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ABSTRACT

This thesis brings together various analyses of Weightless Artificial Neural Networks
(WANNs). The term weightless is used to distinguish such systems from those based on
the more traditional weighted McCulloch and Pitts model. The generality of WANNs is
argued: the Random Access Memory model (RAM) and its derivatives are shown to be
very general forms of neural nodes.

Most of the previous studies on WANNs are based on simulation results and there is a
lack of theoretical work concerning the properties of WANNs. One of the contributions of
this thesis is an improvement in the understanding of the theoretical properties of WANNs.

The thesis deals first with feed-forward pyramidal WANNs. Results are obtained
which augment what has been done by others in respect of the functionality, the storage
capacity and the learning dynamics of such systems.

Next, unsupervised learning in WANNs is studied. The self-organisation properties of
a Kohonen network with weightless nodes are examined. The C-discriminator node
(CDN) is introduced and a training algorithm with spreading is derived. It is shown that a
CDN network is able to form a topologically ordered map of the input data, where
responses to similar patterns are clustered in certain regions of the output map.

Finally, weightless auto-associative memories are studied using a network called the
General Neural Unit (GNU). The storage capacity and retrieval equations of the network
are derived. The node model of a GNU is the Generalising Random Access Memory
(GRAM). From this model is derived the concept of the Dynamically Generalising
Random Access Memory (DGRAM). The DGRAM is able to store patterns and spread
them, via a dynamical process involving interactions between each memory location and its
neighbouring locations and/or external signals.



ACKNOWLEDGEMENTS

My thanks go first and foremost to my supervisor Professor Igor Aleksander for his help,,

encouragement and most especially his patience during the research and preparation of this

Thesis.

I thank my colleagues from the Neural Systems Engineering Laboratory at Imperial,

most especially Dr. Eamon Fulcher and Dr. Catherine Myers, for their friendship and

many discussions on important subjects, neural and other. Thanks go as well to the newer

members of the group for their support during the write-up of this Thesis.

I thank everyone else who has given me support and advice, in particular, Dr. Feng

Xiong and his family.

Last but not least, I thank my family for their love and continued support.



4

TABLE OF CONTENTS

ABSTRACT
	

2
ACKNOWLEDGEMENTS

	
3

TABLE OF CONTENTS
	

4

TABLE OF FIGURES
	

10

TABLE OF TABLES
	

12

TABLE OF PROOFS
	

13

LIST OF ABBREVIATIONS
	

14

CHAPTER I. Introduction	 16

1 .1. Systems studied in this Thesis 	 16

1 .2. The origins of weightless neural computing
	

17

1 .2.1. Introduction
	

17

1.2.2. Pattern recognition and classification techniques
	

17

1 .2.3. Neural network modelling research
	

19

1.2.4. Study of Boolean networks
	

20

1 .2.5. Automata Theory
	

21

1 .2.6. Development of electronic learning circuits
	

21

I .3. Organisation of the Thesis
	

22

CHAPTER II. Weightless artificial neural networks
	

25

2.1. Introduction
	

25

2.2. Weighted-sum-and-threshold models 	 25

2.2.1. Node models
	

25

2.2.2. Training methods
	

26

2.3. Weightless neural nodes
	

28

2.3.1. The random access memory node
	

28

2.3.2. The single layer net node
	

29

2.3.3. The discriminator node	 30

2.3.3.1. Definition
	

30

2.3.3.2. Prediction of th discriminator response
	

31

2.3.3.3. Internal representation of a pattern class
	

32

2.3.4. The probabilistic logic node
	

33

2.35. The pyramidal node
	

33

2.3.5.1 Definition
	

33

2.3.5.2. Training algorithms
	

34

2.3.5.3. Functional capacity 	 36



5

2.3.5.4. General isation performance
	

37

2.3.6. The continuously-valued discriminator node
	

38

2.3.7. The generalising random access memory node
	

38

2.3.7.1 .The ideal artificial neuron
	

38

2.3.7.2. The GRAM model
	

38

2.3.7.3. Best matching and diffusion algorithm
	

39

2.3.8. The dynamically generalising random access memory node
	

40

2.3.9. Other weightless node models
	

40

2.4. Properties of weightless neural nodes
	

42

2.4.1. Introduction
	

42

2.4.2. Node loading
	

42

2.4.3. Generalisation by spreading
	

43

2.4.4. Generalisation by node decomposition
	

43

2.4.5. Introduction of a probabilistic element
	

44

2.5. Weightless neural networks
	

45

2.5.1 .etwork structure levels
	

45

2.5.2. Feed-forward weightless networks
	

46

2.5.2.1. Introduction
	

46

2.5.2.2. The single layer discriminator network
	

47

25.2.2.1. Description of the network
	

47

2.5.2.2.2. Learning and generalisation
	

47

2.5.2.2.3. Steck's stochastic model
	

49

25.2.3. The advanced distributed associative memory network
	

50

2.5.3. Recurrent weightless networks for associative memory
	

52

2.5.3.1 • The sparsely-connected auto-associative PLN network
	

52

2.5.3.2. Fully-connected auto-associative weightless networks
	

55

2.5.3.2.1. Pure feed-back PLN networks
	

55

2.5.3.2.2. The GRAM perfect auto-associative network
	

57

2.5.3.3. The general neural unit network
	

58

2.5.4. SeIf-organising weightless neural networks and unsupervised learning
	

59

2.6. Summary
	

59

CHAPTER III. The generality of the weightless approach
	

62

3.1. Introduction
	

62

3.2. Generality with respect to the logical formalism
	

62

3.2.LNeuronal activities of McCP and RAM neurons
	

62

3.2.2. RAM implementation of McCP networks
	

64

3.3. Generality with respect to the node function set
	

67

3.4. Generality with respect to pattern recognition methods
	

68



6

3.4.1 Introduction
	

68

3.4.2. The maximum likelihood decision rule
	

69

3.4.3. The maximum likelihood method
	

69

3.4.4. The maximum likelihood N-tuple method
	

71

3.4.5. The nearest neighbour N-tuple method
	

72

3.4.6. The discriminator network
	

73

.5. Generality with respect to standard neural learning paradigms
	

74

3.6. Generality with respect to emergent property systems
	

75

3.7. Weightless versus weighted neural systems	 75

3.7.1. Connectivity versus functionality
	

75

3.7.2. Ease of implementation
	

76

3.7.3. Learning and generalisation
	

76

3.7.4. Distributed and localised representations
	

77

3.8. Conclusions
	

77

CHAPTER IV. Further properties of feed-forward pyramidal WANNs
	

79

4.1. Introduction	 79

4.2, Functionality of feed-forward pyramidal networks
	

79

4.2.1 . Simple non-recursive formula
	

79

4.2.1.1 Introduction
	

79

4.2.1.2. Derivation
	

80

4.2.2. Approximations
	

83

4.3. Storage capacity
	

84

4.3.1. Definition
	

84

4.3.2. Methodology
	

85

4.3.3. The storage capacity of a regular pyramidal network
	

86

4.4. Dynamics of learning in pyramidal WANNS
	

89

4.4.1. Introduction
	

89

4.4.2. Previous work
	

89

4.4.3. The parity checking problem
	

90

4.4.4. Evolution of the internal state of the network during training
	

91.

4.4.4.1. Transition probability distributions
	

91

4.4.4.2. Calculation of the transition probability distributions
	

92

4.4.4.3. Convergence of the learning process
	

93

4.5. Conclusions
	

96

CHAPTER V. Unsupervised learning n weightless neural networks
	

97

5.1 , Introduction
	

97

5.2. Pyramidal nodes
	

97



7

5.3. Discriminator-based nodes	 99
5.3.1 Introduction	 99
5.3.2. The discriminator-based network

	
99

5.3.2.1 The network
	

99

5.3.2.2. The C-discriminator node
	

100
5.3.3. An unsupervised training algorithm	 101

5.3.4. Explanation of the Equations (5.2) and (5.5)
	

103

5.3.5. Choice of a linear spreading function	 103
5.4. Experimental results 	 106

5.4.1. Simulation I
	

106

5.4.1 .1. Introduction 	 106

5.4.1 .2. The simulation	 106

5.4.1 .3. Temporal evolution of responses 	 109

5.4.1.4. Comparison with a standard Kohonen network
	

111
5.4.2. Simulation 2: uniform input pattern distribution 	 112

5.5. Comparisons with other weightless models 	 117
5.6. Conclusions	 120

CHAPTER VI. Weightless auto-associative memories 	 121
6.1 . Thtroduction	 121

6.2. Probability of disruption and storage capacity 	 121

6.2.1. Assumptions	 121

6.2.2. Probability of disruption of equally and maximally distant patterns 	 122

6.2.3. Experimental verification of Corollary 6.5
	

J 28
6.2.4. Equally and maximally distant patterns 	 129

6.2.5.Probability of disruption of uncorrelated patterns 	 130

6.3. Improving the immunity of the GNU network to contradictions 	 136

6.4, Conclusions	 139

CHAPTER VII. Retrieval Process in the GNU network
	

141

7.1 . Introduction	 141

7.2. Relationships between pattern overlaps	 141

7.2]. Principle of inclusion and exclusion 	 141

7.2.2. Complementary overlaps
	

143

7.2.3. Useful corollaries	 143

7.2.4. Higher order overlaps
	

144

7.3. Retrieval process in the GNU network
	

146

7.3.h Definitions	 146

7.3.1 .1 Spreading function	 146



8

7.3.1.2.. Retrieval equations
	

147

7.3.2. Retrieval of two opposite patterns
	

148

7.3.3. General retrieval of three patterns
	

149

7.3.4. Example
	

154

7.4. Conclusions
	

156

CHAPTER VIII. Dynamically generalising weightless neural memories
	

157

8.1. Introduction
	

157

8.2. From GRAM to DGRAM
	

157

8.3. The dynamically generalising random access memory
	

159

8.3.1. Notations
	

159

8.3.2. State transitions in a RAM
	

159

8.3.3. State transitions in a PLN
	

161

8.3.4. State transitions in a GRAM
	

163

8.3.5. State transitions in a DGRAM
	

164

8.3.5.1. Spreading levels
	

164

8.3.5.2.The states of a memory location
	

164

8.3.5.3. Write and remove operations
	

164

8.3.5.4. Interactions with neighbouring memory locations
	

165

8.3.5.5. General update equation
	

167

8.3.5.6. Stability of the dynamical learning process
	

167

8.4. Experimental results
	

168

8.4.1. The memory diagram
	

168

8.4.2. Example J
	

169

8.4.3. Example 2: Transitory effect
	

171

8.5. Conclusions
	

171

CHAPTER IX. Conclusions
	

173

9.1. Summary of the Thesis contributions
	

173

9.1.1. Mathematical analysis
	

173

9.1.2. Review of previous work
	

173

9.1.3. Feed-forward regular pyramidal WANNs
	

173

9.1 .4. Unsupervised learning in WANNs
	

174

9.1 .5. Storage capacity of the GNU network
	

175

9.1 .6. Retrieval process in the GNU network
	

176

9.1.7. Dynamical spreading
	

177

9.3. Suggestions for future work
	

177

REFERENCES	 180



9

APPENDICES
	

190

Appendix A.	 190

AL Proof of Lemma 4.1
	

190

A.2. Alternative proof of Theorem 4.1
	

191

A.3. Proof of Lemma 4.2
	

191

A.4. Proof of Theorem 4.2
	

192

Appendix B. Proof of Theorem 4.3
	

194

Appendix C. Calculation of the transition probability distributions (4.19)
	

198

Appendix D. Parameter variations in the C-discriminator network
	

207

D.l. Excitation radius
	

207

D.2. Noise level
	

210

Appendix E. Proof of Theorem 7.4
	

213

Appendix F Published papers
	

218

F.1 * Proceedings IJCNN-90, San Diego, June 1990
	

219

F.2. Proceedings IJCNN-91. Seattle, July 1991
	

225

P.3. Proceedings ICANN-92, Brighton, September 1992
	

231

F.4. Proceedings ICANN-93, Amsterdam, September 1993
	

235



10

TABLE OF FIGURES

Figure 1.1	 .'t' ½.Y"a4t. ................................S...p ......	 18
Figure 1.2	 19
Figure 1 .3	 . 1 Sp..tj.4.1) ..... .Sf.. ...... . S.f

	 22

Figure 2. 1	 . .	 28
Fgure2.2	 .............	 29
Figure2.3	 ...................................................... .............................. 	 31
Figure2.4	 .......	 34
Figure 2.5 	. -	 .............................	 ... .....	 ... ........	 43
Figure2.6	 . ............... ................................................................ 	 44
Figure2.7	 ......... ....,	 ................	 45
Figure2.8	 . .. . .............................................................................. 	 47
Figure 2.9	 ......	 51

Figure2.10	 ... ......................................._...... -............................... 	 58

Figure 3.1	 err. .......a'........•nrrfl..••".. .... . T . .......	 66
Figure 3.2
	

67

Figure 4.1
	

87
Figure 4.2	 SAt ...... . SS,t ............................................... 	 88
Figure 4.3	 S.. .............................. S.. .......-. .................	 94

Figure 5.1 	......	 98
Figure5.2	 ................ .................................................................... 	 100
Figure 5.3	 ........	 101
Figure5.4	 ........................................ ...... ..................................	 104
Figure5.5	 .....,	 .....	 105
Figure5.6	 ........................................................ ..........................	 105
Figure5.7	 ............ .......... ........................... 	 106

Figure 5.8 	 ........... ._ ......................................... ........................... 	 107
Figure5.9	 ...........................................,...........•	 ................. .......	 108
Figure5.10	 .....................S... ......................................................... 	 109
Figure5.11	 ................... ... ................................... 	 110
Figure5.12	 ...................... ................................... 	 ill
Figure5.13	 .....................	 .........................................................-	 114
Figure5.14	 ............... ...	 .....................i.....e........	 116



11

Figure 5.15
Figure 5.16
	

119

Figure6.T	 . ..................	 ..........................................................	 123
Figure6.2	 ..,. .. .............. ......................130

Figure7.1	 ................................................. 	 150
Figure7.2	 ......................... — ............................................... 	 151
Figure 7.3	 ......	 ,	 154
Figure7.4	 • ...................n.d....a.n 	 ......-' .....& .................................... 154
Figure7.5	 .	 ...............................................................................155

Figure8.1	 ....................... .........................	 158
Figure8.2	 • ............................................,.....................	 158
Figure8.3	 • ....................• .................................................. ...........	 161
Figure8.4	 ............................................................. .. .. . . ................ 	 162
Figure8.5	 ...................................	 4 ..............	 163

Figure8.6	 ....................	 ........... .............................	 165
Figure8.7	 .._...... ....... . S..d.q .............. SA.t.....*.A..S. .....

	 166
Figure8.8	 •. ......_................ ........................................................... 	 168
Figure8.9	 ....................................................................... ........... 	 170
Figure8.10	 ................	 17t

Figure B.l	 '. ........ ...............#.a. .......	 ...t 1._s .......
	 194

Figure B.2
	

194
Figure B.3
	

195

Figure D.1
Figure D.2
Figure D.3
Figure D.4
Figure D.5
Figure D.6

207
..... ...........................f ................... 	 208

209
...............................	 210

211
212



12

TABLE OF TABLES

Table 4.1
	

82
Table 4.2	 W.....f. ........... fl.

Table 4.3
	

92

Table C.l
Table C.2
Table C.3
Table C.4

Table C.5

Table C.6
Table C.7

.. 201
.............................................201

,r.• .. ,., ...........	 201.
.............................................202

........................................	 203
205

- ..................................................................................206



13

TABLE OF PROOFS

Lemma 4.1 .	 .	 82
Theorem 4.1	 ..	 .	 .	 82
Lemma4.2
	

83
Theorem4.2 .................... .......... ........................ 	 83
Theorem4.3 * _ .............................. ,. . . 	 .. . . ..	 ....... _ .......................	 90
Corollary4i.................... .......... 	 90

Theorem6.1 ... ............................ ................................... 	 124
Corollary6.1 ................	 125
Corollary6.2 ......................	 ..	 .................	 5

	 125
Corollary6.3 ................................................... ............................. 	 125
Coro11ary6.4
	

216
Corollary6.5 .............................. 	 ................... ............ 	 126
Corollary6.6 ........ ................................. 	 . ................ .... . .	 ......... - -	 127
Theorem6.2	 ....................... , 	 ....... .r..• ......n ... ............................. 	 127
Theorem6.3 .................................................................................... 	 131

..............	 133
Corollary6.8 .......................................... ......... ......................... 	 134
Theorem6.4 . •	 ................. t ...................... . .. ...........	 .. . . .	 ........... -	 135
Theorem6.5 ......................._ ................_, .................... .................... 	 137
Theorem6.6 .................................................................... .........	 138

Theorem7.1 ......................................................................... .. . ...... 	 142
Theorem 7.2	 .......	 143
Corollary7.1 ............................................. ...... 	 143
Corollary7 .2 ..	 .... •	 .......................	 . .........	 144
Theorem7i................................................................................. 	 144
Theorem7.4 ,. ........ 	 149



14

LIST OF ABBREVIATIONS

AAA

ADAM

ANN

ART

ASA

BBNM

BMM

CDN

CMAC

C-RAM

DGRAM

DN

DPBN

DPLM

EBP

FAE

GDR

GNU

GRAM

GSN

HLR

IAN

KAM

LIBN

LPNN

LU

LWR

MBLC

McCP

MDLR

MLM

MLP

MLNM

MPLN

NNHDM

NNM

Al-Alawi algorithm

Advanced Distributed Associative Memory

Artificial Neural Network

Adaptive Resonance Theory

Aleksander Standard Algorithm

Bledsoe and Browning N-tuple method

Best Match Machine

C-discriminator (Continuously-valued discriminator)

Cerebellar Model Articulation Controller

Continously-valued RAM

Dynamically Generalising Random Access Memory

Discriminator node

Derived Probabilistic Boolean Node

Dynamically Programmable Logic Module

Error Back Propagation

Fused Adaptive Element

Generalised Delta Rule

General Neural Unit

General ising Random Access Memory

Goal Seeking Neuron

Hebbian Learning Rule

Ideal Artificial Neuron

Kanerva Associative Memory

Linear Interpolating Boolean Node

Lagrange Programming Neural Network

Linear Unit

Local Weighted Regression

Memory-Based Learning Controller

McCulloch and Pitts neuron

Maximum Likelihood Decision Rule

Maximum Likelihood method

Multi-Layer Perceptron

Maximum Likelihood N-tuple method

Multi-valued Probabilistic Logic Node

Nearest Neighbour Hamming Distance Method

Nearest-Neighbour Methods



NNNM

NSA

NTA

PcP

PIE

PLN

P-RAM

RAM

SDR

SLAM

SLLUP

SLDN

SLN

SR

TOFM

V-RAM

WANN

WST

Nearest Neighbour N-tuple Method

Neural State Automaton

Noise Test Algorithm

Parity Checking Problem

Principle of Inclusion and Exclusion

Probabilistic Logic Node

Probabilistic RAM

Random Access Memory

Standard Delta Rule

Stored Logic Adaptable Microcircuit

Single-Layer Look-Up Perceptron

Single Layer Discriminator Network

Single Layer Net

Stimulus-Response

Topologically-Ordered Feature Map

Virtual RAM

Weightless Artificial Neural Network

Weighted-Sum-and-Threshold neuron



CF-FAP7'ER /. JNTRO!)UCTION
	

16

CHAPTER 1. INTRODUCTION

1.1. Systems studied in this Thesis

An Artificial Neural Network (ANN) is an adaptive system made of a large number of

simple processing elements , also referred to as nodes or neurons, which are interconnected

according to some specific topology. Each element has an number of inputs, performs

some simple function of these inputs and produces an output. A node receives its inputs

either from the outputs of other nodes or from the external environment. Similarly, the

output of a neuron can either be directly outputted to the environment or feed some other

node inputs.

The adaptation process in an ANN usually takes the form of a training phase during

which the nodes of the system are subjected to some training algorithm which modifies the

function they perform. During this training procedure, the ANN learns to recognise stimuli

from its environment, to classify them into different classes or to perform associations

between these stimuli and appropriate responses, either in the form of outputs to the

environment or as internal state transitions. During this learning process, the ANN also

develops internal representations of its environment which are realised in the system by the

creation of internal state structures.

This thesis is concerned with Weightless Artificial Neural Networks (WANNs). The

basic processing clement in a WANN is the Random Access Memory (RAM), which

implements a truth table that records the responses of the node to different input signals.

The adjective weightles.c is used to distinguish such systems from those based on the more

traditional t'eighted McCulloch and Pitts model [McCulP43]. in which the nodes of the

system perform some linearly separable function by computing a weighted-sum-and-

threshold of their inputs. Weightless nodes are also known as Boolean nodes, logic nodes,

RAM-based nodes, cubic nodes [Gur89]. look-up table nodes LJud9OJ. digital nodes [A-

A1a90] or adaptable combinatorial elements IFul931.

One of the thesis contributions is an improvement in the understanding of the theoretical

properties of WANNs. The thesis investigates several WANNs analytically using

mathematical tools, These are mainly probability theory, combinatorics stochastic

processes and automata theory. This philosophy of approach is in contrast to a whole

branch of neural network research which bases its analyses on existing theories borrowed

from Statistical Mechanics and Thermodynamics which involve the definition of variables

(energy function, temperature, ..) not intimately related to the nature of the systems under
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study. The other contributions of the thesis are the development of new node models.

learning algorithms and spreading procedures for WANNs.

The next Section examines several fields of research which have influenced the

development of connection ist models using WANNs. Then, Section 1 .3 outlines the

organisation of this thesis in its remaining chapters.

1.2. The origins of weightless neural computing

1.2.1 Introduction

The origins of weightless neural computing can he traced in developments from mainly 5

research areas: pattern recognition and classification techniques; neural network modelling

research: the study of Boolean networks automata theory the development of RAM

technology and electronic learning circuits.These research areas are succinctly examined in

the next sub-sections.

1.2.2. Pattern recognition and classification techniques

Pattern recognition and classification techniques deal with problems typically involving the

recognition or classification of unknown patterns into a certain number of classification

classes, given a certain number of measurements on example patterns for the different

classes. The example patterns are often referred to as learning examples or training

patterns, Typically, in a problem involving z pattern classes X1 ,X,	 X. tn learning

examples are available for each class. Some statistical estimation is then performed on the
example patterns, which define a learning matrix M. When an unknown pattern x,,

representing class X,,, is presented for recognition, a vector 1,, of measurements on x,, is

formed. The recognition process aims at attaching a series of numerical scores for each

pattern examined. This can then he expressed by the expression [Ste62J:

S,, = (S,, 1 S11 ,- 'S,,: ) i =
	 (l.1J

in which S,,, represents the recognition score of x against the pattern class X1 , S is a

score vector and r denotes the transpose operator. The set of js for which maxS,, is
1<,<

attained, is denoted by J. If p E .1. the identification of x,, is said to he correct. Depending

on whether J contains only one element or more than one element; the identification is said

to he correct without tie or with tie IStc62].

The problem of pattern recognition can also he approached by examining the

relationships between the sets of patterns involved (e.g. [AleS79]). shown in Figure 1 .1.
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Q'\) Ajf(M\fi1	
))s

Si

Fig. 1.1. Relationships between characteristic pattern sets in a pattern recognition problem.

The universal set of all patterns that could occur on a binary input matrix is denoted Q.
Then, for any recognition class X, L1 and G1 denote the training and generalisation sets,
respectively. It is usually assumed that, for any class X, L is included in G and that the

generalisation sets of 2 different classes have an empty intersection. The set of patterns to
be classified and belonging to class X 1 , or test set for class X1 , is denoted T - The set of

patterns that will require classification is the union UT1 whereas Q \	 is the set of

meaningless spurious patterns.
Peifect recognition is achieved, for class X, if T1 C G1 . Over-generalisation occurs

when G1 \ T = S ^ 0. In that case, the spurious patterns in S if they were used as test

patterns, would he classified as belonging to class X 1 . This is unimportant since these

patterns do not belong to any of the test sets. More important is the possibility of
misclassification which occurs if, for I ^ j , G1 C T1 = M ^ 0, in which case the

patterns in M,. . will be classified incorrectly as belonging to class X,. Finally if

n	 = R1 ^ 0, the patterns in R1 will be treated as unclassifiable and will therefore

be rejected. A rejection is usually considered as more favourable than a misclassification.

Most interesting for neural computing are decision-snaking methods which provide a

measurable high reliability in decision making, as well as the possibility of low reliability

components. Another important requirement is for such method is the recognition of

patterns as a whole. This is referred to as Gestalt recognition. (e.g., [BIeB59]) This is in

contrast with methods involving the measurement of the specific characteristics of patterns,

their analysis into parts, followed by a synthesis of the whole from the parts.

One such pattern recognition method, which was most influential for the development

of weightless neural computing, was proposed by Bledsoe & Browning ([BIeB59],

LBIeB62], [Ste62J, jUll73]). The method, which is referred to as Bledsoe and Browning

N-tuple method (BBNM), was successfully applied to the recognition of hand-written

characters: these constitute complex patterns with high individual variability
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The BBNM is highly general. It can be utilised to attenuate the information contained in

highly-variable patterns, while at the same time retaining enough of the essence of the

information to categorise the patterns IBIeB59I. In other words,, the resulting system

exhibits both generalisarion and discrimination.

The BBNM is reviewed in detail in Chapter 2, within the framework of its

implementation in a WANN. In Chapter 3. as part of a discussion on the generality of the

weightless approach, several other important pattern recognition methods, related to the

BBNM, are compared. These other methods are the Maximum Likelihood method (MLM),

the Maximum Likelihood N-tuple method (MLNM), the Nearest Neighbour N-tuple

Method (NNNM) and the Nearest Neighbour Hamming Distance Method (NNHDM).

1.2.3. Neural network modelling research

McCulloch and Pitts' seminal paper [McCuIP43J establishes important concepts which still

today form the basis of artificial neural network research.. The "all-or-none' character of

nervous activity is pointed out and it is therefore suggested that neural events can be treated

by means of propositional logic. For any logical expression satisfying certain conditions, a

network can be found, which behaves in the fashion described by that expression. It is also

shown that many particular choices among possible neuro-physiological assumptions are

equivalent in terms of network behaviour.

Fig. I .2 A simple nert'ork of McCulloch & Pius formal neurons. Neurons	 2 and c

have excitatory synapses on neuron Cc and neuron c is an inhibitory neuron for (.5.

The neuron model proposed is very simple. In the following. it s referred to as McCP

neuron. Each neuron is normally quiescent, outputting 0, until a certain minimum number

of its inputs are activated, in which case it fires. outputting J Inhibitory inputs exist

whose activity can prevent a neuron from firing.. Weights are defined, implicitly, as the

number of connections that a neuron receives from another neuron. The behaviour of any
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network of such neurons can be described as a inclusive disjunction of logical minterms,

and any such proposition can be computed by some network. Figure 1.2 shows a simple

network of McCP neurons.

In the weightless approach, the McCulloch and Pitts logical formulation is extended

such that the behaviour of the neurons can be described as a inclusive disjunction of all

possible minterms formed by the logical values of their inputs.

In [McCulP43], no mention is made of what changes should be made to the nodes for

learning to take place. In the weightless approach, learning is viewed as resulting from the

changes to the logical propositions executed by the neurons. A straightforward

consequence of this interpretation of learning is to associate each node with a look-up table

defining a logical proposition.

Nervous activity laws can be formulated both for McCP neurons and weightless

neurons. This is carried out in Chapter 3, in which two expressions are derived for the

neuronal activities of McCP and RAM neurons. Usually, the two types of neuronal models

are compared by expressing the activation laws in an analytical form (e.g., IGur89],

[Mar89] or [GorT88]). In Section 3.3, the activities are expressed using a logical

formalism. For the McCP, it is the formalism that was originally used by McCulloch and

Pitts. For the RAM, it is the most natural formalism.

1.2.4. Study of Boolean networks

An important body of research which has influenced weightless neural computing is the

study of random Boolean networks (e.g., [Kau69]. [FogGW82] or LAIe73]). Usually,

each node performs a Boolean function chosen randomly amongst all possible functions of

its inputs. Alternatively, the analysis can be performed on RAM networks, in which the

RAM contents is arbitrary.These networks are referred to as natural networks [A1e87].

Usually, there is no training involved and the objective is to define the most likely state

structure of such a system [A1e83a]. Important results can be obtained, such as the fact that

random feed-back networks with fixed function and topology tend to enter limit cycles.

In [A1e83aJ,it is shown that in a network with fixed input, or autonomous automaton.

the set of all states is partitioned into confluents (connected states). Each confluent consists

of precisely one cycle and tree-like structures leading to it. The most likely number of

states, in an autonomous network, that lead into some given state can be calculated. It is

also possible to estimate the most likely distribution of transient and cyclic activity and to

show that, when the network inputs are allowed to vary, such activity is most sensitive to

changes in input for most parameter values. The fact that the state structure of a random

Boolean network is very sensitive to its inputs indicates that there is a freedom within the

system to learn desired responses without need to impose a particular network connection

configuration. This ability of Boolean networks to learn is important and this property is
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exploited in WANNs to enable the system to develop useful computational state structures.

1.2.5 Automata Theory

As already pointed out in the previous sub-section, the study of Boolean networks with

feed-back leads naturally to the study of their emergent state structures. The system is then

seen in the light of automata theory (e.g.. IAleH76L [HopU79J or [CarL89]). When the

network topology and the functions performed by the nodes of the network are fixed, the

system has the structure of a finite state automaton. If the node connectivity or the node

functions have a probabilistic character, then the system becomes a probabilistic automaton.

1.2.6. Development of electronic learning circuits

The weightless paradigm also finds its origins in the development of economical electronic

components used in learning circuits. In the early days of neural computing research,

electrical circuits implementing weighted neuron models required the use of bulky,

expensive, and slow components such as Rosenblatt's motor-driven potentiometers or

Widrow's memistors [Ale7O]. As an alternative, electronic circuits capable of learning and

performing logic functions were proposed by Aleksander as models of neuron elements.

Some of these components are reviewed.

In [A1e651, a transistor circuit called Fused Adaptive Element (FAE) is described and

demonstrated in adaptive logic experiments. An FAE operates in 2 phases. During a teach

phase, the device is exposed to the complete set of inputs and corresponding outputs of a

required logic function. The inputs are first decoded into minterms lines by some external

decoder circuit and the FAE selects and memorises the required minterms. The minterm

selection is implemented by burning low-current fuselinks corresponding to the minterms

of the required logic function 1 . During an operate phase, the circuit provides an output

which is the required logic function of the inputs.

In lAle7O], the development of large-scale integrated microcircuits is reported, of which

the Stored-Logic Adaptable Microcircuit (SLAM) is the building block. A SLAM has

essentially the functionality of a FAE augmented with the input decoder circuit. This is

shown in Figure 1 .3. The SLAM has variable-function properties similar to those of

neuron models of the McCulloch & Pitts variety. Also, it is a learning circuit:

"A fascinating aspect of this device is that, even though it is basically a simple storage
circuit, in use, it becomes a variable-function logic element, the function of which may be
adjusted during training" [Ale7O].

'In lAle65l, FAE circuits were envisaged, which allowed for a gradual change in the resistance of the links.
It was also suggested that these circuits could he used in continuously seif-organising binary systems. A
similar kind of node, called C-RAM, will he introduced in Chapter 5. as a contribution to this thesis,
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However, this device does not generalise. It is the behaviour of networks of such devices

that exhibit generalisation properties.

Based on the SLAM developments, several machines were constructed, the aim being

to obtain a learning machine large enough and flexible enough to be used as a generator of

useful, special-purpose processors [A1e70. The SOPHIA machine (1969) consisted of a

36-input circuit of 12 SLAM-8s, a SLAM- 2 referring to a device with N input terminals.

The MINERVA machine (1972) consisted of a circuit of 1024 SLAM-16s.

Fig. 1.3: FAE, SLAM and network of SLAMs.

As Random Access Memories (RAM) became more widely available as standard

storage devices, their use was adopted as the building block of subsequent weightless

neural machines. The WISARD machine (1981) is such a machine, with 32,000 RAM-8s

LA1eTB84I. WISARD is a general purpose parallel processing machine which has its origin

in the interpretation of the basic addressing computation in the BBNM scheme as analogous

to that taking place in a Random Access Memory when it is addressed by some binary input

pattern. The machine has been used for high-performance image identification [A1e83bJ. In

[AleW85], the WISARD architecture is used in the context of adaptive window processing.

The WISARD has also been implemented as a commercial machine LComRS86]. which can

be trained on or classify 512 x 512 pixel binarised television images at a rate of 25 per

second.

1.3. Organisation of the Thesis

The remainder of this thesis is organised in eight chapters. These are outlined.

In Chapter 2, the relevant literature is reviewed and the necessary background on

WANNs is presented. The chapter reviews the major models of weightless nodes and their

properties. This is followed by a review of the most important weightless network

architectures. Work on McCP neuron models is also reviewed but in the context of the

weightless models examined. For some weightless and weighted models, more specific
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review is reported to subsequent chapters of the thesis.

In chapter 3, the generality of the weightless approach is argued. The generality of the

logical formalism is first demonstrated. The choice of the node function set is then

discussed. This is followed by a comparison of different pattern recognition methods

related to the operation of a single-layer discriminator network. Weightless implementations

pf standard learning paradigms are briefly reviewed followed by a discussion on emergent

property systems. Finally, several points of comparison between weighted and weightless

neural systems are made

Chapter 4 deals with feed-forward WANNs. The main structure studied is the

pyramidal feed-forward network. Given first are some further results on the functional

capacity of these networks (non-recursive formulae, approximations). Then the storage

capacity of these networks, or the number of associations that they can store, is

investigated for very simple cases. Finally, the dynamics of learning in these networks is

studied and the state transition probabilities during training are calculated. The proofs of a

series of results are given in appendices A, B and C.

Chapter 5 is concerned with unsupervised learning in WANNs. The self-organisation

properties of a Kohonen network are studied, in which the nodes are weightless. The C-

discriminator node is introduced. It is shown that a C-discriminator network is able to

form a topologically ordered map of input data, where responses to similar patterns are

clustered in certain regions of the output map. It is possible to predict the network

responses to different input patterns considering the overlap areas between patterns. The

algorithm used to train the C-discriminator network uses a spreading algorithm which

affects memory locations not addressed by the input training patterns. The aim of the

spreading operation is to diffuse the information acquired by the node from the training

patterns in order to be able to generalise its knowledge to "unseen" patterns.

Chapter 6 of the thesis deals with weightless auto-associative memories.. A network

called the General Neural Unit (GNU) [Ale9Oa] is studied for its ability to perform auto-

association. The nodes of a GNU are Generalising Random Access Memories (GRAMs).

A GRAM operates in three phases. The training phase is the operation by which the

GRAM records addresses with their required response. This is similar to the write mode of

a RAM. The training phase is followed by a spreading phase. Finally, during the use

phase, the node makes use of its stored information to produce an output. The disruption

probabilities between training patterns in the GNU are calculated and the storage capacity of

the network is derived. A method for improving the immunity of the GNU network to

disruptions is also proposed,, which uses a network based on the GNU but with

discriminator nodes instead of GRAMs.

Chapter 7 studies the retrieval process in the GNU network. First, the relationships

between pattern overlaps are derived and several useful corollaries are formulated, using

the principle of inclusion and exclusion. Then, the retrieval equations of the GNU network
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are derived.

Chapter 8 introduces the concept of the Dvna,nicallv Generalising Random Access

Memory (DGRAM). The DGRAM is derived from the GRAM, in which the training and

spreading operations are performed in a single phase. The DGRAM is able to store

patterns and spread them, via a dynamical process involving interactions between each

memory location and its neighbours and/or external signals. The DGRAM possesses

certain advantages over the GRAM. First, it is possible to store additional patterns even

after the spreading of previous patterns. Second, it is possible to distinguish between

trained and spread patterns. And finally it is possible to remove a trained pattern and its

associated spread patterns without disturbing the rest of the stored patterns.

Finally Chapter 9 is devoted to a summary of the Thesis contributions and to

suggestions for future work.
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CHAPTER II. WEIGHTLESS ARTIFICIAL NEURAL
NETWORKS

2.1 Introduction

This review chapter begins with a brief Section on the weighted-sum-and-threshold neuron

model. The Hebbian learning paradigm and derived learning methods are also briefly

examined. Then, Section 2.3 presents a review of WANN node models, detailing their

memory structure, learning and generalisation properties. Section 2.4 recapitulates on the

major properties found in weightless nodes, This is followed, in Section 2.5, by a review

of the different types of WANN structures and a review of major studies of network

behaviours. Throughout the chapter. work on McCP neuron models is also reviewed but in

the context of the weightless models examined.

2.2. Weighted-sum-and-threshold models

2.2.1. Node models

Most artificial neural network learning paradigms centre around the weighted-sum-and-

threshold neuron model, A Weighted-Sum-and-Threshold neuron (WST) is a

generalisation of a McCulloch and Pitts' neuron. Such a neuron or node j has n inputs
A real-valued weight it'11 is associated with each x1 . Typically, the

weight values are restricted to a predetermined range, for instance 10,11 or 1-1,1] [Mye9Oj.
Only the case [0,lJ is considered here, An activation level aj is calculated from the

weighted sum of the inputs,

a.	 (2.1)

and the output y1 takes one of the binary values. ] or 0. depending on whether the

activation a is above or below some real-valued threshold 0.;

= (a, >
	

(2.2)

In (2.1) and (2.2), the variables x, and v 1 are assumed to take binary values I or 0,

The model general ises easily to accommodate the use of analog inputs and outputs. Having
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analog inputs and outputs also allows for the development of gradient descent learning

algorithms (see later in this Section) and the use of mathematical analysis to study the

behaviour of networks of WST neurons. A general expression for the output function of

the neuron would then be:

= f(x1 w 11 - 0.).	 (2.3)

in which x and	 take analog values within some range and f is an output function.

The function f is chosen to be monotonically increasing with its argument. Often, f is

chosen to be sigmoidal. The choice of a sigmoid function enables efficient training and

analysis while preserving the desired "all-or-none" character of the binary formulation.

When f is the identity function, (2.3) becomes

yJ =x1w,1.-0,.	 (2.4)

Neurons with output function (2.4) are often referred to as Linear Units (LU). When 	 is

set to 0, (2.4) represents the function performed by the neurons of a standard Kohonen

network [Koh89a]. More about this case will be said in Chapter 5, when the C-

discriminator model is introduced as a contribution to this thesis. Also, the mathematical

developments of Chapter 3 will show how a formally similar expression to (2.4) is derived

in the maximum likelihood pattern classification method, between the conditional

probability of class membership and the estimates of pixel distribution in the input patterns..

2.2.2. Training methods

This sub-section examines some of the standard methods used for training WST nodes

to perform desired input-output associations or mappings.

Hebbian learning [Heb49] is a form of learning derived from the simplification of

observed biological behaviour which encourages the co-activity between nodes. In a

weighted' implementation, a Hebbian Learning Rule (HLR) can be defined, which

strengthens weights between connected nodes that are frequently co-active. This can be

expressed as

xi

in which	 denotes the variation of the weight from node i to node j and x and x1

denote the output values of nodes j and . respectively.
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The Standard Delta Rule (SDR) IWidH6OI is derived from the HLR. The SDR is more

useful, in practice. than the HLR, as It expresses the weight variation as being proportional
to an error signal 6 which is the difference between the node's desired output d. and

actual output x1

L\W IE =	 (d1 —x 1 )x, = 11.6, x,,

in which the coefficient i can be interpreted as a learning rate.

The Generalised Delta Rule (GDR), or Error Back Propagation (EBP) algorithm

IRumHW86], allows the training of multi-layer feed-forward networks of WST nodes

using a gradient descent scheme. The rule requires the nodes to perform some non-
decreasing differentiable output function f, of the form

x, =f(a),

in which a, is given by (2.1). The GDR takes exactly the same form as the SDR:

,1.aj.xl,

The determination of the error signals ó is an recursive process which starts with the

output nodes of the network:

6k = (dk -xk)fk(ak),

using the notation

f(ak) = 

(?ak

and back-propagates to the hidden nodes of the network:

b = f (a ,)âk Wkj*

Other methods exist for training WST or LU nodes (e.g.. [RumM86]. [Koh89aJ) and a

host of learning paradigms have been implemented using these node models and their

associated training algorithms. Amongst the most important of these paradigms are the

multi-layer perceptron [RumM86l. Kohonen's topological feature map [Koh82bJ.

Hopfield's network [Hop82]. the Boltzmann machine [AckHS85J, Grossberg adaptive
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resonance theory [CarG89], Barto's reinforcement learning [BarSA3J. Jordan's recurrent

network [Jor88j and Kanerva's Sparse Distributed Memory IKan88]. In Section 3.5. as

part of the discussion on the generality of the weightless approach, references are given for

the implementation of these standard learning paradigms using weightless nodes instead of

LUs or WST neurons.

2.3. Weightless neural nodes

2.3.1. The RAM node

The Random Access Memory (RAM) is the basic component of WANNs. A weightless

RAM has the structure of a bit-organised random access memory, in which the N address

lines correspond to synaptic inputs of the neuron and the data out terminal is a modelisation

of an axonic output. The data in terminal is sometimes referred to as 'dominant synapse'

[Ale83b]. Figure 2.1 shows a schematic representation of a RAM node.

Equivalently, a RAM node can be viewed as implementing a look-up table, the entries

of which are determined by the RAM inputs. A pattern, presented to the RAM inputs,

addresses some location in the table, and the output of the node is dependent on a value

stored at the addressed location. Also the RAM can be viewed as implementing a universal

logic element, providing all the minterms of its input terminals IAle65I.

Output
(Data Out)

Desired Output	 Input
(Data In)	 (Address)

Fig. 2.1. Schematic representation of a RAM iiode.

Learning in a RAM node is done during a training phase. It simply consists of storing

the desired output value for each possible input pattern at the associated address. It is

therefore trivial to memorise associative data in a RAM. During a use phase, an input

pattern addresses a memory location in the RAM and the value stored at that location is

outputted.
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A RAM does not generalise: an appropriate response must be stored for every possible

input. The node can learn to execute all 22 binary functions of its inputs, whereas the

WST is restricted to the set of linearly separable functions.

The inputs to a RAM node are binary variables. It is possible to extend the model to

accommodate inputs with 'grey-level s values In order to do so, the grey-level inputs need

to be coded in a suitable way. Binary and Gray codes are unsuitable because they distort

the generalisation characteristics of the network with respect to properties of the data in the

physical world [AleS79], The thermometer coding gives good results but a large input

space is required. A simple solution is to apply a threshold to the grey-level inputs In

IAus88], a rank coding method is applied to RAM networks trained to classify different

textures. More recently, the use of the CMAC coding scheme (CMAC is the acronym for

'Cerebellar Model Articulation Controller' [A1b75a] [A1b75b]) has been investigated in

JA11K93].

2.3.2. The Single Layer Net node

A Single Layer Net (SLN), as defined in [AIeS79J, consists of a decomposed structure or

array of K RAM nodes. Each of those RAMs is addressed by a N-tuple which is a

number N of bits taken from an array of in binary values forming the input to the SLN.

Thus, it holds that

in = K' N

The RAMs form a single layer network and their outputs are used as inputs to some output

function. Figure 2.2 shows a schematic representation of a SLN with the logical output

function AND.

Fig. 2.2. A SLN node with parameters N = K = 4 and with output function AND.

The adaptive parameters of an SLN are the values stored in the memory locations of its

RAMs. They are updated through a training procedure. Before training begins, all memory

locations are set to 0. The training of a pattern in the SLN consists of storing a I at the
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location addressed by the pattern in each RAM of the SLN.

The SLN exhibits generalisation properties. In [AleS79], the generalisation ability of an
SLN node is discussed in terms of the size of the generalisation set G1 , as defined in

Section 1.2.2. The size of G is affected by the choice of output function, the choice of

input mapping and the diversity of the patterns in the training set. The output function

strongly affects the size of the generalisation set. For instance, if the logical AND is used as
output function, the generalisation set G1 of class X, is made of all combinations of each

RAM's addressing sub-patterns, The size of G is given by:

K

GIAND I = fJk1,
i-I

with k1 the number of patterns seen by the .j-th RAM during training. If the output

function OR is used, the size of G becomes

=

and it can easily be seen that

O GI >> GANflI

The input mapping affects the way features are picked up. For instance, the connection of
RAMs to common features in the patterns of the training set reduces the size of G1

However the input mapping is usually chosen to be random and such that each RAM input

'sees one different pixel of the overall input pattern. The diversity of the patterns in the

training set affects the size of the generalisation set. Indeed, an increase in the size of the
training set results in an increase in the size of G.

2.3.3. The discriminator node

2.3.3.h Definition

A discriminator node (DN) is defined as being an SLN node with parameters N and

with output function consisting of the algebraic sum of the values addressed in the RAMs

of the node. Figure 2.3 shows a schematic representation of a discriminator with

parameters K=N=4.
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Fig. 23; A discriminator node I N = 4 and K = 4).

The node output, or response r 4 takes analog' values in the range [0,1] and is

obtained by calculating the proportion of RAMs in the discriminator,, which output a value

1 in response to an input pattern. Thus

r =	 1k
	 (2.5)

in which f denotes the binary value addressed in RAM k of the discriminator. The

response of a discriminator is often quoted as a percentage. It is in some way, a measure

of similarity of an unknown pattern to each of the patterns in the training set [AleM9O].

The discriminator node has the ability to generalise. Patterns similar but not identical to

those in the training set generate responses similar to those generated by the patterns in the

training set.

2.3.3.2. Prediction of the discriminator response

The discriminator response can be predicted [A1e83b] provided that all overlaps between all

trained patterns and test patterns are known. For one stored pattern T1 , the response r(U)

of the discriminator to an unknown pattern U can be approximated as

r(U) (ii 'V
	

(2.6)

in which w represents the overlap between T1 and U. When t patterns	 have

been stored, the response to pattern U can he approximated as [AIeM9O]:

r(U) (V + CO.'+-. +W,

- -	 - W -

+	 + w 1';4 + ... + w[, + w4+.
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+ (—I)''
	

(2.7

in which	 represents the overlap between U T,., T . .. and 7. Equation (2.7)

can be approximated by (2.6) if U is closer, in Hamming distance, to TL than to any other

training pattern. In tAle84bl, a very simple analysis of the discriminator's performance is

made, geared towards the establishment of design choices for engineers and it is argued

that a single discriminator has a discriminatory power that increases sharply and

monotonically with N. In [A11J92], further analysis of the inherent distance metric in the

discriminator memory space is performed.

2.3.3.3. Internal representation of a pattern class

In the following development, a pattern x is seen as a ordered set of m elements that can

take the values 0 or 1 The m elements of x are divided, randomly, into K randomly

chosen and mutually exclusive ordered sets of N elements each. Therefore x can be seen

as a set of K N-digit binary numbers requiring K 2 memory addresses, where

N K = in This leads to the definition of a column vector of K 2'' elements which has

K elements equal to I and the rest of the elements equal to zero:

= (a 1 a •'a, a,, 1 a22	 a22. ' a(K_I,2.V+IaK_I,,+, 	 aK,)I
	 (2.8)

with

= {_: otherwise

if the ith location is addressed in RAM r

I is the internal representation of pattern x inside the discriminator memory space. In

[AIIJ92], each N-tuple is interpreted as forming a sub-space of the input pattern space,

Using the definition (2.8), the learning of a class X of t patterns results in the definition of

a vector X such that

=

in which 1k denotes the k-th representation of X and 	 is used to denote the logical

addition of the corresponding elements in vectors	 X is the internal representation of

pattern class X inside the discriminator memory space.
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2.3.4. The Probabilistic Logic node

In contrast with the single-bit RAM model, the input of a Probabilistic Logic Node (PLN)

addresses a b-bit word and outputs a b-bit binary number which can be thought of as

representing some real number B in the interval [0,1]. Alternatively, B can be interpreted

as the firing probability at a binary node output, that is, the probability that the node

outputs 1. This digital interpretation enables the 'closure' between the output of one node

and the input to another [A1e88].

The PLN is trained with a local training rule based on a reward-punishment scheme.,

Reward consists of incrementing the value of B towards I if it is greater than 0.5 or

towards 0 if it is smaller than 0.5.. Punishment means incrementing or decrementing B

always towards 0.5.

A particular version of the PLN is when B only takes 3 values: 0. 0.5 and I . In that

case, the value 0.5 is often denoted u or 'unknown',, to indicate that, when this value is

addressed, the node will fire or not fire (i.e. respond 1 or 0) with equal probability. Before

any training takes place in the PLN, all memory locations are usually set to the u value.

The terminology PLN is often reserved for that 3-level version of the probabilistic logic

node (e.g., IKan86l or [KanA89J). Versions with more than 3 values for B are referred to

as MPLNs (multi-valued probabilistic nodes) (e.g., LMye88bJ, LMye89l or [Mye9O]).

PLN networks have been found to learn faster than equivalent WST networks, at least

for networks requiring a small number of nodes [Mye9OJ. Furthermore, PLN networks

reach peak performance within a small number of passes through the complete training set

[BisFF89].

2.3.5. The pyramidal node

2.3.5.1 Definition

A pyramidal node, or pyramid, is defined, in its canonical form, as a network of RAMs or

PLNs arranged in a hierarchical non-overlapping tree structure. In such a structure, no

external input is viewed by more than one input node. The two independent structural

parameters of the pyramid are the number of inputs per RAM. N, and the number of layers

in the structure, or depth, D, The total number of inputs of a pyramid is N 1 and the
number M.%.,) of RAMs is given by the expression

N'1M1,= 
N—i

(2.9)

Such a node is represented in Figure 2.4, in the case N 4 and D = 2.
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Fig. 2.4: A pyra,nidal weightless node (N = 4 and D = 2).

From the above description, it can be seen that the pyramid is a decomposed structure

and therefore its functionality is constrained. The pyramid cannot store a specific response

to each input pattern, in a way that a RAM would, and it must therefore group similar

patterns together in the same response class. The parameters N and D are two powerful

factors in determining generalisation and its complement, discrimination. An increase in the

value of N yields an increase in discrimination and therefore a decrease in generalisation.

Correspondingly, a decrease in N has the opposite effect: it increases generalisation and

therefore decreases discrimination. The depth D of the pyramid, together with N, affect

its functional capacity or number of distinct Boolean functions that the pyramid can

perform in response to training. This is further examined in Section 2.3.5.3.

Experimental results have shown that pyramidal nodes suffer from a poor quality of

gencralisation, that is, input patterns close in Hamming distance to stored patterns, do not

always produce a similar response to the stored patterns. For example, in [B1sFF89],

experimental evidence shows that deep pyramids (large D) with low node connectivity

(small N) perform very poorly on a problem of machine-printed character recognition. The

generalisation performance of pyramids is further discussed in Section 2.3.5.4.

Apart from affecting the functionality and generalisation properties of the pyramid, the

node decomposition implies also that, for the hidden nodes of the pyramid, the desired

output is not explicitly provided by the training set. This is one of the reasons for the

replacement of the RAMs in the pyramid by PLNs. The ability of PLNs to guess 1 the

value to output at a node is an essential feature of the pyramid training algorithms. Several

related algorithms are reviewed in the following sub-section.

2.3.5.2. Training algorithms

Several algorithms have been proposed in order to train pyramidal nodes. They all centre

around an overall reward/punishment scheme: all the nodes in the pyramid are rewarded
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whenever the output node outputs the correct value and punished whenever it fails to do SO

consistently [A1e88J. Kan [KanA89] proposes the simple rule that consists of freezing' the

current values of the PLN outputs as soon as the pyramid provides the correct output, in

such a way that these output values are firmly associated with their current inputs.

The PLN pyramid standard training algorithm, referred to as Aleksander Standard

Algorithm (ASA), can be expressed algorithmically as:

I Initialise the contents of all memory locations in all nodes to the value u. Set a count
variable c1 = 0

2. Choose an input pattern and desired output pair. Set a count variable c, = U

2.1, If c1 <c,, do c1 = + I

2.2.. If c1 = Cend stop.

3. Present the input pattern to the input of the pyramid and allow values to propagate

through the network.

4. Compare the value y, outputted at the network's output PLN, with the desired output

value d. Compute the error signal 6 = y - d,

4.1. If, 6 = 0, store the value outputted by each node of the pyramid as the new

contents of the memory location addressed by the inputs to that node. This ensures

that current, successful behaviour will be repeated. Then go to step 2.

4.2. If. 6 ^Odo c1 =c2 +1.

4.2.1 4 If c2 <c ç ,,go to step 3.

4.2.2. If c1 c,,, reset, for all nodes, the contents of the addressed memory

location, to the value u. Set c1 = 0 and then go to step 2.
The value of the parameter c is set in such a way that it guarantees satisfactory

responses to all patterns in the training set. The value of the parameter c,, is set in such a

way that it allows most possible 'addressing paths to be explored by the algorithm.

Extensions to the ASA have been introduced by Myers to make it applicable to MPLN

pyramids. In [Mye88bJ, an incremental reinforcement training algorithm for PLN nodes

with more than 3 stored values is developed. This is done in the context of exploratory

learning, for which the standard training and use phases of the processing are replaced by a

single exploratory' phase [Mye9OJ.

In [A-Ala9OJ, a similar algorithm to ASA is presented, referred to as Al-Alawi

algorithm (AAA) [PenS9l]. In AAA, the search in state space corresponding to loop

3i-4i-4.2i-*4.2.1i--3) of ASA, is performed deterministically instead of

stochastically. The algorithm can also be extended to MPLN pyramids. In [PenS9lj, it is

argued that although the AAA can get stuck at local maxima, it is not likely to be a problem

in practice. Also, when compared with ASA, the AAA achieves a reduction of the number

of iterations per pattern presentation, at the expense of an increase in the required number

of presentations of the training set.

The Noise Test Algorithm (NTA). proposed by Kan [Kan86], is similar to the ASA
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[Ale89aJ but operates in batch mode. During one iteration of the algorithm, all possible

input-output pairs, or instances, are presented to the network.The instance that gets learned

is the one that produced the highest error rate [A1e86J.

In Section 4.4, as a thesis contribution, the dynamics of learning in a PLN pyramid

with parameters N = 0 = 2 • trained with ASA, are studied and the transition probabilities

of the pyramid's internal state during training are calculated.

2.3.5.3 Functional capacity

The functional capacity, or functionality, of a neural node or network is defined as the

number of distinct functions that this node or network can perform in response to training

[A1e88j. The first work on the functional capacity of a pyramidal feed-forward neural

network was carried out by Myers IMye88aI who found a recursive polynomial formula

for the case N = 2 with arbitrary D. Denoting by JT(PT,D) the functional capacity of a

pyramid with parameters N and D, the formula is given by

F(2,D)=2+2p+2p2 ^2-

with p = f(2,D - 1)— 2 and r(2,O) = 4. In [Fon88], the functional properties of the

network are analysed, by exhaustive search, for N = I) = 2 A general formula for

arbitrary N and 0 was stated independently by Aleksander 1 , Redgers [Red88J, and Al-.

Alawi [A-AlaS89] and the concept of non-trivial partitions of patterns at the node inputs

introduced. The following double recursive formula was obtained:

N 'N'	 rf(N,D—l)-2 
N

f(N,D)=	 .)cb(N_l)[	
2	

] ,with r(N,l)=2 ;

(k)=22'_'[ .l(k -i) with Ø(0)=2,,
11\J/

in which (k) represents the number of distinct Boolean functions which depend exactly

on k particular variables.

Personal communication. Oct. 1988.
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Al-Alawi extended this formula to include the case of pyramids with variable

connectivity N at each layer. In IA-A1a90J, the functionality of the pyramid is compared

with that of the WST neuron model tMur65J and it is found that the pyramid has a much

greater functional capacity than the WST node. An algorithm is also given to check whether

a particular function can or cannot be achieved by the pyramidal node [A-Ala9O].

The results mentioned above give formulae that are recursive in both the number of

layers D of the network and the number of inputs N to each node. In Chapter 4, as a

contribution to this thesis, an exact and non-recursive formula is derived for the functional

capacity of a D- layer pyramidal network with 2-input nodes (N = 2), and it is shown that

the functional capacity of the network grows as 
62D•

2.3.5.4. Generalisation performance

In ISha89a], it is argued that the pyramid node may have a sub-node structure which may

be too restrictive from a computational point of view. Indeed, there is only one path from

any input bit to the single node output If any PLN implements a function which only

depends on a few of its inputs, then all nodes below and which connect to the other

irrelevant inputs of that particular PLN will be ignored. This suggests a bad performance of

the pyramidal node for higher-order problems. For the parity checking problem, for

example, one finds that most changes to stored values result in no change to the error

measure, and the training amounts therefore to a random walk. Learning time is found to be

exponential in the number of inputs to the pyramid ISha89aJ IAle89aJ [Mye9O]. This also

confirms the complexity results obtained by Judd on the NP-completeness of learning in

neural networks of depth greater than two [Jud9O]. In [Mye9OJ, it is argued that PLN

networks and in particular pyramids learn more quickly than WST nodes but only in the

case of small networks.

In [PenS92]. a simple model of the generalisation process, based on information-

theoretic considerations [Den87]. is used to assess how accurately a pyramid network can

classify unseen patterns after having been trained on a number of training patterns and

assuming that both training and test patterns belong to a function that the pyramid is able to

perform. This provides an estimation of the generalisation error as a function of the

network connectivity and the number of training examples. This estimation, however, is

based on very unrealistic assumptions. For example, it is assumed that, throughout

training, after a new training pattern has been learned, half of the remaining functions

(compatible with the training patterns learned so far) will be compatible with the next

training pattern. Furthermore, it is assumed that all functions that the network can perform

arc cqui-probable. Despite these assumptions, the conclusion holds that, because the

number of functions the pyramid can represent is many orders of magnitude smaller than
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the total number of possible Boolean lunctions. in most cases, the network is equally likely

to respond correctly or incorrectly to some pattern unseen before.

In Section 5.2, it is shown that pyramids are unsuitable for training in a Kohonen-type

network under an unsupervised training scheme, clue to their generalisation characteristics.

2.3.6. The continuously-valued discriminator node

In chapter 5, as a thesis contribution, the continuously-valued discriminator node, or C-

discriminator (CDN), is introduced as an extension to the discriminator node described in

Section 2.3.3. The memory locations in a C-discriminator can hold a continuous range of

values between 0 and I. The RAM sub-nodes of a C-discriminator will be referred to as

Continuously-valued RAMs (C-RAM).

2.3.7. The generalising random access memory node

2.3.7.1, The ideal artificial neuron

In [Ale9Oa], an Ideal Artificial Neumn (IAN) is defined. The model has the following

properties:

I. The IAN records the appropriate response to all patterns in the training set (during a

learning period). It is capable of producing these responses at its output when

addressed by all such patterns.

2. Given an input due to a state not in the training set, the IAN must produce a response

as the most similar pattern in the training set.

3. States which lead to input patterns that do not have a clear, single, most similar

element of the training set cause the output to be 0 or I with equal probability.

The Generalising Random Access Memory model (GRAM) is a physical embodiment of

the IAN and is reviewed in the next sub-section.

2.3.7.2. The GRAM model

A Generalising random access memor y (GRAM) is essentially a 3-value PLN, augmented

with an internal generalisation mechanism called spreading. The GRAM operates in 3

phases [Ale9Oa]. During the training phase, the node records addresses with their required

response. Then comes a spreading phase, during which memory locations not addressed

during the training phase, are affected b y the use of a suitable spreading algorithm. Finally,

during the use or operating phase. the node makes use of its stored information.

The aim of the spreading phase is to diffuse the information acquired by the node

during training in order to he able to gencralise its knowledge to unseen" patterns.
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Different spreading procedures can be used. For example, in Chapter 7. a spreading

algorithm is considered which givesfull generalisation. It proceeds as follows. All memory

locations in a node are considered in turn. If a memory location contains I or 0. it is left

unchanged. If it contains u, it is set to 1 (or 0) only if its address is closest in Hamming

distance to the address of a memory location storing a I (or 0); otherwise it is left

unchanged. After this operation, the node is said to have full generalisation, that is. unless

there is a contradiction, all memory locations in the node are set either to 1 or 0.

An implementation of the GRAM, called Virtual RAM (V-RAM), was proposed in

[Mrs93J. which consists of only allocating memory space for the training patterns and not

for the memory locations which are not addressed during training. During the operating

phase, the node responses to inputs not encountered during training are determined by

calculation. It is usual, for example, that the output corresponding to the training pattern

closest in Hamming distance to the current input pattern is outputted. The VRAM

implementation technique leads, in general, to a much lower memory requirement than with

a fully-implemented GRAM. However, the advantage of a gain in required memory has to

balanced with an increase in response time during the operating phase.

2.3.7.3. Best matching and diffusion algorithm

The GRAM model is closely related to the general problem of best matching. In LKan88I,

the problem of best matching is defined as that of finding the element of the network

memory closest, in Hamming distance, to the input pattern. In [MinP69], the problem of

best matching is also discussed and the learning of a training set L is defined as consisting

of storing at each address of the memory the pattern of L which matches the address the

best. Retrieval is then reduced to reading just one word from the location addressed by the

test pattern. In LKan88], a filing scheme is proposed for Minski & Papert's algorithm,

which consists of:

I. storing the training patterns at locations addressed by the patterns themselves,
2. computing, for each training pattern T,, all the patterns that arc one bit away from

3. writing 7;, in locations addressed by these distance-t patterns, unless a location is

already occupied.

4. repeating for distances 2, 3. and so on. until all the memory is filled.

Kanerva defines the Best Match Machine (BMM) in which finding the best match for a test

pattern U. consists of placing U in the address register and finding the least distance for

which there is an occupied location. Only one location is needed for each training pattern

and none of the unoccupied locations need be present.

The work reported in IWonS89J relates closely to the concept of spreading algorithm

introduced in the GRAM model. In iWonS89I, a RAM-based auto-associative network
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was studied in the case of low connectivity for the storage of uncorrelated patterns. The

learning was based on a noise training algorithm, which was found to be equivalent to the

so called proxiniir rules twonS89], in the limit of low training noiSe level. A majority rule

was then derived from the proximity rules, as an alternative way of training the network.

The majority rule gives a higher storage capacity than any noise-trained algorithm. It

proceeds as follows. The contents of a location follows the pattern which is its nearest

neighbour, if there is only one such; the contents follows the majority if there is more than

one nearest neighbour pattern; if there is no majority, the location is randomly filled with 0

or I with equal probability. This leads to a new way of training the network called

diffusion algorithm :

1. Each pattern is stored at the correct memory location of each node. If more than one

pattern addresses a location, its contents is determined by the majority rule

2. The contents of these locations are copied to their nearest neighbours which are still

unaddressed. If more than one pattern addresses a location, its contents is

determined by the majority rule.

3. Point 2 is continued until all the memory locations are filled.

2.3.8. The dynamically generalising random access memory node

In Chapter 8, as a contribution to this thesis, the Dynamically Generalising Random Access

Memory (DGRAM) is introduced. The DGRAM is derived from the GRAM. The training

and spreading phases of the GRAM are replaced by a single learning phase INto93]. The

DGRAM is able to store and spread patterns, through a dynamical process involving

interactions between each memory location, its immediate neighbours and external signals,

The DGRAM exhibits very desirable properties, compared with those of the GRAM. First,

after the initial trained patterns have spread throughout the memory space, additional

patterns can still be stored in the DGRAM. Secondly, it is possible to distinguish between

trained and spread patterns. And finally, a trained pattern and its associated spread patterns

can be removed without affecting the rest of the stored patterns.

2.3.9. Other weightless node models

In IGorT88l, a noisy neuron model is developed, which includes many physiologically

realistic features, and is shown to be equivalent to a network of noisy RAMs. This leads to

the definition of the Probabilistic RAM (P-RAM [GorT9O] [GorT93]. The P-RAM is

basically an extension of the PLN, in which each memory location can store a continuous

value in the range [0. II and which outputs a spike-train signal whose frequency is related

to the contents of the addressed memory location. The memory contents itself is a function

of the frequency with which the memory locations have been accessed over some number
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of previous time steps In [Mye9OI.attention is drawn to the similarity between the P-RAM

and MPLN weightles.s neuron models. In IGur89l. a similar model to the P-RAM. called

S-model, is developed (S stands for 'stochastic'). The S-model is derived from an analog

extension of the RAM node called A-model (A stands for 'analog').

In IFiIBF9OJ, the Goal Seeking Neuron model (GSN) is proposed as a deterministic

version of the PLN. The GSN can also store values from the set {O, 1, u}, but in contrast

with the PLN. it also accepts these values as inputs and generate them as output. If the

input to a GSN contains u values, a series of locations in the node are accessed whose

addresses are obtained by replacing the u values in the input by the values 1 and 0. So, if

d inputs are at U, 2d locations are visited in the node. GSN nodes are used in similar

architectures as PLN nodes, the pyramidal network being a popular one [FiIFB92]

[CarFBF91]. There are 3 phases of processing in GSN networks. During a validation

phase, some strategy is employed to decide if the requested input-output mapping is

possible. During a learning phase, changes to the GSN contents are performed. During the

recall phase, if several locations are accessed in a node, the output is decided by majority

rule. Improvements to GSN networks have been proposed which relate to output encoding

and selection of initial topology [MarA93].

In [Kru9lJ, the Linear Interpolating Boolean Node (LIBN) is introduced. It is a RAM

node with both inputs and outputs taking the binary values -1 or I and which is trained by a

gradient descent method. During training, the LIBN output function is expressed as a linear

interpolation between the memory location contents. This continuous nature of the

processing is only necessary during training. After training is completed, the node strictly.

operates in a RAM mode in which the output is obtained by addressing a memory location

with some input pattern. It is the linear interpolation which differentiates the LIBN from the

Derived Probabilistic Boolean Node (DPBN), introduced in [Mar89] as an extension to the

PLN and which is also trained by an adaptation of the Error Back Propagation (EBP)

algorithm.

In LVid88I. the concept of Dynamically Programmable Logic Modules (DPLM) is

introduced. These are basically non-stochastic RAMs, arranged in tree structures and

trained by truth table decomposition. These are demonstrated in the context of moving edge

detection, tracking and detection of pattern of some minimum size in the input data.

In IMoo89], a Memory-Based Learning Controller (MBLC) is used in the context of

robot control. The MBLC involves explicitly remembering every experience in the lifetime

of the robot. Then, responses to new inputs are provided either by Nearest-Neighbour

Methods (NNM) or by Local Weighted Regression (LWR). Learning is very fast and the

predictions can be made fast enough for real time control. The important point is that

memorising all previous experiences permits a variety of forms of mental simulation and

self-checking. The resulting system is one which improves very quickly when learning

simple problems. yet which does not get stuck in false minima when learning hard ones.
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In IZhaC9OJ, the Lagrange Programming Neural Network (LPNN) is introduced. It is

a neural network designed for non-linear programming. The LPNN has been demonstrated

in the context of maximum entropy image restoration [ZhaC9ll, which is shown to be

equivalent to an optimisation problem in which one or more expressions must be

minimised, subject to some conditions. A dynamical system of equations can be

formulated, whose equilibrium point provides a Lagrange solution to the optimisation

problem. The neural nature of the processing follows from the implementation of the

dynamical process as a connectionist VLSI circuit. The LPNN is somewhat different from

the RAM-based systems reviewed earlier in this chapter. However, it is justified to review

this neural model in the context of WANNs, as neither weights nor thresholds are

necessary to describe its behaviour. The only adaptive parameters of the system are held in

memory elements, referred to as parameter neurons, while the dynamical process is

performed by so called variable and Lagrange neurons [ZhaC9 1].

2.4. Properties of weightless neural nodes

2.4.1,, Introduction

Section 2.3 has reviewed a series of weightless node models, which can be characterised

by a number of the following 4 properties: the training is performed by node loading: the

generalisation is partly or totally achieved by a spreading mechanism; the generalisation is

partly or totally achieved by node decomposition; the node function is allowed to become

probabilistic. The 4 properties are examined in more detail in the following sub-sections.

2.4.2. Node loading

Due to the RAM-based nature of all weightless neural nodes, training mainly takes place by

storing the correct information at the correct addresses in the nodes. This storage operation

has also been called loading [Ale9OcJ. by reference to a connectionist learning protocol

defined by Judd. In IJud9OJ, a computational problem, referred to as loading problem, is

defined as an approximation to the common connectionist notions of learning. Loading is

defined in the context of supervised learning. Input patterns, the stimuli, are presented to a

machine paired with their desired output patterns, the responses. A task, that the system is

required to learn, is defined as a set of Stimulus-Response (SR) associations that the

machine is required to learn. Learning consists of remembering all the associations

presented during the training phase. The retrieval process consists of accepting a stimulus

and examining the memory in order to find and output the associated response. Figure 2.5

shows a schematic representation of Judd's learning protocol.
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Fig. 2.5: General learning protocol, as defined by Judd.

2.4.3. Generalisation by spreading

In LAle9Ob], spreading is defined as referring to a process of affecting the contents of

storage locations, not addressed during training, by the use of a suitable algorithm which

may be implemented on-chip or through appropriate actions in the control machinery, The

idea of spreading was first mentioned in [A1e89a] as a means of implementing a PLN's

ideal contents, using some machinery internal to the node. Related work can also be found

in [Kan88J, in which the concept of Best Match Machine is discussed, and also in

[WonS89], in which a diffusion algorithm is defined (see Section 2.3.7.3).

Different types of spreading can be distinguished: spreading generated by noise training

[A1e89a] [WonS89j; explicit spreading, as in the C-discriminator training algorithm

[Nto9OJ (see Chapter 5) or as in the GRAM spreading algorithm [A1e89bJ (see Section

2.3.7); and dynamical spreading, as in the DGRAM learning algorithm LNto92dI (also in

INto93] and in detail in Chapter 8, as a contribution to this thesis).

2.4.4. Generalisation by node decomposition

As already exposed in Sections 2.3.3 and 2.3.5, the main reason for node decomposition

in WANNs is to allow a measure of control over the generalisation and discriminatory

powers of the weightless nodes and networks. A secondary reason for node decomposition

is to limit the exponential growth of the required storage with the number of inputs to the

nodes. Figure 2.6. shows a schematic representation of the pyramidal and discriminator

decompositions of a weightless node.
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Fig. 2.6: Pyramidal and discriminator decompositions of a teight1ess node.

2.4.5. Introduction of a probabilistic element

The main reason for the introduction of the u state in the PLN model and the models

derived from it, was the need for the implementation of a "dont know" state. In [KanA89J,

it is argued that the initialisation of the memory contents to the value u enables the network

to start the training in an un-biased state, If the memory contents was preset to deterministic

values, this would provide a pre-existing state structure which would need to be disrupted

before training to the desired stable states can even begin [Mye9O]. Instead, learning in

weightless nodes consists of, where possible, adjusting ii values only, thus exploring

uncommitted regions of function space. Only when the stored knowledge is inconsistent

with the current input-output pair does a reset operation take place which returns the

currently addressed locations to the unbiased state.

It was observed (e.g., IAle73]) that in recurrent networks, the network tends, to enter

limit cycles if an probabilistic element is not introduced. The introduction of the u state

reduces the possibility of cyclic dynamics which prevent the retrieval of correct patterns2,

This also points out to the importance of having a certain amount of noise present in the

system.

Another reason for the introduction of the probabilistic element U is to enable the

training of hidden layers in multi-layer nodes or networks (see Section 2.3.5.2).

In [WonS89], it. is argued that, from the point of view of storage capacity,, the

introduction of the state u does not improve the performance of the network. This question

2 IL is argued in lWonS89 that tr networks of low connectivity, the possibility of c yclic dynamics is
irrelevant
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of storage capacity was discussed in the particular framework of a sparsely inter-connected

recurrent PLN network, with a low training noise procedure. Applying a majority rule, for

the particular network configuration studied, Wong & Sherrington argue that it is always

better to fill a memory location with the majority bit, if there is any, than with a u value.

These criticisms of the u value are made in the particular context of the training with noise

algorithm. In that case, inevitably, some memory locations which contained the correct bit

are filled with the u value, and the storage capacity of the network therefore deteriorates.

This will no longer be the case in the General Neural Unit (GNU) network with GRAM

nodes (see Section 2.5.3.3).

2.5 Weightless neural networks

2.5.1. Network structure levels

In [Ale83b] (also in IAle84a]), several levels of weightless network structures are

distinguished. These are represented in Figure 2.7.
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Fig. 2.7: Network structure levels: (a) level-O; (b) level-I; (c) level-2; (d) levet-3.

Level-O structures are basically feed-forward networks. These networks have been

shown to exhibit generalisation properties, by acceptance of diversity with respect to the

stimuli coming from the environment IAle83bJ. Networks with levels I to 3 are structures

which all have various degrees of feed-back,

In level-i structures, the output of the network is fed-back and mixed to the incoming

stimulus from the environmenL This type of feed-back has a role of amplification of



CHAPTER 2: WEIGHTLESS ARTIFICIAL NEURAL NETWORKS	 46

confidence. Level-I structures exhibit a short term memory of the last response of the

network.

In level-2 structures, the input field to the network is split between an external input

field and a feed-back input field. The output of the network can directly be used as the feed-

back input field, but generally a separate feed-back output function is provided. Level-2

network structures are also referred to as recurrent networks [Jor88]. This type of network

is able to store inner state images or pattern prototypes. The system, after having been

trained on these prototypes, is then able to respond to variants of input images by settling

into one of these inner states. Prototype inner state representations have also been referred

to as iconic states [AIeM93] (also in [A1eEP93J or [NtoS94]). Level-2 structures have been

shown to exhibit a number of associative and temporal network hehaviours They can be

trained to respond to a static stimulus by a static response or a sequence of responses.

Correspondingly, they can be trained to respond to a sequence of stimuli by a static

response or by a sequence of responses, displaying therefore properties such as sequence

sensitivity.

In level-3 structures, two levels of feed-back can be distinguished. The first type of

feed-back is the one found in level-2 structures.The second type of feed-back takes place

between the inner state and the external input, creating therefore an attention tnechanis,n in

the network, by which the inner state of the network influences the next stimuli arriving at

the input of the network This type of feed-back can be implemented by a windowing

system, with zoom, panning and scrolling mechanisms (e.g., LRee73I c [Dow75J,

[A1e84b], [AIeEP93J or [NtoS94]). The window position control can be done either by

pre-programmed scan [Ree73], by small increments [Dow75J or. as suggested in [A1e84bJ,

by saccadic jumps [NtoS94]. Saccadic jumps arc context-dependent and constitute a

powerful tool, not only in object labelling in multi-object scenes, but also in the analysis of

similarly shaped objects which differ in local detail IAle84bl.

2.5.2. Feed-forward weightless networks

2.5.2.1. Introduction

In this Section. two feed-forward WANNs are reviewed: the single layer discriminator

network and the advanced distributed associative memory, which is a two-layer

discriminator-based WANN. Studies using feed-forward WANNs with pyramidal nodes

can be found in [Mye9OJ. Also, it is worth noting that single discriminator nodes or

pyramidal nodes are sometimes referred to as net t'orks , due to their decomposed structure

which can be interpreted as that of a network of RAM or PLN nodes. In Chapter 4, in

which feed-forward pyramidal networks are studied, as a thesis contribution, it is the

network interpretation of a pyramidal node which is used.
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2.5.2.2w The single layer discriminator network

2.5.2.2.1. Description of the network

In Section 2.3.3, a single discriminator node was presented. In classification problems

involving more than one class of patterns, a network made of one layer of discriminators

with parameters K, N is used IAIeS79I. A number ; of discriminators is assumed,

corresponding to z different classes X .X, . ,X, • with each class of patterns to be

classified being assigned to a different discriminator. Figure 2.8. shows a schematic

representation of the overall recognition system.

Input pattern	 Discriminator
responses

Decision

U
Strongest response

Confidence

Fig. 2.8: One-layer feed-forward discriminator neni'ork.

The input to the network consists of an array of n input pixels. A random mapping is

applied between the input pixels and the K exclusive N-tuples in each discriminator:

"A random map is chosen, because sampling points distributed throughout the pattern
matrix are more likely to detect global features than an ordered map, which in a single-layer
system is only sensitive to local features" [AleS79l.

The outputs of the DNs feed in an overall decision circuit which assigns the

classification of an unknown pattern to that DN which has the strongest response. It is

worth noting that with the use of a decision circuit, the predetermination of output-decision

thresholds is avoided.

2.5.2.2.2. Learning and generalisation

During a learning phase. each discriminator is trained to a set of patterns belonging to the

same class. For each training pattern, a 1 is stored in the RAMs of the discriminator

corresponding to the pattern class, at the memory locations addressed by the input pattern.

For each class of patterns, numerous examples of that class, differing in shape or position
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or both, can be learncd, A key point of this training procedure. noted by Bledsoc and

Browning. is that the very shape of a pattern forbids certain memory locations from being

addressed and thus prevents the logic from saturating too quickly.

During the recognition phase, an unknown pattern is scored against the discriminator

responses and identified as a member of the class corresponding to the discriminator which

scores highest ISte62I. Different discriminators are trained to different patterns, thus setting

different memory location contents to 1 in each discriminator. Therefore, the responses of

the different discriminators to an unknown pattern are different,

Control can be gained over the generalisation of the network by insisting that there will

be a minimum difference between the responses of the discriminators responding highest

and second highest, r1 and r,. This enables the control the reject class size and leads to the

definition of a confidence parameter C defined as (tAle83bJ):

C = 
r1 -i.,

'1

which can be approximated, using (2.6), by

C 1 
(W2

- -)
WI

in which w represents the overlap between the input pattern and the closest pattern in the

training set for discriminator j , The "don't know" category is particularly important. If the

confidence C is smaller than some reject threshold p (i.e. C<p), the input pattern is

classified as 'don't know". It should be noted that here the "don't know" concept is

implemented at the network level. It is interesting to put this in contrast with PLN networks

in which the "don't know's concept is implemented at the node level in the form of the a

contents.

It has been found empirically that for a given size t of training set, there is an optimum

value N which will give maximum performance, smaller values of N causing over

generalisation and larger ones under-generalisation [AleS79].

The number of training patterns z is a parameter of the system which has similar propertie.s

to N; small training sets have an effect similar to small N-tuple samples. When t becomes

large, the network memory starts saturating with 1 values. This saturation characteristic is

particular to the particular type of training considered, in which the contents of memory

locations can only be set to 1 but never reset to 0. Steck notes;

"Usually in sampling problems the more observations one has, the more information one
has about the statistical population in question, Here the opposite is true: beyond a certain
point the more observations one has, the less information one has about the population of
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patterns [Ste621.

The possibility of non-exclusive N-tuple sampling of the input pattern is considered

LBIeB59] (also in [Ste62]). In [AIeS79J. a coverage parameter V is then defined as:

KN
?fl

It has been shown experimentally that some improvement in the percent of correctly

recognised patterns occurs when V> I (oversampling) but that the improvement is

marginal [BIeB59] and that, as V is increased, the performance of the system rapidly

reaches a asymptotic value. Also, an increase in coverage increases the amount of memory

and computing time necessary to implement the network. There is therefore no real

advantage in non-exclusive grouping. In [AI1BJ89], oversampling is used, in the context of

an N-tuple sampling-based Kohonen network, to improve reconstruction of corrupted

input vectors during the use phase.

Finally, it is also interesting to mention the experimental results obtained in [AleW85]

and which show that a discriminator network trained on an edge-detection problem

performs at least as well as Sobel and Laplace transforms on a binary image and is less

sensitive to noise distortion IMye9O].

2.5.2.2.3.. Steck's stochastic model

Using a stochastic model Steck [Ste62] gives, for the discriminator network, the

probabilities of successful recognition as a function of the structural parameters z, K 4 N

of the network and of pattern variability parameters ir and V of addressing a I at a memory

location when it is wanted or unwanted, respectively. Steck ISte62J gives a semi-empirical

method for estimating the variability parameters ir and v as functions of the parameters N

and t where t represents the number of experiences of the learning process for each class.
A pattern x,,. presented to the network s selects K memory locations in each of the ;

discriminators. The notation f is used to denote the value addressed in the i-th RAM of

the j-th discriminator.

A number of assumptions are made on the independence and distribution of' the
addressed values f,:

I) The f are assumed to be independent. The assumption is reasonable since flO two

RAMs are looking at the same part of the input pattern. In reality, correlations between

N-tuples exist but arc small if the within-class variability is considered as resulting

only from uniformly distributed noise and if causes producing high correlations

between patterns (i.e., shift, scaling. .,J arc neglected.
2) The values	 addressed in discriminator p trained Ofl patterns belonging to

/ P;i
( LC .:'i 

J
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the same class as input pattern x1 ,. are all assumed to have identical binomial

distributions B(l,) ((GriS82]). This assumption is unrealistic since some RAMs are

better than others for the recognition of a pattern within discriminator p. However, the

assumption is reasonable because the variations are averaged out.
3) The values f. with i=I,",K, j=l,'',z and j^p, have all identical binomial

distributions B(l.v). This assumption is both unrealistic, since some classes of

patterns look more alike than some others (effect of the among-class variability), and

unreasonable, since the variations in among-class variability are not averaged out.

So, a pattern x,,, presented to the network, yields a set of responses r,, 1 ,r,,, ,' • r, to

which correspond a set of random variables	 with Re,, a random variable

with distribution B(Kjr) and (j^p) z—1 random variables with distribution

B(K. v). Summing over all values of the R,, , the probability of correct recognition P.(x)

of input pattern x,, can therefore be expressed as:

=k)A(rnaxR, <k)}
k=I

K

=	 Pr(R,,,, = k) . [Pr(R,, <klj ^
k=1

[KJ irk	v)h . v' ]

	
(2.10)

2.5.2.3. The advanced distributed associative memory network

The Advanced Distributed Associative Memory (ADAM) is a 2-layer discriminator-based

network s The system works as a hetero-associator which accepts as input distorted

versions of previously stored patterns and retrieves at the output their associated stored

patterns. There is no hidden layer in the network. The output of the first layer forms a class

pattern, of length Q and with q -point coding (q randomly chosen bits of the pattern are set

to 1 and the rest is set to 0). The class pattern is chosen, usually at random, during training,

for each association trained in the network. The input pattern is associated with the class

pattern in the first layer of the network and the class pattern is associated with the output

pattern in the second layer of the network.

The first layer is made of an array of Q discriminator nodes (DN) with parameters K

N (see Section 2.3.3). Each discriminator receives the totality of the input pattern. The

mapping usually random, of the input pattern is identical for each discriminators The

training of an input pattern in the first layer of the network is done by setting to the
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contents of addressed memory locations in the discriminators which are required to produce

a 1 at the corresponding bit of the class pattern. During recall, when an unknown pattern is

presented for association, the response of all discriminators is thresholded, such that the q

discriminators outputting highest produce a thresholded 1 and the rest a thresholded 0. This

type of thresholding is referred to as q -point rhresholding. The test patterns are expected to

be distorted versions of the training patterns and therefore the first layer of ADAM is

required to exhibit generalisation properties. The generalisation ability of the first layer is a

consequence of the generalisation properties of discriminator nodes and of the

generalisation provided by the q-point thresholding operation.

The second layer of the network is made of one array of linear unit elements (LU) with

binary weights. Its role is to associate the class vector used to train the first layer with the

required output pattern. The second layer of the network needs no ability to recall on

incomplete data. Indeed, it is expected that the inputi.e. the class pattern retrieved by the

first processing layer will be the same as the one taught during training LAus86], This lack

of required generalisation in the second layer justifies the choice of LUs with binary

weights instead of DNs. The threshold used at the outputs of the LUs is the same for all

units and set to a value q,justified by the q-point coding of the class input patterns to the

second layer.

The parameters of the ADAM system are K, N, Q and q. A schematic representation

of the ADAM system is given in Figure 2.9.

Fig. 2.9: A schematic representation of the AI)AM system.
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The main cause of recall errors in both layers is the saturation of the network. The

effect of saturation in the second layer results in erroneous bits appearing in the output

pattern. This also affects the first layer and diminishes its ability to recognise incomplete

input patterns. The errors occurring at the output of the first layer are due to extra

discriminators outputting a maximum value K, as a consequence of their saturation. In that

case, the q-point thresholding will produce errors. The storage capacity of the network can

be estimated based on the calculation of the probability that a discriminator outputs wrongly

a maximum response K. The storage capacity is then defined as the number of patterns that

can be loaded before an error bit appears at the class pattern, on average over a number of

test pattern presentations. It is shown in [Aus86] (also in [AusS87J) that this number S of

patterns can be expressed as a function of the network parameters:

S= log(l - 1).log'(l.2).

The ADAM network has been used in scene analysis applications, for which objects to

be recalled may be occluded by other objects in the scene IAusS87J. The system can also

be augmented with a pre-processing stage to provide it with rotation and scale invariance

capabilities LAus89I. Grey level inputs are also possible, using a suitable coding of the

input patterns [Aus88]. Other improvements include the possibility of storing multi-valued

data in the memory and also an automatic selection of the class patterns by a Kohonen-type

algorithm LAus93J.

2.5.3. Recurrent weightless networks for associative memory

2.5.3.L The sparsely-connected auto-associative PLN network

In [WonS88] (also in [WonS89J), results on the study of randomly and sparsely

connected auto-associative PLN networks are reported. For sparsely connected networks,

the number F of inputs per node is much smaller than the number K of nodes in the

network (F << K).

The method of investigation used is Statistical Mechanics (e.g. LCamSW89]). which

deals with storing and retrieving as energy minimisation problems. In studies on storage

capacity, one typically fixes the set of stored patterns and looks for parameter

configurations (the parameters being either weights or memory contents) that minimise an

energy function. The study of retrieving can be viewed as the inverse of storing, in which

one typically fixes the parameters and looks for neuronal states that minimise an energy

function [WonS9IJ.

The study by Wong & Sherrington is only concerned with the storage and retrieval
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properties of the network and not with training times and efficient learning algorithms.

Most of the results obtained are asymptotic in the number of training steps They are

calculated for a network reaching an equilibrium state after an infinite number of training

pattern presentations.

The associative properties of the PLN network are obtained by a training-with-noise

algorithm (first proposed by Aleksander in [A1e89a]). According to this algorithm, all

memory locations are first initialised to the value 14. Then. during each training step. an

example pattern is presented to the input of the nodes. Addressed memory locations

containing correct bits are left unchanged: addressed memory locations containing u are

filled with the correct bit: and addressed memory locations containing the incorrect bit are

reset to u . The main training parameter is a training noise level d. A noisy version of a

pattern required to become a stable state of the network is presented many times to the

network. Each noisy instance is obtained from the original pattern with a fraction d of its

bits set at random.
For a large number S of stored patterns T1 , with i =	 the mean field

approximation holds and the dynamics of the system can be described by mean field
parameters x1 describing the distance of the network state to stored pattern T1 ., The

dynamics of the network are determined by retrieval equations f1 (x1 ) such that:

x,(t+ 1) = f,(x1(t)).

It is the stability of the fixed points of the retrieval equations that is of interest. A stable
fixed point at or near a stored pattern (i.e. x1 = 0) means that the network has associative

memory, i.e. starting with an initial configuration which has only partial agreement with a

stored pattern, it eventually retrieves the pattern (WonS89I. For examplc, the retrieval

equation corresponding to the storage of one pattern, with no added noise, is [Ale87] (also

in JWonS88J):

x(t + I) = . ,-(l —[I -

It can be shown that, for F> 2, the network has almost no associative memory. However,

if t additional training steps are performed, with noisy versions of the stored pattern, the

retrieval equation becomes:

and the fixed point at x = 0 changes from unstable to stable, enabling therefore associative



CHAPTER 2: WEIGHTLESS ARTIFICIAL NEURAL NETWORKS	 54

memory

The main result obtained by Wong and Sherrington i. the storage capacity of the

network, in the limit of very low training ,wi.ce and for uncorrelated patterns. In that

particular case, the network is shown to have a maximum storage capacity

5
	 21	

(2.J I)

which corresponds to an average of one nearest-neighbouring pattern stored at Hamming

distances 2 on each node [WonS89]. Moreover, it is shown that low training noise levels is

the best strategy for high storage and that • in that case, the training-with-noise algorithm is

equivalent to so-called proximity rules (see also Section 2.3.7.3 for a further discussion of

the proximity rules and resulting dz:tfrsion algorithm, in the framework of spreading

methods).

In IWonS89], the characteristics of the PLN network are also compared with those of a

dilute asymmetric Hopfield-Little network having the same topology as the PLN network

but with synaptic storage, The storage capacity for the HoptIeld network is only

([DerGZ87])

S=---=O.64F,

which is much small than (2.11) for large F. It turns out that, in common with the

Hopfield-Little network, the PLN network exhibits a memory threshold, beneath which it

can store with only small errors, but at which it experiences a memory catastrophe

[WonS89]. When the extent of the basins of attraction are considered, the PLN network

can be categorised as short-ranged whereas the Hopfield-Little network exhibits a long-

ranged behaviour. In a PLN network, the more patterns are stored the smaller their radius

of attraction becomes. This is not the case in the Hopfield-Little network where the basins

of attraction are much wider and are independent of the number of stored patterns. As

before, these results hold for uncorrelated patterns.

The short-range aspect of the PLN network can be explained by the fact that the

information about patterns is stored in localised regions within each node., The advantage is

a minimal interference between patterns which are considerably different; the disadvantage

is a relatively small size of the basins of attraction.
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2.5.3.2. Fully-connected auto-associative weightless networks

2.5.3.2.1. Pure feed-back PLN networks

In [ZhaZZ9I] (also in [ZhaZZ92]) a single-layer PLN network with pure feed-back

connections is analysed using Markov Chain Theory [CoxM65J. A series of sufficient

conditions for the convergence of the PLN network is provided. Other results include the

probability that each state in a given network converges to a stable state, a mean value for

the number of steps necessary for any state to converge to a set of stable states, and an

upper bound for the average number of steps that it takes for any state to converge towards

a stable state s The mathematical developments are briefly reviewed in the paragraphs

below.

The training set L consists of a number S of training patterns which are to be made

stable states in the network. A training set is said to be compatible if no training

contradictions occur in the nodes of the PLN network. A training contradiction occurs in a

PLN when two different values (I and 0) are required to be stored at the same address. A

training pattern is said to be complete if for each node in the network, the inputs to the

node are required to access a deterministic value (non-u value). In other words, for a

training pattern to be complete, for each node, the required output must be available (no

hidden units).

The network architecture A is determined by the connections between node outputs and

node input lines. The architecture A and the training set L completely determine the

behaviour of the network, which is denoted N(A,L). The state of the network at any

moment in time is only determined by its state at the previous moment in time and therefore

the network behaviour can be studied as a finite Markov chain. Stable and unstable states of

the PLN network correspond to a absorbing and transient states of the Markov chain,

respectively.

An important restriction of the analysis carried out here is that A and L are assumed to be

consistent, that is, each training pattern results in a stable state of the network. In other

words, there are no training contradictions and the Zhang even suggest that the architecture

A is chosen such that it is consistent with L.

A network N(A,L) is said to be convergent if, starting from any state, it converges

after a finite number of time steps to a set of stable states with probability one. In terms of

Markov chain theory. a PLN network is convergent if its corresponding 4arkov chain is

absorbing.

The closure C(L) of the training set L is defined as the set of all network states

accessing trained locations in each node. C(L is said to be closed if all states in C(L)

lead to next states which remain in C(L). C(L) is said to be complete if C(L) = , where

represents the set of all possible network states C(L) is said to be saturated if
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C(L) = L. LT sing these definitions, the following convergence theorem can then he

formulated:

(a) If C( L) is closed and complete, theii i/ic stable state set is a subset ?f C( L).

(h) If C( L) is saturated and complete. the network N(A, L) is convergent and the stable

state set is L.

(c) ff1/ic network N(A, L) is convergent and C( L) s closed. tlieii the stable state set is a

subset of C( L).

In [ZhaZZ92], it is suggested that a simple way to achieve saturation, completeness and

closeness of C(L) is to have a fully-connected PLN network. In that case, the output of

each node is fed back as input to each node in the network.

Given a convergent PLN network N(A,L) quantitative information can be obtained

concerning the number of steps to convergence. The transition matrix P of the associated

Markov chain can be expressed as

AT

P=[I 0] A	 (2.12)
[RQ]T

in which A and T represent the absorbing and transient state sets. Q represents the

transition probabilities between states in T and R the transition probabilities from T to A.

The matrices N and V are then constructed such that

N=(n11)=(I—Q)1
	

(2.13)

and

V = (v 1 ) = . 14.	 (2.114)

Considering states s, s,, s. such that s , s, E T and Sk E A, it can be shown that:

(a) the probability that .s; converges to 5k is given by vk;

(b) the average number of steps necessary for s to converge to a stable state is given by

nhI

(C) the average number of times that s, transits to s before leaving T is given by n11.

Furthermore, if the network is made of K PLN elements and C(L) is assumed to he

complete and closed, then, starting from any state, the average number of steps for the
network to converge. rn ,..). is bounded upwards and it holds that

log(r, \<2K
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2.5.3.2.2 The GRAM perfect auto-associator network

In [Luc9 I T, a fully-connected GRAM network with feed-back is considered. The network

is trained as an auto-associator. Asynchronous dynamics are used. The network is made of

one layer of F GRAMs, with F inputs per GRAM.

It is shown that the network can store a maximum of 2' patterns. Usually, a number S

of training patterns is stored in the networks with S < 2F, It is shown experimentally that

when an unknown pattern is presented to the network, the system always settles into the

training pattern nearest in Hamming distance to the initial pattern. Also, there are no false

minima present and the recall of the stored patterns is therefore optimal.

It is interesting to compare Lucy's perfect auto-associator with a Hopfield network in

its standard configuration (i.e. fully-connected). Whereas the GRAM network can store a

maximum of 2F arbitrary patterns [Luc9l], this number is reduced to about O.l5 F in the

case of a Hopfield network storing uncorrelated patterns and where a small noise is

permitted [Ama89] [DerGZ87I. If exact recall is required, the Hopfield network can store
F	

patterns [McEPRV87}. So, the sub-linear growth rate of the capacity of the
2 log F

Hopfield net is in sharp contrast with the exponential growth rate of the Lucy network.

In [Cho88] (also in [Cho89]), using information theoretic arguments, the storage

capacity of the Kanerva Associative Memory (KAM) [Kan88] is estimated. Considering a

KAM with F-bit stored patterns, its associative properties are determined by the variables
re; , r4 and , respectively representing the radius of the sphere of attraction of a stored

pattern, the access radius and the number of memory locations. Chou shows that the

KAM can achieve an exponential growth rate in capacity, with respect to F, if its
parameters r, r4 and are set optimally [Cho88]. However, as in the case of the Lucy

network, this exponential growth is obtained at the expense of an exponential growth in the
implementation cost of the network. For the particular case r ; = 0, using a suffix to show

the dependency in F, the storage capacity S is shown to be directly proportional to the

number of memory locations F

S cc

The addressing stage in a KAM essentially encodes an F-bit input address into a

sparse internal representation. with 	 being permitted to grow exponentially in F. In

general the encoding scheme is said to he sparse when most of the bits of the encoded

patterns to be stored are 0 and only a small proportion of the bits are I. Related work on

sparse encoding of patterns can also he found in [Ama891. where a sparsely encoded

associative memory is presented. The storage capacity of such a memory iS proved to be
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! which s much larger than the equivalent 0.15' F found for a Hopfield network.
log

2.5.3.3. The general neural unit network

The General Neural Unit network (GNU) consists of one layer of K GRAM nodes.

The inputs to each node consist of N external inputs and F feedback connections from the

outputs of the system. Hence, the total number of inputs to a node is given by N + F.

When F = 0, the system's operation is that of a single layer feed-forward network. In the

case N - 0 and F ^ 0 the GNU becomes an auto-associator IAle9OcI. Additional

parameters of the GNU network include the width W of the external input terminal and the

degree of generalisation G in the network GRAMs. A schematic diagram of a GNU is

shown in Figure 2.10.

Output Terminal

_______ K ________

W_______	 ________ K ________

External Input Terminal	 Feedback Input Terminal

Fig. 2.10: The general neural unit network.

The functional properties of the GNU network are determined by the relative amount

feed-back in the network. In [AIeM9 1], the retrieval performance of the network is studied

with respect to parameters N and F and theoretical predictions of optimal feedback for

best retrieval performance are given.
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The feed-hack structure of the GNU network determines both its associative and

temporal properties. The associative properties of the network result from the creation of

stable states in the network, enabled by the presence of feed-back seen as being of the same

type as in a Hopfield network. The temporal properties of the network result from the

capacity of the network to learn state transitions, in which case the feed-back connections

can be interpreted as coding the internal state of a Neural State Automaton (NSA). The

neural characteristic of the resulting state transition diagram is mainly due to the fact that

the transitions, from one state to another or from one state to itself, are those taught to the

network during the learning phase. These transitions can be seen as involving prototype

internal states of the network. or nacrostates. To each macrostate, correspond many

inicrostares, slightly different from the macrostate at the pixel level, but which behave

macroscopically in a similar way, due to the generalisation ability of the network.

In Chapter 6, as a thesis contribution, the probability of disruption of patterns stored in

a weakly interconnected GNU, used as an auto-associator, are calculated. It will be shown

that the network can store about the same number of patterns as the number of inputs per

node, in the case of equally and maximally distant patterns. A method is also suggested in

order to increase the storage capacity of the network, by use of multiple GRAM nodes,

with a structure similar to discriminator nodes. In Chapter 7, as a thesis contribution, the

retrieval equations of the network will be established in the case of arbitrary stored patterns.

2.5.4. SeIf-organising weightless networks and unsupervised learning

A review of the work on self-organising neural networks, relevant to this thesis (Kohonen

network, Allinson network and other models) is carried out in Chapter 5, together with the

development of the C-discriminator network.

2.6. Summary

This chapter has first reviewed the weighted-sum-and-threshold neural model. This node

model is often trained by gradient descent methods derived from the Hebbian learning

paradigm. This was followed by a review of a series of weightless node models, for each

of which the structure, the learning and generalisation properties were analysed.

The basic component of WANNs is the RAM which can be viewed as a bit-organised

random access memory, as a look-up table or as a universal logic element. The RAM node

is able to learn any logical function of its inputs by recording the function value for each

possible combination of the input values. This is the first property characterising weightless

models and it has been referred to as node loading. However, the basic RAM has no

generalisation ability. In the derived weightless node models, three properties are added to

the RAM model to endow it with generalisation properties. These properties have been
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referred to as node decomposition, probabilistic contents and spreading.

Two types of node decomposition have been defined: the discriminator decomposition

and the pyramidal decomposition. One of the parameters characterising both structures is

the N-tuple size or number N of inputs to each sub-node of the structures. In addition, the

discriminator node is characterised by K the number of RAMs in the discriminator, and

the pyramid node is characterised by D, the depth or number of layers in the pyramid. The

parameters K and N for the discriminator, and D and N for the pyramid allow a measure

of control over the generalisation and discrimination capabilities of both node models.

Node decomposition has also the additional advantage of reducing the amount of memory

required for the implementation of the nodes.

The introduction of a probabilistic contents u and, more generally, of multi-valued

contents in the RAM node, has led to the definition of the PLN and its generalisations, the

MPLN and C-RAM. There are four main reasons for the introduction of an undefined state

u: it implements a "don't know" state; it enables the initialisation of the node memory

contents to an un-biased state: in recurrent networks, the possibility of cyclic dynamics is

reduced; and it enables the training of hidden nodes in multi-layer nodes (pyramids) or

networks.

Another way of providing the RAM with generalisation capabilities is by using a

spreading algorithm, performed during or after training, to spread the information

contained in trained memory locations to untrained neighbouring locations. Spreading can

be performed in a separate phase, after the learning phase, as in the GRAM model.

Spreading can also be performed after each training step, as in the C-RAM and CDN

models, which will be described in Chapter 5. When spreading is performed dynamicallyq

as training proceeds, this leads to the definition of the DGRAM model, which will he

described in Chapter 8. The C-RAM. CDN and DGRAM models are contributions to this

thesis.

The structure of WANNs can be described by a number of levels which characterise

whether there is feed-back in the network or not, and if so, what form it takes. Level-O

structures are feed-forward networks. In level-i structures, feed-back is present and

implements a mechanism of short term memory of the last network response. Level-2

structures are able to store pattern prototypes as inner states, and they exhibit a number of

associative and temporal network behaviours. In level-3 structures, a second level of feed-

back is added in order to implement an attention mechanism in the network.

Two important feed-forward weightless networks have been reviewed: the single layer

discriminator network.. which was used as a classifier; and the advanced distributed

associative memory network, a two-layer network without hidden units, which was used

as an hetero-associator.

Several studies of recurrent WANNS have been reviewed. These were concerned, on

one hand, with recurrent PLN networks. sparsely connected (in Section 2.5.3.1) and fuIly.
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connected (in Section 2.5.3.2.1). and on the other, with recurrent GRAM networks, fully-

connected (in Section 2.5.3.2.2) and sparsely connected (in Section 2.5.3.3).
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CHAPTER III. THE GENERALITY OF THE WEIGHTLESS
APPROACH

3.1. Introduction

In contrast with Chapter 2 in which specific weightless models were reviewed, in this

chapter a wider perspective is adopted and the generality of the weightless or RAM-based

approach is argued from several complementary points of view.

The logic formalism inherent to WANN models is first discussed and it is shown how

the neural activities of both McCP and RAM nodes can be expressed as logic functions. It

is also shown that this logical formalism leads to a straightforward RAM-based

implementation of McCP networks. The generality of weightless models with respect to the

choice of node function set is then discussed in the light of results on the complexity of

learning in neural networks. The next section reviews several pattern recognition methods

and shows how these relate to weighted and weightless models. This is followed by a

succinct review of weightless implementations of major neural learning paradigms.

WANNs are then shown to belong to the class of emergent property systems. Finally1

weighted and weightless systems are compared with respect to their connectivity,

functionality, implementation, learning. generalisation. and distributed and localised

representation properties.

3.2. Generality with respect to the logical formalism

3.2.1. Neuronal activities of McCP and RAM neurons

In this Section. the generality of the weightless approach is demonstrated by showing that

the logical formalism used to express the function performed by weightless nodes is very

general and is equally applicable to McCP neurons. Two expressions are derived for the

neuronal activities of McCP and RAM neurons. Usually, the two types of neuronal models

are compared by expressing the activation laws in the form of various algebraic expansions

involving continuous variables (e.g.. [Cu171 I. [Cai891, [Gur89], [Mar89] or [CIaGT89J).

Here, the neuronal activities of both models are expressed as logic functions.

For the McCP. the same development as in [McCu1P43J is followed. The Boolean
variable y , called action of neuron c. takes the value I when c fires and 0 when it is

quiescent. The number of excitatory synaptic connections from c, to c1 is denoted In

the example of Figure 1.2 (see Section 1.2.3), these numbers are; w = 2. w =1 and
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= 3. E1 and I, denote the sets of indices attached to the names of the neurons that

have excitatory or inhibitory synaptic connections upon 	 respectively. In the example of

Figure t2, Eç ={f,2,4} and I, ={3}. If is used to denote some threshold value

associated with neuron c, then the set K1 is defined as the set of all subsets Lk of E,
which contain a number of elements exceeding O,. It holds that

K. = {LL I L c E:	 > O}	 (3.1)
IE L

with	 being the algebraic sum. In the example of Figure 1 .2, if a threshold 0, = 2 is

chosen, then:

K, = {{4},{l ,2},{l .4},{2,4},{l ,2,4}}.

The action y5 of neuron c can then be expressed as a Boolean function of the actions of

the neurons having synaptic connections upon it:

y5 = (y4. + y1y2 + y1 y4 +y2y4 + y1 y2y4) =y3(y4 + y1y2)

	
(3.2)

in which the signs + and - denote the OR and NOT connectives, respectively. A general

expression for the law of nervous activation, as defined in [McCuIP43], can therefore he

expressed as:

= fl y	:
	

(3.3)

mGI,	 1A EA, .cELk

in which the and fl symbols denote the logical sum and product, respectively. It is

interesting to note that the factor under curly braces in (3.3) is written as a sum of

implicant' terms. Because of (3.1), these implicant terms can be replaced by the

corresponding minterms in a straightforward fashion and (3.3) becomes:

V = fl	 fly• fI1	 (3.4)

mr-I,	
L'- 

'.K ..6EL,	 riEI_ ;)

In the theory of logic circuit design IFIo64l. an iniplicant of a logical function f(x1 .x. ,•-• .x,, ) i
either a minterni of that function or some product term made up from a combination of suitable minterm%
of the function by using the reduction formula FGreS6l
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The law of nervous activation of a McCP neuron can now be expressed in a canonical

form, as a sum of minterms:

yi=
	

(3.5)

L€K.	 .r€L

tE(L\L Z

mE!

For a RAM neuron, a similar but more general expression exists. A1 denotes the set of

indices of the neurons having synaptic connections upon c:

A

K1 is defined as the set of all subsets Lk of A1:

K ={Lk ILk cA1}.

Choosing a subset M, of K1 (M1 c Kg ), the activation law of a RAM neuron receiving

inputs from N other neurons, can be expressed as:

yj=
LL EMJ seLf

IE(A,\LA

Neuron c 1 performs a logical function of its inputs. Which function is performed depends

on which minterms are present in (3.6), which in turn depends on which subset M1 is

considered. There are 22' such subsets possible.

The previous expressions show that, despite the fact that McCP neurons can be

expressed in a way which is most natural for RAM neurons, the functionalities of the two

node types are different. RAM neurons have a higher functionality.

3.2.2. RAM implementation of McCP networks

The following example shows how it is possible to implement networks of McCP neurons

as networks of RAM nodes. The same example is used as in IMcCulP43], the case of heat

transient produced by a transient cooling:

'If a cold object is held to the skin for a moment and removed, a sensation of heat will be
felt if it is applied for a longer time, the sensation will be only of cold, with no preliminary
warmth, however transient. It is known that one cutaneous receptor is affected by heat, and
another by cold" (McCulP43].

(3.6)



= S,1 + h

= Sc

'a =

=

(3.10)
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The Boolean variables S,1 and S are chosen to represent the actions of the cutaneous

receptors to the heat stimulus and cold stimulus, respectively. Likewise the Boolean
variables Rh and R are chosen to represent the actions of the response neurons whose

activity implies a sensation of heat and cold, respectively. The above requirements can be

written by the following logical functions of Boolean variables (with temporal dependence

which is finite in the past [McCulP43J):

1Rh (t)=Sh (t— l)+S(t-3)S(t-2J	
(3.7)

[R (t) = S(t —2) 5(t —I).

The system of equations (3.7) can be rewritten using a temporal operator T, defined as

X(t— r)=TTX).

Equations (3.7) become therefore

JRh=TSh+T3Sr•T2SC=T(Sh+T(TSCSC)

11=T2STS=T(TSS.).
	 (3.8)

The factorisation in (3.8) provides a means of constructing the network, using 2 additional
neurons whose actions 'a and 'h define the internal state of the system:

f 'l = T(Sh + 'b)

'R =T(IS)

i ( = T(S)
	 (3.9)

= 7'(I.S1.)

The system of logical equations (3.9) is analogous to a system of first-order differential

equations encountered in 'analogue' models. The temporal operator in (3.9) can be

eliminated and it holds:

in which a Boolean variable x represents the actual activation of a neuron at time t

whereas the Boolean variable X. associated with x, represents the value of x at the next
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instant in time, in the case of a synchronous logical system 2 LFIo64J. Figure 3.1 shows

Iwo representations of the system described by (3.10), as a network of McCP neurons (a)

and implemented as a synchronous sequential logic circuit (b).

(a)
	

(b)

Fig. 3.1: (a) A network of McCP neurons and (b) its implementation as a synchronous

sequential logic circuit.

Figure 3.1 (b) shows that the system has feed-back, despite the fact that the McCP network

itself can be represented as a network without circles (Figure 3.1 (a)). This suggests the

usefulness of an automaton-based approach, as already mentioned in Section 1 .2.5.

In the previous paragraphs, learning did not occur. The structure of the network was

derived from the desired functionality. The WST interpretation of the McCP neurons

provides a learning mechanism for the system. Similarly, the RAM interpretation provides

a learning mechanism for the finite state machine structure of Figure 3.1 (b). The approach

is the same in both cases: internal adaptive variables are assumed which will enable learning

to take place. The weighted and weightless implementations of a learning system are shown

in Figure 3.2..

2 The theory was generalised to cover the Case of asynchronous logical systems. In these systems. to each
variable X are associated a switch-on delay E,1 and a switch-off delay 8. if x = 0 and X = 1. the value

of x will switch to x = I after a delay E.. unless X returns to 0 in the meantime, in which case the

command for X to switch to us cancelled. Likewise, if x = I and X = 0. the value of x will switch to
x = 0 after a delay ö,. unless X returns to 1 in the meantime, in which case the command for x to

switch to 0 is cancelled. This formalism has been referred to as Kinetic Logic I V-Ham75 IF V- Ham84]. It
enables the study of logical dynamical systems which exhibit very complicated state transitions, as a result
of the comple. race conditions arising between the different variables involved. Kinetic Logic was
successfully applied to the modelling of chemical and genetic systems, using a logic approach ITho79.
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(a)	 (b)

Fig. 3.2: (a) Weighted and (b) it'eightless implementations of a learning mechanism for a

network of McCP neurons.

3.3. Generality with respect to the node function set

Weighted-sum-and-threshold functions (WST) have become standard node functions in

neural network studies, but the reasons for using them are not well founded. In [iud9OJ,

the rationales for, and trade-offs among various node function sets are examined, in the

context of the complexity of learning. The question arises of whether there are other types

of functions that might be more justifiable, or might work better, or might make learning

more tractable.

In [Jud9O], neural network is defined loosely as made of computing nodes,

communication links and different message types. The network architecture as well as the

task to be performed by it, denoted A and T respectively, are seen as variables. Loading

is then the process of assigning an appropriate function to every node in the architecture SC)

that the resulting function f learned by the network includes the set of input-output

associations defining the task. Thus,

f = loading(A.T).	 (3.11

The loading problem amounts to a search problem. It is associated with the functionality

problem, which is to determine whether a given network architecture can perform the

imposed task. If it cannot, then a procedure should announce that fact. This relates to the

questions of functional capacity, reviewed in Section 2.3.5.3 for pyramidal structures, and

also to the choice of appropriate node function set.
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The loading problem is used to make two important points. On one hand, the learning

or memorisation problem in its general form is intractable. The loading problem is NP

complete:

"there is no reliable method to configure a given arbitrary network to remember a given
arbitrary body of data in a reasonable amount of time" IJud9O].

The intractability of memorisation implies the intractability of generalisation. On the other

hand:

"there are many ways to circumvent this negative result, and each one corresponds to a
particular constraint on the learning problem. There are fast learning algorithms for cases
where the network is of a very restricted design, or where the data to be loaded are very
simple" IJud9O1.

Jn [Jud9O], the question is asked whether the type of node functions typically used in

the connectionist literature is justified and appropriate. It is argued that the difficulty of the

loading problem is independent of the choice of function set that each node can perform.

The complexity of loading is not a consequence of the node function set but, rather, of the

connectivity patterns of the network.

Where the node functionality matters, however, is in the case of single layer networks,

for which the node function set has an overwhelming effect on what can be performed by

the network.

In conclusion, from the point of view of the generality of the weightless approach, the

results obtained by Judd on the complexity of learning in neural networks have three

consequences. First, it is confirmed that, in general, the learning capabilities of the network

are mostly dependent on its topological structure and not on the choice of node function set.

Second, the first conclusion allows for the choice of any node function set. Therefore, the

choice of the RAM-based neurons is as good as any other function set and has various

advantages (such as, for example, its easy implementation). Third, in the case of single-

layer networks, the node function set is important. Therefore, choosing RAM-based

neuron models guarantees the largest possible functionality, The case of single-layer

networks is also of interest for networks with feed-back connections, such as the general

neural unit, exposed in Section 2.5.3.3.

3.4. Generality with respect to pattern recognition methods

3.4.!. Introduction

In this Section, the generality of the discriminator network, described in Section 2.5.2.2, is

demonstrated by showing how its operation. based on the Bledsoe and Browning N-tuple

method (BBNM). relates to the Maximum Likelihood Method (MLM) and to the Maximum
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Likelihood N-tuple Method (MLNM). It is also shown that the function performed by the

discriminator network is a degenerate form of the Nearest Neighbour N-tuple Method

(NNNM). The particular case of the iearest Neighbour Hamming Distance Method

(NNHDM) is also examined. Most of the following analysis is due to Ullmann LU1173].

3.4.2. The maximum likelihood decision rule

A classification problem with z recognition classes is considered: {C1,c,,..'..c,....c..}1

Its implementation as a single kyer network of z neurons, with each recognition class

being assigned to a different neuron, is assumed.

The following notations are used: P(r) denotes the a priori probability (before the

pattern is actually presented to the network) that an input pattern belongs to class C,; P(X)

is denotes the probability that an input pattern is the pattern X P(X I r) denotes the

probability that an input pattern belonging to Cr is pattern X and P(r I X) the a posteriori

probability (after the pattern has been presented to the network) that input pattern X

belongs to C,..

An unknown pattern X is assigned to class C, such that the a posteriori probability of

X belonging to class C, is higher than the a posteriori probability of X belonging to any

other class C',. Mathematically, this is expressed as:

XEC:Vr^s :P(stX)>P(rtX).	 (3.12)

This rule minimises the probability of misrecognition of X. Equation (3.12) implies that

P(r 1 X) needs to be estimated. In fact, it is P(X/ r) which is first estimated, by making

suitable assumptions concerning the statistics of the recognition classes, and then, using

Bayes rule, P(r! X) is derived:

P(r)P(X/r)
P(rfX)=	 -	 (3.13)

P(X)

Substituting (3.13) into (3.12), the Maximum Likelihood Decision Rule (MDLR) is

obtained:

XECVr^s ;P(s)P(XJs)>P(r)P(XIr). 	 (3.14)

3.4.3. The maximum likelihood method

The Maximum Likelihood Method of classification (MLM) is based on the assumption of

statistical independence between input pixels in the input patterns.



CHAPTER 3: THE GENERALITY OF THE WEIGHTLESS APPROACH	 70

A binary pattern X is represented as a vector I = (x	 ..... mY and r, denotes

the number of patterns belonging to class C for which	 = 1. Then, if t, is used to denote

the size of the training set for class C, the following estimates are obtained:

P((x,=I)Ir)=prj	 fL

and

P((x =0)Ir)..l Prj'

From the assumption of independence between input pixels, it follows that:

P(X I r) = P(x 1 1 r) P(x, 1 r) . . P(x, I r)

= J ' (1_p,1)nI

Taking the logarithm in each side of (3.15) yields

Yi = Xi	 0,

with

Yr = logP(XIr),

(3.15)

(3.16)

(3.17)

lt rj = log I Pr'

and

= —Iog(I—prj).

It is worth noting the formal equivalence of (3.16) with the output function (2.4) of a linear

neuron (LU) Making the additional assumption that the a priori probabilities P(r) are the

same for all c1asses the MLDR becomes that X is assigned to the class for which P(X I r

is the greatest or, equivalently, for which y, is the greatest:
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XEC: Vr ^ s	 >
	

(3,18)

it is clear that the decision process described by (3.18) could be implemented as a single

layer of LUs with output function described by (2.4).

3.4.4.. The maximum likelihood N-tuple method

The Maximum Likelihood N-tuple Method (MLNM) is based on the assumption of

statistical independence between N-tuples of input pixels (the same assumption was made

in Section 2.5.2.2.3). an N-tuple being defined as a ordered set of N pixels
{x1 .x, , ...,x}. A arbitrary number K of N-tuples is chosen. The state S of an N-tuple is

defined by the pixel values of the N-tuple.
A particular state S of a particular .N-tuple is considered. If nrS is used to denote the

number of patterns of class Cr which include the state S then the proportion	 - of
r

patterns of class c. for which the considered N-tuple is in state S can be used as an

approximation for P(S / r).

The elements of the i-th of the K N-tuples are denoted i = {x ,x2 ,XN}. There are

2' possible N-element binary patterns: Z1,Z1,.-',Z •,Z,... Pattern Z, has elements

{zJI zJ2 I .. zJN }. For each of these Z and for each N-tuple , a function Ø,(X) is

define&

= x' (1 —x1)	
.i	 (l —x2)'	 •(l XN)*

For example, for the i-th N-tuple (with N 3):

0.1) =(l —x1 )(l —x,)(1-x)

012 (1 —x1)(t—x,)x

07 -	 X2

Making the assumption of statistical independence between N-tuples, P(X/ r) can be

approximated as the product of the N-tuple state conditional probabilities for all N-tuples:

K 2'

P(X/)
	

£3 .19)

with
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=
	

(3.20)

In other words, p, is approximated as the average of over the training set of class

C,.. If the RAM paradigm is used, p,., can also be interpreted as the proportion of times

that the memory location j of the i-tb RAM has been addressed by the t,. patterns of class

. The sum in (3.19) can also be interpreted as the decoding operation taking place when

the RAMs are addressed by an input pattern. The aim of the decoding operation is to
choose the particular 	 corresponding to the location addressed by X in RAM i.

Indeed, for a given X tp(X) is equal to I for one and only one value of j in the range

Il,2'1, and for all other values of j, ,(X) is equal to 0. Taking the logarithms in both

sides of (3.19) yields

K ,N

Yr =
	 (3.21)
i-I j-L

with (3.17) and with

= logr,j.

Finally, using (3.21) instead of (3.16), the MLDR takes the same form as (3.18).

3.4.5.. The nearest neighbour N-tuple method

The Nearest Neighbour N-tuple Method (NNNM) consists of storing the patterns of the

training set of every recognition class, in the recognition machine. Each pattern is stored as

aset K N-tuples.
If X,.k denotes the k -th training pattern for class C and M represents the set of K N-

tuples of an unknown pattern X, the subset M,k of M (M,k C M) is defined as the set of

N-tuples from M which have the same state in Xrj The MLDR (3.18) can then be used,

with

Yr = rax II''JI
	

(3.22)

in which the values 
IIMrk , denoting the sizes of the sets M,k must be calculated separately

for each training pattern. In the particular case corresponding to N = 1 and K = in the

method is called Hamming distance Neighbour Method (NNHDM).
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3.4.6. The discriminator network

The learning phase in a discriminator network, as described in Sections 2.3.2. 2.3.3 and

2.5.2, consists, for a certain discriminator, of storing a value 1 at the memory locations

addressed by each N-tuple of each training pattern. Therefore, what is recorded is not, as

in the MLNM. the number of occurrences of each state of each N-tuple in the training set

of each class, but simply which states of each N-tuple occur at least once in the training

set of each class. The method is also referred to as the Bledsoe and Browning N-tuple

method (BBNM) [Ul173J.

In the BBNM, the MLDR (3.18) is still applicable, but with

K 2'

)r
	 (3.23)

i-I f-I

using the step function

11	 !Lr.ij >0
urti 

= to Pr.i) = 0.

In this case, (3.18) corresponds to the function of the decision circuit of Section 2.5.2.2.T,

represented in Figure 2.8, which assigned the classification of an unknown pattern to that

discriminator node which had the strongest response. Equation (3.23) can be interpreted as

the output function performed by a discriminator node.

It is interesting to compare the influence of the N-tuple size in MLNM and in the

discriminator network. In MLNM, as N increases, say from 2 to 10, a better estimate of

y, is made, by taking more account of the statistical dependence between pattern elements.

But, as N becomes large say N> 10, the N-tuple states have ever lower probability of

occurrence, and therefore these probabilities are less accurately estimated by (3.20). This

affects therefore the recognition performance negatively. To be effective, the MLNM needs

a larger training set for larger values of N. This is not the case for the discriminator

network, whose performance does not depend on a probability estimation like (3.20).

whose accuracy depends on the number of training patterns. Furthermore, experimental

results have shown that the discriminator network reaches a higher overall probability of

correct recognition (over all values of N) than does the MLNM [U1l73J.

The operation of a discriminator network can be also be viewed as a degenerate form of

the NNNM. Indeed, using the same notations as in Section 3.4.5. M, can be defined as the
set of N -tuples which have the same state in at least one of the X,.L.
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M, = U M,.i•

Hence, the MLDR (3.18) is used with

= lI'',I1
	

(3.24)

which is equivalent to (3.21). Clearly, this shows that the nearest neighbour method used

by the discriminator network is a degenerate one, since it takes no account of joint

occurrences of N-tuple states in the same training pattern. Its performance is expected to

approximate the performance of the non-degenerate method (NNNM) more closely as N

gets bigger 1U11731.

Finally, it is worth noting the use of polynomial discriminant functions in the MLNM,

the discriminator network and in weightless nodes in general, whereas linear discriminant

functions are used in the MLM and with McCP nodes in general IUll73] [MinP69l.

3.5. Generality with respect to standard neural learning
paradigms

Many of the standard neural network learning paradigms, usually implemented with neuron

models derived from the McCP neuron, have also been implemented using weightless

neurons. In this section, references are given for the most important of these weightless

implementations.

The Error Back Propagation (EBP) algorithm or GDR, reviewed in Section 2.2.2, has

been implemented by many researchers (e.g., [RumHW86J) in networks of WST neurons,

most often referred to as Multi-layer Perceptron (MLP) networks. Several weightless

implementations of the paradigm have also been carried out. In [TatFL89], a network of

discriminators, referred to as Single-layer Look-up Perceptrons (SLLUP). is trained by

gradient descent and shown to converge faster than a MLP network on the fuzzy XOR

problem, In [Mar89], EBP is applied to pyramidal PLN networks and in [Kru9l], to

networks of LIBN nodes. In rGur89]. a proof is given for the convergence of a similar

algorithm under stochastic gradient descent.

Another popular neural learning paradigm is Kohonen's Topologically-Ordered Feature

Map (TOFM) (e.g., [Koh89a]). Weightless implementations of this paradigm include

[A11J89j, INto9Ol and LTamS92]. Chapter 5 is devoted to this type of unsupervised

learning and the C-discriminator network is introduced as a thesis contribution.

Weightless networks with a same configuration as in a Hopfield network IHop82l are

studied in IAle89aJ. [WonS89] and [Nto9l]. and simulated annealing methods similar to
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those used in Boltzmann machines [AckHS85J are discussed, in a 'weightless' context, in

[A1e87J. and implemented in [Ale89a]. in the form of a noise training algorithm. In

LCarP87aI (also in [CarP87b]) and IVdBroK9O], the simulated annealing technique is

applied to the optimisation of the input connection mapping of a feed-forward RAM

network.

For completion., weightless implementations of learning schemes similar to

Grossberg's Adaptive Resonance Theory (ART) paradigm (e.g.. [CarG89J) can be found,

for example, in [CarFBF9IJ, LKerS9OJ or [Ful93]. The implementation of reinforcement

learning methods IBarSA83I using weightless neuron models can be found, for instance,

in [Mye9O], [GorT9O]. [Gur89J or [PenGS9I]. Finally, recurrent networks [Jor88] have

also been studied with weightless networks in [AIeH76J, [Nto9l] or [AIeEP93J.

3.6. Generality with respect to emergent property systems

In the same way as there is a cleavage between weighted and weightless neural systems at

the node level, a cleavage exists between Von Neumann architectures and neural

architectures at the system level lAle87I. Both weighted and weightless neural systems

belong to the category of systems endowed with e?nergent properties, as opposed to

algorithm-driven systems.

In algorithm-driven systems, the representation of information is localised in different

parts of the memoryL In neural networks, the knowledge is distributed throughout the

system. It is the collaboration between the neural elements that enable the system to retrieve

stored information or to make decisions upon the presentation of input patterns to the

system. Systems whose properties are determined by the collaboration of numerous

elementary components are referred to as systems with emergent properties. In these

systems, sophisticated overall network behaviour derives from unsophisticated components

LJud9O]. Learning itself is seen as the capacity of the system to absorb information from its

environment without requiring some external agent to program it. The result is a system

that can store and retrieve knowledge in a way that cannot be accomplished by algorithmic

methods except through inefficient, exhaustive searches [Ale87].

3.7. Weightless versus weighted neural systems

3.7.1. Connectivity versus functionality

When comparing weightless neural networks with McCP-type neural networks, a duality

can he formulated between the node functionality and network connectivity of both models.

On one hand, weightless nodes, such as the RAM. PLN or GRAM, implement a

universal node function set, and decomposed structures such as the discriminator or
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pyramid are made of sub-nodes which also have a complete functionality. This is to be

compared with the McCP neurons which only implement the linearly separable function

set. The weightless decomposed structures still have a much higher functionality than WST

neurons with equivalent number of inputs.

On the other hand, a lower nodal connectivity is necessary in RAM-based networks

than in McCP networks. Weightless networks, such as discriminator-based or GNU

networks, do not need to he fully connected, as in a Hopfield networks IHop82l or have

full connectivity between layers, as in a MLP network [RumHW86].

3.7.2. Ease of implementation

One of the most obvious advantages of weightless systems over traditional WST neural

modes is their propensity for immediate implementation as electronic RAM circuits.

Machines such as those presented in Section 1 .2.6 are examples of such hardware

implementations. In such machines, the RAM is seen as the simplest possible karning

processor. The addressing operations in RAMs also offer a directness for making fast

machines [A1e83a].

However, the hardware implementation of more elaborate weightless models, such as

the GRAM or DGRAM, is not at all as straightforward as is the implementation of, say, the

simple discriminator node. Indeed, for weightless nodes whose operation involves pseudo-

random number generation, updating of multi-valued memory contents or spreading of

information to neighbouring memory locations, the actual hardware implementation

requires an amount of circuitry comparable to that necessary for the implementation of

WST models.

In conclusion, the ease of implementation of weightless systems is only relevant for

some of the models and it may well be that a software implementation is more appropriate

for other models (e.g., [AIeEP93J). So, implementation issues are not central to the

weightless approach

"because embodiments of resulting neural networks might turn out to be software for
conventional processors. specialised microprocessor systems or straightforward read-only
memory programmable logic array hardware" [AleS79l.

What is central, however, is the ability of the weightless networks to learn, discriminate

and generalise.

3.7.3. Learning and generalisation

The learning and generalisation properties of weightless neural networks has been reviewed

in detail in Chapter 2. the conclusion being that these systems have the ability to learn with
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controlled functionality and general isation.

At the node level, the generalisation properties of weightless systems are implemented

either through training with noise, node decomposition or spreading procedures.

At the network level, the generalisation properties of weightless systems are

implemented through node connectivity, with or without feed-back between nodes.

Efficient learning schemes for weightless neural networks have been shown to exist

which involve techniques such as noise training, global reward-punishment and spreading.

In general, weightless neural systems learn faster than equivalent weighted systems

This is due to the inherent speed of the read and write memory operations. For decomposed

pyramidal structures learning is only faster for small networks. Issues concerning learning

complexity have already been discussed in Section 3.3.

In general, weightless neural systems have a higher storage capacity than equivalent

weighted systems. Questions of functional capacities and storage capacities have already

been discussed in detail in Chapter 2 and further results are obtained, as thesis

contributions, in Chapters 4, 6 and 7.

3.7.4 • Distributed and localised representations

Equations such (2.8), describing the internal representation of patterns in neurons with

decomposed topologies, clearly show that weightless neural networks belong to the class

of systems that represent information internally in a distributed manner.

However, because of the RAM structure of the nodes, there is a much greater

localisation of the memory elements than in weighted nodes. When needed, however,

appropriate delocalisation of memory representation can be achieved either by node

decomposition or by spreading techniques. In [WonS89J, it is argued that the localisation

of information characterising weightless systems provides high efficiency for some hard

learning problems for which localised memorisation is the most natural way to learn the

task. For instance, in the parity checking problem, opposite binary values must be stored in

neighbouring memory locations in each node.

3.8. Conclusions

In this chapter, the generality of the weightless approach has been argued. Several points of

view were adopted.

The logical formalism, inherent to WANN models, was shown to be very general and

to be applicable to the expression of the functions computed by both McCP and RAM

neuron models. Also, this formalism leads to a direct implementation of McCP networks as

RAM networks. It was also shown that the logic functions of McCP and RAM models

were not identical and that the RAM has a larger function set than the McCP neuron..
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The question of node function set was then discussed in respect of learning complexity

results and the following conclusions were drawn. In general, the learning capabilities of a

neural network are mostly dependent on its topological structure and not on the choice of

the node function set. Therefore, any function set is equally valid and in particular, that of

RAM neurons. However, in the case of single-layer networks, the node function set is

important. Therefore, choosing RAM-based neuron models guarantees the largest possible

functionality.

WANNs are based on the use of polynomial discriminant functions, which are more

general than linear discriminant functions, used with McCP networks. Several pattern

recognition methods, based on the maximum likelihood decision rule, have been reviewed

and it was shown how these relate to single-layer weighted and weightless classification

networks. Several advantages of weightless networks such as the single-layer discriminator

network, have been demonstrated. First, the N-tuple sampling paradigm is based on the

assumption of statistical independence between N-tuples of input pixels. This is a more

general assumption than the assumption of independence between input pixels,

corresponding to a single layer weighted-sum network. Second, the performance of the

weightless network does not depend on probability estimations, whose accuracy depends

on the number of training patterns available. And third ! the performance of the system

approximates that of a nearest-neighbour N-tuple classifier system.

The generality of WANNs has been demonstrated with respect to the implementation of

standard neural network learning paradigms.

WANNs can store and retrieve knowledge as a result of a collaboration between many

simple computational elements. They belong therefore to the class of emergent property

systems.

Weightless models have a higher functionality than weighted models and require, in

general, a lower nodal connectivity.

Some weightless models present the advantage of a straightforward hardware

implementation, which is mainly due to their low connectivity requirement and their RAM-

based structure. Other more sophisticated weightless models, involving pseudo-random

number generation, multi-valued node contents and spreading procedures, present similar

implementation challenges to those presented by weighted models.

WANNs have the ability to learn and their generalisation and discrimination properties

can be controlled through appropriate parameter settings, both at the node and network

levels..

Finally, the question of distributed and localised representations in WANNs has been

discussed and it was shown that the degree of information distribution in these systems can

be controlled by appropriate decomposition and spreading techniques.
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CHAPTER IV. FURTHER PROPERTIES OF FEED-FORWARD
PYRAMIDAL WEIGHTLESS NEURAL NETWORKS

4.1. Introduction

This chapter is concerned with feed-forward pyramidal PLN networks. This structure was

reviewed in Section 2.3.5 as a decomposed weightless node model. In this chapter. results are

obtained which augment what has been done by others in respect of the functionality, the

storage capacity and the learning dynamics of the network.

An exact and non-recursive formula is derived for the functional capacity of a D-layer

pyramidal network with 2-input nodes (N = 2). and it is shown that the functional capacity of

the network grows as	 An approximation to the functional capacity of a pyramid with

general parameters N and D is also derived.

The storage capacity of the network, defined as the number of arbitrary input-output

associations that it can store, is investigated using an exhaustive search methodology, A

resulting exact probability distribution is obtained for the case N = D = 2.

The ASA training algorithm, reviewed in Section 2.3.5.2, is considered and the

learning dynamics of the pyramidal network, trained on the parity checking problem

(PCP), are investigated. The number of solutions to the PCP is calculated, for the case of

general network parameters N and D. A calculation of the transition probabilities of the

pyramid's internal state, during training of the PCP, is performed for the case N = 2,

I) = 2: the contents of the pyramid is proved to converge towards a fully trained

configuration.

4.2. Functionality of feed-forward pyramidal networks

4.2.1 Simple non-recursive formula

4.2.1.1 Introduction

The pyramidal network is defined by the number of layers, or depth, D, and by the

number of inputs per node, or connectivity , N. In section 2.3.5.3, the notion of functional

capacity of a regular pyramidal weightless node was introduced. Using the function (k)

to represent the number of distinct Boolean functions that depend exactly on k particular

variables, the functional capacity F(N.D) was given by the recursive expressions



(4.1)

(4.2)

(4.3)
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FIN,D) =	
- i){r(ND 1)— 2]%'L

j=II

and

Ø(k)=22k _1 Ø(k—j),
j=i Jj

with the boundary conditions

r(N,l)= 22

and

Ø(0)=2.	 (4.4)

Equations (4.1) and (4.2) are recursive in both the number of layers D of the network and

the number of inputs N to each node. An exact and non-recursive formula is derived in

the next sub-section, for the functional capacity of a D-layer network with 2-input nodes

(N = 2), and it is shown that the functional capacity of the network grows as 
62D 

It is

not possible to derive non-recursive formulae for pyramids with parameter N > 2.

4.2.1.2. Derivation

The function I'N.D(k) is defined as the number of Boolean functions realisable by a

pyramid with parameters N D, and which depend on exactly k non-particular variables.

Since the total number of inputs to the network is N' it holds that

r'(N,D) =
	 (4.5)

It can be shown that, for N = 2 and only for that case, (4.5) can be written as

x" ( I)\

r'(2,D)=I 
I j
	 (4.6)

in which the function 'D() is defined as the number of Boolean functions realisable by a
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pyramidal network with parameters N = 2, D and which depend on ewctl k particular

variables. For example. the case N = 2 D 2 is considered. Using (4.1), it holds that

2-i
2	 ,

- 2 -	
= O(2).72+2.O(1).7+Ø(0).

-0

Using (4.2) and the boundary condition (4.4), it holds that

Ø(0)=2

0(1) =4—Ø(0)=2

0(2) = 16-2Ø(I)—Ø(0)=10.

Thus,

r(2,2) = 10.72 + 227 ^ 2 = 520.

The values of the function v,(i) are now evaluated, so as to be able to use expression

(4.6) in the calculation of r(2,2). The calculation of ii2 (4) is first considered. In the top

node, the functions to be taken into account arc those depending on both input variables.

Their number is 0(2) In each node of the bottom layer, there are 
Ø2) 

functions to take

into account. Hence, using the notation

0(k)
çb'(k)=

2'

the number u.', (4) of functions which depend on all input variables can be expressed as

y.,(4) = 0(2)	 (2)• Ø'(2) = 250.

Similarly for the other values of ip(i), it holds:

= 0(2) . Ø'(2) . Ø'(l) = 50,

,//(2)—O(1)Ø(2)Ø(0)—Ø(2)Ø(l).Ø(l)—I0,

V'2 (1 ) — O(1)O'(l)'(0)=2

= 0(0) . Ø'(0) Ø'(0) = 2

and finally, using (4.6).
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4

ip.,(i)=12-f42+6•10+4.50+l•250=520.

It is interesting to note that the 0(k) are universal parameters, whereas the Vf,) (k) are

dependent on the number of layers in the network. The i(k) could therefore be used to

compare the functional capabilities of different network configurations instead of using the

overall measure T(2,D) proposed in [A-A1a90]. Table 4] gives the values of y,,(k). for

the different values of k , in the cases D = I and D = 2.

________	 ipr(0)	 (1)	 j(2)	 pr(3)	 pr(4)

D = 1	 2	 2	 10	 218	 64,594

D=2	 2	 2	 10	 50	 250

Table 4.1 Values of V/L,(k),for the different values of k, in the cases D = I. and D = 2.

The following lemma can now be stated, showing that the values /I(i) can be expressed

as the elements of a geometrical series:

Lemma 4.1 The number /I,) (k) of Boolean functions realisable by a pyramidal network,

with parameter.s N = 2 and any D, which depend on exactly k particular variables is

given by the expression

12	 1=0

2•5
	 (4.7)

Proof: A proof of (4.7) is given in Appendix A].

Theorem 4.1: The functional capacity r(2,D) of a D-layer ;i'eight!ess pyramidal

network with 2-input nodes (N = 2) is given by the expression

8 2	 ,u
r'(2,D)=—+-6-

55

Proof: The substitution of (4.7) into (4.6) yields

F(2,D)=2+2	
(2

,= L A )

(4.8)
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2 + ... 
1 12')')

I )

r
=2+..[(5+Ir —i]

5

and (4.8) follows. This concludes the proof of theorem 4.1.

Alternative proof: Equation (4.8) can easily be verified by substitution into (4.1) and

(4.2), with the value N = 2. This calculation is carried out in Appendix A.2.

4.2.2. Approximations

An approximation to the functional capacity of a pyramidal WANN has been calculated for

the case N>> 1.

Lemma 4.2: For k >> I the number 0(k) of distinct Boolean functions depending on

k particular variables can be approximated by the expression

Ø(k) 22k,	 (4.9)

Proof: A proof of (4.9) is given n Appendix A.3.

Theorem 4.2: For N>> I the functional capacity of a pyramidal weightless neural

network can be approximated the expression

F(N,D) 22N1 
I I	

(4.10)

Proof: A proof of (4.10) is given in Appendix A.4.

Equation (4.10) is a generalisation of the result obtained by Aleksander t for D = 2. An

interesting interpretation of (4.10) is that the functional capacity is equal to the number of

memory locations in the first layer of the network.

Personal communication. Oct. 88..
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4.3. Storage capacity

4.3.1 Definition

The storage capacity of a regular pyramidal WANN is investigate& The storage capacity of

the network is defined as a probability distribution, giving the probability P(p) of

successful storage of a number p of arbitrary input-output associations or patterns.

The number of sets containing p patterns loadable in a pyramidal WANN, with

topological parameters N and D, is denoted S. ,,(p).

A Boolean function of in variables can be represented as a disjunction of 2 minterms.

If the function is to be learned by a neural network, each minterm defines an binary input

pattern and its associated output. The learning task usually consists of storing p such

input-output associations. For a network with in inputs, the total number of possible sets

of p input-output associations is given by 2" (2m

The probability P(p) that some network can successfully store p arbitrary input-output

associations can be expressed as the quotient of the number of sets of p input-output pairs

that the network is able to store, by the total number of sets of p input-output pairs. For a

regular pyramidal WANN, the number of inputs to the network is given by

in = N"

and therefore the probability P(p) can be expressed as

''N.I)(P) = 2.[2]
	 (4.11)

with

p = 1.2..

It is also interesting to notice that the probability P.,,(2' " ) that the N, D pyramid can

store any set of input-output pattern associations is given by

P % ,,(2")=2 2F(N.D).
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in which r(N.D) represents the functional capacity of the pyramid.

4.3.2. Methodology

The following methodology can be used in order to evaluate the quantity P.,,(p). It

consists of setting a count variable c = 0 and then repeating n times the procedure:

I. Choose, randomly and without repetition, a set of p distinct, input-output pairs, each

pair consisting of a binary vector of N' elements and an associated binary output bit.

2. Evaluate whether the chosen set is loadable by the network. This can be done by one of

the following methods:

(a). training the pyramidal WANN. using one of the algorithms described in Section

2.3.5.2.

(b). using some separability detection algorithm, as described in [A-A1a90J;

(c). listing the minterms of all the functions computable by the network and check

whether any of these functions contain the minterms corresponding to the set of p

input-output pairs under consideration.

3. If the chosen set can be loaded in the pyramid, the count variable c is incremented by 1.

At the end of this procedure, the probability ND(P) can be evaluated by the quotient

C	

(4.12)
n

with the evaluation getting better and better as n increases. If the number of iterations in the
above process is increased SO that all possible sets of p input-output associations are

examined, that is,

I.
p)

then it holds that

c=S%.1)(p)

and (4.12) provides exact values for the probabilities P(p). This is the method used in

the next 2 sub-sections. It should be noted, however, that the above exhaustive search is

computationally very expensive and can only be carried out for the smallest networks. In

the case where part 2 (c) of the above procedure is used, an evaluation of the cost of the

computation is given by:
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,N" \
costoc2 .	 flN,D).	 (4.1 3)

J )

Forthecase N=L D=2, (4.13) yields

Cost oc 2.238• I0tu

4.3.3. The storage capacity of a regular pyramidal network

A regular pyramidal WANN with parameters N = 2 and D = 2 is considered. The

probability that p arbitrary patterns, or input-output associations can be stored in the

network is computed by exhaustive search. The methodology described in the previous

sub-section is employed. For each value of p and for all possible sets of p input-output

pairs it is tested whether all the patterns in the set can be stored in the network. The
(16

number of possible sets of p input-output pairs is given by 2" .

The results of the exhaustive computation, performed for the case N = 2 and D = 2

are given numerically in Table 4.2. The computation took about 60 hours to run on a Sun

3-60 workstation. Figure 4.2 shows a graphical representation of the same results.

It can be noticed that the pyramid can store any set of 4 input-output pairs with

probability I However, not all sets of 5 pairs can be stored in the network. The following
example is considered, in which a set of 5 input-output pairs T ={i1 .i,,ii ,i4 ;f} c with

j = l,•	 are required to be stored in the network The following input-output

associations are chosen:

T1 ={O,O,O.O:i}

T1 ={0,0,0,l;0}

T ={O.O,i3O:O}

1 4 ={l,0.0,1;l}

Tç ={I,0,Loo}.

Figure 4.1(a) shows a graphical representation of the patterns to he stored in the network

represented in Figure 4.1(b). A suffix is used to denote a particular node in the network.
For instance, for pattern T4 . memory locations I 02 and 01 are addressed. The contents of

the memory location addressed in node 1 is required to he I. which is represented

graphically by a plain line between the addressed minterms in the bottom nodes. A dashed

line is used for the patterns that are required to output a 0.
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P	 S,2(p)	 P,,(p)

____________ _________________	 _I,)	 _____________________

1	 32	 32	 1

2	 480	 480	 1

3	 4.480	 4.480	 1

4	 29.120	 29,120	 1

5	 138.624	 139,776	 -=0.991758

6	 486.400	 512,512	 =0.949051

7	 1,218,560	 1.464,320	 =0.832168

8	 2,071,872	 3,294,720	 :=0.628846

9	 2,482,880	 5,857,280	 =0.423896

10	 2,175,760	 8.200,192	 =0.265330

11	 1,411,776	 8,945,664	 2;5=o.1578I7

12	 674.528	 7,454,720	 =0.090483

13	 231,712	 4,587,520	 =0.050509

14	 54.336	 1,966,080	 .=0.027637

15	 7,808	 524,288	 -44=0.014893

16	 520	 65,536	 -,0.007935

Table 4.2. Storage capacity results for a regular p yramidal WANN with parameters N = 2

and I) = 2

1

f=I	
I	 i	 14

f=O

(a)	 (b)

Fig. 4.1: (ci) Graphical representation oft/ic 5 input-output associations to he stored in the

network: (b) the p yramidal WANN.
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Fig. 4.2: Probability of successful storage as a function of the nwnber input-output

associations.

The contents of a memory location xy is denoted [xyj. By examining Figure 4.1 .(a), it can

be seen that

T1 ,T, =[oo]=[o1]

and

T.T, =[ooj=[io].

and therefore

[oi] = [loj.	 (4.15)

Similarly, it can he seen that

T4.T =Io1d=[1o31.

which is in contradiction with (4.15) and therefore the input-output pairs (4.14) cannot be
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stored in the network.

The above results were first published in [Nto92c]. In IPenS93I. subsequently to the
work presented in this thesis, a theoretical approximation of P,,(p) was derived, using

the tools of computational learning theory, for the cases corresponding to N ^ 4 and

D= 2 This approximation, however, is over-optimistic compared with corresponding

experimental results. For example, for N = 4, D = 2. it predicts that the pyramid will be

able to store any set of 19 input-output associations with 100% probability, whereas

experimental evidence shows this number to be of about 8 patterns. Anyhow, the main

conclusion remains that the network can only store a very small proportion of the 2

(65,536) possible input-output associations.

4.4. Dynamics of learning in pyramidal WANNs

4.4.1 Introduction

The previous sections of this chapter were concerned with functionality and storage

capacities of feed-forward pyramidal WANNs. This section deals with the dynamics of

learning in the network. In Section 2.3.5.2, several learning algorithms for pyramids were

reviewed. The present Section is mainly concerned with the ASA algorithm [A1e89aJ and

with the parity checking problem.

4.4.2, Previous work

In [Sha89a] (also in [Sha89bJ). the dynamics of learning were studied, using an extremely

simplified version of the ASA algorithm, which was applied to a pyramidal WANN of 2-

input RAM nodes (N=2). The training algorithm consisted of choosing a memory

location at random, flipping it and examining how the energy of the system was affected. If

the energy decreased, the same operations were repeated by choosing some other memory

location at random. If the energy increased the memory location was flipped back to its

previous contents. It was shown that the energy surface of the problem is mostly flat with

golf course holes which correspond to the solutions. Therefore the task of learning parity

can he compared to a random walk. Shapiro calculated an estimation of the number of

training steps to solution and showed that it 'increased exponentially with the number of

inputs to the pyramidal WANN.

In LZhaZZ93I. it is also a very simplified version of ASA lAle89a] which is studied for

the case of a 2-layer feed-forward PLN network (I) = 2). In Aleksander's algorithm, when

the output of the network consistently mismatches the desired output, a reset is operated

(step 4.2.2 of the algorithm described in Section 2.3.5.2). This reset only affects the

addressed minterms. In IZhaZZ93], when the output consistently mismatches the desired
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output, a total reset of the network is operated and the training is started again from the

beginning. The method of analysis of the algorithm used in [ZhaZZ93J consists of

transforming the simplified PLN training algorithm into a corresponding Markov chain.

Then, results of Markov chain theory are applied. The modified training algorithm lends

itself to an easier analysis than ASA. In particular s the average number of steps to

convergence towards a solution, if this solution exists, is easier to calculate. Indeed, in

ASA, it is difficult to determine how many previously learned training patterns are affected

by a reset operation.

4.4.3. The parity checking problem

In [Sha89aJ, the hardness of a problem is related to a low proportion of solution states

among the possible states of the network's memory. In that respect. the parity checking

problem (PCP) belongs to the class of problems which can be classified as 'hardest'. In

other words, only a very limited number of memory states of the network solve PCP. In

the case of a pyramidal WANN with parameters N = 2, D = 2, there are only 4 such

internal states [A1e89aJ. As a thesis contribution, this result is generalised to the following

theorem and corollary:

Theorem 4.3: The number of t'avs, FPCP ( N . D), of computing the parity checking

function in a weightless regular pyramidal nett'ork with topological parameters N, D is

given by

'I	 -I)

F,,.,.(N,D)=2 N-I
	

(4.16)

Proof: A proof of (4.16) is given in Appendix B.

Corollary 4.1: The number of wa ys,	 (N, D). of computing the parity checking

function in a weightless regular pyramidal network t'ith topological parameters N D is
related to the number M,, of nodes in the network by the relation

F,..,.(1V.f))
	

(4.17)

Proof: The proof of (4.17) follows immediately from considering (2.9) and (4.16).



CHAPTER 4: FURTHER PROPERTIES OF FEED-FORWARD .. 	 91

4.4.4. Evolution of the internal state of the network during training

4.4.4.1. Transition probability distributions

The internal state of a pyramidal WANN during training can be seen as the state of a

probabilistic automaton [A1e89a]. The state transition graph of this automaton is here

studied. The aim is to monitor the dynamic evolution of the number U of u values in the

system during the training process, assuming the ASA is used. As in previous sections, the

analysis is limited to the case N = 2, D = 2. Indeed, this case is small enough to enable the

derivation of theoretical results.

The learning process can be formalised as that of a particle moving along a one-

dimensional line. The particle can be in several positions along the line, corresponding to

states from U = 12, at the beginning of the training, to U=O. at the end of the training.

For any position U(r) = x of the particle, at time step 1, there is an associated probability

distribution which describes the probabilities of the particle being in the positions

U(t+1)=x+&with &=-3,-2,•,3,

at the time step : + 1 Therefore this process can be seen as a random walk (e.g.,

[CoxM65J or LGr1S82D, for which positions U = 12 and U = 0 correspond to reflecting

and absorbing barriers, respectively. Howcver this random walk is much more

complicated than the ones usually studied in the literature on stochastic processes

[CoxM65] since it involves a variable probability distribution for each position U of the

particle. It is also worth noting that these distributions are averages over several

configurations. For example, one configuration could have derived from the state sequence

U(0)=12. U(l)=9, U(2)=6, U(5)=3,. U(4)=8 and another from the sequence

U(0) = 12 U(l) = 9. U(2) = 8. Both configurations have 8 locations set to u, However

the corresponding probability distributions of the next number of ii locations can be

different.

The distributions p,() are defined by the expression

p() = Pr(U(r+1)=x+
	

(4.18)

with

x=0,1,,l2

and



p10(-3)	 0

p10(-2) p(-3) 0

PlIc-2) I

pIl(-1)0

p8 (3) p9 (2) p1 (l) p11 (0) 0

0	 p (3 ) pI0(2) p11 (l) 0

p , (3)

0	 p7(3)

0	 0

0	 0
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= —3.-2• •,3.

It is also worth noting the expression:

= 1.

A transition matrix can then be written, as shown in Table 4.3. It is worth noting the
particular value p(0) = I , corresponding to the fact that the state U = 0 is analogous to an

absorbing barrier. Also, the value p12 (0) = 0 shows that the state U = 12 is a reflective

barrier and p 1 1(-3) = I corresponds to the fact that the first training step always occurs

without reset. In the next sub-section, an approximation of the probability distributions

(4.18) is calculated.

l p(-1)p,(-2)p(-3) 0
	

0

o p1 (0) p,(—l)p3(-2)p4(-3) 0

o p1(i) p2 (0)	 p(-3) 0

o p(2)	 p6(-3) 0

p1G3 )	 p7(-3) 0

0	 p.,(3)	 p(-3) ()

0

0

00

0	 p3 (3)	 p9(-3) 0

0	 p4(3)

0	 p5(3)

0

0	 0	 0	 0

Table 4.3: Transition matrix containing the next-state transition probabilities during training

with ASA in a regular pyramidal WANN with parameters N = 2 and I) = 2.

4.4.4.2. Calculation of the transition probability distributions

A theoretical calculation is performed for the transition probability distributions (4.18)

during training, corresponding to the different U states. The derivation is performed in

Appendix C. This yields the following values for the transition probability matrix of Table

4.3:
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1 .25 .029.001 0

0 .719 .439 .085 .005 0

0 .0 .487569J66.015 0

0 .0 .0 .299.645.309.040 0

.031 .0	 .0 ,151 .575.460.088 0

0 .044.002 .0 .076.449.588.170 0

0 .043 .003 .0 .035 .301 .659 .329 0

0 .030 .005 .0 .013 .6I .585 .524 0

0 .020 .005 0 .004 .083 .447 .751 0

0 .012 .005 .0 .001 .028 .249 1

0	 0 .005 .003 .0 .0 .0 0

0	 0	 0 .002 .002 .0 .0 0

0 0 0 0 0 0 0 0 0 .001.001 0 0

(4.19)

The transition probability distributions (4.18) are represented graphically in Figure 4.3.

4.4.4.3. Convergence of the learning process

The transition matrix (4.19) can be interpreted as the transpose of the transition matrix P of

a Markov chain. In the canonical form, it holds that

AT
p=A P 0

T[RQ

in which A and T represent the absorbing and transient state sets, Q represents transition

probabilities within T and R represents transition probabilities from T to A. Therefore4

using the values in matrix (4.19), it holds that:
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U= 12

-3	 -2	 -I	 0	 1	 2 '3

U=9

1i#hI23

U=3

Jill23

111E3
Fig. 4.3: Next-state transition probability distributions during training to PCP with ASA,

in a regular pyramidal WANN it'ith parameters N = 2 and I) = 2.
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.719	 .0	 .0	 .031	 0	 0
	

0

.439 .487	 .0	 .0 .044	 0
	

0

.085 ,569 .299 .0 .002 .043	 0

.005 .166 .645 .151	 .0	 .003 .030	 0

0	 .015 .309 .575 .076	 .0	 .005 .020	 0

0	 0	 .040 .460 .449 .035	 .0 .005 .012	 0

0	 .088 .588 3Ol .013	 .0	 .005 .005	 0
	

0
j	 0	 .170 .659 .161 .004	 .0	 .003 .002

	
0

0	 .329 .585 .083 .001 .0 .002 001

0	 .524 .447 .028 .0	 .0
	

001

0	 0	 .751 .249	 .0	 .0
	

0

0	 0	 ..'	 0	 0	 1	 0	 0
	

0

and

R=I.25 .029 .001 0 0 0 0 0 0 0 0 OIT.

A calculation similar to that reviewed in Section 2.5.3.2.1 can be carried out and matrices

N and V can be calculated using (2.13) and (2.14):

N = (I - Q)1

3.9725 .2337	 .1617	 .1656 .0198 .(X7	 0054	 (8)05	 (XXII	 .1)	 .0	 .17

3.7314 2.33211 .2731. 	 23S	 1267 017c.0084 0027 .18102 .000!	 .0	 .0

3 7559 2.05116 1.7659 .29(8) .1515 .0854 .0(08 .0036	 (8)1(1	 (8)01	 .0	 .11

3.7523 2.1029 L4554 1.4908 (779 0877 .04111 .0043 (8)12 (88)3	 7)	 .0

3.7533 2.0918 .54I2 1.0915 1.2694 1040 .0438 0265 (8)14 .0003 .0(81!	 .0

3.753(1 2.0957 1.5093 1.2354 .6961 1.1425 .0528 .0216 .0134 .0004	 (XXII	 .0

3.7531 2.0940 1 5237 1.1533 •9941) .4250 1.0663 .0259 .0101 .0058 .0(81! 	 .0

37531) 2.09411 I 5172 11919 .8434 .8464 .2181 1.11304 OIlS .00-14	 (1022	 .)

7631	 094'( I 5(84 11836 .11831	 6972 .6605	 1093 r.o134 .18)39	 (8122 .0(816

3 752' 2 0942 1 5205 11714 9234 .6213 .6752 .4777 .0394 1.0051 (XII I 	 (88)8

3.7531 2.0948 j 5175 1.1899 .8533 .8(1-12 .3285 	 11(816 .2614 .18)43 1.18)22 .18812

3.753! 2.0947 I 5184 I 1836 .1183!	 6972 .6605	 1093 1.0134 .0039 .18122 I.(XI01.

and

V = N R =[Lo 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.oIT
	

(4.20)

Equation (4.20) shows therefore that the probability that any state, and in particular state

U = 12. converges towards state U = 0 is equal to 1. This demonstrates the convergence

of the training algorithm in the particular case considered.

Q=I

N=I



CHAPTER 4. FURTHER PROPERTIES OF FEED-FORWARD ... 	 96

The mean number of pattern presentations for any state U = i to converge towards U = 0 is

given by

7., =(Ti))=N,,,

which in matricial notation yields

T=[4.57 6.73 8.12 9A2 9.89 10.52 11.05 11.51 11.92 12.28 12.62 l2.92]T

4.5. Conclusions

The chapter was concerned with feed-forward pyramidal WANNs. Results about the

functional capacity, the storage capacity and the learning dynamics of such networks have

been obtained.

An exact and non-recursive formula was derived for the functional capacity of a D-

layer pyramidal network with 2-input nodes (N = 2), and it was shown that the functional

capacity of the network grows as 
62Dm 

An approximation to the functional capacity of a

pyramid with general parameters N, D was derived.

A methodology was proposed in order to investigate the storage capacity of the

network, defined as the number of arbitrary input-output associations that it can store. A

exact probability distribution was obtained, by exhaustive search, for the case N = 2 and

D=2.

The ASA training algorithm was considered and the learning dynamics of the pyramidal

network, trained on the parity checking problem, were investigated. The number of

solutions to the parity problem was calculated, for general parameters N and D A

calculation of the transition probabilities of the pyramid's internal state, during training of

the PCP, was carried out for the case N = 2 D = 2. The memory contents of the network,

trained under the ASA, to the PCP, was proved to converge towards a fully trained

configuration.
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CHAPTER V, UNSUPERVISED LEARNING IN WEIGHTLESS
NEURAL NETWORKS

5.1, Introduction

Physiological studies have shown that sensory information is encoded by the brain, at least

in the primary sensory areas, in various geometrically organised maps LKoh88aJ. Sensory

experiences such as topographic co-ordinates of the body or pitch of audible tones are

mapped into a two-dimensional co-ordinate system defined on some areas of the cortex

[Cha83]. These areas are composed of two-dimensional layers of neurons in which there is

dense lateral interconnection with relatively few interlayer connections [Koh89al. The

degree of lateral interaction between cells is usually described as having the form of a

Mexican hat. Three types of lateral interaction can be distinguished: a short range lateral

excitation surrounded by a penumbral region of inhibitory action which is surrounded itself

by a weaker excitatory action [Koh89aJ.

In [Koh82a] (also in [Koh82b] or [Koh82cfl, it is shown that a self-organising array of

linear neurons is capable of forming a topologically ordered map of data to which it has

been exposed, automatically forming a reduced representation of input information. This

paradigm was successfully applied to speech recognition (e.g.. [Koh88bJ or [Koh89b]).

In this chapter. a network with similar properties but using weightless nodes is defined.

The first node model to be considered is the pyramidal weightless neural node, reviewed in

Section 2.3.5 and further studied in Chapter 4. A brief discussion is made about the

reasons why this model is inadequate for unsupervised training under a Kohonen-type

training scheme. Then, as the main contribution of this chapter, a new unsupervised

training algorithm is introduced, involving the use of a spreading procedure. The C-

discriminator node model, or continuously-valued discriminator (CDN) is defined. It is

shown, on a first example, that the behaviour of the network can be predicted considering

the overlap areas between input patterns. A second example follows which demonstrates

the network behaviour under a uniform input distribution. Finally, the CDN model is

compared to other weightless systems involving unsupervised learning.

5.2. Pyramidal nodes

The pyramidal weightless node was first considered as a weightless node model to be used

in a kohonen-type network. When an input pattern is presented to an array of pyramidal



x
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nodes, each pyramid in some region of the array can be trained to output a value I. When

the same (or similar) input pattern is subsequently presented to the network, the considered

group of pyramids is expected to output a value I again. Similarly, other groups of

pyramids can be trained to output 0 when presented with particular input patterns.

When a linear weighted-sum neuron (LU) is trained with some input pattern, the LU's

weight vector is modified such that it gets closer, in weight space, to the input pattern.

Furthermore, the weight vector is pushed away' from patterns dissimilar to the input

pattern. Figure 5.1 shows a graphical representation of this behaviour, in the case of two-

dimensional input and weight spaces. Vectors i 1 and i, represent two training patterns. The

vectors w and w' represent the neuron weights before and after training to pattern i,,
respectively.

xl

Fig. 5.1: Graphical representation of the change in weights of a 2-input linear neuron

during training to input pattern i,. The vectors w and w represent the neuron weights

before and after training, respectively.

A similar behaviour would be desirable with a pyramidal node. However, this is not what

happens; when a pyramidal node is trained to respond I to some input pattern, the response

of the node to a very dissimilar pattern will not necessarily be 0. This behaviour is a

consequence of the poor generalisation ability of pyramids. which was reviewed in Section

2.3.5.4. Another major problem encountered when trying to use pyramids as the nodes of

a Kohonen-type network, is their low storage capacity. The storage capacity of a pyramidal

node was defined, in Section 4.3.1, as the number of arbitrary input-output associations

that the node can store. In practice. a low storage capacity means that, as new training

patterns are being loaded in the pyramidal node, older ones get disrupted.
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5.3. Discriminator-based nodes

5.3.1 Introduction

in this Section, a neural network showing similar seif-organising properties to a Kohonen

network is demonstrated. A discriminator-based weightless neuron model is used, whereas

the nodes of a standard Kohonen network are linear weighted-sum neurons. There are two

main differences between the discriminator model used in this chapter, hereafter referred to

as C-discriminator node (CDN), or continuously-valued discriminator, and the model

presented in Section 2.3.3, referred to as discriminator node (DN).

Firstly the storage locations in the discriminator's RAMs hold binary values (l's and

Os) whereas in the CDN they are allowed to store a continuous range of values between 0

and 1. This assumption is made in order to remain as general as possible. Obviously,

approximations are possible, for example, as a range of discrete values in the interval [0,1].

In the following, the RAMs of the CDN are referred to as C-RAMs (Continuously-valued

RAMs).

Secondly, each DN of a network is usually assigned to a certain class of input patterns,

as in the single layer discriminator network (SLDN) reviewed in Section 2.5.2.2, whereas

in the present system each input pattern is seen by all CDNs during the training of the

system. In fact, the class to which the presented patterns belong is not known a priori and,

in that sense, the training is seen as unsupervised as opposed to a supervised training in

the SLDN

5.3.2. The discriminator-based network

5.3.2.1. The network

The overall structure of the network considered here is similar to that of a Kohonen

network. The network is made of one layer of processing units or neurons which are

modelled as C-discriminators. The units are labelled

and are arranged as a one or two-dimensional arrayd An example of the one-dimensional

arrangement is shown in Figure 5.2.

An important characteristic of this structure is that each C-discriminator sees the whole

of any input pattern presented to the network. The input patterns consist of arrays of in

black or white pixels which are respectively translated into l's and 0's. Each C-
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discriminator produces an output response r and the set of responses yields an output map.

During training of the network, the neurons are interacting with each other through lateral

excitation or inhibition.

Fig. 5.2: The C-discriminator neural network.

5.3.2.2k The C-discriminator node

The structure of a C-discriminator is shown in Figure 5.3. It is an array of C-RAMs whose

memory locations can hold a continuous range of values between 0 and 1. The number K

of such C-RAMs in a C-discriminator is

K=!

n being the n-tuple size and in the number of inputs to the C-discriminator. The value in
Is a multiple of ,i , The output f of a RAM k takes real values between 0 and 1. The

binary vector

= (ii ,	 • ) k

is used to denote both the input address to C-RAM k and the storage location addressed by
it. The value stored in a memory location with address a = (a1 , . . . a) is denoted Ta] or

[a 1 ,... ,aJ. Hence, it holds that:
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Fig. 53: Structure of a C-discriminator.

fk	 [i,...,ifl]k.

The output r, of a discriminator C1 can be written as

r =!f	 (5])

with 0 < r. < I . Hereafter r, will be quoted as a percentage.

5.3.3. An unsupervised training algorithm

The training procedure follows the rules that form the basis of various self-organising

processes. When a pattern is presented to the network ? the best matching neuron is located,

that is, the one which responds with the highest value. Then, the matching is increased at

this neuron and its topological neighbours, and decreased at more distant neurons. This

procedure is now examined in detail.

First, the memory content of the neurons is initialised at random values within the

interval [0.1]. Then, an input pattern, chosen randomly amongst a set of training patterns,

is presented to the network. All the C-discriminators see that pattern simultaneously. The

neuron F whose response rF to the pattern is the highest is said to be firing. That means

that this neuron is the one which matches best the input pattern and it holds that

?•= max(r),
j-L •.Q
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An excitation and an inhibition regions of interaction about neuron F are defined. The
spatial extents of these regions are respectively characterised by an excitation radius p

and an inhibition radius P,h• The memory content of the neurons in these regions is

updated in such a way that the neurons lying in the excitation region become more

susceptible to fire when the same or a similar pattern is presented again to the network.

while the neurons in the inhibition region are 'pushed away T in terms of their response to

the input pattern. All other neurons in the network are left unchanged. Also. during

training, Kohonen's principle of shrinking' neighbourhoods [AI1BJ89] is applied, that is

the excitation and inhibition radiuses are treated as monotonically decreasing functions of

the number of training pattern presentations.
A particular C-RAM R, is considered in a C-discriminator situated in the excitation

region of neuron F, The Hamming distance between the input 1, to I?, and the address a1

of a certain memory location t be updated in R is denoted by H. Every memory

location a 1 in R1 will be updated according to the relation

[a 1 ]' = [a t ] + k	 [. () - [a1D
	

(5.2)

with

2
	 (5.3)

r being the Heaviside function defined as

1	 ifx^O

ifx<O.	
(5.4)

being the absolute value of A	 denoting an updated value and k being an excitation

coefficient, with 0 <k < 1 Similarly for a neuron in the inhibition region.

[a,] 1 =
	

(5.5)

I being an i,thibiiion coefficient, with 0 <1 << k In many simulations the neural density is

insufficient to include a region of inhibition. The general nature of the process is similar for

a wide range of values k and L It is mainly the speed of the process which varies.

Following the updating phase, another input pattern is selected and presented to the

network, and the training process starts again. The number of training iterations is problem

dependent and can be as small as 1,000, as in the example presented in Section 5.4.1. One

of the most central phenomena associated with this training procedure is a clustering effect



(5.6)
n

for 0^H ^-'
2

H)(l —[a1),,
2

(5.7)
fl

for—<H ^fl.
2

[a']' =
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that makes similar patterns to produce output responses close to one another in the network

output map.

5.3.4. Explanation of the Equations (5.2) and (5.5)

Equation (5.2) is the only one considered here, as a similar reasoning can be applied to
(5.5). Expression (5.2) describes the update operation taking place in any C-RAM R, of a

C-discriminator in the excitation region. In the sequel, the subscript I is omitted. All

memory locations in R are updated. The vector i denotes the input pattern to R; it is the

part of the overall input pattern which feeds into R The vector a denotes the address of a

memory location j (or the memory location itself). Hence, the expression

H =d,,(i,a).

The update will be as follows. The contents La'] of a memory location a 1 will be increased
if id is small and decreased if H(1 is large. The increase or decrease is proportional to the

value Ha Furthermore, in order for the contents of a memory location to stay within the

range [0,1], the increase or decrease of the contents of a memory location will be made to

be proportional to the 'distance' between the target value (I. for H, <-, or 0, for H >

and the current stored value. This can be expressed as

and

Equations (5.6) and (5.7) reduce to the single expression (5.2), after substitutions of (5.3)

and (5.4).

5.3.5. Choice of a linear spreading function

The algorithm for the update of the C-RAM contents. following the presentation of an input

pattern, can be viewed as a spreading algorithm (see Section 2.4.3). Indeed, the

information in the addressed memory location is spread throughout the whole of the node

memory. This process affects memory locations not addressed by the training pattern. The



2
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semi-linear spreading function	 - H is used, as expressed by the factor Al in (5.2) and

(5.5), and represented in Figure 5.4.

II	 n
2

Fig. 5.4: Spreading function.

The reason for this choice of spreading function is best explained by the following

example. A 4-input RAM is considered. The input to the RAM is denoted by the 4-tuple
(4).i1,i,,i). e.g. (1.0,0,1). The input element 4 is considered first. Its value (I in this

example) contributes to the possible addressing of 8 memory locations, the addresses of

which have their first bit set to l These locations are conceptually tagged with +1..

Similarly, the remaining locations are tagged with -1 to indicate that they are unlikely to be

addressed, because the first bit of their addresses has the value 0. This labelling is repeated
for input elements £1 i., and i This is represented on a Karnaugh map in Figure 5.5.

The combined effect of all 4 inputs is accounted for by adding together the contents of

the Karnaugh maps. This is represented in Figure 5.6 (a). The addressed location (1001)

contains the highest value +4. The opposite location (0110) contains the smallest value,

-4. Figure 5.6 (b) shows a graph of the variation of the location contents with respect to the

Hamming distance from the addressed 'ocation. By normalising this variation with respect

to ii, which is the maximum Hamming distance possible between any 2 locations, and by

taking the absolute value, the graph of Figure 5.4. is obtained. The role of this spreading

function can be seen as a way of 'linearising' the C-RAM function.
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iO= I

Th

il=1

11 = 0	 i,=O

Fig. 5.5: Representation in a Karnaugh map of the effect of each input bit on the addressing

of a memory location in a 4-input RAM.

(a)
	

(b)

Fig. 5.6: Combined effect of the inputs on the addressing of a memory location in a 4-input

RAM.
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5.4. Experimental results

5.4.1. Simulation 1

5.4.1.1 Introduction

In this first example, it is shown that the C-discriminator network can form a topologically

ordered map of input data, resulting in a clustering of responses to similar patterns in

specific regions of the output map. It is argued that it is possible to predict the network

responses to different input patterns considering the overlap areas between them. The

temporal evolution of responses to a certain pattern is shown. The formation of specific

areas of activity in the output map is observed. A simulation is also performed using a

standard Kohonen network trained with the same input patterns and the resulting output

map is compared with the map generated by the C-discriminator network,

5.4.1.2. The simulation

The problem given to the network is to locate the position, in the input pattern, of a black

area, here represented as a square. The training patterns form four classes. In each of them,

the black square is positioned at one of the corners of the patterns. Patterns belonging to the

same class differ by a certain number of pixels chosen randomly and whose colour has

been inverted to the opposite one. This acts as an addition of noise to the four basic

patterns. In the simulation up to 4 pixels were flipped in an input pattern. Each input

pattern consists of an array of 8 by 8 pixels. Therefore, there are 64 inputs fed into each of

the network C-discriminators. Typical training patterns from the 4 classes are shown is

Figure 5.7.

Fig. 5.7: Typical training patterns.

The network is made of 40 C-discriminators arranged in a one-dimensional array. This

yields a one-dimensional map of responses. The size of the n-tuple is chosen to be 4.

Consequently, there are 16 RAMs in each C-discriminator.

The inhibition interactions between neurons are neglected. The radius of excitation is
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treated as a decreasing function of the number of input patterns seen, starting at a value of

10 and decreasing by I after each 100 training steps. Although this decreasing radius

improves moderately the response clusterings, this is not a critical factor in the behaviour of

the network, compared to a fixed radius. It may be argued that decreasing the radius of the

excitation region, as learning proceeds, is somewhat analogous to the process of annealing

in Boltzmann nets. The excitation coefficient k is chosen equal to 0.L
The test set consist of 9 patterns, labelled P,P,,...,P9 Patterns P1 to P4 are the

prototypes of patterns seen by the network during training, whereas patterns P to P9 are

prototypes to intermediate classes of patterns never seen by the network before. Patterns P

to P9 are represented in Figure 5.8.

P5	P7	 P9

Fig. 5.8: Prototype test patterns P to P9.

In Figure 5.9., the network responses after 1000 training steps are shown. Although it

is difficult to derive mathematically the responses given by the network, starting from

(5.2), it is possible to justify them considering the principle of 'overlap areas on which the

discriminator node is based. The network discriminators are grouped into four sets
St ,. ',S, such that discriminators belonging to set S give approximately 100 % response
when presented with the pattern P. Then, the response r(P4 ) of a discriminator,

belonging to set 5,, a pattern P1 is given by the overlap area between patterns P and

r(P1 )— lOOw ,	 (5.8)

defining w,1 as the fraction of identical pixels in patterns P and P1 . Equation (5.8) can be

interpreted as being equivalent to (2.6), considering that, in (5.8), the discriminator

responses are expressed as percentages and that the exponent n has been eliminated by the

linearising effect of the spreading function used during training (see Section 5.3.5). The

overlap area between each pairwise combination of the patterns P1 to P4 is 50 %, observed

to be a reasonable prediction of the responses obtained in the simulation results of Figure
5.9. Considering the case of an intermediate pattern, for example Pr,, it has 75 % overlap

area with patterns P1 and P.,, and 50 % with patterns P3 and P4. Pattern P9 produces
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approximately 62.5 nc response at each C-discriminator, which is the overlap area between
P9 and each of the patterns P1 to P4.

Fig. 5.9: Responses to the test patterns P1 to P9 attune T = 1000. Exc.=IO, Inh.=OL

Noise: 0 to 4 pixels.

In the above simulation, the excitation radius was chosen to start at a value of 10 and

was progressively decreased during training. In Figures D. I to D.3 of Appendix D. I

network responses after 1000 training steps are shown, for excitation radiuses taking the

values 2, 5 10 and 20, and kept constant during training. These results show that the value

of the excitation radius affects only slightly the extent of the areas of activity in the output

map, with larger radiuses producing larger areas of activity. These results also show that

decreasing of the excitation radius during training is not a critical factor in the behaviour of

the network.

The variability between patterns belonging to the same class was simulated by

randomly choosing a certain number of pixels. defined as a noise level, from one of the
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basic training patterns, P1 to P4 . and inverting their colour. In Figures D.4 to D.6 of

Appendix D.2. the network responses after 1000 training steps are shown, for noise levels

taking the values 0. 4. 10 20 and 32. These results show that, as the noise level is

increased from 0 to 4, the network responses to the test patterns form sharper regions of

activity. A further increase of the noise level does not significantly affect the network

output map.

5.4.1.3. Temporal evolution of responses

The temporal evolution of neuron responses, to a certain pattern, at different times

throughout the training procedure is shown in Figure 5.10.
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Fig. 5.10: Development of responses to a particular patterii over time The responses at

times T = 0. 10, 20, 30, 50, 100, 200, 500 and 1000 are shown.

Initially, the C-discriminator which outputs the strongest response for a particular

pattern is randomly distributed in the net. As learning proceeds, a 'hubbl& of response

begins to emerge in a certain region of the output map. Then, the clustering of activity

stabilises to produce a stable output map of responses. Figure 5.11 shows the temporal

evolution of responses for prototype input patterns P to P4 during training.
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5.4.1.4. Comparison with a standard Kohonen network

The simulation described in Section 5.4.1 .2E in which the network nodes were C-

discriminators, was also performed with a standard Kohonen network, in which the nodes

consisted of linear weighted-sum neurons. The black and white pixels of the training
patterns were translated into the values x, = I and x 1 = — 1. taken by the inputs to the

neurons. The weights w,, of the network were allowed to take real values in the range

[-1,1]. Hence, the output response of a neuron could be expressed as

It'

y J = , t'jI . xi •	 (5.9)

n being the number of inputs per neuron and with y taking values in the range 1- in,in].

=0

i=IC)
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•I.u.... I = 2(X)

---- 1=5(X)

t= ICX)0

0	 5	 IC)	 IS	 20	 25	 31)	 35

Neuron output map

Fig. 5.12: Te,nporal evolution of responses in a standard Kohonen network with linear

%t'eighted-suln neurons.

In order that the output response of a neuron takes a value in the range 10,1] as in the

C-discriminator network, (5.9) is modified to:

1	 1
V.	 _v-	 2 2in
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During training, the weights of the fleurons situated in the excitation region of the network

are updated according to the relation:

= 'd 1 + k	 —

The temporal evolution of the network responses to one of the basic patterns, say P. is

shown in Figure 5.12.These results can be compared with those obtained in Figure 5.10

for the C-discriminator network. In both cases, a 'bubble s of response begins to emerge in

a certain region of the output map, which stabilises to produce a stable output map of

responses. The formation of the bubble of activity would appear to be faster in the C-

discriminator network than in the corresponding Kohonen network, although, due to the

very limited size of the simulation, no definitive conclusion can be drawn. The main

conclusion here is that both networks exhibit a similar behaviour in response to the same

training data.

5.4.2. Simulation 2: uniform input pattern distribution

In this section, the self-organising properties of a C-discriminator network are

demonstrated in the case of a uniform distribution of the binary variables forming the inputs

to its nodes, More specifically, a C-discriminator network of Q2 nodes is considered, in

which the nodes are arranged in a 2-dimensional array. Thc node outputs form therefore a

Q x Q output map. C-discriminators containing only I C-RAM (K = 1) are considered.

In the following, both uni-polar and bipolar notations are used. Latin characters are

used for the uni-polar notation and the corresponding Greek characters for the bipolar

notation. For instance, if y represents a variable whose value is expressed in the uni-polar

notation (i.e. YE {0,I}), then u is used to represent the corresponding variable, whose

value is expressed in the bipolar notation (i.e. VE{—1,l}). The conversion formula

between the two notations is.

v=2v—l.

The values stored in a C-RAM can be viewed as masses' in an n-dimensional binary

space. Let mE be the value stored, in a C-RAM. at the memory location addressed by input

vector

x = (x_1.. ,'.x,E''.v1),

with
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'I -

=	 2

A corresponding mass in 1 would therefore be located at co-ordinates

in an n-dimensional binary space. A centre of gravity y can be calculated, which

represents the contents of a C-RAM and is defined as a vector

Y7,,-17-2YJ"Yn).

with

= i	
(5.10)

1=0

and

M =
	

(5.11)
. =1)

y, being a real value such that 7 E J-1, 1J. For example in the case of a 2-input C-RAM,

it holds that:

3

1n i .
i=()	 -	 - 111 1 + ill, + Ifl

70	 3	 -
1fl 1 + in1 + in, ^ ni

(5.12)

and

3

i=0	 - • iflfl + if 1 - '112 + 1113

11	 3	 -
111(•) + if 1 + if, + 1113

I	 (I

(5.13)

Figure 5.13 shows. in a 2-dimensional space, the 4 masses corresponding to the 4

memory locations of a 2-input C-RAM. together with the location of the gravity centres
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corresponding to characteristic C-RAM contents.

1

nhl_.	 fl13

0
II
0 0

_lI	
in2

Fig. 5.13: Representation, in a 2-dimensional space, of the masses corresponding to the
contents of a 2-input C-RAM. The locations of the gravity centres corresponding to

characteristic C-RAM contents are shown.

The co-ordinates (y 1 , y0 ) of the gravity centre of a C-RAM are now used as a pseudo-

weight vector. The output f of a C-RAM is first expressed as a polynomial function of its

inputs (e.g., [U1173] or [Gur89]):

f = n0 (1 - ; )( I - x ) + in1 (I - x0 )x1 + mn,x0 (I - x ) + 1flXf,X1

or, using a bipolar notation,

(1—)	 ________________
f=mn()	-	

+m1 (1—))(1+E)
	2 	 2	 2	 2

(l+E1))(l—.1)	 (I+())(l+)
+,n,	 +,11

2	 2	 2	 2
(5.14)

Using ni(t) to denote the value of mn at time step t and following the training algorithm

introduced in Section 5.3.3. the following relations between memory variables can be
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written:

illfl (t) - 1?I (, ( 0) = —(,n(t) - ,n3(0))
	

(5.15)

and

,ii 1 (t) - ,n 1 (0) —(,n,(t) - ,n,(0))
	

(5.16)

Equations (5.15) and (5.16) are a consequence of the fact that, during training, the values

in 1, and in 1 are always updated with a quantity exactly opposite to that with which the

values 111 3 and in, are updated. respectively. Given the initial memory contents i;i(0) = 1/2

and dropping the dependency in t, (5.15) and (5.16) become

111 3 = I -
	 (5.17)

and

= 1 - in, '!
	 (5.18)

Substituting (5.17) and (5.18) into (5.14) yields

- 1: 1(1 -	 - (I +	 + )J + ,n,[(1 - )(1 + ) - (I +	 -4f = lflfl I(l	 'i'

= —2rn,,(,, + E1 ) - 2ni 1 ( 0 -	 + 2(1 +

= ,fl(-2?;z(, - 2,n,) + ,(-2in,, + 2,iz,) + 2(1 + .,) .	 (5.19)

Finally, using (5.10) to (5.13). expression (5.19) becomes:

4f = .,,'M'y,, + ,	 y, +2

or

= 
I() h o +	 .
	 (5.20)

with

hi's = Al
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and where denotes the output of the C-RAM expressed in bipolar notation.

It is possible to show that, in the general case of ii inputs per C-RAM. (5.20) takes a

form similar to the activation function of a higher order neuron, but in which the terms

corresponding to the product of a even number of variables are eliminated:

0 =	
w, +	 f W,j

A C-discriminator network with parameters Q = 24 K = I and n = 2 is considered.

The input patterns are randomly drawn from a uniform distribution of input values, that is.

at each training step, the input to the network is randomly chosen amongst the four possible
input patterns {o,o}, {o.l}, ji,o} and {i.}. In this experiment, the excitation and

inhibition radiuses were chosen to be equal to 6 and 11, respectively, Figure 5.14 shows

the network's output map, after about 10.000 training steps, in response to one of the input
patterns, say {i,i}. Similar output maps are obtained for the other 3 input patterns, but

with the dark and light areas of the map occupying one of the other possible edges of the

map.

Fig. 14: The network's output snap, after about 10,000 training steps, in response to one of

the input patterns, say { l,l}

A graphical representation of the gravity centres of the network's C-RAMs, after about

10,000 training steps, is shown in Figure 5.15. The spatial arrangement of the neurons is

represented by connecting together the centres of gravity of any two spatially adjacent C-

RAMs. The main conclusion is that the C-RAMs memory contents has self-organised in

order to form an internal representation of the uniform input distribution.
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—a

Fig. 5.15: Graphical representation of the gravity centres of the network 'c C-RAMs, after

about 10,000 training steps. The spatial arrangement of the neurons is represented by

connecting together the centres of gravirc of any two spatially adjacent C-RAMs,

5.5. Comparison with other weightless models

The network and learning algorithm presented in the previous sections were first published

in [Nto9O] and constitute an original contribution to this thesis. Other weightless networks

producing self-organisation through some unsupervised algorithm have been proposed

(e.g.,. [AIIJM89J,r [KerS9OJ, [TamS92] or LRicS93J). These were either developed

independently, at about the same time as the present work ([AIIJM89J and [KerS9O]), or

subsequently and as a continuation of previous work ([TamS92] and IRicS93I).

In the sequel. the C-discriminator is compared to a weightless seif-organising network

proposed by Allinson [AIIJM89J (also in [AIIBJ89],jAIIJ89J or IAIIJ92I). Similarities and

differences with the C-discriminator model are emphasised.

In [AIIJM89J, a technique is described for realising seif-organising feature maps, which

"exploits the properties of {O.I}' space" [AIIBJ89]. Basically. the network, referred to here

as the Allinson network, takes the form of a discriminator-based Kohonen-type network.
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The memory locations are only allowed to hold values 0 or 1.

As in the C-discriminator model, the similarity, or distance metric, between input

patterns and 'prototype' patterns (implicitly defined by the discriminator's memory

contents) is measured by the discriminator's response. This similarity is related to the

Hamming distance between the input patterns and the prototype patterns. In [AIIJM89J,

[A1IBJ89], 1A11J89]. and [AIIJ92], a insightful interpretation is given of a discriminator's

response. This response is interpreted as the number of the times that the input pattern is

labelled in the O,I}Th sub-spaces formed by the discriminator's RAMs.

For completion, it is worth mentioning that in the Allinson network, the calculation of

the output map is simplified by using a coding scheme that allows the grouping of adjacent

units. This is justified by the observation that, in a topologically organised network.

adjacent units share similar responses. If the desired output map has dimensions (Q x Q),
then instead of having a network of Q 2 discriminators, only 2 Q discriminators are used:

Q discriminators code for the x-projection' of the output map and, similarly, Q

discriminators code for the y-projection 4 . Therefore, if notations similar to (5.1) are used,

the output corresponding to a position (i,j) on the output map can be expressed as:

=r.r

The saturation of the memory content, which occurs in N-tuple systems not endowed

with some mechanism for controlling the cluster size, is overcome by maintaining afixed

fraction of memory locations set to 1 These locations are initially randomly distributed

throughout the RAMs. Then, as training proceeds, memory locations that contained 0 are

set to I using an updating procedure typical in a Kohonen network and involving the

definition of a excitation region about a 'firing' neuron. Each time a memory location is set

to I , another memory location, that was set to I in the considered discriminator, is set to 0.

The memory location to be cleared is chosen such that it has the same 'norm' (number of

l's in its address N-tuple) as the location that was set to 1. This procedure guarantees a

stable learning.

In the C-discriminator network, it is the spreading function which guarantees that there

will he no saturation in the system. In fact, the symbol redistribution [AIIBJ89] taking place

in the Allinson network can be viewed as a simplified form of the spreading function

described in this chapter. Indeed, the location addressed by the input pattern in a

discriminator in the excitation region, spreads its value, using a negative 'weight'4 to

another location.

In ITamS92]. as a continuation of the work described in this Chapter. a simplified

spreading function is used, similar to MUnson's, where the location to be cleared is the one

'opposite' to the addressed location, that is. the one at maximum Hamming distance from
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the addressed location Using the same representation as in Figure 5.4, this spreading

function can then be represented as in Figure 5.16.

II	 n
2

Fig. 5.16: Sirnpljfied spreading function, in which the addressed content in a RAM, is only

spread to the opposite memory location.

In [KerS9O], a seif-organising discriminator-based system is described, in which the

node functions, set up during training, depend on the 'strength' of the different features

present within the training data. The operation of the network, instead of being of the

Kohonen type, follows a scheme similar to Grossberg's Adaptive Resonance Theory

(ART) (e.g., [Was89], [CarG89J or [CarG9OJ). The contents of the memory locations is

allowed to take an integer value in some range, typically 1-15,15]. The output of a node

takes a binary value I or 0, depending on the sign of the contents of the addressed memory

location in the node. Again, the training of the discriminator RAMs makes use of some

form of spreading function. The contents of the addressed location within a node is

increased by a value E and the contents of all other locations, not addressed by the input

pattern, is decreased by a value 6 e and 6 being integer values in the range [I,l00[ By

varying the values assigned to e and 6, different 'weights' are attached to the appearance

or non-appearance of n-tuple features in the training set. This is equivalent to setting the

memory location addressed by some n -tuple only if the corresponding input sub-pattern is

present in at least a fraction 	 of the training data [KerS9O].

In [RicS93], a self-organising weightless neural network is presented. which does not

make use of an explicit spreading procedure. Instead, each iteration of the winner-take-all

learning algorithm involves a batch phase . during which all the training patterns are

presented to the network. This phase allows the calculation of a normalisation factor in

order to ensure a zero total update quantity for each RAM. In that way, the mean of the

node response is forced to zero. Moreover, a site which is addressed by every pattern will
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contain zero after one pass of the data set and will not contribute to the output of the node

(RicS93l. In fact, in that system, the spreading of information between memory location

contents is implicit in the batch calculation of a common quantity between the memory

locations.

5.6. Conclusions

This Chapter was concerned with unsupervised learning in WANNs. A self-organising

WANN similar in structure and operation to a Kohonen network has been presented. The

C-discriminator node was introduced and it was shown that such a model can be used in a

network governed by an unsupervised training procedure. Simulations have shown that the

C-discriminator network is able to form a topologically ordered map of input data, where

responses to similar patterns are clustered in certain regions of the output map. It was

shown that the output responses of the neurons can be predicted on the basis of the overlap

areas between training patterns.

The main contribution of this chapter was the introduction of a new training algorithm

used to train the C-discriminator network, using a spreading mechanism affecting memory

locations not addressed by the training patterns During the training procedure, the

information, concerning how a neuron should respond to new patterns, is spread to each

memory location of the C-discriminator's C-RAMs.. A C-discriminator situated in the

excitation region about the firing neuron will become more susceptible to fire when the

same or similar input pattern is presented again. Moreover, as a consequence of the above

spreading procedure, this C-discriminator will become less susceptible to fire if an input

pattern, very different, from the one with which the training phase was performed, is

presented to the network. Inverse behaviour is observed for a C-discriminator situated in

the inhibition region about the firing neuron. An additional advantage of the spreading

algorithm is that the problem of node saturation, which is a characteristic drawback of n

tuple systems (e.g., IBIeB59I, [Ste62], LU1173] or [A1eTB84J) has been eliminated in the

C-discriminator network.

This Chapter was not concerned with implementation issues. In that respect, it should

be noted that the C-discriminator training algorithm, as exposed in Section 5.3.3, is not

straightforward to implement in hardware. This is due to the continuous values of the

memory contents and the spreading of information to each memory location of the nodes at

each step of the training algorithm. However, approximations are possible. The memory

contents can be restricted to a range of discrete values in the interval [0,1J. Furthermore,

the spreading function of the training algorithm can be simplified, such as represented in

Figure 5.16. Finally, the training of the network can all together be performed by software

(see discussion in Section 3.7.2) and the trained network be subsequently implemented in

hardware, using existing state-of-the-art random access memory techniques.
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CHAPTER VI. WEIGHTLESS AUTO-ASSOCIATIVE
MEMORIES

6.1. Introduction

A cluster of interconnected formal neurons has, as an emergent property. the ability to enter

stable firing patterns, when stimulated by the presentation of noisy versions of these

patterns [Hop82]. The General Neural Unit network (GNU) [Ale9OaJ, reviewed in Section

2.5.3.3, s further studied for its ability to perform auto-association. Hence, the GNU is

operated with the number of external inputs N per node being equal to 0 and the number of

feedback connections F to a node being different from 0. Furthermore, if a weakly-

interconnected network is considered, the value of F represents some small fraction of the

total number K of system outputs.

The nodes of a GNU are GRAMs, reviewed in Section 2.3.7. GRAMs operate in three

phases. The training phase, similar to the write mode in a RAM, is the operation by which

the GRAM records addresses with their required response. The training phase is followed

by a spreading phase. Finally, during the use phase, the node makes use of its stored

information to produce an output.

The probabilities of disruptions between training patterns in the GNU are calculated and

conclusions are drawn on the storage capacity of the network. The method of investigation

is purely combinatorial, consisting of counting the number of disruptions between patterns

occurring, on average, in the nodes of the GNU. The calculation does not take into account

the retrieval characteristics of the GNU. i.e. whether the network converges towards the

nearest stored pattern or drifts away in state space. The retrieval process in the GNU

network will be examined in Chapter 7.

Finally, a method for improving the immunity of the GNU network to disruptions is

also proposed, which uses a network based on the GNU but with discriminator nodes

instead of GRAMs.

6.2. Probability of disruption and storage capacity

6.2.1. Assumptions

The assumptions concerning the parameters the considered GNU network have already

been stated above. namely. N = 0, F ^ 0 and F << K
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The operation of the network is assumed to be synchronous, with all the GRAMs

outputting the value addressed by their input F-tuple at the same time.

The question arises of whether it is desirable or not, to allow self feed-back connections

to the nodes of the GNU network. In [ZhaS9l I, self-connection is imposed on all nodes,

as a means of eliminating disruptions between patterns. However, this method yields an

artificial partitioning of the node memory which leads to the creation of numerous spurious

states or false minima. In the following, it is assumed that no self-feedback occurs at the

nodes of the GNU., If the input mapping is random, there exists a non-zero probability of
self-feedback. The probability P,. of self feed-back at a node can be expressed as

P,, = l—(l

However, if a weakly interconnected GNU is assumed, i.e. F << K, then the probability

of self-feedback becomes negligible:

6.2.2. Probability of disruption of equally and maximally distant patterns

A set L of S training patterns stored in the GNU network,

L={Ti,T,,"Tc},

is considered. The patterns are chosen such that the overlap between any two stored

patterns is equal and minimal. This assumption seems to be general enough and has the

advantage that it will enable an exact calculation of the probability of disruption between

patterns. In Section 6.2.2, the high correlation between such patterns is discussed. Thus,
the overlap w1 between patterns 7 and T, can be expressed as

(fl 1 1-	 (6.1)

These patterns can be formed in the following way. The pattern space is divided into S

parts containing the same number - of pixels each. Any one pattern is formed by
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choosing one such part at random and assigning the value I or black colour, to its pixels

The value 0, or the white colour, is assigned to the pixels of the other S—I parts. One

possible graphical arrangement of such patterns, which will help understand the subsequent
developments, might be to represent an input pattern as divided into S sections s ,s, '.s•

of equal area. Section Si , corresponding to pattern T,. contains 1-values and all other

sections contain 0-values. This arrangement is shown in Figure 6.1.

Fig. 6.1: Graphical representation of one possible arrangement of S equally and

,naximallv distant training patterns

During the storage process, contradictions occur when new stored patterns cause old

ones to no longer be stable patterns in the network. In the following, the probability of
disruption of pattern T1 by patterns T,, ... Tç is calculated.

First is considered the probability of pattern T1 being disrupted by pattern T,. This

occurs when the input sub-patterns to a particular node are identical for patterns T1 and T,

while the required outputs are different. In other words, a contradiction occurs because a

value 1 and a value 0 have to be stored at the same memory location. The probability of this

occurring is

_______	 2 ,-
Pr (T1 C 

d,.rrupf	
T3) = . 1 — —)

In (6.2). the factor - represents the probability of having different outputs for T and 7',

while the factor (1 — -) is the probability that all inputs to the node are the same for T1 and

Further, the probability that pattern T1 is disrupted by at least one of the other patterns

T, •.., T . is considered. The following theorem can then be stated:

(6.2)
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Theorem 6.1: In a weakly interconnected auto-associative GNU with F-input iodes

and storing S equall' and ,naxi,nall distant patterns, the probabilit y Pd(S,F) of

di.cruption of any one pattern, in a particular node, due to the other S - I patterns is givei

b

P,, (S. F) = Pr( 7',	 dtirupz	 {T1 . T, • , T } \ T,)

Proof: Let v, denote the value required at the output of a particular node, when pattern T

is present at the output terminal of the GNU, and x 1 the vector of feed-back inputs to that

same node, for the same pattern T1 . All different cases of contradictions need to be

considered.
First, the case when y, 	 for any j such that j ^ i, is considered. Taking into

account (6.1), this case has a probability . For the inputs, the probability that x 1 is equal

to at least another input x,, with 3 ^ i. needs to be considered. This probability can be

expressed as

rI	 (	 •
I—Il—I

S

This provides the first term of the overall probability of disruption:

.{l [ - (I -	 (6.4)

Then, the S—I cases, with

are considered, for each of which v, ^ y and y = ,, for any j such that j k and j ^ i.

These S - I cases have each a probability of -. For the inputs, the probability that x = X

needs to be considered. This is given by

Ii
S)
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The probability that x = x with j ^ t need not be considered, since v, = v 1 and

therefore no contradiction can occur for that case. This yields the second term in the overall

probability of disruption:

S—t ( 2
1) 4

Finally, summing the contributions (6.4) and (6.5), the overall probability of disruption

P,(S,F) is obtained:

1.	-
II	 I	 /	 2''	 s1	 'F

	

P,(S,F)=—•l—I 1—I i--i I	 + -
S1 [	 SI]	 S '.	 S

This concludes the proof of Theorem 6.1.

The following corollaries can then be formulated:

Corollary 6.1: The proportion of patterns that are disrupted, on average, in a particular

node of a weakly interconnected auto-associative GNU network, with F-input nodes and
storing S equally and inaxunallv distant patterns, is given by d (. F)

Proof: From theorem 6.1 P (S. F) is the probability of disruption of a stored pattern, n a

particular node, due to alt the other stored patterns. Therefore, on average, there is a

proportion PJ (S,F) of disrupted patterns. This results from the fact that the mean value of

a binomial distribution with parameters S and d is given by S . P,,,

Corollary 6.2: In a weakly interconnected auto-associative GNU network, with F -input

nodes and storing S equal/v and ,naximal/v distant patterns, the proportion of nodes, on
average, in which a particular training pattern is disrupted is given by P (S. F).

Proof: The proof follows from considering theorem 6.1 and the fact that the mean value

of a binomial distribution with parameters K and P,, is given by K d

(6.5)

It is interesting to consider the following limit cases:

Corollary 6.3: A weak1 interconnected auto-a.ssociative GNU netitork. with F-input

nodes and storing S equally and maximally distant patterns, can store two opposite
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patterns without disruption.

Proof: If S=2, then P,(S.F)=Pd(2,F)=O. It is indeed obvious that any GNU can

store two opposite patterns without disruption, because at each node, the patterns will

address a different memory location.

Corollary 6.4: When an asvnptotically large number of equally and inaxunally distant

patterns is stored in a weakly interconnected auto-associative GNU network, they all get

disrupted.

Proof: For large S, the probability of disruption tends to I

limPd (S,F)= I

Corollary 63: When, in a t'eakly interconnected auto-associative GNU, the nunber S

of stored patterns, assumed to be equally and naxi,nally distant, and the number F of

inputs per node become asymptotically large, then 4 patterns are disrupted, on average.

in any node of the network.

Proof: If S and F are held at the same value in (6.3), the probability of disruption, in the

limit S = F - oo,becomes:

I	 r	 .)\S11	 2\s
lim P,J (S,F) = lim—• 1—Il—Il - I I 	 + lim '	 •I I--

[ L	 5)] J	 5	 S

	

/	 2S
=limI 1--

	

X- .4% 	 S

= lim(l-2e)

1
'S

e

Then, taking into account Corollary	 the result of Corollary 6.5 follows. This

concludes the proof of Corollary 6.5.

Thus, in the above case, a fraction	 or 13.53%. of the total number S of patterns is

disrupted in any node of the network. From Corollary 6.5, the next asymptotic result can

be formulated:
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Corollary 6.6: When the number S of stored pattern.s in a weakly interconnected auto-

associative GNU network of K tiodes, storing equally and lncLvjlnally distant patterns, and

the nwnber F of inputs per node are asymptoticall y large, a number - of nodes exist,

on average in which a particular training pattern is disrupted.

Proof: The result follows immediately from Corollaries 6.2 and 6.5

The previous result shows that the GNU network, under the conditions specified by

Corollary 6.6, can store about the same number S of patterns as the number F of inputs

per node, with a small error due to memory locations containing u values being addressed

and therefore outputting at random. This disruption error means that, provided a stored

pattern is stable, a number -- of its pixels would, on average, have incorrect values at the
2e

terminals of the GNU, resulting in a noisy version of the original stored pattern.

Although Corollary 6.6 was formulated in the asymptotic case where both variables F

and S tend towards infinity, the result holds approximately for finite values of the

variables. For example. an auto-associative GNU with a number of feed-back inputs per

node F=8, could store 8 equally and maximally distant patterns with a disruption

probability of 0.145, which is a good approximation of the theoretical value 0.135. The

above storage capacity result can now be stated in a formal way

Theorem 6.2: The number S of equally and maximally distant patterns that can be

stored in a weakly interconnected auto-as.socwtive GNU neiit'ork is approximately equal to

the nun her F of inputs per node.

Proof: Considering the result of Corollary 6.5, it holds that

PJ (S,F)
	

(6.6)

Furthermore, when S and F become large, the second term of (6.3), also given by (6.5),

becomes much more important than the first term, also given by (6.4), and the following

relation holds

S—T (	 ,\'
P,S.F)

Sk S
(6.7)

Combining (6.6) and (6.7) and taking the logarithm on each side yields
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—2log
(s-i	 -	 (	 2	

(6.8)

The first term of the right member of (6.8) is negligible and the first term of the

development

log(l—x)—x---.--"-- . 	 (6.9)

holding for

—I <x < 1,

can be used on the second logarithm in (6.8). This yields

—2 F(—)

and finally

S F

which concludes the proof of Theorem 6.2.

The main conclusion is that the proportion of disrupted patterns 4 and therefore the

storage capacity of the network, depend primarily on the number F of inputs to a node. A

similar result is reported in [Ale9Oc], Also, this storage capacity result, calculated as a

count of potentially stable patterns in a GNU, is not a sufficient indicator of whether the

patterns are stable or metastable. Therefore the retrieval properties of the system will need

to be examined. This is carried out in Chapter 7

6.2.3w Experimental verification of Corollary 6.5

In order to verify experimentally the validity of the theoretical result expressed by Corollary

6.5. a simulation is run which counts the proportion of patterns which are disrupted at a

particular node, for the case of equally and maximally distant patterns. For example, the

case



CHAPTER 6: WEIGHTLESS AUTO-ASSOCIATIVE MEMORIES	 129

S= F= 100

and

K= 10,000,

having therefore K>> F. is simulated. As there are 10,000 nodes in the network and in

order for the GNU input terminal to have the same size as the output terminal, the training

patterns considered consist of arrays of 100 x 100 pixels. In any such training pattern, all

the pixels are white except for an area of size 10 by 10 and which consists of black pixels.

The black area is chosen to be different for each training pattern. This type of patterns

constitute one possible example of equally and maximally distant patterns.

Then, the following procedure, which simulates the storage, in a particular node, of the

training patterns, is repeated n times. This procedure consists of:

1. choosing F random pixels for the inputs to the node and I random pixel for the output

of the node;

2. mapping the pixels values, for each one of the 100 training patterns, to the inputs and

output of the node;

3. determining whether there is at least one contradiction, that is, the node is required to

output a different value for the same input address. If, during an fteration, at least one

contradiction is found, a count variable c is incremented by one.

The ratio is observed to converge towards a value of about 0.135, which corresponds to

the theoretical result expressed by Corollary 6.5.

6.2.4. Equally and maximally distant patterns

In section 6.2.2. equally and maximally distant, or minimally overlapping, training patterns

were used for the calculations of disruption probabilities. It is interesting to note that the

correlation between those patterns varies with their number S.

The correlation between patterns and 7', is defined as:

p11 = !	 , r.

in which in is the total number of pixels in the patterns.. r and r being the pixel values of

the two patterns, in polarised notation. When p 1 = — 1 the two patterns are opposecL

whereas when p1 , = I. the two patterns are identical. A value p 1 , = 0 means that the two

patterns are uncorrelated. The relation between overlap w and correlation p is given by:



ChAPTER 6; WEIGHTLESS AUTO-ASSOCIATIVE MEMORIES 	 3O

p = w—(I - w)= 2w—I,

Using (6]). the overlap p1 between patterns T1 and T1 can be expressed as:

4
p1 1 =2w 1 —1=1--,

with S ^ 2. This is represented graphically in Figure 6.2..
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Fig. 6.2: Graph showing the correlation between any two stored patterns as afunction of
the total number S of patterns. The patterns are assumed to be equally and maximally

distant from each other.

In the case of 2 training patterns (S = 2), these are opposite patterns and therefore

maximally distant from each other. When S = 4 the correlation becomes 0. It then

continues increasing with the number S of patterns to reach an asymptotic value of 1. The

asymptotic result of Corollary 6.5 would seem, therefore, to be a consequence of the high

similarity between patterns when S is large. However, as shown before, the storage result

expressed in Theorem 6.2 holds also for small values of S.

It is interesting to calculate the probability of disruption in the case of uncorrelated or

random patterns.

6.2.5. Probability of disruption of uncorrelated patterns

The patterns considered in this section are uncorrelated, that is

Vi,.jE{I,2..,S},i^j:p1, =0.



l+pi/
(O,

2	 2
(6.10)
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Therefore the average overlap between patterns becomes;

The probability Pd(S.FY of disruption. at a particular node of a GNU, of a pattern T by

one or more of the other S - I patterns is considered. The following theorem can he stated:

Theorem 63: In a weak/v interconnected auto-associative GNU tith F-input nodes
and storing S randon patterns, the probability d F) of disruption of any one pattern,

in a particular node, due to the other S - I patterns is given by:

Pd (S,F) = Pr(T	 dv.rupi {T T	 TJ\ T)

= I - (i -	 (6.11)

Proof: The reasoning is similar to the one followed in Section 6.2.2. Again, y 1 denotes

the value required at the output of a particular node, when pattern Ti is present at the output

terminal of the GNU, and x the vector of feed-back inputs to that same node, for the same

pattern T1 . The probability of disruption is calculated for pattern T1 , i.e. I = I • without loss

of generality.
The S-I patterns	 are divided into 2 sets, the first set containing q- I

patterns T such that

y^y,with j	 {2,3,..,q}

and the second S - q patterns such that

1 
=v1 with JE q+I,q+2,...,S}..

IS-l\
There are	 I ways of choosing q - I patterns amongst S - I patterns and the

q-lj

probability of each occurring for a pattern T1 , such that y1 ^ , can be expressed as:

(I - 0)q 
•

	
(6.12i

Taking (6.10) into account. (6.12) becomes:
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(1)q-1	
=2'
	

(6.13)

For the inputs to the considered node, the probability that the input vector x1,
corresponding to pattern T1 is identical to at least another of the q - I patterns T for

which 1 ^y 1 . is

/1 
F q-I

'[') 
I

(6.14)

Finally, summing the product of (6.13) by (6.14) over the S—I cases, corresponding to
the values q E { 2,3,•• . s} an expression for the probability of disruption P,(S,F) s

derived:

P11 (S,F) =	 (I) 2' 
•[l 

—(1 _2_F)1]

= 

2 . { 
(= )} - 

2 . {22 (:= ) .( - 21)}

=	 {2' - i} - 2'	
{	

1) .(i - 2_F)'

= I —2 - 2l	 - 2) — l}

Finally.

P,,(S,F) = I _[i - 24h}

which concludes the proof of Theorem 6.3.

Alternative proof: The probability of disruption of pattern T1 by pattern T js given by

Pr(T1	 di'riqit	 T) = (I - w , ) (

Taking into account (6.10). it holds that

Pr(T1 ' 1,ruj.t	 T4 ) = 2'•
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and therefore the overall probability of disruption becomes

Pd (S.F) = 1 -•fl[i - Pr(T1 
disrupt 

T,)J

and finally

Pd (S,F) = i	
-

which concludes the alternative proof of Theorem 6.3.

Corollaries 6.1,6.2 and 6.4, stated above for the case of equally and maximally distant

patterns, are still valid in the case of random patterns. Corollary 6.3 is only approximately

valid in the case of random patterns, since there is a non-zero probability of disruption in

the case of 2 random patterns stored in the GNU. In that case. (6.11) becomes

Pd(F,2) =

In the case of random patterns, Corollary 6.5 does not hold anymore and is replaced by

the following corollary:

Corollary 6.7: When, in a weakly interconnected auto-associative GNU, the number S

of stored patterns, assumed to be random, and the number F of input.c per mmdc become

asymptotically large, then no pattern gets disrupted, Ofl average, in an y node of the

network.

Proof: If S and F are held at the same value in (6.11). the probability of disruption. in

the limit S = F—' oc, becomes:

= L(1 _[•l - 2_.hh]st) = o.

Thus:

lim P,(F.S)=O5

which concludes the proof of Corollary 6.7,
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The previous asymptotic result, which is also approximately valid for finite values of the

variables F and 5, shows that a weakly interconnected auto-associative GNU can easily

store F random patterns without disruption. This means that the maximum number of

patterns that the network can store, with a small probability of disruption, is likely to be

much higher than the number F of inputs per node. The storage capacity becomes then of

the order of the number 2b of memory locations per node in the GNU.. Therefore, the

following corollary can be stated:

Corollary 6.8: When, in a weakh' interconnected auto-associative GNU, the number S

of stored patterns, assumed to be rando,n, and the number 2 F of memory locations per

node become asymptotically large, then S (I - _=.) jatterns are disrupted. on average, in

any node of the network.

Proof: If S is held at the same value as 2' in (6.11), then the probability of disruption, in

the limit = F	
, becomes:

lim Pd (S,F) = urn l - (I - 2') ']

	

I	 I	 l\2
=1- limil--'-

	

F—. c%,	 22t

I	 e\t
=1-limi I--

i-.O	 2

= I -.e.

Then, taking into account Corollary 6.1. which is also valid for random patterns, the result

of Corollary 6.8 follows. This concludes the proof of Corollary 6.8.

Thus, in the above case, a fraction I - 	 or 39.35% of the total number S of

patterns is disrupted in any node of the network. By taking into account Corollary 6.2.

which is still valid for random patterns, it can be said that, in a GNU of K nodes, storing

2F random patterns, a number K . ( l ---p f nodes exist on average, in which a
\	 \C/

particular training pattern is disrupted. This disruption error seems to be no longer

acceptable, as this was the case for the disruption of equally and maximally distant patterns.

obtained in Corollary 6.5. Therefore, a storage ratio a is defined as the proportion of the

2 patterns that a GNU with F-inputs per node could store. It holds that
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S= •
	 (6.15)

with

0 <a <1.

Theorem 6.4: A weakly interconnected auto-associative GNU network, with F inputs

per node, can store a number a 2 of randon patterns, where a is a storage ratio which

is directly related to the probability PJ (S,F) of disruption between patterns, by the

relation:

a =2'P(S,F).	 (6.16)

Proof: If S is held at the same value as a 2' in (6.11), then the probability of disruption,

in the limit S = a 2' - oc ,becomes:

= urn Pd (S,F) Iim[1 - (i - 2_(F+t))' -']

.1 aY
=j—limil---e

f.O\	 2

a

= I —es.	 (6.17)

Equation (6.17) can be rewritten as:

log(l—Pd)= —...	 (6.18)

Finaily, replacing the logarithm in (6.18). by the first term of the development (6.9), it

holds that:

a = 2 p

which concludes the proof of Theorem 6.4.

Alternative Proof: Using (6.11). an expression for the storage capacity of the network

is derived:



log(1— "d)S = I +
Iog(l - 2')

(6.19)
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Substituting both logarithms in (6.19) by the first term of the development (6.9). it holds

that:

+ P ,2F+

- 1d 2.	 (6.20)

Finally, the substitution of (6.15) into (6.20) yields

a=2Pd.

which concludes the alternative proof of Theorem 6.4.

Equation (6.16), which shows the direct correspondence between the storage ratio a
and the probability of disruption P,,. means that the greater the fraction of the patterns

allowed to be disrupted in the GNU nodes, the more patterns can be stored in the network.

However, the probability of disruption needs to remain small in order to enable correct

retrieval of the stored patterns. For example, considering a weakly interconnected auto-

associative GNU with 8 inputs per node, i.e. F = 8, and if a probability of disruption of

10% is assumed to be acceptable, then, from (6.15) and (6.16), it can be seen that the

network is able to store about 51 random patterns.

It is also interesting to note that, for the case a = l (6.15) shows that any stored

pattern is disrupted, on average, in 50% of the nodes, which can be considered to be a

good approximation of the figure of 399k provided by Corollary 6.8.

6.3. Improving the immunity of the GNU network to
contradictions

It was shown, in the previous sections. that stored patterns get disrupted in the nodes of a

GNU, due to contradictions occurring because a node is required to store opposite values at

the same memory location. When such a contradiction occurs, a value u is stored at the

memory location in question.

In a standard GNU network, only one GRAM codes for each output of the network. If

the output of the GRAM is wrong. then the corresponding network output will also be

wrong. in order to improve the immunity of the network to contradictions, a GNU is
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considered, in which several GRAMs arc allowed to code for each of the outputs of the

GNU, Thus a node of the GNU becomes a kind of discriminator of GRAMs, in which the

GRAM outputs are summed and thresholded. A threshold of 05 is chosen, in such a way

that it implements a sort of voting system between several GRAMs.

When a stored pattern, assumed to be un-distorted, addresses the nodes of the GNU,

each GRAM either outputs the correct value for that pattern or, in the case of a contradiction

between stored patterns, the GRAM outputs the value u A vote is operated amongst the

outputs of the nodes coding for the same GNU output, and 0, 1 or u is decided for the

GNU output. This method, consisting of having more than one GRAM coding for a GNU

output, increases the probability that at least one of the GRAMs coding for a particular

output will output a non-u value.

A number M of GRAMs is assumed to be coding for each output of the GNU,. Using

the same methodology as in the previous sections the following two theorems can he

stated:

Theorem 6.5: The number S of equally and ,naximall distant patterns that can he

stored in a weakly interconnected auto-associative GNU network, with F inputs per node

and in which a number M of GRAMs code for each GNU output. is given by:

S = M F.	 (6.21)

Proof: The probability Pd (S,F) of disruption of any one pattern, in a particular GRAM,,

due to the other S - I patterns is given by (6.3). Since the input mapping of each GRAM is

random and independent of the mapping of the other GRAMs, therefore the probability
PJ (S,F,M) of disruption of any pattern in all M GRAMs coding for the same GNU

output is given by:

Pd (S.F,M) =[P(s,F)]".	 (6.22)

If S is held at the same value as the product F M then the probability of disruption
PJ (S,F,M), in the limit S = F M x ,becomes:

ç S-I

• urn P 1 (S,F,M)=lim -- I— i_(i_ ..) M 	 +

.S-! 5f• .x	 .S--' 5	 S

I'

= limI1—-
S-.x\	 5

_±. -
S \ SI
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S

• 1	 2 M\i
= limil-----'-

S.x	 M S

=[

2

e] =e

This asymptotic result being approximately valid for finite values of the variables, if holds

that:

Pd (S,F,M) e2.

Moreover, similarly to (6.7), it holds that:

[S_l . (	 2\
Pd (S,F,M)'	 l_)

[s

Finally, following a similar argument to the one in the proof of Theorem 6.2, the result

Sr.FM

is obtained. This concludes the proof of Theorem 6.5.

Theorem 6.6: A t'eakly interconnected auto-associative GNU network 1 with F inputs

per node and in which a nunber M of GRAMs code for each GNU output, can store a

number a 2b of random Jatterns, where a is a storage ratio which is directly related to
the probability of disruption P (S, F, M), by the relation .

a = 2
	

(6.23)

Proof The probability PJ (S.F,M) of disruption of any pattern in all M GRAMs coding

for the same GNU output is given by (6.22), in which the probability P(S,F) of

disruption of any one pattern, in a particular GRAM, due to the other S - I patterns. is

given by (6.1 1). If S is held at the same value as a 2b in (6.1 1, then the probability of
disruption PJ (S,F,M). in the limit S = a	 . becomes:

= Iirn PJ (S.F I M) 	lirn{P(S,F)]'
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= urn ii - (u 
2_F#h)nl 2t —I

-.x

= {lim[l - (i - 2'')	
}}'

U M

= {l_e}

Equation (6.24) can be rewritten as:

log[I ()i]
	 a
=--*

2

(6.24)

(6.25)

Finally, replacing the logarithm in (6.25), by the first term of the development (6.9), it

holds that:

a

which concludes the proof of Theorem 6.6.

Equation (6.23) shows the direct correspondence between the storage ratio a and the
probability of disruption Pd(S,F,M) allowed in the GNU. The use of more than one

GRAM to code for a GNU output results in an increased storage capacity, The same

example as in Section 6.2.5 is considered, that is, a weakly interconnected auto-associative

GNU with F 8 inputs per node. A probability of disruption of 10% is assumed to be
acceptable, that is, PJ (S,F,M) = 0.1. If 2 GRAMs are used to code for each GNU output,

i.e. M = 2, then it can be calculated, using (6.23) and (6.15), that the network is able to

store about 162 random patterns.

6.4. Conclusions

The ability of a weakly interconnected GNU network to perform auto-association was

studied.The disruption probabilities between training patterns in the GNU were calculated

and the storage capacity of the network was derived. Two kinds of patterns were

considered: first, equally and maximally distant patterns and then, random patterns. The

method of investigation was purely combinatorial, consisting of counting the average

number of disruptions between patterns, occurring in the GNU network storing a number

S of patterns

It was proved that, when the number S of equally and maximally distant patterns.
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stored in a weakly interconnected auto-associative GNU network of K nodes, and the

number F of inputs per node arc asymptotically large, a number of nodes exist, on

average, in the GNU, in which a particular training pattern is disrupted. Therefore, under

the above conditions, the GNU network can store about the same number S of patterns as

the number F of inputs per node, with a small error due to memory locations containing u

values being addressed and therefore outputting at random. This disruption error means

that, provided a stored pattern is stable, a number -- of its pixels will, on average, have
2e

incorrect values at the terminals of the GNU, resulting in a noisy version of the original

stored pattern.

It was proved that, when, in a weakly interconnected auto-associative GNU, the

number S of stored patterns, assumed to be random, and the number 2b of memory

locations per node become asymptotically large, then a fraction j - -=', or 39.35%, of the

total number S of patterns is disrupted in any node of the network. Therefore, in a GNU of

IC nodes, storing 2' random patterns, a number K' (i _'-=r) of nodes exist, on average.

in which a particular training pattern is disrupted.

It was proved that a weakly interconnected auto-associative GNU network, with F

inputs per node, can store a number a '2 of random patterns, where a is a storage ratio
which is directly related to the probability P,,(S.F) of disruption between patterns, by the

relation a = 2' P,,(S,F). This means that the greater the fraction of the patterns allowed to

be disrupted in the GNU nodes, the more patterns can be stored in the network. However,

the probability of disruption needs to remain small in order to enable correct retrieval of the

stored patterns.

Finally, a method for improving the immunity of the GNU network to disruptions was

proposed, which used a network based on the GNU but in which more than one GRAM

code for each GNU output bit. It was proved that the number S of equally and maximally

distant patterns that can he stored in a weakly interconnected auto-associative GNU

network. with F inputs per node and in which a number M of GRAMs code for each

GNU output, is given by S = M' F. In the case of random patterns, it was proved that the

network can store a number a '2 of random patterns, where a is a storage ratio which is
directly related to the probability of disruption P,(S,F,M), by the relation

a = 2 ' •[i(S,F,Aij. In conclusion, the use of more than one GRAM to code for a GNU

output results in an increased storage capacity of the network.
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CHAPTER VII RETRIEVAL PROCESS IN THE GENERAL
NEURAL UNIT NETWORK

7.1. Introduction

In this chapter, the retrieval process in the auto-associative GNU network is studied.

In the first section, the relationships between pattern overlaps are derived and several

useful corollaries are formulated, using the principle of inclusion and exclusion. One of the

results is that the overlap between a odd number of patterns can be expressed as a linear

function of lower order overlaps, whereas no such expression exists in the case of the

overlap between an even number of patterns.

A spreading process with full generalisation takes place in the GNU nodes after

training. The associated spreading function is derived it is expressed as a measure of

similarity between the node response to an unknown pattern U and the node responses to

the training patterns.

The retrieval equations of the GNU, which give the evolution in time of the overlaps

between an unknown pattern U and the stored patterns, are defined. Then, the retrieval

equations of the GNU network are derived in 2 particular cases.

7.2. Relationships between pattern overlaps

7.2.1. Principle of inclusion and exclusion

The Principle of Inclusion and Exclusion (or PIE) [PoITW83] is useful to derive various

important expressions between pattern overlaps.

A set of N objects is considered, which have various properties i ,i, ,.. . , Each of the
objects may have any or none of the properties. Let N1 be the number of objects that have

property I Some of these objects may have other properties in addition to property i.
Similarly, let N1 be the number of objects that have property i2 , and so on. Let N1, be the

number of objects that have both property i1 and property ,* N the number that have

properties i1 and ; etc. N11 . is the number of objects that have all the properties. The

PIE consists of a general formula for computing N, the number of objects that have none

of the properties [PoITW83J:
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+ N -- N +	 +•••+ N

—	 -

+(_l)1Ni:i:ir...r,	 (7.1)

Let in''' be the number of pixels of the GNU feed-back input terminal which have
the same value in patterns 7	 ,••,T1 . Let i be the property that a pixel has the same

value in T 1T1 .•• . ,T1 , and T Similarly, let i., be the property that a pixel has the same

value in T .T .. .,7', and 7', , .. And so on for properties ii .i.

The pixels which have the same value in patterns T ,T1	,T1 , may have any or none

of the properties	 •j Therefore, using (7.1), the following expression can be written:

'b	 1 Jh!4 -	 h -	 Jc —. .	 1JiJ: JA

+ ,iif '	 +	 IlJ 
JA ^••

-	 - in;

^(—IY
	

(7.2)

with ,njui" the number of pixels which have the same value in patterns T, ,T1 1,7'•

and which have a different value in T, ,T, ,' . . ,7',. Dividing, in (7.2), each quantity by in

the total number of pixels, and using the notations

1fl11	 (i),,, 
•••J 1 i 1 i2 • •i,.

and

- . fl	
-	 IiI •• I II2••j

UI

the following expression between overlaps can be written:

Theorem 7.1: Considering a set of patterns {T1 .T,, , . .T,. .7'	 }. the
proportion W1 , ----_ of the pattern pixels which have the same value in

{ T,,T, ,",T, } and a different value in { T. ,T	 } can be expressed b y the

following linear relation between pattern overlaps?
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0)	 =0)	 . -0)...........-0) .	 -"-0)j • .	 j	 ii.i	 i,	 1:1:	 J.	 'I	 J:J:	 J'	 i. ( . . I '

+ (i),	 fA':'	 1;.':'. •	 f (i),3,	
IA I •I

-	 I:!' 'l';'1'4

+ (—I )'	 I:i •Ic
	 (7.3)

Proof: The proof of (7.3) follows immediately from (7.2).

For example,

- (01	 I2 - I3 + I' = - I2 - (O + l23

7.2.2. Complementary overlaps

Due the binary values taken by the pattern pixels, it follows that:

Theorem 7.2: Considering a set of patterns { T ,T , ,T1 T, ,T1 , . . , T
 }, 

the

proportion w...,.... of the pattern pixels which have the same value in

{ T	 ,.,TJ } and a different value in { T ,T, , .,i }, is equal to the proportion

ofthe pattern pixels which have the same value in T1J'	 anda

different value in { T, .T	 }

0)..... . (D..
J1J2 'iA "'2''	 1 n 	 't'.1r 'ii I.	 'A

Proof: This is a direct consequence of the fact that a pixel can only take the value 0 or the
value I . Therefore a pixel accounted for in i;z," will also be accounted for in

Equation (7.4) follows.

7.2.3. Useful corollaries

(7.4)

Corollary 7.1:

= _!_(l + 0), +	 + W,)	 (7.5)



(7.6)

(7.7)
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Proof: From (7.4), it follows that

(0 = Ci)
I!L.	,l..I

By developing each side of (7.6), using (7.3), it holds that

(0, - (0. - W. +	 = (aft -

Corollary 7.2:

+	 + 0,kI7 + °'ijk =

Proof: By developing each term on the 'eft-hand side of (7.7), using (7.3), the identity

(7.7) follows immediately

7.2.4. Higher order overlaps

Corollary 7.1 expresses the overlap between 3 patterns as a linear function of the overlaps
between any 2 of these patterns. The general case of the overlap 	 between patterns

T, ,T1 ,- --,T1 is considered. The variable K is called the order of the overlap W,,..,.

Theorem 73: The overlap betteen a odd nwnbcr of patterns can be expressed as a linear

function of lower order overlaps. The overlap between a even number of patterns cannot he

expressed cis a function of lower order overlaps.

Proof: Using Theorem 7.2, a number of relations can be written, which take the form:

(0.	 = (I)
'1')	 'A'A''	 I;:(A.(,.Ii(.1

with A=2.3,.ic—l.

Theorem 7.1 is applied to each side of (7.8), which yields:

(0.	 ,	 . ;'	 i,,.	 'A -
	

'A' .; -	 I;1	 'AA . -.	 . 4,

•' '.. •:'...	
-4- (O,,	

-:- .i	 .4 (0, ,,,

- (0,•,, 
I!A 1A	

- 
W,. 'A'A-:

+ (-1 )J_A . (o,

(7.8)
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and

0)i,_i..: ...	 1	 -	 I.r;..I_..J* -	 .

4-	
1;11.:1.I.	 I:IsL:I,	 •ç	 'A.;'.2.	 )

'-0)	 .	 —0) . . .	 . —€,.

+	 co

Equation (7.8) becomes:

co11. , =[(— Iy - (—l)	 - 1J1*.!.	 - 0) A.I.2' -

+	 4••+ (L), 
11A-I..

— 0L'2"-I	
- wi I II4 I_ I i. .... fl. -. . .)

-	 -	 -	 —.

-4-	 1" . 1-

-	 — 0)l').	 -. •)}.	
(7.9)

In the right-hand side of (7.9), the first factor can be transformed as

A ]	 (I)_A [(_1yc_2A — ij'

which shows that it is only defined if	 is an odd integer, and its value in that case is:

Therefore. (7.9) is only defined when the order K of the overlap	 • is odd. This

concludes of proof of Theorem 7.3.
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7.3. Retrieval Process in the GNU network

7.3.1. Definitions

7.3.1.1. Spreading function

It is assumed, in the following, that a spreading process, with full generalisation.. takes

place in the nodes of an auto-associative GNU network after training. The spreading

function is expressed, for a GNU node, as a function of the similarity between the node

response to an unknown pattern U. and the node responses to a number S of training
patterns '1 ,T,,- ' ,T. The superscript v is used to indicate that the samples considered

refer to the input and output of node v.

When a sample U' of pattern U is presented to node v of the GNU, the node will
output a value corresponding to one or more of the training patterns T1,T,,••.T1. Using

n to denote the number of inputs to node v that overlap in U ' and T,, the overlap co,,

between U' and T1v can be expressed as

V
- flu

iU - 
F

with F the number of feed-back inputs to the GNU and

O<,i,, <F.

The set of indices

= {i, ,i2 ,. . .
	 ... . ,

i,, }

is defined as referring to the pattern samples T%,T,,...,T,v which have the maximum

overlap with U', such that

V 'max	 = max n,•,

Also, the notation	 , is used to represent the overlap between pattern samples

T, T ,• . T at the output of node , with

= 1
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if the output of node v maps into an area of overlap between patterns T ,T, , '• ,T. and

WI:,I =0

otherwise. Using y(T) to denote the output value at node v in response to input sample

T the output function of the GNU nodes, after spreading has taken place, is then given

by:

yt'(T,)
	

for	 =1

=	 (7.10)

1 orO. chosen randomly for iY	 . = 0

with

j1,j2.'•.,i E 'max

7.3.1.2. Retrieval equations

The retrieval equations of the GNU give the evolution in time of the overlaps between an

unknown pattern U presented to the GNU, and the S stored patterns 	 The

notation

'k	 b( i1 .i..•• .1, ii

is used , with

b(i,i,,..-,ih)=12''.

For example,

b(3,4,6)=22 -1-2 3 +2 =44

and therefore

0)345 = I44I

In general, S retrieval equations are necessary in order to describe the retrieval process
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taking place in the GNU:

w 1 ,(t + 1) = f,(w111 ,w1 , 1 ..-	 1.wO).w21.(t).	 . w ,.( t )) .	 (7.11)

with i=1,2,-',S.

For example. in the case of 3 training patterns T1 , T, , T. (7.11) becomes:

(0 1 (t + 1) = f1 (wi , ,(O 3 ,(02 3 ,0.)IL(t)2(t),0t.(t))

Ww(t + 1) = f2(I2 .(O 3 ,CL)2:
	 (7.12)

c0(t + 1) = f(w	 ,O)IL;(t).(1)nL,(t),WU(t))

This case will be investigated in detail in section 7.3.3. Often, in the subsequent sections,

use is made of the notation

t0iL' = Xi,,
	 (7.13)

7.3.2. Retrieval of two opposite patterns

A GNU trained on two opposite patterns T1 and T., is considered. It is assumed that a

spreading process, with full generalisation, takes place in the network nodes after training.

At time t, the GNU is in a state that has an overlap x(t) with pattern T1 , and therefore an

overlap I - x(t) with pattern T,. This system has been studied in [Ale9Oc]. Equations

(7.12) reduce here to a single equation. Using (7.13) and the fact that the 2 training patterns

are opposite, that is.

x1 = 1	 = X

the retrieval equation of the system can be stated as:

.v(t + 1) = f(x(t).F)

I . Ix3(t)(1_.v(t))&	 forFodd
.FJ)

=	 (7.14)

141	
xl(t)(I_x(t))t/^[]x2(t)(1_x(t))2
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where rzl is the ceiling of z. In fAle9Ocj, it is shown that the system enters the trained

state which has the greater overlap with the initial state of the GNU. The larger the number

of inputs F ) the more rapidly the system will converge.

As a contribution to this thesis, the following result has been derived:

Theorem 7.4: The retrieval equation of an auto-associative GNU storing 2 opposite

patterns is the same for a GNU with a number offeedback inputs per node F = 2mi and for

a GNU with F = 2n - I with ii being an integer greater than 0:

f(x(t),2n) = f(x(t),2n - 1). 	 (7.15)

Proof: A proof of (7.15) is given in Appendix E.

Using (7.15). the expressions (7.14) reduce to a single equation, which applies to both odd

and even values of F:

x(t +1) = f(x(t),F)

=f(x(t),2.[11_1)=	
[2

FF1	 F'-	
. x'(t) . (I - x(t))2i If_I

3

(7.16)

7.3.3. General retrieval of three patterns

In this sub-section, the equations governing the retrieval process of the system are

established in the case of three stored patterns. Again, after training, a spreading phase,

with full generalisation, takes place in the nodes. An unknown pattern U is presented to
the network. Let the variables x1O),x,(t),x(t) represent the overlaps, at time t, between

pattern U and patterns T1 , 7, and T, respectively. The evolution through time of x 1 (t),

.r,(t), and x(t) is monitored.

Considering a particular F-input node, the number of inputs that have the same values
for U and T is denoted n,. In Figure 7.1, the patterns T1 . T, T are represented as sets

in a Venn diagram. In each region of the Venn diagram. the relative proportions of pixels

that belong to that region, are indicated. Equivalently, these proportions can be seen as the

probabilities that an input or output to a node takes its value from that region. For example,
if corresponding pixels in patterns T, T,, and T, are compared, a is the proportion of

pixels in pattern T that have opposite values in patterns T.., and T, as represented in

Figure 7.1



T 1 T2
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T3

Fig. 7.1: Patterns are represented in a Venn diagram in which the proportional areas

associated with each region are indicated.

The overlaps w, between training patterns can be expressed in terms of the probabilities

a,fl, y, 5

w12 =13+ a

WI3 = Y + a
	

(7.17)

= a + c5

with

a +13 + y + a = 1.	 (7.18)

The quantities a 13, y and a are the overlaps w 1 ., W121 - w 1 and w12 ,. respectively,

and (7.18) is identical to (7.7). It holds that:

a = !(1 - W 1 , -	 + w,3)

/3 = -(I + (V t - W13 - w,3)

y =-(I--w1,+w13—w)

6 = —(-1 + W 1 , + W 13 + w,).

(7.19)

In the case of S training patterns. (7.19) becomes a set of 2' equations..
In Figure 7.2. the areas of intersection of patterns T1 . T,. T with pattern U are

shown. This defines the proportion variables . q, 0. and 2.. For example. a proportion

of the pixels in region a will have the same value for patterns T1 and U. and so a
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proportion I - will have the same value for patterns 7'.., T. and U This holds true for

the other regions. In fact,	 i, 0, and A can he expressed as:

(')IL
W,L.

- 0

0l23L	 A

T1QU
	

T2 flU	 T1\U
	

T2\U

(L ((1_o)
	

ri

13(1-0)

4

	 T3flU
	

T3\U

Fig. 7.2: Areas of intersection and difference between patterns T 1 , T1, T1 and LI.

Dropping, for the time being, the dependency on t, it is straightforward to write the

relations

x 1 =.a+(l-0)f3+(I— 11)y+A6

x, =(I—)a+(l-0)f3+ qy+Aã
	

(7.20)

x =(l—E)a+Ofl+(l—?)y+A6.

Expression (7.20) is a linear system of 3 equations with 4 unknowns variables , q. 0.

and A - If A is chosen as an arbitrary parameter, the solution of the system is:

E=--(2a+/3+y+2Aó—x,—x)
2a

= —!—a +/3 +	 + 2A - .r 1 -

0=(a+2+y+2Abx 1 —x,).

(7.2 ii

A spreading function, as defined by (7.10) is used here, There are 7 different cases to be
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considered, corresponding to the number of ways of forming the set I	 (defined in

Section 7.3.1.1) with 3 indices. In the case of S training patterns. 2 —1 cases would need
to be considered. The probabilities of occurrence p 1 ,p, .' . ,p of the 7 present cases can be

expressed as:

p 1 = Pr (n1'; > ,1 • ) A (n. > n,)

	

= Pr (n. >	 A (nt. >

	

= Pr (n, >	 A (n, > n)

	

p4 = Pr (n1', =	 A (n > n.)

p5 = Pr (nj, n,) A (n, >

= Pr (n 1 = n. A (_;, > n.)

	p7 = P (n, =	 ,z.,) A	 = nc,)

(7.22)

with A representing the AND connective and

Pt = 1.	 (7.23)

The exact formulae yielding the probabilities p. are sums over a multinomial distribution

[GriS82], whose parameters are the variables associated with the different regions

represented in Figure 7.2 (b). That is, for example,

p1	

F!

=	 ! L
a V" . [a(l - b)]2 •

	 • 113(I -
 Q)Jq4

q1!q,!."q,
fl<q, <F

(7.24)
q 1 +ti > q

Lyq]" • t y ( I - i)]"	 •[ô(1 -

with

= F

and assuming that none of the variables under brackets is equal to 0 (in which case (7.24)
would have to be rewritten without the corresponding q 1 ). In (7.24), the second and third

conditions under which the sum is taken, correspond to the condition under which p 1 is

expressed in (7.22).
The variable x 1 can be expressed as a function of the probabilities p2 and variables

This yields:
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x 1 =p1 '(a+fl+ y+b)+p

+p (y + ó 4(a +fi))+p (ó +(fl + y))+p7 (b +(a +fl + y))

	 (7.25)

Similar expressions to (7.25) are obtained for x, and x, Then, using, for example, the

first equation in (7.20) in conjunction with (7.25), the values of , i1,0,A can be identified

as:

1
a:

fi: I-0=p1 +p,+p4+p.+..p6+.p7

y: 1-
	 1

6: A =p1 +p, +p, +p4 +p, +p6 +p7.,

The evolution of , q,0,A in time is therefore given by:

(r+ 1) =

11( 1 + 1) = p,(t) + --(p4 (t) + p,(t) + p7(t))

(7.26)

O(t + 1) = j(t) + (p(t) + p6 (t) + p7(r))

A(t+I)=1,

for t 0,1,2,. . It is worth noting the last equation in expression (7.26). which shows that

A takes the value 1 from time t = I onwards, independently of the value of A at time

t = 0. Indeed, due to the spreading function used, all pixels which have the same value in
T1 .T,,T3 and which, initially, had the opposite value in U (these pixels were accounted for

in the overlap (J,—A)6) will, after one time step. have the same value in all 4 patterns

T1 ,T,.T, and U

The expressions for . q.0.A given by (7.26). when substituted in (7.20), yield the

retrieval equations of the system. The inter-dependence among the sets of variables,

determining the system evolution in time, can be best understood from the simple flow
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chart shown in Figure 7.3.

iunda conditions_)

(7.19)
Lw 12 , w 13 . w 2 d	 Ia,(Ly , I

Ix1(0),x,(0),x(0);MO)I (7.2I),	 [(0),i(0),O(0)]

(Recurs ionD

[(t),(t),O(t)f (724)ir I p1(t),p,(t):,p7(t)J 726m [(t + l ),i(t + l),() (t + 1)1

Lx (t),x,(t),x3(t)J

Fig. 73: Flow chart showing the interdependence among the sets of variables determining

the system evolution in time.

The retrieval equations are a useful tool for studying the dynamics of the system, the stable

states, and the extent of the basins of attraction.

7.3.4. Example

The quantities intervening in the equations of the previous sub-section are now calculated,

using an example. The example patterns chosen are represented in Figure 7.4.

	

liii	 I'll

	

(a)	 (b)
	

(c
	

(d)

Fig. 7.4: Example patterns (a) T1 , (b) T,, (c) T and (d) U

The following quantities can then he calculated:

10	 12	 9
25	 25	 -	 25



T3 	T3flU
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13	 10	 12
X = Ct) - - X, W,,, - X W

"	 25	 -	 -.	 25	 L	 25

=	
=	

+ (O +	 + (i),.) =

6
U =	 = I - (Up -	 + (0123 =

=	 = I -	 • w, + (o f ,, =

9
=	 = I -	 - (02 3 + (0123 =

I____	 Âã	 I23L' _!.
= 123U	 A 

=	 =	 I23 -

4 ____	 a 2

fiO=co _=--31,112	 25	 fi	 7

4 ____	 yq 4

T1	 T2	 T1flU	 T2flU

Fig. 7.5: Representation, in Venn diagrams, of the areas of intersection between the

example pattei-n.c T. T,. T and U, represented in Figure 7.6.
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7.4. Conclusions

The retrieval process in the GNU network has been investigated. First, the relationships

between pattern overlaps were derived and several useful corollaries were formulated.

using the principle of inclusion and exclusion. One of the results was that the overlap

between a odd number of patterns could be expressed as a linear function of lower order

overlaps, whereas no such expression existed in the case of the overlap between an even

number of patterns.

The retrieval equations of the GNU network were first defined and then established in

the cases of two opposite stored patterns and three arbitrary stored patterns. These

equations,, even for 3 arbitrary stored patterns, form complicated expressions between

pattern overlaps. They govern the dynamics of the system.



CHAPTER 8.' DYNAMICALLY GENERALISING WEIGHTLESS...	 157

CHAPTER VIIL DYNAMICALLY GENERALISING
WEIGHTLESS NEURAL MEMORIES

8.1. Introduction

The concept of the Dynamically Generalising Random Access Memory (DGRAM) is

introduced. The DGRAM is derived from the GRAM [Ale9Oa], in which the training and

spreading operations are replaced by a single learning phase. The DGRAM is able to store

and spread patterns, through a dynamical process involving interactions between each

memory location, its immediate neighbours and external signals.

The DGRAM exhibits very desirable properties, compared with those of the GRAM.

First, after the initial trained patterns have spread throughout the memory space, additional

patterns can still be stored in the DGRAM. Secondly, it is possible to distinguish between

trained and spread patterns. And finally, a trained pattern and its associated spread patterns

can be removed without affecting the rest of the stored patterns.

The following sections are organised as follows. The DGRAM model is first derived

from the GRAM model. The state transitions occurring in the DGRAM are then analysed

and the related logical equations are derived. This is followed by two examples and a

discussion.

8.2. From GRAM to DGRAM

The GRAM was reviewed in detail in Section 2.3.7. The training and operating phases are

the realisations of the IAN's first property, described in Section 2.3.7.1 During the

spreading phase, memory locations not addressed during the training phase, are affected by

the use of a spreading algorithm, according to the IAN's properties 2 and 3 Figure 8.1.

shows the different phases of processing in a GRAM.

The spreading algorithm can take several forms. In Section 8.3.4, a general form is

given. The spreading algorithm in the GRAM resembles the diffusion algorithm described

in Section 2.3.7.3. The major difference lies in the absence of majority rule for the GRAM.

In case of conflict, either during training or spreading, the content of the corresponding

memory location is left at, or reset to the u value
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Learni ni
	 lola

10	 011011
	 011011

I
	

1011

Training phase	 Spreading phase
	

Operating phase

Fig. 8.1: The different phases of processing in a GRAM.

1010

0
	

011011
	 011011

I	 001011

Learning phase
	

Operatrng phase

Fig. .2: The different phases of processing in a DGRAM.
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It is interesting to consider, on one hand, some positive aspects of the GRAM. The

spreading can be done 'off-line", that is between the time that training information has

been captured and the time that the nodes have to use what was learnt IAle9OaI. Moreover,

the GRAM can also he implemented as a virtual memory IMrs93], in which only the

patterns from the training set are stored. This is similar to Kanerva's Best Match Machine

IKan88l (see Section 2.3.7.3).

On the other hand, the GRAM does not have some properties that might be desirable:

all the training patterns have to be stored first, prior to any spreading. Therefore no new

pattern can be stored after spreading; a learnt pattern cannot be distinguished from a spread

pattern; it is not possible to remove a learnt pattern and its associated spread patterns.

The following section introduces a weightless node called Dynamically Generalising

Random Access Memory (DGRAM) which operates in two phases. During the first phase,

patterns from a training set are trained and spread throughout the node. The second phase is

the use phase. The DGRAM is able to store patterns and spread them through a dynamical

process involving interactions between each memory location and its neighbours, and

external signals. Figure 8.2. shows the different phases of processing in a DGRAM.

8.3. The dynamically generalising random access memory

8.3.1.. Notations

In the following of this Chapter, the states which a memory location can be in, are denoted
by variables such as S. X 1 , 1, 0 or R 1 . The font bold is used to show that the symbols

represent neither scalar nor Boolean values, but, rather, are state identifiers, whose

numerical coding is not specified and is of no relevance here.

Additionally, several state transition equations are derived, which involve both state
variables X, and Boolean values z,. For instance, the equation

S'=z .S+2XL

means that a memory location will, at the next time step, stay in its present state S if the

Boolean variable z1 has the value 1 or will transit to state X 1 if z has the value 0.

8.3.2. State transitions in a RAM

The trivial case of the RAM node is first considered. The contents of a memory location is

seen as one of the internal states which the location can he in. A memory location can be in

one of two states, I or 0. When a RAM learns a new pattern, during a It'rire operation.

the state transition of a memory location can be expressed as:
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(8.ly

in which S and S' are the states of a memory location before and after the write operation,

respectively: the Boolcan variable w takes the value 1 during a write operation and 0

otherwise; x represents the Boolean data-in value and a is a Boolean variable whose value

is I if the memory location is addressed and 0 otherwise. It is useful to note the following

relation:

S=(S= O)O+(S= 1J1 = S O+s 1 1

or, in a more general form:

S = 	 • X
	

(8.2)

with

(S=X)
	

(8.3)

and in which the X are the different states which a memory location can be in. Using the

notation

sx , =sx,Pxi,	 (8.4)

Equation (8.2) can be rewritten as

s=:s.
	 (8.5)

Figure 8.3. shows the state transition diagram of a memory location in a RAM, during a

write operation. Transitions which do not produce a change of state are not represented. If

the state of the addressed location (a = 1) is 1 and the data-in value is 0, the state of this

location becomes 0. Alternatively, if the state of the addressed location is 0 and the data-in

value is 1 the state of this location becomes 1. Otherwise the addressed location remains in

the same state. The new state of the addressed location depends solely on the value on the

data-in line. Memory locations not addressed are not affected by the write operation. This

will no longer be the case for the DGRAM in which the state of a memory location is

dynamically updated through interactions with neighbouring locations.
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Fig. 8.3: State transition diagram 01(1 memory location in (1 RAM, during a write operation

(w = I).

During a read operation, the RAM outputs 0 if a 0 state is addressed and I if a I state

s addressed. This can be expressed as [01 = 0 and 11] = I using the notation Xj to

represent the value outputted by the RAM when the memory location addressed is in state

x.

8.3.3. State transitions in a PLN

The Probabilistic Logic Node (PLN) (e.g., [KanA89J, also [A1e89aJ) is an extension to the

RAM node, in which memory locations can hold the values 0, 1, or u. Similarly to the

RAM a memory location in a PLN can be viewed as being in one of the states 0 I or U,

When these states are addressed, during the use phase, the corresponding output values are

[0] = 0, [Ij = I and JUJ = 0 or 1, chosen randomly with equal probability. For the train

phase, the equation expressing the state transitions takes a form similar to that of(8.l)z

S'=S.(W+ii')+a. H' . {x . (	 1 +sU)-i-X( •0+s . U)}	 (8.6)

with

JSx (SX)

1LX E(S^X)

These transitions are represented in Figure 8.4.(a), in the case of the write operation.

(8.7)
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(a)	 (b)

Fig. 8.4: State transition diagran of a memory location in a PLN, during a write operation

(w = 1). (a) No distinction is made between an initial U state and a disrupted U state. (b)

A distinction is made between an initial U state, denoted U,, and a U state resulting from

the disruption of a trained pattern, denoted U,.

Initially, the state of all memory locations is set to U. The state of an addressed

location (a = 1) becomes 0 or 1 if the data-in value is 0 or 1. respectively. If the state of

the addressed location (a = l)is I and the data-in value is 0 then the state of this location is

reset U. State I is said to be disrupted, or to be in contradiction with state 0. Similarly, if

the state of the addressed location is 0 and the data-in value is 1 then the state of this

location is rcsct to U. Otherwise the addressed location remains in the same state. As in the

case of the RAM, memory locations not addressed are not affected by the write operation.
It is possible to distinguish between an initial U state, U, and a U state resulting from

the disruption of a trained pattern, Ud. In that case, the state transition diagram can be

represented as in Figure 8.4.(b). The distinction between U 1 and U may be necessary in

the case where it is decided that a memory location that has been disrupted, remains.

subsequently, in a U state forever. Then, using (8.4), the update equation (8.6) is

transformed into:

S' = S . (W + w)

^a . w . {SL +x . [(s1 +sL, ) . l+s .TJ}+i.[(s0 +s)O+s1 . Ud ]}..	 (8.8)

The term St. can be extracted from the brackets of the second right term of (8.8) by

substituting (8.5) in the first term. It holds that:

S'=S +S.(W+iw)

+a	 .[(s +s. ) .1 +s0 Ud]+X [(s +s1.)0+s1	(8.9)
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During a read operation the output values associated with the different states in which the

addressed memory location can be are:

[O]=0	 1j]=l	 IU]=[UdJ=0/1

8.3.4. State transitions in a GRAM

In a Generalising Random Access Memory (GRAM) the train and use phases are identical

to those in a PLN. The additional spreading phase affects memory locations not addressed

during the training phase. The spreading phase only affects memory locations which are in
state If (or U., if a distinction between U and Ud is made).

In order to characterise the influence on a memory location, of its neighbours, a

variable g is introduced, which takes one of the values 0, 1 . or U 0, if at least one of the

neighbouring locations is in the state 0 and the others are in states 0 or U I, if at least one

of the neighbouring locations is in the state 1 and the others are in states 1 or U: U,

otherwise. Using the notations (8.3) and

g3 E(g=j),	 (8.10)

the state transition of a memory location during the spreading phase can be expressed by

S' = .S + a . {(s1 +g 1 s)1 +(s0 +g4, . s( ) . 0+g.	 ' u}	 (8.11)

a being a Boolean variable that takes the value I during spreading and the value 0 at other

times. Equation (8.11) is applied synchronously to all memory locations and is repeated a

number r of times corresponding to the desired degree of generalisation. The state

transitions of a memory location during the spreading phase are shown in Figure 8.5.

Fig. 8.5 State transition diagram of a memory location in ci GRAM, during the spreading

phase (a = 1).
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8.3.5. State transitions in a DGRAM

8.3.5.1. Spreading levels

In order for the DGRAM to learn additional patterns, after previous patterns have

spread their states throughout the DGRAM, it is necessary to be able to distinguish between

states associated with different spreading levels. The state of a memory location is said to

be at a spreading level i when the memory location is at a Hamming distance i from the

memory location which determined its state through spreading. Therefore the state of a

memory location will be labelled by adding a subscript 1, whose value is the spreading

level of the state.

8.3.5.2. The states of a memory location

A memory location can be in one of the states U, i U or R,, with i = 0,1," .N. U

is the initial state of a memory location; its associated output is [UJ = 0 /1 The i are states

resulting from the spreading from an addressed memory location trained with a 1 pattern.

their associated output value is 1] = 1 . The O are states resulting from the spreading from

an addressed memory location trained with a 0 pattern; their associated output value is

[O k ] = 0. The U are states resulting from a contradiction between states i and O their

associated output value is [U 1 ] = Oil Finally, the R 1 are states assigned to memory

locations from which a pattern is being removeth their associated output value is

IR1=O/I.

8.3.5.3. Write and remove operations

These operations affect an addressed memory location (a = 1) when the external write

signal w has the value 1. There is an external remove signal r, whose value determines

whether the operation is write (r =0) or remove (r = 1). An addressed memory location
in which a pattern 0 or I is written, is set to state O or state 1 0 . respectively. An addressed

memory location from which a pattern 0 or I is removed is set to state 	 The remove

operation is necessary in order to be able to completely erase a pattern from the DGRAM.
The next state S, of the memory location, resulting from the interaction with the

external signals a, x. t' and r can then be written:

S', =Fx(s	 1 +s0 .U1)+F..i.(s1'O1 +s	 U)+rR.	 (8.2)

with the notations (8.3). already mentioned, and
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S E(S^X).	 (8.13;

These state transitions are represented in a diagram in Figure 8.6,.

Fig. 8.6: State transition diagram of a memory location in a DGRAM, during write and

remove operations (w - 1 and a =1).

When a pattern is stored at, or removed from a location, by external addressing, the

dynamical system formed by all the memory locations of the DGRAM is no longer in a

stable state. It is the interactions between neighbouring memory locations (see next sub-

section) that enable the system to settle in a new stable state for which the node has the

correct generalisation with respect to all the trained patterns.

83.5.4. Interactions with neighbouring memory locations

The influence of neighbouring memory locations (at Hamming distance 1) is taken into

account by a variable g associated with the considered memory location. First, are

considered all the memory locations at distance 1 from the location to be updated, whose

states have the lowest spreading level. The value of this spreading level is defined as k - 1.
The states of the chosen memory locations form a set denoted Mk The initial state U is

defined as having the highest spreading level, say N+ I The variable g takes one of the

values O, 1 R or Uk O, if at least one element of Mk1 has the value	 and the

others have values O or U_	 ,if at least one element of MkL has the value 'kl and

the others have values 1_ or U k _ I ; Rk , if at least one clement of Mk has the value R1:

and Uk otherwise.

Let the considered memory location be in a state of spreading level I and the value of
g, characterising the influence of the neighbours. be of level k. The next state S,,,, of the

memory location, resulting from the dynamical interactions between neighbouring

locations, can then be written:



ChAPTER 8: DYNAMICALLY GENERALISING WEIGHTLESS.... 	 166

Fig. 8.7; State transition diagram of a memory location in a DGRAM. Oniy state transitions

resulting from the interactions of the memory location with neighbouring locations are

shown. The spreading levels h. k j are such that 0 < h <k <j < N + I.

YT
''dvn -

+ (i < k)	 S

+(i>k).{sR-(GQ +G 1 +G U )^s	 G k +g

+ (i = k) {(g9 -f-g1J ) . S0 + (g1, + g1 ) . S 1 + gl . S1

+(g0 . s • + g1	. U

(G0 + G 1 ) + (s +	 + L, ) . GR }	 (8.14)

with the notations

g	 (g=X)
	

(8.15)

and



(8.17)
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G =g , X
	

(8.16)

and using the notation defined by (8.4). These state transitions described by (8.14) are

represented in Figure 8.7, omitting the transitions that do not produce a change of state. In

Figure 8.7, the variables h and j correspond to variable i in (8.14). in the cases i <k and

i > k. respectively.

8.3.5.5. General update equation

The general update equation for a memory location in a DGRAM is obtained by combining

the effects of write/remove operations, described by (8.12), with those resulting from the

interactions between neighbouring locations, described by (8.14). Thus, it holds that:

8.3.5.6. Stability of the dynamical learning process

The learning process described by (8.12), (8.14) and (8.17) leads to stable states of the

network. This can be shown, for the different interactions in the system, by considering the

following observations.

For the external addressing, whatever the spreading level of the state of the addressed

memory location, this spreading level becomes 0 after the 'storage' of the external pattern.

For the interactions with neighbours which only involve states 1 0 and U the next

spreading level of the state of a memory location is always the minimum value between the

spreading level of the current state of the memory location and the spreading level

associated with the variable g characterising the influence of the neighbouring locations.

For the interactions with neighbours which also involve states R If the state of a

memory location becomes R whatever its spreading level, this state becomes,
unconditionally, U.,, 1 (or U) at the next time step. Furthermore, this state R whatever

its spreading level, 'spreads' to its neighbours if these, whatever their spreading levels, are

in states 1, 0 and U. However, in order to guarantee the stability of the process. it is
imposed that a R state cannot spread to a neighbouring U.,, 1 (or U) state.

The above definitions and observations guarantee the stability of the learning and

removal processes.
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8.4. Experimental results

Numerous simulations of the model described in the previous section have been performed.

involving experiments of storage and removal of patterns in DGRAM of different sizes.

Typical sizes are from N = 4 to N = 20. Here these experiments are illustrated with an

example in the case N = 5.

8.4.1 The memory diagram

In order to represent the DGRAM memory space, a variation of the Hasse diagram [F1e7 11

is introduced, which is a projection of the DGRAM's N-dimensional space onto a 2-

dimensional graph preserving the Hamming distance topology. This variation of the Hasse

diagram is here called memory diagram. It is represented in Figure 8.8 in the case of a 5-

input DGRAM.

0	 4	 8	 12	 16	 20	 24	 28	 31

Fig. 8.8: The memory diagram of a 5 -inpl.It DGRAM. The memory locations are

represented as boxes, placed at the vertices of a 5-dimnensional cube.

The memory diagram is used here as a graph whose vertices correspond to the memory

locations of the DGRAM. and whose axes join memory locations at Hamming distance I

from each other. A single memory location is chosen arbitrarily as the origin of the graph.

Switching between origin locations will then give a varying 'representational perspective
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on the DGRAM. The other memory locations are placed at abscissas which correspond to

the decimal representation of the locations addresses, relative to the address of the location

chosen as the origin. The memory locations at ever increasing Hamming distance from the

origin arc then drawn in subsequent rows, each row accommodating these at a particular

Hamming distance. This has for consequence that each Boolean element of the address of a

memory location is associated with an arc orientation on the page.

If location at address A, in decimal representation. is chosen as the origin (0,0). then a

location at address B will have graph coordinates (x,y) which satisfy:

5 x=(A+B).mod2'

1. y = d,,(A.B),

with d,,(A,B) denoting the Hamming distance between A and B. For example. if A = 20

(10100) and B = 14 (01110), then x = 26 and y = 3. This is represented in Figure 8.8,,

8.4.2. Example I

Figure 8.9. shows the evolution through time of the contents of characteristic memory

locations of a 5-input DGRAM during the storage of 2 patterns, followed by the removal of

one of the stored patterns. The locations chosen for the purpose of graphical representation,

form a "chain 0 in which any 2 adjacent elements are at a Hamming distance 1 from each

other (see Figure 8.8). The contents of memory locations with addresses 16 (10000). 0

(00000) 8 (01000). 12 (01100), 14 (01110) and 15 (01111) is shown.

Pattern I is stored at address 10000, at time 7, and spreads to the rest of the

DGRAM. At time T,, pattern 2 is introduced at address 01100 and, again, spreading takes

place. At time TR , a 'removal patternlL is introduced at address 10000 in order to remove

pattern I. This leads to pattern 2 occupying the whole of the memory space, from time

TR+4 onwards.



T1+1

T1+2

T+3

T1+4

T1+5
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I 000()	 0000()	 0 I 00()	 0 1100	 0 1110	 01111

7-1	 Stable

T2 + 1

T2 ± 2

TR-1

TR

TR+ 1

TR + 2

TR + 3

4

Unstable

Stable

} Unstable

Stable

___ ___ ___ Unstable

EL
Stable

Pattern 0	 Pattern I

Fig. 8.9: Evolution through rime of the contents of characteristic memor y locations of a 5-

input DGRAM. First tvo patterns are stored,folloit'ecl b y the removal of one of the stored

patterns.
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CHAPTER 8: I)YNAMICALLY c;ENERALI5ING WEIGHTLESS.. 	 171

8.4.3. Example 2: Transitory effect

The following example shows the transitory effect occurring when the removal of a pattern

(and its spread patterns) is attempted, by addressing one of the spread versions of the

pattern with a removal signal. Figure 8.10. shows the evolution through time of the

memory location contents.

Stable

} Unstable

Stable

Fig. 8.10. Evolution through ti/ne of the contents of characteristic memory locations of a

5-input DGRAM, showing the transitor y effect occurring when the removal oja pattern is

attempted by addressing one of the spread patterns with a remnoval signal.

After a short transitory period, the pattern to be removed is restored as previously. It is

interesting to note that (8.14) implies that for the removal of a pattern, the original location

must be addressed. Otherwise, the removal wave extinguishes after 3 time steps without

succeeding in removing pattern 1. It is possible, however, to modify (8.12) and (8.14) to

accommodate the possibility of removal of a pattern and its spread patterns, by addressing

one of the spread patterns with a removal signal, instead of addressing directly the pattern

itself.

8.5. Conclusions

In this chapter, a fundamental viewpoint was adopted in the description of weightless

neural nodes, that a memory location contents is no longer considered as the value that is

outputted when a memory location is addressed, hut as an internal suite in which a memory

location can he. Then, the actual output value of the DGRAM, resulting from the

addressing of a memory location, becomes a function of the state of that addressed
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location. This viewpoint has led to the definition of the DGRAM.

The DGRAM was derived from the GRAM, in which the training and spreading

operations are performed in a single phase. The DGRAM is able to store patterns and

spread them, via a dynamical process, governed by equations (8.12) to (8.17) above.

involving interactions between each memory location and its neighbours and external

signals. The DGRAM exhibits certain advantages over the GRAM. First, it is possible to

store additional patterns even after the spreading of previous patterns. Secondly it is

possible to distinguish between trained and spread patterns. And finally it is possible to

remove trained patterns and their associated spread patterns without affecting the remaining

stored patterns.

Other advantages of the DGRAM include the inherent parallelism in the addressing

operation: there is no need for Hamming distance calculations, as it is the case in the V -

RAM implementation of the GRAM (see Section 2.3.7.2). Finally, the concept of DGRAM

can be extended to allow for multi-valued inputs.
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CHAPTER IX. CONCLUSIONS

9.1 Summary of the Thesis Contributions

9.1.1 Mathematical analysis

This thesis has brought together various analyses of weightless artificial neural networks.

One of the thesis contributions was an improvement in the understanding of the theoretical

properties of WANNs.

The thesis has investigated several WANNs analytically using mathematical tools.

These were mainly probability theory, combinatorics, stochastic processes and automata

theory The theoretical results obtained in this thesis, which were mainly concerned with

storage capacities and network dynamics, were primarily obtained by methods consisting

of counting the number of configurations of the system's parameters which satisfied a

number of criteria. This methodology had the essential advantage that it enabled realistic

assumptions to be made as to the relative parameter values of the neural models and training

algorithms analysed.. However due to the combinatorial explosion of the number of

possible configurations of the system's states, often, results could only be obtained for

small values of the parameters.

In addition to an extensive review of previous work on WANNs, the other

contributions of the thesis were the development of the C-RAM, CDN and DGRAM node

models, as well as learning algorithms and spreading procedures tör these systems. These

contributions are summarised in the next sub-sections.

9.1.2. Review of previous work

Chapters 2 and 3 of the thesis were dedicated to a review of previous work on WANNs. In

Chapter 2 the major models of weightless nodes and their properties were reviewed,

detailing their memory structure, learning and generalisation properties. This was followed

by a review of the most important weightless network architectures and major studies of

network behaviours. In Chapter 3, the generality of the weightless approach was argued.

9.1.3. Feed-forward regular pyramidal WANNs

Chapter 4 was concerned with feed-forward pyramidal WANNs. Results about the

functional capacity. the storage capacity and the learning dynamics of such networks were
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obtained.

An exact and non-recursive formula was derived for the functional capacity of a D-

layer pyramidal network with 2-input nodes (N = 2), and it was shown that the functional

capacity of the network grows as 6	 . An approximation to the functional capacity of a

pyramid with general parameters N and D was derived.

A methodology was proposed in order to investigate the storage capacity of the

network, defined as the number of arbitrary input-output associations that it can store. An

exact probability distribution was obtained, by exhaustive search, for the case N =2 and

D=2.

The ASA training algorithm was considered and the learning dynamics of the pyramidal

network, trained on the parity checking problem (PCP), were derived.. The number of

solutions to the PCP was calculated, for general parameters N and D. A calculation of the

transition probabilities of the pyramid's internal state, during training of the PCP, was

carried out for the case N = D = 2 , The contents of the network trained under the ASA to

the PCP, was proved to converge towards a fully trained configuration.

9.1.4. Unsupervised learning in WANNs

Chapter 5 of this Thesis was concerned with unsupervised learning in WANNs. A self-

organising WANN similar in structure and operation to a Kohonen network was presented.

The C-discriminator node was introduced and it was shown that such a model can be used

in a network governed by an unsupervised training procedure. Simulations have shown

that the C-discriminator network is able to form a topologically ordered map of input data,

where responses to similar patterns are clustered in certain regions of the output map. It

was shown that the output responses of the neurons can be predicted on the basis of the

overlap areas between training patterns. The function of experimental work was primarily

to validate the theoretical foundations of the training algorithm and not to demonstrate

solution of any real-world classification problem.

The main contribution of Chapter 5 was the introduction of a new training algorithm

used to train the C-discriminator network, using a spreading mechanism affecting memory

locations not addressed by the training patterns. During the training procedure, the

information, concerning how a neuron should respond to new patterns, is spread to each

memory location of the C-discriminators C-RAMs. A C-discriminator situated in the

excitation region about the firing neuron will become more susceptible to fire when the

same or similar input pattern is presented again. Moreover, as a consequence of the above

spreading procedure. this C-discriminator will become less susceptible to fire if an input

pattern, very different from the one with which the training phase was performed. is

presented to the network. Inverse behaviour is observed for a C-discriminator situated in
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the inhibition region about the firing neuron.

An additional advantage of the spreading algorithm is that the problem of node

saturation, which is a characteristic drawback of n-tuple systems has been eliminated in the

C-discriminator network.

Implementation issues were not explicitly addressed. In that respect, it should he noted

that the C-discriminator training algorithm, as exposed in Section 5.3.3, is not

straightforward to implement in hardware. This is due to the continuous values of the

memory contents and the spreading of information to each memory location of the nodes at

each step of the training algorithm. However, approximations are possible. The memory

contents can be restricted to a range of discrete values in the interval [0,1]. Furthermore

the spreading function of the training algorithm can be simplified, such as represented in

Figure 5.16. Finally the training of the network can all together be performed by software

and the trained network be subsequently implemented in hardware, using existing state-of-

the-art random access memory techniques.

9.1.5. Storage capacity of the GNU network

In Chapter 6, the ability of a weakly interconnected GNU network to perform auto-

association was studied. The GNU was therefore operated with the number of external

inputs N per node being equal to 0 , the number of feedback connections F to a node

being different from 0 and equal to some small fraction of the total number K of system

outputs..

The disruption probabilities between training patterns in the GNU were calculated and

the storage capacity of the network was derived. Two kinds of patterns were considered:

first, equally and maximally distant patterns; and then, random patterns. The method of

investigation was purely combinatorial,, consisting of counting the average number of

disruptions between patterns, occurring in the GNU network storing a number S of

patterns. The calculations were not based on the retrieval characteristics of the GNU, i.e.

whether the network converges towards the nearest stored pattern or drifts away in state

space.

It was proved that, when the number S of equally and maximally distant patterns,

stored in a weakly interconnected auto-associative GNU network of K nodes, and the

number F of inputs per node are asymptotically large, a number	 of nodes exist, on

average, in the GNU, in which a particular training pattern is disrupted. Therefore, under

the above conditions, the GNU network can store about the same number S of patterns as

the number F of inputs per node, with a small error due to memory locations containing Li

values being addressed and therefore outputting at random. This disruption error means
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that, provided a stored pattern is stable, a number	 of its pixels will, on average, have

incorrect values at the terminals of the GNU, resulting in a noisy version of the original

stored pattern.

It was proved that, when, in a weakly interconnected auto-associative GNU, the

number S of stored patterns, assumed to be random, and the number 2 of memory

locations per node become asymptotically large, then a fraction I - 	 or 39.35%, of the

total number S of patterns is disrupted in any node of the nctwork Therefore, in a GNU of

K nodes, storing 2 ' random patterns, a number K .(i -
	

of nodes exist, on average,

in which a particular training pattern is disrupted.

It was proved that a weakly interconnected auto-associative GNU network, with F

inputs per node, can store a number a 2F of random patterns where a is a storage ratio
which is directly related to the probability Pd(S,F) of disruption between patterns, by the

relation a = 2 Pd(S,F). This means that the greater the fraction of the patterns allowed to

be disrupted in the GNU nodes, the more patterns can be stored in the network. However,

the probability of disruption needs to remain small in order to enable correct retrieval of the

stored patterns.

Finally, a method for improving the immunity of the GNU network to disruptions was

proposed, which used a network based on the GNU but in which more than one GRAM

code for each GNU output bit. It was proved that the number S of equally and maximally

distant patterns that can be stored in a weakly interconnected auto-associative GNU

network, with F inputs per node and in which a number M of GRAMs code for each

GNU output, is given by S = M F. In the case of random patterns, it was proved that the

network can store a number a 2 of random patterns, where a is a storage ratio which is
directly related to the probability of disruption PJ (S.F,M), by the relation

a = 2 %[ PJ (S,F , M) , The main conclusion remains that using more than one GRAM to

code for a GNU output, results in a substantial increase in the storage capacity of the

network.

9.1.6. Retrieval process in the GNU network

In Chapter 7. the retrieval process in the GNU network was studied. First, the

relationships between pattern overlaps were derived and several useful corollaries were

formulated, using the principle of inclusion and exclusion. An important result was that the

overlap between a odd number of patterns could be expressed as a linear function of lower

order overlaps, whereas no such expression existed in the case of the overlap between an

even number of patterns.
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The retrieval equations of the GNU network were established in the case of three

arbitrary stored patterns. These equations govern the dynamics of the system. The main

contribution was to show that the retrieval process in a GNU, even for 3 arbitrary stored

patterns, leads to complicated equations between pattern overlaps.

9.1.7. Dynamical spreading

In Chapter 8, a fundamental viewpoint was adopted in the description of weightless neural

nodes. The contents of a memory location was no longer considered as the value which is

outputted when a memory location is addressed, but as an internal state which a memory

location can be in. Then, the actual value outputted by the node, as a result of the

addressing of a memory location, becomes a function of the state of the addressed location,

This viewpoint has led to the definition of the DGRAM model.

The DGRAM was derived from the GRAM, in which the training and spreading

operations are performed in a single phase. The DGRAM is able to store patterns and

spread them, via a dynamical process, involving interactions between each memory

location and its neighbours and external signals. The equations governing this dynamical

process were derived and the learning process was shown to lead to stable states of the

memory contents.

The DGRAM exhibits certain advantages over the GRAM. First, it is possible to store

additional patterns even after the spreading of previous patterns. Secondly, it is possible to

distinguish between trained and spread patterns. And finally it is possible to remove trained

patterns and their associated spread patterns without affecting the remaining stored patterns.

9.2. Suggestions for future work

The various analyses carried out in this thesis have focused on a series of specific

weightless models, with specific topologies and often restricted sets of parameter values.

Answers have been given to a restricted set of questions concerning the storage capacity,

training algorithms and learning dynamics of these systems. Many more aspects of these

systems, both theoretical and experimental, could be investigated. In the following

paragraphs. a selected set of problems is outlined, which relate to further aspects the theory

of WANNs and which would be worth investigating as a continuation to the work

presented in this thesis.

The spreading function used in the C-discriminator network, which was developed in

Chapter 5 of this thesis, can he approximated to functions which would only affect a

restricted number of memory locations in the C-discriminator's C-RAMs. A very coarse

approximation is the one obtained when only two memory locations are affected at each

training step: the addressed location and either the opposite location or some other location
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at some specific 1-lamming distance from the addressed location. It would be interesting to

study how these approximations affect the performance of the system.

The simulations of the C-discriminator network, presented in Chapter 5 of this thesis,

were extremely limited in size and the training data were intentionally chosen to be tiny.

Indeed, the purpose of these experiments was primarily to validate the theoretical

foundations of the C-discriminator training algorithm and not to demonstrate solution of

any real-world classification problem. It would, however, be extremely useful to

investigate how the system performs on large real-world training data sets. Also important

would be a performance comparison to networks such as the standard Kohonen network or

the Allinson network.

The GNU network, whose storage properties were investigated in Chapter 6 and

retrieval equations derived in Chapter 7, was (1) weakly interconnected (F<< K), 2)

auto-associative (N = 0) and (3) autonomous. These 3 restrictive operating conditions

immediately suggest 3 corresponding extensions to the network analysis:

(1) The storage and retrieval properties of the GNU could be studied in the case when the

degree of feed-back, F, can no longer be considered as a very small fraction of the

number K of nodes in the network.

(2) The properties of a GNU network with external inputs could be investigated. In this

level-2 structure (see Section 2.5.1), the input field to the network is split between an

external input field and a feed-back input field. It has been shown experimentally that

such a structure can be trained to respond to a static stimulus, on its input field, by a

static response or by a sequence of responses, on ts feed-back terminal.

Correspondingly, the network can also be trained to respond to a sequence of

different stimuli by a static response or by a sequence of responses.

(3) Systems consisting of several interconnected GNU networks could be studied and

simulated. In [A1eM93], such neural systems were proposed in order to build

modular cognitive systems, exhibiting advanced state structures. However,

theoretical aspects of these systems, such as the design of overall training procedures

and interconnection schemes, remain, to date, untouched and would therefore be

worth investigating.

In this thesis, several spreading functions were considered, which were associated with

learning in nodes such as the GRAM, the CDN and the DGRAM These spreading

functions were all dependent on the Hamming distance between the memory location

addressed by a training pattern and a memory location to be . obvious extension

is to allow for spreading functions based on different distance metrics. In a decomposed

structure such as the discriminator node, an exponential metric is obtained (see Section

2.3.3.2): this distance metric is due to the topological structure of the node and not to an

explicit spreading of information throughout the memory locations of the node. It would be

useful to design spreading procedures implementing several distance metrics other than the
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Hamming distance metric. Indeed, the primary aim. when the concept of spreading was

introduced [Ale9OaJ, was to allow the neural network designer to shape the generalisation

properties f the WANN in order to achieve some desired system behaviour.
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APPENDIX A

A.1. Proof of Lemma 4.1

The values pr, (i) have been calculated (see Table 4.1):

V2(0)-2, ,(l)=2, ,(2)=l0, ,pr,(3)=50. ',(4)=250.

Therefore, expression (4.7) is correct for the value D = 2

Equation (4.7) is now assumed to be correct for D - .This can be expressed by:

f 2	 i=0

2•5'
	 (A.1)

Equation (4.7) is now derived, from (AJ), for any value D, The network can be thought

of as made of a top layer 2-input RAM node, of which each input is connected to a regular

pyramidal WANN of depth D —1 The remaining of the proof is divided in two stages

First the values i=0,l,2,"•,21 are considered. Using the notations defined in

Chapter 4, it holds that:

= Ø(0)=

and

'v,,(j) = Ø(l) p1,_1() 
=

for i=1,2,•,2"Therefore (4.7) is verified forthe values i=0,1,2,••',2"

Then, the values i = 2	 + 1,... ,2" are considered. It holds that:

I) I
l/I,) (i)= 0(2) .	(2')• yi 1 (i-2 - )

for i = 2' + l,• •,2D Let j = i - 2'. Then, using (A.l):

,(f+2 )= o

= 2.52"	 J.4	 2.52''I .-4,

for j = l,2,• . ,2". And finally:
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ijF,(i)=2.5l_l

for i=2" +I••,2' 3 ,which showsthat	 is true forthe values i=2t+l,,2". This

concludes the proof of (4.7).

A.2. Alternative proof of Theorem 4.1

Equation (4.8) can be verified by substitution into (4.1) and (4.2). with N=2. From

(4.1):

r(2,D-1)-2	 ___________2	 r(2,D—l)-2

2	
]2^(Jo(l)f	

2

from (4.2):

Ø(0)=2, Ø(1)=2, Ø(2)=1O.

Dropping the 2 in the notation T(2,D),the following expression can be written:

+44	 J+2flD)=lO.J	
2	 -	 2

= Lr2 (D_J)+4_4r(D_ l)]+2r(D— 1)-4+2

=-!r2(D_l)_8r(D_1)^8.	 (A.2)

The substitution of r(D— I) into (A.2), using (4.8), yields:

rw)
455	 55	 55

A.3. Proof of Lemma 4.2

If the terms corresponding to j> I are neglected. (4.2) becomes:

Ø(k)2 —kØ(k-1).	 (A.3)

For example.
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Ø(2)22 —2 2= 12 (exact value = 10).

0(3) 22',_ 312 =220 (exact value = 218),

0(4) 22 —4 220 = 64.656 (exact value = 64.594).

Equation (A.3) can be expanded as

0(k)	
(-1)' (k—i)! 

2

and if only the terms corresponding to i =0 and i = I are retained:

0(k) 22A —k22
	

(A .4)

For example, 0(2) 8, 0(3) 208, 0(4) 64,512, Finally, for k>> 14 (A.4) can further

he simplified to

0(k)22
	

(A.5)

A.4. Proof of Theorem 4.2

By only retaining, in (4.1), the term of the sum corresponding to J = 0. and by neglecting

the (-2) term, (4.1) can be simplified to:

r(N,D-1)
2

Using (A.5), it is useful to note that

0(N) 22N 22'..

Utilising (A.7) and expanding (A.6) yields

IT(N,D)	 2 2 ' 2 2 ' ' . 2 2 ' % .. . 2	
.I'.!	

(N.l)

22 -2' ,22	22' \

(A.6)

(A.7)

and therefore:
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I) •

Iog.,r(N,!)) 2'	 N'
I (I

Finally.only the term of the sum corresponding to i = D—I is retained in (A.8):

flN.D) 2 ' ''

This concludes the proof of Theorem 4.2.

(A .8)
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APPENDIX B:

Proof of Theorem 4.3

Theorem 4.3 consists of an expression giving the number of ways, FPCP ( N ,D). of

computing the parity checking function in a regular pyramidal WANN with topological

parameters N and D. For simplicity, the number of ways of computing parity to 1 is

calculated.

In a regular pyramidal network, trained to compute the parity function, each RAM

performs either the * parity to I' function (outputting I if there is a odd number of I s at its

inputs) or the 'parity to 0' function (outputting I if there is a even number of 1 's at its

inputs). Hereafter, the functions 'parity to 1' and parity to 0' are referred to as ODD and

EVEN, respectively. As an example, Figure B.1 shows the 4 solutions for computing the

parity function in a 2-layer 2-input RAM pyramid, as given in [A1e89J.

ODD	 ODD	 ODD	 ODD
1	 I	 1	 I

IODD	 IOD	 EVENI	 IEVEN

/\	 /\	 /\	 /\
ODD ODD	 IEI IEI	

ODD	 ODD IEI

/\/\ /\/\ /\/\ /\/\

Fig. B. I: The 4 solutions for computing the parit y function in a regular pyramidal WANN

with parameters N = D = 2. Each pyramid RAM performs either the function EVEN or

the function ODD.

EVEN	 ODD	 01)1)	 ODI)

Fig. B.2: Four examples of the Junctions, either EVEN or OI)D, pemformned by the RAMs

of a regular pyrwnidal WANN %t'ith parameters N = 3 and D = 2. In this example, the

first pyramid perfor,ns the fi.mnction EVEN and the 3 others the function ODD.
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In Figure B.2, four solution examples are given, for a pyramid with parameters N = 3

and D =2. and performing either EVEN or ODD.
The following notations arc used: x denotes the vector formed by the values outputted

by the RAMs at layer i in the pyramid;	 denotes the number of elements which have the

value I in vector x: w1 denotes the number of RAMs performing ODD, in layer i of the

pyramid. Figure B.3 shows a regular pyramidal WANN with the indication of the
different layers and vectors x.

S..	 p..

I ,;;;R	

.5.	

X0 

Layer 1

S..

Fig. B.3: Graphical representation of a regular pyramidal WANN, where the different
layers and the vectors x1 are indicated.

In the following derivation, use is made of a function P(z1 ,z, • ,'.	 of a number

of integer variables z. defined as

if	 is odd

P(z1,z,,,z1,-•-)=
	

(B.1)

0
	

otherwise.

Using (B.1 ) the relation between the number c of elements at I at the output of layer i, in

a pyramid performing the ODD function, and the number 	 of elements at 1 at the output

of layer - I , can be expressed as:

P()= P(P(,.1).P(w1),N)	 .(B.2)

with
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In addition to (B.2). 2 limit conditions can be stated,

P( ) ) = 1
	

(B.3)

and

P()=11	 (B.4)

which express the fact that the pyramid outputs the value I when a odd number of its inputs

are at 1.

The following is a calculation of the number of arrangements of the variables which satisfy

(B.2). (B,3) and (B.4). The calculation is carried out for N even, without loss of

generality. In that case, (B.2) becomes:

P( 1 ) = P(P(11),P(w))	 (B.5)

with I=1r.",D.

For i= D,there are 2 cases that satisfy (B.3) and (B.5):

(a) P(w,,)=1 and P(,,_1)=O;

(b) J'(w,,) = 0 and P(,, 1 ) = I.

Since layer D consists of a single RAM, there is therefore only one possible arrangement

for case (a) (the RAM in layer D performing ODD) and also one possible arrangement for

case (b) (the RAM in layer D performing EVEN).
For i = D— l,•-,2, depending on the level i+ 14 either P() = 0 is true or P(,) =

is true. The latter possibility is assumed , for simplicity.. Again. 2 cases satisfy (B.5) and
P()=l:

(a) P(co)=I and P(1)=0:

(b) P(w1 )=O and P(1)=l..

Since layer 1 contains N RAMs, there are 2" arrangements which satisfy (a) and an

equal number which satisfies (b).

For i = 1. taking into account the condition (B.4). there is only one case to be
considered, the one for which P(w1 )= 0 and P() = I,

Finally, multiplying together the number of arrangements possible at each layer of the

pyramid, the total number of ways of computing the parity function is derived, It holds
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that:

JN.D)=2I•2•2'--•••22	
12X'lI2N-L

.vI .v" -1

=2	 -

which concludes the proof of Theorem 4.3.
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APPENDIX C:

Calculation of the transition probability distributions (4.19)

A regular pyramidal WANN, with parameters N = D = 2 is considered. The following
notations are used: N1 N and N3 denote the top node , the bottom left node and the

bottom right node, respectively. The function to learn is the parity function, denoted g. For

a k-element binary input vector i = ( ik _ l i 2 . •i1 i), it holds that

if	 t,isodd

0	 if	 iiseven.

If, at each training step, the inputs to the pyramid are randomly chosen, then it holds that

Pr(g =1) = Pr(g =0) = 0.5.

The variable U, denotes the number of ii values in node N. Correspondingly, the

number of non-u values is denoted by L1, At training step t, it holds that

U(r)=2" —U(t)=4--U1(t).

The global variable U is defined as

U=Ui -

It is useful to recall the initial conditions

and therefore

U(0)= 12;

also the convergence condition

U(t) = 0. Vt> tc,,,lv•



APPENDIX C	 199

The following additional notations are used: 1114 (1) denotes the memory location

addressed in node N during training step 1: [in] denotes the contents of in; finally,

denotes a non-u contents (either I. or 0. which, in this case, are considered as a unique

value).
It is assumed, for the simplicity of the analysis. that the probability v,. that the

addressed memory location in node N, contains a u value, is proportional to the number

U, of u values in N,

'=Pr([in,]=u)=2 •U4 =-.

Similarly for the probability i, that the addressed memory location in node N contains a

ii value, it holds that:

= Pr([,n1]=7)=2U U,1L1,
4	 4

In the top node N1 , iT value is further differentiated between a value g which is the

parity value of the input pattern to the pyramid, and a value . which is the negation of g.

It is assumed that the probabilities p and , of respectively addressing g or in the top

node, are proportional to U:

p=Pr([in]=g)=av 1 =a-4-

and

p=Pr([in]=)=f3•c1

with

a+f3 =1.

Furthermore, it is assumed that, the more ii values in the top node, the more likely they are

to be x values. This can be expressed as:

Ii-
a = - + _L

22



APPENDIX C
	

200

and

'	 2 2

And finally

p=(l+1)i1

and

p = -(l -

It is useful to note the relation:

p + + V1 = I,

In the following, all the cases leading to different EU1 transitions are considered,

together with their probability of occurrence. For the bottom layer. 4 cases are to be

considered, corresponding to whether the memory location addressed in each of the bottom

nodes contains u or iT Each of these cases leads to a number f of locations addressable in

the top node. The contents of these locations could be g (with probability p), (also

with probability p) or ii (with probability v1 ). Thus. if a case in the bottom layer yields I
(t+2

addressable locations in the top node, then 
t 2 J 

cases need to be considered in the top

node, each of which has a probability given by the trinomial distribution [Gri82]:

I.
I • 	•1-

flg ! n . ,z !

with

I = ?i + fl, + fl11

and in which ii n and ii are the number of addressable locations in the top node which

contain the values g.	 and u ,respectively.

For the bottom layer, the following table is obtained:
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________________	 [in, )	 Lin3]	 t	 Probability

easelii	 ________	 I	 ________

case2 _________	 u	 2

case3	 ii	 iT	 2

case 4	 u	 u	 4

Table C.1: The 4 cases to be considered in the bottom la yer of the pyramid, corresponding

to whether the memory location addressed in each of the bottom nodes contains u or ii.

The first case of the bottom layer leads to the following cases in the top node:

_______ ?l	 i?	 n Probability LW1 EU, ELT iU

case 1.1	 1	 0	 0	 p	 0	 0	 0	 0

case 1.2 0	 1	 0	 j5	 +1	 +1	 +1	 +3

case 1 .3 0	 0	 1	 V1	 -1	 0	 0	 -1

Table C2: The different cases to be considered in the top node when the menzorv location

addressed in each of the bottom nodes contains ü.

The second case of the bottom layer leads to the following cases In the top node:

_________ g	 fl Probability LW 1 LW, AU U

case 2.1	 2	 0	 0	 p2	 0	 -1	 0	 -1

case 2.2	 1	 1	 0	 2p	 0	 -1	 0	 -I

case 2.3.1	 1	 0	 1	 0	 -1	 0	 -1
_____	 13 __________ ___

case 23.2	 2'•' !	 i	 -1	 0	 -2
_____ ________	 '3 __________ ___

case 2.4	 0	 2	 0	
2	 +1	 0	 +1	 +2

case 2.5	 0	 1	 1	 2v,	 .1	 -1	 0	 -2

case2.6	 0	 0	 2 __________ -1	 -1	 0	 -2

Table C.3: The different cases to be considered in the top node when the memory location

addressed in the bottom left node contai?i.c iT and the memory location addressed in the

bottom rig/it node contains U

The case 2.3 is made of 2 different sub-cases. The case 2.3.1 corresponds to a training step
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during which only the addressed u value in the bottom right node is set to a ü value. The

case 2.3.2 corresponds to a training step during which the addressed i value in the bottom

right node is set to a ii value and the addressable u value in the top node is set to a g

value.

The third case of the bottom layer is similar to the second case and leads to the

following cases in the top node:

_________ " ,	 fl. Probability LU1 LW, AU iw

case 3.1	 2	 0	 0	 p2	 0	 0	 -I	 -1

case 3.2	 1	 1	 0	 2p	 0	 0	 -1	 -1

case 3.3.1	 1	 0	 1	 2ji'	 0	 0	 -1	 -1
______	 [3 _________ ___

case 3.3.2	 , .!	 -1	 0	 -1	 -2
______ ________	 '3 _________ ___

case 3.4	 0 2 0 _______ +1 +1	 0 +2

case 3.5	 0	 1	 1	 25v,	 -1	 0	 -1	 -2

case 3.6	 0	 0	 2	 v,	 -1	 0	 -1	 -2

Table C.4: The different cases to be considered in the top node when the memory location

addressed in the bottom left node contains ii and the memory location addressed in the

botton right node contains iT
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The fourth case of the bottom layer leads to the following cases in the top node:

__________ '	 zi ?	 Probability	 LU1 iW2 LW3	 u

case 4.1	 4	 0	 0	 p4	 0	 -1	 -1	 -2

case4.2	 3	 1	 0	 4p3	 0	 -1	 -1	 -2

case 4.3.1	 3	 0	 1	 6	 0	 -1	 -1	 -24p

case 4.3.2	 3	 1	 -1	 -1	 t	 -34p

case 4.4	 2	 2	 0	 6p2 2	 0	 -1	 -1	 -2

case4.5.1	 2	 1	 1	 12p2..lyj.	 0	 -1	 -1	 -2

case 4.5.2	 12p2 .ji.v1	 -1	 -1	 -1	 3

case 4.6.1	 2	 0	 2	 2 "	 o	 -1	 i	 b26p ..

case 4.6.2	 2 2	 -1	 -1	 -1	 -36p •v1

case 4.7	 1	 3	 0	 4p .	 0	 -1	 -1	 -2

case 4.8.1	 1	 2	 1	 ....	 2	 0	 -1	 -1	 -2I2pp

case 4.8.2	 12	 2 
p 1 . ! 	- 1	 -1	 -1.	 -3

case 4.9.1	 1	 1	 2	 ' 1	 0	 -1	 -1	 -2l2p..v

case 4.9.2	 l2p•v.!	 1	 . 1	 '1	 3

case4.1O.1	 1	 0	 3	 4p•v•	 0	 1	 1	 2

case4.lO.2	 -1	 -1	 -1	 3

case 4.11	 0 4 0 __________ +1	 0	 0 +1

case 4.12	 0	 3	 1	 43-v	 -1	 -1	 -1	 -3

case 4.13	 0	 2	 2	 652 ,2	 -1	 -1	 3

case 4.14	 0	 1	 3	 4j3v	 -1	 -1	 -1	 -3

case 4 . 1 5	 0	 0	 4 _____________ -1	 -1	 -1	 -3

Table C.5: The different cases to be considered in the top node when the memor y location

addressed in each of the bottom nodes contains u.

In order to calculate the distribution probabilities p(). all the cases corresponding to

the possible values of U 1 , U and U are considered. For each case, the probabilities of the
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different values of U are calculated using the results in the Tables C.l to C.5. The

resulting probabilities are then averaged over the different cases corresponding to a same

value of U..

As an example. the calculation of the distribution p11 (e) is detailed. Writing the values
of U1 , U,. (I, as triplets (U1 ,U, .U) . 3 cases need to be considered: (3,4,4), (4,3,4) and

(4,4,3). For each of these 3 triplets, the probabilities p 1 () are calculated using the

previous formulae and tables.

For (3,4,4). the following distribution is obtained:

Pi (-3) = 4p1 V 1	 + I 2p 2 . P . Vt . + 6p 2 .

+ l2p .	 . - + l2p . . i . ! . + 4p.

+ 4	 v 1 + 6 2 . + 4 . +

= 0.75172;

= 0.24820k

P1 ( l ) = 0.00008;

J(l) = p11 (0) = p11(2) = Pii( 3 ) =0.

Similarly, for both (4,3,4) and (4,4,3)

p11(-3 ) =0.75;

p11 (-2) = 0.25;

p 1 (—l) = j(0) = p1 (l) = p11 (2) = p 1 (3) = 0.

Making the assumption that the 3 triplets are equally likely to occur, the final transition

probability distribution is obtained:

p(-3)=4(0.7517+20.75)=0.75058;

= -(0.2482 + 2 . 0.25) = 0.24940:

p11 (l) = (0.00008-f-2 0.0) = 0.00003:
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p 11 (—l) = p11 (0) = p(2) =	 = 0.

The remaining probability distributions are calculated using a computer. The number of
triplets to be considered, for each U, is denoted by r(U). These values are given by the

coefficients of the generating function [PoITW83]:

(1 + x + + +

such that

T ; (U)	 =(1 +x+x +x3 +x)3 
= (l—x5)3

(1=11	 (1 -

The resulting ;(U) values are shown in Table C.6.

Table C.6: The number r (U) of triplets to be considered, for each value of U

In the general case of a pyramidal WANN, with parameters N and D, the corresponding
numbers rN,)(U) would be given by:

,%
-	

I	

''

	

=(	 J

For the case N = D = 2, the resulting transition probability matrix is given by (4.19). The

corresponding probability distributions arc given in Table C.7 and are also represented

graphically in Figure 4.3.
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Table C.7: Transition probability distribution.s.
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APPENDIX D:

Parameter variations in the C-discriminator network

D.1. Excitation radius

P1
	

P2
	

P3

Fig. D.1: Resjonse maps produced by the presentation of patterns P1. P2 and P3. after

1000 training steps, with noise level = 4 and excitation radiuses (a) 2, (b) 5. (c) 10. (d) 20.



(a)

(b)

(c)

(d)
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P4
	

Ps

Fig. D.2: Response maps produced b y the presentation ofpatterns P4, P5 and P6, after

/000 training steps, with noise level = 4 and excitation radiuses (a) 2, (b) 5, (c) 10, (d) 20.



(a)

(b)

(c)

(d)
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P7

Fig. D.3: Response snaps produced by the presentation of patterns P7. P8 and P9, after

1000 training steps. with noise level = 4 and excitation radiuses (a) 2, (b) 5, (c) 10, (d) 20.
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D.2. Noise level

P1	 P2	 P3

(a)

••\•A:,i

(c)P'

(d)f
(e)	 ..	

.. J

Fig. f).4: Response maps produced b y patterns P1, P2 and P3. after 1000 training steps.

with e.vcitation radius = JO and noise levels (a) 0, (h) 4, (c) 10. (d) 20 and (e) 32.
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P4	 P5	 __

(a)

'f1...
(c)J'V 

JV ..

...

(e)
J Ls,4 ....

Fig. 1)5. Response snaps produced b y patterns P4. P5 and P6, after 1000 training steps.

with excitation radius = 10 and noise levels (a) 0, (b) 4, (c) 10, (d) 20 and (e) 32.
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P7__	 __

(a)

1V

_

Fig. D.6: Response maps produced b y patterns P7, P8 and P9, after 1000 training steps,

tith excitation radius = 10 and noise levels (a) 0, (b) 4. (c) 10, (d) 20 and (e) 32.
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APPENDIX E:

Proof of Theorem 7.4

In this appendix, a proof of (7.15) fs given. stating the equivalence, in the case of two

opposite stored patterns, of the retrieval equation for an auto-associative GNU with

(2,z - 1)-input nodes to that for a GNU with 2ii-input nodes. This can be stated as:

f(x(t),2n —1) = f(x(t),2n) *

in which, dropping the dependency in I and using (7.14).

2n-I(2,z_j
f(x,2n —1) =	 ,	 J. x'(l — )2 '	 = A(n)

and

2n (2iz"	 I (2n
+—i	 I•f(1 — xY =B(n),	 (E.3)f(x,2n)	

J 
x' (1 - x)2"1 

2 I n)j=nI

First, (a I) is shown to be true for n =1 In that case

A(1)=(1.J.x1(l_x)I_1 =.
jl 3

and

M 2	 2

Then, it is shown that, if

A(n) = B(n),

then

A(n + I) = B(n + 1).
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Using (E.2), an expression for A(n + I) can be written as:

2n..IJ_(( + I)— l\
A(n + I) =	

L	 J. 

x'(I - x)21I .

1="-'

Using twice the formula

( ,n '\ (m—Y\ (,n-1\

rJ	 r Jr—lJ'

the combinatorial coefficient in (E.4) can be written as:

(2(n+I)—I' (2n	 ( 2n
I	 1=1	 1+1
''	 J	 I	 J) 'J—1

(2n-1' (2n-1' (2n-1' (2n-1

) a—i) j-1) lj-2

(2n-1'	 (2iz—i' (2n-1'\
I+2•I	 1+1	 I.	 (E.6)

l j )	 Li-')	 j-2)

The substitution of (E.6) into (E.4) yields

2n+fl—t(2 11 _ J'\
A(n + 1) =	

J. 
x'(I - . )2(flfl)_I_J

I •n+I

+ 2 :'_'(2n_—l). x'(l - 
x)21"''t

j=n.-I

+	
x(1	 )2(fl+l)_I_J

-
=(1—x)2	

L	
J.xJ(1_x)2n

.j.nfl	 3

" 2ii-1
j1(1_r)_t_1

+x.	
' 12fl_lJL(I)flI

I
=(1—x) •C(n)—(l—xYI 	 Ix'(l—xY'

¼ " )
+2x(1—x)C(n)
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n	 (2i—h
+.r•C(n) +x

'1 "	 I )

with

2ir 2n—1
C(n) 

=	 / J 
x'(l —xY'

=	 -x)2"' = A(n).

This yields

	2n—l\	 (2n—l'\

	

A(n + 1) = A(n) —	 1 x' (1 — ) fl+I 
+	 x" (I — x)

	

n j	 n—l)

	

= A(n) —	 x"(I— )fl+1 
+ I	 x(l — x)

	(2n_lJ	 T2n—l'\

n	 n)

(2n—l'\
A(n) — I 	f(I—x)"(1-2x).

%fl)

Similarly. using (E.3). an expression is developed for B(n + 1)

21 is I 1

B(n + I) =	
(2(iz+	

x'(l —x)21''
J )

•x '(l—x)
I(2(n+l)J

2	 ii+I

	

= D(n)+—I	 t' 1(j	
)tl

I (2(ii+I)J

	

2	 pz+l

D(n) is then developed in a similar way to that done above for A(n + 1):

2,i	 2ss.2	 2n
.J.x1u_x2+2	

[.	
J.x3(1-.r)1

j'n-2	 3	 j—rs-2 .1
2.i-2	 2n

+	 .J.x1(I	 )2fl.2.1

(E.7)

(E.8)
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2n.- (2ii	 2ii.i ( 2 ,i \
= (I -	 J. x'(I - x)" £ + 2x(I —,v) 	 F

ii	 1-n-i

_x)2I_k

(2n)
= E(n)—	 x' '(1	 n I	 I.x174.2(I	 )1t

n)
(E.9)

with

I 2n
E(n)=B(n)_..( J.f(l_x)fl

and because of the hypothesis

A(n) = B(n),

i (2n"
E(n)= A(n)--( J.x'(1_xY.

2n

Then, taking into account (E.9) and (E.1O), (E.8) becomes:

1 (2n\	 ( 2,i "
B(n + 1) = A(n) --
	 J• 

x(I - x)" - 
+ 1J• 

x(I —x)''

+1	 .x'2(I —x)" +—i

	

(2n"	 1(2n+2)

	

'I)	
21n+I

(E. 10)

(E.1 1)

Grouping, in the right member of (E.8), the first term with the third term, and the second

term with the fourth term, yields

	

(2izl	 I
B(n+ I)= A(n)+I	 •x"(I —x)"(--+x)

	

fl)	 2

r / 2n	 1 ( 2n '\ r2n	 I ( 2,i '\l
+x(1—x)	

2n+1) ç n)J+-I	
I+i
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(2n'
=A(n)--j	 J.x'.(l_x)P1.(l_2x)

2 n

=A(n)	 1+1	 x(I—x)(1-2x)i[1211_I\ r2n_1J]
2	 ii )	 n—L

(2n-1\
=A(n)—I	 I•f(l—x)•(l-2x),

fl )

And finally, taking into account (E.7). it holds that

B(n+I)= A(n+l).

which concludes the proof of Theorem 7.4.
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ABSTRACT

Organized maps coding sensory information have been found in the brain. ICohonen
showed that it is possible to model a self-organizing system capable of forming a reduced
representation of input information into such maps. The aim of this paper is to define a net-
work with identical properties but based on a RAM neuron model, namely the C-
discriminator, whereas Kohonen uses the classical linear neuron model. Such RAM models
have been studied before but only within the context of a supervised training scheme
whereas this paper presents an unsupervised training algorithm. The architecture of the net-
work is presented and the training procedure is defined. It is shown, on a simple example,
that the net behaviour can be predicted considering the overlap areas between input pat-
terns.

1. INTRODUCTION

Physiological studies have shown that sensory information is encoded by the brain, at
least in the primary sensory areas, in various geometrically organized maps [2]. Sensory
experiences such as topographic coordinates of the body or pitch of audible tones are
mapped into a two-dimensional coordinate system defined on some areas of the cortex.
These areas are composed of two-dimensional layers of neurons in which there is dense
lateral interconnection with relatively few interlayer connections [3]. The degree of lateral
interaction between cells is usually described as having the form of a Mexican hat. Three
types of lateral interaction can be distinguished: a short range lateral excitation surrounded
by a penumbral region of inhibitory action which is surrounded itself by a weaker excitatory
action [3]. Kohonen discovered that a self-organizing array of neural cells with modifiable
parameters is capable of forming a topologically ordered map of data to which it has been
exposed, automatically forming a reduced representation of input information, involving
feature extraction. This paradigm was successfully applied to speech recognition by
Kohonen [2][3].

In this paper, we demonstrate a neural network showing similar self-organizing pro-
perties to a Kohonen net but using a particular model of neuron, the discriminator model1
whereas Kohonen uses a conventional linear neuron model. The latter is a variation of the
Mc Culloch and Pitts neuron. It is essentially an rn-input device with input values labelled

'1m' where such values are real numbers. Each input i1 is multiplied by some synaptic
weigh: w1 and the entire neuron reacts by producing an output response S equal to the scalar
product of the input vector I and the weight vector w of the neuron, S being considered as a
measure of similarity between those two vectors.

The discriminator was first introduced by Aleksander and used in the WISARD recog-.
nition system, the first industrial neural computer [1]. This modeL is based on the N-tuple
sampling paradigm of Bledsoe and Browning [4]. Conceptually a discriminator is composed
of an array of RAM (Random Access Memory) elements. Each of those RAMs is addressed
by a n-:uple which is a number n of bits taken from an array of m binary values forming the
input to the discriminator. The adaptive parameters of a discriminator are the values stored
in the memory locations of its RAMs. They are updated through a training procedure. The
discriminator output or response p is obtained by summing the values held in the storage
locations addressed by the n-tuples.

There are two main differences between the discriminator model used in our work,
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hereafter referred to as C-discriminator (continuously valued discriminator), and the one
used in Wisard. Firstly, the storage locations in Wisard discriminators hold binary values
(l's and 0's) whereas in C-discriminators they are allowed to store a continuous range of
values between 0 and 1. Secondly, in Wisard each discriminator is assigned to a certain class
of input patterns whereas in our system each input pattern is seen by all C-discriminators
during the training of the system. In fact, the class to which the presented patterns belong is
not known a priori and, in that sense, we can consider the training as unsupervised as
opposed to a supervised training in Wisard.

We describe and analyse our model, and show, on a simple example, that it is possible
to use a C-discriminator network to form a topologically ordered map of input data, result-
ing in a clustering of responses to similar patterns in specific regions of the output map. It is
argued that it is possible to predict the net responses to different input patterns considering
the overlap areas between them. Finally, we show the temporal evolution of responses to a
certain pattern and the formation of specific areas of activity in the output map.

2. THE DISCRIMINATOR-BASED NETWORK

2.1. The network
The overall structure of the network considered here is similar to that of a Kohonen

net. The net is made of one layer of processing units or neurons which are modelled as C-
discriminators. The units are labelled

and are arranged as a one or two-dimensional array. An example of the one-dimensional
arrangement is shown in Figure 1.

An important characteristic of this structure is that each C-discriminator sees the whole
of any input pattern presented to the net. The input patterns consist of arrays of in black or
white pixels which are respectively translated into l's and 0's.

Each C-discriminator produces an output response p and the set of responses yields an
output map. During training of the network, the neurons are interacting with each other
through lateral excitation or inhibition.

2.2. The C-discriminator

Figure 2 shows the structure of a C-discriminator.. It is an array of RAMs whose
memory locations can hold a continuous range of values between 0 and 1. The number K of
such RAMs in a C-discriminator is

K =
n

n being the n-tuple size and in the number of inputs to the C-discriminator, The value in is a
multiple of n. The output 4 of a RAM K takes real values between 0 and 1. We denote by

ik=(i1,...,iJ)k

the binary vector representing both the input address to RAM K and the storage location
addressed by it. The value stored in a memory location with address a=(a1,..,a) is
denoted [a 1 or [a 1 ,... ,a], Then, it holds that

The output p.., of a discriminator y can be written as

= I = -
K0

with O<p,<l Hereafter p. will be quoted as a percentage.
One may notice that the structure of the C-discriminator is identical to that of the linear
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neuron model, in the limiting case n = 1 . Furthermore, the C-discriminator structure can be
viewed as a intermediate case between a RAM (n m and X 1) and a linear neuron (IC= m
and n=1).

2.3. An unsupervised training algorithm
The principle of the training procedure follows the rules that form the basis of various

self-organizing processes. When a pattern is presented to the net, the best matching neuron
is located, that is the one which responds with the highest value. Then, the matching is
either increased at this neuron and its topological neighbours or decreased at more distant
neurons. We proceed by examining this procedure in detail..

First, the memory content of the neurons is initialised at random values within the
interval [0,1]. Then, the net is presented with an input pattern chosen randomly amongst a
set of training patterns. All the C-discriminators see that pattern simultaneously. The neuron

whose response p to the pattern is the highest is said to be firing That means that this
neuron is the one which matches best the input pattern and it holds that

p,=max(p.), with y=1,...,Q.

We define one excitation and one inhibition region of interaction about neuron . The spa-
tial extents of these regions are characterised by an excitation radius r and an inhibition
radius r respectively, as shown on Figure 3. The memory content of the neurons in these
regions is updated in such a way that the neurons lying in the excitation region become more
susceptible to fire when the same or a similar pattern is presented again to the net, while the
neurons in the inhibition region are 'pushed away' in terms of their response to the input
pattern. All other neurons in the net are left unchanged.
Consider a particular RAM Rx in a C-discriminator situated in the excitation region of neu-
ron . We denote by H1 the Hamming distance between the input i to Rx and the address
a, of a certain memory location to be updated in Rx. Every memory location ax in Rx will be
updated according to the relation

[ax]' = [ax] +k IA I(T(A ) — [ax]), with A = —H1 ,	 (1)

T being the Heaviside function defined as

Ii if x^0
T(x) 

= 10 if x<0'

IA I being the absolute value of A , denoting an updated value, and k being an excitation
coefficient, with 0 < k < 1. Similarly for a neuron in the inhibition region,

[ax]' = (a)]+ hA I(T( — A) — [aJ),

1 being an inhibition coefficient, with 0 < I << k. In many simulations the neural density is
insufficient to include a region of inhibition. The general nature of the process is similar for
a wide range of values k and 1. It is mainly the speed of the process which varies.
Following the updating phase, another input pattern is selected and presented to the net, and
the training process starts again. The number of training iterations is problem dependent
and can be as small as 1000, as in the example presented in this paper.. One of the most cen-
tral phenomena associated with this training procedure is a clustering effect that makes simi-
lar patterns to produce output responses close to one another in the network output map.

3. EXPERIMENTAL RESULTS

3.1. The simulation
The problem given to the net is to locate the position, in the input pattern, of a black

area, here represented as a square. The training patterns form four classes. In each of them,
the black square is positioned at one of the corners of the patterns. Patterns belonging to the
same class differ by a certain number of pixels chosen randomly and whose color has been
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inverted to the opposite one. This acts as an addition of noise to the four basic patterns. In
the simulation, up to 4 pixels were flipped in an input pattern. Each input pattern consists of
an array of 8 by 8 pixels. Therefore there are 64 inputs fed into each of the net C-
discriminators. The net is made of 40 C-discriminators arranged in a one-dimensional array.
This yields a one-dimensional map of responses. The size of the n-tuple is chosen to be 4.
Consequently, there are 16 RAMs in each C-discriminator.

The inhibition interactions between neurons are neglected. The radius of excitation is
treated as a decreasing function of the number of input patterns seen, starting at a value of
10 and decreasing by 1 after each 100 training steps. Although this decreasing radius
improves moderately the response clusterings, this is not a critical factor in the behaviour of
the net,, compared to a fixed radius. It may be argued that decreasing the radius of the exci-
tation region, as learning proceeds, is somewhat analogous to the process of annealing in
Boltzinann nets. The excitation coefficient is chosen equal to 0.1.

In Figure 4, we show the net responses after 1000 training steps. 9 test patterns are
chosen, labelled ,p9. Patterns P 1 to P4 are seen by the net during training, whereas
patterns P 5 to P9 are intermediate patterns never seen before.

Although it is difficult to derive mathematically the responses given by the net starting
from equation (1), we shall try to justify them considering the principle of "overlap areas"
on which the WISARD system is based [1]. In the following, we do not consider the
discriminators situated in areas of transitional responses. We first group all other discrimi-
nators in four sets S 1 ... ,S4 such that discriminators belonging to set S, give 100 % response
when presented with the pattern P. Then, the response p,(P) of a discriminator, belonging
to set S, to a pattern P is given by

p 51(P) = over1.area(P,P),

defining over!, area (P1 ,P1) as the percentage of indentical pixels in patterns F, and P3. The
overlap area between each pairwise combination of the patterns P 1 to P4 is 50 %, observed
to be a reasonable prediction of the responses obtained in the simulation results of Figure 4.
Considering the case of an intermediate pattern, for example P5, we observe that it has 75
% overlap area with patterns P 1 and P2 , and 50 % with patterns P3 and P4. Pattern P9 pro-
duces 62.5 % response at each C-discriminator, which is the overlap area between P9 and
each of the patterns P 1 to P4.

3.2. Temporal evolution of responses

Figure 5 shows the temporal evolution of neuron responses to a certain pattern at dif-
ferent times throughout the training procedure. Initially, the C-discriminator which outputs
the strongest response for a particular pattern is randomly distributed in the net. As learning
proceeds, a 'bubble' of response begins to emerge in a certain region of the output map.
Then the clustering of activity stabilises to produce a stable output map of responses.

4. CONCLUSIONS

A self-organizing network similar in Structure to a Kohonen net has been presented.
The C-discriminator neuron model used is an intermediate case between the RAM model
and the linear one. The main thrust of this paper is to show that such a model can be used in
a network governed by an unsupervised training procedure. The simulations have shown
that during training, a clustering of responses to similar patterns appears, resulting in a
topologically ordered map. It is argued that the output responses of the neurons can be
predicted on the basis of overlap areas between patterns.
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ABSTRACT

The probability of disruption of patterns stored in a general neural unit, used as an
auto-associator, is derived. It is shown that the network can store about the same number of
patterns as the number of inputs per node, with an acceptable error rate. The retrieval
equations of the network are established in the case of three arbitrary stored patterns.

L INTRODUCTION

A cluster of interconnected formal neurons has, as an emergent property, the ability to
enter stable firing natterns, when stimulated by the presentation of noisy versions of these
patterns [1]. In that case, the network is said to perform auto-association. In this paper, this
property is studied using a network called General Neural Unit, or GNU [3],[4]. A
schematic diagram of this network is shown in Figure 1. It consists of one layer of K pro-
cessing elements or nodes. The inputs to a node consist of N external inputs and a propor-
tion Q of the K outputs of the system. Then, the total number of inputs to a node is given
by N + F, where F = QK s the number of feedback connections to a node. When F = 0,
the system operation is that of a feed-forward network. In this paper, we shall be concerned
with the case N = 0 and F ^ 0, so that the GNU is used as an auto-associator.

The nodes of the GNU are GRAMs (Gneralising Random Access Memories)[2],[3].
The input to a node represents the address of a GRAM. When a node is required to associ-
ate an input pattern with an output value, then this value is stored at the memory location
addressed by the input to the node. Memory locations can store the values 0, 1, or u. The
value u stands for "unknown" and, when it is addressed, the node outputs 0 or 1 with equal
probability. Before any training takes place in the GNU, all memory locations in all nodes
are set to the u value. We can now examine the different phases in the processing of the
GRAM. We distinguish three phases. The learning phase is the operation by which the node
records addresses with their required response. During the operating phase, the node makes
use of its stored information. There is an additional phase, called spreading, during which
memory locations not addressed during the learning phase, are affected by the use of a suit-
able algorithm [3]. The aim of this phase is to diffuse the information acquired by the node
during training in order to be able to generalise its knowledge to "unseen" patterns. Dif-
ferent spreading procedures can be used. Here, the spreading proceeds as follows. We con-
sider in turn all memory locations in a node. If a memory location contains 1 or 0, it is left
unchanged. If it contains u, it is set to 1 (or 0) only if its address is closest in Hamming dis-
tance to the address of a memory location storing a 1 (or 0); otherwise it is left unchanged.
After this operation, the node is said to have full generalisasion, that is, unless there is a
contradiction, all memory locations in the node are set either to 1 or 0.

2. PROBABILITY OF DISRUPTION AND STORAGE CAPACITY

In this section, we are concerned with a weakly interconnected auto-associator (N= 0,
no external inputs to a node), that is, the number of input lines F to a node is much smaller
than the number of nodes K in the network. We consider a set of S training patterns T 1 , T2,

p.., T to be stored in the s ystem. For simplicity, the overlap between any two patterns is
assumed to be equal and minimal. Thus,

I
overlap(T1 T) = 1-' -	 (1)

S
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One graphical arrangement of such patterns might be to represent an input pattern as
divided into .S Sections .,S of equal area. Section s, corresponding to pattern T, con-
tains 1-values and all other Sections contain 0-values. During the storage process, contradic-
tions occur when new stored patterns cause old ones to no longer be stable patterns in the
network. The object of what follows is the calculation of the probability of disruption of
pattern T 1 by patterns T2, i,., T5.

We consider first the probability of pattern T 1 being disrupted by pattern T2 . This
occurs when the input samples to a particular node are identical for patterns T 1 and T2,
while the required outputs are different. In other words, a contradiction occurs because the
node is required to store different values at the same memory location. This probability is

Pr(T 1 disrupted by T2) = -(1 —

is the probability of having different outputs for T 1 and T2, while (1—	 is the proba.

bility that all inputs to the node are the same for T 1 and T2.

We proceed further and consider now the probability that pattern T 1 is disrupted by all
other patterns T2, ., T. We denote by O the output required for pattern T, and by f the
inputs for pattern T1. All different cases of contradictions need to be considered.

First, we consider the case where 01 * 0, for any j such that j * 1. This case has a

probability - taking into account (1). For the inputs, we have to consider the probability

that I is equal to at least another J, with j # 1. This probability is

1 - 11 - ( l ...a)F ]S_1
S

This provides the first term of the overall probability of disruption:

--[1 —[1 — (1_I)F]1],

Then, we consider the S—i cases (k = 2..S) for each of which 01 ^ Ok and 01 0,

for any j such that j * k and j * 1. These cases have each a probability of --.. For the

inputs, we have to consider the probability that I = 1k which is (1—	 This gives us the

second term in the overall probability of disruption:

S—1,1_a,p
S	 5'

Finally, we obtain the overall probability of disruption Pa(S,F)

Pd(S,F) =	 Ii - [I— (i_..)]s1 ]	 1(1_.)F	 (2)1
S S	 S

Hence, Pd(S,F) is the probability of disruption of pattern T 1 , in a particular node, due to
patterns T2 , .., Ts . Therefore, on average, a proportion Pd(S,F) of nodes exists where pat-
tern T 1 is disrupted, and the law of large numbers, with respect to K, yields that Pd (S,F) is
the probability that pattern T 1 is disrupted in the whole network s Finally, Pd (S,F) may be
interpreted as the proportion of patterns that are disrupted in the network.

It is interesting to consider the following limit cases:

If S=2, then Pd(S,F)O. It is indeed obvious that any GNU can store two orthogonal
patterns without disruption, because at each node, the patterns will address a different
memory location.

For large S, the probability of disruption tends to 1:

urn Pd(S,F) = 1 -
S-x
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If S s held to the same value as F, the probability of disruption is given by

1urn	 Pd(S,F)
- C2

Thus 13.53 % of the total number of patterns are disrupted in the above case. This shows
that the network can store about the same number of patterns as the number of inputs per
node, with an acceptable error probability.

The main conclusion is that the proportion of disrupted patterns, and therefore the
storage capacity of the network, depend primarily on the number of signals F that a node
samples. Similar results are reported by other authors [41,[5J,[6J and this property seems to
be general in RAM-based systems.

3 RETRIEVAL EQUATIONS

3.1 Retrieval of two orthogonal patterns

We consider a GNU trained on two orthogonal patterns T 1 and T2. We assume that a
spreading process, with full generalisation, takes place in the network nodes after training.
At time t, the GNU is in a state that has an overlap x(t) with pattern T 1 , and therefore an
overlap 1 -' x(:) with pattern T2. This is extensively studied in [4]. We just state here the
retrieval equation of the system:

F 'IFi x(:) J (1 =	 F odd
F.tJ

=
x(t+1)	 f(x(:),F1 

=	 F	 L
x(t) J (1 -	 ^ j... F x(:) 2 (1	 x(:)) 2	 F even

2

where [x] is the ceiling of x. in [4], it is shown that the system enters the trained state which
has the greater overlap with the initial state of the GNU. The larger the number of inputs F,

the more rapidly the system will converge.

3.2. General retrieval of three patterns

In this subsection, we establish the equations governing the retrieval process of the
system in the case of three stored patterns, Again, the network is trained with three patterns
T 1 , T2 , T1. Then, a spreading phase, with full generalisation, takes place in the nodes. An
unknown pattern U is presented to the network and the evolution through time of the vari-
ables x1(:),x2(:), and x3(t) is monitored. Those variables represent the overlaps, at time :,
between pattern U and patterns T 1 , T2 , and T3 , respectively. We denote by w• the overlap
between trained patterns T, and T. Considering a particular F-input node, we denote by n1

the number of inputs that have the same values for U and T1.

In Figure 2(a), the patterns T 1 , T2 , T3 are represented as Sets in a Venn diagram. In
each region the relative proportions of pixels that belong to that region, or equivalently the
probabilities that an input or output to a node takes its value from that region, are indicated.
For example, if corresponding pixels in patterns T, T2, T3 are compared, a is the propor-
tion of pixels in pattern T 1 that have opposite values in patterns T2 and T3 (Fig. 2).. We write
a, f3, y, 8 as functions of the overlaps between training patterns, or equivalently as func-
tions of their distances d . =
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(3)
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d2 + d 13 - d23)

— d 12 + d 13 + d23)

d 12 — d13 + d23)

8=1 +	 — d13 d23) .
2

with a + + y + 8 = 1

In Figure 2(b). the areas of intersection of patterns T 1 , T2, T3 with pattern U are
shown. This defines the proportion variables , q, 0, and k For example, a proportion of
the pixels in region a will be equal for patterns T 1 arid U, and so a proportion 1 — will be

equal for patterns T2, T3, and U. This holds true for the other regions. Dropping for the
time being the dependence on t, it is straightforward to write the relations

x 1 'a ^ (1-0)t3 + (1—q)y + X6
x2 =(1—)a + (1-0) + qy + X8
x3 "(1—)a. + 03 + (l—'q)'y + X8

When a sample of pattern U is presented to a particular node of the GNU, the node
will output a value corresponding to the training of pattern Tk if 1:k = max(n,). for

1= 1, 2, or3. For example, if the input corresponding to pattern U is closest to that

corresponding to pattern T 1, then the output will be the same as for pattern T 1. This results
from the spreading phase of the learning algorithm. There are 7 different cases to be con-
sidered,, whose probabilities of occurence Pi •. p7 are shown below:

p 1 Pr[ (n i > 2) and (n i > 1:3)1
p2 =Pr[ (1:2> n) and (1:2> 1:3)1
p3= Fr[ (11 3 > a&) and (1: 3 > 112) 1
p4 Pr[ = 2) and (1:3 < i) ]
p5=Pr[ (n = 1: 3) and (2 < )]
p6=Pr[ (1:2 = 1:3) and (is1 < n2)]
p7 Pr[	 = 112) and	 = 113) 1

with	 = I . The exact formulas yielding the ps 's are sums over a multinomial distribu-

tion whose parameters are the variables associated with the different regions represented in
figure 2(b). That is, for example,

F!	 nil
p i =	 Ia1 [a(1-)J

mi+m4>m2+m3 Mi! in2 !	 m81
m1+m4>m2+n13

r
LY111 E(1_)1m6 [8x1i7 [8(1—K)]tm'

We express the variables x 1 , x2, x3 as functions of the p's. For example,

= p 1(a+3+y+8) + p2(8) + p 3(y+&) +

+ p5(y+8+a+4) + P6(8 P + j) +

We obtain similar expressions for x2 and x3 . Then, using these expressions in conjunction
with (4), the values of , q, 0, and K can be identified and their evolution in time is given
by:

(4)

(5)
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(t+1) = p 1 (t) +	 (p4(t) + p5(r) + p7(t))

t)(t 1) = p2 (t) 1- -( p 4 (t) -i- P6() + p7(:))
(6)

e(t+ 1) = p 3(t) + -(p(:) + p6(:) + p7(:))

X(t+1) = 1

These expressions, when substituted in (4), yield the retrieval equations of the system. The
interdependence among the sets of variables, determining the system evolution in time, can
be best understood from the simple flow chart shown below:

(5)
[(t),q(r),O(t),X(t)]

(6)
[p(t), ,., p(r)] -_-

(4)
	

(4)

jx(t), x(t),	 1
	

[x(t+1), x(t+1), x3(t+1)]

The retrieval equations are a useful tool for studying the dynamics of the system, the stable
states, and the extent of the basins of attraction.

4. CONCLUSION

The probability of disruption of patterns stored in a general neural unit, used as an
auto-associator, has been calculated. it was shown that the network can store about the same
number of patterns as the number of inputs per node, with a tolerable error level. The
retrieval equations of the network have been established in the case of three arbitrary stored
patterns. These equations govern the dynamics of the system.
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Figure 1. General neural unit.

Figure 2. Patterns are represented in a Venri diagram in which the proportional
areas associated with each region are indicated.
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PARALLEL HARDWARE IMPLEMENTATION OF THE
GENERAL NEURAL UNIT MODEL

P. Ntourntoufis

Neural Systems Engineering Laboratory, Department of Electrical and Electronic
Engineering, Imperial College of Science, Technology, and Medicine, London SW7
2BT, England

Abstract
This paper presents a parallel hardware implementation of the General Neural Unit

model. The proposed architecture is a MIMD machine consisting of a series of rings
connecting a number of processors together. The rings are themselves connected to each
other through an additional ring. This scheme involves a compromise between a ring
architecture and a two-dimensional mesh.

1. BACKGROUND AND MOTIVATION

A neural network called the General Neural Unit [l][2], or GNU, was studied by
Aleksander [3] and Ntourntoufis [4] to investigate its ability to perform auto-
association [5] . It consists of one layer of K processing elements or nodes. The inputs
to a node consist of N external inputs and F feed-back inputs. The feed-back inputs are
chosen randomly from the K outputs of the system. The nodes of the GNU are GRAMs
(Generalising Random Access Memories) [1]. The input to a node represents the
address of a GRAM. When a node is required to associate an input pattern with an
output value, then this value is stored at the memory location addressed by the input to
the node. There are three different phases in the processing of the GRAM. The train

phase is the operation by which the node records addresses with their required response.
During the use phase, the node makes use of its stored information. There is an
additional spread phase, during which memory locations not addressed during the train
phase, are affected by the use of a suitable algorithm [3] . The aim of this phase is to
diffuse the information acquired by the node during training in order to be able to
generalise its knowledge to "unseen" patterns. Different spreading procedures can be
used and a degree of generalisation G can be defined.

The aim of this paper is to present a new hardware architecture implementing the
GNU model.

2. PARALLEL IMPLEMENTATION

2.1. SpecIfications and requirements
A typical example of what is expected to be implemented on a printed board is that

of 1024 GRAMs, with 8 inputs per GRAM. The GRAMs contain 2-bit words, in order
to code the 3 different values that a memory location can hold [2] . Variable level of
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feed-back F and variable degree of generalisation G are allowed. Amongst the
important operations performed by the system are clamp, run, and spread which
correspond to the train, use, and spread phases of a GRAM, respectively.

The amount of memory required to implement 1024 8-input GRAMs is
1024 GRAMs 256 memory locations 2 bits 0.5 Mbits.

A fundamental aspect of the requirements of the implementation concerns the
desired connectivity. One should be able to connect any of the GNU's external inputs, to
any input of any GRAM. Likewise, one should be able to connect any of the GNU's
outputs, to any input of any GRAM. These constraints will justify the choices made in
the design of the information transmission mechanism from the GNU's external terminal
to the GRAMs, and between GRAMs.

2.2. General architecture
Figure 1 shows the general architecture proposed here. It consists of a major ring

and 8 minor rings.

PROCESSOR ___________

0 SWITCHING I 
CONTROLLER

UNIT	 I&

HOST COMPUTER

Figure 1: Hardware architecture

The major ring connects 9 switching units together. Each minor ring connects 8
processors together and is connected to the major ring through one the switching units.
There are therefore 64 processors in the system and each is implemented as a VLSI chip.
A processor implements the functionality and memory of a number of GRAMs
(typically 16 GRAMs). This number can vary according to the number of inputs per
GRAM and therefore the memory required for each GRAM.

This architecture can be classified as that of a MIMD (multiple instructions, multiple
data) machine. The nodes of a MTMD machine support one or more independent



APPENDIX F	 233

processes each. Within the class of MIMD machines it is possible to classify our
architecture further 1 as a network architecture. In a network architecture the switches are
distributed throughout the machine, and if there are no switches between the processors
these are directly connected (6]. Finally this architecture can be seen as a mesh
architecture where a compromise between a one- and two-dimensional grid has been
made.

2.3. Messages
Communication between processors consists of messages. A message, once issued

by a source processor, is passed from processor to processor, until it reaches its
destination processor. The message takes the shortest possible route to travel. It goes
first along the minor ring to which the source processor belongs, then travels along the
major ring, and finally along the minor ring to which the destination processor belongs.

A message consists of about 20 bits which are divided in three fields: the address
field (address of the destination processor and address of the destination GRAM), the
command field, and the datum field. In each processor there is a router that uses part of
the address field to route the message either to the processor itself or to its neighbour.
The routing of messages is kept to its simplest form, unlike architectures such as the
Connection machine [7]. Typical messages include the transmission of an input bit, the
transmission of the required output bit, addressing commands, storage commands, and
spreading commands.

2.4. OrganJsatlon of processor
Each processor is implemented in a single VLSI integrated circuit. The silicon

memory storing the GRAM's contents is implemented on chip. It is made of one or
more RAM blocks, each providing the memory for a certain number of GRAMs. Figure
2 shows a block diagram of a processor. For example, each RAM block may consist of
256 words of 32 bits each. Different uses of the memory bits are possible. It is possible
for example to implement 256 4-input GRAMs, or 16 8-input GRAMs. Thus, there is a
trade-off between the number of GRAMs and the number of inputs per GRAM.

2.5. TimIng considerations
A very important parameter in MIMD machines is the relative speed of computation

and communication. This is currently being investigated.

3. DISCUSSION

We discuss here the choices made in the design of the architecture described in the
previous section.

Unidirectional Connections are used to avoid traffic jams of messages. Indeed these
can occur if two messages attempt to move in opposite directions and use the same
connection bus. This scheme enables a very simple message routing in the processor.
Still, it might happen that, for example, two messages arc attempting to enter the same
switching unit, one entering the ring and one already circulating in the ring. Therefore, a
system of priorities is installed: a message already in a ring has priority over a message
entering that ring.

The option of a one-dimensional grid, or ring, has been discarded in order to keep
the communication time, bottleneck of most MIMD machines, as short as possible.

The reason for not choosing a 2-dimensional grid is twofold. First, the routing of
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Figure 2: Block diagram of a processor

messages has to be kept simple. Second, it is necessary to have only one input message
and one output message per processor in order to keep the number of chip input pins
small, taking into account the fact that a message goes from one chip to the next in a
single clock cycle (parallel transmission), this meaning about 20 input message pins and
20 output message pins.
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A DYNAMICALLY GENERALISING WEIGHTLESS NEURAL ELEMENT

P Ntourntoufis

Neural Systems Engineering Laboratory, Department of Electrical and Electronic
Engineering, Imperial College of Science, Technology and Medicine, London SW7 2BT,
U.K.

Abstract
The paper introduces the concept of the Dynamically Generalising weightless Neuron

(DON). The DON is derived from the Generalising Random Access Memory (1], in
which the training and spreading operations are replaced by a single learning phase. The
DON is able to store and spread patterns, through a dynamical process involving interac-
tions between each memory location and its immediate neighbours, and external signals.
The DON exhibits very desirable properties. First, after the initial trained patterns have
spread throughout the memory space, additional patterns can still be stored in the DGN.
Secondly, it is possible to distinguish between trained and spread patterns. And finally a
trained pattern and its associated spread patterns can be removed without affecting the
rest of the stored patterns.

1. INTRODUCTION

The basic component of a weightless neural system (2] is the Random Access
Memory (RAM). The inputs to a RAM node consist of N lines whose Boolean values
form addresses to which correspond memory locations. The contents of a memory loca-
tion is seen an the internal state in which the location can be. A memory location can be
in one of two states, 1 or 0.

When a RAM learns a new pattern, during a write operation, the state transition of
a memory location can be expressed as:

SS(+iw)+aw[x1+iO],	 (1)

where S and S are the states of a memory location before and after the write operation.
respectively; w is a Boolean variable whose value is 1 during a write operation and 0 oth-
erwise; x represents the Boolean data-in value; and a is a Boolean variable whose value
is 1 if the memory location is addressed and 0 otherwise. Memory locations not
addressed are not affected by the write operation. This will no longer be the case for the
DON in which the state of a memory location is dynamically updated through interac-
tions with neighbouring locations.

During a read operation, the RAM outputs 0 if a 0 state is addressed and I if a I
state is addressed. We write [0] - 0 and [1] = 1, with [X] representing the value output
by the RAM when the memory location addressed is in state X.

Similarly, in a Probabilistic Logic Node (PLN)(3), a memory location can be in one
of the states 0, 1 or U. When these states are addressed, during the use phase, the
corresponding output values are [0] - 0, [1] 1 and [U] 0 or I chosen randomly with
equal probability. For the train phase. the equation expressing the state transitions takes
a form similar to that of (1):	 -	 -

S	 5 . ( + i . w) + aw [x(s,1 + s1 U) + i(iO +

with s(S=X) and ,x(S*X).	 (2)

If the state of an addressed location is I and the data-in value is 0 then the state of
this location is reset to U. State 1 is said to be disrupted, or to be in coiuradiciion with
state 0 [4]. Similarly, if the state of the addressed location is 0 and the data-in value is
1, then the state of this location is reset to U.

In a Generalising Random Access Memory (GRAM) [1] the train and use phases are
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identical to those in a PLN. There is an additional phase, called spreading j2]. during
which memory locations not addressed during the training phase, are affected by the use
of a diffusion algorithm (5][2]. The spreading phase only affects memory locations which
are in state U.

In order to characterise the influence on a memory location, of its neighbours, a
variable g is introduced, which takes one of the values 0, 1. or U: 0, if at least one of the
neighbouring locations is in the state 0 and the others are in states 0 or U; 1. if at least
one of the neighbouring locations is in the state 1 and the others are in states I or U; U,
otherwise. For the state transition of a memory location during the spreading phase,
using the notation (2) and with g , - (g - j), we write:

S =	 +	 [1 * (' i -	 + O (.rc + go'su) + U sir'uJ.	 (3)

with a' being a Boolean variable that takes the value 1 during spreading and the value 0
at other times. (3) is applied synchronously to all memory locations and is repeated a
number r of times corresponding to a desired degree of generalLcadon.

It is interesting to notice that the GRAM does not have some properties that might
be desirable: all the training patterns have to be stored first, prior to any spreading;
moreover, a trained pattern cannot be distinguished from a spread pattern; therefore it is
not possible to remove a trained pattern together with its associated spread patterns.

The following section introduces a new weightless node called Dynamically Gen-
eralising Neuron (DGN) which operates in two phases. During the first phase, called
learning, at each time step, each memory location in the DGN updates its state according
to its own state, the states of its neighbours and external signals. This dynamical process
enables trained patterns to spread automatically throughout the DGN memory space.
The second phase is the use phase.

2. i DYNAMICALLY GENERALISING NEURON

2.1. The states of a memory location
In order to learn additional patterns, after previous patterns have spread their states

throughout the DGN, it is necessary to be able to distinguish between states associated
with different spreading levels. The state of a memory location is said to be at a spread.
ing level I when the memory location is at a Hamming distance I from the memory loca-
tion which determined its state through spreading. Therefore the state of a memory loca-
tion will be labelled by adding a suffix i, whose value is the spreading level of the state.
A memory location can be in one of the states U, I, 0,, U, or R 1 , with I = 0, .,., N. U is
the initial state of a memory location; its associated output is [U] - 0/1. The 1, are states
resulting from the spreading from an addressed memory location trained with a 1 pat-
tern: their associated output value is [1 k ] 1. The 0 are states resulting from the spread-
ing from an addressed memory location trained with a 0 pattern; their associated output
value is [oJ 0. The U- are states resulting from a contradiction between states l, and
0,; their associated output value is [U1] = Oil.. The R1 are states assigned to memory loca-
tions from which a pattern is being removed; their associated output value is [R,] Oil.

2.2. WrIte and remove operations
These operations affect an addressed memory location (a - 1) when the external

write signal w has the value 1. There is an external remove signal r, whose value deter-
mines whether the operation is write (r = 0) or remove (r = 1). An addressed memory
location in which a pattern 0 or 1 is written is set to state 0o or state 1, respectively. An
addressed memory location from which a pattern 0 or 1 is removed is set to state R0.
The next state S,, of the memory location, resulting from the interaction with the exter-
nal signals a, x, w and r can then be written: 	 -

S , - 7z (s,1 + :U0) + F.j ('h.00 + :h Uo) + rR0,	 (4)

with s - (S = X,) and	 . (S * X,).	 (5)
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When a pattern is stored at, or removed from a location, by external addressing, the
dynamical system formed by all the memory locations of the DON is no longer in a
stable state. It is the interactions between neighbouring memory locations that enable the
system to settle in a new stable state for which the node has the correct generalisation
with respect to afl the trained patterns.

2.3. InteractIons with neighbouring memory locations
The influence of neighbouring memory locations (at Himming distance 1)15 taken

into account by a variable:, associated with the considered memory location. First, are
considered all the memory locations at distance 1 from the location to be updated, whose
states have the lowest spreading level. The value of this spreading level is defined as
k - 1. The states of the chosen memory locations form a set denoted Mh...I. The initial
state U is defined as having the highest spreading level, say N + 1.. g takes one of the
values °h. 1 R or U; O, if at least one element of Mk_1 has the value O - i and the oth-
ers have values °k	 or Uk - 1h' if at least one element of M_1 has the value 1 - and
the others have values 'k - or U	 ; Rh . if at least one element of Mk_i has the value

; and Uk otherwise.
Let the considered memory location be in a state of spreading level £ and the value

of g characterising the influence of the neighbours be of level k.. The next state S,,, of
the memory location, resulting from the dynamical interactions between neighbouring
locations, can then be written:

S',. = R,

+ (i<k)' ' S+ (i)k).[I[G,+ G+ Guj +sij,.L Gl + tRSUN.I1

+ (1 = k)[(go, + su,) S0, + (, + gu,) ' Si, + :u, S + (to, -	 + g i, .'o,) U

+	 + G i,J + (s i, + S, + se,) . Gpj,	 (6)

with lx, - (g = Xi), Sx, = x, xj and Cx, tx,' X j •	 (7)

2.4. General update equation
The general update equation for a memory location in a DON is obtained by com-

bining the effects of write/remove operations (Eq. (4) and (5)) with those resulting from
the interactions between neighbouring locations (Eq. (6) and (7)). We write:

S • = (i +	 )	 + aw • S •1 .	 (8)

2.5. Example
Table I shows the evolution through time of the contents of characteristic memory

locations of a 5-input DGN during the storage of 2 patterns, followed by the removal of
one of the stored patterns. The contents of memory locations with addresses 10000,
00000, 01000, 01100, 01110 and 01111 is shown.

3. CONCLUSIONS

In this paper a fundamental viewpoint was adopted in the description of weightless
neural nodes, that a memory location contents is no longer considered as the value that is
output when a memory location is addressed, but as an internal state in which a memory
location can be. This has led to the definition of the DON weightless node.

The DON was derived from the GRAM, in which the training and spreading opera-
tions are performed in a single phase. The DON is able to store patterns and spread
them, via a dynamical process, governed by equations (4) to (8) above, involving
interactions between each memory location and its neighbours and external signals. The
DON possesses certain advantages over the GRAM. First, it is possible to store
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Table 1: Evolution through time of the contents of characteristic memory locations of a 5-
input DGN. First two patterns are stored, followed by the removal of one of the stored
patterns.

additional patterns even after the spreading of previous patterns. Secondly, it is possible
to distinguish between trained and spread patterns. And finally it is possible to remove
trained patterns and their associated spread patterns without affecting the remaining
stored patterns.
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