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Abstract

Modelling geothermal reservoirs is challenging due to the large domain
and wide range of length- and time-scales of interest. Attempting to repre-
sent all scales using a fixed computational mesh can be very computationally
expensive. Application of dynamic mesh optimisation in other fields of com-
putational fluid dynamics has revolutionised the accuracy and cost of numer-
ical simulations. Here we present a new approach for modelling geothermal
reservoirs based on unstructured meshes with dynamic mesh optimisation.
The resolution of the mesh varies during a simulation, to minimize an er-
ror metric for solution fields of interest such as temperature and pressure.
Efficient application of dynamic mesh optimisation in complex subsurface
reservoirs requires a new approach to represent geologic heterogeneity and
we use parametric spline surfaces to represent key geological features such as
faults and lithology boundaries. The resulting 3D surface-based models are
mesh free; a mesh is created only when required for numerical computations.
Dynamic mesh optimisation preserves the surfaces and hence geologic het-
erogeneity. The governing equations are discretised using a double control
volume finite element method that ensures heat and mass are conserved and
provides robust solutions on distorted meshes. We apply the new method
to a series of test cases that model sedimentary geothermal reservoirs. We
demonstrate that dynamic mesh optimisation yields significant performance
gains, reducing run times by up to 8 times whilst capturing flow and heat
transport with the same accuracy as fixed meshes.
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1. Introduction

Numerical modelling is an essential tool for the development of geother-
mal reservoirs. Modelling of these complex and data-poor environments is
important to gain insight into reservoir processes as well as predict the re-
sponse of the reservoir to production. Numerical modelling can be used to
optimise well number, placement and geometry for maximum heat recovery,
predict thermal breakthrough, and study the interaction of production with
background hydraulic flow. Modelling the response to production is essential
to assess the lifetime of a given reservoir and identify the best management
strategy (Arthur et al., 2010; Blöcher et al., 2010; Herbert et al., 2013; Dussel
et al., 2016; Willems and Nick, 2019).

Current approaches to geothermal reservoir simulation can be broadly
separated into two categories based on the approach used to discretize space:
those that use k-orthogonal structured grids or unstructured meshes, and
those that use non k-orthogonal unstructured meshes. In the former, the gov-
erning equations are typically discretised using the finite difference method
(FDM) or finite volume method (FVM); k-orthogonal grids are required to
accurately calculate fluxes between grid elements using the two-point flux
approximation (Eskilson and Claesson, 1988; Pruess, 1990; Eskilson and
Claesson, 1988; Sliwa and Gonet, 2005; Diersch et al., 2011a,b; Nabi and
Al-Khoury, 2012). Simulators which use the FDM/FVM include TOUGH2
(Pruess et al., 1999), ECLIPSE (Schlumberger, 2018), STARS (CMG, 2019)
and TETRAD (ThinkGeoEnergy, 2019).

The use of k-orthogonal grids (typically Cartesian) or close to k-orthogonal
grids (typically pillar grids, in which pillars extend from the top to the base
of the model domain) often requires excessively high resolution to accurately
capture geological heterogeneity (Wu and Parashkevov, 2009; Jackson et al.,
2015). Features such as dipping faults, meandering channels or pinched-out
layers introduce unrealistic stair-stepping effects and associated numerical
artefacts in numerical solutions. The use of pillar grids also restricts flexibil-
ity of model resolution, because all layers in the model must have the same
areal grid resolution. This can be very computationally expensive when try-
ing to resolve a large range of length-scales within a large model domain,
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as is often the case when modelling geothermal reservoirs (O’Sullivan et al.,
2001; Cho et al., 2015).

The use of non k-orthogonal meshes can therefore be beneficial, as it al-
lows more accurate representation of geologic heterogeneity with fewer mesh
elements (Geiger et al., 2004; Paluszny et al., 2007; Jackson et al., 2015;
Zehner et al., 2015). Such meshes have been extensively used to model cou-
pled geothermal processes in fractured porous media (Weis et al., 2012, 2014;
Scott et al., 2015, 2016; Yapparova et al., 2014; Nissen et al., 2018; Patterson
et al., 2018; Patterson and Driesner, 2019; Berre et al., 2019, 2020; Keile-
gavlen et al., 2020, 2021). The Finite Element Method (FEM) is typically
used to accurately calculate fluxes across the elements. Simulators based on
this approach include FEFLOW (FEFLOW, 2019), PANDAS (Xing et al.,
2019) CSMP (Nick and Matthai, 2011), FEHM (Zyvoloski et al., 1997) and
OpenGeoSys (Kolditz et al., 2012). However, use of the FEM can also in-
volve numerical challenges: solutions are typically more expensive per ele-
ment than FDM/FVM and poor quality meshes can lead to convergence fail-
ures or non-physical solutions. This latter issue can be a significant problem
when modelling geothermal reservoirs containing high-aspect ratio geological
layers.

Geothermal reservoirs host a range of thermal-hydrological-geomechanical-
chemical (THMC) processes and numerical simulators must solve a system of
highly-coupled, non-linear partial differential equations which is very compu-
tationally expensive. To reduce cost, small domains can be modelled or rock
properties can be upscaled to a coarser mesh. However, these approaches
can both introduce new problems. Large domains may be necessary to avoid
boundary effects and to include the whole convective system hosting a par-
ticular reservoir, while upscaling can result in a loss of geological fidelity
(Cho et al., 2015; Burnell et al., 2015; O’Sullivan et al., 2001; Renard and
De Marsily, 1997).

In other areas of computational fluid dynamics, high fidelity solutions
have been obtained at lower computational cost by use of dynamic mesh
optimisation (DMO), in which the resolution and geometry of the mesh varies
during a simulation to minimize an error metric for one or more solution fields
of interest such as pressure or velocity (Alauzet and Loseille, 2016; Xie et al.,
2016; Hu et al., 2018). DMO varies the mesh resolution such that higher
resolution is used in parts of the domain where the solution is complex, and
lower resolution is used elsewhere. However, DMO has not been applied in
geothermal reservoir simulation, and it is not trivial to adapt existing DMO
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methods because of the need to maintain a description of the underyling
geologic heterogeneity. This heterogeneity causes spatial variability in rock
properties such as permeability and porosity which can have a significant
impact on flow.

Modelling the spatial variability of rock properties on a fine mesh can
allow geologic heterogeneity to be properly captured, but is computationally
expensive on a fixed mesh and does not allow efficient application of DMO
because, each time the simulation mesh changes, the rock properties must be
up-, cross- or down-scaled onto the new mesh. This scaling is trivial for vol-
umetric properties such as porosity, but non-trivial for the tensor properties
of fluid permeability and thermal conductivity, for which no straightforward
scaling methods are available (Renard and De Marsily, 1997; Rühaak et al.,
2015).

Here, instead of the classical grid-based approach to geological reservoir
modelling, a surface-based approach is used (Pyrcz et al., 2005; Caumon
et al., 2009; Jackson et al., 2015; Melnikova et al., 2016; Jacquemyn et al.,
2019). In surface-based geologic modelling (SBGM), all geological hetero-
geneities of interest are represented by surfaces: these surfaces may capture
faults, stratigraphic surfaces, boundaries between different facies or litholo-
gies, boundaries between different diagenetic regions, and any other geologic
controls on the spatial distribution of petrophysical properties. The surfaces
define rock volumes which we term ‘geologic domains’; these domains have
constant petrophysical properties, or simple, mathematically defined trends
such as upwards or downwards increases in permeability (reflecting, for exam-
ple, upwards or downwards coarsening of grain size). In this sense, surface-
based modelling is analogous to grid-based modelling: any discretization
requires properties to be homogeneous at some scale. Here, we identify the
domains based on geology, rather than using an arbitrary mesh. It has been
shown that capturing correlated variability using such geologically-defined
domains is key for capturing flow (Osman et al., 2020).

The aim of this paper is to demonstrate and test, for the first time, the
use of dynamic mesh optimisation in geothermal reservoir simulation, using
surface-based modelling to capture geologic heterogeneity and the Double-
Control-Volume-Finite-Element-Method (DCVFEM; (Salinas et al., 2017a)
to solve the equations governing heat flow on the unstructured, dynamically
adapting mesh. The combination of surface-based geologic modelling and
DMO allows the unstructured mesh to adapt over time to solution fields
of interest such as pressure and temperature (e.g. Fig. 1). Numerical sim-
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ulations capturing heterogeneity and flow over many length-scales can be
performed at lower computational cost and without the need for the user to
manually adjust the mesh resolution.

Figure 1: Snapshots of a 3D numerical experiment using DMO to model viscous fingering
in an unstable immiscible displacement. (a), (b) and (c) show fluid phase saturation and
the corresponding mesh at three different timesteps. DMO provides high mesh resolution
where it is required to capture the viscous fingers, and lower resolution elsewhere; the
mesh adapts here to the saturation field. Converged solutions were obtained using <1.1M
elements; simulations on a fixed mesh with the same high resolution would have required
>40M elements and were computationally intractable. Modified from Kampitsis et al.
(2020).

We begin by validating the approach against an analytical solution for
advection-diffusion to demonstrate results are accurate and convergent for
both fixed and adaptive meshes. We then apply the approach to a number
of realistic test cases, including a well doublet in a homogeneous reservoir,
production from a sedimentary fluvial reservoir containing sinuous, channel-
ized sandbodies interbedded with mudstones, and production from a complex
faulted reservoir with several fault blocks separated by intersecting conjugate
faults. These heterogeneous test cases represent common reservoir scenarios
that can be difficult to represent in conventional geothermal reservoir mod-
elling workflows. We focus here on thermal-hydrological (TH) processes in
the low enthalpy geothermal systems that are used to source and store heat
in many different locations around the world (Lopez et al., 2010; Gluyas
et al., 2018; Willems and Nick, 2019). Extensions of the approach to include
geomechanics and chemical reaction (MC) are discussed.
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2. Surfaced-based reservoir modelling

The concepts underlying SBGM and various practical implementations
have been described elsewhere, so only a brief summary is reported here
(Pyrcz et al., 2005; Caumon et al., 2009; Jackson et al., 2014; Jacquemyn
et al., 2019). We use parameterised surfaces to represent geological bound-
aries of interest across scales. The approach implemented here uses NURBS
(Non-Uniform Rational B-Spline) (Fig. 2) which are efficient to construct
and manipulate and are widely used in other areas of computer-aided-design
(CAD) (Jacquemyn et al., 2019). NURBS surfaces are created automati-
cally and probabilistically by placing control points at specific locations in
space to create geologically meaningful geometries (Zhang and Pyrcz, 2006;
Jacquemyn et al., 2019; Osman et al., 2020). Multiple surfaces can be cre-
ated rapidly, and the geometry of each can be varied stochastically based
on statistical data describing key aspects of the geometry. Thus, a suite of
realisations can be created to explore and quantify uncertainty of geological
reservoir architecture. Surface intersections are handled using meta-data as-
sociated with each surface, implemented via Boolean operations available in
common CAD packages, to create 3D domains enclosed by surfaces (Jacque-
myn et al., 2019).

Rock properties are assigned to these domains based on their geological
definition. Properties may be assigned deterministically such that all do-
mains representing a given geological feature (for example, a particular rock
or facies type) are allocated the same value; alternatively, they can be as-
signed probabilistically, drawing from statistical data describing the range of
values. Properties in each domain in the models shown here are constant,
but they may also vary in response to mathematically defined trends as a
function of spatial location. A key aspect of surface-based modelling, as
implemented here, is that the 3D model is defined without reference to any
mesh or grid, which has a number of significant advantages over conventional
pixel- or grid-based methods (Jacquemyn et al., 2019; Osman et al., 2020):
the models are computational cheap to create, modify and store; model reso-
lution is not limited by the resolution of a grid created early in the modelling
workflow, and the surfaces can represent complex geological architectures
accurately without stair-stepping or loss of connectivity.

In the three-dimensional (3D) model examples shown here, we use sur-
faces to represent two different types of heterogeneous geothermal reservoir.
In the first example, we model meandering channelized fluvial sandbodies
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interbedded with mudstones. The channels are modelled using NURBS sur-
faces to represent the erosive base and flat top of each channel. The base sur-
faces are created by defining their cross-sectional geometry and then extrud-
ing this along a trajectory that represents the meandering channel thalweg
(Jacquemyn et al., 2019). Channel surfaces interact according to metadata
specifying that shallower (younger) channels remove (erode) deeper (older)
channels. We model channels with three different widths, and assign uni-
form petrophysical properties to each channel (Figure 2a). We chose this
example for two reasons: first, numerous aquifers that are targets for heat
production or storage exhibit this style of geologic heterogeneity (Crooijmans
et al., 2016); second, preserving the lateral and vertical connectivity of the
channels is critical to properly capture fluid flow, but requires very high grid
resolution in conventional reservoir modelling approaches, making numerical
simulation expensive (Jackson et al., 2015).

In the second example, we model a reservoir containing interbedded layers
of contrasting (high and low) permeability. These layers could be sedimentary
in origin, or they could represent different types of lava flows, or sedimen-
tary layers preserved between intrusive igneous sills. Each layer has uniform
petrophysical properties. The layers are offset across conjugate normal faults
with opposing dip directions and different strike directions, creating complex
fault blocks that are discontinuous in both the horizontal and vertical di-
rections. We chose this example because again, numerous aquifers that are
targets for heat production or storage exhibit this type of complex struc-
tural heterogeneity (Dezayes et al., 2010; Blöcher et al., 2010). Moreover,
discretizing models with intersecting faults of this type is very challenging
using conventional pillar gridding, because the pillars are not defined below
fault intersections (Wu and Parashkevov, 2009).

Wells in our approach are represented as NURBS curves and are also
defined independent of any grid or mesh(Jacquemyn et al., 2019). Once the
surfaces and well curves are in place, an initial mesh is created which defines
the accuracy with which the geological architectures will be represented in
the simulation model; this accuracy is maintained throughout the simulation
by the definition of “master” nodes that are not modified by DMO. These
nodes ensure that the geological heterogeneity is preserved during application
of DMO (Jackson et al., 2015).
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Figure 2: Examples of surface-based models tested here. Plots (A) and (B) show views of a
reservoir model comprising meandering channelised sandbodies of varying permeability in
mudstone. In (A), the mudstone has been omitted for clarity. Plot (C) shows a reservoir
model comprising interbedded layers of contrasting (high and low) permeability, offset
across conjugate faults with opposing dip directions and different strike directions. The
fault model is embedded in a large, homogeneous 3D domain extending to surface which
places boundaries at sufficient distance from the reservoir that the temperature remains
constant; a cut-away of this domain is shown in (D). Colours denote different petrophysical
properties (details in Table 1). Note that the models at this stage do not require any
underlying mesh to be defined.

3. Numerical methods

The numerical formulation used here is the DCVFEM introduced by Sali-
nas et al. (2017b) and which is based on the family of Control Volume Finite
Element Methods (Forsyth, 1991; Durlofsky, 1993; Helmig and Huber, 1998;
Edwards, 2002; Geiger et al., 2004; Wheeler and Yotov, 2006; Schmid et al.,
2013; Xie et al., 2016; Salinas et al., 2018; Abushaikha et al., 2017). In the
DCVFEM, velocity is discretised using Finite Elements (FE) in the element
mesh, while pressure and temperature are discretised using Control Volumes
(CVs) in the dual mesh created by connecting the barycentres of the el-
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ements. The approach was specifically developed to improve convergence
rate and success in models with poor quality meshes (typically containing
elements with large internal angles) that are easily created in reservoir mod-
els containing high aspect ratio geological features. Here the element pair
P0(DG)P1(CV ) is used (Fig. 3): velocity is discontinuous and is represented
element-wise with a discretisation order of 0 (constant within elements) while
pressure and temperature are continuous and are represented CV-wise with a
discretisation order of 1 (linear variation within elements). Rock properties
such as permeability and porosity are represented element-wise; rock and
fluid properties such as thermal conductivity, heat capacity and density are
represented CV-wise; fluid properties such as viscosity and density are rep-
resented CV-wise (Gomes et al., 2017). Time is discretised using an implicit
Θ-method, where Θ varies between 0.5 (Crank-Nicholson) and 1 (implicit Eu-
ler) based on a Total Variation Diminishing (TVD) approach (Gomes et al.,
2017). High-order limited interface values for flux calculations are obtained
by using a Normalised Variable Diagram (NVD) (Pavlidis et al., 2016). Wells
are represented using a 1-dimensional vector along the boundaries of the el-
ements (Wu, 2000; Chen and Zhang, 2009; Lie et al., 2012; Milliotte et al.,
2014); the connection between the well and the reservoir occurs at the node
locations, as described in a later section..

Figure 3: P0(DG)P1(CV ) element pair in 2D. Finite-elements are represented by triangles;
control-volumes are formed around nodes (solid circles) located at the element corners by
connecting the barycentres of the elements. Pressure and temperature are represented in
the control-volumes formed around the nodes; velocity is evaluated at the centre of each
finite-element (crosses).

All the numerical methods presented here, including DMO, are imple-
mented within a single, integrated open-source code, available under the
terms of the Affero General Purpose License (AGPL v3.0): the Imperial
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College Finite Element Reservoir SimulaTor (IC-FERST). The hydrological
problem for single phase compressible flow is expressed via the momentum
equation

σu = µ (K)−1 u = −∇p+ ρfg + sm, (1)

in which sm is a source term in the momentum equation, ρf is the pressure
and temperature-dependent fluid density, g is the vector of the gravitational
acceleration, K is the permeability tensor, p is the pressure, u is the Darcy
velocity, µ the fluid viscosity and σ is an absorption term comprising µ (K)−1.
The continuity equation is defined as follows:

∂ρf
∂t

+∇ · uρf = sc, (2)

where sc is a possible source term.
Numerical solution of equations (1) and (2) using IC-FERST, along with

implementation in parallel using dynamic domain decomposition on dis-
tributed memory systems (MPI), has been described elsewhere (Gomes et al.,
2017; Salinas et al., 2019) so is not included here; rather, we focus on solution
of the thermal problem which is new for this paper.

3.1. Temperature discretisation

In common with most geothermal reservoir simulators, we assume thermal
equilibrium between the porous medium and the fluid so only one tempera-
ture T is calculated. The temperature field is described by:

ξ
∂T

∂t
= −∇ · (κ∇T )− φρfCPf∇ · (uT ) + st (3)

ξ = (1− φ)ρpCPp + φρfCPf (4)

κ = (1− φ)κp + φκf (5)

where φ represents the porosity, CPp, CPf , ρp and ρf are the heat capacities
and densities of the porous medium p and fluid f , κp and κf are the thermal
conductivity of the porous rock and the fluid respectively, ξ and κ are the
effective heat capacity and thermal conductivity of the rock-fluid medium,
and st is a source term in the thermal energy conservation equation. Equa-
tion 3 is discretised using the Θ-method in time and testing with CV basis
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functions Mi: ∫
Ω

Mis
n+θ
t, dV =

∫
Ω

Mi

ξ
(
T n+1
i − T ni

)
∆t

dV (6)

+

∮
ΓCVi

Min ·
κ

d

[
θn+ 1

2 (T n+1
i − T n+1

ne ) +
(

1− θn+ 1
2

)
(T ni − T nne)

]
dΓ +∮

ΓCVi

MiφρfCPf

[
θn+ 1

2n · un+1T n+1
i +

(
1− θn+ 1

2

)
n · unT ni

]
dΓ, (7)

in which ne stands for the corresponding neighbouring CV and d the distance
between the two points representing the corresponding CVs.

3.2. Dynamic mesh optimisation algorithm

The unstructured tetrahedral mesh is adapted based on the library of
Pain et al. (2001); the approach has been described in detail in Pain et al.
(2001) and later papers (Piggott et al., 2008; Jackson et al., 2015; Kampitsis
et al., 2020) so only a brief summary is included here. Given an unstructured
mesh, the library modifies the mesh with the objective of producing a new
mesh that provides the precision requested by the user for user-specified
solution fields of interest such as temperature and/or pressure. The library
calculates an approximation of the error in the numerical solution based on
Cea’s lemma. The error is approximated using:

E = (H)
1

2ηδ
| H |
ι
, (8)

where H is the Hessian matrix of the specified solution fields, ι is the degree
of the polynomial of the norm used, δ is the dimension of the problem and η is
the desired precision for the solution field. Cea’s lemma can only be applied
to finite element fields, so fields described in the CV space are interpolated
into the FE space using Galerkin projection (Farrell and Maddison, 2011;
Alauzet and Loseille, 2016; Adam et al., 2016).

Once the estimation of the error is calculated, the adaptivity library modi-
fies the mesh using four different techniques: node or vertex repositioning, re-
fining by element splitting, coarsening by edge collapse, and face-edge/edge-
face swapping (Fig. 4). The mesh quality is controlled by the following
functional:

I =
∑

i∈edges

(
etiEei − 1

)2
+ qs (9)
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Figure 4: 2D schematics of four element operations used to adapt the mesh. (A) node
insertion, (B) node deletion, (C) edge swap and (D) node movement. From Piggott et al.
(2008).

where ei represents the edges connecting the vertices of the mesh and qs is
a term assessing the quality of the shape of elements.

Element by element, the four techniques are applied to ensure that better
quality elements are produced and the desired precision is achieved. If these
requirements are not met, the element is not modified. The resulting mesh
provides a close-to homogeneous precision throughout the domain. Solution
fields are interpolated from the old mesh onto the new mesh using the super-
mesh technique (Farrell and Maddison, 2011) and a conservative, bounded
interpolation method (Adam et al., 2016).

The master nodes defined by the initial mesh to preserve the geological
surfaces are locked and cannot be modified during the optimisation. The
approach can be constrained to deliver user-defined maximum and minimum
element edge lengths, or a maximum number of elements. In the examples
shown here, the DMO algorithm is applied every timestep with a target
precision of 1K for the temperature field and relative precision of 0.01 for
pressure, except for the fault model where the temperature precision in 0.5K
and the relative pressure precision is 0.001. Fields are interpolated using the
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Galerkin projection (Farrell and Maddison, 2011). Maximum and minimum
edge lengths are specified for each test case as described later.

3.3. Implicit well discretisation

In order to model wells implicitly, a dual domain is considered. The
first domain comprises the reservoir; the second domain represents the wells.
Both domains are discretised on the same mesh. The method is therefore
based on a conforming mesh approach which allows re-use of the existing
domain decomposition method for parallel computing, as well as ensuring
consistency when using DMO (Salinas et al., 2019). The main drawback
is that the wells domain is almost empty, since wells are 1D lines in a 3D
domain. We overcome this by only including well nodes when assembling the
matrices for the well domain. Using this approach, the dual-domain method
typically increases computational cost by ca. 30% compared to simulations
without wells.

The reservoir domain (now denoted by a domain index j = 1), formed by
Eqs. 1, 2 and 3 is assembled as detailed before. For the wells domain (j =
2), the governing equations (1) - (3) are modified as necessary to model flow
within the pipe. Eq. 1 is modified by replacing the term σ by µλ, obtaining

µλu = −∇p+ sj=2
m , (10)

where sj=2
m is a source term for the wells domain and λ is the Fanning friction

factor for pipes of general roughness (Fanning, 1896):

λ =

[
−3.6 log10

(
6.9

Re
+

(
a/ri
3.7

) 10
9

)]−0.5

, (11)

in which Re is the Reynolds number inside the pipe, and a and ri are the
roughness and inner diameter of the pipe respectively.

Eqs. 2 and 3 are coupled between the reservoir and well domains at
shared nodes defined along each well via the corresponding source terms. In
Eq. 2 the source term is equivalent to the mass flow rate from one domain to
the other, where a positive flow is defined from domain j = 1 (the reservoir
domain) to domain j = 2 (the wells domain) and vice-versa, so

sj=1
c = −sj=2

c = ρf lγ(pj=1 − pj=2), (12)
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where, ρf is the fluid density in either the reservoir or the wells domain based
on the upwind direction and γ is defined using the Peaceman correction
(Peaceman, 1978)

γ =
KnLW

µ(log(re/rw) + S)
, (13)

in which re is defined as re = 0.14dn where dn is the element length connected
to the well node normal to the well, rw is the outer diameter of the well, Kn

is the permeability normal to the well, Lw is the length of the well section of
interest and S is the so-called ’skin’ representing enhanced or reduced rock
permeability adjacent to the well, here considered to be zero. The total mass
flow rate into or out of a well is determined by integrating over the mass
source term in each coupled node in that well, and the well volume flow rate
Q at the top of the well is determined by dividing the well mass flow rate by
the fluid density at the appropriate conditions. The well volume flow rate
can be specified as an inlet or outlet boundary condition. Where the well is
open to flow, heat transfer between the well and the reservoir is dominated
by advection of the injected or produced fluid and the source term in Eq. 3
is given by

sj=1
t = sj=1

c CPf (T
j=1 − T j=2) = −sj=2

t . (14)

Where the well is closed to flow, heat transfer between well and reservoir
is dominated by conduction, and the source term in Eq. 3 is given by

sj=1
t =

2πkwLw
log(rw/ri)

(T j=1 − T j=2), (15)

where kw is the effective thermal conductivity of the casing and surrounding
cement. Note that the domain coupling (source) terms st and sc are defined at
the time-level n+ 1, meaning that the terms introduced are treated implicitly
and both domains (reservoir and wells) are solved simultaneously. The time-
level has been omitted to simplify the notation.

3.3.1. Well representation with mesh adaptivity

Each node coupled to both the reservoir and well domains shares a number
of finite elements extending in different directions. The Peaceman correction
(Eq. 13) assumes these elements all have similar dn, but this is not guaran-
teed to be satisfied in the initial mesh, or subsequently during application of
DMO. Control-volumes are formed around nodes on the finite-element mesh
(Fig. 3); if these CVs have very different volumes and lateral extent then
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the wells become connected to highly variable and non-isotropic reservoir
volumes. To ensure that the finite-elements and control-volumes connected
to a well consistently have similar dimension and volume, a triangular sleeve
is created following the 1-D line representing the well (Fig. 5). This sleeve
is subdivided into 3 sections by connecting the curve representing the well
with all three edges of the sleeve. The well therefore lies on the intersection
of three surfaces that enforce a fixed element size around the well. The use
of this sleeve increases the number of elements required to discretise space.
However, this extra cost is small because the sleeve volume is small compared
to the whole reservoir domain; moreover, if the wells are operative, higher
resolution is required in any case to accurately represent the high pressure
gradient in the vicinity of the well. The use of sleeves also allows us to ensure
continuity of wells in regions where the reservoir is not modelled (Fig. 5).

(A) (B)

Figure 5: (A) View of a synthetic reservoir model with an open section to visualize the
sleeves. (B) Close-up of the sleeve and the equidimensional elements around the well.

3.4. Solving the system of equations

A Picard iterative method (Anderson, 1965) is used to solve the cou-
pled system of equations for the reservoir and well domains as described by
(Salinas et al., 2017a). The Picard solver iterates the coupled solutions for
pressure and temperature until the temperature field has converged within a
user-defined tolerance between two consecutive non-linear iterations. When
this is done, time advances by one time-level, and this is repeated until the
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final time is reached. In the examples shown here, the convergence criteria
for the non-linear solver is for the infinite norm of the normalised difference
between two non-linear iterations of the temperature field to be below 10−2

with a maximum of 25 non-linear iterations per time-level. All simulations
are run on a single processor for fair comparison of simulation times with
and without DMO.

4. Numerical experiments

We report results from four test cases; the first is a validation of the
method against an analytical solution in a homogeneous reservoir with spa-
tially and temporally constant rock (Table 1) properties. The remaining cases
represent well doublets in homogeneous and heterogeneous reservoir models
in which the fluid (water) density in the buoyancy terms is temperature and
pressure dependent according to a simple linear equation of state:

ρf = ρf,0

[
1− β(T1 − T0) +

1

E
(p− p0)− β

E
(p− p0)(T1 − T0)

]
, (16)

where ρf,0 is the reference density at reference temperature T0 and pressure
p0, β is the volumetric expansion coefficient and E is the elastic bulk mod-
ulus (Table 1). Equation (16) is valid for small variations in density around
the reference value, which is chosen here to be close to the centre of the
predicted range (Furbish, 1997). All other rock and fluid properties are tem-
porally constant, but rock properties vary in space in heterogeneous models
(Fig. 2; Table 1). Given the small variations in density, the Boussinesq ap-
proximation is applied here in which density variations are neglected except
in the buoyancy terms.

Models simulate injection of water at fixed temperature and volume rate
via inlet boundary or injection well (Table 1), and production via outlet
boundary or production well. We specify volume rates consistent with typical
pump or flowmeter readings, but mass flux can be specified if preferred. In
models with wells, the wellbore diameter is D = 0.216 m and the frictional
pressure drop within the tubing is calculated based on the roughness of the
pipe, which is a = 4.5 × 10−5. Unless otherwise stated, all other model
boundaries are sealed (no mass flow) and insulated (no heat flow).

4.1. Validation against 1D solution

We begin by validating the method against the 1D analytical solution
given by Siemieniuch and Gladwell (1978) for the parabolic advection-diffusion
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Table 1: Model set-up for the test cases 4.1 – 4.4: Numbered subscripts refer to the
model domains shown in Figure 2. In models where the water density varies, T0 = 293K,
P0 = 1.1 × 105, β = 8.8 × 10−5 and E = 2.15 × 109 . Q is the inlet volume flowrate
imposed through the well boundary conditions. For 4.4, an adaptive time-stepping based
on the stability of the nonlinear solver is used, the number shown is the average time-step
used.

Test case 4.1 4.2 4.3 4.4
K1 (m2) 1 10−13 (100 mD) 10−13 (100 mD) 10−13 (100 mD)
K2 (m2) N/A N/A 10−14 (10 mD) N/A
K3 (m2) N/A N/A 10−15 (1 mD) N/A
K4 (m2) N/A N/A 10−17 (0.01 mD) 5.10−16 (0.5 mD)
φ1,2,3 1 0.15 0.2 0.2
φ4 N/A N/A 0.01 0.01

ρp,1,2,3 (kg.m−3) 1 1600 1600 1600
ρp,4 (kg.m−3) N/A N/A 1800 1800

CPp,1,2,3 (J.kg−1K−1) 1 1730 1730 1730
CPp,4 (J.kg−1K−1) N/A N/A 1800 1800
κp,1,2,3 (W.m−1K−1) 0 0 2.92 2.92
κp,4 (W.m−1K−1) N/A N/A 0.6 0.6
K (W.m−1K−1) N/A N/A 0.15 N/A
ρf,0 (kg.m−3) 1 918 1000 1000

CPf (J.kg−1K−1) 1 4269.9 4185.5 4185.5
κf (W.m−1K−1) 0 0 0.6 0.6
Q (m3.s−1) 1 4.5 0.002 0.055
Tin (K) 1 353 320 293
∆t (mo) 0.001 12 1 13.2
L (km) 1 4 or 40 0.7 2
W (km) N/A 4 or 40 0.4 2
H (km) N/A N/A 0.028 0.6

equation

T (z, t) =
1

2

[
erfc

(
z − ut
2
√
t

)
+ euzerfc

(
z + ut

2
√
t

)]
+eu

[(
1 +

1

2
u (2− z + ut)

)
erfc

(
2− z + ut

2
√
t

)
− u
√
t

π
e−

(2−z+ut)2
4t

] (17)

where erfc is the complimentary error function, z is the dimensionless spatial
coordinate, t is dimensionless time and u is the advection velocity. This
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analytical solution is derived for the initial and boundary conditions

T (z, 0) = 0, 0 < z < 1, (18)

T (0, t) = 1, t > 0, (19)

∂T

∂z
(1, t) = 0, t > 0 (20)

u(z, 0) = 0, t > 0, (21)

u(0, t) = u(z, t) = 1, t > 0 (22)

The simulation is run in a 2D domain with initial and boundary conditions
(17)-(21) and the results compared along a 1D profile after 0.1 dimensionless
time units (Figure 6A). The results show a close match, with excellent con-
vergence for both fixed and adaptive meshes (Figure 6B). Note that the same
accuracy of solution is obtained using DMO but with fewer elements. This
is a characteristic feature of solutions with DMO which leads to significant
reductions in computational cost as shown in later cases.

Figure 6: (A) Dimensionless temperature versus dimensionless distance predicted using the
analytical solution (Eq. 17) and extracted along a 1D profile through the 2D simulation
model domain for different fixed and adaptive mesh resolutions. (B) L1 convergence for
fixed and adaptive meshes.

4.2. A geothermal doublet system

Here, the formulation is tested against the analytical solution presented
by Gringarten (1978) for a homogeneous, sealed and insulated geothermal
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reservoir of infinite lateral extent penetrated by an injector/producer dou-
blet, via which water is injected at a different (lower) temperature than the
uniform initial reservoir. The time for which the producer well operates at
constant temperature is given by

∆t =

(
φ+ (1− φ)

ρpCpp
ρfCpf

)
πdw

2H

3Q
, (23)

where H is the thickness of the reservoir (chosen to be H = 50 m), dw
is the distance between wells (chosen to be dw = 2000 m) and Q is the
injection/production rate. With these values and the parameters defined in
Table 1, water is produced at constant temperature until time ∆t = 30 years.

The model domain size plays a key role in matching this result, as the
lateral boundaries must be placed sufficiently far away that the temperature
remains constant (O’Sullivan et al., 2001; Cho et al., 2015). Here, we model
a small domain of size 4× 4 km and a large domain size of 40× 40 km. In
both cases, we run a fixed mesh numerical simulation; in the large domain,
we also run a case with DMO. In the fixed mesh case in the large domain,
the mesh is much finer around the doublet and coarser elsewhere (Fig. 7A).

As expected, the small domain case shows an early drop in production
temperature caused by the temperature perturbation reaching the model
boundary (Fig. 8A); however, the large domain case run on a fixed mesh also
shows an earlier drop in production temperature, but this is caused by nu-
merical diffusion smearing out the temperature front as it moves away from
the injection well (Fig. 7B,C). The DMO case on the large domain shows a
smaller error compared to the fixed mesh, despite using a maximum of ca.
8600 elements as compared to ca. 1.8M elements in the fixed mesh (Fig. 8B).
DMO increases the mesh resolution at the thermal front and around wells,
and coarsens the mesh elsewhere, to deliver uniform precision across the do-
main (Fig. 7D,E). In many geothermal reservoir simulation models, capturing
a large domain is important to allow the boundaries to be placed far from
the region of interest O’Sullivan et al. (2001). Here, we show DMO allows
modelling in a large domain with higher precision and significantly lower
computational cost than a fixed mesh.

4.3. Meandering channelised sandbodies

We now test the application of DMO in realistic models of heteroge-
neous subsurface reservoirs. We first consider a reservoir comprising mean-
dering fluvial channel sandbodies surrounded by low permeability floodplain
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Figure 7: (A) Initial domain and mesh, which is refined around the doublet. Close up of
the doublet region showing the temperature profile after 15 (B), (D) and 30 (C), (E) years
using the fixed mesh and DMO, respectively.

Figure 8: (A) Temperature at the production well as a function of time, predicted using
the analytical solution (Eq. 23) and our numerical code using a fixed mesh in small and
large domains, and DMO in the large domain. (B) Normalised error between numerical
and analytical solutions, and number of elements used in each case. The normalised error
is computed as 1− Tb

30 , where Tb is years until the production temperature drops by 0.1 K.
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mudstones. This reservoir architecture is representative of several currently
exploited sedimentary aquifers such as the fluvial Lower Cretaceous Nieuw-
erkerk formation of the West Netherlands Basin (Willems et al., 2017), the
Triassic Stuttgart and Exeter formations of the North German Basin (Franz
et al., 2018), and the Triassic Sherwood Sandstone in the Wessex Basin,
UK (Gluyas et al., 2018). Younger channels have higher permeability than
older channels (see (Fig. 2A and Table 1). Previous studies have shown that
preserving the 3D continuity and connectivity of channelised sandbodies is
essential to properly capture flow (Deveugle et al., 2014), but this can re-
quire very high grid resolution if the channels are modelled on conventional
k -orthogonal or pillar grids (Jackson et al., 2014). Surface-based modelling
ensures the channel continuity is preserved (Jacquemyn et al., 2019) and the
use of unstructured meshes to discretize space captures the complex channel
geometries and connectivity with far fewer elements (Jackson et al., 2014,
2015).

We simulate water injection and production via a well doublet, with the
injection well located in the top right of the model, and the production well in
the bottom left (Fig. 2A). The domain is initially at a uniform temperature
of 365 K and injection/production is simulated for a period of 20 years using
fixed and adaptive meshes of different resolution (Table 2).

Table 2: Mesh properties for the meandering channel model. The element dimensions
specified for the adaptive cases denote minimum values; the maximum values are set to
be arbitrarily large. The maximum element size in the simulation is constrained by the
requirement to preserve the channel architecture.

Mesh type Resolution (x,y) Resolution (z) Max n◦ of elements Elapsed time (hr)

Adaptive 2 m 0.5 m 2793503 198.4
Adaptive 5 m 2 m 597700 22.6

Fixed 5 m 2 m 1275450 47.3
Fixed 20 m 4 m 81447 7.4

As expected, the cold injected water flows faster through the younger
channels which have a higher permeability (Fig. 9). The water flow paths
are complex and tortuous, reflecting the meandering channel sandbody ge-
ometries and 3D sandbody connectivity. The low permeability mudstone
exchanges heat with the water in the sandbodies via thermal diffusion. In
the DMO cases, the mesh refines at the temperature front as it moves through
the channels and remains coarse elsewhere (Fig. 9). Once the colder injected
water reaches the production well, the temperature of the produced water
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begins to decrease (Fig. 10A). For the coarse, fixed mesh case (element sizes
of 20 and 4m in Table 2), the temperature decrease occurs later than in the
finer fixed and DMO cases, and thermal breakthrough is not observed within
the simulation time (Fig. 10A).

The intermediate resolution fixed and DMO cases (element sizes of 5 and
2m in Table 2) show very similar behaviour, including thermal breakthrough
(Fig. 10A), demonstrating that DMO can accurately capture flow and heat
transfer in a heterogeneous model when compared to a fixed mesh of equiva-
lent resolution. However, the DMO case requires x2.13 fewer elements than
the fixed mesh case (Fig. 10B; Table 2) and yields a x2.1 speedup in simula-
tion time (Table 2). These results confirm that DMO does not introduce a
high computational cost; previous studies have shown that our DMO imple-
mentation introduces a 5-10% overhead on the cost of a fixed mesh simulation
with the same number of elements (Mostaghimi et al., 2013).

The highest resolution case (element sizes of 2 and 0.5m in Table 2) was
only run with DMO, as the equivalent fixed mesh case would have required >
13 million elements, x4 more than the required amount with DMO and with
an estimated simulation time of ca. 800 hours as compared to ca. 200 hours
with DMO (Table 2). The highest resolution case shows the earliest decrease
in temperature and earliest thermal breakthrough (Fig. 10A), demonstrating
that high mesh resolution is required to accurately capture fluid flow and
heat transport in this complex, heterogeneous model. Such high resolution
would not be computationally feasible on a fixed grid.

4.4. Layered reservoir offset by conjugate faults

We finish by modelling a domain consisting of a reservoir containing in-
terbedded layers of contrasting (high and low) permeability, offset across
conjugate faults with opposing dip directions and different strike directions
that create complex fault blocks (Figure 2C). Numerous aquifers that are
targets for geothermal exploitation are impacted by faulting, including the
Triassic Sherwood Sandstone in several basins across the UK (Busby, 2014;
Medici et al., 2019), and the Upper Rhine Graben in Germany which is char-
acterised by a complex fault system passing through the granitic basement
and overlying Triassic sediments (Vidal and Genter, 2018). The reservoir
model is placed in the centre of a larger low permeability domain, of dimen-
sions 12 by 12 km and extending to a depth of 8.5km (Figure 2D). This
ensures that the boundaries are sufficiently far away from the area of interest
that solutions are independent of the chosen boundary conditions.
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Figure 9: Plan-view of the temperature field in the meandering channel model after (A) 4,
(B) 40, (C) 120 and (D) 240 months respectively, produced in the simulation with adaptive
meshing of resolution 2 / 0.5 m (Table 2). The mesh adapts to provide higher resolution
at the temperature front as it moves through the channels. The mudstone is omitted for
clarity of visualisation but heat transfer does occur within the mudstones by diffusion.

Figure 10: (A) Temperature of the water leaving the production well, and (B) number of
elements in the meandering channel model, each as a function of time. Horizontal dashed
line in (A) denotes thermal breakthrough, when the produced water temperature falls to
90 percent of its initial value (Williams, 2010).
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We simulate water injection and production via a well doublet, with the
injection well located in one corner of the model, and the production well
in the opposite corner (Fig. 2C). The domain is initially a pressure of 10
MPa at 1km depth and the temperature is given by a geothermal gradient
of 30◦C/km. The initial temperature at the bottom of the producer well is
therefore 430 K. Injection/production is simulated for a period of 130 years
using fixed and adaptive meshes of different resolution (Table 3). We neglect
here conductive heat exchange between the wells and the extended domain,
focusing on processes in the heterogeneous reservoir.

Table 3: Mesh properties for the conjugate fault model. The element dimensions specified
for the adaptive mesh cases denote minimum values; the maximum values are set to be
arbitrarily large. The maximum element size in the simulation is constrained by the
requirement to preserve the fault architecture. The element dimensions specified for the
fixed mesh cases denote values in the reservoir portion of the computational domain.

Mesh type Resolution (x,y) Resolution (z) Max n◦of elements (×106) Elapsed time (hr)
Adaptive 20 m 5 m 2.0 110

Fixed 20 m 5 m 9.8 914
Fixed 60 m 30 m 0.49 11

Figure 11 shows the cold water moving through the reservoir from the
injection to the producer well. In the DMO simulation, the mesh refines
around the injection well to capture the injection of colder water at early
times (Fig. 11A). The water flows preferentially through the high perme-
ability layers, moving progressively upwards through the reservoir where the
layers are offset across faults (Fig. 11B-D). The mesh refines at the thermal
front and where there are steep gradients in temperature at the boundaries
between high and low permeability layers but remains coarse elsewhere.

At early times, the produced water temperature increases reflecting pro-
duction of hotter water from the deeper high permeability layers. The
temperature is initially higher for the fine fixed mesh and DMO cases, as
these more accurately represent the near wellbore flow and temperature so-
lutions; the DMO case also shows some small temperature oscillations (of
order 0.3K) reflecting the changing mesh geometry around the well and the
requested solution accuracy of 0.5K. Once the colder injected water reaches
the production well, the temperature of the produced water begins to de-
crease (Fig. 12A). For the coarse, fixed mesh case (element sizes of 60 and
30m in Table 3), the temperature decrease occurs more slowly than in the
finer fixed and DMO cases (Fig. 12A).
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The fine resolution fixed and DMO cases (element sizes of 20 and 5m
in Table 3) show very similar behaviour (Fig. 12A), again demonstrating
that DMO can accurately capture flow and heat transfer in a heterogeneous
model when compared to a fixed mesh of equivalent resolution. In this case,
the DMO simulation requires x4.9 fewer elements than the fixed mesh case
(Fig. 12B; Table 3), which here yields a x8.3 speedup in simulation time
(Table 3). This speedup is due to different timesteps obtained during runtime
by the adaptive timestepping algorithm, being 1.1 and 0.6 years for DMO
and fix mesh case, respectively. If comparing the cost per timestep, then the
speedup obtained is x4.5, showing that DMO requires only a ∼ 10% extra
cost.
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Figure 11: 3D cut-through of the temperature field in the conjugate fault model after
(A) 0.15, (B) 30, (C) 50 and (D) 100 years respectively, produced in the simulation with
adaptive meshing of resolution 20 / 5 m (Table 3). The mesh adapts to provide higher
resolution at the temperature front as it moves through the high permeability layers.

5. Discussion

We have demonstrated here practical use of dynamic mesh optimisation in
conjunction with surface-based geologic modelling to reduce computational
cost while maintaining solution accuracy in models of low enthalpy geother-
mal reservoirs. The DMO approach we report is implemented in the open
source IC-FERST code, but could be implemented in any simulator based
on unstructured meshes. Our aim in this paper is not to compare the perfor-
mance of IC-FERST against other such simulators, but rather to investigate
and demonstrate the potential computational advantage of DMO.

25



Figure 12: Temperature of the water leaving the production well, and (B) number of
elements in the conjugate fault model, each as a function of time.

We measure the computational advantage by comparing against equiva-
lent fixed mesh solutions, given that the use of unstructured meshing is es-
tablished in some geothermal reservoir simulators (Nick and Matthai, 2011;
Zyvoloski et al., 1997; Kolditz et al., 2012). However, we note that the ad-
vantages of our approach over those that use k -orthogonal or pillar grids
can be even more significant in the heterogeneous models tested, given that
higher grid resolution is required to preserve the complex geological architec-
tures present in these models (Jackson et al., 2015). DMO allows modelling
of large domains at lower cost, to minimize the effect of boundaries. Al-
though not discussed here, DMO for geothermal reservoir simulation can
also be implemented in a parallel computational framework, and we demon-
strate elsewhere the parallel scaling of DMO for the related problem of salt
transport (Hamzehloo et al., in review).

The use of SBGM and DMO can play a key role in assessing uncertainty
of geothermal model predictions. By coupling DMO with our SBGM ap-
proach, a large number of surface-based models can rapidly be generated and
simulations performed for each model. This provides a quantitative under-
standing of the impact of geological heterogeneity on reservoir productivity
and therefore quantifies risks associated with geological uncertainty. It also
provides forward model results in a computationally efficient way, which is
useful when inverting uncertain model properties to match observed reser-
voir behaviours, such as natural convection, and identify a suite of reservoir
models that match those behaviours. DMO can yield advantages in such in-
verse approaches by reducing the computational cost of the forward problem
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(Salinas et al., 2020), while SBGM can ensure geological realism is main-
tained when model properties are updated (Jacquemyn et al., 2019; Titus
et al., in review). DMO can be applied irrespective of whether flow is driven
by buoyancy, or pressure gradients associated with injection or production
wells.

We focus here on geothermal energy production from sedimentary aquifers,
with broad application to low enthalpy geothermal systems and aquifer ther-
mal energy storage. Current work is devoted to extending our methods to
high enthalpy systems, including phase change and multi-phase flow, and
enhanced geothermal systems in which flow is dominated by natural and en-
hanced fracture networks. Previous work has shown that DMO can yield
significant reductions in computational cost when simulating multi-phase
flow, delivering high resolution where necessary to capture moving satu-
ration fronts with complex geometry (e.g. Fig. 13; Jackson et al. (2015);
Mostaghimi et al. (2015)). Extensions of our multi-phase flow formulation
relevant to high enthalpy geothermal systems are focused on implementing
realistic equations of state for the water vapour-liquid-salt system (Driesner
and Heinrich, 2007; Driesner, 2007). DMO can also yield significant reduc-
tions in computational cost when simulating flow through explicitly mod-
elled fractures, with SBGM allowing realistic modelling of complex fracture
geometries (e.g. Fig. 13; Mostaghimi et al. (2015)). However, fractures are
currently represented with the same dimensionality as the model domain;
further modifications to our DMO library are required to allow modelling of
fractures as lower dimensionality features (e.g. (Berre et al., 2019, 2020)).

We also focus here on coupled hydrological-thermal (HT) flow and trans-
port. However, current work is demonstrating that DMO can also yield
significant benefits in models that include geomechanical effects (M), such as
the opening or closing of fractures in response to fluid pressure or thermal
stresses. The coupled solid and fluid mechanical models can use the same
unstructured mesh, with DMO providing the high resolution necessary to
resolve propagating fracture tips and flow within the fractures (Obeysekara
et al., 2018). Current work is also devoted to including chemical reaction (C)
in the framework of DMO (Yekta et al., 2020).

6. Conclusions

We present a new approach for modelling geothermal reservoirs using
surface-based geological modelling (SBGM), unstructured meshes, a double
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Figure 13: DMO applied to model multiphase flow in a fractured reservoir. (A) shows a
snapshot of the mesh adapted to preserve multiphase flow through the high permeability
fractures and surrounding low permeability matrix; (B) shows the wetting phase saturation
at the same snapshot. Modified from Osman (2019)

control volume finite element method (DCVFEM) and dynamic mesh op-
timisation (DMO). SBGM allows realistic models of complex 3D geologic
heterogeneity to be created in a mesh-free environment; the heterogeneity
architecture is preserved in the reservoir simulation model on the unstruc-
tured mesh, and the DCVFEM provides converged solutions even if the mesh
contains poor quality (large angle) elements. Our main focus here has been
on demonstrating DMO, which preserves the heterogeneity but allows accu-
rate solutions to be obtained at lower computational cost than an equivalent
fixed mesh. On models with comparable resolution we show that DMO
yields cost reductions of order x8; we also show that finer mesh resolution
is required to properly capture flow and heat transport in complex models
that is computationally impractical on fixed grids given memory as well as
time constraints. DMO in these cases allows accurate results to be produced
that would otherwise not be available. We focus here on low enthalpy reser-
voirs and coupled hydrological-thermal processes; ongoing work is focused
on inclusion of geomechanics and reaction, and extension to high enthalpy
systems.
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Dussel, M., Lüschen, E., Thomas, R., Agemar, T., Fritzer, T., Sieblitz, S.,
Huber, B., Birner, J., Schulz, R., 2016. Forecast for thermal water use from
upper jurassic carbonates in the munich region (south german molasse
basin). Geothermics 60, 13–30.

Edwards, M., 2002. Unstructured, control-volume distributed, full-tensor
finite-volume schemes with flow based grids. Computational Geosciences
6, 433–452.

Eskilson, P., Claesson, J., 1988. Simulation model for thermally interacting
heat extraction boreholes. Numerical Heat Transfer 13, 149 – 165.

Fanning, J. T., 1896. A practical treatise on hydraulic and water-supply
engineering. D. Van Nostrand.

31



Farrell, P., Maddison, J., 2011. Conservative interpolation between volume
meshes by local galerkin projection. Computer Methods in Applied Me-
chanics and Engineering 200 (14), 89 – 100.

FEFLOW, 2019. www.mikepoweredbydhi.com/products/feflow. Tech. rep.

Forsyth, P., 1991. A control volume finite element approach to NAPL ground-
water contamination. SIAM Journal of Scientific and Statistical Comput-
ing 12, 1029–1057.

Franz, M., Barth, G., Zimmermann, J., Budach, I., Nowak, K., Wolfgramm,
M., 2018. Geothermal resources of the north german basin: exploration
strategy, development examples and remaining opportunities in mesozoic
hydrothermal reservoirs. Geological Society, London, Special Publications
469 (1), 193–222.
URL https://sp.lyellcollection.org/content/469/1/193

Furbish, D. J., 1997. Fluid Physics in Geology: An Introduction to Fluid Mo-
tions on Earth’s Surface and Within Its Crusts. Oxford University Press.

Geiger, S., Roberts, S., Matthai, S., Zoppou, C., A. Burri, A., 2004. Combin-
ing finite element and finite volume methods for efficient multiphase flow
simulations in highly heterogeneous and structurally complex geologic me-
dia. Geofluids 4 (4), 284–299.

Gluyas, J., Adams, C., Busby, J., Craig, J., Hirst, C., Manning, D., McCay,
A., Narayan, N., Robinson, H., Watson, S., et al., 2018. Keeping warm:
A review of deep geothermal potential of the uk. Proceedings of the In-
stitution of Mechanical Engineers, Part A: Journal of Power and Energy
232 (1), 115–126.

Gomes, J., Pavlidis, D., Salinas, P., Xie, Z., Percival, J., Melnikova, Y., Pain,
C., Jackson, M. D., 2017. A force-balanced control volume finite element
method for multiphase porous media flow modelling. Int. J. Numer. Meth.
Fluids 83, 431–445.

Gringarten, A., 1978. Reservoir lifetime and heat recovery factor in geother-
mal aquifers used for urban heating. Pure and applied geophysics 117,
297–308.

32

https://sp.lyellcollection.org/content/469/1/193


Hamzehloo, A., Bahlali, M. L., Salinas, P., Jacquemyn, C., Pain, C. C.,
Butler, A. P., Jackson, M. D., in review. Modelling saline intrusion us-
ing dynamic mesh optimization with parallel processing. Water Resources
Research.

Helmig, R., Huber, H., 1998. Comparison of galerkin-type discretization tech-
niques for two-phase flow in heterogeneous porous media. Advances in Wa-
ter Resources 21, 697–711.

Herbert, A., Arthur, S., Chillingworth, G., 2013. Thermal modelling of large
scale exploitation of ground source energy in urban aquifers as a resource
management tool. Applied Energy 109, 94–103.

Hu, R., Fang, F., Salinas, P., Pain, C., 2018. Unstructured mesh adaptivity
for urban flooding modelling. Journal of Hydrology 560, 354 – 363.
URL http://www.sciencedirect.com/science/article/pii/

S0022169418301604

Jackson, M., Hampson, G., Saunders, J., El-Sheikh, A., Graham, G., Mas-
sart, B., 2014. Surface-based reservoir modelling for flow simulation. Geo-
logical Society, London, Special Publications 387 (1), 271–292.

Jackson, M. D., Percival, J., Mostaghimi, P., Tollit, B., D. Pavlidis, C. P.,
Gomes, J., El-Sheikh, A., P. Salinas, A. M., Blunt, M., 2015. Reservoir
modeling for flow simulation by use of surfaces, adaptive unstructured
meshes, and an overlapping-control-volume finite-element method. SPE
Reservoir Evaluation and Engineering 18.

Jacquemyn, C., Jackson, M. D., Hampson, G. J., 2019. Surface-based geolog-
ical reservoir modelling using grid-free nurbs curves and surfaces. Mathe-
matical Geosciences 51 (1), 1–28.

Kampitsis, A. E., Adam, A., Salinas, P., Pain, C. C., Muggeridge, A. H.,
Jackson, M. D., Jun 2020. Dynamic adaptive mesh optimisation for im-
miscible viscous fingering. Computational Geosciences 24 (3), 1221–1237.

Keilegavlen, E., Berge, R., Fumagalli, A., Starnoni, M., Stefansson, I.,
Varela, J., Berre, I., Feb 2021. Porepy: an open-source software for simu-
lation of multiphysics processes in fractured porous media. Computational
Geosciences 25 (1), 243–265.
URL https://doi.org/10.1007/s10596-020-10002-5

33

http://www.sciencedirect.com/science/article/pii/S0022169418301604
http://www.sciencedirect.com/science/article/pii/S0022169418301604
https://doi.org/10.1007/s10596-020-10002-5


Keilegavlen, E., Duboeuf, L., Dichiarante, A. M., Halldrsdttir, S., Stefansson,
I., Naumann, M., rni Gunason, E., gstsson, K., Eggertsson, G. H., Oye,
V., Berre, I., 2020. Hydro-mechanical simulation and analysis of induced
seismicity for a hydraulic stimulation test at the reykjanes geothermal field,
iceland.
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