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A new strategy for the interpolation of parametric reduced-order models of dynamic

aeroelastic systems is introduced. Its aim is to accelerate the numerical exploration of

geometrically-nonlinear aeroelastic systems over large design spaces or multiple flight conditions.

The parametric reduced-order models are obtained from high-dimensional models by Krylov

subspace projection. They are subsequently interpolated to acquire realizations inexpensively

anywhere in the parameter space, where having the state-space as opposed to interpolating

an output metric permits the use of linear analysis tools. The interpolation scheme is heavily

conditioned by the available training points, thus a novel methodology based on adaptive

sampling and a combinatorial use of the available true-systems knowledge is presented, whereby

we reuse all known data of the true models as different combinations of training and testing data

to build statistical surrogates of the interpolation error across the parameter space and refine the

sampling in those regions that need it. This minimizes the number of costly-to-evaluate functions

calls and ensures that parameter space regions are sampled according to the underlying system

dynamics. The initial implementation of this adaptive sampling strategy is demonstrated on a

very flexible wing with a complex stability envelope.

I. Introduction
Aircraft certification agencies demand, among other requirements, knowledge of structural loads and stability charac-

teristics within all flyable conditions in the flight envelope. Effectively, this means evaluating the aircraft system at

hundreds of thousands of operational points [1], which will be combinations of, for example, flight velocity, altitude,

orientation, payload and atmospheric conditions. To reduce the number of evaluations, engineering judgment based

on past experience on similar aircraft models is typically employed [2] although, clearly, this can be challenging

for new aircraft concepts. In this paper, we will address this issue using state-space interpolation methods of the

aeroelastic system to efficiently explore the design space. Although most methods presented in this paper are not
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model specific, we will focus on slender, light-weight wings that are capable of achieving deformations comparable to

their semi-span. Such large deformations may and will affect both the structural and aerodynamic characteristics and

therefore nonlinear aeroelastic models are required to capture the interaction between the two. These high aspect ratio

wings are typically found in new and unconventional aircraft designed for perpetual flight that use solar energy to fulfill

their power-constrained mission.

The aeroelastic models, even though typically simplified in their underlying physical modeling (structures are

modeled using beams and aerodynamics may be modeled using potential flow panel methods [3]), are nonlinear and

high-dimensional. This large model size is usually a contribution of the unsteady aerodynamic models which tend to

require fine mesh discretisation in order to converge to steady-state results and have sufficient wake lengths to capture

significant unsteady flow histories. Converged models of order 104 − 105 states are the norm [4]. These systems may

be described by flight control inputs (thrust and control surface deflections) and external environmental inputs (gust

disturbances), parametrised in terms of operational conditions (payload, altitude) and the outputs be aircraft velocities,

structural loads or wing deformations. Although the geometric and design characteristics of slender flexible wings

allow for simpler physical models without significant tradeoffs in accuracy, the resulting systems of the governing

nonlinear equations can still be very large in size, and for the purpose of design and loads evaluation across the entire

flight envelope, simply unfeasible. Across the field, much research is focused on speeding up the analysis of aeroelastic

systems [5].

Therefore, in this work we present a roadmap on efficient methodologies for the loads and design evaluation of

aeroelastic systems. Starting from the nonlinear equations, we linearize the system in order to benefit from linear

analysis tools, such as frequency domain analysis that does not require time marching of the equations to compute

dynamic loads. However, linearisation does not resolve the issue of large system dimension and model reduction

methods are needed in order to successfully use these tools. In addition, as previously mentioned, these vehicles are

capable of undergoing large deformations which will change their shape and structural and aerodynamic properties,

with significant couplings and hence the nonlinear formulations. Thus, we aim to use state-space interpolation to obtain,

at any point in the 𝑝-dimensional aircraft parametric design space, 𝒑 ∈ R𝑝 , a reduced linear state-space realization

Σ̂( 𝒑) :=


¤𝒙(𝑡) = 𝑨( 𝒑)𝒙(𝑡) + 𝑩( 𝒑)𝒖(𝑡)

𝒚(𝑡) = 𝑪 ( 𝒑)𝒙(𝑡) + 𝑫 ( 𝒑)𝒖(𝑡)
(1)

that is locally accurate. With efficiency as a prime constraint, we seek to be able to interpolate the reduced-order

state-space matrices (𝑨( 𝒑), 𝑩( 𝒑),𝑪 ( 𝒑), 𝑫 ( 𝒑)) with minimal training points as, despite them being small, they are

costly to derive from the nonlinear equations and subsequent linearisation and reduction. Therefore, we introduce a

novel Bayesian sampling method based on statistical surrogates and data-recycling to obtain said training points for an
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optimal performance of the interpolator which can offer adequate visibility into the design-spaces of flexible aircraft for

fractions of the cost of classical evaluations.

A. Low speed aeroelasticity

The multidisciplinary requirement of these models brings together different fields, most notably structural dynamics

and aerodynamics, and for each discipline high fidelity methods are widely used in a reliable manner, albeit often at

great computational expense. Coupling these together, namely full 3D finite element models (FEM) with boundary-layer

resolving computational fluid dynamics (CFD) solvers is not a trivial procedure and computationally demanding

problem. Thus, usually, for high aspect ratio aircraft the first simplifying assumption comes on the structural side,

employing one-dimensional beam models for slender wings which can be more easily coupled with the aerodynamic

model [6, 7]. Beam models capable of capturing the nonlinear effects resulting from large deformations and finite

rotations are now standard use in aeroelasticity, with several models for geometrically exact beam formulations

available, notably intrinsic [8], displacement-based [9], or strain-based [10], but also others such as the modal rotation

method [11, 12]. Likewise, simplifications of the Navier-Stokes equations governing the fluid can be made thanks to the

design characteristics of typical high altitude long endurance aircraft, where slender, thin lifting surfaces prevail and

the fluid is mostly attached, therefore viscous effects can be assumed confined to thin boundary layers and neglected

for dynamic aeroelastic purposes. Thus, the assumptions of inviscid, incompressible and irrotational flow become

appropriate and lead to the potential flow equations and solution methods such as the Unsteady Vortex Lattice Method

(UVLM) [13] or the Doublet Lattice Method (DLM) [14], which is expressed in frequency-domain and of standard use

in the aeroelastic analysis of transonic aircraft [15]. The aeroelastic models using these medium fidelity methods are

usually sufficiently accurate to capture the dynamic behavior of low speed, high aspect ratio aircraft and a further review

of these models can be found in [3, 16].

B. Model reduction methods

Despite linear model order reduction being a well-developed, even classical, methodology, the performance of such

techniques is model specific, especially if very high-dimensional systems are studied. The type of system, the system

characteristics, the system size and the desired properties of the ROM make certain methods more appropriate than

others. A review of common model reduction methods for linear systems can be found in [17]. Model order reduction

of nonlinear systems is still an area of active research [18, 19]. For linear systems, most techniques can be categorized

as either SVD methods or Krylov methods. The former include techniques such as proper-orthogonal decomposition,

likely the most common type of ROM used for aerodynamic systems [20–23], or balanced truncation methods, for which

a novel and efficient approach using frequency-limited truncation tailored to the UVLM was presented recently [24, 25].

SVD-based methods tend to preserve stability if the high-order model is stable but are also usually more expensive
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to compute. On the other hand, Krylov-based methods [26–28] are very well suited to tackle very large systems and

perform well if a particular frequency spectrum is of interest (unsurprisingly, the Arnoldi iteration used to construct

Krylov subspaces is used extensively in the computing process of eigenvalues of large matrices [29]). Most model order

reduction methods though require the input-output dimensionality to be small, be it in balanced realizations [30, 31] or

Krylov-based since these are based on transfer function interpolation and a large number of transfer functions may

yield the ROM process futile. Therefore, in this work, to reduce a large dimensional UVLM (104 states and 103

inputs/outputs), we project it onto the structural modal space that reduces the inputs and outputs considerably onto a few

structural modes and enables an efficient reduction of the projected UVLM linear system. In addition, this projection

also simplifies the aeroelastic coupling, as the structural system will be expressed in the same modal coordinates.

Projection of the aerodynamic input/output channels onto a lower dimensional subspace by means of other methods

would be equally suited; however, as the objective is to couple them with structure, the vibration modes make for an

ideal candidate. This approach has been used for the applications in [4, 32, 33] successfully and the Krylov reduction

process for these MIMO systems is outlined in detail in this paper. The Krylov-reduced linear UVLM is then coupled to

a linearised structural model reduced by modal truncation [34] resulting in a linear, parametric reduced order aeroelastic

state-space.

The process of obtaining said aeroelastic models is not computationally cheap for refined meshed models: first,

the static nonlinear equations are solved, the large UVLM is linearised analytically [24] and then reduced using the

Krylov subspace method. The process of doing so at every point in the operational envelope is possible, although not

quick (as done in [4] for two parameters), but obviously may become intractable for higher dimensional parameter

spaces. Therefore, we seek with state-space interpolation the ability to obtain an aeroelastic state-space realization

anywhere in the parameter space with only a few training points (computed using the process described). Interpolation

between aerodynamic reduced order models has been performed in [25, 35]. The interpolation between reduced

order state-space systems [36] is attractive as it is computationally efficient and we retain full system information and

simulation capabilities (frequency response and eigenvalues). In order to interpolate the reduced order systems, they

need to be adjusted such that the interpolation is performed between a compatible coordinate space [37], where the

dynamics of the systems change smoothly between them.

C. Parameter space sampling methods

The performance of any multi-dimensional interpolation scheme is highly dependent on the training points available.

Regular grids soon suffer from the so-called “curse of dimensionality” thus other methods are sought. Non-regular,

but also non-adaptive, grid sampling such as Latin Hypercube Sampling (LHS), may fail to sample with sufficient

resolution those areas of the parameter space where dynamics change the most and are a driver of the interpolation

error. In the case of LHS, for instance, a large number of points may be required to sample with sufficient resolution the
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parameter space and capture the changing dynamics [35]. Therefore, we seek novel methods to sample the parameter

space adaptively. To do so, we employ statistical surrogate models of an underlying interpolation error function in

order to determine where more resolution in the training dataset is required without incurring prohibitive costs calling

physical based models.

The use of statistical surrogates is common in various disciplines and often found in multi-disciplinary design

optimization (MDO) to efficiently explore the optimization domain, for instance, using design of experiments methods,

such as LHS [38]. The number of sampling cases, which is a key-driver of the MDO’s cost, can be reduced using adaptive

sampling to refine the surrogate models based on residual error, information gain or weighted-information gain [39].

Other applications of adaptive sampling can be found in surrogate-based optimization [40], which uses optimal LHS to

obtain adequate distributions of training points in the design space; or information-gain-based approaches used in global

optimization [41] and optimal experiment design. For the latter, we find cases most similar to our application such

as seeking an optimal experimental set-up by placing sensors at places of maximum expected information gain [42]

or by finding, using statistical models, the sets of experiments that provide most information about a target set of

parameters [43].

At a time where data-driven technologies are increasing in popularity for numerous applications across all disciplines

— of particular relevance to this paper in aeroelasticity [44–47] — and even certification agencies have begun to

plan towards integrating them into aircraft certification processes [48], we consider our approach as hybrid between

data-driven and physics-based modeling. This scheme is built on multiple training physical models as opposed to

collections of input-output data more typically used in “classical” data-driven approaches. The use of novel machine

learning data-driven methods can even hopefully be used to replace the need for linearisation and reduction of the

nonlinear aeroelastic system by a data-driven model, and recent work has successfully acquired reduced data-driven

unsteady aerodynamic models from the UVLM using aircraft simulation data on multiple trajectories [47].

In this paper we will first give an overview of typical aeroelastic models of very flexible wings, starting from the

nonlinear formulation to the linearised form in Sec. II.A, followed by the reduction process of the aerodynamic system

using Krylov subspaces in Sec. II.B. Then, we will detail how the systems must be pre-processed for interpolation

(Sec. III.A) before showing a novel sampling scheme to optimally acquire the optimal training points for the interpolation

method (Sec. III.B). In addition, we will highlight the limitations and lines of further research to use interpolation

methods to robustly speed up the analysis and/or optimization process of aeroelastic systems. This approach will be

demonstrated in Sec. IV on the analysis of the Pazy wing [49], a very flexible wing designed for wind tunnel flutter

experiments, whose stability envelope and flutter characteristics have been previously analyzed in [4]. The nonlinearities

present in the Pazy wing model require the linearization and eigenvalue evaluation at each point of interest in the

parameter design space in order to determine the flutter solution, which is a costly process. Thus, we seek with this

approach to significantly reduce the computational time in which the flutter envelope is obtained, while also paving the
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way for loads analysis in an analogous manner. The framework is developed in SHARPy (Simulation of High Aspect

Ratio aeroplanes and wind turbines in Python) [50], our in-house open-source, nonlinear aeroelastic simulation toolbox.

II. Aeroelastic solver

A. Full Order Model

The structural model is based on a geometrically-exact composite beam formulation, with linear constitutive relations

and nonlinear kinematic relations. The formulation is parametrized in displacements and rotations (using the Cartesian

rotation vector) and implemented by discretizing the beams in quadratic (3-node) finite elements [9, 51]. The discretized

structural equations [52, 53], that result from applying Hamilton’s principle include — if necessary — the rigid body

equations of motion, which are solved simultaneously about an arbitrary reference node (not the center of gravity).

The aerodynamics are solved using theUnsteadyVortex LatticeMethod [13, 54], based on the inviscid, incompressible

and irrotational assumptions of potential flow. These are appropriate as for the mostly attached nature of the flow

over the thin lifting surfaces, viscous effects can be assumed to be confined to thin boundary layers and are neglected.

The mesh consists of a lattice of vortex rings projected over the lifting surfaces of the structure, with the spanwise

coordinates of the panels coincident with the structural nodes. The wake is modeled by a discretized sheet of vortex

panels that can adopt any arbitrary shape, including wake roll-up effects. The circulation strength of the vortex panels

is solved enforcing a non-penetration boundary condition on the lifting surfaces. With the circulation of the vortices

solved for, the steady and unsteady aerodynamic forces can be computed [53, 55, 56]. A typical wing and wake vortex

lattice is shown in Fig. 1.

A linearized aeroelastic model can then be built around an equilibrium reference condition under the assumption

of small perturbations to the degrees of freedom about a, possibly, significantly deformed reference state. On the

aerodynamic side, the linearization of the UVLM is performed analytically as in [24] assuming constant aerodynamic

influence coefficients and a frozen, yet arbitrary, wake shape and results in a discrete, linear time invariant (DLTI)

system. The state vector corresponds to perturbations to the bound and wake circulations, 𝚪 ∈ R𝐾Γ and 𝚪𝑤 ∈ R𝐾Γ𝑤 ,

circulation time derivative, Δ𝑡 ¤𝚪 ∈ R𝐾Γ , and circulation at the previous time step 𝚪𝑛−1 ∈ R𝐾Γ . The inputs are the lattice

grid displacements and velocities, 𝜻 ∈ R3𝐾𝜁 and ¤𝜻 ∈ R3𝐾𝜁 and external fluid disturbances (i.e. gusts) 𝒘 ∈ R3𝐾𝜁 . Finally,

the output is the vector of normalized aerodynamic forces at the lattice vertices 𝒇 𝑣 ∈ R3𝐾𝜁 . The size of these vectors

is dependent on the number of UVLM bound panels, 𝐾Γ, the number of wake panels, 𝐾Γ𝑤 and the number of panel

vertices, 𝐾𝜁 . Additional inputs can be introduced to the input vector, such as control surfaces deflections and deflection

rates, 𝛿𝑒 and ¤𝛿𝑒 and prescribed profiles for external gust disturbances.

The structural subsystem linearization is more straight-forward: the tangent mass, damping and stiffness matrices [31]

at the reference state are used to construct a first-order discrete-time system using a Newmark-𝛽 integration scheme. This
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(a) Schematic of the vortex lattice, beam and relevant variables. (b) Example of vortex lattice discretisation and beam on a
very flexible wing with wake roll-up effects.

Fig. 1 Representation of the vortex lattice method and geometrically exact beam model.

is then coupled with the DLTI UVLM. It is useful to project the structural equations, parametrised by the displacements

and rotations of the finite element nodes, 𝜼 ∈ R6(𝑛𝑛𝑜𝑑𝑒𝑠−1) , onto modal coordinates, 𝜼 = 𝚽𝒒, where𝚽 ∈ R6(𝑛𝑛𝑜𝑑𝑒𝑠−1) × 𝑛𝑞

is the rectangular matrix retaining 𝑛𝑞 structural mode shapes and 𝒒 ∈ R𝑛𝑞 is the modal coordinate space. This reduces

the dimension of the structural state-space and can the aerodynamic model inputs and outputs can also be projected

onto this modal space. Once the structural state-space is assembled, the states, 𝒙𝑠, and outputs, 𝒚𝑠, are the modal

displacements and velocities, 𝒚𝑠 = 𝒙𝑠 = [𝒒>, ¤𝒒>]> ∈ R2𝑛𝑞 and the inputs correspond to the modal forces 𝑸 ∈ R𝑛𝑞 .

The number of panels is typically large since refined discretizations are often required in order to achieve convergence

for flutter analyses [24, 25, 57]. Thus, the resulting linearized UVLM systems may be of the order of 104 −105 states and

103 inputs, yet the input/output space dimension can be substantially reduced by expressing them in terms of structural

modes. However, the large dimension of the aerodynamic state prevents the use of traditional linear analysis (eigenvalues

or frequency response) on typical desktop hardware, therefore the need to turn to model reduction techniques, which are

described next.

B. Krylov-based model reduction of the DLTI UVLM and reduced aeroelastic model

The large dimension of the UVLM system (typically around 104 − 105 states) makes the system analysis or interpolation

between models impractical on modern hardware, thus the need to employ model order reduction techniques to reduce the

system to a manageable size. Krylov subspace, or moment-matching, methods provide a suitable reduction process for

two reasons: computational efficiency and the ability to match the system’s transfer function at a desired frequency [58].

This will be the lower end of the spectrum given the underlying assumptions of the UVLM method which make it valid

for low reduced frequencies. The Krylov-based reduction of the linear UVLM subsystem of the aeroelastic model has

been described in detail in [33], and has been hitherto applied as “black box” reduction method [4, 32, 33]. This section

will therefore summarize the basics of the method, and will use the numerical example to showcase the performance of

the Krylov method applied to the UVLM system, as well as supporting the UVLM-specific algorithmic choices made

based on the system and reduction method properties.
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UVLM 𝑲 𝑎𝑠 𝚽> 𝑸𝑎 ∈ R𝑛𝑞
𝒇 𝑣 𝑵𝑎+𝑲 ¤𝜻 ¤𝜼𝚽¤𝒒 ∈ R𝑛𝑞

¤𝜻¤𝜻¤𝜼

𝑲𝜻𝜼𝚽𝒒 ∈ R𝑛𝑞 +

𝐺ctrl[𝛿𝑒 , ¤𝛿𝑒 ] ∈ R2

𝜻𝜻𝜼

ROM

Fig. 2 Block diagram description of the reduced aerodynamic system projected onto modal coordinates with
control surface inputs.

The reduction process of the linear UVLM is a two-step approach. The first is that the input/output dimension of the

transfer function matrix 𝑮 (𝑠) = 𝑪 (𝑰𝑠 − 𝑨)−1𝑩 + 𝑫 for 𝑠 ∈ C must be reduced. The nature of the Krylov reduction

method — interpolating transfer functions — requires this as otherwise the reduction will be ineffective. Therefore, we

leverage the aeroelastic nature of the problem to project the linear UVLM input (bound lattice vertex displacements and

velocities) and outputs (forces at bound lattice vertices) onto the structural modal space, given by the eigenvector matrix

and modal coordinates (𝚽, 𝒒), translating the inputs into modal displacements and velocities and the outputs to modal

forces, while also reducing the structural system. Typically the number of retained structural modes is small and a

reduction in the number of inputs from typically 103 to approximately 20 is common.

With the UVLM expressed in reduced input/output spaces, the Krylov-subspace method can now be used effectively.

A Krylov subspace of order 𝑖 associated with two matrices 𝑭 ∈ R𝑛×𝑛 and 𝒈 ∈ R𝑛×𝑚 is defined as

K𝑖 (𝑭, 𝒈) := (𝒈, 𝑭𝒈, . . . , 𝑭𝑖−1𝒈). (2)

This method is a projection-based method (either Galerkin or Petrov-Galerkin), where the projectors, 𝑽 and 𝒁, are

chosen to span the controllability or observability Krylov subspaces of the system. For linear models obtained by

linearizing UVLM, the particular Krylov subspaces of interest for model reduction have the form

K𝑟𝑏
(
(𝜎𝑰 − 𝑨)−1, (𝜎𝑰 − 𝑨)−1𝑩

)
⊆ V and (3a)

K𝑟𝑐
(
(𝜎𝑰 − 𝑨)−>, (𝜎𝑰 − 𝑨)−>𝑪>)

⊆ Z. (3b)

The reduced order model is then assembled by projection onto these subspaces, where the orthogonal projectors are

chosen to span the images of the above subspaces

V = span(𝑽) andZ = span(𝒁), (4)

with the additional constraint in the selection that 𝒁>𝑽 = 𝑰 for Petrov-Galerkin projections. If only a single Krylov-
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subspace is used the projection matrices are orthogonal by nature of the assembly algorithm. Note that the reduced

order bases can span multiple Krylov subspaces that are built about different points in the complex plane in order to

improve the matching on a broader frequency spectrum provided the orthogonality conditions are still satisfied. Thence,

the state can be approximated by 𝒙 ≈ 𝑽�̂� and the resulting reduced order model by projection onto the Krylov subspaces

will satisfy the moment-matching condition at 𝜎, i.e. the reduced order model transfer function will match 𝑟 (Krylov

subspace order) derivatives at that point, provided 𝜎 is not an eigenvalue of 𝑨 [59, Ch. 11].

In terms of the actual assembly of the reduced order bases, the projection matrices that span the Krylov subspaces

are constructed using the Arnoldi iteration with a Modified Gram-Schmidt orthogonalization method [33]. In a nutshell,

the 𝑽 and 𝒁 matrices are assembled by sequentially concatenating vectors of the form

𝑣+𝑖 = (𝜎𝑰 − 𝑨)−1𝒃𝑖 or 𝑧+𝑗 = (𝜎𝑰 − 𝑨)−>𝒄>𝑗 (5)

where 𝒃𝒊 is the 𝑖-th column vector of 𝑩; or, for the observability subspace, 𝒄 𝑗 is the 𝑗-th row vector of 𝑪. The majority of

the computational cost comes from finding (𝜎𝑰 − 𝑨)−1, however, this is not done explicitly but rather (5) is solved using

an LU decomposition and the LU factors of (𝜎𝑰 − 𝑨) stored in memory. Thus, for subsequent vectors appended to the

projector matrices, only matrix-vector multiplications are employed. The new vectors 𝑣+
𝑖
or 𝑧+

𝑗
are then orthogonalized

with respect to the assembled projection matrix up to that iteration using the Modified Gram-Schmidt method. If any

new vector is linearly dependent to those already part of the projection matrix they are not added. For more details on

the assembly of Krylov subspaces the reader is referred to [33, 58, 60].

Although Krylov subspace methods have the disadvantage of not offering an a priori error bound nor preserve

stability, previous numerical results [33, 60] and the ones shown in Sec. IV.A suggest that by just using the observability

subspace (as opposed to two-sided moment matching) and interpolation about the steady-state gain, the resulting

reduced systems by Galerkin projection preserve the stability of the aerodynamic system, which was also observed in the

UVLM model order reduction process using frequency-limited balanced truncation in [25]. Applying the single-sided

Krylov reduction using the output space of the DLTI UVLM (3b) offers the additional advantage that the size of the

resulting ROM will be dependent on the number of outputs, 𝑛𝑝 , only (which is half the number of inputs, 𝑛𝑚, as seen on

Fig. 2) and the number of moments matched 𝑟 which, if there are no linear dependencies between the columns, will be

𝑘𝑎 = 𝑟𝑛𝑝 . This projector 𝒁 ∈ R𝑛×𝑘𝑎 is orthonormal (𝒁>𝒁 = 𝑰), spans the observability Krylov subspace defined at 𝜎

and can be used to assemble the reduced order DLTI UVLM system with 𝑚 inputs, 𝑝 outputs and the newly defined
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reduced state 𝒙a ≈ 𝒁�̂�a as

Σ̂𝑎 :=
©«

�̂�𝑎 �̂�𝑎

�̂�𝑎 �̂�𝑎

ª®®®¬with


�̂�𝑎 = 𝒁>𝑨𝑎𝒁 ∈ R𝑘×𝑘

�̂� = 𝒁>𝑩𝑎 ∈ R𝑘𝑎×𝑛𝑚

�̂� = 𝑪𝑎𝒁 ∈ R𝑛𝑝×𝑘𝑎

�̂� = 𝑫𝑎 ∈ R𝑛𝑝×𝑛𝑚

. (6)

The choice of 𝜎 ∈ C is arbitrary and can be chosen according to the physical properties of the system. In the case of the

DLTI UVLM, the frequencies of interest lie in the low frequency end of the spectrum given the characteristics of the

UVLM. In addition, the choice of a real value for 𝜎 can be considered to maintain 𝒁 purely real; however, work has

been done with 𝜎 ∈ iR with successful outcome (i.e. the ROM matches at the desired frequency), despite the system

matrices having complex terms with a consequent increase in the required memory for storage and increased likelihood

of unstable realizations of the reduced order model. Therefore the choice of 𝜎 = 0 as the ROM interpolation point is the

prime requirement to achieve in practice stable realizations, with the additional benefit of keeping the matrices real.

Since the reduced aerodynamic system is already projected onto the structural modal space, the coupling with

the linearised, reduced structural subsystem by modal truncation is trivial, and the reduced order aeroelastic state

becomes 𝒙𝑎𝑒 = [�̂�>𝑎 , 𝒒>, ¤𝒒>]> ∈ R𝑘 , where the size 𝑘 = 𝑘𝑎 + 2𝑛𝑞 . This process: finding the static nonlinear aeroelastic

equilibrium, linearisation and reduction is schematically depicted in Fig. 3 and can be used parametrically to obtain a

reduced model at any point 𝒑 in the 𝑝-dimensional parameter design space, which can include angle of attack, velocity,

payload, etc., and it is a function of the parameter 𝒙𝑎𝑒 ( 𝒑), since the aeroelastic state has been reduced by projection of

the bases defined at a particular point in the parameter space.

It is convenient to transform the system to continuous time system using a bi-linear transformation [59] to avoid

interpolating between discrete-time systems with different time steps. Once transformed into continuous time, artificial

dynamics may appear above the Nyquist frequency, 𝜔𝑁 = 𝜋/Δ𝑡, given by the temporal discretisation Δ𝑡, not present in

the original discrete-time system. Although the Nyquist frequency provides an upper limit to the frequency features that

can be captured by the DLTI, features above one half of its value can still be distorted by aliasing effects, therefore,

features above one half of the Nyquist frequency are not considered.

This reduction completes the overall model order reduction process of the aeroelastic system (•ae), which can be a

function of a parameter 𝒑 and is expressed in continuous-time as

Σ̂𝑎𝑒 ( 𝒑) :=


¤𝒙𝑎𝑒 (𝑡) = 𝑨ae ( 𝒑)𝒙𝑎𝑒 ( 𝒑, 𝑡) + 𝑩ae ( 𝒑)𝒖𝑎𝑒 (𝑡)

𝒚𝑎𝑒 (𝑡) = 𝑪ae ( 𝒑)𝒙𝑎𝑒 ( 𝒑, 𝑡) + 𝑫ae ( 𝒑)𝒖𝑎𝑒 (𝑡)
. (7)
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Fig. 3 Parametric linear system assembly process for use in state-space interpolation schemes using SHARPy.

III. State-space interpolation of parametric reduced order models
Interpolation between state-spaces can be an effective way to explore the design space of a dynamical system, provided

the changes in the dynamics occur smoothly. This avoids computing full order models across it, which would be an

expensive endeavor. The advantage of interpolating state-spaces as opposed to output metrics, for example root loads,

is that the whole array of linear analysis tools (frequency response, PSDs, etc.) can be subsequently used for any

interpolated point in the design space. If the state-spaces are reduced and small in size, these tools can be used at very

low computational expense and yield valuable system information at a fraction of the time required to obtain the same

model following the entire physical derivation process.

The process of state-space interpolation can be divided in three parts: i) interpolating functions; ii) selection the

interpolation source or training points, at which the true systems are known; and iii) evaluation of the quality of the

interpolation scheme by means of testing points. Additionally, given that we employ reduced order systems with state

vectors obtained by projection of the reduced order bases, the reduced states derived at each point 𝒑𝑖 may differ from

one another, and therefore a compatibilization step is necessary to ensure that the state-spaces are interpolated between

the same coordinates.

The process described in Sec. II can be used to obtain a library of reduced order aeroelastic models at different

conditions across the operational envelope or design space, which will serve as the source points of the interpolation
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method. This is schematically shown in Fig. 3. For each point a six-element tuple is stored: the four reduced order

aeroelastic state-space matrices and the two reduced order bases (Krylov and modal matrices); the latter two are

necessary to project all the systems in the library onto the compatible coordinate space:

(𝑨ae ( 𝒑), 𝑩ae ( 𝒑),𝑪ae ( 𝒑), 𝑫ae ( 𝒑), 𝒁( 𝒑),𝚽( 𝒑))𝑖 , (8)

which is calculated at the desired operating point 𝒑 ∈ R𝑝. For the purposes of interpolation, we can focus on the

assembled aeroelastic system, in the form of (7), or interpolate the aerodynamic and structural systems independently,

with the coupling made after the interpolation, in which case the relevant subsystem’s matrices and reduced order bases

are stored.

A. Interpolation Scheme

The multi-dimensional interpolation is performed using a linear, nearest-neighbors scheme. In particular, the domain

is normalized and tessellated into triangles employing a Delaunay triangulation, based on the Qhull implementation [61].

Thence, a linear barycentric interpolation is performed to obtain the relevant interpolation weights 𝑤𝑖 ( 𝒑) at the new

desired operating point, 𝒑𝑁𝐾+1, that scale each entry in the library of 𝑁𝐾 reduced order systems. Due to the nature of

this interpolation scheme, no extrapolation is possible. Naturally, errors in the prediction of the flutter boundary will

arise as a result of the interpolation. However, it is worth noting that, for the interpolation of parameter-varying control

systems, additional methods can be introduced to ensure the stability of the closed-loop system [62]. Although in the

case of the open-loop system, stability-preserving algorithms could interfere with the prediction of physically occurring

instabilities such as flutter.

The interpolated system at the desired operating point 𝑁𝐾 + 1 has its matrices computed directly by

𝑨𝑁𝐾+1 =
𝑁𝐾∑︁
𝑖=1

𝑤𝑖 ( 𝒑𝑁𝐾+1)𝑨𝑖 ( 𝒑𝑖), (9)

with the 𝑩, 𝑪 and 𝑫 matrices calculated in an analogous manner [25, 36, 63].

However, the weighted interpolation process in (9) cannot be applied directly on the reduced systems matrices. Since

the source models have been reduced by projection independently of one another, the reduced order bases (𝒁𝑖 , 𝚽𝑖) can

span different subspaces and, therefore, it may be the case that the reduced state vectors 𝒙𝑎𝑒 ( 𝒑𝑖) represent a different

linear combination of the full order model state, leading to an erroneous interpolation between systems with significantly

different dynamics [64].

Consequently, it is necessary to find a common set of bases such that the reduced state vectors are compatible for

interpolation. In this case, we follow the approach in [64], which is in nature equivalent to Step A in [36]. At each
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sampling point, 𝒑𝑖 , the local reduced state vector, 𝒙𝑎𝑒 ( 𝒑𝑖) that was defined by



𝒙𝑎

𝜼

¤𝜼


≈



𝒁( 𝒑𝑖)

𝚽( 𝒑𝑖)

𝚽( 𝒑𝑖)


𝒙𝑎𝑒 ( 𝒑𝑖) = 𝑾 ( 𝒑𝑖)𝒙𝑎𝑒 ( 𝒑𝑖) (10)

can be transformed by a matrix 𝑻 ( 𝒑𝑖)−1 to a new coordinate system 𝒙𝑎𝑒 ( 𝒑𝑖) = 𝑻 ( 𝒑𝑖)−1𝒙∗𝑖 . These transformed

coordinates are chosen as

𝒙∗1 = 𝒙∗2 = · · · = 𝒙∗. (11)

An appropriate selection of 𝑻 ( 𝒑𝑖) is one that ensures that the state vectors are compatible with a common subspace, R,

spanned by the columns of an orthogonal matrix R = span(𝑹) ⊂ R𝑛×𝑘 such that

span(𝑹>𝑾 ( 𝒑1)) = · · · = span(𝑹>𝑾 ( 𝒑𝑁𝐾 )) ⊂ R
𝑘 (12)

which, in turn, implies that the full order states implied by each ROM 𝑹𝑹>𝑾 ( 𝒑𝑖)𝒙𝑎𝑒 ( 𝒑𝑖) all evolve in the same

subspace of R𝑛. From these definitions, it follows that 𝑻 ( 𝒑𝑖) = 𝑹>𝑾 ( 𝒑𝑖), where the transformation 𝑻 ( 𝒑𝑖) describes

permutations, distortions and rotations of the bases𝑾 ( 𝒑𝑖) and is non-singular.

The choice of 𝑹 ∈ R𝑛×𝑘 is made to include the 𝑘 directions that capture the most relevant dynamics of all the models

in the library. This is done using an economy version of the SVD

𝑾all = [𝑾 ( 𝒑1), . . . , 𝑾 ( 𝒑𝑁𝐾 )] = 𝑼Σ𝑽>, where𝑼, 𝑽 ∈ R𝑛×𝑘𝑁𝐾 and 𝚺 ∈ R𝑘𝑁𝐾×𝑘𝑁𝐾 (13)

and 𝑹 is chosen to be the first 𝑘 columns of𝑼 which contain the most important directions in𝑾all ∈ R𝑛×𝑘𝑁𝐾 .

This approach is based on the fulfillment of the modal assurance criterion (MAC) [37]. The MAC is a statistical

indicator [65] that shows whether two sets of vectors are correlated by assigning a numerical value between 1 and 0 to

each vector pair, where the maximum denotes that the vectors are in strong correlation. In this case it applies as the

corresponding vectors of the new right reduced order bases𝑾 ( 𝒑𝑖)𝑻 ( 𝒑𝑖)−1 and 𝑹 must be in good correlation, which

can be assured by the MAC. Since the bases can be normalized, the MAC between the 𝑗-th vector of𝑾 ( 𝒑𝑖)𝑻 ( 𝒑𝑖)−1

and the 𝑘-th vector of 𝑹 can be computed as

MAC((𝑾 ( 𝒑𝑖)𝑾 ( 𝒑𝑖)−1) 𝑗 , 𝑹𝑘 ) = | (𝑾 ( 𝒑𝑖)𝑻 ( 𝒑𝑖)−1)>𝑗 𝑹𝑘 |2. (14)

A strong fulfillment of the MAC (enforcing a value of 1 between corresponding vector pairs) can be achieved between
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the corresponding vectors of𝑾 ( 𝒑𝑖)𝑻 ( 𝒑𝑖)−1 and 𝑹 by explicitly setting them to the maximum value of 1 in order for

𝑻 ( 𝒑𝑖)−>𝑾 ( 𝒑𝑖)>𝑹 := 𝑰 (15)

and, therefore, 𝑻 ( 𝒑𝑖) is defined by

𝑻 ( 𝒑𝑖) = 𝑹>𝑾 ( 𝒑𝑖). (16)

An alternative approach to build 𝑻 ( 𝒑𝑖) is to use a weaker fulfillment of the MAC, whereby the sum of the diagonal

elements of𝑾 ( 𝒑𝑖)𝑻 ( 𝒑𝑖)−1 is maximized [17, 36]. This maximization problem is a case of an orthogonal Procrustes

problem which can be solved analytically using an SVD [37], but this will not be explored further in this work.

The transformation onto the congruent set of generalized coordinates is then simply applied on each of the reduced

aeroelastic systems using right and left multiplication, such that a local reduced order model now takes the form of

Σ𝑟 ( 𝒑𝑖) =
©«
𝑻 ( 𝒑𝑖)𝑨𝑎𝑒 ( 𝒑𝑖)𝑻 ( 𝒑𝑖)−1 𝑻 ( 𝒑𝑖)𝑩𝑎𝑒 ( 𝒑𝑖)

𝑪𝑎𝑒 ( 𝒑𝑖)𝑻 ( 𝒑𝑖)−1 𝑫𝑎𝑒 ( 𝒑𝑖)

ª®®®¬ . (17)

Although this methodology ensures that all the state vectors between which the interpolation is performed are congruent

and represent the same dynamics, the modal formulation (required for the reduction of the aerodynamic system) does

introduce a significant assumption. Each of the source reduced order systems has its inputs and outputs defined by the

local modal matrix, therefore if the deformation of the structure varies significantly between adjacent local models an

issue may arise where the interpolation may be performed between very different structural modes. However, performing

a projection onto a generalized set of coordinates in the same way that has been done for the state-vector would mean

that (since the reduction of the aerodynamic model depends on them) it would be necessary to know a priori all modal

matrices in the library in order to assemble a congruent space, as shown in (13). Therefore, considering the feature to

add or modify the database of models a posteriori necessary, it is assumed that the modes are compatible between

adjacent local models and that any evolution is smooth. This may result in a finer grid sampling of local models but the

overhead will be considerably smaller compared to that associated with recomputing the entire library.

Having the local reduced order model expressed in the same set of generalized coordinates, the weighted interpolation

at the new operating point can be performed directly as per (9). Contrarily to [63] and [36] where the interpolation is

performed in a tangent manifold, direct interpolation is preferred in this case to avoid numerical issues that arise when

computing the matrix logarithm required for the tangential method. For reference, the interpolation can be performed

on different manifolds depending on the properties of the system matrices (for structural systems [66]) or more generic

approaches can be found in [36, 63, 67].

This approach is based on the interpolation of the aeroelastic state-spaces. Additionally, obtaining the reduced
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order bases𝑾 ( 𝒑) by interpolation is also possible [63], however, it requires computing a new full order model at each

operating condition where we would seek the ROM and, therefore, not feasible for this application. This approach is

useful when calculating reduced order bases is significantly more expensive than computing the full-order system.

B. Sampling Strategies

The interpolation framework is not complete without a defined parameter space sampling strategy, and indeed, without

adequate sampling the results from the interpolation can be either physically meaningless or computationally intractable

for a large parameter space. The examples shown in [68] illustrate the significant sensitivity of the interpolation scheme

to the choice of training sets that has inspired the search for algorithms select training points in the parameter space that

minimize the interpolation error.

1. Definitions

We introduce the notation and definition for the different system properties, sets of points used as interpolation training

and testing points and error metrics. Bold notation is employed for vector variables and capitalized bold for matrices.

Capitalized, non-bold symbols refer to sets. Then, the 𝑝-dimensional parameter space 𝑃 ⊂ R𝑝 is defined by

𝑃 = [𝑙1, 𝑢1] × [𝑙2, 𝑢2] × · · · × [𝑙𝑝 , 𝑢𝑝] (18)

where 𝑝 is the number of parameters and the 𝑖-th parameter is assumed to be bounded between [𝑙𝑖 , 𝑢𝑖], and 𝒑 ∈ 𝑃.

Then, we define the set 𝑃0 ⊂ 𝑃 as a set of points in the parameter space at which a true system is known and is locally

accurate in the vicinity of 𝒑 ∈ 𝑃0. For each of these true systems, acquired using SHARPy following the procedure in

Sec. II and II.B, the transfer function is known and denoted as 𝑮 [ 𝒑] (𝑠), which represents the true transfer function at

the parameter point 𝒑 ∈ 𝑃0. For simplicity of the notation the Laplace variable 𝑠 ∈ C is omitted, resulting in 𝑮 [ 𝒑].

In addition, we define the transfer function of an interpolated system at a point 𝒑 ∈ 𝑃 as 𝑮 [ 𝒑; 𝑍], which has been

computed using the set of training points 𝑍 ⊆ 𝑃0 in the interpolation framework, where 𝑍 is a collection of 𝑁𝐾 known

systems in the form of (17). Then, by definition of the interpolation method, we can state that

𝑮 [𝒛; 𝑍] = 𝑮 [𝒛], 𝒛 ∈ 𝑍 (19a)

𝑮 [ 𝒑; 𝑍] ≠ 𝑮 [ 𝒑], 𝒑 ∈ 𝑃 \ 𝑍. (19b)

In other words, (19a) is stating that the interpolated system is equal to the true system at a point where the system is

known and (19b) states that there may be an error in the approximation of a transfer function at a point not part of the

training set of the interpolation framework. This is what we seek to quantify next: the error in the approximation to a
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true system using the proposed interpolation framework.

We quantify the error in the approximation by means of a cost function, 𝜀 = ℎ(·, ·), which is positive, scalar-valued

and possibly nonlinear, and may take the transfer functions of true and interpolated systems as

𝜀 := ℎ(𝑮 [ 𝒑],𝑮 [ 𝒑; 𝑍]) ∈ R. (20)

The error function (20) can also be expressed as 𝜀[ 𝒑; 𝑍], denoting the interpolation error at a point 𝒑 ∈ 𝑃 given a

training set 𝑍 . Then, the choice of cost function is influenced by the scope of the problem. Several error metrics can be

used, and that will be part of the specifics of each problem. In Sec. IV, we will discuss two possible metrics using the

stability or root loads of the wing.

2. Adaptive multi-purpose data Bayesian sampling scheme

Of the elements that conform the interpolation framework, all that is left is to choose the training set 𝑍 ⊂ 𝑃0 that will be

the base of the interpolation framework. The simplest choice for 𝑍 is a regular grid, for which points are chosen at

regular intervals across the parameter space. However, these are cursed by dimensionality, and soon become intractable

if a refined sampling is chosen in a large dimensional parameter space. This is a classic design of experiments problem

and several options exist which offer adequate visibility into the parameter space without incurring in the cost of

structured grids.

A notable approach to sample the parameter space is a Latin Hypercube Sampling (LHS), which presents a distributed

option for the choice of 𝑍 in particular when the dimensions of the parameter space are large. This sampling results in

an unstructured grid which can be then tessellated using a Delaunay triangulation as previously described and used by

the interpolation scheme.

Depending on the nature of the aeroelastic problem, these methods may be overly simplistic and may not offer a

training set 𝑍 that performs well across the entire parameter space or it may at the cost of over-sampling regions that

could be equally well captured with fewer points. Therefore, we seek an adaptive method to sample the parameter

space where regions where dynamics change more notably are more finely sampled than those where the system barely

changes. This would depend on knowing how well the interpolation performs across the space, in order to sample where

the discrepancies are largest. However, the underlying cost function 𝜀[ 𝒑; 𝑍] 𝒑 ∈ 𝑃 cannot be computed for all 𝒑 since

it would require 𝑃0 = 𝑃 and defeat the purpose of this exercise. Therefore, we initially turned to Bayesian optimization

(BO) [69] to find, without computing the actual underlying cost function, the location of the maximum interpolation

error. This would be performed sequentially, such that after each iteration 𝑖 a new point, 𝒑+, would be added to the

training set 𝑍 until a computational budget was expended.

As a brief summary, Bayesian optimization is a sequential optimization algorithm that does not assume any functional
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forms of the underlying true functions and does not require computing gradients, therefore it is normally used to

maximize expensive-to-evaluate functions. BO samples the domain sequentially to build a Gaussian process (GP)

statistical surrogate that results in a posterior mean that is updated as new samples are taken. The location of these new

samples are chosen attending to an acquisition function, which normally offers a tradeoff in exploration of the domain

versus minimizing the number of calls to the expensive-to-evaluate function; some of commonly used acquisition

functions are probability of improvement, expected improvement or upper confidence bounds, among others [69].

The current BO scheme is initialized with a training set, 𝑍0, that includes the edges of the parameter space such that

the entire domain 𝑃 falls within the convex hull of 𝑍0 in order to not require extrapolation, as stated in the interpolation

scheme description. The BO posterior probability distribution given by

𝜇𝜀 [ 𝒑; 𝑍0] = E[𝜀[ 𝒑; 𝑍0] | 𝜀[𝑃𝑠; 𝑍0]], 𝒑 ∈ 𝑃 (21)

estimates the interpolation error anywhere in the domain. In other words, 𝜇𝜀 [ 𝒑; 𝑍0] is the expected error of an

interpolation at 𝒑 ∈ 𝑃 using 𝑍0 as training data set and given that the true error 𝜀 is known at 𝑃𝑠 , where 𝑃𝑠 corresponds

to a set of testing points at which the scheme has computed the true system in order to inform its prediction. At these

points, 𝑃𝑠 , it can compute the error 𝜀[ 𝒑𝑠; 𝑍0], 𝒑𝑠 ∈ 𝑃𝑠 and use this result to inform the Gaussian process (21). This is

an iterative process, and points 𝒑𝑠 are sampled according to an expected improvement function. The output of the

optimization is the maximum cost and the location at which it occurs, 𝒑+, and this becomes the next best point to add

to the training set for the next iteration 𝑍1 = { 𝒑+} ∪ 𝑍0. The number of evaluations during the optimization, which

determine the size of 𝑃𝑠 , depends on the problem. The larger the testing set, the more accurate the prediction of the cost

function is likely to be, despite an increased computational cost.

The limiting factor of this scheme is the large number of evaluations of the true system (which are the ones that this

entire work aims to minimize) that are used as testing data only in order to generate 𝜇𝜀 , not making it onto the training

set and thus not being used to improve the interpolation accuracy. As with any regression that depends on testing and

training data, it is clear that the sweet-spot lies in a careful balance between the two and in the applications tested with

the BO scheme [68], a large number of testing points are required in 𝑃𝑠 to find 𝑍0 that are then not later used, thus the

scheme is effective albeit inefficient. Consequently, the large number of unused data points has inspired and encouraged

the development of our proposed “data-green” sampling strategy, which aims to reuse and recycle a set of the computed

points as training and testing sets in order to obtain a more informed Gaussian regression with the same number of full

system evaluations.

For this novel adaptive sampling approach, referred to as adaptive multi-purpose Bayesian sampling, we use a

pool of known true systems (recall these are the ones expensive to evaluate) from which we extract multiple different

combinations of training and testing sets to, without computing any more, find with reasonable accuracy the location at
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which the maximum error occurs by combining the predicted mean error from each combination.

Before delving into how the expected error is used to find the worst case condition in the parameter space, it is

convenient to define two sets: a training-only set 𝑍𝑖 , which contains points that will only be used as interpolation training

points; and a multipurpose set, 𝑀𝑖 , which contains points that may be used as testing or training points in different

combinations. The (•)𝑖 subscript marks the current iteration. The following applies to these two sets: 𝑍𝑖 ∪𝑀𝑖 = 𝑋𝑖 and

𝑍𝑖 ∩ 𝑀𝑖 = ∅, i.e. all points for which the true system is known at every iteration, 𝑃0,𝑖 , belong to either 𝑀𝑖 or 𝑍𝑖 .

The training-only set, 𝑍𝑖 , is simple. It is fixed at each iteration and is initialized with the parameter space edge

points such that all evaluation points fall within the convex hull of the training data, as the current interpolation schemes

do not support extrapolation. The multipurpose set, 𝑀𝑖 , is slightly more complex. From 𝑀𝑖 we desire to obtain two

sets, the tRaining set 𝑅 𝑗 and the teSting set 𝑆 𝑗 , such that 𝑆 𝑗 ∪ 𝑅 𝑗 = 𝑀𝑖 . Numerous splitting options exist and in total 𝐽

different sets can be obtained by selecting different partitions 𝑀𝑖 . To avoid a large number of possible combinations 𝐽

of sets in 𝑀𝑖 , the sets are constrained in size such that | |𝑆 𝑗 | − |𝑅 𝑗 ∪ 𝑍𝑖 | | ≤ 3. In essence, the testing and training data

sets may differ in size up to a maximum mismatch of 3 members. This not only ensures that the amount of training and

testing data is balanced (it will be explained later why this is required) but also limits the number of combinations 𝐽,

which could otherwise become too large to handle if all combinations are allowed. To further clarify the concept behind

the different sets, a few subsets of the 𝑗 possible combinations are shown in Fig. 4, which shows an example parameter

space with training and testing points. For instance, this example has |𝑍 | = 5, |𝑅 | = 3 and |𝑆 | = 5, which translates to 5

testing points and 8 training points which is a reasonably balanced split. Note how the points belonging to 𝑍 are fixed in

both cases, whereas those in 𝑀𝑖 can change their function, like the one in the vicinity of (0.5, 0.5) which goes from

being a testing point in 𝑆 𝑗 to a training point in 𝑅 𝑗+1.
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Fig. 4 Examples of different combinations of training and testing datasets using the training-only and
multipurpose sets on a two-dimensional parameter space. The sets correspond to the training-only 𝑍 set, and two
arbitrary partitions ( 𝑗 and 𝑗 + 1) of the multipurpose set into 𝑆 𝑗 and 𝑅 𝑗 .
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Therefore, at each iteration there are available 𝐽 different 𝑆 𝑗 and 𝑅 𝑗 sets and a single, fixed 𝑍𝑖 set. Then, for every

combination 𝑗 ∈ {1, . . . , 𝐽}, it is possible to find the expected error function, 𝜇𝜀, 𝑗 [ 𝒑; 𝑅 𝑗 ∪ 𝑍𝑖], for the interpolation

framework that uses training points 𝑅 𝑗 ∪ 𝑍𝑖 at every point in the parameter space, 𝒑 ∈ 𝑃, given the known value of the

error function, 𝜀[𝑆 𝑗 ; 𝑅 𝑗 ∪ 𝑍𝑖], at the testing data points in 𝑆 𝑗 as

𝜇𝜀, 𝑗 [ 𝒑; 𝑅 𝑗 ∪ 𝑍𝑖] = E[𝜀[ 𝒑; 𝑅 𝑗 ∪ 𝑍𝑖] | 𝜀[𝑆 𝑗 ; 𝑅 𝑗 ∪ 𝑍𝑖]], 𝑗 ∈ {1, . . . , 𝐽}, for any 𝒑 ∈ 𝑃. (22)

This posterior mean of the expected error is obtained using a Gaussian process regression, as done for the BO, and

thus in the same form as (22), the expected variance 𝜎2
𝜀, 𝑗

( 𝒑; 𝑅 𝑗 ∪ 𝑍𝑖) for any point 𝒑 ∈ 𝑃 is also known. Then, given

the posterior mean and the variance of the Gaussian surrogates from each one of the 𝑗-th sets, all that remains is to

define functions that aggregate them to locate two new points at the end of the iteration. These scalar-valued functions,

𝑎 : R𝐽+1 → R and 𝑏 : R𝐽+1 → R, of the form

𝜇𝑖 ( 𝒑) = 𝑎(𝜇𝜀,0 ( 𝒑), 𝜇𝜀, 𝑗 ( 𝒑), . . . , 𝜇𝜀,𝐽 ( 𝒑)) (23a)

𝜎𝑖 ( 𝒑) = 𝑏(𝜎2𝜀,0 ( 𝒑), 𝜎
2
𝜀, 𝑗 ( 𝒑), . . . , 𝜎2𝜀,𝐽 ( 𝒑)) (23b)

should be chosen such that the maximum of the mean error based function (23a) gives the location of the worst

interpolation performance and thus identifies next point, 𝒑+
𝜇,𝑖
, to add to the training-only dataset for the subsequent

iteration, 𝑍𝑖+1 = { 𝒑+
𝜇,𝑖

} ∪ 𝑍𝑖 . The variance based function (23b), in turn, relates to the uncertainty of the model and

output the point, 𝒑+
𝜎,𝑖
, to be added to the multipurpose set for the subsequent iteration, 𝑀𝑖+1 = { 𝒑+

𝜎,𝑖
} ∪ 𝑀𝑖 and not

leave regions unexplored. Consequently, for every iteration two new points are computed, one that is added to the

training-only set at the location of the worst error and the other to the multipurpose set at the location of the maximum

uncertainty. The former ensures areas that have high error sensitivity are finely sampled and the latter that undersampled

areas do not remain unexplored (equivalent to the expected improvement function in the standard BO). To illustrate the

process described, a flowchart is presented in Fig. 5, where SHARPy refers to the process in Fig. 3. These functions may

be adapted to the peculiarities of the problem and thus will be further explained along the numerical example. A note

on these functions is that they should avoid producing an output point that is already in 𝑍𝑖 or 𝑀𝑖 , as that would reduce

the number of available points to make combinations in the subsequent iterations and the algorithm’s viability become

compromised.

Some decisions need further discussion. First, the advantage of having training-only set, 𝑍𝑖 , as opposed to basing

the training data solely on the combinations of 𝑅 𝑗 . The rationale behind this is that if we were to rely solely on 𝑀𝑖

without a fixed training set, we could encounter the situation where the error at one point in one of the sets 𝑗 is orders of

magnitude larger than in other sets. If that point were added then to 𝑀𝑖+1 in the next iteration, the interpolations that do
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not include that point in their respective training sets 𝑅𝑖 would see again that same error orders of magnitude larger than

elsewhere in the parameter space. Thus, the resulting “worst case” condition for that iteration could be the same as

in the previous one, rendering the iteration futile. Therefore, by having a training-only set, we ensure that points in

the parameter space that cause large deviations in the interpolated versus true data are always considered, allowing

subsequent iterations to continue sampling the parameter space at other locations for additional “worst case” points.

Another clarification would come from the need of having another point computed from the outcome of (23b) added

to 𝑀𝑖+1. This point is necessary to make the optimal sampling scheme independent of the initial conditions, in this case

the points 𝑃0, 𝑍0 and 𝑀0 = 𝑃0 \ 𝑍0. Effectively, by adding a new point to be used as training or testing in areas of the

parameter space where there is large variance (uncertainty), permits the optimization to increase its knowledge on areas

of potentially high error which otherwise could be ignored.

IV. Numerical Example
A numerical demonstration of the methods described above is included in this section. The full-order system evaluations

and the Krylov subspace projections have been implemented in the SHARPy package [50]. The nearest-neighbour

interpolation scheme uses the algorithms in the scipy Python library, and the BO algorithms are those of GPyOpt [70].

The test case is the Pazy wing, a very flexible wing, designed and developed at the Technion as part of the 3rd Aeroelastic

Prediction workshop, to be used as benchmark for numerical and experimental demonstrations [49]. The objective

for the interpolation strategy is to predict both the flutter boundaries and root loads for this wing, which are strongly

dependent on its (geometrically-nonlinear) aeroelastic equilibrium and, therefore, expensive to compute.
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The Pazy wing is 550mm in span and 100mm in chord. It consists of an aluminum spar within a Nylon 3D printed

chassis with a NACA0018 airfoil profile ribs to which an Oralight film skin gives its aerodynamic shape. The computer

model also includes a simulated flap across 50% of the chord is added in the outboard 20% of span to the UVLM system

to model system inputs. Then, a one-dimensional beam model of the wing has been derived by Riso et al. in [71],

where a 3D finite element model has been reduced to sectional coefficients, and the vortex lattice is projected over this

reference line. A representation of the beam and vortex lattice (bound and wake) of the deformed Pazy wing is shown

in Fig. 1b. The Pazy wing is capable of undergoing large deformations (approximately 50% of span) and displays a

complex stability envelope driven by its deformation [57]. It exhibits an initial instability characterized by a 1st flutter

mode that becomes stable again as the deformation increases (via angle of attack or free stream velocity increase),

leading to a region of stability before a 2nd flutter mode onset at higher speeds.

The drawback is that producing such envelope is a computationally expensive process. First, obtaining a linearized

system around each nonlinear aeroelastic equilibrium of a highly discretized model (needed for flutter convergence) and

subsequent model reduction to evaluate the eigenvalues is in itself costly, as previously described in Sec. II-Sec. II.B,

and which will be explored in more detail in this section. Moreover, this system is influenced by many nonlinearities,

with structural mode switches and large deformations which affect both the structural and aerodynamic subsystems, and

requires of linearization and reduction at every angle of attack and free stream velocity pair. Thus, on a desktop system,

the analysis in [4] in which the parameter space was sampled in 1m/s increments and 𝛼 ∈ {0, 0.25, 0.5, 1, 2, 3, 4, 5}◦

(totaling 560 system evaluations) took approximately 60 hours to run. Moreover, adding more parameters to the

exploration would yield the problem unfeasible.

Therefore, we turn to interpolation methods to reduce that time considerably. The objective is to produce a minimal

library of training data that can be used as part of an interpolation scheme to sample the design parameter space

efficiently and accurately. One of the many benefits of interpolating the underlying dynamical systems using this

framework, as opposed to interpolating the flutter speed directly, for example, is that the resulting state-space realizations

can be used to compute loads or even for controller designs (such as flutter suppression systems). Note that the methods

described herein are analogous for aircraft with rigid-body motion, as shown in [60].

First, we will discuss the performance of the Krylov subspace model order reduction on the aerodynamic model of

the Pazy wing about a deformed configuration. Then, the focus will shift to the 2-dimensional parameter space of the

Pazy wing (angle of attack, 𝛼 and free stream velocity, 𝑈∞) with the final goal of achieving similar results to those

presented in [4] at a fraction of the cost.

A. Krylov Subspace Reduction Analysis

The performance of the Krylov subspace reduction on the Pazy wing UVLM linearised about a deformed equilibrium

condition is first explored, at𝑈∞ = 50m/s and the wing clamped at an angle of attack 𝛼 = 5◦. As detailed in Sec. II.B,
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the model reduction process is heavily obstructed if the number of transfer functions is large and therefore the use of the

projection of the aerodynamic FOM onto the structural modal coordinates to reduce the input/output dimensionality.

The first 8 structural modes (at each nonlinear equilibrium) are retained (i.e. frequencies below 370 Hz). At the current

temporal discretisation where Δ𝑡 = 1.25 × 10−4 s the Nyquist frequency 𝑓𝑁 = 4000Hz and therefore there are no risks

of aliasing and dynamics not being captured. The time step selection is such that ensures a 𝐶𝐹𝐿 = 1 condition (whereby

the time step is chosen to represent the time taken for the circulation to convect downstream by one panel length) and

thus Δ𝑡 = 𝑐/𝑀/𝑈∞, where 𝑐 is the chord, 𝑀 the number of chordwise bound panels and𝑈∞ the free stream velocity;

in the current Pazy example, 𝑀 = 16 and 𝑈∞ = 50m/s, which ensures a small enough time step, yet it could be the

case that for larger chord and lower speed conditions that the system misses important dynamics as a result of aliasing.

Therefore, the Nyquist frequency and structural frequencies should always be contrasted. The full order model (FOM)

of the Pazy linear UVLM that is subject of reduction is shown in Tab. 1; the large size of the wake states is a result of

the required 20 chord wake length for numerical convergence, where each wake panel is the same in size as a bound

vortex panel. However, a convergence study has been explored in [72] using different sized wake vortex panels.

Table 1 Pazy discrete-time linear UVLM full order model (FOM) output, states and inputs channel description
and size.

Outputs States Inputs
Modal forces 𝑸𝑛 8 Bound circulations 𝚪𝑛 960 Modal displacements 𝒒𝑛 8

Wake circulations 𝚪𝑛𝑤 19200 Modal velocities ¤𝒒𝑛 8
Bound circulation derivatives (Δ𝑡 ¤𝚪)𝑛 960 Flap deflection 𝛿𝑛 1

Previous circulation 𝚪𝑛−1 960 Flap deflection rate ¤𝛿𝑛 1
Total 8 20160 18

The performance of the Krylov-built ROM is assessed by comparison with the full order model, which in the

following plots will be shown as a thick grey line ( ). The ROMs are constructed using interpolation about the

steady-state gain (zero frequency, 𝜎 = 0) given the interest in that band of the spectrum and where potential flow

aerodynamic assumptions hold best. The independent variable in this analysis is the Krylov subspace order, 𝑟, and

models will be built using the controllability (3a), observability (3b), or dual-sided which is the union of both subspaces

(removing any linear dependencies that may arise from the combination). This comparison is exploratory, since by

the nature of the linear UVLM and its input and output space dimensions the observability subspace is a priori more

efficient in performing the reduction given the smaller size of the output matrix 𝑪.

A subset of the magnitude of the frequency response between the first three modal displacement inputs and the first

three modal force outputs of the observability Krylov ROM is shown in Fig. 6, where these first three displacement

modes correspond to the first out-of-plane bending (OOP1), second out-of-plane bending (OOP2) and the first torsional

mode (T1). The underlying transfer functions are smooth and the magnitude of the response tends to infinity as
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the frequency increases. This is due to the nature of the linear aerodynamics that do not include saturation, thus as

the frequency of the displacement excitation increases, so does the output force. However, at those frequencies the

assumptions of potential-flow theory no longer hold so that band of the spectrum is not considered anyway. It can be

seen that as the observability Krylov subspace order 𝑟𝑐 ≥ 3, the ROM captures the shape of the transfer function and

increasing further the Krylov order shows a less pronounced improvement.
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In order to assess the performance in more detail, Fig. 7 plots the magnitude of the error system Σ𝜖 = 𝑮r − 𝑮f

for the same subset of transfer functions at different reduced frequencies. In these plots, errors are shown at discrete

reduced frequency intervals. The previous statement about the shape being captured beyond 𝑟𝑐 = 3 is again trivial to

see, with an orders of magnitude drop in the error at this point across all frequencies. Then, the properties of the Krylov

subspace reduction with a single interpolation point (𝜎 = 0) become readily visible, as the error increases the further

away from zero frequency. As the ROM grows and more moments are matched, the accuracy of the reduced model

increases further away from this point.

The reduction can also be performed assembling the projectors that span only the controllability subspace (3a). In
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Fig. 7 Magnitude of the error system at various reduced frequencies

this particular case for the UVLM system, the performance of the ROM was heavily downgraded and the ROMs did not

converge as the Krylov order was augmented. Given the excellent performance of the observability Krylov subspace

ROMs, the reasons behind this behavior using the controllability matrices have been left outside the scope of this work.

Finally, using the dual-sided Krylov subspace (built by Petrov-Galerkin projection using both (3a) and (3b)) resolves the

issues with the controllability Krylov ROMs. The resulting transfer functions are similar to those as in Fig. 6 and are

omitted for brevity. To visualize the ROM effectiveness, we can evaluate the performance of all these methods by means

of a relative error across all transfer functions and taking the worst case condition as

𝜀(𝑮𝑟 , 𝑮 𝑓 ) = max
𝑖, 𝑗

( sup0≤𝑘≤1 | |𝑮 𝜖 ,𝑖, 𝑗 (𝑘) | |
sup0≤𝑘≤1 | |𝑮 𝑓 ,𝑖, 𝑗 (𝑘) | |

)
where 𝑮 𝜖 (𝑘) = 𝑮𝑟 (𝑘) − 𝑮 𝑓 (𝑘), for 𝑖 ∈ [0, . . . , 𝑚], 𝑗 ∈ [0, . . . , 𝑝],

(24)

where 𝑘 denotes reduced frequency. With this metric, the performance across of all ROMs can be easily contrasted as
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shown in Fig. 8a. The observability Krylov ROM offers the best performance with a relative error approaching 1 × 10−4

with 60 states (the FOM being 20160 states) in the frequency range 0 ≤ 𝑘 ≤ 1 using a single interpolation point at

𝜎 = 0. The controllability Krylov ROM offers no convergence with increased Krylov order although this is fixed in the

dual-sided ROM. The dual-sided ROM offers convergence at a slower rate than the observability ROM and it shows

some regions of increased error despite using a larger Krylov bases. This occurs at points where vectors have been

“deflated” as a result of linear dependencies between observability and controllability subspaces.
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Fig. 8 Krylov ROM assembly characteristics.

Despite Krylov reduction methods not always preserving stability of the system, in our experience [4, 33] both the

controllability and observability Krylov realizations of the UVLM system have been stable; however, the dual-sided

ROM is more susceptible to including non-physical unstable modes that are not present in the full-order model.

In terms of computational cost, Fig. 8b shows the time taken to assemble each of the ROMs. All times have been

taken on the same Intel i7 4.2GHz 64GB RAM workstation and with minimal external processes running, given that

most functions used in the presented algorithms are paralellized. An exponential fit is adequate for all three assembly

methods, yet the exponential growth rate of the Krylov observability subspace is significantly slower.

A final note must be made on the choice of a single interpolation point about 𝜎 = 0, since the Krylov reduction

method allows for reduced order bases that combine multiple interpolation points across the complex plane. Although,

matching at various frequencies improves the performance across the spectrum with lower Krylov orders 𝑟 (i.e. matching

less derivatives) the resulting reduced order bases in general do not produce stable realizations. In addition, there is a

significant performance cost with multiple interpolation points, as the heaviest computation is the LU factorization of

(𝜎𝑰 − 𝑨), which needs to be performed for each 𝜎. However, once these factors are computed, finding higher order

Krylov vectors by increasing 𝑟 is relatively inexpensive since it only requires further matrix-vector multiplications,
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however, for low Krylov subspace dimensions as seen in Fig. 8b. Plus, as seen from the results, good accuracy can

still be achieved in the desired spectrum using simply higher Krylov orders. In particular since the intent is to use this

framework as part of an adaptive sampling scheme where ROMs are computed online and performance is an important

metric to consider. An additional advantage of using the 𝜎 = 0 interpolation point only is that the terms in the reduced

order bases, which are “tall” matrices of dimensions 𝑛× 𝑘 , as well as the LU factors in particular employed in the Krylov

algorithm are real. If one were to use complex interpolation points, these matrices would involve complex terms that do

not impact the numerics of the scheme, but do significantly increase memory requirements, since effectively the memory

needed doubles. This is a problem since, already on a 64GB RAM desktop computer, the current implementation of

the scheme with real only numbers and using a single interpolation point, memory limits are exceeded during the LU

factorization with FOMs larger than ≈ 70× 104 states. For all these reasons, i) tendency for stable realizations, ii) single

LU decomposition, iii) real terms for memory saving and iv) lowest computational cost, the use of single interpolation,

observability-based Krylov reduction is the method of choice for the discrete-time linear UVLM system.

B. State-space interpolation based on an optimal set of training points

The successful use of the Krylov-subspace method on the observability side of the aerodynamic system permits the

creation of a library of parametric reduced order models among which to interpolate. We will use the reduced order

models of the Pazy wing to explore the advantages and limitations of the proposed multi-purpose Bayesian sampling of

the parameter space. To demonstrate the inner workings of the algorithm, we initially present results on a small subset

of the parameter space defined as

𝑃 = [𝛼 = 4.5◦, 𝛼 = 5◦] × [𝑈∞ = 35m/s, 𝑈∞ = 45m/s] ∈ R2. (25)

This domain is discretized in 0.05◦ and 1 m/s increments in order to evaluate the performance of the algorithm, and

is also enforced on any sampled points for training or testing purposes. Our reason for studying this small subset of

the parameter space is that the changes between the real systems are very smooth, such that the inner workings of the

algorithm are unobstructed by otherwise possibly large change in dynamics. We will show how, at each of the iterations

within the sampling scheme, the knowledge the model has on the underlying error function is updated and new points

are sequentially added to the training dataset. For this initial numerical example we use a relatively coarse aerodynamic

mesh which estimates flutter within 2m/s of the flutter results presented in [4]. However, the flutter prediction results on

which this framework is applied in Sec. IV.C.2 do use the full discretisation required to achieve converged flutter results.

The initial mesh results in a 2,100-state UVLM, which is reduced using the presented Krylov subspace method matching

6 moments at the steady-state gain, 𝜎 = 0, resulting in a 48 state reduced-order aerodynamic model that has a relative

error below 10−4 computed by (24) in frequencies below 𝑘 = 0.5, sufficient to capture the highest-frequency unstable
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mode at 𝑘 ≈ 0.31 [4]. The structural system is reduced by modal projection using 8 modes, given by convergence on the

root loads computing process, from 378 states to 16 states and these are the chosen modes to project the UVLM prior to

the Krylov reduction. The reduced-order aeroelastic system contains thus 64 states in total.

This example uses the relative error in the steady-state root loads as the interpolation error function. To compute

this, a manipulation is first applied to the system transfer function to modify the original modal force output 𝑄, to the 3

wing root shear and 3 wing root moments. Then, the value of the loads against a control surface deflection input is used

to find the maximum relative error as

𝜀loads [ 𝒑; 𝑍] = max
(
𝐺shear [ 𝒑] (0) − 𝐺shear [ 𝒑; 𝑍] (0)

𝐺shear [ 𝒑] (0)
,
𝐺moments [ 𝒑] (0) − 𝐺moments [ 𝒑; 𝑍] (0)

𝐺moments [ 𝒑] (0)

)
. (26)

The following acquisition functions for the selection of the next training-only point and for the next point added to the

multipurpose set, respectively, are chosen as

𝜇𝑖 ( 𝒑) = max
©«

∑︁
𝑗∈{0, ...,𝐽 }

𝜇 𝑗 ( 𝒑)
ª®¬
[
𝛾

∑
𝑗∈{0, ...,𝐽 } 𝜇 𝑗 ( 𝒑)

max(∑ 𝑗∈{0, ...,𝐽 } 𝜇 𝑗 ( 𝒑))
+ (1 − 𝛾)

∑
𝑗∈{0, ...,𝐽 } 𝜎𝑗 ( 𝒑)

max(∑ 𝑗∈{0, ...,𝐽 } 𝜎𝑗 ( 𝒑))

]
, (27a)

𝜎𝑖 ( 𝒑) = max
©«

∑︁
𝑗∈{0, ...,𝐽 }

𝜎𝑗 ( 𝒑)
ª®¬
[
(1 − 𝛾)

∑
𝜇 𝑗 ( 𝒑)

max(∑ 𝑗∈{0, ...,𝐽 } 𝜇 𝑗 ( 𝒑))
+ 𝛾

∑
𝑗∈{0, ...,𝐽 } 𝜎𝑗 ( 𝒑)

max(∑ 𝑗∈{0, ...,𝐽 } 𝜎𝑗 ( 𝒑))

]
, (27b)

where 0 < 𝛾 < 1 is a factor to change the weights of the acquisition functions from mean to variance and 𝐽 the number

of combinations of points in the multipurpose set, which varies in each iteration. In the example to follow, 𝛾 = 0.8.

Note these equations correspond to the functions 𝑎 : R𝐽+1 → R and 𝑏 : R𝐽+1 → R in (23a) and (23b), respectively.

The adaptive sampling scheme commences from the initial conditions where the training only set 𝑍0 is the parameter

space edges and the initial multipurpose set 𝑀0 consists of four randomly chosen points by means of Latin hypercube

sampling. Using different combinations of the points in the multipurpose set as training or testing data, multiple

Gaussian model surrogates of the error function can be constructed which aggregated by (27) will be used to predict the

mean error and variance across the parameter space. An example of an individual set is shown in Fig. 9 illustrating the

mean and variance of the Gaussian regression model. In this particular example, of the points in the multipurpose set

𝑀0, the point at (4.6, 37) is used as training whereas the others are used as testing in order to generate the statistical

surrogate. Using the different combinations in the multipurpose set we arrive at the combined sum of means and

variances shown in the first row of Fig. 10, that shows the end result of the first iteration. The first column shows the

underlying initial true error the sampling points used to generate the interpolation (the corner points). Of course, this

error is unknown to the optimizer and the contours have been constructed computing all points in the parameter space,

which is a very costly operation but necessary for the evaluation of the proposed scheme. Then, the center column

shows the sum of the mean error across the individual Gaussian models for each of the combinations of subsets and the
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third column, in a similar way, shows the sum of the variance in the underlying Gaussian models.
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Fig. 9 Gaussian regression model of the multipurpose sets of iteration 𝑖 = 0. Current case shows the multipurpose
point (4.6, 37) as part of the training data set.

Ideally, the shape of the function in estimated error would be the same as that in actual error, meaning that with the

few points known a reasonable estimation can be made. Note that the absolute value of each of them is not intended to

be similar and the interest only lies on the maximum, since the estimate is a sum across all sets in an effort to avoid

biases due to the possibility of individual Gaussian model predictions becoming flat surfaces with zero mean error, as

will be shown next. In this iteration, the prediction of the error given the current knowledge is a decent approximation

to the actual error, considering how few samples are available. Of the two prominent contours of estimate error, the

point (4.6, 40) is highlighted at the maximum of the acquisition function (27a) and this will be the point added to

the training-only set in the next iteration 𝑍1. The third column shows the sum of the variance and therefore, where

uncertainty in the surrogate model is greatest, which is easily visible by means of the contours in the vicinity of the

known points, be them training-only or multipurpose points. At the region of highest uncertainty attending to (27b), the

point (4.7, 35) is added to the multipurpose for the next iteration, 𝑀1.

The subsequent iteration thus counts with modified sets, 𝑍1 and 𝑀1, and the results can be seen on the second row

of Fig.(10). The new point in 𝑍1 confines the high error region to the parameter space boundaries at the minimum and

maximum angles of attack, reducing the error in the center of the parameter space. In terms of the predicted error, the

point (4.6, 40) in the training set (marked (0)) has lowered the error in that region and now the estimated maximum is

on the right hand side, in the area 𝛼 ≥ 4.6◦. The lack of testing points in the edges of minimum (4.5◦) and maximum

angle of attack (5◦), unfortunately causes the statistical model to be oblivious to any error in those region along the

parameter space borders. The issue is that the actual error function gradient is quite pronounced, therefore the mean

error is not picked by the nearby points whereas the points are close enough to the edges for the variance in that region
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Fig. 10 Multipurpose Bayesian sampling scheme evolution. Left to right: actual error in the interpolation; sum
of individual Gaussian models expected mean error; sum of individual Gaussian models expected variance. Top
to bottom: initial iteration, first iteration, seventh iteration. Orange circles denote training data (Z), where the
number shows when they where added. Crosses denote multipurpose data (M).

to not be significant

This example may illustrate the current need for the bias in each of the acquisition functions, which for the error

acquisition function is clearly visible in the mean error of the initial iteration, where the added point is displaced from

the maximum. To guarantee the viability of the scheme, ideally, we would like to avoid finding as next points to be

added to 𝑍 or 𝑀 points that are already known. Given that the scheme relies on using different combinations of the

points in 𝑀 to produce training and testing data splits, the algorithm would not be viable once the number of points in

𝑀 is too small compared to that in 𝑍 such that no balanced combination is possible. This will occur if the number of
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points is significantly different to that in 𝑍 . This can happen as, due to the small number of testing points, and to keep it

as low as possible, the error functions will be highly influenced by the actual error at these points. Therefore, if after

each iteration the maximum is found at points already known it would result in a transfer of points from 𝑀 to 𝑍 , and if

the point of maximum uncertainty (27b) is already in 𝑀 (as at the end of iteration 6) the scheme may soon become

ill-conditioned. Therefore, the bias in (27) is introduced in hopes that the maximum error and variance gets shifted

slightly by the other quantity. This is of particular importance given that the parameter space is forced to be discrete to

avoid computing multiple points that differ from one another by small decimals.

The reason for the training-only set, 𝑍 , and that, unlike 𝑀 , it can only grow in the number of points, is to avoid large

error regions to dominate and hinder the performance of the scheme. This would happen, for instance, when an error

region is significantly larger than others. Then, the scheme may add a point in such area but if it is significant, the

individual sets that do not have that point as training but rather testing, will cause the sum of the predicted errors to

still show that area as a region to sample more finely. Thus, if the point in that region is taken care of by keeping it as

training only, the scheme can focus on other regions of the parameter space.

The last row of Fig. 10 shows the result after a total of 7 new points have been added to the initial training set

that was the 4 corners of the parameter space. In terms of the actual error it can be seen that the absolute value of

the maximum error is considerably reduced compared to that at the start across the majority of the parameter space,

however, the parameter space edges do still show a non-negligible error. The expected mean error unfortunately does

not capture these error regions, as for the internal error model the error is mostly uniform and a flat surface; at this point,

the convergence of the algorithm is significantly reduced, as it is looking for a maximum on a flat surface. The flat

surface phenomena is an issue encountered in the current implementation where the Gaussian process regression for

the individual sets becomes a flat surface through zero. This occurs normally in sets where the number of training

points starts being considerable, points at which the Gaussian model “knows” that the error is zero, and, therefore, if

the number of known zeros is large when building the model compared to the testing data, it may be the case that that

optimization (of building the GP model) determines that a flat surface through zero as the optimal fit, and assumes the

testing data values are noise in the signal. In these cases, the testing error values appear as very thin “spikes” in the data,

as opposed to larger perturbations as shown in the initial iterations in Fig. 10. These flat surfaces in the underlying GP

models of the individual sets hinder the performance of the scheme, since they are futile in predicting a large error

region in the parameter space as a whole. A mitigating method is to take the overall error as the sum of the individual

sets, which would effectively ignore these “zero-error” predictions as long as other sets do include proper fits to the

training and testing data. However, if a large number of sets exhibits this behavior the algorithm is compromised. At

this stage in the development, this is observed in particular as the number of training points starts being considerable.

Figure 10 also illustrates the path of the newly added training points, where the first one is marked as “0”. It can be

seen that the large error region first identified on the left hand side is not fully resolved. The reason for this delayed
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convergence on this high error region is because of the large gradient in the error function, which grows significantly

from the 𝛼 = 4.6◦ to 𝛼 = 4.5◦ slice. To the eyes of the scheme, the 4.5 degrees section is taken care of with the training

point “0”, “3” and “5” and the nearby multipurpose points, which cause the variance to be low. Thus, the smaller (or

narrower in this case) the error regions the harder it will be to capture them due to the nature of the Gaussian process

with limited information, analogous to aliasing of high frequency dynamics with discrete temporal sampling.

A final point to address is whether this scheme offers any computational benefit to a traditional sampling technique

as after the 7 iterations shown, in total 21 new points have been computed (including the parameter space corners), of

which 10 are training-only points and the remaining are used as multipurpose points to construct the error surrogates. A

refined LHS grid may be adequate for some cases, as in general if refined enough critical (dominant) spots in the domain

will very likely be sampled. However, very refined sampling may be necessary to capture a region of changing dynamics

resulting in others being overly sampled. Thus, this method, as will be shown now, is targeted at those underlying

systems where dynamics change in specific regions of the parameter space and for larger dimensional parameter spaces

which would highly benefit from targeted sampling. The next section will address these questions and compare the

adaptive Bayesian scheme to a regular grid-based interpolation scheme.

C. Multipurpose Bayesian Sampling applied to the Pazy Wing

The previous subsection focused on showing, in detail, the inner workings of the multi-purpose Bayesian sampling.

Therefore, now the proposed algorithm is applied to the full two-dimensional parameter space of the Pazy wing described

as

𝑃 = [𝛼 = 0◦, 𝛼 = 5◦] × [𝑈∞ = 30m/s,𝑈∞ = 90m/s] ∈ R2, (28)

discretized in 0.5◦ and 2m/s increments. This is a complex design space with two instability regions which will be

used to judge the feasibility of the interpolation methods with optimal sampling. The end goal of the optimal sampling

scheme is to produce an effective set of training points that can be used to produce an accurate interpolation across the

entire parameter space to identify the flutter boundaries and compute the wing root loads. The costliest computational

part is finding these points, as once these points are given the interpolation between reduced state-spaces across the

entire space can be produced inexpensively.

We will first explore intricacies of the proposed scheme when looking at such a large parameter space and explaining

the use of different error metrics that may affect the resulting sampling. Then, we will use the fully refined mesh of the

Pazy wing to compare the process against standard sampling methods.

1. Error function comparison

A design routine would aim to produce root loads and gather information on the stability in an efficient manner such

that it could be incorporated, for instance, in a global design optimization routine. Therefore, we explore the use of two
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error functions: the eigenvalue-based function and the steady root loads-based function.

The eigenvalue-based cost function has been conceived for an interpolation scheme used to find the stability boundary

of a system, i.e. where the eigenvalues have zero real part. For this case, the interpolation cost function takes the

𝑁 eigenvalues of the interpolated and true systems, 𝜆[ 𝒑; 𝑍] and 𝜆[ 𝒑] respectively, and finds the Euclidean distance

between corresponding eigenvalues, weighted based on the distance to the imaginary axes as

𝜀flutter [ 𝒑; 𝑍] =
𝑁eigs∑︁
𝑗=1

𝑤(𝜁 [ 𝒑] 𝑗 ) | |𝜆[ 𝒑, 𝑍] 𝑗 − 𝜆[ 𝒑] 𝑗 | |2, for 𝒑 ∈ 𝑃0 (29)

where the comparison is performed across all aeroelastic eigenvalues (𝑁eigs = 64) and the weight 𝑤(·) is given by a

Gaussian shaped function parametrised by the damping ratio of the current mode, 𝜁 [ 𝒑] 𝑗 ,

𝑤(𝜁 [ 𝒑] 𝑗 ) = exp
(
−𝜁 [ 𝒑]2

𝑗

2𝜁2𝜎

)
. (30)

This weighting function highlights errors closest to the stability boundary, as modes that are highly damped (or have

already crossed the imaginary axes in the case of multiple unstable modes, hence the symmetric shape) do not drive

the cost function. The parameter 𝜁𝜎 is user-defined to mark the damping ratio range between which modes are most

penalized. For a clearer representation, Fig. 11, illustrates the cost function and weighted-averaging method.
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Fig. 11 Graphical representation of the cost function based on distance between true and interpolated eigenvalues.
Reprinted from [68] with permission. Copyright 2022 by the authors.

For the steady root loads error metric, the previously described function (26) is used. Recall that any cost function

can only be evaluated at those points in the parameter space for which an instance of the true system exists, i.e. 𝒑 ∈ 𝑃0.
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To compare the proposed different error functions, we proceed with two simulations. The resulting loads and

stability plots are shown in Figs. 12 and 13. Starting with the comparison in the resulting steady root loads (Fig. 12), the

resulting sampling points from the scheme using the error in load as metric in Fig. 12a produces a better approximation,

i.e. there is no large excursion as in the high-𝛼 high-𝑈∞ region as in Fig. 12b. In the former case, the points are more

evenly distributed across the space, with a bit more emphasis on the center right region of the plot. Contrarily, the

eigenvalue metric scheme has placed most of the points in the𝑈∞ < 50m/s region.

The stability plot of the Pazy wing is shown in Fig. 13 and compares the true underlying envelope with the

interpolated predictions. The shaded regions indicate where the actual wing is unstable, the one at lower velocity

being the first flutter mode, followed by a region of stability and then a second flutter mode at higher velocities. The

location where the interpolated systems cross the imaginary axis is shown in 0.5◦ increments. From these results the

best performance comes from the scheme using the error in the loads as metric. Across both schemes, the first flutter

(low speed) instability boundary is captured well, yet the errors appear in the stabilization and second flutter boundaries.

Neither scheme captures any eigenvalue crossing of the imaginary axis in the region below 𝛼 = 2◦ and for high speeds,

which is a priori the toughest region to interpolate given that the stability window is narrowest. In the loads metric

scheme in Fig. 13a the stabilization boundary is well approximated in the 2◦ ≤ 𝛼 ≤ 4◦ region, yet it becomes less so as

it nears the parameter edge. As seen in the previous example (Fig. 10), the interpolation tends to suffer at the edges of

the parameter space. The second flutter boundary in general is not captured with sufficient consistency in the eigenvalue

metric scheme (Fig. 13b). In this case, the abundance of sampling points in the lower velocity region appears to be

responsible. However, in the loads error metric where the differing area is where most points are located the reason is

less clear, unless capturing those eigenvalue crossings correctly requires of even a finer sampling.

To shed light on the reason the eigenvalue-metric simulation focuses on the lower speed range of the parameter

space, Fig. 14 shows the actual and expected errors as the iterations advance in the scheme. The scheme initially does

not identify the high error region in the upper velocity, low angle of attack area, and only estimates large errors at lower

speed, and focuses its efforts on that region. The expected error is reduced in the zone it is targeted yet the issue again

lies in the “flat surface” phenomena already described, as the statistical surrogate of the error function becomes a flat

surface in the latter iterations, where testing data can be seen as very thin spikes. Again note that the value of the

expected error is not to be compared directly against the actual error since the former is a sum of the expected error

across all sets.

2. High dimensional models and computational constraints

The previous exploration has used a coarse discretization of the UVLM grid for the Pazy wing to identify the novel

sampling scheme qualities, and now we are in the condition to assess the computational improvements in exploring the

Pazy wing design space using this adaptive scheme scheme with respect to a regular grid. For this, we use a refined
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(a) Root loads error function
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(b) Eigenvalues error function

Fig. 12 Out-of-plane root loads comparison
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Fig. 13 Stability envelope comparison

mesh used for flutter analysis which is the mesh employed as case study for the Krylov reduction (Sec. IV.A) (the same

discretisation employed in [4] to produce the wing’s stability envelope). The models are reduced through the reduction

process detailed in Sec. II.B from 22,458 states to 64 states in total. The first 8 structural modes are retained, where the

8th mode has a natural frequency of 272 Hz and convergence in the root loads computing process has been achieved.

This leads to 16 structural modal states. The structural modes are used in the Krylov reduction on the aerodynamic

system, which matches 6 moments about the steady-state gain, 𝜎 = 0, reducing the aerodynamic system from 22,080

to 48 states which, as in the previous case, has a relative error below 10−4 computed using (24) across the frequency

spectrum below 𝑘 = 0.5 and has enough margin to capture the highest-frequency unstable mode at 𝑘 ≈ 0.31 [4].

The resulting stability plots acquired by state-space interpolation with the different sampling schemes are shown in
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Fig. 14 Evolution of the actual and expected error across the iterations in the eigenvalue error metric case.

Fig. 15. The schemes use the same number of sampling points, 16, given by the limit of the multi-purpose Bayesian

sampling scheme in reaching a “flat surface” estimate error prediction. The scheme is stopped at that point given that

any point added subsequently does not satisfy to the specified acquisition criteria.

In general terms, there is an improvement with the adaptive sampling over the regular sampling, in particular in

capturing the stabilization of boundary of the first instability and a better approximation to the instability offset of the

second flutter mode. These two boundaries are the most complex to approximate, given that the instability region due to

the underlying “humped” mode is very narrow and the unstable eigenvalue stays always close to the imaginary axis [4],

thus the interpolation is very sensitive in this region. Consequently, the adaptive sampling scheme has opted for a more

refined sampling in said region (𝛼 < 3◦ and𝑈∞ > 60m/s) which renders a plausible approximation to this complex

region of the underlying dynamics. Contrarily, the regular grid scheme (Fig. 15b) is designed with no knowledge of the

system, thus the upper-left region does not benefit from the tailored sampling and fails to capture the second flutter

mode instability boundary completely as it tends to reach the upper free stream velocity limit.

The second flutter boundary approximation in the adaptive scheme worsens at higher angles of attack, as the scheme

predicts a relatively constant drop in the second flutter speed with angle of attack whereas in the real system the second

flutter boundary flattens. However, it is visible how that area of the parameter space is not very finely sampled, yet,

with very few samples it is able to already identify the general trend. In the regular grid case where this region is also

undersampled, an additional crossing of the imaginary axes is predicted (indicated by the new line of blue crosses). This

is of course a limitation of any interpolation with unknown underlying dynamics, unless there is a sample of that region

(be it for testing or training) one cannot be sure whether the physical dynamics of the system exhibit a new change in the

stability properties. However, these methods are exploring a large parameter space and therefore, if necessary, one
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should focus with a more exhaustive sampling in areas of interest.

The time taken to produce these results is then what will determine whether the loss in accuracy can be acceptable

provided they can be ran in less time than a refined evaluation of the true system. The time taken to run a single SHARPy

case (following the process in Fig. 3 takes, on average, approximately 7 minutes (larger deflection cases take longer to

converge). The multipurpose Bayesian sampling computes 16 of these points with an additional 16, which belong to the

multipurpose set and are used to build the estimated error. In total, the entire adaptive scheme (including computing

these 32 points) takes approximately 5 hours to run. The regular grid sampling only requires of 16 points, which can be

found after 2 hours, albeit without any testing data to gauge the quality of the interpolation. Therefore, should there be

an equally sized training set, the overhead due to the adaptive sampling optimization between the two schemes would

only account for 1 hour of computing time. This approximation does save a significant amount of time compared to the

60 hours needed for the analysis in [4].
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Fig. 15 Comparison of the stability envelope derived through state-space interpolation using different sampling
schemes.

V. Concluding remarks
The results presented in the previous section do offer an initial proof of the benefits that can be obtained from

an adaptive sampling scheme, where the data-recycling method introduced by the multipurpose set combinatorial

method can save multiple costly full-order-system evaluations. This is not only applicable to this particular state-space

interpolation, as it could be applied to higher-fidelity aeroelastic models that use CFD based ROMs, or implemented in

design optimization problems, where any point at which the system is known becomes useful. This initial implementation

has offered results that approximate the underlying complex dynamical system of a highly flexible wing, in approximately

10% of the time required to find the true system across the entire parameter space. While this example is restricted to
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two dimensions, the scheme is scalable to higher dimensional spaces, where regular or non-adaptive grids are intractable

or where some parameters drive the problem more than others.

In an effort for interpolation to alleviate the burden of computing thousands of operating conditions by interpolating

among a reduced number of known “true” systems, several design choices have been made, that ultimately will

determine the performance of the approach. Up to know we have based the performance evaluation of the sampling and

interpolation method on the use of our knowledge of the entire parameter space (precisely what would be unknown in a

real scenario) to compare between interpolated and “true” results. Further work, could focus on a unique and bound

metric that can guarantee, up to certain confidence interval, based on a limited set of testing data, that all interpolated

points fall within said confidence interval.

We have focused on “physical” metrics that are easily implemented for large MIMO systems. The use of classical

error norms, such asH2 orH∞, can not always be computed, in particular due to the nature of the linearised UVLM

that lacks saturation and therefore, its frequency response of the loads to displacements is not bounded for very large

frequencies, where the aerodynamic force grows unbounded with the rates and accelerations (𝑫uvlm ≠ 0). Whether

these metrics currently employed are suited or better options are available becomes an important question (such as the

Frobenius norm used in [35]), and whether it can be linked to evaluating the performance of the scheme across the

entire parameter space as previously mentioned.

The current implementation based on Delaunay triangulation of the domain offers acceptable results, as shown in

the previous section, but does not always offer convergence to underlying real functions as new points are added. This

might be the case if the triangulation is modified by the addition of new points and this new tessellation is less favorable

to the interpolation. The results presented herein use a linear barycentric interpolation, which thus far have offered the

best performance, ahead of other tested methods such as a Clough-Tocher interpolation for two-dimensional parameter

spaces. This scheme is based on fitting cubic polynomials on the tessellated domain, yet proved significantly more

sensitive to changes in the underlying sampling points than the linear interpolation scheme. Alternative strategies based

on the use of radial basis functions can be considered for the interpolation [35], and could further be optimized using

machine learning techniques

A finding of particular importance in this work when using Gaussian surrogates of the error function function is the

“flat surface” issue for large enough training sets. Once the number of training points becomes significant, the GP model

starts fitting a flat surface through zero mean error, where the testing data points appear as localized, thin spikes that do

not lead to the generation a significant error contour. If this occurs in a majority of the individual sets, the acquisition

functions become ill-conditioned as it becomes search for a non-existent maximum. At this stage there is no benefit

in continuing the scheme and the current implementation is then stopped. Work on the underlying surrogate models

(which may not be restricted to Gaussian process) may alleviate this issue, allowing the scheme to be limited by a

computational budget or an error metric.
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Themultipurpose Bayesian sampling method applied herein can be implemented in other interpolation or applications

as part of the training process of a statistical surrogate. The data recycling scheme offers immediately an enhanced

knowledge of the underlying expensive-to-evaluate function when the testing data is limited. The recent work in [35]

focusing on interpolation methods for optimization of highly flexible transport aircraft has already shown promising

results from the interpolation scheme using a dense LHS, which has been identified as over refined in certain regions of

the parameter space. Thus, this adaptive sampling method would help overcome said inefficiencies in the generation of

training data.
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