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Martian conditions present various challenges when designing rotorcraft. Specifically,

the thin atmosphere and low sound speed require Martian rotor blades to operate in a low

Reynolds number (1,000 to 10,000) compressible regime, for which conventional airfoils are

not designed. Here we utilize PyFR to undertake high-order Direct Numerical Simulations

(DNS) of flow over a triangular airfoil at a Mach number of 0.15 and Reynolds number of

3,000. Initially, span-wise periodic DNS are undertaken. Extending the domain-span-to-chord

ratio from 0.3 to 0.6 leads to better agreement with wind tunnel data at higher angles of

attack, when the flow is separated. This is because smaller domain spans artificially suppress

three-dimensional breakdown of coherent structures above the suction surface of the airfoil.

Subsequently, full-span DNS in a virtual wind tunnel are undertaken, including all wind tunnel

walls. These capture blockage and wall boundary layer effects, leading to better agreement

with wind tunnel data for all angles of attack compared to span-wise periodic DNS. The results

are important in terms of understanding discrepancies between previous span-wise periodic

DNS and wind tunnel data. They also demonstrate the utility of high-order DNS as a tool for

accurately resolving flow over triangular airfoils under Martian conditions.
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I. Introduction
On April 19 2021, NASA’s Ingenuity Helicopter undertook the first ever heavier-than-air flight onMars [1]. Ingenuity

has a total mass of 1.8 kg and features two counterrotating hingeless rotors with a diameter of 1.21 m, each comprising

two blades based on conventional airfoil profiles [2].

Martian atmospheric conditions are very different to those on Earth, and present various challenges when designing

rotorcraft. Specifically, Mars has a thin atmosphere with a very low surface density (≈ 0.017 kg/m3) and pressure

(≈ 0.75975 kPa) compared to Earth, reducing rotor lift and efficiency. Additionally, the speed of sound on Mars is

approximately 72% of that on Earth due to its low surface temperature (average of −63 ◦C) and atmospheric composition

(95% carbon dioxide), which puts a limit on rotor speeds in order to avoid high Mach numbers at the blade tip.

Taken together, these conditions require Martian rotor blades to operate in a low Reynolds number (1, 000 to 10, 000)

compressible flow regime; for which conventional airfoils have not been designed, and optimal airfoils have yet to be

developed.

Previous experimental studies of flow over airfoils under Martian atmospheric conditions have investigated the

performance of conventional (NACA0012) airfoils [3–5] and non-conventional airfoils such as insect (dragonfly) inspired

airfoils [6, 7], angular airfoils [8], triangular airfoils [9, 10], and thin flat and cambered plates [4, 5]. Non-conventional

airfoils have been shown to give a higher aerodynamic performance at low-Reynolds numbers [7] than conventional

airfoils. Previous Computational Fluid Dynamics (CFD) studies, of which there have been relatively few, include

Reynolds Averaged Navier-Stokes (RANS) simulations [11] and Direct Numerical Simulations (DNS) [9] of flow over a

triangular airfoil at various angles of attack. Certain RANS results [11] were found to achieve good agreement with

available experimental data; although the degree of agreement was sensitive to the closure that was employed, with the

recent WA model [12] performing the best. DNS results [9] were found to qualitatively capture experimentally observed

non-linearity in the lift curve. However, quantitative differences remained, particularly at high angles of attack. Our

hypothesis is that these resulted from the relatively small domain span to chord ratio that was employed and/or the

absence of wind tunnel walls in the simulations.

In the present work we utilise PyFR [13] to undertake high-order accurate DNS of flow over the triangular airfoil

studied both experimentally and computationally by Munday et al. [9]. Specifically, span-wise periodic DNS are

undertaken with various domain spans, as well as full-span DNS in a virtual wind tunnel including all wind tunnel walls,

for a range of angles of attack, with a fixed free-stream Mach number " = 0.15 and a chord based Reynolds number

'4 = 3, 000. Results are compared with both the experimental and computational data of Munday et al. [9] and used to

assess the effect of both domain span and wind tunnel walls on DNS accuracy.

Sec. II presents the methodology for the current work. Next, Sec. III investigates the effect of domain span. Sec. IV

describes the effects of wind tunnel walls. Finally, the conclusions and future work are presented in Sec. V.
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II. Methodology

A. Test Case

The experimental studies of Munday et al. [9] were carried out in the Mars Wind Tunnel (MWT) at Tohoku

University [14]. The test section of the MWT measures 400 mm in length, 150 mm in height, and 100 mm in width;

with the top and bottom walls of the test section inclined at 1.3 degrees to compensate for boundary layer growth. The

triangular airfoil was placed in the middle of the test section. It had a chord of 30 mm, a maximum thickness of 1.5 mm

at 9 mm from the leading edge, and spanned the width of the wind-tunnel test section; with a span to chord ratio of 3.33.

Various quantities were measured, including time-averaged lift, drag and pressure coefficients defined as

�! =
�!
@∞�

, �� =
��
@∞�

, �% =
? − ?0
@∞

, (1)

respectively, where �! and �� are the time-averaged lift and drag forces, respectively, measured with a force balance, ?

is the time-averaged static pressure obtained via mid-span pressure tappings and pressure-sensitive paint (PSP), ?0

is a time-averaged reference static pressure measured at the airfoil apex, � is the airfoil planform area, and @∞ is the

time-averaged dynamic pressure. The time-averaged dynamic pressure was obtained via

@∞ = ?) B − ?4, (2)

where ?) B is the time-averaged total pressure measured with a pitot tube in the settling chamber of the wind tunnel and

?4 is the time-averaged static pressure measured at the entrance of the test section.

The computational studies of Munday et al. [9] comprised span-wise periodic DNS, with a domain-span to chord

ratio of 0.3.

Both the experimental and computational studies of Munday et al. [9] were undertaken with " = 0.15 and " = 0.5,

and '4 = 3, 000 and '4 = 10, 000, for various angles of attack U in the range 0◦ ≤ U ≤ 15◦. In the present work we

focus on the case with " = 0.15 and '4 = 3, 000. Under these conditions the triangular airfoil has a highly nonlinear

lift curve, and various flow regimes can be identified, including a laminar two-dimensional regime when U < 7◦ and a

turbulent three-dimensional regime when U > 9◦. Specifically, when U < 7◦ flow separation and subsequent vortex

roll-up happens at the apex of the triangular airfoil. However, when U > 9◦, flow separates at the leading edge, with

larger and stronger vortices rolling up on the suction surface of the airfoil compared to those shed from the apex. These

more energetic vortices induce a large area of low pressure on the suction surface, which enhances lift. In the transition

region between these two regimes separation migrates from the apex to the leading edge, resulting in rapid variation of

lift with U. In the experimental studies of Munday et al. [9] this transition occurs in the region U = 8◦ − 9◦. However, in
the computational studies of Munday et al. [9] it occurs in the region U = 7◦ − 8◦.
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Fig. 1 Schematic of triangular airfoil profile.

B. Governing Equations

In the present work we used PyFR [13] to solve the compressible Navier-Stokes equations for an ideal gas with

constant viscosity. These can be written as
mu
mC
+ ∇ · f = 0, (3)

where u = u(x, C) = (d, dEG , dEH , dEI , �) is the solution with d the fluid density, v = (EG , EH , EI) the fluid velocity and

� the total energy per unit volume, and where f = f (u,∇u) = fi − fv is the flux, with fi the inviscid flux given by

fi =



dEG dEH dEI

dE2G + ? dEHEG dEIEG

dEGEH dE2H + ? dEIEH

dEGEI dEHEI dE2I + ?

EG (� + ?) EH (� + ?) EI (� + ?)



, (4)

where ? is the pressure, which for an ideal gas is given by

? = (W − 1)
(
� − 1

2
d‖v‖2

)
, (5)

with W = 2?/2E , where 2? and 2E are specific heat capacities at constant pressure and volume, respectively, and fv is the

viscous flux given by

fv =



0 0 0

TGG THG TIG

TGH THH TIH

TGI THI TII

E8T8G + ΔmG) E8T8H + ΔmH) E8T8I + ΔmI)



, (6)
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where the stress-energy tensor is given by

T8 9 = `(m8E 9 + m 9E8) − 23 `X8 9∇ · v, (7)

with ` the dynamic viscosity, Δ = `2?/%A, with %A the Prandtl number, and ) is the temperature, which for an ideal

gas is given by

) =
1
2E

1
W − 1

?

d
. (8)

In the current study values of W = 1.4 and %A = 0.71 were employed.

C. Solver and Numerical Method

PyFR is based on the high-order Flux Reconstruction approach of Huynh [15]. In the present work fourth-order

polynomials were used to represent the solution within each element of the mesh, thus nominally achieving fifth-order

accuracy in space. A Rusanov Riemann solver was used to calculate the inter-element inviscid fluxes, the Local

Discontinuous Galerkin approach was used to calculate the inter-element viscous fluxes, an explicit RK45 scheme [16]

was employed to advance the solution in time, no anti-aliasing was employed, and all runs were performed using double

precision arithmetic.

Simulations were undertaken using Nvidia Tesla V100-SXM2-16GB GPUs on Cirrus at the EPCC Advanced

Computing Facility and Nvidia Tesla P100-16GB GPUs on Piz Daint at the Swiss National Supercomputing Centre

(CSCS).

III. Effect of domain span

A. Overview

In this section the effect of domain span on the accuracy of span-wise periodic DNS is investigated. Specifically,

results from two-dimensional PyFR simulations, and results from span-wise periodic PyFR simulations with domain

span to chord ratios of 0.3, 0.6 and 0.9, are compared with previous experimental and computational results from

Munday et al. [9]. All simulations were undertaken using PyFR v1.10.0.

B. Setup

1. Computational domain

A schematic of the triangular airfoil profile is shown in Fig. 1. It is defined to have a chord of 1.0 and a maximum

thickness of 0.05 at a distance of 0.3 from the leading edge. The origin in the streamwise-vertical GH-plane is located at

the leading edge of the airfoil when U = 0◦. When changing the angle of attack, the airfoil is rotated about its trailing

edge. The dimensions of the computational domain are G ∈ [−10, 20] in the streamwise direction and H ∈ [−10, 10] in

5



the vertical direction. These are the same as those used in the computational study of Munday et al. [9]. The span-wise

extent of the domain is varied, from zero for the two-dimensional cases to I ∈ [0, XI] for the three-dimensional cases,

where the domain span XI is 0.3, 0.6 and 0.9.

2. Meshes

For two-dimensional cases meshes are comprised of structured and unstructured regions in the streamwise-vertical

GH-plane. Specifically, structured quadrilateral meshes are located adjacent to the airfoil surfaces, extending a distance of

0.2 normally from the upper surface and 0.1 normally from the lower surface into the domain. For high angles of attack

structured regions on the upper surface are augmented after the apex to extend a distance 0.5 normally into the domain.

Structured quadrilateral meshes are also located in the wake region, extending a distance of 6.0 downstream of the airfoil.

The remainder of the streamwise-vertical GH-plane meshes are tessellated with an unstructured mix of quadrilaterals and

triangles. Figure 2 shows the mesh in the streamwise-vertical GH-plane for U = 12◦. The two-dimensional meshes have

∼ 18 × 103 elements, and ∼ 412 × 103 degrees of freedom per equation in total when fourth-order solution polynomials

are used to represent the solution with each element.

For three-dimensional cases the analogous two-dimensional mesh is extruded in the span-wise I direction, generating

hexahedra and triangular prisms throughout the domain. The largest three-dimensional meshes have ∼ 155 × 103

elements, and ∼ 19.4 × 106 degrees of freedom per equation in total when fourth-order solution polynomials are used to

represent the solution with each element.

Fig. 2 Zoomed in view of mesh in the streamwise-vertical GH-plane used for 2D and span-wise periodic DNS
with U = 12◦.

3. Boundary Conditions

At the G = −10 inflow, G = 20 outflow, H = −10 bottom, and H = 10 top planes a characteristic boundary condition

was applied. Specifically, a density d = 1.0, velocity v = {EG , EH , EI} = {1.0, 0.0, 0.0} and pressure ? = 31.746
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were prescribed. An impermeable no-slip adiabatic boundary condition was prescribed at the airfoil surface. For the

three-dimensional cases periodic boundary conditions were applied in the span-wise direction. Taken together these

conditions achieved " = 0.15 and '4 = 3, 000. Note that no turbulence was injected at the inflow.

4. Startup process and data extraction

All simulations were initiated at C = 0 with a uniform density d = 1.0, velocity v = {EG , EH , EI} = {1.0, 0.0, 0.0} and
pressure ? = 31.746 throughout the entire domain. Simulations were advanced a period CC to remove initial transients

and then for a further C4, henceforth referred to as the Data Extraction Period during which data was extracted for

analysis. For two-dimensional simulations CC = 10C2 , C4 = 10C2 when U < 8, and CC = 15C2 , C4 = 15C2 when U ≥ 8,
and for three-dimensional simulations CC = 40C2 , C4 = 20C2 when U < 8, and CC = 100C2 , C4 = 50C2 when U ≥ 8, and
with in all cases C2 = 2/D∞ where D∞ is the G-velocity magnitude measured at the center of the G = −10 inflow plane

time-averaged over the Data Extraction Period.

Note that for the first 5C2 of each three-dimensional simulation the velocity prescribed at the G = −10 inflow plane

was modified to have a time-dependent component as follows v = {1 + 0.2 sin(100C), 0.2 sin(100C), 0.2 sin(100C)} in
order to trigger flow instabilities.

C. Results

Figure 3 shows plots of �! and �� as a function of U for the 2D and span-wise periodic DNS undertaken with

PyFR, as well as for the previous DNS and experimental studies of Munday et al.[9]. For the PyFR simulations �! and

�� were obtained using Eq. (1), where �! and �� were obtained by time-averaging the sum of viscous and pressure

forces on the airfoil in the H and G directions, respectively, over the Data Extraction Period, and @∞ was obtained via

@∞ =
1
2
d∞D2∞ (9)

where d∞ and D∞ are the density and velocity magnitude, respectively, measured at the center of the G = −10 inflow
plane time-averaged over the Data Extraction Period.

The 2D PyFR results are seen to be in reasonable agreement with the experimental �! and good agreement with the

experimental �� for low U. However, as U increases and the flow becomes highly-separated and unsteady, the 2D PyFR

simulations start to significantly over-predict both �! and �� relative to the experimental results, with discrepancies in

�! reaching 80% when U = 15◦.

The span-wise periodic DNS results obtained using PyFR with XI = 0.3 are seen to be in excellent agreement with

both �! and �� obtained from the previous DNS of Munday et al. [9], which were undertaken using the same domain

span to chord ratio of 0.3. The trends in both �! and �� are also closer to the experimental data than the 2D PyFR
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Fig. 3 Plots of lift coefficient �! (a) and drag coefficient �� (b) as a function of angle of attack U obtained from
the MWT experiments of Munday et al. [9], span-wise periodic DNS with XI = 0.3 of Munday et al. [9], 2D DNS
using PyFR, span-wise periodic DNS with XI = 0.3, XI = 0.6, XI = 0.9 using PyFR, and DNS in a virtual wind
tunnel using PyFR.

results. This is because the span-wise periodic DNS can capture breakdown of large vortical structures shed above

the suction surface of the airfoil. The importance of this effect becomes particularly apparent when U ≥ 9◦, after the
separation point has moved to the leading edge of the airfoil.

The span-wise periodic DNS results obtained using PyFR with XI = 0.6 and XI = 0.9 are similar to those obtained

with XI = 0.3 when U ≤ 9◦. However, when U ≥ 9◦ they achieve better agreement with the experimental �! and �� .

Specifically, except for when U = 13◦, discrepancies relative to the experimental �! and �� are reduced by between

20% and 50%. However, we note that changing from XI = 0.6 to XI = 0.9 has little additional effect on both �! and �� .

Figure 4 shows plots of �% for U = 6◦ and U = 12◦ on the suction surface of the airfoil as a function of G̃ = G/0,
where 0 is the G-wise distance between the leading and trailing edge of the airfoil, for the 2D and span-wise periodic

DNS undertaken with PyFR, as well as for the previous DNS and experimental studies of Munday et al.[9]. For the

span-wise periodic DNS �% was obtained using Eq. (1), where ? was obtained at each G̃ by space-time-averaging

static pressure on the suction surface of the airfoil in span and over the Data Extraction Period, ?0 was obtained by

space-time-averaging static pressure within all mesh cells that had vertices coincident with the apex of the airfoil and

over the Data Extraction Period, and @∞ was obtained via Eq. (9), where d∞ is the density measured at the center of the
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G = −10 inflow plane time-averaged over the Data Extraction Period.

When U = 6◦ the 2D and span-wise periodic DNS results obtained using PyFR are seen to be in good agreement

with �% obtained from the previous DNS and experiments of Munday et al. [9]. However, when U = 12◦ differences

occur. Specifically, the 2D PyFR simulations start to significantly over-predict �% above the down-stream section of the

airfoil relative to the experimental results. Span-wise periodic DNS results obtained using PyFR with XI = 0.3 are

seen to reduce this discrepancy, and achieve good agreement with �% distributions obtained from the previous DNS of

Munday et al. [9], which were undertaken using the same domain span to chord ratio of 0.3. Increasing the domain

span to XI = 0.6 is seen to reduce the discrepancy further still, dramatically flattening the �% distribution above the

down-stream section of the airfoil, and bringing it significantly closer to the experimental results. However, further

increasing the domain span from XI = 0.6 to XI = 0.9 has little additional effect on �% .
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(b)

Fig. 4 Plots of pressure coefficient �% as a function of G̃ for angles of attack " = 6◦ (a) and " = 12◦ (b) on the
suction surface of the airfoil obtained from the MWT experiments of Munday et al. [9], span-wise periodic DNS
with XI = 0.3 of Munday et al. [9], 2D DNS using PyFR, span-wise periodic DNS with XI = 0.3, XI = 0.6, XI = 0.9
using PyFR, and DNS in a virtual wind tunnel using PyFR.

Figure 5 shows instantaneous Q-criterion iso-surfaces, coloured by velocity magnitude, for the case with U = 12◦

when XI = 0.3 and XI = 0.9, and at different points in the shedding cycle. Specifically, the left-hand column shows the

instant of maximum lift in a specific shedding cycle, the middle column shows an instant of intermediate lift in the same

cycle, and the right-hand column shows the instant of minimum lift in the same cycle. Figure 6 shows instantaneous

density gradient, at the instant of maximum lift in a specific shedding cycle, for the case with U = 12◦ when XI = 0.3

and XI = 0.9, and in different H-I planes. Specifically, the left-hand column shows a plane at the trailing edge, the

middle column shows a plane half a chord downstream from the trailing edge, and the right-hand column shows a plane
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one chord downstream from the trailing edge. Note that for the case with XI = 0.3 the periodic data is repeated three

times to facilitate comparison with the XI = 0.9 case.

Taken together, Figures 5 and 6 show how using XI = 0.3 imposes non-physical periodicity, and artificially suppresses

the three-dimensional breakdown of coherent structures that form above the suction surface of the airfoil and in the wake.

(a) (b) (c)

(d) (e) (f)

Fig. 5 Images of instantaneous Q-criterion isosurfaces Q = 1, coloured by velocity magnitude, for U = 12◦
when XI = 0.3 (a), (b) and (c), and XI = 0.9 (d), (e) and (f), at different points in the shedding cycle: maximum
lift (a) and (d), intermediate lift (b) and (e), and minimum lift (c) and (f).

IV. Effect of wind tunnel walls

A. Overview

In this section the effect of wind tunnel walls on the accuracy of DNS is investigated. Specifically, results from

full-span DNS of the triangular airfoil in a virtual wind tunnel, including all wind tunnel walls, are compared with

previous experimental and computational results from Munday et al. [9]. All simulations were undertaken using PyFR

v1.10.0.
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(a) (b) (c)

(d) (e) (f)

Fig. 6 Images of instantaneous density gradient, at the instant of maximum lift in a specific shedding cycle, for
U = 12◦ when XI = 0.3 (a), (b) and (c), and XI = 0.9 (d), (e) and (f), in different H-I planes: (a) and (d) show a
plane at the trailing edge, (b) and (e) show a plane half a chord downstream from the trailing edge, and (c) and
(f) show a plane one chord downstream from the training edge. Note that for the case with XI = 0.3 the periodic
data is repeated three times to facilitate comparison with the XI = 0.9 case.

B. Setup

1. Computational domain

As per Sec. III.B.1, the triangular airfoil is defined to have a chord of 1.0 and a maximum thickness of 0.05 at

0.3 from the leading edge. The origin in the streamwise-vertical GH-plane is located at the leading edge of the airfoil

when U = 0◦. When changing the angle of attack, the airfoil is rotated about its trailing edge. The dimensions of the
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computational domain are G ∈ [−5, 8.333] in the streamwise direction, H ∈ [−2.5, 2.5] in the vertical direction at the
inlet, and I ∈ [0, 3.333] in the span-wise direction, with the top and bottom walls inclined at an angle of 1.3◦ to the

streamwise direction. This configuration matches the working section of the Tohoku Mars Wind Tunnel, in which the

experiments of Munday et al. [9] were undertaken.

2. Meshes

Meshes are constructed by extruding 2D streamwise-vertical GH-plane meshes in the span-wise I direction. The

streamwise-vertical GH-plane meshes are comprised of structured and unstructured regions. Specifically, structured

quadrilateral meshes are located adjacent to the airfoil surfaces, extending a distance of 0.2 normally from the upper

surface and 0.1 normally from the lower surface into the domain. For high angles of attack structured regions on the

upper surface are augmented after the apex to extend a distance 0.5 normally into the domain. Structured quadrilateral

meshes are also located in the wake region, extending a distance of 6.0 downstream of the airfoil, and adjacent to the top

and bottom walls, extending a distance of 0.3 normally into the domain. The remainder of the streamwise-vertical

GH-plane meshes are tessellated with an unstructured mix of quadrilaterals and triangles. Extrusion of the 2D meshes in

the span-wise I direction, generates hexahedra and triangular prisms throughout the domain.

Mesh density is selected to achieve DNS resolution throughout the domain. Specifically, mesh cells adjacent to

the wind tunnel walls are sized such that Xa > Δ everywhere, where Xa is the local diffusive length scale of a Blasius

boundary layer solution and

Δ =
3√+
? + 1 (10)

is an estimate of the local solution point spacing, with + the local element volume and ? the polynomial order used to

represent the solution within each element of the mesh. Additionally, in the wake we a posteriori verify in Appendix A

that 2.5[ > Δ everywhere, where

[ =

(
a3

Y

)1/4
(11)

is the Kolmogorov length scale, with a the kinematic viscosity and

Y = 2a(8 9(8 9 (12)

the dissipation rate, where (8 9 is the fluctuating rate-of-strain tensor. This is within the threshold required to achieve

DNS resolution given the simulations are nominally fifth-order accurate in space [17].

Figure 7 shows the external surface of the mesh for U = 12◦. The mesh has ∼ 1.3 × 106 elements, and ∼ 138 × 106

degrees of freedom per equation in total when fourth-order solution polynomials are used to represent the solution

within each element.
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Fig. 7 View of the computational mesh used for the virtual wind tunnel DNS with U = 12◦.

3. Boundary conditions

At the G = −15 inflow a total pressure boundary condition was applied. Specifically, a total pressure ?) = 34.8804,

a total temperature )) = 0.1196 and an inflow angle normal to the inflow plane were prescribed uniformly. At

the G = 8.333 outflow plane, a characteristic boundary condition was applied. Specifically, a density d = 1.0

and a pressure ? = 34.3365 were prescribed uniformly, along with a spatially varying velocity v = {EG , EH , EI} =
{(tanh(8.307(H + 2.803)) − tanh(8.307(H − 2.803)) − 1.0) (tanh(8.307I) − tanh(8.307(I − 3.333)) − 1.0), 0.0, 0.0},
which allowed the naturally developing laminar boundary layer within the domain to exit without being perturbed as

shown in Fig. 8. An impermeable no-slip adiabatic boundary condition was prescribed at the airfoil surface and the

wind tunnel walls. Taken together these conditions achieved " = 0.15 and '4 = 3, 000. Note that no boundary layer

and no turbulence was injected at the inflow.

−5 0 5 8.33
0

0.17

0.33

x

X 9
9

Blasius laminar boundary layer
Lower wall boundary layer
Right wall boundary layer

Fig. 8 Plot of the boundary layer thickness %99 as a function of x for the virtual wind tunnel DNS with U = 11◦
on the lower and right-hand-side walls, measured at the mid-span and mid-height respectively, alongside with
the Blasius laminar boundary layer thickness.
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4. Startup process and data extraction

All simulations were initiated at C = 0 with a uniform density d = 1.0, velocity v = {EG , EH , EI} = {1.0, 0.0, 0.0} and
pressure ? = 34.3365 throughout the entire domain. Simulations were advanced a period CC to remove initial transients,

where CC = 96C2 when U < 8 and CC = 144C2 when U ≥ 8, and then a further period C4, henceforth referred to as the Data

Extraction Period during which data was extracted for analysis, where C4 = 48C2 when U < 8 and C4 = 72C2 when U ≥ 8,
and with in all cases C2 = 2/D∞ where D∞ is the G-velocity magnitude measured at the centre of the G = −5 inflow plane

time-averaged over the Data Extraction Period.

C. Results

Full-span DNS in a virtual wind tunnel captures two important aspects of the flow physics that are not present in the

previous span-wise periodic DNS. Specifically, blockage effects are captured, as are interactions between side wall

boundary layers and the triangular airfoil, which lead to span-wise variations in the flow field.

Figure 3 shows plots of �! and �� as a function of U for DNS in a virtual wind tunnel undertaken with PyFR, as

well as for the previous DNS and experimental studies of Munday et al.[9]. For the PyFR simulations �! and �� were

obtained using Eq. (1), where �! and �� were obtained by time-averaging the sum of viscous and pressure forces on

the airfoil in the H and G directions, respectively, over the Data Extraction Period, and @∞ was obtained via Eq. (9),

where d∞ and D∞ are the density and velocity magnitude, respectively, measured at the centre of the G = −5 inflow
plane time-averaged over the Data Extraction Period.

Results from DNS in a virtual wind tunnel are seen to be in excellent agreement with the experimental �! and ��

for low U. This agreement is markedly better than that achieved using span-wise periodic DNS. Moreover, it extends

through to U = 9◦, past the point at which separation migrates from the apex to the leading edge of the airfoil. Indeed, at

e.g. U = 8◦ the resulting error in �! relative to the experimental data is 95% less than that achieved using span-wise

periodic DNS. Finally, we note that when U > 9◦ discrepancies begin to emerge between results from DNS in a virtual

wind tunnel and the experimental �! and �� . However, these discrepancies are on the whole less than, or at worst

similar to, those achieved using span-wise periodic DNS.

Figure 4 shows plots of �% for U = 6◦ and U = 12◦ on the suction surface of the airfoil as a function of G̃, for DNS

in a virtual wind tunnel undertaken with PyFR, as well as for the previous DNS and experimental studies of Munday

et al.[9]. For the DNS in a virtual wind tunnel �% was obtained using Eq. (1), where ? was obtained at each G̃ by

time-averaging mid-span static pressure on the suction surface of the airfoil over the Data Extraction Period, ?0 was

obtained by space-time-averaging static pressure within the two mid-span mesh cells that had vertices coincident with

the apex of the airfoil and over the Data Extraction Period, and @∞ was obtained via Eq. (9), where d∞ and D∞ are the

density and velocity magnitude, respectively, measured at the centre of the G = −5 inflow plane time-averaged over the

Data Extraction Period.
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When U = 6◦ results from DNS in a virtual wind tunnel are seen to be in good agreement with mid-span �% obtained

from the previous DNS and experiments of Munday et al. [9]. However, when U = 12◦ differences occur. Specifically,

DNS in a virtual wind tunnel over-predicts �% above the down-stream section of the airfoil relative to the experimental

results. The discrepancies are similar to those that occur for span-wise periodic DNS with XI = 0.6 and XI = 0.9.

Figure 9 shows distributions of �% on the suction surface of the airfoil for DNS in a virtual wind tunnel undertaken

with PyFR, as well as for the experimental studies of Munday et al.[9]. For the PyFR simulations �% distributions were

obtained using Eq. (1), where ? was obtained by time-averaging static pressure on the suction surface of the airfoil over

the Data Extraction Period, plus an additional constant but U dependent shift; calculated to ensure each distribution had

the same span-wise average at the apex as the analogous experimental distribution. This shift was applied in order to

enable (at least qualitative) comparison between results, under the constraint that precise values of the normalization

constants used to obtain the experimental �% distributions were no longer available. For all U, results from DNS in

a virtual wind tunnel are seen to be in good qualitative agreement with �% distributions obtained experimentally by

Munday et al. [9].

(a)

(b)

Fig. 9 Plots of �% distribution on the suction surface of the wing obtained by experimental studies of Munday
et al. [9] (a) and DNS in a virtual wind tunnel using PyFR (b).

Figure 10 shows instantaneous Q-criterion iso-surfaces, coloured by velocity magnitude, for various U, obtained

using span-wise periodic DNS with XI = 0.9, and DNS in a virtual wind tunnel. It can be seen that even for low U DNS

in a virtual wind tunnel leads to breakdown of span-wise uniform coherent structures, and hence 3D flow physics. In

contrast, flow remains entirely 2D for span-wise periodic DNS when U is low.

Figure 11 shows time-averaged velocity magnitude distributions in the mid-span plane with superimposed velocity
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Line Integral Convolutions (LICs), for various U, obtained using span-wise periodic DNS with XI = 0.9, and DNS in a

virtual wind tunnel. It can be seen that when U = 8◦ flow is fully separated from the leading edge for the span-wise

periodic DNS. However, this does not occur until U = 9◦ for DNS in a virtual wind tunnel. Suppression, in this way, of

the point at which leading edge separation occurs with U is what leads to the excellent agreement with experimental �!

and �� through to U = 9◦ shown in Figure 3.

V. Conclusions
In the present work PyFR was used to undertake high-order GPU-accelerated DNS of flow over a triangular airfoil at

a range of angles of attack, with a fixed free-stream Mach number of 0.15 and chord-based Reynolds number of 3,000.

To begin, span-wise periodic DNS of the triangular airfoil were undertaken. It was found that extending the domain

span from XI = 0.3 to XI = 0.6 improved agreement with associated wind tunnel data. However, extending it further to

XI = 0.9 provided little additional benefit. In particular, on extending XI from 0.3 to 0.6 better agreement with �! , ��

and mid-span �% distributions were achieved at high angles of attack (U > 9◦), when the flow is separated. This is

because XI = 0.3 was found to artificially suppress three-dimensional breakdown of coherent structures that form above

the suction surface of the airfoil and in the wake. However, despite this improvement, discrepancies remained between

the span-wise periodic DNS results and associated wind tunnel data for all angles of attack studied.

Subsequently, full-span DNS of the triangular airfoil in a wind tunnel were undertaken, including all the wind tunnel

walls. These simulations, which attempt to properly capture blockage effects and the interaction of wall boundary layers

with the airfoil, led to further improved agreement with associated wind tunnel data. Specifically, better agreement

with �! and �� was achieved for all angles of attack compared with the span-wise periodic DNS results. In particular,

excellent agreement was achieved for low angles of attack (U < 7◦) and in the region where the separation point

transitioned from the apex to the leading edge (7◦ < U < 9◦). Moreover, good qualitative agreement was achieved with

spatially resolved �% distributions on the suction surface of the airfoil for all angles of attack studied.

The results are important in terms of understanding discrepancies between previous span-wise periodic DNS of

triangular airfoils and associated wind tunnel data. They also demonstrated the utility of high-order GPU-accelerated

DNS as a tool for accurately resolving flow physics associated with triangular airfoils under Martian atmospheric

conditions.

Future work should investigate how non-sharp leading/trailing edges, inlet turbulence, and wall boundary layer

thickness can affect DNS results, with a particular focus on ascertaining whether they account for remaining discrepancies

between DNS results and associated wind tunnel data at high angles of attack (U > 9◦). Future work should also further

investigate the unsteady flow physics associated with transition from the apex separation to leading edge separation in

the region 7◦ < U < 9◦, including the effect of wind tunnel walls on this process.
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(a) (b)

(c) (d)

(e) (f)

Fig. 10 Images of instantaneous Q-criterion isosurfaces Q = 1, coloured by velocity magnitude, for angles of
attack " = 6◦ (a) and (b), " = 8◦ (c) and (d), and " = 15◦ (e) and (f), from span-wise periodic DNS with span
%z = 0.9 (a), (c) and (e), and virtual wind tunnel DNS (b), (d) and (f).
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(a) (b)

(c) (d)

(e) (f)

Fig. 11 Images of time-averaged velocity magnitude distributions in the mid-span plane with superimposed
velocity Line Integral Convolutions (LICs) for angles of attack " = 7◦ (a) and (b), " = 8◦ (c) and (d), and " = 9◦
(e) and (f), from span-wise periodic DNS with span %z = 0.9 (a), (c) and (e), and virtual wind tunnel DNS (b), (d)
and (f).

Appendix A
DNS in a virtual wind tunnel with U = 15◦ was re-started from C = 144C2 and run for a further 383C2 during which

data was extracted for analysis. Figure 12 shows plots of Δ/[ along various mid-span lines within the computational

domain, where Δ is an estimate of the solution point spacing given by Eq. (10) and [ is an estimate of the Kolmogorov

length scale given by Eq. (11). The simulation was undertaken using PyFR v1.12.0.
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