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Abstract

Kinetic energy harvesting has drawn great attention in the past decade, but low-frequency and broadband operation is
still a big issue which impedes this technology to be widely deployed in low-power Internet of Things applications.
In this paper, theoretical modelling and experimental validation of a rotational harvester with bi-stability and fre-
quency up-conversion is presented for harnessing low-frequency kinetic energy with a wide bandwidth. Piezoelectric
transduction was adopted to convert the rotational kinetic energy into electricity. Distributed-parameter modelling
was employed for analyzing the electromechanical dynamics of the bistable piezoelectric beam. Bistable and fre-
quency up-converting behaviours were considered in the theoretical model by introducing two external input mag-
netic forces. Different oscillating modes were analyzed, showing the variation of power generation capability under
different modes, and the advantage of operating in the periodic double-well mode. From the potential well study, we
got a conclusion that for the same input magnetic force, periodic double-well mode is capable of achieving a larger
vibration amplitude compared to a havester without bi-stability. Asymmetric potential well shapes were investigated.
This asymmetric shape provides a way to stabilize the initiation position of the beam for each plucking cycle, and
eventually to stabilized the output. Key design factors to control the oscillating modes were studied, providing a
guideline for future design. An experimental study was conducted to verify the theoretical results. A close match was
achieved. This bistable harvester demonstrated a significant improvement(up to 2×) compared to a harvester without
bi-stability over a wide bandwidth (from 1 to 11 Hz) at low frequencies, when operating in the periodic double-well
mode. This paper presents a detailed theoretical model and in-depth analysis of a bistable frequency up-converting
harvester, providing a fundamental understanding and guidance for low-frequency broadband energy harvester design.
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1. Introduction

Since the invention of the voltaic pile in 1800, batteries have become the essential power sources for an increasing
variety of domestic and industrial applications, ranging from mobile phones to electric cars. With the development
of modern battery technologies, the energy density of batteries has reached the level of 1000’s of mW·h·g−1 with
simple structures and reasonable costs [1, 2]. However, battery technology has progressed more slowly than other
fields of electronics [3]. In consequence, batteries are normally regarded as bulky, expensive and toxic components.
Another drawback of batteries is the limited duration, for which replacement or recharging is compulsory if long-term
operation is required. When a large number of devices are installed in remote or inaccessible locations (the Internet
of Things [4], or implanted bio-sensors [5]), the process is inconvenient, costly or time-consuming.

Energy harvesting, a technology to convert ambient environmental passive energy, including solar, thermal gra-
dient and kinetic energy, into electricity, has been regarded as a sustainable energy supply and a potential alternative
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to conventional batteries [6]. Among these energy sources, kinetic energy harvesting has drawn great research inter-
est. Devices have been developed to harness vibration, human motion, rotation, airflow and ocean waves based on
different transduction mechanisms, including piezoelectric, electromagnetic, electrostatic and triboelectric conversion
[7, 8, 9, 10].

Initially, kinetic energy harvesters, mostly vibration energy harvesters, were designed as linear devices operating
at resonance to maximize the harvested energy. However, resonant energy harvesters exhibit a narrow bandwidth, and
for micro-scale devices, the resonant frequencies are typically more than 100’s of Hz [11, 12]. Therefore, these har-
vesters are undesirable for practical cases where motions normally have a wide frequency spectrum at low frequency.
Frequency tuning is one solution, in which the resonant frequency is tuned to match the excitation frequency [13, 14],
but such devices are either at macro-scale [15], or difficult to tune from a high resonant frequency (e.g. >100 Hz) for
micro devices to a rather low frequency (e.g. <10 Hz) because of geometrical or dynamical constraints [16].

In order to broaden the operating bandwidth, nonlinear behaviour, which is often regarded as unwanted and trou-
blesome in practical applications, has been intentionally introduced in energy harvesters and intensively studied in
the last decade [17, 18]. Harvesters using monostable and bistable characteristics have been developed to enhance
the energy harvesting performance over a wide bandwidth. Hardening and softening effects are two typical operating
modes for monostable energy harvesters (nonlinear harvesters with one potential well) [19]. These modes can be
achieved by applying tensile or compressive pre-loads in the axial direction of cantilever structures [20] to extend the
operating frequency bandwidth close to the resonant frequency of its linear counterpart. For monostable harvesters,
there are two steady state solutions, namely high-energy state and low-energy state (a well-known character of the
forced-Duffing’s equation) [21]. It is critical to design the harvester to operate in the high-energy state to improve
the harvesting efficiency. Zhou et al designed a hardening monostable energy harvester using a piezoelectric can-
tilever with a tip magnet and external adjustable magnets to enhance the operating bandwidth [22]. Improved output
power and bandwidth were realized in the frequency up-sweep compared to the down-sweep. However, solutions to
keep the system operating in the high-energy state were not discussed. Mallick et al presented a solution to switch a
monostable harvester from the low-energy state to the high-energy state using an electrical control mechanism [23].
Although the high-energy state operation is maintained, additional monitoring and controlling modules are required,
and extra power will be dissipated by this control mechanism.

Bi-stability is another non-linear behaviour that has been investigated intensively. Double potential wells are
normally introduced in these devices using pre-loaded forces [24], magnetic levitation [25] or even residual stress
generated by the fabrication process [26]. When these devices oscillate between the wells (snap-through effect),
improved vibration amplitude and velocity can be achieved. This type of harvester exhibits an enhanced power
generation capability over a broader frequency bandwidth. However, the performance is severely affected by the
operating modes [27, 28]. These devices can operate in a single-well (intra-well) mode, chaotic double-well (inter-
well) mode or periodic double-well mode according to the input excitation energy [29]. The performance can be
inferior to their linear counterpart when operating in the single-well or the chaotic double-well mode [30]. Efforts
have been made to maintain the system to operate in the periodic double-well mode even when the input is random.
Lan and Qin developed a bistable energy harvester with a low potential barrier by introducing an additional attracting
magnet near the unstable position of a harvesting beam [31]. This attractive force allows the harvester to travel between
two stable positions with low input energy requirement. Tri-stable [32] and quad-stable [33] energy harvesters were
also investigated based on the bistable design to further expand the adaptability of broadband energy harvesters to
random and broadband ambient kinetic energy.

Efforts have also been made to increase the operation bandwidth using the transition regime in bistable harvesters
and variable or adaptive potential functions. Tang et al. developed a nonlinear vibration energy harvester using a
repulsive magnetic force [34]. The transition region between a monostable hardening configuration and a bistable
configuration was adopted to achieve the optimal performance in terms of bandwidth and output power. Using the
same idea, Ibrahim et al. established a comprehensive mathematical model to study the system dynamics [35]. The
transition regime between the monostable and bistable configuration was confirmed to be the optimal condition the-
oretically. In order to maintain bistable harvesters to operate in the double-well mode, adaptive or variable potential
functions have also been employed in many studies. Hosseinloo and Turitsyn [36] proposed a non-resonant buy-
low-sell-high strategy that significantly improved the harvester’s effectiveness at low frequencies. Variable potential
functions were designed for different beam vibration conditions. Simulation results confirmed the improved perfor-
mance when subjected to different excitation conditions compared to its conventional bistable and linear counterparts.
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Yang and Towfighian presented a novel adaptable potential design for a bistable energy harvester [37]. A movable tip
magnet controlled by a spring in parallel to the piezoelectric beam was designed to passively adjust the position of
the tip magnet in the beam length direction according to the magnetic force between the tip and fixed magnets. Using
this adjustable potential design, a two-fold increase in the frequency bandwidth was obtained compared to a bistable
system with a fixed tip magnet.

In terms of random and broadband motions, frequency up-conversion is another strategy to tackle these challenges.
Direct impact[38] or magnetic plucking [39] is normally adopted to activate these harvesters (transducers) with low
and random input excitation frequencies. After each excitation, the transducer oscillates in a damped free-vibration
mode before the subsequent excitation occurs. This mechanism converts the low-frequency input excitation into high-
frequency vibration at resonance, showing a broad bandwidth at a frequency range lower than the resonant frequency
[40]. However, these harvesters normally face a severe power fluctuation at high frequencies [41, 42] due to the
interference between the vibrating transducer and the forthcoming driving force. Xue and Roundy studied the elec-
tromechanical dynamics of frequency up-converting harvesters using magnetic plucking [43]. The power fluctuation
issue was also reported in an experimental study when the driving frequency was above 5 Hz. A detailed explanation
of the formation of the power fluctuation and its relationship with the resonant frequency of the transducer were intro-
duced and discussed in [44]. Increasing the system damping (electrical or mechanical) was recognized as a potential
solution for reducing the power fluctuation. Fu and Yeatman introduced the bistable behaviour into a frequency up-
converting rotational energy harvester to improve the damping coefficient and output power at high frequencies [45].
However, factors to maintain the system’s operation in the high energy orbit and design considerations for this type of
harvester have not been discussed and investigated in detail.

In this paper, a comprehensive theoretical study is presented to understand the electromechanical dynamics of a
broadband rotational energy harvester using bi-stability and frequency up-conversion. Two external magnetic forces
were introduced for bistability and for frequency up-conversion respectively. The dynamics of the harvester operating
in different oscillating modes were investigated, illustrating the variation of the performance. This variation also
shows the importance of designing the harvester to operate in the high energy orbit (periodic double-well mode). Key
design factors to determine the operating mode are discussed. An experimental validation was conducted to verify the
theoretical analysis. This paper provides a comprehensive study of a rotational energy harvester using bistability and
frequency up-conversion.

2. Harvester Design and Operating Principle

The schematic of the bistable rotational energy harvester is illustrated in Fig. 1. Rotational motion can be acquired
from external rotating sources such as micro-air turbines, vehicle wheels or rotating machinery. A cuboidal magnet is
attached on the rotating host as the driving magnet. Due to the low rotational frequency and the limited sized of the
driving magnet, the eccentricity caused by the driving magnet on the rotor is ignored. Or multiple driving magnets
arranged in a symmetrical manner can be adopted to eliminate the eccentric effect in applications where rotating speed
is high, such as in a micro turbine. A piezoelectric cantilever beam is installed above the rotating host. At the free
end of the beam, a tip magnet is placed. The magnetic force between the driving magnet and the tip magnet plucks
the beam periodically. In each plucking cycle, the beam is bent by the force first; then the beam is released when
the driving magnet rotates away, and the beam oscillates at resonance in the damped free-vibration mode before the
next plucking cycle starts. This phenomenon is called frequency up-conversion, which allows the harvester to operate
effectively at rotational frequencies much lower than its resonant frequency.

In this design, in order to enhance the power generation capability over a wider bandwidth, another fixed magnet
is mounted above the tip magnet, as shown in Fig. 1. This magnet and the tip magnet create a repulsive magnetic
force which introduces two stable positions (equilibrium states) for the beam, as illustrated in Fig. 1. The beam stays
in either Stable Position 1 or Stable Position 2, when the system is static. Therefore, in dynamic conditions, there are
different oscillating modes, including single well vibration and double well vibration in a periodic or chaotic manner.
The stored energy in the beam varies significantly for different oscillating modes. For the periodic double-well mode,
vibration amplitude and velocity are the highest among these three modes. More power can be converted by this
motion. Hence, the bistable mechanism allows the frequency up-converting harvester to produce more power from
rotation at low frequency when the harvester operates in the periodic double-well mode.
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Figure 1: Schematic diagram of rotational energy harvester using frequency up-conversion and bistability. The transparent bent beams represent
two stable positions of the beam. The red and blue colors in the magnets indicate the magnetization direction.

3. Theoretical Modelling and Analysis

The combination of bistability and frequency up-conversion makes the dynamics of the harvester more compli-
cated. Therefore, it is necessary to build a theoretical model to study the electromechanical dynamics. Moreover,
in order to enhance the performance of the harvester, periodic double-well vibration is required to generate a large
vibration amplitude and velocity. In that sense, theoretical modelling is indispensable for the harvester design.

Fig. 2 depicts the force diagram of the system. Basically, there are two external magnetic forces (Fdt and F f t)
applied on the piezoelectric beam by the driving magnet and fixed magnet respectively. Fig. 2(b) shows the decom-
position of external forces in each axis. In the z-axis, the forces are in opposite directions. Due to the similar magnet
arrangements and dimensions, the resultant force in this direction is negligible. In the x-axis, these magnets are well
aligned initially when the beam is in the original shape (dx0 = 0). Due to the small deformation of the cantilever beam,
the limited gap generated by beam bending in the x-axis is not enough to introduce a significant force component in
this direction. Therefore, in this analysis, we mainly focus on the external forces (Fy

dt and Fy
f t) in the y-axis (beam

bending direction) to study the electromechanical dynamics.
For the bistable beam in Fig. 1, the potential energy stored is the sum of the elastic potential energy (Ue) of the

beam and the magnetic potential energy (Um) of the tip magnet. Therefore,

Ut = Um + Ue (1)

Figure 2: Force diagram of the bistable energy harvester. (a) Interaction between the tip magnet and fixed magnet. The force between them is
repulsive. Dimensions and relative positions are illustrated for modelling. (b) Force diagram of the tip magnet enforced by the driving magnet and
fixed magnet (Fy

dt means the force applied by the driving magnet on the tip magnet along the y-axis.).
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In order to calculate the magnetic potential energy stored in the magnets, a theoretical model proposed by Akoun
and Yonnet is adopted [46]. The potential energy stored by the tip magnet can be expressed as

Um =
J · J′

4πµ0

1∑
i=0

1∑
j=0

1∑
k=0

1∑
l=0

1∑
p=0

1∑
q=0

(−1)i+ j+k+l+p+q · ψ(Ui j,Vkl,Wpq, r), (2)

where J and J′ are the magnetization of the magnets, µ0 is the magnetic constant, and ψ is a function of the magnet
dimensions and their relative positions in 3 axes. The function ψ is given by

ψ =
U
2

(V2 −W2) ln(r − u) +
r
6

(U2 + V2 − 2W2) +
V
2

(U2 −W2) ln(r − V) + UVW tan−1(
UV
rW

), (3)

where

Ui j = dx + (−1) jA − (−1)ia, (4a)
Vkl = dy + (−1)lB − (−1)kb, (4b)
Wpq = dz + (−1)qC − (−1)pc, (4c)

r =

√
U2

i j + V2
kl + W2

pq, (4d)

where Ui j, Vkl and Wpq, correspond to the distances between the cube corners and their projections on the axes. The
parameters i, j, k, l, p and q, are equal to 0 or 1 according to the specific corner.

The magnetic force between two magnets in the y-axis can thus be calculated using

Fy
st =

J · J′

4πµ0

1∑
i=0

1∑
j=0

1∑
k=0

1∑
l=0

1∑
p=0

1∑
q=0

(−1)i+ j+k+l+p+q · φy, (5)

where Fy
st means the force applied on the tip magnet by one source (driving magnet or fixed magnet) in the y-axis, and

φy =
1
2

(U2 −W2) ln(r − V) +
1
2

rV + UW tan−1(
UV
rW

) + UV ln(r − U). (6)

The elastic potential of the piezoelectric beam under bending motion can be given by

Ue =
1
2

YI
∫ L

0

[
∂2υ(x, t)
∂x2

]2
dx, (7)

where YI is the bending stiffness of the beam, and υ(x, t) is the beam transverse deformation.
In order to acquire the beam deformation, a theoretical model for analyzing its dynamics is necessary. Erturk

and Inman developed an accurate model for piezoelectric beams under base vibration using a distributed-parameter
method [47]. In our paper, adaptation has been made for the bistable frequency up-converting harvester model. The
magnetic forces, Fy

dt and Fy
f t, are considered as external forces applied at the free end of the piezoelectric beam, and

the tip magnet is regarded as a proof mass.
Then, the dynamics of the bistable piezoelectric beam under tip excitation can be written as

YI
∂4υ(x, t)
∂x4 + csI

∂5υ(x, t)
∂4x∂t

+ cd
∂υ(x, t)
∂t

+ m
∂2υ(x, t)
∂t2 − ϑV(t)

[
dδ(x)

dx
−

dδ(x − L)
dx

]
=
[
Fy

dt(t) − Fy
f t(t)
]
δ(x − L), (8)

and

Cp

2
dV(t)

dt
+

V(t)
Rl

+ ē31htb
∫ L

0

∂3υ(x, t)
∂x2∂t

dx = 0, (9)

where csI is the internal damping, cd is the external air damping, m is the mass per unit length of the beam, δ(x) is the
Dirac delta function, ϑ is the piezoelectric coupling term in physical coordinates, V(t) is the voltage across a resistive
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load Rl, Cp is the inherent capacitance of the piezoelectric beam, ē31 is the piezoelectric constant, ht = (hp + hs)/2, b
is the width of the beam and L is the length of the beam. Details about the solution of the equations can be found in
[47, 48]. Using the above theoretical models, the electromechanical behaviour of the bistable beam can be acquired.

The average output power of the harvester on a resistive load Rl is given by

Pavg =
ω

2π

∫ t0+ 2π
ω

t0

V2(t)
Rl

dt, (10)

where ω is the rotational frequency of the driving magnet. Rl is the resistive load connected to the piezoelectric beam.
Due to the nature of frequency up-conversion, the beam always oscillates at resonance even the driving frequency
varies in a wide range. We assume the output impedance of the piezoelectric harvester is not affected by the driving
frequency. A fixed load resistance value (Rl = 150 kΩ) is used in both the numerical study and experimental validation.
This fixed value was chosen from an impedance matching measurement.

4. Dynamics of bistable rotational energy harvester

The theoretical equations in Section 3 are modeled in Matlab/Simulink, as shown in Fig. 3. This model includes
mainly three modules, including the mechanical equation, electrical equation and the input force module. Three vi-
bration modes are considered in this calculation. A set of parameters are given in Table 1 for numerically investigating
the dynamics. The transducer is an customized piezoelectric beam from Johnson Matthey, and the material is M1100.
The potential energy, operating modes, beam vibration displacement, output voltage and output power are studied.

4.1. Potential energy of bistable harvester

For potential energy analysis, only the elastic energy and the magnetic potential energy matter. Therefore, the
driving magnet is not considered here. The potential energy is depicted in Fig. 4. As illustrated in this figure, there
are two potential wells as a result of the combination of the elastic potential energy and the magnetic potential energy.

Figure 3: Simulink model for the frequency up-converting harvester. Three modules, including the mechanical and electrical equations and the
input force module, are illustrated. Information, including input forces, beam displacement and output voltage can be acquired in the time domain.
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Table 1: Parameters for piezoelectric rotational bistable energy harvesters

Symbol Description Value in Calculation

L Length of beam 33.5 mm
b Width of beam 2 mm
hp Thickness of piezoelectric layer 0.15 mm
hs Thickness of substrate layer 0.1 mm
a × b × c Dimension of tip magnet 0.5 × 0.5 × 0.5 mm
A × B ×C Dimension of fixed & driving magnet 0.75 × 0.75 × 0.75 mm
Br Remnant flux density of magnets 1.17 T
ρp Density of piezoelectric material 7700 kg/m3

rm Rotating radius of driving magnet 12 mm
ρs Density of substrate material 1500 kg/m3

e31 Piezoelectric constant −22.2 V ·m/N
d31 Piezoelectric charge constant −315 × 10−12 m/V
εT

r33 Piezoelectric relative dielectric constant 4500
Ys Young’s modulus of substrate 140 GPa

The potential depth ∆P determines the input energy required to enable the beam to vibrate between the potential wells.
In addition, from this figure, we can also find that for the bistable harvester, the required input energy for the beam to
reach a specific deflection level is lower than that of the same harvester without bi-stability. For example, in order to
get a beam displacement of 2.5 mm, the energy required for a normal piezoelectric beam (∆P1) is much larger than
that (∆P2) of a bistable beam as shown in Fig. 4. This also explains that for the same input driving force, bistable
harvesters can achieve a larger beam displacement and harvest more power when vibrating between two wells.

For the two potential wells, the potential depth (∆P) is normally the same (i.e. the wells are symmetrical), but
asymmetrical shapes can be achieved by adjusting the magnetic potential. Fig. 5(a) - (c) shows the method to do this.
An initial offset (∆dt f ) in the beam bending direction is set between the fixed magnet and tip magnet. This initial
offset changes the equilibrium positions of the beams, resulting in the variation of the potential well shapes. Fig. 5(d)
depicts this variation for different values of offsets. The potential depths change for each well: one becomes deeper;

Figure 4: Potential energy of the bistable rotational energy harvester. The gap between the fixed magnet and the tip magnet h f t is 2.5 mm. There is
no gap initially between the fixed magnet and the tip magnet in the beam bending direction when the beam is not bent.
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Figure 5: Introduction of asymmetrical potential wells for the harvester. (a) Front view of the beam, tip magnet and fixed magnet arrangement. (b)
Top view of the arrangement (with no offset between the tip magnet and fixed magnet in the beam bending direction). (c) Top view with an offset
(∆dt f ). (d) Potential energy of the harvester with different offsets in the beam bending direction.

the other shallower. Overall, the required input energy increases in order to maintain the system operating between
two wells, which is a disadvantage to the system, especially for inertial energy harvesting, where the driving force
direction is alternating, and lower potential barriers are desirable.

However, for rotational energy harvesting, the driving force on the tip magnet is always in the same direction
for each plucking when rotational motion is continuous. In this case, a fixed beam initiation position is beneficial to
stabilize or even to improve the output performance. The asymmetric potential shape increases the probability of the
system to settle into the potential well which has a higher potential barrier after each plucking. Therefore, a repeatable
initiation or termination position can be obtained using the asymmetric potential well function.

4.2. Operation mode of the harvester

For this bistable frequency up-converting harvester, there are different operating modes. Considering the relation-
ship between the input energy and the potential barrier, three oscillating modes, including single-well mode, vibrate in
the double-well mode periodically, or vibrate chaotically between single-well or double-well modes, can be identified.

Fig. 6 shows these operation modes. When the input energy is not enough to conquer the potential barrier, the
beam is confined in a single well. The beam displacement and velocity are limited. When the input is similar to the
potential barrier, the system vibrates randomly between the single-well mode and double-well mode. The vibration
displacement and velocity increase to some extent, but the performance is unstable and unrepeatable, as shown in
Fig. 6(b) and the Poincaré map in Fig. 6(e) . The system can also operate in the double-well mode periodically when
the input energy is enough to penetrate the barrier for each excitation cycle. In this case, the performance is stable,
and the duration for the beam to vibrate in the double-well mode is enhanced. The Poincaré map was plotted by
indicating the beam’s velocity and displacement at each of a set of specific time points in each excitation cycle. This
map indicates the stability of the oscillation modes.

In addition, the mechanism of frequency up-conversion is also clearly illustrated in the displacement curves in
Fig. 6(a), (b) and (c). The excitation frequency is 5 Hz for the driving magnet, but the beam is vibrating at resonance.
For each excitation cycle, the beam is plucked by the magnetic force first, then oscillates at resonance before the
second excitation approaches. For the case of the periodic double-well vibration, in each excitation cycle, the beam
first oscillates between two wells for a few cycles. Then the beam settles into one well and operates in the single-well
mode. The number of double-well vibration cycle for each plucking can be adjusted by changing the potential energy
of the piezoelectric beam (ht f ) or the input excitation (htd) of the driving magnet.

For asymmetrical potential well arrangements, the dynamics of the system vary significantly. Fig. 7 depicts the
dynamics of harvesters with different offsets between the tip magnet and fixed magnet in the beam bending direction.
The initiation or termination position of each cycle for the asymmetrical configuration can be well controlled by
setting appropriate offset values, whereas in the symmetrical case, the initiation or termination position alternates

8



Figure 6: Beam tip displacement in time domain ((a),(b) and (c)) and velocity vs. displacement phase trajectory plots with an overlapped Poincaré
map as black circles ((d), (e) and (f)) for three operating modes. (a) and (d) Single-well vibration. (b) and (e) Double-well chaotic vibration. (c)
and (f) Double-well periodic vibration. In this calculation, the input force and driving excitation frequency for each mode were the same (htd = 3.2
mm and fe = 5 Hz). The magnetic potential energy (ht f = 3.0, 3.12 and 3.2 mm respectively.) was adjusted to get different modes.

randomly. This initial position also affects the input energy, and then the output power (as indicated in Fig. 7(c) and
(f)). Although in both cases, the beam operates in the periodic double-well mode, the asymmetrical configuration
exhibits a fixed initiation or termination position for the piezoelectric beam. This is ideal for the continuous rotation
case to stabilize or even to enhance the output power (peak voltage amplitude: 3.9 V for Fig. 7(c) and 5 V for Fig. 7(f)).

With the variation of the offset value, the initial position of the beam changes from alternating between two wells
to fixed at one well, as shown in Fig. 7(b) and (e). It is evident that during this transition, more complicated dynamic
behaviours exist. It is worth studying the output of the harvester for different offsets (∆dt f ) and also different gaps
(ht f ) between the fixed magnet and tip magnet to understand the dynamics better.

Figure 7: Beam displacement, velocity-displacement phase trajectory and output voltage for bistable energy harvesters with symmetrical or asym-
metrical potential wells. (a), (b) and (c) are for ∆dt f = 0 mm: Symmetrical. (d), (e), and (f) are for ∆dt f = 0.1 mm: Asymmetrical.
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4.3. Power output analysis

The output power with different gaps in the z-axis and offsets in the y-axis is calculated using Eq. (10). Fig. 8
illustrates the variation of the output power for a given input force (htd = 3.2 mm) and different fixed-tip magnet
arrangements. The transition of the oscillation modes from single-well vibration to periodic double-well vibration can
be identified. From this figure, the best operation region for this given input can be also determined (3.2 mm < ht f <
4 mm and −0.3 mm < ∆dt f < 0.3 mm). The maximum output (52.3 µW) happens at ht f = 2.6 mm and ∆dt f = 0.2 mm,
but the performance in that local region varies significantly. This figure also indicates the significant impact of ht f and
∆dt f on the performance. Appropriate parameters should be designed in order to ensure the enhanced output power.

It is evident that the input force also affects the dynamics of the harvester. By changing the relative gap (htd in
Fig. 1), the input force can be adjusted. The variation of the output power as a function of the driving force (determined
by htd) and force for bistability (determined by ht f ) is illustrated in Fig. 9. The variation of beam oscillation modes is
indicated from the changes of the output power for different combinations of force from the driving magnet and force
from the fixed magnet. The output is limited when the gap ht f is below 2.5 mm. The beam operates in the single-well
mode in this range. Then, the output experiences a chaotic increase when the gap ht f is in the range of 2.5 mm to 3
mm, and the beam vibrates between single-well and double-well mode chaotically. When the gap ht f is larger than
3 mm, the performance is more stable and enhanced. In this range, the double-well vibration is in operation. It is worth
mentioning that the operating frequency in this calculation is fixed (8 Hz). This frequency affects the input energy
of the piezoelectric beam. Therefore, it also affects the threshold for the beam to operate in the double-well mode.
Therefore, an appropriate margin for the gap ht f compared to the threshold for the double-well operation should be
considered, when the harvester operates with varying excitation frequencies.

Certainly, this transition is also relevant to the input driving force which provides the energy to conquer the
potential barrier generated by the fixed magnet. As shown in Fig. 9, larger driving force (by reducing the gap htd

between the driving and fixed magnet) is desirable to achieve higher output power, but the elastic limit of the material
should be considered to ensure the reliability of the system. If the stress generated on the beam by the driving force is

Figure 8: Output power for different gaps in the z-axis and different offsets in the y-axis between the tip and fixed magnet. The driving force and
excitation frequency for this calculation are the same (ht f = 3.2 mm, fe = 8 Hz and htd = 3.2 mm.).
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Figure 9: Output power for different driving forces (determined by the gap htd between the tip and driving magnet) and forces for bi-stability
(determined by the gap ht f between the tip and fixed magnet). The surface in red shows the output of the harvester with bi-stability, and the
surface in blue is the output of harvester without bi-stability. This blue surface is extended from a single curve without fixed magnet (without ht f ),
providing a reference for comparison. The calculation is performed at 8 Hz. The offset between the fixed and tip magnets is fixed (∆dt f = 0.1 mm).

close to or overpasses the elastic limit, the piezoelectric material faces a high possibility of degradation [49]. This is
the reason why 3 mm is chosen as the minimum gap (hmin

td ) between the driving magnet and the tip magnet.
In order to illustrate the advantage of bistable mechanism in this rotational energy harvester, a comparison of

output power between harvesters with (red surface) and without (blue surface) bi-stability is provided in Fig 9 as well.
A distinct enhancement can be observed in this figure when the bi-stable harvester operates in the high energy orbit
(double-well) for the same input driving force. This enhancement can be explained by the potential barrier reduction
by the bistable mechanism. As shown in Fig. 4, to achieve a beam displacement of 2.5 mm, the potential barrier for a
bi-stable beam is much lower than that of a beam without bi-stability.

Another consideration for energy harvester design is the operating bandwidth. As in many practical applications,
the excitation (rotational) frequency in the ambient environment is not constant, such as the rotational frequency of
moving vehicles. Therefore, it is desirable to maintain high output power over a broad bandwidth. Fig. 10 provides
a comparison of the output power between a bistable harvester and a harvester without bi-stability (without the fixed
magnet in Fig. 1) as a function of driving & tip magnet gap htd and rotating frequency of driving magnet fe. The
frequency responses of two harvesters are illustrated and compared by adjusting the rotating frequency of the driv-
ing magnet. Two criteria, including output power and power fluctuation influence, are considered to determine the
operating bandwidth for the bistable harvester.

A significant enhancement of output power is illustrated in the bistable harvester when the driving frequency
is lower than 10 Hz, over the whole range of the gap between the driving and tip magnets. It is ideal to operate
this harvester below 10 Hz. When the frequency is higher than 10 Hz, the bistable harvester is inferior due to the
power fluctuation issue. Considering the output power for both harvesters is sensitive to the input driving frequency,
and varies significantly after 10 Hz, this frequency bandwidth (>10 Hz) is not ideal for both cases. The reason
the bistable harvester has a significant power decrease at high frequency is that the phase mismatching between the
driving magnetic force and the motion direction of the vibrating beam [44] becomes severe at high frequencies. This
mismatching affects the instantaneous input power to the piezoelectric beam. At a certain point (e.g. 12 Hz), the
input power is insufficient to conquer the potential barriers of the bistable beam. The beam, as a result, operates in
the single-well mode with low output power. This explains the significant deterioration of the output power above
10 Hz. Therefore, for this type of harvester, it is desirable to operate in the low-frequency range (e.g. fe < fr/10,
where fr is the resonant frequency of the piezoelectric beam.), and the bistable mechanism is beneficial to enhance
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Figure 10: Output power versus the gap between driving and tip magnets and rotating frequency of the driving magnet. The surface in red shows
the output of the harvester with bi-stability, and the surface in blue is the output without bi-stability. Contour plots for each surface are given. The
gap and offset between the fixed and tip magnets are fixed (ht f = 3.2 mm and ∆dt f = 0.1 mm).

the performance of the harvester at low frequencies.
For different beam dimensions, the upper limit of the operating frequency range can be determined by the trans-

ducer’s natural frequency fr and the quality fact Q. For frequency up-converting harvesters, the tip displacement after
each plucking is in the damped free vibration form (bi-stability is ignored in this analysis). The tip displacement υ(t)
can be expressed as

υ(t) = υ0e−π· fr ·t/Q︸      ︷︷      ︸
Amplitude

· cos(ωd · t + Φ0)︸              ︷︷              ︸
Frequency

, (11)

where υ0 is the initial beam vibration amplitude after each plucking, fr is the beam resonant frequency, Q =1/(2ξt) is
the transducer’s quality factor, ξt is total damping ratio, ωd is the beam resonant frequency under damping and Φ0 is
the initial phase of beam vibration. The vibration amplitude attenuation is determined by the “Amplitude” component
in Eq. 11. If we consider the beam has to be damped to a percentage of k to avoid the output power fluctuation, the
relationship between the initial υ0 and final amplitude υ f in one excitation cycle (T = 1/ fe) can be written as

k =
υ f

υ0
= e−

π·T · fr
Q = e−

π· fr
Q· fe , (12)

where fe is the excitation (plucking) frequency of the driving magnet. Then the upper limit f u
e of the driving frequency

can be solved from Eq. 12 as

f u
e = −

1
lnk

π

Q
· fr. (13)

Therefore, the upper limit of the driving frequency f u
e is determined by both the system resonant frequency fr and

also the quality factor Q. For a specific beam (with a fixed resonant frequency), a lower quality factor Q (i.e. larger
beam damping) is ideal to increase the frequency upper limit. For the beam damping, it includes mechanical damping
and electrical damping. Hence, increasing the electrical damping will be the best option, as it not only increases the
operating bandwidth, but also improves the output power (the extract power is normally regarded as the effect of the
electrical damping on the beam).

12



5. Experimental validation

5.1. Experimental set-up

An experimental set-up was built in order to implement the design and to verify the theoretical analysis, as shown
in Fig. 11. In order to achieve a better control of rotational speed (driving frequency), a stepper motor (Phidgets 3303)
with the step angle of 1.8◦ was employed. The rotational speed can be adjusted accurately by a speed controlling
circuit (Phidgets 1063) which has a position resolution of 1/16 step. A driving magnet (1.5 × 1.5 × 1.5 mm) was
mounted on a revolving host (� 24 mm) on the motor. A piezoelectric beam (33.5 × 2 × 0.25 mm) with a tip magnet
(1 × 1 × 1 mm) was placed above the driving magnet, and fixed on a 3-axis linear positioning stage that can adjust
the relative position of the beam. Another magnet (1.5 × 1.5 × 1.5 mm) for bi-stability was placed above the tip
magnet on another positioning stage. Then the gaps among these magnets in each axis can be adjusted precisely. A
laser detector was installed to measure the tip displacement of the piezoelectric beam. The beam was connected with
a 150 kΩ resistive load. This resistance value was selected from an impedance matching test to maintain a reliable
comparison between different configurations and operation conditions. The parameters of the piezoelectric beams are
the same as those in Table. 1.

It is worth mentioning that the stepper motor, 3-axis linear positioning stages and the laser displacement sensor
were adopted in this experimental set-up for the purpose of better and accurate control of the experimental study.
For practical applications, the place of the rotating stage is taken by the rotating host structure, e.g. a turbine rotor,
and the positioning stages and laser sensor are unnecessary. The bistable frequency up-converting harvester can be
easily implemented within the dimensions of �35 × 8 mm with the gaps between magnets considered. The overall
dimensions can be further reduced by miniaturizing the piezoelectric transducer.

5.2. Results and discussion

Fig. 12 illustrates the dynamics of the harvester operating at different oscillation modes. Five oscillating modes
were identified and studied in the experiment, including double-well vibration with varying initiation or termination
position (positive or negative well, (a), (f) and (k)), double-well vibration with fixed initiation position either in the
negative well ((b), (g) and (i)) or in the positive well ((c), (h) and (m)), and single-well vibration within the negative
well ((d), (i) and (n)) or the positive well ((e), (j) and (o)). The dynamics vary significantly for different modes. When
the harvester operates in the double-well mode, it has a high energy orbit ((f), (g) and (h)), which indicates that the
output is higher. However, when the harvester operates in the single-well mode, the vibration displacement and output
voltage are limited. Therefore, a reasonable relationship between the input force and the height of the potential barrier
should be chosen to achieve effective harvesting. In addition, from the displacement-velocity portrait (f), (g) and (h),
we can conclude that a stabler performance can be realized for the asymmetrical configurations (negative or positive
well). A stable initiation or termination position (either negative or position potential well) has been realized in the
asymmetric configurations, as shown in Fig. 12(g) and (h). The asymmetric configuration with a negative initiation

Figure 11: Experimental setup for the bistable frequency up-converting rotational energy harvester.
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Figure 12: Experimental results: Dynamics of different operating modes, including beam tip displacement (a)-(e), displacement-velocity phase
portrait (f)-(j) and output voltage on a 150 kΩ resistive load (k)-(o), with columns from left to right corresponding to ∆dt f =0, 0.1, -0.1, 0.3 and -
0.4 mm respectively. The different operating modes were achieved by adjusting the relative offset ∆dt f as shown in Fig. 5. Other conditions stayed
unchanged: htd = 4 mm, ht f = 3.2 mm and fe = 5 Hz.

position (the well away from the coming driving magnet) illustrates better energy harvesting performance (larger
output voltage than others, as shown in Fig. 12(l)).

The experimental results fit well with the theoretical results in Fig. 6 and Fig. 7 in terms of vibration displacement
and output voltage. The differences of the displacement-velocity phase portrait between theoretical and experimental
results could be arisen from the piezoelectric hysteresis effect [50] which is ignored in the theoretical modelling and
also from the inaccuracy of experimental parameters, but these factors do not have a severe impact on the outputs, and
the validity of the theoretical model remains.

Fig. 13 provides a comparison of the tip displacement and output voltage between a bistable energy harvester
operating in the periodic double-well mode with a fixed initiation position ((c), (d), (g) and (h)) and a harvester
without bi-stability ((a), (b), (e) and (f)). The operating principle of the double-well mode is clearly demonstrated in
Fig. 13(c) and (g). In one excitation cycle, the harvester first vibrates between two potential wells for a few cycles,
and then settles in one stable position. In this case, the harvester always terminates in the negative potential well, and
the next excitation cycle also initiates from this well. Therefore, this mode is called the double-well vibration with
a fixed initiation or termination position. In addition, the concept of frequency up-conversion is also implemented
as shown in these figures. The harvester is driven at 8 Hz, but the cantilever beam always operates at its resonance.
Theoretical ((a), (b), (c) and (d)) and experimental ((e), (f), (g) and (h)) results are compared for both beam oscillation
conditions. These results have a close match in terms of beam vibration displacement, output voltage and vibration
damping, further verifying the validity of the theoretical model.

Another significant phenomenon we can discover in this comparison is that the harvester with bistable mechanism
can achieve a higher output voltage and damping coefficient by operating between two wells first and then settling
in one fixed potential well. From the beam displacement and output voltage, the values in the beginning of each
excitation are much larger for the bistable harvester than those for the harvester without bi-stability, resulting in an
improved performance. At the end of each excitation, the displacement and output voltage from the bistable beam are
much lower than those from the harvester without bi-stability. Therefore, the beam in the bi-stable harvester is more
likely to be static before the forthcoming excitation force appears, avoiding the interference between the vibrating
beam and the coming driving magnetic force, which might affect the performance. This interference can already be
observed in the harvester without bi-stability in Fig. 13(a) and (e). If the driving frequency is higher, this interference
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Figure 13: Comparison of the tip displacement and output voltage between a bistable beam operating at the double-well mode ((c), (d), (g) and (h))
and a harvester without bi-stability ((a), (b), (e) and (f)). Theoretical ((a), (b), (c) and (d)) and experimental (e), (f), (g) and (h) results are compared
in both conditions. The driving frequency in this case was 8 Hz, and the driving force remained the same (htd = 3.2 mm and ∆dt f = 0.1 mm).

will be more severe. In addition, the improved output voltage (Fig. 13(d) and (h)) is also beneficial to the rectification
process if the power management circuit is considered. The improved voltage allows more charge to flow through the
bridge rectifiers, so that more power can be stored by the power management circuit.

In order to examine the performance of the bistable harvester over a broad bandwidth, a frequency sweep test was
conducted, as shown in Fig. 14. A constant rotational acceleration (0.02 r/s2) was adopted. This acceleration value
can be controlled by the stepper motor controller (Phidget 1067). A low acceleration value was chosen to maintain
the performance to be stable for all the frequencies.

As shown in Fig. 14, the output power fluctuates between 4 and 11 Hz for all configurations, including double-
well, signal-well and non-bistable harvesters. This fluctuation is caused by the interference between the vibrating
beam and the subsequent driving force. As shown in Fig. 13(a) and (c), the beam vibrates freely at resonance after
each plucking. The vibration amplitude attenuates gradually due to the system mechanical and electrical damping.
When the driving frequency is high enough, the beam is still vibrating when the next driving force appears. The
interference between the vibrating beam and the driving force due to phase mismatching causes the variation of the
input energy to the piezoelectric beam, and results in the output power fluctuation. Solutions to this issue are:

(1) Use a lower driving frequency. This allows the beam to have a long period to be fully damped.
(2) Increase the electrical damping. This reduces the beam vibration at the point when the next plucking force

appears, and reduces the interference. Also, the increased electrical damping also improves the energy harvesting
performance. Using high-performance power management circuits is a way to improve the electrical damping.

The advantage of the bistable harvester operating in the double-well mode is evident over a broad bandwidth from
1 to 11 Hz. This optimal operating bandwidth is determined by two criteria: (1) the output power should be enhanced
in the considered frequency range compared to the harvester without bi-stability; and (2) the power fluctuation should
not be severe enough to significantly affect the power output for different driving frequencies. In this range, the output
power at some frequencies is two times higher than a harvester without bi-stability, such as at 10 Hz. The general
trend in this figure fits well with the theoretical analysis shown in Fig. 10. The differences in amplitude and frequency
are caused by inaccurate structural and material parameters in the theoretical calculation compared to the practical
harvester.

It is worth mentioning that the bistable harvester should be designed to operate in the double-well mode in order
to improve the performance, because when it operates in the single-well mode, the performance is inferior to that of a
harvester without bi-stability, as shown in the comparison in Fig. 14. For the single-well mode, the gap between the
fixed and tip magnets is reduced ht f = 2.7 mm compared to that in the double-well mode (ht f = 3.2 mm). The potential
barrier is much higher due to the reduced gap. The input energy, in this case, is not enough to conquer the barrier. The
harvester, as a result, is confined in one of the two potential wells with reduced vibration amplitude and output power.
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Figure 14: Output power versus driving frequency for bi-stable harvester operating at single-well and double-well mode and harvester without
bi-stability. For all tests, the driving force was the same (htd = 3.2 mm). For the double-well mode, ht f = 3.2 mm and ∆dt f = 0.1 mm. For the
single-well mode, ht f = 2.7 mm.

For the harvester with no bi-stability, the fixed magnet (as shown in Fig.1) is removed. Therefore, this harvester is a
linear frequency up-converting harvester with only one potential well. Compared to the bistable harvester operating in
the single-well mode, the shape of potential well is different, and the linear frequency up-converting harvester exhibits
improved vibration amplitude and output power. Therefore, for bistable harvesters, the performance can be inferior
when operating in the single-well mode. It is necessary to design the system properly to maintain the double-well
operation.

When the frequency is higher than 11 Hz, the performance of the bistable harvester operating in the double-well
mode experiences significant variation and deterioration. The reason is that the interference between the vibrating
beam and the subsequent magnetic force has a stronger effect on the instantaneous input power into the piezoelectric
beam. This has been reflected by the power fluctuation between 4 and 11 Hz in Fig. 14. This interference becomes
severe with the increase of the driving frequency. At a certain frequency, e.g. 12 Hz, the input power is lower than
the potential barriers of the bistable harvester. The harvester, as a consequence, operates in the single-well mode with
limited output power. This explains the significant deterioration of the output power at high frequencies.

This power fluctuation issue also exists in harvesters operating in other modes or without bi-stability, which
means for frequency up-converting harvesters, the driving frequency should be lower (e.g. f < fr/10) than the
beam’s resonant frequency. In fact, the operating bandwidth of this type of harvester is not limited in this range. We
can extend the operating bandwidth to higher frequencies (e.g. fband = fr/8) by increasing the electrical damping
to attenuate the self-oscillation more quickly. Potential methods to increase the electrical damping includes more
effective power management circuits, such as, voltage doubler circuits [51], pre-basing method [52] and synchronized
switch harvesting on inductor method [53]. Further work will be conducted on this topic.

6. Conclusions

In this paper, a bistable frequency up-converting rotational energy harvester is studied theoretically and experi-
mentally. Frequency up-conversion and bistable mechanisms were integrated to achieve effective energy harvesting at
low frequency over a wide bandwidth. A theoretical model was established based on distributed-parameter modelling
to study the electromechanical dynamics. Different operating modes were analyzed, showing the significant variation
of the performance. Among them, the periodic double-well vibration shows a high energy orbit. In order to design
the harvester to operate in this mode, different parameters including the relative position of the magnets, the driving
force and driving frequency were investigated, providing a comprehensive understanding of the electromechanical be-
haviours. Asymmetric potential wells were achieved by adjusting the magnetic potential. This well shape provides a
simple way to control the initiation (termination) position of the beam in each excitation cycle, enabling the harvester
to have a stable and enhanced output and well-controlled behaviour.

An experimental validation was conducted to verify the theoretical analysis. A close match was achieved, showing
the validity of the theoretical model. Different operating modes for the bistable harvester were also observed in the
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experimental study. A comparison between the bistable harvester operating in the double-well mode and a harvester
without bi-stability was provided. The improvement of output voltage and damping coefficient of the bistable harvester
operating in the double-well mode was explicitly illustrated. The harvester was finally tested in the frequency domain,
and the dominant performance of the bistable harvester operating in the double-well at low frequency (1-11 Hz) mode
was verified. Reasons for the power fluctuation and decrease was discovered and explained. Increasing the electrical
damping is a potential solution to further increase the operating bandwidth. Future work will be focused on harvester
output impedance study to obtain the maximum output power and effective power management circuit design to
increase the electrical damping.
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