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Abstract

In a flexible shaft-disc assembly supported by linear bearings, the disc 1 Nodal Diameter (ND) modes are
known to couple with the shaft lateral (bending) modes, whilst the 0ND modes can couple with the shaft
axial modes. In addition to these well known coupling phenomena, a previous work by the authors has
shown that, in presence of an asymmetric axial-radial bearing supporting structure, shaft axial and lateral
modes can interact and lead to a coupling with a single flexible disc 0 and 1 ND modes simultaneously.
Given that in most circumstances a shaft carries more than one disc, this work extends the previous findings
to a shaft carrying two flexible discs and particularly investigates the mechanisms of cross disc coupling
due to an asymmetric supporting structure. A full 3D FEM model of the assembly has been developed to
model its dynamic behaviour. New classes of coupled modes involving the shaft and the two discs have been
identified and a physical explanation will be provided, considering forces/moments applied at the interface
amongst subcomponents and following the hypothesis that each disc acts like an independent dynamic
absorber.
A parametric study of the dual discs arrangement varying stiffness, thickness and position of one disc
further highlighted the dynamic interaction of the subcomponents. Specific arrangements will allow an
Engine Order forcing pattern applied to one disc to excite a different mode on the other disc, with the
shaft and the supports acting as the vibration energy transmitter between the two discs. The industrial
implications of such phenomena are also discussed throughout this work.
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1. Introduction

Rotors carrying multiple discs and bladed discs are extensively used in industry, with application ranging
from aircraft engines and power production to small scale household items such as vacuum cleaners. The
continuous drive for smaller machines and higher rotational speed, especially in the aviation field, has made
the vibration analysis more critical and important, due to the higher performances and the consequent safety
requirements.

Rotating machinery is often prone to vibration issues, as any unbalance can lead to high levels of vibration
even in the absence of external forcing [1, 2, 3, 4, 5]. Vibration is a highly undesirable phenomenon in rotating
machinery [6], as it can result in loss of performance and in time varying stresses, which can, in turn, lead
to fatigue and wear and, ultimately, to failure.

The dynamic analysis of rotors has traditionally been carried out by studying the dynamics of shaft
and discs separately. This approach is valid as long as the resonance frequencies of shaft and disc(s) are
well separated [4]. However, new trends in the design of aircraft engine rotors include shorter, therefore
stiffer shafts and larger, more compliant bladed discs [7]. This leads to an overlapping of the previously well
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separated frequency ranges, since shaft frequencies are moving upwards, while the blades frequencies are
dropping. In this case, the previous assumptions are no longer valid, and shaft-disc-blades coupled modes
are likely to appear [5, 8, 9, 10]. When designing rotating structures it is very important to take this coupling
phenomenon into account, as a coupled resonance can lead to high levels of vibration and, ultimately, to
wear and fatigue failure in unexpected places. An example is a blade resonance driven by a shaft unbalance,
or a shaft resonance driven by aerodynamic forces on blades.

For this reason, extensive research has been carried out on basic shaft to disc modes coupling, mainly
adopting simple semi-analytical models [11] and using FEM [12, 13, 14, 15] and experimental results to
validate them ([16, 17, 10, 18, 19, 20, 21? ]).

Considering a shaft carrying a flexible disc or a bladed disc with flat blades, it is well known that disc
Zero Nodal Diameter modes (0ND) are likely to couple with shaft axial modes, whilst disc 1ND modes
couple with shaft bending ([8, 9, 10, 22, 23, 24]). The coupling occurs since a 0ND mode exerts an axial
force onto the shaft, whilst a 1ND mode exerts a lateral moment, that drives shaft bending. In the case of
a shaft carrying a bladed disc with staggered blades [25, 26, 27, 28], their 0ND modes can drive both axial
and torsional shaft vibration, due to the direction of the reaction forces at the blades root. Disc and bladed
disc modes with ND ≥ 2 do not couple with the shaft as the net force/moment at the interface between the
shaft and the disc is equal to zero [10].

When the shaft carries more than one disc/bladed disc, it is also possible to see coupling between the
two discs, where the shaft transmits the vibration from one disc to another. This phenomenon is highly
influenced by the individual discs dynamics features and requires that the discs modes are close to each
other and to at least one natural frequency of the shaft [29, 30, 31, 16].

When carrying out rotor dynamic analysis to study coupling phenomenon, different shaft mode fam-
ilies (axial, lateral, torsional) are nearly always considered independently from each other to the authors
knowledge, with the only exception of [32], which showed that shaft axial and lateral shaft vibration can
potentially interact via the non-linear behaviour of a hydrodynamic thrust bearing. To identify if other
coupling phenomenon can exist, previous works from the authors [33, 34] have shown that shaft bending
and axial modes can also couple due to the presence of a bearing supporting structure that couples axial and
radial displacements. The result are Mixed Modes showing both axial and bending content. These shaft
modes have been observed to drive both 0ND and 1ND disc modes simultaneously.

In practical applications, a shaft will likely have more than one disc, which opens up several additional
potential coupling configurations that need to be understood to ensure safe operation. The aim of this paper
is to extend the previous findings to a flexible shaft carrying two flexible discs, in order to investigate what
new coupling phenomena are present if the shaft and the two discs interact via the asymmetric bearing
support.

2. Model description

2.1. Geometry Description

In order to investigate a potential coupling between 1ND and 0ND on different discs, what is needed
is a model that consists of a flexible shaft, which carries two flexible discs. The natural frequencies of the
disc modes need to be close enough to the ones of the shaft in order to achieve the required couplings. The
assembly, shown in figure 1, is purely theoretical and adapted from [1] and [33], due to the availability of
data to validate the first modelling stages and the dynamic features of its subcomponents. Both the rotor
and the discs are made of Aluminium with the dimensions shown in table 1. The origin is set at the left
bearing location, so all lengthts are measured from this point.

The shaft is supported at its ends by two fixed bearings, which can transmit both axial and lateral
reactions. The bearings are then constrained to ”ground” by the structure shown in figure 1. This structure
is composed of two pairs of oriented rods in the XY and YZ planes. It is important to note that the Y axis
is associated to the axial direction, due to software conventions.
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Model parameters

Shaft

Density: ρs 2790 kg/m3

Young modulus: Es 80 GPa
Shaft length: Ls 0.8 m

Shaft diameter: Ds 0.01 m

Disc 1

Density: ρd1 2790 kg/m3

Young modulus: Ed1 80 GPa
Disc position: yd1 0.3 m

Disc diameter: Dd1 0.1 m
Disc thickness: td1 0.003 m

Disc 2

Density: ρd2 2790 kg/m3

Young modulus: Ed2 80 GPa - variable
Disc position: yd2 0.5m - variable

Disc diameter: Dd2 0.1 m
Disc thickness: td2 0.003m - variable

Supports
Basic stiffness: k0 1.5 106 N/m

Orientation: α π/4

Table 1: Rotor system - geometry, material and bearing properties

𝑘1
𝛼1

𝛼2

𝑘2
𝑘𝑧

𝑘𝑧

Disc 1

Disc 2

Figure 1: Basic rotor geometry to be analysed

The inclination of the rods can range from α = 0 (purely axial support) to α = 90 deg (purely radial
support, see figure 2). The reason behind this choice comes from the fact that usually the bearing supports
in an aero engine consist of a structure with not only radial, but also axial extension to allow its integration
into the engine casing. The combined effect of bearing and rods is modelled via monodimensional spring
elements, which are arranged as shown in figure 1.
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The stiffness matrix Ksupport of the pair of oriented rods in the XY plane, depending on the two trans-
lational DoF, u and v (u is axial, oriented with the axis Y, whilst v is lateral and oriented with the axis X),
can be written as

[Ksupport] =

[
kuu kuv
kuv kvv

]
=

[
k1cosα1

2 + k2cosα2
2 k1 sinα1 cosα1 − k2 sinα2 cosα2

k1 sinα1 cosα1 − k2 sinα2 cosα2 k1sinα1
2 + k2sinα2

2

]
. (1)

where all the variables are defined in figure 1. A closer look at equation 1 reveals that, when k1 = k2 and
α1 = α2, the non-diagonal terms kuv in the stiffness matrix are equal to zero, therefore the axial and lateral
displacements are independent from each other. Instead, when either k1 6= k2 or α1 6= α2, the non-diagonal
terms kuv are different from zero, and a coupling between axial and lateral direction at the bearing location
is introduced.

The symmetrical case with k1 = k2 and α1 = α2 has been thoroughly analysed in a previous work from
the authors [33], where a parametric study varying the stiffness and the orientation of both springs has also
been carried out. Therefore, throughout this study only an asymmetry in the stiffness of the bars will be
introduced. This is achieved by varying the stiffness k1 and k2 following the law k1,2 = k0 (1± δ), in order
to keep the diagonal terms constant and only increasing the extra-diagonal ones linearly with respect to the
parameter δ. By performing the calculations, kuv = 2δ sinα1 cosα1 when α1 = α2.

In order to simplify the analysis, oriented supports have been only applied in the XY plane, whilst in
the YZ plane the bearings are supported in the radial (-Z) direction only (α = 90 deg). The Z direction is
therefore not included in equation 1, as the springs in this direction are purely radial and no coupling term
is introduced.

It is known that a fixed bearing can transmit forces in the three directions (axial and two lateral) but no
moments under the “short bearing” hypothesis [1]. Since the combined effect of bearing and supports stiffness
is modelled with monodimensional spring elements, the most convenient yet accurate way to interface those
with the 3D geometry without constraining rotations is to use a Multi Point Constraint [35]. This constraint
rigidly connects all the points on the shaft section to a reference point in the centre of the section. This point
has 6 degrees of freedom (3 translations and 3 rotations). The spring elements are then applied between
the ground and the reference point, as shown in figure 1. The displacements in the X and Y directions
correspond to v and u in equation 1.

Bearing

Shaft

Supporting rod

𝜔

𝛼2

𝛼1

𝑋, 𝑣

𝑌, 𝑢

Figure 2: Detail of the axial-radial supporting structure in the XY plane - left bearing

It is important to point out that the system is fully symmetrical with respect to the shaft midpoint in
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this configuration; the two discs are identical and positioned at -0.1m and 0.1m from the shaft midpoint and
the shaft is supported by the same structure at both ends. It will be thoroughly explained throughout this
work that any change in the symmetry of this assembly can potentially result in a much more complicated
dynamic interaction between the subsystems.

2.2. Mesh Description

This coupling investigation has some inherent 3D features. For example, the stress distribution at the
interface between shaft and discs, whose integration results in the interface forces/moment, is highly three
dimensional and must be computed very accurately. Beam and shell elements as well as analytical solutions
have proved unable to capture these behaviours [33, 36, 12]. The rotor geometry is axisymmetric but
the bearing support structure shown in figure 2 is not, so axisymmetric elements cannot be used either.
Therefore, 3D (brick) quadratic order finite elements have been used to model the system. The mesh,
chosen after a convergence study over the natural frequencies up to 450 Hz, is composed by 28712 quadratic
order brick elements and 126687 nodes (each element has 20 nodes) and is shown in figure 3. Each disc has
2 quadratic order elements in thickness, which proved to be enough to capture its dynamics. The two discs
are meshed differently to allow the integration of rectangular virtual piezo-electric patches on disc 1 (see
section 2.3) to perform a forced analysis. The typical time for an eigenvalue computation with this mesh is
about 7 minutes on a 16 cores desktop computer.

Figure 3: 3D mesh on the solid geometry

The FE software adopted for all stages of the analysis is Abaqus/CAE 2016.

2.3. Type of analysis and output parameters

In order to fully understand the dynamics of this assembly, eigenvector extraction and forced response
analysis will be performed throughout this paper. Since the asymmetric-oriented support is only present in
the XY plane, only modes involving a shaft deflection in this plane are considered in this analysis. Given
the focus of this paper on identifying novel coupling phenomena and providing a physical understanding for
them, only the first family of disc modes (number of nodal circles equal to zero) is considered, allowing a
frequency limit of 450 Hz for this analysis.

Concerning the forced analysis instead, four loading patches are applied circumferentially on disc 1
(y = 0.3m). The reason behind this choice is that piezoelectric patch actuators were proven to efficiently
force discs modes [37]. As shown in figure 4, these apply a time varying shear load along the radial direction
of the disc. By varying the phase between those patches, it is possible to force the disc with different
Engine Order patterns [37]. Engine order excitation is a cyclic forcing pattern generated by the rotation of
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a disc/bladed disc inside a fluid pressure field. The term ”Engine Order” is related to the spatial periodicity
of the load. This forcing pattern is of paramount importance in turbo machinery.

The excitation on the k-th patch can be written as follows [37]:

Pk = P0 cos

(
ωt+ 2πk

EO

N

)
(2)

where ω is the excitation frequency (in rad/s), N is the number of patches and P0 is the surface traction
amplitude, which will be set to 1 for all the forced analyses. It can be already inferred from equation 2 that,
if EO = 0, all the patches are excited in phase between each other. On the other hand, if EO = 1, they will
be out of phase of π

2 , giving rise to an excitation that resembles a 1ND mode on a flexible disc.
As already mentioned, the only modes which can couple with the shaft are those with 0ND and 1ND,

since higher NDs are self-balancing [17] and do not exert a net force/moment onto the shaft. For this reason,
only EO = 0, 1, corresponding to 0 and 1 ND, will be applied on the disc.

Figure 4: Detail of the virtual piezo patches applied on disc 1

Since this paper is focused on 0ND and 1ND modes on the two discs, it is very important to find a
quantitative way of ”measuring” the amount of 0ND and 1ND vibration on each disc in each modal shape.
A previous work from the authors [33] has shown that the rotor can vibrate in very complicated mode
shapes with both shaft and disc being involved, and it is important to separate the shaft and discs vibration
contributions. A procedure to do so has been developed by the authors [33] and is summarised here for
completeness.

1. A node set is defined in Abaqus, which includes all the nodes on the outer ring of the disc, at half of
its thickness. The displacements of those nodes in the global frame of reference are extracted for each
modal shape (figure 5a)

2. A frame of reference rigidly connected to the centre of mass of the disc and oriented along with its
principal axes of inertia in its undeformed configuration is defined. Displacements at the disc’s outer
ring are then transformed to this new frame of reference, in order to filter out the displacement and
rotation of the shaft at the disc’s centre (figure 5b).

3. Eventually the Fourier coefficients of the displacement against the angular coordinate along the ring
are computed. Each coefficient represents the amplitude of the corresponding Nodal Diameter which
is present in that modal shape. In figure 5c, the procedure is shown for a mode which contains both
0ND and 1ND vibration; in fact, we can see a constant component related to the 0ND and a first-order
component which corresponds to the 1ND pattern.

In order to analyse modal similarity for the shaft deflection with different configurations, the Modal
Assurance Criterion (MAC) has instead been adopted [38].
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Figure 5: Disc transverse displacement components computation a) Definition of the path along which the displacements are
extracted b) Definition of a frame of reference moving with the disc c) plot of displacements along the path

As already stated, the investigation will start with the system in a symmetric configuration, which
consists of two identical flexible discs located at -0.1m and 0.1m from the shaft midpoint. A modal analysis
and thorough interpretation of the results will be presented in section 3.1.

Afterwards, in order to investigate how the system behaves when not symmetric, two parametric studies
will be carried out in section 3.2 and 3.3. In the first one, the dynamic properties of disc 2 (figure 1) are
varied while keeping its position constant. This represents a realistic setup, where the shaft carries discs
with different geometric properties. In more detail, the Young Modulus of disc 2 is varied in such a way that
its natural frequencies vary linearly. This is the simplest numerical approach to vary the natural frequencies
of disc 2 whilst keeping its mass constant. The parameter space considered ranges from ωd = 0.5ωd0 to
ωd = ωd0 (symmetric system).

In the second parametric study instead, the discs are identical, but the position of disc 2 is varied from
0.4 (shaft centreline) to 0.75 (close to the end), keeping disc 1 fixed at 0.3, so the overall assembly is no
longer symmetrical.

3. Numerical results - coupling behaviour

The coupling behaviour of the system is at first analysed in its symmetrical configuration (identical discs
at y = 0.3m and y = 0.5m, respectively, with asymmetrical supports (δ = 0.5). This means that the stiffness
of the springs in the XY plane have the values k1 = 1.5k0 and k2 = 0.5k0, respectively.

3.1. Identical discs - baseline results (δ = 0.5)

Rigid discs

A modal analysis of the system with rigid discs on asymmetric supports has been carried out, in order to
focus on the shaft dynamics without yet including the effect of the discs flexibility. The discs are modelled as
rigid bodies by setting their Young Modulus Ed1 = Ed2 = 1e3Eshaft. This value has been proven to cancel
any flexibility effect without leading to numerical problems. The discs are placed at 0.3m and 0.5m. Since
the asymmetric supports are only present in XY plane, only modes where the shaft deflects in this plane are
considered and shown in figure 6. Mode 1 (figure 6a) is a first order bending mode. The vibration amplitude
at the bearings is negligible, so the supports are not activated and no coupling with the axial direction
occurs. Modes 2 and 3 (figure 6b and 6c) are characterized by a combination of second order bending
vibration and axial vibration. These are referred to as ”Shaft Mixed Modes” throughout this work and have
been thoroughly investigated in [33]. It is important to point out that shaft axial and lateral vibration are
coupled in these modes, and that mode 2 (Shaft First Mixed Mode) is dominated by the lateral deflection,
whilst mode 3 (Shaft Second Mixed Mode) is dominated by axial motion. These two modes will be referred
to as ”Shaft MM1” and ”Shaft MM2” throughout the rest of the paper.
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Mode 4 (figure 6d) shows pure third order bending deflection, as the shaft does not experience axial
motion. An important feature of this mode is its symmetry with respect to the shaft centre point (y = 0.4).
This leads to an activation of both axial-radial coupling supports, whose axial reactions balance each other,
resulting in no net excitation of the axial components. This mode is therefore not a Mixed Mode.

(a) Mode 1 - 43.11 Hz (b) Mode 2 - 176.13 Hz (c) Mode 3- 221.60 Hz (d) Mode 4 - 422.78 Hz

Figure 6: Shaft modes - rigid discs a) First bending mode b) First Mixed Mode c) Second Mixed Mode 4) Fourth mode (no
axial vibration)

As explained in the introduction, the closeness of the natural frequencies of shaft and discs is an essential
condition to witness dynamic interaction. A modal analysis of the isolated flexible disc, with its inner ring
clamped, is also carried out, and the frequencies of Nodal Diameters up to 2 are summarised in table 2.
Higher Nodal Diameters are not considered, as they do not couple with the shaft and are over the frequency
limit of 450 Hz.

Freq
1ND 264.83 Hz
0ND 322.75 Hz
2ND 435.67 Hz

Table 2: Isolated disc clamped at its inner ring - natural frequencies

Flexible discs

The discs flexibility is now introduced (Ed1 = Ed2 = Eshaft) and a modal analysis of the whole assembly
is carried out. As well known from the literature and previous works [33], the disc 0ND and 1ND modes
combine with the axial/bending modes of the shaft, respectively, forming coupled shaft-disc modes.

All modes up to 450 Hz are summarised in table 3. Those where the shaft deflection occurs in the XY
plane are then shown in figure 7.
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# Frequency Dominant Mode Shaft Plane
1 43 Hz Shaft 1st Bending XY
2 43.2 Hz Shaft 1st Bending YZ
3 170.66 Hz Shaft 1st Mixed XY
4 176.49 Hz Shaft 1st Torsional -
5 181.25 Hz Shaft 2nd Bending YZ
6 201.51 Hz Shaft 2nd Mixed XY
7 238.40 Hz Discs 1ND - Out of Phase XY
8 238.89 Hz Discs 1ND - Out of Phase YZ
9 264.74 Hz Discs 1ND - In Phase XY

10 265.14 Hz Discs 1ND - In Phase YZ
11 317.31 Hz Discs 0ND - Out of Phase -
12 346.18 Hz Shaft 2nd Torsional -
13 428.61 Hz Discs 0ND - In Phase XY
14 432.59 Hz Discs 2ND -

Table 3: Assembly modes - flexible disc

(a) Mode 1 - 43 Hz (b) Mode 3 - 170.66 Hz (c) Mode 6 - 201.51 Hz (d) Mode 7 - 238.40 Hz

(e) Mode 9 - 264.74 Hz (f) Mode 11 - 317.31 Hz (g) Mode 13 - 428.61 Hz

Figure 7: Modal shapes of the full assembly with flexible discs in the XY plane
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Mode 1 is dominated by the shaft first order bending mode. Due to the high distance in frequency
between shaft and disc modes (264 Hz vs 43.11 Hz), there is no modal interaction and the discs behave
as rigid bodies, leading to identical frequencies with the rigid case. Similarly to the case with rigid discs,
supports are not activated in this mode, so there is no coupling with the axial.

Mode 3 (7a) is dominated by the shaft First Mixed Mode. Due to the combined lateral-axial vibration
features of this mode, a simultaneous coupling with disc 0ND (figure 8b) and 1ND (figure 8a) modes occurs
on both discs. The discs vibrate in phase on a superposed 0ND and 1ND pattern. The amplitude is small
due to the distance in frequency between the shaft and the discs modes, yet the discs vibration cannot be
neglected.

(a) (b)

Figure 8: a) Disc 1ND mode b) Disc 0ND mode

Mode 6 is instead dominated by the shaft Second Mixed Mode, clearly identifiable by the three nodal
points. In this mode, the discs also oscillate on a 0ND/1ND superposed pattern. It is worth noticing that,
as already mentioned in the previous section, the shaft First Mixed Mode is dominated by lateral vibration,
whilst the shaft Second Mixed Mode is dominated by axial vibration. This is also mirrored by the amount
of coupling with 0ND and 1ND in modes 3 and 6; the higher the axial/lateral shaft vibration, the higher
the coupling with 0ND/1ND disc modes, respectively. It must also be pointed out that there is a high gap
between isolated disc frequencies (264 and 322 Hz) compared to shaft mixed modes with rigid discs (176
and 221 Hz), but still there is a non-negligible dynamic interaction in these two modes, which confirms the
importance and strength of these coupling phenomena.

Mode 7 is dominated by the discs 1ND mode, which oscillate out of phase. The shaft vibrates on a
pattern which is similar to the shaft fourth mode and has no axial contribution. This can be explained from
the fact that the two discs apply two moments with opposite sign, exciting strongly the shaft fourth mode
(figure 6d), which has no axial component. The shaft amplitude is quite low due to the frequency distance
(264 vs 422 Hz). The additional flexibility provided by the shaft lowers the natural frequency compared to
the frequency of the isolated disc 1ND mode (238 vs 264 Hz).

Mode 9 is dominated by the discs 1ND modes, this time in phase. The shaft deflection is a superposition
of first and second mixed modes with very little axial displacement; this is highlighted from the fact that there
is only one nodal point, like the First Mixed Mode (figure 6b), but the oscillation at the bearings location
is quite low, suggesting a contribution from the second mixed mode (figure 6c). Due to the opposite sign of
the axial displacement in these modes, their sum is likely to cancel out the respective axial components.

Mode 11 is the equivalent of mode 7 involving the discs 0ND modes. The two discs oscillate out of phase
with the same amplitude, exciting the shaft with two axial forces with opposite sign, which balance each
other, so the shaft is not involved. It could be argued that the two forces could excite a shaft internal axial
mode, but the frequency of such a mode is so high (above 3000 Hz) that the portion of the shaft in between
the discs behaves as a rigid body, which transmits the forces without deforming. This type of modes is also
referred to in the literature as ”inter-disc modes” [30] or ”rigid shaft modes” [29].
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Mode 13 is dominated by in phase 0ND disc modes. This time, there is a strong net axial forces which
is applied to the shaft and drives a superposition of the two shaft Mixed Modes. Considering this pattern,
the shaft deflection has almost zero slope at the discs location, which leads to an almost negligible 1ND
component in this mode.

Based on the above modes, several new coupling configurations have been identified. Since there are
two discs now, there are at least 2 more degrees of freedom for the coupling to be considered (1ND and
0ND modes of the second disc) and the two discs can either vibrate in or out of phase; if the system is
symmetrical, the out-of-phase disc modes do not involve the shaft, since the interface forces counteract each
other.

Double Dynamic Absorber Modelling

Previous works on shaft dynamics with flexible discs [39] have shown that a flexible disc/bladed disc can
act like a dynamic absorber. This comes from the fact that the disc vibrates with a certain amplitude, which
depends on its degree of flexibility; this vibration absorbs energy from the main system, which consists of
the shaft in this case. This energy transfer lowers the resonance frequencies of the shaft compared to the
case with a rigid disc; on the other hand, the disc dominated modes occur at a higher frequency compared
to the one of the isolated disc. This coupled behaviour cancels the original shaft and disc modes, and the
new peaks now correspond to the shaft and disc dominated modes, respectively.

To better understand how the shaft and disc modes interact in the case of the shaft with two flexible
discs, a Double Dynamic Absorber (DDA, figure 9a) approach was selected. This system is composed of
a single degree of freedom system (big mass) representing the shaft mode, and two Dynamic Absorbers
(smaller masses), which represent the discs modes. This system was calibrated to simulate the dynamic
interaction of the Second Mixed Mode of the shaft with the 0ND modes of the discs. Since the discs are
identical in this case, k3 = k2 and m3 = m2. Consequently, m2 and k2 are set equal to the effective mass
and stiffness of the disc 0ND mode. The effective mass is a measure of the amount of mass moving in a
certain direction on a specific mode (for further details please refer to [40]). The equivalent stiffness for a
general mode is instead calculated by keff = meffω

2.

m1 and k1 were instead calculated in order for ωrigid =
√

k1
m1+2m2

(frequency of the DDA when k2 tends

to infinite) to match the frequency of the shaft mode with rigid discs (in this case 221.60 Hz).

Shaft Disc 1

Disc 2
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Figure 9: a) Double Dynamic Absorber model scheme b) Mode shapes of a Double Dynamic Absorber when k3 = k2 and
m3 = m2

The natural frequencies of both systems are reported in table 4 and the mode shapes of the Double
Dynamic Absorber are plotted in figure 9b. It can be seen that the first mode is dominated by the ”shaft”
deflection, with both ”discs” oscillating with equal amplitude and in phase both between each other and
with the shaft. In the second mode, the ”discs” oscillate out of phase with equal amplitude and the ”shaft”
is not involved. The third mode is instead dominated by the ”discs”, which oscillate in phase between
themselves and out of phase with the shaft.
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Making a comparison between the modes of the full assembly (figure 7) and the DDA modes in 9b, some
preliminary conclusions can be drawn. Considering the coupled modes involving discs 0ND and shaft second
mixed mode, we can see that mode 6 corresponds to the first mode of the DDA, mode 11 corresponds to
the second one and mode 13 to the third one. The comparison provided in table 4 shows that the DDA is
able to provide a rough estimate of the natural frequencies of these modes.

FEM DDA
Mode 3 201.51 Hz 200.82 Hz
Mode 6 317.31 Hz 322.90 Hz
Mode 7 428.61 Hz 440.26 Hz

Table 4: Comparison between FEM model and DDA for modes involving disc 0ND

It can be concluded that a basic DDA model can be a useful tool to understand the physics behind mode
coupling, such as energy transfers, aspect of the modal shapes and phase relationships between subcomponent
vibration. It can also be used as an early stage design tool, to check if there is any potential coupling between
shaft and discs modes.

However, it must be noted that the DDA can consider only one shaft and one disc mode at the same time,
since the model has to be calibrated accordingly. For example, considering mode 13, the shaft oscillates
with a combination of first and second mixed modes. This effect cannot be considered with the DDA,
leading to a higher error in the computation of the correspondent resonance frequency, as shown in table 1
(440 DDA vs 428 FEM). Also the simultaneous presence of 0ND and 1ND disc modes cannot be captured.
Another simplification concerns the shaft bending to disc 1ND coupling: for example, in mode 7 the two
discs oscillate with an out of phase 1ND pattern, yet the shaft deflects by its fourth mode pattern. Applying
the DDA approach instead would result in a mode with no shaft deflection at all.

In conclusion, it can be said that the DDA approach is able to give a partial insight on how the modes
of the different subsystems can interact between each other, but it cannot replace a full FEM analysis. sha

4. Results of parametric study

In real life applications discs are almost never identical, but have different sizes and geometries, hence
different mass and stiffness properties. This is expected to impact the previously described coupling phe-
nomenon and to lead to potentially alternative/additional coupling mechanisms, which arise from the ad-
ditional degrees of freedom involved (two different discs) and from the loss of symmetry between the discs
themselves. To better understand these effects and the sensitivity of the coupling towards changes in the
stiffness and position of one disc only, a parametric study will be presented here.

4.1. Variation of disc 2 stiffness

The first and simplest way to investigate the coupling behaviour of an asymmetric setup is to vary the
Young modulus of one of the discs (disc 2), while keeping all the other features as described in table 1. This
is done in order to vary the disc natural frequencies, without altering its mass, so the dynamics of the shaft
remains unchanged.

According to plate theory, the natural frequencies of a circular plate are proportional to the square root
of the Young Modulus [24]. In this analysis, the parameter ε has been defined as follows:

ε =
Ed2
Ed1

=
Ed2
EAl

(3)

This parameter ranges from 0.25 (ωd2 = 0.5ωd1) to 1 (ωd2 = ωd1 , case with identical discs discussed in
the previous section).

Mode 1 is not considered in this study, as it has been shown before that the discs behave as rigid bodies
and show no coupling with the shaft. All the other modes shown in figure 7 will be taken into account in
this parametric study. As ε changes, modal shapes have been tracked using a MAC algorithm [38].
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Double Dynamic Absorber - Preliminary results

Before showing the results of the full FEM model, a preliminary analysis with the Double Dynamic
Absorber model has been performed, to identify the basic features of the new coupled modes. Since the
stiffness of disc 2 is represented by the lumped spring element k3, this will vary linearly depending on the
law k3 = εk2. As before, m1 and k1 are tuned to match the shaft second mixed mode, whose frequency
is 221.60 Hz. The evolution of the natural frequencies of the three consequent coupled modes is shown in
figure 10 a. It can be seen that, for each value of ε, the natural frequency of the first coupled mode is lower
than all those of the separate subcomponents, the second one is below the stiffer disc and the third one is
higher than all modes of the subcomponents. Figure 10 b provides instead a comparison between the modal
shapes of a DDA where ε = 1 and ε = 0.4. Some interesting features can be observed. It was already pointed
out in the previous section that, when ε = 1, the second mode of a DDA is characterised by the two discs
oscillating out of phase with the same amplitude and the shaft is not involved. Instead, when ε 6= 1, the
two discs vibrate out of phase with different amplitudes, so the reaction forces at the shaft-disc connection
are also different and do not balance each other. This results in a net force transmitted to the shaft, which
vibrates as well. Instead, the third mode becomes dominated by the stiffer disc, which vibrates with a high
amplitude, whilst the shaft vibrates out of phase and the softer disc vibrates with a much smaller amplitude.
This matches the fact that the natural frequency of the third coupled mode is considerably higher than the
one of each isolated subcomponent.

Based on these results, it can be expected that the different stiffness of the two discs leads to more
complicated coupling phenomena, as the inter-disc balanced modes will not be present any more and every
coupled mode will involve both the shaft and the discs at the same time.

Figure 10: DDA Model prediction considering shaft second mixed mode and discs 0ND modes varying the stiffness of disc 2

Full FEM model results

In this subsection, each coupled mode is analysed individually varying ε =
Ed2

Ed1
, to provide a thorough

physical understanding of its impact on mode coupling. For each mode, two pictures are provided; on the
left hand side, the natural frequency is plotted together with the frequency of the separate subcomponents
modes. On the right hand side, the 0ND and 1ND components for each disc are plotted (see section 2.3
for the definition). On the other hand, to analyse the modal similarity of the shaft deflection between basic
shaft modes (see section 3.1) and coupled modes when ε changes, a MAC parameter [38] has been used.

Mode 3

When ε = 1, mode 3 is dominated by the shaft first mixed mode (see MAC in figure 11b). As ε decreases,
the vibration of disc 2 becomes increasingly predominant and the frequency of the coupled mode decreases
due to the increased flexibility, especially below ε = 0.4− 0.5 (see figure 11a).
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Figure 11: Mode 3 a) 0ND and 1ND components on both discs b) Natural frequency of assembly mode compared with isolated
subcomponents

Mode 6

Mode 6 is instead dominated by the shaft second mixed mode when ε = 1. The discs oscillate in phase
on a superposed 0ND and 1ND pattern, with a higher 0ND component (see figure 12b), due to the larger
axial deflection of the shaft. As ε decreases, the contribution of the 0ND mode of disc 2 becomes more
predominant and the increased flexibility leads to a decrease in the natural frequency, as shown in figure
12a. Similarly to mode 3, when the natural frequency of disc 2 0ND mode becomes lower than the shaft
mixed mode line (approximately at ε = 0.5), the disc mode becomes dominant (see fig 12a). It is also worth
noting that as ε decreases, the shaft deflection transitions to a superposition of both mixed modes (see MAC
on figure 12b), which explains the increased presence of 1ND vibration on both discs around ε = 0.5.
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Figure 12: Mode 6 a) 0ND and 1ND components on both discs b) Natural frequency of assembly mode compared with isolated
subcomponents

Mode 7

At ε = 1, mode 7 is dominated by the discs 1ND modes, which oscillate out of phase, and the shaft
vibrates on its fourth mode (see figure 13b). As the stiffness of disc 2 decreases with ε, the two discs
1ND modes start oscillating out of phase with different amplitudes, which results in two different moments
which are applied to the shaft. This effect, combined with the decrease in the natural frequency due to the
increased flexibility of the disc, leads to a transition of the shaft deflection from the fourth mode alone to
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a superposition of different modes (see figure 13a), with a non-zero axial displacement. This leads to an
additional interaction with both discs 0ND modes.
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Figure 13: Mode 7 a) 0ND and 1ND components on both discs b) Natural frequency of assembly mode compared with isolated
subcomponents

Mode 9

In mode 9 (figure 14a), the two discs oscillate in phase on a 1ND pattern with the same amplitude when
ε = 1 and the shaft vibrates with low amplitude. As ε decreases, mode 9 becomes dominated by the 1ND
of the stiffer disc (see figure 14b) and the shaft oscillates on a superposed first and second mixed modes
pattern, with increasing axial content. This drives a small 0ND component on both discs14b), which peaks
around ε = 0.4 due to the vicinity to the crossing of the coupled mode natural frequency and the one of the
0ND mode of disc 2.
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Figure 14: Mode 9 a) 0ND and 1ND components on both discs b) Natural frequency of assembly mode compared with isolated
subcomponents

Mode 11

Mode 11 is dominated by the discs 0ND modes, which vibrate out of phase. Starting from ε = 1, the
two discs vibrate with the same amplitude, so the axial forces balance each others, and the shaft does not
vibrate. As ε decreases, the two discs reaction forces are not balanced, resulting in a net axial force of
increasing amplitude on the shaft, which drives the shaft second mixed mode and leads to the excitation
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of the discs 1ND modes (see figure 15b). As in the other coupled modes, the increased flexibility of disc 2
reduces the natural frequency of this mode, as shown in figure 15a.
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Figure 15: Mode 11 a) 0ND and 1ND components on both discs b) Natural frequency of assembly mode compared with isolated
subcomponents

It is also worth noticing that mode 11 crosses mode 9 at approximately ε = 0.4. At this location, mode
9, which is 1ND dominated, shows a bump in its 0ND content (see figure 14b). Conversely, mode 11, which
is 0ND dominated, shows a big rise in its 1ND contribution (see figure 15b). This ”exchange” of dynamic
content when the two modes have almost the same frequency suggests an interesting phenomenon similar
to mode veering [41], where the two modes interact.

These two modes also show an interesting feature, which was previously unobserved: by looking at figure
14b and 15b, one can see that disc 1 strongly vibrates on a 1ND pattern, whilst disc 2 vibrates on a 0ND
pattern, especially for ε = 0.4− 0.5. The corresponding frequency diagrams (figure 14a and 15a) show that
in this area disc 1 1ND mode, disc 2 0ND mode and the shaft second mixed mode are considerably close
to each other. These results highlight that specific combinations of an asymmetric axial-radial supporting
structure and different discs can lead to a new class of coupled mode, where one disc is dominated by a 1ND
mode and the other is dominated by a 0ND mode. In other words, a 0ND excitation on one disc may lead
to a 1ND response on a different disc.

Mode 13

Mode 13, instead, is dominated by the discs 0ND in phase modes. When ε = 1, the discs oscillate with
the same amplitude and a large axial force is transmitted to the shaft, driving a superposition of the two
mixed modes, since the frequency of the 0ND mode is considerably higher than both shaft mixed modes, as
shown in figure 16a. As ε decreases, this mode is dominated by the 0ND of the stiffer disc (disc 1) and the
1ND contribution is negligible on both discs (figure 16b).

16



(a)

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

1
N

D Disc 1

Disc 2

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0
N

D

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

 []

0

0.5

1

S
h
a
ft
 M

A
C

MM1

MM2

(b)

Figure 16: Mode 13 a) 0ND and 1ND components on both discs b) Natural frequency of assembly mode compared with isolated
subcomponentss

It can be concluded that the superposition of asymmetrical bearing supports and dynamically different
discs can lead to unexpected coupling patterns, such as the simultaneous presence of 1ND vibration on disc
1 and 0ND vibration on disc 2, under certain combination of both shaft and discs features. It can also be
confirmed that the DDA approach can roughly predict some of these effects, as the behaviour of modes 7, 11
and 13 varying ε is in agreement with what was predicted with the DDA in section 4.1. However, it cannot
fully predict all the dynamic interactions and can only be used as an early design tool.

Effect of thickness variation

The main objective of the previous parametric analysis was to only modify the natural frequencies
of disc 2 without altering the shaft modes due to the added mass. This was achieved by modifying the
Young modulus of disc 2. However, real life applications involve discs with total different geometries and
potentially different materials, hence different masses. To include the combined effect of mass and stiffness
in the analysis, the thickness of disc 2 was decreased linearly by td2 = εttd1 . A plot of the natural frequencies
of the same modes considered in the previous study, compared to the natural frequencies of the separate
subcomponents, is provided in figure 17.
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Most of the observations made in the previous section still hold true, but this case shows two main
differences. First of all, as expected, the frequencies of both shaft mixed modes are no longer constant with
respect to εt, but increase as εt decreases, as a consequence of the lower mass applied to the shaft. On
the other hand, the natural frequencies of the isolated disc depend linearly on εt, whilst in the previous
case they were dependent on

√
ε, as explained by plate theory [24, 25]. Considering the dynamics of an

isolated circular plate, its bending stiffness depends on the parameter D = Et3

12(1−ν2) , whilst its mass depends

linearly on t [24]. It can therefore be assumed that ω ∝
√

D
t ∝

√
t2 ∝ t. Conversely, being ω ∝

√
D
t and

D = Et3

12(1−ν2) , it is clear that ω ∝
√

(E).

Considering figure 17, the frequency behaviour of the coupled modes is very similar to the one analysed in
the previous section, with the only difference that the natural frequencies of shaft dominated modes (mainly
mode 3 and mode 6) are slightly higher at low εt due to the lower mass present. Modal shapes are instead
very similar to the ones in the previous section, so they are not reported in this paper.

4.2. Variation of disc 2 location
The baseline assembly had its disc mounted at 0.3 and 0.5m from the left end, respectively, and the shaft

was supported at its ends (see section 3), leading to a symmetric assembly. As a result, the slope of the
shaft deflection is almost identical in absolute value at the location of the two discs. In a previous work from
the authors [33], it was shown that the slope of the shaft deflection at the disc location plays a major role
on the amount of coupling between shaft and disc. For this reason, a parametric study with identical discs
has been carried out, keeping disc 1 fixed at yd1 = 0.3m and moving disc 2 from yd2 = 0.4m to yd2 = 0.65m.
As a result, the shaft modal shapes are not expected to be symmetrical any more with respect to the shaft
central point, resulting in a different slope at the discs location, which in turn is expected to add further
complexity to the coupling mechanisms.

The evolution of the natural frequencies of the coupled modes (the same considered in the previous
study) for different positions of disc 2 is shown in figure 18. As expected, the change in the position of disc 2
has a considerable effect on the natural frequency of the shaft mixed modes with rigid discs. The closer the
disc is to an antinode of the modal shape, the more the natural frequency drops. Consequently, the effect
of the disc position is higher on the shaft dominated modes, such as mode 3 (figure 19a) and 6 (figure 19b).
The discs dominated modes, instead, show little to no change, since the dynamics of the individual discs is
not affected.
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Figure 18: Evolution of natural frequencies of coupled modes varying the position of disc 2 along the shaft
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Mode 3 and 6 are dominated by the shaft first and second mixed modes, respectively. These modes have
an antinode (maximum deflection and minimum slope) at approximately 0.6m and a node (maximum slope
and minimum deflection) at 0.4m. As expected, the closer disc 2 is to the antinode, the more the 0ND
component increases and conversely the 1ND component decreases. The opposite trend can be observed
the closer disc 2 is to the node (see figure 19a and 19b). An interesting behaviour can be seen for mode
3 around 0.6; at this location, the 1ND component at disc 1 is higher than the one at disc 2, whilst the
0ND component shows the opposite behaviour. This behaviour confirms the importance that non-symmetric
configurations can lead to more complex mode couplings and, although the amplitudes are small due to the
distance in frequency, this reinforces the hypothesis of cross disc mode coupling presented in the previous
section.

(a) (b)

Figure 19: Evolution of discs 0ND and 1ND components and shaft slope at disc 2 location for a) Mode 3 b) Mode 6

Mode 7 is dominated by the 1ND modes of both discs, which oscillate out of phase, and the shaft vibrates
on its fourth mode (see figure 6d) when the system is symmetrical. This mode is symmetrical with respect
to the shaft mid point and has two nodes and three antinodes at 0.15, 0.4 and 0.65 approximately. As disc
2 position changes, so does the position of the nodes and antinodes (see figure 20a). Interestingly both discs
vibrate with the same amplitude, nearly independently of the location of disc 2, balancing each other for
most positions. Mode 9 is dominated by the 1ND modes in phase, as shown in figure 20b. The behaviour of
this mode is quite similar to mode 7. The shaft dynamics transitions from a symmetrical mode to a highly
asymmetrical modes. At yd2 = 0.55m, the frequency line of mode 9 crosses the discs 1ND mode (see figure
18), leading to a peak in the 1ND contribution even if the slope at both discs location is quite small.
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(a) (b)

Figure 20: Evolution of discs 0ND and 1ND components and shaft slope at disc 2 location for a) Mode 7 b) Mode 9

Mode 11 (figure 21a) is dominated by the 0ND modes of the two discs in counterphase. Since the two
discs are identical, they balance themselves and the shaft is not involved. This mode is therefore not affected
by the discs position along the shaft. Mode 13 instead (figure 21b is dominated by the in-phase 0ND modes
of the two discs. This mode is known for showing very little coupling with discs 1ND regardless of the
slope at the disc location due to the frequency distance from the disc 1ND mode. However, the slope still
influences the amplitude of the 0ND modes, which are inversely proportional to the slope.

(a) (b)

Figure 21: Evolution of discs 0ND and 1ND components and shaft slope at disc 2 location for a) Mode 11 b) Mode 13

4.3. Coupling 1ND to 0ND

In the previous parametric studies it was found that, under specific combinations of parameters, some
modes exist, where one disc (the stiffer) mainly vibrates with a 1ND pattern, while the softer disc mainly
vibrates on a 0ND pattern. This phenomenon was especially observed in the stiffness parametric study,
when the frequencies of the 1ND mode of the stiffer disc and the 0ND mode of the softer disc were in the
neighborhood of the frequency of one of the shaft mixed modes (refer to figure 15a and 15b, which allowed
to identify where this effect is most strong); the shaft is assumed to play a major role as it transmits the
vibration between the two discs. A similar effect, although less strong, was observed in the disc position
study: when the shaft deflection has a very different slope at the two discs location, the amount of 0ND
and 1ND vibration on the two discs can be significantly different, leading to a stronger presence of 1ND
vibration on one disc and 0ND on the other (Mode 3 and 6, figure 19a and 19b).
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In order to further understand the observed coupling of 0ND and 1ND on the two discs, a forced
response analysis was carried out. The chosen configuration was based on a symmetric positioning of the

discs (yd1 = 0.3m and yd2 = 0.5m)), with different stiffness (ε =
Ed2

Ed1
= 0.49), leading to ωd2 = 0.7ωd1 . Disc 1

(the stiffer one) is excited driving the ”virtual patches” (see section 2) in an EO = 1 pattern. The amplitude
of the surface traction p0 is set equal to 1 N

m2 . 0ND and 1ND components on both discs are extracted and
plotted against the exciting frequency in figure 22. In order to avoid numerical issues at resonance, a 0.1%
modal damping was applied to the first 10 modes within the abaqus solver.
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Figure 22: Forced analysis - response of both discs for a EO = 1 pattern applied to disc 1

As expected, disc 1 shows a strong 1ND response over the entire considered frequency range. Due to
the simultaneous presence of 1 and 0ND patterns on this disc (see section 3.2), the 0ND contribution is not
negligible either. Disc 2 has a similar 1ND response between 150 and 200 Hz, corresponding to the first
three modes, which correspond to modes 3, 6 and 7 from section 4.1. Above 250 Hz, we can see that there
are two modes in which the 0ND response is considerably larger than the 1ND, corresponding instead to
modes 9 and 11 from section 4.1 (at 252.3 and 261.35 Hz, respectively). This proves the hypothesis of the
Cross Disc Coupling phenomenon, which means that, in the presence of asymmetric bearing supports, a
1ND dominated mode on one disc can couple with a 0ND mode on the other disc or vice versa, with the
shaft transmitting the vibration. In particular, focusing on the peak at 280 Hz, it must be noted that, by
driving disc 1 with a EO = 1, the 0ND mode of disc 2 responds with a higher amplitude than the 1ND
mode. The other modes show the opposite behaviour, yet the amplitudes are comparable in most cases,
highlighting the importance of this phenomenon.

A second forced analysis was carried out with the same stiffness ratio between the two discs, moving the
stiffer disc to the shaft centre (yd1 = 0.4) and keeping the softer disc at yd2 = 0.5. This new configuration
has the stiffer disc close to a node of both shaft mixed modes, and the softer disc in the ”antinode” area for
both those modes, potentially amplifying the Cross Disc Mode Coupling phenomenon. Once more a EO = 1
exciting pattern was applied to the stiffer disc and the response of both discs is shown in figure 23.
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Figure 23: Forced analysis with disc 1 at yd1 = 0.4m and disc 2 at yd2 = 0.5m - disc 1 is excited with a EO = 1 pattern and
the response of both discs is plotted

It can be seen that the Cross-disc mode coupling phenomenon is intensified in this configuration. At
approximately 260 Hz a resonance can be identified, where the 0ND mode of disc 2 strongly dominates over
1ND mode, which has almost no peak. The other disc is excited on a EO = 1 pattern and instead shows
a comparable amplitude of 0ND and 1ND modes. In addition to that, there is an entire frequency range,
from 220 Hz to 260 Hz, where the response of the 0ND mode on disc 2 strongly prevails over the 1ND one,
highlighting how strong this phenomenon can be.

Results discussion

The parameter study on disc 2 stiffness has shown that, in a flexible shaft carrying two flexible discs,
changing the flexibility of one disc can lead to a completely different dynamic behaviour of the whole
assembly. The break of symmetry in the features of the discs leads to the disappearance of all the inter-disc
balanced modes, which transition to shaft-discs coupled modes. The shaft vibration can change depending
on the discs configuration, with different contributions from mixed mode 1 and 2. Certain combinations
of flexibility may lead to coupled modes where the vibration of one disc is dominated by a 1ND pattern,
whilst the other disc is dominated by a 0ND pattern. The latter is a previously undescribed phenomenon
in the mode coupling literature, which may explain some previously difficult to explain inter-disc couplings
on rotating machines. It was also confirmed that the disc modes can act like dynamic absorbers, allowing
the use of a simple model such as the DDA to gain some insight into the dynamics of the system and see if
some of the subcomponents modes are prone to coupling.

The parameter study on disc 2 has instead shown that the position of the discs, even with low mass, can
lead to significant changes in the dynamics of the shaft and consequently the dynamic interaction between
shaft and discs. A change in the slope of the deflection at the two discs locations can cause a different
amount of coupling with 0ND and 1ND modes on each disc, leading to a cross coupling between the 1ND
mode on one disc and the 0ND mode on the second disc. It should also be noted that, due to the geometrical
complexity of this study, which heavily involves the bending deflection of the shaft, the Double Dynamic
Absorber model could no longer be used to predict this behaviour.
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The forced analysis has instead shown that, following the excitation on disc 1, the 1ND pattern results
in a net inertia moment transmitted to the shaft, that drives a shaft bending mode. Due to the presence of
asymmetric axial-lateral supports, the shaft also responds with an axial vibration, that then couples with
the second disc 0ND mode. Due to the presence of simultaneous axial and bending shaft vibration, 0ND
and 1ND can be observed on both disks. What determines the strength of 0ND and 1ND on each disc is
the distance between the shaft mode natural frequency and the natural frequency of each mode on each disc
|ω(i, j)−ωshaft|, where i refers to the disc and j refers to the Nodal Diameter. Another key parameter is the
slope at both discs location; the higher it is, the more 1ND and the less 0ND will be present on the disc.

5. Conclusions

This paper presents a detailed study of the dynamic couplings in a flexible shaft carrying two flexible
discs, in the presence of an asymmetric axial-radial bearing supporting structure. When the discs are
identical, their 0ND and 1ND modes combine with the shaft mixed modes, as already identified in previous
works. Also some modes exist, where the two discs vibrate out of phase and balance themselves, so the shaft
is not involved.

When the discs are not identical, their interface forces do not balance each other, and the shaft is
always involved, leading to more complex coupling mechanisms. It was also observed that, under certain
combinations of parameters, coupled modes can show a 1ND dominated pattern on the first disc and a
0ND dominated pattern on the other. The consequence is that a E0 = 1 pattern on one disc can drive a
0ND mode on the other disc. All these new couplings can be explained by looking at the forces/moments
transmitted at the interface amongst vibrating subsystems. This behaviour is highly sensitive to the stiffness
ratio between the two discs and to the frequency distance between the modes of the shaft and the discs.
The slope at the discs location can also play a minor role in this framework.

This phenomenon was called Cross-Disc Mode Coupling and can lead to unexpected and previously
unobserved vibration patterns, so it must be taken into account in the design phase of rotors.
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