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ABSTRACT10

The ill-posed inverse problem for detecting and localizing leakage hotspots is solved using a11

novel optimization-based method which aims to minimize the difference between hydraulic mea-12

surement data and simulated steady states of a water distribution network. Regularization constrains13

the set of leak candidate nodes obtained from a solution to the optimization problem. Hydraulic14

conservation laws are enforced as nonlinear constraints. The resulting nonconvex optimization15

problem is solved using smooth mathematical optimization techniques. The solution identifies16

leakage hotspot areas, which can then be further investigated with alternative methods for precise17

leak localization. A metric is proposed to quantitatively assess the performance of the developed18

leak localization approach in comparison with a method that uses the sensitivity matrix. In ad-19

dition, we propose a strategy to select the regularization parameter when large-scale operational20

networks are considered. Using two numerical case studies, we demonstrate that the proposed21

approach outperforms the sensitivity matrix method, with regards to leak isolation, in most single22

leak scenarios. Moreover, the developed method enables the localization of multiple simultaneous23

leaks.24
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INTRODUCTION25

The continuous detection and localization of leaks has become a critical operational priority26

for UK water utilities as the government regulator, Ofwat, imposed stricter service requirements27

with significant financial penalties and rewards (Ofwat 2019). Similar regulatory arrangements are28

currently adopted in other countries around the world (e.g. Italy, China) where aging infrastructure,29

financial constraints and population growth are enforcing a more proactive approach towards the30

optimization of the hydraulic performance of water supply networks, risk, investment and levels of31

service.32

Cost-effective techniques are required to continuously monitor and identify leakage hotspots,33

i.e. areas of a water supply network where further leak localization resources should be prioritized.34

Water utilities are becoming more proactive in the use of hydraulic models for near real-time35

operational management and incident response, and gradually increase the level of hydraulic36

monitoring in their networks. Consequently, it is hugely beneficial to be able to utilize hydraulic37

models for the continuous detection and localization of bursts/leaks (and leakage hotspots); and38

also be able to quantitatively assess the limitations of hydraulic model based leak detection methods39

for a specific sensor placement in a water distribution network.40

A major challenge for using hydraulic model based leak detection and localization is the small41

number of available sensor measurements in comparison to the large number of possible leak42

locations. Pudar and Liggett (1992) formulated and solved an inverse problem for leak localization43

based on a steady state hydraulic model, by minimizing the differences (residuals) between sensor44

measurements and simulated states. A solution to the inverse problem determines the relevant45

parameters of a water distribution network model, such as leak flow and location, from sensor46

measurements. In an operational water network, the inverse problem is in general under-determined47

because of the small number of available sensor measurements and hence ill-posed.48

To solve the under-determined inverse problem for leak localization, where multiple equivalent49

leak candidates exist, Pudar and Liggett (1992) minimized the `2-norm of the leak parameters.50

In comparison, Berglund et al. (2017) reduced the number of unknowns to obtain a well-posed51
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inverse problem by selecting candidate nodes prior to solving the optimization problem. Another52

approach consists in multiple runs of a heuristic localization algorithm to obtain different solutions53

and hence a set of possible leak locations, e.g. Steffelbauer et al. (2014). Sanz and Pérez (2015)54

and Sanz et al. (2016) formulated the inverse problem for the calibration of demand, which is55

under-determined as well, in order to solve the leak localization problem. To solve the ill-posed56

problem, Sanz and Pérez (2015) grouped demand nodes based on the sensitivity of the measured57

head to a change in demand at a node. The deviation of the calibrated demand from the expected58

demand for a given group indicates the presence and an approximate location of a leak (Sanz et al.59

2016). Prior assumptions about the leak candidates and node groups are required and these affect60

the search for the leak location.61

An alternative approach, that avoids solving the ill-posed inverse problem, is to directly evaluate62

the residuals in relation to the sensitivities of pressure measurements for different leak locations,63

e.g. Perez et al. (2014), Casillas et al. (2013). However, this approach based on the sensitivity64

matrix is limited to single leak scenarios (Perez et al. 2014), while the inverse problem does not have65

these constraints and can be formulated for the detection and localization of multiple simultaneous66

leaks.67

Solving the inverse problem, however, requires strategies to deal with the ill-posedness. Ill-68

posed inverse problems arise in many engineering applications where regularization methods are69

often applied to mitigate the effect of ill-posedness (Aster et al. 2005). To the best of the authors’70

knowledge, regularization methods for the solution of an inverse problem have never been applied71

to the problem of leak detection and localization in water distribution networks. In this article, we72

formulate a regularized inverse problem for localizing leaks (leakage hotspots) by minimizing the73

sum of squares of the residuals, which are the difference between hydraulic sensor measurements74

and steady-state model simulations. The head losses due to friction are modelled using a quadratic75

approximation in order to apply smoothmathematical optimization solutionmethods. The resulting76

optimization problem for leak localization is then solved without requiring prior assumptions on77

leak candidates or node grouping. As the performance of the leak localization depends on the78
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choice of a regularization parameter, an approach to select this parameter is investigated.79

In addition to the localization problem being under-determined, model and data uncertainty80

also present challenges for the hydraulic model based leak localization methods (Pudar and Liggett81

1992). Some leak localization methods address this explicitly. In Goulet et al. (2013) and Poulakis82

et al. (2003) for example, the residuals are considered as random variables. The focus of the present83

article is on addressing the under-determined inverse problem. The effect of uncertainties is not84

investigated and it is a subject for further work.85

When evaluating the success of a leak localization method, most studies rely on showing86

example scenarios, e.g. Pudar and Liggett (1992), Wu et al. (2010), Berglund et al. (2017). For an87

extensive evaluation of many different leak scenarios, quantitative metrics are required that reflect88

the overall performance of the leak localization method and consider the size of the identified89

leakage hotspot area. In Soldevila et al. (2016) and Soldevila et al. (2017), two separate metrics are90

used for training a leak classifier and for evaluating the success of the leak localization. The two91

separate metrics account for either the number of leak candidates and correct classification of the92

true leak node or for the average distance of candidate nodes to the true leak node. In this article,93

a single metric is formulated that combines these properties and enables a quantitative comparison94

of the performance of leak localization methods.95

To the best of the authors’ knowledge, previous literature on leak localization in water dis-96

tribution networks has not compared the performance of methods based on an inverse problem97

formulation and methods using a sensitivity matrix. The localization performance metric is there-98

fore applied to evaluate both the proposed method based on the inverse problem and the sensitivity99

matrix method in an extensive benchmarking study, which considers different single-leak scenar-100

ios. In addition, the proposed inverse problem with regularization is investigated for scenarios with101

multiple simultaneous leaks. The leak localization methods are tested on two case study networks,102

which include a published benchmark network and an operational water network from the UK.103

The sections in the remainder of this article, which also outline the main contributions, are104

organized as follows:105
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• We propose a formulation of the inverse problem for leak localization that includes a106

regularization term to deal with the under-determined problem and that is solved using107

smooth mathematical optimization methods.108

• We outline the leak localization method based on the sensitivity matrix.109

• We propose a novel quantitative metric to evaluate the performance of leak localization110

methods.111

• The proposed inverse problem with regularization is extensively evaluated using two differ-112

ent case studies with a single leak and two simultaneous leaks. An approach is described113

and assessed for the selection of the regularization parameter in a large scale operational114

network. Furthermore, the localization performance of the proposed inverse method with115

regularization is benchmarked against the sensitivity matrix method.116

INVERSE PROBLEM FORMULATION117

In this manuscript, the problem of identifying leak candidates (leakage hotspot area/s) in a water118

distribution network is formulated as an inverse problem, where the unknown leak parameters are119

estimated from pressure and flow measurements. A major advantage of this formulation compared120

to other methods is that the leak parameters can be estimated for multiple simultaneously occurring121

leaks. The problem formulation requires a calibrated extended-period-simulation model of the122

network, with known pipe properties, known demand profiles, and known settings of pressure123

control valves.124

The water distribution network is modeled as a directed graph with np edges (pipes), nn demand125

nodes (junctions) and n0 reservoir nodes which are the sources to the network. The edge-demand126

node incidence matrix of the graph is A12 ∈ Rnp×nn . Analogously, we define the edge - source node127

incidence matrix A10 ∈ Rnp×n0 .128

Leak flow depends on pressure, and their relation has been extensively studied in previous129

literature, resulting in a modified orifice equation, e.g. (Clayton and Van Zyl 2007; Greyvenstein130

and Van Zyl 2007; Van Zyl et al. 2017). To model the pressure-dependent leak flow dL,i(hi) at a131
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node i ∈ {1, . . . , nn}, this is written as132

dL,i(hi) = ci(hi − zi)0.5 + cvar,i(hi − zi)1.5, (1)133

where 0 ≤ ci ≤ cmax is an unknown coefficient depending on the leak orifice area and shape and134

0 ≤ cvar,i ≤ cvar,max is an unknown coefficient depending on the pressure sensitivity of the orifice135

area. The hydraulic head at node i is hi, and zi ≥ 0 is the node elevation. In the present work, we136

use the orifice equation with cvar,i = 0 for all i ∈ {1, . . . , nn}. However, the problem formulation137

and solution methods discussed here can be extended to different leakage models.138

The head losses due to friction across a pipe j ∈ {1, . . . , np} depend on the flow rate q j in the139

pipe and are often modeled using a Hazen-Williams or a Darcy-Weisbach formula. The expression140

for the Hazen-Williams model contains a fractional exponent and is non-smooth. In case of the141

Darcy-Weisbach model, the head losses are given by implicit equations which involve non-smooth142

terms. Both expressions hinder the application of smooth optimization methods. Therefore, a143

quadratic approximation is used to model the head losses, as suggested in Pecci et al. (2017). Using144

the quadratic approximation, the head loss due to friction across pipe j is145

Φ j(q j) = q j(a j |q j | + b j), (2)146

where a j, b j ≥ 0 are computed for all j = {1...np} as outlined in Eck and Mevissen (2015). The147

quadratic approximation introduces inaccuracies with respect to the traditional head loss models.148

However, the accuracy can be controlled by tuning the approximation domain for each pipe, where149

the expected flow range is determined from hydraulic simulations. The resulting approximation150

errors are comparable to the level of uncertainty usually observed in hydraulic models of operational151

water distribution systems (Pecci et al. 2017).152

Let dL(c, h) ∈ Rnn be the vector of pressure-dependent leakage at each node in the network,

whose components are defined in Eq. (1). Moreover, Φ(q) ∈ Rnp is a vector whose elements

represent the head losses due to friction across network pipes. Pipe flows q ∈ Rnp , node heads
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h ∈ Rnn and leak coefficient vectors c ∈ Rnn are subject to the steady-state hydraulic network

equations:

A12
Tq − d − dL(c, h) = 0 (3)

A12h + A10h0 +Φ(q) = 0, (4)

with h ≥ z where z ∈ Rnn is the vector of node elevations. In the present work, the customer153

demand is modelled as non pressure-dependent, denoted by vector d ∈ Rnn . The vector h0 ∈ Rn0154

contains the fixed head values at the source nodes. Eq. (3) corresponds to the mass conservation155

law, while the energy conservation law is presented in Eq. (4).156

Denote by M the set of node indices where the pressure head is measured, and by O the set of157

pipe indices where flow is measured. The head measurements are then h̄m for all m ∈ M and the158

flow measurements are q̄o for all o ∈ O. A residual is the difference between sensor measurements159

and simulated heads and flows.160

The aim is to formulate an inverse problem where the weighted sum of squared residuals is161

minimized over (h, q, c) satisfying Eqs. (3) and (4). Since |M | + |O | � nn, the inverse problem is162

ill-posed and some leak locations may not be distinguishable from other possible leak locations as163

discussed in Pudar and Liggett (1992). This means that several possible leak nodes could result in164

similar measurements and are not observable individually.165

Numerical schemes to solve nonlinear ill-posed inverse problems significantly benefit from the166

inclusion of a regularization term within the objective function (Aster et al. 2005, Chapter 10). In167

this manuscript, we consider a `2-regularization, which is often applied when fitting data with a168

large number of model parameters (James et al. 2013, Chapter 6.2). The problem of estimating169

the unknown leak coefficient vector c ∈ Rnn is hence formulated as an `2−regularized optimization170

problem:171

7 Blocher, September 16, 2019



minimize
h,q,c

wh

∑
m∈M

(hm − h̄m)2 + wq

∑
o∈O
(qo − q̄o)2 + ρ | |c| |22

subject to A12
Tq − d − dL(c, h) = 0

A12h + A10h0 +Φ(q) = 0

h ≥ z

0 ≤ c ≤ cmax.

(5)172

The weights wh,wq ensure that flow and head residuals are scaled similarly. The objective function173

in Problem (5) includes a regularization term ρ | |c| |22 . The regularization term penalizes the `2-norm174

of the vector of leak coefficients, to limit the number of non-zero coefficients. We refer the reader to175

Case study I in the remainder of this article, for a discussion of the benefits of the `2−regularization176

in the case of leak localization.177

The solution of Problem (5) depends on the regularization parameter. To select the regularization178

parameter ρ ≥ 0, cross-validation is commonly applied (James et al. 2013, Chapter 6.2.3). In this179

work, Problem (5) is solved for different values of ρ and using data generated by simulating a180

small subset of all possible single leak scenarios that represent different leak locations in a water181

supply network. The value of ρ that yields the best results is then selected and cross-validated on182

a different set of leak scenarios. In this article, the proposed strategy for choosing ρ is investigated183

for a large operational water network as a case study.184

In the following, a solution to Problem (5) is denoted by (h∗, q∗, c∗). Problem (5) has 2 · nn + np185

variables and np + nn equality constraints. The problem is non-convex due to constraints (3) and186

(4). Since the size of the problem grows linearly with the number of pipes and nodes, Problem (5)187

results in a large scale nonconvex optimization problem when large operational water networks are188

considered. However, water distribution networks have a sparse structure which is retained by the189

hydraulic network equations, Eqs. (3) and (4). Therefore, interior point methods offer a scalable190

approach for solving Problem (5) for large scale water distribution networks (Nocedal and Wright191

2006, Chapter 19).192
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THE SENSITIVITY MATRIX METHOD VIA THE IMPLICIT FUNCTION THEOREM193

The leak localization approach based on the sensitivity matrix, described in Casillas et al.194

(2013), Perez et al. (2014), is outlined in the following, to enable a comparison between the195

approach based on the inverse problem developed in the previous section and the sensitivity matrix196

method. While the sensitivity matrix was previously derived by numerically approximating the197

derivatives, (Casillas et al. 2013; Perez et al. 2014), it is computed here using the implicit function198

theorem. This results in exact derivatives.199

Denote a constant leak flow from node k by εk . The set of node indices M = {m1...mM}200

indicates where the hydraulic head is measured. The sensitivity matrix S ∈ R|M |×nn is defined as in201

Perez et al. (2014):202

S =


∂hm1
∂ε1

∂hm1
∂ε2

. . .
∂hm1
∂εnn

...
. . .

...

∂hmM

∂ε1
. . .

∂hmM

∂εnn


. (6)203

The ith column of S consists of the elements ∂hm
∂εi

for all m ∈ M , i.e. the sensitivities of the204

measurements to a leak at node i.205

Denote by x =
[
qT hT

]T ∈ Rnp+nn the state variables of the water network. A non-pressure-206

dependent leak flow vector ε ∈ Rnn is introduced and the mass conservation Eq. (3) is re-written207

as208

A12
Tq − d − ε = 0. (7)209

Eqs. (4) and (7) is written in a more compact form as g(ε, x) = 0, where g : Rnn+np+nn → Rnp+nn is210

opportunely defined. The Jacobian of the hydraulic network equations with respect to x is211

Jg(x) =
∂g
∂x
(ε, x) =


D(q) A12

A12
T 0

 . (8)212

Matrix D(q) is diagonal and its elements are the derivatives of the head losses due to friction,213
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Φ(q), with respect to q,214

D j j(q j) =
∂Φ j

∂q j
= 2a j |q j | + b j . (9)215

As a j, b j ≥ 0, D(q) is positive semi-definite. Furthermore, the edge-demand node incidence matrix216

A12 has full column rank as proven in Elhay et al. (2014). The matrix Jg is then nonsingular if and217

only if ker(D(q)) ∩ ker(A12
T ) = {0} (Benzi et al. 2005, Theorem 3.2). This condition is verified if218

there is no loop with all flow rates equal zero (Nielsen 1989).219

If Jg is nonsingular, the implicit function theorem holds (Dontchev and Tyrrell Rockafellar220

2009, Theorem 1B.1). There exists a unique, continuously differentiable function y(·)mapping the221

leak flow to the state variables x. The derivatives of y(·) with respect to the leak flow ε , i.e. the222

sensitivities, can be obtained by solving223

∂g
∂x
(ε, x)∂y

∂ε
(ε ) = −∂g

∂ε
(ε, x) (10)224

for ∂y
∂ε (ε ) ∈ R(np+nn)×nn . The elements of the sensitivity matrix can then be extracted from ∂y

∂ε (ε ).225

Note that ∂g
∂ε

T
(ε, x) = [0−I] ∈ Rnn×(np+nn) where I ∈ Rnn×nn is the identity matrix.226

Let pT =
[
(hm1 − h̄m1) . . . (hmM − h̄mM )

]
∈ R|M | be the vector of residuals where h̄m are the227

hydraulic head measurements for all m ∈ M . The corresponding hydraulic heads in a no-leak228

scenario, denoted by hm for all m ∈ M , are computed by solving the hydraulic network equations,229

Eqs. (4) and (7) with ε = 0.230

In the sensitivity matrix method, a column i of the sensitivity matrix S is then compared with231

the residual vector p. In the literature, different similarity measures for the comparison have been232

discussed, e.g. correlation in Perez et al. (2014). According to Casillas et al. (2013), using the233

angle αi between the two vectors yields the best localization results. The node with index l such234

that l = arg mini∈{1...nn} αi is the main leak candidate. Since the sensitivity matrix method relies on235

the comparison of a residual vector and the sensitivities with respect to one leak only, it is not able236

to locate leaks that occur simultaneously at different locations (Perez et al. 2014).237
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PERFORMANCE METRIC FOR LEAK LOCALIZATION238

The problem for leak localization is under-determined, and consequently, localization methods239

may fail to isolate the true leak node. However, they can identify a set of candidate leak nodes,240

which include the true leak node and delimit a leakage hotspot area. The nodes within a successfully241

identified leakage hotspot area are close to the true leak node and include the true leak node. In242

order to be able to investigate the effectiveness of a specific leak localizationmethod and benchmark243

its performance against other methods, a single metric is required to take into account the size of244

the leakage hotspot area (e.g. the distance of the candidate leak nodes from the true leak node)245

and the successful inclusion of the true leak node within the leakage hotspot area (e.g. the correct246

classification of the true leak node). Metrics, that consider the correct classification of the true247

leak node and distance of leak node candidates separately were described in previous literature248

(Soldevila et al. 2016; Soldevila et al. 2017). However, to quantitatively assess the overall success249

of a leak localization method, these aspects need to be jointly evaluated. We propose a new leak250

localization performance metric that takes into account the size of the leakage hotspot area and the251

successful identification of the true leak node within the leakage hotspot area.252

The proposed localization performance metric can be applied to evaluate the performance of253

any leak localization method that attributes a value ui to each node, as an indicator for leakage.254

This is the case for both leak localization methods considered here. The performance metric can255

also be applied to evaluate the localization success in scenarios with multiple leaks.256

The attributes ui classify all nodes into non-leak nodes and potential leak candidates. To define257

the performance metric the values ui are normalized such that 0 ≤ ûi ≤ 1 for all i ∈ {1...nn} where258

a large ûi indicates leakage. As an example, if Problem (5) is solved, the estimated leak coefficients259

c∗i are selected as attributes ui. The normalized attribute at node l is then ûl = (maxi∈{1...nn} c∗i )−1c∗l .260

Let û ∈ Rnn be the vector of normalized attributes. The proposed performance metric β is261

defined as the sum of a reward component γ and a penalty component λ:262

β = γ − λ. (11)263
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The reward is defined as264

γ =

∑
i∈K ûi

|K | , (12)265

where K denotes the set of node indices that correspond to the true leak nodes and |K | denotes the266

number of leak nodes. It holds that 0 ≤ γ ≤ 1, where γ = 1 if the leak localization method assigns267

ûi = 1 for all i ∈ K , and γ = 0 if ûi = 0 for all i ∈ K . The penalty is defined as268

λ =
rT û∑nn
i=1 ri

, (13)269

where the element ri of the distance vector r ∈ Rnn is the length of the shortest path from node i to270

the nearest leak node. The length of the shortest path is the minimal sum of pipe lengths between271

two nodes, measured in meters. For all i ∈ K , it holds that ri = 0. Therefore, when ûi = 0 for all272

i < K , the penalty is λ = 0. In comparison, when ûi = 1 for all i < K , the penalty is λ = 1. Hence,273

it holds that 0 ≤ λ ≤ 1.274

Fig. 1 illustrates the developed performance metric on a simplified example. The metric can275

result in any value within −1 ≤ β ≤ 1. If β = 1, we have the maximum reward and no penalty,276

as the true leak is identified. If 0 < β < 1, the normalized attribute at the leak nodes is large,277

but other nodes are leak candidates as well. While β = 0 can be interpreted as the output of the278

leak localization method not giving useful information on the leak location, β < 0 means that the279

method is guiding the leak search towards the wrong direction. Note that candidate nodes far away280

from the true leak node result in greater penalty than candidate nodes of equal û that are close to281

it. If the values for ûi are selected such that they may take any value between 0 and 1, the metric282

additionally takes into account a ranking of the leak candidates. Given a positive reward γ > 0, the283

true leak node is within the leak candidate set and a small penalty λ then indicates a small leakage284

hotspot area.285

NUMERICAL INVESTIGATION286

The proposed leak localization method based on the solution of the inverse problem, formulated287

in Problem (5), is numerically evaluated using two case studies and considering different leak288

12 Blocher, September 16, 2019



scenarios, under the assumption of exact measurements and known model. In Case study I, the289

effect of the regularization in Problem (5) is investigated. In both case studies, we compare the290

proposed inverse problem approach with the sensitivity matrix method (Casillas et al. 2013; Perez291

et al. 2014). A strategy for choosing the regularization parameter ρ for a large operational water292

network is presented in Case study II. In addition, the performance of the developed inverse problem293

approach in scenarios with multiple leaks is investigated - see Case study II.294

In both case studies, leaks are simulated using Eq. (1) with a leak coefficient of ci = 0.6 ∗295

10−3 [
m2.5s−1] (cvar,i = 0

[
m1.5s−1]) for i ∈ K . The simulated leak scenarios consider different296

leak locations that are selected as evenly distributed across the networks. Hydraulic head and flow297

measurements are then generated by solving Eqs. (3) and (4) as in Elhay et al. (2016). Since this298

article focuses on the solution of the under-determined inverse problem formulated in Problem (5),299

no uncertainty was included in the simulations. The measurements are assumed to be exact and300

nodal demands and pipes properties are known. Investigating the effect of uncertainty at different301

times during a day remains a subject for further work. For convenience, all simulations consider302

only one time step of the extended period simulation. The demand and reservoir levels correspond303

to those at 12 pm.304

Let V be the set of investigated leak scenarios. For each scenario, the performance of the305

implemented methods is evaluated using the performance metric proposed in the previous section.306

Let βv be the leak localization performance when scenario v is considered, for all v ∈ V . The307

percentage of scenarios, P(τ), with a localization performance β greater or equal a threshold value308

τ is defined as309

P(τ) = 100
|{v ∈ V : βv ≥ τ}|

|V | . (14)310

The overall performance for set V is then derived from P(τ) and is illustrated as in the example311

in Fig. 2. We will refer to this figure as performance profile in the following. In this example,312

approximately 90% of the considered scenarios have a value of β greater than τ = 0, while 50%313

have a value greater than τ = 0.5.314

Problem (5) is solved using the interior point solver for large scale nonlinear optimization,315
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IPOPT (v3.12.9), which is implemented in MATLAB through the interface provided by the OPTI316

Toolbox (Currie and Wilson 2012). The analysis is carried out using a workstation with a 2.4GHz317

Intel(R) Xeon(R) CPU E5-2665 with 8 cores.318

The sensitivity matrix is derived by applying the implicit function theorem. The angle α319

between residual vector and sensitivity matrix columns is used to select leak candidates (Casillas320

et al. 2013). To derive the localization performance β in case of the sensitivity matrix method,321

the normalized attributes are computed as ûl = 1 − (maxi∈{1...nn} |αi |)−1 |αl | for all l ∈ {1...nn} if322

not otherwise noted. If the regularized inverse problem is solved, the normalized attributes are323

ûl = (maxi∈{1...nn} c∗i )−1c∗l for all l ∈ {1...nn}.324

Case study I325

Problem (5) is solved for leak localization in Net25, a published benchmark water network326

model whose layout is presented in Fig. 3. The network consists of 22 demand nodes, 3 reservoirs327

nodes and 37 pipes. Pipe and node properties are as in Vairavamoorthy and Lumbers (1998) and328

Dai and Li (2014), respectively. Exact hydraulic head measurements are assumed to be available329

from 4 nodes - see Fig. 3. The total demand at 12 pm is 175.15 [l/s] and the resulting pressure330

distribution is shown in Fig. 3 .331

Firstly, a leak is simulated at node 5, with a corresponding leak flow equal to 3.6 [l/s]. Fig. 4332

shows the leak localization results when Problem (5) is solved for different values of ρ. If ρ = 0,333

the inverse problem is not regularized. In Fig. 4a, node 8 is the main leak candidate whereas the334

normalized attribute assigned to the true leak node is small, but not zero. This yields a localization335

performance β = 0.1. If ρ = 100, the leak localization performance improves as the true leak node336

5 is included in the set of nodes having the largest estimated leak coefficient, resulting in β = 0.8.337

If the regularization parameter ρ is too large, the leak localization method highlights a group of338

nodes far away from the true leak node 5 as can be seen in Fig. 4c. Consequently, the localization339

performance metric results in β < 0. Such behavior can be explained by investigating the objective340

function in Problem (5), see Fig. 5. The objective function represents a trade-off between the341

`2−norm of the residual vector and that of the estimated coefficient vector. If ρ = 102, the solution342
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of the optimization problem minimizes the residual and selects a leak coefficient vector that is343

small in the sense of the `2−norm and that still fits the measured data. If ρ > 105 , the `2−norm of344

the residual increases. The optimization problem prioritizes minimizing the leak coefficients over345

fitting the model to the measurements.346

In Fig. 6, the localization performance given different choices of the regularization parameter ρ347

is investigated for different leak locations. Both β and `2−norm of the estimated coefficient vector348

are shown for leaks simulated at node 5 (3.6 [l/s]), node 14 (3.5 [l/s]) and node 19 (3.6 [l/s]). In349

case of node 5 and 19, the best performance β is achieved for values of ρ = 102. In case of the350

leak node 14, the performance gets worse as soon as ρ > 0, but the value of β remains positive351

for ρ ≤ 104, suggesting that the leak node is still among the leak candidate nodes. Note that, in352

case of both node 5 and 14, increasing ρ to larger values results in the norm of the estimated leak353

coefficients approaching zero, and β becoming negative. In case of node 19, the performance does354

not seem to be affected by a large regularization parameter. Fig. 6 suggests that both the localization355

performance and the optimal choice of ρ are sensitive to the leak location.356

As the leak location is unknown, the regularization parameter needs to be chosen such that an357

acceptable localization performance is achieved for most leak locations. To select a regularization358

parameter ρ suitable for localizing leaks inNet25, we simulate a single leak at each of the 22 demand359

nodes. This results in 22 different leak scenarios. Depending on the pressure at the leak node, the360

simulated leak flows vary between 3.3 and 3.8[l/s]with an average flow of 3.7[l/s]. For each of the361

scenarios, Problem (5) is solved with different values of ρ, and the leak localization performance β362

is computed. Fig. 7 reports performance profiles corresponding to different options of ρ, showing363

that the performance is significantly improved when introducing regularization (ρ > 0). A value364

of 10 ≤ ρ ≤ 104 results in β > 0.5 in more than 90% of the scenarios. For 102 ≤ ρ ≤ 104, the365

performances are comparable. Based on the previous discussion (see Fig. 5), ρ = 102 represents a366

good compromise between minimizing the differences between model and data, and the size of the367

leak coefficients. Therefore, in the remainder of this section, we investigate the leak localization368

performance of the proposed method when solving Problem (5) with ρ = 102.369
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For each of the 22 considered leak scenarios, Problem (5) is solved with different values of the370

regularization parameter. The solver IPOPT required on average 26 iterations and a CPU time of371

0.2s to compute a solution. Since the optimization problem can be solved efficiently, choosing a372

regularization parameter by testing all leak locations in this network requires a small computational373

effort.374

The sensitivity matrix method is applied for leak localization in all 22 leak scenarios defined375

above. To compute the performance β in a leak scenario, see Eqs. (11)-(13), we first set the376

elements of the vector û such that ûl = 1 only for the node l with the maximum normalized377

attribute, l = argmaxi∈{1...nn}1 − (maxt∈{1...nn} |αt |)−1 |αi |, and ûi = 0 for i ∈ {1...nn}, i , l. The378

main leak candidate is then the only candidate (Casillas et al. 2013). In Fig. 8, the resulting379

localization performance profile is given. The leak is correctly isolated in 60% of the scenarios,380

resulting in β = 1. However, the true leak node is discarded in the remaining 40% of scenarios,381

yielding β < 0. Since it is preferable that the leak node is among the leak candidates, the382

performance β of the sensitivity matrix method is evaluated considering the normalized attributes383

at all nodes in the remainder of this paper. In Fig. 8, the resulting performance profile is shown, in384

addition to the profile obtained when solving Problem (5) with ρ = 102.385

Both methods, the sensitivity matrix method evaluated based on all node attributes and the386

method based on the regularized inverse problem, result in large, positive performance values and387

hence identify the leak node within the candidate set. The method based on the regularized inverse388

problem has a higher performance on average than the sensitivity matrix method, but the variance389

of its performance is greater. The different performances of the twomethods can be further assessed390

by separating β into the reward and the penalty component. In all tested scenarios, the sensitivity391

matrix method attributes the largest values to a set of nodes containing the leak node. This results392

in a very high reward, greater than 0.997, in all scenarios. However, in most cases, the method also393

assigns a high attribute to a large portion of non-leak nodes, yielding an average penalty of 0.45.394

The penalty and reward component result in an average performance of 0.55, as shown in in Fig. 8.395

In comparison, the method based on the regularized inverse problem selects few nodes as candidate396
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nodes with positive attributes. Hence, the penalty component is small, with an average value of 0.08397

and a maximum of 0.33. In some cases, the largest attributes do not correspond to the leak node398

and the reward experiences a large variation across the different scenarios, with values between399

0.24 and 1. This results in the large variation of the overall performance as shown in Fig. 8. In400

conclusion, the method based on the regularized inverse problem achieves smaller average reward401

values than the sensitivity matrix method, but it results in better overall performance in the majority402

of the scenarios (e.g. a smaller leakage hotspot area with correctly included true leak node) - see403

Fig. 8. The small penalty for the inverse leak localization method with regularization results in a404

smaller leakage hotspot area, which is particularly beneficial for water operators.405

These observations are illustrated in the following example scenarios. The worst performance406

in case of the sensitivity matrix method occurs for a leak simulated at node 12. Fig. 9 shows407

the localization results obtained by both methods given a leak at node 12. The sensitivity matrix408

method assigned the largest attribute to the true leak node. However, large attribute values have409

been given also to various other nodes. As previously discussed, this results in a large penalty410

component when computing the performance criterion as in Eq. (11). In comparison, the solution411

of Problem (5) yields large attributes only for two nodes where the main candidate is not the leak412

node but its neighbor (Fig. 9a). This results in a slightly better localization performance β and in a413

smaller penalty component λ.414

The best localization performance for the sensitivity matrix method is achieved when a leak is415

simulated at node 1. As shown in Fig. 10, both approaches clearly identify only nodes 1 and 2 as416

potential leak candidates, and have similar localization performances.417

When solving the regularized inverse problem, the lowest localization performance is experi-418

enced by the leak scenario simulated at node 14 (Fig. 11). Fig. 11a shows that the attribute assigned419

to the true leak node is positive, but close to zero, and the main leak candidate is a neighboring420

node. On the other hand, the main candidates identified by the sensitivity matrix method are both421

the true leak node and its neighbor (Fig. 11b). The solution of Problem (5) successfully classifies422

the majority of nodes as non-leak nodes, resulting in a small set of candidate leak nodes. In com-423
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parison, the sensitivity matrix method results in large attribute values assigned to many non-leak424

nodes, and a better isolation can only be achieved by selecting the nodes with the largest attributes.425

The solution of Problem (5) results in the best localization performance when a leak is simulated426

at node 13, see Fig. 12a. The leak node is identified as the singlemain leak candidate. The sensitivity427

matrix method in case of a leak at node 13 (Fig. 12b) yields a similar attribute pattern as in the case428

of a leak at node 14 (Fig. 11b).429

The sensitivity matrix method results in positive attributes assigned to most nodes, while the430

leak node is consistently among the nodes with the highest values. The method based on the431

regularized inverse problem identifies the true leak node as one of the main leak candidates in the432

majority of scenarios, but, in few instances, it does not include the true leak node within the set of433

nodes with the largest attributes. This results in low, but positive, values of β in some scenarios,434

as shown in Fig. 8. However, the method based on the regularized inverse problem identifies a435

smaller set of candidate nodes still including the true leak node which yields a more precise leakage436

hotspot localization. This results in a better overall performance according to the metric β, for the437

considered case study, see Fig. 8.438

Case study II439

In the second case study, the leak localization methods are tested using a large operational net-440

work, which is jointly operated by Bristol Water, Imperial College London and Cla-Val (BWFLnet,441

shown in Fig. 13). Details of the network are presented in Wright et al. (2014). It consists of 2310442

nodes, 2369 pipes and two fixed head nodes at the inlets. There are three pressure reducing valves443

(PRV) and two dynamic boundary valves (DBV) which are open at the considered time step, 12444

pm. The flow is measured at the 5 valve locations. The hydraulic head is measured at 35 locations445

(physically installed pressure monitoring devices): inlets and outlets of each valve and 25 further446

nodes - see Fig. 13. The total demand at 12 pm is 50.1 [l/s] and the pressure distribution is shown447

in Fig. 13.448

In this section, we investigate a strategy to select and validate the value of the regularization449

parameter ρ when a large water network is considered. Furthermore, we compare the leak lo-450

18 Blocher, September 16, 2019



calization performance of the sensitivity matrix method and the method based on the regularized451

inverse problem which confirms the observations from Case study I. We then further investigate the452

method based on the regularized inverse problem. By solving Problem (5) for a set of different leak453

scenarios and then evaluating the localization performance, we identify areas in the network that are454

challenging for leak localization, given the current sensor placement and the selected regularization455

parameter. In addition, we study the localization performance in scenarios with two simultaneously456

occurring leaks.457

We define two sets of different leak scenarios. In order to select an appropriate value for the reg-458

ularization parameter ρ for the formulation of Problem (5), 116 single leaks are generated assuming459

116 different leak locations that are evenly distributed across the network. This corresponds to 5%460

of the nodes. We refer to this set of leak scenarios as (Ia). The resulting leak flows vary between461

2.9 and 6.1 [l/s] with an average flow of 4.4 [l/s]. The choice of the regularization parameter is462

then cross-validated on a set of single leak scenarios (Ib) where 116 leak locations, different from463

the previous ones, are evenly selected across the network. The average leak flow for scenarios (Ib)464

is 4.2 [l/s], the minimum leak flow is 2 [l/s] and the maximum 5.9 [l/s].465

Fig. 14 reports the localization performance achieved solving Problem (5) for different values466

of ρ on set (Ia). Similarly to Net25, the localization performance improves with the regularization467

where ρ > 0. Fig. 14 indicates that the best choice is ρ = 109. The value is much larger than ρ = 102
468

which was selected for Net25. We conjecture that this is due to the increased number of possible469

leak locations. The regularization parameter needs to be selected for each network and sensor470

configuration individually. However, this selection process requires only a small computational471

effort.472

SolvingProblem (5)with ρ = 109 to locate leaks in set (Ib) yields a leak localization performance473

profile similar to the profile based on scenarios (Ia), see Fig. 15. This suggests that 5% of all possible474

leak scenarios are sufficient to choose a good value for ρ.475

In addition, Fig. 15 shows the localization performance profile on scenarios (Ib) when using476

the sensitivity matrix method. Similarly to what was reported for Net25, the method based on the477
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regularized inverse problem achieves a better localization performance β than the sensitivity matrix478

method in the majority of scenarios, but also has a lower worst performance. This is in accordance479

with the results in the case study on Net25, where the sensitivity matrix was shown to yield a very480

high reward in all scenarios, as well as a large penalty in most scenarios. The method based on the481

regularized inverse problem on the other hand is able to discard the majority of nodes from the leak482

candidate set, resulting in a smaller penalty and more precise leakage hotspots. However, in some483

scenarios, the attribute at the true leak node does not yield a high reward.An example scenario from484

set (Ib) is shown in Fig. 16. Solving Problem (5) yields a small set of candidate nodes that is close485

to the leak node, but the maximum attribute is not assigned to the true leak node, see Fig. 16a.486

In case of the sensitivity matrix method (Fig. 16b), the true leak node is within the set of main487

candidates, but we also have positive attributes assigned to a large portion of network nodes.488

In Fig. 17, it is illustrated that the leak location affects the localization performance for a given489

regularization parameter in case of the method based on the regularized inverse problem, similar to490

what was reported for Net25. Note that the area at the bottom right corner results in high localization491

performance, while experiencing lower pressure (Fig. 13), and hence smaller leak flows. Under the492

assumption of exact data and exact hydraulic model, and within the range of simulated leak flows,493

the leak size does not affect the localization performance.494

The sensitivity matrix method is limited to the localization of one leak (Perez et al. 2014).495

For the localization of multiple simultaneous leaks, we only investigate the solution of the inverse496

problem with regularization (Problem (5)).497

In order to generate a set of two-leak scenarios (II), 24 nodes across the network are selected and498

all possible combinations of two leaks are simulated. This yields 276 scenarios. Then, Problem (5)499

is formulated and solved for each of these scenarios, using different values of ρ. As shown in500

Fig. 18, setting ρ = 109 is still the best choice for the regularization parameter in the multiple-leak501

case.502

The leak location and localization results in case of the two-leak scenario with highest, median503

and worst localization performance are presented. In the case of the highest performance, both504
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leaks are in the central area of the network and a set of nodes containing the true leaks has obtained505

large leak attributes - see Fig. 19. As both leaks in Fig. 19 are in an area that results in high506

performance values in single leak scenarios, see Fig. 17, the good performance reported for this507

two-leak scenario is predictable. The median localization performance corresponds to a scenario508

with one leak at the center of the network and one in the lower left corner - see Fig. 20. Note that509

one of the two leaks is in an area with medium performance in the single leak case - see Fig. 17.510

A set of nodes containing the leak node is clearly identified, however the nodes with the highest511

attributes do not correspond to the true leak nodes. Fig. 21 corresponds to the scenario with low512

localization performance. In this case, both leaks are in an area corresponding to low localization513

performance in the single leak case, see Fig. 17. While the true leak nodes are among the candidate514

nodes with positive attributes, these values are very small and the distinction between candidate515

nodes and non-leak nodes is not as clear as in the previous examples. However, in all three cases,516

the majority of nodes with no leakage are correctly assigned attributes equal to zero and the search517

area for locating the two leaks is significantly reduced.518

Solving Problem (5) required on average 41 IPOPT iterations and 9.2s CPU time for a single519

leak scenario (Ia and Ib). For a two leak scenario (II), we report an average of 40 IPOPT520

iterations and 8.9s CPU time. Similarly to Net25, Problem (5) is solved efficiently. This suggests521

that solving the optimization problem several times with different parameters is feasible within a522

short computational time. Efficiently solving the optimization problem is necessary to choose a523

regularization parameter, or to consider different uncertainty scenarios for example.524

CONCLUSION525

Accurate and near real time leak detection and localization is a critical problem for water com-526

panies to meet serviceability requirements. In order to solve the ill-posed inverse problem for leak527

localization, we present a novel optimization formulation, whosemain properties are summarized as528

follows. A regularization term is included in the objective function to address the under-determined529

inverse problem. The regularization parameter affects the localization performance and needs to be530

selected via cross-validation, but the method does not require selecting candidate nodes or group-531
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ing nodes beforehand. The resulting optimization problem is solved efficiently using mathematical532

optimization and state-of-the-art sparse nonlinear programming solvers.533

A localization performance metric is proposed to quantify the success of a leak localization534

method for different scenarios. The metric returns a scalar value between −1 and 1 to account535

jointly for the number of leak candidates, their distance to the true leak node and the inclusion of536

the true leak node within a leakage hotspot area.537

The metric is used to select a good regularization parameter via cross-validation. Furthermore,538

the proposed localization performance metric has enabled an extensive numerical investigation of539

the proposed method on two case study networks considering a representative set of leak scenarios.540

The outcome of this investigation is summarized as follows:541

• A comparison of sensitivity matrix method and the proposed method based on the regu-542

larized inverse problem showed that while the sensitivity matrix method always identifies543

the true leak as one of the main candidates, the strength of the proposed method lies in544

discarding the majority of non-leak nodes. In contrast to the sensitivity matrix method,545

this yields a good isolation of leakage hotspots, which is particularly beneficial for water546

utilities.547

• The method based on the regularized inverse problem is able to localize multiple leaks,548

similar to other optimization-based methods previously proposed in the literature.549

• The performance metric enables the identification of areas within the network where the550

localization method is most/least successful.551

• The proposed approach can be applied to large operational water networks since the problem552

is solved efficiently and the results presented in this article suggest that only a small subset553

of possible leak locations (5% of the demand nodes) has to be tested to identify a suitable554

regularization parameter.555

The work presented in this article does not consider demand uncertainty or model errors.556

Moreover, it was observed that the location of the leaks is an important factor for a successful leak557
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localization. Further work aims therefore at improving and testing the performance of model-based558

methods for leak localization and includes:559

• the investigation of the performance of the proposed approach given uncertain data and560

errors as well as the development of strategies to mitigate the effects of uncertainty;561

• the study of the optimal sensor placement with respect to model-based leak localization562

methods; and563

• the experimental investigation of the proposed leak localization method using hydraulic564

data acquired from the BWFLnet operational network.565
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17 BWFLnet: Leak locations (Ia and Ib) and the localization performance β, derived694

from the results of the method based on the regularized inverse problem with695

ρ = 109. Sensor nodes are star-shaped. . . . . . . . . . . . . . . . . . . . . . . . . 46696

18 BWFLnet: Performance profiles for a set of two-leak scenarios (II) in case of the697

method based on the regularized inverse problem formulation with different values698

of ρ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47699

19 BWFLnet: Localization results based on the regularized inverse problem (IP-R,700

ρ = 109) in case of the two-leak scenario with the highest localization performance:701

β = 0.9 (λ = 0.02). Large attributes indicate the main leak candidates. . . . . . . . 48702
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20 BWFLnet: Localization results based on the regularized inverse problem (IP-R,703

ρ = 109) in case of the two-leak scenario with median localization performance:704

β = 0.52 (λ = 0.06). Large attributes indicate the main leak candidates. . . . . . . 49705

21 BWFLnet: Localization results based on the regularized inverse problem (IP-R,706

ρ = 109) in case of the two-leak scenario with the worst localization performance:707

β = 0.16 (λ = 0.02). Large attributes indicate the main leak candidates. . . . . . . 50708
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û=1 û=
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Fig. 1. The performance metric β and the penalty λ are illustrated on a small example.

30 Blocher, September 16, 2019



Fig. 2. Example of a localization performance profile to evaluate different leak scenarios.
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Fig. 3. Layout of Net25, with fixed head at nodes 23, 24, 25 (squares) and hydraulic head
measurements at nodes 1,8,13,21 (stars). The node colors illustrate the pressure at demand nodes
at 12 pm.
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(a) ρ = 0: β = 0.1 (b) ρ = 102: β = 0.8

(c) ρ = 109: β = −0.19

Fig. 4. Leak localization results and performance β when solving the regularized inverse problem
using different values of ρ. Nodes with a large attribute are the main candidates. The true leak was
simulated at node 5 (diamond shaped).
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Fig. 5. Net25: `2−norm of the model residual and `2−norm of the coefficient vector for different
values of ρ. The true leak is simulated at node 5.
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(a) True leak at node 5
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(b) True leak at node 14
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(c) True leak at node 19

Fig. 6. Net25: Localization performance β and `2−norm of the estimated leak coefficient vector
vary for different values of ρ and different leak scenarios.
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Fig. 7. Net25: Localization performance profiles of the method based on the regularized inverse
problem for different choices of ρ. A leak has been simulated at each demand node in order to
obtain 22 different scenarios.

36 Blocher, September 16, 2019



-0.25 0 0.25 0.5 0.75 1

0

50

100

Fig. 8. Net25: Localization performance profile using the regularized inverse problem formulation
(IP-R) with ρ = 102 and the sensitivity matrix method, considering all attributes (SMM) and only
considering the maximum attribute (SMM max). A leak has been simulated at each demand node
in order to obtain 22 different scenarios.
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(a) IP-R (ρ = 102): β = 0.57 (λ = 0.05) (b) SMM: β = 0.41 (λ = 0.59)

Fig. 9. Leak at node 12 (diamond shaped): Localization results of the method based on the
regularized inverse problem (IP-R) and the sensitivity matrix method (SMM). Large attributes
indicate the main leak candidates.
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(a) IP-R (ρ = 102): β = 0.98 (λ = 0.02) (b) SMM: β = 0.98 (λ = 0.02)

Fig. 10. Leak at node 1 (diamond shaped): Localization results of the method based on the
regularized inverse problem (IP-R) and the sensitivity matrix method (SMM). Large attributes
indicate the main leak candidates.
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(a) IP-R (ρ = 102): β = 0.23 (λ = 0.02) (b) SMM: β = 0.51 (λ = 0.49)

Fig. 11. Leak at node 14 (diamond shaped): Localization results of the method based on the
regularized inverse problem (IP-R) and the sensitivity matrix method (SMM). Large attributes
indicate the main leak candidates.
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(a) IP-R (ρ = 102): β = 0.99 (λ = 0.01) (b) SMM: β = 0.53 (λ = 0.47)

Fig. 12. Leak at node 13 (diamond shaped): Localization results of the method based on the
regularized inverse problem (IP-R) and the sensitivity matrix method (SMM). Large attributes
indicate the main leak candidates.
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Fig. 13. BWFLnet: Pressure measurements (stars), fixed head nodes at the two inlets and flow
measurements at the valve locations. The node colors illustrate the pressure distribution at 12 pm.
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Fig. 14. BWFLnet: Performance profiles for leak scenarios (Ia) in case of the method based on the
regularized inverse problem with different values of ρ.
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Fig. 15. BWFLnet: The performance profiles for leak scenarios (Ia) and (Ib) in case of the method
based on the regularized inverse problem (IP-R) with ρ = 109 and the performance profile for the
sensitivity matrix method (SMM) for leak scenarios (Ib).
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(a) IP-R (ρ = 109): β = 0.7 (λ = 0.03) (b) SMM: β = 0.65 (λ = 0.34)

Fig. 16. BWFLnet: Leak location and localization results of the method based on the regularized
inverse problem (IP-R) and the sensitivity matrix method (SMM). Large attributes indicate the
main leak candidates.
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Fig. 17. BWFLnet: Leak locations (Ia and Ib) and the localization performance β, derived from
the results of the method based on the regularized inverse problem with ρ = 109. Sensor nodes are
star-shaped.
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Fig. 18. BWFLnet: Performance profiles for a set of two-leak scenarios (II) in case of the method
based on the regularized inverse problem formulation with different values of ρ.
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Fig. 19. BWFLnet: Localization results based on the regularized inverse problem (IP-R, ρ = 109)
in case of the two-leak scenario with the highest localization performance: β = 0.9 (λ = 0.02).
Large attributes indicate the main leak candidates.
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Fig. 20. BWFLnet: Localization results based on the regularized inverse problem (IP-R, ρ = 109)
in case of the two-leak scenario with median localization performance: β = 0.52 (λ = 0.06). Large
attributes indicate the main leak candidates.
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Fig. 21. BWFLnet: Localization results based on the regularized inverse problem (IP-R, ρ = 109)
in case of the two-leak scenario with the worst localization performance: β = 0.16 (λ = 0.02).
Large attributes indicate the main leak candidates.
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