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On-chip Electron Spin Resonance for Quantum Device Applications

Ailsa K. V. Keyser

Abstract

Electron Spin Resonance (ESR) is an essential technique for characterising materials with

unpaired electrons. Improving the sensitivity of ESR measurements is a major research goal to

bring the benefits of such characterisation to ever smaller or more dilute samples. This has been

given added prominence by the rise in solid state quantum information processing technology

with the concurrent investigation and manipulation of materials and surfaces in solid state

devices at ever diminishing length scales.

We establish a testbed system for the development of high-sensitivity ESR techniques for

small samples at millikelvin temperatures. Our system is centred on a high Q niobium nitride

planar superconducting resonator designed to have a concentrated mode volume to couple to a

small amount of paramagnetic material, with resilience to magnetic fields of up to 400 mT.

In our first set of measurements on our resonator ‘chip’ we demonstrate high-cooperativity

coupling between an organic radical microcrystal containing 1012 spins in a pico-litre volume,

and our resonator mode, at 65 mK. Conventional ESR spectrometers by contrast ordinarily

measure sample volumes a million times larger. We detect a saturation recovery relaxation rate

via the dispersive frequency shift of the resonator. Techniques such as these could be suitable for

reading out the quantum state of the spin ensemble in quantum information memory protocols.

The second set of measurements presented here demonstrate the capability of the pulsed

ESR spectrometer developed in this thesis. We use the custom-built framework to characterise

a sample of rare earth-doped crystalline solid, potentially of interest as a quantum information

storage medium, over 10 to 400 mK. This experiment also reaches the high-cooperativity regime,

mediated by the high Q superconducting resonator. ESR measurements with even further

enhanced coupling might eventually allow for pulsed ESR interrogation of very few spins and

provide insights into the surface chemistry of, for example, material defects in superconducting

quantum processors. As such, the framework is of interest for developing on-chip ESR techniques

of the kind that could, in the future, enhance our understanding of the materials of solid state

quantum devices.
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Chapter 1

Introduction

Magnetic resonance is the absorption or emission of microwave radiation into a coupled resonator

by nuclear (NMR) or electron (ESR) spins within a magnetic field [1, 2]. ESR pertains to

paramagnetic species, those with at least one unpaired electron spin. It is an essential technique

for the characterisation of paramagnetic substances, and so utilised across many scientific

fields. In measurements of biological systems, for example, it has allowed for non-destructive

in vivo imaging [3], study of protein structure through spin-labelling [4] at the level of specific

protein sites [5], enzymes [6], and study of the free radical intermediates in photosynthesis

[7, 8]. There are as many materials science applications are as there are paramagnetic materials

and defects, including the study of semiconductors [9], polymers [10], defects in glass [11], in

metals [12,13], and other crystalline materials [14, 15]. Paramagnetic species are often reactive

intermediates whose study reveals catalytic pathways in organic [16,17] and inorganic [18,19]

reaction mechanism, for example, but the applications of ESR to chemistry are far broader still

[20].

The limitation to these applications tends to be the relatively low sensitivity of the ESR

technique [21], arising from the weak coupling of the magnetic dipole of the electron spins

to the microwave field [22] which means that a large number of spins are required to observe

a signal greater than the experimental noise. Cavity quantum electrodynamics [23] offers a

different toolbox, geared towards implementing much stronger coupling between the spins and

the microwave photons in the resonator. The interaction between the electron spins at frequency

ωs/2π and the mode of an electromagnetic field confined within the resonator, of frequency

ω0/2π, is then described by the picture in fig. 1.1a and associated key terms: the decay rates of

photons from the cavity itself κ, from the spins γ, and the coupling rate gens for the exchange of
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(a) (b)
Figure 1.1: An ESR experiment uses a static magnetic field B0 to cause a Zeeman energy
splitting and a B1 microwave field to probe the transition. The picture in (a) frames the ESR
experiment (on a yellow paramagnetic sample) in the terms of cavity quantum electrodynamics
(cavity-QED) where gens is the spins-cavity coupling rate, and κ and γ are the loss rates from
the cavity and spins respectively, whereas the picture in (b) emphasises the role of the resonator,
which is modelled via the electrical components of resistor, inductor and capacitor in a so-called
RLC circuit of current i(t).

photons between the two systems. The relative magnitude of these three parameters determines

whether coherent exchange of quantum information can occur: the spin ensemble and the field

mode are said to exchange energy at rate gens, therefore if the coupling is large enough relative

to the decay rate of photons from the cavity κ or from the spins γ it is likely that the spins will

periodically (and collectively) emit and reabsorb photons from the cavity before the excitation

is lost [24]. This is known as the strong coupling regime gens � {κ, γ}.

Also introduced in fig. 1.1a are the requirements for an ESR experiment that a static

magnetic field B0 and probing microwave magnetic field B1 be implemented perpendicular to

one another B0 ⊥ B1. The application of B0 causes an energy splitting known as the Zeeman

splitting, because the parallel electron spin-field alignment is more energetically favourable than

the anti-parallel case. For electron spins with a gyromagnetic ratio γe, the size of this splitting

is given by ∆E = ~γeB0 = ~ωs. The most common commercial ESR spectrometer uses ‘X-band’

ω0/2π ∼ 9.5 GHz frequency and B0 ∼ 0.3 T [20]. ESR is classified according to whether the

amplitude of the B1 microwave field is continuous or pulsed. Continuous wave (CW) ESR

applies a B1 field of constant amplitude to probe the spins [2]. Applying pulsed B1 allows for

more information to be extracted from the spins, with greater flexibility in experimental design,

than a continuous wave experiment, and pulsed ESR is therefore our focus here [25].

A different picture of the basic ESR experiment fig. 1.1b emphasises the role of the resonator,
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which is modelled as a resonant electrical circuit of frequency ω0/2π. A current in the circuit i(t)

generates B1(t) at the spin sample via the inductor. The response of the spin sample induces a

current in the resonator is(t) which is detected to extract information about the characteristic

decay times of the spins. This is called inductively detected ESR. From fig. 1.1b it is worth

emphasising that the resonator plays a dual role of probing and detecting, and the corollary of

this is that κ limits the rate at which i(t) in the resonator decays to zero and therefore the time

before the is(t) signal can be measured. Whilst optically [26, 27] or electrically [28] detected

magnetic resonance or scanning probe techniques [29] have yielded high absolute spin sensitivity,

they lack the versatility of inductively detected ESR (for instance because of complex sample

preparation methods) [30, 31]. Hence inductive detection remains the most common method for

detecting an ESR signal from the spins [1, 31] and improvement to inductively detected ESR

spin sensitivity is a major research topic [22,32,33].

All else being equal, the sensitivity of ESR scales with the square root of the quality factor
√
Q =

√
ω0/κ of the resonator, because a higher Q mediates a stronger coupling between the

spins and microwave field [34]. The analogous explanation in a traditional ESR vocabulary

is that the high Q resonator converts microwave power into microwave field more efficiently

[21]. It is therefore established that the resonator Q should be as high as possible, with the

essential qualification that its ringdown time τr = 2Q/ω0 not exceed the decoherence or relaxation

times of the spin system of interest [35], and hence Q places a lower limit on the timescales of

paramagnetic systems which can be measured in a given experimental setup. Not only this, but

the resonator bandwidth κ limits the number of spins which can be excited to those within a

sub-ensemble determined by the resonator bandwidth convolution with the spin linewidth [25].

Although these limitations can be mitigated to some extent by careful pulse sequence design in

experimental setups which can arbitrarily shape the pulses (rather than using switches, as is

standard) [36–38], this has yet to be demonstrated for spin systems with fast decay rates.

In this thesis, we use high Q superconducting planar resonators to generate the B1 resonant

microwave field at the sample. These resonators are designed to have high Q at the relatively

high B0 required for ESR experiments, and a small mode volume to allow measurement of

small spin sample sizes. The use of superconducting resonators necessitates operating our

experiments at cryogenic temperatures, and we use cryogenic systems at sub-100 mK, with the

associated benefits in terms of polarisation of the spin transition and reduction in thermal noise.

Because the spin sample is mounted onto the superconducting resonator ‘chip’, we refer to this
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as ‘on-chip’ ESR.

Enhanced coupling between the electron spins and a high Q resonator is a pre-requisite to

studying the new domain and associated challenges of induction detection ESR premised on

cavity quantum electrodynamic principles. This encompasses ESR measurements in the strong

coupling regime, and also those with (the less stringent requirement of) high-cooperativity

coupling 4g2
ens > κγ. Just as pulsed ESR was once an eccentric offshoot to continuous wave

methods [25], so too might pulsed ESR develop to incorporate much enhanced coupling to

the electron spins as standard. In order to explore enhanced ESR sensitivity owing

to this different coupling regime, therefore, new experimental setups with high Q

resonators must be developed as testbed systems from which new techniques and

understandings can arise. This thesis reports on just such an ESR spectrometer,

capable of reaching the high-cooperativity coupling regime for a variety of spin

systems, operating at millikelvin temperatures. The work presented in this thesis

has involved building this robust and versatile on-chip ESR setup, centred on a

high Q superconducting resonator, and exploring some of the implications for ESR

experiments and also within the field of quantum information processing.

We next provide an overview of the chapters of this thesis, with the key experimental results

highlighted. Lastly we provide more detail on the context of our experimental results in the

current literature.

1.1 Overview of chapters

This thesis demonstrates an experimental framework to explore the unusual high Q high-

cooperativity coupling regime of ESR.

Background Chapter 2 introduces the fundamental concepts which underpin the experimental

work. We present an overview of the theory of ESR of spin ensembles, and a brief comparison

with the cavity quantum electrodynamics treatment of the interaction between the spins and the

electromagnetic field. We introduce the electric circuit model for superconducting microwave

resonators and present the design specifications for the high Q small mode volume resonators

around which our ESR spectrometer is based. We also describe the two spin systems which are

measured in each experimental chapter, of interest both to achieve a high-cooperativity coupling

within our custom ESR testbed system and for their quantum information applications.
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Methods A large part of the work of the thesis involved setting up and operating experi-

mental frameworks to implement different pulsed ESR measurements centred upon a high Q

superconducting resonator. In chapter 3 we present the preparation of the samples on the

resonators (on-chip), the design and operation of the microwave circuits used, and the details of

the particular cryogenic systems.

Experimental In the first part of the experimental work in chapter 4 [39], we explore high-

cooperativity ESR of a micron-scale organic radical sample at 65 mK. Detecting such a small

volume is reliant on the small mode volume and high Q of the resonator. We measure a

CW ESR spectrum to establish the coupling regime, thus demonstrating the suitability of

the spectrometer for measuring tiny sample volumes (∼ one million times smaller than the

minimum for conventional ESR spectrometers). We implement a pulsed technique to readout

the saturation recovery relaxation time, of potential application to quantum memory readout

protocols.

In the second part of the experimental work in chapter 5, we measure CW and pulsed ESR

of a rare earth-doped yttrium aluminium garnet sample with our purpose-built spectrometer, in

the high-cooperativity regime. We characterise the spin-lattice and spin-spin relaxation times

across temperatures of 10 to 400 mK. We touch on some of the associated challenges of taking

these ESR measurements in the high-cooperativity regime, as must be addressed in order to

benefit from the enhanced sensitivity. Our system allows us to detect not only the primary

spin echo, but a train of up to five echoes, in a single-shot measurement, and so provides a

platform for probing this interesting phenomenon further. We lastly use the frequency tunability

of our superconducting resonator to implement a direct measurement of the sample’s g-tensor

projection upon the magnetic field axis, demonstrating an additional, unusual capability of our

newly built ESR spectrometer.

1.2 Wider context: Sensitivity of pulsed ESR

To contextualise the research and the particular applications of the experimental apparatus

presented in the thesis, we next give a review of progress towards more sensitive inductive ESR

detection. The sensitivity of a pulsed ESR spectrometer is characterised by Nmin, the minimum

number of spins required to produce a spin echo with a signal-to-noise ratio (SNR) of unity

[40]. A second measure is the number of spins N1s which can be measured with unit SNR per
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second of integration time [40]. For a repetition rate of Γrep experimental runs per second, which

is limited by the physical characteristic of the spin system being measured as we shall see in

section 2.1.4, N1s = Nmin/
√

Γrep.

In a commercial X-band ESR spectrometer at room temperature, which typically has a three-

dimensional microwave cavity, the coupling between a single electron spin and the microwave

field is relatively small gk/2π ∼ 0.1 Hz [41,42] and detection of order Nmin ∼ 1013 spins per echo

is possible using Q ∼ 103 [20, 43]. Those commercial spectrometers with a relatively high Q

cuboid-shaped cavity can reach N1s ∼ 109 spins Hz−1/2 at room temperature [21]. Meanwhile,

planar superconducting resonators tend to have single spin-cavity coupling at least two orders of

magnitude greater, in the region of 10 Hz to 1 kHz [44]. The last few years have seen significant

improvement in the sensitivity of pulsed ESR benefitting from the high Q and confined B1 field,

or ‘mode volume’ of such superconducting resonators. These experiments have also significantly

reduced the measurement temperature, yielding a further sensitivity boost from simultaneously

reducing the noise and improving the polarisation of the spin transition as predicted by the

Boltzmann distribution.

In 2014, state of the art inductive detection measurements at 4 K yielded a sensitivity of

Nmin ∼ 107 using a commercially available low-noise amplifier together with transmission-line

resonators [45]. For this experiment, the single spin-field coupling was enhanced to gk/2π ∼ 20 Hz

using Q ∼ 5× 103. This figure was improved further via measurement in the millikelvin regime,

which is beneficial firstly because the polarisation of the spin transition improves but also

because it allows for the use of Josephson parametric amplifiers, which are built from patterned

superconductors and can be shown to add the minimum possible noise photons to the signal

[46]. Thus in 2015, ESR detection of Nmin = 1700 (N1s = 1700 spins Hz−1/2) was achieved, this

time with a lumped element resonator at 12 mK [22]. Latterly (2017), measurements which have

optimised the design of the lumped element resonator, focussing on decreasing the width of the

inductor strip to confine the microwave field and therefore enhance the coupling to the spin sample,

report N1s of just 65 spins Hz−1/2 at 12 mK [40]. In a similar set-up, Nmin < 104 was obtained

with a single spin coupling of gk/2π = 150 Hz [33]. Optimum sensitivity of 0.1 spins Hz−1/2 has

been predicted theoretically, premised upon high Q superconducting resonators with an even

more heavily constricted mode volume [47], but is yet to be demonstrated.

In chapter 5 we measure high cooperativity ESR with a high Q resonator. We implement

pulsed measurements of cerium doped yttrium aluminium garnet (Ce:YAG), an example of the
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rare-earth doped crystals which are known for their long coherence times [48]. Our sample has

a reasonable spin density, and the spin-spin coherence time has been measured previously by

Azamat et al. as 5 µs at 5 K [49]. Therefore as a testbed ESR system in chapter 5, it yields

both the benefit of a strong ESR signal, and a signal which can be detected in spite of the

long ringdown time of a high Q resonator. We demonstrate pulsed ESR of Ce:YAG in the

high-cooperativity regime in chapter 5, and explore some of the challenges associated with high

cooperativity ESR measurements. Such testbed systems are important for exploring new ESR

techniques.

One such technique would implement ringdown suppression of high-Q resonators, which has

been highlighted as a potential means of benefitting from the sensitivity of these resonators

[36,38] and circumventing the issue that their long ringdown time obscures the signal of spins

with short coherence times. This could extend ESR to the regime of few spins, small volumes,

high detection sensitivity, for spins with short relaxation times, which is at present a blind spot

for any ESR spectrometer.

A particular aspect of the low sensitivity of ESR is that it precludes measurement of small

volumes of paramagnetic material. The conventional ESR spectrometer described above typically

has a three-dimensional cavity through which microwave energy is weakly coupled to the electron

spins for sample volumes ideally larger than 1 mm3 [50]. ESR spectrometers which are instead

centred upon a superconducting planar resonator benefit from their combination of higher Q

factors > 105 and smaller mode volumes ∼ 10−4 mm3. This combination is required to detect

small volumes of paramagnetic material [42, 51]. Premised on high Q, small mode volume

resonators, it is now becoming possible to measure femto-litre volumes of paramagnetic samples

for the first time [52]. This could enable ESR characterisation of individual nanoscale objects, or

small spin clusters where anisotropy in the spin Hamiltonian otherwise makes characterisation

of the material via large mode volume detectors challenging.

In chapter 4 we present ESR measurements of a micron-scale single crystal paramagnetic

sample [53], with gk/2π ∼ 5 Hz which demonstrates high-cooperativity coupling between the

spins and resonator mode. The necessarily small mode volume of the resonator is achieved

with a specially-designed high Q superconducting resonator [54, 55], which can be magnetically

coupled to any small solid-state sample as long as it is carefully aligned within the resonator

mode volume.
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1.3 Wider context: Solid state quantum information processing

Developments to pulsed Electron Spin Resonance techniques have unfolded over the last 70 years

[56]. More recently, the potential of quantum information storage in ensembles of electron spins

has lead to further interest in electron spin resonance techniques [34,44,57]. Strong coupling is a

prerequisite for coherent exchange of quantum information, as is required to use distinct physical

systems to store and manipulate quantum information [58,59] in a so-called hybrid quantum

system [44]. In particular, storage of quantum information in an ensemble of electron spins is

advantageous owing to the demonstrated long spin coherence times (low γ) and sophisticated

control of these systems [60,61]. The frequency of electron spin transitions tends to fall in the

microwave range, making them a natural choice of memory interface for superconducting qubits

[62] which are presently leading efforts to scale quantum information processors [63].

Two seminal experiments in 2010 demonstrated strong coupling between an ensemble of

electron spins and a superconducting microwave resonator for the first time [62, 64]. Proof-

of-concept demonstrations of coherent coupling between a qubit state and a spin ensemble

storage mode were forthcoming soon after [65,66]. As was pointed out at the time [62], and has

been reinforced subsequently [34], these cavity-quantum electrodynamics experiments make use

of well-established ESR physics in a new regime of quantum-limited amplification [67,68], at

cryogenic temperatures [22, 40] and with increasingly sophisticated resonator [55, 69] and pulse

sequence [36,38] design. As a result, alongside the quantum information implications of these

initial experiments, there lies the potential for enhancement to ESR measurement capability as

is a major research topic in its own right [34].

The synergy between the fields extends still further. In the long run, sufficiently sensitive ESR

could accomplish pulsed interrogation of arbitrarily small numbers of spins [47]. Superconducting

qubit devices suffer from relatively short decoherence times of 0.1 to 1 ms (at best) [70]. There is

a consensus that noise and decoherence processes affecting superconducting qubit performance

are consistent with some kind of two-level system (TLS) [71], absorbed upon the surface and

at the interfaces of the superconductor surface (TLS are also located in the bulk material but

these defects are thought to be less pernicious) [72,73]. As progress continues to be made in this

exciting field [70,74,75], marginal gains in the coherence time of the qubit and mitigation of

noise become more important. In order to mitigate the effects of TLS, further research is needed

into their exact cause [76]. Direct evidence of absorbed atomic hydrogen has been obtained
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with a high Q CW ESR spectrometer designed to detect spins with low surface coverage [76].

Improvements to the sensitivity of low-volume, low surface density ESR techniques could yield

further chemical identification of such unwanted surface defects, thereby enabling fabrication

processes which avoid them entirely. In something of a circular progression, therefore, ESR

techniques arising from developments made by quantum engineers could themselves yield tools

to better understand superconducting qubit decoherence processes.

Aside from the implications for ESR, exploring media for quantum memory applications

is a standalone research area. The preliminary steps include demonstrating the potential for

coherent quantum information transfer via strong coupling and characterising the coherence

times of potentially viable spin ensembles, and implementing control and readout protocols for

the quantum states [34,77,78].

Organic crystalline solids are being explored as potential quantum memories [79] because

they offer chemically tuneable properties together with a high spin density to facilitate a strong

collective coupling [80–83]. As a proof-of-principle experiment, coupling to small volumes of

these chemically-tunable samples constitutes an essential route towards unlocking the use of

large numbers of self-assembled molecular spin clusters as high coherence elements for quantum

computing [84,85].

Electron spin quantum memory elements would require detection of the quantum state of

the spins. We highlight that the readout of quantum states from high density spin ensembles,

such as our spin system in chapter 4, allows the coupling to be enhanced by factor
√
N whilst

the small volume sample is beneficial in reducing field inhomogeneity and so implementing

coherent control pulses. However, care must be taken to avoid significant coherent energy

exchange between spins and the interrogating cavity. This back-action means that readout of

the cavity probe can induce a change in the projected spin states, whereas an ideal repeated

measurement should not disturb the states of the measured observable, a concept known as a

quantum non-demolition (QND) measurement.

In chapter 4 we demonstrate the use of dispersive readout, a technique commonly used for

QND measurements of qubits [86], which allows the resonator to act as a probe of the spin

polarisation when the two systems are detuned. In pulsed ESR it has been previously deployed

for measurements of macroscopic paramagnetic samples, including Nitrogen-Vacancy (NV)

[87, 88] or substitutional Nitrogen centres in diamond [89], ferromagnetic resonance [90] and

the dispersive detection of NV centres via a transmon qubit [91]. We apply dispersive readout
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instead to our pico-litre volume single organic radical microcrystal [53] which we characterise

here for the first time at millikelvin temperatures.

Rare-earth doped crystalline solids are another promising media for storage and retrieval of

quantum states [92, 93]. Strong coupling [94], long coherence times [92,95,96], and quantum

state retrieval [97] have been demonstrated, and further investigation is an active area of

research [98–100]. Cerium-doped yttrium aluminium garnet is an example of a rare earth doped

material with potential for quantum information storage [49,93], and therefore understanding of

its coherence properties is a valid research goal. In chapter 5, we characterise the T1 and T2

relaxation times of Ce:YAG at millikelvin temperatures.

19



Chapter 2

Background

This chapter is divided into three sections which cumulatively provide an overview of the

theoretical concepts underpinning the experimental work in chapters 4 and 5.

The first section 2.1 looks at the fundamentals of Electron Spin Resonance, expanding the

quantum mechanical picture of a single spin to the macroscopic magnetisation and its motion in

a pulsed ESR experiment. The second section 2.2 encompasses the theory of the superconducting

resonators around which our ESR spectrometer is based. The focus is on understanding our

specific resonator geometry and the response of our resonator to a transmission microwave

measurement. The third section 2.3 is a far from comprehensive treatment of cavity quantum

electrodynamics (QED). Nonetheless, as explained in the introduction, the new regime of ESR

experiments of which this thesis provides one example share as much with cavity-QED as with

traditional ESR terminology. We describe the Hamiltonian for the energy of a coupled resonator

mode-spin ensemble and explain some of the parameters with which we characterise our system.

2.1 Electron Spin Resonance

To understand the concept of electron spin resonance, we start by discussing the properties of a

single unpaired, unbound electron in a magnetic field. We then extend this to an ensemble of N

unpaired, bound electrons.

A single electron Electrons are elementary particles with fundamental properties of mass me,

charge −e and an intrinsic angular momentum, discovered in the Stern and Gerlach experiment

of 1922 [101], which is known as ‘spin’ S = (Sx, Sy, Sz)T . As was shown, the projection of a
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single electron spin upon a given axis, determined by the direction of an applied static magnetic

field B0, is quantised. Let’s say B0 = (0, 0, B0)T in which case the projection of the spin

angular momentum upon the field axis B0ẑ can only take the values Sz = +~
2 or Sz = −~

2 .1 It

is said that the electron can only be observed in one of two ‘states’ |α〉 and |β〉 and we use the

Ŝz operator to represent this spin-z component, and similarly Ŝx and Ŝy for the x and y spin

components (in units of ~ as is typical).2

Ŝz |α〉 = +1
2 |α〉 Ŝx |α〉 = +1

2 |β〉 Ŝy |α〉 = + i

2 |β〉

Ŝz |β〉 = −1
2 |β〉 Ŝx |β〉 = +1

2 |α〉 Ŝy |β〉 = − i2 |α〉
(2.1)

The total energy of an electron spin in a magnetic field is given by the electron Zeeman

Hamiltonian eq. (2.2) as the product of the field B and the electron magnetic moment µ =

−µBgS,1 using the Bohr magneton constant µB = e~/2me (occasionally designated βe).

ĤEZ(B,S) = −BTµ = µBB
T
0 gS (2.2)

The g-tensor term g accounts for the quantum behaviour of the electron. For a free electron

the Zeeman interaction is isotropic g = ge ≈ 2,3 which is included in the definition of the

gyromagnetic ratio γe = −geµB/~.

Ĥ free
EZ (B,S) = µBgeB0Ŝz = −~γeB0Ŝz (2.3)

Equation (2.3) gives the energy of the two states of the free electron, from which the energy of

the transition between the states eq. (2.4) follows.

→ 〈α| Ĥ free
EZ |α〉 =

(
+ 1/2

)
geµBB0

→ 〈β| Ĥ free
EZ |β〉 =

(
− 1/2

)
geµBB0

 |ωs| =
geµB
~

B0 = γeB0 (2.4)

The two spin states would be degenerate if B0 = 0 and that degeneracy is broken by the applied

magnetic field, which is known as the Zeeman effect. From 〈β|µ |β〉 = (+1/2)µBge we see that

the magnetic moment of a free electron aligns with the field in the lower energy |β〉 state and
1We use 3-element column vectors, which consist of scalars for magnetic fields B and operators for S.
2The states |α〉 and |β〉 are normalised, orthogonal eigenfunctions of the Ŝz operator.
3The precision to which ge = 2.002319... was known in 1985 was described by Feynman as like ‘measuring the

distance from Los Angeles to New York ... to within the width of a human hair’ [102] which was only a slight
over-exaggeration [103].
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vice versa.

An ensemble of N electrons Paramagnetism is the cumulative behaviour of unpaired electrons

in the atoms of a material. Electrons are arranged in electronic orbitals according to Hund’s

rules, which stipulate that pairing of electrons in orbitals will be most energetically stable.

Unpaired electrons arise where there are insufficient electrons to pair up.

The interaction of each ith unpaired electron in a material with B0 is described by eq. (2.2)

but now g is a 3× 3 matrix which deviates from ge113 because of the coupling of spin and orbital

angular momenta.

ĤEZ(B,Si) = µBB
T
0 gSi = µBB0

(
cosφ sin θ sinφ sin θ cos θ

)

gx 0 0

0 gy 0

0 0 gz




Ŝx

Ŝy

Ŝz


= µBB0geff(φ, θ)Ŝz

(2.5)

The g-tensor g is given in the molecular axes and φ and θ determine the orientation of the

magnetic field in that molecular frame.4 The angular dependence can be factored into an effective

geff(φ, θ) =
√
g2
x cos2 φ sin2 θ + g2

y sin2 φ sin2 θ + g2
z cos2 θ instead [104]. Electron spins in organic

radicals tend to have geff(φ, θ) ≈ ge because orbital angular momentum is only introduced from

mixing with excited electronic states, whereas transition metal or lanthanide paramagnetic ions

have non-zero total orbital angular momentum in the ground state and greater deviation (and

difficulty in prediction) of g and geff(φ, θ) [105].

A corollary of spin-orbit coupling is that it is no longer correct to consider the bound electron

spin irrespective of the orbital angular momentum, and instead we refer to an effective spin.

The effective spin of a bound electron more closely reflects the true electron spin for systems

where contributions from spin-orbit coupling are small, such as organic radicals, or is instead an

effective spin of a total angular momentum groundstate where contributions from spin-orbit

coupling are important, such as lanthanide paramagnetic ions [106].

The spin Hamiltonian eq. (2.6) uses this idea of effective spin to model electron resonance

experiments. It is not a full physical model of paramagnetic centres in a material: its purpose

is to approximate the set of sub-states of different effective spin within the electronic ground

4φ is the azimuthal and θ is the polar angle which determine the orientation of the laboratory frame (in
which the magnetic field is fixed) in the g-tensor frame.
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state between which ESR transitions occur [105,106].5 It describes the energy of a system of N

electrons each of spin Si = (Ŝx, Ŝy, Ŝz)T and M nuclei each of nuclear spin Ik = (Îx, Îy, Îz)T as

the sum of the various individual and pairwise energies of interaction, as detailed below.

Ĥspin =
N∑
i

[
ĤEZ(B0,Si) + ĤZF(Si)

]

+
M∑
k

[
ĤNZ(B0, Ik) + ĤNQ(Ik)

]

+
N∑
i

N∑
j>i

ĤEE(Si,Sj) +
N∑
i

M∑
k

ĤHF(Si, Ik)

(2.6)

• ĤEZ(B0,Si) is the Electron Zeeman interaction of electron spin i with B0 as per eq. (2.2);

• ĤNZ(B0, Ik) is the Nuclear Zeeman interaction of nuclear spin k with the B0 field;

• ĤZF(Si) is the zero-field splitting associated with the electron spin. This term is non-zero

for S > 1/2 because multiplets arise which, in non-spherical orbitals, rearrange and so are

non-degenerate at zero field;

• ĤNQ(Ik) is the Nuclear Quadrupole interaction of nuclear spin k which is non-zero for

Ik >
1
2 (the nuclear analogue of ĤZF);

• ĤEE(Si,Sj) is the mutual electron-electron interaction term, which includes the through-

space dipolar interaction and the Heisenberg exchange interaction [105] between electron

spins i and j. This must be considered where two unpaired electrons in distinct orbitals

are extremely close in space, in the latter case with wave function overlap, and is not

relevant in our spin systems [108];

• ĤHF(Si, Ik) is the hyperfine interaction arising from the magnetic dipole-dipole interaction

between electron spin i and nuclear spin k.

For the two spin systems measured in this thesis, we will explain in section 2.5 why the ground

state ESR transition can be treated as an effective Si = 1
2 transition and whether any terms

beyond the electron Zeeman interaction need be included in the spin Hamiltonian.

5As it is put in Ref. [107]: “The spin-Hamiltonian is a convenient resting place during the long trek from
fundamental theory to the squiggles on an oscilloscope which are the primary result of electron resonance
experiments.
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Magnetisation The individual vector magnetic moments µi in a paramagnetic material add

up6 to give a net macroscopic moment parallel to the field direction. ESR experiments detect

the macroscopic moment per unit volume V which is termed magnetisation M .7

M = 1
V

N∑
i

〈µi〉 (2.7)

In fact only transverse magnetisation Mx,y can be detected in a normal ESR experiment [see

eq. (2.16)]. For an ensemble of free electrons, the expectation values of the spin projections are

directly proportional to the magnetisation projections.

Mx,y,z = −µBge
V

N∑
i

〈Ŝ(i)
x,y,z〉 = −µBgeN

V
〈Ŝx,y,z〉 (2.8)

Mindful that the ensemble electrons in the spin Hamiltonian are not free electrons but instead

are treated as an effective spin, we use eq. (2.8) in the next section to gain intuition about what

measurements of the magnetisation tell us in terms of the quantum properties of the spins.

2.1.1 Coherence and polarisation

A free electron spin in a static field is represented by a superposition of the two basis states

|ψ〉 = cα |α〉 + cβ |β〉 with complex coefficients {cα, cβ} ∈ C as can be made explicit with the

notation cα = |cα|eiφα . For a normalised wavefunction 〈ψ|ψ〉 = 1, which means |cα|2 + |cβ|2 = 1

and the expectation values of the Ŝx,y,z operators are then evaluated in eqs. (2.9) to (2.11).

〈Ŝz〉 = 〈ψ|Ŝz|ψ〉
〈ψ|ψ〉

= 〈ψ|Ŝz|ψ〉 = 1
2(c∗αcα − c∗βcβ) = 1

2(|cα|2 − |cβ|2) (2.9)

〈Ŝx〉 = 1
2(c∗βcα + c∗αcβ) = |cα||cβ| cos(φα − φβ) (2.10)

6Diamagnetism occurs because the applied field distorts the electron orbital motion causing some electron
magnetic dipoles to align counter to the field. Hence for all materials there will also be a smaller countering
diamagnetic effect.

7We briefly mention a distinction between the external applied field H0 and the magnetic induction B0 for
an ensemble where the magnetisation is at thermal equilibrium M0. The volume magnetic susceptibility χm is
defined as the degree of magnetisation of a sample in response to an applied field M = χmH thereby adding a
magnetic field in addition to the applied field for paramagnetic materials (for which χm > 0). The magnetic
induction is B0 = µ0(M0 +H0) = µ0(χm + 1)H0 ≈ µ0H0. In practice, B0 is the quantity referred to as the
external static magnetic field in experimental work and magnetic resonance literature, thereby accounting for
(but really neglecting) the magnetisation effects, the justification being χm � 1 : (1 + χm) ≈ 1. For instance the
commonly used ESR reference radical DPPH has molar susceptibility 0.2 emu/mol at 0.4 K (density 1.4 g/cm3

and M = 394.34 g/mol [109]), therefore χm = 0.009� 1.
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〈Ŝy〉 = i

2(c∗βcα − c∗αcβ) = |cα||cβ| sin(φα − φβ) (2.11)

The latter forms emphasise a few points. Firstly that, whereas the operators are discretised

eq. (2.1), the expectation values can each take any value between ±1
2

8 which will be relevant

when we envisage a smoothly precessing magnetisation vector in the next section. Secondly,

that the transverse magnetisation is closely related to the phase difference between the two basis

states in the wavefunction (don’t try and picture that classically). If two spins are described

by wavefunctions with the same phase difference ∆φ = φα − φβ they are said to be ‘coherent’.

Therefore measurement of Mx and My relates to the coherence of the spins.

Expanding to an ensemble, each spin will make a contribution to the total magnetisation,

for instance there will be a total z-component 〈Ŝz〉tot which corresponds to Mz as per eq. (2.8).

〈Ŝz〉tot = 〈Ŝz〉1 + 〈Ŝz〉2 + 〈Ŝz〉3 + ... =
N∑
i

〈Ŝz〉i = 〈Ŝz〉 (2.12)

Therefore 〈Sz〉tot = 1
2(|cα|2 + |cα|2) from which it is clear that Mz is related to the difference

between the total probability of finding the spins in the |α〉 or the |β〉 state i.e. the population

difference between the two levels.

Equilibrium describes the situation where the populations are Boltzmann-distributed and

there is no transverse magnetisation. This means that the ratio of spin population in the upper

energy level nα to the spin population in the lower level nβ is given by eq. (2.13).

nα
nβ

= exp
(
−∆E
kBT

)
= exp

(
− ~ωs
kBT

)
= exp

(
−TZ
T

)
(2.13)

The two populations only equalise in the limit T →∞. The Zeeman Temperature TZ = ~ωs/kB
acts as a guide to the temperature below which there is significant population in the upper level.

nα(T = TZ) = nβ(T = TZ)
e

≈ 0.36× nβ (2.14)

The absence of transverse magnetisation at equilibrium requires that Mx = My = 0 and therefore

that 〈Sx〉tot = |cα||cβ| cos(∆φ) = 0 and likewise for 〈Sy〉tot = 0. From this we interpret that all

the phases in the ensemble at equilibrium are distributed randomly so that ∑i cos(∆φi) = 0 i.e.

8The normalisation condition |cα|2 + |cβ |2 = 1 can be illustrated as a circle on the {cα, cβ} plane of unit
radius. Therefore cα = cos θ and cβ = sin θ so the range of values possible can be seen in |cα||cβ | = 1

2 sin(2θ)
and |cα|2 − |cβ |2 = cos(2θ).

25



there is no coherence at equilibrium.

2.1.2 Equations of motion

Torque in applied field An applied magnetic field B causes a torque on each magnetic moment

and, by eq. (2.7), on the magnetisation.

dM

dt
= γe(M ×B) (2.15)

To understand the motion of M under B0, evaluate the vector cross product in eq. (2.15) and

solve the equations of motion using ωs = −γeB0.

dM

dt
= γe

∣∣∣∣∣∣∣∣∣∣∣
x̂ ŷ ẑ

Mx My Mz

0 0 B0

∣∣∣∣∣∣∣∣∣∣∣
=


−ωsMy

+ωsMx

0

 −→
Mx(t) = −Mx(0) cos(ωst)−My(0) sin(ωst)

My(t) = +Mx(0) sin(ωst)−My(0) cos(ωst)

Mz(t) = +Mz(0)

Because the total magnitude |M | is constant, motion of M can be represented using the ‘Bloch

sphere’ notation fig. 2.1a. It is evident that the projection of the magnetisation upon the field

axis, Mz, is constant in time hence the magnetisation vector rotates smoothly around B0 ‖ ẑ at

a frequency ωs, called the Lamor frequency. For convenience, a frame rotating (in the right-hand

sense) at ωs about the z-axis is used, as indicated by the tilde on vector properties fig. 2.1a. In

this frame, the magnetisation vector M̃ remains stationary.

Driving transitions between spin states We examine the implications on the ensemble of an

additional, orthogonal linear oscillating magnetic field B1 = B1x̂ cos(ω1t) ⊥ B0. In practice

this oscillating field is applied to the spin system via a cavity, and the resonant frequency of the

cavity ω1/2π is in the microwave range, hence B1 is called the cavity field or the microwave

field.9 An essential feature of the cavity is its decay rate κ, which determines how long the

energy in the cavity takes to decay τr = 2/κ (after τr has elapsed, the cavity amplitude will

have diminished to 1/e of its initial value). During a pulse at ω1 = ωs, the microwave field is

static in the rotating frame, pointing along x̃ so that B̃1 = B1x̃.10 As before, the field generates
9The experimental work of this thesis uses superconducting resonators, the focus of the next section 2.2, to

generate the B1 field. In the literature the terms cavity and resonator are used interchangeably but here we refer
to the cavity in the more general sense and resonator when referring to our superconducting planar resonators.

10This neglects the fast-rotation 2ω1 term which is valid so long as |B1| � |B0| i.e. the microwave field is
considered a perturbation to the static field. We refer to B1 ≡ B1x̃ subsequently.
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�ẑ

M̃

(b)
Figure 2.1: The rotating-frame Bloch sphere depiction of (a) the magnetisation vector M̃ driven
from equilibrium by some pulse of B̃1 and (b) precisely manipulated by π

2 radians about the
z-axis via e.g. a πx

2 −
πy
2 sequence.

a torque on the magnetisation and a rotation around the field axis x̃ at angular frequency

ω1 = −γeB1 so that the magnetisation is driven into a rotation about x̃ ‖ B̃1. Changing

the phase of the driving microwave field changes the rotation axis in the x̃ỹ plane because

B1 = B1x cos(ω1t+ φ)→ B̃1 = B1(x̃ cosφ+ ỹ sinφ). Therefore a pulse of short B1 will rotate

M̃ at angular frequency ω1 around the axis determined by B̃1 to a different point on the Bloch

sphere (and successive rotations about orthogonal axes in the x̃ỹ plane achieve rotations about

ẑ so any point on the Bloch sphere is reachable). The B1 driving pulse is quantified not by its

duration tp but by reference to the rotation angle it induces in the Bloch sphere ω1tp, for instance

a πz/2 pulse fig. 2.1b. The perturbing B1 field is causing a transition between the electron states

when it is resonant with the energy difference between those states, hence ω1 = ωs = −γeB0.

Detection Mz does not couple with the cavity field, and so only transverse magnetisation

components are detectable in an ordinary ESR setup. We envisage this by treating the cavity

first of all as a simple coil. In order to produce a B1 field perpendicular to B0, the axis of the

coil must lie in the xy plane. A consequence of this is that only changes in magnetisation within

the xy plane will ‘cut’ through the coils and produce a detectable current, and resulting signal

voltage Vs.

Vs ∝Mx + iMy = (M̃x + iM̃y)eiωst (2.16)

Relaxation Bloch equations Relaxation processes, by which the electron spins return to equi-

librium once excited, are treated in detail in section 2.1.4 but in short, equilibration occurs
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either through spin relaxation or spin decoherence. In the former, characterised by a spin-lattice

relaxation time T1, energy is lost to the lattice as the longitudinal magnetisation Mz decays

back to its equilibrium value M0. Spin decoherence is instead the energy-conserving decay of

the transverse magnetisations Mx and My to zero, on a timescale characterised by T2. This

process corresponds to a randomisation of the relative phases of the spins.

Assuming a first order process in each case would suggest exponential decays described by

∼ e−t/T1 or ∼ e−t/T2 . The inclusion of this relaxation yields the rotating-frame Bloch equations

for the time-dependence of the magnetisation components, using ∆s = ω1 − ωs.

dM̃x

dt
= +∆sM̃y −

M̃x

T2

dM̃y

dt
= −∆sM̃x − ω1Mz −

M̃y

T2
dMz

dt
= +ω1M̃y −

Mz −M0

T1

(2.17)

The condition for a steady state is that all three of these derivatives equal zero. Solving the

linear differential equations suggests a saturation parameter SCW where SCW � 1 corresponds

to a steady state under the driving, resonant B1 field.

SCW = ω2
1T1T2 =

(µBge|B1|
~

)2
T1T2 (2.18)

For a long pulse of duration tp � T1, such that the sample is effectively being continuously

irradiated, it is possible that SCW � 1 and on resonance this corresponds to all magnetisation

components vanishing: a non-equilibrium steady state known as saturation where the two spin

states are equally populated. The dynamics of the spins after the saturating pulse terminates is

governed by T1. Hence ‘saturation-recovery’ is a method for establishing the T1 by monitoring

the spins after the saturating B1 tone is switched off, which we make use of in chapter 4 and

chapter 5.

2.1.3 Microwave interaction with operators

In an operator formulation, the magnetic moment dipole operator is given by eq. (2.19) using

the transition operator σ̂ij for moving between energy levels |i〉 → |j〉 and a corresponding
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transition probability of Mij = −µBge 〈i|S |j〉.

µ = −µBgeS = −µBge
∑
i,j

|i〉 〈i|S |j〉 〈j| =
∑
i,j

Mijσ̂ij for i, j = β, α (2.19)

For a two-level system σ̂ij(ji) ≡ σ̂+(−) corresponding to excitation σ̂+ |β〉 = |α〉 and de-excitation

σ̂− |α〉 = |β〉.11 The magnetic and electric fields in the cavity are quantised analogously to

the position and momentum operators [110], and so the operator for the microwave field is

B1 = δB1(r)(êBâ+ ê∗Bâ†) where êB is the unit polarisation vector of the magnetic field [111]

and δB1(r) is the microwave field arising from vacuum fluctuations in the cavity [42] which we

evaluate in eq. (2.68). The â† and â operators create and destroy photons in the cavity field [24].

In culmination, the energy of interaction is analogous to eq. (2.2) but this time substituting the

microwave rather than the static field operator, and substituting eq. (2.19) to get to eq. (2.20).

Ĥint = −BT
1µ = −δB1(r)

(
êBâ+ ê∗Bâ†

)∑
i,j

Mijσ̂ij

= ~
∑
i,j

σ̂ij
(
gij â+ g∗ij â

†
)

using gij = −Mij êB
~

δB1(r)
(2.20)

The coupling constant gij describes the interaction strength of the magnetic dipole of the spin

with the electromagnetic cavity field. To get an expression for the coupling constant we confine

the microwave field to the x-direction by choosing êB = êx ⊥ B0, and evaluate the transition

probability term.

Mij êx = −µBge 〈β| Ŝ |α〉 êx

= −µBge 〈β| Ŝx |α〉

= −µBge
(
〈β| Ŝ+ |α〉+ 〈β| Ŝ− |α〉

)
= −µBge(1/2) = Mjiêx −−−−−−−−−−−−→ gij = µBge

2~ δB1(r)

(2.21)

Setting gij = gji assumes the transition probabilities are equal. This analysis has used the

magnetic dipole of a free electron with ge but the angular dependence from the orientation of

the crystal lattice relative to B0 could be included with substitution of ge → geff(φ, θ) [94]. The

single spin-cavity field coupling g0 = gij ≈ µBgeffδB1(r)/2~ is used to estimate the ensemble

coupling in section 2.3.4.

11These can be related to eq. (2.1) via Ŝ± = Ŝx ± iŜy = 1
2 (σ̂x ± iσ̂y).
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The spin and the field mode are said to exchange energy at rate g0, therefore if this coupling

is large enough relative to the decay rate of a photon from the cavity κ or from the spin γ it

is likely that the spin will periodically emit and reabsorb a photon from the cavity before the

excitation is lost [24]. The relative magnitude of these three parameters determines whether

coherent exchange of quantum information can occur via the coupling prior to the photon

leaking out of the cavity. Quantitatively, this is expressed by the introduction of a cooperativity

parameter C0 as defined in eq. (2.22).

C0 = 4g2
0

κγ
(2.22)

Strong coupling corresponds to g0 � {κ, γ}, whereas high-cooperativity corresponds to C0 > 1.

2.1.4 Relaxation

As we have seen, the spin Hamiltonian eq. (2.6) [particularly eq. (2.2)] describes the interaction

of an effective spin system with the B0 static field and likewise eq. (2.20) for its interaction with a

B1 cavity field, but these treatments say nothing about how the spins return to equilibrium after

a perturbation is switched off. The remaining interactions therefore must take place between

the spin system and its environment, and must be responsible for restoring the equilibrium

magnetisation, known as ‘relaxation’.

After the external interference of a resonant pulse at ω1 = ωs, the spin ensemble returns

to its equilibrium state by exchanging energy with other spins and the lattice. The ‘lattice’

is a term which refers to everything in the solid except for the electron spins. The degrees of

freedom thereby attributed to the lattice include nuclear spin flips, vibrations of the bonds

within the solid, and inhomogeneity of the field across the solid. True relaxation processes cause

loss of magnetisation components by irreversible dissipation; other ‘diffusion’ processes rather

transfer magnetisation so that it is no longer detectable.

Longitudinal spin-lattice relaxation Knowing that Mz arises from population difference eq. (2.12),

it makes sense that the dynamics of Mz arise from transitions between the populations of the

two levels, over a timescale characterised by T1. It then also makes sense that energy is not

conserved as a result of longitudinal relaxation. The T1 time sets a limit on the repetition rate of

the experiment Γrep > 1/T1 because you want the spins to return to equilibrium before starting

another measurement (and generally T1 > T2).

The rate of spontaneous emission Γ0 of a two-level magnetic dipole into free space, given by
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eq. (2.23), is extremely slow [1].

Γ0 = µ0~γ2
eω

3
s

12πc3 (2.23)

For a free electron at 5 GHz (around 180 mT), Γ0 = 10−13 Hz and which means it would take

O(105) years for an electron in the |α〉 state to spontaneously emit a photon and so decay to

the |β〉 state.

Stimulated absorption or emission instead occurs by the absorption or emission of a phonon

from the lattice. The lattice can be considered as a continuum of energy levels therefore the

availability of a phonon transition of the correct energy is not a limiting factor to the spin-lattice

relaxation.12 The greater population of lower energy phonon levels explains why it is more likely

that the lattice should absorb energy, so decay occurs by accumulation of the spin population

in the lower energy level.

Three main processes contribute to stimulated spin-lattice relaxation. The one phonon

process is known as ‘direct’, a two-phonon process mediated by a virtual energy level ‘Raman’

and a two-phonon process mediated by an actual excited energy level ‘Orbach’ [25]. Each of

these processes has a different temperature dependence, and therefore can come to dominate

the relaxation dependent on temperature, as explored in section 5.3. Note that each phonon

emission or absorption results in an |α〉 → |β〉 or |β〉 → |α〉 transition, known as ‘spin-flips’.

Cross-relaxation effects contribute to decay in Mz but do not arise through direct interactions

between the lattice and the spins. Cross-relaxation results when two spin ensembles, each with

different polarisation, labelled more excited A and less excited B, are brought into resonance.

This could happen because there are two different spin types in the material, or because not all

the spins have been excited by the bandwidth of the pulse resulting in two sub-ensembles (this

is often the case in pulse ESR experiments). They are able to exchange energy with each other

via coupling of their magnetic dipoles, as long as they are close enough (dipolar coupling has a

strong inverse distance dependence), therefore the cross-relaxation rate is dependent on the spin

concentration ns.

Purcell Relaxation The rate of spontaneous emission is enhanced by the cavity if the cavity loss

rate κ is smaller than the single spin-cavity coupling g0, which is explained by the interaction

of the vaccuum fluctuations in the cavity magnetic field with the spin system i.e. inherently a

quantum effect. The Purcell rate Γp eq. (2.24) is increased in systems with low cavity decay
12The phonon ‘bath’ surrounding the spin can be described as an infinite set of harmonic oscillators with

occupancy p(E) = p(~ω) = [exp(~ω/kBT )− 1]−1 (the Bose-Einstein factor).

31



rates κ (high Q) and high coupling gk between the spins and the microwave field.

ΓP = 1
TP

= 4κg2
k

4∆2
s + κ2 (2.24)

Purcell emission will be rate-limiting, the so-called Purcell regime, if the Purcell rate is greater

than the intrinsic spin-lattice relaxation rate Γp > 1/T1. This can offer a means of relaxing the

spins more quickly than their inherent T1 rate by altering the detuning of the spins from the

cavity ∆s = ωs − ω1 [112].

Transverse spin-spin decoherence A spin flip leading to decay of longitudinal magnetisation also

randomises the phase of the flipped spin. Therefore spin flips contribute to decoherence, known

as ‘transverse’ or spin-spin relaxation of rate 1/T2. One spin flip |α〉1 → |β〉1 can lead to the

emission of a photon for the excitation and spin flip of a second spin |β〉2 → |α〉2 - a ‘flip-flop’.

No phonon has been lost to the lattice, and this energy-conserving process (of rate 1/T ′2) has

been twice as effective as the single spin flip (of rate 1/T1) at randomising the phase of the spin

ensemble. The overall spin-spin decoherence rate has contributions both from processes.

1
T2

= 1
T ′2

+ 1
2T1

(2.25)

This implies that T2 ≤ 2T1 which we make use of in section 4.3.

Spectral diffusion We reiterate that the excitation bandwidth in pulsed-ESR experiments is

most often less than the spectral linewidth, which means than after an interference pulse there

are sub-ensembles of excited A and non-excited B spins. Longitudinal or transverse relaxation-

inducing flips of the B spins change the local field experienced by the A spins causing a shift in

their resonance frequency. If the coherent A spins are removed from the detection bandwidth

and replaced by incoherent B spins, this will appear as both a longitudinal and a transverse

relaxation process. This is called spectral diffusion, of rate 1/TSD, and is not a ‘true’ relaxation

process.13 The rate of spectral diffusion makes a contribution to the measured decoherence rate

of eq. (2.26) where γA(B) is the gyromagnetic ratio for spins in sub-ensemble A (B)[96].

ΓSD = 1
TSD

= µ0h
π

9
√

3
nsγAγB sech2

( hωs
2π · 2kBT

)
(2.26)

13If it is observed that the length of a saturating pulse in a saturation recovery measurement section 2.1.5
affects the T1 relaxation time then a contribution from spectral diffusion is inferred.

32



Instantaneous diffusion The same effect described for spectral diffusion works between spins

within the same sub-ensemble. A spin flip of one of the spins in sub-ensemble A changes the

local magnetic environment for other A spins to which it was dipole-coupled, changing their

frequency and causing them to shift from the detection bandwidth, and makes a contribution to

the measured decoherence of rate of ΓID eq. (2.27) where θ = ω1τp is the rotation angle of the

resonant B1 pulse.

ΓID = 1
TID

= π

9
√

3
ns
µ0γ

2
A

~
sin2(θ) (2.27)

Spectral (SD and ID) and spectral spin diffusion processes can give rise to a bi-exponential

rather than mono-exponential longitudinal decay behaviour [112].

At this point it is useful to distinguish between true spin-spin decoherence processes, and

other diffusion processes. Both contribute to the experimentally measured ‘phase memory time’

Tm decay constant for transverse magnetisation (which is the parameter we measure from decay

∼ e−t/Tm in a Hahn echo pulse sequence as is explained in the next section).

1
Tm

= 1
T2

+ 1
Tother

for example 1
Tm

= 1
T ′2︸︷︷︸

flip-flops

+ 1
2T1︸︷︷︸

spin flips︸ ︷︷ ︸
eq. (2.25)

+ 1
TSD

+ 1
TID︸ ︷︷ ︸

diffusion

+ ... (2.28)

A group of spins in the ensemble which experience the same local field will precess with the

same angular frequency ω(k)
s , known as a ‘spin packet’. The phase memory time characterises the

number of spin flip processes in the environment of the spin packet. It follows that faster 1/Tm
corresponds to greater fluctuations in the local field and hence a wider linewidth of the spin

packet in the frequency domain. The real part of the Fourier transform of an exponential decay

∼ e−2t/Tm has a Lorentzian distribution with full-width half-maximum (FWHM) linewidth of

Γhom = 2/Tm: these are the characteristics of a homogeneously broadened spectral distribution

fig. 2.2 (a).

In fact, a number of factors cause permanent inhomogeneity in the local fields across a spin

ensemble in the solid state. Whilst inhomogeneities in B0 across the spin sample [25], or the

effects of strain in the sample [42], can play a role, a large contribution comes from dipolar

broadening [113, 114]. Broadening beyond the homogeneous linewidth can also be caused by

unresolved hyperfine structure eq. (2.6). The result is a superposition of spin packets each of

width Γhom,k which experience distinct local fields and therefore precess at different Larmor

frequencies ω(k)
s /2π. In the time domain, each of the spin packet magnetisations precess at

33



Figure 2.2: The way in which each spin contributes to a purely homogeneous spectral distribution
(a) or each spin packet contributes to the inhomogeneous spectral distribution (b).

different rates in the transverse plane characterised by a rate 1/T ∗2 . The combined effect of the

different spin packets is a spectral distribution ρ(ω(k)) around a central value ωs, with a larger,

inhomogeneous linewidth Γinh = 1/T ∗2 as demonstrated in fig. 2.2 (b).

The spectral distribution of a inhomogeneously broadened line follows a Gaussian distribution

if Γinh � Γhom,k. Often systems demonstrate a convolution of Gaussian-Lorentzian known as a

q-Gaussian spectral distribution eq. (2.29) where q parametrises the contributions from each

lineshape and ∆s = ωs − ω1 is the detuning between the centre of the spin linewidth and the

cavity resonance mode [115].

ρ(ω) =
(

1− (1− q)(ω − ωs)2

∆2
s

) 1
1−q

(2.29)

Setting q = 2 (q → 1) obtains a purely Lorentzian (Gaussian) distribution. The FWHM of the

q-Gaussian is given by Γ(q)
inh = 2∆s

√
2q−2
2q−2 , and we demonstrate an example of this distribution in

chapter 4.

2.1.5 Pulse sequences

This section provides an overview of the different pulse sequences which are made use of in this

thesis (summarised in fig. 2.3), to extract from the spin ensemble some of the characteristic

relaxation parameters described in the previous section.

Saturation recovery We highlighted in eq. (2.18) that a long, high power saturating pulse can

be used to put the ensemble in a non-equilibrium steady state. The decay in magnetisation as
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Figure 2.3: A schematic of the different pulse sequences explained in this section (red) and the
resulting signals (grey). The cavity ringdown, represented by the shaded areas following the Hahn
sequence pulses, can obscure both the FID and spin echo signal, placing a lower limit on the decay
timescales which are measurable using a given ESR cavity.

it restores its equilibrium distribution follows a T1 timescale. The longitudinal relaxation will

be superimposed by the ringdown of the cavity τr = 2/κ in this measurement. In our systems

we will see that T1 � τr and therefore the T1 can be extracted from a saturation recovery

measurement.

Free induction decay A single π/2 pulse triggers a free induction decay (FID) signal from the spins.

Equilibrium describes the state where the populations are Boltzmann-distributed and there is no

transverse magnetisation, therefore at equilibrium we define that M (t = 0) = (0, 0,Mz(t = 0))T .

The magnetisation vector is rotated by the π/2-pulse into the transverse plane. The spins

precess in the transverse plane according to the (inhomogeneous) distribution of their Larmor

frequencies ρ(ω), so that whilst they start in-phase, they rapidly diverge at a rate 1/T ∗2 . This

reduction in the transverse magnetisation alignment is known as a free induction decay (FID)

signal. The magnetisation simultaneously decays longitudinally, however this typically occurs

orders of magnitude more slowly so |Mz(t)| can be considered constant on the order of the FID

timescale. In our spin systems the inhomogeneous linewidth is ∼ 10 MHz so T ∗2 ∼ 100 ns. This

means the FID signal ∼ exp(−t/T ∗2 ), and even using our lowest Q resonator taking ∼ 100 ns to

ring-down after a pulse terminates, it is not detectable in our system.

It will be useful in the next sections, however, to treat this preliminary pulse in terms of the

single spin basis states |β〉 and |α〉. We assume that a pulse creates some kind of superposition

state in the kth spin packet, with a transverse magnetisation component as a result (without

worrying about the particular amplitudes) and we treat rotation over time t in the transverse

plane as a phase factor eiω(k)t on one of the states (remembering that it is only the phase

difference between the states which is relevant) [116]. According to these two rules of thumb, the

35



(a) (b) (c)
Figure 2.4: After the π/2 pulse, the frame in (a) (rotating at Larmor ωs in the right-hand sense
about z) shows the spin packet dephasing by ω(k)

s t in time t prior to a πx pulse. As demonstrated
in (b), the spin packets rotating at a speed more similar to the Larmor frequency (orange) will be
rotated through a greater angle in the transverse plane than the spin packets rotating more slowly
and more quickly (green) hence the idea of a ‘time-reversal’ where the πx pulse forces the faster
precessing magnetisation components to play catch-up in such a way that they will align with the
other components, in the transverse plane, at the same moment in time. An imperfect (πx − δ)
pulse (c) will instead rotate a given spin packet magnetisation such that only the projection cos δ
of the spin packet magnetisation will lie in the transverse plane.

π/2-pulse has the effect of |ψ〉0 → |ψ〉1 and the free induction decay is modelled as |ψ〉1 → |ψ〉2.

|ψ〉0 = B′ |β〉
π
2−−−−→ |ψ〉1 = B |β〉+ A |α〉︸ ︷︷ ︸

superposition state

time delay t−−−−−−→
FID

|ψ〉2 = B |β〉+ eiω
(k)tA |α〉

Two-pulse Hahn echo sequence We have explained that free induction decay is not detectable

in our system. A Hahn sequence provides a way of refocussing the spin ensemble and creating a

different kind of detectable signal known as a ‘spin echo’ [25,56]. The sequence again begins

with a π/2 pulse to rotate the magnetisation into the transverse plane, where it undergoes free

induction decay. The implementation of a π-pulse at a time delay τ later causes a ‘time-reversal’

in the decay, so that the refocussed magnetisation can be detected after a further delay of

τ as a burst of voltage known as a spin-echo. This is better explained by the diagrams in

fig. 2.4. The π/2 and π pulse are referred to as the excitation and refocussing pulse respectively.

The transverse magnetisation which cannot be re-focussed by the π-pulse (because it has been

dissipated by those processes explained in section 2.1.4) gives rise to a decay in the intensity of

the echo on the order of ∼ exp(−2τ/Tm). The factor of two arises because the dephasing starts

after the first pulse in the sequence τ = 0 but coherence is measured via the echo 2τ later.

A perfect π-pulse about an axis in the transverse plane can be modelled by swapping the

phase factors of the basis states.14 After precisely the delay τ , the two phase factors come into
14〈Ŝx〉 ∝ sin ∆φ and swapping the phase factors is akin to sin(−∆φ) = − sin(∆φ).
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phase which is the refocussing.

|ψ〉0
π
2−→ |ψ〉1

τ−→ |ψ〉2 = B |β〉+ eiω
(k)τA |α〉

π−−−−→ |ψ〉3 = eiω
(k)τB |β〉+ A |α〉

τ−−−−−−−→ |ψ〉4 = eiω
(k)τB |β〉+ eiω

(k)τA |α〉

The essential feature is that irrespective of the precession velocity ω(k), the different spin packets

will all have the same phase difference at time 2τ and therefore same transverse magnetisation

eqs. (2.10) and (2.11). This alignment of all the spin packet transverse magnetisations at 2τ is

detected as a ‘spin echo’.

The smaller bandwidth of the resonator as compared the spin linewidth, and the B1 field

inhomogeneity across the sample, mean that the application of a perfect π pulse is challenging.

Figure 2.4c shows how an imperfect, (πx − δ)-pulse rotates the magnetisation vector so that a

projection cos δ lies in the transverse plane, which will be relevant to our data in section 5.5.2.

Phase-cycling If the direction of the ±π/2 pulse is inverted in the Hahn sequence, the result

would be a phase difference of eiπ carried through in the working above such that the echo is

inverted: the direction of transverse magnetisation at the moment the spin packets re-focus is on

the opposite pole of the Bloch sphere from the echo generated by the +π/2− τ − π− τ sequence.

This is known as ‘phase-cycling’ and is commonly used in echo experiments to improve the echo

signal, as demonstrated in section 5.5.

Three-pulse Inversion Recovery An inversion recovery (IR) pulse sequence offers an alternative

means of detecting the longitudinal relaxation time T1. As shown in fig. 2.3, π-pulse first serves

to invert the longitudinal magnetisation: Mz → −Mz.

|ψ〉0 = B′ |β〉 π−→ |ψ〉1 = A′ |α〉 (2.30)

After a delay Tw (of the order of T1), a Hahn sequence is deployed. The π/2-pulse acts only on

the projection of the magnetisation upon the longitudinal axis, rotating it into the transverse

plane from where it will contribute to the echo intensity. When the longitudinal magnetisation

is fully inverted, the π/2-pulse will rotate it to the opposite transverse plane-pole compared with

if the spins had started at thermal equilibrium, therefore this should yield a (relative) echo

intensity shift from −1 to 1. In practise, the difficulty in precisely inverting the magnetisation
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with a good π-pulse makes the application of this sequence difficult in ESR experiments where

the spin linewidth is typically too broad relative to the pulse bandwidth [25].

Deadtime with pulse sequences The impact of the cavity decay κ can be appreciated in relation

to implementing pulse sequences at this juncture. As illustrated in fig. 2.3, the ringdown time

τr = 2/κ = 2Q/ω1 will obscure FID and spin echo signals from detection depending on the

relative duration of τr compared with T ∗2 (FID) and Tm (Hahn/IR).

2.1.6 Spin echo trains

The detection of further echoes after the primary echo was illustrated in the first microwave

spin echo measurement in 1958 which featured an unusually high level of paramagnetic dopants

because of very poor SNR [117]. Recently, spin echo trains have been demonstrated in strongly

coupled ESR experiments [116,118] and we follow the theoretical treatment from Ref. [116] to

explain this phenomenon. As before, we assume that each pulse creates a superposition which

changes the transverse magnetisation component, but we do not assume that a perfect rotation

angle has been implemented by a given pulse. After the sequence has finished, the state can

be described by |ψ〉4 where B1 = A2 = 0 for a perfect π-pulse (and no secondary echoes are

produced).15

|ψ〉0
π
2−→ |ψ〉1

τ−→ |ψ〉2 = B |β〉+ eiω
(k)τA |α〉

π−−−−→ |ψ〉3 = B1 |β〉+B2 |α〉+ eiω
(k)τA1 |β〉+ eiω

(k)τA2 |α〉
τ−−−−−−−→ |ψ〉4 = B1 |β〉+ eiω

(k)τB2 |α〉+ eiω
(k)τA1 |β〉︸ ︷︷ ︸

primary echo

+e2iω(k)τA2 |α〉

If the coupling between the cavity and the spin ensemble is strong enough, the echo will itself

cause a further superposition state in the ensemble. The effect of this pseudo-pulse upon the

state, including the terms arising from the imperfection in the π pulse, is to generate further

15The subscript in the notation helps to track the evolution of states: a B term evolves to B1 (|β〉) and B2
(|α〉); a B1 term evolves to B11 (|β〉) and B12 (|α〉) etc.
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in-phase components after an additional delay τ , which are labelled secondary echoes.

|ψ〉4
echo-pulse−−−−−→ |ψ〉5 = B11 |β〉+B12 |α〉

+B21e
iω(k)τ |β〉+B22e

iω(k)τ |α〉

+ A11e
iω(k)τ |β〉+ A12e

iω(k)τ |α〉

+ A21e
2iω(k)τ |β〉+ A22e

2iω(k)τ |α〉

|ψ〉5
τ−−−−→ |ψ〉6 = B11 |β〉+B12e

iω(k)τ |α〉+B21e
iω(k)τ |β〉︸ ︷︷ ︸

secondary echo (1)

+B22e
2iω(k)τ |α〉︸ ︷︷ ︸

secondary echo (2)

+ A11e
iω(k)τ |β〉︸ ︷︷ ︸

secondary echo (1)

+A12e
2iω(k)τ |α〉+ A21e

2iω(k)τ |β〉︸ ︷︷ ︸
secondary echo (2)

+A22e
3iω(k)τ |α〉

Whilst the two sets of terms (1) and (2) have undergone a different number of rotations in the

transverse plane, the key point is that after precisely τ seconds from the previous echo, they all

refocus in a single location.

At this point we have covered the effect of the different pulse sequences on the spin packets

in an ensemble. This will underpin the pulsed ESR measurements which we implement in

chapters 4 and 5. The final analysis we require in relation to electron spin resonance is an

understanding of the sensitivity of ESR given the characteristics of the spin ensemble and the

spectrometer which we return to after a treatment of the ESR cavity: a planar superconducting

resonator.

2.2 Planar superconducting resonators

Microwave-frequency resonators can be constructed from thin films of superconducting metal

patterned upon a high-quality crystalline dielectric material [119]. In short, the tiny impedance

of the superconducting film subject to alternating current means that such resonators have very

low dissipation. We reviewed the evolving ESR capabilities of superconducting resonators in

section 1.2 and highlighted the synergies between millikelvin ESR and other quantum engineering

experiments. Some of the further quantum technology applications of these resonators include

their use as single photon detectors essential to photonic quantum technology [120]; as simulators

of quantum physics in an array of coupled resonators [121,122]; and as devices which are used to

read out the state of superconducting qubits to which they are coupled in quantum processors

[75,123].
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Here we firstly summarise the sources of dissipation of energy from superconducting resonators.

We then provide an overview of the theory we use to analyse the superconducting resonators in

the experimental work, with a focus on probing a superconducting resonator in transmission for

CW and pulsed ESR measurements. Secondly we highlight some of the design requirements of

resonators for cryogenic ESR and particularly the design aspects of the two resonators used in

the subsequent experimental chapters. We also find an expression for the microwave magnetic

field distribution generated by the resonator. This is essential in modelling the coupling between

the resonator mode and the spin ensemble, but also illustrates the constricted mode volume of

the resonator which facilities a relatively strong coupling to small sample volumes.

Note that in the previous section 2.1 it made sense to designate the cavity frequency ω1/2π

to tie it to the B1 microwave magnetic field. In this section and subsequently, we use ω0/2π for

the frequency of the cavity, which is always a superconducting resonator, and stick with ωs/2π

for the centre frequency of the spin ensemble.

2.2.1 Loss in superconducting resonators

A resonator can be characterised by two parameters, its centre resonance frequency ω0/2π,

and its quality factor Q. The lossiness of a resonator is related to Q, as per the definition

Q = ω0× maximum energy stored
power dissipated = ω0×W/P or as the ratio between the resonant frequency and the

FWHM bandwidth of the resonance Q = ω0/∆ω. The two definitions are equivalent at high Q.

As we have seen, the property of Q is related to the rate of decay of energy from the resonator

in the time domain according to Q = ω0/κ = ω0τr/2.

Whilst superconducting resonators offer high Q on account of the low dissipation of the

superconducting film, the Q is nonetheless limited by a number of loss mechanisms. The different

contributions add inversely to the total measured quality factor Qtot as in eq. (2.31).

1
Qtot

= 1
Qc

+ 1
Qi

= 1
Qc

+ 1
QTLS

+ 1
Qrad

+ 1
Qσ

+ 1
Qmag

+ 1
Qspin

+ ...
(2.31)

The coupling of the resonator to the means of interacting with it (a transmission line) causes

extrinsic loss 1/Qc. Intrinsic losses designated 1/Qi derive from: dielectric loss due to defects in

the dielectric or on the superconductor surface or at the interfaces thereof, 1/QTLS; radiative

losses 1/Qrad from the oscillating electric field of the electric dipole across the resonator; losses
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from the surface resistivity of the superconductor 1/Qσ (zero at DC, small at AC below the

superconducting gap energy), which arise when a current is confined within the film; and,

magnetic field induced losses 1/Qmag, where flux penetrating the superconductor at high fields

results in increased AC resistivity. Lastly, losses occur via coupling of microwave energy into a

resonant spin ensemble 1/Qspin which is a means of detecting ESR transitions [124].

The resonators used in the experimental work in this thesis, introduced in section 2.2.3,

have been designed so that 1/Qspin is the dominant loss mechanism when resonant with a spin

transition and so a measurement of Q−1
tot(B0) will detect the spin transitions of a sample loaded

onto the resonator.

2.2.2 Resonator theory

A parallel RLC circuit with resistance R inductance L and capacitance C (as shown in fig. 2.5a)

is used as an equivalent circuit model of a lossy microwave resonator, as this allows for its

resonant behaviour to be quantified via the circuit electrical properties. It is intuitive that

the resistor component will dissipate energy and thereby model the intrinsic losses described

above: impedance is therefore used to include losses in the parallel RLC circuit model of a

microwave frequency resonator. We will see that finding an expression for the total impedance

of the resonator Ztot is essential in understanding its response to a transmission measurement

S21(ω), which is the goal of this section.

We first show that the frequency of the parallel RLC resonator is given by ω0 = 1/
√
LC, and

second find an expression for its impedance Zp. To introduce microwave energy to the resonator,

it is coupled to a transmission line via a coupling capacitor Cc. We find an expression for the

impedance of the capacitively-coupled RLC resonator Ztot (as summarised in fig. 2.5b) to lastly

derive the S21(ω) voltage transmission of the resonator (measurement circuit fig. 2.5c) in terms

of its dissipation parameters Qi and Qc [125,126].

Resonance frequency of a parallel circuit The impedance of a circuit is defined as the complex

number Z = R + iX and consists of a resistance (R ∈ R) and a reactance (X ∈ I) to the flow

of an alternating current. Ideal capacitors and inductors are assumed to have zero resistance

which results in purely imaginary impedances ZC = −i/ωC and ZL = iωL respectively. An

ideal resistor is a dissipative element where the voltage is directly proportional to current as

VR = RIR hence ZR = R is independent of frequency. When these components are connected in
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i(t)

R C
+

−

(a)

Cc

L R C
+

−

Zc

Zp

Ztot

(b)

L R C
+

−

Cc

(c)
Figure 2.5: A parallel RLC circuit (a) used to model the properties of a microwave resonator,
which is coupled to a measurement line via a coupling capacitor Cc in (b); the measurement
circuit can be pictured via the introduction of a generator in (c).

parallel, the total impedance Zp is calculated by the reciprocal sum eq. (2.32) where the last

format is useful because the resonance frequency of the circuit ω0 occurs when the impedance is

purely real.
1
Zp

= 1
ZR

+ 1
ZC

+ 1
ZL

= 1
R
− i

ωL
+ iωC

= R

1 + iR(ωC − 1/ωL) = R− iR2(ωC − 1/ωL)
1 +R2(ωC − 1/ωL)

(2.32)

Evaluating this condition in eq. (2.33) confirms that the resonance frequency can be modelled

in terms of the circuit properties.

|Xtot(ω)| = | Im(Ztot(ω))| = 0
−R2(ω0C − 1/ω0L)

1 +R2(ω0C − 1/ω0L)2 = 0 =⇒ ω0 =
√

1/LC
(2.33)

Expression for Qi of parallel RLC circuit We recall that Q = ω × W/P . The maximum energy W

stored in the circuit can be calculated either as the maximum energy stored across the capacitor

WC or the maximum stored through the inductor WL (when one component is fully ‘charged’
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the other is empty).16

WL = 1
2L|I|

2 = LI2
rms

WC = 1
2C|V |

2 = CV 2
rms

(2.34)

In parallel circuits, the voltage across the capacitor is the same as the circuit voltage everywhere

VC,rms = Vcircuit,rms and therefore it avoids some confusion to calculate the maximum energy

using WC .17 Substituting into the definition for Q gives eq. (2.35) for a parallel circuit model.

Qi = ω0WC

P
= ω0CV

2
rmsR

V 2
rms

= ω0RC = R

ω0L
(2.35)

Parallel circuit impedance Zp It can be shown18 that the impedance Zp of the parallel resonator

can be written solely in terms of its real resistance and quality factor (using ω = ω0(1 + δω
ω0

) for

small offsets δω around ω0) in eq. (2.36).

Zp = R

1 + iR(ωC − 1
ωL

) = R

1 + iR(C(ω0 + δω)− 1/L(ω0 + δω))

' R

1 +R(2iCδω) = R

1 + 2i δω
ω0
Qi

(2.36)

Transmission line resonator impedance Zl The above results use the model of an RLC circuit

resonator. In reality, our resonator is made from a piece of transmission line of such a length to

make a λ/2 resonator.19 To model its unusual design, which we detail in section 2.2.3, we firstly

rely on eq. (2.37) for the impedance Zl of a piece of transmission line of length l, attenuation

constant α, and wave number β = ω/νp. Here νp = ωλ/2π is the phase velocity of a wave with

wavelength λ propagating the transmission line and Z0 is the characteristic impedance [128].

Zl = Z0
1− i tanh(αl) cot(βl)
tanh(αl)− i cot(βl) (2.37)

16The work done in establishing charge q(t) on the capacitor, We = 1
C

∫
q(t)dq = 1

2C q(t)
2 = 1

2Cv(t)2.
The work done in establishing current i(t) through the inductor, Wm = L

∫
idi = 1

2Li(t)
2 using dW =

Pdt = −iεdt = iL didtdt = iLdi. The root mean square value is defined as yrms :=
√

1
b−a

∫ b
a
y(t)2dt. For a

sinusoidally varying quantity y(t) = Y sin(ωt), yrms =
√

1
T−0

∫ T
0 Y 2 sin2(ωt)dt =

√
Y 2

2T
∫ T

0 (1− cos(2ωt))dt =√
Y 2

2T [t− 1
2ω sin(2ωt)]T0 =

√
Y 2

2 −
Y 2 sin(2ωT )

4ωT . As T →∞, the second term vanishes leaving yrms = Y√
2 .

17The converse is true for series circuits IL,rms = Icircuit,rms in which case it makes sense to use WL.
18By expanding the imaginary component of the denominator term δωC + ω0C − 1/L(ω0 + δω) = δωC +

1
ω0L
− 1

ω0L

[
1

1+ δω
ω0

]
= δωC + 1

ω0L

[
(1+ δω

ω0
)−1

1+ δω
ω0

]
= δωC +

[
δω
ωω0L

]
' δωC + δωC and using the approximation that

ωω0 ' ω2
0 = 1/LC

19The second generation resonator used in the experimental work is 3λ/4 but the results apply equally [127].
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To simplify this expression, we expand β for frequencies close to the resonant frequency ω0 for

which l = λ/2 and therefore νp = ω0l/π.

βl = ω

νp
l = ω0 + ∆ω

νp
l ≈ π + π

∆ω
ω0

Therefore cot(βl) = − tan(π∆ω/ω0) ≈ −π∆ω/ω0 [using cot(x+ π/2) = − tan(x) and tan(x) ≈ x

for small x]. Additionally, the attenuation constant for a superconductor is small, justifying

tanh(αl) ≈ αl and so we simplify eq. (2.37) to eq. (2.38) using lastly that iπαl∆ω/ω0 � 1.

Zl = Z0
1 + iπ(αl)∆ω/ω0

αl + iπ∆ω/ω0
≈ Z0

αl + iπ∆ω/ω0
(2.38)

We can now compare Zl eq. (2.38) with Zp eq. (2.36) to show how the properties of the

transmission line map onto the equivalent circuit model for the λ/2 resonator.

Zl ≈
Z0/αl

1 + i π
αl

∆ω
ω0

Zp ≈
R

1 + 2iQi
∆ω
ω0

From the comparison an equivalent resistance of the λ/2 transmission line resonator arises as

Rl = Z0/αl. Likewise the intrinsic Qi = π/2αl = πRl/2Z0 which we know from eq. (2.36) is

equal to Qi = ω0RC = R/ω0L and so lastly Cl = π/2ω0Z0 and Ll = 2Z0/πω0 in the equivalent

circuit model.

We re-write the impedance of the transmission line λ/2 resonator in terms of Qi because

eventually we want an expression for the transmission in terms of the intrinsic and extrinsic

losses of the resonator.

Zl ≈
Z0

π/2Qi + iπ∆ω/ω0
= Z0

2Qi/π
1 + 2iQi

∆ω/ω0
= Z0

2Qi − 4iδQ2
i

π(1 + 4Q2
i δ

2) (2.39)

An expression for the capacitance Cl of the half-wave resonator will come in useful when we find

an expression for the coupling impedance to the transmission line resonator in the next section.

For capacitance and inductance per unit length of the line C and L, the total capacitance is Cl
given by eq. (2.40), using the results that the velocity of light in a lossless transmission line is

νl = 1/
√
LC and that it has a characteristic impedance Zl =

√
LC.

Cl = CL =
√
LC√
L/C

L = L

νlZl
= π

ω0Zl
(2.40)
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Coupling To put energy into the system, the resonator is capacitively coupled to a transmission

line which is equivalent to two series components, of impedance Zl = Zp and Zc, as depicted

in fig. 2.5b. The impedances are additive to find an expression for the total impedance of the

coupled device Ztot in eq. (2.41).

Ztot = Zl + Zc = Z0
2Qi − 4iδQ2

i

π(1 + 4Q2
i δ

2) −
i

ωCC
(2.41)

The type of transmission line for exciting the resonator is co-planar waveguide (CPW); these

are commonly used for routing microwave signals around a patterned superconducting chip.

The coupling capacitor reduces the resonance frequency. To demonstrate this we again solve

for Im(Ztot) = 0, setting δ = ∆ω/ω0 where ω0 is the original resonance frequency prior to the

introduction of the coupling capacitor.

The coupling quality factor is given by Qc = ω ×WC/PC where the energy is the maximum

stored in the capacitor of the resonator eq. (2.34) WC = 1
2ClV

2 and, as we showed in eq. (2.40),

Cl = π/ω0Zl. The power leaks through the capacitor into the matched transmission line of

impedance Z0, hence PC = 〈I2〉Z0 = 〈(ωCCV )2〉Z0.20

Qc = ω
WC

PC
= Cl

2ωC2
CZ0

= π

2Z0Zl(ωCC)2 (2.42)

We substitute Qc into eq. (2.41) and solve Im(Ztot) = 0 to get eq. (2.43).

− 1
ωCC

= −Z0

√
2Qc

π
= 4Z0Q

2
i δ

π(1 + 4Q2
i δ

2) (2.43)

This quadratic equation in δ is solved as per eq. (2.44).

δ2 +
√

2
πQc

δ + 1
4Q2

i

= 0 −→ δ = −1
2

√
2
πQc

± 1
2

√
2
πQc

− 1
Q2
i

(2.44)

It is reasonable to suggest 1/Q2
i � 1/Qc therefore δ = (ω′0−ω)/ω0 ≈ −

√
2/πQc or zero, where ω′0 now

refers to the resonant frequency of the entire capacitively-coupled resonator. From this pair

of solutions we want the one which shifts the system to lower frequency (because the higher

20By Kirchoff’s law, the oscillating resonator voltage must match the oscillating voltage across the capacitor
V0 sin(ωt)− Q

C = 0 and I = dQ/dt.
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frequency solution gives very large impedance).

ω′0 − ω0 = −Z0
ω0ω

′
0CC
π

≈ −Z0
ω2

0CC
π

(2.45)

Next we add a frequency shift ∆ω′ = ω − ω′0 to eq. (2.41) so that we are centred on the new

resonance frequency ω′0.

Ztot = π

4Z0Zl(ω0C)2Qi

1 + 2iQi
∆ω′
ω0

 = Qc

2Qi

1 + 2iQi
∆ω′
ω0

 (2.46)

Equation (2.46) gives us the impedance of a λ/2 transmission line resonator in terms of the

characteristic quality factors of the resonator. We use this result in the next section to derive

finally the response of the λ/2 resonator to a transmission measurement.

Scattering parameters In order to measure Q factors, it is necessary to understand how the

resonator can be fully characterised by its scattering parameters Sij . These ‘s-parameters’ relate

the incident and reflected voltages for the two ports (input and output) of the device and can be

straightforwardly measured as a function of frequency using a Vector Network Analyser (VNA)

[128]. For a two-port network, the scattering matrix is defined relative to V +
n , the amplitude of

the incident voltage wave upon port n, and V −n , the amplitude of the voltage wave reflected

from port n where Vn = V +
n + V −n as given in eq. (2.47).

V −1
V −2

 =

S11 S12

S21 S22


V +

1

V +
2

 (2.47)

In theory, this indicates that the s-parameters can be determined by terminating each of the

ports in turn with the characteristic impedance Z0 as demonstrated in eq. (2.48). Placing Z0 at

port 2 would, for instance, reduce the reflected voltage V −2 to zero and yield equations for S11

and S12. In practise, however, this exact termination is not possible and there will always be

some component of reflected wave from the terminated port. Instead, the ratio of incoming to

reflected waves are measured whilst port 1 and then port 2 are terminated, and using linear

algebra the s-parameters are extracted. This is the process by which a VNA determines the

amplitude and phase of the s-parameters as a function of frequency.
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Sij = V −i
V +
j

∣∣∣∣∣∣
V +
k

=0 for k 6=j

(2.48)

The s-parameter representation is easily scaled to describe an arbitrary number of ports in a

network. In practise, many networks of interest have two ports, and so it is often convenient to

use a transmission matrix as in eq. (2.49). These ‘ABCD’ matrices conventionally define current

I2 as flowing away from the port, and then have the benefit that they can multiplied together

to describe a cascade of devices.
V1

I1

 =

A B

C D


V2

I2

 (2.49)

Calculation of the ABCD matrix for the circuit configuration of the particular model used

provides the link between the s-parameters and the circuit impedance. For the circuit model in

fig. 2.5 with Ztot, the ABCD matrix is given by eq. (2.50) [128].

A B

C D

 =

 1 0

1/Ztot 1

 (2.50)

This is translated into Sij via the standard expression in eq. (2.51) [126].

S11 S12

S21 S22

 = 1
Z0A+B + Z2

0C + Z0D

Z0A+B − Z2
0C − Z0D 2Z0(AD −BC)

2Z0 −Z0A+B − Z2
0C + Z0D


(2.51)

Because the resonator is measured in transmission, it is the S21 amplitude which is key.

Substitution of the impedance Ztot into eq. (2.51) results in eq. (2.52).

S21 = 2
2 + Z0/Ztot

(2.52)

We now see the significance of finding an expression for Ztot: it contains the essence of the

behaviour of a resonator of given Qi and Qc around the resonant frequency in a transmission

measurement. We substitute for eq. (2.46) resulting in eq. (2.53).

S21(ω) =

(
1 + 2iQi∆ω′

ω0

)
(
1 + 2iQi∆ω′

ω0

)
+ Qi

Qc

(2.53)
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On resonance the transmission drops to its lowest value defined as Smin := S21(ω0). The

expression eq. (2.54) in terms of Q factors is useful together with the standard eq. (2.31)
1/Qtot = 1/Qi + 1/Qc.

Smin = S(ω0) = 1
1 +Qi/Qc

= Qc

Qi +Qc

(2.54)

Using Qi = Qtot/Smin and Qc = Qtot/(1− Smin) and δ = ∆ω′/ω0 obtains eq. (2.55) (the various

common formats of this expression are included).

S21(ω) = 1 + 2iQtotδ/Smin

1 + 2iQtotδ/Smin + (1− Smin)/Smin
= Smin + 2iQtotδ

1 + 2iQtotδ

= 1− 1− Smin

1 + 2iQtotδ
= 1− Qtot/Qc

1 + 2iQtotδ
= 1− (1− Smin)

1 + 2iQtotδ

(2.55)

This derivation has assumed that the impedance of the input and output to the resonator

are equal but in practice this is hard to achieve and a slight mismatch yields asymmetry in

the S21(ω) lineshape. This can be accounted for by an extra phase factor eiφ [129], and a

pre-factor A = aeiαe−iωτ is introduced to account for other irregularities in the environment

causing variations in amplitude, phase shift or electronic delay respectively.

S21(ω) = A
(
1− (1− Smin)eiφ

1 + 2iQtot
ω−ω0
ω0

)
(2.56)

There are 5 parameters in the fit {A, Smin, ω0, φ,Qtot} to which initial guesses can be made by

searching for the minimum transmission value (Smin) and locating the corresponding frequency

(ω0), by using a crude search for the FWHM (Qtot = ω0/∆ω) and assuming a fairly small

asymmetry −π/4 < φ < π/4. We make use of eq. (2.56) extensively in chapters 4 and 5 to extract

the Q parameters of our resonators.

2.2.3 Resonator design specifications

The particular superconducting resonators used as cryogenic ESR cavities need to be resilient

to magnetic fields, applied co-planar with the superconducting film, of B0 ∼ 1 T as are required

to bring electron spin transitions into co-resonance with the microwave resonant mode of the

resonator.

In general the increase in B0 reduces the Cooper pair density of the superconductor and

increases the kinetic inductance of the film. This leads to a (quadratic) reduction in the resonant
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frequency ν0 = ω0/2π.

ν0(B0) = ν0(B0 = 0)− βB2
0 (2.57)

More importantly, the static field results in (vortex-induced) resistive loss [130, 131] which

degrades the Qi.

The material choice is essential to mitigate this Qi degredation. Films of NbN are desirable

for their low dissipation at high magnetic fields [132]. Design features can improve on this

inherent material quality further. Some approaches for co-planar waveguide resonators use

artificial, lithographically defined defects or ‘holes’ in the film [133, 134] which has achieved

Qi ∼ 105 at single photon occupancy of the resonator for B0 ≤ 6 T [135].

In the experimental work we use two NbN resonator designs designated “first” and “second”

generation which are λ/2 and 3λ/4 transmission line resonators respectively. They both have

a heavily-patterned quasi-fractal geometry capacitance network. This dense network reduces

the phase velocity in the resonator and splits the current into many parts which minimises

vortex-based dissipation which would otherwise substantially reduce the Qi at high magnetic

fields [54, 55], and these resonators are resilient in that they maintain high Qtot ∼ 105 up to

B0 ∼ 400 mT. The design of the capacitance network is also essential because there are no

areas in the ground plane which are enclosed by a loop of superconductor. Such loops would

trap flux as B0 is ramped, resulting in hysteresis. There is the added benefit of a low flux

focussing factor for these designs. This means that whilst B0 must be broadly co-planar with

the chip, there is no requirement for time-consuming precise realignment of the chip within the

field. Typically this would involve applying a small field (up to ∼ 5 mT) and minimising the

corresponding resonator frequency shifts by adjusting the field orientation, prior to ramping the

field in earnest.

Figure 2.6 provides an overview of our two resonator designs. The schematic fig. 2.6a

(adapted from Ref. [76]) demonstrates the transmission line resonator capacitively coupled to an

excitation transmission line along which S21 transmission measurements are made. Transmission

measurements across this line ‘readout’ the amplitude and phase of the resonator absorption;

|S21| dips on resonance with form given by eq. (2.56). The current distribution I(z) of the

resonant mode along the length of the resonator z is superposed upon the schematic of the

resonator, to demonstrate the location the resonant anti-node. The I(z) distribution undergoes

a half-period (three-quarter) oscillation across the length of the resonator for the λ/2 (3λ/4)

resonator. The orientation of B0, co-planar to the superconducting film, is marked in the bottom
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(a)

(b)

(c)
Figure 2.6: Diagram (a) (adapted from Ref. [76]) illustrates the S21 transmission relative to the
transmission line geometry and the dimensions of the strips at the resonator cross-section. The
anti-nodes are shown with I(z) distribution for λ/2 and 3λ/4 in the inset. Optical microscope
photographs of: (b) the first generation fractal resonator used in chapter 4 with an inset at double
magnification showing the aligned paramagnetic sample, and (c) the second generation 3λ/4
fractal resonator with frequency tunability, used in spin echo measurements in chapter 5.
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left-hand corner.

Both our resonators are fabricated from a film of superconducting NbN sputtered onto a

sapphire substrate and patterned using electron beam lithography into their specific ‘fractal’

design. The thicknesses of the NbN and sapphire are 140 nm and 330 µm respectively.

First generation fractal resonator An optical microscope photograph fig. 2.6b of the λ/2 resonator

used in the first experimental chapter 4 demonstrates the patterned ground plane. To the left

hand side runs the microwave feedline to which the resonator is capacitively coupled. Further

details on the first resonator design are given in Ref. [55]. A double magnification inset at the

resonator anti-node in fig. 2.6b shows the location of the black crystalline spin sample at the

maximum B1 intensity. Details of the alignment procedure are given in section 3.1.1.

Second generation frequency-tunable fractal resonator A more recent capability in superconduct-

ing resonator design is frequency tunability, of which the second generation resonator used here

is one example. As was emphasised with the demonstration of an early tunable CPW resonator

[136], tunability must not come at the cost of increased dissipation. That design made use of

a magnetic field tuning, which is intrinsically quite slow. Subsequent CPW designs, capable

of tuning the field more quickly than the lifetime of the photon in the resonator, integrated a

flux-tunable inductor to the resonator which was subjected to a separate DC current control

line [137,138]. The downside of this is a reduction in the Qi such that the best-case scenario is

Qi < 35,000 [139], and these resonators are not compatible for ESR experiments because the

required field would tune the resonator uncontrollably.

Rather than tune the kinetic inductance of the integrated flux-tunable inductor, tuning

the kinetic inductance of the superconducting film itself has been shown [140] to implement

fast-tunable, high-Q resonators which maintain Qi ∼ 105 at single photon powers. A current is

applied to the ground plane to tune the kinetic inductance, and the implementation of this is

explained in chapter 3. The optical microscope photograph of this resonator design in fig. 2.6c

shows the same capacitively coupled microwave transmission feedline to the left hand side.

Further details of this resonator design are given in Ref. [140].

Approximate B1 generated by the resonators At the anti-node of the resonant mode, the resonators

are approximated as a pair of parallel superconducting strips. The current I0 is of equal

magnitude and opposite direction (+z,−z) within the strips. The applied field B0 is parallel to
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the film in the xz plane fig. 2.6a and below the critical value, so that the superconductor is in

the Meissner state.21 The superconducting strips are of thickness d and characteristic dimension

W = w+ b where w is the strip width and 2b is the spacing between the strips as highlighted in

fig. 2.6a. The dimensions are w = 2b = 2 µm, meaning that the microwave field B1 is confined

to a micron-scale mode volume.

This is demonstrated first of all using a Comsol simulation22 in fig. 2.7a where the colour

gradient represents |B1|, and the white dashed line represents the approximate location of the

spin sample.

A numerical approach for obtaining the approximate magnetic field intensity H1(x, y)

produced by the resonator (dimensions as described in fig. 2.6a) at a cross-section perpendicular

to the direction of current z is given in eq. (2.58) [142] where H0 is a pre-factor which scales

the field distribution based on the current in the strip and H1(0, 0) is the microwave magnetic

field intensity at the centre of the strips.

H1(x, y) = −H0
W 2√

(x+ iy)2 − b2
√

(x+ iy)2 −W 2
(2.58)

The current corresponding to the vacuum fluctuations of the quantum groundstate, carried

in the two parallel strips of impedance Z0, is given by eq. (2.68) δi =
√
~ω2

0/2Z0 [76]. The

current density J across the cross section at the anti-node has only a perpendicular z component

therefore J = Jzz and its functional form as the cross-section is traversed is given in eq. (2.59)

as plotted in fig. 2.7b.

Jz(x) = −2H0

d

x

|x|
W 2

√
x2 − b2

√
W 2 − x2

, b < |x| < W

= 0, otherwise,
(2.59)

21I is an arbitrary but subcritical current i.e. current levels where superconductivity is maintained. When a
superconductor is cooled T < TC it excludes an applied magnetic field from within its volume, known as the
Meissner effect, resulting in a ‘Meissner state’ of the superconductor which then breaks down if the applied
field H is too strong. The exclusion arises by a magnetic field generated by current in the surface of the
superconductor (current not induced by change in flux i.e. this is not a Faraday’s law effect) cancelling the
applied field so that the field within its volume decays to zero (diamagnetism) over a scale characterised by
the London penetration depth λ. For type-II conductors (almost all compound superconductors are type-II)
H > HC1 gives rise to a mixed ‘vortex’ state where zero resistivity is maintained but increasing magnetic flux
penetrates the superconductor volume up until HC2 when superconductivity is lost all together. Explained by
BCS theory.

22Comsol Multiphysics software provides a means for numerically simulating, among much else, electro-
magnetic fields using finite element analysis [141]. The simulation assumed as a first approximation a static,
uniform current distribution within the superconducting film. Therefore the current was modelled as an external
current density across the surface of the film only. The model made use of an infinite element domain region at
a distance of 40 µm from the film, at which point the magnetic field is reasonably assumed to be negligible.

52



(a)

(b)
Figure 2.7: Two separate approaches to modelling the B1 field distribution (a) the
magnitude of the microwave magnetic field distribution B1(ω0) generated by the resonator at
the cross-section of the spin sample (in the plane normal to the z-axis ‖ B0) is shown by colour
gradient using a Comsol simulation, where the approximate contour of the spin sample used
with the first generation resonator has been highlighted (white dashed line); (b) the z-component
current density Jz(x) (the only non-zero component) distribution across x as given in eq. (2.59).

The net current flowing through one of the strips in the z direction is given by the integral

eq. (2.60) [142] where K is the complete elliptic integral of the first kind of modulus k = b/W

and complementary modulus k′ =
√

1− k2.23

IR = d
∫ W

b
Jz(x)dx = −2H0WK(k′) = δi (2.60)

This means that when the resonator is occupied by a single photon current, we can rearrange

eq. (2.60) and find eq. (2.61).

H0 = − δi

2WK(k′) = − 1
2WK(k′)

√
~ω2

0
2Z0

(2.61)

Using this value in eq. (2.58) tells us the microwave field generated by the resonator at the

anti-node cross-section as a result of vacuum fluctuations, δB1(x, y) = µ0δH1(x, y). We assume

that only the component of the field perpendicular to B0 couples to the spins, and this is given

by
√
H2
x +H2

y = |H1(x, y)|. We use eq. (2.58) to explain how knowledge of the resonator B1 field

distribution can be related to a numerical evaluation of the resonator-spin ensemble coupling

strength in section 2.3.4.

23Complete elliptic integrals are a class of functions defined as K(k) =
∫ π

2
0

dα√
1−k2 sin2 α
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2.3 Cavity quantum electrodynamics

The study of matter interacting with radiation confined within a cavity is known as Cavity

Quantum Electrodynamics (cavity QED). Here we introduce those key concepts in cavity

QED which we require to understand the interaction of an ensemble of electron spins with the

single cavity mode of a planar superconducting resonator. We firstly show the results for the

quantisation of the resonator mode. Then we consider a single spin coupled to the quantised

cavity mode and this picture is expanded to an ensemble of N spins.

2.3.1 Quantisation of the resonator

In this section we state key results that tell us that the resonator mode consists of quantised

energy levels, with energy spacing of ~ω0. For a microwave resonator at 5 GHz, the energy in

the resonator is equivalent to thermal photons at 40 mK. This demonstrates that at millikelvin

temperatures, the microwave fields in the resonator and coupled transmission lines start to occupy

the groundstate with a significant population difference necessitating a quantum mechanical

treatment. We make sense of the quantisation of the resonator by modelling it as a circuit

containing only inductance L capacitance C components, and first examining the classical

treatment of the total energy of the circuit.

The variables which characterise the temporal behaviour of the LC circuit are the charge on

its capacitor q(t) and flux through its inductor p(t). The capacitance is defined as the charge

per electric potential across the capacitor plates C = q(t)/v(t) and inductance is the flux per

unit current through the inductor L = p(t)/i(t). The energy in the LC circuit will oscillate

smoothly between the two components.

Resonance frequency of the LC circuit To examine this behaviour more closely we start with

the definitions of current and potential.

q̇(t) = Cv̇(t) = i(t) ṗ(t) = Li̇(t) = −v(t)

Solving the equation for the time-dependence solely of the charge in the circuit eq. (2.62) yields

the general solution eq. (2.63) from which it is obvious the resonant frequency of the circuit is
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ω0 = 1/
√
LC.

q̈(t) = i̇(t) = −v(t)
L

= −q(t)
LC

→ q̈(t) + q(t)
LC

= 0 (2.62)

q(t) = Ae
±i 1√

LC
t = Ae±iω0t = A(cos(ω0t)± i sin(ω0t)) (2.63)

The general solution is itself a sum of linearly independent solutions therefore A cos(ω0t)

and A sin(ω0t) are also solutions, which are of interest because we desire { q(t), p(t) } ∈ R.

There is some current in the circuit to begin with q(0) 6= 0 : q(t) = q0 cos(ω0t) and therefore

p(t) = Lq̇(t) = −ω0Lq0 sin(ω0t).

Hamiltonian for the classical LC circuit The circuit components store energy via an electric field

across the capacitor or a magnetic field around the inductor. The total energy, or Hamiltonian

H of the circuit is the sum of the (kinetic) contribution from the inductor and (potential) from

the capacitor [as in eq. (2.34)]. Note that there is no addition or loss mechanism for energy into

the circuit and the total energy of the system must be constant.

HLC = 1
2Li(t)

2 + 1
2Cv(t)2 = q(t)2

2C + p(t)2

2L = q2
0
2 (2.64)

The state variables of H(q, p) can be written in a ‘canonical’ form eq. (2.65).

∂H(q, p)
∂p

= q̇(t) and ∂H(q, p)
∂q

= −ṗ(t) (2.65)

The quantisation of a classical system which can be written in the canonical format proceeds

by converting the state variables into operators H(q, p)→ {Ĥ, q̂(t), p̂(t)} (a detailed treatment

of this ‘Dirac quantization’ procedure can be found in Ref. [143]). The time-dependence of

the system is treated within the operators (rather than the state of the system) i.e. this is the

‘Heisenberg’ picture. The two operators are required to be non-commutable.

[q̂(t), p̂(t)] = i~ 6= 0

The operator Hamiltonian for the LC circuit is then given by eq. (2.66).

ĤLC = q̂(t)2

2C + p̂(t)2

2L = ~ω0(â†â+ 1
2) (2.66)
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The charge and potential operators can be defined in terms of the creation â† and annihilation

â operators eq. (2.67).

q̂ =
√

~
2Z0

(â+ â†) and p̂ = −i
√
~Z0

2 (â− â†) (2.67)

The energy eigenket of the Hamiltonian is a photon number ‘Fock’ state |n〉 of the cavity, whereby

absorption of a photon corresponds to â† |n〉 =
√
n+ 1 |n+ 1〉 and emission to â |n〉 =

√
n |n− 1〉.

The first term in eq. (2.66) is known as the number operator n̂ = â†â because it projects the

number of photons n in the cavity.

Even when there are no photons in the cavity n = 0, 〈0| ĤLC |0〉 = ~ω0
2 which demonstrates

that the resonator has a ‘zero-point’ energy. This is a purely quantum mechanical outcome, of

which there is no classical analogue in eq. (2.64). One consequence of the zero-point energy of

the resonator is that there are non-zero current fluctuations when the resonator occupies the

groundstate. The current operator is î(t) = p̂(t)
L

= −i
√

~ω2
0

2Z0
(â− â†). When the resonator is in its

groundstate n = 0, the RMS current fluctuation arising from the zero-point energy δî is given

by eq. (2.68).

δî2 = 〈0| î2 |0〉 = ~ω2
0

2Z0
. (2.68)

This current flowing through the inductor of the LC circuit gives rise to vacuum fluctuations in

microwave magnetic field δB1(r), the distribution of which over spatial coordinates r depends

on the resonator geometry. It is the magnitude and direction of this field fluctuation which

determines the strength of the coupling between the photons in the resonator and the spins in

the ensemble, as we explained with eq. (2.20).

The Hamiltonian of a coupled system consists of the sum of the energy of the individual

systems plus the energy of the interaction between the two. Now that we have an expression

for the Hamiltonian of the (lossless) cavity, we examine the quantum mechanical treatment to

obtain the Hamiltonian for the total energy of the cavity mode coupled to a single spin.

2.3.2 Single spin Hamiltonian

Rabi Hamiltonian The Rabi Hamiltonian ĤR provides a complete description of the interaction

or ‘coupling’ between a single two-level system of frequency ωs/2π (such as an electron spin in a
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static field) and the (lossless) cavity at frequency ω0/2π [144].

ĤR = ĤLC + Ĥspin + Ĥint

= ~ω0
(
â†â+ 1

2
)

+ ~
ωsσ̂z

2 + ~
g0

2 (σ̂+ + σ̂−)(â+ â†)
(2.69)

• ĤLC is the total energy of the cavity, given by eq. (2.66).

• Ĥspin is the energy of the two-level spin, with a groundstate represented by |β〉 (with energy

Eβ) and an excited state |α〉 (with energy Eα) as in section 2.1. Using the transition

operator σ̂ii = |i〉 〈i|, which projects the eigenenergy of the ith state, the summation over

available energies for this spin is Eασ̂αα+Eβσ̂ββ = 1
2(Eα+Eβ)1̂1+ 1

2(Eα−Eβ)(σ̂αα− σ̂ββ) =
1
2(Eα+Eβ)1̂1+ 1

2(Eα−Eβ)σ̂z = 1
2~ωsσ̂z where the first term is neglected because it represents

some non-transitive energy offset. The σ̂z operator is the standard Pauli operator.

• The transition operators σ̂± were introduced in eq. (2.19). We found an expression

for Ĥint in eq. (2.20), and now we just expand the summation using gij = gji = g0:

~∑i,j σ̂ij
(
gij â+ g∗ij â

†
)

= ~g0(σ̂+ + σ̂−)(â+ â†).

• The ground state is |0, β〉. For a single photon excitation, the degenerate uncoupled states

would be |0, α〉 and |1, β〉.

Jaynes-Cummings Hamiltonian Following the useful derivations in Ref. [145] and Ref. [111].

The Jaynes-Cummings Hamiltonian eq. (2.70) gets rid of two-photon interaction processes

(such as simultaneously adding a photon to the cavity and exciting the spin, â†σ̂+) from

eq. (2.69), which is known as the rotating wave approximation because it amounts to removing

the counter-rotating terms from Ĥint [146].

ĤJC = ~ω0
(
â†â+ 1

2
)

+ ~
ωsσ̂z

2 + ~g0(âσ̂+ + â†σ̂−) (2.70)

The rotating wave approximation is justifiable so long as the coupling is small relative to the

cavity and spin energy g0 � {ω0, ωs}, and we are in a position to check whether this is realistic

using eq. (2.61) in eq. (2.58). A zero-point energy current in the resonator δi = ω0

√
~/2Z0

(corresponding to resonator zero-point energy of 1
2~ω0) generates δB1(r) of field. For a single

free electron spin located at our resonator anti-node, 1 µm above the superconducting film

resonator surface, the interaction with the vacuum fluctuations in the cavity field produces a
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single spin coupling of 2π × 150 Hz, which is far lower than microwave frequencies [94].

g0(0, 1 µm) = geµB
2~ |µ0δH1(0, 1 µm)| ≈ 2π × 150 Hz (2.71)

The Jaynes-Cummings Hamiltonian is diagonalised to give the eigenstates and eigenvalue

energies E± of the coupled system. For the full Jaynes-Cummings Hamiltonian this is rather

complicated, but if the eigenbasis is reduced so as only to treat the resonant transitions of

the coupled cavity-spin, with one photon in the cavity, the two states hybridise into what are

known as ‘dressed states’ which we designate |n±〉. The dressed states are a superposition of

the cavity-spin eigenstates, given by eq. (2.72) where θ = tan−1(g0/∆) parametrises the degree of

hybridisation between the states for detuning ∆ = ωs − ω0.

|1+〉 = cos θ |1, β〉+ sin θ |0, α〉

|1−〉 = sin θ |1, β〉 − sin θ |0, α〉
(2.72)

When ∆ = 0, the dressed states contains equal contributions from the two cavity-spin states

which are then said to be maximally entangled.

|1±〉 = 1√
2
(
|1, β〉 ± |0, α〉

)

For the reduced eigenbasis corresponding only to these hybridised eigenstates, the eigenenergies

are given in eq. (2.73).

E±1 = ~
2
(
ω0 + ωs ±

√
4g2

0 + ∆2
)

(2.73)

At the position of maximal entanglement ∆ = 0 in this sub-solution to the Jaynes-Cummings

model, there is an “avoided crossing” of the dressed states, with an energy splitting of 2~g0. For

higher photon occupancy, the states are separated in energy by 2~Ω = 2~g0
√
n [147], where

Ω is known as the Rabi-splitting. We observe the analogous splitting for an ensemble of spins

coupled to the resonator mode in section 4.2.

2.3.3 Spin ensemble Hamiltonian

The Tavis-Cummings Model The Jaynes-Cummings Hamiltonian is an approximate description

of a single spin interacting with an electromagnetic field mode [24], which is used to model

qubit experiments, for example. The Tavis-Cummings Hamiltonian eq. (2.74) extends this to
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N spins each coupling with strength gk to field mode of, in our case, a microwave resonator

[148, 149]. Again, the rotating-wave approximation has been applied, and the zero-point energy

is neglected for N � 1.

ĤTC = ~ω0â
†â+ ~

2

N∑
k

ωkσ̂
z
k + ~

N∑
k

(gkâσ̂+
k + gkâ

†σ̂−k ) (2.74)

The Pauli operators σ̂±,zk here correspond to a kth spin in the ensemble of N spins, each of

frequency ωk. The inhomogeneous broadening of the spin frequencies, discussed in section 2.1.4,

means that each ωk is distributed around a central spin frequency ωs according to a spectral

distribution function ρ(ω). For a single photon excitation n = 1, the basis states now consist of

the one in which the photon occupies the cavity |1, β, ...β〉; and all the N ways in which the

excitation can be organised across the spins, for instance |0, β, ...(α)k...β〉. As with eq. (2.72),

diagonalisation of the Hamiltonian obtains the eigenstates and eigenenergies, but now the

superposition eq. (2.75) consists of states with a single excitation over the collection of spin

states.
|1+〉 = + cos θ |1, β...β〉+ sin θ 1√

N

N∑
k=1
|0, β...(α)k...β〉

|1−〉 = − sin θ |1, β...β〉+ cos θ 1√
N

N∑
k=1
|0, β...(α)k...β〉

(2.75)

Likewise, the analogous version of eq. (2.73) is eq. (2.76).

E±1 = ~
2
(
ω0 + ωs ±

√
4g2

ens + ∆2
)

(2.76)

The Tavis-Cummings model predicts the collective enhancement of the coupling in an N -spin

ensemble to gens =
√∑N

k g
2
k which simplifies to gens = gk

√
N using the assumption that the

individual couplings are homogeneous across the ensemble (such that gk is constant for all k).

Because gk ∝ B1, this requires B1 homogeneity across the spin sample. The
√
N enhancement

in coupling for a collective excitation was was first observed experimentally for the coupling of

sodium atoms to a microwave cavity in 1983 [150]. In our experiments, the resonator is designed

to constrict the B1 field and there is considerable B1 variation across the sample, meaning that

it is inadequate to expect or assume homogeneous coupling.

The ensemble cooperativity is defined as Cens = 4g2
ens/κγ so Cens � 1 now quantifies a

high-cooperativity coupling between the ensemble and the resonator mode.
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2.3.4 Spin coupling simulation

Non-identical coupling To evaluate an inhomogeneous ensemble coupling gens, we need to

evaluate the position-dependent coupling constant gk(x, y, z) = gk(r) over all the spins in the

sample at locations ri [64, 151].

gens =
√∫

sample
drρspin(r)|gk(r)|2 (2.77)

The spin density ρspin(r) is variable over r in instances of ion implementation, for example, but

constant across our crystalline samples. The integral in eq. (2.77) could be evaluated numerically

by exporting a field simulation of B1 per volume element and summing the interactions over

the spin sample using the expression in eq. (2.78) [118] where a is the crystal lattice spacing.

As demonstrated for the λ/2-resonator of length Lres in fig. 2.6a, the field in the z-direction has

a sinusoidal shape with a half-wavelength contained in the full resonator length; we choose the

field anti-node to correspond to z = 0 and label the sample length in the z-direction as Ls to

obtain eq. (2.78).

g2
ens =

N∑
i=1
|g(ri)|2

=
(geµB

2~
)2 N∑

i=1
|δB1(ri)|2

=
(µ0geµB

2~
)2 N∑

i=1

∣∣∣(δH2
x,i + δH2

y,i)
∣∣∣ zi=+Ls/2a∑
zi=−Ls/2a

∣∣∣∣cos
( πzi
Lres

)∣∣∣∣2
(2.78)

For the organic radical microcrystal, Ls � Lres therefore cos
(
πzi
Lres

)
≈ 1∀zi i.e. we can assume

that the field cross-section H1(x, y) is constant as the resonator is traversed in z for the

length of the sample. A simulation of the expected resonator-spin coupling using eq. (2.58)

to evaluate the approximate H2
x +H2

y yields gens/2π = 8 MHz (average coupling strength per

spin gk/2π = 5 Hz) assuming that the microcrystal is a cuboid and sits almost flush with the

resonator surface. In fact the microcrystal is not perfectly cuboid-shaped, and is likely separated

from the resonator surface by a small amount of vacuum grease both of which results in a

small overestimation of the measured value of 4.5 MHz (a gap of as much as 10 µm has been

posited in flip chip configurations between the sample and the superconducting film attributed

to surface imperfections or contamination [152]). Note that because of the resonator field decay,
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the coupling is more sensitive to small changes in the displacement of the microcrystal above

the resonator surface than to its dimension in the y direction.

For the larger sample measured in chapter 5, this approximation is not valid and the

summation must include the variation in H1(z); we include the improvement of our coupling

simulation in the future work of this thesis.

2.3.5 Resonator-ensemble transmission

The derivations in Ref. [111,153] are useful for this section. The microwave transmission S21(ω)

is the only means of taking a measurement of the spin system in our experiments. We are now in

a position to understand the change in resonator transmission when it is probed in a continuous

wave (CW) measurement. We understand by eqs. (2.73) and (2.76) that the hybridised states

demonstrate an avoided crossing, but further analysis is required to anticipate the effect on the

resonator lineshape as measured in transmission.

The Tavis-Cummings Hamiltonian eq. (2.74) did not include losses nor a drive term but of

course our system is subject to both: resonator losses κ = ω0/Q, spin losses γ, and a (weak)

drive term η of frequency ωp which is constant in time for CW measurements. Using a simplified

approach, the loss rates are added as complex components to the bare resonator and spin

frequencies [154,155].

ω0 → ω0 − iκ, ωs → ωs − iγ

We wish to know the steady state (CW) solution ȧ = 024 because the steady-state power

transmission of the cavity is then |S21|2 ∝ 〈â†â〉 = 〈n̂〉. As regards the time-dependence of

the annihilation operators for the resonator ȧ and spin σ̇−, each depends on the other; the

pair of coupled linear differential equations rotating in the laboratory frame at ωp are given in

eqs. (2.79) and (2.80) [111,151,156].

ȧ = −
[
i(ω0 − ωp) + κ

]
â − igensσ̂−+η (2.79)

σ̇− = −
[
i(ωs − ωp) + γ

]
σ̂− − igensâ, (2.80)

Solving for ȧ = 0 leads to eq. (2.81) [62,145], which offers a method for extracting gens and γ

24The operator symbolˆis left out for derivatives of operators.
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from transmission data which is utilised for CW ESR data in chapter 4.

〈a†a〉 ∝ |S21(ω)|2 = A

∣∣∣∣∣∣1 + κce
iφ

i(ω − ωr)− (κceiφ − κi) + |g2
ens|

i(ω−ωj)−γ/2

∣∣∣∣∣∣
2

(2.81)

Weaker coupling Where gens < γs, the system is aptly modelled by two coupled oscillators

[157,158]. The change in the frequency of the resonator is given by eq. (2.82) and the change in

the dissipation of the resonator from the detuned value κ0 is given by κ = ω/Qtot in eq. (2.83),

where ∆ = m0(B −B0)/~ converts the field detuning to a frequency of the spins.

ω = ω0 − g2
ens

∆
∆2 + γ2 (2.82)

κ = κ0 + g2
ens

γ

∆2 + γ2 (2.83)

2.3.6 Dispersive readout

For large detuning ∆ between the resonator and the two-level system, there is an enduring

energy shift between the dressed states and the bare resonator frequency ω0. This is known as a

dispersive shift.

Qubit dispersive readout In leading superconducting qubit architectures, dispersive readout is

the standard technique for detecting the state of qubits via a transmission measurement of the

resonator [63,75,159]. When the two systems are detuned from each other by ∆ = ω0−ωs which

is greater than both the qubit-cavity coupling g0 and the cavity decay rate, ∆� {g0, κ}, they

reach the so-called ‘dispersive regime’ in which the qubit causes a shift in resonator frequency

which is dependent on the qubit state without a direct exchange of energy between the two

systems. A dispersive frequency shift of χ = g2
0/∆ will be observed so long as the number of

photons in the resonator does not exceed the limit set by the critical photon number nc = ∆2/4g2
0

[75]. Note that the shift is defined relative to the uncoupled position of the resonator, so that

the shifted cavity frequency ω
(±)
0 ≈ ±g2

0/∆ and hence ω(+)
0 − ω(−)

0 = 2χ. This is a quantum

‘non-demolition’ (QND) measurement because the outcome of the measurement is in principle

unaltered by the measurement itself.

62



Ensemble dispersive shift The same principle of dispersive readout in our system means that

a measurement of the resonator can be used to infer the state and dynamics of the spin

ensemble without interference with the spins themselves. The dispersive approximation [160,161]

applied to the Tavis-Cummings [162] yields a Hamiltonian for the system which is valid if

∆ = |ω0 − ωs| � {gens, κ}.

Ĥ
(disp.)
TC = ~â†â

ω0 +
N∑
k

g2
kσ̂

z
k

∆

+ ~
2

N∑
k

ωk + g2
k

∆

σ̂zk (2.84)

From the first term in eq. (2.84) it can be seen that the resonator frequency acquires a shift which

is dependent upon the average spin polarisation 〈∑k σ̂
z
k〉. Therefore a (classical) measurement

of the resonator can provide information about the spins’ quantum state when the two are in

the dispersive regime. The frequency difference between the systems and the power level used

to probe the resonator need to be optimised for signal-to-noise without inducing back-action

between the resonator photons and the spin system which would reduce the ‘fidelity’ of the

measurement [75].25

For a cavity coupled to an ensemble of spins in the dispersive regime, eq. (2.85) provides the

collective dispersive shift dependent on the spins’ polarisation [163]. At millikelvin temperatures,

it is reasonable to approximate all of the spins at equilibrium to the lower energy state

corresponding to an effective spin polarisation 〈∑N
k σ̂

z
k〉 = −N and we use the idea of an average

coupling to substitute g2
ens = Nḡ2

k.

χ = 1
∆

N∑
k

g2
k〈σ̂zk〉 = g2

ens
N∆〈

N∑
k

σ̂zk〉 = −g
2
ens
∆ (2.85)

The resonance is shifted to ω(±)
0 ≈ ±g2

ens/∆, which we demonstrate for one of our paramagnetic

samples in chapter 4.

Evaluating the average spin polarisation in response to the pulsed drive η(t) in full (the time-

dynamics rather than just the dispersive shift under continuous irradiation) requires numerical

evaluation of the Cavity-Bloch equations [164]; we include this in future work for our pulsed

ESR system.

25If the energy used to probe the resonator is too high, the resulting back-action interference with the spin
ensemble can reduce the spin-lattice coherence time [87].
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2.4 ESR sensitivity

To characterise sensitivity, we need to find an expression for the minimum number of spins

required to produce a spin echo with a signal-to-noise ratio (SNR) of unity Nmin [40]. A

related measure is the number of spins N1s which can be measured with unit SNR per second

of integration time [40]. For a repetition rate of Γrep experimental runs per second, N1s =

Nmin/
√

Γrep and Γrep = 1/T1 is used here.

Conventional ESR sensitivity analysis In a CW experiment, the spins absorb energy from the

cavity and thereby increase its dissipation 1/Qspin, which changes its impedance as is detectable

via a S21 measurement eqs. (2.46) and (2.53). From a sharp change in Q−1(B0) it is possible to

detect the spin transitions. In a sensitivity analysis it is common to account for the amount of

sample within the cavity mode by introducing a filling factor η26 [2, 165], given in eq. (2.86) for

microwave field B1. In conventional CW ESR it is often assumed that B1 inhomogeneity across

the sample can be ignored [1], in which case η amounts to the volume of sample divided by the

volume of the cavity mode. This approximation of η thus does away with the requirement to

integrate the field distribution over the sample volume, and factors intuitively into the maximum

detectable current from the sample Imax ∝ ηp(T )M0 [i.e. all the magnetisation at a given

temperature p(T )M0 rotated into the transverse plane generates maximum current when η = 1].

η =
∫

sample |B1|2 dV∫
cavity |B1|2 dV (2.86)

This term then factors into the standard expression for the sensitivity of the CW ESR detection

eq. (2.87) [21], which is applicable to pulsed ESR sensitivity up to a constant [166,167]. The

polarisation p(T ) is given by the Boltzmann distribution using eq. (2.13) to find p(T ) = nα− nβ
and Vv is a volume element which is tiny relative to the total

∫
cavity dV so that Vv/η amounts to

a volume element measure of the resonator interaction with the sample.

N1s =
( 8
√
kBT

µBω0
√

2µ0

)√
γ∗2κ

p(T )

√
Vv

η

√
T1 (2.87)

One of the terms is the bandwidth of acquisition ∆νBW which in eq. (2.87) is set to ∆νBW = γ∗2

i.e. it is assumed that the detection bandwidth is equal to the inhomogeneous spin linewidth.

26The filling factor η not to be confused with the amplitude of the driving term η(t) used in section 2.3.5.

64



We have mentioned that this is strictly a best-case scenario, and that usually in pulsed ESR

experiments ∆νBW < γ∗2 such that a minority of the spins contribute to the echo signal.

Traditional ESR waveguide cavities are designed for samples greater than 1 mm3 [50]. Trying

to measure, for instance, a sample of dimension ∼ 100 × 10 × 10 µm3 diminishes the filling

factor to η ∼ 10−5 where the sensitivity implication is clear. The small size of superconducting

resonators facilitates the creation of a small cavity mode volume. Their planar structure also

serves to concentrate the field in two dimensions, which makes possible reasonable η for much

smaller sample volumes [168]. Equation (2.87) also reiterates the sensitivity benefit of high

Q = ω0/κ superconducting resonators.

This analysis is premised on homogeneous B1 across the sample volume. For our resonator,

the B1 field dependence is highly inhomogeneous and the cavity volume is not well-defined,

and so the use of filling factor is problematic. Even if η is evaluated for our resonators, the

field inhomogeneity impacts both the field experienced across the sample and the interaction

of the magnetisation response across the sample with the resonant mode. After the excitation

pulse, different parts of the sample might experience different flip angles which means that the

(detectable) transverse magnetisation differs across the sample [169]. This also impacts upon

the detection, because a given amount of magnetisation induces a different voltage in the cavity

depending on its location with in the cavity mode [35,169].

A different approach considers each spin coupling to the cavity mode in traditional cavity-

QED terms.

Cavity-QED ESR sensitivity analysis This derivation does not solve the problems presented above

but illustrates a different approach, which produces a general expression for the sensitivity in

terms of cavity-QED parameters for our system.

Identical coupling g0 is assumed between each spin and the cavity field and the analysis

simplifies the resulting equations of motion by applying the limit Cens = 4g2
0N/κγ2 � 1. The

echo is detected via a resonant, lossless cavity, and each spin experiences a cavity-enhanced

relaxation causing emission of the microwave photons which are to be detected as the spin

echo [34,42]. This occurs at a rate of 4g2
ens/κ [using ∆ = 0 in the Purcell rate eq. (2.24)], and

the duration of the relaxation will be roughly equal to the ensemble dephasing time 1/γ∗2 .27

Multiplying the rate by duration gives the total number of photons Nph emitted during the spin

27Making explicit that the linewidth is likely to be dominated by 1/T ∗2 by setting γ = γ∗2 .
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echo in eq. (2.88).

Nph ∼ N
4g2

ens
κγ∗2

= N2 4g2
0

κγ∗2
(2.88)

The signal-to-noise ratio (SNR) is given by the amplitude of the signal from the spin echo

relative to the amplitude of noise reaching the detector. Signal amplitude is the square root of

the number of photons, leading to the SNR in eq. (2.89) for n noise photons, and the number of

spins N is replaced by p(T )N to account for finite polarisation.

SNR ∼
√
Nph

n
= p(T )N

√√√√ 4g2
0

nκγ∗2

SNR=1−−−−→ Nmin =
√
nκγ∗2

2g0p(T )

N1s =
√
nκγ∗2

2g0p(T )

√
T1

(2.89)

SNR = 1 is the point at which the signal is no longer detectable, and so the absolute minimum

number of spins Nmin is obtained by setting eq. (2.89) to one.

This order-of-magnitude expression nonetheless demonstrates the sensitivity enhancement

from high resonator Q = ω0/κ and high spin-resonator coupling g0. Enhancement also occurs

for an increase in the spin polarisation p(T ), or a decrease in the number of noise photons n

(the contribution from thermal noise scales with temperature T as 1
2 coth

[
~ω0

2kBT

]
). Hence the

dual virtues of measuring ESR at cryogenic and especially at millikelvin temperatures.

The shortcomings of both attempts presented here for quantifying the sensitivity demonstrate

foremost the difficulty in modelling the inhomogeneous, but coherently coupled, response of

a spin ensemble to a pulsed microwave field. Whilst it is unfortunately not possible to find

accurate analytical expressions for the sensitivity of the type of system considered here, it should

in principle be possible to obtain a good estimate using numerical methods to solve the full

equations in three dimensions, but that is outside the scope of this thesis.

2.5 Spin systems

We measure two spin systems in the experimental work for this thesis. In this section we

provide an introduction to the organic radical microcrystal which is the focus of measurements

in chapter 4, and the cerium-doped YAG sample which is the focus of chapter 5.
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(a) (b)
Figure 2.8: The molecular radical (a) has a crystal structure shown in (b) taken from Ref. [53]
showing a single orientation of the radical within the unit cell. Note that the stoichiometric
ratio of cation:anion could not be determined because the minute crystals made x-ray diffraction
analysis challenging. The anion occupies large voids between the cations and therefore could not
be modelled (hence the location of the anion has not been attempted in the model).

2.5.1 Organic radical microcrystal

The sample of organic radical microcrystal was provided by Mogens Brøndsted Nielsen and

Christian R. Parker at the University of Copenhagen, and they describe their work synthesising

and characterising the species in Ref. [53].

The first spin ensemble used in this work consists of a single micron-sized crystalline

sample comprising an organic radical indeno[1,2-b]fluorene-extended ethyl cation fig. 2.8a and

a PF –
6 anion [53]. Originally of interest for their unusual conducting properties [170], this

organic radical crystalline solid can be formed in good yield from electrocrystallisation in PhCl

with a Bu4NPF6 electrolyte. The crystal has a unit cell (the smallest repeating unit which

fully describes the crystal structure) of volume 3952�A3 which contains 4 radical molecules each

with one unpaired electron spin and so the corresponding spin density is ρspin = 1021 cm−3

[53] (semiconductors or insulators typically have 1015 ≤ ρspin ≤ 1018 cm−3 [171]). The tiny

needles or ‘microcrystals’ formed from the electrocrystallisation procedure (seen in photograph

fig. 3.1a) make determination of the crystal structure by x-ray diffraction analysis challenging

[53]. Nonetheless the stacking of the organic cations, with direct alignment of one molecule

on top of the other was determined and is shown for different perspectives in fig. 2.8b. This

(partial) crystal structure suggests that there is a single orientation of the molecule throughout

the crystal, in contrast to crystals derived with alternative anions BF –
4 or TaF –

6 where the

structure suggests two molecular sites in the crystal and so two magnetically inequivalent radical
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spins. Because of the large cavity within which the anion is located, the cation ‘stacks’ are

highly isolated from one another.

Each molecule contains a single unpaired electron with true spin S = 1/2. The spin

Hamiltonian g-tensor eq. (2.90) obtained from density functional theory (DFT) calculations [53]

suggests that the response of the microcrystal to the applied field is almost isotropic and, as

expected for an organic radical, the deviation from the free electron ge is small g(org) ≈ ge113.

g(org) =


2.009 0 0

0 2.010 0

0 0 2.003

 (2.90)

As discussed in section 2.1, irrespective of the accuracy of the DFT calculation, the only orbital

angular momentum in this system is introduced from (limited) mixing of excited electronic

molecular orbital states of the organic radical. This means that this system can be modelled

as an effective S = 1/2 system with a single spin-allowed transition between the ms = ±1/2

states. This recreates the simplest ESR transition, as was described in the opening paragraph

in section 2.1.

In a molecular radical the unpaired electron occupies the highest energy molecular orbital.

The nature of this molecular orbital determines the reactivity and stability of the radical. In

this instance we comment that the highest occupied molecular orbital consists of an extended

π-system whereby the p-orbitals of the central conjugated ring system undergo mixing with

adjacent in-phase orbitals of the same so-called ‘π’-symmetry. The ability of the molecule

to form an extended π molecular orbital that delocalises (and therefore stabilises) the single

electron within it across the entire molecule is key to its radical stability. For ESR purposes, this

spin sample is unusual in having a narrow linewidth in spite of its high spin density [53]. For one

sample, a full width at half maximum (FWHM) of 2.4 MHz was measured at T = 300 mK. By

comparison, a similar organic radical crystalline solid known as DPPH has a FWHM linewidth

between 4 to 23 MHz [172] and typically ESR linewidths fall in the region of ∼ 30 MHz [173].

The narrow linewidth of the organic radical microcrystal is attributed to the delocalisation of the

unpaired electron across the extended π-system of the radical which means that electron-electron

interactions (dipolar couplings which might otherwise cause dipolar broadening of the linewidth)

are minimised, together with low inhomogeneous broadening because of the crystalline spin

environment [114]. It has further been noted that the change in spin polarisation 0.3 to 1.6 K is
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also consistent with non-interacting spins in the sample [53].

A long spin-spin decoherence time T2 is desirable of the spin system for a testbed pulsed

ESR system as it places minimal constraints on the ringdown time of the resonator i.e. it will be

possible to detect an echo from the microcrystal spins above the ringdown from the resonator.

The lower limit on T2 from the CW ESR inhomogeneous linewidth is T2 > T ∗2 ∼ 70 ns. It was

speculated that the T2 would be reasonably long as a result of the narrow linewidth although to

date this has not been measured with pulsed-ESR techniques.

The small volume of the sample ∼ 70× 6× 6 µm3 is an attractive challenge for measurement

with a superconducting ESR resonator, as this volume would be too small to measure with a

conventional spectrometer. There was also the possibility for the molecular substrate to be

changed, via adjustments to the chemical synthesis, in future iterations of experimental work.

In summary this microcrystal is a high-spin-density small volume sample, with a single ESR

transition, obtained from a relatively cheap and high-yielding synthesis in ample quantity to

form the basis of a pulsed ESR testbed system in the high-Q high-cooperativity regime.

2.5.2 Cerium-doped YAG

The second spin ensemble measured in this work in chapter 5 is a rare-earth doped yttrium

aluminium garnet crystal. There are 17 rare-earth elements, across which the 4f orbital is

filled. The broadly similar chemical and physical properties of rare-earths derive from the outer

orbitals, which have an electronic configuration of 5s25p65d16s2. This explains their tendency to

form tri-positive cations, with the inner 4f orbital then heavily shielded by the fully occupied

5s and 5p - indeed this could be considered the characteristic feature of the rare-earth elements.

Across the rare-earths, every second tri-positive cation (so-called Kramers ions) has a half-integer

total spin with associated degenerate spin groundstate which is accessible to ESR. From the

isolation of the 4f orbital containing the unpaired electron arises remarkably long coherence

times, making Kramers ions promising candidates for quantum information storage [92, 95].

With a view to quantum memory applications, research into the properties of rare-earth-doped

solid-state mediums is ongoing [94,98,174,175].

In this experimental work, the Kramers ion is doped into Yttrium Aluminium Garnet

Y3Al5O12 (YAG), a colourless crystalline solid. The yttrium Y3+ site in the crystal lattice can

be substituted in small proportions < 1% [176] for rare-earth trivalent cations owing to their
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similar ionic radii.28 With Nd3+ and Er3+ dopants, YAGs are excellent solid-state laser materials

and were first characterised intensively in the 1970’s for this reason [179–182].

Crystal structure detail The YAG crystal has a cubic unit cell of length 1.2 nm. It consists of

three different oxygen O2– polyhedra, with aluminium Al3+ in octahedral and tetrahedral sites in

a 2:3 ratio, and 8-coordinated yttrium Y3+ in axially distorted triangular-faced dodecahedra, or

at the corner of tetrahedra [176, 183] as shown in fig. 2.9a. This means that the local symmetry

of the Y3+ and, as a result, the substituted Ce3+ is D2. The orientation of the Ce3+ sites is

depicted in fig. 2.9b. For one of the sites the local symmetry axes are [001], [110], [110] within

the crystal axes [100], [010], [001], and symmetry operations determined by the symmetry of the

crystal (space group 230) means that there are in total six different, magnetically inequivalent

orientations of the Ce3+ site as can be seen in one glance at fig. 2.9b [184].

Spin density The length of the cubic YAG crystal unit cell is ac = 1.201 nm. and it contains 8

molecular units of Y3Al5O12 [48]. The molecular weight of YAG is 593.62 gmol−1 and the Ce

atomic weight is 140.12 gmol−1. Our sample contains 0.1% by weight of Ce3+ which equates

to 0.0042 cerium per YAG ‘molecule’, and a spin density of ρspin = 3× 1019 cm−3. This is two

orders of magnitude smaller than the spin density of the organic radical microcrystal introduced

above, but is still within the range that can be comfortably detected with our superconducting

resonator design.

Cerium-doped YAG In the case of trivalent cerium cation dopants Ce3+ (Ce:YAG), the previously

colourless YAG solid takes on a distinctive bright yellow colour. The Ce atom is 4f 4 meaning

that the trivalent cation is 4f 1 paramagnetic. The natural isotopes of cerium are 140Ce and
142Ce both of which do not possess nuclear spin which means that no hyperfine coupling arises

from the cerium nucleus.

The Ce3+ ion within the YAG crystal field is well-approximated by the Russel-Saunders

coupling scheme29 because the spin-orbit coupling is greater (by an order of magnitude) than the

crystal field splitting (but smaller than spin-spin and orbital-orbital contributions). Application
28The ionic radius of Y3+ is 1.01�A [177] as compared to 1.14�A for 8-coordination Ce3+ [178], which is a

difference of 10% therefore substitution is still fairly challenging: “solid solutions from the molten liquid generally
only form if the difference of radii is less than 5%” [177].

29The total spin quantum number S, total orbital quantum number L and total angular momentum J are
condensed into a term symbol 2S+1LJ corresponding to a level of defined {S,L, J}; the lowest energy J level is
Jmin when the subshell is less than half occupied. Zeeman splitting creates 2J + 1 states of defined {S,L, J,MJ}
from each level.
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(a) (b)
Figure 2.9: Figures taken from Ref.s [183, 184]: (a) Y3+ is in triangular dodecahedral
D2-symmetry c-sites surrounded by 8 O2– shown with red lines [183] and (b) illustrates all of the
D2 orientations next to one another and relative to the crystal axes where site 6 is of orientation
[001],[110] and [110] i.e. the same as the g-tensor axes [184].

of the Russel-Saunders rules to 4f 1 determine the electronic groundstate level as 2F5/2, and the

magnitude of spin-orbit coupling is 2000 cm−1 to the next lowest 2F7/2 level.30

The effect of the crystal field (i.e. the distribution of orbital charge around the cation) is to

split the (2J + 1) 6-fold multiplet into three ‘Kramers’ doublets. The effective spin selection

rule for perpendicular mode ESR is ∆MJ = ±131 and so each doublet corresponds to a single

effective-spin-allowed transition. Put another way, the gap in the energy between 2F5/2 and

the next highest J-state justifies the consideration of a subset of 2F5/2 levels and transitions

between them [106].

At millikelvin temperatures the vast majority of the spin population will be in the lowest

energy doublet so overall a single resonance is predicted for each magnetically inequivalent Ce3+

site. This is summarised by the schematic in fig. 2.10.

The first CW ESR spectroscopy measurements of Ce:YAG at X-band (cavity frequency

9.5 GHz) and 4 K determined the highly anisotropic g-tensor eq. (2.91) [185] and six transitions

30Spin multiplicity 2S+1 = 2; L = |ML|max = 3 represented as F ; J = L+S,L+S−1, ..., |L−S|, Jmin = 5/2
31The uncoupled representation consists of eigenstates |S,ms, L,mL〉 to which the spin selection rule would

be ∆ms = ±1 whereas the coupled representation consists of ‘microstates’ (to differentiate) of |J,MJ , S, L〉.
Technically, neither S nor L are good quantum numbers in the consideration of spin-orbit coupling however the
Russel-Saunders approximation derives a J-microstate from a single term.
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Figure 2.10: Structure of the electronic energy levels for Ce:YAG

corresponding to each of the Ce3+ crystal sites [185,186].

g(Ce:YAG) =


2.738 0 0

0 1.872 0

0 0 0.910

 (2.91)

Further CW characterisation at 4.2 K highlighted additional transitions, arising where the Ce3+

sits in the vicinity of crystal defects [186].

Pulsed ESR measurements of Ce:YAG at 0.5% dopant concentration by weight offered the

first insight into the 4f 1 spin dynamics [49, 187]. At 5 K, the transverse relaxation time was

recorded at T2 = 5 µs and the spin-lattice relaxation time T1 = 0.1 s [49]. The Ce3+ ion in YAG

has also been explored as an individual spin qubit: the ions can be individually created at a

separation of 10 µm in an ultra-pure YAG crystal, addressed using optical initialisation and

read out, and manipulated with microwave pulses at 3.5 K [93]. To the best of our knowledge, a

sample of Ce:YAG has not been characterised previously at millikelvin temperatures.
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Chapter 3

Experimental setup

There are two chapters of experimental work presented in this thesis. Chapter 4 centres on

measurements of the organic radical microcrystal spin sample described in detail in section 2.5.1.

Chapter 5 presents measurements of the cerium paramagnetic dopants in a YAG host crystal

which was introduced in section 2.5.2. The building of the experimental setups, from scratch for

the purpose of implementing these measurements, is detailed in this chapter.

Firstly in section 3.1 we describe the preparation of the spin samples and the mounting of the

samples, using a “flip-chip” procedure, onto the resonators which were described in section 2.2.3.

Unusually for an ESR experiment, the measurement in chapter 4 applies two frequency

tones, one at the resonator frequency and another at the spin frequency, to achieve a dispersive

readout as was introduced in the context of qubit measurements in section 2.3.6. In section 3.1.1

the configuration of the Printed Circuit Board (PCB) under the spin sample to facilitate the

two-tone measurement is highlighted. In section 3.2.2 we explain the microwave circuitry at

room temperature built to implement the two frequency tones, as required for our particular

dispersive readout protocol.

Chapter 5 describes spin-echo measurements of Ce:YAG on a frequency-tunable resonator.

The construction of this microwave circuit is described in section 3.2.3, with detail on the

synchronisation required of the different instruments to precisely manipulate and detect signals

from the spin ensemble.

All ESR measurements were conducted at millikelvin temperatures: in chapter 4 at 65 mK and

in chapter 5 at 10 mK. The lines used to bring the microwave signals from room temperature to

the base temperature stage, and functioning of the cryogenic systems, are detailed in section 3.3.
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(a) (b) (c)
Figure 3.1: Microcrystals of the organic radical, obtained from our collaborators as micron-
dimension ‘needles’ in a solution of PhCl as shown in photograph (a) (taken from Ref. [53]) are
air-dried and then deposited on the edge of the resonator chip prior to the alignment process: (b)
the copper sample holder containing the chip within a probe station and (c) photographs from
the probe station microscope showing the quartz probe manipulating the crystal into position.

3.1 Sample preparation

Some electron ensemble cavity QED experiments will cut, polish and clean the sample material

and then fabricate the resonator directly upon this spin-sample substrate [98]. In particular,

paramagnetic ions can be implanted into a chosen substrate prior to the resonator fabrication

[62, 174]. When using a flip-chip preparation, the sample is instead simply glued onto the

resonator [62,64], which has been fabricated on some other substrate. This has the benefit of

speed and flexibility, and does away with strain-broadening effects where the different thermal

contraction of resonator film relative to the dielectric substrate induces strain inhomogeneity

across the spin sample [112]. However it does inevitably introduce a small gap, of unknown

dimension, between the spin sample and the resonator surface.

3.1.1 Organic microcrystal sample preparation

Alignment A sample of organic radical microcrystals (see fig. 3.1a) was kindly given by

collaborators [53]. The alignment of a single microcrystal on the resonator chip surface is

paramount: stronger coupling arises when the volume of the spin sample within the region of

maximum amplitude microwave magnetic field is maximised. For this resonator the microcrystal

must be above the parallel superconducting lines that are in the centre of the resonator. As

shown in section 2.2.3, this is the anti-node of the resonator mode.
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Precision alignment is achieved with the quartz tip of a micro-manipulator on a probe station

fig. 3.1b and the crystal is secured in place with a small amount of ESR-silent (Apiezon N-type)

vacuum grease.1 The chip was mounted on the main stage of the probe station and brought

into focus using the microscope feature. Separate, small deposits of crystals and the grease were

added to the periphery of the chip. The vertical height of the probe above the chip surface

corresponds to the degree of focus with which it appears though the microscope, and hence

raising the probe until it is entirely unfocussed guarantees that it will move unimpeded across

the chip surface. Static forces are sufficient to adhere a microcrystal to the probe, and grease at

the desired crystal location on the chip is then required to deposit the crystal from the probe.

Hence grease was applied to the centre of the resonator using the probe, which was then cleaned

(benzene is an appropriate solvent to dissolve the grease used here). By passing the clean probe

over the crystal deposit in slow movements, it was possible to adhere a single crystal and lift

it across the chip surface to the grease. Further small adjustments were made by pushing the

crystal with the probe, until it was oriented parallel to the superconducting lines at the centre

of the resonator. The successful alignment of the (black cylindrical) microcrystal resulting from

this process is shown in an optical microscope photograph in fig. 3.1c.

On three of the four resonators on the chip a sample of crystal was aligned as described above,

whilst the fourth resonator (at ν0 = 6.1 GHz) was left empty save for a deposit of vacuum grease

to demonstrate that this did not interfere with the resonator performance. The redundancy in

number of crystals was to allow for the possibility that some of the resonators might be faulty.

The resonator chip The resonator ‘chip’ consists of a 140 nm-thick NbN film upon sapphire

Al2O3 of thickness 330 µm, shown in cross-section in fig. 3.2c. The resonator chip is mounted

on a PCB where a second microwave feedline (co-planar waveguide type of central strip width

290 µm) lies underneath the resonator chip (therefore 330µm below the surface of the resonator)

as demonstrated in the inset to fig. 3.2a. This ‘pump’ line serves as a second means of inputting

microwave energy to the spin sample on the resonator, which itself acts as a very narrow notch

filter with poor coupling to the spins when off-resonant. Therefore correct configuration of the

PCB is a pre-requisite of the two-tone measurement. A close-up photograph of the resonator

chip upon the PCB and sample holder fig. 3.2a just about reveals the readout transmission

1Apiezon N-type grease is made primarily from branched and unsaturated hydrocarbons which do not contain
unpaired electrons, and is free from silicon contaminants which can be problematic from an ESR perspective in
other grease varieties [188].
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(a) (b) (c)
Figure 3.2: Photographs of (a) the chip within the sample holder, and (b) the chip
in more detail. The PCB connections on the chip used in chapter 4 can just about be seen
in a microscope photograph (a) with the resonator and readout/pump lines on the chip shown
schematically in the inset. The magnitude of the microwave magnetic field distribution B1(ωr)
generated by the resonator in the plane normal to the z-axis ‖ B0 is shown by colour gradient in
(c) using a Comsol simulation, together with the additional microwave magnetic field B1(ωp),
generated by the pump line.

line on the chip itself, and the pump line underneath the translucent chip: these can be seen

more clearly in the optical microscope photograph in figs. 3.2b and 4.4b.2 The B1(ωr) field

distribution of the resonator in fig. 3.2c is the same as was presented in fig. 2.7a when we

introduced this resonator, however the additional B1(ωp) field direction resulting from the pump

line is now annotated, and the approximate contour of the microcrystal is highlighted as a white

dashed line. This B1(ωp) field had a radial distribution, but develops an offset angle relative to

z ‖ B0 because of the flux-focussing effects of the superconducting film. It is these non-parallel

components B1x(ωp) and B1y(ωp) which allow the power in the pump line to drive the ESR

transitions.

Assembly with the PCB To assemble the device photographed in fig. 3.2a, a blank PCB is first

screwed to the copper sample holder. SMP connectors are soldered to the in and outputs of

the readout and pump lines on the PCB. The resonator chip is placed centrally over the pump

line on the PCB and stuck in place, as shown in fig. 3.3a, using GE varnish to ensure good

thermal contact. Copper tape has been added to ensure there is good thermal contact between

the sample holder and its copper lid (inset to fig. 3.3a).

2Note that the upper righthand corner of the resonator chip was damaged when a mismatching lid was
attached to the sample holder. Because the damaged portion exclusively contains superfluous wire bonds between
the two grounds and the essential bonds to the transmission line are intact the damage did not prove detrimental
to the experiment.
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(a) (b) (c)
Figure 3.3: Preparation of the chip, PCB and sample holder.

The wire bonder fig. 3.3b is used to make tiny connections between the grounds of the chip

and the PCB using Al bonds. Likewise wire bonds are added between the transmission line

on the chip and the PCB. Gold is ideal for bond wires because it does not go superconducting

therefore it is a better thermal conductor, however it is not ‘sticky’ on the chip surface therefore

it is used where possible but not for all of the wire bonds. When bonding the frequency-tunable

resonator chip [140], it was important to get the correct number of bonds to ground because the

DC tuning line varies the ground plane currents in order to implement frequency tuning, and

therefore an over-grounded chip will lose tunability.

The Cu lid to the sample holder is intentionally fashioned such that the enclosed volume

minimises the number and Q factor of so-called resonant ‘box modes’ at microwave frequencies.

The irregular internal design is shown in the fig. 3.3a inset. It has holes for the SMP connectors

through which the four coaxial cables connect. The assembled sample holder with coaxial lines

leading into and out from the pump and readout lines is bolted tightly to a mixing chamber

plate fig. 3.3c, to allow for good thermalisation between the chip and the mixing chamber within

the fridge.

3.1.2 Ce:YAG sample preparation

The loading of a transmission line resonator by a dielectric such as YAG causes its S21 resonant

frequency ω0/2π to drop. Because the Ce:YAG sample was considerably bigger than the

microcrystal, it was necessary to estimate this change ∆ω. For this purpose, we make the

(crude) approximation that the resonator behaves as a lossless CPW of infinite length sandwiched
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Figure 3.4: CPW cross-section, highlighting the orientation of the sapphire substrate upon
which it is fabricated and the properties of the dielectrics used in our simulation.

between two lossless, isotropic dielectrics each of height h1,2 and relative permittivity ε1,2 [189]

as illustrated in fig. 3.4.

The impact of the dielectrics upon the electric field around the CPW is evaluated by

the change in capacitance, expressed as an effective relative permittivity εeff = CCPW/Cair =

1 + q1(ε1 − 1) + q2(ε2 − 1) where the speed of light propagating along the CPW is subsequently

reduced to vph = c/
√
εeff. The value of εeff is obtained from partial filling factors qn which

estimate the capacitance given the dimensions of the CPW cross-section characterised by the

widths of the central strip conductor S and slot gap W fig. 3.4. The filling factors and associated

integrals are given in the Matlab script in appendix D. The change in the speed of light is

proportionate to the change in its frequency for the wavelength set by the length of the resonator

therefore the fractional frequency reduction ∆ν compared to the the empty resonator of ε0
eff

(where the volume above the resonator is a vacuum) is given by eq. (3.1).

∆ν =
v0

ph − vph

v0
ph

= 1−
√
ε0

eff
εeff

(3.1)

In our case the resonator is fabricated upon the c-plane of sapphire of thickness h1 = 330 µm.

The capacitance across the CPW cross-section is therefore being evaluated normal to the

c-plane i.e. parallel to the sapphire c-axis such that ε1 = ε‖ = 11.34 (measured at 15 K) [190],

demonstrated in the inset to fig. 3.4. As mentioned in section 2.5.2, YAG has a cubic crystal

structure therefore its relative permittivity is isotropic ε2 = 10.40 (also measured at 15 K) [190].

After polishing, the Ce:YAG sample has a thickness close to h2 = 150 µm and although this was

not verified, the simulation is in any case relatively insensitive to the height of the dielectrics.

The resonator chip had been previously characterised without any mounted samples and the

frequencies of the empty resonators were found to be 3.1 GHz, 4.1 GHz, 4.9 GHz and 6.1 GHz.

Using the approximations described above, placing a sample of YAG upon the lower frequency
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(a) (b) (c) (d)
Figure 3.5: Preparation of Ce:YAG sample. Small, shattered pieces of Ce:YAG were placed
on a glass microscope slide (a) and secured between two cover slips with a specialist hot wax
(inset) which when cooled anchored the pieces in place in between two coverslips. The rough
upper surface of the Ce:YAG sample was placed onto a grit wheel polisher (b) and the sample
with the best polished face (c) was aligned on the resonator using again the probe station (d)
with the polished face placed down onto the resonator and the quartz probe pushing it position.

resonators would have likely shifted them to below the bandwidth of the isolator used within

the dilution fridge circuitry (3 to 8 GHz). Therefore the 6.1 GHz resonator was selected for the

sample, after loading with which a frequency of ν0 ≈ 4.5 GHz was anticipated. As we will see in

section 5.1, the measured value is 4.04 GHz in reasonable agreement with our basic simulation.

The sample of Ce:YAG with a Ce3+ dopant level (by weight) of 0.1% was grown by Crytur

in the Czech Republic. As explained in section 2.5.2, this corresponds to a spin density of

3× 1019 spins cm−3. Small shattered pieces of the solid sample were selected using a pair of

tweezers under a microscope as being of appropriate dimensions (≈ 1 mm2) and were polished

to a flat plane which could be placed upon the resonator.

To polish the pieces photographed in fig. 3.5a, they were mounted on a coverslide with wax

(consisting of bees wax and callophony in a 1:3 ratio) pressed between two coverslips of thickness

150µm as demonstrated in the inset diagram. The thickness of the coverslip determined the

thickness of the polished piece. The coverslide surface with the rough Ce:YAG edges was pressed

down onto a gritted wheel polisher fig. 3.5b using sequentially 600, 1200 and 4000-grit paper to

incrementally improve the surface smoothness. The wax was removed in hot ethanol and the

polished pieces inspected under an optical microscope fig. 3.5c.

The thinnest piece with the best polished surface was selected and flip-chipped onto the

6.1 GHz resonator, using the probe station with a 15 µm diameter quartz probe and a cryogenic-

suitable EPR-silent (Apiezon N-type) grease fig. 3.5d as described in section 3.1.1.
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(a) (b)
Figure 3.6: The second resonator chip for measurements in chapter 5: (a) the PCB
connections on chip with the readout transmission line and DC ports on the chip ground plane to
tune the resonator ω0(Vt). The resonator chip containing four resonators (b) with the Ce:YAG
sample on the left-hand resonator.

The NbN chip containing the four resonators capacitively coupled to a single transmission

line was mounted onto the PCB and sample holder fig. 3.6a as described in section 3.1.1. Wire

bonds were added between the readout line on the chip and the PCB. Wire bonds were also

added between the ground plane of the chip and the DC input and output lines (green arrows

fig. 3.6a inset). Changing the DC current applied across the ground plane tunes the resonator

frequencies as was explained in section 2.2.3 and is demonstrated in section 5.1.1.

The optical microscope photograph of the chip in fig. 3.6b shows the alined Ce:YAG sample

on the left-hand ν0 = 6.1 GHz resonator (it can just be seen that this resonator is shortest in

length, and that the resonators become longer moving left to right on the chip). The right-hand

3.1 GHz resonator is left empty as a check on the correct functioning of the superconducting

chip. The two other paramagnetic samples which were aligned upon this chip, Er3+ doped

CaWO4 upon the 4.1 GHz resonator and nitrogen vacancy centres in a diamond on the 4.9 GHz

resonator, were measured in initial CW ESR sweeps but are not discussed further here.

3.2 Design and build of microwave circuits

The preparation steps above produce spin samples which can be probed via a superconducting

resonator, in a sample holder suitable for cryogenic measurements. In pulsed ESR it is essential

to deliver amplitude-shaped pulses at microwave frequencies to the spin sample and detect the
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response, both of which occur via the resonator. We first in section 3.2.1 give an overview of

heterodyne detection, which is the measurement technique we use to probe the response of the

resonator. In section 3.2.2 and section 3.2.3 we describe the microwave circuits used to send

arbitrary microwave-frequency pulses across the readout line on the resonator chip.

At lower frequencies, it might be possible to use an Arbitrary Waveform Generator (AWG)

to produce an RF signal with amplitude (or phase) modulation. The AWG in the lab has a

sampling rate of 1.2 Gs/s which means that it cannot quite deliver arbitrarily-shaped microwave

pulses and instead we need to use a microwave signal generator, which outputs continuous

wave (CW) microwave signals. The generator is input to an IQ modulator controlled with the

analog output of the AWG, to shape the CW tone into microwave pulses. Because of the AWG

sampling rate, these pulses can be defined with nanosecond resolution. Details of the microwave

components used throughout this section are given in appendix A and underpin the subsequent

explanations.

3.2.1 Homodyne and heterodyne detection

The measurement scenario is that the resonator (the device under test, DUT) has been probed

at some high-frequency (microwave) signal ωr, referred to as the ‘readout’ frequency. The spins

have interacted with the resonator and so imparted information about their quantum state upon

the (classical) state of the resonator. The transmission signal which we want to detect from

the resonator then has a general form S(t) = A cos(ωrt+ φ) where A and φ are the desired

amplitude and phase information. Were the signal at a lower frequency, you could conceivably

input S(t) into an oscilloscope and observe the entire waveform. Alternatively a Vector Network

Analyser could be used to extract A and φ, but only slowly hence this is not suitable for the

time-domain characterisation of spins with which we are concerned. The two common techniques

for detecting A and φ in the time domain, here as the resonator responds to the spin dynamics,

are instead homodyne and heterodyne detection.

Homodyne detection is the simpler of the two. As shown in fig. 3.7a, the signal from the

resonator is mixed with a phase-locked local oscillator (LO) reference signal at an IQ modulator:

S(t) × ALO cos(ωrt). As explained in appendix A the outcome of this is I = AALO cosφ and

Q = −AALO sinφ, from which A and φ are extracted algebraically. The problem with homodyne

detection is that the output from the IQ modulator, which is detected with an oscilloscope for

example, is a DC signal ∝ cos(φ). All signals at DC have to compete with low-frequency 1/f
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(a) (b)
Figure 3.7: Homodyne detection (a) down-converts the signal of interest to DC whereas
heterodyne detection (b), here implemented via a single sideband mixer, down-converts to ωIF.

noise which means that SNR is poorer when detecting a DC rather than an AC frequency signal.

Heterodyne detection fig. 3.7b instead mixes S(t) with a phase-locked LO signal at a different

frequency. In practise this is achieved in our setup using a single sideband (SSB) mixer to

upconvert a local oscillator tone to the readout tone ωr = ωLO + ωIF. As seen in fig. 3.7b, when

the transmitted signal S(t) is down-converted at the IQ modulator by mixing with ALO cos(ωLOt),

the output quadratures are not DC but instead eqs. (3.2) and (3.3).

I = +AALO cos(ωIFt+ φ) digitise−−−−→ I[n] = +AALO cos(ωIFtn + φ) (3.2)

Q = −AALO sin(ωIFt+ φ) digitise−−−−→ Q[n] = −AALO sin(ωIFtn + φ) (3.3)

The detected quadratures oscillate at the intermediate frequency ωIF/2π which is low enough for

analogue-to-digital conversion (ADC). This occurs by sampling the quadratures at n = t/∆t→

tn = n∆t resulting in their only having defined values at tn intervals in time. The digitised

signals are therefore written as I[n] and Q[n], and are next digitally demodulated. This means

that each of the n sampled points is multiplied by cos(ωIFtn) or sin(ωIFtn) which has the same

effect as homodyne detection in yielding the desired A and φ. Note that in fact only I[n] or

Q[n] need be collected, as is seen subsequently in fig. 3.14a. We use a lock-in amplifier (function

explained in appendix A) to effect the digital demodulation, and set ωIF = 2π × 40 MHz for all

measurements.3

3.2.2 Measurement circuit 1 for dispersive readout

Our dispersive readout protocol measures the resonator response to the spins when the two

systems are detuned. This requires a CW tone to readout the resonator at ωr, and a much
3Strictly we are not so limited in SNR by the 1/f frequency noise to require a heterodyne rather than a

homodyne detection scheme, nonetheless it is robust and suitable for our purposes.
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(a)

(b)
Figure 3.8: Experimental setup for the dispersive readout measurements in chapter 4.
Schematic of equipment (a) to deliver shaped pulses to the resonator DUT (inset shows the
sequence) and continuously readout of the resonator transmission amplitude and phase. The
detail of the DUT in (a) is shown in (b): a heavily attenuated input line which subsequently
divides the microwave power between the pump and readout lines upon the resonator chip. The
S(t) transmission signal is amplified within the fridge and at room temperature prior to the
downconversion step.

higher power pulse to saturate the spins at ωp. The spin transition frequency is designated

ωs/2π and pumping the spins resonantly corresponds to ωp = ωs.

An overview of setup which implements this is shown in fig. 3.8a. The heterodyne circuit

continuously detects the amplitude and phase response of resonator at the readout frequency ωr.

Separately high power pulses are generated at frequency ωp to probe the spin ensemble as shown

in the orange box in fig. 3.8a; the two frequency tones are combined with a power combiner

prior to entering the fridge. The room temperature microwave electronics are connected by a

heavily attenuated input line to the readout and pump lines on the resonator chip, as shown by

the detail in fig. 3.8b.

Instrumentation detail A microwave generator outputs a local oscillator (LO) signal which is

up-converted by 40 MHz to ωr at a single sideband mixer (IMOH-03-458) using a two-channel
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lock-in amplifier (Zurich Instruments model HF2LI). The phase of the output from the lock-in is

tuned to select exclusively the lower sideband from the mixer (so that any leakage in the upper

sideband is remote from the spins which are at lower frequencies). This input tone receives 60 dB

of attenuation before it reaches the sample holder. The transmission signal from the microwave

readout line is filtered and then amplified at 4 K by a high-electron-mobility-transistor (HEMT)

low noise amplifier. An isolator protects the sample from amplifier thermal radiation and signal

reflections. Further amplification at room temperature precedes demodulation at the original

LO frequency to produce a down-converted signal at 40 MHz which is digitised, filtered and

amplified at the lock-in amplifier. The resulting I(t) and Q(t) quadratures are acquired from

an oscilloscope (Keysight model MSO-3014A), prompted by a trigger from the AWG, and the

resonator transmission is then encapsulated in S21(t) = I(t) + iQ(t).

A second microwave generator Hittite HMC produces a continuous signal at ωp as shown

in the orange box in fig. 3.8a. An AWG (Tektronix 5014C, sampling rate 1.2 GS/s) with a

nanosecond rise time is used to drive an IQ modulator (Marki MLIQ-0218) and thereby modulate

this generator output into arbitrary shaped pulses. These pulses are used to manipulate the spins

temporally and independently of the resonator detection circuit. The IQ modulator becomes

power limited at 13 dBm and has conversion loss of ∼ 10 dBm, which necessitates a high power

amplifier (Teledyne A3CP-8048, +25 dB gain) positioned after the IQ modulator to add more

power to the spin pulses at room temperature resulting in a power difference at the fridge input

between the ωr and ωp signals in excess of 55 dB. The spin and read out tones are combined

with an in-phase power combiner and input to the fridge fig. 3.8b.

The directional coupler immediately prior to the sample holder diverts 9/10 of the signal along

the pump line. The B1 field resulting from the pump line has a radial dependence and moreover

the flux-focussing effect of the patterned superconducting film distorts the field lines such that

there are components which are perpendicular to B0 as was highlighted in fig. 3.2c. These

components are necessary to drive the ESR spin transition. The magnitude of the field from

the pump line is much smaller than that generated by the resonator if the two are compared

at resonance ω0. However the pump line can be used to probe the spins when the resonator

is significantly detuned and in this situation the resonator field resulting from probing the

resonator has a negligible impact upon the spins.

We now describe processes to optimise the individual components within the microwave

circuit in fig. 3.8.
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Figure 3.9: The power spectrum of the SSB across frequency shift (ω − ωLO)/2π as the phase
difference between the I and Q inputs is varied; φ = 85° optimally suppresses the USB. In the
inset the DC offset voltage between the I and Q inputs is adjusted to minimise the leakage at
ωLO (an offset of 5 mV is optimal).

3.2.2.1 Single sideband mixer optimisation

Optimisation of the single sideband mixer (SSB) requires maximising the power in the lower

sideband (LSB) at ωr = ωLO − ωIF relative to the power in the ‘leakage’ tones from the

local oscillator ωLO and in the upper sideband (USB) ωLO + ωIF. The SSB is a Pulsar model

IDOH-03-458 with an operating LO power 10 dBm and an intermediate frequency (IF) range

of DC-100 MHz. We use ωIF/2π = 40 MHz. The Rohde & Schwarz SMB100A generator is set

to 13 dBm (its maximum output power) and passes through a 50:50 splitter which reduces the

power to 10 dBm therefore a (minimal) 1 dB attenuator precedes the LO input to the SSB to

drive it with close to optimal LO power whilst minimising reflections.

As explained in appendix A, the SSB is designed so that the phase offset φ between the I

and Q input channels controls the proportion of the upconverted tone in the upper and lower

sideband respectively. A DC offset between the channels can be applied to reduce the leakage of

the original ωLO tone, and the overall power of the I and Q components should also be selected

to minimise conversion losses. The Zurich Instruments model HF2LI lock-in amplifier has two

output channels and, if the multi-frequency module is installed, a phase difference can be set

between the two outputs. This functionality was used to bias the SSB optimally for the lower

sideband RF tone as demonstrated in fig. 3.9.

The SSB performance is variable in time therefore the lock-in settings required updating

before each measurement. There is an iterative process for optimising the lock-in settings as

regards the SSB. A spectrum analyser is connected to the RF output of the SSB via a coupler
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(a) (b)
Figure 3.10: (a) The peak RF voltage throughput is measured as a function of VI,Q to establish
the maximum drive point at 1.4 V. As seen in (b), when the mixer is is not driven VI,Q = 0 V,
there is −32 dBm leakage in the LSB.

fig. 3.8a to monitor the impact of the lock-in settings upon the spectral components of the signal.

Firstly φ is varied around 90° until the LSB is maximised with respect to the USB. Secondly

the DC offset between the channels is altered until a combination is found which minimises

the power in the ωLO tone relative to the LSB. Then the power level in the I and Q channels

is incremented to reach the point where the power in the LSB increases only marginally, and

at the expense of more power in the ωLO and USB tones. It then suffices to check whether

small variations around the selected parameters improve things further. An example of the

optimised LSB spectrum in fig. 3.9 results from setting φ to 85° with a 5 mV DC offset between

the channels.

3.2.2.2 IQ modulator behaviour

A I/Q modulator is used to shape the spin pulses. The modulator we use (Marki MLIQ-0218)

has a bandwidth of 2 to 18 GHz for the LO and RF ports. It requires an optimum LO input

tone of 13 dBm so the preceding generator in the circuit is set to output this power level directly

into the LO port. The voltage of the I and Q channels of the modulator, as provided via the

analog output of the AWG, should also be selected to optimise the throughput. An important

consideration here, however, is that the throughput response of the component be linear as a

function of the VI,Q voltages. This linear requirement ensures that a pulse shape uploaded to

the AWG will be, as far as possible, directly reflected in the pulse shape which is output from

the mixer. To characterise the IQ modulator in this regard, an oscilloscope was used to measure

the throughput amplitude of a ωLO tone as a function of the DC voltage supplied to the I and
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Q channels by the AWG. The resulting data is shown in fig. 3.10a, from which it can be seen

that the end of the linear region of the mixer response to IQ voltage is around 1.4 V. This value

was therefore used in the AWG settings to correspond to the peak value in the waveform.

Figure 3.10a also tells us that the optimal RF output power is 0.4 V = 5 dBm (at 50 Ω).

The conversion loss of the device is therefore 8 dB which is consistent with the value in the

manufacturer specifications. The spectral performance of the IQ modulator was compared for

VI,Q = 1.4 V and 0 V to give an idea of the isolation of the modulator between its open and

closed states. The data in fig. 3.10b demonstrates, by comparing the power in the LSB tone,

that the IQ modulator provides around 33 dB of isolation. This is slightly worse than the 40 dB

isolation (LO to RF) obtainable at 4 GHz according to the specifications for the component.

3.2.2.3 B1 field generated at the spin sample

To estimate the B1 field experienced at the spin sample, we need to know the power levels

generated by the dispersive readout circuit. The power levels at the RF fridge input fig. 3.8b

are 27 dBm at ωp and −28 dBm at ωr. These values were confirmed by adding the spectrum

analyser to the circuit via a −10 dB coupler and reading off the maximum power with the mixers

open and the amplifier switched on. When the signals have reached the power splitter they have

each been attenuated by at least 45 dB owing to loss in the room temperature coaxial cables,

fridge coaxial cables, connectors therein and the 40 dB sum total of attenuation on the fridge

input line to thermalise the photons to the base temperature stage.

We therefore contemplate −18 dBm (ωp) and −73 dBm (ωr) being input to the power

splitter in fig. 3.8b (on the mixing chamber stage). Power splitters are characterised by

their coupling ratio from the input power (in Watts) P1 to the smaller output component P3,

C = 10 log10(P3/P1). The C = −10 dB splitter will attenuate the P3 signal by 10 dB. Therefore

the −18 dBm tone at ωp will be split into one −28 dBm component diverted through a −10 dB

attenuator to the readout line input port of the sample holder and the remaining 9/10 of the

power −18.5 dBm directed to the pump line input. Likewise of the −73 dBm tone at ωr reaching

the splitter, −93 dBm is input to the readout line and −73.5 dBm is input to the pump line.

These values are summarised in table 3.1.

The radial field approximation eq. (3.4) is used to estimate the field at (perpendicular)

distance r generated by current through the pump line of power Pin where the pump line and

the transmission line with which the resonator is excited are both assumed to have characteristic
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impedance Z0.

B1(r) = µ0I

2πr =
µ0

√
Pin/Z0

2πr (3.4)

We use r = 330 µm+140 nm+400 nm to account for the distance through the sapphire substrate,

superconducting film and grease. This suggests that the pump tone power gets converted to

∼ 3× 10−7 T at the spin sample.

For the resonator there is a capacitive coupling which must be accounted for in the conversion

of an input power Pin to circulating power in the resonator Pc from which is generated a microwave

field. We simulate the field per photon of current |B(ph)
1 | in Comsol or Mathematica and

then multiply this by the mean photon occupancy in the resonator.

The single photon current is I0 =
√

2~ω0/Zr = 8.5× 10−8 A [76]. When this value is input

as the circulating current in our Comsol simulation (fig. 3.2c) we obtain a field at distance

140 nm + 400 nm above the sapphire substrate surface of |B(ph)
1 | = 1.7× 10−8 T. Equation (3.5)

is the ratio of circulating power to input power where the resonator impedance Z0/Zr ≈ 1

is typically the case because resonators are designed to have the same impedance as the

characteristic impedance of coaxial lines Z0 = 50 Ω although for our resonators Zr ≈ 30 Ω [55].

Pc
Pin

= 2
π

Q2
tot
Qc

Z0

Zr
(3.5)

Because the circulating power Pc = ω0Ec and the energy of a single photon is ~ω0, eq. (3.6) is

the average number of photons in the resonator cavity.

〈n〉 = 〈Ec〉
~ω0

(3.6)

For Qtot = 3.3× 104 and Qc = 4.4× 104 (values extracted from fit to data in chapter 4) with

the readout line being excited by −93 dBm there should be ∼ 105 photons in the resonator

(chapter 4). Therefore multiplying the single photon |B(ph)
1 | by 〈n〉 indicates that |B1| generated

by the resonator at the spin sample is 2 mT. Significant power −38 dBm is input to the readout

line at ωp. However because this is not at the resonant frequency of the resonator, it does not

generate a |B1| field but is instead transmitted by the readout line. We highlight that using

the pump line to excite the spins does require significantly more power than if we were using

the resonator directly. For example to generate 2 mT at the spins using the pump line would

require > 50 dBm power rather than the −93 dBm input for the resonator.
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Figure 3.11: (Normalised) transmission measurements of the resonator |S21(ω, 194 mT)| are
compared for VNA (black) and heterodyne setup (blue trace) acquisition. The frequency offset
of 50 kHz is to be expected given that the VNA was not calibrated to the signal generator; the
remaining lineshape differences can be attributed to the different measurement powers used.

Port (tone) Before splitter Input to sample holder |B1| at spin sample

Pump line (ωp) −18 dBm −18.5 dBm 3× 10−7 T

Readout line (ωp) −18 dBm −38.0 dBm N/A

Pump line (ωr) −73 dBm −73.5 dBm 6× 10−10 T

Readout line (ωr) −73 dBm −93.0 dBm 2× 10−3 T
Table 3.1

The saturation parameter for continuous irradiation in ESR measurements is SCW =

ω2
1T1T2 = (geµB |B1|

~ )2T1T2 eq. (2.18) where SCW � 1 corresponds to saturation of the two-

level system. Conservatively using T1 ≈ 2T2 [a consequence of eq. (2.25)] and extracting (the

faster) T1 = 0.2 ms from dispersive decay data in section 4.3.1 suggests SCW ∼ 80 based on the

power levels summarised in table 3.1, which is sufficiently larger than unity to be confident of

the pump line saturation of the spin sample if the pump tone is switched on for something

arbitrarily longer than the decay processes to approximate continuous irradiation.

Correspondence between VNA and heterodyne setup To ensure that the heterodyne setup was

working correctly, the resonator S21 was measured both using the VNA and with heterodyne,

and the results compared. In fig. 3.11 we observe that the two approaches yield reassuringly

similar results and are thereby confident that the heterodyne measurement is effective. The

frequency offset between the two is to be expected because the VNA was not carefully calibrated

to the signal generator frequency, and the lineshape differences are to be expected because the

power levels were not calibrated either: this was a general ‘check’ measurement.

The microwave circuit presented here successfully implemented a two-tone dispersive readout
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of our high-cooperativity resonator-spin system [39], but it failed to detect a spin echo from

the spin ensemble upon implementation of (resonant) Hahn sequences of the type described

in section 2.1.5. Our next measurement circuit uses Ce:YAG as the ‘testbed’ spin sample and

this was known to have minimum T2 > 5 µs at millikelvin temperatures. Whilst this removes

one source on uncertainty as to why we were unable to observe spin echoes in chapter 4, it was

also important to improve the isolation of the microwave pulses in the setup, in order to have

certainty that the spins were driven only when the pulses are on and not by latent microwave

signal leakage. Therefore the circuitry presented in the next section focusses on improving the

pulse isolation whilst still being based around the fundamental heterodyne detection circuit that

has been described in this section.

3.2.3 Measurement circuit 2 for spin echo capture

Spin echo measurements require an ESR spectrometer capable of implementing a Hahn sequence

of well-defined, well-isolated pulses at a frequency ωr/2π and detecting the echo response. The

circuit depicted in fig. 3.12a is built to deliver shaped pulses at a single frequency to the resonator

via the readout line. The transmission S21 from the resonator is heterodyne-detected.

Instrumentation details The initial single sideband upconversion to produce a tone at ωr is as

explained above in section 3.2.2. The tone at ωr is at −1 dBm after the SSB mixer in fig. 3.12a.

The next components in the circuit shape the pulses.

3.2.3.1 IQ modulator for Hahn pulses

The IQ modulator used to shape the resonator pulses is model Marki Microwave MLIQ-0218

which has an ωLO range from 2 to 18 GHz and an optimal LO drive level of 13 dBm. It is

modulated by the analog output of an AWG to shape the ωr tone into pulses with nano-second

resolution. From fig. 3.9 (measured via a −10 dB coupler), the optimum RF output power which

can be achieved through the SSB is ∼ −15 dBm therefore close to 28 dB of gain is ideally needed

for this signal to drive the IQ modulator effectively. This gain is provided by a wide-band

room temperature amplifier model AtlanTec AOX-010120 which operates between 1 to 12 GHz

and offers a minimum of +25 dB gain up to an output power 1 dB gain compression point of

14 dBm (and more typically should provide gain of +28 dB). Inserting the amplifier between

the SSB and the IQ modulator serves to increase the power in the LSB to 13 dBm. Again, a
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(a)

(b)
Figure 3.12: Schematic of spin echo ESR setup used for measurements in chapter 5
consisting of (a) a heterodyne circuit combined with an IQ modulator and a switch to shape the
pulses. The DUT (b) device consists of heavily attenuated input to and amplified output from
the resonator readout line and an additional DC line to the resonator chip ground plane to tune
the resonator frequency ω0(It).

(minimal) 1 dB attenuator is used between the amplifier and the IQ modulation in order to

reduce reflections in the chain.

The amplifier ensures there is apt LO power into the IQ modulator, and as before the

maximum voltage setting for VI,Q is 1.4 V. For ESR purposes the isolation provided by the

IQ modulator fig. 3.10b is insufficient because the microwave leakage of −30 dBm at ωr will

significantly excite the spins when the pulse is nominally off and so interfere with the coherent

behaviour of interest.

3.2.3.2 Switch function and performance

The inadequate isolation provided by the single IQ modulator motivates the use of a high-

speed switch to enhance the isolation.4 Put the other way, the switch protects the sample

from microwave leakage when the spin pulse sequence is off. The switch is a Hittite model

HMC 107821-1 three-way switch for operation between DC and 6 GHz which was chosen as a

compromise between a fast switching speed, of 15 ns (which was confirmed via a measurement

4Sometimes a pulsed mode within the microwave generator itself can be triggered to provide additional
isolation; in our instruments this mode is available but the switching time is prohibitively slow.
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Figure 3.13: The RF output spectrum from the IQ modulator and the switch [i.e. blue box in
fig. 3.12a] confirming that the series combination achieves 60 dB isolation.

with a high-speed oscilloscope), and reasonable isolation ∼ 30 dB. By virtue of being a three-way

switch, the device required two input voltages to control the two sub-switches. The sub-switches

require 4.7 V to put them into the ‘on’ position; this is more than the maximum voltage on

any of the AWG outputs. In combination, these requirements necessitated the addition of a

second two-channel waveform generator (WG) to the setup fig. 3.12a. After being triggered by

the AWG (we treat the triggering circuit explicitly in section 3.2.3.5), the second WG Keysight

33500 outputs 4.7 V on one channel to close one sub-switch and leave the other open, and vice

versa. To check that the switch was working correctly, the spectrum of the switch output was

collected fig. 3.13 demonstrating that when the IQ modulator and switch are open the LSB has

−3 dBm but when both are closed the LSB is diminished to −63 dBm; together the series IQ

modulator and switch provide 60 dB of isolation, thereby reducing the absolute power to 0.01%

of its previous value.

3.2.3.3 Power levels

The total attenuation between the switch output and the readout transmission line on the

resonator chip is > 55 dB therefore the maximum Pin = −58 dBm = 1.5 nW. This would produce

∼ 5 µA current. The critical current for NbN films is ∼ 109 A/m2 [191,192] meaning that for a

film of 1 µm× 1 µm, an A.C. current of greater than ∼ 1 mA might cause non-linear effects.

As shown in fig. 3.12b, the transmission signal from the fridge is amplified by two AtlanTecRF

AOX-010120 amplifiers each providing 25 dB gain with a 1 dB gain compression point of 8 dB,

and separated by a 2800 MHz high-pass filter to remove some low frequency noise. The signal

is passed to an Analog HMC520A IQ modulator for downconversion, producing the I and Q
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(a) (b)
Figure 3.14: The reduced version of fig. 3.12a in (a) shows the connections for the lock-in
amplifier as grey arrows, and the triggering signals from the AWG which underpin the spectrometer
operation as coloured arrows, with (b) the corresponding triggering sequences.

components at ωIF = 40 MHz. The lock-in amplifier then digitally demodulates to produce the

time traces of interest I(t) and Q(t). The data is acquired from a Keysight model MSO-3014A

oscilloscope.

3.2.3.4 Lock-in front-panel and internal settings

The lock-in amplifier controls both the single sideband upconversion and the demodulation

therefore we clarify in this section how it interacts with the rest of the setup. The grey arrows

in fig. 3.14a demonstrate the lock-in amplifier connections: two front panel signal outputs 1 and

2 select the sideband via their phase and voltage offset. In an entirely separate sub-system, the

lock-in takes two input signals from the IQ demodulator which has downconverted at the LO

frequency ωLO. They are routed internally to digitally demodulate at ωIF either from channel 1

or 2 thereby extracting all the required information from the I or the Q component of the signal

S(t).

To display the best echo trace on the oscilloscope, the amplification scale of the lock-in

output is increased and the auto-offset feature used to remove the DC offset from the output

(which persists owing to inherent DC offsets in the system). This means that most of the

dynamic range on the oscilloscope will be used to capture the echo intricacy rather than the

offset. The outputs from the demodulation are internally routed to the auxiliary outputs of the

lock-in, to be displayed and acquired from the oscilloscope fig. 3.14a.
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3.2.3.5 Time synchronisation

Frequency Standard Microwave instruments use a reference oscillator typically at 10 MHz to

ensure frequency stability. Some instruments have an internal reference, and instruments can

also be locked to an external 10 MHz frequency source and be set to output the same reference.

The stability of the source informs the stability of the instrument, and adding all the instruments

to a series ‘daisy chain’ of oscillator reference ensures that the frequency outputs from these

instruments do not drift relative to one another over the course of a measurement.

The internal clocks of all the instruments are therefore synchronised to single a 10 MHz

reference signal which runs from the signal generator (most accurate according to stability

specifications) to all other instruments in a series chain (signal generator → AWG → Spectrum

analyser → WG). The specifications of each instrument are checked to ensure that the input

reference oscillator signal received by each instrument meets its requisite voltage threshold.

Triggering The measurements described in subsequent chapters are mostly concerned with the

time-domain, and so all the instruments must be strictly time-synchronised. This is managed

via a series of triggering signals from the AWG. Strict control of the signals reaching the spins

and resonator requires all four channels from the AWG, which is setup to internally trigger

every 10 s. The connections for the trigger signals are shown as coloured arrows in the simplified

circuit diagram in fig. 3.14a and the corresponding trigger sequence is shown in fig. 3.14b.

The internal trigger initiates the AWG output of the Hahn pulse sequence itself from channels

1 and 2 connected to the pulse-shaping IQ modulator. Concurrently the marker from channel

1, shaped into a pulse which windows the anticipated echo location, is input to channel 1 of

the oscilloscope to trigger the acquisition. The oscilloscope is set to be triggered by the rising

edge of this pulse (the acquisition window on the oscilloscope relative to this trigger can be

adjusted further to account for electrical delay in the system for instance). Another AWG

channel outputs a square pulse every time there is pulse in the Hahn sequence: this is routed to

the external trigger input of the second waveform generator which is itself setup to output drive

pulses to turn the switch every time an external trigger signal is received. Lastly, the AWG is

used to trigger phase modulation of the π/2-pulse at the signal generator.

The switch drive pulses (yellow and grey fig. 3.15a) and Hahn pulses fig. 3.15b were checked

using the oscilloscope. During the initial search for a spin echo, Hahn sequences with pulses of

duration w > 1 µs (limitation of the resonator) were implemented. τ was set to ∼ w and ∼ 3w.

94



(a) (b) (c)
Figure 3.15: (a) To drive the three-way switch, the AWG outputs a pulse (orange) on which a
second generator is triggered to output the requisite drive pulses to the switch (yellow to through-
port, grey to termination-port). The resulting ‘window’ of additional isolation surrounding the
pulse sequence is shown by the same trigger pulse in (b) with a Hahn sequence sent to the
IQ modulator (red). The downconverted Hahn sequence (grey) appear after an electrical delay
of ∼ 4 µs. The first echo traces (c) were observed using Hahn pulses ∼ 7µs long, where τ is
incremented to check that the echo demonstrates the proper T2 decay.

An echo was first observed using w = 7 µs fig. 3.15c, with τ incremented to confirm the T2 decay

behaviour (traces offset by 0.01 V for clarity).

3.3 Cryogenic equipment

The equipment necessary for millikelvin measurements is now detailed.

3.3.1 Wet dilution refrigerator

Dilution refrigerators use the enthalpy of mixing of the two He isotopes to provide the cooling

power to reach temperatures below 1 K [193]. A hybrid cryogenic system is used for all

measurements in chapter 4. It consists of a Oxford Instruments Kelvinox dilution refrigerator

that has subsequently been renovated with a Cryogenic re-condensing dewar. Evaporative

cooling of 4He achieves a temperature of 1.2 K, and this component is used to pre-cool 3He

as it it flows into a mixing chamber. The final stage of cooling occurs in the mixing chamber

via a dilution cooling process, whereby 3He is removed from a phase mixture of 3He and 4He

which drives further temperature reduction [194]. The system has a base temperature of 65 mK

and is integrated with a 1.5 T single-axis (B0 in z-axis) superconducting magnet. The notes in

appendix B give an indication of the involved nature of operating the wet fridge system.

Once the signal enters the cryogenic framework the aim of the circuitry is to reduce thermal

conductivity between temperature stages without loss of electrical conductivity. A single line
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(a) (b) (c) (d)
Figure 3.16: A schematic of the microwave circuit (a) for routing microwave signals from
room temperature to the chip on the mixing temperature stage of the wet dilution refrigerator,
photographed in (b-d) to highlight some of the corresponding temperature stages.

of coaxial cables takes the microwave signals from room temperature at the fridge input to

the mixing chamber stage. As demonstrated in the schematic in fig. 3.16a, 50 dB attenuation

is added to the input line across three temperature stages. This must be done to reduce the

number of photons from black-body radiation which would otherwise be transmitted by the

coaxial cables at room temperature. Thermal photons occupy the resonator along with the

signal photons, changing the polarisation of the spin ensemble and adding thermal noise to the

transmitted signal. The output from the readout line is filtered with a 3.5 GHz high-pass filter

to remove low-frequency noise, and passes through a circulator where the third port is connected

to a 50 Ω resistor termination to shield the sample from any reflected photons produced, for

example, by the subsequent high-electron-mobility-transistor (HEMT) low noise amplifier at

1 K which provides 28 dB of gain. The output from the pump line is terminated with a 50 Ω

resistor at 65 mK.

The photographs in fig. 3.16 show (b) the inner vacuum can attached to the 1 K stage, (c)

the copper can attached to the 200 mK stage and (d) the sample holder attached to the 65 mK

stage, explained in more detail in appendix B.
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(a) (b) (c)
Figure 3.17: A schematic of the microwave lines (a) for routing microwave signals from room
temperature to the chip on the mixing chamber stage of the dry dilution refrigerator, photographed
in (b) to show the corresponding temperature stages with the sample holder highlighted and
enlarged in (c) showing the input and output coaxial cables.

3.3.2 BlueFors dry dilution refrigerator

A BlueFors LD-400 dry dilution refrigerator with a base temperature of 10 mK at the

mixing chamber stage is used for all measurements in chapter 5. The fridge contains a 3-axis

superconducting vector magnet capable of providing B0 ≤ 1 T in an arbitrary direction.

As explained above, black-body radiation photons at room temperature must be reduced

through the addition of attenuation to the input and output microwave circuit. For the

BlueFors fridge, attenuation of 50 dBm is split across three stages on the RF input line as the

temperature cools from 298 K to 10 mK shown schematically in fig. 3.17a and with photograph

in fig. 3.17b. On the output line the signal is passed through two isolators at the 1 K stage

to minimise reflections travelling back down to the sample, prior to 28 dB of gain provided by

a HEMT amplifier at the 4 K stage. The DC tuning line is low-pass filtered before and after

it connects to the chip ground plane, to remove high frequency noise. The coaxial input and

outputs to the sample holder, which is thermalised to the base temperature state at 10 mK, are

shown in fig. 3.17c.
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Chapter 4

Dispersive readout of an organic microcrystal

This chapter reports high-cooperativity coupling to a micron-sized paramagnetic sample and a

detection protocol which could be deployed to readout quantum information from spin ensemble

quantum memories. The work in this chapter is based on a paper published in the Journal of

Magnetic Resonance in September 2020 [39].

The novelty of the work in this chapter rests firstly in the measurement protocol deployed.

With our setup, described in section 3.2.2, we are able to probe the spin sample even when it

is detuned from the resonator, using two microwave generators and an additional ‘pump’ line

underneath the resonator and spin sample. In contrast, conventional ESR spectrometers rely

on the sample and the cavity being resonant with one another. We describe a qubit-inspired

measurement protocol utilising two-tone dispersive readout of the resonator frequency and use

this to detect the spin-lattice relaxation rate of the sample via saturation recovery. Dispersive

detection of the relaxation time of electron spin ensembles has been accomplished previously

[87–89], however those measurements rely on the resonator to excite the spins which means that

a smaller detuning range is explored. In the limit of using small numbers of spins for quantum

memory protocols, such dispersive readout could be the kind of quantum non-demolition

measurement required to obtain the quantum information from the ensemble.

Secondly, the spectrometer is centred around a superconducting planar resonator similar to

those previously used to achieve the highest spin sensitivity [22], and smallest detection volume

[52] yet observed. Our resonator is particularly designed to couple the microwave field to small

volumes of solid-state paramagnetic samples near the surface of the planar device [55]. We

are thereby able to characterise a micron-sized sample of a crystalline organic radical species,

and indeed we obtain high-cooperativity coupling between the spin ensemble mode and the
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resonant mode of the microwave resonator. Conventional ESR spectrometers, by comparison,

are typically limited to measuring samples O(106) larger (volumes greater than 1 mm3 or so).

4.1 Initial resonator characterisation

Our superconducting resonator chip contains four resonators each of different length and

frequency. All the resonators are coupled to a single transmission ‘readout’ line, patterned across

the top of the chip. To check that the chip was functioning correctly the four resonators were

identified in an initial transmission measurement at zero magnetic field and at 65 mK, which

is the base temperature of the dilution refrigerator used in this chapter. A Rohde & Schwarz

ZVA24 Vector Network Analyser (VNA) was connected across the input and output ports of

the coaxial lines connecting to the readout line on the chip within the fridge. The VNA is

designed to measure the transmission or reflection of microwaves of set power and frequency; it

is the standard piece of equipment used to obtain the characteristic continuous-wave scattering

S21(ω) phase and magnitude information of the resonator. The VNA power was set to −25 dBm

which is attenuated by −65 dB by the time it reaches the readout line, and so corresponds to

−90 dBm ≈ 105 microwave photons in the resonator [using eq. (3.6)]. This is similar to the

number of photons used to probe the resonator in all subsequent measurements in this chapter.

As happened, all the resonators worked correctly within the dilution refrigerator and were

located, from dips in the microwave transmission of the chip, at 4.605 GHz, 5.028 GHz, 5.525 GHz

and 6.122 GHz respectively. The resonator at 5.525 GHz was chosen as the focus for remaining

measurements, because optical microscope photographs confirmed that the microcrystal on that

resonator is the smallest and extremely well-aligned, and therefore most encapsulated within

the resonator mode volume. The |S21| and φ(S21) data for the resonator at 0 mT are shown in

figs. 4.1a and 4.1b. A polynomial has been fit to the background transmission of the readout line

and subtracted, and the data has been converted from dB to a relative transmission. A standard

fit to the resonator lineshape eq. (2.56) is shown in red in fig. 4.1a and is used to extract the

resonance frequency ω0/2π = 5.525 GHz and quality factor Qtot = 4.4× 104. A phase rotation

factor eiφ is introduced to account for slight impedance mismatch along the readout line, and

here φ = −0.6 rad gives the best fit to the data.

Using the approximation that geff ∼ 2 (i.e. similar to that for a free electron), the spin

ensemble is expected to have a transition at ∼ ~ω0/2µB = 197 mT. As explained in section 2.2.3,
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(a) (b)

(c) (d)
Figure 4.1: The transmission spectrum of the resonator |S21|2 and phase φ(S21) was measured
at B0 = 0 mT (a, b) and 198 mT (c, d) with fits in red. The applied field causes a 13 MHz decrease
in the resonator frequency and does not significantly degrade the resonator Qi.

ramping the static field can affect the frequency and dissipation of the resonator transmission.

The resonator was therefore also characterised in the region of slight detuning from the spin

transition, at 198 mT; data is shown in figs. 4.1c and 4.1d. The increase in B0 reduces the

Cooper pair density of the superconductor, so increases the kinetic inductance of the film

and reduces the resonant frequency ω0/2π. We find that, as expected, the frequency of the

device drops slightly to ω0/2π = 5.512 GHz at 198 mT. More importantly, introducing magnetic

field can cause vortex-induced dissipation which reduces the resonator Qi and therefore also

Qtot = (Q−1
i +Q−1

c )−1. The fit to eq. (2.56) is again shown in red in fig. 4.1c and extracts the

resonance frequency ω0/2π = 5.512 GHz and quality factor Qtot = 3.6× 104 (φ = −0.6 rad).

Hence we confirm that ramping the field does not have significant impact on the Qtot, as is

consistent with the design specifications [55].

We comment that there is some disparity between the amplitude data and fits in fig. 4.1.

This could be because the readout power used is too high or because the resonant mode has some

interference with a mode arising from current circulating in the ground mode [195]. Additionally,

the asymmetry in the resonator lineshape could indicate an impedance mismatch, which leads

to inevitable unwanted reflections in a transmission measurement [196] as was discussed in
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relation to eq. (2.56). This causes undulations in the basic transmission of the device and so an

asymmetric resonance, which is known to make it more difficult to extract Q factors from data

[196] even with the inclusion of a phase factor term. Additionally the high kinetic inductance of

NbN introduces another non-linearity which adds to the difficulty in extracting a measure of

loss from the fit. However whilst extraction of the Q factors is an important characterisation

step, error of as much as 50% in the extracted values would not impact significantly on the

conclusions of this chapter nor the next.

The data in fig. 4.1 therefore suffices to characterise the resonator firstly within a functioning

resonator chip at the dilution fridge base temperature of 65 mK, and secondly when B0 is

increased to the region of interest for interacting with the spin system.

4.2 Continuous wave ESR

The resonator is used to excite the spin transition by generating a resonant B1 microwave field.

This necessitates bringing the two systems into resonance, which should occur close to 197 mT

i.e. the resonance field for a free electron. The local field experienced by the radical electrons

will differ from that of a free electron because the nuclei and electrons in the molecule serve to

change the precise magnetic field within the sample. Additionally the magnet is uncalibrated,

and some flux trapping is possible which alters the local field at the spin ensemble, all of which

anticipate some small offset in field between the calculated and instrument values.

To examine the interaction between the spin ensemble and the resonator, the VNA was set

to acquire the transmission spectrum of the resonator at a range of static field values in the

vicinity of 197 mT. The VNA power was again set to −25 dBm, with 2048 data points over a

span of 20 MHz collected at each field increment. The field was increased in steps of 0.05 mT

through control of the current outputted to the magnet power supply.

This data is displayed in fig. 4.2a. A polynomial has been fit to the background transmission

and subtracted, so that it is the relative shift in |S21| that is plotted. The avoided crossing in

the |S21| data, which is characteristic of coherent coupling between the spins and the resonator

mode, is observed at 196.1 mT. In fig. 4.2b, cross-sections for |S21| at certain B0 intervals display

the dispersive shift in the resonator as the field brings the two systems into resonance. The

resonator transmission dips less, as the Qi decreases owing to the additional loss mechanism of

the spin ensemble. At 196.1 mT the vacuum Rabi splitting which is the signature (necessary,
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(a) (b)
Figure 4.2: The |S21(ω,B0)| transmission data (a) measured with the VNA reveals a very clear
avoided crossing. Line-cuts (b) show the resonator transmission dispersively shifting and dipping
less in response to the spins’ changing polarisation as the two systems approach resonance, and
the spectrum at 196.1 mT demonstrates the vacuum Rabi splitting of a high-cooperativity (if not
strong in this instance) coupling between the two systems.

although not sufficient) condition of strong coupling is observed.

The transmission spectrum presented in fig. 4.2a can be calculated in full for an ensemble

of N spins of linewidth γ∗2 displaying a collective coupling gens to the resonator mode, where

the number of excitation photons n� N . We are comfortably in this regime of low excitation

power by using n ∼ 105 relative to N > 1012 electron spins in the microcrystal. The resulting

equation is eq. (2.81):

|S21|2 =

∣∣∣∣∣∣1 + eiφκc

i(ω − ω0)− (eiφκc + κi) +
(

|gens|2
i(ω−ωs)−γ∗2/2

)
∣∣∣∣∣∣
2

where a phase factor eiφ has been added as with the uncoupled resonator. The data in fig. 4.2a

is collected from a different cooldown necessitating that in fig. 4.3a we re-extract the resonator

dissipation rates κc and κi from a second fit of the uncoupled resonator transmission to eq. (2.56).

The cavity dissipation rate is κtot = ω0/Qtot = 2π × (151± 1) kHz (the total Q unchanged in

this instance), with κi = 2π × 24 kHz and κc = 2π × 127 kHz.

These values are then fixed to fit eq. (2.81) to the avoided crossing data at 196.1 mT in

fig. 4.3b and so obtain an ensemble coupling constant of gens/2π = (4.52± 0.05) MHz. A
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(a) (b)
Figure 4.3: Line-cuts from the two-dimensional plot fig. 4.2a show (a) the transmission of
the uncoupled resonator at 198 mT with the fit (red) to extract the total cavity decay rate
κtot/2π = (150± 1) kHz and phase factor φ = −0.6 and (b) the double-peaked hybrid spectrum
at 196.1 mT and the fit (red) to eq. (2.81) containing κi, κc and φ as fixed values to extract
gens/2π = (4.52± 0.05) MHz.

simulation of the expected coupling section 2.3.4 obtains gens/2π = 8 MHz (average coupling

strength per spin gk = 5 Hz) assuming that the microcrystal is a cuboid and sits almost flush

with the resonator surface. In fact the crystal is not perfectly cuboid-shaped, and is likely

separated from the resonator surface by a small amount of vacuum grease both of which explain

the simulated value overestimating the measured one.

The linewidth can also be extracted, and the fit in fig. 4.3b corresponds to γ∗2/2π = 0.3 MHz.

However we speculate that because the SNR of the avoided crossing spectrum is fairly low,

subtracting the background transmission destroys the lineshape information for this data and

hence this value does not reflect the true value for the system.

We extract the linewidth via a different technique in section 4.3.1 and obtain γ∗2/2π =

(6.2± 0.1) MHz. The coupling strength and linewidth are comparable and both exceed the

resonator dissipation rate. From this we can evaluate the ensemble cooperativity Cens =

g2
ens/κγ

∗
2 ∼ 19 > 1 i.e. we have high-cooperativity, to a paramagnetic sample just 6× 6× 70 µm3

in size. Strong coupling would require gens > {κtot, γ
∗
2}.

Note that the colour range for the two-dimensional plot in fig. 4.2a has been selected to

emphasise the presence of a ‘shoulder’ in the low-field branch of the avoided crossing. It was

speculated that the pump line underneath causes a second slightly different orientation B1(ωp)

field distribution at the spin system in the CW measurement, which is brought into resonance

with the spins at slightly different B0 [the orientations of the pump field B1(ωp) and the resonator

microwave field B1(ωr) were shown in fig. 3.2c reiterated in fig. 4.4a]. It was possible to confirm
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(a) (b)
Figure 4.4: (a) A schematic of the resonator chip (one resonator rather than all four, for clarity)
to re-iterate the microwave field orientations generated by the resonator B1(ωr) and pump line
B1(ωp) relative to the static B0 field, and (b) a photograph of the resonator chip, with enlarged
insets showing the organic radical microcrystal aligned on the 5.52 GHz resonator and the empty
6.11 GHz resosonator.

this by comparing the two-dimensional plot fig. 4.2a with analogous |S21(ω,B0)| data collected

whilst the pump line was disconnected, plotted in fig. 4.5a: the shoulder is absent from this

data.

Secondly we make use of a resonator on the chip at frequency 6.11 GHz, which was left empty

as shown in fig. 4.4b, to check that it is the microcrystal rather than some other paramagnetic

contaminant on the resonator chip surface that is causing the observed avoided crossing. We

know that geff ∼ 2 for the ESR transition in fig. 4.2a which means that same spin ensemble

would be expected to have a transition at ∼ ~ω0/2µB = 218 mT on the ω0/2π = 6.11 GHz

resonator which is marked as a vertical dashed line in fig. 4.5b. As can be seen from that

plot, there is nothing in the |S21(ω,B0)| data for the higher frequency resonator to indicate a

high-cooperativity coupling between a spin transition and the resonator microwave mode at this

B0 value. Additionally, surface contaminants on the surface of a NbN superconducting resonator

have been identified previously [76] and whilst geff is also ∼ 2 for these paramagnetic species,

the associated linewidth to be expected of such spin contaminants is 90 MHz, or an order of

magnitude greater than what we extract from our spin system. As such we are confident to

attribute the high-cooperativity coupling as arising from an interaction between the 5.51 GHz

resonator microwave mode and the organic microcrystal sample.
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(a) (b)
Figure 4.5: The VNA data |S21(ω,B0)| in (a) indicates that when the pump line underneath the
resonator is disconnected, the avoided crossing progresses without the ‘shoulder’ that is observed
in fig. 4.2, and in (b) that the avoided crossing associated with the 5.51 GHz resonator is linked to
the organic radical microcrystal as it is not reproduced in a measurement of the empty 6.11 GHz
resonator.

4.3 Heterodyne measurements

The VNA measurement of |S21(ω,B0)| characterises the resonator-ensemble interaction as B0 is

incremented. Next, we switch to measuring the resonator transmission using our heterodyne

circuit, the development of which was detailed in section 3.2.2.

We select B0 such that the resonator is detuned from the spins and so excitation of the

spin ensemble is reliant on the pump line and does not occur via the resonator. The schematic

in fig. 4.6 demonstrates the correspondence between the VNA data and the operating point

for these measurements: by setting the field to 193.5 mT for example (vertical dashed line),

the resonator-spin detuning is ∆/2π = (ω0 − ωs)/2π = 76 MHz � {gens, κtot}. At this point,

the resonator frequency shifts a small amount depending on the average spin polarisation, and

therefore the resonator can be used as a probe of the spin system whilst the two are in the

dispersive regime.

We explore this in more detail by first using the heterodyne circuit to measure the dispersive

shift of the resonator transmission in response to the polarisation of the spins. The microwave

circuitry described in fig. 3.8a supplies two microwave tones. A CW low power tone is applied

to the resonator at frequency ωr/2π over a 200 kHz range centred on ω0/2π (see fig. 4.6).

Simultaneously a CW high power pump tone at Psp = 5 dBm is applied either at ωp = ωs or

ωp = (ωs − 10 MHz).

Figures 4.7a and 4.7b show that when the pump tone is resonant with the spins (blue), it
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Figure 4.6: (a) The resonator transmission as a function of field |S21(ω,B0)|2 is reprinted
adjacent to schematic (b) to highlight the location of the pulsed measurements in field, and the
frequencies of the readout ωr and resonant pump ωp = ωs tones.

diminishes their polarisation and causes a dispersive shift in the frequency of the resonator

transmission as compared with when the pump tone is detuned from the spins (red). A dispersive

shift of χm = 2π × 15 kHz is observed in the phase response of the resonator. This is less than

the maximum suggested by eq. (2.85) χ = g2
ens/∆ = 2π× 270 kHz [163], which is to be expected:

the pump tone fails to fully saturate the spins and therefore they do not exert the maximum

frequency shift upon the resonator.

Because the resonator phase is proportional to its frequency shift in fig. 4.7a, we refer to

this as the ‘linear’ regime. Note that this is not the case for the amplitude of the resonator

transmission in fig. 4.7b. Although it is possible, knowing the resonator lineshape, to extract the

frequency shift corresponding to a change in transmission amplitude, this is less straightforward

and hence the phase data is the obvious means of tracking the resonator dispersive shift.

4.3.1 Saturation recovery in the linear regime

The measurement in fig. 4.7 is a calibration step, which allows us to infer the frequency shift

of the resonator from a measurement of its phase. As with qubit measurements, the readout

frequency ωr/2π = ω0/2π is chosen at the point where the dependence of the resonator phase

upon the spins’ state is maximised [160]. It is important that we know the gradient of the phase

lineshape, and that there is a linear relation between the resonator phase behaviour and its

frequency shift ∆ωr at the chosen readout frequency.

As explained in section 2.1.5, a saturation recovery experiment is a simple way to observe

spin-lattice relaxation in which a long microwave pulse, strong enough to saturate the spin
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(a) (b)
Figure 4.7: Heterodyne-detection of the resonator transmission displays the dispersive shift in
φ(S21) (a) and |S21| (b) response at 193.5 mT induced by a Psp = 5 dBm pump tone applied at
ωp = ωs resulting in χm/2π = 15 kHz. A sensible selection for the probe frequency in subsequent
measurements is is ω0/2π, which results in a linear relation between a phase measurement and
corresponding frequency shift of the resonator.

transition, is applied at ωp = ωs. A weaker probe tone detects the polarisation of the transition

as it returns to equilibrium by monitoring the phase of the resonator transmission. This sequence

is demonstrated in fig. 4.8a, where the acquisition trigger determines the window of time over

which the resonator is monitored. The dynamics of the resonator shift in response to a saturation

pulse of duration 2 ms is shown in fig. 4.8b.

The decay of the spins is examined by fitting the ∆ωr(t) after the saturating pulse terminates

and the spin polarisation is left to return to equilibrium (note the ringdown time of the resonator

is 6 µs). The fits to the decays at ωp = ωs and ωp = ωs − 5 MHz in fig. 4.8b are bi-exponential

of form A1 exp
(
−t/T (fast)

1

)
+ A2 exp

(
−t/T (slow)

1

)
. The fit at ωp = ωs extracts time constants

(0.23± 0.04) ms and (1.24± 0.05) ms. The need for two decay constants can be seen more

clearly on the logarithmic scale in fig. 4.8c for ωp = ωs. Further investigation would be required

to speculate as to why the observed decay follows a bi-exponential form, or indeed whether a

stretched exponential would give a better fit to this data [197] with the resulting implication that

a distribution of spin-lattice times attributable to a single relaxation mechanism is responsible

for the saturation recovery behaviour.

This measurement is dispersive, which means that we are able to detect the spin-lattice decay

without probing the spins directly. Hence this is a demonstration of the kind of spin-resonator

interaction which would be necessary to readout the spins’ quantum state in a QIP memory

implementation. We next use the dispersive shift of the resonator to extract the spin linewidth

and distribution.
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(a) (b) (c)
Figure 4.8: (a) Schematic of pulses: A high power 2 ms saturation pulse (orange) at ωp saturates
the spins whilst a weaker, CW readout tone at ωr probes the resonator, and the dispersive shift
∆ωr(t) is detected within the acquisition window to give the data in (b), with bi-exponential fits to
the data after the pulse terminates superposed in red and (c) the same data on a logarithmic scale
to demonstrate the two decay constants T (fast)

1 = (0.23± 0.04) ms and T (slow)
1 = (1.24± 0.05) ms.

4.3.1.1 Linewidth measurement in the linear regime

Our measurement setup offers flexibility in our choice of the pump frequency. The 2 ms pump

pulse is next swept across the spin linewidth in the range ωp = ωs ± 10 MHz. The resulting

spectral density plot in fig. 4.9a shows the temporal response of ∆ωr to the saturating pulse

as a function of ωp. A complete model of this time-domain data would require solving the

Cavity-Bloch equations [164] which we have not yet attempted. Nonetheless, this method reveals

the inhomogeneous spectral lineshape ρ(ωp) of the spin ensemble from the cross-section ∆ωr at

a given time, which is best fit by a q-Gaussian function eq. (2.29). A cross-section in fig. 4.9b at

0.1 ms (in yellow), immediately after the pulse terminates, reveals ρ(ωp) to which we find good

agreement with the q-Gaussian distribution fit in black [115] of FWHM 2π × (6.2± 0.1) MHz

(q = 1.40). Measurements of samples of the same organic radical at 300 mK obtained spin

linewidths in the range 0.9 to 7.4 MHz at 300 mK [53]. A range of values would be expected

because of differences in the placement of the microcrystals on the resonator, dimension of the

microcrystals, temperature, and power (resulting in different B1 field inhomogeneity across the

samples). Additionally those measurements inferred linewidth from the avoided crossing of

the interaction on resonance with the resonator, which means that the resonator makes some

unknown contribution to the lineshape; our method is neater.

When fitting the bi-exponential decay as a function of ωp to the data in fig. 4.9a we observe

that the amplitude of the decay terms A1 and A2 follow two different distributions, shown in

fig. 4.9b (orange and green). For the fast T1 the linewidth has FWHM (4.9± 0.2) MHz (q = 1.7),

108



(a) (b)
Figure 4.9: (a) The frequency shift of the resonator ∆ωr in response to a 2 ms pulse applied
over ωp = (ωs ± 10 MHz) reveals a time-domain response of the spins; cross-sections in (b) show
the variation in the amplitude A1 (orange) and A2 (green) of the two exponential terms from
the decay fit as a function of ωp, and reveals q-Gaussian and Lorentzian terms from which the
linewidths γ(fast)

q /2π = 4.9 MHz (q = 1.7) and γ
(slow)
q /2π = 6.2 MHz (q = 2.0) are extracted (all

fits in black); a cross section from (a) at 0.1 ms (yellow) has linewidth γ∗2/2π = 6.2 MHz (q = 1.4).

whereas for the slow T1 there is FWHM of (6.2± 0.5) MHz with q = 2.0 and thus the distribution

is almost Lorentzian (fits in black). The different lineshape properties could suggest that the

two relaxation times originate from different paramagnetic species [89]. However the likely spin

contaminant from the resonator surface has an entirely different linewidth [76], suggesting that

the two observed relaxation times may instead arise from different spin sites within the crystal

itself. The crystal structure collected at 123 K indicates a single orientation of the molecule

within the unit cell [53], but molecular radical systems have been known to undergo structural

transitions at lower temperatures [198,199] so this alone does not preclude our suggestion.

The inhomogeneously broadened linewidth defines the minimum spin-spin decoherence time

T2 > 190 ns. It did not prove possible to measure the true T2 time (using a Hahn sequence) in

our system.

4.3.2 Saturation recovery in the non-linear regime

The two-tone method gives us flexibility as to the position in field at which measurements

can be made. Tuning the field to B0 = 195 mT diminishes the resonator-spin detuning to

∆/2π = 32 MHz as can be seen by reference again to fig. 4.6. If a higher power ωp tone is also

used, the combined effect is that the maximum possible shift increases to χ/2π = 630 kHz and

so too the observed shift, to χm/2π = 120 kHz. As can be seen in the calibration measurements

fig. 4.10 (a) and (b), this means that there is no longer a region where a readout frequency ωr
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Figure 4.10: At 195 mT the resonator mode dispersively shifts by 120 kHz as shown in amplitude
(a) and phase (b) data when the pump tone is resonant with the spins ωp = ωs = 2π × 5.48 GHz
(blue) compared to when the pump tone is non-resonant (red). We observe the spin dynamics by
fixing the readout frequency ωr to the three values marked by vertical dashed lines in (a) and (b),
and recording the resonator amplitude (c) and phase (d) at the termination of the 2 ms pump
pulse at ωp = ωs as the system equilibrates (traces offset for clarity). The amplitude fit extracts
T

(slow)
1 = (1.0± 0.2) ms and T

(fast)
1 = (0.11± 0.01) ms. A bi-exponential fit (red) is enforced to

the latter portion of the phase decay in (d) using the same time constants from the fits in (c).

can be selected such that the change in resonator phase is proportional to its frequency shift.

We refer to this as ‘non-linear’ in terms of the resonator readout. Being able to use the resonator

as a probe to the spins in spite of this increases the range of dispersive measurements which can

be taken. In a traditional setup, the detuning would remove the means of exciting the spins

whereas here the pump line allows us that freedom.

Pulsed measurements in the non-linear regime were acquired as before by applying a high-

power 2 ms saturating pulse at ωp = ωs and detecting the decay in the resonator transmission

|S21| fig. 4.10 (c) and φ(S21) fig. 4.10 (d). To fit the data, eq. (2.81) is modified by changing the

coupling term to eq. (4.1), to incorporate the time-dependence of the ensemble polarisation after

the saturating pulse has terminated, where P is a fit parameter to account for the incomplete

polarisation of the ensemble.

G(t) = gensP
(
1− A1e

−t/T (fast)
1 − A2e

−t/T (slow)
1

)
(4.1)

Replacing gens in eq. (2.81) for this time-dependent expression gives a good fit to |S21(t)|,

examples of which are shown in red in fig. 4.10 (c) and we extract T (slow)
1 = (1.0± 0.2) ms and
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T
(fast)
1 = (0.11± 0.01) ms which are in reasonable agreement with the values obtained from the

linear regime data. Larger uncertainty is to be expected given the increased number of variables

in the fit.

Towards the end of the phase decay the resonator dispersive shift will be so sufficiently

diminished as to ‘re-gain’ the linear regime; therefore in fig. 4.10 (d) a bi-exponential fit is

enforced to the tail of the decay using the T1 values from fig. 4.10 (c).

We note that even at zero detuning, the spin-lattice relaxation rate 500 kHz is far greater

than the Purcell rate for cavity-enhanced spontaneous emission eq. (2.24) ΓP (∆ = 0) = 0.004 Hz

i.e. the system is far from being limited by Purcell emission in this case.

4.4 Conclusion

We have demonstrated a setup (section 3.2.2) and measurement protocol for dispersive pulsed

ESR of a micron-scale solid state sample, here an organic microcrystal. The measurement is

centred upon a superconducting resonator with high Qtot ∼ 3× 104 and small mode volume. The

4.5 MHz resonator mode-spin ensemble coupling contributes to a finding of high-cooperativity

coupling, which causes the resonator to dispersively shift in response to the spin polarisation. A

separate pump line enables spin excitation irrespective of the detuning of the spin ensemble

from the resonator. Pulsed ESR saturation recovery measurements to detect the T1 time of

the sample made use of the two-tone dispersive readout. This allowed us to monitor the spin

dynamics when the resonator-spin detuning is large, and minimal energy is coupling to the spins

via the resonator itself.

We show that saturation recovery measurements are consistent whether the resonator is

shifted within or beyond the linear regime, increasing the range of detuning which can be

investigated with this method. The establishment of this measurement protocol brings an

additional degree of freedom to ESR measurements: the resonator is a probe of the spin

dynamics even when the two are substantially detuned from one another. Not only this, but the

minimisation of back-action between the resonator and the spins which is inherent to a dispersive

measurement creates the possibility in the future of a QND ESR dispersive measurement on

extremely small numbers of electron spins within a small sample volume.

With this setup we were unable to measure spin echoes. We postulate that this may be

because the T2 of the sample was prohibitively short at millikelvin temperatures, or there was
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insufficient isolation in the microwave circuitry developed at this stage, which meant that the

spins were significantly driven even when the switches were open and pulses were off.

We next moved to measure a different spin system in a new iteration of the experimental

framework and in a new cryogenic fridge (which had the added benefit of being far less time-

consuming to run). The experimental setup was developed to improve the on-off isolation of the

microwave pulses.

The main criterion for the new spin system was that its T2 relaxation time had been measured

previously in the literature at cryogenic temperatures, and that the T2 be adequately long

relative to our resonator ringdown ∼ 5 µs. We reasoned that Ce:YAG presented T2 = 5 µs at

5 K [49] and that this was certain to be improved at our operating temperatures < 100 mK and

therefore this was highly likely to be of suitable duration to be measured within our testbed

system.
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Chapter 5

CW and pulsed ESR of Ce:YAG

This chapter reports high-cooperativity coupling to a Ce:YAG sample, which is characterised at

millikelvin temperatures. High-cooperativity coupling has not been widely explored for pulsed

ESR measurements, and we here demonstrate a pulsed-ESR characterisation of our sample.

In this chapter we present ESR measurements in a custom ESR spectrometer, which we

developed in section 3.2.3, of the sample of Ce:YAG which was prepared in section 3.1.2. We

measure the spin-spin and spin-lattice relaxation times over 10 to 400 mK. This is important

for contextualising Ce:YAG as a potential quantum information storage medium amongst other

rare-earth ensembles doped into crystalline host materials [92–96].

As with the work in the previous chapter, there is high-cooperativity coupling between the

spin ensemble and the resonant microwave mode. A challenge with high-cooperativity coupling

is that the resonator dispersively shifts in response to the spin polarisation, as was explored in

chapter 4. This requires locating the optimum field and frequency parameters for detecting spin

echoes, in order to benefit from maximal SNR. We establish the optimal operating point prior

to exploring temperature dependence of the spin-spin relaxation time. Simultaneously, these

measurements demonstrate our functioning custom ESR setup for taking high-cooperativity

ESR measurements.

Premised on high-cooperativity coupling, we demonstrate a spin echo train, with up to five

echoes resolvable in a single shot readout. The immediate implication is that the echo train

yields a sensitivity enhancement because signal is obtained from multiple echoes in a single-shot

measurement. Spin echo trains have been demonstrated recently in superconducting resonator

ESR spectrometers [116,118] but their behaviour is far from fully explored. Our system therefore
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(a) (b)
Figure 5.1: The resonator with the Ce:YAG sample was measured in transmission at 0 mT using
an input power from the VNA of −40 dBm and we plot the transmission amplitude |S21| as a
ratio (a), and phase φ(S21) response with background subtracted. The fit to the amplitude (red)
obtained Qi = 2.2× 103 (κi/2π = 1.8 MHz), Qc = 26× 103, and Qtot = 2.0× 103.

lays groundwork for exploring the behaviour of these spin echo trains in more depth, in future

measurements.

Lastly, we demonstrate an application of our frequency-tunable superconducting resonator.

By changing the resonant frequency of the device, we change the field at which the Ce:YAG

spins are brought into resonance with the microwave mode. This allows us to directly extract

the g-tensor projection of our sample upon the B0 field axis. This technique has only been

demonstrated for a handful of systems previously [140].

5.1 Initial resonator characterisation

The delicacy of the sample, consisting as it does of a thin superconducting film wire-bonded

with fragile wedge-bonds of aluminium upon which samples have been painstakingly adjusted,

is far from indefatigable and there is always a chance that the chip will not work correctly when

it is measured for the first time. Added to this, the basic characterisation in this section is

required to extract the rudimentary parameters of ω0, Qtot and φ.

The resonator transmission S21 was therefore first measured at 0 mT and 10 mK using a

ZVA Rohde & Schwarz VNA, connected at port 1 directly to the fridge input with two room

temperature amplifiers added to the fridge output line preceding the VNA port 2. The VNA

power was set to −40 dBm, and this power is attenuated to −95 dBm by the time it reaches the

sample holder. The VNA is set to collect 2048 points in frequency over a span of 25 MHz.

There is some variable background transmission to be expected across the two ports of the
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(a) (b)
Figure 5.2: The quality factors (a) Qc and (b) Qi of the 4.04 GHz resonator are extracted as a
function of VNA applied power at 0 mT.

sample holder as resonant modes within the sample holder ‘box’ interfere constructively and

couple to the transmission line, known as cross-talk. A polynomial was fit to this background

and subtracted, leaving the dip in S21 to be attributed to the resonator alone. The data was

converted from power transmission in dB to a relative ratio, resulting in the data shown in

fig. 5.1a (black). Using a fit to eq. (2.56) (red), the Q parameters were extracted: Qi = 2.2× 103,

Qc = 26× 103, and Qtot = 2.0× 103 together with the resonance frequency ω0/2π = 4.0357 GHz

and a phase factor φ due to impedance mismatch (φ = −0.8 gives the best fit to the data).

Knowledge of the Q values allow us convert the VNA power to a corresponding number of

photons in the resonator using eq. (3.6): this suggests ∼ 103 photons in the resonator.

The Qi values were lower than expected. It was speculated that a box or other “parasitic”

mode within the sample holder was coupling with the resonance mode of the resonator in

question and thereby increasing its dissipation. The flow of current on the chip with this

resonator design can affect Qi and is sensitive to the particular bond wire configuration, so this

could also have caused the observed decrease.1 The other resonators on the chip had Qtot ∼ 105

which is more in line with what is expected for this resonator design.

In light of the relatively poor Qi, we sought further reassurance that the resonator was

functioning normally via a measurement of the power variation in the quality factor. The

measurement shown in fig. 5.1a was therefore repeated across a range of VNA applied powers

between −85 to −40 dBm, and we extract Qi and Qc from fits to the resonator |S21| as plotted

in fig. 5.2.

1Either way, a subsequent cooldown of this sample with new bonding wires, which was done outside of the
scope of this thesis work, did remedy the effect and the Qi improved.
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The external Qc should not change as a function of power, because it is a geometric property

of the resonator based on the design of the coupling capacitor. This is more or less what we see

in fig. 5.2a although ideally the measurement would have been repeated in the low power region

with more averaging to improve SNR and hence fit certainty. It is also worth pointing out that

the order of magnitude difference between Qc � Qi contributes to an inherently lower signal

and associated difficulty in extracting values for each type of dissipation [73,196]. However the

precision of the extracted values is not essential to our purpose here.

In the low power limit, where on average one photon occupies the resonator, the intrinsic

Qi should level off because the impurities, largely those on the surface of the resonator film

which are modelled as two-level systems (TLS), are entirely unsaturated and their effect on the

dissipation of the resonator is therefore maximal. Due to limitations on time this measurement

was not repeated with lots of averaging down to the single photon regime and so we do not

observe levelling off in the low power limit in fig. 5.2b. As the applied power is increased, the

TLS are increasingly saturated and the Qi increases accordingly. We do observe this behaviour

between −85 to −70 dBm in fig. 5.2b. In the high power limit above −60 dBm, the Qi levels off

suggesting that the surface TLS are no longer the dominant loss mechanism, which has been

replaced instead by a loss mechanism which is independent of applied power. In our case, this is

most likely a radiation loss mechanism, whereby the resonator mode couples to a spurious mode

within the enclosed sample holder volume. The power-dependence of Qc and Qi thus help to

verify that the resonator is working correctly.

5.1.1 Resonator tunability

The chip design used for measurements in this chapter is recently developed [140] for fast

frequency tunability of high Q resonators. The tunability is implemented by applying a DC

voltage Vt via a 1 kΩ resistor to the DC lines within the fridge (these lines and the connections of

the DC lines to the ground plane are shown schematically in fig. 3.17a and fig. 3.6a respectively;

there is 10 dB of attenuation across the DC input line). This allows a current to be injected

across the ground plane of the resonator chip. We wish to use the resonator tunability whilst

the resonator is brought into resonance with the spin ensemble therefore we check that the

frequency tunability is working at a field of 225 mT. We apply tuning DC voltages in the range

−0.5 < Vt < 0.5 V, corresponding to ∼ −0.3 < It < 0.3 mA on the ground plane, and measure

the |S21| using the VNA in the same configuration as above.
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(a) (b)
Figure 5.3: (a) The amplitude of resonator transmission with background transmission subtracted
|S21| for a variety of tuning currents It and (b) the resulting shift in ν0(It) [relative to ν0(It =
0) = 4.036 GHz] which confirms a quadratic dependence (fit in red).

In fig. 5.3a the resonator |S21| at three values of It is displayed, to demonstrate the frequency

shift of the resonant mode. Qualitatively, the dip in transmission caused by the resonator

starts to diminish slightly at larger detunings: this probably corresponds to a drop in Qi as the

resonator mode starts to couple to a nearby spurious mode.

In fig. 5.3b we confirm that the frequency response of the resonator to the tuning current

ν0(It) is quadratic in It: ∆ν0(It) = aI2
t , fit in red [a = −167 MHz/mA2]. This characterisation

facilitates choosing an appropriate It range when we subsequently wish to tune the resonator

frequency in section 5.6.

5.2 Continuous wave ESR

The interaction between the spin sample and the resonator mode was again characterised via

a VNA measurement of the resonator transmission as a function of magnetic field B0. The

VNA was set to acquire 1000 frequency points at a bandwidth of 1 kHz over a span of 20 MHz.

The measurement script paused for 5 seconds between each field increment before ramping the

magnet at a rate of 0.08 T/min. The VNA was again set to −40 dBm power as a compromise

between good signal-to-noise at the expense of a risk of saturating part of the spin transitions.

To get an idea of the location of the spin transitions, the data in Ref. [49] was referred to.

The CW measurement from that work demonstrates spin transitions over 300 to 600 mT using

an X-band (9.78 GHz) spectrometer. The particular transitions are highly dependent on the

angle between the crystal axis and the laboratory axis, which is unknown for our sample hence

117



(a)

(b) (c)
Figure 5.4: A VNA measurement of the resonator |S21| at 10 mK as the B0 field is
swept out from 0 to 300 mT. (a) Clear spin resonance transitions are observed at 186 mT,
192 mT, 229 mT and 237 mT, and broadened transitions are observed over 130 to 150 mT. (b)
The resonant frequency of the device as a function of B0 with quadratic fit (red) accounting for
kinetic inductance effects [β = 14.30 MHzT−2 and ν0(B0 = 0 mT) = 4.0368 GHz], which when
subtracted (c) reveals the remaining shifts attributable to electron spin transitions.
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we convert that range to our resonator frequency, which corresponds to 120 to 250 mT. This

was deemed an appropriate B0 range to explore in our initial measurement, and a quick scan

confirmed the presence of a spin-resonator interaction. The data displayed in fig. 5.4a was then

acquired over 48 hours.

Prior to examining the spin transitions, we observe that the resonant frequency of the

uncoupled resonator shows the quadratic field dependence of eq. (2.57) whereby an increase in

B0 increases the kinetic inductance of the NbN film and causes ω0 to decrease.2 The expected

quadratic dependence of ν0(B0) = ν0(B0 = 0)− βB2
0 is more clearly seen in fig. 5.4b where the

frequency of the minimum amplitude has been plotted at each field increment. Those ν0 points

where the resonator mode is not coupling with a spin transition are plotted in thicker black in

fig. 5.4b, and a quadratic fit to that data is shown in red. By subtracting the quadratic fit, and

applying a five-point moving average, the spin transitions can be more clearly seen in fig. 5.4c.

As indicated with arrows, there is a very intense spin transition at 229 mT and three further

sharp transitions at 186 mT, 192 mT and 237 mT. There are also a number of less well-resolved

transitions 130 to 150 mT. It is the 229 mT ‘main’ transition which offers the best signal-to-noise

ratio and is the focus of all our remaining measurements on the sample.

The transitions at ∼ 150 mT are thought to arise from Mo3+ impurities [183]. The weak

transition on the shoulder of the strong 229 mT transition could be attributed to Ce3+ in the

same substitutional site which happen to be in the vicinity of a defect [183] but the intensity of

that peak would be unusually strong for a defect site. Note that the transition probabilities for

each of the six magnetically inequivalent Ce3+ sites are also dependent on a transition dipole

matrix term, which arises from an unknown degree of effective spin state-mixing. The different

line intensities could also be due to facet-related site selectivity [49,200] whereby the Ce3+ ions

exhibit preferential occupancy of sites with a particular orientation to the crystal axes, related

to the melt conditions of the crystal, for example [200].

5.2.1 Resonator-spin coupling

A detailed CW study of the main transition was undertaken to analyse the coupling between

the resonator microwave mode and the spin ensemble. The VNA was set to −50 dBm and the

S21 of the resonator was measured over a span of 30 MHz collecting 2048 frequency points at

2It is by controlling the ground plane kinetic inductance with an applied current that our resonator microwave
mode has frequency tunability, as per section 2.2.3.
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(a) (b)
Figure 5.5: Detailed CW ESR measurement of the main transition shows (a) the
resonator |S21(ω,B0)| and cross-sections in (b) at B0 = 222 mT, 227 mT and 229 mT, revealing
the diminishing dip in resonator |S21| as the resonator dissipation via the spins increases, as the
two systems come into resonance. The coupling is insufficiently strong to resolve the vacuum Rabi
splitting in this case. The fit to the uncoupled resonator |S21| at 221.9 mT is marked by a dashed
line in all (b) plots.

each of 301 values of B0 in a 20 mT range. The average of 10 raw traces was calculated. A

polynomial was fit to the background of one of these traces and subtracted from all the field

data sets, resulting in the plot of |S21(ω,B0)| in fig. 5.5a.

A fit of the resonator |S21| to eq. (2.56) when the resonant mode is detuned from the spins

is shown with the dashed line in fig. 5.5b, and extracts at 221.9 mT that the Q factors are

Qtot = 3400, Qc = 34700 and Qi = 3820. Note that these values are obtained over a different

cooldown from those at 0 mT in fig. 5.1a. The cross sections fig. 5.5b, at B0 values highlighted

with vertical lines in fig. 5.5a, reveal the diminishing dip of the resonator transmission as Qtot

decreases until the effect of the resonator is no longer visible in the lower trace at 228.7 mT. As

discussed in chapter 4, the vacuum Rabi splitting is a necessary (but not sufficient) condition

of strong coupling: its not being resolvable in this measurement implies that gens < γs for this

system.

As outlined in section 2.3.5, when the ensemble coupling is weaker than the spin linewidth

the spin-resonator coupling can be modelled with two coupled harmonic oscillators. The change

in the frequency of the resonator, once kinetic inductance effects have been subtracted, is
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Figure 5.6: (a) The resonator decay rate κ and (b) changing frequency ω/2π, as extracted from
a fit to |S21|, are plotted as a function of B0. Fits to eq. (2.83) and eq. (2.82) (in red) extract
(a) gens/2π = 5.2(1) MHz < γs/2π = 8.3(3) MHz and (b) gens/2π = 4.9(1) MHz < γs/2π =
12.4(7) MHz; the discrepancy in the γs values is discussed in the text.

accounted for in eq. (2.82) and the change in the dissipation of the resonator is accounted for

with eq. (2.83) (equations reproduced here for clarity).

ω = ω0 − g2
ens

∆
∆2 + γ2

s

κ = κtot + g2
ens

γs
∆2 + γ2

s

The variable ∆ = µB(B − B0)/~ converts the field detuning to a frequency of the spins.

Values for ω0 and κ0 = ω0/Qtot are taken from the fit in fig. 5.5b, leaving two unknowns gens

and γs to be extracted from the data. The fits shown with the red lines in fig. 5.6 obtain

gens/2π = 5.2(0) MHz and γs = 8.3(0) MHz [or γs = 12.4(7) MHz]. This quantifies the earlier

observation that the lack of a double-peaked spectrum from which to read the 2gens value

directly is suggestive of a less than strong coupling gens < γs. The cooperativity based on these

parameters Cens = g2
ens/κtotγs = 3 > 1 from the fit in fig. 5.6 (a) [or Cens = 2 from the fit in

fig. 5.6 (b)] therefore this system is in the regime of a high-cooperativity coupling between the

spin transition mode and the resonator mode, as with the system in chapter 4. Exploring pulsed

ESR measurements in this high-cooperativity regime is one of the focusses of the remaining

measurements in this chapter.

The discrepancy between the two fits in fig. 5.6 (a) and (b) arise because the fit equations

eqs. (2.82) and (2.83) make the assumption that gens � γs. For our system gens is only slightly

less than γs hence the fit is not excellent. However this fit allowed us to extract initial values for

the coupling and linewidth parameters for our system. A full analytical fit to eq. (2.81) across

S21(ω,B0) will be completed in a forthcoming paper.
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Figure 5.7: The power dependence of the avoided crossing of the main transition as
the input power from the VNA is incremented, until at −10 dBm VNA power it almost disappears
as the spin transition becomes saturated.

5.2.2 Power calibration

Next, the VNA was used to measure the frequency response of the resonator S21 at the main

transition, for different VNA input powers over −80 to 0 dBm. This gives us an idea of which

power, input to the readout line, suffices to saturate the spin transition. As can be seen in

fig. 5.7, VNA power greater than −10 dBm, corresponding to −65 dBm input to the readout

line on the resonator chip, saturates the spin transition via the resonator. We use this value in

the next measurement to gain a preliminary idea of the T1 time of the system using the VNA,

but it also informs the minimum threshold of power which must be delivered into the fridge by

the pulsed circuit in section 3.2.3.

5.3 Spin-lattice relaxation time measurement

At this point standard CW characterisation was complete for the purposes of developing a new

pulsed ESR framework using the sample, with the spin-resonator coupling evaluated and the

power saturation levels understood.

Next, the VNA was used to achieve initial saturation-recovery and temperature studies on

the spin sample at millikelvin temperatures. This utilises the same VNA experimental setup

that was described in the previous section, but instead of sweeping out the S21 of the entire

resonator linewidth, the VNA is used as a receiver to collect amplitude and phase data as

quickly as possible after a saturating power is reduced to merely a resonator readout power. As

with the saturation recovery measurement in chapter 4, the spin dynamics are monitored after

the saturating tone terminates. In this instance, we use a single microwave tone and monitor
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the resonator whilst it is on-resonance with the main spin transition.

The field was set to B0 = 229.34 mT. The entire linewidth of the resonator |S21| is recorded

first at low power P = −35 dBm � Psat, shown in grey in fig. 5.8a, and then at saturating

power Psat = 0 dBm (plotted in black). This is a calibration step which shows us the resonator

transmission moving between the spin-coupled and uncoupled states. The spins are allowed

to relax: the VNA is then set to extremely low power during an arbitrarily long wait time (10

minutes) during which the spins return to their equilibrium distribution. For the time-domain

part of the measurement, the VNA is reset in a ‘receiver’ mode, whereby just 50 amplitude

points are recorded at a bandwidth of 1 kHz over a heavily reduced 2 kHz frequency span (at

the frequency position marked with a vertical line in fig. 5.8a). The VNA power is set to high

power again for 1 min to saturate the transition and then reduced to the readout level. The

measurement script records the time elapsed between each VNA scan (on average 0.4 s).

This protocol was repeated at 10 mK, 50 mK, 200 mK, 400 mK and 600 mK. The resulting

data is shown in fig. 5.8b (traces are offset for clarity). Bi-exponential fits to the data extract

a T (1)
1 (faster decaying) and a T (2)

1 (slower decaying) term at each temperature, for instance

the fit at 10 mK extracts 1 s and 4 s respectively. Again, we note that it would be of interest to

explore the suitability of a stretched exponential fit to this saturation recovery data [197].

The T1 of the sample sets a limit on the repetition rate Γrep of a pulsed ESR measurement.

A rate of Γrep = 1/5T1 between measurements is optimal to allow the system to return to

equilibrium by exchange of energy between the spins and their lattice surroundings [201]. By

the time 5T1 has elapsed, the spins’ longitudinal magnetisation will have decayed to less than

1% of the excitation value.3 This indicates that Γrep = 0.05 Hz would be suitable for subsequent

measurements at 10 mK. A mistake in the initial data analysis meant that Γrep was instead set

to 0.1 Hz = 1/2.5T1. We will speculate whether the spin ensemble is insufficiently thermalised

and the subsequent impact on the measurement resulting from this slightly fast repetition rate.

The T1 times for the different temperatures are compared in fig. 5.8c and capture the

diminishing spin-lattice time as the sample is warmed, with error bars illustrating 95% certainty

in the fit. The blue data points are T (2)
1 and the red data are points are T (1)

1 from the bi-

exponential fits in fig. 5.8b. Note that the resonant frequency of the resonator S21 shifts to

higher frequency by 1 MHz as the chip is warmed from 10 mK to 600 mK because of changing

TLS saturation levels. The detection frequency is kept the same at each temperature which
3The spins’ magnetisation is given by Mz(t) = M

(ex)
z e−t/T1 therefore Mz(t = 5T1) = M

(ex)
z e−5 = 0.007M (ex)

z

or Mz(t = 2.5T1) = M
(ex)
z e−2.5 = 0.08M (ex)

z .
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(a) (b)

(c) (d)
Figure 5.8: A preliminary measurement of the spins’ T1 time. (a) The resonator |S21|
measured for VNA power set to P = Psat (black) and P � Psat (grey) with the acquisition point
marked by vertical dashed line, as used in (b) to detect the change in resonator amplitude in
time after the power to the co-resonant spins is sharply reduced far below the saturation level,
bi-exponential fitting to which extracts two T1 components. Repetition across 10 to 600 mK (c)
reveals an estimate of the T1(T ) dependence at cryogenic temperatures [red points are faster
decaying T (1)

1 and blue points are T (2)
1 ] which is compared in (d) to data points (circles) and fit

(dashed line) from Ref. [49] measurements over 6 to 8 K.
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means that different sections of the inhomogeneous linewidth of the spins is technically being

excited by the resonator at the different temperatures.

The extracted T1(T ) values are compared to data collected in Ref. [49] (for a sample with

the same 0.1% dopant level) at 6 K, 7 K and 8 K in fig. 5.8d (circle points mark data not our

own, collected for B0 ‖ [001] at |B0| = 474.4 mT). In that work the magnetisation kinetics are

best fit with a bi-exponential curve. They speculate that the spin-lattice relaxation of Ce:YAG

occurs via a two-phonon Raman process with a modification arising from an optical phonon

mode. They therefore fit the temperature dependence for each of the T1 times as eq. (5.1) where

i is an index for the fast and slow components of the spin-lattice decay, ∆ELO is the energy of

the longitudinal optical phonon i.e. optical vibrations and Ai − Ci are constants.

1
T

(i)
1

= AiT
9 +Bie

− ∆E
kBT + Cig

−2(hν0)5 coth
(
hν0

2kBT

)
(5.1)

A fit to this equation is included as dashed line in fig. 5.8d. At temperatures less than 1 K [202]

only the direct process is not heavily suppressed, with associated temperature dependence given

by eq. (5.2).
1
T

(i)
1

= Cig
−2(hν0)5 coth

(
hν0

2kBT

)
(5.2)

We include a fit to eq. (5.2) as the black solid line in fig. 5.8d which does not agree with our

data below 100 mK. We speculate that the sample is not entirely thermalised below 100 mK,

because Γrep was too high or because of the rate of thermalisation of the sample via the chip

and holder was extremely slow.

5.4 Initial heterodyne circuit measurements

At this point we start collecting data using the pulsed microwave circuit described in section 3.2.3.

Whilst we explained the component testing in that chapter, we present two measurements here

which demonstrate that the new circuit can replicate the findings from the VNA measurements.

Firstly we show that a saturating pulse delivered with the new circuit measures an analogous T1

magnetisation decay at 10 mK. Second we show that by opening the mixers, the new circuit

can be operated in ‘continuous-wave’ mode and reproduce the |S21(ω,B0)| avoided-crossing plot

of the main transition.

It is useful to have in mind the resonator decay κ0/2π = ν0/Qtot = 1.2 MHz with a
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corresponding ringdown time of τr = 250 ns. This means that pulses of duration less than 1µs

will not fully excite the resonator nor produce the full |B1| amplitude at the spins.

5.4.1 Reproduction of the avoided-crossing at 229 mT

The measurement in fig. 5.5a (plot copied in fig. 5.9a for comparison) was reproduced, for the

frequency range marked with dashed horizontal lines, with the pulsed circuit to calibrate the

field and frequency of subsequent pulsed measurements.

The AWG analog output is set to open the mixers and close the switch in the input chain

(refer to fig. 3.12a). The power level input to the fridge is then −3.5 dBm, which has been

maximised for the pulsed measurements. For the VNA measurement, less than −30 dBm input

to the fridge was used to observe the avoided crossing without saturation effects. Therefore

30 dB of attenuation is added immediately prior to the fridge input for this measurement only.

The signal generator was set to sweep out 10 MHz in frequency across ω0/2π. At each frequency,

the oscilloscope was set to acquire the I and Q components over a 5 µs time window. The field

was then ramped from 220 to 240 mT.

The plot of |S21(ω,B0)| =
√
V 2
I + V 2

Q is shown in fig. 5.9b (the background has been

subtracted). In general it reproduces the features of the VNA data, and also serves to illustrate

the slight frequency offset which necessitates using fig. 5.9b rather than fig. 5.9a for reference in

subsequent measurements.

5.4.2 Saturation recovery measurement

We next attempted to reproduce the T1 saturation recovery measurement with our pulsed setup.

This measurement applies a saturating pulse to the spin ensemble at ωr/2π = 4.03696 GHz as

marked in fig. 5.9b, and detects the subsequent change in spin magnetisation via the resonator.

The pulses are applied resonantly, rather than through a broadband pump line, and no detection

probe tone is used beyond the leakage through the mixers at −63 dBm. A pulse of 10 s duration

(with Γrep = 25 mHz) is sent to the spins via the resonator. The decay behaviour is recorded at

60 field intervals between 220 to 233 mT. The range of values used anticipates complexity in

the resonator behaviour in a high-cooperativity regime.

In fig. 5.10 we plot the VQ(t) voltage quadrature over 8 s after the pulse terminates. The

decay does not follow a bi-exponential decay at all field values and, for example, at 228 mT

the dynamics take in excess of 8 s to equilibrate. If we take the mean of those traces which
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(a) (b)
Figure 5.9: (a) The main transition |S21(ω,B0)| VNA data is compared with (b) the |S21(ω,B0)|
data collected using the pulsed microwave circuit in ‘continuous mode’.

are well-fitted by a mono-exponential decay curve, we extract T1 = 3.4 s which is in reasonable

agreement with the slow T1 value from fig. 5.8b. We suggest that the drop in the decay at the

centre of the transition 229 mT is due to a spectral diffusion effect. The frequency of the pulse ωr
is constant for a given run, and the high-cooperativity coupling means that the excitation pulse

does not excite the resonator in the same way at the centre of the avoided crossing because it is

dispersively shifted ω0(B0). The effect of this is a narrowing in the detection ‘bandwidth’ which

facilitates spins being shifted to outside the bandwidth during the T1 decay and so enhances the

detected relaxation. We have as yet not concluded our analysis of the dynamics of the system in

this experiment. As we mentioned in section 2.3, a good starting point would be to numerically

solve the Cavity-Bloch equations [164].

Neither of the two T1 measurements presented here is an ideal characterisation of the spin-

lattice relaxation rate. Nonetheless, they provide a reasonable guess that Γrep > 10 s−1 would be

prudent for subsequent pulsed measurements. Γrep is set to 10 s−1 for the sequence for acquiring

spin echoes, as explained in the next section.
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Figure 5.10: The heterodyne setup captures a decay in the spin dynamics via the VQ detected
from the resonator after the saturating pulse is switched off as a function of B0, with the frequency
set to ωr/2π = 4.03696 GHz.

5.5 Spin echo measurements

5.5.1 Echo acquisition

A Hahn-echo sequence π
2 -τ -π-τ fig. 5.11a is used to induce spin echoes from the spin sample,

where τ is the time between the peak pulse voltages. Equation (5.3) is an expression for the

intra-cavity microwave magnetic field in conventional pulsed ESR, where Pr = V 2
r /Rr is the

power in the resonator given its voltage Vr and resistance Rr.

B1 =
(2Qtotµ0

Vcνr
Pr

) 1
2

=
(2Qtotµ0

Vcνr

V 2
r

R2
r

) 1
2

(5.3)

We use the AWG to control the voltage V (t) and duration tp of the pulse at the I/Q modulator

(refer to the setup in fig. 3.12a). The attenuators erode the pulse linearly as it propagates along

the input line therefore V (t) ∝ Vr(t). For an arbitrarily-shaped pulse, the angle of rotation

at spin-packet k is given by eq. (5.4), therefore doubling the voltage of the pulse over a given

duration will double the rotation angle as will, in theory, doubling the duration whilst keeping

|V | constant.

θ(k) =
∫ tp

0
ω

(k)
1 (t)dt = γe

∫ tp

0
B

(k)
1 (t)dt ∝

∫ tp

0
Vr(t)dt

top-hat pulse−−−−−−−−−−−→ θ(k) ∝ Vrtp (5.4)

Therefore the voltage envelope of a π pulse has twice the amplitude of a π/2 pulse in fig. 5.11a.

For a pulse with top-hat shaped V (t), the pulse duration tp is trivial but for a Gaussian

envelope V (t) we define pulse duration by the fall time G from the peak voltage to 0.1% of that
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(a)

(b) (c)
Figure 5.11: A Hahn sequence V (t) (a) is applied with a phase-modulation on the π/2-pulse to
invert the phase of the echo. Individual traces without (b[ii]) and with (b[ii]) phase-cycling were
measured using a Hahn sequence of G = 7 µs and τ = 50 µs. A significant SNR enhancement is
observed in (c) from phase-cycling (PC) the π/2 pulse in the Hahn sequence.

value. The FWHM of the pulse w rather than G would ordinarily be used to define the width

of a Gaussian profile however G relates neatly to programming the AWG. The conversion is

w = 0.633G.

Phase-cycling (PC) describes the process whereby in alternate measurements the phase of

the excitation pulse P+φ is inverted P−φ to invert the amplitude of the echo signal as explained

in section 2.1.5.4 Experimentally this is controlled by turning on and off a phase modulation

pulse on alternate measurements fig. 5.11a. Because any DC offset arising from mixer leakage,

or unwanted echoes from different pathways, is not inverted, taking the difference between

two consecutively measured phase-cycled traces results in SNR enhancement. For each of navg

averages, the VI and VQ quadratures are detected twice, for P±φ. Examples of the resulting traces

are demonstrated in fig. 5.11b. The two are subtracted and averaged to get the phase-cycled

traces

V pc
I (t) = 1

2
[
VI(t, P+φ)− VI(t, P−φ)

]

4The idea invoked here is an example of common mode rejection [203].
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V pc
Q (t) = 1

2
[
VQ(t, P+φ)− VQ(t, P−φ)

]
followed by a numerical rotation by θ as chosen to put most of the signal into one of the

quadratures V opt
Q (t) = V pc

I (t) cos θ+V pc
Q (t) sin θ (in some experimental setups this is accomplished

via a phase shifter inserted into the reference line of the heterodyne detection circuit fig. 3.7b;

the ‘pc’ superscript is not included subsequently). We acquire both quadratures, and find the

echo signal within the overall signal amplitude |A(t)| =
√
VI(t)2 + VQ(t)2.

In fig. 5.11c we compare the effect of phase cycling for the average of 50 traces. Without

phase-cycling, we observe a substantial DC offset ∼ 7 mV which all but disappears once the

phase-modulated traces are averaged. We apply phase cycling in the collection of all subsequent

echo data.

In theory, spin echo data could be processed by selecting only the peak of each averaged

voltage trace [204] but this uses just one data point. Clearly SNR can be enhanced by integrating

over more of the echo trace, and this is the standard approach for echo-detected ESR. The echo

area Ae is thus obtained from eq. (5.5) where the integration time Tint is centred upon the echo

maximum (note that the echo is not actually symmetric about this point) and is chosen to

optimise the SNR, which depends on the type of experiment [205].

Ae = 1
Tint

∫ Tint

0
A(t)dt (5.5)

In general, selecting Tint equal to the FWHM of the echo corresponds to the optimal SNR,5 and

is what we do to obtain Ae values subsequently.

5.5.2 π-pulse variation

In theory Rabi oscillations can be observed in the amplitude of the echo signal Ae eq. (5.6) by

altering the power and therefore the rotation angle θp induced by the refocussing pulse for a

given polarisation p of the spin ensemble.

Ae ∝
p

2
(
1− cos θp

)
(5.6)

5The choice of integration window is akin to selecting a detection window, and can select different parts of
the signal from the spins. A further option [36] is to integrate the echo signal weighted by the shape of the echo:

Ae =
∫
A(t)u(t)dt where u(t) = 1

N exp
(
− (t−t0)2

2σ2

)
erfc

(
α t−t0
σ
√

2

)
and N is a normalisation constant

∫
[u(t)]2 = 1.

Then σ2 =
∫
δI(t)u2(t)dt, and α is a factor for the shape of the echo.
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For an ideal Hahn sequence (θp = {π/2, π}) all the polarisation which contributed to Mz has in

theory been rotated into the transverse plane and then inverted so that it re-focusses into the

echo. It is only transverse magnetisation which couples to the cavity mode; greater alignment

of magnetisation in the transverse plane contributes to a detectable signal.6 Considering an

imperfect refocussing pulse θp = π − δ is illustrative: the refocussing has worked to an extent

in that it has pushed the faster/slower precessing pairs backwards and the less fast/less slow

pairs forwards. However it has done this imperfectly so that only the projection cos δ of the

magnetisation is detectable in the transverse plane and so Ae(δ) = p
2(1 + cos δ).

Fitting to the frequency of the oscillations in Ae(θp) means that the power corresponding to

an optimal π pulse can be extracted. However if there is large B1(r) field inhomogeneity, each

spin experiences a substantially different tipping angle. The spins are then separated into k

spin packets by virtue of the tipping angle they experience. In this case (bar represents mean),

the echo amplitude tends to a constant value irrespective of θp.7

Ae ∝
p

2
(
1− cos θ(k)

p

)
−−−→
θp→∞

p

2

This is because θp scales with the power eq. (5.4) (θp ∝ Vr hence θp ∝
√
Pr) therefore the

differences between θ(k)
p also scale with power. As larger rotations are attempted, the implemented

field becomes so inhomogeneous that it rotates the various magnetisation to random points on

the Bloch sphere. It is not that the fairly hopeless refocussing pulse has the effect of diminishing

the echo signal to zero: the net effect is for half of the projection of the magnetisation to lie in

the transverse plane and therefore Ae/Ae(π)→ 1
2 .

We have emphasised previously that the field produced by our resonator is highly inho-

mogeneous across the spin ensemble. This means it is not possible to apply perfect rotation

angle pulses to the ensemble, which makes it challenging to observe Rabi oscillations and clarify

an optimum power π-pulse for the system. We briefly consider the effect of the resonator

upon excitation and detection of the spins before demonstrating the impact of variation in the

dimensions of the re-focussing pulse upon Ae for our system.

6After the initial π
2 -pulse, this alignment also exists and can be detected as a free-induction decay.

7In the limit where there is no range of θkp ,
∑N
k (1− cos

(
θkp
)
≈ N(1− cos θp). In the limit where θkp take any

value 0 < θkp ≤ 2π, then if assume more or less evenly distributed across this range
∑N
k cos θkp ≈

∫ 2π
0 cos θpdθp = 0.
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(a) (b)
Figure 5.12: (a) Time-domain pulse profiles P (t) and the resulting resonator power response
functions R(ω) plotted for a Gaussian pulse (with G = 7 µs, red) and a top-hat pulse of equivalent
area (duration 4.7 µs, blue), and (b) the echoes detected from Hahn pulses of the same dimensions
with navg = 20 and τ = 50µs.

5.5.2.1 Resonator bandwidth

The rise time of the resonator is given by τr = 2Qtot/ω0 = 2/κtot ≈ 0.3 µs. Our resonator

therefore takes ∼ 0.5 µs before maximum B1 is generated. This places a minimum on the

duration of pulse which should be used. There are further implications of the cavity bandwidth

κtot upon spin excitation and detection. The filtering of the spins’ emission by the cavity is

inevitable [36]: the cavity acts as a pick-up coil in a traditional ESR setup, there is no bandwidth

other than the cavity bandwidth which filters the induced induction.

However the excitation bandwidth can be enhanced through the use of shaped pulses,

of profile P (t) and transform Fpulse(ω) = F(P (t)). In our case, we do not use such short

pulses (tp � 2/κ) that the excitation bandwidth becomes limited by the cavity but instead by

∆ωexc/2π ≈ 1.2/tp [25].

This can be seen from the power response of the resonator R(ω) to an excitation pulse, given

by eq. (5.7) [42].

R(ω) = Fpulse(ω)×Rres(ω) = Fpulse(ω)×
 1

1 + 4(ω − ω0)2/κ2
tot

 (5.7)

This response is plotted for a Gaussian pulse G = 7 µs and for a top-hat pulse of equivalent area

(therefore duration tp = 4.7 µs) and so equivalent energy in fig. 5.12a. As can be seen from the

power response, the bandwidth of the two pulse shapes is similar in each case to the expected

∆ωexc/2π ≈ 0.25 MHz.

In spite of the similar excitation bandwidths, the echo voltage traces in fig. 5.12b demonstrate
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that the pulse shape has a considerable impact on the echo amplitude. A Gaussian Hahn

sequence (G = 7 µs, τ = 50 µs) induces a factor ∼ 2 larger echo signal than the top-hat

sequence (tp = 4.7 µs, τ = 50 µs). The echo profile is a function of the convolution of the pulse

amplitude with the resonator response. Based on the differences in fig. 5.12a, we see that the

Gaussian pulses induce less non-resonant power than the top-hat pulses. We speculate that

non-resonant power from the top-hat pulses excites spin packets in the inhomogeneous linewidth

with substantially different frequencies, and these spin packets have complex behaviour [25]

which is to the detriment of the overall echo signal. We elect to use Gaussian-profile sequences

for the remaining measurements.

5.5.2.2 Varying the π-pulse

Finding the optimum π/2 and π-pulses for a system corresponds to rotating the magnetisation

effectively and precisely on the Bloch sphere and thereby achieving the optimal signal. As we

sweep the duration of the refocussing π-pulse wπ (with τ fixed to 90 µs, the duration of the
π
2 -pulse wπ/2 = 3 µs, and the amplitude of the two pulses equal), the bandwidth of excitation

shrinks at a rate proportional to 1/tp. The corresponding echo area Ae is plotted in fig. 5.13a and

demonstrates that the decreasing bandwidth does not limit the echo amplitude from increasing

in the first instance. This suggests that an even narrower part of the inhomogeneous spin

linewidth is contributing to the echo, and the diminishing bandwidth is offset by the increased

power input to the spins. The inhomogeneous B1 means that no Rabi oscillations are observed.

For wπ > 5 µs, the echo area falls to ∼ 1
2Ae/Ae(π) which could arise from contributions both

from the inhomogeneous rotation angle and the limitation in excitation bandwidth.

The impact of the refocussing pulse amplitude was next explored. The duration of both pulses

was fixed to wπ = wπ/2 = 7 µs, and the amplitude of the π-pulse was swept out. The relative echo

area does not fall as the amplitude increases, and we speculate that there is insufficient power

in the pulses meaning that the excitation pulse does not rotate the magnetisation components

especially far towards the transverse plane and hence increasing amplitude in the second pulse

serves to rotate an increasing component of the magnetisation into the transverse plane. This

low power of the excitation pulse is inevitable in our experimental setup because the maximum

pulse energy is fixed by the voltage of the second pulse in the I/Q modulator.

The resonator B1 field inhomogeneity means that implementing a π-pulse is very challenging:

further work is required to experiment with higher power pulses or frequency-swept pulses.
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(a) (b)
Figure 5.13: In (a) the duration of the π-pulse wπ is incremented from 0.1 to 15 µs (the wπ/2
pulse was set to 3 µs) and in (b) the relative amplitude of the π pulse Aπ was incremented over
Aπ/Aπ/2 = 1 : 7.

However, with the existing power levels we were able to measure spin echoes from the ensemble

and thereby continue with our goal of characterising the spin sample and examining its pulsed

ESR response in the high cooperativity regime.

5.5.3 Echo-detected avoided crossing

We know from section 5.2.1 that there is high-cooperativity coupling between the spin ensemble

and the resonator microwave mode. Because the resonator |S21| frequency is dispersively shifted,

the echo has dependence on the frequency of the Hahn sequence (as well as being reliant upon

the field B0 to bring the two systems into resonance). In part this will be because excitation of

the resonator mode depends on input of resonant frequency microwave pulses, but detection of

the echoes also diminishes as the resonator detuning increases. A Hahn sequence was used to

obtain spin echoes as a function of the static field B0 and frequency ωr/2π: the data is plotted in

fig. 5.14a. The Hahn parameters were set to τ = 50 µs and G = 7 µs as we know from fig. 5.11c

that this produces an echo with good SNR.

The echo was integrated using Tint corresponding to the FWHM to produce the plot in

fig. 5.14a of Ae(ω,B0). The optimum echo is obtained at 228.1 mT and ω0/2π + 1.29 MHz on

the low-field branch of the avoided-crossing. This is used for the field and the frequency setting

for subsequent measurements. Note that there is unequal magnitude of echoes between the two

branches of the avoided crossing fig. 5.14b, but the reason for this is not yet understood.
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(a) (b)
Figure 5.14: An echo-detected avoided crossing about ω0/2π = 4.03646 GHz: (a) the plot
of Ae(ω,B0), where the optimum echo is obtained at 228.1 mT and ω0/2π + 1.29 MHz on the
lower field branch of the avoided-crossing and arrows mark the location of line cuts of Ae (b) over
the two branches at constant B0 (purple) and constant ω (orange) which demonstrate that the
low-field branch yields slightly larger echoes, over a wider range of {B0, ω}.

5.5.4 Spin-spin relaxation time measurements

As described in section 2.1.5, varying the delay τ between pulses in the Hahn sequence means it

is possible to collect echoes at different intervals in the decaying transverse spin magnetisation

and thereby establish the rate at which the spin ensemble loses its coherence 1/T2.8 The equation

to fit to the amplitude decay is eq. (5.8) where C is the noise floor offset which does not average

to zero and must be subtracted to fit the true decay.

|Ae(τ)| =
√

(A0e−2τ/T2)2 + C2 (5.8)

We first demonstrate a T2 measurement of the sample at 10 mK using Gaussian-shaped pulses of

duration G = 3 µs. It was determined that these dimensions would give well-defined echoes with

good SNR. The field was set to 227.7 mT with frequency 4.035 GHz following a scan analogous

to fig. 5.14a to check the optimum point for this particular cooldown. The inset fig. 5.15 shows

the absolute echo (two phase-modulated traces averaged) voltage |A(t)| =
√
VI(t)2 + VQ(t)2

collected at 16 µs where the FWHM integration window has been shaded and the integral of the

data within this range corresponds to Ae =
∫

FWHM |A(t)|dt. The main plot shows Ae(τ) and

fitting eq. (5.8) to this data extracts T2 = 147(6) µs.

8We highlighted the difference between Tm and T2 in section 2.1.5, and here refer to Tm = T2 as is common
in the literature.
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Figure 5.15: The spin echo is released at a delay 2τ after the first pulse in the Hahn sequence
meaning that T2 can be extracted from a fit to the decaying echo area Ae. The inset shows the
echo trace collected at 16 µs to illustrate the area (as shaded) the FWHM integral corresponding
to Ae.

5.5.4.1 T2 as function of frequency detuning

A difficulty with measuring pulsed ESR in a high-cooperativity coupling regime is that the

resonator dispersively shifts. We have already seen interesting dynamic behaviour resulting

from the saturation recovery measurement in section 5.4.2. We wanted to check whether the

measured T2 time was variable across the avoided crossing of the main transition. We extract

T2 from 10 Ae values over τ = 15 to 200 µs at 20 increments in frequency over a 3 MHz span at

227.7 mT, using the same Hahn sequence as the previous section. The data, plotted in fig. 5.16,

does not demonstrate any variation in T2 with frequency detuning, but further investigation is

required to establish this conclusively (a starting point would be a repeat with more averaging

to improve the fit certainty).

5.5.4.2 T2 over temperature range 10 to 400 mK

Each spin-flip causes a fluctuation in the local magnetic environment of other spins which leads

to a net dephasing of the ensemble. Decoherence mechanisms are heavily temperature-dependent,

owing to the spin-flip rate dependence on the number of pairs of spins with opposite state, and

hence the polarisation of the surrounding spins generally. Using eq. (2.13), we arrive at an

expression for the relative population P of the ground |β〉 and excited |α〉 states in terms of the
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Figure 5.16: B0 was set to 227.7 mT and T2 extracted as the pulse frequency was scanned
over 3 MHz of detuning. We observe no frequency-dependence of the measured T2 time, and the
mean value T̄2 = 163(14) µs is fairly consistent with the value we extracted previously 147(6) µs.
Errorbars depict 95% certainty.

Zeeman temperature Tz = ~ωs/kB.

P = PαPβ = nα
nα + nβ

nβ
nα + nβ

= 1(
1 + e+TZ/T

)(
1 + e−TZ/T

) (5.9)

This term P is multiplied by a free parameter ε to account for the dipole-dipole interaction

strength [206]. There is also a temperature-independent term in the behaviour of 1/T2(T ) owing

to mechanisms such as instantaneous diffusion which we parameterise as Γ0 [153]. This justifies

the decoherence rate having a temperature dependence given by eq. (5.10).

Γ(T ) = 1
T2(T ) = Γ0 + ε(

1 + e+TZ/T

)(
1 + e−TZ/T

) (5.10)

In this section we characterise the T2 time at 10 mK, 15 mK, 25 mK, 40 mK, 60 mK, 100 mK,

150 mK, 240 mK, 380 mK, and 600 mK. Rough measurements at 10 mK, 50 mK, 200 mK, and

400 mK were carried out first to inform the appropriate range of τ for the actual measurement

over 10 to 600 mK. The field and frequency settings are unchanged from the previous section.

Examples of two rates of decay at 40 mK (green) and 150 mK (yellow) are compared in

fig. 5.17a, and the inset demonstrates the excellent SNR for single-shot echoes for this system.

The fits here extract 105(6) µs and 22(2)µs respectively. We next plot all the extracted T2(T )

values in fig. 5.17b. A fit to eq. (5.10) shows reasonable agreement with the data. We use

Γ0 = 1/T2(10 mK) = 6.8 kHz and then obtain TZ = 210(20) mK which agrees with the expected

TZ = ~ω0/kB = 194 mK within the uncertainty. Physically, this corresponds to a suppression of
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(a) (b)
Figure 5.17: The spin echoes decay over a characteristic spin-spin decoherence time T2 which
is compared in (a) for echo areas Ae extracted at 40 mK (green) and 150 mK (yellow) together
with the decay fits to eq. (5.8). The inset compares the single-shot VI(t) and VQ(t) echoes at
2τ = 16 µs, demonstrating the excellent SNR for this system. (b) The effect of temperature on
the extracted T2 times with a fit to eq. (5.10) included in red and errorbars representing 95%
certainty.

the spin-spin decoherence rate once the spin system becomes significantly polarised below the

Zeeman Temperature, because spin-spin decoherence is dependent on pairs of opposite spin for

the spin flip-flop
(
|α〉1 → |β〉1 then |β〉2 → |α〉2

)
to occur.

5.5.5 Echo trains

The data presented so far has focussed on the primary echo produced by the Hahn sequence.

We now examine the phenomenon of trains of echoes produced by our spin system. Trains of

spin echoes are not new, and theoretical treatments have been forthcoming in the two recent

demonstrations of spin echo trains in cavity-QED experiments [116,118]. Nonetheless they are

not yet widely studied, and we present our preliminary data of up to five echoes from our spin

system.

The 20 raw traces in fig. 5.18a reveal the excellent SNR for our system: we can distinguish

up to a fifth echo in a single shot measurement. The echoes are separated in time by 54 µs,

55 µs, 52 µs and 57 µs. A second interesting feature is the differing response to the phase-cycling

of echoes in the train. We plot VQ(t) rather than |A(t)| so that we can examine the phase of the

138



(a) (b)
Figure 5.18: (a) The raw traces VQ reveal up to five echoes with different response in the echo
chain to the phase-cycling: red shows VQ(t, P+φ) and blue shows VQ(t, P−φ). This is explained by
the change in the phase of the re-focussing echo. The echo amplitude decays exponentially (b) as
the echo order of arrival nt is incremented: fit (black) extracts Tn = 60(10)µs.

echoes. Designating the order of echo arrival nt, we note that phase-modulation (blue traces)

inverts echoes of odd but not even nt as compared to traces collected without phase cycling

(red). Phase relations of the echoes is discussed in Ref.[118], and from that work we anticipate

that the phase rotation relation between the echoes is explained by the phase of the echo acting

as the refocussing pulse.

The behaviour of Ae(nt) is mono-exponential fig. 5.18b. A fit of Ae(nt) = A(0)
e e−nt/Tn where

nt is the arrival time of the nth echo, extracts an echo decay time of Tn = 60 µs < T2. That the

echoes decay faster than the phase memory time is attributed to the incomplete refocussing of

the spin packets by the successive echoes [116].

5.5.6 Inversion recovery measurements

‘Saturation’ occurs by equalising the polarisation of the two spin states; saturation recovery then

monitors the return of to equilibrium magnetisation. Inversion recovery instead aims to invert

the population to the higher energy spin state and inversion recovery thereby utilises the full

population difference. In practice it is more challenging to precisely invert the magnetisation

than to saturate the transition. Our spin linewidth ∼ 10 MHz is far broader than our excitation

bandwidth∼ 0.25 MHz and this is typically a challenge for inversion recovery in ESR. Nonetheless

we do see some effects upon the spin echo under the application of our partial inversion pulse,

which we examine here.

An inversion recovery pulse sequence fig. 5.19a was applied to the spins using Gaussian
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(a)

(b)
Figure 5.19: For the inversion recovery sequence, schematic in (a), pulses of Gπ = Gπ/2 = 8µs
are separated by τ = 70 µs, and Tw is incremented in (b) from 1

2τ (i) to 3τ (iv): we observe some
inversion of the primary echo superposed with stimulated echo effects explained in the text.

140



shaped pulses of G = 8 µs where Tw is the time between the inversion π-pulse and the beginning

of the Hahn sequence, and the Hahn pulses are separated by τ = 70 µs. Interference patterns

are observed for the resulting echoes fig. 5.19b using 1
2τ < Tw < 3τ . The individual VQ traces

are plotted for phase cycles of opposite phase on the π/2 pulse in red and blue to show the phase

changes of the echoes. Each subplot in fig. 5.19b corresponds to a different Tw value, and the

phase-cycled voltage traces for the pulse sequence without an inversion π-pulse are included for

comparison in black.

From this data, it appears that a primary echo is always generated at τ (= 70 µs) after the

sequence finishes, at the position marked with a vertical black line in (i)-(iv). By comparing

the red/blue traces with the black, we see that the inversion pulse causes some interference in

the primary echo, which is probably because the initial π pulse does not precisely invert the

magnetisation but instead creates some superposition state which re-focusses in a non-trivial

way after time τ .

We also see stimulated echoes at time Tw after the pulse sequence terminates, the position

of which are marked with vertical dashed lines. The inversion sequence has the requisite three

pulses which cause a stimulated echo to be refocussed after a delay Tw [25]. Lastly we mark

primary echoes generated by the two π pulses in the inversion recovery sequence. Because these

pulses are separated by (Tw + τ), the echo appears after an equivalent (Tw + τ) delay; this is

marked with a vertical dotted line in each subplot in fig. 5.19b (i), (ii) and (iv), and could be

superposed with a secondary echo.

Further work is needed to see if a π pulse can be found which does invert the magnetisation

sufficiently to observe some inversion recovery decay and so compare this decay time to that

extracted from the data in section 5.3.

5.6 Tunable resonator g-tensor projection measurement

In fig. 5.3 we demonstrated that the application of a tuning current It to the ground plane of

the resonator chip allows us to change the resonance frequency of the resonance mode ω0(It)/2π

of the device. From that data we determined that a 15 MHz range of frequency detuning was

attainable from |It| ≤ 0.3 mA. This means we can bring the spin ensemble into resonance at

ωs with the resonator mode at different corresponding field values B(s)
0 . For S = 1

2 , eqs. (2.4)

and (2.5) demonstrate that the projection of the g-tensor, depending on the orientation of B0
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relative to the crystal axes, can be extracted from the gradient of the variation in B
(s)
0 with ωs

eq. (5.11) [25].

geff(φc, θc) = ~
µB

∆ωs
∆B(s)

0
(5.11)

Hence we can directly detect the g-tensor projection, for the crystal orientation of our spin

sample in the laboratory frame (as determined by φc, θc), by finding the gradient of the field

interval for the spin resonator co-resonance at different frequency intervals. This measurement

has also been demonstrated for a direct g-tensor projection determination of the surface impurity

spins upon a superconducting resonator surface [140].

In our measurement we set It to 50 different values distributed quadratically over 0 to 0.3 mA,

corresponding to a linear array of resonator frequency values with up to 15 MHz detuning from

the resonant mode at 0 A. We use the VNA to record the |S21(ω,B0)| traces of frequency span

30 MHz for 100 B0 increments over a 5 mT field span. We repeat this measurement of the

|S21(ω,B0)| characterisation of the avoided-crossing of the main transition at each new resonator

mode frequency increment. One such data set, for It = 0.27 mA resulting in ω0/2π = 4.025 GHz,

is presented in fig. 5.20a.

To extract the field-frequency coordinates of the co-resonance with the spin transition for

each frequency detuning, we look for a parameter that shows the sharpest rate of change at

the position of maximum hybridisation between the spin and resonator modes. We find that,

for our data, the position of minimum resonator amplitude peaks distinctively and reliably at

the centre of the avoided crossing. By way of example this is plotted as an overlay in black

for the data in fig. 5.20a and we extract the {B(s)
0 , ωs} coordinate from the maximum in this

distribution as marked with dashed lines.

The plot of the coordinate pairs that we extract from each It value is shown in fig. 5.20b. The

gradient of the straight-line fit should be equal to geff(φc, θc)µB/h according to eq. (5.11). From

the fit to the data (in red), we determine geff(φc, θc) = 1.25(1) which is the projection of the

g-tensor of our spin sample upon the B0 axis in our experimental setup. Ordinarily, geff(φc, θc)

would be measured relative to a reference sample necessitating two separate measurements. A

benefit of this method is that it allows for a direct extraction of the value of geff(φc, θc) from the

sample in a single measurement.

The highly anisotropic g-tensor of Ce:YAG has components gx = 2.738, gy = 1.872, and

gz = 0.910 [185,186]. Using these values, a measurement of geff(φc, θc) can be used to place a

constraint on the possible values of θc and φc for the sample.
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(a) (b)
Figure 5.20: Using It to tune the resonator enables us to bring the resonator into resonance
with the spins at different values of field B

(s)
0 and frequency ωs/2π, for example in (a) using

It = 0.27 mA extracts the coordinates of the co-resonance marked with dashed lines, plotted for
0 < It < 0.3 mA in (b).

5.7 Spin sample assignment

After the experimental work contributing to this thesis was concluded, additional data was

collected from the sample which indicated that the measurements were more likely from another

sample on the resonator chip fig. 3.6b, erbium-doped calcium tungstate Er:CaWO4. We first

provide an overview of the details of this sample and then suggest how it might better explain

the ESR behaviour that we observed and initially attributed to the Ce:YAG sample. We then

revisit the assumptions that lead to that assignment and provide additional information about

the resonator chip that subsequently came to light.

5.7.1 Details of Er:CaWO4 sample

The CaWO4 crystal has a tetragonal unit cell of dimensions xc = yc = 0.524 nm and zc =

1.137 nm, in which the calcium Ca2+ is substituted in small proportions for Er3+ with S4 local

symmetry [207]. The substituted Er3+ is paramagnetic, with 4f 115s25p6 electronic configuration.

Our sample fig. 5.21a, grown by SurfaceNet in Germany, measures 1 × 0.2 × 1 mm3 (in

directions xc × yc × zc respectively) as cut and polished from the bulk material, and contains

50 ppm of Er3+ corresponding to spin density of 6.4× 1017 cm−3. As a Kramers ions, Er3+ can

be treated as an effective S = 1/2 system. Natural isotopes of Er are mostly devoid of nuclear

spin I except for 167Er3+ which has I = 7/2 and natural abundance of 23%. The effective spin

Hamiltonian eq. (2.6) for I = 0 reduces to the electron Zeeman interaction ĤEZ = µBB
T
0 gS
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(a) (b)
Figure 5.21: Optical microscope photographs (a) of the sample aligned on the chip, where the
lighting as been adjusted to emphasise the sample rather than the detail of the ν0 = 4.1 GHz
frequency-tuneable resonator which is shown in (b) with the location of the of the Er:CaWO4
sample indicated as a white outline and the orientation of the crystal axes {xc, yc, zc} and the
laboratory axes {zl ‖ B0, xl ‖ B1} labelled.

whereas for the I = 7/2 nuclei, the hyperfine components must be included. Together, these

effective spin Hamiltoniaans describe the allowed transitions for the Er3+ electron within the

CaWO4 crystalline host, with g-tensor g consisting of diagonal components gxx = gyy = 8.38,

and gzz = 1.25 [207,208] where the g-tensor axes are aligned with the crystal axes.

In our experiment, the sample was aligned so thatvB0 ‖ zc fig. 5.21b and the microwave

magnetic field generated by the resonator circulates in the perpendicular {xc, yc} plane. This

orientation corresponds to θc = 0 and hence geff(φc, 0) = gzz as was defined in eq. (2.5).

5.7.2 CW ESR of Er:CaWO4

The superposition of transitions arising from both I = 0 and I 6= 0 Er3+ are shown on the

energy levels for Er:CaWO4 in the particular orientation fig. 5.21b, in fig. 5.22 (b), calculated

using the Easyspin Matlab package detailed in appendix C. As can be seen by comparing

these transitions with the |S21(ω,B0)| data fig. 5.22 (a), there is good agreement between the

expected transition frequencies and the observed resonator shifts. The transition corresponding

to the I = 0 transition is also the most intense, in agreement with the 77% abundance of Er3+

contributing to this transition.

As was shown in fig. 5.6 (a), the CW ESR data is used to extract the changing dissipation

of the resonator with field κ(B0) as it is brought into resonance with the spins. This is shown
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Figure 5.22: Data in (d) was collected from the sample after the work of the thesis
was completed. The CW |S21(ω,B0)| data (a), reproduced from fig. 5.4a, corresponds well to
the expected transitions arising from the Er3+ in sites of S4 symmetry within the CaWO4 unit
cell, with electronic energy levels under static field B0 shown in (b), where the Zeeman levels
for I = 0 are shown in black and the hyperfine levels arising from 167Er3+ (I = 7/2, 23% natural
abundance) are red, and transitions resonant with ω0(It = 0) are marked. The most intense
transition at 229 mT corresponds to the I = 0 transition, and the resulting κtot(B0) shown in (c)
is highlighted by a red box in (d) where it is compared to analogous traces collected as the B0
field is rotated about yc, where the thick blue line is fit to theory.

for the (I = 0) 229 mT transition in fig. 5.22 (c). Further data, taken from the sample after

the experimental work of this thesis was completed, shows the κ(B0) traces (d) collected as

the B0 field was rotated about the crystal yc axis. This reveals the expected behaviour for

Er:CaWO4, with change from geff(0, 0) = gzz to geff(0, π/2) = gxx and corresponding shift in

the main I = 0 transition from 229 mT to 35 mT in fig. 5.22 (d). The behaviour of the I = 0

transition predicted by Easyspin calculations in response to this changing B0 orientation is

plotted in thick blue and shows good agreement with the data.

5.7.3 Interpretation of g-tensor projection

The frequency tunability of the resonator was used to tune the resonant field of the spin

transition and so measure geff directly from the sample in a single measurement in section 5.6.

Based on the orientation of the sample of Er:CaWO4 shown in fig. 5.21b, as verified by the

agreement between the main and hyperfine transitions in theory and practice in fig. 5.22 (a)
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and (b), the expected value of the g-tensor projection for this sample upon the B0 axis would

be equal to gzz = 1.25. Indeed as we saw in fig. 5.20b, we extract a value of geff = 1.25(1) in

excellent agreement with the expected value.

5.7.4 Resonator chip characterisation

The “second generation” chip used for the measurements in chapter 5, containing four frequency-

tuneable resonators, was kindly provided by collaborators at Chalmers University of Technology.

A resonator chip of very similar design and from the same fabrication wafer had previously

been measured to extract the precise resonant frequencies of the four resonators: as listed in

section 3.1.2 these were 3.1 GHz (no sample), 4.1 GHz (Er:CaWO4), 4.9 GHz (NV centres in

diamond) and 6.1 GHz (Ce:YAG). The distribution of samples on the different resonators of

these ‘unloaded’ frequencies can be seen in fig. 3.6b.

Ordinarily, the variation in frequency between two such chips of highly similar design from the

same wafer would be up to 3%. When we measured a resonance on our chip at ν0 = 4.04 GHz,

we assumed that, with the effect of dielectric loading causing at the very least a 300 MHz

decrease in ν0, this resonance could not arise from the resonator loaded with the Er:CaWO4

sample of unloaded frequency 4.1 GHz: even if the true frequency of the empty resonator were

shifted by the maximum amount expected 3%, our dielectric simulation would anticipate a shift

to 3.2 GHz.

Subsequently, we have learned that a plasma etch step in the fabrication of the frequency-

tuneable resonator chips, to thin the film around the resonators and so selectively improve the

kinetic inductance of the resonators and not the ground plane, is carried out on a per chip

rather than a per wafer basis, and that the variability in resonant frequencies between chips

from the same wafer therefore rises to ∼ 30%. Taking this into account, the true frequency of

the unloaded 4.1 GHz resonator could be as high as 5.3 GHz and therefore the simulation of

dielectric shift appendix D predicts that the loaded frequency appears at 4.03 GHz which is of

course what we observe.

5.8 Conclusion

The work in this section has used the interaction between a paramagnetic sample, most likely

Er:CaWO4 in light of section 5.7, and a frequency-tunable superconducting resonator, in an
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‘on-chip’ device, to perform CW and pulsed ESR spectroscopy at millikelvin temperatures.

In section 5.2 we determined a high cooperativity coupling Cens ∼ 3 between the ensemble

and the resonator mode. This initial step demonstrates that this sample allows us to continue the

work from chapter 4 in studying pulsed ESR in the high-cooperativity regime where enhanced

sensitivity is a consequence of the enhanced coupling.

The spin-lattice relaxation at 10 mK, detected from a saturation recovery measurement in

section 5.3, exhibits a bi-exponential decay from which we extract fast and slower-decaying

components with T
(1)
1 = 1 s and T

(2)
1 = 4 s respectively.

A challenge with performing pulsed ESR is often that the pulse bandwidth is smaller than

the spin linewidth. Our system suffers from this limitation, and together with the B1 field

inhomogeneity of the resonator, implementing a π pulse and observing Rabi oscillations proved

challenging. To the former challenge, it would be interesting to test the effect of frequency-swept

or higher power pulses for this system and to the latter, using a smaller, thinner sample might

be beneficial.

A consequence of the high cooperativity coupling is that the resonator frequency dispersively

shifts as a result of the interaction between the resonator mode and the spin ensemble. We

implemented a spin echo-detected avoided crossing measurement of the main spin transition at

229 mT in section 5.5.3, to observe how the echo amplitude varies as the degree of resonator

dispersive shift changes: both the excitation of the spins and the detection of their response is

impacted by the variation in resonator frequency. The resulting data demonstrates the need to

calibrate carefully in field and frequency when detecting spin echoes in this regime. We observe

an interesting asymmetry between the two ‘branches’ of the avoided crossing. An initial next

measurement would check whether this effect persists if the repetition rate of the Hahn sequence

is set to 1/5T1 to ensure the spins are truly thermalised between sequences.

We are able to perform a measurement extracting the spin-spin relaxation time of the sample

at a range of millikelvin temperatures in section 5.5.4. The T2 at 10 mK is 147(6)µs, and this

increases as the temperature is incremented to 400 mK in good agreement with the theory of

diminishing polarisation of the spin transition and increasing availability of spin-flip pairs.

Our initial measurements of the spin echo train from the sample in section 5.5.5 seem

consistent with initial theory work on this phenomenon [116] and illustrate that our newly built

ESR platform with our choice of spin system can be used to explore this behaviour in more

detail.
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Another avenue of future work is illustrated with our use of the frequency tunability of the

resonator to measure the g-tensor of the sample directly in section 5.6. This allows for the

measurement of the g-tensor projection of the sample in a single measurement, without the

need for a reference sample or to frequency multiplex with multiple samples. To quantify the

precision of this technique it would be worthwhile to next apply it to a sample of well-known

g-tensor projection.
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Chapter 6

Conclusion

This thesis has detailed our development of a framework for pulsed ESR measure-

ments of small paramagnetic samples at millikelvin temperatures.

Summary of work The ESR measurements in this work are taken from micron-scale paramagnetic

samples of the kind not easily detectable in a conventional ESR spectrometer.

In chapter 4 we demonstrate the use of dispersive readout so that our high-Q superconducting

resonator is a probe of the spin polarisation when the spin sample is detuned in frequency from

the resonator by as much as 70 MHz. We apply dispersive readout to our pico-litre volume

single organic radical microcrystal which we characterise here for the first time at millikelvin

temperatures, to extract the spin-lattice relaxation time. This experiment demonstrates high-

cooperativity coupling to a particularly small volume of paramagnetic material, as is made

possible by the design of our high-Q superconducting resonators.

Rare-earth doped crystalline solids are a promising media for storage and retrieval of quantum

states which means that further investigation is an active area of research. Erbium-doped calcium

tungstate is an example of a rare earth doped material with potential for quantum information

storage and our experiment in chapter 5 characterises the spin-lattice T1 and spin-spin T2 times

from 10 to 400 mK. On application of a Hahn pulse sequence, we observe up to five echoes in

a single shot measurement. We thus demonstrate that our ESR spectrometer, built for the

first time for the work in this thesis, is a robust system capable of characterising paramagnetic

samples of interest, and capable of reaching the regime of multiple spin echoes which is an

emerging area of interest in on-chip ESR.

We explore an application of the frequency tunability of our second generation supercon-
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ducting resonator. The high Qi of the resonator is maintained at frequency shifts of 15 MHz.

We use this unusual feature to measure the field B
(s)
0 and frequency ωs/2π coordinates of the

spin-resonator avoided crossing. By extracting the coordinates of the co-resonance, we are able

to directly extract the geff value for the particular orientation of Er:CaWO4 crystal relative to

the B0 axis. Normally a measurement to extract geff requires a reference sample whereas this

method allows us to obtain the value directly from a single measurement.

Future work The conclusion of section 5.7 necessitates some future work in consolidating

information about the second generation frequency tuneable resonator chips and the spin sample.

To confirm that the CW ESR data does indeed correspond to Er:CaWO4, a measurement of

the resonator chip containing only the Er:CaWO4 sample is required. Having obtained three

identical samples from SurfaceNet, it would also be possible to add a sample to a new chip, as

well as to remove all other samples from this chip and repeat the |S21(ω,B0)| scan. For these

measurements, enhancement in the microwave power from the pulses might enable a precise

refocussing π-pulse to be implemented.

In light of the information about the variability in the transmission resonant frequency of

the second generation chips, it would be useful to characterise this by measuring chips (with no

paramagnetic samples loaded) from the same wafer and thereby determine what the variability

is likely to be so that this can be accounted for in new on-chip ESR measurements using the

frequency tunable design.

As mentioned in section 5.7, it would be valuable to quantify the precision of the g-tensor

projection method by applying it to a calibration sample of well-known ESR parameters. This

would confirm that the method works as expected, and allow us to analyse the precision of the

method (alongside its qualitative convenience merits).

Looking more broadly, the setup that has been developed in this thesis will be deployed in

further measurements which will focus on exploring the regime of high-cooperativity pulsed

electron spin resonance centred upon frequency tunable resonators.

The frequency tunability of our resonator might be used to address a limitation of high Qtot

resonators. As explained in the introduction context, high Qtot resonators can only improve the

sensitivity of pulsed ESR if they are used to measure spin sample relaxation times which exceed

the ringdown of the resonator τr. Detuning the frequency of the resonator from the spins at the

end of the pulse sequence might allow a ringdown suppression pulse to be implemented without

interfering with the spin dynamics. The resonator could then be tuned back into resonance with
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the spins in time to detect the spin echo. This could develop into a new technique to circumvent

the long ringdown problem of high Qtot resonators, and so benefit from the associated enhanced

sensitivity for measurements of spins with short relaxation times.

Further measurements exploring the physics of the spin echo trains are of interest. Evaluating

the spin echo train response to different pulse sequences, or whether their dynamics follow the

same decay processes which govern the primary echo, could be initial questions to follow.

We acknowledge the need for improved simulation to support these new experiments.

Capability for numerically solving the Cavity-Bloch equations is an initial step towards better

understanding the dynamics of high-cooperativity coupled spin-resonator experiments. We

explained the steps towards a simulation of the coupling between the spin ensemble sample

and the resonator mode. Advancement in the numerical evaluation of the B1 field generated by

our resonators, as explained in section 2.3.4, would improve our ability to estimate coupling

attainable for a given sample and configuration. In flip-chip experiments, this will still be limited

by the uncertainty in the dimensions at the interface between the resonator and sample.
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Appendix A

Function of microwave components

A.1 Mixers

A mixer is an essential basic component for microwave measurements. Mixers are designed to

perform the multiplication operation upon microwave frequency signals, represented schematically

by a ‘×’ symbol. An ideal mixer will output signals at the sum and difference frequencies

of the input signals ωout = ωin1 ± ωin2 by virtue of the fact that cos(ωin1t) × cos(ωin2t) =

cos(ωin1 + ωin2)t + cos(ωin1 − ωin2)t. In practice this is achieved using a diode (an electrical

one-way switch for current) which is controlled by the higher amplitude input signal, termed

the ‘local oscillator’ signal ωin1 ≡ ωLO (the other, lower frequency signal is typically designated

ωin2 ≡ ωIF). This means that under the action of the local oscillator signal the diode acts as a

square-wave switch of period 2π/ωLO
1 which thereby ‘chops’ the weaker signal at that rate. We

then see that the resulting output signal Sout has the desired frequency components together

with infinite diminishing harmonics.

Sout ∝
[

4
π

cos(ωLOt) + 4
3π cos(3ωLOt) + ...

]
× cos(ωIFt)

=
[

4
π

cos((ωLO + ωIF)t) + 4
π

cos((ωLO − ωIF)t)

+ 4
3π cos((3ωLO + ωIF)t) + 4

3π cos((3ωLO − ωIF)t) + ...

]

1The Fourier transform of a square wave of period 2L = 2π/ω is given by the series 4
π

∑
n

1
n sin(nωt) for odd

integers n
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Figure A.1: Internally, I/Q modulators consist of a phase-shifter and a pair of mixers whereby
one of the mixers receives a π/2 phase-shifted version of the local oscillator tone input and the
mixers’ output is passed through an in-phase power combiner.

The deviation of the diode from perfect ‘square-law’ behaviour together with leakage tones at

the input frequencies, leakage tones at the frequencies of the Fourier transform of the local

oscillator square-wave, and some interference with the diode modulation behaviour by the

weaker input tone all serve to reduce the fidelity of the mixer relative to its ideal behaviour.

Mixers contain filters (which tend to limit how wide the operational frequency range of the

mixer is) to (imperfectly) remove the unwanted higher harmonics.

We now consider some devices which, relying on mixers, perform further operations upon a

microwave-frequency signal.

A.2 I/Q modulators

I/Q modulators mix a local oscillator tone cosω0t with orthogonal components I and Q to

produce any modulation of the signal in phase, amplitude or frequency. Consider a completely

general target signal of the form VR = A cos(ω0t+ φ), which has the desired amplitude, frequency

and phase characteristics to produce, for instance, a certain manipulation of a spin ensemble.

VR = A cos(ω0t+ φ) = A cosω0t cosφ− A sinω0t sinφ = VI cosω0t− VQ sinω0t (A.1)

As eq. (A.1) shows, for a chosen carrier frequency ω0, all the information in the desired signal

can be captured with the ‘in-phase’ VI = A cosφ and ‘quadrature’ VQ = A sinφ components, so

named because they consist of an orthogonal cosine and sine wave which are therefore said to be

‘in quadrature’. In practice, it is easier to mix these I/Q components with the carrier frequency

to produce VR than to modulate the phase of the carrier φ directly, hence the ubiquity of I/Q

modulators in bringing about a desired modulation [209]. The internal components of the I/Q
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Figure A.2: Internally, SSBs consist of a pair of phase-shifters and a pair of mixers whereby one
of the mixers receives a π/2 phase-shifted version of the intermediate tone and the RF output
from the mixers is passed through an in-phase power combiner.

modulator in fig. A.1 demonstrate how this modulation happens in practise. Voltages VI and VQ
are passed to separate mixers where they are multiplied by a local oscillator tone. The outputs

from each of the mixers eq. (A.2) and eq. (A.3) are passed into an in-phase combiner, which

adds the signals together as in eq. (A.4) to produce the desired signal.

VMI = A cos(φ) cos(ω0t) = A

2

 cos(ω0t+ φ) + cos(ω0t− φ)
 (A.2)

VMQ = A sin(φ) cos
(
ω0t+ π

2

)
= A

2

 sin
(
ω0t+ π

2 + φ
)
− sin

(
ω0t+ π

2 − φ
)

= A

2

 cos(ω0t+ φ)− cos(ω0t− φ)
 (A.3)

VMI + VMQ = A cos(ω0t+ φ) = VR (A.4)

A.3 Single sideband mixers

Ideal frequency upconversion using a mixer results in two output frequencies, at the sum and

difference frequencies of the input signals. The purpose of a single sideband mixer (SSB) is to

simplify the upconversion by suppressing one of these two tones.

The sideband suppression occurs when the sequence of mixers shown in fig. A.2 causes two

multiples of that tone to be anti-phase with one another and therefore cancel each other out.

The LO input is a single frequency cosω0t and the modulation frequency (IF) is at a single, lower

frequency cos Ωt. The output from the first mixer VM1 is the multiplication of these two signals

eq. (A.5) and the output from the second mixer accrues the two phase π/2 shifts eq. (A.6).
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(a) (b)
Figure A.3: The components of (a) a single state lock-in amplifier and (b) a dual-stage lock-in
amplifier.

VM1 = cosω0t cos Ωt = 1
2

 cos((ω0 + Ω)t) + cos((ω0 − Ω)t)
 (A.5)

VM2 = cos
(
ω0t+ π

2

)
cos
(

Ωt+ π

2

)
= 1

2

 cos((ω0 + Ω)t+ π) + cos((ω0 − Ω)t)
 (A.6)

The last component of the SSB in fig. A.2 combines the two signals. As can be seen in

eq. (A.7), using cos(α + π) = − cosα, the upper sideband is suppressed in this step and the

lower sideband selectively transmitted. Similarly it can be shown that a 3π/2 phase shift on the

inputs to the second mixer would selectively transmit the upper sideband instead.

VM1 + VM2 = 1
2

 cos((ω0 + Ω)t) + cos((ω0 − Ω)t)− cos((ω0 + Ω)t) + cos((ω0 − Ω)t)


= cos((ω0 − Ω)t) (A.7)

A.4 Lock-in amplifier function

Lock-in amplifiers are used to detect very small signals Vs at a chosen reference frequency and

phase, by eliminating signals and noise at other frequencies [210]. This is accomplished using

phase-sensitive detection (PSD) together with filtering and amplification components as shown

schematically in fig. A.3a.

Single PSD The oscillating measured signal can be described by Vs = As cos(ωst). Similarly

the reference tone of the lock-in is given by Vr = Ar cos(ωrt+ φ), where φ accounts for any

difference in phase between the reference and measured signals. A phase-sensitive detector
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multiplies the signals together eq. (A.8). The output is then passed through a low-pass filter

(LPF) as shown in fig. A.3a. All AC components for ωs 6= ωr are eliminated by the LPF, and

crucially only the DC component arising when ωs = ωr is transmitted eq. (A.9). This means

that noise in the signal is attenuated by the phase-sensitive detection except for noise that

is close in frequency to the reference. The overall attenuation of noise is determined by the

bandwidth and rolloff properties of the LPF.

Vpsd = AsAr cos(ωst) cos(ωrt+ φ)

= AsAr

[
cos((ωs + ωr)t+ φ) + cos((ωs − ωr)t− φ)

]
(A.8)

Vpsd
LPF−−−→
ωs 6=ωr

0

Vpsd −−−→
ωs=ωr

1
2AsAr

[
cos(2ωt+ φ) + cos(φ)

]
LPF−−→ 1

2AsAr cos(φ) (A.9)

Note that the lock-in reference phase must not drift in time, or else φ will have a time-dependence

and the output from the PSD will not be DC. This is accomplished by phase-locking the lock-in

amplifier reference signal to the same external reference as the measurement signal.

Dual PSD In dual PSD, two phase-sensitive detection stages each output a DC signal that is

proportional to the measurement signal. However a π
2 phase shift is introduced in the reference

signal input of one PSD as shown schematically in fig. A.3b. This results in a π
2 phase difference

between the respective outputs of the PSD eq. (A.11).

Vpsd2 = AsAr cos(ωst) cos
(
ωrt+ φ− π

2

)
= AsAr

[
cos
(

(ωs + ωr)t+ φ− π

2

)
+ cos

(
(ωs − ωr)t− (φ− π

2 )
)]

(A.10)

Vpsd2 −−−→
ωs=ωr

1
2AsAr

[
cos
(

2ωt+ φ− π

2

)
+ cos

(
φ− π

2

)]
LPF−−→ 1

2AsAr cos
(
φ− π

2

)
= 1

2AsAr sin(φ) (A.11)

The orthogonal Vpsd1 and Vpsd2 voltages are again known as the ‘in-phase’ and ‘quadrature’

components of the lock-in amplifier output. The final stage of dual PSD is the computation of

the magnitude R of these components eq. (A.12), which is a DC signal proportional to As the
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amplitude of the signal of interest and which does not depend on the original phase difference.

R =
√

(Vpsd1)2 + (Vpsd2)2 = 1
2AsAr (A.12)

This is the essential benefit of a dual-phase lock-in: uncorrelated fluctuations in phase between

the measured and reference signals do not impact the lock-in detection. The quadrature phase

φ can also be calculated: tan(φ) = Vpsd2/Vpsd1.
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Appendix B

Wet fridge operating notes

These notes were recorded to help with operating the wet fridge which was used for all

measurements in chapter 4.

B.1 Cooling system from 298 K with empty dewar using He (g) fill

1. Insert sample holder to the Cu cold finger which is thermally anchored to the mixing

chamber. Create and leak test the In seal at the top of the Inner Vacuum Chamber (IVC),

remembering to switch the leak-checker (LC) valve on the touch screen. Insert ∼ 10 cm of

He exchange gas to the IVC.

2. The baffle on the main dewar can be opened as the dewar is empty. Insert the IVC into

the sliding seal, and lower the entire body of the wet fridge (WF) into the main dewar

before securing the sliding seal in place. Attach the still and condenser lines to the fridge.

Attach other lines: the thermometer line to the resistance bridge; the cold amplifier power

line; the level gauge line.

3. Whilst the system is warm, consider for good maintenance pumping out: the ‘jacket’ on

the cryostat of the main dewar (attach the LC and leave pumping for several hours); the

liquid N2 cold trap (via the aux. pump (note ON valve; plus aux. turbo plus gauge) in

the gas handling system (GHS): 7 GHS followed by 11b GHS slowly, could use heat

gun to expedite); the gas handling system itself (similar to pumping out the liquid N2 cold

trap only pumping on the volume gaged by P1 GHS instead); the 1 K pot (via valve 4a
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(a) A copper can is
clamped to the 200 mK
stage, and provides a ra-
diation shield to protect
the sample from photons
at 4 K.

(b) The inner vacuum
chamber (IVC) within
which the sample is
placed under a high-
quality vacuum.

(c) A ring of Indium metal is placed
around the top of the IVC. When
the IVC is clamped to the 1 K stage,
the compressed Indium creates a her-
metic seal which is robust at cryo-
genic temperatures.

(d) The sample holder is screwed
to the mixing chamber stage, which
has a base operating temperature of
65 mK.

Figure B.1: The mechanical components of the wet fridge.
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GHS and the 1 K pot (1KP) pump, starting with main 1KP valve and needle closed and

then open slowly, watch pressure on G3 GHS).

4. Pump out the still and condenser lines by attaching the LC to the ‘T’ valve and first

evacuating the lines between the WF valves and the GHS valves. Then slowly open valve

4 WF on the condenser line and pump on this volume (note that 3 WF remains closed).

Then slowly open the still WF valve on the fridge and pump on this volume also. Then

leak test all these new joins using the external He gas supply and the leak-checking mode

on the leak detector, remembering to open the valve to the leak-detector on the LC touch

screen.

5. The next section concerns adding He gas from the cylinder via the solenoid valve, which is

itself controlled from the same Raspberry Pi system as the heater located at the bottom of

the WF. Check that there is sufficient gas in the cylinder (< 150 bar would be a concern).

Firstly attach the LC to the valve on the sliding seal (SS). Use the main LC pump to

evacuate this volume for ∼ 1 hour, turning on the turbo at the end for a boost.

6. Close the SS valve. To back-fill with He, open the main He cylinder and switch the ‘heater’

switch to the UP position. You should hear a click as the solenoid valve opens owing

to the deficient pressure in the main dewar, and allows gas to enter the dewar. Fill the

dewar until the main dewar gage reads > 0.8 bar or so then pump to evacuate down to

∼ 0.07 bar. Repeat this cycle three times. The final time, fill the main dewar with He(g)

and start the compressor. Eventually you should see some condensed He register on the

level metre.

7. He transfer: Turn off the compressor and wait for the coldhead (Lakeshore B) to warm to

above 20 K to ensure that there is sufficient over pressure in the dewar turing the transfer.

Wait for gas coming from the end of the transfer tube to turn ‘white’ before inserting

the transfer probe into the main dewar, then turn on the He external (g) to expedite the

transfer. Transfer until the level reads ∼ 250 mm. Connect up the main dewar output

lines as shown in fig. B.2a and restart the condenser. Turn the heater switch ON (the

light will turn on), where it had been in the ‘solenoid’ position.

8. Pump out the exchange gas from the IVC. This will probably take around six hours,

after which you can open the LC to confirm that the background level and He level are
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(a) (b)
Figure B.2: Annotated photographs to ensure that (a) the valves on the top of the main dewar
and (b) on the sliding seal are connected correctly.

sufficiently low.

B.2 Inserting the wet fridge into He-containing main dewar

1. Insert sample holder to the Cu cold finger which is thermally anchored to the mixing

chamber. Create and leak test the In seal at the top of the IVC, remembering to switch

the leak-checker (LC) valve on the touch screen. Insert ∼ 10 cm of He exchange gas to

the IVC. Insert the IVC into the sliding seal and attach a one-way valve to the sliding

seal which opens at a lower pressure than the one-way valve on the main dewar. This is

to create a flow of cooling gas up through the seal as the fridge is inserted, so that the

fridge will be as cold as possible by the time it reaches the liquid He itself.

2. Turn the compressor off and wait for the pressure to rise in the main dewar (along with

Lakeshore B > 20 K). Manoeuvre the WF until it is above the baffle lid, then remove all

but two screws from the baffle lid. Quickly remove the baffles and lower the WF until the

holes in the SS are below the surface of the dewar. Lower the WF slowly into the main

dewar, listening to hear that gas is flowing out through the one-way valve on the neck of

the SS and periodically twisting the sliding seal to ensure it does not become frozen in

place. The slower the insertion happens, the less He will be wasted in the process. A guide

to the temperature can be obtained from the sorb thermometer (R3 on the resistance

bridge). Switch on the resistance bridge and check: 250 Ω corresonds to Rm. T, which

should rise to ∼ 3 kΩ at 4.2 K.
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3. Whilst the WF is still > 77 K, the 1KP needs to be flushed with He. Attach an extra

length of bellow pipe to the IKP line so that you can connect the 1KP pump to the fridge.

Turn on the IKP pump, open GHS 4a and the 1KP valve then open the needle valve

a few turns. This will draw He (g) up through the pot, thereby flushing away the air

trapped there (hence if T < 77 K this would be frozen). Re-close all these valves once

completed and remove the extra piece of bellow pipe.

4. When the WF is low enough, attach the still, condenser and 1KP lines to the fridge.

Attach other lines: the thermometer line to the resistance bridge; the cold amplifier power

line; the level gauge line. When the WF is fully inserted, fasten the screws from the SS to

the main dewar and close the SS valve so that all over-pressure gas flows out of the main

dewar one-way valve. Turn on the compressor and the main-dewar heater.

5. At this point it will probably necessary to do a He transfer.

6. Leak test the new connections to the fridge i.e. the connections to the still and condenser

lines, by attaching the LC to the T-piece and pumping with the turbo before opening the

flow to the LC itself.

7. Attach the LC to the IVC valve and start pumping out the exchange gas. It will take

around 6 hours to complete this process.
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Appendix C

Easyspin modelling

Easyspin is a freely downloadable toolbox [211] of more than 80 functions written in Matlab

for the simulation and analysis of ESR spectra1 (for further details refer to Ref. [212]).

Easyspin defines default laboratory frame (L) so that the z-axis is co-linear with the static field

zL ‖ B0 and the x and y axes point along the two components of the oscillating field, xL ‖ B1,x and

yL ‖ B1,y. For superconducting resonators, the B0 field must be co-planar with the superconduct-

ing film which then generates a B1 field in the perpendicular frame. This is inherently consistent

with the perpendicular mode ESR. The remaining axes are specified relative to one another by

Euler transformations [α, β, γ]2 as depicted in fig. C.1. For instance to convert the crystal frame

into the molecular frame you would apply Exp.MolFrame = [alpha beta gamma].

EasySpin was used to check whether a set orientation of the crystal axes relative to B0

according to the spin Hamiltonian simulation would agree with the spectrum data section 5.7.

1A series of basic functions provide the machinery to simulate core ESR processes, such as levels to generate
the energy levels associated with a given spin system at a given field, or eprload to import spectrometer data.
Higher-level functions combine such functions to provide robust spectrum simulation; primarily pepper is used
here for CW solid state (single crystal) ESR spectra. The pepper function takes as its inputs information
about the spin system in a struct Sys and information about the experimental parameters in the struct Exp,
with further adaptations included in Opt. It then solves the effective spin Hamiltonian eq. (2.6).

2The Euler convention stipulates that [α, β, γ] corresponds to xyz rotated (always counter-clockwise) about z
by α into x′y′z′, then about y′ by β, then about the resulting z′′ by γ, and is also known as the ‘zyz’ convention.

Figure C.1: Transformations between coordinate frames in EasySpin, adapted from Ref. [211].
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Appendix D

Matlab Code: CPW loaded with dielectric

Listing D.1: Matlab code to output the percentage shift in the resonator ν0

1 % use Simons on effect of dielectric loading on capacitance of CPW to

2 % guess at the resonant frequency shift of lambda/4 resonator

3 function ∆ omega norm = cpw elliptic integrals(h2,eps 2)

4

5 % effective relative permittivity of saphhire substrate

6 eps 1 = 11.34; % 9.26-11.35 (anisotropic) sapphire at cryogenic ...

temperatures; see:

7 % https://iopscience.iop.org/article/10.1088/0957-0233/10/5/308/pdf

8 h1 = 330e-6; % thickness of sapphire

9

10 % FUNCTION INPUTS e.g.

11 % eps 2 = 5; % added dielectric such as diamond

12 % h2 = 200e-6; % thickness of added dielectric such as diamond

13

14 eps 0 = 1; % if empty i.e. vacuum

15 h0 = 500e-6; % if empty, insensitive to this value

16

17 % width of conducting strip and gaps to ground plane of CPW resonator are ...

2 microns

18 S = 2e-6;

19 W = 2e-6;

20

21 % calculate elliptic integrals --> q coefficients
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22 q1 = elliptic integral q(S,W,h1);

23 q2 = elliptic integral q(S,W,h2);

24 q0 = elliptic integral q(S,W,h0);

25

26 epsilon loaded = 1 + q1∗(eps 1-1) + q2∗(eps 2-1); % i.e. sapphire below, ...

dielectric above

27 epsilon empty = 1 + q1∗(eps 1-1) + q0∗(eps 0-1); % i.e. sapphire below, ...

vacuum above

28

29 % normalised measure of frequency shift

30 ∆ omega norm = 1 - sqrt(epsilon empty/epsilon loaded);

31

32 fprintf( 'Frequency will reduce by %.1f %% ',∆ omega norm∗100);

33

34 end

Listing D.2: Matlab code to evaluate the elliptical integrals in cpw elliptic integrals.m

1 % taken from \cite{Simons} Section 2.2.5

2

3 function q n = elliptic integral q(S,W,h)

4

5 k n = sinh(pi∗S/(4∗h))/sinh(pi∗(S+2∗W)/(4∗h));

6 K n = ellipke(k n);

7

8 k nn = sqrt(1-k nˆ2);

9 K nn = ellipke(k nn);

10

11 k 0 = S/(S+2∗W);

12 K 0 = ellipke(k 0);

13 k 00 = sqrt(1-k 0ˆ2);

14 K 00 = ellipke(k 00);

15

16 q n = 0.5∗(K n/K nn)∗(K 00/K 0);

17

18 end
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M. Schramböck, G. Steinhauser, H. Ritsch, J. Schmiedmayer, and J. Majer. Cavity

QED with Magnetically Coupled Collective Spin States. Phys. Rev. Lett., 107, 2011.

doi:10.1103/PhysRevLett.107.060502.

175

http://dx.doi.org/10.3390/magnetochemistry3010012
http://dx.doi.org/10.3390/magnetochemistry3010012
http://dx.doi.org/10.1039/b810634g
http://dx.doi.org/10.1039/b810634g
http://dx.doi.org/10.1038/nature10314
http://dx.doi.org/10.1038/nature12597
http://dx.doi.org/10.1021/acscentsci.5b00338
http://dx.doi.org/10.1038/s41557-019-0232-y
http://dx.doi.org/10.1103/PhysRevA.93.063855
http://dx.doi.org/10.1038/nature02831
http://dx.doi.org/10.1103/PhysRevLett.107.060502


[88] J. Ebel, T. Joas, M. Schalk, A. Angerer, J. Majer, and F. Reinhard. Dispersive Readout

of Room Temperature Spin Qubits. 2, 2020. URL: http://arxiv.org/abs/2003.07562.

[89] V. Ranjan, G. De Lange, R. Schutjens, T. Debelhoir, J. P. Groen, D. Szombati, D. J.

Thoen, T. M. Klapwijk, R. Hanson, and L. Dicarlo. Probing dynamics of an electron-spin

ensemble via a superconducting resonator. Phys. Rev. Lett., 110, 2013. doi:10.1103/

PhysRevLett.110.067004.

[90] J. A. Haigh, N. J. Lambert, A. C. Doherty, and A. J. Ferguson. Dispersive readout of

ferromagnetic resonance for strongly coupled magnons and microwave photons. Phys. Rev.

B - Condens. Matter Mater. Phys., 91, 2015. doi:10.1103/PhysRevB.91.104410.

[91] Yaowen Hu, Yipu Song, and Luming Duan. Quantum interface between a transmon qubit

and spins of nitrogen-vacancy centers. Phys. Rev. A, 96, 2017. doi:10.1103/PhysRevA.

96.062301.

[92] Manjin Zhong, Morgan P. Hedges, Rose L. Ahlefeldt, John G. Bartholomew, Sarah E.

Beavan, Sven M. Wittig, Jevon J. Longdell, and Matthew J. Sellars. Optically addressable

nuclear spins in a solid with a six-hour coherence time. Nature, 517, 2015. doi:10.1038/

nature14025.

[93] P. Siyushev, K. Xia, R. Reuter, M. Jamali, N. Zhao, N. Yang, C. Duan, N. Kukharchyk,

A. D. Wieck, R. Kolesov, and J. Wrachtrup. Coherent properties of single rare-earth spin

qubits. Nat. Commun., 5, 2014. doi:10.1038/ncomms4895.
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