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ABSTRACT

High energy gain in inertial fusion schemes requires the propagation of a thermonuclear burn wave from hot to cold fuel. We consider the
problem of burn propagation when a magnetic field is orthogonal to the burn wave. Using an extended-MHD model with a magnetized a
energy transport equation, we find that the magnetic field can reduce the rate of burn propagation by suppressing electron thermal conduc-
tion and a particle flux. Magnetic field transport during burn propagation is subject to competing effects: the field can be advected from cold
to hot regions by ablation of cold fuel, while the Nernst and a particle flux effects transport the field from hot to cold fuel. These effects, com-
bined with the temperature increase due to burn, can cause the electron Hall parameter to grow rapidly at the burn front. This results in the
formation of a self-insulating layer between hot and cold fuel, which reduces electron thermal conductivity and a transport, increases the
temperature gradient, and reduces the rate of burn propagation.

VC 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0040161

I. INTRODUCTION

The ultimate goal of inertial fusion energy is to produce high
energy gain, in which the energy liberated in thermonuclear reactions
is orders of magnitude larger than the energy of the driver used to
compress the fusion fuel. High energy gain can be achieved by using
the driver energy to ignite a small fraction of the fuel, the hotspot,
which then drives a propagating thermonuclear burn wave into a sur-
rounding layer of dense, cold fuel.1,2 The burn wave consists of signifi-
cant energy transport due to a particles, electron thermal conduction,
and radiative processes.3

Magnetic fields are a central feature of a broad class of inertial
fusion schemes referred to as magneto-inertial fusion (MIF).4 In MIF,
a magnetic field is applied to the fuel during the compression phase.
This magnetic field provides magnetothermoinsulation5 during the
compression phase by reducing electron thermal conduction losses
from hot plasma. This reduces the implosion velocity required to reach
the ignition temperature. The magnetic field also confines a particles
within the fuel during thermonuclear burn but with a Larmor radius
that is significantly larger than that of the thermal electrons.

A number of MIF schemes under current investigation, such as
MagLIF at Sandia National Laboratories,6,7 aim to achieve volumetric

thermonuclear burn. Volumetric burn schemes are designed to heat all
the fuel to fusion temperatures during the compression phase. If the
fuel ignites, then a net energy gain can be achieved without the need for
thermonuclear burn propagation (even though the theoretical maxi-
mum energy gain is smaller for volumetric burn compared with propa-
gating burn). For volumetric burn schemes, it is desirable to have a
magnetic field, which maximizes the magnetothermoinsulation, as long
as the magnetic pressure remains small relative to thermal pressure.

In the case of MIF schemes involving propagating burn, such as
high gain MagLIF2 and magnetized indirect-drive inertial confinement
fusion (ICF),8,9 the magnetothermoinsulation effect is required during
the compression phase to aid the formation of an igniting hotspot.
However, the role of the magnetic field during the propagating burn
phase is less clear. The suppression of thermal conduction and a parti-
cle transport reduces the rate of burn propagation into the cold
fuel.2,10,11 This can limit the energy gain achieved before the target dis-
assembles. While some magnetic confinement of a particles during
burn propagation could be desirable, to allow for lower areal densities,
it is clear that a magnetic field, which is too large, could be detrimental
to the achievable yield. This question of how a magnetic field affects
thermonuclear burn propagation motivates the present work. In
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addition to propagating burn MIF schemes, this question may also be
relevant to conventional ICF since simulations have shown that the
Biermann battery mechanism12 can generate magnetic fields at the
surface of the hotspot in perturbed ICF implosions.13

In this work, we study magnetic field dynamics in a propagat-
ing burn wave and the effect of the magnetic field on the evolution
of burn propagation. The principal novelty of the work is our
detailed treatment of the magnetic field transport. We utilize an
MHD model (described in detail in Sec. II) in which the induction
equation includes advection, resistive diffusion, electron tempera-
ture gradients (the Nernst effect), and the flux of a particles. The
last term is typically not included in simulations of MIF schemes.
We find that the various terms in the induction equation result in
competing dynamics of the magnetic field at a propagating burn
front: the field is advected from cold to hot regions as the burn
wave causes ablation of cold fuel, while temperature gradients and
a particle fluxes transport the field in the opposite direction. These
dynamics have a significant effect on the shape and rate of propa-
gation of the burn wave.

The magnetic field profile at the onset of burn in MIF is deter-
mined by the implosion phase, and there has been a number of studies
showing the complex field transport occurring in that phase.14–17 For
simplicity, we do not study the implosion phase in the current work.
Instead, we take as our starting point a region of hot fuel that is under-
going significant a heating adjacent to a cold fuel layer. In order to elu-
cidate the field dynamics during burn, we focus on three simple cases
for the initial magnetic field profile: a spatially uniform field, a spatially
uniform electron Hall parameter, and a magnetic field that is nonzero
only in a small region at the burn front. The results for each of these
cases are discussed in Sec. III.

This is not an exhaustive search of magnetic field strengths
and profiles, but the cases considered show that there is a complex
interplay between the magnetic field dynamics and the evolution
of the propagating burn wave. The suppression of thermal con-
duction and a transport by the magnetic field depends on both the
magnitude of the magnetic field and the collisionality of the
plasma, where the relevant metric is the Hall parameter. As ther-
monuclear burn heats the plasma, collisionality decreases rapidly.
Combining this with the magnetic field transport effects leads to
enhanced suppression of energy transport from hot to cold fuel.
In our case studies, we identify scenarios in which a self-insulating
magnetized layer can form between hot and cold fuel due to feed-
back between decreasing collisionality in the burn wave and
the magnetic field transport. This self-insulating layer significantly
reduces thermal conductivity and a transport across it and
leads to the development of large temperature gradients. In
Sec. IV, we formulate an equation for the growth rate of the Hall
parameter in order to better understand the conditions, leading to
formation of the self-insulating layer. This equation illustrates,
inter alia, the dependence of the growth rate on the Hall parame-
ter value, a heating, and the temperature and a energy density
profiles.

Finally, we present some conclusions in Sec. V. While recent the-
oretical15 and experimental7 work has demonstrated the importance
of magnetic field transport during the implosion phase, our results
show that field transport effects during the burn phase are also of
interest.

II. MODEL OUTLINE

Our model is a one-dimensional, planar, classical DT plasma
consisting of semi-infinite regions of cold and hot fuel, separated by a
smooth transition region with an orthogonal magnetic field. This ide-
alized geometry is not intended to model a specific MIF scheme but
instead allows us to study how thermonuclear burn propagates from
hot to cold fuel. We consider scenarios in which burn propagation and
flow speeds are subsonic, allowing us to assume that the plasma
remains isobaric, and the plasma beta is large. The system is governed
by an equation of continuity, the isobaric condition, an induction
equation, and energy equations for the fuel and a particles as follows:
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ûBð Þ|fflfflfflffl{zfflfflfflffl}

advect:

¼ @

@x̂
â
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@û
@x̂
¼ @

@x̂
ĵ
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where t̂ ; x̂ , and û represent the dimensionless time, position, and fluid
velocity of the fuel and

D

Dt̂
¼ @
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þ û � @

@x̂

is the convective derivative. The normalizing constants are LT, repre-
senting the width of the transition region between hot and cold fuel
and T h, the stopping time for a 3:45MeV a particle in the initial hot
fuel. Other variables include the fuel density, n, magnetic field, B, fuel
temperature, T, and energy density of a particles, Ea. SI units are used
for quantities that have not been made dimensionless.

The induction, (3), and fuel energy, (4), equations contain classi-
cal magnetized transport coefficients for resistivity, thermoelectricity,
and thermal conductivity,18
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The coefficients ac?; b� ; jc
?e, and jc

?i are functions of electron Hall
parameter, ve ¼ eBsei=me, where sei ¼ 6e20

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2p3me
p

T
3
2=ðe4 lnKeinÞ.

We use the tabulated values of Epperlein and Haines19 for these coeffi-
cients. The chosen geometry of our problem means that the Hall
term20 and Biermann battery term12 do not need to be considered in
the induction equation.

The final term on the rhs of (3) represents the collisionally
induced current arising from the interaction of the a particle flux with
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the thermal electrons. Similar fast ion effects have previously been
studied for collisionless plasmas in current drive in tokamaks,21 cosmic
rays in astrophysical plasmas,22 and relativistic particles in laser-
plasma interactions.23 Here, we follow the procedure of Appelbe
et al.24 to include these effects in a collisional, magnetized plasma.

An analogy may be drawn between the Nernst and a-e colli-
sional terms in (3). The Nernst effect is a result of the effect of a
magnetic field on the thermal force.18 Electrons being driven by a
temperature gradient and experiencing friction due to the back-
ground ions are deflected by a magnetic field that is orthogonal
to the temperature gradient, generating an electron current
orthogonal to both. In the case of the a-e collisional term, the elec-
tron current is instead driven by a flux of a particles. Both the
electron temperature gradient and the a flux are themselves
dependent on the magnetic field. The interplay between the
temperature gradient, magnetic field, and driven electron current
has been well studied15 and is often included in simulations.
However, the equivalent interplay between the magnetic field, the
a flux, and the driven electron current has not received such
attention.

In our geometry, the a-e collisional effect can be expressed as
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@Ea

@x̂

� ��1
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where F?; F� are components of a particle flux in the directions of
burn propagation and orthogonal to burn propagation and B field,
respectively, and j�?; j

�
� are functions of ve.

24

The a particle fluxes can be estimated from the gradients of Ea

and a particle diffusion coefficients as follows:25
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where hEai � Ea0=2 is the mean a particle energy.
The a energy transport equation (5) represents a single group dif-

fusion approximation.25 It contains terms for magnetized diffusion,
slowing on electrons and a source due to DT reactions,26
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where va is the a Hall parameter, sa is the slowing time on electrons,
and Ea0 ¼ 3:45MeV. Electron and a Hall parameters are related by
va=ve ¼ Za lnKei=ð4 lnKaeÞ. Finally, the a heating term, q̂a, and
bremsstrahlung losses,27 P̂ , are given by

q̂a ¼ 2�̂Ea; P̂ ¼ 1:69� 10�38n2
ffiffiffiffi
T
e

r
T h Jm

�3:

Returning to the induction equation (3), we note that it has been
written such that â; b̂, and ĉ can all be treated as diffusion coefficients.
In the burning plasma regime, the magnetic Lewis number,14 defined
as Lm ¼ ĵ=ð3nâÞjve¼0; is large, meaning that thermal diffusivity is
much larger than magnetic diffusivity, and so, resistive diffusion plays
only a minor role in B field transport. Using (9) for a particle fluxes,
we can write (6) more compactly as

ĉ ¼ T h

L2T

ZaEaEa0sa

3manhEai
�c? � vac�

1þ v2a

� 	
|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

Cv

;

where the dependency on magnetization is now fully contained in the
square brackets, which we now denote as Cv. We note that even
though (7) and (8) contain terms / 1=ve, the term Cv does not
diverge at ve ¼ 0 since ac� ; j

�
� ; F� ! 0 as ve ! 0.

The Cv term is compared with the dependence of b̂ (which deter-
mines the magnitude of the Nernst effect) on ve in Fig. 1. Comparing
the unmagnetized components of b̂ and ĉ gives

ĉ

b̂
� Ea0

6T
na

n
lnKei

lnKae
Cv

ve
b�

� �
; (10)

where na is the number density of nonthermalized a particles. We can
assume that the ratio of Coulomb logarithms is of order unity and
Ea0=ð6TÞ � 102 for an igniting plasma. Therefore, a relative density of
a particles of na=n � 10�2 could be sufficient for the ĉ term to
dominate.

It is also worth noting that b̂ � 0 for all values of ve. This is
because in a plasma, the friction force exerted by background ions is
lower for faster electrons. However, Cv < 0 for very large and very
small values of ve. This is due to j�? < 0 at small values of ve, while for
large values, the�vac� term dominates.

The system of Eqs. (1)–(5) is solved using an implicit Lagrangian
model in order to accurately resolve the steep gradients that exist at
the burn front.14,15 We use the isobaric condition, (2), in place of a
momentum equation for simplicity as our principal interest is the
transport processes occurring in (3)–(5). However, this limits our
studies to burn propagation regimes driven by deflagration rather than
detonation.

FIG. 1. The variation of the diffusion coefficients b̂ and ĉ with ve, where we
assume va ¼ ve=2. Note that b� =ve � 08 ve, while Cv < 0 for ve � 1 and
ve 	 1. For ve ¼ 0, we have Cv � �1:7. The scale of the horizontal axis of the
inset plot represents log10ve.
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Finally, Fig. 2 shows how thermal conductivity ĵ varies with tem-
perature, appropriately normalized by ĵ and T. At ve ¼ 0, this quan-
tity has a value of �2:5 due to the scaling of Spitzer thermal
conductivity / T5=2, neglecting variations in lnKei. However, for
ve � 0:1, this scaling is significantly reduced with regions near ve � 1
and ve � 20 for which it is negative, indicating that increasing temper-
ature will cause a decrease in thermal conductivity. This is because
increasing temperature causes ve to increase and the suppression of
thermal conduction due to increasing magnetization outweighs the
T5=2 scaling of Spitzer conductivity.

This relationship between thermal conductivity and temperature
means that a magnetized plasma can be self-insulating, with increasing
temperature, causing a reduction in the transport of thermal energy
from hot to cold plasma. This mechanism will be illustrated in more
detail in Sec. III where we will find that the transport of the magnetic
field can enhance the effect. Figure 2 shows results for a plasma that is
assumed to have both constant density (zero fluid motion) and con-
stant pressure. Both results follow a similar trend, suggesting that the
self-insulating mechanism may occur even when the isobaric assump-
tion is relaxed.

III. BURN PROPAGATION DYNAMICS FOR VARIOUS B
PROFILES

In this section, we apply the model to a variety of different initial
B field profiles. In each case, the initial temperature profile is chosen to
be sigmoidal,

T0 x̂ð Þ ¼ Tc þ Th � Tcð Þ 1þ exp �10x̂ð Þ
� ��1

;

where Tc (Th) is the temperature of the cold (hot) fuel. The factor of 10
ensures that 98% of the temperature change takes place within a
region of unity length. The normalizing constant, LT, is the burn front
scale length. Its value is chosen to be some multiple of the stopping
distance of a 3:45MeV a particle at the conditions of the midpoint of
the initial temperature profile.

A. Uniform B field

We begin with the case of a B field whose strength is initially uni-
form across the burn front. Since B is constant, ve / sei, and the initial

value of ve will vary significantly across the burn front with the largest
value in the hot fuel. Figure 3 shows results for three different initial
values of B in which LT is 0.3 times the a stopping distance, corre-
sponding to �15lm. The initial values of ve in the hot fuel were
0:1; 6; 40, corresponding to B0 � 80; 500; 3500T . The corresponding
values in the cold fuel were a factor of �800 smaller. We note that at
ve ¼ 0:1; 6; 40, the electron thermal conductivity is a factor of
�1; 10�1; 10�3 lower than its unmagnetized value. The maximum
mean free path of thermal electrons in this system is kei � 0:009LT ,
ensuring validity for our MHDmodel.

As burn propagates, the evolution of the burn front is highly sen-
sitive to the B field. The ve ¼ 0:1 case (which closely resembles an
unmagnetized burn front) develops a temperature profile that is far
less steep than the more magnetized cases and propagates furthest into
the cold fuel. However, this burn front also contains a localized region
of steep temperature gradient near the cold fuel, which we refer to as
the foot of the burn front. This is caused by rapid a heating of the
cold, dense fuel. In the more magnetized cases, the burn propagates
less far due to suppression by the magnetic field of thermal conduction
and a transport from hot to cold fuel.

The transport of the B field during burn is also dependent on ve.
The middle diagram of Fig. 3 illustrates competing transport effects.
The Nernst and a flux effects transport the B field from hot to cold
plasma. This is most clearly evidenced by the spikes at the foot of the
burn front where temperature gradients rapidly increase. This is simi-
lar to the Nernst waves that have previously been studied in MagLIF

FIG. 2. The normalized rate of change of thermal conductivity with temperature as
a function of ve, under the assumption of either constant density (n is fixed) or con-
stant thermal pressure (nT is fixed). The peak near ve � 10 corresponds to the
point at which ion thermal conductivity dominates over that of the electrons (see
Fig. 9).

FIG. 3. Profiles at t̂ ¼ 5T h for the initially uniform B field with ve ¼ 0:1; 6; 40 in the
hot fuel. Top: Temperatures. Initial temperature, T0, and density, q0, are also shown.
Middle: B fields where B0 � 80; 500; 3500 T for ve ¼ 0:1; 6; 40, respectively. Bottom:
Growth rates of ve. The parameter values of Tc ¼ 500 eV; Th ¼ 10 keV; nh
¼ 1031 m�3, and LT¼ 0.3 were used. Note that the isobaric condition means that the
self-heating hot fuel is allowed to freely expand, resulting in B decreasing uniformly in
the hot fuel as T increases.
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and magnetized laser ablation.15,28 Magnetic resistivity limits the
sharpness of these spikes. Meanwhile, ablation of cold fuel by the burn
front leads to the B field being advected from cold to hot fuel.
Evidence of the ablative effect is shown in the ve ¼ 6 case, where a dip
in the B field centered at x̂ ¼ 1:7 coincides with a shallower tempera-
ture gradient.

The dynamics at an evolving burn front can cause both compres-
sion and rarefaction of a magnetic field. Due to the isobaric condition
and the increasing temperature of the plasma, advection does not
cause any compression of the B field, only rarefaction. However, the
Nernst effect also contributes to rarefaction of the B field in regions
behind the compression wave. This effect has previously been
observed in the compression phase of MagLIF6 and will be more
clearly shown in Fig. 5.

The bottom diagram of Fig. 3 shows profiles for rv, the exponen-
tial growth rate for ve at t̂ ¼ 5T h. The value of ve can increase due to
both heating of the plasma (which increases sei) and B field transport.
In the cases of ve ¼ 0:1 and 6, the peak values of rv occur near the
foot of the burn front and are significantly larger than the rv values in
the hot fuel. In the ve ¼ 40 case, the temperature at the foot of the
burn front increases at a slower rate, and so, the value of rv is approxi-
mately the same as that in the hot fuel.

The effects of these transport phenomena on burn propagation
are illustrated in Fig. 4. There is a significant drop in the rate of burn
propagation as the initial value of ve increases. The hot fuel is insulated
from the cold fuel, and since rv is large at the burn front, this insulat-
ing effect increases as burn evolves. A similar behavior is found for a
wide range of initial parameters (nh � ½1028; 5� 1031
m�3 and
Th � 5 keV).

We conclude this subsection with the results of an integrated
simulation (see Fig. 5), carried out using the Chimera code,3 which
includes the radiation transport, extended-MHD, and a transport
package. However, the a� e collisional term has not yet been included
in this model. These simulations used a similar setup and initial condi-
tions to those shown in Fig. 3 but with an initial value of ve � 1 in the
hot fuel.

The Nernst term causes a significant spike in the B field at the
burn front, with a corresponding spike in ve, by compressing the B
field. A comparison of the B field profiles with and without Nernst,
shown in the middle panel, demonstrates how the Nernst also causes

rarefaction of the B field behind this compression wave. The bottom
panel of Fig. 5 shows the velocity components of B field transport
with vfluid (vNernst) equivalent to û (b̂@ lnT=@x̂) in (3). From this, we
can see that the spike in the B field corresponds to a region in which
the absolute value of vNernst has a local minimum. Although the iso-
baric condition no longer applies, the evolution of the profiles of q, T,
and B is qualitatively similar to the results obtained from the model
outlined in Sec. II and suggests that observations from this model are
not unduly compromised by the isobaric condition.

B. Uniform electron Hall parameter

We next consider the case of a burn front in which ve is initially
uniform. Figure 6 shows an example of burn propagation where ini-
tially ve ¼ 0:1. To achieve the uniformity of ve, the initial B field needs
to be significantly larger in the cold fuel, and so, we choose a parame-
ter value of nh ¼ 1030 m�3 to ensure that the magnetic pressure is
small compared with thermal pressure.

The top diagram of Fig. 6 illustrates how ve grows rapidly in the
burn front region due to both increasing temperature and increasing
magnetic field. The bottom diagram shows different terms contribut-
ing to magnetic field growth in the burn front region.

The final T profile has a distinctive shape with very steep temper-
ature gradients developing at two locations: first, at the foot of the
burn pulse where a heating is the largest (see Fig. 7) and second, in the
region where ve reaches a maximum. This second steep temperature
gradient evolves to compensate for the drop in electron thermal con-
ductivity caused by increasing ve. This temperature profile is

FIG. 5. Results from an integrated simulation with an initially uniform B field. Top:
Initial and final profiles of temperature and density. Middle: Final profiles of the B
field with and without the Nernst term included and also initial and final ve profiles.
Bottom: B field advection velocity (vfluid), Nernst velocity (vNernst), and their sum.

FIG. 4. Ratio of the burn rate in cold fuel to the unmagnetized burn rate at
t̂ ¼ 5T h. Cold fuel is defined as all fuel with an initial temperature less than
ðTc þ ThÞ=2. The B field is initially uniform, and ve denotes the initial value in the
hot fuel. The values of Tc, Th, and nh are as in Fig. 3. The dashed black line indi-
cates LT¼ 0.3, the cases shown in Fig. 3.
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reminiscent of double ablation front structures,29,30 which occur in
direct-drive ICF. In that scenario, radiation energy and electron heat
flux are absorbed at different locations, leading to the formation of the
double ablation front. In our case, the first front is formed by a heat-
ing, while the second front is due to the suppression of energy
transport.

At the location of the second steep temperature gradient, advec-
tion causes B to grow, while a� e collisional and Nernst terms prevent
B from penetrating further into the hot fuel, as can be seen from the
bottom diagram of Fig. 6. We describe the region where ve grows rap-
idly as self-insulating since the growth is driven by the dynamics of

burn propagation. The top diagram of Fig. 6 also shows the final pro-
files of ve, which are obtained if these two terms are neglected in the
induction equation. Clearly, these terms play a crucial role in establish-
ing the self-insulating region.

Finally, Fig. 7 shows the profiles of quantities related to the a par-
ticles. It is found that va evolves in a similar way to ve with a spike in
va occurring at the burn front. This causes a sharp drop in F? and a
spike in F� in the self-insulating region, while a heating propagates
less far into the cold fuel compared with the unmagnetized case.

C. Local magnetization

Integrated simulations of unmagnetized ICF implosions have
shown that self-generated B fields can develop at the interface of hot
and cold fuel.13 In this section, we consider how such a local B field
could evolve during burn by assuming that the initial ve has a
Gaussian profile that is narrower than LT. An example of such a sce-
nario is shown in Fig. 8 where the FWHM of the initial ve profile is
1=3LT with a peak value of ve ¼ 1.

The B field is rapidly advected from cold to hot fuel by the propa-
gating burn. However, the Nernst and a� e collision terms cause this
advected B field to maintain a steep front. This coincides with the front
of the rapidly growing ve profile and a region of very steep temperature
gradient. As in the case of initially uniform ve, the growth in ve leads
to the formation of a self-insulating layer between hot and cold fuel.
This behavior is rather counter-intuitive. Our usual expectation would
be that the increasing temperature would increase the rate at which

FIG. 6. Top: Evolution of ve over a period of 8T h given an initial value ve ¼ 0:1.
Also shown are the initial and final T profiles and the final ve profiles when the
(i) a� e collision term (labeled c¼ 0) and (ii) a� e and Nernst terms (labeled
c;b ¼ 0) are neglected. Bottom: Components of the B field growth rate at the final
time in the self-insulating region. Also shown are the initial and final B field profiles.
Parameters: Tc ¼ 500 eV; Th ¼ 10 keV; nh ¼ 1030 m�3, and LT¼ 0.3.

FIG. 7. Profiles of va, a heating, and a flux terms after 8T h. Also shown are the
profiles for the case with no B field. The Larmor radius for a particles with energy
hEai at maximum va is �4, and its mean free path is �0:11.

FIG. 8. Top: Profiles of ve, B, and T at t̂ ¼ 0 and t̂ ¼ 8T h for an initially local B
field profile. Also shown are the B and T profiles for when Nernst and a� e colli-
sion terms are neglected in the induction equation (c; b ¼ 0) and the temperature
profile for an unmagnetized plasma. Bottom: Ratio of the cold fuel burn rate to
the unmagnetized rate as a function of time. The parameter values of
Tc ¼ 500 eV; Th ¼ 10 keV; nh ¼ 1031 m�3, and LT ¼ 0:4 ¼ 24lm were used.
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transport processes act to smooth out the steep gradients. Instead, we
see that the increasing temperature leads to increasing ve and a reduc-
tion in energy transport such that the gradients become even steeper.
This behavior is consistent with the dependence of ĵ on T illustrated
in Fig. 2.

Figure 8 also shows the reduction in the burn rate of cold fuel as
a function of time. We can see from this that even though the majority
of fuel is unmagnetized, the growth of ve during burn can significantly
reduce the rate of burn propagation.

We note that the value of jc
?e, the electron thermal conductivity

coefficient, is about an order of magnitude smaller at ve ¼ 7 compared
with ve ¼ 1. Theoretical models of burn in unmagnetized ICF31–33

typically do not account for such rapid changes in conductivity, but
this may be necessary if the presence of self-generated B fields is veri-
fied. Such fields may also alter the ablative stabilization of
Rayleigh–Taylor instabilities during burn.34

IV. HALL PARAMETER GROWTH RATES

The formation of a self-insulating layer with two steep tempera-
ture gradients during burn propagation is observed across a broad
range of simulation parameters and initial B field profiles. It is a result
of the Hall parameter growing faster at the burn front than in the hot
fuel. Previous work14,35,36 has shown that the Nernst and convective
transport’s joint action makes the effective reduction of magnetic flux
and heat losses due to the magnetization scale approximately with the
inverse of the Hall parameter. This is similar to the scaling of turbulent
diffusive processes occurring in collisionless, strongly magnetized plas-
mas such as those found in magnetic fusion energy (MFE) systems, as
given by the Bohm formula.37 Therefore, understanding what causes
the Hall parameter to grow at the burn front allows us to quantify how
much the transport processes are suppressed.

We can investigate the formation of the self-insulating layer by
considering the factors on which rv depends. Starting with the defini-
tion ve ¼ eBsei=me and assuming an isobaric, high-beta plasma with
thermal pressure P0 ¼ 2nT , we obtain

rv ¼
D ln ve
Dt̂

¼ 1
B
DB

Dt̂
þ g
T
DT

Dt̂
; (11)

where g ¼ ð5� 3ðlnKeiÞ�1Þ=2 � 5=2. If we assume that ve is uni-
form, neglect bremsstrahlung losses (q̂a 	 P̂), and neglect resistive
diffusion and Ettingshausen heat flow, then using (3) and (4) results in

rv ¼
2 g � 1ð Þ

5P0
q̂a þ b̂

@2 lnT

@x̂2
þ @ lnT

@x̂

� �2
 !

þ 2 g � 1ð Þ
5P0

Tĵ
@2 lnT

@x̂2
þ g þ 1ð Þ

@ lnT
@x̂

� �2
 !

þĉ
@2 ln Ea

@x̂2
þ @ ln Ea

@x̂

� �2

þ @ lnT
@x̂

@ ln Ea

@x̂

 !
: (12)

The first term on the right-hand-side (the a heating term) will always
be positive, but the three remaining terms could be positive or nega-
tive, depending on the profiles of T and Ea. This equation illustrates
why the steep, opposing gradients in ve and T are observed in Figs. 6
and 8: locations with @2 lnT=@x̂2 < 0 lead to rv < 0 and vice versa.

Assuming that the gradient length scales of T and Ea are similar,
we can obtain the following estimates of the strengths of different
terms:

2 g � 1ð Þ
5P0

q̂a � T H6:29� 10�5 lnKae
Ea

T
5
2
keV

;

b̂ � T H
6:14� 1012

lnKei

T
7
2
keV

L2TlP0G

b�
ve
;

2 g � 1ð Þ
5P0

Tĵ � T H
1:84� 1012

lnKei

T
7
2
keV

L2TlP0G
jc
?e þ

ffiffiffiffiffiffiffiffi
2me

mi

r
jc
?i

 !
;

ĉ � T H
4:09� 10�2

lnKae
Ea

T
7
2
keV

L2TlP
2
0G

Cv;

where TkeV is the fuel temperature in keV, P0G is the fuel pressure in
Gbar, and LTl is the temperature length scale in lm.

From these relations, we can see that the Nernst and thermal
conductivity terms are very similar in magnitude. Their dependence
on ve is shown in Fig. 9. This figure illustrates that we expect the larg-
est magnetization growth rates to occur at small values of ve. It is likely
that the cryogenic fuel layers of many MIF schemes will have initially
low ve values due to the high density, and so, ve can increase rapidly in
such regions as burn propagates.

Finally, we can take the ratio of the a heating term to the a� e
collisional term to obtain a criterion (which is independent of Ea) for
when the latter term is larger,

T6
keV jCvj >

LTlP0G lnKaeð Þ2

650
: (13)

From this formula, we can, for given values of ve, LTl, and P0G, calcu-
late the temperature above which the a� e collisional term is larger.
An example of this is shown in Fig. 10.

V. CONCLUSIONS

In this work, we have studied the propagation of a subsonic ther-
monuclear burn wave across a magnetic field in a high beta plasma
using an MHDmodel. We can summarize our findings as follows:

FIG. 9. The variation of the dimensionless thermoelectricity and thermal conductiv-
ity coefficients with ve. For ve � 6, ion thermal conductivity is larger than electron
thermal conductivity.
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i. Ablation of cold fuel due to thermonuclear burn advects the
B field from cold to hot fuel at the burn front, while the
Nernst and a� e collision terms transport the B field from
hot to cold fuel. These combined transport effects confine
the B field in the burn front region and cause both compres-
sion and rarefaction of B.

ii. The electron and a Hall parameters, ve and va, can grow
rapidly at the burn front due to a heating, magnetic field
transport, and thermal conduction processes. The growth
rate at the burn front can be significantly larger than in the
hot fuel, causing a self-insulating layer to form at the burn
front.

iii. The temperature profile of a magnetized burn front is
steeper than the unmagnetized case due to the suppression
of thermal conduction. Furthermore, the formation of a
self-insulating layer can lead to very steep temperature gra-
dients in localized regions of the burn front.

iv. A magnetized burn front reduces the rate at which cold fuel
is burnt due to the self-insulating effect.

These results demonstrate that careful modeling of the B field
transport during burn is required to accurately simulate the propagat-
ing burn wave and predict the energy gain achieved. However, some
of the assumptions in our idealized model prevent us from making
quantitative predictions for how B field transport could affect specific
MIF schemes.

The isobaric condition restricts us to regimes of subsonic burn
(deflagration). Our results prompt the question of whether the forma-
tion of a self-insulating layer at the burn front could cause a transition
to detonation of the hot fuel. If the burn front is sufficiently subsonic,
then the isobaric condition will hold throughout burn, and so, the self-
insulating layer will prevent energy flow from hot to cold fuel until
burn is extinguished in the hot fuel. However, if the isobaric condition
becomes invalid during heating of the plasma, then the steepening
profiles in the self-insulating layer and increasing pressures could lead
to the formation of a shock-like burn front corresponding to a detona-
tion regime.

Another aspect of our model requiring further study is geometry.
The planar geometry used here is suitable for idealized studies of burn
front dynamics since the hot fuel at infinity is unaffected by the cold

fuel. It is likely that there will be a more complex interplay between
hot fuel and burn front in finite sized targets in spherical or cylindrical
geometry. In addition, it is not known how perturbations and multi-
dimensional features at the burn front could affect the formation of a
self-insulating layer. Questions such as these will be addressed in
future work using integrated simulations.

The results also provide further evidence2,11 that an optimummag-
netic field strength and profile shape could exist for a given MIF scheme.
Such a field would need to provide the correct amount of magnetother-
moinsulation during compression and ignition, followed by sufficient
confinement of a particles during burn propagation without unnecessary
slowing of the burn wave. The strength and shape of this optimummag-
netic field and how it can be generated remain open questions.

DATA AVAILABILITY

The data that support the findings of this study are available
from the corresponding author upon reasonable request.
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