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Abstract

We investigatean extensionof the formalismof interpretedsystemsby Halpern
andcolleaguesto modelcorrectbehaviour of agents.Thesemanticalmodelallows
for therepresentationandreasoningaboutstatesof correctandincorrectfunction-
ing behaviour of the agents,andof the systemasa whole. We axiomatisethis
semanticclassby mappingit into a suitableclassof Kripke models.Theresulting
logic, KD45� -�� , is a strongerversionof KD, thesystemoftenreferredto asStan-
dardDeonticLogic. Wediscusstheseissuesandpresentfurtherdirectionsof work
relatedto epistemiclogic.

1 Intr oduction

Formal methodsandlogic in particularhave a long tradition in artificial intelligence
anddistributedcomputing.Their role, it is argued,is to provide a preciseandunam-
biguousformal tool to specifyandreasonaboutcomplex systems.However, they have
oftenbeenattackedby softwareengineersbecauseof theallegedlysomewhatunclear
contribution they make towardstheengineeringof complex computingsystems.One
of the criticismsmostoftenairedis that logic specificationsdo not provide construc-
tivemethodologiesfor building distributedsystems,andsothey canbeof only limited
significancein practice. Thesedifferentviews have led the fields of theoreticaland
practicaldistributedcomputingto diverge.

Somewhat unsurprisingly, the advent of the intelligent agentsparadigmin dis-
tributedcomputing,togetherwith thetremendousgrowth of theInternetmedium,has�
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widenedthisgapevenfurther. Ontheonehand,theintrinsiccomplexity of thecapabil-
ities requiredby agentshasencouragedtheoreticiansto considerlogicsfor intensional
conceptsdevelopedby philosophers;on the otherhand,the commercialisationof the
Internettogetherwith the emphasison timed productdelivery from softwarehouses
hasprogressively led practitionersto ignoretheresultsbeingproducedby theoristsof
multi-agentsystems(MAS).

Still, if MAS (see[Woo00b] for a recentintroduction)are to fulfil the promises
of providing thearchitecturalfoundationsof increasinglycritical andcomplex Internet
applications,suchasautomaticnegotiation in e-commerce,remotecontrol of safety
critical systems,etc, thenthereis clearlya needfor bridging the gapbetweentheory
andpractice.In ourview, this is particularlyrelevantwith respectto theissuesrelating
to specificationandverificationof MAS.

Oneof thesuggestionsthathave beenput forward [Woo00a] to make MAS theo-
riesmorerelevant to practitionersis theshift to a semanticswhich is computationally
grounded. This remarkappliesto distributedartificial intelligencein generalbut it is
particularlyrelevantfor thecaseof MAS theories,wheresemanticsareusuallygivenby
borrowing ideasdevelopedoriginally in philosophy. Indeed,mostof themorehighly
respectedtheoriesfor modellingknowledge,beliefs,intentions,obligations,communi-
cations,etc,in MAS arebaseduponworksdonein thesecondhalf of thelastcentury
in philosophicallogic. While cross-fertilisationof fruitful ideascanonly beregarded
positively, oneshouldnotethatthesemanticsdevelopedin philosophicallogic, evenif
appropriatefor theoriginal task,maynot bethebestoptionfor distributedcomputing
applications.

As is widely known, thesemanticscommonlyusedfor MAS theoriesis basedon
Kripke models[Kri59]. A Kripke model � �
	���
�����
�������
�����
���� is a tuple com-
posedof a set � , � relations ���! "�$#%� , togetherwith an interpretation� for
theatomsof thelanguage.Thepointsrepresentpossiblealternativesof theworld, and
dependingon theapplicationunderconsiderationstandfor temporalsnapshotsof the
evolutionof theworld (temporallogic), epistemicalternatives(epistemiclogic), andso
on. Variousmodaloperatorscanbeinterpretedby usingthis semantics,anda heritage
of techniqueshasbeendevelopedto prove meta-logicalpropertiesaboutthe logics.
Notwithstandingthis, no clearcorrespondencecanbedrawn betweena Kripke model
anda distributedcomputingsystem;in particular, it is a matterof debatewhetheror
notacorrespondencecanbedrawn betweenthenotionof world in aKripkemodeland
thatof stateof acomputationalsystem.

It hasbeenarguedthat this lack of correspondenceis a seriousdrawbackfor at-
temptsto closethe gapbetweentheoryandpractice. Indeed,without a relevant se-
manticswell studiedmeta-logicalpropertiessuchascompletenessdo not seemto be
of relevance,andtheonly possiblepointof contactbetweenthetheoristandthepracti-
tionerseemsto be logical formulasrepresentingspecificationsthat thetheoristwould
proposeto the practitioner. Appropriategroundedsemanticsaim at bridging this gap
by providing practitionersandtheoreticianswith aconvenientandintuitivesemantical
tool. A groundedsemanticsshouldaim at ensuringthata clearcorrespondencecan,at
leastin principle,befoundbetweenstatesin thecomputingsystemandconfigurations
in thesemanticaldescription.

Theideaof moving away from Kripke models,while still benefitingfrom mostof
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its technicalapparatus,is not new. Indeed,partof theknowledgerepresentationliter-
atureusesmodallanguagesdefinedon semanticstructurescalledInterpretedsystems
(seeChapter4 of [FHMV95] for details).Theideais to describeadistributedcomput-
ing systemby specifyingthestatesin which every agentandtheenvironmentcanfind
itself. In thissetting,thelevelof abstractionatwhichonechoosestooperateis left quite
open;onehasthepossibilityof adoptinga fine grainof detailby describingprecisely
theprotocolthattheMAS operates,or onecanlimit oneselfto describingmacroscopic
propertiesof the MAS, suchasepistemicandtemporalproperties.If needed,logics
similar or equivalentto theonesusedin philosophicallogicscanbe definedon these
semantics.Oneobvious advantageis the possibility of studyingthe logic character-
isationof systemsdefinedsemantically, asopposedto isolatingcompletesemantical
structuresfor aspecification.

In this paperwe run the following exercise. We considerthe basicnotion of in-
terpretedsystemasdefinedby Halpernet al. in [FHMV95] andshow how it canbe
trivially adaptedto provide a basicgroundedformalismfor somedeonticissues. In
particularwe aim at representinglocal andglobal statesof violation andcompliance
(with respectto somefunctioningprotocol).By usingtheseconceptswewould like to
give a groundedsemanticsto thedeonticnotionsof ideal functioningbehaviourof an
agent,or of asystemof agents,to theconceptof theknowledgethatanagentis permit-
tedto have(againwith respectto anidealfunctioningprotocol),andto theknowledge
thatanagenthasontheassumptionthatcomponentsof thesystemarefunctioningcor-
rectlyaccording to their protocols. Oncethis taskis accomplished,we axiomatisethis
resultingsemanticalclassanddraw correspondencesbetweentheobtainedresultsand
somewell-known in theliteratureof deonticlogic.

Therestof thepaperis organisedasfollows. In thenext sectionwefix thenotation
andpoint to somebasicmodal logic factsthat will becomeuseful later on. In Sec-
tion 2, we definedeonticinterpretedsystems,anddefinesatisfaction,andvalidity, of a
modallanguageon them.In Section3 we studytheir axiomatisation.In Section4 we
commenton theresultsof thepaperanddraw attentionto issuesfor furtherwork. We
concludein Section5.

2 Deontic interpretedsystems

2.1 Syntax

We assumea set & of propositionalatoms,andaset '(�*)+
������,
�� of agents.

Definition 1 Thelanguage - is definedasfollows.

.%/0/ � false 1 anyelementof &21+3 . 1 .545. 1+6 � . 	87:9;'<�,�
We usethe indexedmodaloperator6=� to representthe correctly functioningcir-

cumstancesof agent 7 : theformula 6=� . standsfor “in all thepossiblecorrectlyfunc-
tioning alternatives of agent 7 , . is the case”,or “whenever agent 7 is functioning
correctly(with respectto someprotocolor specification). is thecase”.Theformula. caneitherrefer to local or globalpropertiesor to bothat the sametime. We write
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> � for the dual of 6=� : > � . �=?A@�B53!6=�C3 . . We have chosenthe symbol 6�� because
its semanticswill besimilar to thatof theobligationoperatorof standarddeonticlogic.
However, it would not beappropriateto read 6 � . as“it is obligatoryfor agent7 that. ”.

Note. In line with muchof theliterature,we denotea normalmodallogic by listing
theaxiomsthatdefineit, undertheassumptionthatuniformsubstitution,necessitation,
and modusponenshold. For exampleby KT45� we denotethe logic obtainedby
consideringaxiomsK, T, 4, and5 for � agents(see[FHMV95] for moredetails).

2.2 Kripk e frames

In thefollowing we assumefamiliarity with basicmodallogic techniquesandresults.
We refer the readerto [HC96] for moredetails. In particular, we recordherethe fol-
lowing for convenience.

Definition 2 A frame DE�F	���
�� � 
������,
�� � � is serial if for any relation � � we have
that for any GH9F� there exists a GJI�9F� such that GK� � GJI . A frame DH�	L�M
�� � 
�������
�� � � is Euclideanif for anyrelation � � wehavethat for all GN
�G<IL
�GJIOIP9� , GK� � GJI�
�GK� � GJIOI implies G<I�� � GJIOI . A frame DQ�E	L�M
�� � 
�������
�� � � is transitive
if for anyrelation � � wehavethat for all GR
�G I 
�G IOI 9S� , GT� � G I 
�G I � � G IOI impliesGT���UGJIOI .
Observation 1 Thelogic KD45� is soundandcompletewith respectto serial, transi-
tiveandEuclideanframes.

Definition 3 (p-morphism) A framep-morphismfrom D*�*	���
����U
�������
V�<�W� to D�IX�	L�YIL
��=I� 
�������
��=I� � is a functionZ / �\[
�YI such that:

1. thefunctionZ is surjective,

2. for all ]^
�_`9;� andeach 7a�b)c�����d� , if ]<� � _ thenZa	e]f�g�=I� Z^	8_h� ,
3. for each 7R�F)c�����d� and ]i9(� and _CI�9(�YI , if Z^	8]��g�=I� _hI thenthere exists_j9;� such that ]<� � _ and Z^	8_h�:�k_hI .

If thereis ap-morphismfrom D to D�I , D�I is alsosaidto bea p-morphicimageof D .
Thefollowing result(seefor example[Gol92] for themono-modalcase)showsthatZ -morphismspreservesatisfactionandvalidity for thelanguage- .

Observation 2 If Z is a framep-morphismfrom D to D�I thenfor all . 9;- , if Dl1 � .
then D�I^1 � . .
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2.3 Deontic interpretedsystems

Interpretedsystemswereoriginally definedby HalpernandMoses[HM90], andtheir
potentiality later presentedin greaterdetail in [FHMV95]. They provide a general
framework for reasoningaboutpropertiesof distributedsystems,suchassynchrony,
a-synchrony, communication,failurepropertiesof communicationchannels,etc. One
of the reasonsfor the successof interpretedsystemsis the easewith which statesof
knowledgecanbeascribedto theagentsin thesystem.

The fundamentalnotion on which interpretedsystemsare definedis the one of
‘local state’. Intuitively, the local stateof an agentrepresentsthe entire information
aboutthesystemthattheagenthasat its disposal.This maybeasvariedasto include
programcounters,variables,factsof a knowledgebase,or indeeda history of these.
The (instantaneous)stateof the systemis definedby taking the local statesof each
agentin the system,togetherwith the local statefor the environment. The latter is
usedto representinformationwhichcannotbecodedin theagents’local statessuchas
messagesin transit,etc.

More formally, consider� non-emptysetsmn�o
�������
Vm:� of localstates,onefor every
agentof thesystem,anda setof statesfor theenvironmentmP@ . Elementsof m:� will be
denotedby p8�q
�pLI� 
�psrU
Vp8Ir 
������ . Elementsof mt@ will bedenotedby pe@o
�pLI@ 
������ .
Definition 4 (Systemof global states) A systemof global statesfor � agentsu is a
non-emptysubset1 of a Cartesianproduct mt@J#5mn�<#wv�v�vX#5mt� .

An interpretedsystemof globalstatesis a pair 	Lux
���� where u is a systemof global
statesand � / uM[zyU{ is an interpretationfunctionfor theatoms.

Theframework presentedin [FHMV95] representsthetemporalevolutionof asys-
temby meansof runs; thesearefunctionsfrom thenaturalnumbersto thesetof global
states.An interpretedsystem, in their terminology, is a setof runsover global states
togetherwith a valuationfor theatomsof thelanguageon pointsof theseruns.In this
paperwe do not dealwith time,andsowe will simplify this notionby not considering
runs.

We now definedeonticsystemsof global statesby assumingthat for every agent,
its setof local statescanbe divided into allowed anddisallowed states.We indicate
theseasgreenstates, andredstatesrespectively.

Definition 5 (Deontic systemof global states) Given � agentsand �M|}) mutually
disjoint andnon-emptysets ~N@�
V~R�q
�������
�~�� , a deonticsystemof global statesis any
systemof global statesdefinedon mt@���~N@�
�������
Vm:����~�� . ~N@ is called the setof
greenstatesfor the environment, and for any agent 7 , ~�� is called the setof green
statesfor agent 7 . The complementof ~N@ with respectto mt@ (respectively~�� with
respectto m:� ) is calledthesetof redstatesfor theenvironment(respectively for agent7 ).

Givenanagent,redandgreenlocal statesrespectively represent‘disallowed’ and
‘allowed’ statesof computation.An agentis in adisallowedstateif thisis in contraven-
tion of its specification,asis thecase,for example,in alocalsystemcrash,or amemory

1Thecaseof thefull Cartesianproductwasanalysedin [LMR00].
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violation. Thenotionis quitegeneralhowever: classifyingastateas‘disallowed’ (red)
couldsimply signify thatit fails to satisfysomedesirableproperty.

Notethatany collectionof redandgreenstatesasaboveidentifiesaclassof global
states.Theclassof deonticsystemsof globalstatesis denotedby �N� .

Definition 6 (Inter preteddeonticsystemof global states) An interpreteddeonticsys-
temof globalstates�C��u for � agentsis a pair �C��u��b	L��ux
���� , where ��u is a deontic
systemof global states,and � is an interpretationfor theatoms.

In the knowledgerepresentationliteratureinterpretedsystemsareusedto ascribe
knowledgeto agents,by consideringtwo global statesto be indistinguishablefor an
agentif its local statesare the samein the two global states. Effectively, this cor-
respondsto generatinga Kripke framefrom a systemof global states(someformal
aspectsof this mappinghave beenexploredin [LR98]). In this case,the relationson
thegeneratedKripke frameareequivalencerelations;hence(see[Pop94, FHMV95])
the logic resultingby defininga family of modaloperatorsrepresentinga ‘bird’ s eye
view’ of theknowledgeof theagentsis S5� .

In this paperwe setout to do a similar exercise.We investigatehow to axiomatize
deonticsystemsof globalstatesusingthelanguagesdefinedin Definition 1, andstudy
the propertiesof the resultingformalisation. In the spirit of the interpretedsystems
literatureweinterpretmodalformulasontheKripkemodelsthatarebuilt from deontic
systemsof global states.In orderto do this, we first definethe framegeneratedby a
deonticsystem.

Definition 7 (Frame generatedby a system) Givena deonticsystemof global states��u , thegeneratedframe D!	8��uc�c��	L�M
�� � 
�������
�� � � is definedasfollows.

� �\����u .

� For any 7a�b)+
�������
�� , �Lpe@�
�p8�q
������,
�ps�W�W�<�X�8p8I@ 
Vp8I� 
�������
Vp8I� � if p8I� 9�~�� .
Thefunction D is naturally extendedto mapinterpretedsystemsof global statesto

Kripkemodelsasfollows: if D!	8��u:�c�b	���
�����
�������
����W� thenD!	L��ux
����t�*	L�M
����q
�������
�����
���� .
Intuitively, the relations � � representan accessibilityfunction to global statesin

whichagent7 is runningaccording‘correct(or acceptable)operatingcircumstances’.
We illustratethis in Figure1.
Wemakeuseof theconstructionaboveto giveaninterpretationto theformulasof a

deonticlanguageasfollows. Givenaninterpreteddeonticsystem����uM��	8��u�
���� , the
interpretationof formulasof thelanguage- is definedon thecorrespondinggenerated
Kripkemodel D!	8��u�
���� .
Definition 8 (Satisfactionon interpreteddeonticsystemsof global states) For any . 9- , �`9���u , and �C��uM�b	L��ux
���� , satisfactionis definedby:

���ju�1 �<� . if D!	8�jux
�����1 �<� . 
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Figure 1: An example of deontic systemand its generatedframe. In the exam-
ple above the environmentis not consideredand the local statesfor the agentsare
composedas follows. Agent 1: mP�i�¡ �p8�o
�pLI� 
�p8I I� 
�pLI I I��¢ 
V~R�i�¡ op8��
Vp8I�o¢ . Agent 2:m:rT�F �psrU
Vp Ir 
�p I Ir 
Vp I I Ir�¢ 
V~�rK�F opsr+
�p IrU¢ . ��u£�¤ C	Lp I� 
�p Ir �A
o	8p8��
Vp I Ir �A
�	Lp I I� 
�psr��,
�	Lp I IOI� 
Vp I I Ir � ¢ . In
the figure the sets ��u � 
���u r representthe subsetsof ��u which presentacceptable
configurationsrespectively for agent1, and2. Thelabelledlinks indicatetherelations� � and � r of thegeneratedframe.
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where this is definedas:

D!	8��ux
�����1 �<� trueD!	8��ux
�����1 �<�cZ if �`95�c	¥Z¦�D!	8��ux
�����1 � � 3 . if not D!	8��u�
�����1 � � .D!	8��ux
�����1 � � 6=� . if for all �hI wehavethat �t���q�gI implies D!	8��u�
�����1 � �A§ . �
In other words, the truth of formula 6=� . at a global statesignifiesthe truth of

formula . in all the global statesin which agent 7 is in a correctlocal state,i.e. in a
greenstate.

Validity on deonticsystemsis definedsimilarly.

Definition 9 (Validity on deonticsystems)For any . 9£- , and �C��u¨�©	8��u�
���� ,
validity on interpreteddeonticsystemsof global statesis definedby �C��u
1 � . ifD!	8�jux
����<1 � . . For any . 9T- , and ��u�9T�N� , validity on deonticsystemsof global
statesis definedby ��u�1 � . if D!	8��u:�ª1 � . .

For any . 9«- , wesaythat . is valid on theclass�N� , andwrite �N��1 � . , if for
every ��u¬9��R� wehavethat ��u�1 � . .

In thefollowing weinvestigatethelogicalpropertiesthatdeonticsystemsof global
statesinherit. FromDefinition 9 it follows that this analysiscanbecarriedout on the
classof thegeneratedframes.

3 Axiomatisation

In this sectionwe studydeonticsystemsof global statesfrom the axiomaticpoint of
view. An immediateconsiderationcomesfrom thefollowing.

Lemma 1 Givenany ��u , wehavethat D!	8��u:� is serial, transitive, andEuclidean.

Proof: D!	8�juc� is serial:this followsfrom theassumptionthatfor any 7:9�' , wehave
that ~��n­�(® .D!	8��u:� is transitive: assume�P�����gI , and �hI��<�U�hI I , for some7�9�' . But then,by
definition, it mustbe that �gIa�¯�8pLI@ 
�������
�pLI� 
������,
Vp8I� � , and p8I� 9M~�� . Similarly, it mustbe
that �gI I¦�b�Lp8I I@ 
������,
�pLI I� 
�������
�p8I I� � , and p8I I� 9;~ � . But thenit mustbethat �P� � �hI I .D!	8��u:� is Euclidean:assume�P� � �hI , and �t� � �gI I , for some7ª9«' . So,it mustbe�gI I��*�8pLI I@ 
������,
�pLI I� 
������,
Vp8I I� � , and p8I I� 9;~ � . So,wehave �gI�� � �hI I . °

This observationleadsimmediatelyto theconclusionthatthelogic of deonticsys-
temsof global statesmustbe at leastasstrongasKD45� , which is to be expected.
However, aswill beclearerin the following, it turnsout that the logic determinedby
deonticsystemsof globalstatesis in factstrongerthanKD45� . In orderto seethis,we
needto introducea few semanticstructures.
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3.1 Somesecondarypropertiesof Kripk e frames

In orderto prove anaxiomatisationfor deonticsystemsof globalstates,we introduce
somesecondarypropertiesof Kripke frames,by which we meanpropertiesthathold
onany sub-framethatcanbereachedfrom somepoint in theframe.(Theterm‘secon-
darily reflexive’ is usedin [Che80, p92].)

Notation For � a binaryrelationon � and G29w� , �±	eG<� denotesthesetof points
in � thatare � -accessiblefrom G , i.e., �±	eG<�t�³²A´0µ³ oG I 9T�¶1qGT�KG I ¢ .
Lemma 2 Let � bea binaryrelationon � . � is Euclideaniff � is universalon �±	eG<�
for all G*9�� .

Proof: SupposeG � 9l�±	8G<� and G r 9}�±	eG<� . Then (by definition) GJ�«G � andGJ�wG r . But then G � �wG r ( � is Euclidean).For the otherhalf: supposeG<�KG � andGJ�wG r . Then G � 9��±	8G<� and G r 9��±	eG<� , andso G � �TG r since � is universalon�±	eG<� . °
Definition 10 (Secondarilyuniversal) Let � bea binary relationon � . � is secon-
darily universalif

(i) for all G*9;� , � is universalon �±	eG�� ;
(ii) for all GJI�
�GJIOIf9T� , �±	8GJIs�:���±	eG<IOI·� .

A frame D¨�¸	���
�� � 
�������
�� � � is a secondarilyuniversal frameif every relation � � ,7c9�' , is secondarilyuniversal.

It follows (by Lemma2) that condition (i) of the definition is equivalent to the
requirementthat � is Euclidean.Wehavethenthateverysecondarilyuniversalrelation
is Euclidean.

Example Consider�Y�Y h	eGJ��
�Gªro�,
�	eGªr�
�Gªr��A
�	8Gª¹+
�Gn¹o�A
o	eGªr+
�Gª¹o�,
�	eGª¹�
�Gªr�� ¢ . This �
is not secondarilyuniversal. �±	eGJ���:�* �Gªr ¢ , �±	eGªr��:�k�±	8Gn¹��:�b �Gªr+
�Gª¹ ¢ . �±	eGJ����­��±	eGªr�� . �=I³�º��»� h	eGJ��
�Gª¹o� ¢ is secondarilyuniversal(assuming�=I is a relation
on the set  oG � 
�G r 
�G ¹ ¢ ). The relation �=I I on the set  oG � 
�G r 
�G ¹ 
�Gn¼ ¢ where �=I In��=I+»K C	8GP¼�
�G r �A
�	8Gn¼�
�G ¹ � ¢ is alsosecondarilyuniversal.

Lemma 3 Let � be a binary relationon � . If � is secondarilyuniversal then � is
transitive.

Proof: SupposeGJ�wGJI and GJI½�TG<IOI . Then GJI59��±	eG�� and GJIOIj9��±	eGJIs� . But�±	eG<�t���±	eG I � , so G I I 9;�±	eG<� , i.e., GJ�wG IOI . °
Now we havea veryusefulrepresentationresult.

Theorem1 (Secondarilyuniversal: Representationtheorem) Let � bea binaryre-
lation on � . � is secondarilyuniversal if andonly if thereexistsa subsetuS �� such
that, for all GN
�G I 9;� , GJ�KG I iff G I 9Tu .

Furthermore, � is serial if andonly if u is non-empty.
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Proof: Right to left is easyto checkandomittedhere.
Left to right: If � is empty, take uM�k® . Theresultholdstrivially. If � is notempty,

take u(�2�³	 G�� for someG�9�� . Considerany GN
�G<In9¬� . GJ�KG<I if f GJIP9%�±	eG<�
(by definition). But � secondarilyuniversalimplies �³	8G<���l�±	 G=���}u . So GJ�wGJI
if f GJIn9�u asrequired.And clearly if � is non-emptythen u is non-empty;from its
definition,it alsothenfollowsthat � is serial. °

Wearenow in apositionto relatevalidity ontheclassof serialsecondarilyuniversal
framesto validity on theclassof serial,transitive andEuclideanframes.However, we
areinterestedherein themulti-modalcase,andfor this we needa propertyof frames
wecall i-j Euclidean.

Definition 11 (i-j Euclidean frame) A frame D"�"	���
����U
�������
V�<�W� is i-j Euclidean
if for all GN
�G<IL
�GJIOIx9«� , andfor all 7V
�¾59w' , wehavethat GK�<�UGJI�
�GK��¿�G<IOI impliesGJIOI��<�qG<I .
Theclassof i-j Euclideanframescollapsesto ‘standard’Euclideanframesfor 7x�¬¾ .

Thereis a precisecorrespondencethatcanbedrawn betweeni-j Euclideanframes
andthefollowing axiom:> �AZ³À¡6J¿ > �AZ 	 for any 7Á
�¾`95'�� Â � - ¿
Lemma 4 A frameD is i-j Euclideanif andonly if Dl1 ��Â � -¿ .
Proof: From left to right. Considerany i-j Euclideanmodel �Ã�¨	8Dn
���� , suchthat� 1 ��Ä > �,Z , so thereexists a point G I suchthat GJ���LG I , and � 1 ��Ä § Z . It remains
to prove that for any G<IOI suchthat GJ��¿�GJIOI it mustbe that �Å1 ��Ä § § > �,Z . But D is i-j
Euclidean,sowehave GJIOI·�<�LGJI , which is whatwe needed.

Fromright to left. Considerthreepoints GN
�G<IL
�GJIOIf9T� suchthat GJ����GJI�
�GJ��¿�GJIOI .
Considera valuation � suchthat �c	ÆZ¦�Ç�¸ oGJI ¢ , andthe model �Å�"	LDn
���� . So,we
have �È1 ��Ä > �AZ . So,we have that �É1 ��Ä�6J¿ > �AZ ; so it mustbethat �$1 ��Ä § > �AZ ;
but thenit mustbethat G<IOI0� � G<I . °

Now we will relatevalidity on theclassof (serial)secondarilyuniversalframesto
validity on theclassof (serial)transitive, i-j Euclideanframes.

Lemma 5 If a frame D is secondarilyuniversal thenit is alsoi-j Euclidean.

Proof: Considerany relations��� and ��¿ of theframe D . ��� and ��¿ aresecondarily
universal,andsoby therepresentationTheorem1, thereexist subsetsuf� and uX¿ of �
suchthat,for all GN
�G I 
�G IOI 9;� , G<�<�LG I if f G I 9�uf� and GJ��¿�G IOI if f G I I 9;u¦¿ . Sonow:GJ���8G<I and GJ�ª¿oGJIOI implies GJIOIf9TuX¿ , andhenceGJI½��¿�GJIOI . °
Notation For frame D*�*	���
����U
������,
����Ê� wewrite GJ�NË�GJI when G<I canbereached
from G by a pathof finite length(including zero)usingany combinationof relations� � 
�������
�� � , i.e. (moreprecisely)when�NË is thereflexivetransitiveclosureof » ��·Ì^� � � .

With this notation,thestandardnotionof a generated(sub-)frameis expressedas
follows.
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Definition 12 (Generatedframe) Let G beanyworld in a frameDi��	L��
V�=�U
������,
V�<�W� .
ThenD Ä �b	�� Ä 
V� Ä� 
�������
�� Ä� � is theframegeneratedby G from D when

� � Ä �l� Ë 	8G<� (i.e., � Ä is the setof worlds accessiblefrom G by anypathof
finite lengthof relations ����
�������
���� );

� each � Ä� is therestrictionof � � to � Ä , i.e., � Ä� �k� �ÊÍ 	L� Ä #;� Ä � .
Let Î be any classof frames. ÏP	eÎ!� is the classof framesgeneratedby any point of
anyframein Î . Î2�Y �D Ä 1qD£9;Îj
�Gi9T� ¢ .2

Now we havethestandardresult:

Observation 3 Let Î be any classof framesand let Ït	8Î±� be the classof generated
frames.Thenfor all . 9;- , . is valid on theclassof framesÎ if andonly if . is valid
on theclassof framesÏt	8Î±� .
Proof: Seeany standardtext onmodallogic. °
Corollary 4 Let Î � and Î r beclassesof framessuch that Î � ��Î r . If ÏP	eÎ � �< �Î r ,
thenfor all . 95- , Î � 1 � . if andonly if Î r 1 � . .

Proof: From Î � �(Î r it follows by definition that Î � 1 � . implies Î r 1 � . . FromÎ r �}ÏP	eÎ � � it follows that Î r 1 � . implies ÏP	eÎ � �`1 � . . But ÏP	eÎ � �`1 � . impliesÎ � 1 � . . Sowehave Î � 1 � . implies Î r 1 � . which in turn implies Î � 1 � . . °
We will makeuseof thiscorollaryin theproofof themaintheoremof thissection.

A coupleof further resultswill beuseful. Notice thatseriality is requiredfor thefirst
but not for thesecondof thesetwo lemmas.

Lemma 6 Let D¸�¸	L�M
����q
�������
����Ê� be a transitive, i-j Euclideanandserial frame.
Thenfor every 7t9�' , andfor all GN
�GJI�
�GJI I�9;� , if GJ�NË,GJI and G<I0���8G<IOI then G<�<�LGJIOI .
Proof: GJ�NËAG<I meansthereis a path G<�<�sÐÁ_��U
�_��,�<�·Ñ,_Ur�
������,
�_+ÒoÓf���<�½Ô�GJI . We have
to show GJ� � Ð,_ � 
�_ � � � Ñ,_ r 
�������
�_ Ò�Óf� � �½Ô GJI�
�G<I·� � G<IOI implies GJ� � GJIOI . Theproof is by
inductionon thelength Õ of thepath.For thebasecase( Õ!�kÖ ), G(��GJI andtheresult
holdstrivially. For the inductive step,supposethe resultholdsfor all pathsof length
lessthan Õ . It sufficesto show _ Ò�Óf� � � GJIOI , for thenwehaveapathof length Õª×K) fromG to _ ÒoÓf� andby theinductivehypothesisit followsthat GJ� � GJI I . To show _ Ò�Óf� � � GJIOI ,
consider_+Ò�Óf���<�½Ô�GJI . Supposefirst that 7�Ò=�k7 . Thenwehave _+ÒoÓØ�,���LGJI and GJI½�<�LGJIOI ,
andso _+ÒoÓØ�,���LGJIOI by transitivity of �<� . Suppose7dÒ%­�}7 . Thenbecause�<� is serial,
thereexists a point GJI IOI suchthat _+ÒoÓØ�����eG<IOI I . We musthave also G<I·���eG<IOI I sincethe
frameis i-j Euclidean,and further, GJI IOI0���eG<IOI becauseGJI½���8G<IOI and �<� is Euclidean.
So now we have _+ÒoÓf���<�LGJIOI I and GJIOI I·�<�LGJIOI , andby transitivity of �<� , _+ÒoÓØ�,���8G<IOI as
requiredto completetheproof. °

2We areusingtheterm“generatedframe” to denotebotha framegeneratedby a system(Definition 7),
anda framegeneratedby a world from a frame(Definition 12). We trustany ambiguityis resolved by the
context.
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Lemma 7 Let D*�*	���
����q
�������
����W� beani-j Euclideanframe. Thenfor every 7t95' ,
andfor all GN
�GJI�
�G<I I�9;� , if GJ�NË�GJI and GJ���8G<IOI then GJI½���8G<I I .
Proof: Theproof is againby inductionon thelengthof thepathin GJ�NËAGJI . SupposeG��£G I (basecase).Thenthe resultholdstrivially. SupposeGE­�2G I . Thenthereis
a path GJ���½Ð,_���
�_��,���·Ñ,_UrU
�������
�_+Ò�Óf���<�½Ô�GJI , andfor the inductive stepwe have to showGJ���½ÐA_��q
�_��A���0Ñ�_Ur+
�������
�_+Ò�Óf�A���½Ô�GJI�
�GJI½���8G<IOI implies GJ���LGJIOI , assumingtheresultholds
for all pathsof lengthlessthan Õ . G<� � GJIOI implies _ � � � GJIOI sincethe frameis i-j Eu-
clidean.Now wehaveapath _ � �NËÁG<I of length Õ�×w) and _ � � � GJIOI , so GJI½� � GJIOI follows
by theinductivehypothesis. °

We now prove thattheclassof serial,transitive, i-j Euclideanframesandtheclass
of serial,secondarilyuniversalframesaresemanticallyequivalent,thatis, thesameset
of formulas. is valid on both.

Theorem2 For all . 9�- , . is valid on the classof serial, secondarilyuniversal
framesif and only if . is valid on the classof serial, transitiveand i-j Euclidean
frames.

Proof: Sinceevery secondarilyuniversalframe is also transitive and i-j Euclidean
(Lemmas3 and5), it sufficesby Corollary 4 to prove that the classof framesgener-
atedfrom serial,transitive andi-j Euclideanframesis containedin theclassof serial,
secondarilyuniversalframes,thatis, thatevery framethatis generatedby someworld
from a serial,transitiveandi-j Euclideanframeis alsosecondarilyuniversal.

Let D Ä be a frame generatedfrom someworld G of a serial, transitive and i-j
Euclideanframe D . We show that D Ä is serialandsecondarilyuniversalby showing
that, for each 7!9(' , GJ� Ä� G I if f G I 9(� Ä� 	 G�� and � Ä� 	 G�� is non-empty;the result
follows by the representationTheorem1. Since D is serial, every �<� is serial and
hence� Ä� 	 G<� is non-empty. It remainsto show thatfor all GN
�G<Ix9T��Ë+	 G=� , GJ���8GJI if fGJI�9;� � 	 G�� . For thefirst half: G��NËAG and GJ� � G<I implies G<� � GJI by Lemma6 above,
andhencethat GJI�95� � 	 G�� . For theotherhalf, supposeG��NËAG and GJIØ9;� � 	 G�� . ThenGJ�NË,G and G�� � GJI , which implies GJ� � GJI by Lemma7. °
Theorem3 Thelogic KD45� - ¿� is soundandcompletewith respectto

� serial, transitiveandi-j Euclideanframes

� serial,secondarilyuniversal frames.

Proof: We show the first part; the secondpart follows immediatelyby Theorem2.
We show that the logic KD45� -¿� is canonical,i.e. that the frame D^Ù of the canonical
model �MÙ is serial,transitive,andi-j Euclidean.Sincethelogic in questionis stronger
thanKD45� , from the literaturewe know that D^Ù is serialandtransitive; we show it
is i-j Euclidean.To do so,considerthreemaximalconsistentsetsGN
�GJI�
�G<IOI , suchthatGJ���8G<IL
�GJ��¿�GJI I . It remainsto show that G<IOI0���8G<I . By contradictionsupposethis is not
thecase;thentheremustexist a formula Úi9M- suchthat 6=�UÚ(9MGJIOI , and 3xÚ(9MGJI .
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But then
> �+3xÚY9%G , andso 6J¿ > �+3xÚY9SG , which in turn implies

> �+3xÚY9%G<I I , i.e.3!6=�UÚ%9jGJIOI , which is absurd,becauseit would make G<IOI inconsistent. °
Beforewe canaxiomatisedeonticsystemsof globalstateswe needto make clear

thecorrespondencebetweendeonticsystemsof globalstatesandsecondarilyuniversal
frames.

Theorem4 Any serial, secondarilyuniversal frame is the p-morphic image of the
framegeneratedbyan appropriatedeonticsystemof global states.

Proof: Let DÛ�Ü	L�M
����q
�������
����W� be any serial secondarilyuniversal frame; we
defineadeonticsystem��u asfollows. PicksomeGb9�� . For any relation 7t9;' , let~ � �k� � 	 G=� . Since� � is serial,thissatisfiestherequirementthat ~ � is notempty. Let~ @ �k� .

Considernow thedeonticsystem��u definedas ��u��Y h	eGN
�GN
������o
�G<�J1�GY9�� ¢ .
For simplicity weusetheshortcut	eGN
�GN
������o
�G<�t�bÝ GªÞ . Theframegeneratedby ��u is
defined(seeDefinition 7) by D!	8��u:�n�*D�If�}	L�YI�
��=I� 
�������
��=I� � , where �YIØ�£ CÝ GªÞt1GY9T� ¢ , andfor any 7:9�' wehave �=I� �* C	�Ý G�Þ�
oÝ GJI·Þe�ª1�GJI�9�~�� ¢ .

We show that D canbe seenasthe targetof a p-morphismof domain D I . Define
thefunction Z / �YIa[ß� suchthat Z^	�Ý GªÞe���YG . We prove that Z is a p-morphismas
definedin Definition 3.

� Z is clearlysurjective.

� For any 7�92' , consider Ý GªÞo�=I� Ý GJI0Þ . By definition it must be GJI±9£~ � . Soà GJI IØ9�� wehave that G<IOI�� � GJI . But thenin particularGT� � GJI .
� ConsiderGK���AZ^	�Ý G<I¥Þe� . So,by construction,we have ZaÝ GJI0Þa�*GJI , and GJI:9w~�� .

But then Ý GªÞ���I� Ý GJI0Þ .
°

For theresultpresentedin thispaper, thenotionof p-morphismis enoughto achieve
the result,but it canbe notedthat the function definedabove is actuallyan isomor-
phism.

We cannow provethemainresultof thissection.

Theorem5 Thelogic KD45� - ¿� is soundandcompletewith respectto deonticsystems
of global states.

Proof: The proof for soundnessis straightforwardandomittedhere. For complete-
ness,we prove the contrapositive. Suppose­á . ; thenby Theorem3, thereexists a
serial,secondarilyuniversalmodel �â�b	8Dn
���� suchthat �ã­1 ��Ä . , for someG*9�� .
By Theorem4 thereexistsa deonticsystem��u suchthat D!	8��u:� is thedomainof a
p-morphismZ / D!	L��uc�±[¡D . But thenby Lemma2, since Dä­1 � . , we have thatD!	8�juc�<­1 � . , so ��u�­1 � . , so �N�*­1 � . , which is whatweneededto show. °
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4 Discussion

4.1 The logic KD45 å -æç
In theprevioussectionweshowedthatthelogic KD45� -¿� providesacompleteaxioma-
tisationfor deonticsystemsof globalstates.In thefollowing we look at theindividual
axiomsin a little moredetail.

In light of much of the literaturein this areathe logic above shouldbe seenas
providing a bird’s eyeview of thepropertiesof theMAS. Thereforevalidity of axiom
K: 6=�V	ÆZÇÀ¶èU�ØÀÉ	�6=��Z³À¡6=�UèU� é
seemsreasonable.Indeed,if agenti’s functioningspecificationrequiresthatwheneverZ is thecasethen è shouldalsobethecase,then,if accordingto theagent’sfunctioning
protocolZ is thecase,then è shouldalsobethecaseaccordingto thatprotocol.

Axiom D guaranteesthatindividual specificationsareconsistent:

6��,ZÇÀ¶3±6���3¦Z ê
Another way of seeingthe above is to note that in normal modal logics, axiom D
is equivalent to 3!6 � false. Axiom D is sometimescalled the characteristicdeontic
axiom: togetherwith axiomK, axiomD is thebasisfor StandardDeonticLogic (SDL).

Moving to thenext pair of axioms,if we give a bird’s eye view readingof the 6 �
modality, axiom4 6=��ZÇÀ¶6=�h6=�AZ ë
andaxiom5 > �,ZÇÀ¶6=� > �,Z Â
areperhapsnot asstrongasafirst readingmight suggest.

Anotherwayof readingaxiom4 is to notethatit forbidsthesituationin which Z is
prescribedbut it is allowedthat Z is notprescribed.Thisseemsreasonablewith respect
to strongdeonticnotionssuchastheonewe aremodelling. For exampleconsiderthe
caseof oneagentrunninga programin which oneof its variablesis supposedto be
‘guarded’,sayto a booleanvalue. It would thenbeunreasonableif theprotocolwere
to specifythatthevariablehasto beaboolean,but at thesametimeallowedit not to be
prescribedthat it bea boolean.It is worth pointingout that theunderlyingreasonfor
thevalidity of axioms4 and5 in this context is that thecriterion for whatcountsasa
greenstateis absolute, thatis to say, thesetof greenstatesfor anagentis independent
of the statein which it currently is. An alternative would be to introducefunctions�+� / mt��[zyUìWí to identify greenstates;but thatseemsto have lessappealin thepresent
context andwe do notexploreit further.

Lastly, axiom5� - ¿ of theprevioussection,of which axiom5 is a specialcase,also
reflectstheabsolutenatureof thespecificationof ‘green’. It representsan interaction
betweenthestatesof correctlyfunctioningbehaviour of pairsof agents.

> � Z³À¡6 ¿ > � Z Â � - ¿
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5� -¿ expressesthe propertythat if a stateof the systemcanhappenunderthe correct
behaviour of oneagent7 , thentheprotocolof any agent¾ mustallow this eventuality
in any correctstatethat it specifiesfor ¾ . Again, this seemsa reasonableassumption.
Supposethatagent7 canfollow its functioningprotocolandreacha statecodedby Z .
Axiom 5� -¿ stipulatesthatin thiscaseagent¾ ’sprotocolcannotprescribeasadmissible
any statesin which agent7 doesnot have theopportunityto move to a statecodedbyZ . In otherwords,axiom5� - ¿ assertsa sortof independencein the interplaybetween
agents.Naturally, we do not have the very strongpropertythat all specificationsare
mutuallyconsistent:6=�,ZJÀÛ3±6<¿�3¦Z is not valid. However, 5� - ¿ providesaweakkind
of mutualconsistency: agent¾ ’s protocolcannotforbid thepossibilityof Z for agent7
if this is grantedby agent7 ’s protocol.

It is instructive to notethatthelogic KD45� -¿� containsalsothefollowing generali-
sationof axiom4: 6��AZ³À¡6J¿a6=�AZ ë � - ¿
This can be checked semantically, or derived as follows: 6=��ZwÀ 6=�C6=�,Z (by 5);6 � 6 � ZjÀ > � 6 � Z (by D);

> � 6 � ZjÀ$6 ¿ > � 6 � Z (by 5� - ¿ ); 6 ¿ > � 6 � Z5ÀÈ6 ¿ 6 � Z
(by therule RK andthedualof 5� -¿ ).

It is now easyto checkthatthelogic KD45� -¿� containsall axiomsin thefollowing
scheme: î � Z�ï ð ¿ î � Z
where

î � is any oneof 6���
 > � and ðW¿ is any oneof 6J¿+
 > ¿ . Therearethusonly yq�
distinctmodalitiesin thelogic KD45� -¿� .

4.2 Alter nativecharacterisation: reduction strategies

It is instructive to consideralsoan alternative characterisationof the logic of deontic
systemsof globalstatesin a manneranalogousto thewell-known Andersonianreduc-
tion of StandardDeonticLogic to alethicmodallogic [And58].

Supposewe augmentthe language- of Definition 1 with a modaloperator ñ to
representwhat holdsin all global statesanda set ò � 
�������
�ò � of distinguishedpropo-
sitional constants.Each ò � is intendedto be readas expressingthat agent 7 is in a
correctlyfunctioninglocalstateaccordingto its own protocol.Wewrite ó for thedual
of ñ . Therelevanttruth conditionsare:

D!	8�jux
�����1 � � ò¦� if �`9;����	e�g�Ã	e7c9�'<�D!	8�jux
�����1 �<�Nñ . if for all �hIL
�D!	L��ux
�����1 �<�Á§ . �
The constantòX� is true in a global state � whenagent 7 is in a correct(green)local
state.Expresseddirectly in termsof the interpreteddeonticsystem�C��uk�¯	8��u�
���� ,
thetruth conditionsfor eachò¦� are:

	8��ux
�����1 �<�<ò � if p � 	s�W�P95~ �
whereps� is a functionthatreturns7 ’s local statefrom a globalstate.
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Onecanseethatthetruth conditionsfor 6�� . areidenticalto thosefor theexpres-
sion ñ<	LòX�fÀ . � . Eachoperator6=� canthusbedefinedasanabbreviation in termsofñ and ò � asfollows: 6 � . � ²A´·µ ñ<	Lò � À . � Def.6 �> � . is thenanabbreviation for ó!	Lò � 45. � .

Themodelpropertythatevery ��� is serial,equivalentlythatevery ~�� in theinter-
preteddeonticsystemis non-empty, validatesthefollowing:

3PñP3xò¦� i.e., ó�ò¦� D( ò¦� )
Thelogic of ñ is obviouslyS5(i.e. typeKT5 = KT45). It is easyto checkthat 6 �

asdefinedabove hasthepropertiesK, D, 4 (4� -¿ ) and5� - ¿ . For example4� - ¿ maybe
derivedasfollows:

6=�,Z À ñ<	8ò¦�XÀ©Z¦� (Def.6=� )À ñJñ<	LòX�¦ÀäZ�� (4 ñ )À ñÇô�òg¿tÀõñ�	8ò¦�XÀÛZ¦��ö ( ñ normal)À 6J¿a6=�,Z (Def.6J¿ , Def.6=� )
Thederivationof 5� -¿ is similar:÷ � Z À ó!	8ò � 4 Z¦� (Def.

÷ � )À ñnó!	Lò � 4 Z�� (5 ñ )À ñ ô ò ¿ À¡ó!	8ò � 4 Z¦� ö ( ñ normal)À 6 ¿ ÷ � Z (Def.6 ¿ , Def.
÷ � )

We alsohave thefollowing interactionbetweenñ andeach6=� :
ñ^ZÇÀ¶6��,Z ñ - 6=�

It would bereasonableto supposethat theS5axiomsfor ñ togetherwith axioms
Def.6 � , D( ò � ) and ñ - 6 � provideacompletecharacterisationof thelogic of interpreted
deonticsystems.We havenot checkedthatthis is so.

4.3 A notion of ‘global’ correctness

Sofar we have describedanddiscussedtheuseof a greenandredstatesemanticsfor
interpretingthe indexeddeonticoperatorof correctbehaviour. Thereareseveralpos-
siblewaysto extendthesenotionsto modelthenotionof globally correct functioning
behaviourof the MAS. For example,it is straightforward to augmentthe framework
with anothermodality 6 capturingglobal correctness,interpretedin termsof ~ , the
setof greenstatesfor thesystemasa whole,asfollows:

D!	8��ux
�����1 � � 6 . if for all � I 9�~ wehave that D!	8��ux
�����1 � � § . �
Thereareseveralpossibledefinitionsof ~ , dependingon thenotionof globalcorrect-
nesswe wish to model:

1. ~b�Y C	8p @ 
Vp � 
�������
�p � �ª1qp @ 9;~ @ ¢ ,
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2. ~b�Y C	8pe@o
Vp8��
�������
�ps�W�ª1qps�c95~�� for some7:9�' ¢ ,
3. ~b�Y C	8pe@o
Vp8��
�������
�ps�W�ª1qps�c95~�� for all 7t95' ¢ ,

Thefirst versioncorrespondsto anotionof correctbehaviour for theenvironment.This
canbe usedto modelsystemfailureswheretheseareassociatedwith eventssuchas
communicationbreakdown, etc. In the seconddefinition of ~ , a stateof the system
is regardedascorrectwhenever oneor moreof theagentsin thesystemarein locally
correctstates;partsof thesystemmight not beperformingasintendedbut partsof it
are. This canserve asa guaranteethat thesystemis not completelycrashed,asis the
case,for example,in asystemcontainingredundantcomponents.It couldalsoperhaps
beusedto modelliveness.Thethird definitionmodelscorrectstatesasstatesin which
all thesubcomponentsareworkingcorrectly. Thiscanbeusedto modelaconservatory
notionof correctness,usefulwhenmodellingsafetycritical systems.

Shouldthe seconddefinition from the list above be chosenassemanticalmodel,
the resultingaxiomatisationwould inherit the following interplay betweenglobally
andlocally correctbehaviours:

6TZ±À¶6 � Z for some7:9;'N�
Shouldthethird possibilitybeadopted,wewould inherit thevalidity of:

6KZÇÀ¶6 � Z for all 7c9�'N�
It is also straightforward to generalise,to allow for the modelling of arbitrary

groupsof agents,and not just individual agentsand the global systemas a whole:6=ø would representcorrectfunctioningof any group of agents
î  "' , with 6=ø

interpretedin variousways,in analogousfashionto thedifferentnotionsof globalcor-
rectnessidentifiedabove. Theindexedmodality 6�� is thenthelimiting casewhere

î
is a singleton  �7 ¢ , andglobal correctness6 is the limiting casewhere

î �¯' . We
leavedetailedexaminationof thesepossibilitiesto futurepapers.

4.4 Deonticstatesof knowledge

Interpreteddeonticsystemsareanextensionof interpretedsystems,andassuchcanbe
usedto interpretknowledgein thesameway. To seethis, augmentthe language- of
Definition 1 with an indexedmodality é � representingknowledgeof agent7 . To give
aninterpretationto this modality, extendDefinition 8 with thefollowing clause:

D!	8��ux
�����1 �<�<é � . if for all �hI we havethatp � 	e�g�:�kp � 	e�hI½� implies D!	8��ux
�����1 �<�A§ . 

whereps� is a functionthatreturnsthe 7 ’s localstatefrom aglobalstate.It is reasonable
to expectthatanaxiomatisationof theresultingaugmentedlogic will begivenby S5�
for the é � componentunion(in thetechnicalsenseof [KW91, Gab98, GS98])thelogic
KD45� -¿� for thedeonticpart.

What is moreinterestingthough,is thatdeonticsystemsof global statesallow us
to expresssomemoresubtleconceptsof knowledgenot expressiblein bareinterpreted
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systems.Oneof theseis theknowledge that an agent is allowedto have. Consider, in
thefirst instance,thenotionexpressedby theconstruction6¬é�� . For easeof reference,
thetruth conditionscanbestatedequivalentlyasfollows:

D!	L��ux
����J1 � � 6%é�� . if for all �hIØ95~ we have that D!	8�jux
�����1 � �A§ é�� . �
Or:

D!	8��u�
����ª1 � � 6¬é�� . if for all �gIL
d�gI I we have thatps��	e�hI½�c�kps��	s�gI I½� and �gI IØ9;~ implies D!	8��ux
�����1 � �A§ . �
Again therearedifferentnotionsthatcanbeexpressed,dependingon how we choose
to interpretthenotionof globalcorrectnessmodelledby 6 , thatis, whatwechoosefor
thespecificationof theset ~ of greenglobalstates.

It is particularlyimportantwhenreadingtheseexpressionsto rememberthat they
expressthe “bird’ s eye” view of the MAS: 6¬é � . saysthat in all statesconforming
to correctglobal behaviour, agent7 hassufficient informationto know that . . There
aremany othernotionsof ‘agent 7 oughtto know . ’ thatarenot capturedby this con-
struction.Similarly, 6J¿�é�� . expressesthatin all statesin whichagent¾ is functioning
correctlyaccordingto its protocol,agent 7 hasthe informationto know that . . And
likewisefor theexpression6 ø é�� . where

î
is any subsetof theagents' .

Clearly, we can also study the notions expressedby constructionsof the formé���6J¿ , é��C6 , and é���6 ø . More interestingis a third possibilitystill, which is knowl-
edgethatanagent7 hason theassumptionthat thesystem(theenvironment,agent ¾ ,
groupof agents

î
) is functioningcorrectly. We shallemploy the(doubly relativised)

modal operator ùé ¿ � for this notion, interpretedas follows on the interpreteddeontic
system	L��ux
���� itself:

	8��ux
�����1 �<� ùé ¿ � . if for all �gI suchthat p � 	e�g�c��p � 	e�hI½� and p ¿ 	s�gI·�P9�~ ¿
we havethat 	8��ux
�����1 �<� § . 


andasfollowson thegeneratedframe D!	L��ux
���� :
D!	8��ux
�����1 �<� ùé ¿ � . if for all �gI suchthat p � 	e�g�t��p � 	s�gI·� and �hIØ9;� ¿ 	s�gI½�

wehave that D!	8��u�
�����1 � �A§ . �
Wewrite ùé � for thecorrespondingglobalanalogue:thetruthconditionsareobtainedby
replacingthecondition p0¿�	s�gI·��9M~<¿ by �gI�9�~ : again,differentversionsareobtained
by choosingamongthedifferentoptionsfor thedefinitionof whatcountsasthesetof
greenglobalstates~ . And likewisefor theobviousgeneralisationto ùé ø� where

î
is

any (non-empty)subsetof thesetof agents' .
It is perhapsclearerto seetherelationshipbetweentheconstructions6 ¿ é � , é � 6 ¿

and ùé ¿ � whenthey areexpressedusingthereductionmethodof section4.2.

6J¿�é��AZ � ñ�	8òW¿:ÀHé��AZ��
é���6J¿WZ � é��Wñ<	8òW¿tÀäZ��
ùé ¿ � Z � é � 	8ò ¿ À©Z¦�
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é���6J¿ and ùé ¿ � areclosely related. To seethe relationship,notice from the truth
conditions,or from thereductionschemesabove andpropertiesof ñ and é�� , that the
following axiomschemasarevalid (amongothers):

é��AZÇÀ ùé ¿ � Z (but not theconverse)

é � 6 ¿ ZÇÀ ùé ¿ � Z (but not theconverse)

6J¿WZÇÀ ùé ¿ � Z (but not 6J¿WZÇÀHé���6J¿WZ )

Thisseemsintuitively correct.If onerestrictsattentionto statesin which ¾ is function-
ing correctly, 7 ‘knows’ at leastasmuchaswhenall states,¾ -greenand ¾ -red,have to
be considered(first of the axioms). And if 7 knows that Z holdsin all stateswhere ¾
is functioningcorrectly, i.e. é � 6 ¿ Z holds,thensurelyalso ùé ¿ � Z ; on the otherhand,
therecouldbethingsZ that 7 ‘knows’ on theassumptionthat ¾ is functioningcorrectly
thatdo not hold in all ¾ -correctstates: ùé ¿ � Z shouldnot imply é���6<¿gZ . Of course,to
be really useful, the questionis not just whether ùé ¿ � Z holdsbut whether 7 candeter-
minethis, i.e.whetheré �Xùé ¿ � Z holds.But notice: ùé ¿ � Z�Àâé � 	8ò ¿ ÀºZ¦� (by definition),
é���	Lòg¿xÀºZ��XÀÜé��Ué���	Lòg¿xÀúZ�� (by property4 of é�� ), and é��+é���	Lòg¿aÀúZ¦�XÀâé�� ùé ¿ � Z
(by definition).Sincewealsohave é��,ZÇÀ©Z , we havethefollowing valid axiom:

ùé ¿ � Z�ï é �¦ùé ¿ � Z (all 7:9;' ) 

whichseemsverysatisfactory.

As for therelationshipbetween6J¿Øé�� and ùé ¿ � , variousinteractionscanreadilybe
determined,suchasthefollowing:

6 ¿ é � Z³À ùé ¿ � é � Z
6J¿Øé��,ZÇÀ ùé ¿ Ò é��,Z (any Õ�9;' )

We have identifiedherejust someof themostobviousrelationships,however. The
full characterisationof this logic remainsto beexplored.

5 Conclusions

In this paperwe have exploredthenotionof deonticsystemsof global statesandax-
iomatisedthe resultingsemantics.Apart from the technicalissuesdealtwith in the
paper, we have tried to motivatethe suggestionof exploring groundedsemantics(in-
terpretedsystemsor otherwise)to giveaninterpretationto deonticconceptswhenthese
areaimedatcomputerscienceapplications.

Varioustechnicalissuesseemto beworth exploring further. In particulartheques-
tion of finding a completeaxiomatisationfor the operator ùé ¿ � discussedabove seems
promising.Oncethis is achievedit will beinterestingto explorethenotionof common
knowledgewith respectto deonticstatesandgroupsof agents.
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Theframework aspresentedhereis very general.Althoughwe have tendedin the
discussionto associatethegreenlabelwith ‘correct’ or ‘allowed’ functioningandred
with ‘incorrect’ or ‘disallowed’, nothingin theformal developmentrelieson this par-
ticular reading.The green/redlabelling of statescouldbe usedjust aswell to model
other distinctions: greencould be usedto pick out, for instance,the normal, non-
exceptionalstatesfrom theabnormal,exceptionalones.The ùé ¿ � operatorwould then
expresswhat agent 7 knows on the assumptionthat agent¾ is not in an unusual,ex-
ceptionalstate. Perhapswe have a meansof modellingdefeasibleknowledge. This
remainsto beinvestigated.We alsobelieve it will befruitful to examinewhatemerges
whentheenvironmentis givenspecialattentionandperhapsadditionalstructure.We
have in mind thepossibilityof analysingsignallingmechanismsin particular.

Theanalysisperformedso far appliesto the staticcase,i.e. we have intentionally
neglectedto considerthe temporalevolution of the system.This is an aspectof this
work that we would like to address.The constructionsof runs of [FHMV95], and
constructionsusedin dynamiclogic seemto bepromisingpointsto consider.
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