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A B S T R A C T

Understanding properties such as heat transfer coefficients in steels
and how magnetic fields affect the microstructure and plasticity of
reactor components is critical to both the materials selection process
and the structural design of nuclear fusion tokamaks. Calculating
these properties in ferromagnetic materials presents a challenge
for modern computational materials science, since modelling the
thermal effects in magnetic materials requires a description of spin-
lattice coupling for systems involving large numbers of atoms. In
this thesis, a noncollinear tight binding model capable of describing
the coupling between spins and forces experienced by the lattice due
the electrons is developed, which includes the effects of spin-orbit
coupling, coupling to an external magnetic field, and vector Stoner
exchange. This model is used to investigate the Einstein-de Haas
effect in the context of an O2 dimer and an Fe15 cluster. In both
cases, an external time-varying magnetic field is found to produce
a mechanical torque on the lattice nuclei, validating that the tight
binding model is able to simulate the Einstein-de Haas effect.
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1
I N T R O D U C T I O N

The aim at the outset of this doctoral research project was to simulate
the magnetic properties of steels to improve the selection of structural
materials to be used in fusion reactors. The properties of interest
which have thus far been inaccessible to simulation rely on spin-
lattice coupling, i.e. the forces generated on lattice nuclei due to
changes in the atomic magnetic moments. To help develop the theory
of the interaction between electrons and a crystal lattice in a magnetic
material, here we consider the Einstein-de Haas (EdH) effect, in
which the flipping of magnetic moments generates a macroscopic
mechanical torque on the crystal lattice. In Einstein and de Haas’s
famous experiment, an iron cylinder was suspended by a thin wire
inside a solenoid whose axis coincided with that of the cylinder [1].
Varying the magnetic field within the solenoid led to the generation
of a measurable torque on the cylinder.

Simulating the EdH effect requires a rigorous framework for incor-
porating the effects of classical electromagnetism into an electronic
structure method. In this thesis we consider the approach of solving
this problem by implementation of a non-collinear tight binding (TB)
model with coupling to an externally applied magnetic field, spin-
orbit coupling and vector Stoner exchange.

This thesis is organised as follows. Section 1.1 is the literature review
which describes the need for advanced models of ferromagnetic
materials in the materials selection and design process of modern
fusion reactors. It also reviews the approaches that have been previ-
ously applied to the problem of modelling ferromagnetic materials
and the historical development of the ideas behind Einstein-de Haas
experiments. The literature review ends with a discussion of the
applications of London orbitals and the Peierls substitution in tight
binding.

Chapter 2 derives the electromagnetic tight binding Hamiltonian
which is used as the basis for the tight binding model applied in
the simulations discussed in chapters 3 and 4 of this thesis. Starting
from the single-particle Dirac equation we demonstrate the approxi-
mations needed to simplify the Dirac equation to a Pauli-like model
that retains the relativistic effects required for a description of the
Einstein-de Haas effect. The vector Stoner Hamiltonian term is intro-
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4 introduction

duced in section 2.4.1. The Slater-Koster terms for p and d orbitals
and the spin rotation are given in section 2.5.

Chapter 3 presents simulations of an O2 dimer which demonstrate
that a time-varying externally applied magnetic field produces a
torque on the nuclei. This constitutes a simulation of the EdH effect
in an O2 dimer. Section 3.2 presents the results of the simulations,
with a gradual build up in complexity by first considering the results
of simulations without spin-orbit coupling, then an experimentally
realistic SOC strength is considered, and finally the case in which
SOC is the dominant term in the Hamiltonian is studied. The analysis
of the results find that angular momentum-transfer to the lattice is
possible through the avoided crossings in a Landau-Zener transition,
which leads to a measurable torque on the dimer nuclei.

Chapter 4 presents simulations of an Fe15 cluster in the presence
of a time-varying externally applied magnetic field. The results
demonstrate a reversal of the spin and orbital angular momenta in
response to a reversal in direction of an externally applied magnetic
field, which in turn produce a torque on the lattice nuclei. This
chapter discusses the influence of adiabatic timescales on the ability
of the orbital and spin angular momenta to flip, depending on the
rate of change of the external magnetic field.

Chapter 5 introduces the London orbitals and provides a sys-
tematic derivation of the Peierls substitution formulae. Sections 5.1
to 5.4 motivate the need for a basis set capable of representing the
wavefunction at all points in space in the presence of external ap-
plied magnetic fields. Section 5.8 shows how a gauge-invariant tight
binding Hamiltonian can be constructed using London orbitals and
section 5.10 gives the final tight binding Hamiltonian matrix ele-
ments needed to perform gauge-invariant simulations using London
orbitals.

In Chapter 6 a Lagrangian formulation of tight binding using
London orbitals is developed. In section 6.2 the appropriate form for
the time-dependent Schrödinger equation and the force equation for
the nuclei are derived. The procedure is then generalized so as to be
applicable to London orbitals with a general orthogonal basis set in
section 6.3.

1.1 literature review

This review begins by demonstrating the demand for improved mod-
elling methods for steels in the context of the materials selection
process and structural design for nuclear fusion tokamaks. Next we
discuss the classical models that have been developed to simulate
the important properties of ferromagnetic materials and describe
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the successes and failures of these atomistic models. The case is
made as to why quantum mechanical models are likely to be able to
access important aspects of the physics in ferromagnetism that have
proved inaccessible from the classical models. The review also treats
some quantum mechanical approaches to simulating ferromagnetism
which have been considered previously in the literature, and we dis-
cuss why tight binding is likely to provide a better approach than the
more numerically expensive methods considered previously. Next,
the Einstein-de Haas effect is explained, and a historical account
of the experiments behind the EdH effect and measurements of the
gyroscopic ratio is given. Lastly we discuss the basic ideas behind
London orbitals and the Peierls substitution, which are necessary
in order to obtain properly gauge invariant formulations of tight
binding in the presence of external magnetic fields. We review sev-
eral applications of London orbitals and the Peierls substitution to
modelling materials in the presence of time-varying magnetic fields.

Controlled nuclear fusion inside fusion reactors has been an on-
going topic of investigation as a possible source of electrical energy
since the 1940s. To this day the topic draws a significant amount of
academic funding and research interest. Many international, large-
scale research projects, with long-term outlooks are either ongoing or
in development. Examples include the Joint European Torus (JET) in
Culham, UK, the ITER tokamak which is currently under construc-
tion in Southern France and DEMOnstration Power Plant (DEMO),
led by the EUROfusion consortium of research institutes based in
the European Union, Switzerland and Ukraine, which is still in the
planning phase.

Developing structural, high heat flux and plasma facing materials
is an important consideration in the design of modern fusion toka-
maks [2]. Iron is the primary construction material in present-day
tokamaks. Heat flow is difficult to calculate in ferromagnetic mate-
rials, due to the need for simulations of many-atom systems, while
such a description must also account for quantum mechanical effects
in order to capture the effect of spin-lattice interactions on heat flow
in magnetic fields. This task requires a detailed understanding of
ferromagnetic materials, since the structural materials in burning
plasma tokamak fusion devices are exposed to extreme conditions,
such as irradiation in the presence of high strength magnetic fields
approaching ∼ 10 T [3].

ITER is an international nuclear fusion research and engineering
project with its construction phase scheduled for completion in 2026.
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ITER uses Austenitic Fe-Cr-Ni steels in its construction, which are
non-magnetic on the macroscopic scale while being microscopically
antiferromagnetic [4, 5]. In the next generation DEMO fusion reactor,
the blanket modules are expected to be manufactured from ferromag-
netic ferritic-martensitic steels, since they exhibit superior resistance
to radiation damage [2, 6]. Ferritic-martensitic steels are a category of
steels specified in 1995 under the IEA fusion materials agreement, as
an alternative to the austentitic steels selected for use in ITER, which
showed significant swelling under irradiation at high doses [7]. This
important design change provides an example of the improvements
that can be achieved by modern advances in the understanding of
the material properties of steels.

Important properties for consideration in the materials selection
process include heat transfer coefficients, and how the fields affect
the microstructure and plasticity of the reactor components [8]. Iron,
the primary component of a ferritic steel, is strongly ferromagnetic
in the body-centered cubic (BCC) phase. The observed directional
anisotropy of magnetism in iron [9–11] suggests that atomic magnetic
moments are coupled to the lattice, giving rise to a magnetic contribu-
tion to electric and thermal resistivity [12] and to spin-electron-lattice
relaxation effects in collision cascades [13].

Improvements in the serviceable lifetime of reactor components
are attainable by selecting materials with greater resistance to radia-
tion damage and by optimising the structural design to improve heat
flow in the materials [14]. A wide variety of phenomena contribute
to the material selection process, for example such large magnetic
fields generate significant stresses in the reactor components [15] and
also affect the dislocation microstructure and plasticity of materials
as well as the diffusion of radiation defects [16].

Numerical modelling has been critical to recent advances in the
understanding of the magnetic properties of steels. Several classical
models have been proposed to investigate spin-lattice phenomena.
The three temperature model (3TM) developed by Beaurepaire et al.
in 1996 describes the interactions between the lattice, spin, and elec-
tronic subsystems by a nonequilibrium thermodynamics-based ap-
proach [17]. A microscopic 3TM subsequently proposed by Koopmans
et al. in 2010 successfully explained the demagnetization timescales
in pulsed-laser-induced quenching of ferromagnetic ordering experi-
ments across three orders of magnitude [18].

Langevin spin dynamics (SD), developed in Refs. [19–27] also aims
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to model spin-lattice phenomena, and builds on classical molecular
dynamics by introducing fluctuation and dissipation terms in the
equations of motion for the particles and their spins. The most well
known application of Langevin SD is to the simulation of relaxation
and equilibration processes in magnetic materials at finite tempera-
tures [20, 25, 28].

In 2008 Ma et al. implemented a model in which the atoms interact
via scalar many-body forces as well as via spin orientation dependent
forces of the Heisenberg form, which was used to predict isothermal
magnetisation curves [29]. The model found good agreement with
experimental data over a broad range of temperatures. The authors
also showed that short-range order spin fluctuations contribute to
the thermal expansion of the material.

In 2012 Ma et al. proposed a generalised Langevin spin dynam-
ics (GLSD) algorithm that builds on Langevin SD, in which both the
longitudinal and transverse (rotational) degrees of freedom of atomic
magnetic moments are treated as dynamic variables. This allows the
magnitudes of the magnetic moments to vary [30]. This approach
was used to evaluate the equilibrium value of energy, specific heat
and the distributions of magnitudes of magnetic moments in ferro-
magnetic iron, and explore the dynamics of spin thermalization.

Despite the advances made with classical models of spin-lattice
interactions, these models lack the detail required to describe several
magnetic phenomena, as evidenced by their inability to accurately
calculate heat transport coefficients in ferromagnetic materials [13,
31], or the sudden collapse of the magnetic moment in hcp-Fe under
pressure, which is thought to be due to a lack of the proper treatment
of SOC [32].

Quantum mechanical treatments of iron and steels have shown that
magnetism has a significant effect on their mechanical properties. For
example, non-magnetic density functional theory (DFT) calculations
predict that He interstitials in BCC Fe have the octahedral site as their
most favourable position, while magnetic DFT calculations predict
that the tetrahedral position is lower in energy [33]. Self-interstitial
defects provide another good example: a self-interstitial atom in
magnetic BCC iron adopts a 〈110〉 dumbbell structure [34], which
differs from the linear 〈111〉 crowdion configuration adopted by self-
interstitials in non-magnetic BCC transition metals [35, 36]. Perhaps
even more significantly, magnetic fluctuations have been found to
give rise to a sequence of α-γ-δ bcc-fcc-bcc phase transitions in iron
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and steels at elevated temperature [37, 38] that require computing
free energy differences between competing magnetic phases with
meV accuracy.

Magnetic DFT calculations can be expensive to perform and have only
rarely been used to study the coupled dynamics of atoms and spins.
By contrast, magnetic TB provides a simpler and quicker approach
capable of describing much of the same physics. The anomalous
iron-chromium mixing enthalpy was explained simply using a fixed-
moment model based on TB [39]. Magnetic TB was also used to show
that, when magnetic defects are present, the energy surfaces of spin-
lattice systems can be highly complex, including multiple separate
regions with different spin structures [40]. The limitations of our
current understanding of magnetic materials hinders attempts to
construct microscopic models of heat flow in ferromagnetic materials
suitable for use in large-scale atomistic or semi-classical simula-
tions [12, 41].

A complete description of properties such as heat-flow and dis-
location microstructure in ferromagnetic materials is likely to be
highly complex, thus before tackling the full problem, we seek to
understand one of the simplest phenomena based on spin-lattice
coupling: the Einstein-de Haas effect.

In 1908 Richardson predicted a phenomenon based on the trans-
fer of angular momentum from the “internal rotation” of electrons
(which corresponds to the modern-day notion of magnetic moments),
to the mechanical rotation of macroscopic objects [42]. Inspired by
Richardson’s paper, Barnett theorised the converse effect, in which
the mechanical rotation of a solid changes the magnetic moments
of the material [43]. Many experiments sought to measure the ratio
λ = ∆J

∆M , where ∆J is the change in electronic angular momentum,
and ∆M is the change in magnetisation of the material. Due to the
lack of awareness of spin’s dominant role in the production of the
magnetic moment at the time, Richardson and Barnett’s theories
predicted a result of λ = e

2m , where e is the charge of an electron and
m is the electron’s mass, while the true value later turned out to be
closer to λ = e

m .

The Einstein-de Haas effect was named after Albert Einstein and
Wander Johannes de Haas who first observed the effect in 1915 [1],
and measured the ratio λ = e

2m to within experimental uncertainty. In
the same year Barnett published results of experimental observations
of the Barnett effect [44], with a more accurate measurement closer
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to λ = e
m . This discrepancy between the predicted and measured

values of λ came to be known as the gyromagnetic anomaly, which
was finally resolved once it was understood that most of the magneti-
sation can be attributed to the polarisation of the electron’s spins [45].

Subsequent experiments of the EdH effect by Stewart [46], supported
Barnett’s result of λ = e

m . The ferromagnetic resonance of Larmor
precession was observed in 1946 by Griffiths [47], which superseded
the EdH and Barnett effects as the more accurate technique for mea-
suring the gyroscopic ratio. Using ferromagnetic resonance, Scott
accurately measured the gyroscopic ratios of a range of ferromag-
netic elements and alloys [48]. After this point experimental interest
in the topic slowed since it was widely considered to be well under-
stood.

The EdH effect relies on the transfer of angular momentum from
the electronic spins to the lattice of nuclei and thus highlights the
role of SOC in spin-lattice interactions [49]. Without SOC, the direction
of the electronic spin is decoupled from the orientation of the lattice
and the EdH effect cannot occur. We note that a good description of
SOC is also necessary for the calculation of heat transport coefficients
in ferromagnetic materials [13, 31].

Although the EdH effect is supported by multiple experiments and
illustrates an important way in which magnetic degrees of freedom
interact with the lattice degrees of freedom in a material, almost
no attempt has been made so far to describe it at a fully quantum-
mechanical microscopic level. The authors are unaware of any pre-
vious work performing atomic-scale simulations of the EdH effect.
However, a few existing studies discuss versions of the EdH effect in
a quantum mechanical context. For example, in a numerical model
of a pair of dysprosium atoms placed in a spherical harmonic trap
interacting through a dipole-dipole interaction term, large orbital
angular momenta (l > 20) were generated by slow variation of an
external magnetic field [50]. A recent study of a single-molecule
magnet coupled to a nanomechanical resonator constitutes an exper-
imental realisation of the EdH effect for a single molecule [51].

Maxwell’s formulation of classical electromagnetism proposes that
the physical state of the electromagnetic field is completely described
by an electric field E(r, t), and a magnetic field, B(r, t). It was found
that all four of Maxwell equations could be solved by writing the
fields E and B in terms of components of the electromagnetic four-
potential Aµ(r, t) = ( 1

c φ(r, t), A(r, t)), where φ(r, t) is the scalar po-
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tential, A(r, t) is the vector potential and c is the speed of light. The
four-potential is related to the original electric and magnetic fields by
E = −∇φ− ∂t A and B = ∇× A. Only three of the four variables
describing the four-potential are truly independent, since one of
the components may be changed by the 1-parameter U(1) gauge
invariance of electromagnetism.

In classical electromagnetism the information contained in the de-
scription of the electromagnetic field in terms of the electric field, E,
and the magnetic field, B, is equivalent to the information contained
in the four-potential Aµ. However, in the context of quantum theory,
the electromagnetic four-potential came to be thought of as the more
physically fundamental quantity [52]. This was confirmed to be the
case by the experimental demonstration of the Aharonov–Bohm ef-
fect, in which an electrically charged particle is influenced by an
electromagnetic potential (φ, A), despite being confined to a region
in which both the magnetic field B and electric field E are zero [53].

The standard atomic orbitals are derived in the absence of any exter-
nal electromagnetic fields, in which case the kinetic energy operator
has the form

1
2m

p2, (1.1)

where m is the mass of the electron and p is the canonical momen-
tum operator, which is given by −ih̄∇. In the presence of external
electromagnetic fields, the kinetic energy operator becomes

1
2m

(−ih̄∇− qA(r, t))2. (1.2)

where q is the charge of the electron. For a spatially uniform magnetic
field, B(r, t) = B(t), the equation B = ∇× A is solved by

A(r, t) =
1
2

B(t)× (r− Rg), (1.3)

where the position vector Rg is a gauge-dependent quantity known
as the gauge origin. This form also satisfies the Coulomb gauge
condition ∇ · A = 0, and the vector potential becomes arbitrarily
large for values of r far from the gauge origin. Electronic structure
methods based on a linear combination of atomic orbitals typically
employ a finite basis set, which relies on the ability of the low energy
atomic orbitals to represent the wavefunction accurately. Since the
vector potential can become arbitrarily large far from the origin, it is
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not clear that the atomic orbitals will always be able to accurately
describe the wavefunction, especially for nuclei far from the origin.
London orbitals and the Peierls substitution remedy this problem by
producing an appropriately adapted basis set capable of represent-
ing the low lying energy eigenfunctions at all points in space in the
presence of a spatially uniform magnetic field.

We have seen that specifying a spatially uniform magnetic field
is sufficient to derive an expression for the vector potential, but this
tells us nothing about the form of the scalar potential. Consider
setting φ(r, t) = 0, in which case the electric field is

E(r, t) =−∇φ− ∂t A

=− 1
2

Ḃ(t)× (r− Rg). (1.4)

With φ(r, t) = 0, the Faraday electric field circles the line through
the gauge origin parallel to B(t). By a different choice of scalar
potential, the Faraday electric field can be made to circulate a line
parallel to Ḃ(t) through another point in space. Consider the setting
φ(r, t) = −[ 1

2 Ḃ(t)× (RF − Rg)] · r, where RF is called the Faraday
origin. With this form for the scalar potential the electric field is

E(r, t) =−∇φ− ∂t A

=− 1
2

Ḃ(t)× (r− RF). (1.5)

The electric field, and thus the position of the Faraday origin is a
matter of physics and does not depend on the choice of gauge. Inside
a solenoid, for example, the Faraday origin would lie at the centre
of the origin by symmetry. The concept of the Faraday origin is
necessary when specifying the form of the electric field generated by
a spatially uniform time-varying magnetic field, and in determining
the correct expression for the scalar potential. The Faraday origin
itself may be specified as part of the input to a simulation, but it
should be understood that different positions of the Faraday origin
with respect to the nuclei correspond to different physical scenarios.

The idea of introducing phase factors into the matrix elements of a
tight binding Hamiltonian was first introduced by Peierls in 1933 [54].
London formulated an equivalent method in 1937 by incorporating
the phase factors into the atomic orbitals basis set, leading to a new
set of atomic orbitals called London orbitals [55]. The Peierls sub-
stitution has since become a widely employed approximation for
describing electrons in the presence of time-dependent magnetic
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fields in tight binding [56].

In the following years, the concepts of Peierls phases and London
orbitals have been developed and applied to modelling a variety of
materials in the presence of external magnetic fields.

In 1951 Luttinger applied the Peierls substitution to Wannier func-
tions, so that the treatment of the motion of electrons in a perturbed
periodic field could be generalized to include the effect of a slowly
varying magnetic field [57]. This method was later applied to the
study of the electronic and optical properties of monolayer and bi-
layer graphene [58].

Roth, in 1961, used the Peierls substitution to derive an effective
Hamiltonian capable of describing Bloch electrons in a magnetic
field. The method was used to find the normal magnetic susceptibil-
ity of Bloch electrons in a constant magnetic field [59].

In a series of papers published between 1972-1976, Ditchfield used
London orbitals to calculate magnetic shielding in H2O and (H2O)2,
and susceptibilities of LiH and HF at the coupled-perturbed Hartree-
Fock level [60–62].

In 1991 Helgaker et al. used London’s gauge invariant atomic or-
bitals to formulate a gauge origin independent formalism for the
calculation of molecular magnetic properties. The authors used Lon-
don orbitals to expand the second quantization Hamiltonian in the
external magnetic field and nuclear magnetic moments and used
the resulting expansion terms as perturbation operators in response
function calculations [63].

In 1995 Graf and Vogl generalized relativistic and nonrelativistic
empirical tight binding theory using the Peierls substitution to incor-
porate time-dependent electromagnetic fields in a gauge-invariant
manner [64].

While there are many examples of implementations of the Peierls
substitution and London orbital, to the best knowledge of the author,
there are no textbook or systematic introductions to the subjects of
the Peierls substitution or London orbitals available in the literature.
The papers cited above offer some of introduction to the subject,
but these are often incomplete and leave important questions unan-
swered.
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Some of the questions that we were unable to clarify from the liter-
ature include: How, precisely does the Peierls phase factor change
under a gauge transformation? Does the scalar potential term qφ
need to be included in the Hamiltonian for the time-dependent
Schrödinger equation to be gauge invariant? How does the Peierls
phase factor vary with a change of coordinate origin, or equivalently
of the Faraday origin? What is the physical interpretation of the
London orbitals? When using London orbitals we find an additional
“small phase” which doesn’t appear in most Peierls-substitution
descriptions (for example, in Refs. [57], [59], [65]), but does appear
in some papers by quantum chemists (for example see Ref. [63]).
Why is the small phase neglected by some authors and what is the
severity of the approximation?

These questions are not straightforward to answer and seem nec-
essary to understand in order to have a full understanding of how
London orbitals can be used in a tight binding method. Chapter 5

attempts to provide a systematic introduction to the topic of London
orbitals and answer some of these questions which appear not to be
addressed in the literature.

In 2001 Todorov derived a set of time-dependent tight binding equa-
tions based on a Lagrangian mean-field theory [66]. This method
provides a clear procedure for deriving all the necessary equations
of motion for tight binding calculations, while satisfying many de-
sirable properties for an electronic structure method, such as the
conservation of norm, total energy and total momentum. The method
from Todorov’s paper has been extended in Chapter 6 and applied
to a basis set of London orbitals, in order to determine the tight
binding equations of motion in the presence of an externally applied
electromagnetic field, which also conserve norm, total energy and
total momentum.





2
D E R I V I N G T H E E L E C T R O M A G N E T I C T I G H T
B I N D I N G H A M I LT O N I A N

This chapter derives the Hamiltonian used to simulate the Einstein-
de Haas effect. Section 2.1 describes the Dirac equation. Section 2.2
discusses the relativistic origin of the Pauli Hamiltonian and approxi-
mations made when moving from the Dirac to the Pauli Hamiltonian.
In section 2.3 we discuss the Pauli Hamiltonian itself, derive a form
of the Pauli Hamiltonian appropriate for uniform magnetic fields
and derive the spin-orbit coupling term. In section 2.4 we discuss
the final form for the tight binding Hamiltonian used in our simula-
tions throughout the thesis and introduce the vector Stoner exchange
term. Lastly, in section 2.5 we derive the Slater-Koster transformation
necessary for a non-collinear Hamiltonian to remain rotationally
symmetric in spin space.

Simulating the Einstein-de Haas effect requires a Hamiltonian capa-
ble of describing the evolution of the electronic wavefunction in the
presence of an external, time-dependent electromagnetic field. This
requires several terms that arise from relativistic electromagnetism:
spin, spin-orbit coupling, and coupling to a time-dependent electro-
magnetic field. Determining the appropriate Hamiltonian to use is
an important step in defining any electronic structure model, and
should be considered carefully. We begin the process of determining
the appropriate Hamiltonian to use for our tight-binding model with
the most physically accurate description of the single electron in
the presence of an electromagnetic field: the Dirac equation. This
process provides a greater understanding of the approximations
being made when reducing and simplifying the Hamiltonian to the
final form used in the tight binding simulations, as well as a good
understanding of physical origins of the terms included in the final
choice of the Hamiltonian.

2.1 the dirac hamiltonian

The Dirac Hamiltonian describes the quantum mechanics of single
fermionic particles in the presence of an external electromagnetic
field, in a way that is consistent with special relativity. Such a starting
point is important for a description of the Einstein-de Haas effect,
since the effect is governed by relativistic effects (spin and spin-

15
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orbit coupling), as well as coupling to an externally applied, time-
dependent magnetic field.

Since the electronic structure methods we intend to use are based
on mean-field theory, which describes the dynamics of independent
particles, it is appropriate to begin with an equation that describes
the behaviour of a single electron. However, some many-body effects
are necessary to take into account in a description of the Einstein-de
Haas effect, in particular the exchange interaction, which plays an
important role in creating the magnetic moments present on each
atom. This topic will be discussed in Section 2.4.1, in which we derive
the vector Stoner exchange contribution to the final Hamiltonian.

2.1.1 Four vector notation

In order to write down the Dirac equation, it is necessary first
to define some notation that is common to the subject of special
relativity.

Contravariant vectors are written

Xµ = (X0, X1, X2, X3) = (X0, X) (2.1)

where X0 = ct is the time-like component of the 4-vector and c the
speed of light, so that X0 has the dimensions of length. The 3-vector
whose components are the space-like components of a contravariant
4-vector Xµ are denoted by

X = (X1, X2, X3). (2.2)

We work with the Minkowski metric with the signature (+−−−).
The metric coefficients ηµν = ηµν denotes the elements of the array

η =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 . (2.3)

Covectors are defined by

Xµ = ηµνXν = (X0,−X). (2.4)

The scalar product of two 4-vectors, Uµ, Vν is defined by

U ·V = ηµνUµVν = U0V0 −U · V = U0V0 −UiVi, (2.5)
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where we use a summation convention over the spatial components,
i = 1, 2, 3.

2.1.2 Gamma Matrices

The most symmetric form of the Dirac equation, which is most useful
for exhibiting Lorentz covariance can be written by introducing a
set of 4 matrices, known as the gamma matrices or Dirac matrices. The
gamma matrices form a matrix representation of the Clifford algebra,
which is the algebra that acts on the space of spinors. This makes it
possible to represent the infinitesimal spatial rotations and Lorentz
boosts, which are needed for spacetime computations involving
spin-1/2 particles.

The gamma matrices are most easily expressed in terms of 2× 2
sub-matrices, taken from the Pauli matrices and the 2× 2 identity
matrix. Explicitly these are

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
and I2 =

(
1 0
0 1

)
.

(2.6)

The standard representation of the gamma matrices may thus be writ-
ten as

γ0 =

(
I2 0
0 −I2

)
, γi =

(
0 σi

−σi 0

)
. (2.7)

The gamma matrices satisfy the defining property of the Clifford
algebra

{γµ, γν} = 2ηµν I4, (2.8)

where I4 denotes the 4× 4 identity matrix and the bracket expression
denotes the anti-commutator of its arguments

{A, B} = AB + BA. (2.9)

The 4-gradient, ∂µ, is the four-vector analogue of the three-vector
gradient ∇ from vector calculus. It is defined by partial differentia-
tion with respect to the 4-position, Xµ, as

∂µ =
∂

∂Xµ = (
1
c

∂t, ∂x, ∂y, ∂z). (2.10)
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Using the gamma matrices, the covariant form of the Dirac equation
for a free particle is

(γµ pµ −mc)ψ = 0, (2.11)

where pµ = ih̄∂µ is the 4-momentum operator, m is the mass of the
electron and c is the speed of light.

The quantity ψ is not simply a function as is the case in Schrödinger’s
equation. ψ is a quantity known as a Dirac spinor, which describes all
known fermionic fundamental particles (with the possible exception
of neutrinos). The Dirac spinor has four spinor components that
represent matter and anti-matter, which have both up and down
spin components.

Dirac’s insight when deriving this equation was to aim for an
equation that is first order in both space and time. This is necessary
for a relativistic generalization of the Schrödinger equation, since
the space and time derivatives must enter symmetrically (as they do
in the Maxwell equations) in order for them to be compatible with
special relativity.

2.1.3 α and β matrices

The α and β matrices provide an alternative representation of the
gamma matrices, which are used when expressing the Hamiltonian
corresponding to the Dirac equation.

The α and β matrices are given by

αi =

(
0 σi

σi 0

)
, β =

(
I2 0
0 −I2

)
. (2.12)

The following results relating the gamma and α and β matrices
will become useful when relating the Dirac equation to the Dirac
Hamiltonian

γµ pµ =γ0 p0 − γ · p,

γ0 =β,

γ0γ =α. (2.13)
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2.1.4 Dirac particles in electromagnetic fields

To describe charged particles in an external electromagnetic field we
make use of the minimal coupling substitution

pµ → πµ = pµ − qAµ, (2.14)

where Aµ is the four-potential of the external electromagnetic field
and q is the charge of the particle. The electromagnetic four-potential
is related to the electromagnetic scalar and vector potentials, φ(r, t)
and A(r, t) respectively, as

Aµ = (φ/c, cA). (2.15)

The modified Dirac equation in the presence of an external mag-
netic field has the form

(γµπµ −mc)ψ = 0. (2.16)

Using the results γµ pµ = γ0 p0 − γ · p, γ0 = β and γ0γ = α from
Eqs. (2.13), the modified Dirac equation can be rearranged to give

ih̄
∂ψ

∂t
= (cα ·π + βmc2 + qφ)ψ. (2.17)

Thus the Hamiltonian operator for the Dirac equation is

H = cα ·π + βmc2 + qφ. (2.18)

Although the Dirac equation does give a complete description
of the physics of a single electron, the presence of anti-matter and
negative energy states make it significantly more complicated to
perform and interpret computations such as energy minimisation
problems. Using the Dirac Hamiltonian introduces concerns about
antimatter, and the topic of the "Dirac sea", an infinite set of negative
energy states. As a result, most electronic structure methods that
describe spin rely on two-component spinors (bispinors) based on
the Pauli Hamiltonian. Examples of programs that do perform mean-
field spinorial wavefunction calculations include DIRAC, which
allows for four-component relativistic molecular calculations at the
level of Hartree-Fock, Kohn-Sham DFT among others [67].

2.2 the relativistic origin of the pauli hamiltonian

One of the earliest experimental challenges to the Schrödinger equa-
tion was to describe the splitting of spectral lines of atomic photons
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in the presence of magnetic fields. Stern and Gerlach’s discovery of
a non-zero magnetic dipole moment for the electron, that seemed
to exist in two possible distinct states inspired much theoretical re-
search into working out mathematical models that could account
for these distinct states [68]. The Pauli equation was first formulated
phenomenologically in 1927 [69]. The Pauli equation successfully
described the non-relativistic motion of the electron in the presence
of an external magnetic field. Nevertheless, it was considered a major
limitation of the Pauli equation that it was manifestly non-relativistic.
The Dirac equation was derived one year later in 1928.

In 1949 L. L. Foldy and S. A. Wouthuysen showed that it was
possible to derive the Pauli equation from the Dirac equation by a
procedure now known as the Foldy-Wouthuysen transformation [70].
The procedure may be applied multiple times to retain terms of
higher order in 1/c2, which provides terms in addition to those in
the Pauli equation. As a result, the Pauli equation can be understood
as the zero’th order expansion of the Dirac equation in 1/c2 , or
equivalently as the Dirac equation in the non-relativistic limit (as
c→ ∞) [71]. The first order expansion in 1/c2 leads to the relativistic
corrections to the Pauli Hamiltonian which describe the fine structure
of atomic energy levels.

Below, we outline the procedure of the Foldy-Wouthuysen trans-
formation to derive the relativistic effects up to order 1/c2 that arise
in addition to the basic Pauli equation.

First note that the Dirac Hamiltonian, equation (2.18), can be
written in the form

h = βmc2 + E +O (2.19)

where E is an even operator and O is odd. In the Dirac theory an odd
operator is a matrix that has only matrix elements connecting the
upper and lower components of the wavefunction and an even oper-
ator has no such components. For example, an even 4× 4 operator
will have the form(

A 0
0 B

)
, (2.20)

where A and B are any 2× 2 matrices and an odd operator will have
the form(

0 C
D 0

)
, (2.21)
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where C and D are any 2× 2 matrices. Consider the unitary trans-
formation generated by the Hermitian operator

S = − i
2mc2 βO. (2.22)

The Foldy-Wouthuysen transformation works by eliminating odd
operators from the Dirac Hamiltonian to the lowest order in (1/mc2),
and then in increasing orders of (1/mc2) each time subsequent the
transformation is applied. If S is a Hermitian operator then the
combination of transformations to ψ and h,

ψ′ = eiSψ,

h′ = eiShe−iS − ih̄eiS ∂eiS

∂t
, (2.23)

leaves the Schrödinger equation (ih̄∂tψ = hψ) invariant. S is left as
time-dependent so as to get a time-dependent equation at the end of
the transformation. If S is small, the transformation can be expanded
in powers of 1/m

h′ = eiShe−iS − ih̄eiS
(

∂e−iS

∂t

)
= h + h̄

∂S
∂t

+ i
[

S, h +
h̄
2

∂S
∂t

]
+

i2

2!

[
S,
[

S, h +
h̄
3

∂S
∂t

]]
+ . . . .

(2.24)

Substituting for the Hamiltonian in equation (2.19) and retaining
terms to order 1/m2c4 this becomes

h′ =βmc2 + E + β

2mc2O
2 − 1

8m2c4

[
O, [O, E ] + h̄

∂O
∂t

]
− h̄

2mc2 β
∂O
∂t

+
β

2mc2 [O, E ]− 1
3m2c4O

3 + . . .
(2.25)

where we have used that β commutes with all even operators and
anti-commutes with all odd operators. Products of two odd or two
even operators give even operators, and the product of an odd and
an even operator gives an odd operator. Thus it can be seen that to
order (1/mc2)0 all odd operators have been eliminated. For terms of
order (1/mc2) odd terms remain. By iterating this procedure (with
different choices of O and E each time) we can remove the odd
operators up to any order in 1/mc2. For example in the first iteration,
to remove the (1/mc2)0 term from Eq. (2.17), the odd operator should
be chosen as O = cα · π, the even operator becomes E = qφ, and
thus S = −(i/2mc)βα ·π.
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Once all operators are even to a given order the upper two and
lower two spinor components can be decoupled by replacing β with
I2 for the positive energy states (i.e. the upper two components of
the four-component spinor) and −I2 for the negative energy states
(the lower two components of the four-component spinor).

Repeated application of this procedure to the Dirac Hamiltonian
in equation (2.18), as is shown by R. Moss [72], leads to the Foldy-
Wouthuysen Hamiltonian

hFW =mc2 + qφ +
1

2m
π2 (2.26a)

+
eh̄
2m

σ · B (2.26b)

− eh̄
4m2c2 σ · E×π (2.26c)

− 1
8m3c2 π4 − eh̄

4m3c2 (σ · B)π
2 (2.26d)

+
eh̄2

8m2c2∇ · E, (2.26e)

which acts on two component spinors.
This Hamiltonian can be seen as Pauli-like with additional higher

order terms. Terms (2.26a) describe the rest mass, electrostatic po-
tential and the energy due to the interaction of the electron’s charge
with an external field and its own kinetic energy. Term (2.26b) is
known as the Zeeman term which describes the interaction of the
electron’s spin with a magnetic field. The term (2.26c) governs the
interaction of the spin of the electron with the electric field, which
can be understood as the effect in which an electron moving in a
frame in which there is an electric field but no magnetic field will
nonetheless experience a magnetic field in its own rest frame. When
the electric field originates from a nucleus this is the term that is re-
sponsible for spin-orbit coupling. The terms (2.26d) gives relativistic
corrections to the kinetic energy. Finally (2.26e) is called the Darwin
term which only effects s orbitals and its expectation value represents
the probability for the electron and the atomic nucleus to be at the
same point in space.
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2.3 pauli hamiltonian

Discarding terms of order 1/c2 from Eq. (2.26), and the mc2 term,
which only causes an absolute shift in the energies, yields the stan-
dard form of the Pauli equation[

1
2m
[
(p− qA)2 − qh̄σ · B

]
+ qφ

]
ψ = ih̄

∂

∂t
ψ. (2.27)

The standard form of the Pauli equation can be simplified further
when for a constant and homogenous magnetic field. In the Coulomb
gauge, a uniform magnetic field is given by B(t) = ∇× A(r, t),
which has a solution of A(r, t) = 1

2 B(t)× r. Thus the kinetic energy
term can be expanded as

(p− qA)2 =|p|2 − q(r× p) · B +
1
4

q2(B2r2 − (B · r)2)

≈p2 − qL · B, (2.28)

where L = r× p is the single particle angular momentum operator,
and terms of order B2 have been neglected. This gives a form of the
Pauli equation appropriate for weak magnetic fields[

1
2m

p2 − µ · B + qφ

]
|ψ〉 = ih̄

∂

∂t
|ψ〉 , (2.29)

where we have defined the magnetic dipole operator,

µ = −µB
h̄
(L + 2S), (2.30)

in which the Bohr magneton, µB, is given by µB = eh̄
2m .

2.3.1 Spin-Orbit Coupling

Spin-orbit coupling arises from one of the terms of order 1
c2 that

were derived when performing the Foldy-Wouthuysen transforma-
tion. The electric field due to the charge of a nucleus is given by
− 1

e∇V(r) = − 1
e |∇V(r)| rr , where V(r) is the electrostatic potential

energy in the central field approximation. Setting the electric field in
term (2.26c) equal to the electric field due to the nuclear charge gives

eh̄
4m2c2

1
r
|∇V(r)|σ · r×π =

1
2m2c2

1
r
|∇V(r)|S · (L− qr× A)

=
1

2m2c2
1
r
∇V(r)L · S (2.31)
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where we have used that L = r× p, S = h̄
2 σ and neglected the

S · (qr× A) term which will be small when ∇V(r) is large, and
commuted L past S since they act on different subspaces.

Let the SOC contribution to the Hamiltonian be denoted by HSOC,
so that

HSOC =
1

2m2c2
1
r
∇V(r)L · S. (2.32)

2.4 the electromagnetic tight binding hamiltonian

Consider working in a basis set of atomic orbitals, denoted by

|χασ〉 (2.33)

where α runs over the spatial Atomic Orbitals (AOs) on all atoms and
σ is a spin index taking the values up (↑) or down (↓).

The MOs |φn〉 are the eigenfunctions of the Hamiltonian and can
be expressed as linear combinations of the basis states |χασ〉, which
are assumed to be orthonormal, with expansion coefficients dnασ,

|φn〉 = ∑
ασ

dnασ |χασ〉 , (2.34)

where α runs over the spatial AOs on all atoms and σ is a spin index
taking the values up (↑) or down (↓).

2.4.1 Vector Stoner Exchange

The Vector Stoner exchange term is a mean-field approximation
to the many-body effect of exchange. Vector Stoner exchange is
necessary to include in a description of the Einstein-de Haas effect,
since exchange causes the atomic magnetic moments in magnetic
materials. For example, if the magnetic field is zero, there are no
other terms in the Pauli Hamiltonian that break spherical symmetry
in spin space, which would lead, by symmetry, to a net spin of zero
on each atom. However, we know that in ferromagnetic materials
the atomic magnetic moments are non-zero. Vector Stoner exchange
provides a mechanism for breaking this symmetry by contributing a
term to the total energy that reduces the energy when the spins are
non-zero. A derivation of the vector Stoner term from many-body
theory is given in Ref. [73].
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Consider a cluster consisting of N atoms. The exchange mo-
ment vector, ma(t) on atom a where a is an atomic index such
that a ∈ {1, 2, . . . , N}, is evaluated at time t as

ma(t) = 〈PaσPa〉 , (2.35)

where Pa are projection operators on to the basis of atomic orbitals
on atom a, and σ is the vector of Pauli matrices.

The total energy contributed by the vector Stoner term is given as

∆U = −1
4

I ∑
a

ma(t) ·ma(t), (2.36)

where I is the Stoner exchange parameter given in units of en-
ergy. In TB the representation of the exchange potential is a matrix
(Hex)ασ,α′σ′ , where

∂∆U
∂d∗nασ

= ∑
α′σ′

(Hex)ασ,α′σ′dnα′σ′ . (2.37)

For α ∈ Aa this gives,

(Hex)ασ,α′σ′ = −δαα′
1
2

Ima · σσσ′ . (2.38)

2.4.2 The Full Hamiltonian

All of the contributions to the final Hamiltonian have now been
defined, which allows us to express the full Hamiltonian which is to
be used in the tight binding models as

H = H0 + HB + HSOC + Hex, (2.39)

where H0 is the basic tight-binding Hamiltonian, HB is the interaction
with the external field, HSOC describes the SOC interaction, and Hex
is the vector Stoner exchange term.

2.5 slater-koster terms for spin

The use of Slater-Koster terms is well known in tight binding for re-
taining rotational symmetry between atoms at different bond angles.
Sources of the correct formulae to use for p-orbitals and d-orbitals
are available in Ref. [74]. Since spin belongs to the group of unitary
rotations, SU(2), it is necessary to derive Slater-Koster terms to de-
scribe bond angles in a rotationally symmetrical way when using
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non-colinear tight binding. This chapter outlines our process for
deriving the required rotation matrix.

The method used to derive the rotation matrix is as follows: First
we derive the coordinate system rotation matrix, R and the direction
cosines in terms of Euler angles. Next, we express the rotation of
spherical orbitals in terms of Weissbluth’s D matrices, which then
allows the rotation of spherical orbitals to be expressed in terms of
direction cosines.

2.5.1 Deriving the coordinate system rotation matrix and direction cosines
in terms of Euler angles

Suppose a rotation R takes the cartesian unit vectors î, ĵ, k̂ in to the
new unit vectors î′, ĵ′, k̂′, given by î′

ĵ′

k̂′

 = R

 î
ĵ
k̂

 . (2.40)

The coordinates (x, y, z) and (x′, y′, z′) of a general point r in the two
coordinate systems satisfy

r = xî + y ĵ + zk̂ = x′ î + y′ ĵ′ + z′k̂′ (2.41)

which may also be written

r =
(

x y z
) î

ĵ
k̂

 =
(

x′ y′ z′
) î′

ĵ′

k̂′

 . (2.42)

Using Eq. (2.40) to substitute for

 î′

ĵ′

k̂′

 gives

(
x y z

) î
ĵ
k̂

 =
(

x′ y′ z′
)

R

 î
ĵ
k̂

 , (2.43)

thus (
x y z

)
=
(

x′ y′ z′
)

R. (2.44)
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Since rotation matrices are unitary and real, we have x′iRij = RT
ji x
′
i,

therefore Eq. (2.44) can also be written asx
y
z

 = RT

x′

y′

z′

 , (2.45)

or x′

y′

z′

 = R

x
y
z

 . (2.46)

Thus rotation matrices satisfy both î′

ĵ′

k̂′

 = R

 î
ĵ
k̂

 and

x′

y′

z′

 = R

x
y
z

 . (2.47)

We also need a system of labelling and carrying out arbitrary
physical rotations in three dimensions. For this we use Euler angles
as given by Weissbluth in Ref. [75]. The general physical rotation
is performed by three rotations that move the original i, j, k basis
vectors as follows:

1. Rotating them about the original z axis (the k̂ vector) by a posi-
tive angle γ (0 ≤ γ < 2π), where positive rotations are given
by a right hand screw law. The new z axis (the k̂1 direction is
the same as the old z axis (the k̂ direction) but the new x and y
axes (î1 and ĵ1 respectively) differ from the old ones.

Figure 2.1: A diagram of the first step in the definition of a procedure for
performing a general physical rotation using Euler angles.
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2. A positive rotation by an angle β (0 ≤ β < π) about the current
y axis (i.e. the ĵ1 vector). The y axis is unchanged, ĵ1 = ĵ2 but
the x and z axes change, î1 → î2, k̂1 → k̂2. Steps (i) and (ii) put
the z axis where our general rotation requires. Step (iii) aligns
the new x and y axes in the right direction about z.

Figure 2.2: A diagram of the second step in the definition of a procedure
for performing a general physical rotation using Euler angles.

3. A positive rotation by an angle α (0 ≤ α < 2π) about the
current z axis (i.e. the k̂2 vector).

Figure 2.3: A diagram of the third and final step in the definition of a
procedure for performing a general physical rotation using
Euler angles.
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The final axes are

î′ = î3, ĵ′ = ĵ3, k̂′ = k̂3. (2.48)

We can now work out the full rotation matrix as a product of the
matrices representing each of the three steps:

(i)

 î1

ĵ1

k̂1

 =

 cosγ sinγ 0
−sinγ cosγ 0

0 0 1


 î

ĵ
k̂

 = R(γ, z)

 î
ĵ
k̂



(ii)

 î2

ĵ2

k̂2

 =

cosβ 0 −sinβ

0 1 0
sinβ 0 cosβ


 î1

ĵ1

k̂1

 = R(β, y)

 î1

ĵ1

k̂1



(iii)

 î3

ĵ3

k̂3

 =

 cosα sinα 0
−sinα cosα 0

0 0 1


 î2

ĵ2

k̂2

 = R(α, z)

 î2

ĵ2

k̂2

 .

(2.49)

Thus the full rotation is

R(α, β, γ) = R(α, z)R(β, y)R(γ, z)

=

 cosα cosβ cosγ− sinα sinγ cosα cosβ sinγ + sinα cosγ −cosα sinβ

−sinα cosβ cosγ− cosα sinγ −sinα cosβsinγ + cosα cosγ sinα sinβ

sinβ cosγ sinβ sinγ cosβ

 .

(2.50)

Suppose the rotated symmetry axis, ξ̂, of the Hamiltonian has direc-
tion cosines (l, m, n) in the global coordinate system. To express the
Euler angles in terms of direction cosines, we need to find the Euler
angles for taking the global z axis to the ξ̂ axis. These are not unique
as we have not pinned down the new x and y axes. The convention
we will choose will be α = 0. A diagram showing the entire rotation
and the direction cosines is shown in fig. 2.4.

The rotations involved are

1. A rotation about the z axis of γ:

cosγ =
l√

1− n2
, sinγ =

m√
1− n2

for 0 ≤ γ < 2π.

(2.51)
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Figure 2.4: A diagram showing the direction cosines.

2. A rotation β about the new y axis:

cosβ = n, sinβ = (1− n2)1/2 for 0 ≤ γ ≤ π. (2.52)

.

The full rotation matrix is given by

R(α, β, γ) =


nl√

1−n2
nm√
1−n2 −

√
1− n2

−m√
1−n2

l√
1−n2 0

l m n

 . (2.53)

Introducing the new quantity p = (l2 + m2)1/2 = (1− n2)1/2 allows
the rotation matrix to be written more compactly as

R(α, β, γ) =


nl
p

nm
p −p

−m
p

l
p 0

l m n

 . (2.54)

2.5.2 Irreducible representations of O+(3)

Active transformations change the position of a point in space,
whereas passive transformations describe a change in the coordi-
nate system in which the point is described, with the point held
fixed in position as the coordinate system is rotated. The rotation
R in Eq. (2.40) is a passive rotation since it is defined to act on the
cartesian unit vectors, î, ĵ, k̂.
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Spatial functions, such as temperature, T(x, y, z) are coordinate in-
dependent quantities. This means that for a passive rotation R(α, β, γ),
there must be some function S(r), such that

S(r′) = T(r) (2.55)

when r′ = R(α, β, γ)r. This implies that

S(r) = T(R−1r) (2.56)

which allows us to find the function form of S(r) given T(r).
The operator P̂R is defined by

P̂R[T(r)] = T(R−1r) = S(r). (2.57)

P̂R therefore acts on functions turning the functional form appropri-
ate in the old coordinate system into the functional form of the same
physical function in the new coordinate system.

A proper rotation of coordinates in three dimensions can be de-
scribed by

r′ = R(α, β, γ)r. (2.58)

By varying α, β, γ in a continuous fashion, an infinite set of matri-
ces R(α, β, γ) are obtained. These matrices are the elements of the
continuous rotation group in three dimensions O+(3).

The irreducible representations of O+(3) are matrices denoted by
D(j)(α, β, γ) with j = 0, 1

2 , 1, 3
2 , . . . . The D(j)(α, β, γ) are defined as

P̂R(α, β, γ) |j, m〉 = ∑
m′
|j, m′〉D(j)

m′m(α, β, γ), (2.59)

where |j, m〉 are the generalized angular momentum eigenfunctions.
In Ref. [75] Weissbluth gives an irreducible representation of

j = 1/2.

m′
m 1

2 -1
2

1
2 eiα/2cos β

2 eiγ/2 eiα/2sin β
2 e−iγ/2

-1
2 −e−iα/2sin β

2 eiγ/2 e−iα/2cos β
2 e−iγ/2

Table 2.1: Table of the matrix elements of D(1/2)
m′m .
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2.5.3 The rotation matrix for spherical orbitals

In order to make use of the irreducible representation of j = 1/2
given in table 2.1, we require an expression for the rotation matrix
Uφ, defined by

Ylm(θ
′, φ′) = ∑

m′
Umm′Ylm′(θ, φ), (2.60)

where Ylm denote the spherical harmonics and the primed angle
variables denote the angular orientation of the position vector in the
rotated basis set given by r′ = Rr.

From Eq. (2.59), we have

P̂R(α, β, γ)Ylm(θ
′, φ′) = ∑

m′
Ylm′(θ

′, φ′)D(l)
m′m

=⇒ Ylm(θ, φ) = ∑
m′

Ylm′(θ
′, φ′)D(l)

m′m with r′ = Rr. (2.61)

Inverting this, we find

Ylm(θ
′, φ′) = ∑

m′
Ylm′(θ, φ)(D(l)†)m′m (2.62)

and we see that U = D(l)† [75].

2.5.4 Expressing the rotation matrix in terms of direction cosines

Since we are only interested in the spin part, we use the representa-
tion appropriate for j = 1

2 , which gives a 2× 2 matrix. In Weissbluth’s

notation, (D(1/2)
m′,m )† gives

U =

(
cos
( β

2
)
e−

i
2 (α+γ) −sin

( β
2
)
e

i
2 (α−γ)

sin
( β

2
)
e−

i
2 (α−γ) cos

( β
2
)
e

i
2 (α+γ)

)
. (2.63)

Setting α = 0 gives

U =

(
cos
( β

2
)
e−

i
2 γ −sin

( β
2
)
e−

i
2 γ

sin
( β

2
)
e

i
2 γ cos

( β
2
)
e

i
2 γ

)
. (2.64)



2.5 slater-koster terms for spin 33

We will use eix = cosx + isinx and the half-angle formulae

cos
(

1
2

x
)
=(−1)b(x+π)/2πc

(
1 + cosx

2

)1/2

sin
(

1
2

x
)
=(−1)bx/2πc

(
1− cosx

2

)1/2

(2.65)

where bxc denotes the floor function which takes as input a real
number x, and gives as output the greatest integer less than or equal
to x. The notation can be simplified by defining a complex number
Ω

Ω =ei γ
2

=cos
γ

2
+ isin

γ

2

=(−1)b(γ+π)/2πc
(

1 + cosγ

2

)1/2

+ i
(

1− cosγ

2

)1/2

(2.66)

since 0 ≤ γ < 2π.
Let p denote the component of the unit vector ξ̂ perpendicular to

the z axis. From fig. 2.4 we see that p = (l2 + m2)1/2 = (1− n2)1/2,
thus we can write

cosγ =
l
p

, cosβ = n,

sinγ =
m
p

, sinβ = p. (2.67)

In terms of direction cosines we have

Ω = (−1)b(γ+π)/2πc
(

1 + l/p
2

)1/2

+ i
(

1− l/p
2

)1/2

, (2.68)

and

cos
(

β

2

)
=

(
1 + n

2

)1/2

, sin
(

β

2

)
=

(
1− n

2

)1/2

. (2.69)

Thus U, for 0 ≤ β < π becomes

U =

√ 1+n
2 Ω∗ −

√
1−n

2 Ω∗√
1−n

2 Ω
√

1+n
2 Ω

 . (2.70)

It can verified that UU† = I2 where I2 is the 2× 2 identity matrix.
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2.6 slater-koster tables for s , p and d orbitals

The hopping integrals used in constructing tight binding models
are calculated assuming that the two atoms are aligned along the
z axis. This configuration of the orientations of the orbitals relative
to each other is known as the bond frame. To compute the hopping
integrals in the lab frame, the bond integrals may be rotated from
the bond frame to the lab frame. This section derives how to perform
this rotation for s, p and d orbitals.

Let Klm′(x′, y′, z′) denote the cubic harmonics in the bond reference
frame, where l refers to the azimuthal angular momentum and m′

labels the cubic harmonics in the original bond reference frame. Let
Klm(x, y, z) denote the cubic harmonics in the lab frame. To transform
the hopping integrals from the bond reference frame to the lab frame,
we must find the coefficients D(l)

mm′ that satisfy

Klm(x, y, z) = ∑
m′

D(l)
mm′Klm′(x′, y′, z′). (2.71)

The cubic harmonics associated with the s, p and d orbitals (l = 0, 1, 2)
are [76]

K00 =1,
K10 =z,
K11 =x,
K12 =y,

K20 =
1
2
(3z2 − r2),

K21 =
√

3zx,

K22 =
√

3zy,

K23 =

√
3

2
(x2 − y2),

K24 =
√

3xy. (2.72)

The rotation matrix, R, found in Eq. (2.54) can be used to find
the coordinates in the lab frame in terms of the coordinates in the
bond frame. Letting r = (x, y, z) denote position coordinates in the
laboratory reference frame, and letting r′ = (x′, y′, z′) denote position
coordinates in the bond reference frame, it shown in Eq. (2.45) that
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these points are related by r = RTr′. Thus the laboratory frame
coordinates are related to the bond frame byx

y
z

 =RT

x′

y′

z′



=


nl
p x′ − m

p y′ + lz′

nm
p x′ + l

p y′ + mz′

−px′ + nz′

 . (2.73)

2.6.1 s orbitals

The spherical symmetry of the s orbital makes rotating the hopping
integral trivial. Since K00 = 1, in both the lab frame and the bond
frame, then we have D(0)

00 = 1.

2.6.2 p orbitals

For the p orbitals, we have

K10 = z = −px′ + nz′,

K11 = x =
nl
p

x′ − m
p

y′ + lz′,

K12 = y =
nm
p

x′ +
l
p

y′ + mz′, (2.74)

hence

K10 =− pK′11 + nK′10,

K11 =
nl
p

K′11 −
m
p

K′12 + lK′10,

K12 =
nm
p

K′11 +
l
p

K′12 + mK′10, (2.75)

where we have introduced the shorthand notation Klm′(x′, y′, z′) =
K′lm′ .
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From Eqs. (2.75) we see that the coefficients D(1)
mm′ are

D(1)
00 = n,

D(1)
10 = l,

D(1)
20 = m,

D(1)
01 = −p,

D(1)
11 = nl/p,

D(1)
21 = nm/p,

D(1)
02 = 0,

D(1)
12 = −m/p,

D(1)
22 = l/p. (2.76)

2.6.3 d orbitals

For the d orbitals the cubic harmonics with l = 2 are

K20 =
1
2
(3z2 − r2),

K21 =
√

3zx,

K22 =
√

3zy,

K23 =

√
3

2
(x2 − y2),

K24 =
√

3xy. (2.77)
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These can be partially inverted to find

xy =
1√
3

K24,

xz =
1√
3

K21,

yz =
1√
3

K22,

x2 − y2 =
2√
3

K23,

z2 − y2 =K20 +
1√
3

K23,

z2 − x2 =K20 −
1√
3

K23. (2.78)

Expressing the cubic harmonics in the lab frame in terms of the
coordinates in the bond frame gives

K20 =
1
2

(
3z2 − r2

)
=

1
2

(
3
(
−px′ + nz′

)2 − r2
)

=
1
2

(
3
(

p2x′2 + n2z′2 − 2npx′z′
)
− r2

)
= −3npx′z′ +

1
2

(
3
(

p2x′2 +
(

1− p2
)

z′2
)
− r2

)
= −3npx′z′ +

1
2

(
3z′2 − r2

)
− 3

2
p2
(

z′2 − x′2
)

= −
√

3npK′21 + K′20 −
3
2

p2
(

K′20 −
1√
3

K′23

)
=

(
1− 3

2
p2
)

K′20 −
√

3npK′21 +

√
3

2
p2K′23 (2.79)

K21 =
√

3zx

=
√

3
(
−px′ + nz′

) (nl
p

x′ − m
p

y′ + lz′
)

=
√

3
(
−nlx′2 + mx′y′ − lpx′z′ +

n2l
p

x′z′ − nm
p

y′z′ + nlz′2
)

=
√

3
(

mx′y′ − l
(

p2 − n2

p

)
x′z′ − nm

p
y′z′ + nl

(
z′2 − x′2

))
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=
√

3

(
m√

3
K′24 −

l√
3

(
p2 − n2

p

)
K′21 −

nm√
3p

K′22 + nl
(

K′20 −
1√
3

K′23

))

=
√

3nlK′20 + l
(

1− 2n2

p

)
K′21 −

nm
p

K′22 − nlK′23 + mK′24

(2.80)

K22 =
√

3zy

=
√

3
(
−px′ + nz′

) (nm
p

x′ +
l
p

y′ + mz′
)

=
√

3
(
−nmx′2 − lx′y′ −mpx′z′ +

n2m
p

x′z′ +
nl
p

y′z′ + nmz′2
)

= −l
√

3x′y′ +
nl
p

√
3y′z′ −

(
mp− n2m

p

)√
3x′z′ +

√
3nm

(
z′2 − x′2

)
=
√

3nmK′20 −
(

mp− n2m
p

)
K′21 +

nl
p

K′22 − nmK′23 − lK′24

(2.81)

K23 =

√
3

2

(
x2 − y2

)
=

√
3

2

((
nl
p

x′ − m
p

y′ + lz′
)2
−
(

nm
p

x′ +
l
p

y′ + mz′
)2
)

=

√
3

2

(
n2l2

p2 x′2 +
m2

p2 y′2 + l2z′2 − 2lmn
p2 x′y′ +

2nl2

p
x′z′ − 2lm

p
y′z′
)

−
√

3
2

(
n2m2

p2 x′2 +
l2

p2 y′2 + m2z′2 +
2lmn

p2 x′y′ +
2nm2

p
x′z′ +

2lm
p

y′z′
)

=

√
3

2

((
1− p2) (l2 −m2)

p2 x′2 +
(
m2 − l2)

p2 y′2 +
(

l2 −m2
)

z′2

− 4lmn
p2 x′y′ +

2n
(
l2 −m2)

p
x′z′ − 4lm

p
y′z′
)

=

√
3

2

((
l2 −m2)

p2

(
x′2 − y′2

)
+
(

l2 −m2
) (

z′2 − x′2
)

− 4lmn
p2 x′y′ +

2n
(
l2 −m2)

p
x′z′ − 4lm

p
y′z′
)

=

√
3

2

(
l2 −m2

)
K′20 +

n
(
l2 −m2)

p
K′21 −

2lm
p

K′22

+
1
2

(
1 + n2

p2

)(
l2 −m2

)
K′23 −

2lmn
p2 K′24 (2.82)
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K24 =
√

3xy

=
√

3
(

nl
p

x′ − m
p

y′ + lz′
)(

nm
p

x′ +
l
p

y′ + mz′
)

=
√

3
(

n2lm
p2 x′2 +

nl2

p2 x′y′ +
nlm

p
x′z′ − nm2

p2 x′y′ − lm
p2 y′2

)
+
√

3
(
−m2

p
y′z′ +

lnm
p

x′z′ +
l2

p
y′z′ + lmz′2

)
=

n2lm
p2

√
3x′2 − lm

p2

√
3y′2 + lm

√
3z′2 +

n
(
l2 −m2)

p2

√
3x′y′

+
2lmn

p

√
3x′z′ +

l2 −m2

p

√
3y′z′

=

√
3lm
p2

((
z′2 − y′2

)
− n2

(
z′2 − x′2

))
+

n
(
l2 −m2)

p2

√
3x′y′

+
2lmn

p

√
3x′z′ +

l2 −m2

p

√
3y′z′

=
√

3
lm
(
1− n2)
p2 K′20 +

2lmn
p

K′21 +
l2 −m2

p
K′22

−
lm
(
1 + n2)
p2 K′23 +

n
(
l2 −m2)

p2 K′24 (2.83)

Reading off the coefficients of D(2)
mm′ , we find

D(2)
00 =

(
1− 3

2
p2
)

,

D(2)
10 =

√
3nl,

D(2)
20 =

√
3nm,

D(2)
30 =

√
3

2

(
l2 −m2

)
,

D(2)
40 =

√
3

lm
(
1− n2)
p2 ,

D(2)
01 = −

√
3np,

D(2)
11 = l

(
1− 2n2

p

)
,

D(2)
21 = −m

(
1− 2n2

p

)
,

D(2)
31 =

n
(
l2 −m2)

p
,
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D(2)
41 =

2lmn
p

,

D(2)
02 = 0,

D(2)
12 = −nm

p
,

D(2)
22 =

nl
p

,

D(2)
32 = −2lm

p
,

D(2)
42 =

l2 −m2

p
,

D(2)
03 =

√
3

2
p2,

D(2)
13 = −nl,

D(2)
23 = −nm,

D(2)
33 =

1
2

(
1 + n2

p2

)(
l2 −m2

)
,

D(2)
43 = −

lm
(
1 + n2)
p2 ,

D(2)
04 = 0,

D(2)
14 = m,

D(2)
24 = −l,

D(2)
34 = −2lmn

p2 ,

D(2)
44 =

n
(
l2 −m2)

p2 . (2.84)

2.6.3.1 Testing the Slater-Koster Terms

During the development of the tight binding method several tests
were performed to ensure that the Slater-Koster terms derived in
this chapter had been implemented correctly.

The Slater-Koster terms for the p orbitals were tested by perform-
ing simulations on an O2 dimer (described in detail in Chapter 3)
with the B field oriented along the ẑ, x̂ and ŷ directions and finally
with the B field aligned along the unit vector (1/

√
3)x̂ + (1/

√
3)ŷ +

(1/
√

3)ẑ. In reviewing the results we made sure that the plots gen-
erated matched (up to rotational symmetry) for a constant B field,
and a time-dependent B field, each without SOC and then a time-
dependent B field with SOC. This also tests that the spin Slater-Koster
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terms were implemented correctly since the simulation results were
also checked for rotational symmetry in the expectation values of
the spin.

The Slater-Koster terms for the d orbitals also were also checked
by performing simulations on the Fe15 cluster described in Chapter 4.
These were tested by a similar procedure to the O2 dimer, with simu-
lations involving a constant B field aligned along the directions ẑ, x̂,
ŷ and (1/

√
3)x̂ + (1/

√
3)ŷ + (1/

√
3)ẑ, and time-dependent simulations

with a rotating B field that had the B field initially in the same four
directions as were used for the constant B field simulations. Both
time-independent and time-dependent simulations were checked for
rotational symmetry of the simulation results with and without SOC.
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T H E M I C R O S C O P I C E I N S T E I N - D E H A A S E F F E C T

Reproduced from Ref. [77], with the permission of AIP Publishing.

The EdH effect, where the spin angular momentum of electrons
is transferred to the mechanical angular momentum of atoms, was
established experimentally in 1915. In this chapter we study the EdH
effect for an O2 dimer subject to a time-varying magnetic field. While
a semi-classical explanation of the effect exists, modern electronic
structure methods have not yet been applied to modelling the phe-
nomenon. In this chapter we investigate its microscopic origins by
means of a non-collinear tight-binding model of an O2 dimer, which
includes the effects of spin-orbit coupling, coupling to an external
magnetic field, and vector Stoner exchange [73]. Forces on the atoms
are calculated using the Hellman-Feynman theorem [78, 79]. By vary-
ing an external magnetic field in the presence of spin-orbit coupling,
a torque can be generated on the dimer, validating the presence
of the EdH effect. Avoided energy level crossings and the rate of
change of magnetic field determine the evolution of the spin. We
find, however, that the EdH effect is not the only torque-generating
mechanism experienced by the nuclei due to the electrons under a
time-varying B field: the field also couples to the electron orbits, and
directly to the nuclei via the Faraday effect.

Once the existence of the EdH effect has been established, we in-
vestigate the effect of varying the SOC strength. If SOC is neglected,
the component of the spin operator parallel to the applied magnetic
field B commutes with the Hamiltonian and S · B̂ is a constant of the
motion. For small values of the SOC strength, the EdH torque is corre-
spondingly small, as expected. We note that the magnetic TB model
used here is extensible to larger systems, including solids. This is
explored further in Chapter 4, in which the TB model introduced in
this chapter is used to investigate the EdH effect in an Fe15 cluster.

This chapter is structured as follows. Section 3.1 describes the method
used for the calculations. The results of the simulations are discussed
in section 3.2 and conclusions are drawn in section 3.3.

45
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3.1 theory

Fig. 3.1 shows a schematic diagram of the O2 dimer studied in this
chapter. The dimer axis ζ̂ is held fixed along the ẑ direction. The
internuclear separation is Rnuc. The magnetic field is aligned along
x̂ and is spatially homogeneous, although its strength may vary in
time. The interaction torque exerted on the nuclei by the electrons is

Figure 3.1: Schematic diagram of the oxygen dimer with a time-varying
magnetic field applied perpendicular to the dimer axis. The
dimer axis is denoted by ζ and Rnuc is the internuclear separa-
tion.

given by

Γint = Rnuc(F1,y x̂− F1,xŷ) = −Rnuc(F2,y x̂− F2,xŷ), (3.1)

where atom 1 is below the xy-plane, atom 2 is above it, F1 is the force
exerted by the electrons on nucleus 1, and F2 is the force exerted by
the electrons on nucleus 2.

To create a TB model of O2 it is helpful to know some of its
electronic properties. Of the 16 electrons in an O2 molecule, 4 fill the
1s states, 4 fill the 2s states, and 8 occupy bonding and anti-bonding
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MOs made from the 2p AOs. A diagram of the electronic structure of
the 2p levels of the molecule is shown in Fig. 3.2.

The TB basis functions used here are atomic (or more precisely,
atomic-like as they are based on the atomic orbitals of a hydro-
genic atom) px, py and pz orbitals, with separate orbitals for up and
down spins, which are denoted by up and down arrow subscripts
respectively. The six basis functions on each atom are denoted

px,↑, px,↓, py,↑, py,↓, pz,↑, pz,↓. (3.2)

The basis set does not include the 1s and 2s orbitals below the
2p shell or any orbitals above it, so the dimer Hamiltonian is a
12× 12 Hermitian matrix and the 12 MOs are occupied by 8 electrons.
The MOs φn are obtained by diagonalizing the Hamiltonian matrix
and can be written as linear combinations of the basis functions
(comprised from the AOs) χασ with expansion coefficients dnασ:

φn = ∑
ασ

dnασχασ, (3.3)

where α runs over the spatial AOs on both atoms and σ runs over
spin states.

Consider first a dimer Hamiltonian containing on-site and hopping
matrix elements only, without SOC, exchange interactions, or an
applied magnetic field. The twelve 2p MOs are labeled as follows:

σ↑, σ↓, πx,↑, πx,↓, πy,↑, πy,↓,
π∗x,↑, π∗x,↓, π∗y,↑, π∗y,↓, σ∗↑ , σ∗↓ ,

where the σ, πx and πy states are bonding combinations of the
pz, px and py AOs, respectively, with σ∗, π∗x and π∗y the equivalent
antibonding states. As shown in Fig. 3.2, the twelve MOs have only
four different energies. The highest occupied shell of molecular
spin-orbitals, the π∗ shell, is occupied by 2 electrons.

Although in a purely mean field picture, the 4 π∗ MOs, π∗x,↑, π∗x,↓,
π∗y,↑ and π∗y,↓, are degenerate, it is known that the ground state of
O2 is a triplet, with the spins of the two π∗ electrons aligned. The
alignment is caused by the exchange interaction, which splits the
four degenerate π∗ spin-orbitals into a three-fold degenerate spin-1
triplet and a spin-0 singlet. Thus a realistic model of ground state
O2 must take the exchange interaction into account.
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Figure 3.2: Energy level diagram of the bonding and anti-bonding valence
MOs in O2. The 1s and 2s shells are fully occupied and are not
shown. All of the molecular orbitals appearing in the diagram
are derived primarily from atomic p states. The effects of spin-
orbit and exchange interactions have been neglected.

3.1.1 Time Evolution

The initial molecular orbitals φn obtained by diagonalizing the Hamil-
tonian matrix at the beginning of a simulation evolve into time-
dependent molecular orbitals ψn(t) according to the time-dependent
Schrödinger equation, ih̄∂tψn(t) = H(t)ψn(t), subject to the initial
condition ψn(t = 0) = φn. The Hamiltonian H(t) depends on time
if the applied B field depends on time, so ψn(t) is not in general an
exact eigenfunction of H(t) when t > 0. The set of time-evolved MOs
does, however, remain orthonormal. The time-dependent expansion
coefficients dnα(t) are defined by

ψn(t) = ∑
ασ

dnασ(t)χασ (3.4)

and satisfy the following discrete equivalent of the time-dependent
Schrödinger equation:

ih̄
∂

∂t
dnασ(t) = ∑

α′σ′
Hασ,α′σ′(t)dnα′σ′(t). (3.5)
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The method used to evolve this equation in time is time-reversible
and unitary. Rewriting the equation of motion, Eq. (3.5), with (D)nασ =
dnασ and (H)α′σ′,ασ = Hα′σ′,ασ as matrices, we obtain

ih̄
∂D(t)

∂t
= H(t)D(t). (3.6)

Letting dt be an infinitesimal positive time interval gives [80]

D(t + dt) = exp

(
H(t + 1

2 dt)
ih̄

dt

)
D(t). (3.7)

Thus a finite step of the time evolution can be performed approxi-
mately by

dnασ(t + δt) = ∑
α′σ′

(
eH(t+ 1

2 δt)δt/ih̄
)

ασ,α′σ′
dnα′σ′(t). (3.8)

The initial values of the expansion coefficients of the time-dependent
MO ψn(t) are obtained from the corresponding eigenfunction φn of
the initial Hamiltonian H(t = 0). Since ψn(0) = φn, we have:

dnασ(0) = 〈χασ|φn〉 . (3.9)

The time step used in all simulations is 4 Hartree atomic units, which
corresponds in SI units to approximately 4h̄/Eh ≈ 97 as.

3.1.2 The Hamiltonian

Describing the EdH effect requires a Hamiltonian that incorporates:
(i) the coupling of electrons to a magnetic field; (ii) arbitrary electron
spin directions and magnitudes, which may depend on spatial posi-
tion; and (iii) spin-orbit coupling. To obtain physically meaningful
results for O2 it is also necessary to include exchange interactions. A
non-collinear TB method can accommodate all of these requirements.

The Hamiltonian employed is

H = H0 + HB + HSOC + Hex, (3.10)

where H0 is the basic TB dimer Hamiltonian used to obtain Fig. 3.2,
HB is the coupling of the electrons to the magnetic field, HSOC is the
SOC term, and Hex is the exchange term.

HB is taken from the standard Pauli Hamiltonian and is given by
−µ · B(t), where

µ = −µB
h̄
(L + 2S)
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is the total magnetic moment, L and S are the canonical orbital and
spin angular momentum operators in the Coulomb gauge, µB is the
Bohr magneton, and B(t) is the external magnetic field acting on the
molecule.

SOC is a relativistic effect and the SOC term in the Hamiltonian
may be derived from the Dirac equation via the Foldy-Wouthuysen
transformation [70], which, for spherical potentials, gives

HSOC =
1

2m2
e c2

1
r

dV(t)
dr

L · S, (3.11)

where me is the mass of an electron, c is the speed of light, and
V(t) is the potential experienced by the electron due to the atomic
nucleus and the other electrons belonging to that atom in the central
field approximation. The gradient of the nuclear potential is largest
very close to the nucleus, so the spin-orbit term can be assumed to
couple atomic orbitals on the same atom only. The radial part of
the SOC matrix element between two orbitals in the same shell on a
given atom may then be approximated by a constant given in units
of energy, ξ, so that [81]

HSOC ≈
ξ

h̄2 L · S. (3.12)

This is the form of HSOC used in this work. The next subsection
describes the Stoner exchange term, Hex.

3.1.3 Vector Stoner Exchange

All of the results reported in this chapter have the effects of the vector
Stoner exchange term (Hex) included. The more familiar collinear
form of the Stoner exchange term is inappropriate for use in de-
scribing spin dynamics as it breaks rotational symmetry in spin
space [73]. The vectorial exchange interaction is treated at the mean-
field (Hartree-Fock) level, leading to a self-consistent independent-
electron problem.

The remainder of this section outlines the vector Stoner exchange
implementation. The exchange moment vector ma(t) on atom a
(∈ {1, 2}) at time t is evaluated as

ma(t) = trα∈Aa [ρ(t)σ] = tr[ρa(t)σ], (3.13)

where σ is the vector of Pauli spin matrices, trα∈Aa denotes a trace
over the atomic orbitals α belonging to atom a only, and ρa(t) ≡
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Paρ(t)Pa is the projection of the time-dependent one-particle density
operator

ρ(t) = ∑
n occ
|ψn(t)〉〈ψn(t)| (3.14)

on to the basis of atomic orbitals on atom a. We refer to ma(t) as
the exchange moment vector, which contains information about the
spin only, in order to differentiate it from the magnetic moment
vector µ, which is comprised of both spin and orbital angular mo-
mentum. In terms of expansion coefficients (see Eq. (3.4)), the matrix
representation of the density operator in the atomic orbital basis is

ρα′σ′,ασ(t) = ∑
n occ

dnα′σ′(t)d
∗
nασ(t) (3.15)

and the exchange moment of atom a is

ma(t) = ∑
n occ

∑
α∈Aa

∑
σ′,σ

dnασ′(t)d
∗
nασ(t)σσσ′ . (3.16)

From now on, for the sake of notational simplicity, we often suppress
the time dependence.

The total energy due to the vector Stoner term is given as

∆U = −1
4

I ∑
a

ma ·ma, (3.17)

where I is the Stoner exchange parameter given in units of energy.
The TB representation of the self-consistent exchange potential expe-
rienced by molecular orbital n is a matrix ∆Hασ,α′σ′ , where

∂∆U
∂d∗nασ

= ∑
α′σ′

∆Hασ,α′σ′dnα′σ′ . (3.18)

For α ∈ Aa this gives,

∆Hασ,α′σ′ = −δαα′
1
2

Ima · σσσ′ . (3.19)

The presence of the Stoner exchange term complicates the time-
evolution algorithm described in Sec. 3.1.1 (and makes it less than
perfectly time reversible) because the Hamiltonian at time t, H(ma(t), t),
is also a function of the exchange moments at time t, which are
not calculated in a reversible manner. The evolution of the ex-
change moments is found by determining the time derivative of
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the current moment vector ma(t) by a backward difference, ṁa(t) ≈
(ma(t)−ma(t− δt))/δt, and Taylor expanding to first order in δt:

ma(t +
1
2

δt) ≈ ma(t) +
1
2

ṁa(t)δt. (3.20)

Eq. (3.20) is used when evaluating the time-evolution operator in
Eq. (3.8). The self-consistency cycle is run only once at the beginning
of the calculation. For all subsequent time steps ma is calculated
using Eq. (3.16).

3.1.4 Model Parameters

The TB model requires several experimental parameters. Reference [82]
reports the value of the SOC parameter ξ for an oxygen dimer as
ξ = 2.604 meV. The same chapter gives an experimental value for
the bond length Rnuc as 1.21 Å. This value is in agreement with ab
initio results based on the relativistic Pauli-Breit Hamiltonian [83].
The other tight-binding parameters required to describe an O2 dimer
are the Stoner I, the on-site energy for p orbitals, εp, and the hop-
ping parameters, vπ and vσ. vπ is the hopping parameter between
p orbitals perpendicular to the dimer axis and vσ the hopping pa-
rameter between p orbitals parallel to the dimer axis. The on-site
energy used in this work is εp = −16.77 eV and the hopping pa-

rameters are vπ = −0.63 h̄2

meR2
nuc

and vσ = 2.22 h̄2

meR2
nuc

[74]. Using the

experimental bond length, Rnuc = 1.21 Å, gives vπ = −3.28 eV and
vσ = 11.55 eV. The value of the Stoner I parameter, I = 0.98 eV, is
taken from Ref. [84].

3.1.5 Calculating Observables

Forces on the atoms are evaluated using the time-dependent equiva-
lent of the Hellman-Feynman theorem [78, 79]. Let a ∈ {1, 2} index
the two atoms in the dimer and Ra denote the position of the nucleus
of atom a. Using the Hellman-Feynman theorem, we obtain

Fa = −tr(ρ∇aH), (3.21)

for the force on nucleus a due to the electrons, where we have used
the definition of the density matrix given in Eq. (3.15). The only
contributions to the Hamiltonian of Eq. (3.10) that depend on R1 and
R2 are the hopping parameters. Using the distance-scaling of the
hopping matrix elements discussed in Sec. 3.1.4 and Slater-Koster
tables [85] for the p orbitals, ∇aH is calculated analytically.
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All the other expectation values computed in this study are found
by taking the trace of the operator multiplied by the density matrix,
for example,

〈L〉 = tr(ρL), 〈S〉 = tr(ρS), 〈µ〉 = tr(ρµ). (3.22)

In addition to the torque Γint (defined in Eq. (3.1)) exerted by
the electrons on the nuclei, the nuclei experience a direct torque
exerted by the applied electromagnetic (EM) field. This is denoted by
ΓN,EM and it is shown how this term arises in a quantum mechanical
context in appendix 3.A. We find

ΓN = ΓN,EM + Γint, (3.23)

where ΓN is the total torque acting on the nuclei. In appendix 3.A it
is shown that ΓN,EM can be expressed as

ΓN,EM =

〈
∑

α∈N
rα× Fα

〉
(3.24)

where N is the set of nuclei and rα is the position operator for particle
α. Fα is the Lorentz force operator for particle α and is given by

Fα =
qα

2
(vα × Bα − Bα × vα) + qαEα, (3.25)

where qα is the charge of particle α, Bα is the magnetic field operator
for particle α, Eα = −∇αφα − ∂t Aα is the electric field operator for
particle α, (φα/c, Aα) = (φ(rα, t)/c, A(rα, t)) is the EM four-potential
experienced by particle α, vα = 1

mα
(pα − qα Aα) is the velocity opera-

tor for particle α, mα is the mass of particle α and pα is the canonical
momentum operator for particle α.

We are interested in the dynamics of the nuclei, as these corre-
spond to the motion of the lattice in a solid body. Since the nuclei are
held fixed in position in our simulations, they do not experience a
force due to the vα × Bα − Bα × vα terms in the Lorentz force. The di-
rect EM torque, ΓN,EM, thus arises solely from the circulating electric
field produced by the time-varying magnetic field via Faraday’s law.
The rate of change of the applied magnetic field in our simulations is
10 T per atomic time unit, implying a direct torque of −8.9× 10−4x̂
Hartree atomic units. This is significant, but our simulations last only
1000 atomic units of time, equivalent to approximately 2.4× 10−14 s,
while real experiments enact the change in field over times of the or-
der of 10−2 s [1]. The Faraday torque in our simulations is thus about
1012 times larger than it would be in a real experiment. To avoid
including the Faraday torque on the nuclei in our results, instead
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of plotting ΓN , we plot Γint, which does not include the effect of the
Faraday torque on the nuclei since the Faraday torque on the nuclei
is not accounted for in the Hamiltonian in Eq. (3.10). If required, the
true mechanical torque on the nuclei, ΓN , can be evaluated using
Eq. (3.23).

3.2 results

To facilitate the interpretation of the physics through a gradual
build up in complexity, the discussion of the results is split into
two parts. First the results without SOC are presented, followed by
the results with SOC. Without SOC we discuss data obtained from
simulations with (i) no B field (B = 0 T), (ii) a constant B field of
103 T (B = 103x̂ T), and (iii) a linear ramp in Bx from −5× 103 T
to 5× 103 T over 103 Hartree atomic units of time, described by
the equation B(t) = (−5× 103 + 10t)x̂ T, where t is measured in
atomic units. Such large magnetic field strengths are used because
the magnetic Hamiltonian HB = −µ · B associated with a field of
1 T = 4.25× 10−6 atomic units is very small on the atomic energy
scale. The decision to reverse the field by applying a linear ramp in-
stead of rotating a B vector of constant magnitude was made because
the EdH experiment was performed in a magnetic field generated by
a solenoid with an oscillatory current. At its center, the solenoid is
only capable of producing a magnetic field pointing along its axis.

The experimental value of the spin-orbit coupling strength in
oxygen, ξ = 2.604 meV, is so small that the simulation results with
SOC are not visibly different from those without SOC. Thus, in order
to observe the EdH effect clearly, it is necessary to use larger values
for ξ than are physically realistic for O2. In doing so, more can
be learned about the effects of SOC on the dimer’s dynamics. We
consider two different SOC strengths: (i) an intermediate coupling
strength of ξ = 0.4 eV; and (ii) a large coupling strength of ξ = 103 eV.
The value of ξ = 0.4 eV is large enough to have observable effects but
not unreasonable for heavier atoms. (Values of ξ as large as 0.4 eV
have been reported for Sr2IrO4 [86]. In BCC Fe the value of ξ is close
to 0.06 eV [87].) The unphysically large value of ξ = 103 eV is chosen
in order to investigate the limit in which SOC is the dominant energy
scale.

Unless stated otherwise, the results below are expressed in Hartree
atomic units (a.u.).
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3.2.1 Without spin-orbit coupling

The results discussed in this section were all obtained in the absence
of SOC, i.e., with ξ = 0 eV. The effects of exchange and the interaction
with an external magnetic field are included. The simulations consid-
ered have (i) Bx = 0 T, (ii) Bx = 103 T, and (iii) Bx(t) = (−5× 103 + 10t)T.

The Bx = 0 T simulation illustrates the behaviour of the electrons
in the absence of an external magnetic field. We find that there
is some spin in each of the Cartesian directions. This is because,
in the absence of SOC, the spin subsystem is decoupled from the
geometry of the dimer which thus does not introduce a preferred
direction. Furthermore, since B = 0 T, the energy is unaffected by
the orientation of the spin: thus the system is completely degenerate
with respect to spin direction. The direction of the spin, which is
determined by the self-consistency cycle, is therefore the same as
the direction of the initial random guess. The magnitude of the spin
vector is unity, as expected for the triplet ground state of O2.

The electrons have zero net orbital angular momentum because
the σ and π subshells are filled, leaving one spin-up electron in each
of the two π∗ orbitals. The total orbital angular momentum is the
sum of contributions from the two singly occupied π∗ orbitals and
is thus zero.

The orbital and spin angular momenta L and S are both constant
in time because the Hamiltonian is independent of time and the
system is in an energy eigenstate.

In appendix 3.A we show that

d 〈J〉
dt

= −Γint − B× 〈µ〉 , (3.26)

where Γdim is the torque on the dimer and J = L + S is the total
canonical electronic angular momentum in the Coulomb gauge. The
torque on the dimer is therefore zero in this case since B = 0 T and
L and S are constant.

A simulation of the dimer was also performed in the presence of
a constant 103 T external magnetic field. The magnetic field points in
the x̂ direction and the magnetic field term in the Hamiltonian (HB)
is minimized with µ parallel to B, so the spin lies anti-parallel to the
B field.

The orbital angular momentum, which is non-zero, also points
opposite to the B field and remains constant in time, again because
the Hamiltonian is independent of time and the system is in an
energy eigenstate. As is expected for this static system, Eq. (3.26)
shows that the torque is zero.
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Fig. 3.3 shows the simulation results for the magnetic field profile
B(t) = Bx(t)x̂ = (−5× 103 + 10t)x̂. This corresponds to a linear
ramp from −5× 103 T to 5× 103 T over a duration of 103 a.u. The
spin stays constant, pointing in the x̂ direction throughout. The ap-
plied field Bx is negative at t = 0 and the spin is oriented antiparallel
to this field in the initial ground state. The spin remains constant as
it is initially aligned along x̂ and Sx commutes with the Hamiltonian.
The spin is unable to flip in response to the reversal of the applied
magnetic field.

The evolution of the orbital angular momentum over time has two
notable features. The first is an adiabatic effect in which the amount
of orbital angular momentum pointing along the B field is propor-
tional to minus the field. The second effect is a small sinusoidal
variation, barely visible in Fig. 3.3(a), caused by a Rabi oscillation
between eigenstates split by the B field. Section 3.2.2 explains this
effect by deriving the energy difference of the splitting and thus the
frequency of the oscillations. A torque is exerted on the dimer by the
change in orbital angular momentum of the electrons. Although the
torque is oscillatory, its time average is non-zero. The dimer would
therefore start to rotate if its nuclei were not clamped in position.
This torque is not related to the EdH effect since −d 〈S〉/dt = 0 and
there is no spin-orbit coupling.

3.2.2 Oscillations induced by the time-dependent magnetic field

An analytic expression for the oscillation frequency of the orbital
angular momentum can be found by considering the form of HB =
−µ · B in the MO basis. Let (MT)nασ ≡ dnασ be the transformation
matrix from the AO basis to the time-independent MO basis at B = 0 T.
The expansion coefficients dnασ are as defined in Eq. (3.3). The zero-
field MOs φn are given by φn = (MT)n,ασχασ, where χασ is an AO
and repeated suffices are summed. The matrix representations of the
angular momentum operators transform as

L̃mn = (M†LM)mn, (3.27)

S̃mn = (M†SM)mn, (3.28)

where L and S are matrices in the atomic orbital basis and L̃ and S̃
are matrices in the B = 0 MO basis. The B = 0 Hamiltonian H0 is
diagonal in the MO basis, so only the Zeeman term −µ · B = −µxBx
mixes MOs when Bx 6= 0. By quantizing the spins along x̂ rather
than ẑ, so that S̃x is diagonal, we ensure that the only off-diagonal
contributions to −µxBx ∼ (Lx + 2Sx)Bx are those arising from the
matrix L̃x.
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(a)

(b)

Figure 3.3: Time-evolution of (a) angular momenta and (b) torque expecta-
tion values when the applied magnetic field varies with time:
Bx(t) = −5× 103 + 10t T. The spin is constant and anti-parallel
to the initial B field, but the orbital angular momentum remains
almost proportional to −B throughout the simulation, with
some additional oscillations due to the coupling caused by Lx.
The dimer experiences an oscillatory torque with a non-zero
average value. The y components of 〈S〉 (t), 〈L〉 (t) and Γ(t) are
zero throughout the simulation and the orange lines represent-
ing them are hidden below the green lines representing the z
components.
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In this form the 12× 12 Hamiltonian matrix becomes block diago-
nal, consisting of four uncoupled states (πx↑, πx↓, π∗x↑ and π∗x↓), and
four 2× 2 blocks, each of which couples one of the following pairs
of MOs:

1. σ↑ and π∗y↑,

2. σ↓ and π∗y↓,

3. πy↑ and σ∗↑ ,

4. πy↓ and σ∗↓ .

For example, the 2× 2 matrix describing the coupling between σ↑
and π∗y↑ is(

εσ + Bx/2 −iBx/2
iBx/2 επ∗ + Bx/2

)
, (3.29)

which has eigenvalues

ε1,± =
1
2

(
εσ + επ∗ + Bx ±

√
(εσ − επ∗)2 + B2

x(t)
)

. (3.30)

The magnitude of the difference between the two eigenvalues is

∆ε1 =
√
(εσ − επ∗)2 + B2

x(t). (3.31)

This energy difference corresponds to a Rabi angular frequency
ω1 = ∆ε1/h̄ and hence to an oscillation in 〈Lx〉. The magnitude of
∆ε1 varies slowly as the applied B field varies.

To check that this explanation accounts for the observed oscil-
lations in 〈Lx〉, consider the case when Bx = 5× 103 T, for which
∆ε1 = 0.54552 Ha and T = 1/ f = h/∆ε1 = 11.52 a.u.. This agrees
well with the oscillation period seen in the simulation results in
Fig. 3.3, which is approximately 11.62± 0.13 a.u.. The period associ-
ated with the other three pairs of coupled MOs is the same.

3.2.3 With spin-orbit coupling

Since the results of the simulations without SOC are practically in-
distinguishable from results obtained using the small value of ξ
appropriate for a real oxygen atom, two further simulations were
carried out, one for an intermediate value of ξ and another for a very
large value of ξ intended to approach the limit in which SOC is the
dominant energy scale.



3.2 results 59

Fig. 3.4 shows results from a simulation with ξ = 0.4 eV and a
linear ramp in the B field. At the beginning of the simulation the
dynamics look similar to the SOC-free behaviour shown in Fig. 3.3.
The most noticeable difference is a slight decrease in the magnitude
of the initial value of 〈Lx〉. Since Ŝx no longer commutes with the
Hamiltonian when SOC is included, its expectation value can now
change with time as demonstrated in Fig. 3.4(a). Towards the end of
the simulation the spin changes sign, which leads to the change in
direction of the torque shown in Fig. 3.4(b). Thus, unlike the SOC-free
case, the spin is able to reverse direction in response to the reversal
of the applied field. The spin flip takes place near t = 800 a.u., well
after the time, t = 500 a.u., at which the applied field passes through
zero.

Figure 3.5 shows the instantaneous eigenvalues of the time-evolved
Hamiltonian, H(ma(t), t), as a function of time. The energy level
crossings near t = 800 a.u. determine the timing of the spin flip.
Note that the time-evolved Hamiltonian depends on ma(t), which
evolved from previous time steps. Stoner exchange thus introduces
a history dependence into the system. Unlike the eigenstates of the
time-evolved Hamiltonian, the self-consistent eigenstates at time t
are calculated by rerunning the self-consistency cycle and are not
history dependent.

For Bx < 0 T, the lowest energy direction for ma is to be aligned
along x̂ since this minimizes the spin contribution to −µ · B. As
Bx(t) rises through zero, the new minimum energy direction for ma
becomes −x̂. Thus, if a simulation were performed in which the
system were solved self-consistently at each time step, an energy
level crossing would occur at t = 500 a.u., when the magnetic field
Bx(t) passed through zero.

In a time-evolved simulation, ma(t) is calculated from its previ-
ous values and the 1

2 Ima · σσσ′ vector Stoner exchange term in the
effective Hamiltonian acts to keep ma(t) aligned along its current
value. A lower energy state with all spins reversed exists, but an
energy barrier has to be surmounted to reach it. This causes ma(t) to
maintain its original direction for longer than in the corresponding
self-consistent calculation, explaining the delay in the reversal of the
spin of the time-evolved Hamiltonian shown in Fig. 3.5. Additional
simulations show that the time at which the avoided crossing occurs
moves towards t = 500 a.u. as the Stoner exchange parameter I is
reduced and can be made to occur later by increasing I.

Comparing Figs. 3.5 and 3.6, we see that the reversal in the sign
of the spin of the time-dependent π and π∗ molecular orbitals does
not occur at the same time as the avoided crossing, but slightly
afterwards. The adiabatic theorem says that the evolution of a time-
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(a)

(b)

Figure 3.4: Time-evolution of (a) angular momenta and (b) torque expec-
tation values with B(t) = −5× 103 + 10t T and ξ = 0.4 eV. The
spin evolves gradually at first but towards the end of the sim-
ulation it changes sign; this causes a corresponding change of
sign in the direction of the torque. The orange lines are hidden
beneath the green lines.
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Figure 3.5: Evolution of the energies of the instantaneous molecular or-
bitals of the time-evolved Hamiltonian. Energy levels 1 and 2

correspond to the σ bonding orbitals; energy levels 3–6 (each
doubly degenerate) to the π bonding orbitals; energy levels
7–10 (again doubly degenerate) to the π∗ anti-bonding orbitals;
and energy levels 11 and 12 to the σ∗ anti-bonding orbitals. The
crossing of energy levels (an avoided crossing in the case of
the π and π∗ orbitals) occurs at approximately t = 800 a.u.,
when the −µ · B term in the Hamiltonian matches and counters
the exchange splitting. The crossings of π and π∗ orbitals are
avoided since these states are split by SOC, whereas the σ and
σ∗ states undergo true crossings, as they are not split by SOC.

Figure 3.6: Evolutions of the spins of the time-dependent molecular orbitals
ψn(t) over time. The change in spin direction occurs slightly
after the crossing of energy levels shown in Fig. 3.5. The total
spin expectation value 〈Sx〉 is the sum of the expectation values
for the occupied orbitals, n = 1 to n = 8.
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dependent MO closely follows the evolution of the corresponding
eigenstate of the Hamiltonian if the rate of change of B is small
enough. The electron therefore remains predominantly in the adi-
abatically connected eigenstate of the time-evolved Hamiltonian,
which changes its spin direction as the avoided crossing is traversed.
Thus, the delay in the rotation of the spins of the time-evolved
molecular orbitals as they respond to the change in the time-evolved
Hamiltonian is due to the simulation being diabatic, which increases
the tendency of the time-evolved MO to remain similar to its origi-
nal instantaneous MO of the time-evolved Hamiltonian during the
avoided crossing. This is supported by further simulations in which
Ḃ is varied and it is found that for low Ḃ, the change in sign of
the spin of the time-dependent π and π∗ molecular orbitals tends
toward being simultaneous with the change in sign of the spin of the
π and π∗ instantaneous eigenstates of the time-evolved Hamiltonian.

The simulation results for the case of extremely strong SOC (ξ =
103 eV) are shown in Fig. 3.7. The (ξ/h̄2)L · S spin-orbit term is
now by far the largest in the Hamiltonian. Figure 3.7(a) shows that
〈L〉 and 〈S〉 are proportional to each other, with a proportionality
constant of 1/2.

This result can be understood by considering a Hamiltonian con-
structed solely from the SOC term. This decouples the two atoms
since the SOC interaction acts on-site in our model. The Hamiltonian
of one atom takes the form

H =
ξ

h̄2 L · S =
ξ

2h̄2 (J2 − L2 − S2), (3.32)

where ξ = 103 eV. The orbital energies are ξ
2 (j(j+ 1)− l(l + 1)− s(s+

1)) = ξ
2 (j(j + 1)− 2.75), with j = 1/2 or 3/2. The six eigenstates

comprise a doublet with energy −103 eV, corresponding to the j =
1/2 states with mj = ±1/2, and a quadruplet with energy 500 eV,
corresponding to the j = 3/2 states with mj = 3/2, 1/2, −1/2, and
−3/2. In the ground state of an oxygen atom (which contains 4

electrons in our p-band TB model), the two j = 1/2 orbitals are filled
first, leaving the other two electrons to occupy the four available
j = 3/2 orbitals. Using the Wigner-Eckart theorem [88], it can be
shown that the valence electrons residing in the j = 3/2 states have
〈φ| S |φ〉 = 1

2 〈φ| L |φ〉 which explains the proportionality between
〈S〉 and 〈L〉 in Fig. 3.7(a).

Above we noted the link between the torque exerted by the elec-
trons on the nuclei, Γint, and the rate of change of electronic angular
momentum, 〈J〉. Eq. (3.38) of appendix 3.A shows that their vector
components parallel to the B field are related by a minus sign. This
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(a)

(b)

Figure 3.7: Time evolution of (a) the angular momenta and (b) the torque
expectation values when ξ = 103 eV and B(t) = −5× 103 +
10t T. The spin and orbital angular momenta are approximately
proportional with a constant of proportionality of 2. Since SOC
dominates the physics, the orbital and spin angular momenta
are locked together and evolve in parallel. The orange lines are
hidden beneath the green lines.
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link can be verified computationally by approximating −d 〈J〉/dt
using finite differences of the total electronic angular momentum 〈J〉
and comparing the result with the torque Γint acting on the nuclei.

The torque on the nuclei due to −d 〈J〉/dt can be separated into
orbital and spin contributions. The orbital contribution, −d 〈L〉/dt,
can be interpreted as in classical physics. The spin contribution,
−d 〈S〉/dt, corresponds to the EdH effect. In the absence of SOC, as
was shown in section 3.2.1, the spin direction cannot reverse when
the applied field reverses by changing its magnitude along a fixed
axis. In this case B̂ · Γint = −B̂ · d 〈L〉/dt, implying that the EdH effect
cannot occur without SOC. For intermediate SOC strengths (Fig. 3.4)
we saw that the spin flip influences the direction of the torque.
Both contributions to B̂ · Γint = −B̂ · d 〈L〉/dt − B̂ · d 〈S〉/dt con-
tribute appreciably in this case. For extremely strong SOC strengths
(Fig. 3.7), 〈L〉 and 〈S〉 lock together and its average over a short time
window does not change significantly as a function of time. The
initial magnitude of 〈S〉 is smaller than in the previous simulations,
which is due to the j = 3/2 eigenfunctions of the SOC term having
〈φ| S |φ〉 = 1

2 〈φ| L |φ〉 as is described above.

3.3 conclusions

This chapter investigated a non-collinear TB model capable of sim-
ulating the EdH effect in a dimer. Since the EdH effect is based on
the realignment of spins in a uniaxial B field, it cannot occur in the
absence of SOC. Based on simulation results showing the torque on
the dimer for three very different SOC strengths, we showed how
avoided crossings and the rate of change of magnetic field affect
the reversal of electronic spins. We also showed that the EdH effect
is not the only source of torque on a dimer in a time-varying B
field: there is also a contribution from the change in the electronic
orbital angular momentum. The direct action on the electronic and
nuclear charges of the Faraday electric field associated with the rate
of change of the applied magnetic field also exerts a torque, but this
is very small for experimentally achievable values of dB/dt and was
ignored in this work.

Future work on this topic could aim to better understand the
mechanism that translates the microscopic EdH effect to the better
known macroscopic observations. How is the EdH effect modified
by the quenching of L in a lattice? What are the consequences of
irreversibility and the loss of energy into other microscopic degrees
of freedom? Now that the dimer model has been established, it can
be scaled up to treat larger assemblies of atoms and a more diverse
range of atom types. Another potentially fruitful area of investigation
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would be to look for effective classical models capable of emulating
the effects of SOC and yet simple enough to be used in large-scale
simulations of real materials problems, including studies of radiation
damage in ferromagnetic steels.



A P P E N D I X

3.a relating the dimer torque to the electronic angu-
lar momentum

Below we show how the total torque on the dimer nuclei is a sum of
the direct torque due to the interaction of the nuclei with the EM field
and the torque due to the Coulomb attraction between the electrons
and the nuclei.

We consider a system of n particles (nuclei and electrons), all of
which have spins and interact with the externally applied EM four-
potential, (ϕa/c, Aa) = (ϕ(ra, t)/c, A(ra, t)) where c is the speed of
light. The single-particle Hamiltonian of a particle in an EM field [89],
generalised to multiple interacting particles is,

H =
n

∑
a=1

[
1

2ma
(pa − qa Aa)

2 + qa ϕa

− qah̄
2ma

σa · Ba +
ξa

h̄2 La · Sa

]
+

1
2

n

∑
a,b 6=a

V(|ra − rb|), (3.33)

where particle a has mass ma, charge qa, SOC parameter ξa, and V(r)
is the interaction potential energy for a pair of particles separated by
a distance r.

By calculating the rate of change of the kinetic momentum pa −
qa Aa, we obtain the Lorentz force operator for particle a:

FEM
a =

qa

2
(va × Ba − Ba × va) + qaEa, (3.34)

where Ea = −∇a ϕa − ∂t Aa is the electric field operator on particle a
and va =

1
ma

(pa − qa Aa) is the velocity operator for particle a. Since
we are working in the rest frame of the molecule, the nuclei have no
orbital angular momentum and experience no spin-orbit coupling.
Equation (3.34) was derived quantum mechanically but reduces to
the familiar classical Lorentz force law if the nuclei are treated classi-
cally, as is the case in this work. The direct electromagnetic torque
on the classical nuclei is ΓN,EM = ∑a∈N ra × FEM

a , where ra is the
classical position of nucleus a and FEM

a is the direct electromagnetic

66
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force on nucleus a. The total torque exerted on the set N of nuclei in
the molecule is given by

ΓN = ΓN,EM + Γint, (3.35)

where Γint =
〈
∑a∈N,b∈E ra× Fab

〉
is the torque exerted on the nuclei

by the set E of electrons, and Fab = −∇aV(|ra − rb|) is the operator
for the force on nucleus a due to electron b.

Let J = ∑a∈E Ja be the total electronic canonical angular momen-
tum, where Ja = La + Sa is the sum of the canonical orbital and spin
angular momenta of electron a. The rate of change of the expectation
value of J can be calculated using the Ehrenfest theorem:

d 〈J〉
dt

=
1
ih̄
〈[J, H]〉 . (3.36)

Simplifying the result by assuming that the applied B field is uniform,
working in the Coulomb gauge, and neglecting terms of second order
in A yields

d
dt
〈J〉 = −Γint − B× 〈µ〉 , (3.37)

and thus,

B̂ · d
dt
〈J〉 = −B̂ · Γint, (3.38)

where B̂ denotes the unit vector pointing in the direction of the B
field.





4
T H E E I N S T E I N - D E H A A S E F F E C T I N A N F E 1 5

C L U S T E R

In this chapter we describe the implementation of a non-colinear
TB model complete with the necessary features needed to capture
spin-lattice coupling in iron. The required features are: coupling of
the electrons to the lattice, coupling of the electron magnetic dipole
moment to an externally applied time-dependent magnetic field, cou-
pling between orbital and spin angular momentum through SOC and
vector Stoner exchange. Using this model we simulate the response
of an Fe15 cluster to a time varying magnetic field, and analyze the
torque on the nuclei due to the electrons. We find that in a slowly
rotating B field, orbital and spin angular momenta can reverse their
orientations, leading to a measurable torque on the cluster. We also
describe the qualitative features of the evolution of the spin and
angular momentum, and we demonstrate the enhancement of the
interaction torque on the nuclei as a result of SOC. Thus this work
documents a quantum mechanical model capable of simulating the
Einstein-de Haas effect in a ferromagnetic cluster and that reveals
the physical mechanisms which set the timescales causing this effect.

This chapter is structured as follows. Section 4.1 describes the method
used for the calculations. The results of the simulations are discussed
in section 4.2 and conclusions are drawn in section 4.3.

4.1 theory

4.1.1 The System

The Fe cluster studied in this work is Fe15, in the configuration
shown in Fig. 4.1. This cluster has been studied numerically in many
previous works [90–95]. The 15 atoms are positioned exactly as in a
subset of the BCC lattice, with the nearest-neighbor distance set to
2.49 Å to match that of bulk iron [90]. The atoms in the cluster are
held in position and are not allowed to move during the simulation.

The TB basis functions are atomic-like, cubic d orbitals, with sepa-
rate orbitals for up and down spins to form a non-collinear TB model.
The ten basis functions on each atom are denoted,

|dz2,↑〉 , |dxz,↑〉 , |dyz,↑〉 , |dxy,↑〉 , |dx2−y2,↑〉 ,
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1
2

3

Figure 4.1: The Fe15 cluster chosen for analysis in this work. The eight type-
2 atoms are the nearest neighbors of atom 1 and the six type-3
atoms are the next-to-nearest neighbors. The nearest-neighbor
distance is 2.49 Å.

|dz2,↓〉 , |dxz,↓〉 , |dyz,↓〉 , |dxy,↓〉 , |dx2−y2,↓〉 . (4.1)

The basis set does not include any s or p orbitals below the 3d shell or
any orbitals above it. We use the TB model of Liu et al. [96], hereafter
called the Oxford TB model. This model for Fe has 6.8 electrons in
the 3d shell. With 15 Fe atoms, the full Hamiltonian is a 150× 150
Hermitian matrix and the 150 MOs are occupied by 102 electrons.

The MOs |φn〉 are the eigenfunctions of the Hamiltonian and can be
expressed as linear combinations of the basis states |χασ〉, assumed
to be orthonormal, with expansion coefficients dnασ,

|φn〉 = ∑
ασ

dnασ |χασ〉 , (4.2)

where α runs over the spatial AOs on all atoms and σ is a spin index
taking the values up (↑) or down (↓).

4.1.2 The simulations

The B field produced by a fixed solenoid reverses its direction
when the current reverses, remaining parallel or anti-parallel to
the solenoidal axis but changing in magnitude. In our simulations,
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however, we chose to study a rotating B field of constant magnitude:
the B vector traces out a semicircle, from the south pole (−ẑ) to the
north pole (+ẑ) of a sphere.

There are three reasons we believe that this rotational path better
mimics the field experienced by a single magnetic domain in a
measurement of the EdH effect. (i) The magnetic field felt by a single
magnetic domain within a solid is not in general exactly aligned
with its magnetization axis due to the configuration of the other
surrounding domains. This symmetry-breaking mechanism is absent
when a field with fixed direction is applied to a single domain, the
magnetization of which is initially aligned with the applied field. (ii)
It is unlikely that the crystal lattice of any single magnetic domain
is aligned such that the initial and final fields are exactly parallel to
easy axes of the domain. (iii) The exchange energy is large for a small
cluster and scales with system size. For the Stoner moment to reverse
its direction in response to a B field that reverses along its axis, the
Stoner moment would have to pass through zero, overcoming a large
exchange energy barrier. We deem this scenario unlikely and believe
the spin stays large and rotates rather than passing through 〈S〉 = 0.

To perform the rotation from the south pole to the north pole of a
sphere, the B field is parametrized in spherical coordinates as

B = (−B sin θ, 0, −B cos θ), (4.3)

where θ = ωt, t is the elapsed time, ω = π/Tf , and Tf is the time at
which the simulation finishes. The magnitude B = |B| of the applied
magnetic field differs in different simulations. The B field is initially
in the −ẑ direction and gradually rotates by 180◦ in the xz plane.
The simulation is complete when B points in the +ẑ direction.

4.1.3 The Time Evolution Algorithm

The time evolution algorithm used for the simulations presented in
this chapter is identical to the method used in Chapter 3.

4.1.4 The Hamiltonian

To describe the Einstein-de Haas effect, the Hamiltonian must in-
clude: (i) coupling of electrons to an external time-dependent mag-
netic field; (ii) spin-orbit coupling; and (iii) Stoner exchange. In
electronic structure methods, Stoner exchange is often used in its
collinear form, but this is inappropriate for describing spin dynamics
as it breaks rotational symmetry in spin space [73]. We therefore use
a non-collinear exchange Hamiltonian.
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The Hamiltonian used in this chapter is the same as in Eq. (3.10) of
Chapter 3. We repeat its definition below for the reader’s convenience.
The full Hamiltonian may be partitioned as

H = H0 + HB + HSOC + Hex, (4.4)

where H0 is the basic tight-binding Hamiltonian given by the Oxford
model, HB is the interaction with the external field, HSOC describes
SOC, and Hex is the vector Stoner exchange term.

The Hamiltonian term that describes the interaction of a single
atom with an external magnetic field is

HB = −µ · B(t), (4.5)

where µ = −µB(L + 2S)/h̄ is the total magnetic moment operator,
µB is the Bohr magneton, S is the spin angular momentum operator,
and L is the orbital angular momentum operator about the nucleus
in the Coulomb gauge. This form may be justified by reference to the
Pauli equation. The magnetic Hamiltonian for the cluster is obtained
by summing atomic contributions:

HB = −∑
a

µa · B(t)

= −µB
h̄ ∑

a
Pa(L + 2S)Pa · B(t), (4.6)

where µa is the moment of atom a, and Pa is the projection operator
on to the basis of atomic-like orbitals on atom a.

The spin-orbit coupling term is of relativistic origin and can be
derived by application of the Foldy-Wouthuysen transformation to
the Dirac equation [70]. In the spherical potential of a single atom,
this gives

HSOC =
1

2m2
e c2

1
r

dV(t)
dr

L · S, (4.7)

where me is the mass of an electron, c is the speed of light, and V(t)
is the potential experienced by an electron due to the atomic nucleus
and the other electrons belonging to that atom within the central field
approximation. The radial part of the SOC matrix element between
two AOs in the same shell is a constant, ξ, and our TB model includes
only one shell of AOs per iron atom, so [81]

HSOC ≈
ξ

h̄2 L · S. (4.8)
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Since the gradient of the nuclear potential is largest very near to
the nucleus, the spin-orbit term can be assumed to couple atomic
orbitals on the same atom only. Adding similar terms for every atom
in the cluster yields the SOC Hamiltonian used in this work:

HSOC ≈
ξ

h̄2 ∑
a
(PaLPa) · (PaSPa). (4.9)

The Stoner exchange term, which is a mean-field approximation
to the many-body effect of exchange, is given by

Hex = −I ∑
a

ma · (PaσPa), (4.10)

where I is the Stoner parameter (which has units of energy),

ma(t) = 〈PaσPa〉 , (4.11)

and σ is the vector of Pauli matrices. The origin of the Stoner ex-
change term and the time-evolution algorithm applied to it are
described in more detail in [77].

4.1.5 Numerical Parameters

The TB model utilises experimentally and computationally derived
parameters. The SOC parameter is calculated to have the value ξ =
0.06 eV in Ref. [97]. All other TB parameters are taken from from the
Oxford model [96]. In the time evolution method, all simulations
begin at t = 0, end at a final time Tf = 10,000 a.u., and use a timestep
of δt = 1 a.u., which is approximately 24 as.

4.1.6 Computing Observables

The nuclei in our simulations are treated as classical particles subject
to classical forces, but the forces exerted on them by the electrons are
evaluated quantum mechanically using the time-dependent equiv-
alent of the Hellman-Feynman theorem [78, 79]. Let Ra denote the
position of the nucleus of atom a. The Hellman-Feynman theorem
states that the force exerted on the nucleus of atom a by the electrons
is given by

Fa = −tr(ρ∇aH), (4.12)
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where the density matrix is evaluated according to Eq. (3.15) and
∇a = ∂/∂Ra. The nuclei also experience a classical Lorentz force,

FEM
a = qa(va × Ba) + qaEa, (4.13)

where qa is the charge of nucleus a, Ba and Ea are the applied
magnetic and electric fields at the position of nucleus a, and va is the
velocity of nucleus a. The nuclei in our simulations are prevented
from moving, clamped in position by artificial externally applied
forces that oppose the forces from the electrons and external fields.

The classical nuclei experience both an interaction torque, Γint, due
to the quantum mechanical electrons, and a direct torque, ΓN,EM,
exerted by the applied electromagnetic field. The total torque acting
on the nuclei is the sum of these two contributions:

ΓN = ΓN,EM + Γint. (4.14)

The internal torque is calculated from the Hellman-Feynman forces
as

Γint(t) =∑
a

Ra × Fa(t), (4.15)

and the direct torque is given by

ΓN,EM = ∑
a∈N

Ra× FEM
a . (4.16)

The clamping forces exert equal and opposite torques, preventing the
cluster as a whole from rotating, although the angular momentum
of the electrons changes as the external field changes.

All other expectation values computed in this work are found by
taking the trace of the operator multiplied by the density matrix, for
example,

〈L〉 = tr(ρL), 〈S〉 = tr(ρS), 〈µ〉 = tr(ρµ). (4.17)

4.1.7 Ehrenfest Equations

The Ehrenfest equations of motion come in useful when interpreting
the simulation results. The algebra required for the Ehrenfest equa-
tion of motion for the total angular momentum operator, J = L + S,
is outlined in the appendix of Ref. [77]. The equation of motion for
L follows similarly to the equation for J and the equation of motion
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for S only receives contributions from the dipole coupling and SOC
Hamiltonian terms.

d 〈J〉
dt

=− Γint + 〈µ〉× B, (4.18)

d 〈L〉
dt

=− Γint −
µB
h̄
〈L〉× B +

ξ

ih̄3 〈[L, L · S]〉 , (4.19)

d 〈S〉
dt

=− 2
µB
h̄
〈S〉× B +

ξ

ih̄3 〈[S, L · S]〉 . (4.20)

4.1.8 Investigative Approach

A typical period of oscillation in an Einstein-de Haas experiment is
of order 1 s, but well-converged quantum mechanical simulations
require a time step of order 1 a.u. (2.4× 10−17 s). Since simulations
of only 100, 000 timesteps (2.4× 10−12 s) are achievable on consumer
hardware in a few hours, the necessary computations might seem
intractable at first glance. Fortunately, however, it is possible to sim-
ulate long enough to reach the quasi-adiabatic limit, beyond which
further increases in the duration of the simulation do not produce
qualitative differences in the results. For example, the total change
in angular momentum, calculated by integrating the torque through
a 180

◦ rotation of the applied magnetic field, becomes independent
of the duration of the simulation. The instantaneous torque tends
to zero as the duration increases, so we cannot work in the fully
adiabatic limit and assume that the wave function is the instan-
taneous ground state at all times, but the simulation results can
nevertheless be extrapolated to experimental time scales. To prove
that quasi-adiabatic timescales are attainable for the Fe15 system, we
first characterise the relevant physical time scales.

It is shown in the Appendix that the timescale associated with
precession of the magnetic moment in the applied magnetic field is

Tp ∼
2πh̄

∆E−µ·B
, (4.21)

where ∆E−µ·B is a typical spacing between energy levels of the
magnetic dipole Hamiltonian. For states with the same orbital angu-
lar momentum quantum number (ml) but different spin quantum
numbers (ms), the difference in ms will always be h̄. In this case,
∆E−µ·B = 2µBB, where we have assumed that the spins lie parallel
or antiparallel to B. For an experimentally realistic magnetic field
strength of 0.5 T,

Tp ∼ 7.1× 10−11 s. (4.22)
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Simulations of duration Tf much longer than Tp are quasi-adiabatic.
In more physical terms, the rotation rate of the magnetic field must
be slow compared to the Larmor precession frequency. Since the
Larmor frequency is inversely proportional to B, this time scale
increases as the magnitude of the B field decreases.

The adiabaticity timescale associated with the crystal structure of
the cluster is

Ts ∼
2πh̄

∆EH0

, (4.23)

where ∆EH0 , the difference in energy of eigenstates split by H0, takes
on values in the range 0.1 Ha to 0.01 Ha. Assuming ∆EH0 = 0.1 Ha
gives

Ts ∼ 1.5× 10−15 s. (4.24)

In atomic units, this is approximately 62.8 a u . States of different
orbital angular momenta are split by H0 while states with the same
spatial form but different spin are not, so this time scale affects states
with different values of 〈φi|L|φi〉, where |φi〉 is the i’th instantaneous
eigenstate. The value of 〈L〉 is able to follow the changes in the
applied field quasi-adiabatically provided the simulation duration
is greater than Ts. This timescale is much shorter than the timescale
associated with Larmor precession.

Although the precession timescale for a B field of 0.5 T, 7.1× 10−11 s,
is too long to simulate, it is possible to achieve quasi-adiabaticity
in a shorter time by applying an artificially large magnetic field.
Our approach will consider a range of B field strengths to confirm
the adiabatic timescales calculated above, and deduce trends in the
contributions to the torque as the limit of small B and large Tf is
approached.

4.2 results

To facilitate a gradual build up in the complexity of the effects
observed, the results section is split into two parts: Sec. 4.2.1 presents
results obtained in the absence of spin-orbit coupling; and Sec. 4.2.2
presents results with spin-orbit coupling. Sec. 4.2.3 examines how the
simulations are relevant to experiments. Sec. 4.2.4 ends the results
section with an analysis of the trends of the various contributions to
the torque as the experimental limit is approached.

The simulations without SOC used three different field strengths:
B = 500 T, B = 50 T, and B = 0.5 T. The results show the gradual
breakdown of the quasi-adiabatic rotation of the spin as the applied
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field is reduced. The simulations with SOC used B = 500 T only, as
these were unambiguously in the quasi-adiabatic limit and thus the
most relevant to experiment. Unless stated otherwise, the results
below are expressed in Hartree atomic units (a.u.).

4.2.1 Without spin-orbit coupling

The results shown in this section were all obtained in the absence
of SOC, i.e., with ξ = 0 eV. The effects of exchange and the interac-
tion with the magnetic field were included. The three simulations
considered have (i) B = 500 T, (ii) B = 50 T, and (iii) B = 0.5 T.

Plots of the components of the orbital and spin angular momenta
and the interaction torque during the B = 500 T simulation are
shown in Fig. 4.2. The initial angular momentum expectation val-
ues, 〈L〉 and 〈S〉, are evaluated in the MOs obtained by diagonaliz-
ing the initial Hamiltonian and are antiparallel to B, minimizing
〈−µ · B〉 = 〈−µB(L + 2S) · B/h̄〉. Hence, at the beginning of the sim-
ulation, when B̂ = −ẑ, the angular momenta are oriented in the +ẑ
direction. The angular momenta remain approximately antiparal-
lel to the field throughout the simulation, gradually rotating from
the +ẑ direction to the −ẑ direction as the field rotates from the
−ẑ direction to the +ẑ direction. This indicates that the electronic
wavefunction remains close to its instantaneous ground state and
hence that the simulation is quasi-adiabatic.

Although 〈S〉 remains approximately antiparallel to the field, it
also oscillates slightly with a period of approximately 3,000 a.u.. This
is the time scale associated with the Larmor precession of the spins:
the Larmor frequency, ωS = 2µBB/h̄, implies a period of oscillation
of 2πh̄

2µBB = 7.1× 10−14 s (2,954 a.u.).
From Eqs. (4.19) and (4.20), setting the spin orbit term to zero,

one can see that 〈S〉 can only undergo Larmor precession, whereas
d 〈L〉 /dt has contributions from a Larmor term plus the interaction
torque. Thus 〈L〉 is unable to precess since the interaction torque
causes a much greater torque than the Larmor precession term.

The torque exerted on the nuclei by the electrons, Γint is shown in
Fig. 4.2(b). The y component remains small throughout the simula-
tion; the x component changes from negative to positive as the field
rotates; and the time dependence of z component is shaped (approxi-
mately) like the first half of a sinusoidal cycle. If we were not holding
the atoms in place, the “torque impulse” ∆Lnuclei =

∫ Tf
0 Γint(t)dt

would equal the change in the angular momentum of the cluster of
classical nuclei during the simulation. The contributions from Γint,x
and Γint,y are much smaller than the contribution from Γint,z and
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(a)

(b)

Figure 4.2: Time-evolution of (a) angular momenta and (b) torque expec-
tation values as the magnetic field varies with time. The field
strength is B = 500 T and there is no SOC. The orbital angular
momentum remains almost perfectly anti-aligned with B. The
spin is approximately anti-aligned with B but with additional
oscillations due to Larmor precession about the B field. The x
and y components of the torque average to approximately 0 with
the non-zero averaged torque being due to the z component.
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integrate to zero in the quasi-adiabatic limit, so the cluster would
begin to spin about the z axis.

The effect of the direct electromagnetic torque acting on the nuclei
can be estimated from Eqs. (4.13) and (4.16) and by recalling that the
nuclear postions are fixed. This gives an estimate for the net change
in angular momentum of the cluster as ∆LN,EM ∼ eBr2x̂ where r
is the cluster radius. A field of 0.5 T and an approximate cluster
radius of 2.49 Å gives ∆LN,EM ∼ 4.7× 10−5 h̄x̂, which is negligible
compared to the typical integrated torque on the nuclei that arises
from the interaction torque.

Since 〈L〉 is mostly antiparallel to B, the torque contributed by
the −µB

h̄ 〈L〉× B precession term is small and Γint is dominated by

− d〈L〉
dt . This can be seen by comparing the graphs of 〈Lx〉 (t) and

Γint,x(t): since 〈Lx〉 (t) is shaped like the first half of a sine curve,
Γint,x(t) is shaped like minus the first half of a cosine curve. Similarly,
〈Lz〉 (t) is shaped like the first half of a cosine curve and Γint,z(t)
like the first half of a sine curve. These observations show that the
internal torque on the nuclei is a result of the transfer of orbital
angular momentum from the electrons to the nuclei. The transfer
could be seen as a manifestation of the Einstein-de Haas effect, but
for orbital angular momentum rather than spin (even in the absence
of spin-orbit coupling). The orbital part of the EdH torque arises
from the rotation of the orbital magnetic moment created by the
application of the field itself. In the absence of spin-orbit interactions,
although the spins rotate, they are decoupled from the lattice and do
not exert torques on the nuclei. The torque exerted by the rotating
applied field changes the spin angular momentum directly, with no
involvement of the lattice.

The results of the B = 50 T simulation are shown in Fig. 4.3.
The spin precession timescale of 2πh̄

2µBB = 7.1× 10−13 s (29,537 a.u.)
is 10 times greater than it is when B = 500 T, and is almost half
the duration of the simulation. The spin is unable to keep up with
the rotating magnetic field and the simulation ends without the
z component of the spin reversing its sign. Since the spin fails to
stay in its ground state, the behaviour of the spin is not quasi-
adiabatic at this magnetic field strength and rate of change. The
initial magnitude of the spin is determined mostly by the exchange
interaction and remains similar to the B = 500 T case, but the orbital
angular momentum 〈L〉 is reduced by a factor of 10. This explains
the reduction by about a factor of 10 in the torque applied to the
nuclei. The difference in the evolution of the spin has little qualitative
effect on the evolution of 〈L〉 and thus little qualitative effect on the
form of the torque.
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(a)

(b)

Figure 4.3: Time-evolution of (a) angular momenta and (b) torque expec-
tation values as the magnetic field varies with time. The field
strength is B = 50 T and there is no SOC. The orbital angular
momentum again remains approximately anti-aligned with B.
The spin fails to stay anti-aligned with B as the Larmor preces-
sion is too slow for this field strength, so that the simulation is
not adiabatic. The x and y components of the torque average to
approximately 0 with the non-zero averaged torque being due
to the z component.
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(a)

(b)

Figure 4.4: Time-evolution of (a) angular momenta and (b) torque expec-
tation values as the magnetic field varies with time. The field
strength is B = 0.5 T and there is no SOC. The orbital angular
momentum remains approximately anti-aligned with B. The
spin is almost completely unable to respond to the rotation of
the B as the Larmor precession period is greater than the simu-
lation duration. The x and y components of the torque average
to approximately 0 with the non-zero averaged torque being
due to the z component.

Fig. 4.4 shows the results for a realistic field strength of B = 0.5 T.
In this case the precession timescale is 2πh̄

2µBB = 7.1× 10−11 s (295,375 a.u.),
which is greater than the duration of the simulation. As a result,
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the evolution of 〈S〉 is far from adiabatic and the direction of the
spin is unable to follow the rotation of B. The crystal timescale (of
approximately 62.8 a.u.) is still much smaller than the timescale on
which the B field rotates, so the orbital angular momentum 〈L〉 is
able to stay anti-parallel to B.

4.2.2 With spin-orbit coupling

The results in this section include the effects of SOC, with the SOC
parameter ξ = 0.06 eV as is appropriate for iron. Fig. 4.5 shows the
results of a simulation with a B field of 500 T. The spin evolves
similarly to the corresponding simulation without SOC (fig. 4.2(a)).
The coupling of L and S has two main effects. The first is that the
initial magnitude of 〈L〉 is over twice as large as in the equivalent
simulation without SOC. This is because the L operator not only has
the B field acting on it, but is also coupled to the S operator, the
expectation value of which is large because the exchange interaction
is large. The second effect is that the oscillations due the Larmor
precession of the spin are also visible in the evolution of 〈L〉. In the
presence of spin-orbit coupling Eqs. (4.19) gives

Γint = −
d 〈L〉

dt
− µB

h̄
〈L〉× B +

ξ

ih̄3 〈[L, L · S]〉 . (4.25)

As a result, the Larmor oscillations are also present in the torque.
When averaged over the duration of the simulation, the magnitude
of the interaction torque is more than doubled in comparison with
fig. 4.2(b), due to SOC. When SOC is applied, it remains true that the
interaction torque is dominated by the first term in Eq. (4.25), − d〈L〉

dt ,
with the precession and SOC terms acting in opposite directions and
mostly cancelling each other out.

In the limit as B becomes very small, without SOC, 〈L〉 would also
become very small as B was the only vector that breaks symmetry
in the subspace of orbital angular momentum. When SOC is applied,
this is no longer true, since even for small B, the spin is large due
to exchange, which is now able to couple to the orbital angular
momentum, making the magnitude of the orbital angular momentum
independent of B for low B.

4.2.3 Relevance to experiments

Although adiabatic simulations at realistic field strengths are im-
practical, our quasi-adiabatic results allow us to deduce the main
qualitative features of the Einstein de Haas effect on experimental
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(a)

(b)

Figure 4.5: Time-evolution of (a) angular momenta and (b) torque expec-
tation values as the magnetic field varies with time. The field
strength is B = 500 T and the simulation is with SOC. The or-
bital angular momentum is larger than in the absence of SOC
and experiences additional oscillations due to its coupling to
S. The effect of Larmor precession is visible in the evolution of
the torque. The x and y components of the torque average to
approximately 0 with the non-zero averaged torque being due
to the z component.

time scales and for experimental field strengths. An experiment with
a field strength of B = 0.5 T would have a precession timescale of
47,014 a.u., much less than the period of the oscillatory field, which is
typically of order 1 s = 4.1× 1016 a.u.. It follows that the experimen-
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tal time evolution is also quasi-adiabatic and that our quasi-adiabatic
simulations access the same physics as the experiment. The spin
and orbital angular momentum are both able to follow the rotation
of the field and reverse their orientations as the field reverses. This
generates a measurable torque on the Fe15 nuclei. If the Fe15 cluster
were not held in place, this torque would cause it to start rotating.

4.2.4 Extrapolating the results to low B field

Having established the results of the individual simulations, we can
perform many such simulations to deduce trends as the magnitude
of B tends towards magnitudes of less than 1 T.

In these results we plot the results of many simulations for a range
of magnetic field strengths from B = 250 T to B = 0 T, at a fixed sim-
ulation duration of Tf = 150,000 a.u. For a sufficiently small B field,
we will see the simulation results fail to remain quasi-adiabatic, at
which point the results shown are no longer relevant to experiments.
If we suppose that the quasi-adiabatic breakdown occurs as the
simulation duration becomes smaller than the precession timescale,
then using Eq. (4.21) suggests that the breakdown should occur for
B field values less than approximately B ∼ 2πh̄

2µBTf
= 9.8 T. We then

evaluate the average of the z components of the torques acting on
the electrons over the duration of the simulation. Only the z compo-
nent of the torque-vectors are plotted, since the x and y components
are approximately zero when time-averaged. For an initial time of
t = 0 a.u., and a final simulation time of Tf , the average is defined
by

Avg(Γ) =
1
Tf

∫ Tf

0
Γ(t′)dt′, (4.26)

where Γ(t′) represents a torque term expressed as a function of
time. The figures presented in the next two sections show plots of
the averaged torques determined from the Ehrenfest equations of
motion in Eqs. (4.18)–(4.20).

As was done for the individual simulations, these results will be
introduced first by considering the trends of the averaged torques
in the absence of SOC, then the equivalent simulations are presented
with SOC.

4.2.4.1 Without spin-orbit coupling

The simulation results in the absence of SOC are shown in fig. 4.6.
Fig. 4.6(a) shows the averaged torque contributions affecting the
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(a)

(b)

(c)

Figure 4.6: The time-averaged torques entering the equations of motions
for (a) 〈L〉, (b) 〈S〉 and (c) 〈J〉, for a range of B field strengths
and with a fixed simulation duration of Tf = 150,000 a.u.. The
results in this figure are without SOC.

orbital angular momentum in Eq. (4.19), as a function of the magni-
tude of B. In the absence of SOC, all the torques in fig. 4.6(a) scale
linearly with B. The averaged interaction torque on the electrons
due to the nuclei, Avg(−Γint,z), and the magnetic dipole torque
Avg(−µB

h̄ (〈L〉× B)z) act in opposite directions. The small magni-
tude of the dipole torque can be understood as following from
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the fact that in a quasi-adiabatic simulation, 〈L〉 and B stay nearly
anti-parallel, leading to their cross-product being small.

Fig. 4.6(b) shows the torque contributions affecting the spin in
Eq. (4.20). Since the SOC contribution is zero, the other two terms,
Avg( d〈Sz〉

dt ) and Avg(−2 µB
h̄ (〈S〉× B)z) are equal. Thus the rotation

of 〈S〉 is caused solely by the magnetic dipole coupling of the spin
to the field. The averaged torque due to the dipole moment coupling
to the magnetic field acts in the −ẑ direction. This is the opposite
sign to the dipole coupling torque of 〈L〉. This difference is caused
by the interaction of the electrons with the lattice, which prevents
〈L〉 from precessing as it would if the lattice were absent. At low B
the quasi-adiabatic limit is reached and the torques reduce rapidly
as the spin becomes unable to respond to the rate of rotation of the
B field.

The third panel in fig. 4.6(c) shows the relative contributions of
the torques shown in the previous two panels to the total electronic
angular momentum. Since Avg( d〈Sz〉

dt ) is much greater than any of
the averaged torques related to the orbital angular momentum, the
spin dominates the change in the total electronic angular momentum,
despite being uncoupled to the interaction torque.

4.2.4.2 With spin-orbit coupling

The simulation results with SOC included are shown in fig. 4.7.
Fig. 4.7(a) shows the averaged orbital angular momentum contri-
butions to the torque. For values of B > 100 T, the averaged dipole
coupling torque and the averaged SOC torque are approximately
constant as B varies. This is because, the magnitude of 〈L〉 is mostly
caused by coupling to the large magnitude of 〈S〉 via SOC. The aver-
aged interaction torque increases with increasing B, which leads to
an increase in the overall orbital torque on the electrons, Avg( d〈Lz〉

dt ).
For values of B < 100 T, the breakdown of quasi-adiabaticity is
apparent, leading to a gradual increase in the torque due to the SOC
term, and then a rapid decrease in the torque for low values of B as
the quasi-adiabatic limit is reached.

Several qualitative differences are apparent when comparing fig. 4.7(a)
to its equivalent without SOC, fig. 4.6(a). In the presence of SOC,
Avg(−Γint,z) is many times larger than in its absence. For example,
at B = 100 T, the difference is a factor of approximately 15. Since
at low B, the magnitude of 〈L〉 is largely determined by SOC and
〈S〉 (which is large due to Stoner exchange), the torques affecting
the orbital angular momentum terms do not vary linearly with B.
In the case without SOC, we saw that −Γint,z and −µB

h̄ (〈L〉× B)z
acted in opposing directions. SOC encourages 〈L〉 to align with 〈S〉,
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(a)

(b)

(c)

Figure 4.7: The time-averaged torques entering the equations of motions for
(a) 〈L〉, (b) 〈S〉, (c) 〈J〉, for a range of B field strengths and with
a fixed simulation duration of Tf = 150,000 a.u.. The results in
this figure are with SOC.

which results in the sign of Avg(−µB
h̄ (〈L〉× B)z) matching the sign

of Avg(−2 µB
h̄ (〈S〉× B)z).

Fig. 4.7(b) shows the averaged torque contributions in the spin equa-
tion of motion. With SOC included, the average magnitude of d〈Sz〉

dt
is approximately the same as it is in the absence of SOC. The SOC
term is non-zero and takes the same sign as the magnetic dipole
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contribution to the change in spin angular momentum.

Fig. 4.7(c) shows the averaged torques from Eq. (4.18). The torque
contribution of Avg((〈µ〉× B)z) is mostly unchanged by the pres-
ence of SOC, but since Avg(−Γint,z) is greatly enhanced, then the
magnitude of Avg( d〈Jz〉

dt ) is increased in the presence of SOC.

4.3 conclusions

This chapter set out to investigate the quantum mechanical origins
of the Einstein-de Haas effect in a Fe15 cluster by means of sim-
ulation using a non-collinear TB model. It was demonstrated that
in a slowly rotating B field, orbital and spin angular momenta can
reverse their orientations, leading to a measurable torque on the
cluster. Despite the computational challenge of reaching physically
realistic timescales for the simulation, the qualitative features of the
evolution can be extrapolated by use of the adiabatic theorem. By
analysing the trends of the torque contributions as B becomes small,
it has been verified that SOC greatly enhances the interaction torque
on the Fe15 cluster due to coupling to the Stoner exchange-induced
spin moment. The enhancement due to SOC is especially pronounced
for low magnetic field strengths. This work demonstrated a quantum
mechanical model capable of simulating the Einstein-de Haas effect
in a ferromagnetic cluster and revealed the physical mechanisms
which drive the timescales causing this effect.

The tight-binding model employed in this work is not gauge in-
variant, thus a significant improvement would be to use London
Orbitals [98] to remove any arbitrariness arising from the choice of
gauge. Experimentally it would be valuable to visualise the rotation
of the spin of a single ferromagnetic domain in order to confirm or
deny whether the spin passes through 〈S〉 = 0, or whether it follows
a path closer to a rotation through an arc of a circle. One speculative
application of this work is that it may be used to derive a macro-
scopic description of spin-lattice coupling effects using the formalism
of molecular dynamics, which would make the spin-lattice dynamics
of much larger systems tractable and relevant to engineering and
industrial applications.
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4.a the adiabatic theorem specialized to the einstein-
de haas effect

This appendix shows how the adiabatic theorem may be manipu-
lated into a form which enables one to calculate the timescales for
transitions between diabatic and adiabatic behaviour. A variety of
proofs of the adiabatic theorem exist in the literature [99–101], here
we follow the approach of Griffiths [102].

Instantaneous eigenstates of the time-evolving Hamiltonian are
defined by,

H(t, ma(t)) |ψn(t)〉 = En(t) |ψn(t)〉 n = 1, 2, . . . (4.27)

These eigenstates are not solutions of the time-dependent Schrödinger
equation in general.

For a solution of the Schrödinger equation, |Ψ(t)〉, consider a
wavefunction which begins its evolution at t = 0 in an energy
eigenstate,

|Ψ(0)〉 = |ψm(0)〉 . (4.28)

Expanding the wavefunction as a linear superposition of instanta-
neous energy eigenstates gives,

|Ψ(t)〉 = ∑
n

cn(t) |ψn(t)〉 . (4.29)

Substituting this in to the Schrödinger equation, and left-multiplying
by 〈ψm(t)| yields

ih̄ċm =

(
Em(t)− ih̄ 〈ψm|ψ̇m〉

)
cm − ih̄ ∑

n 6=m
〈ψm|ψ̇n〉 cn. (4.30)

Taking the time derivative of the instantaneous eigenstates as
defined in Eq. (4.27) informs us that for m 6= n

〈ψm|ψ̇n(t)〉 =
(Ḣ)mn

En − Em
, (4.31)
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where (Ḣ)mn = 〈ψm|Ḣ|ψn〉. Thus Eq. (4.30) can be rewritten as

ih̄ċm =

(
Em(t)− ih̄ 〈ψm|ψ̇m〉

)
cm − ih̄ ∑

n 6=m

(Ḣ)mn

En − Em
cn. (4.32)

For the system to remain in the ground state throughout the evo-
lution, the coupling term must be small in order for the expansion
coefficients of higher instantaneous energy eigenstates not to become
significant. Thus the criterion for the quantum adiabatic approxi-
mation which must be satisfied for the system to remain adiabatic
is: ∣∣∣∣ (Ḣ)mn

En − Em

∣∣∣∣� 1 ∀ n 6= m. (4.33)

The couplings can be split into two main categories depending on
the magnitude of the splitting |En − Em|. The smallest differences in
energy come from states which are split by −µ · B, which yields the
condition

Tf >
2πh̄

∆E−µ·B
, (4.34)

where Tf is the duration of the simulation, and the larger splittings
due to H0 which lead to a separate timescale,

Tf >
2πh̄

∆EH0

. (4.35)
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5
G AU G E I N VA R I A N C E I N T I G H T B I N D I N G

In this chapter we develop the concept of London orbitals and show
how they are used to derive gauge invariant tight binding Hamilto-
nians appropriate for use with time-dependent magnetic fields. The
topic is introduced by first considering how gauge transformations
modify wavefunctions, and by deriving the Pauli Hamiltonian in
the Coulomb gauge. We then motivate the introduction of London
orbitals by considering how atomic wavefunctions are modified by
the presence of a time-dependent magnetic field. Next we find the
Peierls substitution for matrix elements of the Hamiltonian operator,
and generalize the result to treat general positions for the gauge
origin and Faraday origin.

5.1 gauge transformations

Suppose that ψ(r, t) is a solution of the time-dependent Schrödinger
equation(

ih̄
∂

∂t
− H[A, φ]

)
ψ(r, t) = 0, (5.1)

where

H[A, φ] =
1

2m
(−ih̄∇− qA(r, t))2 − q

m
B(r, t) · S + qφV + qφ(r, t),

(5.2)

is a one-electron Hamiltonian with externally applied vector and
scalar potentials A(r, t) and φ(r, t). Multiplying through by a factor
eiqχ(r,t)/h̄ gives

eiqχ(r,t)/h̄(ih̄dt − H[A, φ])ψ = 0. (5.3)

The phase factor can be moved past the time and space derivatives
in H[A, φ] using the operator identities

eiqχ/h̄(ih̄dt) =(ih̄dt + q[dtχ])eiqχ/h̄

eiqχ/h̄(−ih̄∇− qA) =(−ih̄∇− q[A +∇χ])eiqχ/h̄ (5.4)
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where the convention is that differential operators such as dt and ∇
do not act past closing square brackets.

From the operator identities from Eq. (5.4) we have

eiqχ(r,t)/h̄(ih̄dt − H[A, φ]) = (ih̄dt − H[A +∇χ, φ− dtχ])eiqχ(r,t)/h̄.
(5.5)

Note that the −dtχ placed in the same argument as the scalar po-
tential was generated by commuting past the ih̄dt operator, not the
scalar potential or any other part of H. Let us define the local unitary
operator associated with the gauge transformation,

Uχ(r, t) ≡ eiqχ(r,t)/h̄ (5.6)

Multiplying from the left on both sides by U†
χ = e−iqχ(r,t)/h̄ gives the

operator identity

ih̄dt − H[A, φ] = U†
χ(ih̄dt − H[A +∇χ, φ− dtχ])Uχ. (5.7)

Eq. (5.5), applied to a wavefunction, ψ(r, t), gives

(ih̄dt − H[A +∇χ, φ− dtχ])eiqχ(r,t)/h̄ψ = 0. (5.8)

Thus, if a ψ(r, t) is a solution of the time-dependent Schrödinger
equation with scalar potential φ(r, t) and vector potential A(r, t), the
rephased state ψ̃(r, t) ≡ Uχψ(r, t) is a solution with scalar potential
φ̃(r, t) = φ(r, t)− ∂tχ(r, t) and vector potential Ã(r, t) = A(r, t) +∇χ(r, t).

Eq. (5.7) states that the operator ih̄dt − H is gauge invariant: if you
perform a gauge transformation

A→Ã = A +∇χ,
φ→φ̃ = φ− ∂tχ, (5.9)

and apply the unitary transformation Uχ, the operator ih̄dt − H
remains unchanged. Note that if χ(r, t) is time-dependent, then it is
the combination ih̄dt−H that is gauge invariant, not the Hamiltonian
H on its own.

To summarize, a gauge transformation consists of the following
modifications

A(r, t)→Ã(r, t) = A(r, t) +∇χ(r, t),
φ(r, t)→φ̃(r, t) = φ(r, t)− ∂tχ(r, t),

ψ(r, t)→ψ̃(r, t) = eiqχ(r,t)/h̄ψ(r, t) = Uχ(r, t)ψ(r, t). (5.10)
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When this transformation is applied, the time-dependent Schrödinger
equation(

ih̄
∂

∂t
− 1

2m
(−ih̄∇− qA(r, t))2 − q

m
B(r, t) · S + qφ(r, t)

)
ψ = 0

(5.11)

turns into an equation in terms of the transformed variables with
exactly the same form(

ih̄
∂

∂t
− 1

2m
(−ih̄∇− qÃ(r, t))2 − q

m
B(r, t) · S + qφ̃(r, t)

)
ψ̃ = 0.

(5.12)

5.1.1 Canonical and Kinetic Momenta

In Hamiltonian mechanics it is possible for the canonical momentum,
defined as the conjugate variable of position to differ from the kinetic
momentum, which represents the momentum associated with the
kinetic velocity of a particle.

In classical mechanics, the canonical momentum, p, conjugate to
the position variable r for a Lagrangian L, is given by

p =
∂L
∂ṙ

. (5.13)

When making the transition to quantum mechanics, the canonical
momentum vector, p, is substituted by an operator −ih̄∇ in the
Hamiltonian.

The kinetic momentum, π, is given by

π = m
dr
dt

. (5.14)

One signifiant difference between the two types of momenta is that
the kinetic momentum’s expectation value is a measurable variable,
thus the kinetic momentum is a gauge-invariant quantity. By contrast,
the canonical momentum depends explicitly on the choice of gauge.

5.1.2 The Gauge Origin

When performing our simulations we seek to describe the dynamics
of electrons in the presence of a time dependent spatially uniform
magnetic field. Doing so often requires working with the vector
potential, so we must find the vector potential that describes the
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scenario of a time dependent spatially uniform magnetic field. The
magnetic field is related to the vector potential by

B(t) = ∇× A(r, t). (5.15)

Inverting the curl operator is not a simple task, instead we can note
that the form

A(r, t) =
1
2

B(t)× (r− Rg) (5.16)

where the quantity Rg is known as the gauge origin, solves Eq. (5.15)
correctly, and also satisfies the Coulomb gauge condition ∇ · A = 0.
Consider making a change in the gauge origin by a vector δ

Rg → R′g = Rg + δ,

=⇒ A(r, t)→ A′(r, t) =
1
2

B(t)× (r− R′g)

=
1
2

B(t)× (r− Rg)−
1
2

B(t)× δ

= A(r, t)− 1
2

B(t)× δ. (5.17)

We can compare this change with the change in the vector potential
that results from a gauge transformation. In a gauge transformation,
the EM potentials transform as,

A(r, t)→Ã(r, t) = A(r, t) +∇χ(r, t),
φ(r, t)→φ̃(r, t) = φ(r, t)− ∂tχ(r, t). (5.18)

Comparing Eqs. (5.17) and (5.18) gives,

∇χ(r, t) = −1
2

B(t)× δ, (5.19)

thus,

Λ(r, t) = −1
2

r · B× δ + const. (5.20)

The integration constant may be set to zero, since we are free to
choose A(RI , t), provided it reproduces the gauge transformation
that we want. Thus the gauge origin that appears in the expression
for A(r, t) is a gauge-dependent constant.
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To be consistent with the gauge in φ and A, we must also gauge
transform φ,

φ′(RI , t) = φ(RI , t)− (−1
2

RI · Ḃ× δ)

= φ(RI , t) +
1
2

RI · Ḃ× δ. (5.21)

This shows that when making a change of gauge origin, in order to
maintain the same physics, φ must also be adjusted accordingly.

5.1.3 The Faraday Origin

We choose to work with a uniform time-dependent magnetic field
B(t). In the Coulomb gauge we have

A(r, t) =
1
2

B(t)× (r− Rg),

φ(r, t) = 0, (5.22)

where Rg is the gauge origin. It is simple to verify that

∇× A(r, t) =B(t) (5.23)

and that the Coulomb gauge condition ∇ · A = 0 is satisfied. The
position of the gauge origin can be seen to depend on the choice of
the gauge function χ(r, t) by looking at Eq. (5.10)

The electric field

E(r, t) =−∇φ− ∂t A

=− 1
2

Ḃ(t)× (r− Rg) (5.24)

is non-zero because of Faraday’s law, ∇× E = −∂tB. The Faraday
electric field circles the line through the gauge origin parallel to B(t)
and increases in value as the distance from that line increases.

The Faraday electric field circle could be made to circle the line
parallel to Ḃ(t) through another origin, RF, by setting φ(r, t) =
−[ 1

2 Ḃ(t)× (RF − Rg)] · r instead of φ(r, t) = 0. With this modifica-
tion we find

E(r, t) =−∇φ− ∂t A

=− 1
2

Ḃ(t)× (r− RF). (5.25)
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The location of the Faraday origin is independent of the location of
the gauge origin and is a matter of physics, not mathematics, since it
changes the point about which the Faraday electric field circulates.
Inside a solenoid, for example, the Faraday origin lies at the centre
of the coil by symmetry.

5.2 small applied fields

In this section we consider the maximum values of B and ∂t that
allow us to treat the applied time-dependent but spatially uniform
magnetic field as small.

Consider describing the wavefunction in the presence of a uniform
externally applied magnetic field, B(r, t). The standard form of the
Pauli Hamiltonian is given by

H(t) =
1

2m
(p− qA(r, t))2 − q

m
B(r, t) · S + qφ(r, t). (5.26)

where m is the electron mass, q is the electronic charge, p = −ih̄∇ is
the canonical momentum operator, A(r, t) and φ(r, t) are the scalar
and vector potentials respectively, B(r, t) is the applied magnetic
field and S is the spin operator. In the Coulomb gauge, with a
spatially uniform B field and with the gauge and Faraday origins
centered on the coordinate origin, the vector and scalar potentials
are given by

A(r, t) =
1
2

B(t)× r,

φ(r, t) =0. (5.27)

From the form of the vector potential in Eq. (5.27), we see that the
vector potential can become arbitrarily large far from the origin, even
when the applied field is small. Electronic structure methods that
employ a basis based on linear combination of atomic orbitals (LCAO)
and plane wave methods typically employ a finite basis set, whose
accuracy relies on the assumption that the wavefunction can be
represented to a required degree of accuracy by the low energy
atomic orbitals. Since the atomic orbitals are derived in the absence
of external electromagnetic fields, in which kinetic energy terms take
the form

1
2m

p2, (5.28)

it makes sense that in the absence of electromagnetic fields, the
atomic orbitals are able to describe the wavefunction and the assump-
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tion is often successful. When dealing with Hamiltonians involving
externally applied electromagnetic fields, in which the kinetic energy
has the form

1
2m

(−ih̄∇− qA(r, t))2, (5.29)

it is not obvious that the atomic orbitals will still accurately describe
the wavefunction, especially when considering that A(r, t) can be
arbitrarily large far from the coordinate origin.

If one wishes to keep using methods based on LCAO, the sensible
question to ask is, when is the perturbation caused by A(r, t) small
enough to describe the low-lying eigenfunctions of the Hamiltonian
successfully?

Consider an atom located at the origin of the coordinate system.
The wavefunction is negligible when r is larger than a few a0, assum-
ing that the applied field is not strong enough to rip away the electron
from its orbit. If the magnitude of the magnetic field, B, is small
enough to ensure that the matrix elements of p− qA = −ih̄∇− qA
are similar to the corresponding matrix elements of p = −ih̄∇, then
we can regard the vector potential as a small perturbation. The Bohr
radius is

a0 =
4πε0h̄2

me2 ≈ 0.53× 10−10 m. (5.30)

Any matrix element of p = −ih̄∇ between orbitals of size a0 is of
order h̄/a0 and any matrix element of qA = q

2 B× r is of order eBa0,
so for the low-lying atomic orbitals to provide a good description of
the wavefunction, we require

h̄
a0
�eBa0 =⇒ B� h̄

ea2
0
≈ 2.3× 105 T. (5.31)

In typical laboratory experiments involving molecules, this is an easy
requirement to satisfy (it may need revisiting in certain astronomical
settings).

The same result can also be obtained by insisting that the magni-
tude of the expectation value of the −2qA · p/m = −q(B× r) · p/m
term in the Hamiltonian be much less than the Hartree energy, Eh,

Eh =
e2

4πε0a0
=

h̄2

ma2
0
≈ 27.2 eV, (5.32)
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which also gives

eBa0

(
h̄
a0

)
1
m
� h̄2

ma2
0

=⇒ B� h̄
ea2

0
≈ 2.3× 105 T. (5.33)

This result indicates that when the gauge and Faraday origins are
at the coordinate origin, conventional atomic orbitals provide an
adequate description of the electrons on an atom, provided that the
B field is not too large and the atom is also located at the coordinate
origin.

5.2.1 Constraint on the rate of change of the magnetic field

The Maxwell equation

∇× E = −∂B
∂t

, (5.34)

informs us that a time-varying magnetic field creates a Faraday
electric field. The Faraday electric field may be large if Ḃ = ∂tB
is large. The work done by moving an electron across an atom
through the Faraday field should be much smaller than the energy
level spacing, which imposes a constraint on Ḃ since we require
eEFaradaya0 � Eh.

This is not necessarily easy to guarantee because the Faraday
field, EFaraday = −∇φ− ∂t A = − 1

2 Ḃ× r varies with position. If we
choose the Faraday origin to be within the sample of radius RS, the
maximum value of EFaraday within the sample is of order ḂRS. The
maximum allowed value of Ḃ is therefore smaller in larger samples.
If Ḃ is too large, the Faraday field will cause electrical breakdown.

Rewriting the constraint eEFaradaya0 � Eh in terms of Ḃ gives

eḂRSa0 �
e2

4πε0a0
=⇒ ea2

0Ḃ� e2

4πε0RS
. (5.35)

To within a constant factor of order unity, a2
0Ḃ is the EMF induced

around a loop of radius a0. Eq. (5.35) therefore says that the work
done by the Faraday field on an electron making one orbit of an
atom must be much less than the Coulomb energy of interaction
between two electrons a distance RS apart. If we consider a sample
of radius RS = 1 mm, Eq. (5.35) gives

Ḃ� 5.1× 1014 Ts−1, (5.36)

which is not a difficult constraint to satisfy.
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5.3 the hamiltonian in the coulomb gauge

When working in the Coulomb gauge, the Hamiltonian can be rewrit-
ten in a way that appears more physically transparent. Expanding
the (p− qA)2 term gives

(p− qA)2 =p2 − qp · A− qA · p + q2A2

=p2 − 2qA · p + q2A2 − q[−ih̄∇ · A]

=p2 − 2qA · p + q2A2. (5.37)

where we used the Coulomb gauge condition ∇ · A = 0. If we
work in the Coulomb gauge and assume that the B field is spatially
uniform, then

A(r, t) =
1
2

B(t)× (r− Rg),

φ(r, t) =0, (5.38)

where Rg is an arbitrary fixed "gauge origin". It is often fixed to the
origin to the coordinate system, but this is not necessary. It is easy to
verify that

∇× A(r, t) = B(t) (5.39)

and that the Coulomb gauge condition ∇ · A = 0 is satisfied. Sub-
stituting the expression for A from Eq. (5.38) into the kinetic energy
term then gives

p2−2qA · p + q2A2

=p2 − q(B× (r− Rg)) · p +
q2

4
(B× (r− Rg)) · (B× (r− Rg))

=p2 − qB · ((r− Rg)× p) +
q2

4
B · ((r− Rg)× (B× (r− Rg)))

=p2 − qB · Lg +
q2

4
(B2r2

g − (B · rg)
2), (5.40)

where Lg = (r− Rg)× p is the orbital angular momentum operator
about the gauge origin and rg = r − Rg is the position relative to
the gauge origin. The Hamiltonian H can therefore be written in the
form

H =
p2

2m
− q

2m
B(t) · (Lg + 2S) +

q2

8m
B2r2

g⊥ + qφV + qφ, (5.41)
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where rg⊥ is the component of r− Rg perpendicular to B. Remem-
bering that q = −e, V = qφV = −eφV , and introducing the Bohr
magneton µB = h̄|q|/2m = h̄e/2m, this becomes the standard Hamil-
tonian given in most magnetism text books

H =
p2

2m
+

µB
h̄

B · (Lg + 2S) +
e2B2

8m
r2

g⊥ + V − eφ. (5.42)

It is important to remember that (5.42) is valid in the Coulomb gauge
only. Since the p2 and Lg = (r− Rg)× p terms involve the canonical
momentum operator, p, which is not gauge invariant, this form
cannot be used in other gauges. It is possible of course to apply a
gauge transformation and take a proper account of the change in
p, but the gauge-transformed Hamiltonian would no longer take
same the form as in Eq. (5.42). Before attempting to make a gauge
transformation that takes you from the Coulomb gauge to another
gauge, one should first return to Eq. (5.2), which is valid in all
gauges.

The Coulomb gauge will be employed throughout the remainder
of this chapter.

5.4 wavefunctions on atoms in applied magnetic fields

Consider an isolated atom located at the origin of the coordinate
system and subject to a time-dependent uniform magnetic field. The
Hamiltonian is

H =
1

2m
(−ih̄∇− qA(r, t))2 − q

m
B(t) · S + qφV(r) + qφ(r, t).

(5.43)

We choose to work in the Coulomb gauge, with the gauge and
Faraday origins located at the coordinate origin, such that

A(r, t) = A0(r, t) =
1
2

B(t)× r, φ(r, t) = φ0(r, t) = 0,

(5.44)

where the 0 superscript indicates the location of the gauge origin.
We write the time-dependent solution of the Schrödinger equation
in this gauge as ψ0

0(r, t), where the 0 superscript denotes the location
of the gauge origin and the 0 subscript denotes the position of the
nucleus.

In section 5.2 we argued that the strongly-bound low-energy solu-
tions of the time-dependent Schrödinger equation are only weakly
affected by time-dependent magnetic fields under realistic laboratory
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conditions. As long as we consider time-dependent states that are
localized close to the coordinate origin and remain there, we can
treat the terms in the Hamiltonian arising from the applied field as
small (even though A is not small far from the nucleus). In this case
working in a basis of field-free atomic or atomic-like orbitals is a
sensible thing to do.

Suppose that the atom is moved to a point R, which is far from
the combined coordinate, Faraday and gauge origin. The distance
moved must be small enough to keep the Faraday electric field small
near R, but we showed in Eq. (5.33) that this is a weak constraint,
and that R can be a macroscopic distance under realistic laboratory
conditions. The time-dependent wavefunction on the atom at R is
denoted by ψ0

R(r, t). The superscript remains as 0 as the gauge origin
is still at the coordinate origin.

Since the position vector r is now large near the new position of the
nucleus, the vector potential 1

2 B(t)× r is also large and can no longer
be considered as a small perturbation. This might initially appear
strange, since the atom at R experiences the same magnetic field as
the atom at the origin, R = 0. The Faraday electric field at R differs
from the electric field at the origin, but it is small as demonstrated in
Eq. (5.33). We would therefore expect the physical state of the atom
to be almost unchanged by the move of the nucleus from the origin
to R. The difficulty is that this is not apparent from the form of the
Hamiltonian, which has a much larger vector potential A(r, t) far
from the coordinate origin.

One way to show that the perturbation caused by the magnetic
field is still small is to apply a gauge transformation that moves
the gauge origin from the coordinate origin to the position of the
nucleus, R. This gauge transformation can be brought about by the
gauge function χR(r, t) = − 1

2(B(t)× R) · r, under which

A0 →AR = A0 +∇χR =
1
2

B× (r− R),

φ0 →φR = φ0 − ∂tχ
R =

1
2
(Ḃ× R) · r,

ψ0
R →ψR

R = URψ0
R. (5.45)

where

UR ≡ eiqχR(r,t)/h̄ = e−
iq
2h̄ (B(t)×R)·r. (5.46)

Note that we could equally well have written χR as− 1
2(B× R) · (r− R)

and φR as 1
2(Ḃ× R) · (r − R), making the sizes of these functions

and the role of the gauge origin clearer.
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It can be verified that the change of gauge produces vector and
scalar potentials that reproduce the original Faraday field

−∇φR − ∂t AR = −1
2

Ḃ× R− 1
2

Ḃ× (r− R) = −1
2

Ḃ× r = EFaraday,

(5.47)

and the magnetic field

∇× AR = ∇×
(

1
2

B× (r− R)

)
= B. (5.48)

The center of the vector potential has been shifted to R, so it is
small everywhere within a few a0 of the nucleus at R. The scalar po-
tential which has a magnitude | 12(Ḃ× R) · (r− R)| is of order ḂRa0,
which is small if ḂRSa0 is small and hence is small if the Faraday
electric field is small throughout the sample. We have already shown
that this is satisfied, even for atoms far from the coordinate origin.

Since the gauge-transformed Hamiltonian experienced by the atom
at R is almost the same as the original (untransformed) Hamilto-
nian experienced by the atom at the origin, the gauge-transformed
wavefunction ψR

R(r, t) on the atom at R is not very different from a
translated version of the untransformed wavefunction ψ0

0(r, t) on the
atom at the origin

ψR
R(r, t) ≈ ψ0

0(r− R, t). (5.49)

Inverting the gauge transformation gives an approximate relation
between the wavefunction on the atom at R and the wavefunction
on the atom at the origin

ψ0
R(r, t) = UR†ψR

R(r, t) ≈ UR†ψ0
0(r− R, t). (5.50)

In this equation, ψ0
R(r, t) is the wavefunction on the atom at R ex-

pressed in the Coulomb gauge with the gauge and Faraday origins
coincident with the coordinate origin.

The variation of the phase factor qχR(r, t)/h̄ across the atom is
of order eBRa0/h̄. In order to be able to treat the applied field as
a small perturbation, we have already insisted that eBa0 � h̄/a0,
implying that

eBRa0

h̄
� R

a0
, (5.51)

but R/a0 can still be very large. This informs us that the wavefunction
on the atom at R differs substantially from a translated version of
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the wavefunction on the atom at the origin. Fortunately, we now
have a good basis for understanding how it differs, and thus how to
engineer a basis set capable of representing it.

5.5 london orbitals

We have seen that to describe the low energy orbitals on an atom
located at the gauge origin, R = 0, it is sensible to use a standard
tight binding basis of atomic-like orbitals, u0,i(r). We found in sec-
tion 5.4, that when a magnetic field is applied, the wavefunctions on
the atom at R includes an additional rapidly varying phase factor

ψ0
R(r, t) ≈ UR†ψ0

0(r− R, t), (5.52)

where UR = eiqχR(r,t)/h̄ and χR(r, t) = − 1
2(B(t)× R) · r. Thus when

describing the low energy orbitals on an atom at R in tight binding,
it makes sense to use basis functions of the form

uL
R,i(r, t) = UR†uR,i(r), (5.53)

where

uR,i(r) = u0,i(r− R) (5.54)

is a standard atomic-like basis function, translated from the origin.
The London orbitals, represented by uL

R,i(r, t) depend on time if the
applied magnetic field depends on time. Using London orbitals, it
is impossible to make all of the tight binding basis functions time-
independent.

To understand the London orbitals it is important to note that
Eq. (5.53) is not a gauge transformation, which can be seen from the
fact that the operator applied to the standard basis function depends
on the position of each atom of the cluster, which is indexed by R.
For Eq. (5.53) to be a gauge transformation, the same transforma-
tion would have to be applied to every basis function. The proper
interpretation of the London orbitals defined in Eq. (5.53) is as a
definition for a set of local basis functions adapted to accurately
represent the low energy solutions of the Schrödinger equation in
one specific gauge: the Coulomb gauge in which the gauge and
Faraday origins are both located at the coordinate origin.
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5.6 matrix elements of gauge-covariant operators be-
tween london orbitals

In this section we show how to evaluate the matrix elements of
gauge-covariant operators between London orbitals. Since all phys-
ical operators are necessarily gauge covariant, these are the only
matrix elements we will need. All gauge-covariant operators can be
expressed in the form O(r, p− qA, ih̄∂t − qφ), where the time and
space derivatives are written as the corresponding gauge-covariant
derivative in order to transform correctly under a gauge transforma-
tion.

We begin by working in the Coulomb gauge with the gauge and
Faraday origins at the coordinate origin, so that the components of
the four-potential are

A(r, t) =A0(r, t) =
1
2

B(t)× r,

φ(r, t) =φ0(r, t) = 0. (5.55)

To simplify the notation, we define

OR = O(r, p− qAR, ih̄∂t − qφR), (5.56)

where

AR(r, t) =
1
2

B(t)× (r− R),

φR(r, t) =
1
2
(Ḃ× R) · (r− R), (5.57)

are the vector and scalar potentials in the Coulomb gauge with the
gauge origin at position R respectively.

The matrix element we want to evaluate is

OL
R′,j;R,i = 〈u

L
R′,j|O(r, p− qA0, ih̄∂t − qφ0) |uL

R,i〉

= 〈uR′,j|UR′O(r, p− qA0, ih̄∂t − qφ0)UR† |uR,i〉

= 〈uR′,j|UR′O0UR† |uR,i〉 . (5.58)

The scalar potential φ is included to clarify the algebra, even though
it evaluates to 0.

UR commutes past the gauge-covariant derivatives as

(ih̄∂t − qφ0)UR† =UR†(ih̄∂t − qφR),

(ih̄∇− qA0)UR† =UR†(ih̄∇− qAR), (5.59)
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which can be seen by considering the defitions of UR† = e−iqχR/h̄

and χR. Using the commutation of UR in Eq. (5.58), we find

OL
R′,j;R,i = 〈uR′,j|UR′UR†OR |uR,i〉

= 〈uR′,j| eiq(χR′−χR)/h̄OR |uR,i〉 . (5.60)

Commuting UR′UR† to the right by a similar argument gives the
alternative expression

OL
R′,j;R,i = 〈uR′,j|OR′UR′UR† |uR,i〉

= 〈uR′,j|OR′eiq(χR′−χR)/h̄ |uR,i〉 . (5.61)

Since the basis functions are localised around their atoms, R′ and R
must be within a few a0 of eachother for the matrix element not to
be negligible. Thus, the phase factor

q(χR′ − χR)/h̄ =
q

2h̄
(B× (R− R′)) · r (5.62)

is of order eBa0R/h̄. This cannot be ignored, but it can be split in
to a large contribution independent of r, and a smaller contribution
which does depend on r, as follows

q
2h̄

(B× (R− R′)) · r = q
2h̄

(B× r) · (R′ − R)

=
q

2h̄
(B× R̄) · (R′ − R) +

q
2h̄

(B× (r− R̄)) · (R′ − R)

(5.63)

where R̄ = 1
2(R + R′) is the mid-point of the bond between the

atoms at R and R′. The second term of Eq. (5.63) is in general much
smaller than the first, as the mid-point of the bond, R̄, may be located
far from the coordinate origin, whereas the quantity (r − R̄) will
generally be small since the electrons involved in the calculation for
the matrix elements between the two atoms will tend to be located
near to the midpoint of the pair of atoms involved in the bond.

Recalling that A0(r, t) = 1
2 B(t)× r, the large contribution to the

phase in Eq. (5.63) can be thought of as a finite-difference estimate
of the integral of A0(r, t) from R to R′, since

q
2h̄

(B× R̄) · (R′ − R) =
q
h̄

A0(R̄, t) · (R′ − R)

≈ q
h̄

∫ R′

R
A0(r, t) · dr. (5.64)
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This form of the phase factor often appears in the literature, but since
∇× A0 6= 0 the integral is path dependent, making the integral
expression more ambiguous than the finite-difference version.

The notation can be simplified further by writing the small contri-
bution as ∆R′,R, where

∆R′,R(r) =
q

2h̄
(B× (r− R̄)) · (R′ − R), (5.65)

the matrix element of O becomes

OL
R′,j;R,i =e

iq
2h̄ (B×R̄)·(R′−R) 〈uR′,j| ei∆R′ ,R(r)OR |uR,i〉 , (5.66)

or

OL
R′,j;R,i =e

iq
2h̄ (B×R̄)·(R′−R) 〈uR′,j|OR′ei∆R′ ,R(r) |uR,i〉 . (5.67)

Both expressions for OL
R′,j;R,i are retained as these expressions will be

used to form different approximations for the same quantity, which
can then be compared to indicate the severity of the approximation.

5.7 the peierls substitution for london-orbital matrix

elements

Expanding out the small contribution to the phase factor,

ei∆R′ ,R =1 + i∆R′,R(r) + . . .

=1 +
iq
2h̄

(B× (r− R̄)) · (R′ − R) + . . . (5.68)

shows that it differs from unity by a term of order eBa2
0/h̄. This term

is� 1 so long as B� h̄/ea2
0 ≈ 2.3× 105 T.

Quantum chemists (for example see Ref. [63]) include the small
phase when evaluating the matrix elements numerically, but this does
not lead to simple tight binding models. Despite the unsatisfactory
nature of this approximation, we follow the others before us who
have thrown away the small phase (for example [57], [59], [65])
leaving us with

OL
R′,j;R,i ≈e

iq
2h̄ (B×R̄)·(R′−R) 〈uR′,j|OR |uR,i〉 , (5.69)

or, equivalently

OL
R′,j;R,i ≈e

iq
2h̄ (B×R̄)·(R′−R) 〈uR′,j|OR′ |uR,i〉 . (5.70)
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We consider both forms of this approximation since later on this
leads to two different approximations for the Hamiltonian matrix
elements HL

R,i;R′,j and it is not obvious which should be selected.

5.7.1 Overlap Matrix Elements

Setting OR = O(r, p− qAR, ih̄∂t− qφR) equal to the identity operator,
the overlap matrices in the London orbital and tight binding bases
are related by

SL
R′,j;R,i = 〈u

L
R′,j|u

L
R,i〉

≈e
iq
2h̄ (B×R̄)·(R′−R) 〈uR′,j|uR,i〉

=e
iq
2h̄ (B×R̄)·(R′−R)SR′,j;R,i. (5.71)

If the tight binding orbitals are othonormal, then SR′,j;R,i = δR′Rδji,
and so are the corresponding London orbitals.

5.7.2 Hamiltonian Matrix Elements

In this subsection it is demonstrated how London orbitals can be
used to obtain the Hamiltonian matrix elements in a form that can
be used with standard tight binding Hamiltonian matrix elements.

First we seek to express the time-dependent Schrödinger equa-
tion in the London orbital basis. The time-dependent Schrödinger
equation reads

(ih̄dt − H)ψ = 0. (5.72)

The wavefunction expansion in the basis of London orbtials is

ψ(r, t) = ∑
R′,j

cL
R′,j(t)u

L
R′,j(r, t). (5.73)

Substituting the wavefunction expansion into the time-dependent
Schrödinger equation gives

ih̄ ∑
R′,j

[dtcL
R′,j]u

L
R′,j + ih̄ ∑

R′,j
cL

R′,j[dtuL
R′,j]− H

(
∑
R′,j

cL
R′,ju

L
R′,j

)
= 0.

(5.74)
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Taking the inner product of both sides with uL
R,i gives the tight

binding equivalent of the time-dependent Schrödinger equation

∑
R′,j
〈uL

R,i|uL
R′,j〉 ih̄dtcL

R,i −∑
R′,j
〈uL

R,i| (H − ih̄dt) |uL
R′,j〉 cL

R′,j =0.

(5.75)

This expression can be tidied by re-expressing it as

∑
R′,j

(
SL

R,i;R′,j(ih̄dtcL
R′,j)− HL

R,i;R′,jc
L
R′,j

)
= 0, (5.76)

where

SL
R,i;R′,j = 〈u

L
R,i|uL

R′,j〉 (5.77)

is the overlap matrix in the London orbital basis and we have defined
the Hamiltonian matrix by

HL
R,i;R′,j = 〈u

L
R,i| (H − ih̄dt) |uL

R′,j〉 . (5.78)

It is also convenient to define the Hamiltonian matrix in the tight
binding basis

HR,i;R′,j = 〈uR,i| (H − ih̄dt) |uR′,j〉 . (5.79)

The inclusion of the −ih̄dt operator in the Hamiltonian matrix el-
ements is necessary when the functions are time-dependent, as it
makes for a set of matrix elements that are gauge-covariant.

The expression in Eq. (5.78) gives the matrix elements of the tight
binding Hamiltonian in terms of London orbitals. In order to derive
a Peierls transformation-like method which allows the use of the
original tight binding basis, the Hamiltonian in Eq. (5.78) must be
expressed in terms of standard atomic or atomic-like orbitals. Next,
we show how this can be achieved and some of the approximations
and assumptions that are necessary along the way.

In the Coulomb gauge, with the gauge and Faraday origins at the
coordinate origin, the Hamiltonian matrix elements in the London
orbitals basis becomes

HL
R,i;R′,j = 〈u

L
R,i| (H0 − ih̄dt) |uL

R′,j〉 . (5.80)
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The operator

H0 − ih̄dt =
1

2m
(p− qA0)2 − q

m
B · S + qφν − (ih̄dt − qφ0)

(5.81)

is of gauge-covariant form (in the sense defined in section 5.6). Note
that H0 alone is not gauge-covariant; the −ih̄dt term is needed in the
definition of the matrix element in order for the manipulations for
gauge-covariant operators to apply. Following from equations (5.69)
and (5.70), HL

R,i;R′,j can be expressed in either of two approximate
forms

HL
R,i;R′,j ≈e

iq
2h̄ (B×R̄)·(R′−R) 〈uR′,j| (HR − ih̄dt) |uR,i〉 ,

HL
R′,j;R,i ≈e

iq
2h̄ (B×R̄)·(R′−R) 〈uR′,j| (HR′ − ih̄dt) |uR,i〉 , (5.82)

where

HR − ih̄dt =
1

2m
(p− qAR)2 − q

m
B · S + qφν − (ih̄dt − qφR),

HR′ − ih̄dt =
1

2m
(p− qAR′)2 − q

m
B · S + qφν − (ih̄dt − qφR′).

(5.83)

The tight binding basis functions uR,i are not explicitly time-
dependent, so the −ih̄dt terms can dropped, which gives

HL
R,i;R′,j ≈e

iq
2h̄ (B×R̄)·(R′−R) 〈uR′,j|HR |uR,i〉 ,

HL
R′,j;R,i ≈e

iq
2h̄ (B×R̄)·(R′−R) 〈uR′,j|HR′ |uR,i〉 . (5.84)

In section 5.3, it was shown that by noting that ∇ · AR = 0 and
neglecting terms of order B2, HR can be approximated as

HR =
p2

2m
− q

2m
B · (2LR + S) + qφν + qφR

(5.85)

where LR = (r− R)× p is the angular momentum about the gauge
origin. Thus

HL
R,i;R′,j ≈e

iq
2h̄ (B×R̄)·(R′−R)

〈
uR′,j

∣∣∣ ( p2

2m
− q

2m
B · (LR + S) + qφν + qφR

)
|uR,i〉 ,
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HL
R′,j;R,i ≈e

iq
2h̄ (B×R̄)·(R′−R)

〈
uR′,j

∣∣∣ ( p2

2m
− q

2m
B · (LR′ + S) + qφν + qφR′

)
|uR,i〉 .

(5.86)

The two expressions for HL
R,i;R′,j are different approximations of the

same quantity. Subtracting the second of the two approximations
from the first gives

e
iq
2h̄ (B×R̄)·(R′−R)

〈
uR′,j

∣∣∣− q
2m

B · (LR − LR′) + q(φR − φR′) |uR,i〉
(5.87)

which does not obviously vanish.
If uR,i is an angular momentum eigenfunction, acting on it with

LR produces a multiple of uR,i, so the matrix element vanishes if
R 6= R′ and the orbitals on different sites are orthogonal. Acting left
with the Hermitian operator LR′ shows that the intersite LR′ matrix
elements also vanish. The same applies even if uR,i and uR′,i are not
angular momentum eigenfunctions, as long as the basis set on every
atom is closed under rotations about the nucleus. The scalar potential
terms are more worrying, since the matrix elements of (φR − φR′) =
1
2(Ḃ× (R− R′)) · r are in general non-zero even if basis functions
on different atoms are orthogonal. This contributes on the order
of eḂa0RS, where e is the electronic charge, Ḃ is the rate of change
of the B field, a0 is the Bohr radius and RS is the sample radius.
Since EFaraday = −∇φ− ∂t A = − 1

2 Ḃ× r, the energy contribution of
moving an electron across an atom would be eEFaradaya0 = eḂa0RS.
Thus the scalar potential terms contribute an energy on the scale
associated with the Faraday electric field. The only approximation
made in arriving at this conclusion was the neglect of the small
phase factor, and the difference between the two expressions for the
Hamiltonian must be a consequence of that approximation. If the
difference is appreciable, the validity of the approximation must be
in doubt.

The broken symmetry between the two approximate forms of
HL

R,i;R′,j may be restored by averaging the two expressions, although
it is not obvious this addresses the problem. In practice all inter-
atomic matrix elements associated with the applied field are almost
always neglected completely. If the overlap matrix is the identity,
then the spin operator is already diagonal in the site index, so the
intra-atomic Hamiltonian matrix elements are unchanged

HL
R,i;R,j ≈

〈
uR,j

∣∣ ( p2

2m
− q

2m
B · (LR + S) + qφν + qφR

)
|uR,i〉 ,

(5.88)
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whereas the inter-atomic matrix elements take the simplified form

HL
R,i;R′,j ≈e

iq
2h̄ (B×R̄)·(R′−R)

〈
uR′,j

∣∣∣ ( p2

2m
+ qφν

)
|uR,i〉 . (5.89)

These are the standard expressions used in magnetic tight binding
models. The applied field only affects the inter-atomic Hamilto-
nian matrix elements through the Peierls phase, which depends on
R̄ = 1

2(R + R′) as well as R′ − R. The intra-atomic matrix elements
include the normal field-independent terms and two additional
terms. One is the matrix element of − q

2m B · LR, where LR is the
operator for the angular momentum about the nucleus of the atom
at R, and the other is the matrix element of the Faraday potential

qφR(r, t) =
q
2
(Ḃ(t)× R) · r

=
q
2
(Ḃ(t)× R) · (r− R)

=− qEFaraday(R, t) · (r− R), (5.90)

where we have remembered that the Faraday field is given by
EFaraday(r, t) = − 1

2 Ḃ× r. Unlike the other terms of the intra-atomic
Hamiltonian matrix element, the Faraday contribution depends on
location:〈

uR′,j

∣∣∣ qφR |uR,i〉 =− EFaraday(R, t) ·
〈
uR,j

∣∣ q(r− R) |uR,i〉

=− EFaraday(R, t) · dji, (5.91)

where

dji =
〈
uR,j

∣∣ q(r− R) |uR,i〉
=
〈
u0,j
∣∣ qr |u0,i〉 (5.92)

is the transition dipole moment operator.

5.8 working in arbitrary gauges

Up to this point we have worked exclusively in the Coulomb gauge,
with the gauge and Faraday origins located at the coordinate origin.
This helped us develop the mathematics to describe electromagnetic
tight binding Hamiltonians in the basis of London orbitals. However,
we would like to be able to work in arbitrary gauges, with the gauge
origin located away from the coordinate origin, and to show that
the formalism gives physical predictions that are independent of
choice of gauge. The location of the Faraday origin will remain at
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the coordinate origin in most of this section, and will be generalized
in section 5.8.2.

Suppose that we initially solve the time-dependent Schrödinger
equation in the Coulomb gauge

A(r, t) =
1
2

B(t)× r

φ(r, t) =0 (5.93)

and obtain a time-dependent wavefunction ψ(t). Consider then per-
forming a gauge transformation with a gauge function χ(r, t)

A(r, t)→ Ã(r, t) =A(r, t) +∇χ(r, t),
φ(r, t)→ φ̃(r, t) =φ(r, t)− ∂tχ(r, t) = −∂tχ(r, t),

ψ(r, t)→ ψ̃(r, t) =eiqχ(r,t)/h̄ψ(r, t). (5.94)

The magnetic and electric fields are unchanged as expected

B = ∇× A→∇× Ã = ∇× A,

E = −∇φ− ∂t A = −1
2

Ḃ(t)× r →−∇φ̃− ∂t Ã = −1
2

Ḃ(t)× r.

(5.95)

Due to the new phase factor that multiplies the wavefunction, it is
no longer efficiently described by the original set of London orbitals
found whilst working in the Coulomb gauge

uL
R,i(r, t) = e−iqχR(r,t)/h̄uR,i(r). (5.96)

We use a new set of gauge-transformed London orbitals, defined by

ũL
R,i(r, t) = UχuL

R,i(r, t) = UχUR†uR,i(r, t) (5.97)

where Uχ = e−iqχ(r,t)/h̄. This can equivalently be written

ũL
R,i(r, t) = e−iqχR(r,t)/h̄uL

R,i(r, t) = eiq[χ(r,t)−χR(r,t)]/h̄uR,i(r, t).
(5.98)

In the basis of gauge-transformed London orbitals, the Hamiltonian
matrix elements are given by

H̃L
R′,j;R,i = 〈ũ

L
R′,j|

1
2m

(p− qÃ)2 − q
m

B · S + qφν − (ih̄dt − qφ̃) |ũL
R,i〉
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= 〈uL
R′,j|U

†
χ

(
1

2m
(p− qÃ)2 − q

m
B · S + qφν − (ih̄dt − qφ̃)

)
Uχ |uL

R,i〉 .

(5.99)

The unitary operator Uχ commutes with the gauge covariant deriva-
tives as

(ih̄dt − qφ̃)Uχ =Uχ(ih̄∂t − qφ),
(p− qÃ)Uχ =Uχ(p− qA). (5.100)

Thus Eq. (5.99) may be simplified to give

H̃L
R′,j;R,i = 〈u

L
R′,j|U

†
χ

(
1

2m
(p− qA)2 − q

m
B · S + qφν − (ih̄∂t − qφ)

)
Uχ |uL

R,i〉

= HL
R′,j;R,i. (5.101)

By including the gauge phase factor into the gauge-transformed
London orbitals, the Hamiltonian matrix in the London basis is
rendered gauge independent. Despite the fact that the expression
for HL

R′,j;R,i was derived by working in the Coulomb gauge, it is the
same in all gauges. A similar result to the above can be found in
Ref. ??.

5.8.1 Freedom in the Definition of the Gauge Function in the London
Orbital Basis

Eq. (5.97) was unnecessarily prescriptive as a definition for Lon-
don orbitals. This is because multiplying every tight binding basis
function (or equivalently, every London orbital) by any time- and
orbital-dependent, but r-independent phase factor, e−iqαR,i(t)/h̄, has
no effect on the quality of the basis set. We could have chosen an
equally valid set of London orbitals ūL

R,i, defined by

ūL
R,i(r, t) = e−iqαR,i(t)/h̄uL

R,i(r, t)

=VR†uR,i(r), (5.102)

where we have defined the unitary operator VR = eiqαR,i(t)/h̄. Using
these London orbitals, we would have obtained the Hamiltonian
matrix elements

H̄L
R′,j;R,i = 〈ūR′,j| (H − ih̄dt) |ūR,i〉

= 〈uR′,j| e
iqαR′ ,j(t)/h̄

(H − ih̄dt)e−iqαR,i(t)/h̄ |uR,i〉

=eiqαR′ ,j(t)/h̄ 〈uR′,j| (H − ih̄dt + q[dtαR,i(t)]) |uR,i〉 e−iqαR,i(t)/h̄
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=eiqαR′ ,j(t)/h̄HL
R′,j;R,ie

−iqαR,i(t)/h̄ + q[dtαR,i]δR′,j;R,i.
(5.103)

Solving the time-dependent tight binding Schrödinger equation with
the Hamiltonian matrix H̄ is equivalent to solving it with the original
Hamiltonian matrix H except that the corresponding wavefunction’s
coefficients are rephased. Rewriting the wavefunction

ψ(r, t) =∑
R,i

cR,i(t)uL
R,i(r, t) (5.104)

in terms of the rephased London orbitals ūL
R,i(r, t) gives

ψ(r, t) = ∑
R,i

cR,i(t)eiqαR,i(t)/h̄ūL
R,i(r, t) (5.105)

telling us that the rephased expansion coefficients c̄R,i(t) are given
by

c̄R,i(t) = e−iqαR,i(t)/h̄cR,i(t). (5.106)

This limited type of gauge freedom is all that remains in magnetic
tight binding. We will take advantage of this in section 5.9 to find the
gauge transformation properties for any gauge and Faraday origin.

5.8.2 Generalizing the Faraday Origin

Previously in this chapter we have only considered cases in which
the Faraday origin is anchored to the origin of the coordinate system.
In section 5.8 we saw how the gauge origin can be moved by making
gauge transformations. Let us consider the case in which the coordi-
nate origin, the gauge origin Rg, and the Faraday origin RF are all
distinct, with Rg and RF measured with respect to the location of
the coordinate origin.

The physical system we will study has the applied fields

B(r, t) =B(t),

E(r, t) =− 1
2

Ḃ(t)× (r− RF), (5.107)

which hold true for any choice of gauge or gauge origin. With the
Faraday origin not at the coordinate origin, we see that the electric
field lines circle the Faraday origin at RF. Working in the Coulomb
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gauge, and with the gauge origin moved to Rg, the applied fields
may be represented by the vector and scalar potentials

ARg(r, t) =
1
2

B(t)× (r− Rg),

φRg(r, t) =− 1
2
(Ḃ(t)× (Rg − RF)) · r, (5.108)

where the superscripts denote the location of the gauge-origin. It
can be verified that using these potentials we have B = ∇× A and
E = −∇φ− ∂t A.

Even after stipulating that we are working in the Coulomb gauge
with the gauge origin at Rg and the Faraday origin at RF, the forms
of ARg(r, t) and φRg(r, t) are not unique. An example is that r in the
expression for φRg(r, t) could be replaced by any of (r− (Rg − RF)),
(r− RF) or (r− Rg) without modifying the physical B and E fields
or the Coulomb gauge condition (∇ · ARg = 0). With the forms
selected in Eq. (5.108) we have chosen to make φRg(r, t) zero at the
coordinate origin (even though the Faraday and gauge origins are
now elsewhere).

One could consider the gauge freedom arising from the fact that
the applied fields are unchanged by the addition of any ∇χ to
ARg , so long as the gauge condition is satisfied, which leads to the
requirement ∇2χ = 0, and the corresponding ∂tχ is subtracted from
φRg . Any function with the form

χ(r, t) = a(t) + bT(t) · r + 1
2

rTC(t)r (5.109)

would satisfy this, where a(t) is an arbitrary time-dependent scalar,
b(t) is an arbitrary time-dependent three-vector, and C(t) is an
arbitrary traceless time-dependent 3× 3 matrix. If we impose (as is
often done for physical fields) that the gauge field must vanish in
the limit as r tends to infinity, then the only solution that satisfies
this would be χ(r, t) = 0.

5.9 london orbitals for a generalized gauge and fara-
day origin

As we did in section 5.5, it is necessary once again to move from
describing wavefunctions to London orbitals, and in this section we
will see how this can be done for a general gauge-origin and Faraday
origin.

Since the vector and scalar potentials are both small near the gauge
origin, a traditional tight binding basis set can be used to describe the



118 gauge invariance in tight binding

wavefunction ψ
Rg
R (r, t) = ψ

Rg
Rg
(r, t) (where the superscript denotes

the location of the gauge origin and the subscript denotes the nuclear
position) on an isolated atom for which the nuclear position R is set
equal the gauge origin Rg. Expanded in this basis, the wavefunction
is

ψ
Rg
Rg
(r, t) =∑

i
ci(t)uRg,i(r). (5.110)

We seek, however, to describe the wavefunctions on atoms that
will not in general be placed at the gauge origin. In this case the
vector potential near R is large and the atomic wavefunction ψ

Rg
R (r, t)

can no longer be expanded in terms of ordinary atomic orbitals. The
situation can be remedied by working out how ψ

Rg
R (r, t) is related

to ψ
Rg
Rg
(r, t). This can be done by means of a gauge transformation

to shift the gauge origin from Rg to R. The simplest gauge function
that brings about this shift is

χR−Rg(r, t) =− 1
2
(B(t)× (R− Rg)) · r, (5.111)

which leads to the transformations

ARg → AR =ARg +∇χR−Rg

=
1
2

B× (r− Rg)−
1
2

B× (R− Rg)

=
1
2

B× (r− R)

φRg → φR =φRg − ∂t χR−Rg

=
1
2
(Ḃ× (Rg − RF)) · r +

1
2
(Ḃ× (R− Rg)) · r

=
1
2
(Ḃ× (R− RF)) · r

ψRg → ψR =UR−Rg ψRg (5.112)

where

UR−Rg =eiqχR−Rg /h̄. (5.113)

In section 5.8.1 we considered the case when the three origins were
coincident and found the gauge-transformed scalar potential was
of the form 1

2(Ḃ× R) · r. Rewriting this as 1
2(Ḃ× R) · (r − R) was

an important step in the reasoning that led to the physically trans-
parent dipolar form for the matrix elements of the scalar potential,
−qEFaraday · dji. The same trick won’t work when the Faraday origin
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is separate from the coordinate origin because R is not perpendicu-
lar to R− RF. The equivalent effect can be achieved using the more
complicated gauge transformation

χR−Rg(r, t) =− 1
2
(B(t)× (R− Rg)) · r +

1
2
(B(t)× (R− RF)) · R.

(5.114)

The additional term is independent of r, thus its only effect will be to
add time-dependent phase factors to the definitions of the London
orbitals. As in section 5.8.1, the additional term does not alter the
quality of the basis set and has no physical consequences. With the
new gauge function, the gauge-transformed scalar potential is now
modified in the way we want

ARg → AR =ARg +∇χR−Rg

=
1
2

B× (r− Rg)−
1
2

B× (R− Rg)

=
1
2

B× (r− R)

φRg → φR =φRg − ∂t χR−Rg

=
1
2
(Ḃ× (Rg − RF)) · r +

1
2
(Ḃ× (R− Rg)) · r

− 1
2
(Ḃ× (R− RF)) · R

=
1
2
(Ḃ× (R− RF)) · (r− R). (5.115)

AR is small near the atom at R, just as the untransformed vector
potential ARg is small near the gauge origin. This means that the
gauge-transformed wavefunction ψR

R on the atom at R must be
approximately a translated version of the wavefunction on the atom
that was at Rg in the original gauge

ψR
R(r, t) ≈ ψ

Rg
Rg
(r− (R− Rg), t). (5.116)

Hence we can write down how ψ
Rg
R (r, t) is related to ψ

Rg
Rg
(r, t):

ψ
Rg
R (r, t) =(UR−Rg)†ψR

R

=(UR−Rg)†ψ
Rg
Rg
(r− (R− Rg), t). (5.117)
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Thus we conclude that we can expand the wavefunction on the
atom at R, in the gauge centered on Rg, using London orbitals of
the form

ũR,i(r, t) =(UR−Rg)†uR,i(r), (5.118)

where uR,i(r) is one of the tight binding basis functions we would use
to describe the atom at R in the absence of an applied field. Similar
expressions to Eq. (5.118) can be found in the literature, for example
Eq. (6) in Ref. [57] which describes how a set of Wannier basis states
may be adapted to accommodate the presence of a vector potential,
and Eq. (2.20) of Ref. [103] which represents a gauge transformation
of the basis states of a magnetic Hamiltonian.

5.10 matrix elements of covariant operators revisited

This section follows a similar procedure to section 5.6, except that
the gauge origin is now placed at Rg instead of at the coordinate
origin. The matrix elements of a gauge-covariant operator between
London orbitals are

OL
R′,j;R,i = 〈ũR′,j|O(r, ih̄∇− qARg , ih̄∂t − qφRg) |ũR,i〉

= 〈uR′,j|UR′−RgORg(UR−Rg)† |uR,i〉 . (5.119)

(UR−Rg)† now commutes past the gauge covariant derivatives as

(ih̄dt − qφRg)(UR−Rg)† =(UR−Rg)†(ih̄dt − qφR)

(−ih̄∇− qARg)(UR−Rg)† =(UR−Rg)†(−ih̄∇− qAR). (5.120)

Thus we have

OL
R′,j;R,i = 〈uR′,j|UR′−Rg(UR−Rg)†OR |uR,i〉 , (5.121)

or commuting UR′−Rg to the right, using similar manipulations gives

OL
R′,j;R,i = 〈uR′,j|OR′UR′−Rg(UR−Rg)† |uR,i〉 . (5.122)

The phase of the product UR′−Rg(UR−Rg)† can be split into large
and small contributions, since

q
h̄
(χR′−Rg − χR−Rg)

=
q
h̄

(
− 1

2
(B× (R′ − Rg)) · r +

1
2
(B× (R′ − RF)) · R′

)
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− q
h̄

(
− 1

2
(B× (R− Rg)) · r +

1
2
(B× (R− RF)) · R

)
=

q
2h̄

(
B× (R− R′) · r− (B× RF) · (R′ − R)

)
=

q
2h̄

(B× (r− RF)) · (R′ − R)

=
q

2h̄
(B× (R̄− RF)) · (R′ − R) +

q
2h̄

(B× (r− R̄)) · (R′ − R),

(5.123)

where R̄ = 1
2(R + R′) is the center of the bond between the two

atoms at R and R′. In comparison to Eq. (5.63), when the gauge
origin and Faraday origin were coincident with the coordinate origin,
we see that R̄ in the large phase factor has been replaced by R̄− RF,
and the small phase factor is unchanged.

Since the choice of coordinate and gauge origins are arbitrary,
the Faraday origin is the only physically meaningful origin. This is
demonstrated in Eq. (5.123), in which the position vectors are mea-
sured with respect to the Faraday origin (and not the gauge origin
or coordinate origin). From this perspective, it also makes sense that
we were able to show that arbitrary gauge transformations do not
change the tight binding Hamiltonian matrix, since the additional
phase factors are absorbed into the definitions of the London orbitals.

Other than modifying the phase factor, the only other effect of
shifting the Faraday origin has been to replace the original scalar
potential from Eq. (5.90), φR(r, t) = 1

2(Ḃ×R) · (r−R), by the shifted
scalar potential

φR(r, t) =
1
2
(Ḃ× (R− RF)) · (r− R). (5.124)

Using the shifted scalar potential to calculate the Electric field shows
that it circulates the Faraday origin as expected

EFaraday =−∇φR − ∂t AR

=− 1
2

Ḃ× (r− RF). (5.125)

If we ignore all inter-atomic field-dependent terms, just as we did
when the gauge and Faraday origins were at the coordinate origin,
the Hamiltonian matrix elements we need for our time-dependent
tight binding simulations is given by

HL
R,i;R,j(t) = 〈uL

R′,j(t)| (HRg − ih̄dt) |uL
R,i(t)〉
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≈


〈
uR,j

∣∣ ( p2

2m −
q

2m B · (LR + S) + qφν + qφR
)
|uR,i〉 for R′ = R,

e
iq
2h̄ (B×R̄)·(R′−R)

〈
uR′,j

∣∣∣ ( p2

2m + qφν

)
|uR,i〉 for R′ 6= R.

(5.126)

The on-site matrix elements of qφR(r, t) can, as before, be written as
the interaction between the Faraday field and the dipole moment〈

uR,j
∣∣ qφR |uR,i〉 = 〈uR,j|

q
2
(Ḃ× (R− RF)) · (r− R) |uR,i〉

=− EFaraday(R, t) ·
〈
uR,j

∣∣ q(r− R) |uR,i〉
=− EFaraday(R, t) · dji. (5.127)

This gives the final tight binding Hamiltonian matrix elements we
would need to perform calculations that take advantage of the im-
provements offered by London orbitals.

Similar expressions for the Peierls transformation of tight binding
Hamiltonians given in Eq. (5.126) are available in the literature, such
as Eq. (12) of M. Graf and P. Vogl’s 1995 paper [64], or Eq. (24) of
T. Helgaker and P. Jørgensen’s paper [63], although neither source
makes clear some of the aspects shown in this chapter, for example
that the transformations of the Hamiltonian matrix elements are
applicable for time-dependent tight binding.



6
T I M E - D E P E N D E N T M A G N E T I C T I G H T B I N D I N G

In chapter 5 we showed that London orbitals allow electromagnetism
to be incorporated into tight binding to provide gauge-invariant
physical results using a finite LCAO basis set. Using London orbitals
modifies more than merely the electronic equations of motion. The
equations of motion of the classical nuclei subject to both the external
fields and the quantum mechanical electronic forces also need to be
derived once more to ensure that all of the effects resulting from the
London orbitals are properly accounted for.

Todorov’s paper, Time-Dependent Tight Binding, [66] presented a clear
and systematic approach to deriving the nuclear and electronic equa-
tions of motion from the Lagrangian formulation of a TB model. One
of the most important advantages of this approach is that all dynam-
ical equations for the system can be derived from a single quantity,
the Lagrangian. In his paper, Todorov considered three distinct forms
of tight binding: (i) time-dependent mean-field theory, (ii) mean-field
theory in a general basis set that depends parametrically on the
nuclear positions, and (iii) simplified empirical TB models. None of
these cases (including the parametric basis set) are quite suitable for
London orbitals, thus the Lagrangian model with London orbitals
must be derived from scratch. This chapter outlines the procedure
required to do this, deriving the time-dependent Schrödinger equa-
tion for the electrons and the equation of motion of the nuclei from
the Lagrangian. It also verifies that the Lagrangian maintains desir-
able properties for a physical theory, including the laws of charge
conservation and energy conservation, and gauge-invariance of the
physical results.

Section 6.1 gives the basic total Lagrangian for a system of elec-
trons and nuclei in the presence of a time-dependent electromagnetic
field, and checks its gauge invariance. The electronic and nuclear
equations of motion for the system are derived for an orthogonal ba-
sis set of London orbitals in section 6.2, and it is verified that charge
is conserved, and that energy is conserved when the B field is con-
stant. The procedure is then repeated for a general non-orthogonal
basis in section 6.3. The nuclear force equations derived come with
Pulay terms, which assist in correcting for errors in the case of a
finite basis set. Section 6.4 verifies that the Pulay terms are required

123
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to make the nuclear force equations translationally invariant.

This chapter presents the derivation for an orthogonal basis set first.
The procedure is then generalized to the non-orthogonal case. The
approach employed closely follows the procedure used by Todorov,
with appropriate modifications to treat the London orbitals, and
some additional investigations of topics uniquely relevant to mag-
netic tight binding.

6.1 gauge invariance of the lagrangian

We begin by writing a Lagrangian that describes classical nuclei
and quantum electrons, using Eq. (6) of Todorov’s paper [66] as
inspiration for its form. The Lagrangian is

L =
1
2 ∑

n
Mn[Ṙn(t)]2 −UN [{Rn}] + ∑

n
Qn

(
Ṙn · A(Rn, t)− φ(Rn, t)

)
+ ∑

e
fe 〈ψe| (ih̄dt − H) |ψe〉 . (6.1)

where UN [{Rn}] is the nucleus-nucleus Coulomb interaction energy,
φ(Rn, t) is the EM scalar potential evaluated at the center of the nth

nucleus, and n indexes the nuclei at positions Rn. A(Rn, t) is the
vector potential for a uniform magnetic field with arbitrary gauge
evaluated at Rn. The electronic part of the Lagrangian is given by
∑e fe 〈ψe| (ih̄dt − H) |ψe〉, where dt denotes the total (as opposed to
partial) derivative operator w.r.t. time, t, |ψe〉 is the eth one electron
molecular orbital, and fe is 1 if the eth molecular orbital is occupied
and 0 if it is unoccupied. The sum over e runs over the integers from
1 to Ne where Ne is the total number of electrons in the system. In
section 6.1.1 we show that this form of the Lagrangian reproduces
the appropriate equations of motion in the case of a continuum
wavefunction.

In Eq. (5.108) from Chapter 5, working in the Coulomb gauge
with arbitrary gauge origin Rg, we found that the vector and scalar
potentials were given by

ARg(r, t) =
1
2

B(t)× (r− Rg),

φRg(r, t) =− 1
2
(Ḃ(t)× (Rg − RF)) · r. (6.2)
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Although the nuclear part of this Lagrangian depends on gauge,
the action principle is properly invariant under general gauge trans-
formations of the form

φ(Rn, t)→ φ(Rn, t)− ∂

∂t
χ(Rn, t),

A(Rn, t)→ A(Rn, t) +∇nχ(Rn, t). (6.3)

where ∇n = ∂
∂Rn

. To see how this leads to a gauge-invariant action
principle, note that under a gauge transformation (we assume here
that the electronic part of the Lagrangian is gauge invariant, which
was shown in section 5.8),

S→S + ∑
n

Qn

∫ t2

t1

(
∂χ(Rn, t)

∂t
+ Ṙn ·∇nχ(Rn, t)

)
dt

=S + ∑
n

Qn

∫ t2

t1

dχ(Rn, t)
dt

dt

=S + ∑
n

Qn[χ(Rn(t2), t2)− χ(Rn(t1), t1)], (6.4)

Since the endpoints are fixed when the path R(t) is varied, this
transformation does not affect the variation of the action (δS = 0),
despite the fact that it does change the value of the action for any
fixed path.

6.1.1 The Continuum Lagrangian

In this section we verify that the Lagrangian introduced above repro-
duces the expected equations of motion in the case of a continuum
representation of the wavefunction. The wavefunction is represented
by ψ(r, t) = ∑e feψe(r, t), where ψe(r, t) is the eth one electron molec-
ular orbital, and fe takes the same definition as in Eq. (6.1). In this
case the Lagrangian from Eq. (6.1) becomes

L =
1
2 ∑

n
Mn[Ṙn(t)]2 −UN [{Rn}] + ∑

n
Qn

(
Ṙn · A(Rn, t)− φ(Rn, t)

)
+ ∑

e
fe

∫
dr3
(

ih̄ψ∗e (r, t)ψ̇e(r, t)− ψ∗e (r, t)Hψe(r, t)
)

. (6.5)

The dynamical variables are Rn(t), ψe(r, t) and ψ∗e (r, t), and the
Euler-Lagrange equations are

δL
δψe

=
d
dt

(
δL
δψ̇e

)
, (6.6)
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δL
δψe
∗ =

d
dt

(
δL

δψ̇e
∗

)
, (6.7)

∂L
∂Rn

=
d
dt

(
∂L

∂Ṙn

)
. (6.8)

The second Euler-Lagrange equation gives

ih̄ψ̇e = Hψe, (6.9)

which is the time-dependent Schrödinger equation. The first gives

ih̄ψ̇∗e = −ψ∗e H, (6.10)

which is the complex conjugate of the time-dependent Schrödinger
equation. The third equation of motion gives

MnR̈n =−∇nUN + Qn[∇n(Ṙn · An − φn)− Ȧn]− 〈∇nH〉
=−∇nUN + FEM

N (Rn, t)− 〈∇nH〉 (6.11)

where to get to the second line we have used the result from Ap-
pendix 6.D,

FEM
e (Rn, t) =(qnn)E(Rn, t) + (qnn)Ṙn× B(t)

=qn(∇n(Ṙnβ Anβ − φn)− Ȧn), (6.12)

where FEM
N (Rn, t) is the direct Lorentz force on the nucleus due to

the externally applied electromagnetic field. The first term on the
right hand side of Eq. (6.11) is the force due to nucleus-nucleus
Coulomb interactions, the second term is the direct Lorentz force on
the nucleus, and the last term is the force on the nucleus due to its
interaction with the electrons.

6.1.2 Choosing the Gauge and Faraday Origins

The Faraday origin, RF, is a physical property and it cannot be
moved in space, but one is always free to place the coordinate origin
at the Faraday origin. Furthermore, since the variation of the action is
gauge invariant, the physics is unaffected by the location of the gauge
origin, Rg, so one can choose to move the gauge origin to the Faraday
origin too. Making all three origins coincident greatly simplifies the
algebra involved in this chapter without loss of generality. Thus, this
is a convention we shall stick to for the remainder of this chapter, i.e.

Rg = RF = 0. (6.13)
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With this simplification, the expressions for the vector and scalar
potentials from Eq. (6.2) become

A0(r, t) =
1
2

B(t)× r,

φ0(r, t) = 0. (6.14)

6.1.3 Rearranging the Lagrangian

The form of the Lagrangian presented in Eq. (6.1) shows the physical
origins of the terms involved. In order to derive the equations of
motion for the dynamical variables, however, we need to rearrange
the Lagrangian into a form that makes the dynamical variables
explicit. In this formulation of tight binding the dynamical variables
are the expansion coefficients of the wavefunctions in the basis set
of London orbitals and the nuclear positions Rn(t). This subsection
demonstrates how this task can be done.

The Lagrangian from Eq. (6.1) can be rewritten as

L =
1
2 ∑

n
Mn[Ṙn(t)]2 −UN [{Rn}] + ∑

n
Qn

(
Ṙn · A(Rn, t)− φ(Rn, t)

)
+ ih̄ ∑

e
fe 〈ψe(t)|ψ̇e(t)〉 −∑

e
fe 〈ψe(t)|H |ψe(t)〉 . (6.15)

The London basis functions do not explicitly depend on time,
but they do depend parametrically on time through the magnetic
field and the nuclear positions. Thus, a complete notation for the
basis states is |uL

i (B(t), Rni(t))〉, where ni labels the nucleus to which
orbital i belongs. As a short hand for this notation of the London
orbitals, I will use |uL

i 〉 = |uL
i (B(t), Rni(t))〉.

The expansions for |ψe(t)〉 and |ψ̇e(t)〉 in terms of the basis of
London orbitals become

|ψe(t)〉 =∑
i

c(e)i (t) |uL
i 〉 , (6.16)

|ψ̇e(t)〉 =∑
i

ċ(e)i (t) |uL
i 〉+ c(e)i (t) |u̇L

i 〉 , (6.17)

where i indexes all London orbitals (|uL
i 〉) or atomic orbitals (|ui〉).

Rewriting Eq. (6.15) using Eqs. (6.16) and (6.17) gives

L =
1
2 ∑

n
Mn[Ṙn(t)]2 −UN [{Rn}] + ∑

n
Qn

(
Ṙn · A(Rn, t)− φ(Rn, t)

)
+ ih̄ ∑

e
∑
ij

fec∗(e)i (t) 〈uL
i |u̇L

j 〉 c(e)j (t)
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+ ih̄ ∑
e

∑
ij

fec∗(e)i (t) 〈uL
i |uL

j 〉 ċ(e)j (t)

−∑
e

∑
ij

fec∗(e)i (t)H̃ijc
(e)
j (t), (6.18)

where H̃ij = 〈uL
i |H |uL

j 〉. This form makes the dependence of the

Lagrangian on the coefficients of the London orbitals, c∗(e)i (t), ex-
plicit. We have chosen not to make the dependence of the London
orbitals on nuclear positions Rn explicit, in order to make the form
of Eq. (6.18) similar to that of Eq. (35) of Ref. [66].

The equations of motion we are interested in are determined by
the Euler-Lagrange equations

∂L

∂c(e)n,i

=
d
dt

(
∂L

∂ċ(e)n,i

)
, (6.19)

∂L

∂c∗(e)n,i

=
d
dt

(
∂L

∂ċ∗(e)n,i

)
, (6.20)

∂L
∂Rn

=
d
dt

(
∂L

∂Ṙn

)
. (6.21)

6.2 orthogonal tight binding with london orbitals

In this section, the electronic and nuclear equations of motion are
derived for the Lagrangian specified in (6.1), with an orthogonal basis
set of London orbitals. This leads to a time-dependent Schrödinger
equation for the motion of the electrons and a version of Newton’s
second law for the nuclei, including the correct expression for the
forces exerted on the nuclei by the quantum mechanical electrons.

Assuming that the basis set is orthogonal, we have

〈uL
i |uL

j 〉 = δij, (6.22)

thus

L =
1
2 ∑

n
Mn[Ṙn(t)]2 −UN [{Rn}] + ∑

n
Qn

(
Ṙn · A(Rn, t)− φ(Rn, t)

)
+ ih̄ ∑

e
∑
ij

fec∗(e)i (t) 〈uL
i |u̇L

j 〉 c(e)j (t)

+ ih̄ ∑
e

∑
i

fec∗(e)i (t)ċ(e)i (t)

−∑
e

∑
ij

fec∗(e)i (t)H̃ijc
(e)
j (t). (6.23)
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Let us introduce the matrix elements of HL = H − ih̄dt

HL
ij = 〈uL

i |HL |uL
j 〉

=H̃ij − ih̄ 〈uL
i |u̇L

j 〉 . (6.24)

The Lagrangian can now be simplified to give

L =
1
2 ∑

n
Mn[Ṙn(t)]2 −UN [{Rn}] + ∑

n
Qn

(
Ṙn · A(Rn, t)− φ(Rn, t)

)
+ ih̄ ∑

e
∑

i
fec∗(e)i (t)ċ(e)i (t)

−∑
e

∑
ij

fec∗(e)i (t)HL
ijc

(e)
j (t). (6.25)

Evaluating Eq. (6.20) gives the TDSE

∂L

∂c∗(e)i

= feih̄ċ(e)i − fe ∑
j

HL
ijc

(e)
j

∂L

∂ċ∗(e)i

=0, (6.26)

thus

ih̄ċ(e)i =∑
j

HL
ijc

(e)
j (for fe 6= 0). (6.27)

The complex conjugate of the TDSE is similarly given by Eq. (6.19)

∂L

∂c(e)j

=− fe ∑
i

c∗(e)i HL
ij

d
dt

(
∂L

∂ċ(e)j

)
=ih̄ fe ċ∗(e)j . (6.28)

Again using Eq. (6.101), gives

−ih̄ċ∗(e)i =∑
j

c∗(e)j HL
ji (for fe 6= 0).

(6.29)

Eqs. (6.27) and (6.29) are not obviously equivalent, because it is not
immediately obvious that HL is a Hermitian matrix. That it is Hermi-
tian follows since dt 〈uL

i |uL
j 〉 = dt(δij) = 0, so 〈u̇L

i |uL
j 〉+ 〈uL

i |u̇L
j 〉 =

0 at all times. Thus 〈uL
i | − ih̄u̇L

j 〉 = −ih̄ 〈uL
i |u̇L

j 〉 = ih̄ 〈u̇L
i |uL

j 〉 =
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〈−ih̄u̇L
i |uL

j 〉, which shows that −ih̄dt is effectively a Hermitian op-
erator. To derive the nuclear Euler-Lagrange equation, Eq. (6.21), it
is necessary to make the Rn and Ṙn dependence in the Lagrangian
explicit.

∂L
∂Rn

=−∇nUN + Qn∇n(Ṙnβ Anβ − φn)

−∑
eij

fe∇n

(
c∗(e)i (H̃ij − ih̄ 〈uL

i |u̇L
j 〉)c

(e)
j

)
=−∇nUN + Qn∇n(Ṙnβ Anβ − φn)

−∑
eij

fe

(
c∗(e)i (∇nH̃ij − ih̄ 〈∇nuL

i |u̇L
j 〉 − ih̄ 〈uL

i |∇nu̇L
j 〉)c

(e)
j

)
d
dt

(
∂L

∂Ṙn

)
=

d
dt

(
MnṘn + Qn An −

∂

∂Ṙn
∑
eij

fec∗(e)i (t)(H̃ij − ih̄ 〈uL
i |u̇L

j 〉)c
(e)
j (t).

)

=
d
dt

(
MnṘn + Qn An

− ∂

∂Ṙn
∑
eij

fec∗(e)i (H̃ij − ih̄ 〈uL
i |∑

n′
Ṙn′ ·∇n′u

L
j 〉 − ih̄ 〈uL

i |Ḃ ·∇BuL
j 〉)c

(e)
j .
)

=
d
dt

(
MnṘn + Qn An −∑

e
∑
ij

fec∗(e)i (−ih̄ 〈uL
i |∇nuL

j 〉)c
(e)
j .
)

=MnR̈n + Qn Ȧn

+ ih̄ ∑
e

∑
ij

fe[ċ
∗(e)
i 〈uL

i |∇nuL
j 〉 c(e)j + c∗(e)i 〈uL

i |∇nuL
j 〉 ċ(e)j ]

+ ih̄ ∑
e

∑
ij

fec∗(e)i [〈u̇L
i |∇nuL

j 〉 − 〈uL
i |∇nu̇L

j 〉]c
(e)
j .

(6.30)

Since ih̄dt is a Hermitian operator and thus −ih̄ 〈uL
i |u̇L

j 〉 = ih̄ 〈u̇L
i |uL

j 〉,
and since the London orbitals are orthogonal, we have 〈∇nuL

i |uL
j 〉+

〈uL
i |∇nuL

j 〉 = 0. Equating the left- and right-hand sides of the Euler-
Lagrange equation, we find

MnR̈n =−∇nUN + Qn(∇n(Ṙnβ Anβ − φn)− Ȧn)−∑
eij

fec∗(e)i ∇nH̃ijc
(e)
j

− ih̄ ∑
e

∑
ij

fe[ċ
∗(e)
i 〈uL

i |∇nuL
j 〉 c(e)j + c∗(e)i 〈uL

i |∇nuL
j 〉 ċ(e)j ]

+ ih̄ ∑
eij

fe[c
∗(e)
i 〈∇nuL

i |u̇L
j 〉 c(e)j − c∗(e)i 〈u̇L

i |∇nuL
j 〉 c(e)j ]
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=−∇nUN + Qn(∇n(Ṙnβ Anβ − φn)− Ȧn)−∑
eij

fec∗(e)i ∇nH̃ijc
(e)
j

+ ∑
e

∑
ijk

fe[c
∗(e)
i HL

ij 〈uL
j |∇nuL

k 〉 c(e)k − c∗(e)i 〈uL
i |∇nuL

j 〉HL
jkc(e)k ]

+ ih̄ ∑
eij

fe[c
∗(e)
i 〈∇nuL

i |u̇L
j 〉 c(e)j − c.c]

=−∇nUN + Qn(∇n(Ṙnβ Anβ − φn)− Ȧn)−∑
eij

fec∗(e)i ∇nH̃ijc
(e)
j

+ ∑
e

∑
ijk

fe[c
∗(e)
i (H̃ij + ih̄ 〈u̇L

i |uL
j 〉) 〈uL

j |∇nuL
k 〉 c(e)k

+ c∗(e)i 〈∇nuL
i |uL

j 〉 (H̃jk − ih̄ 〈uL
j |u̇L

k 〉)c
(e)
k ]

+ ih̄ ∑
eij

fe[c
∗(e)
i 〈∇nuL

i |u̇L
j 〉 c(e)j − c.c]

=−∇nUN + Qn(∇n(Ṙnβ Anβ − φn)− Ȧn)−∑
eij

fec∗(e)i ∇nH̃ijc
(e)
j

+ ∑
e

∑
ijk

fe[c
∗(e)
i 〈∇nuL

i |uL
j 〉 H̃jkc(e)k + c.c.]

− ih̄ ∑
e

∑
ijk

fe[c
∗(e)
i 〈∇nuL

i |uL
j 〉 〈uL

j |u̇L
k 〉 c(e)k − c.c.]

+ ih̄ ∑
eij

fe[c
∗(e)
i 〈∇nuL

i |u̇L
j 〉 c(e)j − c.c]

=−∇nUN + FEM
N (Rn, t) + F int

n , (6.31)

where we have identified the direct Lorentz force on the nuclei as

FEM
N (Rn, t) =Qn(∇n(Ṙnβ Anβ − φn)− Ȧn). (6.32)

In Appendix 6.D we show this is the expression for the Lorentz force
in terms of the EM scalar and vector-potentials. The force due to the
interaction of the electrons with the nuclei, is

F int
n =−∑

eij
fec∗(e)i ∇nH̃ijc

(e)
j

+ ∑
e

∑
ijk

fe[c
∗(e)
i 〈∇nuL

i |uL
j 〉 H̃jkc(e)k + c.c.]

− ih̄ ∑
e

∑
ijk

fe[c
∗(e)
i 〈∇nuL

i |uL
j 〉 〈uL

j |u̇L
k 〉 c(e)k − c.c.]

+ ih̄ ∑
eij

fe[c
∗(e)
i 〈∇nuL

i |u̇L
j 〉 c(e)j − c.c]. (6.33)
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All terms in the interaction force involving derivatives of the London
orbitals |uL

i 〉 are Pulay like forces [104].

6.2.1 Total Charge/Electron Number Conservation

Particle conservation is a desirable property for a model of a physical
system. No additional constraint has been applied to the Lagrangian
to ensure that charge is conserved. In this subsection it is verified
that electron charge is conserved without any need for additional
constraints.

Let na denote the number of electrons belonging to atom a, defined
by

na(t) = ∑
e

∑
i∈Aa

fe[c
∗(e)
i (t)c(e)i (t)]. (6.34)

where Aa denotes the set of orbitals centered on atom a. To check
charge conservation, let us consider the time derivative

ṅa =∑
e

∑
i∈Aa

fe[ċ
∗(e)
i c(e)i + c∗(e)i ċ(e)i ]

=
1
ih̄ ∑

e
∑

i∈Aa,j
fe[c
∗(e)
i HL

ijc
(e)
j − c∗(e)j HL

jic
(e)
i ]. (6.35)

This expression may be interpreted physically as follows: The rate
of change of the number of particles on site a is equal to the net
current into site a. The current is composed of a sum of bond currents
between orbitals i and j. The expression above shows how charge
may be transferred between atoms. The electron number on each
individual atom needn’t be conserved, however, the total number of
electrons is conserved

∑
n

ṅn =
1
ih̄ ∑

e
∑
ij

fe[c
∗(e)
i HL

ijc
(e)
j − c∗(e)j HL

jic
(e)
i ]

=0. (6.36)

6.2.2 Energy Conservation

The energy can be obtained by applying the Legendre transformation
to the Lagrangian. This can also be thought of as the total classi-
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cal/quantum Hamiltonian for the system. Applying the Legendre
transformation to the Lagrangian from Eq. (6.23) gives

E =∑
n

Ṙn ·
∂L

∂Ṙn
+ ∑

ei
ċ(e)i

∂L

∂ċ(e)i

+ ∑
ei

ċ∗(e)i
∂L

∂ċ∗(e)i

− L

=

[
∑
n

(
1
2

Mn[Ṙn(t)]2 + Qnφn

)
+ UN [{Rn}]

]
− ih̄ ∑

e
∑
ij

fec∗(e)i Ḃ · 〈uL
i |∂BuL

j 〉 c(e)j +
〈

H̃
〉

(6.37)

where we must remember that 〈uL
i |u̇L

j 〉 is dependent on Ṙn. The
terms in the square brackets represents the classical energy of the
nuclei, and last two terms are the electronic energy contribution.
Note that the energy expression is not gauge invariant, section 6.2.3
covers why this is acceptable.

Since there is a time-dependent externally applied magnetic field,
the total energy should not be conserved in general. Instead we
can check if the energy is conserved when the applied field is time-
independent. We can derive an expression for Ė and check that this
is zero when Ḃ = 0. Ė is found using Eqs. (6.27), (6.31) and (6.37),

dE
dt

=∑
n
(MnṘn · R̈n + Qnφ̇n) + U̇N [{Rn}]

− d
dt

(
ih̄ ∑

e
∑
ij

fec∗(e)i Ḃ · 〈uL
i |∂BuL

j 〉 c(e)j

)
+ ∑

e
∑
ij

fe[ċ
∗(e)
i H̃ijc

(e)
j + c∗(e)i

˙̃Hijc
(e)
j + c∗(e)i H̃ij ċ

(e)
j ]

=∑
n

Ṙn ·
(
−∇nUN + FEM

N (Rn, t) + F int
n

)
+ ∑

n
Qnφ̇n + U̇N [{Rn}]

− d
dt

(
ih̄ ∑

e
∑
ij

fec∗(e)i Ḃ · 〈uL
i |∂BuL

j 〉 c(e)j

)
+ ∑

e
∑
ij

fe[ċ
∗(e)
i H̃ijc

(e)
j + c∗(e)i

˙̃Hijc
(e)
j + c∗(e)i H̃ij ċ

(e)
j ]

=∑
n

Ṙn ·
(

FEM
N (Rn, t) + F int

n

)
+ ∑

n
Qnφ̇n

− d
dt

(
ih̄ ∑

e
∑
ij

fec∗(e)i Ḃ · 〈uL
i |∂BuL

j 〉 c(e)j

)
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+ ∑
e

∑
ij

fe[ċ
∗(e)
i H̃ijc

(e)
j + c∗(e)i

˙̃Hijc
(e)
j + c∗(e)i H̃ij ċ

(e)
j ]. (6.38)

Now, we apply three simplifications. The first of these is

Ṙn·FEM
N (Rn, t) + Qnφ̇n

=QnṘn · (∇n(Ṙnβ Anβ − φn)− Ȧn) + Qn(Ṙn ·∇φn + Ḃ · ∂Bφn)

=QnṘn · (−Ḃ · ∂B An) + Qn(Ḃ · ∂Bφn)

=QnḂ · ∂B(φn − Ṙn · An). (6.39)

The second simplification is obtained using the expression in Eq. (6.33)
for F int

n to give

∑
n

Ṙn · F int
n + ∑

e
∑
ij

fec∗(e)i
˙̃Hijc

(e)
j

=−∑
eij

fec∗(e)i ∑
n

Ṙn ·∇nH̃ijc
(e)
j

+ ∑
e

∑
ijk

fe[c
∗(e)
i ∑

n
Ṙn · 〈∇nuL

i |uL
j 〉 H̃jkc(e)k + c.c.]

− ih̄ ∑
e

∑
ijk

fe[c
∗(e)
i ∑

n
Ṙn · 〈∇nuL

i |uL
j 〉 〈uL

j |u̇L
k 〉 c(e)k − c.c.]

+ ih̄ ∑
eij

fe[c
∗(e)
i ∑

n
Ṙn · 〈∇nuL

i |u̇L
j 〉 c(e)j − c.c]

+ ∑
e

∑
ij

fec∗(e)i

(
∑
n

Ṙn ·∇nH̃ij + Ḃ · ∂BH̃ij

)
c(e)j

=∑
e

∑
ijk

fe[c
∗(e)
i ∑

n
Ṙn · 〈∇nuL

i |uL
j 〉 H̃jkc(e)k + c.c.]

− ih̄ ∑
e

∑
ijk

fe[c
∗(e)
i ∑

n
Ṙn · 〈∇nuL

i |uL
j 〉 〈uL

j |u̇L
k 〉 c(e)k − c.c.]

+ ih̄ ∑
eij

fe[c
∗(e)
i ∑

n
Ṙn · 〈∇nuL

i |u̇L
j 〉 c(e)j − c.c]

+
〈

Ḃ · ∂BH̃
〉

. (6.40)

The third simplification is to use the time-dependent Schrödinger
equation to eliminate the ċ∗(e)i and ċ(e)j from Eq. (6.38)

∑
e

∑
ij

fe[c
∗(e)
i H̃ij ċ

(e)
j + c.c.]

=∑
e

∑
ijk

fe[
1
ih̄

c∗(e)i H̃ij(H̃jk − ih̄ 〈uL
j |u̇L

k 〉)c
(e)
j + c.c.]
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=−∑
e

∑
ijk

fe[c
∗(e)
i H̃ij 〈uL

j |u̇L
k 〉 c(e)j + c.c.]. (6.41)

Using the three simplifications from Eqs. (6.39), (6.40) and (6.41), we
find

dE
dt

=∑
n

QnḂ · ∂B(φn − Ṙn · An)

− d
dt

(
ih̄ ∑

e
∑
ij

fec∗(e)i Ḃ · 〈uL
i |∂BuL

j 〉 c(e)j

)
+ ∑

e
∑
ijk

fe[c
∗(e)
i ∑

n
Ṙn · 〈∇nuL

i |uL
j 〉 H̃jkc(e)k + c.c.]

− ih̄ ∑
e

∑
ijk

fe[c
∗(e)
i ∑

n
Ṙn · 〈∇nuL

i |uL
j 〉 〈uL

j |u̇L
k 〉 c(e)k − c.c.]

+ ih̄ ∑
eij

fe[c
∗(e)
i ∑

n
Ṙn · 〈∇nuL

i |u̇L
j 〉 c(e)j − c.c]

+
〈

Ḃ · ∂BH̃
〉

−∑
e

∑
ijk

fe[c
∗(e)
i H̃ij 〈uL

j |u̇L
k 〉 c(e)j + c.c.]. (6.42)

Making the following substitutions for the |u̇L
i 〉 in the fourth, fifth

and seventh lines

〈uL
k |u̇

L
l 〉 =∑

n′
〈uL

k |Ṙn′ ·∇n′u
L
l 〉+ 〈u

L
k |Ḃ · ∂BuL

l 〉 , (6.43)

〈∇nuL
i |u̇L

j 〉 =∑
n′
〈∇nuL

i |Ṙn′ ·∇n′u
L
j 〉+ 〈∇nuL

i |Ḃ · ∂BuL
j 〉 ,

(6.44)

and noting that the following combinations of terms vanish,

∑
nn′

c∗(e)i 〈Ṙn ·∇nuL
i |Ṙn′ ·∇n′u

L
j 〉 c(e)j − c.c. = 0,

∑
nn′

c∗(e)i 〈Ṙn ·∇nuL
i |uL

j 〉 〈uL
j |Ṙn′ ·∇n′u

L
k 〉 c(e)k − c.c. = 0, (6.45)

gives

dE
dt

=∑
n

QnḂ · ∂B(φn − Ṙn · An)

− d
dt

(
ih̄ ∑

e
∑
ij

fec∗(e)i Ḃ · 〈uL
i |∂BuL

j 〉 c(e)j

)
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− ih̄ ∑
e

∑
ijk

fe[c
∗(e)
i ∑

n
Ṙn · 〈∇nuL

i |uL
j 〉 〈uL

j |Ḃ · ∂BuL
k 〉 c(e)k − c.c.]

+ ih̄ ∑
eij

fe[c
∗(e)
i ∑

n
Ṙn · 〈∇nuL

i |Ḃ · ∂BuL
j 〉 c(e)j − c.c]

+
〈

Ḃ · ∂BH̃
〉

−∑
e

∑
ijk

fe[c
∗(e)
i H̃ij 〈uL

k |Ḃ · ∂BuL
l 〉 c(e)j + c.c.]. (6.46)

from which it is clear that if Ḃ = 0, then Ė vanishes, and thus energy
is conserved.

6.2.3 Gauge Dependence in Hamiltonians

This subsection addresses a particular concern that may arise over the
gauge dependence in a Hamiltonian. Consider the simplest classical
Hamiltonian of a particle in an EM field,

H(p, r, t) =
1

2m
(p− qA(r, t))2 + qφ(r, t). (6.47)

It can be shown that this Hamiltonian is not gauge invariant. Per-
forming the gauge transformation

φ′ =φ− ∂tφ(r, t)
A′ =A +∇ f (r, t), (6.48)

gives

H′(p, r, t) =
1

2m
(p− qA− q∇ f (r, t))2 + qφ(r, t)− q∂tφ(r, t)

=H(p− q∇ f (r, t), r, t)− q∂tφ(r, t), (6.49)

from which it is clear that H′ 6= H. This might seem as if there is a
problem with the chosen Hamiltonian since the electronic energy is
not gauge invariant.

This issue is resolved by recalling that only differences in energy
are important to the particle’s dynamics: there are no absolute ener-
gies. The Hamiltonian is required to describe a particle interacting
with the potentials A and φ, and it is not required to be gauge invari-
ant. Energy is a relative quantity, and in electromagnetism, energy is
a gauge-dependent concept [105].
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6.3 lagrangian model for a general orthogonal basis

In this section we derive the electronic and nuclear equations of
motion for a general orthogonal basis which is parametrically de-
pendent on nuclear positions and B field. In section 6.3.2 we check
that charge and energy are conserved. In subsection 6.3.3.1 we then
specialize to the case of London Orbitals.

Using the Lagrangian from Eq. (6.18), the Euler-Lagrange equation
for the coefficients, Eq. (6.20), yields the TDSE

ih̄ ∑
j
〈uL

i |u̇L
j 〉 c(e)j (t) + ih̄ ∑

j
〈uL

i |uL
j 〉 ċ(e)j (t) = ∑

j
H̃ijc

(e)
j (t).

(6.50)

Making ċ(e)j (t) the subject gives

ċ(e)i (t) =∑
j

S̃−1
ij

(
∑
k
(

1
ih̄

H̃jk − 〈uL
j |u̇L

k 〉)c
(e)
k (t)

)
, (6.51)

where S̃ij = 〈uL
j |uL

k 〉, which we have assumed to be invertible. We
should note that L depends on the nuclear velocities and the mag-
netic field through the terms

〈uL
i |u̇L

j 〉 = ∑
n
〈uL

i |∇nuL
j 〉 · Ṙn(t) + 〈uL

i |∂BuL
j 〉 · Ḃ(t). (6.52)

The evolution of the coefficient’s complex conjugate can be evaluated
similarly by using the complex conjugate Euler-Lagrange equation,
Eq. (6.19).

To evaluate the nuclear Euler-Lagrange equation, Eq. (6.21), we
should bear in mind that 〈uL

i |u̇L
j 〉, 〈uL

i |uL
j 〉 and H̃ij all depend on

Rn(t) through the basis states’ dependence on Rn(t). Now we can
evaluate the nuclear Euler-Lagrange equation, Eq. (6.21), making
use of Eqs. (6.50) and (6.52). The full derivation of this is given in
Appendix 6.B, the end result is

MnR̈n(t) + Qn
d
dt

A(Rn, t) =

−∇nUN [{Rn}] + Qn∇n[Ṙn · A(Rn, t)− φ(Rn, t)]

+ ih̄ ∑
e

∑
ij
[ fec∗(e)i (t) 〈∇nuL

i |u̇L
j 〉 c(e)j (t)− c.c.]

+ ∑
e

∑
ijkl

fe[c
∗(e)
i (t) 〈∇nuL

i |uL
j 〉 S̃−1

jk H̃klc
(e)
l (t) + c.c.]
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− ih̄ ∑
e

∑
ijkl

[ fec∗(e)i (t) 〈∇nuL
i |uL

j 〉 S̃−1
jk 〈u

L
k |u̇

L
l 〉 c(e)l (t)− c.c.]

−∑
e

∑
ij

fec∗(e)i (t)∇nH̃ijc
(e)
j (t), (6.53)

where z± c.c. = z± z∗ for any complex number z. Simplifying the
classical terms and using Eq. (6.32) for FEM

N (Rn, t), gives

MnR̈n(t) =−∇nUN [{Rn}] + FEM
N (Rn, t)−∑

e
∑
ij

fec∗(e)i (t)(∇nH̃ij)c
(e)
j (t)

+ ih̄ ∑
e

∑
ij

fe[c
∗(e)
i (t) 〈∇nuL

i |u̇L
j 〉 c(e)j (t)− c.c.]

+ ∑
e

∑
ijkl

fe[c
∗(e)
i (t) 〈∇nuL

i |uL
j 〉 S̃−1

jk H̃klc
(e)
l (t) + c.c.]

− ih̄ ∑
e

∑
ijkl

fe[c
∗(e)
i (t) 〈∇nuL

i |uL
j 〉 S̃−1

jk 〈u
L
k |u̇

L
l 〉 c(e)l (t)− c.c.].

(6.54)

The last three lines in the expression above are Pulay forces, arising
from the incompleteness of the basis set. In the next subsection it
is shown that these terms disappear for a complete basis set and
the derivation is extended to find the nuclear force equation for a
complete basis set.

6.3.1 Vanishing of Pulay Terms for a Complete Basis Set

The terms in the nuclear force equation, Eq. (6.54) involving deriva-
tives of the basis state are Pulay-like forces. If the basis set is complete,
then

∑
ij
〈r|uL

i 〉 S̃−1
ij 〈u

L
j |r′〉 = δ(r− r′). (6.55)

In this case it can be seen that in Eq. (6.54), the terms in the fourth line
exactly cancel the terms in the second line. The third line becomes

∑
e

∑
il

fe[c
∗(e)
i (t)(〈∇nuL

i |H |uL
l 〉+ 〈u

L
i |H |∇nuL

l 〉)c
(e)
l (t)].

(6.56)

Since

∇nH̃il − 〈uL
i |∇nH |uL

l 〉 = 〈∇nuL
i |H |uL

l 〉+ 〈u
L
i |H |∇nuL

l 〉 ,
(6.57)
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we find

MnR̈n(t) =−∇nUN [{Rn}] + FEM
N (Rn, t)−∑

e
∑
ij

fec∗(e)i (t)∇nH̃ijc
(e)
j (t)

+ ∑
e

∑
il

fe[c
∗(e)
i (t)∇nHL

il c
(e)
l (t)− c∗(e)i (t) 〈uL

i |∇nH |uL
l 〉 c(e)l (t)]

=−∇nUN [{Rn}] + FEM
N (Rn, t)

−∑
e

∑
ij

fe[c
∗(e)
i (t) 〈uL

i |∇nH |uL
j 〉 c(e)j (t)], (6.58)

which separates into a contribution from the nucleus-nucleus inter-
action, the direct Lorentz force due to the external EM field on the
nuclei, and the Hellmann-Feynman force due to the interaction of
the electrons and the nuclei.
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6.3.2 Conservation Laws and Limits

In subsection 6.3.2.1 we show that using this Lagrangian leads to
charge conservation, and in subsection 6.3.2.2 we show that it leads
to energy conservation.

6.3.2.1 Charge Conservation

In this subsection it is shown that charge is conserved by the La-
grangian. Conservation of the inner product

〈ψe(t)|ψe(t)〉 = ∑
ij

c∗(e)i (t) 〈uL
i |uL

j 〉 c(e)j (t), (6.59)

follows from Eq. (6.50)

d
dt ∑

ij
c∗(e)i (t) 〈uL

i |uL
j 〉 c(e)j (t)

=∑
ij

ċ∗(e)i (t) 〈uL
i |uL

j 〉 c(e)j (t) + c∗(e)i (t) 〈u̇L
i |uL

j 〉 c(e)j (t)

+ c∗(e)i (t) 〈uL
i|u̇L

j 〉 c(e)j (t) + c∗(e)i (t) 〈uL
i|uL

j 〉 ċ(e)j (t)

=
1
ih̄ ∑

ij
[−c∗(e)i (t)H̃ijc

(e)
j (t) + c∗(e)i (t)H̃ijc

(e)
j (t)]

=0, (6.60)

where the time-dependent Schrödinger equation and its complex
conjugate were used to go from the second line to the third. Since the
total charge is qN, where N = ∑e fe 〈ψe(t)|ψe(t)〉 is the number of
electrons in the system, this means that charge is conserved without
it being necessary to impose a separate constraint in the Lagrangian.
In Eq. (6.36) it was shown that charge is conserved for an orthogonal
basis set. In Eq. (6.60) we see that the proposed Lagrangian also
conserves charge when a general orthogonal basis set is used.

6.3.2.2 Energy Conservation

The energy of the system is given by the Legendre transformation

E =∑
n

Ṙn ·
∂L

∂Ṙn
+ ∑

i
ċ(e)i

∂L

∂ċ(e)i

+ ∑
i

ċ∗(e)i
∂L

∂ċ∗(e)i

− L

=

[
∑
n

(
1
2

Mn[Ṙn(t)]2 + Qnφn

)
+ UN [{Rn}]

]
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− ih̄ ∑
e

∑
ij

fec∗(e)i Ḃ · 〈uL
i |∂BuL

j 〉 c(e)j + ∑
e

∑
ij

fec∗(e)i (t)H̃ijc
(e)
j (t),

(6.61)

where we have used the form of the Lagrangian in Eq. (6.18), and we
must remember the dependence of 〈uL

i |u̇L
j 〉 on Ṙn, as in Eq. (6.52).

The energy is not expected to be conserved in general for a time-
dependent field, but we do expect each term to contain a factor of Ḃ
since the energy should be conserved for a constant B field. Ė can
be found using Eqs. (6.50), (6.54) and (6.61)

dE
dt

=∑
n

MnṘn · R̈n + ∑
n

Qnφ̇(Rn, t) + U̇N [{Rn}]

− d
dt

(
ih̄ ∑

e
∑
ij

fec∗(e)i Ḃ · 〈uL
i |∂BuL

j 〉 c(e)j

)
+ ∑

e
∑
ij

fe[ċ
∗(e)
i H̃ijc

(e)
j + c∗(e)i ḢL

ijc
(e)
j + c∗(e)i H̃ij ċ

(e)
j ]

=∑
n

Ṙn ·
(
−∇nUN [{Rn}] + FEM

N (Rn, t)
)

−∑
ne

∑
ij

fec∗(e)i (Ṙn ·∇nH̃ij)c
(e)
j

+ ∑
n

Qnφ̇(Rn, t) + U̇N [{Rn}]

− d
dt

(
ih̄ ∑

e
∑
ij

fec∗(e)i Ḃ · 〈uL
i |∂BuL

j 〉 c(e)j

)
+ ih̄ ∑

ne
∑
ij

feṘn · [c∗(e)i 〈∇nuL
i |u̇L

j 〉 c(e)j − c.c.]

+ ∑
ne

∑
ijkl

feṘn · [c∗(e)i 〈∇nuL
i |uL

j 〉 S̃−1
jk H̃klc

(e)
l + c.c.]

− ih̄ ∑
ne

∑
ijkl

feṘn · [c∗(e)i 〈∇nuL
i |uL

j 〉 S̃−1
jk 〈u

L
k |u̇

L
l 〉 c(e)l − c.c.]

+ ∑
e

∑
ij

fe[ċ
∗(e)
i H̃ijc

(e)
j + c.c] + ∑

e
∑
ij

fe[c
∗(e)
i

˙̃Hijc
(e)
j ].

(6.62)

Now, we have

U̇N [{Rn}] =∑
n

Ṙn ·∇nUN [{Rn}] (6.63)

˙̃Hij =∑
n

Ṙn ·∇nH̃ij + Ḃ · ∂BH̃ij (6.64)

Ṙn · FEM
N (Rn, t) + φ̇(Rn, t) =QnṘn · (∇n(Ṙnβ Anβ − φn)− Ȧn)
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+ Qn(Ṙn ·∇φn + Ḃ · ∂Bφn)

=QnḂ · ∂B(φn − Ṙn · An), (6.65)

∑
e

∑
ij

fe[c
∗(e)
i H̃ij ċ

(e)
j + c.c]

=∑
e

∑
ijkl

fe[c
∗(e)
i H̃ijS̃−1

jk

(
1
ih̄

H̃kl − 〈uL
k |u̇

L
l 〉
)

c(e)l (t) + c.c]

=−∑
e

∑
ijkl

fe[c
∗(e)
i H̃ijS̃−1

jk 〈u
L
k |u̇

L
l 〉 c(e)l (t) + c.c], (6.66)

where we have used that

1
ih̄ ∑

kl
c∗(e)i H̃ijS̃−1

jk H̃klc
(e)
l + c.c = 0. (6.67)

Using the cancellation from Eqs. (6.63)–(6.66) gives

dE
dt

=∑
n

QnḂ · ∂B(φn − Ṙn · An) + ∑
e

∑
ij

fe[c
∗(e)
i Ḃ · ∂BH̃ijc

(e)
j ]

− d
dt

(
ih̄ ∑

e
∑
ij

fec∗(e)i Ḃ · 〈uL
i |∂BuL

j 〉 c(e)j

)
+ ih̄ ∑

ne
∑
ij

feṘn · [c∗(e)i 〈∇nuL
i |u̇L

j 〉 c(e)j − c.c.]

+ ∑
ne

∑
ijkl

feṘn · [c∗(e)i 〈∇nuL
i |uL

j 〉 S̃−1
jk H̃klc

(e)
l + c.c.]

− ih̄ ∑
ne

∑
ijkl

feṘn · [c∗(e)i 〈∇nuL
i |uL

j 〉 S̃−1
jk 〈u

L
k |u̇

L
l 〉 c(e)l − c.c.]

−∑
e

∑
ijkl

fe[c
∗(e)
i H̃ijS̃−1

jk 〈u
L
k |u̇

L
l 〉 c(e)l (t) + c.c]. (6.68)

We can substitute for the |u̇L
i 〉 in the third, fifth and sixth lines

respectively using

〈uL
k |u̇

L
l 〉 =∑

n′
〈uL

k |Ṙn′ ·∇n′u
L
l 〉+ 〈u

L
k |Ḃ · ∂BuL

l 〉 , (6.69)

〈∇nuL
i |u̇L

j 〉 =∑
n′
〈∇nuL

i |Ṙn′ ·∇n′u
L
j 〉+ 〈∇nuL

i |Ḃ · ∂BuL
j 〉 .

(6.70)
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Note that the following combinations of terms vanish:

∑
nn′

c∗(e)i 〈Ṙn ·∇nuL
i |Ṙn′ ·∇n′u

L
j 〉 c(e)j − c.c. = 0,

∑
nn′

c∗(e)i 〈Ṙn ·∇nuL
i |uL

j 〉 S̃−1
jk 〈u

L
k |Ṙn′ ·∇n′u

L
l 〉 c(e)l − c.c. = 0.

(6.71)

Substituting Eqs. (6.69) and (6.70) into Eq. (6.68) and making use of
the cancellation from Eqs. (6.71) gives

dE
dt

=∑
n

QnḂ · ∂B(φn − Ṙn · An) + ∑
e

∑
ij

fe[c
∗(e)
i Ḃ · ∂BH̃ijc

(e)
j ]

− d
dt

(
ih̄ ∑

e
∑
ij

fec∗(e)i Ḃ · 〈uL
i |∂BuL

j 〉 c(e)j

)
+ ih̄ ∑

ne
∑
ij

fe · [c∗(e)i 〈Ṙn ·∇nuL
i |Ḃ · ∂BuL

j 〉 c(e)j − c.c.]

− ih̄ ∑
ne

∑
ijkl

fe[c
∗(e)
i 〈Ṙn ·∇nuL

i |uL
j 〉 S̃−1

jk 〈u
L
k |Ḃ · ∂BuL

l〉 c(e)l − c.c.]

−∑
e

∑
ijkl

fe[c
∗(e)
i H̃ijS̃−1

jk 〈u
L
k |Ḃ · ∂BuL

l〉 c(e)l + c.c]. (6.72)

Although this expression is not simple, each terms contains a factor
of Ḃ. Hence in the case of a constant externally applied field, using
Ḃ = 0 and B̈ = 0, we have

dE
dt

= 0. (6.73)

6.3.3 Specializing to an Orthogonal Tight Binding Model

For an orthogonal TB model, we have S̃ij = δij and S̃−1
ij = δij. Thus

the Hellman Feynman theorem simplifies to

MnR̈n(t) =−∇nUN [{Rn}] + FEM
N (Rn, t)−∑

e
∑
ij

fec∗(e)i (t)∇nH̃ijc
(e)
j (t)

+ ih̄ ∑
e

∑
ij

fe[c
∗(e)
i (t) 〈∇nuL

i |u̇L
j 〉 c(e)j (t)− c.c.]

+ ∑
e

∑
ijl

fe[c
∗(e)
i (t) 〈∇nuL

i |uL
j 〉 H̃jlc

(e)
l (t) + c.c.]

− ih̄ ∑
e

∑
ijl

fe[c
∗(e)
i (t) 〈∇nuL

i |uL
j 〉 〈uL

j |u̇L
l 〉 c(e)l (t)− c.c.]
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=−∇nUN [{Rn}] + FEM
N (Rn, t)−∑

e
∑
ij

fec∗(e)i (t)∇nH̃ijc
(e)
j (t)

+ ih̄ ∑
e

∑
ij

fe[c
∗(e)
i (t) 〈∇nuL

i |u̇L
j 〉 c(e)j (t)− c.c.]

+ ∑
e

∑
ijl

fe[c
∗(e)
i (t) 〈∇nuL

i |uL
j 〉 H̃jlc

(e)
l (t) + c.c.]

− ih̄ ∑
e

∑
il

fe[c
∗(e)
i (t) 〈∇nuL

i |u̇L
l 〉 c(e)l (t)− c.c.]

=−∇nUN [{Rn}] + FEM
N (Rn, t)−∑

e
∑
ij

fec∗(e)i (t)∇nH̃ijc
(e)
j (t)

+ ∑
e

∑
ijl

fe[c
∗(e)
i (t) 〈∇nuL

i |uL
j 〉 H̃jlc

(e)
l (t) + c.c.]. (6.74)

When the orthogonality of the basis set is included, we find that
the second and fourth lines (i.e. the lines involving S̃) of the non-
orthogonal Hellmann-Feynman theorem terms cancel. In the final
expression above, the second line corresponds to the Pulay terms.

6.3.3.1 Specializing to London Orbitals

In Appendix 6.A, it is shown that

〈∇nuL
i |uL

j 〉 = +i
q
h̄

δnni

1
2

B× Rni δij,

〈uL
j |∇nuL

i 〉 = −i
q
h̄

δnni

1
2

B× Rni δij. (6.75)

Using Eqs. (6.75), we can find the Pulay terms that arise in the last
term in Eq. (6.74) for London orbitals.

∑
e

∑
ijl

fe[c
∗(e)
i (t) 〈∇nuL

i |uL
j 〉 H̃jlc

(e)
l (t) + c.c.]

=∑
e

∑
ijl

fe[c
∗(e)
i (t) 〈∇nuL

i |uL
j 〉 H̃jlc

(e)
l (t) + c∗(e)i (t)H̃ij 〈uL

j |∇nuL
l 〉 c(e)l (t)]

=∑
e

∑
ijl

fe[c
∗(e)
i (t)(i

q
h̄

δnni

1
2

B× Rni δij)H̃jlc
(e)
l (t)

+ c∗(e)i (t)H̃ij(−i
q
h̄

δnnl

1
2

B× Rnl δjl)c
(e)
l (t)]

=∑
e

∑
ij

fe[c
∗(e)
i (t)(i

q
h̄

δnni

1
2

B× Rni)H̃ijc
(e)
j (t)

+ c∗(e)i (t)H̃ij(−i
q
h̄

δnnj

1
2

B× Rnj))c
(e)
j (t)]
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=∑
e

∑
ij

fei
q
h̄
(δnni

1
2

B× Rni − δnnj

1
2

B× Rnj)[c
∗(e)
i (t)H̃ijc

(e)
j (t)],

(6.76)

which is very similar to the expression for Pulay terms we derived
previously, for example in Appendix 6.C. Let us define the force on
the nuclei due to their interaction with the electrons as

F int
n =−∑

e
∑
ij

fec∗(e)i (t)∇nH̃ijc
(e)
j (t) + ∑

e
∑
ijl

fe[c
∗(e)
i (t) 〈∇nuL

i |uL
j 〉 H̃jlc

(e)
l (t) + c.c.].

(6.77)

which is the last two terms from Eq. (6.74). This form is correct for
orthogonal tight binding, and is independent of the particular choice
of geometry-dependent basis set. Following the steps above, this can
be rewritten as

Fel =∑
ij

ρji(−∇nH̃ij) + ∑
ij

ρjii
q
h̄
(δnni

1
2

B× Rni − δnnj

1
2

B× Rnj)H̃ij,

(6.78)

where

ρji = ∑
e

fec∗(e)i (t)c(e)j (t). (6.79)

This form might initially seem problematic, due to the terms 1
2 B× Rni

and 1
2 B× Rnj , which diverge as the cluster is moved far from the

Faraday origin.
Next we will show that Fel is in fact independent of the chosen

Faraday origin. To do so we make use of a result from Appendix 6.C,
in which it was shown that

∇nH̃ij = eiφninj

(
∇n + i

q
h̄
(δnni

1
2

B× Rnj − δnnj

1
2

B× Rni)

)
Hij,

(6.80)

where φninj = q
h̄

1
2 B× R̄ · (Rni − Rnj), in which R̄ = 1

2(Rni + Rnj).
With this Eq. (6.77) can be rewritten

Fel =∑
ij

ρjie
iφninj

(
−∇n + i

q
h̄
(δnni

1
2

B× (Rni − Rnj)− δnnj

1
2

B× (Rnj − Rni))

)
Hij

(6.81)

The important distinction between Eq. (6.78) and Eq. (6.81) is that the
latter is in terms of H, not H̃, meaning that the Peierls phase factor
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has been commuted past the ∇n operator. This is the third form for
the force in which we have taken the Peierls phase factor outside
the derivative, making it clear that the Pulay terms are related to the
distances between the atoms.

6.4 proof that the pulay terms lead to translational

invariance of the force

Before checking that the forces are invariant under translation, it is
worth checking that the electronic energy is invariant under transla-
tion of the molecule, since the electronic force is the derivative of the
energy expectation value w.r.t. nuclear position.

The electronic energy is given by

Eel =∑
e

fe 〈ψe|H |ψe〉

=∑
eij

fec∗(e)i H̃ijc
(e)
j

=∑
ij

ρjiH̃ij, (6.82)

where

ρji =∑
e

fec(e)i c∗(e)j , (6.83)

and

H̃ij = 〈uL
i |H |uL

j 〉

=

〈uL
i |

p2

2m −
qB
2m (L + 2S) + qφV |uL

j 〉 Rni = Rnj ,

〈uL
i |

p2

2m + qφV |uL
j 〉 ei q

h̄
1
2 B×R̄·(Rni−Rnj ) Rni 6= Rnj .

(6.84)

Consider a shift of the entire cluster in space, i.e., a map that sends
the set of nuclear coordinates Rn to Rn + a (the Faraday origin RF
and the gauge origin Rg remain the same). Under this mapping, we
have

H̃ij → H̃′ij =H̃ije
i q

h̄
1
2 B×a·(Rni−Rnj )

Eel → E′el =∑
ij

ρjiH̃ije
i q

h̄
1
2 B×a·(Rni−Rnj )

=∑
eij

fe
(
c(e)i e−i q

h̄
1
2 B×a·Rni

)∗H̃ij
(
c(e)j e−i q

h̄
1
2 B×a·Rnj

)
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=∑
ij

ρ′jiH̃ij (6.85)

where

ρ′ji = ∑
e

fe
(
c(e)j e−i q

h̄
1
2 B×a·Rnj

)(
c(e)i e−i q

h̄
1
2 B×a·Rni

)∗. (6.86)

Thus we find the expression for the energy expectation value is
similar, except for the additional phase factors due to the translation
which are absorbed by the coefficients in the density matrix. In a
separate calculation involving the translated cluster, the coefficients
would already contain these phases in them, since those phases
would be present in the coefficients from the start of the simulation
due to the form of the primed Hamiltonian from Eq. (6.85). It is not
the case that E′el = Eel , but if we were to run two independent calcu-
lations, we would find that the coefficients were adjusted accordingly
such that the energies are equal. Thus Eel is a known function of
displacement, and Eq. (6.85) gives a rule for finding and correcting
it.

Now we move on to showing that the Pulay terms make the force
invariant under a translation of the cluster. Consider once again a
map that sends the nuclear coordinates from Rn to Rn + a. First
consider how the Hamiltonian matrix elements are modified

∇nH̃ij →∇nH̃′ij

=∇n
(

H̃ije
i q

h̄
1
2 B×a·(Rnj−Rni )

)
=(∇nH̃ij)e

i q
h̄

1
2 B×a·(Rni−Rnj ) + H̃ij(∇nei q

h̄
1
2 B×a·(Rni−Rnj ))

=(∇nH̃ij)e
i q

h̄
1
2 B×a·(Rni−Rnj ) + H̃′ij

(
i
q
h̄

1
2

B× a(δnni − δnnj)
)
.

(6.87)

Consider the result from Appendix 6.A again:

〈∇nuL
i |uL

j 〉 =i
q
h̄

δnni δij
1
2

B× Rni . (6.88)

Thus

〈∇nuL
i |uL

j 〉 → 〈∇nuL′
i |uL′

j 〉

= i
q
h̄

δnni δij
1
2

B× Rni + a

= i
q
h̄

δnni δij
1
2

B× Rni + i
q
h̄

δnni δij
1
2

B× a. (6.89)
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Similarly

〈uL
j |∇nuL

i 〉 =− i
q
h̄

δnni δij
1
2

B× Rni , (6.90)

implies that

〈uL
j |∇nuL

i 〉 → 〈uL′
j |∇nuL′

i 〉

= −i
q
h̄

δnni δij
1
2

B× Rni + a

= −i
q
h̄

δnni δij
1
2

B× Rni − i
q
h̄

δnni δij
1
2

B× a.

(6.91)

Thus under the transformation, from Eq. (6.81), we have

F ′el =∑
ij

ρji(−∇nH̃′ij) + ∑
ijl

ρji(〈∇nuL′
i |uL′

l 〉 H̃′l j + H̃′il 〈u
L′
l |∇nuL′

j 〉)

=∑
ij

ρji

[
− (∇nH̃ij)e

i q
h̄

1
2 B×a·(Rni−Rnj ) + H̃′ij

(
i
q
h̄

1
2

B× a(δnni − δnnj)
)]

+ ∑
ijl

ρji(i
q
h̄

δnni δil
1
2

B× Rni + i
q
h̄

δnni δil
1
2

B× a)H̃′l j

+ ∑
ijl

ρjiH̃′il(−i
q
h̄

δnnj δjl
1
2

B× Rnj − i
q
h̄

δnnj δl j
1
2

B× a)

=∑
ij

ρji

[
− (∇nH̃ij)e

i q
h̄

1
2 B×a·(Rnj−Rni ) + H̃′ij

(
i
q
h̄

1
2

B× a(δnnj − δnni)
)]

+ ∑
ij

ρji(i
q
h̄

δnni

1
2

B× Rni + i
q
h̄

δnni

1
2

B× a)H̃′ij

+ ∑
ij

ρjiH̃′ij(−i
q
h̄

δnnj

1
2

B× Rnj − i
q
h̄

δnnj

1
2

B× a)

=∑
ij

ρ′ji(−∇nH̃ij)

+ ∑
ij

ρ′jii
q
h̄
(δnni

1
2

B× Rni − δnnj

1
2

B× Rnj)H̃ij, (6.92)

where ρ′ji = ρjie
i q

h̄
1
2 B×a·(Rnj−Rni ). We obtain the same expression

for the electronic force as before the translation in Eq. (6.78), with
additional phase factors due to the translation, which are absorbed
by the coefficients in the density matrix.
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6.4.1 Plato Implementation

For the Plato implementation of London orbitals, the gauge origin
and Faraday origins are taken to be located at the coordinate origin.
The TDSE in Eq. (6.27) was

ih̄ċ(e)i =∑
j

(
HM

ij − q(Ṙn · An − φn)δnni δij

)
c(e)j for ( fe 6= 0).

(6.93)

Since

HL =H − ih̄dt

=H − ih̄Ḃ · ∂B − ih̄ ∑
n

Ṙn ·∇n

=HM + qφ− ih̄ ∑
n

Ṙn ·∇n, (6.94)

then

HL
ij = 〈uL

i |HL |uL
j 〉

= 〈uL
i |HM + qφ− ih̄ ∑

n
Ṙn ·∇n |uL

j 〉

=HM
ij − q(Ṙn · An − φn)δnni δij, (6.95)

where we used the result from Eq. (6.101). Thus the TDSE reduces
to the simpler form

ih̄ċ(e)i =∑
j

HL
ijc

(e)
j . (6.96)

Thus the modification needed to the electronic Hamiltonian is to use
the same Hamiltonian that was presented in Eq. (5.126), at the end of
chapter 5. The equation used to evaluate the force in Plato, is given
in Eq. (6.124)

F1,Jν =− ∑
IαI′α′

{(
ρI′α′ Iα − ρ

(0)
I′α′ Iα

)
∂H(0)

IαI′α′

∂dJν
− EI′α′ Iα

∂SIαI′α′

∂dJν

}
,

(6.97)

where the notation required to specify Eq. (6.97) is defined in Ap-
pendix 6.E. My proposed modification to the Plato force equation,



150 time-dependent magnetic tight binding

to evaluate the interaction force from Eq. (6.97) is to modify this
equation to,

F1,Jν =− ∑
IασI′α′σ′

eiφI I′

(
ρI′α′σ′ Iασ − ρ

(0)
I′α′σ′ Iασ

)

×
(

∂H(0)
IασI′α′σ′

∂dJν
+

q
ih̄
(AI − AI′)(δI J + δI′ J)H(0)

IασI′α′σ′

)
− ∑

IαI′α′
EI′α′ Iα

∂SIαI′α′

∂dJν
. (6.98)

A few additional manipulations are required to make this equation
compatible with the form required for the function named TB_F1().
Below the derivative of SIαI′α′ is set to zero, since it disappears for
orthogonal tight binding.

F1,Jν =− ∑
IασI′α′σ′

eiφI I′ (δI J + δI′ J)

(
ρI′α′σ′ Iασ − ρ

(0)
I′α′σ′ Iασ

)

×
(

∂H(0)
IασI′α′σ′

∂dJν
+

q
ih̄
(AI − AI′)H(0)

IασI′α′σ′

)

=− ∑
Iασα′σ′

eiφI J

(
ρJα′σ′ Iασ − ρ

(0)
Jα′σ′ Iασ

)(∂H(0)
IασJα′σ′

∂dJν
+

q
ih̄
(AI − AJ)H(0)

IασJα′σ′

)

− ∑
ασI′α′σ′

eiφJ I′
(

ρI′α′σ′ Jασ − ρ
(0)
I′α′σ′ Jασ

)(∂H(0)
JασI′α′σ′

∂dJν
+

q
ih̄
(AJ − AI′)H(0)

JασI′α′σ′

)

=− ∑
Iασα′σ′

eiφI J

(
ρJα′σ′ Iασ − ρ

(0)
Jα′σ′ Iασ

)(∂H(0)
IασJα′σ′

∂dJν
+

q
ih̄
(AI − AJ)H(0)

IασJα′σ′

)

− ∑
ασIα′σ′

eiφJ I

(
ρIα′σ′ Jασ − ρ

(0)
Iα′σ′ Jασ

)(∂H(0)
JασIα′σ′

∂dJν
+

q
ih̄
(AJ − AI)H(0)

JασIα′σ′

)

=− ∑
Iασα′σ′

eiφI J

(
ρJα′σ′ Iασ − ρ

(0)
Jα′σ′ Iασ

)(∂H(0)
IασJα′σ′

∂dJν
+

q
ih̄
(AI − AJ)H(0)

IασJα′σ′

)
+ c.c.

=− 2 ∗ Re
[

∑
Iασα′σ′

eiφI J

(
ρJα′σ′ Iασ − ρ

(0)
Jα′σ′ Iασ

)

×
(∂H(0)

IασJα′σ′

∂dJν
+

q
ih̄
(AI − AJ)H(0)

IασJα′σ′

)]
. (6.99)
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Expressing the elements F1,Jν as a purely real quantity allows them
to be used with the existing Plato data types and reduces the need
for unnecessary changes to the existing codebase.



A P P E N D I X

6.a derivatives of london orbitals

In this section, we derive the following two results which are made
use of several times in Chapter 6. The results are

〈∇nuL
i |uL

j 〉 = +i
q
h̄

1
2

B× (Rni − RF)δnni δij, (6.100)

and its complex conjugate,

〈uL
j |∇nuL

i 〉 = −i
q
h̄

1
2

B× (Rni − RF)δnni δij. (6.101)

It will come in useful to evaluate the derivative, ∇nχRn′−Rg :

∇nχRn′−Rg =
q
h̄
∇n

(
− 1

2
B× (Rn′ − Rg) · r +

1
2

B× (−RF) · Rn′

)
=

q
h̄
∇n

(
1
2

B× r · (Rn′ − Rg) +
1
2

B× (−RF) · Rn′

)
=

q
h̄

(
1
2

B× r +
1
2

B× (−RF)

)
=

q
h̄

δnn′

(
1
2

B× (r− RF)

)
, (6.102)

The second step uses a circular shift of the scalar triple product
(a× b) · c = −(a× c) · b. The derivative of a London orbital is given
by

|∇nuL
i 〉 = |∇n(e−iχRni−Rg

ui)〉

= |e−iχRni−Rg
(−i∇nχRni−Rg)ui + e−iχRni−Rg

∇nui〉 .
(6.103)

The quantity ∇nui itself is not zero, but it can be shown that for all
values of n, n′ and n′′, that

〈un′ |∇nun′′〉 = 0. (6.104)
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This follows since

〈un′ |∇nun′′〉 =

∇n 〈un′ |un′′〉 if n′′ = n, n′ 6= n

0 otherwise,
(6.105)

and

∇n 〈un′ |un′′〉 = 0, (6.106)

as taking this derivative this corresponds to moving both orbitals at
once. Using this result, we have

〈∇nuL
i |uL

j 〉 = 〈−i(∇nχRni−Rg(r))uL
i + e−iχRni−Rg (r)∇nui|uL

j 〉

≈ −i(∇nχRni−Rg(Rni)) 〈u
L
i |uL

j 〉+ eiχRni−Rg (Rni ) 〈∇nui|uj〉 e−iχ
Rnj−Rg

= i
q
h̄

δnni

1
2

B× (Rni − RF) 〈uL
i |uL

j 〉 , (6.107)

where we have made the approximation 〈 f (r)uL
i |uL

j 〉 ≈ f (Rni) 〈uL
i |uL

j 〉
and r is the electronic position operator. Using the orthonormality of
the London orbitals, we have

〈uL
i |uL

j 〉 = δij, (6.108)

and thus

〈∇nuL
i |uL

j 〉 = +i
q
h̄

1
2

B× (Rni − RF)δnni δij. (6.109)

Taking the complex conjugate yields

〈uL
j |∇nuL

i 〉 = −i
q
h̄

1
2

B× (Rni − RF)δnni δij. (6.110)

6.b detailed algebra of todorov’s nuclear force equa-
tion

This appendix section clarifies some of the steps required to derive
Eq. (6.53), which is a form of the nuclear force equation similar to
Todorov’s equations for a non-orthogonal basis set for a magnetic
Lagrangian. Starting from the form of the Lagrangian in Eq. (6.18),
evaluating the LHS and the RHS of the nuclear Euler-Lagrange
equation gives

d
dt

∂L
∂Ṙn

=
d
dt

(
MnṘn + Qn A(Rn) + ih̄ ∑

eij
fec∗(e)i

(
∑
n
〈uL

i |∇nuL
j 〉
)

c(e)j

)
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=MnR̈n + Qn Ȧ(Rn)

+ ih̄ ∑
eij

fe

(
ċ∗(e)i 〈uL

i |∇nuL
j 〉 c(e)j + c∗(e)i 〈uL

i |∇nuL
j 〉 ċ(e)j

)
+ ih̄ ∑

eij
fec∗(e)i 〈u̇L

i |∇nuL
j 〉 c(e)j

+ ih̄ ∑
eij

fec∗(e)i 〈uL
i |∇nu̇L

j 〉 c(e)j (6.111)

∂L
∂Rn

=−∇nUN + QnṘnα ·∇n Aα(Rn)−Qn∇nφ(Rn, t)

+ ih̄ ∑
eij

fec∗(e)i 〈∇nuL
i |u̇L

j 〉 c(e)j

+ ih̄ ∑
eij

fec∗(e)i 〈uL
i |∇nu̇L

j 〉 c(e)j

+ ih̄ ∑
eij

fec∗(e)i (〈∇nuL
i |uL

j 〉 − 〈uL
i |∇nuL

j 〉)ċ
(e)
j

−∑
eij

fec∗(e)i ∇nH̃ij ċ
(e)
j . (6.112)

Equating the left and right hand sides of the Euler-Lagrange equation
gives

MR̈n =−∇nUN + FEM
N −∑

eij
fec∗(e)i ∇nH̃ijc

(e)
j

+ ih̄ ∑
eij

fec∗(e)i (〈∇nuL
i |u̇L

j 〉 − 〈u̇L
i |∇nuL

j 〉)c
(e)
j

+ ih̄ ∑
eij

fe ċ∗(e)i (− 〈uL
i |∇nuL

j 〉)c
(e)
j + c∗(e)i (〈∇nuL

i |uL〉j)ċ
(e)
j .

(6.113)

To obtain an analagous expression to Todorov’s Eq. (38) in Ref. [66],
we continue from Eq. (6.113), and use Eq. (6.51) to substitute for
ċ(e)i (t), giving

MR̈n =−∇nUN + FEM
N −∑

eij
fec∗(e)i ∇nH̃ijc

(e)
j

+ ih̄ ∑
eij

fec∗(e)i (〈∇nuL
i |u̇L

j 〉 − 〈u̇L
i |∇nuL

j 〉)c
(e)
j

+ ih̄ ∑
eij

fe

(
∑
k

S̃−1
ki

(
∑

l
(

1
ih̄

H̃lk − 〈u̇L
l |u

L
k 〉)c

∗(e)
l

)
(− 〈uL

i |∇nuL
j 〉)c

(e)
j
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+ c∗(e)i (〈∇nuL
i |uL

j 〉)∑
k

S̃−1
jk

(
∑

l
(

1
ih̄

H̃kl − 〈uL
k |u̇

L
l 〉)c

(e)
l

))
=−∇nUN + FEM

N −∑
eij

fec∗(e)i ∇nH̃ijc
(e)
j

+ ih̄ ∑
eij

fec∗(e)i (〈∇nuL
i |u̇L

j 〉 − 〈u̇L
i |∇nuL

j 〉)c
(e)
j

+ ih̄ ∑
eijkl

fec∗(e)l
1
ih̄

H̃lkS̃−1
ki (− 〈uL

i|∇nuL
j 〉)c

(e)
j

− ih̄ ∑
eijkl

fec∗(e)l
1
ih̄
(− 〈u̇L

k |u
L

l〉)S̃−1
ki 〈u

L
i|∇nuL

j 〉 c(e)j

+ ih̄ ∑
eijkl

fec∗(e)i (〈∇nuL
i |uL

j 〉)S̃−1
jl (

1
ih̄

H̃lm)c
(e)
m

− ih̄ ∑
eijkl

fec∗(e)i (〈∇nuL
i |uL

j 〉)S̃−1
jl 〈u

L
l |u̇

L
m〉 c(e)m

=−∇nUN + FEM
N −∑

eij
fec∗(e)i ∇nH̃ijc

(e)
j

+ ih̄ ∑
eij

fec∗(e)i (〈∇nuL
i |u̇L

j 〉 − 〈u̇L
i |∇nuL

j 〉)c
(e)
j

+ ∑
eijkl

fe[c
∗(e)
i 〈∇nuL

i |uL
j 〉 S̃−1

jl H̃lmc(e)m + c.c]

− ih̄ ∑
eijkl

fe[c
∗(e)
i 〈∇nuL

i |uL
j 〉 S̃−1

jl 〈u
L
l |u̇

L
m〉 c(e)m − c.c], (6.114)

which is similar to the form of Todorov’s Eq. (38) with an additional
term representing the direct Lorentz force on the nuclei.

6.c pulay terms

This section derives the result,

∇nH̃ij =eiφninj

(
∇n + i

q
h̄
(δnni

1
2

B× (Rnj − RF)− δnnj

1
2

B× (Rni − RF))

)
Hij

=eiφninj

(
∇n −

q
ih̄
(δnni(Anj − AF)− δnnj(Ani − AF))

)
Hij

(6.115)
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where φninj = q
h̄

1
2 B× (R̄ − RF) · (Rni − Rnj), which is the Peierls

phase factor from Eq. (5.126). First we show that,

∇nφninj =
q
h̄
(δnni

1
2

B× (Rnj − RF)− δnnj

1
2

B× (Rni − RF)).

(6.116)

The algebra required is,

∇n,δφninj =
q
h̄

1
2
∇n,δεαβγBα(

Rni,β

2
+

Rnj,β

2
− RF,β)(Rni,γ − Rnj,γ)

=
q
h̄

1
2

εαβγBαδβδ
1
2
(δnni + δnnj)(Rni,γ − Rnj,γ)

+
q
h̄

1
2

εαβγBα(R̄β − RF,β)δγδ(δnni − δnnj)

=
q
h̄

1
2

εαδγBα
1
2
(δnnj + δnnj)(Rni,γ − Rnj,γ)

+
q
h̄

1
2
∇nδεαβδBα(R̄β − RF,β)(δnni − δnnj)

=
q
h̄

1
2

(
− εδαβBα(Rni,β − Rnj,β)

δnni

2
− εδαβBα(Rni,β − Rnj,β)

δnnj

2

+ εδαβBα(R̄β − RF,β)δnni − εδαβBα(R̄β − RF,β)δnnj

)
=

q
h̄

1
2

[
δnni εδαβBα(Rnj,β − RF,β)− δnnj εδαβBα(Rni,β − RF,β)

]
=⇒ ∇nφninj =

q
h̄

1
2

[
δnni B× (Rnj − RF)− δnnj B× (Rni − RF)

]
.

(6.117)

From Eq. (6.84), we have, H̃ij = eiφninj Hij, thus

∇nH̃ij =eiφninj

(
∇n + i∇nφninj

)
Hij

=eiφninj

(
∇n + i

q
h̄
(δnni

1
2

B× (Rnj − RF)− δnnj

1
2

B× (Rni − RF))

)
Hij,

(6.118)

which is the result we sought to show.

6.d the lorentz force in terms of scalar and vector

potentials

This appendix section derives useful expressions for the Lorentz
force in terms of the vector and scalar potentials. Two versions of this
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expression are provided: one for the direct EM force on the nucleus,
and another on the direct EM force on the electrons belonging to a
nucleus.

We use the following three formulae to find an alternative expres-
sion for the Lorentz force in terms of the vector and scalar potentials.
The first of these is

d
dt

An =(Ḃβ∂Bβ)An + (Ṙnβ∇nβ)An, (6.119)

where Einstein summation is assumed over repeated Greek indices.
The second is

E(r, t) =− d
dt

A(r, t)−∇rφ(r, t)

=− (Ḃβ∂Bβ)A(r, t)−∇rφ(r, t), (6.120)

where r is the spatial coordinate (not electronic position). Thirdly

(Ṙnl × B(t))α =εαβγṘnβ(∇× A)γ

=εαβγṘnβεγµν∂nµ Anν

=εαβγεγµνṘnβ∂nµ Anν

=(δαµδβν − δανδβµ)Ṙnβ∂nµ Anν

=Ṙnβ∂nα Anβ − Ṙnβ∂nβ Anα. (6.121)

The Lorentz force on the nuclei is given by

FEM
N (Rn, t) =Qn(E(Rn, t) + Ṙn× B(t))

=Qn(−(Ḃβ∂Bβ)An −∇nφn + Ṙnβ∇n Anβ − Ṙnβ∇nβ An)

=Qn(∇n(Ṙnβ Anβ − φn)− Ȧn). (6.122)

Similarly the Lorentz force due to the expected number of electrons
on each nucleus is

FEM
e (Rn, t) =(qnn)E(Rn, t) + (qnn)Ṙn× B(t)

=qn(∇n(Ṙnβ Anβ − φn)− Ȧn), (6.123)

where we have introduced qn = qnn as the expected charge of the
electrons on nucleus n, and nn = ∑i∈An fec∗(e)i c(e)i is the expected
number of electrons on nuclues n. ∑i∈An denotes a sum over the
atomic orbitals labelled i belonging to the atom labelled n.
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6.e plato first order force

This appendix section defines all of the notation for the force evalua-
tion equation in Plato,

F1,Jν =− ∑
IαI′α′

{(
ρI′α′ Iα − ρ

(0)
I′α′ Iα

)
∂H(0)

IαI′α′

∂dJν
− EI′α′ Iα

∂SIαI′α′

∂dJν

}
.

(6.124)

Consider partitioning the total Kohn-Sham energy E[n] into multiple
terms that can be treated in distinct ways. Here n denotes the electron
number density, which can be written in terms of the Kohn-Sham
molecular orbitals ψi (where i could include a spin index) as

n(r) =∑
i

fi|ψi(r)|2 (6.125)

and 0 ≤ fi ≤ 1 is the occupation of orbital ψi. The energy is parti-
tioned as

E[n] = T[n] + EeI [n] + EHa[n] + Exc[n] + EI I . (6.126)

The first term, T[n], is the electronic kinetic energy, given by

T = ∑
i

fi

∫
ψ∗i (r)T̂ψi(r)dr (6.127)

and T̂ = − h̄2

2m∇2. The second term, EeI , is the energy of interaction
between the electrons and nuclei, given by

EeI [n] =∑
I

{ ∫
n(r)v(loc)

I (r)dr + ∑
i

fi

∫
ψ∗i (r)v

(non)
I (r, r′)ψi(r)drdr′

}
(6.128)

where I is an index that runs over the nuclei, v(loc)
I is the local part of

the pseudopotential, and v(non)
I is the non-local part. The third term,

EHa[n] is the classical electrostatic interaction of the electrons with
themselves (the Hartree energy) and is given by

EHa[n] =
1
2

e2

4πε0

∫ n(r)n(r′)
|r− r′| drdr′. (6.129)
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The fourth term, Exc[n], is the exchange and correlation term for
which there is no closed form expression. The final term, EI I , is the
nuclear-nuclear interaction given by

EI I =
1
2

e2

4πε0
∑

I 6=I′

ZI Z′I
|RI − RI′ |

, (6.130)

where ZI is the charge of nucleus I, and RI is its position.
The total electron density may now be written as the sum of

a reference value, n(0)(r), and a correction q(r) such that n(r) =
n(0)(r) + q(r). The reference value is then taken to be the sum of
spherical atomic densities

n(0)(r) = ∑
I

n(0)
I (r). (6.131)

To proceed we need to introduce the atomic orbitals used to construct
a basis set, and the density matrices that connect electron densities
to the atomic orbitals. On site I the orbitals are φIα, and the reference
density matrix is

ρ
(0)
Iα,I′α′ = δI I′δαα′ f

(0)
Iα . (6.132)

The reference density for site I is then

n(0)
I (r) = ∑

α

f (0)Iα |φIα|2. (6.133)

Similarly, if the full density matrix is ρIα,I′α′ then the electron density
is

n(r) = ∑
IαI′α′

ρIα,I′α′φIα(r)φ∗I′α′(r), (6.134)

hence

q(r) = ∑
IαI′α′

(ρIα,I′α′ − ρ
(0)
Iα,I′α′)φIα(r)φ∗I′α′(r). (6.135)

The energy can now be expanded in powers of q(r) about the refer-
ence density, giving

E[n(0) + q] =E[n(0)] +
∫

δE
δn(r)

∣∣∣∣
n(0)

q(r)dr

+
1
2

∫
δ2E

δn(r)δn(r′)

∣∣∣∣
n(0)

q(r)q(r′)drdr′ + . . .
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=E0 + E1 + E2 + . . . (6.136)

where

E0 =T[n(0)] + EeI [n(0)] + EHa[n(0)] + Exc[n(0)] + EI I , (6.137)

E1 =
∫ (

δT
δn(r)

∣∣∣∣
n(0)

+
δEeI

δn(r)

∣∣∣∣
n(0)

+
δEHa
δn(r)

∣∣∣∣
n(0)

+
δExc

δn(r)

∣∣∣∣
n(0)

)
q(r)dr,

(6.138)

E2 =
1
2

∫
δ2E

δn(r)δn(r′)

∣∣∣∣
n(0)

q(r)q(r′)drdr′ + ∆Exc, (6.139)

where

∆Exc = Exc[n]− Exc[n(0)]−
∫

∂Exc

∂n(r)

∣∣∣∣
n(0)

q(r)dr. (6.140)

The first order energy may be written

E1 = ∑
IαI′α′

H(0)
I′α′,Iα

(
ρI′α′σ′ Iασ − ρ

(0)
I′α′σ′ Iασ

)
=∑

n
fnεn − ∑

IαI′α′
H(0)

I′α′,Iαρ
(0)
Iα,I′α′ , (6.141)

where α indexes an orbital on atom I and

∑
I′α′

H(0)
Iα,I′α′c

(n)
I′α′ = εn ∑

I′α′
SIα,I′α′c

(n)
I′α′ . (6.142)

The Hamiltonian matrix H(0)
I′α′,Iα is given by

H(0)
I′α′,Iα =

∫
φ∗I′α′(r)

(
δT

δn(r)

∣∣∣∣
n(0)

+
δEeI

δn(r)

∣∣∣∣
n(0)

+
δEHa
δn(r)

∣∣∣∣
n(0)

+
δExc

δn(r)

∣∣∣∣
n(0)

)
φIα(r)dr.

(6.143)

In practice, the minimization is performed using molecular orbitals
rather than the density matrix. If we expand the molecular orbitals
in terms of the atomic orbital basis set we can write

ψi(r) = ∑
Iα

ψi,IαφIα(r) (6.144)

and the minimum energy corresponds to

∑
I′α′

H(0)
IαI′α′ψi,I′α′ = εi ∑

I′α′
SIαI′α′ψi,I′α′ (6.145)
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where

SI′α′,Iα =
∫

φ∗I′α′(r)φIα(r)dr. (6.146)

The density matrix is then given by

ρIα,I′α′ = ∑
n

fnc(n)Iα c(n)∗I′α′ , (6.147)

and we may define the quantity

EIα,I′α′ =∑
n

fnεnc(n)Iα c(n)∗I′α′ . (6.148)

This completes the definitions of the terms involved in Eq. (6.124).





7
C O N C L U S I O N S

The goal of this thesis was to make headway towards the develop-
ment of models of ferromagnetic materials that could be used in the
materials selection process for the design of fusion reactors.

By focussing on simulating the Einstein-de Haas effect in small
clusters, significant progress has been made in this thesis. In the
conclusions chapter, we summarise the hierarchy of tight binding
approximations that have been discussed, collate the most important
new formulae, summarise the state of the art in implementation
of the results and finally indicate what might be possible in future
simulations.

7.1 the hierarchy of tight binding approximations

A series of approximations have been made in this thesis to make the
quantum mechanics of ferromagnetic solids numerically tractable.
This hierarchy of approximations is outlined below.

The first approximation made is in treating the problem using
a single-electron Hamiltonian. This approximation is one of the
greatest simplifying assumptions in this work, and is commonly
employed in electronic structure methods, such as tight binding
and density functional theory. The severity of this approximation is
partially mitigated by including the Stoner term (introduced in Eq.
(3.19)), which is essential for modelling magnetism, and has been
shown to arise as an approximation to the many-body exchange
interaction [73].

The starting Hamiltonian is thus a single-electron Dirac Hamil-
tonian in Eq. (2.18), which is considered the most precise quantum
mechanical description of a single electron interacting in the pres-
ence of an externally applied electromagnetic field. The second
approximation made is to neglect the effects of higher-order rela-
tivistic terms present in the Dirac equation, in orders of 1/c2. This
approximation is performed in two stages. In the first stage, the
Foldy-Wouthuysen transformation is applied to the Dirac Hamilto-
nian to obtain the Foldy-Wouthuysen Hamiltonian, which discards
all terms of O(1/c4) and higher orders of 1/c2, and thus is accurate
to the single-electron Dirac Hamiltonian to O(1/c2). In the second
stage of approximations, all terms of order (1/c2) are discarded
from the Foldy-Wouthuysen Hamiltonian to obtain the standard
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Pauli Hamiltonian. This approximation is partially compensated for
by re-introducing the SOC term later (in Eq. (2.32)), which is critical to
the coupling of the spin and spatial angular momentum components.

The third step in the hierarchy of approximations is in obtaining
the weak-field Pauli Hamiltonian from the standard form of the Pauli
Hamiltonian, which is achieved by expanding the kinetic energy term
and discarding O(B2) terms.

The steps outlined above describe the approximations used to
acquire the full magnetic Hamiltonian used in this work, Eq. (4.4).
Additional approximations are introduced when applying the tight
binding method to this Hamiltonian, such as the use of a finite
basis set of atomic orbitals to describe the electronic wavefunction,
the approximate method of the time-evolution (Eq. (3.8)), and the
simplification of the SOC introduced in Eq. (3.12).

7.2 new formulae

This thesis has found several new and important formulae which
enabled the authors to make progress in the task of simulating
the Einstein-de Haas effect. In Chapter 2, the most important new
formula is the final magnetic tight binding Hamiltonian in Eq. (4.4).
None of the individual terms in this Hamiltonian are new, but the
authors have not seen this combination of terms applied previously
in the context of non-collinear tight binding. This is the minimal set
of terms necessary to obtain a successful description of spin-lattice
coupling in ferromagnetic materials.

The second important result from Chapter 2 is the spin Slater-
Koster terms given in Eqs. (2.68) and (2.70). Although it is likely
these terms have been worked out before, we did not see them in the
literature and those formulae serve as a useful reference to anyone
implementing non-collinear tight binding methods in the future.

The most significant new equation in Chapter 3, is the torque
equation of motion for a system of interacting electrons and nuclei
in an externally applied magnetic field, Eq. (3.26) . This equation is
helpful in understanding the relationship between the interaction
torque on the lattice and the orbital and spin angular momentum
expectation values.

Chapter 4, which describes simulations of an Fe15 cluster, fea-
tures derivations of two important timescales, which determine
how slowly the B field must change in order for the motion of the
electrons to be considered adiabatic. The first timescale is given in
Eq. (4.21), which describes the ability of the electrons to remain
adiabatic on the Larmor energy timescale, and the second timescale
is given in Eq. (4.23), which describes the ability of the electrons to
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remain adiabatic with respect to the timescale associated with energy
splittings caused by the crystal structure.

Chapter 5 included no previously unseen formulae, but possibly
provides a clearer presentation of the derivations and approximations
involved in using the Peierls substitution and London orbitals to
formulate a gauge-invariant description of the LCAO method in a
finite basis set.

Chapter 6 presents an entirely new Langrangian formulation of
magnetic tight binding with London orbitals, which derives new
equations of motion which could be used to implement gauge-
invariant implementations of time dependent magnetic tight binding.
The most significant of these are the Lagrangian itself, which is
specified in Eq. (6.1), the equations of motion in orthogonal tight
binding, Eqs. (6.27) and (6.31), and the equations of motion for non-
orthogonal tight binding given in Eqs. (6.51) and (6.54).

7.3 the state of the art in implementation of the re-
sults in plato

The tight binding software package Plato, in which all of the sim-
ulations in this work were performed, played a central role in the
research carried out in this thesis [106]. With the codebase added as
a result of this thesis, Plato has all of the functionality necessary to
perform the simulations shown in Chapters 3 and 4. The London
orbitals method introduced in Chapter 5 and the equations of motion
found in Chapter 6, in particular Eqs. (6.96) and (6.99), are suitable
for implementation in Plato, which would enhance the method em-
ployed by the program by enabling it to perform gauge-invariant
magnetic tight binding simulations. Further work is required to com-
plete the integration of these equations into Plato, and to perform
the checks necessary to have confidence in the implementation of
the method.

7.4 future simulations

The work carried out in this thesis could be continued and expanded
on in a variety of directions. One interesting set of simulations would
be to repeat simulations of the O2 and Fe15 clusters described in
Chapters 3 and 4, with the implementation of London orbitals com-
pleted in Plato. This would be provide a couple of simple scenarios
in which it would be possible to compare and contrast the effect of
including Peierls phases in the atomic orbitals basis set.
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The clusters investigated in this thesis were deliberately chosen to
be simple and small structures. Einstein-de Haas effect experiments
use macroscopic iron cylinders, and thus tend to have a much greater
number of Fe atoms. Thus, an interesting investigation to perform
would be to look for trends of various properties with increasing
system sizes of Fe. Examples of properties that would be interesting
to investigate would be: (i) the quenching of the orbital angular
momentum and how this effects the Einstein-de Haas effect seen in
clusters of Fe, (ii) does the exchange effect dominate the dynamics
for larger system sizes.

One of the long-term aims of the research presented in this thesis
is that the electronic structure methods developed could be used to
inform classical, atomistic models of ferromagnetism, which would
be better suited for performing simulations with the kinds of system
sizes needed to calculate macroscopic properties of steels and inform
decisions about the structural designs of tokamaks. It is hoped
that the work performed in this thesis will be able serve as a base
upon which further approximations can be made, and from which
atomistic models of ferromagnetism could be benchmarked and
derived.
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