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ABSTRACT

Scattered neutron spectroscopy is a diagnostic technique commonly used to measure areal density in inertial confinement fusion
experiments. Deleterious areal density asymmetries modify the shape of the scattered neutron spectrum. In this work, a novel analysis is
developed, which can be used to fit the shape change. This will allow experimental scattered neutron spectroscopy to directly infer the
amplitude and mode of the areal density asymmetries, with little sensitivity to confounding factors that affect other diagnostics for areal
density. The model is tested on spectra produced by a neutron transport calculation with both isotropic and anisotropic primary fusion
neutron sources. Multiple lines of sight are required to infer the areal density distribution over the whole sphere—we investigate the error
propagation and optimal detector arrangement associated with the inference of mode 1 asymmetries.

VC 2021 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0038752

I. INTRODUCTION

Low mode drive asymmetries are proposed as a major degrada-
tion mechanism in inertial confinement fusion (ICF) implosions.
When mode 1 drive asymmetries are present, several experimental sig-
natures are measured; these include hotspot bulk flow velocity,1–4

anisotropy and differences in DT and DD inferred temperatures,5 and
asymmetric hotspot shape.6 Hydrodynamic simulations suggest that
the drive asymmetries, which can be used to explain these observations,
will also cause corresponding fuel areal density asymmetries that reduce
confinement.1,7–10 Recent work at the National Ignition Facility (NIF)
has added to this evidence by exploring the relationship between hot-
spot velocity and areal density asymmetries measured using activation
diagnostics.11 Activation diagnostics, while sensitive to areal density
asymmetries, are also affected by hotspot velocity. Additional spectro-
scopic measurements are required to approximately remove this degen-
eracy.12 Scattered neutron images require sophisticated tomographic
reconstruction techniques to extract the fuel density distribution.13

Scattered neutron spectroscopy is another method commonly used to
measure fuel areal densities.14,15 It can be used at lower areal densities
at which activation measurements are difficult, as is the case at
OMEGA. While different areal densities can be measured on different
detector lines of sight, the effect of areal density asymmetries on the
scattered neutron spectrum has not been thoroughly investigated.

In this paper, we explore the effects of fuel areal density asymme-
tries on the scattered neutron spectrum. The kinematic scattering rela-
tionships suggest that properties of the areal density asymmetries should
be contained within a single measured spectrum. A physics-based fitting
model for the scattered neutron spectrum in the presence of areal density
asymmetries is constructed from the nuclear cross sections. This will
allow experimental spectroscopic measurements to leverage their high
spectral resolution to directly infer more about the areal density distribu-
tion than currently possible. By combining multiple lines of sight, the
mode, amplitude, and direction of the asymmetries can be measured.

In Sec. II, we will outline the geometry involved in neutron scat-
tering. This will allow the areal density measured in neutron spectros-
copy to be precisely defined. A model for a single scatter neutron
spectrum from a DT ICF implosion will be described in Sec. III.
This will be used to fit results from a neutron transport calculation in
Sec. IV. Finally in Sec. V, how to combine results from multiple lines
of sight will be discussed. This will include an error analysis as well as
a methodology to evaluate the optimal detector arrangement for gen-
eral projection measurements, such as the hotspot velocity.2

II. SCATTERING GEOMETRY

The link between areal density asymmetries and scattered
neutron spectral shape arises due to kinematic energy-angle
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relationships. These relationships are one-to-one for elastic processes,
such as nD and nT scattering. From classical kinematics, in an elastic
collision of a neutron with a stationary ion of mass Amn, the incoming
neutron energy, E0, and outcoming neutron energy, E, can be directly
related to the scattering cosine, ls,

E
E0
¼

ls þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2
s þ A2 � 1

p� �2
Aþ 1ð Þ2

: (1)

Conversely, inelastic processes, such as n(D,2n)p and n(T,2n)D, pro-
duce a distribution of energies for a given scattering angle and vice
versa. A feature that is shared amongst all nuclear interactions of inter-
est is azimuthal symmetry. This allows us to define a “scattering cone”
at a given scattering angle (or cosine) around which the differential
cross section is only energy dependent.

To understand the geometric interaction of scattering cones and
areal density asymmetries, we will consider the simplified case for
which the birth spectra of primary fusion neutrons are isotropic. This
allows separation of the spatial and spectral dimensions. The spatial
effects on the neutron spectrum come through the areal density
around the scattering cone. In ICF implosions, a central hotspot acts
as an extended source of neutrons. Therefore, we must consider the
neutron-averaged line-integrated density, or hqLi, rather than the
more common qR. Working in the scattering cone geometry, we find
hqLis:c: along chords at a fixed scattering angle (with respect to our
detector). For simplicity, we will consider the detector to lie along the
z-axis, i.e., h¼ 0. We then consider the areal density seen by a beam of
neutrons born at~r , with initial direction, X̂, before they scatter into
the detector line of sight,

qL ¼
ð1
0

qð~r þ sX̂Þds: (2)

To neutron-average, we must sum over the whole reacting volume.
The hqLi and hqLis:c: are then defined as follows:

hqLiðhs;/sÞ ¼
1
Yn

ð
V
d3~r
ð
dsqð~r þ sX̂ÞRnð~rÞ; (3)

hqLis:c:ðhsÞ ¼
ð
hqLiðhs;/sÞd/s; (4)

X̂ � sin ðhsÞ cos ð/sÞ; sin ðhsÞ sin ð/sÞ; cos ðhsÞ½ �; (5)

where Yn is the fusion neutron yield, q is the mass density, and Rn is
the neutron production rate. The geometry of these chord integrals is
shown in Fig. 1.

For a point source, hqLi will coincide with the qR. However, this
is not a good approximation for a typical ICF implosion. With perfect
spherical symmetry, hqLi is proportional to qR with a coefficient,
which depends on hydrodynamic profiles.14,16 In asymmetric condi-
tions, hqLi is well-defined and measurable, while qR is not.

As hqLi is defined over the surface of a sphere, it is natural to
expand it in terms of spherical harmonics, Ym

l ,

hqLiðhs;/sÞ ¼
X1
l¼0

Xm¼þl
m¼�l
hqLiml Ym

l ðhs;/sÞ: (6)

Since the scattering cone integrates over the azimuthal angle, /s,
it is simple to show that

hqLis:c:ðhsÞ ¼
X1
l¼0
hqLilPlðlsÞ; (7)

where Pl are the Legendre polynomials and ls is the scattering cosine
[cos ðhsÞ]. Thus, a Legendre expansion in hqLis:c: is general as the
spherical harmonic expansion of hqLi is complete. The areal density
Legendre coefficients, hqLil , are directly proportional to the m¼ 0
spherical harmonic coefficients. Modes withm 6¼ 0 vanish during azi-
muthal integration so do not affect hqLis:c:. Therefore, scattered spec-
tra are blind to m 6¼ 0 modes. Note that these spherical harmonic
expansions are defined in reference to a coordinate system centered on
the detector line of sight. Themmodes within the experimental geom-
etry, e.g., those in the equatorial plane at NIF, are measurable with an
appropriately orientated detector. The coefficients of order l along one
line of sight are a linear combination of the coefficients, also of order l,
on a different line of sight. Additionally, due to the extended nature of
the hotspot neutron source, hqLi is likely to be dominated by low
modes.17

For mode l¼ 1 areal density asymmetries, this is particularly
simple,

hqLil¼1s:c: ðlsÞ ¼ hqLi0 þ ~hqLi1 � X̂det

h i
ls; (8)

where X̂det is the detector line of sight and ~hqLi1 is a vector that points
along the axis of the mode 1 and has a magnitude given by the half the
peak to trough areal density asymmetry. The addition of an isotropic
and vector component resembles the formula for the DT primary cen-
troid shift.18 Therefore, a similar 4 detector setup2–4 is required in
order to constrain the mode 1 areal density asymmetry using scattered
spectra. For every higher mode, additional 2l þ 1 detectors are
required in order to back out the physical hqLiml coefficients.

The energy spectrum of the scattered neutrons depends on the
spectrum of primary fusion neutrons and the areal density distribu-
tion. The nuclear interaction differential cross sections provide the
link between these spectral and spatial dependencies. Given an birth
neutron energy spectrum, QbðE0Þ, the scattered neutron spectrum is
found as follows:

FIG. 1. Diagram showing the geometry of the chord integrals given in Eqs. (3)–(5).
Line integrals of the density, q, along direction X̂ are taken from each point inside
the central source region V. The chord integrals are weighted by the neutron pro-
duction rate, Rn, at the source point.
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d2N
dlsdE

¼ hqLis:c:ðlsÞ
�m

ð
d2r
dlsdE

QbðE0ÞdE0; (9)

dN
dE
¼
ð

d2N
dlsdE

dls; (10)

where �m is the average ion mass and the double differential cross sec-
tion is the first term inside the integrand in Eq. (9). The dN/dE can be
measured via time-of-flight or magnetic recoil spectrometers. The pri-
mary neutron spectrum is also measured and this can be used to sepa-
rately constrain the birth spectrum; this leaves the areal density
distribution as the single unknown. These equations will stand as the
basis for a model to describe the singly scattered neutron spectrum in
asymmetric ICF implosions.

III. SPECTRAL MODEL

Using the scattering cone integration, one can construct a full
singly scattered neutron spectrum model for asymmetric ICF implo-
sions. The single scatter approximation limits the scope of this model
to areal densities �200mg/cm2. In this work, we will focus on this
areal density regime. The single scatter approximation also implies
that the level of attenuation is low since the total cross section is domi-
nated by scattering rather than absorption. Multiple scattering
becomes increasingly important at higher areal densities. One can
extend the scattering cone method to multiple scattering, but many of
the approximations made are invalid. More accurate models for higher
areal densities will be the subject of future work. Working with higher
energy scattered neutrons can also be used to reduce the impact of
multiple scattering.17 At these higher energies, both the scattering
cross section and the number of multiply scattered neutrons are lower.
At 200mg/cm2, the ratio of doubly to singly scattered neutrons is just
�2% within 10–12MeV compared to �10% below the nT edge, and
these rise linearly with increased areal density. Hence, the model limit
of 200mg/cm2 ensures suitable accuracy across the whole range of
neutron energies considered.

The set of reactions we will consider are D(T,n)a, D(D,n)3He,
T(T,2n)a, nT elastic, nD elastic, n(D,2n)p, and n(T,2n)D. Cross-
sectional data for these reactions were taken from the ENDF19 and
CENDL20 nuclear data libraries. The Bosch–Hale21 DT and DD fusion
reactivities and the Appelbe22 calculation of the TT temperature
dependent spectral shape were used. The DT and DD primary
moments were calculated using relativistically correct expressions
derived by Ballabio.23 For stationary target ions, the differential cross
sections can simply be taken from nuclear data libraries, as will be
done in this model. The effects of scattering ion velocities can be
included for elastic processes using the method outlined in Crilly
et al.24 These ion velocity effects are particularly important for the
spectral shape of the backscatter edges. It is worth noting that most of
the scattering interactions have been well measured,25,26 but this is not
the case for n(T,2n)D. Models disagree on the cross section at 14MeV
(Refs. 19 and 27) and experimental data are limited28—this prompts
further theoretical and experimental effort to reduce these
uncertainties.

In current indirect drive implosions, remaining ablator areal den-
sities29 can be several hundreds of mg/cm2. The higher mass nuclei
mean that these ablator areal densities are generally less effective scat-
terers than equivalent fuel areal densities. However, scattering from
the remaining ablator can prove a non-negligible contribution to the

scattered neutron spectrum.17 A minimal extension to the spectral
model, described above, could include the cross sections for ablator
scattering interactions in a similar manner to those of the fuel. Carbon
c-ray measurements29–31 could be used to infer the carbon areal den-
sity as an input or constraint to this extended model. In this work, we
will focus on the dominant fuel contribution to the scattered neutron
spectrum.

First, we will look at the form of the scattering cone neutron spec-
trum as given in Eq. (9). The double differential cross section term can
be calculated independently of the areal density distribution. The birth
neutron spectrum of the primary fusion reactions can be calculated
using the models listed above. For a stationary uniform plasma, the
spectral shapes and yields of the primaries are only dependent on a
single parameter, the ion temperature. More complex source condi-
tions will alter the birth spectrum, but the model will aim to describe
the birth spectra using only a single temperature, taken as the burn
averaged DT ion temperature, hTiiDT. Figure 2 shows the differential
cross section terms for a 4 keV ion temperature case.

FIG. 2. (a) The DT double differential cross section integrated over all primary
fusion sources. The two high intensity lines correspond to nD and nT elastic scatter-
ing of DT fusion neutrons. The white areas of the plot are kinematically forbidden.
The spectral shapes and yield ratios of the primary neutron sources were calcu-
lated assuming hTiiDT¼ 4 keV and 50/50 DT isotopic composition. (b) A plot of the
differential cross section with respect to outgoing energy for each scattering compo-
nent. (c) A plot of the differential cross section with respect to scattering cosine for
each scattering component. These single differential cross sections are marginali-
zations of the double differential cross section.
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While limiting the energy range of a spectral measurement might
be dominated by a particular angular range, there are still contribu-
tions from other scattering angles. This becomes increasingly impor-
tant at lower energies where many scattering sources have similar
amplitude. Areal density measurements found using a down-scatter
ratio (DSR) technique will, therefore, find the following average mea-
surement of the areal density distribution:

hqLiDSR ¼
�m
hri

Ð
DSR

dN
dE dEÐ 15

13
dN
dE dE

(11)

�
Ð
dlshqLis:c:ðlsÞ

Ð
DSRdE

d2r
dlsdE
jDTÐ

dls

Ð
DSRdE

d2r
dlsdE
jDT

; (12)

where the notation on the double differential cross sections indicates
that they have been integrated over the DT peak only. Note we convert
the DSR to a hqLi, not a qR. The conversion to qR is sensitive to
hydrodynamic profiles and, therefore, varies between implosions.
Estimates for this geometry effect exist in the literature.14,16 Figure 3
shows the angular weighting function for various DSR ranges.
Inferring areal density asymmetries using DSR techniques from multi-
ple lines of sight will, therefore, have to account for this averaging
effect as well as the line of sight projection effect of the hqLi distribu-
tion. Therefore, it may be advantageous to perform a fit to scattered
spectrum over a large energy range to infer the hqLil coefficients
directly. Fitting the spectrum also has the additional advantage that a
single line of sight measurement can be used to quantify areal density
asymmetries, whereas DSRs require multiple lines of sight to do this.
This will be investigated further in the following sections of this work.
Finally, we will consider the effect of cross section uncertainty on
areal density inference. This can be estimated by calculating the
fractional uncertainty in the average scattering cross section, hri.

The uncertainty on the inelastic processes is likely the dominant
source of error, leading to

Dhri ¼
hrii
hri Dhrii; (13)

where D indicates a fractional error and subscript i indicates the inelas-
tic component of the cross section. The ratio hrii=hri quantifies the
fraction of scattered neutrons within the DSR range, which have
undergone inelastic processes. This fraction is 2%, 11%, and 38% for
10–12, 6–12, and 3.5–4MeV, respectively. We can, therefore, see that
3.5–4MeV is the most sensitive to inelastic processes. For this range,
fractional errors in inelastic cross sections of �10% (Ref. 26) produce
�4% error in areal density inference.

Given the scattering cone neutron spectrum, one can compute
the resultant total neutron spectrum by integration over scattering
cosine [as shown in Eq. (10)]. Figure 4 shows the spectrum for various
l¼ 1 and l¼ 2 areal density asymmetry amplitudes. Deviations from
the symmetric case are notable and different behavior is observed for
l¼ 1 and l¼ 2. A simple interpretation based on the elastic energy-
angle relationship in Eq. (1) fails to predict some of the behavior. For
example, for l¼ 1, one might expect a positive mode 1 to be lower
amplitude compared to the symmetric case in the backscatter regions.
This is not the case due to the (n,2n) reactions, which have a very for-
warded peaked differential cross section (c.f., Fig. 2). Their contribu-
tion to the elastic backscatter regions samples areal density from the
forward direction—opposite to that sampled by the elastic interactions
(c.f., the 3.5–4MeV result in Fig. 3). A diagrammatic representation of

FIG. 3. The angular weighting function for various down scatter ratio ranges in
MeV. The solid lines show the total, the dashed lines show the D contribution (from
all scattering processes), and the dotted lines show the T contribution. In the
3.5–4MeV range, the (n,2n), nD, and nT operate in distinct angular ranges, moving
from small (ls�1) to large (ls � � 1) scattering angles, respectively.

FIG. 4. The full primary and scattered neutron spectrum for various l¼ 1 (top) and
l¼ 2 (bottom) areal density asymmetry amplitudes. The primary spectrum shapes
correspond to a 4 keV 50/50 DT plasma. The hqLi0 was taken to be 150 mg/cm2

for both cases.
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this effect is given in Fig. 5. This demonstrates the need for the model
outlined in this section in order to understand the effects of areal den-
sity asymmetries on neutron spectra.

IV. NEUTRON TRANSPORT COMPARISON

The model laid out in Sec. III will be compared to results from a
more complete neutron transport description of an ICF implosion.
The inverse ray trace method described in Crilly et al.17 allows the cal-
culation of neutron spectra given 3D grids of hydrodynamic condi-
tions. As a suitable test problem, we consider an ice block model for a
mode 1 asymmetry where a stationary spherical hotspot is displaced
within a dense cold fuel layer, as in Fig. 5. The hotspot was chosen to
have a parabolic temperature profile to test the spectral model’s reli-
ance on a single average temperature. The ice block configuration was
then chosen such that hTiiDT ¼ 3.9 keV, hqLi0¼ 150mg/cm2, and
hqLi1=hqLi0¼ 30%. The detector line of sight was then rotated with
respect to the mode 1 axis to explore the relationship derived in
Eq. (8). Neutron spectra were calculated for these different detectors
using the inverse ray trace method. These spectra were fitted using the
model outlined in Sec. III to obtain hqLi0 and hqLi1 for each detector.

The results of this analysis are shown in Fig. 6. Every fit retrieved a
value of hqLi0 within 4mg/cm2 of the true value of 150mg/cm2. This
error originates in the approximations of the model, namely, single
temperature primary spectra and no attenuation. For hqLi1, it was
found that a fit to the spectrum between 3 and 6MeV produced the
best results. This range of energies is sensitive to all scattering angles
(c.f., Fig. 2) but also narrow enough that the effect of differential attenu-
ation of the scattered neutrons is small. Narrow high energy ranges are
more robust to attenuation effects but have lower angular sensitivity.

It is common for the primary spectra to exhibit anisotropy due to
bulk fluid flow of the fusing plasma. For a mode 1 drive asymmetry,
the hotspot velocity is aligned with the areal density asymmetry.1,7,8,11

According to the experimental data analysis by Rinderknecht et al.,11

the following linear relationship between mode 1 areal density asym-
metry and hotspot velocity matches experimental data:

hqLi1
hqLi0

¼ 0:39
vHS

100km=s
: (14)

Thus, the 30% asymmetry presented here corresponds to a hotspot
velocity �77 km/s. To see the effect of a spectral anisotropy of this
magnitude, a uniform hotspot velocity (of 77 km/s) is introduced to
the ice block model. For the fitting method, the spectral anisotropy
was included through the birth spectrum term, QbðE0;ls; vHSÞ, in
Eq. (9) with the assumption that the mode 1 areal density asymmetry
and hotspot flow velocity were aligned. It was found that the same
results as shown for the stationary hotspot case were obtained when
the hotspot flow velocity was properly accounted for. If the anisotropy
of the birth spectrum was not included, then an additional absolute
�1% error was introduced to the inferred hqLi1=hqLi0.

Finally, an areal density inference based on DSRs was performed.
For a pure mode 1, the hqLiDSR as defined in Eq. (12) can be simplified
as

hqLiDSR ¼ hqLi0 þ hqLi1hlsiDSR; (15)

hlsiDSR �
ð

ls
1
hri

dr
dls

� �
dls; (16)

where hlsiDSR is the average scattering cosine being sampled in the
DSR range. The 10–12MeV (Ref. 14) and 3.5–4MeV (Ref. 32) down
scatter ranges have hlsiDSR values of 0.70 and �0.22, respectively

FIG. 5. Diagram showing some example scattering trajectories for different nuclear
interactions, which produce outgoing neutrons at �3.5 MeV. The hotspot and shell
configuration, shown by the red and blue regions, respectively, results in a mode 1
areal density asymmetry in the direction indicated in the diagram.

FIG. 6. (Top) Plot showing the neutron spectra from a mode 1 ice block model at
various angles to the asymmetry axis. (Bottom) Results from fitting the spectra in
two different energy ranges. These fits were used to infer the magnitude of mode 1
areal density asymmetry. The theoretical result from Eq. (8) is shown by the solid
black line as a function of the cosine between detector and mode 1 direction, l.
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(based on the results of Fig. 3). Between 3.5 and 4MeV, if the nD and
(n,2n) backgrounds under the nT backscatter edge can be successfully
subtracted, this range becomes much more backward focused with a
hlsiDSR ¼�0.89. However, the subtraction method must be suitably
general as the scattering backgrounds are themselves sensitive to areal
density asymmetries.

Unlike the fitting method, values of hqLi0 and hqLi1 cannot be
inferred separately on a single line of sight when using DSRs. Figure 7
shows the inferred hqLiDSR for the ice block spectra presented in
Fig. 6. Without taking into account the average scattering cosine,
hlsiDSR, the DSRs as a function of viewing angle are a poor representa-
tion of the underlying areal density asymmetry. This is due to the fact
that the areal density probed by the DSR measurement is not along
the detector line of sight. Because of this, interpreting the hqLi through
measured DSRs requires additional care. If the underlying areal den-
sity distribution is assumed to be mode 1, a linear fit can be performed
once the measurements have been projected using the appropriate
angle, hlsiDSR. For higher modes, Eq. (15) must be expanded to higher
order introducing higher moments of ls, complicating further the rela-
tionship between DSR and underlying physical areal density asymme-
tries. The results of a mode 1 fit to the data in Fig. 7 are values of
hqLi0¼ 148mg/cm2 and hqLi1=hqLi0¼ 30%, within a few percent of
the true values. Here, we have used the fact we know the direction of
the mode 1 a priori to analyze the data, and in the next section, we will
consider the general case of a completely unknown ~hqLi1.

V. MULTIPLE DETECTORS AND ERROR ANALYSIS

As shown in Sec. II, a single measurement of the scattered neu-
tron spectrum contains incomplete information about the physical
hqLiðh;/Þ distribution. Multiple measurements are required in order
to infer the underlying spherical harmonic moments. The inference of
hotspot flows2,4 and apparent ion temperature anisotropy33 from pri-
mary neutron spectra requires similar analysis.

In this section, we will consider a more general approach to infer-

ring the mode 1 areal density asymmetry vector, ~hqLi1, and the error
analysis. We will approach this as a general projection measurement
first. We will consider the case where we have nd detectors and

nd � np, where np is the number of physical parameters we are infer-
ring. The measurements can then be related to the underlying physical
parameters with the following system of linear equations:

~m ¼ A �~p; (17)

where ~m is the length nd vector of measurements, A is the projection
nd 	 np matrix, and~p is the length np vector of physical parameters.
The normal equation can be used to find the least squares distance
between measurement and inferred physical parameters. This leads to
the definition of the pseudo-inverse, Aþ,

AT~m ¼ ATA �~p; (18)

~p ¼ Aþ~m; (19)

Aþ � ðATAÞ�1AT : (20)

We are also interested in how error propagates from measurement to
inferred values. By considering the covariance matrix of ~p, which is
denoted Rp, one can find a detector arrangement that minimizes this
error,

Rp ¼ AþRm Aþð ÞT : (21)

In order to proceed with the analysis, we will assume that the detectors
are independent and have the same error, rm. Then, the covariance
matrix of the measurements Rm ¼ r2

mI. Using the properties of sym-
metric matrices for ATA, this simplifies Eq. (21),

Rp ¼ r2
mA
þ Aþð ÞT ¼ r2

mðATAÞ�1ATA ðATAÞ�1
� �T

¼ r2
mðATAÞ�1:

(22)

The determinant of Rp is a measure of the total error in~p. Therefore,
the determinant of ATA must be maximized to minimize this error.
This defines a method to evaluate error propagation and optimal
detector setup for measurements which can be written as linear projec-
tion problems.2,33

We will investigate the optimal detector arrangement for multiple
DSR measurements of a mode 1 areal density asymmetry as a worked
example of this methodology. The projection matrix, A, for the DSR
method can be found by combining Eqs. (8) and (15),

hqLið1ÞDSR
..
.

hqLiðndÞDSR

2
664

3
775 ¼

1 uð1Þx uð1Þy uð1Þz
..
. ..

. ..
. ..

.

1 uðndÞx uðndÞy uðndÞz

2
664

3
775 �

hqLi0
hqLi1;x
hqLi1;y
hqLi1;z

2
6664

3
7775; (23)

~uðiÞ � hlsi
ðiÞ
DSRX̂

ðiÞ
; (24)

where the bracketed superscripts denote the detector index. If one sets
hlsi

ðiÞ
DSR ¼ 1, then this projection matrix also applies for the measure-

ment of vector hotspot velocity and isotropic Gamow shifts for pri-
mary DT and DD neutron spectra.2,4 Evaluating ATA gives the
following 4	 4 matrix:

ATA ¼ nd

1 huxi huyi huzi
huxi hu2xi huxuyi huxuzi
huyi huxuyi hu2yi huyuzi
huzi huxuzi huyuzi hu2zi

2
6664

3
7775; (25)

FIG. 7. Down scatter ratio inferred areal density [using Eq. (15)] as a function of
the angle between the detector line of sight and the mode 1 axis. The results are
projected using the average scattering cosine as given in Eq. (16), shown as hollow
circles. The black dashed shows a linear fit to the projected areal densities.
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huji ¼
1
nd

Xnd
i¼1

uðiÞj : (26)

In order for the inferred quantities to have no covariances, then this
matrix must be diagonal. Setting the off diagonal components to zero
will set requirements on the detector lines of sight. As discussed earlier,
the minimal error detector arrangement is the one that maximizes the
determinant,

det ATAð Þ ¼ n4d det

1 huxi huyi huzi
huxi hu2xi huxuyi huxuzi
huyi huxuyi hu2yi huyuzi
huzi huxuzi huyuzi hu2zi

2
6664

3
7775

¼ n4d det h~u~u
Ti � h~uih~uTi

	 

(27)

¼ n4d det Ruð Þ; (28)

where Ru is the 3	 3 covariance matrix of detector projection vectors,
~u. We will investigate the case where every detector uses the same
DSR range such that hlsi

ðiÞ
DSR ¼ hlsiDSR. The angular factors can then

be factored out,

det ATAð Þ ¼ n4dhlsi6DSR det RXð Þ; (29)

leaving only dependence on the (unit length) line of sight vectors, X̂
ðiÞ
.

Therefore, we can now use statistical results for the analysis of spheri-

cal data. The normalized orientation matrix, T ¼ hX̂X̂
Ti, has positive

eigenvalues, si, that sum to unity.34 Its determinant is then maximized
when all these eigenvalues are equal. This describes a uniform isotro-
pic distribution for which

s1 ¼ s2 ¼ s3 ¼
1
3
and hX̂i ¼~0; (30)

leading to

det RXð Þ ¼ det Tð Þ ¼ 1
27
: (31)

These requirements also lead to a diagonal ATA with elements (nd,nd/
3,nd/3,nd/3). For nd¼ 4, the optimum is found for a tetrahedral
arrangement. The solution to this problem is analogous to arranging
masses on the unit sphere such that the center of gravity is at the origin
and all principal moments of inertia are equal. This second constraint
is satisfied if there are two axes with n-fold (n � 3) rotational
symmetry.35

Using the analysis outlined in this section, we can calculate new
optimal lines of sight for mode 1 projection problems given current
experimental detector arrangements. This will apply for hotspot veloc-
ity inference and mode 1 areal density measurements, which use the
same DSR range on all detectors. Given the current (nd¼ 4) NIF nToF
arrangement,2 the next optimal line of sight would be along a (h–/) of
(77–68). At OMEGA, for the current nToF arrangement4 (nd¼ 5
unique lines of sight), the next optimal line of sight is along (135–301).
The analysis is more involved if multiple different DSR ranges are
used. This is because the scattering angle terms cannot be factored out
[c.f., Eq. (29)]. The optimization problem must then be solved sepa-
rately for any given combination of DSR ranges. Previous work in
optimizing new lines of sight has been carried out for scattered
neutron imaging using the NIF neutron imaging system (NIS).36

The optimal new detector location was taken as the one which would
maximize coverage of the sky. Using the analysis in this section produ-
ces a different optimal line of sight to that which maximizes coverage.
This highlights the different considerations required for different diag-
nostic techniques.

VI. CONCLUSIONS

Scattered neutron spectroscopy contains valuable information on
areal density asymmetries in ICF implosions. Areal density asymme-
tries lead to a reduction in confinement, and so accurate measurement
of such asymmetries is key in understanding current perturbation
sources and improving experimental performance.

In this work, we developed a model for the singly scattered neu-
tron spectrum, which can fully account for the effects of an asymmet-
ric areal density distribution. This required a more general description
of the scattering geometry, which defined the measurable neutron
averaged areal density, hqLi. The model outlined in this work will
allow fits to spectroscopic data to infer the amplitude and mode num-
ber of the areal density asymmetries. The model was tested on neutron
transport results for a simple mode 1 test case. Fitting the spectra from
multiple lines of sight reproduced the theoretical results, even in the
presence of non-uniform temperature and anisotropic birth spectra.
This analysis provides the most direct measurement of areal density
with little sensitivity to other factors. However, going to higher areal
densities presents challenges due to the increasing level of multiple
scattering.

Due to the azimuthal symmetry of scattering, a single spectro-
scopic line of sight is insensitive to variation in hqLi along the azi-
muthal direction. Therefore, combining measurements from a
sufficient number of detectors is required to obtain a complete picture
of the hqLi distribution across the whole sphere. The error propaga-
tion for combining the measurements from multiple lines of sight was
explored. This led to a methodology for calculating the optimal detec-
tor arrangement, which minimized the error in the inferred physical
quantities. This error analysis is also relevant to the measurement of
primary DT and DD spectra, which involve similar line of sight
dependencies.2,4
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