− rN − dN

rN = (rN0 − rNM ) exp(−tγN ) + rNM

dN = dN0 exp(−tγN )

(4.8)

Susceptible female mosquitoes (Sm) are infected based on FOIM, or ΛM , expressed in Equa-
tion 4.9, which is calculated using the species speciőc biting rate αv, the infectiousness of the
human population

∑

i c(i, t) and the effective biting rate for each individual πi.

Λv
M (t) = αv

∑

i

c(i, t)πi (4.9)

where,

c(i, t) =



















0 state(i, t) ∈ {S, T}

cD state(i, t) = D

cU state(i, t) = U

cA(i, t) state(i, t) = A

where,

cA(i, t) = cU + (cD − cU )qiγ
1

Extended Equilibrium

Setting an equilibrium state for łmalariasimulationž is helpful for for starting the simulation from a
realistic state. The initial state for the human model is set using the equilibrium model introduced
in chapter 2. However, I will now describe how the mosquito models are initialised.

To establish the equilibrium for the adult female mosquito population, I set the derivative of
each compartment to zero and factor in the desired baseline EIR, Λ∗, and corresponding FOIM, Λv

M ,
calculated from the human population. This ensures that the mosquito population is balanced with
the transmission dynamics in the human model at the start of the simulation. The total number
of female adult mosquitoes, Mv, is derived from the following formula:

Mv =
Λ∗

∑

v pvαvQ0v
Λv

M
exp(µτ)

Λv
M

+µ

Further, the total numbers of mosquitoes in various aquatic stagesÐ early larval (E), late larval
(L), and pupae (P) Ð are calculated based on the equilibrium number of adult mosquitoes. The
relationship is deőned by:

E = 2ωµdL(1 + dPµP )M

L = 2µdL(1 + dPµP )M

P = 2dPµM

Here, ω is a derived factor that accounts for the rate at which larvae develop, taking into
consideration the death rates µE , µL and development durations dE , dL for each stage:

ω = −
1

2

(

γ
µL

µE

−
dE
dL

+ (γ − 1)µLdE

)

+

√

1

4

(

γ
µL

µE

−
dE
dL

+ (γ − 1)µLdE

)2

+ γ
βµLdE

2µEµdL(1 + dPµP )
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Implementation within the łIndividualž Framework

I encoded the dynamics of malaria transmission, as described in the previous sections, within the
łIndividualž framework, which allowed for a structured and modular approach to simulation. This
implementation involved deőning a series of processes, variables, and events which interacted to
simulate the interactions of malaria among human and mosquito populations.

Each agent within the simulation is characterised by a set of variables that store the required
information about their state and history. These variables include all of the time-varying traits I
have mentioned above, from infection status to immune response. The speciőc variables used in the
simulation are detailed in Table 4.1. The model’s dynamics are driven by a series of processes and
events which dictate the interactions and transitions within the agent population. These processes
are responsible for implementing the core mechanics of malaria transmission, such as infection,
recovery, and mosquito biting behaviour. The events handle scheduled actions like the application
of ITNs. A detailed listing of these processes and events is provided in Table 4.2.

The model relies on a set of parameters that instantiate the free variables in the above formulae.
These parameters have been derived from a combination of empirical data, expert knowledge,
and independent parameter inference studies. The complete list of these parameters is listed in
Table 4.3.

In the context of site calibration, the łinit_EIRž is the free variable which is adjusted to match
local prevalence data. Unlike other parameters, which are set based on established research or
expert assessment, łinit_EIRž will be inferred using Bayesian Inference by calibrating the ABM
outputs to an observed time series of prevalence data in a location of interest.

Table 4.3: Default parameter values for łmalariasimulationž, set as the mean estimates from Griffin,
Ferguson, and Ghani (2014)

Parameter Description Value

Fixed state transitions:
dd The delay for humans to move from state D to A 5
dt The delay for humans to move from state T to S 5
da The delay for humans to move from state A to U 200
du The delay for humans to move from state U to S 110
del The delay for mosquitoes to move from state E to L 6.64
dl The delay for mosquitoes to move from state L to P 3.72
dpl The delay mosquitoes to move from state P to Sm 0.643
mup The rate at which pupal mosquitoes die 0.249
mum The rate at which developed mosquitoes die 0.1253333
Immunity decay rates:
rm Decay rate for maternal immunity to clinical disease 67.6952
rvm Decay rate for maternal immunity to severe disease 76.8365
rb Decay rate for acquired pre-erythrocytic immunity 3650
rc Decay rate for acquired immunity to clinical disease 10950
rva Decay rate for acquired immunity to severe disease 10950
rid Decay rate for acquired immunity to detectability 3650
Pre-erythrocytic infection:
b0 Maximum probability due to no immunity 0.59
b1 Maximum reduction due to immunity 0.5
ib0 Scale parameter 43.9
kb Shape parameter 2.16
Probability of clinical infection:
phi0 Maximum probability due to no immunity 0.792
phi1 Maximum reduction due to immunity 0.00074
ic0 Scale parameter 18.02366
kc Shape parameter 2.36949
Probability of detection:
fd0 Time-scale at which immunity changes with age 0.007055
ad Scale parameter relating age to immunity 7993.5
gammad Shape parameter relating age to immunity 4.8183
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d1 Minimum probability due to immunity 0.160527
id0 Scale parameter 1.577533
kd Shape parameter 0.476614
Immunity boost grace periods:
ub Period in which blood immunity cannot be boosted 7.2
uc Period in which clinical immunity cannot be boosted 6.06
uv Period in which severe immunity cannot be boosted 11.4321
ud Period in which detection immunity cannot be boosted 9.44512
Infectivity towards mosquitoes:
cd Infectivity of clinical disease towards mosquitoes 0.068
γ1 Parameter for infectivity of asymptomatic humans 1.82425
cu Infectivity of sub-patent infection 0.0062
ct Infectivity of treated infection 0.021896
Unique biting rate:
a0 Age dependent biting parameter 2920
rho Age dependent biting parameter 0.85
σ2 Heterogeneity parameter 1.67
Mortality parameters:
pcm New-born clinical immunity relative to mother’s 0.774368
me Early stage larval mortality rate 0.0338
ml Late stage larval mortality rate 0.0348
Carrying capacity parameters:
γ effect of density dep. on late relative to early instars 13.25
Incubation periods:
de Duration of the human latent period of infection 12
delay_gam Lag from parasites to infectious gametocytes 12.5
dem incubation period in mosquito population model 10
Vector biology:
beta The average number of eggs laid per mosquito per day 21.2
foraging_time Time spent taking blood meals 0.69

4.3 Parameter inference method

4.3.1 Surrogate model

Here I extend the surrogate modelling formulation presented in the previous chapter to incorpo-
rate an inductive bias geared towards sequential data. Speciőcally, I introduce an autoregressive
function designed to better handle sequential inputs and outputs.

As before, I aim to develop a surrogate model, f̃ϕ, with hyper-parameters ϕ. The goal is to
learn the model outputs y from the model parameters x ∈ X for a space of admissible parameters
X using a loss function L, refer to subsection 3.2.1 for an introduction. The optimisation objective
remains:

ϕ̂ = arg min
ϕ

∫

X

p(x)L(x,y, f̃ϕ) dx

However in this context, I assume the model parameters lie within a space of sequences X ⊂
R

k×T , where T is the number of time steps, and each element xi ⊂ R
k is bounded to plausible

inputs. I instead learn an autoregressive function f̃ϕ which maps a given sequence input and its

preceding elements to an output at each time step, i.e. f̃ϕ : xi × x<i → yi. Where the surrogate
should approximate the true model output at time step i, f(x)i, with a high degree of accuracy.
The goal is to ensure ∀i |f̃ϕ(xi,x<i)− f(x)i| < ϵ for some suitably small ϵ > 0.

By adopting an autoregressive approach, the surrogate model should be able to capture the
time-varying nature of the outputs. This would come with the beneőts of recreating time-varying
outputs and predicting outputs beyond the time horizon of the training data, provided the learned
relationships hold true over extended periods.
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Table 4.1: Model variables for malariasimulation

Variable Type Description
state category the infection state of a human individual

S|D|A|U|Tr
birth integer an integer representing the time step when this

individual was born
last_boosted_* integer the last time step at which this individual’s immu-

nity was boosted. Used for tracking grace periods
in the boost of immunity

ICM double Maternal immunity to clinical disease
IVM double Maternal immunity to severe disease
IB double Pre-erythoctic immunity
ICA double Acquired immunity to clinical disease
IVA double Acquired immunity to severe disease
ID double Acquired immunity to detectability
zeta double Heterogeneity of human individuals
zeta_group category Discretised heterogeneity of human individuals
rtss_vaccinated integer The time step of the last RTSS vaccination (-1 if

there have not been any)
rtss_boosted integer The time step of the last RTS,S booster (-1 if

there have not been any)
rtss_cs double peak antibodies
rtss_rho double antibody component variable
rtss_ds double short-lived antibody delay variable
rtss_dl double long-lived antibody delay variable
tbv_vaccinated integer The time step of the last TBV vaccination (-1 if

there have not been any)
net_time integer The time step when a net was last put up (-1 if

never)
spray_time integer The time step when the house was last sprayed

(-1 if never)
infectivity double The onward infectiousness to mosquitoes
drug integer The last prescribed drug
drug_time integer The time step of the last drug
mosquito_state category the state of the mosquito, a category

Sm|Pm|Im|NonExistent
species category the species of mosquito, this is a category

gamb|fun|arab

4.3.2 Sampling strategy

Input domain

I can translate the malaria IBM description in subsection 4.2.2 by őrst deőning X .
To parameterise the surrogate for a particular location, I set κv, µa, gi, hi and ν(t) parameters

to capture mosquito composition, demography, seasonality and ITN usage respectively. I deőned a
range for µa as 14.8 to 55.4 years based on the maximum and minimum average age statistics per
country listed in World Population Review (WorldPop, 2022). Ranges for the Fourier coefficients
gi and hi are limited to [−10, 10]. Since κv are relative proportions of three mosquito species, they
are only valid in the 3-simplexes in R

3.
ν(t) is deőned as a bounded step function with n ≥ 0 annually spaced knots. A realistic range

of ν(t) is (0, 0.8] for each year, as it becomes operationally difficult to distribute to ITNs to all
individuals. I chose not to constrain the relationship between ν(t) and ν(t+δ) as it could limit the
effectiveness of the surrogate in exploratory settings. However, parameterisations of ν(t) based on
real world statistics are likely to have a gradual increase from 0 and plateau.

One of the main unknowns for a each location is, Λ0. An accurate estimate of this parameter
would allow us to simulate a population of humans and mosquitoes which would recreate malaria
transmission dynamics before any interventions were implemented. Previous estimates for countries
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in sub-Saharan Africa were below 418 (Griffin, Ferguson, and Ghani, 2014), and model outputs
suggest that higher values of Λ0 have diminishing marginal effects on PfPr (Penny et al., 2016).
Therefore I set a range for Λ0 as [0, 500).

To express X as a sequence, I formulated a sequence of n vectors for each year, t, with time-
invariant parameters (κv, µa, gi, hi,Λ0) repeated at each time point, and the ν(t) selected for the
corresponding time point. Each vector belongs to a subset of R13 bounded as described above.

Output range

Let (1, . . . , T ) be the sequence of years at which I wish to predict the prevalence of malaria. For any
x ∈ X , let f represent running the ABM with parameters x for T years and evaluating PfPr(d, l, u)
for each day d in each year t:

f(x) =
{

{PfPr(d, u, l)}
365
d=1

}T

t=1
(4.10)

With this notation, Y is easy to deőne as the image of f :

Y = {f(x) : x ∈ X}, (4.11)

where X is deőned as in the previous section. From inspecting equation 4.3, I get Y as a space
of T -length sequences of vectors R

365 bounded between 0 and 1.

4.3.3 Surrogate model architecture

With these deőnitions of X and Y, the surrogate modelling task can be reduced to a sequence-
to-sequence prediction problem. Sequence-to-sequence prediction is supported by a number of
models, however I chose a recurrent neural network (RNN). The RNN should be able to exploit
the relationships between time points to generalise for unseen parameter sets and longer time
horizons.

I performed a grid search to optimise hyper-parameters for the surrogate, including the loss
function, L. Each hyper-parameter set was evaluated using the Mean Squared Error on a validation
set, the explored options are listed in Table 4.4. The MSE and log cosh loss functions took the
following forms:

LMSE(x,y, ϕ) =
∥

∥

∥y − f̃ϕ(x)
∥

∥

∥

2

(4.12)

Llog cosh(x,y, ϕ) = log
(

cosh
(

y − f̃ϕ(x)
)

)

. (4.13)

The RNN took each vector from the X sequence as input to its recurrent cells and output the
corresponding vector from Y. The parameters for gi and hi were expanded to full rainfall data
R(t) using Equation 4.6. The resulting inputs were standardised, removing the mean and scaling
to unit variance. The input layer had 383 recurrent cells, feeding 365 latent recurrent cells followed
by a dense output layer of 365 cells.

4.3.4 Sampling training data

Training a surrogate for the malaria ABM requires a large library of simulations covering a wide
area of input space. I created training and validation data, with an 80/20 split for the surrogate
model using a sequence length of n = 16. This would allow for the surrogate to learn the long term
effects of ITNs on prevalence. I sampled 10,000 values from a 28 dimensional Latin hypercube, 16
for ν(t) and 12 for the remaining time-invariant parameters, and transformed the margins of each
dimension to őt the bounds listed in section 4.3.2. The ABM was executed with the sampled inputs,
setting aside a warm-up period before activating the ITN parameters to allow the simulation to
reach an equilibrium. I set a large population size for the ABM runs to minimise the stochasticity
in PfPr trajectories and treat them as deterministic outputs.

The simulation output was aggregated to calculate the prevalence of malaria among children
aged 5 to 59 months for each year after a warm-up period. The age range of 5 to 59 months old was
selected to align with statistics commonly found in Demographic and Health Surveys (Demographic
and Health Surveys, 2022).
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Figure 4.5: True versus predicted prevalence of malaria in children aged 5-59 months (PfPr5_59)
for the long (left) and historic (right) datasets where the true estimates come from the ABM model
and the predicted estimates come from the surrogate. Each point represents the prevalence for one
time step (a year) of one sample in the corresponding benchmark. Mean Squared Error (mse) was
very low, as shown in the titles of the plots. Both axes are range from 0 to 1.

4.3.5 Site calibration formulation

I deőne the site calibration problem as an inference problem where one attempts to estimate Λ∗

given site parameters θs.

I used Tensorŕow Probability (Abadi et al., 2016) to őt the ABM to observational data from
the Demographic and Health Survey (DHS) program (Demographic and Health Surveys, 2022).
The DHS responses included geo-location, age, and outcome of Rapid Diagnostic or Microscopy
tests for respondents in Kolda, Senegal between 2008 an 2018. I included respondents between 5
and 59 months old and weighted their responses by population density data from World Bank data
(World Bank, 2022) to get a representative parasite prevalence over time in the region, DPfPr5−59

.

To estimate a value of Λ0 which best explains DPfPr5−59, I used a binomial likelihood function,

see equation 4.14. I compared each participant’s infection status J i, an indicator variable, to the
average predicted prevalence for the month in which they were observed, PfPr(ti). The surrogate,
parameterised with ν(t), gi, hi, κ

v values for Kolda, and aggregated at month ti provided quick
estimates for PfPr(ti). I set a uniform prior for Λ0 in [0, 500).

L(Λ∗|DPfPr5−59) =
∏

PfPr(ti)J
i

(1− PfPr(ti))1−Ji

(4.14)

I performed Markov Chain Monte Carlo using the HMC algorithm (Neal, 2011) with 10 par-
allel chains, 2,000 steps, 1,000 of which were discarded as warm-up, to sample from the resulting
posterior. This inference took just over 11 minutes to execute on an 8-core Intel CPU.

4.4 Results

4.4.1 Surrogate evaluation

I evaluated the surrogate on two benchmark parameter sets. long contains 5,000 samples generated
similarly to the training set except for sequences with n = 30, testing the surrogate’s ability to
generalise to longer time horizons. historic contains 5,000 samples where ν(t) was sampled from
historic estimates for randomly selected countries in sub-Saharan Africa, published by (Bhatt et al.,
2015), testing the performance on parameters representative of global malaria modelling studies.
After 100 epochs of the Adam optimiser, the MSE across the 2,000 out-of-sample simulations was
6.8 × 10−3 on un-standardised prevalence values. The prediction error for these benchmarks is
shown in Figure 4.5.

84



Figure 4.6: A posterior predictive check plotting Λ∗ samples from 10 MCMC chains. A previous
rough estimate of baseline EIR in three Senegalese populations was 1, 20 and 200 (infectious bites
per person per year) for the cities of Dakar, Ndiop and Dielmo (Trape and C. Rogier, 1996). This
estimate of 23.2± 13.7 would place Kolda’s baseline transmission alongside Ndiop.

Figure 4.7: A plot of the őnal őt including the surrogate trajectory for the mean EIR (in orange).
The ABM was then calibrated to the mean EIR using a root őnding method and run to simulate
the ITN distributions for Kolda, the prevalence for that run is plotted in green. Observations
have been plotted in blue with their 95% conődence interval, assuming a Binomial distribution.
The observational data included samples from low intervention periods (2008) as well as high
intervention periods (2013-2017) and was aggregated on a monthly time scale.

I compared execution times for the original ABM, surrogate training, single prediction and
batch prediction. The ABM executions were run on a cluster in batches of 10 on 1,000 dedicated
cores with a 2GB memory reservation. The surrogate was trained on an Nvidia A1000 GPU, which
took 229 ± 34 seconds (n = 3). Both single and batch predictions were made on an 8-core Intel
CPU. While the ABM required just under 24 hours to run 10,000 samples, the batch surrogate
required just over 3 seconds (approximately a 25,000-fold improvement). The timing statistics for
an each run are listed in table 4.5.

4.4.2 Parameter inference

The original ABM was then run with the mean estimate for comparison, see the posterior predictive
check in Figure 4.6 and resulting őt in Figure 4.7. For this őt, there is a noticeable error between
the surrogate and the original model. The seasonal cycle in prevalence is delayed and ŕattened,
while the average prevalence is underestimated. However, the relative effects of ITNs appear similar
between the models.
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Figure 4.8: 16 cases with the lowest MSE from the historic benchmark

4.5 Discussion

I have demonstrated that it is feasible to perform inference on a highly detailed epidemic model
with complex temporal dynamics. Seq2Seq based surrogates can accurately predict trajectories
for models with large parameter spaces and generalise transmission dynamics to very long time
horizons. This opens up a wider range of data, including longitudinal, from less controlled studies
for use in parameter inference in an epidemiological setting.

However, the inference in the previous section should not be used to inform real policy. Simpli-
fying assumptions have been made which ignore the effects of non-ITN interventions and different
diagnostic methods. Also, the accuracy of the surrogate varies for different types of model runs.
Further work needs to be done to add detail to the surrogate model and ensure a high accuracy
for the parameter space which is used for inference.

4.5.1 A surrogate for general analysis

The surrogate presented in this chapter could be used as an exploratory tool, allowing researchers to
begin modelling malaria transmission for arbitrary locations in seconds. Selective approaches, such
as McKinley et al. (2018) and Reiker, Golumbeanu, et al. (2021), had designed their training set
for a particular inference task, thus more training would be required to guarantee their published
performance for each use case. In the case of Reiker, Golumbeanu, et al. (2021), training can
take between 7 and 12 days. Whereas in this case, inference required 11m31s to execute on a
single GPU. This could open up many possibilities for detailed and thorough modelling studies on
desktop machines.

In practice, software could be provided for a malaria researcher to minimise disruption to their
existing workŕow. The software would load the pre-trained weights for the surrogate using their
preferred machine learning library, an interface would be provided to validate and vectorise model
inputs for use with the surrogate, the surrogate would perform forward inference in milliseconds,
and the interface will reformat the outputs into trajectories as expected by the researcher. The
researcher could then use the surrogate as a drop in replacement for computationally intensive
analyses such as global model runs or site calibration.

The benchmarks showed that the surrogate could emulate the ABM for the vast majority of
simulation scenarios. 99% and 97% of predictions had an MSE of less than 1 × 10−2 for the long
and historic benchmarks respectively. On inspection, we could see that short-term seasonal and
long-term ITN transmission dynamics could be accurately re-created (see Figure 4.8).

Despite the benchmarks showing a small risk in surrogate prediction error, many predictions
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signiőcantly deviated from the ABM outputs. Manual inspection reveals that the worst predictions
for the historic benchmark were in scenarios with low or zero prevalence (see Figure 4.9). The
performance of the surrogate would likely be improved by extending the training set with low
transmission parameter sets, i.e. samples with smaller values of Λ.

A more general approach to managing the risk in surrogate prediction error could be uncer-
tainty estimation. Unlike the approach in (ibid.), RNNs provide point estimates of the ABM
outputs. However, RNNs can be adapted to produce probabilistic estimates, (MacKay, 1992; Lak-
shminarayanan, Pritzel, and Blundell, 2017). Such outputs could be used at prediction time to
inform the researcher of the trust-worthiness of a prediction. They could also be used at training
time to őnd samples which would reduce surrogate predictive uncertainty, (Bai et al., 2021).

There are several possible methods to incorporate the stochasticity inherent in the ABM outputs
to the surrogate. A rudimentary method would be add parametric noise, as is the case in Lamperti,
Roventini, and Sani (2018) and in chapter 5. With a parametric noise model, one must take care to
ensure that the chosen distribution is expressive enough to capture the underlying model outputs,
for example with z-scoring for Gaussian distributions or calibration analyses such as in Figure 5.5c.
More recently, researchers have opted for normalising ŕows, see subsection 3.1.3 - which make
weaker assumptions about the underlying distribution.

One could also explore alternative surrogate architectures to improve the accuracy of posterior
estimates. As mentioned in chapter 1, there are many alternative surrogates (such as linear Bayes
emulators, Gaussian Processes) and neural network based architectures (such as Convolutional
Neural Networks, Echo State Networks, Normalising Flows and Transformers), which would intro-
duce different inductive biases into training. Some may produce approximation behaviours which
are more acceptable for inference in low burden scenarios. However, the "no free lunch" theorems,
see Wolpert and Macready (1997), posit that better approximations in one class of trajectories
would be offset by worse approximations in others.

Choosing a surrogate architecture which models autocorrelation would, in principle, improve
predictive performance over surrogates which model time points independently. Inductive biases
which model dependencies in data with latent structure have shown improved predictive perfor-
mance in natural language (Vaswani et al., 2017), audio (Oord, Dieleman, et al., 2016) and image
data (Oord, Kalchbrenner, et al., 2016). In this case, the Seq2Seq architecture had the added
beneőt of producing time-varying predictions which adds ŕexibility to inference.

One could alternatively increase the number of samples in the training set. In the previous
chapter, I found that the predictive performance of the surrogate showed diminishing returns after
2,500 samples. It is likely that the optimal number of samples for training the Seq2Seq surrogate
is larger given the complexity of the underlying ABM, however an in depth convergence analysis
is yet to be done, given the long execution times for the ABM.

Finally, sharing a surrogate model is more energy efficient and equitable than an ABM. Low and
middle income countries are disproportionately affected by infectious disease and are less able to
őnance high performance computing. Surrogate predictions require a small fraction of the ABM’s
computational requirements making analyses more feasible in the settings where they are most
needed.

4.5.2 Generality of the workŕow

Despite the overall input domain being large, the vectors for each time point are low-dimensional.
Over 50 malaria parameters were őxed to values sources from expert opinion and previous parame-
ter inference studies (Sinka et al., 2012; Sherrard-Smith et al., 2022; Griffin, Ferguson, and Ghani,
2014). If incorporated, it is unlikely that a Latin hypercube sampling strategy would produce
the samples sufficient to learn the function f over the larger input space. Developing strategies to
more intelligently sample the input space without sacriőcing generality poses a challenging research
problem.

The sequence structure is also limited in granularity. This surrogate has őxed time-step intervals
to a year. However many infectious diseases, including malaria, are seasonal and so there is value
in exploring the timing of interventions on a monthly or daily timescale. Reducing the time-step
interval would increase the size of training sequences. For example, training this malaria surrogate
with the daily time-step would increase the training sequences from n = 16 to n = 5840. More
advanced seq2seq architectures could be considered here, such as those in (Cho et al., 2014; Vaswani
et al., 2017), taking care to avoid the vanishing/exploding gradient problems.
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Figure 4.9: 16 cases with the highest MSE from the historic benchmark

4.5.3 Simpliőed ABM Development with łIndividualž and łmalariasim-
ulationž

Apart from the Bayesian inference outcomes discussed above, two important contributions of this
work has been the development of the łIndividualž framework for Agent-Based Model (ABM)
development and the new implementation of Imperial College London’s malaria model łmalari-
asimulationž. The framework has helped in the rapid development, testing, and maintenance of
a complex malaria model, and enabled researchers to develop timely COVID-19 models, leading
to valuable insights on long-term vaccination strategies. The new malaria model provides more
functionality than the previous implementation and executes with competitive simulation times.

łmalariasimulationž now includes support for agent-based mosquito modelling, which facilitates
gene drive modelling; incorporates time-varying carrying capacity parameters, enabling the simu-
lation of different vector control interventions such as Attractive Toxic Sugar Baits (ATSB) and
larviciding; and metapopulation modeling, which allows researchers to study the effects of mixing
transmission dynamics between spatially adjacent sites.

The integration of surrogate modelling approaches with ABMs, as facilitated by łIndividualž,
could lead to a future where ABMs are both accessible and applicable to robust Bayesian inference
problems. This combination promises to improve the usability of complex models, making them
more accessible to a broader range of researchers who may not have expertise in high-performance
computing.

One of the primary drawbacks of łIndividualž is its execution speed. While most modern
malaria models, including OpenMalaria, EMOD, and the original implementation of the Imperial
College Model, are written entirely in systems programming languages and optimised for speed,
they remain relatively inaccessible to many scientiőc researchers. In contrast, łmalariasimulationž
developed using łIndividualž offers comparable execution times with the accessibility of R.

Although łmalariasimulationž is likely slower than its alternatives in comparable simulations,
due to its reliance on interpreted R code, this difference is not signiőcant enough to affect routine
modelling tasks. My view is that it is unlikely that any ABM can be optimised to become fast
enough for Bayesian inference without the aid of surrogate models. If we can develop robust surro-
gates, the focus in ABM development can shift from optimisation towards enhancing accessibility
and usability.
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Table 4.2: Processes for malariasimulation

Name Type Description
create_exponential_decay_process Process Reduces the value of a variable at an exponential

rate. This is applied to all of the immunity vari-
ables.

create_mosquito_emergence_process Process Move mosquitoes from NonExistent to Sm in line
with the number of pupae in the compartmental
model

create_biting_process Process Samples humans to be bitten by infectious
mosquitoes, and leads to calculations for human
infection and mosquito infection and mosquito
death.

create_mortality_process Process This is the process for human mortality, it deőnes
which humans die from natural causes replaces
dead individuals with newborns.

create_progression_process Process Samples individuals to move towards the later
stages of disease and updates their infectivity

create_solver_stepping_process Process Steps the differential equation solver for the
aquatic and/or adult mosquitoes forward one
time step

create_rtss_epi_process Process Samples individuals to be vaccinated according to
the EPI strategy

categorical_count_renderer_process Process Saves a count of the number of individuals with
each category for a categorical variable. This is
applied to the "state" variable.

create_variable_mean_renderer_process Process Saves the mean value of a double variable. This
is applied to the immunity variables.

create_prevelance_renderer Process Saves the number of individuals who would be
detected by microscopy.

create_compartmental_rendering_process Process Saves the size of each compartment in the com-
partmental model.

create_vector_count_renderer_individual Process Saves the number of individuals in each of the
adult mosquito states (if adult mosquitoes are be-
ing simulated individually).

create_total_M_renderer_compartmental Process Saves an aggregated total_M őgure for every
adult mosquito in the compartmental model (if
adult mosquitoes are being simulated compart-
mentally).

distribute_nets Process Distributes insecticide treated bed nets according
to the model parameters.

indoor_spraying Process Activates IRS protection for individuals accord-
ing to the model parameters.

asymptomatic_progression Event Triggered when an individual has been sampled
to move from D to A.

subpatent_progression Event Triggered when an individual has been sampled
to move from A to U.

recovery Event Triggered when an individual has been sampled
to move from U to S.

clinical_infection Event Triggered when an individual has been sampled
to move to D.

asymptomatic_infection Event Triggered when an individual has been sampled
to move to A.

mda_administer Event Triggers a Mass Drug Administration.
smc_administer Event Triggers a Seasonal Malaria Chemoprevention.
tbv_vaccination Event Triggers a distribution of Transmission Blocking

Vaccines.
throw_away_net Event Triggers an insecticide treated net to be removed

for an individual.
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Hyper-parameter Values
Optimiser Adam, RMSProp
Optimiser Loss MSE, Log cosh
Batch size 1000, 100, 50
Dropout 0, .1
RNN Layer LSTM, GRU

Table 4.4: Hyper-parameters used in the grid search. The selected parameter is emboldened

Task Seconds per run Std
ABM run 1.76× 103 7.69× 102

Prediction (single) 1.74× 10−3 2.84× 10−8

Prediction (batch) 3.74× 10−4 6.12× 10−2

Table 4.5: The timings per simulation for 10,000 simulations on the training and validation pa-
rameter sets
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Chapter 5

Bayesian inference of

high-dimensional Agent Based Model

parameters

In this chapter, I present the latest attempt to infer immunity parameters for Griffin et. al’s malaria
transmission Agent Based Model (ABM) since 2014 (Griffin, Ferguson, and Ghani, 2014). This is
the őrst attempt to use a dynamical model for likelihood calculations and account for all WHO
suggested interventions since 2000, including insecticide treated nets, indoor residual spraying
and anti-malarial treatment. This attempt also used a larger observational data set consisting of
prevalence and incidence statistics between 1985 and 2013.

To perform this inference, I combined the insights I gained from the previous chapters. I
used the formulation for the Bayesian inference of malaria immunity parameters, tuned priors and
diagnostics which I introduced in chapter 2; I trained a surrogate with the annealed Stochastic
Variational Inference (SVI) workŕow which I introduced in chapter 3; and I used the Seq2Seq
architecture for the surrogate, which I introduced in chapter 4, to rapidly simulate ABM outputs
while exploiting the temporal nature of transmission dynamics. Further to the previously discussed
contributions, I adapted the Seq2Seq surrogate to estimate the density of the ABM outputs to
account for the stochasticity in ABM outputs.

5.1 Background

Estimating model parameters for Agent Based Models (ABMs) is a signiőcant challenge. ABMs,
due to their complexity and detail, often require substantial computational resources to execute
simulations. If they simulate discrete randomness, which is often the case, it is challenging to
estimate gradients for their outputs, complicating the use of gradient-based inference methods,
this is discussed in detail in Quera-Bofarull et al. (2023). The inherent stochasticity in ABM
outputs adds another layer of complexity when deriving a likelihood function, as in most cases a
closed form probability density for ABM outputs is not available. Moreover, the intricate dynamics
within realistic models can signiőcantly slow down traditional Markov Chain Monte Carlo (MCMC)
approaches, which are typically used to sample from the posterior distribution.

ABMs, while advantageous for their detailed dynamics, naturally incorporate processes that
are not amenable to auto-differentiation, which is essential for many deep learning and Bayesian
inference techniques. For example, modelling infections as Bernoulli trials, as is often the case in
epidemic models, does not lend itself to easy gradient estimation. Current research has proposed
methods for estimating the gradients for such processes (Chopra et al., 2023; Arya et al., 2023).
However these methods come with a trade-off between extra computational overheads and high-
variance or biased gradient estimates. These limitations necessitate alternative approaches.

Stochastic ABMs rarely offer closed-form solutions for the likelihood of outputs with respect
to model parameters. Researchers have traditionally turned to likelihood-free methods, such as
Approximate Bayesian Computation (ABC) (McCreesh et al., 2017), to circumvent these difficul-
ties. More recently, techniques like parametric estimation (Lamperti, Roventini, and Sani, 2018)
and neural density estimation (Dyer et al., 2022; Papamakarios, Sterratt, and Murray, 2019) have
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been explored to approximate the probability density of model outputs, offering new avenues for
inference.

As I found in chapter 3, likelihood functions with high-dimensional input spaces which are
approximated by surrogate models can lead to noisy, non-smooth posterior distributions which are
not easily sampled with MCMC methods. Even for sophisticated MCMC variants like HMC with
the No-U-Turn Sampler (NUTS), the noisy likelihood estimates can hinder the sampler’s ability to
efficiently explore the parameter space, leading to prohibitively long convergence times and, in some
cases, making inference computationally infeasible. Stochastic Variational Inference (SVI) presents
a promising alternative. SVI approximates the posterior distribution through optimisation, typ-
ically using Stochastic Gradient Descent (SGD) which can be signiőcantly faster and robust to
noisy estimates than MCMC-based methods. However I also found that SVI estimates could be
overconődent and susceptible to mode collapse, which has also been reported independently (K.
Kim et al., 2023; Dhaka and Catalina, 2021).

5.1.1 Inference using stochastic models

The objective of Bayesian methods for parameter inference is to estimate a posterior distribution
p(θ|y) for model parameters θ and observations y using Bayes’ theorem:

p(θ|y) =
p(y|θ)

p(y)
p(θ)

Unfortunately, for many useful models, the likelihood, p(y|θ), is not tractable. Realistic models
often include stochastic processes which have no closed form analytical solution for the probability
density of its outputs. This is especially the case with ABMs, where even simple agent behaviours
can lead to complex, non-linear, emergent dynamics if agents interact within a shared system.

Parametric density estimation is one method estimating the likelihood. The modeller selects a
parametric probability distribution and estimates the hyperparameters of distribution using a pool
of model simulations. The success of this method depends on the choice of distribution, as it is
important for accurately capturing model dynamics. For example, selecting a diagonal Gaussian
distribution is an efficient parametric distribution which is not expressive enough to capture multi-
modal, correlated or skewed model outputs, but may be satisfactory under the assumptions of
uni-modality, independence and symmetry.

Kernel Density Estimation (KDE) instead estimates density directly from simulations without
such restrictive assumptions. KDE works by placing a kernel on each point estimate from a pool
of simulations and summing their contributions to form a density estimate for nearby points. A
major limitation of this approach is in modelling high dimensional, complex probability spaces.
For complex models, the number of samples needed to capture the model dynamics may be com-
putationally infeasible.

More recently Neural Density Estimation (NDE) has been applied to likelihood estimation tasks.
These methods involve learning invertible, differentiable mappings from tractable distributions
(commonly Gaussian) to the desired, more complex, distribution. Autoregressive ŕows is one of
the most popular techniques within the domain of parameter inference. Importantly, NDE methods
do not introduce a restrictive parametric distribution or scale poorly with the sample size as is the
case with the previous methods.

5.1.2 Related work

There has been much progress in parameter inference for malaria models. Parameter inference
aims to estimate parameters which explain observed malaria transmission patterns and elucidate
the uncertain immunity dynamics and vector behaviours. The most recent effort to perform pa-
rameter inference on Griffin’s ABM of malaria transmission was published in (Griffin, Ferguson,
and Ghani, 2014). The authors employed a Bi-stable equilibrium model to estimate parameters
using data from prevalence and incidence studies observed in 15 sites, successfully providing es-
timates for 21 parameters. However, this approach was limited by its assumption of equilibrium
dynamics, constraining the observational data to pre-intervention sites and neglecting variations
in transmission due to seasonality.

Soon after, McCarthy et al. (2015) used incremental mixture importance sampling to perform
parameter inference on the EMOD DTK Agent Based Model (ABM) for malaria transmission.
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Their methodology achieved good őts for selected data across six sites. Despite this success,
importance sampling methods can be of limited effectiveness in complex parameter inference where
the posterior space can be concentrated in a small region of the parameter space.

Cameron et al. (2015) explored the relationship between prevalence and incidence by performing
parameter inference on three different ABMs. The authors introduced a kernel-weighting method
to map model parameters to age-incidence and age-prevalence curves, serving as a surrogate to
avoid computationally demanding simulations during the inference process.

More recently, Reiker, Golumbeanu, et al. (2021) undertook a signiőcant effort to estimate
21 parameters for the OpenMalaria model using Bayesian Optimisation. This approach yielded
parameters that demonstrated a good őt across a broad spectrum of data, including 61 data points
for 11 objectives. However, the execution time, ranging from 7 to 12 days, adds a barrier to
experimentation. Additionally, the method produced point estimates for the model parameters,
limiting the ability of malaria researchers to incorporate uncertainty into future forecasts.

5.1.3 Contributions

In this chapter, I contribute to methodology for performing parameter inference on complex,
stochastic models, speciőcally within the context of malaria transmission modelling. The key
contributions can be summarised as follows:

Introduction of a density estimating surrogate: A novel surrogate modelling approach is
presented, which captures the outputs of an Agent Based Model (ABM) as a probabil-
ity distribution. This method enables sampling using computationally less intensive, low-
population simulations. By modelling the ABM outputs in this manner, it becomes possible
to approximate the complex dynamics of malaria transmission more reliably than the surro-
gate introduced in the previous chapter.

Training a high-dimensional density estimating surrogate: This surrogate is capable of ac-
curately capturing model outputs across more than 600 dimensions (prevalence, incidence,
population counts and various immunity levels across 100 age groups) for 40-year trajectories
at a monthly resolution. The ŕexibility of this surrogate allows for any model output to be
used for inference, diagnostics or experimentation without the need for retraining, facilitating
a more versatile and efficient workŕow in malaria research.

Bayesian inference for an agent based model of malaria: This is the őrst probabilistic es-
timate of parameters for the Griffin model which uses dynamical malaria transmission model
outputs to estimate the likelihood. I relaxed the previous assumptions related to equilibrium
dynamics and lack of interventions. With this approach, I provide a more comprehensive
estimation parameters, offering new insights into malaria immunity dynamics and the effec-
tiveness of potential interventions.

5.2 Methods

5.2.1 An Agent Based Model of malaria transmission

For this chapter, I used a transmission model which simulated the effects of seasonality and in-
terventions on malaria transmission, published in (Griffin, Ferguson, and Ghani, 2014). Humans
were modelled individually. Each human had attributes relating to infection state, immunity, age
and heterogeneity. Human transmission dynamics were modelled at discrete time steps, usually
a day, and updates to each human’s attributes were simulated based on their expected exposure
to infected mosquitoes and their time-varying use of interventions (including Insecticide Treated
Nets (ITNs), Indoor Residual Spraying (IRS) and Seasonal Malaria Chemoprevention (SMC)). The
human, mosquito and ITN dynamics were described in subsection 4.2.2. Below, I will extend the
description to include the remaining interventions which I used for inference.

Front-line treatment

Pharmacological treatment, especially Artemisinin-based combination therapies, are the őrst-line
treatment for malaria infection. The challenges for Low and Middle Income Countries (LMICs)
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Drug name effd Λd κd relc
Dihydroartemisinin-Piperaquine 0.95 4.4 28.1 0.09434
Artemether-Lumefantrine 0.95 11.3 10.6 0.05094
Sulphadoxine-Pyrimethamine and Amodiaquine 0.9 4.3 38.1 0.32

Table 5.1: Parameters for Anti-malarial drugs. effd is the efficacy of each drug; Λd and κd are
the shape and scale parameters describing prophylaxis from infection as a Weibull survival curve;
and relc is the relative reduction infectiousness towards mosquitoes experienced by each treated
individual.

in sub-Saharan Africa are that access to treatment may be limited due to treatment seeking
behaviour, distance from a hospital and health system resource constraints (World Health Orga-
nization, 2023). Current available treatments can clear clinical infections with high efficacy (Okell
et al., 2014), provide short term prophylaxis against future infections and reduce parasitaemia in
patients resulting in less infectiousness.

In the model, I simulated őrst-line treatment for individuals who experience a clinical infection
in each time step. I őrst sampled individuals who would receive treatment using the parameter,
ft, the probability of seeking treatment after infection. The drug which they received was parame-
terised according to estimates of the drug availability, covd(t) for each drug d. Finally, individuals
who receive successful treatment were sampled according to estimates of drug efficacy, effd, for the
drug they had received. The cohort of successfully treated humans were moved to the Treated
(T) state. Prophylaxis to pre-erythrocytic infection for treated individuals was simulated as a
Weibull survival curve from treatment time with shape and scale parameters λd and κd respec-

tively, i.e e
− t

λd

κd

for a given time since treatment, t. This prophylaxis is assumed to provide extra
protection independently of pre-erythrocytic immunity. Treated individuals are also attributed a
reli ∈ [0, 1] value, parameterised by the drug they had received, to reduce their contribution to
ΛM , see Equation 4.9. Estimates of the above parameters for commonly available drugs are listed
in Table 5.1.

Indoor Residual Spraying (IRS)

IRS involves spraying the interior walls of a habitat with an insecticide spray. This provides
protection by killing or repelling mosquitoes while they are in human homes resting on the walls.
As with ITNs, IRS is a long term intervention whose effectiveness is reduced over time. IRS
interventions are parameterised in the model by a time series of estimated usage usageirs(t) at
time t, representing the proportion of the population who live in homes which are protected.

In the model, the introduction of IRS, similarly to ITNs, has an effect on wi, yi and zi, deőned
in Equation 4.7. These probabilities decompose feeding attempts into those which are indoors
and those which are in bed with probabilities ΦI and ΦB respectively. At the time of writing,
the most recent model for the probability of successful feeding and repelling in the presence of
IRS, sS and rS , were been published in (Sherrard-Smith et al., 2022). (ibid.) modelled these
probabilities in terms of mosquito behaviours in close proximity to insecticides, i.e. mortality ls,
blood feeding rate ks and deterrence ms. These behaviours were in turn modelled using logistic
functions with parameters for scale and shape, lSθ, lSγ , kSθ, kSγ ,mSθ,mSγ , see Equation 5.2. Model
parameters were estimated for the latest insecticides, pyrethroid and a piperonyl butoxide (PBO)
combination, using observational data from experimental hut trials. I have listed the complete
model in Equation 5.1.

sS =
k′S
k0

rS =

(

1−
k′S
k0

)(

j′S
j′S + l′S

) (5.1)

Where,
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ls =
1

1 + exp(−(lSθ + lSγt))

ks =
1

1 + exp(−(kSθ + kSγt))

ms =
1

1 + exp(−(mSθ +mSγt))

js = 1− ls − ks

l′s = ls(1−ms)

k′s = ks(1−ms)

j′s = js(1−ms) +ms

(5.2)

Seasonal Malaria Chemo-prevention

Seasonal Malaria Chemo-prevention (SMC) is a particularly effective intervention in highly sea-
sonal settings. Drugs are distributed to large sub-populations with young demographics typically
three months before the projected seasonal peak of transmission. This is in an effort to provide
prophylaxis to those most at risk to infection, since immunity to infection is underdeveloped in
childhood (World Health Organization, 2023). The WHO recommended drug for SMC use is
Sulphadoxine-Pyrimethamine (SP).

I simulated SMC in the model by distributing drugs to a proportion, distsmc(t), of the sub-
population, irrespective of infection state, between 3 and 59 months old at time t. All selected
individuals experience prophylaxis from infection. Any selected individual who had a clinical
infection or an asymptomatic infection which would be detectable by microscopy was switched to
the Treated (T) state. As with őrst-line treatment, this led to the individual’s contribution to
ΛM being reduced by a factor of relsmc, see Table 5.1. Selected individuals without a detectable
infection were set to the Susceptible (S) state.

5.2.2 Site data

I parameterised the model to estimate prevalence and incidence in 31 administrative units in 16
countries in sub-Saharan Africa. The model parameters accounted for the most common interven-
tions over the observational period, i.e. routine treatment, Insecticide Treated Nets (ITNs) and
Seasonal Malaria Chemo-prevention (SMC), as well as the demographic and seasonal trends. I
used the site and foresite packages developed by Winskill et al, see (Pete Winskill, 2023b; Pete
Winskill, 2023a), to appropriately parameterise the ABM.

As observational data I used the database of Malaria prevalence and incidence studies com-
piled by (Battle, Guerra, et al., 2015). I őltered the incidence data to include active case detection
studies, and prevalence data to include cross sectional surveys. I then linked the studies to ad-
ministrative units as deőned by the Malaria Atlas Project border dataset (Pfeffer et al., 2018). I
kept studies for administrative units which had both prevalence and incidence data. Each admin-
istrative unit had studies which collected data on different age groups and different time periods
between 1985 and 2013. The őnal observational dataset covered 31 sites in sub-Saharan Africa,
with 91 prevalence data points and 318 incidence data points. A summary of this reduced dataset
is listed in Table 5.2.

Routine treatment for each administrative unit was parameterised by the proportion of people
who receive treatment on infection and the proportion of treatments which are Artemisinin Com-
bination Therapies (ACTs). The proportion of people who receive treatment is estimated from
the Malaria Atlas Project’s łEffective treatment with an Antimalarial drugž raster, (Bhatt et al.,
2015). The proportion of ACT treatments is estimated using Demographic and Health Surveys
(DHS) using the łChildren who took any ACTž indicator. The proportion of ACT before 2006 was
assumed to be zero, since this was when the World Health Organisation (WHO) őrst recommended
the intervention.

ITN interventions were parameterised by the number of nets distributed, the efficacy of the type
of net used and insecticide resistance in each administrative unit. The number of nets distributed
each year was calibrated to match net use as estimated by (Bertozzi-Villa et al., 2021), using the
netz package, see (Pete Winskill, Schmit, and Gerard-Ursin, 2023). All ITNs were assumed to
be treated with a Pyrethroid-based insecticide with efficacy parameters, including the dn0, rn0,

95



iso3c n_sites prev_points inc_points
BEN 1 1 3
BFA 4 10 31
CIV 1 2 12
CMR 2 5 11
GHA 2 3 4
GMB 1 1 3
KEN 3 7 84
MLI 2 12 6
MOZ 1 8 6
MRT 1 1 1
NGA 1 1 1
SEN 3 17 62
SLE 1 1 2
TCD 1 9 9
TZA 6 8 39
UGA 1 3 6

Table 5.2: Representation of countries in sub-Saharan Africa in observational data after pre-
processing. n_sites refers to the number of administrative units which were included in the re-
spective country. Prevalence points refers to the number of distinct age groups and time periods
which were observed in all cross sectional surveys which were conducted in the respective country.
Incidence points is analogous for active case detection surveys.

rnm and γn parameters introduced in Equation 4.8, estimated by (Sherrard-Smith et al., 2022).
Insecticide resistance was modelled by modifying the efficacy parameters according to estimates
published in (Thomas S Churcher et al., 2016).

IRS interventions were parameterised by the coverage in each administrative unit. To estimate
coverage, Winskill et al. calibrated estimates of IRS usage from the malaria atlas project (Bhatt
et al., 2015) to match the coverages estimated by the World Malaria Report (World Health Or-
ganization, 2020). The insecticide efficacy parameters, including the ls, ks and ms introduced in
Equation 5.1, were estimated by (Sherrard-Smith et al., 2022) with the insecticide used for spraying
assumed to be DDT before 2017 and actellic afterwards.

SMC was parameterised by the coverage in each administrative unit. Initial distributions were
identiőed from Access SMC (SMC Alliance, 2024). The coverage was assumed to linearly increase
until 80% of the administrative unit is protected. Distributions were assumed to occur 4 times a
year and to target children between 3 months and 5 years old.

The population demographics in the model were parameterised on a country level by annual
mortality rates for őxed age bands between 0 and 100 years old, with the ł100+ž age band modelled
with an upper bound of 200. The mortality rates were downloaded from the UN World Population
Prospects’ dataset (United Nations, 2022). Since the foresite package only provides data after
the year 2000, see (Pete Winskill, 2023a), I assumed the earliest mortality rates for the period
between 1985 and 2000. Separate parameter estimates were made for urban and rural regions of
each administrative unit. I used the urban parameters where available and the rural parameters
only for completely rural administrative units.

The mosquitoes in each administrative unit were parameterised by the relative abundance of
each major species. The relative abundance of An. Arabiensis, An. Funestus and An. Gambie was
aggregated from rasters provided by the Malaria Atlas Project derived from models published by
(Sinka et al., 2012). A map of these data is shown in Figure 1.2.

The seasonality in each administrative unit is parameterised with the 7 Fourier coefficients,
introduced in Equation 4.6, to summarise the average daily rainfall over a year. Firstly, the daily
rainfall between 2019 and 2021 for each administrative unit was aggregated from rainfall estimates
provided by CHIRPS, see (Funk et al., 2015). The Fourier parameters were őt using L-BFGS-B,
see (Zhu et al., 1997) for details, with the objective of minimising the mean squared error between
the Fourier projection and the rainfall data.

In a departure from the parameter inference exercise in Griffin, Ferguson, and Ghani (2014), I
chose not to add informative priors for Entomological Inoculation Rate (EIR). Griffin et al. found
estimates for EIR for each of their observation sites and graded their uncertainty into 5 groups in
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Figure 5.1: Visualisation of Insecticide Treated Net usage in Africa. These are UMAP projections
of the time series for Insecticide Treated Net usage in each African administrative unit, coloured
by geographic region. This reveals large variability in the usage of bed nets between 2000-2020
even within African regions.

Figure 5.2: Visualisation of global seasonality parameters. A UMAP projection of Fourier coef-
őcients which were őt for global administrative units, coloured by (sub-)continental region. As
expected, there is much variation in yearly rainfall patterns, especially in West African adminis-
trative units which do not cluster together.
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Figure 5.3: Plot of recorded Entomological Inoculation Rate (EIR) against parasite prevalence for
2 to 10 year olds, PfPr2−10, which was estimated from Malaria Atlas Project rasters for 2000.

order to set appropriately informative priors. I found the EIR estimates in the (Battle, Guerra,
et al., 2015) data set to be too sparse, lacking in temporal meta-data, and unstandardised to
produce reliable uncertainty estimates for many of the studies included in the observational data
set. The methodology for estimating EIR varied signiőcantly between studies, requiring additional
modelling in order to make them comparable. I plotted the relationship between the EIR estimates
and estimates of pre-intervention prevalence in the corresponding administrative units to conőrm
that relationship was not easily discernible, see Figure 5.3.

5.2.3 Surrogate model

Let us model simulations of the Agent Based Model (ABM), parameterised with an arbitrary
parameter set x in some bounded space of parameters X , as discrete stochastic processes {Yx,t}t∈T,
where Yx,t represents the possible ABM outputs for model parameters x at time t and are deőned
on a probability space (Ω,F , Px,t), where Px,t is a function which assigns a probability to an ABM
output at time t given input parameters x, and T is an index over Z. Thus, the ABM produces
trajectories y = {yt}t∈T with probability Px(y) =

∏T
t Px,t(yt), i.e. the probability of a trajectory

is the product of the probabilities of each of its points. My goal is to train a surrogate model
f̃ϕ : X → P , where P is a probability on (Ω,F), such that ∀y|f̃ϕ(x)(y) − Px(y)| < ϵ, i.e. the
surrogate’s output probability distribution is sufficiently close to the ABM output’s distribution.
Let L(x,y, ϕ) be a loss function for the surrogate.

The goal of surrogate modelling is to őnd a hyper-parameter set ϕ̂ which replicates the ABM’s
output distribution for any parameter set in X . That is, we want to őnd ϕ̂ such that:

ϕ̂ = arg min
ϕ

∫

X

p(x)L(x,y, f̃ϕ) dx

I assumed that the ABM outputs at each time point were Normally distributed with a mean
and variance output by the surrogate, µϕ

x,t and σ2ϕ
x,t respectively, when conditioned on ABM inputs

x. To make the outputs valid for inference they were truncated at zero. By introducing in the
truncated Gaussian log likelihood, I arrived at the following loss function:

logL(x,y, ϕ) =
∑

t

[

log

(

Φ

(

yt − µϕ
x,t

σϕ
x,t

)

− Φ

(

−µϕ
x,t

σϕ
x,t

))]

5.2.4 Surrogate training

I sampled (x, y) pairs from the ABM to generate a training dataset for the surrogate model. The
intrinsic parameters were sampled from the prior distribution, as it was empirically the most effec-
tive strategy in the previous chapter. Site parameters were generated independently by choosing a
site from the observational dataset with replacement. I sampled 90,000 pairs for the initial training
step, leaving 10,000 for model validation. The pairs were standardised prior to surrogate training.

I constructed an RNN-based surrogate to learn the conditional probability density of the ABM
outputs for each time step. The surrogate had a two layer RNN architecture, with 256 LSTM
units per layer, to convert the model parameters into a hidden representation. The RNN outputs
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Figure 5.4: A Parametric Density Estimating Recurrent Neural Network (RNN). xt represents
the input for the RNN, which in this case was the time series of input parameters (including
interventions, seasonality, demography and immunity parameters for inference). The time-series
had a őxed step size of one month. Note that many parameters, including the immunity parameters
for inference were kept constant over time. A represents the operation to process inputs for time
t based on the input xt and the hidden state ht−1. In this case I used two layers of 256 units of
the Long-Short-Term-Memory (LSTM) cell which is depicted in Figure 4.1. Each hidden state ht

is passed through two densely connected layers to produce estimates for µt and log(σt).

fed into two independent, densely connected layers to estimate µϕ
x,t and σϕ

x,t. This architecture is
visualised in Figure 5.4. The RNN was optimised by Stochastic Gradient Descent (SGD) using
the Adam optimiser. Gradients for the surrogate were estimated on mini-batches of 100 pairs at a
time for 100 epochs.

5.2.5 Parameter Inference

The prior distribution from the previous chapter was used with a few modiőcations for the more
complex ABM and realistic observational data. New parameters, cu, cd, γd were introduced to
model the Force Of Infection towards Mosquitoes, ΛM , which was previously superŕuous since no
interventions were modelled. Prevalence and Incidence surveys were modelled with BetaBinomial
and GammaPoisson, introducing the auxiliary parameters to model overdispersion. Speciőcally,
the BetaBinomial distribution is parameterised by two concentration parameters c0, c1 and a count
parameter n such that BetaBinomial(c0, c1, n) ∼ Binomial(p, n) where, p ∼ Beta(c0, c1). Simi-
larly the GammaPoisson distribution is parameterised by a concentration and rate parameter cγ
and r such that GammaPoisson(cγ , r) ∼ Poisson(λ) where, λ ∼ Gamma(cγ , r). Note that the
GammaPoisson is equivalent to the Negative Binomial distribution with success and failure rates
of

rcγ
1+rcγ

, 1
1+rcγ

respectively. The updated priors and likelihood function are listed in Table 5.3,

and Equation 5.3 respectively.

uijt ∼ BetaBinomial(ϕjprev(i, j, t,Λj , θ), ϕj(1− prev(i, j, t,Λj , θ)), nijt)

vijt ∼ GammaPoisson(q−1
j inc(i, j, t,Λj , θ), q

−1
j )

L(θ) = P (θ)
∏

j

P (Λj , ϕj , qj)
∏

ijt

P (uijt|ϕj , θ,Λj)P (vijt|qj , θ,Λj)
(5.3)

I used the annealed Stochastic Variational Inference method introduced in section 3.2.2 for
sampling from the posterior distribution with some modiőcations to accommodate processing the
larger observational data set and surrogate model outputs on a single Graphics Processing Unit
with 16GB of memory. I modiőed the ELBO loss to use 32 samples from the likelihood per step
instead of the previous 128 samples. Also, I used a subsampling scheme where 10 prevalence and
10 incidence points were randomly sampled from the observation per step as opposed to the entire
data set. The evidence for the sub-sampled observations were scaled according to their proportion
of the overall dataset. As an annealing scheme, I used the previous geometric rate of cooling of
r = 0.45. However, I performed inference over őve rounds instead of ten. After each round, the
surrogate was trained with 10,000 further samples from the posterior drawn from the proceeding
round.

I have made the code publicly accessible to reproduce this analysis in (G. Charles, 2024c).
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Parameter Prior
initial EIR Uniform(0, 1000)
Pre-erythrocytic immunity:

κb LogNormal(0, 0.25)
ub Gamma(7, 1)
b0 Beta(1, 1)
Ik0 Normal(50, 20) (25 < IB0 < 75)

Clinical immunity:
κc LogNormal(0, 0.25)
uc Gamma(7, 1)
ϕ0 Beta(5, 1)
ϕ1 Beta(1, 2)
IC0 Normal(25, 10) (5 < IC0 < 50)
PM Beta(1, 1)
dm Normal(50, 20) (5 < dm < 100)

Immunity to detection:
κd LogNormal(0, 0.25)
ud Gamma(7, 1)
d1 Beta(1, 5)
ID0 Normal(25, 10) (5 < ID0 < 50)
fd0 Beta(1, 1)
γd LogNormal(0, 2)
ad0 Cauchy(70, 1) (40 < ad0 < 100)
ru LogNormal(0, 1)

Force Of Infection towards Mosquitoes:
cu Beta(1, 2)
cd Beta(1, 5)
γ1 LogNormal(0, 0.25)

Overdispersion:
ϕ Exp(0.05−2)
q−1 Exp(0.05−2)

Table 5.3: Prior distribution of the Agent Based Model parameters.
.

5.3 Results

In the following section I present the culmination of my efforts to improve the efficiency and
accuracy of parameter estimates for a complex, high-dimensional, stochastic model of malaria. I
validated the approximation quality of the surrogate to assess its reliability for inference. I then
used the annealed Stochastic Variational Inference (annealed SVI) workŕow which I introduced
in chapter 3 to reliably infer a posterior distribution over the model parameters. I then validated
the inference with diagnostics which I had introduced in chapters 2 and compared the inferred
parameters to the previous estimates.

5.3.1 Validation of approximation quality

I őrstly assessed the approximation quality of the surrogate’s predictions. For this, I used both
the Mean Squared Error (MSE) of the mean output and the probability density of the true output
to visualise discrepancies in point and distributional estimation respectively. All validation was
carried out against out-of-sample model outputs. In my analysis, I stratiőed the metrics by the type
of model output - prevalence, incidence and population count, see Figure 5.5d - and subsequently
by both time and age group, see Figure 5.5a and Figure 5.5b. These stratiőed analyses reŕect the
surrogate’s capacity to capture the temporal evolution and demographic patterns of each aspect
of malaria transmission.

I found the Mean Squared Error (MSE) of the mean estimates in the prior distribution to be
low relative to the population size, indicating that the surrogate model can effectively estimate
the mean values of the parameters. The incidence counts had an MSE within 10−4, the number of
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individuals detected by microscopy within 10−2, and population counts in each age group within
3× 10−2 of the population size.

The heat maps, shown in Figure 5.5a and Figure 5.5b, revealed that incidence was the most
accurately approximated output and all outputs were better approximated in older age groups
and during the later months of the simulation. This trend is likely due to the differences in scale,
as older populations and later time points tend to have more stable, smaller values. However,
the heat maps also showed striations with signiőcant discrepancies along the time axis, suggesting
that seasonality in the output trajectories is not consistently captured by the surrogate. These
striations were more pronounced in the mean estimate heat maps compared to the likelihood-based
ones, indicating that the surrogate often models seasonality as stochastic variations rather than
periodic trends. The mean estimate heat map for population counts displayed diagonal patterns,
suggesting that the surrogate has effectively learned the temporal relationships between population
counts across different demographics as they age in the simulation.

Calibration plots, in Figure 5.5c, supported the reliability of the surrogate model, showing that
the probability densities it produced for prevalence and population count outputs were consistent
with the empirical probability distributions observed in the validation set. However, for incidence
outputs, the surrogate tended to underestimate the density of model trajectories, highlighting a
potential area for improvement.

The qualitative comparison of the surrogate trajectories to the actual model trajectories, shown
in Figure 5.6, revealed several systematic discrepancies. In a minority of cases, the surrogate strug-
gled to accurately estimate initial prevalence and incidence values, likely due to the initialisation
of the hidden state of the Recurrent Neural Network (RNN). Additionally, many low prevalence
trajectories were overestimated, similar to őndings from chapter 4, though the distinguishing fac-
tors for these trajectories remain unclear. Conversely, low incidence trajectories were typically well
approximated. The surrogate model had a tendency to simulate either ŕat or periodic trajecto-
ries or trajectories which transition between both. Occasionally, it incorrectly modelled population
counts as periodic. Despite these issues, the surrogate model tended to capture the average outputs
including the sharp responses of prevalence and incidence to interventions.

5.3.2 Inference of model parameters from synthetic data

To validate the parameter inference method, I performed inference on synthetic data generated
using the surrogate. This approach is similar to the evaluation methods used in chapters 2 and 3,
where latent true parameters were drawn from the prior distribution and observations generated
from the posterior predictive distribution. The key difference in this chapter is the use of the sur-
rogate to generate observations for computational efficiency, instead of relying on the underlying
model I did previously. A drawback of using the surrogate for generating synthetic data during
validation is that it does not account for surrogate approximation error. Additionally, since calcu-
lating a reference posterior is intractable for this ABM, it was not possible to assess the distribution
of the posterior estimates as comprehensively as in chapter 3. Instead, the posterior estimates were
evaluated in relation to their proximity to the true values.

All of the posterior estimates for the immunity parameters had high probability densities close
to the true values, see Figure 5.7. However, the posterior estimates for transmission intensity at
each site were quite broad, in some cases distributed uniformly from 0 to 800, see Figure 5.8. This
suggests that these parameters are not easily identiőable, likely due to insufficient data or small
sample sizes at those sites.

The posterior estimates generally őt the observed data well, as evidenced by the Bayesian p-
value plot, see Figure 5.9a. The estimates showed higher than expected variance, overestimating
the density of rarer observations, but were overall quite balanced, neither over or underestimating
observed prevalence or incidence. This balance indicates that the inference model, while not
perfect, was reasonably robust in predicting prevalence and incidence in the synthetic scenario.

5.3.3 Inference of model parameters from observational data

I then performed inference on the data from (Battle, Guerra, et al., 2015) to update estimates
for the immunity parameters. The prior predictive distribution, which had been tuned based
on insights from the previous parameter inference conducted by (Griffin, Ferguson, and Ghani,
2014), did not align well with the observed data, see Figure 5.9, as it tended to overestimate both
prevalence and incidence. However, after conducting the inference, the Bayesian p-value plots in
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Parameter Mean SD HDI 3% HDI 97%
kappab 2.59 0.30 1.98 3.08
ub 11.88 1.71 8.87 15.03
b0 0.98 0.01 0.96 1.00
IB0 67.80 5.30 57.79 74.72
κc 1.03 0.17 0.72 1.34
uc 14.17 0.91 12.54 15.68
IC0 22.95 6.71 11.97 35.12
ϕ0 0.86 0.08 0.71 0.97
ϕ1 0.97 0.02 0.93 0.99
PCm 0.22 0.14 0.01 0.48
rm 85.24 10.04 66.81 99.04
κd 1.61 0.16 1.31 1.90
ud 9.19 0.91 7.68 10.72
d1 0.88 0.04 0.80 0.95
ID0 27.47 5.14 17.70 36.34
fd0 0.96 0.03 0.90 1.00
γd 1.68 2.75 0.01 6.51
ad 25612.23 278.31 25070.69 26098.87
ru 175.69 4.28 166.99 183.18
cd 0.12 0.07 0.01 0.25
cu 0.04 0.02 0.00 0.08
γ1 2.35 0.27 1.90 2.88

Table 5.4: Summary of posterior estimates for ABM model parameters. SD refers to the standard
deviation and HDI refers to the Highest Density Interval.

Figure 5.9c demonstrated a generally balanced őt to the observational data. This balanced őt,
despite some overconődence, suggests that the model has been adjusted to reŕect the observations
data more accurately.

The immunity parameter plot, in Figure 5.10, revealed that the new estimates differ signiőcantly
from the previous ones. Speciőcally, the updated estimates indicate a more modest pre-erythrocytic
and clinical immunity to infection while a more pronounced increase in immunity to detection with
exposure. These differences could be due to changes in the modelling conditions (i.e considering
the inŕuences of demographics, seasonality, vector composition and interventions). Alternatively,
these differences could be caused by the more extensive observational dataset which reveals a
different incidence-prevalence relationship. In order to disentangle these effects, one could perform
an ablation study in which they investigate the effects of the alternative data sets and modelling
assumptions on the inferred posterior.

Figure 5.11 compares the őts of trajectories sampled from the prior and estimated posterior
distributions to observed prevalence and incidence data and demonstrates the signiőcance of this
detailed approach to inference. By simulating full ABM outputs, I was able to visualise the effects
of impactful interventions that may have occurred at the time of observation. For instance, the
signiőcant reduction in background prevalence and incidence in Dodoma, Tanzania, in 2010. As the
Bayesian p-value plots previously revealed, many observations were above the prior trajectories.
But the full trajectory plots showed that some of these high observations appeared to be outliers,
such as the prevalence rate greater than 90% recorded in Morogoro, Tanzania. Such spurious
values highlight the necessity for careful data validation and potential outlier mitigation in future
modelling efforts. Conversely, other high observations were more accurately őt with the updated,
more modest immunity estimates. Some examples include Central Burkina Faso and Brong Ahafo,
Ghana. Despite these improvements, many observations still fell outside the 95th percentile of the
posterior estimates. This suggests that the posterior estimates could beneőt from having a wider
variance to better encompass the range of observed data. The narrower posterior distributions
may be a common side effect of over conődence in variational models trained using Stochastic
Variational Inference (SVI).

To further validate the posterior estimates, I evaluated the squared error between the mean
surrogate estimate and ABM outputs for the posterior samples. This check would assess whether
the surrogate is a reliable approximation of the underlying ABM model in the parameter space
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which is most relevant. Despite annealed SVI reducing the approximation error for posterior
samples in chapter 3, I found a larger squared error for the posterior estimates compared to
samples from the prior distribution, see the distribution of squared errors in Figure 5.5d. One
method to control these errors in future inference would be to investigate appropriate sample sizes,
number of rounds and annealing schedules to optimise convergence. These investigations would
likely require a lot of computational resources given the demands of executing ABM simulations.

5.3.4 Execution time for inference

The surrogate model signiőcantly reduced the time for forward simulations, with an average of
23m for ABM simulations compared to an average of 2ms for surrogate simulations on a single
CPU. This makes it ideal for manual analyses, diagnostics of the parameter space and its impact
on prevalence and incidence trajectories, such as those shown in Figure 5.11. These performance
statistics are very similar to those I found in chapter 4, see Table 4.5, despite this surrogate
estimating densities for a much larger output space, demonstrating the scalability of NN-based
surrogates.

The parameter inference took approximately 3 hours and 55 minutes to execute per round. SVI
required approximately 3 hours and 48 minutes to train the variational model for 50,000 steps and
the remaining time was spent on drawing prior and posterior predictive samples for diagnostics.
The SVI training time was much longer than the average of 78 seconds which I recorded in chapter
3. This is likely due to the large number of variables which were introduced for over-dispersion
and for 6 times as many sites and the increased amount of data which was used for evaluating the
loss function.

The end-to-end inference time for őve rounds of annealed SVI was 8 days and 7 hours, with the
use of a High-Performance Computing (HPC) cluster and a GPU machine. Most of the inference
time was taken simulating 90, 000 + 4× 10, 000 samples of the ABM with 500 CPUs cores on the
HPC. Samples took on average 34 minutes 57 seconds to execute, requiring approximately 6 days.
Training the surrogate for 100 epochs required, on average, 2 hours and 40 minutes on a single
Nvidia A100 GPU. The remaining time was spent training the variational model and sampling the
posterior, which required on average 3 hours 48 minutes, with the same GPU.

5.4 Discussion

In this chapter, I presented a Bayesian inference of parameters for a complex dynamic model of
malaria which is a signiőcant advancement over previous attempts. Unlike the last effort which
was conducted a decade ago, which assumed malaria transmission was in equilibrium, this study
incorporates the temporal dynamics of malaria transmission in the face of now ubiquitous inter-
ventions, including ITNs, IRS and SMC. This comprehensive approach facilitates a more realistic
representation of the current challenges in malaria control and eradication efforts.

5.4.1 Surrogate approximation quality

The evaluation of the surrogate model has revealed several important insights into its performance
and capabilities. Firstly, the surrogate model provided low Mean Squared Error (MSE) of estimates
relative to the simulated population size. This suggests that the surrogate model is effective at
capturing the underlying dynamics of the Agent Based Model (ABM) and can serve as a reliable
tool for producing rapid high-dimensional, probabilistic trajectories for model parameters which
are drawn from their prior distributions.

Among the various model outputs, incidence was the best approximated by the surrogate model.
The likelihood of ABM incidence values as modelled by the surrogate are especially high in older
age groups and in later months of the simulation. The performance in these areas can be attributed
to the more straightforward dynamics present in the majority of trajectories for these groups. As
individuals age and the simulation progresses, the dynamics often become less complex as malaria
becomes endemic or the age groups become very small leading to near zero incidence, making them
easier for the surrogate model to capture accurately.

The surrogate had mixed success in learning temporal dynamics. One limitation in this regard
was the surrogate model’s handling of seasonality in the output trajectories. Instead of accurately
capturing periodic dynamics, the model sometimes represented seasonality as variance around the
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mean output over time. This limitation could impact the ability to account for seasonal trends
in inference. Despite this, the surrogate was able to learn the growth of demographics within the
simulated population.

The calibration plots shown in Figure 5.5c suggest generally well-calibrated probability densi-
ties when approximating prevalence and population counts, and miscalibrated approximations for
incidence. This discrepancy could be attributed to the surrogate’s (in)ability to recognise temporal
dynamics, as previously mentioned, or due to the potentially restrictive assumption of Normally
distributed outputs. To investigate this issue, one could test the adherence of ABM outputs to the
Gaussian distribution by performing z-tests on simulated trajectories. If the null hypothesis fails,
the surrogate could beneőt from more ŕexible density estimation or re-calibration methods such
as those presented in Papamakarios (2019) and Kuleshov, Fenner, and Ermon (2018).

5.4.2 Parameter inference

The results from the posteriors estimated using synthetic data show that the surrogate model’s
estimates were generally close to the true values for most immunity parameters. Exceptions in-
cluded the parameters b0 and rU , which deviated from the true values. These discrepancies suggest
that speciőc parameters may be more challenging to estimate accurately even after accounting for
surrogate approximation error and may require more sophisticated posterior sampling techniques
to improve the estimation.

Transmission intensity estimates, represented by the Entomological Inoculation Rate (EIR)
parameter, showed a wide variability. This wide range indicates potential identiőability issues,
likely due to the lack of sufficient data or small sample sizes. Unlike in (Griffin, Ferguson, and
Ghani, 2014), where more informative priors were used for EIR, I found that data on EIR were
unreliable and inconsistent in the data published in (Battle, Guerra, et al., 2015). The variability
in measurement methods and the lack of standardisation in recording the number of infectious
bites led to my decision to model EIR with an uninformative prior.

For the (ibid.) data, the initial prior predictive distributions, informed by previous estimates,
tended to overestimate prevalence and incidence. The posterior estimates for immunity parameters
showed signiőcant differences from previous estimates. The new estimates suggested a more modest
effect of pre-erythrocytic and clinical immunity, aligning better with the empirical data and the
current scientiőc consensus.

The Bayesian p-value plots indicated that the new estimates őt the observed data well, pro-
vided that the surrogate model maintained a reasonable approximation quality. The surrogate
posterior trajectories captured various malaria burden trends over time, including stark declines
likely resulting from intervention measures. These results suggest that the model can effectively
reŕect the impact of interventions for parameter estimates.

I identiőed some observations, such as the prevalence of >90% in Morogoro, Tanzania, as out-
liers. Finding outliers in large databases of highly variable prevalence and incidence data remains a
challenge and it is important to develop robust outlier detection and handling mechanisms. Never-
theless, overall high observations were better őt with the new immunity estimates, demonstrating
the model’s improved performance with revised parameter estimates.

However, many observations fell outside the 95th percentile of posterior estimates, suggesting
that the posterior estimates could beneőt from a wider variance to capture the full range of real-
world variability. Future work should focus on reőning the model to increase its robustness and
accuracy, particularly in capturing the more extreme observations.

5.4.3 Computational performance

The surrogate model’s fast execution time was important in making parameter inference feasible
but also allowing me to perform diagnostics and explore the parameter space in a timely manner.
This rapid simulation allowed for extensive analyses that would be impractical with less ŕexible sur-
rogates, facilitating a deeper understanding of the model dynamics and the inŕuence of prevalence
and incidence trajectories on parameter estimates.

The overall parameter inference process required under 9 days, with single rounds of inference
requiring less than 4 hours. Such time frames are acceptable given that these parameters need
not be estimated frequently. Once published, these parameter estimates can be reused for site
calibration and planning intervention scenarios.
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One of the major bottlenecks to inference is the sampling of the ABM, which requires sub-
stantial HPC resources to simulate enough samples within a reasonable time frame. To address
this bottleneck, it would be worthwhile investigating methods for more efficient sampling of the
ABM, particularly focusing on areas of the parameter space which would be most informative for
posterior sampling.
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(a)

(b)

(c)

(d)

Figure 5.5: Approximation quality of density estimating ABM surrogate. Incidence outputs repre-
sent new clinical cases per month. Prevalence outputs represents the number of agents who would
be detected by a microscopy test. "Pop count" outputs represent the number of agents in the
corresponding age group. All outputs were collected for 1,000 out-of-sample model parameterisa-
tions with a simulation population size of 10,000. The samples for Figure 5.5a, Figure 5.5b and
Figure 5.5c were drawn from the prior distribution. Figure 5.5a shows the average Mean Squared
Error (MSE) of each point in the mean surrogate trajectories. Figure 5.5b shows the average prob-
ability density of each point in the out-of-sample trajectories. Figure 5.5c shows the calibration
error of the empirical cumulative density of surrogate outputs. Figure 5.5d shows the validation
MSE of the prior distribution compared to the estimated posterior.

106



(a) (b)

(c) (d)

Figure 5.6: Qualitative analysis of density estimating surrogate trajectories. Each panel shows a
comparison of model trajectories in blue with the surrogate estimate represented by the mean with
the solid orange line and the 95% conődence interval shaded in orange. Each trajectory was taken
from a validation set constructed of of 1000 out-of-sample draws from the ABM model parameters’
prior distribution and corresponding output trajectories. The "Best" and "Worst" trajectories
were ranked by MSE or likelihood, as indicated by the metrics above each plot.
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Figure 5.7: Posterior estimates for immunity parameters based on synthetic observations. These
are histograms of the marginal density of each immunity parameter from 1000 posterior draws.
The true parameter is marked with the orange vertical line if it is within the scale of the plot.
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Figure 5.8: Posterior estimates for site transmission parameters based on synthetic observations.
The "eir" parameter for each site represents the Entomological Inoculation Rate (EIR) which is
assumed when initialising the ABM to an equilibrium state as is described in section 4.2.2. Since
this does not account for seasonality or interventions, it does not relate to the EIR which is realised
during a simulation but is instead a proxy for baseline malaria transmission.
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(a) Bayesian p-value plot of estimated posterior on synthetic data

(b) Bayesian p-value plot of prior distribution on data from (Battle, Guerra, et al., 2015)

(c) Bayesian p-value plot of posterior estimate on data from (Battle, Guerra, et al., 2015)

Figure 5.9: Bayesian p-value plots for surrogate based inference of ABM parameters. The blue
line plots the empirical probability that the observations are less than the predictive distribution
given the corresponding parameter estimates. The ideal curve is plotted in black.
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Figure 5.10: The immunity functions for prior and posterior estimates of ABM parameters.
prob_b, prob_c and prob_d refer to the probability of pre-erythrocytic infection, clinical in-
fection and detection by microscopy respectively. The green lines represent response curves drawn
from the prior distribution, blue from posterior estimates published in (Griffin, Ferguson, and
Ghani, 2014), and red from my estimated posterior.
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Figure 5.11: Prevalence (left) and incidence (right) trajectories for selected sites sampled from
the prior (in green) and estimated posterior (in red). The solid lines represent the median value
and shaded regions represent the range between the 5th% and 95th% quantiles. The blue points
represent prevalence and incidence estimates from the related observation. The vertical error bars
for each observation represents the 95% conődence interval, approximated using a Bernoulli distri-
bution for prevalence and Poisson distribution for incidence. The horizontal error bars represent
the duration of the study.
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Chapter 6

Discussion

Parameter inference for complex models, especially agent-based models, poses signiőcant chal-
lenges. These models often require long simulation times and may not be auto-differentiable,
limiting researchers from some gradient-based inference methods. Increasingly, researchers would
like to perform inference on models with high-dimensional parameter spaces and intricate dynam-
ics which can confound many inference methods. Models with stochastic outputs with intractable
densities are all too common and make inference even more challenging, as researchers have to
consider how to approximate their likelihood function.

To rise to these challenges, it is important to develop methods that improve the speed, ro-
bustness, and reliability of inference. Speed makes the inference of detailed, long-running models
tractable, allowing researchers to obtain results in a reasonable time frame. Robustness mitigates
poor approximations which lead to estimates which either fail to őt existing data adequately or
lack predictive performance. Methods should produce probabilistic parameter estimates, capturing
the uncertainty in the observations and the model parameters, and include diagnostics to explain
complex estimates and ensure reliability.

In this thesis, I have explored various methods to improve parameter inference for a complex
malaria model. These methods include derivative-based Markov Chain Monte Carlo (MCMC),
vanilla, autoregressive, and density-estimating neural network (NN) based surrogates, as well as
normalising ŕow-based variational models for Stochastic Variational Inference (SVI) applied to
real-world inference problems. Each method has been evaluated to understand its implications
in the context of a complex malaria dynamical transmission model, providing insights into their
effectiveness and limitations in the őeld of infectious disease modelling.

To address the shortcomings I found, I investigated various mitigation strategies. These in-
cluded annealed Stochastic Variational Inference (SVI) to improve convergence, subsampling tech-
niques to scale SVI for larger datasets, and computational methods to balance the trade-offs
between the accessibility and efficiency of forward simulations, gradient estimation, and posterior
estimation. I also have developed diagnostics to enhance the reliability and interpretation of the
results.

6.1 Summary of contributions and őndings

In chapter 2, I investigated the recurring problem of estimating model parameters for modern
malaria transmission models from prevalence and inference data (Griffin, Hollingsworth, et al.,
2010; Griffin, Ferguson, and Ghani, 2014; Cameron et al., 2015; P. A. Eckhoff, 2011; Reiker,
Golumbeanu, et al., 2021). These estimates shape our understanding of the relationship between
malaria prevalence and incidence and the dynamics of immunity.

Through a parameter tuning exercise, I demonstrated the impact it has on capturing up-to-
date knowledge and its effects on posterior estimates. In large parameter spaces, careful tuning can
reveal issues in parameter estimates which standard diagnostics might miss. I developed diagnostics
which help interpret the parameter space for prior tuning and understand the implications of
posterior estimates. These diagnostics also can also diagnose potential issues during inference.
The diagnostics included prevalence and immunity response curves, gradient-based sensitivity and
correlation analyses. Though implemented on a synthetic inference problem, these diagnostics
were integral for validating inference when a source of truth is not available or in surrogate based
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inference scenarios where it is less feasible to diagnose inference issues with numerous forward
simulations, as is the case in chapters 3 and 5.

JAX proved to be an effective framework for implementing an auto-differentiable model and
optimising forward simulation, inference, and sensitivity analysis. JAX’s design for general numeri-
cal programming simpliőed the implementation of the complex and recursive bi-stable equilibrium
solution for malaria transmission. The primitives for vectorisation, looping, and control over
auto-differentiation methods, particularly forward-mode, helped me use computational resources
efficiently. Furthermore, I found the No-U-Turn Sampler (NUTS) to be an effective posterior
sampler, showing strong convergence after only 100 warmup samples. This is the őrst instance of
NUTS being applied to a complex malaria model, setting a precedent for future research in this
area.

In chapter 3, I explored various surrogate-based inference methods for the same parameter
inference problem. These approaches aim to allow researchers to use a NUTS sampler by training
a Neural Network (NN)-based surrogate instead of requiring an auto-differentiable implementation
for gradient estimation, which is less feasible for large and complex ABMs. However, I also con-
sidered Stochastic Variational Inference (SVI) methods, instead of NUTS, to sample the posterior
from a likelihood derived from surrogate outputs.

Among the surrogate-based methods, I found that Annealed SVI was the most effective strategy.
Annealed SVI produced more reliable approximations after each round of inference and yielded a
more accurate őt and better predictive performance after the őnal round. The training process
for the SVI methods in general converged rapidly, within approximately 20 minutes and 50,000
samples of the surrogate. My diagnostics consistently indicated a strong agreement between the
posterior estimates and the latent true parameters.

Conversely, SVI without annealing may be unreliable in large parameter spaces due to approxi-
mation errors in the surrogate model combined with an overconődent variational model, which can
lead to mode collapse. This makes sequential sampling ineffective as the posterior estimates in each
round fail to cover the true posterior, causing erratic convergence behaviour. NUTS also showed
limitations when sampling from NN-based surrogates which emulate high-dimensional and complex
model dynamics. The surrogate produced non-smooth and inconsistently approximated outputs,
and therefore NUTS was less robust than SVI to noisy posterior estimates, often getting stuck in
local optima. Extending the warmup period did not ameliorate this issue, and although increasing
the sample size somewhat improved NUTS convergence, it remained far less sample-efficient than
the other methods considered.

An informative prior proposal distribution greatly inŕuenced inference quality compared to
commonly used Latin Hypercube Sampling (LHS) proposals which often appear in the literature.
Prior proposals led to greater agreement with the reference posterior, lower losses with (Annealed)
SVI methods, and better approximations on validation samples drawn from the prior and estimated
posterior. However, this performance is predicated on priors being consistent with the observed
data, as was the case in the synthetic scenario I considered. If not, the surrogate would be trained
using a proposal distribution that is not informative for explaining the observed data, which can be
caught in prior predictive checks. In such cases, training using an LHS proposal can be beneőcial
for tuning priors.

The formulation of the surrogate can also enhance training efficiency, ŕexibility, and diagnostics.
By decomposing the likelihood function’s evidence into independent sites, the surrogate can be
trained to recreate single simulations, reducing the parameter space it needs to emulate. Neural
network surrogates were effective in producing high-dimensional outputs - when trained on the
prior proposal - including contextual outputs which were not necessarily relevant to a speciőc
inference problem, thereby aiding diagnostics. This formulation allows the same surrogate to be
reused when new observational data becomes available or applied to different inference problems,
reducing the computational demands of surrogate training. High-dimensional outputs are less
feasible with surrogates previously applied to malaria model inference, such as Gaussian Processes
(GPs) and kernel methods.

In chapter 4, I applied Neural Network (NN)-based surrogates to a simpler inference problem,
the site calibration problem, and successfully sampled the posterior using the No-U-Turn Sampler
(NUTS), contrary to the őndings in the previous chapter. Site calibration involves inferring far
fewer parameters, making the surrogate approximation more reliable. This is the őrst time NUTS
has been applied to an agent-based model (ABM) of malaria transmission.

Consequently, researchers can align observed malaria prevalence estimates with an ABM of
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malaria transmission within two minutes, produce a probabilistic estimate of their model pa-
rameters and rely on good MCMC convergence. This could dramatically change global malaria
modelling research, as the calibration of multiple sites could be inferred on a desktop machine
in minutes instead of hours on a high-performance computing (HPC) cluster. Additionally, the
probabilistic estimates can be used to communicate the uncertainty in the ABM model outputs,
which is preferable to the point estimates typically inferred in large-scale ABM studies due to
computational constraints.

The NN surrogate used in this study had an autoregressive formulation, which allowed it
to simulate time-varying outputs. This makes it more ŕexible than other surrogates which are
typically designed for a single inference problem, as it could potentially be used for any site
calibration task. This approach could offer further computational savings as the surrogate can be
trained on shorter trajectories to still learn the general temporal dynamics of the ABM. This is
supported by my benchmarking results, which indicated that the surrogate could extrapolate to
estimate trajectories twice as long as those in the training set.

For the underlying ABM, I developed the őrst modern malaria model with an extensible,
high-level R interface, "malariasimulation". Malariasimulation supports similar features to other
malaria models regarding interventions and site parameterisation. Despite a signiőcant portion of
the execution taking place within the R interpreter, it maintains a competitive execution timeÐ30
minutes per simulation in Chapter 4 and 23 minutes per simulation in Chapter 5. This efficiency
is largely due to the ABM development package I created, called "individual," which optimises
common ABM operations in C++ while providing an R interface for rapid development and ex-
perimentation.

The łindividualž package simpliőes the development of time-critical ABMs, making the process
easier and more accessible to a broader range of researchers. Its potential for encouraging rapid
ABM development is made clear by its application to modelling the implications of vaccine dis-
tributions for COVID-19 (Hogan et al., 2023). The combination of an accessible, powerful and
efficient computational tools paves the way for more effective and timely global health research,
potentially leading to better-informed intervention strategies and improved health outcomes.

In chapter 5, I developed the most sophisticated surrogate presented in this thesis. This surro-
gate recreated time-varying trajectories similar to those in Chapter 4 but included a much broader
range of outputs. These included prevalence and incidence for 100 age groups, as well as univariate
trajectories for immunity, Entomological Inoculation Rate (EIR), and population counts. More-
over, unlike the point estimates provided in Chapter 4, the outputs in this chapter were probability
distributions designed to account for the stochastic nature of ABM outputs.

The additional outputs made the surrogate more ŕexible, allowing for inference on observations
of prevalence and incidence across any age range (as long as the boundaries are integers and less
than 100). This ŕexibility also enables in-depth diagnostics and parameter exploration by allowing
one to rapidly simulate rich multivariate trajectories, which can be invaluable for prior tuning.

I used an SVI workŕow to estimate parameters for the ABM from real world observations.
This approach relaxed several assumptions from the most recent parameter inference on this ABM
by (Griffin, Ferguson, and Ghani, 2014). Griffin et al. assumed that all sites were in bi-stable
equilibrium state of transmission and that no interventions were taking place, apart from the
treatment of clinical malaria. These assumptions limited the available data to pre-intervention
scenarios, which are older, geographically limited and not reŕective of the current state of malaria
transmission. In contrast, I used a more comprehensive dataset which included recent prevalence
and incidence estimates and accounted for various interventions. By incorporating modern data
and intervention effects, the surrogate provides a more realistic and applicable model for current
malaria scenarios.

The ŕexibility and scalability of neural networks (NNs) are particularly advantageous for in-
ference on modern transmission models, where the complexity and volume of our models and data
continue to grow. By using NNs, we can perform more robust and comprehensive analyses and
diagnostics, without suffering from the computational bottlenecks associated with traditionally
used surrogates including kernel methods and Gaussian Processes.

The resulting estimates from the NN surrogate updates our understanding of the transmission
dynamics in the agent-based model (ABM) with respect to real-world data. These estimates őt
well with the updated observational data, suggesting it could improve the accuracy and relevance
of ABM predictions in current malaria transmission scenarios.

The estimates suggest a more modest increase in acquired immunity to pre-erythrocytic and
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clinical infection with exposure and a steeper increase in immunity to detection, which aligns with
recent scientiőc őndings on the development of immunity in malaria. This reőned understanding
has implications for our understanding of the relationship between prevalence and incidence of
malaria.

The workŕow developed in Chapter 5 demonstrates signiőcant progress in inference capabilities.
Its ability to generate detailed probabilistic outputs for a wide range of parameters and scenarios
represents a substantial improvement over previous methods. This progress could not only improve
the model’s predictive power but also provide tools for researchers to conduct more thorough and
informed analyses of malaria dynamics and interventions. Beyond malaria, this approach could be
applied to other complex infectious disease models for timely and robust parameter inference.

6.2 Limitations and future directions

In chapter 2, I found certain limitations to the feasibility of Markov Chain Monte Carlo (MCMC) for
inference. Drawing 100 samples from the posterior took an hour, despite the bi-stable equilibrium
solution itself requiring only milliseconds for an execution. The No-U-Turn Sampler (NUTS)
required several executions and derivatives of the model to construct its binary tree of samples for
each step. For this speciőc inference problem, the complex posterior likely required a large binary
tree before a U-turn was detected, leading to the long execution time.

This does not bode well for agent-based models (ABMs), which typically require hours for for-
ward simulations and are not usually auto-differentiable. Nevertheless, extending auto-differentiation
frameworks to support ABMs, as is currently being researched (Chopra et al., 2023; Quera-Bofarull
et al., 2023; Krieken, Tomczak, and Teije, 2021; Arya et al., 2023), remains a worthwhile endeav-
our. Despite the long execution times, the exact inference presented in this chapter proved to be
the most robust method in this thesis.

My inference diagnostics, particularly sensitivity analysis, revealed that many model parameters
were not sensitive to incidence or prevalence. This suggests that a reformulation of the model, either
by reducing the number of parameters or improving the identiőability of these parameters, could
simplify the model or improve the quality of inference.

Other popular MCMC kernels in this research space, such as Random Walk Metropolis-Hastings
(RWMH), Parallel Tempering (PT), and Metropolis-Adjusted Langevin Algorithm (MALA), were
not considered in this study as they were not natively supported by NumPyro, the framework I
used for probabilistic inference. Although some kernels, like RWMH and PT, had limited support
through TensorFlow Probability, I encountered numerous technical issues when attempting to use
them. Given that the inference was successful and NUTS is regarded as a robust kernel, I did
not pursue a comparative analysis of different kernels. However, for future research, one might
consider PT for handling multi-modal posteriors.

In chapter 3, despite some surrogate-based inference methods successfully recovering the true
parameters and demonstrating a degree of predictive capability, all approximate posterior exhibited
noticeable discrepancies when compared to the reference posterior. Even Annealed SVI showed
large differences in the highly sensitive clinical immunity parameters. The approximated posterior
predictive samples were at most half as likely than those drawn from the model using the reference
posterior. Additionally, none of the methods showed clear improvement in predictive performance
with sequential sampling, even after őve rounds.

I suspect that the primary cause of these issues is the quality of the surrogate’s approximation
in the estimated posterior distribution. To address this, it would be worthwhile investigating
SVI workŕows without the use of a surrogate. This would involve training the variational model
directly on samples from the underlying model, as the derivatives required for NUTS are not
necessary for training a variational model. However, this approach may require a greater number
of samples from the underlying model, potentially increasing computational demands. Additionally,
exploring surrogate methods that account for surrogate approximation error or uncertainty, similar
to approaches used in Bayesian Optimisation (Gramacy, 2020), could lead to better convergence
behaviour for complex inference problems like the one studied here. Research into uncertainty
quantiőcation for neural networks is progressing (Lakshminarayanan, Pritzel, and Blundell, 2017;
Kristiadi, Hein, and Hennig, 2021; Gal and Ghahramani, 2016), but it has not yet been applied
to surrogate based inference. Integrating these advancements could improve the robustness and
accuracy of these methods.
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The annealing schedule used for the Annealed SVI method was determined through trial and
error. Manually devising these schedules is notoriously challenging (Huang et al., n.d.; Mandt
et al., 2016), as the hyper-parameter space could consider all possible temperatures per parameter
per training step and optimal schedules may also be inŕuenced by the learning rate schedule for
Stochastic Gradient Descent - which in my experiments was kept constant. Automated methods for
determining annealing schedules exist, though they have not yet been applied in surrogate-based
inference methods. Implementing these automated methods could potentially lead to improvement
through sequential sampling.

Despite the challenges presented by noisy surrogates, it is still possible for MCMC methods to
work in high-dimensional NN-surrogate based inference workŕows. Overcoming these issues may
involve experimenting with methods for learning smooth functions with neural networks (Anil,
Lucas, and Grosse, 2019), Lipschitz networks, or applying kernels which are robust to non-smooth
functions (Chaari et al., 2015). However, Lipschitz networks are known to be more challenging to
train than traditional neural networks since they constrain the gradients of NN operations either
architecturally or with optimisation constraints. These extensions could lead to viable alternatives
to SVI.

The workŕows suggested in Chapter 3 are analogous to Sequential Neural Likelihood Estimation
(SNLE) and Sequential Neural Variational Inference (SNVI) workŕows, which have recently been
published for likelihood-free inference. It is plausible that these methods would encounter similar
convergence issues when applied to more complex models beyond the relatively simple benchmarks,
such as dual moon, M/G/1, Lotka-Volterra, which they are typically tested with. To conőrm these
potential issues and advance research, benchmarks need to be developed that speciőcally target
more complex models to guide the development of more robust black-box inference methods.

Sequential Neural Posterior Estimation (SNPE), for instance, is less ŕexible and offers different
trade-offs to likelihood-estimating alternatives. SNPE offers no control over the formulation of
the likelihood, which in the case of epidemiological models is attractive, researchers often have
an observational model derived from the study design which they may want to introduce into the
likelihood formulation, even if they do not have a formulation for the probability density of model
outputs. For example, in chapter 5, it is intuitive to assume that my prevalence and incidence
observations are distributed according to over-dispersed Binomial and Poisson distributions, even
though it is intractable to calculate the probability of my ABM’s prevalence and incidence out-
puts given a speciőc parameterisation. SNPE is also reported to struggle with biases which are
introduced by the proposal distribution. In each round of posterior sampling, researchers must
take care to adjust the loss function during the training of the variational model to account for the
fact that the proposal distribution will stray further and further from the prior (Papamakarios,
Sterratt, and Murray, 2019).

I also did not consider many other simulation-based inference methods in this chapter. I did not
compare my methods to more commonly used Gaussian Process (GP) based surrogates due to their
reported scalability issues (Reiker, Golumbeanu, et al., 2021), particularly when dealing with high-
dimensional parameter spaces. Also, I did not compare sequential sampling to history matching
(McKinley et al., 2018). History matching may be more robust to surrogate approximation errors
as it uses an independent "implausibility" metric to assess the őt of the model to data. However,
it remains unexplored how well history matching will scale to high-dimensional problems, which is
an consideration models used in malaria transmission studies.

There are countless ways to formulate a surrogate model, and exploring these alternatives
could lead to improvements over those which I considered in this chapter. For example, one
might devise alternative representations of model outputs or apply transfer learning or contrastive
techniques to address the issues associated with learning different types of outputs (in this case
prevalence, incidence, population proportions, and various types of immunity values). Surrogates
could beneőt from learning these outputs jointly, however using a homogeneous loss function for
these heterogeneously distributed outputs with varying impacts on the őnal inference could have
contributed to the poor approximation quality which was exhibited.

Before using surrogates in chapter 4 for site calibration more broadly, it is advisable to exten-
sively test the quality of inference across multiple sites. I selected the Kolda, Senegal site as a
case study due to large number of prevalence surveys available in the Demographic Health Surveys
(DHS) data set. However, alternative datasets, such as randomised controlled trials (RCTs) or
other prevalence data repositories, may contain different types of time series and sample sizes.
Additionally, various sites will require different parameterisations, as visualised in subsection 5.2.2.
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My validation tests which consider the approximation quality suggest that the surrogate should
perform well in most scenarios, with the exception of low transmission sites where it tends to
overestimate prevalence. Interestingly, this overestimation did not affect the inference for Kolda,
which has relatively low transmission. Distinguishing which low transmission scenarios are well
approximated remains challenging due to the inherent opaqueness of neural networks. To address
this, one could investigate methods to visualise the loss landscape (H. Li et al., 2018), apply
regularisation techniques to improve generalisation, or analyse the effect of increasing the number
of samples. Investigating the approximation quality with surrogates of ABMs is computationally
intensive, which is why I carried out the convergence analyses on the bi-stable equilibrium model
in chapter 3.

Another drawback of the proposed method is the assumption that all of the model parameters
which are not speciőc to the particular site are assumed to be the mean estimates. As discussed
in chapters 2, 3, and 5, considerable effort is devoted to generating probabilistic estimates for
these parameters. Currently, there is limited research on combining or modularising estimates
from different inference problems using MCMC. Exploring alternative methods, such as Sequential
Monte Carlo (SMC) or combining variational models for SVI, could be viable alternatives. These
approaches could help quantify the predictive uncertainty of all model parameters jointly after site
calibration.

The framework I created for agent-based model (ABM) development is still in its early stages
and may not provide all its beneőts across all epidemiological models. For example, one challenge
is that simulations can experience slowdowns when variables are copied from the C++ runtime
into the R interpreter for manipulation. This occurs when a user needs to implement an operation
in R which does not yet have an optimised C++ implementation in the ’individual’ package. For
example, I have not provided optimised operations for network-based modelling, such as calculating
contacts within a sub-population.

There are also many opportunities for improving the usability of ’individual’. Currently, it
lacks high-level operations analogous to those provided by ’dplyr’ for dataframes, which make
programming ABMs more accessible to beginners. For instance, creating a seamless interface
between ’individual’s bitsets and native R vectors could improve the user experience. Some users
struggle with non-native data structures and the reference semantics I introduced for performance
reasons. A more opaque interface could automatically translate between bitsets and vectors as
needed, accommodating users who prefer not to concern themselves with performance implications.

Additionally, the framework could beneőt from primitives for resolving competing hazards,
which would reduce boilerplate code and discourage monolithic processes. Processes in ’individual’
are designed to run independently, making it challenging to modularise dynamics which inŕuence
the same variables, which are called competing hazards. An example of a competing hazard is the
conŕict between re-infection and recovery processes, since both may manipulate the health state
of an agent in the same time step. Designing primitives which indicate competing hazards could
allow ’individual’ to manage conŕicting updates to the same variable, allowing users to deőne more
őne-grained and maintainable processes.

Malariasimulation has since evolved into a community project, with ongoing work to add func-
tionality for various interventions and model extensions. These include spatial meta-population
models and P. Vivax modelling. With such signiőcant and impactful changes, careful considera-
tion and design are required to maintain performance and encourage further contributions in future
versions of the model.

In chapter 5, while the surrogate approximation showed signiőcant advancements, there remains
room for improvement to make parameter estimates and diagnostics more robust. One important
area is in training the surrogate to distinguish between seasonal variation and the stochasticity in
the ABM’s outputs. Addressing this limitation would impact parameter estimates as the model
would accurately reŕect seasonal patterns in malaria transmission in the observational period for
the data used in inference.

The parameter estimates could also beneőt from a more robust sequential inference approach.
As observed in Chapter 3, sequential inference can fail for complex inference problems due to a
poorly approximated posterior. There are several potential avenues for resolving this issue. Inves-
tigating appropriate annealing schedules could improve approximation between rounds lead better
convergence towards the true posterior. Alternatively, incorporating uncertainty into surrogate
predictions using Bayesian Neural Networks (BNNs) (Lakshminarayanan, Pritzel, and Blundell,
2017; Gal and Ghahramani, 2016; Kristiadi, Hein, and Hennig, 2021) could account for approxima-
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tion error more explicitly. Another promising avenue is to explore methods for targeting sampling
towards informative areas of the parameter space which are robust to surrogate approximation
errors. Techniques such as History Matching (McKinley et al., 2018) have not yet been tested on
high-dimensional inference problems.

Many parameters for the ABM are still assumed as point estimates, which could limit the
degrees of freedom for parameter inference, which is especially important since the posterior pre-
dictive often failed to cover observations. Speciőcally, all ABM site parameters were treated as
point estimates, which does not account for the variability and uncertainty inherent in real-world
conditions. For instance, the site parameterisation for rainfall patterns which drive the ABM’s
intra-year variation in mosquito density is generally far from certain.

To address this limitation, new data and modelling approaches should be investigated to better
capture and incorporate this uncertainty. By moving beyond point estimates and incorporating
probabilistic estimates for site parameters, one could potentially improve the model’s predictions
and allow for more nuanced and informed decision-making in malaria control efforts.

Additionally, only the mean surrogate outputs are used for the likelihood calculation in the
current framework, despite evidence that the variation in outputs capture seasonality. This decision
was made for computational reasons, as modelling probability distributions over entire trajectories
would signiőcantly increase the computational burden, especially for the variational model which
was used - a Block Neural Autoregressive Flow. It is therefore worth investigating workŕows
which could incorporate the large number of probabilistic outputs from the surrogate, perhaps
either through parallelism or a more efficient formulation.

Though I have made reasonable efforts to pre-process observational data, more rigorous outlier
detection, management, and investigation would be beneőcial. While őltering the large dataset
by provided őelds helped make it suitable for inference, my diagnostics revealed the presence
of outliers. These outliers can affect the model’s performance and the accuracy of parameter
estimates, highlighting the need for more advanced data cleaning techniques.

The large size of the dataset makes it challenging to manually review all observational studies.
Automated outlier detection methods could be implemented to systematically identify and manage
outliers. Or, as is is not uncommon in systematic literature reviews, a large group of researchers
could re-curate the dataset to make sure each data point is appropriate for this particular infer-
ence problem. Investigating the causes of these outliers could provide valuable insights into data
collection processes and potential biases and understanding why certain data points deviate from
expected patterns can help reőne data collection methodologies and improve future datasets.

The workŕows presented in this thesis are potentially applicable to computationally expensive
models of infectious disease or other natural phenomena. In this thesis, I made a few modelling
assumptions when developing the surrogates which could restrict their use cases. I assume a regular
discretisation of the model inputs and outputs for training; deterministic outputs or a parametric
distribution for model outputs; and an autoregressive relationship in model inputs and outputs.
These assumptions make them suitable for agent based or differential equation based models, such
as disease transmission, phylo-dynamic, predator-prey, and increasingly used economic agent based
models as long as the chosen discretisation facilitates an accurate likelihood estimation. Also, for
many tractable or computationally inexpensive models, such as the SIR or Lotka-Volterra models,
the trade off between inference speed and approximation error due to the surrogate may no longer be
favourable for researchers. Concurrent research on scale free surrogates which operate on inőnite
dimensional spaces may be more appropriate for differential equation based models where one
would like to exploit simulations at different scales or require highly irregular model parameters,
see Kovachki et al. (2022) as an example.

6.3 Conclusions

In this thesis I introduced scalable and ŕexible NN surrogates, some of which were very suitable
for inference and surpassed the limitations identiőed for previously used surrogates, particularly
in handling large datasets and high-dimensional parameter spaces. The NN surrogates were used
with NUTS or in SVI to facilitate efficient site calibration, signiőcantly reducing the time and
computational resources required, or large scale probabilistic parameter estimation, to provide more
realistic parameter estimates. I developed detailed diagnostics to improve model interpretation and
parameter tuning. Furthermore, robust sequential inference techniques were suggested, to address
issues where inference leads to mode collapse or gets trapped in local optima. I then updated
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parameter estimates for an agent based model of malaria transmission incorporating modern data
and accounting for interventions.

I have shown that NN-based surrogates for parameter inference on complex epidemiological
models is viable, paving the way for future research to build on these methods to further improve
the transparency, ŕexibility and robustness of our models and uncover new insights into disease
dynamics. I would encourage the application of NN-surrogates and surrogate based inference for
complex models in other scientiőc domains, such as economic, climate and biological and physics
modelling, as their unique dynamics would offer new challenges and could drive the next wave of
methodological innovation.
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