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Abstract. This work presents a mathematical model for the optimal control of thin-film flows4
over a flexible substrate influenced by an external force. The objective is to find the optimal dis-5
tributed force acting on the topography that minimises the differences between actual and desired6
thin-film profiles. A nonlinear lubrication equation governing the fluid dynamics and appropriate7
functional settings for this model are presented. It is also shown that this system satisfies a global8
energy-dissipation law for a suitable energy functional. Optimality conditions are derived for the9
solution of the minimisation problem of a specified cost function across a time horizon. These condi-10
tions are formulated at a continuous level as system of coupled, forward-backward PDEs, which are11
subsequently discretised for numerical investigation. To ensure computational efficiency and stability,12
first-order Implicit-Explicit (IMEX) time-stepping schemes are employed to handle the nonlinearities13
in the model, and a reduced gradient descent algorithm is applied to obtain a numerical approxima-14
tion of the optimal control signal. Numerical results illustrate that controlling the thin film, even15
during rupture, achieves a precise film profile. This control strategy accelerates convergence towards16
a steady state, reduces instabilities, stabilises dewetting processes, and meets the desired profile17
specifications.18
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1. Introduction. Controlling thin-film flow has gained significant interest across21

a range of applications [17, 33, 43, 50, 58]. For example, coating processes favour sta-22

ble, flat-flow films [54], whereas applications in heat and mass transfer often require23

interfacial deformations [18]. Motivation stems from the increasing number of thin-24

film devices manufactured across diverse industries such as microelectronics, displays,25

optical storage, and microfluidic devices [17, 33, 43, 49, 50]. Of particular interest26

are inverted film configurations where the liquid resides on the underside of a sub-27

strate [10]. Such configurations arise in liquid film coating in cooling towers [46],28

environmental applications such as glacier hydrology and cave pattern morphogene-29

sis [11], and biomedical applications such as microbicide epithelial coatings and blood30

pattern analysis [29, 31]. In these inverted geometries, gravity destabilises the film31

and control of the thin layer deposition process is required to achieve desired free32

surface profiles [15]. However, efficient control of interfacial shape or surface area has33

been largely unexplored until recently, with most efforts focusing on varying external34

mechanisms like electric fields [3, 57], including a rigid topography [20, 21, 47, 48, 56]35

or surfactants [9], rather than using mathematically optimal or robust approaches [58].36

The mathematical model of thin films is based on the lubrication approximation37
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2 ALRASHIDY ET AL.

simplified from the Navier-Stokes equations [45], resulting in a time-dependent Partial38

Differential Equation (PDE) for the height of the film. This model has been exten-39

sively studied for its ability to facilitate accurate analytical and numerical calculations40

[2, 35, 39, 40]. This indicates that the characteristic wavelengths of interfacial defor-41

mation are significantly larger than the film thickness ratio [44, 54]. Additionally,42

when combined with flexible substrates, further dynamics arise due to elastohydro-43

dynamics [39, 40]. Craster and Matar’s review provides a comprehensive overview of44

these models [13]. Traditional models typically assume rigid substrates, but real-world45

applications increasingly involve flexible substrates [40].46

Our work develops a PDE-constrained optimisation approach for the control of47

thin-film flows over a flexible substrate. Our thin film model allows for the rupture48

of films as well as the coalescence of bubbles. We focus on finding the distributed49

force influencing the flexible substrate that minimises a cost function, for example,50

the difference between the observed height of the thin film and some desired function.51

Novelty and contributions. The main contributions of our work are as follows:52

1. We derive a thin-film flow model over a flexible substrate and introduce an53

externally forced substrate formulation that allows active control of the film54

through substrate deformation. The model couples the dynamics of the film55

and the flexible substrate, and includes the effects of gravity, disjoining pres-56

sure and external forcing on the substrate.57

2. We prove that the system satisfies a global energy-dissipation law for a suit-58

able energy functional. We also present an appropriate functional setting and59

a bounded weak formulation for our PDE system. The energy-dissipation law60

can be derived directly from the weak formulation, thereby providing an es-61

sential a priori estimate on the PDE solution.62

3. We derive the optimality conditions at the continuous level to control our63

coupled system. To achieve this, we formulate an optimal control problem64

consisting of the minimisation of a cost functional subject to the nonlinear65

evolution PDE for the thin-film flow controlled by the force acting on the66

substrate. First-order optimality conditions are given by a forward-backward,67

state-adjoint PDE system, closed with an optimality condition for the control.68

4. We propose a stable time discretisation for the optimality system, which is69

possible because of the global energy-dissipation structure of the model. In70

particular, a careful treatment of the nonlinearity in the model (i.e., the71

disjoining-pressure term) is needed to balance computational efficiency and72

stability. For this, we propose a first-order Implicit-Explicit (IMEX) time-73

stepping scheme, which decomposes the nonlinear term into a contractive74

(convex) and expansive (concave) component [42, 59]. This linearly-implicit75

scheme can be combined with any spatial discretisation method. We have76

employed standard continuous finite elements. Finally, gradient descent is77

used as an iterative method to solve the resulting discrete PDE-constrained78

optimisation problem [14, 38].79

The structure of the rest of the paper is as follows. Section 2 introduces the80

model for the flow of thin films over a flexible substrate and its weak form. Section81

3 shows the optimal control problem, the first-order necessary optimality conditions,82

and the gradient descent scheme for the optimisation problem. Section 4 presents the83

time discretisation using the IMEX time-stepping schemes and the numerical results.84

Finally, Section 5 summarises the findings of this work.85
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Fig. 1: Illustration of a two-dimensional fluid flow on a flexible substrate, where h(x, t)
denotes the film thickness, s(x, t) is the shape of the topography, andH(x, t) = h(x, t)+s(x, t)
is the height of the one-dimensional free surface. The profile of the topography is controlled
by a forcing function f(x, t), which is represented by the colour of the curve, where red
indicates upward (positive) forcing and blue indicates downward (negative) forcing. g is the
gravity vector.

2. Model of thin-film flow over a flexible topography. In this section,86

we present a mathematical model comprising two coupled PDEs that describe the87

evolution of the thin film and flexible substrate. Furthermore, we show the model’s88

functional settings and weak form. The derivation of thin-film flow models on rigid89

substrates is well known and is based on lubrication theory [5, 56]. The inclusion of90

the disjoining pressure and a non-inclined flexible substrate is discussed in various91

forms in the literature [2, 13, 35, 39, 40, 41].92

2.1. State equation. We consider a thin-film flowing on the underside of a93

flexible substrate; an abstract sketch of this setup is illustrated in Figure 1. The94

coordinate system is defined by (x, y), with x being the horizontal coordinate and y95

being the vertical coordinate. We also define t as time. The force driving the flow is96

gravity g, which we take to act on the increasing y direction to model a film hanging97

beneath a substrate. This destabilised configuration generates rich dynamics in which98

our control can play a meaningful role.99

The following system governs the evolution of a thin film over a flexible substrate,100

i.e.,101

(2.1) H(x, t) := h(x, t) + s(x, t),102

where H(x, t) is the observed film height relative to flat horizontal reference, h(x, t) ≥103

0 is the film thickness, and s(x, t) is the substrate topography height:104

ht −
(
1
3h

3µx

)
x
= 0,(2.2a)105

µ = ϕ′(h)− Bo

Ca
H− 1

Ca
Hxx,(2.2b)106

st − c2sxx − γ

Ca
(hxx +Boh) = f(x, t).(2.2c)107

A derivation of the model equations is included in Appendix A. In equation (2.2a),108

we introduced µ to reduce the fourth-order thin film PDE to a coupled system of109

second-order equations1.110

1Furthermore, when integrating µ using the finite element method, we find that the highest
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4 ALRASHIDY ET AL.

Equation (2.2b) includes an interface potential ϕ(h) capturing molecular interac-111

tions between liquid molecules and air [16, 40], which is commonly taken as112

(2.3) ϕ(h) = −A
2 h

−2.113

This means there is a disjoining pressure Π(h) = −ϕ′(h) = Ah−3 in the model to allow114

for the possibility of film rupture. Here, A is the dimensionless Hamaker constant.115

The second term on the right-hand side of (2.2b) is associated with the action116

of gravity, and the last term reflects the effect of surface tension, where Ca and Bo117

denote the capillary and Bond numbers, respectively2. Furthermore, equation (2.2c)118

represents a force balance on the substrate, containing a damping term (sxx) that119

emerges from substrate tension, and a term (hxx +Boh) that represents the pressure120

exerted on the substrate by the film. The parameters c and γ are dimensionless121

measures of the topography tension and film damping, respectively. The formulation122

of (2.2c) also includes an external forcing term f , which enables direct control of the123

substrate dynamics.124

To place our model (2.2) in context, we discuss how it relates with other models125

derived in the literature. In the absence of disjoining pressure ϕ′(h) = 0, and when the126

substrate is flat (s ≡ 0) or rigid, equations (2.2a)-(2.2b) reduce to the well-established127

thin-film equation on a horizontal substrate, as used in [26, 44] and [30, 56] for rigid128

substrates. Our model couples thin-film and flexible-substrate dynamics, and extends129

existing models in the literature (e.g. [25, 41]) by additionally incorporating the ef-130

fects of gravity, disjoining pressure and substrate forcing. The latter is particularly131

important in this work, as it allows the wall to be controlled actively.132

The system is solved over a time interval t ∈ [0, T ], where T is the final time, and133

in a finite domain of arbitrary length L, i.e. x ∈ Ω := [0, L]. The initial conditions134

are specified by setting135

(2.4) h(x, 0) = h0(x), s(x, 0) = s0(x).136

Furthermore, homogeneous Neumann boundary conditions are applied at the domain137

boundaries138

(2.5) hx = µx = sx = 0, at x = 0 and x = L.139

We now clarify the free-energy dissipation in our model (2.2). Understanding the140

energy dissipation mechanisms is important for ensuring the stability and physical141

relevance of the model. We begin by defining the total free-energy functional:142

(2.6) E(h, s) =
∫
Ω

[
ϕ(h)− Bo

2Ca
h2 +

1

2Ca
h2x +

c2

2γ
s2x +

1

Ca
(hxsx −Bohs)

]
dx,143

which consists of the molecular free energy ϕ(h)− Bo

2Ca
h2, surface free energy 1

2Ca
h2x,144

elastic free energy c2

2γ s
2
x, and fluid–substrate interaction energy 1

Ca
(hxsx−Bohs). The145

derivative is of the first order when we apply test functions.
2The capillary and Bond numbers are dimensionless parameters common in fluid dynamics prob-

lems. They represent the importance of viscous forces or gravitational forces compared to surface
tension forces on a fluid’s surface, respectively. They are defined as

Ca =
µ̄U

σ
, Bo =

ρgh2
0

σ
,

where µ̄ and ρ are the fluid’s viscosity and density, respectively, U is a typical velocity, σ is the surface
tension, h0 is a typical length scale, and g is gravity. See [32] for typical values these parameters can
take in real-life scenarios

This manuscript is for review purposes only.



OPTIMAL CONTROL OF THIN FILMS OVER FLEXIBLE WALLS 5

latter is particularly important for the problem studied here, and describes how the146

combined variation of free surface and topography affects the energy – more details147

are provided in Appendix B.148

This free energy functional satisfies the following law (the full derivation is shown149

in Appendix B):150

(2.7)

d

dt
E(h, s)︸ ︷︷ ︸

Change in energy

= −
(
1

3

∫
Ω

h3µ2
x dx+

1

γ

∫
Ω

s2t dx

)
︸ ︷︷ ︸

Dissipation

+
1

γ

∫
Ω

fst dx︸ ︷︷ ︸
External work

,
151

where the terms on the right-hand side of (2.7) are the dissipation in the fluid and152

substrate, and the work done by the external force on the substrate. Note that bracket153

in the dissipation term is non-negative (since h ≥ 0), hence, in the absence of external154

work, the total free energy is non-increasing in time. We also note that the Bond155

number Bo changes sign with g, but it affects only the potential-energy term in (2.6)156

and not the dissipation. As a result, the system’s energy-decay property holds for157

either orientation of gravity.158

It is well known that a free-energy dissipation law such as (2.7) is critical in the159

study of well-posedness of thin-film flow models, see for example, [6, 7, 8, 22, 34]. The160

well-posedness of system (2.2) is outside of the scope of this work. We believe such161

a study could be applied to the natural weak formulation of the problem, which we162

present next.163

2.2. Weak form of the state equations. We consider a mixed weak formu-164

lation of the state system (2.2), wherein h, µ, and s are considered as independent165

variables. We introduce Hilbert spaces L̂ and V of functions dependent on time166

t ∈ (0, T ), possessing values in L2(Ω) and H1(Ω), respectively, and their norms:167

L̂ := L2
(
0, T ;L2(Ω)

)
, ∥v∥2

L̂
:=

∫ T

0

∥v(t)∥2L2(Ω) dt,(2.8a)168

V := L2
(
0, T ;H1(Ω)

)
, ∥v∥2V :=

∫ T

0

∥v(t)∥2H1(Ω) dt.(2.8b)169

The spaces L̂,V are fit for f and µ, respectively. A suitable space W for h and s is170

defined by:171

(2.9) W :=
{
v ∈ V : vt ∈ V∗ := L2

(
0, T ;H1(Ω)∗

)}
,172

where H1(Ω)∗ is the dual space of H1(Ω), that is, the space of all continuous linear173

functionals on H1(Ω). In addition, to strongly impose the initial conditions (2.4) for174

h and s, we establish175

(2.10) Wv0
:= {v ∈ W : v(0) = v0} ,176

for any v0 ∈ L̂.177

The weak formulation of (2.2) reads as follows (recall H = h+ s):178

Find (h, µ, s) ∈ Wh0 × V ×Ws0 , such that for t ∈ (0, T ],179

⟨ht, v⟩+
1

3
(h3µx, vx) = 0, ∀ v ∈ H1(Ω),(2.11a)180

(µ,w)− (ϕ′(h), w) +
Bo

Ca
(H, w)− 1

Ca
(Hx, wx) = 0, ∀ w ∈ H1(Ω),(2.11b)181

⟨st, ψ⟩+ c2 (sx, ψx) +
γ

Ca
((hx, ψx)− (Boh, ψ)) = (f, ψ), ∀ ψ ∈ H1(Ω).(2.11c)182
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In (2.11a), the first term represents the duality pairing between the time derivative183

and the test function, ⟨ht, v⟩. Here, ⟨·, ·⟩ denotes the pairing between H1(Ω)∗ and184

H1(Ω), that is, the natural extension of the L2(Ω) inner product when the time185

derivative ht belongs to the dual space H1(Ω)∗ rather than to L2(Ω). The notation186

(·, ·) is reserved for the standard L2(Ω) inner product [14, 55, Sec. 2.1, Sec. 2.7].187

The system (2.11) can also be written as an aggregated space–time weak formu-188

lation:189

Find (h, µ, s) ∈ Wh0
× V ×Ws0 :190 ∫ T

0

(
⟨ht, v⟩+ ⟨st, ψ⟩ − (ϕ′(h), w) + (

1

3
h3µx, vx)

)
dt(2.12a)191

+A
(
(h, s, µ), (v, w, ψ)

)
=

∫ T

0

(f, ψ) dt, ∀ (v, ω, ψ) ∈ V × V × V,192

where the bilinear form A takes all linear terms:193

(2.12b)

A((h, s, µ), (v, ω, ψ)) :=

∫ T

0

(
(µ,w) +

Bo

Ca
(H, w)− 1

Ca
(Hx, wx)

+(c2sx, ψx) +
γ

Ca
((hx, ψx)− (Boh, ψ))

)
dt.

194

To derive the energy identity from the weak form, we select the test functions v =195

µ(t), w = ht(t), and ψ = st(t) in (2.11), and multiplying (2.11b) by −1 and (2.11c)196

by 1
γ , we obtain:197

⟨ht, µ⟩ = −1

3

∫
Ω

h3 µ2
x dx,(2.13a)198

−⟨µ, ht⟩ +
d

dt

∫
Ω

ϕ(h) dx − Bo

Ca

(
h+ s, ht

)
+

1

Ca

(
hx + sx, (ht)x

)
= 0,(2.13b)199

c2

γ

(
sx, (st)x

)
− Bo

Ca

(
h, st

)
+

1

Ca

(
hx, (st)x

)
= − 1

γ

∫
Ω

s2t dx+
1

γ

(
f, st

)
.

(2.13c)

200

Adding these identities yields the energy-dissipation law (2.7). By integrating (2.7)201

from 0 to t, we then obtain the following a priori estimate for the PDE solution:202

(2.14) E(h(t), s(t)) +
∫ t

0

∫
Ω

(h3
3
µ2
x +

1

γ
s2t

)
dxdt = E(h0, s0) +

1

γ

∫ t

0

∫
Ω

fstdxdt,203

where h0, s0 ∈ H1(Ω) are the initial conditions.204

2.3. Boundedness of weak form and disjoining pressure assumptions.205

We now discuss the boundedness of the weak formulation, in particular, suitable206

choices of the disjoining pressure ϕ′(h). First note that all the terms in the bilinear207

formA(·, ·) can be shown to be bounded within the indicated function spaces (by using208

Cauchy-Schwarz inequalities). Next, observe that the time derivative terms ⟨ht, v⟩209

and ⟨st, ψ⟩ are bounded because ht, st ∈ H1(Ω)∗ and v, ψ ∈ H1(Ω). Furthermore, the210

term ( 13h
3µx, vx) can be bounded as follows:211

(2.15)
|(h3µx, vx)| ≤ ∥h||3L∞(Ω) ∥µx∥L2(Ω) ∥vx∥L2(Ω) ≤ C∥h∥3H1(Ω)∥µ∥H1(Ω)∥v∥H1(Ω) ,212

This manuscript is for review purposes only.
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for all h, µ, v ∈ H1(Ω), where in the last step we used a Sobolev embedding inequality213

(in 1D).214

Finally, to ensure that the term (ϕ′(h), w) is bounded, we assume for simplicity215

that ϕ ∈ C1(R) and satisfies the Lipschitz condition216

(2.16) |ϕ′(ξ)− ϕ′(ζ)| ≤ CL |ξ − ζ|, ∀ ξ, ζ ∈ R.217

Using this property, one obtains (see Appendix C for the full proof)218

(2.17) |(ϕ′(h), w)| ≤ CL

(
∥h∥L2(Ω) + C

)
∥w∥L2(Ω), ∀h,w ∈ L2(Ω) ⊃ H1(Ω),219

where the constant C can be written as C = CL|h⋆|+C∗∥1∥L2(Ω), with h⋆ an arbitrary220

reference value.221

The choice of potential ϕ(h) = −A
2 h

−2 introduced in (2.3) does not satisfy the222

Lipschitz condition and is not bounded, which actually causes the model (2.2) to break223

down when the film ruptures, i.e., h−1(x) → ∞ for some x ∈ Ω. Regularisation of224

ϕ(h) is commonly applied in the literature to ensure the solution can evolve beyond225

film rupture. We adopt the approach proposed in [24] (see also [42]) which is as226

follows:227

(2.18) ϕ(h) =


A

2ε4
h2 − A

ε2
if h < ε,

−A
2
h−2 if h ≥ ε,

228

where ε > 0 is a small regularisation parameter. The idea is that the regularised229

ϕ(h) is convex quadratic for h < ε, while keeping its original form for h ≥ ε, and230

ensuring that ϕ(h) has a bounded minimum at h = 0. This regularisation allows evo-231

lution beyond film rupture without the model breaking down. The adopted approach232

also ensures that ϕ(h) and ϕ′(h) are continuous at all points, particularly at h = ε.233

The regularisation parameter ε should be small to ensure the dynamics towards the234

moment of film rupture are accurate compared to the non-regularised case.235

3. Optimal control problem. We formulate an optimal control problem for236

the thin film flow dynamics over a flexible substrate (2.11). Our goal is to find a237

distributed force f(x, t) that influences the topography s(x, t) as in (2.2c) so that the238

optimal solution approaches the target state h̄(x). This optimal solution is either the239

height of the thin film h(x, t) or the total observed surface H(x, t) = h(x, t) + s(x, t).240

Formally, we seek a distributed force f(x, t) that minimises the cost function241

J̄ (h, s, f):242

(3.1) J̄ (h, s, f) :=
1

2

∥∥(h+ βs)(·, T )− h̄(·)
∥∥2
L2(Ω)

+
α

2

∫ T

0

∥f(·, t)∥2L2(Ω) dt,243

where β ∈ {0, 1} and α > 0 is a regularisation parameter. The first term in equation244

(3.1) measures the difference between the current state and the target state h̄, while245

the second term, determines a penalty for the control energy. In the unconstrained246

control setting of this paper, this control penalty is crucial for ensuring the problem’s247

well-posedness [27]. We formulate the optimal control problem as:248

min
(h,s,f)

J̄ (h, s, f) , subject to (2.11) .(3.2)249
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3.1. First-order optimality conditions. In this work, we follow an “optimise-250

then-discretise” approach that generally ensures computational robustness and mesh251

independence, effectively addressing numerical challenges in problems with low reg-252

ularity multipliers and improving convergence behaviour [14]. We begin by deriving253

first-order optimality conditions for (3.2). For this, we define the Lagrangian254

(3.3)

L((h, µ, s), f, (p, q, r)) := J̄ (h, s, f) +

∫ T

0

⟨ht, p⟩+ ⟨st, r⟩ dt

+

∫ T

0

(
1

3
h3µx, px)− (f, r)− (ϕ′(h), q)dt+A

(
(h, µ, s), (p, q, r)

)
.

255

The optimality conditions arise from stationarity conditions of this Lagrangian with256

respect to state, adjoint, and control variables (see Chapter 3 in [14] and [1] for257

further details). Consequently, the adjoint problem consists in finding (p, q, r) ∈258

Wh(T ) × V ×Wβs(T ) solving259

−
∫ T

0

(
⟨pt, v⟩+ ⟨rt, ψ⟩+ (ϕ′′(h)q, w)−

(
h2µxpx, v

)
+ (

1

3
h3px, wx)

)
dt260

+A
(
(v, ω, ψ), (p, q, r)

)
=

∫ T

0

(r, ψ) dt,(3.4)261

where WvT := {v ∈ W : v(T ) = vT }. The optimality conditions (3.4) can be ex-262

pressed as a forward–backwards system. In other words, the optimal state variables,263

(h∗, µ∗, s∗), and the corresponding optimal adjoint variables, (p∗, q∗, r∗), satisfy the264

following strong form:265


h∗t −

1

3

(
h∗3µ∗

x

)
x
= 0,

µ∗ = ϕ′(h∗)− Bo

Ca
(H∗)− 1

Ca
(H∗

xx) ,

s∗t − c2s∗xx − γ

Ca
(h∗xx +Boh

∗) = f∗,

(3.5a)266



− p∗t + h∗2µ∗
xp

∗
x +

1

Ca
(q∗xx + γr∗xx) +

Bo

Ca
(q∗ − γr∗)− ϕ′′(h∗)q∗ = 0,(

−1

3
h∗3p∗x

)
x

+ q∗ = 0,

− r∗t − c2r∗xx +
Bo

Ca
q∗ +

1

Ca
q∗xx = 0,

(3.5b)267


h∗x = µ∗

x = s∗ = p∗x = q∗x = r∗x = 0, on Ω× [0, T ],

h∗ = h0, s∗ = s0, on Ω× {t = 0},
p∗ = r∗ =

(
h̄− (h+ βs)

)
, on Ω× {t = T}.

(3.5c)268

closed by the optimality condition269

(3.6) αf∗ − r∗ = 0.270
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Require: tol > 0, kmax, f
0, λ, k = 0;

1: while
∥∥∇J

(
fk

)∥∥ > tol andk < kmax do

2: Obtain
(
hk, µk, sk

)
with fk from (3.5a).

3: Obtain
(
pk, qk, rk

)
with

(
hk, µk, sk

)
from (3.5b).

4: Evaluate the gradient ∇J
(
fk

)
from (3.6).

5: Update fk+1 = fk − λk∇J
(
fk

)
6: while J

(
fk+1

)
> J

(
fk

)
do

7: Obtain
(
hk+1, µk+1, sk+1

)
with fk+1

8: Evaluate the cost J
(
fk+1

)
9: if J

(
fk+1

)
> J

(
fk

)
then

10: λm = 0.5λk,m ≥ k
11: Update fk+1 = fk − λm∇J

(
fk

)
12: end if
13: end while
14: k := k + 1
15: end while

Fig. 2: Gradient descent method with backtracking line search.

3.2. Reduced gradient approach. We solve the optimisation problem (3.2)271

by means of gradient descent. For this, the system dynamics (2.2) are used to define a272

nonlinear map from f to h+βs, leading to a reduced objective functional J expressed273

solely in terms of f :274

(3.7)

J (f) = J̄ (h(f), s(f), f) =
1

2

∥∥(h+ βs)(f ; ·, T )− h̄(·)
∥∥2
L2(Ω)

+
α

2

∫ T

0

∥f(·, t)∥2L2(Ω) dt.275

Here, (h + βs)(f ; ·, t) represents the solution of the system (2.2) for a given f . Ex-276

pressed in terms of the reduced objective functional, the optimal control problem can277

be reformulated as follows:278

(3.8) min
f

J (f), subject to (2.2).279

It can be shown (see, e.g., Chapter 4 of [14]), that the gradient of the reduced280

objective can be recovered from the optimality condition (3.6), that is,281

(3.9) ∇J (f) := αf − r ,282

where the adjoint variable r is to be computed from the forward-backward system283

(3.5) which depends on f through the state equation. This gradient is the used in the284

iteration285

(3.10) fk+1 = fk − λk∇J (fk), k = 1, 2, · · · ,286

where the stepsize λk is computed by backtracking. An elementary version of the287

pseudocode for this iterative loop is outlined in Figure 2.288

4. Numerical approximation and tests.289
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4.1. IMEX-FEM discretisation of the model. For the computational treat-290

ment, the optimality conditions (3.5)-(3.6) derived above at a continuous level are291

discretised in space using the standard Finite Element Method (FEM) for variables292

h, s, f , and µ, as well as the adjoint variables p, q, and r, subject to homogeneous293

Neumann boundary conditions. More details on the FEM formulation are provided294

in Appendix D. For the time discretisation we need more careful treatment as the295

nonlinearities in equations (2.12) and (3.4) require a particular choice for the time-296

discretisation scheme to balance computational efficiency and stability [59]. We ex-297

plore first-order Implicit-Explicit (IMEX) time-stepping schemes, which decompose298

the nonlinear term ϕ in (2.18) as:299

(4.1) ϕ(h; v) = ϕ+(h; v) + ϕ−(h; v),300

where ϕ+ and ϕ− denote the contractive (convex) and expansive (concave) compo-301

nents, respectively. The IMEX scheme treats the convex part implicitly and the302

concave part explicitly. For the rupture term ϕ+ = 1
2ε4h

2, the derivative ϕ′+(h) =
1
ε4h303

is linear. Treating it implicitly therefore introduces no nonlinear coupling and requires304

only a linear solve at each time step, retaining computational efficiency while ensuring305

stability as h→ 0.306

The time interval [0, T ] is divided into N smaller intervals 0 = t0 < t1 < · · · <307

tN = T , with each sub-interval Ik+1 = [tk, tk+1] having a uniform time step ∆t =308

tk+1 − tk for k = 0, 1, . . . , N − 1. The time discretisation for problem (2.12) is:309

Find (hk+1, µk+1, sk+1) ∈ V × V × V such that for all (v, ω, ψ) ∈ V × V × V310

(4.2)

(
hk+1 − hk

∆t
, v

)
+

(
sk+1 − sk

∆t
, ψ

)
−
(
ϕ′+(h

k+1); v
)
−

(
ϕ′−(h

k); v
)

+

(
1

3
(hk)3µk+1

x , vx

)
+A((hk+1, sk+1, µk+1), (v, ω, ψ)) = (fk+1, ψ),

311

for k = 0, 1, . . . , N − 1, where the initial condition is

(h, v) = (h0, v) and (s, ψ) = (s0, ψ) , ∀ v, ψ ∈ L2(Ω).

It can be shown that this scheme dissipates the total energy (2.6) using techniques312

shown in [59].313

For the adjoint problem (3.4), we introduce an IMEX time-stepping scheme to314

discretise backwards in time:315

Find (pk, qk, rk) ∈ V × V × V such that for all (v, ω, ψ) ∈ V × V × V316

(4.3)

−
(
pk+1 − pk

∆t
, v

)
−
(
rk+1 − rk

∆t
, ψ

)
−

(
ϕ′′+(h

k+1)qk+1, w
)
−

(
ϕ′′−(h

k)qk, w
)

−
(
(hk)2µk+1

x pk+1
x , v

)
+

1

3

(
(hk)3pk+1

x , wx

)
− (rk+1, ψ)

+A
(
(pk, qk, rk), (v, ω, ψ)

)
= 0,

317

for k = 0, 1, 2, . . . , N − 1, where the terminal condition is:318

(4.4)

(
pN , v

)
+
(
rN , ψ

)
−∆t

(
ϕ′′+(h

N ), qN
)
+

∆t

3

(
(hN )3pNx , v

)
+∆tA((pN , qN , rN ), (v, ω, ψ)) = (h̄N − (h+ βs)N , v).

319
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4.2. Numerical tests. The results were generated using the forward-backward320

optimisation algorithm (Figure 2) with a tolerance tol = 10−4 and initial guess f0 = 0.321

All simulations were carried out using a space-time descritisation with n = 250 nodes,322

a time step ∆t = 0.05, and the following fixed parameters: Ca = Bo = 1, c = 0.1,323

γ = 0, and the regularisation parameter α = 10−6. For computational simplicity,324

we set γ = 0 in all simulations. This removes the pressure-coupling term from the325

substrate equation (2.2c). The control f then only directly influences the topography s326

of the wall via the substrate equation, which in turn affects the film height h via the327

thin-film system (2.2a)-(2.2b).328

We solve the system (3.5) on [0, L]. The initial conditions used in the numerical329

simulations are, unless otherwise specified,330

(4.5) h0(x) = 1 + hA cos
(mπx

L

)
, s0(x) = 0,331

where the initial amplitude hA will generally be chosen between [0, 0.5] (with hA = 0332

corresponding to a flat state), and the frequency parameter will be set to m = 1333

unless otherwise specified. We note that the respective flow with a flat substrate334

evolves to a nontrivial state whenever L > 2π, as predicted by linear stability analysis335

[26]. In addition to utilising the cost function and the norm of its gradient to validate336

our solution, we also employ the L∞-norm as a measure of accuracy; it is defined as337

maxt∈[0,T ]

∥∥(h∗(t) + βs∗(t))− h̄
∥∥
∞.338

For each example, three sets of figures are presented. The first set of figures show339

the free-surface and substrate evolutions in a symmetrically extended domain [−L,L];340

this is done for illustrative purposes and better visualisation of the results. More341

detailed results, including the time evolution of the forcing f(x, t), are demonstrated342

in the rest of the figures in the computational domain [0, L]. Table 1 summarises343

the key parameters and comparison between uncontrolled and controlled states for all344

numerical examples.345

4.3. Non-rupture scenarios. In this section, we set β = 1 in (3.7) because our346

goal is to control the observed surface, defined as H = h+ s.347

4.3.1. Accelerated transition to desirable surface shape. In the first two348

examples, where no disjoining pressure is present (i.e. ϕ′ ≡ 0), the uncontrolled dy-349

namics are obtained by solving the forward problem (2.2) until temporal variations in350

the free surface become negligibly small. In Example 1 we consider f = s = 0, so that351

(2.2) reduces to the classical thin-film equation of Hammond [26], and the resulting352

quasi-steady profile is exported as the target state h̄. In Example 2 we repeat the353

same procedure but over a prescribed, non-flat substrate s(x), again integrating the354

uncontrolled system until the solution reaches a quasi-steady regime. These quasi-355

steady profiles provide the reference states against which the controlled evolution is356

compared.357

Example 1. We begin the presentation by comparing the time required for un-358

controlled and controlled free surfaces to reach a quasi-steady state. For the un-359

controlled case (i.e., s = f = 0), the forward system (2.2) has been resolved by360

Hammond [26] for L = 3π, and reached a quasi-steady state after T = 900 time units.361

We aim to observe how fast the optimal state H∗ approaches the target state h̄ when362

control is applied.363

We apply the forward-backwards optimisation method using the algorithm in364

Figure 2, over the time horizon [0, T ] with T = 5, using initial conditions (4.5) with365

hA = 0.5. For illustrative purposes, snapshot plots spanning the domain [−L,L] are366
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presented in Figure 3. The result of this computation is demonstrated in Figures 4367

and 5. The quasi-steady state is exported as our target state h̄, shown in panel 4a.368

The optimal free surface over topography, H∗, shown in panel 4b, successfully achieves369

this target state fast. The plot in panel 4c illustrates how the optimal free surface,370

h∗, varies over time. Panel 4d shows the topography s∗ evolving from a flat state371

to an optimally adjusted profile with unexpected peaks and troughs, while panel 4e372

shows the control parameter f∗ exhibits oscillatory behaviour to shape the optimal373

topography s∗. The cost function J (f∗) illustrated in panel 4f, decreases to zero by374

the final time. Lastly, Figure 5a shows the infinity norm of the controlled solution375

(h∗(t)+βs∗(t))− h̄ goes to zero much faster than the uncontrolled one, and Figure 5b376

explores the impact of the regularisation parameter α on the solution, showing that377

smaller values of α than 10−3 lead to negligible changes to the optimal solution.378

It is noteworthy to mention that, to ensure that H∗ remains in a quasi-steady379

state, the optimal solution H∗ and the topography s∗ are utilised as the initial con-380

ditions in the forward system (2.2). As expected, the free surface remains unchanged381

and the topography transitions towards a flat state.382

Example 2. We extend the first example by solving the forward system (2.2) over383

a non-flat topography, contrasting with the flat substrate examined previously. The384

uncontrolled system is solved with initial conditions comprising a flat surface profile385

(i.e., using hA = 0) and a substrate profile s0(x) = a
(
tanh

(
x+c1
d

)
− tanh

(
x−c2

d

))
,386

where a = −0.25, c1 = −0.35L, c2 = 0.65L, L = 3π, and the topography steepness is387

d = −0.2. The aim remains the same as in the first example in achieving the target388

state much faster than the uncontrolled one. A quasi-steady state for the free surface389

is achieved at T = 900 and the optimal control solution is presented in Figures 6 and390

7. Panel 7a shows the target state, and panels 7b and 7c illustrate the time evolution391

of H∗ and h∗, respectively. The smoothing changes in amplitudes and phases of s∗392

are highlighted in panel 7d, and the oscillatory forces f∗ that influence s∗ are shown393

in panel 7e. Figure 8 demonstrates that both the L∞ norm and the cost function394

converge to zero, although the convergence is slower than the case with a flat initial395

topography.396

Example 3. The final example of this section considers a case where the free397

surface quickly transitions from flat to a desired wave-like shape in a short time398

t = [0, 1], as shown in Figures 9 and 10. Using a computational domain of length399

L = 5, we start with an initially flat surface by setting hA = 0 in (4.5). Without400

control, the surface remains flat, but with control, it transforms into the desired401

wave-like shape as shown in Figure 10a. The optimal solution of H∗ and h∗ are402

shown in panels 10b and 10c, respectively. The topography s∗ changes from flat to403

an oscillatory profile, enabling the desired wave-like target state. The control force404

f∗ oscillates in sync with the topography changes, facilitating rapid adaptation, as405

seen in panel 10e. Figure 11 demonstrates the cost function decreases towards zero,406

achieving the minimum cost, and the optimal control reaches the target surface.407

4.3.2. From non-flat to desired shapes.408

Example 4. The next example follows the work of [30] where a related (uncon-409

trolled) evolution equation for thin-film flow over topography was solved and a non-flat410

steady state was achieved. We initiate our control problem using one of these non-flat411

states as the initial condition by taking h0(x) = 1 + 10 exp
(
−(2x)2

)
, s0(x) = 0, and412

set L = 10, Bo = 0. Our aim is to control the problem and flatten the surface (i.e.,413

the target state is h̄ = 1). The time evolution of the various system variables is shown414
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(a) t = 0 (b) t = 3 (c) t = 5

Fig. 3: Example 1. Snapshots of the optimal solution, controlled to a desired surface shape.
The solution is extended symmetrically in domain [−L,L].
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Fig. 4: Example 1. (a) Target state h̄. (b-e) Evolution of the optimal surface profile H∗,
film height h∗, topography s∗, and control f∗, respectively. (f) Cost function J (f∗) against
number of iterations k.
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Fig. 5: Example 1. L∞-norms for (a) the controlled and uncontrolled solutions, and (b)
various values of α.
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(a) t = 0 (b) t = 3 (c) t = 5

Fig. 6: Example 2. Snapshots of the optimal solution, controlled to a desired surface shape.
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Fig. 7: Example 2. (a) Target state h̄. (b-e) Evolution of the optimal surface profile H∗,
film height h∗, topography s∗, and control f∗, respectively.
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Fig. 8: Example 2. (a) L∞-norm for the controlled and uncontrolled solutions. (b) Cost
function J (f∗) against number of iterations k.
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(a) t = 0 (b) t = 0.5 (c) t = 1

Fig. 9: Example 3. Snapshots of the optimal solution, controlled to a desired surface shape.
The solution is extended symmetrically in domain [−L,L].
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Fig. 10: Example 3. (a) Target state h̄. (b-e) Evolution of the optimal surface profile H∗,
film height h∗, topography s∗, and control f∗, respectively.
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Fig. 11: Example 3. Cost function J (f∗) against number of iterations k.
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in Figures 12 and 13. Panel 13b shows that our optimal solution achieves a flat state,415

while panel 13c displays deviations in h∗ indicating it cannot be a flat alone. Pan-416

els 13d and 13e reveal s∗ and f∗ adapting by T = 5 to counterbalance the variations417

in h∗, aligning H∗ = h∗ + s∗ with the target state. Figure 14 shows the L∞-norm for418

the controlled and uncontrolled solutions over time, relative to the target state. The419

controlled solution moves towards zero, while the uncontrolled solution stabilises at a420

non-zero value.421

Example 5. We also carried out simulations aiming to retain the surface at a422

linear state, while solving the nonlinear system (recall that this exhibits free-surface423

instabilities in the uncontrolled case if L > 2π). The solution of the uncontrolled424

forward system with initial conditions (4.5) and hA = 0.5, m = 3, L = 15
2 π results425

in nonlinear instability, but our objective is to maintain the free surface at the linear426

initial condition H(x, 0) = h0 + s0 (i.e., h̄ = H(x, 0)) throughout the simulation427

period [0, T ], with final simulation time T = 10. The results of the computation428

are depicted in Figures 15, 16 and 17. Panel 16a shows the target state h̄, whereas429

panel 16b presents H∗ maintaining its initial sinusoidal shape. Panel 16c depicts430

the free surface evolution, which naturally tends towards instability (non-flat state).431

In contrast, it is adjusted by the changing topography in panel 16d, which develops432

inverse undulations to h∗ to maintain H∗. The oscillatory behaviour of the control433

f∗ is depicted in panel 16e. The cost function decreases as indicated in panel 16f,434

reflecting progress towards the target state. Finally, Figure 17 shows a brief increase435

in the infinity norm due to strong instability, before it returns to near zero.436

4.4. Rupture scenarios. In this section, we set β = 0 in (3.7), focusing on437

controlling h(x, t) rather than the total surface H = h + s. This approach lets H438

rupture naturally, driven by the interaction between the thin film h(x, t) and the439

underlying topography s(x, t), providing a realistic representation of physical rupture.440

If we were to control H directly, it could prevent rupture by limiting the film’s ability441

to interact with the topography closely.442

In the following examples, we aim to examine how thin-film flows evolve towards443

a rupture state. We set a non-zero rupture function ϕ(h) as in (4.1), with ϕ+ = 1
2ε4h

2,444

ε = 0.1, and A = 0.03. We integrate the forward system (2.2) with f = s = 0 and445

using the initial conditions (4.5) with hA = 0.5, and within a spatial domain of length446

L = 3π. The simulations are carried out over [0, T ], with T = 550, until the dynamics447

settle into a steady configuration following rupture. Here, rupture refers to the film448

thickness falling below the regularisation threshold imposed through the regularised449

rupture function ϕ(h) as in (2.18); the parameter ε is chosen to be small so that the450

dynamics towards the moment of film rupture are accurately captured, after which the451

evolution continues towards a steady configuration. This numerically obtained quasi-452

steady profile is then used as the target state h̄rupt for the corresponding optimal-453

control problem.454

Example 6. In the first example, we assess how quickly the optimal free surface455

h∗ reaches the target rupture state h̄ = h̄rupt, relative to the uncontrolled case. The456

optimal solution is shown in Figures 18 and 19. While the uncontrolled solution457

necessitated T = 550 to achieve a quasi-steady ruptured thin-film state h̄rupt, shown458

in panel 19a, our controlled solution h∗ achieves the desired state within just T = 30,459

as seen in panel 19b. Panel 19c depicts how the optimal thin-film flow over topography460

H∗, including rupture effects, changes over time. The optimal topography s∗, and the461

control function f∗ are illustrated in panels 19d and 19e, respectively. The significant462
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(a) t = 0 (b) t = 3 (c) t = 5

Fig. 12: Example 4. Snapshots of the optimal solution, controlled to a uniform state. The
solution is extended symmetrically in domain [−L,L].
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Fig. 13: Example 4. (a) Target state h̄. (b-e) Evolution of the optimal surface profile H∗,
film height h∗, topography s∗, and control f∗, respectively.
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Fig. 14: Example 4. (a) L∞-norm for controlled and uncontrolled solutions. (b) Cost
function J (f∗) against number of iterations k.
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(a) t = 0 (b) t = 5 (c) t = 10

Fig. 15: Example 5. Snapshots of the optimal solution, controlled to remain at the initial
surface shape. The solution is extended symmetrically in domain [−L,L].
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Fig. 16: Example 5. (a) Target state h̄. (b-e) Evolution of the optimal surface profile H∗,
film height h∗, topography s∗, and control f∗, respectively. (f) Cost function J (f∗) against
number of iterations k.
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Fig. 17: Example 5. L∞-norm of controlled vs uncontrolled solutions relative to h̄.
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reduction in convergence time is highlighted in Figure 20. Both L∞ norm of h∗−h̄rupt463

and cost function approach zero, though more slowly than in the non-rupture case.464

Example 7. In the final example, we start with an initially ruptured state,465

h0(x) = h̄rupt, and show that our control can halt the rupture by allowing the bubbles466

to merge into a single uniform film, as shown in Figure 21. This demonstrates how467

control can guide the system from rupture to a stable state. Figure 22 depicts h∗,468

H∗, the flexible substrate s∗ and control f∗, as well as the cost function which is seen469

to reach its minimum faster compared to the previous example (cf. Figure 20b).470

5. Discussion. We have developed a mathematical framework for the open-loop471

optimal control of thin-film flows over flexible substrate, accounting for the rupture of472

films and the coalescence of bubbles. The focus of this study has been on finding the473

distributed force influencing the flexible substrate to minimise the cost function. We474

proposed a comprehensive model that couples thin-film and flexible-substrate defor-475

mations. We have also established a functional setting for the coupled PDE system,476

comprising a thin film equation and a flexible substrate equation. This demonstrates477

that this system adheres to a global energy-dissipation law. Furthermore, we have478

derived the optimality conditions by formulating the mathematical control problem479

as a PDE-constrained optimisation to obtain the time-dependent forward and back-480

ward PDE system and the optimality condition. We used a stable time discreti-481

sation approach with (IMEX) schemes to address the model’s nonlinearity, such as482

the disjoining-pressure term. This approach worked well in our numerical examples,483

demonstrating its effectiveness in solving the optimisation problem.484

The effectiveness of our optimal control problem was demonstrated through a485

range of numerical examples, showing its ability to accelerate convergence to steady486

states, stabilise dewetting processes, achieve specific profiles, and even reverse rupture487

dynamics to restore uniformity. These results were achieved by allowing the adjacent488

wall to take a flexible shape, thereby affecting the surface profile. This non-standard489

approach provides a mechanism to control thin-film dynamics without altering the490

fluid properties (e.g., surface tension, stresses). It offers a useful alternative for ad-491

dressing challenges in thin-film control and complements existing control approaches;492

previous studies have focussed on using thermal feedback [19, 51], fluid injection and493

extraction [12, 23, 36, 52], or electric fields [53, 58].494

The optimality system presented in this study was formulated as an open-loop495

control problem, namely the controller design is independent of the system output.496

This work can be extended to closed-loop control, also known as feedback control,497

which influences the control input directly [4] and helps navigate the system along498

the optimal path set by the open-loop control problem [37]. In thin film applications,499

feedback control not only stabilises contact line instabilities but also addresses complex500

problems, such as optimising the placement of actuators and sensors to suppress or501

enhance waves on a thin film [19, 23, 52]. In addition, feedback control using fluid502

injection and extraction techniques are employed to mitigate wave phenomena in thin503

films and optimise actuator placement [28, 52]. The extension of our work to feedback504

control and developing numerical methods for solving a closed-loop control problem505

is left as future work.506

Appendix A. Derivation of the thin film flow on a flexible substrate.507

The derivation follows lubrication-theory for thin films on flexible substrates, as508

in Matar et al. [41], adapted to the present configuration. We consider a Newtonian509

liquid film of typical thickness h0 flowing beneath a flexible substrate over a horizontal510
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length scale L = h0/ε, where ε := h0

L ≪ 1 is the small aspect ratio. The coordinate511

system is defined by (x, y), with x being the horizontal coordinate and y being the512

vertical coordinate. We substitute the scalings from Table 2 into the non-dimensional513

Navier-Stokes equations, the tangential and normal stress balance conditions, and the514

substrate deformation equation, in which an external forcing is included as part of515

the actuation pressure acting on the wall.516

Expanding the equations in powers of ϵ and retaining leading-order terms yields:517

518

(A.1a) px = uyy,519

520

(A.1b) py =
Bo

Ca
,521

522

(A.1c) ux + vy = 0,523

where p(x, y, t) and u = (u(x, y, t), v(x, y, t)) are, respectively, the pressure and ve-524

locity of the fluid. All dimensionless quantities in this and subsequent equations (Ca,525

Bo, etc.) are defined in Table 3. The leading-order tangential stress and the normal526

stress balance conditions at the free surface y = H(x, t) = h(x, t) + s(x, t) are527

uy = 0,(A.2a)528

p = −Π(h)− 1

Ca
Hxx,(A.2b)529

where the dimensionless disjoining pressure is written in terms of the potential ϕ as530

(A.3) Π(h) = −ϕ′(h) = Ah−3.531

The conditions on the wall y = s(x, t) are532

u = 0, v = st,(A.4a)533

st − c2sxx = f(x, t)− γp(x, s, t),(A.4b)534

where the forcing term f(x, t) is defined as f = pext.535

The kinematic condition536

(A.5) Ht + uHx = v,537

can be written in the form538

(A.6) ht + qx = 0,539

where q is the flux defined by540

(A.7) q(x, t) =

∫ s+h

s

u dy.541

To find u, we integrate (A.1b) and use the condition (A.2b), which gives542

(A.8) p(x, y, t) = −Π(h)− 1

Ca
Hxx +

Bo

Ca
(y −H).543
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Table 2: Variable scaling (asterisks denote dimensional quantities).
Here, µ̄ is the viscosity and U0 is the characteristic velocity used in the scaling.

Dimensional variable Nondimensional scaling

x∗ x∗ = (h0/ε)x

y∗ y∗ = h0 y

u∗ u∗ = U0 u

v∗ v∗ = εU0 v

t∗ t∗ = h0/(εU0) t

p∗ p∗ = (µ̄U0/(εh0)) p

Π∗ Π∗ = (µ̄U0/(εh0))Π

p∗ext p∗ext =
pext

µ̄U0/(εh0)

Differentiating in x yields544

(A.9) px = −
[
Π(h) +

1

Ca
Hxx +

Bo

Ca
H
]
x
,545

which shows that px is independent of y and hence we can simply integrate equa-546

tion (A.1a) and use the boundary condition (A.2a). Then we integrate the result547

once again and use the no-slip boundary condition (A.4a) to get the final result548

(A.10) u(x, y, t) = px (y − s)
(

1
2 (y − s)− h

)
.549

Substituting the velocity into equation (A.7) gives the flux550

(A.11) q(x, t) =

∫ s+h

s

u dy = −h
3

3
px.551

Using equation (A.9) and equation (A.6), we obtain552

(A.12) ht +
1

3

(
h3

[
Π(h) +

1

Ca
Hxx +

Bo

Ca
H
]
x

)
x
= 0,553

which is the same as (2.2a), and (2.2b) is defined as the term in the square brackets.554

To complete the coupling with the deformable substrate, we evaluate the pressure555

field (A.8) at the wall position y = s, which gives556

(A.13) p(x, s, t) = −Π(h)− 1

Ca
Hxx − Bo

Ca
h.557

Substituting this expression into the wall equation (A.4b) yields the corresponding558

evolution equation for the substrate deflection. In this step we neglect the term559

γΠ(h), which is asymptotically small compared with the hydrodynamic loading. The560

resulting relation coincides with the flexible-wall model presented in (2.2c) of (2.2).561

Appendix B. Free energy dissipation. Here we derive the identity (2.7).562

We recall the energy563

(B.1) E(h, s) =
∫
Ω

[
ϕ(h)− Bo

2Ca
h2 +

1

2Ca
h2x +

c2

2γ
s2x +

1

Ca
(hxsx −Bohs)

]
dx,564
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Table 3: Nondimensional parameters. Here, ρ is the density, g is the gravity, σ is the surface
tension, A∗ is the dimensional Hamaker constant, γw is the wall damping, and Tw is the wall
tension.

Parameter Definition

Capillary Ca =
µ̄U0

σε3

Bond Bo =
ρgh20
σε2

Hamaker A =
A∗εh20
µ̄U0

Wall tension c2 =
σ + Tw
γwU0L

Film damping γ =
µ̄

ε2γ∗wh0

The molecular energy term ϕ(h) represents forces between molecules in the liquid565

film and the substrate, such as van der Waals forces. The film naturally moves566

toward thicknesses where ϕ(h) is smallest. In typical rupture examples, one sets567

ϕ′(h) = Ah−3 with A > 0, which represents attractive van der Waals forces, or a568

suitable regularisation thereof, e.g. (2.18). For such choices, ϕ(h) tends to a minimum569

as h→ 0, meaning the energy becomes lower when the film gets thinner. This makes570

thinning energetically favourable, so rupture can occur. The hydrostatic term − Bo

2Ca
h2571

represents the effect of gravity. Since the film hangs beneath the substrate and this572

term is negative, the energy decreases when the film becomes thicker. Therefore,573

when Bo > 0, gravity encourages the film to form thicker bulges rather than staying574

uniform. The capillary term 1
2Ca

h2x penalises sharp slopes in the film surface, favouring575

smoother and flatter shapes. Finally, there is the fluid-wall interaction energy term576
1
Ca

(hxsx − Bohs): the cross-slope term hxsx reduces the energy when the film and577

wall tilt in the same direction, encouraging them to deform together; the hydrostatic578

coupling −Bohs is reduced when thicker parts of the film sit above downward bends579

in the wall, representing the weight of the film pushing down on the substrate.580

The goal is to derive the rate of change of this energy in time581

(B.2)
dE
dt

=
d

dt

∫
Ω

[
ϕ(h) +

1

2Ca
h2x +

c2

2γ
s2x +

1

Ca
hxsx − Bo

2Ca
h2 − Bo

Ca
hs

]
dx.582

We apply the chain rule and integrate by parts on the terms involving spatial deriva-583

tives, then apply the boundary conditions (2.5) to remove the boundary terms, yield-584

ing585

(B.3)
dE
dt

=

∫
Ω

[(
ϕ′(h)− 1

Ca
hxx − Bo

Ca
h

)
ht −

c2

γ
sxxst +

1

Ca
(hxsx)t −

Bo

Ca
(hs)t

]
dx.586

We use equations (2.2) to simplify the above expression, resulting in the dissipation587

law588

(B.4)
d

dt
E(h, s) = −

(
1

3

∫
Ω

h3µ2
x dx+

1

γ

∫
Ω

s2t dx

)
+

1

γ

∫
Ω

fst dx.589

This equation represents the rate of change of the free energy. The first term on the590

right-had side corresponds to the dissipation in the fluid, the second term represents591
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dissipation in the substrate, and the last term accounts for the work done by the592

external force on the substrate. Thus, without external forces (i.e., f = 0), the total593

free energy is non-increasing in time.594

Appendix C. Boundedness of (ϕ′(h), w). We prove that for any h,w ∈ L2(Ω),595

596

(C.1) |(ϕ′(h), w)| ≤ CL

(
∥h∥L2(Ω) + C

)
∥w∥L2(Ω),597

where CL is the Lipschitz constant of ϕ′ and C is a positive constant.598

Let h⋆ ∈ R be any fixed reference value. Recall that ϕ′ is assumed to be Lipschitz599

continuous. Hence, the following decomposition is valid:600

(C.2) (ϕ′(h), w) = (ϕ′(h)− ϕ′(h⋆), w) + (ϕ′(h⋆), w).601

Using Lipschitz continuity of ϕ′,602

|ϕ′(h(x))− ϕ′(h⋆)| ≤ CL |h(x)− h⋆|,(C.3)603

and applying Hölder’s inequality gives604

|(ϕ′(h)− ϕ′(h⋆), w)| ≤ CL∥h− h⋆∥L2(Ω) ∥w∥L2(Ω).(C.4)605

Since h⋆ is a constant,606

|(ϕ′(h⋆), w)| = |ϕ′(h⋆)| ∥w∥L1(Ω) ≤ |ϕ′(h⋆)| ∥1∥L2(Ω) ∥w∥L2(Ω).(C.5)607

Combining both bounds,608

|(ϕ′(h), w)| ≤
(
CL∥h− h⋆∥L2(Ω) + |ϕ′(h⋆)| ∥1∥L2(Ω)

)
∥w∥L2(Ω)(C.6)609

≤
(
CL(∥h∥L2 + |h⋆| ∥1∥L2(Ω)) + C∗∥1∥L2(Ω)

)
∥w∥L2(Ω).(C.7)610

Given that ∥1∥L2(Ω) =
√
|Ω|, the inequality (C.1) holds with611

(C.8) C =
(
CL|h⋆|+ C∗

)√
|Ω|,612

where h⋆ may be chosen arbitrarily.613

Appendix D. IMEX-FEM discretisation.614

We discretise the spatial domain Ω ⊂ R into n − 1 elements with n nodes. The615

variational space V = H1(Ω) is approximated by the finite-dimensional subspace616

Vh ⊂ V spanned by the standard piecewise-linear hat functions {ϕ̂i}ni=1. The so-617

lutions can therefore be characterised as linear combinations of ϕ̂i with real coeffi-618

cients, such that Fh(x, t) =
∑n

i=1 Fi(t) ϕ̂i(x). Here, F represents a vector that holds619

the unknowns at each node and is one of the state, adjoint or control variables, i.e.620

F = {h,µ, s,p,q, r, f}, with corresponding coefficients Fi = {hi, µi, si, pi, qi, ri, fi}.621

We define the real n× n matrices622

Mij =

∫
Ω

ϕ̂iϕ̂j dx, Kij =

∫
Ω

ϕ̂′iϕ̂
′
j dx,623

M̂k
ij =

∫
Ω

m(hkh) ϕ̂iϕ̂j dx, K̂k
ij =

∫
Ω

m(hkh) ϕ̂
′
iϕ̂

′
j dx,624

Ĉk
ij =

∫
Ω

m(hkh) ϕ̂
′
iϕ̂j dx.625
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The IMEX time discretisation uses uniform time steps tk = k∆t. All linear terms are626

evaluated implicitly at tk+1, while nonlinear terms are evaluated explicitly at tk. In627

particular, ϕ′+(h
k+1
h ) (implicit), and ϕ′−(h

k
h) (explicit), and likewise for ϕ′′±.628

We write the semi-discrete optimality system in the following form:629

(State) M
hk+1 − hk

∆t
+

1

3
K̂k((hk)3

)
µk+1 = 0,

(D.1a)

630

Mµk+1 − A

ε4
M̂k+1(ϕ′

+(h
k+1)

)
hk+1 − 1

Ca

(
K+BoM

)
Hk+1(D.1b)631

=
A

ε4
M̂k(ϕ′

−(h
k)
)
hk,(D.1c)632

M
sk+1 − sk

∆t
+ c2Ksk+1 +

γ

Ca

(
K−BoM

)
hk+1 = Mfk+1,(D.1d)633

(Adjoint) −M
pk+1 − pk

∆t
+ Ĉkpk +

(
Bo

Ca
M− 1

Ca
K− A

ε4
M̂k+1(ϕ′′

+(h
k+1)

))
qk+1

(D.1e)

634

+
γ

Ca

(
BoM−K

)
rk+1 =

A

ε4
M̂k(ϕ′′

−(h
k)
)
qk,(D.1f)635

1

3
K̂k((hk)3

)
pk+1 +Mqk+1 = 0,(D.1g)636

−M
rk+1 − rk

∆t
+ c2Krk+1 − 1

Ca

(
BoM−K

)
qk+1 = 0,(D.1h)637

(Optimality) αMfk+1 −Mrk+1 = 0.

(D.1i)

638

The forward problem is initialised with h0 and s0 from (4.5). The adjoint variables639

satisfy the terminal conditions obtained from the discrete optimality system, namely640

(D.2) pN = rN = hN + βsN − h̄,641

with qN given by (D.1g) at k = N .642
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(a) t = 0 (b) t = 15 (c) t = 30

Fig. 18: Example 6. Snapshots of the optimal solution, controlled towards a ruptured state.
The solution is extended symmetrically in domain [−L,L].
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Fig. 19: Example 6. (a) Target state h̄. (b-e) Evolution of the optimal surface profile H∗,
film height h∗, topography s∗, and control f∗, respectively.
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Fig. 20: Example 6. (a) L∞-norm of the variation h∗ − h̄rupt. (b) Cost function J (f∗)
against number of iterations k.
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(a) t = 0 (b) t = 15 (c) t = 30

Fig. 21: Example 7. Snapshots of the optimal solution, controlled from a ruptured state to
a uniform film thickness. The solution is extended symmetrically in domain [−L,L].
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Fig. 22: Example 7. (a-d) Evolution of the optimal surface profile H∗, film height h∗,
topography s∗, and control f∗, respectively. (e) Cost function J (f∗) against number of
iterations k.
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