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We prove a fractional averaging principle for interacting slow-fast sys-
tems. The mode of convergence is in Holder norm in probability. The main
technical result is a quenched ergodic theorem on the conditioned fractional
dynamics. We also establish geometric ergodicity for a class of fractional-
driven stochastic differential equations, improving a recent result of Panloup
and Richard.

1. Introduction and main results. We study slow-fast systems driven by fractional
Brownian motions (fBm):

(1.1) dXP = f(X7.Y))dt +g(X;,Y/)dB;, X§= Xo,
1 1 .

(1.2) dyf=-b(X;,Y/)dt + ZodB;, Y§ = Yo,
€ €

where B and B are independent fBms on an underlying complete probability space (€2, F, P)
with Hurst parameters H € (%, 1) and He (1 — H, 1), respectively. Here, g : RY x R" —
L(R",R%) and o € L(R",R") is nondegenerate. As the scale parameter ¢ > 0 is taken to
0, one hopes that the slow motion X¢ is well approximated by an effective dynamics X . For
H=H-= %, this convergence has been studied by myriad authors since the seminal works
of Bogolyubov—Mitropol’skii [7] and Hasminskii [26]; see for example, the monographs and
survey articles [5, 18, 32, 33, 40, 48] and references therein for a comprehensive overview. It
is still a very active research area [34, 45, 46].

For H, H * %, the SDEs (1.1)—(1.2) provide a suitable model for economic, medical,
and climate phenomena exhibiting a genuinely non-Markovian behavior in both the system
and its environment. It is for example, very well known that neglecting temporal memory
effects in climate modeling by resorting to a diffusion model results in prediction notoriously
mismatching observational data [2, 4, 13, 28]. It thus became widely popular to use fBm in
climate modeling [16, 49, 51].

While slow-fast systems with fractional noise have seen a tremendous spike of interest in
the last two years [8, 9, 23, 25, 41, 42], all of these works resort to Markovian, strongly mixing

fast processes by choosing H= % in (1.2). The main contribution of this article is to establish

the convergence X° — X even for a non-Markovian fast dynamics by allowing H # % It
hardly comes as a surprise that this renders the analysis much more delicate and it is not
clear at all if an averaging principle can even hold for a fractional, nonmixing environment.
In fact, the usual assumption in the aforementioned works on Markovian averaging principles
is a strong mixing condition with an algebraic rate [1, 27]. This condition is essentially never
satisfied for a fractional dynamics [3].
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Recent work of Hairer and the first author of this article suggests the following ansatz for
the effective dynamics:

(1.3) dX, = f(X,)dt +g(X,)dB;, Xo= Xo,

where f (x) 2 [ f(x,y)m*(dy) and similar for g [23]. For H= %, this work showed that the
average is taken with respect to the unique invariant 7* of the fast dynamics with frozen slow
input

(1.4) dY =b(x,Y)dt + o dB,.

For H #* % it is a priori not clear what 7~ should be. We show that it is the one-time marginal
of the unique stationary path space law P,x € P(C(R4, R")); see Section 2.1 for details.
[Here and in the sequel, P(X) denotes the set of Borel probability measures on a Polish
space X.]

In addition to standard regularity requirements ensuring well-posedness of the slow-fast
system (see Condition 3.1 below), we shall impose a contractivity condition on the drift in
(1.2).

DEFINITION 1.1. Let A, R > 0 and « > 0. We write S(x, R, 1) for the set of Lipschitz
continuous functions b : R* — R" satisfying

—iclx = yI*Ixl, 1yl = R,
1.5 b(x)—b(y),x —y) <
(15) ( x) (). ¥ y)_ Alx —y|2 otherwise.

Note that A may be smaller than |b|Lip, whence its prescription is not necessarily redun-
dant. If b = —VYV is a gradient vector field with potential V, then (1.5) is equivalent to V
being at most A-concave on |x| < R and k-convex on |x| > R.If V € C%(R"), these require-
ments are in turn equivalent to V2V > —A and V2V > « on the respective sets.

THEOREM 1.2 (Fractional averaging principle). Consider the slow-fast system (1.1)-
(1.2). Suppose that f, g € CI% and b satisfies Condition 3.1. Let « < H and x, R > 0. Then
there is a number Ay > 0 such that, if b(x, -) € S(k, R, o) for every x € R?, all of the follow-
ing hold:

o Forevery x € R, there exists a unique stationary path space law Pr» € P(C(Ry, R")) for
the frozen fast dynamics (1.4).
o Let m* € P(R") be the one-time marginal of Ppx. If

x> gx) & Av g(x, y) ¥ (dy) € Co(RY, L(R", RY)),

then there is a unique pathwise solution to (1.3) and Xt — X as € — 0 in C%([0, T], RY)
in probability for any T > 0.

The regularity of g not only hinges on the regularity of g but also on the fast dynamics.
First we note that the requirement on g clearly holds for a diffusion coefficient depending
only on the slow motion X?:

dX; = f(X;,Y/)dt + g(X?)dB;.

Another class of examples is provided by Corollary 4.25 below.

The technical core of the proof of Theorem 1.2 is a quantitative quenched ergodic theo-
rem on the conditional evolution of the process (1.4). We prove this by means of a control
argument, which is of independent interest. In fact, it allows us to improve recent work of
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Panloup and Richard [39] by establishing geometric ergodicity for a class of SDEs driven
by additive fractional noise. To our best knowledge, this is the first result achieving an ex-
ponential convergence rate for a fractional dynamics (excluding the trivial instance of an
everywhere contractive drift).

Let |||tV = sup 4 |0 (A)| denote the total variation norm of w, WP the p-Wasserstein
distance, and W7 the Wasserstein-like metric for generalized initial conditions introduced in
Definition 2.5.

THEOREM 1.3 (Geometric ergodic theorem). Let (Y;);>0 be the solution to the SDE

(1.6) dY; =b(Y;)dt +o0dB;

started in the generalized initial condition , where o € L(R", R") is nondegenerate and
B is an fBm with Hurst parameter H € (0, 1). Then, for any p > 1 and any k, R > 0, there
exists a A = A(k, R, p) > 0 such that, whenever b € S(k, R, A), there is a unique invariant
measure L for (1.6) in the sense of Definition 2.1. Moreover,

(1.7) WP(L(Y,), ) < Ce WP (u, ;) Vt>0
and
(1.8) LY 1) = Pr|py < Ce™ W' (u, I) Vi =0,

where ¢, C > 0 are numerical constants independent of t > 0 and .

The work [21] already contains a result on the rate of convergence. There, the author
assumed an off-diagonal contraction condition (see Condition 2.6 below) and obtained an
algebraic rate in (1.8). Very recently Panloup and Richard [39] studied b € S(«, R, 0) for
which they found a rate of order e~ for some y < % in both (1.7) and (1.8). Albeit these
works did not require a global Lipschitz condition on the drift for Hurst parameters H < %,
we emphasize that they do impose this assumption for H > % to obtain (1.8). This is due
to the lack of regularity of a certain fractional integral operator. Theorem 1.3 thus provides a
genuine ramification of the results of [39] in the latter case. We note that similarly to the work
of Panloup and Richard, the Wasserstein decay (1.7) also holds for more general Gaussian
driving noises with stationary increments. We shall briefly comment on this in Section 3.5.

With the spiking interest in numerical methods based on the generalized Langevin equa-
tion with memory kernel [10, 30], Theorem 1.3 and the quenched quantitative ergodic the-
orem underpinning it can give a better theoretical understanding. A first step would be to
derive quantitative estimates on the constants ¢, C, and A; a possible pathway is outlined
in Remark 3.25 below. It is an interesting open question if there is indeed a finite threshold
value of A beyond which the exponential rates (1.7)—(1.8) no longer hold. As established by
Eberlel:, such a transition from exponential to subexponential rates does not happen in case
H =35 [15].

EXAMPLE 1.4. Let us give an example of a drift not covered by the subexponential
convergence theorems of [39]. Consider the double-well potential
V) =alxl* — Blxf?

for o, B > 0. We modify V outside of a compact such that its Hessian is bounded. Set b =
—VV.Itis clear that b ¢ | J, g~0S(x, R,0) as soon as 8 > 0. However, for g sufficiently
small, Theorem 1.3 furnishes an exponential rate of convergence.
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Outline of the article. The next section features a brief overview of preliminary material.
In Section 3, we prove the quantitative quenched ergodic theorem and deduce Theorem 1.3.
The proof of Theorem 1.2 is concluded in Section 4.

2. Preliminaries. Recall that one-dimensional fractional Brownian motion with Hurst
parameter H € (0, 1) is the centered Gaussian process (B;);>0 with

E[(B; — B)*] =1t —s*", s,t>0.

To construct d-dimensional fBm one lets the coordinates evolve as independent one-
dimensional fBms with the same Hurst parameter. We will make frequent use of the following
classical representation of one-dimensional fBm as a fractional integral of a two-sided Wiener
process (W;);er, which is due to Mandelbrot and van Ness [37]:

0 H-1 H-1 ! H_1
(2.1) B,:aH/ t—u)""2—(—u) 2qu+aH/ t—uw)""2dW,, t=>0.
—00 0
Here, ay > 0 is some explicitly known normalization constant and we also declare
B[ == Bl‘ + Bl"

2.1. Invariant measures of fractional SDEs. Albeit being non-Markovian on its own, the
solution to (1.6) can actually be cast as the marginal of an infinite-dimensional Feller process
Z: & (Y, (W), <¢) with values in R" x J{g. Here, W is the two-sided Wiener process driving
the equation through (2.1) and H g is a Holder-type space of paths R_ — R”" supporting the
Wiener measure W. More concretely, Hp is the closure of the space {f € C2°(R_,R") :
£(0) =0} in the norm

N |f (@) — f(s)]
I fllscy; = sup A :
5,00 |t —s| 2 /T+[t] + [s]

To ensure that this construction actually furnishes a solution to (1.6), we of course have to
assume that the law of the second marginal of Z coincides with W for each time ¢ > 0. This
motivates the following definition.

DEFINITION 2.1 ([21]). A measure u € P(R" x Hpg) with l'I;{H;L = W is called a gen-
eralized initial condition. A generalized initial condition Z, which is invariant for the Feller
process Z is called an invariant measure for the SDE (1.6). We write £ 15,2 for the first
marginal and P, € P(C(R4, R")) for the law of the first coordinate of Z when started in Z, .

By only adding the past of the driving noise to the auxiliary process Z, Hairer’s framework
rules out the existence of “unphysical” invariant measures, which frequently occur in the
theory of random dynamical systems; see [22] for details.

There are only a few examples for which the invariant measure can be written down ex-
plicitly.

EXAMPLE 2.2. Let Y be the fractional Ornstein—Uhlenbeck process [11], that is,
dYt - —Y[dt +dBt

Then it is well known that its invariant measure is given by

0
Ta(dy, dw) = b @dWdw),  F) 2= [ e Dyusds,
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where Dy : H{ g — J1_pg is a continuous linear operator switching between Wiener and
fBm paths’ see [21], equation (3.6), for the precise definition. The first marginal of 7, and
the stationary path space law are given by

0 t
n:ﬁ(f esst> and Pﬂ=£</ esdBS> )
—00 —00 >0

REMARK 2.3. The invariant measure of (1.6) is in general not of product form.

Since o € L(R", R") is nondegenerate, one can show that there is an isomorphism between
the strictly stationary solutions to (1.6) and the set of invariant measures (provided one quo-
tients the latter by the equivalence relation identifying generalized initial conditions which
generate the same evolution in the first marginal). It is also not hard to prove the following.

PROPOSITION 2.4 ([21]). Ifo € LAR",R")and b € S(k, R, 1) for some k >0, R, . >0,
then there exists an invariant measure for (1.6) in the sense of Definition 2.1. Moreover, I
has moments of all orders.

The conclusion of Proposition 2.4 actually holds for a merely locally Lipschitz oft-
diagonal large scale contractive drift (see Condition 2.6 below). See also [14, 24] for versions
for multiplicative noise. Finally, we introduce a Wasserstein-type distance for generalized
initial conditions:

DEFINITION 2.5. Let u and v be generalized initial conditions. Let Ca (i, v) denote the
set of couplings of u and v concentrated on the diagonal Ag, L {(w,w) e 3{%1 tw=uw'}
For p > 1, we set

1
WP(u,v) =  inf (/ |x—y|p,0(dx,dw,dy,dw')>p.
PECA (V) \J (R xH )2

Note that clearly W* (1, e, T, v) < WP (e, v) and the inequality is strict in general.

2.2. Large scale contractions. Known ergodic theorems on (1.6) require either a
Lyapunov-type stability or a large scale contractivity condition on the drift b. The former
indicates that once far out, the solutions have the tendency to come back to a neighborhood
of the origin. Under this condition, it is conceivable that two distinct solutions can come back
from diverging routes, thus allowing to couple them. The Lyapunov stability condition was
used in [14, 17] for multiplicative noise.

A large scale contraction on the other hand will force two solutions to come closer once
they have left a ball Bg of sufficiently large radius R > 0. The following two conditions
appeared in previous works.

CONDITION 2.6 (Off-diagonal large scale contraction, [21]). There exist numbers ¥ > 0
and D, A > 0 such that

(22) (b(x) = b(y),x —y) < (D —&lx —y) A (Ax —yI*)  V¥x,y eR".
CONDITION 2.7 (Large scale contraction, [39]). There exist numbers R >0 and x > 0

such that

(2.3) (b(x) = b(y),x = y) < —klx =y Vx,y €R"\ Bg.
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EXAMPLE 2.8. The function b(x) = x — x> is a large scale contraction.

We will later use the following standard result, a slightly weaker version of which was
proven in [39], Lemma 5.1.

LEMMA 2.9.  If'b is locally Lipschitz continuous and satisfies the large scale contraction
condition (2.3), then for any k € (0, k), there is an R > 0 such that

(b(x) —b(y),x —y) < —k|x —y|* VyeR", |x|>R.

PROOF. Since (b(x) —b(y),x —y) < —k|x — y|2 for x and y outside of the ball B, we
only need to show that the required contraction holds for any |y| < R and |x| > R. Fix such
x and y.

Without loss of generality, we may also assume that R > R + 1. Then there is a 8 € (0, 1)
such that zg £ (1 — B)x + By has norm lzgl =R+ 1.Since x —y = %(x —zp) and, since x,
zp are outside of By,

1
wu»—wwxx—ws—gux—mﬂ=—«Mx—m?

LetK = |D|Lip; Bg.., denote the Lipschitz constant of b on Bg1. Since [zg —y[ = (1 —fB)|x —
y|, it holds that

(p(x) —b(y), x — y)=(b(x) — b(zp).x — y)+ (b(zp) — b(y), x — y)
< —kBlx —y* + K1 —B)lx —y|%.

Since g is the length of the proportion of the line segment outside of Bg1, we can choose

X—zpl o x[=R—1 o R—R—l)

it as close to 1 as we like by choosing R sufficiently large (8 = ||x_y| > KR 2 RaR

REMARK 2.10. We make the following observations.

(1) Let b : R" — R” be a globally Lipschitz continuous function. Then the large scale
contraction condition (2.3) is equivalent to b € | J,. ¢ S(k, R, A). In view of Lemma 2.9, con-
dition (1.5) also holds for a merely locally Lipschitz continuous b at the cost of a smaller
contractive rate and a bigger contractive range. In fact, choose i € (0, ) and let R > R be
the corresponding radius furnished by Lemma 2.9. This gives (1.5) with ¥ ~» i, R ~» R, and
A~ |D|Lip; B-

(i) The off-diagonal large scale contraction condition is weaker than the large scale con-
traction condition. With the former, there may be no « > 0 such that (2.3) holds in the region
{lx =yl < %} N {|x| = R, |y| = R}. On the other hand, if (2.3) holds and b is locally Lip-
schitz continuous, we can choose any k¥ < k. In fact, denoting the radius from Lemma 2.9
by R > 0, one only needs to show (2.2) when both x and y are in B #- To this end, we pick
A= |blLip;; and D > SUP, yeBj (& 4+ 1)|x — y|%

3. The conditional evolution of fractional dynamics. To derive strong L”-bounds on
the Holder norm of the slow motion in Section 4 below, we need to study the conditional
distribution of the evolution (1.4). Unlike the Markovian case, the conditioning changes the
dynamics and the resulting evolution may no longer solve the original equation. We will show
that, in the limit # — oo, the law of the conditioned dynamics still converges to %, the first
marginal of the invariant measure for the fast dynamics with frozen slow input (1.4). The rate
of convergence is however slower (only algebraic rather than exponential).
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Let us first state the regularity assumption imposed in Theorem 1.2. For this we introduce
a convenient notation, which we shall frequently use in the sequel. We write a < b if there is
aconstant C > 0 such that a < Cb. The constant C is independent of any ambient parameters
on which a and b may depend.

CONDITION 3.1. The drift b : R? x R” — R” satisfies the following conditions:
e Linear growth:
b, M| ST+ x| +1yl, ¥YxeRY yeR"

e Uniformly locally Lipschitz in the first argument: For each R > 0, there is an Lg > 0 such
that

sup |b(x1,y) — b(x2, )| < Lglxi —x2|,  Vl|xi], |x2] < R.
yeR?

e Uniformly Lipschitz in the second argument: There is an L > 0 such that

sup |b(x, y1) —b(x, y2)| < Lly1 — y2l,  Vyi1,y2 € R".

xeRd

Let (F;)r>0 be a complete filtration to which B is adapted. For any continuous, (F;);>0-
adapted, R?-valued process X with continuous sample paths, and any & > 0, the equation

1 1 .
(3.1) doX = —b(X,, ®X)dr + ~odB;, dX =y,

€ €
has a unique global pathwise solution under Condition 3.1; see Lemma 4.2 below. The flow
d>ff,(y) associated with (3.1) is therefore well defined. An important special case of (3.1) is
when the extrinsic process is given by a fixed point x € R¢. For this we reserve the notation
D

- 1 - 1 A -
(3.2) d®; = -b(x, ®7)dt + —odB;,, Pj=y.
& SH

We would like the reader to observe that the dependency of flows on the scale parameter
& > 0 is suppressed in our notation. Note that, by self-similarity, sending & — 0 in (3.2) is
equivalent to keeping ¢ = 1 fixed and taking t — oo. As the e-dependence of the flows (3.1)—
(3.2) will play a key role in Section 4, we choose to introduce a new notation in case ¢ =1,
which is used throughout the rest of this section.

DEFINITION 3.2. Let h € Co(R4,R") £ {f e C(R4,R") : f(0) =0} and x € RY. We
denote the flow of the ordinary differential equation

(3.3) dy; =b(x, y)dt + db;
by V¢, (v, h), where y € R" and 0 < s <. It is given by the solution to the integral equation

t
w;,<y,h>=y+f b(x. WF (v, ) dr + b, — b,

We also use the abbreviation W} £ \I/(’)‘ /-

Under Condition 3.1, (3.3) is well-posed and it follows that W§ (v, b) = W (y, 65h) for
eachO<s <rand y € R", where 6 f = f(-+s) — f(-) is the Wiener shift operator on the
path space. If x € R4, y e R" or h € Co(R4, R") are random, we understand Definition 3.2
pathwise for each fixed sample @ € €2. The solutions to (3.1) and (3.2) are also understood in
this sense.
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3.1. Processes with a locally independent increment decomposition. The derivation of
the conditioned evolution relies on the following simple fact: For ¢, 4 > 0, we have

(3.4) 6B = Bivn — B, = Bj, + By,
where, in a slight abuse of notation (the integrand has to be multiplied by the identity matrix),

A

! gy 1
f aﬁ/_ ((t+h—u) 2—(t—u)H_7)qu,

(1>

951

L

t+h A R
' H/ (t+h—w2aw,.
t

s>

This decomposition is easily obtained by rearranging (2.1). For any 7 > 0, the two compo-

nents B’ and B are independent. We call B’ the smooth part of the increment, whereas B’ is
referred to as the rough part. This terminology is based on the fact that, away from the origin,

the process B has continuously differentiable sample paths and therefore the “roughness™ of
B essentially comes from B'. Indeed, it is not hard to check that B! is of precisely the same
Holder regularity as B. We also observe that B' £ BO2 B for all ¢ > 0.

The process B is—up to a prefactor—known as Riemann-Liouville process (or type-1I
fractional Brownian motion) and was initially studied by Lévy [31]. Its use in modelling was
famously discouraged in [37] due to its overemphasis of the origin and the “regularized”
process (2.1) was proposed instead. In fact as we shall see below, the lack of stationarity of

the increments of B complicates the analysis of the conditioned evolution.

DEFINITION 3.3. Let (F;);>0 be a complete filtration. An (F;);>p-adapted stochastic
process Z is said to have a locally independent decomposition of its increments with respect
to (F7)s>o if for any ¢ > 0, there exists an increment decomposition of the form

G 2n=2+7Z, h=>0,

where Z' € F; and Z' is independent of F;.

As seen in (3.4), an fBm B has a locally independent decomposition of its increments with
respect to any filtration (F;);>0 compatible with B. By this we mean that (W )s<t € Fr and
A Ws) s> 1s independent of F; for any ¢ > 0.

EXAMPLE 3.4. Let us give some further examples, which will become important later
on:

(1) Let (W,),Zo be a Wiener process and é; Ly i fé (t—u) = d Wu be the Riemann—
Liouville process. Then, for any # > 0 and & > 0,

A

(e,é)h:a /((z+h—u) = —wh 3 aw,

A

t+h
(3.5) +aﬁ/ (t+h—wf=3aw,
t

£ 0}, + B},

Thus, B admits a locally independent decomposition of its increments with respect to any
filtration compatible with B.
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(i) Another example, given in [19, 20], is the stationary fractional Ornstein—Uhlenbeck
process Z; = fioo e~ dB,. More generally, it is clear that Z, = fioo ®(s, t)dB, with a
suitable kernel & also has this property.

(iii) Albeit not being a direct instance of Definition 3.3, it is also interesting to observe a

Jfractal property of B: The smooth part of the increment has an independent decomposition
as l};l = P} + Q}, where Q' was defined in (3.5) and

0 A ~
Pl éaﬁ/ ((t+h— w3 — ¢ —w)i=3)aw,.

—0o0

Our argument for the quenched ergodic theorem will be based on a two step conditioning
procedure making use of an explicit representation of the conditioned process. We state it for
a general noise with locally independent increments.

LEMMA 3.5. Let0<s <t <t+hand (Z;);>0 be a continuous stochastic process ad-
mitting a locally independent decomposition (6; Z), = Z}, + Zj, with respect to (F;);>0. Let X
and Y be F;-measurable random variables. Then, for any F : R" — R bounded measurable,

E[F (¥ (V. D) | F] =E[F (¥ (v, 6 + Z)lix c7' -
y=UX(v.2)

where V is defined in Definition 3.2.

PROOF. This in an immediate consequence of the flow property of the equation (3.3) and
standard properties of conditional expectations. [

Coming back to the flow of the fast motion with frozen slow input (3.2), the following
result is an easy consequence of Lemma 3.5.

LEMMA 3.6. Let (F;);>0 be a filtration which is compatible with B. Fix 0 <s<t<
t+handlet X,Y be Fi-measurable random variables. Then, for any F : R" — R bounded
measurable,

E[F(®Y,.,(1)) | Fi] =E[F(¥} (v, s + 0 B))]

x:X,g:s‘ﬁoéé,,’
y=oX,(¥)

~ A :T
where BL. = (BL,)n>0.

We now turn to the fine properties of the smooth part of the increment. For ¢ > 0 we define
the set

(36) Qa2 |feCo(Ry, R")NC((0,00), R") : limsup(t*| £ ()] +1'+*| f(0)]) < o0}
11— 00

This space is equipped with the seminorm

Iflla, 2 sullatalf(tﬂ + supl,tl+“|f'<z>|.
> >

We also set Qq_ = ) p<a $2p- The motivation for this definition stems from the following
lemma.

dprd

a.s.and | B|lq, €

Oo>1

LEMMA 3.7. Lete > Oandt>0.Thene 1B LB L B e

A

p=1 L foranya <1—H.

(1-H)—
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PROOF. Letd e (0,1 — H).Itis enough to prove that there is a random variable C > 0
with moments of all orders such that

X C

v B,| < —, é <
(3.7) Bls e Bl

f2—H-8

forall > 1 on a set of probability one. This in turn easily follows from sample path properties
of the standard Wiener process. First, we have that

: .1\ [0 o3 ~ IN(a 3\ [° A-3
B,:aﬁ(H—§>/ (t—u) Zquz—aﬁ<H—5><H—5>/ (t—u)""2W,du
—00 —00

since lim,_, o (f — u)H_% W, = 0. Therefore,

= 0 A W. —1 N
|Bt|,§< sup |Ws|/ (t — )3 du + sup '—'1/ (r—u)H—2+5du>
—1<s5<0 -1 s<—1(t — )21 J—c0

< (3 4 (4 DI,

The fact that C has moments of all order is an easy consequence of Fernique’s theorem. In
fact, the Wiener process defines a Gaussian measure on the separable Banach space

l+5£ ny . A M }
M _{feCO(R+,R ): 71 s 2800 2 20 <00

By Fernique’s theorem, the random variable | W ”M 1y has therefore Gaussian tails. The first

estimate in (3.7) follows. The bound on |l;S’t| is similar. [J

3.2. A universal control. Letb € S(k, R, 1), ¢ € Cy([0, 1], R™), and u € L*°([0, 1], R").
Let us consider the following controlled ordinary differential equation:

(3.8) xS () =x9+ /Otb(xg’”(s)) ds + c(t) + /(;t u(s)ds, tel0,1].

We think of ¢ as an external “adversary” and of u as a control. Since b is Lipschitz con-
tinuous, it is standard that there is a unique global solution to (3.8). If u = 0, we adopt the
shorthand x¢ £ x50,

The aim of this section is to exhibit an n € (0, 1) as large as possible so that the following
holds: Given R > 0, there is an M > 0 such that, for any adversary ¢ € Co([0, 1], R"”) and any
initial condition xg € R”, we can find a control u € L*([0, 1], R") with |u|s < M ensuring
that the occupation time of x** of the set R" \ By is at least 7. It is important to emphasize
that the sup-norm of the control |u|., may neither depend on the adversary ¢ nor on the initial
condition xq (otherwise the construction of u essentially becomes trivial). We shall actually
choose u as concatenation of the zero function and a universal control &t € L ([0, N~'], R")
for a sufficiently large, but universal, N € N.

We begin with a lemma:

LEMMA 3.8. Thereis a constant C > 0 independent of ¢ and u such that, for the solution

of (3.8),
xS (1) — xS () < C(1 + |u|A)t
forallt [0, 1].



3974 X.-M. LI AND J. SIEBER

PROOF. Since b is contractive on the large scale, there are constants D, ¥ > 0 such that
(b(x) = b(y),x =y} < D —&lx — yP?
for all x, y € R"; see Remark 2.10(ii). Define now f(r) £ &*!|xS%(t) — xS (1)|?, then

2
F(6) =R f (1) 4265 (b(xS" (1)) — b(xS (1)) 4 u(r), xS (1) — xS (1)) < 2De* + @

for all ¢ € [0, 1]. Consequently, setting C = max(2D, 12*1), we have
ro
|xSH (1) — xg(l‘)|2 < C/ e_K(t_s)(l + |u(s)|2) ds
0
and the lemma follows at once. [

For a piecewise constant function u : [0, 1] — R”, let D, C [0, 1] denote the finite set of
discontinuities. We then have the following control result.

PROPOSITION 3.9. Let n < % and R > 0. Then there is a value M > O such that the
following holds true: For each ¢ € Co([0, 1], R") and each xo € R", we can find a piecewise
constant control u € L*° ([0, 1], R") with |u|co + |Dy| < M such that the occupation time of
xS of the set R" \ By is greater than or equal to 1.

PROOF. We prove that there exist an integer N and a control u € L°°([0, N ~1) with at
most two constant pieces independent of both the initial condition x¢ and the adversary ¢
such that either

Leb({t € [0, N"']: |xS ()| > R}) = % or Leb({re[0,N7']: [xS(t)| > R}) > %
In the former case, we of course choose u = 0, otherwise we let u = iz. By the flow prop-
erty of well-posed ordinary differential equations, the solution to (3.8) restarted at time N~
solves a similar equation (with new adversary ¢(-) =6y-15 € Co([0,1 — N ~11, R") and ini-
tial condition x$-*(N~1)). Upon constructing i, we can thus easily deduce the proposition
by iterating this construction.

Suppose that the time spent by uncontrolled solution (x; )iefo.n-17 in R" \ Bjs is strictly
less than % We let Ay,  be the set of times ¢ € [0, N~ at which [xS(@)| < R. Note that
Ay, c 1s the union of a countable number of closed, disjoint intervals. By assumption, we
have Leb(Ay, o) > (1 —n)N~L

For § & (2N)~! and e any fixed unit vector, we define @ to be the piecewise constant
function

2R+ 1
— e t €0, 4],
i) = (1 —2n)é
2R +1
——e te€(4,26],
(1—=2n)
so that
2R+ 1
, ek 1 €0, 8],
/ u(s)ds = (1 =28
0 2R+ 1 28 —1t)e te(8,26]
(1—21)s ¢ i
We observe that
R t o
(3.9) |xSH* ()| > ’/ u(s)yds| — |xS(t)| — |b|Lip/ |xSH(s) — xS (5)| ds.
0 0
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Moreover, owing to Lemma 3.8, we can bound

A 26
/t|x§,u(s)—x5(s)|ds5«/6(1+|fi|oo)/ Vsds
A 0

2./ C 2QR+ 1N

IN32 1—2n
provided we choose the integer N = N (C, R, 1, |b|Lip) large enough. Define the set By . £
Axo,g N[ - 2n)8, (1 + 2n)8]. Combining (3.9) and (3.10), we then certainly have that
[x$*(¢)] > R forall t € By, . Since

(3.10)

Leb(By,¢) =

I =m _n
N 20 -2mé =

and |ii|oo as well as |D;| only depend on N and R, this finishes the proof. [

We conclude our study of the deterministic controlled ODE (3.8) with the following sta-
bility result which is proven by a standard Gronwall argument.

LEMMA 3.10. Let x5 denote the solution to the controlled differential equation (3.8)
with initial condition xo € R" and control u € L*°([0, 1], R"). Then, for any w € Cy([0, 1],
R™), we have the bound

|x§’” _ ﬂoo < elPILip

'/Ovu(s)ds—w‘ ,

where X is the unique solution to
t
xX(t) = xo +./0 b(X(s))ds +w(t)+ (), te€][0,1].

3.3. Exponential stability of the conditional evolution. We now turn to the conditional
evolution of (3.2) derived in Lemma 3.6. For brevity, we drop the hat on the driving fBm
throughout this and the next section. Remember that we have to study SDEs driven by a
Riemann-Liouville process

o t
B, éaH/ (t — )"t aw,,
0

where (W;);>0 is a standard Wiener process. Recall from Definition 3.2 that, for ¢ €
Co(Ry, R™"), W ,(-, ¢ + o B) denotes the solution flow to the equation

(3.11) dX; =b(X;)dt +dc; + o dB;.

For brevity, let us henceforth set lI!sg’,(-) = W (-, 6+ UB).

We first prove that—starting from any two initial points—the laws of the solutions con-
verge to each other with an exponential rate. This however does not yet imply the con-
vergence of L£(W; (x)) to the first marginal of the invariant measure 7 of the equation
dX; = b(X;)dt + o dBy since, even if we choose Xy ~ 7w, we have E(\IJf(Xo)) #* 7 for
t > 0 in general.

As a preparation, we let (Co([0, 1], R"), Hpy, ny) denote the abstract Wiener space in-
duced by the Gaussian process (E,),E[o, 1]- Recall that the Cameron—Martin space is given by
Hy = JCH(HOI), where

t y_3 1

oeH/(t—s) 2f(s)ds H> —,

KufO 21 9 . 1 2 el
aH—/ (t—s)1"2f(s)ds H <=

dt Jo

t 2’
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and
H} 2 {f =f0' f(s)ds: feL*(0, 1J,R”)}

is the Cameron—Martin space of the standard Wiener process. The inner product on H g is

defined by (Kp f, Krg)uy = (f, 8)12-
We shall make use of the following simple observation.

LEMMA 3.11. Let f:[0,1] = R”" be piecewise linear with f(0) = 0. Then, for each
He,1), feHy and

(3.12) 1 I S 1 1o (141D £).

PROOF. It follows from [43], Theorem 5 (see also [47]) that the inverse of Ky exists
on the set of Lipschitz functions and there is a numerical constant oz > 0 such that iK;l =

orX—pg. Notice also that we have JC_lf JC_lf
Let us first consider the case H < 5. The bound (3.12) is an immediate consequence of

‘%K;,‘f(t)‘EQH/O(t—s) H=3| f(5)]ds S | fleo V2 €0, 11,

For H > % we let 71, . .., 7 denote the jump points of f in the interval [0, 7). Notice that

‘—5{ f(t)' <ou|:

( / (t—s)2 His)ds + - +/(t—s)2 f(s)ds)

S floo(1+Dpl)e 2.

Since 1 —2H > —1, we obtain

d__ .
1w =| 55517 S 1F10el1 4+ 1D

&
as required. [J

The next important lemma lifts the control result of Proposition 3.9 to solutions of SDEs
with additive noise.

LEMMA 3.12 Let b € S(k, R, A) and o € L(R", R") be invertible. Then, for any R > 0
and any n € (0, ) there is constant a, g > 0 such that the following holds: For each x € R"
and each ¢ € CO(R+, R™), we can find an event A, c with P(Ay ) > a, g such that

/0 L jws ) =gy ) ds >n Vo e A q.

PROOF. Letu, o € L°°([0, 1], R") be the piecewise constant control furnished by Propo-
sition 3.9 such that the occupation time of x*"+< of the set R" \ B, ; is greater than . We set

Uy ¢ = Joux,c(s)ds and note that U,  is piecewise linear. Lemma 3.10 allows us to choose

an ¢ > 0 (independent of x and ¢) such that, on the event Ay = {IUy,c — 0Bl < €}, the
occupation time of (lIJ}f (x))nefo,1] of R™ \ By exceeds 7.

It remains to show that inf, - P(Ay o) > 0. To this end, we first note that Uy . € Hy by
Lemma 3.11. By the Cameron—Martin formula (see, e.g., [6]),

P(Ay o) >P(lo ™ Uy c — Bl <ol "e)

1 -1 2 )/ (x,Ux,c) 1
=exp|l—=|oc" U u e M E g (dx).
p( 2” x,g” H {Ix|oo<|o|~le} 1 (dx)
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Consequently, Jensen’s inequality and spherical symmetry give

1 _
(3.13) P(Ay,c) > exp<—5||o—1Ux,§y|§{H>]P>(|B|oo <ol te).

Combining Proposition 3.9 and Lemma 3.11, we obtain that sup, . NUx,cllpy SM(1+M).
This concludes the proof. [J

PROPOSITION 3.13. Let 0 € L(R",R") be invertible. Then, for any k, R > 0 and any
p > 1, there exists a number A = A(k, R, p) € (0, k) such that the following holds: If b €
S(k, R, A), there are constants c, C > 0 such that, for any ¢ € Co([0, 1], R"),

WP(L(F (Y)), L(¥F (Y))) < CWP(L(Y), L(Y))e™
forallt > 0.
PROOF. Write X; £ WS (Y) and Z, = WS (Y). Let u, £ £(X,) and v, £ £(Z;), thus
(Xy, Z¢) is a synchronous coupling of u; and v;. Our strategy for proving the exponential
convergence of ¢ — WP" (uu;, v;) is to show that, for any ¢ > 0, the evolution of (Xy)se[r.1+1]

conditional on F; spends a sufficient amount of time in the contractive region {|x| > R}. As
noted in Example 3.4(i), there is an independent increment decomposition (6;B), = Q;l +

Efl for the Riemann-Liouville process. Using this and the conditional evolution derived in
Lemma 3.5, we find

E[IX:41— Zi117]
[EHLIJEJ-H(X") - ‘I'zg,z+1(zt)}p|]:t]]
=E[E[|¥(X;, 6 ¢ +06,B) — Wi (Z;, 6, +06,B)|"|F]]
=E[E[|W(X,.0c +0Q' +0B") =W (Z.0c +00" +0B")|"|F]]
= E[E[

B 0~ 9 O )
l=0Q

(3.14)

where in the last step we also used that (é;,)hzo 4 (éh)hzo-
By assumption, the drift b does not expand by more than a factor of A on all of R". We
therefore have the pathwise estimate

(3.15) W+ ) — W )P < P x — P

forall0<s <t <1.Letne€ (0, 5) and k € (0, k) be such that E £ ikp — A(1 —n) > 0 (recall
that we assume A < ). Let R > R be the corresponding radius furnished by Lemma 2.9. For
any x € R" and any ¢, ¢ € Co(R,R"), let Ay g,c4¢ be the event from Lemma 3.12. Recall
that P(Ay 6,c¢) > a, g > 0 and

1
/(; l{szlwft§+((x)(w)|>lé}(r) dr>n VYoeAygcie.

Since E > 0, by possibly decreasing A we can also ensure that

1 1— an Re—pE
(3.16) 0<A< —10g(’—>.
p 1— a, R
Owing to pathwise continuity of /& — \119’§ +t (x), there are random times 1, ..., ©2nN(w) Such

that, for all w € Ay g,c4¢:
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e 0=<r(w) < <hbnw) =1,
i “‘”(rz,(w) bi-1(@)) = 7, and )
o UM (13 1(0), (@) C {h €10, 17: |97 (x)(w)| > R}.

Together with (3.15) it follows that, on the event Ay g,c4¢,
|\D19,§+€(x) _ \p9;§+€(z)|p

—|lIJgt§+E( 9;§+€( )) 91§+Z( 9;§+K( ))|

ty,1 lzN th 1 tzN

(I=ton)A |y 0 s+ 9t§+€ p
< ePUTEMVA W™ (x) — W (2)]

(I=02n)A ,—p(i2n—t2n 1)K O s+t 91§+5 P
<e’ b ‘quN () =W BN-1 (Z)’

N N
<< exp[p(A D (ig1 — i) —k Y (i — tzi_l))}pc —z]?
i=0 i=0

<e PE|x — 7P,

where we have set foy 41 £ 1 for convenience. On the complementary event 2\ Ay g,c1¢, We
apply the trivial estimate (3.15). Inserting these bounds back into (3.14), we conclude that

IE[|Xt—|—l Zt+1|p] ((1 —a, R)epA + a, ‘e_p ) [|Xt - Zt|p] £ PEUXt - Zt|p]-
Observe that p < 1 by (3.16). Finally, a stralght—forward induction shows that
WP(L(¥7 (), L(V7 (D) < X, = Zeller <Y = P

(3.17) oA 3
< _e—llogplt”Y _ Y”L[’,
1Y

where [-] denotes the integer part. Minimize over the set of couplings of £(Y) and £(Y) to
conclude the proof. [J

A more explicit expression for the threshold value A (x, R, p) can be derived by the method
outlined in Remark 3.25 below. We abstain from including further details in this work. Let us
however introduce the following notation.

DEFINITION 3.14. Letk, R > 0 and p > 1. We abbreviate S, («x, R) = Sk, R, Ak, R,
p)) with the constant from Proposition 3.13.

By Lemma 3.6, the Wasserstein bound of Proposition 3.13 lifts to bounds on the fast
motion with frozen slow input (3.2). We obtain the following Lipschitz dependence of the
flow @ on the initial value.

COROLLARY 3.15. Let (F;)t>0 be a filtration compatible with the fBm B.Let0 <s<t
and let X, Y, and Y be Fs-measurable random variables. Suppose that there are x, R > 0
such that b(x,-) € S1(k, R) for every x € RY. Then there is a constant ¢ > 0 such that, for
any Lipschitz continuous function h : R¢ x R" — R,

[E[A(X, @Y, () — h(X, ¥, (D)IF]| S |hlLiplY — Ve
If, in addition, b(x, -) € S, (k, R) for all x € R4, then also

1—s|

~ ~ .
|®X, () — X, (W), SNY = Vre % .
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PROOF. The first estimate is an immediate consequence of Lemma 3.6 and Kantorovich—
Rubinstein duality. The second bound follows from the fact that we used a synchronous
coupling in the proof of Proposition 3.13. [J

The proof of Proposition 3.13 shows that its conclusion actually holds if B is replaced by
another process Z with similar properties.

REMARK 3.16. Let Z be a process with locally independent increment decomposition
0,Z =2Z"+ Z'. Assume that:

(i) the F;-adapted part Z' takes values in Co(R., R") and }
(ii) there is a unit vector ¢ € R” such that, for each ¢ > 0, E((Z;l - €)pel0,1]) 1 supported
on all of Cy([0, 1]).

Then a statement similar to Proposition 3.13 holds.

EXAMPLE 3.17. Suppose that Z;l = tz+h B + h — s)dWy for some kernel & : R, —
L(R", R") which is square integrable at the origin and continuous on (0, co). Then the re-
quirement (ii) in Remark 3.16 holds if fot |&(s)|ds > 0 for each ¢ > 0. Indeed, this can be
shown by a clever application of Titmarsh’s convolution theorem as in [12], Lemma 2.1.

The example shows that in particular an fBm of any Hurst parameter H € (0, 1) falls in
the regime of Remark 3.16. Hence, we have the following corollary to Proposition 3.13.

COROLLARY 3.18. Let p > 1 and suppose that b € S, («, R) for some k, R > 0. Let
(X1)i>0 be the solution to

(3.18) dX; =b(X;)dt+o0dB;

started in the generalized initial condition ., where (B;);>0 is an fBm with Hurst parameter
H € (0,1) and o € L(R", R") is invertible. Then there is a unique invariant measure L, €
P@R™ x Hp) for the equation (3.18) in the sense of Definition 2.1. Moreover, writing m =
Hﬁ‘%nlﬂ for the first marginal, there are constants c, C > 0 such that

(3.19) WP (LX), ) < CWP (w, Ty)e ™

forallt > 0.

PROOF. By Proposition 2.4, we know that there is an invariant measure Z; to (3.18) with
moments of all orders. The Wasserstein estimate (3.19) then follows by the very same argu-
ments as in Proposition 3.13. The only difference is that we now have to specify a generalized
initial condition v € P((R" x Hy)?) for the coupling (X;, Z;); see Section 2.1. Unlike for
the conditioned dynamics, we have Z; ~ m if we start Z in the invariant measure Z. In or-
der for our previous argument to apply, we need to ensure that the past of the noises in the
synchronous coupling coincide. In (3.17) we can thus only minimize over couplings in the
set

{p e P(R" x Hp)*): p(R" x R x Ag,) =1},

which precisely yields (3.19). [J
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3.4. Quenched convergence to the invariant measure. The other distance, which will play
a role in Section 4.2 below, is between E(\Df (Y)) and the stationary law 7 of the equation
(3.18). We stress that—contrarily to the proof of Corollary 3.18—we cannot simply start the
process in the invariant measure. In fact, the measure 7 is not stationary for (3.11) since the
increments of B are not stationary. It is therefore necessary to wait for a sufficient decay
of the deterministic “adversary” ¢, whence we only find an algebraic rate of convergence.
Before we state the result, let us first illustrate that there is indeed no hope for an exponential
rate.

EXAMPLE 3.19. Let
dXt:—det+dé[, dYt=—Y1dt+dBt

If we start both X and Y in the generalized initial condition o ® W, then L(X)=N(O,X tz)
and L(Y;) = N(0, £?) where
]

In particular, W2(L(X,), L(Y,)) = |Z; — %] = t~0~H) uniformly in ¢ > 1. Since it is casy
to see that W2(L(Y;), ) < e, it follows that W2(L(X,), w) 2t~ (1),

— t =
y2i=%2_— EH/O e "By ds

PROPOSITION 3.20. Suppose that b € S, (k, R) for some k, R > 0and o € L(R",R") is
invertible. Let p > 1, ¢ € Qq for some a > 0, and Y be an Fy-measurable random variable.
Then, for each § < min(«, 1 — H), there is a constant C > 0 such that

I+ lslle) (X +WPLY), 7))
C 7

(3.20) WP(L(Yf (Y)), ) <
forallt > 0.

PROOF. Fix r > 1, abbreviate X 2 W°(Y), and let Z be the stationary solution to the
equation (3.18). We assume that X and Z are driven by the same Wiener process. Let us
first consider the case p > 2. Recall the following locally independent decompositions from
Section 3.1:

6,B=B'+ B', 6,B= Q"'+ B'.

Remember also that the “smooth™ part of the fBm increment can be further decomposed as
B" = P" + Q'; see Example 3.4(iii). Therefore,
E[|Xi+1 — Zi+117]
=E[E[|W,1+1(X;. ¢ +0B) — ¥, 1411(Z;, 0 B)|"|F]]
G20 BR[| (X, 6 +0 Q' +0B') — W (Z, 0 P + 0 Q' +0B) || F]]

=E[|\I’19[§+E(x) - qu+€(z)|p| x=X;,2=2, ]

=0 Q! k=0 P!
Write R, £ \Pz’ s+t (x) and S, = lllfz% (z). Notice that, since ¢ and ¢ are differentiable,

d . o _
IRy = Sp1” = pléion — L+ b(RR) = b(Sk), Ry — i)l Ry — Sy” 2

p—1 -
<o+ DIRy =531+ (5= ) (sl + 1En))”
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for any y > 0, where A = A(k, R, p) is the expansion threshold derived in Proposition 3.13.
It follows that, for any 0 < h| < hy <1,

|Rh2 - Shzlp

<|Rp, — Sh1|PeP(A+V)(h2—h1)

(3.22) —1\P~1 ph2 -
F(B2) [ et g i) ds
vp hi

<|Ry, — Sh1|PeP(A+V)(h2—h1) + Cy(hZ —hy),

where we abbreviated
p—1\""lsllos = \P
&2 (5) (SR i)
o=

We now argue similar to Proposition 3.13: Pick n € (0, %) and k € (0,«) such that E
nk — (I —n)A > 0. Let R > 0 be the corresponding constant of Lemma 2.9 and A, g, c4¢
be the event furnished by Lemma 3.12. As before, we write 11, ..., f2n§(w) for the random
times characterizing the excursions of (Rj)ne(0,1] outside of B, see Proposition 3.13. By an
argument similar to (3.22),

(3.23) [Riy; — Sty IP < |Rpy; | — Sty |PeP Y O@RIT0i=0) 1 C (1y; — 1y 1)

foralli =1,..., N(w) on the set Ay g,c4¢. Combining (3.22) and (3.23), we further find on
this set

Ry = S1|P < P OFATROIR,, — S 1P+ Cy (1= 1)
< eP(A+V)<1_t2k)ep(1’_’2)(f2k_IZH)|R,2,H — St 1P+ Cy (1 = tog—1)
<.o. < PNANA=Hply =N _ 2P C, < e PEDM |y — 7P + C,.
Choose y > 0 sufficiently small such that simultaneously & — y > 0 and
0 2 (1— an’R)eP(A-H/) + an’ke—p(ﬁ—y) <1.
This shows that
(3.24) E[|Ri — S1”] < plx — yIP + Cy.

It is clear that the estimate (3.24) also holds for p < 2 with the constant

U (lglla, s )P
Cy=— (55 + 1)

- ent
and a slightly increased p < 1. Since P! = B;,., Lemma 3.7 and the identity (3.21) show that
Cl+1slg,)
E[IXr41 = Yot 7] < pB[1X; = Y|P 4 ——

for some numerical constant C > 0 independent of ¢ and ¢. Therefore, iterating this bound
we find
[r1-2 i

_ p
(3.25) E[IX; — Y;IP] S e “E[|Xo — Yol?] + C(1 + ||§||€zﬁ) > C—1_i)
i=0

The last sum is easily seen to be < t~P# uniformly in # > 2 and the claim follows at once.
O
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By a strategy inspired by [39], Section 7 (see also [21]), we can lift Proposition 3.20 to
a total variation bound. Since the exposition of Panloup and Richard does not immediately
transfer to the problem at hand, we choose to include the necessary details. Consider the

system

dX; =b(Xy)ds +dc; + odBy,
(3.26)

dZ; =b(Zs)ds + o dBs + o ¢' (s)ds,

where Xy is an arbitrary initial condition and Z is the stationary solution of the first equation.
Our aim is to exhibit an adapted integrable function ¢’ : [0, ¢ + 1] — R” which vanishes on
[0, ¢] and ensures that X, | = Z,+1. To this end, we define

1
( | X — Z,]2
32D 2 \Tx, — 7
0 otherwise.

+A)o_l(Xs —Z)—By+o'& selrt+1],

LEMMA 3.21. Lett>1, ¢ € Qq, b € S(k, R, A), and consider the system (3.26) with ¢'
defined in (3.27). Then X; 11 = Z;+1 and, forany § <a A (1 — H),

lclia, + I Blla
+ b £

|(pt|oorS|Xt_Zt| B

(3.28) _
Islls + 1 Bllag
(1+B ’

. 1
|‘Pt|oo SIXe—Z2 + 11X — Zi | +

where the derivative of ¢' is understood as right- and left-sided derivative at the boundaries
t and t + 1, respectively.

PROOF. The argument is a minor modification of [21], Lemma 5.8: Abbreviate f(s) =
|Xs — Zs|2, then

F1(5) = 20b(Xy) = b(Zs) + & — 0 By — 09! (). X — Zs) < —41X, — Zu|? f(5)?
since b € S(k, R, A). It follows that
Xy — Zs|2 <|X, — ZiZ — (s —D)|X, — Zi|2 Vs elt,t+1],
whence X;41 = Z;+1. This also implies

d 1 1
’5(& —Zo)| < (IblLip + 2+ 2)|X; — Z4|2| X5 — Z|2

and consequently

d —
d<M)‘<§M§|X,—Z;I%-

ds\|X,— Z,2/17 2 |X, - 2,2
The bounds (3.28) follow at once. [

REMARK 3.22. We stress that the bound on |¢’ |~ only holds for a Lipschitz continuous
drift b.

It is now easy to prove the following result.
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PROPOSITION 3.23. Assume the conditions of Proposition 3.20 for p = 1. Then, for any
B <a A (1 — H),it holds that

B
3

[£(wr () =7y S75(1 +||§||Q,g)(1+W1(E(Y),n)) vt > 0.

PROOF. Let B and B’ be H-fBms built from underlying two-sided Wiener processes W
and W', see (2.1). Recall that B is the Riemann-Liouville process associated with B. Let X
and Z solve

dX; =b(Xy)ds +dc; + odBs,

(3.29)
dZ; =b(Zs)ds + o dB,,

where Xg Ly and Z is the stationary solution. Fix ¢ > 1. We shall use the bound
LW () =7t|py = inf P(Xit1# Zip) < inf P(Xi11 # Zit1)
(B,B’) (W, W)

(3.30) < b P(Xipr # Zigr, 1Xo = Zi] < 6)
+ inf P(|X; — Z;| > §).
(W, w")
Taking W and W' equal, we are in the setting of Proposition 3.20. The estimate (3.25) thus
shows that, for any § € (0, 1],

1
o B0~ 1) < €A+ lisllo,) (1 + W L)1)
(W, W 5th
To bound the first term in (3.30) we exploit the fact that X; and Z; are already close so that we
can couple them at time 7 + 1 with a controlled cost. Let ¢’ be the function from Lemma 3.21;
in particular ¢’(s) = 0 for s < . We observe that B’ = B + [, ¢'(s)ds on [0, + 1] if and
only if W =W + [~ ¥ (s)ds on (—o0, t + 1], where for a suitable constant yy € R,

d s
Yis) = VHE/t (s—uw)?2 Holwydu selt,t+1],
0 s € (—00,1),

see [21], Lemma 4.2, for details. Let 7 be the linear transformation 7 (w) = w +
[ ¥ (s)ds, w e C((—o0, t + 1], R"). We return to the equations (3.29). By the construc-
tion, we have X,y = Z; for those realizations for which W’ = 7 (W). In particular,

inf P(X Ziv1,|1 Xy —Z4| <6 f P(W W), | X: — Z;] <39).

(V&?W’) ( t+1 7 L1, 1 Xy I =< )_(WIITIW’) ( #T (W), X, ] )

Throughout this proof, all stochastic processes are considered only up to time ¢ + 1. Let
P(-) =P(||X; — Z;| <6). Let u and v denote the laws under P of W and T (W), respectively.
We take an optimal coupling (W, W) achieving the total variation distance || — v|Ty. Then
the Pinsker—Csizsar inequality, a consequence of the Girsanov theorem, shows that

1nf IP)(Xz—H F L1, | Xy — 24| < 5) <llu— 1’||TVIP)(|X1 —Z < 5)

w,w
1
1 r+1 t 2 2
<[ [ o Pas] Pox -z <)
On integration by parts we find
2
}90[|OO ’

t+1
/ 1y ()P ds <
t

l\)l ’—‘l\)l —

H <
o' o+ 165 H>
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In either case, (3.28) yields

2 ni2
r+1 + ||B
f W (5)[*ds S8+ Ielie, + 15T,

p ~y t2/3

on the event {|X; — Z;| < §} and therefore

. Islas + IBllal L2
mf,)P(XtH;«éztﬂth—zgsa)sﬁ+ b P

(W, W th
Combining this with (3.30) and Lemma 3.7, we have proven
1
63D L5 0) =y S (1 Islla) 1+ W (EW). ) (Vo + 5.7 )

L. L. _28
which is minimized for§ =¢~ 3. O

By duality and Lemma 3.6, we obtain the following ergodic theorem as a corollary to
Propositions 3.20 and 3.23. It provides the fundamental estimates for our proof of the aver-
aging principle for the fractional slow-fast system with feedback dynamics.

COROLLARY 3.24. Let 0 <s <t and let X, Y be F;-measurable random variables.
Suppose that there are k, R > 0 such that b(x, -) € S1(k, R) for every x € Re. Then, for any
¢ <1— H and:

(i) any Lipschitz function h : R x R" — R,

_ _ e "
B[ (X, &F,0) = FOO 1 F]| S a1+ e B2 g )1+ 1Y) (14 ).

(ii) any bounded measurable function h : R? x R" — R,

W

. 8, 1) = RGO 12 S o+ [~ B o0 +17) (14— )
t—s|3

Here, as usual, h(x) = Jrn B (x, y) T (dy).

3.5. Geometric ergodicity for SDEs driven by fractional Brownian motion. Applying the
arguments of Propositions 3.13 and 3.23 to the equation
(3.32) dY; =b(Yy)dt + o0 dBy,

we obtain an exponential rate of convergence improving the known results:

PROOF OF THEOREM 1.3. In Corollary 3.18 we have already proven the Wasserstein
decay (1.7):

WP(L(Y;), ) < Ce "WP(u, ), Vi>0.

The total variation rate (1.8) then follows by a similar Girsanov coupling as in the proof of
Proposition 3.23. In fact, we now consider

dX,=b(X;)ds + odBy,
dZ, =b(Zs)ds + o dBy +o¢'(s)ds,
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where X is started in the generalized initial condition x and Z is the stationary solution. Let
us define

1
41X, — Z)2 -
o) 2 (2 )oK = 20T )
|Xs - Zs|2
It can then be checked similar to Lemma 3.21 that X;4| = Y;4+1 and
. 1
‘90[|OOS|XI_ZI|’ ‘(pt}oo§|Xt—Zt|2+|Xt—Z,|.
Consequently, the estimate (3.31) becomes
e—cl‘
(3.33) L0 = 7y S W) (V3 4 5 )

and choosing 6 = e~ 7 shows a geometric decay of the total variation distance at a fixed time.
To get asserted decay on the path space (1.8), we observe that, by the very same argument as
in [39], Proposition 7.2(iii), ¢’ actually induces a coupling on the path space with a similar
cost. Hence, || L(Y;+.) — Py ||y is still bounded by a quantity proportional to the right-hand
side of (3.33) and (1.8) follows at once. [

REMARK 3.25. The admissible repulsivity strength A (x, R, p) obtained in the proof of
Theorem 1.3 is certainly not optimal. We therefore abstain from deriving a quantitative upper
bound. Let us however indicate one way to obtain such an estimate: Start from (3.13) in the
proof of Lemma 3.12 and recall a standard result (see, e.g., [44], Theorem D.4) saying that

~ 1 —14y2
P(|1Blo <lo|7'e) > 1 — K(lo| Le)Te HiolO)
for a known numerical constant K > 0. Finally optimize over all constants involved.
Let us finally sketch the main differences for a more general Gaussian driving noise G
in equation (3.32). We assume that G has continuous sample paths and a moving average

representation similar to (2.1) with a kernel & : R — L(R", R") which vanishes on (—o0, 0],
is continuous on (0, 0o), and satisfies

t
f \Qﬁ(l—u)—@(—u)\zdu<oo
—oQ0
for each ¢ > 0. Then
t
G,:f &St —u)—&(—u)dw,, t=>0,
—00

has the locally independent increment decomposition

t t+h _ -
(G,G)h:/;wé(t+h—u)—®(t—u)qu+ t &t +h—u)dW, =G+ G,

with respect to any compatible filtration. Moreover, we require that

8
/(; |&u)|du >0

for each § > 0. We remark that (up to a time-shift) this is certainly implied by the assump-
tions of Panloup and Richard; see [39], Condition (Cz). As we have seen in Example 3.17,
the Cameron—Martin space of (Gh) nefo,1] then densely embeds into Cy([0, 1], R"). Thus Re-
mark 3.16 applies and we obtain a geometric rate in Wasserstein distance, provided that there
is a stationary measure for the equation dY; = b(Y;) dt 4+ o dG;.
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4. The fractional averaging principle. Let us remind the reader of the setup of Theo-
rem 1.2: We consider the slow-fast system

4.1) dXt = f(XE,Y7)dt +g(XE,YE)dB,, X§ = Xo,

1
4.2) dY; = —b(X}. Y)

Y5 = Yo,

driven by independent d-dimensional and n-dimensional fractional Brownian motions B and
B with Hurst parameters H € (2, 1) and H e (1 — H, 1), respectively. We claim that X7
converges to the solution of the naively averaged equation (1.3) as ¢ — O.

Let us also introduce the following filtrations for later reference:

Q,éG(Bs,sft), Qtéa(és,sft), Ftégtvét-

To be utterly precise, we actually use the right-continuous completion of F in order to ensure
that hitting time of an open sets by a continuous, adapted process is a stopping time. Observe
that F is compatible with the fBm B; see Section 3.1.

We shall first convince ourselves that, under the conditions of Theorem 1.2, the pathwise
solution of the slow-fast system (4.1)—(4.2) exists globally. If the drift vector field b : R? x
R" — R" in (4.2) were globally Lipschitz continuous, this would be an easy consequence of
the standard Young bound [50]:

/ £, db,

provided that o + 8 > 1. We shall also prove a bound on the moments of the Hélder norm of
the solution for any fixed scale . The main technical estimates in the proof of Theorem 1.2
are delegated to Section 4.2, allowing us to easily conclude the argument in Section 4.3 by
appealing to L&’s stochastic sewing lemma [29].

(4.3) S1f lesbleals — s1°F 4| fillbleels — 5%,

4.1. A solution theory for the slow-fast system. We shall begin with a deterministic (path-
wise) existence and uniqueness result. Fix a terminal time 7 > 0 and let h = (h',h?) €
CY ([0, T],R™) x C*2([0, T'], R"), where o] > % and ap > 1 — «1. We consider the Young
differential equation

_(Z® Fi(z(s) !
4.4) z(t) = (ZZ(I) —|—/ <F2 Z(S) ) ds —}—/0 G(z(s)) dh;.

We impose the following assumptions on the data.

CONDITION 4.1. We shall assume all of the following:

(i) F;:R? x R" — R? is bounded and globally Lipschitz continuous.
(i) F>:R? x R" — R” is locally Lipschitz continuous and of linear growth, that is,
|Fo(z,x)| <14 x|+ |z forallx e R" and z € R4, Moreover, there are k, D > 0 such that

(F2(z,x) — Fa(z, ), x —y) <D —k|x — y|2 Vx,yeR" Vz e R4,

(i) G:RY x R" — LR, RIH) is of the form G = (§' 7)) with G € CZR x
R”, L(R™,R?)) and G, € L(R4, R?) is constant.

Our proof for the well-posedness of (4.4) and the nonexplosiveness is based on the follow-
ing comparison lemma, versions of which will be of repeated use in the sequel.
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LEMMA 4.2. Let F>:R? x R* — R” satisfy Condition 4.1(ii) and let ¢ € Co(R,, R"),
z€C(R,,RY).

(i) Then, for any xo € R", there are unique global solutions to

t t
x(t)=xo+/(; F(z(s),x(s))ds + 1, y(f)=x0—_/0 y(s)ds + ¢;.

Furthermore, on any finite time interval [0, T'], the difference of the solutions satisfies the
bound

2 ! —Kk(t—s) 2
4.5) |x (1) — y(1)| S,fo e (14 |y@s)| +|z()|) " ds
forallt €0, T]. In particular,

(4.6) [Xloo S 1+ 1x0l 4 IS loo + [2loo-

(ii) If, in addition, ¢ € C*([0, T], R") for some o > 0, then x € C*([0, T], R") and the
following bound holds:

4.7 [xlce S 1+ lxol + 12loc + IS e

PROOF. Since F3 is locally Lipschitz, it is clear that uniqueness holds for the equation
defining x. To see existence, first notice that x (¢) £ x(t) — ¢ solves

t
f(r)=xo+f0 Fa(2(s), £(s) + ¢) ds.

Set Y'(s,x) = F2(z(s), x 4+ ¢5). This function is jointly continuous in (s, x). Therefore, a
local solution exists by the Carathéodory theorem.

On the other hand, global existence and uniqueness of y is standard. Consequently, the
required nonexplosion statement follows easily upon establishing (4.5). To this end, we first
observe that, for all z € R and all x, y € R”, the off-diagonal large scale contraction property
and the linear growth of F furnish the following bound:

(Fa(z,x) +y,x = y) <D —«|x — y* +(Fa(z, y) + y,x — )
K C
<D=l =y (14 1)

for some uniform constant C > 0, where we also used Young’s inequality. Consequently, the
function h(t) £ & |x(¢) — y(t)l2 satisfies

K () < e (1+]y0)] + |2(0)))

and (4.5) follows at once.
The bound (4.7) is an immediate consequence of (4.5) together with the fact that

Ixlee S|Pz, )| T +1slex S (1 + 12loo + 1Xloo) T4 + [< e O
The announced existence and uniqueness result for (4.4) is as follows.

PROPOSITION 4.3.  Under Condition 4.1, for any T > 0 and any B < a1 A az, (4.4) has
a unique global solution in Cﬁ([O, T], Rd+”).
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PROOF. Owing to Lemma 4.2, it is enough to derive an a priori bound on |zllcg, S
[B, 1), to conclude with a standard Picard argument.
Let 6 € (0, 1). By the Young bound (4.3), we see that

2o S1Filoo8' % 4+ (G (2", 22)|parar + 1Gi1loo) B | o
S+ |Zl|c& + |22|Ca2)(1 + |bl|ca1)5a1_&»

where the prefactor is proportional to M £ | Fi|oo 4 |G loo + |G ILip- We may apply Lemma 4.2
to z2 to further find

|2 oa S (1+ 2" oa + 1zol + [B2[pa) (1 + |BY| ey )84 7.
Here, we take the Holder norms of z!, z2 over the interval [0, 8], whereas we use the full

interval [0, T'] for h! and h?. For § > 0 small enough, we therefore get
(4.8) |Zl |C&([0,8]) S (1 + |ZO| + |h2|C0‘2)(1 + |h1 |C°‘1)'
Combining this with Lemma 4.2, we can find a constant C > 0 such that
|2(8)] < Izol + ‘Zl|c&([0,5]) + |Z2|caz([0,5]) < C(1+ 120l + 5] e ) (1 + B |ar )

This bound can now be easily iterated and together with (4.8) we see that there is a (increased)
constant C such that

|Z1’C&([z,z+8]) S+ lzl + “32|caz)(1 + ’hl‘cal)
L
< CU 1+ fz0] + 6] go ) (1 4[5y )15 12
foreach ¢ € [0, T — é8]. Since | - [¢a o 77) = 264 Usup, | - lca((z.1+57)> We get that

oYeltina 5
(49) |Z |C°‘([0 D = 814(1 + |Z0| + |h |C"‘2)( + “] |C°‘1)

(f1+2
Local existence and uniqueness of a solution to (4.4) is a classical consequence of the
Young bound. Indeed, if we define
As £ (f €CP([0,8]. R™™) s £(0) =20 and | fles <1},

then, for 6 > 0 small enough, the operator As : As — As,

(Aaz)(t)—zo-i-/ <2 ;Ej; ) ds +f z(s)) dby,

is contracting on a complete metric space. Abbreviating ¥ = a; A a, this in turn follows
from the well-known bounds

/0' Ge@)db| < (Glhip +1Glo)(<len + 1) blers” .

‘/o. G(z(s)) — G(z(s)) dby o < (IGlLip + IDGlLip) Ibler 8”1z — Zcs,

(Fi(z(s) 1-
Fi(z(s)) — F1(z(s)) A . >

'/ (Fz (z(s)) — F2(z(s)) ds ch =< (1F1ILip + 1 F2lLip: By 20)) 312 = Zls

for all z,z € As, where | - [0; 4 and | - |Lip;4 denote the respective norms of the function

restricted to the set A. Here, we also used that max(|z — zo|oo, |Z — 20le0) < 8? since z, 7 € As
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by assumption. Consequently, there is a unique solution to (4.4) in C#([0, 8], R%*"). Global
existence and uniqueness follow from the a priori estimates (4.7) and (4.9) by a standard
maximality argument. [J

We now bring the randomness back in the picture. To this end, leto > 0, p > 1,and T > 0.
We define the space

B p(10, T1, RY)
2{X:[0,T] x Q— RY: X is (F1)tefo.71-adapted and ||X||Ba!p([0’T]’Rd) < 00},

where we introduced the seminorm

A I1X: — Xsllzr
= Sup —

1 X5, ,qo.77.re
a.p(0.T1.R) s#telo,7] 1t —s]¢

If the terminal time T and the dimension d are clear from the context, we shall also write
By, for brevity. By Kolmogorov’s continuity theorem, we have the continuous embeddings
(4.10)  LP(,C*([0, T1,RY)) = By »([0, T1,RY) — LP(, C““S‘%([o, T1,RY))
for any 6 > 0. Finally, let us also introduce the Besov-type space

W ([0, TL, R & {£:[0, T]— RY: |f|aoo<oo}

t€l0,T]

Nualart and Rascanu proved the following classical result.
PROPOSITION 4.4 ([38], Theorem 2.1.11). Let f : R x R" — R be bounded Lipschitz
continuous and g : R x R" — L(R™,RY) be of class le. Let (Y;)iel0,1] be a stochastic

process with sample paths in CY([0, T], R") for some y > 1 — H and let B be an fBm with
Hurst parameter H > 5. Then there is a unique global solution to the equation

t
X, = X +/0 S(XeYods + [ g(X ¥ dB,
and, provided that Xy € L*°, we also have that

| X la,00 € m L?
p=1

1
Joreacha < 5 Avy.

COROLLARY 4.5.  Fix the scale parameter € > 0 and a terminal time T > 0. Let o <
H A H. There is a unique pathwise solution (X¢,Y?) € C“([O T1, R4 1o the slow-fast
system (4.1)—(4.2). Moreover, for any p > 1 and any B < 5 /\ H, we have that

&
@.11) [x215, < oo.
PROOF. The first part is an immediate consequence of Proposition 4.3. We stress that the
bound (4.11) does not follow from our a priori estimate (4.9) since, by Fernique’s theorem,

E[exp(a|B|gﬁ)] < 00
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if and only if a > 0 is sufficiently small. Instead, we employ Proposition 4.4: Since ¥ e

CH_([O, T1,R") by Lemma 4.2, we see that, for each o < % A I:I, [X®)a.00 € ﬂpzl L?, itis
clear that

([0, T1,RY) < Cc*7°([0, T, RY)

for any 6 > 0. Combine this with the continuous embedding (4.10) to conclude (4.11). O

REMARK 4.6. We finally record that Proposition 4.3 and Corollary 4.5 are the only
places in the proof of Theorem 1.2 which require a linear growth of the drift », see Condi-
tion 3.1. In fact, the remainder of the argument would still work, mutatis mutandis, under the
weaker assumption of a polynomially growing drift, that is, |b(x, y)| <1+ x|V +|y|V for
some N € N. It is however unclear whether the solution to (4.1)—(4.2) exists globally in this
case.

4.2. Uniform bounds on the slow motions. Our strategy in proving Theorem 1.2 is as
follows: The integrals in (4.1) are approximated by suitable Riemann sums, on which we
then aim to establish uniform bounds. These estimates translate into bounds on the integrals
in view of L&’s stochastic sewing lemma [29].

Fix a terminal time 7 > 0 and let S” denote the set of adapted two-parameter processes
on the simplex with finite pth moments; in symbols:

SPA[A[0, TP x Q—R?: Ay, =0fors >rand A;, € LP(Q, F;, P) forall s, £ > 0}.

Given n, n > 0, we define the spaces

AstlLr
{AGS” ||A||Hp: sup m<oo},
O<s<t<T |s — 1"

T E[6 Asut| F,
,—,é{AESP Al 70 2 LS Asul Fsllr - _ }’

n O<s<u<t<T |s _l‘|}7

where we have set §A; ;¢ = Agt — Agu — Ay . With this notation we have the following
version of the stochastic sewing lemma.

PROPOSITION 4.7 (Stochastic sewing lemma [29], Theorem 2.1 and Propostion 2.7).  Let
p=>2,n> %, and 1 > 1. Suppose that A € H,f ﬂH,-f. Then, for every 0 <s <t < T, the limit

”(A)— Jim Y Auy

[ ,v]eP

along partitions P of [s, t] with mesh |P| & max(y,yjep |V — u| tending to zero exists in LP.
The limiting process 1(A) is additive in the sense that I; ,(A) + I, :(A) = I, ;(A) for all
0<s <u <t <T. Furthermore, there is a constant C = C(p, n, ) such that

[ £s.:(A)] 1p = (IIIAIIIFI;It —s|"+ Il p 1t = s17)

forall0 <s <t <T.Moreover, if |E[As ;| FslllLr S|t — s|, then I(A) =

Recall our notation of the fast motion’s flow from (3.1) and (3.2), respectively. We are
ultimately going to apply Proposition 4.7 with the two-parameter process

t —_
4.12) Aﬁ’té/ (g(Xf,dDW(CDOS(Yo))) g(X%))dB,, 0<s<t,

N
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where, thanks to the conditional independence of the integrand and o (B, — Bs,r € [s, t])
given Fy, the integral is well defined in the (mixed) Wiener—Young sense as detailed in Sec-
tion 4.2.1 below. There we also show that the integral 7 (A?) constructed in Proposition 4.7
actually agrees with the Young integral in (4.1). It will be clear that our bounds on A? also
apply to the Riemann summands for the drift term in (4.1), whence we exclude it from our
considerations for now.

4.2.1. A priori integral estimates. We will use the notion of mixed Wiener—Young inte-
grals: If F : (s,t] - L(R™, R%) is a (sufficiently regular) random function independent of
(B})ref0,1—s]» we can make the definition

t—s

t t B ~
(4.13) / F,dB,é/ F,B_ dr+ Fr4;dB?,
K s 0

where the integral with respect to B° is well defined in the Wiener sense (after all B® is a
Gaussian process). The Holder norm of negative exponent —«, k € [0, 1], is defined by

v
/ F.dr
u

Note that for k = 0 we of course recover the usual sup-norm |F|.
In terms of this norm, one can then prove the following fundamental estimate on (4.13).

A
|Fl-« = sup —————
u,ve(s,t] v — ul

LEMMA 4.8 ([23], Lemma 3.4). Let2<p <gq.Fixx €[0,H — %) and 0 <s<t<T.
Suppose that F : (s, t] — L(R™,R%) is independent of (éf)re[o,r—s] and |F|_, € LY. Then

one has the bound
t
‘ / F, dB,
S LpP

where the prefactor is independent of F and 0 <s <t <T.

H—
SIMFI—ellpalt — 5775,

We also have the the following estimate, which is a simple consequence of [23], Lemmas
3.10 and 3.12.

LEMMA 4.9. Let p>2and o >1— H. Let X be an (F;):c[0,1]-adapted stochastic
process with a-Holder sample paths. Moreover assume that X € By, . Let f : R? — R be
a bounded Lipschitz continuous function. Then we have the following bound on the Young
integral:

S (oo + 1 f ILip) (1 + 11X 15,,,)

By, p

/ 'F(X,)dB,

uniformlyin0 <s <t <T.

It is of course fundamental for our argument that the “integral” furnished by Proposi-
tion 4.7 indeed coincides with the Young integral. This is ensured by the two lemmas below.

LEMMA 4.10. Let X = (X;)sc[o0,1] be a continuous process with values in RY Let b :
R? x R" — R" be of linear growth and satisfy
(b(z,x) —b(z,y),x —y) <D —«lx —y]*> Vx,yeR"VzeR?
Then, for any p > 2 and any random variable Y € L?, the following holds:

sup sup  |OX ()|, ST+ IYIer + sup XL,
e€(0,110<s<t<T 0<t<T
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PROOF. It is clear that we can assume s = O without loss of generality. Let Z¢ solve

1 .
AO—Bt.
cH

1 t
Zf:Y——[ ZEds +
£ J0o

By (4.5), we have
t
98,0 = 2P 5 [T 1 X 172

<1+ |Y|r, the lemma

~

for all ¢ € [0, T]. Since (Z5,)n=0 % (Z)n=0 and sup,-q |1 Z} s
follows at once. [J

LEMMA 4.11. Let H > % and let h : RY x R" — R be a Lipschitz continuous func-

tion. Let p>2 and o« > 1 — H. Let X be an R4 -valued, (F1)re[0,1-adapted process with
sup;cpo.77 1 X¢llLr < 00 and sample paths in C* ([0, T, R?). Let Yy € LP. Define

t -
Acr 2 [0 O (@, ) dB.
N

where the integration is understood in the mixed Wiener—Young sense, see (4.13). If A €
anﬂHﬁzforsome n > % and n > 1, then, forany ¢ > 0andany 0 <s <t <T,

t
lim > A= [ h(X, O, (¥0) dB
PI=0 1 veP (s s

where the right-hand side is the Young integral.

PROOF. We first note that, by Lemma 4.2, the process CIJ())(.(YO) takes values in

CP([0, T1, RY) for any B < H. The pathwise Young integral [h(X,, @ér(Yo))dBr is thus
well defined and is given by the limit of the Riemann sums of

Ay 2 h(Xs, D (Y0)) (B — By)

along any sequence of partitions. By the last part of Proposition 4.7, it now suffices to show
that ||As; — Astllz2 S|t — 5|7 for some 7 > 1.
To see this, we apply Lemma 4.8 with ¥ = 0 to find that, for each 8 < H,

”As,t - As,t ||L2 =

t -
[ (e, @@ 00) — h(X. 0 0)) By |

N

=

sup [(X;, B3 (@5, (Y)) — h(Xs, @F ,(¥0)|| 1t — 51"

,r
s<r<t
= X X H
< |hlLipl1®X (0F , (Y0))losll Lo It — s TP

Since H + H> 1, we can conclude with Lemmas 4.2 and 4.10. [

Our interest in Lemma 4.11 is of course in applying it to the slow motion (4.1) and the
Riemann summands A§ ; defined in (4.12). We have already seen in Corollary 4.5 that X* €

Np>1Be,p for any a < % A H. We are therefore left to check that A® € H} N I:I; for some

n> %, n > 1,and p > 2. Since these estimates are somewhat technically involved and require
longer computations, we devote a subsection to each of the norms || - || HY and ||| - [ll g7,
n

respectively.
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4.2.2. Controlling the increment Aiy,. Let 1 : R? x R” — R?. Recall that write 4 (x) =
[ h(x,y)m*(dy) for its average with respect to the first marginal of the invariant measure of
the process ®*, see (3.2) and Definition 2.1. The following lemma exploits the convergence
rates derived in Section 3. (The reader should observe that without further notice we assume
that the conditions of Theorem 1.2 on the drift b : R¢ x R” — R” are in place.)

LEMMA 4.12. Let g > 1. Let h : R? x R" — R be a bounded measurable function and
let X,Y € L1 Abe Fs-measurable random variables. Then, for any 0 <s <t,any p > 2, and
any ¢ <1 — H, we have that

t _ _ 1 1 z _
/(h(X,fbfr(Y))—h(X))dr Lp§|h|oo(1+||Y||Zq+||X||zq)83p|t_s|1 o
N

PROOF. There is no loss of generality in assuming that h = 0. Notice also that the trivial
estimate || ]St h(X, Qfo,(Y)) dr||L= < |h|s|t — s|. By interpolation, we can therefore restrict
ourselves to the case p = 2. Clearly,

IE[ } 2[/ [h(X. X, (V)h(X, D, (V))]drdv.

For r < v we condition the integrand on F;, and use Corollary 3.24(ii) together with Lem-
mas 3.7 and 4.10 to find

[E[h(X. ®F,(")h(X. ®F,(1))]|
< |hlo B[ [E[A(X, @}, ()| F]|]

/th(X, dF () dr

N

WY

SB[+ |7 B g ) (1 + 185, D) (2 )

¢
e \3
S+ 1Yo+ 1X0) (5 ) .
We can now establish the required estimate on the H,;D -norm of Ay ;.

PROPOSITION 4.13. Let h : R x R" — R be bounded measurable and let X be an
(F1)re[0,71-adapted, continuous process with sup; 0,77 1 X¢llLe < oo for some q > 1. Define

Ay 2 ft[h(X X (0¥ (¥0))) —h(X)]dB,, 0<s<t<T,

in the mixed Wiener—Young sense, see (4.13). Let k € (0, H — %) and set n = H — k. Then
Ae H,{’ foreach p > 2, and any ¢ > 0. Moreover, there is a y > 0 such that

1Al S 1hloo (1 + sup 1Xilza)e”.
<t<T

PROOF. Again, we may assume that 7 = 0 without any loss of generality. Since X is
(F1)tejo,1-adapted, we can use Lemma 4.8 to obtain that, for g > p and « € [0, H — %),

1A, e S MA(Xs, E (D (Y0))) =l alt — 177~
By Lemmas 4.10 and 4.12, we obtain

1 1

|, Slo(1H ¥l + sup 11X, 1E)e¥ 1w —ul' ™3

0<r<s

/” h(Xs, ®F5 (g (Vo)) dr
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forall u,vels,tf]andany { <1 — H. Therefore, Kolmogorov’s continuity theorem shows
that
1 1

- 1 i\ L
lA(Xs, X (05 Y|l a S 1hloo (14 I¥ollfy + sup 11X,117, )&%,

0<t<T

provided that we choose § > 1 (1 + %), and the final result follows. [J

4.2.3. Continuity of the invariant measures. Lete > 0 and s < t. We write

J— t_
{s—l—ks:k:O,...,[Z s“u{z} t—s—e[ S]Zf,
e & 2
£

t—s £ t—s
{S+k8:k=0,...,|: ]—I}U{t——,t} t—S—8|: ]< .
€ 2 £ 2

Notice that the distance between two subsequent points (#;,t+1) € P([s,t]; &) satisfies
ltiy1 —ti| € [%, ¢]. Recall from Condition 3.1 that the drift b is assumed to be locally Lips-
chitz uniformly with respect to the second argument. We write

P([s,1];¢) £

blLip:x = sup  |b(x1,y) — b(x2, )|
[x1], x| <K
yeR"

for K > 0. In order to keep the statements of the next lemmas concise, we shall freely absorb
quantities independent of 0 < s <t and ¢ € (0, 1] into the prefactor hidden beneath <.

LEMMA 4.14. Let p > 1 and suppose that b(x, ) € S,(k, R) for all x € RY. Let X, X €
L®®,and Y € L? be Fs-measurable random variables. Then

[0, (¥) =X, ()] SIX = Xl
PROOF. We abbreviate A £ A(x, R, p) and observe that, for any s <u <r,

d - - % 2 - - -5 - = %
@, - X (P = ~(b(X, @y, (1) = b(X, &, (1)), B, (V) = Dy, (V)

20+ < SX 2
= =g, (1) = &, )
P gt oo 712
+ R L1 X — X|
2¢
with probability 1. It follows that
- - v |r—u| —
(4.14) D), (V) = @, (V)| S 1blLip: oz 1X = X].

This bound is of course only useful on a time interval with length of order ¢. We therefore
expand

“ i)ift(Y) - CTDsX,z(Y) “LP = Z ||(i)t),«(+1,t((i)§zi+1 (Y)) - ég,z(éizi(y))”Lw
(i tiv1)EP([s,1];€)
Corollary 3.15 shows that
. - -5 ,= - - % - =t
|| q)§+1,t(q)§{li+1 (Y)) - q>§,t(q>§ti (Y)) ”Ll’ S H q)gfti_H (Y) - q>l?i(,l‘l’+1 (q>§l‘i (Y)) ”Ll’e N

_ 1=t 11
SIX = X|pre™ 5,
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where the last inequality uses (4.14) together with |#;+1 — t;| < &. Consequently,

lr— 1+l‘

|@X, () — X, ()| SIX = XL 3 e* <X = Xl
(ti tix1)€P([s,1];€)

uniformly in0 <s <tfande e (0,1]. U

Lemma 4.14 implies the local Lipschitz continuity of the invariant measure 7* in the
parameter x € R?:

PROPOSITION 4.15. Let p > 1 and K > 0. Suppose that b(x,-) € S, («, R) for all x €
RY. Then

WP (a1, 072) S |x1 — xal,

uniformly for |x1], |x2| < K.

PROOF. Owing to Theorem 1.3, it follows that
WP ) < limsup | 851, 0) = &5, 0.,
E—>

and we conclude with Lemma 4.14. [J
The simple proof of the following corollary is left to the reader.

COROLLARY 4.16. Let h:R¢ x R* — R? be Lipschitz continuous. Then h : R¢ — R?
is locally Lipschitz.

4.2.4. Controlling the second order increment §AY , .. Uniform bounds on the second
order increments are difficult to obtain even for the Markovian fast dynamic. The first tech-
nical estimate of this subsection is the following.

LEMMA 4.17. Let 1 < p < q and suppose that b(x, ) € Sy(k, R) for all x € RY. Let
h:RY x R" — R be a Lipschitz continuous function with h = O Suppose that X, X € L™
and Y € L9 are Fs-measurable random variables. Then, for any p € (0, 1), thereisay >0
such that

- 4
[B[A(X, &%, () = h(E. SE, T S Whipl1 + 1Y 101X = K15, (14 ).

PROOF. By Corollary 3.24 i and Holder’s inequality, we certainly have

@.15)  |E[h(X, ®X,(1)) — (X, X, W)IF]] » S hluip(1 + ||Y||Lq)(1 o iK).
On the other hand, by the continuity lemma (Lemma 4.14),
[E[A(X, &F,(1) = h(X, X, (D)IF ] o
< hlLip(IX = Xlipe + |85,(0) — 85,1 1,) S IhlLiph X — X0

Finally, we interpolate this bound with (4.15). [

Our remaining task is to derive an estimate on the distance between ®Z ", and d>sz§ This is
based on the following version of Lemma 4.14.



3996 X.-M. LI AND J. SIEBER

LEMMA 4.18. Let p > 1 and suppose that b(x, -) € S, (x, R) for all x € RY. LetY € LP
be Fs-measurable and Z be a continuous process. Assume that |Z |~ € L*°. Then

- 7,
|82 = @Z, ()] 1p S | sup 12, = 7| -
rels,t]
PROOF. The reader can easily check that the very same argument we gave at the begin-
ning of the proof of Lemma 4.14 also shows that, forO <s <u <r <T,

r 1
_ 5 r )
@5 (1) = @, (V] S 1bILip: 11210l oo (/ AMHDET Z,, — Zslzdv>

Ir—ul
< sup |Zy, — ZgleATD =
velu,r]

The asserted bound then follows along the same lines as Lemma 4.14. [
The following estimate is now an easy consequence.

LEMMA 4.19. Let p > 1 and suppose that b(x,-) € S, (k, R) for all x € RY. Let h :
RY x R" — R be Lipschitz continuous. Assume furthermore that X and Y are F,- and Fs-
measurable random variables, respectively. Moreover, let Z € By, ,([0, T1, RY ) for some o >
0 and assume that |Z|oo € L®°. Then

|E[A(X, @ (7, (1)) — h(X, @ (@7, (W))IFu]l s

U

(4.16)

[t—u|

SlhlLipl Zlls, ,lu —s|%e™ = .

PrROOF. By Corollary 3.15, we have that
[E[(X, &5, (97, (1)) = h(X, &f (@, ()1 F]l o

,u

t—u
_l=ul

S L | @5, (V) — @7, (V)| pe ™ 5 .

By Lemma 4.18,
|®%,) = ®Z, D) S1Z5, , lu — 1% O

Finally, we can establish the second estimate needed for the application of Proposition 4.7.

PROPOSITION 4.20. Let 1 < p < g and suppose that b(x, ) € S;(k, R) for all x € R4,
Let h: R x R" — R be a Lipschitz continuous function. Assume that X € By, for some
a>1—H and |X|eo € L*™. Define

t _ _
Agy 2 / (h(X,. &% (X, (¥0))) — h(X,)) d B,.

in the mixed Wiener—Young sense, see (4.13). Then A € P_I,;’ foranyn <o+ H and any ¢ > 0.
Moreover, there is a y > 0 such that

ANz S hlLip(L v X loollLoo) (1 V 11X l5,,p)e” -

PROOF. Fix 1 <7 <a + H and choose p € (0, 1) such that n < H + ap? and p < pq.
Since | X|oo € L™, owing to Corollary 4.16 we may assume that 2 = 0 without any loss of
generality. Recall that § A, ; = As.; — Ag.y — Ay, SO

t _ _
5 Ay s =f (h(Xs, X3 (O, (Y0))) — h(X,, DX (OF, (V0)))) d B,
u

i e
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We condition on F,, instead of F. This gives
IE[B A | Fslll . »

=

t _ _ =
/ E[h(Xs, @55 (D (Y0))) — h(Xu, D4 (D], (Y0)))|Fu] BY dr .

<+ dn
with

(D=

/ B[ (X, &% (0, (0)) — h(X,., Do (X, (0, (Y0) I Fu] B dr
u LP

NG s,u

’

(In £

Ju r

[ Bl (0, @5 (B0, ) — h (o B (@, o) B |

These terms are now bounded individually. Let us begin with the bound on (I). Thanks to
Lemma 4.10, this term falls in the regime of Lemma 4.17. By Holder’s inequality, we there-
fore find

p(1—p) P T e¥
M < hlLipll Xs — Xull75 ||Xs—xu||Lp/u||B£‘||L1_pp(1A|r_u|y dr

p(1—p) 0r 5 i
S AlLipll X oo Iy X1, |t —s|"

for § > 0 sufficiently small. Here, the last inequality used that, for any p > 1, ||§;‘|| S
|r — u|”~1 together with the elementary fact

‘ 1 Y
/ (1/\ £ )dr§85|t—u|H_‘S
w |r—ul|l=H lr —ul|”

for any 6 € (0, y].

The term (II) can be handled similarly in view of Lemma 4.19. [

4.3. Proof of Theorem 1.2. The estimates of the previous two subsection furnish the fol-
lowing fundamental estimates.

PROPOSITION 4.21. Let 2 < p < q and suppose that b(x,-) € S;(k, R) for all x € R4,
Let h : R? x R" — R be a bounded Lipschitz continuous function. Assume that there is an
a > 1— H such that X has a-Holder sample paths and X € By, . If, in addition, | X | € L,
then, for any n < H and any n < o« + H, there is a y > 0 such that

Hf(;(h(x” oX (Yo)) — h(X,))dB,

4.17) By, p
S (Ihloo + 1hlLip) (L4 1 X ol o) (1 4+ 1 X |1 5,.,) €7 »
and

(4.18) Hfo'h(xr, ®X, (Yo)) dB,

S (Iloe + 1hlLip) (1 + [ X |ooll o) (1 + 11X 115, ),

B’va
uniformly in 0 <s <t <T and ¢ € (0, 1]. Here, the integrals are both taken in the Young
sense.

PROOF. First note that, by Lemma 4.11, the Young integrals in both (4.17) and (4.18)
coincide with the processes 1 (A') obtained by “sewing” the Riemann summands

t _ _ t _
AL 2 [( S @F 00) —hx)as. 42,2 [ (x5 (o () B,

,r \r
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where integration is now understood in the mixed Wiener—Young sense (see (4.13)), with the
help of Proposition 4.7. Consequently, the estimate (4.17) follows immediately from combin-
ing Propositions 4.13 and 4.20. Owing to Lemma 4.9 and Corollary 4.16, (4.18) is then an
easy consequence of the first bound. [

For ¢ > 0 and M > 0, let us define the (F;),>o-stopping time 7, = inf{r > 0: | X¢| > M}.
Applying the previous proposition to the slow-fast system (4.1)—(4.2), we can deduce relative
compactness of the stopped slow motion X&¥ £ X ,SM&.

COROLLARY 4‘22; Consider the slow-fast system (4.1)—(4.2) with Condition 3.1 in
place. Let B < % A H and p > 2. Suppose that there are k, R > 0 and q > p such that
b(x,-) € S4(k, R) for each x € R4, Then, for any M > 0,

sup | x&M < 00.
se(OI,)l] || ”Bﬁp

PROOF. Recall from Corollary 4.5 that, for each ¢ > 0, there is a unique global solution
X¢ to (4.1) with values in C* ([0, T'], R?) for some o > 1 — H. Moreover, since the Holder
norm of the stopped solution X* is controlled by the Holder norm of X¢, the argument of
Corollary 4.5 also shows that ||X8’M||3ﬂ,p < oo for each 8 < % A H and p > 1. Employing
Proposition 4.21, we obtain that, forany y < H —  and any 6 € (0, T'],

| XM 1081 55, < (18loo + I8lLip) (1 + | X5 110,51 Is,,)8" + | flood' P,

uniformly in ¢ € (0, 1]. Hence, choosing § > 0 sufficiently small, the proof is concluded by a
standard iteration argument. [

Now we can finish the proof of Theorem 1.2 by localizing the argument of Hairer and Li.
To this end, we rely on the following deterministic residue lemma.

LEMMA 4.23 (Residue lemma). Ler F : R? — R? pe Lipschitz continuous, G : RY —
L(R™,R%) pe of class C?. and h € C*([0, T, R") for some o > % Moreover, let Z,7 €
C&([O, T], Rd) for some @ € (1 — a, o] with Zg = Zo. Then there is a constant C depending
only on F, G, and the terminal time T such that

1 L -1
|z —Zlea < Cexp(Clhlea + CIZI5; + CIZI;

C&)|Z - ZlCEM

where 7 and 7 are the solutions to the equations
t t _ t t
w=Zit [ Feods+ [ Geodh.  E=Z+ [ Feds+ [ FE)ab.

Albeit the statement of Lemma 4.23 is slightly stronger than [23], Lemma 2.2, it is straight-
forward to show that the very same proof still applies. We therefore omit the details and finally
turn to the proof of the main result of this article.

PROOF OF THEOREM 1.2. First observe that, by the assumptions of the theorem and
Corollary 4.16, there exists a unique global solution to the averaged equation (1.3), see [35,
36, 38]. We fix @ € (o, H) with (@ — o)~ ! < p. Choose g € (1 — H, H A %). By Corol-
lary 4.22, sup,¢(o,1 ||X8~M||5ﬁ‘p < oo for each M > 0. Consequently, by Proposition 4.21,
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we deduce that

080 r0) oy,

Ba,p

| (e o ) = 7o) ar

Therefore, ||)A(8’M—}_(8’M||B- < ¢&¥, where

Ba.p

X“‘“x+/ FxeM of, (Yo)dr+/ (xeM, o8 (vo)) dB,,

XSMAXO—i—/ F(x&M) dr—l—/ (x5M)dB,.

In particular, |X &M _ xeM|.. — 0 in probability by the embedding (4.10). Note also the
decomposition

&M e M veM t 2 b
XEM — geM _ ge. +x0+/ f(Xf)dr+/ F(X5)dB,, 1€[0.75 AT],
0 0
whence Lemma 4.23 furnishes the bound
— 1 ~ — . _
4.19)  [X® = Xloaqo,¢ a7y < Cexp(CIBIG + C|XM — XM |a) [ XM — XM 0

As we have seen above, for each M > 0, the right-hand side goes to 0 in probability as ¢ — 0.
Hence, we also have that | X¢ — X lce (0,25, A7) = O in probability.
On the other hand, note that

P(cfy < T) <B( sup [X[|= M.ty <T) <P(X|oy o cgnry = T 7 (M = 1 Xollx))
rel0,7),]
4200 =P(X" = X|eyqo g ary = T (M = I1Xollz=) = [Xlerqo.rp)

<P(IX* = X|ero,e5,a7p = 1) +P(Xlerqory > T77 (M — [ Xoll ) — 1)

for each y > 0. By Proposition 4.4, we know that | X lev (0,1 € L' provided that y < 5. We
fix such a y.

It is now easy to finish the proof. Let 1, §2 € (0, 1) be given. Then we can finda M > 0
such that

_ _ )
P(IXlcrqo,ry > T 7 (M — | XollL=) — 1) < >
For this M, we can also find an g9 > 0 such that
)
P(1X® = X] a0, r AT]) 81) < T Ve € (0, €o).

The estimate (4.20) therefore yields that
P(IX* = Xlewo,77) > 1) SP(X® = Xlouqo,rz, aryy > 81T 2 T) + Plziy < T)

_ 8
<2P(|X* — X’C“([O,rj,,/\T]) >81) + 5 = 82
for all € € (0, g9). Hence, | X* — cha([o,r]) — 0 in probability as ¢ — 0, as required. [J

REMARK 4.24. The proof above shows that we can choose

ro = inf A(k, R, p)
xeR4

for any p > max(2, (H — «)~!) in Theorem 1.2. Here, A is the constant from Proposi-
tion 3.13.
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4.4. Smoothness of the averaged coefficients. Let us finally show that an everywhere
contractive fast process falls in the regime of Theorem 1.2. While smoothness of g also holds
under less restrictive conditions, the proof becomes much more involved. To keep this article
concise, we chose to report on these results in future work.

COROLLARY 4.25. Suppose that:

e gc€C}(RY x R", L(R™,RY)),

e thereis a k > 0 such that b(x, -) € S(k, 0, 0) for every x € R4,

o beC3(R?Y x R", RY) is globally Lipschitz continuous and there is an N € N such that, for
eachi, j, k € {x, v},

\D%jb(x, )|+ ]ng,kb(x, NIST+yY vieRY, VyeR".
Then the conclusion of Theorem 1.2 holds.

EXAMPLE 4.26. Let V € C*(R? x R"). If infy, D3 V(x.y) = «, |D} Ve +
|D§’yV|OO < 00, and, for each i, j, k € {x, y},

|Dl]y (x, y)|+|D1/k) (X,)’)|,§1+|y|N VxGRd,VyERn,

then b = —D,V falls in the regime of Corollary 4.25. To give a concrete example, we
can choose V (x, y) = (2 + sin(x))(y? + sin(y)), which furnishes the drift b(x, y) = —(2 +
sin(x))(2y + cos(y)).

PROOF OF COROLLARY 4.25. In order to apply Theorem 1.2 it is enough to show that,
for any g € Cg (R™), the function

i 2 [ g0y

is again of class Cg(Rd). To this end, we define h,(x) £ E[g(Y;")] where Y~ is the solution
to the SDE

dY} =b(x,Y)dt + o dB

started in the generalized initial condition 8y ® W. Note that 4; — h pointwise as  — oo by
Theorem 1.3. Since h; € Cl% (R?) for each ¢ > 0, it thus suffices to show that

(4.21) sup(|Dh¢loo + | D*he| ) < 00

t>0
and both Dh; and D?h; converge locally uniformly along a subsequence. By a straight-
forward “diagonal sequence” argument, we actually only need to prove uniform convergence
on a fixed compact K C R?.

Under the assumptions of the corollary, it is easy to see that the mapping x +— Y;* is three-
times differentiable for each r > 0 and it holds that

t
Dthx=/ Js.tDyb(x, Y{) ds,
D Y (u®v)= /J”D b(x,Y))(u®v) +2D; b(x, ¥))(u® DY} ()

+ Dy, b(x, Y1) (D2 Y () ® Dy Y (v)))ds
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where J; ; solves the homogeneous problem
t
Js=id +f Dyb(x,Y}) s, dr.
)

Since b(x, ) € S(k, 0, 0), it is not hard to see that, for each x € R4 and y €R", Dyb(x,y) <
—k in the sense of quadratic forms. In particular, the operator norm of J satisfies the bound

[ sl <e7079),
By an argument similar to Lemma 4.10, it follows that, for any p > 1,

sup sup [ DY} |,;, <oo and sup sup ”D)%’XY,X |, » <o0.

120 xeRd 120 xeRd
Based on this, it is straight-forward to verify (4.21). Consequently, by the Arzela—Ascoli
theorem, there is a subsequence of times along which DA converges uniformly on K. By a
similar—albeit more tedious—computation, the reader can easily check that also

3

X,X,X

sup sup || D
1>0 xeRd

Y|, < oo.

In particular, D34 is uniformly bounded, whence we can pass to a further subsequence along
which D?h also converges uniformly on K. Therefore, /1 € CI% (RY) as required. [
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