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Abstract

This thesis describes a study of polar semiconductor nanorods using first-principles

quantum-mechanical computer simulations.

Semiconductor nanostructures in solution are a very exciting class of material due

to our growing ability manipulate their shapes, sizes and the superstructures they

assemble in to, to produce a wide range of technologically useful properties.

Nanocrystals of binary semiconductor, such as those of ZnO, have been observed

to exhibit very large dipole moments which a!ect their internal electronic structure

(and therefore their optical properties, for example) as well as their interactions with

the surrounding environment, which can a!ect the kinetics of self-assembly and the

stability of the structures formed.

A detailed understanding of the factors contributing to this large polarity in nanocrys-

tals has proven elusive for two main reasons: (1) the multitude of factors that are

involved, ranging from the e!ects of surface chemistry, to the non-centrosymmetric

nature of the underlying crystal, to quantum confinement, to long-range electrostat-

ics, to interactions with the solvent and considerations of thermodynamic stability;

and (2) the limitations of current experimental technique, which don’t allow us the

level of control over, or knowledge of the state of our system, that is necessary to

be able to disaggregate these factors.

The main advantage of computer simulation is the level of control over and knowl-

edge of our ‘experimental’ conditions that it allows, thus making it an ideal tool for

addressing this problem. Recent developments in linear-scaling density-functional

theory, combined with improvements in computational power, have for the first time

brought accurate quantum-mechanical methods in to the realm of applicability to

nanocrystals of realistic size.



This thesis focuses on how a nanorod’s polarity and electronic structure are af-

fected by changes in the surface terminating species, by surface relaxations, nanorod

size, semiconductor type, applied electric fields, and interactions with neighbouring

nanorods.

iii



I would like to thank my supervisor Peter Haynes, and my second supervisors Nick

Hine and Paul Tangney for their wisdom and guidance throughout the course of

this degree.



Contents

List of Figures xi

List of Tables xii

Introduction 1

1 Semiconductor nanocrystals: structure, surfaces and charge distribution 4

1.1 Colloidal nanocrystals . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2 The quantum mechanics of semiconductor nanocrystals . . . . . . . . 7

1.2.1 From atoms to molecules to nanocrystals . . . . . . . . . . . . 8

1.2.2 From bulk crystals to nanocrystals . . . . . . . . . . . . . . . 12

1.3 Charge distribution in nanocrystals . . . . . . . . . . . . . . . . . . . 13

1.3.1 A review of the evidence . . . . . . . . . . . . . . . . . . . . . 13

1.3.2 Theory: from bulk surfaces to slabs to thin-films to nanocrystals 15

1.3.3 Nanocrystal superstructures and self-assembly . . . . . . . . . 19

2 Introduction to ab initio computational materials science 21

2.1 Many-body quantum mechanics . . . . . . . . . . . . . . . . . . . . . 22

2.1.1 The many-body Schrödinger equation . . . . . . . . . . . . . . 22

2.1.2 The Born-Oppenheimer approximation . . . . . . . . . . . . . 24

2.1.3 The variational principle . . . . . . . . . . . . . . . . . . . . . 26

2.2 Density functional theory . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.2.1 Hohenberg-Kohn Theorems . . . . . . . . . . . . . . . . . . . 27

2.2.2 Levy’s Constrained Search Formulation . . . . . . . . . . . . . 29

v



CONTENTS

2.2.3 The Kohn-Sham approach . . . . . . . . . . . . . . . . . . . . 30

2.3 Periodic supercells . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

2.3.1 Bloch’s theorem . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.3.2 k-point sampling . . . . . . . . . . . . . . . . . . . . . . . . . 38

2.3.3 The plane-wave basis set . . . . . . . . . . . . . . . . . . . . . 39

2.4 Pseudopotentials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

2.4.1 Non-linear core corrections . . . . . . . . . . . . . . . . . . . . 43

2.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3 Linear scaling 46

3.1 The density matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.2 Constraints on the density matrix . . . . . . . . . . . . . . . . . . . . 48

3.2.1 Normalisation . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.2.2 Idempotency . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.3 Locality in quantum systems . . . . . . . . . . . . . . . . . . . . . . . 49

3.4 Non-orthogonal orbitals and the density kernel . . . . . . . . . . . . . 50

3.5 Fractional occupancies and idempotency . . . . . . . . . . . . . . . . 52

3.6 Imposing idempotency . . . . . . . . . . . . . . . . . . . . . . . . . . 53

3.7 The psinc basis set . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.8 FFT box technique . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.9 Finding the ground-state energy . . . . . . . . . . . . . . . . . . . . . 58

3.9.1 Functionals to be minimised . . . . . . . . . . . . . . . . . . . 58

3.9.2 Minimisation strategy . . . . . . . . . . . . . . . . . . . . . . 60

3.10 Isolated supercells: the cuto!-Coulomb interaction . . . . . . . . . . . 61

3.11 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4 Nanorod charge distribution and electronic structure 64

4.1 The e!ect of surface termination . . . . . . . . . . . . . . . . . . . . . 65

4.1.1 Results and discussion . . . . . . . . . . . . . . . . . . . . . . 67

4.2 The e!ect of structural relaxation . . . . . . . . . . . . . . . . . . . . 76

vi



CONTENTS

4.3 The e!ect of nanorod size . . . . . . . . . . . . . . . . . . . . . . . . 81

4.4 The e!ect of semiconductor type (GaAs, GaN, AlN) . . . . . . . . . . 85

4.5 The e!ect of applied electric fields . . . . . . . . . . . . . . . . . . . . 88

4.5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

4.5.2 Electronic and ionic polarisability . . . . . . . . . . . . . . . . 90

4.5.3 Polarisability: a comparison between nanorods and bulk . . . 92

4.5.4 The e!ect of surface termination . . . . . . . . . . . . . . . . 96

4.5.5 The e!ect of size . . . . . . . . . . . . . . . . . . . . . . . . . 96

4.6 The e!ect of pairwise interactions between nanorods . . . . . . . . . . 99

4.6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

4.6.2 Results and discussion . . . . . . . . . . . . . . . . . . . . . . 100

4.7 Summary and conclusion . . . . . . . . . . . . . . . . . . . . . . . . . 105

A Simulation details and preliminary calculations 110

B Considerations of nanorod stability and environment 113

C Description of relaxed geometries 118

References 121

vii



List of Figures

1.1 Model of a stoichiometric, wurtzite CdSe nanocrystal obtained from

the analysis of high resolution transmission electron microscopy im-

ages [1]. (figure is from Ref. [2]). . . . . . . . . . . . . . . . . . . . . 6

1.2 Energy level diagram from Ref. [3], showing the hybridisation of

atomic orbitals, the formation of bonding and anti-bonding orbitals,

and the emergence of bands and surface dangling-bond states. . . . . 10

1.3 Characteristic density of states plots for dimensions three to zero.

As the dimension is lowered, the density of states displays sharper

features. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.4 Dependence of the 2D-slab’s formation energy on slab thickness. There

are three identifiable regimes. Figure from Ref. [4] . . . . . . . . . . . 18

2.1 A schematic illustration of a pseudopotential and pseudo-wavefunction 41

3.1 One dimensional psinc function with M=9. The values are unity on

the grid point on which it is centred and zero on all other grid points

within the cell (which is M=9 grid points wide). From Ref. [5] . . . . 56

4.1 An unrelaxed GaAs nanorod with Ga, As, and H atoms colored red,

blue, and green, respectively. The Ga and As terminated ends are

indicated. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.2 Dipole moment dz as a function of H atom coverage of the polar

surfaces for a nanorod with fully H-terminated lateral surfaces. . . . . 68

viii



LIST OF FIGURES

4.3 Charge density profile along z, with x and y directions averaged out . 69

4.4 (a) Charge density and (b) electrostatic potential as a function of

position z along the long axes of the H/H, H/B, and H/P nanorods.

Both quantities are integrated over the plane perpendicular to the

long axis and smoothed on the length scale of a wurtzite unit cell. . . 70

4.5 Density of states for: (a) H/H (top) and B/H (bottom); (b) H/B and

B/B; (c) H/P and B/P. The Fermi level is at 0eV. Nanorods with

bare lateral surfaces have relatively many states near the Fermi-level. 71

4.6 Local densities of states for three nanorods: (a) H/H; (b) H/B; (c)

B/H; (d) one of the nanorods of figure 4.2 with 67% hydrogen cover-

age on polar surfaces. The global Fermi level is plotted in each case.

Red (blue) curves correspond to slabs close to the polar surfaces ter-

minated by Ga (As). . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4.7 Di!erence in electron density profile between H/H and H/P . . . . . 75

4.8 relaxed rod: Fermi-level stabilised at mid-gap states . . . . . . . . . . 77

4.9 Iso-surface of the HOMO viewed (a) along the [112̄0] direction, and

(b) looking at the (0001) polar surface. (isovalue of 0.001 e/a30). . . . 77

4.10 Iso-surface of the LUMO viewed (a) along the [112̄0] direction, and

(b) looking at the (0001) polar surface. (isovalue of 0.001 e/a30). . . . 78

4.11 Density of states plot for: (a) b/b , before (top) and after (bottom)

relaxation; (b) h/b ; (c) h/h; (d) b/h. In all cases relaxation has

tended to move surface states away from the Fermi-level. . . . . . . . 79

4.12 Structure of an unrelaxed, H terminated nanorod (0) and the relaxed

structures of b/b to h/h. Red spheres represent Ga atoms, purple

represents As, and grey represents H. The left hand picture looks

down the [112̄0] direction and the right hand picture looks at a view

of the (0001) polar surface. . . . . . . . . . . . . . . . . . . . . . . . . 80

4.13 The magnitude of the dipole moment increases linearly with nanorod

length for nanorods of cross-sectional area 3.56nm2. . . . . . . . . . 81

ix



LIST OF FIGURES

4.14 The magnitude of the dipole moment increases with nanorod cross

sectional areas (shown in (a)) for nanorods of length 12.8nm. The

relationship is not linear over the whole of this range, as the polar

surface charge density falls o! quickly, asymptotically approaching a

finite value (shown in (b)) . . . . . . . . . . . . . . . . . . . . . . . . 82

4.15 LDOS plot of (a) a slab in the middle of the rods; (b) the Ga-rich

end (top) and the As-rich (bottom) . . . . . . . . . . . . . . . . . . . 83

4.16 Laterally averaged and Gaussian-smoothed charge distribution along

the length of the nanorod for rods of AlN, GaN and GaAs. The data

is the same in (a) and (b), but (b) is has a magnified “charge density”

axis. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

4.17 LDOS plots of the cation-rich (top) and anion rich (bottom) polar

surfaces of AlN, GaN and GaAs. . . . . . . . . . . . . . . . . . . . . . 87

4.18 Dependence of the polarisability of a material on the frequency of

oscillation of the field. . . . . . . . . . . . . . . . . . . . . . . . . . . 89

4.19 Change in the electron density when a field of E = 0.05 V/nm is

applied. Grey is no change, white is negative change, black is positive

change. Dipole moment changed by 154 D (from -658 D to -504 D). . 90

4.20 Change in cross-sectional-averaged electron density resulting from the

field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

4.21 LDOS plots of the Ga-rich polar surface (top) and As-rich polar sur-

face (bottom) (a) with no applied electric field; and (b) in an applied

uniform electric field of E = +0.05 V/nm . . . . . . . . . . . . . . . . 94

4.22 The change in polarisability density nanorod H/H-r with length and

cross-sectional area. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

4.23 LDOS (a) without and (b) with Efield. . . . . . . . . . . . . . . . . . 98

x



LIST OF FIGURES

4.24 (a) the potential across the rod. The potential di!erence remains

almost identical, despite the applied field.The nanorod’s internal field

has increased slightly -0.089 V/nm to -0.10 V/nm. (b) Di!erence

between charge densities, at E=0.05V/nm and E=0. A net charge of

+0.41e has been transferred from one end to the other as a result of

the field, resulting in a change in dipole moment from -818 D to -610 D. 98

4.25 Two aligned nanorods separated by a distance s. We are looking

down on the (0001) surface of the nanorods. . . . . . . . . . . . . . . 100

4.26 The variation of the dipole moment of one of the pair of nanorods,

with separation, in the aligned and anti-aligned configurations. . . . . 101

4.27 The LDOS of an isolated rod (black) and of one of the pair of nanorods

separated by a distance 2.57 nm between the rod’s central axes (red)

in the cases where the rods are (a) aligned; and (b) anti-aligned . . . 102

4.28 Di!erence in electron density along the length of the rod between one

of the pair of nanorods separated by a distance 2.57 nm between the

rod’s central axes, and the isolated rod, in the cases where the rods

are (a) aligned; and (b) anti-aligned. The charge transfer from the

the left hand end to the right of the rod is 0.1e in (a), and -1.15 in (b).103

4.29 The potential across the nanorod when aligned with (at separation

2.57 nm), anti-aligned with, and isolated from another nanorod. The

decay of the internal field is most prominent when rods are anti-

aligned, and least prominent when aligned. . . . . . . . . . . . . . . . 104

4.30 Typical band-edge diagram of the nanorods in this work. The top and

bottom surfaces here represent the end polar surfaces of the nanorod. 106

B.1 (a) lower bound, µH = !0.6281 (b) a mid-range value, µH = !0.5845

(c) upper bound, µH = !0.5683 . . . . . . . . . . . . . . . . . . . . . 116

C.1 Geometry relaxation of rod with H-terminated As-rich polar surface

and bare Ga-rich surface . . . . . . . . . . . . . . . . . . . . . . . . . 119

xi



List of Tables

4.1 Dipole moment dz, net charge of the left-hand half QL and electric

field at the mid-point Em of the nanorods. . . . . . . . . . . . . . . . 68

4.2 Configurations and dipole moments dz before and after structural

relaxation of the four nanorods. . . . . . . . . . . . . . . . . . . . . . 78

4.3 Some properties of AlN, GaN, and GaAs in nanorod and in bulk. . . 87

4.4 Electronic polarisabilities of nanorod H/H-r and of a volume of bulk of

the same size, resolved in three directions - [112̄0] (x-direction), [11̄00]

(y-direction) and [0001] (z-direction). The bulk value is calculate from

the optical susceptibility !("). Error values represent one standard

deviation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

4.5 Polarisabilities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

A.1 Convergence data for the total energy and lattice parameters . . . . . 111

B.1 Total energy of molecule, calculated in DFT, and the enthalpy of

vaporisation plus fusion per molecule, obtained from Ref. [6] . . . . . 115

xii



Introduction

Inorganic nanocrystals have been the subject of intense study over the past decade,

both from the perspective of fundamental physics, and technological application.

Innovations in the techniques of nanoscale fabrication, together with the wide range

of novel and technologically useful properties which these materials exhibit, and are

predicted to exhibit, have been the main reasons for the explosion of interest.

Nanoscale materials can have very di!erent electronic, optical and chemical

properties from those of their larger scale equivalents [7]. One source of di!erence

is the much larger surface to volume ratio seen in nanocrystals compared with bulk,

resulting in a correspondingly larger degree of influence for the nanocrystal’s surfaces

on its properties. A second reason is the e!ect of quantum confinement, which

becomes significant when the size of a nanoparticle in any dimension is comparable to

the De Broglie wavelength of electrons in the material – typically between 10 nm and

1 µm in semiconductors. The ability to control the size of nanoparticles, their shape,

and the constitution of their surfaces can allow a very great degree of control over

their properties. For example, the band gap in CdS can be tuned between 2.5 and 4

eV [8] and its melting temperature between 1600 !C and 400 !C [9], only by reducing

the size of nanocrystal, without changing the composition. Recent advances in our

ability to manipulate these factors make nanocrystals highly promising materials for

technological exploitation in a very wide range of areas.

Another extremely useful feature of nanocrystals, particularly nanoparticles

in solution, is their ability, under specific conditions, to self-assemble into more

complicated structures that would otherwise be extremely di"cult or impossible to
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Introduction

fabricate. Specifically, nanoparticles have been observed to assemble in 3D lattice

structures [10], 2D sheets, 1D ‘perl neckless’-like structures [11], and complex quasi-

0D structures displaying a wide variety of di!erent shapes and symmetries [12].

The collective properties of these quasi-lattice structures are, in general, di!erent

from those displayed by the individual nanoparticles and bulk samples, and are often

controllable by fine tuning the environmental conditions. These collective properties

have been exploited in sensor technology and potentially in a wide variety of other

areas of application [13].

As we gain finer control over the properties of nanocrystals and the structures

they assemble into, the number of applications will inevitably increase. At present,

they have found application or potential application in: in vivo imaging in biol-

ogy [14], light-emitting diodes [15], lasing devices [16], solar cells [17], hydrogen fuel

cells [18], battery technology [19], magnetic information storage [20] and targeted

cancer drug therapies [21]. This list is not exhaustive.

A great deal has been achieved over the past decade in the realms of nanopar-

ticle synthesis, characterisation and application [22]. A large body of empirical

knowledge has been developed, linking specific environmental conditions and fabri-

cation methodologies to particular nanoparticle shapes and some of their properties.

However, due to the limitations of current experimental technique, relatively little

is known about the link between a nanocrystal’s detailed morphology and its elec-

tronic structure and properties. An illustrative example, and one which this Thesis

directly addresses, relates to the charge distribution in semiconductor nanocrystals.

The charge distribution in a nanocrystal is a crucially important character-

istic which is interlinked with all its other properties. Some nanocrystals exhibit no

net charge and no significant dipole moment, other nanocrystals are known to carry

charge and some semiconductor nanocrystals are found to exhibit a large dipole

moment, even in the electronic ground state. Experiment doesn’t provide a su"-

cient level of control over the nanocrystal’s structure, or a precise enough level of

knowledge about the individual nanocrystal’s state or electronic structure to be able

to disaggregate which of the multitude of factors is most critical in determining a

2



Introduction

nanocrystal’s charge distribution, and how they are interlinked.

The limitations of current experimental technique place an increased impor-

tance on other means of investigation, the chief of which is first-principles quantum-

mechanical computational simulation. However, accurate methods based on density

functional theory (DFT) have been limited in the extent to which they have been

able to fulfil their promise in this area, mainly because of the the scaling of compu-

tational resources with system size in conventional algorithms (O(N3) scaling, were

N is the number of electrons in the system), their poor suitability to 0D systems,

and the lack of su"cient computational power. As a result it has not been possible

to access realistically large nanocrystal sizes using these methods. However, new

linear-scaling DFT methods have been developed which, together with the improve-

ments in computational power, which continues to increase exponentially with time,

enable the study of more realistically sized nanocrystals.

The first aim of this Thesis is to use linear-scaling DFT to investigate the

factors determining the charge distribution in nanocrystals, with particular focus

on polar semi-conductor nanorods in colloidal solution. We also investigate their

dielectric properties, which are likely to be a very important considerations for

nanocrystal superstructures.

The structure of this Thesis is as follows: In chapter 1 we review the relevant

background topics and the literature on nanocrystals and their polarity; in chapter 2

we review the theory behind conventional implementations of density functional

theory; in chapter 3 we discuss linear-scaling methods, and specifically, the approach

to linear-scaling taken in the ONETEP code; in chapter 4 we present details of our

simulations of nanorods, together with our findings.
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1

Semiconductor nanocrystals: structure,

surfaces and charge distribution

Semiconductor nanocrystals are small lumps of semiconductor crystal of size in each

dimension typically in the range 1 nm to 1 µm. In this chapter we focus on describing

what is currently known about the structural properties, electronic structure and

ground-state charge distribution in semiconductor nanocrystals, and the relevant

issues surrounding these topics.

1.1 Colloidal nanocrystals

There is a wide range of di!erent types of nanocrystals which can be synthesised,

varying in size, shape, purity and surface adsorbates. They can be synthesised using

a host of di!erent techniques, from physical methods, like pulsed laser ablation, to

mechanical methods, like bead milling, to chemical synthesis, or ‘wet’ chemistry [23].

This Thesis is concerned with investigating phenomena seen in chemically synthe-

sised nanocrystal colloids, since these are closest to the sizes and surface conditions

we have intended to replicate.

Chemical synthesis of nanocrystals involves the precipitation of a solid phase

out of a liquid solution of reactants. This is typically a multi-staged process involving

4



1. Semiconductor nanocrystals: structure, surfaces and charge distribution

a nucleation stage, a growth stage, and a stabilisation stage, with careful control of

the reactant composition and temperature throughout the process.

Crucial to the synthesis of colloidal nanocrystal and to the ability to control

the nanocrystal size and shape, is the use of specific molecules known as stabilising

agents. These are surfactants which serve to prevent inter-nanocrystal agglomer-

ation and to reduce the reactivity of the nanocrystal surfaces, slowing or halting

nanocrystal growth1. These molecules typically consist of a hydrophilic, polar head,

and a hydrophobic hydrocarbon chain tail. The stabilising agents commonly used

in colloidal syntheses include alkyl thiols, amines, carboxylic and phosphonic acids,

phosphines, phosphine oxides, phosphates, phosphonates, and various coordinating

solvents (e.g. ethers) [25].

Evaluating nanocrystal structure involves identifying the composition and

crystallinity of the nanocrystal core, the shape and size of the nanocrystal, and the

morphology and composition of its surfaces. Powder X-ray di!raction (XRD) and

electron di!raction are used to determine the crystal phase of the core, transmission

electron microscopy (TEM) can be used to study nanocrystal shapes and sizes. Polar

nanocrystals (crystals composed of two atomic species) are found in two crystalline

phases, cubic zincblende, and hexagonal wurtzite. Zincblende nanocrystals tend

to form roughly spherical (though faceted) shapes, and wurtzite nanocrystals tend

to form anything from roughly spherical to more elongated shapes, which, if their

aspect ratio is large enough, are called nanorods. Figure 1.1 shows the shape of

a CdSe nanocrystal in the wurtzite structure with a low aspect ratio, which are

observed using electron microscopy in Reference [1].

1The final shape of nanocrystals produced by these chemical processes depends on many factors
which contribute to the kinetics of growth. It is very di!cult to negate kinetic barriers and bring
a crystal into equilibrium with its surrounding environment. Nevertheless, theoretical predictions
of a nanocrystal’s equilibrium shape can be an important reference point for studying the energet-
ics of nanocrystal formation. Equilibrium crystal shapes have traditionally been predicted using
Wul"’s construction [24], on the basis of knowledge of the free energies of the low energy facets
of a crystal. However, there are problems with applying Wul"’s construction at the nanoscale
(1) Wul"’s theorem is a continuum theory; (2) Edges and corners become extremely important
considerations on the nanoscale; (3) fields which penetrate the entire crystal can cause the free
energies of di"erent surfaces on the nanocrystal to become interlinked.

5



1. Semiconductor nanocrystals: structure, surfaces and charge distribution

Figure 1.1 – Model of a stoichiometric, wurtzite CdSe
nanocrystal obtained from the analysis of high resolution
transmission electron microscopy images [1]. (figure is from
Ref. [2]).

More di"cult however, is the characterisation of the surface composition and

morphology. To illustrate the di"culty, we use the example of a recent detailed

study [26] which probes the surface chemistry of colloidal PbSe. The study uses

a range of nuclear magnetic resonance (NMR) techniques to determine that the

nanoparticle consists of a stoichiometric PbSe core, terminated by a Pb-rich sur-

face, followed by a shell of surface ligands. The ligands are found to be composed

95-100% of oleic acid ligands, and 0-5% tri-n-octylphosphine, and the ligand density

is 4.2 ligands per square nanometer of surface – equivalent to one ligand for every

two surface Pb atom. This is the most detailed nanocrystal surface characterisation

we have seen, yet it says little about the precise Pb/Se composition of the surfaces,

and nothing about how the surfaces may be reconstructed, whether there is a sym-

metry to the way ligands attach to the surfaces, and whether there are di!erences

between the di!erent facets on the nanocrystal (e.g di!erences in ligand composi-

tion). These factors can be important in determining some of the properties of the

nanocrystals, but are inaccessible to study using current experimental techniques,

making it di"cult to study their relative importance for the nanocrystal’s polarity

(among other properties).
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1. Semiconductor nanocrystals: structure, surfaces and charge distribution

This ‘accessibility gap’ can be partially filled using the methods of compu-

tational simulation. For example, a recent study [27] used X-ray absorption fine

structure measurements combined with density functional theory calculations, to

predict that the surfaces on the sides of CdSe nanorods are reconstructed Cd rich,

with some unpassivated Se atoms. Other solely computational studies have deter-

mined that lattice constants can become smaller nearer nanocrystal surfaces, and

that smaller nanocrystals tend to have smaller lattice constants compared with their

bulk counterparts [28]. Still other computational studies have attempted to inves-

tigate the e!ect on the electronic structure of surface termination with ligands, one

of which found that ligands tend to move the surface states away from the bandgap,

rendering the surfaces ‘optically inert’ [29]. Many important questions remain open

in these areas.

1.2 The quantum mechanics of semiconductor nanocrys-

tals

A fundamental aspect of quantum mechanics is the idea of wave-particle duality,

which says that every particle can be associated with a matter wave with a wave-

length (the de Broglie wavelength) that is inversely proportional to its momentum.

On scales comparable with a particle’s de Broglie wavelength, Newton’s equations

of motion break down, and the system is described within the framework of quan-

tum mechanics, and according to a new equation of ‘motion’: Schrödinger’s wave

equation.

In this section, we consider three di!erent quantum mechanical models, and

their consequences for nanocrystals. Section 1.2.1 considers two atom-centric mod-

els: the valence bond model, in which it is assumed that atomic orbitals (AOs)

interact in molecules to form individual ‘bond orbitals’ (BOs); and a tight-binding

model, in which AOs can combine to form molecular orbitals which, in general, span

the whole molecule. Section 1.2.2 considers the free-electron model of an extended

7



1. Semiconductor nanocrystals: structure, surfaces and charge distribution

crystal, in which electrons are not bound strongly to individual atoms in the crystal.

1.2.1 From atoms to molecules to nanocrystals

In an atom, negatively charged electrons are said to ‘orbit’ a more massive posi-

tively charged nucleus. The electronic states (‘orbitals’) of the simplest atom, hy-

drogen, have been calculated analytically. In atoms with more than one electron, the

Schrödinger equation is impossible to solve because of the electron-electron terms in

the Hamiltonian. Fortunately, good approximations exist which simplify the prob-

lem. We discuss electronic structure calculations in more detail in Chapters 2 and

3.

In order to make the Schrödinger equation solvable for many electron atoms,

the independent electron approximation is made, in which electrons are assumed to

occupy their own one-particle atomic orbitals (AO), similar to those of the hydrogen

atom. AOs are characterised by three quantum numbers: the principal quantum

number n, the orbital angular momentum quantum number l, and the component

of angular momentum along any given direction ml. The state can be denoted

|n, l,ml#, following Dirac’s notation. The Pauli exclusion principle ensures that

each orbital can be occupied with no more than a pair of electrons of opposite spin.

For example, the eight valence electrons in a neon atom occupy the states |2, 0, 0#,

|2, 1, 0#, |2, 1,!1# and |2, 1, 1#, with a pair of spin-antialigned electrons in each state.

The state with l = 0 is known as an s-orbital and is spherically symmetric, and the

three states with l = 1 are known as px-, py- and pz-orbitals and have dumbbell-like

shapes along the x, y and z axes respectively.

When two atoms are brought closer together so that their atomic orbitals

overlap, the energies of the states change. These new states can no longer be thought

of as belonging to only one atom, and are known as one-electron molecular orbitals

(MOs). The energies of these molecular orbitals can be very well approximated

in systems with a large number of electrons with linear combinations of atomic

orbitals (LCAOs). For example, when two H atoms are brought together so that

8



1. Semiconductor nanocrystals: structure, surfaces and charge distribution

their occupied s-orbitals overlap, the two MOs that are produced result from (1)

adding the AO of atom 1 with the AO of atom 2 (2) subtracting AO of atom 1 from

the AO of atom 2. The first MO has lower energy than the initial AOs, and the

second MO has a higher energy. The two electrons occupy the lower energy molecular

orbital in a spin-pair, resulting in a lowering of the total energy as compared with

the isolated atoms, and the atoms are said to have bonded. The lower energy MO is

known as the bonding orbital, and the higher energy one is the anti-bonding orbital.

If we consider the bonding axis between two atoms to be along the z direc-

tion, bonding and anti-bonding orbitals produced (within the framework of valence

bond theory [30]) as a result of a linear combination of s orbitals, or pz-orbitals are

cylindrically symmetric around the bonding (z) axis, and are known as " (bonding)

and and "" (anti-bonding) orbitals. Those produced as a result of linear combina-

tions of px orbitals or py orbitals (which approach each other side-by-side) are not

symmetric around the bonding axis and are known as # orbitals.

Valence bond theory can also explain the tetrahedral coordination of carbon

in, for example, CH4 by allowing a conceptual process called AO hybridisation in

which the s-, px-, py- and pz-AOs of the carbon atom are linearly combined so

that they interfere constructively in some regions and destructively in others, in

this case producing 4 notional ‘hybrid’ AOs with the same energy as each other

and oriented towards the 4 corners of a tetrahedron. These ‘hybrid’ AOs, known

as sp3 hybrid orbitals (because they combine 1 s and 3 p orbitals),form " and ""

orbitals when combined with the s-orbital of the hydrogen atoms. The spn hybrids

of a central atom depend on the coordination of the atom. In cases where a central

atom is bonded with inequivalent atoms, or at unequal bond angles, it is necessary

to consider more general sp! orbitals, where $ is non-integer [31].

We now turn to nanocrystals. Nanocrystals can be thought of as large

molecules consisting of hundreds or thousands of atoms, to which valence bond

theory can be applied. In GaAs nanocrystals, for example, the Ga atom has valence

configuration 4s24p1 and the As atom has 4s24p3. After making the approximation

that only valence electrons are involved in bonding, the tetrahedral co-ordination of

9



1. Semiconductor nanocrystals: structure, surfaces and charge distribution

Figure 1.2 – Energy level diagram from Ref. [3], showing
the hybridisation of atomic orbitals, the formation of bond-
ing and anti-bonding orbitals, and the emergence of bands
and surface dangling-bond states.

both Ga atoms and As atoms in bulk GaAs can be thought of as arising from the

hybridisation of the s and p orbitals in to four sp3 hybrid orbitals on both the Ga

atom and As atom. The linear combination of a hybrid AO on the As atom, with

a hybrid AO on the Ga atom, gives rise to a bonding orbital with energy %b and an

anti-bonding orbital with energy %a. Figure 1.2 describes the process schematically.

As the number of atoms in the nanocrystal increases, more bonding and

anti-bonding orbitals are created. The energy separation between the high energy

anti-bonding state and the low energy bonding state tends towards a constant as

the number of atoms in the crystal increases. Crystals that are large enough to be

in this constant regime have many states clustered over a range (bandwidth) around

the original bonding and anti-bonding energies, with such small energy di!erences

between these states, that it simpler to say that an energy band has been created,

with a continuum of allowable energies within these bands. The band which consists

of anti-bonding molecular orbitals is the conduction band, and the one which consists

10
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of bonding MO is the valence band. We discuss how the band-structure changes with

nanocrystal size in section 1.2.2

So far, we have discussed the delocalised MOs responsible for bonding within

nanocrystals. However, the model we have been discussing (summarised in Figure

1.2) also provides insight in to the other important aspect of nanocrystals, its sur-

faces. In bulk crystal, bonding orbitals are formed from hybrid orbitals, but those

hybrid orbitals on the surface atoms directed out from the surface remain unbound.

These orbitals are known as dangling bonds. In Figure 1.2 we see that the dangling

bond associated with a Ga surface atom has energy %Ga
h , which is just above the

conduction band minimum, and the hybrid associated with an As surface atom has

energy %As
h : just below the valence band maximum. In general, dangling hybrids

may lie within the band-gap, and are typically quite near the Fermi level.

One can imagine cleaving the a crystal by cutting through bonding orbitals

and increasing the total energy of the system (both surfaces) by %Ga
h + %As

h ! 2%b for

every bond that is cut, assuming that the two electrons in each bonding orbital are

split between the Ga dangling hybrid of one surface, and the opposing As dangling

hybrid of the other. In addition to this contribution to the surface energy, there is a

possible contribution arising from the spin-pairing of the electrons on the As dangling

hybrid, which lies below the Fermi level, and the reconstruction of the surface, which

changes the AO constitution of the dangling hybrids and bonding orbitals of the

surface atoms, moving them even further from the gap region. These additional

contributions result in a large portion of the energy lost by creating the two surfaces

being regained. One might predict from this picture that surfaces with more As

atoms than Ga atoms, like the (1̄1̄1̄)-As surface, would have a strong negative charge,

due to the double occupation of the As dangling hybrids. However this crude non-

interacting electron picture does not consider the increase in the Coulomb energy

due to spin-pairing electrons, or due to the creation of uncompensated charge. It also

does not consider that spatially repeating dangling hybrids will themselves broaden

into surface bands on large enough surfaces. We discuss the problem of charged

surfaces in Section 1.3.2.
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Figure 1.3 – Characteristic density of states plots for di-
mensions three to zero. As the dimension is lowered, the
density of states displays sharper features.

1.2.2 From bulk crystals to nanocrystals

A bulk solid can be modelled as a cubic system of length L, containing N non-

interacting (i.e. chargeless) ‘electrons’. This model, known as the free electron

model, surprisingly captures many of the physical aspects of real solids, despite not

accounting for the interaction of electrons with the underlying crystal lattice, or

with other electrons. Typically periodic boundary conditions are invoked in order

to avoid having to account for e!ects associated with abrupt boundaries (surfaces).

The solutions to this model are a discrete set of travelling waves, each indexed by a

wavevector k which is interpreted as defining the momentum and the energy ($ k2)

of the electron described by that wavefunction. We discuss wavevectors in more

detail in Chapter 2, where we describe Bloch’s theorem. The set of wavevectors

constitute a uniform grid of points in k-space with spacing between points equal to

2#/L. As L !% ", the space between, 2#/L !% 0, and the spectrum of allowed

electron momenta and energies becomes continuous. Within this model, it is possible

to calculate the analytical form of the density of states (DOS) as a function of k, or

of energy, for structures of di!erent dimensionality.

Figure 4.5 shows the DOS for structures with di!erent dimensionality, ranging

from 3 to 0 dimensions. As the dimension is lowered, the density of states displays

sharper features, until the energy spectrum becomes discrete in 0D – the relevant

dimensionality for atoms and nanocrystals.

In semiconductors, the occupied states in the valence band and unoccupied

states in the conduction band are separated by the band gap. As the size of the
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nanocrystal is reduced, these bands fragment into a set of points at discrete values

of k. The dispersion relations of the conduction band at its minimum, and the va-

lence band at its maximum, can be approximated as being parabolic, and therefore,

free-electron like. This observation motivates the approximation that the energies

of the states near the band-edges change due to confinement in the same way that

a free-electron confined to a box varies with the size of the box. In a 3D infinite

cubic well of length L, one-electron energy levels vary as 1/L2. Although this is a

good first approximation for small nanocrystals, corrections arise when the Coulomb

interaction between electrons, crystal anisotropy and spin-orbit coupling are consid-

ered. A more detailed model [32] based on the e!ective-mass approximation predicts

the e!ective band-gap of a spherical particle, in the limit of strong confinement (i.e.

nanoparticle size is smaller than the e!ective Bohr radius of an exciton in bulk) as

E
!
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where the first term is the bulk band-gap, the second is the result of confinement on

the kinetic energy, the third represents the Coulomb attraction between the electron

and hole, and the last term is the result of spatial correlation between the electron

and hole.

1.3 Charge distribution in nanocrystals

1.3.1 A review of the evidence

Direct experimental evidence. In 1997 it was observed that wurtzite CdSe nanocrys-

tals in colloidal solution exhibit a large permanent dipole moment oriented along

the polar [0001] axis [33]. Such dipole moments have since been observed in other

colloidal polar nanocrystals – wurtzite and zincblende [34, 35]. This dipole moment

has been the subject of a good deal of interest due to the expectation that it has

consequences for nanocrystal optical properties, and could play a role in nanocrystal
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self-assembly [11].

There have been a substantial number of contradictory studies relating to

the origin of the dipole moment, some attributing it to the non-centrosymmetric

nature of the wurtzite structure [36] which is associated with an intrinsic spontaneous

polarization – an interpretation that is widely accepted [10, 37]. The dipole moments

found in cubic polar nanocrystals have been attributed to charges distributed in

surface states, and it was suggested that this may also be the case in wurtzite

nanocrystals too [35].

An electrostatic force microscopy study of CdSe nanorods [38] observed no

dipole moment in the samples studied, but did find that some nanorod lateral sur-

faces were charged – some positive, others negative, and others neutral. The study

concluded that their readings must have arisen from nanorods whose lateral surfaces

were not exacly parallel to the wurtzite c-axis, so that P · n was non-zero on some

surfaces, and positive or negative depending on their relative orientation with the

c-axis.

Evidence from theory and simulation. A theoretical study has revealed a

strong enhancement of the polarity of nanorods compared with thin films of the

same length along the [0001] direction [39], reinforcing the suspicion that something

more than crystal symmetry is involved in determining the dipole moment.

Other studies have attributed importance to di!erent factors, including nanocrys-

tal shape [40], molecular passivation of nanocrystal surfaces [40, 41], surface re-

construction [41, 42] and a piezoelectric e!ect caused by strain at the nanocrystal

surfaces [43].

The question of origin and the important factors influencing the dipole mo-

ment is still unresolved, and is one of the primary topics of concern in this Thesis.

We introduce the topic of surface charge more generally below.
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1.3.2 Theory: from bulk surfaces to slabs to thin-films to nanocrys-

tals

Cutting a binary compound along a particular plane will create a surface. If this

surface is constituted of an equal number of each of the two species of atom, it is

known as a stoichiometric surface, and if there is more of one type of ion than the

other, it is referred to as a polar surface2.

An ionic model of a crystal, in which the metal ion has a nominal charge of

+p, and the non-metal has nominal charge of !p, would predict that polar surfaces

(like wurtzite’s [0001]) are charged, and stoichiometric surfaces (like zincblende’s

[001]) are neutral.

However, classical electrostatic arguments show that semi-infinite charged

surfaces cost an infinite amount of energy per unit area and therefore cannot be

stable [4, 44, 45]. To see this we consider the energy stored in the electric field E

produced by an infinite plane (containing the x and y axes) of positive (or negative)

charge. The field is constant in space all the way up to z = ±", and stores and

energy per unit volume of u = 1
2&|E|2, therefore the energy per unit area of the

plane of charge is infinite and the plane is unstable. Overall charge neutrality is a

condition for stability in semi-infinite surfaces.

It has been known for a few decades that polar surfaces exhibit quite dras-

tic stabilising reconstructions, including the addition or removal of surface atoms,

resulting in a complex surface defect structure [45].

Ionic models [46] have been used to successfully predict the number of ions

which must be removed or added in order to create a stoichiometric (and therefore,

charge neutral) semi-infinite surface. For example, the wurtzite [0001]-metal ion

(cation) surface with a frozen bulk-like termination (or the zincblende [111]-metal

2For clarity, we point out that there are four di"erent uses of the word ‘polar’ in this field which
can easily be confused: (1) polar crystals can refer to crystals constituted of two atomic species;
(2) polar surfaces can refer to surfaces with a surplus of one atomic species over others (this is
the usage of ‘polar surfaces’ in this Thesis); (3) polar surfaces can also refer to the surface dipole
which exists in all crystal surfaces (this is not a usage used in this Thesis); (4) nanocrystal polarity
is used synonymously with the nanocrystal’s dipole moment.
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ion surface), can be made stoichiometric by the removal of 1/4 of the surface metal

ions. Alternatively, it can be made stoichiometric by adding 1/4 of a layer’s worth

of non-metal ions (anions). The notional process of removing this electrostatic

instability by creating charge neutral surfaces is known as ‘polarity compensation’.

In a purely ionic crystal, polarity compensation is synonymous with the cre-

ation of stoichiometric surfaces, however, real macroscopically large crystals, ex-

hibiting covalent bonding character, in real environments have alternative potential

polarity compensation mechanisms available. In general, there are three mechanisms

for polarity compensation,

1. modification of the surface ionic composition, resulting in terracing or recon-

structions, depending on how vacancies or adatoms order;

2. partial filling of the electronic surface states – resulting in ‘metallic’ surfaces;

3. adsorption of charged foreign atoms, ions or molecules.

In order to account for covalency in crystals, a theoretical scheme known as

the electron counting model has been devised [46], in which bonding orbitals are

assumed, which carry two electrons each. In this model, a surface is stable only if

bonding orbitals are completely (not partially) filled – a rule known as the auto-

compensation principle [47].

For example, in bulk GaAs, each Ga (As) atom shares its 3 (5) electrons

between its 4 bonds, so that the two electrons which constitute each bond are made

from a contribution of 3/4 electrons from Ga and 5/4 electrons from As. The

unreconstructed (111)-Ga surface has ‘dangling’ bond states with only 3/4 electrons

to fill each of these states, which does not fulfil the auto-compensation principle. If

these 3/4 (5/4) electrons per dangling bond were removed (added) to the surface,

the auto-compensation principle could be satisfied, but the surfaces would be highly

charged, and polarity would not have been compensated. However, both the auto-

compensation principle, and the polarity-compensation principle are satisfied if 1/4

of the Ga atoms are removed from the surface layer – a prediction that has indeed
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been confirmed.

The electron-counting model has limitations: in many cases, ‘dangling bonds’

have no physical significance; there is no reason to assume that the number of

electrons per bond contributed by each atom is conserved between bulk and surface;

and it is di"cult to generalise this model for ternary crystals [48].

A model has been proposed called the bond-transfer model [49] which is

closely related to a previous model based on Pauling’s partial charge model [3],

in which valence charge is thought of as being distributed between the atoms, with

more of the valence charge being attributed to the anion than the cation, to a degree

determined in part by the relative electronegativities of the two atoms. For example,

in bulk MgO the six bonds surrounding each atom are equivalent, so the charges on

each atom can be written.

QMg = 2! 6#, (1.1)

QO = !2 + 6#, (1.2)

where the formal ionic charges of Mg and O (+2 and -2 respectively) are corrected

by a parameter # which describes the electron transfer per bond, resulting from the

hybridisation between the orbitals of an atom with the 6 first-neighbour atoms. An

analytic form for # has been derived from a tight-binding model, and it is a function

of the resonance integrals associated with the bonds in question [48]. It is possible

to generalise this model to consider partially filled surface states, specifically, to

predict what level of partial-filling is required in order to produce neutral surfaces.

An important result which emerges from these considerations is that a re-

laxation of the surfaces alone can not eliminate the polar instability. The charge

needed for polarity compensation is a function of the geometry of bulk ion cores,

and the hybridisation of bonds in the bulk crystal, and changes in surface covalency

do not add net charge [48, 50].

Polarity in finite systems. In thin-films (2D slabs) or 0D nanocrystals, there is

no divergence of the electrostatic part of the surface energy, and therefore surfaces
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Figure 1.4 – Dependence of the 2D-slab’s formation en-
ergy on slab thickness. There are three identifiable regimes.
Figure from Ref. [4]

can be charged. For example the formation energy of a thin-film with charged

surfaces has a contribution arising from the electric field produced by the excess

surface charge, which increases in significance in thicker films and therefore changes

the energetics of the surface. Calculations have confirmed the dependence of surface

energetics on slab thickness: one study has shown the variation in the stability of

di!erent surface termination with thickness [51].

It is plausible, then, that polar thin films may be able to be taxonomised

into three size regimes [4], illustrated in Figure 1.4: (1) very thin films, which have

surface charge independent of thickness [52], and therefore have a linearly increasing

formation energy per atom with thickness (like the stored energy of a parallel plate

capacitor has a linearly dependence on thickness); (2) macroscopically sized slabs

with neutral surfaces, which therefore have no dependence of their stability (for-

mation energy per atom) on thickness; and (3) a cross-over region. The cross over

region is likely to exhibit partial polarity compensation. It may, for example, exhibit

a kind of surface reconstruction which isn’t observed in the macroscopic case, which

only partially reduces surface charge. If there is such a cross-over region, its charac-

teristic thickness is likely to be very small, due to the rapid increase of electrostatic

potential in polar films.

This taxonomy is general enough to plausibly apply to 0D nanocrystals also,

though it may be expected that the characteristic nanocrystal sizes which apply in
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the cross-over region are larger than for thin films, due to their reduced dimension-

ality.

1.3.3 Nanocrystal superstructures and self-assembly

Nanocrystals, including polar nanocrystals have been observed to self-assemble into

3D lattice structures [10], 2D sheets, 1D ‘perl necklass’-like structures [11], and

complex quasi-0D structures displaying a wide variety of di!erent shapes and sym-

metries, under specific conditions [12]. There are a number of di!erent types of

forces which are thought to play a role, to varying degrees, in these self-assembly

processes, including Van der Waals (VDW) forces, magnetic and electrostatic forces,

repulsive steric forces, solvation forces, depletion forces and capillary forces to name

only a few [13, 53].

In polar nanocrystals, dipole-dipole interactions have been shown to be far

larger than VDW forces at medium distances (& 5 times the size of the nanocrys-

tal) [54]. There have been attempts to empirically model nanoparticle self-assembly

using di!erent assumptions about a nanocrystal’s charge distribution. There have

been point-dipole approximations [55], approximations which combine a uniform

spherical charge distribution with a point dipole and VDW forces [56], and most

recently, an attempt to take in to account the non-centro-symmetric nature of a real

nanocrystal charge distributions by approximating it by two opposite point charges

placed on opposing surfaces of the nanoparticle [10].

These models have been successful at replicating some of the self-assembled

superstructures seen in real solutions, though they are known to show significant

error, particularly at small inter-particle spacings (e.g. at high nanoparticle concen-

trations). One of the studies has predicted the existence of an interesting nanopar-

ticle superlattice phase, in which nanoparticles adopt an anti-ferroelectric ordering

– a phase which has not yet been observed so far as we have been able to tell [10].

The quality of the predictions of these models depends on the accuracy of

their assumptions. One major reason for the crudeness of these approximations is
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that very little has been discovered from experiment about the precise nature of the

charge distribution in nanocrystals. In fact, a recent study which has tried to mea-

sure this directly using electron force microscopy (EFM) failed to observe a dipole

moment at all [38]. On top of this, very little is known about the dielectric prop-

erties of nanocrystals, which are also likely to be very important in superstructures

made of closely packed nanocrystals with non-uniform charge distributions.

It is one of the main topics of this Thesis to investigate the charge distribution

and dielectric properties of nanocrystals, in part to inform better empirical models

of nanoparticle superstructures and self-assembly.
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2

Introduction to ab initio computational

materials science

Most low-energy physical and chemical processes can be described in principle by

solving the equations of non-relativistic quantum mechanics. In practice however,

these equations are not analytically solvable for all but the most simple of systems

so if we hope to use these equations to describe real systems, we must solve them

numerically by modelling the system on a computer.

Computational modelling of systems and processes is done throughout science

and engineering, for example the modelling of epidemics in biology, or modelling a

working part in a car in engineering. Quantum mechanical calculations described

here are di!erent from these in the sense that they are ‘first-principles’ (or ab initio)

calculations i.e. the model which is being solved doesn’t use empirical parameters

(which usually serve to approximate the e!ect of a collection of more fundamental

mechanisms) which are adjusted for the specific system which is being modelled,

but instead the calculation requires only the specification of the atoms present in

the system.

There have been a variety of di!erent ab initio methods developed over the

years. Solving the many-body Schrödinger equation (MBSE) directly has proved

to be a completely impractical method for systems with many atoms, because the
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computational cost of doing so increases exponentially with the number of electrons

(or typically N5 to N8 in correlated wavefunction methods e.g the configuration

interaction CISD method scales with O(N6)). In 1964 Hohenberg and Kohn showed

that there is a unique ground-state electron density associated with the external

potential of the MBSE and this proof paved the way for the recasting of the MBSE

in the form of a total-energy functional of the unique groundstate electron density

n0(r) (a function of only 3 variables instead of the 3N variables of the ground-state

wavefunction). This recasting in terms of the ground-state electron density, known

as density-functional theory (DFT), led to the development of methods which scale

with the cube of the number of particles, which is much more acceptable for practical

implementation.

A group of methods which have been particularly successful in accurately

modelling crystals with relatively small computational cost are based on density-

functional theory and have been termed total-energy pseudopotential methods. With

modern computers it is possible to model systems containing thousands of atoms

using these methods. In this Chapter, we describe ab initio theory with particular

focus on plane-wave DFT.

More recent developments in DFT methods have taken advantage of the prop-

erty of locality inherent in quantum many-body systems to produce codes which

scale linearly with system size. With these developments we are now able model

systems containing thousands, to tens of thousands of atoms with the high accuracy

which DFT allows, and we will be able to take full advantage of advances in com-

puting power in the future to model much larger systems. We describe linear-scaling

methods in Chapter 3.

2.1 Many-body quantum mechanics

2.1.1 The many-body Schrödinger equation

The general Hamiltonian for a system of interacting electrons and nuclei is,
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in atomic units (where e = ! = a0 = me = 1). Here, r represents electronic

positions, R are positions of nuclei, Latin subscripts represent electrons, Greek

subscripts represent nuclei. Z" is the charge on nucleus ', M" is the mass of nucleus

'. The first and fourth terms are the kinetic energy operators of electrons and nuclei

respectively; the second term represents the electron-electron Coulomb interaction,

the third term is the electron-nucleus Coulomb interaction; and the fifth term is the

nucleus-nucleus Coulomb interaction. This Hamiltonian is a non-relativistic one, so

it omits spin-orbit coupling, magnetic e!ects and mass-velocity e!ect, although these

corrections are small under most circumstances and can be added using perturbation

theory. The fundamental, non-relativistic equation of motion of these electrons and

nuclei is the time-dependent Schrödinger equation

i
($({ri}, {R"}, t)

(t
= Ĥ$({ri}, {R"}, t) (2.2)

where $({ri}, {R"}, t) is the many-body wave function for the electrons and nuclei.

None of the potential energy terms in equation 2.1 are explicitly time dependent, so

we can perform a separation of the time and position variables in the many-body

wavefunction without loss of generality, to obtain the solution

$({ri}, {R"}, t) = %({ri}, {R"})e#iEt (2.3)

where E is a separation constant, thereby reducing the problem to solving the non-

relativistic time-independent MBSE

Ĥ%({ri}, {R"}) = E%({ri}, {R"}) (2.4)
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2.1.2 The Born-Oppenheimer approximation

At any instant in time, the electrostatic forces felt by electrons and nuclei are of the

same order of magnitude, since the charges on electrons and nuclei have the same

magnitude. So one would expect the changes in momenta caused by these interac-

tions to be similar for both electrons and nuclei. Nuclei however, are typically 104

to 105 times more massive than electrons, which means that the average speed of

electrons must be about the same order of magnitude greater than that of the nuclei.

Since the characteristic timescale of electronic motion ($ 1
|v|) is much smaller than

that of nuclei, we can make the approximation, without a great loss of accuracy,

that for any particular nuclear configuration, the electrons move instantaneously

into their ground-state configuration for that static configuration of nuclei. This

separation of the nuclear and electronic motion is called the Born-Oppenheimer (or

adiabatic) approximation [57]. Mathematically, it can be derived as follows. Moti-

vated by the separation of variables method used to solve linear partial di!erential

equations, we first write the wavefunction %({ri}, {R"}) as

%({ri}, {R"}) = )({ri}; {R$})*({R$}) (2.5)

where in )({ri}; {R"}), the ionic coordinates R" are parameters and not dynamical

variables. Substituting into equation (2.4) we find that the equation for ) is

$
!1

2

#

i

'2
i +

#

i>j

1

|ri ! rj|
!
#

i"

Z"
|ri !R$|

%
)({ri}; {R$}) = E({R$}))({ri}; {R$})

(2.6)

This is the Schrödinger equation for the electron coordinates only, which can be

solved in principle for a fixed set of nuclear positions {R"}. After substituting in

this expression, the full Hamiltonian applied to the full wavefunction becomes

$
!1

2

#

"

'2
"

M"
+
#

">#

Z"Z#
|R# !R"|

+ E({R"})
%
%({ri}, {R$})
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= )({ri}; {R$})
$
!1

2

#

"

'2
"

M"
+
#

">#

Z"Z#
|R# !R"|

+ E({R$})
%
*({R$})

!
#

#

1

2M#

&
2'#*({R$}) ·'#)({ri}; {R$}) + *({R$})'2

#)({ri}; {R$})
'

(2.7)

The first term on the right-hand side of this expression is called the adiabatic term

and the term containing E is called the adiabatic contribution of the electrons to the

energy. The remaining terms in the above expression are called non-adiabatic terms

and they contribute very little to the energy, because of the factor 1
2M!

(or, writing

in the electron mass me explicitly, the factor becomes me
2M!

) which is very small (of

order 10#4 to 10#5). If the first of the non-adiabatic terms becomes appreciable, it

gives rise to the electron-phonon interaction, one of the manifestations of which is

the formation of Cooper pairs (pairs of electrons bound by the exchange of a virtual

phonon) which can lead to the emergence of superconductivity. These non-adiabatic

terms also induce scattering of electrons by the motion of the nuclei.

The Born-Oppenheimer approximation (otherwise known as the adiabatic

approximation) is to throw away all the non-adiabatic terms so that equation (2.7)

becomes a Schrödinger equation in the nuclear coordinates only, with Hamiltonian

$
!1

2

#

"

'2
"

M"
+
#

">#

Z"Z#
|R# !R"|

+ E({R$})
%
*({R$}) = E*({R$}) (2.8)

This approximation is crucial because it allows the separation of electronic

and nuclear motion. For a particular nuclear configuration, the ground-state elec-

tronic energy is E({R$}). Varying the ionic position maps out a potential energy

surface for the nuclei, for which the motion of the ions can be solved. Newtonian

mechanics typically su"ces to solve for the motion of the nuclei.
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2.1.3 The variational principle

We have separated the many-body problem so that a Hamiltonian operator for

electrons only can be identified (from equation 2.6) as

Ĥ = !1

2

#

i

'2
i +

#

i>j

1

|ri ! rj|
!
#

i"

Z"
|ri !R$|

(2.9)

Consider the expectation value of this Hamiltonian:

(E# = ()|Ĥ|)#
()|)# = E[)] (2.10)

which is a functional of the electronic wave-function. If we make a small change to

the wave-function so that |)# % |)#+ |+)#, the change in the energy functional is

+E[)] = E[) + +)]! E[)]

=
() + +)|Ĥ|) + +)#
() + +)|) + +)# ! ()|Ĥ|)#

()|)#

=
(+)|Ĥ|)#+ ()|Ĥ|+)#

()|)# ! ()|Ĥ|)#
(()|)#)2

((+)|)#+ ()|+)#) +O
(
+)2

)

=
1

()|)#

*
(+)|(Ĥ ! E[)])|)#+ c.c.

+
+O

(
+)2

)
(2.11)

where c.c. is the complex conjugate of the previous term. Thus, we see that +E = 0

when |)# is an eigenstate of the Hamiltonian, so that the eigenstates can be found

by finding the stationary points of E[)]. Here, we are concerned with finding the

ground state |)0# and the corresponding ground-state energy E0. Suppose we have

a state close to the ground-state, but with a small error. The error can be expanded

as a linear combination of eigenstates so that

|)# = |)0#+
$#

n=1

cn|)n# (2.12)

Substituting in to the energy functional, we obtain:
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E[)] =
E0 +

,$
n=1 |cn|

2En

1 +
,$

n=1 |cn|
2

= E0 +
$#

n=1

|cn|2 (En ! E0) +O
(
|cn|4

)
(2.13)

Hence we can see two important things from these equations:

1. E[)] ) E0 with equality only when |)# = '|)0#, (' * C)

2. The error in the estimate of the ground-state energy is proportional to the

square of the error in the eigenstate i.e. second order in cn.

These are very important results as they show that to calculate the ground

state energy, we can try to minimise the functional E[)], and the energy that we

get gives an upper bound on the true value of E0, and that even a relatively poor

estimate of the ground-state wave-function can give relatively good estimates of E0.

2.2 Density functional theory

After the Born-Oppenheimer approximation, the non-relativistic Hamiltonian for an

N electron system is written in equation 2.9 or, written more concisely,

Ĥ = T̂ + V̂ee + V̂en (2.14)

In this section we describe the approach taken in density functional theory

to solving this equation.

2.2.1 Hohenberg-Kohn Theorems

These are two theorems which justify on rigorous theoretical grounds the approach

taken in density functional theory (DFT) of recasting the problem of finding the

ground-state solution of the many-body problem described by the MBSE, in terms

minimising a functional of the electron density. I will just state these theorems here
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and not prove them because in section 2.2.2 I shall discuss the framework due to

Levy, which proves the same things as the Hohenberg-Kohn theorems but in more

generality. The proofs are quite simple and can be found in reference [58].

Theorem 1

The external potential Ven(r) (here, the instantaneous Coulomb attraction between

the electrons and nuclei in the electronic Hamiltonian) is determined uniquely (to

within an additive constant) by the ground state electron density n0(r) i.e. there is

a one-to-one mapping between Ven(r) and the ground state density n0(r).

Theorem 2

For any external potential Ven(r), there is an associated universal functional of

the electron density E[n], whose global minimum is the ground-state energy of the

system E0, and the density corresponding to this ground-state energy, is the ground-

state density n0(r).

Comments on the theorems

These theorems are proved by Hohenberg and Kohn to apply to densities n(r) which

are ground-state densities of some external potential (known as v-representable den-

sities). Theorem 2 states a variational principle, namely that E0 = minnE[n]

for all possible v-representable densities. While it is true that the ground state

density n0 must be v-representable, we would require a variational search strategy

which would only search the space of v-representable densities, but for all practi-

cal variational search strategies this is not guaranteed. In fact, it has been shown

that many “reasonable” trial densities arising in minimisation methods are not v -

representable [59]. A second problem with these theorems is that the derivation only

holds for non-degenerate ground-states. Fortunately, Levy was able to reformulate

DFT in a way which extends the domain of possible electron densities n(r) from

that of v-representable densities, to all densities arising from some anti-symmetric

N -body wavefunction, a condition known as N -representability, and in a way that
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is valid even for degenerate ground-states. This formulation is known as the Levy

constrained search formulation [60].

2.2.2 Levy’s Constrained Search Formulation

Levy’s theory [60] starts by making a distinction between the ground-state wave-

function $0, and a second wave-function $, both of which integrate to the same

ground-state density n0(r). Since $0 is the ground-state, the variational principle

dictates that

($|Ĥ|$# ) ($0|Ĥ|$0# = E0 (2.15)

where Ĥ is the many-body electron Hamiltonian in equation 2.14. The electron-

nucleus interaction potential energy operator V̂en in this Hamiltonian can be written

in the form

V̂en =
#

i"

Z"
|ri !R"|

=
N#

i=1

Vnuc(ri) =

-
Vnuc(r)

N#

i=1

+(r! ri)dr =

-
Vnuc(r)n̂(r)dr

(2.16)

where Vnuc(ri) =
,

"
Z"

|ri#R"| . The expectation value of this operator is now just

.
$

////
-

Vnuc(r)n̂(r)dr

////$
0

=

-
Vnuc(r)n(r)dr (2.17)

We see in equation 2.17 that the functional ($|Ven|$# is a functional only of

the density, and not the wave-functions, and therefore the term can be eliminated

from the inequality in equation 2.15, leaving

()|(T̂ + V̂ee)|)# ) ()0|T̂ + V̂ee|)0# (2.18)

The meaning of equation 2.18 is that the ground-state wave-function )0 is the one

which not only integrates to the ground-state density n0(r) (since ) also integrates

to n0(r) ), but also minimises the kinetic plus electron-electron repulsion energy.

Thus, defining a functional (known as the universal functional) as
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F [n] = min
%%n

()|T̂ + V̂ee|)# (2.19)

where F [n] searches all ) yielding the density n, allows the ground-state energy to

be expressed as

E0 = min
n

!
F [n] +

-
Vnuc(r)n(r)dr

"
(2.20)

= min
n

E[n] (2.21)

where

E[n] = F [n] +

-
Vnuc(r)n(r)dr (2.22)

which is a search through all N-representable densities i.e. densities that can be

obtained from any anti-symmetric wave-function. Levy’s formalism not only re-

solves the representability and degeneracy problems of the Hohenberg-Kohn theo-

rems, but also provides a prescription for constructing this energy functional (from

equation 2.22). All that remains is to find an accurate form for the functional E[n].

2.2.3 The Kohn-Sham approach

An exact expression for the two terms in equation (2.19) in terms of the electron

density is not known. Kohn and Sham suggested [61] the problem could be overcome

by splitting the universal functional F [n] up into three additive terms as follows

F [n] = TKS[n] + EH [n] + Exc[n] (2.23)

The second term equation 2.23, EH [n] is an approximation of the electron-electron

interaction energy, and is the electrostatic energy of a classical continuous ‘electron’

cloud distribution (the Hartree energy)
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EH [n] =
1

2

- -
n(r)n(r&)

|r! r&| drdr& (2.24)

The first term in equation 2.23, TKS[n], is constructed, following Levy, as

TKS[n] = min
!KS%n

($KS|T̂ |$KS# (2.25)

which is the kinetic energy functional for an auxilliary system of ‘fictitious’ non-

interacting particles $KS, interacting with a mean-field potential VKS, obeying the

Hamiltonian

ĤKS =
#

i

1
!1

2
'̂2

i + V̂KS(ri)

2
(2.26)

so that the energy of this system of fictitious particles (known as the Kohn-Sham

energy) is

EKS[n] = min
!KS%n

($KS|ĤKS|$KS# = TKS[n] +

-
VKS(r)n(r). (2.27)

VKS is chosen so that the ground-state density of this non-interacting system is

equal to n(r) (which can always be done since n0(r) is a v -representable density). A

justification for why VKS is chosen like this, and how it is calculated is given when

we discuss the Kohn-Sham equations below. This independent electron Hamiltonian

(equation 2.26) is separable into N one-electron Schrödinger-like equations of the

form

(!1

2
'̂2

i + V̂KS(ri)))i = &i)i (2.28)

where i labels electrons. $KS is an antisymmetric wavefunction made up of a suitable

sum of products of these wavefunctions, specifically, a Slater-determinant of form,

$KS(r1, r2, ..., r3) =
1+
N !

#

P

(!1)&P)(P'1)(r1))(P'2)(r2)...)(P'N)(rN) (2.29)
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where the sum runs over all permutations (where P labels the permutation) of the

set of orbitals {)i}, and ,P is the parity of the permutation P . Substituting $KS,

in to the Hamiltonians of equation 2.28, we discover that the expectation value for

the Kohn-Sham Hamiltonian (i.e. the Kohn-Sham energy) is just

EKS[n] =
N/2#

i

&i (2.30)

The final term in Kohn and Sham’s casting of the universal functional in

equation 2.23, is defined by equations 2.19 and 2.23 as being

Exc[n] = F [n]! TKS[n]! EH [n] (2.31)

One can see that Exc[n] contains the corrections to the Hartree energy nec-

essary to fix the electron-electron interaction energy, and corrections to the Kohn-

Sham kinetic energy to fix the kinetic energy of the fully interacting system. Thus,

this functional accounts for correlation between the spatial position of electrons due

to their Coulomb repulsion, which the Hartree term treats only in a mean-field way.

It also contains corrections due to correlations resulting from the fermionic nature

of electrons: the requirement that the wavefunction be anti-symmetric under the

exchange of any two particles imposes a correlation between electrons of parallel

spin which, together with the Coulomb correlation, serves to screen the electrostatic

repulsion of electrons and lower the interaction energy. For this reason Exc[n] is

known as the exchange-correlation functional.

The utility of separating the functional F [n] in equation (2.23) into a sum of

three terms can be seen when we notice that the first two terms are easy to calculate,

and the hope is that the problematic exchange-correlation term contributes only a

small amount to the total energy in many systems of interest, and can be dealt with

via simple approximations. We discuss a simple yet highly successful mean-field

approximation to this functional in the section on the local density approximation

below.
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The Kohn-Sham equations

The ground-state energy of the interacting many-body system can be found by

minimising equation 2.22 with respect to the density, subject to the constraint of

normalisation. Written mathematically, the following condition must be satisfied

+

+n(r)

1
E[n]! µ

-
n(r)dr

2
= 0 (2.32)

where µ is the Lagrange multiplier used to impose the normalisation constraint.

Carrying out this functional derivative yields

+TKS[n]

+n(r)
+

-
n(r&)

|r! r&|dr
& + Vnuc(r) +

+Exc[n]

+n(r)
= µ

subject to the normalisation condition.

Similarly, the stationary condition which needs to be satisfied in order to

minimise the energy of the system of fictitious particles with respect to the electron

density, whose Hamiltonian is given in equation 2.26, is

+

+n(r)

1
EKS[n]! µKS

-
n(r)dr

2
= 0

where µKS is the Lagrange multiplier, again imposing normalisation. This yields

the Euler equation

+TKS[n]

+n(r)
+ VKS = µKS (2.33)

Now if we compare the Euler equation for the interacting system (2.32) with

that of the non-interacting system (2.33), we see that they both give the same

ground-state density if the Kohn-Sham potential is

VKS[n](r) =

-
n(r&)

|r! r&|dr
& + Vnuc(r) +

+Exc[n]

+n(r)

to within an additive constant (= µKS ! µ). This constant has no e!ect on the

calculation of TKS (and the only purpose of VKS[n] is so that we can calculate TKS,
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so we set the constant to zero).

More concisely, this can be written as

VKS[n](r) = VH [n](r) + Vnuc(r) + Vxc[n](r) (2.34)

where the definitions of VH and Vxc are obvious by comparison with the previous

expression. By manipulating equations 2.34, 2.22 and 2.27, one can relate the Kohn-

Sham energy EKS[n] to the total energy of the interacting system E[n]:

E[n] = EKS[n]! EH [n]!
-

drn(r)Vxc[n](r) + Exc[n]

since

EH [n] =
1

2

-
drn(r)VH [n](r)

One can see that although the densities of the fully-interacting and non-interacting

systems are the same, their energies are di!erent, and last three terms on the RHS

of this expression which represent the di!erence are commonly termed the ‘double-

counting’ terms (even though it is only EH [n] which is ‘double counted’ - due to the

factor of 1
2 in front of the expression for the Hartree energy).

These equations imply that so long as VKS is constructed according to the

prescription in equation (2.34), then the ground-state density of the system of fic-

titious particles will coincide with the ground-state density of the fully interacting

system. This means that the problem reduces to: (1), solving the set of one-electron

non-interacting Schrödinger-like equations 2.28 for the Kohn-Sham orbitals )i; (2),

constructing an electron density from these, using

n(r) = 2
N/2#

i=1

|)i|2;

and (3), substituting this n(r) into the expression for the total-energy.

However, the Kohn-Sham potential VKS[n](r), which appears in these non-
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interacting Schrödinger equations is itself a functional of the density, and the density

constructed at stage (2) is only the ground-state density of the non-interacting

system if it is equal to the density used to calculate this Kohn-Sham potential. In

general, following the above procedure using an initial guess trial density ñ used

in VKS[ñ](r), will yield a di!erent density n( ,= ñ), so the procedure will need to

be iterated to self-consistency (i.e. until n = ñ) to within an acceptable error

(tolerance).

The only problem left is that we don’t know the analytic form for the exchange-

correlation energy Exc[n]. This is usually dealt with by using either the local density

approximation (LDA) or generalised gradient approximations (GGAs). This work

uses only LDA.

The local density approximation

The reason why DFT has proved to be so useful is because it is possible to make

simple approximations for Vxc which turn out to produce remarkably accurate values

for the total energies of many many-electron systems. The particular approximation

used in this work is called the local density approximation (LDA).

In the LDA, the contribution to the exchange correlation energy from a par-

ticular volume element dr at position r in space, is taken as the value it would have

if all of space was filled with a homogeneous electron gas of density n(r), i.e.

Exc[n(r)] =

-
drn(r)%xc(n(r)) (2.35)

where %xc(n(r)) is the energy per electron of the homogenous electron gas of density

equal to n(r). The exchange-correlation potential Vxc(r) is then

Vxc[n(r)] = %xc(n(r)) + n(r)
d%xc(n(r))

dn

////
n=n(r)

(2.36)

Notice that function %xc(n(r)) is not a functional of n(r), but just a function

of the value of n at position r. The function %xc(x) has been calculated analyti-

cally for the homogeneous electron gas [62], and in the high density limit it has be
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calculated numerically using quantum Monte Carlo simulations and a few accurate

parameterisations exist [63, 64].

In the limit of slowly varying density n(r), the LDA gives the exchange-

correlation potential exactly, however most systems of interest have rapidly varying

density, so the fact that it can predict many properties of solids to an accuracy of

within a few percent is very surprising. The reason why it should produce such

accurate energies is yet to be fully understood, however it is thought to be in part

because it obeys a sum rule – a normalisation condition on the exchange-correlation

hole (xc-hole – the region of depleted electron density around a position r, caused

by the presence of an electron at r), which says that an electron scoops out a region

of depleted electron density which integrates to a magnitude of exactly one electron

– and in part because only the sperical average of the xc-hole is important for the

energy. The fact that LDA often performs better than a GGA in which the sum

rule has not been enforced, is strong evidence as to the importance of the sum

rule. Quantum Monte-Carlo (QMC) studies of the xc-hole [65] have shown that

the LDA gets the shape of the xc-hole very wrong in regions of low density, since

the LDA scoops out a spatially large spherically symmetric hole (in order that the

total amount of charge scooped out is |e|) whereas the calculated xc-hole gives much

more weight to nearby high density regions. But of course regions of low density

don’t contribute much to the xc energy, so this is another reason why the LDA

approximation gives surprisingly accurate results.

2.3 Periodic supercells

Kohn-Sham DFT gives a way of reducing the many-body problem of interacting

electrons, to a problem of non-interacting fermions in an e!ective potential (repre-

sented by the Hamiltonian (2.26)). In order to model bulk crystal however, in which

there are a macroscopically large number of electrons moving in the potential of a

macroscopically large number of ions, we would need to calculate a huge number

of wavefunctions (one for each electron), and we would require an unfeasibly large
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basis set in order to expand any one of these wavefunctions. The first of these prob-

lems is overcome by performing the calculation on a finite, but periodic system and

applying Bloch’s theorem to the electronic wavefunctions, outlined in section 2.3.1

below, and the approximation used to overcome the second of these problems are

outlined in sections 2.3.2 and 2.3.3 below.

It is also often easier to study small, finite systems by imposing artificial pe-

riodicity, so that the simplifying benefits of Bloch’s theorem can be exploited. The

finite system is contained within a simulation cell which is ‘padded’ with vacuum

which is periodically repeated throughout space – known as a supercell. The super-

cell must be large enough to ensure that the interaction between periodic images is

insignificant.

2.3.1 Bloch’s theorem

The electronic wavefunctions of a periodic solid i.e. a solid in which electrons are

moving in a static potential U(r), where U(r) = U(r + R), for all R in a Bravais

lattice, can be written in the form of a plane wave times a function (unk(r)) with

the periodicity of the Bravais lattice (for a proof of this, see [66]):

)nk(r) = eik·runk(r) (2.37)

where

unk(r) = unk(r+R) (2.38)

These two equations imply that

)nk(r+R) = eik·R)nk(r) (2.39)

where the set of complex numbers {eik·R} can be viewed as eigenvalues of translation

operators T̂R which commute with the Hamiltonian and are therefore good quantum

numbers, making the ks good quantum vectors. This set of equations is known as

Bloch’s theorem.
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The cell-periodic part of the wavefunction can be expanded in a basis of

discrete plane waves (a discrete Fourier transform) so that we obtain

)nk(r) =
#

G

cn,k+Ge
i(k+G)·r (2.40)

where G ·R is an integer multiple of 2# for all lattice vectors R i.e. G is a reciprocal

lattice vector.

In an infinitely extending solid, the space of allowable k-vectors is continuous

over the whole of reciprocal space, so the use of Bloch’s theorem changes the problem

from one in which we require an infinite number of wavefunctions for the infinite

number of electrons, to one in which we require a finite number of wavefunctions

(equal to the number of electrons in the simulation cell), but at an infinite number of

k points. Another problem is the fact that an infinite number of Fourier components

are required to expand the electronic wavefunction (equation 2.40). The problem of

infinite number of k-points is overcome in section 2.3.2, and the problem of infinite

G-vectors overcome in section 2.3.3.

2.3.2 k-point sampling

Another consequence of Bloch’s theorem is that any point in k space which lies

outside the first Brillouin zone is equivalent to a k point inside the first Brillouin

zone. This is shown by considering two points in k-space, k and k& related by

k& = k+G.

)nk!(r) = eik
!.runk!(r) = eik.r[unk!(r)eiG.r] = eik.rũ(r) = )n!k(r) (2.41)

since unk!(r)eiG.r is a cell periodic function so that eik.r[unk!(r)eiG.r] is a Bloch state

with wavevector k. This means that a state with a k vector outside the first Brillouin

zone is ‘aliased’ to a state lying within the first Brillouin zone, but at a di!erent

n. The consequence of this observation is that we only need be concerned with the
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occupied states at each k point within the first Brillouin zone. This is a step towards

making the problem tractable, however there is still the problem that there are an

infinite number of k point in the first Brillouin zone. The occupied states at each k

point contribute to the Kohn-Sham potential meaning that, in principle, an infinite

number of calculations are needed to compute this potential.

In practice however, since the electronic wavefunctions vary smoothly over

the first Brillouin zone [67], the electronic wavefunctions at k points that are very

close together will be almost identical, so it is possible to represent a wavefunction

over a finite region of k-space using only one k-point, and therefore one can represent

the wavefunction )nk on a finite set of, well chosen grid points. The less rapidly

varying the wavefunctions are in k-space, the fewer the number of grid points which

need to be sampled in order to get an accurate description of the wavefunctions. The

Kohn-Sham potential, and total-energy are more di"cult to calculate if the system

is metallic because a dense set of k points is needed to distinguish accurately the

position and shape of the Fermi surface. Methods for making e"cient choices of

these k-points have been developed [68].

A corollary to the last point is that, in general, the smaller the first Brillouin

zone is, the less )nk will vary across it, and therefore we can get away with sampling

many fewer points. The volume of the first Brillouin zone is inversely proportional

to the volume of the simulation cell, therefore for very large systems, sampling at

only one point in the first Brillouin zone (usually the point k=(0,0,0), the & point),

is su"cient.

2.3.3 The plane-wave basis set

In practice, continuous quantities (such as the electronic density) in the simulation

cell need to be represented on a grid of points in real-space. The density of this grid

of points determines the maximum frequency of oscillation of any real-space quan-

tity. By discretising real-space, and using discrete Fourier transforms, one imposes

a long range periodicity in reciprocal space, with a period that is inversely propor-

39



2. Introduction to ab initio computational materials science

tional to the distance between grid points in real-space. This period imposes an

upper limit on the magnitude of G-vectors which is representable on the reciprocal

space grid. The approximation made when real-space is discretised, is to truncate

the sum in equation 2.40 so that only G-vectors of magnitude smaller than the in-

verse of the real-space grid spacing are included. Fortunately, one can justify this

approximation on physical grounds, and one can easily tune the approximation to

obtain an arbitrary degree of accuracy just by changing the density of real-space

grid points.

By operating on the wavefunctions in equation 2.40 with the kinetic energy

operator, we find that the kinetic energy term of the Hamiltonian is proportional

to |k + G|2. One would expect then, that at high enough values of |k + G|, the

expansion coe"cients cn,k+G, will become very small, since such contributions would

cost a large kinetic energy. This means that imposing a cuto! on the number of

G-vectors to include in the basis will not be a bad approximation, so long as the

cuto! is large enough. In practice, the cuto! is placed on the quantity |k+G| and

is |k +G| < Gmax. This results in a real-space grid spacing of 2#/Gmax (however,

in plane-wave pseudopotential methods, this real-space grid is actually doubled to

avoid aliasing when squaring the wavefunctions to calculate the density).

Most plane-wave DFT methods use the parameter Emax, which is related to

Gmax by Emax = !2
2mG2

max.

2.4 Pseudopotentials

A further approximation which is used is based on the observation that in many

atoms, the electrons lying near the nucleus can be extremely tightly bound to the

nucleus, with binding energies reaching hundreds of electron volts. Because of these

extremely high binding energies, they can be assumed to be relatively una!ected

by the surrounding chemical environment and can be assumed to move with the

nucleus at all times.

It is therefore convenient to replace the core electrons and the nuclei with
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a much weaker e!ective pseudopotential [69] that acts on a set of pseudo wave

functions, illustrated schematically in Figure 2.1

Figure 2.1 – A schematic illustration of a pseudopotential
V PS and pseudo-wavefunction !PS (dashed black and red
lines respectively) compared to the all-electron (AE) system
on which they are based (solid lines). At radii larger than rc
both the pseudopotential and pseudo-wavefunction exactly
reproduce the AE system.

The pseudopotentials are constructed so that the pseudo wave-function has no radial

nodes in the core region, and so that the pseudo wave-functions exactly match the

all-electron wavefunction outside the core region.

The great advantage of using this approximation is that if we wish to use

Bloch’s theorem to expand wavefunctions using a discrete set of plane waves, a very

large number of plane waves would be needed in order to expand the wavefunctions

of all the electrons. The reason for this is twofold: (1) The nuclear potential can

become very steep near the nucleus of an atom (& 1
r ) and this strong confinement of

the electrons can cause the electronic wavefunctions, by the Heisenberg uncertainty

principle, to have high kinetic energy (i.e. strong curvature of the wavefunctions)

so that a large basis set is needed in order to represent these wavefunctions; and

more significantly (2) the valence electrons, in order to maintain orthogonality with

the core electrons (the Pauli exclusion principle), must oscillate rapidly within the

core region, which again means that a very large basis set is required. Pseudo-

wavefunctions which result from pseudopotentials have no radial nodes in the core

region, and therefore require a much smaller basis set (i.e. a much smaller cuto!-
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energy) to represent them.

There is a subcategory of pseudopotentials that are very widely used, due to

their good transferability to many chemical environments, known as norm-conserving

pseudopotentials. Hamann, Schluter and Chiang derived four criteria for creating

these norm-conserving pseudopotentials [70]:

1. That the all-electron and pseudo valence eigenvalues agree for the chosen ref-

erence system;

2. That the all electron and pseudo valence wavefunctions agree beyond a chosen

cuto! radius rc;

3. That the pseudo valence wavefunction is nodeless within the within the cuto!-

radius ;

4. that: - rc

0

|)PS
i |2r2dr =

- rc

0

|)ae
i |2r2dr (2.42)

where )ae
i are the states of the all-electron system.

The general procedure for constructing these pseudo-potentials is as fol-

lows [71]: first, a suitable pseudo wavefunction is constructed which satisfies the

norm-conservation criteria above. Next, the pseudo-wave function is used to gen-

erate a ‘screened’ pseudopotential for each angular momentum state l, using the

inverted radial Schrödinger equation

V PS
scr,l = &l !

l(l + 1)

2r2
+

1

2rRPS
l (r)

d2

dr2
[rRPS

l (r)] (2.43)

and finally, the screening caused by the valence electrons is removed by subtracting

the Hartree (V PS
H (r)) and exchange-correlation (V PS

xc (r)) potentials calculated from

the valence pseudo-wavefunctions, leaving

V PS
ion,l(r) = V PS

scr,l(r)! V PS
H (r)! V PS

xc (r) (2.44)
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The pseudo-wavefunctions are non-unique, and this extra variational freedom

is used to try to construct a pseudopotential which is as smooth as possible inside

the core region. There are many di!erent schemes for constructing such pseudo-wave

functions.

These equations clearly show that the potential is di!erent for di!erent an-

gular momenta. In general, the total pseudopotential operator can be defined as

V̂ PS
ion (r) = V local(r) +

#

l

V̂ nonlocal,l(r) (2.45)

where Vlocal is a local potential and

V̂nonlocal,l(r) = [V PS
ion,l(r)! Vlocal(r)]P̂l (2.46)

is the semi-local part, with P̂l =
,l

m=#l |lm#(lm| being projection operators which

project out the lth angular momentum component from the wavefunction.

The local potential can be arbitrarily chosen, but in practice, the semi-local

part is truncated at some value of l, and the local potential is chosen to get the

scattering for the higher angular momentum components roughly correct. Kleinman

and Bylander showed [72] that this semi-local potential can be transformed into

separable form as

V̂nonlocal,l =
l#

m=#l

|V̂nonlocal,l*lm#(*lmV̂nonlocal,l|
(*lm|V̂nonlocal,l|*lm#

(2.47)

where |*lm# is an eigenstate of the atom pseudo Hamiltonian. This from reduces the

number of integrals that need to be carried out to a level that scales linearly with

the size of the basis set.

2.4.1 Non-linear core corrections

The norm-conservation criterion ensures a reasonable degree of transferability of

pseudopotentials. However, the general scheme for constructing pseudopotentials
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described in the previous section makes an approximation which can be the source

of poor transferability in many cases. The density n(r) can be written as a sum of

core and valence contributions. In simple pseudopotential methods, the all-electron

density is replaced by the density associated with the pseudovalence orbitals nPS(r)

only. This implies a linearisation of the energy functional E[n], however, this func-

tional contains the exchange-correlation functional Exc[n], which is a non-linear

functional. Thus, this linearisation is only valid if the valence charge density in the

core region does not change much in di!erent chemical environments, which isn’t

always the case.

Louie et al [73] resolved this problem in a scheme which takes the non-linear

nature of Exc[n] in to account by adding the core charge density explicitly i.e. re-

placing nPS(r) with nPS(r)+ncore(r). This is known as a non-linear core correction

(NLCC). The core charge is calculated once, when the pseudopotential is generated,

and it is then stored and used to reconstruct the full exchange-correlation poten-

tial during the DFT calculation, which is used to generate the corrected exchange

correlation energy using

Exc[n
PS;ncore] = Exc[n

PS + ncore]! Exc[n
core]

2.5 Summary

In this chapter we have described the basic theorems and approximations which form

the basis of the plane-wave DFT approach to solving the many-body Schrödinger

equation. The first approximation that was made was the adiabatic (or Born-

Oppenheimer) approximation, which separates out nuclear and electronic motion

and therefore greatly simplifies Schrödinger equation. The theorems which provide

a rigorous grounding for the DFT approach are the two Hohenberg-Kohn theo-

rems, which imply that all properties of the system are completely determined by

the ground-state density, and that there exists an energy functional of the density,

which is minimal for the ground state density. Kohn and Sham proposed a form for
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this functional by replacing the many-body problem with an auxiliary independent-

particle problem, where the electron-electron interaction of the full problem is in-

cluded, through the e!ective potential of this auxiliary system. This formulation

is powerful because it makes possible mean-field approximations to the electron-

electron interaction that have proven very successful.

The use of periodic boundary conditions, Bloch’s theorem and plane-waves,

together with Brillouin zone sampling, reduces the problem of solving the Kohn-

Sham equations for an infinite crystal, with an infinite number of electronic states,

to a problem of calculating a finite number of states at a finite number of points

in the first Brillouin zone, and the use of the supercell approximation allows us to

extend these techniques to the study of isolated systems.

The pseudopotential approximation o!ers a further computational saving.

Assuming that electrons in the atomic core shells are so tightly bound to the nucleus

that they are not significantly perturbed by altering the chemical environment of

the atom, pseudopotentials allow the removal of these electrons from calculations

without a significant loss in accuracy.

The computational e!ort required to carry out calculations of this type scales

with order N3, where N is the number of atoms, or the size of the supercell. Con-

sequently, system sizes are limited to & 1000 atoms. In the next section we discuss

linear-scaling methods, which allow the study of much large systems, and are better

placed to take full advantage of improvements in computational power in the future.
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Linear scaling

Conventional plane-wave DFT [74] has an O(N3) scaling. This is because there

are O(N) extended Kohn-Sham orbitals, which are of size O(N), and they have

to remain orthogonal with O(N) other orbitals. It is the extended nature of the

Kohn-Sham orbitals which forces us, firstly to have to use the full number of basis

functions to represent each orbital, and secondly to have to explicitly check the

orthogonality of each orbital against every other one. Linear scaling methods take

advantage of the ‘nearsightedness’ [75, 76] inherent in quantum many-body systems

in equilibrium, by constructing a scheme based on a truncated density matrix. In

this chapter we will outline the ONETEP methodology [77, 78] for achieving linear

scaling.

3.1 The density matrix

ONETEP can be classified as a density matrix method [79], which is a group of

methods in which the energy functional is minimised with respect to the elements

of the single particle density matrix, usually represented in terms of a set of lo-

calised functions. We start by introducing the single-particle1 density operator for a

many body system which can be written in terms of the orthonormal single particle

1The single-particle approximation is made throughout, as we follow Kohn-Sham DFT
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eigenstates of the Kohn-Sham Hamiltonian {)i}:

-̂ =
#

i

fi|)i#()i| (3.1)

so that in the position representation, the single-particle density matrix becomes

-(r, r&) = (r|-̂|r&# =
#

i

fi)i(r))
"
i (r

&) (3.2)

where {fi} are occupation numbers which, at temperature T = 0 K, take the value

1 for states with energy below the chemical potential, and 0 for states above. The

electron density is defined as

n(r) = 2-(r, r) (3.3)

where the factor of 2 is because of spin-degeneracy. In this representation, the

non-interacting Kohn-Sham kinetic energy, which appears in equation 2.25, can be

written

TKS[n] = 2Tr(-̂T̂KS) (3.4)

where T̂KS = !1
2'

2, and similarly for the interaction energy of the electrons with

the nuclei Een[n] (in practice Een[n] is the interaction energy of electrons with the

pseudopotentials) is just

Een[n] = 2Tr[-̂V̂ PS
ion ] (3.5)

where V̂ PS
ion is defined in equation 2.45.

The other terms in the Kohn-Sham equations, EH and Exc can be calculated

from n given by equation 3.3.
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3.2 Constraints on the density matrix

3.2.1 Normalisation

The total number of electrons is given by

N =

-
n(r)dr = 2

-
-(r, r)dr = 2

#

i

fi = 2Tr[-̂] (3.6)

In the canonical ensemble formalism, N is required to remain constant. This con-

straint can be imposed in the usual way by introducing a Lagrange multiplier $ and

performing an unconstrained minimisation of the functional

L[n] = E[n] + $(2Tr[-̂]!N) (3.7)

3.2.2 Idempotency

In the ground-state, the single particle density operator must be idempotent (i.e.

-̂2 = -̂) which forces the occupancy numbers {fi} to be either 0 or 1, enforcing the

Pauli exclusion principle and the orthonormality of Kohn-Sham orbitals simultane-

ously:

-2(r, r&) =

-
dr&&-(r, r&&)-(r&&, r) =

#

ij

fifj)i(r))
"
j (r

&)

-
dr&&)"

i (r
&&))j(r

&&)

=
#

ij

fifj)i(r))
"
j (r

&)+ij =
#

i

f 2
i )i(r))

"
i (r

&) = -(r, r&), iff f 2
i = fi -i (3.8)

where i labels all the permutations of bands and wave vector pairs (i.e. bands n

and wave vectors k). This constraint cannot be imposed explicitly without incuring

a scaling larger than linear, so it needs to be imposed some other way. We outline

how idempotency is imposed in ONETEP in sections 3.6 and 3.9.
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3.3 Locality in quantum systems

Linear scaling methods must be formulated in a way which enables one to exploit

the locality or “nearsightedness” [75, 76] inherent in quantum many-body systems.

In plane-wave DFT methods, the electronic states are described in terms of Kohn-

Sham orbitals, which are Bloch states which extend across the whole system. The

ability to exploit the phenomenon of locality is lost in this formulation. Wannier

showed [80] that one could obtain a set of functions wnR which is localised in space,

by performing a unitary transformation (in particular, a Fourier transform) on the

Bloch states. Since the transformation from from Bloch states to Wannier functions

is a unitary one, Wannier functions also form an orthonormal basis set for the same

Hilbert space, and the density matrix can be written in terms of these Wannier

functions as

-(r, r&) =
#

nR

fnwnR(r)w
"
nR(r

&) (3.9)

It has been shown analytically in one dimension [81] that in a periodic system

in the tight-binding limit, these Wannier functions are exponentially localised with

an exponent related to the square root of the band gap. More recent numerical and

analytical studies [82, 83] have shown exponential localisation for Wannier functions

in three dimensions in insulators, with an exponent related to the size of the band-

gap. Wannier functions in metals are found to have polynomial locality.

Within this Wannier function representation of the density matrix, one can

see that it might be possible to exploit the ‘nearsightedness’ of the density matrix by

imposing a cuto! radius on these Wannier functions so that the Wannier functions

are artificially set to zero after some radius rc around the average position of that

function, so that the elements of the density matrix in equation (70) which have

|r! r&| > rc are zero. That way, the information stored in the density matrix scales

proportionately with the number of electrons in the system and not with its square

– as in the case of a non-truncated density matrix.
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3.4 Non-orthogonal orbitals and the density kernel

Some linear-scaling methods use a fixed set of local atomic-like orbitals as basis

functions with which to represent the density matrix [84–89], or Gaussians [90, 91]

or other fixed functions. The approach that is adopted in the ONETEP method

instead optimises the local functions [92] in the environment of system being stud-

ied, which ensures that a minimal number of functions need be used, reducing the

computational cost due to an artificially large matrix representation, but increasing

the computational cost due to the need to optimise the functions. These localised

functions {*"(r)} [93], are very closely related to the extended Kohn-Sham orbitals

{)i(r)}. They are defined by

)i(r) = *"(r)M
"
i (3.10)

where M is a linear transformation. Repeated greek indices imply a summation over

that index. Substituting equation 3.10 into the orthogonality relation ()i|)j# = +ij

yields

(M †) "
i S"#M

#
j = +ij (3.11)

where S is the overlap matrix between the localised functions

S"# = (*"|*## (3.12)

A set of dual vectors {*"} are also defined as

|*"# = |*##(S#1)#" (3.13)

so that the contravariant duals are orthogonal to the covariant orbitals

(*"|*## = +"# (3.14)
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The S matrix acts as a metric for the non-orthogonal basis. The orthogonal

Kohn-Sham basis could be cast in a similar form, but the metric would be the

identity matrix, so there would be no distinction between the orbitals and their

duals. Substituting equation (3.10) into the definition of the density matrix in the

Kohn-Sham position representation (equation 3.2) one obtains the density matrix

in terms of these highly localised orbitals

-(r, r&) = *"(r)K
"#*"

#(r) (3.15)

where K"# is called the density kernel [79] and is defined as

K"# = (*"|-̂|*## =
#

i

M"
ifi(M

†) #
i (3.16)

In ONETEP, only the &-point is sampled in the Brillouin zone since, as we saw

in section 2.3.2, the volume of the first Brillouin zone is inversely proportional to

the volume of the simulation cell, so for very large systems (for which ONETEP is

designed), wavefunctions vary very little with k over the first Brillouin zone, and

sampling at only one point in the first Brillouin zone, is su"cient to accurately

sample the wavefunctions in reciprocal space.

The advantage of this is that it allows us to insist that the local orbitals

are always real without loss of generality, making the complex conjugate symbol in

equation 3.15 redundant.

The localised orbitals {*"} are non-orthogonal, Wannier like orbitals which

have been given the name non-orthogonal generalised Wannier functions, or NGWFs

[92].

Boundary conditions are imposed on the NGWFs so that they are localised

within some radius rcut. Since the NGWFs are non-orthogonal, truncating them

alone does not result in a strictly localised density matrix. A cuto! is directly

imposed on the density kernelK so that the elements ofK corresponding to localised

orbitals *"(r) and *#(r&) are set to zero when the distance between r and r& is greater
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than a cuto! length rK. These cuto!s on the NGWF and kernel ensure that the

information contained in the density matrix scales linearly with system size.

The localised nature of these NGWFs, and the need to optimise them in the

calculation, requires a localised primitive basis set in order to represent them. The

basis set used to represent these orbitals is described in section 3.7.

3.5 Fractional occupancies and idempotency

In section 3.2.2 we found that it is necessary that the density matrix be idempotent if

the occupancies are to remain physical (i.e. 0 or 1). Iterative methods (described in

section 3.6) have been developed in which the density matrix can approach having

perfect idempotency, however the use of these methods requires that we have an

energy functional that can cope with fractional occupancies. Fractional occupancies

cannot be treated within the Kohn-Sham energy functional E[n] since the Kohn-

Sham kinetic energy term assumes that either a state is fully occupied or not. A

generalisation of the Kohn-Sham energy functional, EJ [n] was proposed by Janak

[94], which is capable of treating fractional occupancies. He defines a new kinetic

energy term

TJ [n] = 2
M#

i=1

fi

-
dr)"

i (r)(!
1

2
'2))i(r) (3.17)

where the sum runs over states up to i = M , where in general M ) N
2 and the occu-

pancies are in the range 0 . fi . 1. Because of the new kinetic energy term, a new

exchange-correlation term Exc,J [n] is needed to incorporate it. The minimisation of

the new functional EJ [n] must be performed with respect to both the occupancies

{fi} and the orbitals {)i} and subject to the usual constraint of fixing the total num-

ber of electrons to N (normalisation). The Janak functional EJ [n] is only variational

with respect to changes in {fi} when all the values of fi are in the interval [0, 1],

otherwise the energy can be lowered without bound by letting fi !% " for states

with energy below the chemical potential and letting fi !% !" for states above
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the chemical potential (whilst the normalisation remains correct). So the eigenval-

ues of the density matrix (the occupancies) must be kept in the interval [0,1] to

stop the density matrix following these unphysical “run-away” solutions. This is

ensured in the ONETEP method by using a penalty functional [95] for density ma-

trices which are very far from idempotent, and iterative methods incorporating the

McWeeny purification transformation [96] for density matrices which are closer to

being idempotent. The latter of these is outlined in the next section. Just like for

the Kohn-Sham energy functional, the Janak functional is minimised when fi = 1

for all states below the Fermi energy, and fi = 0 for all states above the Fermi

energy, which is consistent with what we expect at ‘absolute zero’ temperature.

3.6 Imposing idempotency

In order to keep the occupancies in the appropriate interval to avoid runaway so-

lutions of the Janak functional, and to ensure that the density matrix converges

to an idempotent one as quickly as possible, it is necessary to impose idempotency

‘weakly’. In linear-scaling density-matrix schemes, we only have access to the matrix

representation K of the density operator and not the eigenvalues themselves, so we

need a scheme for imposing idempotency that can deal with density matrices in a

non-orthogonal representation in linear-scaling e!ort.

This is achieved using an iterative method related to that proposed by McWeeny [79].

Consider the transformation

!n+1 = W (!n) = 3!2
n ! 2!3

n (3.18)

where ! is the density operator in matrix representation in an orthogonal basis. Since

it is clear that !n+1 and !n commute, we can get an idea of what this transformation

does by looking at the common diagonal representation of these matrices, where the

occupancies are the diagonal elements. In this case the relationship above can be

expressed in terms of these occupancies
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fn+1 = W (fn) = 3f 2
n ! 2f 3

n (3.19)

So long as the occupancies lie in the interval [!1#
(
5

2 , 1+
(
5

2 ], !n+1 will be more idem-

potent than !n, and furthermore, if all of the occupancies are in the range [!1
2 ,

3
2 ]

then the eigenvalues of !n+1will be in the range [0, 1], which is what is required to

avoid runaway solutions. It also ensures that eigenvalues around zero converge to

zero quadratically, and eigenvalues around one converge to one in the same way.

Li, Nunes and Vanderbilt [96] developed an O(N) scheme which incorporates this

McWeeny purification transformation to imposing idempotency whilst finding the

ground state total-energy. This method is described in section 3.9.

3.7 The psinc basis set

The optimisation of localised NGWFs during the calculation requires that the or-

bitals be expanded in terms of a primitive basis of localised functions.

The choice of basis in ONETEP is a set of real, periodic, bandwidth-limited

delta-functions {Di(r)}, which are referred to as psinc functions (periodic cardinal

sine functions) [92, 97], so that an NGWF can be written

*"(r) =
#

i

Di(r)Ci" (3.20)

where Ci" are expansion coe"cients.

If {Di(r)} were simply a set of delta functions making up a grid, error would

be incurred on Fourier transform because a delta function cannot be represented

faithfully in reciprocal space, since it has infinite bandwidth. Additionally, the delta

functions are undesirable since they can’t be di!erentiated. The basis functions used

in ONETEP are coarse-sampled and bandwidth-limited delta functions defined

Di =
1

M

Gmax#

G

eiG.r (3.21)
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where the sum is over all the reciprocal lattice vectors of the simulation cell, up to

and including Gmax, and M is the total number of grid points. Just as in plane-wave

DFT, the value of Gmax is determined by an energy cuto! parameter, and the value

of M is chosen such that there is one function centred on each grid point, which

takes a value of unity on that grid point and zero on every other grid point (see

Figure 3.1). Since this is a bandwidth limited function, it must be periodic, and this

construction ensures that its period coincides with the length of the unit cell so that

its periodic image due to the Born-Von Kármán boundary conditions produces no

discontinuity, even in any of the derivatives, at the supercell boundary. The value

of the functions vary between grid points, however, in order to ensure that these

values remain real, the number of grid points in a unit cell along each dimension

must be odd.

These psinc functions are related to plane-waves by a Fourier transform,

which enables the kinetic energy to be calculated as accurately and e"ciently as in

plane-wave DFT [92]. We describe how in section 3.8.

Due to this formal equivalence between conventional plane-wave DFT meth-

ods and the ONETEP method it is possible to improve the accuracy up to full

plane-wave accuracy by increasing Gmax, rK and rcut.

3.8 FFT box technique

The calculation of the kinetic energy for each NGWF involves expanding the NGWF

in terms of the psinc basis functions, then carrying out a fast Fourier transform

(FFT), multiplying by the wave-vector squared, then carrying out another FFT

back to real space. The FFTs required are global operations in which every point in

the system is involved so that calculating the kinetic energy for a single NGWF scales

as O(M logM) (whereM is the number of grid points, which is roughly proportional

to the number of atoms, at least for a bulk solid), making the calculation for the

whole system scale higher than O(M2).

This problem is overcome in ONETEP by exploiting the strict locality of
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Figure 3.1 – One dimensional psinc function with M=9.
The values are unity on the grid point on which it is centred
and zero on all other grid points within the cell (which is
M=9 grid points wide). From Ref. [5]

the NGWFs by using only the subspace of the full psinc basis associated with a

particular NGWF and its overlapping neighbours, making the calculations of the

kinetic energy of each NGWF, for example, independent of system size – thereby

recovering linear scaling. This is achieved in the ONETEP method by the FFT box

technique [98] in which, for each NGWF, FFTs and other calculations are performed

within a box whose sides are parallel to the sides of the simulation cell, and whose

dimensions are just big enough to fit any of the NGWFs and all of its overlapping

neighbours within it. Its dimensions are set at the beginning of the calculation and

are universal throughout the calculation. It has the same spacing of grid points as

the simulation cell, and its origin always lies on a grid point which in general is

di!erent for each matrix element. The details of this construction are important

in order to guarantee the consistent action of operators and the hermiticity of the

calculated Hamiltonian.

The approximation made by using this FFT box method is e!ectively to

coarsely sample the frequency components of the NGWF in reciprocal space. But

since NGWFs are strictly localised in real space, we expect them to be broad and

smooth in reciprocal space, meaning that coarse sampling is likely to be, and in fact
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turns out to be, a good approximation. The error due to this approximation can be

made arbitrarily small, if need be, by increasing the size of the FFT box.

The FFT box technique is also used in order to construct the density from

the NGWFs in linear scaling e!ort. The density (n(r) = 2K"#*"(r)*#(r)) must be

constructed on a grid which is at least twice as fine as the grid on which the NGWFs

are represented to avoid aliasing: the density is proportional to the product of the

squares of the NGWFs, meaning that it contains Fourier components which are

up to twice as big as those of the NGWFs. The individual contributions to the

charge density *"(r)*#(r) are localised in real space and thus can be calculated on

an FFT grid. A given pair of overlapping NGWFs are projected into their FFT box

and then Fourier interpolated onto a finer grid (of at least twice the resolution) to

avoid aliasing i.e. the NGWFs are Fourier transformed, then padded with zeros in

reciprocal space, then Fourier transformed back into real space, but on a finer grid.

The NGWFs are then multiplied together and projected from their FFT boxes onto

the full simulation cell fine grid to construct the density.

Sometimes matrix elements of the form (*"|Ô|*## need to be calculated,

where Ô*# is delocalised over the whole FFT box, for example matrix elements of

the kinetic energy operator. Such integrals are calculated simply by taking the dot

product between psinc grid points in common between *" and Ô*#, and therefore

only points within the localisation sphere of *" within the FFT box are used [99].

The fact that FFTs are not done over the full simulation cell, but only within

boxes located around atoms, means that large regions of vacuum can be added to

the simulation cell for near to no computational cost. This means that the cross-over

point (i.e. the point at which it becomes computationally more e"cient to use a

linear-scaling method than a traditional cubic-scaling method), is particularly low

for low dimensional structures like molecules, nanorods etc, in which a substantial

amount of vacuum would need to exist in the supercell.
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3.9 Finding the ground-state energy

3.9.1 Functionals to be minimised

The function of the ONETEP code is to find the ground-state total energy E0, by

minimising the total energy functional with respect to all the degrees of freedom of

the density (i.e. the density kernel and the NGWFs)

E0 = min
{K"!},{'"(r)}

E[{K"#}, {*"(r)}] (3.22)

subject to a normalisation constraint and subject to the density matrix remaining

idempotent. Notice that since the total ground-state energy depends only variation-

ally on the density (see section 2.1.3), so it must depend variationally on the density

kernel (if weakly idempotent) and NGWFs too.

Li, Nunes and Vanderbilt [96] suggested a convenient method by which this

minimisation could be carried out, with the necessary constraints of normalisation

and idempotency, while retaining O(N) scaling. At a fixed chemical potential µ,

minimising the grand potential

'[-] = E ! µNe = tr[-(H ! µ)] (3.23)

with respect to - without constraints gives the same minimum as the total-energy

functional under the normalisation constraint. With this in mind, they constructed

a new functional 'LNV , which, when minimised without constraint, imposes the

idempotency condition as well as normalisation. The functional suggested makes

use of McWeeny’s ‘purification transformation’ discussed in section 3.6, and is

'LNV [-] = tr[(3-2 ! 2-3)(H ! µ)] (3.24)

Adapting this method for non-orthogonal orbitals [100], the functional becomes (in
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ONETEP’s notation)

'LNV [K] = 2tr[(3KSK! 2KSKSK)(H! µS)] (3.25)

where K is the density kernel, which is just the density matrix in the representation

of the non-orthogonal orbitals and their duals, and S is the overlap matrix defined in

equation 3.12. Notice that if we work in an orthogonal basis set which diagonalises

the Hamiltonian, S becomes the identity matrix, K becomes the density matrix,

and we recover equation 3.24.

An alternative functional was suggested by Millam and Scuseria [101] which

also imposes idempotency (again via the ‘purification transformation’) and normal-

isation on the density matrix:

'MS[-] = tr[(3-2 ! 2-3)H] + µ&(tr[-]!Ne) (3.26)

This functional has also been implemented as an option in ONETEP.

If, however, the density matrix is very far from being idempotent (i.e. the

density matrix has eigenvalues outside the range [!1#
(
5

2 , 1+
(
5

2 ]), the McWeeny pu-

rification transformation is not convergent and another method must be used which

is globally convergent. The so-called ‘penalty functional’ method was suggested by

Haynes and Payne [95] to solve this problem. They suggest that the functional

which must be minimised is

Q[-] = E[-] + 'P [-] (3.27)

where ' is a scalar and P [-] is the penalty functional:

P [-] = tr[(-2 ! -)2] (3.28)

which has minima at fn = 0 and fn = 1. A problem with this method is that the local

minima of the total functional Q[-] do not occur when the occupancies are exactly
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0 or 1, like is the case for the functional P [-], so that minimisation of this functional

will give the wrong energy and a not-exactly idempotent density matrix. Although

correction expressions exist for the energy, this doesn’t matter in ONETEP since

the penalty functional method is used to rapidly get the density matrix roughly near

idempotency and then the LNV method takes over. A recent assessment of di!erent

density-matrix optimisation schemes can be found in Ref. [102].

Expressions can be derived for the gradient of the functionals P and ' in

terms of the degrees of freedom of the density matrix {*"} and {K"#} so that

methods such as the conjugate gradients method can be used to search for the

minimum. The strategy used to minimised these functional is the subject of the

next subsection.

3.9.2 Minimisation strategy

In the last section we saw that ONETEP finds the ground-state energy by performing

an unconstrained minimisation of the LNV grand potential:

E0 = min
{K"!},{'"(r)}

E[{K"#}, {*"(r)}] = min
{K"!},{'"(r)}

'LNV [{K"#}, {*"(r)}] (3.29)

In practice, this minimisation is performed in two constrained search stages

which form a nested loop [78]. In the inner loop, the LNV functional is minimised

with respect to the density kernel in the representation of the fixed NGWFs:

F [{*"}] = min
{K"!}

'LNV [{K"#}, {*"(r)}] (3.30)

In the outer loop F [{*"}] is minimised with respect to the NGWFs at a fixed density

kernel:

E0 = min
{'"}

F [{*"}] (3.31)

The current density kernel, however, no longer satisfies the minimisation condition
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with these new NGWFs, so the two stages need to be iterated to self-consistency.

3.10 Isolated supercells: the cuto!-Coulomb interac-

tion

In this work we will be interested in carrying out calculations on isolated nanorods

which are likely to have a large permanent dipole moment. ONETEP uses (at least

at the present time) the supercell approximation, in which periodicity is imposed on

an isolated system, with vacuum ‘padding’ surrounding the system so as to reduce

the interaction between periodic images. This introduces a finite size error whereby

the total energy varies with the size of the supercell. In systems with a large aspect

ratio and a large dipole moment (e.g a polar nanorod), very large ‘padding’ regions

are necessary in order to reduce this error to an acceptable level.

One method for eliminating this problem – referred to here as the cuto!-

Coulomb method [103, 104] – has been implemented in ONETEP [105]. It involves

truncating the Coulomb potential to zero after it reaches a certain distance away

from the nanorod. We describe this method below.

The Hartree potential is given in real space by

VH(r) =

-
dr&n(r&)vC(|r! r&|)

where n(r) is the density and vC(|r|) = 1/r. It is calculated more easily in reciprocal

space where it is diagonal,

ṼH(G) =
1

'
ñ(G)ṽC(G)

where ṽC(G) = 4#/G2, G are the reciprocal space coordinates and ' is the volume

of the simulation cell. It is then Fourier transformed back into real space.

Similarly, the Hartree energy is given by the expression
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EH =
1

2

-
drn(r)VH(r) =

1

2
F#1(ñ.ṼH) =

1

2'

#

G

|ñ(G)|2ṽC(G)

We would like to modify the Coulomb potential term vc(r) so that it is forced

to zero at some distance large enough so that any infinitesimal volume of charge from

the charge distribution feels the proper 1/r potential from every other infinitesimal

volume of charge in the charge distribution, but small enough so that no part of

the charge distribution feels the Coulomb potential from any part of the charge

distribution in the periodic image charge distribution. This can be done by replacing

vc(r) with a new ‘spherical cuto!-Coulomb’ potential vCC(r) defined by

vc(r) % vCC(r) =
((R! r)

|r|

where ((R ! r) is the Heaviside step function which defines a sphere of radius

R within which ((R ! r) = 1 (and therefore vCC(r) = vc(r)) and outside which

((R! r) = 0. The Fourier transform of vCC(r) can also be calculated analytically,

and is

ṽCC(G) =
4#(1! cos(G.R))

G2

The region after which the Coulomb potential is cut to zero is a sphere in this case,

but it need not be. It can be any shape, so long as one can calculated the numbers

ṽCC(G), either analytically, or numerically using FFTs. Spherical cuto! regions

are good for when the system is a zero dimensional structure (e.g. a nanoparticle),

however for long structures like nanorods, it is desirable to use a cylindrical cuto!

region. Derivations of ṽCC for di!erent cuto!-region geometries can be found in

Ref. [104], and an analysis of the merits of this, and other methods for dealing with

the periodic-interaction problem in linear scaling DFT can be found in Ref. [105]

(to be published in 2011).
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3.11 Summary

The exponential decay of the density matrix, which is an inherent feature of insu-

lating systems, means that it is a good approximation to assume that the density

matrix -(r, r&) is short ranged in |r!r&|, and therefore that the information contained

within it is of O(N), where N is the number of electrons in the system. ONETEP,

like other linear-scaling DFT methods, is designed in a way which allows the ex-

ploitation of this approximation. By adopting a local orbital representation of the

density matrix, matrix elements very far from the diagonal are very small, and can

be neglect. This produces very sparse matrices, that can then be manipulated in

linear-scaling e!ort using e"cient sparse matrix algebra. The strict localisation re-

gion on the orbitals in ONETEP, and the cuto! parameter on the density kernel are

designed for this purpose. ONETEP uses a non-orthogonal basis, which in princi-

ple allows for greater localisation of orbitals since localisation and orthogonality are

competing requirements, and therefore sparser matrices and a lower linear-scaling

prefactor.

The innovation of the FFT-box technique allows matrix element of the hamil-

tonian to be calculated without having to carry out an FFT on the entire simulation

cell, which scales as order O(N logN) for each matrix element, but rather only over

a region encompassing the local orbital and its immediate neighbours – which scales

as O(1)

Idempotency can be imposed implicitly in linear scaling e!ort via one of the

self-consistent density matrix minimisation schemes that have been developed, (e.g.

the LNV method), which ensure a relatively rapid and stable convergence of the

density matrix to its idempotent ground state.

The cuto!-Coulomb method is used to eliminate the finite size error that

arises when using the supercell approximation with charged or highly polar systems.

In the next chapter we will make use of these methods to investigate the

polar properties and electronic structure of nanorods of realistic size.
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Nanorod charge distribution and elec-

tronic structure

Nanocrystals in solution have been observed to exhibit a large dipole moment and

there are a number of contradictory explanations as to its origin, which have been

reviewed in chapter 1. As of today, attempts to investigate the charge distribution

and the factors a!ecting it directly by experimental measurement have not shed

enough light in this area to be able to satisfactorily resolve these contradictions

in the literature. The main reason for this has been that current experimental

technique doesn’t allow a su"cient level of control over the nanocrystal’s detailed

structure, or a precise enough level of knowledge about an individual nanocrystal’s

state (electronic and ionic) to be able to disaggregate the multitude of factors which

may be contributing to the dipole moment in a nanocrystal, and how they may be

interlinked. Also, dielectric properties of nanocrystals have been little studied, yet

are crucial for understanding the behaviour of nanorods in environments with large

local electric fields (due to close proximity with other polar nanocrystals or charged

ions in solution) or applied electric fields.

Computational modelling is an extremely useful tool for investigating some

of these questions, since it allows us a level of knowledge and control over our system

so that in not currently experimentally possible. Until recently, nanostructures of
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4. Nanorod charge distribution and electronic structure

realistic sizes have been beyond the reach of accurate quantum-mechanical methods.

However, developments in linear-scaling density-functional theory (DFT) methods

have now made possible the simulation of nanostructures comprising thousands of

atoms with a high level of theory.

We take advantage of these methods, as implemented in the ONETEP code

(chapter 3), to accurately simulate polar semiconductor nanorods of realistic sizes,

with particular focus on how a nanorod’s charge distribution and electronic struc-

ture are a!ected by changes in the surface terminating species (section 4.1) , sur-

face geometry relaxation (section 4.2), nanorod size (section 4.3), semiconductor

type (section 4.4), external electric fields (section 4.5), and interactions with other

nanorods (section 4.6).

4.1 The e!ect of surface termination

In this section we model idealised nanorods, constructed with perfect bulk-like sur-

faces with no defects. The surfaces which make up the long sides of the nanorod (the

‘lateral’ surfaces) are exactly parallel with the long axis of the nanorod and with

the wurtzite c-axis (otherwise known as the [0001] direction, or the polar direction,

or the z-direction in this work). The surfaces which terminate the nanorod along

its long direction (the ‘end’ surfaces) are the polar wurtzite (0001) surfaces. We

vary, the surface termination on the polar and the lateral surfaces and investigate

the e!ect on the polarity of the nanorod.

For our investigation, we choose nanorods of wurtzite GaAs because accurate

pseudopotentials for Ga and As are obtainable which require relatively low compu-

tational cost while having the essential features that endow all polar nanorods (e.g.

CdSe, ZnO) with an asymmetric distribution of charge, namely, there is a degree

of ionicity to the bonding and the crystal structure lacks inversion symmetry. This

allows us to access the extensive size regime in which a nanorod’s dipole moment

increases linearly with its length and cross-section, as we discover in section 4.3.

Initially we model unrelaxed, stoichiometric nanorods of wurtzite (w-)GaAs.
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4. Nanorod charge distribution and electronic structure

Our nanorods are ‘grown’ parallel to the wurtzite c-axis with a length & 12.8 nm

and hexagonal cross-sections of area & 3.56 nm: an example is shown in Fig. 4.1.

Figure 4.1 – An unrelaxed GaAs nanorod with Ga, As,
and H atoms colored red, blue, and green, respectively. The
Ga and As terminated ends are indicated.

Six di!erent nanorods consisting of 2106–2862 atoms were created to repre-

sent a variety of lateral(/ c) and polar (0 c) surface terminations, either bare or

saturated by chemisorption. They are labelled H/H, H/B, H/P, B/H, B/B, B/P,

to indicate how the lateral/polar surfaces are terminated, respectively. H signifies

termination by hydrogen atoms and B signifies a bare surface. P denotes termina-

tion by pseudo-atoms [106], each with one electron and fractional nuclear charges of

+5
4 and +3

4 for passivating surface Ga and As atoms respectively. By approximat-

ing the electronegativities of As and Ga they form bonds with the surface atoms

of similar character to those found in the bulk and render the III-V semiconductor

surfaces electronically inert [106]. Additionally, within the electron counting model

discussed in section 1.3.2, these pseudo-atoms should not contribute any net charge

to the surface, since the 5
4 (34) electrons they contribute to each Ga-P+5/4 (As-P+3/4)

bond, is canceled by their ionic charge. For both these reason, they make for a good

reference terminating species. A H atom, on the other hand, passivates a surface

dangling bond but also contributes a net negative (positive) charge of magnitude 1
4

to the surface when it binds to a Ga (As) atom. In all of these models symmetry

dictates that only the longitudinal component of d, dz, is non-zero.

For our calculations, a plane-wave energy cut-o! of 450 eV, with a local or-
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bital radius [107] of 0.53 nm for each atomic species is found to be su"cient to

converge properties of interest. The density kernel is not truncated so that metallic

and insulating structures are treated on an equal footing. We use norm-conserving

pseudo-potentials with non-linear core corrections, and 3d electrons frozen into the

core. Exchange and correlation are treated within the local density approximation.

To eliminate interaction between a nanorod and its periodic images we have used a

cylindrically truncated Coulomb interaction [104] instead of the usual Ewald inter-

action (see section 3.10). Preliminary calculations verifying our choices of simulation

parameters and the suitability of our pseudo-potentials can be found in Appendix A

4.1.1 Results and discussion

Table 4.1 shows that both the magnitude and direction of d depend critically on the

chemistry of both the lateral and polar surfaces and therefore cannot be dominated

by the spontaneous polarisation of the wurtzite lattice. It is clear that d is not dom-

inated by the spontaneous bulk-polarization of w-GaAs, which we have calculated

using the Berry phase method implemented in the Quantum Espresso code, to be

0.005 C/m2, implying a contribution to dz for nanorods of our size of +62 D, if the

polarizations are similar [42]. H/B and B/B both show positive dz, meaning that the

Ga-terminated end carries a net positive charge, while B/P has a very small dz and

the other rods exhibit negative dz. These observations suggest that the synthesis

conditions of nanorods and their chemical environments are likely to play crucial

roles in determining d, insofar as they a!ect the coverage of the surfaces with ad-

sorbates. Furthermore, negative moments imply that surface chemistry e!ects have

overwhelmed the contribution from the spontaneous polarisation of w-GaAs.

Figure 4.2 shows the calculated dz of nanorods with fully H-terminated lateral

surfaces, but with a varying coverage of H atoms on the polar surfaces. Each point

represents a single sample chosen at random from the ensemble of nanorods with a

given coverage. It is clear that dz tends to decrease significantly as the hydrogen

coverage increases and that d changes direction at around 56% coverage. This means
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Table 4.1 – Dipole moment dz, net charge of the left-
hand half QL and electric field at the mid-point Em of the
nanorods.

Nanorod H/H H/B H/P B/H B/B B/P
dz (D) -614 +330 -531 -235 +125 +41
QL (e) +1.00 -0.56 +0.95 +0.39 -0.18 -0.08
Em (V/nm) +0.100 -0.050 +0.105 +0.030 -0.013 -0.005

0 0.2 0.4 0.6 0.8 1
Fractional coverage of H atoms

-600

-400

-200

0

200
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d
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Figure 4.2 – Dipole moment dz as a function of H atom
coverage of the polar surfaces for a nanorod with fully H-
terminated lateral surfaces.

that if one could control the degree of coverage of the polar surface (e.g. by varying

the temperature, pressure, or the chemical potentials of the various species during

synthesis) one could vary dz over a wide range of values.

We have carried out a calculation which, though quite crude, lends some

plausibility to this picture: at T = 0 K, we have calculated that over the range of

realistic hydrogen chemical potentials µH for which water molecules are stable, the

thermodynamically most stable polar surface hydrogen coverage of the data set in

Figure 4.2, namely that which minimises E!µHnH , goes from 0 to around 70%. In

principle, this therefore allows access to values of dz of between -200 D and +330 D.

Details of this calculation can be found in Appendix B.

In Figure 4.3, we plot the electron density profile along the length of the

nanorod (the z direction in this work, / c), averaged over the x and y directions.

The large oscillations in the electron density over a unit cell make it very di"cult to

see how charge is distributed between unit cells. It is therefore useful to process the

the data in a way which averages out oscillations over the unit cell, but preserves
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the cell by cell variations.
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Figure 4.3 – Charge density profile along z, with x and y
directions averaged out

In Figure 4.4(a) we plot the function

-̃(z) =
1

L
+
2#

- - -
-(x&, y&, z&) e#

(z"z!)2

2L2 dx& dy& dz& ,

which is the laterally-averaged charge density profile along the length of the nanorod

(the z direction in this work, / c), convolved with a Gaussian of standard deviation

(L = 0.32 nm) equal to half the length of a unit cell in the z direction. This smooths

out the large variations in the density on the length scale of a unit cell, revealing

how excess charge is distributed along the length of the nanorod: clearly it is spread

over several nm from the ends of the nanorods. The amount of excess charge on the

left-hand (As-terminated) end, QL, is shown in Table 4.1. This has been calculated

by integrating the quantity -̃(z) up to the middle of the nanorod.

The observed spread of the excess charge on the nanorod ends could be

important for models of nanoparticle self-assembly that usually treat nanocrystals

as point dipoles or assume that excess charge is perfectly localized on the polar

surfaces (see section 1.3.3). These assumptions would lead to quantitatively, or even

qualitatively, incorrect results at short distances. Furthermore, the delocalization of

charge suggests that nanorods may be highly polarisable, which could significantly
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Figure 4.4 – (a) Charge density and (b) electrostatic po-
tential as a function of position z along the long axes of
the H/H, H/B, and H/P nanorods. Both quantities are in-
tegrated over the plane perpendicular to the long axis and
smoothed on the length scale of a wurtzite unit cell.

a!ect the interactions between nanorods. We investigate their polarisability and

interactions between nanorods in section 4.5 and 4.6.

Figure 4.4(b) shows the smoothed potential as a function of position along

three di!erent nanorods and Table 4.1 gives the values of the electric field at the

centre of each nanorod, Em. It is clear that the internal electric fields are not

uniform but stronger near the polar surfaces than in the middle. The voltage drops

we have observed are of order 0.1 V/nm, reaching as high as 0.6 V/nm near the

polar surfaces of H/H. These fields are of similar magnitude to those observed in

strained quantum wells and are expected to significantly a!ect optical absorption

frequencies, selection rules and carrier recombination rates.

In Figure 4.5 we plot the density of states (DOS) for each of the six nanorods.

The first initially surprising feature of these plots is that none of the nanorods appear

to have a bandgap, and might therefore be interpreted as being metallic in character.

However, there is a more subtle explanation of this feature, which requires us to

consider the spatial distribution of these states, which we do by looking at the local
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Figure 4.5 – Density of states for: (a) H/H (top) and B/H
(bottom); (b) H/B and B/B; (c) H/P and B/P. The Fermi
level is at 0eV. Nanorods with bare lateral surfaces have
relatively many states near the Fermi-level.

density of states (LDOS).

Figure 4.6 shows the calculated ‘slab-wise’ LDOS for nanorods H/H, H/B,

B/H, and a fourth nanorod which we label H/(67%H,33%B). This fourth rod has

67% hydrogen coverage on the polar surfaces, and is one of the rods from which the

data in Figure 4.2 was generated. We define a slab LDOS as follows: each nanorod

is nominally divided into 20 slabs in the z-direction, each consisting of four planes

of atoms: two each of Ga and As. The slab LDOS is the sum of the contributions

to the total DOS from the local orbitals centred on those atoms. Superposing these

slab LDOS, as in Figure 4.6, shows that the electric field shifts the spectrum from

slab to slab. This shift has the e!ect of smearing out the total DOS so that none of

the nanorods studied has an electronic energy gap despite individual slabs having

well-defined gaps.

Closer examination of Table 4.1 reveals two distinct trends: first, that all

other things being equal, terminated polar surfaces result in the most negative dz,

and bare polar surfaces result in the most positive. Second, terminated lateral

surfaces result in d of larger magnitude than bare lateral surfaces.
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Figure 4.6 – Local densities of states for three nanorods:
(a) H/H; (b) H/B; (c) B/H; (d) one of the nanorods of fig-
ure 4.2 with 67% hydrogen coverage on polar surfaces. The
global Fermi level is plotted in each case. Red (blue) curves
correspond to slabs close to the polar surfaces terminated
by Ga (As).

Figure 4.6 helps us to understand these trends: polar surface dangling bond

states on H/B can clearly be identified in Fig. 4.6(b) on the data sets associated

with the first and last slabs of the nanorod. The Ga (As) dangling bond states lie

mostly above (below) the Fermi level EF, resulting in an excess of electrons on the

As-terminated end and a more positive dz. In contrast, Figure 4.6(a) reveals that

both the Ga-H and As-H bonding states on the polar surfaces of H/H lie below EF,

resulting in an excess of electrons on the Ga-H terminated end and a depletion on

the As-H end. This excess and depletion is because the 3
4 of an electron nominally

available from the Ga atom, and the one electron available from H are insu"cient

to fully populate the Ga-H bond. Conversely, the 5
4 electrons from As provide a
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4. Nanorod charge distribution and electronic structure

surplus for the As-H bond. Hence the formation of these bonds redistributes charge

between the two polar surfaces to produce a negative dz.

Regarding the second trend: comparison of Figs. 4.6(a) and 4.6(c) shows

that the nanorod with bare lateral surfaces (B/H) does not exhibit a large local

energy gap as H/H does due to the presence of lateral surface dangling bond states

in the gap. A large d is associated with a large internal electric field and slab-

by-slab energy shift. However, for nanorods with lateral surface states close to

EF, the electric field pushes these states above EF at one end and below at the

other thereby reversing the charge build up on the ends and reducing the field.

We conclude from these observations that a large local energy gap clear of surface

states is a necessary condition for a large d, and the quenching of surface states on

unstable lateral surfaces, by the introduction of adsorbates, can be an important

polarity enhancement mechanism in nanorods.

In all the nanorods studied, the Fermi-energy is found to coincide with the

energies of states comprising a significant density, located close to the end surfaces

of the nanorod. In the case of H/H (Figure 4.6(a)), these states are near the top of

the valence band on the Ga-rich end, and the bottom of the conduction band on the

As-rich end, and the potential energy di!erence for a test charge of e across the rod

is therefore close to the band-gap energy. In the case of H/B, these states at the

Fermi energy are mid-gap surface states, and the potential di!erence is smaller than

the band-gap energy, and equal to the di!erence between the energies of the surface

states on either end of the rod, relative to their local conduction band minimum.

Accordingly, we find a lower dipole moment magnitude on H/B that H/H. In the

case of the nanorod of figure 4.6(d), with a fractional polar surface coverage of 67%

on each polar surface, these mid-gap states on opposite surfaces are much closer

together in energy relative to their local band edges than those of H/B, resulting in

a lower potential di!erence and a relatively small dipole moment (only -70 D).

A group of mid-gap states at the Fermi-energy is a common feature of many

(particularly polar) semiconductor surface structures, and it plays a role in the

phenomenon of Fermi-level pinning: the group of mid-gap states stabilises (“pins”)
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4. Nanorod charge distribution and electronic structure

the Fermi-energy at the surface at the position of their average energy. It is stabilised

because the surface states are able to act as donors or acceptors, which get filled or

emptied to compensate for any change that may a!ect the relative position of the

Fermi-level (e.g. the application of a voltage across the nanorod).

We suggest a related picture for our nanorod system, which we will find

further support for in subsequent sections; in any given nanorod structure the,

direction of the dipole moment is dependent on the balance between the intrinsic

polarisation of the crystal, the additional ionic charge on each end, and the number

of occupied electronic surface states on each end, which may change when adatoms

are added or removed, or for di!erent reconstructions of the surfaces. However, there

is a second determining factor, which is the tendency for the Fermi-level to become

stabilised at energies associated with a group of mid-gap states, (or if there are no

mid-gap states, by the band edges). There can be three reasons for the stability of

the Fermi-level: (1) high density of states at the Fermi-level, so that small changes

in the potential di!erence across the rod can generate large redistributions of charge

to mitigate it; (2) a large energy barrier to occupying and un-occupying states on

the ends of the rod because they redistribute in large discrete lumps of 1 (or 2 in

non-spin polarised systems) electrons, and not (e!ectively) continuously as is the

case in the limit of semi-infinite surfaces; and (3) highly polarisable occupied orbitals

can screen out perturbations to the potential across the rod.

One of the implications of this picture is that the problem of nanorod polarity

cannot be cast in terms of an ionic model, or a simple bond-electron counting model,

since these models do not include constraints on the nano-rod potential di!erence

imposed by the Fermi-level-stabilisation tendency proposed above. For example, the

observation from Table 4.1 of the similarity in dz, QL and Em between rods H/H and

H/P, despite the very di!erent ionic charge of the terminating atoms on the polar

surfaces seems surprising at first. A simple bond electron and ion counting argument

predicts that the Ga (As) polar surface on H/P should have an additional charge of

+0.25e (-0.25e) for each of the 27 bound pseudo-atoms over those of nanorod H/H,

and should therefore have a greatly reduced dipole moment and potential di!erence
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Figure 4.7 – Di"erence in electron density profile between
H/H and H/P

across it. However, the LDOS of H/H (Figure 4.6(a)) shows that the Fermi-level is

located within regions of high surface state density on either end of the rod, and

is likely to be stabilised. Changing the ionic charge of the hydrogen atoms on the

polar surfaces (to go from rod H/H, to H/P), can mean one of three things: either

the potential di!erence across the nanorod must change, to reflect the extra ionic

charge on the surfaces, which would result in occupancy shifting of the polar surface

states, or the electrons can polarise so as to cancel out the extra field generated by

the ionic charge, or some mixture of the two. We find that the potential di!erence

across the nanorod does not change with the change in ionic charge – the Fermi-level

is stabilised at nearly the same level relative to their local valence band maxima on

each end. The electrons have been polarised by the extra ionic charge so as to

screen out the extra field it produces. Figure 4.7 shows the di!erence in the electron

distribution along the length of the rods between H/H and H/P. The polarisation of

H/P relative to H/H generates an excess (shortage) of exactly 6.75 electrons on the

Ga (As) end of the rod, exactly cancelling the excess (shortage) of ionic charge on

that surface between rods H/H and H/P, thereby preserving the potential di!erence

across the nanorods.

This interpretation implies that the polarisability of electrons is very high in

nanorods of this size, given their ability to screen out most of the field from the
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extra charge of the pseudo-ions. In section 4.5 we investigate the polarisability of

nanorods in a uniform electric field, and we do indeed find a strong enhancement of

the polarisability compared with bulk, which may well originate from the relative

stability of the Fermi-level position at the nanorod ends.

4.2 The e!ect of structural relaxation

So far we have considered pristine nanorods. However, structural relaxations might

be expected to play a large role for two reasons: some of the surfaces studied above

may be unstable and, given our arguments above, reconstructions which change

the surface composition are likely to have a large e!ect; and strain caused by the

surface may also induce significant charge separation. Regarding the first concern,

it has not been our intention here to determine the stability of a particular surface,

but rather to investigate the link between surface termination and d, regardless

of stability. Secondly, to assess the e!ects of surface-induced strain we performed

structural relaxations on four much smaller nanorods of length & 3.5 nm, width

& 1.2 nm and with di!erent surface terminations (b/b, h/b, h/h, b/h, following

the same convention as before). Additionally, we perform one very computationally

expensive structural relaxation on the larger H/H rod of the previous section (length

12.8 nm, cross-sectional area 3.56 nm2). We label the resulting geometry-relaxed

structure H/H-r. In both cases, we converge the calculation so that the forces on all

atoms are below 0.002Eh/a0

Before we consider the changes in electronic and ionic structure of the smaller

rods, we first look at the electronic structure of H/H-r. In Figure 4.8 we plot the

slab-by-slab LDOS of H/H-r in the same way as was done for H/H in Figure 4.6.

Aside from the well known “healing” of the local band-gap on the end surfaces, we

find the presence of a pair of nearly degenerate mid-gap surface states at precisely

the Fermi-energy, 0.3 eV above the top of the (local) valence band, on the Ga-H

terminated end of the nanorod. Both the HOMO and LUMO states, plotted in

Figures 4.9 and 4.10 respectively, belong to this set of surface states on the Ga
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Figure 4.8 – relaxed rod: Fermi-level stabilised at mid-gap
states

surface, and look very similar in shape, save for a symmetry relation.

(a) (b)

Figure 4.9 – Iso-surface of the HOMO viewed (a) along
the [112̄0] direction, and (b) looking at the (0001) polar
surface. (isovalue of 0.001 e/a30).

The presence of these mid-gap surface states is significant because it means

that the Fermi-energy on the Ga-rich polar surface is stabilised at an energy closer

to the conduction band minimum (the location of the Fermi-energy on the As polar

surface), than it would be if this mid-gap state didn’t exist (perhaps because of

di!erent reconstruction on the surface). The result is a lower potential di!erence

across the nanorod than would be expected with no mid-gap states, and therefore

a lower dipole moment. This illustrates a potentially important mechanism by

which di!erent polar surface reconstructions may produce di!erent nanorod dipole
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(a) (b)

Figure 4.10 – Iso-surface of the LUMO viewed (a) along
the [112̄0] direction, and (b) looking at the (0001) polar
surface. (isovalue of 0.001 e/a30).

Table 4.2 – Configurations and dipole moments dz before
and after structural relaxation of the four nanorods.

Nanorod h/h h/b b/h b/b

dz
3 before 4 relaxation -131.64 +55.20 -22.81 +15.38

after (D) -103.03 +67.99 -89.23 +21.52

moments.

Table 4.2 shows dz before and after structural relaxation for the four smaller

rods. Only rod b/h displays a large change in dipole moment on relaxation. No

dipole moments changed direction, and the ordering of the magnitudes stayed the

same. The changes in the DOS as a result of relaxation are shown in Figure 4.11.

The increase in dz on b/h coincides with the shifting of the lateral surface dangling

bond states away from EF on relaxation, as can be seen in the DOS in Figure 4.11(d).

This healing of the energy gap allows for a larger d to be supported, consistent with

the argument about the e!ect of lateral surfaces in section 4.1.

The relaxed structures from the geometry optimisation of rods b/b, h/b, h/h

and b/h are shown in Figure 4.12. They reveal quite drastic relaxations on some

surfaces (in particular, on bare polar surfaces) and only very small changes on oth-

ers (namely, all hydrogen terminated surfaces). The severity of the relaxation on

the polar surfaces of h/b and b/b indicates that those surfaces would likely not be

stable at those compositions if brought into contact with a realistic environment.

For example, the polar Ga surfaces of h/b appear to be ejecting Ga atoms from
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(a) -15 -10 -5 0 5 10
Energy (eV)

(b) -15 -10 -5 0 5 10
Energy (eV)

(c) -15 -10 -5 0 5 10
Energy (eV)

(d) -15 -10 -5 0 5 10
Energy (eV)

Figure 4.11 – Density of states plot for: (a) b/b , before
(top) and after (bottom) relaxation; (b) h/b ; (c) h/h; (d)
b/h. In all cases relaxation has tended to move surface
states away from the Fermi-level.

the surfaces. Hydrogen termination stabilises the polar surfaces against severe re-

construction (at least at a temperature of 0K in vacuum). We describe the relaxed

geometries in more detail in Appendix C.

Semi-infinite bulk-like bare polar surfaces are known to be unstable to re-

construction, a feature known as the ‘polar instability’, described in chapter 1.3.2.

Semi-infinite surfaces are only stable when neutrally charged, and they often recon-

struct so as to adopt a closed-shell configuration which is simultaneously neutral.

This is evidently not the case in quasi-0D nanocrystals, whose surfaces carry charge -

there is no ‘neutrality’ condition to aid us in finding low energy structures. The prob-

lem of finding stable nanostructures, given a specific environment, is an extremely

di"cult one given the extent of variability in the space of nanocrystal morphologies,

and it is beyond the scope of this thesis.
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4. Nanorod charge distribution and electronic structure

Figure 4.12 – Structure of an unrelaxed, H terminated
nanorod (0) and the relaxed structures of b/b to h/h. Red
spheres represent Ga atoms, purple represents As, and grey
represents H. The left hand picture looks down the [112̄0]
direction and the right hand picture looks at a view of the
(0001) polar surface.
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4.3 The e!ect of nanorod size

In this section, we look at how the dipole moment of nanorod H/H varies with rod

length and cross-sectional area. Figure 4.13 shows the results obtained by keeping

the cross-sectional area at a ‘default’ value of 3.56nm2, and varying the nanorod’s

length between a minimum value of 6.4nm to a maximum of 51.2nm, and in Fig-

ure 4.14a we fix the nanorod length at its ‘default’ value of 12.8nm, and vary the

cross-sectional area between a minimum of 0.4nm2 and a maximum of 9.88nm2 (cor-

responding to a cross-sectional hexagon side of 5 unit cells in length).
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Figure 4.13 – The magnitude of the dipole moment in-
creases linearly with nanorod length for nanorods of cross-
sectional area 3.56nm2.

We find that the dipole moment increases proportionally with the length of

the nanorod, over the range studied. This implies that the excess polar surface

charge density on each end surface is independent of nanorod length, at least for

rods of this cross-sectional area.

As cross-sectional area is increased (Figure 4.14a), the dipole moment in-

creases too, however the data suggests that the relationship isn’t linear. In fact the

average surface charge density on the polar end surfaces, plotted in Figure 4.14b,

decreases rapidlly with cross-sectional area, towards a constant value that is proba-

bly slightly above zero for nanorods of this length (because polar thin-films, unlike

semi-infinite surfaces, are known to exist with uncompensated polarity). After a
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Figure 4.14 – The magnitude of the dipole moment in-
creases with nanorod cross sectional areas (shown in (a))
for nanorods of length 12.8nm. The relationship is not lin-
ear over the whole of this range, as the polar surface charge
density falls o" quickly, asymptotically approaching a finite
value (shown in (b))

cross-sectional area of about 4 nm2, the variation in the surface charge density is

so small that the nanorod dipole moment may be said to increase linearly with

cross-sectional area.

In Figure 4.15a we plot the LDOS associated with four consecutive planes

of atoms (referred to as a ‘slab’ section 4.1) located far from the ends of nanorod

so that no polar surface states are present in the LDOS. We find that the local

band-gap is higher in thinner nanorods. This variability of the size of the band-

gap with nanocrystal size is known to be the result of quantum confinement in

small nanocrystals. We observe no such variability with nanorod length, since the

extent of the nanorod along the long axis is too large for quantum confinement to

be significant.

The LDOS plots of the two end polar surface slabs in Figure 4.15b illustrate

that as the rod gets thicker, a greater energy window of surface states crosses the

Fermi-energy on the Ga (As) rich surface, and become unoccupied (occupied), con-
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x-section 9.88nm2 (local b.g. = 0.8eV)
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rod cross-section 6.32nm2
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Figure 4.15 – LDOS plot of (a) a slab in the middle of the
rods; (b) the Ga-rich end (top) and the As-rich (bottom)

tributing to a reduction in the surface charge density. This charge redistribution

serves as a bu!er against large change in the potential di!erence across the nanorod,

though a significant change is permitted. This shift is bound to increase the insta-

bility of the surface as more and more density of states accumulates around the

Fermi-level.

We will argue that there are two factors which play a role in the reduction

of the polar surface charge density as the rods get thicker – the reduced decay rate

(due to less ‘fringe’ loss) of the nanorod’s internal polarisation field, and the reduced
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band-gap – the first being relatively more important.

We have seen in section 4.1 the important role that the band-gap can play

in determining the potential di!erence across the nanorod, by stabilising the Fermi-

energy at the band-edges (at least for rods with no mid-gap polar surface states).

In the case of rod H/H, which we are using in this section, the Fermi-energy is

stabilised close to the band-edges at either end of the rod by surface-states, and as

the thickness of the nanorod increases, the potential di!erence between the band-

edges decreases due to a reduction in the confinement energy. The contraction of

the band-gap is indicative of a more general contraction of all states into a narrower

energy window. Charge redistribution between the two surfaces may be necessary

then, as the band-gap decreases, either to stabilise the system at a lower potential

di!erence, or if the potential di!erence doesn’t change, to respond to the shift of

the polar surface states relative to the Fermi level, some of which will have crossed

and changed their occupancy.

In section 4.1 we argued that the position of the Fermi energy with respect to

the polar surface states is very stable for three reasons: (1) high density of states at

the Fermi-level, so that small changes in the potential di!erence across the rod can

generate large redistributions of charge to mitigate it; (2) a large energy barrier to

occupying and un-occupying states on the ends of the rod because they redistribute

in large discrete lumps of 1 electron; and (3) highly polarisable occupied orbitals can

screen out perturbations to the potential across the rod. In thicker nanorods, the

energy cost (per unit volume, per unit charge) of polarising the planes of charge in

the crystal is larger, because the resulting polarisation field decays less rapidly due

to reduced finite size e!ects (or ‘fringe’ e!ects). This means that the energy barrier

against shifting the relative position of the Fermi-energy becoming relatively lower

– hence why we find in Figure 4.15b that there has been relatively more occupancy

shifting in thicker rods, which have less polarisable bonds.

We suggest that because the polarisation field decays more rapidly in thinner

rods, more charge density must be accumulated on the polar surfaces in order to

produce the required potential di!erence across the nanorod which is fixed by the
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stabilised positions of the Fermi energy on both the end surfaces, and this is the main

reason for the drop in surface charge density with thickness observed in Figure 4.14b.

In order to put these trends in perspective, it is useful to consider the asymp-

totic scaling of the energy with nanocrystal size. The asymptotic contribution from

charged surfaces as the finite crystal gets longer depends on the aspect ratio of the

crystal, and ranges somewhere in between that of separating point charges, which

scales as 1/L, and that of a separating infinitely extending charged parallel-planes,

which scales as L. Simultaneously long and thick nanorods would carry a very

high surface energy per unit area if they maintained charged surfaces, and therefore

charged surfaces are unlikely to exist. For nanorods that are thick enough so that the

internal electric field is relatively constant over a specified range of nanorod lengths,

the increase in the potential di!erence across the rod would generate a redistribu-

tion of charge as the Fermi level runs into a band, so that the nanorod’s dipole

moment would not scale linearly with length over the specified range of lengths. We

do not see this e!ect in our nanorods because the decay in the internal field is fast

enough to ensure that the potential di!erence remains nearly constant across all the

nanorod lengths: the field in the rods of length 12.8 nm, 25.6 nm and 51.2 nm are

found to decay to values of 0.1 V/nm, 0.035 V/nm and 0.009 V/nm respectively in

the rod centres.

4.4 The e!ect of semiconductor type (GaAs, GaN,

AlN)

In this section we investigate how the polar behaviour of nanorods depends on which

semiconductor the nanorod is made of. We calculate the charge distribution of three

rods – one made of GaAs, another of GaN, and a third of AlN. The rods are of type

H/P (lateral surfaces fully covered in with hydrogen atoms, and polar surfaces fully

covered with pseudo-hydrogen atoms), all have the same number of atoms (2862,

as in previous sections) , and are constructed of the same number of unit cells in
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each direction. Atoms are located at their bulk equilibrium values, as calculated in

the CASTEP plane-wave-DFT code, meaning that the GaAs rod is longer than the

GaN rod, which in turn is longer than the AlN rod, because of the di!erences in

bulk lattice parameters.

Figure 4.16(a) and (b) show the Gaussian-smoothed, laterally averaged dis-

tribution of charge along all three rods, calculated in the same way as in section 4.1.
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Figure 4.16 – Laterally averaged and Gaussian-smoothed
charge distribution along the length of the nanorod for rods
of AlN, GaN and GaAs. The data is the same in (a) and
(b), but (b) is has a magnified “charge density” axis.

The main characteristics of these rods and their charge distributions are sum-
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AlN GaN GaAs
Rod volume (nm2) 21.87 23.32 45.66

Rod dz (D) -713 -682 -531
Rod QL (e) 1.61 1.50 0.95

Rod QL decay constant 0.48 0.80 1.02
Rod polarisation (C/m2) -0.11 -0.098 -0.039

Bulk sp. polarisation (C/m2) 0.073 0.029 0.005
Bulk permittivity, %r 9 9.7 13.1

Experimental Bulk bandgap (eV) 6.2 3.4 1.4
DFT bulk lattice parameter a (A) 3.075 3.154 3.935
DFT bulk lattice parameter c (A) 4.941 5.132 6.486

Table 4.3 – Some properties of AlN, GaN, and GaAs in
nanorod and in bulk.

marised in Table 4.3, along with reference information about the bulk properties of

these semiconductors (their lattice parameters, band-gaps, relative permittivities

and spontaneous bulk polarisations).

-6 -4 -2 0 2 4 6
Energy (eV)

AlN
GaN
GaAs

Figure 4.17 – LDOS plots of the cation-rich (top) and
anion rich (bottom) polar surfaces of AlN, GaN and GaAs.

We find that both the dipole moment and the polarisation (dipole moment

density) is positively (negatively) correlated with semiconductor band-gap (permit-

tivity), with the nanorod of the largest band-gap semiconductor (AlN) supporting

the largest polarisation, and the nanorod of the lowest (GaAs) supporting the lowest.
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There is a similar correlation with the localisation of the excess charge on the ends,

with excess charge being more localised (i.e. exhibiting a larger decay constant) in

nanorods of higher band-gap materials.

The LDOS plots in Figure 4.17 of the polar surfaces of the GaAs, GaN and

AlN rods reveal why the polarity has increased with band-gap for these particular

nanorod structures: the Fermi-level is stabilised by the high density of mid-gap

surface states which lie just above the valence band edge on the Ga/Al end of the

rod, and below the conduction band edge on the As/N end. The di!erence in energy

between these states on the two ends of the rod, relative to their respective local

valance band maximum, is much larger in the AlN rod compared with the GaAs

rod, so the potential di!erence across the rod is much larger.

4.5 The e!ect of applied electric fields

4.5.1 Introduction

When an electric field is applied to atoms, molecules or crystals – perhaps as a result

of close proximity to a charged ion or surface, or due to exposure to electromag-

netic waves – their charge distributions become distorted, and their dipole moments

change. For small fields, the displacement of charge from the equilibrium position

is proportional to the strength of the applied field.

di(.) =
#

j

'ij(.)Ej(.)

where the indices label the three cartesian basis vectors. The tensor 'ij(.) is known

as the linear-polarisability. It is a tensor, not a scalar, because it is possible in general

for a field in, say, the x-direction, to induce contributions to the dipole moment in

the y or z directions. The polarisability of a material due to an oscillating electric

field of frequency . depends on whether the charged particles which make up the

molecule or crystal can accelerate fast enough to keep up with the oscillations in the

field. Only electrons are e"ciently polarised by optical frequencies, whereas both
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Figure 4.18 – Dependence of the polarisability of a mate-
rial on the frequency of oscillation of the field.

electrons and ions are e"ciently polarised in static fields.

In a colloidal solution of nanocrystals, there are four basic polarisation mech-

anisms: (1) the distortion of the electronic charge distribution within a nanocrystal

relative to the ionic positions (or pseudo-potential positions, in our case) defines the

electronic polarisability; (2) the relative displacement of ions from each other within

a nanocrystal defines the ionic polarisability; (3) the change in orientation of perma-

nent dipoles which can freely rotate, defines the dipolar polarisability; and (4) the

e!ect of the rearrangement of surface charges defines the interfacial polarisability.

Each of these mechanisms has its own characteristic time-scale, and is not activated

by electric fields which oscillate on a shorter time-scale, as illustrated in figure 4.18.

In this section we are interested in the ‘static’ (. = 0) linear-polarisability of

a single nanorod, with a focus on how if di!ers from bulk crystal, and its dependence

on size and surface termination.

89



4. Nanorod charge distribution and electronic structure

Figure 4.19 – Change in the electron density when a field
of E = 0.05 V/nm is applied. Grey is no change, white is
negative change, black is positive change. Dipole moment
changed by 154 D (from -658 D to -504 D).

4.5.2 Electronic and ionic polarisability

Electrons with fixed ions

We model nanorod H/H-r (fully hydrogen terminated, geometry relaxed in zero

field) using the same simulation parameters as in previous sections and we apply

a uniform electric field of varied strenths to the nanorod by adding a saw-toothed

potential energy term to the Kohn-Sham equations.

First, we apply a large field of E = +0.05 V/nm, which is nearly half

the magnitude of the isolated nanorod’s intrinsic electric field (calculated as E =

!0.11 V/nm), in the direction opposite to its permanent dipole moment. The ion

cores are initially fixed at their E = 0 equilibrium positions, and we consider only

the response of the electrons to the field. We will consider the response of the

ions in the next part of this section. We find that the magnitude of the nanorod’s

dipole moment decreases by 154 D, from a value of -658 D at E = 0, to -504 D at

E = 0.05 V/nm. Figure 4.19 shows the di!erence in the charge density generated

by the electric field, along a (112̄0) cross sectional plane which contains the long

[0001] axis of the nanorod. In Figure 4.20, we average out variations in the x and

y directions and show change in the charge distribution along the z axis ([0001]

direction).

We find a significant polarisation of the electron density due to the field,
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Figure 4.20 – Change in cross-sectional-averaged electron
density resulting from the field

even in the middle of the rod. The excess charge on the polar surfaces resuting from

the polarisation is ±0.3e, which can be seen to be spread over & 2nm (& 6 atomic

layers) on either end of the rod.

The electric field in the middle of the nanorod is changed very little by the

application of the external electric field, changing from Eintrinsic = !0.10V/nm, to

Eintrinsic = !0.11V/nm. In e!ect, the charge has been rearranged in a way which

has screened out the applied field.

Ionic polarisation

In bulk materials, the measure of how easily a material polarises in response to

an electric field is the susceptibility !(.). We calculate the ‘optical’ (. = ") and

‘static’ (. = 0) susceptibilities of bulk wurtzite GaAs, using CASTEP: a plane-wave

DFT code and find them to be:

!(") =

5

6667

11.16 0 0

0 11.16 0

0 0 11.51

8

999:

!(0) =

5

6667

12.73 0 0

0 12.73 0

0 0 13.38

8

999:

in the basis of the primitive unit cell of wurtzite. !(") is associated with the po-
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4. Nanorod charge distribution and electronic structure

larisability of the electrons only (electrons are assumed to respond instantaneously

in DFT), and !(0) includes the the polarisability of both electrons and ions. Ac-

cordingly, !(") can also be interpreted as the ‘static’ polarisability of bulk wurtzite

GaAs if the positions of the ions are kept fixed. Therefore, focusing specifically

on the susceptibility along the wurtzite c-axis, we see that it is dominated by the

electronic susceptibility, which alone contributes 11.51/13.38 = 86% to the total

susceptibility.

Turning now to our nanorod model, we perform a geometry optimisation of

the H/H-r nanorod in the same uniform electric field as in subsection 4.5.2 (i.e.

E = +0.05 V/nm). The dipole moment of this relaxed structure is calculated as

-496 D, a change of 162 D from the zero-field value of -658 D, calculated in section

4.5.2. Comparing this with the change of 154 D observed in the fixed-ion model of

the previous section, it is clear that the change in dipole moment resulting from a

relaxation of the electrons only, contributes the greatest portion to the polarisability

of the nanorod (at least in small fields), just like in bulk. Specifically, the electons

alone contribute 154/162 = 95% to the total polarisability – a larger proportion

than the 86% seen in bulk. We will see in section 4.5.3 that the electrons in the

nanorod are a lot more polarisable than they are in bulk, and this could explain this

higher percentage.

4.5.3 Polarisability: a comparison between nanorods and bulk

In this section, we calculate the electronic polarisability of the H/H-r nanorod along

three orthogonal directions, [112̄0] (x-direction), [11̄00] (y-direction) and [0001] (z-

direction), and compare them to their bulk values. For a schematic representation

of these directions, see Figure 4.1. We ignore the ionic polarisability due to: (1)

its relative insignificance to the total polarisability in small fields compared with

the electronic polarisability; (2) the large computational resources that would be

required to calculate it. In order to calculate the nanorod’s electronic polarisability,

we calculated the dipole moment of a rod at 5 di!erent values of electric field E (-
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4. Nanorod charge distribution and electronic structure

Polarisabilities (103 1 e2a20/Eh)
Bulk Rod H/H-r

'xx 271 51.2± 0.15
'yy 271 51.0± 0.13
'zz 280 583± 4

Table 4.4 – Electronic polarisabilities of nanorod H/H-
r and of a volume of bulk of the same size, resolved in
three directions - [112̄0] (x-direction), [11̄00] (y-direction)
and [0001] (z-direction). The bulk value is calculate from
the optical susceptibility "("). Error values represent one
standard deviation.

0.0002, -0.0001, 0.0000, 0.0001, 0.0002 Ha/(ea0)), within the linear response regime.

The polarisability is the gradient 'ij = ddi/dEj.

The bulk polarisabilities are calculated by resolving the electronic suscepti-

bility, !(") along the x, y and z directions, and scaling it by the volume of the

nanorod. Results are summarised in Table 4.4.

We find that the electronic polarisability of the nanorod is enhanced by a

factor of & 2 compared with bulk, in the direction parallel to the long axis of the

nanorod (the [0001] direction), but is suppressed in the two directions in the cross-

sectional plane of the nanorod.

In Figure 4.21 we plot the local density of states (LDOS) of the slab of atoms

at either end of nano rod, in the same way as in section 4.1, first in no electric field,

and second in a large uniform electric field of E = 0.05V/nm (the same large field

used in section 4.5.2) .

We find that the energy shift between the two end slabs of the nano rod is

almost una!ected by the applied electric field – consistent with the observation in

section 4.5.2 that the nanorod’s internal electric field is nearly unaltered, despite the

large (half the magnitude of the rod’s internal field) applied electric field. There is

very small rearrangement of the polar surface states relative to the Fermi-level and

therefore some redistribution of occupancies. The potential di!erence between the

two surfaces remains nearly unchanged.

The polarisabilities in table 4.4 are calculated over a range of small values
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Figure 4.21 – LDOS plots of the Ga-rich polar surface
(top) and As-rich polar surface (bottom) (a) with no ap-
plied electric field; and (b) in an applied uniform electric
field of E = +0.05 V/nm

of the electric field, and over this range, we do not find any such rearrangement of

the polar surface states relative to the Fermi-level, and no changes in occupancy of

the surface states. This means that the potential di!erence between the nanorod

ends, and therefore the resulting internal efield (which remains at 0.10 V/nm over

the range) is pinned over the range. The polarisation therefore arises from the

polarisation of occupied orbitals throughout the nanorod, which serves to screen the

applied field so as to preserve the potential di!erence and maintain the occupancies

on the surface states. We discuss the possible origins of this increased polarisation

later in this section.

As the applied electric field becomes larger, the energy cost of polarising

the occupied orbitals to preserve the rod’s internal potential di!erence becomes

larger compared with the energy cost of changing the occupancies of the surface

states, destabilising the position of the Fermi-level, and hence the occupancy shifting

observed in Figure 4.21 becomes the preferred mechanism for stabilising the potential

di!erence. This change in occupancy implies a redistribution of +1e from the As-end

to the Ga-end. In fact, we calculate from figure 4.20 a redistribution of only +0.3e,

due to the polarisation response of the electrons in the nanorod bulk, which serves
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4. Nanorod charge distribution and electronic structure

to cancel out some of the charge redistribution from occupancy shifting. Though

the potential di!erence across the nanorods vary very little between the rods, this

small di!erence show up in the increase in the internal electric field in the centre of

the nanorod, from -0.10 V/nm to -0.11 V/nm.

Polarisabilities 'x and 'y are lower in the nanorod than in bulk. This is not

surprising for two overlapping reason: (1) the electrons which make up bonds are

the most polarisable parts of a semiconductor, and in the finite x and y directions,

the proportion of ‘missing’ bonds is high, due to the surfaces, reducing the number

of highly polarisable elements in the crystal; and (2) in an extended system, the

application of an electric field along a row of atoms induces a series of atomic dipoles

in which the positive end of one induced dipole is attracted to the negative end of

the neighboring dipole, thus reinforcing the polarization. The small size of system

in the x and y directions, weakens this reinforcement e!ect, potentially reducing the

polarisability.

Just as in section 4.1 between rods H/H and H/P, the potential di!erence

across the rod H/H-r in zero field and the rod in a non-zero field remains nearly

unchanged, and the Fermi-energy remains stabilised at almost the same position on

either end of the rod. We have seen the internal electric field remain almost constant.

The polarisability of a bulk semiconductor is typically not large enough to generate

a depolarisation field that can almost completely screen out the external field. In

the nanorod, it is large enough to do so, in the z direction. There are three possible

sources for this enhanced polarisability: (1) the small width of the nanocrystal is

likely, to result in a reduced energy cost of polarising the electrons, (it is harder

to polarise planes of charge than point charges); (2) the lateral surfaces states may

have a very large polarisability; (3) the position of the Fermi-energy relative to states

on the polar surfaces is very stable, which fixes the potential di!erence across the

nanorod and therefore determines the polarisability.

Though all three sources may play a role to varying degrees, we will find

reason in section 4.5.5 to prefer the third, in the context of how the polarisability

changes with nanorod length.
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Polarisabilities (103 1 e2a20/Eh)
H/H-r H/B B/B

'z 583± 4 423± 9 556± 47

Table 4.5 – Polarisabilities

4.5.4 The e!ect of surface termination

In this section we calculate and compare the polarisabilities of nanorods with di!er-

ent polar and lateral surface terminations: specifically, rods H/H-r, H/B and B/B

from section 4.1. Results are summarised in table 4.5.

The termination on both the polar and lateral surfaces appears to have very

little influence on the polarisability.

4.5.5 The e!ect of size

In this section we calculate the polarisability per unit volume (polarisability density)

in the z direction of nanorods of di!erent size. This allows us not only to directly

compare the values we get from nanorods of di!erent lengths and widths, but also to

compare it with the GaAs bulk susceptibility, which is also a polarisability density.

In figure 4.22a we find that the polarisability density increases linearly with

nanorod length. If it were the case, as proposed at the end of section 4.5.3, that

the enhancement in the polarisability of a nanorod in the z-direction compared

with bulk was the result of the decreased electrostatic energy required to polarise a

thinner stack of alternating charges , or the result of particularly polarisable lateral

surface states (they can’t be metallic, given their LDOS), then the polarisability

density should be expected to remain constant with changes in nanorod length.

The only one of the possibilities suggested at the end of section 4.5.3 that can

explain the increase in polarisability density with nanorod length is the Fermi-level

stabilisation argument: if the position of the Fermi-energy at the polar surfaces is

very stable, due to the high density of surface states at Ef , the potential di!erence

across the nanorod is pinned. When an electric field is applied, the electrons in

a nanorod must respond to the potential di!erence that field produces across the
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Figure 4.22 – The change in polarisability density nanorod
H/H-r with length and cross-sectional area.

nanorod length in order to mitigate it. A nanorod of twice the length must respond

to twice the applied potential di!erence, resulting in an accumulation of twice as

much compensating charge on the surfaces. Hence the linear relationship of length

with polarisability density.

From figure 4.22b we find that the polarisability density decreases rapidly

with nanorod cross-sectional area towards a value close to (but probably slightly

above) the bulk susceptibility. We have already seen in section 4.3 that as the

nanorod becomes thicker, the relative stability of the position of the Fermi-level

decreases, for a combination of reasons: the increase in energy required to polarise

the bonds in the nanorod’s bulk, the reduction of the decay rate of the nanorod’s

internal electric field due the reduction of ‘fringe’ loss, and the contraction of the

energy window containing the nanorod’s electronic states due to the reduced role of

quantum confinement. The first two of these reasons are also important considera-

tions for the polarisability, since the second fact will increase the amount of charge

redistribution needed to fully compensate for the applied field, and the first means

that a much higher energy barrier must be overcome to do so, which may mean that

the ‘occupancy-shifting’ mechanism may play an increased role.

In figure 4.23 we compare the slab-by-slab LDOS of a thicker rod (of cross-

sectional area 6.32nm2) in zero-field and in a large field of E=0.05 V/nm, in order
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Figure 4.23 – LDOS (a) without and (b) with Efield.

4 6 8 10 12 14
z (nm)

4.5

5

5.5

6

Po
te

nt
ia

l (
V

)

Eapplied= 0
Eapplied= 0.05 V/nm

(a)

5 10 15
z (nm)

-2

-1

0

1

2

3

Δ
ρ(

z)
 (e

/n
m

)

unit cell running average

(b)

Figure 4.24 – (a) the potential across the rod. The poten-
tial di"erence remains almost identical, despite the applied
field.The nanorod’s internal field has increased slightly -
0.089 V/nm to -0.10 V/nm. (b) Di"erence between charge
densities, at E=0.05V/nm and E=0. A net charge of +0.41e
has been transferred from one end to the other as a result
of the field, resulting in a change in dipole moment from
-818 D to -610 D.
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to see whether we can account for the smaller polarisability density of thicker rods.

Again, just as for the thinner rod in figure 4.21, we find that the position of the

Fermi-level at the surfaces is very stable. Figure 4.24a shows that the potential

di!erence across the rod is almost identical.

Given, then, that occupancy shifting cannot explain the fast decline in polar-

isability density with thickness, since the Fermi-level position on the polar surfaces

seems just as stable to an applied field in thick rods as in thin rods, we propose

that it is likely to be caused by the faster decay of the internal polarisation field

in thinner rods compared with thicker rods, due to the finite-size e!ect of ‘fringe

loss’: in order to maintain the stabilised position of Fermi-level on the polar surfaces

when a field is applied, the potential di!erence between these surfaces must remain

the same. A much greater density of polarisation charge is required on the ends of

the thinner rod, in response to the applied field, in order to maintain this potential

di!erence, due to the faster decay of the induced potential in the thinner geometry.

In figure 4.24b we plot the di!erence in density generated by the electric field.

We observe a transfer of +0.41e from from the As surface to the Ga surface, and a

change in dipole moment from -818 D to -610 D. Though this is a larger transfer of

charge than the +0.3e found in the thinner nanorod of cross-sectional area 3.56 nm2,

it is much smaller as a proportion of the cross-sectional area.

4.6 The e!ect of pairwise interactions between nanorods

4.6.1 Introduction

Polar nanorods in colloidal solution are known to self-assemble in to a variety dif-

ferent 1-, 2-, and 3-dimensional structures (see discussion in chapter 1). Within

these structures, or while this structures are forming, nanorods with large perma-

nent dipole moments and potentially large polarisabilities (as found in section 4.5)

exist in close proximity to each other. Under such conditions, charge polarisation is

likely be significant both for the stability of the possible superstructures that can be
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Figure 4.25 – Two aligned nanorods separated by a dis-
tance s. We are looking down on the (0001) surface of the
nanorods.

formed, and for the kinetics of the self-assembly process, as well as other properties.

Models of self-assembly of such nanorods and nanoparticles usually treat the charge

distribution on a nanoparticle as fixed, which may not be a good approximation,

particularly at a high density of nanoparticles. In this section, we consider the e!ect

of close proximity between two nanorods on their charge distributions.

4.6.2 Results and discussion

We model two nanorods in a supercell, isolated from their periodic images using the

cuto!-Coulomb potential. The nanorods we study are are 12.8nm in length, and

3.56nm2 in cross-sectional area i.e. the same ‘default’ size as in previous sections.

Pseudo-ions are fixed at the equilibrium positions obtained by a geometry relaxation

of an isolated nanorod in zero external field (nanorod H/H-r). We consider two

di!erent relative orientations for the two nanorods: (1) both nanorods lined up next

to each other along [11̄00], at a separation s (illustrated in figure 4.25) and oriented

parallel to each other in all three spatial directions; (2) the same relative positioning

in space, but with the second nanorod flipped with respect to the first in [0001]

(i.e. anti-parallel relative orientation in along [0001]), while remaining in parallel

orientation along [11̄00].

In Figure 4.26 we show how the component of the dipole moment along [0001]

for one of the rods in the pair varies with di!erent values of the separation s. We

100



4. Nanorod charge distribution and electronic structure

2 3 4 5
Nanorod separation (nm)

-1200

-1000

-800

-600

-400
Si

ng
le

 ro
d 

di
po

le
 m

om
en

t (
D

)

Parallel rods
Anti-parallel rods
Isolated rod

Figure 4.26 – The variation of the dipole moment of one
of the pair of nanorods, with separation, in the aligned and
anti-aligned configurations.

find that parallel rods have their dipole moments reduced as they get closer together,

and anti-parallel rods see a much more prominent increase in their dipole moment

as they get closer, with nearly a doubling of the dipole moment from its isolated

value of !614 D, to a value of !1153 D at a separation of 2.57 nm between the

nanorod’s central axes i.e. a distance of 0.57nm between the facing lateral surfaces

of the nanorods.

When nanorods are parallel, the electric field produced by each one serves

to depolarise its neighbour, whereas in the anti-parallel configuration, there is a

mutual reinforcement of each others’ dipole moment. We can understand something

about the character of this interaction by considering the following simple model:

rod 1 produces a field which is felt by rod 2, and vice-versa. If we assume very little

variation of the electric field of rod 1 over the volume of space occupied by rod 2,

then we may express the electric field due to rod 1 at the location of rod 2 in terms

of the dipole moment d of rod 1 as

E = !$(s)d
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Figure 4.27 – The LDOS of an isolated rod (black) and of
one of the pair of nanorods separated by a distance 2.57 nm
between the rod’s central axes (red) in the cases where the
rods are (a) aligned; and (b) anti-aligned

where $(s) is a positive constant which decreases with nanorod separation s .The

dipole moment of rod 2 changes when an external electic field is applied like

d = d0 + 'E

assuming we are in the linear regime, where ' is the electric linear-polarisability in

the z-direction (a positive constant) and d0 is the dipole moment in zero field. Sub-

stituting, we obtain the self-consistent dipole moment. When the rods are aligned

|d| reduces as the rods are brought closer like,

|d| = d0
1 + '$(s)

. (4.1)

When the rods are anti-aligned, |d| increases towards a singularity (at '$(r) = 1)

as the rods are brought closer together, like

|d| = d0
1! '$(s)

. (4.2)

Though this model appears to account qualitatively for the observe polarity
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Figure 4.28 – Di"erence in electron density along the
length of the rod between one of the pair of nanorods sepa-
rated by a distance 2.57 nm between the rod’s central axes,
and the isolated rod, in the cases where the rods are (a)
aligned; and (b) anti-aligned. The charge transfer from the
the left hand end to the right of the rod is 0.1e in (a), and
-1.15 in (b).

behaviour, the LDOS plots of one of the rods in the pair, in both the aligned and

anti-aligned cases in Figures 4.27 (a) and (b) reveals that there is more to consider.

In the case of aligned rods, there has been a shift in the position of the Fermi-level

relative to the surface states, resulting in a shift in occupancies compared with that

of the isolated rod. The occupied mid-gap state on the Ga-rich end of the rod has

become unoccupied, and electrons transferred to a state on the As end. This has

allowed an increase in the potential di!erence across the nanorod, represented by

the shift in the LDOS of the top slab of 0.18eV.

In contrast, in the anti-aligned case, (Figure 4.27(b)), there is no shift in

the potential di!erence across the nanorod, or the position of the nanorod, or the

internal field, despite the large field’s from the neighbouring rod. The redistribution

of charge has completely screened out the field from the neighbouring rod, and

this redistribution is wholly the result of the mechanism of polarisation of already

occupied orbitals, and not from the mechanism of occupancy shifting.

In Figure 4.28 we show the di!erence in charge density between one of the

rods in the pair, and the isolated rod. We find a transfer of charge from the As-rich
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Figure 4.29 – The potential across the nanorod when
aligned with (at separation 2.57 nm), anti-aligned with, and
isolated from another nanorod. The decay of the internal
field is most prominent when rods are anti-aligned, and
least prominent when aligned.

end to the Ga-rich end of +0.1e, in the case of aligned rods, and -1.15e in the case

of anti-aligned rods.

We have seen in section 4.5.5 how the polarisability density of a nanorod can

be dependent on the decay of the polarisation induced potential within the rod:

thin rod geometries which result in faster decay of the induced depolarisation field

require more charge transfer per unit surface area in order to maintain the potential

di!erence between the polar ends of the nanorod – required by the stability of the

Fermi-level at the surfaces. In Figure 4.29 we plot the potential across one of the

nanorods in the pair, for each case, and compare with that of an isolated rod. We

find that a nanorod which is anti-aligned with its neighbour has an internal electric

field which decays faster than in an isolated nanorod, which, in turn, decays faster

than that of a rod aligned with its neighbour. This is due to the mutual cancellation

of the polarisation field produced when anti-aligned rods polarise. The result is that

anti-aligned rods must exhibit a higher polarisability, and they are able to endure far

high electric fields from their neighbours before the occupancy shifting mechanism

of charge polarisation is preferred over the bond polarisation mechanism, resulting

in an extremely stable Fermi-level position.

This picture, which predicts that the polarisability of the nanorod is itself
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dependent on its interaction with nearby polarisable rods, suggests that the polar-

isability ' that appears in Equations 4.1 and 4.2 must be higher in the anti-aligned

case than in the aligned case. We test this using our data from Figure 4.26. Using

more specific labels for the polarisability, ')) and ')*, to denote aligned and anti-

aligned rods respectively, we eliminate $(s) in the pair of simultaneous equations 4.1

and 4.2, to obtain

'))

')*
=

d0
d##

! 1

1! d0
d#$

, (4.3)

which holds at fixed s. Substituting the values of d)) and d)*, at s=2.57 nm, 3.55 nm

and 4.60 nm, we obtain three independent estimates for the ratio '))/')* of 0.51,

0.68, and 0.59 respectively – confirming the prediction that ')) < ')*.

4.7 Summary and conclusion

In this chapter we have sought to use developments in linear-scaling DFT, imple-

mented in the ONETEP code, to simulate polar semiconductor nanorods of real-

istic size, with a particular focus on investigating the factors a!ecting a nanorod’s

charge distribution. We have investigated the e!ect of surface terminating species

(section 4.1), geometry relaxation (section 4.2), nanorod size (section 4.3), semicon-

ductor type (section 4.4), external electric fields (section 4.5), and interactions with

other nanorods (section 4.6).

Over the course of this chapter, a particular explanatory picture has emerged

which has allowed us to rationalise the observed patterns in the data from our

simulations. In this section we summarise the most significant findings from each of

the sections in this chapter, we discuss their significance for nanorod synthesis and

technological application, and we describe this explanatory picture which ties many

of the observations together.

In sections 4.1 and 4.2 we found that the nanorod’s dipole moment depends

strongly on its surface termination – particularly on its polar surfaces. Full hy-
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Figure 4.30 – Typical band-edge diagram of the nanorods
in this work. The top and bottom surfaces here represent
the end polar surfaces of the nanorod.

drogen, or pseudo-hydrogen termination on polar surfaces produces negative dipole

moments, bare polar surfaces produce positive dipole moments, and a fractional

coverage of the surface with hydrogen atoms produce dipole moment’s somewhere

in between. The spontaneous polarisation of the underlying wurtzite crystal lattice

appears to play a much less important role than has been assumed in much of the

literature (reviewed in chapter 1). These observations suggest that the dipole mo-

ments of nanorods may be tuneable, if su"ciently di!erent levels of surface coverage

are attainable by growth under di!erent environmental conditions.

The potential di!erence across a nanorod due to its large dipole moment,

shows up in the local density-of-states as a shifting of the energy of the states as

one moves along the length of the rod. In all of the nanorods, we found that at the

polar (end) surfaces, the Fermi-level is stabilised at an energy coinciding with a high

density of mid-gap states, or if there are no mid-gap states, it coincides with the

high density of states found at or near the band-edges. We give a typical example

of this using a band-edge diagram in Figure 4.30.

These are very stable positions for the Fermi-level because small deviations

from these positions would result in changes in occupancy, resulting in a redistri-

bution of potentially a large amount of charge, generating a potential opposing the
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4. Nanorod charge distribution and electronic structure

initial small change.

The band-gap, then, e!ectively imposes an upper limit on the potential dif-

ference across the nanorods, beyond which it is very di"cult to exceed because of the

large density of states within the bands. This is why we see reduced dipole moment

magnitudes in nanorod which have, for whatever reason, a narrower band-gap; in

sections 4.1 we found that rods with large numbers of mid-gap polar surface states

had lower dipole moment magnitudes; in section 4.2, we saw that the presence of

lateral-surface states in the gap reduces the dipole moment magnitude, and relax-

ation of these lateral surfaces opens up the band-gap, therefore increasing the dipole

moment magnitude; in section 4.4 we found that semiconductors, such as AlN, with

large band-gaps support much larger polarisation magnitudes than smaller band-gap

semiconductors, such as GaAs. Additionally, we find some evidence in section 4.3

for the possibility that the e!ect of quantum confinement in very thin nanorods –

which increases the size of the band-gap – may be at least partially responsible for

the increased polarisation seen in thinner nanorods.

Simple bond-electron counting models cannot account for the magnitudes

of the excesses of charge on the ends of the nanorod. These models greatly over-

estimate these excesses because they do not account for the restrictions imposed

by this Fermi-level stabilisation e!ect, or for the polarisability of the electrons in

nanocrystal.

In section 4.5 we found nanorods to be much more polarisable in a uniform

electric field than their bulk counterparts along the long axis of the nanorod, but

much less polarisable along their shorter axes. The enhanced polarisability in small

fields is likely to be due to the much faster decay of the induced depolarisation field

in thin rods, due to finite size e!ects (c.f. “fringe loss” in a capacitor with small

plate area), which necessitates a much larger increase in charge density on the ends

in order to maintain the potential di!erence between the ends of the rod, which is

fixed by the stabilised position of the Fermi-level one the polar surfaces, resulting

from the significant density of states at the Fermi-level on those surfaces.

For thin rods in small fields, bonds within the nanocrystal polarise so as to
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entirely screen the applied field from the nanorod’s bulk, which maintains the posi-

tion of the Fermi-level and prevents occupancy shifting. Only at strong fields does

the energy cost of polarising the bonds become su"ciently large so that a shift in

the position of the Fermi-level with respect to the stabilising polar surface states

(occupancy shifting) becomes the preferred mechanism for stabilising the potential

di!erence between the nanorod ends. In thicker rods, the bond polarisability is

lower (i.e. there is a much faster decay in the induced depolarisation field) due to

the reduction of finite size e!ects, and therefore; (1) the potential-di!erence stabil-

ising mechanism of occupancy shifting becomes more significant relative to bond-

polarisation; (2) relatively much less extra polar surface charge density is required

to maintain the potential di!erence across the rod, than for thinner rods.

In very much stronger fields, or in very much bigger nanocrystals, more states

cross the Fermi-level, and the polar surfaces become metallic, and are likely to be

very unstable. Such surfaces are likely to reconstruct so as to remove the large poten-

tial di!erence generating the instability – consistent with the known phenomenon

in semi-infinite polar surfaces of the ‘polar instability’, which says that charged

semi-infinite surfaces are unstable to reconstruction.

In section 4.6 we investigated the e!ect of interaction with a neighbouring

nanorod on polarity. We found that the dipole moment is slightly reduced when it

is located beside a nanorod aligned parallel with it, and it is greatly enhanced when

located beside a nanorod which is anti-aligned with it, as their electric fields mutually

reinforce each other’s dipole moments. Also, the polarisability itself of each rod is

enhanced in the anti-aligned configuration, and reduced in the aligned configuration,

due to the reinforcement (cancellation) of the internal induced depolarisation field

in the aligned (anti-aligned) case, which also destabilised (stabilised) the position

of the Fermi-level on the polar surfaces. These are important e!ects to consider for

both nanorod self-assembly and in nano particle superlattices – particularly those

exhibiting anti-ferroelectric ordering (reviewed in chapter 1).

A significant amount of the analysis in this thesis relies on results obtained

from nanorods in which the Fermi-energy coincides with the energies of a significant
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density of states on the polar (end) surfaces of the nanorod, which we have suggested

play a significant role in determining many of their polar properties. This scenario

may or may not represent the majority of polar nanocrystals found in nature, under

real experimental conditions. It may be the case that the majority of nanorods in

nature exhibit a kind of surface reconstruction that leaves the internal potential

di!erence across the nanorod significantly smaller than its band-gap, and leaves the

Fermi-level on the polar surfaces far away from any polar surface states. Under

these conditions, the polar properties may be significantly di!erent in some respects

to the nanorods we have been studying here. It would therefore be an interesting

topic for future investigation to see whether there are significant di!erences in the

phenomena we have been concerned with, in such nanorods.

The most important question in this area, in my opinion, is the question of

the stability of polar nanostructures: investigating what the constraints of thermo-

dynamic stability mean for the polar properties of nanocrystals, and how they are

a!ected by environmental conditions. This is a question we have not significantly

touched on in this thesis.
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Simulation details and preliminary cal-

culations

It is important to ensure that our simulations capture the physics of bonding and

respond correctly to polarisation. Previous DFT studies of compounds containing

Gallium have found that accurate treatment of the response of its 3d electrons to

valence charge is essential for obtaining accurate structures [108, 109]. In particular,

pseudisation of 3d electrons in the the core produce inaccurate structures [110]. The

solutions to this are either to include the 3d electrons explicitly (which is compu-

tationally expensive), or to use non-linear core corrections. We generate Ga and

As pseudopotentials with 3d electrons frozen in to the core using the ‘on-the-fly’

generator in the CASTEP code [111], and test them with NLCC in the CASTEP

code. Total energies and relaxed lattice parameters are presented at a variety of

cuto! energies in Table A.1. We find that at a cuto! energy of 400 eV, the total

energy is converged to 0.020% of the 800 eV value. This represents a convergence

of the total energy at 400 eV to within 0.004 eV per atom. The c lattice parameter

is converged to 0.020% of 800 eV value, c/a converged to 0.0018% and u converged

to 0.0003%.

We find & 1.3% overbinding on a and c compared with the experimental

values, which is typical of LDA, and we find an extremely accurate c/a ratio. We also
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Ecut (eV) Etot (eV) a (A) c (A) c/a rat. u (frac)
300 -923.684017 3.938078 6.491377 1.64836 0.373539
350 -923.747476 3.936210 6.488742 1.64847 0.373529
400 -923.755040 3.935243 6.487250 1.64850 0.373526
450 -923.757946 3.934981 6.486765 1.64849 0.373526
500 -923.762422 3.934840 6.486460 1.64847 0.373527
550 -923.765895 3.934709 6.486297 1.64848 0.373525
600 -923.767826 3.934695 6.486305 1.64849 0.373527
650 -923.768873 3.934684 6.486056 1.64843 0.373527
700 -923.769440 3.934546 6.486029 1.64848 0.373528
750 -923.770119 3.934480 6.485973 1.64850 0.373527
800 -923.770972 3.934464 6.485926 1.64849 0.373527

300K expt 3.989 6.564 1.64550 0.374

Table A.1 – Convergence data for the total energy and
lattice parameters

tested the pseudopotentials on Ga2 and As2 dimers. At 400eV, the As2 bond-length

was calculated as 2.082 A (1.8% smaller than the experimental value in Ref. [112]),

and the Ga2 was calculated as 2.373 A (we weren’t able to find an experimental

bond length for Ga2 for comparison). The pseudopotentials appear to display good

transferability.

Reference [113] compares the convergence properties of the total energy and

the forces in linear-scaling ONETEP and plane-wave method CASTEP, and finds

them to be broadly similar, though the cuto! energies need to be slightly higher (by

& 15%) in ONETEP for the same level of convergence.

For our calculations of GaAs nanorods using ONETEP, we use cut-o! energies

of between 450 eV and 520 eV, throughout this thesis. The total energy of our

nanorod system in ONETEP is found to have converged to within a tolerance of

0.03 eV per atom at a cuto! energy of 450 eV. This is more than adequate for our

purposes, since we are using GaAs nanorods as a vehicle for investigating general

principles governing nanorod polarity, rather than in order to obtain extremely

accurate values for, say, the energy, or other properties. We use a very generous

radius for the localisation region of the orbitals [107], of 0.53 nm (10 a0) for each

atomic species, and the density kernel is set at 1000 a0 (i.e. e!ectively infinite) so

111



A. Simulation details and preliminary calculations

that metallic and insulating structures are treated on an equal footing.
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B

Considerations of nanorod stability and

environment

In the sections above, we have studied nanorods which support large dipole moments

and large internal electric fields, without reference to the thermodynamic stability

of these structures. Some of the most important outstanding questions in this area

involve how polarization is stabilised in such systems given the high energetic cost

of maintaining fields through the system and the multitude of available mechanisms

for compensating fields under standard conditions in colloidal solutions. Or, more

specifically, given a surface termination (say, Ga-rich, or H-covered) and an envi-

ronment (i.e., some solvent or gas), it would be very useful to be able to determine

what the minimum free-energy surface structures would be, and how that a!ects the

polar behavior. For example, we have seen in section 4.1 how di!erent surface ter-

mination (in particular, di!erent levels of hydrogen coverage on the polar surfaces)

can greatly change the nanorod’s dipole moment, but if only a very small subset of

possible surface configurations are thermodynamically stable under attainable envi-

ronmental conditions, then the range of possible nanorod polarities which can exist

may be equally limited.

In this section, we do not attempt to pursue the broad problem of determining

nanorod structures which minimise the free energy in a given environment, since as
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we will see, it is a problem with far too many variables for the amount of time

and computational resources available. Instead, we use the techniques of ab-initio

thermodynamics and some very restrictive assumptions to address the much less

ambitious aims of trying to determine: (1) whether there exists a stable level of

hydrogen coverage on the polar surfaces; and (2), whether this level of coverage

has significant variability over a realistic range of environmental hydrogen chemical-

potentials, so that a significant range of nanorod dipole moments may be accessible.

Equilibrium, under constant temperature and pressure, is defined as the con-

figuration which minimises the Gibbs free energy

G = H ! TS

where H is the enthalpy, T the temperature, and S the entropy.

We assume that a realistically attainable environment in which a nanorod

may be found, is one in which water molecules are thermodynamically stable.

From the fact that oxygen and hydrogen in their elemental forms combust

to produce water at standard temperature and pressure, we can be sure that the

chemical potential per atom of both species is lower in water than it would be in

their elemental form. Written explicitly, we have

µO(T ) . µ0
O(T ) (B.1)

µH(T ) . µ0
H(T ) (B.2)

where µ0
O(T ) and µ0

H(T ) are the chemical potentials per atom of oxygen and hy-

drogen in their elemental form (essentially, the Gibbs free energy per particle in

their elemental form), and µO(T ) and µH(T ) are the chemical potentials per atom

in water.

The free energy of formation of water is defined

#GH2O
f = 2µH + µO ! 2µ0

H ! µ0
O (B.3)
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Molecule EDFT Ef+v

H2O -17.1159 0.17768
O2 - 31.7193 0.00278
H2 -1.1364 0.00038

Table B.1 – Total energy of molecule, calculated in DFT,
and the enthalpy of vaporisation plus fusion per molecule,
obtained from Ref. [6]

Substituting the inequality in equation B.1 in to the expression in equa-

tion B.3 gives a lower bound to the chemical potential of hydrogen in water, and

equation B.2 gives an upper bound so that the µH is confined in the range

1

2
#GH20

f (T ) + µ0
H(T ) . µH(T ) . µ0

H(T )

At T = 0 K, po2 = pH2 = 0, therefore µ0
H = 1

2EDFT [H2], µ0
O = 1

2EDFT [O2]

and #GH20
f = EDFT [H2O]! EDFT [H2]! 1

2EDFT [O2].

These DFT calculations are carried out on isolated H2, O2 and H2Omolecules,

and not a solid phase, as they are found it T = 0 K. In order to estimate the

magnitude of the error from this approximation, we will consider the correction due

to the enthalpy of fusion plus vaporisation, summarised along with the results of

the calculations of the enthalpy of the molecules in table B.1.

Calculating these leaves

!0.6281 . µH . !0.5683 Ha

at T = 0K, and we approximate that we have overestimated the lower bound,

as a result of not accounting for the enthalpy of vaporisation and fusion of water by

& 0.0178 Ha

Clearly, by setting T = 0 K, we have moved away from our desired objective

of calculating a plausible range for the chemical potential of hydrogen in a realistic

environment. The chemical potentials at finite T and p will be di!erent, and will

include contributions from the vibrational and configurational entropy. It is possible

to account for some of the e!ects of temperature and pressure using an ideal gas
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Figure B.1 – (a) lower bound, µH = !0.6281 (b) a mid-
range value, µH = !0.5845 (c) upper bound, µH = !0.5683

approximation, however we do not do so here. We continue, despite the inadequacy

of setting T = 0.

In Figure 4.2 in chapter 4, we saw how the dipole moment varied with di!erent

surface polar surface coverage on the nanorod. Here, we use that same data set

and we attempt to calculate which of the surface coverages is most stable over the

range of ‘realistic’ chemical potentials calculated above. In Figure B.1 we plot the

enthalpy (EDFT [nanorod] ! nHµH) of the nanorods as a function of nH , over the

range nH = [702 : 757] which corresponds to fractional polar surface coverages from

0 to 1. We do this at three di!erent chemical potentials µH , over the ‘realistic’ range:

the lower bound, the upper bound and a mid-range point of µH = !0.5845 Ha.

This enthalpy di!ers with the enthalpy of formation of the nanorod by the

same constant in each nanorod (namely the constant !nGaµGa!nAsµAs), therefore,

the rod which minimises this enthalpy is the most stable.

Figure B.1 shows that, of the structures studied, the most stable value for

the hydrogen coverage varies over a wide range, within the range of ‘realistic’ chem-

ical potentials. At a mid-range value µH = !0.5845 (Figure B.1(b)), the stable

configuration has 11 hydrogen atoms missing from the 27 on each of the polar sur-

faces, which corresponds to a dipole moment of & 20D. At the upper bound of

µH = !0.5683, the stable configuration has 7 hydrogen atoms missing from each of

the polar surfaces, corresponding to a dipole moment of & !200D.

Of course, there is no guarantee (in fact, it is quite unlikely) that the nanorod
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with the minimum enthalpy of formation of the structures considered here, is stable

with respect to changes other than the highly restricted variational freedom permit-

ted in this analysis. The restrictions we have imposed are (1) only changes in the

hydrogen composition are permitted (not Ga or As); (2) only on the polar surfaces

(not the lateral surfaces); (3) the hydrogen composition of the two opposing po-

lar surfaces must remain identical; (4) atoms must remain at their ‘ideal’ bulk-like

positions (i.e. no geometry relaxation is allowed).

Nevertheless, despite the crudeness of this analysis, it may lend some advo-

cacy to the suggestion in chapter 4 that it may be possible to tune the nanorod’s

dipole moment over a fairly wide range, by varying its surface termination by tuning

the environmental conditions of synthesis.
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Description of relaxed geometries

The nature of the relaxation on the Ga polar surface on nanorod b/b is as follows:

the Ga layer has sunk into the plane of the As layer below, resulting from a rehy-

bridisation of the 4 sp3 orbitals on the Ga atom to 3 sp2 orbitals and a p orbital, so

that the Ga atoms bond to their neighbouring As atoms with stronger sp3!sp2-like

bonds, which are planar.

The Ga surface on rod h/b exhibits 4 Ga atoms that protrude a large distance

outward from their original positions in the surface, making an angle of 39.8 ± 1!

with their neighbouring As atoms and the plane perpendicular to the c-axis (the

y-z plane in this work), compared with the ideal bulk value of 19.5!. The other Ga

atoms on this surface have sunk into the As layer below, so that the angle between

these, their neigbouring As atoms, and the y-z plane is only 1.70 ± 0.4!. The As-

terminated polar surface on the opposite end of the nanorod shows signs of a similar

tendency to eject As atoms, but much less dramatically, with the angles between

As surface atoms, Ga neigbouring atoms and the y-z plane ranging from 4.0! to

27.9!. In the former case (Figure 4.12(b/b)), we don’t see ejection of any atoms on

either of the polar surfaces. Instead, we see on the Ga terminated end, the sinking

of the Ga layer into the As layer, so that for 9 out of the 12 surface Ga atoms,

the angle between them, their neighbouring As atoms and the y-z plane is 6.4± 1!.

The three anomalous Ga atoms lie on the corners of the nanorod, and have not
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Figure C.1 – Geometry relaxation of rod with H-
terminated As-rich polar surface and bare Ga-rich surface

changed position significantly from the bulk value, with an angle of 20.5 ± 1!. On

the As terminated end, there has been no significant reconstruction, with angles in

the range 19.9± 1!.

We consider the possibility that the reason for the qualitative di!erence be-

tween polar surface reconstructions in b/b and h/b may have to do with the fact

that the surfaces are much more strongly charged in h/b compared with b/b, since

it has a much larger dipole moment: it may be that the surface energy would be

reduce in h/b by trying to neutralise the charge on the surfaces by ejecting cations

(anions) from positively (negatively) charged surfaces - a typical reconstruction of

polar surfaces. In b/b, surface energy is reduced by this re-hybridisation instead,

since the charge accumulated on the surfaces isn’t large enough to generate the

behaviour seen in h/b.

This analysis is shown to be wrong (or at least, unlikely) by the rod in

Figure C.1, which is a rod which is hydrogen terminated on all surfaces but the

Ga-rich polar surface. This rod has a dipole moment opposite to that of h/b of

-45 D (compared with h/h’s +67 D) but it undergoes the same sort of relaxation

i.e. it is exhibiting the same tendency to eject 4 of the Ga atoms - contrary to the

arguments related to the polar instability. This relaxation instead may be driven by

the H terminated bonds on corners of this nanorod’s polar surfaces, which is also a

feature of nanorod h/b, but does not feature in nanorod b/b.

In contrast to these bare surfaces, H terminated surfaces show no sign of

instability - ionic positions remain remarkably close to their pristine values on both
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C. Description of relaxed geometries

the lateral and the polar surfaces, despite the fact that the H terminated polar

surfaces on h/h and b/h (relaxed) support the largest magnitude of surface charge

of the four nanorods studied. H passivation appears to have a strong stabilising

e!ect, especially on the polar surfaces.
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[108] Alberto Garćıa and Marvin L. Cohen. First-principles ionicity scales. i. charge
asymmetry in the solid state. Phys. Rev. B, 47(8):4215–4220, Feb 1993.

[109] A. Qteish and R. J. Needs. Pseudopotential calculations of the valence-band
o!sets at the znse/ge, znse/gaas, and gaas/ge (110) interfaces: E!ects of the
ga and zn 3d electrons. Phys. Rev. B, 43(5):4229–4235, Feb 1991.

[110] Roby Cherian and Priya Mahadevan. Bulk and nanoscale gan: Role of gad
states. Phys. Rev. B, 76(7):075205, Aug 2007.

[111] Stewart J. Clark, Matthew D. Segall, Chris J. Pickard, Phil J. Hasnip, Matt
I. J. Probert, Keith Refson, and Mike C. Payne. First principles methods using
castep. Zeitschrift für Kristallographie, 220(5-6-2005):567–570, 2011/07/27
2005.

129



References

[112] D. A. Murdick, H. N. G. Wadley, and X. W. Zhou. Condensation mechanisms
of an arsenic-rich vapor on gaas (001) surfaces. Phys. Rev. B, 75(12):125318,
Mar 2007.

[113] Nicholas D. M. Hine, Mark Robinson, Peter D. Haynes, Chris-Kriton Skylaris,
Mike C. Payne, and Arash A. Mostofi. Accurate ionic forces and geometry op-
timization in linear-scaling density-functional theory with local orbitals. Phys.
Rev. B, 83(19):195102, May 2011.

130


