Published for SISSA by

Springer

Received: August 23, 2021
Accepted: October 18, 2021
Published: November 2, 2021

M5-branes wrapped on a spindle

a

Mathematical Institute, University of Oxford,
Andrew Wiles Building, Radcliffe Observatory Quarter,
Woodstock Road, Oxford, OX2 6GG, U.K.
b
Blackett Laboratory, Imperial College,
Prince Consort Rd., London, SW7 2AZ, U.K.
c
Dipartimento di Matematica “Giuseppe Peano”, Università di Torino,
Via Carlo Alberto 10, 10123 Torino, Italy
d
INFN, Sezione di Torino,
Via Pietro Giuria 1, 10125 Torino, Italy
e
Arnold-Regge Center,
Via Pietro Giuria 1, 10125 Torino, Italy

E-mail: pietro.ferrero@gtc.ox.ac.uk, j.gauntlett@imperial.ac.uk,
dario.martelli@unito.it, sparks@maths.ox.ac.uk
Abstract: We construct supersymmetric AdS5 × Σ solutions of D = 7 gauged supergravity,
where Σ is a two-dimensional orbifold known as a spindle. These uplift on S 4 to solutions
of D = 11 supergravity which have orbifold singularites. We argue that the solutions are
dual to d = 4, N = 1 SCFTs that arise from N M5-branes wrapped on a spindle, embedded
as a holomorphic curve inside a Calabi-Yau three-fold. In contrast to the usual topological
twist solutions, the superconformal R-symmetry mixes with the isometry of the spindle in
the IR, and we verify this via a field theory calculation, as well as reproducing the gravity
formula for the central charge.
Keywords: AdS-CFT Correspondence, Gauge-gravity correspondence, Anomalies in Field
and String Theories, M-Theory
ArXiv ePrint: 2105.13344

Open Access, c The Authors.
Article funded by SCOAP3 .

https://doi.org/10.1007/JHEP11(2021)002

JHEP11(2021)002

Pietro Ferrero,a Jerome P. Gauntlett,b Dario Martellic,d,e and James Sparksa

Contents
1 Introduction

1

2 AdS5 × Σ solutions
2.1 Local form of the solutions
2.2 Global analysis and magnetic fluxes
2.3 Solution of the regularity conditions

4
4
5
8
10
10
12

4 Field theory
4.1 M5-brane anomaly polynomial
4.2 a-maximization

13
13
15

5 Discussion

17

A Integral coefficients

18

1

Introduction

A rich landscape of SCFTs arise from the low-energy limit of branes wrapping supersymmetric cycles. Furthermore, important features of these SCFTs can be elucidated holographically
by constructing suitable supergravity solutions. A well-studied framework, starting with [1–
3], is to construct supergravity solutions associated with M5-branes, M2-branes or D3-branes
wrapping supersymmetric cycles with supersymmetry realized via a (partial) topological
twist. The topological twist couples the field theory to external R-symmetry currents which
effectively (partially) cancels the spin connection on the world volume of the wrapped brane,
thus allowing supersymmetry to be realized [4]. In particular, the standard topological twist
is associated with constant Killing spinors on the cycle upon which the brane is wrapped.
Geometrically, thinking of the branes as wrapping calibrated cycles inside manifolds with
special holonomy, the topological twist can also be viewed as arising from the structure
of the normal bundle [5], which then allows for such constant sections.
A powerful way to construct such supergravity solutions is to construct AdS × Σ(d)
solutions of a gauged supergravity theory, where Σ(d) is the d-dimensional cycle upon which
the branes are wrapped, and then uplift to D = 10 or 11. In the standard constructions,
Σ(d) is tightly constrained: for example in the two-dimensional case,1 the case of most
interest in this paper, Σ(2) is a Riemann surface of genus g with a constant curvature metric.
1

The constructions of [2] include examples of higher-dimensional cycles where the metric does not have
constant curvature.
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3 Uplift to M-theory and the central charge
3.1 Uplift to M-theory
3.2 Central charge
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In recent work, it has been shown that there are fundamentally new constructions where
this is not the case, and Σ(2) is instead a “spindle” [6].
A spindle has the same topology as a two-sphere, but there are orbifold singularities at
the north and south poles which are associated with quantized conical deficit angles. More
precisely, we define a spindle as the weighted-projective space Σ ≡ WCP1[n− ,n+ ] , specified by
two relatively prime integers n± ∈ N. In [6] solutions of D = 5 minimal gauged supergravity
of the form AdS3 × Σ, dual to N = (0, 2) SCFTs in d = 2, were constructed. After carefully
uplifting on five-dimensional Sasaki-Einstein manifolds in the regular class, one obtains
solutions of type IIB supergravity of the form AdS3 × Σ × SE5 which, surprisingly, are free
from all conical singularities and, furthermore, were constructed earlier in [7]. The gravity
solution suggests that the d = 2 dual SCFT should be viewed as arising from the d = 4
SCFT dual to the AdS5 × SE5 solution, wrapping it on the spindle and then flowing to
the IR. Further support for this interpretation was provided by showing that the central
charge of the d = 2 SCFT calculated from the gravity solution exactly matches the result
obtained from the anomaly polynomial for the d = 4 SCFT, after reducing on the spindle
and then employing the c-extremization procedure of [8]. An interesting feature is that the
R-symmetry of the d = 2 SCFT arises from a mixing of the R-symmetry of the d = 4 SCFT
with the rotational symmetry of the spindle.
The results of [6] immediately suggest that there could be a rich landscape of new
supergravity solutions associated with branes wrapping spindles and higher-dimensional
orbifolds. In fact further interesting examples have already appeared. In [9, 10] the solutions
of [6] were generalized from minimal D = 5 gauged supergavity to the STU model, which
has three Abelian gauge fields. The solutions can be uplifted on the five-sphere to obtain
solutions of type IIB supergravity describing D3-branes wrapping the spindle, which are
again completely regular, and were first constructed in [7]. Furthermore the central charge
of the d = 2 SCFT obtained from the gravity solution agrees exactly with the associated
field theory calculation using the anomaly polynomial of N = 4 SYM theory in d = 4. In the
solutions describing D3-branes wrapped on spindles in both [6] and [9, 10], supersymmetry is
not being realized by the topological twist; for example, it was shown by explicit construction
in [6] that the Killing spinors are not constant on Σ, and moreover are in fact sections of
non-trivial bundles over Σ.
In [10] a sub-class of the D = 5 solutions of the STU model were uplifted to D = 11
supergravity on Σg × S 4 , where Σg is a Riemann surface of genus g > 1. These are regular
D = 11 solutions, first found in [11], that describe M5-branes wrapped on a product fourcycle Σ × Σg . In these solutions supersymmetry is being realized by a standard topological
twist on Σg , but not so for the spindle Σ.
Another generalisation, describing M2-branes wrapping spindles, was discussed in [12].
A class of AdS2 × Σ solutions were constructed in minimal D = 4 gauged supergravity.
After uplifting these solutions to D = 11 using SE7 in the regular class, one again obtains
regular solutions, first found in [7], and once again supersymmetry is not being realized by
a topological twist. This class of solutions also exhibits several notable features. Firstly, the
solutions can be generalized to include a rotation parameter. Secondly, the solutions were
shown to arise as the near-horizon limit of a class of D = 4 accelerating black holes, with the

2

Formally, setting n+ = n− = 1 we recover the case of Σ = Σ0 = S 2 . However, this supergravity solution
does not fall in our class, as explained earlier, and was in fact found in [19].
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conical defects of the spindle being directly associated with the acceleration. After uplifting
to D = 11, the black hole solutions can be viewed as describing a flow across dimensions
from the d = 3 SCFTs, dual to the AdS4 × SE7 solutions, down to the quantum mechanics
dual to the AdS2 solutions. A curious feature is that in these specific UV completions the
special case of vanishing rotation is associated with a standard topological twist, but in a
strange limiting way where the conformal boundary splits into two halves with a different
topological twist on each half. A detailed field theory comparison has yet to be made for
these wrapped M2-brane solutions.
In this paper we continue to explore the new landscape, by presenting a new class
of solutions describing M5-branes wrapping spindles. Once again, while we find some
similarities with the examples discussed above, we also find some new features. In contrast
to D3-branes and M2-branes, we do not find any solutions describing M5-branes wrapping
spindles in minimal D = 7 gauged supergravity. Here, instead, we construct new AdS5 × Σ
solutions of D = 7 gauged SUGRA coupled to two U(1) gauge fields, which are dual to N = 1
SCFTs in d = 4. The local solutions were in fact first obtained by a simple double analytic
continuation [13] of the supersymmetric, static R-charged black holes studied in [14–16].
Interestingly, we find that supersymmetry is being realized in a new way. On the one
hand, the spin connection of the spindle is not equal to the R-symmetry gauge fields, and
the associated Killing spinor is not constant on the spindle. This is similar to the case of the
wrapped D3-branes and M2-branes. However, on the other hand, in contrast to those cases
we find that the (integrated) R-symmetry flux is equal to the Euler character of the spindle.
In the usual topological twist this follows as a corollary of the local identification of the
spin connection with the R-symmetry gauge fields. Thus, the way in which supersymmetry
is being realized for the AdS5 × Σ solutions might be referred to as a “global topological
twist,” or perhaps described as “topologically a topological twist”!
After uplifting on a four-sphere, we obtain solutions of D = 11 supergravity but now
they are still singular. It is not yet clear how these orbifold singularities should be interpreted
and/or resolved but we provide evidence that the D = 11 solutions are holographically
describing M5-branes wrapping spindles. In particular, we show that the central charge
of the d = 4 SCFT as calculated from the gravity side agrees exactly with the associated
field theory computation using the approach of [6], now involving the anomaly polynomial
of the N = (0, 2) SCFT in d = 6, and the a-extremization principle of [17]. We will argue
that the solutions should be viewed as arising from the IR limit of M5-branes wrapping a
spindle, holomorphically embedded inside a Calabi-Yau three-fold.
Our construction of the new wrapped M5-brane solutions is complementary to that
in [18], which considered M5-branes wrapped on a Riemann surface Σg , equipped with a
constant curvature metric and with the standard topological twist. In both cases, the global
description of the geometry is given in terms of M5-branes wrapped on the zero section
of the total space of vector bundles O(−p1 ) ⊕ O(−p2 ) → Mχ , with (p1 + p2 )/n− n+ = χ
so that the total first Chern class vanishes. In [18] Mχ = Σg is a Riemann surface with
Euler number χ = 2(1 − g), while here Mχ = Σ is the spindle.2 A crucial difference is that

2

AdS5 × Σ solutions

In this section we construct a family of supersymmetric AdS5 × Σ solutions of D = 7
gauged supergravity, where Σ = WCP1[n− ,n+ ] is a spindle, parametrized by arbitrary coprime
positive integers n− > n+ . The gauged supergravity theory has two Abelian gauge fields
Ai , i = 1, 2, and their magnetic fluxes through Σ are characterized by integers pi , which
satisfy the constraints p1 + p2 = n− + n+ with p1 × p2 < 0.
2.1

Local form of the solutions

We are interested in solutions of a truncation of D = 7 gauged supergravity theory that
keeps two U(1) gauge fields, Ai , and two real scalar fields, ϕ
~ = (ϕ1 , ϕ2 ). The Lagrangian is
given by
2
1
1X
~ · ∂µϕ
~−
X −2 Fi µν Fiµν ,
L = R − g 2 V − ∂µ ϕ
2
4 i=1 i

(2.1)

1

where Fi = dAi , Xi = e− 2 ~ai ·~ϕ , i = 1, 2, and the vectors ~ai are given by
~a1 =

√

2,

2
5

r !

,

~a2 =

√

− 2,

2
5

r !

.

(2.2)

The scalar potential is
1
V = X1−4 X2−4 − 2X1−1 X2−2 − 2X1−2 X2−1 − 4X1 X2 ,
(2.3)
2
and in the rest of this paper we will set g = 1. While not itself a consistent truncation of
D = 11 supergravity, it was shown in [15] that solutions with F1 ∧ F2 = 0, of relevance in
this paper, can be uplifted on an S 4 to obtain solutions of D = 11 supergravity.
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while genus g Riemann surfaces admit constant curvature metrics, spindles do not admit
such metrics and this is associated with the distinct realization of supersymmetry. If we
set n− = n+ = 1 then our construction of the D = 11 supergravity solutions degenerates.
Nevertheless, we find that formally setting n− = n+ = 1 in our final expression for the
central charge, given in (4.22), then we precisely recover the expression for the central
charge of [18] for the case of the standard topological twist and genus g = 0. Something
similar happens for accelerating black hole solutions associated with M2-branes wrapping
“spinning spindles” [12].
The outline of the paper is as follows. In section 2 we construct the AdS5 × Σ solutions,
in particular analysing and solving the conditions required to have a smooth orbifold
metric on Σ = WCP1[n− ,n+ ] , with properly quantized magnetic fluxes. In section 3 we
uplift these solutions to M-theory, making contact with M5-branes wrapping Σ in a CalabiYau three-fold, and computing the a central charge in gravity. Section 4 reduces the
anomaly polynomial of the M5-branes to d = 4, and we compute the exact superconformal
R-symmetry and a central charge in field theory using a-maximization, finding precise
agreement with the gravity result. Section 5 concludes with a discussion. The appendix
includes details of certain integrals that appear in the main text.

The supersymmetric AdS5 × Σ solutions of interest are given by
ds27

= (yP (y))

Ai =

1/5



qi
dz ,
hi (y)

ds2AdS5

y
Q(y) 2
+
dy 2 +
dz ,
4Q(y)
P (y)

Xi (y) =



(yP (y))2/5
,
hi (y)

(2.4)

where ds2AdS5 is the unit radius metric on AdS5 , and
hi (y) = y 2 + qi ,
(2.5)

with q1 , q2 two real parameters. These solutions can be simply obtained by doing an analytic
continuation [13] of the supersymmetric, static R-charged black holes constructed in [14–16].
2.2

Global analysis and magnetic fluxes

We are interested in determining the conditions on the parameters qi so that the twodimensional metric
ds2Σ ≡

y
Q(y) 2
dy 2 +
dz ,
4Q(y)
P (y)

(2.6)

is a smooth metric on a spindle Σ = WCP1[n− ,n+ ] , with n± coprime positive integers with
n− > n+ . Necessary conditions for this to be the case are that Q(y) > 0, h1 (y) > 0,
h2 (y) > 0 in an interval y ∈ (ya , yb ), where ya , yb are two consecutive real roots of Q(y) = 0,
with yb > ya > 0. Furthermore, since the coefficient of y 4 in Q(y) = 0 is positive, the
presence of a double root would necessarily imply that (2.6) is not a metric on a compact
space. All in all these conditions imply that we need four real roots for Q(y) = 0, with at
least three of them positive. To show that this is indeed possible, one can simply study the
signs of the roots of Q(y) by Descartes’s rule of signs. We consider various cases separately:
• when q1 > 0, q2 > 0 there are no negative roots and either 0 or 2 positive roots. So
the number of real roots is at most 2, which is not allowed.
• when q1 < 0, q2 < 0 there are either 0 or 2 negative roots, and either 0 or 2 positive
roots. Hence, when they are all real the two middle roots have opposite sign, which
again is not allowed.
• when q1 q2 < 0 there is always 1 negative root, while the positive roots can be either
1 or 3. Hence, in this case we can have four real roots, with the middle two being
both positive: this is when the metric is regular.
• when q1 q2 = 0 there is a double root at y = 0, which would not give rise to a complete
metric on a compact space.3
3

This case is expected to preserve twice as much supersymmetry.
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P (y) = h1 (y)h2 (y) = (y 2 + q1 )(y 2 + q2 ) ,
1
1
Q(y) = −y 3 + P (y) = −y 3 + (y 2 + q1 )(y 2 + q2 ) ,
4
4

Hence, continuing with
q1 q2 < 0 ,

(2.7)

it is possible to take y ∈ [ya , yb ], with Q(y) > 0 for y ∈ (ya , yb ), and yb > ya > 0. Without
loss of generality one can take q1 > 0 and q2 < 0, which clearly implies that h1 (y) > 0.
Then we note that we can write
Q(y) = −y 3 +

1
h1 (y) h2 (y) ,
4

(2.8)

h2 (y) >

4 y3
,
h1 (y)

(2.9)

which is clearly positive in the given range. This also shows that P (y) > 0 as P (y) =
h1 (y) h2 (y). We conclude that a regular solution is possible only when q1 q2 < 0, and all
four roots are real. We then take a = 2, b = 3, so that y ∈ [y2 , y3 ].
As y approaches the two end-points of the interval, y → y2 , y3 , the metric ds2Σ in (2.6)
takes the approximate form
ki2 2
dz ,
4yi4

(2.10)

(q1 + q2 )yi
+ (yi − 3)yi2 ,
2

(2.11)

ds2Σ ' dρ2 + ρ2
where
ki ≡ Q0 (yi ) =

and we have k2 > 0, k3 < 0. Demanding that z is a periodic coordinate with period ∆z
given by
k2 ∆z
2π
=
,
2
n+
2y2

k3 ∆z
2π
=−
,
2
n−
2y3

(2.12)

with n± coprime positive integers, then ensures that we have a metric on a spindle which is
regular everywhere, apart from the conical deficit angles 2π(1 − n1± ) at the poles y = y2 , y3 ,
which are orbifold singularities.
Using the following expression for the Ricci scalar of the metric (2.6)
√

gΣ RΣ = 2



QP 0 − Q0 P
y 1/2 P 3/2

0

,

(2.13)

one can immediately check that the Euler number
χ(Σ) =

1
4π

Z
Σ

RΣ volΣ =

n− + n+
,
n− n+

(2.14)

takes the correct value for the spindle.
Having analysed the global conditions required for the metric of the supersymmetric
AdS5 ×Σ solutions, next we turn to the appropriate quantization conditions for the magnetic
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and since Q(y) > 0 for y ∈ (ya , yb ) we have

fluxes threading the spindle Σ. Specifically, in order that Ai are well-defined connection
one-forms on U(1) bundles over the spindle we require that4
Pi ≡

1
2π

Z
Σ

dAi =

pi
,
n− n+

(2.15)

pi ∈ Z ,

(e.g. see appendix A of [12]). The integrals can be performed straighforwardly and we find
that we must demand




=

pi
.
n− n+

(2.16)

It is next illuminating to calculate the total flux for the R-symmetry of the dual d = 6, N =
(0, 2) SCFT, which is given by P1 + P2 , as we will explain later. A simple computation gives
∆z (q1 + q2 )y32 + 2q1 q2 (q1 + q2 )y22 + 2q1 q2
P1 + P2 =
−
2π
4y33
4y23
"

#

,

(2.17)

where we used h1 (yi )h2 (yi ) = 4yi3 . After using the identity
ki
1 (q1 + q2 )yi2 + 2q1 q2
=
−
,
2
2yi2
4yi3

(2.18)

which can be proved using Q(yi ) = 0, we find the remarkable result that
∆z
k3
k2
P1 + P2 =
− 2+ 2
2π
2y3
2y2




=

n− + n+
= χ(Σ) .
n− n +

(2.19)

This result can be contrasted with analogous solutions describing D3-branes and M2-branes
wrapping spindles in [6] and [12], respectively, where the total R-symmetry flux though
the spindle was instead given5 by (n− − n+ )/(n− n+ ). In fact (2.19) might naively be
identified with a “topological twist” since it is a corollary of the usual topological twist
when there is a local identification of the spin connection with the R-symmetry gauge
fields. However, there are a number of differences between our construction and the more
standard construction of AdS × Σg solutions of gauged supergravity, where Σg is a Riemann
surface with genus g [1]. In standard constructions the topological twist condition leads to
a constant curvature metric on Σg and Killing spinors that are constant on Σg . Instead
in our AdS5 × Σ solutions the metric on Σ does not have constant curvature, and indeed
this is necessary as Σ = WCP1[n− ,n+ ] does not admit a metric of constant curvature unless
n− = n+ = 1, when Σ = S 2 . Furthermore, the Killing spinors, which can be obtained
by analytic continuation from those given in [16], are not constant on Σ. The global
condition (2.19) might be referred to as “topologically a topological twist”. It is clearly
4

Note that the gauge fields are normalized so that the D = 7 Killing spinors have charge 1/2 with respect
to both Ai , as one can check from e.g. [13].
5
This might be referred to as an “anti-topological twist”, due to the relative minus sign compared with
the Euler number in (2.19). We also note that in [6, 12] the R-symmetry gauge field was normalized such
that the D = 5, 4 gauged supergravity spinors carried unit charge, whereas here, with AR ≡ A1 + A2 , it is
normalized to have charge 1/2.
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∆z
1
1
Pi =
qi
−
2π
hi (y3 ) hi (y2 )

of interest to understand the reason for the different total R-symmetry twists on spindles
in the cases of D3-branes and M2-branes, versus the M5-brane construction in this paper.
Finally, notice that (2.19) implies that the pi and n± satisfy the constraint
p2 = n − + n + − p1 ,

(2.20)

which allows us to eliminate p2 , for example, in subsequent formulae.
2.3

Solution of the regularity conditions

1
Q(y) = (y − y1 )(y − y2 )(y − y3 )(y − y4 ) ,
4

(2.21)

where by comparing with Q(y) given in (2.5), one can read off the constraints that the yi
must satisfy. We then have a set of seven equations for the unknowns yi (i = 1, . . . , 4), qi
(i = 1, 2) and ∆z, to be solved in terms of the three parameters n± and p1 . Some of the
unknowns can be trivially eliminated by solving linear equations, that give
y 4 = 4 − y1 − y2 − y3 ,
q2 = −q1 + 4(y1 + y2 + y3 ) − (y12 + y22 + y32 + y1 y2 + y1 y3 + y2 y3 ) ,
∆z =

16π y22
,
n+ (y2 − y3 )(y2 − y1 )(−4 + y1 + 2y2 + y3 )

(2.22)

where the last equation is obtained from the first of (2.12) after using (2.21) to get k2 . This
leaves us with a system of four equations to be solved for y1,2,3 and q1 , namely
0 = n+ y32 (y1 − y2 ) (y1 + 2y2 + y3 − 4) − n− y22 (y1 − y3 ) (y1 + y2 + 2y3 − 4) ,
0 = p1 (y1 − y2 ) (y1 + 2y2 + y3 − 4) (q1 + y22 )(q1 + y32 ) + 8n− q1 y22 (y2 + y3 ) ,




0 = q12 + y12 + y22 + (y1 + y3 )(y2 + y3 ) − 4(y1 + y2 + y3 ) q1
− y1 y2 y3 (y1 + y2 + y3 − 4) ,
0 = (y2 + y3 ) y12 + (−4 + y2 + y3 ) (y1 y2 + y1 y3 + y2 y3 ) ,

(2.23)

where the first equation comes from the second of (2.12) and the second equation comes
from the first of (2.16). Remarkably, it is possible to solve this system by solving only
quadratic equations, which allows to write the solution in a relatively compact form. To do
so, one can solve the first equation for y1 and the third for q1 . The remaining two equations
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We now analyse the regularity conditions that are required to have good AdS5 × Σ solutions
with properly quantized fluxes, namely (2.12) and (2.16). We would like to obtain expressions
for the parameters q1 , q2 , as well as ∆z, in terms of the spindle data n− , n+ and the integer
p1 , recalling that p2 can be obtained from the constraint (2.20).
The most straightforward approach is to solve the equation Q(y) = 0 for y and replace
the value of the roots in the relevant equations in the previous subsection. However, this
is complicated in practice by the unwieldy explicit expressions for the roots of Q(y). We
hence follow a different strategy. We begin by writing

can be rearranged in such a way that one has a quadratic for y2 − y3 , whose solution gives
a quadratic equation for y2 + y3 . After some massaging, the result for y2 , y3 reads
y2 =

3 p1 p2 (5 n+ − n− + s)(s + p1 + p2 )
,
2 (n− − p1 )(n− − p2 )[s + 2 (p1 + p2 )]2

y3 = y2 |n+ ↔n− ,

(2.24)

while for y4 , y1 we have
(5 n− − n+ + s) (5 n+ − n− + s) (p1 + p2 + s)
24 (n− − p1 ) (p2 − n− ) [s + 2 (p1 + p2 )]2


× s + 2 (p1 + p2 ) ±

q

(p1 + p2 +

2 s)2

− 36 n− n+



,

(2.25)

where the upper sign in the last equation corresponds to y4 , the lowest to y1 and we have
defined
s≡

q

=

q

7 (p21 + p22 ) + 2 p1 p2 − 6 (n2− + n2+ ) ,
(n− + n+ )2 + 12(n− − p1 )(n+ − p1 ) ,

(2.26)

where we used the constraint (2.20): p2 = n− + n+ − p1 . We also obtain the following
compact expressions for q1 , q2 ,
q1 =

3 p1 p22 (5n− − n+ + s) (5n+ − n− + s) (p1 − 2 p2 − s) (p1 + p2 + s)2
,
4 (n− − p1 )2 (n− − p2 )2 [s + 2(p1 + p2 )]4

q2 = q1 |p1 ↔p2 ,

(2.27)

and for ∆z:
∆z =

[s − (p1 + p2 )] [s + 2(p1 + p2 )]
2π .
9 n− n+ (n− − n+ )

(2.28)

We now discuss the values of n± and p1 for which regular solutions are actually possible.
First of all, as discussed in section 2.2, we need to meet the necessary condition that
q1 q2 < 0. From the definition (2.16) of the integers p1,2 that characterize the magnetic
fluxes, we notice that
p1 p 2 =

(n− n+ )2 (y22 − y32 )2
P (y2 ) P (y3 )



∆z
2π

2

q1 q2 ,

(2.29)

from which it is clear that the product p1 p2 has the same sign as the product q1 q2 and
hence in order that a regular solution exists we impose
p1 p2 < 0 .

(2.30)

or

(2.31)

Recalling (2.20), we must have
p1 < 0 ,

p1 > n − + n + .

–9–
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y4,1 =

While in principle this is only a necessary condition for regularity of our solution, we find
that it guarantees the existence of four real roots for all n± ∈ N, with y2,3 > 0. Note in
particular that (2.31) guarantees that s ∈ R, where s was introduced in (2.26). Moreover,
we have assumed in our analysis that y2 < y3 , which is realized when
(2.32)

n− > n + ,

lim

n− →+∞

y2 = 0 ,

lim

n− →+∞

y3 = −

2 p1
.
n + − p1

(2.33)

At the two finite extrema p1 = 0 and p1 = n− + n+ of the intervals (2.31) we find that
y2,3 and q1,2 all vanish identically, corresponding to the degenerate case with a double root
discussed in section 2.2.
Finally, we note that in the special case n− = n+ = n the two roots y2,3 become
degenerate, which implies that the space in the y and z direction is non-compact. This can
also be seen from the fact that ∆z diverges in this case — see equation (2.28). In particular,
this implies that there is no limit in which one can obtain a smooth S 2 horizon, which
would correspond to n− = n+ = 1.

3

Uplift to M-theory and the central charge

In this section we uplift the AdS5 × Σ gauged supergravity solutions of section 2 to D = 11
supergravity. We then quantize the four-form flux and compute the central charge of
the solutions.
3.1

Uplift to M-theory

All (supersymmetric) solutions of D = 7, U(1)2 gauged supergravity can be uplifted to
(supersymmetric) solutions of D = 11 supergravity. Following [15], the metric in D = 11
can be written as
"

L

−2

ds211

=Ω

1/3

ds27

+Ω

−2/3

X0−1 dµ20

+

2
X

Xi−1



dµ2i

+

µ2i (dφi

+ Ai )

2



#

.

(3.1)

i=1

Here ds27 denotes the D = 7 gauged supergravity metric, it is convenient to introduce
X0 ≡ (X1 X2 )−2 , and we have defined the warp factor function
Ω≡

2
X

Xa µ2a .

(3.2)

a=0

The coordinates µ0 , µ1 , µ2 satisfy the constraint 2a=0 µ2a = 1, and φ1 , φ2 both have period
2π. These parametrize S 4 ⊂ R × R2 × R2 , where µ0 ∈ R, and (µi , φi ) form polar coordinates
P
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which we shall henceforth assume.
We also note that both y2 and y3 are symmetric under the exchange p1 ↔ p2 =
n− + n+ − p1 , so the behaviour on the two branches given in (2.31) is symmetric. We find
for the allowed values of p1 at fixed n+ that y2 is a monotonically decreasing function of
n− , while y3 is monotonically increasing, with

on the two copies of R2 , i = 1, 2. The Abelian gauge fields A1 , A2 then twist these
R2 ∼
= C directions over the D = 7 spacetime. The Hodge dual of the four-form flux can be
expressed as
L−6 ∗11 G4 = 2

2 
X



Xa2 µ2a − Ω Xa vol7 + Ω X0 vol7 +

a=0

2
1X
X −1 ∗7 dXa ∧ d(µ2a )
2 a=0 a

2
1X
+
X −2 d(µ2i ) ∧ (dφi + Ai ) ∧ ∗7 Fi ,
2 i=1 i

(3.3)

AR ≡ A1 + A2 ,

(3.4)

as the gauge field associated with the R-symmetry of this SCFT, as mentioned earlier.
Uplifting the spindle solution given in (2.4) we find that the D = 11 metric takes
the form
h

i

ds211 = L2 e2λ ds2AdS5 + ds2M6 ,

(3.5)

e2λ = (y P (y))1/5 Ω1/3 ,

(3.6)

where

and the metric on the internal space M6 is
ds2M6

=

ds2Σ

+

1

"

(yP (y))1/5 Ω

X0−1 dµ20

+

2
X

Xi−1



dµ2i

+

µ2i (dφi

+ Ai )

2



#

.

(3.7)

i=1

Recall that the gauge field fluxes through the spindle are
Pi =

1
2π

Z
Σ

dAi =

pi
.
n− n+

(3.8)

Provided pi ∈ Z are integers, each of which is relatively prime to both n− and n+ , then (3.7)
is (with the exception of certain orbifold singularities we describe below) a smooth metric
on the total space of an S 4 bundle over Σ:
S 4 ,→ M6 → Σ .

(3.9)

More precisely, notice that µ0 ∈ [−1, 1], with µ0 = ±1 corresponding to the north and south
poles of the S 4 internal space. At these points the copies of S 3 parametrized by (µi , φi ),
with µ21 + µ22 = 1 − µ20 , collapse to a point. For fixed µ0 ∈ (−1, 1) the resulting S 3 fibrations
over Σ are completely smooth manifolds. However, notice that the total space M6 has
orbifold singularities at the poles µ0 = ±1: each of these is a copy of the spindle Σ, and the
latter has orbifold singularities. The D = 11 solution is thus mildly singular.
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where ∗7 and vol7 are the Hodge dual and volume form of the seven-dimensional metric
ds27 , while ∗11 is the Hodge dual with respect to the full eleven-dimensional metric ds211 .
The AdS7 vacuum solution uplifts to AdS7 × S 4 and is dual to the d = 6, N = (0, 2) SCFT.
The fact that ∆φi = 2π allows us to identify

The D = 11 four-form flux G4 is closed. Since as a topological space Σ is homeomorphic
to a two-sphere, the integral of G4 through any S 4 fibre of (3.9), at any fixed point on the
spindle Σ, will be independent of the latter choice of point. We interpret this flux number
1
N=
(2π`p )3

Z
S4

G4 ,

(3.10)

as the number of M5-branes wrapped on Σ. Indeed, recalling that
P1 + P2 = χ(Σ) =

n− + n+
,
n− n+

(3.11)

Y6 = N1 ⊕ N 2 → Σ .

(3.12)

Here Ni are the two complex line bundles on which −Ai are Hermitian connections, so that
Ni = O(−pi ). By virtue of (3.11), the total space of Y6 has vanishing first Chern class and
hence is indeed a Calabi-Yau three-fold. One then wraps N M5-branes over the zero section
Σ of Y6 , which is a holomorphic curve, and at the origin in the copy of R. At low energies
the effective theory on the M5-branes will be a d = 4, N = 1 supersymmetric field theory
on the Minkowski space R1,3 .
In this construction, supersymmetry on the wrapped M5-branes in the UV is being
preserved by a topological twist, although as we already noted in section 2.2 the metric on Σ
in the IR does not (and indeed cannot) have constant curvature. This is in constrast to the
case studied in [20], where Σ = Σg is a smooth Riemann surface of genus g, without orbifold
singularities. In the latter case the authors show that the metric on Σ in the IR necessarily
flows to a constant curvature metric. The solutions in this paper are counterexamples to
this result in the case of orbifolds.
Assuming the compactified d = 4, N = 1 low-energy theory on the M5-branes flows
to a SCFT in the IR, our D = 11 solution (3.5) is then naturally interpreted as the near
horizon limit of this system of N M5-branes wrapped on Σ. This IR solution, which does
not exhibit a (local) topological twist with Killing spinors that are constant on Σ, as noted
earlier, is holographically dual to the associated d = 4, N = 1 SCFT. We shall analyse this
dual field theory directly in section 4, and give further evidence for this claim.
3.2

Central charge

Let us now turn to the supergravity computation of the central charge, a, of the d = 4,
N = 1 SCFT that is dual to the configuration of M5-branes wrapped on a spindle that we
have described in this paper. We can follow [21], where given the form (3.5) of the D = 11
metric it was shown that the central charge can be expressed as
1
a= 7 6
2 π

L
`p

!9 Z
M6

– 12 –
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where χ(Σ) is the Euler number of the spindle, this solution has the following natural
interpretation. One begins with the supersymmetric solution R1,3 × R × Y6 of D = 11
supergravity, where Y6 is a local Calabi-Yau three-fold of the form

where `p is the eleven-dimensional Planck length. This expression can be computed directly
using the values of λ and the metric on M6 given in (3.6) and (3.7). To this end, one can
P
solve the constraint 2a=0 µ2a = 1 in terms of two angles η and θ, with
µ0 = cos θ ,

µ1 = sin θ cos η ,

µ2 = sin θ sin η ,

(3.14)

where for θ ∈ [0, π], η ∈ [0, π2 ] and φi ∈ [0, 2π), the four angles parametrize an S 4 . In terms
of these, one finds
√

gM6 e9λ =

(3.15)

from which it follows that
a=

L9
vol(S 4 )
27 π 6 `9p

y
L9
y 2 − y22
dy dz = 7 6 9 vol(S 4 ) 3
∆z ,
2
2 π `p
4

Z

(3.16)

where
vol(S 4 ) =

8π 2
.
3

(3.17)

To complete the computation we need an expression for L which comes from quantization of
the four-form flux G4 . In particular, as described in the previous subsection, we can interpret
1
N=
(2π`p )3

Z
S4

G4 ,

(3.18)

as the number of M5-branes wrapped on Σ. This leads to
L = (πN )1/3 `p .

(3.19)

Using this, as well as (2.24) and (2.28) in (3.16), we obtain the following result for the
central charge of the dual SCFT
a=

3 p21 p22 (s + p1 + p2 )
N3 ,
8 n− n+ (n− − p1 ) (p2 − n− ) [s + 2 (p1 + p2 )]2

(3.20)

where p2 = n− + n+ − p1 . In the next section we shall see that this is exactly reproduced by
a field theory computation, using the anomaly polynomial of the theory on the M5-branes.

4
4.1

Field theory
M5-brane anomaly polynomial

To leading order in the large N limit, the anomaly polynomial for N M5-branes is given by
the eight-from
A6d =

1
p2 (R)N 3 + O(N ) ,
24

(4.1)

(see, for example, [22]). Here R denotes the SO(5)R symmetry of the worldvolume theory,
which geometrically rotates the normal directions to the M5-branes in spacetime, and p2 (R)
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y
sin 2η sin3 θ ,
4

is the second Pontryagin class. This SO(5)R then also rotates the S 4 internal space in the
uplift from D = 7 gauged supergravity to D = 11. The O(N ) corrections in (4.1) involve
Pontryagin classes also of the tangent bundle of the worldvolume. It is straightforward
to keep these sub-leading corrections in the following analysis, but we do not do so both
because the results are rather lengthy and also because they are not needed in comparing
with the leading order supergravity result for the a central charge.
Recall that the two Abelian gauge fields Ai , i = 1, 2, of D = 7 gauged supergravity are
connections for the Cartan subgroup U(1) × U(1) ⊂ SO(5)R . The normal bundle N to the
M5-branes wrapped on R1,3 × Σ is
(4.2)

where Ni are complex line bundles on which −Ai are the connections. The Pontryagin class
in (4.1) may then be written in terms of first Chern classes, so that
A6d =

1
c1 (N1 )2 c1 (N2 )2 N 3 ,
24

(4.3)

where we will suppress the O(N ) corrections in what follows, writing only the leading
order result.
We want to compactify the worldvolume theory of the M5-branes on Σ = WCP1[n− ,n+ ] ,
where the fluxes that twist the normal directions satisfy
Z
Σ

c1 (Ni ) = −

1
2π

Z
Σ

dAi = −Pi .

(4.4)

As commented earlier, the fact that P1 + P2 = χ(Σ) is equivalent to the total space of
N1 ⊕ N2 → Σ being a Calabi-Yau three-fold. In compactifying the d = 6 theory to d = 4 on
the spindle Σ, we need to take into account the U(1)J global symmetry in d = 4 that arises
from the isometry of Σ. As explained in [6] (see also [22, 23]), we then wish to compute the
anomaly polynomial (4.3), where the eight-manifold Z8 on which it is defined is the total
space of a Σ fibration over Z6 , so
Σ ,→ Z8 → Z6 .

(4.5)

As in [6], in order to define this twisting it is important to ensure that the D = 7 Killing
spinor is invariant under the U(1)J symmetry generated by ∂ϕ , where we have defined
2π
z, with ∆ϕ = 2π. The explicit Killing spinor for a Wick rotation of these solutions
ϕ ≡ ∆z
was constructed in [16], and in our notation this is independent of z provided we make the
gauge transformation
Ai → Ãi = Ai −

1
dz .
4

(4.6)

We then note that the R-symmetry gauge field, AR ≡ A1 + A2 , satisfies
ÃR

y=y2

=−

1
dϕ ,
n+

ÃR
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1
dϕ ,
n−

(4.7)
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N = R ⊕ N1 ⊕ N2 ,

at the poles of the spindle Σ. In this gauge6 we then replace dϕ → dϕ + AJ , and
correspondingly introduce connection one-forms on Z8
Ai =



qi
1
−
hi (y) 4



∆z
(dϕ + AJ ) ≡ ρi (y) (dϕ + AJ ) ,
2π

(4.8)

for i = 1, 2, with curvature
Fi = dAi = ρ0i (y) dy ∧ (dϕ + AJ ) + ρi (y) FJ ,

(4.9)

c1 (Ni ) = ∆i c1 (R4d ) − c1 (Li ) .

(4.10)

Here R4d is the pull-back of a U(1)R symmetry bundle over Z6 , and the trial R-charges
∆i satisfy
∆1 + ∆ 2 = 2 ,

(4.11)

which is the constraint that the preserved spinor has R-charge 1.
The d = 4 anomaly polynomial is then obtained by integrating A6d in (4.3) over Σ,
A4d =

Z

(4.12)

A6d ,
Σ

which gives
h

A4d = − ∆1 ∆2 (∆1 I1 + ∆2 I2 ) c1 (R4d )3 − (∆1 I6 + ∆2 I7 ) c1 (R4d ) c1 (J )2
+ (∆21 I3 + 2∆1 ∆2 I4 + ∆22 I5 ) c1 (R4d )2 c1 (J ) + I8 c1 (J )3

iN3

24

.

(4.13)

Here Iα , α = 1, . . . , 8, are certain integrals of ρi (y) and their deriatives ρ0i (y), which are
reported in the appendix.
4.2

a-maximization

Having obtained the d = 4 anomaly polynomial (4.13), it is now straightforward to
extract the trial a central charge. Specifically, the coefficient of 3!1 c1 (Li )c1 (Lj )c1 (Lk ) in
A4d computes the trace Tr γ 5 Qi Qj Qk , where the global symmetry Qi is associated to the
complex line bundle Li over Z6 . In the large N limit the trial a central charge is then
atrial =

9
3
Tr γ 5 Rtrial
,
32

6

(4.14)

Notice that we are working in a specifc gauge for the “flavour” symmetry gauge field, A1 − A2 , that is
given by the original supergravity solution. This is analogous to the analysis of D3-branes wrapped on a
spindle in [10], whereas in the same setting other gauge choices were analysed in [9], leading to the same
final result for the central charge.
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where FJ ≡ dAJ . These have the property that Ai restrict to the supergravity gauge
fields Ãi on each Σ fibre of (4.5). We then write the first Chern classes c1 (Li ) = [Fi /2π] ∈
H 2 (Z8 , R), c1 (J ) = [FJ /2π] ∈ H 2 (Z6 , Z), and write

where we allow for a mixing with the U(1)J global symmetry by taking
Rtrial = R4d + ε J .

(4.15)

This leads to the trial a function
atrial =

9 N3 h
3! − ∆1 ∆2 (∆1 I1 + ∆2 I2 ) + (∆21 I3 + 2 ∆1 ∆2 I4 + ∆22 I5 ) ε
32 24
i
− (∆1 I6 + ∆2 I7 ) ε2 + I8 ε3 .

(4.16)

∆∗1 = ∆∗2 = 1 ,

(4.17)

together with
n− n+ (2 n− − p1 − p2 )(s + p1 + p2 )
,
(n− − p1 )(p2 − n− )[s + 2(p1 + p2 )]

ε∗ =

(4.18)

where recall from (2.26) that
s=

q

7 (p21 + p22 ) + 2 p1 p2 − 6 (n2− + n2+ ) .

(4.19)

Notice that the superconformal R-symmetry is then
R∗ = R4d + ε∗ J ,

(4.20)

which thus mixes non-trivially with the U(1)J isometry of the spindle. Interestingly, we
find that
ε∗ =

4
3



2π
∆z



,

(4.21)

with ∆z computed for the gravity solution in (2.28). We expect equation (4.21) to be crucial
for matching the superconformal R-symmetry, computed in field theory in this section, with
the superconformal R-symmetry as realized in the supergravity dual. The latter should
be constructed as a Killing vector bilinear in the D = 11 Killing spinor, as in [6, 12], and
indeed an analogous equation to (4.21) was precisely used in the latter reference to get such
an agreement. However, we leave this detail for future work.
The a central charge of the d = 4, N = 1 SCFT is then the extremal value
a = atrial (ε∗ , ∆∗1 , ∆∗2 )
=

3 p21 p22 (s + p1 + p2 )
N3 ,
8 n− n+ (n− − p1 ) (p2 − n− ) [s + 2 (p1 + p2 )]2

(4.22)

where recall that p2 = n− + n+ − p1 . This agrees perfectly with the supergravity result
given in (3.20).
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Here the choice of R-symmetry is parametrized by ε and ∆1 , ∆2 , where the latter are subject
to the constraint (4.11). The exact superconformal R-symmetry locally maximizes (4.16) [17],
and we find the extremal values

Note that for certain values of n± , p1 the a central charge can be a rational number.
For such values the superconformal R-symmetry (4.20) is a compact U(1) symmetry,
while generically it is non-compact. For example, a is rational for n− = 2, n+ = 1,
p1 = (−1, −8, −34, . . .) and n− = 3, n+ = 2, p1 = (−1, −4, −11, . . .) as well as replacing
p1 → n− + n+ − p1 . In fact, a subset of cases are given by the analytic formula
p1 =

i 5n − n h
i
n− + n+ 3 n− − n+ h k
−
k
k
k
√ + β+
−
β+ + β−
−
− β−
,
2
4
4 3

(4.23)

5

Discussion

Starting with the seminal work of [1], there is now a plethora of supersymmetric AdS
solutions that are holographically dual to branes wrapping cycles. In these constructions
supersymmetry is typically realized via a topological twist, with Killing spinors that are
constant on the cycle. In [6] it was demonstrated that there exists a novel realization
of supersymmetry when D3-branes wrap a spindle, with the Killing spinors becoming
sections of a non-trivial bundle. This discovery, together with an analogous construction
for M2-branes wrapped on a spindle [12], indicate that there exists a rich new landscape
of supergravity constructions representing branes wrapped on spindles, along with their
associated field theory duals.
In this paper we continued to explore this landscape, concentrating on a new class of
supersymmetric solutions describing M5-branes wrapping spindles. The AdS5 × Σ solutions
are constructed in D = 7 gauged supergravity and then uplifted to D = 11. While there are
similarities with the analogous solutions describing D3-branes and M2-branes wrapped on a
spindle [6, 12], the details of how supersymmetry is realized are novel. Once again, it is not
via the standard topological twist, since the R-symmetry gauge field does not cancel the
spin connection, and as a consequence the Killing spinors are not constant on the spindle.
However, globally there is a kind of topological twist, in the sense that the R-symmetry
flux is equal to the Euler character of the spindle.
The results of this paper, together with [6, 12], open up several research directions.
An immediate question is to understand the reason why supersymmetry is being realized
in a different fashion for the D3-branes and M2-branes wrapping a spindle than it is for
M5-branes. It may be possible to realize supersymmetry in other ways too. It would also be
of interest to demonstrate explicitly how our new solutions fit in the general classification
of AdS5 × M6 solutions of D = 11 supergravity given in [24]. Investigating constructions
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√
where k = 0, 1, 2, . . . and β± = 2 ± 3.
It is also interesting to note that if we formally set n+ = n− = 1 in (4.22) then we
2
2 )3/2
get a = 1−9z +(1+3z
N 3 where z = 1 − p1 , which exactly agrees with the field theory
48z 2
result given in eq. (2.22) of [18] for M5-branes wrapping a Riemann surface of genus g = 0
with a standard topological twist. We also observe that formally setting n+ = n− = 1
in (4.18) gives ε∗ = 0 associated with no mixing with the (non-abelian) isometries of the
round two-sphere, as in [18].

that preserve N = 2 supersymmetry7 would be worthwhile and connecting with the work
of [26]. In another direction, we expect generalizations involving branes wrapping various
higher-dimensional cycles equipped with orbifold metrics.
In further explorations of the landscape of supergravity solutions wrapping orbifolds, it
will be illuminating to utilize techniques that do not require finding the solutions in explicit
form, such as those developed in [27–29], following the paradigm of [30, 31]. In particular,
the approach of [27–29] does not require making any a priori assumption on the metrics. In
fact, in [29] key properties of the solutions discussed in [6, 12], such as the central charge and
the entropy, respectively, were obtained using the geometric extremization principle of [27].

D.M. thanks F. Faedo for useful discussions. This work was supported in part by STFC
grants ST/T000791/1 and ST/T000864/1. JPG is supported as a Visiting Fellow at the
Perimeter Institute.

A

Integral coefficients

In this appendix we give the explicit values of the integrals Iα introduced in section 4. These
arise in the computation of the four-dimensional anomaly polynomial A4d , and explicitly,
they are given by
I1 =
I2 =
I3 =
I4 =
I5 =
I6 =
I7 =
I8 =

1
d
ρ2 (y) dy dϕ = 2 (ρ2 (y3 ) − ρ2 (y2 )) ,
π Σ dy
Z
1
d
ρ1 (y) dy dϕ = 2 (ρ1 (y3 ) − ρ1 (y2 )) ,
π Σ dy
Z
1
d
ρ2 (y)2 dy dϕ = ρ2 (y3 )2 − ρ2 (y2 )2 ,
2π Σ dy
Z
1
d
ρ1 (y) ρ2 (y) dy dϕ = 2 (ρ1 (y3 ) ρ2 (y3 ) − ρ1 (y2 ) ρ2 (y2 )) ,
π Σ dy
Z
1
d
ρ1 (y)2 dy dϕ = ρ1 (y3 )2 − ρ1 (y2 )2 ,
2π Σ dy
Z
i


1
d h
ρ2 (y)2 ρ1 (y) dy dϕ = 2 ρ2 (y3 )2 ρ1 (y3 ) − ρ2 (y2 )2 ρ1 (y2 ) ,
π Σ dy
Z
i


1
d h
ρ1 (y)2 ρ2 (y) dy dϕ = 2 ρ1 (y3 )2 ρ2 (y3 ) − ρ1 (y2 )2 ρ2 (y2 ) ,
π Σ dy
Z
i
1
d h
ρ1 (y)2 ρ2 (y)2 dy dϕ = ρ1 (y3 )2 ρ2 (y3 )2 − ρ1 (y2 )2 ρ2 (y2 )2 ,
2π Σ dy
Z

7

(A.1)

We pointed out in section 2.2 that q1 q2 = 0 should give rise to N = 2 supersymmetric solutions but not
with a compact spindle. This is also directly related to the fact that the central charge (3.20) vanishes for
p1 p2 = 0. We also note that as we were finalizing this paper, the paper [25] appeared on the arXiv, where
work on N = 2 solutions is reported, using the same local family of solutions.
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where
ρ1 (y2 ) = −

(n− + n+ − s) (2 n2− + 2 n− n+ − 3 n− p1 − n+ p1 + 2 p21 + n− s)
,
12 n− n+ (n− − n+ ) (n− − p1 )

ρ1 (y3 ) = − ρ1 (y2 )|n− ↔n+ ,
ρ2 (y2 ) = ρ1 (y2 )|p1 ↔p2 ,
ρ2 (y3 ) = − ρ2 (y2 )|n− ↔n+ .

(A.2)
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