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ABSTRACT 
The property of decision-taking is basic in all types of control systems, 

-and the goal-seeking characteristic of such systems can be considered as a 
direct consequence of this decision-taking capability. The difficulty of 
optimizing goal-seeking procedures in systems in which the rules, or 
constraints, aro based on two-valued logical statements is discussed. In the 
present study it is shown that if the variables in a particular system, and the 
corresponding rules of behaviour, can be expressed in terms of a many-valued 
logic, a function, called the measure function, can be defined which provides 
-a crude method of optimizing the goal-seeking process. The approach is 
essentially empirical. A high-speed computer is used to study selected 
16-valued logical problems. The main object of the paper is to stimulate 
interest amongst control specialists in the possibility of applying many-valued 
logics in the control of complex processes. 

§ 1. INTRODUCTION 

IN the control of certain classes of complex processes the criteria upon 
which optimum performance depends may frequently be stated in terms 
-of logical relationships between the significant process variables. These 
relationships are described as rules or constraints. For example, in air 
traffic control systems some of the rules of operation can be expressed in 
terms of simple two-valued logical statements, and it is the task of the 
controller, man or machine, to ensure that these logical constraints are 
satisfied at all times. On the other hand, other processes may involve 
many-valued variables and the corresponding rules of operation will 
involve many-valued logical statements. It is probable in the future that 
a degree of mechanization will be introduced into such processes and this 
will inevitably lead to problems involving the solution of logical 
inference. 

The procedure involved in determining the state of a system, which 
satisfies a given set of logical rules, may be regarded as a goal-seeking 
process, and the consideration that the achievement of the goal usually 
involves the taking of a decision to initiate some particular action has 

fi Communicated by Professor Porter. 
I Lately at Imperial College of Science and Technology, London. 
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resulted in the term decision-element ' being used to describe automatic 
elemental logical connectives. It should be noted that all control systems 
are essentially goal-seeking, and all incorporate manual or automatic 
decision-taking elements. For example, a simple regulator or servo-
mechanism incorporates a single decision-element which determines and 
initiates the action necessary for the behaviour of the control system to 
approach a desired state, or goal, in an optimum manner. In such 
systems, the decision-element is a simple comparator. On the other hand, 
in multi-variable process controls it is frequently impossible to define the 
overall control problem in terms of such simple decision-elements because 
the operational decisions usually involve interactions between variables. 

It is worth noting that the enormous power and potential of the high-
speed digital computer is due essentially to the introduction of the 
conditional transfer (or jump) instruction into the machine order code ; 
this involves a logical decision-element of a simple kind. This facility 
appears to be adequate for all computational purposes although it may 
not be adequate to deal with the fairly complex logical statements 
inherent in many data-processing systems. 

An example of a problem in which complex logical decisions may be 
involved is the control of an electrical power distribution system, in which 
it is necessary to mechanize the processes of load-shedding and load-
distribution in order to optimize performance—this problem would be 
further complicated if nuclear power stations were incorporated into the 
power distribution system. Moreover, all traffic control problems and 
most problems involving time-tabling can be stated in terms of logical 
connectives, special cases being the optimization of certain production-line 
processes, and the automatic servicing of complex electronic equipment, 
perhaps involving large numbers of components. 

This paper deals with the general problem of handling logical goal-
seeking processes with special reference to optimizing procedures. 
Although, in the present state of development, the approach is essentially 
empirical, it is felt that the importance of the subject justifies an early 
statement of the basic problems involved. 

§ 2. STATEMENT OF 2-VALUED LOGICAL PROBLEMS 

2.1. Logical Connectives 
We adopt the notation in which variables, assumed in the first place to 

be two-valued, are denoted by the letters A, B, C, etc., and the value 1 is 
assigned to a variable which is true and the value 0 is assigned to a variable 
which is false—the assigned number is referred to as the ' truth-value ' 
of the variable. We define logical connectives as functions which operate 
on the truth-values of a set of variables, i.e. F (A, B, . . . X) to produce a 
resultant set of truth-values. The most common two-valued logical 
connectives are listed below, and the corresponding truth-tables are given 
in fig. 1. 
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Table 1 

Connective Written Symbol 

Negation 
Conjunction 
Disjunction 
implication 
Equivalence 

Not A 
A and B 
A or B 
If A then B 
A is equivalent to B 

,-, A or A 
A . B 
A v B 
A-, B 
A m- B 

Fig. 1 

, Variables Connectives 

A B —,A A.B AvB A--B A=B    

1 1 0 1 1 1 1 
1 0 0 0 1 0 0 
0 1 1 0 1 1 0 
0 0 1 0 0 1 1 

A statement such as " A implies (B or C) " is described as a 	rule ', and 
this particular rule is written symbolically as A-->-(B v C). 	The correspond- 
ing truth-table for this rule is given in fig. 2. 

Fig. 2 
1 2 3 4 5 6 7 8 
A B C A (B v C) 

1 1 1 1 1 1 1 1 
1 1 0 1 1 1 1 0 
1 0 1 1 1 0 1 1 
1 0 0 1 0 0 0 0 
o 1 1 0 1 1 1 1 
o 1 0 0 1 1 1 0 
0 0 1 0 1 0 1 1 
0 0 0 0 1 0 0 0 

Consider the following elementary problem which can be readily stated 
in terms of logical connectives : 

" A manufacturer must decide which items to produce in order to 
maximize his profit. Suppose these items are designated by the letters 
A, B, C, D, and E. If he chooses item A, he must also produce items B, 
or C, because these items involve similar raw materials. However, it is 
uneconomical to manufacture both items B and C simultaneously. 
Further, if item D is chosen, it is convenient for item B but not item C 
to be produced. It is also well known that if item E is produced then D 
should not be produced. Determine the desirable combinations of items 
which can be manufactured." 

This problem can be stated symbolically as follows; 
[A-->-(B v C)] . [D—>-(B. —C)]. 	[D E] . 	[B ,C]  
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and it can readily be shown, using the truth-table methodt, that there 
are 11 non-trivial permissible combinations of items some of which are : 
A.B.D;A.B.E;A.C.E,etc. 

2.2. Interpretation of Logical Connectives as Relay Switching Networks 
Perhaps the most straightforward way of setting up a model for logical 

goal-seeking processes is in terms of relays or the equivalent diode and 

Fig. 3 

	1  5  
E  

Switching tree. 

t See, for example, Basson and O'Connor 1957, Introduction to Symbolic 
Logic (University Tutorial Press). 
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magnetic core circuits which can be used for line selection. The 
representation of the fundamental connectives in terms of simple 
switching circuits is trivial. However, it may be useful in visualizing the 
goal-seeking nature of logical problems to consider the problem in terms 
of seeking unique paths through a relay tree. Given n relays we can set 
up a relay tree capable of selecting any one of 2" lines 	a 5-variable 
switching tree is shown in fig. 3. Each of the terminal states shown can 
be reached by a unique path starting at point 0. Given a set of logical 
rules for which a single solution exists it is clear from the diagram that we 
seek the line ' whose interconnections to point 0 satisfies the given rules. 
Generally, the rules involve redundant information and we can regard 
the solution-seeking procedure as a means of eliminating the redundancies 
and reducing the statement of the rules to the elemental logical connectives 
AND and NOT. In fig. 3 the required path ' to satisfy a particular set of 
rules is shown, as the path defined by OABOT5E. Having established this 
unique path we have effectively reduced the logical rules to their most 
elementary form, and incidentally, we have achieved the required goal 
which in this case can be regarded as a selected line. We will investigate 
how the process of reaching the goal can be achieved in the least number 
of steps. 

2.3. The Problem-space ' 
Although the relay-tree system introduced above gives a physical 

picture of the nature of two-valued logical problem-solving procedures it 
is, nevertheless, of limited value in handling these problems. It is 
convenient to consider such problems in terms of a so-called ' problem-
space '. 

If a process involves n independent two-valued variables we can 
represent the 2" possible combinations of variables as the vertices of an 
n-dimensional hypercube. The edges of the hypercube represent all 
possible single transitions between states of the system. In the case of 
n = 4 the corresponding state transition diagram is shown in fig. 4. 

We define the space ' occupied by the hypercube as the problem-
space '. The goal-seeking procedure may be considered in the most 
elementary form as a sequential scanning process in which each state 
(state is here identified with a particular combination of variables) is 
examined to determine whether or not it satisfies the given logical rules. 
In the scanning process only one state—i.e. point in the problem-space—
can be examined at a particular instant. 

It is convenient to introduce the concept of ' distance to go ' or 
error-measure function ' in considering the relative positions ' of a 

particular point in the problem-space, corresponding to a given state, and 
the position of the point corresponding to the desired state ; the latter is 
the 	goal '. 
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2.4. Problem-solving Procedures 
In the case of two-valued logical problems involving no more than eight 

or nine variables it is possible to obtain the required solutions analytically 
by determining the corresponding truth-table of a particular set of rules 
or by using a punched-card procedure in which each possible state, i.e. 
combination of variables, is represented by a punched card and by a 
straightforward card-sorting procedure the cards not satisfying a 
particular rule are discarded progressively as each rule is considered in 
turn. The cards remaining after all rules have been applied correspond 
to the desired states. 

Fig. 4 

ABCD 

Equi-probable transitions. 

Automatic methods have also been devised for solving two-valued 
logical problems and the machine built by McCallum and Smith (1950) is 
particularly noteworthy. In their early machine, which handled seven 
variables and incorporated a large variety of logical connectives, the 
machine scanned automatically through all possible combinations of the 
variables and stopped automatically when a desired state was reached. 
Whilst applicable to problems in which a limited number of variables are 
involved, 20 variables involve one million combinations, the scanning 
method is clearly impracticable if more than 30 variables are involved, 
even though we utilize high-speed circuits. 
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In the second machine McCallum and Smith (1951) introduced a new 
goal-seeking procedure. Assuming the machine starts in an arbitrary 
state of the variables it carries out automatically a single transition scan 
in such a way that in the transition from one state to the next the only 
variables which can be changed are those involved in one or more broken 
rules. Since only one variable is changed in passing from one state to the 
next a random selection of the variables involved in the broken rules is 
made for each transition. The scanning procedure now corresponds to a 
discrete Markoff process, i.e. a sequence of events in which the probability 
of a particular outcome of the nth event is fully determined by the outcome 
of the (n-1)th event. This machine has been described as a logical 
feedback machine since errors ' in an existing state are used to determine 
the next state in the process of achieving the required goal. It can be 
shown that this machine is only superior to the scanning-machine ' in 
situations where the rules involved only include a few variables and in 
which each variable is only involved in a few rules. 

We have examined a modified feedback process ', also suggested by 
McCallum and Smith, in which the variable changed in the transition from 
one state to the next is chosen on the basis of a weighted transition 
probability. For example, the weight given to a particular variable is 
made proportional to the number of broken rules in which the variable 
appears. Again, the goal-seeking procedure is essentially a discrete 
Markoff process. 

Consider a system in which the desired state, or states, is required to 
satisfy the following rules : 

(i) A—>-C, 
(ii) (ri C) 

(iii) (A D) or — 
which can be written as a composite rule as follows : 

(A-->-C) . 	. C)-D] . 	(11.D). 
The state transition diagrams corresponding to equi-probable and 

weighted probability transitions are shown respectively in figs. 4 and 5. 
The two desired states or goals for this particular problem are shown 
underlined in the diagram. Note that several transitions, indicated by 
the absence of an arrow, are not allowed. 

We have examined several five-variable problems using both unweighted 
and weighted probability transitions with inconclusive results]-. Although 
in some problems some advantage is obtained by introducing weighted 
probability transitions, i.e. the number of transitions required in the 
goal-seeking process is less than with equi-probability transitions, this is 

The weighted transition process is essentially of the kind described as a 
Monte Carlo process for which computers have been particularly effective. In 
our investigations we used a random number generator to determine the 
transitions on a weighted probability basis. 
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not always the case and, indeed, in some problems the weighting process 
actually increased the average number of transitions required. The 
explanation of such anomalous behaviour in logical goal-seeking processes 
of this kind is that redundancies in the statement of the rules tend to 
nullify any advantage which might be expected in the case of weighted 
transition probabilities. Moreover, in practice, due to interactions 
between variables, it is impossible to avoid such redundancy and 
accordingly the weighted-transition probability method must be regarded 
as of academic interest only. 

Fig. 5 

;e7. 	-13 
Weighted transition probabilities. 

We can regard the optimization of goal-seeking processes as means 
whereby the number of transitions between an arbitrary state or point in 
the problem-space and the desired state is minimized. And, in order to 
determine the most effective transitions to make, it would be desirable 
to have some idea of the direction ' to go and the distance ' in terms of 
transitions from the desired state. In the problem-space there is clearly 
a minimum distance ' between any two states and the achievement of a 
goal-seeking procedure which traces such a path is our major aim. 

In the case of automatic regulation systems we can always measure the 
departure of the state of a system from the desired state and the direction 
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in which corrections should be applied, and the magnitude of the 
corrections are known. Unfortunately, in the case of two-valued logical 
goal-seeking processes, no such criterion is available and it frequently 
happens that in a single transition a state which does not satisfy any of the 
required rules is transformed into a state which satisfies all the rules and 
there is no information available which would indicate a priori that a 
single transition will lead to the desired goal. It is perhaps not surprising 
that any system of logic based on two values is not amenable to a 
rationalization of the goal-seeking process. An analogous situation would 
be the search for a target aircraft using a radar with an infinitely narrow 
beam. 

The fact that certain processes may be described in terms of many-valued 
logical connectives led us to consider the problem of optimizing goal-
seeking procedures in these cases. 

§ 3. STATEMENT OF MANY-VALUE D LOGICAL PROBLEMS 

3.1. Many-valued Logical Statements 
In the field of control technology virtually all applications of symbolic 

logic have been in the synthesis of switching and computing circuits 
which are inherently made up of two-state devices. From the standpoint 
of practical application the many-valued logics proposed, for example, 
by Post (1921) and Lewis and Langford (1950), have not been investigated 
widely. Perhaps the most useful interpretation of many-valued. logics is 
that they combine the ideas of a two-valued logic (i.e. truth and falsity) 
and the theory of probability. Thus, the truth-values in a four-valued 
logic might be regarded as corresponding to truth, plausibility, implausi-
bility, and falsity. Moreover, consistent and complete logics have been 
developed for many-valued variables, although it should be stressed that 
all many-valued logics can be reduced to two-valued logic ; however, in 
most cases the reduction process would be impracticable. 

We consider, especially in the fields of data-processing, complex plant 
protection, and production scheduling processes, that there will be an 
increasing application of the basic concepts of many-valued logics and 
accordingly the process of establishing solutions to problems stated in 
such terms is of interest. Initially, we shall restrict the discussion to 
four-valued logics and assume the values to be 0, 1, 2, and 3. We associate 
' truth ' with the truth-value 3, and falsity ' with the truth-value 0. 
In the case of a m -valued logical problem, a solution to the problem will 
be any assignment of truth-values to the variables for which the complete 
statement ' of the problem takes the truth-value 
If A, B, etc., are many-valued variables we denote the associated 

truth-values by a, b, etc. The truth-value of a logical function 
Fi(A, B . . .) is correspondingly written fi(a, b . . .). 

The basic ' connectives, and the corresponding truth-functions, of the 
Post Logic are defined in table 2, and the truth-tables for a four-valued 
logic are given in fig. 6. 
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Table 2 

Connective Symbolic connective Truth-function 

Conjunction 
Disjunction 
Negation 
Implication 

Cyclic Negation 

J-function 

F,= (A fl B) 
F2= (A U B) 
F3= (,,A) 
114= (A—,B) 

F 5= (A') 

F,=,1,(A) 

i=0, 1, . . . (m-1) 

A = min (a, b) 
f, = max (a, b) 
f3= (m —1 —a) 
r  
J 4 

 = f (m — 1) 	for b ..>- a 
 0 	for b<a 
 (a-1) 	for a > 

j 5  — 	(a—l+m) for a=0 
r = 	in —1 if a=i 
" 	1 	o if czi 

Fig. 6 

F1(A,  B) 
A 11B 

F2(A, B) 
A U B 

n 3 2 1 0 B U 3 2 1 0 B 

3 3 2 1 0 3 3 3 3 3 
2 2 2 1 0 2 3 2 2 2 
1 1 1 1 0 1 3 2 1 1 

0 0 0 0 0 3 2 1 0 
A A 

A 

F3(A) 

Conjunction 
(a) 

—A 
—A 3 

F4(A, B) 
B 

2 	1 0 B 

Disjunction 
(b) 

A 

F5(A) 
A' 

A' 

3 
2 
1 
0 

0 
1 
2 
3 

3 
2 
1 
0 
A 

3 
3 
3 
3 

0 
3 
3 
3 

0 
0 
3 
3 

0 
0 
0 
3 

3 
2 
1 
0 

1 

0 

Negation 	 Implication 	 Cyclic-Negation 
(c) 	 (d) 	 (e) 

POST CONNECTIVES 

= Min. (a, b) denotes the value of a or b, whichever is the smaller, and 
similarly for 12  which is given by the larger value. Note that F1, F2  and 
F3  are merely generalizations of the corresponding two-valued logical 
connectives, AND ; OR ; NOT. The implication connective in a many-valued 
logic may be defined in a variety of ways ; F4 , as defined above, is one 
such definition, which is used in the problems considered subsequently. 
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The connective defined by F5, the so-called cyclic negation ' connective, 
can be regarded as another way of defining negation in a many-valued 
logic. Nevertheless, it is still necessary to introduce the J-functions, 
F6 = Ji(A), in order to define a logical connective which has a property 
of two-valued Negation not included in F3  and F5.  

The corresponding Conjunction, Disjunction and Negation connectives, 
defined in terms of the Lewis Modal Logic, are shown as truth-tables in 
fig. 7. The Post and Lewis definitions of Negation are identical. The 
Lewis connectives are introduced to illustrate the point that more than 
one form of many-valued logic exists. 

Fig. 7 

n 

B) 
An B 

3 	2 	1 0 B 

F0'(A, B) 
A U B 

3 	2 	1 0 B A 

F3'(A) 
—A 

—A 

3 3 2 1 0 3 3 3 3 3 3 0 
2 2 2 0 0 3 2 3 2 2 1 
1 1 0 1 0 1 3 3 1 1 1 2 
0 0 0 0 0 0 3 2 1 0 0 3 
A A 

Conjunction 	 Disjunction 	Negation 
(a) 	 (b) 	 (c) 

LEWIS CONNECTIVES 
Viewed in the light of the problem-space ' concept introduced earlier, 

the representation of a logical situation expressed in terms of n many-
valued (m) variables, can be obtained by dividing each edge ' of the 
corresponding two-valued n-variable hypercube into m equally spaced 
points. A single transition in this problem-space involves a change in a 
single variable by only a single step (i.e. x;  to xi  + 1). And the »a-valued, 
n variable problem-space consists of m" n-dimensional sub-hypercubes 

3.2. Binary-coding of m-valued Variables 
In designing m-valued connective circuits, i.e. decision-elements, 

(Calderwood and Porter 1958), and in programming a digital computer 
to handle problems stated in m-valued logics, it is convenient to code the 
m-valued variables in binary form. 

Suppose in a m-valued logic the number of values is given by m = 21v. 
If X is a m-valued variable it can accordingly be represented by N 
two-valued variables X1, X2, . . . 	And if xi  is the truth-value of Xi  
we can write the truth-value of X as 

x= 9j-1  
• j= I 

in which xi  is 0 or 1. 
(1) 
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A situation describable in terms of n many (m)-valued variables may 
now be considered as a situation describable in two-valued logics in which 
there are n.N variables. 

3.3. The Measure Function 
It is convenient to define a function 

N 
G(x)= 

j=1 
which gives the total number of ' l's ' in the binary representation of the 
truth-value of X. 

If F(Xi ) is a logical function of the 2N-valued variables Xi  (i• =1, . . . n), 
and the truth-value of F is f(xi ) we can generalize (1) above ast 

N 
xi= E 	.(x;1 = 0   or 1), 	  (3) 

j=1 
N 

f= 	• 2i -1 	(f = 0 or 1),   (4) 
J=1 

and (2) is written 
N 

G(F)= f j. 	  ( 5 ) 
j=1 

We will assume that F(X i ) describes a situation which is satisfied by a 
single combination of the 2N-valued variables (X1, X 2 , . . Xn )—
alternatively we say that F(X i ) defines a problem which has a single 
solution. The truth-value of F is given by (4), and we consider the value 
of the function G1(F), given by (5), as corresponding to a measure of the 
' distance from the goal ' for a particular combination of values of 
(X1, X 2 , . . . Xn ). In terms of the problem-space, for n.N two-valued 
variables, we can regard this measure as being made up of single transitions 
in which only one of the two-valued variables (of which the m-valued 
variables are built up) changes—the corresponding change in the truth-
value of the m-valued variable for each transition, in this problem-space 
is 2a(a = 0, 1, . . . (N— 1))I. 

The problem-space can be represented as a n.N-dimensional hypercube 
(cf. fig. 4) which is symmetrical with respect to each of the 2nN vertices. 
This hypercube can be regarded as having (nN + 1) levels, or planes, which 
are readily recognizable in the four-dimensional hypercube shown in fig. 4 ; 
it is convenient to call these ' transition levels '. If we assume the hyper-
cube is orientated so that the state corresponding to the solution is at 

f In the case of a logical function of two-valued variables f takes the values 0 
or 1. If, and only if, the logical function F(.1 i ) is satisfied by a given combina-
tion of variables, say X'i, can we write f =1, otherwise f= 0. The measure 
function G(F) in this case can only take the values 0 or 1, and thus provides 
no additional information of value in seeking the goal. 

$ This ' measure of distance ' was proposed by J. D. Cowan, Department of 
Electrical Engineering, M.I.T., who is investigating its theoretical validity—
this work is as yet unpublished. 

(2) 
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the top ' of the diagram, the minimum number of single transitions, 
from a given state to the desired state, corresponds to the number of 
transition levels ' between the two states. For example, the number of 

transition levels between the complement ' of the desired state and the 
desired. stated is 707. In the case of multi-solutions, re-orientation of the 
hypercube for each solution (desired state) would be necessary. 

In order to investigate the nature of G(F) in some specific cases we 
have used the Pegasus computer to determine the appropriate truth-values 
and associated functions for several 16-valued, three-variable logical 
problems. The problem space contains 212 = 4096 points, each of which 
must be examined; each state can be represented by a 12-binary digit 
word. 

§ 4. APPLICATION OF A DIGITAL COMPUTER 

4.1. Programming Procedure 
Two machine programmes called I and II, are required; the correspond-

ing programme flow diagrams are given in figs. 8 and 9 respectively. 
Special sub-routines are required for the generation of the Gray Code 
(4096 combinations each differing from its predecessor in the sequence by 
a change in a single digit of the 12-digit word) and the setting-up of the 
logical rules. 

In programme I, each combination of variables Y it enters the ' logic 
sub-routine ' (corresponding to the rules or constraints) and we obtain the 
appropriate value of f( Yi), the truth-value of F(Yi ), and the value of 
G(Fi ) is determined by summing the l's in f(Y i ). The values of f( ( Yi) and 
G(Fi ) are punched out on standard five-hole paper tape. The truth-value 
f (Y1 ), associated with each combination of variables, is tested to determine 
whether or not it corresponds to a solution, i.e. f (Y 	1111 ; if a solution 
the combination of variables producing it is stored in the magnetic drum 
store of the computer for use in programme II. On the completion of 
programme I (after each of the possible combinations of variables has 
been examined), the list of solutions to the problem is printed-out—the 
particular problems chosen for detailed study had no more than five 
solutions. 

The programme flow diagram of programme II is shown in fig. 9. In 
addition to the programme tape we feed into the machine the output 
tape T (giving the values of f (Y1 ) and G(Fi)) obtained from programme I 
and the 12-bit word defining one of the solutions; we refer to the latter 
as S. We arrange for the identical sequence of combinations to be 
examined as in programme I. 

Each combination of variables Yi  is compared with S and a non-
equivalence operation is carried out in which a new word Pi  is generated 
having l's in positions where the digits of Yi  and S are non-equivalent 
and 0's otherwise. Further, the number of l's in Pi  is summed and this 

t The subscript i as in Yi  now refers to a particular ' trial combination '. 
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value, say p, corresponding to the number of transition levels between 
combinations Yi  and S (note that 0 p1  12), defines a storage location 
in the drum store. The associated truth-value, f(Y i ), is added into this 

Fig. 8 

Generate Next 
Combination Of 

12 2-Valued Variables 
X 

Apply Logic 
To Present 
Combination 

FIX) 

Punch Out On 
Paper Tape The 

T.V. And Then 
The Value Of OfF) 

Test For 
Solution 

Reduce Counter 
By 

I.E. C=C—I 

Set Counter 
C = 4096 

And Set Other 
Initial Conditions 

ENTRY 

If Solution, 
Store On 

Drum 

It- 
	

I f 	0 

Print Out 
List Of Solutions 

STOP 

Flow diagram of computer programme I. 

storage location pi. Similarly, the value of G(F1 ) is added into another 
drum storage location also defined by pi. Upon completion of programme 
II, after all combinations have been considered, the average values of 



Add T. V. Into 
Oroup On Drum 
Determined By p 

\l/ 
From T.V. 

Calculate 	0(F) 

1  

Nit  
Find Number 

In P 
Call This p 

p 12 

Read In Next 
T. V. 
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s ) and G(Fi ) accumulated in the p-storage locations ' are obtained—
the accumulated sums are divided by the number of entries (points in 
respective problem-space levels) and these average values are printed-out. 

Fig. 9 

Set Counter 
And Other Initial 

Conditions 

<ENTER 

Read In 
And Store 
Solution S 

V  
Generate 

Next Combination Of 
Variables, 

STOP 

1, 
Perform 

Operation 
P=(,X*S) 

Read In G(F) 

1 

Obtain Difference 
Of These Values 

(Call This d) 

Print Out 
Average Values 

Of Groups 
A 

Obtain .Average 
Of Each Group 

Of T.V. And 
Values Of G(F) 

On Drum 

If C'#0 
	

If C=0 

Reduce 
Counter, By I 

r.E. C=C-I 

Add G(F) Into 
Group On Drum 
Determined Byp 

STOP 
Due To 

ERROR 

Flow diagram of computer programme II. 

Moreover, the standard deviations of the average truth-values and the 
average values of G(F1 ) are determined for each transition level and the 
results are also printed-out. 
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4.2. Results 
The results for two typical problems are given in figs. 10 and 11. In 

both cases the average truth-values, the average values of G(Fi ), and the 

Fig. 10 
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corresponding standard deviations are plotted as functions of the number 
of transition levels ' away from a solution '. Although, a priori, we did 
not anticipate a close relationship between f( Yi) and G(F1 ), these 
functions are almost identical in form, and this matter alone deserves 
further study. Perhaps the most important finding is the obvious 
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Fig. 11 
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existence of a trend ', i.e. there is a correlation between the average 
truth-value, or the average value of G(Fi ), and the nearness ' to a 
solution. The nature of the trend function will clearly depend upon the 
nature of the problem, e.g. the logical situation. 

The standard deviations are appreciably greater than we expected and 
would, in an actual goal-seeking procedure, tend to mask the trend effect, 
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On the other hand, m = 16 corresponds to a comparatively ' low-valued 
logic ' and we believe that for values of m 128 the trend would be more 
marked. 

In the application of the measure function G(F) to optimize logical 
goal-seeking processes we would obtain the values of G(F) for points 
chosen at random in the problem-space and concentrate the search for 
solutions in those regions where G(F) has high values. The process of 
goal-seeking would be analogous, in principle, to the evolutionary 
operation procedure for optimizing the performance of chemical processes 
(Box 1954). It is intended to extend the present investigations by using 
the computer to carry out this sampling ' of the problem-space for 
particular cases, and to assess quantitatively the efficiency of the search 
method based on G(F). 
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ABSTRACT 

This thesis is concerned with the solution of the class of 

problems in two-valued and many-valued logics in which a given set of 

constraints must be satisfied simultaneously. 	The solution consists 

in enumerating all assignments of truth-values to the variables satisfying 

the constraints. 

The concept is introduced of a problem space consisting of a set 

of discrete points, each point uniquely representing one assignment of 

truth-values. Any solution procedure may be thought of as a search 

through a problem space for the solution points. For many-valued problems 

two measure functions are proposed and investigated which could be used 

to guide a machine making a search through a problem space towards regions 

most likely to yield solutions. Using such a measure function, a solution 

procedure is outlined which should prove effective for solving problems in 

many-valued logic too large to be solved by an exhaustive scan method. 

A method is described of generating an abbreviated scan of the 

truth-value assignments to any problem so that all the solutions are 

found although only a fraction of the assignments are considered. 

Operating on this principle, a machine has been built for solving problems 

in two-valued logic. The possibility is investigated of programming 

the machine so as to obtain a scan containing a minimal number of steps 

In comparison with an exhaustive scan, this machine reduces the length 

of scan by two orders of magnitude, on average, for 16 variable problems. 

This factor of improvement is expected to increase with the number of 

variables in the problem. 	This technique therefore enables problems 

to be solved which are too large to be solved by any other existing 

method. 



The abbreviated scan principle is generalized to apply to problems 

in which the variables may assume any of a finite number of states and 

in which algebraic as well as logic-1 constraints occur. 
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PREFACE 

Since many people in an Engineering Faculty may be unfamiliar 

with symbolic logic more space has been devoted to the introductory 

Sections of this thesis than is customary. 

Throughout this thesis the following are used synonymously: 

elementary propositions; 

propositional variables; 

logical variables; 

variables. 
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INTRODUCTION 

The word, logic, is derived from the Greek noun w6yocr, 
which signifies a thought or the expression of a thought. 

Logic was invented by Aristotle 2,300 years ago. Aristotle 

was the first to attempt to put reasoning on a firm basis when he thought 

of the syllogism. The four basic kinds of proposition used by 

Aristotle were : 

Universal (Affirmative 	- 	ALL S IS P 

( Negative 	- 	NO S IS P . 

Particular 
	Affirmative 	SOME S IS P 

Negative 	- 	SOME S IS NOT P . 

In these propositions S and P may be replaced by any nouns. A 

syllogism is constructed by taking two propositions as premises and 

arriving at a third proposition as a conclusion. 

1",xample: 

ALL MEN ARE MORTAL, 

SOCRATES IS A MAN, 

THEREFORE SOCRATES IS MORTAL . 

SOME COMPUTERS ARE RELAY-OPERATED DEVICES, 

ALL RELAY-OPERATED DEVICES ARE OLD FASHIONED, 

THEREFORE SOME COMPUTERS ARE OLD FASHIONED. 

Since each of the three lines of a syllogism may be chosen from 

one of the four basic kinds of proposition there are 64 possible 

arrangements or moods of the syllogism. However, not all the moods 

are valid. An example of an invalid mood is : 

SOME ELEMENTS ARE GASES, 

SOME GASES ARE LIGHTER THAN AIR, 

THEREFORE SOME ELEMENTS ARE LIGHTER THAN AIR. 
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Rules exist for deciding the validity of the different forms 

of syllogism and, of the 64 possible moods, 19 prove to be valid. 

For many centuries people thought that all valid forms of 

reasoning and inference were reducible to the valid moods of the 

syllogism. During the 16th to the 19th centuries many people 

realized the futility of the ►ristotelian logic but no significant 

advance was made until 1847 when G. Boole published his book 

"The Mathematical A►nalysis of Logic". This was followed in 1854. 

by Boole's revolutionary book "An Investigation of the Laws of Thought". 

Referring to this treatise, Boole says (Chapter I) : 

"It is designed, in the first place, to investigate the 

fundamental laws of those operations of the mind by which 

reasoning is performed. 

"It is designed, in the next place, to give expression in 

this treatise to the fundamental laws of reasoning in the 

symbolic language of a calculus." 

Boole's three fundamental laws of thought were : 

1. A law of identity; stating that a thing is identical to 

itself. 

2. The Law of Contradiction; stating that no thing can have two 

contradictory attributes. 

e.g. no thing can be both green and not green. 

3. The Law of Excluded Middle; stating that every proposition must 

be either true or false. 

The subject of this thesis consists in the study of solution 

procedures for a certain class of problem in the calculus of symbolic 

logic, originated by Boole, and in its modern extension, many-valued 

logic. The mechanization of these solution procedures involves 

the use of electrical computing techniques. 

In the modern presentation of two-valued symbolic logic capital 

letters , B, C, etc., may be used to represent elementary propositions. 
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There is no restriction upon the propositions which may be of concern 

and the following are examples: 

(i) The cost of living is rising. 

(ii) "2 + 2 = 5" 
(iii) The railway signal is set at danger. 

(iv) Silence is golden 

(v) An increase in wages is being considered. 

These elementary propositions may be combined to form eomplex 

propositions by the use of such words as AND, OR, NOT, IF - - THEN, 

IS IDENTICAL TO. Examples of such complex propositions are : 

(a5 The cost of living is'rising AND an increase in wages is being 

considered. 

(b) "2 + 2 = 5" OR silence is golden. 

The words 4ND, OR, etc., used to combine elementary propositions 

are termed logical connectives and, in the calculus of symbolic logic 

they are represented by signs. 

Every proposition has associated with it a truth-value having 

the value unity for a true proposition and the value zero for a false 

proposition. 

Any complex proposition may be represented as a string of symbols 

consisting of capital letters denoting elementary propositions and signs 

denoting logical connectives. 	Parentheses might also be used to 

obviate ambiguity. 	It is possible, by using the rules and definitions 

of symbolic logic (see Section I) to find the truth-value of a complex 

proposition as a function of the truth-values of the elementary 

propositions involved. As a trivial example of this consider the 

truth of the complex proposition, "The cost of living is rising AND 

silence is golden." This is defined as being true if, and only if, 

both the elementary propositions are true. • Let these elementary 

propositions be denoted by A and B respectively. There are four 
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combinations of truth and falsity of these elementary propositions 

and the following table (Fig. i) shows the status of the complex 

proposition in these cases. 

1 	A B A AND B A AND B 

TRUE TRUE TRUE 1 1 1 
TRUE FALSE FALSE 1 0 0 

FALSE TRUE FALSE 0 1 0 

FALSE FALSE FALSE 0 0 0 

Figure 1. Figure 2. 

The truth-table, obtained by denoting truth by unity and falsity by 

zero, is shown in Fig, 2. 	The truth-table for a complex proposition 

involving n elementary propositions has 2n  rows corresponding to the 

2n possible combinations of truth and falsity to the elementary 

propositions. 

As an example of the type of thing expressible in terms of 

symbolic logic consider the following problem : 

A manufacturer must decide what items to produce in order to 

maximize his profit. 	Suppose these items are designated by the 

letters A, B, C, D and E . 	He must produce both items A and B or 

produce item C in order to satisfy certain market requirements. 

However, it is uneconomical to manufacture items B and C simultaneously. 

Further, if item D is chosen, then it is convenient to produce item B. 

To ensure efficient use of machinery it is necessary to produce item D 

or item E . 

Determine the combinationsof items from which the manufacturer 

is free to choose. 

Let A represent "item A is manufactured." 

Let B represent "item B is manufactured." 
etc. 



The problem then consists of the following four rules which 

must be satisfied simultaneously 

1. 1.ND B) OR C. 

2. NOT (B 	C). 

3. IF DI  THEN B. 

4. D OR E. 

The solution of this problem by construction of its truth-table 

appears in Section I, (p. 224_ , Fig. I.5). 	It is found that the 

manufacturer has five combinations of products from which to choose. 

hany people have suggested that symbolic logic might be 

applicable to the solution of certain optimization problems where 

some complex process, such as a chemical plant, must be controlled and 

kept working at optimum efficiency in an environment which is 

continually changing due to fluctuations of the system input parameters. 

(e.g. cost of raw materials, customers' demands, etc.). 	D.G. Prinz 

and J.B. Smith (ref: 1) have suggested as 	ap-olicationsthe 

checking of legal documents for consistency and for loopholes; checking 

signal operations on complex railway layouts; air traffic control at 

airports where high landing and take-off frequencies exist and certain 

aircraft must be given priority. 	another possible application is to 

the problem of constructing a timetable for a school or for a railway 

service. 	41. Rose (ref: 2 ) has nublishec. paper on this and t'z.e problen 

is also considered here in Section VIII. 

Most of tik. problems arising, in addition to containing constraints 

of a logical nature, involve variables which are continuous. 	Variables 

such as time, voltage, velocity and position can be quantized and 

expressed in binary form. 	In this way all constraints can be 

expressed in terms of logic. However, this is a very artificial way 

of dealing with a problem. %III the nuzlber_of prositienal variables (as 

the elementary propositions in a logical problem are called), brought 
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into the problem is usually great. 

The logic so far discussed is called two-valued since, in it, 

any proposition is either true or false, having a truth-value of 

unity or zero. 	B. Rosser (ref: 3 ) and a few others believe that 

two-valued logic may well be inadequate for dealing with many of the 

problems and situations occurring about us. 	In modern mathematics 

and physics situations repeatedly occur where an element of uncertainty 

exists and certain things cannot be thought of as being simply true 

or false. 	In the braadhof mathematics known as set theory the 

relationships are studied between sets of things having certain defined 

attributes in common, e.g. in making a statistical survey one might be 

interested in the set of people born in the British Isles between 1950 

and 1959 inclusive. A proper set is defined as a set which does not 
contain itself as a member. 	An example of an improper set is the set 

of all conceivable ideas. 	Since this is, itself, a conceivable idea, 

this set is a member of itself. 	Consider the set, U , of all proper 

sets. 	Now pose the question: Is U a proper set? 	If U is a 

proper set then, since U is the set of all proper sets, it contains 

itself. However, this implies that U is an improper set. 	If U 

is an improper set it contains itself as a member. 	Since all members 

of U are proper sets this means that U is a proper set. 

D.A. Bo6var (ref: 4 ) has shown that the use of a three-valued logic 
can clear up this ridiculous situation. 	Another suggestion for the 

adoption of a three-valued logic is put forward by H. Reichenbach in his 

book "Philosophic Foundations of Quantum Mechanics". He shows how 

certain anomalies existing in quantum mechanical theory may be suppressed 

by using a three-valued logic. 

Many people think that problems involving logical constraints as 

well as continuous variables might be formulated in terms of many-valued 

logics. 	Continuous variables could be quantized and a logic with a 

suitable number of values chosen. A many-valued system could be 
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interpreted by saying that the truth-value of a proposition indic tes 
the plausibility of the proposition, or the probability of the 
proposition being true. A. Rose (ref: 2) has attempted to formulate 

the problem of timetable construction and also a problem regarding the 

most economic use of machines in a production line in terms of many-

valued logics. 

A very large class of problems both in two-valued and many-valued 

logics can be expressed in the following form: 

Given a set of logical rules or constraints involving propositional 

variables and defined logical connectives, find all assignments of 

truth-values to the variables which satisfy the constraints. 

This thesis is concerned with the solution of this class of 

problem. 

One way of solving such problems is to construct the complete 

truth-table for the combined set of problem constraints. It has already 

been noted that the truth-table for a problem involving n two-valued 

variables has 2n rows. The corresponding number for a problem in 

nvalued logic is mn  . The truth-table could be constructed by hand 

for two-valued problems in up to about seven variables. Large problems would 

have truth-tables with at least 256 rows and the manual construction of 
these would be extremely laborious and the likelihood of making mistakes 

would be euite high. Since the rules for constructing truth-tables are 

of a very mechanical nature the whole process can be easily mechanized. 

Indeed, this has been done, and one mechanical machine and several 

electrically operated machines for automatically constructing the rows 

of truth-tables arc described in Section II. However, if an electronic 

computer were used to scan through the 250 assignments of truth-values 

to a 50 variable problem at a rate of 1,000,000 per second it would take 

about 30 years to complete the tasks Clearly then, however optimistic 

one may be regarding improvements in electronic techniques and consequent 

increases in computer operating speeds, the largest two-valued logical 

problems which can be tackled by these methods are not likely to involve 
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more than 50 propos itionalva riables. 

Should it prove desirable to formulate practical problems in terms 

of logic it is very likely that problems would be encountered involving 

considerably more than 50 variables. 	It would therefore be essential 

to find another way of solving these problems not necessitating the 

investigation of all possible assignments of truth-values to the 

propositional variables. 

All the machines so far proposed, with one exception, have 

operated on the principle of making an exhaustive scan of all possible 

assignments of truth-values and thereby working through the complete 

truth-table of a problem. 	Consequently, these machines are strictly 

limited in the number of variables that they can handle. Far too much 

equipment would be needed if a machine were to consider all assignments 

of truth-values of a problem simultaneously; for this reason all 

existing logical computers of any significance adopt a time-sequential 

scan of the truth-value assignments. 

The machine mentioned above as being an exception, which does not 

make an exhaustive scan of the truth-value assignments, was built by 

D.M. McCallum and J.B. Smith (refs: 5 and 6 ) in 1951. 	They call 

this machine a feedback logical computer. 	It makes a sequential scan 

of truth-value assignments in such a way that the truth-values of the 

propositional variables change in a semi-random manner according to a 

Markoff process. 	This is a non-deterministic machine, i.e. for a 

given problem and the machine being in: a given state, its next "move" 

is not uniquely determined. The =chinas:moves are determined partly 

by an element of chance. McCallum and Smith showed that this machine 

is particularly well suited to a certain class of problems for which 

it might find one or a few solutions very rapidly. On the other hand, 

some problems are ill-suited to solution by this machine, and for these 

problems the machine might take longer to find one solution than a 

machine making an exhaustive scan of truth-value assignments. The 
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great disadvantage of this machine is that, however long it has been 

left to work on a problem, it is impossible to determine whether all 

the solutions to the problem have bean found. 	In fact the machine 

might never find all the solutions to a problem. 	The operation of 

this machine is discussed in detail in Section II. 

A concept often useful when thinking about problems of this nature 
is that of a problem spate or phase space. The 2n  assignments of 

truth-values to the n variables in a problem in two-valued logic may 

be associated with the 2n  vertices of an n-dimensional hypercube. The 
problem space consists of 2n  discrete points and has n orthogonal 
dimensions. The solutions to a given problem constitute a subset of 

these points. Any solution procedure may be thought of as a search 

through the problem space for all those points representing assignments 

of truth-values satisfying all the logical constraints of a problem. 

If one point in the space represents a solution than some points in the 

space will be "near" to this solution point while others will be "remote". 

However, this is a space without a metric. 	Nevertheless, it is very 

tempting to ask "how far" any selected point is from a given solution 

point. 	Is it possible to define a measure function whose value at 	any 

point in the space vould convey this information? Altenatively, could 

a measure function be defined such that, after evaluating it at numerous 
points in one region of the space, a probability could be assessed of 
finding a solution point in this neighbourhood in the space? If such 

a possibility should exist, machines could be imagined which would grope 

their way through a problem space in an intelligent manner and "home" 

on points representing solutions. After much thought along these lines 

it was felt that it would not be possible to find a measure function of 

this kind for problems in two-valued logic because the only information 

known about any logical rule in a problem is that it is either satisfied 

or not satisfied. 	No intermediate state is possible and no information 

appears to be available to indicate whether successive guesses at a 
solution are getting "hotter" or "colder". However, many-valued logios 
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present a more promising picture. 	The truth-value of a logical rule 

can vary over a range of integral values and a sense of "direction" is 

introduced. 	Ideas on two possible measure functions were tested 

by programming the Ferranti Pegasus computer to solve problems in 

16-valued logic and to investigate the behavioUr of the proposed measure 

functions. The results appeared quite hopeful. 	Since this work was 

carried out J.D. Cowan has submitted a D.I.C. thesis (ref: 7 ) at 
Imperial College in which ho proves analytically that the kind of 

measure function discussed here may be defined for certain classes of 

many-valued logics but not for two-valued logic. 

Later, working on the idea of solving lo7ic-.1 rroblells in a rule-by-rule 

manner, a scanning technique was devised whereby all the solutions to a 

problem can be found without making an exhaustive scan of all possible 

truth-value assignments. 	A machine has been constructed that will 

solve problems involving up to 16 two-valued propositional variables and 

up to 100 logical connectives. 	The machine performs a systematic scan 

of the truth-value assignments by first scanning only those variables 

involved in constraint number one. 	(The constraints having been 

ordered in some way, for the time being, supposed arbitrary.) This 

continues until constraint 1 is satisfied. Next, all those variables 

are scanned which appear in constraint 2 and have not already been 

scanned. 	This continues until constraint 2 is satisfied. 	The machine 

then proceeds to scan those variables in constraint 3 that have not 

already been scanned. 	In this way the rules are satisfied one by one. 

If, at any stage, it proves to be impossible to satisfy a rule, then the 

machine returns to the previous rule and continues scanning its variables 

to find another satisfactory assignment of truth-values. 	In the case 

of the 16 variable problems put on the mfIchinc the number of trial 

steps required to find all the solutions has been reduced by a factor 

of the order of 100 in comparison with the 2
16  trial steps in an 

exhaustive scan. 	However, this factor of improvement varies from one 
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problem to another and it also varies for a given problem according to 

the order in which the logical constraints of the problem are put on to 

the machine. 	By putting a selection of problems on the machine and 

trying various orderings of the logical rules and variables ideas have 

been tested regarding the possibility of programming this machine so as 

to minimize the number of trial steps in the scan. 

One great advantage of this machine is that it reaches a stage 

where it is known that all the solutions to a problem have been found. 

As with the feedback computer described earlier, this machine is better 

suited to some problems than to others. However, in the worst possible 

case this machine will take no more trial steps to find all the solutions 

to a problem than a machine making an exhaustive scan of the truth-table. 

With a problem having no solutions a very good factor of improvement may 

still be obtained. 
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I. TWO-VALUED SYMBOLIC LOGIC 

I.1 Logical Connectives 

No attempt is made to present a rigorous, axiomatic treatment 

of symbolic logic. 	Rather, an intuitive approach is adopted and 

sufficient detail is included only to enable an understanding of the 

following chapters in this thesis. 

Elementary propositions are represented by capital letters A, B, 

C, etc. 

Al]- propositions are categorical 

Every proposition, elementary or 

associated with it. 	This truth-value 

and zero for a false proposition. 

Logical connectives are used for 

to form complex propositions. A list 

together with the signs used to denote  

and must be either true or false. 

complex, has a truth-value  

is unity for a true proposition 

combining elementary propositions 

of the more important connectives 

them appears in Figure I.1 . 

CONNECTIVE 

NOT. 
NEGATION. ) 

AND. 
CONJUNCTION. 

OR (INCLUSIVE). ) 
DISJUNCTION. 	) 
IF, 	THEN. ) 
IMPLICATION. 	) 

IDENTITY. 	) 
EQUIVALENCE. 	) 
IF, AND ONLY IF. ) 

NON-IDENTITY. 	) 
NON-EQUIVALENCE. ) 
OR ELSE 	) 
EXCLUSIVE OR. 	) 

WRITTEN 

NOT - 

A AND B. 

A OR B. 

IF A, THEN B. ) 
A IMPLIES B ) 

A IDENTICAL TO B. ) 
A EQUIVALENT TO B. 
A IF, AND ONLY IF, B. 

A NOT IDENTICAL TO B. 
A NOT EQUIVALENT TO B. 
A OR ELSE B. 

FIGURE 1.1 

SIGN(S) 

; 

A . B 

A v B 

A B 

A B 

A 4 B 

) 
) 
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The connectives listed in Figure I.1 are defined in truth-table 

form below. 

A B A.B A ‘/B 	IAMB A T.-. B A FB  

1 1 1' '1 1 1 0 

1 0 0 1 0 0 1 

0 1 0 1 1 0 1 

0 0 0 0 1 1 0 

A --A 

1 	0 
0 	1 

FIGURE I.2. 	 FIGURE I.3. 

These definitions are compatible with intuitive ideas and with 

the normal usage in conversation of the words AND, OR, etc.. However, 

some explanation is necessary regarding the definition of the 

IMPLICATION connective. 

Let A represent the proposition, "John takes arsenic". 

Let B represent the proposition, "John shall die". 

The proposition represented by A =DB is, "If John takes arsenic, then 

John shall die". The upper two rows of the truth-table for AFB are 

intuitively satisfactory, but what of the lower two rows? It must be 

noted that the proposition, "If John takes arsenic, then John shall die" 

says nothing of what shall happen to John if ho does not take arsenic. 

In this case John may not die. 	Yet it is quite conceivable that John 

may die due to some cause other than poisoning by arsenic. 	In other 

words, if the antecedent proposition of an IMPLICATION is false, then 

the consequent proposition may be either true or false without the 

IMPLICATION being violated. This fits in with the lower two rows in 

the truth-table for A DB . 

1.2. The Symbolic Expression of a Problem 

A problem was given in the Introduction of a manufacturer having 

to decide what items to produce in order to maximize his profit. The 
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four logical rules (or constraints) of this problem were listed on 
p. 111- • 	These rules are expressed symbolically as follows : 

1. (A.B) v C 
2. "-, (B.C) 
3. 1:1 7)13 

D v E 

The truth-table for rule 

(A 

1 

. 

is 	: 

B) v 
1 1 1 1 1 
1 1 1 1 0 

TRUTH-TABLE FOR RULE 1. 1 0 0 1 1 
1 0 0 0 0 FIGURE I•4. 
0 0 1 1 1 
0 0 1 0 0 
0 0 0 1 1 
0 0 0 0 0 

This table is constructed by first writing down the columns 
beneath the logical variables A, B and C . These give the eight 
assignments of truth-values. Next, the column for A.B is entered 
beneath the • sign. Finally, from the A.B column and the C 
column, the column is obtained giving the truth-value of the complete 
rule. 	This column is entered beneath the " \i" sign. 

The truth-table for any logical expression, however complex, can 
be constructed in this way. 	The truth-table for the four rules in the 
above mentioned problem appears in Figure 1.5. 	Five out of the 32 
assignments of truth-values to the logical variables satisfy all the 
four logical constraints, i.e. the problem has five solutions. The 
corresponding rows of the truth-table are marked "X" and the solutions 
are : 



X. 

X 

2L. 

A B C D E 	The manufacturer therefore has five 

1 .1 0 1 1 combinations of items from which to 

1 1 0 1 0 choose. 
1 1 0 0 1 
1 0 1 0 1 
0 0 1 0 1 

(A B) v  C 
• 

[B • 
_I • iD 

TD B 
II 

rD v E 

1 1 1 1 1 0 0 1 1 1 1 1 1 1 1 1 
1 1 1 1 1 0 0 1 1 1 1 1 1 1 1 0 
1 1 1 1 1 0 0 1 1 1 0 1 1 0 1 1 
1 1 1 1 1 0 0 1 1 1 0 1 1 0 0 0 
1 1 1 1 0 1 1 1 0 0 1 1 1 1 1 1 
1 1 1 1 0 1 1 1 0 0 1 1 1 1 1 0 
1 1 1 1 0 1 1 1 0 0 0 1 1 0 1 1 
1 1 1 1 0 0 1 1 0 0 0 1 1 0 0 0 
1 0 0 1 1 0 1 0 0 1 1 0 0 1 1 1 
1 0 0 1 1 0 1 0 0 1 1 0 0 1 1 0 
1 0 0 1 1 1 1 0 0 1 0 1 0 0 1 1 
1 0 0 1 1 0 1 0 0 1 0 1 0 0 0 0 
1 0 0 0 0 0 1 0 0 0 1 0 0 1 1 1 
1 0 0 0 0 0 1 0 0 0 1 0 0 1 1 0 
1 0 0 0 0 0 1 0 0 0 0 1 0 0 1 1 
1 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 
0 0 1 1 1 0 0 1 1 1 1 1 1 1 1 1 
0 0 1 1 1 0 0 1 1 1 1 1 1 1 1 0 
0 0 1 1 1 0 0 1 1 1 0 1 1 0 1 1 
0 0 1 1 1 0 0 1 1 1 0 1 1 0 0 0 
0 0 1 0 0 0 1 1 0 0 1 1 1 1 1 1 
0 0 1 0 0 0 1 1 0 0 1 1 1 1 1 0 
0 0 1 0 0 0 1 1 0 0 0 1 1 0 1 1 
0 0 1 0 0 0 1 1 0 0 0 1 1 0 0 0 
0 0 0 1 1 0 1 0 0 1 1 0 0 1 1 1 
0 0 0 1 1 0 1 0 0 1 1 0 0 1 1 0 
0 0 0 1 1 1 1 0 0 1 0 1 0 0 1 1 
0 0 0 1 1 0 1 0 0 1 0 1 0 0 0 0 
0 0 0 0 0 0 1 0 0 0 1 0 0 1 1 1 
0 0 0 0 0 0 1 0 0 0 1 0 0 1 1 0 
0 0 0 0 0 0 1 0 0 0 0 1 0 0 1 1 
0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 

TRUTH-TIIBLE FOR MANUF.tiCTURER PROBLEM 
it1GURE 1.5. 

1 
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I. I.) Tautologies 

A logical expression which has the final column of its truth-table 
consisting only of l's is said to be a logical truth or a tautology. 
A tautology does not convey any new information since it is true 
irrespective df the truth or falsity of its component propositions. An 
example of a tautology is : 

D B) -171 L(^-, 	A) 	y 

1 1 1 1 0 1 1 1 
1 0 0 1 0 1 0 0 
0 1 1 1 1 0 1 1 
0 1 0 1 1 0 1 0 

TRUTH-TABLE OF A TAUTOLOGY 
FIGURE 1.6 

The following tautologies are all important laws in symbolic logic; 

A 
ry (A.') 
Av 	A 

Law of identity 
Law of contradiction 
Law of excluded middle 

(1)  
(2)  
(3)  

- 	• 	A A Law of double negation (4)  
(A.B)  (B.A) 	) Associative laws (5)  

VB) (BvA) (6)  
A.(B•C) (A.B).0 Commutative laws (7)  

A \/(BVC) (AVB)\/C (B) 
A. (BVC) (A.B) v(A.c) Distributive laws (9)  

A V (B.C) VB).(A \/C) (10)  
(A.B) v 	B De Morgan's relations (11)  

vB) ^-1B (12)  
(A ---JB) B (13)  
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Bearing in mind the linguistic interpretation of symbolic logic 

these laws are self-evident. However, disregarding any interpretation, 

their validity can be checked within the system of logic by constructing 

their truth-tables and observing that they are all tautologies. 

Laws (1),(2) and (3) are what Boole called the three "Fundamental 

Laws of Thought". 

Do Morgan's relations are interesting, since, using them together 

with (4), it is found that AND is expressible in terms of NOT and OR 

while OR is expressible in terms of NOT and AND. 

i.e. 

	

A .13 	v 

	

A v B 	B) 

The truth-table for a logical function of n propositional 

variables has 2n  rows. Since the final column of the truth-table may 

have either unity or zero in each position there are 
2(2n) possible 

n 
truth-tables for n variables. 	This means that there are 2

(2) 
possible 

logical functions of n propositional variables. 	In the case of two 

variables there are 16 possible functions, of which only five were given 

on p.22 The truth-tables for all the 16 functions of two logical 

variables are given in Figure 1.7 . 	Some of the functions are trivial, 

A B 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 

1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 

1 0 1 1 1 1 0 0 0 0 1 1 1 1 0 0 0 0 

0 1 1 1 0 0 1 1 0 0 1 1 0 0 1 1 0 0 

0 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 

THE 16 FUNCTIONS OF TWO LoGac,a, VA RIABLES 

FIGURE 1.7 
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The tautologies listed on p.25 may be used to simplify logical 

expressions. 	To illustrate the method of doing this the manufacturer 

problem given earlier is solved by this method in appendix 1. The 

solution is achieved by continued application of various of the 

tautologies (1) to (13) . although this method of solution is not too 

difficult for this simple problem it is quite unsuitable for solving more 

complicated problems involving large numbers of variables. 
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II. 	SOME EXISTING LOGICAL MACHINES 

II.1 Jevonal Mechanical Machine 

In 1870 a paper by V.S. Jevons entitled "On the Mechanical 

Performance of Logical Inference" appeared in the Philosophical 

Transactions of the Royal Society (ref: 8 ). 	The paper described 

an ingenious mechanical machine constructed rather like a small piano. 

The machine could solve logical problems expressed in the form of an 

IDENTITY and involving not more than four propositional variables. 	On 

the face of the machino were 16 wooden slats each marked with a different 

assignment of truth and falsity of four logical propositions. 	.A large 

number of 	protruded from the back of the slats. The machine had 

a keyboard and when a key was depressed levers engaged with certain of 

the pins and caused certain slats to be moved so that their faces 

disappeared from view. The pins on the back of the slats were cleverly 

arranged so that all the slats marked with assignments for which a chosen 

proposition was true (or false if desired) were moved by depressing the 

appropriate key. 	The faces of all those slats then disappeared from view. 

Other keys corresponded to the logical connectives OR and IDENTITY. 

To solve a problem it was first necessary to express the problem in the 

required form of an IDENTITY with the right hand and left hand sides 

containing only the connectives iiND, OR and NOT. The corresponding 

keys were then pressed in the order in which the propositional variables 

and connectives occurred in the IDENTITY. 

This was probably th first machine capable of solving a problem 

faster than it could be solved manually. 	The machine constructed all 

the rows of the trnth-tabl, of any problem simultaneously. If machines 

were built on this principle to handle larger problems the amount of 

equipment required would be proportional to the number of rows in the 

truth-tables of the problems. 	Such machines can therefore only be 

built to solve simple problems involving few variables. 
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• 11.2 The Kalin-Burkhart Machine  

In 1947 T.4 . Kalin and W. Burkhart constructed the first electrically 
operated logical computer at Harvard University. This was a relay 

operated machine capable of solving problems involving up to twelve 

variables. The logical constraints were set up within the machine by 

setting the position of numerous rotary switches. When set into 

operation the machine scanned exhaustively through the assignments of 

truth-values of the variables at a rate of about two per second. 	The 

machine stopped at any assignment of truth-values satisfying all the 

logical constraints. By pressing a button the machine was set into 

operation again, continuing its scan until it found any other solutions. 

11.3 The McCallum-Smith Scanning Machine 

In 1950 D. M. McCallum and J.B. Smith constructed independently, a 

scanning machine at the Edinburgh laboratories of Ferranti Ltd.. 	This 

machine handled problems in up to seven logical variables. The logical 

constraints were set up by interconnecting logical connective boxes (relay 

operated), arranged on a plug board. This machine was constructed of 

relays and uniselectors and, like the Kalin-Burkhart machine, it made an 

exhaustive scan of the truth-value assignments to the variables. 	A 

description of this machine may be obtained from ref: 5. 

11.4 The McCallum-Smith Feedback Computer 

Realizing the limitations of a machine working on the exhaustive 

scan principle McCallum and Smith constructed what they called a feedback 

logical computer. This machine could find one solution extremely quickly 

for a certain class of problems. The feedback machine had a plugboard 

arrangement, similar to that of the exhaustive scan machine, on which 

connective boxes were connected in accordance with the logical constraints. 

Problems involving up to four propositional variables could be put on this 

machine. 	The truth status of each variable was represented by the state 
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of a bi-stable element to which feedback connections were taken from the 
output of all rules (connective boxes) containing that variable. 	This is 

illustrated in Figure II.1 in which the boxes containing the letters 

A, B, C and D represent the bi-stable elements whose output wires are 

held at a positive potential to indicate truth and at earth potential to 
indicate falsity. 

Bi-stable elements 

Connective 	 Feedback connections 
boxes 

CONNECTION OF THE FEEDBACK COMPUTER TO SOLVE 
A SIMPLE PROBLEM WITH THREE RULES 

FIGURE II.1. 

The output of a logical connective box is similarly held at a positive 

potential when the connective is satisfied and at earth potential other-
wise. 

The feedback machine performed a non-deterministic scan according 
to the following rules 

(i) If a constraint was satisfied by the existing assignment of 

truth-values signals were fed back to all the variables involved 

in it, 
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(ii) Any variable receiving signals on all its feedback connections 

was held in its existing state and was not allowed to change its 

state in the following transition (from the existing state of the 

machine to the next), 

(iii) All variables with at least one feedback connection without a 

signal were given equal probabilities of changing state in the next 

transition of the machine, and 

(iv) Only one variable was allowed to change state between the 

existing state of the machine and the next state of the machine, i.e. 

only single transitions were allowed. 

The only states in which the machine was stable under these 

conditions were those in which the assignment of truth-values corresponded 

to a solution. 	The non-deterministic scan of this machine corresponded 

to a discrete Markoff process which is a form of stochastic process. When 

the machine was set into operating starting with an arbitrary assignment 

of truth-values it tended to find a solution differing only little from 

this (if such a solution existed). 	However, in the process of finding 

the solution the machine often considered some assignments of truth-values 

several times. 	In terms of the problem space concept this means that, 

while searching in the problem space for a solution, the machine tried some 

points on several occasions. 	In their paper describing the feedback 

machine (ref: 6 ) McCallum and Smith suggest that, in order to find as 
many solutions to a problem as possible, the machine be allowed to make a 

series of searches in the problem space from a set of "uniformly spaced" 

starting points. 	The serious disadvantage of this machine is that, even 

after allowing the machine to make many searches, it is impossible to tell 

whether many solutions remain to be found. 	If the machine were given 

a problem having no solutions and were allowed to search the problem space 

for a long time it would be impossible to decide whether the problem had 

no solutions or whether it had, but the machine had not yet found any. 
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Consider the following three constraints : 

1. ( v B) = C 	A.F 
2. (A 	C.F) v E 
3. (D w E) 	G 

Constraints 1 and 2 have three variables in common. 	These constraints 

are said to overlap. 	Constraints having a high proportion of their 

variables in common are said to have a high degree of overlap. 	Thus, 

constraints 1 and 2 have a high degree of overlap while constraints 2 are. 
3 have a low degree of overlap. 	Constraints 1 and 3 do not overlap at 

all. 	Constraints not overlapping are independent. 

McCallum and Smith found that the feedback logical computer was very 

advantageous in comparison with an exhaustive scan machine only for the 

class of problensin which the logical constraints had a low degree of over- 

lap and in which each constraint did not involve many variables. 	The 

reason for this is easily seen. 	Suppose that, in the course of its 

search, the machine has arrived at a state where it is necessary to change 

the state of only one logical variable to reach a solution, i.e. the 

machine is one single transition away from a solution. 	The one variable 

requiring to be changed might be involved in, say, one or two unsatisfied 

logical constraints together with numerous other logical variables. 	All 

these variables are then given c7ual probbilities of chn.rirrim state in no 

next transition. 	The machine might therefore have a higher probability 

of moving further away from the solution than moving towards it. 

McCallum and Smith suggested that this weakness in the machine's 

strategy might be overcome by altering the operating principles so that 

the transition probabilities assigned to the logical variables for a given 

state of the machine are weighted in proportion to the numbers of unsatis-

fied constraints that the respective variables are involved in. 
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11.5 A Feedback Computer with Weighted Transition 

Probabilities  

In a sense this is out of place in a Section headed, "Some 

Existing Logical Machines" since no machine has been built to work 

according to the ideas discussed here. 

The first part of the work carried out here, and forming the subject 

of this thesis, consisted in investigating the idea of McCallum and Smith 

of having a feedback computer with weighted transition probabilities. An 

arbitrary problem with five propositional variables was considered and an 

assignment of truth-values was chosen randomly as a starting point. 	These 

truth-values were substituted in the logical constraints to find which of 

these were satisfied and which were broken. 	Each variable was then 

assigned a probability proportional to the number of broken constraints in 

which it appeared. The periphery of a roulette wheel was subdivided 

to give the resulting set of probabilities and the wheel was spun. When 

the wheel had stopped its position indicated the logical variable whose 

state was to be changed in the next transition. 	The state of the 

nominated variable was changed, the new assignment of truth-values was 

substituted in the logical constraints and the next set of transition 

probabilities was obtained. 	This was repeated until a solution to the 

problem was found. 	This procedure was repeated from many arbitrarily 

chosen starting points and the average number of transitions required to 

reach a solution was calculated. 	The experiment was then performed using 

other problems. 

Using the same problems the experiments were repeated using equal 

transition probabilities instead of weighted probabilities. The average 

numbers of transitions required in this casowcre compared with figures 

obtained using weighted probabilities. 	In some cases the weighted 

probabilities were found to give an advantage but for other problems the 

average number of transitions required to reach a solution was greater 

than that when using equi-probable transitions. 
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It was soon realized that weighting the probabilities in this way 

could not be expected to have the desired effect because very often the 

logical expression of a problem contains redundant information. 	Suppose 

that a given problem has a set, S , of solutions. 	Suppose that the set, 

S , is a subset of the set, 5' , of solutions to another logical con- 

straint, C . 	If the constraint, C , were taken as an additional rule to 

the given problem it would be completely redundant. The problem with the 

additional constraint, C , would have the same set, S , of solutions as 

the given problem. 

If a problem containing a redundant rule were solved by the 

weighted transition probability technique completely different weighting 

of probabilities would result if the redundant rule were removed from the 

problem. Yet the problem would be essentially unaltered. 	For this 

reason the proposed method of weighting the transition probabilities was a 

poor one. 

Some time was spent trying to think of some measure function (say, 

for example, the number of satisfied rules), that could be used with a 

machine making a search through a problem space to convey information to 

the machine regarding the "distance" of the point in the space being 

considered by the machine from a solution. No measure function of this 

kind could be found and it was felt very strongly, though not proved, that 

no such measure function was possible for problems formulated in terms of 

two-valued logic. 
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III. SOME IDEAS ON SOLVING PROBLEMS IN MANY-VALUED LOGIC 

111.1 Generalization from Two-Valued to Many Valued 
Logic. 

In Section I two-valued logic was introduced by defining, by 

means of truth-tables, a number of logical connectives which could 

be used for combining elementary propositions to obtain complex 

propositions. 	The truth-value of a proposition was defined to be 

unity if the proposition were true and zero if it were false. 

This may be quite easily extended to define an m-valued logic 

in which the truth-values attached to propositions ay have any integral 

value in the range 0 to nr1 . 	An nor-valued logical connective 

relating two variables can then be defined in the form of an m x m 

matrix. 	The truth-value of one of the operand variables determines 

the relevant column of the matrix while the truth-value of the other 

operand variable determines the relevant row. 	The entry common to 

the relevant row and column gives the resultant truth-value of the 

complex proposition consisting of the two elementary propositions 

joined by the connective defined by the matrix. 

Whereas, in two-valued logic, there are 16 possible logical  

functions of two variables, in an nar-valued system there are m( 	; 

each of the m
2 

entries in the defining matrix having any value in 

the range 0 to m-1. 	There are, therefore, a vast number of 

connectives in many-valued logic of which relatively few are used or 

have any useful interpretation. An interesting paper on this subject 

was published by B. Rosser in the "American Journal of Physics", 

(ref: 3). 

Various interpretations for many-valued logics have been proposed 

involving probability and plausibility. 	For example, in a four-valued 

system, the truth-values 0, 1, 2 and 3 might represent fa pity. 
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improbability, probability and truth respectively. 

In a system of m-valued logic a value, S 	is chosen such that 

0 < S 	m 	Truth-values 0 to S-1 are said to be undesignated 

while the truth-values S to m are said to be designated. A 

many-valued proposition is then assertable if its truth-value is 

designated under all possible assignments of truth-values to the 

elementary propositions involved in it. This is equivalent to the 

definition of a tautology in two-valued logic. 

111.2 The Connectives of Post, Lukasiewicz and Tarski 

The systems proposed by E.L. Post, J. Lukasiewicz and A. Tarski 

all have the same AND and OR connectives. 	The truth-tables for these 

are shown in Figure 111.1 

a four-valued system. 

. For economy of space they are shown for 

At1B 3 2 1 0 B A B 3 2 1 0 B 

3 3 2 1 0 3 3 3 3 3 
2 2 2 1 0 2 3 2 2 2 

1 1 1 1 0 1 3 2 1 1 
0 0 0 0 0 0 3 2 1 0 
A 1. 

AND 

	

	
OR 

POST CONNECTIVES 

FIGURE 111.1. 

If a and b are the truth-values of propositional variables 

A and B then the truth-value of At1B is defined as MIN.(a,b) , 

while the truth-value of AuB is defined as MAX.(a,b). 

When a many-valued connective is sought that is equivalent to the 

NOT of two-valued logic it is found that no single many-valued connective 
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will suffice. 	Several many-valued connectives are used for this 

purpose, each doing part of the work done by NOT in two-valued logic. 

The connectives used by Post, Lukasiewicz and Taraki in this connection 

appear in Figure 111.2 (for four-valued logic). 

1 
A 	—A Al A" A"' e J

o
(A) J

1
(A) J2(A) 

J
3
(A) 

3 	11 	0 

2 	1 

1h 	2 
V 	3 0 	u  
II 

2 

1 

0 

3 

1 

0 

3 

2 

0 

3 

2 

1 

3 

2 

1 

0 

0 

0 

0 

3 

0 

0 

3 

0 

0 

3 

0 

0 

3 

0 

0 

0 

FIGURE 111.2. 

The first of these connectives is called NEGATION. The 

NEGATION of A is denoted by--A . 	If "a" is the truth-value of A, 

then in an m-valued system, the truth-value of--A is m-l-a (m=4 for 

Fig. 111.2). 	This connective plays the role played by NCT in two-

valued logic in such principles as: 

A.B 

	

	^-113) 

=a A 

A 	B Z. (^-3"-,A). 

In two-valued logic a double negative yields a positive. 	In Post's 

systorl use is Endo of an equivalent connective in mrvalued logic such 

that, when applied to a proposition m times in succession, the truth-

value of the proposition remains unchanged. Post calls this connective 

CYCLIC NEGATION since it "cycles" the values in the truth-table, as seen 

in Figure 111.2 . 	The result of operating on A with the CYCLIC 

NEGATION connective is denoted by A' and the result of repeating the 

operation is denoted by A" . 	It is seen that m successive applications 

(four in the case of Figure 111.2) of this connective leave the truth-

value of a proposition unchanged. 
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There is yet another role played by NCT in two-valued logic and 

that is, NOT-A is assertable when, and only when, A takes the status 

"false" . 	In order to have many-valued connectives that will play this 

role the following J-FUNCTIONS are introduced: 

JrcL-1(A),having truth-value m when, and only when, A has truth-

value m-1. 

Jim-2(A), having truth-value m when, and only when, A has truth-

value m-2 . 

J() (A), having truth-value m when, and only when, A has truth-

value zero. 

The truth-tables for J0(A),  J1(A)
, 
J
2
(A) and J

3
(A) for four-

valued logic are given in Figure 111.2 . 

J
o
(A)t../ J

1
(A)UJ

2
(A)uJ

3(A) has the truth-value 3 for all truth- 
values of A 	This is a generalization of the two-valued principle, 

A)/ A. 

111.3 The Connectives of Lewis. 

The system proposed by C.I. Lewis uses the same NEGATION (—) 
as defined in Figure 111.2. However, the AND and OR connectives used 

by Lewis are different and these appear in Figure 111.3 . 	For reasons 

similar to those given above, Lewis also introduces a set of J-FUNCTIONS 
which, for four-valued logic, also appear in Figure 111.3 . 
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A n B 3 2 1 0 B AUB 3 2 1 0 B 

3 3 2 i 0 3 3 3 3 3 

2 2 2 0 0 7  2 3 2 

1 1 0 1 0 1 3 3 1 1 

0 0 0 0 0 0 3 2 1 0 
li 

AND OR 

  

A J7(A) 
r, 

J2(A) J (A) Jo(A) 

3 i 3 0 0 0 

2 0 2 1 	° 0 

1  0 1 2 0 

0  0 0 0 3 

J-FUNCTIONS  

LEWIS CONNECTIVES 

FIGURE 111.3. 

111.4 Expression of Problems in Terms of Many-Valued Logic. 

In 1955 the following railway timetable problem appeareLin 

issue of the Manchester Guardian: 

The down line from Denver to Milwaukee West is shown (Fig. 111.4) 

accompanied by the timetable for the afternoon. The names which are 

underlined are names of stations, at which passenger trains stop, while 

the remainder are names of signal boxes.. All times shown are departure 

times except those at Milwaukee West which are times of arrival. 

Three extra trains must be fitted into the timetable: 

(1) A fast passenger train leaving Denver at 3.55, travelling at 

60 m.p.h. over the 112 miles to Milwaukee West. 
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(2) A stopping train, stopping at each station for one minute. 

This must leave Denver ten minutes after the express and must never 

exceed 40 m.p.h.. 

(3) A goods train, leaving Denver at 3.30, which must not exceed a 

speed of 18 m.p.h.. 

The express train must not be interfered with and the stopping train 

has priority over the goods train. 	However, the goods train must get to 

Milwaukee West as early as possible. 	To facilitate working of the line 

there are three loop lines on to which a slow train may be diverted to let 
a faster train pass. 	The goods train should be allowed two minutes for 

starting and for stopping and allowance should also be made for goods trains 

being as much as two minutes off time at any point. 

Trains 

Distanee 
in -k.-mile 

units 
Place 

1 2 3 
m 
4 5 

GGGGP 
, ems . - -- 

0 DENVER 3.13 3.28 4.06 4.19 

4 ALBANY 

7 CHARLESTON 3.28 4.27 

9 SEATTLE 

13 MONTPELIER 4.28 

15 MONTR.S1DINGS 3.41 

19 LITTLE ROCK 

22 TALLAHASSEE 3.36 3.42 4.1+2. 4.33 
26 CLEVELAND A 

33 DETROIT 

37 OKLAHOMA CITY 

41 NEW ORLEANS 4.41 
45 MILWAUKEE 

46 MILWAUKEE WEST 4.01 4.46 

G - GOODS; P - PASSENGER. 

FIGURE 111.4. 

DENVR 

ALBANY 

CHARLESTON 

SEATTLE 

149INTELIER 
MONTR.SIDINGS 

LITTLE ROCK 

TALLAHASSEE 

CLEVELAND 

DETROIT 
OFIAHOMA CITY 

NEW ORLEANS 

MILWAUKEE 

MILWAUKEE WEST 
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The following ideas on stating this problem in terms of 

many-valued logic are based on ideas expressed by h. Rose in a letter 

to Professor A. Porter. 

Since the time in this problem ranges from 3.13 p.m. to 4.46 p.m., 

i.e. a range of 93 minutes, the problem can be expressed in terms of 
a 94-valued logic. 	Truth-values 0, 1, 2, ---93 correspond to times 
3.13, 3.14, 3.15, --- 4.46 respectively. 

If x, y are the truth-values of the many-valued propositions 

X, Y, then the following connectives are defined: 

(i) X()Y , having truth-value MIN.(x0Y) 

This is Post's AND connective. 

(ii) X*Y , having truth-value MIN.(93, x + y) 

(iii) X--Y , having truth-value )
93 when xy 
0 when x;fry . 

() 
(iv) , having truth-value 93 

when x = 93, 
when x 93. 

This connective could be expressed in terms of Post connectives 

as 	J
93
(X) . 

The truth-value 93 will be the only designated one in this 
system. 

The information given in the problem is now translated into 

logical formulae. 	The express train fits into the timetable without 

any trouble. 

Let the trains be numbered from 1 to 5 in the given order and let 
the express train be train 6, the stopping train be train 7 and the 
goods train be train 8 . 	Let the stations and signal boxes be numbered 

from 1 to 14 in the given order. Let the time at which train i leaves 

station j be represented by the truth-value of a proposition 

T. .(i=1,---,6; i=1,---$14), and let the time at which train 7 leaves 
1,0 
station j be represented by the truth-value of a proposition 

P.(j.1,---)14). 	The values of T. . are all known, e.g., train 2 
0 	 1,3 
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leaves signal box 3 at 3.28 p.m., which, in truth-value notation, is 154 
Hence, T2,3 has truth-value 15 . 

Let the truth-value of proposition Xi(i=1,---,,13), be the time 

taken by train 7 to get from station i to station i+1 . 	Proposition' 

P
1)'

P
14 may then be expressed as follows: 

P1  52 

P2 52  * Xi. 
P3 	52 * x1 * X2 
Pi+ 	52 * X

1 
* X

2 
-3K- X3 

53 * X * X2  * X3  * X4.  (allowing lm. stop.) 
P6 7  53 * Xl  * X2  * X3  X* X5  

55 * Xi* 	*Xi3 

Since train 7 must not exceed 14.0 m.p.h., minimum values may be 
calculated for X1 	13 . 

Expressions must now be constructed which will ensure that over- 

taking shall occur only where a loop line is available. Consider the 

expression 

	

	This is true (has truth-value 93) when 
1,0 

train i leaves station j before train 7 . 	Similarly, the 

proposition (Pj+1 -4-Ti  +1)  is true when train 7 leaves station j+1 ,j 
before train i 	If both these expressions are true, then train 7 
overtakes train i between stations j and j+1 . This is only 

permitted for j=2,6,9 	By examining the timetable given it is 

evident that the only trains that might be overtaken by train 7 are 
trains 4 and 5 • Hence, the expressions required to ensure that trains 
do not have to overtake at the wrong places are: 

1/J 	J 	j+1 	i,j+1 

.)() (T, . 
J 1,J 14.,j+1 j 

(1) 

i= 4)5 ; 
j= 1,3,4,5: 	(2) 
7,8,10,11,12,13) 



In these expressions the -1 connective acts as a NOT, since 

- IX has truth-value zero when X has truth-value 93 . 

Additional expressions are required to allow for the fact that 

goods trains are liable to be as much as two minutes off time at any 

point. Assignments of truth-values to the propositions P1,---, Pl  

must then
13 

 be found which satisfy all the constraint expressions and for 

which :E: X
i 

is as small as possible consistent with the minimum 

values 1=1  previously calculated for X1„---,X13  . 

The whole procedure is then repeated to fit train 8 into the 

timetable. 

This does not appear to be a practicable way of solving a problem 

of this nature since it is not an easy matter to find an assignment of 

truth-val
13
ues to 1, 

	
14 which satisfy all the constraints and for 

which 	Xi  is minimized. However, this does indicate one way in 

which i=1 problems involving relationships between continuous variable:. 

and also logical constraints can be expressed in terms of many-valued 

logical propositions. 

In a paper published in the "Proceedings of the Cambridge 

Philosophical Society", Rose (ref: 2 .) shows how the problem of 

constructing an academic timetable can be expressed in terms of many- 

valued logic. 	In this formulation the many-valued logical variable 

represents the proposition, "class i is taken by lecturer j P Xilj,k  

and class i has been taken previously by lecturer j during k-1 

periods in the week". 	If class i is taken by lecturer j for the k 

time during the period numbered p , then the truth-value of the 

propositionXi,ilk  is taken to be p . 

111.5 Reduction of Many-Valued Logic to Two-Valued Logic 

Let F(A,B,---,E) be a logical function of the propositional 

variables A,B,---,P in an m-valued system of logic. 	Consider the 

case where m is an integral power of two, 

i.e. 	m = 2
N 	 (1) 
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Let the truth-values of the propositions A l  B, 	be 

represented by apb) 	p respectively)  where these may have integral 

values in the range 0 to m-1 	Let f(a)b)----)p) be the truth-

value function giving the truth-value of F(A,B)----,P) for any given 

assignment of values a,b)----)p p 

e.g. if F(A0B) ; A r1 B 

then, 	f ( a ,b) = :MIN.( a ,b). 

Now, let "a" (0<a<m-1). be expressed as a binary number in the 

form 

a = al+ a2. 2 + 83.22 4. 	
 
+ a .2N-1  

N 
i.e. 	a = 	.2i-1 
	

(2) 
i=1 

The truth-value, a, may therefore be represented by the ordered 

set of binary digits <aN 	 a2  a1  , 
>the binary number formed by 

this ordered set giving the truth-value of the many-valued proposition 

A . 	Similarly, b,----,p , the truth-values of B)----,P may be 

represented by the ordered sets of binary digits <bN----b2bi> ) 	 

<PN----P2P1> respectively. 

The truth-value of F(A,B:----,P) may also be represented by an 

ordered set of binary digits 01(---f2f1> so that 

f = 	f..2i-1  (3) 

i=i 

It is then possible to express the fi(i = 1,2,----,N) in the form 

fi  = 

	

	/1211,P2,---,PN) 	(4) 

-- Letthea
1
.)b.)--w

i 
 and f. 1(i= 1)2)---)N) , be thought of as 

being the truth-values (0,1) of two-valued propositions Ai)Bi,---)Pi 



and Fi(i :1,2,---,N), respectively. The m-valued system of logic 

may now be replaced by two-valued logic by expressing all the many-

valued truth-value variables in binary form and operating upon the binary 

truth-value variables with two-valued logical functions. 

This is demonstrated by expressing some of the four-valued 

connectives given in Section3III.2 and 111.3 in terms of two-valued 

connectives. Consider first the four-valued NEGATION connective (-) 

defined by the truth-table in Figure 1V42 (p. 36). This is redrawn 

below with the four-valued proposition A replaced by two-valued 

propositions Al  and A2 	The four-valued connective F(A) is 

replaced by two two-valued logical functions F1  and F2  

A 	F(A) 
A2  Al F2  Fl  

0 0 

0 1 

1 0 

1 1 

F
1 

A ) 

F 	A2  F2  
--ti 

(5) (5) 

FIGURE 111.5 

In Figure b1..5 the binary digits under A2  and Al  form the 

binary expression of the truth-value of A while the binary digits 

under F2 and 71  form the binary expression of the truth-value of F(A). - 

The AND connective of Post is defined in Figure III.1 (p. 35) 
and the AND connective used by Lewis is defined in Figure 111.3 (p. 38). 
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These are given below in binary form. 

F F 
2 1 

11 10 01 00 B
2
B
1 

F
2
F
1 

11 10 01 00 B
2
B
1 

1 1 

1 0 

0 1 

o o 
A
2Al 

11 	10 	Cl 	00 

10 	10 	01 	00 

01 	01 	01 	00 

00 	00 	00 	00 

1 1 
1 o 
0 1 

0 0 

A
2
A
l 

11 	10 	01 	00 

10 	10 	00 	00 

01 	00 	01 	00 

00 	00 	00 	00 

F(A,B)T-EA()B . 	F(A,B)EEACIB . 

POST AND CONNECTIVE 	 LEWIS AND CONNECTIVE 

FIGURE 111.6 

The pairs of digits forming the entries of these matrices are thc, 

truth-values of two-valued propositions F2, Fi  . 	These propositions nr- 

expressed below in terms of the two valued propositions A2,A1,B2,B1 

and two-valued logical connectives. 

The expressions for the Post AND connective are: 

F A .B 2=-  2 2 

The expressions for the Lewis AND connective are: 

F13FA1.B1 

F2
--.FEA

2
.B
2 

The Lewis AND connective is therefore obtained simply by operating 

upon the first digits of the binary representation of the four-valued 

truth-values with the two-valued AND connective and operating upon the 

second digits of the binary representatibu of the four-valued truth-

values in the same way. 

(6)  

(7)  



Any logical functions in any system of many-valued logic 

can be expressed in terms of two-valued propositions and connectives 

in this way. 

111.6 Problem Spaces and Measure Functions  

Before considering what type of problem space might be applicable 

to problems in many-valued logic it is worth examining more closely 

the structure of the hypercubic spaces already discussed in connection 

with two-valued logic. Figure 111.7 illustrates how two n-dimensional 

spaces are combined to form a space of n+l dimensions. 	Two points 

are connected to form a line. 	Corresponding points of two lines 

are connected to form a square. 	Corresponding points of two squares 

are connected to form a cube. 	Similarly, corresponding points of 

two n-dimensional hypercubes are connected to form a hypercube of 

n+l dimensions. 

These spaces have been used as models when thinking about 

methods of solving problems in two-valued logic. 	If a logical 

computer for solving two-valued problems is restricted to making 

single transitions in which the truth-value of only one logical 

variable is changed, then the edges of the hypercube represent all the 

transitions that it is possible for the machine to make. 	Still 

restricting attention to problems in two-valued logic, suppose that 

a given problem has only one solution and that the hypercube problem 

space is orientated so as to bring the point corresponding to the 

solution to the top of the hypercube. 	From Figure 111.7 it is seen 

that the mini,lum number of single transitions required to get from 

any point in an n-dimensional space to the solution (at the upper- 

most point) lies in the range 0 to n . 	Further, it is seen that, 

when drawing a two-dimensional representation of the space, the points 

may be arranged to occupy n+l levels with all the points at any 

level being the same minimum number of transitions away from the 
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n. 
AN 0+0-DIMENSIONAL SPACE. 13 OBTAINED BY TOINING 
ALL CORRESPONDING POINTS OF TWO Pi-DIMENSIONAL 
SPACES. 

LEVEL I. 	- 
I 

LEVEL 0.- -- 	- 

LEVEL 2.-- ---------- 

2 LEVEL I. --- - - - - - 

LEVEL 0.- - 	 

LEVEL 3.- - -- - - - 

LEVEL a:- 
3 

LEVEL I.- - 

LEVEL O.- - - - - - -- - 

LEVEL 4. 	- 

LEVEL 3 01114411;1,444  

4 LEVEL 27 411146444110' 

'NN44141410 44 lb'  4 LEVEL I.-  - - - - !AkiN  Al 

LEVEL 0. 	- - - - 

FIGURE M.7. 



solution, e.g., at least n transitions are required from level 0, 

at least n-1 transitions are required from level 1, and so on. 

As mentioned in the Introduction, it would be extremely useful 

if a measure function could be found which could be evaluated at 

points in the problem space through which a computer was searching 

and which would convey information to the computer regarding the 

likelihood of finding a solution in the neighbourhood in the space 

in which the computer was searching. 	Information might also be 

conveyed to the computer as to the best "direction" in which to 

continue the search for a solution. What properties should such a 

measure function possess? 

When the problem space for a two-valued problem with a single 

solution is orientated to bring the solution to the upper-most 

point, all the points at any level in the space are equi-distant from 

the solution in the sense that they are symmetrically placed relative 

to the solution and are all the same minimum number of single trans- 

itions away from the solution. 	In addition, a given point in the 

space is nearer to the solution than any point at a lower level in 

the space. 	An ideal measure function would therefore have the 

following two properties, the solution being at the upper-most point 

in the problem space: 

(i) the measure function has the same value at all points 

at a given level in the space, 	and 

(ii) the value of the measure function at any given level in 

the space is higher than the value of the function at any 

lower level, i.e., the measure function has a minimum 

value at the lowest point in the problem space and a 

maximum value at the highest point (the solution point). 

There is one obvious function possessing these properties. 

This function is obtained by collating (or comparing) the assignment 

of truth-values to the variables at a given point in the space with 



4.9 

the assignment of truth-values constituting the solution to the 

problem and counting the number of places in which they agree. 

Example: suppose that it is required that this function be 

evaluated at a point in the problem space at which the assignment 

of truth-values to the variables, say, A,B,C,D, is 1011 while the 

solution to the problem is the assignment 1100. 	The collation of 

these two assignments of truth-values will be a four digit number 

containing unity in all positions in which the two assignments have 

the same value and zero in all positions in which the two assignments 

differ in value. 	The collation of the assignments 1011 and 1100 is 

therefore 1000. 	The value of the function at the given point is 

given by the number of ones in this collation and is therefore unity. 

This measure function will have the value zero at the lowest 

point in the space and the value n , for an n variable problem, at 

the soltion point, at the top of the space. 	This function also 

satisfies the requirement of having the same value at all points at 

any given level in the problem space. 	However, since the evaluation 

of this function requires a prior knowledge of the solution being 

sought it is of no practical use. 

So far only problems having a single solution have been 

considered. 	In general, a problem will have a whole set of solutions. 

The hypercube problem spade can be orientated to bring only one 

solution to the upper-most point and the level of any given point in 

the space will depend upon which of the solutions has been brought 

to the top. 	How then, can a measure function be found? It might 

be possible to find some measure function that would have a high 

value at points in the space inclose proximity to a solution and a 

low value at points in the space remote from solutions. 

It appears unlikely that any ideas will result from a study of 

the properties of problem spaces. 	It would be more useful if 

another space could be found that would be a homomorphism of the 

problem space such that all the solutions to a problem are mapped on 
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to a single point. 	One could then speak of the distance of a point 

in this new space from the solution point even though the problem 

considered may have numerous solutions. 	Such a space does exist. 

It is the truth-value space in which each different truth-value in 

the system of logic in question is represented by a unique point. 

The truth-value of a problem corresponding to any given assignment of 

truth-values to the logical variables can be found by substituting the 

assignment of truth-values in the logical constraints constituting the 

problem. The truth-value of a problem can be found in this way at 

all points in the problem space. 	All the points in the problem space 

can then be mapped on to the points in the truth-value space. 

In the case of two-valued logic the result is rather disappointing 

since the truth-value space consists merely of two points corresponding 

to the truth-value unityand zero. 

1 
0 

0 
TRUTH-VALUE SPACE 

FOR 2-VALUED LOGIC. 

FIGURE III.8 

All the solutions to a problem are mapped on to the upper point 

in this truth-value space while all the non-solutions are mapped on 

to the lower point. 	There is no sense of "distance" in this space; 

a given point in the space either is the solution point or is not. 

lidiever, consider now what kind of structu-,:c migh% be suitable 

as a problem space for a system of many-vluecl_ logic. 

One possible space for n variable probluJs in n-valued logic 

would be that obtained by introducing metric and dividing the 
edges of an n-dimensional hypercubc into L.11 ecjual parts. Each 
cdgc would then contain m equally spaced points corresponding to 

the n truth-values of one of the logical variables. The hypercube 
has then been divided into (m l)sub-hypercubes. 21 problem space of this 
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type for problems in four-valued logic and three variables appears in 
N Figure 111.9. 	This space consists of (4-1)3  subcubes and contains 

43 points representing all possible assignments of the truth-values 

0,1,2,3 to the three variables. 	The truth-value assignments are 

indicated for a few of the points in the diagram. As with problem 

spaces for two-valued logic, it has been possible to draw this space 

with all the points arranged in levels such that all the points at any 

level are equi-distant from the upper-most point in terms of the 

minimum number of single transitions required to reach the upper-most 

point. 	A single transition in this space is one in which the truth-

value of only one logical variable is changed and in which the truth-

value of this variable changes by unity. 

Again a homomorphic space is required in which all the solutions 

to any problem are mapped on to a single point. 	The truth-value space 

is the only obvious space possessing this property and, in this case, 

it consists in a simple ordering of the truth-values (Figure III.10). 

As this space contains m points (for m-valued logic) it is 

meaningful to talk of the "distance" of any point from the upper-most 

point on to which all the solutions are mapped. 	The truth-value itself 

provides a perfect measure in this space, having a maximum value at the 

solution point and decreasing in value at points further away from the 

solution point 

0 m-1 

m-2 
TRUTH-VALUE SPACE 

FOR M-VALUED LOGIC. 
2 

1 	 FIGURE III.10 

0 

Now, suppose that a logical machine is searching for solutions 

to a many-valued logical problem and that the machiae's transition from 

any existing state to the next state is constrained to incur a change 
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in the truth-value of only one variable, by unity. The machine will 

then be searching through a space having a structure similar to that 

in Figure 111.9. 	The machine considers a succession of truth-value 

assignments to the logical variables occurring in the problem and tests 

them to see whether they are solutions. 	This can be represented by 

imagining a "marker point" moving about in the problem space in 

correspondence with the machine's transitions. 	A given point in the 

problem space corresponds to a particular assignment of truth-values 

which, when substituted in the logical rules of the problem,yields a 

resultant truth-value for the whole problem. 	This resultant truth-

value is represented by a point in the truth-value space (Figure III.10). 

This is the way in which points in the problem space are mapped on to 

those in the truth-value space. 

As the marker point in the problem space moves about in accordance 

with the machine's moves a corresponding marker point can now be imagined 

moving about in the truth-value space. 	The position of this marker 

point in the truth-value space will b: given by a mapping of the position 

of the marker point in the problem space. 

Now, if the problem space is orientated so as to bring one solution 

to the problem to the upper-most point, and if the successive transitions 

of the machine are such that the marker point in the problem space moves 

steadily in an upward direction towards the solution point, will the 

marker point in the truth-value space also move steadily upward towards 

the solution point? 	If this is the case, then the truth-value of the 

problem will be an effective measure function. 	This depends on whether 

the many-valued logical connectives used in expressing the problem are 

order preserving functions in the truth-value space. 

In Section 111.5 it was shown that any problem in an m-valued 

logic can be reduced to an equivalent problem in two-valued logic. 

If the m-valued problem involves n variables it will reduce to a 

two-valued problem involving n.N variables, where N is the least 

integer such that 2n  y m . 	If m=2n  there is a one to one correspondence 

between the 2n.N assignments of truth-values to the two-valued variables 
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and the m
n 

assignments of truth-values to the m.-valued variables. 

If m is not an integral power of two, then some of the assignments 

of truth-values to the two-valued variables are redundant and are not 

used. 

To avoid unnecessary obsurity consider only logics where the 

value, m , is an integral power of two. 	Everything that follows 

applies equally well to logics of any value, however. 

Another possible problem space for a many-valued problem is the 

hypercube space for the equivalent two-valued problem. 	The three-

dimensional space with a metric in Figure 111.9 was for a three-variable 

proble4; in four-valued logic, 	The equivalent problem in two-valued 

logic requires six variables (two to represent each four-valued variable). 

An alternative problem space for this problem is the six-dimensional 

hypercube shown in Figure III.11. 	This problem space is only applicable 

when the problem is represented within the logical computer in terms of 

the equivalent two-valued problem and the computer is restricted to 

making single transitions in which only one of the two-valued variables 

changes state. 

The truth-value space for the problem in four-valued logic is 

shown in Figure 111.12 in which the truth-values are Rartially ordered. 

11 

10 01 

00 

TRUTH-VALUE SPACE 
FOR 4-VALUED LOGIC. 

FIGURE 111.12. 

If th,J existing truth-value of one of the four-valued variables 

is 01 (being the binary representation of 1), then in the next transition 

the truth-value of this variable could change to 11 or 00 (representing 
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3 or 0). 	4 single transition could not change the truth-value from 

01 to 10. 	This leads to the partial ordering of the truth-values. 

The truth-value space for a problem in m-valued logic, where 

m=2N   , is an N-dimensional hypercube. 

Once again all the solutions to a problem are mapped on to the 

upper-most point in the truth-value space. 	An interesting property 

of this truth-value space is that, for all the points at any given 

level in the space, the number of ones in the binary expression of the 

truth-value is the same. 	The number of ones in the binary representation 

of a truth-value will be called the PARITY of the truth-value. 	In 

Figure 111.12 the parity is zero at the bottom level, unity at the 

middle level and two at the top level. 

The parity has the properties required of a measure function and 

can be used as such providing that the many-valued logical connectives 

used in formulating problems are order preserving functions in the 

hypercube truth-value space. 

For means of comparison the two alternative problem space 

structures together with the corresponding truth-value spaces for a 

two-variable problem in four-valued logic are shown in Figure 111.13. 

In summary then, two possible measu.!e functions have been suggested 

but their effectiveness requires that the many-valued logical connectives 

used in formulating problems be order preserving in the appropriate 

truth-value space. 	The next Section describes an investigation to see 

whether this requirement is satisfied. 
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IV. PROGRAMMING.THE FERRANTI "PEGASUS" COMPUTER TO 

INVESTIGATE THE PROPOSED MEASURE FUNCTIONS 

IV.1 The Method of Investigation 

The class of many-valued logical problems of interest consists 

of those problems in which a given set of logical constraints involving 

many-valued propositional variables and connectives must all be 

satisfied simultaneously. A solution to such a problem is any 

assignment of truth-values to the propositional variables under which 

all the constraints are satisfied and, consequently, the truth-value 

of the conjunction of the set of problem constraints has the maximum 

value possible in the system of logic being used. 

In the case of a problem expressed in an m-valued logic the 

truth-value of the conjunction of the problem constraints at all points 

in the problem space corresponding to solutions will be m . At 

all other points in the problem space the conjunction of the problem 

constraints will have a truth-value in the range 0 to m-1 

The proposed measure functions are : 

(i) the truth-value of the conjunction of the problem constraints 

at ary given point in the problem space, and 

(ii) the number of ones in the binary expression of the truth-

value of the conjunction of the problem constraints at any 

given point in the problem space, this being referred to as 

the PARITY of the truth-value. 

It was decided to investigate the proposed measure functions by 

programming the PEGASUS computer to evaluate the functions at all the 

points in the problem space for a selection of problems in 16-valued 

logic. For the purpose of programming the computer the problems in 

16-valued logic were expressed in terms of two-valued logic in the 
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manner described in Section 111.5. The investigation for each 

problem considered was divided into two parts and the two separate 

computer programmes constructed for this purpose will be referred to as 

Programme A and .Programme B respectively. 

The first part of the investigation was to make an exhaustive 

scan through all the points in the problem space of the given problem, 

evaluating at each point the truth-value of the set of problem constraints 

and the parity of this truth-value. At the same time all the solutions 

to the problem were enumerated. This much was done by the orders of 

Programme A 

After considering the available storage space in the Pegasus 

computer and the fact that the amount of computer time required, and 

hence the cost, increases rapidly with the number of propositional 

variables in the problem, it was decided to limit the investigation to 

problems involving three 16-valued variables. These were represented 

for the purpose of programming by 12 two-valued variables, i.e. four 

two-valued variables per 16-valued variable. The relevant problem 

space therefore had 12 dimensions and 13 levels. 

After making an exhaustive scan of a problem and enumerating the 

solutions by using Programme A one solution was selected arbitrarily 

and the hypercube problem space was imagined to be orientated so as to 

bring this solution to the upper-most point. All the points at any 

one of the 12 levels below this solution would then have been equi- 

distant from the solution at the top of the hypercube. 	It was the 

function of Programme B to compute the truth-value and parity of the 

conjunction of the set of problem constraints at each level in the 

hypercube averaged over all the points at that level. Hence, 13 pairs 

of average values were obtained corresponding to the 13 levels in the 

hypercube. 	In addition to this the standard deviation of these values 

was computed for all the points at each level in the space. 	This 

procedure was repeated several times for each problem bringing a different 

solution to the upper-most point of the hypercube on each occasion. 
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These results were expected to yield information regarding the 

behaviour of the proposed measure functions throughout the problem space 

and, in particular, in the proximity of solutions. 

1V.2 The Problems Used 

A selection of arbitrarily constructed problems were used in 

16-valued logic involving Lewis connectives. 	In Section 111.5.  it was 

found that Lewis cDnnectives can be expressed very simply in terms of 

two-valued logical variables and connectives (see p.4.5). 	The 

problems put on Pegasus were expressed in terms of two-valued logic, 

each 16-valued variable, V , being represented by four two-valued 

	

variables, V4.  , V3  , V2  , VI 	. 	The following connectives were used 

(the same notation is used below as was used in Section 111.5) 

(i) NEGATION, (—) . 

If F(A) -sE 

then F A 

	

1 = — 	1 
F = 

	

2 " 	2 
F = 

	

3 — 	3 

	

F 	7.= 	"m.0 

	

"".' 	4- 

	

(ii) 	Lewis AND, ((1) 	. 

If F(A,B) = AtIB, 

then 	F1  77.s Al. Bi  

F2 -717  A2.  B2 
F3  a A3. B3  
F4  14E A4. B4.  

(iii) 	Lewis OR, (U) . 

If F(A,B) 	AUB , 

then F A B 1 -- 1 1 
F 	A vB 2 -- 2 2 
F
3 
sEB 3 3 

F4- 7- Akv  B4- 



(iv) IMPLICATION, ). 

A 	B 	is defined as -(A n -B) . 
(v) IDENTITY, ( 

A 	B 	is defined as (A(1 B)U (—An —B). 

(vi) Lewis J-FUNCTIONS, Z-Ji( 

The 16 J-FUNCTIONS for 16-valued logic were defined by 

the following Table. 	These functions have the required 

property that f"..T.(A)u (A) uU 7(A) 	has the same 

truth-value as —A , while I-J8(A)UJ9(A)U 	 U J15( n) 

has the same truth-value as A . 

AJ 15 14- 13 JJJJJ 12 11 10 9 8 7 6 JJJJJJJJJJ 5 4. 3 2 1 0 
15 15 0 0 0 0 0 

0
 o
 0
 0

  
0
 
0
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 c
o
 N
 	

tri 	
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0
  

0 0 0 0 0 0 0 0 0 

14. 0 14. 0 0 0 0 0 1 1 1 1 1 1 1 0 

13 0 13 13 0 0 0 0 2 2 2 2 2 2 2 0 

12 0 12 12 12 0 0 0 3 3 3 3 3 3 3 0 
11 0 11 11 11 11 0 0 4 -4- 4 4 4- 4 4- 0 
10 0 10 10 10 10 10 0 5 5 5 5 5 5 5 0 

9 0 9 9 9 9 9 0 6 6 6 6 6 6 6 0 

8 0 8 8 8 8 8 8  7 7 7 7 7 7 7 0  
7 0 7 7 7 7 7 7 8 8 8 8 8 8 8 0 

6 0 6 6 6 6 6 6 0 9 9 9 9 9 9 0 
1 	5 0 5 5 5 5 5 5 0 0 10 10 10 10 10 0 

4 0 4 4. 4 4 4 I+. 0 0 0 11 11 11 11 0 

3 0 3 3 3 3 3 3 0 0 0 0 12 12 12 0 

2 0 2 2 2 2 2 2 0 0 0 0 0 13 13 0 

1 0 1 1 1 1 1 1 0 0 0 0 0 0 14. 0 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 15 

LEWIS J-CONNECTIVES FOR 16-VALUED LOGIC 

FIGURE IV.1. 
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Other problems were used incorporating 16-valued Post functions. 

These problems were also represented within the computer by two-valued 

logical variables. Although it is possible to synthesize Post connectives 

in terms of two-valued logical connectives it is much simpler to obtain 

the Post connectives on a computer by using ordinary arithmetic operations. 

The following connectives were used: 

Let "a" and f(a) be the truth-values of A and F(A), a logical 

function of A . 

(i) NEGATION, (). 

This is the same as the NEGATION connective in the Lewis 

system, but as the other Post connectives were obtained using 

arithmetic operations the NEGATION was also obtained in this 

way - 

If F(A) 	—A 3 
then, f(a) = 15 - a 

(ii) Post AND, (n). 

If 	F(A,B) Ss: AriB 

then, f(a,b) = MIN.(a,b). 

(iii) Post OR, (1.,) ).. 

If F(A,B) EE AUB 

then f(a,b) = MAX.(a,b). 

(iv) CYCLIC NEGATION (').  

If F(A) EF A t  

a-1 if a 7-1  0 
then, f(a) =( 15 if a = 0 

(v) Post J-FUNCTIONS, Zr.-ji! 	. 

If F(A) 	, 

ther4 f(a) = 	
if0 1 

a = i 
a #.=i 

for i=0,1 ,2 ----, 15. 
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(vi) IMPLICATION, 	. 

This connective is not in the system defined by Post. 	It is, 

in fact, the DIPLICATION connective used in formulating the 

railway timetable problem in Section III.4, (p. 40). 

If F(A,B) EE 

then, f(a,b; 15 if a‘ b 
0 if a> b . 

Problems were constructed arbitrarily using, first, the Lewis 

connectives and then the Post connectives. Programme .A was put on 

to the computer for each problem and any problem having no solutions 

or far too many solutions was rejected. Problems having fewer than 

100 solutions out of the 4,096 possible truth-value assignments were 

selected for further investigation. 

IV.3 Pegasus Programme A  . 

The flow diagram for Programme A is shown in Figure IV.2. The 

main part of the programme consists of a loop of orders which have to 

be obeyed 4,096 times, i.e. once for each assignment of truth-values 

in the exhaustive scan of the 12 two-valued variables in terms of which 

the three variables in 16-valued logic are being expressed. When the 

programme is "entered" a counter is set to the value 4,096. 	This 

consists in placing the number 4,096 in a known storage location within 

the computer. Each time the main loop of orders in the programme is 

obeyed the value of this counter is reduced by unity. The counter 

therefore changes in value as the programme progresses and its value 

will be denoted by C . 

All numbers are represented inside the computer in binary form. 

The counter which initially has the value 4,096 therefore consists of 

a 12 digit binary number in which all the digits are initially ones. 

As the value of the counter is reduced in unit steps the 12 binary digits 

composing the counter are stepped through 212 combinations from 111----1 
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to 000----0. Hence, in addition to functioning as a counter, these 

12 binary digits may also be used to represent the assignment of truth- 

values to the 12 two-valued logical variables. 

Let (a4,a3,8201), (b4,b3,b2,b1) and (04,C3,02,01) be the sets 

of binary digits used to represent the truth-values assigned to the 

16-valued variables A,B and C respectively. 	Each storage location in 

Pegasus has a capacity of 38 bits. 	In writing these programmes one 

storage location was used to hold each set of four binary digits such as 

(a $a3  pa2 Ja1' )* the remaining 34 digit positions of each storage location 

were not used. Let SA, SB  and S
0  be the storage locations in the 

computer used to hold (a403pa2pa1),  (b
4
,b3pb2pb1)  and (c pc pc pc ) 3 2 1 

respectively. 

The first few orders in the main loop of orders cause the most 

significant four digits of the counter, C, tp be copied and stored in 

SA , the middle four digits of C to be copied and stored in SB 
and the 

least significant four digits of C to be copied and stored in So  . 	The 

next part of the programme substitutes the existing truth-value assignment 

in the logical constraints constituting the problem and determines the 

truth-value of each individual constraint. 	Since all the constraints 

must be satisfied conjunctively the individual constraint truth-values 

are combined using a 16-valued AND connective to give the resultant truth-

value of the whole problem. This truth-value is punched out in binary 

form on a paper tape. 	The number of ones in the truth-value is counted 

to find the parity and this is punched on the paper tape, also in binary 

form, immediately after the truth-value. The computer then tests the 

truth-value of the problem to see if the existing truth-value assignment 

is a solution. 	If it is a solution it is stored on the magnetic drum 

so that it may be printed out later. At this stage the value of the 

counter, C, (initially set to 4,096), is reduced by unity. The resulting 

value is then tested and, if it is non-zero, the computer repeats the 

main loop of orders, applying the logic to the next assignment of truth-

values, and so on. 
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When the value of the counter has been reduced to zero the 

computer leaves the main loop of orders, prints out a complete list of 

solutions to the problem and stops. The computer output tape then 

contains the truth-value and the parity for the problem corresponding 

to each of the 4,096 assignments of truth-values to the variables. 

TV.4 Pegasus Programme B.  

It was the function of Programme B to compute the average and the 

standard deviation (S.D.) of the truth-values and parities of the 

problem over all the points at each of the 13 levels in the problem space 

when a chosen solution was situated at the opper-most point. 

One solution to the problem being considered was chosen arbitrarily 

from the list of solutions printed out by Programme A. This solution 

was punched out on paper tape, as a series of 12 binary characters. 

This piece of paper tape was joined to the beginning of the output tape 

from Programme A containing the truth-value and parity data. This tape 

was fed to the computer as an input tape for Programme B. Of the 12 

binary digits of the solution the most significant four formed the 

binary representation of the truth-value of the 16-valued proposition A 

the middle four formed the binary representation of the truth-value of B 

and the least significant four formed the binary representation of C . 

This 12 binary digit solution will be denoted by S . 

The flow diagram for Programme B appears in Figure IV.3. On 

entering the programme a counter, C, is set to the value 4,096 as in 

Programme A. 	Once again this counter serves as a check on the number of 

times the main loop of orders has been obeyed and also as an indication 

of the existing assignment of truth-values to the variables at any 

instant during the course of the programme. As the counter goes through 

the same sequence of values as did the counter in Programme A, the order 

of the truth-value/parity pairs on the input tape to Programme B corres-

ponds to the order in which the truth-value assignments are generated by 

the counter. 
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When the machine starts reading the input tape it comes first to 

the chosen solution, S . 	This it stores in a storage location where it 

will remain, undisturbed, throughout Programme B. 

There are 13 levels in the hypercube at which the average values 

of truth-value and parity have to be calculated. For this purpose 13 

storage locations are used to accumulate the sums of the truth-values at 

the 13 levels. 	These storage "'locations will be denoted by a 0, ci 	c12, 

so that the sum of the truth-values of the problem at all points at 

level i in the problem space is accumulated in location c..Similarly 

storage locations, which will be denoted by p 0, p i 	p12  , are 

used to accumulate the sums of the parities, the sum of the parities at 

all points at level i being accumulated in location p . 

In order to compute the standard deviation of these quantities the 

sums of squares of truth-values are accumulated in storage locations 

denoted by b0, 6
1 '-----' 612 and the sums of squares of parities are 

accumulated in locations denoted by rt.  01 T 	2.  

The solution, S, having been read from the tape, th(: next 

character to pass under the tape reader is the first truth-value on the 

tape, having a value T , such that 0 < T < 15 . This truth-value 

corresponds to the first assignment of truth-values to the variables which 

exists within the computer as the initial combination of the 12 binary 

digits of the counter, C. 	The 12 digits of the counter are compared with 

those of the chosen solution, S, and the number of places is computed 

in which the digits of C and S are identical (i.e. both unity or 

both zero.) 	Let this number be d (0 ;-( d ,e 12). 	The value of d 

indicates the level in the hypercube to which the existing assignment of 

truth-values belongs. 

E. g. 	If the digits of the chosen s olut ion, S we re 000100000110 

while the initial combination of digits of C was 111111111111 , then 

C and S would be identical in three digit positions and d would have 

the value three. 	The assignment of truth-values under consideration 
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would then belong to level three in the hypercube, the solution, S being 

at level 12. 

The first truth-value, T, read from the tape is arithmetically 

added to the contents of storage location a d  in which is being 
accumulated the sum of the truth-values of the problem at all points 

at level d in the hypercube. 	(At the start of Programme B the 

contents of all the storage locations a , p , 6, T are set to zero.) 

The truth-value is then squared and the value T
2 is added to the 

contents of storage location 6 d  . The next few orders in the 

programme instruct the machine to count the number of ones in the truth-

value, T. This gives the value of the parity and it will he denoted 

by Pt. 	The tape reader reads the next character on the input tape 

which is also the parity corresponding to the truth-value, T . 	The 

parity value read from the tape will be denoted by P. 	The values of 

P and Pt  are compared. 	If they are not identical the computer comes 

to a halt indicating that an error has been detected. This method of 

detecting errors proved to be a useful facility and on several occasions 

errors were found, some being duo to faulty operation of the tape readers 

and tape punches used as input and output organs of the computer. 

Assuming that the values of P and Pt  prove to be identical, the 

programme continues by adding the value P to the contents of storage 

location 3 d  e The value of the parity is then squared and P2 is 

added to the contents of storage location d  . 	The value of the counter 

C, is then reduced by unity and if the resulting value is non-zero the 

main loop of orders of Programme B is repeated. 

When the value of the counter becomes zero the machine leaves the 

main loop of orders. Knowing the number of points at each of the 13 

levels in the problem space, the average values of truth-value and parity 

at each level are obtained by dividing the contents of the corresponding 

storage locations a and p by the appropriate number. Both the sums 

and the sums of squares of the truth-values and parities are available 

for each level in the hypercube. By performing some simple arithmetic 
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operations upon these the standard deviations of the truth-values 

and parities are calculated for each level. 	The average values and 

the standard deviations are then printed out and the machine stops. 

IV.5 Results. 

The results are best presented graphically by plotting the 

average truth-value at a given level and the average parity at a given 

level against the distance, in levels, from the chosen solution. 	Too 

much space would be required to present all the results in this way so 

the results for three representative problems are given. 

The following is a statement of the logical constraints of the 

three problems for which results are given together with the number 

of solutions to each problem. 

Problem 1. 	Lewis Logic 

Rule 1 	J6(A) U C 

Rule 2 : A -4.-B 

Rule 3 : J(0) 1E13 

Number of solutions : 1 . 

Problem 2. 	Lewis Logic 

Rule 1 : 2:- J7(A)J—,-J6(C) 
Rule 2 : 	--C 

Rule 3 : J (A)-4--J
8
(C) 

14 
Rule 4 : B —P- A 

Rule 5 : C -4- A 

Number of solutions : 2 

Problem 3. 	Post Logic 

Rule 1 : fA U (B C") tjU [J4(B) ri —C2 

Rule 2 : (B-o-C)t (C -4-A) 

Rule 3 : J6(B) U —C 

Number of solutions : 74 . 
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The results for Problem 1 appear in Figures IV.4a and TV.4b. 

In Figure IV.4a the full line shows the variation of the average truth- 

value at different levels in the problem space. 	The broken line shows 

the variation over the levels of the standard deviation of the truth- 

values. 	Strictly, these "graphs" should consist of isolated points 

since the problem space is not a continuous space. However, the results 

are far easier to follow when the plotted points are connected by straight 

lines. 	Figure IV.) b shows the variation of the parity (full line) and 

the standard deviation of the parities (broken line) for Problem 1. 

Problem 2 had two solutions and the two sets of graphs corresponding 

to these are given in Figures TV.5 and TV.6. Similarly, Figures IV.7 and 

TV.8 are for Problem 3, corresponding to orientations of the problem 

space to bring two out of the 74 solutions to this problem to the highest 

level. 

The most remarkable thing about these results is the similarity 

in the behaviour of the average truth-value and the average parity of a 

problem. 

The average values of the truth-value and the parity for Problem 1 

are zero at the lowest level in the problem space and increase 

monotonically towards the solution, at the highest level in the space. 

The results for Problem 2 show almost identical behaviour to those 

of Problem 1. 

Consider now the results of Problem 3 when solution 1 is at the 
highest level of the problem space. Again the average truth-value and 

the average parity vary in a similar way, but this time the variation 

over the levels is not so smooth. The graphs are in the form of a step 

and the average values of truth-value and parity are more or less constant 

throughout most of the space. Even two levels below the solution the 

average values show no appreciable increase in value. 	The functions 

plotted would make very poor measure functions in this case. However, 

these results were amongst the worst of those obtained. Problem 3 had 

74 solutions and the graphs plotted in Figure TV.8 correspond to an 
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orientation of the problem space to bring a different solution to the top. 

These results are seen to be similar to those obtained for the first two 

problems; the average truth-value and the average parity being zero at 

the lowest level in the space and increasing monotonically towards a 

maximum at the highest level in the space. 

Examination of all the results obtained showed that, in most cases, 

the proposed measure functions, averaged over all the points at each level 

in the problem space, had a minimum value (not necessarily zero) at the 

lowest level in the space and increased monotonically to a maximum value 

at the highest level in the space (at which the chosen solution was 

situated). 

In all cases the standard deviation of the proposed measure 

functions is extremely high. 	This is put down to the following reasons: 

(1) In a 16-dimensional hypercube the numbers of points at 

the verious.levels 	of the hypercube are fairly small. 

Small samples tend to exhibit high standard deviations. 

(2) The truth-value and parity functions can only assume integral 

values. 	Therefore, if there is any variation of the value 

of these functions over the points of a level, the minimum 

difference between the values at two points is unity. A 

change of unity in truth-value is quite appreciable in a 

16-valued logic while a change of unity in the parity 

(restricted to the range 0 to 4 for a 16-valued logic) 

will have a very pronounced effect on the standard deviation. 

Both these effects should be less noticeable if a higher valued 

logic were used. 

In continuous variable theory a function of two variables can be 

represented by a contour map. 	Various techniques exist for exploring 

the surface of such contour maps and finding the peaks and troughs. 

The results of the experiments on problems in 16-valued logic 

suggest that the proposed measure functions might be represented by 
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multi-dimensional contour maps, the solutions to a problem occurring at 

the peaks of the map. 	It is thought that, if high valued logics are 

used, (much higher than the 16-valued logics used in the experiments) 

the "surface" of the multi-dimensional contour maps would be quite 

smooth. The truth-value and the parity would then be useful measure 

functions when searching for solutions to these problems. 

1V.6 The Use of Measure Functions in Logical Problem Solvinz 
Procedures. 

Solution procedures for problems in many-valued logic could easily 

be devised (and machines could easily be designed to perform them) 

using measure functions, similar to those described, as a guide when 

searching through a problem space for solutions. 

If the truth-value were used as a measure function the most 

appropriate problem space would be that described in Section 111.6 

having one dimension for each variable in the problem. The space for 

an n variable problem would be an n-dimensional hypercube. For 

problems in m-valued logic each edge of the hypercube would have m 

equally spaced points so that the space would consist of (mrl)n  sub-

hypercubes. A single transition in this space would involve a change 

of unity in the truth-value of only one logical variable. 

The machine could start the solution procedure by considering a 

randomly chosen point in the space. It could then find the average 

truth-value in the neighbourhood of this point. The neighbourhood 

could be defined as consisting of all those points within, say, four 

single transitions of the given point. The machine could scan through 

all these points and compute the average truth-value very easily. 	If 

this average value were above a certain specified level the machine could 

be made to intensify the search in this part of the space. 	If movement 

of the search in a particular direction in the space tended to increase 
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the moan truth-value level the machine could be made to move its 

centre of concentration in that direction. 	In this way there would be a 

good chance of finding any solution existing in that part of the problem 

space. 

If, after searching for some time, the machine had been unsuccessful, 

it could be made to take a random jump to another point in the space and 

to start again from there. 	Alternatively, it might prove better to use 

a set of starting points uniformly distributed throughout the problem 

space. 

If a problem in many-valued logic were expressed in terms of two-

valued logical variables and connectives the parity could be used as a 

measure function (the parity being the number of ones in the binary 

expression of the truth-value of the problem). 	The appropriate problem 

space for a problem in mr, valued logic involving n variables would then 

be an n.N-dimensional hypercube, where N is the least integer such that 

2N m. 	A single transition in this space would correspond to a change 

in truth-value of one of the two-valued variables in terms of which the 

problem was being expressed. 	The same sort of solution procedure as 

that described above could be adopted using the parity as a measure 

function. 

Although only two measure functions have been investigated others 

might exist. The most appropriate problem space and measure function 

might depend upon the system of logic being used and upon the particular 

connectives defined in that system. 	This, in turn, would depend upon 

the physical problem being solved. 

The next part of the investigation would have consisted in 

programming a computer to carry out the type of problem solving procedure 

described using many-variable problems. However, to be of any use such 

an investigation would have to be quite long, being repeated for many 

different problems. 

Since the development of many-valued logics and their application is 

very much in its infancy it was felt that such a continuation of the 
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investigation would be rather premature. 

Nevertheless, should many-valued logics be developed to the stage 

where it becomes practicable to formulate problems in this way, an 

investigation along the lines outlined above might prove very fruitful. 
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V. AN IMPROVED TECHNIQUE FOR SCANNING THE TRUTH-VALUE ASSIGNMENTS 

TO PROBLEMS IN LOGIC 

V.1. Use of a Binary Counter for Generating an Exhaustive  
Scan of the Truth-Value Assignments to Problems in 

Two-Valued Logic 

In Section II two machines were described that solved problems in 

logic by constructing, one at a time, all the rows of the truth-table. 

It is possible to use an electrical binary counter as the scanning 

mechanism for a machine of this type, as illustrated in Figure V.1. 

        

        

A 	C 

   

   

--4-- 

Output 
Wires 

USING. A BINARY COUNTER TO GENERATE AN EXHAUSTIVE SCAN OF 
TRUTH-VALUE ASSIGNMENTS 

FIGURE V.1. 

The logical variables in the problem, A,B,C,----P,Q, are each 
represented by one stage of a binary counter. The arrows connecting 

the stages represent the carry lines of the counter. Each stage of the 

counter is a bistable circuit having an output wire, held at earth 

potential to indicate a truth-value of zero and held at a positive 

potential to indicate a truth-value of unity. Logical connective boles 
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are connected to the output wires in accordance with the logical constraints. 

The output from the main connective box of each constraint is connected 

to one input of a final AND gate. When the output wire of this AND gate 

becomes energized a solution is indicated. 

Before the truth-value scanning starts all the stages of the 

counter are set to the zero state. 	The pulse generator is then switched 

on and a train of pulses is fed to the input of the least significant 

stage of the binary counter. 	The counter is thus made to scan 

exhaustively through all its states from 000---00 to 111---11. 	In this 

way the truth-value assignments, represented by the states of the output 

wires of the counter, are scanned exhaustively according to the order of 

the binary code. 

V.2. Generation of an Abbreviated Scan of the Truth-Value 
Assignments to Two-Valued Problems. 

Consider the problem consisting of the two rules: 

1. A B 

2. ( 	) ,A.C, 77s  D 

If the variables are arranged in alphabetical order the exhaustive list 

of truth-value assignments as generated by a binary counter is given below. 

Row Number. 

'-0 
0 
0 
0 

) f 

'0-0 
LO 
ti-1 
41 

1 
1 
1 

ABCD 

0 
0 
0 
0 

1 
1 

1 
1 

0 
0 
0 
0 

1 
1 
1 
1 

	

0 	0 

	

0 	1 

	

1 	0 

	

1 	1 

	

0 	0 

	

0 	1 

	

1 	0 

	

1 	1 

0 0 

	

0 	1 

	

1 	0 

	

1 	1 

	

0 	0 

	

0 	1 

	

1 	0 
i 	i 

Constraint 1 NOT satisfied 

Constraint 1 satisfied 

Constraint 1 NOT satisfied 

1 
2 
3 

5
:(0 6 

7 
8 
9 
10 
11 
12 

13 
lta  
15 
16 

FIGURE V.2. 
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Than the truth-values of row 1 are assigned to the variables it 

is found that constraint 1 is not satisfied. 	Since constraint 1 

invol,res only the variables A and B the next assignment of truth-values 

that need be considered is the next one in the binary code bringing 

about a change in truth-value of at least one of the variables A, B. 

It is therefore possible to omit rows 2,3 and 4 and to jump straight 

to row 5 (as indicated by the arrow). 	Constraint 1 is now satisfied, 

and remains satisfied for the next seven assignments. 	It is therefore 

necessary to consider each of the eight assignments from row 5 to row 12. 

On considering row 13 it is found that constraint 1 is again not satisfied. 

However, all possible assignments of truth-values to the variables A and 

B have been tried. Hence, without trying rows 14, 15 or 16, it is 

known that no more solutions exist. All the solutions to this simple 

problem can therefore be found by considering only ten truth-value 

assignments; whereas the exhaustive scan contains 16 assignments. 

Itw-3 seen that the exhaustive scan can be generated by adding in 

ones at the least significant end of a binary counter which, in this 

casel corresponds to the variable D. The abbreviated scan described 

above can be generated by adding in ones at the least significant end of 

the counter when constraint 1 is satisfied and adding in ones to the stage 

of the counter corresponding to the variable B when constraint 1 is not 

satisfied. 	It should also be observed that, in the transition from row 

8 to row 9, a one is added in to the stage corresponding to B by virtue 

of a carry, from the stage of lower significance corresponding to C. 

This occurs when all possible assignments of truth-values to C and D have 

been tried. The same thing occurs in the transition from row 12 to 

row 13. 

This scanning system can be extended to problems involving any 

number of variables and constraints. 
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This is demonstrated by means of another example: 

Constraint 1. 	C G 

Constraint 2. 	^-,A*01  

Constraint 3. 	B.F ES: A. ••••••G 

Constraint 4.. 	D (B *F) 
Constraint 5. 	(A v D v F) 	^'C.E 

Suppose that, in a logical machine for solving this problem, the 

seven variables are represented by the stages of a seven digit binary 

counter. 	It is assumed that input digits can be fed to Lay stage of 
the counter. 

The above ordering of the constraints is quite arbitrary. 	Let 

the order in which the variables are represented by the stages of the 

binary counter be decided in the following way. 	Let the most significant 

two stages of the counter correspond to the variables C and G of constrairt 

1. 	The additional variables (i.e. additional to C and G) appearing in 

constraint 2 are A and F. Let these correspond to the most significant 

two of the remaining stages of the counter. 	Constraint 3 has only one 

additional variable (additional to C,G,A and F). 	That is the variable B. 

Let B correspond to the most significant of the remaining stages of the 

counter. The ordering is continued in this way and the result is given 

below, the left-hand position being the position of highest significance. 

Groups 	1 2 3 4 5 
Variables 	CG,AF, B, D s E 

Constraints 	1 	2 	3 	4- 	5 

The variables have been arranged in groups in such a way that constraint 1 

involves only variables in group 1, constraint 2 involves only variables 

in groups 1 and 2, constraint 3 involves only variables in groups 1, 2 
and 3, and so on. 

The scanning commences with all the stages of the counter set to 

zero so that the initial assignment of truth-values is 

CG, AF, B, D, E 
00 00 0 0 0 
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(The commas indicate the grouping of the variables). 	It is found that, 

with this assignment of truth-values to the variables, constraint 2 is 

the only one not satisfied. 	The transition from any existing truth-

value assignment to the next is obtained by adding unity to one stage 

of the counter. 	Thus, although not all truth-value assignments are 

tested, those that are tested are taken in the order in which they 

occur in the binary code. The machine cannot, therefore, test any 

particular truth-value assignment once its position in the binary code 

has been passed. 	Since constraint 2 involves only variables in groups 

1 and 2, the addition of unity to any of the stages corresponding to 

B,D or E would leave constraint 2 unsatisfied. 	Constraint 2 might be 

satisfied by adding unity to one of the stages corresponding to C 0G,A 

and F. However, any solutions that might subsequently be found if 

unity were added to the stage corresponding to F would be missed if, 

instead, unity were added to a stage of higher significance. Hence, 

the next transition must consist in adding unity to the least significant 

stage of group 2. 	The next assignment of truth-values becomes 

CG, AF, B, D, E 

00 01 0 0 0 

With this assignment it is found that constraints 2,4 and 5 are not 

satisfied. 

Consider the next transistion. Although constraints 4 and 5 might 

possibly be satisfied by adding unity to a stage of lower significance, 

constraint 2 will certainly remain unsatisfied unless unity is again 

added to the stage corresponding to F, or to a stage of even higher 

significance. 	Once again, to ensure that no solutions are missed, unity 

is added to the stage corresponding to F. 	The next truth-value 

assignment is then 

.ca, AF, B, D; E 

00 10 0 0 0 

Constraints 3 and 5 are now unsatisfied. 	In the following 

transition, therefore, unity is added to the least significant stage of 



86 

group 3, 	to the stage corresponding to B. 	The resultant truth- 

value assignment is 

CG, AF, B, D, E 

00 10 1 0 0 

which does not satisfy constraints 3,4. or 5. 	In the next transition 

unity is again added to the stage corresponding to B. This causes a 

carry to occur to the stage in group 2 corresponding to F. The next 

assignment is thus 

• AF, B, D, E 

00 11 0 0 0 

Under this assignment of truth-values constraints 3,4. and 5 are 

still unsatisfied. Unity is therefore added to the stage corresponding 

to B making the next truth-value assignment 

• AF, B, D, E 

00 11 1 0 0 

Only constraint 5 is now unsatisfied. 	In the next transition 

unity is added to the stage corresponding to E bringing the next truth-

value assignment to 

• AF, B, D, E 

00 11 1 0 1 

which is found to be a solution. 

Since all the constraints are satisfied, the scan is continued by 

adding unity to the least significant stage of the counter, i.e. to the 

stage corresponding to E4 	The next assignment, being 

• AF, B, D, E 

00 11 1 1 0 

leaves constraints 4 and 5 unsatisfied. 	In the next transition unity 

is added to the stage corresponding to D making the next truth-value 

assignment 

CG, AF, B, D, E 

01 00 0 0 0 
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The scan is continued in this way until a point is reached when 

it is known that no solutions remain to be found. 	In Figure V.3 the 

full binary code is shown for the seven variables in this problem. 

The abbreviated scan is indicated by arrows. The problem has four 

solutions and these are indicated in the diagram by boxes. 

To see how the abbreviated scan terminates consider the penultimate 

truth-value assignment in this scan. 	This is 

CG, AF, B, D, E 

11 10 1 1 1 

Constraint 5 is the only one not satisfied. 	In the next transition 

unity is added to the least significant position of the counter bringing 

the next truth-value assignment to 

CG, AF, B, D, E 

11 11 0 0 0 

This does not satisfy constraints 2,L. or 5. 	The next transition would 

consist in adding unity to the least significant stage of group 2 

However, all possible assignments to the variables in groups 1 and 2 

have already been tried. 	Thus, there can be no more solutions. 

The exhaustive scan for this problem contains 128 truth-values of 

which only 33 are considered in the abbreviated scan. 

VI) On the Ordering of Constraints and Variables.  

The five constraints in the example just considered were arranged 

in an arbitrary order. With this ordering of constraints the abbreviated 

scan considered 33 truth-value assignments. However, if the constraints 

were arranged in a different order there is no reason to oxpect that the 

abbreviated scan would still consider the same number of truth-value 

assignments. 	In fact, in general, this would not be the case. 	In the 

example in Section V.2, not only were the constraints taken in an arbitrary 
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order, but the ordering of variables within the groups into which they 

were arranged was also arbitrary. 	For example, maintaining the same 

ordering of the constraints, the order of the variables of group 1 could 

have been GC instead of CG. 

In what way should the constraints and variables of a problem be 

ordered if it is desired that the truth-value assignments considered in 

the abbreviated scan be low in number? Can rules be found regarding the 

ordering of the constraints and variables which will produce an optimal 

ordering for which the number of assignments considered in the abbreviated 

scan is a minimum? 

Some light can be thrown upon the first question by noticing that the 

abbreviated scan always considers all the assignments of truth-valuesto 

the variables in the most significant group (which are the variables 

occurring in the constraint chosen as number one). 	It would therefore be 

a bad policy when ordering the constraints to select as number one a 

constraint involving nearly every variable in the problem. 	If this were 

done every possible assignment of trLth-values to the first constraint 

would be considered and the abbreviated scan would certainly contain many 

trial moves. 	It would therefore appear advisable when ordering the 

constraints to select first those in which only a few variables occur. 

From the description of the method of generating the abbreviated scan 

(given in Section V.2) it is evident that an attempt is made to satisfy 

the constraints one by one, starting with constraint number one and 

considering the others in numerical order. 	Only when a given constraint 

has been satisfied are the less significant variables in higher numbered 

constraints scanned. 	Thus, when deciding the constraint ordering it 

would appear to be advantageous to select first (i.e. allocate low numbers 

to) any constraints known to have a low proportion of satisifying truth- 

value assignments. 	This should tend to produce an abbreviated scan in 

which large leaps through the binary code occur. 

These ideas are discussed in greater detail in Section VII which 

describes experiments performed on a machine which generates the 

abbreviated scan to see whether any optimum programming techniques can be 

found.  
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V.4. Generalization of the Abbreviated Scan Technique to 
Many-Valued Combinational Problems. 

The abbreviated scan technique can be generalized to deal with 

combinational problems involving state variables. 	In this context a 

state variable is taken to mean anything which may exist in or assume 

any of a finite number of mutually exclusive states. A state variable 

may be: 

(i) an algebraic variable restricted to assuming any of a finite 

number of values, 

(ii) a propositional variable in two-valued logic, 

(iii) a propositional variable in many-valued logic, or 

(iv) any other thing capable of existing in a finite number of 

states, but not included in categories (i), (ii) or (iii). 

An example of a state variable in category (iv) is, "the set of 

tasks to be allocated to an individual working on a factory assembly line". 

A state variable can be represented by a symbol that can have 

assigned to it any one of a finite number of integral values, e.g. a 

state variable could be represented by the letter V given that V can 

have assigned to it integral values in the range 0 to R-1. Each value 

in this range would correspond to a different state of the state variable. 

It is not necessary that all the state variables occurring in a 

particular problem should belong to the same one of the above four 

categories. 

Let {Vi}  , i = 1,2,----, n , be the set of state variables in 

a problem and let cvi} , i = 1,2,----, n , be the set of values 

assigned to these state variables. 	If Vi  canexistinILdifferent 

states, then 

v, is integral 

and 	0 	vi  < Ri  - 1 
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Let C1 , C
2 , 	C be the set of constraints that must be 

satisfied, or, in the case of a constraint in many-valued logic, must 

have a designated truth-value, 	Some of these constraints may be 

arithmetic. 

As in Section V.2, the variables are ordered from left to right 

starting with all the variables occurring in constraint 1. 	The next 

variables in the ordering are all those involved in constraint 2 that 

have not appeared in the ordering so far. 	As before the variables, thus 

ordered, are arranged into groups, one group corresponding to each 

constraint. 

Groups 	1 

Variables. 	V V 
Constraints 

p 

‘---V
n-1n 

Let N be the mixed radix number formed by the ordered set of 

assigned values <viv2  

 

vn-lvn)  
From (1) it is seen that the 

 

radixofvi isR.,so that the value of this number is given by 

vi  . R. N = (2) 

i=1 j=i+1 

where TT is the product sign. N can assume any integral value in the 

range 0 to N 	where the maximum value is given by max. 

Nmax. R. 	-- 1 	(3) 

I I 
j=1 

Each value of N in this range corresponds to a unique assignment of 

values to all the state variables in the problem. 	A certain set of 

values of N therefore correspond to the solutions of a given problem. 

The abbreviated scan through the range of values of N commences 

with assigned values to all the state variables being zero, i.e. 

v. = 0 for i = 1,2,---, n . 
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A transformation, T. , is defined corresponding to each problem constraint 

r
th.1  

i C . 	Let the 	assignment of values in the abbreviated scan be 

N i, . 	The transition from the rth. to the (r+1)
th. assignments in 

the abbreviated scan is obtained by operating on the assignment il.v; r  

with one of the defined transformations, Tr(  , to give the assignment 

iv ih.+1 

If C. represents NOT-Ci , for i=1,2,---,p, meaning that the i 
th. 

1 
constraint is not satisfied, then the transformation, T r, , to be used 

upon any existing assignment yi)r  in the next transition is given by 

c-,, 	
[ 

. DITI4 1.C1  , 2.C2  p ---, i.Ci  p---, p.Cp 	(4) 

If C. is not satisfied, then C. has the value unity, otherwise C. 

has the value zero. 

For the particular case of problems in two-valued logic treated in 

Section V.2 each number, v. , is a binary digit and each transformation, 

Ti  , has the effect of adding unity to the least significant position of 
th. the igroup of variables. 

In the generalization considered here the transformations, Ti, are, 
in the most general case, functions of those values in the existing 

assignment, 4v.1, r  , corresponding to the state variables in groups 1 to i. 

If the value of N corresponding to the r
th. assignment, 	, is N

r 
, 

then the T are defined so that 

N
r+1 

> N
r 
	(5) 

Some of the problem constraints may be embodied in the transformations, 

Ti  , in which case these constraints would not appear in the set of 

explicitly stated constraints, C1 C 	C , 2" p .  

Naturally,thesetoftransformations,T.,are always defined so 

that it is impossible for any transition in the abbreviated scan to cause 

any solutions to the problem to be omitted. 

In Section VIII these ideas are used in demonstrating one possible 

method of solving the problem of constructing an academic timetable. 
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VI. MECHANIZATION OF THE ABBREVIATED SCAN FOR PROBLEMS IN 

TWO-VALUED LOGIC 

VI.l. The Purpose of the Machine. 

In Section V.2 the method of generating an abbreviated scan of the 

truth-value assignments to two-valued problems was explained. Such a 

scan includes all the solutions to any given problem while considering 

only a fraction of the 2n  assignments to a problem in n variables. 

In the previous Section ideas were discussed of finding optimum 

programming techniques for an abbreviated scan machine so that, for a 

given problem, a scan might be obtained containing a minimal number of 

trial assignments. 	The purpose of building a machine is to enable 

experiments to be conducted to investigate these programming techniques. 

The possibility was considered of programming a general purpose 

digital computer to simulate an abbreviated scan machine, and of making 

the investigation without actually constructing a machine. 

In the proposed investigation numerous problems would need to be 

considered and it would be necessary to solve each problem many times over 

using different orderings of the variables and constraints in the problems. 

In an investigation of this kind it is best to consider problems having 

relatively few solutions. How are such problems to be found? The 

simplest way is to construct problems arbitrarily and to solve them. 	If 

any problem has too high a proportion of solutions its constraints can 

be modified or extra constraints can be added and the problem can be solved 

again. This process can be repeated until the number of solutions has 

been reduced to a satisfactory level. 

If this investigation were carried out using a digital computer one 

sub-routine would be used embodying the logical constraints of the problem 

being considered. 	It is obvious that this sub-routine would require 
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continual alteration and modification as the variable and constraint 

orderings were changed and as the constraints themselves were modified. 

This would be a very time consuming business and the likelihood of errors 

occurring as numerous computer tapes were punched would be quite high. 

In addition, the cost of computer time would probably be of the same order 

as the cost of building a special purpose machine. 

If a machine were built specially for the investigation the many 

changes in the ordering of variables and in the problem constraints would 

present no difficulty if a plug-board arrangement were used for setting 

up the problems. 

The final reason for constructing a machine was that, as this work 

was being carried out in an Engineering Faculty, it would be a far more 

useful exercise than another computer programming session. 

VI.2 The General Requirements of the Machine. 

The basic requirements of the machine were: 

( i) It should be capable of solving problems having a fair degree 

of complexity since it is possible that the advantage of an 

abbreviated scan machine might not be evident when solving 

simple problems. 

(ii) It should have logical connective boxes set out in a plug-

board arrangement so that problems may be easily set up or 

modified. 

(iii) The logical connective boxes should be compatible so that 

many units may be connected in cascade, the output of one unit 

being connected to the input of the next. 

(iv) The machine should have some facility for counting the number 

of trial truth-value assignments in any scanning sequence. 

Another of the chief factors governing the design was the necessity 

to keep the overall cost of the machine as low as possible. 
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Bearing this in mind and considering requirement (i) it was decided 

that sufficient complexity should be obtainable if the machine could solve 

problems involving 16 logical variables. 	If there- were fewer variables 

than this it would be diffica to make observations such as the effect of 

overlapping constraints upon the performance of the machine. 

Relays were chosen as the basic elements of the machine since the 

compatibility of the logic units then presents no difficulty. 	If valves 

or transistors had been used it would have been necessary to use buffer 

stages such as cathode followers and possibly shaping amplifiers to re-

shape pulses when they had passed through two or three logic units. 

Another advantage of using relays is that all the logical functions can 

be obtained easily whereas with valves or transistors some of the functions 

cannot be obtained using one element. 

It was difficult to estimate how many of each of the connectives 

AND, OR, IMPLICATION, etc., would be required. This was overcome by 

using universal logical units, each unit being capable of functioning as 

any one of the logical connectives as required. The increased flexibility 

gained by using universal elements meant that, for a given total number of 

connective boxes, a wider variety of problems could be put on the machine 

than would have been possible if each connective box performed only one 

function. 

One hundred universal logical elements were used. This number of 

elements was used partly because the budget would not permit a higher 

number and partly because the reliability of a machine is likely to vary 

inversely with its complexity. 

VI.3 Block Diagram of the Complete Machine 

The block diagram of the machine appears in Figure VI.1. The 

machine having been set into action by the operator, the train of pulses 

from the clock-pulse generator is fed via routing circuitry to the input 

wire of one of the 16 stages of the binary counter. 	The states of the 
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output wires of the counter at any instant represent the existing assign- 

ment of truth-values to the 16 logical variables available. 	The output 

wires from the counter are connected to the input sockets of logical 

connectives boxes which are interconnected in accordance with the logical 

constraints of the problem. 	Corresponding to each constraint is a main 

connective box, the output wire of which is held at a positive potential 

when that constraint is satisfied and at earth potential otherwise. 	These 

constraint output wires are each connected to one input socket of a final 

AND gate. The signals on the constraint output wires are also fed back 

to control the routing circuitry so that each successive pulse from the 

clock-pulse generator is directed to the correct stage of the binary 

counter. 	This results in the binary counter going through the sequence 

of states required to generate the abbreviated scan of truth-value assign-

ments. 

When a truth-value assignment corresponding to a solution is set up 

the output wire of the final AND gate becomes energized. 	This signal is 

passed, via the control unit, to the clock-pulse generator to inhibit its 

operation until the machine is once again set into action by the operator. 

At the same time the existence of a solution is indicated by the lighting 

of a lamp in the display unit. Another set of lamps in the display unit 

enable the assignment of truth-values constituting the solution to be read 

from the machine. 	The total number of transitions that have occurred 

in the abbreviated scan at this stage can be read from the pulse count 

indicator. 

When the scan has reached the stage where it is known that no 

solutions remain to be found the machine stops and an orange indicator 

lamp is lit. 

VI.4 A Binary Counter with Simultaneous Carry Propagation 
Between All Stages. 

The heart of the scanning mechanism consists of a 16 stage binary 

counter. 	Several conventional counting circuits were tried and the one 
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ultimately used was based on a circuit given in reference 9 	The 

circuit diagram for one stage of the counter is given in Figure VI.2a. 

Counting circuits can be devised using only two relays per stage but the 

operation of such circuits generally involves de-energizing a relay by 

shunting its coil. This tends to limit the speed at which such circuit 

arrangements will operate. Although speed of operation was not a major 

target it was felt that it was worth using a counter with one extra relay 

per stage to obtain a higher scanning rate. 

The relays have 1,750 ohm coils, relay X' having two coils each of 

this resistance. The normal voltage used to energize the relays is 50 

but half this voltage is actually sufficient, though the operating speed 

of the relays at this reduced voltage is lower. 

Input pulses are fed to a given stage of the counter either directly, 

on the stage input line, or on the carry input line from the next stage 

of lower significance. The diode in the carry input line prevents carry 

pulses from being fed backwards through the counter. Figure VI.2b 

illustrates the sequence of operations as successive input pulses are fed 

to the counter stage. 	The state of the counter stage during each 

period is indicated by a digit 0 or 1 at the top of the sequence 

diagram. 

Since the operation of this counter is fully described on p. 244 

of reference 9 	it will not be dealt with here. However, the method 

used here to derive carry pulses does not appear to be mentioned in the 

literature. 	In any case, if it is, the idea in this instance occurred 

independently. This will now be explained. 

Consider the first few combinations of the binary code (Figure V.3, 

p. 88 	and imagine that a counter is going sequentially through these 

states. Note that if a pulse is added to the counter when the least 

significant stage is in the zero state no carry pulses occur. 	Carry 

pulses occur when a group of one or more successive stages at the least 

significant end of the counter are in the one state when a pulse is added 

to the counter. For example, if the state of the counter is 0000111 when 
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another pulse is added in, then the subsequent state of the counter is 

0001000. 	Note that the group of successive ones at the least significant 

end of the binary number are each replaced by zero and that the zero 

immediately following this group of ones is replaced by unity. 

With the conventional carry pulse arrangement in binary counters, 

if a pulse from the clock-pulse generator is added to the least significant 

stage, causing this stage to change from the one state to the zero state, the:1 

after this chance has occurrred, a carry pulse is passed on to the next 

stage of higher significance. A similar delay in the propagation of 

clock-pulses occurs at each successive stage. 	The operating speed of a 

multi-stage counter is therefore limited by the time required for a carry 

pulse to be propagated from one end of the counter to the other. 

By studying the circuit in Figure VI.2a it is seen that with the 

arrangement used here, immediately after a given clock-pulse is added to 

the counter the complete route is established for the carry pulse that will 

occur when the next clock-pulse is added to the counter. 	This route 

consists of a path through a series of make contacts of successive X' 

relays. 	In this way the carry pulse supplied to any stage is the actual 

clock-pulse being added in to the counter and carry pulses occur at all 

the required stages simultaneous with the occurrence of this clock-pulse. 

Although the operating speed of the counter is not limited by the 

carry pulse propagation time the circuit arrangement used here has one 

disadvantage. 	This is the number of successive relay contacts through 

which carry pulses must pass. 	This can cause an attenuation of the carry 

pulse which, if the circuit were operating under marginal conditions, could 

upset the operation of the counter. However, no such trouble was 

experienced in this case. 

Post Office type 100 relays were used in the counter. 	These have 

two energizing coils and two sets of change-over contacts. The operating 

times for these relays are claimed to be of the order of two millisoco-'s. 

However, as used in this machine the relays were found to have operating 

times between five and eight milliseconds. 
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The counter was found to operate very satisfactorily at a counting 

rate of ten pulses per second, whioh speed it was not desired to exceed. 

VI.5. The Operation Cycle of the Machine. 

The clock-pulse rate of the machine is 8 c.p.s.. 	The clock period 

is therefore 125 milliseconds of which time the clock-pulse occupies 

45 milliseconds. 	This makes the mark/space ratio approximately 1 : 2 . 

Figure VI.3 shows the way in which the clock period is used in performing 

the cycle of events through which the machine works. This machine is 

unusual in that the frequency of the basic operation cycle of the machine 

is the same as the clock-pulse frequency; in most machines it is a sub-

harmonic of the clock-pulse frequency, several clock-pulses occurring during 

each basic cycle of operations. 

During the first few milliseconds following the initiation of a 

clock-pulse the X and Y relays in some of the stages of the counter 

are changing state. 	For a similar period following the trailing edge of 

a clock-pulse the X' and Y relays in the same stages of the counter 

are changing state. 	The output wires whose states at any instant 

represent the assignment of truth-values to the logical variables are 

connected to make contacts on the X' relays (see Fig. VI.2). 	Therefore, 

the states of these output wires are also changing during the few milli-

seconds following the trailing edge of a clock-pulse. Following this 

change of state to a new assignment of truth-values many of the relays in 

the logical connective units are in a state of transition. 	As some 

logical constraints require a string of connective boxes to be connected 

with the output of one box connected to the input of another this state of 

transition may persist for a considerable time. 	Some 70 milliseconds, 

being the major portion of the operating cycle, are reserved to allow for 

this. Shortly Wbrethe arrival of the next clock-pulse, when the logical 

connective units have "settled down", the output wire of the final AND 

gate (Fig. VI.1) can be examined to see whether the existing truth-value 

asainmont constitvt cal a solution to thp problem on -1;he machine. 
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VI.6. The Logical Connective Units 

It was stated in Section VI.2 that universal logical connective 

units are used. 	Actually the units are not quite universal. 	There are 

16 possible logical connectives for two variables. 	Half of the units, 

50 in number, can be used to obtain any of the connectives except AND 

while the other 50 units provide any connective except OR. This was done 

mainly to save money but also to stop the density of input and output 

sockets on the front panel of the machine from becoming too high. 

The circuit of the units providing all connectives except the AND 

connective appears in Figure VI.4a. 	In the first of the papers on 

logical computers by McCallum and Smith (ref: 5 .) circuits were given 
for individual logical connective units each performing the function of one 

connective. 	These were combined with a telephone key switch and several 

sets of input and output sockets to form the circuit of Figure VI.4a. 

As the operation of the individual circuits is explained in 

reference 5 , and, in any case, the circuit is self explanatory, such 
explanation will be omitted. 	It should, however, bo noted that input 

sockets and output sockets are held at +50 volts to represent a truth-

value of unity and at earth potential to represent a truth-value of zero. 

The table in Figure VI.41 indicates which input and output sockets are 

used and also the position of the key switch to obtain various logical 

connectives. The NEGATION of any given logical connective may be obtained 

merely by using the alternative set of output sockets. 	The colour of the 

various sets of sockets is indicated on the diagram. 

The circuit of the other 50 units is very similar but a six input 

AND gate replaces the OR gate of Figure VI.4a. 	The input sockets for the 

AND connective on these units are green. 	The two types of units are 

arranged alternatively in a chess board fashion on the front of the machine 

as can be seen in the photograph of the machine in Figure VI.6. 	The units 

are mounted on racks in sets of five as can be seen in 

Figure VI.5.  VI.5. 
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VI.7. Operation of the Complete Machine 

The circuit diagram of the complete machine including the scanning 

mechanism, clock-pulse generator and control unit, but excluding the 

logical connective units, is given in Figure VI.7 (to be found in pocket 

inside front cover). 

Three of the sixteen stages of the binary counter are shown in the 

upper part of the diagram. 

The 50 volt power supply is obtained using a stack of germanium 

diodes in a full-wave bridge rectifying circuit. Although the operation 

of the machine does not require the full output of 12 ampbres which these 

diodes can supply the power pack has been designed to make this available. 

Even so, quite high currents will be demanded and, for this reason, only 

capacitance smoothing is used. 	The 20,000 microfarads smoothing should 

give 	ripple at a load of 10 amperes and correspondingly less at lower 

loads. When the machine is switched on the smoothing capacitor acts as 

a dead short-circuit and the current surge is limited by resistor R34 

which is cut out a fraction of a second later when the slugged relay, E, 

operates. A 30 volt line is taken from the junction of R33 and C5 to 

supply the transistors in the single-shot circuit in the control unit and 

those in the clock-pulse generator. 

The clock-pulse generator is a simple free-running multivibrator 

using two 0071 transistors. 	Some control of the mark/space ratio and 

frequency of the pulses is obtained by adjusting RV1 and RV2. Rolay C 

forms part of the load in the collector circuit of transistor Tti.. 	The 

clock-pulses which time the machine's operation are taken from the 50 volt 

supply through a make contact of relay C. At the instant of switching the 
machine on the base of T). is connected, via D24, R31 and a break contact 

of relay G, to the +50 volt line while, for the moment, the "+30 volt" 

line is floating. After a fraction of a second slugged relay E operates 

and the +30 volt line is, in fact, held at +30 volts, 	This arrangement 

ensures that the 50 volt bias is applied to the base of TL and that the 

clock-pulse generator is locked with T!. in the nonconducting state. 
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The machine remains in this state until further action by the operator. 

With the key switches in their normal position the machine is ready 

to operate in the abbreviated scan mode. To reset the machine key K2  

is pressed in an upward direction operating the contacts K2 u1   zul 	K2u2 • 
This energizes the reset coil of the pulse count indicator relay and so 

resets the indicator to zero. 	Simultaneously relay F operates causing 

the heavy duty break contact, through which the power supply to the rest 

of the machine is taken, to open. 	This caters for the eventuality of the 

machine being reset while in operation. The removal of the supply causes 

all the energized relays in the binary counter to "drop off", thus leaving 

all stages of the binary counter in the zero state. 

To start the machine key K2  is pressed in a downward direction 

operating the single contact K2D  . Relay G is energized and remains 

energized by virtue of the "hold on" path through one of its make contacts. 

The path supplying the 50 volt bias to the base of T4. is now broken. The 

clock-pulse generator therefore comes into operation. The clock-pulses 

are fed along a line to the routing circuitry which directs them to the 

correct input lines of the binary counter. 	The clock-pulses are also 

used to energize relay H. A make contact of H applies energizing voltage 

to the stepping coil of the pulse count indicator relay. 

At the top of the circuit diagram, corresponding to each of the 

16 stages of the binary counter, is a rule socket. 	These 16 sockets are 

the input sockets of the final AND gate of the machine (see Fig. VI.1 on 

p. 97 ). 

As explained in Section V.2, the logical variables are ordered and 

arranged into groups. 	The variables in group 1 are all those appearing 

in constraint 1 and they are represented by a corresponding group of 

stages at the most significant end of the binary counter. The variables 

in group 2 are all those appearing in constraint 2, but not already 

contained in group 1. These are represented by a corresponding group of 

the most significant of the remaining stages of the counter. 
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Now, corresponding to each constraint is a main logical connective 

unit, the output socket of which is hold at +50 volts when the constraint 

is satisfied and at earth potential otherwise. 	The output socket of the 

main connective box of each constraint is connected to the rule socket of 

the least significant of the group of stages of the binary counter corres-

ponding to that constraint. 

Example: the output socket of constraint 5 would be connected to 

the rule socket of that stage of the counter corresponding to the least 

significant variable in group 5. 

Since each group contains only one least significant variable, some 

of the rule sockets will be left "floating". However, note that the Z 

relays corresponding to these floating rule sockets are energized since 

they are each connected, in series with a 2.2 kilohm resistor)  across the 

50 volt supply. Note, also, that the Z relay corresponding to a rule 

socket which is not floating is energized when, and only when, the 

corresponding constraint is satisfied. 

The path of the clock-pulses to the counter can now be traced. 	The 

clock-pulses pass through the break contact,K1D2 of key switch K. 

and then come to a line containing a series connection of change-over 

contacts corresponding to the Z relays. 	The make contact corresponding 

to any floating rule socket is closed so that the clock-pulses are passed 

to the next change-over contact in the series. 	In this way each clock-

pulse is routed to the input line of the least significant stage of the 

group of stages corresponding to the first unsatisfied constraint encoun- 

tered by the pulse. 	Referring to Section V.2 it is seen that this is 

just what is required to generate the abbreviated scan of truth-value 

assignments. 

When an assignment is generated for which all the constraints are 

satisfied the next clock-pulse passes through the make contact of every 

Z relay and then passes through break contact, K1D1, 
 of key switch K1 

to the line marked "SOLUTION". 	The clock-pulse then passes through diode 

D18 and the break contact, K2u2, of key switch K2  to trigger the 
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single-shot circuit. 	A short pulse appearing at the collector of T2 

energized relay A which holds itself on. A make contact of relay A 

completes the path from the coil of relay B to the +50 volt line, thus 

energizing relay B. As a result of this a bias of +50 volts is applied 

to the base of transistor T3 which stops the action of the clock-pulse 

generator with TL in the conducting state. 	The operation of relay B also 

causes a red signal lamp in the display unit to be lit, indicating that a 

solution has been found. 

Single-shot circuit 
operates; clock-
pulse generator locked; 
signal lamp lit to 
indicate a solution 

#/ 

Clock- 
Pulse. 

Assignment of truth-
values generated 
constituting a 
solution. 

Logical connective 
units in state of 
transition. 

Release of key K3  . 

    

FIGURE VI.8. 

Figure VI.8 shows the sequence of events which occur when a solution 

is found. 	Note that the action of the clock-pulse genorator is not 

inhibited until after the initiation of the clock-pulse for the subsequent 

cycle of operations. 	This is because the clock-pulse itself is used to 

test the continuity of a path which,when complete, indicates a solution. 

The machine might be left for quite a time before the operator 

presses the key which makes it continue its scan. 	During this interval 

the stepping coil of the pulse count indicator would be energized and this 

might damage the coil. 	To prevent this resistor R32 is put in series with 
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the coil of relay H and, when a solution exists, the following clock-pulse 

is routed through diode D17 to the junction of R32 and the coil of relay H. 

The coil of relay H therefore has both its ends held at +50 volts and 

consequently it remains de-energized. 	Thus, when a solution is found, 

the pulse count indicator gives the number of transitions made by the 

machine up to that point in its scan. 

When the operator presses the key, K3  , in a downward direction to 

make the machine continue its scan relay A drops off but relay B 

remains energized while the key, K
3 

, is held in the downward position. 

The break contact K3D2 is open while the key is depressed and the 

junction of R32 and the coil of relay H is no longer maintained at 

+50 volts. 	The stepping coil is therefore energized while key K3  is 

depressed. 	On releasing key K3 	it returns to its normal position and 

relay B drops off allowing the clock-pulse generator to continue 

operating. 	The machine continues scanning until it finds another 

solution or comes to the end of the scan. 

The scan is terminated when a carry pulse occurs on the carry output 

line of the most significant stage of the binary counter. 	This 

indicates that all possible assignments of truth-values to the variables 

in the most significant group have been tried, although another pulse is 

being added to this group. 	If the machine were allowed to run on it 

would repeat the same scan. 	In order to stop the machine the carry pulse 

occurring on the carry output line of the most significant stage goes 

along the line marked "STOP", through diode D19, to trigger the single- 

shot circuit and stop the clock-pulse generator. 	This stops the machine 

in the same way as when a solution is found. 	The carry pulse also 

passes through diode D20 to energize relay D which holds itself on and 

lights an orange signal lamp in the display unit to indicate the 

termination of the scan. 	Unless the last truth-value assignment in the 

scan is a solution, no pulse is fed through diode D17 to the junction of 

R32 and the coil of relay H. 	Relay H is therefore energized in the 

absence of a solution and the opening of one of its break contacts 

prevents the red signal lamp from being lit and giving a false indication 

of the existence of a solution. 
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Two other Eoaes of operation of the machine are possible. If key K1  

is left in the upward position the machine can be operated manually. 	The 

scan is made to progress one transition at a time by repeatedly depressing 

the push button, Bl  . 	In this mode of operation the clock-pulse generator 

is out of action, the clock-pulses being derived from the 50 volt supply 

through a make contact of the button B1  . When a solution is found the 

button can be pressed but it will have no effect because it is then by-.• 

passed by a make contact of relay B. 	This prevents a solution from 

inadvertently being overshot. 	To continue the scan key K
3 

must be 

pressed in a downward direction for the first transition. 	Further 

transitions are obtained by reverting to the push button, B1  . 	In this 

manual mode of operation the machine performs the abbreviated scan. 

If key Ki  is left in the downward position the machine again 

operates automatically, the clock-pulse generator once more coming into 

action. 	However, clock-pulses are now directed always to the input line 

of the least significant stage of the binary counter. 	The machine 

therefore goes through an exhaustive scan of the truth-value assignments. 

This mode of operation is provided for moans of comparison. 

Above each stage of the binary counter (in the circuit diagram) 

there is a switch (S1 to S15), corresponding to that stage. 	If it is 

desired to put a problem on the machine involving fewer than 16 logical 

variables, then, for an n variable problem (n 4;16), the least signifi- 

cant n stages of the binary counter must be used. 	Then, so that the 

unused variables do not enter in to the scan the switch, SN, corresponding 

to the N
th 

stage is closed (all the other switches being open). A pulse 

is then fed along the "STOP" line when a carry pulse appears on the carry 

output line of the Nth stage of the counter. 

VI.5 A Fuse Indicator 

As mentioned previously, the logical connective boxes are mounted on 

racks with five units on each rack. The same type of high-speed relays 

(P.O. type 100) are used in the connective units as in the binary counter. 



The gap between open contacts on these relays is very small and, with the 

machine working in an atmosphere saturated with dust, it is not an in- 

frequent occurrence fora relay to "arc over". 	To prevent the contacts 

from welding together when this happens each rack of five connective units 

has its 50 volt supply line individually fused. As the fuses are rated 

at 750 mA., while the current carrying capacity of each relay contact is 

one amp6re, the contacts are well protected. However, when the fuse on 

one of the racks blows it is still possible for current to be supplied to 

the connective units on that rack through the connections to the input 

sockets of the units. 	Consequently the potential of the supply rail of 

a fused rack will not necessarily fall to earth level; it may float to a 

level as high as 40 volts above earth potential! 	In such a case there 

would be no indication that a fuse had blown and the machine would continue 

operating and getting all the wrong answeres. 	In an effort to avoid this 

a fuse indicating system has been installed. 	The circuit of this appears 

in Figure VI.9. 

The emitter of the transistor is held at the level of the +50 volt 

line of the control unit. The +20 volt line and the +45 volt point 

are obtained by using a simple resistor dividing chain. 	The cathodes of 

the 20 diodes are connected to the +50 volt lines of the 20 racks of 

connective units on the connective unit side of each fuse. 	This circuit 

compares the potential level of the supply line of each rack of connective 

units with that of the +50 volt line in the control unit. 	Normally the 

transistor is conducting very little and relay I is not energized. 

However, if the potential of the supply line of any one of the 20 racks 

of connective units falls as much as four or five volts below that of the 

control unit the transistor conducts and relay I operates. 	This lights 

a green signal lamp in the display unit indicating that a fuse has blown. 

It is then a simple matter to test the supply line of each rack with a 

voltmeter to discover which rack is at fault. 
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VII. 	AN INVESTIGATION OF METHODS OF PROGRAMMING THE ABBREVIATED 

SCAN MACHINE 

V11.1 The Ideas to be Tested 

The abbreviated scan machine constructed for solving problems in 

two-valued logic was described in Section VI. 	In Section V.3 some ideas 

were discussed regarding the possibility of finding an optimal ordering 

of the constraints and variables of a given problem when programming the 

machine so that the length of the machine's scan is minimized. 

The n variables of a problem may be ordered in 11-factorial different 

ways. However, when programming the abbreviated scan machine the constraints 

are first ordered and this partially determines the ordering of the variables; 

the variables are arranged in groups, each group corresponding to one or 

more constraints. 	Thus, not all the n-factorial orderings of the vari-

ables are possible. 

The only factors that may be considered when ordering the constraints 

are: 

(i) the number of variables involved in each constraint, 

(ii) the logical form of each constraint and 

(iii) the relative overlap of the constraints. 

The groups of variables are numbered, as below, starting with number 

one at the left-hand side. 	The variables in group 1 are all those 

involved in the constraint chosen as number one when ordering. All 

possible assignments of truth-values to the variables in group 1 will be 

tried in the scan. 

Most significant end 

Variables : (Group 12 ( Group 2J----(Group 1.;7----r 2 
Constraints : 	1 	2 	- _ - 



In describing the operation of the machine it was noted that clock-

pulses are fed to the stages of the counter corresponding to the least 

significant variable in each group, being routed according to which con-

straints happen to be satisfied. When an input pulse is fed to a stage 

of high sianificance (corresponding to a variable near the left-hand end of 

the above ordering) the scan takes a large leap through the binary scale. 

For the scan to be kept short it is desirable that this should occur as 

often as possible. 	It seems reasonable to suppose that the chance of an 

input pulse being fed to a stage of high significance will be increased if 

the number of groups of variables at the end of high significance be 

increased. 	This can be achieved by keeping the number of variables in 

each group as low as possible. 	Thus, when ordering the constraints, the 

.th constraint is chosen not only as a constraint having a low number of 

variables (relative to the remaining constraints) but also as a constraint 

having a high degree of overlap with the i-1 constraints already chosen. 

In other words the i
th 

constraint is chosen so as to minimize the number 

of variables in group i. 	This, then, takes into account factors (i) and 

(iii). 

Another idea discussed in Section V.3 was that, when ordering the 

constraints, it would be advisable to select first constraints which are 

satisfied by a low proportion of truth-value assignments (which will be 

called strong constraints), leaving the weaker constraints until last; 

the reason for this is clear. When the variables in a group corresponding 

to a given constraint are being scanned the machine will only begin scanning; 

the variables in groups of lower significance when the given constraint is 

satisfied. 	The scan will therefore be more efficient (shorter in length) 

when the given constraint is satisfied by only a low proportion of truth-

value assignments. 

In the following Section a method will be described of calculating 

the proportion of truth-value assignments satisfying any given constraint. 

Since this takes account of the logical form of the constraints factor (ii) 

is now being considered. 

It would appear that the length of the machine's scan can be kept 
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short if, when ordering the constraints, preference is given to the 

stronger constraints which are satisfied by a low proportion of solutions 

and at the same time the number of variables in each group is kept as low 

as possible. 

VII.2 Calculation of the Proportion of Truth-Value Assignments 
Satisfying a Constraint  

Consider first the case of a single elementary proposition, P. 

The truth-values unityand zero may be assigned to this, the proposition 

being true when the truth-value unity is assigned. An elementary propo-

sition, P, is therefore satisfied by half of the truth-values that may be 

assigned to it. The identical thing applies to the NEGATION of an 

elementary proposition. 

Let 	F=F(Ul'  U2,---,Um) and G=G(Vl' V2" --- V n) be two logical 

expressions where U1, U2,---,Um  , V1, V2,---,Vn  are all independent 

logical variables, i.e., F and G have no common variables. 	Out of 

the 2m assignments of truth-values to U1, U2'---'Um let a proportion f 

(01,c f ‘1) satisfy F. 	Similarly let a proportion g of the 2n  assign-

ments of truth-values to V1, V2,---'Vn satisfy G. 

Consider now the proportion of assignments of truth-values to the 

m+n variables satisfying the logical function F AND G. The number of 

assignments to U1, U2,---,Um  satisfying F is 2m.f. Each of these 

occurs with all the 2n  assignments of values to V1, V2'---'Vn' of which 

2
n
.g satisfy G. Hence the number of assignments of values to U1, U2,---, 

Um, V1, V2,---,Vn  satisfying F AND G is 2m.f.2n.g. Thus, the propor-

tion of truth-value assignments satisfying F AND G is given by thie 

product f.g . 

This is easily demonstrated in the case of the conjunction of two 

elementary propositions P,Q. Each of these is satisfied by half the 

values that may be assigned to it. 	The proportion of assignments to P,Q 

satisfying P AND Q is therefore one quarter. This is, of course, in 

agreement with the truth-table for the AND connective. 

Consider next the proportion of truth-value assignments satisfying 
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the IDENTITY F G. 	The number of assignments to U1, U2,----,Um  

satisfying F is 2
m
.f. 	Each of these occurs with the 2n  assignments 

to V1, V2,----,Vn, of which 2n.g satisfy G. 	This yields 2m.f.2n.g 

assignments of truth-values which satisfy the IDENTITY. 	Similarly, 	the 

number of assignments to U1, U2,----,Um  not satisfying F is 2m.(1-f), 

and these combine with the 2n.(1-g) assignments not satisfying G to yield 

a further 2m.(1-f).2n.(1-0 assignments of values satisfying the IDENTITY. 

Thus, the proportion of truth-value assignments to the variables 

U1, U2,----,Um, V1, V2,----,Vn  which satisfy the IDENTITY F =:G is given 

by f.g+(1-0.(1-g). 

In a similar way the proportion of truth-value assignments can be 

calculated which satisfy any of the logical functions of F,G and the 

following table summarizes the results. 

Function 
Proportion of Satisfying 
Truth-Value Assignments. 

F f 

G g 
^-F 1-f 

F.G fg 

F v G f + g - fg 

FAG 1 - f + fg 

F 1:1G fg +(1-0(1-g) 

F ik G f(1-g) + g(1-f) 

F and G have no common variables. 

FIGURE VII.1 

As an example of the way in which the proportion of assignments 

satisfying a constraint is evaluated consider the following constraint. 

fp,/ (A. B. C) V (D = E)_7 	 G H. I)2 
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The sequence of steps involved is tabulated below: 

Function 	Proportion of Satisfying Truth Value Assignments 

1 1 1 1 A.B.C. 	
-2-  • 7 • 2- £i  

„(A.B.C) 	 , 	_ 7 
T - 

D E 

rL.H. SideJ  

H.I 

G;DH.I 

[R.H. SideJ  

L-L.H.S. 	[R.H.S.J 

1 1 	 _ 
2 	2 	(1- 4).0, 2  - 
7 	1 7 1 _ 15 
8 °  2 	a-  • 2 - 
1 	1 _ 
7 • 7 - 
, • + . 8  

1 , 1 5 	 13 
1  2 2 • 8 r ib 

13 3 1 	= 16 	1 6 
• 15  , 15 	3 	61 

16 -7.  16'1 	 256 

Thus, the above constraint is satisfied by a proportion - 256 of the 

truth-value assignments to the variables 	The evaulation 

may appear tedious but it can, in fact, be carried out very quickly, 

certainly in a much shorter time than would be reouired to construct the 

complete truth-table for the constraint. 

Attention has so far been. restricted to constraints in which each 

variable appears only once. A similar procedure may be worked out which 

applies quite generally to any constraints. However, if the logical 

expressions F and G have v variables in common it is first necessary 

to express any function of F and G as a disjunction of 2v  terms, each 

term containing a different combination of the v overlapping variables. 

This indicates one way of determining the proportion of truth-value 

assignments satisfying a given constraint. An alternative method is 

simply to programme the machine to solve the given constraint. 
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VII.3. The Method of Investigation 

Arbitrarily constructed problems were solved on the machine and 

those having fewer than 20 solutions were used for further investigation. 

There are so many ways in which the constraints and variables of a 

16 variable problem can be ordered that it is quite impossible to try all 

these ways when solving a problem on the machine. As a start, therefore, 

a very simple problem in five variables was put on the machine. 	In this 

case it was possible to solve the problem using every possible ordering 

and an interesting fact regarding the ordering was revealed (Section VII.4). 

Other problems involving 12 and 16 variables were put on the machine. 

One method of ordering tried was to select first the constraint (or one of 

the constraints) involving the fewest variables and place these variables 

in group 1 at the most significant end of the binary counter of the machine. 

When selecting subsequent constraints the constraint was chosen which 

involved the least number of variables in addition to those contained in 

the constraints already chosen. 	In this way the groups of variables are 

kept small and a large number of groups is obtained. 	In generalpordering 

the constraints in this way will not produce a unique result. 	In this 

case several such orderings were tried. 

At any intermediate stage when deciding the ordering of constraints 

a certain sot of constraints will remain to be chosen. 	This set will 

consist of all those constraints involving at least one variable which is 

not contained in any of the groups of variables obtained so far in the 

ordering. When considering any given constraint in this set suppose that 

it is satisfied by a proportion f of its truth-value assignments and 

suppose, also, that the number of variables in the constraint which have 

not appeared in the ordering up to this stage is v . 	In Section VII.2 

it was decided that a good ordering should be obtained if, at all stages 

in the ordering, the next constraint were chosen so as to minimize both 

v and f . 	In general it is not possible to minimize two independent 

quantities such as v and f simultaneously. However, it might produce 
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a good result if the product v.f is minimized. 	This method of ordering 

was also tried. 

In order to have some basis on which to compare the results of these 

methods of ordering some arbitrary orderings were also tried. These were 

obtained by having a set of cards each bearing the number of one of the 

problem constraints and, after shuffling them, making a succession of 

arbitrary selections from the set of cards. Twenty such orderings were 

tried for each problem and the average length of scan resulting from these 

was used as a basis of comparison for the other methods of ordering. 

It would take far too much space to present all the results obtained 

and for this reason an outline of the results of the five variable problem 

and one 16 variable problem are given together with the complete set of 

results for another 16 variable problem. 

VII... Problem One 

This is a five variable problem having two solutions and the follow-

ing is a list of the constraints: 

(1) A If B 

(2) A.E EC  

(3) B == D 

(4) (D .DE) :77) A 

There are four-factorial ways of ordering the constraints and, due 

to the fact that some constraint orderings permit several different order-

ings of the variables, the total number of ways in which the constraints 

and variables can be ordered is 44. All these orderings were tried and 

the results are tabulated in Figure VII.2. The orderings are numbered 

from 1 to 44 so that they may be referred to conveniently. For each 
ordering the figures in the columns headed "Si" , "S2" and "E" give 

the number of transitions in tne scan to reach the first solution, the 

second solution and the end of the scan respectively. 
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Order S1  S2  E 

1 2 6 8 
2 2 6 8 

3 1 5 8 

4 1 5 8 

5 2 5 7 
6 1 4 7 

7 2 5 7 
8 1 4. 7 

9 2 6 8 
10 1 5 8 

11 6 11 13 
12 6 11 13 
13 4 11 13 
14 2 11 13 
15 3 11 13 
16 2 11 13 

17 7 13 16 
18 7 13 16 
19 4 13 16 
20 3 13 16 
21 5 13 16 
22 3 13 16 

Order S1 S2 E 

23 1 4 8 
24 1 4 8 

25 1 /4- 8 
26 1 4- 8 

27 1 7 17 
28 1 7 17 
29 1 7 17 

30 1 7 17 

31 1 5 11 
32 1 5 11 

33 5 9 14 
34 5 11 14 

35 3 11 14 

36 1 10 14- 

3 7 2 6 14. 
33 1 6 11+ 

39 6 10 17 

40 6 13 17 
4-1 2 6 17 
42 1 6 17 

43 4 13 17 

44 1 12 17 

FIGURE VII.2. 
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The orderings have been subdivided so that all the orderings in 

any subdivision involve the same constraint ordering but the ordering of 

the variables within one or more of the groups is changed. As an example 

the four orderings in the first subdivision are given below, the brackets 

indicating the grouping of the variables A,B,C, etc., and the numbers 

referring to the constraints corresponding to the various groups. 

 

FA B C E 
Order 1. 

   

    

2 

      

      

 

A 	B 	E 

1 	[ 2 _ _3, 
Order 2. 

 

 

-B A Ira E D 
Order 3. 

1 
	

2 
J 

r-
E C

- 

Order 4. 

3, 4- 
B A D 

2 1 3, 4. 

The ordering of the variables in the first tNo groups varies but the con-

straint ordering is consant. 

The significant point to notice in the tabulated results is that, for 

all the orderings in any subdivision, the same number of transitions is 

required to reach the end of the scan. 

The 7th. 	th. 
and 9 	orderings are given below and it is seen that chang- 

ing the order of variables D and E causes two groups of variables to merge 

into a single group. 	From Figure VII.2 it is seen that this produces a 

change in the number of transitions required to end the scan, and this is 

generally the case. 

B D E 
Order 7. 

Order 9. 

1 	L3 	L 2 

A B r-IE 
	

C- 

2 1- ,3 
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These results suggest the following important rule: 

The ordering of the variables within any group may be changed without 

affecting the length of the machine's scan provided that such change does 

not modify the grouping of the variables. 

	

This postulate is easily substantiated. 	The scanning mechanism of 

the machine is such that once scanning of the variables within any given 

group has commenced it is bound, ultimately, to be exhaustively completed. 

This follows from the fact that the variables in the next group of higher 

significance will not be changed until a carry pulse is emitted from the 

stage of highest significance in the given group. Similarly, the complete 

scan is only terminated when a carry pulse occurs on the carry output line 

	

of the most significant stage of the counter. 	Since, whenever, the 

variables within any group are scanned, they are soanned exhaustively, the 

ordering of the variables within any group may be nhanged without affecting 

the length of the scan provided that the grouping of the variables is not 

affected. 

VII.5. Problem Two  

This is a 16 variable problem having 18 solutions. 	The constraints 

are listed below, the proportion, f, of truth-value assignments satisfying 

each constraint being indicated. 

(1) 0 v P 

(2) I v (0 v 0.,(B 13i)] 

(3)([(0 v p).(B4 	v K 

(4) 	C ([(0 v P).(H4) I) 15 K1 	c) 

(4L v i)E.:j1)11) v ((..7 v N)45A)+a 

(6) KE 

(7) ID v (L 

(8) P.G) v Pi 	(C V H) 

(9) (L5) --  RC. V TO 	(C.N)1 

(10) 1(11.D) 	L) 

11. 
11 
16 

32 

64. 

1 
2 
1 
2 

32 
1 
4. 
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One of the orderings of variables obtained by selecting the con-

straints so as to minimize the number of variables in successive groups is 

0 P-1[B
1  1  

2 	T._  3 _,L4 

KTC' G 

8 

111-E J L 

[6 

F 

L. 9  

N A 

7 

D11 M 

_II 5, 10_ 

The numbers refer to constraints. 	There are 12 orderingsof the constraints 

which are equally good from the point of view of minimizing the number of 

variables in the groups. All these orderings were tried. 

The next ordering tried was that obtained by taking into account not 

only the number of variables in each group but also the proportion of truth-

value assignments satisfying the constraint corresponding to the group. 

Thus, successive constraints were chosen so as to minimize the product v.f 

as explained in Section VII.3. 

In addition 20 arbitrary orderings were tried. 

The results are given below. 	The number of truth-value assignments 

in an exhaustive scan for a 16 variable problem is 216  which is approxi- 

mately 65,000. 	For each method of ordering the factor of improvement is 

given relative to the exhaustive scan. 

Constraints ordered: 
Average number of 
transitions in 
complete scan. 

Improvement factor 
relative to exhaust-
ive scan. 

to minimize the product 
v.f. 759 86 

to minimize the number 
of variables in successive 811 80 
groups. 

arbitrarily. 3,437 19 

FIGURE VII.3. 
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Although the average of the orderings obtained by minimizing the 

number of variables in successive groups is not as good as, most of these 

orderings were actually better than the ordering obtained by minimizing the 

product v.f . 	For this problem there is no advantage to be obtained by 

taking into account the proportion, f, of truth-value assignments satisfying 

the individual constraints. 	It should be noted that, in this particular 

case, this proportion is of the same order of magnitude for all the con- 

straints. 	The orderings obtained by rule give considerably better results 

than the average for the arbitrary orderings. However, one or two of the 
:arbitrary orderings gewe results as good els many of those obtained with 
calculated orderings, 

VII.6. Problem Three 

This 16 variable problem has no solutions. 	The constraints are 

listed and the proportion of truth-value assignments satisfying each one is 

indicated. 

LB 	(C.H=L) 	[(E v A) -D(0.1)) 

(J v I) 	0) 

J_ 
3 2 

8 

LD.(H "r  M) I 1-1 (A 	F . 0)  2 
L(G v I) DE 	D EE (B.E) 

L(N V D) 	(C E2J).   /  (M :ID A) 1:p TT 

(A v G vN) => (M.D 1F) 4. 
E) 	(F.5"_ 7:3 (0 V I) 

Ordering the constraints so as to minimize the number of variables 

in successive groups produces 22 possibilities. All these orderings are 

given. 	The same bracket notation is used to indicate the grouping and, 

again, the numbers refer to the constraints brought in by successive groups. 

32 



Numbe r 

BFJKO 

2 

r
BFJKO1 
2 

Ordering 

G 
6 

6 

FE L P 

11 

E I 
4 

(1)  

(2)  

ADHM 
3 

D H 

[A3 	J 

C N 

5 

rO  
L5  

Transitions 

7,935 I 
4,7' 

9,4-29 L IL). 

B F J K 6" 
2 

{B F J K 
2 

[BFJKO 
2 

D H Iii P N 

1 3 i [CI 4 j516  1,095 

H 0 N C. 

3 
1 

1 5,6 975 

- - 
DHk GP 

[ 
N 

3 4 5,6 1,255 

(10) 

(12) E I L 
7 

125. 

The number of transitions in the complete scan is indicated for each order-
ing. 

(4)  

(5)  

(6)  

(7)  

(8)  

(9)  

[2 
BFJK 6 

F J K O 
2 

B F J K 
2 

[ BFJKOr 

2 

[B F J K 0 
2 

[
-B FJK1 
2 

[B F J K 
2  

D H id 
3 

A D H 	rG 
j L6 

[

A 3  D H liL 	C- 

6 

1 
[A DH Y., G 
'3 
	6 J  

[A7  E I L C 
1 

A E I L.--  C 

-7 	_ 1 
.11 EI L l 1-0 
7 	1..1 

N] [61 

Nl 

5 

5j 

ibl 151 

HP [D 
3 

H il 

J 
H il 

r
i I 

L7 	] 
E L P 

F

E 

[ 

bti 	N  

6,957 

7,055 

1,7 	8,549 

[F1,41 6,093 

5/u 	849 

729 

[N5,61 	
789 

C 

5 

D 
3 

D 



B F J K 0 

2 

B FJKO1 

2 

`BFJK O  
2 

L 

BFJKO 

B FJKO 

2 

B F J K 0 

2 

rBFJK

Oi  

1 

 

B FJKO 

2 

B FJKO 

2 
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Number 	Ordering 	Transitions 

( 2 ) 

( 21) 

(19) 

(22) 

( 18 ) 

(16) 

[ B F 
2 	

61 rA 

A

'-7 

7 

A 

7 

5 

GP N C 

4 6  1,5 

ON  [P IG 

1  L4,6  
[P.  I 

6 1,4 

N-1 P C 

1 i 4,5 

N-1 C [P 
] 4,5 1 

[M [N 

3 5,6 

EI1
_ 
DEM C 

3 	5 - 
E IL 	D H M G 

7 	3 	6 
J .-- 

A E I L D H M G 

- ̀37 	6 	
,... 

[  

E IL DGP C 

..-. - 	- 1 

- 	3 4 

-1  

E I 17 D G 1 H 

r-D G r H 

24- 	.3 

D GP M 

4- 	6 

D G F Ni 
7 	4- 	6 

( 13 ) 

( 14) 

(15) 

HM 

 

  

  

  

1,191 

1,383 

1,279 

911 

938 

909 

1,129 

1,065 

813 

799 

E I L 

7 

AEIL 

7 

A E I L 

M] C N 
1 5,6 

N 

N 

[6 

3 I  

5 1,3 

^ - 

C 

C 

1,5 

1,5 

The next ordering tried was that obtained by taking account of the 

proportion of truth-value assignments satisfying the individual constraints 

and selecting successive constraints to minimize the product v. f . 	For 

this problem this results in the following unique ordering: 

AEFIL 6 

7 
[ BCHP 

1 
..- 	---. 

- 	_--1$ 
DM 

3 

r 	--, 

4 .., 
[G.  N 

6 
K 

2 
( 23 ) 

171 
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Finally the following 20 arbitrary orderings were tried: 

Number 

(24) 	A c 
5 

(25) 	B F J 
2 

(26) 	B D 

(27) 	B D E 

(28) 	A C D 
5 

(29) 	A E F 
7 

(30) 	[A B C 
1 

(31) 	A B C 
1 

(32) 	ADFHMo 
3 

(33) 

(314-) 

4 

(35) ADFHM 
3 

(36) A D F 
6 

D E G I 

0 

G M N 

- 	_ 
JON IKB EPTG L 

_5 	 4,6 	1,7 

CJ KOB PEI HL 

- - 5 	2 

LE 

3,6 

F A MH 6 
3 

H 

F 0 

Ordering 
[ 

0 F E L G 
6 4 

.3,7 	5,6 

M GND I 
2 3)5,6 	4,7 

[G N J 6   
5 1,2+  2 

D NGF [I J K-

4,7 2,5 

L c 	JN K 
1,7 5,6 2 

-J 

4 
_ 1  
M N 
6 

- _ 
H M J K 

2 

] I E FB P  k 11 
,3 

,-- 
B K J [C 
2 

I 

J F 

EPIG 

Ni 31-  

5,6 

K J 
2 

1 

_ - 
C N 

J N 

1,7 

H C 
3 [1,5 

N 
7_1 11:?,6 

G K 
4:6 2_ 

N 

K2i 

84.1 

6,075 

1,983 

571 

1,929 

8,307 

335 

2,715 

3,629 

11,386 

6,231 

Transitions 

1,701 

11,683 

DJMN1 I
7  ...4 	L.. 

K 01 iii D 

__1 
} 

L 
i E G I F L 

_7 

G IP 	 F 0 A 
3 

1
_ 

J M N F 0 L 
7 

[ 
ILO HMD 

3 L 
E HLOP [D 

4 

E H LOP K 

7 

ABCEHLOP 
1 
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(37) A 

5 

(38)  

(39)  

(40)  
7 

(41)  
1 

(42) -A 

3 

(43)  

Number 	Ordering 

- 
A E F I L 0 

- 
DCNMJ KBGP H 

7 5 2 4,6 1,3 

A CDJMN GIEPF H L 

5 

FKB 0_ 

2 4,6 3 1,7 

A EFILO PH CB K 	D N M 

Transitions  

3,816 

809 

12,640 

567 

4,135 

753 

5 

2 
	

3,4,5,6 
•••,, ••••16  

5 	[,7 

DFHMO ---GN1 -CPBL 1 

6 	a. 

EOLIF- 

7 

JB K1 
2 

H 

3 
G 
6 

-- 
P 

1,4 2,048 

CDJMN-ILT.GF- L33 OK 

6 	2 

 

EP L H 

4 	7 1,3 

  

1 

BCEHLOP JNDM_ IF
— 

2 4,6 

E I-1[K J-1 
4,7 2,5 

K 

C D J M N 1 

These results are summarized in the Table in Figure VII.4 where the 

number of transitions in the complete scan is averaged for each method of 

ordering and the factor of improvement relative to an exhaustive scan is 

given. 	Ordering the constraints so as to minimize the number of variables 

in successive groups only reduces the length of scan by a factor of about 

three relative to arbitrary ordering. 	However, as will be explained, this 

is not a fair comparison. 

Referring to the list of constraints on p.127 it is seen that the 

proportion of truth-value assignments satisfying constraint 7 is an order of 
magnitude less than the corresponding proportion for any other constraint. 

If the results of the first 22 orderings (minimizing the number of variables 

in successive groups) are inspected it is seen that they may be divided into 

two sets; the number of transitions in the scan for the first six orderings 

is in the range 6,000 to 10,000 while the corresponding figure for orderings 



Constraints ordered: 
Average number of 
transitions in 
complete scan. 

Improvement factor 
relative to 
exhaustive scan. 

to minimize the product 
v.f. 171 380 

to minimize the number of 
variables in successive 2,815 23 
groups. 

arbitrarily. 8,215 7.8 

FIGTRE VII.4. 

7 to 22 is in the region of 1,000. 	The reason for this is that the strong 

constraint, constraint 7, was one of the last to be selected in orderings 

1 to 6 but was the second constraint to be selected in orderings 7 to 22. 

Ordering 23 was obtained by making use of the information regarding 

the proportion of truth-value assignments satisfying the individual con-

straints and, as a result, constraint 7 was given top priority by placing 

it first in the ordering. The second constraint chosen in this ordering 

was number one, which is seen to be the second strongest constraint. 

Consequently, the complete scan with this ordering contained only 171 

transitions, which is nearly 400 times better than an exhaustive scan. 

If all the results for this problem are studied there is found to be 

a marked correlation between the nearness of constraint 7 to the left-hand 

end of the ordering and the number of transitions in the abbreviated scan. 

To a lesser extent the same correlation is evident with respect to the 

position in the ordering of constraint 1. 

For this particular problem then, it is definitelyworth while considering 

the proportion of truth-value assignments satisfying the individual con 

straints. 
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VII.7. 	Summary 

It appears unlikely that any rules can be found for obtaining an 

optimal ordering of the constraints and variables of a problem. 	This is 

because the formulation of such rules would require a knowledge of the way 

in which the subsets of points in the problem space corresponding to the 
individual constraints overlapped. This knowledge is not readily available. 

Nevertheless certain broad rules can be given which will, in general, result 

in an ordering of the constraints that will be considerably better than an 

arbitrary ordering. 	The following strategy should be quite effective: 

(i) Determine the proportion of truth-value assignments satisfying 

each individual constraint. 	This can be done in the way 

described in Section VII.2 although this method gets out of hand 

when many variables occur in a constraint more than once. A 

better way is probably to solve the individual constraints using 

the machine. 

(ii) If the proportions for all the constraints are of the same order 

it is not worth taking them into account. 	In this case the 

constraints should be ordered so as to minimize the number of 

variables in successive groups. 

(iii) If the proportion of truth-value assignments satisfying one or 

more of the constraints is considerably lower than that for the 

remaining constraints then it is worth considering the strength 

of the constraints when deciding the ordering. This can be 

done by grouping the variables so that the product of the 

proportion of truth-value assignments satisfied by the con-

straint(s) corresponding to a group and the number of variables 

in that group is minimized. The ordering should be continued 

in this way until all the particularly strong constraints have 

been included. After that the ordering may be continued as in 

(ii). 

(iv) Whatever the method of ordering the constraints, the ordering of 

the variables within any group is unimportant if the grouping of 

the variables is independent of such ordering. 
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Anideal ordering would be one in which each "group" of variables 

contained only a single variable with the stronger constraints occurring 

early in the ordering. 	Problems best suited to solutions on the abbrevi- 

ated scan machine are those which permit an ordering of the constraints 

and variables in which the number of variables per group is low, particularly 

at the beginning of the ordering. A well suited problem should therefore 

have a few constraints in which only a few variables occur so that the first 

few groups of variables in the ordering can be made small. 	The remaining 

constraints should overlap (with respect to the variables they contain) in 

such a way that the number of variables in successive groups can be kept 

low. 	The stronger the constraints of a problem the more it is suited to 

solution by this machine. 
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VIII. APPLICATION OF THE ABBREVIATED SCAN TECHNIQUE TO THE 

ACADEMIC TIMETABLR PROBLEM 

VIII.1. The Problem 

Consider the problem of constructing a timetable for four classes 

(groups of people) for a week divided into 20 periods. There are five 

lecturers and four rooms available. The number of periods in the week 

during which each class must be taken by each lecturer is defined by an 

entry in the following matrix. 

    

lloturers  

1 2 3 4 5.  

8 9 3 0 0 
2 0 12 6 0 

4 5 0 7 4 
6 3 5 0 6 

    

Classes 

 

1 
2 

3 

 

   

     

Suppose that the following constraints must be satisfied between any 

class/lecturer combination and the allocated room: 

(i) Lecturer 1 may take class 1 only in rooms 1 or 4. 

(ii) Lecturer 2 may not take any class in room 3. 

(iii) Lecturer 3 may not take any class in room 3. 

(iv) Lecturer 5 may take any class only in room 3. 

Constraints of this nature are necessary to ensure that, for example, a 
class is not taken for a period of mathematics in a machine-shop. 

Suppose, also, that no class may be taken by the same lecturer for 
more than two consecutive periods. 

In addition the following must be satisfied: 

(v) A lecturer cannot take two classes simultaneously, and 

(vi) Two or more classes may never occupy the same room. 
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For each of the 20 periods in the week, to each class must be 

allocated a lecturer and a room. 	The complete timetable for the four 

classes contains 80 class-periods. 	The total number of possible ways 
\ 

of filling in these 80 class-periods is (4x5)
80 
 - an astronomical number! 

Of course, most of these timetables correspond to impossible situations 

such as one lecturer being called upon to take three classes at once, or 

all the classes being in the same room. 

.VIII.2. Expression of the Problem in Terms of State Variables 

Let the state variable Lai  represent the lecturer taking class 

during period i (the
th 

period of the week). 	Similarly, let R„i  

represent the room allocated to class a for period i . 

a has values 	1, 2, 3, 4 

i has values 	1, 2, 3, 	 

Hence there are 80 state variables Lai and 80 state variables R i 
corresponding to the 80 class-periods in the timetable. 

Since there are five lecturers, each state variable Lai  can have 

assigned to it one of the values 1,2,3,4 or 5, each corresponding to a 

particular lecturer. 	Similarly, one of the values 1,2,3 or 4 is assignees 

to each state variable Rai 
corresponding to a particular room. 

A solution to the timetable problem is now an assignment of values 

to the 160 state variables which satisfies all the constraints enumerated 

in the previous Section. There will be a set of these constraints 

corresponding to each of the 20 periods in the week. 	This leads to an 

obvious grouping of the state variables, as below, with each group con-

taining the state variablos corresponding to one period. 

Group 1. 	 Group i. 

b,1L201L  3,1L  4,1,  RI:1R2205/112401 

Group 20. 

[420L2,20L3,20L4,20 R1,20 .4,20 ',20R4,2 

 

 

   

   

   

,20 
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The assignment of values to the 160 state variables forms a mixed 

radix number as discussed in Section V.4. 	The state variables in group 1 

correspond to the most significant digits of this number while those in 

group 20 correspond to the least significant digits. 	The set of 
th 	.

con- 

straints corresponding to the a. period of the week involve the state 

variables in groups 1 to i. 

VTII.3. The Method of Scanning the Variables within a Group.  

The problem is solved by scanning the variables in group 1 to find 

a satisfactory arrangement for period 1. When this has been found the 

variables in group 2 are scanned to determine the timetable entries for 

period 2. 	The procedure continues in this way until it proves impossible 

to find a satisfactory arrangement for one of the periods. 	The variables 

corresponding to the previous period are then further scanned to find an 

alternative arrangement for that period. 

Consider the variables in group i - 

[14 	. 	. 	. 	. 	. 
1,i

L 
 2,1

L 
 3,1

L 
 4,1 

R 
 1,1

R 
 2,1

R 
 3,1

R 
 40] 

The value assigned toL1 3_  indicates the lecturer taking class 1 during 

period i while the value assigned to R.1  
, , 1 indicates the room allocated 

to class 1 for period i. 	Thus, the assignment of values [2 1 3 5, 4 3 2 iJ 

to the variables in group i would mean that, during period i, 

class 1 is taken by lecturer 2 in room 4 

class 2 is taken by lecturer 1 in room 3 

class 3 is taken by lecturer 3 in room 2 
class 4 is taken by lecturer 5 in room 1. 

An entry, P pi.  , in the matrix below (copied from Section ct  
gives the number of periods in the week during which class cf must be 

taken by lecturer P . 



Lecturers 

41 1 2 3 4 5 

1 	9 3 0 0 

2 2 0 	6 0 

Classes 3 4- 5) 0 7 4 
4 6 3 5 0 c_6.-) 

Period 1 matrix 

1.38 

L1,1L2,1L3,1L4,1 (Period 1) 

1 1 1 1 

1 1 1 2 

1 1 1 3 

p 1 1 1 4 

1 1 1 5 
1 1 2 1 

1 1 2 2 Exhaustive scan. 

1 1 2 3 

1 1 2 4 

1 1 2 5 

1 1 3 1 

The solution procedure starts by scanning the variables L1,1 L2,1 

L3,1 and L4~1 of group 1. 	The first few assignments of an exhaustive 

scan are given above. However, most of the possible assignments are un-

acceptable since one lecturer is required to give more than one lecture 

during period 1. A much more efficient scan is obtained in the following 

way. To L11 assign the lowest value corresponding to a non-zero entry 

in row 1 of the period 1 matrix. 	In this case the assigned value is unity, 

representing lecturer 1 (this is indicated in the matrix by encircling the 

entry corresponding to class 1 and lecturer 1). 	Then, considering class 2 

(row 2), assign to L21 the lowest value corresponding to a non-zero 

entry in a oolumn not yet used. 	Column 1 has been used and column 2 

(row 2) contains a zero entry. Hence assign to L2,1 
the value three, 

corresponding to column 3. 	The lecturers taking classes 3 and 4 during 
period 1 are found in a similar manner and the first assignment of values 

to L1,1L2,1L3,1L4,1 is 1 
3 2 5 . 

The next assignment in this scan would be obtained by increasing the 

fourth digit (5) to the next lowest possible value. 	In this case it 

cannot be increased. 	Therefore the third digit (2) is increased to the 

next lowest possible value, which is four, and the fourth digit is then 

reduced to the value two. 	The first few assignments in this scan are: 
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L1,1L2,1
L
3,1

L
4,1 	

(Period 1) 

1 3 2 5 
1 3 4 2 

1 3 4 5 
1 3 5 2 

1 4 2 3 

1 4 2 5 

1 4 5 2 

1 4 5 3 
2 1 4 3 

This scan progresses fftr more rapidly through the range of values than 

the exhaustive scan. 	Note that the constraints to ensure that a lecturer 

is not called upon to deliver more than one lecture in any period are 

implicitly contained in this scanning system. 	It is therefore unnecessary 

to apply these constraints to the assignments generated by the scan. 

Similarly, the constraints to prevent one room being allocated to more than 

one class for the same period will be implicitly contained in the system 

used to scan the assignments of values to the state variables representing 

the rooms. 

VIII.4 The Complete Scanning Procedure 

One constraint imposed is that a class must not have the same 

lecturer for more than two consecutive periods. 	This is allowed for when 

scanning the variables of group i (period i) by observing the assignments 

to the variables in groups i-1 and i-2. 	The constraint may be written in 

the form: 

If [1,4“i-2)= L 	then [I, a(i_i)  4 L ail 	(1) 

for a = 1,2,3,4 ; i = 3,4,5,---,20. 

The equality sign is used here to indicate equality of the values assigned 

to the state variables. 
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The complete scanning procedure will now be outlined. 

The first assignment of values to the L-variables of group 1 is 

obtained by considering the period 1 matrix as previously explained. 	In 

a similar way the R-variables are scanned starting with the assignment of 

values 1 2 3 4. 	The first assignment of values to group 1 is thus 

1 1 3 2 5, 1 2  3 4 

 

Period 1. 

  

Referring to the constraints between lecturer and rooms given on p. 135 
it is found that lecturer 2 cannot teach in room 3. 	The above assignment 

is therefore unsatisfactory and the next assignment to the R-variables must 

be tried, making the next assignment to group 1. 

11325, 12 4+ 31 	Period 1. 

This is a suitable arrangement for period 1. 

The matrix for period 1 is now modified by subtracting unity from 

the relevant entries (encircled) to give a new matrix. 	Each entry, 

1'ci p2  , in this new matrix gives the number of periods after period 1 

during which class a must be taken by lecturer 3 . 

Lecturers 

c132 1 2 3 4 5 p 

1 7 9 3 0 0 

2 2 0 11 6 0 
Classes 3 4 4 0  7 4 

4 6 3 5 0 5 
a 

Period 2 matrix 

Two further rules can now be explained which make the scanning more 

efficient. 	The first is simply that the number of outstanding lectures 

that a given lecturer must deliver cannot exceed the number of outstanding 

periods in the week. 	The sum of the entries in column. p of the period i 
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matrix gives the number of lectures that lecturer p must deliver after 
N 

the (i-1)
th 
 period. 	Thus, 

4 

papi  „.c,, 21 - i 
	

(2) 

N=1 

for p = 1,2,3,4,5 

102,3„20. 

and, if 
p 

P1  
. = 21 	i 

a=1 

then lecturer p must lecture in period i. 

The second rule is a further implication of the fact that a class 

must not have the same lecturer for more than two consecutive periods. 
. 	N 

The value of pc(pi  gives the number of periods after the (1-1)
th. 
 during 

which class a must be taken by lecturer p . 	It follows that any entry 

in the period i matrix must not exceed twice the sum of all other entries 

in the same row (i.e. corresponding to the same class). 

thus: 

c,43 	
P  

II 4P 

for a = 1,2,3,4 

	

i = 1,2,3, 	,20. 

and, if 

This is expressed 

(3) 

p 	> 2 c' pc' ui  

then lecturer 13 must take class a during period i. 

Applying rule (2) to the period 2 matrix it is seen that lecturers 

1 and 3 must lecture in period 2. 	At this stage rule (3) is satisfied. 

By considering the pbriod 2 matrix it is found that the first assignment 
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of values to be tried for the variables of group 2 is the same as that for 

group 1. 

i.e. 	1 3 2 5, 1 2 3 4 	Period 2. 

Once again the room allocation is not suitable and the next assignment is 

therefore 

13 2 5, 1 2 4 3 ] Period 2. 

which is satisfactory. 

The period 3 matrix is thus 

P et p3  

Lecturers. 

1 2 3 4 5 p 

6 9 3 0 0 
2 0 10 6 0 

4 3 0 7 4 
6 3 5 0 4 

Period 3 matrix 

1 
2 

Classes. 3 

4 
a 

Rule (1) is now applied and, since each class has had the same 

lecturer for two periods running, it must have a change in period 3. 

Rule (2) indicates that lecturers 1 and 3 must lecture in period 3. 

Rule (3) is still satisfied. 

Since each class must have a change of lecturer, when considering the 

period 3 matrix the first value to be assigned to the most significant of 

the L-variables (i.e. 	
L1,3) 

 is two. 	The first assignment to the group 

3 variables is then 

12 1 4 3, 1 2 3 4] Period 3. 

which gives each class a change of lecturer. 	The allocation of rooms is 

also found to satisfy the constraints (given on p. 135 ). 
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The period 3 matrix is then modified to give the matrix for period 4 

and the scanning is continued in the above way, applying rules (1), (2) and 

(3) at each stage and observing the constraints between lecturer and allo-

cated room. 

The complete scan of the variables to the stage where the first 

possible timetable is found is given in Appendix 2. The total number of 
"moves" in the scan is only 26. 

Any other constraints that might exist in a problem of this nature 

could be allowed for either by embodying them in the system of scanning 

the variables or by applying them to the assignments of values generated by 

the scan. Although the problem considered above is very trivial it serves 

to indicate the type of problem that can be dealt with by this method. 

As the variables may be many-valued (as distinct from two-valued), and as 

the problem constraints are not restricted to being of a logical nature 

(algebraic constraints being permitted), this method of scanning should be 

applicable to a wide variety of problems. 	Problems in production schedul- 

ing or any other problems which can be expressed in terms of state variables 

(as defined in Section v.4)  should be amenable to this method of attack. 

This method would normally be suitable only where it is sufficient 

that one or a few possible solutions to a problem be found. 	If all 

possible solutions are required then, even with this abbreviated scan 

technique the time taken would probably be far too great. 

The best way of solving problems by this abbreviated scan method 

would probably be to programme a general purpose digital computer. 



IX. CONCLUSIONS 

IX.1. Measure Functions for Many-Valued Logics  

The concept has been discussed of a problem space consisting of a 

set of discrete points, each point uniquely representing one assignment of 

truth-values to the logical variables in a problem. 	One possible problem 

space for an n variable problem in m-valued logic is an n-dimensional 

hypercube in which all the sides contain m equally spaced points. One 

dimension in the space corresponds to one variable and the m levels in 

that dimension represent the different truth-values that may be assigned 

to that variable. 	A single transition in this space corresponds to a 

change in the truth-value of one variable of unity. 

In Section III it was shown that any n variable problem in m-valued 

logic can be expressed as an equivalent problem in two-valued logic involv-

ing n.N two-valued variables, where N is the least integer such that 

2N 	m . When many-valued problems are expressed in terms of two-valued 

logic in this way the most appropriate problem space is an n.N-dimensional 

hypercube. A single transition in this space corresponds to a change in 

the truth-value of one of the two-valued variables in terms of which the 

problem is being expressed. 

The class of problems considered consists of problems in which a set 

of logical constraints involving many-valued variables and connectives 

must be satisfied simultaneously. A constraint is satisfied when its 

truth-value assumes the highest value possible in the given system of logic. 

The truth-values of the individual constraints are joined by a many-valued 

AND connective to give the final truth-value of the problem. A solution 

to the problem is any assignment of truth-values to the logical variables 

under which the final truth-value assumes the maximum possible value. 

It has been shown that, when the first type of problem space is being 

used (in which each dimension of an n-dimensional hypercube is subdivided 

to give m equally spaced points), the final truth-value of a problem can 
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be used as a measure function when searching through the problem space for 

solutions. 

When a many-valued problem is being expressed in terms of two-valued 

logic and the problem space consists of an n.N-dimensional hypercube it 

has been shown that the parity of the final truth-value may be used as a 

measure function. 	The parity is the number of l's in the binary expression 

of the final truth-value. 

In Section TV.6 ideas were expressed on the way in which a machine 

could be made to search through the problem space for solutions to a 

problem, being guided by the values of a measure function evaluated at 

each point covered by the search. 	Starting at some point in the space 

the machine could evaluate the measure function at this point and at all 

points within, say, four single transitions of the given point. 	The 

average value of the measure function in the neighbourhood of the given 

starting point could be calculated and this should give an indication of 

the likelihood of finding a solution to the problem in that region of the 

space. 	Also, if the mean value of the measure function increased when the 

search point moved in a particular direction in the space, then the machine 

could be made to concentrate its search in that direction. 	In general, 

the machine could be made to intensify its search in areas where the mean 

value of the measure function exceeded some stipulated level and to spend 

little time in areas where the mean value of the measure function fell 

below that level. 	Since this sort of procedure would probably tend to 

find a solution near the starting point, should one exist, the machine 

could be made to perform a series of searches from starting points either 

chosen at random or uniformly spaced throughout the problem space. 

In this way the machine should grope its way through a problem space 

and home on solutions. 	For problems involving large numbers of variables 

where it is necessary to find only one or a few solutions a solution 

procedure of the type outlined here should prove to be very effective. 



IX.2. The Abbreviated Scan Machine  

With one exception, 611 the machines previously constructed for 

solving sets of simultaneous constraints in two-valued logic have operated 

on the principle of making an exhaustive scan of the truth-value assign- 

ments to all the logical variables appearing in a problem. 	Any machine 

of this kind is severely limited in the number of logical variables that 

it can handle since, as this number increases, the number of steps in the 

exhaustive scan increases prohibitively. 	Even allowing for the most 

optimistic improvements in computing techniques and for consequent 

increases in operating speeds it is extremely unlikely that problems 

involving more than 40 to 50 variables could ever be solved in a practicable 

length of time using the exhaustive scan method. 

The exception mentioned above is a "feedback logical computer" built 

by McCallum and Smith in 1951. 	This machine searches through the problem 

space of a problem according to a stochastic process. 	Since its scan is 

non-deterministic it is impossible to tell, when solving a problem on the 

machine, whether the machine has found all the solutions. 	If the machine 

has not succeeded in finding a solution it is impossible to determine 

whether or not the problem in question has any solutions. 

Section V describes a method that has been developed for finding all 

the solutions to a problem in two-valued logic without making an exhaustive 

scan of the truth-value assignments. 	This method of solution has been 

fully mechanized and a relay operated machine has been built which is 

capable of solving problems involving up to 16 logical variables and not 

more than 100 logical connectives. 	Due to its method of operation this 

machine has been called an "abbreviated scan" computer. 

Methods of programming this machine have been investigated and it has 

been shown that the number of steps taken by the machine in the scan to 

completely solve a problem depends upon the order in which the problem 

constraints and variables are presented to the machine. 
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It does not seem possible to devise any optimal programming techniques 

enabling a scan of minimal length to be obtained for a given problem. 

However, rules have been formulated which should, in general, result in an 

ordering of the constraints and variables of a problem yielding a scan 

containing far fewer steps than that obtained using any arbitrary ordering. 

Although the effectiveness of the abbreviated scan machine depends 

upon the particular problem being solved, the results show that for 

problems in 16 variables the machine usually performs a scan in which the 

number of steps is about two orders of magnitude lower than that in the 

corresponding exhaustive scan. 	It is expected that this factor of improve-

ment, relative to an exhaustive scan, should increase greatly with the 

number of variables appearing in the problems. 

In Section V.)4. and Section VIII it has been shown that the principle 

of the abbreviated scan machine can easily be generalized to deal with 

problems in many-valued logic or with any problems that can be expressed 

in terms of state variables (as defined in Section V.4). 	Such problems 

may involve any variables capable of assuming any one of a finite number 

of different states, and may therefore involve algebraic variables and 

constraints and/or logical variables and constraints. 

IX.3. On the Application of Logic 

As yet, symbolic logic is not widely used in application to engineer-

ing or other problems. However, it seems inevitable that, in the near 

future, many applications will be found in the ever increasing classes of 

organizational problems arising in industry and elsewhere. 	Indeed, many 

people realize this and are working on these ideas. Some possible 

applications and a few references have been quoted in the Introduction. 
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APPENDIX 1 . 

Solution of a Set of Logical Constraints by  

Systematic Reduction  

The four rules of the manufacturer problem given in the Introduction 

are expressed in the following conjunction: 

[(A.B)\,C1. (B.C). (DDB). (DvE) 

A list of tautologies was given on p. 25 in Section I. 	These will 

be repeatedly used to simplify the logical expression of the problem until, 

finally, the solutions are obtained. 	The numbers of the tautologies 

mentioned correspond to the numbering in the above mentioned list. 

In the first place tautology (11) is used to re-express the NEGATED 
rule and tautology (13) is used to express the IMPLICATION in terms of 
other connectives. 	The logical expression becomes 

[(A.B)vC]. (g\eo). (5vB). (DvE).  

Tautology (9) is used to expand the first two rules and similarly to expand 

the second two rules. The resulting expression is 

(A.B.13vA.B.6v33.CyC.6).(D.Ev13.EvB.DvB.E) 

Tautology (2) implies that any logical conjunction containing both a 

variable and the NEGATION of that variable (e.g. the term A.B.IS above), 
is always false. All such terms are therefore omitted to give the follow-

ing expression - 

(A.B.Cvii.C).(-35.EvB.DvB.E) 

A further application of tautology (9) gives the following - 
MN,/ OWN 	 ON. mm• 	 NO. 	 •••• 	 w/m •••M 

A.B.C.D.EvA.B.C.DvA.B.C.Ev.B.C.D.EvB.B.C.DvB.B.C.E 
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Tautology ( 2) is applied once more - 

v A.13.5.Dv A .B.G.E 

A disjunction of this form will yield the solutions to the problem if each 
term contains all the variables in the problem. 	Tautology (3) indicates 
that a term such as (EvE) is always true. 	The second term in the above 
expression can therefore be made to involve the variable , E, by joining it, , 
with an AND connective )  to the term UvE). Applying tautology (3) 
in this way the expression becomes - 

A.B:35.EN/A.B:a.D.(Evi)vA.B:3.E.(D...5)\/1.C:50 ,E. (AvX) 

Tautology (9) is then used to expand the terms in this expression to obtain: 

A•B•6•15•EvA.B•a•D•Ev.a.B•Z•D;EvA•B•a.D•Ev A. B•5•5•EvA•T3. C•15.E v71,53• C•T5•E 

Applying tautology (2) as before the list of five solutions to the 
manufacturer problem is obtained 

A.B.C.D.EvA.B.C.D.EvA.B.C.D.EvA.B.C.D.EvA.B.C.D.E 

This method of solution is of no use whatever for problems containing 
many variables due to the extremely large numbers of terms that would be 
obtained when expanding the logical expressions. 
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APPENDIX 2 

The Abbreviated Scan for the Timetable Problem in Section VIII. 

In summary, the statement of the problem is: 

Classes : 	1, 2, 3 and 4 . 

Lecturers : 	1, 2, 3, 4 and 5 . 

Rooms : 	1, 2, 3 and 4 • 

Periods in week : 1, 2, 3, 	, 20. 

The number of periods in the week for which each class must be taken 

by each lecturer is defined by an entry in a matrix referred to as the 

"period 1 matrix". 

No class must receive more than two consecutive periods with the same 

lecturer. 

A lecturer cannot take more than one class in the same period. 

Not more than one class may occupy the same room during any period. 

A group of state variables is defined corresponding to each period. 

The group for period i is 

Rloi1JiR3siR4,  I i 

where the value assigned to L
a,i 

denotes the lecturer taking class cf, 

during period i and the value assigned to Rdenotes the room allo- 
a,i 

cated to class a for period i , for a = 1,2,3,4 • 

The solution procedure commences by scanning the variables in group 1, 

corresponding to period 1. When a suitable assignment is found the period 

1 matrix is modified by subtracting unity from the relevant entries to give 

the period 2 matrix. 	The variables in group 2 are then scanned to find a 

suitable arrangement for period 2. 

When determining the assignment of values to the variables in group i, 

corresponding to period i, the following points must be observed: 
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(1) to prevent any class receiving more than two consecutive periods 

with the same lecturer, 

if 111 ct,(i_2)  =La 
,(i-1)1' 

then ,(±-1) 	
Lail 

 

 

for = 1,2,3,4. 

Nhere a class has had the same lecturer for periods i-2 and 

i-1 the entry in the period i matrix corresponding to that 

lecturer is crossed out. 

(ii) if the number of outstanding lectures for any lecturer is equal 

to the number of outstanding periods then that lecturer must 

lecture in period i , 

4 
i.e. 	if

P 	
= 2 1 - i 

aPi =1 

then lecturer p must lecture in period i. 

Nhen this occurs it is indicated by placing an arrow below any 

column of the period i matrix corresponding to a lecturer who 

must lecture in that period. 

(iii) to ensure that the situation does not arise where a class has so 

many outstanding periods with one lecturer that it would 

necessitate that lecturer taking the class for more than two 

consecutive periods at some stage, 

if 	P d p i  s> 2> 	p i, 
 for a= 1,2,3,4, 

(3) P0413  

then lecturer p must take class a in period i. 

This is indicated in the period i matrix by encircling the entry 

corresponding to any class/lecturer combination that must occur 

in period i 

(2) 



i=1 1 2 3 4 
1 8 9 3 0 
2 2 0 12 6 

3 4 5 0 7 
4 6 3 5 0 

T 
i=2 1 2 3 4 

1 7 9 3 0 
2 2 0 11 6 
3 4 4 0 7 
4- 6 3 5 0 
a 1 

i=3 1 2 3 4 
1 0 9 3 0 
2 2 0 10-  6 
3 4 1 0 7 
4 6 3 5 0 
ct 

5 p 
0 
	Period 3. 

0 	 2 1 4 3 , 1 2 3 4 	(5) 
4 
g 

3 4 (1) 
4 3 (2) 

3 4 (3) 
4 3 (0 

5 p 
0 
0 

4 
6 

5 p 
0 
0 
4 
5 

1 3 2 5 	, 1 	2 
1 3 2 5 	, 1 	2 

Period 2. 
1 3 2 5 , 1 	2 
1 3 2 5 , 1 	2 

Period 1. 
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When a suitable assingment of values has been found for the L-variables 

in group i the R-variables of that group are scanned until an allocation of 

rooms is found satisfying the constraints - 

(i) lecturer 1 may take class 1 only in rooms 1 or 4. 

(ii) lecturer 2 may not take any class in room 3. 
(iii) lecturer 3 may not take any class in room 3. 
(iv) lecturer 5 may take any class only in room 3. 

The complete scan up to the stage where the first possible complete 
timetable is found is given below: 

Period i matrix 	Assignments 
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Period i matrix Assignments 

i=4 1 2 3 4 5 p 

1 6 8 3 0 0 Period 4. 

2 	1 0 10 6 0 1 3 2 	5 , 	1 2 3 4 (6) 

3 4 3 0 6 4 1 3 2 	5, 	1 2 4 3 (7) 

4- 6 3 4 0 4 
T 

1=5 1 2 3 4 5 p 
Period 5. 1 5 8 3 0 

2 1 0 9 6 0 1 3 2 	5, 	1 2 3 4 (8) 
3 4 2 0 6 4 1 3 2 	5, 	1 2 4 3 (9) 

6 3 4 0 3 

i=6 	1 2 3 4 5 p 
Period 6. 1 X 8 3 0 

2 1 0 0 6 0 2 1 4 	3 , 	1 2 3 4 (10) 

3 0 0 6 4 

4- 6 3 4 0 0 
CC 1' fj. 

1=7 1 2 3 4 5 p 
Period 7. 1 4 7 3 0 0 

2 G 0 8 6 0 1 3 2 	5, 	1 2 3 4 (11) 

3 4 1 0 5 4 1 3 2 	5, 	1 2 4 3 (12) 

4 6 3 3 0 2 

I 1' 

1=8 1 2 3 4 5 p 

1 3 7 3 0 0 Period 8. 

2 0 0 7 6 0 1 3 4 	2 , 	1 2 3 4 (13) 

3 4 0 0 5 4 

4 6 3 3 0 1 



2 6 3 

0 0 6 

3 0 0 
6 2 2 

1 
2 
3 

1=11 1 2 3 
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Period i matrix 	 Assignments  

i=9 1 2 3 4 5 p 

0 

4 

1 

5 p 
Period 10. 

0 0 

5 0 1 3 4 	2 	1 2 3 4 (15) 

4- 4- 
0 1 

4- 5 p 
Period 11. 

0 0 

5 0 1 3 4 	2 	1 2 3 4 (16) 

3 4 

0 1 

4- 5 p 
Period 12. 0 0 

5 0 2 4 1 	3 	, 1 2 3 4 (17) 

2 4 

0 1 

4 5 p 
Period 13. 

0 0 

4 0 2 3 4 	1 ) 1 2 3 4 (18) 

2 4 

0 1 

1 9f 7 3 0 0 

2 0 0 	6 0 

3 4 0 0 
4 6 2 3 

i=10 1 2 3 

Period 9. 

2 4 1 3 , 1 2 3 4 (14) 

1 1 6 3 

2 0 0 5 

3 3 0 0 

4 6 1 2 

1=12 1 2 3 
1 0 6 3 
2 0 0 X 

3 3 0 0 

4 6 0 2 
I` 

1=13 1 2 3 

1 0 5 3 
2 0 0 4 

3 2 0 0 

4. CO 0 1 
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Period i matrix 	 Assizments  

i=141 1 2 3 4 5 p 
Period 14. 1 

2 
3 
4 
CC 

4 2 
0 3 

0 0 

0 1 

1 
2 
3 
4 
C 

i=18 
1 
2 

3 

O X3oo 

4 

1 

0 

0 

4 

1 

3 4 5 	1 , 1 2 3 

4 5 

0 0 Period 15.  
3 0 2 3 1 	5 , 1 2 3 

1 3 2 3 1 	5 , 1 2 4 
0 1 

4 5 p 
Period 16. 0 0 

3 0 2 3 4 	1 , 1 2 3 
1 3 
0 0 

4 5 p 
Period 17. 0 0 

0 3 4 5 	1 , 1 2 3 
0 C3) 
0 0 

4 	(19) 

4 (20) 
3 (21) 

4 (22) 

4 	(23) 

i=17 

cc 

i=15 1 
1 0 
2 0 

3 2 

X 

0 0 3 

2 0 0 

0 1 

T T 
2 3 

1 2 3 
O 4 2 
0 0 i 
1 0 0 

0 1 

T 
2 

0 2 
O 0 
1 0 

41‘ 

3 4 5 p 

1 0 0 Period 18. 

1 2 0 2 4 1 	3 , 1 2 3 4 (24) 
0 0 2 

0100 

i.16 1 2 3 
0 3 2 
0 0 2 
1 o 0 

C) 1 
cc l• 

1 
2 

3 
4- 



1.19 
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Period i matrix 	 Assi,',:ments 

1 2 
l". Period  

001X0 	2 3 5 1 , 1 2 3 4 	(25) 
0 0 0 0 (2) 

0 0 0 0 

T 

1 
2 

3 

4- 
rf 

0 1 

3 4 5 t3 
1 0 0  

1 2  3 4- 5 3  1=20 

o (I) o o 
o 0 0 oi 0 

0 0 0 0 Ci) 
Ci) 0 0 0 0 

Period 20. 

3 4 5 1 1 2 3 4 (26) 

1 
2 

3 

The complete timetable obtained in the above scan appears in 

Figure A-2-1. 

In the case of the simple problem considered here the scan is seen 

to progress from the first period to the last without ev.Dr having to go 

back a step. 	Normally, hol,ever, when solving a problem in this way it 

would be found at some stage that a suitable arrangement could not be found 

for a certain period, say period r . 	In this case the values assigned 

to the variables in group r-1 , corresponding to period r-1 , would be 

further scanned to find an alternative arrangement for period r-1 . 	If no 

other arrangement should exist for period r-1 the variables in group r-2 

would be further scanned. Thus, the scan progresses in the same way as the 

abbreviated scan for problems in two-valued logic described in Section V. 
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MON 
	

TUE 
	

WED 
	

THUR 
	

FRI 

Class 1 
Class 2 
Class 3 
Class 4 

Period 1 Period 5 Period 9 Period 13 Period 17 

Ll 	R1 

L3 	R2 

L2 	R4 

L5 	R3 

Ll 	RI 

L3 	R2 

L2 	R4 

L5 	R3 

L2 	R1 

L4 	R2 

Ll 	R3 

L3 	R4 

L2 	RI 

L3 	R2 

L4 	R3 

Ll 	R4 

L3 	R1 

1,4 	R2 

L5 	R3 

Ll 	R. 

Class 1 

Class 2 
Class 3 
Class 4 

Period 2 Period 6 Period 10 Period 14 Period 18 

Ll 	R1 

L3 	R2 

L2 	R4 

L5 	R3 

L2 	R1 

Ll 	R2 

L4 	R3 

L3 	R4 

Ll 	El 

L3 	R2 

L4 	R3 

L2 	R4 

L3 	El 

L4 	R2 

L5 	R3 

Ll 	R4 

L2 	R1 
L4 	R2 

Ll 	R3 

L3 	R4 
..... 

Class 1 

Class 2 
Class 3 
Class 4 

Period 3 Period 7 Period 11 Period 15 Period 19 

L2 	R1 

Ll 	R2 

L4 	R3 

L3 	R4 

Ll 	R1 

L3 	R2 

L2 	R4 

L5 	R3 

Ll 	R1 

L3 	R2 

L4 	R3 

L2 	R4 

L2 	R1 

L3 	R2 

Ll 	R4 

L5 	R3 

L2 	R1 

L3 	R2 

L5 	R3 

Ll 	R4 

Class 1 

Class 2 

Class 3 

Class 4 

Period 4 Period 8 Period 12 Period 16 Period 20 

Ll 	R1 

L3 	R2 

L2 	R4 

L5 	R3 

Ll 	R1 

L3 	R2 

L4 	R3 

L2 	R4 

L2 	R1 

L4 	E2 

Ll 	R3 

L3 	R4 

L2 	R1 

L3 	R2 

L4 	R3 

Ll 	R4 

L3 	RI 

L4 	R2 

L5 	R3 

Ll 	R4 

- Lecturer µ ; R - Room µ. 

FIGURE A-2.'1. 
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0 
R 
N 
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A 
P 
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E 
R 

0 

0 
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