Generating Haar-uniform Randomness using Quantum Stochastic Walks
on a Photonic Chip
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As random operations for quantum systems are inten-
sively used in various quantum information tasks, a trust-
worthy measure of the randomenss in quantum operations
is highly demanded. Haar measure of randomness is a use-
ful tool with wide applications such as boson sampling.
A recent theoretical proposal was raised that combines
quantum control theory and the driven many-body open
quantum system model to generate Haar-uniform random
operations. This opens up a promising route to convert-
ing classical randomness to quantum randomness, which,
however, has never been experimentally demonstrated.
Here, we implement two-dimensional quantum stochas-
tic walk on the integrated photonic chip and demonstrate
the average of all distribution profiles converges to the
even distribution when the evolution length increases, sug-
gesting the 1-pad Haar-uniform randomness. We fur-
ther show that our two-dimensional array outperforms the
one-dimensional array of the same number of waveguide
for the speed of convergence. Our work demonstrates a
highly scalable way to generate Haar-uniform randomness
that can be useful building blocks to boost future quantum
information techniques.

Random operation for quantum systems!' plays an im-
portant role for a large variety of tasks in quantum in-
formation processing. Especially, as various studies on
boson sampling?® to demonstrate quantum computational
supremacy’® emerge in recent years, the Haar random uni-
tary matrices” required for these studies have drawn ever
increasing attention. The Haar measure of randomness is
now investigated as more than a theoretical tool, but also the
useful building block for quantum protocols or algorithms,
with wide applications covering boson sampling®®, quan-
tum cryptographylo, quantum process tomography“, entan-
glement generation'?, fidelity estimation®, and etc, which,
therefore, motivate a series of efforts to raise experimental
schemes on implementing random or pseudorandom quan-
tum operations'#11%  So far, these experimental schemes
decompose random unitary matrix either by using a large
number of quantum gates'*1% or using photonic beamsplit-
ters and interferometers' 1% via Reck/Clements decomposi-
tion method™??, both of a considerably high complexity.

On the other hand, an alternative approach to generate Haar
uniform random operations using quantum stochastic walks
has been recently raised®!. The rationale is based on quantum

control theory that uses random classical pulses to control a
quantum system, and the theory of driven many-body open
quantum systems with stochastic dynamics. Instead of using
quantum circuits or the programmable photonic networks with
beam splitters and phase shifters, this scheme via continuous-
time quantum stochastic walks?? could be much more scal-
able, and beneficial for practical quantum experiments includ-
ing larger-scale boson sampling. However, up to now, this
scheme has never been demonstrated in experiments.

Photonic lattice is an ideal physical platform to implement
continuous-time quantum walk, and a large evolution space in
the photonic lattice allowing for real spatial two-dimensional
quantum walks has been recently demonstrated®2, While
this physical system is suitable for coherent and pure quantum
walk, the environmental decoherence term can also be inten-
tionally introduced by lattice manipulation. The key process is
to introduce classical randomness to the propagation constant
along different sectors of each waveguide, which causes the
randomness in the diagonal part of the Hamiltonian matrix.
Therefore, quantum stochastic walks have been successfully
demonstrated in the photonic lattice to simulate various open
quantum systems25 2ol

In this work, we experimentally demonstrate the Haar-
uniform randomness using quantum stochastic walks on the
integrated photonic chips. We prepare samples of differ-
ent random settings of propagation constant detunings and
measure the light intensity distribution of quantum stochas-
tic walks on these two-dimensional photonic evolution spaces.
We demonstrate the average of all distribution profiles con-
verges to the even distribution when the evolution length
increases, suggesting the 1-pad Haar-uniform randomness.
We further show that our two-dimensional array outperforms
the one-dimensional array of the same number of waveg-
uide for the speed of convergence. Our work demonstrates a
highly scalable physical implementation for generating Haar-
uniform randomness, which that can be useful building blocks
to boost future quantum information techniques.

I. THE EXPERIMENTAL SCHEME

We start this section by briefly recalling the criterion of ap-
proximate g-designs'#22” for an ensemle of unitary operators
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FIG. 1: Generating Haar-uniform randomness using quantum stochastic walks. (a) Illustration of averaging many quantum stochastic
walks of a certain evolution time to reach the Haar-measure. The red columns represent the distribution of I/N appeared in Eq.(2). (b)
Schematic diagram of introducing random delta beta detunings to implement quantum stochastic walks on the photonic chip. The colorbar
shows the detuning strength of the propagation constant, where ‘max’ corresponds to the given AB amplitude. Photons are injected into one
waveguide, and the evolution in the lattice corresponds to a unitary operation.

{U;} to meet the Haar measure:
IEUE U] - f UBpUBeaul, <& (1)
U

where ||T||, is the diamond norm of a superoperator T, p is
the density matrix and € is a considerably small value. Ey
denotes the expected value, i.e., the average of distribution
for the ensemble of unitary operators. The second part is the
result of distribution when unitaries follow the Haar measure.

For g = 1, the second part reduces to /N, where N is the
size of the unitary matrix U;, and [ is the identity matrix of the
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FIG. 2: Experimental results for quantum stochastic walks. The
photonic evolution patterns of different evolution lengths for one ran-
dom setting of photonic lattice. The corresponding evolution length
of each graph is marked beside the graph. The mask illustrates how
we read the figure data to get the probability distribution, with details
explained in Methods.

same size. Therefore, Eq.(1) becomes:

IEu[UipU1 = I/N|| < & 2)

This is inspiring from the experimental perspective. For any
continous-time quantum evolution, it inherentally implements
an unitary operation, i.e. UpU'. However, not all unitary
operators could satisfy Eq.(2). Pure quantum walks, for in-
stance, have a fixed ballistic distribution rather than even dis-
tribution. On the other hand, the theoretical propos:ﬂﬂI shows
that continous-time quantum stochastic walk could success-
fully reach the Haar measure after a certain evolution time.

Consider a photonic lattice where each waveguide is
equally devided into the same number of segments, and each
segment has a constant detuning of the propagation constant,
with random detunings in all segments following a uniform
distribution (See Fig.1b). The photon evolution through such
a lattic with N waveguides just corresponds to the operation
with U of a size N. The evolution can be described by an ef-
fective piecewise Hamiltonian H.g. For each segment k, there
is:

N N
He(k) = > (B; + ABitk)ajai + Y Cijlala; + alay)  (3)

J#i

where B; and C;; are respectively the propagation constant
and coupling coefficient for the lattice without any detunings.
In practice, S; is always set as the same for all waveguides.
AB;i(k) is the constant detuning of the propagation constant
for waveguide i at segment k, which can be experimentally
achieved by tuning the writing speed (See details for AS tun-
ing in Methods). The introduction of A in H.g has an effect
of adding some classical dephasing terms in the diagonal part
of density matrix.
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FIG. 3: Convergence to the Haar measure. (a) The heatmaps that show all elements of the matrix M for different evolution lengths. The
matrix M for each evolution length is obtained by subtracting the matrix for equal distribution from the average distribution of 17 random
settings of the same evolution length. The corresponding evolution length for each heatmap is listed above the heatmap. Note that a few
elements have a value above 0.33 or below -0.33. They are represented in the heatmap using the color for 0.33 or -0.33, respectively. (b) The
L2 norm ||M|| for samples of different evolution lengths. QSW and QW stand for quantum stochastic walk and quantum walk, respectively. The
theoretical results are obtained by setting Az of 2mm and averaging 17 random settings, which are consistent with the experiment. Consider
the potential error in reaching the precise AB amplitude in experiment, we add a shadow area with its upper and down edge corresponding to

the result with a AB amplitude of 0.3mm™! and 0.5mm™!, respectively.

We use ¥ to denote the vector for wavefunction. It has a so-
lution W(z) = ([]; e r®22)P(0) knowing the intitial wave-
function W(0), where Az is the length of each segment. |¥|?
yields the probability distribution, which can be straightfor-
wardly measured in experiments. The probability distribution
is exactly what we expect from the unitary operation UpU.

In experiment, we prepare photonic lattices of 5X5 waveg-
uides, a total evolution length of 8cm, and a segment length
Az of 2mm. The random A detunings in all segments fol-
low a uniform distribution under a AS amplitude of 0.4mm™!
(See details for waveguide preparation in Methods). We to-
tally have 17 random settings for the detuning profiles. We
inject photons from one waveguide of the lattice and measure
the evolution patterns for an evolution length of lcm, 2cm,
3cm, 4cm, S5cm, 6cm, 7cm, and 8cm, which will allow us to
see how the performance changes with the evolution length.

II. RESULT ANALYSIS

As shown in Fig.2, we measure the photonic evolution pat-
tern for different evolution lengths after injecting photon in
the lattice of one random setting. We then read the intensity
probability at each waveguide for each figure (See details in
Methods). We have processed all 17 random settings and each
has 8 different evolution lengths.

For each evolution length, we average the probability distri-
bution of the 17 settings. What we obtain is the diagonal part
of Ey[Up UZ.T] in Eq.(2). The diagonal part of the other term
in Eq.(2), I/N, can be viewed as the equal distribution at all
5x5 waveguides, which means each waveguide has an equal
probability of 0.04. We substract 0.04 from each element of
the measured average probability distribution matrix, and we

can get the diagonal part of EU[Uipr] —I/N, which is a 25x
1 vector and can be written in a 5 X 5 matrix M.

We use the heatmap to list the value of each element in
the matrix M (See Fig.3a-h). Clearly, for a small evolution
length, the fluctation around zero for these element values is
much more fiece than that for a larger evolution length. We
calculate the L2 norm of M, i.e., ||M]||. If all elements in M are
zero, ||M|| will certainly be zero, while large deviations from
zero in these elements make ||M|| big. The calculated ||M]||
shown in Fig.3 well supports the results in heatmaps. ||M]|
gradually converges to a considerably small value when the
evolution length increases. It matches the theoretical quantum
stochastic walk results that dynamically decays to zero. As a
comparison, the pure quantum walk always keeps a high norm
value and does not show a sign of convergence. We further
show in the Appendix A that convergence can theoretically be
further improved when in increasing the number of samples,
the AB amplitude, and the evolution length.

Our experiment demonstrates that the diagonal elements of
EU[UipU;’] indeed go to uniform distribution. For the off-

diagonal elements of EU[U,-pU;L], the experiment would be
too complex and hence we have to rely on a theoretical argu-
ment. As seen in Appendix B, the most important result is
Eq.(A6) that links the theoretical norm of Ey[U, ,-pUiT] - I/N
to our experimentally measured norm for M, namely the dis-
tance between the diagonal elements and the uniform distri-
bution (denoted as D). There is another term in Eq.(A6) due
to the off-diagonal part D,4. Although the experimental veri-
fication of D,,; approaching to O for large m is complex, this
theoretical conjecture has been analyzed. See more derivation
in Appendix B. With both our experiment demonstration of
diagonal part and the theoretical anlaysis of the diagonal part,
we show that quantum stochastic walks can reach a 1-design
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FIG. 4. Compare the performance in one- and two-dimensional
array. (a) Schematic diagram of the one-dimensional photonic lat-
tice of 25 waveguides with random tunings of the propagation con-
stant. (b) The calculated L2 norm ||M|| for one-dimensional (1D) and
two-dimensional (2D) arrays. For two-dimensional array, we get two
sets of norm values, each by averaging 6 random settings separately.

Haar measure at a long enough evolution length.

We further investigate the one-dimensional photonic lattice
of 1x25 waveguides (see Fig.4a) and an evolution length of
8cm, while Az is the same with the above two-dimensional
lattice. We set eight different AS amplitudes, namely, 0.1, 0.2,
0.3, 0.4, 0.5, 0.6, 0.7 and 0.8 mm~!, and each has 6 random
settings. We average the 6 probability distributions for each
Ap amplitude and plot their ||M]|| in Fig.4b. As a comparison,
we also show the diamond norm for two-dimensional array by
averaging 6 random settings.

For the one-dimensional array, as AB amplitude increases,
there is a slightly reducing trend of the norm. This is be-
cause a stronger dephasing effect caused by larger ABs can
facilitate a faster convergence to the Haar measure. However,
even the norm for samples of 0.8mm™" still far exceeds the
norm for the two-dimensional samples with a AB amplitude
of 0.4mm~". The two-dimensional quantum walk has demon-
strated the same ballistic transport with the one-dimensional
quantum walk, and yet a faster decay from the injection site
than the latter, owing to much richer evolution paths*. The
two-dimensional evolution space has also allowed for more
flexible constructions of the Hamiltonian matrix?*. In this
work, we show that the two-dimensional quantum stochastic
walk has a clear advantage in fast convergence to the Haar
measure utilizing the rich evolution paths.

III. DISCUSSION

In all, we have experimentally implemented the theoret-
ical proposal of generating Haar-uniform randomness using
continuous-time quantum stochastic walks. By taking full ad-
vantages of large-scale integrated photonic chips and precise
lattice manipulation techniques, we achieve two-dimensional
continuous-time walks with random detunings in the prop-
agation constant of waveguides. Therefore, we are able to
demonstrate quantum stochastic walks on the photonic chips,
and suggest the convergence to Haar-uniform randomness at
a large evolution length. We further show the faster conver-
gence using two-dimensional quantum stochastic walks than
the one-dimensional ones.

We have successfully demonstrated the usage of the classi-
cal randomness (i.e., the random settings of delta beta detun-
ings) to make the unitary 1-design distribution as an impor-
tant source for quantum randomness. The convergence can be
further improved with larger delta beta detunings, more sam-
ples of different delta beta detunings and a longer evolution
time. This method offers a highly feasible alternative to the
quantum gate approach or the Reck/Clements decomposition
approach for generating Haar randomness. This utilization
of two-dimensional continuous-time quantum stochastic walk
on photonic chips sheds light for more applications that need
Haar randomness and it’s worthy of further investigation.

Methods

Delta beta approach. We measure AS using the directional
coupler approach. One of the waveguide is written using a
speed Vy = 5 mm/s, and the other waveguide using a different
speed V (V — Vy = AV) that will lead to a detuned propa-
gation constant AB on this waveguide. In the detuned direc-
tional coupler, the effective coupling coefficient C.t can be
obtained using the same coupling mode method as that for the
normal directional coupler?®, but C. contains the detuning ef-
fect from AB through this equation®”: C.x = /(AB/2)? + C2,
where C is the coupling coefficient for a normal directional
coupler. Therefore, AB can be calculated when C.g and C are
both characterized. We then plot AS (unit: mm™!) against AV
(unit: mm/s), and fit it linearly: A8 = 0.02 x AV. Know-
ing this, we can randomly generate AB of 0.01 — 0.4 mm™~' by
varying AV between 0.5 — 20 mm/s.

Waveguide preparation. For the 17 random settings, each
has 8 different evolution lengths. As it is not convenient to
measure the evolution patterns in the middle of the waveguide,
we have to make 8 samples with a length of lcm, 2cm, ...,
8cm, respectively. We have ensured the 8 samples follow the
same random setting, for instance, AS profiles for the 4-cm-
long sample are exactly the same with those in the first 4cm
of the 8-cm-long sample. All the waveguides are fabricated
using the femtosecond laser direct writing technique®*2. We
direct a 513-nm femtosecond laser (up converted from a pump
laser of 10W, 1026nm, 290fs pulse duration, 1 MHz repetition
rate) into a spatial light modulator (SLM) to shape the laser
pulse in the temporal and spatial domain. The writing speed



is precisely controlled for each segment to ensure the intro-
duction of the target A3 value. We then focus the pulse onto
a pure borosilicate substrate with a 50X objective lens (nu-
merical aperture: 0.55). Power and SLM compensation were
processed to ensure the waveguide uniformity.

Measure probability distribution from graphs. When
collecting the data from experiments, we obtained the corre-
sponding ASCII file, which is essentially a matrix of pixels.
We created a ‘mask’ containing the pixel coordinate of the
circle centre and the radius in pixels for each waveguide, and
summed the light intensity for all the pixels within each cir-
cle using Matlab. The normalized proportion of light intensity
for each circle represents the probability at the corresponding
waveguide.
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Appendix A: The Ag photonic approach for a long evolution
length

As shown in Fig. Al, for a longer evolution length, with
a AB amplitude of around 0.3 -0.5 mm™", the norm of M be-
comes very close to zero. This suggests that the diagonal part
of Ey[U, ipUj] can go to uniform distribution for a long evolu-
tion of quantum stochastic walk.

Appendix B: Remarks on the convergence towards the
completely mixing evolution

As discussed in the main text, for ¢ = 1 we may formally
study convergence towards a fully mixing evolution via the
diamond distance ||Eensemble — SHaarlle between the quantum
channel that mathematically describes the average over m dis-
crete unitaries, Sepsemble[P] = Z’f:] U ijj., and the quantum
channel that describes continuous averages over Haar-random
unitaries Eyaqr[o] = f dU UpU". Such distance can be written
as (see e.g. Ref.[Al])

”8ensemble - 8Haar||<> = m\gx ”(]] ® Sensemble -1 SHam)(\P)Hl
(A1)
where the maximization is over quantum states ¥ = |¥)(P|.

Although such maximization can be efficiently solved us-
ing semidefinite programming for small dimensional Hilbert
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FIG. Al: Convergence to the uniform distribution. The L2 norm
||M]| for samples of different evolution lengths. The theoretical re-
sults are obtained using the same setting with that in in Fig. 2. The
curve for QSW corresponds to a AB amplitude of 0.4mm™'. The
shadow area with its upper and down edge correspond to the result

with a AB amplitude of 0.3mm™! and 0.5mm™!, respectively.

spaces, it is generally complex to estimate the diamond dis-
tance from measurement data. Therefore, we study simpler
quantities that are related to the diamond distance via bounds.

We first recall one of the possible definitions of the trace
norm (see e.g. Ref. [A2] Theorem 13.2)

o= rlly = max 3 I Tr{EiGp = )]l (A2)

where the maximum is taken over all possible POVMs such
that }}; E; = 1. With the above definition, we may introduce
the following inequality

”86nsemble - SHaar“o < N”Xensemble _XHaarlll > (A3)

where y, = 1 ® &[|®)(®|] is the Choi-Jamiotkowski state as-
sociated to the channel &; and |®) = Z =1 [jj) /N. Indeed,
using (A2) in (AT)) we may write for two generic channels, &
and &;, the following inequality (also discussed in Ref. [A1]
Exercise 3.6)

€0 = &Eille = max[[(1® & — 1 ® E)(P)Ily

= max > | Tr[E(1 ® & ~ 1 ©E)(P)]]

- ) _ T
=max ) |Tr[EM @ Do —xDM' @ 1]|
= max||(M ® D)(xo —x1)M' & 1,

< max |MIllo = x:ll

< max [|MI5]lxo = xall

= Nllvo — x1ll1,



where, without loss of generality, we have set |¥) =
M ® 1|®), so that M satisfies |[M|; = TtM'M = N due
to normalization. Indeed, from |¥) = Z,-j Y¥;;lij) we may
set M;; = \/N‘I‘U. In the fifth line we use the property
IABCll; < ||AllolIBll1lICll (see Ref[A1] section 2.3.1), and
in sixth line ||A]le < [|All.

The trace distance in Eq. (A3) could be measured exper-
imentally as follows. The state yensemple Mmay be created by
first generating path-entangled photonic states, and then send-
ing half of the entangled state inside the linear-optical network
that implements a quantum walk (or any other unitary). On the
other hand, using simple properties of Haar integrals we find
XHaar = 11/N?. The resulting experiment, although technically
possible, is made more challenging by the use of entangled
photon sources and by the demand of complete tomography,
for reconstructing Yensemble- 1N order to introduce a simpler
quantity for experiments we expand Yensemble iNt0 the basis [i),
where |i) means that a photon is injected (or detected) in the
ith waveguide. Using the definition of the Choi-Jamiotkowski
state, we may write

1 N .
Xensemble = Z N (k| Sensemble [ 1) |ik)<kI| =
ikl

= > it kXKL (A4)

ijkl

where we have defined yi i = (kl Eensemble I I]) /N. We
may now split

Xensemble = Xd T Xod» (AS)

where yq = D Yikik lik)(ik| is the diagonal part or Yensemble

and y,q its off-diagonal part. Therefor, using the bound (A3)
and the triangle inequality we may write

||Sensemble - 8Haar||<> < N(Dd + Dod) 5 (A6)

where Dy measures the distance of the diagonal elements from
the uniform distribution,

1

Do=lha= 1N = Y fwak = 5 = D
ik

1| e
:Zkﬁ ;Ucl UYAUT Wy = | = (A8)
_ IS KU i P ! A9
= 2 |2 KU F = Sl (A9)

ik=111=1

and Dog = |lxodlli < 2 measures the strengths of the off-

diagonal elements. The quantity Dy is what we have exper-
imentally measured, while to estimate D,y we need complex
entangled inputs and off-diagonal measurements.
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