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Abstract

This paperstudiesnormalizatiorof typeableermsandtherelationbetweerapproximatiorsemantics
andfilter modelsfor CombinatoiSystemsilt presentsiotionsof approximantgor terms,intersection
typeassignmengndreductionontypederivationsthelastwill beprovedto bestronglynormalizable.
With this result,it is shovn that, for every typeableterm, thereexists anapproximantwith the same
type, anda characterizatioof the normalizationbehaiour of termsusingtheir assignableypesis
given. Thenthe two semanticsare definedand comparedandit is shovn that the approximants
semanticss fully abstracbut thefilter semanticss not.

Intr oduction

In this paperwe will focuson the relationbetweentwo approache$or semanticsn the framevork
of CombinatorSystemgcs), beingthe filter semanticsobtainedby interpretingtermsby the setof
intersectiontypesthat can be assignedo them, and the approximantssemantics wheretermsare
interpretedby the setof theirapproximantsandtheirinterrelation. Approximantsaredefinedasrooted
finite sub-tree®f the (possiblyinfinite) normalform, basedon the notion of 2-normalforms of Huet
andLévy[16] (seealso[18]).

Therelationbetweerthe filter semanticandthe approximatiorsemantichasbeenstudiedexten-
sively in the settingof the LambdaCalculus(LcC) [6] (see[8, 7, 1, 3]), whereit hasbeenproved that
they coincide[19, 3]. But, perhapssurprisingly this hasnever beenstudiedfor moregeneralnotions
of rewriting, suchasTermRewriting SystemgTRrs) [12, 17].

Within theframawork of orthogonafirst-ordertrs, aterm-like modelandanappropriatesemantics
aredefinedin [21], interpretingtermsby the setof their approximantsFor theseTrsi it is alsopossible
to definea semanticavheretypesareinterpretedas multi-sortedalgebrag12]. Althoughthesetypes
are enoughto describemanipulationsof objectsof an algebraicdata-type,they do not provide an
accountfor polymorphism,or higherorderfunctions,which are standardn functionalprogramming
languagesA moregeneralandexpressie type system,usingintersectiontypes,hasbeendeveloped
in [5] for Curryfied Term Rewriting SystemqQiTRS, first-orderTrs extendedwith application).This
type systemis inspiredby the Intersectionlype Disciplinedefinedin [8] (seealso[7, 1]), anextension
of Curry’s system[10, 11] in that, essentiallytermsare allowed to have more thanonetype (using
the type constructor n’). By introducingalsothe type constantw’ atype systemfor LC is obtained
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thatis closedunders-equality andinterpretingtermsby their assignablaypesgivesa filter lambda
model[7, 3].

In this papey basedon the approactof [21], we will definea notion of approximationfor cs and
shav the following approximationresult for all termsthatcanbe assigneda typein theintersection
systemthereexistsanapproximanthatcanbeassignedhesametype. For LC, suchanapproximation
resultis relatively easyto obtain,becaus®f the presencef explicit abstractionbut in orderto prove
theseresultsfor abstraction-freealculi, like cs, anew techniquehadto be developed.This technique
is thatof definingreductionon derivationsasa generalizatiorof cut-eliminationthatwill be provento
bestronglynormalizing.This sameechniquecanthenalsobe appliedto otherformalismsasdonefor
examplein [4] for TRS. Strongnormalizatiorof cut-eliminationhasbeenstudiedin the pastfor several
systemsbut in the context of intersectiortypesthis topic hadnotyet beentackled.

Using the approximationresult, we will shawv the following normalizationpropertiesof typeable
termsin theintersectiorsystenfor cs:

e termstypeablewithoutusingw arestronglynormalizable,

¢ non-Curryfiedermsthataretypeablewith ¢ from abasisB, suchthatw doesnotoccurin B and
o, arenormalizableand

e termstypeablewith type o # w have ahead-normalorm.

This characterizationf the normalizationpropertiesof termsusingtypesin theintersectiorsystem
is well-known in the context of theLc, andit alsoholdsin TRs, providedthatthe rewrite rulessatisfy
certainconditions[5]. Perhapdessknown is the factthatthe notion of approximantanbe usefulto
studytherelationbetweentypeability andnormalization:in this paperwe will shav thatthe approx-
imationresultallows for a relatvely easyproof of thesegropertiedn cs (a similar resultfor LC was
shavnin [3], andanabbreiatedprooffor TRs appearedh [4]).

Inspiredby the approximatiorresult,we will thenfocuson approximationandfilter semanticof
Cs, asa preparatiorfor future studiesof the samesemanticsn the context of moregeneralrewriting
systemssuchasTRsS. Thereareseveraladwantagedo keepingthecomputationaframevork relatvely
easyatfirst: confluencecomesfor free,andadirectrelationbetweencs andL c facilitatesdefinitions
andinsight. However, note that the normalizationpropertiesof LC do not translatedirectly to cs,
sincethe mappingshetween.c andCombinatoryLogic (a particularcs definedby Curry [9]) do not
presere normalformsor reductiongseeExamplel.9).

Although TRs are very popularin languagedesignand their normalizationpropertiesare well-
studied,thereis still no thoroughsemanticanalysisof TRs. As we have alreadymentioned,there
exists somework in this direction, either supportedby types[14] or not [21], but, for example,the
relationbetweerthesemodelshasnot beenstudied.This paperis a first steptowardsfilling thatvoid,
by studyingtwo approachet semanticdor cs, theapproximatiorsemanticandthefilter semantics,
andcomparingheir expressieness We aim to bring theseapproache$o the context of TRs in future
work.

Summarizingthe maincontrikutionsof this paperare:

e astrongnormalizatiorresultfor cut-eliminationfor a systemwith intersectiortypes,

e acharacterizatioof normalizatiorpropertief typeablecombinatorsystems,

e the definition of a filter semanticgor cs wheretermsareinterpretedoy their assignableypes,
andanapproximatiorsemanticsvheretermsareinterpretecby their approximants,

e aproofthatthesesemanticareadequateand

¢ astudyof theconditionsneededo obtaina full-abstractiorresult.
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Outline

In this papey we will, in Sectionl, definethe CombinatorSystemsfor which we will, in Section
2, develop a notion of type assignmenthat usesintersectiontypes;the intersectiontype assignment
systemwe usein this paperis a variantof the essentiatype assignmensystemfor GTRS[5]. We will
shav a subjectreductionresultin Section3.

In Sections4 to 8, we presenthe formal constructiomneededo shaw thatary typeabletermin a
typeablecs hasanapproximanof the sametype (Theoren8.2). In [3], this approximatiorresulthas
beenobtainedfor Lc, by a computabilitytechnique20]. A particularproblemto solwe in this paper
is thatthe approacihof [3] cannotbe automaticallytranslatedo a techniqueto usein cs, becausef
the absencef abstractiorin cs. In orderto prove the approximatiorresultfor cs, we will modify
the type systemslightly andintroduce,in Section5, a notion of reductionon type-dervationsin this
modifiedsystem.We will shawv thatderivation reductionis stronglynormalizing(Theorem6.5), and
thispropertyhastwo directconsequencesheapproximatiomesultandastrongnormalizatiortheorem
for termsthataretypeablewithout usingthe universaltype constantu (Theoren8.7).

The combinatorialequivalent of the characterizatiorof normalisationin LC no longerholds (see
Section8). However, usingthe approximatiorresult,we will obtaintwo normalizationpropertiesof
typeablecombinatorsystems:a head-normalizatiotheorem(Theorem8.4) for typeableterms,and
a normalizationtheoremfor the classof typeablenon-Curryfiedterms, as definedin Definition 1.2
(Theoren8.5).

Section9 presentghe definition of a filter semanticdor cs, wheretermsare interpretedby their
assignableéypes,andan approximatiorsemanticswheretermsareinterpretedoy their approximants.
The approximatiorsemanticgivesa fully abstracimodelfor cs, whereaghefilter semanticgivesa
semi-modebnly, exceptfor specialcases.

Thepaperfinishesin Sectionl0, which containghe conclusions.

1 Combinator Systems

In this section,CombinatorSystemgcs) will be presentedisa specialkind of applicatve TRs [17]

whereformal parameter®f function symbolsare not allowed to have structure andright-handsides
of term rewriting rules are constructedf term-\ariablesonly. We have chosento usethis kind of

presentatiorratherthan the one normally used(see,for example,[17] or [6]), in view of a future
extensionof theresultsof this paperto full TRs, in the spirit of [5].

Definition 1.1 (Combinatorterms) i) An alphabetor signatue ¥ = (C, X') consistof acountable
infinite setX’ of variablesrangedoverby z, v, z, .. ., anon-emptysetC of combinatos, ranged
overby C, D, E, ..., eachequippedvith anarity greaterthan0, andthe binaryfunctionsymbol
Ap (application).

i) ThesetT(C, X) of terms rangedover by ¢, is definedby:
t o= x| C|Ap(t,t2)

As usual,since’Ap' is theonly functionsymbol,we will write (¢, t2) insteadof Ap(¢1, t2), and
outermosbracletswill be omitted.

In Section8, anormalizatiorresultis provedfor termswhereall subtermsf theform Ct; - - -t,, are
suchthatn > arity (C'). Thesetermsarecalled'Non-Curryfied'.
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Definition 1.2 (Non-Curryfiederms) ThesetTyc(C, X) of non-Curryfiedermsis definedby:
t o= azty--t, (n>0) | Cty---t, (arity (C) < n)
NoticethatTyc(C, X) is asubsebdf T(C, X).

Definition 1.3 (Term-substitutions)A term-substitutiorR is amapfrom T(C, X') to T(C, X),
determinedy its restrictionto afinite setof variablessatisfyingR (¢1 t2) = R (¢1) R (t2). We write tR
insteadof R (¢). If R mapsz; to u;, for 1 <i <n, wealsowrite {z,—uy,...,z,—u,} for R,and
write ¢ for ¢R.

CombinatorSystemsandthenotionof rewriting on combinatoiterms,aredefinedby thefollowing:

Definition 1.4 (CombinatorSystems) i) A combinatorruleon® = (C, X) is apair (I, r) of terms
inT(C, &), suchthat:
a) ThereareC anddistinctz, ..., z,, suchthatl = Cx; - - - z,,, wheren = arity (C).
b) Thevariablesoccurringin r arecontainedn [, andr containsno symbolsfrom C.

i) A CombinatorSysten{cs) is apair (2, R) of analphabe® andasetR of combinatoruleson
¥ = (C, X), suchthatthereis exactlyonerule in R for eachcombinatorC € C. Thisrule (I, ) is
calledthecombinatorrule for C; wewill usethesymbolC' alsoasnamefor this rule andwrite
l—=cor.

iiiy A combinatorule! — ¢ r determines setof reductiond® — rR for all term-substitutionf.
Theleft handsidelR is calledarede; it maybereplacedy its ‘contractuni rR insideary
context C[ ]; this givesriseto reductionsteps C[IR] —¢ C[rR].

iv) Wewrite t —r t' if thereisarule! —¢ r in R suchthatt —¢ t', andcall —g theone-step
rewrite relationgeneratedby R, and—; (respectiely —% ) thetransitive (respectiely reflexive
andtransitive) closureof —r (theindex R will be omittedwhenit is clearfrom the contet). If
to — T t,,, thent,, is areductof ¢.

Examplel.5 (CombinatoryLogic) Thestandardexampleof acsis Combinatorylogic (CL) —
definedby Curry independentlpf Lc [9] —thatis, in our notation formulatedasfollows:
Szyz — zz(yz),
Kzy — =z,
| — .
(Thelastrule wasnot partof the original definition, but is novadaysnormallyadded.)

We will assumehatno two combinatordave the sameinterpretatiorin LcC (seeDefinition1.7), so

acslike
lz — =z

Jr = =z
is excluded,sinceit would give animmediatecounterexampleagainstary full-abstractiorresultwith
respecto thefilter semantic§seeSection9).
This notion of reductionon combinatortermsasin Definition 1.4 is alsoknowvn asweakreduction
andsatisfieghe Church-RosseProperty(see[6]).

Property1.6 (Church-Rosser)Let (X, R) beacs. If t —=* v andt —* v, thenthere existsa w sud
thatu —* w andv —* w. [

We now focusontherelationbetweerreductionin cs andin LC.
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Definition 1.7 (), : T(C, X)— A, theinterpretatiorof combinatotermsoverC in LC, is definedby:
(x)\ = =, forallz € X,
(tita)r = (t)a(t2)x,
(CYx = Az -z (r)x, WhereCz; -z, — ristherulefor C.

Noticethat,sincewe assumehesetof termvariablesfor cs andLc to bethesame aswell asthetwo
notionsof term-application{r), = r for everyr thatis theright-handsideof acombinatorrule.

Proposition1.8 If t —* ¢/, then(t), =3 (t').
Proof: By inductiononthedefinitionof —*. We only considetthecaseof (C'z; - - -z, )R —¢ R,
whereR = {z1—u1, ..., zp—u,}. LetR = {z1—(u1)y, ..., zn—{uy)x}. Then
(Cxi--z )Ry = (Cur---up)r
= (C)x{ur)r---(un)x
= (Azrzpr) (Ui (un)a
—>->5 T‘R’
= ()

Theproofis completedby inductionon the numberof stepsin —*. [ |

Although this interpretationin LC of a cs, ( ),, respectgeduction,in general,the length of the
reductionsequencéncreasesignificantly Only for particularcs it is alsopossibleto defineaninter
pretationof Lc, [[ Jl¢; the standardexampleis thatof cL (for detailsseg[11, 6, 13]). Oneimportant
propertyof thesetwo translationss that

<|IM]]CL>)\ —>'>,8 M7
for all M € A. Thereexistsno corverseof this property;morewer, themapping( ), doesnotpresere
normalformsor reductions:

Examplel.9 ([6]) i) SK isanormalform,but (SK)\ —»g Azy.y,

i) t=S(K(SI))(K(SIl))isanormalform, but (t)\x =g Ac.(Az.zz)(Az.zz), which doesnot
have a 5-normalform,

i) ¢ =SK((SIl)(SIl)) hasnonormalform, while (t)\ —g Az.x.

For thesereasonsnormalizatiorresultsof Lc do nottransfereasilyto cs. Thereforejn this paperwe
will studythe normalizatiorpropertiesof cs directlyin the cs frameawvork.

We now define (head-)normaforms, (head-)normalizabilit strongly normalizability unsohable
andneutralterms.

Definition 1.10 ((Head-)normaforms) Let (X, R) beacs.
i) A termis in normalform with respecto R if it isirreducible.
i) A termt isin head-normaformwith respecto R if either
a) thereareavariabler andtermst,, ..., t, (n > 0) suchthatt =zt - - -¢,, or
b) thereareacombinatorC andtermst, ..., t, suchthatt = C't; - - - t,,, andn < arity (C).

ii) A termis (head-)normalizablé it canbereducedo atermin (head-)normalorm. A rewrite
systemis strongly normalizing(or terminating)if all therewrite sequencearefinite; it is
(head-pormalizingif everytermis (head-)normalizable.

iv) A termis calledunsolvablef it hasno head-normalorm.
V) A termt is neutil if thereareavariablex andtermsty, ..., ¢, (n > 0), suchthatt =zt - - -t,,.
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2 Intersection type assignment

It is well-known thatin the studyof normalizationof reductionsystemsthe notion of typesplaysan
importantrole,andthatmary of thenow existingtypeassignmengystemsgor FunctionaProgramming
LanguagegFpL) arebasedon (extensionsof) the Curry type assignmensystemfor Lc [10, 11]. The
IntersectioriTypeDiscipline(1TD) aspresentedh [8] (seealso[7, 1]) is anextensionof Curry’s system,
in that, essentially termsare allowed to have more than one type (using the type constructorn’).
By introducingalsothe type constant w’ a systemis obtainedthat is closedunderg-equality and
interpretingtermsby their assignabléypesgivesafilter lambdamodel[7, 3].

In this section,we will developa notionof typeassignmenbn cs thatusesintersectiontypes.lt is
inspiredby similar definitionspresentedn, for example,[13] and[5]. The extensionwith respecto
[13] is thatin thatpaperonly combinatorycompletecs areconsideredThe changemadewith respect
to [5] is thatcs areconsiderednsteadof arbitrary Trs.

As donein [13], we will assumehat, for every combinatorC', thereis a basictype from which alll
typesneededor anoccurrence” in aterm canbe obtained. Otherthanin that paper however, we
will notlimit ourselesto basictypesthatarethe principaltype of thecorrespondindgambdaterm (see
[19, 2)).

As in [5], we will usestrict intersectiontypes(see[1]), which have the sameexpressie power as
the generalintersectiontypesdefinedin [7] andusedin [13]. Strict typesarethe representates for

eguvalenceclasse®f thetypesconsideredn the systemof [7]. In the setof stricttypes,intersection
type schemesndthetype constantv play alimited role: they only occurassubtypesat the left hand
sideof anarrow typescheme.

Definition 2.1 (Strictintersectiontypes) i) Let ® beacountabldanfinite setof type-variables,
rangedover by ¢. 7, thesetof strict types rangedoverby o, 7, . . ., is definedby:

o= | ({(crN---Naoy) = o), (n>0)
ThesetT of strict intersectiontypesis definedby:
T = {(o1n-+noy) | n>0&V1<i<n][o; €T}

We will usetheconventionthatw is the sameasanintersectiorof zerostricttypes:if n = 0,
thenoin- - -noy, = w, SOw doesnotoccurin anintersectiorsubtype As usualin the notationof
types,right-most,outermosbracletswill beomitted,and,asin logic, n bindsstrongeithan—.

i) OnT,therelation< is definedasthe smallespreordersatisfying:
V1i<i<n[oin---no, < o (n>1

~—

Vi<i<n[o<o;] = oc<oin---no, (n>0)
p<oc&T<pu = c=>7<p—=p
i) Wedefinetherelation~ by:o~7 < o<7<0.

We will work with typesmodulo ~ .

Lemma2.2 ([3]) Forall o,7 €T, o <7 if andonlyif thereareo,...,0,, 7, ..., 7m Sud that
o= 01N - NOp, T = TIN- - "NTyy, and,for everyl <j <m, therisal <:<nsudthato; <7;. m

Notice that, by definition,in o1n- - :-noy,, all o1, ..., o, arestrict; sometimeave will deviate from
this by writing onr alsofor o, 7 notin 7.

Definition 2.3 (Bases) i) A statemenis anexpressiorof theform ¢:o, wheret is thesubjectando
is the predicate
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ii) A basisB is asetof statementsvith (distinct)variablesassubjectsand,if z:0 € B, theno # w.
i) If By,..., By, arebasesthenll{By,..., B,} is thebasisdefinedasfollows:
z:o1N--Noy, € I{By,...,By}
if andonlyif m > 1 and{z:01,...,z:0,} is thesetof all statementthathave z assubjectthat
occurin ByU---UB;,.
iv) Therelations< and ~ areextendedo basedy:
B<B' < Vz:o' e B'3x:c € B [0 <]
B~B' < B<B'<B.

We will oftenwrite B, z:0 (or BU{x:0}) for thebasisIl{ B, {z:0}}, whenz doesnotoccurin B.
Noticethat,in part(iii) , if n = 0, thenIl{ B, ..., B,} = 0, andthat B < {), for all B.

Our type assignmensystemwill derive judgementof theform B +¢ t:o, whereB is a basisand
o atype. A triple (B, o, E) will beusedasarepresentationf thetype dervation, E beingthe setof
typesusedfor thecombinatorappearingn ¢.

We will now recall threeoperationson typesandtriples that are neededn the definition of type
assignmenandare standardn intersectionsystems.Substitutionis the operationthat instantiatesa
type (i.e. that replacestype-\ariablesby types). The operationof expansionreplacestypesby the
intersectionof a numberof copiesof thattype. The operationof lifting replacesasisandtype by a
smallerbasisandalargertype,in thesensef <.

Thesethreeoperationsare of usein Definition 2.13 whenwe wantto specifyhow, for a specific
combinatoratyperequiredby the context canbe obtainedrom thetype providedfor thatcombinator
by the ervironment(Definition 2.12). It is possibleto definetype assignmenivith fewer of lesspow-

erful operationontypes,but in orderto obtainenoughexpressie power to prove Theoren.18(i), all
threeoperationsareneeded.

Definition 2.4 (Type-substitution) i) Thetype-substitutiorfy — «) : T — T, wherep € ® and
a € TsU{w}, is definedoby:

(p=a) (¢) =«

(p—=0a) (¢) = ¢, if o' # ¢
(pr—a)(c—T1) = w, if (p—a)(r)=w
(p—=> ) (0—7) = (p—a) (o) = (p—a) (1), if (pr=a) (1) # w
(p—=a)(o1n--noy) = (p—a) (o)) n--n(p—a)(al,), where

{01, on} ={oi€{o1,...,on} | (P> ) (0}) # w}
ii) If S; andS, aretype-substitutios, thensois S;0S5, whereS;055(0) = S1(S2(0)).
i) S(B) ={z:5(a) | z:ae € B & S(a) # w}.
V) S((B,0, E)) = (S(B),5(0), {S(p) | p€ EY).

For type-substitutionghefollowing propertieshold:

Lemma2.5 ([2]) LetSbea type-substitutionlf o < 7, thenS(c) < S(7) , andif B < B’, then
S(B) < S(B'). ]

Our operationof expansionis similar to the onedefinedin [19] for thefull intersectiorsystemwe
justneedto make someminor changeso make surethatthetypeobtaineds alwaysin 7. For this,we

have to checkthe lasttype-\ariablein arrow types(for a detaileddiscussiorof the compleity of this
operationseeg[2]).
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Definition 2.6 Thelasttype-variableof astricttype,last(c), is definedby:

last(¢) = ¢,
last(c—71) = last(r).

Definition 2.7 (Expansion) An expansiorEx is definedby a pair (i, n) wherep € 7 andn > 2. In
orderto expandatype-deation (B, o, ) we will expandeachtypeoccurringin it, for whichwe
first needto computethe setof affectedvariables.
(Affectedvariableg: ThesetV,((B, o, E)) of type-\ariabless definedby:
a) If ¢ occursin p, thenp € V,,((B, 0, E)).
b) If last(r) € V,.((B, 0, E)), with 7 € T andr (asubtype)n (B, o, ), thenfor all
type-ariablesy thatoccurin 7: ¢ € V,((B, 0, E)).
(Renaminge LetV,((B,o, E)) = {¢1,...,om}. Choosen x n differenttype-\ariables
7 PN, ., LR LS suchthateachgoj doesnotoccurin (B, o, E), for 1 <i<n and
1 <j<m. LetS; besuchthatS;(¢;) = ¢!.
(Expansiorof a typein thederivation(B, o, E)): Ex(7) is inductvely definedasfollows:

Ex(rin:--n7p) = EX(71) N -nEX(75)

Ex(7) = Si(r)n---nSp(r), iflast(r)eV,((B,o, E)).
EX(SD) = ¢ if QD%V (<B 07E>)
Ex(oc—7) = Ex(o) — EX(7), if last(7) €V, ((B, 0, E)).

(Expansiorof thebasisB): Ex(B) = {z:Ex(p) | z:p € B}.

(Expansiorof thetype-derivation B, o, E)): EX((B, 0, E)) = (EX(B),Ex(0),{EX(p) | p€ E}).
An expansionoperatiorEx canalsobe appliedto atypes outsidethe contet of atype-denation. In
thatcasewe defineEx (o) = o suchthatEx ({0, o, 0)) = (0, o', 0).

The operationof expansionis in factan extensionof thatof [2] and[19], in thatthe setE of types
usedfor combinatords consideredvhencomputingthe effect of an expansionon a type-demwation.
The proofsof thefollowing propertiesaresimilar to thosein [2].

Lemma2.8 LetExbetheexpansiordefinedoy (u, n).
i) a) For1<i<n,therarep; andS; sud thatS;(p) = p; andEXx(p) = p1n---Npy, Or
b) Ex(p) € Ts.
i) a) For1<i<n,therare B;, 0;, andS; sut that S;((B, o)) = (B;, 0;), and
Ex((B,o, E)) = (Il{By,..., By}, 01N - -noy,, E'), or
b) Ex((B, o, E)) = (B',0', E'), with o' € T..

Lemma2.9 LetExbetheexpansiondefinedoy (u, n) with respecto (B, o, E).
i) If pappeasin B, o, or E, andp < 7, thenEx(p) <EX(7).
i) If B<B', thenEx(B) <Ex(B'). ]

Definition 2.10 (Lifting) A lifting L is anoperationrdenotedy a pair of pairs((By, 7o), (B1, 1))
suchthatry, <7 andB; < By, andis definedby:

1, if B= By

, otherwise

(@), {L(p) [ p € E}) .

L
L

S W

L(o) =7, ifo=m (B)
L (o) = o, otherwise (B)
L((B,0, E)) = (L(B),

— |
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Definition 2.11 (Chains) A chainis anobject[O, ..., O, ], whereeachO; is anoperationof
type-substitutionexpansioror lifting, and
[O1,...,0n] (0) = O (--:(01(9))--+),

[O1,...,04] ((B,0,E)) = Oy (---(01 ((B,0,E))) ).
We will usex to denotethe operationof concatenationf chainsandCh to denotea chain.

To completethe definitionof the type assignmensystemwe presennhow thetypeassignmentules
thatareusedto assigntypesin 7 to termsandcombinatorrules. In orderto typethe combinatorsyve
useanervironmentthat providesatypein 75 for every C' € C, andusechainsof operationgo obtain
thetypefor anoccurrencef the combinatoifrom thetype providedfor it by theervironment.

Definition 2.12 (Environment) Let (£, R) beacs, with £ = (C, X).
i) An ervironmentfor (3, R) isamapping€ : C — 7.
i) ForC eC, m € 7Ts, and€ anervironment,theernvironmenté [C := 7] is definedby:
E[C:=71](D) =, if D=C,
E[C:=7](D) = £(D), otherwise.
SinceanervironmentE mapsall C' € C to typesin 7s, no combinatolis mappedo w.

We definenow typeassignmenon termsandcombinatorrules.

Definition 2.13 (Typeassignment)Let (3, R) beacs and€ anervironmentfor (2, R).
i) Typeassignmenandderivationsaredefinedby thefollowing naturaldeductiorsystem(where
all typesdisplayedarein 7, exceptfor 7 in rules(<) and(—E)):

ACh[Ch(&(C)) = 7] B g ti:t—0 B Fg torT
(—E):
Bbte C:r B ¢ t1tg:0
zTe€B 17<o0 Btetioy ... Bbtgtio,
() (nl): (n >0)
Blg zi0 B ¢ tioin---noy,

If B ¢ t:0 is derivableusingaderivationD, wewrite D :: B F¢ t:0, andif E isthesetof types
usedfor thecombinatorsn this derivation,we represenit by (B, o, E). Wewrite B t¢ t:0 to
expresshatthereexistsa derivationD suchthatD :: B ¢ t:0. Wewrite B ¢ t:0 if w is not
usedin thedervation.

i) LetC eC,arity(C) = n. Thecombinatorule C'z; - - -z, — r € R is typeablewith respecto &,
if thereareoy, ...,o0, € T ando € T, suchthat{z,:04,...,z,:0,} F¢ 70, and
E(C)=01——0o,—0.

i) (X, R) is typeablewith respecto &, if everyrulein R is typeablewith respecto £.

Noticethatif B ¢ t:0, then B cancontainmorestatementshanneededo obtaint:c. Moreover,
by part(ii) of thisdefinition,also{z:01,...,2,:0,} F¢ Cx;---x,:0. However, juststating
‘The combinatorrule ! — r is typeablewith respecto theervironment€, if andonly if there
exist basisB andtypeo, suchthatB ¢ l:0 andB ¢ r:o!

would give a notion of type assignmenthat is not comparablgo intersectiontype assignmentor
LC. For anexample,take the combinatorrule Ezy — zy. Let E(E) = ¢1—po—¢3. Take B =
{z:p1n(p2—¥3), y:p2}, thenboth B ¢ Exy:p3 andB F¢ zy:p3 areeasyto derive. Noticethatthis
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combinatorrule for £ correspondso thelambdaterm Axy.zy, but o1 —p2— 3 IS nota correcttype
for thisterm.

Example2.14 Therulesof cL aretypeablewith respecto theervironmente,, :
Ea(S) = (pr—=w2—p3) = (pa—rp2)—=p1Nps—r s,
o (K) = ps—w—ps,
ThetermSK SI canbetypedwith thetypea—a« (= ) with respecto &, : take
Chy = [(p1 = a—a), (p2 = w), (p3 = a=a), (ps = w)],
Chy = [(¢5 = a—a)],
Chy = [(6 — a)],
then

Chi(&e(9) = (Bow—p)mw—=p—F  Chy(Ee(K)) = fow—f

0 Feoy S(f—w—p)—w—p—p 0 Feo, Kifmw—p
0 Fee, SKiw—pB—p 0 e, Sw Chy(Ec(l)) =8
0 tee, SKSp 0 e 116
0 be, SKSI:B

The definition of type assignmenbn cs aspresentedn this paperallows for the formulationof a
preciserelationbetweertypesassignabléo terms,andthoseassignabléo equivalentlambdaterms.In
fact,aresultsimilarto partof thefollowing propertyhasalreadybeenprovedin [13].

Definition 2.15 Let +, standfor the notionof intersectiortypeassignmentn Lc, asdefinedin [3]
by thefollowing derivationrules(whereall typesdisplayedarein 7, exceptfor 7 in rules(— 1), (—E)
and(<)):

B,x:m Fyn Mo Bk M:t—0  BhFyy NiT
(—=1): (—E):
B Az M:T—0 B F MN:o
xT€E€B <o Bt Moy ... Blyn Mo
(<): (0eT) () = (n>0)
B Fy\n zi0 B by M:oin--noy,

Let[ Ic. : A — T({SK,I},X), betheinterpretationof lambdatermsin cL (for details,see
[11,6,13]), thenthefollowing stategherelationbetweertypeassignmenin cs andin LC.

Property2.16 If B by M:o,thenB kg, [M]lq 0.
Proof: Similarto Theorem3.7 of [13]. ]

A moregeneraformulationof Property2.16 of coursepnly holdsfor cs thatareexpressie enough
to encodeLc. However, evenfor thosethe propertyis only provableif the environmentusedassigns
thosetypesto thecombinatorsymbolsthatarethe principaltypes[19, 2] of the correspondingambda
terms.For example,take yo \z.x:a—a andnoticethat[Az.z]l, = 1. If £(l) = (a—a)—a—a,
thenit is notpossibleto assignn—a to | in ¢ (seealsoSection9).

However, we canshaw thefollowing two resultsfor cs equippedwith principalenvironments.
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Definition 2.17 Theervironment¢ is calledprincipal for C, if for all C € C, £ (C) is theprincipal
typefor (C), in .t

Theoem?2.18 Let((C, X),R) beacs.
i) If £ isprincipalfor C, thenB tyn (t)x:0 impliesB F¢ t:o.
i) B g t:oimpliesB Fyn (t)x:0.
Proof: i) By inductiononthestructureof termsin T(C, X'). Theonly casethatneedsattentionis that
oft =C €C,so0B Fy\n (C)x:o. Since€ is principalfor C, £(C) is theprincipaltypefor (C), in
Fyn andthereexists(see[2]) achainof operationsCh suchthatCh(£(C)) = o. Butthen
B t¢ C:o byrule (€).
ii) By inductiononthedefinitionof ( ),; theonly alternatve thatneedsconsiderations thatof
t = C € C wherethelastrule in thederivationfor B ¢ t:0 is (£). Thenthereis achainCh such
thatCh(€£(C)) = o. LetCx; - - -z, — r betherulefor C. Then,by Definition2.13(ii), thereare
T1,...,T € T andr € T, suchthat
{z1:71,... 2} Fe mirand&(C) = 1—- - =1, — 7.
Then,by induction,{z:71, ..., 2,7} Fan 7:7 (nOticethat(r), = r). Then,by rule (—I) of
Fyas Fan Azt ... zp.mim— - -— 1, — T, SINCE Fyq IS closedfor all threeoperationf
substitutionexpansionandlifting (see€[3]), we alsohave Fyn Az ... x,.r:0, SO
l_/\ﬂ (C))\ZJ. |

3 Subjectreduction

In this sectionwe will shawv thatthe notion of typeassignmentlefinedhereon cs satisfieghe subject
reductionproperty (Theorem3.7). In orderto achieve this, we first shav that the three operations
(type-substitutionexpansion andlifting) definedin the previoussectionaresoundontypedterms.We

will alsoshav thatderivationrule (£) is soundin thefollowing senseif thereis anoperationO such
thatO (£(C)) = o, then,for every type r € 75 suchthato < 7, thecombinatorule for C'is typeable
with respecto thechangecervironment& [C := 7].

Proposition3.1 (Soundnessf type-substitution LetSbea type-substitution.
i) If B k¢ t:o, thenS(B) F¢ ¢:S(0).
ii) If Cxy---x,, — risacombinatorrule, typeablewith respecto the ervironment€, thenit is
typeablewith respecto £ [C := S(E(C))].
Proof: i) By easyinductiononthe structureof derivations.
ii) By Definition2.13(ii), therearetypesoy, ..., o0,, o, suchthaté (C) = 01— - -—0,—0, and
{z1:01,...,24:0,} Fe mo. By part(i), weobtainS({z,:01, ..., z,:0,}) ke m:S(0), soalso
{z1:S(01),...,2,:S(0,)} e mS(0), andS(o1)—- - -—S(0,)—=S(0) = S(E(C)). ]

Thefollowing essentiallyshavs thatlifting is sound:

Lemma3.2 i) If B k¢ t:0 ando < 7,thenB k¢ t:7.
i) If B¢ t:0 ando <47, thenB F¢ t.:7, whee < 4 istherestrictionof < to w-freetypes.
i) If B k¢ t:0 andB’ < B,thenB' +¢ t:o.

11t is possibleto definethe notion of principal environmentdirectly for cs, without side-steppingo Lc, but thatwould
significantlyincreasehe compleity of the proofsof this paper It would not affect ary of theresults;in fact, the definition
above would becomea provableproperty
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iv) If B k¢ z:0 if andonlyif theris z:7 € B sud thatr <.
Proof: Wewill only give the prooffor thefirst part; the seconds similar andthe othertwo are
straightforvard. We will first considels, 7 bothin 7, theno, 7 in T.
(o, 7 € Ts): Thisis provenby inductionon the structureof terms.
(t =x): Thenthereexistsz:p € B suchthatp < o. Sincealsop <7, B ¢ z:7.
(t =C): Thenthereis achainCh suchthatCh (£(C)) = o. Sinceo < 7,L = ({0, 0), (0, 7)) isa
lifting, thenCh= [L] is achain,thereforealsoB ¢ C:7.
(t=t1t2): SOB k¢ t1:p—0o, andB k¢ ty:p, for acertainp. Sinceo < 7, alsop—o < p—7;
noticethatboth p—o andp— 7 € 7. Then,by induction,B +¢ t1:p—7, soby (—E),
B "g tl t2:7'.
(0 = o1n: - nop, 7 = 11N+ - :N7,): Then,for every1 <j <m, B k¢ t:0;. Thenby Lemma2.2, for
every 1l <i <n, thereisal < j; <m suchthato;, < 7;, andnoticethato;, 7; € Ts. Therefore,
foreveryl <i<n, B k¢ t:7y. Thenby (nl), B k¢ t:mn- - N7, [

Proposition3.3 (Soundnessf lifting) LetL bealifting sud thatL ((B,o, E)) = (B',o’, E').
i) If B¢ t:o,thenB’ ¢ t:0'.
ii) If Cxy---x,, — risacombinatorrule, typeablewith respecto the ervironment€, it is typeable
with respecto £[C := L (£(C))].
Proof: i) By Lemma3.2

ii) By Definition2.13(ii), thereareo, ..., o,,0, suchthat{z,:04,...,z,:0,} ¢ r:o, and
£(C)=o01—-—0,—0. Sinces;—- - -—o,—0 <L (0,—-—0,—0), becausef
Definition2.1(ii), therearer, ..., 7,, 7, suchthatL (¢; —- - -—0,—0) = 11— - -—71,—7, and
forl1<i<n,7; <o;,ando <7.Sol' = (({z1:01,...,zp:0n},0), {x1:71, ..., 2piTn }, 7)) iS@
liting, andby part(i), we obtainL’ ({z1:01, ..., zn:0,}) Fe L' (o), SO
{z1:71, .. T} e it |

Proposition3.4 (Soundnessf expansion) LetEx bean expansiornsud that
Ex((B,o,E)) = (B',o', E').
i) If B¢ t:o,thenB’ ¢ t:0’.
i) If Cxy---z, —risarule, typeablewith respecto £, andEX(E(C)) = min-- N1t € T
(m > 1), then,for every1 < j <m, therule is typeablewith respecto & [C := T;].
Proof: i) By inductionon 7. Wewill only shaw theparto € 7.. Then,by Lemma2.8 either:
a) o' =7min-- N7y, B' =1I{By,..., By}, andfor every 1 < j <m, thereis atype-substitution
SsuchthatS((B, o)) = (Bj, ;). Then,by PropositiorB.1(i), for every 1 < j <m,
Bj ¢ t:1;. Thereforepy Propositior3.3, sincell{ B, ..., B, } < B; forevery1 < j <m,
B' k¢ t:1j, andby (nl), B’ ¢ t:o'.
b) ¢’ € T.. Thispartis provedby inductionon the structureof terms.
(t = z): Then,by (<), thereis z:7 € B, suchthatT <o. By Lemma2.9(i), Ex(7) < o', so
B' ¢ x:0'.
(t = C): Then,by (&), thereis achainCh suchthatCh (£(C)) = o. Let EX betheexpansion
definedby (1’, n) wherey' is theintersectiorof thetypesaffectedby Ex. Notethat
E'(c) = ¢'. SinceChx [EX] isachainandChx [EX] (£(C)) = o/, weobtainB' k¢ C:0o’.
(t = t1t3): Then,by (—E), thereis 7 suchthatB ¢ t;:7—0 andB t¢ ty:7. LetEX bethe
expansiordefinedby (', n), wherey' is theintersectiorof thetypesaffectedby Ex. By
induction,EX is soundfor thederiationsB F¢ t;:7— 0 andB ¢ to:7, thatis,
EX(B) k¢ t1:EX(7—0) andEX(B) F¢ t2:EX (7). NotethatEX(B) = B’ and
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EX (o) = o', andsinceo’ € 75, EX(7—0) = EX(7) —0o'. Therefore B k¢ t;t9:0".
i) Since&(C) € Ts, by Lemma2.8either:
a) m > 1. By Definition2.7, for every 1 < j <m, thereis atype-substitutiors suchthat
S(€(C)) = ;. Theproofis completedby Theorens.1(ii).

b) m = 1. By Definition2.13(ii), thereareo, ..., o,, o, suchthato; —- - -—o,,—c = £(C),
{z1:01,...,2n:0,} ke 70, andEx (o1 —- - -—0,—0) = 7. By theresultin part(i), we
obtainEx({z:01,...,zn:0,}) Fe mEX(0), soalso
{z1:Ex(01),...,2n:EX(0n)} Fe rEX(0). Sincer € T, also
T =Ex(01)— - -—EX(0y,) —>EX(0). |

Combiningthe above resultsfor the differentoperationsyve have:

Theoem3.5 (Soundnessf chains) i) Let B ¢ t:0 andCh bea chainsud that
Ch({(B,o,E)) = (B',0',E'), thenB’ \¢ t:0'.
ii) Let! —¢ r beacombinatorrule typeablewith respecto theervironment€. If
Ch(&(C)) = 7 €T, then,for everyu € Ts sud that T < i1, C is typeablewith respecto
E[C = pl.
Proof: By Propositions.1, 3.4, and3.3. [ |

Usingthis soundnessgesult,we will now shav thatthe notion of type assignmenasdefinedin this
papersatisfieghesubjectreductionproperty:if B t¢ t:o, andt canberewrittento ¢/, thenB +¢ 0.
Of coursethis resultcanbe obtainedthroughthe mappingd] Il and( ), usingtherelationsbetween
the systemamentionedn the previous section,but only for combinatorycompletecs and principal
ervironments. For other cs, we mustgive a direct proof, for which we needthe following term-
substitutiorresult.

Lemma3.6 i) If B k¢ t:o0, then,for everyterm-substitutiorR andbasisB’, if for everyz:7 € B,
B' ¢ zRr, thenB' ¢ tRo.
i) LetCxz;---x,, — r beacombinatorrule, typeablewith respecto £. For everyterm-substitution
R, basisB andtypey: if B ¢ Cxy---x,Rp, thenB ke rRip.
Proof: i) By inductionon ¢ .
(X): Thent = z. Thenthereis z:7 € B, suchthatT < o. Then,by TheorenB.3, B’ ¢ zR:7
implies B’ ¢ zR.0.
(€): Thent = C. ImmediatesinceCR = C, andC':o doesnotdependnthebasis.
(—E), (nI): By induction.

ii) If Cxy---xz, — risatypeablecombinatorrule, thenby Definition2.13(ii), thereare
o1,...,0n,0,suchthaté(C) = 01— -—o,—0o and{z:01,...,x,:0,} Fe 0. Also,
(Cxy--zp)R=CxiR -z, R FromB kg CzR - -z, we know thattherearep, . . ., iy,
andachainChsuchthatCh(£(C)) = puy1—+ - -—pn—p, and,for 1 <i<n, B k¢ z;Rpu;.
Since{z:01,...,x,:0,} e 70, by TheorenB.5(), {z1:p1,. .., zn:pn} Fe r:p0. Then,by part
(1), alsoB ¢ rRao. ]

Usingthis result,thefollowing becomegasy

Theoem3.7 (Subjectreduction) If B ¢ t:0 andt —* ¢/, thenB t¢ t":0.

Proof: By inductionto thelengthof thereductionpath;the caseof length1 is provedby inductionon
thestructureof ¢. Of this doubleinduction,only the casethatt itself is theterm-substitutiorinstance
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of aleft-handsideof acombinatorruleis of interest;all othercasesrestraightforvard. Then,let C
andR besuchthat! —¢ r, t = IR, andt’ = rR. Theresultfollows from Lemma3.6(ii) . [ |

Oneshouldremarkthata subjectexpansiortheoremj.e. the converseof thesubjectreductionresult,
If B k¢ t:0, andt’ — t, thenB k¢ t':0,
doesnothold in general Take for examplethecs
Kzy — =
lx — T
thatis typeablewith respecto theervironment
E(K) = p1—w—r1,
E(l) = (pa—p2)—pa—rpa.
Theterm| K reducedo the (head-)normaform K, but canonly betypedby w with respecto £. Of

course ((pa—rp2) —pa—rpo is Notthe principaltypefor (1), in 5 . In fact,we have the following
result:

Theoem3.8 (Subjectexpansion) Let ((C, X), R) bea cs, and€& beprincipalfor C. If B ¢ t:o and
t' —t,thenB ¢ t':0.

Proof: If B t¢ t:0, thenby Lemma2.18(ii), alsoB F,n (t)r:0. Sincet’ — t, by PropostioriL.8also
(t')x =g (t)x. Since Fyn is closedfor g-expansionwe have B ) (') y:0. Then,by Theorem
2.18(i), wehave B F¢ t':0. [ |

4 Restrictedtype assignment

Our aimis to define,in Section5, a notion of reductionon type derivations(Cut Elimination) which
is stronglynormalizing. For this, reductionwill be,ascanbe expected,guidedby the appearancef
typeableredexesof —x in the conclusionof the type derivation. Eachoccurrenceof aredex will be
treatedndependentlysincethe typesassignedo eachoccurrencef the sameredex might differ.

Sincederiation reductioncreatesa new type derivation, somecareis neededo make surethat
all necessangub-denationsare contractedand no reductionis attemptedwhereit is not possible.
Moreover, derivation reductionis not a ‘ Cut and Pasté operationasin the Lc, in the sensehat, for
combinatorsystemsthe derivationthatis createdor the contracturris notcompletelyconstructeaut
of partsof the derivationfor theredex: additionalstructureneedo beintroduced gxtendingthe size
of thederwation.

In orderto simplify the definition of the reductionrelation, we will first definea notion of type
assignmenontermsin T(C, X') (denotedby F¢ ) thatis aslightvariantof thenotionof typeassignment
in Definition2.13 Thevariationconsistsgssentiallyof restrictingbasego theirrelevantcontentsj.e.
to containonly the typesactually usedfor the variablesof aterm. In the next section,we will prove
thatderiationsin this systemarestronglynormalizable for this we will usethe well-knovn method
of ComputabilityPredicate$20]. Then,in Section8, we will shav thattheapproximatiortheorem

If B ¢ t:0, thenthere existsa € A¢ (t) suh that B ¢ a:o,

aswell asthethreenormalizationpropertiesstatedin the introductionof this paper areconsequences
of this strongnormalizatiorresultfor e .
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Definition 4.1 (Restrictedypeassignment)Let (3, R) beacs andé anervironment.Restricted
typeassignmenandrestrictedderivationsaredefinedby thefollowing naturaldeductiorsystem
(whereall typesdisplayedarein 7, exceptfor 7 in rule (—E)):

3Ch [Ch(g(C)) = (7] B, l_rg tiiT—=0o By "rg to:T
&): - (—E): -
@ "g OZJ H{Bl,BQ} "g 751252:0'
By Fg tioy ... B, Ve tio,
Ay — (nl): Ler £ (n > 0)
{z:0} Ve zi0 I{By,...,B,} F¢ t:o1n- - oy,

Wewrite D :: B F¢ t:o if andonly if thereis arestrictedderivationD thathasB Fg t:o as
conclusionandwrite B V¢ t:o if thereexistsaD suchthatD :: B F¢ t:o.

Notice that, in rule (nl), if n = 0, thenIl{B,...,B,} = 0 andoin---no;,, = w. Notice also
thatthe maindifferencebetweents and V¢ liesin thefactthatrule (<) hasbeenreplacedy (AX).
Also, in rule (—E) for +¢ , thebaseausedin left- andright-handsubdeation have to be the same,
whereador thatrulein Fg , this neednot be the case:the respectie basesarecombined,usingthe
operationll{ }. We could have usedthis restrictedsystemthroughoutthis paper without losing ary
importantresult(seealsothe next lemma). But sinceone of the objectiveswasto obtainat leastthe
expressie power of theintersectiortype assignmensystemfor Lc (Theoren2.18(i)), the choicefor
the full systemhasbeento allow alsotypesin baseghatare not relevantto the type assignedo the
term,i.e. for derivationrule (<) ratherthan(Ax).

Therelationbetweerthetwo notionsof typeassignmentts and ¢ is strong,andformulatedby:

Lemmad.2 i) If B F¢ t:o, thenB ¢ tio.

i) If B k¢ t:0, thentherisa B’ suhthatB < B’ and B’ V¢ t:o.

iii) If B ¢ t:0 withoutusingw, thentheris a B’ sudthat B < B’ and B’ +¢ t:0 withoutusingw.
Proof: By straightforvardinductionon the structureof derivations. [ |

Usingtheserelations thefollowing lemma,thatshavs a subject-reductiomesultfor restrictectype
assignmentyecomegasy

Theoem4.3 If B F¢ t:7 andt —* v, thenther exist B’ sud that B < B’ and B’ F¢ v:.
Proof: If B F¢ t:7, by Lemma4.2(i), alsoB ¢ t:7. Sincet —* v, by TheorenB.7, alsoB ¢ v:T.
Then,by Lemma4.2(ii), thereexistsa B’ suchthatB < B’ andB’ Fg¢ v:T. [ |

Example4.4 Let ChbesuchthatCh(£ (K)) = o—7—0, then,usingCh, we have
{z:onT} Fe Kza:o, Kz — z, and{z:0} F¢ z:0. Noticethat{z:ont} < {z:0}.

We will useashort-handhotationfor deriations.

Definition 4.5 i) Wewrite D = (Ax), if andonly if thetypederiationD consistf nothingbut an
applicationof (AX), i.e. therearez ando, suchthatD :: {z:0} F¢ z:0.

i) Wewrite D = (&), if andonly if D consistf nothingbut anapplicationof rule (£), i.e. there
areC ando, suchthatD :: § K¢ C:o.
i) Wewrite D = (Dy, Dy, —E), if andonly if D is obtainedrom D; andD- by applyingrule (—E),
i.e.if thereare By, Bs, t1, t2, o, andt suchthat
Dy :: By Fe t1:7—0, Dy 2 By Pe to:7, andD :: [I{ By, Bo} Fe t1t9:0.
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iv) Wewrite D = (Dy,...,D,,nl), if andonly if D is obtainedrom Dy, ..., D,, by applyingrule
(nl), i.e.,for every1 <i < n, thereare B; ando; suchthatD; :: B; F¢ t:0;, and

D :: II{By,... By} F¢ t:o1n- - -noy,.
Below, in thedefinitionof derivationreductionwe will needthefollowing result.

Lemma4.6 If D :: B V¢ t:0 ando < 7, thenther are D’ and B/, suc that B < B’ and

D' :: B' F¢ t:T.

Proof: We will prove, like for Lemma3.2, thislemmain two stagesfirst for o, 7 bothin 7, thenfor
o,7inT.

i) o,7 € Ts. Thisis provenby inductionon the structureof terms.

a) t=x. ThenD = (AX) :: {z:0} F¢ z:0. Noticethat{z:c} < {z:7}, and
D' = (AX) :: {z:7} Fe a7,
b) t=C. ThenD = () :: ) F¢ C:0, sothereis achainCh suchthatCh(£(C)) = ¢. Since
o<t,L={(0,0), (0 7)) isalifting, Chx[L] is achain,andthereforealso(&) :: 0 F¢ C:7.
C) t=tyte,S0D = <D1 m By l—rg t1:p—0,Dg 1 Bo l—rg to:p, —)E) b H{Bl,BQ} |—rg t1to:0, for
acertainp. Sinceo < 7, alsop—o < p—7; noticethatboth p—o¢ andp—7 € 7. Then,by
induction,thereexists B suchthatB; < B andD/, :: B F¢ t1:p—7. Then
II{ B, By} <II{B}, B2}, and,by (—E), thereexists
D' = < ,1, Dg,—>E> o H{Bi,B2} |_rg t1to:T.

i) o =o01n-NOp, T =110 --N7,. Then,by (nl), B =1I{By,..., B, } and,for every 1 < j <m,
Bj F¢ t:0;. Thenby Lemma2.2, for every 1 <i <n, thereisal < j; <m suchthato;, < ;. So,
by part(i), for every 1 <i <n, thereis a Bj, suchthatB; < B;, andD;, :: Bj, F¢ t:7;. Then
I{By,...,B,} <II{Bj,...,Bj,}, and,by (nl), thereexists

D' = (Dji7 Ceey Dji? ﬂ|> b H{le, RN 7Bjn} l—rg t:mN- - N7y,
NoticethatT = w is aspecialcaseof (ii) ; then,by constructionB’ = (. [ |

5 Derivation reduction

In this sectionwe will introducea notionof reductionon derivationsD :: B ¢ t:0. Theeffect of this
reductionwill bethatthe subdenationfor aredex occurringin ¢ (with type differentfrom w) will be
replacedby the derivation for aninstanceof the right-handside of the appliedrewrite rule. We will
shaw thatthis notionof reductionis stronglynormalizing.

Beforeformally definingreductionon derivations,we will definea notionof substitutionon derva-
tions,thatwill consistof replacingatypedervationfor avariableby anotherderation.

Definition 5.1 (Derivationsubstitution) For D :: B, z:0 Fe t:7 andD, :: B’ Fg¢ v:0, theresultD’ of
substitutingD,, in D, denotecby D' = D [D,/x:0] :: B" Fe t{#~v}:7 isinductively definedas
follows:
i) D= (AX) :: {y:7} Fe y:7. If z = y, theno = 7, andD’' = D,, :: B’ F¢ v:t; otherwiseD’ = D.
i) D=(&) :: 0 F¢ C:7. ThenD' = D.
i) D=(Dy : By,z:01 Fg t1:p—7,D2 2 By, 1:09 Fg ta:p, —E) :: II{ By, B}, z:0 Fe t1ta:7. In
particulay o = o1noe = ain- - -Na,, Whereas, . . ., ay, € T, Suchthat.

D, = (D} :: B} Fe viaq,...,D™ 2 B! Fe viay,nl).
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Assumewithoutlossof generalitythato, = ain...na; andoy = aj11n. .. Nay,, andlet
D! =(D},...,DJ,nl) :: B! Fe v:oy, andD? = (DJ*L,... D™ nl) :: B? Fe v:oy. Let

D} = Dy [D!/z:04] :: BY Fe t{IHU} : p—, and

D), = Dy [D?/x:0y] :: BY Ve t;zHU} )
ThenD' = (D!, D), —E) =: II{BY, By} ¢ (t1ty)1v} : 7.

iv) D= (Dy,...,Dy,nl) :: B, z:0 Fg t:7iN- - N7, FOr 1 <i <n, thereareo;, B;, t; suchthat
o=o1n--Nop, B=1I{By,...,B,},andD; :: B;, z:0; F¢ t:1;. Since
D, :: B' F¢ v:oin- - -no,, reasoningasabove in part(iii) , for every 1 <4 <n, thereareD?, B?,
suchthatD? :: B? F¢ v:0;. LetD; = D; [D*/z:0y] :: Bl Fe tle=v}. 7. then
D' = (D},...,D\,nl) = TI{B},... B.} Fe 120} - -0y,

Beforecomingto thedefinitionof derivation-reductionwe needto definetheconcepof ‘the position
of asub-denvationin aderivation’.

Definition 5.2 Let D beaderivation,andD’ bea sub-denationof D. Thepositionp of D' in D is
definedby:
i) If D' =D, thenp = ¢.
i) If thepositionof D" in Dy is ¢ andD = (D, Dy, —E), thenp = 14.
i) If thepositionof D' in Dy is ¢ andD = (Dy, Do, —E), thenp = 24.
iv) If thepositionof D' in D;, for somel <i <n, is ¢, andD = (Dy,...,D,,nl), thenp = q.

Noticethatif p is the positionof a sub-denationD’ :: B’ F¢ t":0’ in D :: B F¢ t:o, thenp is also
thepositionof anoccurrencef ¢’ in ¢.

Remarks.3 Let(Dy,...,D,,nl) :: B Fe t:o1n- - -no,. Noticethat,if Dy :: B’ Fg uzpisa
sub-deriationof D; (1 < 5 <n) atpositionp, then,for 1 <1 # j <n, either:

e thereis no sub-dewationin D; at positionp, or

e D; hasasub-dewation (nl) :: ) F¢ u:w atpositionp, or

e D, hasasub-dewationDj, :: B" F¢ u:p’ (with o' € T¢) atpositionp.

We cannow give a definition of reductionon deriationsin V¢ ; noticethat this reductioncorre-
spondgo contractinga rede in thetermthatappearsn the conclusionandbuilding a derivation for
thecontractum.

Definition 5.4 (Derivationreduction) We definereductiononD :: B F¢ t:o by inductionono. We
saythatD :: B V¢ t:0 reduceso D’ :: B’ F¢ t':0 atpositionp if either:
i) o € Ts. Therearethreecaseslependingon whethert reducesttherootpositionor not.

a)lft=(Czy---z,)R=Ct;---t, andthereis acombinatorule Cz; - - - z,, — r, thenD has
theform:
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ACh[Ch(&(C)) = 01— - -—0op—0]

0 Fe Cioy—---—0op—0 B Fg t1:0q
B Fg Cti:o9— - —0,—0
n
\ / By, l_rS tnion

U{Bi,...,By} Fe Cty-+-tyi0

Then,by Definition2.13(ii) andTheorenB.5, {z;:01,...,zy:0,} F¢ rio. By Lemma

4.2(ii), thereareDj, anday, . . . , a,, suchthat,for every 1 <i <n, o; < o; (ov; mightbew),
and

Dy :: {z1:a1, ..., piap} Fe rio.
Then,by Lemma4.6, for every 1 <i <n, thereareD}, B; > B; suchthatD :: B] F¢ t;:c.
LetR={z1—11,...,2,— 1y}, t' =rR and

D' = Dg [D}/z1:1,...,D), /zpiay] = II{B],...,BL} Fe t' : o,
thenD :: B Fg t:0 reducedo D' atpositione.

b) If D = (D; :: By Ve t1:7—0,D9, —E) :: II{ By, By} F¢ t1t9:0, andD; reducest position
qtoD} :: B' ¢ t}:7—0, thenD reducedo D’ = (D), Dy, —E) :: II{B’, By} F¢ t| to:0 at
positionlg.

c) If D =(Dy,Dg :: By Fe to:T, —E) :: II{ By, B2} F¢ t1t2:0, andD, reducesat positiong to
D) :: B' P¢ th:7,thenD reducesdo D' = (Dy, D}, —E) :: [I{ By, B'} F¢ t1 th:0 atposition
2q.

i) o =01n---no,,n>0.1f D:: BFg t:oyn---noy,, thenthereareDy,...,D,, By, ..., B,, such
thatB = II{By, ..., B,}, and,forevery1 <i<n, D; :: B; F¢ t:04,andD = (Dy,...,D,,nl).
If thereis somel < j <n suchthatD; reducesat positionp to D;- i B;- Fe t':05, then,by
Remarks.3, for 1 <i # j <n, either
a) thereis no sub-denationin D; atpositionp, or D; hasa sub-denation (nl) :: ) F¢ w:w at

positionp; thentake Dj :: B} F¢ t':0; with the samestructureasD;, andB; = B,.
b) D; hasasub-denationat positionp, andD; reducedo D} :: B! F¢ t":0; atpositionp.
ThenD reduceso D' = (D},...,D,,nl) :: II{By,..., B} } F¢ t":01n- - :noy, atpositionp.

Wewrite D; —p D if thereis ap suchthatD; reducego D, atpositionp, andwrite —7, for its
reflexive andtransitive closure.

NoticethatD is reducibleif andonly if thereis asubdenationD’ :: B’ Fg Cuy- - -uy:p, With p € Tg
andn > arity (C). We write SN(D) to indicatethatD is stronglynormalizablewith respecto —p .
Thefollowing propertieshold:

Lemmas.5 i) f D:: B Vg t:o —p D' i B' Fe t':0,thenB < B’, andt — t'.
i) LetD = (Dy, Dy, —E) :: II{ By, B2} F¢ t1t2:0. Then:SN(D) impliesSN(D;) and SN(Ds).
i) If SN(Dy :: By Fg xty---t,:0—7) andSN(Dg :: By Fg w:o), thenSN({Dy, Dy, —E)).
iv) If D = (Dy :: By Fe t:o1,Dy it By Fg tiog,nl) i II{ By, Ba} Fe t:o1n0oy, and
D —p D' B'F¢ t':.o thentherare B > By, B, > B, suhthat B’ = [I{ B, B}, and
D; —p D} :: B Fe vioy or Dy —p D), i B) Fe t':0s.
V) If D =(D; :: By F¢ t:01,D2 :: By Fg t:o9,nl) :: TI{ By, By} F¢ t:o1n02, then:
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SN(D) if andonlyif SN(D;) andSN(D3).
Proof: Straightforvard. [ |

6 Strongnormalization

In this section,we will prove that derivationsin the restrictedtype assignmensystemare strongly
normalizablewith respecto the notion of reductiondefinedin the previous section;for this we will
usethewell-knovn methodof ComputabilityPredicate$20].

Definition 6.1 (Computabilitypredicate) i) Let B beabasist € T(C, X'), ando atype. We define
Comp(D :: B F¢ t:0) recursvely ono by:
a) Comp(D :: B F¢ t:p) < SN(D).
b) Comp(D :: B F¢ tio—71) <=
(Comp(D’ :: B’ F¢ w:o) = Comp((D,D’, —E) :: II{ B, B'} F¢ tu:T)).
c) Comp((Dy,...,Dp,nl) : II{By,...,B,} Fe tioyn--Noy,) <=
V1<i<n[Comp(D; :: B; F¢ t:o;)].
i) We saythataterm-substitutiorR is computablen a basisB if, for every z:0 € B, therearebasis
B, andderivationD, suchthatComp(D,, :: B, Fg¢ zR:0).

NoticethatComp((nl) :: # F¢ t:w) holdsfor all ¢ by (i.c) whenn = 0.
We will prove thatCompsatisfieghe standargropertief computabilitypredicates.

Lemmab.2 i) Comp(D :: B F¢ t:0) = SN(D).

i) SN(D :: B Fg zty---tp:0) = Comp(D).
Proof: By simultaneousnductiononthe structureof types.Thecases = ¢ isimmediate,
o = o1n- - -No,, follows from Definition6.1(i.c) andLemma5.5(v), andfor o = a—f:

i) Letz beavariablenotappearingn B andt.

{z:a} F¢ z:a & Comp(D :: B V¢ t:a—p) = (IH(ii))
Comp(D’ :: {z:a} Fe z:a) & Comp(D :: B F¢ t:a—p) = (6.1(i.b))
Comp(D" = (D,D', —»E) :: B,z:a Ve tz:8) = (IH(i))
SN(D") = (5.5(ii))
SN(D).
ii) SN(D :: B F¢ zty-- a—B) = (IH())
(Comp(D' :: B’ F¢ u:a) = SN(D ) & SN( ") = (5.5(ii))
(Comp(D’) = SN((D,D’, —E) :: II{B, B'} F¢ zty---tpu:f)) = (IH(ii))
(Comp(D’') = Comp((D,D’,—E))) = (6.1(i.b))
Comp(D). ]

We will nonv cometo theterm-substitutiontheoremthefinal constructiorin the proof of our strong
normalizatiorresult,for whichwe needthefollowing ordering:

Definition 6.3 i) &> standgor thewell-foundedencompassmewtdering:u & v if u # v modulo
renamingof variablesandvR = u|, for somepositionp in v andterm-substitutiorR.
i) Wedefinetheordering>> on pairs— consistingof a naturalnumberandaterm— asthe object
(>, B> )iex» Wherelex denotesexicographic extension
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iif) Givenatermt andaterm-substitutiorR, theinterpretationZ (¢R) of R is definedasthe pair
(n,t) wheren is thenumberof combinatorsappearingn ¢.

Notethatthe encompassmemwtrderingcontainghe strict superternrelation(denotedoy ).
We cannow prove theterm-substitutiortheorem.

Theoem6.4 If D :: B Fe t:0 andR is computablén B, thenther existsaD’ :: B’ F¢ tR:o such

thatComp(D’).

Proof: We will considertheinterpretatiorof ¢R, andprove thetheoremby Notherianinductionon >

(whichis well-founded).If ¢ is avariablethenB = {z:0}, andsinceR is assumedo be computable

in B, thereexistsaD’ suchthatComp(D’ :: B’ F¢ zR:0). Also, thecasesr = w is trivially

computable So,withoutlossof generalitywe canassumehatt is notavariable(soneitheris tR).

Also, if o = o1n- - -noy,, thenthelastrule appliedis (nl), andwe canreasoron eacho; separatelyso

we canfocusonthecasewhereo € T..

We distinguishthefollowing casedor ¢R:

(tRisneutal): Thentherearex € X, t;,...,t, (n > 0) suchthatt® = zt, - - -¢,,; alsot is neutral,so
thereexist z € X anduy, ..., u, (m > 0) suchthatt = zuy -+ - u,,, @andzR =zt - - - 1,
(k > 0,k +m = n). SinceB V¢ t.o, thereexistoy,...,0m,B1,...,Bn,D1,...,D,, suchthat

Dy :: {z:01—> -~ —om—0} Fe z:01—- - —op—0, andD; :: B; Fe ujioy,

foreveryl <j<m,andB =II{B,..., By }. SinceZ(tR) > Z(u;R), by induction,thereexist
D suchthatComp(D); :: B} Fe u;R:0;), for every 1 < j < m. Also, sinceR is computablén
B, thereexists Dj, suchthatComp(Dj, :: B|, ¢ zRio1—- - -—0,,—0). Then,by
Definition6.1(i.b),

Comp((---(Dy, D}, —E),---,D!,, —E) :: I{ B}, By, ..., B} Fe tRo).

(tRisnotneutal): ThenthereareC € C,t4,...,t, (n > 0) suchthatt® = C't; - - - t,,. Now, three
casesarepossible:
a)t=2zs1...5,(m <n),ort=Cs;---s,, andatleastoneof the s; is notavariable.
SinceZ(tR) > Z(s;R), by inductions;R is computablefor every1 <i<m,orl1 <i<mn,
respectiely. Lety beafreshvariable,andR’' = RU {y — s;R}. ThentR = (¢[y];)R, and
Z(tR) > Z((t[y];)}'). ThentR is computabléry induction.
b) t =221z (m <n). ThenzR = Cty - - - £ (k + m = n). In this casewe canproceeds
for thecasethattR is neutral.
C)t=Cz -2y
(n # 0): ThenZ(tR) > Z(CR), andDy :: § F¢ C:01—---—0o,—0, for certainoy, ..., oy,
and,by induction,Comp(Dy :: ) F¢ C:01—---—0,—0). SinceR is computablen B,
for every 1 <i <n thereis D; suchthatComp(D; :: B; F¢ z;R:0;), soby Definition
6.1(i.b), alsoComp({(- - -(Dy, Dy, —E)---,D,,, =E) :: II{ By, ..., B, } F¢ tRo).
(n=10): ThenB = ) andD = (£). Leto = 01— - -—0,,—¢; in orderto prove thatthere
existsaD' suchthatComp(D' :: B' F¢ C:0) it is sufficientto prove
V1<:<ndD; [Comp(DZ B l_rg ui:ai)] =
Comp((---(D,Dy,—=E),---,D,,, 2E) :: II{B1,..., By} Fe Cuy--uy:p).
Take Dy = (---(D, Dy, —E)- - -, D,, —E), thenby Definition6.1(i.a) it suficesto prove
Vi<i<n EIDZ[Comp(DZ B l_rg ui:ai)] = SN(D())
We will proceedy inductiononthesumof themaximallengthsof thereductionpathson
thedervationsD; :: B F¢ u;:0; to theirnormalforms (noticethatthesederivationsare
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stronglynormalizableby Lemma6.2(i), sincethey arecomputable).
Considenall possiblerewrite stepsout of Dy.

A) Dy —p D' :: B' F¢ v:p attheoutermostevel. ThenthereareC, u1,. .. ,u, and
variablesry, . .., z, suchthatt = Cu; - - - u,, theruleappliedis Cz1 - - - z; — r, SO
i = arity (C), 41, - ., z,, arefreshterm-\ariablesandR; is theterm-substitution
{1 = u1,..., 25— uy}. SinceComp(D :: B; F¢ u;:0;) forall 1 <i<n,R;is

computablen {zy:01,...,z,:0,}. ThenZ((Czy---2,)R) > Z((rxipr -« zn)R),
soby inductionComp(D’ :: B’ F¢ v:p), andSN(D’) by Definition6.1(i.a).

B) Dy —p D' :: II{B',Bj,...,B},} F¢ Cu}---ul:p, andthereductiontook place
insideoneof thew;, thenby inductionSN(D’).

So,for all D’ suchthatD —p D', we have proved SN(D’), so,in particular SN(D). m

Themainresultof this sectionthenis the strongnormalizationtheoremfor deriation reductionin
Fe .
Theoem®6.5 (Strongnormalisatiorof deriationreduction) If D :: B F¢ t:0, thenSN(D).

Proof: If D :: B V¢ t:0, then,takingR suchthatzR = z, by Theoren6.4, Comp(D :: B V¢ t:0).
Then,by Lemma6.2(i), SN(D). [ |

7 Approximants

Now wewill develop,essentiallyfollowing [22] (seealso[6]), anotionof approximantor combinator
terms. This will be doneby introducinga specialsymbol L into the definition of terms. The general
ideais thataterma directly approximatesitermt if they areidenticalbut for thoseplacesvherea has
anoccurrencef 1.

Definition 7.1 (Combinatortermswith 1) i) ThesetT(C, &,) is definedby:
t o= L1 | x | C | Ap(tl,tQ)
ii) Thenotionof rewriting of Definition 1.4 extendsnaturallyto termsin T(C, X, L), andwe will use
thesamesymbol’ —r ' to denotetherewriting relationinducedby (3, R) onT(C, X, L).

Therelation C onterms,asgivenin thefollowing definition,takes | to bethesmallesterm.

Definition 7.2 i) We definetherelation C onT(C, X, L) inductvely by:
1 C ¢t
t C t,
tiCur &ta Tug < t1to T uqug.
i) ¢t andwu arecalledcompatibleif thereexistsav suchthatt C v andwu C v.

Definition 7.3 (Approximatenormalforms) i) Ac, thesetof approximatenormalformsof
T(C, X, L), rangedover by q, is inductively definedby:
a = L]|za---a, (n>0)]|Car---a, (n <arity(C)).
i) T4 (t), thedirectapproximantof ¢ with respecto (3, R) is definedby:
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A(x) =z
™M) = C
A (751252) =1, if A (751) = Lor

DA (t1) = Cay---ay, andarity (C) = n+1
= TA (1) TA (t2), otherwise

Noticethatevery normalformin T(C, X') is alsoanapproximatenormalform.
For C, thefollowing propertieshold:

Lemmar.4 i) tCulv = tCo.
ii) tisahead-normaform < JacAc[aCt& a # 1].
i) If a € Ac anda C ¢, thena C TA ().
Proof: By inductiononthedefinitionof C. [ |

Therelationbetweerreductionand C is expressedy:

Lemmar.5 ) acAc&v—>"w&alv = aCw.
i) toCt&ty—ty = [t =t &ty TH].
Proof: By inductiononthestructureof terms. [ |

We will now introduceanotionof ‘join’ ontermscontainingL, thatis of usein the proofof Lemma
8.1

Definition 7.6 OnT(C, &, L), thepartialmappingll : T(C, X, L) x T(C,X,L) — T(C, X, L) is
definedby:
lut=tul =t
cUr = x
cuc =cC
(t1ta) U (urug) = (t1 Uuy) (to Uug)

Thelastalternatve defineshejoin on applicationgn amoregeneralway thanthatof [15], which
would statethat (¢, t2) U (ugu2) T (81 Uuy) (t2 Uue), Sinceit is notalwayssureif ajoin of two

arbitrarytermsexists. However, we will useour moregeneraldefinitiononly ontermsthatare
compatible sotheconflictis only apparentSo,whenwe write atermasv Ll «, we assume andu to

becompatible.
Thefollowing lemmashavsthat LI actsasleastupperboundfor compatibleterms.

Lemmar.7 If t; Ct andty C ¢, thent; LUty isdefinedand: ¢; Tty Lito, to Tty Uty, andty Uitg C .
Proof: By inductiononthestructureof terms. ]

Approximantsof termsaredefinedby:

Definition 7.8 (Approximants) A¢ (t) = {a € A¢ | Ju [t =* u & a C u]} is thesetof approximants
of ¢.

In Sectior, usingthis definition,we will defineasemanticgor cs, andwe will needthefollowing
propertiegelatingapproximant&ndreduction.
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Lemmar.9 i) t =*t = Ac(t) = Ac(t).

i) a,a € Ac (t) = ald € A¢(t).
Proof: i) Q) t=*t'&acAc(t) =
t=*t'&Iv[t=>*v&alov] = (1.6
Jvwt=*v&v—=>"w&t' > *w&alv] = (7.5())
Juw it >*w&alw] = acAc(t).

i)

D)acAc(t') = Fvt' 5" v&alv] = Fvt=>*v&alv] = acAc(t).

ac€Ac(t)y&ad eAc(t) = (7.9
Juu’' [t=>"u&aCu&t—=*u &dCu] = (1.6& 7.5())
Ju, v o t=>*u—= v &t—="u =" v&aCo&d Co] = (7.7
Jvt—=*v&ald Cv] = ald €Ac(t).m

Lemmar.10 If A¢ (t) = {L}, thent is unsolvable

Proof: If A¢(t) = {L}, then,for all v suchthatt —* v, anda € A, if a C v, thena = L. So,in
particular thereis nov suchthatt —* v andw is of theshapera - - - a,,, with (n > 0) orCa; - - -a,
with (n < arity (C)), sinceotherwiser L--- L CvorCL--- L Cwv. Thereforef doesnotreduceto a
termin headnormalform (it is unsohable). [ |

Thefollowing resultis crucialfor the proof of Lemma9.4:

Lemmar.11 If, for t1,ty € T(C, X) anda € Ac, thete existsu sud thatt; to —* v anda C u, then
ther exista; € A¢ (t1), as € A¢ (t2) andu’ sud thata; as —* v’ anda Cu'.
Proof: Thecases = L istrivial. Fora # L: if 1ty —* u, theneither:

) u = wuyuy, andt; —* u;, for j =1, 2. Sincea C u; uy, therearea, ay suchthata = a; ay, and

i)

a;j Cuy, for j = 1,2. Noticethata; ay € Ac, andtake v’ = a.
Thereexist C, p1, ..., p, suchthatC'zy - - -, — r,
tity —=* Cpr--pp — 1P =%,
andnoneof thereductiondn thefirst partof this sequenceake placeattheroot position.Since
someof thereductionghattake placeaftercontractingheredex C'p, - - - p,, arein factresiduals
of redeesalreadyoccurringin py, . . . , p,, we cantake thereductionsequencéhatfirst contracts
all relevantredexes(andtheir residualspccurringin p1, . . ., p,. Then,sincetherewrite system
is orthogonali.e. rulesareleft linearandwithout superpositionsthereexistspf, . . . , p,, andv
suchthat
tita—*Cpr--pp—=*Cpl---pl, — 7 —*pandu —* v
suchthatin thereductionsequence? —* v only redexesarecontractedhatarecreatedafter the
redex C'p’ - - - pl, wascontractedTake a; = TA4 (p}), for 1 <i <n, thentheredeesthatare
erasechave norelevanceto thesequence? —* v; moreaer, thereis only onerede in
Cay---ay, beingthattermitself, andbothC'a; - - -a,, 1 anda,, arein A¢. Noticethat
ty =>*Cpl---ph_,andCay---an_1 ECp}---pl,_,, andthatty —* p!, anda,, C pl,.
We now focusonthereductionsequence
Cpl---pl, —rP ¥y
Noticethat, by the constructiorsketchedabore, only redexesthatarenewly createdare
contractedandthatary redex createdn this sequenceorrespondso arede beingcreatedor a
sequencstartingwith C'a; - - - a,,, therefore

Cay--ap —1r*—* o,
andeachtermcreatedn thisreductionis smallerthan(in the senseof C) the correspondingerm
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in thereductionsequencabove (henceu’' Cv), andeachredex in v/ correspondso arede in v.
Takea' = A (v), thend’ C v, andall redexesaremasledby L. Sinceu’ C v by maskingall the
‘old’ redexes,we alsohave thata’ = T4 (u'). Sincea C u, alsoa C v andtherefores C o', We
thendeducex C «'. ]

To cometo a notion of typeassignmenbn T(C, X, L), thedefinition of type assignmenasgivenin
Definitions2.13and4.1 neednot be changedit sufiicesthatthetermsareallowedto bein T(C, X, L).
In particular £ doesnotproduceatypefor L; sincel ¢ C, andbecausef Definition2.13 thisimplies
that L canonly appeain (sub)termghataretypedwith w.

Thefollowing propertyis neededn the proof of TheorenB.5.

Lemmar.12 If B t¢ t:0, whee B, o are w-freg andt is combinatoffreg thent is L -free

Proof: By inductionont¢. We considerall possiblecases:

(t= Lty --t,, n > 0): Impossiblesinces # w.

(t ==xty---t,, n > 0): Withoutlossof generalitywe canassumer € 7. Then
B ¢ z:01—- - -—0p—0, andB F¢ t;:04, for 1 <i <n. Thereforethereareo?, ..., o, such
thatz:0y— ... =0, —0, ., €B,alld,..., 0, arew-free,o; <oj for 1 <i<n,and
oy,+1 < o. Then,by Lemma3.2(i), B F¢ t;:0f, for 1 <i <n. Then,by induction,; doesnot
containL, for1 <i<n. [

In Lemma8.1, we will needthefollowing result.

Lemma7.13 i) If D :: B F¢ t:0, andt C v, thenalsoD’ :: B F¢ v:0, whee D' hasthesame
structue asD.
i) If D :: B k¢ t:0,andt C v, thenalsoD' :: B k¢ v:o.
Proof: i) By inductiononthestructureof derivations.

(—=E): D= (Dy :: By F¢ t1:p—7,Dg i By Fg to:p, —»E) : II{ By, Ba} Fg t1ta:7. Thenthere
arevy Jti,ve Jitg suchthatv = V1 V2, and,D’l : B l—rg V1:p—T andD’2 it By |—rg V2:0 by
induction. Thereforethereexists D' = (D!, D5, —E) :: II{ By, B2} F¢ v; ve:7, which hasthe
samestructureasD.

(n): D=(Dy :: By V¢ t:o1,...,Dy it By Fe tioy,nl) «: I{By,...,B,} Fe t:o1n- - -Noy,
with n > 0. Then,by induction,for 1 <i <n, D; :: B; Fe v:0;, Soalso

(D1,...,Dp,nl) : II{By,...,B,} Fe vion- - -noy.

Noticethattheonly interestingcaseis hiddenin thelastpart: n» = 0. Then,in particular t canbe

1, andv canbeary term. ThecasegAx) and(€) areimmediate.

i) If D :: B k¢ t:o, then,by Lemma4.2(ii), thereisa B’ > B suchthatD’ :: B’ F¢ t:0. Since
t C v, by thefirst partalsoD’ :: B’ F¢ v:0. ThenalsoD' :: B ¢ v:o. ]

8 Approximation and normalization

Theapproximatiomresultthatwill beprovedin thissectionhasbeernreachedlsoin [3] for theessential
systentor LC, Fyn . Thatresult,howvever, cannotbetransferredo typedcs, andneithercanthethere
usedtechnique Thecrucialpointin the problemis thatthe property

‘thereisan A€ A(Mz) suhthat B, z:a -y A:f5°
implies
‘thereisan A € A (M) sudhthat B -y A:a—f.
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whenz doesnotoccurin M, is relatively easyto prove, sincethefollowing holds:

If Ac A(Mz)andz ¢ F'V (M), theneither:
A=A'zwithz¢g FV(A')andA' € A(M), or A\z.A€ A(M).

Thefirst of thesepropertieds hardto prove in arbitrarycs, because¢hereis no knowvn way to express
abstractioradequatelyn cs thatarenot combinatorycomplete.Moreover, evenin combinatorycom-
pletesystemdike cL, usingthe existenceof a bijectionthroughthe mappings( ), and[ ], , it is not
possibleto prove this first propertyusingthe second.Take, for example,thetermSKy, B = {z:a},

and

Ch = [(p1 = @), (p2 = w), (93 = @), (s = @), (05 = )]
thenwe canderie thefollowing:

Ch(&.(9)) = (a—mw—a)—sw—a—a Ch(&. (K)) = a—mw—a

B e S(a—w—a)—mw—ra—a B e Kia—w—a
B ey SKiw—a—a B Feo yiw zza€B
B Fee SKy:a—a Bty 2

B kg SKyz:a

Noticethat A, (SKyz) = {L1,z} andalso{z:a} ¢, z:a. Following the above property since
noneof theapproximant®f SK y z is anapplicationterm,we would thenlik e to obtainsomethindik e
[Az.(z)rlle. € Ac (SKy) andd Fe., [Az.(2)Allc :—c. However,

[ z.(z)r\]lc. =1 and A (SKy) = {L,SL1,SKL,S1ly,SKy}.
This problemis overcomein this paperusingthe strongnormalizationresultproved in the previous
sectionfor derivationreductionin ¢ .
We will needthefollowing intermediataesult.

LemmaB.1 If D :: B Fg t:o isin normalformwith respecto —p, thenthere existsan a € A¢ suh

thate Ct andD’ :: B F¢ a:o.

Proof: By inductiononthestructureof derivations.

(—E): LetD = (Dy :: By Fg t1:7—0,Dg it By Fe toir, —E) : II{ By, Bo} Fe t1t2:0. Then,by
induction,therearea; C t1,ay C to in A¢ suchthatD :: By Fe ay:7—0, andD}, :: By Fe ag:T,
and(D} :: By F¢ a1:71—0,D) 1 By Fe ag:, —E) :: II{ By, B2} F¢ ajag:0. By Definition7.2
we know thata; as C ¢4 ts.

Now a; as & Ac if thereisaC € C suchthata; = Cal-- -a’f‘l andarity (C') = n. Butthenthere
aret},...,t7"! suchthatt; = C'tt-- -7, andt = C't}-- -t~ t,. In particular by theremark
afterDefinition 5.4, D is reducible whichis impossible Soa; as € Ac.

(n1): LetD = (Dy :: By V¢ tioy,...,Dy it By Fe tiop,nl) i II{By, ..., B,} Fe tioyn---noy,. By
induction,for 1 <i <n, thereisana; C t in A suchthatD; :: B; Fe a;:0;. Take now
a=ajU--- Uay. Sincefor1<i<n,a; Ca, by Lemma7.13alsoD; :: B; F¢ a:0;, SOWe get
(Dy :: By Fg a:oq,...,Dy 2 By Fe aiop,nl) : II{By,...,B,} Fe a:o1n- - :noy,. Sincea; Ct
forall 1 <i<mn, byLemmar.7alsoa C ¢.

Thecaseg¢) and(AX) areimmediate.

Noticethattheonly realcasdies hiddenin part(nl): if n = 0, thena = L.

Theoem8.2 (Approximation) If B ¢ t:o, thenther existsana € A¢ (t) sud that B ¢ a:o.
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Proof: ForeveryD suchthatD :: B +¢ t:0, thereareD’ and B’ suchthatD’ :: B’ F¢ t:0, and

B < B', by Lemmad4.2(ii). Then,by Theorem6.5, SN(D’). LetD” :: B” F¢ v:0 beanormalform of
D’ with respecto —p , thenby Lemma8.1, thereis ana € A¢ suchthata C v andD"”’ :: B” V¢ a:o.
Then,by Lemma5.5 (twice), B’ < B”, andt —* v, soa € A¢ (t). Also, by Lemma4.2(i) andLemma
3.2(iii), B k¢ a:o. [ |

For principalenvironmentswve canshaw thatthe converseof this resultalsoholds.

Theoem8.3 Let((C, X),R) beacs, and& beprincipal for C. If thereisana € A¢ () sud that

B t¢ a:0,thenB ¢ tio.

Proof: If a € A¢ (t) suchthatB ¢ a:o, thenthereexistsav suchthatt —* v anda C v. Butthen,by
Lemma7.13 alsoB F¢ v:o. Since€ is principalfor C, by TheorenB.8, alsoB t¢ t:o. ]

Theoem8.4 (Head-normalisation)Lett € T(C, X). If B ¢ t:0, ando # w, thent hasa
head-normaform.
Proof: If B F¢ t:0, thenby TheorenB.2, thereis ana € A¢ (¢) suchthatB ¢ a:0. Sinceo # w,

a # L, andsincea € A¢, therearex or C, andtermsay, . .., a, suchthata = za; - - -a,, Or
a=Cay---a, witharity (C) < n. Also, sincea € A¢ (t), thereis av suchthatt — v anda C v.
Sincea C v, therearet, . .., t, suchthateitherv = zt;---t,, orv = C'ty- - -t,, with arity (C) < n.
But thenwv is in head-normalorm, sot hasahead-normalorm. ]

The combinatorialequivalentof anothemwell-knowvn resultfor intersectiontype assignmenin the
LC, i.e.theproperty

If B k¢ t:0, and B, o are w-free thent hasa normalform

nolongerholds. Take for examplethecs
Zzy — vy,
Dz — zux,

thenZ (DD) is typeablewith atypenot containingw, but thetermZ (D D) hasno normalform. How-
ever, we canprove thisresultfor the classof typeablenon-Curryfiederms.

Theoem8.5 (Normalisation) Lett € Tyc(C, X). If B k¢ t:0, and B, o are w-freg thent hasa
normalform.

Proof: By TheorenB.2 thereis ana € A (t) suchthatB ¢ a:0. Noticethatif ¢ € Tyc(C, X), and¢’
is areductof ¢ thenalsot’ € Tyc(C, X'). Thereforeu cannotcontainary C € C. Thena = za; - - -ay,
whereeacha; containsonly variablesandeventually L. But, by Lemma7.12 « doesnotcontain_L.
Now, sincea € A¢ (), thereexistsv € T(C, X') suchthatt —* v anda C v. Sincea doesnotcontain
1, v = a, andsinceq is in normalform, ¢ hasa normalform. ]

Wewill now shav that,usingTheoren®.5, all termstypeablen thesubsystenof ¢ thatdoesnot
usew ( Fg), arestronglynormalizable.

LemmaB.6 i) If Disaderivationin ¢ ,andD —p D', thenalsoD' is aderivationin Fg .
i) D:: BEZt:o —p D' :: B'Fg t'o,if andonlyif ¢ —¢'.
Proof: By Definition5.4 andLemmalii). [ |

Thus,in thetypesystembFg , —p mimics — andvice-versa.This obserationimmediatelyleads
to thefollowing result.
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Theoem8.7 Lett e T(C,X). If B F¢ t:0, thent is stronglynormalizable

Proof: LetD besuchthatD :: B ¢ t:0. SincealsoD :: B t¢ t:o, by Lemmad.2(iii) , thereare
D', B' suchthatB < B’, andD’ :: B’ ¢ t:0. By Theoren6.5, D' is stronglynormalizablewith
respecto —p. By Lemma8.6(ii), all derivationredeesin D correspondo redexesin ¢ and
vice-\versa,apropertythatis presered underreduction.Soalsot is stronglynormalizable. ]

It is worthwhileto noticethat,unlike for Lc with +, , thereverseimplicationof thethreetheorems
doesnotholdin general For this, it is suficientto notethata subjectexpansiortheorenmdoesnothold
(seealsothelastremarkof Section3).

Another aspectworth noting is that, unlike in Lc, no longer every term in normal form is ty-
peablewithout w in basisandtype. Take for examplet = S(K (SI1)) (K (SI)), andnotethat, by
Property2.18 every type assignableo ¢ (regardlesof the ervironmentused)is a type assignabldo
Ace.(Az.zz)(Az.zz) in Fy\n . Sincethislasttermhasno head-normalorm, only w canbeassignedo
it.

9 Semantics

In this section,we will definetwo semanticdor cs. Thefirst is a filter model, wheretermswill be
interpretecby the setof their assignablaypes;the secondan approximatiormodel,wheretermswill
beinterpretedoy the setof theirapproximants.

Definition 9.1 (Filters) i) A subseti of T is afilter if andonly if:
a)lfoy,...,on€d(n>0),thencin---noy, €d.
b) If o € dando <7, thent €d.
ii) If V isasubsebf T, thentV isthesmallesfilter thatcontainsV’, andto = 1{o}.
iy F={d C T |disafilter}.

Noticethatafilter is never empty sinceby part(i.a), for all d, w € d. (F, C) is acpoandhencefor
wardit will beconsideredvith the correspondingcotttopology
Noticemorewerthat,by rule (nl) andTheorenB.3, {o | B k¢ t:o} € F.

Definition 9.2 i) ApplicationonpAc, - : pAc x pAc — pAc, is definedasfollows:
A-Ay = {ac€Ac | a1 €Ay,a2 € Ag,uaras =" u & a Cul}.
ii) Applicationon¥, - : F x F — F, is definedasfollows:
d-e =M{r|3oecelo—Ted]}.

We will definetwo interpretation®f terms:

Definition 9.3 i) Theinterpretatiorof termsin thedomainof approximant®ver C is definedas:
[t]8 = Ac(t) ={a€Ac | Fu [t =* u & a Cul}.
i) Let¢ beavaluationof termvariablesn F; we write B = ¢ if andonlyif, for all z:0 € B,
oeé(x). |It]]g8, theinterpretatiorof termsin F via ¢ and€ is definedby:
|I75]]g:g ={o|3AB[BE{ & B F¢ t:o]}.

Both applicationsarewell-defined,n the sensdhatthey respectpplicationonterms.

Lemmz0.4 i) [0 - [tDg" = [t taIl
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if) [[tl]]gg ’ [[752]]2:8 = [t tz]]gg-
Proof: i) Q) [t 07 - [t=17 = (Definition9.2(i))
{a€Ac | Ja; € [[tl]]é, as € [[tg]]’él, ulayag =% u & a Cul}
{a€Ac | Jar, a2 € Ac,u [Fuy [t =% up & a1 Cug| &
Jug [t 2% ug & aa Cug] & a1as =" u & a Cul}
{a€Ac | Juftita =" u & aCul}
D) [tht]f ={a€Ac | Ju[tity =" u & a Cu
{a€ Ac | Fay € [1]F, az € [0, ular ag —* u & a T u]
i) [0107e - [tDlfe = t{o | 3 7€ tollfe [T—o € [tillfe]}
= Mo |37 [3B [B ¢ t1:7—0) & AB [B k¢ to:7]]}
= Mo |37, B [B ks t1:7—0 & B ¢ toi7]}
= Mo | AB [B F¢ t1ta:0]}
= {0 | 3B [B t¢ ti1ty:0]}
= [[tltZ]]Zg u

(Lemmay7.5(ii))
[t t2]]£74

C (Lemma7.1))
= [t.0¢ - [0

-

}
}

As seenabore in Lemma7.9(i), if t =* ¢, then A¢ (t) = Ac(¢'), which impliesthat, at least, if
t—*t, then[t]# = [#'T#. Thecorversedoesnot hold, sinceunsohabletermsthatarenotin —*,
still have thesameimageunder] JZ', namely_L.

Thefollowing relationexpresseshattermsareequvalentif they shareacommonreduct.

Definition 9.5 We definetheequvalencerelation =g C T(C, X') x T(C, X') by:
t—=gv = t=gv
t=prv = v=gRt
t=pv&v=pw = t=rw

Lemm&d.6 If t = v, thenthere existsu sud thatt —% v andv —§ w.

Proof: By inductiononthedefinitionof =g . If t =g v & v =g w = t =g w, then,byinduction
thereareu; anduy suchthatt —4 u; andv —% uy, andv —% ug andw —4 uy. Sincev —§ u; and
v —§ ug, by Propertyl.6, thereexist aug suchthatu; —§ us anduy, —4 us. Butthen,in particulay
t —4% uz andw —§ us.

Theothercasesrestraightforvard. |

Theapproximansemanticss adequatein thatit equatesermsthathave acommonreduct.

Theoem9.7 (Adequay of the ApproximationModel) If t =g v, then[t]Z' = [v]¢.
Proof: Consequencef Lemmas9.6 and7.9(i). [ |

Thecorverseof thisresult, If [t]# = [v]#, thent = v’ doesnothold.

Example9.8 Take

Dz — zz

Wz — zzzx
NoticethatSK (DD) andSK (W W) bothhave only onerede, andthatthis propertyis presered
underreduction.Then

SK (DD) — SK (DD) — SK (DD) — - - -
and
SK(WW) — SK (WWW) — SK( WWWW) — -
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SO
[SK (DD)I¢' = {1,511, SK 1} = [SK(WW)]Z,
but thereis no « suchthatbothSK (DD) —* v andSK (WW) —* w.

We couldidentify all unsohableterms,asto obtainSK (DD) ~r SK (W W), asis usedalsofor LcC.

Definition 9.9 We definetheequialencerelation ~g C T(C, X') x T(C, X) by:

t—fv = t=Rrv

t,v areunsohable = t~gv

t~rv = VRt

RrRUV&UVRRW = tRRW
trprr = wirngwo & twRgvw

NoticethatSK (DD) ~g SK (WW).

Theoem9.10 If t ~g v, then[#]lZ = [vIZ.

Proof: By inductiononthedefinitionof ~g. Thecaset —% v follows from Lemma7.9(i). If ¢,v are
unsol\able,then[[t]]é‘ ={l}= [[v]]gf‘. Thelastcases aconsequencef Lemma9.4. Theothertwo
casesaretrivial. ]

Although,by =y , termsareequatedhatareunsohable,still we do notgeta full-abstractiorresult,
sinceit canbethatsolabletermshave the sameinfinite setof approximantsyhilst sharingno terms
duringreduction.

Example9.11 Take
Tzy — y(zzy)
Yzy — y(zy(zy))

Xzy — z(yy)
Thenwe have thefollowing reductionsequences:

YXz — z(Xz(Xz)) TTz — 2(TTz)
— z(z(Xz(X2))) — 2(2(TTz))
— 2z(2(2(Xz(X2)))) — 2(2(2(TTz)))

= z(2(2(2(2(2 --1))))) = z2(z(2(2(2(2 --1)))))
In particular
[[YXZ]]E4 ={Ll,z1l,2(z1),2(2(zL)),...} = [[TTZ]]él,
butnotY Xz~gTTz.

We canobtainafull-abstractiorresultfor the approximatiorsemanticsisingthefollowing relation:

Definition 9.12 Therelation~_" is definedco-inductiely asfollows: ¢ ~j" v if andonly if either

i) ¢t andu arebothunsohable,or
ii) if C'ty---t, isthehnfof ¢, thenthehnfof u is Cu; - - -u,, and,for 1 <i <mn, t; ~" u;, or
iii) if 2t,---t, isthehnfof ¢, thenthehnfof w is zu; - - -uy,, and,for 1 <i <n, t; ~n" u;.
Theoem9.13 (Full Abstractionof the ApproximationModel) ¢ ~f" v if andonly if [t14 = [ulZ.
Proof: (onlyif) By coinduction.It is sufiicientto shav thatif [¢]7' = [u]lZ' theneither
i) t,u areunsohable,or
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ii) if Cty---t, isthehnfof t thenC'u; - - - u,, isthehnfof u and[#;]#' = [u;]7 for 1 <i<mn,or

iii) if zt---t, isthehnfof ¢ thenzu; - - -u,, is thehnfof w and[[#;]7 = [uJ¢ for 1 <i <n.

Thisis a straightforvard consequencef thefactthatu andt¢ have the samesetof approximants.

(if)y Wetake a € [{]# andshaw a € [u]lZ' by inductionon the depthof a.

(@ = L): Trivial.

(@ = Cay...a,): Thenhnf(t) = Ct;- - -t,, thereforehnf(u) = Cuy - - - u, andt; ~" u; for
1<i<n. Sinceq; € IIti]]g;4 andits depthis smallerthanthatof a, by inductionwe conclude
thata; € [u]lZ'. Thereforen € [u]l2.

(@ =zay...a,): Similar ]

Thefilter semanticglivesa semi-modelvith respecto —x.

Theoem9.14 If t % v, then[[t] ¢ € [vll,.
Proof: Takeo € [[t]]gg. ThendB [B = £ & B ¢ t:o], and,sincet —§ v, by TheorenB.7, also
dB[BE{& B¢ U:O’],SOUE[[’U]]gg. ]

In view of thefactthattype assignmenin ¢ is not closedfor subject-gpansion(seethe remark
at the endof Section3), it is, in general,not possibleto shav a strongerresultlike ‘If ¢t =g v, then
[[t]]gg = |Iu]]{"8’. However, whenusinga principalervironment,theresultholds.

Theoem9.15 (Adequay of theFilter Model) Let((C, X'),R) beacs, and€ beprincipal for C,
thent =g v implies[t], = [vlZ;.
Proof: By TheorenB.7and3.8. ]

We evenhave thefollowing resulteasily

Theoem9.16 Let((C, X),R) beacs, and¢ beprincipal for C, thent ~g v implies[{]17; = [v]Z.
Proof: By inductiononthedefinitionof ~r. Thecaset —} v is coveredby Theoren3.7 and3.8. If
t,v areunsohable,thenby TheorenB.4, [[75]]{',‘g ={w} = [[v]]gg. Thelastcases aconsequencef
Lemma9.4. Theothertwo casedollow by straightforvardinduction. ]

Thecorverseof theseresultsdo not hold.

Example9.17 Take T, Y, X asin Example9.11, andlet

E(T) = ((pr—=p2—p3)np1) = ((p3—=pa)Np2) —pa,

E(Y) = ((er=p2)ne3nes) = ((p3—=ps—e1)N(pa—@s) =2,

EX) = (p1—=2) = ((p3—=p1)Np3) =,
then

[YXIZe = {w, (W=91)=¢1, (W=p1)n(01—92)) =2,
(w=1)n(p1=p2)n(p2—p3))—=s3,...} = [TTI,

(noticethatthesetypescorrespondlirectly to theapproximant®f Exampled.11) but neither
YX=TT,norYX=gTT.

For thefilter semanticswe have, ascanbeexpected:

Theoem9.18 Let((C, X),R) bea cs, and€& beprincipal for C, thent ~t" .y implies
[[t]]gg = [[U]]Zg
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Proof: If ¢ ~%"u, then,by Theoren®.13 [t]# = [ull#'. Leto € [t], (theothercaseis similar),
thenthereexistsa B suchthatB = ¢ & B t¢ t:0. Then,by TheorenB.2, thereexistsana € A¢ (t)
suchthat B ¢ a:0. SinceAc (t) = [t]¢ = [ullf = Ac (u), a € Ac (u), andby Theoren8.3,

B k¢ u:o,S00 € IIu]]{g [ |

Perhapssurprisingly(in Lc the approximatiorandthefilter semanticsoincide),we do not have a
full-abstractiorresultwith respecto filter semantics.

Example9.19 Take

Ezy — xzy and E(E) = ((pr—=p2) P12
lz — =z E(l) = p1—p1
Then
[[El]]gg = [[l]]?,g,

but neitherEl =g I, norEl ~g I, norEl ~M"1.
Therelationbetweerthetwo semanticss formulatedby:

Theoem9.20 [[t]7, C Userga Talle-

Proof: If o € [[t]]g , thenthereis a B suchthatB |= ¢ andB +¢ t:o. Then,by TheorenB.2, thereis
ana € Ac (t) suchthatB k¢ a:o. ]

Notethattheinclusionis strict, sincethe SubjectExpansiompropertydoesnotholdin general Also,
ascanbeexpected:

Theoem9.21 Let((C, X),R) beacs, £ principal for C, thenU,c 4 [allZe C [0
Proof: If o € Uae[[t]]é [[a]]gg, thenthereexistsa € [#]lZ', and B suchthat B ¢ a:o. Then,by
TheorenB.3, alsoB t¢ t:0, s00 € [{]17;. n

10 Conclusions

The approximatiorresulthasimportantconsequencdsoth from a computationapoint of view, since
it allows usto characteriséhe normalizatiorpropertieof typeableerms,andfrom asemantigointof
view, sinceit allows usto studytherelationsbetweerfilter modelsandapproximantiormodels.This
is true bothfor theLc andfor cs, but the characterizationsf normalizatiorandtherelationsbetween
themodelsaredifferentin eachcase.The moststriking differenceis probablythe factthatthe models
do notcoincidein generain the caseof cs (thefilter modelis only a semi-modein general)whereas
they do coincidefor theLc. Of course the lack of SubjectExpansionn cs explainsthe factthatwe
only have a semi-model.However, the factthatfor cs the approximatiormodelis fully abstractput
thefilter modelis not, is relatedto the factthatwe have a “weak” form of reductionin cs, compared
with thereductionin LcC.

Theproofof theapproximationmesultusesanotionof Cut Elimination(DerivationReductionwhich
is new in the contet of intersectiontypes. It canbe adaptedo otherrewriting systemgin particular
the Lc and TRs), whereit alsohelpsto obtaineasierproofs of the characterisatiof normalisation
propertiesof typeableterms(for TRs the proof wassketchedin [4]). In thefuture we hopeto be able
to extendthe semanticstudypresentedh this paperto the moregeneralrrs studiedin [4].
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