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Abstract

Probabilistic modeling is the main practical approach for designing systems that

learn from data, and has numerous applications in different fields of science and engi-

neering. Given a probabilistic model of a system and its associated parameters, general

queries of interest about the system can be answered by performing inference on the

distribution. Considering the importance of inference methods for machine learning,

our goal in this dissertation is to develop efficient approximate inference methods for

some practical problems. For this purpose, the following two problems are considered:

First we consider the problem of non-intrusive home-appliance load monitoring which

can be modeled as factorial hidden Markov model (FHMM). FHMMs have applications

in several fields such as voice recognition, home appliance monitoring, computer vision,

and fault detection. By employing FHMMs, the load-disaggregation problem becomes

an FHMM inference problem described by a non-convex quadratic integer optimization

problem. In this thesis we present a computationally efficient method that finds an

approximate solution to this problem by combining convex semidefinite relaxations,

randomized rounding, as well as a scalable ADMM method. Simulation results from

both synthetic and real-world datasets demonstrate the superiority of our method

compared to the previous state-of-the-art solutions.

Markov chain Monte Carlo (MCMC) methods are widely used in machine learning.

One of the major problems with MCMC is the question of how to design chains that

mix fast over the whole state space; in particular, how to select the parameters of

an MCMC algorithm. In this thesis we take a different approach and, similarly to

parallel MCMC methods, instead of trying to find a single chain that samples from

the whole distribution, we combine samples from several chains run in parallel, each

exploring only parts of the state space. The chains are prioritized based on the kernel

Stein discrepancy. The samples from the independent chains are combined using a

novel technique for estimating the probability of different regions of the sample space.

Experimental results demonstrate that the proposed algorithm provides significant
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speed-ups in different sampling problems.
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Chapter 1

Introduction

Probabilistic modeling is the main practical approach for designing systems that

learn from data (Ghahramani, 2015). The probabilistic framework plays a fundamental

role in different fields such as robotics, communication, control, machine learning and

artificial intelligence (Barber, 2012; Ghahramani, 2015; Jordan, 2004). In all of these

examples, there is a complex system of interrelated variables and subsystems that we

want to develop a plausible model about their behavior to control them, or to predict

their future behavior. To achieve this goal, we need to model uncertainties associated

with these systems. These uncertainty come from either our imperfect knowledge of

the environment or noise in the observations, and probabilistic modeling provides a

framework to model them by considering the uncertainties as random variables and

forming a joint distribution over the space of all possible values of the variables (Barber,

2012; Koller & Friedman, 2009).

Graphical models have emerged as a general framework for implementing probabilis-

tic models (Bishop, 2006). They provide a unified platform for studying a wide class

of probabilistic models and their associated inference algorithms. A graphical model

consists of a graph that can compactly represent a joint distribution. In such a graph, a

node represents a random variable or group of random variables, and an edge between

two nodes shows conditional dependence among their variables. Causal relationship

(i.e., conditional relationship) among variables can be also modeled through directed

graphs. Graphical models help us encode our prior knowledge on how variables affect

each other in a clear way with a graph structure. In this way, seemingly different

inference (i.e., learning) algorithms that are developed in different communities can be

unified as special cases of a generic algorithm (Barber, 2012).

17



Chapter 1. Introduction 18

In general, there are two fundamental steps in problem environments using graph-

ical/probabilistic models: modeling and inference (Barber, 2012). Modeling concerns

with identifying some relevant variables of the complex distribution, exploiting the

structure among them, and finally describing their interactions through a graph struc-

ture. Inference is the task of answering the desired queries about a system given its

model and some observed data. Indeed, most of the tasks in machine learning (estima-

tion, prediction, tests, variable selection, etc.) can be formulated as making inference

about latent variables or missing data given observations of the system (Ghahramani,

2015; Robert & Casella, 2005). Unfortunately, performing exact inference for most

real-world applications is computationally intractable, which has resulted in consider-

able efforts to develop approximate solutions. For example, calculating the posterior

distribution of latent variables given observations of a system and/or maximizing it

are NP-hard problems in a general Bayesian network (Shimony, 1994). In all of these

computationally intractable cases, practical algorithms are developed for specific prob-

lems by sacrificing one or more algorithmic properties such as generality, optimality,

and guarantee of worst-case complexity (Bakir et al., 2007; Nowozin & Lampert, 2011).

1.1 Objectives and Contributions

Given the importance of inference methods for machine learning in general, and

graphical models in particular, our goal is to develop efficient inference methods for

some practical problems. To do so, we consider two general problems in this the-

sis: The first problem is concerned with developing an efficient inference method for

factorial hidden Markov models (FHMMs), while the second problem is focused on

developing adaptive Markov chain Monte Carlo (MCMC) sampling methods. FHMMs

have applications in several fields such as voice recognition (Rennie et al., 2009a,b),

home appliance monitoring (Kolter & Jaakkola, 2012), computer vision (Oliver et al.,

2000), and fault detection (Kodali et al., 2013). MCMC methods also have numerous

applications in various fields of science and engineering such as cosmology (Lewis &

Bridle, 2002), medicine (Baele et al., 2017; Cauchemez et al., 2004), finance (Johannes
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& Polson, 2010), or multiple target tracking (Kokkala & Särkkä, 2015).1

1.1.1 Non-Intrusive Appliance Load Monitoring

Non-intrusive appliance load monitoring (NILM) is a technique that uses data from

existing and previously installed utility smart meters to separate individual energy

consumptions of different appliances from the total measured power in households.

Modern NILM methods use advanced pattern recognition and machine learning algo-

rithms to achieve their goal. NILM provides feedback about consumption patterns of

each load; this feedback educates consumers, helps them to identify potential areas for

energy savings, and increases their willingness to invest in more efficient products. In

addition, NILM provides the opportunity to the users to participate in load shifting

programs offered by utility providers to take full advantage of time-of-use pricing, and

allows remote monitoring of potentially hazardous appliances (e.g., alert a user if the

oven was accidentally left on); see (Kelly & Knottenbelt, 2015b; Yu et al., 2016) for

more details about the benefits of NILM.

In the literature, the most successful NILM algorithms are based on modeling the

electrical system of households by hidden Markov models (HMMs) (Kim et al., 2011;

Kolter & Jaakkola, 2012). The underlying assumption in these models is that the

power consumption of each individual appliance is generated by a discrete state Markov

process such that the power used by an appliance in each state remains around a

constant level. The individual power consumption levels are then added together, and

this is the combined power signal that is observed at the meter. The resulting model is

called a factored HMM (FHMM), whose factors are the individual HMMs. The problem

with using FHMMs for NILM is that doing exact inference—finding the most probable

sequence of hidden states given the observations—is computationally intractable, since

typical FHMM inference problems for NILM involve millions of decision variables (i.e.,

hidden states).

The state-of-the-art NILM algorithm prior to our method was the algorithm of Kolter

& Jaakkola (2012) which defines the NILM problem as inference in FHMMs. To address

1 MCMC has been named as one of the top 10 most influential algorithms of the 20th century in
the fields of science and engineering (Dongarra & Sullivan, 2000).
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the difficulty of FHMM inference, Kolter & Jaakkola (2012) formulated the inference

problem as a quadratic integer optimization problem and solved it approximately by

relaxing the integrality constraints and using quadratic programming. In this thesis

we take a more principled approach, better suited to integer programming problems.

We find an approximate optimum by combining convex semidefinite relaxations and

randomized rounding. The resulting optimization problem is a large scale semidefinite

program which cannot be solved with existing SDP solvers. Therefore, a scalable

special-purpose SDP solver is developed based on the ADMM algorithm (Boyd et al.,

2011) which exploits the special structure of the problem at hand. Simulation results

both on synthetic and real-world datasets demonstrate the superiority of our method.

We expect our method to be useful in solving other FHMM inference problems, as well

as in large scale integer quadratic programming. We also developed a novel variant

of spectral learning algorithms by combining two existing spectral learning algorithms

for learning HMM parameters. The experimental results show the superiority of the

proposed combination method for learning HMM parameters. The results on this topic

have been published in

• Shaloudegi, K.; György, A.; Szepesvári, C.; Xu, W., “SDP Relaxation with Ran-

domized Rounding for Energy Disaggregation,” In Advances in Neural Informa-

tion Processing Systems (NIPS), Spain, 2016 (oral presentation, acceptance rate

2%).

1.1.2 Adaptive MCMC

In the second problem, our goal is to estimate expectations of the form EP [f(X)] =∫
X f(x)p(x)dx for some complicated target distribution P with density p over a set

X ⊂ Rd for some function f : X → R. Such integrals arise, among others, in Bayesian

inference and maximum likelihood estimation problems from statistics, in econometrics,

physics and computing science (Andrieu et al., 2003; Brooks et al., 2011; Gorham &

Mackey, 2015). Unfortunately, calculating these integrals is usually intractable: One

of the most popular methods to compute them in practice is to estimate them by using

Markov Chain Monte Carlo (MCMC) methods. MCMC approximates the integral by
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EQn [f(Z)] =
∑n

i=1 f(xi)qn(xi), where {xi}ni=1 is a set of samples generated through

a Markov chain and weighted according to the weights qn. MCMCs have asymptotic

performance guarantees, which means Qn, the distribution of the weighted sample,

convergences to P .

The challenging problem in designing MCMC methods is to ensure that the distri-

bution of the samples Qn converges to P fast, and, in practice, some domain specific

knowledge has to be used in the design of their Markov chains to achieve fast conver-

gence (Andrieu et al., 2003), see Section 3.1 for more details. Finding a fast-converging

method is crucial since using samples whose empirical distribution is far from the target

(i.e., not converged yet) can lead to random results. Also, especially in big data ap-

plications, taking samples may be computationally expensive, so we want the smallest

number of samples that best represent the target distribution. Lots of work have been

done to speed up MCMC-type methods by designing Markov chains that converge fast

(Atchadé et al., 2011; Bédard, 2008; Hoffman & Gelman, 2014; Mbalawata et al., 2015;

Sejdinovic et al., 2014;  Latuszyński et al., 2013); for more details, see Section 3.1.

In this problem we take a different approach from previous works and, similarly

to parallel MCMC methods, instead of trying to find a single chain that samples

from the whole distribution, we combine samples from several chains run in parallel,

each exploring only parts of the state space (e.g., a few modes only). The chains are

prioritized based on the kernel Stein discrepancy, which provides a good measure of

performance locally. Kernel Stein discrepancy is an empirical quality measure based

on Stein’s method that can monitor “sample bias” in mean-square sense (Gorham

& Mackey, 2015). The samples from the independent chains are combined using a

novel technique for estimating the probability of different regions of the sample space.

The proposed weight estimation technique is based on estimating Rényi entropy. For

estimating the entropy, we use algorithms which are called direct entropy estimators;

which are not built on density estimators and skirt the difficult intermediate step of

multivariate density estimation required by other methods (Pál et al., 2010).

Experimental results demonstrate that the proposed adaptive sampler may provide

significant speedups in different sampling problems. Most importantly, when combined
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with the state-of-the-art NUTS algorithm as the base MCMC sampler, our method re-

mained competitive with NUTS on sampling from unimodal distributions, while signif-

icantly outperforming state-of-the-art competitors on synthetic multimodal problems

as well as on a challenging sensor localization task. The results on this topic have been

published as

• Shaloudegi, K.; György, A., “Adaptive MCMC via Combining Local Samplers,”

In International Conference on Artificial Intelligence and Statistics (AISTATS),

Japan, 2019.



Chapter 2

Scalable FHMM Inference

Algorithm for Energy

Disaggregation

2.1 Introduction

The goal of non-intrusive home appliance load monitoring is to estimate the energy

consumption of each appliance in a household, based on the total energy-consumption

signal of the household. Such a detailed feedback can help customers in residential

areas to save significantly in their electricity bill by changing their consumption behav-

iors. According to a study by the American Council for an Energy Efficient Economy

(ACEEE), providing feedback to customers about their electricity usage patterns may

result in an energy savings of up to 19% in residential areas.1

The bulk of the research in NILM has mostly concentrated on detecting meaningful

changes (a.k.a. events) in total power measurements, and associating them with state

changes of appliances (e.g., being on or off) by applying different data mining and pat-

tern recognition methods. Several methods, such as artificial neural networks (Chang

et al., 2012; Liang et al., 2010), deep neural networks (Kelly & Knottenbelt, 2015a),

fuzzy pattern recognition (Lin & Tsai, 2012), nearest neighbor techniques (Chahine

et al., 2011; Figueiredo et al., 2012; Weiss et al., 2012), support vector machines and

naive Bayes estimation (Chahine et al., 2011), sparse coding (Kolter et al., 2010), and

heuristic methods (Dong et al., 2012) have been employed for this purpose.

1http://aceee.org/portal/behavior
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Another line of research also takes into account the temporal structure of the data be-

side the electrical events (Egarter et al., 2015; Guo et al., 2015; Kim et al., 2011; Kolter

& Jaakkola, 2012; Parson et al., 2012; Zhong et al., 2014; Zia et al., 2011). Hidden

Markov models (HMMs) were used in (Zia et al., 2011) for the NILM problem, where

the state evolution of the appliances are modeled by some Markovian dynamics and

the total power consumption depends on the joint state of the appliances. A problem

with this model is that the number of joint states grows exponentially in the number

of appliances, rendering inference computationally infeasible for any realistic scenario.

To alleviate this problem, Kim et al. (2011) applied a factorial HMM (FHMM) and its

extensions (the most complex being conditional factorial hidden semi-Markov model)

to describe the total energy consumption: here each appliance is modeled by an HMM

and the total power consumption is the sum of the individual loads (on the nega-

tive side, in this work each model has only two states, on and off, which limits the

capabilities of the methods).

Although simpler than in the equivalent HMM models, doing exact inference in

FHMMs (introduced by Ghahramani & Jordan (1997)) is NP-hard; therefore, com-

putationally efficient approximate methods have been the subject of study. Standard

approaches include sampling methods, such as MCMC or particle filtering (Koller &

Friedman, 2009) and variational Bayes methods (Ghahramani & Jordan, 1997; Wain-

wright & Jordan, 2007). In practice, both methods are nontrivial to make work and

we are not aware of any works that would have demonstrated good results in our ap-

plication domain with the type of FHMMs we need to work and at practical scales,

including the aforementioned papers (Kim et al., 2011) (using Gibbs sampling) and

(Egarter et al., 2015) (applying particle filters). To alleviate this problem, approximate

solutions to the inference problem have been proposed which also employ additional

information: most notably, Kolter & Jaakkola (2012) achieve state-of-the-art perfor-

mance by optimizing an objective that is a combination of the log-likelihood coming

from the FHMM model and a term capturing the electrical events in the data; they cast

their problem as an integer quadratic optimization problem and obtain approximate

solution using relaxations leading to a quadratic program. Another interesting ap-

proach is that of Zhong et al. (2014), who incorporate domain knowledge by requiring
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that the estimated values be close to some specific aggregate values, and approximate

the resulting constrained FHMM inference problem by a quadratic program. However,

the application of this method is limited by the availability of the target aggregate

values (which could be obtained, e.g., from detailed national energy surveys), and even

with optimal constraints, the method is inferior to that of Kolter & Jaakkola (2012)

(as will be demonstrated by our experiments).

In this chapter we follow the approach of Kolter & Jaakkola (2012) to model the

NILM problem by FHMMs and considering the electrical events, as well. The dis-

tinguishing features of FHMMs in this setting are that (i) the output is the sum of

the output of the underlying HMMs (perhaps with some noise), and (ii) the number of

transitions are small compared to the signal length. FHMMs with the first property are

called additive. In this chapter we derive an efficient, convex relaxation based method

for FHMMs of the above type, which significantly outperforms the state-of-the-art al-

gorithms. Our approach is based on revisiting relaxations to the integer programming

formulation of Kolter & Jaakkola (2012). In particular, we replace the quadratic pro-

gramming relaxation of (Kolter & Jaakkola, 2012) with a relaxation to a semi-definite

program (SDP), which, based on the literature of relaxations is expected to be tighter

and thus better. While SDPs are convex and could in theory be solved using interior-

point methods (IPMs) in polynomial time (Malick et al., 2009), IPMs scale poorly

with the size of the problem and are thus unsuitable to our large scale problem which

may involve as many as a million variables. To address this problem, capitalizing on

the structure of our relaxation coming from our FHMM model, we develop a novel

variant of the alternating direction method of multipliers (ADMM) (Boyd et al., 2011)

that uses Moreau-Yosida regularization and combine it with a version of randomized

rounding that is inspired by the the recent work of Park & Boyd (2015).

In order to be able to apply the aforementioned FHMM inference methods, we need

to set up the FHMM model. This is done by first registering the appliances: that is,

collecting some data for each appliance and modeling the resulting power-consumption

sequence by an HMM. Typically, expectation maximization (EM) is used to find maxi-

mum likelihood estimates of the parameters of an HMM. However, despite its popular-

ity, EM suffers from high computational costs and possibly converging to suboptimal
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local optima (Mattfeld, 2014). Therefore, in this chapter we apply (consistent) spec-

tral (or moment) methods to estimate the parameters of HMMs, which are guaranteed

to converge to the true parameter values. In particular, we combine the method of

Anandkumar et al. (2012) for estimating the output distributions of the HMMs with

the algorithm of Kontorovich et al. (2013) to estimate the state transition probability

matrix. It will be demonstrated that the proposed combination improves the learning

performance significantly.

The rest of the chapter is organized as follows. After defining the notation in Sec-

tion 2.1.1, we introduce the system model in Section 2.2. SDP relaxations are intro-

duced in Section 2.3 and are applied to the NILM problem in Section 2.4. The main

contribution of the chapter, our efficient algorithm to solve the resulting large-scale

structured SDP problems, is given in Section 2.4.1. Estimating the HMM parameters

is discussed in Section 2.5, while unmodeled appliances are dealt with in Section 2.6.

We close the chapter by demonstrating the performance of our algorithms on both

synthetic and real world datasets in Section 2.7.

2.1.1 Notation

Throughout the chapter, we use the following notation: R denotes the set of real

numbers, Sn+ denotes the set of n× n positive semidefinite matrices, I{E} denotes the

indicator function of an event E (that is, it is 1 if the event is true and zero otherwise),

1 denotes a vector of appropriate dimension whose entries are all 1. For an integer

K, [K] denotes the set {1, 2, . . . ,K}. N (µ, σ2) denotes the Gaussian distribution with

mean µ and covariance matrix σ2. For a matrix A, we denote its trace by trace(A),

its Frobenius norm by ‖A‖F , the vector obtained by concatenating its columns by

vec(A), and the vector formed by its diagonal entries by diag(A). For two matrices

A,B ∈ Rn×n, A � B denotes that A−B ∈ Sn+. For a random variable w, E(w) denotes

its expectation.
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HMM 1 x1,t−1 x1,t x1,t+1

HMM M xM,t−1 xM,t xM,t+1

Observations yt−1 yt yt+1

Figure 2.1: Graphical representation of FHMMs.

2.2 System Model

Following Kolter & Jaakkola (2012), the energy usage of the household is modeled

using an additive factorial HMM (Ghahramani & Jordan, 1997). Suppose there are

M appliances in a household. Each of them is modeled via an HMM: let Pi ∈ RKi×Ki

denote the transition-probability matrix of appliance i ∈ [M ], and assume that for

each state s ∈ [Ki], the energy consumption of the appliance is constant µi,s (µi

denotes the corresponding Ki-dimensional column vector (µi,1, . . . , µi,Ki)
>). Denoting

by xt,i ∈ {0, 1}Ki the indicator vector of the state st,i of appliance i at time t (i.e.,

xt,i,s = I{st,i=s}), the total power consumption at time t is
∑

i∈[M ] µ
>
i xt,i, and we

assume that it is observed with some additive zero mean Gaussian noise of variance

σ2, that is, yt ∼ N (
∑

i∈[M ] µ
>
i xt,i, σ

2). Fig. 2.1 shows a graphical representation of

additive FHMMs, where each Markov chain represents an appliance, while Fig. 2.2

illustrates the model on a real-world signal.

Given this model, the maximum likelihood estimate of the appliance state-vector

sequence can be obtained by minimizing the negative log-posterior function

argmin
xt,i

T∑
t=1

(yt −
∑M

i=1 x
>
t,iµi)

2

2σ2
−
T−1∑
t=1

M∑
i=1

x>t,i(logPi)xt+1,i

subject to xt,i ∈ {0, 1}Ki , 1>xt,i = 1, i ∈ [M ] and t ∈ [T ],

(2.1)

where logPi denotes a matrix obtained from Pi by taking the logarithm of each entry.
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Figure 2.2: Sample power consumption of a stove from the REDD dataset (Kolter
& Johnson, 2011). Each state i of the appliance is associated with an approximately
constant power level µi; in this case µ = [1050, 220, 1270, 0]>. The power consumption
at time t is modeled as yt = x>µ + nt where xt is the state indicator vector (e.g.,
x350 = [0, 1, 0, 0]>) and nt is the noise at time t.

In our particular application, in addition to the signal’s temporal structure, large

changes in total power (in comparison to signal noise) contain valuable information that

can be used to further improve the inference results (in fact, solely this information

was used for energy disaggregation, e.g., by (Dong et al., 2012; Figueiredo et al., 2012;

Weiss et al., 2012)). This observation was used by Kolter & Jaakkola (2012) to amend

the posterior with a term that tries to match the large signal changes to the possible

changes in the power level when only the state of a single appliance changes.

Formally, let ∆yt = yt+1 − yt, ∆µ
(i)
m,k = µi,k − µi,m, and define the matrices Et,i ∈

RKi×Ki by (Et,i)m,k = (∆yt −∆µ
(i)
m,k)

2/(2σ2
diff), for some constant σdiff > 0. Intuitively,

(Et,i)m,k is the negative log-likelihood (up to a constant) of observing a change ∆yt in

the power level when appliance i transitions from state m to state k under some zero-

mean Gaussian noise with variance σ2
diff. Making the heuristic approximation that the

observation noise and this noise are independent, Kolter & Jaakkola (2012) added the

term (−
∑T−1

t=1

∑M
i=1 x

>
t,iEt,ixt+1,i) to the objective of (2.1), arriving to the following



Chapter 2. Scalable FHMM Inference Algorithm for Energy Disaggregation 29

modified version:

argmin
xt,i

{
f(x1, . . . , xT ) :=

T∑
t=1

(yt −
∑M

i=1 x
>
t,iµi)

2

2σ2

−
T−1∑
t=1

M∑
i=1

x>t,i(Et,i + logPi)xt+1,i

} (2.2)

subject to same constraints as in (2.1).

In the next two sections we derive an efficient approximate solution to (2.2); we

will demonstrate through extensive experiments in Section 2.7 that it is superior to

the approximate solution derived by Kolter & Jaakkola (2012) with respect to several

measures quantifying the accuracy of load disaggregation solutions.

2.3 SDP Relaxation and Randomized Rounding

There are two major challenges to solve the optimization problem (2.2) exactly: (i)

the objective function is not necessarily convex (namely, the second term); and (ii) the

optimization is over binary vectors xt,i. To address these problems, we will relax (2.2)

to make it an integer quadratic programming problem, then apply an SDP relaxation

and randomized rounding to solve approximately the relaxed problem. We start with

reviewing the latter methods.

2.3.1 Approximate Solutions for Integer Quadratic Programming

In this section, we consider approximate solutions to the integer quadratic program-

ming problem

minimize f(x) = x>Dx+ 2d>x

subject to x ∈ {0, 1}n,
(2.3)

where x is the optimization variable, D ∈ Sn+ is positive semidefinite, and d ∈ Rn.

The standard way to find an approximate optimum of (2.3) is to linearize it by

introducing a new variable X = xx> ∈ Sn+ (then x>Dx = trace(DX)), and relaxing
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the nonconvex constraint X = xx> and the integrality constraints x ∈ {0, 1}n to

X � xx>, diag(X) = x, and x ∈ [0, 1]n. This leads to the relaxed SDP problem

minimize trace(D>X) + 2d>x

subject to

1 x>

x X

 � 0, diag(X) = x, x ∈ [0, 1]n,
(2.4)

which can be written in the compact SDP form

minimize trace(D̂>X̂)

subject to X̂ � 0, AX̂ = b, x ∈ [0, 1]n,
(2.5)

for appropriate positive semidefinite matrices D̂ =

0 d>

d D

, X̂ =

1 x>

x X

 ∈ Sn+1
+ ,

where A : Sn+ → Rm is a linear operator, and b ∈ Rm. This general SDP optimization

problem can be solved with arbitrary precision in polynomial time using interior-point

methods (Malick et al., 2009; Wen et al., 2010); although this approach becomes im-

practical in terms of both the running time and the required memory if either the

number of variables or the optimization constraints are large (Wen et al., 2010). We

return to this problem in Section 2.4.1 and Section 2.7.

To obtain a feasible point of (2.3) from the solution of (2.5), we still need to change

the solution x to a binary vector. This can be done via randomized rounding (Goemans

& Williamson, 1995; Park & Boyd, 2015): Instead of letting x ∈ [0, 1]n, the integrality

constraint x ∈ {0, 1}n in (2.3) can be replaced by the inequalities xi(xi− 1) ≥ 0 for all

i ∈ [n]. Although these lead to nonconvex constraints, they admit an interesting prob-

abilistic interpretation: assuming w ∈ Rn is a normal random variable w ∼ N (µ,Σ),

the optimization problem (over µ,Σ)

minimize E(w>Dw + 2d>w)

subject to E(wi(wi − 1)) ≥ 0, i ∈ [n],
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is equivalent to

minimize trace((Σ + µµ>)D) + 2d>µ

subject to Σi,i + µ2
i − µi ≥ 0, i ∈ [n],

(2.6)

which is in the form of (2.4) with X = Σ +µµ> and x = µ. This leads to the rounding

procedure: starting from a solution (x∗, X∗) of (2.4), we randomly draw several samples

w(j) from N (x∗, X∗−x∗x∗>), round w
(j)
i to 0 or 1 to obtain x(j), and keep the x(j) with

the smallest objective value. This procedure was shown to have better performance

experimentally by Park & Boyd (2015) than just naively rounding the coordinates of

x∗.

2.4 An Efficient Algorithm for Inference in FHMMs

Now we are ready to apply the results described in the previous section to (2.2). To

do so, as mentioned at the beginning of Section 2.3, we need to change the problem to a

convex one, since the elements of the second term in the objective of (2.2), −x>t,i(Et,i+

logPi)xt+1,i, are not convex. To address this issue, we relax the problem by introducing

new variables Zt,i = xt,ix
>
t+1,i, and replacing the constraint Zt,i = xt,ix

>
t+1,i with two

new ones: Zt,i1 = xt,i and Z>t,i1 = xt+1,i. To simplify the presentation, we will assume

that Ki = K for all i ∈ [M ]. Then problem (2.2) becomes

argmin
xt,i

T∑
t=1

{
1

2σ2

(
yt − x>t µ

)2
− p>t zt

}
subject to xt ∈ {0, 1}MK , t ∈ [T ]

zt ∈ {0, 1}MKK , t ∈ [T − 1]

1>xt,i = 1, t ∈ [T ] and i ∈ [M ]

Zt,i1
> = xt,i, t ∈ [T − 1] and i ∈ [M ]

Z>t,i1
> = xt+1,i, t ∈ [T − 1] and i ∈ [M ]

(2.7)
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where x>t = [x>t,1, . . . , x
>
t,M ], µ> = [µ>1 , . . . , µ

>
M ], z>t = [vec(Zt,1)>, . . . ,vec(Zt,M )>],

and p>t = [vec(Et,1 + logP1)>, . . . ,vec(Et,M + logPM )>].

Expanding the first term of (2.7) and following the relaxation method of Sec-

tion 2.3.1, we can easily get the following SDP problem:2

argmin
Xt,zt

T∑
t=1

trace(D>t Xt) + d>t zt

subject to AXt = b, BXt + Czt + EXt+1 = g

Xt � 0, Xt, zt ≥ 0

(2.8)

where A : SMK+1
+ → Rm, B and E : SMK+1

+ → Rm′ , and C ∈ RMKK×m′ are all linear

operators, and the integers m and m′ are determined by the number of equality con-

straints. Here Dt = 1
2σ2

 0 −ytµ>

−ytµ µµ>

 and dt = pt. Notice that (2.8) is a simple,

but large-scale SDP problem in the form of (2.5) where D̂ has a special block struc-

ture. In the following, we will utilize this structure to provide an efficient approximate

solution based on ADMM, and use randomized rounding, as described in Section 2.3.1,

to find a good integer solution.

2.4.1 Scalable Solutions for Large SDP Problems

Although interior-point methods can solve SDP problems efficiently, even for prob-

lems with sparse constraints as (2.4), the running time to obtain an ε optimal solution

for n variables is of the order of n3.5 log(1/ε) (Nesterov, 2004, Section 4.3.3), which

becomes prohibitive in our case since the number of variables scales linearly with the

time horizon T . In fact, for one day of data sampled at 1 Hz yields T = 86400 seconds,

and with M = 10 appliances with K = 4 states each, the number of variables be-

comes MKT ≈ 3, 500, 000, rendering the application of interior-point methods clearly

infeasible.

2The only modification is that we need to keep the equality constraints in (2.7) that are missing
from (2.3).
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As an alternative solution, first-order methods can be used for large scale prob-

lems. In particular, we are interested in the alternating direction method of multipliers

(ADMM).

2.4.1.1 Background: Alternating Direction Method of Multipliers (ADMM)

In this section, we introduce ADMM based on the paper of Boyd et al. (2011).

ADMM is an algorithm for solving large-scale optimization problems by breaking them

into smaller subproblems and it is well suited to many decentralized and “big data”

applications that arise in machine learning, statistics and other modern applications.

The method uses a procedure called decomposition-coordination, in which the solutions

of some smaller problems are coordinated in a way that they achieve a global solution

of a large problem. ADMM was originally developed in the 1970s and since then it has

been re-invented in different fields. Douglas-Rachford splitting from numerical analy-

sis3, Dykstra’s alternating projections method and Bregman iterative algorithms for l1

problems in signal processing are example of algorithms from different fields that are

either equivalent or closely related to ADMM. The method has been recently redis-

covered due to advancement in distributed computing to solve massive optimization

problems.

In its simplest form, ADMM solves problems in the following form:

minimize f(x) + g(z)

subject to Ax+ Bz = c.
(2.9)

where f : Rn → R and g : Rm → R are convex functions, x ∈ Rn and z ∈ Rm are

the optimization variables, A ∈ Rp×n, B ∈ Rp×m and c ∈ Rp for some dimensions

n,m, p > 0 . For problem (2.9), the augmented Lagrangian function can be defined as

Lρ(x, z, y) = f(x) + g(z) + y>(Ax+ Bz − c) +
ρ

2
‖Ax+ Bz − c‖22,

3Douglas-Rachford splitting was developed in the 1950s for the numerical solution of partial differ-
ential equations (Parikh & Boyd, 2013).
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where ρ > 0 and y ∈ Rp. Then, ADMM becomes a procedure that goes through the

following steps iteratively to find the optimal solution:

xk+1 , argmin
x

Lρ(x, z
k, yk), (2.10)

zk+1 , argmin
z

Lρ(x
k+1, z, yk), (2.11)

yk+1 , yk + ρ
(
Axk+1 + Bzk+1 − c

)
, (2.12)

where k is the iteration counter. It can be seen that ADMM reduces the optimization

problem (2.9) to an x-minimization step (2.10), a z-minimization step (2.11) and a dual

variable update (2.12), and handles each step separately. Indeed, handling the objective

terms independently of each other is the main advantage of ADMM, which helps with

optimization problems where f and g can be optimized efficiently, but optimizing their

sum directly (given the joint constraints on the variables) is not possible or is hard

(Parikh & Boyd, 2013).

2.4.1.2 ADMM for SDP Problems

Since our problem (2.8) is an SDP problem where the objective function is separable,

ADMM is a promising candidate to find a near-optimal solution. Utilizing its sparse

structure, we can consider the sequence of SDP problems over the variables (Xt, zt)

for t = 1, . . . , T as

argmin
Xt,zt

trace(D>t Xt) + d>t zt

subject to AXt = b, Xt � 0, Xt, zt ≥ 0

BXt + Czt + EXt+1 = g

BXt−1 + Czt−1 + EXt = g

(2.13)

(XT+1 and zT can be chosen arbitrarily). Note that the optimization problems are

connected via the linear constraints: optimizing for t depends on the variables for t−1

and t + 1. Applying the idea of ADMM, we update the variables in repeated passes

for t = 1, . . . , T , using Moreau-Yosida quadratic regularization (Malick et al., 2009),

suited for the primal formulation we consider: The regularized Lagrangian function for
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(2.13) is4

Lµ = trace(D>X) + d>z +
1

2µ
‖X − S‖2F +

1

2µ
‖z − r‖22

+ λ>(b−AX) + ν>(g − BX − Cz − EX+)

+ ν>−(g − BX− − Cz− − EX)

− trace(W>X)− trace(P>X)− h>z,

(2.14)

where λ, ν, W ≥ 0, P � 0, and h ≥ 0 are dual variables, S and r are regularizers

where S is symmetric, and µ > 0 is a constant step size parameter. One can readily

see that Lµ is a function of both primal and dual variables; so we first minimize Lµ

in X and z to get L̂µ which is a function of only dual variables. Then, the standard

ADMM updates (Malick et al., 2009) are obtained by sequentially updating the dual

variables to minimize L̂µ. Finding the minima by setting the corresponding derivatives

to zero, we obtain the following updates:

∇XLµ = D +
1

µ
(X − S)−A>λ− B>ν − E>ν− −W − P = 0,

X∗ = S + µ(A>λ+ B>ν + E>ν− +W + P −D)

and

∇zLµ = d+
1

µ
(z − r)− C>ν − h = 0,

z∗ = r + µ(C>ν + h− d) .

Substituting X = X∗ and z = z∗ in (2.14) defines L̂µ = minX,z Lµ. Then the standard

ADMM updates become

W k+1 = argmin
W≥0

L̂µ(Sk, P k,W, λk, νk, νk−, h
k, rk)

= max
{

(D−A>λk−B>νk−E>νk−−P k−Sk/µ),0
}
,

P k+1 = argmin
P�0

L̂µ(Sk, P,W+1, λk, νk, νk−, h
k, rk)

= (D −A>λk − B>νk − E>νk− −W k+1 − Sk/µ)+,

λk+1 = argmin
λ
L̂µ(Sk, P k+1,W k+1, λ, νk, νk−, h

k, rk)

4We drop the subscript t and replace t± 1 with + and − signs, respectively.
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=
1

µ
(AA>)†

(
b−A(B>νk+E>νk−+W k+1+P k+1−D)

)
,

Sk+1 = Sk+ µ(A>λk+1+B>νk+E>νk+1
− +W k+1+P k+1−D), (2.15)

hk+1 = argmin
h≥0

L̂µ(Sk+1, P k+1,W k+1, λ, νk, νk−, h, r
k)

= max
{

(d− C>νk − rk/µ),0
}
,

νk+1 = argmin
ν
L̂µ(Sk+1, P k+1,W k+1, λk+1, ν, νk+1

− , hk+1, rk)

=
1

µ
(BB> + CC> + EE>)†

×
(
g−B

(
Sk+1+ µ(A>λk+1+ E>νk+1

− +W k+1

+ P k+1−D)
)
− C(rk + µ(hk+1 − d))

−E
(
Sk+ + µ(A>λk+ + B>νk+ +W k

+ + P k+ −D)
))
,

rk+1 = rk + µ(C>νk+1 + hk+1 − d),

where max : X ×X → X works elementwise, and for any square matrix A, A† denotes

the Moore-Penrose pseudo inverse, and for any real symmetric matrix A, A+ is the

projection of A onto the positive semidefinite cone (given the spectral decomposition

A =
∑

i λiviv
>
i , where λi, and vi are the eigenvalues and, respectively, corresponding

eigenvectors of A, A+ =
∑

λi>0 λiviv
>
i ).

The final algorithm, which updates the variables for each t sequentially, is given

in Algorithm 1. Analyzing the exact form of the updates, it is clear that—due to

the computation of some pseudo inverses—a single iteration in the algorithm is of

O((MK)3T ) computational complexity.

Algorithm 1 ADMM for sparse SDPs of the form (2.8).

Input: length of input data: T , number of iterations: itermax.
Initialization: Set the initial values to zero: W 0

t , P
0
t , S

0 = 0, λ0
t = 0, ν0

t = 0, and
r0
t , h

0
t = 0. Set µ to some small value (default used is 0.001).

for k = 0, 1, . . . , itermax do
Update W k

t , P kt , λk, Skt , rkt , hkt , and νkt , respectively, sequentially for all t =
1, 2, . . . , T , according to (2.15).

end for
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Algorithm 2 Randomized rounding to find an approximate solution of (2.2).

Input: number of iterations: itermax, length of input data: T .
Initialization: Solve (2.8) (e.g., solve it approximately via Algorithm 1) to get
X∗t and z∗t and set xbestt := z∗t and Xbest

t := X∗t for all t ∈ [T ].

for t = 2, . . . , T − 1 do

Set x := [xbestt−1
>
, xbestt

>
, xbestt+1

>
]>.

Set X := block(Xbest
t−1 , X

best
t , Xbest

t+1 ) where block constructs a block-diagonal ma-
trix from its arguments.
Set f best :=∞.
Form covariance matrix Σ := X−xxT , and find its Cholesky factorization CC> =
Σ.
for k = 1, 2, . . . , itermax do

Random sampling: zk := x+ Cw, where w ∼ N (0, I).
Round zk to the nearest integer point xk that satisfies the constraints in (2.7).
If f best > ft(x

k) then update best point xbestt and Xbest
t from the corresponding

entries of xk and xkxk
>

, respectively.
end for

end for

2.4.2 Randomized Rounding

Starting from a (possibly approximate) solution (z∗, X∗) of (2.8), we apply the

randomized rounding method from Section 2.3.1 to provide an approximate solution

to our original problem (2.2). Utilizing that we have an SDP problem for each time

step t ∈ [T ], Algorithm 2 performs the rounding sequentially for every t. Note that

due to the dependence on time steps t ± 1 in (2.13) and (2.7), rounding is performed

over triplets of variables (xbestt−1 , x
best
t , xbestt+1), although we just keep the updated values

for time t. Note that the most expensive step in the algorithm is to find the Cholesky

factorization of Σ, which has O(M3K3) computational complexity.

Following Park & Boyd (2015), a simple greedy local search is introduced within Al-

gorithm 2 in the experiments. After finding the point xk, we try to improve the objec-

tive by changing the state of individual appliances greedily: we go over the appliances

sequentially (starting with the first one), check all possible states of the actual appliance

and keep the one with the minimum objective value (keeping the original state if no im-

provement is possible). Here we use another heuristic and encourage sparse solutions in

the sense that we try to explain the observed signal with as few appliances as possible.

Therefore, we augment the objective in (2.7) by a penalty term corresponding to the
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number of active appliances, and minimize ft(x
k) = 1

2σ2 (yt − xkt
>
µ)2 − p>t zt + L‖x̄kt ‖1

where xkt is the middle component of xk, x̄
k
t is the indicator vector of the on states

only (i.e., obtained by removing the components of xkt corresponding to off states) and

L > 0 is a suitable constant. The process is repeated as long as the objective can be

improved this way.

Combining Algorithms 1 and 2 provides an efficient method for finding an approxi-

mate solution of (2.2), thus solving the additive FHMM inference problem. The overall

computational complexity of each iteration of the combined algorithm is O((MK)3T ),

which is a significant reduction from the O((MKT )3.5) complexity of the interior point

methods for any practical scenario (T � MK, see Section 2.4.1), even if the number

of iterations is on the order of a few thousands.

2.5 Learning the Model

The previous section provided an algorithm to solve the inference part of our energy

disaggregation problem. However, to be able to run the inference method, we need to

set up the model. Most often the parameters of an HMM are estimated from data by

the EM algorithm, which is a heuristic local search method for maximum likelihood

parameter estimation. The problem with the EM algorithm is that it converges slowly

and is prone to local optima. Therefore, alternative solutions have been proposed in

the literature (Anandkumar et al., 2012; Cybenko & Crespi, 2011; Hsu et al., 2012;

Kontorovich et al., 2013; Siddiqi et al., 2010). In particular, spectral learning techniques

(e.g., Anandkumar et al. 2012; Hsu et al. 2012) based on the method of moments

(Pearson, 1894) and spectral decompositions (Chang, 1996) have gained popularity

in recent years. In addition, the method of Kontorovich et al. (2013)—assuming the

conditional distribution of observations given the hidden states is known—formulates

the estimation of the transition matrix as a quadratic program (we call it the QP

method hereafter), which can be solved by using any off-the-shelf quadratic program

package. In contrast to EM, these algebraic methods are consistent (i.e., converge to

the global optimum) and have more reasonable computational and sample complexity

(i.e., the matrix of second-moments and the tensor of third-moments are estimated
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only once and through a single pass of the algorithm over the observation data). In

what follows, we review these methods.

2.5.1 A Spectral Learning Method for Discrete-Output HMMs

In this section, we summarize the main results of Anandkumar et al. (2012). Consider

a discrete HMM with K hidden states and D distinct observation symbols. Let P ∈

RK×K be the transition matrix describing the underlying Markov chain, and let π ∈ RK

be its initial state distribution. Let yt ∈ {e1, . . . , eD} denote the one-hot encoding of

the observation at time t, where ei ∈ RD is the ith standard unit vector in the Euclidean

space: yt = ei if at time t symbol i is observed. With a slight abuse of notation, let the

tuple (y1, y2, y3) denote three consecutive observations.5 Define O = [o1|o2| . . . |oK ] ∈

RD×K to be the matrix of the conditional means of the observation yt at time t given

the corresponding hidden state st, i.e., E[yt|st = i] = oi for all i ∈ [K]. The following

parameters can be defined:

w , Pπ, M1 , Odiag(π)P>diag(Pπ)−1, M2 , O, and M3 , OP.

Define the matrix of second-order moments C3,1 ∈ RD×D as

(C3,1)i,j , Pr [y3 = ei, y1 = ej ] for i, j ∈ [D],

and the tensor of third-order moments C3,1,2 as

(C3,1,2)i,j,k , Pr [y3 = ei, y1 = ej , y2 = ek] for i, j, k ∈ [D].

These definitions allow to view C3,1 and C3,1,2 as expectations of tensor products of

y1, y2 and y3:

C3,1 , E[y3 ⊗ y1] and C3,1,2 , E[y3 ⊗ y1 ⊗ y2],

5Here we focus on (y1, y2, y3), but the same properties holds for other three consecutive observations
(yt−1, yt, yt+1) for every t ∈ {2, . . . , T − 1}.
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where ⊗ denotes tensor product. Also, the linear operator C3,1,2 : RD → RD×D is

defined as

C3,1,2(η) , E[(y3 ⊗ y1) 〈η, y2〉],

where η ∈ RD. In other words, the (i, j)-th entry of C3,1,2(η) is

C3,1,2(η)i,j =
D∑
l=1

ηl (C3,1,2)i,j,l .

The following lemma shows that C3,1 and C3,1,2(η) can be seen as certain matrix

products which involve the model parameters P , O and π.

Lemma 2.1. We have C3,1 = M3diag(w)M>1 and C3,1,2(η) = M3diag(M2η)diag(w)M>1

for η ∈ RD.

In addition, Lemma 2.2 defines a matrix which is called “observable operator.” This

matrix uses the pairwise and tripletwise probabilities in a way that reveals O.

Lemma 2.2. For i ∈ {1, 2, 3}, let Ui ∈ RD×K be a matrix such that U>i Mi ∈ RK×K is

invertible. Then U>3 C3,1U1 is invertible, and for all η ∈ RD, the “observable operator”

B3,1,2(η) ∈ RK×K , defined by B3,1,2(η) ,
(
U>3 C3,1,2(η)U1

) (
U>3 C3,1U1

)−1
, satisfies

B3,1,2(η) =
(
U>3 M3

)
diag (M2η)

(
U>3 M3

)−1
. (2.16)

In particular, the K roots of the characteristic polynomial λ 7→ det (B3,1,2(η)− λI) are

{〈η,M2,j〉 , j ∈ [K]}, where M2,j is the jth column of M2.

By substituting the definition of M2 and M3 into (2.16) we have

B3,1,2(η) =
(
U>3 OP

)
diag (Oη)

(
U>3 OP

)−1
.

This form allows us to compute the observable operator matrix O from the diagonal-

ization of B3,1,2(η). The following lemma shows how we can recover O.

Lemma 2.3. Given the conditions and definitions of Lemma 2.2, let Θ ∈ RK×K be

an invertible matrix, and let θi ∈ RK be its i-th row. Moreover, for all i ∈ [K], let

λi,1, . . . , λi,K denote the K eigenvalues of B3,1,2(U2θi) in the order specified by the
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Algorithm 3 Spectral learning for HMMs (the moments method) Anandkumar et al.
(2012)

1: Transform the observation sequence {yt}Tt=1 to triplets thorough a sliding window
of length three, such that the entries of each tuple are three consecutive samples
from the observation sequence.

2: Compute empirical estimates for Ĉ3,1 ∈ RD×D, Ĉ3,2 ∈ RD×D, and Ĉ3,1,2 ∈
RD×D×D from these triplets as

(Ĉ3,1)i,j =
1

T − 1

T−1∑
t=1

I{yt+2=ei}I{yt=ej}

(Ĉ3,2)i,j =
1

T − 1

T−1∑
t=1

I{yt+2=ei}I{yt+1=ej}

(Ĉ3,1,2)i,j,k =
1

T − 2

T−2∑
t=1

I{yt+2=ei}I{yt=ej}I{yt+1=ek}

3: Let Û3 ∈ RD×K and Û1 ∈ RD×K be matrices formed of the orthonormal left and
right singular vectors of Ĉ3,1 corresponding to its top K singular values, respec-
tively. Let Û2 ∈ RD×K be the matrix of the orthonormal right singular vectors of
Ĉ3,2 corresponding to its top K singular values.

4: Pick a random rotation matrix Θ ∈ RK×K , with its i-th row denoted by θTi ∈ RK .

Θ. Compute B̂3,1,2(Û2θ1) =
(
ÛT3 Ĉ3,1,2(Û2θ1)Û1

)(
ÛT3 Ĉ3,1Û1

)−1
.

5: Compute R̂3 ∈ RK×K that diagonalizes B3,1,2(Û2θ1), i.e., R̂−1
3 B̂3,1,2(Û2θ1)R3 =

diag
(
λ̂1,1, λ̂1,2, · · · , λ̂1,K

)
.

6: For each i ∈ {2, · · · ,K}, find the diagonal entries λ̂i,1, λ̂i,2, · · · , λ̂i,K of

R̂−1
3 B̂3,1,2(Û2θ1)R3, and form the matrix L ∈ RK×K that its (i, j)-th entry is

λ̂i,j .
7: Return Ô , Û2Θ−1L̂.

matrix of right eigenvectors U>2 M2. Let L ∈ RK×K be the matrix whose (i,j)-th entry

is λi,j. Then

ΘU>2 M2 = L. (2.17)

By replacing M2 with its definition (M2 , O) and multiplying the left-hand side of

(2.17) by U2Θ−1, we get

O = U2Θ−1L.

Algorithm 3 shows how to estimate the conditional mean observation matrix O from

an observation sequence.
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2.5.2 The QP Learning Method

In this section we review the QP algorithm of Kontorovich et al. (2013) for learn-

ing a parametric output HMM. The algorithm is based on the following insights: (i)

the stationary distribution of an ergodic HMM is a mixture of distributions from a

parametric family; (ii) assuming the conditional distribution of the output given the

states is known, the transition probabilities can be computed from the observation

signal. Kontorovich et al. (2013) proposed a learning algorithm that works with both

continuous- and discrete-output HMMs. The proposed algorithm decouples learning

of the parameters of the output distribution from learning the transition probabilities

as follows: (i) the parameters of the output distribution are estimated by a “general

purpose parametric mixture learner”;6 and (ii) given the estimates of the parameters

of the output distribution, the transition probabilities can be estimated by solving a

quadratic program.

2.5.2.1 Learning Discrete-Output HMM

First we describe the QP algorithm for discrete-output HMMs—the extension to the

continuous case is explained in the last section. The following lemma establishes the

connection between the stationary distribution of the observations and the stationary

distribution of the underlying Markov process.

Lemma 2.4. Let π ∈ RK be the stationary distribution of a Markov chain with tran-

sition matrix P ∈ RK×K , and let B be the emission matrix, Bi,j , Pr[yt = i|st = j].

Moreover, let ρ be the stationary distribution of the observations {yt}Tt=1. Then ρ = Bπ.

Assuming the emission matrix is given, an empirical estimate ρ̂ of the stationary

distribution of the observations can be computed from a single pass on the data by

computing the empirical frequencies of the output symbols. Based on Lemma 2.4, one

can compute an empirical estimate π̂ of π as the solution of the following quadratic

program:

π̂ = arg min
xi>0,‖x‖1=1

‖ ρ̂−Bx ‖2
( 1
ρ̂

)

6Learning the output parameters are beyond the scope of the QP leaning algorithm.



Chapter 2. Scalable FHMM Inference Algorithm for Energy Disaggregation 43

where ‖x‖2w=
∑

k wkx
2
k is the squared weighted l2 norm with weight vector w, and 1

ρ̂

stands for the vector whose ith component is 1
ρ̂i

.

In order to estimate P , consider the pair (yt, yt+1) of the consecutive observations.

By definition, we have

Pr[yt = k, yt+1 = k′] =
∑

i,j∈[K]

Bk′,iBk,jPi,jPr[st = j]

for all t ∈ {1, · · · , T − 1} where T is the length of the observation sequence. Given π

and B, we can define the matrix of second-order moments, C1,2 ∈ RD×D, as C1,2 ,

E[yt ⊗ yt+1]. By definition, the (k, k′)-th entry of C1,2 is

(C1,2)k,k′ =
∑
i,j

Ck,k
′

i,j Pi,j where Ck,k
′

i,j = πjBk,jBk′,i. (2.18)

Notice that C1,2 can be estimated based on data. Defining the operator D1,2(P ) :

RK×K → RK×K by (D1,2(P ))k,k′ =
∑

i,j C
kk′
ij Pij , equation (2.18) can be written as

D1,2(P ) = C1,2. If Ĉ1,2 denotes the empirical estimate of C1,2 and D̂1,2(P ) denotes the

empirical estimate of D1,2(P ) calculated by replacing π and B with their empirical

estimates, π̂ and B̂, in (2.18), Kontorovich et al. (2013) proposed to estimate P by

solving the QP

P̂ = arg min
Pi,j≥0,

∑
i Pi,j=1,P π̂=π̂

‖ vec(Ĉ1,2)− vec(D̂1,2(P )) ‖2(
1

vec(Ĉ1,2)

)

2.5.2.2 Learning Continuous-Output HMM

In order to handle continuous-output HMMs, we can map each observation yt to

a K-dimensional vector ϕ(yt) = [fθ1(yt), . . . , fθK (yt)]
T , where fθi denotes a Gaussian

density with parameters θi. By this trick, we can use the same method as the discrete

case. In the continuous case, the “effective observation matrix” K can be defined as

Ki,j =

∫
Y
fθi(y)P (y|j)dy,
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where the distribution P (y|j) can be found by any Gaussian mixture model parameter

estimation method (Kontorovich et al., 2013). In this way, the matrix K plays the

same role as emission matrix B. So, by replacing B with K, the rest of the algorithm

remains unchanged.

2.5.3 Learning HMMs for NILM Application

In this chapter we use the method of Anandkumar et al. (2012) to estimate the un-

derlying HMM model from a sequence of observations coming from a single appliance.

While this method is directly applicable to continuous output distributions if the di-

mensionality of the output is larger than the number of states, this is clearly violated

in our case as we have one-dimensional observations. Therefore, during the learning

process: (i) the observed data is discretized; (ii) a discrete output distribution for each

state is created by applying the learning algorithm; (iii) the discrete output distribu-

tions are turned into continuous distributions with piecewise uniform densities; and

(iv) the final Gaussian estimate for each output distribution is obtained by minimizing

the KL divergence from the corresponding piecewise uniform density.

While the above estimation method can also provide an estimate of the transition

matrix, in practice, we found that better performance can be achieved by the estimation

method of Kontorovich et al. (2013). In Section 2.7.1 we present experimental results in

a controlled environment supporting our claims about the performance of the different

algorithms.

2.6 Unmodeled Appliances

When it comes to the specific application to NILM, the problem of unknown, time-

varying bias also needs to be addressed, which appears due to the presence of un-

known/unmodeled appliances in the measured signal. Dealing with this problem is

one of the most challenging part of any NILM project, but not much has been done

yet. Kolter & Jaakkola (2012) proposed to use a generic model with a smaller weight

in the objective function, but incorporating this idea in the FHMM inference imposes
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great technical challenges, which comes from the fact that the inference problem is NP-

complete by itself, let alone introducing the generic model. Even Kolter & Jaakkola

(2012) faced difficulty in linearizing the problem in the presence of this generic model,

and had to introduce extra relaxation beyond the assumption that at most one appli-

ance can change its state at any given time.7

Therefore, in this work we use a practical, heuristic solution for NILM. First, we

identify all electrical events defined by a large change ∆yt in the power usage (20W in

the experiments). Then, we discard all events that are close to any possible level change

∆µ
(i)
m,k (within ±10% in the experiments). The remaining large jumps are regarded

as coming from a generic HMM model describing the unregistered appliances: they

are clustered into K − 1 clusters, and an HMM model is built where each cluster is

regarded as power usage coming from a single state of the unregistered appliances, and

we allow an off state with power usage 0.

2.7 Experimental Results

In this section we present experiments demonstrating the capabilities of our algo-

rithm and compare its performance to other state-of-the-art methods8.

2.7.1 Learning the Parameters of an HMM

We tested the performance of several methods for parameter estimation in HMMs:

EM, the algorithm of Hsu et al. (2012) (Spectral), that of Anandkumar et al. (2012)

(Moments), and the combined algorithm of Anandkumar et al. (2012) and Kontorovich

et al. (2013) described in Section 2.5 to estimate the transition matrix (QP).9 Fig. 2.3

shows the performance of these algorithms in a K = 3 state discrete-output HMM,

where the output alphabet size is D = 8: The emission matrix O (Oi,j denotes the

probability of observing i in state j) and the transition matrix P are given in the

left column, while the right column shows the mean squared-error in estimating the

7In fact, the subtle argument showing the need for further relaxation skipped the attention of the
authors, see Appendix 2.A for details.

8Our code is available online at https://github.com/kiarashshaloudegi/FHMM_inference.
9The implementation of the algorithms Spectral and Moments is taken from Mattfeld (2014).

https://github.com/kiarashshaloudegi/FHMM_inference
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Figure 2.3: The mean squared-error in estimating the entires of the emission ma-
trix O (top) and the transition matrix P (bottom) as a function of the number of
observations.

entries of the corresponding matrix, averaged over 100 independent runs (the standard

deviation of the error is also indicated). This example, taken from Mattfeld (2014),

as well as several other experiments, including both discrete- and continuous-output

HMMs, which are omitted from this report, demonstrates that Moments has the best

performance in estimating the emission matrix, and our novel combined method QP

has the best performance in estimating the transition matrix.

2.7.2 Inference on Synthetic Data

In this section we evaluate the performance of our inference algorithm on synthetic

data, and compare it to the structured variational inference (SVI) method of Ghahra-

mani & Jordan (1997), the method of Kolter & Jaakkola (2012) and that of Zhong
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et al. (2014); we shall refer to the last two algorithms as KJ and ZGS, respectively.

The synthetic dataset used in the experiments was generated in the following way:

The power levels corresponding to each on state of each appliance (µi,s, i ∈ [M ], s ∈

{2, . . . ,Ki}) were generated uniformly at random from [100, 4500] with the additional

constraint that the difference of any two non-zero levels is greater than 100 (to encour-

age identifiability), the levels for off states (µi,1) were set to 0. The transition matrices

for each appliance were generated the following way: first the diagonal elements for

off states were drawn uniformly at random from [0, 35] and for on states from [0, 30],

while non-diagonal elements were selected from [0, 1] to ensure sparse transitions; then

the matrices were normalized to ensure they are proper transition matrices. Finally,

the output of each appliance was subject to an additive Gaussian noise with variance

σ ∈ [0, 6] selected proportionally to the energy consumption level of the given on state,

and 1 for off states.10

The performance of the methods is evaluated through the normalized disaggregation

error, as suggested by Kolter & Jaakkola (2012); Zhong et al. (2014), which measures

the cumulated reconstruction error for the power output of each individual HMM: given

the true output yt,i and the estimated output ŷt,i (i.e., ŷt,i = µ>i x̂t,i, where x̂t,i is the

estimate of the state-indicator vector xt,i of appliance i), the normalized disaggregation

error is defined as

NDE =
√∑

t,i(yt,i − ŷt,i)2/
∑

t,i (yt,i)
2.

Figures 2.4 and 2.5 show the performance of the algorithms for changing M , the

number of HMMs, and changing K, the number of states. Each plot is a report for

T = 1000 steps averaged over 100 random realizations, showing the mean and stan-

dard deviation of the NDE. Our method ADMM-RR runs ADMM for 2500 iterations,

performs the randomized rounding after every 250 iterations, and chooses the result

with the highest likelihood. We also report the performance of ADMM followed by

simple rounding (i.e., selecting the largest coordinate of x̂t,i for the state st,i). It can

be observed that ADMM-RR consistently obtained better results than its competitors,

10Note that this more realistic model slightly differs from our formal model introduced in Section 2.2,
where the noise was added to the total power consumption, and hence the variance of the noise was
independent of the number of appliances being used.
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ADMM coming second most of the time, followed by KJ and ZGS. Comparing ADMM-

RR and ADMM also shows that the repeated randomized rounding has a significant

effect on the performance.
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Figure 2.4: Disaggregation error varying the number of HMMs. The number of
states is fixed and equal to 3. The length of the observation signal is 1000 and the
results are averaged over 100 random realizations.
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Figure 2.5: Disaggregation error varying the number of states.The number of ap-
pliances is fixed and equal to 5. The length of the observation signal is 1000 and the
results are averaged over 100 random realizations.

2.7.3 Real Data

In this section we compare our method, ADMM-RR, with the best methods from the

literature, KJ and ZGS, on two real datasets, REDD (Kolter & Johnson, 2011) and

UK-DALE (Kelly & Knottenbelt, 2015b). Note that these datasets contain signals

from unmodeled appliances. Since ZGS does not have any mechanism to deal with
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this issue and the application of the original form of KJ leads to a poor performance

in practice, we augmented both methods with our solution for unmodeled appliances,

described in Section 2.6.

For the REDD dataset, we used house No.1 for our experiment. We use the first

half of the data for training and the second half for testing. For learning HMMs, the

QP algorithm can be applied to both continuous and discrete data. However, the

moments method only can work with discrete data. So, we bin the observation data

to have a sequence of categorical (discretized) data. The bin bounds are the training

data quantiles and the number of quantiles for each training set is q = 12×K. Each

HMM (i.e., appliance) is trained separately using the associated circuit level data, and

the HMM corresponding to unregistered appliances is trained using the main panel

data.11 In this set of experiments we monitor appliances consuming more than 100

watts (all the other appliances are considered under the “unregistered” category). The

ADMM algorithm was run for 1000 iterations, the local search (RR) was run at the

end of every 250 iterations, and the result with the largest likelihood was chosen.

The experiments were repeated 5 times, averages and the corresponding maximum

deviations are reported. To be able to use the ZGS method on this data, we need to

have some prior information about the usage of each appliance; the authors suggestion

is to use national energy surveys, but in the lack of this information (also about the

number of residents, type of houses, etc.) we used the training data to extract this

prior knowledge (since this is expected to be more accurate than the survey data, this

gives an advantage to ZGS). Since our target function has a number of parameters

(σ, σdiff in eq. 2.2 and L in in Algorithm 2), we tested our method under different

parameter settings. We found that the performance of ADMM-RR remained fairly

stable over a reasonably large range for the parameter values: varying the parameters

in the range [1, 15], for example the error in estimating the energy consumption of the

different appliances stays in the range 3.74–4.28%.

Detailed results about the precision and recall of estimating which appliances are

on, as well as the error in estimating the total energy usage of different appliances are

11Since the appliances usually have long off-periods between active periods, which dominates the
training, to improve the learning performance, we shortened the off-periods during training (so that
the total length of off periods is 4 times higher than that of the on periods).
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given in Table 2.1; in these experiments, each parameter of ADMM-RR was set to 5,

based on our results on the synthetic dataset. In summary, we can see that our method,

ADMM-RR, consistently outperformed the others, achieving a weighted-average pre-

cision and recall of 84.68% and 78.01% (the weights are selected proportionally to the

total energy consumption of each appliance) improving about 23% on the precision

of KJ (67.99%) with essentially the same recall (77.91%), and massively outperform-

ing ZGS (32.92/71.01%). Considering the error in assigning the power consumption

to different appliances, our method again outperformed its competitors (ADMM-RR:

4.02%, KJ: 5.16%, ZGS: 6.36%).

We also tested our algorithm and the KJ algorithm on the UK-DALE dataset, using

5 days of data for training and 50 days for testing. Table 2.3 shows the detailed pre-

cision/recall performance for selected large appliances. Since there are lots of missing

data for individual appliances in this dataset (basically, for each day the measurements

for some major appliances are missing), it was not possible to determine the consump-

tion of unregistered appliances, hence they are not included in the table. The perfor-

mance for each appliance is measured on the days where their individual consumptions

are available. The results show that in this case ADMM-RR slightly outperforms KJ.

2.8 Conclusions and Future Work

We considered the NILM problem and provided and efficient method based on SDP

relaxation, randomized rounding and ADMM for the corresponding FHMM inference

problems. By combining two existing methods, we also introduced a new algorithm for

estimating the parameters of the individual HMMs based on data. Experiments demon-

strate that our method significantly outperforms the state-of-the-art in the NILM prob-

lem, and might find other usage in applications based on FHMM models.

With respect to the future development of the NILM algorithm presented in this

chapter, we believe that the most beneficial next step would be to improve the mod-

eling of the system’s dynamics. In spite of numerous advantages that FHMMs have

for modeling home appliances, they are not flexible enough to fully capture the prob-

abilistic nature of appliances’ dynamics. To make this clear, consider appliances such
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Appliance Precision/Recall
ADMM-RR KJ method ZGS method

1 Oven-3 56.60± 2.36/61.23± 1.54% 13.02/64.32% 12.90/38.09%
2 Fridge 94.70± 0.04/99.30± 0.06% 84.98/92.38% 51.39/80.44%
3 Microwave 80.72± 2.99/39.95± 3.46% 14.53/85.34% 8.43/57.59%
4 Bath. GFI-12 31.87± 2.58/55.39± 3.59% 2.37/73.77% 1.36/9.06%
5 Kitch. Out.-15 59.42± 3.23/94.24± 4.03% 5.37/79.58% 8.64/36.69%
6 Wash./Dry.-20-A 98.26± 0.10/93.60± 1.21% 70.41/98.19% 15.49/65.58%
7 Unregistered-A 93.52± 0.03/98.44± 0.14% 92.84/54.44% 57.25/99.33%
8 Oven-4 10.82± 0.27/28.81± 0.75% 6.00/31.72% 2.63/9.16%
9 Dishwasher-6 56.37± 0.84/94.69± 0.38% 26.38/98.11% 29.68/43.26%
10 Wash./Dryer-10 21.59± 1.10/64.53± 3.37% 30.18/40.69% 6.35/4.31%
11 Kitch. Out.-16 7.74± 0.58/94.66± 3.42% 3.82/100% 0/0%
12 Wash./Dry.-20-B 96.53± 1.11/17.22± 2.17% 77.94/71.71% 34.00/67.02%
13 Unregistered-B 97.73± 0.01/92.56± 0.21% 96.07/75.09% 33.63/99.98%
Weighted average 84.68± 0.28/78.01± 0.35% 67.99/77.91% 32.92/71.01%

Table 2.1: Disaggregation performance on the REDD dataset: precision/recall and
the error in the assigned power to each appliance as a percentage of the total power
(for ADMM-RR we report averages over 5 runs and the corresponding maximum
deviations). For calculating the weighted averages, the share of each appliance in the
total energy consumption is considered as its weight.

Appliance Error in assigned energy
Actual energy ADMM-RR KJ ZGS

1 Oven-3 2.67% 0.19± 0.15% 0.20% 1.47%
2 Fridge 17.45% 2.06± 0.00% 2.63% 0.44%
3 Microwave 4.79% 2.32± 0.13% 0.81% 4.01%
4 Bath. GFI-12 2.10% 1.00± 0.11% 3.84% 0.17%
5 Kitch. Out.-15 1.77% 0.54± 0.15% 4.76% 0.13%
6 Wash./Dry.-20-A 13.54% 0.76± 0.11% 0.79% 7.20%
7 Unregistered-A 14.45% 0.70± 0.01% 6.03% 16.87%
8 Oven-4 3.14% 7.29± 0.29% 6.93% 1.44%
9 Dishwasher-6 8.07% 3.08± 0.14% 7.94% 0.60%
10 Wash./Dryer-10 1.96% 4.05± 0.02% 0.30% 1.48%
11 Kitch. Out.-16 0.27% 2.71± 0.15% 3.35% 0.71%
12 Wash./Dry.-20-B 13.54% 11.15± 0.23% 8.58% 7.20%
13 Unregistered-B 16.17% 7.62± 0.03% 9.16% 9.51%
Total 100% – – –
Weighted average – 4.02± 0.06% 5.16% 6.36%

Table 2.2: Disaggregation performance on the REDD dataset: the error in the
assigned power to each appliance as a percentage of the total power (for ADMM-RR
we report averages over 5 runs and the corresponding maximum deviations). For
calculating the weighted averages, the share of each appliance in the total energy
consumption is considered as its weight.
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Appliance ADMM-RR KJ method
1 Kettle 98.34± 0.07/85.32± 0.90% 12.44/82.72%
2 Rice cooker 21.55± 0.68/73.05± 1.26% 9.43/63.59%
3 Running Mach. 3.63± 0.09/66.04± 1.03% 1.77/99.45%
4 Washing Mach. 14.06± 0.44/9.79± 0.32% 18.10/62.66%
5 Dish washer 61.54± 0.66/50.08± 0.51% 56.07/63.19%
6 Fridge 67.31± 0.02/92.36± 0.12% 93.68/90.47%
7 Microwave 66.30± 1.66/78.49± 1.99% 10.07/79.25%
8 Toaster 9.26± 1.03/84.61± 9.89% 0.48/96.70%
Weighted average 63.45± 0.12/67.10± 0.30% 50.60/76.07%
Energy error 4.79± 0.11% 5.14%

Table 2.3: Precision/recall of disaggregation on the UK-DALE dataset.

as a kettle or a toaster which are more likely to be used in the morning, or appli-

ances such as a washing machine or a dryer which are more likely to be used during

weekends. This type of information can definitely help the inference algorithm to bet-

ter identify the appliances. However, FHMM transition matrices, which model the

appliances’ dynamics, fail to capture such information. Using inhomogeneous HMMs

instead of vanilla HMMs is one way to address this issue. The idea of using inhomo-

geneous HMMs has already been explored in (Kim et al., 2011); however, due to the

difficulty of inference in such models, Kim et al. (2011) used a simple on/off model for

each appliance (i.e., each appliance is modeled with only two states) which adversely

affected the algorithm’s performance. We believe the inference algorithm proposed in

this thesis can be easily extended to be used in such models.

In addition, one of the main assumptions in our model was that appliances evolve

independently from each other, which enabled us to use a FHMM for modeling the

system. However, in practice, this assumption is not quite true; there are several groups

of appliances that are more likely to be used together, such as kitchen appliances. Since

NILM is an underdetermined problem, restricting the search space for the inference

algorithm is crucial to find a reasonable answer, and this type of information can be

helpful in this manner. Therefore, developing learning procedures that can capture

such a relationship among appliances is of particular interest in NILM problems. In

graphical models terms, these learning procedures should be able to infer the structure

of the graph as well as its parameters from the observed data.
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Appendix 2.A Discussion of the Derivation of Kolter &

Jaakkola (2012) in the Presence of the “Generic Model”

The “generic model” affects the derivation of the algorithm of Kolter & Jaakkola

(2012) as follows. The authors claim to derive the final optimization problem given

in equation (15) of their paper from (9) and (10) as follows: equation (9) defines the

problem minz∈Z,Q∈A f1(z,Q), while (10) defines the problem minz′∈Z′,Q∈A f2(z′, Q)

where z′ = g(z). Here, z, z′ are variables that describe the state of the “generic model”

over time.

The claim in the paper of Kolter & Jaakkola (2012) is that with some set B (coming

from their “one-at-a-time” constraint),

min
z∈Z,z′∈Z′,Q∈A∩B,z′=g(z)

f1(z,A) + f2(z′, Q) (2.19)

is equivalent to the minimization problem in equation (15). However, carefully check-

ing their derivation shows that (15) is equivalent to minz∈Z,z′∈Z′,Q∈A∩B f1(z,A) +

minz′∈Z′ f2(z′, Q), which is smaller in general than (2.19).



Chapter 3

Adaptive MCMC via Combining

Local Samplers

3.1 Introduction

In this chapter, we consider the problem of computing expectations EP [f(X)] =∫
X f(x)p(x)dx for some complicated target distribution P with density p over a set

X ⊂ Rd and functions f : X → R. Such expectations are usually intractable, and arise

in Bayesian inference and maximum likelihood estimation (Andrieu et al., 2003; Brooks

et al., 2011; Gorham & Mackey, 2015). In most practical problems, P has a closed

form except for an unknown constant1 and usually numerical integration is used to

approximate the value of the expectation (Neufeld, 2016). Numerical methods fall into

two main categories: deterministic and Monte Carlo (MC) methods. Both approaches

approximate the problem by evaluating the function/integrand at some points in the

domain X : the former method deterministically chooses these points, while the latter

method randomly samples them.

The deterministic methods work well for low-dimensional applications. They have

fast convergence rates due to using interpolation between evaluated points which helps

with better approximating the integrand. While the interpolation works well for low-

dimensional and smooth functions, using it in high-dimensional applications is chal-

lenging, as the sample complexity of these methods is typically exponential in the

dimension (Neufeld, 2016; Sokal, 1989). For example, for a smooth integrand, the

1In most real world applications finding this normalization constant is as hard as computing the
original expectation under P . For example, when P is obtained as a posterior distribution, p can
usually be written as p(x) = p̂(x)/

∫
X p̂(x

′)dx′ from Bayes rule, where p̂(x) is available in closed form
for any x ∈ X , but the value of the integral is unknown and is hard to compute.

54
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error in the Simpson rule algorithm converges to zeros as 1
n4/d where d is the prob-

lem’s dimension and n is the number of the nodal points (Sokal, 1989). In contrast,

almost all Monte Carlo methods enjoy a convergence rate that is independent of the

problem dimension. In its simplest form, MC approximates intractable integrals by

µ̂n = 1
n

∑n
i=1 f(xi), where {xi}ni=1 is a sequence of independent and identically dis-

tributed (i.i.d.) samples from P .2

Under mild conditions, the error of MC estimators converge to zero at a rate of 1√
n

,

which is the direct consequence of the central limit theorem (Sokal, 1989). Given i.i.d.

samples {xi}ni=1 from P , µ̂n almost surely converges to EP [f(X)] as n→∞ by the law

of large numbers (Andrieu et al., 2003), and if the variance of f(x) is bounded that is

σ2
f = EP [f2(X) − EP [f(X)]] < ∞, then the variance of the estimator (which equals

the variance of the error) is
σ2
f

n and by using the central limit theorem, one can obtain

that
√
n (µ̂n − EP [f(X)])

d⇒ N (0, σ2
f ) as n→∞

where N (µ, σ2) indicates a normal distribution with mean µ and variance σ2 and
d⇒ de-

notes convergence in distribution (Andrieu et al., 2003). This dimensional independent

convergence rate gives MC methods a great advantage over their deterministic numer-

ical counterparts in high-dimensional application (Doucet et al., 2001a). However, MC

methods usually rely on sampling from an easy-to-sample distribution instead of di-

rectly sampling from the target distribution to generate samples, and designing such a

proposal distribution for MC methods in high-dimensional problems is challenging by

itself (Liu & Lee, 2016). Therefore, Markov chain Monte Carlo (MCMC) methods are

used in these applications (Gorham & Mackey, 2015, 2017).

MCMC methods are usually employed for solving inference and optimization prob-

lems in “high-dimensional” applications. Similarly to MC methods, MCMC methods

enjoy a convergence rate that is independent of the dimensionality of the problem

(Doucet et al., 2001a). MCMC methods take random samples from an ergodic Markov

2In the literature, there is an ambiguity in using the terms “Monte Carlo” and “Markov chain
Monte Carlo”. While some authors consider Markov chain Monte Carlo methods as a subclass of
Monte Carlo methods, others consider them as separate classes of methods. In this thesis, we consider
Monte Carlo and Markov chain Monte Carlo as two separate classes of methods: Monte Carlo methods
generate i.i.d. samples while Markov chain Monte Carlo methods generate correlated samples.
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chain with stationary distribution P , and approximate the expectation EP [f(X)] via

averaging over the produced sample EQn [f(Z)] = 1
n

∑n
i=1 f(xi) where Qn is the em-

pirical distribution of samples.3 Here, ergodicity means that the chain convergences

to the same stationary distribution regardless of its starting point (see Section 3.2 for

more details).

The challenging problem in designing MCMC methods is to ensure that the distri-

bution of the samples Qn converge to P fast. Finding a fast-converging Markov chain

is crucial since using samples whose empirical distribution is far from the target P can

lead to biased results. To design a fast-converging Markov chain, usually some domain

specific knowledge is used in the design of their Markov chains. To make this clear, con-

sider Figure 3.1 which presents the results of simulating a Metropolis-Hastings (MH)

algorithm with the same stationary distribution and for the same number of samples

but different parameters. MH algorithms are the most popular MCMC method (An-

drieu et al., 2003) and will be discussed in Section 3.1. The left figure shows samples

obtained by a MH algorithm with a proposal function which typically generates small

moves:4 it can be seen that the chain fails to explore all modes within the given com-

putational budget. In contrast, the right figure corresponds to a MH algorithm with a

proposal function which typically generates large moves: in this case the chain explores

all the modes, however, its samples are highly correlated. The correlation in this figure

can be understood by comparing the number of “dots/samples” in this figure with

those in the right figure; the number of dots in the right figure is much lower than the

number of dots in the other figure. This means the chain stays in each state for a long

time. Obviously, an optimal proposal is somewhere between these two extreme cases.

This need for specialized design led to the development of dozens of methods for

each problem, each of which has their own tunable parameters (Neufeld et al., 2014).

Consequently, choosing the right method with corresponding parameters to achieve

fast convergence is quite difficult and requires considerable time and effort. To address

this difficulty, a large body of work has been done: multiple papers proposed ways

3The discrete random variable Z is used to point out that we have summation rather than integral
in the calculation of EQn [f(Z)].

4The MH algorithm uses an easy-to-sample density function q(·|x) to generate a candidate for the
next sample y given the current state of the algorithm, x, and accepts this hypothesis with some
probability ρ(x, y). In the literature, the distribution q is called the proposal function.
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No. chains:1, No. samples: 750 No. chains:1, No. samples: 750

Figure 3.1: Simulating a MH algorithm with different proposal functions. The
ellipsoids represent the contours of the target distribution. The same number of
samples are taken from both proposals. The left figure corresponds to a MH algorithm
with small moves, while the right figure corresponds to a MH algorithm with large
moves.

for optimal parameter-setting, for instance optimal tuning of the Metropolis-Hasting

algorithms was discussed in (Atchadé et al., 2011; Bédard, 2008; Roberts & Rosenthal,

2001; Roberts et al., 1997) (Brooks et al., 2011, Chapter 4). The problem with this line

of research is that they rely on some Markov chain parameters (stationary distribution)

that are typically unknown ( Latuszyński et al., 2013).

A more promising line of research to address the parameter setting issue is based

on adaptive MCMC methods. In this framework, the MCMC samples are used to

learn about the target distribution, and the algorithms adjust their parameters as

they progress ( Latuszyński et al., 2013). To do so, they rely on optimizing some ob-

jective function such as expected squared jumping distance (Pasarica & Gelman, 2010;

Wang et al., 2013), the area under the autocorrelation function up to some specific lag

(Mahendran et al., 2012), the difference between the proposal covariance matrix and

its empirical estimation (Haario et al., 2001, 2006; Mbalawata et al., 2015; Sejdinovic

et al., 2014), or the difference between the optimal acceptance rate (in practice, a

recommendation thereof) and its empirical estimate (Yang & Rosenthal, 2017). Per-

haps the most successful adaptive method for finding the optimal parameters (i.e., the

number of leapfrog steps and the step size) in Hamiltonian Monte Carlo (HMC), called

no-U-turn sampler (NUTS), is based on monitoring when the sample trajectories “turn

back”, and the resulting algorithm provides state-of-the-art performance in a number

of problems (Hoffman & Gelman, 2014). For more details about adaptive MCMC
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methods, the reader is referred to the tutorial paper by Andrieu & Thoms (2008).

In practice, making sure that a sampler can move between distant modes of the

target distribution cannot be guaranteed by the aforementioned adaptive methods.5

There are two main approaches to deal with distant modes: (i) running parallel chains

and combining their final samples; and (ii) sampling from powers of the target function

(the inverse power is referred to as temperature), known as annealing. Indeed, in the

literature, there are several successful methods based on combining these two ideas,

such as parallel tempering (Earl & Deem, 2005) and (annealed) sequential Monte Carlo

samplers, also known as particle filters (Doucet et al., 2001b; Moral et al., 2006). The

core idea of these methods and their variants is to run several chains with different

temperatures and periodically exchange information between them. By increasing

the temperature of a target distribution, it flattens (becomes more uniform), and the

chains at high temperatures act as global search algorithms. They pass the information

regarding the location of the modes to the chains with lower temperatures, which can

effectively search each mode. An alternative to parallelization is regeneration (Ahn

et al., 2013; Mykland et al., 1995). Regeneration partitions a long Markov chain into

smaller independent segments such that the samples are unbiased in each segment,

hence can be combined together without any further consideration. This process makes

it possible to combine samples from different samplers and tune the parameters of the

Markov chain after each regeneration. Although theoretically elegant, the application

of regeneration methods is limited in practice since they require a properly tuned

distribution for detecting regenerations.

In this chapter we combine the strengths of adaptive and parallel MCMC methods.

Instead of trying to find a single very good sampler that approximates the target dis-

tribution well on its whole domain, we run several samplers and select which sampler

to use at any given time in a sequential manner, based on all the samples obtained be-

fore. Our main contributions are (i) adapting the bandit-based adaptive Monte Carlo

method of Neufeld et al. (2014) for MCMC; and (ii) a novel method for combining

samples from multiple chains. The resulting algorithm is suitable for sampling from

5To be more precise, instead of modes the “high-probability” regions of the target distribution are
of interest, but, for simplicity and following the standard language of MCMC literature, we will often
refer to these as modes throughout the paper.
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challenging multimodal distributions and is fairly insensitive to the choice of its pa-

rameters. The next subsection gives a more detailed overview of our approach and the

corresponding challenges.

3.1.1 Approach and Challenges

In the simple case when all MCMC samplers mix well on the whole domain, our

goal is to use the best sampler (which mixes the fastest) most of the time. This is very

similar to the case of choosing from several unbiased MC samplers. For the latter,

Neufeld et al. (2014) showed that scheduling which samplers to use at any point in

time is equivalent to a stochastic multi-armed bandit problem (Bubeck & Cesa-Bianchi,

2012). This makes it possible to apply bandit algorithms to select which sampler to

use to get the next sample, and the decision depends on the overall performance of the

samplers so far, measured by the variance for each sampler. Extending the same idea to

the MCMC case is not trivial, since measuring the quality of MCMC samplers is a much

harder task. In fact, until recently, there has not been any empirical measure that can

monitor the sample convergence. Common MCMC diagnostics such as effective sample

size, trace and mean plots, or asymptotic variance assume the chain asymptotically

convergences to the target distribution, so they cannot detect asymptotic bias (Gorham

& Mackey, 2015). To address this issue, Gorham & Mackey (2015) developed an

empirical sample-quality measure that can detect non-convergence (or bias) based on

Stein’s method. A kernelized version of this measure, called kernel Stein discrepancy

(KSD) was subsequently developed by Chwialkowski et al. (2016); Gorham & Mackey

(2017); Liu et al. (2016), which can be used to compare the quality of different samplers.

As our first contribution, we extend the bandit-based racing method of Neufeld et al.

(2014) to MCMC samplers by using the KSD measure as the loss function in the bandit

algorithms. This is described in detail in Section 3.5.1 while the background on KSD

is given in Section 3.3.2.

On the negative side, KSD is not able to detect underfitting if the target distri-

bution has well-separated modes (with a distance that is large relative to the kernel

width), so it cannot distinguish, between two samplers such that one samples only one
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mode while the other samples both modes, and the samples are equally good locally

(Chwialkowski et al., 2016; Gorham & Mackey, 2017; Liu et al., 2016). This brings

us to the next problem: namely, MCMC methods using a single chain usually fail to

explore the whole domain if the support has reasonably high-probability regions sepa-

rated by low probability regions (of course, such notion of separation depends on the

actual sampler used). Setting the parameters of the samplers to deal with this issue

and, more importantly, detecting its presence is hard (e.g., it is hard to tune regenera-

tion methods properly), and to our knowledge no practical solutions are available. To

alleviate this problem, following the parallel MCMC framework, we run several chains

in parallel only expecting that they provide good samples locally. The hope is that the

multiple instances will explore the space sufficiently, finding all the important regions

of the support. Then, in the end, we combine all the samples (from all the samplers)

to approximate the target distribution. This is challenging for two reasons: (i) it is

not obvious how the samples from different samplers should be weighted, and (ii) we

do not want to waste resources to run several samplers exploring the same region of

the domain. For (ii), we apply our bandit-based racing method locally (Section 3.5.2),

while to address (i), we develop a method to estimate the probability of the region a set

of samples cover based on Rényi-entropy estimates (Pál et al., 2010), and use these

to weight the samples, which is our second main contribution. This is described in

Section 3.5.3.

Our final sampling algorithm is put together in Section 3.6. Lastly, in Section 3.7

we demonstrate through a number of experiments that our method is competitive

with state-of-the-art adaptive MCMC methods, such as the no-U-turn sampler NUTS

(Hoffman & Gelman, 2014) or the recent sample reweighting method of Liu & Lee

(2016) on simpler cases when the distribution is concentrated on a single “connected”

region, while significantly outperforming the competitors, including parallel tampering

and sequential MC, on harder problems where high-probability regions are separated

by areas of low-probability, as well as on a challenging sensor-localization problem.

Before describing our contributions in detail, we first provide the necessary back-

ground by introducing MCMC methods, the sample quality measure of interest, and
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the multi-armed bandit problem in Section 3.1, Section 3.3 and Section 3.4, respec-

tively.

3.2 Background: Markov Chain Monte Carlo Methods

Similarly to Monte Carlo integration methods, MCMC methods try to approximate

EP [f(X)] =
∫
X f(x)p(x)dx by the empirical average EQn [f(Z)] = 1

n

∑n
t=1 f(xt) for

samples (X1, . . . , Xn) which are generated sequentially according to a Markov process

with stationary distribution P . Formally, an MCMC method for sampling from a

target density p is a procedure that generates samples from an ergodic Markov chain

(Xt) with stationary distribution P . Evolution of the chain (Xt) is governed by the

transition kernels K; K(Xt, Xt+1) determines the conditional density of the (t+ 1)-th

sample Xt+1 given the t-th sample Xt (i.e., Xt+1 ∼ K(Xt, ·)). A typical example of

a Markov chain is a random walk process. Formally, a sequence of random variables

(Xt) is a random walk process if it satisfies

Xt+1 = Xt + εt,

where for all t, the random variable εt is generated independently of Xt, Xt−1, . . . , X1.

The difference between different MCMC methods is in the way they construct the

transition kernel.

A Markov chain needs to be ergodic in order to be qualified as an MCMC sampler.

Ergodicity ensures that the empirical distribution of the samples converges to a unique

stationary distribution, independently of its initial state X0. A Markov chain is ergodic

if its irreducible and aperiodic. Irreducibility ensures each state in the problem domain

can be reached in a finite number of steps from any other state. Aperiodicity ensures

that the chain does not get trapped in cycles (Andrieu et al., 2003; Robert & Casella,

2005). In what follows, we formally define some of these properties of Markov chains.6

6The material for rest of the section is mainly from Robert & Casella (2005) unless otherwise stated.
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Irreducibility

The irreducibility of a Markov chain ensures that each state in the problem domain

can be reached in a finite number of steps from any other state. Let B(X ) be a σ-

algebra on a set X and Kn(x,A) =
∫
X K

n−1(y,A)K(x, dy) for n > 1 be the kernel for

n transitions. Then irreducibility is defined as follows:

Definition 3.1. (Robert & Casella, 2005, Definition 6.13) Given a measure ϕ on

(X ,B(X )), the Markov chain (Xt) with transition kernel K is ϕ-irreducible if, for

every A ∈ B(X ) with ϕ(A) > 0, there exists t such that Kt(x,A) > 0 for all x ∈ X .

The chain is strongly ϕ-irreducible if t = 1 for all measurable A.

Aperiodicity

As mentioned earlier, aperiodicity ensures that the chain (Xt) is not periodic and it

does not get trapped in any cycle. An irreducible chain is aperiodic if it has period d = 1

where the period of (Xt) is defined as the largest integer d satisfying Definition 3.3.

Definition 3.2. (Robert & Casella, 2005, Definition 6.19) A set C is small if there

exist m ∈ N+ and a nonzero measure νm over X such that

Km(x,A) ≥ νm(A), ∀x ∈ C,∀A ∈ B(X ).

Definition 3.3. (Robert & Casella, 2005, Definition 6.23) A ψ-irreducible chain (Xt)

has a cycle of length d if there exists a small set C, an associated integer M , and a

probability distribution νM such that d is the greatest common divisor of

{m ≥ 1;∃ δm > 0 such that C is small for νm ≥ δmνM} .

Harris Recurrence

So far, we have discussed that irreducibility guarantees that every set A in the state

space is visited by a Markov chain; however, this property does not ensure that the
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chain is in A infinitely many times. The notion of recurrence formalizes this form of

Markov chains’ stability.

Let ηA =
∑∞

t=1 IA(Xt) denote the the total number of times Xt visits the set A.

Then recurrence is defined the following way:

Definition 3.4. (Robert & Casella, 2005, Definition 6.29) A Markov chain (Xt) is

recurrent if

(i) there exists a measure ψ such that (Xt) is ψ-irreducible, and

(ii) for every A ∈ B(X ) such that ψ(A) > 0, E[ηA|X1 = x] =∞ for every x ∈ A.

A ψ-irreducible chain is either recurrent or transient; in the later case E[ηA|X1 = x] is

finite for some A with ψ(A) > 0. A stronger notion of chain stability can be established

by requiring P (ηA = ∞|X1 = x) = 1 instead of E[ηA|X1 = x] = ∞ which is called

Harris recurrence.

Definition 3.5. (Robert & Casella, 2005, Definition 6.32) A set A is Harris recurrent

if P (ηA = ∞|X1 = x) = 1 for all x ∈ A. The chain (Xt) is Harris recurrent if there

exists a measure ψ such that (Xt) is ψ-irreducible and for every A with ψ(A) > 0, A

is Harris recurrent.

Stationary Chain

A strong notion of stability can be defined for a Markov chain (Xt) by demanding

the marginal distribution of Xt to be independent of t which means Xt ∼ π implies

Xt+1 ∼ π. Indeed, the core idea behind MCMC methods is that we can have a Markov

chain that meets this requirement. This time-independent marginal distribution is

called invariant distribution (a.k.a. stationary distribution). In other words,

Definition 3.6. (Robert & Casella, 2005, Definition 6.35) A σ-finite measure π is

invariant for the transition kernel K(·, ·) (and for the associated chain) if

π(B) =

∫
X
K(x,B)π(dx), ∀B ∈ B(X ).
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A ψ-irreducible chain is positive, if it has an invariant probability measure. On the

other hand, recurrent chains that do not have an invariant probability measure are

called null recurrent.

Reversibility and the Detailed Balance Condition

Reversibility requires the dynamics of the chain to be independent of the direction

of time.

Definition 3.7. (Robert & Casella, 2005, Definition 6.44) A stationary Markov chain

(Xt) is reversible if the conditional distribution of Xt+1 given Xt+2 = x is the same as

the conditional distribution of Xt+1 given Xt = x.

A Markov chain with transition kernel K(·, ·) satisfies the detailed balance condition

if there is a density π such that the following equality holds for every pair x, y ∈ X :

K(y, x)π(y) = K(x, y)π(x).

The detailed balance requires that the likelihood of being in x and moving to y is

equal to the likelihood of being in y and moving to x. The following theorem shows

the connection between the detailed balance condition, reversibility, and the invariant

distribution:

Theorem 3.8. (Robert & Casella, 2005, Theorem 6.46) Suppose that a Markov chain

with transition kernel K satisfies the detailed balance condition with a probability den-

sity function π. Then the density π is the invariant density of the chain, and the chain

is reversible.

Note that satisfying the detailed balance is not a necessary but a sufficient condition

for π to be the invariant density of K. However, since it is easy to check it in practice,

it is used for most of MCMC methods.
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Ergodicity and Convergence

So far we have discussed different notions of stability of Markov chains and some

related properties. Next we consider the limiting behavior of Xt as t→∞. Basically,

we want to establish sufficient conditions ensuring that the distribution of Xt, or the

empirical distribution of the sample {X1, . . . , Xt} converges to the invariant distribu-

tion. Indeed, the following theorems explains why we can use MCMC methods in

practice for sampling from probability distributions.

For the purpose of sampling, ergodicity is the condition that we are mainly inter-

ested in. The following theorem shows that being positive Harris recurrent and aperi-

odic is sufficient for a chain to be ergodic. In the following theorem, ‖µ1 − µ2‖TV =

supA |µ1(A)− µ2(A)| is the total variation distance of two distribution µ1 and µ2.

Theorem 3.9. (Robert & Casella, 2005, Theorem 6.51) If (Xt) is positive Harris

recurrent and aperiodic, then

lim
t→∞

∥∥∥∥∫ Kt(x, ·)µ(dx)− π
∥∥∥∥
TV

= 0

for every initial distribution µ.

For a Markov chain (Xt) and for any function h : X → R, define the partial sum

St(h) as

St(h) ,
1

t

t∑
i=1

h(Xi)

for all t. Also, let L1(π) to denote a set of measurable functions f on X such that∫
X |f(x)|π(dx) < ∞. We have the following version of the law of large numbers for

Markov chains:

Theorem 3.10. (Robert & Casella, 2005, Theorem 6.63) If (Xt) has a σ-finite invari-

ant measure π, the following two statements are equivalent:

(i) If f, g ∈ L1(π) with
∫
g(x)dπ(x) 6= 0, then

lim
t→∞

St(f)

St(g)
=

∫
f(x)dπ(x)∫
g(x)dπ(x)

a.s.
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Algorithm 4 Metropolis-Hastings algorithm (Robert & Casella, 2005)

Given: Starting point x1.
for t = 1, . . . , n do

Generate Yt ∼ q(·|xt).
Calculate ρ(x, Yt) = min

{
1, p(Yt)p(x)

q(x|Yt)
q(Yt|x)

}
.

Set xt+1 =

{
Yt with probability ρ(xt, Yt),

xt with probability 1− ρ(xt, Yt),
end for

(ii) The Markov chain (Xt) is Harris recurrent.

3.2.1 The Metropolis-Hastings Algorithm

A prominent MCMC method is the Metropolis-Hastings (MH) algorithm which is

shown in Algorithm 4 (Robert & Casella, 2005). The MH algorithm uses an easy-to-

sample density function q(·|x) to generate a candidate for the next sample y given the

current state of the algorithm, x, and accepts this hypothesis with probability ρ(x, y)

(defined in Algorithm 5). In the literature, the distribution q is called the proposal

distribution7 and the probability ρ(x, y) is knows as the acceptance probability (Robert

& Casella, 2005). The transition kernel of this algorithm is

K(x, y) = ρ(x, y)q(y|x) + (1− r(x))δx,

where r(x) =
∫
ρ(x, y)q(y|x)dy and δx is a Diract mass at x. Under some nonrestric-

tive conditions on p and q, the invariant density of the Markov chain generated by

Algorithm 4 is p (Andrieu et al., 2003; Robert & Casella, 2005). Unsurprisingly, these

conditions are aperiodicity and irreducibility. By considering the MH rejection process,

the aperiodicity of the MH Markov chain is guaranteed by the accept-reject step; also,

to guarantee irreducibility, it is sufficient to ensure that the support of p is included in

the support of q (Andrieu et al., 2003).

More precisely, the following convergence guarantees can be given for the Metropolis-

Hastings algorithm:

7In practice, often a multivariate normal distribution centered at x is used as q(·|x).
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Theorem 3.11. (Robert & Casella, 2005, Theorem 7.4) Suppose that the Metropolis-

Hastings Markov chain (Xt) is p-irreducible.

(i) If h ∈ L1(p), then

lim
T→∞

1

T

T∑
t=1

h(Xt) =

∫
h(x)p(x)dx p-almost surely.

(ii) If, in addition, (Xt) is aperiodic as well, then

lim
t→∞

∥∥∥∥∫ Kt(x, ·)µ(dx)− p
∥∥∥∥
TV

= 0

for every initial distribution µ of X0, where Kt(x, ·) denotes the kernel for t

transitions.

3.2.2 Langevin Algorithms

The Metropolis-Hastings algorithm discussed in the previous section relies on a ran-

dom walk process for exploring the state space and is often referred to as random-

walk MH. An alternative exploration paradigm can be developed from diffusion theory

(Robert & Casella, 2005). The main issue with random walk processes is that they

explore the state space slowly, and consequently lead to highly correlated samples. To

address this issue of slow exploration, Langevin algorithms replace the random walk

search with a faster gradient-guided exploration (Neal, 2012).

To this end, Langevin algorithms produce a diffusion process with stationary den-

sity p. Instead of a diffusion, any other stochastic differential equation producing a

continuous-time process with stationary density p can be used. The so-called Langevin

diffusion with stationary density p is defined by the differential equation

dXt = dBt +
1

2
∇ log p(Xt)dt, (3.1)

where Bt is a standard Brownian motion. A Brownian motion Bt is a continuous-time

stochastic process such that B0 = 0, Bt ∼ N (0, w2tId), Bt −Bt′ ∼ N (0, w2 |t− t′| Id),
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Bt −Bt′ is independent of Bt′ for all t > t′, Id is the identity matrix of size d (Robert

& Casella, 2005). A continuous time process such as (3.1) cannot be simulated in com-

puter, so Langevin algorithms use a discretized version of the process. The following

equation shows a discrete-time version of (3.1):

xt+1 = xt +
σ2

2
∇ log p(xt) + σεt, (3.2)

where εt ∼ N (0, Id), and σ2 is the integration step size (Robert & Casella, 2005). Note

that (3.2) depends on the density p through the derivative of log p(x), so it can be

calculated even for the unnormalized density p̂ = cp. Ideally, the hope is that (3.2)

leads to a similar asymptoticly behavior as (3.1). However, according to Robert &

Casella (2005), such a discrete approximation can have a very different asymptotic

behavior than the original continuous diffusion process (i.e., it might not converge

to the same invariant distribution as (3.1)). In particular, Robert & Casella (2005)

mention that these approximations could be non-convergent, no matter how small the

step size σ is. A way to fix this issue and have a correct sampler based on diffusion

is to add a Metropolis accept-reject step which ensures p is the stationary density

of the discrete process. The corresponding algorithm is called Metropolis-adjusted

Langevin algorithm (MALA). MALA generates a new proposal random variable Yt+1 =

xt + σ2

2 ∇ log f(xt) + σεt and accepts it with probability

ρ(xt, Yt+1) = min

{
1,
p(Yt+1)

p(x)

q(xt, Yt+1)

q(Yt+1, xt)

}

where

q(x, y) =
1

(2πσ2)d/2
exp

(
−1

2σ2

∥∥∥∥y − x− σ2

2
∇ log p(x)

∥∥∥∥2

2

)
.

According to Robert & Casella (2005), MALA samplers are guaranteed to be ergodic,

and hence they are asymptotically unbiased in the sense that the empirical distribution

of the samples converges to the target distribution. The drift term, σ2∇ log p(xt),

in (3.2) guides the proposal for MALA samplers based on the gradient information.

However, if there is a strong correlation between the variables and big difference in

their associated variances, using a diffusion/drift which uses constant coefficient σ in

all directions might be inefficient. This can be avoided by considering a pre-conditioning
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matrix M such that xt+1 = xt + σ2

2 M∇ log f(xt) + σ
√
Mεt, where the role of M is to

decorrelate and normalize the components of xt (Girolami & Calderhead, 2011).

3.2.3 Hamiltonian Monte Carlo

Hamiltonian Monte Carlo (HMC) (a.k.a hybrid Monte Carlo) algorithms are an-

other group of sampling algorithms that tend to avoid the slow exploration of random

walks by simulating a Hamiltonian dynamics, which is a mathematical formalism that

describes the evolution of a physical system over time (Girolami & Calderhead, 2011).

Hamiltonian dynamics operates on a position variable x ∈ Rd and a momentum vari-

able w ∈ Rd, so the dimension of the joint state space is twice the size of each variable.

A Hamiltonian H(x,w) shows the total energy of a system, and is defined as

H(x,w) = U(x) +K(w), (3.3)

where U(x) is called the potential energy and K(w) is called the kinetic energy. For

HMC, U(x) is defined to be the negative log probability density of the target distribu-

tion, and K(w) is usually defined as

K(w) =
1

2
w>M−1w

where M is a symmetric positive-definite matrix, called the mass matrix, which is

often a scalar multiple of the identity matrix. Defining K(w) in this way corresponds

to the negative log probability density of the a zero-mean Gaussian distribution with

covariance matrix M (Neal, 2012).

The partial derivatives of the Hamiltonian H describe how the kinetic and potential

energy evolve over time for an object that moves in a system:

∂x

∂t
=
∂H

∂w
,

∂w

∂t
= −∂H

∂x
.

For a given target density p that we wish to sample from, the Hamiltonian in (3.3)

becomes

H(x,w) = −L(x) +
1

2
w>M−1w + C (3.4)
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where L(x) , log p(x) and C is a constant, while its partial derivatives become

∂x

∂t
=
∂H

∂w
= M−1w,

∂w

∂t
= −∂H

∂x
= −∇L(x). (3.5)

Any solution of (3.5) has to satisfy the following conditions: (i) conservation of the

Hamiltonian (i.e., preserving the total energy); (ii) volume preservation; (iii) time

reversibility. We do not formally define these condition here, but more details can be

found in the book of Neal (2012). For most practical applications, these differential

equations cannot be solved analytically and need to be solved numerically (Girolami

& Calderhead, 2011). According to Girolami & Calderhead (2011), there is a class

of numerical solutions for Hamiltonian systems that fully satisfies (ii) and (iii), and

approximately satisfies (i). The Stormer-Verlet or leapfrog integrator is one of these

solutions and can be described as

wt+ ε
2

= wt +
ε

2
∇L(xt);

xt+ε = xt + εM−1wt+ ε
2
;

wt+ε = wt+ ε
2

+
ε

2
∇L(xt+ε).

(3.6)

As mentioned before, with the above discretization, the total energy is only approxi-

mately conserved. To correct this issue, a Metropolis accept-reject step can be added

to the final algorithm. By combining the first and second steps in (3.6) in a single step,

we get the update equation

xt+ε = xt +
ε2

ε
M−1∇L(xt) + εM−1wt.

This update equation is fairly similar to the one in (3.2) and, in fact, it is the pre-

conditioned Langevin diffusion mentioned earlier (Girolami & Calderhead, 2011). The

leapfrog algorithm simulates the Hamiltonian dynamics for a time interval of length ε.

However, the simulation time can be extent to L× ε by running the leapfrog algorithm

L times, which is often the case in HMC algorithms. A classical HMC algorithm is

given in Algorithm 5.

The performance of the HMC algorithms is fairly sensitive to the parameters of the

discretization—the number of leapfrog steps L and the step size ε. For example, if L
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Algorithm 5 Hamiltonian Monte Carlo (Hoffman & Gelman, 2014)

Given: x0, ε, L, L(x), M , T .
for t = 1, 2, . . . , T do

Sample w0 ∼ N (0, I).
Set xt = xt−1, x̃ = xt−1, w̃ = w0.
for i = 1, 2, . . . , L do

Set x̃, w̃ ← Leapfrog(x̃, w̃, ε).
end for

With probability ρ = min

{
1,

exp(L(x̃)− 1
2
w̃>M−1w̃)

exp(L(xt−1)− 1
2
w>0 M

−1w0)

}
, set xt = x̃ and wt = −w̃.

end for
function Leapfrog(x,w, ε)
w̃ = w + ε

2∇L(x).
x̃ = x+ εM−1w̃.
w̃ = w̃ + ε

2∇L(x̃).
return x̃, w̃

is too small, the exploration process becomes a random-walk, and if it is too large,

the algorithm wastes computational resources (Hoffman & Gelman, 2014). There are

several algorithms successfully tunning ε in the adaptive MCMC literature, but setting

L is more challenging and requires expert knowledge (Hoffman & Gelman, 2014). The

no-U-turn sampler (NUTS) of Hoffman & Gelman (2014) is an extension of the original

HMC algorithm and automatically sets L. For setting L, NUTS works in phases and

uses a recursive algorithm to simulate the Hamiltonian dynamics for a set of candidate

points, L = 2i for i ∈ N. At phase i, it simulates the dynamics for L = 2i steps in both

directions (i.e., forward and backward in time) and continuous this process until the

derivative of the squared distance between the current candidate point x̃ and initial

position x ( ddt(x̃− x)>(x̃− x)) becomes negative. NUTS can also tune the step size ε

based on dual averaging which enables it to be run without any hand-tunning.

Finally, HMC algorithms—including NUTS—satisfy the detailed balance condition,

and hence they are asymptotically unbiased in the sense that the empirical distribution

of the samples converges to the target distribution (Hoffman & Gelman, 2014; Neal,

2012).
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3.2.4 Sequential Monte Carlo Sampler Algorithms

The sequential Monte Carlo sampler is an algorithm to sample sequentially from a

sequence of probability measures that are defined over the same state space X (Moral

et al., 2006). The algorithm approximates each probability distribution with a group of

weighted samples which are propagated through the sequence of distributions by using

sequential Monte Carlo methods. In general, running MCMC method in parallel is a

difficult task: The SMC sampler algorithm provides a framework for developing simple

parallel MCMC methods. The resulting algorithms can be used for global optimization

and sequential Bayesian estimation (Moral et al., 2006).

Let {pn}n∈[M ] be a set of M probability densities that are defined over the common

state space X , and let {p̂n}n∈[M ] be a set of M unnormalized probability densities

that are defined as p̂n = pnZn where Zn is the normalization constant and unknown.

Except for p1, for which we assume that direct sampling is tractable, we also assume

that directly sampling from the rest of the distributions is infeasible. The task is to

sequentially sample from {pn}n∈[M ] starting from p1. Such a problem arises in many

global optimization and sequential Bayesian estimation problems (Moral et al., 2006).

Such a sequence of distributions {pn}n∈[M ] arises for example from applying a simulated

annealing procedure to a probability density p with pn(x) ∝ p(x)Φn (where ∝ means

propositional to) for a schedule {Φn}n∈[M ]; or from changing a tractable density µ to the

target density p through a sequence of intermediate densities, pn(x) ∝ p(x)Φnµ(x)1−Φn

for 0 ≤ Φ1 < . . . < ΦM = 1 (Moral et al., 2006).

The overall structure of the sequential MC (SMC) sampler algorithm is fairly similar

to sequential importance sampling, except the way it calculates the importance weights

(Moral et al., 2006). A population of N weighted samples {q(i)
1 , X

(i)
1 } is generated from

the easy-to-sample distribution p1. In the SMC literature, the X
(i)
n are called parti-

cles. More generally, given population {X(i)
n }, the next population of particles {X(i)

n+1}

is generated approximately from p̂n+1 by applying an MCMC algorithm with invari-

ant distribution p̂n+1 for a certain number of steps starting from each point X
(i)
n for

i ∈ [N ]. The importance weights q
(i)
n+1 for X

(i)
n+1 are calculated in a special way that will

be explained later. Then, the new population is carried forward through the remaining
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distributions by repeating the previous steps. Due to sample degeneracy, the weighted

empirical distribution Qn of the particles might diverge from pn as n increases. To

solve this issue, the particles are subject to a so-called resampling procedure, which

generates N new particles from the current particles by replicating some of them. A

common resampling method is to draw N samples independently from a multinomial

distribution choosing X
(i)
n with probability q

(i)
n (Moral et al., 2006). The sample degen-

eracy can be measured by calculating the effective sample size (ESS) which is defined

as ESS =
∑N

i=1 1/[q
(i)
n ]2 and takes values between 1 and N . The pseudocode for an

SMC sampler is given in Algorithm 6.

The only remaining ingredient, which in fact is the most import part, is to show

how we can calculate the importance weights q
(i)
n . This can be calculated sequentially

from the previous weight as

q̂n = qn−1q̃m(xn−1, xn)

where

q̃n(xn−1, xn) =
p̂nLn−1(xn, xn−1)

p̂n−1Kn(xn−1, xn)
. (3.7)

In this equation, Kn(xn−1, xn) is the MCMC transition kernel and Ln−1(xn, xn−1) is

an artificial backward (in time) Markov kernel. Moral et al. (2006) have shown that

there is an optimal backward kernel in the sense that it minimizes the variance of

the unnormalized importance weights q̂
(i)
n . However, for most practical problems, this

optimal kernel is intractable. So, they recommended a number of suboptimal kernels,

see Moral et al. (2006) for more details. Based on these recommendations, in this work

we use

Ln(xn, xn−1) =
pn(xn−1)Kn(xn−1, xn)

pn(xn)

which is a good approximation to the optimal kernel if pn−1 ≈ pn and leads to

q̃n(xn−1, xn) =
p̂n(xn−1)

p̂n−1(xn−1)
. (3.8)

Note that q̃n in (3.8) only uses unnormalized densities, so it can be easily calculated

in practice.
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Algorithm 6 Sequential Monte Carlo Sampler (Moral et al., 2006)

Given: Sequence of unnormalized densities {p̂n}n∈[M ]; threshold τ ; number of par-
ticles N .
Sample X

(i)
1 ∼ p̂1 for all i ∈ [N ]; Set q

(i)
1 = 1

N .
for n = 2, . . . ,K do

Calculate ESS for
{
q

(i)
n

}
i∈[N ]

.

if ESS < τ then
Re-sample the last set of particles

{
X

(i)
n−1

}
i∈[N ]

.

Set q
(i)
n = 1

N for all i ∈ [N ].
end if
Sample X

(i)
n ∼ Kn(X

(i)
n−1, ·) for all i ∈ [N ].

Calculate
{
q̃

(i)
n

}
i∈[N ]

by using (3.8).

Normalize the weight q
(i)
n =

q
(i)
n−1q̃

(i)
n∑N

j=1 q
(j)
n−1q̃

(j)
n

.

end for

3.2.5 Parallel Tempering

Parallel tempering (or replica exchange) methods are complementary to any MCMC

algorithms. Their core idea is to run M MCMC methods in parallel and exchange

information among them for better exploration of the state space. Each MCMC chain

is simulated in a scaled copy (a.k.a. replica) of the target system (i.e., pn(x) ∝ p(x)1/Tn

for some temperatures {Tn}n∈[M ]) (Earl & Deem, 2005). The high temperature prob-

ability distributions are flatter than the original distribution and the chains associated

with them have a better chance of exploring the state space without being trapped

in a local mode. Thus, these chains work as global search algorithms and pass the

information regarding high probability areas to the chains with lower temperatures:

these chains provide precise sampling (i.e., local search) (Earl & Deem, 2005).

For a fixed number of samples per chain, simulation of K chains requires K-times

more computational budget, which in turn requires the algorithm to be K-times more

efficient compared to running a single chain with the original temperature (i.e., T =

1). In practice, it has been observed that parallel tempering usually satisfies this

requirement (Earl & Deem, 2005).

Formally, let p be the probability density function that we want to sample from

(i.e., p : X → R+), and let {pn}n∈[M ] be a set of replicas in different temperatures,
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pn(x) ∝ e
CU(x)
Tn where U(x) = log p(x) is the potential energy, C is a constant and

T1 < T2 < . . . < TM ; normally, T1 = 1. Parallel tempering proceeds as follows: M

Markov chains are simulated in parallel, one for each temperature value. After a certain

number of steps, adjacent chains (corresponding to Ti and Ti+1 for i ∈ [M−1]) exchange

information by swapping their samples. Such a swap is accepted with probability

ρ(xti, x
t
j) = min

{
1, exp

((
C

Ti
− C

Tj

)(
U(xti)− U(xtj)

))}
.

Parallel tempering is an exact method in the sense that it satisfies the detailed

balance condition with p(x) as its stationary density, hence is asymptotically consistent

(Earl & Deem, 2005).

3.3 Measuring Sample Quality

As mentioned in Section 3.1.1, measuring the quality of samples produced by an

MCMC algorithm is crucial in our approach. To this end, we are going to use the re-

cently introduced kernel Stein discrepancy (KSD) (Chwialkowski et al., 2016; Gorham

& Mackey, 2017; Liu et al., 2016).

To measure the quality of a set of samples, we want to quantify how well a probability

distribution Qn over X = Rd can approximate the target distribution P ; in this section

we assume that the density p of P is positive and differentiable on the whole Rd. Qn

is given by a weighted sample {(xi, qi)}i∈[n], where xi ∈ Rd and Qn(xi) = qi with∑
i∈[n] qi = 1. One way to do this is to measure the maximum difference of expectations

over a class of real-valued test functions H ⊂ {h : Rd → R}:

DH(Qn, P ) , sup
h∈H
|EQn [h(Z)]− EP [h(X)]|, (3.9)

where, in case of a weighted sample, EQn [h(Z)] =
∑n

i=1 qih(xi). If the class of test

functions H is large enough, for any sequence of probability measures (Qn)n≥1, the

convergence of DH(Qn, P ) to zero implies that Qn converges weakly to P . One ad-

vantage of using this formulation is that we can recover different metrics in the form
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(3.9) by selecting H appropriately (Gorham & Mackey, 2015); for example, using

H , {h : X → R| supx∈X |h(x)| ≤ 1}, the measure in (3.9) becomes the total varia-

tion distance, while using the class of Lipschitz-continuous functions H , {h : X →

R| supx 6=y∈X
‖h(x)−h(y)‖2
‖x−y‖2 ≤ 1} recovers the Wasserstein distance. Note that, typically,

finding the exact solution in (3.9) is as hard as the original problem since one needs to

calculate EP [h(X)]; however, if we can find a class of functions H such that

EP [h(X)] = 0 (3.10)

for any function h ∈ H and H is sufficiently rich so that (3.9) is still a meaningful

measure of similarity, we can avoid this problem.

3.3.1 Stein Discrepancy

Following Gorham & Mackey (2015), in this section we present Stein discrepancy,

which is a special case of (3.9) with the desired property (3.10). Let ∂X be the

boundary of X , n(x) be the outward normal unit vector to the boundary at x, ‖ · ‖ be

a generic norm on Rd, and ‖ · ‖∗ be its dual norm.8 Then Gorham & Mackey (2015)

defined the classical Stein set F‖·‖ as

F‖·‖ ,

{
f : X → Rd

∣∣∣∣∣ sup
x 6=y∈X

max

{
‖f(x)‖∗, ‖∇f(x)‖∗, ‖∇f(x)−∇f(y)‖∗

‖x− y‖
) ≤ 1

}
,

and 〈f(x), n(x)〉 = 0, ∀x ∈ ∂X

}
.

(3.11)

Furthermore, the Langevin Stein operator for p (a mapping from {f : Rd → Rd} to

{h : Rd → R}) is defined as

(Tpf)(x) ,
1

p(x)
〈1,∇(p(x)f(x))〉 = 〈∇ log(p(x)), f(x)〉+ 〈1,∇f(x)〉, (3.12)

where 1 denotes the d-dimensional all-one vector (with each component being 1). Note

that calculating (3.12) depends only on ∇ log p(x), so the normalization constant is not

8The dual norm ‖ · ‖∗ is defined as ‖x‖∗ = supy∈Rd,‖y‖=1〈x, y〉 for any x ∈ Rd.
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necessary to be known (e.g., as in typical applications of MCMC). The next preposition

shows that H = TpF‖·‖ ,
{
h = Tpf : f ∈ F‖·‖

}
satisfies (3.10).

Proposition 3.1. (Gorham & Mackey, 2015, Prop. 1) If EP [‖∇ log p(X)‖2] < ∞,

then EP [(Tpf(X))] = 0 for all f ∈ F‖·‖.

Then the Stein discrepancy is defined as

S(Qn,H) = S(Qn, TpF‖·‖) , sup
f∈F‖·‖

|EQn [(Tpf)(Z)]|

= sup
f∈F‖·‖

|EQn [(Tpf)(Z)]− EP [(Tpf)(X)]|

= DTpF‖·‖(Qn, P ).

(3.13)

Still, the optimization in (3.13) is intractable since it has infinitely many constraints

coming from the definition of the Stein set F‖·‖. Gorham & Mackey (2015) suggested

a way to approximate this optimization by solving it over a limited number of points:

They imposed the smoothness constraints in the classical Stein set (3.11) only on a

finite number of points, and provided upper and lower bounds for this approximation

to ensure that S goes to zero only if Qn ⇒ P . The resulting approximation requires

solving a linear program which is still computationally expensive (Chwialkowski et al.,

2016). Therefore, Chwialkowski et al. (2016); Gorham & Mackey (2017); Liu et al.

(2016) suggested a kernelized version of this measure which has the advantage of having

a closed form solution. This kernelized version is discussed in the next section.

3.3.2 Kernel Stein Discrepancy

Let k : Rd ×Rd → R be a (positive definite) kernel, K be its associated reproducing

kernel Hilbert space (RKHS), ‖ · ‖K be the norm induced by the inner product in K

(Manton & Amblard, 2015). Then, for x ∈ Rd and g ∈ K, we have g(x) = 〈g, k(x, ·)〉.

Given this kernel and an arbitrary norm ‖ · ‖ on Rd, Gorham & Mackey (2017) defined



Chapter 3. Adaptive MCMC via Combining Local Samplers 78

the kernel Stein set Fk,‖·‖ as a set of vector-valued functions f = (f1, . . . , fd) such that

Fk,‖·‖ ,
{
f = (f1, . . . , fd) ∈ Kd

∣∣∣ ‖v‖∗ ≤ 1 for vi , ‖fi‖K, i ∈ 1, . . . , d
}
.9 (3.14)

The following proposition shows that H = TpFk satisfies (3.10).

Proposition 3.2. (Gorham & Mackey, 2017, Prop. 1) If both k(x, y) and ∇x∇yk(x, y)

are continuous, bounded, and EP [‖∇x log p(X)‖2] <∞, then EP [(Tpf(X))] = 0 for all

f ∈ Fk.

By replacing the generic norm ‖ · ‖ with ‖ · ‖2, one can easily recover the class

of test functions used by Chwialkowski et al. (2016) and Liu et al. (2016). Given

the Langevin Stein operator (3.12) and the kernel Stein set (3.14), the kernel Stein

discrepancy (KSD) is defined as S(Qn, TpFk). The next proposition shows that for

any norm ‖ · ‖ there is a “closed form solution” for the KSD.

Proposition 3.3. (Gorham & Mackey, 2017, Prop. 2) Suppose k(·, ·) is differentiable

and ∇x∇yk(x, y) is continuous. Define kip : X × X → R for i ∈ [d] as

kip(x, x
′) , sp,i(x)>k(x, x′)sp,i(x

′) + sp,i(x)>∇x′ik(x, x′)

+ sp,i(x
′)>∇xik(x, x′) +∇xi∇x′ik(x, x′),

where sp,i(x) , ∇xi log p(x). Also, let µ be a distribution over X . If
∑d

i=1 Eµ[kip(X,X)
1
2 ] <

∞, then S(µ, TpFk) = ‖w‖ where wi ,
√

Eµ×µ[kip(X,X
′)] and X,X ′ are independent

samples from µ.

The following proposition shows that all KSDs with different norms ‖·‖ are equivalent

in a strong sense. Therefore, later on, the L2 norm ‖ · ‖2 is used instead of a generic

norm.

Proposition 3.4 (Kernel Stein set equivalence). (Gorham & Mackey, 2017, Prop. 3)

Under the assumptions of Proposition 3.3, for a generic norm ‖ · ‖ on Rd, there

are constants cd, c
′
d > 0 depending only on d and ‖ · ‖ such that cdS(µ, TpFk,‖·‖) ≤

S(µ, TpFk,‖·‖2) ≤ c′dS(µ, TpFk,‖·‖).
9 To reduce clutter, later on, we drop the norm subindex from Fk,‖·‖ and only write Fk when the

norm is clear from the context.
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By substituting µ with our previously used discrete distribution, Qn, we get

S(Qn, TpFk) =

√√√√ d∑
j=1

n∑
i,i′=1

qn(xi)k
j
p(xi, xi′)qn(x′i). (3.15)

In what follows, we provide upper and lower bounds for the convergence of the KSD

to understand under what conditions SFk,‖·‖2 (µm, P ) → 0 implies µm ⇒ P . We start

with defining the family of distantly dissipative distributions P. According to Gorham

& Mackey (2017), a continuous distribution with density p is distantly dissipative if

κ0(p) , lim inf
r→∞

κ(r) > 0

where for any x, y ∈ X ,

κ(r) = inf

{
−2
〈sp(x)− sp(y), x− y〉

‖x− y‖22

∣∣∣∣ ‖x− y‖2 = r

}
.

A sequence of probability measures (µm)m≥1 is uniformly tight if for every ε >

0, there is a finite number R(ε) such that lim supm µm
({
x ∈ Rd | ‖x‖2 > R(ε)

})
≤ ε

(Gorham & Mackey, 2017). Given this definition, we can establish the convergence

bounds as follows:

Theorem 3.12 (KSD detects tight non-convergence, Gorham & Mackey 2017, Theo-

rem 7). Suppose P ∈ P and k(x, y) = Φ(x−y) where Φ is twice contentiously differen-

tiable with a non-vanishing generalized Fourier transform.10 If (µm)m≥1 is uniformly

tight, then S(µm, TpFk)→ 0 only if µm ⇒ P .

Theorem 3.13 (KSD detects convergence, Gorham & Mackey 2017, Prop. 9). If

∇lx∇lyk(x, y) is continuous and uniformly bounded for l ∈ {0, . . . , 2}, ∇x log p(x) is Lip-

schitz, and EP [‖∇x log p(X)‖22] < ∞, then SFk,‖·‖2 (µm, P ) → 0 whenever the Wasser-

stein distance11 dW(µm, P )→ 0.

It is known that the convergence of the Wasserstein distance to zero implies weak

convergence (i.e., the Wasserstein distance induces a stronger from of convergence than

10Define Φ̂ to be the generalized Fourier transform of Φ, then Φ̂ is non-vanishing if F (t) ,
sup‖ω‖∞≤t Φ̂(ω)−1 is finite for all t > 0.

11The Wasserstein distance is defined in Section 3.3.
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weak convergence). So, under the conditions of Theorem 3.12 and Theorem 3.13, such

as for unimodal distributions P with log-concave densities, the KSD measure goes to

0 if and only if Qn converges weakly to P .

The only remaining question is how to choose the kernel function. Gorham & Mackey

(2017) discussed that common kernel functions such as the Gaussian kernel (e−
1
2
||x−y||22)

fail to detect non-convergence for d ≥ 3 (i.e., KSD can go to 0 without Qn ⇒ P ) since

KSDs based on these kernels do not enforce the required uniform tightness (Gorham

& Mackey, 2017, Theorem 6). Gorham & Mackey (2017) recommended the inverse

multiquadric (IMQ) kernel, defined as

k(x, y) = (c2 +
1

h
||x− y||22)β, (3.16)

with some β ∈ (−1, 0) and h, c > 0. They associated the success of this kernel to its

slow decay rate (for large ‖x−y‖). Theorem 8 of Gorham & Mackey (2017) shows that

using this kernel, KSD detects non-convergence KSD, S(Qn, P )→ 0 only if Qn ⇒ P .

However, despite of the above nice theoretical guarantees, one might not be able

to detect convergence based on KSD for practical sample sizes, especially when the

target distribution is multimodal and the modes are well-separated: Gorham et al.

(2016) demonstrated that for a one-dimensional Gaussian mixture target distribution

(with two components), for practical sample sizes, the KSD measure fails to distinguish

between two sets of samples, one drawn independently from one mode and the other

drawn independently from the whole target distribution. Furthermore, KSD requires

even more samples to distinguish between the two cases as the modes’ distance increases

(see Section 6.1 of Gorham et al. (2016) for more details). Another issue is that the

complexity of computing the KSD for an empirical distribution is quadratic in the

sample size, which quickly becomes infeasible as the sample size grows.

An interesting property of the KSD measure is that it is convex: if Q1, . . . , QM are

distributions and Q =
∑M

i=1wiQ
i for nonnegative weights wi satisfying

∑M
i=1wi = 1,
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we have

S(Q) = sup
f∈Fk,‖·‖

|EQ [(Tpf) (Z)]| = sup
f∈Fk,‖·‖

∣∣∣∣∣
M∑
i=1

wiEQi [(Tpf) (Z)]

∣∣∣∣∣
≤ sup

f∈Fk,‖·‖

M∑
i=1

wi
∣∣EQi [(Tpf) (Z)]

∣∣ ≤ M∑
i=1

wi sup
f∈Fk,‖·‖

∣∣EQi [(Tpf) (Z)]
∣∣ =

M∑
i=1

wiS(Qi) ,

where S(Q) is used instead of SFk(Q,TpFk) to reduce clutter.

3.4 Background: Multi-Armed Bandit Problems

It has already been discussed in Section 3.1.1 that our goal is to design an adaptive

MCMC algorithm which sequentially allocates the computational budget among par-

allel MCMC samplers to have a fast mixing sampler over the whole state space. In

order to design such a sequential sampler, we make use of some algorithms developed

in the literature for multi-armed bandit problems. In what follows, we provide a brief

introduction to the latter topic.

Making decisions in the presence of uncertainty is one of the many challenges that

we face on a daily basis, and, naturally, it is important in industrial and scientific

problems too. Which drug should be given to a patient? Which website design will

attract more donors for a charity campaign? Which restaurant to choose when eating

out in a new city? In all of these problems, our goal is to maximize the long term

payoffs of our decisions, while the outcome of our decisions is not known in advance to

us.

Multi-armed bandit problems are basic examples of sequential decision making tasks

when the payoff (consequence) of each decision is not known in advance (Bubeck &

Cesa-Bianchi, 2012). In a multi-armed bandit problem, an agent interacts with an

environment over multiple time steps. In each time step the agent takes an action, and

receives some observable payoff. The goal of the agent is to maximize the total payoff

obtained over a sequence of decisions. The agent has two natural options: choosing

an action that provided high payoffs in the past (exploiting his knowledge), or trying

other actions with the hope that they might provide higher payoffs in the future (this
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is called exploration). In order to maximize the total payoff, the agent should find

a balance between exploration and exploitation, which is a fundamental tradeoff in

sequential decision making.

There are two main types of multi-armed bandit problems: stochastic and adversar-

ial. This categorization is based on the nature of the payoffs and there are different

strategies to play each of them (Bubeck & Cesa-Bianchi, 2012). In this thesis we are

mainly interested in the stochastic setting.

Formally, let M ≥ 2 be the number of actions, and {Xi,t}nt=1 be a sequence of payoffs

for each action i ∈ {1, . . . ,M}. The agent at each time step t ∈ {1, . . . , n}, where n

is the time horizon, takes an action, It, and receives the payoff, XIt,t. The goal of the

agent is to maximize the sum of these payoffs
∑n

t=1Xt. Equivalently, the performance

of the agent is evaluated by the relative loss it suffers compared to choosing the best

arm in hindsight, called a regret: Then the regret is defined as

Rn , max
i∈[M ]

n∑
t=1

Xi,t −
n∑
t=1

XIt,t. (3.17)

Note that both the rewards and the forecaster’s actions can be stochastic. Instead

of directly dealing with the random quantity Rn, in the literature the following two

types of expected regret have been considered (Bubeck & Cesa-Bianchi, 2012): (i) the

expected regret

E[Rn] = E

[
max
i∈[K]

n∑
t=1

Xi,t −
n∑
t=1

XIt,t

]
;

(ii) the pseudo-regret

R̄n , max
i∈[K]

E

[
n∑
t=1

Xi,t −
n∑
t=1

XIt,t

]
.

From the above, we can immediately see that R̄n ≤ E[Rn], since the expectation is

taken over the maximum of Xi,t −
∑n

t=1XIt,t. Indeed, the pseudo-regret is a weaker

definition of regret, since the forecaster is compared with an action that is optimal in

expectation; while, for expected regret, the forecaster is compared with the action that

is optimal on the actual realization of the payoffs (Bubeck & Cesa-Bianchi, 2012).
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Algorithm 7 UCB1 (Auer et al., 2002)

Initialization: for t ≤ K play each arm once.
for t = K + 1,K + 2, . . . , n do

Play arm i that maximizes

µ̄i,t−1 +

√
2 log t

Ti(t− 1)
. (3.19)

Set Ti(t) = Ti(t− 1) + 1 and Tj(t) = Tj(t− 1) for j 6= i.

Observer Xi,Ti(t), and compute µ̄i,t = (1− 1
Ti(t)

)µ̄i,t−1 +
Xi,Ti(t)
Ti(t)

.
end for

In the stochastic multi-armed bandit setting, we assume that the payoffs of each

arm i, {Xi,t}, are drawn independently from an unknown distribution νi, i ∈ [M ]. Let

Tk(t) =
∑t

s=1 I{Is=k} be the number of times action i is chosen by the forecaster up to

time t, µi be the mean of νi, and µ∗ = maxi∈[M ] µi. Then the pseudo-regret becomes

R̄n =
∑M

k=1 ∆iE[Tk(n)], where ∆i = µ∗ − µk. The reason to choose pseudo-regret is

that in a stochastic problem it makes more sense to compare the performance with the

optimal action in expectation instead of comparing it with the optimal action over the

realized payoffs (Bubeck & Cesa-Bianchi, 2012).

A standard algorithm for this problem is the the UCB1 algorithm of Auer et al.

(2002), shown in Algorithm 7. UCB1 uses the concept of optimism in the face of un-

certainty to do exploration and exploitation simultaneously (Bubeck & Cesa-Bianchi,

2012). The algorithm computes a confidence interval for the expected payoff of each

action, and, at each step, chooses the arm that has the highest upper confidence, see

(3.19) in Algorithm 7. Assume Xk,t ∈ [0, 1]. Auer et al. (2002) showed that the

pseudo-regret of UCB1 is bounded by

R̄n ≤
∑

k:∆k>0

8 log n

∆k
+

(
1 +

π2

3

)
∆k. (3.18)
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3.5 Sequential Selection of Samplers

In previous sections, we reviewed MCMC methods, introduced our quality measure of

interest, and discussed the stochastic multi-armed bandit problem and its relevance to

the problem at hand. With this background, we are ready to present our new adaptive

sampling algorithms. Thus, in this section, we present several strategies to select from

a pool of MCMC samplers in a sequential manner. In all of our algorithms the selection

of the sampler to be used next depends on the quality of the samples generated by

the different samplers, where the quality will be measured by the KSD measure (or

its approximations). Formally, assume we have access to M MCMC samplers (e.g.,

multiple sampling methods and/or multiple instances of the same sampling algorithm

with different parameters, such as starting point or step size), and denote the set of

samplers by [M ]. At every step of the algorithm, we select one of the samplers and

use it to produce the next sample (or the next batch of samples).

3.5.1 Mixing Samplers

First we consider the case when each sampler is asymptotically unbiased (or consis-

tent), that is, it generates samples with an empirical distribution converging weakly to

the target P almost surely (this is usually satisfied for any standard MCMC sampler

when P is unimodal). Our task is to sequentially allocate calls among the M samplers

to minimize the Stein discrepancy of the set of samples we collect. In order to do so, we

design an algorithm which gives preference to samplers where the convergence is faster.

This setup is similar to the one considered by Neufeld et al. (2014), who designed se-

quential sampling strategies for MC samplers generating independent and identically

distributed (i.i.d.) samples, by selecting samplers with smaller variances based on

multi-armed bandit algorithms. In this section we generalize their method to MCMC

samplers, aiming to minimize the total KSD measure (cf. Eq. 3.15) of the sample

instead of the variance (recall that for practical sample sizes–before convergence–the

variance of the sample is not a good measure of quality for MCMC samplers). How-

ever, as mentioned in Section 3.3.2, computing the Stein discrepancy even for relatively

small sample sizes is computationally infeasible (also note that any computation we
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spend on selecting samplers could also be used for sampling). Therefore, we are going

to approximate the KSD measure as the average KSD over smaller blocks of samples.

For a sampler with total sampling budget n, we break the sampling process into T

rounds: At each round the sampler takes a batch of samples of size nb = n/T . Let St

be the KSD measure of samples from the tth round; then we will approximate S̃n, the

KSD of the full sample of size n with the average (1/T )
∑T

t=1 St. We will call this the

block-diagonal approximation, as it corresponds to a block-diagonal approximation of

the kernel matrix in (3.15). To quantify the accuracy of the approximation, we assume

that there exists a function g(t, nb) such that limnb
t
→∞ g(t, nb) = 0 and 1

t

∑t
b=1 E[Sb]−

E[S̃tnb ] ≤ g(t, nb) for all t = 1, . . . , T . Using the block-diagonal approximation, we relax

our goal to competing with a sampler with the smallest average approximate block-KSD

measure (1/T )
∑T

t=1 Si,t, where Si,t is the KSD measure of the nb samples generated by

sampler i when it is called the tth time. We also assume that this is close to the KSD

measure S̃i,t of a sample of size tnb obtained from using sampler i for t blocks, that

is 1
t

∑t
b=1 E[Si,b]− E[S̃i,tnb ] ≤ g(t, nb) for t = 1, . . . , T . Experimental results presented

in Section 3.7.1 indicate that the block-diagonal approximation mostly preserves the

ranking of the samplers (as defined by the true KSD measure), hence we pay very little

price for the computational advantage we get.

Furthermore, solving this problem is well-suited for any multi-armed bandit algo-

rithm (Bubeck & Cesa-Bianchi, 2012); here we adapt the UCB1 method of Auer et al.

(2002), given in Algorithm 8.12 In short, the algorithm keeps track of an optimistic

estimate of the average approximate KSD value for each sampler, and selects a sam-

pler whose performance is estimated to be the best possible (based on high-probability

confidence intervals).

If the KSD values Si,1, . . . , Si,T were i.i.d., the standard multi-armed bandit regret

bound (Bubeck & Cesa-Bianchi, 2012) would yield
∑T

t=1 E[St]−mini∈[M ]

∑T
t=1 E[Si,t] =

O(log(T )). Using our assumption and the convexity of the KSD measure (recall

12The algorithm assumes that Si,t ∈ [0, 1], which can be achieved by rescaling the KSD measures.
In practice, a reasonable estimate for the range can be obtained from Si,1 for each sampler i.
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Algorithm 8 KSD-UCB1

for i ∈ {1, . . . ,M} do
- Use sampler i to generate nb samples; observe Si,1; set µ̄i,1 = Si,1 and Ti(1) = 1.

end for
for t ∈ {M + 1,M + 2, . . . , n} do

- Play arm i that minimizes µ̄i,t−1 −
√

2 log t
Ti(t−1) .

- Set Ti(t) = Ti(t− 1) + 1 and Tj(t) = Tj(t− 1) for j 6= i.

- Observe Si,Ti(t), and compute µ̄i,t = (1− 1
Ti(t)

)µ̄i,t−1 +
Si,Ti(t)
Ti(t)

.
end for

Eq. 3.17), this would imply that after T rounds of sampling,

E[S̃Tnb
]−min

i
E[S̃i,Tnb

] ≤ 1

T

(
T∑

t=1

E[St]− min
i∈[M ]

T∑
t=1

E[Si,t]

)
+2g(T, nb) ≈

O(log T )

T
+2g(T, nb) .

This shows that increasing T and nb, the performance of KSD-UCB1 would be close

to using the best sampler. However, in our case, the Si,t are not i.i.d. Assuming

that the samplers mix (which is reasonable for a single mode distribution), the Si,t

are getting closer and closer to be sampled i.i.d. as nb increases. Also, as mentioned

above, the effect of the block-diagonal approximation (and hence that of g(T, nb)) is

small in practice (see also Section 3.7.1). The exact parametrization of KSD-UCB1

corresponds to the assumption that the block-KSD values are in [0, 1]. While this is

not true in general, in practice we estimate the maximum KSD value from samples and

normalize the values accordingly, before feeding them to the KSD-UCB1 algorithm.

3.5.2 Locally Mixing Samplers

In practice, if the target distribution is multimodal and the modes are far from each

other, MCMC methods often get stuck in some of the modes and fail to explore all the

regions where P is supported; while eventually all asymptotically consistent methods

reach each mode, this may not happen after any practically reasonable time. To model

this situation, we assume that the support of P is partitioned into sets A1, . . . , AK

with P (Aj) > 0 for all j ∈ [K] (the Aj are pairwise disjoint and their union is the

support of P ) such that the empirical distribution of the samples generated by sampler

i ∈ [M ] converges weakly to P (·|Aj) for some j ∈ [K], where P (·|A) is the conditional
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distribution of P over A. We will refer to the sets Aj as regions, and a sampler satisfying

the above condition a locally mixing sampler.

For simplicity we first consider the case where there is one sampler in each region Ai

(consequently M = K). This setup is similar to stratified sampling, which is a variance

reduction technique for MC. The idea is to partition the domain into non-overlapping

regions (a.k.a. strata), draw samples from each region, and combine the final samples

to estimate µ = E[f(X)] (Owen, 2013). The problem in stratified sampling is to find

the optimal number of samples that need to be taken from each stratum in order to

reduce the variance of Monte Carlo integration error. Carpentier et al. (2015) showed

that an optimal strategy for minimizing the mean squared error (MSE) is to sample

each stratum ni = σiP (Ai)∑K
i=1 σiP (Ai)

n times, where σi is the conditional standard deviation

of f(X) given that X falls into the ith region. They also gave an adaptive sampling

algorithm, based on a reduction to multi-armed bandit problems, for the case when

the standard deviations are unknown.

One can immediately see that the setup we consider in this subsection is very similar

to the last case with the important differences that our samplers are not i.i.d., and we

do not minimize the squared error but the KSD measure. Denoting the distribution

of samples from region Ai by Qn,i after taking n samples in total, let wi denote the

weight of sampler i generating these samples (recall that here, by assumption, we have

one sampler in each region). Then our total weighted sample distribution becomes

Qn =
∑M

i=1wiQn,i. (3.20)

Since according to our assumptions, Qn,i converges weakly to P (Ai) almost surely, for

every i, we need to have wi → P (Ai) for all i ∈ [M ] to ensure that Qn converges to P

weakly (we will refer to this as the wi being asymptotically consistent). A procedure

for estimating wi this way will be given in the next section. Assuming for a moment

that wi = P (Ai), using the convexity of the KSD measure (see Eq. 3.17), we have

S̃n = S(Qn) ≤
M∑
i=1

wiS(Qn,i) =
M∑
i=1

wiS̃i,ni , (3.21)
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Algorithm 9 KSD-UCB1-M

Given: (Unnormalized) density p̂; partition of the domain A1, . . . , AK ; M samplers
in K classes: samplers in Ai sample from p(·|Ai) for all i ∈ [K], ∪i∈[K]Ai = [M ];
total number of rounds: T ; batch size: nb.
Initialize: Draw a batch of samples from each sampler i, observe Si,1 and set
µ̂i,1 = Si,1 and Ti(1) = 1 for all i ∈ [M ].
for t ∈ {M + 1, . . . , T} do

- Select a region It.

- Draw a batch of samples from arm it = arg mini∈AIt

(
µi,t−1 −

√
2 log t
Ti(t−1)

)
.

- Set Tit(t) = Tit(t− 1) + 1 and Tj(t) = Tj(t− 1) for j 6= it.

- Observe Sit,Tit (t), and compute µ̄it,t = (1− 1
Tit (t)

)µ̄it,t−1 +
Sit,Tit (t)

Tit (t)
.

end for
- Reweight the samples of each mode proportional to its weight, wk

Tnb
.

where, as before, S̃n and S̃i,win denote the KSD measure of the whole sample and,

respectively, that of sampler i (with number of samples ni obtained by sampler i).

Based on this inequality, we could aim for minimizing
∑M

i=1wiS̃i,ni and use the ideas

from adaptive stratified sampling (Carpentier et al., 2015); however, multiple chal-

lenges preclude us from doing this: (i) wi is not known in advance; (ii) the stratified

sampling algorithm is based on the known concentration of the variance, but we do

not know how fast S̃i,ni approaches zero (as a function of ni = win); and (iii) the

computational complexity of calculating S̃i,ni is O(n2
i ). To handle (i), we will address

the problem of estimating wi in Section 3.5.3. For (ii), a conservative approach is to

uniformly minimize wiS̃i,ni , hence selecting sampler i for which this quantity is the

largest. For (iii), we will again use a block-diagonal approximation to S̃i,ni , which

causes problems with (ii), since the estimate does not converge to 0 for a fixed block

size. In Section 3.7.3 we present experiments with different strategies under different

setups, but the strategies considered seem to perform rather similarly. The simplest

strategy considered is to select regions uniformly at random. Another approach is to

minimize the maximum S̃i,ni , that is, choosing i = argmax S̃i,ni , which does not require

the knowledge of the weights wi, while we also test strategies selecting regions based

on their estimated weights or, similarly to stratified sampling, based on their estimated

variance. Although quite different, the strategies considered seem to perform rather

similarly in various settings.

Unfortunately, we cannot guarantee that we start samplers in such a way that we
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have a single sampler for each region. If we know which sampler belongs to which

region, we can combine the region selection strategies described above with the bandit

method described in Section 3.5.1 in a straightforward way: in each region, run an

instance of KSD-UCB1 over the samplers exploring this region, and use it as a locally

mixing sampler above. We will refer to this sampling algorithm as KSD-UCB1-M (M

stands for Multiple regions); the pseudocode of the algorithm is given in Algorithm 9.

Clearly, since the bandit algorithms sample each arm infinitely often, we have the

following consistency result:

Under the local mixing assumption made at the beginning of this section, the final

weighted sample (3.20) obtained by KSD-UCB1-M is asymptotically unbiased as long

as the weight estimates wi are asymptotically unbiased.

Thus, we need to find some asymptotically unbiased estimates of the probabilities

of the regions Ai.

3.5.3 Weight Estimation

In this section we consider the problem of finding the weights wi in (3.20). As dis-

cussed after the equation, this amounts to finding the probability of the region the

samples cover, which is again challenging since we have access only to an unnormal-

ized density. This problem is faced by every algorithm which tries to speed up MCMC

methods by running parallel chains. As an example, in big-data scenarios it is common

to split the data and try to run an MCMC sampler on each subset to combine the final

samples. To our knowledge, most work in the literature solves this problem by esti-

mating the density of each batch of samples separately (Angelino et al., 2016; Nemeth

& Sherlock, 2018), using typically either a Gaussian approximation (Scott et al., 2016)

or some kernel-density estimation method (Neiswanger et al., 2014). According to

Nemeth & Sherlock (2018), the first approach works well in practice, in spite of not

having any theory; while the second, kernel based estimation scales poorly with the

dimension d.

Here we take a different approach and rather than estimating the density of the

sample batches, we directly estimate the probabilities P (Ai) via Rényi entropy.
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Formally, suppose the domain of P is partitioned into non-overlapping regionsA1, . . . ,

AK , and from each region Ai we have a set of samples X(Ai). The Rényi entropy of

order α 6= 1 for a density p is defined as

Rα(p) =
1

1− α
log

∫
Rd
pα(x)dx.

The conditional density of P restricted to a set A is denoted as p(x|A) = p(x)
P (A)I{x∈A},

and its Rényi entropy is

Rα(p|A) =
1

1− α
log

∫
A

(
p(x)

P (A)

)α
dx.

From this definition it trivially follows that

logP (A) = Rα(p|A)− 1

1− α
logE

[
p(X)α−1

∣∣X ∈ A] .
In our case, instead of p we only have access to p̂ = cp for some c > 0. Replacing p

with p̂ in the integral, we obtain

log(P (A)c) = Rα(p|A)− 1

1− α
logE

[
p̂(X)α−1

∣∣X ∈ A] .
Thus, we can estimate P (A) (or, more precisely, P (A)c) by estimating the two terms

on the right-hand side of the above equation.

Given a sample X(A) taken i.i.d. from p(·|A), the second term can be estimated by

the empirical average

B̂α(X(A)) =
1

|X(A)|
∑

x∈X(A)

p̂(x)α−1,

while for the first term we can use a graph-based estimate (Hero & Michel, 1999). In

particular, we are going to use the estimator R̂α(X(A)) of Pál et al. (2010), which is

based on generalized k-nearest neighbor graphs of the sample X(A), and it converges to

Rα(p|A) almost surely for any α ∈ (0, 1) as the sample size grows to infinity. Thus, we

obtain that β(X(A)) = R̂α(X(A)) − B̂α(X(A)) is an asymptotically unbiased estimate
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of log(P (A)c). Therefore, given a fixed partition A1, . . . , AK ,

P (Ai) ≈ wi = eβ(Ai)/
∑

j∈[K] e
β(Aj) . (3.22)

More precisely, if the minimum number of samples in the regions is m, then P (Ai) =

limm→∞wi.

It is also possible to determine the rate of convergence in the above: Theorem 2 of Pál

et al. (2010) shows that with a proper parametrization of the estimator R̂α(X(A)), its

(additive) error after m = |X(A)| samples is of order m−1/(d+γ) with high probability for

an arbitrary choice of γ > 0 (here we suppressed the dependence on the probability of

error in the notation). On the other hand, the error of B̂α(X(A)) is of order O(m−1/2)

by standard concentration inequalities if p is bounded (see, e.g., Boucheron et al.,

2013). This implies that |β(X(A)) − log(P (A)c)| = O(m−1/(d+γ)), and so P (Ai) can

be estimated with a multiplicative error of O(exp(const · m−1/(d+γ))) where m now

denotes the minimum number of samples over the partition cells A1, . . . , AK . In other

words, | logP (Ai)− logwi| = O(m−1/(d+γ)), and using ex = 1+O(x) as x→ 0, we also

have |P (Ai) − wi| = O(m−1/(d+γ)) as m → ∞. Note that although the error of our

estimator scales quite unfavorably in the dimension d, in practice it seems to work well

even for moderately large dimensions (around 20). Furthermore, in the experiments we

choose α to be close to one to control the variance of the second term on the right-hand

side of (??); see Section 3.7 for details.

3.6 The Final Algorithm

So far we have discussed how to solve our problem if we have either local mixing or

all the samplers mix. While the latter is the case asymptotically for all the MCMC

samplers used in practice, the mixing may be too slow to be observed for any practical

number of samples. On the other hand, the problem does not simplify to the local

mixing scenario, since–even if well-separated regions are actually present–the chains

often jump from one region to another even if they do not cover the whole domain.
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To be able to adapt our KSD-UCB1-M algorithm, we need to group together the

samplers covering the same region (even though what a region is is not clearly defined

in this scenario). The problem is especially hard since the grouping of the samplers

is non-stationary, and we should also be able to track when a sampler leaves or joins

a region (equivalently, group). Furthermore, if the groups are too large, we do not

explore the whole domain, while if they are too small, we waste resources by running

multiple samplers for the same region.

To solve this issue, we propose a simple heuristic to identify samplers that are close

together: In each round of the sampling, we take all the samples from the last batch

of each sampler, and for each sample point we look at its N nearest neighbors. Then

we find the grouping where any two samplers are grouped together that have points

which are nearest neighbors of each other (this can easily be done recursively). By this

simple heuristic, we can group the samplers that are close together at each round. Note

that here we do not make any assumption regarding the number of the regions (e.g.,

well-separated modes) of the distribution. By having all the samples, the algorithm

can easily identify multiple regions by running a clustering algorithm. The final step

of the algorithm is to determine the correct weight for each sample point. Recall that

in the locally mixing case we weighted the empirical distribution of each region by

their estimated probability (cf. Eq. 3.20). Here, since we do not have these regions, in

the end we assign the samples into M clusters using k-means clustering, and weight

the empirical measure within each cluster by the estimated probability of the cluster

(using Eq. 3.22). Algorithm 10 shows the whole procedure, called KSD-MCMC with

reweighting (KSD-MCMC-WR).

3.7 Experiments

In this section we empirically evaluate our choices in the algorithm design process as

well as compare the performance of our final algorithm with state-of-the-art methods

from the literature on several synthetic problems.

We use three different base sampling methods: Metropolis-Hastings (MH), the

Metropolis-adjusted Langevin algorithm (MALA) of Roberts & Rosenthal (2002) and
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Algorithm 10 KSD-MCMC-WR

Given: Distribution p(x); M samplers; total number of rounds T ; batch size nb;
number N of nearest neighbors for clustering; the order α of the Rényi entropy.
Initialize: For each i ∈ [M ], draw nb samples from the ith sampler with random
initialization; compute Si,1 and set µ̄i,1 = Si,1 and Ti(1) = 1.
for t ∈ {M + 1, . . . , T} do

- Cluster the samplers by clustering the samples from their last batches:
- Initially, the last batch of samples from each sampler forms a cluster.
- Merge two clusters if any point of one cluster has a point from the other

cluster among its N nearest neighbors.
- Find the number of clusters nc.
- Define Ai ⊂ [M ] for i ∈ [nc] as the set of samplers belonging to cluster i

(Ai ∩ Aj = ∅ for i 6= j).
- Choose a cluster It (e.g., uniformly at random).
- Draw a batch of samples of size nb from sampler it =

arg mini∈AIt

(
µ̄i,Ti(t−1) −

√
2 log t
Ti(t−1)

)
.

- Set Tit(t) = Tit(t− 1) + 1 and Tj(t) = Tj(t− 1) for j 6= it.

- Observe Sit,Tit (t), and compute µ̄it,Tit (t) = (1− 1
Tit (t)

)µ̄i,Tit (t−1) +
Sit,Tit (t)

Tit (t)
.

end for
- Cluster all the samples into M clusters by k-means clustering; for each cluster
calculate its estimated probability wi using (3.22) and output the reweighted samples
with weight wi/ni where ni is the total number of samples in cluster i ∈ [M ].

the no-U-turn sampler (NUTS) of Hoffman & Gelman (2014). For the latter, which is

a state-of-the-art sampling method (Liu & Lee, 2016; Wang et al., 2013), we used the

implementation provided in the pymc3 package (Salvatier et al., 2016) which, on top of

the original NUTS, also includes several modifications recommended in the literature

for boosting its performance (see the pymc3 package website for more details). Beside

the initial point, MH and MALA have a single step size parameter (for MALA the

preconditioning matrix is always the identity), while for NUTS we used the default

setting (in our experiments the performance of NUTS was insensitive to the choice of

its parameters). In our experiments, when a MH or MALA sampler is chosen randomly,

the step size is selected uniformly at random from [0.1, 5] (the initial points are selected

uniformly at random “not too far” from the modes of the underlying distribution).

We present one set of experiments for each component of our algorithm. Throughout

this section, to compute the KSD measure, we use the inverse multiquadratic kernel

k(x, y) = (1 + ‖x − y‖22/h)γ suggested by Gorham & Mackey (2017) with γ = −0.5

and h = 1 unless otherwise stated (experiments in Section 3.7.1 and 3.7.6 indicate
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that the performance of our method is quite insensitive to the choice of h in the range

[0.01, 100]).

Section 3.7.1 analyzes the effect of using the block-diagonal approximation of the

KSD measure. The performance of our bandit-based samplers for unimodal target

distributions is considered in Section 3.7.2. Multimodal densities with separated modes

and one sampler in each mode are considered in Section 3.7.3, including an empirical

analysis of our weight estimation method in Section 3.7.4. Our final algorithm KSD-

MCMC-WR is tested in the general setting of a multimodal target distribution with

an unknown number of modes in Section 3.7.5, and specifically against parallel MCMC

methods in Section 3.7.6. Finally, we consider a realistic task of node localization in a

sensor network in Section 3.7.8.

3.7.1 Block-Diagonal Approximation of the KSD Measure

The intuition behind our bandit MCMC method is that we can identify the best

sampler among a group of samplers from the average KSD for small batch sizes instead

of making the decision based on the KSD computed over a large set of samples. To

verify this hypothesis, we checked if the average approximate KSD computed on small

blocks preserves the order of two samplers as defined by the true KSD measure. In

particular, we compared the average block-KSD measure of two samplers for different

block sizes. We drew n = 100000 samples from each sampler for a non-isotropic two-

dimensional independent Gaussian distribution and computed the average block-KSD

measure for these samples with block sizes 10, 25, 50, 100, 250, 500, 2000 (the parameters

of the samplers and the distribution were selected randomly13). Formally, for each

sampler i with block size nb and total sample size n, we computed the average block-

KSD as S̄i,nb = nb
n

∑n/nb
b=1 Si,b, where Si,b is the average block-KSD computed on the

bth block of data, and for a given block size nb, argmaxi S̄i,nb is declared to be the

better sampler according to the measurements.

Table 3.1 shows the fraction of times the average block-KSD for different block sizes

gave the same ordering of the samplers as the ordering obtained for block size 2000

13Throughout this section the variance of the components of a Gaussian distribution are selected
uniformly from [0.1, 3]
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Kernel width Batch Size 10 25 50 100 250 500 2000
h = 0.01 MH 80% 84% 86% 94% 96% 96% 100%
h = 0.01 MALA 100% 100% 100% 100% 100% 100% 100%
h = 0.1 MH 58% 68% 76% 84% 90% 92% 100%
h = 0.1 MALA 86% 94% 94% 96% 98% 98% 100%
h = 1 MH 93% 95% 94% 94% 94% 96% 100%
h = 1 MALA 93% 92% 93% 91% 93% 94% 100%
h = 10 MH 92% 92% 92% 92% 94% 96% 100%
h = 10 MALA 68% 68% 76% 84% 84% 84% 100%
h = 100 MH 83% 85% 85% 85% 85% 89% 100%
h = 100 MALA 77% 79% 83% 85% 81% 81% 100%

Table 3.1: The fraction of times the samplers are ranked in the same order for
different block sizes as for block size 2000 (regarded as the “ground truth”) for different
kernel widths h.

(which is treated as the ground truth in this experiment), both for MH and MALA as

base samplers. We can observe that the ordering obtained from the average block-KSD

measures is most of the time close to the “ground truth”, justifying its use for measuring

sample quality. The agreement in most cases is around at least 90%, and rearly gets

below 80%. Interestingly, no trend regarding the kernel width h is observable. Scatter

plots of average block-KSD differences (S̄1,nb − S̄2,nb) for h = 1 and different block

sizes are given in Figure 3.2 for the MH algorithm. These figures show that in cases

of incorrect ordering, the average block-KSD values of the samplers are really close for

both block sizes, which means the two samplers considered are of approximately the

same quality according to both measures (thus, practically it does not matter which

of them is used for sampling).

3.7.2 Unimodal Target Distributions with Multiple Samplers

In this section we consider sampling from a standard normal Gaussian distribution,

where the samplers have access to the unnormalized density p(x) = e−x
>x/2. The goal

of the samplers is to estimate the mean of the distribution with respect to the mean

squared error. We consider 5 different MH and, respectively, MALA samplers (with

step size parameters 0.1, 0.2, 0.5, 1, 2, respectively) and run our proposed algorithm

KSD-UCB1 (Algorithm 8) on top of them. The method is compared with the following

baselines and variations:
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Figure 3.2: Block-diagonal approximation of the KSD measure for kernel width
h = 1.

• Uniform: This algorithm distributes the computational budget equally among

the samplers, and in the end takes all the samples generated from all samplers

with equal weights.

• KSD-opt: This method again takes the same number of samples from each sam-

pler (i.e., uses the aforementioned uniform algorithm), but reweights them using

the method of Liu & Lee (2016). Indeed, KSD-opt is a reweighting method that

can be used with any sets of samples. However, it has been originally proposed to

be used on top of the uniform algorithm. This reweighting can be very effective

for unimodal distributions or multimodal distributions with really close modes,

but it is computationally quite demanding.

• ε-greedy: This method is a variant of KSD-UCB1, but is based on the ε-greedy

bandit algorithm (Bubeck & Cesa-Bianchi, 2012) instead of UCB1. That is, in

every round, with probability 1 − ε, the sampler with the smallest approximate

block-KSD measure is selected, while with probability ε, a sampler is selected

uniformly at random. In the experiments ε = 0.05√
t

in round t.

We also compared the performance with that of NUTS. Figures 3.4 and 3.5 show

the results for MH base samplers with d = 2 and as a function of d, respectively.
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Figure 3.3: The average running time for different KSD based method.

One can observe that both bandit-based algorithms (i.e., KSD-UCB1 and KSD-ε-

greedy) perform similarly, almost achieving the performance of the best base sampler.

Interestingly, there is no significant difference between the two methods, and ε-greedy,

which is an inferior bandit algorithm, seems to perform slightly better. This might

indicate that in our case less exploration could be preferable. Also, it is interesting to

note that the bandit method with the smaller batch size of 10 outperformed the one

with bigger batch size of 100. Since we have already observed that the ordering of the

samplers is not really affected by the batch size, this improved performance is most

likely due to the increased number of decision points, which allows better adaptation.

Note that given that the computational complexity of calculating the KSD measure

is quadratic in the number of samples, smaller batch sizes have a huge advantage

compared to bigger ones. In particular, in our experiment, the computational cost for

batch size 10 is about two orders of magnitude smaller than for batch size 100. The

running time of the different KSD computations are shown in Figure 3.3.

On the other hand, although our methods are competitive with the MH samplers,

one can observe that NUTS significantly outperforms all of them, hence also their

combinations. Furthermore, the reweighting mechanism of KSD-opt can provide a

significant boost in performance for lower dimensions.

The performance of the aggregating sampling algorithm can be significantly im-

proved by changing the base samplers. This is shown in Figures 3.6 and 3.7, where

MH is replaced with the much better MALA samplers, making the best sampler and
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Figure 3.4: Unimodal case, Gaussian target distribution: MSE for different sample
sizes with MH samplers in 2-dimensions (d = 2) with batch size 10 (left) and batch
size 100 (right). The dashed lines without labels show the performance of the different
MH samplers. The total number of samples is 5000 in each case.
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Figure 3.5: Unimodal case, Gaussian target distribution: MSE versus dimension
d with MH samplers and batch size 10(left) and batch size 100 (right). The dashed
lines without labels show the performance of the different MH samplers. The total
number of samples is 5000 in each case.

our bandit-based sampling method competitive with NUTS. Interestingly, due to the

better quality samples, in this case KSD-opt outperforms MALA for the whole range

of dimensions (up to d = 22) we consider, although the performance difference vanishes

as d increases, and indicates (as expected) that NUTS will be better for large values

of d.

3.7.3 Separated Modes with One Sampler for Each Mode

In this section we consider the case of a multimodal target density (Gauss mixture)

with separated modes, where we have one sampler for each mode. Here we run several
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Figure 3.6: Unimodal case, Gaussian target distribution: MSE for different sample
sizes with MALA samplers in 2-dimensions (d = 2) with batch size 10 (left) and batch
size 100 (right). The dashed lines without labels show the performance of the different
MALA samplers. The total number of samples is 5000 in each case.
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Figure 3.7: Unimodal case, Gaussian target distribution: MSE versus dimension d
with MALA samplers and batch size 10 (left) and batch size 100 (right). The dashed
lines without labels show the performance of the different MALA samplers. The total
number of samples is 5000 in each case.

versions of KSD-UCB1-M, which differ in how the region (mode) It is selected in the

algorithm. In particular, we consider the following methods for selecting It:

• Uniformly at random (this is called ”Equal probability” in the figures).

• Random, proportionally to the estimated weights wi (or, equivalently, the esti-

mated probability of the corresponding region), as described in Section 3.5.3 (w).

In all the experiments, we used the Information Theoretical Estimators package

of Szabó (2014) to calculate estimates of the Rényi entropy.
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• It is selected as the sampler (region) with the largest average block-KSD measure

(KSD).

• It is selected randomly with probability proportional to wiS̃i,ni , as suggested by

(3.21) (KSD.w).

• It based on the stratified sampling idea of (Carpentier et al., 2015), with probabil-

ity proportional to σ̂iwi, where wi is the estimated weight and σ̂i is the estimated

standard deviation of the samples (σ.w)

For completeness, for the last reweighting step we conducted experiments with both

the true weights and also with estimated weights.

We ran experiments for a target distribution with three separated modes, where

the goal again was to estimate the mean of the distribution with respect to the mean

squared error. We selected one sampler for each mode (with random parameters). The

experiment were repeated 100 times, both for MH and MALA base samplers, with

different random initializations for the MCMC chains. Finally, the whole process was

repeated 20 times, drawing different parameters for the samplers. Figure 3.8 shows the

results for one of the 20 settings with MH samplers (the results for all the 20 settings

followed the same pattern); both with and without the a priori knowledge of the

weights. The results with MALA instead of MH are presented in Figure 3.9. One can

observe that, for known weights, the best method for selecting It in both experiments

is the random choice with probability proportional to wiS̃i,ni . On the other hand,

when the weights are needed to be estimated, the performance of our more informed

methods (i.e., all except for the uniform random selection) is approximately the same,

which is due to the unavoidable errors in estimating the weights (this effect is more

visible for small sample sizes).

3.7.4 Weight Estimation

A crucial step in the aggregation of the samples coming from different samplers is to

estimate the weight of each mode. To this end, we repeated the same experiment with

a uniformly random choice of It, but considering different methods for the final weight
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Figure 3.8: Multimodal distributions (Gauss mixtures): MSE for different sam-
ple sizes when the samplers are MH when the weight of each mode is know in ad-
vance (left); and when the weights are estimated with our proposed weight estimation
method based on Rényi entropy with α = 0.95 (right). The samples are taken from

the following unnormalized distribution p(x) =
∑3

i=1 βi exp
{

(x− µi)
>Σ−1i (x− µi)

}
where β = [0.5, 0.3, 0.2], Σi = σiI with σ = [0.9, 0.4, 0.5] and µ1 = [6, 6]>, µ2 = [−6, 6]
and µ3 = [0,−6]. On the right figure one can observe that the error slightly goes up
after a sharp decline for all the methods (after about 5000 samples). This is due to a
single chain that visited some areas of low probability that affected the weight esti-
mation. The error starts to decline again when the chain returns to a high probability
area.
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Figure 3.9: Multimodal distributions (Gauss mixtures): MSE for different sample
sizes for the same target distribution as in Figure 3.8 with MALA base samplers when
the weight of each mode is know in advance (left); and when the weights are estimated
with our proposed weight estimation method based on Rényi entropy with α = 0.95
(right).

estimation. In particular, we compare the Rényi-entropy-based estimates with different

α parameters and the natural weight estimates for Gaussian mixtures based on esti-

mating the covariance matrix for each mode (Scott et al., 2016). The results presented

in Figure 3.10 show that the weight estimation is not really sensitive to the choice of α

(the recommendation of Szabó, 2014 is to use values close to 1). Interestingly, in case of

MALA base samplers, the Rényi-entropy-based methods outperform the ones designed
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Figure 3.10: Multimodal distributions (Gauss mixtures): Mean squared error of
different weight estimation methods for the setup in Figure 3.8 when the samplers
receive equal budget. “Gaussian” refers to considering a Gaussian distribution for each
mode and calculating its weight by estimating its covariance matrix, while “Rényi”
refers to our proposed weight-estimation method based on Rényi entropy. Results for
MH base samplers are shown on the left, while for MALA samplers on the right.

specifically for the Gaussian distribution, which is indeed the underlying distribution

in our case. In a similar setup, Figure 3.11 compares several aggregation schemes,

including the above tested Rényi- and, respectively, Gaussian-mixture-based combina-

tion, as well as uniform averaging and the computationally very expensive KSD-based

reweighting scheme of Liu & Lee (2016). The results demonstrate that our method is

able to outperform the others. On the other hand, extending the experiment to higher

dimensions (and using NUTS as the base sampler, see Figure 3.12 ), the Gaussian and

the Rényi-entropy-based estimators perform very similarly (recall that the Gaussian

estimator is specifically fitted to the Gauss mixtures considered in the experiments).

3.7.5 The General Case: Unknown Number of Modes with Multiple

Chains

In this section, we consider a realistic situation where we have access to an unnor-

malized density but the number of its separated regions/modes is unknown. Again,

the goal is to estimate the mean of the distribution. Here we cannot guarantee that

any MCMC chain used will only sample one mode; on the contrary, chains will usually

move among different regions. We consider a Gaussian mixture model with 5 modes of

random parameters, and run 10 base samplers whose parameters are also chosen ran-

domly. We compare several combination methods discussed before: (i) each sampler
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Figure 3.11: Unknown number of modes: Mean squared error of different weight
estimation methods for a multimodal distribution in 2-dimensions (d=2) when com-
bining 10 randomly initialized samplers. The samples are taken from a 2-dimensional
Gaussian mixture model with 5 isotropic modes. The mean of each mode is selected
uniformly at random from [−5, 5]2 and the variance of each component is selected
randomly from [0.2, 1]. “Gaussian” refers to considering a Gaussian distribution
for each mode and calculating its weight by estimating its covariance matrix, while
“Rényi” refers to our proposed weight-estimation method based on Rényi entropy
with α = 0.99. Results for MH base samplers are shown on the left, while for MALA
samplers on the right.
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Figure 3.12: Unknown number of modes: Mean squared error of different weight
estimation methods for a multimodal distribution in d-dimensions when combining
10 randomly initialized NUTS samplers. The samples are taken from a d-dimensional
Gaussian mixture model with 5 isotropic modes. The mean of each mode is selected
uniformly at random from [−5, 5]d and the variance of each component is selected
randomly from [0.5, 1]. “Gaussian” refers to considering a Gaussian distribution
for each mode and calculating its weight by estimating its covariance matrix, while
“Rényi” refers to our proposed weight-estimation method based on Rényi entropy
with α = 0.99.

is used to generate the same number of samples (Uniform); (ii) the same as the previ-

ous, but the final clustering and reweighting step of KSD-MCMC-WR (Algorithm 10)

is used in the end (Uniform+clustering); finally, four versions of KSD-MCMC-WR

are considered where the bandit method is ε-greedy or UCB1, and the selection of It
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is uniform at random (Equal probability) or random with probabilities proportional

to wiS̃i,ni . For clustering, we used the “Kmean” method of the scikit-learn package

(Pedregosa et al., 2011).

After randomly choosing the distribution and the samplers, we considered them

fixed and ran 100 experiments; in each of them the sampling methods are started from

random initial points. The whole process was then repeated for 20 different sets of

distributions and samplers. Figure 3.13 shows the results for two representative cases

(out of 20) when MH is used as the base sampler. The top row corresponds to a

situation when the modes are far from each other; in this case our proposed method

significantly outperforms NUTS and also unweighted uniform usage of the samplers.

The bottom row depicts a case when the modes are really close together, in which

case NUTS performs the best. Interestingly, in these experiments the application

of any bandit algorithm is not really beneficial as the best combination algorithm is

essentially using the samplers uniformly and then reweighting the samples via our

clustering method.

On the other hand, if the MH samplers are replaced with NUTS samplers, a more

careful selection of which sampler to use becomes important. This is because these

samplers explore individual modes efficiently, thus using multiple samplers for the same

mode is really wasteful. Figure 3.14 shows the results for another representative exam-

ple out of the 20 cases that we used in the previous experiment. The results indicate

that our combination method (with various choices for the details) can significantly

outperform NUTS. Also, as mentioned before, using bandit algorithms to select from

the base samplers is much better than just choosing them uniformly.

Although the previous experiment demonstrated that the KSD-MCMC-WR is prefer-

able to NUTS when the modes of the distribution are separated, it is not sufficient to

argue that KSD-MCMC-WR is preferable to NUTS. In order to be able to make such a

claim, we should also look at cases in favor of NUTS; the most favorable being the case

of a unimodal distribution. To this end, we compared the performance of NUTS and

KSD-MCMC-WR when sampling from a multivariate standard normal distribution.

Figure 3.15 shows that running KSD-MCMC-WR is competitive with the individual

NUTS instances in this case.
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Figure 3.13: Unknown number of modes: MSE for different sample sizes when
combining 10 randomly initialized MH samplers. The samples are taken from a 2-
dimensional Gaussian mixture model with 5 isotropic modes. The mean of each mode
is selected uniformly at random from [−5, 5]2 and the variance of each component
is selected randomly from [0.2, 1]. Two representative cases are shown: in the top
row the modes are far from each other, in the bottom row the modes are close. The
left column corresponds to batch size 10, while it is 100 for the right column. Rényi
entropy with α = 0.99 is used for weight estimation.

These results suggest that one should always run KSD-MCMC-WR with NUTS base

samplers, as it provides significant improvements for multimodal distributions while

remains a safe choice for the easier, unimodal cases.

3.7.6 Comparison with Parallel MCMC Methods

In the previous sections, we mostly compared our algorithms with MCMC meth-

ods (MH, MALA, and NUTS) that are only expected to work well for essentially

unimodal densities (i.e., densities with a single “connected” region), and the vanilla

parallelization (i.e., uniformly mixing multiple chains) is not sufficient to achieve good

performance on multimodal problems. Therefore, we also compare our algorithms with

two popular parallel MCMC methods, annealed sequential Monte Carlo with resam-

pling (SMC) (Moral et al., 2006) and parallel tempering (PT) (Earl & Deem, 2005),

which are proposed to deal with multimodal distributions. Following general practice
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Figure 3.14: MSE for different sample sizes with separated modes: KSD-MCMC-
WR with 10 randomly initialized NUTS samplers for an unknown number of modes.
The batch size on the left figure is 10 and on the right figure is 100. The dashed
green lines show the results for the individual NUTS samplers. Rényi entropy with
α = 0.99 is used for weight estimation. The problem setup is the same as the one in
Figure 3.13.
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Figure 3.15: Running KSD-MCMC-WR for a multivariate standard normal distri-
bution with 10 NUTS instances started with different (random) initializations. The
batch size is 10 on the left and 100 on the right.

in the literature (similarly, e.g., to Liu & Lee, 2016) and in line with our previous

experiments, we use the number of times the samplers calculate p(x) for generating

their final samples as a proxy for the runtime (a comparison based on actual run-

times is impossible since the algorithms are implemented using different packages).

Throughout the experiments, for SMC and PT, we use 10 different temperature values

for annealing with an exponential ladder of base
√

2 (with inverse temperature values

0, 2−4, 2−3.5, . . . , 1). For SMC, we take one MCMC step between two resampling steps,

and for PT 25 steps between two swapping attempts.

While our algorithm works best with NUTS as its base sampler, combining SMC and

PT with NUTS is problematic: SMC uses a large initial population of samples at the



Chapter 3. Adaptive MCMC via Combining Local Samplers 107

beginning and so the corresponding chains started from these points are too short (at

least in the sample sizes we consider) for NUTS to be able to adapt. Similar problems

occur with PT: since PT runs parallel chains whose states are swapped frequently, after

each swap NUTS should be run for sufficiently long time to adapt to the new location,

which slows down the process.14 Of course, one could try to avoid these problems by

coming up with some clever method for integrating NUTS, but this is out of the scope

of this work. Therefore, as a fair comparison, first we tested KSD-MCMC-WR, SMC

and PT all with MALA as their base sampler in a 2-dimensional multimodal problem.

The parameters of the target distribution were selected randomly (as described in Fig-

ure 3.16) and kept fixed during the experiment. Other target distributions yielded

similar results. We ran SMC and PT with 10 different parameters of MALA, which

were also used in KSD-MCMC-WR. The results, averaged over 100 runs with different

initializations of the base samplers, are shown in Figure 3.16: it can be seen that our

algorithms significantly outperformed PT and provided better results than SMC on

average. The significance of our approach becomes clear by noticing that it is not even

clear how one should set the MALA parameters for SMC in advance. It is interest-

ing to note that in this experiment, replacing the bandit algorithms with a uniformly

random selection of the chains followed by the Rényi entropy-based reweighting (“uni-

form+clustering” in the figure) has the best performance among all the algorithms

with MALA base samplers, and in this case KSD-MCMC-WR works better with the

smaller batch size 10 than with 100. This phenomenon is related to how easily the

MALA samplers move from one mode to another, how it affects clustering, and how

suitable the KSD measure becomes in this case to compare the sample quality of dif-

ferent chains clustered together, and is discussed in detail in the next section. For

completeness, the results for KSD-MCMC-WR with NUTS as the base sampler are

also shown in Figure 3.16, which confirms again that our methods work much better

with NUTS, and our best method significantly outperformed all the other competitor

algorithms.

In the second experiment, we compared the performance of our best algorithm,

KSD-MCMC-WR with a NUTS base sampler, and that of SMC and PT with MALA.

14We have run PT with the pym3 implementation of NUTS, but the results were not good enough
to be included.
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Figure 3.16: Unknown number of modes: MSE for different sample sizes when com-
bining 10 randomly initialized MALA samplers for a 2-dimensional Gaussian mixture
model with 5 isotropic modes. The mean of each mode was selected uniformly at ran-
dom from [−5, 5]2 and the variance of each component was selected uniformly from
[0.2, 1]. SMC and PT were run separately for every parameter setting of MALA (10
different parameters) with the best, worst and average values reported, while KSD-
MCMC-WR combined the same samplers. In addition, the results for KSD-MCMC-
WR with 10 randomly initialized NUTS base samplers were included for completeness.
Batch size for KSD-MCMC-WR is 10 on the left figure, 100 on the right. Each curve
is obtained by averaging over 100 runs with different random initializations of the
MALA/NUTS samplers (with the same parameters).

Figure 3.17 shows how the relative performance of the algorithms change with the di-

mension for randomly selected Gaussian mixture distributions (a single 24-dimensional

distribution with 5 modes was selected randomly and its first d coordinates were used

in the experiments for d-dimensions15): It can be seen that KSD-MCMC-WR with

NUTS consistently outperformed SMC and PT, and the bandit selection methods

(UCB1 and ε-greedy) in KSD-MCMC-WR performed better than the baseline uni-

form selection. Finally, the last experiment was repeated with different kernel widths,

h ∈ {0.01, 0.1, 1, 10, 100}. The results in Figure 3.18 show that our proposed algorithm

is insensitive to this parameter in a wide range, and also that the performance of the

UCB1 and ε-greedy variants are very close to each other.16

3.7.7 Comparing the Components of KSD-MCMC-WR: Bandit Al-

gorithms and Clustering-Reweighting

The two novel components of our final algorithm, KSD-MCMC-WR, are (i) using

bandit algorithms with clustering and approximations to KSD and (ii) clustering and

15Other target distributions gave similar results.
16To reduce clutter, the results for SMC and PT are not shown in this figure.
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Figure 3.17: Unknown number of modes: MSE for different dimensions when using
KSD-MCMC-WR with 10 randomly initialized NUTS samplers for a d-dimensional
Gaussian mixture model with 5 isotropic modes. The mean of each mode was selected
uniformly at random from [−5, 5]d and the variance of each component was selected
randomly from [0.5, 1]. SMC and PT were run separately for every parameter setting
of MALA (10 different parameters) with the best, worst and average values reported.
Batch size for KSD-MCMC-WR is 10 on the left figure, 100 on the right. Each curve
is obtained by averaging over 100 runs with different random initializations of the
MALA/NUTS samplers (for the same parameters)

reweigthing in the end via estimating Rényi-entropy. While we have already argued

that (i) does not work without reweighting, to which our solution has been (ii), some of

the experiments presented so far indicate that obtaining the same number of samples

from each sampler followed by the reweighting process (ii) (the “uniform+clustering”

method in our previous experiments) might lead to almost the same or even superior

performance than that of KSD-MCMC-WR in certain cases (see Figure 3.13, Fig-

ure 3.14, the MALA-results in Figure 3.16, and Figure 3.17).

The reason behind this behavior seems to be a combination of how easily the samplers

move from one mode to another, how this affects the clustering of the samplers, how

meaningful it is to use the KSD to compare the sample quality of different samplers

clustered together, and how many decisions the bandit algorithm can make. In essence,

when some of the modes (“connected” regions) are close to each other so that samplers

(particularly NUTS samplers) can easily go from one mode to another, samplers that

explore these modes are often clustered together. At the same time, if the modes

are far enough so that the KSD can signal good fit even if samples do not explore

all these modes, the bandit algorithms can easily end up choosing samplers that only

explore a small number of modes. Furthermore, even if the clusters are properly

selected, when a sampler switches clusters, it may take a large number of steps until

its KSD is comparable with that of other chains in the same group (since its KSD is



Chapter 3. Adaptive MCMC via Combining Local Samplers 110

4 6 8 12 16 20 244×100 6×100 2×101

Dimension

−0.2

0.0

0.2

0.4

0.6

lo
g1
0 

M
SE

UCB1, h=0.01
UCB1, h=0.1
UCB1, h=1
UCB1, h=10
UCB1, h=100
Uniform+clustering

4 6 8 12 16 20 244×100 6×100 2×101

Dimension

−0.2

0.0

0.2

0.4

0.6

lo
g1
0 

M
SE

UCB1, h=0.01
UCB1, h=0.1
UCB1, h=1
UCB1, h=10
UCB1, h=100
Uniform+clustering

4 6 8 12 16 20 244 × 100 6 × 100 2 × 101

Dimension

−0.2

0.0

0.2

0.4

0.6

lo
g1

0 
M

SE

ε-greedy, h=0.01
ε-greedy, h=0.1
ε-greedy, h=1
ε-greedy, h=10
ε-greedy, h=100
Uniform+clustering

4 6 8 12 16 20 244 × 100 6 × 100 2 × 101

Dimension

−0.2

0.0

0.2

0.4

0.6

lo
g1

0 
M

SE

ε-greedy, h=0.01
ε-greedy, h=0.1
ε-greedy, h=1
ε-greedy, h=10
ε-greedy, h=100
Uniform+clustering

Figure 3.18: Changing the KSD kernel width h: MSE for different dimensions
when using KSD-MCMC-WR with 10 randomly initialized NUTS samplers (the same
setting as in Figure 3.17). Batch size for KSD-MCMC-WR is 10 on the left figures,
100 on the right; the performance of the UCB1 variant in shown in the top row, while
that of the ε-greedy version in the bottom. Each curve is obtained by averaging over
100 runs with different initializations.

dominated by the sample quality in other modes). Using a smaller batch size in KSD-

MCMC-WR can help create smaller clusters (and hence avoid the aforementioned

problems). In addition, it also increases the number of decisions to be made by the

bandit algorithm, which allows the bandit algorithm to adapt better (in cases when

the KSD is a reasonable measure).

In the rest of this section we present some experiments verifying the above argu-

ment. Since we could only observe the superior behavior of the “uniform+clustering”

algorithm for low-dimensional problems (this also holds for the relatively high, 18-

dimensional experiments presented in the next section, where KSD-MCMC-WR con-

sistently performs better), we consider a Gaussian mixture model with 20 modes

of random parameters in 2D and run KSD-MCMC-WR with M NUTS samplers,

M ∈ {10, 20, . . . , 100}.17 As before, after randomly choosing the distribution and

the samplers, we considered them fixed and ran 100 experiments; in each of them the

17Note that here the number of samplers is much bigger (up to 100) than in any of our experiments.
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Figure 3.19: MSE for different number of NUTS samplers as a function of the num-
ber of samplers for a 2-dimensional Gaussian mixture model with 20 isotropic modes.
The mean of each mode was selected uniformly at random from [−10, 10]2 and the
variance of each component was selected uniformly from [0.2, 1]. Two representative
cases are shown: in the top row the modes are far from each other, in the bottom row
some modes are close to each other. Batch size for KSD-MCMC-WR is 10 on the left
figure and 100 on the right. Each curve is obtained by averaging over 100 runs with
different random initializations of the NUTS samplers; the total number of samples
is 20000 in each case.

sampling methods are started from random initial points. The whole process was then

repeated for 10 different sets of distributions and samplers with the total number of

samples being 20000 in each case. Figure 3.19 shows the results for two representative

cases (out of 10). The top row corresponds to a case that the modes are far from each

other and UCB1 significantly outperforms the uniform+clustering algorithm, except

for few points. The bottom row depicts a case when the modes are close to each other,

in which case UCB1 performs slightly worse than uniform+clustering. This is more

pronounced for when the number of samplers is large, as in this case more modes are

clustered together, while the samplers belonging to each cluster do not explore all the

modes belonging to the cluster. Also, a large number of samplers often results in a

larger number of clusters, increasing the decision space of the bandit algorithm, which

deteriorates its performance in general.
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3.7.8 Sensor Network Localization

In our last experiment we consider a simulated problem of sensor network localiza-

tion. Following the setup of Ihler et al. (2005) (see also the work of Ahn et al., 2013),

we consider N sensors which are independently placed in a planar region [−L/2, L/2]2

for some L > 0 according to a density px. The distance between two sensors, t and u,

are observed with probability Po(xt, xu) = exp
(
−0.5‖xt − xu‖22/R2

)
(for some R > 0),

and we define otu = 1 if the distance is observed and 0 otherwise. The observed dis-

tances are corrupted by independent zero-mean Gaussian noise ntu with variance σ2:

dtu = ‖xt − xu‖2 + ntu.

Given a set of observations {dtu} (which only includes t, u pairs with otu = 1), the

joint distribution of the observations and locations is given by

p({xt}, {otu}, {dtu}) =
N∏
t,u

ψ(xt, xu, otu)
N∏
t

px(xt)

where, denoting the density of ntu by pσ2 ,

ψ(xt, xu, otu) =


Po(xt, xu)pσ2(dtu − ‖xt − xu‖2) if otu = 1;

1− Po(xt, xu) if otu = 0.

The task is to infer the actual sensor locations from the observations. In the experi-

ment we set N = 8, R/L = 0.3, σv/L = 0.02, L = 10, px is uniform, and we introduce

three additional sensors with known locations, a.k.a. the anchor nodes, to avoid ambi-

guities due to translations, negations and rotations, as described by Ahn et al. (2013).

Since several pairwise distances are not available, this setup results in a multimodal

posterior distribution given the observations. The performance is measured by the

Euclidean distance between the actual and the estimated locations from the sampling

methods and we report the average results over 100 runs. We use KSD-MCMC-WR

with NUTS and choosing each region uniformly at random. Figure 3.20 shows that our

proposed algorithms significantly outperform all competitors, including single NUTS,

parallel NUTS (labeled as uniform in the figures), SMC and PT for finding the sensor
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Figure 3.20: Running KSD-MCMC-WR for the sensor network localization problem
with 10 NUTS instances started with different (random) initialization. The dashed
green lines show the results for the individual NUTS samplers. Rényi entropy with
α = 0.99 is used for weight estimation.The batch size is 10 on the left and 100 on the
right.

locations.18

3.8 Conclusions and Future Work

Selecting the best MCMC method and its best parameter setting for a given prob-

lem is a hard task. To solve these issues, we proposed an adaptive MCMC method

that runs several chains in parallel, measures the quality of the samples from each

sampler locally for every mode via kernel Stein discrepancy, and decides sequentially

how to allocate the sampling budget among the different samplers using multi-armed

bandit algorithms. The final step of our method is to combine the samples obtained

by the different samplers: for this, we developed a novel weighting scheme based on

Rényi-entropy estimation. Under “idealized” conditions, each part of the algorithm is

asymptotically consistent and can be analyzed theoretically. Extensive experiments on

several problems demonstrated that our proposed algorithm works well in both uni-

modal and multimodal problems, and it can perform particularly well when used in

combination with NUTS as its base sampler.

Finally, in recent years, there has been a growing interest among researchers in

deferent fields of science and engineering to applying machine learning techniques to

their datasets. Generally, these datasets are very large and cannot be processed on

18Unfortunately, we could not reproduce the results of Ahn et al. (2013) because the paper does not
provide enough details about how their algorithm is tuned.
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a single machine. A common solution is to breakup the dataset to smaller datasets

that can be managed by a single machine, run the algorithm of interest on the smaller

datasets (i.e., this step can be on multiple machines), and combine the results of smaller

datasets to form the final result. So, a natural next step for our algorithm as a machine

learning technique is to extend it to be able to run parallel on multiple machines.



Chapter 4

Summary and Future Work

Statistical inference plays an important role in machine learning and probabilistic

modeling. Doing exact inference is often not possible in practical scenarios. There-

fore, approximate inference algorithms are of natural interest to deal with intractable

inference tasks. Accordingly, the main research goals of this dissertation have been

defined as (i) developing an efficient inference method for some special FHMMs; and

(ii) automating parameter tunning and selection of MCMC methods to speed up their

convergence.

FHMMs are widely used in energy disaggregation. E.g., the state-of-the-art NILM

algorithm of Kolter & Jaakkola (2012) defines the energy disaggregation problem as an

inference algorithm for FHMMs. However, the resulting model has a huge (factored)

state space, making standard FHMM inference algorithms infeasible even for only a

handful of appliances. To alleviate the problem, Kolter & Jaakkola (2012) solved the

resulting non-convex problem approximately via QP. In this dissertation, we devel-

oped a scalable approximate inference algorithm for FHMMs based on a semidefinite

relaxation combined with randomized rounding which significantly outperformed the

state-of-the-art in our experiments. A crucial component of our solution is a scalable

ADMM method that utilizes the special block-diagonal-like structure of the SDP re-

laxation and provides a good initialization for randomized rounding. We expect our

method to be useful in solving other FHMM inference problems, as well as in large

scale integer quadratic programming.

MCMC methods are widely used in high-dimensional Bayesian inference and maxi-

mum likelihood estimation problems, and computing analytically intractable integrals

in econometrics, physics and computer science. Usually, these problems involve com-

puting intractable expectation operations. MCMC methods compute these integrals by

115
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simulating a Markov chain whose empirical distribution asymptotically convergences

to the target distribution defining the expectation. However, for practical simulation

times, the emperical distribution of the samples generated by MCMC methods may be

quite far from their stationary distribution, particularly, if the problem is multi-modal.

Markov chains can easily get trapped in different modes for a long time, which prevents

them from exploring the whole space. In addition, for a given problem, selecting the

best MCMC method and its best parameter setting is a hard task since measuring

the quality of the generated samples, which are correlated, is not easy. To solve these

issues, in this dissertation, we proposed an adaptive MCMC method that runs several

chains in parallel and decides sequentially how to allocate the sampling budget among

the different samplers, using multi-armed bandit algorithms. We expect each sam-

pler to explore some part of the state space, not necessarily the whole. The proposed

algorithm uses kernel Stein discrepancy to measure the quality of samples from each

sampler locally, and assigns resources to each sampler accordingly. Finally, the samples

generated by the different samplers must be combined in an unbiased fashion. To do

so, we developed a novel weighting scheme based on Rényi-entropy estimation, which

might be of independent interest. Through several experiments, we showed that our

proposed algorithm provides state-of-the-art performance when used in combination

with NUTS as its base sampler, outperforming competitor algorithms for multimodal

problems, while paying only a slight overhead in case of unimodal target distributions.

Developing approximate inference algorithms for graphical models requires a consid-

erable amount of time and efforts, and the best algorithms to any given problem are

usually problem-specific. We had the same experience in developing an approximate

inference solution for FHMMs in Chapter 2, where our final solution heavily exploited

the problem structure. An alternative approach to our hand-designed algorithm could

be sampling. While sampling algorithms are guaranteed to converge to the true so-

lution in the limit of infinite data, their behavior can be significantly different for

practical sample sizes. Therefore, these algorithms are typically hard to use in a black-

box manner, and usually some domain-specific knowledge is used in the design of the

final algorithms and in tuning their parameters properly, as discussed in Chapter 3. In
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fact, the main motivation behind developing the adaptive sampling algorithm in Chap-

ter 3 was to develop a sampling algorithm that can adapt automatically to the problem

at hand, easing the burden of a practitioner to hand-design and hand-tune a method

for every problem instance. The proposed adaptive method solves this issue to a great

extent, achieving or improving the state-of-the-art in several scenarios without hand-

tuning the algorithm’s parameters. At the same time, it is not expected to work well

out of the box for graphical models in general, since sampling all variables at the same

time requires sampling from a very high dimensional space. In Chapter 2 we applied

multiple tricks to resolve this problem and estimate the variables sequentially; how to

incorporate similar techniques into our sampling method, and hence how to extend

its applicability to graphical models in general is one of the most important question

for our future research. Another interesting research direction is to provide a careful

theoretical analysis of our sampling method and proving its consistency, complement-

ing our analysis where each part was separately considered under idealized conditions.

Finally, we believe that our approach can be applied in the future to adaptively tune

the parameters of other classes of sampling and inference algorithms.
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