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Abstract

Modelling, simulation and experimentation are each important to understand the world that we
live in. The world itself is a complex system, although the physical and socio-economic systems
within are usually studied separately with a particular objective in mind. Owing to economic,
practical and ethical considerations, experimentation and direct measurement are not always
possible for these systems. Instead, a mathematical model can be used to retrieve the unknown
quantities of interest from indirect measurement data, and to study how the system will behave
in a number of different scenarios. Both tasks require solving the so-called parameter estimation

problem.

There are a number of uncertainties encountered in the modelling process, including those
introduced by the mathematical model and its numerical simulation, and those present in the
measurement data. A statistical approach to parameter estimation allows these uncertainties to
be formally accounted for. There are a number advantages for using the Bayesian framework,
although there are usually non-trivial statistical and computational challenges that must first

be overcome.

In this thesis, some new Bayesian approaches are developed to provide improved modelling
capabilities for physical and socio-economic systems. The systems studied in this thesis involve
spatially-distributed data, which includes the estimation of a spatially varying parameter via a
complex function, parameter estimation for high-dimensional Gaussian models and uncertainty
quantification for urban simulations. Monte Carlo methods are used throughout to obtain
accurate summaries of the complex probability distributions involved. The new approaches
are demonstrated with empirical simulation studies. Whilst the new approaches are shown
to provide improvements on the existing ones, Bayesian inference remains a challenging and
computationally intensive task. Further work is suggested to accelerate Bayesian inference, so

that inferences can be made on more practical time scales.
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Chapter 1

Introduction

This thesis is concerned with the modelling of physical and socio-economic systems, for which
there is a need to calibrate a mathematical model to measurement data for the purposes of
simulation or prediction. There are many reasons for adopting the Bayesian framework, although
there are significant statistical and computational challenges that must be overcome. Due to an
improved ability to collect data and an increase in computer processing power, the development
and application of new Bayesian approaches for physical and socio-economic systems is required

and is the subject of this thesis.

1.1 Modelling physical and socio-economic systems

Modelling, simulation and experimentation are each important to understand the world we
live in. Together they form the pillars of predictive science, and a common objective is to
predict the system behaviour under a set of conditions so that informed decisions can be
made. There is a long history in mathematical and statistical modelling together with numerical
simulation, however, uncertainty quantification has only recently been recognised as an important

topic [CS07, Smil3, Sull5].

The development of mathematical models of physical and socio-economic systems has been
motivated by the need for informed decision making. Whilst experimentation and direct
measurement are possible in the laboratory sciences, model building and simulation can be the
best alternative in light of the economic, practical and ethical considerations for large-scale

systems. For example, mathematical models have been used for simulation or prediction in

21



22 Chapter 1. Introduction

atmospheric science, geology, hydrology, urban geography and criminology [AKLRO07, CJO08,
SDP*08, Smil3, DW15, MHCC18|.

A mathematical model may represent phenomena of interest x(s) by a system of (coupled)

equations:

A(z(s);0(s)) =0, se X. (1.1)

Here, A denotes the operator acting on the domain X C R? that is specified together with
any boundary and/or initial conditions, and # is a model parameter that may vary over X.
For example, in Chapter 3, A is a differential operator that models the relationship between
the permeability field of an aquifer and the pressure head for a steady-state flow, as given by
the mass conservation equation combined with Darcy’s law. In this case, there is a spatially
varying parameter that represents the unknown permeability field. Another example is that, in
Chapter 5, A is the differential operator of a dynamical system that describes the evolution of
the sizes for a number competing retail centres, as given by the Harris and Wilson model. In

this case, there are unknown parameters in the differential equation model.

Despite the availability of mathematical models, physical and socio-economic systems are
generally difficult to predict. This is because they involve complex processes that act over a
range of scales, and their behaviour is typically non-linear when represented mathematically. It
is recognised that models provide the necessary simplifications of reality, which is usually done
to permit their numerical simulation. A fairly recent paradigm is to study the joint effect of a
large number of components, as opposed to the less tractable reductionist approach, in which
systems are explained from their constituent parts. It has also become increasingly common
for models to incorporate an element of probability to account for model misspecification, for
example, this could be due to a lack of knowledge about the parameters values and/or flaws in
the model itself. Whilst certain systems are thought to be inherently stochastic — for example, in
quantum mechanics — this is not materially the case for the systems studied here. For example,
most would agree that a Bernoulli random variable appropriately models the outcome of a
well-conducted coin flip. This is even though the underlying equations of motion are thought to
be deterministic and do not even appear in the probability model. In this case, the dynamics

are chaotic and randomness provides a model for an unpredictable outcome.

Geophysical and socio-economic systems involve spatial dependency and are characterised
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by similar length-scales. These systems are typically observed indirectly by geographically
referenced data. According to Tobler’s first law of geography "everything is related to everything
else, but near things are more related than distant things" [Tob70]. If this were not the case,
spatial analysis would not be possible, nor interesting, as the full range of conditions would be
present in any arbitrarily sized region. Although there is no unified approach to modelling spatial
phenomena, it is common to distinguish between discrete and continuous models of spatial
variation [GDGF10]. Discrete models of spatial variation characterise the system by a finite
number of regions, for example, by dividing the spatial domain into a number of sub-domains
that are characterised by their centroid locations. In urban geography, gravity models have
been used to estimate the flow of quantities between a discrete number of locations [Wil67].
Another example is discrete random field models, which have been used to represent spatially
varying phenomena such as permeability fields in geology [FLO07|. Continuous models of spatial
variation, on the other hand, do not assume a discretisation of the spatial domain. Continuous
models of spatial variation can be constructed from a series of basis functions over the spatial
domain, for example, radial basis functions, Fourier basis functions and wavelets to obtain a

sparse representation [FLO7, DS17].

1.2 Probability notation

It is first necessary to briefly define the notion of a real-valued finite-dimensional random
variable and its probability distribution. For an implicitly defined probability space (Q, F, P)!,
the probability distribution of a X-valued random variable X : Q — X is the assignment of
probabilities

Px(E)=P(X € E)=P(X(w) € E:weQ), (1.2)

for each event F C X. Moreover, Px is a probability measure and when it admits a Lebesgue

density my € L'(X), the assignment of probabilities can be expressed via the Lebesgue integral®

PX(E):/ETI'X(ZL‘)d:L‘, (1.3)

LF is a o-algebra over ) and P is a probability measure from F to [0, 1]. This means that 0 < P(E) < P(Q) =1
for all E € F, and P(U,E;) = >, P(E;) for any countable disjoint sets {E;} with each belonging to F.
2LY(R?) is defined as the space of the space of Lebesgue integrable functions on R
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The probability density function 7wy must be positive and integrate to one over X. The

expectation of f(X) is defined by its centre of mass:

BIFC0) = [ fo)mx(a)de, (1.4
X
provided that the integral is finite.

For simplicity, unless stated otherwise, both the probability distribution and probability density
function of a random variable z are referred to by m(x). The joint distribution of two random
variables x and y is written as 7(z,y), and the conditional distribution of x given y, denoted

xly, is written as w(x|y).

1.3 The Bayesian framework

The Bayesian framework is used throughout this thesis, and the arguments are similar to those
presented in [Lin00]. The underpinning ideas of inverse probability can be traced back to the
work of Thomas Bayes and Pierre-Simon Laplace in the 18th century, although it was not until
the second half of the 20th century that Bayesian methods gained popularity [Lin72, Fie06]. The
applicability of Bayesian methods was limited during this time due to the required computation.
Since then, Bayesian methods have gained popularity with the advent of simulation tools, most
notably Markov chain Monte Carlo [GEPR15]. Due to an improved ability to collect data and an
increase in computer processing power, new Bayesian methods are required by modern-day science
and engineering to study a range of challenging parameter estimation problems [KS06, DS17].
The Bayesian framework provides a principled way of calibrating complex mathematical and
statistical models to real-world datasets. With the Bayesian framework, the practitioner’s

uncertainty can be fully quantified whilst making inferences or model predictions.

In the Bayesian framework, all unknown quantities are modelled as random variables, and the
uncertainty in the unknown quantities is represented by the assignment of probabilities to their
possible values. The probability distributions are conditioned on any available information and
any assumptions that have been made. There is inherently a degree of subjectivity involved, as
uncertainty is perceived differently from person to person. From a philosophical perspective,

the subjective nature associated with using probability distributions to represent model or
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parameter uncertainty is aligned with the Bayesian way of thinking.

There are also practical advantages for using a Bayesian approach to parameter estimation. For
example, the Bayesian approach addresses issues over existence, uniqueness and data-sensitivity
that one might encounter when attempting to obtain a point estimate of an unknown quantity.
Another issue is that point estimates do not always adequately represent probability distributions,
for example, a single draw from a high-dimensional Gaussian rarely resembles its mean. With
the Bayesian approach, the most probable values of any unknown quantities can be summarised

by Bayesian credible intervals, which have a simple interpretation.

The key components of the Bayesian framework are the specification of the likelihood function
and the prior distribution; their product is proportional to the posterior distribution. When the
likelihood function is a probability density function, the normalising constant is the marginal
likelihood, which is important for model comparison. Each term is described in the proceeding

subsections.

1.3.1 The posterior distribution

Let x € RY denote the unknown model parameters and let y € R denote the observed or
measured data. The prior distribution is denoted by 7(x), which describes the belief about z
before y is observed, and the likelihood is given by the conditional distribution 7 (y|z), which
describes how likely y is to have arisen for a given parameter regime z. The solution to the
parameter estimation problem is given by the posterior distribution, which is the conditional
distribution 7(x|y) obtained from Bayes’ rule:

7T(@/ISC)W(fL")a. (1.5)

(ely) = T

In other words, the posterior is proportional to the prior multiplied by the likelihood and the

normalising constant given by the marginal likelihood

mw:/%mwmww. (16)

The estimation of normalising constants such as (1.6) is a notoriously challenging problem,
because it involves a weighted sum over the entire state space. The problem is challenging

because the weights tend to take very high values in a very small subset of the state space.
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Nonetheless, the estimation of normalising constants is important for model comparison, and

their estimation plays a significant role throughout this thesis.

The dominant task of Bayesian inference is the estimation of integrals of the form

E[p(x)]y] = / o) (zly)dr, (L.7)

where ¢ is an integrable function with respect to w(x|y). Equation (1.7) can be used to represent
the posterior mean, posterior variance and smoothed density estimates of the posterior marginals.
It is also possible to predict an outcome g given the observations y via the posterior predictive

distribution:
w(3ly) = [ w(aly. 2)n(aly)d (18)

In this way, any parameter uncertainty is fully accounted for when making predictions.

1.3.2 The likelihood function

The specification of the likelihood is often a straight-forward task. The interpretation of
data requires a model of the underlying process. The likelihood function then describes any
discrepancy between the model and the data, which is modelled as a random variable to represent
any uncertainty. The two most common sources for any discrepancy are measurement noise and
model error [KOO1]. The measurement noise describes the dependency between the truth and
the measured value, and the model error captures the dependency between the model prediction

and the truth, and includes any shortcomings of the model and its numerical approximation.

It is very common to use an additive noise model [KS06]. Let y € RM be the observed quantity,
r € RN be the unknown parameter of interest and f : RY — RM be a function that is a model

of the underlying process. The additive noise model is

y=f(z)+e, (1.9)

where e ~ ppoise 1S @ random variable modelling the discrepancy between the model and the

data. By conditioning on x, a change of variables yields the likelihood function

7T<y|l‘) - pnoise(y - f(flf)) (].].0)
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The noise distribution ppese is typically chosen so that it can be evaluated pointwise. It is

common to use a Gaussian likelihood function.

1.3.3 The prior distribution

The prior modelling expresses what is known about the unknown variable of interest, prior to
collecting any measurement data. It is therefore a subjective part of the modelling process.
The prior specification is particularly important when the likelihood function is insensitive to

different parameter values, for example, when there is a limited number of observations.

One of the modelling issues encountered is that prior knowledge tends to be qualitative in
nature. For the aquifer example that was introduced after (1.1), the practitioner may believe
that the permeability field is relatively smooth but with an occasional discontinuity. For the
retail example, the practitioner may believe that there are a variety of retail centres, but with a
larger centre in a region that is easily accessible. It can be said that the prior biases inferences

towards the possibilities that conform with our expectations.

1.3.4 The marginal likelihood

Occam’s razor is the principle that states a preference towards simpler explanations, and is
known for its empirical success [Mac03a, MGO05|. The requirement for probability densities to
be normalised automatically leads to an Occam’s razor effect, as the unit of total probability
must be spread over all possible outcomes. An arbitrarily complex probability model can always
generate the data, however, the chance of this happening is low. Conversely, a simpler model that

explains the data is more plausible as less probability is assigned to the alternative explanations.

The Bayesian approach to model selection is as follows. A set of competing models { M, };cr is
considered, and each is assigned a prior probability p(M;). Bayes’ theorem conditioned on a

chosen model M, is then

\ _ Pyle, Mi)p(x|M;)
P =T

(1.11)
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and the marginal likelihood is given by

plyIM,) = / plyle, Mop(a|M,)dz. (1.12)

This is a weighted-sum over the data-likelihood p(y|x, M;), where the weights are given by
the model-likelihood p(x|M;). A simpler model that frequently provides a good fit will have a

higher marginal likelihood than a more complicated model that occasionally provides a good fit.

Lastly, another application of Bayes theorem gives

p(Mily) o p(y|M;)p(M,), (1.13)

which is used for the purposes of model averaging or model comparison. Any two models can

be compared using Bayes factors, which are given by the ratio of posterior odds:

BF. — p(Mily) _ p(y|M;) « p(M;)
Yo pWMGly) p(yIM;) T p(M;)

If BF;; > 1 then model 7 should be preferred to model j, and if BF;; < 1 then model j should

(1.14)

be preferred to model i. The estimation of Bayes factors require that the marginal likelihoods

can be estimated up to a multiplicative factor that does not depend on the choice of model.

1.4 Thesis contributions

The work in this thesis is concerned with the development of new approaches and methodologies
for parameter estimation problems. The justification for the Bayesian approach has been
provided. A review of simulation methods is provided in Chapter 2. The core of the thesis is
the three topics forming Chapters 3, 4 and 5. An overview of these chapters is provided in

the following subsections. Lastly, conclusions and suggestions for further work are given in

Chapter 6.
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1.4.1 Chapter 3: Bayesian estimation of a multiscale spatially varying
parameter

An important inverse problem is the identification of a multiscale spatially varying parameter
using indirect measurement data. A prototypical example is the estimation of a heterogeneous
permeability field, which is an ill-posed inverse problem. The Bayesian framework is suitable for
this problem because one can impose smoothness constraints on the permeability field via the
prior modelling, however, exploring the associated posterior distribution is a non-trivial task. In

Chapter 3, a new multiscale approach is proposed for multiscale statistical inversion.

The key contributions are as follows:

e A multi-resolution analysis is used to obtain a hierarchical, wavelet-based representation
of a spatially varying parameter. A new multiscale approach is proposed to efficiently

move between posterior densities defined on different scales using SMC.

e An adaptive approach to Bayesian model selection is proposed for multiscale statistical
inversion, which is addressed without presuming the number of scales in the multiscale
representation. Bayes’ factors are estimated and compared for model comparison using

the output from the SMC sampler.

e A computational study is performed for several realistic examples to demonstrate the
capabilities of the new approach. The new approach is demonstrated for permeability

estimation in groundwater flow using limited and noisy pressure data.

1.4.2 Chapter 4: Bayesian parameter estimation for high-dimensional
Gaussian models

Linear Gaussian models are one of the most fundamental tools for statistical modelling. An
unfortunate aspect of working with Gaussian models is that a single evaluation of a Gaussian
probability density function requires solving a linear system and the evaluation of a determinant.
For large Gaussian models whose covariance matrix has a sparse representation, it may be possible
to solve the linear system via iterative methods, but impossible to evaluate the determinant

term due to the matrix factorisations required. Whilst the determinant term can be estimated



30 Chapter 1. Introduction

using iterative methods, the estimates are biased and cannot be used directly in the Metropolis-
Hastings algorithm. In Chapter 4, a determinant-free approach to asymptotically exact Bayesian

inference is proposed instead.

The key contributions are as follows:

e A new Markov chain Monte Carlo (MCMC) method is proposed for asymptotically exact
Bayesian inference to infer the hyperparameters of large-scale Gaussian models. Unlike the
previously proposed schemes, the new scheme avoids the need to estimate the determinant

term altogether.

e An empirical study is performed for Gaussian process models and Gaussian random
Markov field models, using both synthetic and real data to compare the efficiency of the

new method with an existing MCMC scheme that requires Cholesky factorisations.

e [t is found that the proposed method can outperform the existing scheme, however, it is a

requirement that the covariance matrix of the latent process is well-conditioned.

1.4.3 Chapter 5: Uncertainty quantification in urban simulations

The task of understanding the inner workings of cities and regions is a major challenge for
contemporary science. The Harris and Wilson model is a system of coupled ordinary differential
equations that describes the evolution of urban structure as a smooth function that converges
to one of possibly multiple equilibrium states. A shortcoming of the Harris and Wilson model
is that it does not account for any fluctuations that may arise from less predictable events.
To address this shortcoming, Chapter 5 provides a stochastic reformulation of the Harris and
Wilson model and an associated Bayesian inference methodology for parameter estimation and

model calibration.
The key contributions are as follows:
e Chapter 5 provides the first stochastic reformulation of the Harris and Wilson model as a

system of ergodic SDEs. It is shown that the structural variables can be represented by a

single potential function.
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e For the new model, it is shown that the entropy of the attractiveness variables increases
in time. With a maximum entropy argument, the potential function can be interpreted in

terms of economic constraints on the stationary distribution.

e [t is shown that the parameters of the spatial interaction model can be estimated from
urban structure via the Bayesian inferential framework, however, one must approach a
doubly-intractable inference problem. Numerical examples for the London retail system

are provided.



Chapter 2

Preliminaries

In Chapter 1 it was noted that stochastic simulation methods have made Bayesian inference
possible for a large number of intractable problems. In most cases, it is necessary to construct a
Markov chain to explore the posterior as the generation of exact and independent samples is
a near impossible task. The construction of a suitable Markov chain is especially challenging
when the target distribution is high-dimensional, anisotropic or multimodal, or when the target
density contains terms that are unknown or computationally expensive to evaluate. This chapter
is a review of Markov chain Monte Carlo methods, and is necessary background material for the

following chapters that approach a number of challenging inference problems.

2.1 Exploring the posterior distribution

Following on from (1.7), the dominant task in Bayesian inference is the estimation of integrals

of the form*
E,[6(z)] = /X d(o)n(e)dr, ¢ L\), (2.1)

where the expectation is taken with respect to a probability distribution 7 defined on X C R
It may also be useful to simulate from 7, for example, to check the quality of posterior samples

or to reaffirm the suitability of the prior modelling.

In all but special cases, integrals such as (2.1) are intractable and must be estimated. In a

Bayesian setting, quadrature methods are unsuitable as they do not scale well with the dimension

LL1(7) is the space of functions that have finite expectation with respect to the probability distribution 7.

32
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number — at least for an assumed degree of smoothness in the integrand. 7(z) can be replaced by
an approximate distribution that is easier to work with, for example, a Laplace approximation is
the Gaussian obtained from a second-order Taylor expansion of the log-target density [Mac03a].
The key drawback with approximate methods is that it can be difficult to assess whether an
acceptable level of accuracy has been achieved. On the other hand, Monte Carlo estimators are
consistent and converge to the truth at a rate that does not depend on the dimension number.
For this reason, Monte Carlo methods are the method of choice. This section provides a review

of the Monte Carlo methods that are important to the subsequent chapters in the thesis.

2.1.1 Monte Carlo integration

Monte Carlo methods make use of (pseudo) random number generation, usually on a computer,
and can be used to estimate integrals of the form in (2.1) [Rob04, Liu08]. A simple Monte Carlo

estimator is

B[0(0)] % - 0 6(Xa), (29)

where each X, is an independent and identically distributed (iid) random variable that has been
drawn from the target distribution 7. The estimator is illustrated for a bivariate Gaussian in
Fig. 2.1. The estimator is unbiased and, as a result of the strong law of large numbers (SLLN),

the estimator is also consistent in that
lim =% 6(X,) = E-[o(2)]. (2.3)

Moreover, the rate of convergence can be assessed via the central limit theorem (CLT), which

states that as N — oo the following quantity converges in distribution to a Gaussian

V(7 22 00) ~ Bl ) 4 V0.0 (2.4)

where the asymptotic variance is given by o3, = Var, (gb(:v)) The CLT shows that the standard
deviation of the simple Monte Carlo estimator decreases at a rate proportional to N~%/2. Whilst
this rate may be described as slow, it does not depend on the dimension number and the
smoothness of the test function ¢. In practice, there may be multiple test functions that are
of interest. The Monte Carlo estimator outperforms quadrature methods when there are 2 or

more dimensions. The caveat is that (2.2) assumes the availability of iid exact samples, which
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is typically not the case.

It is possible to use the inverse transform method to sample from univariate distributions when
the inverse cumulative density function is known. It is also possible to use rejection sampling
techniques to sample from a target distribution m whenever it is possible to find a proposal
distribution ¢ such that sup,., m(x)/q(z) < co. Unfortunately, rejection sampling does not

scale well to the higher dimension numbers encountered in a Bayesian setting.

Figure 2.1: An illustration of the simple Monte Carlo estimator in (2.2) for a bivariate Gaussian
(purple). 1,000 samples have been drawn from the target distribution and plotted at their drawn
locations (black). The samples are equally weighted.

2.1.2 Importance sampling

Importance sampling avoids the need to sample from the target distribution and provides an
alternative estimator that can be more precise than the simple Monte Carlo estimator (2.2). The
idea is to rewrite the integral of interest in (2.1) as an expectation with respect to a proposal

distribution p(x) that can be readily sampled from:

_ /X o(2)(w)da = / b( %) (2)d = /X s@w(@)pz)ds.  (2.5)

Here, the importance weights are defined by

w(zr) = ——, (2.6)
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and it is assumed that p(z) > 0 whenever 7(x) > 0. As (2.5) has been rewritten as a expectation

with respect to p, it can be approached by the previous Monte Carlo estimator to obtain:

B [0(n)] % - 3 6(X)uw(X,), (2.7

where each X, is an iid random variable that has been drawn from the proposal distribution
p. The estimator in (2.7) is unbiased and consistent, as before, and the CLT in (2.4) gives an
asymptotic variance of ofy = Var,(w(z)¢(z)). As a result, importance sampling only works well

if the proposal density p is close to the target density 7.

Quite often, the target or proposal density is only known up to a normalising constant. Here

the following notation is used:

m(z) = Zy = /Xﬁ*(x)dx < 00, (2.8)

where it is assumed that the function m, is known but the constant Z, is unknown. This is
typically the case in Bayesian statistics, as the marginal likelihood in (1.5) is intractable. An
application of the importance sampling estimator for ¢(x) = Z,/Z, yields an unbiased and

consistent estimator of the ratio of normalising constants

Ze 1
7, w2 >
where
~ m()
wy(x) = @) (2.10)

The self-normalised importance sampling estimator is obtained by combining (2.7) and (2.9) to

obtain a biased but consistent estimator:

SN e () Y (X )w(X,)
Belol) > o R T S w(X) 21D

where the X,, are as before. The estimator is biased because it is the ratio of two correlated

estimators. A CLT similar to (2.4) holds in that

> m=1 W(Xin)

where the asymptotic variance is given by olyq = E,[w(z)?(é(z) — Eﬁ[qb(x)])Q], as shown

—WHM@D%NWJ&M7 (2.12)



36 Chapter 2. Preliminaries

in [Rob04, Liu0§|.

Two importance sampling estimators for the bivariate Gaussian are shown in Fig. 2.2. It is
shown that a poor choice of proposal can lead to just a few samples carrying most of weight.
The resulting estimator will have a high asymptotic variance. The task of identifying a suitable
proposal distribution can make importance sampling techniques unreliable in practice, which is

particularly the case for higher dimensions.

Figure 2.2: An illustration of the importance sampling Monte Carlo estimator in (2.11) for a bivariate
Gaussian (purple). 1,000 samples have been drawn from a spherical Gaussian located at (0,0)7 (left)
and (—2,—2)" (right) and plotted at their drawn locations (black). The marker sizes are proportional
to the respective importance weights.

2.1.3 Markov chain Monte Carlo

Markov chain Monte Carlo (MCMC) methods can be relied upon for a surprisingly broad class
of complex distributions by relaxing the requirement that samples are drawn independently.
The advent of MCMC methods, which has its origins in computational physics, has substantially
improved the applicability and popularity of Bayesian methods.

MCMC is based on the construction of a Markov chain that is usually discrete in time. A
discrete-time Markov chain is a stochastic process {X,, € X : n € I}, with I C N and X C R%,

that satisfies the Markov property
P(Xn € AX,1,... ,XO) = P(Xn S A|Xn_1), (2.13)

for each n € I and for all A C X. Each state is only conditionally dependent on the previous
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one, however, all states are typically correlated to an extent. The transition probabilities for a

time-homogeneous Markov chain can be expressed in terms of a transition kernel K (x,y) by

P(X, € AlX,_1 =x) = /AK(LE,y)dy, (2.14)

A requirement of MCMC is that the Markov chain is ergodic with the target density 7 as its

unique stationary distribution. More precisely,
lim [[P"(@.) = () v =0, (2.15)

for m-almost all? initial conditions € X', where the n-step transition probability is defined by

P*(z,A) = P(X,, € A|Xo = ) and the total variation norm is defined by

|1 (-) = m2(-)|l7v ZSliP\Wl(A) — ma(A)]. (2.16)

In order for 7 to be a stationary distribution of the Markov chain, the transition kernel K must

leave 7 invariant:
7(y) :/ K(z,y)r(z)dx. (2.17)
X

Therefore, if a state has 7 as its marginal distribution, then so does any subsequent state. A

sufficient but not necessary condition is the detailed balance condition for 7, which is that

K(z,y)m(x) = K(y, ) (y), (2.18)

for all z,y € X. A transition kernel satisfying the detailed balance condition for 7 also leaves 7

invariant, since
[Yﬂ(x)K(x,y)dx =m(y) /X K(y,z)dz = 7 (y). (2.19)

A Markov chain satisfying the detailed balance condition is also said to be reversible.

For a Markov chain with a stationary distribution 7, the following two conditions are sufficient

to ensure that (2.15) holds [RRO4]:

1. The Markov chain is ¢-irreducible: given the distribution ¢ on X', the following holds for

2All except those belonging to a set of measure zero.



38 Chapter 2. Preliminaries

all AC X and z € X:
©(A) >0 = P(14 < 00| Xy =1x) >0, (2.20)

where 74 = inf{n > 1: X,, € A} is the first entry time to the set A.

2. The Markov chain is aperiodic: there do not exist two or more disjoint subsets Xy, ..., X, C X

such that P(X,, 41 € X1 X, € &) =1for1 <i<k—1and P(X,41 € X1|X, € &) = 1.

For an ergodic Markov chain, which satisfies (2.15), the time-average is equal to the configuration
average so that a SLLN similar to (2.3) applies (with probability one). This gives rise to the
following MCMC estimator,

B[6(r)] % - 0 6(Xa) (2.21)

The efficiency of a MCMC method can be assessed via a CLT result. Under certain conditions, for
example, reversibility, it is possible to show that the MCMC estimator converges in distribution

to a Gaussian

V(7 22 005) = Beloto)] )  MO.obonc), (222)

provided that the asymptotic variance given by
Tromo = Vara (¢(z)) + 2 Cove (¢(Xo)d(Xy)), (2.23)
k=1

is finite [KV86, RR04]. The quantity 7, = o3cme/Var-(¢(x)) is known as the integrated
autocorrelation time. It is necessary to construct a Markov chain with a fast decay of autocorre-
lation in order for MCMC to perform well. For example, an MCMC estimator satisfying (2.22)
asymptotically has the same variance as a Monte Carlo estimator with N/7, iid samples. The
quantity

Nefrective = N/ Tg, (2.24)

is known as the effective sample size.

Under stronger conditions, the rate of convergence of an ergodic Markov chain can be quantified.
A Markov chain is geometrically ergodic if there exists a function V' : X — [1, 00) and constants

p < 1and R < oo such that for all z € & the following holds:

1P (z,-) =7 ()llv < RV (x)p", (2.25)
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where ||ully = supj,<v | [ #(dy)g(y)]. An even stronger form of ergodicity applies when
the function V' does not depend on x € X, so that V(z) = V, which is known as uniform
ergodicity. Much effort has been devoted to establish conditions under which geometric or
uniform ergodicity applies [MT96, RT96a, RT96b, BBLG17|, however, the required conditions
are not always satisfied nor do these results guarantee a fast decay of autocorrelation over finite

simulation times.

2.2 The Metropolis-Hastings algorithm

The Metropolis-Hastings algorithm provides a way to construct a reversible Markov chain that
has 7 as its stationary distribution [MRR*53, Has70]. The Metropolis-Hastings algorithm

iterates the following two steps for n = 1,2, ..., N with the initial condition X, = x:

1. Draw X'| X, 1 ~ ¢(X'| Xp-1).

2. Set X,, = X’ with probability a(X'|X,_1), where

~—
~—

i d 1. T@) alyle
el = {LW(?J)Q(l‘!y

}. (2.26)

Here ¢(z|y) is the proposal distribution and «(z|y) is the acceptance probability. The Metropolis-

~—

Otherwise set X,, = X,,_1.

Hastings transition kernel is given by

K(z,y) = a(ylz)q(ylr) + (1 — a(yl=))0:(y) = aly|z)q(ylz). (2.27)
The detailed balance condition in (2.18) is satisfied for 7, since
K (o,)7(0) = a(lo)lo)r(o) = min { 0ol eatel) b (229
is symmetric in both of its arguments.

Three remarks are in order. First, the acceptance probability in (2.26) shows that the target
density only needs to be evaluated up to a normalising constant that does not depend on the

sampling variable. This is because the normalising constants cancel. Second, there is usually
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a trade off between the acceptance rate and the distance between successive but different
states. Larger moves can be rejected more frequently, but smaller moves also lead to higher
autocorrelation. Third, a number of Metropolis-Hastings transition kernels can be applied in
succession or at random, and these do not need to update all variables at the same time so long

as the resulting Markov chain is ergodic with respect to the target distribution.

Random walk Metropolis A common choice of proposal is given by a random walk:
¢(2'|z) = q(a’ — x). (2.29)

A usual choice is to let ¢(2’|z) be a Gaussian distribution centred at z. As with most MCMC
methods, improvements can be made by applying a linear transform to the variables being
sampled. The random walk Metropolis algorithm is popular because it can be tuned easily
and does not require any additional inputs, such as the gradient calculations required for the
Metropolis-adjusted Langevin algorithm (MALA) and Hamiltonian Monte Carlo (HMC). It
is suggested in [RGGYI7| that the proposal variance should scale like O(d™!) with an optimal

acceptance rate of 0.234, where d is the number of dimensions.

Metropolis-adjusted Langevin algorithm MALA is motivated by a discrete approxima-
tion to a Langevin diffusion process that is ergodic with respect to = [GM94]. New states are
proposed from the following Gaussian distribution that uses evaluations of the gradient of the
log target density:

q(@'|z) = N(a'|z + 7V Inn(x),271), (2.30)

It is suggested in [RR98] that the proposal variance should scale like O(d~'/3) with an optimal

acceptance rate of 0.574, where d is the number of dimensions.

Independence sampler Another common choice of proposal is a distribution that does not

depend on the previously accepted state:
q(2'|z) = q(a’). (2.31)

When it is possible to draw exact samples from the target distributions, all draws are accepted

with probability one and there is no need to evaluate the target density. The independence
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sampler can also be used to avoid the computation of intractable terms in the target density.
Unfortunately, there are no tuning parameters to control and the acceptance rate can be

unacceptably low.

An illustration of the MCMC estimator for the bivariate Gaussian is shown in Fig. 2.3, for
random walk Metropolis, MALA and an independence sampler. The step sizes for the random
walk Metropolis and MALA transition kernels were tuned to give an acceptance rate close to
their optimal values. It is seen that the MALA algorithm provides improved mixing over random
walk Metropolis. A Gaussian proposal located at (—2, —2)7 is used for the independence sampler,

which illustrates that high rejection rates can be expected from a poor choice of proposal.

2.2.1 Gibbs sampler

There can be two or more groups of variables that are difficult to update together. It may be
possible to design better proposals by isolating a group of variables at a time. This is possible
with the Gibbs sampler, in which groups of variables are updated either systematically or at

random |GG84, RS94, RS97|.

Each step in a Gibbs sampler can be viewed as a Metropolis-Hastings transition kernel, in which
the proposal mechanism only updates a group of variables x;c; at a time whilst the remaining

variables z;¢; are held fixed:

q(7'|x) = q(Tier|igr) 0,y (Tigr)- (2.32)

Here, 6,,(x) = 0(x — x¢) is the Dirac delta function. The acceptance probability in the

Metropolis-Hastings algorithm is therefore

a(2'|z) = min {1, (@) 4(@jer|Tier) } (2.33)

m(x) ¢(Zies|je1)

In the special case of being able to draw from the full-conditionals, an independence sampler

can be used with ¢(2i¢;|zigr) = T(2jc/[7}y,), and then the proposals are always accepted:

x| x . !
o(2/|z) = min 4 1, (2| zgzl)ﬂ( zgé[) W(xfﬁlmel) =1. (2.34)
W(xiel|xi¢1)7r<wi¢1) W(fieﬂ%ﬁél)

Nonetheless, Gibbs sampling is not always efficient as there can be slow exploration of the state
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Figure 2.3: An illustration of the MCMC estimator in (2.21) for different Metropolis-Hastings
transition kernels for a bivariate Gaussian (purple): random walk Metropolis (top), MALA (middle)
and independence sampler (bottom). For each, a Markov chain of length 1,000 has been simulated and
plotted at the drawn locations (left). Trace plots are shown for the first component (right).

space due to strong correlations between the groups of variables. This point is illustrated for
a bivariate Gaussian in Fig. 2.4. It is also illustrated that a Gibbs sampler is better able to

explore the state space for a parameterisation with independent components. For a Gaussian
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target density, such a parameterisation can be achieved by applying a linear transform y = Lx

where ¥ = LLT is the covariance matrix.

0 500 1000

-2 0 2 0 500 1000

Figure 2.4: An illustration of the MCMC estimator in (2.21) for Gibbs samplers for a bivariate
Gaussian (purple): a Gibbs sampler (top), a Gibbs sampler after applying a linear transformation
so that the transformed components are independent (bottom). For each, a Markov chain of length
1,000 has been simulated and plotted at the drawn locations (left). Trace plots are shown for the first
component (right).

2.2.2 Hamiltonian Monte Carlo

One of the most efficient ways to incorporate the gradient of the log target density into the
proposal is via Hamiltonian Monte Carlo (HMC) [DKPRS87, Neall]. The state space x is
augmented with the auxiliary variables p. MCMC is performed on the joint distribution and

the extra variables are discarded. The joint distribution is given by

m(z, p) ox e H@P), (2.35)
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where the function H(x,p) is the Hamiltonian given by
H(z,p) = —lnn(z) + |pf*/2. (2.36)

HMUC is an iterative procedure comprising of two steps. First, a Gibbs step is performed on the

auxiliary variables by drawing from the full-conditional:
p~ N(0,1). (2.37)

Second, a Metropolis-Hastings step is performed where new values of x and p are proposed
according to Hamiltonian dynamics, as given by the phase flow ¢* : (z(0), p(0)) — (x(¢), p(t))
described by

de OH  dp  OH

R = 2.
.  op’ dt Ox (2.38)

There are three important properties of Hamiltonian dynamics that motivate the second step.

First, Hamiltonian dynamics conserves the Hamiltonian:

dH dx0H dpOoH OHOH OHOH
& T dor Tdoy opor arap (2.39)

Second, as a result of Liouville’s theorem, Hamiltonian dynamics preserves volume in phase

space

d dr dp\ . dx dp
— dxdp = / (—, —) ‘nds = / V- (—, —) dxdp = 0, (2.40

which is the case because the phase flow is divergence free:

2 2
V~<d$ dp)@H 0°H (2.41)

dt’dt ) 0xdp  Opdx =0
Third, Hamiltonian dynamics can be reversed by changing the direction of time. The same
can be achieved by changing the sign of the momentum variables, since if ¢'(x,p) = (2/,p)
then ¢'(2/, —p') = (z, —p). Changing the sign of the momentum variables also conserves the
Hamiltonian, since H(x,p) = H(xz,—p). These three properties suggest a Metropolis-Hastings
transition kernel that will always be accepted. Reversibility and volume preservation mean that
it is possible to construct a symmetric proposal by simulating Hamiltonian dynamics and then
changing the sign of the momentum variables; and conservation of the Hamiltonian means that

the acceptance probability will always be one.
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In practice, Hamiltonian dynamics must be approximated numerically via a leapfrog integrator
for a length of time €L, where € is the step size and L is the number of leapfrog steps. The

approximate phase flow is denoted g7 : (#(0),p(0)) — (Z(¢),p(t)), in which a single leapfrog
step is given by:

pt' +¢/2) =p(t') + ¢/2VInT(2(t)), (2.42)
2t +e€)=2(t) +ep(t' +¢/2), (2.43)
Pt +e) =p(t' +¢/2) + ¢/2VInm(2(t' + €)). (2.44)

Unlike Hamiltonian dynamics, the leapfrog integrator does not conserve the Hamiltonian due to
numerical error. It is; however, volume preserving because each step in (2.42)-(2.44) is a shear
transformation with an identity Jacobian. It is also reversible, as before, since if §*(z, p) = (2/,p)
then §'(2’,—p') = (x,—p). By changing the sign of the momentum variables after running
the leapfrog integrator, the proposal is symmetric and the Metropolis-Hastings acceptance

probability is given by

a2’ pl|z, p) = min {1, eH(x’p)‘H(x”p')}. (2.45)

As the numerical error due to the leapfrog integrator tends to be relatively small, it is possible
to make large proposals using HMC whilst maintaining a high acceptance rate. An illustration
for the bivariate Gaussian is shown in Fig. 2.5. The random walk behaviour apparent in the
other MCMC samplers considered is greatly reduced. An appropriate specification of € and L is
required for HMC to perform well. For Fig. 2.5, the step size was tuned to give an acceptance
rate close to 90%. The no-U-turn sampler offers a way to determine L adaptively [HG14].
Further improvements can be achieved by incorporating the local curvature of the log target

density into the proposal [GC11, LMW18|.

2.2.3 Parallel tempering

Multimodal distributions can pose severe problems for Markov chain simulation. Markov chains
may spend a long time at each mode and may even become trapped in a mode over the finite
simulation times. This occurs when regions of high-probability are separated by regions of very

low probability, and the movement between the high-probability regions is a rare event. If this
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Figure 2.5: An illustration of the MCMC estimator in (2.21) for HMC for a bivariate Gaussian
(purple). A Markov chain of length 1,000 has been simulated and plotted at the drawn locations (left).
Trace plots are shown for the first component (right).

is the case, the resulting Markov chain is likely to have very high autocorrelation.

These problems can be remedied by introducing a sequence of tempered distributions. In

Bayesian statistics, it is common to define the sequence of densities
mi(x) oc mo(z) P f ()P, 1=1,..., M, (2.46)

where 0 = By < 1 < --- < By = 1 are a sequence of tempering parameters such that 7, = 7.

The tempered distributions become more like the target as the tempering parameter increases.

One possibility is simulated tempering [MP92], in which MCMC is performed over an augmented
space with the introduction of a temperature index. Simulated tempering can be very difficult
to tune as the amount of time spent at each temperature depends on the unknown normalising
constants of the distributions in (2.46). An alternative is parallel tempering [SW86, Gey91,
HNO96], in which MCMC is performed over a much larger state space where the joint distribution

is given by
M
w(xy,. .., xy) = Hm(ml) (2.47)
i=1

Each x; can be updated independently with Metropolis-Hastings transition kernels, however,
additional steps are performed in which two randomly selected neighbouring pairs are swapped
with probability

/ / :
(&, 5l @ir, 2;) = min [1,

Ti(Tiv1) Tig1 ()
7'('1(56@) 7Ti+1(xi+1)] ’ (2.48)
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to ensure that the parallel chains communicate. The Markov chain for 7, is retained and the
remaining samples are discarded. An illustration is provided in Fig. 2.6 for a mixture of bivariate
Gaussians, where parallel tempering is performed for M = 5 different temperatures and with
HMC transition kernels. It is shown that for the target density, the HMC transition kernels
do not frequently propose new moves between the two separated areas of higher probability

density. These difficulties are alleviated by the introduction of swap proposals.

0 500 1000

-4 0 4 0 500 1000

Figure 2.6: An illustration of the MCMC estimator in (2.21) for parallel tempering with HMC
transition kernels for a mixture of bivariate Gaussians (purple): no swap transition kernels (top) and
with swap transition kernels (bottom). For each, a Markov chain of length 1,000 has been simulated
and plotted at the drawn locations (left). Trace plots are shown for the first component (right).

2.3 Sequential Monte Carlo

If the target probability distribution is complex or multimodal it can be difficult to generate a

stationary Markov chain in a reasonable amount of time. For example, the parallel tempering
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algorithm may be prohibitively expensive when the Markov chain is defined on a very large state
space and needs to reach its stationary distribution. The unbiased estimator in (2.9) may also
be of interest for the estimation of normalising constants, for example, for model comparison.
It can be advantageous to combine importance sampling techniques with MCMC transition
kernels. This can be achieved with sequential Monte Carlo (SMC) methods [Jar97a, Jar97b,
DGAO0O0, Nea01, Cho02, DMDJO06].

2.3.1 Sequential importance sampling

SMC is based on sequential importance sampling. The importance sampling techniques in
Section 2.1.2 can be applied to the random variable x = (z1,...,x)/) by using a proposal

distribution that is constructed sequentially:

plxy,...,xn) = pr(xy)p(xe|zy) . par(@ar|Te, .o xar—1). (2.49)

When the target distribution can be expressed as m(x1, ..., x5 ) = mp (21, ..., 20 ), the impor-
tance weight in (2.6) is given by w(z1,...,xy) = wy(z1,...,2), which can be evaluated
recursively by

7Tj(l'1, c. ,.Z'j)
pi(@jler, .. xj)mia (@, . o)

, (2.50)

wj(xl, cee ,ZL‘]‘) = wj_l(xl, ce ,Ij_l)

for y =1,..., M. It is then possible to improve upon standard importance sampling techniques

by using MCMC transition kernels in the proposal distribution in (2.49).

Annealed importance sampling is a particular instance of sequential importance sampling, and

is based on the sequence of auxiliary densities

L / f(2)dz < oo, (2.51)
Z, Py
for j =1,..., M, where it is assumed that each f; is known pointwise and each normalising

constant Z; is unknown. It is assumed that it is possible to sample from the initial distribution
7o and the target distribution is given by my = 7. A sequence of transition kernels K; is defined

with each leaving the corresponding auxiliary density ; invariant:

m) = [ Ky (o). (2.52)
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A sequence of reverse transition kernels L, is defined to satisfy

Kj(z, y)m(z) = Li(y, 2)m;(y)- (2.53)

In other words, Kj;(z,y) is the conditional density of Y|X and L;_(y, ) is the conditional
density of X|Y when the random variables X and Y are marginally distributed by 7;. The
sampler targets the joint density

M-1

m(xy,. .., xm) = Ta(Tar) H Li(xj41,5), (2.54)
7j=1

which admits the target density 7y, as a marginal by construction. The following choice of

proposal is used
M-1

plar,. . on) = m@) [ Kinleg,20), (2.55)

j=1
which may be simulated from by sampling from the initial distribution and by successively

applying the transition kernels. The importance weights can be estimated recursively by

using (2.50):

mi(xs) Ly 1 (7, 251)

wi(xy, ..., ;) =wj_1(x1,...,T;_ ,
i i) = v ’ 1)7%1(%71)&(%71’%)
(2.56)
Cw (o)1)
T (@)
for y = 1,..., M. Therefore, the weights can be updated before the transition kernels are

applied.

The scheme is valid for any Metropolis-Hastings transition kernels. The key advantage over
standard MCMC techniques is that the transition kernels do not need to be repeatedly applied
until the Markov chains mix well; the transition kernels perform a very different role here. For
example, a valid choice of transition kernel is the ‘do nothing’ operator K;(z,y) = é(y — x),
which yields a standard importance sampling estimator. On the other hand, this means a good
choice of transition kernel is necessary to gain a significant improvement over the more standard
importance sampling techniques. Unlike for standard MCMC methods, the transition kernels for
sequential importance sampling can be determined adaptively after applying transition kernels
for an auxiliary distribution. This means that there are many possibilities to gradually adapt

the importance sampling proposal to the target distribution. Another key advantage is that the
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transition kernels can be applied in parallel.

2.3.2 Sequential importance resampling

Another view of sequential importance sampling is that each density 7; is approximated by a

mixture of Dirac masses 7T , known as a particle approximation, given by

w™

N
AN (n) (n) _ J
j Z W] 5 (n) Wj — N—(k) (257)
n=1 D k=1 w;
Here, {X J(n)}ivzl are the particle locations and {Wj(n)},]:f:l and {w](»n)}ﬁ[:l are the respective

normalised and unnormalised particle weights. Each particle approximation is chosen to satisfy

a SLLN:
/gb z)m;(z)dx = lim ZW(n (n) (2.58)

N—oo

Sequential importance resampling is an extension of sequential importance sampling, and is
based on the observation that the particles can be resampled and reweighted at any point during
sequential importance sampling in such a way that a SLLN continues to hold. For example,
multinomial resampling can be performed so that each particle is replaced with a random copy
of another with the respective probabilities given by the normalised importance weights. After

resampling, the particles are equally weighted and the particle approximation is given by

T (2) = %25&@(%)7 (2.59)

and satisfies
/ o(x)mj(z)de = ]\}gr(l)o—Zgb (2.60)

where {X (”)}N , are the updated particle locations. The unnormalised importance weights after

resampling {w( )} _, are set to their average before resampling so that
Zi Sl L, o
7 N ij =5 ij : where Z; = [ f;(x)dz, (2.61)
i=1 i=1 X

are unbiased and consistent estimators. The CLT result in (2.12) no longer applies when the
particles are resampled. A CLT for sequential importance sampling with multinomial resampling

performed at each step is given in [Cho04, DMDJO06].
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Whilst the resampling step leaves the expectation of estimators unchanged, it causes a change
to the variance. Information is inevitably lost by resampling the particles, however, resampling
can be a particularly useful strategy to avoid applying expensive transition kernels to particles
that have almost no weight. It is best to resample the particles before applying any expensive
transition kernels to avoid wasted computation [DMDJ06]|. In this way, the MCMC transition
kernels perturb the resampled particles to restore lost diversity in the particle approximation.
The benefit of resampling is demonstrated in Fig. 2.7, where AIS has been performed with and
without resampling the particles for a mixture of bivariate Gaussians. Many of the particles
have small importance weights for the case without resampling. For this example, 10 auxiliary

distributions were used with a single HMC transition kernel per particle per auxiliary distribution.

Figure 2.7: An illustration of the SMC estimator in (2.60) for a mixture of bivariate Gaussians
(purple). SMC has been performed for 1,000 particles with no resampling (left) and resampling at every
step (right). Particles are plotted at their drawn locations (black). The marker sizes are proportional
to the respective importance weights.

2.4 Metropolis-Hastings methods for doubly-intractable dis-
tributions

In many cases the posterior density is of the form

m(y|0)(0) f(y;0)
m(y) z(0)

where 7(y) and z(0) are both intractable. This scenario arises when the unknown terms do not

7(6ly) = L (i) = 2(0) = / £(y:6)d6, (2.62)

have a closed-form solution or are prohibitively expensive to evaluate. The posterior densities
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are said to be ‘doubly intractable’, and pose significant computational challenges. Whilst the
densities only need be known up to a normalising constant for the Metropolis-Hastings algorithm
to be used, the unknown normalising constant cannot depend on the variables being updated as
the acceptance probability in (2.26) becomes

fly:0)m(0') 2(0) a(010")
fy; 0)m(0) 2(0") q(6"|0) } (2.63)

a(6']0) = min {1,

in which the ratio z(0)/z(0") does not cancel. One way of proceeding is to replace z(f) with an
estimate, for example, by fitting a model to importance sampling estimates. However, this is at

the expense of asymptotic exactness.

2.4.1 Auxiliary variable methods

A solution was first proposed in [MPRBO06], in which a Metropolis-Hastings algorithm is proposed
with the pair

— ol gy @O (0) o 0 0) = a1y 9
wlably) = elaly0) DT ol =gl o
which yields the (tractable) acceptance probability
o 7 0.8) Flu)x(0) a(018) Fir:0)
= {1’ ~(aly.0) 100 q<e're>f<x';e'>}‘ (2:69)

There are three significant drawbacks. First, it is necessary to produce exact samples from the
intractable distribution 7(y|#). Second, the efficiency of the algorithm depends on being able
to find a good auxiliary distribution 7 (z|y,6). The choice of 7(z|y,0) = f(z;0)/z(0) would
reintroduce the intractable term back into the acceptance probability. Third, proposing x with

what is effectively an independence sampler can lead to high rejection rates.

An improved solution was proposed in [MGMO06|, in which the target distribution is augmented
by
f('10) f|0')

7(x,0,0'ly) = W(Q)WQ(QIW)W. (2.66)

The augmented distribution is simulated from via the following two updates. First, the full
conditional x, |y, 0 can be drawn from exactly and therefore z and 6’ can be updated via a

block-Gibbs step. Second, a new value of 6 can be proposed by a swap proposal with 8" that is
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accepted with probability

(2.67)

a(6'[6) = min {1 F(y:0)7(0') a(016') f(:6) }

f(y; 0)m(0) q(0/(0) f(x:0")
The scheme addresses two of the three issues, however, it is still necessary to be able to simulate

from the intractable distribution.

2.4.2 Pseudo-marginal Markov chain Monte Carlo

It is not always possible to draw from the intractable distribution. Fortunately, one can still
obtain an asymptotically exact scheme. First, it suffices to say that one can plug an unbiased
positive estimate of 1/z(0"), denoted 1/2(¢',u'), for a newly proposed 6 into the Metropolis
acceptance probability. Provided that the estimate 1/2(6,u), for the previously accepted 0, is
retained and used each time, then one obtains a valid MCMC scheme. This is known as pseudo-
marginal MCMC [AR09]. It is a valid MCMC scheme because it is the Metropolis-Hastings
algorithm performed on the augmented density

f(y;9)
2(0,u)

with the proposal ¢(¢',u'|0) x q(u'|0")q(6'|6). With this choice of proposal, the unknown g(u|f)

m(u, 0ly) o

Julf),  with  7(0ly) = / r(u, 8ly)du, (2.68)

terms in the acceptance probability cancel. The fact that part of the proposal is an independence
sampler means that there will be high rejection rates if there is high variability in the unbiased

estimates of 1/z(0’) — this can make the scheme prohibitive to use.

A consistent estimator of 1/z(f) can be obtained by taking the reciprocal of an importance
sampling estimator, as done in [LGAT15, WM17]. The reciprocal of such an estimator is biased,
so cannot be used in a pseudo-marginal MCMC scheme. It is, however, possible to construct a

series {S,}°°, satisfying lim,, . S, = 1/2(#), so that the randomly truncated series
S = SO+ZS _S" - (2.69)

is an unbiased estimate of 1/z(6), which can be used in a pseudo-marginal MCMC scheme. This

is the case because

E[So] +Z Pl < N” 1 E[lp<n(n)] = lim E[S,] = 1/2(6). (2.70)
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A distribution of N that seldom gives large values of N is less expensive to work with, but gives

an estimator with high variance due to the dominator in the series.

The unbiased estimates of S can be negative due to variability in the underlying importance

sampling estimates. It is possible to proceed by performing MCMC on the following distribution

f(y;0)
2(0,u)

7(u, 8ly) < o(u,0) q(ulf), (2.71)

where o(u, 0) is the sign of 1/2(0,u), since

_ S o 0)fO)n(u Oly)dudd ST o(ul,09) £(01)

/f(e)w(ely)de_ T o, 07 (0, Olg)dudd — A ST g0 (2.72)

for a suitably defined Markov chain {u®, 0@} Tt is noted that high variance in the S, terms
is problematic for two reasons. First, a large number of negative signs reduces the effective
sample size of the estimator. Second, variance in the unbiased estimates can lead to high

rejection rates in the pseudo-marginal MCMC scheme.

2.5 Discussion

It is possible to draw correlated samples from complex probability distributions by constructing
a Markov chain from a sequence of transition kernels. A good sequence of transition kernels will
allow the Markov chain to reach the stationary distribution rapidly, and will have low enough
autocorrelation for reliable posterior summaries to be made. This is made possible because of the
Metropolis-Hastings algorithm. The combination of Metropolis-Hastings transition kernels with
importance sampling techniques can yield efficient Monte Carlo estimators, which is especially
useful for the estimation of normalising constants. For challenging inference problems, the choice
of method ultimately depends on the problem at hand, the properties of the target distribution

and the computational considerations involved.



Chapter 3

Bayesian estimation of a multiscale
spatially varying parameter

Many physical and socio-economic systems are characterised by a spatially varying parameter.
When the spatial field is observed indirectly via a complex function, the correlation structure of
the unknown must be specified a priori as the observation data contains limited information
about the smoothness of the unknown. If the prior modelling is overly restrictive, the posterior
may be concentrated around an undesirably smooth field. If the prior modelling is too vague,
the posterior distribution can be severely multimodal and many of the solutions to the inverse
problem are too rough to be plausible. In this chapter, a new multiscale approach is proposed in
view of these challenges. A family of multiscale models are adaptively proposed and compared

in a computationally efficient manner using sequential Monte Carlo methods.

The work in this chapter was performed in collaboration with Nicholas Zabaras and Mark

Girolami, and parts have been published in [EZG16].

3.1 Context and literature review

The identification of a spatially varying parameter is an important task for modelling physical
and socio-economic systems. The task is particularly challenging when the unknown parameter
is observed indirectly via a complex function, for example, for an inverse problem. The problem
is often ill-posed in that it may not have a unique solution, or its solution may be highly sensitive

to noise in the measurement data. A prototypical example of an under-determined inverse

95
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problem is the task of permeability estimation from indirect low data. The approach developed
here is primarily motivated by this example, however, the approach is general and applicable to

other inverse problems.

Classical approaches to inverse problems formulate the task as an optimisation problem:;
the solution to the inverse problem is a point estimate without any quantification of un-
certainty |Tik63, KS06]. For the reasons discussed in Section 1.3, the Bayesian approach to
inverse problems is preferred. For permeability estimation, there are an infinite number of
permeability fields that explain a partially observed flow and many of these fields are too rough
to be plausible. Additional information must be provided via the prior modelling so that the
posterior distribution also represents the practitioners beliefs about the unknown parameter.
The Bayesian approach has been used for inverse problems across a variety of domains, including
tomography [Wei97, KKSV00, DS16|, hydrology [LHBT02a, WZ11, KBJ14, BIJMS15|, heat
conduction [WZ04], solid mechanics [Kou09] and many other physical, biological and social

systems [ABHO03, Tar05, KS06, CS07, MZ09, CVGO11, RHL14, DS17|.

Spatially varying parameters belong to an infinite-dimensional space. For the purposes of
inference, the unknown parameter must be represented by a finite number of variables. It is
common practice to discretise the unknown parameter using a grid that coincides with the
finite element mesh used to numerically approximate the forward model. Standard models from
spatial statistics can be used to represent the unknown parameter. Popular choices of model
include Gaussian processes [OCR97, BCORR96, EHLO06] and Markov random fields [BGHM95,
LHB'02a|. These models assume a basic correlation structure, whereas permeability fields
are essentially non-stationary with with non-trivial correlation structures [WT02, XT04, FLO7,
LTT10]. Interpolation schemes with sparse grids have been used to represent the unknown
parameter, however, these methods tend to perform poorly on fields with local variations or
discontinuities [WZ11]. Other authors have considered the use of level sets for permeability
estimation [MEMDG10, ILS15]. To reduce the dimensionality of the problem, the unknown can
also modelled by a truncated spectral expansion, for example, using Gaussian kernels [MZ09,
Kou09], the Karhunen-Loéve expansion [DEH08, DEM09, MN09, MEMDG10]|, Fourier basis
functions or wavelets [BJMS15, DS17|. Wavelets are hierarchically structured basis functions
that are localised in both frequency and spatial domains and are promising candidates to

represent permeability fields with local variations [Mal08, SS09, DHS12].
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The Bayesian approach to inverse problems provides a posterior density that must be explored
numerically. The Markov chain Monte Carlo (MCMC) methods described in Section 2.1.3
can be used, however, the Markov chain is expensive to construct due to the cost of eval-
uating the likelihood function [OCR97]. A number of reduced-order models have been pro-
posed [Jin08, MZ09| to reduce the computational cost. A two-stage MCMC algorithm is
introduced in [EDGGT05, EHLO6], in which where the acceptance rate of the proposals on the
fine-scale model is improved by using a coarse-scale model. Sequential Monte Carlo (SMC)
has been used to avoid the construction of a stationary Markov chain and to address concerns
with multimodality [Cho02, DMDJ06, Kou09, WZ11, KBJ14, BIJMS15]. SMC methods have
recently been investigated with multilevel Monte Carlo [CGST11, BJL*17]. The nested sampling

algorithm has also been used for permeabilty estimation [Ski06, EHW14].

It is common practice to fix either the length scale, the number of length scales or the number
of terms in a representation of the spatially varying parameter. An overly parsimonious model
will fail to capture the most basic features, but an overly complex model will seldom match the
data. This is a model selection problem that can be approached using the model comparison
techniques in Section 1.3. One possibility is to average over a family of candidate models using
the reversible jump Metropolis-Hastings algorithm [Gre95|, for example, as done for permeability
estimation using level sets in [MEMDG10|. In practice, simulations over the entire model space
are difficult to implement efficiently. Marginal likelihoods can be estimated with the nested
sampling algorithm, however, each marginal likelihood must be estimated independently and
the constrained-sampling step can be difficult to implement efficiently [Ski06, EHW14]. There
is a potential to use SMC techniques for adaptive model selection [ZJA16].

Permeability fields are multiscale in nature. Some authors have advocated the use of multiscale
methods for statistical inversion. According to [FLO7], there are three cases when multiscale
methods are particularly beneficial in the context of statistical inversion. First, when the
parameter of interest is multiscale and better modelled this way. For example, multiscale
Markov random field and sparse grid models have been developed to represent permeability
fields in [LHBT02a] and [WZ11], respectively. Second, when there are algorithmic advantages
for doing so. In some cases it is relatively easy to fit a coarse model but much more challenging
to work with a finer model. This may be due to the raised computational cost or additional

complexity associated with a finer model. For example, wavelets have been used to stabalise
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inverse problems in [Rie97]. A multi-resolution approach is taken in [Kou09] where less accurate
forward solvers are used to accelerate the inference procedure. Third, when the data is available
at different scales and a multiscale approach provides a structured way of integrating the
available information into the solution of the inverse problem. Another class of multiscale
methods concerns the design of more efficient forward solvers, for example, the multiscale finite
element method is designed to capture the coarse-scale behaviour of the forward model without

resolving the fine-scale details [EH07, EH09].

In this chapter, Bayesian model selection techniques are investigated in the context of multiscale
inverse problems using SMC techniques. The unknown spatially varying parameter is represented
via a multi-resolution analysis comprising of hierarchically structured wavelet basis functions.
The SMC framework is used to efficiently explore a sequence of posterior distributions, using
information gathered from previous inferences. Each model is refined adaptively, and is compared
to the previously proposed model using Bayes’ factors. In this way, multiscale statistical inversion
is addressed without presuming the number of scales. The proposed methodology is demonstrated

with a computational study on permeability estimation using limited and noisy pressure data.

3.2 Mathematical modelling

It is assumed that the phenomenon of interest is described by a set of partial differential
equations that depends on a spatially varying parameter as in (1.1). More specifically, it is
assumed that the spatial domain X C R? is a bounded open set with a smooth boundary 9.X,
and that the normed spaces IC and ) C R correspond to the state space for the spatially varying
parameter u and the observations y;, for i = 1,...,n, respectively. It is assumed that (1.1) has
a unique solution that can be expressed via the forward map G : X x K — ), and that the

observations are made at locations z; € X and are each given by
v = G(xg;u) + €. (3.1)

Here, ¢; € )Y represents the composite error, which is comprised of observation and model
error at the location x;. The primary interest is to recover the unknown parameter u from the
observations y = {y;}!_;. Several processes fall under this setting in the physical sciences and

engineering; whilst physical interpretations may differ, the underlying principles remain the
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Sallne.

3.2.1 Forward model

This chapter is motivated by a problem of central importance to hydrology: the task of estimating
the permeability field from indirect flow data. An understanding of subsurface flow is required
to design effective procedures to remove a soil contaminant and for efficient oil production.
Subsurface flow is characterised by a heterogeneous permeability field, which is a function that
describes how easily fluid flows through the aquifer at a given location. Whilst permeability
can be measured directly by taking a core sample to a lab, it is impractical and prone to large
measurement errors as the conditions of the lab differ greatly to those of the ground. Instead,
permeability can be estimated from limited flow data, for example, using tracer break-through

times or pressure head measurements.

The behaviour of groundwater flow through a heterogeneous medium is understood by an
empirical relation known as Darcy’s law. It may be combined with a relation describing mass

conservation to obtain the following elliptic PDE:

v(x) = —k(2)Vp(x), r € X, (3.2)
V-u(x) = f(x), reX, (3.3)
v(x)-n(x) =0, xr € 0X. (3.4)

Here, p : X — R is the pressure head, v : X — R? is the fluid velocity, K : X — Ryq is
the permeability field and n denotes the unit normal to the boundary 0X. No flux boundary
conditions have been used to confine the flow to X, although in some cases other boundary
conditions may be more appropriate and can be used instead. It is assumed that kK € L>(X)

satisfies the mathematically necessary and physically meaningful positivity constraint:

] > ; . .
ess ;g‘( K(Z) > Kmin > 0 (3.5)

Lastly, f : X — R characterises the source/sink term and is assumed to be a continuous linear

functional. A typical choice of source/sink function is

S
flz) = Z ¢l (), (3.6)
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where the ¢; € R are the source/sink strengths, the x; € X are the source/sink locations and
0z () = 6(x — x0) is the Dirac delta function. Strictly speaking, the mathematical formulation
of the problem requires the Dirac delta functions to be mollified. This can be carried out in a

way that makes little difference to the numerical approximation of the solution.

3.2.2 Existence, uniqueness and boundedness

It is important to check that the forward map G is well-defined so that it can be used as
part of the likelihood function. This is covered by standard PDE theory [Eva98| and the key
arguments are outlined here [DS17]. Two remarks are in order. First, solutions to the PDE
in (3.2)-(3.4) are only defined up to an additive constant; if p is a solution, then so is p + ¢. An
additional constraint can be placed on a selected point x*, so that p(z*) = p*. For mathematical

convenience, it suffices to consider the mean-zero solution:

1
P= 1A /Xp(x)das =0, (3.7)

so that the Poincaré inequality holds. This means that for any p € L*(X) with p = 0, there

exists a constant C}, > 0 such that
Il < Gyl Vpll- (3:8)

Second, a solution can only exist if the compatibility condition is satisfied

/fda:z—/v-vdx:—/ v-nds=0. (3.9)
x x ox

This a mathematical consequence of the divergence theorem, but also consistent with the physical
intuition behind no flux boundary conditions. In other words, any inflows from the source terms

must be matched by outflows from the sink terms.

To show existence and uniqueness of a solution, one can apply the Lax-Milgram theorem to the
weak problem, for example, Section 6.2 in [Eva98|. The Sobolev space Hj(X) is defined as the
subspace of L?(X') whose functions have first-order weak derivativeswith a finite L? norm and

satisfy the Poincaré inequality in (3.8). This space admits the Sobolev norm

1/2
Il = (- 1P+ 0V - 1) (3.10)
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Let H~(X) be the dual space of Hj(X) - this is the space of continuous linear functionals on

X. The weak problem is then as follows: find p € HJ(X) such that
(kVp, V') = (f,p) for all p’ € Hj(X). (3.11)

The weak problem is obtained by integrating the left-hand side of (3.3) against a test function
p' € H}(X) and applying the first Green’s identity. Likewise, the right-hand side of (3.11) is

obtained by integrating the right-hand side of (3.3) against the same test function.
The Lax-Milgram theorem then guarantees the existence of a unique solution for any f € H~1(X)

provided that the bilinear form satisfies two properties:

e (boundedness) there exists C' > 0 such that [(«Vp, Vp')| < Cllpllgaa) 1Pl g 2y for all
p,p € Hj(X); and

e (coercivity) there exists ¢ > 0 such that [(kVp, Vp)| > c||p||§{1(x) for all p € Hyj(X).
0

These conditions require that x € L*(X) with the positivity condition in (3.5). Then there

exist Kmin and Kpax such that
0 < Kmin < K(Z) < Kmax < 00, (3.12)
almost everywhere. Then the Cauchy-Schwartz inequality! implies boundedness:
£V, V)N < max (VD, V) < Enax IVPIIVD | < B[Pl 13 ) 101 213 ) (3.13)

and the Poincaré inequality implies coercivity:

Kmin Rmin .
[(£VD, V)| 2 fominl (V, V)| = 525 (IpI° + ClIVPI®) = 22 min {1, G} HIpll3 vy (3.14)

S

Moreover, the unique solution is bounded by the norm of the right-hand side: there exists C' > 0

such that

C
— [ f 1) (3.15)

1Pl 3y < -

Collectively, these results mean that a forward map of the solution p(x) is well-defined and can

be used as part of the likelihood function [DS17].

!The Cauchy-Schwartz inequality is: |(u,v)| < [lul/|[v]-
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3.2.3 Spatially varying parameter

The unknown permeability field is modelled by x(z) = €“®) where u : X — R is represented by

the finite series

u(x) =co+ Z cj;(x). (3.16)

Here, {1;}]_, are a set of bounded basis functions and {c;}_, are random variables with finite
variance so that u is a stochastic process whose realisations are almost surely in L>°(X’). There
are many possible choices for the basis functions, for example, radial basis functions, Fourier

basis functions, wavelets to name a few.

3.2.4 Numerical approximation

The likelihood model that will be used will assume access to an approximate solution of the
forward model, which is known as a forward solver. For the particular problem described here,
the most popular method is the finite element method. In particular, the mixed finite element
is used to jointly estimate the pressure and velocity fields. Although not required here, one
is typically interested in estimating the velocity field for simulation purposes and numerically

differentiating the pressure field leads to a loss of accuracy.

The mixed finite element method requires approximation spaces for pressure and velocity, and
then solving the weak formulation in those spaces. It is well known that the discrete mixed prob-
lem can be an unstable approximation unless the approximation spaces are appropriately chosen.
One suitable choice is the Raviart-Thomas space for the velocity solution and discontinuous
elements for the pressure space [RT77, BHMMO5]|. To solve the approximate weak formulation,
the mass matrix and right hand side are constructed via numerical quadrature and the unknown
coefficients of the basis functions forming approximation spaces are obtained by solving the
resulting linear system of equations. Solving a large system of linear equations, as required
for fine meshes and high-order approximation spaces, makes each call to the forward solver an

expensive operation.
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3.3 Multiscale modelling

The reasons for adopting a multiscale approach were introduced in Section 3.1: permeability
fields are multiscale processes that are naturally modelled this way; and there can be computa-
tional advantages for doing so. According to [FLO7|, there are three categories of multiscale
methods to consider: multiscale decomposition methods that use hierarchically structured basis
functions, explicit methods that model inter-scale dependencies and implicit methods that link
independently defined models via numerical computations. The approach taken here is to specify
a family of models using hierarchically structured basis functions, and then to implicitly link the
models — from coarse to fine scales — using the SMC framework described in Section 2.3. Then
by performing the inferences sequentially, each model can be evaluated and the next candidate

model can be chosen adaptively as part of the fitting procedure [Mac03a, ZJA16].

The rest of this section describes a multiscale representation of the unknown spatially varying
parameter. Tent map basis functions, wavelets and radial basis functions are popular choices of
multiscale basis functions [FLO7, WZ11|. Here, wavelet basis functions are used, which have
been extensively studied for image analysis and signal processing [Mal89, Mal08|. There are
two reasons for their widespread use. First, wavelet basis functions form a multi-resolution
analysis and possess a natural hierarchical structure. Each wavelet basis function has a number
of children basis functions that represent a finer level of detail. Second, wavelets are localised in
both space and frequency. Wavelets are therefore good candidates to represent permeability
fields that are long memory processes with local variations. Sharp variations can be more
difficult to represent with global basis functions that are only localised in frequency, for example,

Fourier basis functions, due to Gibbs phenomenon [GS97].

3.3.1 Multi-resolution analysis

This section describes a multi-resolution analysis and wavelet basis functions. The one-

dimensional case is considered first, and is followed by the two-dimensional case.

Wavelets can be used to analyse functions that belong to L?(R), which is the space of functions
with finite energy. A wavelet is a function ¢» € L*(R) that has zero mean [ t(z)dz = 0 and

has a unit square norm |[1]|> = 1. A wavelet function 1) can be used to generate an entire family
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of wavelets by translation and scaling operations:
Yin(x) =272z —n), (j,n) € 2. (3.17)

If the family of wavelets is sufficiently rich, it is possible to create a basis of the real line:

L*(R) = span{t;, } (jnyez2- (3.18)

In (3.17), the scaling caused by a positive value of j is an expansion and the scaling caused by

a negative value of j is a contraction.

In practice, wavelet coefficients are only considered up to a chosen value of j. In this case,
to a create a basis of the real line, it is necessary to consider additional basis functions. The
additional basis functions are derived from a scaling function ¢. Again, a family of scaling

functions can be defined by translation and scaling operations:
Gin(r) = 2777¢(277x —n), (j,n) € Z". (3.19)

The approximation spaces V; and detail spaces W; are subspaces of L*(R) and are defined for
the scale 5. They are constructed from the scaling function and wavelet function, respectively.

The approximation and detail spaces are defined by
V; = span{¢;, tnez, W; = span{v; ,, }nez. (3.20)
The approximation spaces satisfy the nesting property
{0yc---cvicVycV,cC--CL*R), (3.21)

and a finer approximation space is obtained by augmenting a coarser approximation space with

the set of wavelets for that scale:

Via =V, e W, (3.22)

It is assumed that the coarsest scale occurs for j = k and then (3.21)-(3.22) are applied to
represent any u € L*(R) by

[e's) 9] k

u(@) = Y (U Gpa)Brn (@) + DY () (2). (3.23)

n=—oo n=—0oo j_—OO
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Following [Mal08], an orthonormal basis spanning L?*(R?) is provided by two-dimensional
approximation spaces and detail spaces, where ® denotes the tensor product and @ denotes the

orthogonal sum. The spaces are defined by
VE=VeV, md Vi =View) (324

respectively. Combining these definitions and using (3.22) along with the distributivity of @
over ®, it follows that

Wi=(V;eW)e(W;eV) e (W;eW,). (3.25)

Therefore two-dimensional wavelets and scaling functions are obtained as follows:

Yoz, y) = d(2)Y(y), (3.26)
Ui(z,y) = P(@)d(y), (3.27)
(2, y) = (@)Y (y), (3.28)

o(z,y) = ¢(2)9(y) (3.29)

Two-dimensional families of wavelets and scaling basis functions are defined in a similar way to

the one-dimensional case by a series of translation and scaling operations

Gjnm(T,y) = 2_jgb(2_jx —n, 270y — m)7 (3.30)

Vajmam(T,y) = 2770a (2770 — 1,277y — m), (3.31)

where d € {0, 1,2} and (j,n,m) € Z3. Here, translations occur in two directions, as indexed by
n and m, and the index d is introduced to specify the wavelet direction. Any u € L?(R?) can

be represented by

o0 o¢]

U(SE, y) = Z Z <u7 ¢k,n,m>¢k,n(x7 y)

(3.32)

oo [e.o]

k 2
+ Z Z Z Z <u7¢j,d,n,m>¢j,d7n,m(fﬁ,y).

j=—00 d=0 n=—00 m=—00

In [Dau92], it is shown that a necessary and sufficient condition to ensure a stable reconstruction
is that wavelet coefficients must define a Riesz basis. This imposes finite energy constraints on

the wavelet coefficients in that their infinite sum of squares must be finite.
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3.3.2 Multiscale modelling of a spatially varying parameter

A multi-resolution parametrisation is provided for the spatially varying parameter. The spatially
varying parameter is sampled over the unit square as opposed to the real plane. For simplicity
it is assumed that wavelets are defined on the 2-dimensional unit torus T?. As the unit square
is finite, there is a lower limit on the coarsest scale possible. The coarsest scale is specified
to occur for s = 0, where s = —j, and has a single constant-valued scaling basis function. A

spatially varying parameter u € L?(T?) is represented by

2 2371 2571

S
U(ZE, y) =Co+ Z Z Z Z Cs,d,n,m¢s,d,n,m($a y) (333)

s=1 d=0 n=0 m=0
where S is the finest scale, ¢y is constant-valued and cq . are the wavelet coefficients. The
wavelet representation is illustrated in Fig. 3.1 for the corresponding one-dimensional case. It
can be seen that each one-dimensional wavelet has two children wavelets that are more localised

in space than its parent.

The wavelet representation being considered is periodic, which is uncharacteristic of the unknown
spatially varying parameter. To remove the unwanted effects of periodicity, the reconstruction
is carried out over an extended domain of twice the size. The spatially varying parameter is
reconstructed using the (inverse) fast wavelet transform [Mal89, Mal08] in O(nlnn) operations,
where n is the number of grid points. Not only is it a computationally efficient reconstruction,
but many families of wavelets are not known in closed form and must be implemented in this

way.

3.4 Bayesian inverse problem

The solution to the inverse problem is given by the posterior density 7(6|y), which is proportional
to the product of the prior density () and the likelihood function 7(y|6):

m(y|0)m(6)

m(0ly) = )

: (3.34)

where 7(y) is the marginal likelihood. The specification of the prior distribution and likelihood

function is discussed here.



3.4. Bayesian inverse problem 67

wo,o(l’)

Y10(2)

V2,1 (2)

V3,0(2)

1/)3,1(90)

\_/\

_/\""_\
aol®) | N —

- T~

VAVS

_\/\/\

Figure 3.1: Illustration of one-dimensional Daubechies wavelets with 4 vanishing moments (the db8
wavelet). The wavelets have been rescaled to share a common amplitude. The hierarchical structure
can be seen: 19 and 1o 1 are children of 1 o; and 139 and 131 are children of v .
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3.4.1 Prior modelling

Following (3.33), the unknown variables are the wavelet coefficients {co} N {¢s.4nm }- To obtain
a reasonable representation of the unknown field, the basis functions are first adjusted so that
they share a common amplitude. A rate of decay a, is then introduced for each scale s. The

unknown wavelet coefficients are related to the model parameters {6y} N {05 4.n.m} by
Co = CLOeOa Cs,dn,m = 2_Sa595,d,n,m~ (335)

When the unknown parameters are modelled as independent and identically distributed (iid)
random variables, the wavelet coefficients for the coarser scales have more energy (on average)
than the wavelet coefficients for the finer scales. The coarser scales therefore represent the more

salient features. The following choice is used for the rate of decay:

a

—_— a>1, a > 0. 3.36
(s+ 1)~ (3.36)

g =

Here a is the amplitude that controls the marginal variance of the process and « is the rate
of decay that controls the relative importance of the finer scales. The rate of decay allows
the process to have a degree of smoothness. Without rescaling the wavelets, when the wavelet
coefficients are iid random variables their infinite sum of squares would diverge. The wavelets at
higher frequencies would overwhelm the wavelets at lower frequencies and the process would
resemble white noise. Conversely, if the decay is too aggressive, then the process would be overly
smooth. Although the infinite-dimensional case reaffirms the appropriateness of the wavelet

decay, only finite dimensional representations are used in this chapter.

It is necessary to specify a suitable prior distribution for the unknown parameters. Exponential
priors such as the Gaussian prior have been popular amongst geophysicists. Here, uniform
priors are used, as done in [BJMS15|. Uniform priors have been adopted in the computational
mathematics literature in the context of uncertainty quantification in [SS12, DS17|. The prior
used is

907 Qs,d,n,m ~ U(_]-7 1)7 (337)

although the properties of the reconstructed field depend on the choices of a and «. As discussed
in the opening sections, the parameters a and a must be carefully specified on a case-by-case

basis as the measurement data typically contains little information about the smoothness of the
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unknown.

Lastly, it remains to specify the family of wavelet; there are many to choose from, each with
differing properties. Despite being the simplest and most well known, the Haar wavelet is not
suitable for approximating smooth functions as it contains discontinuities [FL07|. On the other
hand, the Daubechies wavelets are characterised by a maximal number of vanishing moments
for a given support [Dau92|. The Daubechies wavelet with 4 vanishing moments, known as the

db8 wavelet, is used here.

The prior modelling for the spatially varying parameter described here is applicable for a general
class of inverse problems. It is acknowledged that domain-specific knowledge can be used to
improve the performance of the proposed methodology. Such knowledge is not assumed here to

avoid restricting the proposed methodology to specific examples only.

3.4.2 Likelihood specification

It is assumed that the mathematical model described in (1.1) can be approximated by the

forward map G(z;60) so that, after taking into account any uncertainty,
yi = G(zisu) + e, (3.38)

fori=1,...,N. Here, each ¢; is a composite error representing model error and observation
noise, and N is the number of observations which are made at locations x; € X. As noted
in [KOO1], the model error and observation noise are not identifiable, meaning that several
different values can be consistent with the data. For this reason, they are modelled together as

a composite error. Each error is modelled as an iid Gaussian random variable:

¢; ~ Normal(0, o%). (3.39)

As the variance of the composite error is difficult to specify a priori, a prior is used for the
precision

02 ~ Gammal(a, b). (3.40)

This allows the model to be robust to varying levels of noise, which is particularly important

as the magnitude of model error is dependent on the representation of the spatially-varying
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parameter as well as the accuracy of the forward solver used. The additional parameter can be

marginalised over, analytically, to obtain the following likelihood function:

w) = [ w(ule.0?)n(o%)do,
_ /OOO (%) . exp ( i Glwsiu )2) « %TH exp ( - bT> dr,

<L)K/Q be T(a+ K/2)
/) Dl )(b+ S (g - (%U))Q)HK/2 (3.41)

. K
X / Gamma (7’
0

K 1
a—+ E,b—f— 52 (yi - G(ZL‘i;u))Q)dT,

=1
1 K ) —(a+K/2)
( + 52 ZEZ, ) > .

l\DI\]

=1
i=1
The hyperparameters a and b are given the uninformative choices of a = b = 0.001 [Gel06]. This

is because in the limit a,b — 0, the prior
m(07%) o (672)*  exp(—bo?), (3.42)

is the Jeffreys prior 7(072) oc 0, which is the only prior that is invariant under a change of
scale [GCS™14]. With this choice, one has a prior that is conjugate with the Gaussian likelihood

that is also an approximation of a scale invariant prior.

3.5 Sequential Monte Carlo samplers

The posterior distribution in (3.34) is analytically intractable and quantities, such as credible
intervals of the spatially-varying parameter, must be estimated numerically. It is known that
MCMC methods do not always perform well for statistical inversion, especially when the target
density is multimodal and the likelihood function is expensive to evaluate. For this reason,
SMC methods have been suggested to explore the posterior distribution [Kou09, WZ11, KBJ14,
BJMS15]. A new multiscale approach is proposed to sample from the more complex posterior

distributions.
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3.5.1 Sequential Monte Carlo

First, a SMC sampler is described to explore the posterior distribution in (3.34). The SMC
sampler is based on the sequential importance resampling techniques outlined in Section 2.3.2.
Here, it is assumed that the posterior distribution is defined for the wavelet representation
in (3.33) with wavelets defined up to scale S. A particle approximation of m(f]y), denoted
{00, W@OIN | is obtained such that a strong law of large numbers holds:

N

/gb m(0]y)df = lim Zw<i>¢(0<i>), (3.43)

i=1

for any integrable test function ¢.

A sequence of bridging densities my(0), ..., ma(#) is introduced to smooth the transition from
the prior density m (), with m(0) = m(0), to the posterior density 7(0|y), with 7 (0) = 7(0|y).
The following bridging densities are used

7(0) = Zijwwwwp(e), (3.44)
for j=0,1,..., M, where 0 =y <7 < ... <7yym = 11is a sequence of tempering parameters.

Each normalising constant is given by

Z, = / 7(0]y) ' p(6)do. (3.45)

The proceeding implementation uses uniformly spaced tempering parameters, as done in [WZ11].
It is also possible to determine the sequence of tempering parameters adaptively to reduce
the number of bridging distributions required [Kou09, KBJ14, BJMS15|. The chosen sequence
of distributions is natural for a Bayesian analysis as the prior distribution is easy to sample
from and covers the support of the posterior distribution. The marginal likelihood 7(y) can be

estimated using (2.61), which can be used for model comparison.

The SMC sampler obtains a particle approximation for each bridging density m;. Each particle

approximation is denoted by {Qj(i), W N |, respectively. Here, VV]( @

; are the normalised

and w;
and unnormalised importance weights, respectively. A particle approximation for j7 = 0
is obtained by drawing the particle locations from the prior distribution, which is easy to

sample from, and by setting Wo(i) = 1/N and wéj) = 1. Then for j = 1,..., M, the particle
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approximation of m;_; is updated to obtain a particle approximation of 7;. Each update

comprises of a reweighting, resampling and rejuvenation step as follows:

e Reweighting. The unnormalised importance weights are updated by

(i) G T (951)1)

w;" =W 7Tj—1(‘9](‘z_)1) ) (3-46)
for i =1,..., N. Each normalised importance weight is also updated by
N
WO =S ) (3.47)
k=1

e Resampling. The particle degeneracy is measured by the variability of the importance
weights, for which it is common practice to calculate the so-called effective sample size,

given by

ESS, — <i(wj<“)2) - (3.48)

=1

which takes a value between 1 and N. The particles are resampled via multinomial resam-
pling whenever ESS; exceeds the cut-off defined by ESS,im = €N for some £ < 1 [DMDJO06.
The new unnormalised importance weights are set to the average of the previous ones.
The resampling step prevents a large amount of computational resource being spent on

particles with little weight.

e Rejuvenation. The rejuvenation step is performed with a Metropolis-Hastings transition
kernel K; that leaves the particles 7; invariant. If the particle locations are marginally
distributed according to 7;, then after rejuvenation the particles are marginally distributed
according to

wO) = [ 116K (65-1.0,)a6, 1. (3.49)
Here, an isotropic random walk with step size o; is used to propose a new locations for
each particle:

5(0) () o
6\ ~ N(6', 021). (3.50)

i %
The newly proposed locations are accepted with probability min{1, Wj(é](i)) / 7rj(9j(.i))}. This
choice of proposal allows for local updates such that the covariance of the proposal is

consistent with the prior modelling. The transition kernel K; and therefore the step
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size parameter o; can be determined after applying the previous transition kernels K;_;.
The step size parameter for the next iteration o4, can therefore be determined from the

current acceptance rate AR;, by

20, if AR; < 0.30,

o; if AR; < 0.15, (3.51)

Ojt1 =4 L
Jj+1 5

ofi otherwise.
\

This scheme is similar to the approach taken in [BJMS15], which aims to achieve an

acceptance rate in the neighbourhood of 0.2.

Lastly, the normalizing constant Z,; = m(y) can be estimated by averaging over the importance

weights:
Ly )
ZM%N;U)M' (3.52)
Therefore, model comparison can be performed alongside the inference procedure.

The SMC algorithm is directly parallelisable. Communication between parallel processes is only
required when calculating the effective sample size and when resampling the particles. This is a
major benefit for statistical inversion as the expensive likelihood evaluations can be carried out

in parallel.

3.5.2 Multiscale approaches
A new multiscale approach is proposed in this section. The motivating aspects are:

e It is easier to fit a coarse model than a fine model, and there is scope for multiscale
methods to improve the inference procedure. First, coarsening has the effect of smoothing
the unknown and therefore ameliorating the multimodality; there are fewer modes for the
sampler to visit. Second, when using hierarchical basis functions, a coarse model has a
lower-dimensionality and takes fewer steps to explore via a random walk proposal. This is
because a larger step size can be used to achieve a desired acceptance rate. Importance
sampling has been considered in [FLO7|, however, it is noted that importance sampling

will not perform well unless the likelihood function is used by the proposal distribution.
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One possibility is to use SMC, which have been used for other multiscale approaches

in [Kou09, WZ11].

e The number of scales in the multiscale representation is unknown. Whilst hyperparameters
akin to the amplitude and decay parameters in (3.36) are usually specified as part of
the prior modelling, the hierarchical representation of the unknown spatially varying
parameter can be specified with varying degrees of complexity. As marginal likelihoods
can be estimated with SMC, it is investigated whether the model complexity can be
determined from data when moving from coarse to fine models. SMC also provides an

opportunity for adaptive refinement [WZ11].

The specifics of the new methodology are described in the subsections below, followed by a

summary of the proposed inference procedure.

A multiscale approach

From (3.33), one can define a family of models My, ..., Mg,_. such that each model Mg
only contains wavelet basis functions up to the finest scale s = S. If Ag denotes the set of
multi-indices to be included in the model Mg, so that the wavelet representation in (3.33) for

Mg can be written as
u(z,y) =co+ Z cithi(z, y), (3.53)
1€EAg

then the models are chosen such that Ag C Ay C--- C Ag_. . Revisiting (3.34), the probability

density functions are now conditioned on the choice of model Mg:

m(ylfs, Mg)m(0s| M)

7T(95|y7M5') = W(y|MS) )

(3.54)

where 05 denotes the Ng model parameters for Mg. The likelihood 7(y|0s, Mg) is given
by (3.41), as before, but the spatially varying parameter is reconstructed using (3.53). The

prior 7(fg|Mg) can be written as
71'((95‘./\/15) X ]I[_LHNS (95> (355)

A model Mg can be refined by adding up to 3 x 2571 x 25! wavelets at the scale S+ 1 to obtain

M1, as can be seen in Fig. 3.2. Let g denote the Ngs = Ng.1 — Ng additional parameters
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needed to refine Mg, so that 0s,; = {0s,0s } are the Ng,; model parameters for Mg, ;. The

prior m(0s.1|Mgi1) can be written in terms of w(6s|Mg) by
T(0s11|Mst1) o< m(0s|Mg)m (0| M), (3.56)

for $=1,..., Smax — 1. Here, m(0g|Mg) =1, ;v (0") is the additional term required for the

additional parameters.

Bridging between resolutions

A particle approximation for each m(fs|y, Mg) can be obtained using the SMC sampler described
in the previous section. This approach can be inefficient for a larger number of scales S due to

the complexity of the posterior. Instead, a multiscale strategy is adopted.

First, the SMC sampler described in the previous section is used to sample from the posterior

for S = 0. The following sequence of bridging densities is used:

1 _ s
m;(0o) = ZW(‘90|?J,M0)%W(90|M0)1 KR (3.57)
7‘7

where 0 = 790 <71 < ... <7%m, = 1. Thenfor S =0,...,Snhax—1, the particle approximation
of m(fs|y, M) is updated to obtain a particle approximation of w(0s;1|y, Mgi1). The following
two updates are performed. First, the missing part is drawn (augmentation). Second, a sequence

of Mg + 1 bridging densities is used to update the particle approximation (evolution).

e Augmentation. First, the missing parameters s/ are drawn from a (suitable) proposal

distribution pg. The particles are reweighted to obtain a particle approximation of
770(63+1) X 7r(95|y,/\/ls)7r(€/s|./\/lsl), (358)

denoted {Hgll’o,Wﬁw}fV:O with unnormalised importance weights {wgll,o}i]\iO' With

reference to (2.56), the new importance weights are given by

i i 7T(9/ ‘MS’)
W0 = Wiy — (3.59)
Ps (95 )

By drawing the missing parameters from their prior distribution, the importance weights

are left unchanged by this step. A resampling step is performed immediately before
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this step to ensure that the particles are equally weighted when drawing the missing

parameters.

e Evolution. The following sequence of bridging densities are used to move from m(fs.1) to

T(Ost1]y, Ms+1)757:

1 ) e
T(Os11|y, Mgi1)"59mo(0s1)" 757, (3.60)

Tj(0s41) = 7
7]

where 0 = y5110 < V5411 < ... < Vs41,Ms,, = 1. The reweighting, resampling and
rejuvenation steps are performed as in Section 3.5.1 to obtain the particle approximations
{Q,(S'i—)f—l,ﬁ Wéill,j}fio and unnormalised importance weights {wgi1,j}£\;07 for j =0,..., Mgy1.
The particle approximation with j = Mg, is the required particle approximation of

7T(HSH ]y, MSJrl)'

Model comparison

A multi-resolution representation of the unknown spatially varying parameter has been proposed,
however, the finest scale S needs to be determined. One possibility is to marginalise over
a set of candidate models by treating the model as a parameter to be inferred. As already
noted in [WZ11|, model averaging can be achieved with Metropolis-Hastings methods using the
reversible jump algorithm [Gre95], however, it can be very difficult to propose two significantly
different models whilst maintaining a reasonable acceptance ratio. Instead, the approach taken
here is to compare a family of competing models by their Bayes factors using the methodology

described in Section 1.3.4.

For a family of competing models M1, ..., Mg

max )

Bayes theorem gives

p(Msly) o< p(y|Ms)p(Ms). (3.61)

With the choice of a uniform prior p(Mg) = 1/Shax, the family of models can be compared by

their Bayes factors
W(y‘MSQ> _ ZS?vMSQ

BF = = .
S2,51 W(y|/\/l51) ZS1,M51

(3.62)
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s=1 s=2

s=0
R RS

Figure 3.2: The wavelet coefficients of a two-dimensional periodic function can be represented by three
quadtrees, for horizontal, vertical and diagonal directions, respectively. The first coefficient at scale
s = 0 (shaded dark grey) is for the constant scaling basis function. The remaining three coefficients
at scale s = 0 are the root nodes for each of the quad-trees. Selected coefficients have been shaded
light grey to illustrate the quad trees; each wavelet has four children. At each scale, the top right block
corresponds to horizontal wavelets 1y, the bottom left block corresponds to vertical wavelets ¥; and
the bottom right block corresponds to the diagonal wavelets 5.

The Bayes factors can be estimated using the output of the multiscale SMC sampler:

it v,
i=1 "S5y ,M52
N (i)
i=1 Wsy, Mg,

BFSQ,Sl ~ (363)

A Bayes factor of BFg g1 > 1 indicates that a refinement of Mg has provided an improved
model Mg;1. Conversely, a Bayes factor of BFg g1 < 1 indicates that the previous model is

preferred.

Adaptive refinement and and termination criterion

A wavelet representation can be refined by adding more wavelets at the next scale, following the
nesting property in (3.21). Each wavelet at scale s + 1 is a local correction to the representation
at the coarser scale s. If a wavelet does not make a contribution at scale s, it is unlikely that
its children wavelets will make a contribution at scale s + 1. The intra-scale dependencies are
represented by a quad-tree structure for each direction of wavelet in Fig. 3.2. It is possible to

suggest a more parsimonious refinement instead of adding all possible wavelets to the model.

The refinement strategy is to identify ‘significant” wavelets at the finest scale number s = S, and

to add their children to the model. As the Bayesian framework provides a posterior distribution
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over each wavelet coefficient, it is necessary to use summary statistics to determine which
wavelets will have their children added to the model. The posterior mean is used here, as done
in [WZ11], although other summary statistics are possible. A wavelet coeflicient cg g, ., for Mg

is ‘significant’ if the absolute of the posterior mean is in excess of a threshold € > 0:
Elcsanmly, Ms]| > e. (3.64)

The threshold € is a tuning parameter to be determined. The implementation here uses ¢ = 0.05.
When € is small, all wavelet coefficients are added to the model until refinement terminates, or
when Sy, is reached. When ¢ is large, refinement will not take place and the procedure will

terminate early.

By using the posterior mean for the refinement criterion, it is ensured that wavelets are only
added to the model when the corresponding posterior marginal is not concentrated around zero
and differs from its prior marginal. When the posterior marginal is similar to its prior marginal,
the likelihood is insensitive to that wavelet coefficient and this is likely to be the case for the
corresponding children wavelet coefficients. When the wavelet coefficient is concentrated around
zero, no correction is required from the corresponding wavelet and it is likely that no correction
is required from its children wavelets. Another possibility is to use the posterior variance for
the refinement criterion, however, this would result in unwanted refinement for the wavelet

coefficients concentrated around zero.

Wavelets are added to the model until a maximum scale Sp,.. is reached, or until a termination
criterion is satisfied. A suitable strategy is to move from one model Mg to the next Mg, until
the log-Bayes factor In BF gy g is negative or beneath a small positive threshold. A decrease in
the log-Bayes factor suggests that the additional model complexity does not, on average, provide
an improved explanation of the data. In this case, the previous model Mg should be preferred.
Whilst early termination of the algorithm is theoretically possible due to ‘scale separation’, it
would be uncharacteristic of a permeability field to have a missing scale. This belief is reflected
in the prior modelling where the variation per scale is assumed to decrease as the scale number

increases.
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3.5.3 Computational considerations

For the standard SMC algorithm in Section 3.5.1, the maximum number of forward solver
evaluations required is equal to the number of bridging densities Mg + 1. When using the
multiscale SMC sampler by moving from one model to the next, the bridging densities contains
two likelihood terms and the maximum number of forward solver evaluations is doubled. In
practice, the number of forward solver evaluations is fewer, as whenever a proposal is made
outside of the finite domain, the sample is rejected without calling the forward solver. As the

SMC algorithm is directly parallelisable, the forward solver calls can be performed in parallel.

A multiscale scheme is proposed in [WZ11], however, informative priors are specified from the
posterior of a previously fitted model. Whilst this means that only a single forward solver call
is required when bridging between two densities, the measurement data appears in both the
prior and likelihood. It may also be possible to accelerate the inference procedure by sometimes
solving the forward model on a coarser mesh, for example, as done in [Kou09]. In doing so, only
the most expensive computations are required Mg + 1 times during the final run of SMC, as is
the case for standard SMC. This idea is not investigated here, but may further reduce the cost

described above.
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3.5.4 Summary of proposed approach

The multiscale approach presented in the previous subsection is summarised by the following

algorithm:

1. Initialize the scale number S < 0, set of multi-indices Ay < {0,d,0,0}4-0,12 for My and

the refinement set R < .

2. Use the SMC sampler described in Section 3.5.1 to obtain a particle approximation of
m(0oly, Mo).

3. For each wavelet at scale S that satisfies the refinement criterion in (3.64), add the

multi-indices of its children to the refinement set R.
4. repeat:

(a) Define the next model Mgy by adding indices to the next set of multi-indices
Asi1 < Ag U R, then empty the refinement set R < ().

(b) Update the particle approximation of 7(0s|y, M) to obtain a particle approxima-
tion of m(fs11|y, Msi1), using the augmentation and evolution steps described in

Section 3.5.2.

(c) For each wavelet at scale S that satisfies the refinement criterion in (3.64), add the

multi-indices of its children to the refinement set R.
(d) Estimate the Bayes factor BFg;; ¢ using (3.63).

(e) Set S« S+1.

until BFS,Sfl <1, R= 0 orS > Smax-

In summary, the idea is to adaptively specify a family of candidate models M;,..., Mg___
where each model is a refinement of the previously proposed model. A particle approximation is
obtained for each model, and each particle approximation is used to provide information about
the next, which improves the inference procedure for the finer models that have more complex

posteriors. Bayes factors are used to assess whether a newly proposed model provides a better

explanation of the data than the previous, and the procedure terminates once the additional
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complexity no longer provides an improved fit. This is an improvement on the termination

criterion provided in [WZ11].

3.6 Numerical results

This section provides numerical results to demonstrate the proposed methodology. Summary
statistics are presented for the standard SMC sampler and for the multiscale approach, which

are estimated using (3.43).

3.6.1 Implementation details

The forward solver that approximates the solution to (3.2)-(3.4) uses the mixed finite element
method. Here, zero-order Raviart-Thomas elements are used for the velocity solution [RT77]
and zero-order discontinuous elements are used for the pressure solution [BHMMO05]. These
correspond to piecewise-linear and piecewise-constant function spaces, respectively. The basis
functions are defined on a 32 x 32 quadrilateral mesh. The forward solver is implemented using
the Dealii C++ library [BHKO07|. The spatially varying parameter is represented on a 32 x 32

grid, which coincides with the discretisation used by the forward solver.

The software used in the experiments is implemented in C+-+ using a Linux environment.
Parallel computation was used wherever possible using MPI routines from OpenMP libraries.
The workload was distributed over 64 processes, which ran in parallel. As SMC is embarrassingly
parallel, this meant that the runtime for 1,280 particles in parallel is approximately the runtime
for 20 particles in serial. The computational bottleneck arises from the forward solver calls. In

the implementation, all likelihood computations are cached for subsequent use.

Synthetic measurement data is generated using the forward solver run on a 32 x 32 quadrilateral
mesh. Synthetic data is used so that inferences can be compared with the truth, whereas this is
not possible using real datasets. The data is either generated for a 10 x 10 or 5 x 5 pressure
sensor network that is equally spaced across the solution domain with additive noise. The noise
added to each measurement is Gaussian with either 5% or 1% relative noise depending on the
example. This means that the standard deviation of the noise is equal to the given percentage

multiplied by the mean of the pressure observations.
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The key parameter values used in this section are summarised in Table 3.1. For SMC, M = 1000
auxiliary distributions with a resampling threshold of ESS,;, = 0.95N was used to avoid
resampling the particles on consecutive iterations as determined by preliminary runs. The
resampling threshold is conservative to avoid applying expensive transition kernels to particles
with small weights. Lastly, N = 1280 particles were chosen so that calculations could be

performed within 48 hours on the availabile computer hardware.

Parameter Value
Likelihood parameter a, 0.001
Likelihood parameter S, 0.001
Amplitude a 1.5
Decay rate « 1.25
Number of particles N 1280
Number of auxiliary distributions M 1000
MCMC Steps per auxiliary distribution 1
Mesh (quadrilateral elements) 32 x 32
Resampling threshold 0.95N
Refinement threshold e 0.05

Table 3.1: Table of key parameter values for numerical examples.

3.6.2 Preliminary studies

To gain an empirical sense of the effect of fixing the scale number S, a number of realisations are
drawn from the prior distribution. These are given in Fig. 3.3, and reaffirm the appropriateness
of the prior modelling. A preliminary study was performed by replacing the forward solver with
the identity map. For this study only, synthetic measurement data was obtained by taking the
original 32 x 32 permeability field with 1% relative noise. In all cases, a good reconstruction

was obtained with a sufficient number of wavelets.

3.6.3 Presentation of results

Example 1

First, a straightforward but well-studied problem is considered where the data is generated
from a linear log-permeability field [LHB*02b, MZ09, WZ11|. The purpose of this example is

to investigate the proposed methodology for an example with relatively few features; a good fit
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Figure 3.3: Each row shows 4 log-permeability fields drawn from the prior distribution for S =0,...,5
(top to bottom). There are 45+1 basis functions for each model. It can be seen that the complexity of
the prior increases with S, as each model includes wavelets up to scale S.
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Figure 3.4: Left: True log-permeability for example 1, which is a linear function. Right: Plot of the
velocity vector field over the true log-permeability.

is expected with a parsimonious model. The effect of using additional data with less noise is

studied. The effect of adding additional scales to the model is also studied.

The log-permeability field used to generate the data is
u(r,y) =2(z +y — 1), (3.65)

and is illustrated in Fig. 3.4. The fluid velocity profile is also shown in Fig. 3.4. It can be seen
that the fluid velocity is greater along the diagonal between the wells, and in the vicinity of the
wells. It is expected to be more difficult to recover the permeability values in regions of limited

flow, for example, in the top-left and bottom-right corners.

First, the fixed scale model is investigated for S = 0 as defined by (3.33) using the standard SMC
sampler. Two synthetic datasets are used: 10 x 10 measurements with 1% relative noise; and 5 x 5
measurements with 5% relative noise. The former represents high-quality measurement data,
whereas the latter represents low-quality data. It is expected that a reasonable representation
of a linear log-permeability field can be obtained with relatively few basis functions. In the

preliminary study, using the identity map, most salient features were recovered for the model

with S = 0.

The estimated posterior means and quantiles for both cases (high and low noise datasets) are
presented in Figs. 3.5-3.7. As expected, the posterior mean provides a good estimate of the
log-permeability with S = 0. In both cases, the estimated field is closer to truth in locations

with greater flow. The uncertainty indicated by the quantiles is higher in regions of limited
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Figure 3.5: Inferred posterior means for example 1 for the low-noise 10 x 10 dataset (left) and for the
high-noise 5 x 5 dataset (right).
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Figure 3.6: Inferred posterior quantiles for example 1 for the low-noise 10 x 10 dataset: 5% quantile
(left) and 95% quantile (right).
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flow. In line with expectations, the posterior means obtained for the 5 x 5 dataset are less
accurate than those obtained for the 10 x 10 dataset, and also show increased uncertainty. The
acceptance rates for the SMC sampler are in Fig. 3.8. It can be seen that the adaptive strategy

maintains an acceptance rate around 20%, as desired.

Lastly, the multiscale algorithm is used for the 10 x 10 measurement date to study the effect of
adding more basis functions to the model. The termination criterion is satisfied after S =0
because the estimated Bayes factor decreased. This suggests a preference towards the simpler
model. For demonstration purposes, the procedure was continued until S = 5 and is presented
in Fig. 3.9 to demonstrate the unwanted effects of adding excessive basis functions to the model.

The log-Bayes factors are computed for each S and are presented in Fig. 3.10. It can be seen
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Figure 3.7: Inferred posterior quantiles for example 1 for the high-noise 5 x 5 dataset: 5% quantile
(left) and 95% quantile (right).
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Figure 3.8: Average acceptance rates against iteration number for the random walk Metropolis
transition kernels. This plot was obtained for example 1 with S = 0 using the 10 x 10 dataset.
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Figure 3.9: Inferred posterior means of the log-permeability for example 1 using the multiscale
approach for S =0,...,5 (from left to right and then top to bottom). The algorithm terminates after
S = 0 with just 4 basis functions, however, it is demonstrated that by adding additional basis functions
the posterior mean is further from the truth. The number of basis functions in each model is 4, 16, 60,
208, 664 and 1848 for S =0,...,5, respectively.
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that the marginal likelihood is maximised for S = 0 and continues to decrease by adding more
basis functions. For further exploration of the posterior, Fig. 3.11 shows one-dimensional plots
along the line y = x of the posterior mean and quantiles against the true log-permeability. It
can be seen that the estimate is closest to the truth for S = 0 and that the variance of the

posterior log-permeability increases by adding further basis functions to the model.

Example 2

For the second example, the log-permeability used to generate the synthetic data is a realisation
of a centred Gaussian process. The Gaussian process has a squared exponential covariance
function with unit marginal variance and a length scale of [ = 0.3. The log-permeability and
velocity field used to generate the data are illustrated in Fig. 3.12. For this example, pressure is
measured over a network of 10 x 10 sensors with 1% relative noise. There is limited flow through

the top-left corner of the domain and most flow is directed around the right and bottom regions.
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Figure 3.10: Plot of estimated log-Bayes factors for example 1 for the multiscale approach for
S =0,...,5. The procedure terminates after S = 0, for which the estimated marginal likelihood is
maximised. The scale determination has been run for subsequent scales to demonstrate that adding an
excessive number of basis functions causes the marginal likelihood to decrease.
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Figure 3.11: The inferred posterior mean (red line) against the true log-permeability (black line)
along the line y = x for example 1 using the multiscale approach for S = 0,...,5 (from left to right
and then top to bottom). The shaded region shows the 95% credible interval.
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Figure 3.12: Left: True log-permeability for example 2, which is a realisation of a Gaussian process
with a exponential squared covariance function. Right: Plot of the velocity vector field over the true
log-permeability.

A number of fixed scale models are investigated by fixing S = 0,...,3. The posterior mean
estimates of log-permeability are illustrated in Fig. 3.13. It can be seen that the model with
S = 0 provides a poor estimate of log-permeability. The additional basis functions in models
with S =1 and S = 2 provide improved estimates. For models with S = 2, 3, the model shows

signs of increased complexity and the sampler can fail to find a significant mode.

The multiscale approach is used to provide a comparison. The results are illustrated in Fig. 3.14.
The termination criterion is satisfied after S = 2. It can be seen that the multiscale SMC
sampler provides superior results when compared to the standard SMC sampler. First, the
multiscale approach is able to find a significant mode. Second, the multiscale approach provides
an estimate that captures the most salient features. It is noted that the top-left corner is
incorrectly captured, which appears to coincide with the lack of flow in the top-left corner of the
domain. The Bayes factors are plotted in Fig. 3.15. There is a notable improvement in moving
from S =0 to S = 1 and terminating after S = 2 appears optimal by inspecting the posterior
means. The posterior mean and quantiles are plotted against the true log-permeability along
the line y = x in Fig. 3.16. It can be seen that with additional basis functions, the posterior
mean is closer to the truth. Upon moving to S = 3, the posterior variance increases without

providing a better fit, which is consistent with the decrease in the marginal likelihood.
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Figure 3.13: Inferred posterior means for example 2 for fixed S = 0,...,3 (left to right and then
top to bottom). The number of basis functions in each model is 0, 16,64 and 256 for S = 0,...,3,
respectively.
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Figure 3.14: Inferred posterior means of the log-permeability for example 2 using the multiscale
3 (from left to right and then top to bottom). The number of basis functions

3, respectively.
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Figure 3.15: Plot of estimated log-Bayes factors for example 2 for the multiscale approach for
3. The procedure terminates after S = 2, for which the estimated marginal likelihood is

S=0,...,
maximised.
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Figure 3.16: The inferred posterior mean (red line) against the true log-permeability (black line)
along the line y = x for example 2 using the multiscale approach for S = 0,...,3 (from left to right
and then top to bottom). The shaded region shows the 95% credible interval.

Example 3

For this example, the log-permeability field used to generate the data is also a Gaussian process.
An exponential covariance function is used with the marginal variance and length scale as
before. This covariance function generates a random field with multiscale characteristics, as
illustrated in Fig. 3.17. The flow covers most of the domain, but with little flow in the top-left
and bottom-right corners; it is expected that the log-permeability estimates are less accurate
for these areas. Two synthetic datasets are used for this example: a 10 x 10 sensor network
with 1% relative noise and a 5 x 5 sensor network with 5% relative noise, respectively. The

multiscale approach is compared for the two different datasets.

For the 10 x 10 dataset, the procedure provides models for scales S = 0,...,5 with 4, 16, 64,
224, 848 and 1740 basis functions, respectively, indicating that several areas for refinement
were identified. The termination criterion was satisfied for S = 4, as the marginal likelihood
decreased for S = 5. The posterior means and quantiles, Bayes factors and approximate posterior
realisations are plotted in Figs. 3.18-3.21. The posterior means show evidence of refinement
until S = 3. Whilst some of the finer characteristics are not visible after averaging, they can

be seen in the (approximate) realisations from the posterior distributions in Fig. 3.20. Several
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Figure 3.17: Left: True log-permeability for example 3, which is a realisation of a Gaussian process with
an exponential covariance function. Right: Plot of the velocity vector field over the true log-permeability.

artefacts appear because the fluid can easily go around small regions of lower permeability. This
is also likely to be the reason for the small changes in the Bayes factors after S = 2. As before,
the posterior mean and quantiles are plotted against the true log-permeability along the line

= z in Fig. 3.22. With refinements, the posterior mean of the log-permeability along the line
y = x becomes closer to the truth. As with all previous examples, estimates of permeability are

less accurate in the regions with limited flow.

For the 5 x 5 pressure sensor network, the procedure provides models for scales S = 0,...,2
with 4, 12 and 44 basis functions, respectively, as the termination criterion is satisfied after
S = 1. As expected, the limited data resulted in earlier termination with fewer refinements.
The posterior means and quantiles, Bayes factors and approximate posterior realisations are
plotted in Figs. 3.23-3.26. The 10 x 10 dataset resulted in estimates closer to the truth with

reduced uncertainty:.

Lastly, the empirical distributions of the wavelet coefficients are examined at different scales.
For the 10 x 10 dataset, the empirical distributions of four selected wavelet coefficients are
presented in Fig. 3.28. The distributions for the selected coarse features are uni-modal with a
strong peak. For the selected wavelet coefficient that was not refined, the empirical distribution
closely resembles the prior. This suggests that the prior is a good choice of initial distribution
for the SMC sampler, especially for the higher scales. Similar findings were made in Fig. 3.29
for the 5 x 5 dataset.
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Figure 3.18: Inferred posterior means of the log-permeability for example 3 using the multiscale
approach for S =0,...,5 for the low-noise 10 x 10 dataset (from left to right and then top to bottom).
The number of basis functions in each model is 4, 16, 64, 224, 848 and 1740 for S = 0, ..., 5, respectively.

Figure 3.19: Plot of estimated log-Bayes factors for example 3 for the multiscale approach for
S =0,...,5 for the low-noise 10 x 10 dataset. The procedure terminates after S = 4, for which the
estimated marginal likelihood is maximised.
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Figure 3.20: Approximate draws from the posterior density for S = 4 for example 3 for the low-noise
10 x 10 dataset.
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Figure 3.21: Inferred posterior quantiles for example 3 for the low-noise 10 x 10 dataset: 5% quantile
(left) and 95% quantile (right).
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Figure 3.22: The inferred posterior mean (red line) against the true log-permeability (black line)
along the line y = x for example 3 using the multiscale approach for S = 0,...,5 (from left to right

and then top to bottom). The shaded region shows the 95% credible interval.
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Figure 3.23: Approximate draws from the posterior density for S = 1 for example 2 for the high-noise
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5 x 5 dataset.
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Figure 3.24: Plot of estimated log-Bayes factors for example 3 for the multiscale approach for
S =0,...,2 for the high-noise 5 x 5 dataset. The procedure terminates after S = 2, for which the

estimated marginal likelihood is maximised.
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Figure 3.25: Approximate draws from the posterior density for S = 1 for example 3 for the low-noise
10 x 10 dataset.
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Figure 3.26: Inferred posterior quantiles for S = 1 example 3 for the high-noise 5 x 5 dataset: 5%
quantile (left) and 95% quantile (right).

Figure 3.27: The inferred posterior mean (red line) against the true log-permeability (black line)
along the line y = x for example 3 using the multiscale approach for S = 0,...,2 (from left to right
and then top to bottom). The shaded region shows the 95% credible interval.
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Figure 3.28: Estimated posterior marginal density plots for selected wavelet coefficients for the
low-noise 10 x 10 dataset, using kernel density estimation for S = 4. The green line indicates the
posterior mean of the coefficients. The coefficient wy 0,7 closely resembles the prior and did not satisfy
the refinement criterion.
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Figure 3.29: Estimated posterior marginal density plots for selected wavelet coefficients for the
high-noise 5 x 5 dataset, using kernel density estimation for S = 1. The green line indicates the posterior
mean of the coefficients. In contrast to the inference for the low-noise 10 x 10 dataset, the coefficients
wo,0,0,0 Was concentrated around zero and was not selected for further refinement.

3.7 Discussion and conclusions

A new multiscale approach has been proposed and investigated for the Bayesian estimation of a
spatially varying parameter that is observed via a complex function. The unknown parameter is
represented by wavelet basis functions, up to a given scale, whose coefficients are modelled as
random variables that are conditioned on the measurement data. Wavelet basis functions form
a multi-resolution analysis, therefore allowing a sequence of Bayesian models to be defined from

coarse to fine scales, in order of increasing model complexity.

It was found that wavelet basis functions provide an effective representation of an unknown
spatially varying parameter with multiscale characteristics. The multi-resolution structure of
the unknown can be exploited by a multiscale SMC sampler that efficiently moves between
models from coarse to fine scales. The multiscale approach was shown to be well-suited to
exploring high-dimensional and multimodal posterior distributions. The hierarchical nature of
wavelet basis functions was also used to suggest a more parsimonious refinement of the previous

model by excluding wavelets that are unlikely to improve the model fit.

As the proposed models are of increasing complexity, the chosen model effectively determines
the characteristic length scale of the unknown. The model fit can be assessed via the marginal
likelihoods, which can be estimated as a by-product SMC sampler. It is demonstrated that a
more complex model does not always provide a better explanation of the data. The use of the
marginal likelihood has been suggested as a termination criterion for adding additional scales to

the model, which is an improvement of the work in [WZ11].
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The proposed method was demonstrated for the task of permeability estimation in corner-to-
corner groundwater flow, however, it is emphasised that the approach presented is applicable to
other inverse problems that have an unknown spatially varying parameter. The SMC algorithm
was implemented in parallel, so the expensive calls to the forward solver were distributed over
the available computer hardware. It is highlighted that there is potential to reduce the cost of

the multiscale SMC sampler by reducing the accuracy of calculations at the coarser scales.

Many challenges and open questions remain to be addressed. For example, dealing with data that
is multiscale, multi-resolution or multi-physics is an essential component of many inverse problems
in domains such as climate modelling, geological flows, and many more. The Bayesian approach
to inverse problems remains a computationally intensive task and variational approximations
may be useful in this context [TBKZ16, AZ19|. For example, variational approximations may be
used to accelerate the computation at coarser scales to assist asymptotically exact computations
at the finer scales. In the work presented here, the model error was assumed to be independent
and identically distributed throughout, which is a reasonable assumption when the forward
solver uses a fine grid. Being able to relax this assumption and adapt the accuracy of the
forward model to the current estimate of permeability maybe an important step to controlling
the computational cost in complex inversion tasks. Surrogate forward models may also be used

to reduce the cost of likelihood calculations, especially at the coarser scales [MZ09].



Chapter 4

Bayesian parameter estimation for
high-dimensional Gaussian models

The Gaussian distribution provides a flexible class of tractable models that are extensively used
for the spatial and spatio-temporal modelling of physical and socio-economic systems. The
probability density function of a Gaussian random variable contains a matrix determinant, which
poses tractability issues when working in higher dimensions. In this chapter, a new approach
is proposed to replace the determinant term with auxiliary variables so that simulation-based

Bayesian inference is tractable for a larger class of problems.

The work in this chapter was performed in collaboration with Heiko Strathmann, Tain Murray

and Mark Girolami, and parts have been published in [ESGM17].

4.1 Context and literature review

Gaussian models are one of the most fundamental tools for statistical analysis and arise frequently
in the spatial and spatio-temporal modelling of physical and socio-economic systems [KS06,
FLO7, GDGF10|. Their wide applicability is due to at least two reasons. First, the average of a
large number of independent and identically distributed random variables approximately has
a Gaussian distribution. Second, the conditional and marginal distributions for a collection
of jointly Gaussian random variables are also Gaussian, and their probability densities are
known in closed form. As there are many possible ways to specify the second-order properties

of a Gaussian random variable, the Gaussian distribution provides a rich and flexible class of
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tractable models.

When a number of Gaussian latent variables are observed indirectly via a linear transformation
plus additive Gaussian noise, the observations also have a Gaussian distribution. In a Bayesian
setting, it is possible to obtain closed form expressions for key quantities such as the marginal
likelihood and posterior predictions. Popular examples with this set-up are non-parametric
regression using Gaussian processes (GPs) [RW06| and Gaussian Markov random field (GMRF)
models [RH05, LRL11|. GPs are often specified by full covariance matrices, which means that
each variable is correlated with the others. In contrast, GMRFs model conditional independence
via zero entries in the precision matrix, which is typically sparse. When there are n modelled
variables, an evaluation of the probability density function generally requires O(n3) operations
and O(n?) storage. The costs arise from the solution of a linear system and the evaluation of
a matrix determinant. There is a large literature on approximations to the model itself, for
example, via sub-sampling, low-rank approximations or by assuming a Kronecker or Toeplitz
structure [ZLL05, QCR05, QCRWO07, CJ08, KR10, Saal2, HFL13, LPS14, FWN*15]. The
scalability concerns are also recognised in data assimilation, for example, the Kalman filter is an
exact algorithm to determine the filtering distribution for linear state-space models with additive
Gaussian noise [LLSZ15]. The required updates eventually become prohibitively expensive when
there are a large number of modelled variables. The ensemble Kalman filter instead provides an
inversion-free approach to approximate large covariance matrices [Eve03, LSZ15|. Recently, an
inversion-free approach to infer point-estimates of covariance parameters of large-scale Gaussian

distributions was proposed by [ACS17].

When the observation process is non-linear or when the latent Gaussian model is corrupted
by non-Gaussian noise, the observations do not have a Gaussian distribution. For example,
Poisson model is used for data in [DMRT13], or a probit or logit model is used for binary or
categorical data, respectively, in [RW06]. Non-linear observation processes also arise in inverse
problems [DS17]. Several MCMC methods have been proposed to simulate from the posterior
distribution in this setting, for example, the Metropolis-adjusted Langevin algorithm (MALA),
Hamiltonian Monte Carlo (HMC) and the preconditioned Crank-Nicolson Langevin algorithm
have been used [Nea97, GC11, DMRT13, CRSW13]. More recently, auxiliary variable techniques
have been considered for latent Gaussian models in [TP18|. Each of these methods suffer the

aforementioned limitation in that an evaluation of the probability density function for a new set
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of model parameters generally requires O(n?) operations and O(n?) storage. An alternative to
marginalising over the model parameters is to maximise an approximate marginal likelihood
with respect to the model parameters, however, type II maximum likelihood is an approximate

method and can lead to over-fitting [RW06].

For a high-dimensional Gaussian with a sparse precision matrix, it may not be possible to
obtain the required Cholesky factorisation due to the memory requirements imposed by the
so-called fill-in effect [Aun12, ASE14]. Noting the sparsity, it can be possible to use iterative
methods to solve the linear system and to estimate the determinant instead. It has also been
recognised that one can simulate from these models via iterative methods by applying an
inverse-matrix-square-root to a vector [Aunl2, AEP13|. Iterative methods exploit the fact
that matrix-vector products can be computed and do not require the storage of any additional
matrices. A number of numerical approximations are available for estimating the log-determinant
term [BFG96, HMS15, SAI17]. Rational approximations reduce the computation of matrix
functions, such as the determinant, inverse or inverse-square-root, to a series of shifted linear
systems. Rational approximations have error guarantees that are straight-forward to control
and can even be set to floating point precision [Ken04, HL13|. Iterative methods such as the
conjugate gradient method and multi-shift variants [Jeg96, Sim08] can be used. The application
of iterative methods for type II maximum likelihood estimation is considered in [Aun12, ASE14]

and continues to be an active area of research [DEN*17].

Bayesian inference of the model parameters, however, remains an open problem. The applicability
of Markov chain Monte Carlo (MCMC) is limited by the need to compute determinants to
calculate the Metropolis-Hastings acceptance probability [MA10]. In [LGAT15], it is recognised
that the log-determinant estimator proposed in [Aunl2, ASE14] is unbiased, and can be
combined with the pseudo-marginal MCMC algorithm [AR09|. A complication is that the
required exponentiation transforms an unbiased estimator of the log-determinant into an biased
estimator determinant. In [LGAT15], an unbiased estimator of the determinant is obtained via
the Russian roulette methodology. The performance of the proposed scheme is dependent on
the variance of the unbiased estimator; there are a number of tuning parameters that must be
carefully specified. The cost of controlling the variance of the unbiased estimator makes the

scheme infeasible in certain cases.
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In this chapter, an alternative MCMC approach is proposed and investigated to perform
asymptotically exact Bayesian inference for large-scale Gaussian models. Auxiliary variables are
introduced so that the joint distribution to be simulated from contains no determinant terms.
It is instead necessary to update the auxiliary variables that replace the determinant terms,
which can be achieved by applying an inverse-matrix-square-root to a vector. In the case that
the inverse-matrix-square-root of the covariance is unknown, rational approximations are used
to perform tuning-free updates. The scheme is considerably simpler than the approach taken
in [LGAT15], and by avoiding the pseudo-marginal framework there is no need to tune the
internal unbiased estimators. The approach scales well to high-dimensional Gaussian models,
provided that the application of an inverse-matrix-square-root can be carried out reliably. In
the case of a poorly-conditioned model the underlying iterative method may converge slowly, or

not at all to within the desired tolerance.

4.2 Linear Gaussian models

By a linear Gaussian model, it is meant that the finite-dimensional vector of latent variables
xr € R™ is Gaussian-distributed
~ N(p,3), (4.1)

as specified by the probability density function

1/2
1
m(x) = (W) exp (—

Here, u € R™ is the mean vector and > € R™*™ is the symmetric positive definite covariance

N —

(z — u)TZ_l (z — ,u)) : (4.2)

matrix. A linear transformation of a Gaussian is also Gaussian:
Az +b~ N(u+b, ATAT), (4.3)

where A € R™™ and b € R". Therefore, when the Gaussian model is observed via a linear
operator plus Gaussian noise, the observations are also Gaussian. The latent variables x may
be a finite-dimensional realisation of a continuous model of spatial variation, or a realisation of

a discrete-space model. Two possibilities are given below |[GDGF10].
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Gaussian Markov random fields A Gaussian Markov random field (GMRF) is a Gaussian
random variable (21,...,,,)7 € R™ that satisfies a Markov property. More specifically, let
J index the nodes of a graph, and let each variable x; be the value the process takes at the

respective node j. The Markov property is
P(z; € Al{z;: j #1i}) = P(z; € Al{z; : j € Ni}), (4.4)

where N is the set indices of the nodes that x; is connected to. It is common to specify a
GMRF model by a system of linear equations with a Gaussian-distributed right-hand-side. The

linear system provides the square-root of the precision matrix.

Gaussian processes A Gaussian process (GP) is a mean-square continuous stochastic process
{z(s) € R: s € X}, for a spatial domain &', whose finite-dimensional distributions (FDDs)
are multivariate Gaussian distributed random variables. This means that for any finite set of
locations sy, ..., s,, € X, the random vector (x(sl), o ,w(sm))T € R™ is a Gaussian random
variable. The Kolmogorov existence theorem states that if the FDDs of a stochastic process are
consistent under reordering and marginalisation, then the stochastic process is uniquely defined

by its FDDs. A GP is specified the first and second order statistics of its FDDs.

4.2.1 Covariance functions

A (centred) GP can be uniquely specified by a covariance function that provides the covariance
between any two locations. Certain GMRFs can be obtained by discretising the stochastic

partial differential equation (SPDE) representation of a GP with a Matérn covariance function.

The requirement that the covariance matrix is always positive definite is equivalent to the
requirement that the covariance function is positive definite [RW06, GDGF10, Pav16]. Two
simplifying assumptions are stationarity and isotropy. This means that the covariance function
only depends on the Euclidean distance between the two locations. The covariance function of

a stationary and isotropic process can be written as

5(s1,82) = o2p(r/l), (4.5)

where r = |s; — s5| is the distance between the two observations locations s; and sg, respectively,
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o? is the marginal variance at any location, [ is the length scale controlling the rate at which
correlations decay, and ¢ : [0,00) — Rs¢ is a suitably defined function. A stationary GP is
mean-square continuous if and only if its covariance function is continuous. A suitable function ¢
can be determined by Bochner’s theorem, which states that a real-valued continuous (covariance)
function is positive definite if and only if it is the inverse Fourier transform of a symmetric
positive measure. It is therefore possible to construct valid covariance functions via the spectral
density function, which is the Lebesgue density of a symmetric positive measure. Bochner’s
theorem has lead to two popular covariance families that possess a sparse structure: Matern

covariance functions and compactly supported polynomial covariance functions.

Matérn covariance functions

The Matérn covariance functions are obtained when

2171/

o) = 57 () K ) (16)

where K, is the modified Bessel function of the second kind, and v > 0 is a smoothness
parameter [GDGF10]|. The Matérn covariance function is valid in all dimensions d > 1. When
v = 1/2, one obtains the exponential covariance function ¢(r) = exp(—r) and in the limit

v — oo ones obtains the squared exponential covariance function ¢(r) = exp(—r?/2).

GP with Matérn covariance function are also stationary solutions of the fractional SPDE [GDGF 10,
LRL11] given by
(mQ—A)a/Qx(s) = &(s), a=v+d/2. (4.7)

The underlying sparse structure is apparent for a = 2, as the discrete Laplacian can be written

as
d

Arx =~ % Z {a:(s — he;) — 2x(s) + z(s + hej)}, (4.8)

j=1
where e; is the unit vector in the jth direction. Moreover, the d-dimensional discrete Laplacian

can be written as d Kronecker sum [KR10], so can requires very little memory to work with. By

discretising the SPDE in (4.7), one obtains a GMRF model that has a sparse precision matrix.
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Compactly supported polynomial covariance functions

Compactly supported polynomial covariance functions have a computational appeal because the

covariance matrices they create are often sparse. For example, the spherical covariance function

o) = (1= 5+ 57 Jlusrcn 1) (49)

is a valid covariance function for an input dimension number d < 3 [FL07|. Many other
compactly supported covariance functions are available. For example, covariance functions that
are 2¢-times continuously differentiable are proposed in [Wen95|. For example, for ¢ = 2 the

following function can be used

o(r) = ((1 — 7“)4(1 + 47’))H{OS7«S1}(T‘), (4.10)

which again is valid for d < 3. The challenge in identifying suitable covariance functions is
determining positive definiteness; naively setting small covariances to zero does not guarantee

this.

4.2.2 Bayesian inference for linear Gaussian models

Here, it is assumed that a Gaussian model is observed via a linear transformation plus additive
Gaussian noise:

y= Az +e, (4.11)

where y,e € R", x € R™ and A € R™™ with

e ~ N (3, T). (4.13)

For example, A may be the identity matrix, in which case x represents the process at the locations
where observations are made. This means that the dimensionality of the latent process is equal
to the number of observations. A may also be a matrix that performs linear interpolation, so
that the dimensionality of x does not depend on the number of observations. The dimensionality
of the latent process can be a key modelling assumption for GMRF models because they are

not always discretisation invariant. To model spatial or spatio-temporal data, the process can
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be centred around a mean value py comprising of a linear expansion of explanatory variables, as
recently done for crime data in [MHCC18|. In the machine learning literature, pp has also been
taken to be a low-rank approximation of a GP as part of a multiscale approach [VV08|. For
both of these examples, the latent process describes spatially correlated noise with a relatively
short length scale. It is usual to assume that the observation noise is centred and independent

and identically distributed (iid) Gaussian.

For Bayesian inference, the required likelihood p(y|@) is available in closed form. By letting
p(elf) = p(y — Ax|0) and p(z|f) denote the Gaussian densities of e|f and x|0, respectively, the
marginal likelihood p(y|f) is obtained as follows:

p(y]6) = / ply — Ax|6)p(z]0)d. (4.14)
= /N(y\Aaz+59,F9)N($\M9,29)daz, (4.15)
= N(y[Apg + d9, Sp), (4.16)

where the covariance matrix Sy is given by

Sy =Ty + A AT, (4.17)

To infer the model parameters 6 conditioned on observation data y, a prior is specified for
the model parameters p(6) that is reweighted according to the likelihood p(y|€) using Bayes’

theorem:
p(0]y) o< p(y|0)p(0). (4.18)

A single evaluation of the posterior density requires a matrix inverse and a determinant of Sy.
Note that even if the likelihood is only needed up to normalisation constant, the determinant
term cannot be ignored as it depends on . If the determinant term cannot be evaluated, then it

is a doubly-intractable inference problem that can be approached using the ideas in Section 2.4.

Whilst non-Gaussian likelihoods can be more appropriate, such as when modelling categorical
or count data, the likelihood p(y|f) is no longer available in closed. Only the more tractable
Gaussian case is studied here to allow for a fair comparison of methods to be performed. For

similar reasons, g and dy are assumed to be constant in all examples.
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4.3 Computational aspects

Despite the tractability of linear Gaussian models, there are scalability issues due to the required
matrix operations. This section reviews direct and iterative methods for the required matrix

operations.

4.3.1 Direct methods

For dense matrices, direct methods require O(n?) storage and O(n?) operations, where n is the
dimension number. For example, one usually computes the Cholesky factorisation A = LLT,

where L is a lower triangular Cholesky factor whose entries are

j—1
Ly = | A — > L%, (4.19)
k=1
1 i
Lij = I <Aij - Z Lz‘ijk)7 i > . (4.20)
Kl k=1

This factorisation allows any linear system of the form A~z = b to be solved via back-substitution
in O(n?) operations. The log-determinant can also be obtained in O(n) by summing over the

logarithm of the diagonal:
log |A] =2 log(Ly;).

j=1
Currently standard computers struggle to hold dense Cholesky factors in memory from around

n=10,000.

In special cases, the Cholesky factorisation of a sparse matrix is also sparse. For example, when a
matrix is band diagonal with bandwidth b, the Cholesky factorisation also has bandwidth b and
requires O(nb) memory to store and O(nb?) operations to compute [GDGF10]. In many cases,
the same level of sparsity is not preserved and the Cholesky factorisation can be impossible
to store due to the storage requirements. This is known as the fill-in effect, and is illustrated
in Fig. 4.1. It is possible to reduce the extent of the fill-in effect via a permutation matrix
that reorders the indices to obtain a matrix with a lower bandwidth [Saa03, GDGF10]. For
example, let P be a square permutation matrices such that PT P = I. Each row and column of

P only has a single non-zero entry which is equal to one. Then the linear system Ax = b can be
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rewritten as

(PAPT) (Pz) = (Pb), (4.21)

where the bandwidth of A is much less than the bandwidth of A. By solving AF = b, one can
obtain the solution x by x = PTZ. As there are n! different permutation matrices to choose
from, finding a suitable permutation matrix can be a non-trivial task. Whilst the fill-in effect
can be reduced, it can remain a problem to some extent. In this Chapter, a new approach is
suggested for if the fill-in effect, after reordering, is so great that the Cholesky factorisation

cannot be stored in memory. This was also the motivation for the work in [Aunl2].

Sparse matrix Cholesky factor
"" i, |.I L
- oo .. . A 1
1. ' __: u
- - :| l..1|_ i ._|
A L A 151N
- L —
-m e —— = n .
: 3" == 1"
T e LI i
- " ‘1 -I‘H'I‘I L . -
e X gt -
Non-zeros: 5.86% Non-zeros: 21.38%

Figure 4.1: An illustration of the so-called ‘fill-in’ effect for a Cholesky decomposition. The sparsity
pattern of a sparse matrix (left) and the lower Cholesky factor of the same matrix (right).

4.3.2 TIterative methods and rational approximations

It can be possible to solve sparse linear systems of the form Ax = b via iterative methods, even
when they cannot be approached by direct methods due to the number of operations or storage

required [NWO06]. For example, the conjugate gradient method provides a sequence of improving

approximate solutions x1, ..., z, with the property that
T = argmin ||w — Ailei, (4.22)
:EEKk(A,b)

where ||zl = ||AY2x|| and K\ (A, b) = span{b, Ab, ..., A¥"1b}. An exact solution can be found

when A is full rank for £ = n. In practice, the system is never solved exactly due to numerical
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error. The conjugate gradient method exploits the fact that A is a symmetric positive definite
matrix to provide a new search direction that is orthogonal to the previous ones. The dominant
cost at each iteration is the matrix-vector product that provides the new search direction. As
a result, the algorithm requires at most O(kn?) operations, and much less when the cost of a
matrix-vector product is significantly reduced due to the sparsity of A. It is also necessary that
A is well-conditioned for the conjugate gradient method to converge to within an acceptable

tolerance.

It is also necessary to consider iterative methods for the determinant term. The matrix function
is defined by a diagonal matrix D by the diagonal matrix with f(D); = f(D;;). The definition
of a matrix function extends to a symmetric matrix A, which is diagonalised by the orthogonal
matrix U, by

f(A) =Uf(D)UT. (4.23)

Fortunately explicit diagonalisation of the matrix A is not necessary, as a polynomial or rational
approximation can be used instead [Ken04]. A rational approximation of a matrix function

applied to a vector b can be written as a series of shifted linear system solves

FAD =) ai(A+o)7'D, (4.24)

i=1
for suitably chosen weights {a;}Y, and shifts {o;}Y,. Equation (4.24) can be evaluated via
iterative methods, for example, with multiple runs of the conjugate gradient method. It turns
out that a number of shifted linear systems can be solved at approximately the cost of solving a
single linear system using a multi-shift variant of the conjugate gradient method [Jeg96, ASE14].

Alternatively, the systems can be solved in parallel.
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Matrix determinant

When A is a symmetric positive definite matrix, it can be shown that
In|A| = trace(In A), (4.25)

by using (4.23). The following Monte Carlo approximation can be used:

N

trace(In A) = Ze]T (InA)e T(ln A)z;, (4.26)
j=1

IIMOJ

where e; is the unit vector in the jth direction and z; € {—1,1}" is a vector of Rademacher
random variables [Hut90, BFG96|. The Monte Carlo approximation of the log-determinant
has recently been used to obtain point estimates of the hyperparameters for large-scale GPs
in [DENT17] and for GMRFs in [Aun12, ASE14|. The exponentiation of the approximation
that would be required for the Metropolis-Hastings algorithm gives a biased estimate of the
determinant. This led the authors of [LGAT15] to use the Russian roulette framework described
in Section 2.4.2, however, the scheme is complex and sensitive to the variance in the Monte

Carlo approximation of the log-determinant.

Matrix inverse square root

Using the MCMC methods described in Section 2.4.1, it is possible to specify a Metropolis-
Hastings algorithm that avoids the determinant computations altogether, provided that it
is possible to simulate from the likelihood model. This is possible by applying a rational

approximation of the inverse-matrix-square-root applied to a vector. This is because if z solves
A2 =w,  w~ N(0I), (4.27)
then Az ~ N(0, A).

One way to obtain a rational approximation is to use quadrature method to approximate the
Cauchy integral formula for a matrix function [HHT08, HL13|. It is assumed that the function
is analytic on and inside the contour C that encloses the spectrum of A. The formula is given
by

F(A) = % /C F)(T — A) Y. (4.28)
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The contour C' must be carefully chosen so that a good approximation is obtained with relatively

few quadrature nodes. For the function f(z) = z~/2, the change of variables z = w? yields

1
ATV = —— [ (A - D) dw. (4.29)

T Jen
Since A is positive definite and its eigenvalues are contained inside of an interval [m, M] C R,
it is only necessary to integrate over the complex plane without passing through the origin.
Following [HHTO08|, the quadrature points can be chosen efficiently with the following conformal
map w(t) = m'/?sn(t|m/M) defined in terms of the Jacobi elliptic function sn. The rational

approximation, with reference to (4.24), is then given by:

2K'm2en(t;)dn(t;
o = m 70:;\5 i)dn Z), 0; = w(ti)Q, (4.30)

where t; = i(j —1/2)K’/N and < j < N, and cn and dn are further Jacobi elliptic functions.
Remarkably, this choice of approximation coincides with the optimal® rational approximation

discovered by Zolotarev. Crucially, the Frobenius norm or the error in estimating A~/? decays

oo (watm =3))

and the number of quadrature points N can be chosen to reach the desired level of accuracy.

rapidly as

The contour C' is chosen to be the smallest region that contains the spectrum of A. From
preliminary studies, it was found that N & 20 quadrature points were needed to reach floating

point precision when m=10"% and M =10°.

4.4 Methodology

The ideas introduced in the previous sections are used to provide a new Metropolis-Hastings
algorithm. There are two cases to consider: when the covariance matrix of the latent process g

is sparse, and when the precision matrix of the latent process Ay = X, ! is sparse.

It is possible to apply the auxiliary variable methods described in Section 2.4.1 to avoid the
need to estimate the determinant term. This is due to a careful choice of proposal that requires

simulating from the model. Instead, a number of auxiliary variables can be introduced to remove

!Optimal in the sense of minimising worse-case error.
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the determinant term altogether. This is less restrictive because then any proposal can be used.

The following auxiliary variables are introduced:
2|6 ~ N(0,S,71), (4.31)
where Sy is as defined in (4.17). The joint distribution over the augmented state space is
p(8, 2y) o< p(=|0)p(y|0)p(6) oc p(B)e2 W= Ara)" Sy (b= Auo) 5T S0z (4.32)

and the determinant terms cancel. That is, Equation (4.32) is left with only the quadratic forms
for the latent and auxiliary Gaussian variables. The original posterior in (4.18) is restored by
marginalising over z,

p(0ly) _/p(Q,z]y) dz.

In other words, one can sample from the augmented distribution and subsequently discard the

auxiliary variables to be left with samples from the target distribution.

A block Gibbs scheme is proposed as it is difficult to update both the latent variables and model

parameters together. The two steps are:

1. Update the auxiliary variables z|y, § using a Metropolis-Hastings transition kernel that

2T Sgz

targets the full conditional p(z|y, 8) e 2

2. Update the model parameters 6|y, z using a Metropolis-Hastings transition kernel that

targets the full conditional p(6ly, z) oc p(f)e=2W=Ae)" Sy (y=Ang)=5="Soz

These updates are considered in more detail in the proceeding subections.

4.4.1 Model parameter updates

The model parameters are updated with standard Metropolis-Hastings (MH) transition kernels.
As gradient evaluations with respect to 6 are generally prohibitively expensive, a random walk
proposal with an appropriately tuned covariance matrix is an obvious choice. The covariance of
the posterior p(f|y) is estimated empirically from a preliminary run, and is rescaled to achieve

an acceptance rate in the range of 20-40% [Ros11].
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4.4.2 Auxiliary variable updates

As gradient evaluations with respect to z can be obtained by solving linear systems, it is possible
to update the auxiliary variables using MALA or HMC transition kernels. As described in
Section 2.2.2, the effectiveness of HMC depends on the step size and the number of steps for the
leapfrog integrator. It may beneficial to apply a change of variables, for example, as done for
the Gibbs sampler in Section 2.2.1, to improve the mixing of HMC if the auxiliary variables are

strongly correlated [Neall]. Optimal tuning can be costly and difficult to achieve in practice.

Instead, a Gibbs update can be performed by resampling the auxiliary variables from their full
conditional z|6 ~ N(0, S, "). The iterative methods and rational approximations described in
Section 4.3.2 can be used to resample the auxiliary variables, which only require matrix-vector
products. In particular, it is possible to sample from high-dimensional Gaussian distributions
as long as it is possible to apply the covariance or precision matrix to a vector, and that the
matrix is reasonably well-conditioned. Two strategies are specified depending on whether one

has direct access either to a sparse covariance matrix Xy or sparse precision matrix Ag = Sy~ '

Sparse latent covariance

For the case where one has direct access to a sparse latent covariance matrix ¥y, it is possible
to evaluate Sg_%w in its current form, where w is a vector of Gaussian white noise, because
Sy = 771 4+ AXyAT is sparse. The following two steps are performed to update the auxiliary

variables:

1. Draw w ~ N(0,1).

2. Set z = 5’9_1/210.

Sparse latent precision

The case where one has access to a sparse latent precision matrix Ay requires an alternative
approach because Sy = 771 + AA;lAT is non-sparse. Instead, it is possible to draw a random

variable § ~ N(0, Sp), then solve the linear system Spz = ¢ so that one obtains a random
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variable z whose covariance is equal to the precision of the model z ~ N(0, S, Y. To avoid

working with non-sparse matrices, it is necessary to use the matrix inversion lemma:
So 'y =Ty — T A(Ag +TATA)TTATY,
which only requires an additional linear solve. In summary, to draw an auxiliary variable given
a sparse latent precision, the following three steps are performed:
1. Draw w' ~ N(0,1) and € ~ N(0,7711).
2. Set # = Ay 2w’ and y= AT + €
3. Set 2 =79 — T2 A(Ng + TATA) L ATy,

Note that in both cases, the proposed scheme requires fewer linear system solves than the

comparable MCMC scheme described by (2.66)-(2.67).

4.5 Numerical results

In this section the proposed methodology is applied to three selected linear Gaussian models:
random pattern precision matrices, GPs with sparse covariance and GMRFs with sparse
precisions. These examples have been selected to show the capabilities and limitations of the

proposed method.

4.5.1 Random pattern precision matrices

This example is for a model that has a well-conditioned covariance matrix with an underly-
ing sparse structure. This way, certain matrix-vector products and linear system solves are
inexpensive operations that can be performed to a desired level of accuracy. The following

single-parameter model is assumed:

So=("'Q+~D7, (4.34)
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where () is a randomly generated symmetric and positive definite matrix that has a condition
number close to 1 and approximately 3n non-zero elements. Synthetic data is generated for
n = 10%,10%,10° and 10°. The sparsity pattern for n = 10? is illustrated in Fig. 4.1. The value

of Iny = —3 is used to generate the data for this example. A log-uniform prior is specified for .

For each example, a standard MCMC algorithm (standard MCMC) and the determinant-free
approach (determinant-free MCMC) were used to simulate from the posterior of In~vy. Markov
chains of length 10,000 are run for each example, after tuning the random walk proposal to
achieve an acceptance rate close to 20%. The chains are initialised near the values of In~
used to generate the data. For the determinant-free MCMC, 20 terms are used in the rational
approximation and the multi-shift conjugate gradient solver is used to solve the linear systems.
The covariance matrices in this example are well-conditioned, so the conjugate gradient method

converges rapidly without the help of a preconditioner.

A comparison is performed between standard MCMC and the determinant-free method. The
MCMC output is summarised in Table. 4.1. It is seen that, in all cases, standard MCMC
produces more independent samples for a fixed number of iterations, as measured by the effective
sample size (ESS). This is to be expected as the coupling between the model parameters
and auxiliary variables cause the Markov chain to mix slower. The standard MCMC method
requires more time per iteration, because of the cost of evaluating the Cholesky decomposition.
Determinant-free MCMC scales better with the matrix size and was found to produce more
effective samples per unit time than standard MCMC for n = 10*. For n > 10° and beyond, a
standard laptop does not have enough memory to run the Cholesky based scheme. Of greatest
importance is that determinant-free MCMC allows much larger problems to be approached

when compared to standard MCMC.

4.5.2 Sparse covariances for spatial modelling of anti-social crime
data

The proposed approach is applied to a model that has a sparse covariance matrix. For this
example, a real dataset is used to infer the spatial distribution of anti-social criminal activity, in
London (UK), using count data obtained from the UK government website [Ser16]. Log-crime-

rates were calculated for each lower layer super output area (LSOA), defined as the number
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Figure 4.2: The sparsity pattern of a well-conditioned randomly generated 10% x 103 matrix. Each
shaded region represents a non-zero matrix entry, of which there are 2996.

Matrix size 103 104 10° 106
Standard MCMC
ESS 1778 1532 NA NA
Time (s) 256 x 102 4.22x10*  NA NA
ESS/Time (s71) 6.9025 0.0363 NA NA
Determinant-free MCMC
ESS 793 679 613 1272
Time (S) 1.04 x 102 1.67 x 103 1.94 x 103 2.28 x 10*
ESS/Time (s71) 7.6189 0.4055 0.3160 0.0558

Table 4.1: Comparison of MCMC efficiency between standard MCMC and determinant-free MCMC
for the random pattern precision matrices example. The Markov chains are run for a length of 10,000.
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Parameter o? l T
Standard MCMC
Mean 0.13 0.06 2.11
Standard deviation (x1072) 1.60 0.57 4.91
ESS 868 930 956
Time (s x 10%) 1.59 1.59 1.59
ESS/time (s71 x 1072) 5.48 587 6.03
Determinant-free MCMC
Mean 0.16 0.06 2.10
Standard deviation (x1072) 2.33 0.54 4.61
ESS 213 242 340
Time (x10%) 124 124 1.24
ESS/time (s7! x 1072) 1.72 196 2.75

Table 4.2: Comparison of efficiency of standard MCMC and determinant-free MCMC for the anti-social
crime dataset. The Markov chains are run for a length of 10,000.

of crimes divided by the LSOA population. The location of each crime-rate is taken to be the
LSOA centroid location. The preprocessed dataset is comprised of 4,826 log-crime-rates, one for

each LSOA, which is illustrated in Fig. 4.2 (top).

Returning to the linear Gaussian model in (4.11), the choice of mean function py is given by a

linear expansion of radial basis functions:

5
) = 5o+ Y- nexp { = ol - P (4.35)
h=1 h

which is evaluated at each observation location. Here, the constant S, represents the background
log-crime-rate. The radial basis functions capture the general trend of higher crime towards
more central areas. As the focus is to perform a comparison between standard MCMC algorithm
and determinant-free MCMC, the coefficients ), are held fixed to values obtained from a linear
regression. If Gaussian priors were placed on each coeflicient (35, then (4.35) would approximate
a squared-exponential GP with a slow correlation decay. The radial basis functions are centred at
locations s; as determined by the k-means clustering algorithm and the length scale parameter
oy, is set equal to the smallest pairwise distance between the s,. Crime tends to be spatially
correlated with localised ‘hot-spots’. A compactly supported Wendland kernel is used to model
the localised behaviour that is not captured by the global mean function [RWO06]|. For this

example, the covariance function specified by (4.10) is used. Weakly informative independent
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Figure 4.3: The crime dataset for example 1 comprising of 4,826 observations, after subtracting a
linear model (top). The synthetic dataset for example 1 comprising of 10,000 observations (bottom).
For the crime dataset, each point is shaded according to the adjusted log-crime-rate for anti-social
crimes and is plotted at the centroid location of the respective LSOA.
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Parameter o? l T
Standard MCMC
Mean 0.13 0.06 2.11
Standard deviation (x1072) 0.91 0.25 3.01
ESS 243 184 220
Time (s x 10%) 321 321 321
ESS/Time (s7! x 1072%) 0.76 0.57 0.68
Determinant-free MCMC
Mean 0.13 0.06 2.11
Standard deviation (x1072) 0.94 0.23 3.31
ESS 82 172 &4
Time (x10%) 0.66 0.66 0.66
ESS/time (s7! x 1072) 1.25 248 1.27

Table 4.3: Comparison of efficiency of standard MCMC and determinant-free MCMC for the synthetic
dataset for the spatial modelling of crime example. The Markov chains are run for a length of 2,000.

log-normal priors are placed on the unknown parameters 6 = (02,1, 7).

The posterior distribution is simulated from using a standard MCMC algorithm and determinant-
free MCMC. Markov chains are run for 10,000 iterations. The covariance matrix for the random
walk proposal is set to the empirical covariance obtained from a preliminary run. An appropriate
rescaling of the covariance ensures that the acceptance rate is around 20%-40%. The MCMC
output is summarised in Fig. 4.2. As before, the standard MCMC approach is slower per
iteration but produces more independent samples per iteration, as measured by the ESS. Due
to the relatively small size of the dataset, the standard MCMC approach here produces slightly
more independent samples per unit time. Whilst the determinant-free MCMC runs faster, it

mixes slower due to the coupling between the auxiliary variables and model parameters.

It is expected that the determinant-free method will provide more effective samples per unit
time for a similar system but with more observations gathered over a greater spatial extent.
To test the idea, n = 10* data locations were drawn from the uniform distribution over
[—0.5,0.3] x [51.25,51.75] and drawn from a similar model with the covariance parameters set
to their previously inferred posterior means. The synthetic dataset is visualised in Fig. 4.3
(bottom). The above procedures were performed for a chains of length 2,000. The MCMC
output is summarised in Fig. 4.3. It can be seen that for the larger dataset, the determinant-free

method ran 4.9 times faster and produced more effective samples per unit time for each sampled
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parameter.

4.5.3 Gaussian Markov random field models specified by a whitening
matrix

Lastly, the proposed approach is applied to a case where the model is specified by a sparse
precision matrix Ay and is a GMRF that is noisily observed via a linear function. The covariance

of the marginal likelihood in (4.16) is therefore given by
Sp =1+ ANTAT, (4.36)

which is typically non-sparse. To express the marginal likelihood in terms of sparse matrices

only, the matrix inversion lemma is used to obtain:
Inp(y|d) = %{ In|Ag| +nlnT — In|Ay 4+ 7AT A|
—ryTy + Ty A(Ag + TATA)_lATy} (4.37)
+ const.

For standard MCMC, the log-determinants in (4.37) and linear system solve is evaluated with 2

sparse Cholesky decompositions. This is compared against the determinant-free MCMC scheme.

This example studies a poorly-conditioned system where the iterative methods are suspected
to run into difficulty. Here, the precision matrix Ay specifies a smooth latent process that is

derived from discrete Laplacian

by Ay = V%LTL. Here 0 is fixed to provide the stochastic Dirichlet boundary conditions described

in [CKS06], so that the prior variance is approximately equal across the domain. With reference
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to (4.7), the solution to the linear system
Lr = yw, w ~ N(0,1), (4.38)

approximates the Matérn 3/2 GP when it has the same boundary conditions and in the limit
[ — oo. It is therefore unsurprising that the precision matrix Ay becomes poorly conditioned as
the dimension number increases; the associated linear systems become more constrained. In

fact, the condition number of the one-dimensional discrete Laplacian scales like O(m?) [Dem97].

For this example, a synthetic dataset of size n = 12,000 is generated as follows:

y; = sin(4s;) + 4/5sin(8s;) + €, (4.39)
s; ~ U(0,1), (4.40)
€ ~ N(0,0.2%). (4.41)

The dataset is illustrated in Fig. 4.4. The latent process is defined on a grid with m = 10,000
elements and is a matrix that performs linear interpolation between the grid nodes. For this
example, all linear systems can be solved using a banded solver in linear time. There is also an
explicit factorisation of the precision matrix Ay, which allows for an assessment of the proposed
method in the case that the latent precision is poorly conditioned. Inference is performed for

the parameters § = {~, 7} using log-uniform priors for each.

The preliminary runs revealed that Ay is very poorly conditioned for just moderately sized m.
For example, the condition number of the latent process described above is 3.7 x 10°. Note that
conditioning is more of an issue for models specified by their precision, because iterative methods
must be performed directly on the precision matrix and the observation noise is not added to
the diagonal. To demonstrate the severity of the problem, the number of conjugate gradient
iterations against the matrix size is shown in Fig. 4.5, with and without preconditioning. In
the case that an incomplete Cholesky factorisation is available, the conjugate gradient method
converges almost immediately. To address the concerns over conditioning, each linear system
in the rational approximation in (4.24) is solved separately with its own incomplete Cholesky
decomposition preconditioner. Note that this preconditioning strategy is not possible with a
multi-shift solver. Indeed, the increased computational costs of solving the N non-interacting

linear systems in the rational approximation in (4.24) can be side-stepped via parallelisation.
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Figure 4.4: 12,000 data points, for example 3, which was generated from the function
f(z) = sin(4x) + 4/5sin(8z) plus centred Gaussian noise. The green curve indicates the predictive
mean for the model when the parameters are fixed at their maximum likelihood values.

If the conditioning of the original matrix is poor, it may not be possible to find a suitable
preconditioner, for example, from m = 3 x 10* onwards standard routines in MATLAB failed to

compute the incomplete Cholesky due to numerical underflows.

A comparison is performed for four different approaches to sample from the marginal posterior
of this model: MCMC with determinant computations, determinant-free MCMC without using
rational approximations (by exploiting the fact that L is known), and determinant-free MCMC
using rational approximations with 10 and 20 terms, respectively. The Markov chains are run
for a length of 10,000 and the MCMC output is presented in Table. 4.4. It can be seen that the
memory intensive Cholesky-based approach outperforms the determinant-free approach. This is
unsurprising, given that the band-diagonal structure of the precision is preserved in the sparse
Cholesky factors. This is generally not the case, especially for more complex GMRF models, as
already seen for the random pattern precision matrices example. Whilst the determinant-free
MCMC suffers from the usual reduction in ESS, it appears to be of a similar magnitude to
that observed for the well-conditioned examples. The mixing properties of the scheme do not
appear to be significantly affected by the conditioning of the system, at least in the presence of
observation noise. It can be seen that the method appears to perform just as well with 10 terms

in the rational approximation.
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Parameter InT In~y
Standard MCMC
Mean 3.213 -12.73
Standard deviation 0.009 0.105
ESS 1111 980
Time (s) 103 103
ESS/Time (s71) 10.8  9.515
Det-free MCMC - no rational approximations
Mean 3.217 -12.49
Standard deviation 0.013  0.175
ESS 582 597
Time (s) 373 373
ESS/Time (s71) 1.562 1.603
Det-free MCMC - with rational approximations (10 terms)
Mean 3.230 -12.75
Standard deviation 0.013 0.145
ESS 664 703
Time (s) 1199 1199
ESS/Time (s71) 0.554  0.586
Det-free MCMC - with rational approximations (20 terms)
Mean 3.211 -12.71
Standard deviation 0.013 0.151
ESS 600 663
Time (s) 2279 2279
ESS/Time (s71) 0.263 0.291

Table 4.4: A comparison of different MCMC schemes for the Gaussian Markov random field example.
The comparison includes MCMC with determinants; MCMC without determinants and without rational
approximations, MCMC without determinants and with rational approximations with 10 and 20 terms,
respectively. Each column shows the MCMC output for the respective parameter. Each Markov chains
is run for a length of 10,000. It can be seen that the standard Cholesky-based approach outperforms
the determinant-free method due to the band-diagonal structure of the precision matrix.
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Figure 4.5: Matrix size n against the number of conjugate gradient iterations until convergence
(within a tolerance of 1 x 107°) to solve the first term in the rational approximation of (LT L)~ Y/?w,
with no preconditioning and using an incomplete Cholesky preconditioner.

4.6 Discussion and conclusions

A new MCMC scheme has been proposed and investigated for asymptotically exact Bayesian
inference in high-dimensional Gaussian models. The proposed scheme is a particular implementa-
tion of the Metropolis-Hastings algorithm, and it has been shown that auxiliary random variables
can be used to replace the determinant computation that arises in the Metropolis-Hastings
acceptance probability calculation when the covariance matrix is specified by unknown model
parameters. It was found that the Markov chains for the proposed method mix more slowly per
iteration than for a standard MCMC Cholesky-based approach, due to the additional auxiliary
variables, but can be much cheaper per iteration. The new method can be faster because it
exploits fast matrix-vector operations and it never creates dense matrices. It can be said that
the newly proposed approach allows for MCMC methods to be used for Bayesian inference for
a larger class of linear Gaussian models; these are models whose Cholesky-factors cannot be
obtained, yet the system is well-conditioned enough for matrix-vector products to be performed

reliably.

In practice, latent functions require a degree of smoothness, which forces the smallest eigenvalue

of the covariance matrix to become close to zero as the system size increases. This means that
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large systems are poorly-conditioned. The irony here is that a system being poorly conditioned
implies that it is almost low rank. Low rank systems are more constrained than an arbitrary
process, and so should be easier to represent. For the crime example, some of the smoothness
was removed from the process so that the GP described coloured noise with a relatively short
length scale. As a result, the model had a well-conditioned covariance matrix. It is concluded
that such a decomposition may be necessary to make full use of iterative methods, as these
methods do not work well with extremely poorly-conditioned precision matrices as found in

larger GMRF models.

For future work, it remains to identify ways to exploit low rank structure more generally. A
careful model specification is required so that the Gaussian model is reasonably conditioned so
that iterative methods can be used. The proposed scheme may prove useful in settings where
exact simulation-based inference is currently impossible. It also remains to use the methodology
for parameter estimation in more complex SPDE models that have a Gaussian representation.
It may also be beneficial to use the augmented distribution in (4.32) to obtain more efficient

variational approximations of the target distribution.



Chapter 5

Uncertainty quantification in urban
simulations

The building of mathematical and computer models of cities has a long history. The core
elements are models of flows (spatial interaction) and the dynamics of structural evolution.
Standard practice has been to calibrate the spatial interaction models independently and to

explore the dynamics through simulation.

In this chapter, a stochastic model of urban structure is developed to formally account for
uncertainty arising from less predictable events. There are three significant contributions that
are presented in this section. First, it is shown that the structural variables can be represented by
a single potential function and a system of stochastic differential equations (SDEs) is proposed
to model their evolution. Second, it is shown that the stationary distribution of the SDEs
can be viewed as a probabilistic model of urban structure due to a connection with entropy
maximisation. Third, it is shown that the parameters of the spatial interaction model can be
estimated from the structure alone, in lieu of flow data, using the Bayesian inferential framework.
The posterior distribution is doubly-intractable and poses significant computational challenges
that are overcome using Markov chain Monte Carlo (MCMC) methods. It is demonstrated that
the SDE model can be used to obtain uncertainty estimates for the evolving structural variables.
The new methodology is demonstrated with a case study of the London retail system. Further
work is suggested to improve the SDE model and to apply the methodology to larger-scale

systems.

The work in this chapter was performed in collaboration with Mark Girolami, Grigorios Pavliotis

128
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and Alan Wilson, and parts have been published in [EGPW18§|.

5.1 Context and literature review

The task of understanding the inner workings of cities and regions is a major challenge for
contemporary science [Bat08, Bat13]. The key features of cities and regions are activities at
locations, flows between location and the structures that facilitates these activities [DW15]. It
is understood that cities and regions are complex systems, and that an emergent structure arises
from the actions of many interacting individuals. The flows between locations arise from the
choices of these individuals, and an understanding of the choice mechanism is important for
planning and decision making. Economists have long supported the idea that consumer choices
are derived from utility, a measure of net benefit, although preferences can only be measured

indirectly by the phenomena they give rise to [Mar20|.

The flows between any two locations concern a vast number of individuals and can be represented
by averaging using Boltzmann’s ideas from statistical mechanics [Wil67]. The resulting models
are known as spatial interaction models in the urban geography literature. Economists later
provided their own explanation, which describe a discrete choice mechanism using the idea of
random utility maximisation [McF73]. These models have received considerable attention in
the econometrics literature. Unfortunately, the direct calibration of spatial interaction models
requires large volumes of flow data that is difficult to obtain, and may require an extensive

survey that suffers from sampling biases.

On the other hand, the urban structure facilitating activities can be straight-forward to measure.
The evolution of urban structure can be described by a system of coupled first-order ordinary
differential equations that are related to the competitive Lotka-Volterra models in ecology [HWT78§].
The conventional Harris and Wilson model in [HW78] is obtained by combining Lotka-Volterra
models with statistical averaging procedures, after having expressed the flows in terms of the
evolving structure and spatial interaction. As it tends to be more feasible to observe the emergent
structure, for example, configurations of floorspace dedicated to retail activity, this work is largely
motivated by the existing models of urban structure [HW78, Wil00, Willl, Wil12, DW15|. By

adopting a similar approach, the flows between locations are missing data.
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There is an urgent need to provide an improved modelling capability that captures the stochastic
nature and uncertainty associated with the evolution of urban structure. A shortcoming of the
Harris and Wilson model is that it is deterministic and converges to a fixed point that depends
on the initial conditions. In reality, the evolution of urban structure would be accompanied
by fluctuations arising from less predictable events [Vor85, Wil08, DW15|. In this chapter,
a continuous-time stochastic term is included in the model to reformulate the Harris and
Wilson model as a well-posed system of ergodic SDEs [KP13|. An associated Bayesian inference
methdology is provided for parameter estimation and model calibration for the newly proposed

model.

The existing methodology provides equilibrium structures as given by the fixed points of
an ordinary differential equation (ODE) model. A stochastic analogue that represents the
uncertainty in equilibrium structures is the stationary probability distribution of an ergodic
SDE model. The structural variables can be represented by a potential function, and the
stationary distribution of the SDE model is available in closed-form via the steady-state
Fokker-Planck equation. The Boltzmann-Gibbs distribution one obtains is related to an
idea in statistical mechanics known as the principle of maximum entropy [Jay57], which has
been applied to variety of phenomena [BCG*™12, TMM™15]| including the modelling of urban
flows [Wil67, Will0, CNP18|. The Boltzmann-Gibbs distribution provides a probabilistic model
of urban structure, and the potential function can be interpreted as the constraints on consumer
welfare, running costs and a first-order moment at statistical equilibrium. This approach
is novel, as the connection between dynamical systems and entropy maximisation described
in [Mac03a, LM13| has not yet been explored in the context of urban modelling [Wil08, Wil09].
Whilst it is mathematically convenient to assume that the system is close to a fixed point or
statistical equilibrium, there are likely to be economic, social or political events that prevent
this from being the case. To relax the assumption of equilibrium, one would need to study the
filtering or smoothing problem, which would be a computationally intensive task that assumes
the availability of high-frequency data [L.SZ15]. The assumption of statistical equilibrium

provides a stochastic generalisation of the existing methodology.

To this end, the stationary distribution of the SDE model is used to represent the uncertainty in
equilibrium structures as given by the existing methodology. A Bayesian approach to parameter

estimation is adopted, in which the Boltzmann-Gibbs distribution forms an integral part of the
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(assumed) data generating process. There are significant computational challenges, as there is
an intractable term in the density of the Boltzmann-Gibbs distribution that depends on the
model parameters. The intractable term must be taken into consideration when using MCMC
to explore the posterior distribution. The proposed approach is applicable to a wide range of
urban and regional systems, and is demonstrated with a case study of the London (UK) retail

system.

5.2 The Boltzmann Lotka-Volterra methodology

The Boltzmann Lotka-Volterra (BLV) methodology is well established in urban and regional
geography [HW78, Wil08, DW15|. This section describes the methodology that underpins
the Harris and Wilson model. It is assumed that urban structure is characterised by a time-
dependent vector of sizes W (t) = {Wy(t),..., Wy (t)} € RY for t > 0. An aggregate model of
the London (UK) retail system is used to demonstrate the ideas, however, the methodology is
general and has wider applications, for example, in archaeology, logistics, healthcare and crime
to name a few [DW15]. In the proceeding section, a stochastic reformulation of the Harris and
Wilson model is provided to formally account for the uncertainty associated with the evolution

of urban structure.

5.2.1 Spatial interaction models (Boltzmann)

In urban and regional geography, spatial interaction models describe the flow of quantities —
such as goods, services or people — between two regions that are each characterised by their
spatial location. A widely known type of spatial interaction model is the gravity model, which is
based on an analogy with Newtonian physics [HF84]. Tt is assumed that each flow is determined
by the attraction between the origin and the destination pair, however, the attraction is reduced
by their spatial separation. Gravity models can require additional constraints, for example,
to ensure that the total flows equal a known number. These constraints can be enforced with
the inclusion of so-called balancing factors that play a similar role to the partition functions
encountered in statistical mechanics. A more powerful modelling framework has been obtained

by a thermodynamic analogy [Wil67|. This is the modelling framework described here.
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It is assumed that an urban system is characterised by NV origin zones and M destination zones,
with the spatial location of each zone known. The flow of quantities from origin zone 7 to
destination zone j is denoted by 7};, and the configuration of flows {7};} forms an N x M
matrix. It is assumed that a flow 7;; is characterised by three parts: the origin-effects O;, the
destination effects W; and the cost or inconvenience associated with the flow ¢;;. The general

form of model is
Ti; = kO;W; f(cij), (5.1)
where f(c;;) is a function that decreases as ¢;; increases and k is a scaling constant. A single

flow is depicted in Fig. 5.1.

Figure 5.1: Illustration of a single flow in a urban or regional system. O; are the origin effects, W;
are the destination effects and T;; is the flow between the two locations.

In practice, there are a number of constraints that (5.1) does not satisfy. For example, for
a model of retail activity, it is appropriate to constrain the origin-effects to be equal to the
spending power of the respective zone. Mathematically, this means that the outflows for each
origin zone is given by

M
Y Ty=0; for i=1,...,N. (5.2)
j=1

For a model of retail activity, it is assumed that there is an average trip cost and an average

trip benefit. These two constraints are expressed as

N M
ZTijcij = C, (53)
i=1 j=1
and
M
> TyX; =X, (5.4)
i=1 j=1

respectively. Here, ¢;; is the previously defined cost or inconvenience associated with a flow
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from i to j, and X; is the attractiveness (an unscaled measure of benefit) of the destination
zone j. It is assumed that the attractiveness variables are related to the structural variables by
X; = InW;. The constraints in (5.3) and (5.4) can be enforced using Boltzmann’s ideas from

statistical mechanics.

It is assumed that there are T" units of flow in total, with each unit assigned to an (i, j) pair
and with 7" being a large number. Boltzmann showed that when assuming each particular
assignment is equally probable, there is one configuration {7;;} that is overwhelmingly the most

likely to occur. This is the assignment that maximises the entropy function

N M
H=-) > T;InT;, (5.5)

i=1 j=1
subject to what is already known about the system. By maximising the entropy function in (5.5),

subject to the constraints in (5.2)-(5.4), one obtains the following model of flows:
Ty = AOW; e, (5.6)

The flows can be written as

Wee P4 = exp (Uy), (5.7)

J

where each U;; = aX;—fBc;; is interpreted as a utility, and o > 0 and 8 > 0 are the attractiveness
and cost scaling parameters, respectively. a describes the extent that larger zones are preferred,
for example, due to an improved range of choice or economies of scale. 5 describes the extent
that local zones are preferred, for example, due to the inconvenience associated with travel.
Here, the balancing factor A; is given by

B 1
224:1 Wre—fein ’

A; (5.8)

which ensures that the flows are normalised according to (5.2). The inward flows for each

destination are calculated by the summation

i—1 T D Wit P

which is known as an activity location model, since D; is a measure of activity at j.

Spatial interaction models are usually calibrated via least-squares optimisation, which amounts
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to maximum likelihood estimation when using a Gaussian likelihood [Wil71]. It is also possible
to use a Poisson likelihood [FL88|. In both cases, flow data is required to calibrate the spatial

interaction model.

5.2.2 Structural evolution (Lotka Volterra)

So far it has been considered that the flows occur according to fixed values of W;, O; and ¢;;.
In practice, zones that have an inflow greater than their notional capacity will grow, whereas
zones that are underutilised will shrink towards a more sustainable level. The assumption that
zones will resize until a break-even point is achieved is justified by including the cost of capital

in the costs that determine the notional capacity.

A suitable model for the evolution of the sizes W (t) € RY, for ¢t > 0, is given by the Harris
and Wilson model [HW78|. The model is a system of ODEs that are coupled by the spatial

interaction model in (5.9)":

dWw;
7 = EWJ' (D] — HWJ'),
dt (5.10)
Wj (0) = Wy,
for j =1,..., M. Here, € > 0 is the responsiveness parameter and x > 0 is the cost per unit size.

The multiplicative responsiveness represents that larger zones are faster at responding to change
than smaller zones are. It is assumed that the spatial interaction model is updated immediately
for any change in W; the spatial interaction model describes fast dynamics and the logistic
growth equations describe the slow dynamics. The multiplicative responsiveness in (5.10) can be
replaced with a constant responsiveness to accelerate the convergence to equilibrium, however,

the former is considered a more realistic modelling assumption [DW11, DW15].

It is known that the system of ODEs will converge to a fixed point that satisfies the following
system of equations:

N Wee B
J

O;
Z 224:1 Wre=fein

=1

—kW,, j=1,...,M. (5.11)

It is known the system of equations has a unique positive solution for 0 < @ < 1, however, there

may be multiple positive solutions for v > 1 [RV83, Vor85|. The stability of the system can be

IFor simplicity, time-dependence is not made explicit when describing differential equations.
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studied via the Lyapunov function

N M M
W)=—a' Z O;In Z W;"e*ﬁc"j +kK Z W; + const, (5.12)
i=1 j=1 j=1
which satisfies u u
av av dw;

@ i R D, — kW;)* <0 5.13
dt ;dW] dt E;(J K J) - ( )
with equality if and only if the fixed point condition in (5.11) holds [Vor85]. For 0 < a < 1, the
uniqueness of the fixed point follows by the convexity of V', which can be shown by writing the

Hessian of V' as the sum of two positive definite matrices:
Hess(V(W)) = aH; + (1 — a)H, (5.14)

where the elements of H; and Hy are given by

—lo=Bcin Wa—1g=Bcim
ZO ud - - (5.15)
Zk IWa eilBCZk Zk 1Wa eflgczk
and
Wa—2 —Bcin
(H,) _5nmz (5.16)
nm Zk 1Wa6 Bczk
respectively.

The Harris and Wilson model can be calibrated to measurement data via least-squares optimisa-
tion or an R? analysis. It is common practice to assume an initial condition before running the
ODE model until it converges to a fixed point. It is possible to calibrate the model by observing
the structural variables [DW11, DW15] or the flow data [CNP18|. For a > 1, the calibration
procedure may be sensitive to the choice of initial condition due to non-uniqueness of the fixed

point.

5.2.3 Case study: the London retail system

The area of retail floorspace for London town centres for 2008 is obtained from a London Town
Centre Health Check report prepared by the Greater London Authority [Aut09]. There are
227 town centres, although only those classified as international, metropolitan and major town

centre classifications are used for the study, giving M = 49 town centres. The remaining town
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Figure 5.2: Visualisation of the observation data Y (red) over the map of London. The red markers
indicate the destination zones, which are the 49 town centres, and the blue markers indicate the origin
zones, which are the 625 residential wards. The sizes of the markers are given by the respective Y and
O values, and each zone is plotted at its longitude-latitude coordinate.

centres are mostly district town centres that have a relatively high concentration of convenience
goods and have a more localised catchment; these would be better modelled separately. The
destination sizes W; are taken to be the floorspace measurements for retail activity. The origin
quantities are determined from ward-level household and income estimates, for which there
are N = 625 wards, published by the Greater London Authority [Aut16b, Autl5]. The origin
quantities O; are taken to be the spending powers equal to the population size multiplied by
the average income. The data is presented in Fig. 5.2, over the map of London using boundary

data from [Autl6al.

The two key unknown parameters are o and 3; the attractiveness and cost scaling parameters,
respectively. Both parameters are expected to be positive, however, these quantities describe
consumer behaviour and are difficult to ascertain. It is assumed that the practitioner has a
reasonable way of determining the remaining parameters € and k, and this has been standard

practice in the urban modelling literature so far.
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5.3 Stochastic modelling of urban structure

This section provides a stochastic generalisation of the Harris and Wilson model. The need for
an element of stochasticity to account for less predictable events has long been recognised in
the literature. For example, the case is made in [Wil08] and some ideas have been proposed
in [Vor85, DW15|. In this section, it can be more natural to represent the structural variables
W(t) = {Wi(t),...,Wuy} € RM by the attractiveness variables X (t) = {X:(¢),..., Xy} € RM
where each W; = exp(X;). In this way, there are no positivity issues when developing a
stochastic model. First, a stochastic reformulation of the Harris and Wilson model is provided.

Second, the connection between the SDE model and entropy maximisation is made.

5.3.1 A stochastic reformulation of the Harris and Wilson model

This section considers diffusion processes, which are the continuous-time analogue of a discrete-
time system with a constant stochastic perturbation |[LM13]. Diffusion processes provide a
sufficiently broad class of processes for a stochastic urban model and, due to the Markov
property, are well-understood. For instance, there are results over existence, uniqueness and
well-posedness of their solutions, and the probability distribution of the process solves a partial
differential equation known as the Fokker-Planck equation. To this end, a diffusion processes is
a SDE of the form

dX(t) =b(X(t),t)dt +o(X(t),t) o dB(t), (5.17)

where X () € RM b : RM™ — RM is a smooth vector-valued function and o : RM® — RM*K ig
a smooth matrix-valued function. Here, B(t) is a standard K-dimensional Brownian motion
and the SDE is interpreted in the Stratonovich sense. The Stratonovich interpretation is
obtained from a smooth approximation of white noise?, which is known as the Wong—Zakai
theorem [WZ65, Pav16]. The Stratonovich interpretation is appropriate for the dynamical
system of interest, as it is stable with respect to perturbations in the noise term. The reader is
referred to Appendix A for further preliminaries and background; the key modelling aspects are

discussed here.

Stochastic models have been informally introduced in [DW15], by randomly perturbing an Euler-

2At least for the one-dimensional case.
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discretisation of the ODE model. A more formal SDE approach has already been considered
in [Vor85], however, the proposed model is restricted to the case 0 < o < 1, and the process
converges (almost surely) to the unique fixed point satisfying (5.11), which does not account for
the uncertainty in equilibrium structures. The restriction to 0 < a < 1 is a concern because

existing retail models have been calibrated with @ > 1 [DW11, DW15].

Instead, the following system of SDEs with Stratonovich noise is considered here:

dW; = eW;(D; — kW; + ) dt + oW o dB;,
(5.18)
W;(0) = wy,

for j = 1,...,M. The parameter ¢ > 0 controls the level of noise in the system. The
multiplicative noise represents fluctuations in the growth or contraction rate given by D; — kWj.
A heuristic interpretation of the SDE is that, over a short time dt, the rate D; — kWW; is randomly
perturbed by Gaussian noise with a standard deviation of ov/dt. The noise term represents
fluctuations in growth rates arising from less predictable events that are not represented by
the ODE model. The specification of multiplicative noise preserves the positivity of each W/,

and can be justified by the idea that larger zones have a greater potential for unpredictable

change [DW15].

It is more convenient to study the properties of (5.18) with the change of variables X; = In W,
so that urban structure is represented in terms of attractiveness rather than size. This is
a change of variables that transforms multiplicative noise into additive noise, known as the
Lamperti transformation [Pav16|. The system becomes
dX; = ¢(D; — ke™ +6)dt + 0dB;,
(5.19)
X;(0) =z,

for j = 1,..., M. A useful observation is that (5.19) can be rewritten as a gradient system.
This done by introducing the potential function V : R® — R and its gradient VV : RM — RM
by

N M M M
eW(z)=—at Z O;In Z Wi exp (ax; — feij) + 5 Z exp(z;) — 9 Z ;. (5.20)
i=1 j=1 j=1 J=1



5.3. Stochastic modelling of urban structure 139

so that the system can be written in vector-form as

dX = —VV(X)dt + \/2y-1dB
X(0) ==.

(5.21)

Here, the noise strength ¢ has been replaced by an ‘inverse-temperature’ parameter v = 202 for
notional convenience. Equation (5.21) is the Langevin equation in the overdamped limit. The
Langevin equation is used in the physical sciences to model interacting particles that are subjected
to potential forces and stochastic fluctuations in the limit of no inertial effects [LM15, Pav16].
For Langevin dynamics, the strength of the fluctuations is proportional to the square-root of

the temperature of the system. This is why ~ is referred to as an inverse temperature.

The probability density of X (t), denoted p(x,t), evolves in time according to the Fokker-Planck
equation (FPE). The FPE may be written as

dp(w,t)
T -V - J(z,t),
J(x,t) = =VV(2)p(z,t) — v 'Vp(x,t), (5.22)

p(z,0) = po(z).

Whilst (5.22) is very challenging to solve, especially in higher-dimensions, a steady-state solution

occurs when the probability flux J(z,t) vanishes, which happens for

1
pu(x) = Eeﬂv(x). (5.23)

This is the density of a Boltzmann-Gibbs measure. For the measure to be appropriately defined,

the potential function must be confining so that limjg| V() = oo and
Z :/ e V@ dr < oo, (5.24)
RM
for all v > 0. A sufficient condition is that there exists b € (0,1) and C' > 0 such that

lim inf (b|VV|* —~77'AV) > —C, (5.25)

|z|—o00

as proved by Lemma 3.14 in [MS14|. The condition is satisfied when V' grows at least linearly
but no faster than exponentially at infinity. The following bound on the softmax function [NS16]:
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M
- < ) < ; . .
Jmax o < logz;exp(xj) < Jmax z; +In M (5.26)
j:

means that 6 > 0 is a requirement. The corresponding FPE has a vanishing boundary condition.

The process satisfying (5.21) may also be restricted to a bounded domain X C R with a
smooth boundary 0X, for example, via a reflecting process on 0X. Reflecting SDEs are formally
defined in [LS84]. The domain X can be chosen to contain a metastable state of V' so that one
effectively studies the quasi-stationary distribution of a trapped process [CMSM12, TLL19]. In
this way, it is possible to alleviate the multimodality caused by an excessively complex potential
function. The simplification may be justifiable due to prior knowledge of the system being

studied. The corresponding FPE has a no-flux boundary condition.

Properties of the Boltzmann-Gibbs measure

The Boltzmann-Gibbs measure is unimodal for 0 < o < 1 but can be multimodal for o > 1 by
a similar argument to the one presented in Section 5.2.2. There must be at least one mode as
V' is coercive [NWO06]. A mode can only occur when VV(x) = 0, which is equivalent to the

condition

N
| W exp(—pcij)
Z S W exp(—Bear)

=1

+8=rkW;,  j=1,...,M. (5.27)

Clearly as § — 0, (5.27) approaches the equilibrium condition given by (5.11). Requiring § > 0
means that each WW; solving (5.27) must be strictly positive and bounded below by Wi, = 0/k.
The potential function is illustrated in Fig. 5.3 for a 2-dimensional example for various values
of a with the remaining parameters held fixed. The Boltzmann-Gibbs measure is noticeably
multimodal for @ > 1.3. The multimodality occurs because only one of the two zones carries

most of the activity.

If z, = min,cpm V() is a unique minima of V', then the Boltzmann-Gibbs measure collapses to
a Dirac mass located at x, in the noiseless limit as v — oo. This is in contrast to the notion of a
fixed point of the deterministic Harris and Wilson model, which depends on the initial condition.

In other words, z, is the solution to a global optimisation problem rather than a local one.
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Figure 5.3: The potential function for a 2-dimensional system with & = (21, 22)7 for various values of
«. The z-axis represents the 1 value and the y=axis represents the xo value. The potential function
noticeably has multiple minima for o > 1.3.



142 Chapter 5. Uncertainty quantification in urban simulations

5.3.2 The principle of maximum entropy

The Boltzmann-Gibbs measure in (5.23) can also be obtained from a maximum entropy argument.
The advantage of this view is that the terms in the potential function can be interpreted as

economic constraints on the stationary distribution of (5.21).

The idea is to introduce an entropy function that represents the uncertainty in the system, and
to maximise the entropy function subject to what is known about the system. The entropy

function is taken to be the expectation of the negative index of probability. It is defined as

H(p)=— /RM p(z) In p(z)d. (5.28)

The integral is only taken over the positive values of p, since lim,_,o pInp = 0. It is assumed

that there are a finite number of constraints of the form

(Qi) = / Qi(z)p(z)dz = C;, (5.29)

where each C; is a real number and each @); is a measurable function representing a constrained
quantity. Then provided that all integrals are finite, the unique probability density function
that maximises the entropy function is the Boltzmann-Gibbs measure whose potential function

is linear in the constrained quantities, as shown by Proposition 9.1.2 in [LM13].

It remains to specify suitable constraints for urban systems. An attempt has already been
made to represent the structural variables by a potential function to obtain a model analogous
to the Ising model in statistical physics [Wil08, Wil09]. The constraint that has already been
considered is on the expected deviation from the equilibrium condition in (5.11), which amounts

to studying the potential function

i — kWj) (5.30)

7=1
Whilst (5.30) is expected to be close to zero, it can only represent a constraint on the total

capacity of the system because the sum over D; is constant for a singly-constrained system. It

is not restrictive enough.
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Instead, the potential function in (5.20) is written as

E_IV(:E) - Qwelfare(x) + ’chapacity(fL‘) + 5Qattractiveness(x)7 (531)

and the constraints are given by:

<Qwelfare> = Cwelfarea (532)
<Qcapacity> = Ocapacitw (533)
<Qattractiveness> = Cattractiveness' (534)

The Boltzmann Gibbs measure given by (5.23) is the distribution that maximises the Boltzmann-
Gibbs entropy in (5.28), subject to the constraints (5.32)-(5.34). This is a consequence of Gibb’s
inequality, which may be written as
—/ p(x)Inp(z)dr < —/ p(x)In p.(z)dx, (5.35)
RM RM
with equality if and only if p = p, [LM13]. It is assumed that both integrals are finite. An

application of Gibbs’ equality provides an upper bound on the entropy function:

H(p) < —/RM p(x)In pi(z)dz,
- / [z V()] pla)ds,

=InZ + Y Qwelfare ($)P($)d$ + YR Qcapaeity (f)P(l")dl" + ’75 Qattractiveness (fE)P(x)dffa
RM RM RM

=InZz + Vowelfare + ’yffocapacity + fyéoattractivenessa
(5.36)

with equality if and only if p = p,. Therefore the entropy function is only maximized for p = p,.

The constraints are considered in more detail under the following headings.
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Total welfare constraint

The first term in (5.20) relates to the constraint in (5.32), which can be written as

N M
<Oé1 Z Oz In Z €xp (U’Lj) > = C’welfare- (537>
=1 Jj=1

where the deterministic utility functions is defined by
Uij(xj) = oxr; — /BCZ']‘. (538)

The welfare measure can be interpreted by using the random utility maximisation frame-
work [McEF73, Wil77]. The stochastic utility function for a possible choice being made from ¢ to
j is defined by:

Uij(z;) = Uy(x;) + €, (5.39)

where each of the ¢;; are independent and identically distributed Gumbel random variables.

With this choice of random variables, it can be shown that

_ o exp (Uij(xj)) .
S aey exp (Uin(x))

The expected utility attained for a unit flow E[maxlgjg M Uij (x])] is available in closed-form,

P { N {Uij(xj) > Uik(xk)}] (5.40)

and is given by

M

E[lgﬁ}fw Uij(xj):| =In Zl exp (Uy(z;)) + ¢, (5.41)
P

where ¢ is the Euler-Mascheroni constant [Wil77, Tra09]. Lastly, by summing over each flow

and one obtains

N
at Z O,E[ max U,](x])] = Qwelfare () + const, (5.42)
i=1

1<j<M

1

where the constant term can be discarded. The scaling factor of o™ is mathematically necessary

for the gradient system in (5.21) to be consistent with (5.19) and (5.9).
Total capacity constraint

The second term in (5.20) relates to the constraint in (5.33), which can be written as

M
< Z WJ> - Ccapacity- (543)
J=1



5.3. Stochastic modelling of urban structure 145

Each W;(z;) = exp(z;), as before. This constraint reflects that each zone can only operate at
a finite capacity, for example, land is a scarce resource that must be put to good use. The
constraint on capacity was initially represented by the logistic growth equations in (5.10). An

appropriate specification must satisfy lim,, . V' (2) = oo.

Total attractiveness constraint

The third term in (5.20) relates to the constraint in (5.34), which can be written as

M
< Z X]> = Oattractiveness' (544)
j=1

The purpose of this constraint is to ensure that no zone is so unattractive that it bears no activity.
For example, there are mechanisms such as continued investment or government initiatives that
prevent this from happening. It prevents zones from collapsing due to a lack of activity. An
appropriate specification must satisfy lim,,, ., V(z) = co. The total attractiveness constraint

is mathematically necessary to ensure that V is a confining potential.

5.3.3 The thermodynamics of cities and regions

It has been shown that at statistical equilibrium, when p = p,, the Boltzmann-Gibbs entropy of
the attractiveness variables is maximised subject to the equality constraints on the expected total
welfare, expected total capacity and expected total attractiveness. This is not by coincidence,
and the connection between stochastic dynamical systems and entropy maximisation has been
studied extensively in the mathematical physics literature [JKO98, MV99, Mac03b, Pav16].

These ideas have not been recognised in the urban modelling literature.

When the structural variables evolve in time according to (5.21), the system is analogous to a
thermodynamic system in that there exists an entropy function that is increasing and converges
to a unique limit attained if and only if p = p.. The relevant form of entropy is the conditional

entropy

Hiplp) = - [ oo [ 200 as (5.45)

p+()

where p, is the density of the Boltzmann-Gibbs measure in (5.23). The conditional entropy can



146 Chapter 5. Uncertainty quantification in urban simulations

be rewritten as

Hlolp) = 1)+ [ pla)np. (o) (5.46)
=H(p) —~ /RM V(z)p(x)dx —In Z, (5.47)

which is equal to the Boltzmann-Gibbs entropy plus a Lagrange multiplier that enforces the
constraints on the maximum entropy distribution p,. By Gibbs’ inequality in (5.35), the
conditional entropy is bounded above by zero and attains its maximum value when p = p,. It is

shown in Appendix A that

dH
>0 5.48
20 (5.48)

with equality if and only if p = p,. It is also shown in Appendix A that, due to the Poincaré
inequality implied by (5.25), p(-,t) converges to p, at rate that is exponentially fast provided
that py € L2(R™; p,). In this case

lim H.(p(-,t)|p«) = 0. (5.49)

t—o00

5.4 Bayesian parameter estimation

This section addresses the inverse problem: the task of determining the model parameters from
an observed configuration of sizes. The inverse problem is primarily motivated by the need to

calibrate models for urban simulations.

5.4.1 Existing approaches

The two key unknowns are o and . It is assumed that the practitioner is able to determine the
remaining parameters and this has been standard practice in the urban modelling literature so
far. In principle, @ and 3 can be estimated from flow data by calibrating a spatial interaction
model. This can approach can be impractical as flow data is difficult to obtain and requires an
expensive survey that would suffer from sampling biases. In [DW11, DW15|, the values of «
and 3 were determined via least squares minimisation by comparing the predicted sizes with
the observed sizes. The predicted sizes are obtained by running the ODE model in (5.10) until

convergence, using a pre-specified initial condition. This approach does not account for the
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uncertainty in the dynamics nor the observation data. Instead a Bayesian approach is proposed

here.

5.4.2 Proposed Bayesian hierarchical model

It is assumed that an observed vector of sizes y € RY is related to some latent sizes w € RY)

and multiplicative noise e € RY by
Iny =Inw+Ine. (5.50)

The specification of multiplicative noise is appropriate since all measurements are positive and
there is more scope for error when measuring larger zones. As before, it is natural to work
in terms of log-sizes * = Inw € RM, and it is assumed that 2 ~ p, is a realisation of the
Boltzmann-Gibbs measure in (5.23). The latent variables x depend on the model parameters
6 = {a,B} € R2,, which is summarised by a single variable for notational convenience. It
is further assumed that Ine ~ N(0,X) is a realisation of Gaussian noise for some symmetric
positive definite covariance matrix ¥ € RM*M_ The noise term is assumed to be independent

and identically distributed so that ¥ = A\2I with A > 0.

The prior distribution on the model parameters is denoted 7(#). The prior distribution for the
latent variables is denoted 7(x|6) and is equal to p.(x) in (5.23). It is repeated here to make
the #-dependence explicit in the notation:

m(x)|0) = ﬁ exp (—Va(z)), 2(0) = /Rd exp (—Va(z))dz. (5.51)

It is emphasised that 7(x|f) is only known up to a normalising constant z(#) that is a function

of the unknown model parameters 6. The likelihood function m(y|z) is the Gaussian density as

specified by (5.50). The joint posterior density then has the form

7(x,0ly) o W(@)% exp (—YVo(z))m(ylz). (5.52)

It is ‘doubly-intractable’ in that both the normalising constant of (5.52) and the function
z(0) are both unknown. The #-dependence for the z(6)-term poses significant computational
challenges as the joint posterior density cannot be evaluated at all, not even up to an irrelevant

multiplicative constant.
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The following subsections discuss some possible methodologies to estimate posterior quantities

of the form

E[¢(z,0)y] == /]R2 » o(z,0)m(x,0|y)dxdo, (5.53)

where ¢(x,0) is an integrable function of interest.

5.4.3 Parameter estimation in the noiseless limit

The inference procedure can be simplified substantially by calibrating an approximate model
in the noiseless limit v — oo for a bounded domain X C R¢. This is because of the following

asymptotic result, known as a saddle point approximation:
W) 1, — M/2 3V (mg) —1/2 -1
f(x)e de = (2m)" e |VVVa(me)| " (f(me) + O(v 1)), (5.54)
X

where my is the single minimum of Vj on X. Heuristically, it can be justified by Taylor-expanding
Vj around its global minima my and noting that the most significant contributions to the integral

are from this neighbourhood.

The global minima can be found via Newton-based optimisation with a suitable initial condi-
tion [NWO06|. It is assumed that X is chosen such that Vj has a single minima in the interior of
X. This is possible in all but special cases. As noted in Section 5.3.1, Vj may have multiple
minima when « > 1 and therefore the optimisation procedure may need to be performed with

multiple initialisations.

In the limit v — oo the marginal likelihood becomes

 Jeplylz)eo@
B fX 6_7V0($)daj

p(y]6) = /X p(yle)p(z]8)dz = N(ylma, ). (5.55)

Posterior quantities of the form can be estimated via a 2-dimensional quadrature rule. Alterna-
tively the posterior can be approximated by the maximum-a-posteriori values for o and g by
solving the optimisation problem with a 2-dimensional grid search. In the case that uniform

priors are placed on « and /3, the optimisation problem is a least-squares optimisation problem
f = argmin ly — m9|2. (5.56)
0

This is particularly convenient as the solution does not depend on A. In this way, the uncertainty
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in equilibrium structures is effectively represented by the Gaussian likelihood rather than a

softening of the Harris and Wilson model.

5.4.4 Markov chain Monte Carlo with Laplace approximations

As suggested in [GCST14], a deterministic approximation can be used to estimate the unknown

2(0) term. Following on from the asymptotic result in (5.54), z(#) can be estimated by

2(0) ~ (27) "2V [TV, (mg)| . (5.57)
The required derivatives for the curvature term are given by
0%V, . al
Fogo = Smte™ =} Oilkin (Sum = Aim). (5.58)

i=1

where A;; is the softmax function:

Ay = exp(ax; — Beij) (5.59)

224:1 eXP(OéIk - Bcik)‘

The approximation is accurate in the limit v — oo, and is therefore well-suited to regimes
in which the system behaviour is dominated by the potential effects rather than stochastic
fluctuations [But07]. These regimes are of more interest for urban modelling, as the system

responses are more predictable.

Having specified a deterministic approximation of z(), standard MCMC methods can be used
to estimate the integral in (5.53). Since a Laplace approximation yields a biased estimate of z(6),
the MCMC scheme will not converge to the correct stationary distribution and the resulting
estimates will not be consistent. The scheme is expected to be acceptable for low-noise regimes,

however, there is a limited understanding of the approximation error incurred.

A block Gibbs scheme is proposed, in which the latent variables and model parameters are
updated in two separate steps. This is because it would otherwise be difficult to draw joint
proposals that are likely to be accepted. The MCMC scheme is also easier to tune this way.

The proposed scheme is as follows.
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Latent variable update. Hamiltonian Monte Carlo (HMC) is used for the z-updates to
suppress random walk behaviour. This requires drawing Gaussian auxiliary variables p ~ N(0, I)
and updating (x, p) via simulated Hamiltonian dynamics to obtain (z’, p"). The newly proposed

pair is accepted with probability:

m(yla', 0) exp (—Va(z') — §|p'?) } (5.60)

a,(z',p'|x, p) = min {1,
m(ylz,0) exp (—Va(x) — 5lpl?)

Model parameter update. Random walk Metropolis with reflecting boundaries are used
for the f-updates. The Metropolis-Hastings acceptance probability is given by:

(ylz’,0')z(0) exp ( — Vi ()7 () }
w(ylz,0)z(0") exp (= yVy(x))m(0) |

ag(6'|#) = min {1, (5.61)

5.4.5 Markov chain Monte Carlo with unbiased estimates

To obtain more accurate posterior summaries, especially in the event that the saddle point
approximation performs poorly, a consistent estimator of (5.53) of can be constructed using the
techniques discussed in Section 2.4.2. The estimator is of the form

' ZL_ Q(i)g m(i),g(i)
E|¢(z,0)y] = lim L _122_1(9(’@ :

(5.62)

The suitability of the scheme is dependent on being able to obtain precise importance sampling
estimates of z(6), which is challenging for low-noise regimes due to the concentration of measure.
This is because negative values of Q) arise from high variability in the z(#) estimates and have
the effect of increasing the variance of the estimator given by (5.62). Moreover, high variability

in the z(0) estimates results in high rejection rates for the psuedo-marginal MCMC scheme.

An unbiased estimate of z(0) is given by averaging over a batch of importance weights. The

importance weights are evaluations of

w(z) = exp (—Va(2)) /q(x), (5.63)

at locations drawn from a proposal distribution with density ¢(z). Having obtained a set of
importance weights, one can use the increasing averages estimator in [WM17], given by

1+1 B

V= — — X®) g, 5.64
Z;g:ow(X(k)) ! ( )
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so that the random truncated series

v Vz 1
S = VO+ZPrT>@ (5.65)

gives an unbiased estimate of 1/z(6) for the reasons discussed in Section 2.4.2.
A Markov-chain can be obtained using a similar block Gibbs scheme to the one used before: the

acceptance probability for the z-updates is given by (5.60), however, the acceptance probability
n (5.61) is

ap(0')0) = m

) {1, w(yl2’, 0)|S | exp ( — Vo (2))m(0') } (5.66)

7(ylz, 0)|S] exp ( —Vy(x))7(0)
With reference to the estimator in (5.62), the weights Q) are given by Q) = sgn(S®). As

already mentioned, it is necessary to cache the value of S@ at each iteration as part of the

pseudo-marginal MCMC scheme.

5.4.6 Implementation details

Modelling aspects

Weakly-informative uniform priors are specified for o and 3, which are restricted to the interval
[0, 2] after a suitable rescaling of 8 as determined by a preliminary study. This is the approach
adopted in [DW11, DW15]. This setting allows for a comparison with the R? analysis performed
for the deterministic Harris and Wilson model in [DW11, DW15].

Ideally, uninformative priors would be placed on all parameters that specify the Boltzmann-
Gibbs measure. The first problem is that the resulting inferences are likely to be unacceptable
for model calibration purposes. For example, a model that is primarily driven by stochastic
fluctuations is of limited use for studying urban systems. The second difficulty is that there are
computational issues associated with the choice of noise regime. The Laplace approximation
performs well for a low noise regime, however, the importance sampling estimates are much
more difficult to obtain due to the concentration of measure. A strongly informative prior over
v is therefore necessary, at least for model calibration. For simplicity, 7 is specified to reflect

the desired level of noise and € is set to one as it is fully subsumed by ~.

Following the urban modelling literature, the value of x can be specified by a supply and
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demand argument. In the noiseless limit v — oo, the equilibrium condition in (5.27) applies,

and summing over each equation yields

N
1
Wiotal = - (Zl O; + (5M) , (5.67)

where Wi is the total capacity of the system. Equation (5.27) also provides a lower bound

for the smallest zone

Wi = 6/, (5.68)

which can be used to determine a suitable value of 9.

Computational aspects

The step size parameter for the f-updates is tuned to obtain an acceptance rate in the range
30% — 70%, and the step size and number of steps for the z-updates is tuned to obtain an
acceptance rate of at least 90%. The f-updates require either the global minima of Vj on
X, for the saddle point approximation in (5.57), or consistent estimates of 1/z(6), for the
pseudo-marginal MCMC scheme. When attempting to find the global minima of Vj, M runs of
the L-BFGS algorithm are performed but each with a different but deterministically chosen
initial condition. To obtain consistent estimates of 1/z(f), annealed importance sampling
(AIS) with HMC transition kernels is used. AIS is initialised by drawing from the log-gamma
distribution equal to m(z|f) in the limit «, f — 0. The random stopping time 7" in (5.65) is
specified by the survival function Pr(T > k) o k=11, Each unbiased estimate of 1/z(6) requires
T + 1 runs of AIS, with a new realisation of T" each time. Running AIS a large number of times
is a computationally intensive task, however, the estimates can be obtained in parallel. This is

done using the multiprocessing library in Python.

5.5 Case study

In this section, the proposed methodology is applied to the London retail system, follow-
ing [DW11, DW15]. In the context of retail, the size variables represent the area of space
designated to retail activity, and the utility function in (5.38) is justified by the benefit con-

sumers gain from the improved range of choice and economies of scale that is offset by the cost
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of travel. The parameter estimation problem is of particular interest in the context of retail, as

the flow data is difficult to obtain and the attractiveness variables are not directly observable.

5.5.1 Preliminary studies

First, a preliminary study is performed for a simplified model with no observation noise A — 0,
in which case the #-marginal of (5.52) is

w(0ly) < 7(0) s exp ( — Vi ). (5.60)

With this simplification, it is possible to evaluate and visualise the posterior probabilities over a
grid of o and 3 values. This is done over a 100 x 100 grid for v = 10 and v = 10%, representing
high-noise and low-noise regimes, respectively. Using the justification provided in the previous
section, the values 6 = 0.006 and x = 1.3 are used. z(f) is estimated with a saddle point
approximation, as it was not possible to obtain reliable z(f) estimates for high values of 7
using importance sampling techniques with a reasonable computational effort. The results are
presented in Fig. 5.5, in which the scales indicate that the model with high-noise provides the
better explanation of the data. The best fit for the high-noise regime is @ = 0.90 and 8 = 0.46
and the best fit for the low-noise regime is a = 1.18 and § = 0.28. As expected, the low-noise
regime suggests stronger attractiveness effects as the model with a higher level of noise is able
to explain variation by stochastic growth. The o and [ values are positively correlated; this is

because of the offsetting effects in the utility function in (5.38).

A comparison can be performed with the R? analysis for the deterministic version of the
Harris and Wilson model in [DW15]. The predicted value Wp,q is taken to be the equilibrium
satisfying (5.27), obtained from the ODE model given by (5.21) but by letting ¢ — 0 and
using the initial condition wy = y. The R? value is defined as R? = 1 — S5.¢/5S10t, Where
SSres/SStor 18 the ratio of the variance of the residuals y — Wpyeq and the variance of the
observed y. Maximising the R? values is effectively a least-squares optimisation procedure. The
R? analysis yield a best fit of & = 1.36 and 3 = 0.42, which is agreeable with the findings for
the low-noise regime in Fig. 5.5. There are also some strong similarities between the profile of
posterior probabilities and the profile of the R? values. First, both approaches find that the

poorest fit is for a regime in which « is too high and 3 is too low; these values result in most
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Figure 5.4: Evaluations of the log-density of the Boltzmann-Gibbs measure over a grid of 100 x 100
values of a and f for a regime with high-noise (left) and a regime with low-noise (right).
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Figure 5.5: Evaluations of the R? value over a 100 x 100 grid of a and /3 values for the deterministic
model.

0 1

activity taking place in a single zone. Second, both approaches agree in that a good fit can be

found in the range 1 < o < 2.

5.5.2 Prior modelling

First, the latent variables are drawn from the prior distribution 7(x|f) to verify the suitability
of the modelling. For illustrative purposes, a values are considered across the range [0, 2], and

£ = 0.5 is held fixed to a reasonable value.

To represent the noiseless and low-noise regimes, configurations of the global minima of Vjy(x)
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Figure 5.6: Approximate draws of the latent variables from 7 (z|f) for a high-noise regime with
~ = 102, obtained by running a Markov chain of length 10,000 using HMC combined with parallel
tempering. Each row shows 4 randomly selected states from the Markov chain with « as specified and
8 =0.5.

obtained from numerical optimisation. This is appropriate because there is little variation
between samples. For the regime with high-noise, the approximate draws are obtained by
running a Markov chain of length 10, 000 using HMC combined with parallel tempering with 5
auxiliary distributions. The results are in Fig. 5.6-5.7, respectively. It can be seen that higher
values of av and lower values of [ create a sparse structure in that all activity takes place in very

few zones. Conversely, lower values of @ and higher values of 5 lead to a more dense structure.

5.5.3 Bayesian parameter estimation

This subsection investigates the parameter estimation procedures described in the previous for

the observation model in (5.50) that accounts for observation noise in the data. For illustrative
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Figure 5.7: Global minima of the latent variables from m(z|#), obtained by running the L-BFGS
algorithm for M different initial conditions. These configurations are representative of draws from
7(x]0) in a low-noise regime with v > 1.

purposes A is held fixed to A = 0.1 so that the relative noise for a zone of size 1/M is 3%.
Relative noise here is defined as A\/log M. It is held fixed to a low level to ensure that the
likelihood is sufficiently informative for inferences to be made. Whilst an improved specification
of observation noise from a preliminary study would lead to more dependable inferences, the

arguments and methodology would remain the same.

Noiseless limit

First the o and S values are inferred by considering the noiseless limit v — co. For simplicity,
uniform priors are placed on « and S so that a direct comparison can be performed with the
preliminary R? analysis. The MAP estimates were found to be & = 1.14 and B = 0.54. The
results slightly differ from the R? analysis because the model performs least squares optimisation
of the log-sizes rather than the sizes. Again, as shown for the R? analysis, it can be seen that
the likelihood is maximised in the region 1 < o < 2. By plotting the residuals it is seen that
they are approximately Gaussian, reaffirming the suitability of the approach and also showing

that the model is sufficiently flexible to obtain a good fit.

Low noise regime

For the low noise regime, Markov chains of length 20,000 are obtained using the Metropolis-
within-Gibbs scheme using Laplace approximations. Owing to the concentration of measure,
it was not possible to obtain sufficiently precise importance sampling estimates to allow the
debiasing scheme to be used. Therefore, a Laplace approximation of the unknown normalising

constant was obtained instead. The empirical autocorrelation for o and 3 is below 0.2 after 25
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Figure 5.8: Model calibration for the deterministic model: log-likelihood values (left) and a scatter
plot of actual against observed values (right).
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Figure 5.9: Posterior marginal density estimates for a and 3 for the low-noise regime (y = 10%). The
smooth density estimates were obtained by applying (5.53) to a Gaussian kernel. The blue line indicates
the uniform prior density.

steps, which is sufficient for the required posterior summaries of o and S values.

The estimated smoothed density estimates for o and 3 are presented in Fig. 5.9, and plots of the
latent sizes showing the posterior mean plus or minus three standard deviations are presented
in Fig. 5.10 alongside plots of the expected residuals and observation data. These were obtained
using kernel density estimation with a Gaussian kernel. The posterior-marginals of o and
give a mean of 1.17 4 0.01 and 0.26 4+ 0.01, respectively. The inferred values for the low-noise
regime are in line with Fig. 5.5, although appear softer. The posterior summaries suggest that
attractiveness and inconvenience effects are present in the data. The plots of the expected
residuals and observation data suggest that the model also provides a reasonable fit to the data,

however, the dispersion in the plotted quantities and possibly a degree of heteroscedasticity.
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Figure 5.10: Visualisation of the posterior latent variables X for the low-noise regime (y = 10%).
Left: The outer and inner rings show the posterior mean plus or minus three standard deviations,
respectively. Top-right: Expected attractiveness against the expected residual. Bottom-right: Expected
attractiveness against observed value.

High noise regime

For the high-noise regime, the pseudo-marginal MCMC methodology can be used as it is
possible to obtain sufficiently reliable importance sampling estimates of the unknown normalising
constants. The AIS estimates each used 10 particles and 50 equally spaced tempering parameters.
Again, the empirical autocorrelation for av and (3 is below 0.2 after 25 steps. For pseudo-marginal

MCMC scheme, 88% of the signs are positive, which is acceptably high for the scheme to
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Figure 5.11: Posterior marginal density estimates for a and 3 for the high-noise regime (y = 102).
The smooth density estimates were obtained by applying (5.53) to a Gaussian kernel. The blue line
indicates the uniform prior density.



5.5. Case study 159

0.10
1

InY; - E[X|Y]

8

O
(©)
0.00

i & @OGDO
o B85 %
T T T T T T T

o o ) L. gl 50 40 30  -20
6 ©: )6 . EDX)Y)

-2.0

Q
0
L0

©

)

InY;

-3.5
I T N
[¢]

-5.0
o

T T T T T T 1
-5.0 -4.0 -3.0 -2.0

E[Xj[Y]

Figure 5.12: Visualisation of the posterior latent variables X for the high-noise regime (y = 102).
Left: The outer and inner rings show the posterior mean plus or minus three standard deviations,
respectively. Top-right: Expected attractiveness against the expected residual. Bottom-right: Expected
attractiveness against observed value.

be used. Plots of the smoothed density estimates for a and  for the high-noise regime are
presented in Fig. 5.11. Plots of the latent sizes showing the posterior mean plus or minus three
standard deviations are presented in Fig. 5.12 alongside plots of the expected residuals and
observation data. The posterior-marginals of a and S give mean plus or minus one standard
deviation estimates of 0.35 4 0.28 and 1.09 + 0.46, respectively, which appear reasonable in light
of the analysis in Fig. 5.5. The plots of the expected residuals and observation data suggest
that the model provides a reasonable fit to the data, and that the assumption of homogeneous
observation noise is reasonable. This is as expected as the high-noise model provides a more
flexible model. After taking into account the observation noise, a weaker attractiveness effect

was observed.

The model with more noise favours the simpler explanation that most variation is due to
stochastic growth, whereas the low-noise model is more constrained. An SDE model that is
predominately driven by stochastic effects may be of less use for exploring possible urban futures.
There is noticeably more uncertainty in the latent variables and the model parameters for
the high-noise regime, as there are more possible explanations for the observation data. The

uncertainty in the o and § estimates is so great for the high-noise regime that limited insights
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are gained for the purposes of model calibration. It is concluded that strong assumptions are
required in the prior modelling in order to be able to exploit known structure in the data
generating process. The required assumptions can be made, for example, through the prior
modelling of o and  or by specifying a high value of v. On the other hand, the low-noise
regime results in very confident posteriors. Although the resulting inferences are consistent with
previous studies, care must be taken to avoid being overconfident in a particular model by not

adequately accounting for uncertainty in the model.

5.5.4 Forward evolution of urban structure

Lastly, the system response is investigated under two different noise regimes for ¢ = 0.02 and
o = 0.04, respectively. For each, 1,000 path trajectories were simulated according to (5.19).
Each trajectory was simulated using the tamed Euler method [HJK12, WG13]. The tamed
Euler method is stable for SDEs that have non-globally Lipschitz drift coefficients and satisfy
a one-sided growth condition, such as the one being considered. For demonstration purposes,
the system is initialised at the calibrated value in the noiseless limit, so that xy = my and
p(x,0) = 6(x — xy) with 6 held at the maximum a posteriori value §. Monte Carlo expectations
have also been used to estimate the 5th and 95th percentiles of the sizes at each given time.
The results are shown in Fig. 5.13. It is seen that for ¢ = 0.02, the urban system does not
escape the potential well it is initialised within during the finite simulation time. On the other
hand, for 0 = 0.04, the system occasionally escapes the first potential well during the finite

simulation time, and there is much greater uncertainty at ¢ = 10.

5.6 Discussion and conclusions

A novel stochastic model has been developed to simulate realistic configurations of urban and
regional structure, and a new probabilistic model of urban structure has been proposed. The
stochastic model is a substantial improvement on existing deterministic models as it fully
addresses the uncertainty associated with the evolution of urban structure. The probabilistic
model of urban structure can be derived by constrained entropy maximisation using economic
constraints on total welfare, total capacity and total attractiveness. It is the stationary

distribution of the newly proposed SDE model.



5.6. Discussion and conclusions 161
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Figure 5.13: Forward evolution of the London retail system for two illustrative noise regimes. Each
column shows a different noise regime, and each row shows a different time. The inner and outer red
rings show 5% and 95% percentiles, respectively. The light blue circles show the residential areas.
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It was shown that the Boltzmann-Gibbs measure can be used to simulate realistic configurations
of urban structure using MCMC methods. It has been demonstrated that the model can be
used to infer the components of a utility function from observed structure, thereby providing an
alternative range of methods for model calibration. The key advantage of taking this approach
is that there is no need to collect vast amounts of flow data. Whilst the proposed methodology
has been presented in the context of consumer-led behaviour, the approach is applicable to
other urban and regional settings such as archaeology, logistics, health care and crime to suggest

a few.

The connection between the stochastic Harris and Wilson model and entropy maximisation
can be explored by studying the time-dependent Fokker-Planck equation. For example, a
conditional entropy is monotonically decreasing the dynamics converge exponentially fast to the
Boltzmann-Gibbs measure. That said, given an equilibrium distribution obtained via a maximum
entropy argument, there are infinitely many other stochastic processes that have the same
stationary distribution. A much broader question is the inverse problem: for a given equilibrium
distribution, which process best describes the dynamics? So far it has been considered that the
first-order moment is constrained at equilibrium, however, enforcing the constraint for all times
may lead to an improved model. The constrained Fokker-Planck equation is non-linear and
non-local, and can undergo phase transitions [MB15, ENS17|. Another possible direction for
further work is the investigation of mean field models [CCH14|. Both remain unexplored in the

context of urban modelling.

There are many other specific areas for further research. For example, the deployment of the
proposed methodology to large scale urban systems, for which there are further substantial
computational challenges to overcome. The cost of a potential or gradient evaluation is O(N M),
however, increasing M means that the z() estimates are more challenging to obtain owing
to the curse of dimensionality. It remains to use the proposed methodology as part of a more
realistic study with wider objectives. Lastly, it is emphasised that the methodology is only
applicable to cross-sectional data. In practice, many applications of interest require processing
time-series data that is highly correlated over time. In this setting, it would be necessary to
solve the filtering or smoothing problem, and in doing so would also need to account for general

trends and seasonality effects that are exogenous to the model.
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Summary and further work

The work in this thesis is motivated by the need for uncertainty quantification in mathematical
models of complex phenomena. This thesis is concerned with the Bayesian framework owing to
the philosophical and practical reasons discussed in Section 1.3. Bayesian principles have gained
more popularity over the recent decades due to the advances in scientific computing and the
increased availability of data. That said, there are computational and statistical challenges that
continue to make Bayesian framework infeasible in certain cases. This thesis has provided a
number of new approaches that improve upon the existing modelling capabilities. The focus
has been on physical and socio-economic systems, for which there are practical applications in
mind. A summary of the thesis contributions and findings is provided in Section 6.1 and some
of the key limitations and areas for further work are identified in Section 6.2. Lastly, an outlook

is provided in Section 6.3.

6.1 Summary of thesis

The Bayesian approach to modelling was described in Chapter 1, where it was argued that
the numerical integration is the dominant task. Throughout this thesis, stochastic simulation
techniques have been used to evaluate challenging integrals for their asymptotic properties. An

up-to-date review of the relevant simulation methods was carried out in Chapter 2.

In Chapter 3, a new multiscale approach was proposed and investigated for the Bayesian
estimation of a spatially varying parameter that is observed via a complex function. It was

shown that wavelet basis functions can provide an effective representation of an unknown
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spatially varying parameter, and the hierarchical structure of the basis functions can be used
to improve the inference procedure. The hierarchical structure can also be used to suggest a
parsimonious refinement of the model by excluding basis functions that are unlikely to improve
the model fit. A number of models were proposed from coarse to fine scales that increase in
complexity. The model fit can be assessed via the marginal likelihoods, which can be estimated
as a by-product of the sequential Monte Carlo sampler. The proposed method was demonstrated

for the task of permeability estimation in corner-to-corner groundwater flow.

A new Markov chain Monte Carlo (MCMC) scheme was proposed in Chapter 4 that is applicable
to high-dimensional Gaussian models whose covariance is specified by the model parameters.
A number of auxiliary random variables are introduced to replace the determinant term that
arises in the Metropolis-Hastings acceptance probability. A number of empirical studies were
performed. The Markov chains for the proposed method were found to mix more slowly per
iteration than for a standard MCMC using a Cholesky-based approach, but can be much cheaper
per iteration. Most importantly, the new method allows for a larger class of problems to be

approached by MCMC methods.

Chapter 5 addresses the need for a stochastic generalisation of the Harris and Wilson model
that captures the uncertainty associated with the evolution of urban structure. The Harris and
Wilson model has been reformulated as a system of well-posed stochastic differential equations
(SDEs), and the stationary distribution of the SDE model has been used as a probabilistic
model of urban structure. The stationary distribution of the stochastic model is related to a
maximum entropy argument as the conditional entropy of the attractiveness variables increases
over time. An associated Bayesian inference methodology is proposed to estimate the unknown
model parameters. Sampling from the posterior distribution is a non-trivial task and is a
doubly-intractable problem. A number of approaches to inference were explored with a case

study on the London retail system.
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6.2 Limitations and further work

This thesis has provided a number of new approaches that improve upon the existing modelling
capabilities. A common concern for each approach is scalability, owing to cost of evaluating
the respective density functions and the need to explore a large state space. Scalability is a
particular concern when working with large datasets and expensive computer models owing
to the computational costs involved. Whilst a number of new Bayesian approaches have been
proposed in this thesis, further work is required to apply the proposed methods to large-scale
real-world problems with wider objectives. In practice, this may involve dealing with more
complex datasets that are, for example, heterogeneous, multiscale and /or correlated in both space
and time. The work in this thesis has been restricted to MCMC methods to obtain estimators
that have the property of being asymptotically exact. In practice, it may be advantageous to
use other approximations, such as variational inference, so that inference can be performed for

larger systems. Several areas for further work are discussed below.

A new multiscale approach to infer a spatially varying parameter was proposed and investigated
in Chapter 1. Whilst the new approach has been investigated using synthetic data — so that
inferences can be compared with the ground truth — it remains to apply the new methodology
using a real-world dataset. In doing so, care must be taken when specifying the hyperparameters
of the unknown parameter. In practice, it is beneficial to use any available direct measurement
data to help determine suitable hyperparameter values, for example, as done in [FLO7|. Whilst
multiscale methods can lead to an improved exploration of the parameter space, it can be
necessary to reduce the computational burden at the coarser scales so that a more expensive
forward solver can be used at the finest scale. For example, a coarser mesh could be used to
approximate the forward model at the coarser scales [Kou09]. Alternatively, expensive forward
solvers can be replaced by inexpensive surrogate models [MZ09, BZKL13, TB18| or posterior
approximations can be used at the coarser scales [TBKZ16]. It also remains to explore the use

of Bayes factors for model selection as part of other multiscale approaches.

A new MCMC method to infer the covariance parameters for a high-dimensional Gaussian
models is studied in Chapter 2. The new method introduces auxiliary variables that replace the
determinant term in the Gaussian probability density function. Iterative methods are used to

avoid storing dense matrices and to exploit fast matrix-vector products. A key concern is that
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the covariance matrix representing the latent process is sparse but also well conditioned. Since
latent processes require a degree of smoothness, the covariance matrix for large systems tends
to be poorly conditioned and almost rank deficient. It remains to explore ways to exploit the
low rank structure more generally in larger datasets, for example, as done using a multiscale
decomposition in [VVO08]. It also remains to explore the methodology for parameter estimation in
stochastic differential equation models that have a Gaussian representation, and also for Gaussian
models that have a non-Gaussian likelihood. It may be beneficial to introduce auxiliary variables
to obtain more efficient variational approximations. These approximations can potentially be

combined with MCMC methods to preserve asymptotic exactness, for example, as done using

psuedo-marginal MCMC in [FG14].

A new stochastic model of urban structure is proposed in Chapter 5. It is proposed that the
stationary distribution of a system of SDEs is used for parameter estimation. Whilst assuming
that the SDE model is at statistical equilibrium is a simplifying assumption, it can be justified
in lieu of any additional knowledge about the system by the principle of maximum entropy.
Further work is needed to address the more challenging non-equilibrium case. It would be
necessary to solve the filtering or smoothing problem to account for time series data, which will
contain general trends and seasonality effects that are exogenous to the SDE model. It may
also be beneficial use likelihood free methods such as approximate Bayesian computation to
address difficulties in specifying an appropriate likelihood function. There are infinitely many
other stochastic processes that have the same stationary distribution. The much broader task
of finding a process that best describes the trend to equilibrium remains an open problem. So
far it has been considered that the first-order moment is constrained at equilibrium, however,
enforcing a similar constraint for all times may lead to an improved model. The constrained

Fokker-Planck in the context of urban modelling is currently unexplored.

6.3 Closing remarks

Vast efforts have been made over previous decades to develop mathematical models that describe
phenomena of interest. More recently, datasets have become routinely available in almost
all areas of science and engineering. The improved availability of data has been matched

with enormous improvements in the computational tools available to statisticians. A research
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challenge for the mathematical sciences is the development of principled methodologies that

combine the available datasets with the existing mathematical models.

Despite the appeal of the Bayesian framework, in many cases Bayesian inference is a compu-
tationally challenging task. A key concern throughout this thesis has been exploring complex
probability distributions. The computational challenges are exacerbated when the probability
density functions involved are expensive to evaluate, typically due to the computer operations
required by a mathematical model or its approximation, or due to working with a large number of
observations. The development of efficient sampling methods and their application continues to
be an active area of research. In fact, the inference methodology in Chapter 5 was only possible
due to recent advances in Monte Carlo methods for doubly-intractable distributions. The

development of more complex statistical models motivates further work in sampling methods.

With the arrival of larger datasets — or the ability to obtain these datasets — there is an inevitable
dilemma over how much reliance should be placed on a mathematical model versus a statistical
model. The principle of parsimony suggests a preference towards a simpler explanation of the
data, however, computational matters should also be given due consideration. For example, a
mathematical model might explain the hidden structure in the observation data, however, with
sufficient data, it may also be possible identify a less expensive surrogate model that can be used
instead. For example, a Gaussian process or neural network may be trained using simulation
data to replace the fluid flow simulator in Chapter 3. The investigation of machine learning
techniques to replace the retail models in Chapter 5 is an unexplored area of research. It may be
beneficial to use a more flexible class of models to address the missing dynamics in the existing
retail models. The modelling dilemma also arises for the Gaussian process models encountered
in Chapter 4; the mean or covariance functions can be specified according to a mathematical

model.

Additional complexity is arising from the need to process multiple (and larger) datasets that
require a more comprehensive explanation. Notwithstanding the additional complexity, the
task of modelling evermore complex datasets is likely to require simplifications that adequately

represent the subject matter.
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Appendix A

Diffusion processes and the Fokker-Planck
equation

This appendix contains additional background for the diffusion processes described in Chapter 5,
and is a concise summary of the relevant definitions and results that can be found in a textbook
on stochastic differential equations (SDEs) [KP13, Gar09, LSZ15, Pav16|. A diffusion process

is of the form
dX(t)
dt

where X () € R?, the drift function b : R? — R? is a smooth vector-valued function and the

= b(X(1) +o(X®)EM),  X(0) ==, (A1)

diffusion function o : RY — R¥>™ is a smooth matrix-valued function. Here, £(t) € R™ denotes
a white noise process: it is a mean-zero, vector-valued Gaussian process with the autocorrelation

function

A heuristic, but not always accurate', interpretation of (A.1) is that over a short time-step At,
the stochastic process X () changes by a Gaussian random variable with mean b(X,t)At and

covariance (X, t)At, where the diffusivity matrix
B(X, 1) = o(X, )o(X, )7, (A3)

is defined for notational convenience. The class of diffusion processes is sufficiently broad to
provide a stochastic generalisation of the Harris and Wilson model. Under certain conditions it

also possible to understand some relevant properties.

IThis depends on the precise interpretation of the noise term and the properties of the drift and diffusion functions.

188
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A.1 Formal definition

More formally, the white noise process is related to a standard m-dimensional Brownian motion
B(t) by B(t) = fot d¢. This means that B(t) = (B (t),..., Bn(t))! is a vector of independent
Brownian motions. That is, each B;(t) is a real-valued stochastic process with continuous sample
paths that pass through B;(0) = 0; and for every 0 < s < ¢ the increment B;(t) — B;(s) is an
independent Gaussian random variable with mean zero and variance ¢t — s. As a Brownian

motion is nowhere differentiable, many authors prefer to express (A.1) in differential form by
dX(t) =b(X(t),t)dt + o(X(t),t)dB(t). (A4)
The precise interpretation of (A.4) is given by the integral equation
t t
X(t) :x—i-/ b(X(s),s)ds—i—/ o(X(s),s)dB(s). (A.5)
0 0

The second integral requires special treatment as a Brownian motion does not have bounded

variation.

A.2 Stochastic integration

It is necessary to be explicit about the interpretation of stochastic integrals of the form

() = /O G(s) dB(s), (A.6)

where G : Rug — R?™ is a suitably defined matrix-valued random process. More specifically,
let the Brownian motion B be defined on the probability space (2, F, P) and let F; C F denote
the o-algebra defined by information only on [0,¢). Then assume that G is Fi-measurable, and

therefore only depends on the Brownian motion on [0, ), and is square integrable in that

2| [c

where || - || denotes the Frobenius norm that is defined as ||A||r = /Tr(AAT). Under these

< o0, (A.7)

assumptions, the Itd integral of (A.6) may be defined to satisfy the following properties:

1. I(t) is Fi-measurable and is linear in G;
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2. E[I(t)] =0; and

5. E[10) = B| [} 16 ds).

The It6 integral is not the only way of defining I(t), however, the It6 integral is often studied
because the properties listed above are mathematically convenient or appropriate modelling
assumptions. It can be more appropriate to interpret the noise in a different way. An alternative

is the Stratonovich integral.

A.3 Existence and uniqueness

The existence of a unique solution to the SDE in (A.4) can be established under certain

assumptions. For Chapter 5, it suffices to assume that, for some T" > 0:

e The drift function b(-,t) is measurable, locally Lipschitz continuous, in that for every

N > 0 there exists Ky > 0 such that

|b(x,t) — b(y,t)| < Knl|x —y|, V 2,y € R? such that |z, |y|, < N and t € [0, T],
(A.8)

and satisfies a one-sided growth condition, in that there exists o, > 0 such that
(b(x,t), ) < a+ Blzf, Va2 ecRY and t e [0,T]. (A.9)
e The diffusion function o(-,¢) is measurable and globally Lipschitz continuous, in that there
exists K > 0 such that
lo(z,t) — o(y,t)] < K|z —y|, Va,y€RY and t €[0,7]. (A.10)
e The initial condition X (0) = z is a random variable independent of the Brownian motion
B(t) with a finite second moment:

E|z|* < oo. (A.11)



A.4. The It6 formula and the Fokker-Planck equation 191

Under these conditions, the SDE in (A.4) has a unique solution X € C([0,7T]; R?) with

E

/T |X(t)]2dt] < 00, (A.12)

and is non-exploding on [0, 7], almost surely.

A.4 The It6 formula and the Fokker-Planck equation

One of the most attractive properties of SDEs is that they are Markov processes [Pav16, LSZ15].
The appeal is that a function of a Markov process can be studied via the It6 formula. It is then
possible to derive the Fokker-Planck equation (FPE), which is a partial differential equation
that describes the evolution of the probability distribution of the process. Whilst the FPE
is notoriously difficult to solve, especially in high-dimensions, for some diffusion processes its

stationary distribution is available in closed form.

The It6 formula describes the process (X (t),t), where X(t) solves the SDE (A.4) and ¢ €
C*(R? x [0, T],R). Provided that the conditions in Section A.3 hold, it can be shown that the

process (X (t),t) satisfies:

P00 = plo0) + [ S (X(6)8) + Lo(X(5)5)

. (A.13)
+/ <Vg0(X(s),s),a(X(s))dB(s)>.
0
for ¢ € [0, 7], where the operator L is defined as
1
Lo=Ff-Vo+ 52 : VVp. (A.14)

A proof of this result can be found in [Pav16].

The backward Kolmogorov equation and FPE can be derived by an application of the It6 formula
for the function u(z,t) = E[f(X(t))|X(0) = z], with f € C*(R?). In doing so, one requires the
martingale property E[I(t)] = 0. The backward Kolmogorov equation is given by

ou
5 Lu, (A.15)
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which is studied with the initial condition u(z,0) = f(z). The FPE is given by

dp
L Al
T L*p, (A.16)

which is studied with the initial condition p(x,0) = po(z). Here, p(z,t) is the marginal probability
density function of X (), and £* is the L? adjoint of £, which is given by

LYo ==V - (bp) + %V -V (Z). (A.17)

It is useful to make reference to the concept of ergodicity. The time average of an ergodic
Markov process X (t) is equal to its stationary average for any suitably defined test function
¢ : R — R in that

lim l/0 (X (t))dt = /Rd 0(x) poo(x)d. (A.18)

T—oo T
In this case, the probability density function of the stationary distribution can be studied via
the FPE, since

—bp. + %(Zp*) =0. (A.19)

A.5 The Smoluchowski equation

In the case that 3 = 2y~!'T and b(z) = —VV(z), (A.19) has a closed form solution given by

pi(x) = %exp (—BV(x)). (A.20)

Under appropriate conditions, the Markov process with generator £ is ergodic and

Z = / exp (— 7V (z))dz < co. (A.21)
R4
Here, it is assumed that the following Lyaponov condition is satisfied: there exists b € (0, 1)
and C' > 0 such that

lim inf (b|VV [ —77'AV) > —C. (A.22)

|z|—o00
The condition is satisfied for any potential functions that grow at least linearly but no faster

than exponentially at infinity. The Lyapunov condition is strong to enough to ensure that (A.21)

holds, for example, by Lemma 3.14 in [MS14]. Moreover, the Lyapunov condition implies that a
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Poincaré holds: there exists Cj, > 0, such that

Var,.(7) G, [ [9fPpud (A.23)
X

for all f € C*(X) N L*(X;p.), as proved by Corollary 4.1 in [BCGOS].

It is more convenient to study the probability density function p(z,t) via a change of variables

that gives a backward Kolmogorov equation. The quantity h(z,t) is introduced by

p(x,t) = h(x,t)p.(x). (A.24)

By substituting (A.24) into (A.16), one obtains the backward Kolmogorov equation for h(z,t):

oh

5 = Lh (A.25)

with the initial condition h(x,0) = po(x)p.(x)~'. There are two reasons for studying the FPE
via the backward Kolmogorov equation. First, the backward operator L satisfies a symmetry
property in L?(p,):

(Lf,R),. =—y" /[Rd (Vf-Vh)p.dz. (A.26)

for all f,g € C'(X) N L*(X; p.). Moreover,

(Lf o =V

(A.27)

2
P’

which means that £ is a self-adjoint non-positive operator, and the nullspace of £ comprises of
the constant functions. Second, the Poincaré inequality in (A.23) can be used to describe the

trend to equilibrium.

A.5.1 Convergence to equilibrium

It is now possible to show the process will converge to the unique stationary distribution
exponentially fast [Pav16]. This can be shown from the backward equation for the centred

function h — 1:
d(h—1)

S = L= 1), (A.28)
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The argument follows by taking the inner product of (A.28) against the test function h — 1,

and differentiating with respect to time:

2 0
=2( —(h—-1),h—1
P+ <8t( ) >p*’

=2(L(h—1),h— 1>p*,

d
E||h—1

= 2y YV(h—1),V(h— 1)) (A.29)

ps’

< —27_1C;1Varp*(h - 1)

=-277'C M |h—1

2
px’

The third line follows from the symmetry property and the fourth line is an application of the
Poincaré inequality. By separating the variables and integrating from time 0 to an arbitrary

time ¢, one obtains

1R 8) = 1. < e (-, 0) = 1], (A.30)
Lastly, by substituting h(-,t) = p(-,t)p;(-) it can be seen that
g et SO
Hp(>t> o p*(')Hp:l <e % th(,O) o p*<')'Hp;17 (A31>

Therefore, p(-,t) converges to the unique stationary distribution p, at a rate that is exponentially

fast. This result holds for any initial condition py € L?(R?, p;1).

Two remarks are in order. First, the requirement that p, € L%(R¢, p; 1) is satisfied by a smooth
but compactly supported initial condition. Dirac masses can also be considered, albeit with
an appropriate mollification that make little difference to the numerical approximation of the
solution. Second, owing to the exponential decay in (A.31), the system will rapidly return to

equilibrium after a small perturbation away from it.

A.5.2 Connection with entropy maximisation

Lastly, it can be shown that the conditional entropy of p(-, t) with respect to p, can only increase

over time [Pav16]. The relevant conditional entropy is given by

He(plps) = — /RM pln [ﬁ] dz. (A.32)
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This can be seen by defining A(-,t) as before, then

dH d
== | (hlnh—h+1)p.da.
Ty (PPt Dpeda
dh
=— | Inh— p.dz,
/RMH at "
= / (Vinh - Vh)p,dz, (A.33)
RM

:/ WL Vh|p.dz,
RM
>0,

Moreover, the conditional entropy stops increasing when it attains its maximum value of zero

when p = p,. It has already been shown that process is ergodic with respect to p,, and therefore

Lim He(p(-,1)|p.) = 0. (A.34)

The result is analogous to the second law of thermodynamics.

A.6 Other interpretations of the stochastic integral

An alternative to the Ito integral is the Stratonovich integral. It is standard notation to write
“dW?” to indicate the It6 interpretation and “o dW?” to indicate the Stratonovich interpretation.
The Ito integral satisfies the martingale property, whereas the Stratonovich integral satisfies
Newton-Leibniz calculus and is stable with respect to changes in the random terms. The

latter means that Stratonovich noise can be viewed as a smooth approximation of white

noise [WZ65, Pav16].
It can be useful to switch between Ito and Stratonovich SDEs. For example, the [t6 SDE
dX = b(X)dt 4+ o(X)dW, (A.35)
can be written as the Stratonovich SDE
dX = (b(X) — h(X))dt + o(X) o dW, (A.36)

where h : R? — R? is known as the Ito-to-Stratonovich correction, whose ith component is given
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d m

) = 530 o) T @) (A37

=1 k=1

The two interpretations coincide when the noise is additive - this is the case where o is a

constant-valued function.
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