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Abstract

In this thesis we present a novel geometric construction of convergent and over-
convergent p-adic Drinfeld modular forms of level 1 and Z,-weights. We reinterpret
Hattori’s construction of convergent p-adic Drinfeld modular forms using our frame-
work. Following the work of Lopez and Petrov, we define convergent and overconver-
gent Drinfeld modular forms with A-expansions, and prove analogues of some standard

theorems in this setting.
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Introduction

The study of modular forms over number fields is a significant area of research in modern
number theory. These objects satisfy congruence relations containing deep arithmetic data.
A fruitful method of studying these objects and congruences is to use overconvergent p-adic
modular forms [Call3]. These were first introduced by Katz [Kat73|. The interested reader
is invited to take a look at the references and discussion therein for a description of the
history behind the idea. The area is vast and we cannot give everyone due credit, but would
like to mention that besides Katz it saw extensive contributions from Hida, Gouvea, and
Coleman, among others. Roughly speaking, convergent p-adic modular forms are p-adic
limits of classical modular forms. Overconvergent modular forms also contain the space of
classical forms and make up an infinite dimensional sub-Banach space of the convergent p-
adic modular forms. Although it is not finite dimensional, the space comes with a compact
operator, usually denoted U,, and we can study its spectral theory. One can then relate
results about overconvergent forms to classical ones using the “control theorem” of Coleman
and Kassaei |Col96; Kas06|. There are deep connections between the spectral theory of U,
and p-adic families of overconvergent eigenforms |[CM98; Buz07].

This “overconvergent” technique has been applicable and useful in a variety of situations,
such as in the Hilbert, Seigel, quaternionic, and mixed characteristic cases [AIS14} |ATP15}
ATP18b} |AIP18a). It has been widely expected that a similar theory should apply in the
function field setting, i.e., to Drinfeld modular forms. However, it was only recently that
p-adic Drinfeld modular forms were constructed [Hat21b]. Their construction was in the
same spirit as Katz’s, but some complications arising in the function field setting had to be

overcome. We will give a more extensive discussion of this work in section [2.3]
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To explain more about our work we introduce some basic notation of the Drinfeld setting.
We will give a more detailed introduction to the area later in section [I} Let p be a prime
number, ¢ a power of p, and A = F [T, the ring of polynomials with entries in the finite
field of ¢ elements. Let K be the fraction field of A, which is a discretely valued field when
equipped with the negative degree valuation. Let K, be the completion with respect to this
valuation. The algebraic closure of K, may not be complete, but the completion of that
is both complete and algebraically closed. We denote this field by C' = C,. A Drinfeld
module over C' is, roughly, an A-module structure on A}, ¢ : A — End(G,). The base
can be globalized from C' to more general F,-schemes. If ¢ is a Drinfeld module of rank r
over C (definition [L.3), there is an associated A-lattice of rank r in C'. This association is a
bijection modulo equivalences (isomorphism and homothety) on both sides. In C, there exist
A-lattices of arbitrary rank, unlike Z-lattices in C which have rank at most 2. Isomorphism
classes of rank 2 Drinfeld modules are also in bijection with the GLy(A)-orbits of €2, where
Q = PY(C) \ P}(K) is the Drinfeld half-plane. A Drinfeld modular form of level 1 is a
holomorphic (in the sense of rigid geometry) function f : Q@ — C that satisfies a certain
transformation property under the action of GLy(A) and an auxiliary holomorphy condition
“at infinity” A Drinfeld modular form has a power series expansion f = > a,t" around
infinity in 2. This is unique by analytic continuation. For every prime ideal p <1 A, there
is a Hecke operator T}, acting on Drinfeld modular forms. This is enough to cover the case
of an arbitrary ideal in A, as, unlike over number fields, we have T,,, = 7,7}, for all prime
ideals p,p’ < A. For the convenience of the reader more familiar with modular forms over

number fields, we include the following partial dictionary.



Number field Function field
Z A=F,T]
Q K =F,(T)
R Koo = F,((T1))
C =K.
H = {Im(z) > 0} N=C\ K
q=e* t=eza(m2)7?
elliptic curve Drinfeld module of rank 2
modular form Drinfeld modular form

Brought to life in [Dri74], much of the early development in the theory of Drinfeld modular
forms is due to Goss |Gos80aj;|Gos80b]. Another major contributor to the subject is Gekeler,
who in |Gek86] gave a detailed geometric analysis of modular curves parametrizing certain
collections of Drinfeld modules.

In [Gek88|, Gekeler provides a beautiful exposition and many examples of t-expansions
and Hecke operators acting thereon. In the last section of ibid., they examine Drinfeld
modular forms modulo p, showing some results analogous to those obtained by Swinnerton-
Dyer over number fields |Swi73|. For example, they show that the ring of mod p modular
forms is the global sections of a nonsingular affine curve, and that if two modular forms are
congruent mod p then their weights are congruent mod (g%¢® — 1).

Over number fields, p-adic modular forms can be presented in two manners. The ge-
ometric construction of Katz has as an antecedent an analytic construction due to Serre
[Ser73]. Serre’s version is built on the theory of modular forms modulo p and properties of

g-expansions. The order of these developments has been mirrored in the function field case.

8



Besides the work of Gekeler mentioned above, mod p and p-adic Drinfeld modular forms in
the sense of Serre have been studied by Vincent [Vin12], Goss [Gos14], and Papanikolas-Zeng

[PZ17|, among others.

A geometric construction of p-adic Drinfeld modular forms, i.e., p-adic Drinfeld modular
forms in the sense of Katz, was recently given by Hattori [Hat21b; Hat20]. To get information
on p-adic families of Drinfeld modular forms (and hence on congruences), we would like
to have a theory of p-adic analytic families as in [Col97] or [Buz07|. In particular, we
would like to have a Drinfeld eigencurve, i.e., a rigid geometric object £ over a suitable
space of weights ¥V whose points parametrize systems of Hecke eigenvalues of overconvergent
forms. Unfortunately, the function field setting provides ample obstructions. For starters, the
analogue of the Iwasawa algebra A = Z,[Z] is the completed group ring A,[A;] (where A,
is the completion of A at p) which is not finitely topologically generated, so the eigenvariety
machine of Buzzard breaks down; specifically, the theory of characteristic power series is no
longer valid in the non-Noetherian setting |[Buz07, §2]. Moreover, the naive analogue of the
universal character is no longer locally analytic, which presents significant problems when
trying to copy the approach of constructing analytic families of invertible sheaves of different
weights as in |[AIP18b], or using overconvergent cohomology following Ash and Stevens, for
instance. This different behaviour of weights in the function field setting is significant. In
contrast to the number field setting, the only locally analytic weights are Z,-powers [Jeo09].
This makes even defining a “correct” weight space a non-trivial task. We investigate this in

section B.11

Although there are new barriers in the function field setting, there has been some progress

on Drinfeld eigenvarieties and overconvergent forms. Nicole and Rosso describe in [NR18| a
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method of adapting the eigenvariety machine to the non-Noetherian setting. In a separate
paper [NR20|, the authors construct a perfectoid Drinfeld modular curve of infinite level and

use this to give an alternative definition of overconvergent Drinfeld modular forms following

[CHIT7].

We should mention that while progress on construction and applications of a Drinfeld
eigencurve has been restrained so far, there has been rewarding investigation about the
spectral theory of U, on classical Drinfeld modular forms. Bandini and Valentino have a
series of papers examining the action of Ur on cusp forms of level I'i(T') and I'y(T") [BV18;
BV19a; BV19b]. Their slope calculations prompted them to formulate a conjecture of a
similar nature to that of Gouvéa-Mazur |[GM92, Conjecture 1] on dimension variation for
cuspforms of level I';(7T"). This was proven by Hattori [Hat19]. Hattori has also recently
constructed some families of Hecke eigenforms that, while not analytic, have slopes that

vary in a p-adically continuous manner |[Hat21a].

We would like to point out another quality specific to the function field setting. Namely,
there is a disconnect between the t-expansions of Drinfeld modular forms, indexed by N, and
the Hecke operators, indexed by monic polynomials in A (which we denote A, ). Unlike in
the number field setting, where for any normalized eigenform f = > a,q" the coefficient a,,
is precisely the T),-eigenvalue, the coefficients of the t-expansion of a Drinfeld modular form
have a more opaque arithmetic significance. One method to address this is the theory of A-
expansions [L6pl0; Lopll; [Pet13]. Taking inspiration from Eisenstein series, it was noticed
that some Drinfeld modular forms can be given as elements of C[t] indexed by A,. For these
forms “with A-expansion,” the Hecke action is easily computable. This has been used to

give novel examples of non-trivial congruences between eigenforms [Pet13, §3.3]. In [Gos14],
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Goss used a construction of Petrov to give an example of a p-adic family of eigenforms with
A-expansion.

The main goal of this thesis is to place the p-adic eigenforms of Goss within an ana-
lytic overconvergent context. We present a novel geometric construction of convergent and
overconvergent p-adic Drinfeld modular forms of level 1 and Z,-weights. The restriction to
Z,-weights rather than S = Z/(¢% — 1)Z x Z, as used by Goss is purely for simplicity. We
begin in section [I] by reviewing background on Drinfeld modules and modular forms. In
section [2| we give more details about A-expansions and p-adic modular forms. We collect
relevent results of Petrov, Goss, and Hattori. The body of this thesis is in section [3 In
section [3.1] we examine some possible choices of weight space and justify ours. In section [3.2
we give our definition of convergent and overconvergent p-adic modular forms. Inspired by
Pilloni’s “fibration en boules” [Pil13], we define p-adic modular forms of weight a € Z, as
bounded holomorphic functions on the open unit disc around 1 in the total space of w over
the ordinary locus that are homogeneous of weight a. Using D-torsors, in section |3.3| we rein-
terpret Hattori’s definition in our framework and show the two definitions are compatible. In
section [4) we show some basic properties of our construction, such as a g-expansion principle.
We prove a rigid Vitali-Montel-style result which we believe will be useful to conclude that
Goss’s eigenforms are overconvergent. We also extend Petrov’s results on cuspidal modulo

double cuspidal forms to our overconvergent setting.
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1 Drinfeld modules and Drinfeld modular forms

We start with a basic description of Drinfeld modules and Drinfeld modular forms, focusing
on the case over fields. Rank two Drinfeld modules are similar to elliptic curves, and Drinfeld
modular forms are defined analogously to the standard construction over C. Similarly to the
case of elliptic curves there are distinct but equivalent analytic and algebraic formulations.

For further reading we recommend |Gek88] and [Gos80a).

1.1 Notation

Let F, be the finite field with ¢ = p” elements for r € Z-y, A = F,[T], and K = Frac(A) =
F,(T). We have a valuation v = vy, : K — Z U {co} associated to the infinite place/point

at infinity in IP’]%Q (as opposed to a finite prime ideal of A),

f=g/h— —deg(f) = deg(h) — deg(g),

and associated (normalized) absolute value |f| = ¢~*(¥). The valuation ring is

{g/h : deg(g) < deg(h)},

with maximal ideal {deg(g) < deg(h)}, uniformizer 7 = T~', and units {deg(g) = deg(h)}.

Completing with respect to the norm gives us

Ky =K ={T" ian(T—l)” ta, €EF,L ke Zy=F,(T") =F,((r)).
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This complete nonarchimedian field has valuation ring which we identify with F,[7] and
denote by Oy.

Let C :=C4 := %oo be the completion of a fixed algebraic closure of K. This is itself
complete and algebraically closed, and our valuation/norm extends uniquely to this field.
Finally, Q := C\ K, is the Drinfeld upper half plane. It is an important fact that {2 has the
structure of a smooth geometrically connected rigid analytic subspace of P!, c.f., |Gos80al,

Thm. 1.35).

1.2 Definition of Drinfeld modules

Let G, = A! be the additive group scheme. For any commutative ring k, we can identify the
endomorphisms of G,, considered as a k-group scheme, with polynomials f € k[z] such that
fla+b) = f(a) + f(b) in k[a,b]. We call such polynomails additive. If k has characteristic
0 then the only such polynomials are constants. When char(k) = p > 0, let 7, := zP.
This is clearly an additive polynomial. Write k {7,} for the subring of k[x] generated by
{xpi}po. The ring structure of the endomorphisms has composition of polynomials serve
as multiplication. We take multiplication to be composition for the ring k{7,}. This is
non-commutative unless k = F,, as for any o € k C k{r,} we have 7, - a = 7,00 =
(ax)? = oPz? = o - 7,. By [Gos98, Prop. 1.1.5] (note the different definition of additive in
the reference), we can identify the set of additive polynomials, and hence Endg(G,), with
k{r,}.

Suppose k is an F,-algebra, where ¢ = p", set 7 := 7, and let k{r} as before with our
new 7. It’s easy to see that k{7} is the F,-algebra of F -linear polynomials (i.e. additive and

elements commute with [F,). This corresponds to looking at endomorphisms of G, an an
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F,-module scheme rather than just a group scheme.

Definition 1.1. An A-lattice in C is a finitely generated, discrete (i.e. its intersection with
any ball of finite radius in C is finite) A-submodule L. Equivalently, L = Aw; + -+ 4+ Aw,

where the w;’s are K-linearly independent.

We associate to a lattice L the function ey : C' — C defined by

er(z) == zH;GL (1 - i) : (1)

where the prime means we omit the A = 0 term. We call e; the exponential function

associated to the lattice L.

Proposition 1.2. For any lattice L, ey, is entire, surjective, F -linear, and L-periodic. It’s

zeros, all simple, are precisely the points of L.

Proof. Using that L is discrete and [Gos98, Thm. 2.14] shows ey, is entire and non-constant.
The theorem we just cited also shows the claim about the zeros of e;. For any w € C,
er(z) — w is entire and non-constant, so must vanish somewhere by [Gos98, Thm. 2.13].

This shows ey, is surjective. For F,-linearity see [Gos98, Prop. 4.2.5]. O

Since ey, is entire and F,-linear, it is given by an everywhere convergent power series

er(2) =3 ap(L)27, (2)

k>0

where a; (L) € C'is a coefficient depending on the lattice L.
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Now, fix an element a = ZZ:O a,T™ € A and consider the diagram

0 A opm— e 0
L
0 A c - C 0

where the first two vertical maps are multiplication by a, the rows are exact, and the map ¢,
is uniquely determined by commutativity. In particular, for all z € C, we have ¢,(ep(z)) =
er(az).

By [Gos98, Thm. 4.3.1] we have an equality of entire functions

er(az) = aep(z)  [] (1 . eL(z)) ,

0#aca—1L/L er(a)

and we see that

bulz)=az I (1— Z)

0£a€a—1L/L er(a)
is a F,-linear polynomial (hence a polynomial in 7 = 29), of degree dj, , := rank4(L) - deg(a)
in 7, or equivalently g% in z [Gos98, p. 67].
As shown at the beginning of this section, Endyodaseh (Ga,c., ) is the non-commutative ring
of polynomials of the form > a;2?" where multiplication is substitution (in our notation this
is Coo {7,}). Hence, ¢, is in the sub-ring C,.{7} (again recall 7 = 27" = 29), and for any

a € A of degree d, we have

rd
OIS Zli(a, L)7", where lp = a and l,q # 0, (3)

i=0
and we emphasize the dependence of the coefficients on L and a. The map a — ¢, is a ring
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homomorphism from A to C{7} [Gos98, Prop. 4.3.2].

Definition 1.3. We call any ring homomorphism ¢ : A — C{7} satisfying eq. for all

a € A a Drinfeld module of rank r (over C).

Such a morphism gives the additive group scheme G, ¢ a new A-module structure. It is
useful to note that since ¢ is [Fy-linear, it is determined by ¢r.
More generally, we can define a Drinfeld module of rank r over any F,-scheme S. The

above definition is equivalent to the following when S = Spec(C').

Definition 1.4. A (standard) Drinfeld module of rank r over an F,-scheme S is a
pair (¢, F) where F is a commutative group scheme over S, Zariski-locally isomorphic to
Ga 5, and

¢:A— Endg(F), aw— @q

is an F,-algebra homomorphism such that over every affine open Spec(B) C E in some cover
where E is locally isomorphic to G, s (so End(FE) is locally isomorphic to B{7}) we have
¢, is a polynomial in 7 with 7-degree r deg(a), the top coefficient is a unit, and the constant
coefficient is the image of a under the structure map. The map ¢ makes F into an A-module
scheme.

A morphism of Drinfeld modules of rank r, (¢, ) — (¢', E’), is a homomorphism
of group schemes over S, E — FE’, that is equivariant with respect to the actions of @, .
Equivalently, it’s a morphism of A-module schemes E — E’ where we have given E, E’ the

induced A-module scheme structures from ¢, ¢’.

Note that although we only defined a standard Drinfeld module here we don’t lose any-

thing as any Drinfeld module is isomorphic to a standard Drinfeld module of the same rank.
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The above association L ~— ¢ takes A-lattices of rank r to Drinfeld modules of rank
r over C. This is actually a bijection, i.e. given a Drinfeld module ¢ : A — C{r} we
can reconstruct an A-lattice L such that ¢ = ¢*. Furthermore, two Drinfeld modules are
isomorphic if and only if their associated lattices are homothetic |[Gek88| (2.6), (2.7)]. We

remind the reader of the similarity here with elliptic curves.

Example 1.5. Consider the rank 1 Drinfeld module over C' given by the equation
pr=T7°+7=TX + X"

This is called the Carlitz module. Under the bijection with lattices described above, it
corresponds to a lattice L = A for some 7 € C unique up to multiplication by an element
of F = Aut(A) (a (¢ — 1) root of unity). We fix a choice of @ and call this the Carlitz
period. It can be thought of as analogous to 277 in the classical setting.

The exponential function associated to the Carlitz lattice is particularly useful in defining
a uniformizer at infinity in the Drinfeld upper half plane, as we will see later. As seen in

|Gek88|, (4.3)], its everywhere-convergent power series can be computed and we find

era(z) = 3 D' (4)

i>0

Here we follow Gekeler’s notation by setting

[i] =T —T for i >0,

D;:=[i][i —1]9---[1]" = f[[j]q”j for i > 1,



and Dy = 1. Here the fact that pr(er(2)) = er(Tz) gives the functional equation

N DY Tz = er(Tz) = Tep(2) + er(2)".

120

Consider the case of a rank 2 Drinfeld module ¢ = ¢* given by
or(X) =TX + gX7+ AXT (5)

where g, A € C and A # 0. If we define a function j : {rank 2 lattices} — C by j(L) =
g™ /A, we can see it descends to isomorphism classes of rank 2 Drinfeld modules. Indeed,
a homothety L — AL with A € C* changes g — A% and A — A"7A, hence leaving
Jj invariant. So we can scale L = Aw; + Aws to Az + A where z = wy/wy € Q as wy, wy
must be K_-linearly independent. Now we can parametrize homothety classes of lattices
by a quotient of the Drinfeld upper half plane . The group GLy(K) acts on € in the
usual way, and two elements of €2 define isomorphic Drinfeld modules if and only if they are

equivalent under I' = GL2(A). Hence we have
J : T\Q = {rank 2 Drinfeld modules over C'},~. — C, (6)

similarly to the classical case. This is both a bijection of sets and an analytic isomorphism

T\Q = A} of rigid spaces.

The Drinfeld upper half plane, 2, has the structure of a rigid-analytic space [Gv80),

Chapter X|. In particular, € is a connected open admissible subspace of the rigid analytic
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space P}, [Gek88| (5.4)]. The weight k Eisenstein series is defined as

Ep(z):= > A",

0£MEL

where L is the lattice associated to z € ) (as above), is holomorphic in the rigid-analytic

a b
sense. It also satisfies Ei(yz) = (cz + d)*Ep(z) for v = € GLy(A). We want

c d

Ej to be a weight k£ modular form of level 1 (i.e. level I'), but we need to make sense of
“holomorphicity at infinity” first. We follow the explanation in |[Gek99, p. 494]. For z € C
we define

|z|;, == inf |z —w|= min |z — w|
weEK oo wEK

as a replacement for the imaginary part of z € H from the classical setting. The greater the
value of |z|,, the closer we say z is to infinity, again borrowing from the classical case. In this
sense we give a local parameter around infinity (i.e. for |z|, large). For any ¢ € ¢© (i.e. ¢ in
the value group of C) we can define Q. := {2z € Q : |z|, > ¢}, and this is an open admissible

subspace of 2. Furthermore, 2. is stable under the action of

and satisfies Q. N Y(Q.) #0 = v € ', if ¢ > 1. So for ¢ > 1 the canonical map

[o\Qe — I\ is injective, and an open immersion of rigid spaces. We want to determine
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the quotient ', \2.. We will first divide out by the group

T .= :be A
01

Note that the associated quotient map is the restriction of e4(2) to Q.. We factor modulo

the action of T'y, /T% = {diag(a, d):a,de ]qu} We define
t(z) :=1/eza(72) = 1/7ea(z)

to be the local parameter on T“\Q, = A\Q.. Note that the group I'n /T acts like the
group of (g — 1) roots of unity on (2.) C C as t(az/d) = d/a-t(z). So t97 : [, \Q, — C
is an injection, and moreover an open immersion of rigid analytic spaces. By [Gek88| (5.5),
(5.6)], we know that log, |t(z)| depends only on |z|, when |z|, > 1 and the map z — t771(2)
identifies '\ 2. with a punctured disc B,\{0} for some r = r(c) tending to 0 as ¢ — oo.

So indeed ¢ is a uniformizing parameter at infinity.

Definition 1.6. A Drinfeld modular form of weight k& € Z~, and type m € Z/(q — 1)Z

is a function f : Q — C such that

1. f is holomorphic,

cz k
2. fory el f(yz) = &etiif;)mf(z)?

3. f is holomorphic at infinity, i.e., if f = > a,t" is the t-expansion of f, then a,, = 0 for

all n < 0 (note this always exists because f(z +b) = f(z) for b € A by 2).
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We let My, ,,, be the C-vector space of modular forms of weight & and type m. We will

mostly work with type 0 modular forms and may drop the subscript corresponding to type.

Remark 1.7. (i) GL2(A) admits the non-trivial characters v +— det(y)™, explaining the

more general transformation rule in (2).

a 0
(ii) Applying (2) with v = shows us that & = 2m (mod ¢ — 1).

0 a

(ili) The t-expansion f(z) = X a,t"(z) will only converge for [t(z)| small (i.e. |z|, large),

but  is connected in the rigid analytic sense so the coefficients a,, fully determine f.
(iv) Weight 0 modular forms are just constants |Gek88, (5.8)(ii)], |[Gv80].
(v) Defining modular forms of different levels works analogously to the classical case.

(vi) The group GLy(A) is generated by matrices of the form

a 0 10 01

, , and
01 0 1 10

It suffices to check the modularity transformation condition on these.

Example 1.8. As hinted at earlier, Ey(z) = Ex(L.) = Y4 pea(az +b)~* is a modular form
of weight k£ and type 0. The first two conditions are easily shown and holomorphicity at

infinity can be proven by computing the t-expansion as in [Gek88|, (6.3)].

Example 1.9. For a rank 2 Drinfeld module and fixed a € A, we can consider the coefficient

functions in eq. as functions of z € 2. Furthermore, we can express them recursively as
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sums of products of Eisenstein series and lower coefficient functions [Gek88, (2.10)]. This is
one way of showing that [,,(a, z) € My»_y. In particular for a = T (eq. (f])) we have g € M,_,
and A€ Mp_;.
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2 A-expansions and p-adic Drinfeld modular forms

As mentioned in the previous section, a Drinfeld modular form has a t-expansion, where t is
a uniformizer at infinity in €2. As in the case of Fourier series of classical modular forms over
number fields, the coefficients of this expansion are indexed by the non-negative integers.
However, in the function field setting, the algebra of Hecke operators is generated by a set
indexed by prime ideals of A = F,[T] (equivalently by the set of monic polynomials in A,
which we will denote by A, ), rather than those of Z. This creates a disconnect when we look
at the action of Hecke operators on t-expansions. It was known to Goss and Gekeler (and
presumably others) that any weight k& Eisenstein series has a convergent series expansion

indexed by A, namely,
ﬁ_kEk(Z) = Cyp — Z Gk(ta), (7)

acA;
where ¢ is some constant, 7 is the Carlitz period and G(t,) is a power series in ¢ that
will be defined below. We say that the Eisenstein series has an A-expansion. In the work
of Lopez and Petrov it was shown that there are many more examples of Drinfeld modular
forms with A-expansion. In particular, Petrov constructed a family of cuspidal eigenforms
with A-expansion, and showed that forms with A-expansion transform nicely with respect

to Hecke operators. We will examine this next in section [2.1]

2.1 A-expansions

We keep the same notation as the previous section.

Definition 2.1. We write A, for the set of monic polynomials in A. We define an [F;-lattice

L in C as a finitely generated discrete [F,-submodule of C, similarly to definition
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The following exposition of Goss polynomials is taken from |Gek88, §3]. We recall New-

ton’s formulae. Let f(x) = 2™ + a;2" ' + - + a,_17 + a, be a monic polynomial of degree

n. Let ay, ..., a, be the roots of f, with multiplicity, and set S := >, a¥. Then one can
show
Sp+a1Skg_1+ -+ ap_151 +kap =0 for k£ <n,
Sk+a15k_1+---+an8k_n20 for k > n.

Let L be an [ -lattice in C,,. For now we assume L is finite of dimension d, but the
following definitions hold for any lattice. Recall that to L we associated a lattice function
e = ey, in eq. and eq. . Here e(z) is an F -linear polynomial of degree ¢%, so we can

expand it as a series in 7° = 27,

e(z) =ep(z) = Z:Oocizqi.

The coefficients «; depend on the lattice. We also set

t(z) =tr(2) == > (=N =ep'(2).
AEL
The polynomial e(X — z) = e(X) — e(z) € C(2)[X] has roots {z+ A: X € L}, and
the polynomial f(X) := e(X~! — 2) X% has roots {(z + A)~* : A € L}. Multiplying this by
—e~!(2) gives us a monic polynomial —e~'(2) f(X) € Cu(2)[X] with the same set of zeros.

So we get

S = Sk:,L = Z(Z + )\)_k,

AEL
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for £ > 1, and set Sy = 0. We have for k > 2

Sk:t(z) Z OziSk,qi. (8)

k—q*>0

When L is infinite, we can still define Sy in the same way, and it converges outside of
L, i.e., it is a meromorphic function with poles at most at L. One can prove the following

proposition using eq. , a couple computations, and taking limits.

Proposition 2.2 (|Gek88, (3.4)]). Let L be a Fy-lattice in Cos. Then for k > 1, 3Gy, =

Gr..(X) a polynomial such that
1. Sk = Gi(tr),

2. Gp(X) = X(Ggo1 + a1G_g+ -+ + ;Gy_yi + - -+) for k > 2 where the sum is taken

overi s.t. k—q' >0,
3. Gy is monic of degree k,
4. Gp(0) =0, d.e. X|Gr(X),
5. k<q = GLX)=XF,
6. Gpr, = (Gy)P where p = char(F,),
7. X2G(X) = kG (X).

Definition 2.3. The polynomial Gy, (X ) from proposition is called the k'* Goss poly-
nomial of L. We set Gy := 0. Note we always have G(z) = x and part 2 of proposition
gives us a recursive definition of Gy as long as we know the coefficients «; of the exponential

function of our lattice.
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Recall from example the Carlitz module is the rank 1 Drinfeld module defined by
pr = TX + X9 and corresponding to the A-lattice L = wA, where 7 is the fixed Carlitz
period. Also, Va € A, po(X) = 0% [,(a) X' is a polynomial in the variable X9.

Lemma 2.4. The Carlitz module has coefficients in A, i.e. p(X) € A{r} for all a € A.

Proof. This follows from knowing pr(X) = T X+ X9, recursion, and [F-linearity. See [Gos98|
Cor. 3.3.2]. Note that following this argument one can easily show lgeg(e)(a) is the leading

coeflicient of a. N

Definition 2.5. The o' inverse cyclotomic polynomial, f,(X) € A[X], is defined by

fa(X) == pa(X XL (9)

Recall that for a € A, |a| = ¢,

Notice that f,(X) € A[X] by the above lemma. In fact, f, is a polynomial in X!

with leading coefficient a and constant coefficient equal to the leading coefficient of a (i.e.,

laeg(a) (a)).

Definition 2.6. We define

tlal tlal
to(2) :=t(az) = A0 = PRE=OTE (10)

Proposition 2.7. Foralla € A, t, is a power series in t with coefficients in A. Furthermore,

t, € tlA[t].

Proof. By lemma [2.4]and the above discussion, we know that for all a = a(T") € A, f,(t) is a

polynomial in ¢ with constant coefficient equal to the leading coefficient of a(7"). This means
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the constant coefficient of f,(t) is in F;¢ = A*. By standard arguments, this implies that

fa(t) has an inverse power series. The other statement is then clear from the definition. [

Definition 2.8. A Drinfeld modular form f € Mj ,,(GL2(A)) has an A-expansion if In > 0

and coefficients cy(f), ca(f) € C for a € Ay, s.t.

f=2 at"=co(f)+ > calf)Gulta) (11)

n>0 acAt

is a formal equality in C.[t], and G,,(X) = G, z4(X) is the Goss polynomial of the Carlitz
lattice as in definition . We call the integer n the A-exponent of f and c,(f) the a”

coefficient of f.

Proposition 2.9. Let Gj, = Gz be the k" Goss polynomial of the Carlitz lattice. Then

Gr(X) € K[X], i.e. Gg has coefficients in K, for any k > 0.

Proof. We induct on k. If k < ¢, this is trivial by proposition part 5. Suppose we know
the proposition for n < k — 1. By proposition [2.2] part 2 and our induction hypothesis,
we can write Gy as a linear combination of polynomials in K[X], with coefficients lying
in the set {a;},;5, of coefficients of the Carlitz exponential function. As we mentioned in
example (see eq. , from [Gek88| (4.3)]), we know that a; = D;* € K. This implies
that G (X) € K[X]. O

Corollary 2.10. Given a modular form f with A-expansion, if the coefficients c,(f) lie in

A for all a € A, then the A-expansion lies in the ring Aft] ®4 K.

Proof. By definition, f has A-exponent n for some n € Zso. By proposition G, is

a polynomial with coefficients in K, so we can find a common denominator, say § € A,
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such that 5G,(X) € A[X]. By proposition part 4 and proposition this means

Gn(te) € B7LA[t] for all a € A. As 3 doesn’t depend on a € A, we can conclude. O

From now on, we will refer to the £ Goss polynomial, G}, to mean the k'* Goss poly-
nomial of the Carlitz lattice TA.
Eisenstein series have A-expansions, as shown in eq. . Lépez showed that the cusp

forms h and A also have A-expansions.

Example 2.11 ([Lop10]). Let A € S,z be the cusp form from example 1.9 It has A-

expansion

A — Z aq(qfl)qul(ta) — Z aq(qfl)tgfl'

aEA+ aEA+
Petrov gave an example of a family of cusp forms with A-expansions.

Theorem 2.12 (|Pet13, Thm. 1.3]). Let k,n € Z~g s.t. k—2n >0, k—2n=0 mod q — 1,

vp(k—n

andn <p ) where vy 1s the p-adic valuation. Then

frm = Z a" "G (ts) (12)

acAt
is in Skm(GL2(A)), where m =n mod g — 1.

Remark 2.13. Each cusp form f,, as above is a simultaneous eigenform for the operators
{T,} as p varies over all prime ideals of A. It’s eigensystem is {\, = p"} where we write p
also for the unique monic irreducible polynomial generating p. This can be seen by applying
the calculation of Petrov on the action of 7, on A-expansions done in the proof of [Pet13|

Thm. 2.3].
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2.2 p-adic modular forms in the sense of Serre

Definition 2.14. For p <t A a nonzero prime ideal with monic generator o(7") of degree d,
we write A,, K, the completions of A, K at p. Let A, 4 C A, be the set of monic elements

coprime to p.
For what follows we fix a prime p. Notice that A, , C A.

Definition 2.15. We define p-adic weight space as
S =S8, :=lUmZ/(¢' ~ Vp"Z = Z/(q" — 1)Z X L. (13)

We have a decomposition of the unit group, AX = Z/(q* — 1)Z x (1 + pA,). Thus, if
a € Ap 1 C A, then we may write a = apa; where aq is a (g% —1)*t-root of unity and a; = 1
mod p, and it makes sense to take the S-powers of the element a. That is, for s € S, with

s = (S0, s1) in the decomposition of eq. (13), we define
a® = aglaf'. (14)

Proposition 2.16. For all a € Ay, the function a® : S — Ay, taking x — a® with a” as

defined above, is well-defined and continuous.

Proof. As ag is a (¢* — 1)™ root of unity, the choice of sy € Z/(q? — 1)Z doesn’t matter. As
a; € 1+ pA,, we can write, for all n € Z, a; = 1 + o} with a} € pA,, and
n __ I\n __ — (n \k
a = (1+a;) —Z (ay)"
i=o \F
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It’s easy to see exponentiation is p-adically continuous on Z, and we can extend it by defining,

for any x € Z,,

=3 (2) (a1 — ).

k=0

Note that for z € Z,, k € Z>(, the binomial coefficient

@ _ x(m—l)--l-{;!(n—k—i—l)

is well-defined, and continuous as a function of x. Using the classical argument of Mahler
expansions, we have p-adically interpolated exponentiation on 1+ pA,. We see the function
ai : Zy, — A is well-defined and continuous. As the first factor in eq. ([13|) is discrete the

function a® is continuous. O

We record a corollary that will be used in the next section here.

Corollary 2.17. For any s € S, the exponentiation-by-s map Ay — Ay C CJ, a — a*, is

a locally analytic character.

Proof. 1t suffices to prove this for s € Z,. By the proof of proposition 2.16] we know the
power series p(z) = > ;>0 (Z)(z — 1)* converges and equals a® when z = a. Furthermore, as
the binomial coefficients are all bounded by 1, this converges on all of 1+pA,. This shows the
function is locally analytic and (since A, is complete) has image in A,. As exponentiation
by an integer is multiplicative, and Z is dense in Z,, continuity implies that p(z) is also

multiplicative. Thus, the exponentiation map defines a character. O
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Definition 2.18. For any power series f = a,t" € K @ A,[t], we set

vo(f) = inf {vy(a,)}. (15)

n>0

We say that f as above is a p-adic modular form in the sense of Serre if 3( f;) a sequence
of Drinfeld modular forms with f; € Mj, ,,(GLa(A)) converging to f in the v,-topology, i.e.
vo(f — fi) = 0o as i — oco. We say f has weight s € S if k; — s in S, and we say f has

type m.

One can show letting the type m vary with the index ¢ doesn’t change anything in the
definition above, as m; will eventually be constant (if f # 0) [PZ17, Lemma 5.7]. We

will soon see that due to a result of Hattori the weight of a Serre p-adic modular form is

well-defined (corollary [2.22)).
In [PZ17, Prop. 5.12], the authors prove that the Hecke operators Uy, V}, and T} for [ # p
preserve the space of p-adic modular forms (in the sense of Serre) of a fixed weight and type,

as well as the subspace of A,-integral forms.

Using the cusp forms fj,, of theorem [2.12] Goss constructed a family of p-adic modular

forms in the sense of Serre.

Definition 2.19. Let s € S. We define

fs,n = Y a’Gy(t,) € K @ A[t]. (16)

a€Ap,+

Theorem 2.20 ([Gosl4, Thm. 2], [PZ17, Thm. 6.3]). Let n > 1. Let S(n) be the set of

weights s = (x,y) € S with x =n (mod q—1) and y = 0 (mod ¢'°% ™). Then for s € S(n),
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we have that fs,n is a Serre p-adic modular form of weight s +n and type m where m =n

(mod q —1).

2.3 p-adic modular forms in the sense of Katz

In the setting of classical modular forms, there are two somewhat equivalent notions of p-adic
modular forms. A beautiful analytic definition using power series was given in [Ser73]. We
also have a geometric construction of p-adic modular forms of arbitrary weight y € End(Z))
due to Katz. In [Kat73, Thm. 4.5.1], it is shown that this construction agrees with the
analytic definition of Serre. In their paper [Hat21b|, Hattori defines p-adic Drinfeld modular
forms of arbitrary weight s € S, in the same geometric spirit as Katz. They also show this
agrees with the analytic definition. We will now summarize some key points of this work
that we need.

In [Hat21b], the author uses the duality theory of Taguchi to define an analogue of the
Hodge-Tate map. They then use this to make the same sort of construction of geometric
forms as Katz. This relies on the geometry of the Drinfeld modular curves examined in the
separate paper [Hat20|. There, the author conducts a careful study of the formal completion
along the cusps of integral models of geometrically connected Drinfeld modular curves. The
method is similar to [KM85, (8.11)], but the function field setting provides some added
difficulty. In this setting, for any flat A,-algebra Ry which is an excellent Noetherian domain,
we have a map x5 : Spec(Ro[z]) — X2(n)g,. The Rp-algebra homomorphism z + 0 gives
a point P2 € X{(n)g, which we call the co-cusp. A modular form is a section of (an integer
tensor power of) an invertible sheaf w on X2 (n)g,, and its expansion at the co-cusp is its

image in the completed local ring & XA(m)g

P4 which is identified with Ry [«] in [Hat20, Thm.
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5.3(1)]. This agrees with the classical t-expansion at infinity in © given in definition [1.6]

Theorem 2.21 ([Hat21b, Thm. 4.16]). Let L/K, be finite, and Oy, the DVR with respect

to the unique valuation extending v,,. For i = 1,2, let f; € My, (IT#(n))o,. Suppose their

L’

x-expansions at the co-cusp satisfy

(f1)oo(@) = (f2)oo(z) mod "
and (f2)oo(x) Z 0 mod p. Then we have
ki = ko mod (¢ — 1)p™, (17)

where l,(n) := min {N €Z:pN > n} = [log,(n)].

Corollary 2.22 ([Hat21b, Cor. 4.17]). Let L/ K, be a finite extension. Let F.(z) be a non-
zero element of Opx][1/¢]. Suppose I(fn)ns0 a sequence with f, € My, (T2 (n))y, for some
(kn>n20 CZ and

lim (fn)oo(2) = Foo(2)

n—oo

with respect to the p-adic topology on Orfx]. Then k, — x € S as n — oo. Moreover, the

element x depends only on Fy(x).

An element F.(z) as in the above corollary is a p-adic modular form in the sense of
Serre, by definition [2.18 This shows that such a form has a well-defined weight which is an
element of S. Compare this with [Ser73, Thm. 2, p. 202], which shows p-adic modular forms

have a well-defined weight using properties of the reduction of the algebra of modular forms.
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Definition 2.23. A p-adic Drinfeld modular form in the sense of Katz is a p-adic
modular form in the sense of [Hat21b, Def. 4.21] for some weight s € S. We denote the set

of such forms of weight s by MP~2d.

If f is a p-adic Drinfeld modular form in the sense of Katz of weight s € S, then f is a
section of an invertible sheaf w?® over the formal ordinary locus. For any n € Z-, 3k, € Z
sufficiently close to s in S giving an isomorphism between w* and w®*» over the p"-reduction
of the modular curve. This gives a series of modular forms (f,)n,>1, with f, of weight k,,

and hence a series of expansions at the co-cusp.

Definition 2.24. We call the limit of these in Op[z][1/¢] the t-expansion of our p-adic

modular form f.

Proposition 2.25 ([Hat21b, Prop. 4.22]). The map taking a p-adic modular form f of
weight s € S to its t-expansion is injective, and the image is precisely the set of power series

that can be written as the p-adic limit of forms (fx,) of integer weights k,, € Z with k, — s
inS.

By corollary and proposition we see that a Serre p-adic modular form has a
well-defined weight. In particular, we know that the family f&n, for admissible weights s, is

a Katz p-adic Drinfeld modular form.
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3 Convergent and overconvergent p-adic Drinfeld mod-

ular forms

Consider the specific p-adic family of modular forms with A-expansion given by Goss (def-
inition and theorem [2.20). We wish to show this family is overconvergent, giving the
first non-trivial example of such a phenomenon in the function field setting. Although a
definition of overconvergent Drinfeld modular forms was recently proposed in [NR1§|, we
choose to create our own machinery. This is the main goal of this section. Our definitions
will initially only be presented in the special case of level 1 modular forms. However, the
constructions can be formulated in complete generality using principal D-bundles as shown
in section [3.3] Still, we find the ideas in the level 1 setting to be engaging and accessible
due to the simpler geometry of the situation. In section we discuss weight spaces in

preparation for section [3.2] where we detail our main construction.

3.1 Weight spaces

In preparation for working with p-adic and overconvergent Drinfeld modular forms, we must
find a weight space to work over. This should be a reasonable space in the sense that it should
contain all the classical weights, and have some additional structure so that we can define
continuous families of modular forms with varying weights. In the number field setting, there
are multiple similar/equivalent definitions. In |[CM98, §1.4] it is defined as a rigid analytic
space W given by applying Berthelot’s generic fibre functor to the formal scheme Spf(A),
where A = Z,[Z)] = Z,[A][T] (here A is the finite torsion part of ZX) is the completed

group algebra of the topological group Z,; with Z,-coefficients. Geometrically, this is a finite
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disjoint union (parametrized by A) of open 1-dimensional unit balls. The C,-points of W
are identified with Homc(Z),C)). The integer weights are embedded as the continuous
characters z — z* for k € Z.

In contrast to the number field setting, the group A; is not finitely topologically gener-
ated, so the completed group ring A, [[Apx]] doesn’t have the required finiteness properties for
us to apply a rigid generic fibre functor. Thus, we must use a different definition of weight
space in the function field setting. Recall in definition [2.15] we defined a p-adic weight space
S. At the moment, we believe this is the best definition. In this subsection we examine some
alternative possibilities and justify our choice of weight space.

We give our first possible alternative definition of weight space now.

Definition 3.1. Let W be the set of locally analytic characters x : Ay — C,. Here, locally
analytic means that for every z € Ay, there is a non-empty open disc D = D(z,7.) C C,

containing z such that x is given by a convergent power series on D.

We showed in corollary [2.17] that elements of S give locally analytic characters, so S C W.
We can show furthermore that this is all of W. We acknowledge that this was proven by
Jeong in [Jeo09] using analytic methods. Jeong mentions at the bottom on page 1915 of ibid
that this result also follows from the general theory of formal groups.

We now give an alternative proof of this result. We will need a small lemma. First, we

recall that if a € Z,, we can consider the formal power series

(14+2) =3 (Z)ﬂ € Z,[z].

n>0

Here (Z) denotes the continuous extension of the usual binomial coefficient/choose function
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to Z,. We have, for all a,b € Z,, formal equality of power series

(1+2)(1+2)" = (1+2)",

(L 2)) = (1+2).

Indeed, for a,b € Z this is straightforward to show; for any a € Z, there is a sequence
(a;) C Z converging to a in the p-adic topology, and this implies (1 + )% converges to
(1+2)® in the x-adic topology, which gives the result. With this in mind, it is easy to check
that the map

a—~ (1+xz)*—1 (18)
is a ring homomorphism from Z, to the endomorphism ring of the formal group G-
Lemma 3.2. The map Z, — Endk((f}m) in eq. is an isomorphism.

Proof. For the sake of this proof we will identify G,, with the multiplicative formal group
scheme, and similarly identify the corresponding endomorphism rings. Let ¢ € Endk(@m).
Then ¢ induces endomorphisms of the p”-torsion Gom [p"] = ppe for all n > 1 compatibly.
The Cartier dual of ji,» is the constant group scheme Z/p"Z, and it’s endomorphism ring is

precisely Z/p"Z. Using that the p!"-power torsion subgroups are schematically dense in @m,
y g g

we get an injection
End(G,,) = lim End(p,n) 2 lim End(Z/p"Z) = lim Z/p"Z = Z,,.

One can check that this map is the identity on Z,, so the injection of Z, into End(@m) must

be an isomorphism. O
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Remark 3.3. For an alternate proof of lemma [3.2, one can use the classification of endo-

morphism rings of certain formal groups as in [Haz78, Corollary 20.2.14].
Theorem 3.4. We have W = S.

Proof. We already have S C W by corollary as mentioned above. It remains to show
W CS. Let x : AF — C; be a locally analytic character. It suffices to show that the
restriction of x to 1+ pA, is given by the map z — 2 for some a € Z,. By definition, there

is some disk D = D(0, €) around 0 such that
x(1+2x)= => iz —1)" € Cylz—1]
n=1
for all # € D. Define ¢(z) = p(z) — 1. Then

gz +y+tay)=plat+ytzy) —l=x(1+z+y+ay) —1=x((1+z)1+y)) -1
=x(I+z)x(1+y) —1=p@)p(y) — 1= (q¢(x) +1)(qy) +1) =1

= q(v) + q(y) + q(z)q(y).

We see that ¢ gives an element of End(@m), so q(z) = (1 +x)* — 1 for some a € Z,, so
p(x) = (1 + z)*. Without loss of generality we may shrink D so that 1 +pA,/(1+ D) is a

group of order p", so for all 1 +z € 1+ pA, we have (1 +z)” € 1+ D. Thus,

X+ 2) = Xaen((1+2)) = (L)) = (1 +2)°),

and since Frobenius is injective we must have x(1 4+ x) = (1 4+ x)® on all of 1 4+ pA,.
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Next, we examine the C,-Banach algebra of continuous functions Z, — C,, denoted

C := C(Z,,C,), equipped with the supremum topology.

Definition 3.5. For f € C, with |f — 1| < 1, define the function
expy : Zy, — Cy, x— [

Let £ C C be the closure of the C,-algebra generated by {expf |f=1<1,f€ A}, i.e., the
smallest Banach sub-algebra containing all our exponential functions coming from elements

of A.

Remark 3.6. We note that it would have been equivalent to take functions coming from
elements f € A, (so the norm condition implies f € 1+ pA,) in the above definition of
€. Indeed, A is dense in its completion A,, and convergence f; — f in the p-adic topology
implies convergence exp;, — exp; in the suprepum topology.

Rewording what we just said, and using that exp,exp, = expy,, if & is the closure of
the C,-span of {expf fel+ pAp}, then £ = &.

Note that if ¢ : (Z,, +) — (C,,-) is a continuous homomorphism, then as Z, is compact
¢ is uniformly continuous and hence determined by its values on the dense subset Z. As ¢
is a homomorphism, ¢(z) = f* where f = ¢(1), so ¢ = exp,. With this in mind, we can
interpret the following theorem as showing Fourier expansions exist for C,-valued continuous

functions on Z,.
Theorem 3.7. We have £ =C.

We will need a couple of lemmas.
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Lemma 3.8. If f € &, then Va € Z,, the function x — f(x + a) is also in &.

Proof. 1t is enough to show the same for f € &. If f € &, we can write

flz) = ch eng(x)a

g€l

where I is a finite index set and ¢, € C,. For any a € Z,,

fla+a) =) cyexpy(z+a) =) cyexpy(a) expy(z),

g€l g€l

and this is clearly still in &. O]

Lemma 3.9. If f € C is idempotent and 3g € € such that || f — gl|.., <1, then f € E.

sup

Proof. As f is idempotent,
\f=a"|| =" =" = |r= 9| = 1F =gl

As ||f —g| <1, we see g*" — fasn — oco. As & is a closed subalgebra containing g, we

can conclude f € &. ]

Lemma 3.10. Let x,, : Z, — C, be the characteristic function of the subgroup p"Z,. Then

Xn € E.

Proof. We prove this by induction on n. The base case n = 0 is clear as xo = exp; is the
constant function 1. Now suppose we know the claim for all natural numbers less than some

n. Recall A, is of the form F 7], where 7 is a uniformizer, so contains the subring I, [7].
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For m € Z>, define
Un :={f € Fplr] : f =1 mod 7n"F,[n]}.

We know U; is a subgroup of F,[7]*, and the m-adic topology makes it into a pro-p group,
isomorphic to infinitely many copies of Z,, |[Iwa86, §2.2]. For all m > 1, U, is a subgroup of
U of finite index p™~*. For some m > 2 we can find a group homomorphism ¢ : Z, — U, /U,,

with kernel p"Z,.

Pick the minimal such m. Then ¢~ !(U,,_1/U,,) is not contained in the kernel of ¢,
so must be p"'Z, We see ¢(p" ") = 1+ an™ ' + O(z™) for some o € F). Moreover,
o(kp™ ) = 1+ kar™ ! mod U, for k € {0,1,...,p—1}. Let f € Uy be a lift of ¢(1) €

Uy /Up. Note that the function (exp / —1) is congruent to ¢ modulo ™. Define a function
u:=m"(exp; —1)xn-1 € £.

Let us examine the possible values of u. If x ¢ p"~'Z, then u(z) = 0. If € p"Z, then by
definition of f, exp;(z) € Un, so u(z) = 0 mod 7. If x € p"~'Z,\p"Zy, then x = p"~'k + 2’

for some k € {1,...,p— 1} and 2’ € p"Z,. In this case
w(z) = 7P 1) = 72 (ko™ 4 O(x™)) = ka + O(n),

so u(z) = ka mod 7. Note that u always lands in [F,[7].
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Define another function

vi= X1 (I—aw)2—au)---((p—1)—alu ——ann —atu) € €.

To finish the proof, we will show ||v — x,|| < 1. As x,, € C is idempotent and v € &, we
may conclude by applying lemma [3.9, We examine the possible values of v in different cases.
If ¢ p"'Z, then v(z) = 0. If z € p"'Z,\p"Z,, then u(z) = ka + O(z™) for some

ke{l,...,p—1},s0v(z) =0 mod 7 (also ™). If x € p"Z,, then

v(z)=—][(k—=O(n))=—(p— 1)+ O(r) =1+ O(r),
k=1
where we applied Wilson’s Theorem to get the final equality. O

We can now prove the theorem.

Proof of theorem[3.7. Tt is enough to show that the characteristic functions of cosets of open
subgroups of Z, are all in £, as linear combinations of these are dense in C. By lemma [3.10]
we know this for characteristic functions of a fundamental system of open neighbourhoods

of 0, and by lemma [3.8] we know this for all cosets. O

To finish this section, we examine another possible definition of weight space, and show

it does not have our desired properties.

Definition 3.11. Let B := Homropring (4p, C,) be the set of continuous ring homomorphisms

from A, to C,.

It can be easily checked that any element b € B gives rise (via restriction) to a continuous

character x, : Ay — C). Furthermore, the character y; uniquely determines b (as A
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certainly generates A, as a ring). Thus, we have an injection B < W, and consider B as
a subset of W. It is interesting to note that B is bijective to the unit disc in C, under the

map b — b(T™1).
Theorem 3.12. We have W N B = {x 2P ke N}.

Proof. Recall for all a € Z, we have the formal power series

1+a) =% (Z)xk e F,[z].

k>0

Note that it’s easy to see the coefficients lie in [F,, as such a series defines a character A" — C;°
- compare the coefficients of the series (1 4 27)® = ((1 + x)*)?. We showed above that any
element of W is given by such a power series for some a € Z,. Suppose this element came
from an element of B. Then the power series would be additive as elements of B are ring

homomorphisms. We can write a = p"u for some u € Z; and n € Z>, so
(14+2)" = (1+2)P"" = (142"

It’s easy to check this implies that (1 + x)" is also additive. As we discussed at the start of

section E this means that (1 + x)" = Y0 cx2?" € Fp[z]. Differentiating both sides gives
u(l4+2)" ! = c.

By comparing coefficients we immediately see that u = ¢y and (1 + x)*"! is the constant
power series 1, which is only true if u = 1. Thus, we have shown a = p”, which means

that everything in W coming from B is just a p!’-power exponentiation, as claimed in the
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theorem. O

The above theorem shows that B does not even contain all the classical weights, so is a

poor choice for our weight space.

3.2 A construction of p-adic and overconvergent Drinfeld modular

forms

We would like to have spaces of modular forms, overconvergent modular forms, and p-adic

modular forms, with Hecke-equivariant inclusions,

M c M c mP~e,

We will use S as our p-adic weight space, as justified in the previous subsection. The
overconvergent and p-adic spaces should contain the weight s subspaces for all weights s € S.
We will give a geometric construction of these spaces, taking inspiration from [Pil13]. More
specifically, using tubes and D-structures we give a naive construction of Pilloni’s “fibrations

7

en boules”” We get a Banach space of bounded functions on a rigid variety that contains
the weight a p-adic modular forms as a closed subspace for any a € Z,. An extension of
this does the same for overconvergent forms. We will focus on Z,-weights in this thesis, but
explain in section how to extend this to all of S.

Throughout this section, and the rest of the thesis, we may write the same symbol for
a scheme/sheaf and its analytification/reduction /rigidification, but will try to be explicit

when we feel its required.

Let Ok := A,, K = K, its fraction field, and k = F, := F,« = Og/m its residue field.
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Because we are primarily interested in Drinfeld modular forms for the full modular group
GL3(A), we will let X be the compactified modular curve of level 1 for rank 2 Drinfeld
modules, defined as a scheme over Og. We note that the moduli problem for level 1 is not
representable, but we may still put ourselves in this situation using descent. We can identify
X, as a scheme, with ]P’}oK. In particular, there is an invertible sheaf w on X such that, for
k € Zso, the global sections of w®~* are precisely the weight k Drinfeld modular forms over
Ok. We write Xy for the special fibre, and X for the generic fibre. Let Up C X be the
ordinary locus of the reduction. For our construction we crucially use the geometry of P
In this setting, since there is a k-rational point in the complement (a supersingular point,
by lemma , U, has trivial Picard group. Because we will use this again we phrase it as

a lemma.

Lemma 3.13. Let K be a field and U C PL a non-empty open subscheme such that there

is a K-rational point in the compliment. Then Pic(U) is trivial.
Proof. See [Vakl17, (14.2.8.1)], for instance. O

Note that K is a non-archimedian local field, and recall we have an analytification functor,
X — X®* from locally finite type K-schemes to rigid K-analytic spaces [Bosl4, §5.4],
[Con99, §5]. Recall we also have a rigid generic fibre functor, X + X", from the category of
locally Noetherian adic formal schemes over Spf(Qy) whose reduction is locally finite type

over Spec(k) to rigid spaces over K |Jon95, §7].

Definition 3.14. For a locally free sheaf .% of finite rank on a scheme S, we consider the rela-
tive spectrum of the symmetric algebra of its dual, denoted by V., (%) := Spec(Sym*(#")),

which we call the total space of .%#. It is equipped with a canonical map 7 : V(&) — S
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and is unique up to unique isomorphism. We use the same notation when working with rigid

spaces.

For example, if we let .# be the structure sheaf, then V,(0s) = G, s = Ay = A x S and

the structure map 7 is the projection to S. This construction is functorial.

Definition 3.15. Let X be a rigid analytic variety over K, £ be an invertible sheaf on X', and
s € H°(X,L£)* be a nowhere vanishing section. Let D := {z € Ak : |1 — 2|, < 1} C A"
(where z is the coordinate on A'). It’s easy to see D is an admissible open subset of the
affine line. Next, let D := D x x X, considered as an open subspace of V,(0y) = A x X.
There is a unique isomorphism of @y-modules, L — Oy taking s + 1. This induces an

isomorphism i = i,: V,(£) — V,(Ox). We define the tube of s as T(s) := i;'(D), an

S

admissible open subspace of the total space of L.

Remark 3.16. Consider the rigid space D = {z:|1 — z| < 1} as above. Note that D is
a group object in the category of rigid spaces, respresenting the functor taking an affinoid
K-space SpR to the set {r € R: |1 —r| < 1}. For all a € Z,, we may consider the power
series (1 +x)* = Y322, (Z)xk € Zp[z]. If w e D, then |w—1| < 1, and w = z + 1 for some
|z] <1, s0 w*:= (1+ 2)* converges for any a € Z, and |1 —w®| < 1. This defines a natural
transformation of group functors from D to itself, and thus, a homomorphism of rigid groups

(—=)*: D — D, via w — w®, for all a € Z,,.

Definition 3.17. Let X be a rigid K-space and £ an invertible sheaf on X. For k €
Z>o, let My (L) = Mi(X, L) be the K-vector space of holomorphic functions (i.e., global
sections of the structure sheaf) on V,(L) whose restriction to each fibre (over X') is given

by a homogeneous polynomial of degree k. If s is a nowhere zero section of £, we define
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M(L,T(s)) = M(L,X,T(s)) to be the K-Banach space of bounded holomorphic functions

on the tube T'(s). We will drop the X from the notation when the space is clear.

Remark 3.18. In definition the sheaf £ may be defined on a larger space but we are
implicitly taking the restriction to X when we include it in the notation. We will use this to

define p-adic Drinfeld modular forms as bounded sections on a tube over the ordinary locus.

A global section f of a rigid space X over K has a well-defined norm at every point x € X
If x € X then we may pick an admissible open affinoid SpA containing m, a maximal ideal
corresponding to x. Then the residue field K (z) := A/m, is a finite extension of K, and
thus the norm on K uniquely extends to a norm on A/m,. The restriction of f to SpA gives
an element of A, and we define |f(z)| to be the norm of the image of this in the quotient
A/m,. This construction is independent of choice of affinoid containing z. Thus, it makes

sense to ask when a section is bounded on a subset of a rigid space.

Lemma 3.19. If f € My (L), then by definition f is a homogeneous polynomial of degree k
on every fibre. Assuming X is reduced, this is equivalent to f being a homogeneous degree k

polynomial locally for the G-topology.

Proof. Working locally we have f : Al x SpA — A!, and if 7 : A! x SpA — SpA is the
projection map then by assumption f is a homogeneous polynomial of degree k£ on every
fibre of w. Let X : A! x SpA — A! be the other projection. Let i : SpA — A! x SpA be the
unique section of 7 such that A o is the constant function 1. Let a := foi: SpA — Al
Then f is equal to the function (aom)A* at every point, and assuming SpA is reduced we can
conclude these two functions are equal. Conversely, if 3a : A — A! such that f = (a o m)AF,

then it’s easy to see that f is fibrewise a homogeneous polynomial of degree k. O
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Lemma 3.20. There is a natural isomorphism of K -vector spaces M,(L) — HO(X,LZ7F).

Proof. We may take an open affinoid cover of X where £ is locally on some U = SpA in
the cover generated by an element m, i.e., LY|y = Oy - m as Oy-modules. If V' is another
element of the cover and LY is locally generated by m’ over V., then the generators are
related by an isomorphism taking m +— Am/’ for some A € O,,. Let f € My(L). Then by
lemma [3.19] f is locally, on the pullback of our cover, a homogeneous polynomial of weight k,
say Iy (X) over 77 1(U). We define a map ¢ : My, (L) — H°(X, LE7F) taking f to the section
locally given by Fyr(m), where multiplication is given by tensoring, e.g., aX? — a(m @ m).
As F' is homogeneous of weight k, we see that the images agree on overlaps and hence
give a well-defined element of H°(X, £L®%). Indeed, if LV is locally generated by m then
L%7F is generated by m tensored with itself k times, and the isomorphism on overlaps takes
M- @me= AIm' @@ Am' = MW (m' ®@---®@m'). An inverse to ¢ is given by taking

a(m®---®@m)— aX*. O

In particular, if we take £ to be the analytification of w over the modular curve, then
M (w®) is isomorphic to the space of weight k& Drinfeld modular forms with coefficients in

K.

Definition 3.21. Let X, L, s be as in definition [3.17, Let » € M(L,T(s)). We say r has
weight a € Z,, if
r(wx) = w'r(zx) (19)

for all w € D,z € V.(L£). Let M,(L,T(s)) C M(L,T(s)) denote the closed subspace of
functions of weight a.
Remark 3.22. In definition we defined bounded weight a sections of the tube T'(s) C
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V.L to be those that are a-equivariant for the action of D. We now explain how D acts.
As V,L is a geometric vector bundle over X, it comes with a natural action of G¥'. This
is locally multiplication by an invertible element on the Al-part of the vector bundle. We
get the D-action by viewing D as a subgroup of G%'. The action on the right hand side of

eq. (19) is again the restriction of the action of G, but here we're acting on AL-.

Proposition 3.23. Let X be a reduced connected affinoid. Then My(L) = My (L, T(s)) for
all k € ZZO'

Proof. Let f € Mi(L). As X is affinoid it is quasi-compact so we may pick a finite affinoid
trivializing cover for £ over X'. Let U = SpA be an element of this cover. Then over U the
total space is A’ x U and f = Fy(X) is a homogeneous degree k polynomial. The action of
D multiplies the coordinate X so it’s clear that f(wz) = w”f(x). Using the notation from
lemma , we can write f = (a o m)A*. As s is invertible, s and s~! both have nonzero
norm everywhere on X', and achieve their maximum somewhere by the maximum modulus
principle. Thus, to show boundedness, using the isomorphism i, : V,£ =+ Al x X, we may
assume the tube T'(s) is D x U above U. As U is affinoid and «a is a function on U, again
by the maximum modulus principle a must achieve it’s max on U, which is finite. Thus, for

any (z,y) € D x U, we have

(@ 9)| = [No(@)| - laly)| = la()] < [all,,

where ||||,; is the sup norm on U, and we used that A* maps D to D, so has norm 1 for any
x € D. As our cover was finite this shows f is bounded on 7T'(s). Thus, the restriction of f

to T'(s) lies in My (L, T(s)).
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Conversely, suppose f € M.(L,T(s)). As above we may reduce to the case that f is a
holomorphic function on D x U. It is enough to show f extends to a function on Al x U
that is given by a homogeneous degree k polynomial. However, by a similar argument to
lemma we find that f = (a o7|p)(\p)* for some holomorphic function a on U, where
we’ve restricted the projection maps. Of course, taking the function g = (a o 7)A\*, defined
on all of Al x U, we see f and g agree on the open D x U, so by analytic continuation g is
the unique extension of f to A! x U. Applying lemma again shows g is a homogeneous

polynomial of degree k on every fibre. n

We would like to use these ideas to define p-adic modular forms. Here is some motivation.
We will take a nowhere vanishing section s over the ordinary locus X°"? inside our analytified
modular curve X, and consider M(w,T(s)). By proposition [3.23] for any k € Zs, the
weight &k part of this is isomorphic to My(w), and by lemma , this is isomorphic to
HO(x°rd w®=F) which is the natural definition of weight k p-adic modular forms. In order

to ensure our definition doesn’t depend on extraneous factors, we first need some lemmas.

Lemma 3.24. Let ) be an affine formal scheme, given by completing an affine scheme
Y = Spec(A), with A Noetherian, over Ok along its special fibre. Let £ be a coherent sheaf

on Q). Then every section s € H%(o, L) has a lift to Q).

Proof. Note that in this situation the quasicoherent sheaf corresponding to the special fibre

is .# = a for some ideal a < A, and
Oy = I'&nﬁy/f"“.

Also, 9),, is simply the scheme Spec(A/a) equipped with the structure sheaf Oy /.#"*1.
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Finally, £, = £ ®g, Oy/ I and £ = l'&lﬁn.

To prove the lemma, it is enough to show, Vn > 0, that we can lift a section s, €
H°(D,, L) to sp1 € H (i1, £041)- Then, using [Gro61, 4.1.7], the projective system
(s = 8,81, 82,...) corresponds uniquely to an element of H°(Q), £) which is a lift of s. The
transition maps in the limit giving the structure sheaf are precisely the canonical surjec-
tions Oy / F"2 — Oy /™. By taking the tensor project with £, we get surjective maps
Lne1 — £,. The global sections functor is exact on affine schemes, so we get a surjection
Ottt H'Dna1, Los1) = HY(Dna1, £), but the target is just equal to HY(),, £,), as £, is
the same when considered as a Oy /.#""?-module or a Oy /#""'-module. Using this iden-
tification, given an s,, € H°(9,, £,), we can define s, 11 = ¢, 11(s,), which gives us the lift

we want. ]

Lemma 3.25. Let ), £ be as in lemma|3.24, with the additional condition that £ is invert-
ible. Let 5 € H°(o, £0)* be a nowhere zero section. Let s € H°(Q), L) be a lift. Then s
is also nowhere zero. Furthermore, if Y is the rigid generic fibre of ) with sheaf L coming
from £, and we also use s to denote the corresponding section of L, then the tube T(s) is

independent of the choice of lift.

Proof. The coherent sheaf £ corresponds to a finite type A-module M. The section s can be
thought of as an element of M /mM that is non-zero at all the stalks (M /mM), = M,/m,M,.
The lift is an element of M reducing to s mod mM. We know s is non-zero in all M,/mqM,,
so also nonzero in all Mg, so s is nowhere zero.

Let s’ be another lift of 5. Then s’ = s+ for some r € mM. As s is nowhere zero in M,
we have s+7 = s(1+s7!r). The rigid generic fibre is J = Sp(A®op, K) and the sections s, s’

are mapped to their images under the canonical map M — M ®p, K taking m — m ® 1.
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Let v’ = 1+ s~ !r. As r is topologically nilpotent, |r| < 1, so |1 —7/| < [s7!||r| < 1 at all
points. We have s’ = sr’ with v’ € D.

To finish we must show 7'(s) = T'(s"). We may work locally and assume V, L is the trivial
vector bundle over ). The map i, : V.£ — AL x ) is given by multiplication by s~ on A!
and identity on ). Thus, the fuctorial points of T'(s) are pairs (s™'z,y) withz € D,y € V.

-1

By above, the functorial points of T'(s") are ((r')"'s~'z,y) with z,y as before. Replacing =

with 2/ = (+')"'z € D (as v’ € D) shows that the points are the same, so we may conclude

T(s)=T(s). O
We are now ready to define p-adic modular forms.

Definition 3.26. Let X be the level 1 modular curve over O with line bundle w as described
as the start of this subsection. Let U C X be an affine open subscheme whose intersection
with the special fibre is Up (defined above as the non-supersingular points of the reduction).
Let X°¢ be the completion of U along the closed subscheme Up, and X4 ;= (Xord)rig c xor
the associated rigid space. We call X°"¢ the (analytic) ordinary locus. By lemma
and lemma m the reduction of w is trivial on Up, so we can pick some nonvanishing
section 5 € H(U,,w). By lemma taking any lift, we get a tube T'(5), which is an open

subdomain of X" and depends only on 5 (hence the notation). We define
MP = M(w, X" T(5)) (20)

as our space of p-adic modular forms, and MP as the subspace of p-adic modular forms

of weight a € Z,, as per definition [3.21]

Note that the formal scheme X°"?, so also its generic fibre X°"?, is independent of the
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particular subscheme U. A priori it is not obvious that such an affine subscheme U exists.

We now show it does.

Lemma 3.27. Let R be a DVR with perfect residue field k. Let X be a smooth projective
curve over R and Xy its special fibre. Let U C Xy be a non-empty affine open subscheme.

Then there is a non-empty affine open V- C X whose intersection with the special fibre is U

(i.G., Vk = U)

Proof. By assumption, the complement of U is non-empty (Xy is projective). We may
assume it is a single point. Indeed, if we knew, for all x € X, that there was an open affine
V, C X whose intersection with the special fibre was the complement of x, then we could
take the intersection of these to get the affine open V' that we desire as X is separated. Let
K be the fraction field of R and k’ the field of definition of z. Then K’ is a finite separable
(as k is perfect) extension of k. By [Ser79, III, §5], we get a corresponding finite unramified
extension K’ of K with valuation ring R’. By Hensel’s lemma ([Pool7, 3.5.63]), we can lift
x € X(k') to some T € X(R'). We can view 7 as a closed point of the generic fibre Xx. Let
S be the union of the Gal( K™ /K )-conjugates of Z in Xg. Call S the closure of S in X. It is
a finite étale scheme over SpecR whose intersection with Xy is z. By [KM85, Lemma 1.2.3],
S is an effective Cartier divisor in X /SpecR. Thus, the associated line bundle is ample, and
gives a closed embedding of X into PY identifying the complement of S with the complement

of a hyperplane section, which is affine. ]

Lemma 3.28. There is a k-rational supersingular point on the special fibre of the coarse

modular curve.

Proof. By definition of the coarse moduli space it suffices to find a supersingular Drinfeld
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module of rank 2 defined over k. It’s j-invariant will give the point. We do this by consid-
ering the minimal polynomial of the Frobenius endomorphism of a Drinfeld module. In the
following paragraph note that the notation of [Gos98, §4.12] differs from ours.

Suppose p = (f) < A. By [Gos98, Thm. 4.12.15], there is a bijection between isogeny
classes of rank 2 Drinfeld A-modules over k and conjugacy classes of Weil numbers of rank
2. This bijection takes a Drinfeld module to the roots of mg, the minimal polynomial
of Frobenius. Consider the polynomial X2 — f. It has roots £+/f, which clearly form
a conjugacy class of rank 2 Weil numbers. Thus, there exists an isogeny class of rank 2
Drinfeld A-modules over k with minimal polynomial of Frobenius equal to X? — f. Pick
one ¢ from this class. We claim that ¢ is supersingular. This follows directly from the

equivalence between 2 and 3 in |Gos98, Prop. 4.12.17] as F? = f € A. ]
Corollary 3.29. A subscheme U as in definition [3.20 exists.

Proof. We have an k-rational supersingular point in the special fibre by lemma [3.28, so
the complement of that point is affine. Thus, the ordinary locus of the reduction is the
complement in this affine of the vanishing locus of the Hasse invariant, which is affine. We

may conclude that U as in definition [3.26] exists. O

Remark 3.30. One could choose, for example, 5 to be the Hasse invariant. The following
theorem will show our space of p-adic modular forms is actually independent of the choice

of section s.

Theorem 3.31. For all a € Z,, the space M? = M,(w, X", T(5)) isomorphic as a Banach
space, independent of choice of s, to the space of weight a p-adic modular forms defined by

Hattori.
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We will prove theorem in section [3.3] using the theory of principal D-bundles.

The geometric construction of p-adic Drinfeld modular forms we gave above is easy to
extend to overconvergent forms using the notion of strict containment of connected rational
subdomains of P!,

Let C' = C, be the completion of the algebraic closure of K = Frac(A,). Let D C P}, be
a non-empty connected rational subdomain. We recall from [Fv04, Prop. 2.2.6, Ex. 3.3.5] the
structure of D. As a set, D is the complement of finitely many pairwise disjoint open discs,
which we shall denote by 6D. If D contains oo, then we may write 0D = {D(2;,7:) };—;
where D(z;, ;) ={z: |z — 2| <} with z; € C and r; € \/|C*|. A holomorphic function f

on D has a generalized Laurent series expansion
m (o9}
f(z) =ao+ Z Z ain(z — z) 7k
i=1 k=1

The supremum norm of f on D is given by

Ifllp = _sup_ (lao|, |aix|r7").
k>

>1,1<i<m

Definition 3.32. Let D;, Dy be connected rational subdomains of IP’lc. We say D; is strictly
contained in D,, and write Dy € Dy, if Dy C Dy and VB € 9Dy, BN Dy # 0.

It is well-known to the experts that the ordinary locus X°"? is the complement of open
discs of radius 1 centred around lifts of the supersingular points. This can be deduced from

[Ber96, 0.2.7, 0.3.5]. Thus, X°"? is a connected rational subdomain.

Lemma 3.33. There is a connected rational subdomain V strictly containing X°™ and a

nowhere zero section r € H°(V,w) such that T(r|xyora) = T(5).
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Proof. Lift 5 to a nowhere zero section s of w over X%, As w is trivial over X%, we identify
s with an invertible holomorphic function on X", Since &(X°"?) is the completion of the
ring of rational functions with poles outside X°"¢, we may pick a rational function r with
poles outside X such that ||r — s|| < ||s7!||, where here we're taking the supremum norm

on X°"?. This implies

1=/l = s~ s = < s s =l < s~ <1,

1

since we know s~ comes from a formal scheme. Thus, g(a:)’ =1 for all x € X" so r is

invertible on X°"¢. Furthermore, |1 — g(x)‘ < 1forallx € X4 so T(r|yora) = T(s) = T(5).
Finally, we explain how to construct V. Let D = D(a, R) be an open disc in the complement
of X% Then since r is rational, it has finitely many zeros in D, say z1,...,%,. Set
R = max; |a — x;|, and note R’ < R. We can replace D by the open disc D’ = D(a, R")
for any R’ < R” < R, and D’ will still contain z1,...,z,. Continue this procedure and let

Y be the complement of the new discs. Clearly V is a connected rational subdomain and r

doesn’t vanish on V.

]

Definition 3.34. Let V,r be as in the previous proposition. For all a € Z,, we define the

space of overconvergent p-adic Drinfeld modular forms of weight a as the colimit

M = %Ma(w,T(ﬂw)), (21)

taken over all connected rational subdomains X" € W C V, with the obvious restriction

maps.
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The following lemma shows that the above definition is independent of the choice of V.

Lemma 3.35. Let Dy, Dy C P! be connected rational subdomains such that Dy is strictly
contained in Dy. Let L be an invertible sheaf on P! and ri,79 € H°(Dy, L) nowhere zero
sections such that T(r1|p,) = T(re|p,). Then 3D3 © Dy a connected rational subdomain

such that D3 C Dy and T(r1|ps) = T(r2|ps)-

Proof. Consider the invertible holomorphic function s = 2 on D,. Since T'(ri|p,) =
T(ry|p,), we know |1 —s(x)] < 1 for all z € Dy, so since Dy is affinoid [1 —s|, < 1

by maximum modulus principle. So |1 — |, =1 — € for some € > 0. We define
Dy :={x e Dy:|1—s(zx) <1—-¢/2}.

This is a rational subdomain of Dy, so a connected rational subdomain. By definition
1 —sllp, <1—¢/2 <1, s0 T(ri|py) = T(r2|ps). It remains to show Dy € D3. Clearly
D, C Ds. Let B € 9D be one of the open discs that form the complement of D;. Assume

BN D3 = 0. We define
D:=({B'€dD,: B # B}u{C €dD,:C C B})".

Clearly D is a connected rational subdomain and D; € D C D,. We will show D is

disconnected, giving a contradiction. We have D = Dy U D] where

2
D’I::{xeD:|1—s(x)|21—3€}.

Indeed, if 2 € D and |1 —s(z)| < 1 — %, then x € Ds, but by assumption D3N B = ()
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so x € Dy. This cover is admissible as both elements are rational subdomains. Finally, if
€ DyNDj then |1 —s(z)] <1—eand |1 —s(z)] >1—% >1—¢, so the intersection is

empty. L]

3.3 Principal D-bundles

We review the theory of principal D-bundles in the rigid analytic setting and prove some
results we will need later to show our construction of p-adic modular forms agrees with
that of Hattori. Roughly, we will prove theorem by showing our construction of p-adic

modular forms generalizes that of Hattori once interpreted using D-bundles.

Definition 3.36. Let G be a rigid analytic group over a nonarchimedean field F', i.e., a
group object in the category of rigid F-analytic spaces. Let X be a rigid F-space. A trivial
principal G-bundle over X is a tuple (P, 7, «, ¢) where 7 : P — X is a morphism of rigid
spaces, a : P x G — P is a right G-action on P, and ¢ : P -~ X x G is an isomorphism of

rigid spaces such that the following diagrams commute.

P2, Xx@ PxG 2% xvaxa
g J{px J{a J{idXXm (22>
X oy P—°% XxXx@G

Here px is the projection to X and m : G x G — G is the multiplication map of G.
A principal G-bundle over X is a triple (P, 7, a) where 7 : P — X is a morphism of
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rigid spaces, a: P x G — P is a right G-action on P, the following diagram commutes

PxG—2%2-P
Jm y (23)
XxG 25 X

and X has an admissible cover {X;},_; such that 77'(X;) C P is a trivial principal G-
bundle over X; for all i € I, ie., Vi € I,3¢; : 7 1(X;) — X; x G an isomorphism such
that (71(X5), Tlx-1(x,), @lr-1(x:)xG» @i) is a trivial principal G-bundle as defined above. We

write Pring(X) for the set of isomorphism classes of principal G-bundles.

We may write only P instead of (P, 7, «) when the situation is clear. For simplicity we
assume all our rigid groups are commutative. We identify Cech and sheaf cohomology. The

set Pring(X) has a distinguished element given by the trivial principal G-bundle.

Definition 3.37. If (P, 7, «a) is a principal G-bundle, the isomorphisms ¢; : 7= }(X;) —
X,; X G as in definition are called local trivializations. We will denote X;; := X; N X;.
Given such a collection of local trivializations, we define the transition maps ¢;; : X;; = G

to be the unique maps such that the diagram

ldXz] XM
(bilﬂ_l(xijﬁ P)jlﬂ_l(xu)

T X)) == 7 Y(Xy)

ij Xid
commutes, where m;; is defined as the composition X;; x G d)ﬂf; GxG2G.
Given a principal G-bundle P, its transition maps {¢;;} form a Cech 1-cocycle with values

in G for the cover {X;}, and hence give an element of }VI{IXZ_}(X, G) that we will call ¢(P).

59



Remark 3.38. One can show the element ¢(P) € H'(X,G) from definition depends
only on the isomorphism class of P. We have the standard isomorphism between the first
Cech cohomology group and the first sheaf cohomology group. Thus, we get a map of sets
Pring(X) — HY(X,G), P — ¢(P). It’s easy to see this map takes the trivial bundle to the
identity element of H'(X,G), so we have a map of pointed sets. One can show that this
map is a bijection. Explicitly, any element of H'(X,G) gives us transition maps and hence
a principal G-bundle by the standard glueing construction. As G is commutative, H'(X, G)
is an abelian group. We use this to give Pring(X) a group structure. We identify the groups

Pring(X) and H'(G, X) in what follows.

Definition 3.39. Let P, P, be principal G-bundles. The tensor product P, ® P; is the
principal G-bundle corresponding to the cohomology class ¢(P;) - ¢(P,). It is the principal

G-bundle whose transition maps are the products of the transition maps of P, and Ps.

If we let G act on the product Py X x Py by (p1,p2) g := (p1-g,p2-g~ '), then P, ® P, is
the categorical quotient of P; X x P, with respect to this action. The tensor product is the

group operation on Pring(X) from remark [3.38

Definition 3.40. Let (P, 7, ) be a principal G-bundle over X. Using remark [3.38] this has

an inverse. We denote the inverse by (PY, 7Y, a").

Definition 3.41. Let ¢ : G — H be a homomorphism of rigid groups over F'. Let X be
a rigid F-space and ¢,: H'(X,G) — H'(X, H) the induced group homomorphism. Let
(P, 7, «) be a principal G-bundle over X. Consider the (right) action of G on P x H via
(p,h)-g:= (a(p,g),h-d(g7")). We define ¢, P to be the categorical quotient of P x H by this

action. Let 7' = mopp: P x H — X, where pp is the projection to P. Let o/ be the right
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action of H on P x H, acting by multiplication on H and trivially on P. Then 7’ and o/ both
factor through the quotient map and we get a candidate principal H-bundle (¢, P, 7', /),
or ¢, P for short. If {¢;;} are transition maps for P, then the quotient is representable by
the rigid space given by glueing the transition maps {¢ o ¢;;}, so ¢.P is truly a principal
H-bundle.

Remark 3.42. When G = G,,, principal G,,-bundles over X are equivalent to invertible

sheaves on X, which are equivalent to geometric line bundles over X [Lit16, Rem. 1.7.2].

Example 3.43. If £ is an invertible sheaf on a rigid space X, then the total space of L,
denoted V,L, is a geometric vector bundle of rank 1 over X. This has a natural G,,-action.
If 0, is the image of the zero section in V, L, then V,£\0, has the structure of a principal

G,,,-bundle where the action is the restriction of the natural G,,-action.

Definition 3.44. Let D := {z € AL : |1 — 2|, < 1} C Ag™, where z is the coordinate on
A'. This is a rigid group over F. Let ¢ : D — G, be the natural inclusion (a homomorphism
of rigid groups). Let P be a principal D-bundle. As ¢, P is a quotient of P we get a map
of rigid spaces P — 1,P. We write £(P) for the invertible &'x-module corresponding to
1P from remark [3.42] Then ¢, P embeds in the geometric line bundle V.£(P) over X. The

image of P in this line bundle will be called the tube corresponding to P.
This is a generalization of our definition of a tube in definition [3.15]

Definition 3.45. Let X be a rigid space. For any a € Z, we have a group homomorphism
(—=)*: D — D. This induces a group homomorphism a, : H'(X, D) — H'(X, D). When
P € HY(X,D) is a principal D-bundle over X, we define P®* := a,P. We define an

O'x-module M, P on X whose sections over U C X is the set of holomorphic functions
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(@) Y U) — C such that Vz € (V) }(U),w € D(U), we have f(a¥(z,w)) = w* - f(z),

where the last action is the usual G,,-action on A!.

Remark 3.46. To justify our notation, when a € Z in definition P® is really the

tensor product of P with itself a times as in definition [3.39]
Lemma 3.47. There is an isomorphism of Ox-modules between M, P and L(P®*), Va € Z,.

Proof. First suppose P is the trivial D-bundle. Consider f € M,P(X). By similar argu-
ments to lemma , we can, locally on U C X, write f = (h o m)A* for some function
h : U — A'. This is well-defined on overlaps so h glues to a global section over X. This
defines a morphism of sheaves taking f to this h. The inverse map is clearly given by

h — (hom)A®. The general case follows from glueing, along the lines of lemma [3.20] O

Definition 3.48. Let K be a discretely valued field, Ok is ring of integers, and m <1 Ok the
maximal ideal. For any n € Zsg, scheme X over Spec(Ox/m™), and non-negative integer

m < n, we write X, 1= X Xgpec(0g /mn) Spec(Ox/m™). We define

D, :=ker(p: Ox — 0%)), (24)

where ¢ is the reduction mod m map.

Note that X, < X as in definition is a thickening, i.e., a closed embedding that is
a homeomorphism, so it induces an equivalence of étale sites (X,,)e = Xg [Stacks, 03SI].

We use this to equate étale sheaves on X with those on X,,, and consider D,, as a sheaf on

Xet.
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Lemma 3.49. Let X be an affine scheme over Spec(Ox/m™). Then H'(X¢, D,) = 0 for

all i > 0.

Proof. Using induction and taking long exact sequences in cohomology we reduce to showing

D,, has a filtration

such that H'(X¢, D /D~ 1) = 0 for all m. Set D" := ker(p : D,, — 0% ), where ¢ is the
m" =" reduction map. Then D"/D™1 = @y, for all m, but this is a coherent sheaf so by

affine cohomology vanishing we get H'(Xg, Ox,) = 0 for all i > 0. m

Lemma 3.50. Let X be a scheme over Spec(O/m™). Then H'(X¢, D,) = H(X zar, D)

for all i > 0.

Proof. Let f: X — Xz4 be the natural continuous map of sites. Since every cover of X has
an affine refinement, the higher direct image sheaves R’ f,D,, vanish for i > 0 by lemma [3.49]
This implies the Leray spectral sequence H? (X, R1f.D,) — H"*%(X,,, D,,) degenerates

and induces the desired isomorphism. O

Definition 3.51. We now assume K is complete with respect to it’s discrete valuation. If
X is a formal scheme over SpfOf and n > 1 we write X,, := X Xgpr0, Spf(Ox/m"). Let D

be the kernel of the mod m reduction map 0x — Oy, .
As above, X,, — X induces an equivalence of étale sites.

Theorem 3.52. Let X be a formal scheme over SpfOg.
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1. If X is the completion of an affine scheme over SpecOy, we have H(Xg, D) = 0 for

all 1> 0.
2. We have H(Xg, D) = HY (X z4,, D) for all i > 0.

Proof. Since Ok is complete, D = l'&nDn, so we get H'(Xg4, D) = @Hi((Xn)ét,Dn) and
H{(X 74, D) = 1&1 H((X,) Zar, D). When X is the completion of an affine scheme then each
X, is affine so each element of the limit is zero by lemma which proves (1). Similarly,
lemma proves (2). O

We now give a cohomological description of the construction of p-adic Drinfeld modular

forms used in |[Hat21b].

Definition 3.53. Let X be a formal scheme over SpfOg. Let G = @nGn be a profinite
group. We can consider each GG,, as a constant étale group sheaf on X, and hence G is a
projective system of finite étale group schemes over X. Similarly, we may consider 0% =
I'&n O% . as a projective limit of étale sheaves on X. Suppose the profinite group G' admits a
morphism of projective systems of étale sheaves ¢ : G — 0%, i.e., a compatible collection of

maps ¢, : G, — O, . Taking cohomology, we get a morphism
H'Y(¢) : H'(Xe, G) = H' (X, O%). (25)
If we assume X is connected and fix a geometric point x € X, then H'(¢) induces a morphism

¢, : Hom(7$"(X, ), G) — H (X z4r, O%) (26)
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by pre and post-composing with the natural isomorphisms H'(Xg, G) & Hom(7$'(X, z), G)
and H' (X, 0%) = HY(X z4r, O%) respectively.

As Og is the valuation ring of a local field, Oj is a projective system of discrete groups

Definition 3.54. Let ¢ : G — O be a morphism of pro-groups. We can think of this as
a morphism of projective systems of étale sheaves on SpfOy. Pulling back by the structure
map X — SpfOy, this gives rise to a morphism G — 0% of projective systems of étale

sheaves on X. Let ¢, : Hom(7¥(X, 2),G) — HY(Xz,0%) be the induced map from

definition [3.53| Let O" = {z € 0 :z2=1mod m}. If the image of ¢ is in O, then we

may post-compose ¢ with the endomorphism of le(’l taking z — 2 for any a € Z,, and we

denote this composition by ¢°.

Proposition 3.55. Let X be a connected formal scheme over SpfOk with a geometric point
z. Let ¢ : G — O be a morphism of pro-groups. For any ¢ € Hom(n® (X, x), G), there is
a D-structure D(c) on ¢.(c)™, such that for any a € Z,, the rigid line bundle L(D(c)®*) is

isomorphic to ¢2(c)™9.

Proof. Recall we have a sheaf D on X defined in definition [3.51. This is the limit of the
projective system of sheaves D,, defined in definition [3.48] The morphism ¢ induces a mor-
phism of projective systems of étale sheaves on X via pullback from SpecOg. This induces
a homomorphism H'(¢) : H(Xg, G) — H' (X, D). We may pre-compose with the natu-
ral isomorphism H'(Xg, G) = Hom(7%(X, x), G), and post-compose with the isomorphism

HY (X4, D) = H (X z,,, D) from theorem to get

[¢] : Hom (¢ (X, z), G) — H (X z4,, D). (27)
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Let ¢ : D — 0% be the inclusion map on sheaves of abelian groups. This induces i, :

Hl(XZaraD) — HI(XZara ﬁ;é): and (b* = Z* © [(b]

Any section of D over X corresponds to a map X — G,, whose rigid generic fibre is a
holomorphic invertible function on X" with image in D C A!. Similarly, a Cech 1-cocyle
on X with values in D gives rise to a 1-cocycle on X' with values in D. Furthermore, the
cohomology class of the latter depends only on the cohomology class of the former. In other

words, we have a natural generic fibre homomorphism b such that

H (X z4r, D) —2— HY(X}% D)

Zar»

|+ - (28)

Hl(XZaru ﬁ;;) E— Hl(ngw ﬁ;rig)

is commutative, where the bottom horizontal arrow is the generic fibre homomorphism for

the cohomology of G,,. The map ¢ is the inclusion as defined in definition We define
D(c) := b([¢](c) € H'(X45,, D).

For all a € Z,, there is an a-power homomorphism of pro-sheaves on X, (—)*: D — D,
given by pullback from the a-power map on the constant pro-sheaf OIX(’I. This induces a

homomorphism a, : H*(Xz4,, D) — H'(Xz4,, D) compatible with our other definition of a,

in definition [3.45] and our generic fibre map b in the sense that

Hl(XZtl'm D) *b> Hl(Xgiw D)

Ja* l (29)

HY(X 4, D) —2— HY(X32 D)

Zar»

1s commutative.
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Notice that ¢%(c) is precisely i.(a([¢](c))) by definition [3.53] Using this observation
along with the commutativity of eq. and eq. (29), we see ¢?(c)"® = 1.(a.(b([¢](c)))) =
ti(a,D(c)) = 1.(D(c)®*), which shows the corresponding rigid geometric line bundles are

isomorphic. O

Remark 3.56. In the setting/notation of [Hat21b|, we have ¢ = Hm 7y, ¢ O - O

a,ord
un °

the projection, and ¢2(c) corresponds to the sheaf w

Definition 3.57. We call the object D(c) constructed in proposition Hattori’s D-

structure.

We now apply proposition to the case when X = X is the formal ordinary locus

to prove that our definition of p-adic modular forms is compatible with Hattori’s.

Proof of theorem[3.531. Note that for Hattori’s p-adic modular forms to be defined we work
over a modular curve with sufficiently large level structure. There is a natural map from
this curve to P! and we can use this to pull back our construction. By construction and
lemma [3.47] we see that M? (definition is the sheaf associated to the (—a)-twist of the
trivial D-bundle over the ordinary locus. Working over the formal ordinary locus, which is the
formal completion of an affine scheme, we see from theorem that H'(X2'?, D) is trivial,
so by the proof of proposition [3.55| Hattori’s D-structure is trivial. As both constructions

give trivial D-bundles we see they must give equivariantly isomorphic sheaves.
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3.3.1 Arbitrary weights and étale covers

So far we have been focusing only on Z, weights rather than all of S. We now discuss how
to deal with this using a cohomological approach, and show the corresponding line bundles
also extend to an overconvergent domain using facts about finite étale covers of rigid spaces.

As usual we let K be a complete discretely valued field, Ok its valuation ring, and k the
residue field. For the rest of this subsection we assume k is finite, so Q% = kX x O3

Let X be a connected formal scheme over SpfOf with geometric point x € X. Every
homomorphism ¢ : G — Oj of pro-groups decomposes into a direct product of homo-
morphisms ? X E), where ? : G — kX and ? : G — Of. If we consider the map
¢, : Hom(7é(X, ), G) = HY(X zar, O%) from definition [3.53] we see for all ¢ in the source,
o.(c) = <a*(c) + 3*(0) As the group operation in H'(Xz,,, 0%) corresponds to taking the
tensor product of principal G,,-bundles (deﬁnition, we see @, (c)"8 = ?* (c)rig®$* (c)"e.
We have given a characterization of El(c)rig in proposition . We now examine ?*(c)“g.

First, ?*(c)’rig depends only on ‘¢ € Hom (7% (X, z), k*), where ¢ is the composition of
¢ with ¢ and then the projection O — k*. This corresponds to a finite étale cover Y — X
with Galois group k*, which we also call ‘¢. The rigid generic fibre ‘¢¥& : Xris — yrio

is also finite étale with Galois group £*. This corresponds to a cohomology class [?rig] €

HY(X k*), where k* is thought of as the constant étale sheaf. If we let j : kX — O be the

et
natural inclusion of étale sheaves, we get an induced map 7, : H'(X58, k) — HY(XLE, 0%).

Using the natural isomorphism H' (X318 6%) = HY(X5E | 05%), we can think of j,([¢"¢]) as

Zar»
a geometric line bundle over X*¢. By naturality of everything involved, this line bundle is
— .
isomorphic to the line bundle corresponding to ¢ .(c)"®.

Aon .
We conclude that to give an extension of (the line bundle associated to) ¢ .(c)"¢ from
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X"8 to a larger domain, it is enough to give an extension of the finite étale cover ‘e e,

Before we move on let us fix some notation for the rest of this subsection. Let X be a
smooth projective curve over Ok, and X the formal completion of X along its special fibre
X1 = X Xp, Speck. Let U; C X; be some non-empty affine open subcurve in the special
fibre. By lemma JU C X an open affine subscheme whose intersection with the special
fibre is U;. Let 4 be the formal completion of U along U;. Note this depends only on U,

and not the choice of U.

Definition 3.58. The closed embedding U; — i induces an equivalence between the étale
topologies. This implies every finite étale cover p; : Y7 — U; has a lift to a finite étale cover
p ) — 4, whose special fibre is isomorphic to p;, and this lift is unique up to unique
isomorphism. We call p the canonical lift of p;. An overconvergent extension of p is
a triple (U,Y,p) where U C X' is a connected affinoid admissible subdomain such that
Uris € U, and p: Y — U if a finite étale cover whose restriction to 4 is isomorphic to the

rigid generic fibre of p.

Theorem 3.59. Every finite étale cover p; : Y1 — Uy has an overconvergent extension of
its canonical lift. Furthermore, this is unique in the sense that if (U,Y,p) and (U, f/,ﬁ) are
overconvergent extensions, then 3V C U N U a connected affinoid open subdomain such that

U9 €V, and the restrictions of p and p to V are isomorphic.

This is well-known to the experts. Let us sketch a proof. By standard arguments, e.g.,
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as in |[Ked08, §7], we can reduce to the affine local case. Define the rings

E = {cht G € K,Sl;.p|ci| < oo’zllrjloo|c7’| = O} ’

i€z
= {%citi cq €K, sup lci| < 00,3 € (0,1) S.t.iLiErloo lcil ' = O} :
One can show that T is Henselian local with residue field k((¢)), which is the same residue
field as £. We can (roughly) identify these as the rings of functions on U™ and U respectively
(notation as in definition [3.58). A finite étale cover thus corresponds to an unramified
extension. The existence and uniqueness then follow from the equivalence of categories

between unramified extensions of £ and EF.
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4 Properties and applications of the construction

We first prove a partial analogue of the g-expansion principle. Let .Z be an invertible sheaf
of degree d on P}, and .# the ideal sheaf of the closed point co € PL. Let I(d) be the closed

subscheme cut out by #%, and iq: I(d + 1) < P} the inclusion map.

Lemma 4.1. The map i : H°(PL,.¥) — H°(I(d + 1),i3.%) induced by pullback is an

isomorphism.

Proof. We know dim H°(PL., #) = d+1 by Riemann-Roch. As I(d+1) is the spectrum of an
Artinian K-algebra of dimension d+1 and 5. is invertible we have dim H°(I(d+1),5.%) =

d + 1 as well. Thus, it suffices to show ¢} is injective. Consider the SES
0—>Z(-d—-1) =2 = L) — 0.
Taking the LES in cohomology gives
HO(PL, 2 (—d — 1)) — H(PL,.2) % HOUI(d+ 1),i%%) — ---

and we have that deg.Z(—d — 1) = —1 < 0, so i} is injective. O

Lemma 4.2. Let L/K be a field extension and f € H°(P},.Z). If the image of f under i}
lies in the image of the base change map H(I(d+1),i3.2) — H°(I(d+ 1)1, 15 .ZL), then f

comes from a section of £ over Pi.
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Proof. This follows immediately from lemma applied to the commutative diagram

HO(P},.£) — HO(I(d+ 1), %)

T T

Sk

HOP, &) — s HI(d + 1),i5.%)

where the vertical maps come from base change. O

Proposition 4.3. Let [ be a cuspidal Drinfeld modular form of weight k and level 1 over L

whose t-expansion has coefficients in K. Then f is defined over K.

Proof. Let f be such a modular form. Then f is a section of (a tensor power of) an invertible
sheaf w on P! and the t-expansion of f is given by the pullback to the completion of the
local ring at co. By assumption, this lies in the completed local ring for Pk, so we conclude

f is defined over P} by lemma O]

In order to work integrally we must refine proposition Suppose .Z is an invertible

sheaf on IP%K with constant fibre degree d, where Ok is the discrete valuation ring of K.
Lemma 4.4. The Og-module H (P, £) is free of rank d + 1.

Proof. Consider the structure map 7 : IF’%OK — SpecOk. By Grauert’s theorem [Vakl17,
§28.1.5], if we knew that hO(]P}C(S),,,%]P}C(S)) = d+1 for all s € SpecOg, this would imply that
R7,.% is locally free of rank d + 1 over SpecOp, hence free of rank d + 1 as O is a PID.
By assumption .Z |Pi<s> has degree d. By Riemann-Roch, as the genus of IP’}C(S) is zero, we find

hO(Pllc(s)vgmi(s)) =d+ 1 0

Let .# now be the ideal sheaf cutting out the closed point oo € Pf, , I(d) the closed

subscheme cut out by .#¢, and iy : I[(d+ 1) — Pp,. the inclusion map.
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Lemma 4.5. The Og-module H*(I(d + 1),i5.%) is free of rank d + 1.

Proof. As i, is a closed embedding, the structure map (d+1) — SpecOf is projective, so we
can apply Grauert’s theorem again. We apply lemmato see that HO(1(d41)xs), i§$|]p]1€< ))

is free of dimension d + 1 for any s € SpecOk. n
Lemma 4.6. The pullback map i} : H (P, , L) — H(I(d 4 1),i5.%) is an isomorphism.

Proof. Let m € SpecOg be the unique closed point. We have a commutative diagram

HO(Py,., L) @0y k(m) H(Pymys L et )

| |

HY(I(d +1),i52) @0, k(m) —— H(I(d + 1)rm), 15-ZL | 1(a 1))

where the horizontal arrows are both isomorphisms by Grauert’s theorem. The right vertical
arrow is an isomorphism by lemma Thus the left vertical map is an isomorphism. We
know from lemma and lemma that this is a map of free Og-modules of rank d + 1
that has been tensored with k(m). In fact, this is precisely i) ® idymw). But then we may
view i} as a (d + 1) x (d + 1) matrix with entries in O which is invertible mod m, so must

have been invertible to begin with. O]

Proposition 4.7. Let f be a cuspidal Drinfeld modular form of weight k € Z and level 1
defined over K (respectively, K,) whose t-expansion has coefficients in A (respectively, in

Ay). Then f is defined over A (respectively, A, ).

Proof. For any nonzero prime p << A we have an embedding K — K,. If xt € A C K then
the image of x under this embedding lies in the valuation ring A,. Furthermore, if x € K

and the image of = is in A, for all such embeddings, then x € A. We see that a Drinfeld
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modular form is defined over A <= it is defined over A, for all primes. Thus, it suffices to
show the latter claim. By assumption f is a section of a line bundle of positive degree over
IP’}(p whose pullback to a formal neighbourhood of oo has coefficients in A,. Using lemma ,

the same argument as in lemma [£.2] shows that f is defined over A,. O

Remark 4.8. Proposition 4.7 shows, for example, that if f = 3 .c4, co(f)Gn(ts) is a cusp
form with A-expansion and ¢,(f) € A for all a € A, then by corollary some A-multiple
of f is defined over A.

Now that we have some basic facts about convergent and overconvergent forms we would
like to exhibit the p-adic family of Goss as overconvergent. We were unfortunately unable
to complete this goal, but believe our approach to the proof should go through with a bit

more work. We present it as a conjecture and then give some of our argument.

Conjecture 4.9. Let fs,n be as in definition with n > 1 and s € S(n) NZ, as in

theorem . Then fs,n is an overconvergent cuspidal eigenform of weight s 4 n.
Our approach begins with a rigid Vitali-Montel-style theorem.

Definition 4.10. Let U be an affinoid subspace of Py.. Let f, f1, f2, ... be holomorphic func-
tions on U. We say the sequence (f,)n>1 converges uniformly to f on U if || f, — f||, = 0

as n — oo, where ||-||,; is the supremum norm on U.

Theorem 4.11. Let Dy, Dy, D3 C IP”C be connected rational subdomains such that D; is
strictly contained in Dy is strictly contained in Ds. Let (f,) be a sequence of holomorphic
functions on D3 such that

(a) (fn) converges uniformly to a holomorphic function f on Dy,
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(b) sup || fullp, < o0, i.e., the sequence is bounded on Ds.
n>1

Then the sequence (f,) converges uniformly to a unique holomorphic function on Dy extend-

ing f.

Proof. We may assume D; contains co. Write the complements of our connected rational

subdomains as 0D; = {D(z;,7:;)} for j = 1,2,3, z; € C, and r;; € R5p. By

i=1,....m>°

assumption of strict containment, r;; > 7,9 > ;3 > 0 for all 7. Write
m (o ¢]

=Y > al(z—z)"

=0 k=0

and

gr”qg

o0
>z =)

Since (f,) is bounded on Dyj, there is some R > 0 such that for all i, k,n we have ’ag}c

—k
rig <

R. Since f,, converges uniformly to f on Dy, we see

n)

S (a; (") —aip)(z —2z) 7" ri”lk—>0

=1 k=0

[fn = fllp, =

— Qi

Dy
as n — oQ.

We claim that f is also bounded by R on D3. Suppose || f||p, = sup, x [ai | ri4 > R. Then
(n)

10,ko

Fig, ko such that |a;, k| TZO 5 > R, 80 |aj, k| > er 5. This shows Vn > 1, |a

<@g ko |5 @8

1)



(n)

i0,ko

< Rrfo. . Thus,

%0,3"

(n)

a’io,ko - aiOka

T ko
—ko __ —ko i073
Tigl = | g ko | Tl > R .
Tig,1

This implies || f, — f||p, is bounded below, which is a contradiction. We conclude || f||,, < R.

Next, we claim f extends to a function on D,. It suffices to check |a;|r;: r 0. We

know

k k
’r". .
|a; k| 7“1_2’”C = |a; x| rl_f (TZ"3> <R <m> —0

as 7’1'73/?”1'72 < 1.

Finally, we must show f,, converges uniformly to f on Dy. Consider

—k

) T2 -

Qi — ik

1fn = fllp, = sup
Let € > 0. We know Jky > 0 such that (r;3/r;2)"R < € for all k > ko and all 4. This implies

(n)

a;” — a; a™
ik i,k k

i

—k
Ti9 < max (

k
,|ai,k|) r;zk <R (:13> <€

1,2

for all ¢+ and all £ > ky;. We only have finitely many terms left to bound, corresponding to

the pairs (i, k) where k < ko. As f, converges uniformly to f on D;, Ing > 0 such that

7o\ 0

_ 2

T’Z’lk < 6 - .
Ti1
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This implies, for n > ny,

ko
- i1 _
max aﬁ) — Gk rigk < | == max ay,? — G r“k
1<i<m,k<ko | “ s T 9 1<i<m,k<ko | “ L
ko ko ko
Ti1 (n) —k T 74,2
<|—] supla;; —air|r;; <|— —= | €=¢.
Ti2 ik ’ Ti2 Tia
Putting this together we see || f, — ||, < € for all n > n. O

By [Gos14, Thm. 2], we have a sequence of modular forms (f;) converging to fs,n. Specif-
ically, fi = fk, » as in theorem , with (k;) a sequence of integers converging to s+mn in S.
This shows that fsn has the correct weight. These f, ,, are all eigenforms with eigensystem
{d=p"}

By theorem it suffices to show the sequence (fi, »)i>0 is bounded on some connected
rational subdomain strictly containing the ordinary locus. By corollary 2.10, 3o € A such
that afy,, € A[t] for all i, so by submultiplicativity of the Banach norm we may assume
our sequence lies in A[t]. By taking all our forms to the power ¢¢ — 1, we may assume they
all have type 0 and weight in Z, C S. Since A is dense in its completion A,, we can check
boundedness on A,, or, what is the same, on K,. Taking a finite extension of K, is also fine,
so we consider a finite extension such that the residue field contains all the (finitely many)
supersingular j-invariants. This implies the complement of the ordinary locus is the disjoint
union of open unit disks.

In this setting, we believe that 4V C X" = X an open connected rational subdomain
such that X°"¢ € V and if f is any classical (level 1) Drinfeld modular form with coefficients
in A, then f|y is bounded above by 1. This would imply our sequence is bounded and finish

the proof. Using our construction, specifically proposition [3.23] we can consider such a form
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f as an element of My(w,V,T(s)) for some tube depending on s. We would like to argue
that this must come from a “formal tube,” and hence be bounded, but as of this writing
have not been able to complete the argument.

Now that we have identified our space of p-adic Drinfeld modular forms with that of
Hattori, and these are identified with p-adic forms in the sense of Serre (definition [2.18)), we
can define Hecke operators in the naive way on power series, extending the usual definition.
We do the same for the subspace of overconvergent p-adic Drinfeld modular forms.

Much of Petrov’s results on Drinfeld modular forms with A-expansion extend to the p-
adic setting. To start with, we show that A-expansions of p-adic modular forms are unique.

The main idea is from [L6pl1, §3]. For lack of reference we prove the following lemma.

Lemma 4.12. Let k be a countable field and K, L algebraically closed extensions of the same
uncountable cardinality. Then there is an isomorphism of fields K — L that restricts to

the identity on k.

Proof. The idea is to use the back-and-forth method. Let w be the unique countably infinite
cardinal. For any set X we write | X| for the cardinality of X i.e., the unique minimal ordinal
bijective to X. Addition and multiplication is always applied to cardinals and defined in the
regular way, i.e., the sum is the cardinality of the union and the product is the cardinality
of the cross product. With this in mind, recall that if x,x’ are infinite cardinals, then
k+ k' < max(k, ') and k- £ < max(k, k).

Let k be the cardinal of K and L, and fix some bijections fx : Kk — K and fr : kK — L.
We will use transfinite induction to show there is a collection of subfields of K, {K,}

[ A

and embeddings (injective morphisms of fields) {i, : K, <— L} indexed by the cardinal

aER?

k, such that
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1. Ky = k and ig is the identity map on k;
2. if @ € Kk and a = suce(P) then fr(a) € Kp and fr(«) € ig(Kp);
3. Ya € k, | K| < |a] + w;

4. for all o, B € k, if a < f§ then K, C Kz and ig|k, = iq.

This is enough to prove the claim. Indeed, if x € K, then = fx(a) for some a € k, so by
(2) x € K,. This implies K = U,ex K, By (4), the embeddings i, are compatible, so the
union defines an embedding i = U,eyia : K < L, which is the identity on k by (1). Finally,
by (2) again we see that ¢ is surjective, and thus an isomorphism of fields.

As mentioned, our construction is by transfinite induction. We start by setting Ko = k
and taking ip to be the identity on k. This definition immediately shows that (1) holds, and
(3) is true for o = 0 since |k| = w by assumption.

Suppose o € k is a limit ordinal. We set K, = UgcoKp and i, = Ugeqig. By our
induction hypothesis ((4) in particular), the map 4, is a well-defined embedding of fields
fixing k. By construction we have (4). As « is a limit ordinal it is not the successor of any

ordinal so (2) is trivially verified. To see (3), we note that
|K,| =sup |Kg| <sup || +w = |a| + w.
B<a B<a

To finish the construction, it remains to consider the case when o € k is a successor
ordinal, i.e. when o = succ(f) for some € k. We start by extending ig to Kz(fr(5)). We

do this in two cases. First, we assume fx (/) is transcendental over K. Then, since

i5(K5)| = [Ks| = 1K) < 18]+ w < s,
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(recall that if F' is an infinite field then ‘F ‘ = |F|) we can find an element y € L that
is transcendental over ig(Kjz). By standard field theory, we get an isomorphism of fields
i+ Kg(fx(B)) — ig(K;s)(y). Indeed, consider the map Kp[fx(3)] — L defined by iz on
K3 and taking fx(0) toy. As fx(5) is transcendental this extends to a field homomorphism
from Kj3(fx(B)), and has image i3(K3)(y).

If fx(5) is not transcendental, then it is algebraic over Kg. In this case let p(t) € Kp[t]
be its minimal polynomial. As ig is injective it is an isomorphism onto its image, and
this extends to an isomorphism Kg[t] — ig(K3)[t]. Under this isomorphism, the image
of p(t) is again an irreducible polynomial, which we will call ¢(t) to distinguish it from
p(t). As L is algebraically closed, ¢(t) has a root y € L. Then y is algebraic over ig(Kp),

with minimal polynomial ¢(¢). By the same argument as above we get an isomorphism

i+ Ka(fi(8)) = i5(Kp)(y) such that 3|, = is and &5(fx(8)) = v.

At this point we've shown, regardless of fx(3), that we can choose an element y € L
and an isomorphism i : K(fx(5)) — is(K3)(y) extending iz and taking fx(5) — y. Let
Lg = ig(Kp)(y) and Ag = (i%)~" : Ly — K. Since Lg is a simple extension of iz(Kjz) (i.e.

it’s generated by a single element), we have (using (3))

Ll < lig(Kp)|-w = [Kp|-w < (8] + w) - w <[] +w < |af + w.

Now, using the exact same argument as above, we can extend Ag to amap A : Lg(f1(8)) —
K. We set K, = N3(Lg(fr(83))), and let i, be the inverse map K, — Lg(fr(3)) € L. We
must show this satisfies our conditions. Conditions (2) and (4) are easily seen to follow from

our definition of K, and i,. To see (3), note that K, is bijective to a simple extension of
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Lg, so

[Kpl < |Lgl-w < (laf +w) -w < o] +w.
[l

Theorem 4.13. Let f be a p-adic modular form with A-expansion fuo(t) = cot+Xaca, CaGn(ta).
If f =0 then ¢, =0 for alla € AL U{0}.

Proof. Note that the coefficients of a p-adic modular form with A-expansion lie in the alge-
braically closed field C,. By lemma 4.12] we have an isomorphism C, — C. which is the
identity on K = F (7). We know that Goss polynomials have coefficients in K, and thus

the proof that {G,(t,)} is linearly independent over C.,, given in the special case of

acA4
exponent n = ¢ — 1 in [L6pll, Thm. 3.1], but which is easily seen to generalize to any n,
implies the same over C,. Once we have this, the rest of Lopez’s proof works in the same

way. O

Using our machinery we may extend results of Petrov about the space of cuspidal modulo

double cuspidal forms to the p-adic setting.

Theorem 4.14. Let s € Z,, C S(1) and consider the Goss-Petrov form fs,l defined in defini-
tion[2.19. Then this is a simultaneous eigenform for our Hecke operators with eigensystem

{a},ca. .- Furthermore, there is a direct sum decomposition
P+

Ss = S§@<f8,l>'

Proof. As a cusp form in S; is determined by its t-expansion and S? is the kernel of a linear

functional (namely, taking the coefficient of t), it’s codimension is at most 1. However, we
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know f571 is in S,\S? by looking at the t-expansion, so the codimension is 1. The claim
about the eigensystem follows from the fact that fsJ is given as the limit of cusp forms

frn1 as in theorem [2.12) which are all eigenforms with this eigensystem as mentioned in

remark 2.13] O
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