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Abstract

This thesis describes the development of a numerical technique for handling
quantum electronic transport equations in the ballistic regime in a way that
generates physically meaningful and useful quantities about internal device
current and coupling. This is achieved by using a Lippmann-Schwinger Tight-
Binding transport model and applying it to a quantum device which we
consider piecewise, as components or regions of the whole device. We derive
the method and explain how it can improve the adjustability, reusability
and e�ciency of quantum simulation calculations. The new method is an
advance on the one dimensional method of surface Green functions which
is a feature of many contemporary electronic transport codes, and shows
how a fully �exible approach can be implemented in a modern code. Other
fully 3D codes exist, but the new method is di�erent because it is based on
physical components. The new theoretical concept of a partial self-energy in
a Lippmann-Schwinger equation is developed to enable the technique. We
perform some illustrative calculations using the method.

2



Declaration of Originality

This thesis represents my original work carried out during the course of
study at Imperial College and with the support of my supervisor Dr Andrew
Hors�eld. No other person was involved in production of this work unless
otherwise speci�cally stated.

Acknowledgements

I thank my supervisor, Dr Andrew Hors�eld. His calm approach to research
and life in general has been helpful during di�cult times. I am grateful for
his research ideas and his teaching of quantum methods.
I am also grateful for the teaching and support of other patient and great
minds at Imperial, particularly Prof Adrian Sutton for his inspiring vision
and great lectures, also kind support from Dr James Spencer, Dr David
McPhail and Alba Matas Adams. I thank the examiners for their constructive
suggestions. I also thank fellow students Wei Li, Angela, Mohammed (Azzy),
Kristina, Sobhan, Jing, Peter, Jazz, Richard, Aeneas and many others for
their company at Imperial.

And thanks to inspiring friends and family; and especially to Winnie, Ed
Sharkey, Carl, and the great team I am part of at BT.

Lastly, but most of all, I thank Dr Malcolm Coupland and all the academics
who taught late into the evening for part time students at UCL.

3



`Go forth to seek: the quarry never found
Is still a fever to the questing hound,
The skyline is a promise, not a bound.

Therefore, go forth, companion: when you �nd
No highway more, no track, all being blind
The way to go shall glimmer in the mind.

Adventure on, and if you su�er, swear
That the next venturer shall have less to bear;
Your way will be retrodden, make it fair.

Think, though you thunder on in might, in pride,
Others may follow fainting, without guide,
Burn out a trackway for them; blaze it wide.

Only one banner, Hope: only one star
To steer by, Hope, a dim one seen afar
Yet naught will vanquish Hope and nothing bar.

What though the gleam be but a feeble one,
Go on, the man behind you may have none;
Even the dimmest gleam is from the sun.

Be very sure, that good things truly willed
Survive the broken heart, the martyr killed,
Hope that endures becoes a Hope ful�lled.'

�Copyright John Mase�eld.
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Introduction

It is now beyond doubt that the �eld of nanoscale and atomic structured
electronic devices will yield major innovation and progress over the coming
years. The subject of this thesis is the simulation of electronic nanoscale
devices which operate in the quantum regime, carrying coherent quantum
states. Examples of materials which are capable of long quantum coherence
lengths include silicon nanowires, graphene and single wall carbon nanotubes.
These materials have promising electronic properties and are the focus of
much current technical innovation in manufacturing and assembly in large
scale and uniformity. There is a requirement to model the behaviour of
devices on the smallest, atomistic scales. Device design will bene�t from
knowledge from �rst principles of how di�erent parts of a device interact,
and calculation of the density of internal current �ows and energy couplings.
This can be applied to transmission through molecular networks of nanotubes
or similar components; i.e. quantum circuits that might be formed from a
sheet or sheets of 2d layers such as graphene (perhaps doped and modi�ed,
and with gates), or by using a combination of nanotube y-junctions and
nanotube proximity.

This thesis describes the development of a numerical technique that improves
the adjustability, reusability and in many cases the e�ciency of quantum
simulation calculations. It represents an incremental advance on the 1D
method of surface Green functions which is commonly applied in electronic
transport codes, and extends it to n dimensions, allowing the de�nition of
direct connectivity between any pair of components in the device. While
the core concept is similar to the method described by Pendry ([190]), this
thesis develops a variation based on a new concept of partial-self-energies,
and shows how this enables the system to be easily adjusted by adding and
removing di�erent regions, and the overall electronic conduction behaviour
to be recalculated very e�ciently compared to a recalculation for the entire
system. This thesis shows how this method can be implemented within a
tight-binding code, allowing for very �exible adjustment of calculations.

A major strength of the technique is that as it solves for the system, it
generates physically meaningful quantities such as the internal current �ow
and the strength of interaction of di�erent parts of the system.

The numerical technique that this hinges on is a form of Gaussian elimi-
nation. There is much active mathematical research in the optimisation of

19



matrix methods; and a strong precedent for divide-and-conquer matrix tech-
niques. However, we have not seen other researchers talk about the ability
to calculate a partial inverse or partial solution to the transport problem
while at the same time generating many useful quantities about the internal
dynamics of the system without additional computational expense.
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Thesis Structure

I Background and Literature Review

In part 1, we examine the fundamental equations which determine the be-
haviour of matter at the mesoscale and nanoscale. We then survey methods
for simulating electronic transport in materials, with a particular focus on
transport at the nanoscale, where components such as individual molecules,
defects, atomically thin layers and nanowires make up conductors, devices
and junctions. In particular, we look at methods which seek to decompose
the problem into components. These may be spatial `fragments' of matter,
or parts of the Hamiltonian which can be decoupled by reason of di�erence
in time, mass or energy scales. An example of the latter is the decoupling of
electronic and nuclear components of the Hamiltonian.

II Methods

In the second part we examine in detail the methods of tight-binding and
elastic transport theory used in this thesis, including the Landauer model of
transport, the Landauer-Buttiker approach in tight-binding simulations and
the Lippmann-Schwinger scattering equation.

III Development of a Piecewise Technique

In part 3, we present a novel method for decomposing electronic transport
problems, and introduce the concept of `recursive self-energies'. We dis-
cuss the advantages of this technique. We implement the method in a new
semi-empirical tight-binding transport code using a caching strategy to im-
prove adjustability, and discuss numerical convergence, and strategies for
developing the application of the piecewise method in the context of other
considerations, particularly self-consistency (see also appendix).

IV Applications

In part 4, we �rstly demonstrate how to apply tight-binding open boundary
calculations to some transport problems for molecular devices. We then ex-
tend the transport code to implement the new piecewise method, and test the
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accuracy and performance of the approach, by applying it to an illustrative
calculation of the transport properties of a complex 3-dimensional fullerene.
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Part I

Literature Review and

Background Theory
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Introduction to Part 1

In part 1 we review the approaches to simulating the charge-transport prop-
erties of nanoscale-structure devices.

We begin Chapter 1 with a brief summary of the key theoretical foundations
of the electronic simulation of materials.

In Chapter 2, we study the simulation of electronic transport theory in par-
ticular, and discuss the regimes in which particular approximations to the
dynamics of a fully quantum-mechanical many-body system are appropriate.

In Chapter 3 we look at existing piecewise approaches to the problem of
electronic transport in nanoscale devices.
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Chapter 1

Review - Quantum Mechanical

Theory and Simulation of

Molecules, Matter and Electronic

Devices

1.1 The quantum dynamics of matter

1.1.1 Simulation of Quantum Systems

What does it mean to model an electronic device as a quantum system?
Quantum systems have many properties that are not represented in classical
models, such as delocalised states, quantised energy levels and entanglement.
The most exact theory known to describe the interaction of electromagnetic
�elds, atoms and electrons is Quantum Electrodynamics (QED), a subtle the-
ory describing interactions between an in�nite expansion of virtual particles,
which provides, for example, the most accurate known calculation of the mag-
netic moment of an electron. QED would be completely intractable to work
with for material simulation. Fortunately, we do not need to! Non-relativistic
quantum-mechanical laws with semiclassical electromagnetic �elds provide a
description of matter with precision su�cient for condensed matter simula-
tion.

Quantum mechanics is a stochastic theory for the dynamics of matter inter-
acting with and via semiclassical �elds. Therefore, in almost all cases we can
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only predict the statistical properties of a quantum device or other system.
There exist special cases - such as in quantum computing - in which we can
predict the probabilities of the outcomes of individual measurements of a
quantum state of matter, if we can achieve very precise control over initial
conditions, system evolution and the conditions of the �nal measurement -
but such scenarios rarely arise in contemporary semiconductor device physics
and even when they do, the nature of real world systems is that there will
inevitably be some probability of decoherence through non-ideal interaction,
leading to additional uncertainty.

In the study of electronic devices, the accessible energy levels we are inter-
ested in are those involved in the con�guration and interactions of electrons
and nuclei. With the possible (unlikely) exception of unstable, decaying nu-
clei such as heavy isotopes, the high energy scales of sub-nuclear states are
not accessible or relevant. For electronic transport theory, the energy terms
of signi�cance involve the con�gurations of the valence electrons, interacting
with a statistical density of electrons at open boundary contacts and with a
periodic potential lattice consisting of the core electrons and ions.

The quantum theory of matter is over a century old, and well tested. In
quantum mechanics, the state of a system is represented by its wavefunction,
which in general is a many-body wavefunction, encompassing the positions,
charges and spins of the atoms and electrons. The dynamics of the quantum
system are represented by the equations of quantum mechanics, expressed
as operators on the system wavefunction. For example, the time evolution
for the wavefunction of a pure state is obtained by applying the Hamiltonian
operator to the wavefunction. The Hamiltonian is a sum of operators repre-
senting physical quantities such as kinetic energy and the internal interaction
potentials. The probability of obtaining a particular physical quantity upon
measurement, according to the standard Copenhagen interpretation, is given
by the projection of the pre-measurement wavefunction onto the eigenstate
of the operator corresponding to the outcome. The measured outcome value
will be the corresponding eigenvalue of the operator. The expectation (av-
erage) outcome over many similar trials is given by the expectation value of
the operator on the wavefunction of the electron.

In the absence of interaction with another system, or the act of `measure-
ment', a quantum mechanical system evolves deterministically according to
a dynamical equation. Our initial information about the system is also im-
portant. Is the system in a pure state, or a mixed ensemble of states? For
nanoscale conductors, which are not usually in a pure quantum state, it may
be more appropriate to consider the evolution of a mixed quantum state.
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This can be described by the quantum Liouville equation, which expresses
the incompressibility of phase space in terms of Hamiltonian and density
operators. However, in almost all situations the calculations we are able
to perform will only be an approximation to a solution, and not an exact
treatment of a mixed or pure state. It is well known that calculating the
exact evolution of most many-body systems is intractable and we are, gen-
erally speaking, unable - analytically or computationally - to exactly evolve
the dynamics of a pure or mixed many-body state from an initial condition.
However, in the approximations we make to study the system we will see that
we can decouple the system subspaces, producing approximations such as ef-
fective single electron Hamiltonians. So, we will study the dynamics of many
di�erent electrons - or charge transport quasiparticles - each in a di�erent
eigenstate of the e�ective single-particle Hamiltonian. We can represent this
using a density matrix, calculated from the approximation of probabilities
of occupation (as for a classical ensemble) over the single electron quantum
states. In this case, we can consider the state of the many electrons in the
device as an e�ective `mixed state' over our `approximate' decoupled single
electron eigenstates.

1.1.2 The many-body Hamiltonian for a material

The Hamiltonian of any system, classical or quantum, describes the modes
of a system over which the total energy is distributed. The terms of the full
time-dependent, many-body Hamiltonian operator for a condensed matter
system of electrons and ions will include the kinetic energy operator of elec-
trons, and of ions, the potential energy operator for the electrons and ions
(including pairwise Coulomb interactions between electrons, between ions,
and between electrons and ions), and, if the model includes electronic spin,
also spin interaction terms. We can write the state of such a system Ψ in
terms of the time dependent positions of the nuclei in the lattice {R(t)} and
the electrons {r(t)}.

(1.1)HΨ({R}, {r}, t) = ih̄
∂Ψ

∂t

However, the many-body Schrödinger equation is intractable, and cannot
be solved analytically for all but the simplest of molecules. Even numerical
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approaches to solving or evolving the exact many-body problem are com-
putationally very demanding and usually infeasible, because the number of
possible con�gurations scales super-exponentially; and because the dynamics
may in general be chaotic and sensitive to initial conditions. Even solving for
the exact ground state at absolute zero is di�cult since the problem is gener-
ally non-convex and has many degrees of freedom. This is the computational
di�culty that underlies QM simulations. Approximations to the dynamical
equation are required, and must capture the essential features of the system.

To attempt to solve a quantum equation in order to understand the behaviour
of a material, it can be partitioned into simpler equations, with only para-
metric dependence on properties from variables in other parts of the system.
These partitioned forms can then be re-coupled together in such a way that
ensures the solution to one equation is consistent with all the others.

1.2 The electron-nuclear interaction

1.2.1 Forces on the electrons - the Born-Oppenheimer
approximation, and beyond

The usual approach is the assumption that the nuclear/electronic Hamiltoni-
ans are separable. In this approximation, the electrons see the potential due
to the instantaneous position of the nuclei, while the nuclei see the average
potential due to the electron cloud.

The Born-Oppenheimer (adiabatic) approximation [24] is the simplest exam-
ple of an e�ective partitioning of the problem, in which the kinetic energy
of the nuclei is assumed to be an insigni�cantly small term in the Hamilto-
nian. This approximation is valid because the mass of the nuclei is so much
greater than the mass of the electrons, that the electrons can be assumed to
respond on a much faster time-scale than the nuclei. Therefore the assump-
tion that the electrons see an approximately static nuclear lattice potential is
reasonable. Using this approach, the Hamiltonian can be decoupled into an
electronic Hamiltonian which depends parametrically on the potential due to
the positions of the ions, and a nuclear Hamiltonian.

Various approaches to calculating the dynamics of the nuclei in the separated
Hamiltonian have also been developed, and are vital for understanding lattice
dynamics and electron-phonon interactions.[75, 95]
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1.3 The electronic states

The approach to solving electronic structure in this thesis will involve solv-
ing e�ective single-electronic, time-independent Hamiltonians to �nd single
electron eigenstates. An outline of some key discoveries in the history of this
approach is presented here.

1.3.1 Hartree and Hartree-Fock approaches

Hartree approach

The Hartree[90] approach treats the electronic Hamiltonian as separable be-
tween electrons, so that the full electronic solution is a product of single
electron states. (Each state being a di�erent solution to the single electron
Hamiltonian, to ensure electrons behave as fermions and no two electrons are
in the same state.)

The Hartree approximation for the many electronic wavefunction is that it
can be represented in terms of single electron product states:

Ψ({r}) = ϕ1(r1)ϕ2(r2)ϕ3(r3)...ϕN(rN).

The total Hamiltonian is

Ĥtot = T̂nucl + T̂e + Ûnucl + V̂ext + Ûee.

After applying the Born-Oppenheimer approximation, and the Hartree ap-
proximation for electronic wavefunction product states, the Hartree Hamil-
tonian for the single electron states has the form:

Ĥel = T̂e + V̂ext + Ûee,

where T̂e is the kinetic energy operator for the electrons, Uee is the Hartree
potential due to the interaction with the mean-�eld of electrons, and V̂ext is
the external potential from the nuclei.

These approximations allowed Hartree to derive a system of e�ective single
electron equations, which could be solved self-consistently, e.g. using �xed
point iteration.
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Hartree-Fock model for exchange

A core defect of the Hartree method is that it does not enforce the antisym-
metry of the resulting many-electron wavefunction product state. A di�erent
method of combining the single electron e�ective wavefunctions does have in-
herent antisymmetric form: the Slater determinant. This variant was used
to improve the Hartree approach, leading to the derivation of the Hartree-
Fock[76] equations and the Fock operator.

However, the Hartree and Hartree-Fock methods both relied on assumptions
about the form of the many-electron wavefunction that could not be formally
justi�ed with strong arguments. The next breakthrough, decades later, was
the discovery of an approach that was as tractable as Hartree-Fock, but
would provide some information about the electronic structure - the ground-
state density - in a form that was grounded in solid assumptions. Density
Functional Theory would prove be a successful approach that would ignite
many activities in the development of codes and applications.

1.3.2 Density Functional Theory

The groundbreaking discovery of Density Functional Theory (DFT) was that,
after applying the Born-Oppenheimer approximation, the exact ground state
density of the Hamiltonian for a many-electron system was a unique func-
tion of the external potential in the Hamiltonian. Conversely a given ground
state density corresponds to an external potential which may be determined
to within a constant (which can be found according to the charge of the struc-
ture). The many-electron ground-state density can be found by minimising
the value of a functional F [n], and is exact within the Born-Oppenheimer
approximation. This formulation is suitable for variational, iterative, com-
putational approaches. [92] At the minimum of the functional, the density
n(r) is equal to the ground state density n0(r).

Kohn and Sham[123] then showed a tractable approach to minimising the
ground state density using auxiliary single-electronic states in Slater deter-
minant form (as for Hartree-Fock), and calculating the resultant spatial elec-
tron charge density using aufbau occupation of these states. This allows
an iterative process to converge to self-consistent solution for the ground
state density. The auxiliary single-electronic eigenvalues are not representa-
tive of true single electron bandgap energies, although they are sometimes
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used as an approximation to estimating the HOMO-LUMO gap. The Kohn-
Sham Hamiltonian contains an electron-electron correlation function, the
exact form for which is still unknown (and is likely to contain intractable
elements.) However, the electron-electron correlation function can be stud-
ied using many body statistical techniques such as Quantum Monte-Carlo
simulation, and this has led to good approximate functions for the electronic
exchange and correlation energy terms. One such approximation is the Local
Density Approximation (LDA)[38, 268].

In the Kohn-Sham formulation of Density Functional Theory, the total energy
of the system is written as a functional of the electron density n(r) from the
interacting many electron wavefunction Ψ({r}).

E{Vext}[n] = T0[n]+
1

2

∫ ∫
n(r)n(r′)

|r− r′|
drdr′+

∫
n(r)Vext(r)dr+Exc[n]+Eion−ion

where n(r) = N
∫
d3r1 . . . d

3rN |Ψ(r1, r2 . . . rN)|2

This is reduced to an e�ective single-electron equation for the auxiliary
Kohn-Sham eigenstates ψi, and for the Kohn-Sham Hamiltonian, with terms
corresponding to the kinetic energy, external (lattice) potential, Hartree
(electronic mean-�eld) energy and electron exchange and correlation energy:
ĤKS = −1

2
∇2 + vexternal(r) + vH(r) + vXC(r):

ĤKSψi(r) = ϵiψi(r).

The algorithmic complexity of the solution of the Kohn-Sham eigenstates is
of O(nD) ; where n is the size of the basis over which the system is discre-
tised, andD <= 3; however, the e�ectiveness of convergence of self consistent
iteration may reduce the scaling performance. In the most general, naive ap-
proach to the mean �eld problem, D = 3, re�ecting the complexity of matrix
operations; approximations based on the idea of nearsightedness (sparsity)
can reduce this.

1.3.3 Tight-Binding Method

The Tight-Binding method is the electronic structure approach used in this
work, so derivations of the important physical quantities within a tight-
binding model are given in Section II of this thesis. Here we brie�y review
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the history and core features and precepts of the Tight-Binding approach to
simulation.

The method was originally developed to create an empirical represention of
materials and molecules in which the wavefunctions of the valence electrons
of each constituent atom could be thought to experience relatively short
range interactions, which become tractable with a local basis set such as a
linear combination of atomic orbitals. This led to the concept of a model
in which each electron remained associated with an atom, and experienced
an onsite energy due to interaction with the atomic core (the nucleus and
core electrons) and an intersite energy due to both the interaction with va-
lence electrons in neighbouring orbitals, and also the intersite hopping energy,
which is mainly related to kinetic energy. It has since been shown that this
ansatz can be developed into a fully ab-initio technique which can in many
applications approach the same accuracy as DFT, and with greater com-
putational e�ciency. Further, tight-binding can be extended to interacting
models including the Hubbard interacting electron model.[51]

The idea of solving the electronic eigenstates of a periodic material using
a linear combination of atomic orbitals (LCAO) was proposed by Bloch in
1928[20], although similar ideas were developed for non-periodic molecules by
the chemist Huckel in the early 1930s[98, 99]. While Huckel's LCAO methods
were tractable for solving Hamiltonians for simple organic molecules such as
benzene and its derivatives, the method for periodic materials involved a
large number of interaction terms and, in the original form, was di�cult
to apply. Bloch's method involved developing a basis set, {ψiα (r)}, each
member of which was formed by summing a corresponding atomic orbital of
a particular atom in the unit cell, together with periodic images of this orbital
across all cell vectors. The members of the basis set are known as Bloch sums,
which are normalised to be single electron states, as shown in the following
equation, where N is a normalisation factor equivalent to the number of
unit cell repetitions (in principle in�nite), {Ri} is the set of position vectors
associated with atomic index i in the unit cell over all periodic cells, and α
is the atomic orbital centred at atom index i in the unit cell with atomic
orbital function ϕα.

ψiα (r) = N− 1
2

∑
Ri

eik·Riϕiα (r−Ri) .

The matrix element for the Hamiltonian operator Ĥ between two Bloch sum
basis functions (after cancelling a summation over the unit cell vectors with
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N) is Hiαjβ [85]:

⟨ψiα|H|ψjβ⟩ =
∑
Rj

eik·(Rj−Ri)

∫
ψ∗
iα(r−Ri)Ĥψjβ(r−Rj)dr.

The matrix elements arise in the secular equation for the Hamiltonian oper-
ator, HΨ = ϵSΨ where Hiαjβ = ⟨iα|H|jβ⟩ and Siαjβ = ⟨iα|jβ⟩ resulting in
a discretised equation with dimensions equal to the number of orbitals in the
unit cell.

The complete form of the Hamiltonian operator Ĥ for the e�ective single-
electron Time Independent Schrödinger Equation (TISE), will include inter-
actions with nuclear potentials at each atomic site, which leads to 3-centre
terms between electron orbitals at two sites and an atomic potential at a
third site. In addition integrals will often be over long range as the atomic
orbitals centred on di�erent sites are non-orthogonal and not truncated. In
1954, Slater and Koster[234] proposed application of Bloch's methods, with
certain simplifying assumptions, key among which is the replacement of the
complicated integral for the Hamiltonian matrix element in the secular equa-
tion, which contains 2 and 3-centre terms, with a simple 2-centre function.
This function is chosen empirically; for example they suggested interpolation
with known band energies at certain k points in the Brillioun zone (which
might be calculated by other means, or estimated experimentally). To further
simplify and accelerate calculations, the radial dependence of the 2-centre
term is a simple parameter, and the angular dependence is determined by
integrals between neighbouring atomic orbitals based on spherical harmonic
functions; these integrals can be precalculated and stored in look-up tables.

Although Slater and Koster applied this technique using a basis of orthog-
onalised (Lowdin) atomic orbitals, which were somewhat delocalised due to
the process of neighbour to neighbour orthogonalisation, the approach was
also valid, and often even more tractable with localised atomic orbitals which
were non-orthogonal between neighbours. In the simplest models, qualitita-
tively useful results could be obtained with spherically symmetric angular
dependence.

The semi-empirical approach of Slater-Koster was developed beyond periodic
structures and shown to have wide applicability to a range of problems. The
core assumption of semi-empirical tight-binding (SETB) is that the total
energy of the system can be written in terms of the sum of single electron
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eigenvalues, obtained from solving the tight-binding electronic Hamiltonian,
plus a sum of pairwise repulsive potential interactions, of this form:

Etot = Eband + Erep =
∑
n

anϵn +
1
2

∑
i,j,i̸=j

Uij

[85, 39].

However, a semi-empirical approach could lead to model failure; parameters
that had worked reasonably well in one scenario might fail in another, and
there were no clear set of rules for transferability.[77] Therefore there was
great interest in setting the tight-binding approach on a more solid theoretical
basis.

Foulkes and Haydock[77] established a correspondence between the varia-
tional form of Kohn-Sham DFT and the approximations of SETB. This was
achieved using the frozen core approximation in which core electrons and
nuclei can be replaced by a suitable pseudopotential; and only the valence
electrons modelled as individual wavefunctions. The resultant DFT func-
tional consisted of terms which could be understood as the electronic band
energy, plus additional terms which were either exactly or approximately
pair terms. The exchange and correlation components of the energy were
not pair terms in this form; but by using approximations such as Local Den-
sity Approximation (which is linearisable), they could be expressed in this
form. In similar work, Sutton et al [248] developed the tight-binding bond
order model. This meant that there was now a clear theoretical basis for
self-consistent tight-binding calculations, and the relation to DFT, as well as
a clear framework for the correct inclusion of corrections to the energy such
as electron exchange and correlation terms in the Hamiltonian.

The preceding theory was put into practice in a series of ab-initio Tight-
Binding approaches, such as the pioneering approach of Sankey[221], and
the Plato[93, 121] and SIESTA codes. They use norm conserving pseudopo-
tentials, plus a range of methods to solve the variational equation, through
numerical iteration to convergence. Since the Tight-Binding method gained a
strong theoretical footing, the combination of usefulness and e�ciency means
that popularity is rising; however, the full potential of this method is proba-
bly not yet realised, as DFT is the dominant method, and there is arguably
still not yet wide enough recognition, or su�cient exploration, of the quality
of the results that can be obtained e�ciently using ab-initio Tight-Binding.

The rest of this thesis will study semi-empirical tight-binding (for which, as
we have discussed above, the insights gained from simulation are at best qual-
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itative); but the method being developed is intended for eventual integration
with an ab-initio tight-binding code, Plato.

1.3.4 Excited states and Transport calculations

For many examples - molecules involved in subcellular processes in living sys-
tems; active electronic devices - being out of the ground state is fundamental:
these systems would not function in the ground state or in equilibrium. How-
ever, there is value in obtaining the electronic band structure for the ground
state electronic mean-�eld (which is what is yielded, in e�ect, by standard
ab-initio tight-binding).

Tight-binding theory can be applied to con�gurations of electronic occupa-
tion in excited states, either by treating the single electron bands around the
Fermi energy as representative of the true band gap of the many-electron
material (a crude approximation which has been shown[66] to have some
qualitative value for some systems such as graphene), or by adopting a new
perturbative model that extends tight-binding to treat the interaction energy
of excited states [260]. In this study, we will take the former approach to
study current carrying structures. However, in doing so we recognise that
the degree of approximation is increased, and that the general accuracy of
the model su�ers. Our results for transport will be most accurate in the zero
bias limit.

1.4 Chapter Summary

We discussed the mathematical and computational di�culties of simulating
the quantum properties of matter for all but the simplest systems, even for
a semi-classical approach which neglects quantum �elds. We introduced the
exact many-body Hamiltonian for the Schrodinger equation describing a ma-
terial in the absence of magnetic e�ects. We then reviewed approaches that
make quantum simulation of materials tractable, starting with the Hartree
approach which treats the Hamiltonian as separable for the single electron
energies (and therefore the many-electron wavefunction is a product state),
and the Hartree-Fock approach which adds a constraint to enforce antisym-
metry of the many-electron wavefunction, using Slater determinants. We
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then brieftly reviewed the development of DFT and discussed how tight-
binding has been developed from a purely empirical approach into an ab-
initio method, by comparison with terms in the equations of DFT.
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Chapter 2

Review - Charge Transport

Simulation in Atomistic

Conductors

2.1 Introduction

In this chapter we extend the previous chapter's examination of electronic
structure theory by reviewing models of charge transport in device physics.

2.2 Classical approach to electronic transport

We brie�y mention classical approaches to electronic transport theory, to
provide contrast with the quantum transport theory applied in this thesis.

2.2.1 Conductivity Tensor

The conductivity tensor de�nes the general conductivity of a material. For
crystalline materials in general, the current response may not be in the di-
rection of the applied electric �eld, due to lattice e�ects.

jα = σαβEβ
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2.2.2 Classical particles - the Drude model

In the Drude model, electrons are classical particles, with charge and mass.
They accelerate under an applied electric �eld, according to Newton's second
law (F = ma), and the de�nition of the force on a charged particle in an
electric �eld. The charge particles experience collisions which randomise their
momentum, with average time between collisions τ . The average velocity
of a charge carrier is therefore v = eEτ

m
, the current due to an individual

charge carrier is j = ev, and the conductivity σ due to the charge carrier is
σ = j

E
= e2τ

m
. The total conductivity is therefore given by:

σ =
ne2τ

m

where n is the density of charge carriers per unit volume, e is the charge on
the electron, τ is the average time between collisions.

It is quite immediately apparent that explaining the features that underpin
modern semiconducting devices, in particular the band structure and band
gap, is quite impossible with the Drude model.

2.2.3 The Boltzmann equation

A second semiclassical approach is the Boltzmann equation, which goes be-
yond the Drude model by considering many charge carriers moving in the
external potential V (r, t) with their dynamics de�ned by a non-interacting
Hamiltonian (i.e., a sum of single particle kinetic and external potential
terms, plus a scattering term which could, for example, be the two-body
Coulomb potential between the electrons). The classical Liouville equation,
which implies incompressibility of phase space, is de�ned �rst in terms of
the non-interacting Hamiltonian, then corrected for the scattering term, by
equating the `non-Interacting' Liouville dynamics with the scattering into
other regions of phase space by the collision integral (scattering operator).

Unfortunately, the exact scattering operator contains an in�nite number of
higher order terms (the BBGKY hierarchy), and so is intractable, and ap-
proximations must be made.
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Applicability of the Boltzmann equation

The strengths of this classical Boltzmann equation are that it can describe
many body e�ects and a general non-equilibrium response to a time-varying
external potential. Therefore it may be useful to describe excited states,
such as a plasmonic electron-gas response to a time-dependent external �eld.
However, like the Drude model, it does not contain any of the wave features
or stochastic dynamics of quantum mechanics, and therefore cannot describe
or explain e�ects such as tunneling or band structure (from the curvature
of which the e�ective mass is obtained.) However we notice that quantum
versions of the Boltzmann equation exist.

2.3 Quantum Mechanical Treatment of Elec-

tronic Conduction

Electronic conduction in quantummaterials is a di�erent paradigm to the ear-
lier classical models of conductivity. In small devices (or materials engineered
to have a long ballistic scattering length, over which transport states remain
coherent), scattering events are rare, in which case the classical concept of
resistance no longer need dominate. Experimental evidence has shown that
there is a quantum of conductance, and theory has related this to single elec-
tronic state transport. With the addition of magnetic �elds, more complex
quantum transport phenomena have been discovered, such as the fractional
quantum Hall e�ect. Some quantum devices may have the potential to be
superconducting, due to �at bands in the HOMO-LUMO gap.

Interacting picture - Quantum Many Body approaches

The full theory of open-boundary, many body transport is described by the
Lindbladian, and can be treated using methods such as Meir Weingreen[164].
Also important are Many Body Non-Equilibrium Greens function methods
such as the Keldysh approach[103]. Such methods are beyond the scope of
this thesis. The most fundamental properties of low-bias charge transport
in ballistic electronic structures can be treated using the single (separable)
electron tight-binding Hamiltonian method, and that will be the focus of the
work to be described here.
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2.3.1 Landauer Perspective on Electron Transport

The Landauer theory of transport[130] is entirely di�usion based, in that the
origin of current is the di�erence in concentration of the charge carriers in the
reservoirs, which are considered to be so large that their states are una�ected
by the quantum system connected to them.

The approach considers `ballistic' single electrons, which travel through the
device in bands, conserving the overall energy of the single electron state as a
sum of kinetic and potential energy. Landauer's hypothesis is that the source
of the current is the grand canonical distribution of charge in the reservoirs
from which it is drawn, and that the charge carriers (electrons in the conduc-
tion band or holes in the valence band) travel elastically through the device,
occupying bands without scattering. The Landauer model describes current
driven by the statistical distribution of charge carriers in one contact versus
another.

The energy of the allowed electronic states of a carbon nanotube (and other
1D-periodic materials) can be described (in the absence of symmetry breaking
defects and impurities) in terms of a 1D band structure E(k). In absence of
an external magnetic �eld on the crystal, bands are symmetric in the sign
of k, and so fully occupied bands do not make a net contribution to current
as for every wavevector with forward going momentum, there is an occupied
state with equal and opposite momentum. Charge transport, in the Landauer
picture, is a consequence of asymmetric partial �lling of bands.

The Landauer approach has been shown to be reasonably successful for de-
scribing carbon nanotube transport.[66] The approximation breaks down for
time dependent, energy changing interactions, such as plasmonic electron
motion and inelastic electron-phonon interactions.

The Landauer approach is examined in further detail in part 2, as it is relevant
to the methodology.

2.3.2 Lippmann-Schwinger Tight-Binding Picture

Tight-binding calculations, although they contain many approximations, cap-
ture many essential features of the quantum behaviour of electrons. The
Lippmann-Schwinger scattering equation[142] can be applied to a Tight-
Binding structure connected to electronic state open boundaries. By applying
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the Landauer approximation for transport to current transport to a Tight-
Binding model, a form of the Lippmann-Schwinger scattering equation is
derived; where the device scatters the incoming electronic wavefunction from
the leads. Combining tight-binding with transport theory, we can capture
quantum transport phenomena, such as tunneling, in the current-carrying
electronic states.

We examine this approach in detail in Parts II (for the standard result) and
III (for the new result of the generally partitioned device.)

2.4 Chapter Summary

We brie�y summarised some of the most important classical models of charge
transport, from the conductivity tensor, to models based on classical particle
dynamics; the Drude model (in which conducting particles do not interact
with eachother), and the Boltzmann equation (in which they do). We re-
called that many e�ects which are important in nanoscale devices, such as
band structure and quantum tunnelling, can only be captured by a model
which includes at least some of the quantum features of the system. We
introduce the quantum transport approaches (the Landauer perspective and
the Lippmann-Schwinger scattering equation) which we will discuss further
in Chapter 5.
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Chapter 3

Review - Divide-and-Conquer

Techniques in Electronic

Transport Simulation

3.1 Introduction

In this chapter we examine existing approaches to divide-and-conquer tech-
niques in electronic transport theory.

For quantum electronic systems which can be treated using near-�eld inter-
action approximations, there is a precedent for techniques which divide the
system. In 1951, Lowdin described a general method to treat electronic sys-
tems by "splitting the secular equation." [151] He partitioned the matrix
and commented that "If the linkage between (System part A) and (System
part B) is of a simple type, this expansion will reduce to a few terms." He
did not discuss scaling for speci�c cases, but he suggested a direction for
research into the solution of complex quantum equations for large systems
which may be divisible. Harris �rst set out his ab-initio approach to tight-
binding by considering a system divided into `fragments' which interacted
only weakly.[89]
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3.2 Decomposition methods in sparse matrix

theory

We use tight-binding models using local basis sets to create the transport
equations we need to solve. The result, as we will see, is to generate large
sparse matrix eigenstate equations. We will be solving scattering equations,
using a Green function, which involves an inverse of a large matrix.

When computing the inverses of large sparse matrices, the approach of-
ten taken is reordering followed by diagonalisation. Intelligent reordering
schemes exist, which take into account the graph of interactions between the
block matrices, and operate on this graph in order to produce a matrix which
is easy to diagonalise.

The spatial partitioning approach we will develop in section III of this the-
sis is mathematically related to block Gaussian elimination, a well known
numerical method for solving large matrix problems. Block Gaussian elimi-
nation is commonly applied in the Cholesky decomposition of a matrix into
two triangular matrices (Lower and Upper).

Krylov subspace methods are regarded as state of the art for matrix inver-
sion and generalised eigenvalue problems. This class of algorithms includes
the Lanczos algorithm, which can be used to return a subset of the sys-
tem eigenvalues in order N, or to perform an approximate diagonalisation.
This recursive vector multiplication approach is very di�erent to the spatial
partitioning method developed in this thesis, and, in future work it would
be worthwhile to compare the merits of each approach - and perhaps also
consider whether there is merit in a hybrid approach (since the partitioned
approach still requires the solution of matrix equations).

3.3 Matrix Techniques in Materials Electronic

Transport Theory

The direct numeric solution of the discretised single electron transport equa-
tions involves matrix inverse and multiplication operations, both of which
have a complexity of O(n3) in naive approaches, where n is the matrix di-
mension. Techniques such as Strassen matrix multiplication (itself a divide-
and-conquer technique) reduce the complexity of matrix multiplication from
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O(N3) to O(N2.8) For systems containing very large numbers this can be
further improved using other techniques such as Karatsuba multiplication;
however, the numbers we are handling are not large: the problem in this
�eld is that a very large number of matrix operations must be computed
over fairly large matrices.

Triangular matrix decompositions such as Cholesky (LU elimination for Her-
mitian matrices) are implemented in standard libraries such as LAPACK
and support routines such as matrix inversion and solution of the generalised
eigenvalue function. One of the most widely used transport packages in one-
particle NEGF device simulation, Transiesta, uses direct matrix inversion
of a block tri-diagonal(1d) system, implemented in Lapack. They consider
pivoting very carefully, and try to retain broadening terms at each inversion.
[181].

Some papers which describe "3D NEGF Simulators" such as Martinez (2007)
[158] do not refer to a component based method that works in 3D, but simply
the well known 1D juxtaposition of 3D regions in slices: lead, device, lead.
It's important not to confuse these papers which the type of method I am
investigating.

3.4 General Methods for Dense or non-Block

Diagonal Systems

Knitting Algorithm

One of the �rst published algorithms for the general partitioning of quantum
electronic systems in 3d was the knitting algorithm (2008).[119] The knitting
algorithm has similarities to the algorithm I develop in this thesis; however, in
the knitting algorithm, each "component" is a single atomic orbital. Their
original paper is investigative and experimental, and the authors propose
many interesting directions but do not at that point report any improvement
in computation time scaling over standard 1d sliced NEGF method; they do,
however report the possibility of reducing memory use. A disadvantage of
the knitting algorithm as presented in the 2008 paper is that it focuses on
combining single orbital elements one by one. A single atom will experience
dramatic changes in its charge distribution when it is placed in a di�erent
environment; and even the choice of basis orbital may change depending on
the chemical environment.
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The advantage of generalising the 3d algorithm to treat block regions rather
than sites is that the electronic con�guration of a large region of crystalline
material is far more homeostatic than that of a single atom. Modularising
and re-using electronic calculations is far more useful when large sections
rather than single atoms can be handled by the algorithm, since a section
of structured material will in many cases experience a smaller change in the
bulk properties (due to both nearsightedness and screening of interactions)
so that the values of matrix elements in the local Hamiltonian and density
matrix may only change by a small amount (although, of course, signi�cant
redistribution would always be expected along any interface). Similarly, op-
timisations in the localised orbital basis set (for example, the use of accurate
Wannier functions) can be made with regard to the local chemical environ-
ment of the component, and will remain useful when the component is moved
to a di�erent circuit. The problem of handling interfaces can be treated by
developing components which represent fully converged interfaces between
two types of structure: crystal, nanowire or nanotube.

The patchwork algorithm proposed by Girao at al (2013) [50] is a parallelised
version of the knitting algorithm. The system is divided into regions which
are treated in parallel using the knitting algorithm; and the authors show
how to combine the individual regions calculated by the knitting algorithm
in order to build the full system, using a technique they describe as "Patch-
work" sewing. Using this approach they compute only certain elements of
the matrix that are required for the conductance calculation.

Nested Dissection

More complex 3D methods which do treat blocks of material which can be
combined in all directions have been introduced recently. They derive from
the nested dissection technique of George[83], which reduces a graph of con-
nected sub matrices to a series of recursive trees. The FIND (Fast Inverse
using Nested Dissection) algorithm presented by Klimeck et al in 2008 [135]
uses a divide-and-conquer technique based on a nested tree and LU factoriza-
tion approach. The complexity is O (N3

x) in general, where Nx is the number
of atoms in the x direction of the interface.

In a 2013 paper[91], Anantram describes another method based on Nested
Dissection - HSC - , with the same scaling as FIND. It requires re-ordering
of the matrix for e�ciency; and like FIND is highly removed from physical
interpretation - as the authors of the paper explicitly state. Anantram's 3D
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method is complex in description and lacks the ease of implementation of the
result I derive later in this thesis.

The distinction of the new technique we derive from these more abstract
Nested Dissection techniques is the simplicity of the Piecewise-LS approach,
and the clear interpretation of the recursive self-energies in terms of the physi-
cal characteristics of the system. In particular, the Piecewise-LS characterises
the physical self-energy of a system "in the presence of" other regions. An-
other advantage is that it is never necessary to build or handle the full device
matrix. My technique makes it possible to develop a library of components
and interconnects. The physical meaning of the terms is made clear, and this
enables the engineer constructing a simulation to apply physical insight in
order to choose the partitioning of the components, and the order in which
components should be added in building up the system. For example, di-
electric materials with weak polarisability can be added �rst if it is judged
that they will have the lowest e�ect on their surrounding regions, in order to
maximise speed of convergence of a self consistent algorithm.

Multifrontal Massively Parallel Solver (MUMPS)

The MUMPS Solver[2] is a parallel-optimised Frontal[101] solver. This is a
type of block matrix Gaussian elimination which builds up cliques of interde-
pendent submatrices which can be solved independently; then brought back
together. The system also performs error analysis and can provide iterative
re�nement of results.

Selected Inverse

A key feature of the method we derive in this thesis is the generation of a
selected (partial) inverse of a matrix. A general, purely numerical variant
of this concept is the SelInv algorithm [102]. This approach has since been
speci�cally developed for electronic simulations [141], and a variant called
the `Selected Column of the Density Matrix' (SCDM) method has been im-
plemented in the Wannier 90 transport code.
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3.5 Chapter Summary

We summarised existing applications of divide and conquer methods in elec-
tronic transport theory. There is a strong precedent for matrix partitioning
techniques, but the majority use block diagonal matrices which only allow
partitioning that completely transects the direction of current �ow between
two terminals, and are therefore are not ideal for multiterminal transport
simulation, or for devices where it is desired to adjust features (for example
adjuncts or decorations on the outside of a nanowire) for which it should not
be necessary to choose a region which fully transects the device, as doing
so will involve larger matrices and unnecessary computional expense. Other
approaches, such as the Patchwork algorithm, do allow general partitioning
of the device, but do not make explicit strategies for managing adjustments,
particularly how to e�ciently adjust more than one part of a system in suc-
cession, nor do they discuss partial self-energies, which are key to the method
we will develop in this thesis.
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Part II

Methodology
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In part 2, we examine the condensed matter and transport theory methods
used in this thesis in detail.
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Chapter 4

Tight-Binding

4.1 Introduction

In this chapter we describe the application of tight-binding in this work.

4.2 Localised Basis sets and Completeness

It is necessary to use a basis set in order to discretise the smooth, continuous
equations in real-space and time into a computational basis of matrices and
vectors.

In a mathematical sense, a basis set is a set of functions which span the
full Hilbert space of the system e�ectively. If the basis is complete, other
functions can be expressed exactly as the sum of their projections onto the
basis set. There are many possible choices of complete basis sets for a given
function space. A complete basis set for the single electron state over the
Euclidean space R3 occupied by the leads and device could be de�ned in
many ways; such as a sum of Fourier components or of point δ functions -
but in each case would have an in�nite number of elements; which would be
intractable to work with.

Therefore we must select a tractable, �nite basis set which will be incomplete
for the subspace but has a form which allows the system interactions and
eigenstates to be represented to a good approximation. For computation to
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be possible, it is necessary to choose a �nite basis set - otherwise matrices
would be of in�nite size. A good basis set has a small number of members
but can describe the ground state and lowest excited states of the system
well.

For tight-binding, there is a further restriction on the choice of basis. Since
we want the interactions to reduce to a local, near-neighbour approximation,
the basis that we choose should be a set of local functions centred on each
atom. Delocalised (e.g. sinusoidal) basis sets are a possible approach, but do
not allow truncation of interactions between sites due to spatial separation.
Therefore systems described in this approach may be represented by ine�-
ciently large and dense matrices; and cannot be easily partitioned spatially
into components.

If we choose a basis set which is not a good approximation to a complete
basis, the solutions to the equations that we calculate in this basis will be a
poor approximation. Therefore, �nding a good basis set is one of the �rst
challenges of an ab-initio tight-binding code. According to the Rayleigh-Ritz
variational principle[77], eigenvalues obtained using an incomplete basis set
are always greater than or equal to eigenvalues found using a complete basis
set.

Optimised local, �nite basis sets to describe the ground state of a particular
type of system can be obtained by using Maximally Localised Wannier Func-
tions[161]. These are linear combinations of eigenfunctions obtained from
highly accurate simulations in a large basis set; and are therefore optimal for
describing an atom in a particular chemical environment accurately.

Linear combinations of atomic orbitals and atom-centred Gaussian basis
states are both suitable choices of basis for tight-binding simulation, and
have been implemented in Plato [121]

4.3 Properties of the Tight-Binding Hamilto-

nian Matrix

Sparsity

Sparsity arises in matrix element form when there exist basis states which do
not overlap in space, so that the Hamiltonian and overlap matrix elements
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are zero. The exception to this rule can be the inclusion of non-local pseu-
dopotentials in the Hamiltonian, which have matrix elements of the form
⟨i|V |j⟩ =

∑
l⟨i|l⟩vl⟨l|j⟩, where vl is the non-local pseudopotential projected

over the basis |l⟩. However, in a simple semi-empirical tight-binding function
we do not include these. Sparsity can occur whether working with many
particle or single particle basis sets. If a basis of eigenstates of the system
Hamiltonian can be chosen, the resulting matrix representation is perfectly
sparse, and is also diagonal, representing complete independence between
the modes. Sparsity is very useful as it can reduce the expense of calculation
considerably, and may mean that a well optimised basis set has been cho-
sen, representing states that are already close to eigenstates of the system.
Sparsity also arises when a highly localised basis set is chosen and the simpli-
�cations of a tight-binding model truncates the radius of the basis functions,
therefore the overlap between basis functions is zero between orbitals on pairs
of sites that are distant.

Dimensions of the Calculation

The dimensions of the Hamiltonian and overlap matrices will be equal to the
number of orbitals in the basis, and there will, of course, be an equal number
of eigenstates, although some may be degenerate in energy. Therefore the
number of eigenstates will increase if we consider more orbitals per atom.

4.4 Semi-Empirical Tight-Binding Models

The electronic properties of many materials can be captured by a minimal,
parametric model which considers only a minimum number of orbitals per
atom. The onsite and hopping parameters are chosen for consistency with
the observed or accurately calculated band structure for the material.

In the simplest case, we consider a single valence electron per atom, and a
single s-orbital, spherically-symmetric model of the electronic state is used,
even though this may not correspond to the true state of the outer valence
electron.

By choosing a radius beyond which hopping and overlap integrals are con-
sidered negligibly small, the TB Hamiltonian matrix elements for a periodic
system can be reduced to:
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Hij =
∑
R

⟨
ϕj(r−R− sj)

⏐⏐⏐Ĥ⏐⏐⏐ϕi(r− si)⟩ eik.(R+sj−si)

where si is the position vector of atom i within the unit cell, and the set of
vectors {R} in the sum are those lattice vector translations for which the
distance between orbitals is less than the cut o� radius.

The integral term in the equation above may be replaced with a simple
constant (in the case of a nearest-neighbour tight-binding model for a uniform
crystal composed of a single eleement.) Or, a di�erent constant may be used
for each type of bond or neighbour. In either case, Hamiltonians can rapidly
be written down for a wide range of structures based on geometry alone.

Once the elements of the Hamiltonian and Overlap matrices have been cal-
culated, the generalized eigenvalue problem is solved by numerical methods
(such as those available in LAPACK) for the vectors which de�ne the single
electron eigenstates.

4.4.1 Example - Electronic Band Structure of Graphene
calculated with Minimal-Basis-Set Tight-Binding

The minimal-basis-set tight-binding model is fairly successful in describing
the essential features, such as the band structure, of graphene and carbon
nanotubes.[66]

Graphene has a single valence state (doubly occupied by two electrons of
opposite spin), the loosely bound π orbital. In the �rst approximation we
can consider only one orbital per atom, and make the approximation that the
atoms remain in their ideal lattice positions and that the Hamiltonian matrix
elements are a function of the radius between the atoms (not the angle) and
are zero beyond nearest neighbour interaction. This is sometimes described as
a single s-orbital per atom model, since the s-orbital is spherically symmetric.

This is despite the fact that the bonding between neighbouring carbon atoms
in these systems is actually more complex, consisting of a covalent sigma-
bond between two hybridised sp2 orbitals, and a weaker pi-bond between
the pz orbitals of neighbouring carbon atoms.

We label the two atoms in the unit cell as follows, A for the atom at the
origin of the unit cell and B for the atom which is o�set by 1

3
a1 + 1

3
a2
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Figure 4.1: Unit Cell of Graphene

Figure 4.2: Band structure of Graphene from a simple 1 orbital per atom
model

The hopping integrals between all orbital pairs (AB, AA, BA or BB) in
any unit cell can be collected into a single matrix element. Therefore the
system can be described by a 2 by 2 Hamiltonian matrix over a basis of
Bloch basis functions constructed from atomic orbitals. Let the onsite term
HAA = HBB = ϵ and the magnitude of the hopping energy matrix element
between nearest neighbours be HAB = HBA = t. Let all other elements be
zero (nearest neighbour approximation.) Each o� axis matrix element will
consist of a sum of three terms (three nearest neighbours) of the following
form, between an atom of type A at position r1 and an atom of type B
at position r2. Applying the tight-binding matrix element equation derived
earlier:
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HAB(k) =
∑
{R}

⟨
ϕB(r−R− sB)

⏐⏐⏐Ĥ⏐⏐⏐ϕA(r− sA)⟩ eik.(R+sB−sA)

=
∑
{R}

teik.(R+sB−sA)

where sA is the position vector of atom A within the unit cell, sB is the
position vector of atom B within the unit cell, and {R} is the set of lattice
vector translations to adjacent cells.

This simpli�es to:

HAB(k) = t(e−ik.(
a1+a2

3
) + e−ik.(

a1−2a2
3

) + eik.(
2a1−a2

3
)),

in terms of the non Cartesian lattice vectors. Similarly, the o�-axis elements
of the overlap matrix are of the form:

SAB(k) = (e−ik.(
a1+a2

3
) + e−ik.(

a1−2a2
3

) + eik.(
2a1−a2

3
)).

Expanding the matrix elements in terms of the lattice vectors, and solv-
ing the Schrödinger TISE in generalized eigenvalue form, the bonding and
antibonding bands of graphene have the form:

E± = ±t

(
1 + 4cos

(√
3kxa

2

)
cos

(
kya

2

)
+ 4cos2

(
kya

2

))1/2

.

This function is shown in �gure 4.2.

4.5 Ab Initio Tight-Binding

The �nal objective of this work is to integrate and test the new piecewise
method with Plato, a sophisticated ab-initio tight-binding code, capable of
self consistency. Although this integration is still underway, it is relevant to
describe the Plato approach, as this will underpin considerations.
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Plato uses a variant of the Harris-Foulkes functional, augmented with a self
consistent term based on Pulay charge mixing.

The choice of a sophisticated functional means that Plato is capable of quan-
titatively accurate simulation from �rst principles. Despite the fact that the
basis set is incomplete, errors in the trial wavefunction ϕ lead to second or-
der errors in the energy (at stationary points).[77] Therefore approximate
wavefunctions can give good estimates for energy levels.

The standard Harris-Foulkes functional does not include spin, and in the
absence of magnetic �elds, it is reasonable to make the approximation of
degeneracy of spin states, in which case we can consider double occupancy
of each of the single electron states. Alternatively, we can augment the
Hamiltonian to consider interactions between spins, for example using the
Stoner Hamiltonian.

Following the method of Lagrange multipliers, eigenfunctions of the Hamil-
tonian make the expectation value of the energy stationary (and a minimum
for the ground state). This is the variational form of the Schrödinger equa-
tion[77], and can be applied to self-consistent solution of the tight-binding
Hamiltonian and the charge density.

Key steps:

1. Choose/build a suitable basis set for the problem

2. Build the initial Hamiltonian

3. Populate the solution eigenstates

4. Perform geometric relaxation

5. Solve to �nd a self consistent Hamiltonian

Choose/build a suitable basis set for the problem

The basis set can be atomic like orbitals, or Wannier functions, or Gaussians.
Plato uses a radial function de�ned numerically on a spatial mesh, which
goes to zero at �nite radius, multiplied by analytic spherical harmonics to
represent the angular orbital dependence.
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Build the initial Hamiltonian

The e�ective single electron Hamiltonian is

Ĥ = T̂ + VeI(r, r
′) + VHa[n0; r] + Vxc[n0; r]

In the ab-initio code Plato, the initial Hamiltonian is built from the integral
tables built in DFT (atom to atom) and Slater-Koster rules. An estimate is
required for the charge density due to the valence electrons.

It is found that the matrix elements can be written in terms of a sum of one-
centre, two-centre and three-centre integrals (which obviously depend on the
shape, separation and angular dependence of the basis functions in question).
Since the form of the basis functions is known for any given element, these
integrals can be tabulated as functions of radial distance and angle between
the orbital elements (which are generally not spherically symmetric) before
any speci�c structure is speci�ed. To create the integral tables, Plato uses
a pseudopotential that represents the potential due to the nucleus plus the
core electrons of the atom. This is used in the calculation of the integrals
required for the matrix elements. Three-centre integrals are dropped.

Populate the solution eigenstates

The normal approach is to populate the eigenstates from the lowest energy
upwards, according to the Aufbau principle. In Landauer transport calcula-
tions however, the occupation will be determined by the open boundaries.

Solve to �nd a self consistent Hamiltonian

The simplest method is to adjust the Hamiltonian using the charge den-
sity corresponding to solution eigenstates, using Poisson's equation to calcu-
late the Hartree terms. The theory of optimum convergence is incomplete;
methods include trust regions, Pulay mixing and the Newton-Raphson ap-
proach[236].
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Summary

In the tight-binding approach we see distinct approximations compared to
the exact, many particle approach. These will simplify (but also add ap-
proximation to) the use of any quantum equation in the context of a given
tight-binding model of a system.

4.6 Quantum Equations in the Tight-Binding

Approach

4.6.1 Orthonormal Basis

A orthonormal basis {|α⟩} has the property that ⟨α|α′⟩ = δαα′

Wavefunction in an orthonormal basis.

For a basis {|α⟩}, the state |ψ⟩ of the system can be expressed as:

|ψ(r)⟩ =
∑
{α}

cα|α(r)⟩

where cα are complex coe�cients given by:

cα = ⟨α|ψ⟩

Proof:

⟨α|ψ⟩ = ⟨α|
∑
{α′}

cα′ |α′⟩ =
∑
{α′}

cα′⟨α|α′⟩ =
∑
{α′}

cα′δαα′ = cα

The basis is time independent (generally speaking.) But, we can introduce
time dependence into the solution by writing Ψ(r, t) =

∑
{α} cα(t)|α(r)⟩. At

any given time t:
cα(t) = ⟨α|ψ(t)⟩
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Schrödinger Equation in an orthonormal basis.

The time dependent Schrödinger Equation (TDSE) has the form:

ĤΨ(r, t) = ih̄
∂Ψ(r, t)

∂t
.

Expanding the wavefunction Ψ over a time-independent, orthonormal basis
set |α⟩, we obtain:

Ĥ
∑
{α}

cα(t)|α⟩ = ih̄
∑
{α}

∂cα(t)

∂t
|α⟩,

where this is exact if the basis is complete, and otherwise an approximation.

We can obtain a discrete equation in terms of the Hamiltonian matrix ele-
ments between any one element of the basis, α′, and another α,

⟨α′|Ĥ
∑
{α}

cα(t)|α⟩ = ⟨α′|ih̄
∑
{α}

∂cα(t)

∂t
|α⟩

=⇒
∑
{α}

cα(t)⟨α′|Ĥ|α⟩ = ih̄
∑
{α}

∂cα(t)

∂t
⟨α′|α⟩

=⇒
∑
{α}

cα(t)Hα′α = ih̄
∑
{α}

∂cα(t)

∂t
δα′α = ih̄

∂cα′(t)

∂t

which can be written in the matrix form:

←→
H c = ih̄

∂c(t)

∂t

where
←→
H denotes the Hamiltonian matrix and c(t) is the vector of coe�cients

describing Ψ(r, t).
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In the time independent Hamiltonian case this reduces (by separation of
variables) to:

←→
H c = Ec

.

4.6.2 Operators in discrete basis sets

Establishing the correct representations of operators is essential to proceed
with accurate derivations of electronic structure and transmission. I include
these results because accurate and correct use of tight-binding equations with
both orthogonal and non-orthogonal basis-sets is important for this work, in
order to understand how a partitioning approach to transport calculations
can be extended to a sophisticated tight-binding code such as Plato, which
uses non-orthogonal basis-sets.

When local, truncated functions are used in discrete basis sets, terms between
basis functions which are widely separated (not situated on atoms within the
radius of truncation) will be zero. This improves the tractability of the
calculation.

Non-orthogonal basis sets arise in tight-binding simulations because orbitals
on neighbouring atoms overlap and are not orthogonal to eachother. A math-
ematical process such as Gram-Schmidt orthogonalisation could be applied,
but would produce numerical terms which were very di�cult to work with
analytically, and tend to delocalise the orbital. If atom-centred orbitals are
used in simulations which also allow the atoms to move, maintaining orthog-
onality of the basis sets will be impossible, unless the basis functions are
adjusted at each simulation step.

General Operators in Orthonormal Basis

Consider the expression Ô|ψI⟩ = |ψO⟩. What matrix equation could be used

to relate the equivalent vectors
←→
O
−→
ψI =

−→
ψO?

Use the basis we are working in, {|α⟩}
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⟨α|Ô|ψI⟩ = ⟨α|ψO⟩

=⇒ ⟨α|Ô|
∑
{α′}

cIα′α′⟩ = ⟨α|
∑
{α′}

cOα′α′⟩

=⇒
∑
{α′}

cIα′⟨α|Ô|α′⟩ =
∑
{α′}

cOα′⟨α|α′⟩

=⇒
∑
{α′}

cIα′⟨α|Ô|α′⟩ =
∑
{α′}

cOα′⟨α|α′⟩ = cOα

in an orthonormal basis.

4.6.3 Working with a Non-Orthogonal Basis

A nonorthogonal basis{|α⟩} has the property that ⟨α|α′⟩ ̸= δαα′ , unlike the
orthogonal case. Plato uses non-orthogonal basis sets.

By convention, the overlap matrix S is de�ned as follows: ⟨α|α′⟩ = Sαα′ and
the inverse matrix T = S−1 (such that (TS)αα′ = δαα′).

Both S and T satisfy the following relationships and are therefore Hermitian:

Sαα′ = S∗
α′α

Tαα′ = T ∗
α′α (since for any complex numbers (c1c2)∗ = c∗1c

∗
2 , and

∑
{α′} Sαα′Tα′β =∑

{α′} Tβα′Sα′α = δαβ )

In the following discussion we assume that the non-orthogonal basis (n.o.b.)
is normalised, i.e. ⟨α|α⟩ = 1

The Identity Operator in a Non-Orthogonal Basis

The identity operator is the operator which leaves the wavefunction un-
changed, i.e. 1̂|ψ⟩ = |ψ⟩.
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In any basis, the identity operator must have the property that ⟨α|1̂|β⟩ = Sαβ
and that 1̂|ψ⟩ = |ψ⟩. In the orthonormal basis it looks like:

1̂ =
∑
{α′}

|α′⟩⟨α′|

since: 1̂|ψ⟩ =
∑
{α′}
|α′⟩⟨α′|ψ⟩ =

∑
{α′}

ψα′|α′⟩ = |ψ⟩

In matrix form this can be written as: Iαβ = δαβ.

In a non-orthogonal basis the correct representation of the identity operator
is not the identity matrix. The correct expression for a non-orthogonal basis
is:

1̂ =
∑

{α′,α′′}

|α′⟩Tα′α′′⟨α′′|

since

⟨α|

⎡⎣ ∑
{α′,α′′}

|α′⟩Tα′α′′⟨α′′|

⎤⎦ |β⟩ =∑
{α′}

Sαα′Tα′α′′Sα′′β = Sαβ

1̂|ψ⟩ =

⎡⎣ ∑
{α′,α′′}

|α′⟩Tα′α′′⟨α′′|

⎤⎦ |ψ⟩ = |ψ⟩
When using S and T to expand expressions it may sometimes be easier to
use the fact that, by de�nition of T,

∑
{α′}

Sαα′Tα′β = δαβ.
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Wavefunction in a Non-Orthogonal Basis.

For a basis {|α⟩}, the state |ψ⟩ of the system can be expressed as:

|ψ⟩ =
∑
{α}

cα|α⟩,

where cα are complex coe�cients given by:

cα =
∑
{α′}

⟨α′|ψ⟩Tαα′

.

Proof:

|ψ⟩ =
∑
{α}

cα|α⟩ =
∑
{α}

∑
{α′′}

δαα′′cα′′ |α⟩

=
∑

{α,α′,α′′}

Tαα′Sα′α′′cα′′ |α⟩

=
∑

{α,α′,α′′}

Tαα′⟨α′|α′′⟩cα′′ |α⟩

=
∑

{α,α′,α′′}

Tαα′⟨α′|cα′′α′′⟩|α⟩

=
∑
{α,α′}

Tαα′⟨α′|ψ⟩|α⟩,

which by comparison with |ψ⟩ =
∑

{α} cα|α⟩ implies:

cα =
∑
{α′}

Tαα′⟨α′|ψ⟩.
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Schrödinger Equation in an Non-Orthogonal Basis.

The time-dependent Schrödinger equation (TDSE) is:

Expanding the wavefunction Ψ over a time-independent, non-orthogonal ba-
sis set |α⟩, we obtain (as for the orthogonal case):

Ĥ
∑
{α}

cα(t)|α⟩ = ih̄
∑
{α}

∂cα(t)

∂t
|α⟩,

where this is exact if the basis is complete, and otherwise an approximation.

We can obtain a discrete equation in terms of the Hamiltonian matrix ele-
ments between any one element of the basis, α′, and another α,

⟨α′|Ĥ
∑
{α}

cα(t)|α⟩ = ⟨α′|ih̄
∑
{α}

∂cα(t)

∂t
|α⟩

=⇒
∑
{α}

cα(t)⟨α′|Ĥ|α⟩ = ih̄
∑
{α}

∂cα(t)

∂t
⟨α′|α⟩

=⇒
∑
{α}

cα(t)Hα′α = ih̄
∑
{α}

∂cα(t)

∂t
Sα′α.

This can be written in the matrix form:

←→
H c = ih̄

←→
S
∂c(t)

∂t
,

where
←→
S is the overlap matrix of the basis, and c(t) is the vector of coe�-

cients describing Ψ(r, t).

In the time-independent Hamiltonian case, this reduces (by separation of
variables) to:

←→
H c = E

←→
S c
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General Operators in Non-Orthogonal Basis

Consider the expression Ô|ψI⟩ = |ψO⟩. What matrix equation could be used

to relate the equivalent wavevectors
←→
O
−→
ψI =

−→
ψO?

Use the basis we are working in, {|α⟩}

⟨α|Ô|ψI⟩ = ⟨α|ψO⟩

⟨α|Ô|
∑
{α′}

cIα′α′⟩ = ⟨α|
∑
{α′}

cOα′α′⟩

∑
{α′}

cIα′⟨α|Ô|α′⟩ =
∑
{α′}

cOα′⟨α|α′⟩

∑
{α′}

cIα′⟨α|Ô|α′⟩ =
∑
{α′}

cOα′⟨α|α′⟩,

which can be written in matrix form as:

←→
O cI =

←→
S cO,

where
←→
O αα′ = ⟨α|Ô|α′⟩.

Hence

(4.1)
←→
T
←→
O cI = cO ;

i.e., the Ô operator is replaced by
←→
T
←→
O in the matrix mechanics form.
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Successive Operators in Non-orthogonal Basis

Consider two operators P̂ and Q̂ applied successively:

P̂ Q̂|ψI⟩ = |ψO⟩.

The wavefunctions |ψI⟩ and |ψO⟩ can be written as follows in a nonorthogonal
basis, using summation convention:

|ψI⟩ = cIβ|β⟩

|ψO⟩ = cOβ |β⟩
The equivalent matrix representation in the non-orthogonal basis is

⟨α|P̂ Q̂|ψI⟩ = ⟨α|ψO⟩

⟨α|P̂ |ν⟩Tνν′⟨ν ′|Q̂|β⟩cIβ = ⟨α|β⟩cOβ

PανTνν′Qν′βc
I
β = Sαβc

O
β ,

which may be written as

←→
P
←→
T
←→
Q
−→
cI =

←→
S
−→
cO,

or, equivalently,

←→
T
←→
P
←→
T
←→
Q
−→
cI =

−→
cO.

4.6.4 Transforming from Matrices back to Operators

It is possible to derive an equivalent operator from the matrix using the
following approach:
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Orthonormal basis

Suppose a general operator is represented in an orthonormal basis by

Oab = ⟨a|Ô|b⟩

then an equivalent operator is

Ô =
∑
ij

|i⟩Oij⟨j|,

which we can check, as this implies:

Oab = ⟨a|Ô|b⟩ = ⟨a|

[∑
ij

|i⟩Oij⟨j|

]
|b⟩ =

∑
ij

⟨a|i⟩Oij⟨j|b⟩ = Oab

as required.

Non-orthogonal basis

As before, we de�ne the matrix element in the basis set as:

Oab = ⟨a|Ô|b⟩.

The form we used for the orthonormal case would not work in a non-orthogonal
basis because it would lead to:

Oab = ⟨a|Ô|b⟩ = ⟨a|

[∑
ij

|i⟩Oij⟨j|

]
|b⟩ =

∑
ij

⟨a|i⟩Oij⟨j|b⟩

=
∑
ij

SaiOijSjb ̸= Oab.

Clearly we need a pair of T matrices to cancel out the S's:

Ô =
∑
ijkl

|i⟩TijOjkTkl⟨l| (4.2)
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Check:

Oab = ⟨a|Ô|b⟩ = ⟨a|

[∑
ijkl

|i⟩TijOjkTkl⟨l|

]
|b⟩

=
∑
ijkl

SaiTijOjkTklSlb =
∑
jk

δajOjkδkb = Oab

as required.

We can also express this as

Ô =
∑
ij

|i⟩(TOT)ij⟨j| (4.3)

If we check this for the operator 1̂ which has matrix elements ⟨a|1̂|b⟩ =
⟨a|b⟩ = Sab, we get

1̂ =
∑

ij|i⟩(TST)ij⟨j|=
∑

ij|i⟩Tij⟨j|

as we derived before.

Does this mean that S is now the identity matrix? No, we have to remember
the rules by which we apply operators in non-orthogonal basis sets. We
convert the equation Ô|ψI⟩ = |ψO⟩ to

←→
T
←→
O cI = cO.

In this case this means we convert 1̂|ψI⟩ = |ψO⟩ to
←→
T
←→
S cI = cO, giving

cI = cO as expected.
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4.6.5 The Density Matrix.

The density matrix can be used to describe systems in mixed quantum states
(classical mixtures of pure quantum states) as well as systems in pure quan-
tum states.

In tight-binding transport simulations, the density matrix is used to encode
the e�ective single electron eigenstates and their occupations into one matrix.
O�-diagonal elements capture the phase coherence between the eigenstates.

The density matrix is also important in electronic device simulations. In
equilibrium transmission calculations, we can model the behaviour of the
device by creating a mixed state of single electron eigenstates with weights
equal to the probability of occupation. Using this approach, we can obtain
equations for the the density matrix in all or part of the device.

The density matrix is a discrete basis representation of the density opera-
tor, which can be de�ned for an ensemble consisting of occupation of the
eigenstates Ψ(r, t) of the system with probability pn:

ρ̂(t) =
∑

n pn|ψn(t)⟩⟨ψn(t)|

If we were working in a basis of the eigenstates of a system in its ground
state or in equilibrium, the density matrix would be diagonal with the values
pn along the diagonal. In general, pn could have time dependence, if there is
scattering between states.

The meaning of ⟨r|ρ̂(t)|r⟩ =
∑

n pn|ψn(r, t)|2 is the local number density
at point r (at time t.) The meaning of ⟨r|ρ̂(t)|r′⟩ =

∑
n pnψ

∗
n(r, t)ψn(r

′, t) is
more subtle, but a large value clearly indicates that the electron wavefunction
is highly correlated between r and r′.

From Density Operator to Density Matrix

ρ̂(t) =
∑
n

pn|ψn(t)⟩⟨ψn(t)|

Substitute for the eigenstates of the system in terms of the basis we are
working in:

|ψn(t)⟩ =
∑
{α}

cnα(t)|α⟩
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ρ̂(t) =
∑
nαβ

pnc
(n)
α |α⟩⟨β|c

(n)∗
β =

∑
αβ

|α⟩Kαβ(t)⟨β|

where the `Kernel' K is therefore (in any basis):

Kαβ =
∑
n

pnc
(n)
α c

(n)∗
β .

In an orthonormal basis, we then have:

c(n)α c
(n)∗
β = ⟨α|ψn⟩⟨ψn|β⟩,

Kαβ =
∑
n

pn⟨α|ψn⟩⟨ψn|β⟩ = ⟨α|ρ̂|β⟩ ≡ ραβ,

ρ̂(t) =
∑
αβ

|α⟩ραβ⟨β|. (4.4)

In a nonorthogonal basis, we have to use cα =
∑

{α′}⟨α′|ψ⟩Tαα′ , so,

c(n)α c
(n)∗
β =

∑
α′β′

Tαα′⟨α′|ψn⟩⟨ψn|β′⟩Tβ′β

Kαβ =
∑
α′β′

∑
n

pnTαα′⟨α′|ψn⟩⟨ψn|β′⟩Tβ′β

=
∑
α′β′

Tαα′⟨α′|

[∑
n

pn|ψn⟩⟨ψn|

]
|β′⟩Tβ′β

=
∑
α′β′

Tαα′⟨α′|[ρ̂] |β′⟩Tβ′β,

where
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←→ρ =
∑
n

pn|ψn⟩⟨ψn|

and

ρ̂(t) =
∑
αβ

|α⟩(T←→ρ T)αβ⟨β|,

where (←→ρ )αβ = ⟨α|ρ̂|β⟩.

Therefore, the density matrix elements take the same form whether in an
orthogonal or non-orthogonal basis. The density matrix is Hermitian in either
basis.

Operator Expectation Value from Density Matrix

The expectation value of any operator in a mixed state described by the
density matrix ←→ρ can be found using

⟨Ô⟩ = Tr[
←→
O ←→ρ ]

Proof in any basis (including a non-orthonormal basis, n.o.b.):

Tr[
←→
O ←→ρ ] =

∑
k,j

Ojkρkj =
∑
k,j,n

Ojkc
n
j c
n
kfn

and

⟨Ô⟩ =
∑
n

⟨ψn|Ô|ψn⟩fn

=
∑
n

∑
jk

cn∗j ⟨j|Ô|k⟩cnkfn

=
∑
k,j,n

Ojkc
n
j c
n
kfn.
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By comparison, we have proved the statement.

In the above derivation we have made no assumption about whether or not
the basis is orthogonal or normalised. If it is not, this will already be ac-
counted for in the values of the coe�cients {c}.

4.6.6 Spectral Operator (Density of States)

The spectral operator de�nes the density of electronic states at a given point
in con�guration space. Working in the energy domain, it takes the following
form:

De�nition

Â(E) =
∑
n

δ(E − ϵn) |ψn⟩ ⟨ψn|

In matrix form

In terms of a non-orthogonal basis:

⟨
i
⏐⏐⏐Â(E)⏐⏐⏐ j⟩ =

∑
n

δ(E − ϵn) ⟨i |ψn⟩ ⟨ψn| j⟩ =
∑
n,i′,,j′

δ(E − ϵn)Sii′cni′cn∗j′ Sj′j

Therefore the operator can be written in terms of the n.o.b. as:

Â(E) =
∑
n,i,j

|i⟩ δ(E − ϵn)cni cn∗j ⟨j|
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In terms of Green function

Note that we can also write

Â(E) =
∑
n

δ(E − ϵn) |ψn⟩ ⟨ψn|

Ĝ(E) =
∑
n

|ψn⟩ ⟨ψn|
E − ϵn

Â(E) = − 1

π
Im
[
Ĝ(E)

]

4.7 Partition Operator

The partition operator describes the process of extracting the projection of
the full system over some subspace. In an orthogonal basis the partition
operator onto subspace A, for example, takes the very simple form:

PA =

⎛⎝ IA 0

0 0

⎞⎠ .

Number of Electrons from Density Matrix in a Non-orthogonal
Basis

The number of electrons N in a system in a mixed state with occupation fn
of each eigenfunction ψn is clearly:

N =
∑
n

fn ⟨ψn|ψn⟩ .

When each eigenfunction is expressed in terms of a (non-orthogonal) basis
{|α⟩} by

|ψn⟩ =
∑

cnα |α⟩ ,
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we get
N =

∑
n

fnc
n
αc
n∗
β ⟨β|α⟩ = KαβSβα = Tr{

←→
K
←→
S },

where
Kαβ =

∑
n

fnc
n
αc
n∗
β

is the kernel of the density operator

ρ̂ = |α⟩Kαβ ⟨β|

and the Einstein summation convention is in force. Note that

Kαβ =
(←→
T←→ρ

←→
T
)
αβ
,

where
(←→ρ )αβ = ⟨α |ρ̂| β⟩ .

In operator form the equivalent statement is N = Tr{1̂ρ̂} since:

⟨α|1̂ρ̂|ψI⟩ = ⟨α|ψO⟩

=⇒ ⟨α|1̂|ν⟩Tνν′⟨ν ′|ρ̂|β⟩cIβ = ⟨α|β⟩cOβ
=⇒ SανTνν′ρν′βc

I
β = Sαβc

O
β ,

which may be written as

←→
S
←→
T ←→ρ

−→
cI =

←→
S
−→
cO

or

←→
T ←→ρ

−→
cI =

−→
cO.

Since
←→ρ =

←→
S
←→
K
←→
S

this can also be written ←→
K
←→
S
−→
cI =

−→
cO.

In summary, the expression N = Tr{1̂ρ̂} is equivalent to

N = Tr{
←→
K
←→
S }.
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4.8 Summary

In this chapter we have derived some very important general results for work-
ing with the equations of quantum mechanics in a discretised, tight-binding
basis, particularly a non-orthogonal basis. These results are necessary in or-
der to correctly implement tight-binding atomistic simulations and integrate
transport methods with them.
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Chapter 5

Simulation of Transport in

Materials

5.1 Landauer model of transport

The Landauer approach describes transport through a one-dimensional, pe-
riodic crystalline (or jellium) quantum wire in terms of quantum conduction
states.

Consider a periodic crystalline nanowire between two contacts.

Figure 5.1: Landauer model - ballistic nanowire with single particle momen-
tum states in equilibrium with the contact region from which they travel

The transport is assumed to be ballistic, which means that charge carriers are
assumed not to scatter out of conduction states during transmission through
the wire. So, for example, inelastic interactions with device phonons are
assumed to be negligible. In the Landauer approach, we model the system as
a set of single particle channels (bands). We do not consider any scattering
or correlation between single electron states.
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We assume the presence of contacts which act as grand-canonical reservoirs
(sources of chemical potential µC , with a �xed temperature T ).

The average number of electrons in each state with energy E in each contact
is given by the Fermi-Dirac distribution

f(E) =
1

e(E−µC)/kT + 1

We make the assumption that the density of states in the contact is a uniform
continuum, so that the occupations of the outgoing electron states at each
value of E are proportional to the value of f(E) alone. (This assumption is
reasonable for large, metallic contacts.)

We assume right (forward) travelling states are in equilibrium with the left
lead, with a population distribution fL(E), and that left (backward) trav-
elling states are in equilibrium with the right lead, population distribution
fR(E). The assumption of ballistic transport in the device implies that relax-
ation of these states does not happen in the device itself, but in the contact
to which the state is absorbed. Imperfect contact coupling causing back re-
�ection of states in the device will reduce the value of the transmission T (E)
from 1.

The total electron density in the conductor is then the sum of the density
due to each left and right going states - occupied according to the Fermi
distribution of the corresponding contact.

But, what are the `left and right going' states? The device is long compared
to the size of the unit cell, so we can consider that the wire quantum states are
momentum states; the quantum numbers corresponding to the momentum
k-states in the band structure are meaningful. Therefore, the momentum of
the charge carrier is determined by its k-value in the band. In this case, the
direction of k is determined by which lead the electron state is travelling from;
so states with positive k (travelling to the right) have statistical occupancy
in equilibrium with states in the left contact. Vice versa, states with negative
k (travelling to the left) have statistical occupancy in equilibrium with states
in the right contact.

The periodic wire could for example be a metallic carbon nanotube. The
band structure of a metallic (5,5) carbon nanotube is shown in �gure 5.2.
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Figure 5.2: Band-structure of (5,5) Carbon Nanotube calculated with a min-
imal Tight-Binding model

For ballistic transport (i.e. in the absence of inter-channel scattering and
other inelastic scattering phenomena) the current I can be calculated from
the number of charge carriers n, the charge on each carrier e and the velocity
of the charge carriers v; I = nev. Here n is the number of electrons per unit
cell-length along the one-dimensional wire, which for each band will be 2/a
(since each band is formed from the hybridization of one orbital per unit cell,
and so (allowing for double occupancy due to degeneracy of the spin states)
can contain 2 electrons per unit cell length a.) e is the charge on an electron.
The velocity associated with the state, v, varies over the band; v = 1

h̄
dE
dk

We make use of the symmetry of the band structure; v(k) = −v(−k) in the
absence of magnetic �elds. We can therefore integrate over the positive side
of the Brillouin zone (k>0) and take the absolute magnitude of the velocity.
We must divide by the full length of the Brillouin zone, 2π/a, in order to
scale the integral correctly. Therefore we can write:

I+ =
∑
bands

2

a

a

2π

∫ π/a

0

T (E(k)) f1(E) e
1

h̄

⏐⏐⏐⏐dEdk
⏐⏐⏐⏐ dk,
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which becomes

I+ =
∑
bands

2e

h

∫ π/a

0

T (E(k)) f1(E)

⏐⏐⏐⏐dEdk
⏐⏐⏐⏐ dk

Similarly, states with negative velocity are in equilibrium with the right con-
tact

I− = −
∑
bands

2e

h

∫ π/a

0

T (E(k)) f2(E)

⏐⏐⏐⏐dEdk
⏐⏐⏐⏐ dk

We can then remove the absolute operator by substituting the integral in
terms of E, and making sure that the direction of integration is always from
the lower value of E to the higher.

I+ =
∑
bands

1

2π

∫ EH

EL

T (E(k)) f1(E) dE

The value of the Fermi distribution approaches 1 below µ − kT of the po-
tential, and 0 above µ + kT . Therefore it is not necessary to integrate from
EL = 0 to EH = inf. We can choose EL = µ2 − nkT and EH = µ1 + nkT ,
where n is a small factor, such as n = 2, since below this region bands will be
(almost entirely) completely full and above they will be empty, and in either
case will not contribute to current.

Therefore the total current is

ITOT = I+ + I− =M
2e

h

∫ EH

EL

T (E) (f1(E)− f2(E)) dE

where M is the set of bands which contribute to current (that is the set of
partially �lled bands which transect the region of potential di�erence be-
tween the two contacts). When the applied potential in one contact drops
below the equilibrium Fermi level of the system, it causes the valence bands
which are normally �lled to become partially un�lled. These are the holes of
semiconductor transport.

In the assumption of low bias transport around the Fermi energy, we assume
that transmission T is independent of energy:
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T (E) = T (EF ).

Then the total current is the same for each band which crosses both and
once and once only. Assuming that all bands have this crossing behaviour,
we obtain

ITOT =MT (EF )
2e

h

∫ EH

EL

(f1(E)− f2(E)) dE,

which can be written (assuming EH−EL ≫ kBT , such that we can make the
reasonable approximation that all partially occupied states are within that
energy range)

ITOT =MT (EF )
2e

h

∫ 1

0

[
kB(T1 − T2) ln(

1

f
− 1) + (µ1 − µ2)

]
df.

If both contacts are at the same temperature (T1=T2) this becomes:

ITOT =MT (EF )
2e

h
(µ1 − µ2)

The electrochemical potential di�erence across the device is given by:

V =
(µ1 − µ2)

e

Thus, the Landauer formula for low bias transport is obtained:

G =
I

V
=

2MT (EF )e
2

h
=

M

12.9kΩ
(5.1)

The function T (E) in the Landauer equation describes the probability of
transmission of an electron of energy E through the device from one contact
to another. At any given bias, there is a maximum rate at which a device with
a band structure can carry current, which is found by setting T (E) = 1 in
the Landauer formula. However, T (E) will be less than 1 if electrons cannot
be injected into the device at the rate at which it is capable of transmitting
them (a `bottleneck' e�ect.) From the Landauer viewpoint, the factors which
dictate the �ow of electrons across the contacts are the density of states
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in the leads, the density of states in the device and the coupling at the
contacts. The contacts and device should ideally be well matched so that
there are many states in both at the same energy, across which electrons
can transmit elastically. Practically, we know that the Landauer viewpoint
is often �awed, particularly for weakly coupled contacts, as the device may
behave like a quantum capacitor and exhibit Coulomb blockade.[124] Despite
this, experimental evidence in low applied potential bias (and, depending
on the material, usually at low temperatures) does show agreement with
the single electron quantum of conductivity obtained from the Landauer
model.[274] To a �rst approximation, the formula can also be modi�ed by a
re�ection probability at the contact, indicating the quality of the coupling.
We will shortly see how application of the Lippmann-Schwinger equation in
a tight-binding model can provide a method of calculating this re�ection
probability based on the structure of the contacts and the device.

The Landauer-Buttiker model extends the Landauer model to a many termi-
nal system.[35] We shall not derive this here as it is covered by the derivation
of the general piecewise approach in part III.

5.1.1 Quantised Conductance in the Landauer Model

When T (E) takes the maximum value of one, corresponding to no back-
re�ection of the electron states from the input lead, equation 5.1 indicates
that the conductivity of the wire will be 1

12.9kΩ
per conduction band (those

bands which intersect the potential bias.) As the bias across the device
increases, a larger number of bands fall within the bias o�set potential. Thus,
we see the conductance jump with energy at the point where a new band is
added. This is the conductance quantisation phenomenon. The value of the
conductance quantum is de�ned as

G0 =
2e2

h
.

Conductance quantisation may be experimentally observed with increments
lower than G0. One explanation of this is due to imperfect contacts to the
nanowire, reducing the value of T (E). Other explanations for deviations from
Landauer behaviour in nanowires include Coulomb blockade e�ect (trapping
of an electron creating a capacitative energy, which shifts the bands of the
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device upwards in energy, preventing further charge transport until the bias
has increased su�ciently). In the presence of strong external �elds, we may
also need to consider magnetic �eld e�ects on transport.

5.2 Electronic Transport as Lippmann-Schwinger

scattering

5.2.1 Lippmann-Schwinger scattering

The Lippmann-Schwinger equation is a general scattering equation which
describes the response of an incoming state which impinges on a scatterer.
It describes elastic scattering.

Figure 5.3: Lippmann-Schwinger approach. A known incoming state ϕ scat-
ters on a region, with a response in the region and outgoing space ψT and a
re�ection response in the incoming state subspace ψR

It hinges on the perturbation of a state which is de�ned by a boundary
condition, for example at in�nity. The entire particle state is the sum of the
incoming state plus the response in terms of transmission and re�ection. This
state is the solution to the system Hamiltonian, perturbed by the incoming
state. As it follows the dynamics of a Hamiltonian (a closed system equation),
this is not a truly open system, although it is an open-boundary model.

We adopt the simplying approximation that the incoming state is an eigen-
state of the outer system, and that the scatterer is a small perturbation that
does not change the form of the incoming state |ϕ⟩. So we have:

Total system Hamiltonian, Ĥ = Ĥ0 + V̂ where V̂ is the perturbation due to
the scatterer, and Ĥ0 is the Hamiltonian of the outer system away from the
scatterer.
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The response of the system is |ψ⟩ = |ψR⟩+ |ψT ⟩, the transmission and re�ec-
tion.

The total state of the system is: |ψ⟩+ |ϕ⟩

To simplify the Lippmann-Schwinger equation, we make the assumption that
the incoming state is approximately an eigenstate of the lead, which is equiv-
alent to the Hamiltonian of the unperturbed system, projected into the lead
subspace in which the incoming state is de�ned:

Ĥ0 |ϕ⟩ = E |ϕ⟩

The total system Hamiltonian is: (Ĥ0 + V̂ )(|ψ⟩+ |ϕ⟩) = E(|ψ⟩+ |ϕ⟩)

We rearrange and cancel the previous expression for the incoming state to
obtain:

(5.2)|ψ⟩ = (E − Ĥ0 − V̂ )−1V̂ |ϕ⟩

We can neglect the V̂ ϕ term in the Born approximation, to obtain:

(5.3)|ψ⟩ = (E − Ĥ0)
−1V̂ |ϕ⟩

= ĜV̂ |ϕ⟩

We note that the scattering equation contains an energy dependent Green
function, which can take an advanced (causal) or retarded (evolution) form,
depending on the sign of the in�nitesimal quantity we add to it. The retarded
form of the Green function creates states that are equivalent to evolution
forwards in time, in the Fourier transform of this equation to the time domain;
while the advanced form creates states which are causal for the currently
observed state; i.e. equivalent to tracing backwards.

Retarded form:

GR = (E − Ĥ0 + iε)−1

(5.4)|ψ⟩ = GRV̂ |ϕ⟩
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Advanced (causal) form:

GA = (E − Ĥ0 − iε)−1

(5.5)|ψ⟩ = GAV̂ |ϕ⟩

5.2.2 Ballistic Scattering of Single Electron Eigenstates
in a Device Attached Between Two Leads

In the Lippmann-Schwinger scattering model of charge transport we consider
a �nite, non-periodic device. The states of a non-periodic system are not ac-
curately described by `bands' - the k-states approach of the Landauer model
is no longer valid.

For any system which is closed apart from contacts to open boundaries at
the right or left, it can be argued quite generally, from a physical standpoint,
that only the following three types of single electron state can exist...

(1) Incoming left conduction states: States corresponding to electrons travel-
ling from the left lead, and either being re�ected at some point in the system
(wholly or partially), or transmitted through to the right lead.

(2) Incoming right conduction states; as above but incoming from the right
lead and re�ected back towards the right or transmitted to the left.

(3) Trapped, localised states on the device, which do not contribute to con-
duction (i.e. an e�ectively in�nite potential barrier decouples the local region
of state from either of the leads.)

In self-consistent mean-�eld approaches, states of type (3) will only a�ect
conduction via the self-consistent potential generated if they are occupied.
Many-electron e�ects beyond mean-�eld theory may be important in strongly-
correlated systems but are neglected in this work.

Where no such trapped, localised states are expected, it is only necessary to
consider states of types 1 and 2. Core electrons are of type (3) but will be
modelled by pseudopotentials.
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More generally, the two types of single electron states that are signi�cant
in transport are conduction states (bands which have net electron velocity
if partially �lled) and semi-localised states (isolated states between bound-
aries and on quantum dots). In some cases there is a possibility that states
which we might expect to be localised (for example at defects) may hybridise
with other states, and contribute to conduction, at least in a non-interacting
model).

Consider the response of the system to an incoming wave in lead 1. We
make the approximation that the incoming wave ψ0 is a (right travelling)
eigenstate of the time independent uncoupled lead; this is reasonable because
the incoming wave has not yet interacted with the device, and therefore has
not scattered from it. It is not an exact statement, because it ignores the
e�ect of any external electrical potential caused by a non-neutral charge
distribution on the device which creates a long range electric �eld in the
leads, but we shall account for this by assuming that screening limits the
range of any electric �eld from the device. There is then a �nite interface
region of the lead with a non-periodic potential which can be treated as
one section of the device, therefore we assume that the device generates no
external �eld on the leads beyond this interface region. There may also be a
non-zero electric potential gradient along the lead, if the lead has signi�cant
resistance; for now we make the approximation of perfectly metallic leads
at constant external potential, the only variation in potential being the due
to the periodic atomic structure of the lead itself. There will be a re�ected
outgoing wave in lead 1 χ1 and a transmitted wave ψ2 in lead 2.

5.3 Green functions in general

In general a Green function (also referred to in some texts as a Green func-
tion) de�nes a response function which provides a starting point for a general
solution to a di�erential equation of the form, with di�erential operator D̂
acting on any analytic function f(r): D̂y(r) = f(r).

The general de�nition of the Green function for an ordinary or partial di�er-
ential equation with di�erential operator D̂ is as follows: D̂G(r; r′) = δ(r−r′)

The general solution of the equation D̂y(r) = f(r) is then:

y(r) =
∫
G(r; r′)f(r′)dr′
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since

D̂y(r) = D̂

∫
G(r; r′)f(r′)dr′

=

∫
D̂G(r; r′)f(r′)dr′

=

∫
δ(r− r′)f(r′)dr′ = f(r)

When the additional perturbation occupies a subspace which is completely
orthogonal to the existing system, solving for the response is particularly
easy. This is the case when, for example, two physically separate leads, both
spanned by localised basis sets, are joined together. The transmitted wave
in the second lead can easily be calculated from the incoming wave in the
initial lead, as we will show in the next section.

We can see that Green functions for many di�erential equations can be de-
�ned that follow this form. In physics, the term `Green function' is used to
de�ne an even wider class of response function[70], many of which (including
the one we work with here) do not �t the strict mathematical de�nition.

5.4 Conduction States in a Non-Periodic De-

vice

We note that for a real, �nite device, electron momentum will not be a good
quantum number, or valid observable, for non-periodic systems in which k
is not de�ned. Conduction states can be de�ned spatially, in terms of an
electron state propagating in a given lead in response to an incoming state
in another lead.

Continuity Equation

The charge continuity equation expresses the fundamental relationship be-
tween charge within a region and the net current through a surface bounding
that region. Steady-state current implies that the charge distribution in the
device is constant at all points:
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(5.6)0 =

˚
V

dρ

dt
d3r

= −
‹
∂v

j.dS,

for any volume V enclosing charge ρ and bounded by closed surface S with
area vector element dS, over which current density is described by the vector
�eld j.

For a single electron state ψ of a time independent Hamiltonian, the frac-
tion of the electronic charge density, ρn, in region n can be found using the
following volume integral over the region:

(5.7)ρn = e

∫
n

ψ∗(r)ψ(r)dV

(integral over r ∈ n)

We can also write the charge in the region n in terms of the projection of
the wavefunction onto subspace n, where ψn is the vector representing the
projection ⟨ψ|n⟩, over some basis which is complete and separable on n (i.e
no basis functions intersect the boundary of n):

(5.8)ρn = eψn
†ψn.

Partitioning the space to calculate current associated with a single
electron quantum state

We partition the Schrödinger Equation in order to identify the current be-
tween subspaces by using an orthogonal partition operator, or alternatively
projecting onto the subspaces n and surrounding subspaces i

Each partition may have a unique geometry convenient for the structure.
For every boundary between the component and a neighbour there will be
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a contribution to the total �ux of current. We can derive this contribu-
tion by di�erentiating the total charge within n, and substituting using the
Schrödinger Equation. We �nd that the component of ∂ψ

∂t
in the subspace n

is exactly:

(5.9)
∂ψn
∂t

=
1

ih̄

N∑
i=0

Ĥniψi

Where Ĥni = |n⟩⟨n| Ĥ |i⟩⟨i|

Ĥni for i ̸= n is the direct coupling between regions. We make the assump-
tion that Ĥni will be zero for regions which do not share a boundary. This
assumption is not exact, since there may be long range interactions between
regions that are not neighbours (and between which there can be no direct
exchange of charge); but is consistent with the tight-binding approach in
which we shall develop a solution. This assumption is necessary in order to
derive a model for the current associated with the eigenstate.

Di�erentiating 5.8 with respect to time, and substituting using the partioned
TDSE gives:

(5.10)

d

dt
{ρn} = e

d

dt

{
ψ†
nψn
}

= e

(
ψ†
n

dψn
dt

+
dψ†

n

dt
ψn

)
=

e

ih̄

N∑
i=0

[
ψ†
nĤniψi − ψ†

i Ĥinψn

]
.

We identify each terms in i as the �ux of current into the n region from the
i region:

(5.11)Iin =
e

ih̄

[
ψ†
nĤniψi − ψ†

i Ĥinψn

]
The net current into and out of region n must be zero in a steady-state
simulation, when there is a constant distribution of charge. d

dt
{ρn} = 0.

This can be a useful check on calculations of individual current between
subspaces.
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5.5 Tight-Binding-Lippmann-Schwinger Simu-

lations of Transport

Simulating transport in open systems is intractable unless approximations
are made, because an exact solution to a real open system problem would
include the degrees of freedom of the entire universe. The grand-canonical
approach is to set the outer boundaries of the open system at positions
where the exterior of the system can reasonably be assumed to be at local
thermodynamic equilibrium. This is often realistic for electronic devices,
because the open system boundaries can be assumed to occur at parts of the
system with relatively large size, and constant properties, such as battery
terminals, macroscopic voltage lines and ground planes.

In an open boundary system, the distribution of energies of incoming states
is determined by the density of states, chemical potential and temperature
in the leads. The system will always have some response, which could be
complete re�ection.

Figure 5.4: Open boundary system

Practically, the parts of the system such as voltage lines and ground planes
are considered due to their size and connectivity to battery or earth ter-
minals to be "external and invariant" to the device, although they may be
subject to e�ects such as plasmonic responses to EMF. It is important that
the attachment of the circuit under study does not signi�cantly change the
response of the parts of the system chosen to be outside the open boundaries.
The validity of this approximation can be tested by calculating the e�ect of
the circuit on the environs, and checking that it is very small. However, this
estimation may be very di�cult to calculate.
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Open Boundaries Density Matrix Calculation

Working in a localised, real space basis and writing the TISE in terms of sub-
matrices on the localised vector spaces 0,1,2 corresponding to the localised
basis sets in regions 0, 1 and 2. Here we assume that the basis sets are
orthogonal across di�erent subspaces, although they may be non-orthogonal
within the subspace. This allows partitioning of the system without con-
sidering whether there is a requirement for corrections in interface partition
operators due to non-orthogonality.

De�nitions:

ϕ0 - the vector representation of the incoming state from the reservoir

χ0 - the vector representation of the re�ection in the incoming lead

ψ1 - the vector representation of the response in region 1

ψ2 - the vector representation of the response in region 2

For this system, there is no overlap or direct interaction between regions 0
and 2, and the corresponding block matrices are zero.⎛⎜⎜⎜⎝

H0 V01 0

V10 HD V12

0 V21 H2

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝

ϕ0 + χ0

ψ1

ψ2

⎞⎟⎟⎟⎠ = E

⎛⎜⎜⎜⎝
S0 S01 0

S10 S1 S12

0 S21 S2

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝

ϕ0 + χ0

ψ1

ψ2

⎞⎟⎟⎟⎠
which expands to⎛⎜⎜⎜⎝

H0(ϕ0 + χ0) +V01ψ1

V10(ϕ0 + χ0) +H1ψ1 +V12ψ2

V21ψ1 +H2ψ2

⎞⎟⎟⎟⎠ = E

⎛⎜⎜⎜⎝
S0(ϕ0 + χ0) + S01ψ1

S10(ϕ0 + χ0) + S1ψ1 + S12ψ2

S21ψ1 + S2ψ2

⎞⎟⎟⎟⎠
The transmitted wavefunction in the device ψ1 in response to the incoming
state ψ0 in lead 0 can be now be obtained by elimination, as follows.

1st row: (Region 0) H0(ϕ0
+ χ

0
) + V01ψ1

= E(S0(ϕ0
+ χ

0
) + S01ψ1

)
from which we can cancel the eigenstates of the uncoupled lead, by making
the approximation that the incoming wave is an eigenstate of the uncoupled
lead, satisfying H0ϕ0

= ES0ϕ0
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this leaves χ
0
= (ES0 −H0)

−1(V01 − ES01)ψ1
= g0(V01 − ES01)ψ1

This is the matrix version of the Dyson equation, which relates to the Green
function as follows:

3rd row: (Region 2) V21ψ1
+H2ψ2

= E(S21ψ1
+ S2ψ2

)

from which ψ
2
= (ES2 −H2)

−1 (V21 − ES21)ψ1

2nd row: (Device Region) V10(ϕ0
+χ

0
) +H1ψ1

+V12ψ2
= E(S10(ϕ0

+
χ
0
) + S1ψ1

+ S12ψ2
)

substitute for χ0 from prev. expression:

V10(ϕ0
+g0(V01−ES01)ψ1

)+H1ψ1
+V12ψ2

= E(S10(ϕ0
+g0(V01−ES01)ψ1

)+
S1ψ1

+ S12ψ2
)

which rearranged gives:

ψ
1
= [(ES1−H1)− (V10−ES10)g0(V01−ES01)]

−1[(V10−ES10)ϕ0
+(V12−

ES12)ψ2
].

Then, substituting for ψ2 from 3rd row, we obtain:

ψ
1
= [(ES1−H1)−Σ01]

−1[(V10−ES10)ϕ0
+(V12−ES12)(ES2−H2)

−1 (V21 − ES21)ψ1
],

which can be rearranged in terms of ψ
1
as:

ψ
1
= [(ES1 −H1)−Σ01 −Σ21]

−1(V10 − ES10)ϕ0

where we have de�ned:

gi(E) = (ESi −Hi)
−1 The Green function of region i.

Σij(E) = (Vij − ESij)gj(Vji − ESji) The self-energy of region j on region i.

Both the above expressions are energy dependent, which we will sometimes
leave implicit when writing out equations, to save space on the page.

Introducing the further de�nitions:

G02
1 = [ES1 −H1 −Σ01 −Σ02]

−1
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(where the superscript notation refers to the regions corrected for using self-
energies in the calculation of the Green function), and

Xij = (Vij − ESij),

we can therefore write: ψ
1
= G02

1 X10ϕ0
.

Equivalently, there is a response to incoming states from region 2 which is:

ψ
1
= G02

1 X12ϕ2
.

The spectral function A1(E) in region 1 is equivalent to the sum over all
possible response states of the system, recalling from the previous chapter
that ϵα refers to the energy of the state ψα, and the sum is over all incoming
modes {α}. Here ψα

1
is the projection of ψα onto the basis set within the

region 1 subspace:

A1 =
∑
α

δ(E − εα)ψα1ψ
α

1

†.

More exactly, the above relationship would involve an integral rather than a
sum, as there could be a continuum of possible incoming states, (e.g., de�ned
by their energy), and a corresponding continuum of responses. However,
computationally, it will be necessary to numerically discretise the points (e.g.
energies) at which we calculate the device responses.

We use the expression above to write the spectral function that results from
incoming states in lead 0, where α indexes the incoming modes in lead 0:

A0
1(E) =

∑
α

δ(E−εα)G02
1 X10ϕ0 ϕ0

†X01G
02†
1 = G02

1 (E)X10a0(E)X01G
02†
1 (E)

and similarly from states in lead 2:

A2
1(E) =

∑
α

δ(E−εα)G02
1 X12ϕ2 ϕ2

†X21G
02†
1 = G02

1 (E)X12a2(E)X21G
02†
1 (E)

where we have used Xji = X†
ij and ai(E) =

∑
α δ(E − εα)ϕi ϕi

†, and chosen
to make the dependence on energy of product terms on the RHS explicit, for
clarity.
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The total spectral function in region 1 resulting from transmission (i.e, re-
sponse) states is the sum of A0

1 and A2
1.

The occupation of each subspace at energy E is the Fermi function fi(E) in
the reservoir connected to lead i, so the density matrix in region 1 is given
by:

K1 =

ˆ
f0(E)G1X10a0X01G

†
1dE +

ˆ
f2(E)G1X12a1X21G

†
1dE

This can be used to calculate the local density, for whatever purpose (includ-
ing self consistent corrections to the Hamiltonian).

Deriving the Current and Transmission

Clearly the net �ow into a lead is the sum of all �ows from regions that
couple directly to it. Since we already made the approximation that one
contact never couples directly to another contact, the net �ows into either
lead comes directly from the device region only (indirectly this may originate
in a response from the other lead, or it may be back-re�ection within the
device of an incoming state that originated in the same lead). Applying the
result derived in the previous section for the current associated with a single
electron state projected onto two subspaces, into lead 2 from the device for
a state ψ which has projection ψ

2
in lead 2 subspace and ψ

1
in the region

subspace, is equal to (without spin degeneracy which would introduce a factor
of 2):

I = e
ih̄

[
ψ†

2
V21ψ1

− ψ†
1
V12ψ2

]
We proceed with the calculation for an orthogonal basis set; the non-orthogonal
basis version is similar but has extra terms in E(S) (which can, incidentally,
be obtained by using the shortcut of substituting V terms with X terms
as de�ned above). We consider that lead 0 carries the incoming state, and
we obtain from the preceding section, that the response in the device as a
function of energy (implicit in the use of the Green function)is:

ψ
1
= G02

1 V10ϕ0
.

By further substitution of the equations in the previous section, we �nd
the response in the second lead (which creates the resultant transmission)is
determined by:
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H2ψ2
+V21ψ1

= Eψ
2
.

So, ψ
2
= g2V21ϕ1

,

and substituting using the previously relationship for ψ1 in terms of ψ0:

ψ
2
= g2V21G

02
1 V10ϕ0

.

Using these expressions, we obtain the single electron current into lead 2, as
a function of energy (required to calculate the Green functions):

I = e
ih̄

[
[g2V21G

02
1 V10ϕ0

]†V21G
02
1 V10ϕ0

− [G02
1 V10ϕ0

]†V12g2V21G
02
1 V10ϕ0

]
For a single incoming electron state travelling elastically, the energy is single
valued, so it may seem strange to talk about the current due to such a state
as a function of energy. However the form of this equation will allow us to
derive a more general result. Rearranging, we have:

I = e
ih̄

[
ϕ†
0
V01G

02†
1 V12g

†
2V21G

02
1 V10ϕ0

− ϕ†
0
V01G

02†
1 V12g2V21G

02
1 V10ϕ0

]
,

which can be rewritten as follow:

I = − e
ih̄

[
ϕ†
0
V01G

02†
1

(
Σ2 −Σ†

2

)
G02

1 V10ϕ0

]
,

where Σ2 = V12g2V21. (which we previously de�ned as Σ1
2 to make it clear

that this was the self energy of lead 2 on region 1, but the superscript can be
omitted by convention for simple 2-terminal-transmission through a single
region device.)

Now consider the current at energy E due to all incoming states originating
in lead 0. This can be achieved by summing the previous expression over all
states, using the delta function to select incoming states with energy ε equal
to the energy E of the calculation, and multiplying by the Fermi function,
f0(E), describing the distribution in the reservoir attached to lead 0 which
is carrying the incoming states. As for the Landauer model, we assume this
corresponds to the occupancy probability of incoming states:

I(E) = − e
ih̄
f0(E)

∑
α δ(E − εα)

[
ϕα†
0
V01G

02†
1

(
Σ2 −Σ†

2

)
G02

1 V10ϕ
α

0

]
.

We observe that by applying basic linear algebra rules, we can equivalently
write this as a trace, and also bring the summation inside the trace.
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I(E) = − e
ih̄
f0(E)Tr

[∑
α δ(E − ϵα)ϕ

α

0
ϕα†
0
V01G

02†
1

(
Σ2 −Σ†

2

)
G02

1 V10

]
.

The delta function and summation act only on the states, and so it is valid
to identify this as equivalent to the spectral function of the incoming states
in the lead 0, A0:

I(E) = − e
ih̄
f0(E)Tr

[
A0V01G

02†
1

(
Σ2 −Σ†

2

)
G02

1 V10

]
.

Finally we permute under the trace again, and rewrite as,

I(E) = − e
ih̄
f0(E)Tr

[
V10A0V01G

02†
1

(
Σ2 −Σ†

2

)
G02

1

]
,

I(E) = e
h̄
f0(E)Tr

[
Γ0G

02†
1 Γ2G

02
1

]
,

using the following de�nitions:

Γi = V1iAiVi1

and

Γi = i(Σi −Σ†
i ),

both of which can be shown to be equivalent expressions for Γi.

The full current will be obtained by integrating I(E) over energy, and also
obtaining the equivalent expression for the reverse current, which should
be subtracted. (The transmission T(E) has the same magnitude in either
direction in ballistic transport, in the absence of magnetic �elds.) This �nal
expression is:

I02(E) =
e
h̄

∫
(f0(E)− f2(E))Tr

[
Γ0G

02†
1 Γ2G

02
1

]
dE,

where the integral is over a su�ciently wide range around the Fermi energy,
in order to capture all values for which f0(E)− f2(E) is not negligibly small.

Comparing the above expression to the Landauer formula, the trace term is
clearly equivalent to the transmission, T(E), in the Landauer model. This
can also be rewritten[59] as:

T (E) = Tr
[
ΓLG

RΓRG
A
]
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where here GR is the retarded Green function of the device corrected for the
self-energies of the leads (equivalent to G02

1 in our notation), the advanced
Green function is GA = GR† and ΓL and ΓR are equivent to our Γ0 and Γ2

respectively, and by convention refer to the left and right lead.

ΓL = i(ΣL −Σ†
L)

ΓR = i(ΣR −Σ†
R)

The reason why we have started to develop a slightly di�erent notation here,
is that we will need to maintain a larger number of indices on the self-energies
and Green functions when, in the next section, we consider a general device
composed of multiple regions which can be added, removed or changed, with
any number of leads.

More generally, for a system with many contacts, the set of all single electron
conduction states can be written as the set of responses of the complete
system to incoming eigenstates from the uncoupled leads[49].

In Part 3, we will apply the Lippmann-Schwinger Tight-Binding approach to
electronic transport through a device composed of multiple regions.

5.5.1 Example calculations - Electron Interferometer based
on a Chain of Atoms

To illustrate the utility of this technique, we have applied it to the calcu-
lation of the behaviour of a simple electron interferometer. This series of
calculations can be found in the Applications section of the thesis. The ex-
ample illustrates many practical aspects of the technique, such as that the
self-energies of the leads change the response of the device, and broaden the
density of states.

5.6 Chapter Summary

We reviewed the foundations of single-electron ballistic transport theory. We
discussed the Landauer model of transport theory, and the viewpoint of trans-
port as di�usion from reservoirs with di�erent statistical distributions. We
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studied the behaviour of a periodic conductor in the Landauer model for
single electron ballistic transport, and showed how universal quantised con-
ductance emerges as a feature of this. We then examined the Lippmann-
Schwinger scattering equation, and introduced the Green function for scat-
tering of a single electron wavefunction. Applying the Lippmann-Schwinger
equation to a model of ballistic electronic transport, we saw how the Lan-
dauer approach can be extended to treat general (non-periodic) devices. We
applied this, and derived equations for transmission and current through a
two-terminal device represented by a tight-binding Hamiltonian.
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Part III

Development and Evaluation of a

Piecewise Method for Transport

Calculations in Tight-Binding

Systems
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Chapter 6

Piecewise Method for

Tight-Binding Electronic

Transport Calculations

6.1 Introduction

As we have seen in part I of this thesis, other research groups[181] have
improved the e�ciency and tractability of their device transport calculations
by partitioning along the main axis of a two-terminal device using a recursive
one-dimensional surface Green function technique. This involves the solution
of a block-diagonal matrix equation for the transmission scattering response
in the device and outgoing leads.

In this chapter, we will show that it is bene�cial to extend this to a fully gen-
eral method, allowing a system under study to be decomposed spatially into
physical fragments, such that the device under study can be constructed by
adding or removing any fragment, not just 1D-slices. This provides computa-
tional e�ciency as tight-binding Hamiltonian matrices are naturally sparse,
and disconnected parts are linked by zero-valued sub matrices which allows
calculations to be truncated. The number of connections between regions
scale as O(N), where N is the number of regions, for a near sighted TB
code. This is because regions only connect to other neighbouring regions.
There is the further computational advantage of reusability of parts of cal-
culations, which can be improved by `branching' calculations to explore the
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e�ects of di�erent adjustments by adding the most frequently changing re-
gions to the calculation last. Finally, there is the physical insight that can be
drawn from the steps of the calculation that are involved in calculating the
nested Green function, which automatically yields quantities that contain
some information about the strength of coupling and interaction between
distant regions of the calculation.

There are other recursive approaches to transport equations that makes use
of o�-diagonal partitions of the full Hamiltonian matrix [119, 50, 122]. This
method is distinct because it considers physical components or subspaces, and
assigns a physical meaning to intermediate terms, based on the novel concept
of partial self-energies (which are self-energies of one region on another `in
the presence of' further regions).

6.2 Ansatz

We use the assumptions of `one particle NEGF', which is a combination of
the Landauer model for the distribution of particles in the conduction states,
and a Lippmann-Schwinger scattering approach to solve for the transmission
and re�ection of each incoming state from the leads. The simulation will use
a tight-binding model. The distinction between this and other methods is
that we use a fully general piecewise decomposition of the device.

Figure 6.1: Lippmann-Schwinger approach. A known incoming state ϕ scat-
ters on a device composed of many regions, with a response in the regions and
outgoing space ψT and a re�ection response in the incoming state subspace
ψR

We brie�y resummarise the Landauer contacts ansatz used here. We assume
that the device is connected between structures which we shall call leads
terminated in contacts to the device, which are in grand-canonical ther-
mal equilibrium with reservoirs of charge. We assume that the population-
distribution of the reservoirs is una�ected by the presence of the device or
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leads, and that it determines the population distribution of occupation of
the incoming states in the leads. Furthermore, we assume that the density
of states in the contacts or leads is una�ected by the presence of the device.

Figure 6.2: Model for contacts with outgoing states at equilibrium with
reservoirs at grand-canonical equilibrium; the current �ows through a device
composed of many regions.

� Transport is in the form of single electronic states which interact with
the mean �eld. These states are elastic (ballistic), i.e., energy con-
serving during transmission through the device from one contact to
another.

� The conduction states originate from structures (which may be leads or
contacts) at the boundaries of the device, which may be very simple or
complex in their de�nition, but always represent reservoirs of incoming
conduction states with a de�ned density of states.

� The probability that a conduction state is occupied is given by the
Fermi function of the reservoir connected to the contact from which it
originates

� The net transport behaviour of the system is determined by the linear
sum of scattering of conduction states between leads by the device. The
scattering states are occupied according to the reservoir bonded to the
lead from which they originate.

Two approaches are possible for the leads and contacts:

� Structured leads, typically `semi in�nite' for which the Green func-
tion can be calculated using an iterative approach[111], or

� Parametric contacts, based on the de�nition of two parameters; cou-
pling of the lead density of states Γ, and lead self-energy on device
region Σ. This follows the `Hairy Probes' approximation.[96, 153] By
setting these two parameters, we can approximate an ideal contact with
a uniform density of states at every energy level.
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Unless a speci�c lead/contact material or structure is known, it may be
preferable to choose the simple ideal contact model. Otherwise, the results
of the calculation may be unduly in�uenced by the characteristics of the lead
density of states. Often, a device is based on a modi�ed structure such as a
nanowire which is periodic in the direction of conduction, to which inclusions,
defects and/or external decorations create asymmetry in the device region.
In this case, the leads and contacts may be modelled as an extension of
the periodic crystalline form that forms the `backbone' of the device, (for
example, extending a device that is based on a carbon nanotube using leads
of the same construction). By taking this approach, we model the response
of an 1D crystalline conductor, such as an in�nite carbon nanotube, which
is perturbed locally by defects in the device region.

6.3 Dephasing Term

For small �nite structures, the Green function will have sharp poles at the
Hamiltonian eigenvalues. This is an important consideration if the device
is to be partitioned into regions; without care in the approach a calculation
could begin with a Green function for a small isolated region which would
not be well behaved. If the calculation includes well-coupled leads, however,
then any region will experience self-energies (direct or indirect) with a large
imaginary component. This has the e�ect of dephasing and broadening the
resonances in the Green function, so that the function is numerically well
behaved in calculations. However, if this (or in case this) is not so, we can also
deliberately add a small dephasing complex term to the Hamiltonian before
calculating the Green function. The sign of this term also has mathematical
signi�cance in determining the propagation direction (retarded (causal) or
advanced) of the Green function.

6.3.1 Behaviour of G(Z) at the Branch Cut of the Green
Function in the Complex Plane

To understand the signi�cance of the sign, consider that the Green function
G(E) of a discrete, �nite, system has poles at the eigenvalues of the corre-
sponding Hamiltonian along the real axis. If we then extend our de�nition
of the Green function to the complex plane, G(Z), we de�ne a branch-cut
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(corresponding to a natural boundary) along the real axis. There is a dis-
continuity in the values of G(Z) either side of the branch-cut.

Formally, the reason that this happens is that the Fourier transform of the
causal (forward-going, retarded) time-dependent Green lies on iO+, while
the reverse `backwards-tracing' function lies on iO−.

More practically, we want to interact with a system that has a positive den-
sity of states. A negative density of states in the leads (which is what the
advanced Green function would give, e�ectively) would correspond to states
being drawn out of the system, in a time reversal scenario. For physically
meaningful simulation of transmission, the retarded Green function is appro-
priate.

We recall that the single electron density of states in terms of the single
electron time independent Green function is: Ai = i[G−G†]

By inspecting the above equation, we see that a system which has a positive
density of states will therefore have a Green function which has a negative
imaginary value. We achieve this by setting a positive sign on the dephasing
term added to the Hamiltonian and self-energies before inverting, (which
follows, since the Green function calculates an inverse, and 1

i
= −i)

Therefore we choose to add a positive ε in the calculation of the retarded
Green function which broadens the response in the imaginary domain close
to the pole.

For systems which include a semi-in�nite lead, the self-energy of the lead
itself will be positive and imaginary, and in this case it is not essential to add
an additional dephasing term.

6.3.2 Magnitude of the Dephasing Term

The dephasing term may be made as small as possible for good numerical
performance of the calculations, or alternatively the magnitude of the de-
phasing term can be viewed as the strength of the coupling to the device
phonons. One possible technique is to increase the dephasing term until the
width of the observed resonances are approximately equal to kT at room
temperature (0.025eV). We note that this is a well-known approach.[78], and
an alternative to a sophisticated electron-phonon interaction model.
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The e�ect of the dephasing term is to broaden the density of states. This
makes the calculation more tractable, reducing the error due to the poles,
but it also makes it more realistic, since a real system will couple weakly
to the phonons (and other modes) in the material, which creates a small
broadening self-energy on the electronic states.

6.4 Derivation

6.4.1 Outline

We will show that by applying the Landauer ansatz to a piecewise system we
can relate the response wavefunction across the whole system to the single
eigenstate in the source lead in terms of recursive Green functions.

The method is to �nd a general equation for the response through the device
to an incoming state in any one lead. When this form is obtained we can
calculate the current associated with the state using the continuity equation.
We will then calculate the total current due to all occupied states in all the
leads by summation of the incoming states.

6.4.2 Steps in the Derivation of the Piecewise Response
Equations

1. Partition the device The device should be partitioned into regions.
These may be discretised on an orthogonal or non-orthogonal basis. We
will derive the results for an orthogonal basis, then �nally show how
similar results for the non-orthogonal basis can be derived and give the
non-orthogonal form.

Selection of partitions (which result in subdivision of the structure into
regions) should be done intelligently. Partitions around small areas of
the device that need to be adjusted and optimised will also be useful, as
they will allow di�erent variants to be added and removed easily. If the
simulation uses components calculated using self-consistent methods,
then regions should be uniform in structure at boundaries, so that the
approximation of connecting fragments with tight-binding Hamiltoni-
ans that have been created from separate models is reasonable; that is,
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we would not expect a junction or barrier e�ect between the compo-
nents. If the method was extended to self consistent solution, it may
be necessary to create an interface component to bridge between re-
gions of di�erent structure in the bulk of the material, in which charge
redistribution and structure relaxation at the interface is captured.

2. Enumerate the regionsWe choose some enumeration for the regions,
and initially, for the purposes of the derivation, we will consider that we
`add the regions' in numerical order. There is nothing speci�c about the
order of the regions in the equation, and we will show how to prepare
a term to `remove', (in the sense of removing their e�ect on the whole
system), regions that were not the most recent to be added.

3. Identify the leadsWe assume that one lead bonds to only one region,
and there is no direct coupling between leads.

4. Choose a tight-binding basis The Lippmann-Schwinger equation
must be discretised over a tight-binding basis in order for us to work
with it tractably. However, we note that the following derivation applies
whether or not the subspaces are partitioned spatially or by some other
criteria.

5. Write the Schrödinger equation for the model system

For the Lippmann-Schwinger equation to be applied to the device prob-
lem, as we saw in part II, we need to consider the response to just one
incoming state in one lead at a time, then later combine those responses
into a statistical estimate for an observable.

It is helpful to write the equation as if there is a (separate) lead attached
to every device region - in which an outgoing response can be invoked.
Proceeding in this way facilitates derivation of the general recursive
formula for any number of leads connected to any region (a version of
the Landauer-Buttiker equation for tight-binding systems, in which the
device can consist of many regions). If no lead is attached to a region,
then the lead term will be set to zero for that region.

For this approach in general, there are no limitations on the intercon-
nections of the device regions. An abstract example of what this means
for the matrix sparsity is shown in Figure 6.3.

The following is an example of the Schrödinger equation for a device
partitioned into 3 regions, enumerated 0,1, and 2; and a lead attached
to each region, enumerated l0, l1 and l2, with the incoming state ϕ0 in
l0.
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Figure 6.3: Form of Hamiltonian with leads connected sparsely to the device
(maximum one lead per region) and a device divided into regions which can
be densely connected

De�nitions:

All the below are vector representations of states

ϕ0 - the incoming state in the lead bonded to region 0 of the device

χ0 - the re�ection in the incoming lead

ψ0 - the response in region 0 of the device

ψ1 - the response in region 1 of the device

ψ2 - the response in region 2 of the device

ψl1 - the response in the lead connected to region 1 of the device

ψl2 - the response in the lead connected to region 2 of the device⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Hl0 Vl0 0 0 0 0

V0l H0 V01 V02 0 0

0 V10 H1 V12 V1l 0

0 V20 V21 H2 0 V2l

0 0 Vl1 0 Hl1 0

0 0 0 Vl2 0 Hl2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ϕ0 + χ0

ψ0

ψ1

ψ2

ψl1

ψl2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= E

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ϕ0 + χ0

ψ0

ψ1

ψ2

ψl1

ψl2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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6. Formulate the equation for response to an incoming state over
the subspace of the device

Although any lead (may) contain many outgoing responses ψl and in-
coming states ϕl, for this step of the derivation we consider that only
one lead carries an incoming state ϕl and that this lead makes contact
with the device region labelled 1.

Together, an incoming state ϕl from a lead l, plus the response in the
device regions ψi and leads ψl satis�es the system Schrödinger equation.
Decomposed into block matrices, for N regions and L leads, we obtain
N + L linear block matrix simultaneous equations for the unknown
responses in the N regions and L leads. This is su�cient to determine,
and be able to solve for, the responses in the regions.

There are N equations in the device regions, where j is an index over
the regions of the device (Note, this is not su�x notation - the terms
are already block matrices and eigenvectors). Each equation is of the
following form, where the individual equation is generated by setting i
is in range 0 to N − 1, according to the device region:

(6.1)(EI−Hi)ψi =
∑
j ̸=i

Vijψj +
∑
l′ ̸=l

Vil′ψl′ +Vilχl+Vilϕl

Vil is the coupling to the state in the lead l bonded to region i. (Note
that third term in Eq (6.1) is the re�ection response χl in the lead
containing the incoming state. This could be wrapped into the second
summation term, and treated as a response in a lead, but we separate
it for clarity and because we will eliminate it in the next step.)

7. Eliminate the re�ected response in the lead carrying the in-
coming state

For the lead carrying the incoming state ϕl, we will eliminate the un-
known re�ection-scattering response, χl, in the incoming lead. Since
each lead bonds only to a single region of the device, the elimination
of the response in the lead is local to that region (as no terms in χl
appear in the equations for other regions).

We will use the assumption about the incoming (stimulus) state being
an eigenstate of the lead:

(6.2)Hlϕl = Eϕ
l
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We use the further assumption of no coupling between leads, so that
Vll′ = 0 for l ̸= l′, and that each lead couples directly to a single region
of the device.

We then have the following equation in the lead carrying the incoming
state, and connected to device region i:

(6.3)Hl(ϕl + χ
l
) +Vliψi = E(ϕ

l
+ χ

l
)

Using 6.2 to eliminate ϕl, we have an expression for the re�ected state
χl:

(6.4)Hlχl +Vliψi = Eχ
l

rearranging:
(6.5)χ

l
= glVliψi

where
(6.6)gl = (EI−Hl)

−1

We can then use 6.5 to eliminate χ
l
from the function describing the

wavefunction in the contact region of the device which is directly con-
nected to this lead (which we here set as region 1). The equation for
this region is:

(6.7)(EI−H1)ψ1
=
∑
j ̸=1

V1jψj +V1l(ϕl + χ
l
)

(6.8)=
∑
j ̸=1

V1jψj +V1lϕl + glVl1ψ1
,

which becomes, by rearranging for ψ
1
,

(6.9)(EI−H1 −V1lglVl1)ψ1
=
∑
j ̸=1

V1jψj +V1lϕl.

So we see that the incoming lead creates a self energy VliglVli on the
contact region, and also a stimulus V1lϕl.
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8. Eliminate the outgoing responses in other leads

The next step is to eliminate the response in the other leads. Since each
lead bonds only to a single region of the device, the elimination of the
response in the lead is local to that device. We have L − 1 equations
in the other leads.

For outgoing lead l bonded to device region r, we can completely elim-
inate the outgoing response to obtain:

(EI−Hi −Σi
l)ψi =

∑
j ̸=iVijψj

where Σi
l= Vil(EI−Hl)

−1Vli is de�ned as the self-energy of the local
lead l on the device region i.

We now have a complete set of N simultaneous block matrix equations,
one for each region of the device.

The local region bare Green function for region i is: gLi where gLi =
(EI −Hi −Σi

l)
−1 (This is bare in the sense that it is uncorrected for

other device regions, apart from the correction for the direct, locally
connected lead, if there is one.) Leads only create a direct non-zero
self-energy correction on the contact region to which they are directly
connected. This is always true because we stipulate that each lead is
only connected to one contact region. However, indirectly, the self-
energy a lead will couple to other regions; this property will emerge as
we derive recursive Green functions.

Important notation point. Going forwards, we will use the con-
vention that all `dressed' Green function (indicated by capital G) are
assumed to include the correction for any connected lead irrespective
of whether the l superscript is explicitly written. Our notation is,

(6.10)Gi = gli ∀i .

9. Begin eliminating responses in one device region from the
other rows

The general derivation considers an arbitrary number of terms, indexed
from 0 to N , including terms from n + 1 to N which we consider not
to have been added yet, so these terms are currently zero. They may
never be added, but retaining the placeholders help the derivation.

We label the region connected to the lead carrying the incoming state
as region 0. We proceed by labelling the �rst regions we want to `add'
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as region 1. The process of adding the region corresponds to eliminat-
ing it from all other equations, using Gaussian elimation of the vector
corresponding to the response in region 1.

The expression to eliminate the term in ψ1 is:

(6.11)ψ1 = gl1 Σ
j ̸=1

V1jψj + gl1V1lϕ
1
l

(where we have added the superscript 1 to ϕ to indicate that this is the
incoming state from the lead bonded to region 1.)

In order to eliminate this equation from row i we know that we will need
to collect terms on the left hand side (i.e. this elimination introduces
a new term in j=i which must be collected into the existing term in i
on row i)

Therefore, in preparation, we rewrite this ready for substitution in row
i with the ith term written separately, ready to move to the left hand
side:

(6.12)ψ1 = gl1 Σ
j ̸=1,i

V1jψj + gl1Vliψi

Before eliminating region 1, which is connected to the lead carrying
incoming state ϕ1

l , equations in the other device regions i have the fol-
lowing form, after collecting like terms and eliminating the self energy
of any directly connected lead, Σi

l:

(6.13)(EI−Hi −Σi
l)ψi =

∑
j ̸=i

Vijψj +Vi1g
l
1V1lϕ

1
l .

We �nd that the remaining N − 1 equations, after eliminating region
1 and collecting like terms again, have the following form:

(6.14)
(EI−Hi −Σi

l −Vi1(EI−H1)
−1V1i)ψi

=
∑
j ̸=i

(Vij −Vi1g1V1j)ψj +Vi1g
l
1V1lϕ

1
l .

We can also write this as:
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(6.15)
(EI−Hi −Σi

l − 1Σl)ψi

=
∑
j ̸=i

(Vij −Vi1g1V1j)ψj +Vi1g
l
1V1lϕ

1
l .

where we de�ne 1Σi = Vi1(EI − H1)
−1V1i as the self-energy of the

region 1 on the device region i, i ̸= 1. We choose to use a su�x on the
left-hand side for this quantity, because it will be necessary to write
down self-energies that compensate for multiple regions, which will all
appear on the right-hand su�x. Therefore it is convenient to keep the
left-hand su�x to refer to the subspace (i.e., device region) that the
self-energy is for (or in a mathematical sense, exists).

10. Apply a recursive elimination stragegy to obtain a general
result

The �nal step is to use recursion to derive results for larger number of
device regions, which can be interconnected according to any possible
interconnectivity between regions (which we note could be represented
by an interaction graph where nodes represent regions, and edges con-
nectivity), including a complete graph (i.e., where all pairs of regions
have non-zero coupling potentials between them.) This is achieved us-
ing a relabelling strategy, and described in the next section.

6.4.3 Recursive Nature of Calculation

For a device divided into 2 regions (N=2) we would only require one round
of elimination. However, we need to know the form of the terms for a general
number of regions. We need a strategy to e�ciently obtain the result we
need for a device with any number of regions.

After eliminating one device region, we now have N − 1 linear block matrix
equations, where before we had N .

Careful inspection of 6.15 reveals that the terms containing block diagonal
elements of the overall system matrix (consisting of local region Hamiltonian
matrices) are all modi�ed by the self-energies of region 1 on region i. Com-
paring 6.13 and 6.15 allows identi�cation of a relabelling scheme which is
equivalent to eliminating a region.
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Each term on the RHS in ϕj, j ̸= 1, 2 has an additional correction:

Vi1g1V1jψj

The local incoming lead state term from region 1 now appears in all the
regions as Vi1g1V1lϕl term.

The relabelling process eliminates a device region from the other linear equa-
tions for response in the other device regions. The relabelling is achieved by
de�ning the following mappings based on new notation, which was observed
to `tidy up' the algebra after eliminating a single region from the equations for
the responses in other device regions, and collecting terms (again, compare
):

1. For Hamiltonian terms, to eliminate region 1 from the expression for
region i (in other words, row i from set of simultaneous block matrix
equations, and the row which containing the local Hi),

(6.16)[Gi]
−1 −Vi1G1V1i ↦→

[
G1
i

]−1

(noting that the superscript inside the square bracket is an index, but
outside we use −1 to mean the reciprocal).

Or, to eliminate a general region k:

(6.17)[Gi]
−1 −VikGkVki ↦→

[
Gk
i

]−1

2. Potential terms:
(6.18)Vij +Vi1g

l
1V1j ↦→ V1

ij

or, equivalently, (where capitalisation of G implies that the self-energy
of any lead connected to the region is already corrected for by a self-
energy term )

(6.19)Vij +Vi1G1V1j ↦→ V1
ij .

Or, for a general region, k:

(6.20)Vij +VikGkVkj ↦→ Vk
ij .
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Here is a crucial point: The set of N − 1 equations is equivalent in
form to the previous one, except that some coe�cients are modi�ed by a
dressed Green function term which corrects for the region that has already
been eliminated. We can identify a relabelling strategy which transforms
equations from the previous step to these equations.

A second crucial point: The mappings can be applied to rows from which
previous regions have already been eliminated, as the form of the equations
are unchanged. (In other words, even if the coe�cients on the terms are
already modi�ed by Green functions from a previous step of elimination, the
structure is unchanged so it is correct to apply the same mappings to elim-
inate a subsequent region.) Therefore, we can apply the relabelling process
repeatedly to eliminate (i.e., correct for) successive regions. The mappings
which de�ne the relabelling schemes are, therefore, recursive equations for
eliminating regions.

For illustration, we consider another step. We start with the previously
obtained term V1

ij (the e�ective coupling potential between regions i and j
in the presence of region 1).

The next step is to follow exactly the same process of elimination of region
2 by relabelling. This is equivalent to elimination of the row 2 block matrix
equation. We obtain:

(6.21)V1,2
ij = V1

ij +Vi2G
1
2V2j

In the same way, we �nd that the equation for the self-energy and coupling of
the lead carrying the incoming state becomes recursive at the point that the
region bonded to the lead is added (i.e. from a numerical perspective block-
matrix eliminated) to the focus region. Again, for the purpose of derivation,
we have assumed that all of the rows carry an incoming state term, but only
one will be switched on at any one time; this allows us to derive the general
form for the recursive coupling to lead L from region i, using the simple
relabelling strategy.

(6.22)Vil +Vi1G1V1l ↦→ V1
il

By applying these mappings (recursive relationships) repeatedly, we can �nd
the e�ective response due to successive regions that we consider that we have
`added' to the device.
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6.4.4 Non-Orthogonal Basis Correction

We now consider the form of the equations in a non-orthogonal basis (essen-
tial for the integration to a sophisticated tight-binding code such as Plato).
The equations are altered by the addition of a correction term to the equa-
tions for V, which is energy dependent. This means that the computational
expense is increased when a non-orthogonal basis is used. The full algebra
is a matter of writing the secular Schrödinger equation and solving for block
matrices in the device region in a similar fashion; this results in the addition
of ES terms which, through substitution, end up on the left- and right-hand
sides.

We can obtain the correct result, using the shorthand of the following sub-
stitutions:

1. Energy term in Green Functions:

EIij ↦→ ESij

2. Coupling between regions:

Vij ↦→ Vij − ESij

3. Coupling to leads:
Vlj ↦→ Vlj − ESlj

Equivalent equations for the Hermitian conjugates of the V terms are also
needed, and follow by taking the H.C. of the above relations.

In lead subspace, i ∈ L, the coupled system eigenstate projected onto the
lead subspace for the lead containing the incoming state is:

(6.23)ψi = ϕi + gi
∑
j∈{D}

(Vij − ESij)ψj
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Illustration that this form for non-orthogonal basis is correct

For i a lead region, carrying an incoming state ϕ
i
:

Hi(ϕi + χ
i
) +

∑
j∈{D}

Vijψj = E(Si(ϕi + χ
i
) +

∑
j∈{D};j ̸=i

Sijψj)

from which we can cancel Hiϕi = ESiϕi

leaving

Hiχi +
∑
j∈{D}

Vijψj = E

⎛⎝Siχi +
∑

j∈{D};j ̸=i

Sijψj

⎞⎠
χi = (ESi −Hi)

−1
∑
j∈{D}

(Vij − ESij)ψj = gi
∑
j∈{D}

(Vij − ESij)ψj,

which we compare with the equivalent form for an orthogonal basis:

χi = (EI−Hi)
−1
∑
j∈{D}

Vijψj = gi
∑
j∈{D}

Vijψj.

The Green function and self-energies are all functions of energy in any basis.
In a non-orthogonal basis, as we see here, V also has a correction for energy.

6.4.5 Piecewise Response Equations

The equations for the response ψi in any region of the device to an incoming
state ϕl in a lead,

ψi = GT
i X

l
iϕl,

where

GT
i = G

(L,n,n−1,̄i,..1)
i
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and
Xl
i = V

(L,n,n−1,̄i,..1)
il .

The quantities in the superscript indicate what is compensated for within
the terms; this is the presence of all leads, L = {l}, and the set of all other
regions, 1 to n, of the device, (the bar over i implies NOT including i). These
quantities are calculated in a step-by-step recursive approach to compensate
successively for the e�ect of each region, (and connected lead), which is part
of the device. The equations used in this approach are as follows, (where
the shorthand ∼ refers to the list of regions which are already present and
compensated for at any stage of the calculation):

G
(∼,k)
i =

[
(G

(∼)
i )−1 −

[
V

(∼)
ik

]
G

(∼)
k

[
V

(∼)
ki

]]−1

V
(∼,k)
ij = V

(∼)
ij +

[
V

(∼)
ik

]
G

(∼)
k

[
V

(∼)
kj

]

V
(∼,k)
il = V

(∼)
il +

[
V

(∼)
ik

]
G

(∼)
k V

(∼)
kl

with the initiators:

G
(l∈L)
i =

⎡⎣ESi −Hi −
∑
l∈{L}

VilglVli

⎤⎦−1

V
(l∈{L})
ij = Vij +

∑
l∈{L}

VilglVlj

6.5 Derivation of Physical Quantities in the Piece-

wise Approach

Deriving physical quanties involves calculating the expected outcomes of
measurements. To do this, we consider the mixed state equivalent to the
occupation of all of the incoming states into the device from the leads, ac-
cording to the distribution function of the reservoir attached to that lead. In
the simplest model, we can make the further assumption that the density of
states in the leads is uniform.
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6.5.1 Density of States in Any Region

Since we have a recursive formula to calculate the local Green function fully
corrected for all other regions, it is straightforward to calculate the local
density of states (spectral operator):

Ai = i[GT
i −GT

i

†
]

(note that the `T' here is a shorthand for `Total' - indicating all of the other
regions of the device have been corrected for in `dressing' the local Green
function. It does not mean transpose, but we should consider changing the
notation to avoid confusion.)

We will see in the next section that the algorithm allows calculation of the
local density of states with some scaling advantage over an approach that
requires solving the whole system in one go.

6.5.2 Charge Density in Any Region

Because of the non-equilibrium charge distribution imposed by the contacts,
it is not so straightforward to calculate the charge density. We need to
subdivide the density of states into the responses from each of the di�erent
leads.

Here the pure states are the projections of the response states that we have
just derived onto the subspace of interest. We can then write the local density
of states of the region, as follows.

Ai =
∑
α

δ(E − εα)
[
ψαi

] [
ψαi

]†

Ai =
∑
α

δ(E − εα)

⎡⎣∑
l∈{L}

GT
i X

l
iϕl

⎤⎦⎡⎣∑
l∈{L}

GT
i X

l
iϕl

⎤⎦†

which reduces to:

Ai = Gi[X
l
ialX

l†
i ]G

†
i
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where al =
∑
{ϕ}

δ(E − εα)
[
ϕαl

] [
ϕαl

]†
= i[gl − g†

l ] is the spectral operator of

the uncoupled lead/contact region l.

We would write the density matrix in region i in terms of Ai for a system in
equilibrium as

Ki =

ˆ
f(E)Ai(E)dE

However, for this system which is out of equilibrium due to the incoming
states from the contacts, the result for the density matrix is

(6.24)Ki =
∑
l∈{L}

ˆ
fl(E)Gi[X

l
ialX

l†
i ]G

†
idE

6.5.3 Transmission through a region

The transmission through a region between any other contacting regions can
be calculated using the standard approach[59]. The only di�erences are that
the retarded Green function, below, should include all compound self-energies
representing all parts of the device and leads. The Γ functions of the two
contacting adjacent `left' and `right' regions, L and R, should also contain
the full compound self-energies of each region.

ΓR = i(ΣR −Σ†
R)

T (E) = Tr
[
ΓLG

RΓRG
A
]

where here GR is the retarded Green function of the device corrected for
the self-energies of the leads and the other regions of the device, the ad-
vanced Green function is GA = GR† and ΓL and ΓR are related to the total
(compound) self-energies of the left and right lead-plus-contact respectively:

ΓL = i(ΣL −Σ†
L)
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ΓR = i(ΣR −Σ†
R)

This approach is implemented in the code, and it successfully reproduces the
results obtained for using the standard whole system (single device region)
approach. It also correctly generates results for the density of states and
the transmission for well known standard systems, such as perfect single wall
carbon nanotubes.

6.5.4 The Net Current into Any Lead

The outgoing response in a lead C for a single open boundary state parti-
tioned across di�erent regions is:

(6.25)ψC = gc
∑
j∈{D}

Vcjψj

If this state ψj corresponds to a state with incoming ϕl we can substitute for
ψ in the device:

(6.26)ψj = GT
j X

l
jϕl

and so �nd the relationship for the outgoing response in lead C due to an
incoming state in a di�erent lead ϕl:

(6.27)ψc = gc
∑
j∈{D}

VcjG
T
j X

l
jϕl

We can of course write down the Hermitian conjugate of the above which we
will need in the derivation of the current.

(6.28)ψc
† = ϕl

†
∑
j∈{D}

Xl†
j G

T †
j V†

cjg
†
c

The current into the lead due to this state (if fully occupied) is (see section
5.5):

(6.29)I =
e

ih̄

[
ψ†
c
Vcjψj − ψ

†
j
Vjcψc

]
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We can then make substitutions in equation 6.29 using 6.26 and 6.27, and
then follow the process we outlined in section 5.5 to derive a similar form
for the transmission and the total current between any two leads, but which
uses the compound versions of the coupling X and device Green function G.

The total current into any lead is the sum of current terms between the lead
we are interested, and all other pairs of leads. This is true because we do
not consider an interacting picture between the single-electron eigenstates,
but it is unlikely to be physically realistic in all scenarios of multiterminal
quantum devices.

6.5.5 The Current between Any Two Neighbouring Re-
gions of the Device

Suppose two neighbouring regions of the device, let us call them R and S,
respond to an incoming state ϕl in lead l, and the projection of the response
on each subspace is ψR and ψS respectively. As we have previously derived,
the current from R to S due to this response to ϕL is given by :

IϕLRS =
2ie

h̄

[
ψ†
R
VRSψS − ψ

†
S
VSRψR

]
As in the previous section we can proceed by substituting for ψR and ψS in
terms of ϕL into the above to obtain the current between the regions due to
this state, if occupied:

IϕlRS = 2ie
h̄

[
ϕ†
l

[[
Xl†
RG

T †
R VRSG

T
SX

l
S

]
ϕ
l
− ϕ†

l

[
Xl†
SG

T †
S VSRG

T
RX

l
R

]]
ϕ
l

]
The contribution to the current at energy E due to the single state ϕl is
obtained by multiplying it by the Fermi function value fl(E) = f(E − µl, T )
(average population for a single state at energy E) in the region from which
the state originates. As demonstrated in section 5.5 of the thesis, the previous
equation can be rearranged into a form which is usually more convenient,
by using the spectral operator in the lead carrying incoming state, and by
considering all possible incoming states, and their average occupation, the
total current can be calculated by integration.
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6.6 Dressed Green Function Terms

GT
i = G

(L,n,n−1,̄i,..1)
i

By analogy with many-particle expansions, we refer to the Green function
of a single region corrected for other regions as the dressed Green function.
In this many component expansion, a dressed Green function is a response
function for a single particle wavefunction, for which the e�ect on other
regions on the local response is compensated, using self-energies.

In comparison, the bare Green function is de�ned on the local region, and
does not involve any compound self-energy terms.

gi(E) = (EI−Hi + iε)−1

The piecewise calculation starts by computing the bare Green function of the
local region corrected by the direct self-energies of a directly attached lead,
if any, and the compound self-energies of other adjacent regions.

6.7 Recursive, Partial Self-Energy Terms

A new feature of this method compared to the standard 1d recursive surface
GF approach is the appearance of recursive partial self-energies of interesting
and meaningful form. Expanding the �rst few terms in Gi following the above
iteration we see �rst the removal of the self-energy of the locally connected
lead (if any is directly connected):

G
(l∈L)
i = [ESi −Hi − iΣl]

−1

then the removal of a term which corresponds to the self-energy of region j
of region i in the presence of the leads:

G
(l∈{L},j)
i =

[(
G

(L)
i

)−1

−
[
V

(l∈{L})
ij

]
G

(L)
j

[
V

(l∈{L})
ji

]]−1

the next iteration describes the correction for the self-energy of region k on
region j in the presence of the leads and region l:
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G
(∼,k)
i =

[
(G

(∼)
i )−1 − iΣ

∼
k

]−1

Therefore what has been derived is a recursive, partial self-energy term, which
describes the self-energy of region k on region i in the presence of (but not
including) existing leads and regions.

iΣ
∼
k =

[
V

(∼)
ik

]
G

(∼)
k

[
V

(∼)
ki

]
For any region of the device of interest (a focus region), the total self-energy
of all other regions and leads on it can be built up from each interdependent
region. In calculating the e�ect of a new region k on a focus region i, the
total self-energy iΣ∼ of all existing regions (existing regions represented in
shorthand as ∼) must be updated by adding the partial self-energy of region
k on region i in the presence of the other regions, iΣ

∼
k .

iΣ∼,k = iΣ
∼
k + iΣ∼

6.8 Physical Signi�cance of Partial Self-Energies

There is a clear physical signi�cance to the partial and total self-energies we
have derived.

AΣ
(B,C)
D : the self-energy of region D on region A, when regions B,C are

already present (this term does not include the self-energies of region B and
C).

AΣB,C,D ≡ AΣB + AΣ
B
C + AΣ

(B,C)
D : the total self-energy of regions B,C,D on

region A

G
(B,C,D)
A ≡

[
G−1
A − AΣB + AΣ

B
C + AΣ

(B,C)
D

]−1

: the nested Lippmann-Schwinger

Green function of region A compensated for the presence of regions B,C and
D by inclusion of the total net self-energy of these regions.
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6.8.1 Removal and Adding Functions - Making Alter-
ations to the Circuit

It is important to be able to change any component in the circuit, because
device simulation usually involves optimisations for best functionality. Con-
veniently, the method for making adjustments can be derived from physical
statements.

It must be true that the total self-energy of a set of regions and leads on an-
other region is independent of the order in which they are added. Therefore,
we can say:

G
(B,C,D)
A ≡

[
G−1
A − AΣB + AΣ

B
C + AΣ

(B,C)
D

]−1

≡ G
(D,C,B)
A ≡

[
G−1
A − AΣD + AΣ

D
C + AΣ

(D,C)
B

]−1

Figure 6.4: The complete system is independent of the order of adding the
regions: adding B then C gives the same end result as adding C then B

We can also state that the order in which we remove the regions does not
have to correspond to the order in which we built up the the regions, as
long as we prepare the correct self-energy corresponding to the regions which
are actually present in the iteration. This leads us to a general method for
adding or removing a component.

Adding or Removing a Component

The total self-energy of regions B,C and D on region A can be calculated in
any order. Therefore, in the example below region D can be removed from
the calculation of properties on region A by preparing the correct self-energy
AΣ

(B,C)
D - that of region D on region A in the presence of regions B and C -

and subtracting it from the dressed Green function for A in the presence of
B,C,D: assuming this is the quantity already known.
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Figure 6.5: The physical step equivalent to including the self-energy: AΣ
(B,C)
D .

That is, the self-energy of region D on region A in the presence of regions B
and C

AΣB,C ≡ AΣB + AΣ
B
C ≡ AΣD + AΣ

D
C + AΣ

(D,C)
B − AΣ

(B,C)
D

In words, the above equation says that the total self-energy of regions B and
C on region A is equal to the self-energy of B on region A plus the self-energy
(in the presence of B) of C on A. This is also equivalent (third expresssion)
to case in which we calculate the self-energy of D on A, then add C, then B
(all in the presence of whatever regions have previously been accounted for),
then �nally remove region D in the presence of B and C, by subtracting the
appropriate self-energy.

Changing the focus of the calculation

This is important to be able to change the focus of the calculation from one
region of the device to another. If we are currently calculating properties on
region A, and also need to know properties on region F, an e�cient process
is to remove the self-energy of F from GB,C,D,E,F

A , then use the quantity
GB,C,D,E
A as an input quantity to calculate the self-energy of A on F . The

intermediate matrix lookup tables handle the reuse of results automatically;
therefore there is no need to write speci�c functions to change the focus
of the calculation. The recursive functions will return precomputed values,

124



where they are available. For this reason, calculating properties for successive
regions of the device becomes computationally less expensive as some of the
required quantities are already computed.

GB,C,D,E
A =

[(
GB,C,D,E,F
A

)−1

+ AΣ
B,C,D,E
F

]−1

GB,C,D,E,A
F =

[
GB,C,D,E
F −VB,C,D,E

FA GB,C,D,E
A VB,C,D,E

FA

]−1

Adjusting the Hamiltonian for one component

It is useful to be able to adjust the Hamiltonian when one component (say
`E') of the system changes. The most straightforward approach is to remove
the original version and add the altered version. The correct version must be
prepared to remove and re-add. This is simple using the piecewise equations,
since we just call the function for the self-energy of E on J , and pass to it
the list of current regions to `correct for' in calculating this quantity.

GB,C,D,ENEW

A =

[(
GB,C,D,EOLD

A

)−1

+ AΣ
B,C,D
E∆

]−1

This is exact in the non-self consistent model. However, there should be many
cases where this approach can be successfully applied in a self consistent
implementation. For example, a single point defect added to a component
likely has close to zero direct coupling with most other components in the
circuit. There is no correction on the intermediate self-energy terms of these
regions, other than to include the new, corrected self-energy of the delta.

AΣ
E
∆ ≡A ΣB,C,D,EOLD

−A Σ
(B,C,D,EOLD)
EDELTA

6.8.2 Discussion - domain of applicability of the method

This method could be extended to other quantum transport problems where
we solve the Lippmann-Schwinger equation over a complex region and are
interested in calculating internal currents, and/or studying how the system
responds when we adjust it. We could, for example, write down the wave-
function for two entangled electrons, over some 2-particle state basis, and
consider how two entangled electrons prepared in any speci�c incoming state
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would scatter. Although this is a digression, it is a very interesting proposi-
tion, because it is possible that materials such as carbon nanotubes, which
have long coherence times, might be able to propagate two electrons in an
entangled state (perhaps in a spintronic model which could be handled with
a Stoner tight-binding Hamiltonian).

It seems unlikely that this particular piecewise approach could be extended
to quantum equations that act on a density matrix, such as the general
Liouville-von-Neumann equation. This is despite the fact that using the
one-particle-NEGF equations, we can obtain the density matrix from the
solutions to the set of single particle responses. However, we have not solved
the dynamics of the density matrix, and we use a linearised set of equations.

6.9 Accuracy and Conditioning of the Piece-

wise Method

Su�cient accuracy is paramount in any calculation, and optimising compu-
tational expense should be a secondary consideration. However, in material
science problems, the most accurate approaches to calculation are completely
intractable without approximation. In these cases, the best approximation
that is computationally tractable is required. With that in mind, we priori-
tise tests of accuracy over tests of scaling.

The method we have developed is essentially a variant of block matrix Gaus-
sian Elimination, a method which is susceptible to ill conditioning, causing
numerical instability.

6.9.1 Discussion

There are two aspects of the calculation that are vulnerable to ill-conditioning.
First is the calculation of the individual region bare Green functions, which
involves an inverse that will approach a singularity as E tends towards an
eigenvalue of the discrete Hamiltonian. If the device has a lead attached, this
response will be broadened and made numerically tractable by the self-energy
of the lead (which is included before taking the �rst inverse.) However, if
not, it may be necessary to increase the `thermal' dephasing term that we
add to the equations. One approach is to calculate calculate the conditioning

126



number of the matrix before inverting, and dephase as required. However, it
is useful to add a thermal term that is the same for all diagonal elements, to
create a consistent model of thermal coupling.

Secondly, any form of Gaussian elimination has the potential for instability,
because it involves multiplying rows by the reciprocal or inverse of an element.
If the element used has a very small or large coe�cient (in the scalar case),
or is a matrix with a very small or very large determinant (in the block
matrix case), then the equation will be ill conditioned, and the value will be
numerically unstable.

Gaussian elimination is stable for matrices which are diagonally dominant.
The matrix that we solve for the Green function in the region EI − H,
is diagonally dominant away from the resonant energies of the region, but
not near the poles of the Green function (where energy E is very close or
equal to the eigenvalues of the local region Hamiltonian). However, strong
self-energies from well-coupled leads (directly or indirectly bonded) help to
mitigate this problem. Our strategy of storing cached values of partial self-
energies, is sensible from a point of view of numerical stability, since self
energies can simply be added to or removed from by addition or subtraction.
For any system with leads attached, there is always a self-energy term that
is complex (from the semi-in�nite leads), and therefore broadens the poles of
the Green function. This means that for transport calculations there is not,
in most cases, a strong dependence on the order in which regions are added;
however further investigation is needed to �nd out whether the e�ciency of
the calculation using the high precision library is in�uenced by the order in
which regions are added, since it might be expected that more work is done
if the calculation is more ill-conditioned at any stage.

6.9.2 Restriction on Partial Pivoting

In standard methods of Gaussian elimination, ill-conditioned substitutions
are avoided by choosing columns with a large coe�cient for the variable we
want to eliminate. This method is called partial pivoting.

In the recursive method as we have de�ned it, we always use row i to obtain
coe�cient i. Therefore although the order in which we eliminate these rows
may be altered, our choice of pivot for each row is �xed.
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6.9.3 Conditioning Number of a Matrix

We can measure the condition number of the matrix in order to assess the
stability of a matrix before inverting. One strategy in calculating a recursive
Green function is to add successive dephasing terms along the diagonal until
the condition number becomes acceptable; then invert the matrix. An al-
ternative strategy is to use a library such as MPMath (Python) or JScience
(Javolution) which o�ers high precision using large integers. For these li-
braries it is possible to de�ne the number of decimal places of precision that
is required for the output. Of course, this comes at computational expense.
However, if the numerical conditioning is good, there should be no signi�cant
additional computational expense as extra precision will not be needed.

We note that the spectral theory of random matrices is a huge area of re-
search, and closely linked to the general theory of matrix condition numbers
and numerical stability. As we have already discussed, the spectral struc-
ture of condensed matter Green functions means that they may be specially
vulnerable to numerical instability.

6.9.4 Comparison with LU Decomposition (Gaussian Elim-
ination)

From a perspective of computational scaling, the piecewise method is e�ective
for obtaining some information about part of the system more quickly than
can be achieved for the whole system. This is possible because the method
enables doing only the necessary amount of Gaussian Elimination to calcu-
late quantities required. Further, the caching strategy for partial quantities
means that subsequent calculations can be made even more quickly. Simple
LU decomposition methods of solving the generalised eigenvalue equation,
are order N3 for dense matrices, with improvements that occur naturally
with sparse matrices that are partitioned e�ectively (so that some of the
block submatrices are fully zero, leading to dropped terms in the solution).
As such we can obtain a speed-up for certain device properties compared to a
solution of the equation based on LU or Cholesky decomposition. However,
if we seek to recover information across the whole device, then the overall
running time of the algorithm is likely to be similar to a standard LU de-
composition method (or any other complete linear algebra solver), because
we are performing all stages of elimination.
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The scaling of a single pass calculation is not the only consideration. As
already noted, the piecewise method is useful because it is possible to adjust
the composition of the device easily and because we get a lot of information
about the interactions of the system inherent in the calculation.

However, in terms of numerical stability and accuracy, the physical approach
derived here may not always perform as well as the general Gaussian Elimi-
nation method, since the choice of pivot has been arti�cially restricted. The
argument for this method, however, is that it allows the component based
build-up of the device based on cached physical quantities, which are likely
to be reusable.

6.10 Conclusion

We have derived a piecewise method for the tight-binding Lippmann-Schwinger
one-particle NEGF equations, and shown how it can be used to study internal
currents within the device.

We have shown how the piecewise method can be written down in terms of
three very simple equations. (See appendix for code example). Once these
equations are written down, requesting the required quantity requires little
e�ort, as the recursions handle themselves, so it is possible to just call up
any needed Green function, coupling function or self-energy just by plugging
in the desired indices into each term of the calling function.) The approach
is extremely easy to use in calculations, once implemented.

We have shown how the method can (in a non self-consistent calculation) be
used e�ciently make adjustments to the calculation, and �nd how the device
responds both internally and in the leads.

We have shown that quantities needed to obtain the current between regions
of a device are in fact generated as a property of solving for any aspect of the
device. We have also shown how the intermediate quantities obtained at each
stage of the calculation represent useful physical properties. In particular, the
partial self-energy terms iΣ

{p}
j describe the in�uence a region j on the focus

region i in the `presence of' regions, {p}. The compound (recursive) V terms
indicate the magnitude of the indirect and direct coupling between regions
at energy E. These quantities are important to quantum device designers
who want to understand how di�erent parts of their system interact.
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We note that Gaussian elimination does not scale to higher rank tensors,
which probably limits extensions of this partitioning approach to more com-
plex models.

We test the accuracy and scaling of the method in the next chapter.
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Chapter 7

Implementation and Discussion of

the Piecewise Method

7.1 Possible use cases

7.1.1 Adjusting a complex heterostructure

The designs of FinFET transistors have a complex, 3D structure; in part
to allow the gate to extend into the source drain channel so that the gate
�eld can more e�ectively create an o� state with zero leakage current from
the source to drain. It is clear that design optimisation must have been
necessary to �nd a successful geometrical con�guration that achieves this
goal. Such optimisations doubtless involve many trial and error adjustments
of a basic con�guration. Piecewise-LS is, I believe, an ideal algorithm for
this scenario - I make this claim with reason. Take the case of optimising
the height of the �n. The chemical environment of the tip of the �n is fairly
constant irrespective of the height of the �n; therefore the tip is treated as
one region. The main part of the �n is long, periodic in the vertical direction,
�nite and variable in it's height. The nested NEGF approach to this problem
would consist of creating a component representing the tip of the �n, another
representing a section of the �n. A third component represents a section of
the direct interface between the source and drain.
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7.1.2 Chemical environment of a defect

Another simple example is the case of an extended graphene nanoribbon,
which may contain an extended Stone-Wales defect, and may also be func-
tionalised by some molecule (for simplicity in the discussion let this be H.)

The simulation challenge is to characterise the change in ballistic current
transport through the nanotube as the distribution of defects and H impu-
rities changes. The graphene sheet has a random dispersal of H molecules
over it; and also a random dispersal of SW-defects. Electron microscopy has
revealed the distribution, and while there may be a bias in the H distribution
near SW-defects, this bias is known empirically.

The Piecewise-LS approach to this problem would be to characterise the
local Hamiltonian of the defect (perhaps selfconsistently) in the presence of
all, none and intermediate numbers of H atoms. This library of "defects in
the presence of" di�erent immediate chemical environment can be used as a
basis of components with which to perturb the uniform graphene nanoribbon.
If a con�guration is required which does not exactly match the chemical
environment, Piecewise-LS can be used to adjust an existing Hamiltonian.

7.1.3 Searching for Topological States in Compound Fullerene
Structures

So called `magic angle' states in multilayer graphene[147, 240] are a topic of
current interest for their ability to host highly degenerate conduction states
due to `�at bands' near the Fermi level, which might unlock superconduct-
ing behaviour. The �at bands are due to pockets of charge trapped in the
Moire lattice due to the mutually rotated graphene lattices. It seems likely
that similar arrangements of other pi-stacked fullerenes, particularly multi-
wall nanotubes will yield interesting topological properties. Searching the
con�guration space of possible structures is expensive and might be acceler-
ated by a composed approach; particularly when one is interested not just
in a small number of layers but also in the e�ect of, for example, a regular
superlattice of various types of defect[281].
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7.2 Implementation

I have developed a transport code that implements the Piecewise-LS method.
This was originally implemented in Python 2.7, using the Numpy and Scipy
libraries for linear algebra functions. It is assumed that the system is rep-
resented by a semi-empirical tight-binding model with one orbital per atom.
Numpy and Scipy use �xed precision for �oating point calculations, and have
no built in methods for handling matrix inverses with low condition number,
and this means care is required when handling numerical inverses.[108]. In
order that the accuracy of results be guaranteed to be comparable within
a high precision, I re-implemented the code using a high precision library,
designed for applications such as aeronautical simulation. This library is
JScience[107], and although it runs within the framework of Java Virtual Ma-
chine, it does not use the built in Java numerical types, and is based on (and
written by the same developer as) the Javolution real-time library designed
for safety critical applications.[239, 60, 61] It has been found to give excellent
numerical results while still being reasonably fast. The Piecewise-LS calcula-
tions within the results presented here were obtained using the high-precision
JScience implementation. The caching strategy for the intermediate partial
self-energies and coupling potentials uses a set of hashmaps for each di�erent
matrix quantity, indexed by the focus region plus non-ordered sets of "in the
presence of" regions, since there is equivalence between terms. For transport
studies, calculations must be made over a range of energies. Therefore, it is
necessary to index the cache by energy as well. This is memory intensive,
but is tractable on a Xeon E3-E1220 processor with 32 Gb RAM; and has
not triggered swapping to disk. For larger calculations (using a larger basis
of atomic orbitals and/or �ner energy grid) it would be practical to use a
powerful server with more memory, and possibly also disk-cache quantities
for each given energy point; and reload into memory when recalculating at
that energy value.

7.3 Towards Integration with Plato

To move beyond the SETB scheme employed so far, it will be necessary to
exchange matrices with Plato. The devised scheme for integration of the
user interface with external C code and with Plato is shown in �gure 7.1.
This work is underway (Hamiltonians can be read from Plato but not yet
reintroduced into the self-consistent loop.) It is hoped that time will be found
to continue this work in future.
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Figure 7.1: Long term goal for Piecewise-LS; scheme devised for integration
with Plato
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Part IV

Applications
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Chapter 8

Piecewise-Approach : Device

Engineering of 3D Fullerene

Structures

8.1 Semi-in�nite lead self-energies - Calcula-

tion by Numerical Iteration

Analytical calculations for some semi-in�nite leads with periodic wire struc-
tures, such as carbon nanotubes, have been carried out[263]. However, nu-
merical approaches to calculations are easy to implement, very general and
easy to verify. To calculate the surface Green function of the semi-in�nite
carbon nanotube, we follow the approach of [6], which uses the symmetry of
a semi-in�nite lead, (the translation symmetry if the cut surface is translated
in the in�nite direction by a lattice vector). In other words, this makes use
of the equivalence between a semi-in�nite lead with 1D periodicity along the
direction of the lead, and that same lead with the �nal unit cell removed.
From this symmetry, we can write the following equality for the surface Green
function of the left lead[111]:

gs =
[
EI−AL − τ †gsτ

]−1
,

where gs is the surface Green function of the lead, E the energy, I is the
identity matrix, AL is the tight-binding Hamiltonian matrix describing the
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unit cell of the lead, and τ is the matrix de�ning the coupling between unit
cells along the direction of periodicity (the direction of the lead).

We can rewrite the above equality as an equation for �xed point iteration
that should (hopefully) converge to the correct value for gs. The �xed point
iteration form is:

gi+1
s =

[
EI−AL − τ †gisτ

]−1
,

where i is the iteration step index.

A similar equation can be written and solved for the right lead[111].

Our Python code for a �xed point iteration is shown in Appendix 3. Con-
vergence is generally fast, but slower around energies corresponding to sharp
peaks in the density of states, particularly the Van Hove singularities that
arise in ideal single wall carbon nanotubes.[66]

We note that improvements to the convergence are possible using Newton's
method. [111].

Figure 8.1: Calculating the density for a pure in�nite (9,0) nanotube recon-
structed using the self-energies of semi-in�nite leads obtained by �xed point
iteration and a central unit cell region. This result provides a check for the
correctness of the self-in�nite lead self-energy.
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8.2 Fullerene Decorated and Nanobud Carbon

Nanotubes

Nanobuds which are covalently coupled to the nanotube, or weakly attached
by pi-stacking bonds, can a�ect the conductance of the nanotube. The co-
herent eigenstates of the system are perturbed by the presence of the distant
structure, and this alters the local density of states in the tube and therefore
the current (if only subtly). In this respect, quantum transport is very di�er-
ent from the classical counterpart, for which additional material will simply
provide additive paths for classical current to �ow. Since fullerene systems
are suitable for SETB, this is an ideal candidate system on which to test the
Piecewise-LS approach.

Using the component based elastic transport code we can e�ciently explore
the results of adjusting the design. We can therefore explore by simulation
how movement of a nanobud, for example, is measured in the resulting con-
ductance change of the device, and whether it would be su�cient to enable
detection of nanoscale mechanical response (for example in a MEMS device).

8.2.1 Test System 1

The code and method developed in the thesis is not limited to fullerenes
or carbon structures, but these structures are a good application for the
approach as they can be qualitatively described by tight-binding, and it is
known that important interactions transverse to the direction of the current
can e�ect electronic transport. As a simple example, we present the results
of a model piecewise calculation on a structure which consists of a metallic
(6,0) nanotube, interacting with up to 11 small fullerene structures, attached
within a covalent radius on the outside of the tube. This structure was com-
posed in Samson[220], using Brenner potentials[30] for geometric relaxation.
The tight-binding parameters were generated directly from the geometry of
the structure, using a hopping parameter which was calculated by adjusting
the nearest neighbour tight-binding term by exponential decreasing the value
of the parameter with the distance between the atoms, for all pairs of atoms
beyond the nearest neighbour radius.

We �rst compare the density of states (DOS) for the system calculated as a
whole device, and as 12 regions (the nanotube, plus 11 fullerenes). As can
be seen in �gures 8.3 and �gures 8.4, the results appear identical, and in
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Figure 8.2: (6,0) nanotube decorated with fullerenes

fact coincided to at least 10 signi�cant �gures for all points in the density of
states.

Figure 8.3: Test system Density of States calculated piecewise as 13 parts

We next test the performance of adding additional components to an existing
model. We use the piecewise approach to add complete fullerenes to the bare
nanotube system in small numbers at a time, to see how the system responds.
For comparison, we show the equivalent results for the perfect nanotube.

The result obtained is again identical (to at least 10 s.f.) to that obtained
with the whole system calculation (not shown, as it looks identical). Both
calculations were numerically stabilised by including the lead self-energies.
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Figure 8.4: Test system Density of States calculated on the whole device (for
comparison)

Figure 8.5: DOS with the �rst fullerene

The reference curve was obtained using the piecewise method, partitioning
the nanotube into 6 spatially local chunks, and has the expected and well
known form.

The local density of states in the nanotube in the presence of all the fullerenes
was calculated from the partitioned Green function on the nanotube, see
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Figure 8.6: DOS with the �rst two fullerenes

Figure 8.7: DOS with the �rst �ve fullerenes
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Figure 8.8: Local DOS along the nanotube with all fullerenes, calculated
from the piecewise Green function on the nanotube

�gure 8.8.

Transmissions

We use the piecewise method to calculate transmissions (see �gures 8.9, 8.10,
8.11) for the test system, for di�erent numbers of fullerenes, again with ref-
erence to the result calculated for the bare nanotube. Calculations for larger
numbers of added fullerene decorations use results cached from earlier cal-
culations. There was good agreement to within 10 s.f. with the numerical
results of a whole-system calculation (not shown).

Performance

The local density of states and transmission between leads on the central
nanotube was calculated over 300 energy points in two ways; as a complete
system, and partitioned into 12 components. The system used was a sin-
gle Xeon E3-1220 processor with 32Gb RAM, running Ubuntu Linux. The
average time to calculate these properties for the system considered as 12
pieces was 423 ± 23 ms, compared to 7985 ± 65 ms for the calculation of
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Figure 8.9: Transmission through the nanotube with the �rst fullerene

Figure 8.10: Transmission through the nanotube with the �rst two fullerenes
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Figure 8.11: Transmission through the nanotube with the �rst �ve fullerenes

the same quantities without partitioning. Further investigation is required
to test whether there is some ine�ciency in the approach that JScience uses
for large matrices, because the di�erence in performance is impressive, and
larger than might be expected based on the `Selected Inverse' e�ect (as only
the response in the central nanotube part of the device was calculated). This
might be explained by the fact that the calculation inherently ignores zero
regions of the matrix, whereas any built-in routine for partitioning or invers-
ing of the matrix may not be as e�cient for this particular matrix structure
and sparsity. We note that impressive speed-ups using the piecewise system
were also seen in the Python/Numpy implementation, which was compiled
to use built in Lapack libraries in Ubuntu 18, and so should be representative
of a fairly optimum approach.

As expected, the computational e�ciency advantage when previous calcula-
tions are available, and can be adjusted, has been found to be even better.
New results illustrating this advantage are in the process of preparation, and
performance characteristics under a wider set of scenarios is being investi-
gated further for a future publication.

How does the algorithm scale with system size? The amount of compu-
tational work required to compute self-energies depends on the number of
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regions but also the connectivity between regions, because the recursive cal-
culation truncates whenever there is a zero term in the recursive coupling.
Intermediate quantities (including all partial self-energies) are cached, so it
is not necessary to recompute them. Caching intermediate quantities is vital
to the e�ciency of the piecewise algorithm, and if caching is disabled the
algorithm performs poorly. Recognising that the recursive self-energies are
the result of multiple pivot operations on the set of block matrix simultane-
ous equations, we see that solving a device with N regions requires N pivot
operations in general, each of which may involve an operation on up to N
non-zero matrix terms (but generally fewer due to sparsity). The expense of
each pivot is di�erent as it depends on the size of each region. Since it is
Gaussian elimination, the complexity is O(N3), where N is the number of
regions, in terms of number of matrix operations. The matrix operations are
O(n3) where n is the size of the device regions. Since, on average, n and N
are inversely proportional (if we de�ne more regions, then we expect smaller
regions) it seems reasonable to expect, at worst, overall O(m3) complexity,
where m is the number of orbitals in the whole device, but for most systems
we would expect to do better than that, due to sparsity, and in some cases
due to the additional factors listed below.

To summarise, the bene�t of the piecewise approach in terms of scaling and
computational e�ciency comes from the following factors:

� The algorithm is e�ciently implemented, using caching, so that in the
worst case it does not scale worse that a standard method based on
Gaussian elimination.

� We only computing the quantities that are needed for the region of in-
terest (i.e., we do not complete all steps of the block matrix elimination
to �nd quantities we do not care about).

� The algorithm can make use of sparsity and the intelligent partitioning,
truncating recursion e�ciently when terms will be zero due to lack of
coupling. (The recursive functions simply return as soon as terms that
are involved in a chained matrix product go to zero).

� It provides adjustability of an existing structure, reusing cached inter-
mediate quantities once the region to be changed has been removed.

� Caches are indexed on a non-ordered set of `corrected for' and `in the
presence of' regions, which is helpful if regions are added and then
removed in di�erent orders.
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8.2.2 Application to Search for Topological States

We have begun a calculation to use the composability of the device from
subregions to search for possible novel topological electronics based on `magic
angles' (due to lattice Moiré fringes). The approach is to search various angles
and registrations between multi-layered graphene fragments and nanotubes,
by adjusting the calculation by removing and re-adding the fragment to be
adjusted. As an aside, we mention that we have performed a search of all
tractable 2- and 3-wall carbon nanotubes, and found some candidates with
a natural angle of register between within the range 0.5→5 degrees, which
are interesting candidates for topological behaviour, possibly dressed with
further graphene fragments, but the work to study these structures is still in
progress.

As an example of this work, we used the same tight-binding parameters as in
the previous section to study two fragments of graphene weakly coupled by
pi-stacking bonds to a central metallic (9,0) nanotube, as shown in �gure 8.12.
The inner �ake was rotated over a range of angles, and the response of the
DOS of the central nanotube was studied. The interaction is weak (due to the
geometry, and perhaps an underestimate of the interlayer coupling strength
in the parameters of the TB model), and so far only small (if any) responses
have been detected, see �gure 8.12. However, we mention the approach as it
is a powerful application of the piecewise method, even though we have not
yet `struck gold' with the choice of nanotube decorations. It is likely that a
study of larger systems, possibly with self consistency, is needed to model the
Moiré patterns in twisted multi-layer graphene, and that the smaller �akes
tested here do not exhibit the e�ect. Further work should investigate the
applications of the method to much larger multilayer structures.
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Figure 8.12: Nanotube decorated with two graphene �akes

Figure 8.13: Example of (slight) response in the density of states to a small
rotation (b) of the angle of the inner graphene �ake
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Chapter 9

SETB Landauer Transport -

Example calculations and

applications using Tight-Binding

Transport Theory

This chapter contains example tight-binding transport theory calculations,
for which Piecewise-LS was not used. It is a useful precursor to the Piecewise-
LS work because it was the framework in which we developed the SETB tight
model for transport; and because standard calculations are a reference point
to check the performance of variant approaches.

9.1 Simple chain of atoms

As a �rst example of the power of the tight-binding technique, and the ef-
fect of the coupling constants for parametric probes, we study transmission
through a simple abstract nanowire, consisting of a chain of atoms with the
same potential as the leads and verify that it has the correct form.

Calculations were carried out using Python 2.7/numpy linear algebra library.
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Strong coupling limit - in�nite chain regime

We set the magnitude of the lead self-energy Σ to 1eV to simulate strong
coupling. The calculated transmission (shown in 9.1) approaches in�nite
chain behaviour.

For an in�nite chain, we can solve analytically to �nd we expect a density
of states with a band-width of ±2V and a Van Hove singularities at each of
the outer band edges. These are the dominant features we see here in the
transmission for the strongly coupled chain. There are no sharply resolved
transmission states within the spectrum - the device does not behave like a
resonant cavity.

Figure 9.1: Strong coupling limit: Transmission and Density of States
through a 6 atom chain.

Weak coupling limit - resonant cavity regime

We set the magnitude of the lead self-energy Σ to 0.01eV to capture the
e�ect of weakly coupled leads. The response with weakly coupled contacts,
shown in �gure 5.3 and �gure 9.2, shows sharp resonances, forming a comb of
transmission values. These resonances correspond to the expected Van Hove
singularities in the densities of states of a periodic nanowire. The weakly
coupled contacts cause the nanowire to become a resonant cavity, which has
excited states corresponding to the modes of the full length of the device. The
maximum number of modes is equal to the number of unit cells (here atoms)
in the device; so the 6 atom chain has 6 resonances. Since the bandwidth of
the device is 2v, the energy di�erence between modes is approximately 2v/N ,
where N is the number of atoms in the chain. Therefore, small devices are
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required to create a transmission comb with modes that can be resolved at
room temperature.

The resonances in the `transmission energy comb' increase in separation with
the hopping parameter v. This suggests that weakly coupled nanowires have
the potential to be useful in sensing applications, if the sensor is capable of
performing a sweep of bias voltage and detecting the response in the position
of the conductance quanta. The width of the non-zero range in the density
of states is e+ /−2v.

These results are plausible. There exists experimental evidence that coherent
electronic quantum-wire transport with weak coupling does indeed behave
like a resonant cavity with Fabry Perot echalon behaviour between the two
contacts. White and Todorov showed this behaviour using a nanotube. [275].

Figure 9.2: Weak coupling limit: Transmission and Density of States through
a 6 atom chain.

Discussion of the Single-Chain Nanowire

The results indicate a single nanowire with weak contacts has the potential to
act a useful sensor, as it forms a resonant cavity and the resonance energies
of that cavity will change if the interatomic bond hopping energies can be
varied, either by strain or an applied �eld.

Cumulene Chains

We note that carbon atom chains with a simple form exist physically (cu-
mulene)[170] and are understood to have behave as metals or semiconduc-
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tors.[129]. Although these cumulene chains typically form between larger or-
ganic molecules, we envisage that the terminating molecules on each end of
the could be weakly coupled to conductive graphene or carbon nanotube con-
tacts using π−π stacking to provide the interface. It would in principle also
be possible to connect two chains of di�erent lengths between such surfaces.
So, short cumulene-chain based devices appear to be an intriguing prospect
for sensors of strain and �eld at the nanoscale. We expect to see similar
e�ects with other short nanowires that carry coherent states; and as we have
already stated, there is experimental evidence for resonant cavity conduction
state behaviour in short carbon nanotubes with weak contacts.[140][275]

Coulomb Blockade

To obtain sharp resonances in the transmission spectrum of a chain of atoms
we work with weak contacts, which e�ectively creates tunnel barriers between
the device and the leads. We know that these are exactly the conditions for
Coulomb blockade, in which the occupation of one current state prevents
further occupation. However, although Coulomb blockade is likely, we may
be able to devise schemes to make the concept of a resonant single-electron
transport diode work even in the presence of Coulomb blockade, particularly
if it is possible to detect single electron current, and to clear the blockade
state by discharging the conductor (for example by using an external �eld
and/or changing the coupling of the leads). To improve the physical realism
of the model of the system, it would be useful to use an approach which can
capture Coulomb blockade (at least in approximation), such as the Hubbard-
U model.

9.1.1 2-Arm Electronic Interferometer

Since a single nanowire appears from these simulations to be already capa-
ble of acting as a very sensitive `transmission-energy-comb', we ask whether
two arms will o�er any further advantages. The 2-arm interferometer has
a physical advantage for a situation in which it is necessary to make di�er-
ential (relative) measurements between two di�erent paths travelled by the
nanotubes - namely it has two sections (arms), providing the possibility of a
di�erential response between the local environments of the two arms. This
could be the di�erential strain of the two arms bonded to a �exing surface,
or the relative �eld across one arm relative to another. We also note that
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coherence lengths in these materials can exceed millimetres at room tem-
perature, and therefore we could build a larger coherent interferometer for
relatively large applications; for example sensing the precise position, angle
and �exure of a microscope stage. However, it is not clear whether larger
devices will have a su�ciently discrete or resonant density of states. We have
already seen in the case of the single-atom chain that 1d systems with large
numbers of atoms have �nely resolved modes in the density of states (as we
would expect). Therefore the density of states may be e�ectively continu-
ous except at very low temperatures; this would make it di�cult to design
a sensor which depends on resonant transfer of single electrons over discrete
energetic states.

We suggest the possibility of extending the concept of an optical interfer-
ometer to an electronic device, in the coherent, ballistic, regime. The 2-arm
optical interferometer has many applications, such as modulation and sens-
ing. For example, in an optical coherent receiver, a Mach-Zehnder interfer-
ometer can be used to select a wavelength very precisely by tuning the phase
length of the upper and lower arms to create constructive interference of
the desired frequency at the output. We propose extending this concept to
the electronic domain, by making use of the long phase coherence length for
single-electron states in carbon sp2-bonded materials, such as carbon nan-
otubes or graphene nanoribbons. We suggest that this conformation may be
possible using carbon nanotubes prepared in a double-opposing Y-junction
con�guration.

Carbon nanotube networks in thin �lms are already used as strain sensors,
but these networks are composed of many separate nanotubes which are
overlaid within the �lm. These �lms have a complex response which may
be di�cult to interpret. It is unlikely that phase coherence of the electronic
wavefunction is maintained between di�erent nanotubes across the thin �lm,
so these networks do not behave as interferometers, and cannot provide the
precision of the device we propose.

The aim of creating an electronic interferometer is to create a detector
which has the highest possible sensitivity to a changing environment at the
nanoscale. Our objective is to investigate whether local changes on a small
enough scale to a�ect one arm of the carbon nanotube interferometer to a dif-
ferent degree to the other arm may cause the resonances in the transmission
through the nanotube to shift in a way that can be detected by an electronic
circuit. Depending on how the interferometer arms are embedded in the de-
vice in which they are implemented, it is also possible that an asymmetric
stress, such as a bending force or torsion, could cause one arm of the device
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Figure 9.3: Simple conceptual model of an electron-interferometer sensor
based on a chain of atoms with a single s orbital per atom

to experience a greater strain than the other arm, which could also cause the
asymmetry in the interatomic nearest neighbour potentials.

We test a very simple, conceptual model of the proposed device; an inter-
ferometer made from two chains of atoms connected at each end by a lead,
using the same parameters used for the single chain. We model the e�ect
of the applied asymmetric electric �eld or strain by increasing the value of
the hopping parameter on one arm relative to the other. The values in the
Y-regions and leads are held constant at the same value as the reference arm
throughout.

9.1.2 2-arm Interferometer from Chains of Atoms

Consider an abstract model of a 2-arm interferometer composed of two chains
of atoms, one for the top arm and one for the bottom arm.

For the device to be useful as a di�erential sensor, we need to �nd a di�eren-
tial response which can clearly distinguish that the reaction of the sensor is
due to the di�erence in the perturbation (e.g., strain or external �eld) in one
arm and not just a change in the average. Therefore, we study the response
of the device to a change in the hopping parameter in one arm, and compare
it to a change in both arms.
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Figure 9.4: Transmission spectrum of a 6 atom chain, equal-arm-length, 2-
arm interferometer

9.1.3 Equal Length Arms

We compare the spectrum of an interferometer with 6 atoms in both arms
with the spectrum of the simple chain. We see that some complex interfero-
metric e�ects are clearly at work. The full transmission is complex, and not
just the sum of the `combs' of the two individual arms. Even when the arms
are balanced, we do not see the perfectly ordered transmission comb of the
chain. There are multiple conditions on resonance, including the weak cou-
pling to the leads creating a resonant cavity beyond the length of the arms,
and the di�erent phase lengths of the two arms when the hopping potential is
altered in one arm. This explains the fact that there are fewer resonances in
the interferometer than in the single atom chain: the resonant states of the
whole weakly-coupled cavity now have the additional constraint that they
must be resonant states of both arms, in order for the boundary conditions
to be satis�ed. This has far fewer solutions.

9.1.4 Unequal Length Arms

A device with equal-length, identical arms has a limitation - we cannot see a
di�erential response to the external environment which encodes the direction
of the o�set, because of the device symmetry. We now examine the case of
unequal length arms, which we hypothesize will give a di�erent `response'
when the bias on the two arms is in one direction, as opposed to the other
direction. We note that we model the applied bias by changing the hopping
parameter, which is a very crude approximation, but might represent the
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behaviour that emerges when one arm of the device is either strained or
subject to an external electric �eld.

We have performed a number of calculations on devices with arms of dif-
ferent length, looking for con�gurations that produce the desired di�erential
response. We �nd many such examples of suitable responses, one example
being the interferometer with arm lengths N = 4 and M = 6 (see �gures 9.5
and 9.6) which show the transmission spectrum of this device over a range of
di�erential conditions. There is a clear distinction between the evolution of
�ne structure in each case of common mode change, di�erential change in one
arm, and the reverse of the di�erential change. The double state splitting
feature has the appearance of a lifting of a degeneracy, and is very useful
in providing a recognisable feature which behaves di�erently under di�erent
conditions. We also note that at room temperature, the splitting of the states
observed here, and the di�erence in the midpoints, has a magnitude which
is larger than kT , although only by a small factor.

In some regions we see a degenerate state corresponding to the equilibrium
hopping parameter, v = 2.7, which is considered to be changed when the
di�erent potentials are applied to the arms, and we see this state split. Sig-
ni�cantly for its potential as a sensor, in this structure, which has unequal
length arms, the way in which the degeneracy is lifted depends on which arm
is a�ected by the change in hopping parameter.

It must be emphasized that not all states of the equilibrium 2-arm structure
behave in this way, and it is necessary to search con�gurations and regions
of the energy domain in order to identify such useful features which exhibit
a highly di�erentiated response.

Results for N=50, M=51 Model

We �nd similar results with long 2-arm chains such as the N=50, M=51
case. We also see that the transition to the continuum of states which occurs
with long single chains does not happen in all cases (because of the extra
conditions for constructive interference.)

We see the hoped-for di�erential response, which is distinguishable from the
common mode response in the spectrum of T (E). As the bias is changed
on one arm, the width of the transmission comb corresponding to that arm
alters. The resultant response, however, is more complex than just the `beat
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Figure 9.5: Detail of transmission spectrum for N=4, M=6 2-arm interferom-
eter (part 2). For each plot, the top subplot (red) shows the common mode
`response' (change in transmission spectrum); blue and green show the dif-
ferential and reverse di�erential `responses'. (v being the altered parameter,
and Reference the default hopping parameter)
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Figure 9.6: Detail of transmission spectrum for N=4, M=6 2-arm interfer-
ometer (part 2). For each plot, the top subplot (red) shows the common
mode `response,; blue and green show the di�erential and reverse di�eren-
tial `responses' (change in transmission spectrum). Reference is the default
hopping parameter, and v is the hopping parameter in the di�erential arm
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Figure 9.7: Detail of transmission spectrum for N=50, M=51 2-arm inter-
ferometer; the top subplot (red) shows the common mode `response'; blue
and green show the di�erential and reverse di�erential `responses' (change in
transmission spectrum).
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frequencies' between two combs, because we do not change the bias in the
leads that connect the interferometer to the weakly-coupled interface of the
resonant cavity.

9.1.5 Conclusions on the Two Arm Atom Chain Inter-
ferometer

We have identi�ed devices in which the response is very distinct for the com-
mon mode, di�erential and reverse-bias di�erential regimes. Qualitatitively,
then, the results show that this concept seems promising. It is encouraging
that we see a small number of resonances even for long atom chains, which
would have a very large number of peaks in the equivalent weakly coupled
single chain, that would be very di�cult to resolve. Wide separation of the
features of interest relative to kT makes it more feasible that we will be able
to locate individual peaks. We note that, if it is possible to distinguish fea-
tures during a transmission sweep, then we can take the mean of multiple
measurements, helping to improve the accuracy of locating the centre of the
peak. If the peaks were close together, and unresolvable, this strategy would
be infeasible.

We are cautious about these results, because they are not self-consistent
calculations. The transmission as a function of applied bias will change in
a self consistent calculation, because current carrying states can introduce
a net charge on the device. It would also be necessary to prevent Coulomb
blockade physics would dominating the device behaviour, so that it did not
have the expected response. Increasing the size of the device and the coupling
of the leads would help, but this could also have consequences for the device
response.

9.1.6 Nanotube Interferometer

Although it is encouraging to see �ne structure in the transmission spectrum
for the 50/51 chain interferometer, it is uncertain and thought unlikely that
50 atom long cumulene chains would be stable. Since we would like to build a
di�erential sensor that works over an area larger than a couple of nanometers,
we therefore need to consider a structured nanowire capable of transmitting
coherent states over this distance. We now move to consider a more realistic
implementation, the nanotube interferometer.
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Figure 9.8: Proposed two-arm electron interferometer based on opposing
carbon nanotube Y-junction

Armchair nanotubes are metallic, as the graphene metallic K points are
aligned with the longitudinal bandstructure of the nanotube, which means
that delocalised conduction states exist along the nanotube at the Fermi
level.

The fabrication of such a structure is not impossible; Y-junction nanotubes
and nanotrees have been successfully grown. One method to fabricate the
structure we suggest might be to take two such Y junctions and connect them
together using a method such as ultrasonic nanowelding, which has been
shown experimentally to bond nanotubes to other surfaces,[41] although we
are not aware of nanotube to nanotube trials. We would expect defects at
this bond, so to make a realistic structure we have created a plane within the
proposed test structure (Figure 9.8) that has just such a highly defected bond,
to see if an imperfect device can still function as an electron interferometer.

9.1.7 Method

The Y-junction structure was created in Samson CONNECT software from
metallic (10,10) nanotubes bonded to two equal length (5,5) nanotubes, de-
formed manually, and then relaxed to an equilibrium geometry using the
Brenner interatomic potential method inbuilt in Samson. The existence of
defects creates some asymmetry between the two arms. The transmission
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was then calculated using the same 1 orbital per atom tight-binding model
as used for the carbon chains.

9.1.8 Results

Results are shown in �gure 9.9 There is some di�erential response in the
di�erent regions of the transmission energy spectrum.

9.1.9 Discussion

The emergence of some di�erential behaviour is promising, but it does lack
the clear features we observed in the simple chain 2-arm interferometer. This
is probably because in this case the 2-arms are of the same length, and the
only asymmetry is due to defects in the structure. It will be worthwhile
to investigate the ideal spectrum for a non-defected nanotube double arm
structure with unequal length arms; we believe based on the results of the
atomic chain that this would give a better result.

Although we have built the structure from metallic nanotubes, interferome-
ters made from narrowband semiconducting nanotubes could also have valu-
able features, since the application of su�cient bias voltage will open conduc-
tion states that are not at the Fermi level. (For example, Todorov's Fabry
Perot resonator nanotube was semiconducting.)

9.1.10 Proposed Circuit for the Carbon Nanotube In-
terferometer

We note that applying a �xed bias across the 2-arm electron interferometer
device will not allow us to accurately track the change in the electronic
transmission response of the device, as the change in conductivity will only
be detected at the time one or more of the channels enters and transects the
bias region of energy. In other words, at �xed bias, the peak in the density
of states is likely to be either above, below or completely enclosed by the
potential bias window and we will not be able to detect its position.

However, there is an alternative strategy which allows the device to sense
this variation in the peak of the energy of T (E) in a very e�ective and
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Figure 9.9: Transmission spectrum for the carbon nanotube 2-arm interfer-
ometer for a range of di�erential �eld environments represented by the hop-
ping parameter in each arm (the �rst value in the plot title being the altered
hopping parameter, and second the default hopping parameter). Red indi-
cates common-mode (both arms modi�ed); green is the di�erential response
and blue is the reversed di�erential response.
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Figure 9.10: Proposed circuit for integration and readout of the carbon nan-
otube interferometer

simple manner. This is to use a variable bias, such as a sawtooth waveform
which is on a timed cycle, and a current sensor which shares the same clock.
Therefore, the change in timing of the increase in current as the potential
bias sweeps the resonant peaks in the device will reveal the perturbations in
the density of states and provide a signature of a change in strain.

Given any speci�c interferometer, we speculate that it may be possible to
learn the mechanical conformation corresponding to the unique response in
the T (E) spectrum.

9.1.11 Discussion

We have used empirical tight-binding and the Lippmann-Schwinger and Lan-
dauer approach to transport theory to demonstrate that coherent electronic
interferometers with unequal length arms display a response to a di�eren-
tial change in the hopping parameter in the two arms, which discriminates
between the magnitude and the direction of the bias, according to the av-
erage and separation of the twin transmission-channel pairs in the energy
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domain. We believe this simulation to be an indicative representation of the
response to an applied strain or external �eld. However, charge interaction
e�ects, which are not covered by this non-self-consistent model, may a�ect
this result - especially because the interference e�ect has only been demon-
strated with weakly-coupled leads. We have shown how this response could,
in principle, be integrated into a sensor. Self-consistent simulations including
Hubbard-U interaction to model Coulomb blockade would be a next step to
con�rm the practicality of the idea. Such a device could have applications
as a strain sensor for MEMS technology.
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Chapter 10

Conclusion

Sir John Pendry's paper[190] describes a recursive method for Green func-
tions which is fully 3-dimensional, requiring no limitation on the connection
of the parts of a system. He identi�ed the agility and numerical e�ciency of
this approach to treat complex systems which lack perfect symmetry. How-
ever, the majority of electronic transport codes today, such as Transiesta, use
a 1D construct in which recursive Green functions are applied only in the
transport direction. This makes it signi�cantly more computationally expen-
sive to create and adjust features such as aperiodic defects, o�-axis structures,
and multiterminal systems. While layered `3d slices' are standard practice
in electronic transport codes, the more general method that Pendry wrote
about seems to have been mostly neglected, the paper itself having only four
citations since 2010, none of which are in the context of a presentation of a
fully general implementation. It is possible that the challenge of managing
fully 3d-Green functions may have discouraged implementation, and there
may also be concerns about numerical instability. However, the advantages,
including the ability to e�ciently adjust designs and even to e�ciently search
over a range of parameters to optimise a design feature, means that it is im-
portant to establish the utility of this method in the electronic transport
�eld.

This work has re-derived the fully general method, and implemented it in
modern code, using in memory caching to handle intermediate parts of the
calculation, allowing small regions of the device to be added, removed and
updated, and the resultant change in the electronic properties of the device
computed very e�ciently. This thesis shows how the recursive Green func-
tions for a general system of connected regions in electronic transport theory
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are straightforward to calculate and manage, using the implementation pre-
sented. The work also develops the standard 3d Green function approach by
noting that the calculation of compound Green functions additionally results
in intermediate quantities which are partial self-energies, and which provide
physical insight into the interactions within and via di�erent regions of the
device. The work also applies other methods, such as e�cient methods for
calculating the Green functions of semi-in�nite leads, bringing together mul-
tiple e�cient methods into a single code, and applying this to a set of system
calculations.

Although there are other codes which implement 3d methods, in particular
direct numerical inversion of the whole device Green-function based on pivot-
ing, and other whole system decomposition techniques such as the Knitting
Algorithm and the general Nesting Dissection algorithm, the new technique
has distinct advantages. The form in which it is written is a very simple
recursive expansion, and we show how it may be implemented in just a few
lines of code which then make it easy to access any compound quantity. The
novel physical interpretation of the technique involves terms (partial and
compound self-energies and couplings) that are meaningful physical quanti-
ties. These could be particularly suitable for repeated calculations of similar
types of circuit, for example optimising device performance by making re-
peated minor adjustments in di�erent areas of the system - and, critically,
requiring a metric (here a matrix norm of a compound coupling) which can
be used to decide whether or not to adjust a region after another region has
changed.

The technique has been implemented in a simple parametric tight-binding
code, and since this code can read in Hamiltonians from csv �le, it is also
possible to test it using a Tight-Binding Hamiltonian from the Plato TB
system. The results of the partitioned system were shown to be as accurate as
a whole system calculation; and using the partitioned system it was possible
to e�ciently explore the e�ects of varying the device engineering of some
proposed novel, fullerene-based, quantum transport devices.

Advantages of a Physical Piecewise Decomposition I - Making Use
of Meaning in each of the Recursive Terms

We de�ne the partitions from a physical perspective, so the intermediate
results have a physical meaning which can guide us in design and simulation.
The compound coupling terms tell us the total net coupling between regions
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of the device. We can use these to help understand the device behaviour,
and inform necessary updates to the device simulation. These useful results
are calculated `free', as a side e�ect of computing the local density of states
in a region.

Advantages of a Physical Piecewise Decomposition II - Calculation
of Internal Current Flows

One bene�t of using a piecewise decomposition is that calculating the current
�ows associated with the states becomes easy. The physical piecewise decom-
position allows us to calculate the internal current �ows within the device
across each of the de�ned partitions. We can just call the recursive functions
to recover the response or current across any boundary we have de�ned. It is
true that this could also be done without the recursive method; it would just
be necessary to de�ne one boundary and compute Green functions for the
regions on either side. But this would be slow for all but the smallest devices,
as it would require a fresh calculation of the partitioned Green functions on
each side of the new boundary, and we would not be able to re-use existing
quantities.

Advantages of a Physical Piecewise Decomposition III - Making
use of Symmetries

Where sections of the device have a periodic structure, it may be simulated
as an in�nite medium, and a fair approximation to its behaviour may be
achieved using a low density of points in k-space.

Potential Drawbacks of a Physical Piecewise Decomposition

Implementation of the method has shown that a physical region based decom-
position of the device has all of the advantages above, but may su�er from
numerical instability compared to a whole system calculation. This can be
managed reasonably well by using the standard theory of the condition num-
ber of a matrix inverse; for example by using a high precision maths library
which expands the �oating point precision to ensure a threshold condition
number is reached. The decision of whether to implement the component
based method depends on whether a slight loss of numerical accuracy in
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�oating point calculations, or e�ciency if a high precision library is used, is
compensated by the natural e�ciency in the number and size of the matrix
operations required, and the enhanced adjustability of the calculation.
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Appendix A

Implementation of the Piecewise

Tight-Binding-Landauer-

Transport

Method

The following code snippet written in Python 2.7 illustrates how the method
for obtaining the recursive Green functions and self-energies may be written
very concisely and simply. The version of the shown below written in Python
2.7 using numpy and scipy libraries. However, the linalg modules of these
libraries have limited precision (64 bit), which can be a problem if the matrix
is not well conditioned.

Libraries that o�er higher precision (mpmath in python, or org.jscience in
Java, for example) may be preferred to provide better solution stability and
precision. The results presented in this thesis were generated with a version of
the code written using org.jscience numerical library, which has the advantage
of self-monitoring the condition number during matrix operations, and will
generate an error if it is not able. Despite the additional precision used by this
library, the partitioned method was typically an order of magnitude faster
than the equivalent whole system calculation; and even faster for adjustments
of a pre-calculated system.

The functions de�ned in the code snippets below allow immediate preparation
of the quantities GT

i and Xl
i which are required in order to calculate the

response in region i to an incoming state in lead l; and hence to e�ciently
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calculate the current from that region into a neighbouring region or into
any lead that bonds to it. Note that the functions call eachother; I have
broken the code up for readability but they should be together in one class
or module.

A.0.1 Piecewise LS - Minimal Implementation

A minimal implementation of Piecewise-LS can be written using the following
data structures and functions:

The functions de�ned below can then be called to provide the `DressedG'
dressed Green functions and complete and recursive partial self-energy terms.
Complete self-energies are provided by `getSigma'; and provide the self-
energy on the focus region of all regions listed in the `correctFor' list passed
to the function.

Data Structures (Look Up Tables)

To use the code snippets below, it is necessary to prepare a datastructure
(such as a Python Dictionary or Java Map) which holds all of the device-
region Hamiltonians and the region coupling Hamiltonian inter-potential `V'
matrices. The following data structures are look-up tables (hash-maps) to
hold calculated �nal and intermediate values. This speeds up both single pass
calculations and adjustments to the circuits. The values can be persisted to
database if there is a requirement for long term re-use of the calculations.

The partitioned device Hamiltonian: DirectV submatrices with coupling
terms between two regions i,j (in other words focus, coupledTo) HMap sub-
natrices corresponding to regions of the device.

Compound quantities:

PiMap Holds the compound coupling terms

SigmaMap Holds all generated total self-energies (for di�erent combinations
of regions)

GMap Holds all generated Green functions (for di�erent combinations of
regions)
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VMap Holds all generated compound coupling potentials (for di�erent com-
binations of regions)

All cached hashmaps should be indexed on a compound quantity consisting
of component-id and the indices of the other components which this is in the
presence-of, corrected-for, coupled-to (as appropriate to the quantity.) The
lists (presence-of) and (corrected-for) can also be added. Where adjustments
will be made to the system, we add a version number to each region, and add
a call to the region version when writing the string that de�nes the index to
the cached quantity.

Suggested stategy for indexing and caching in a self-consistent im-
plementation

Planning for a self-consistent implementation, each cached value should also
contain a revision number and further information such as the values of the
external potential in which the element was calculated.

Structure of a class or struct which can be held within the datastructure de-
scribing the metastructure of each region, and cand be written to a compound
string which creates the index for caching.

Component Metadata

String id;
String version; Version update whenever the region Hamiltonian is changed
ComponentGrid imposedPotential; Useful to store the reference imposed po-
tential that was used to calculate the current region Hamiltonian (for self
consistent calculations)

Structure of general indexing class for calculations:

Metadata to Store with the Cached Quantities In the adjustable ver-
sion of the implementation, the ids written into the index should be expanded
to include the version number Class Name: CalculationIndex

ComponentId focus; ComponentId coupledTo; Set or Sorted List inPres-
enceOf; Set or Sorted List correctedFor;
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A.1 Code Snippets

Green functions of the regions (bare and dressed.)

1 def getDressedG(self, focus, ref_correct_for=[]):

2 ' Implementation note: example caching strategy

3 try:

4 fullG=self.G_Lookup[(str(focus)+"_"+\

5 str(sorted(ref_correct_for))]

6 return fullG;

7 except KeyError:

8 pass

9

10 correct_for = copy.deepcopy(ref_correct_for)

11 ham=self.inp_H_Lookup[focus]

12 ham_N=ham.shape[0]

13

14 E_I=self.E * np.identity(ham_N,np.complex128)

15 kern=E_I-ham

16 fullSigma = self.getSigma(focus, correct_for);

17 kern-=fullSigma

18 fullG=sp.linalg.inv(kern)

19

20 self.G_Lookup[str(focus) +"_"+\

21 str(sorted(ref_correct_for))]= fullG

22 self.lastkern=kern

23 return fullG;

24

25

26 def getBareG(self, focus):

27 bareG=0

28 ham=self.system.regions(focus)

29 ' Check whether this region has any lead attached;

30 ' if so need to include them as self-energies in

31 ' the 'bare' G

32 ' i.e as we define it here it is not completely bare,

33 ' but bare in the sense there are no device regions coupled yet

34 lead=self.system.leads(focus)

35 E_I=self.E * np.identity(ham_N,np.complex128)

36 kern=E_I-ham
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37

38 if not lead is None:

39 lead_coupling=lead.coupling

40 lead_ham=lead.ham(self.E)

41 lead_self_energy_on_focus = self.sigma(G=lead_ham,

v=lead_coupling)↪→

42 kern-=lead_self_energy_on_focus

43

44 bareG=sp.linalg.inv(kern)

45 # useful to at least check the conditioning number here.

46 print(np.linalg.cond(kern))

47 return bareG

Recursive self-energies, with or without 'presence of' re-
gion terms

1 def getSigma(self, focus, correct_for=[]):

2 ' Calculates the self-energy due to all the regions, first

correcting↪→

3 ' for the first region, then

4 ' for the second in the presence of the first, etc

5 ' not actually a recursive function but calls one

6 try:

7 sigma=self.Sigma_Lookup[(str(focus) +"_"+

str(sorted(correct_for)))]↪→

8 return sigma

9 except KeyError:

10 pass

11

12 # Set up register of regions which are already present and

13 # accounted for in the compound quantity

14 presence_of = []

15

16 # Now call a recursive function to calculate all the terms

17 sigma = self.getSigmaRec(focus, presence_of, correct_for)

18 self.Sigma_Lookup[str(focus) +"_"+ str(sorted(correct_for))]=

sigma↪→

19 return sigma

20
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21

22 def getSigmaRec(self, focus, presence_of=[], correct_for=[]):

23

24 # A recursive function

25 # Strategy: calculate the term for the first item in the

correctFor↪→

26 # starts off with presenceOf an empty list

27

28 thisTerm=0

29 correct = correct_for.pop(0)

30

31 if len(presence_of) == 0:

32 v1 = self.getVDirect(focus, correct)

33 v2 = self.getVDirect(correct, focus)

34 thisTerm = self.vGw(v1,self.getBareG(correct),v2)

35 else:

36 thisTerm = self.vGw(self.getPi(focus,correct, presence_of),

self.getDressedG(correct, presence_of), self.getPi(correct,

focus, presence_of));

↪→

↪→

37

38 # recursively add on the next term in the series

39 # nb the quantities in the cache are often referenced

40 if len(correct_for) == 0:

41 # nothing more to correct for

42 return thisTerm

43 else:

44

45 presence_of.append(correct)

46 return thisTerm + self.getSigmaRec(focus, presence_of,

correct_for)↪→

47

48 # Utility matrix multiplication functions

49 def sigma(self, v, G):

50 vGv_T= v.dot(G).dot(v.H)

51 return vGv_T

52

53 def vGw(self,v,G,w):

54 vGw=v.dot(G).dot(w)

55 return vGw
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Coupling functions, direct, corrected for other regions,
and adding new corrections in the presence of other re-
gions.

1 def getVDirect(self,from_i, to_j):

2 V=self.inp_V_Lookup[(str(from_i)+"_"+str(to_j))]

3 return V

4

5 def getV(self, from_i, to_j, correct=0, presence_of=[]):

6 # Implementation note - Add code to check cache here

7 V=self.getPi(from_i,correct,presence_of)

8 .dot(self.getDressedG(correct,presence_of)

9 .dot(self.getPi(correct,to_j,presence_of)))

10 #TODO cache in dict

11 return V

12

13 def getPi(self,i,j,ref_correct_for=[]):

14 # Implementation note - Add code to check cache here

15 correct_for=copy.deepcopy(ref_correct_for)

16 presence_of=[]

17

18 PI=self.getVDirect(i,j)

19 while len(correct_for)>0:

20 correct=correct_for.pop(0)#correct_for[0]

21 PI+=self.getV(i,j,correct,presence_of)

22 presence_of.append(correct)

23 # Implementation note - add code to cache value in dict

24 return PI
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Appendix B

Some ideas for future work

implementing this method in a

self-consistent Tight-Binding code

B.1 Divisible Networks - Possibilities for par-

allelisation

Figure B.1: AΣB,C,D,E,F =A ΣB,C +AΣE,F +AΣB,C,E,F
D is true when compo-

nents B and C have no direct coupling with components E and F. Results
for di�erent arms and areas of the network can be calculated in parallel,
although there will always be a �nal step to bring these results together

Many strategies for shared memory parallelisation are possible. The many
matrix multiplications in the algorithm can themselves be directly paral-
lelised on a multicore, shared memory processor for example by implement-
ing OpenMP. Strategies for non-shared memory parallelisation that uses the
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physical separateness of di�erent regions is also feasible. The suggested ap-
proach would be to divide the circuit into clusters of closely linked compo-
nents which can be distributed to the processors; with a �nal reduce step to
integrate the clusters.

B.2 Self Consistency

There are cases where much can be learnt from non-self consistent calcu-
lations. For example, in the case of carbon nanotube ballistic networks
at low bias (and with no additional barriers/wells creating charge local-
ization/anisotropy), the neutral, isotropic mean charge distribution remains
a good approximation. Even in systems where some parts of the network
cannot be modelled without a self consistent procedure for the charge den-
sity/potential, judgement may allow some sections (for example a parallel
nanotube used as a gate) to be treated as charge neutral.

Gauss Law of Electrostatics in Vacuum

div
−→
E =

ρ

ϵ0

In material with electric displacement �eld D given by D = ϵ0E+P

div
−→
D = ρ

Self consistency becomes important whereever charge polarisation occurs
within the material (i.e. the material has some relative permittivity) or
when the whole component has a net charge (which could happen because
it is in contact with a material with a di�erent work function, for exam-
ple, or a lead at a potential above the material's Fermi level.) Components
which contain an interface (such as a p-n junction) will have a di�erent spa-
tial charge distribution when the external potential changes. In this case,
the initial Hamiltonian built from parameters appropriate to the material
at equilibrium and in the absence of an applied electric �eld should be just
a starting point which provides a Hamiltonian to the non equilibrium sys-
tem. The system self consistent solution is achieved by regenerating the
Hartree potential Poisson's equation using the new density matrix. Conver-
gent techniques to solve Poisson's equation are well known in this �eld, and
are commonly implemented in closed boundary systems such as Plato.[236]
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However, where a fully self consistent calculation is required for the entire
network, it will be necessary to iterate between sections. The partitioned
nature of the system brings about several extra technical considerations in
computing self consistency.

B.2.1 Self Consistency technicality 1 - external �elds
due to other components and leads

The local electron charge density in the device (obtained directly from the di-
agonal of the local density matrix) can be used straightforwardly to calculate
the contribution to the total electrical potential function over space V (r) due
to the charge density on the component. In a simple, empirical tight-binding
model the correction due to the potential can be calculated using Coulomb's
law, but for a sophisticated implementation with non spherically symmetric
orbitals functions at each atom site it will be necessary to solve Poisson's
equation with the charge density distributed on each orbital function. This
is a well known problem, but treating the contribution due to the local charge
density alone is no longer enough in the partitioned Piecewise-LS approach,
as it will neglect the contribution from neighbouring regions, which are not
described by the Lippmann-Schwinger self-energies that are used in nested
NEGF. If there is an external potential due to the leads (because they have
net charge or charge polarisation) this must also be included.

For this region it will be necessary to maintain a discretised grid of the total
electric potential over the full system, and to update the values on this grid
every time the charge distribution on any component is changed. Since one
of the key themes of Piecewise-LS is adjustability of the circuit, it is also
preferred to store the contribution of each component to the potential at
each point, which prevents having to recalculate it in order to subtract it if
the component is removed. Therefore a lookup table (map) should again be
used, indexed by grid coordinate AND component index. This does increase
data storage, but that is the Piecewise-LS approach, preferring to increase
storage rather than increase the amount of calculation, maximising speed of
the process at the expense of the footprint of associated data.
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B.2.2 Self Consistency technicality 2 - double iteration
loop

Solving the Poisson equation for the local density matrix will yield the lo-
cal electrical potential due to the charge density on the component; but it
will neglect the external potentials from neighbouring regions, which are not
described by the non-self consistent self-energies. If there is an external po-
tential due to the leads it will also neglect this.

For this region it will be necessary to maintain a discretised grid of the total
electric potential over the full system, and to update the values on this grid.

The individual systems over which Poisson's equation must be solved at
the atomistic level will be much smaller than the entire system; however a
disadvantage is that this self consistent calculation will have to be repeated
more than once; within an outer loop in which the self consistency between
sections is also converged.

It remains to be seen how well this will converge for a quantum system.
The obvious concern is that the solution might not be stable, or converge
quickly, as a charge imbalance in one region will propagate through to the
other regions; and careful strategies may be needed to prevent this.

The diagram below describes a devised scheme for interfacing Piecewise-LS
with Plato's ab initio Hamiltonian generator and Poisson solver.

B.2.3 Self Consistency technicality 3 - managing the
calculation

A clear strategy will be needed to manage the calculation, in particular know-
ing which parts of the system are currently "self consistent" - in that their
local Hamiltonians are self consistent - with the full charge density solution
to the circuit.

Clearly managing this process will involve storing some metadata for each
component. Within the circuit, each component must have a revision num-
ber. The revision number of a component must be altered whenever the
component is either recalculated (new self consistent Hamiltonian), struc-
turally adjusted or physically moved. Each component must store in its
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metadata a list of the other components (with their revision number) that
it has been calculated in the presence of. This provides a straightforward
way to manage the self consistency process. In addition, it will be helpful
to store the local values of the external potential at the time the calculation
was made, for purpose of comparison with the up to date external potential.

In summary each component should store as metadata:

� A unique component identi�er and revision number=

� Geometrical structure and a de�ned point of origin.

� A set of all other components (and leads) that this component has
been calculated "in the presence of", with revision number of each
component.

� The discretised grid of the external potential values that were used to
calculate the component Hamiltonian.

The technical issues outlined above may appear to make the implementation
of Piecewise-LS seem formidable, unhelpful and not bene�cial. I will continue
to outline the reasons why, despite the extra work in handling metadata,
Piecewise-LS has strengths to o�er in this scenario.

B.2.4 Self Consistent Component Library

The self-consistent Lippmann-Schwinger partial self-energies have a limita-
tion; there may a discrepancy between the regions which are accounted for
in terms of ballistic current �ow, and the external potential corresponding to
the Hamiltonian from which they are made. In general the algorithm requires
that the components are placed one by one, using forms which only refer to
the components that are already present. However these values should be
adjusted to be consistent with the full system electric potential.

Finding a good starting point potential from a library of previously calculated
components by using Principal Components Analysis.
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B.2.5 Possible Applications of Piecewise-LS in a Self
Consistent Simulator

If one part of a circuit changes, in general the current �ow and hence the
charge distribution will change everywhere. Given that a key strength of
Piecewise-LS is the ability to adjust just part of the circuit at one time, is
the algorithm invalidated for a self consistent system? For some systems and
choices of partioning of components Piecewise-LS clearly will not work well.
However if the system is partitioned intelligently (i.e. de�nition of compo-
nents includes highly symmetric and uniform regions) it will often be the
case that the net external �eld and current in another part of the system
will not be changed signi�cantly by a small adjustment in one component.
In fact, partitioning the system may o�er advantages for self consistent cal-
culations because it is possible, for example, to spend many iterations in
di�cult parts of the system, while treating more simple, uniform parts of the
system in fewer and coarser steps. The external potentials from all the other
components and leads are superposed to generate the external potential on
the component.

Two statements must be made if a remote component in a quantum circuit
is to remain valid after the local component is adjusted/added/removed.

� The external �eld on the remote component is not changed signi�cantly
by the local change

� The external charge density on the remote component is not changed
signi�cantly by the local change. This is the charge density due to
direct "�ow" onto the remote component due to any change in the
indirect coupling to the leads due to the local change.

I envisage a user interface which shows the user all components, and provides
an indication of the level of self consistency (for example the region could
glow red if the current external �eld on the region is very di�erent to the one
stored with the calculation of that component. This comparison is a very
cheap calculation; as simple as a sum of di�erences of the potential value over
the points of the grid). The region j could also be highlighted as "suspect"
if component i with a high V ALL

ij magnitude (norm) of a coupling matrix
to j is changed by a large amount. The user could click on a component
to force a self consistent recalculation of that component. This allows the
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user to use insight and intuition, as well as being guided by the available
indicators which can be cheaply calculated. Clicking a component will cause
the following sequence of events:

1. Recomputation of the non self consistent local density matrix (which
involves using Piecewise-LS to adjust the self-energies of any remote
components which have changed since the last time this component
was updated self consistently.) - this is a relatively cheap calculation.

2. Recomputation of the local bare Hamiltonian, using the current map
of external potential from neighbouring regions plus the device po-
tential due to the nuclei (core ions) and the electrons (Hartree like
potential plus any exchange-correlation corrections and self interaction
corrections being used in the model). Following recomputation of the
component Hamiltonian,

3. Computation of the self consistent local density matrix using the new
Hamiltonian and the current values for the external potential

A further point is that a variant of the Piecewise-LS algorithm could be ap-
plied to closed boundary systems, in which case the charge redistribution
over the system may in many cases be less signi�cant when one component
changes, since there is no coupling to external charge reservoirs. However,
the algorithm is much less interesting for closed boundary systems at equi-
librium, as the complexity of current �ow from region to region does not
occur. There are also very few cases where a complex heterostructure on the
nanoscale is built, where it is not then used to route and transform signalling
particles whether electronic or photonic. However it could have some uses
if a mosaic of materials with di�erent properties and work functions were
considered. In this case the likelihood that remote components do not need
to be recalculated after one component is changed is even higher; and can be
evaluated by comparing the change in the total external �eld on the remote
component.

B.3 Increasing Calculation E�ciency - Regions

of Periodic Bulk Crystal

One advantage of dividing the device into regions is that we can isolate areas
of high symmetry and solve for the region Hamiltonian and Green function
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using Bloch states over a relatively small number of k-points. In a transport
simulation we must be careful that areas of periodic crystal are not subject
to an external �eld which is symmetry breaking. For metallic or conducting
areas of the device, a self consistent solution should cancel out any external
�eld - but in some cases this may be at the expense of a redistribution of
charge. We believe that these redistributions of charge will primarily occur at
areas of discontinuity such as barriers and surfaces, so that periodic boundary
condition simulations should still be feasible in the bulk of the device.

B.3.1 E�cient methods for long periodic sections, Semi-
in�nite leads

The Piecewise-LS approach can be combined with e�cient methods to com-
pute very large periodic regions in 1d, 2d or 3d, by computing the in�nite
periodic solution in k-space, then projecting back to real space and correcting
with a truncating term.[259] After calculating the full, in�nite Hamiltonian
or Green function, all required real space elements (which may only be the
components next to the interface) are obtained by projection back to real
space, using the equations shown below.) This is exact and �nite; and has
the advantage that the thickness of the layer removed to create the truncated
surface is can be of any de�ned length; so it can be greater than one unit
cell if this is necessary because if the interaction length of non zero matrix
elements is greater than the unit cell length.

Use the Bloch rule for solution of periodic system in terms of boundary
conditions.

Hij =
∑
{R}

⟨
ϕj(r−R− sj)

⏐⏐⏐Ĥ⏐⏐⏐ϕi(r− si)⟩ eik.(R+sj−si)

Projection of Hamiltonian from k-space to real space

A Bloch Hamiltonian can be projected back to real space form as follows:

⟨i′0| Ĝ |iR⟩ = V

(2π)3

∫
BZ

G̃i′i(k)e
−ikRdk = ⟨i′R′| Ĝ |i(R +R′)⟩

The Hamiltonian must be self similar in each unit cell of a periodic system
expressed in real space.
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Projection of LS-Green function from k-space to real space

⟨i′0| Ĝ |iR⟩ = V

(2π)3

∫
BZ

G̃i′i(k)e
−ikRdk = ⟨i′R′| Ĝ |i(R +R′)⟩

The LS-Green function is also self similar in each unit cell of a periodic system
expressed in real space.
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Appendix C

Useful utilities

C.1 Surface Green function of a Semi In�nite

Lead - Python 2.7 Code

1 @author: cathy

2

3 import numpy as np

4 import SystemCalculatorOK2_recon as SC_re

5 import bbs_lib as bbs

6 import pickle

7 import matplotlib.pyplot as plt

8 import time

9

10 # Calculate the semi infinite GF by recursion

11

12 # Follow the method of Applebaum (2004)

13

14 # Need the unit cell hamiltonian h and the coupling matrix tau

15 eps=0.0000002j

16

17 maxtime= 10 #minutes

18

19

20 # Iterative Approach for Surface Green Function of Semi-Infinte

Lead for Non-orthogonal Basis Set↪→
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21 def get_sig(E, tau,stau, tau_adj,stau_adj, converge=0.0000001,

converge_times=[], eps=eps, h=None, s=None):↪→

22 E_pluseps=(E+eps)*s;#*np.identity(h.shape[0])

23 # iterative part

24 diff_norm=10

25 gs_prev=np.identity(h.shape[0])

26 steps_converge=0

27 while (diff_norm > converge) and

(steps_converge<1000000):↪→

28 gs_new=np.linalg.inv(E_pluseps-h-

(np.matmul(np.matmul(tau_adj-(E*stau_adj),

gs_prev), tau-(E*stau))))

↪→

↪→

29 diff=gs_new-gs_prev

30

31 diff_norm=np.linalg.norm(diff)

32 gs_prev=gs_prev+(0.5*diff)#-(0.01*np.matmul(diff,diff))

33 steps_converge+=1

34

35 converge_times.append(steps_converge)

36 return np.matmul(np.matmul(tau_adj-(E*stau_adj),

gs_prev), tau-(E*stau))↪→

37

38

39 # Reading the hamiltonian from Plato

40 sys_re.whole_ham=bbs.get_cham2(filename_in=

"/home/cathy/Plato/bin/CNTdata_"+struct_id+".xyz")↪→

41 unit_cell_atoms=int(sys_re.whole_ham.shape[0]/2)

42 chunks=[unit_cell_atoms, 2*unit_cell_atoms] #[20,40]

43 sys_re.setSystemPart(sys_re.whole_ham,chunks)

44

45

46 h_c=sys_re.inp_H_Lookup[0]

47

48 tau_l=sys_re.inp_V_Lookup["0_1"]

49 tau_l_adj=sys_re.inp_V_Lookup["1_0"]

50

51 tau_r=sys_re.inp_V_Lookup["1_0"]

52 tau_r_adj=sys_re.inp_V_Lookup["0_1"]

53

54 for E in E_range:
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55 sig_l=get_sig(E,tau_l,tau_l_adj,converge=0.000001,

converge_times=steps_l_conv,h=h_c)↪→

56 g=simple_ret_gf(h_c, E, sig_l+sig_r)

57 #dos_E=-np.trace(g.imag)

58 dos_E=1j*np.trace(g-g.conjugate().T)

59

60 sig_l_vals.append(sig_l)

61

62 #example of saving the surface self-energy for use in

transport calculations↪→

63 pickle.dump(sig_l_vals,

open("./experiments/sig_l_vals"+struct_id+"_"+job_id+".pkl",

"wb"))

↪→

↪→
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