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Abstract

We consider the problem of high-dimensional filtering of state-space models (SSMs) at
discrete times. This problem is particularly challenging as analytical solutions are typically
not available and many numerical approximation methods can have a cost that scales ex-
ponentially with the dimension of the hidden state. Inspired by lag-approximation methods
for the smoothing problem [18, 23|, we introduce a lagged approximation of the smoothing
distribution that is necessarily biased. For certain classes of SSMs, particularly those that
forget the initial condition exponentially fast in time, the bias of our approximation is shown
to be uniformly controlled in the dimension and exponentially small in time. We develop a
sequential Monte Carlo (SMC) method to recursively estimate expectations with respect to
our biased filtering distributions. Moreover, we prove for a class of non-i.i.d. SSMs that as the
dimension d — oo the cost to achieve a stable mean square error in estimation, for classes of
expectations, is of O(Nd?) per-unit time, where N is the number of simulated samples in the
SMC algorithm. Our methodology is implemented on several challenging high-dimensional
examples including the conservative shallow-water model.
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1 Introduction

We are given two sequences of random variables {Y}, }nen, {Xn}bnen,, 50 that Y, € Y CR% n € N,
and X, € X CRY n € Nyg. We endow X with an associated o-field .2". Consider the state-space
model (e.g. [5]), where for n € N, (4, B) C X x Y:

(X, € Al{yps T} pims ) = / F(nor, 2)dzn, PV € Bl{yps 0y bpsms ) = / 90, yu) .
B

The initial condition Xy = z¢ € X is assumed given and fixed, g(z,-) is a positive probability
density w.r.t. the o-finite measure dy for each z € X and f(z,-) is a positive probability density
w.r.t. the o-finite measure dx for each x € X. For n € N we define the smoothing density:

Tn(T1m) 1= [L— f(@p-1,2p)9(2p, yp)
n\*ln) - fxn szlf(xp_hxp)g(xpvyp)dxl:n,

(1)
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where y1., := (y1, ..., yn) are fixed and known observations. Our objective is to recursively estimate
the so-called filter for each n € N:

71-(71)(90) = /n Qp(xn)ﬂn<x1:n)dw1:m

where ¢ : X — R is assumed 7,-integrable. This is the filtering problem and has several applica-
tions in statistics, applied mathematics and engineering; see for instance [5].

The filtering problem is notoriously challenging for a variety of reasons. The main one is that,
with the exception of a small class of models, one cannot compute the filter analytically. As a result,
there is by now a vast literature on the numerical approximation of the filter; see for instance [5, 8,
9]. The class of algorithm that we focus upon in this article are based on sequential Monte Carlo
(SMC) methods. These techniques generate a collection of N > 1 samples in parallel and combine
importance sampling and resampling to numerically approximate expectations w.r.t. the filter.
From a mathematical perspective, they are rather well-understood |5, 9], with many convergence
results as N grows.

The focus of this article is to study SMC when the dimension of the hidden state, d, is large,
for example of the order 103 or larger. This problem is often even more problematic than the
ordinary filtering problem, due to the high costs of numerical implementation. As noted by sev-
eral authors [6, 24, 26|, the importance sampling method that SMC is based upon can be hugely
expensive. The main issue is that for high-dimensional problems of practical interest the proposal
and target measure eventually become mutually singular as the dimension increases. As a result,
to counteract the weight degeneracy of importance sampling, one may need N = O(x?), for some
k > 1 to obtain reasonable estimators. This exponential cost in the dimension can be prohibitive
in practice and standard SMC algorithms that consist only of simple importance sampling and re-
sampling recursions are not suitable for high-dimensional problems. There do exist more advanced
SMC methods which have been successful [3, 7, 16, 21, 24|, but they are often custom designs,
taking advantage of useful characteristics of specific problems. This article focusses upon further
enhancing these type of methods and focuses on a specific class of State Space Models (SSMs), as
opposed to being a universal solution to the high-dimensional filtering problem.

The starting point of this work is the series of the dimension stability results for SMC samplers
[10] that were obtained in [1, 2]. These results deal with static', i.i.d. target sampling problems and
show it is possible to obtain algorithms that scale polynomially in the dimension of the problem
and enjoy some type of stability with dimension. The results of this type have been utilized in
the approaches of [7, 21|, that used a tempering approach to stabilise the weights between two
successive observations and inserted a SMC sampler in-between data updates of an ordinary SMC
filtering algorithm (see also [14]). The observation in our article is that whilst empirically such
approaches may work well when estimating 7(,), they do not provide a fully satisfying solution,
because these methods can exhibit the well-known path degeneracy issue for SMC methods. This
is caused by the successive resampling steps and can be briefly described as a lack in diversity in the
particles approximating m,(x1.,) for times p < n—CN log N with C' > 0 being some model specific
constant; see [15, 17] for details. Using tempering adds additional resampling steps and as a result
tempering-based methods suitable for high dimensions will suffer from path degeneracy. When
sticking to estimation of 7(,), path degeneracy is not usually an issue, but in our high-dimensional
setup it prevents extending any type of stability result of the type in [1, 2|, with such an extension
making up in fact one of the important contributions of the current paper. One potential remedy

'Note that in contrast the filtering problem is inherently dynamic.



would be to design updates of the entire path, but this is not practical for online algorithms (with
fixed computational cost per time).

The contribution of this work is, inspired by the lag-approximation methods for the smoothing
problem [11, 18, 20, 23]. We consider a lagged approximation of the smoothing distribution,
Tn(T1.n), that is necessarily biased. This approximation induces an independence between the last
L + 1 time points of the hidden states of the SSM and the remaining earlier times. The basic
premise from there is that this new, but biased target, can be numerically approximated with an
algorithm that has a cost that scales polynomially with the dimension. These approximations will
induce a bias. However, for SSMs that forget their initial condition exponentially fast in time, this
bias will be uniformly controlled in the dimension and exponentially small in time L. In particular,
the contributions of this work are:

e We propose an appropriate sequence of biased approximations of the smoothers and an SMC
algorithm to numerically approximate the related expectations.

e A proof that for SSMs that can contain dependencies amongst coordinates in the transition
density and likelihood, as the dimension d — oo, the cost to achieve a stable mean square
error in estimation for certain classes of expectations is of O(Nd?) per-unit time.

e Numerical implementation of the SMC algorithm on several challenging and high dimensional
examples.

The remaining article is structured as follows. In Section 2 we present our methodology. In
Section 3 we present our assumptions and theoretical results. In Section 4 the performance of our
method is demonstrated on several challenging examples. In the Appendix one can find technical
results used in the proofs and a detailed description of the algorithm used in Section 4.

Notation

Let (X, Z") be a measurable space. &(X) is the collection of probability measures on (X, 2"). For
(u,v) € P(X) x P(X) we write their total variation distance as || — v||Ty. We use the standard
operations (uK)(dz) == [, p(dx)K(z,dz), p(p) = [y o(@)p(dz), for p € P (X), transition kernel
K : Xx Z — [0,1] and p-integrable ¢ : X — R. % (X) is the set of real-valued, continuous,
measurable functions on X. For bounded ¢ : X — R, we set ||¢]|oc = sup,ex |¢(z)]. For a matrix
or vector A, we denote by A’ the transpose of A.

2 A Lagged Particle Filter

2.1 The Sequence of Approximate Target Distributions

Let L € N be given and fixed throughout. We assume that one can construct a stochastic method
that can approximate reasonably well expectations w.r.t. arbitrary probabilities on XX*+1, but the
method does not work well for higher-dimensional problems. By working well we mean that errors
do not grow exponentially or worse as the dimension of the hidden state, d, increases. We will give
more precise details and assumptions related to the SSM and SMC components later in Section 3.



Given this idea, we introduce the sequence of targets approximating the correct smoothing
distribution 7, (z1.,) in (1) defined as:

Tn(T1n) X O (T1m—1) X (Mn—L(fEn—LH)g(!En—LH; yn—L+1))

><< H f(zp_l,xp)g(:vp,yp)>, ne{l+1,L+2, ...} (2)

p=n—L+2

Here, {1, },>1 is a sequence of user-specified probability densities on X, giving rise to a correspond-
ing sequence fo functions {a,},>1, with the latter started by setting a;(z1) = g(x1, y1) f(xo, 1),
and then obeying the recursion:

Otn—L+1(IE1:n—L+1) = an—L(ﬂUlzn—L),un—L(xn—L+1)9($n—L+17 yn—L+1)7 n c {L +1,L+2,... }

The construction of the sequence of laws {7, } is guided by the following principles. Given index
ne{L+1,L+2,. ..}, we are interested in the marginal 7(,(x,) being a good approximation of
the correct filtering law 7(,)(2,). More generally, we focus on the properties of the L-dimensional
marginal density denoted 7(,—r41:0)(Zn—r41:). Notice that by construction 7,(x1.,) introduces
independence amongst the random variables X, ; and X, 7.1, We aim to produce good
approximations of the L-dimensional marginal, i.e. of:

~

71-(nfL+1:n) (ﬁn—L—i-l:n) X (,UJn—L(xn—L—s—l)g(:En—L—‘rl;yn—L—i-l))

X( ﬁ f(xpflvxp)g@pvyp))'

p=n—L+2

Note that if fi,,—1,(2—141) were to be the so-called law 7(,—r41jn—r)(Zp—r+1), that is:

,U/nfL(xnfLJrl) = /W(n—L) (xnfL)f(xnfLaxnfLJrl)dxnfL =! T(n—L+1|n—L) (xnquLl)a (3)
X

then 7 r41m) (Tner41:n) = Tn—L+1m)(Tn—L41:), thus one would be able to perform exact filtering.
However, in our context (3) is not of practical use, as even when n = L+1, a standard approach for
approximating fx Tn—1)(@n—1) f (Tn—1; Tnr41)dz,—1, would typically have a quadratic cost in the
number of particles (see [19] for a more efficient implementation) and, most importantly, can induce
errors growing exponentially in d similar to ones seen in [26]. By choosing a different p,—r.(x,—r+1)
we aim for an SMC method that approximates uniformly well in the dimension d expectations of
functionals ¢(z,_r41.n) at the expense of introducing a bias. The choice of {a,},>1 is motivated
directly from the objective of a standard sequential importance sampling scheme when moving
from 7,_; to 7,, where the incremental importance weights will only depend on z,,_;.,, thereby
forgeting earlier positions of z.,.

Note that under the choice 1 (n-r+1) = f(Tn-1,Tn_r+1), the independence described above
will typically not hold any more as one reverts back to the original smoothing problem, for which
potential Monte-Carlo approximations will degenerate (in general) as the dimension increases.

2.2  Algorithm

We now describe the algorithm that we implement and analyse subsequently. We begin with a
generic SMC sampler in Algorithm 1. This algorithm, developed in [10], allows for the approxi-
mation of a sequence of densities of interest, all defined on a common space.
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Algorithm 1 : Sequential Monte Carlo Sampler

1. Input:

e Target density x(u) on state-space U, dominating o-finite measure du.
e Initial density v(u) on state-space U, dominating o-finite measure du.
e Annealing parameters 0 = ¢ < ¢y < --- < ¢, = 1.

e Sequence of Markov kernels Ko, ..., K,, such that K, has invariant distribution pro-
portional to s(u)® v(u)=%"du, n € {2,...,p}.

e Number of samples N € N and resampling threshold N* € [1, N].
e Samples UM, ... U®) that approximate v.

2. Initialize: Set time k =1 and W" =1, u{" = U® fori € {1,...,N}.

3. Iterate: For i e {1,..., N} set:
(i)\ \ Ph+1— %k
i i [ #lu)
WO, ( : ) |

Compute the Effective Sample Size (ESS):

. 2
(Wi,

ESSk+1 - N i .
S (W)
If ESSki1 < N* resample the particles and set Wk@l =1fori e {l,..., N}, else do nothing.
Then, sample U,ﬁﬁu? using Kkﬂ(u,(:), -) and set u,(;)rl = U,iil, i €{1,...,N}. Increment

k=k+1,ift k=p+1 go to the output Step 4. otherwise go to the start of iterate Step 3..

4. Output: Samples U, ..., U} and corresponding (unnormalised) weights W),... WY,

Our proposed lagged particle filter is detailed in Algorithm 2. To shorten the description, when
n € {1,...,L} we set T,(x1.,) = m,(21.,). There are several important remarks at this point.

In terms of the weight expressions W,ﬁl in Algorithm 1, when they appear in Algorithm 2 (at
iteration n > L), one would have:

~ () P41~ Pk
% ) 7Tn(37 :n)
it - L)

/ﬁn—l(xgl;)n—l)f(xs)—b 3553

RTCSCIR T TE T A S

7 n—L\Lp_— n sy Yn

= < @ = > Ok — Ok = 5 (4)
f(‘rn L» xn—L—s—l)

Notice, importantly, that this expression does not depend upon :L'%i ;_1- The choice of spacing

the temperatures at order O(d!) apart coincides with the choice in [1] and will prove critical in



the sequel. A key ingredient of Algorithm 2 is the specification and effectiveness of the Markov
kernels Ky, ..., K4t1,. By construction the variables X,,_r11., and Xy.,,_ 1 (and indeed X,,_p.,
and X, 1) are independent under the approximate target 7,(z1.,). Since the weight function
(4) depends on X, 1., only, this means one needs to only update X,, ., in the Markov kernel (i.e.
the last (L + 1) hidden states across time). This is typically implemented via a suitable Markov
Chain Monte Carlo (MCMC) step such as Metropolis-Hastings or Gibbs sampling. Moreover, as
the Markov kernel can be constructed so that it does not depend upon X.,_;_1, the computational
cost per iteration of Algorithm 2 is fixed w.r.t. the time index n.

Algorithm 2 : A Lagged Particle Filter Algorithm for High-Dimensional Filtering
1. Initialization: Sample Xl(i) i.i.d. from f(zg,x;). Run the SMC sampler in Algorithm 1 with:

e Target density (7).

e Initial density f(z,x1).

e Annealing parameters ¢, = (k—1)/d, p=d+1, k€ {1,2,...,d+ 1}.

e Sequence of Markov kernels Ks1,..., K411, such that K}, has invariant distribution

proportional to:
mi () {f (o, 20)} % day, ke{2,...,d+1}. ()

e N € N, and resampling threshold N* =1 (i.e. no resampling).
Initial samples Xfi), ie{l,...,N}

Let Xl(i) (1), W@(1),i € {1,..., N}, be the samples and weights in the output of Algorithm 1.
Set n = 2 and go to Step 2. below.

2. Iteration: Resample X 1(17)1_1 (n—1) with weights W® (n—1), and denote the obtained particles
X9 (n—1),ie€{1,...,N}. Sample new co-ordinate X'| X", = ) using the transition

n—1

F@EY, ), i€ {1,...,N}. Run the SMC sampler in Algorithm 1 with:

n—1

Target density 7, (z1.,).

e Initial density 7,1 (z1.:m-1)f(Tn_1, Tn).
e Annealing parameters ¢ = (k—1)/d, p=d+1, k€ {1,2,...,d+ 1}.
e Sequence of Markov kernels Ky, ..., Kqi1,, such that K}, has invariant distribution

proportional to:
/ﬁn(l’l;n)(ﬁk {%n71<x1:n71>f(xn717 xn)}lid)kdl'l;n, ke {2, ce ,d -+ 1} (6)

e NeN N*=1.
Initial samples X := (X®_ (n—1), X}, i € {1,..., N}.

Let Xl(lzl(n), W@(n), i€ {1,...,N}, be the samples, weights in the output of Algorithm 1.
Set n = n + 1 and return to the start of the iterate at Step 2. above.




In the next section we will prove that, under certain conditions, Algorithm 2 can estimate
fixed dimensional marginals with a cost that is polynomial in dimension. This includes being
able to handle the bias that has been introduced by our approximation. Intrinsic to our proof
(that is to a large extent contained in the works of |1, 2|) is the fact that for large d (and under
certain conditions) the outcome variable X,,_ ., resulting from the application of O(d) tempering
steps, will be approximately sampled from the marginal law 7, _r.,). If one does not use the
approximation {7,} and instead works directly with {m,} then the only way to achieve such an
ergodicity would be to update the entire path of samples from time 1 to n. This will lead to an
algorithm that is not recursive or online.

3 Theoretical Results

3.1 Non L.I.D. Targets

To avoid technicalities we henceforth assume that X = E? for a compact set £ C R. We follow
closely the approach in [1, 2|, developed therein for i.i.d. target distributions. One can generalize
the aforementioned analysis, to the case of models with the following structure.

Assumption 3.1. Throughout, m € Ny s fized and d is such that d > m.

i) There exist functionsg: ExY — R and §g: E™ xY — R, such that for any (z,y) € E¢x Y:
g(fc,y)—eXp{ +Zg :cj,y}

i) There exist functions [ : Ex E — R and f : E™ x E™ — R, such that for any (x,z) € E*:

xj zj}

iti) For each k € N, there exist functions i, : E — R, fix : E™ — R, such that for any v € E%:

fla,2) = exp { fa'™

IIM&

() = exp { ™) + fnkw)}.

i=1

Note we are using here superscripts to index coordinates of a d-dimensional vector x and similar to
before 2P := (2P ... z™), for m > p. Given the model structure in Assumption 3.1, the sequence
of targets defined via (5)-(6), permits for a factorization in terms of co-ordinates 2™, ™+t ... 2%

We will re-express the sequence of targets in a way that exploits this.



To shorten expressions, we will write for (z'"™, y, z,2'"™ 2, k) € E™ x Y x E x E™ x E x N:

Qz

g(m)(x = exp {

=
S
Ch
S
||
/—/H
khz
'M :
=
8]
<
N
<
——

i (@) = exp () ).

Remark 3.1. To avoid repeatitive expressions when separating the initial phase n € {1,2,... L}
from subsequent steps n € {L + 1,L + 2...}, we adopt the convention that distributions when
n < 0 are to be treated as Dirac measures on the fized position xy at time n = 0 (or the subset of
co-ordinates of xo implied by the context).

We consider the sequence of tempered approximate target distributions defined via (5) for
n =1 and via (6) for general n > 1, given the model factorisation introduced by Assumption 3.1.
After simple calculations, we define for (k,n) € {2,...,d+ 1} x N and for j € {m +1,...,d} the
distributions ('ﬁ,gfz),%'km) € P(Em™UAD) x P(EF) as

ﬂ-k )(d‘rn Ln) X < L( LJFI) ( ) )> o) ("L‘}@—L)g( )('rn L Yn— L)

" fm (zym L?ximL—&-l b
n—1
(T A e @ ) ) f ., ()
p=n—L+1

pe_p (2 )ge( Lo Yn)\ % i\ ernd
Fon(d]_y,,) ox (Fotnetsd ) b @) ()
f ('Tn L» n L+1)

H T 20 g (@ ) ) Py ). (8)

Given the model structure imposed by Assumption 3.1, the mutation kernels used within the
algorithm will be adjusted accordingly. That is, for (k,n) € {2,...,d+ 1} x N, it is reasonable to
select Ky, : B x B(E™) — [0, 1] defined as:

d
Kk,n(«fl;n, dzlin) = 6{x1:n7L71}(dZ1:n_L_1) X ?1(67,71)< T, L n’ dzn L: n H Kk;”(xi—bn? dZi—L:n)?

j=m+1

with 7,(::3 : B B(EMERD) [0, 1], Ky, 0 EETD x B(EEHD) — [0, 1] defined so that they

preserve '7?,(;:? and T, respectively, i.e.:

~(m)7=(m) _ ~(m) ~ 7= _ ~
Trk,n Kk,n - 7Tk;,n ? ﬂ-k,nKkJ’L - 7Tk7n



We denote by x,(;)p](n) € E the i*® particle (i € {1,...,N}), in the j'" dimension (j € {1,...,d}),
ke {1,...,d} is the SMC sampler time, n is the state-space model time and p an instance across
times {1,...,n}. Under the model structure determined in Assumption 3.1, upon recalling the
expression for the weights in (4), one has for n € N:

d
; 1 ~ i),l:m m 7 (i),1m i),l:m
WO (n) = exp {a > (3@ () pa) + - (@1 () = FOET (), 257 ()

k=1

d
Z Z( @ ), y) + T (20 () = T (1), 0L 1)) }

In agreement with the convention introduced in Remark 3.1, mappings that involve negative time
subscripts should be treated as zeros in the above expression for W*(n).

3.2 Error Analysis for Lagged Particle Filter

To give our theoretical results we introduce some notation following from [1]. For simplicity, we
assume that 27 is the same for each j.

We extend the definition, in (7)-(8), of %,(:;) and 7y ,, n € N, to allow for a continuous tempering
parameter s € [0, 1]:

1:m (m)(,.1im
f(m ( L L’x}sz—&-l Mn—L—l(xnfL)g (xnvayn—L)

n—1

(L ™)™ ) S e o),

(m) 1:m (m) pLm s
(dIn Ln) x (:un L( Lo L+1)g ( n )7yn)) (m)

M1 (sz—L)ge (I‘?]"L—L7 yn—L)

Je (xzz—Lv xiL—L—&—l)
n—1
X ( H fe(l'z,_pl{)) ( ayp)>fe( Tn—1> n)
p=n—L+1

Similarly, for s € [0,1], n € N, we consider the continuum of Markov kernels K" and K, that

s,n
preserve ’ﬁﬁ’}? and 7 ., respectively.
For n € N and z,,_p., € EF! set:

77ZJn(:L‘n—L:n) = g(xna yn) + ﬁnfL(:L‘n—L—&—l) - ?(zn—La xn—L—}—l)-

Standard adjustments apply in the case of negative time index, see Remark 3.1. We denote by
Vsn : ELT — R the solution to the following Poisson equation, s € [0,1], n € N:

z;s,n - 7s,n(q/;s,n) = wn - %s,n<wn)
We set

1 A~ ~
7(0) = [ a2 = Kol
0

We use the following assumptions as in [2].



(A1) For any n € {1,2,...,} there exist 6, € (0,1), ((\™,¢,) € P(B(E™ED)) x 2(B(EX)),
such that for each s € [0, 1]:
K (@m A) > 0, (A),  for all (2

s,n n—L:mn>

A) c Em(L+1) % B(Em(L+1)),

Loy Ln’

fs,n(fn—L:na A) Z ann(A), for all (TIZL-l-la A) - EL+1 X B(EL+1).

(A2) For any n € {1,2,...,} there exists C,, < oo such that for any s,¢ € [0, 1] we have

—=(m) m
sup HK s,n Ly Ln? ) - Kt,n (x}L—LZTN ’ HTV S Cn|8 - t|7
x”}L:TL:neEm(L+1
sSup HKS,n(xn—an ) - Ft,n(xn—L:na ' HTV < C |S - t|
xn—L:neEL+1
(A3) There exists a C' < oo such that:
i) max{sup Lm, EE'"XY‘ (2! )‘ SUDP(z ) e ExY [g(z,y)[} <
i) max{sup(,im srmyepem | F(@, 28] sup(, e pe [ F(2, )!} C;
iii) max{sup zlm k)e Em xN |Mk( )‘ SUP(z k)e ExN |Mk( )N} <

Remark 3.2. To simplify the notation, for s € [0,1], n € N, and n — L < k < n, we denote by

%imn)k and Ts n . the marginal of laws 7T(m (dzk™ Y and Ty (dn_rn) on 2p™ and Ty.,, respectively.

In addition, Vom , Vz, ., denote the variances of these above laws.
s,n,k v

Now we have the following result, that constitutes an extension of |2, Theorem 3.1]. Here, || |2
denotes the standard Lo-norm on the space of squared-integrable random variables.

Proposition 3.1. Assume Assumption 3.1 and (A1-3) hold. Then for any fized n and number of
particles N with (n, N) € N x N, we have:

i) For any p™ € € (E™L+D)

. 2 V%gm) ,L[SD(M)] 9
Jm < Senk (14 G, n(0%(n)).

N emE DI m)  (m m
H : N Wi,n?nfL«O( ))

i) For any ¢ € € (EF)

2 Va
Jim < Drnntl(y 4 0 (02 ()

N p(xmt -
HZZ_I @( ]T\Lf Lin (n)) . Wl,n,nfL(SD)

2

In both cases above C,, n(o?(n )) = exp{o?(n)} + C, exp{170%(n)} /N6, where C, is a constant
that does not depend on N or o*(n).

Proof. The proof is given in Appendix B. O]
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3.3 Error Analysis for Lagged Distribution Approximation
We add an assumption which will be useful below.

(A4) We have the following lower bounds, for some 0 < C' < oo:

i) min{inf(, y)epmxy §(2'", y), inf (o yepxy G2, 9)} > C.
ii) min{infzim s1mycp f(atm, 2 inf(, yeme f(z,2)} > C.

We write %((Z;) (resp. ?f((zl_) Litln L)) and 7(,) (resp. '7?((72"_) Lljn— L)) for the true filtering distribution
(resp. true predictive distribution as defined in (3)) in the first m dimensions and in the (m +
1)™-dimension respectively. Then the following result is standard in the literature, see e.g. |9,
Proposition 4.3.7].

Proposition 3.2. Assume (A3-4). Then there exist (p,C) € (0,1) x (0,00) such that:
i) For any (d, L,n) € N* and any bounded function o™ : E™ — R:

| R~ F) | < O e s =7yl > 0

i) For any (d,L,n) € N* and any bounded function ¢ : E — R:

| [Frnn = 7o) (0) | < C el cllits = Feamsaies ey x 2"

Remark 3.3. Condition (A3)(i) can be relazed to the following: for any y € Y, there exists a
C < 0o such that max{sup,imepm §(2,v),up,cp §(z,y)} < C. This weaker condition suffices for
Proposition 3.1, but not for Proposition 3.2.

3.4 Total Error of Lagged Approach
As a result of Propositions 3.1-3.2 it easily follows that for n € N

2
<

d—00

N
m) (w(1),1m
lim H § e _ ) ()
=1

V_(my le(™]

™

— (1 + Cnﬂ(g%”») +C H‘p(m) HioH'u’ELT)L - %E;n—)L—&-lln—L)”?FV x pt,

and

2
<

2

lim

H SN XM (n))
d—o0

V%l,n,nfL [L’O]

3 (14 Cun(o®)) + C e l2 b5t = Tmsan-n 3y x 0"

Thus, for given € > 0, to obtain an MSE of O(e?) one needs to choose L large enough, independently
of d and then a number of particles large enough, independently of d. In particular, choosing
L = O(]log(e)]) and N = O(e?) given an MSE is O(e?). The cost to achieve this MSE is of the
order O(d?¢?(n + [log(€)|?)). Due to the structure of the model, we expect that this cost is a
best case scenario. Note also, that one cannot in practice increase L indefinitely, as typically the
y would fall with L; also, one cannot

---------

afford to run the algorithm with L too large.
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4 Numerical Results

4.1 Model

Let X,, e RY forn=1,...,T,and Y,, € R%, form =1,..., M, for some T, M € N. Assume that
Xo = x9 € R? is given. We consider the following SSM:

Xn = Qn(anl) + R}/2Wna
Y = CX, i + Ry Vi,

where R, € R¥™4 R, € R%*% are symmetric positive definite matrices, and C' € R%*9. The

Reference (Kalman Filter)
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Figure 1: (Linear-Gaussian Model) A comparison amongst the different filters. The horizontal axis
represents the time parameter n, and the vertical axis represents the signal’s coordinates. The left
panel shows approximations of m,(¢) with ¢(x1.,) = x, as obtained by the KF, LPF, EnKF,
ETKF and ETKF-SQRT algorithms. The right panel shows the corresponding relative absolute
errors and the corresponding relative Lo-error is shown in the titles. For readability, the color of
the relative absolute errors that are less than 0.5 is set to white.

random variables W), and Vj,, are sampled from N (0, I;) and N(0, I, ), respectively, where I, is

the identity matrix of size r X r. The positive integer £ is the time frequency at which the signal
or part of it is observed (e.g. if k = 3, the signal is observed at times 3,6,9,....) The function

¢ : R? — R? is possibly nonlinear.
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Figure 2: (Linear-Gaussian Model) A histogram of the relative absolute errors for each filter. The
relative probability here is defined as the number of elements in the bin divided by the total number
of elements, which is d x (T'+ 1).

The target smoothing distribution is

n

T (T1:m) X Hf(xifbx»g(xi’yi)? (11)

i=1
where from the above SSM,
1 1 T p—-1
n—1,4n) = “oldn T n\Ln— R n n— ’ 12
Ftaasin) = e osp (e — gl A e g} (12)
) _ 1 1 T p—1 )
(s Ym) = PoTET exp {—3[ym — C,il Ry ym — O]} (13)

We will implement an enhancement of Algorithm 2 that includes adaptive tempering and
resampling. Resampling occurs whenever the ESS £ is less than a given threshold N*. This way
the algorithm calculates the annealing parameters ¢, on the fly. A detailed description of the
algorithm used can be found in Algorithm 3 in the Appendix. There we also specify the Markov
kernels K} ,, as Gaussian random walk Metropolis updates. The proposal density covariance matrix
¥, is proportional to (2.382/d)a(¢y)I; modified adaptively so that the average acceptance rate
over all particles is in the range 0.15 - 0.25. Here «(¢y) is some function of the annealing parameter
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Expectations of ¢(z,) = 2. w.r.t. the LPF distribution
over 104 simulations with: L = 1 and N = 100 (Ly-error = 1.19E — 02)

‘ + LPF Simulations — Reference — Avg LPF‘
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Figure 3: (Linear-Gaussian Model) A comparison of approximations of 7, (¢) with ¢(z1.,) = z}
as found by LPF, EnKF, ETKF and ETKF-SQRT. The green circle/dots represent the cloud of
different simulations of each filter. The black curve is the reference from the KF and the red curve
is the average over 104 independent simulations of each method.

Ok, e.8. a(pr) = (0 +2)/(dr +1). We use an S iterations of Ky, with S varying between 15 and

In the next subsection, we test the algorithm on the above model with three choices of the
function ¢, and three corresponding different scenarios for the observations. In the first example,
the signal is fully observed and the time frequency is k = 1. For the second example, the signal is
fully observed and k = 3. In the third example, we observe around 40% of the state coordinates
and the time frequency is k=1 Then, we compare results from the lagged particle filter (LPF)
the ensemble Kalman filter (EnKF) [12, 13|, the ensemble transform Kalman filter
(ETKF) [4] and the ETKF with square-root (ETKF-SQRT) [22, 25].
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Figure 4: (Linear-Gaussian Model) We zoom in the region [190, 305] x [—5, 15] in Figure 3 for the
LPF and EnKF (the rest of the methods are very similar to the EnKF.)

4.1.1 Linear-Gaussian Model

Here, we set g, (z) =z, T =10°, N = 100, N* = 0.8 N, d = d,, = 500, R;* = L1, R)* = 0.11,,
C =14, Xo=15-1, where 1 is a vector of ones. We consider a lag of 2, i.e., L =1. Forn > L+1,
we take pt, 1 (tn_r+1) = N(Tpn_r11;Mn_r41, Po_r41), where m,, 1,1 and P, 1, are the mean and
the covariance of the Kalman predictor distribution at time step n — L + 1. The time frequency of
the observations is k = 1, and thus M = 103,

In the left panel of Figure 1, we plot the average of 7.(¢) with ¢(z1.,) = z,, after 104 independent
runs. Here the subscript - refers to the filter of interest (LPF, EnKF, ETKF, ETKF-SQRT). Since
this model is linear-Gaussian, we use the Kalman filter (KF) as a reference. The right panel
of Figure 1 shows the relative absolute error for each filter. Additionally, the relative Ls-error
|m.(p) — mrr(©)|l2/||Txr(p)||2 is shown at the title of each subfigure. We elaborate further in
Figure 2 and present a histogram of the relative absolute errors. The histogram shows that for the
same number of particles/ensembles, around 60% of the LPF errors are less than 0.025 and only
23% in the rest of the methods. Finally, Figure 3 shows a cloud plot of estimates of E(z!|y;.,) for
each independent run over time, where 1 < n < 7T and az}l being the first coordinate of x,,. The LPF
method tracks the KF very well on average (as illustrated in Figure 4) and it shows considerable
less variability between different independent runs. Similar comparisons will be carried for the
other examples to follow.

4.1.2 Lorenz 96 Model

We test the algorithm on the Lorenz 96 model [27], perturbed by a Gaussian noise, along with
noisy observations. The function ¢, (X, _1) is given by the 4th-order Runge Kutta approximation
of the Lorenz 96 system

axt |
dt
when run one step in time with step size A;. Here X _, is the ith-component of X,,_; with periodic
conditions, X0 |, = X¢ |, X', = X% and X%} = X! .

For the numerical results, we set pi,—r(%n-r+1) = N(Tp_r41;Mn—r41, Po-ry1) for n > L 41,
where m,,_r1 and P,_r 1 are the mean and covariance of the ETKF-SQRT predictor distribution
at the time step n — L 4+ 1. We set N = 100, N* = 0.8N, T = 103, k = 3 (i.e. M = 333),
d = d, =40, RY* = 0.1I;, Ry” = 0.11,,, A, = 0.05, L = 1, C' = I, X2° = 8.01, X} = 8 for
1<1<20,20<1<d.

= XN - X) - X +8, (14)
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Figure 5: (Lorenz 96 Model) A comparison between the different filters. Details as in Figure 1
except the top-left panel that shows the true signal (9) as the reference.

Our results are presented similarly to before. The left and right panels of Figure 5 show
approximations of 7,(¢) with ¢(x1.,) = x, and the associated relative absolute errors for LPF,
EnKF, ETKF and ETKF-SQRT. The reference in this example is the true signal from which the
data was generated. In Figure 6, we present as before a histogram of the relative errors and observe
that for the same number of particles/ensembles about 31% of the LPF errors are less than 0.025
and 29% in the rest of the methods. Finally Figure 7 shows the approximations of 7,(p) against
time with 1 < n < T and ¢(z1.,) = x. We note that in this example the LPF performs marginally
better than the rest of the methods.

4.1.3 Conservative Shallow-Water Model

We apply the algorithm on the conservative shallow-water model [28]. Function ¢,(X,_1) is the
finite volume (FV) solution of the shallow-water equations (SWE) given below (one step in time
with step size A;). Let (z,y) € Q = [0,a]?, for some a > 0, and let h(t,z,y), v(t,z,y) and
u(t, z,y) represent the fluid column height, the fluid’s horizontal velocity in the x-direction and
the fluid’s horizontal velocity in the y-direction, respectively, at position (z,y) and time ¢ > 0.
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Figure 6: (Lorenz 96 Model) A histogram of the relative absolute errors for each filter. Details as
in Figure 2.

The conservative form of SWE 1is as follows

Oh  O(hu) = O(hv)

ot Ox oy =9

Ohu) 0 . 5 1 9  Olhuv)
5 +a$(hu + 59h°) + 3y =0,

d(hv)  O(hww) 0 ., 5 1 9
5t + 3y +8y(hv + 59h7) =0,

where g is the gravitational acceleration. To write the equations in a compact form, we introduce
three vectors U = [h, hu, w]", A(U) = [hu, hu? + 1gh?, huv]" and B(U) = [hv, huv, hv* + Lgh?] .
Under this notation, we have

ou N 0A(U) N 0B(U)
ot ox dy

—0. (15)

Given the number of grid points in the z and y directions, d,, we set A, = A, = a/d,. We
will refer to the grid {(z;,y;) € Q: z; = (i — 1)A,, y; = (j — 1)Ay, fori,j € {1,...,d,}} as
the physical grid. Consider the uniform grid with FV cells I;; = [z;_1/2, Zit1/2] X [Yj—1/2: Yjt+1/2]

centered at (z;,y;) = (zi‘l/Q;z”l/Q, yj‘l/Q;yj“/z), for all 4,5 € {0,...,d, + 1}, with grid size of
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Figure 8: The figure on the left represents the physical grid where the red, cyan and yellow circles
are the grid points at which h, u and v are observed, respectively. The figure on the right shows
the initial height of the water.
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Figure 9: (SWE Model) Snapshots of the height h at four different times: 100 (first row), 200
(second row), 260 (third row) & 400 (fourth row). From left to right: the signal, the mean of 50
simulations of the LPF with 100 particles and the mean of 50 simulations of the ENKF, ETKF &
ETKF-SQRT with 1000 ensembles, respectively.

where F' and G are the numerical Lax-Friedrichs fluxes given by
FlLo = 5[AUD) + AU )] — 54T (Ui — Ul

i3, T 27%+3 jmax 1,
FPy = AU + AU )] = 3N U = U2 )
G2y = B + BUSK — AN (U2~ UL

o= %[B(Uﬁ) + B(U™"_))] — %)‘?H-_; (ol —=Ur_,l,
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Figure 10: (SWE Model) Snapshots of the horizontal z-axis velocity u at four different times: 100
(first row), 200 (second row), 260 (third row) & 400 (fourth row). From left to right: the signal,

the mean of 50 simulations of the LPF with 100 particles and the mean of 50 simulations of the
ENKF, ETKF & ETKF-SQRT with 1000 ensembles, respectively.

where A .. .. is the maximum eigenvalue of the Jacobian matrix JA(U)/OU evaluated at U} ...
The eigenvalues are {up j« & \/ghi j=, wi= j« . We set AL o o0 = [ug jo| + /ghi j=. Similarly,
A« i+ max 18 the maximum eigenvalue of the Jacobian matrix 0B(U)/0U evaluated at U} ;. and we
take it to be v j«|++/gh j«. The initial value conditions are h(0, z,y) = ho(z, y) and v(0, z,y) =
u(0,z,y) = 0 for (z,y) € Q. We use reflective boundary conditions with w(¢,0,y) = u(t,a,y) =0
and v(t,z,0) = v(t,r,a) = 0. The dimension of the state vector in (9) is d = 3d;.

We write (hij)1<ij<d,, (Uij)i<ij<d, and (vij)i<ij<d, in a vector representation as (hi)i<i<az,
(ui)1<i<az and (v;)1<icaz. Then we write the state vector X, = (XJ,)i<i<q in (9) as

X = [(hih1<i<az, (ui)1<icaz, (vihi<i<az]” € R

We take a = 2, d; = 35 (so d = 3675) and ho(z,y) = 2.5 for 0.5 < z,y < 1 and one elsewhere.
The spatial frequency at which height is observed is 1, i.e., it is observed at all grid points, while
the spatial frequency at which v and v are observed is 3. However, the first component that is

2 2
observed in u is Xn’' " and the first component that is observed in v is X0t (see Figure 8).
Therefore we take the matrix C' as

T
02[61 € - edg‘edg-i-l €d2+4 €aq247 " | €2d242 €24245 €24248 } )

where e, is a vector in R? with one at position ¢ and zeros everywhere else. We set N = 100,
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Figure 11: (SWE Model) The relative absolute errors. The horizontal axis represents the time
parameter n, while the vertical axis represents the signal’s coordinates. We also include the
relative l,-norm in the titles.
N*=05N, T =500, k=1 (ie. M =500), R,* = 0.011,, Ry/* = 0.011,, and

CFL x A,

)
. x . Y
max {max0<w§dg+1 ()\z %,j, ) ,maXOSZ’]<d9+1 (Ai,j %’ ax)}

At:

where CFL is the Courant-Friedrich-Levy number which we set to 0.5.

Figure 9 and Figure 10 display, respectively, snapshots of the perturbed and filtered water’s
height and water’s horizontal z-axis velocity at times 100, 200, 260 & 400 using the different
methods. We ran 50 independent simulations of each of the EnKF, ETKF and ETKF-SQRT
methods with 1000 ensembles because they provided unreliable estimates for lower ensemble sizes.
We ran 50 simulations of the LPF with only 100 particles. Figure 11 shows the relative absolute
errors for each filter. In Figure 12 a histogram of the relative absolute errors is provided. From
the histograms we note that around 91% of the relative absolute errors of the LPF are less than
0.01 whereas in the other methods they are around 41%. Finally, Figure 13 and Figure 14 show

2
respectively cloud plots of the approximations of E (zl|y;.,) and E (xff“]yl;n) forl <n <T.

As in the linear Gaussian example the variability is much less for the LPF. All plots show that
the LPF with only 100 particles outperforms the other methods in terms of accuracy and this is
illustrated by the one order of magnitude improvement in terms of relative Ly errors.
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Figure 12: (SWE Model) A histogram of the relative absolute errors for each filter. The relative
probability here is defined as the number of elements in the bin divided by the total number of
elements, which is d x (T'+ 1). For readability, we zoom in the region [0,2] x [0,0.1] and include
it in each histogram.

5 Discussion

In the literature fixed-lag methods have been mainly in the context of improving smoothing ap-
proximations. The original motivation was to alleviate path degeneracy and justify biased approx-
imations that resample only paths within a fixed lag to the current time, [18, 23]. Later these
ideas have been complemented with MCMC for the purpose of parameter estimation [20]. In ad-
dition, SMC sampling techniques for a fixed lag have been used without bias to enhance particle
filtering [11]. All these contributions are very close to the spirit of this paper, but to the best of
our knowledge this paper is the first to use fixed lag sampling ideas for high dimensional SSMs.
We have proposed a fixed-lag particle filter that under certain conditions on the model has
provably stable errors as the dimension of the model grows. Our proposed algorithm also incorpo-
rates adaptive tempering steps, which have been crucial for other successful SMC approaches for
high-dimensional problems |21, 7|. Tempering was also crucial in the theory of [1, 2|, which was
originally developed for independent states. The conditions used in this paper are general enough
to go beyond this and allow for dependency between some coordinates of the states or observations
and at the same time be able to apply the results in |1, 2]. As mentioned earlier, our algorithm
inherently contains a bias as other similar fixed-lag approaches, but we have shown this bias to
be bounded and controlled by the lag parameter L and the number of particles N. Regarding
performance, that of the proposed method was found to be superior to commonly used methods
such as the EnKF, ETKF in our numerical examples. In particular the results in the challenging
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Figure 13: (SWE Model) A comparison of the expectation of p(x1.,) = z! as found by LPF, EnKF,
ETKF and ETKF-SQRT. The green circles represent the different simulations of each filter. The
black curve is the reference (in this example it is the signal) and the red curve is the average of
the simulations.

shallow water equation showed impressive improvement and accuracy. Future work can include
more case studies in even more challenging applications and comparisons with current state-of-art
methods.
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Figure 14: (SWE Model) A comparison of the expectation of ¢(z1.,) = xiﬁﬂ as found by LPF,
EnKF, ETKF and ETKF-SQRT. The green circles represent the different simulations of each filter.
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The black curve is the signal and the red curve is the average of the simulations.

A Technical Results

For completeness, we describe briefly a result that expresses in a more general formulation findings
from the works in [1, 3|. Consider a sequence of distributions on the space E*¢, with E C R assumed

compact and a fixed L € N. We define the bridging sequence of densities:

My := N2 x 1%,

¢1:07 ¢k+1_¢k:é7 k:1727"'7d+17
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The initial and target densities, n:EY — R and M : EY — R respectively, admit the factorisation,
for fixed m € N, 0™ N0 ¢ P(EY), and M*, N € P(EY):

M(zp.) = N0 (2} H Y

j=m+1

M(xy) = N H M(

j=m+1

Note that we have indexed the Ld co-ordinates in an array format, using two indicators, one
subscript for the ‘block’, [ = 1,...,L, and one superscript for placement in a block, j =1,...,d.
Consider related Markov kernels Kk ELd X B(ELd) — [0,1], k=1,...,d+1, such that MKy = M.

Also, kernels admit a factorisation, for Kk : EY™ x B(EY™) — [0, 1] and K}, : EX x B(EY) — [0, 1]:

d
Kk(asm_,dzli) = K (I}T,dz% [”) X H K,lc(asjl'i,dz{i),
Jj=m+1

so that I_I,E;m)K,(cm) = I_I,(Cm), NiKL =N}, with I_I,(;”)7 M} defined in an obvious way. One now applies
the SMC sampler in Algorithm 1, in the setting we have formulated herein, under the more general
consideration that the initial positions from the N particles are chosen arbitrarily from within the
state space E4. The sequence of importance sampling weights are given as:

Wi =W (D) (20 )%, k=2,....d, i=12...,N.

We denote here by xl(l,l the Ith ‘block’, [ = 1,...,L, of ith particle after the application of kernels
Ko,....Kg, k=2,...,d+ 1. Simple calculations give that:

log Wd+l Z log ( ))
waﬁwwiim@wm.

k=1 j=m+1

Notice the two above sums involve two independent Markov sequences of random variables.

The work in [1] can now provide the following results. We adopt the notation for a continuum
of involved distributions and Markov kernels, by using subscripts s,t € [0, 1] below, at the same
position that we have so far used n € N. Also, the o-algebra Fy used below corresponds to the
information about the initial position of the Markov chains.

Assumption A.1. Consider the following assumptions:
(A1) There exist 6 € (0,1), (¢™,¢) € 22(B(E™)) x Z(B(EY)), such that for each s € [0,1]:
KU (21, A) > 0¢™(A),  for all (213", A) € E™ x B(E™),
Ko(z1, A) > 0C(A),  for all (z1., A) € E- x B(EY).

25



(A2) There exists C' < oo such that for any s,t € [0, 1] we have

sup HK (21", ) — K(m)( i HTV < Cls —t],
lmEEmL
sup HKS('II:La ) - Kt(‘rlzb : HTV < C'|S - t|
J71:L€EL

(A8) There exists a C' < oo such that:

nom .
1og< ) ()

, su
(m) b

z1. EEL

log (21) (z10) } <c.

(i) We have log WCEQI =o(1) +W£;J)rl, where o(1) denotes here a term that converges weakly to 0
as d — 0o, and we have defined:

e 35 5 (o(8) ) 2 [ () G59) 1]}

=m+1

1:m mL
T1L €E

max { sup

Theorem A.1. Under Assumption A.1:

The following weak limat holds, as d — oco:
log Wity —p N(0,0%),
for variance
o= [ {m20) - (M) Jas
where @y is the solution to the Po(;sson equation:

Ps — ni(SOS) = Qs — Ki(@S)v

Jor o, = (Ps(le'a ce 7$L) =s-log (( )(1‘1 L)>

(i) We have the weak limit, as d — oo, for any fixed j* > m + 1:

(4),5* 1
Ty g —o I,

and the one:
(3),1:m m

TiL,d+1 D nee.
The weak limits above are jointly independent over particle index i =1,..., N, and over the set of
co-ordinates {1 :m},m+1,..., M*, for any fized M* > m.
Proof. The result is contained in Appendix C of [1]. The crux of the proof for part (i) is the use of
a CLT for triangular martingale arrays (notice that {log Wk, }d+1 is constructed to be a martingale
process, for any d € N) and cumbersome but otherwise straightforward control of remainder terms.
The term in the weights that involve the first m co-ordinates disappear in the limit d — 0, as there
is only a finite number of them. Thus, the limiting values for the ‘standardised” weights Wdlﬂ
involve only CLT obtained via co-ordinates m + 1,.... Result (ii) is obtained also in Appendix
C of [1]. Under the dynamics of the inhomogeneous Markov chain {K}, the particles carry out
enough steps to reach the correct distribution after the execution of d steps, as d — oco. O
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B Proof of Proposition 3.1

Proposition 3.1 is a corollary of Theorem A.1. In particular, it suffices to apply Theorem A.1 for
each time index n € N of interest, under the choices:

L=L+ ]-7 M= /ﬁn(dl‘(n—L):n)’ ﬁ = /ﬂ\-n—l(dx(n—L):(n—l)) X f(xn—ly dxn)a

KW =K"™ K, =K,,.

In the above expressions 7, (dz(,—r)») denotes the marginal of 7, on components z(,_r).,; and
similarly for 7,1 (dz(,—1):(n—1)). The particular upper bounds in the Ly-norms quoted in Proposi-
tion 3.1 follow immediately from the weak limits obtained via Theorem A.1 via relatively simple
calculations that make use of the exchangeability of the limiting laws over the particle index. For
the exact calculation, see Appendix A.2 of [2].

C Algorithm with Adaptive Resampling and Tempering

Algorithm 3 : Lagged Particle Filter with Adaptive Resampling

e Initialization n = 1:
We are given the annealing parameter ¢;; > 0, N* (the resampling threshold), the number

of MCMC steps S, the lag L+ 1, and xy. We begin by sampling particles :z{”, ie{l,...,N},
from the proposal n;(x1) = f(zo, 1) via (9). We will sequentially sample from

(1) o< A7 (1) = f(wo, 1) glay, yr)?!

starting at 7} ending at ;' = 7, for some K; € N. Fori € {1,..., N}, compute the weights

~1/(3)
i v (m )
Wil = =

(2) )¢>1,1
m (i’l )

=g(@", 1

and normalize Wl(zl) = Wl(zl) / Zjvzl Wl(jl) Calculate the effective sample size (ESS)

If ESS = ESS(¢11) < N*, resample {71V | and set Wl(? =~ ie€{l,...,N}L

Set k = 1 and denote the particles by {xg)l} and the weights by {ng?} Set flag = 0.
Perform the following SMC sampler:

While flag = 0, do:

1. Find ¢ € [0,1 — ¢y1] so that ESS(6) = N*, where ESS(0) is as above except now
we have the unknown ¢ instead of ¢ ; in the weights. If § = 1 — ¢1, set @11 = 1,
Ky =k+1 and flag =1, else set ¢p111 = @1 + 9.
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2. Compute the weights

(@)

)
(2) i) )1 (@ )
Wk+1 1= Wk( 1 ' ) = Wk,1 : g(mk,h 1)’

normalize Wé?m = Wéﬁll/zl]\il ngLr If ESS < N*, resample {:c,(;)l}, set Wéfzm =
~. Denote the samples {:i’,(;)l}
3. (MCMC) For m € {1,...,S}, do:
— Fori e {l,..., N}, sample x,(ﬁlﬁi:,(;)l from a Markov kernel that preserves
Ty (@) o< f (o, m1)g (@, yr) 0
E.g., one can use a random walk with proposal
=20+ 29, 20~ N(0,5,),

for some covariance matrix ¥,,, so that the acceptance probability is

(@) _ (@ (i)) _ 9($1(i),yl)¢k+1’l f(950>331(i))
G =N S iy TN RGN
T (Bx1) 9(@p 0, y) o f (2o, 237)

With probability af?, st l(c)l ( ,i1e{l,...,N}
4Sak:k+lmﬂxA:£?1J6{L”wN}

Calculate ESS for the last weights {Wf(gl} If ESS < N*, resample {[Bg?hl}, set V_V[({?l = 4.
Denote the final particles by {2\”} and the final weights {IW,"}.

Iterations n =2.3,..., L:

We have N paths {xgl)n_l} with weights {W,ﬁ?l} We sample Z from the proposal distribu-
tion 7, (21.) = Tpo1(T1n—1) f(Tn_1, ), via (9). We will sequentially sample from

ﬁfL@;l:n) 8 711 xln = <Hg xjvyj :(:],1,xj))f(xn,l,xn)g(]}n,yn)¢k’"

starting at 7} and ending at 7% = 7, for some K,, € N. Compute the weights

~1(,.(0) ~ ()

G

n n—1" = é) 1~(Z~) :Wyg_)l'g(x()7yn)¢l’a
M (T1in—1, Tn’)

normalize W" " = w! n/ Z] L le) If ESS < N*, resample {:%lzn} set Wl(zn = %
Set k =1 and denote the particles by {xkn} and the weights {W,fn} Set flag =
Perform the following SMC sampler:

While flag = 0, do:
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1. Find 6 € [0,1 — ¢y,) so that ESS(0) = N*. If 6 =1 — ¢y, s€t Ppp1n =1, K, =k +1
and flag = 1, else set ¢p11, = Ppn + 0.

2. Compute the weights

~k+1(,.(2) (@)
7 Tn (xl m—1» ‘Tk n) i 7 )
Wlill,n = 16(7)1 (7) (4) = k( ) g( ](g)na yn> )

’}/n(xln l’l’kn)

normalize I/Vk+1 Y= W,ﬁl SN W,EfH .. If ESS < N*, resample {xg)n} set I/Vk+1 Y=
~. Denote the particles by {fc,(j)n} Attach thgse to the samples {xﬂ_l} from previous
time steps and denote the complete paths {531(;,)1;71}'

3. (MCMC) For m € {1,...,5}, do:

— Fori e {1,..., N}, sample “71(:4)r1,1:n’32 from a Markov kernel that preserves

ﬁZ—H 17171 <Hg xj7y] xj—laxj)>f(xn—laxn) g(mmyn)(bk*—l’n'

Again, one can use a random walk

With probability 04,(7?, set j;,(f,)lm = :cll(Q
4. Set k =k + 1 and x,(:’)n = 50,(21771, ie{l,...,N}.

Calculate ESS for the last weights {W[%)ln} If ESS < N*, resample {z{), ;. xg?nn} and set
WKn n = l.
Set xOn {:I:On 1,:EK ) and W, W[({ii’n,ie{l,...,]\f}.

o Iterations n > L + 1:

We have N paths {xl )} with weights {W, 1} We begin by sampling particles #4) from
proposal 1, (x1.,) = f(xffll, Tp)Tn-1(T1m—1) (recalhng that 7, = m), i € {1,..., N}, via (9).

Setting po(z1) = f(xo, 1), we will sample sequentially from the distributions

%Z(:Bl:n> X <%n—1($l:n—1)f(wn—laxn)>1 P n(ml n)¢kn

1

¢kn n—L—
,U/nfL(xnfL 1) g(xna yn) ’
= ( = [ H Hj x]-&-l H f Tj—1,Tj ng]ay]]

f(xn—ln ajn—L-i—l) j= j=n—L+41
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starting at 7} and ending at 7% = 7, for some K,, € N. Compute the weights

1 7 7 i ¢1,n
AED LB o [e@ v (@)

- - — Wnﬂl i i )
Tin (xg)n 1,x$1)) flz 7(’L)L7x7(’L)L+1)
normalize Wl(Z,)L 1n/ SV WYL If ESS < N*, resample {xn)} and set W =

Set k =1 and denote the partlcles by {xkn} and the weights {W,gn} Set ﬂag =
Perform the following SMC sampler:

While flag = 0, do:
1. Find 6 € [0,1 — ¢.n] so that ESS(0) = N*. If 6 =1 — ¢p., st Gpp1n =1, Ky =k +1
and flag =1, else set G111, = Ppn + 9.
2. Compute the weights

~k41(,.(0) (4)

i Tn (Il n—1> Tk n) T (7 i

Wl§+1n: k(r)z 0) O~ ;5) g(ynlﬂﬂz(f,)n)‘;’
ﬂyn(ml'n—l’ xk,n)

normalize I/V/,CJrl .= kazl W/ Zl 1 W,ﬁrl .- If ESS < N*, resample {a:g)n} set Wk+1 .=

N' Denote the resulting samples {xkn} Attach these to the samples xn)_

L from the

previous L time steps and denote the new samples by {ig)?% It
3. (MCMC) For m € {1,...,S}:

— Fori e {1,..., N}, sample m,@rl nfL:n|5U§f)nfLm from a Markov kernel that preserves

¢k+1 n
~ g(x’rw yn),un—L<xn—L+1) ’
n m) = X
Thtin{Tin) ( @t 1)
n—L—1 n—1

[ U 15 (2541) H fwja, H (xj,yj)]

j=n—L+1

Again, one can use a random walk

‘r;L(i)L:n = ‘%l(ci,)n—L:n + Zﬁ)’ Z(Z) ~ N<07 Em)

for some covariance matrix ¥,,, so that the acceptance probability is

%k"f‘l "( n( )L:n)

o) —

/ %§+1( g)n Ln)
(i (4) NG Prtin
—1A [(9(%}5 )7yn)ﬂn L( n(—)L-l-l) f(xkzn L’xkzn L+1) ) %
Fa e ) ﬂdzLmemlmdLLH>

(i n—1 !

Mn—L—l(xn(—)L)Hj:nng( ()7yJ)H] n—L+1 f( g 1’ j ) ‘|
~(i n—1 i n :

Mnfol(xé,)nfﬂHg n— Lg(l’z(e)]vyy)nj =n—L+1 f(fﬂkg 1»$1(<)])

With probability a%) , set j,(j)nf o = xln(z_) Lin®
4. Set k =k +1 and a:,(j)n:i",(len, ie{l,...,N}.
If ESS < N*, resample {a:0n 1,$K ) and set WK ~
Set x0n {xOn 1,xK ) and W WKmn, i€ {1, ..., N}
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