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Analysis of Folded Erbium-Doped Planar
Waveguide Ampliers by the Method of Lines

Weibin Huang and Richard R. A. Syms

Abstract—A numerical model for spiral and folded erbium-
doped planar waveguide amplifiers has been developed, based on
a rate equation model of the local complex dielectric constant
and beam propagation by the method of lines. A five-level
system is used to describe the ion–ion interactions that occur
at high erbium concentrations. A suitable form of the method of
lines is presented in polar coordinates, and absorbing boundary
conditions based on the third-order rational series approximation
are derived. Using this model, amplification in both straight and
curved slab guides can be simulated, and examples of propagation
in typical folded amplifier structures are presented.

Index Terms— Erbium-doped planar waveguide amplifier
(EDWA), method of lines, modeling, optical amplifier, rate
equation.

I. INTRODUCTION

I N recent years, erbium-doped planar waveguide amplifiers
(EDWA’s) have received attention for gain at 1535 nm,

because of the potential for integration with pump lasers and
filters. Suitable techniques for forming the glass layers include
sputtering [1], [2], FHD and PECVD [3]–[6], and the sol-gel
process [7]–[10]. Useful gains have already been reported; for
example, Schmulovichet al. reported a reduction of loss on
pumping of 8.75 dB/cm in a straight erbium-doped sodium
calcium silicate guide in 1992 [1].

Theoretical models of erbium-doped silica were devised
for fiber amplifiers [11]. More recent models include effects
that degrade performance as the erbium concentration rises
[12]–[17]. These have been adapted to describe the extremely
high doping levels of planar EDWA’s; however, attention has
focussed more on rate equation modeling than propagation.
Most authors use either the finite element [14]–[15] or the
variables-separation method [17], and solve the wave equation
for a straight guide.

Layouts containing curved guides with small bend radii
will be needed to minimize the size of planar EDWA’s. For
example, Fig. 1(a) shows a spiral geometry, which includes
bends of different radii and right-angle intersections to achieve
a long path in a compact chip. Here, differences in shading
indicate consecutive sections of different curvature. Fig. 1(b)
is similar to Fig. 1(a), but the intersections are eliminated
through the use of a central fold-back bend.
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Curved waveguides cannot guide electromagnetic fields
without radiation loss. Furthermore, the transverse fields of
both the pump and the signal beam are distorted in bend
sections, so that the spatial overlap between the two fields and
the erbium-doped region is lowered. Both these effects make
the normal models inaccurate for folded amplifiers. Bending
loss in amplifiers has been examined using a phenomenolog-
ical treatment based on a local absorption coefficient [18].
However, a rigorous theory such as the method of lines (MoL)
[19] is potentially more appropriate. Not only can it describe
both the effects above, but it can also model losses arising
from changes in curvature or waveguide proximity effects in
a unified manner.

Suitable MoL algorithms have been developed for passive
guides with straight [19], uniformly curved [20] and arbitrarily
curved [21] geometries. In the last of these, the structure was
modeled by a piecewise linear approximation. Here, a variant
of the MoL is introduced for active guides in polar coordinates.
Folded amplifiers are then modeled by cascading sections of
appropriate curvature.

The complex refractive index of a uniform gain medium is
first introduced in Section II, based on prior models. The imag-
inary component describes absorption and gain for the pump
and signal waves, and is obtained by rate-equation modeling.
A five-level model is used to account for upconversion effects
at high erbium doping levels, and the relevant rate equations
are solved numerically.

In Section III, the MoL is reviewed, and it is shown how the
wave equation may be solved in polar coordinates. Calculation
of the local complex dielectric constant is then linked to a
beam propagation algorithm for the pump and signal waves
[11]. In Section IV, absorbing boundary conditions [22]–[24]
based on the third-order rational series approximation are de-
veloped for polar coordinates. Solutions for typical geometries
involving curved and folded slab guides are then presented
in Section V, and it is shown that excessive curvature and
curvature changes both reduce the overall gain more than
would be expected simply from consideration of radiation loss.

II. A BSORPTION AND GAIN IN UNIFORM MEDIA

We first review the conventional rate equation model for
gain in a uniform glass host containing a dispersion of erbium
ions [11]. EDWA’s are based on a three-level system, with
4I15/2, 4I13/2 and4I11/2 being the ground, metastable and pump
level (levels 1, 2 and 3, respectively). Absorption of pump
radiation at 980 nm wavelength promotes electrons from level
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(a) (b)

Fig. 1. Geometries for planar EDWA’s: (a) spiral and (b) folded spiral.

Fig. 2. Simplified energy level diagram for Er3+ (after [15]).

1 to level 3. After decaying to level 2, these electrons provide
signal gain at 1535 nm via transitions to level 1 (Fig. 2).

A very high Er3+ concentration is needed in EDWA’s. Un-
fortunately, at densities above 1025 m 3, ion–ion interactions
allow nonradiative energy transfer between near-neighbors,
reducing the population of the metastable level [15]–[17].
Here, up-conversion and cross-relaxation effects involving
4I9/2 (level 4) and4F7/2 (level 5) are considered. Suitable rate
equations have been developed by several authors [12]–[17].
Here, we assume the following set:

(1)

Here are the densities of levels 1, 2 5,
respectively, and sum to , the ion density. Similarly,

and are the photon densities for the pump and signal
beams. The constants are as follows. The cross-section for
pump absorption is ; the corresponding coefficient for
pump emission is assumed to be zero. The spontaneous decay
path from level 3 is described by a lifetime . A further path

TABLE I
COEFFICIENTS OFERBIUM IONS USED IN THE

NUMERICAL SIMULATIONS (AFTER [12], [15], [16])

from level 3 to level 1 has a lifetime . The cross sections for
signal absorption and emission are and , respectively.

and are lifetimes for levels 2, 4 and 5, respectively;
and are upconversion coefficients, and is a cross-

relaxation coefficient. Suitable numerical values are given in
Table I [12], [15], [16]. is the group velocity,
where is the velocity of light and is the relative dielectric
constant of the host glass, assumed real so that background
losses are ignored. Note that and are the only photon
densities in (1). Modification of the rate equations to include
amplified spontaneous emission through the addition of extra
photon terms is simple, but is not considered necessary for the
present demonstration.
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The quantities and are related to the time-averaged
electric fields and of the pump and signal beams. The
irradiances and of the two beams are

(2)

where is Planck’s constant, and and are the wave-
lengths of the pump and signal. However, in an electromag-
netic model of plane waves, the irradiances would be given
by

(3)

and may therefore be found by equating (2) and
(3). Equations (1) may then be solved in the steady state
by combining the lower two equations to eliminate .
For given values of and the densities may
then be found by solving the remaining equations using, e.g.,
Newton’s method, assuming that is negligible because of
the short lifetime of level 5.

The rate equations may be linked with a propagation model
by assuming that pump and signal beams decay and grow (say)
in the -direction according to for the former
and for the latter, where and are power
absorption and gain coefficients given by

(4)

Alternatively, the medium may be described by a complex
permittivity, in which the coefficients of (4) contribute an
imaginary susceptibility to the host glass. The complex relative
dielectric constants and of the doped material at the
pump and signal wavelengths are then [11]

and

(5)

where and . Equation (5) may then
be used in the model of guided wave propagation developed
in the following sections.

III. T HE METHOD OF LINES FOR ACTIVE

WAVEGUIDES IN POLAR COORDINATES

We now develop a model of propagation in folded EDWA’s.
We assume that the circuit is constructed by cascading
sections of uniformly curved waveguide bend, as shown in
Fig. 1. The th section has a radius and an arc length
The waveguide is assumed to be a slab of erbium-doped glass
of width w, with complex relative dielectric constants and

for the pump and signal waves. Outside the core, the glass
is undoped, with a real relative dielectric constant

Each section is modeled in isolation, by considering prop-
agation in a finite window of width W (less than the guide
separation d in Fig. 1). Fig. 3(a) and (b) show windows for
straight and curved sections. Both may be modeled using
the MoL in polar coordinates, with appropriate radii. We,
therefore, now give a brief review of the MoL [19].

Propagation of a transverse electric (TE)-polarized field in
polar coordinates is described by the Helmholtz wave equation,

where
is the electric field, is a spatially varying relative dielectric
constant, and Introducing new variables
and where is the radius of curvature, this reduces to

(6)

where , and . When , the Cartesian
form of (6) is recovered.

The region is now discretised in the-direction into a set
of lines spaced apart by a distance . If
this is done, we obtain the matrix-vector differential equation:

(7)

where is a vector of size containing values of at each
line, is an diagonal matrix of similar values of

is a diagonal matrix with elements , where
is the coordinate of theth line, is an matrix

representing the discretized first derivative with respect to,
namely,

(8)

and is an tridiagonal matrix, representing the
discretized form of the second derivative

(9)

If we now introduce a new matrix , such that
(7) reduces to the second-order equation
Solutions for constant then have the

form

(10)

Here and are the eigenvalue and eigenvector matrices of
, respectively, so that . Note that (10) contains

both forward and backward waves, with amplitudes defined
by and . However, backward waves may normally be
neglected in long, weakly guiding structures. Generally,is
a function of , so the matrix must also vary. However,
(10) may still give a solution over a short distance over
which and are locally constant, in the form

(11)

Using (11), the solution may be propagated step-by-step
through a slowly varying structure.

A model for curved, amplifying media may be developed
by linking the algorithm above to the rate equation model
as shown in Fig. 4. Pump and signal field vectors and

are first computed at the input by solving the eigenvalue
equation for a passive slab guide of core width w, and core
and cladding indices and and then
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(a) (b)

Fig. 3. Discretization used in the method of lines: (a) Cartesian coordinates and (b) polar coordinates.

discretising the resulting field functions. Two MoL algorithms,
with separate matrices and are then used to propagate
the pump and signal vectors through each section in turn. At
each step within a bend, the photon densities and
are first calculated from and for each line, and the
corresponding values of and are used to construct
matrices and These are decomposed into eigenvalue
and eigenvector matrices and by standard methods,
and (11) is used to propagate each vector by a distance

Further modification of the overall scheme could be carried
out to incorporate amplified spontaneous emission (ASE). This
would involve addition to the rate equations of a number of
extra terms (with ) describing the photon
densities at a set of ASE wavelengths and use of
separate MoL algorithms with corresponding matrices
to propagate each one.

IV. A BSORBING BOUNDARY

CONDITIONS FOR POLAR COORDINATES

Beam propagation algorithms suffer from the apparent re-
flection of diverging waves back into the calculation region,
especially in folded circuits which naturally create radiation.
Absorbing boundaries are therefore introduced to suppress
these waves. Many authors have investigated boundaries based
on factorization of the propagation operator. In [23], expres-
sions for second- and third-order rational series approxima-
tions are derived. Dreher [24] and Pregla [22] adapted the
second- and third-order versions to the MoL in Cartesian
coordinates. Here, we develop the third-order terms for polar
coordinates.

The approximation is derived as follows. With the notation

and (6) may be written as:

(12)

Fig. 4. Flowchart showing the linkage between the rate equation model and
the method of lines.

Following [22], [23], we now factor the operator as
where and are

(13)

Here, the “ ” and “ ” signs correspond to waves in the
and directions, respectively. At the upper boundaries in
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TABLE II
COEFFICIENTS OFRATIONAL SERIES APPROXIMATIONS FORABSORBING BOUNDARY CONDITIONS

(AFTER [23])

Fig. 3, a suitable absorbing condition may be constructed by
allowing only waves in the direction, so that
similarly, we assume that on the lower boundaries.

Using the third-order rational series approximation, we then
write the square root in (13) as

(14)

where and are constants chosen to give exact
agreement with the radix for particular values ofand hence
for particular angles of incidence on the boundaries. Values for
common approximations are shown in Table II [23]. If this is
done, the condition becomes

(15)

Using (12), the term may be eliminated from (15), to give
an equation of the form

(16)

where the coefficients are given by

(17)

with We now discretise (16) in the-direction, and
use the result to obtain modified elements in that represent
the absorbing boundary. To do so, we introduce a ficticious
additional element just outside the window to the vector

. In line 1, we then use the discrete approximations

and obtained
from a Taylor series expansion, to reduce (16) to

(18)

where

(19)

We may of course perform a similar manipulation of (12). We
start by writing this as

(20)

where and We now
perform a similar discretization on (20) using (18) and (19) to
eliminate the unknown element We then obtain

(21)

Equation (21) shows that the absorbing boundary conditions
are represented by modifying the top row of the matrix to
contain the elements

(22)

A similar procedure may be followed to find the elements on
the bottom row of , this time assuming that .
These results reduce to those of Pregla [22] for Cartesian
coordinates when In the following section, we use
conditions based on the approximation in Table II.

V. NUMERICAL RESULTS

Simulations of slab guide amplifiers based on the algorithms
of the preceding sections were performed using a window
width W 40 m, a line spacing m and a step
size mm. The guide was centrally placed
within the window; the core width was 3.2m, and the core
and cladding indices were 1.46 and 1.468, respectively, so that
the guide was just single-moded at 980 nm. Transverse fields
derived from the equivalent passive structure were launched at
the input, and modal powers obtained after propagation were
computed by overlap integrals with these fields.

Fig. 5 shows the variation of signal gain with distance for
straight and uniformly curved EDWA’s at an Er concentra-
tion of 5 1025 m 3, for input pump and signal intensities of
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Fig. 5. Variation of signal gain with propagation distance for straight guides,
(a) with and (b) without ion–ion interactions, and curved guides of radius (c)
5 mm and (d) 4.5 mm.

1 mW and 0.2 W per square micron, respectively, averaged
over the core. Curve a) shows the gain obtained in a straight
guide, in the absence of ion–ion interactions. Curve b) shows
the corresponding result with ion–ion interactions included; the
net effect is clearly to reduce the signal gain by depletion of
the metastable level. Curves c) and d) show the gain variation
in curved guides, for radii of mm and
mm, respectively. In each case, and from now on, ion–ion
interactions are also considered. The gain is clearly reduced
very considerably as the radius is reduced to 4.5 mm.

To investigate whether the gain reduction could be ascribed
to radiation loss in the signal alone, numerical values for the
gain near the amplifier input were compared with attenuation
figures for similarly curved passive guide geometries. For
curved amplifiers of radii mm and mm, the
gains were 0.0909 dB/cm and 0.3673 dB/cm lower than in a
straight amplifier, respectively. However, the radiation loss in
passive guides of the same radii were only 0.0745 dB/cm and
0.3421 dB/cm. Thus, while the majority of the gain reduction
is clearly due to radiation losses, an additional component must
also be due to changes in the gain profile and its overlap with
the signal.

For example, Fig. 6 shows the variation over the cross-
section of the pump and signal field amplitudes (compared
with a maximum of unity at the input) and the local gain
coefficient , after propagating a distance 3 cm in a curved
guide of radius 5 mm. Although the pump remains reasonably
well confined, its peak has shifted slightly outward and the
gain profile is clearly no longer symmetric. Due to its weaker
confinement, the signal has radiated outward to a much greater
degree.

The lateral range of this figure is shown smaller than the
window width W for clarity. However, the efficacy of the
absorbing boundary conditions was verified by the relative
immunity of the field profiles to changes in either the value of
W or the position of the core within that range.

The next two figures show simulations of the geometries of
Fig. 1, and illustrate the ease with which the model may be
used to investigate and optimize folded amplifier geometries.
In each case, the interguide separation is m,

Fig. 6. Transverse variation of the pump and signal field amplitudes and
the local gain coefficientgs; for a curved guide with radius 5 mm, after
propagating a distance 3 cm.

Fig. 7. Variation of signal gain with distance for the spiral amplifier of
Fig. 1(a), with key radii of (a)R6 = 10 mm,R7 = 5 mm and (b)R6 = 8:5

mm, R7 = 4:25 mm.

and the input power densities are as before. Fig. 7 shows
two simulations of the layout of Fig. 1(a); in Curve a),
the two key radii are mm and mm,
while in Curve b) the corresponding values are 8.5 mm and
4.25 mm. Values for other radii follow from the geometry,
and the length of the straight guide sections at input and
output was For Curve a), the gain rises smoothly to
a maximum, and little reduction in gain occurs after the
curvature discontinuity between Sections VI and VII (point).
For Curve b), considerable loss occurs after the corresponding
junction (point ), illustrating the necessity of avoiding large
curvatures if good performance is to be maintained.

This geometry includes waveguide intersections, which
were simulated separately using the MoL in Cartesian
coordinates. Due to the short propagation distance involved,
the effect on the signal was found to be negligible, as described
earlier by others for passive structures [25]. However, in
practice stringent control on feedback is required to prevent
oscillation occurring instead of amplification.

Fig. 8 shows simulations of the geometry of Fig. 1(b),
which avoids intersections by the use of a central fold-back
bend. Here, the key radii are mm and mm.
Fig. 8(a) shows results obtained with continuously aligned
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Fig. 8. Variation of signal gain with distance for the folded spiral amplifier
of Fig. 1(b), with minimum radii ofR6 = 4:5 mm, R7 = 9:05 mm: (a)
without and (b) with an offset central joint.

cores. There is again a significant reduction in gain at the
junction between Sections VI and VII, this time due to the
mismatch in mode position caused by curvature reversal. This
excess loss can be reduced by the strategy developed for
passive guides, namely the introduction of a lateral offset

between the cores [26]. Fig. 8(b) shows the improvement
obtained for m, which can be simulated very simply
by altering the lateral position of the core within the window,
to a resolution set by the discretization of the model.

VI. CONCLUSIONS

A model for erbium-doped planar waveguide amplifiers
has been presented, based on a combination of rate equation
modeling and the method of lines. A five-level rate equation
model is used to describe the conventional three-level system,
together with up-conversion and cross-relaxation effects that
occur at high erbium concentrations. The densities of the
ground, pump and metastable states obtained obtained by
solving these equations are then used to calculate a local
complex dielectric constant for the pump and signal waves.
The two waves are then propagated separately using a beam
propagation algorithm based on the method of lines.

Using this model, amplification in both straight and curved
guides can be simulated, and the effects of radiation loss
and changes in overlap between the signal and the core gain
distribution may be separated. We have shown how gain
can be optimized in typical folded geometries using simple
adjustments to the layout. The model could easily be extended
to allow propagation of other waves, particularly an ASE
signal.
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