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Optimal Market Making with Competition
ABSTRACT

Competition between market makers, which considers the impacts on trading strat-
egy of individual and liquidity of whole market resulting from multiple market mak-
ers competing for order flow and market maker incentives, was not properly studied
in the literature of optimal market making problem. This thesis is devoted to the
optimal market making problem, with competition between market makers. Three

main topics are studied in this thesis.

In the first topic, we consider the price competition between market makers. We
discuss optimal market marking with price competition and incomplete information,
which results in a looping dependence structure among market makers. We solve
the problem with the non-zero-sum stochastic differential game approach and char-
acterize the equilibrium value function with a coupled system of nonlinear ordinary
differential equations. We prove, do not assume a priori, that the Issac condition is
satisfied, which ensures the existence and uniqueness of Nash equilibrium. We also
perform some numerical tests that show our model produces tighter bid/ask spread

than a benchmark model without price competition and improves market liquidity.

In the second topic, we consider market makers competing for the market maker
incentive reward proposed by exchange, which depends on their trading volume
ranking. We model the competition as a stochastic mean field game, which can be
further reduced to a finite state mean field game, whose equilibrium is characterized
by a forward backward ODE systems. We numerically solve the equilibrium with

the deep neural network approach proposed in our third topic, and perform some
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numerical tests to compare bid/ask spread under different types market maker in-
centive reward. It is suggested that the introduction of incentive can reduce the
implicit trading cost, and rank-based reward, compared with the linear trading vol-

ume reward, can produce lower best bid/ask spread.

In the third topic, we discuss the deep neural network approach for solving the
forward backward ODE system corresponding to a more general class of finite state
mean field game, and the game in the second topic is just a special case of it. We
prove that the error between true solution and our approximation is linear to the

square root of loss function of our deep neural network.

Keywords: optimal market making, price competition, non-zero-sum stochastic
differential game, Issac condition, existence and uniqueness of Nash equilibrium,

forward backward ODE, mean field game, numerical method, deep neural network.
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INTRODUCTION

In the financial market, market makers play an important role in providing liquidity
for other market participants. They keep quoting bid and ask prices at which they
stand ready to buy and sell for a wide variety of assets simultaneously. Without
market makers, a buyer in the market might need to wait a long time until a seller
appears, as demand and supply usually do not appear at the same time. Market
makers act as an intermediary bridging demand and supply appearing from different
timing, and hence are crucial to financial market’s liquidity and stability. Exchanges
or some other trading venues even appoint designated market makers and set up
different market making incentive schemes for them to encourage liquidity provision
for various securities trading in their venues. Designated market makers are obliged

to quote for most of the time, but benefit from the market making incentive schemes.

Behaviours of market makers are different if they are trading in different markets,

with different trading rules and market structure. It is interesting for both market



makers and the trading venues to model and understand those market making be-
haviours. Market makers can find the optimal strategy to maximize their payoffs,
while exchanges or trading venues, can then design better trading rules or market

making incentive scheme to improve the liquidity.

Optimal Market Making Theory

The research that focus on market making evolves as the innovation of both trading
mechanism and technology. Before 90s in twenty century, floor trading was the most
common way of trading. Most of market makers are specialists, or dealers, hired
by exchanges, to stand in the central of exchange and trade with different people in
the market. They are considered as the traditional market makers. Their trading
frequency are low, and each trade might be of a relatively large units compared
with current trading behaviours. Market makers’ common concern is the change
of asset value, since they might inevitably have to take their positions overnight.
Ho and Stoll (1981); Avellaneda and Stoikov (2008); Guéant et al. (2013) formulate
market making for traditional market makers as a stochastic optimization problem
that maximize the expected utility of terminal wealth. On the other hand, other
research focus more on the price formation and adverse selection in market making
(See Kyle (1984, 1985, 1989); Dennert (1993); Calcagno and Lovo (2006); Loertscher
(2008); Ho and Stoll (1980); Bondarenko (2001)).

After 2000s, the innovation of technology, the appearance of more advanced com-
puter with sophisticated algorithm and electronic trading platform totally change
the landscape of market making business. Electronic trading platform becomes the
mainstream for both exchange traded and OTC traded products. Trading automa-
tion boosts the trading frequency. Following this trend, market makers also become
electronic. The old class of specialists has almost disappeared, and a modern version
of designated market makers (DMM) emerges. DMMs have contracts with exchanges
and are obliged to help provide liquidity to the market most of the trading time.

They are usually equipped with co-location facilities, high speed connections, and



fast computers, reducing the time for each transaction to milliseconds. Nowadays,
market making is mostly controlled by these electronic market makers. There are
quite some research and articles that support this view (See the second and third
footnote at page 1 in Bellia et al. (2019)). In fact, after January 2016, all DMM
on the NYSE are electronic market makers (See ”High-frequency traders in charge
at NYSE,” Financial Times, January 26, 2016). Thanks to the boost of trading
frequency, electronic market makers tend to quote in high frequency with low trade
size per transaction, keep very low inventory and not carry overnight position, in
order to avoid the risk from variation of asset price. Market makers’ behaviours are
different. Inventory management becomes their main concern. One of the most im-
portant problems for the modern version of market makers is how to determine their
bid/ask spread optimally such that they can maximize their profits while remains

in a low inventory level.

Inspired by current market makers’ need to manage inventory, Cartea et al. (2015)
adds an terminal inventory punishment term to market maker’s payoff to extend
the model of Avellaneda and Stoikov (2008); Guéant et al. (2013). Guéant (2017)
further generalizes the model to a general intensity function and manage to reduce
the high dimensional HJB PDE to a simpler form by Ansatz under CARA utility
function. They also consider multi asset market making. Fodra and Labadie (2012)
derive an analytical solution for exponential market order intensity function when
there is no inventory punishment. With inventory punishment, they also provide
a analytical sub-solution of the original problem. In these models, the arrivals of
market order are all modelled as Poison process with controlled intensity, which
provides more tractability, but is less realistic. In contrast, Cartea and Jaimungal
(2015) extend the framework used in Cartea et al. (2014). They considered market
impact and adopted a more sophisticated method to model the fill rate of agent’s
limit order. In order to capture the cluster feature of market order arrivals, intensity
of the market order arrival is modeled as a self-excited process excited by informative

market orders and news events. The resulting HJB PDE is more comprehensive with



solution approximated by an asymptotic method. Meanwhile, Cartea et al. (2017)
extend Avellaneda and Stoikov (2008); Guéant et al. (2013) and consider model
uncertainty. Fodra and Pham (2015) uses a different framework from Avellaneda
and Stoikov (2008). They use Markov Renewal Model to model mid price, which
can be bumped up by market orders with size that is big enough to consume all
the limit orders in the book. Abergel et al. (2020) propose a pure jump model for
optimal market making on the limit order book. Mid price dynamic is simply the
best bid/ask price that the last trade occurred at. They combine the limit order
book dynamic with the optimal market making control problem, and solve it with

Markov Decision Process technique conditioned on the jump time clock.

One common point of the existing literature mentioned above is that they only
consider the optimal market making problem for single market maker. Every market
maker in the model is independent to each other, and never get impacted by other
market makers’ strategies. However, we know in reality it is not the case. But the
impact of interaction among market makers on liquidity provision is still not well

understood.

Competition between Market Makers

Market makers face competition. There are usually multiple designated market
makers for one security. They usually have two kinds of interaction. The first is
the competitions among themselves, and the second is competition against volun-
tary market makers that make the market without signing any agreement with the

exchange, informed traders and speculative traders etc.

There have been some empirical research analyzing the competition among mar-
ket makers from data analysis view point (See Breckenfelder (2019); Bellia et al.
(2019)), which suggests that competition among market makers have considerable
impact on the market liquidity and should not be neglected. However, the ques-
tion of how the competition among market makers themselves affects the market

liquidity and market dynamic is largely unaddressed from a theoretical perspective,



although there is mention of competition in a broad sense between market makers
and other market participants, i,e the second kind of interaction. Kyle (1984, 1985,
1989); Dennert (1993); Calcagno and Lovo (2006); Loertscher (2008) try to model
the price formation process and asymmetric competition of market makers against
other market participants e.g informed traders, low frequency market makers and
etc. But in their single period game setting, there is no need to manage inven-
tory. Ho and Stoll (1980); Bondarenko (2001) do use a multi-period setting, but
the need for inventory management is still not considered in their models. Hence
we deem their models are better fitted to traditional market makers instead of the
current electronic ones. Recently, Ait Sahalia and Saglam (2017) consider market
maker competition in a limit order book setting and introducing competition feature
into the traditional inventory control problems (See Guéant (2017)). But the two
competing market makers in Ait Sahalia and Saglam (2017) are of different trading
frequency and information advantage, while only the high frequency market maker

can take strategic move.

To the best of our knowledge, the competition among designated market makers
(which are symmetric) is largely neglected in existing literature. As the designated
market makers tend to be the most influential liquidity providers in the market, it
is crucial for both themselves and the exchanges to understand how the competition
can impact their optimal strategies, as well as their liquidity provision. Our ambition

in this thesis is to fill this gap.

Organization of the Thesis

The thesis is organized as follows. Since it is intended to be self-contained, we start

by recalling in Chapter 2 some preliminaries in stochastic calculus and game theory.

There are usually two kinds of competition among designated market makers. One
is price competition for order flows, another one is competition for market maker
incentive reward. In Chapter 3, We are to discuss the first one, i.e the competition

for order flow. Traders in the market can choose the best price to hit. Hence if a



designated market maker quotes a price with less spread compared with others, it
will be more possible for her price to be hit by market traders. The price competition
among designated market makers is fierce since they are almost always providing
quotes near the tightest spread in the market. Most of existing literature either
fails to consider the inventory management concern of current designated market
makers, or only considers the price competition among different market participants
instead of among symmetric market makers like designated market makers. Then
there comes the question on how designated market maker to optimally decide the

bid/ask spread when other designated market makers’ strategies are considered.

To answer this question, we build a optimal market making model with price com-
petition and incomplete information, extending the market making model without
competition from Guéant (2017). The arrival of market orders to certain market
maker is modeled by jump processes with controlled intensity, but the intensity,
or the arrival rate depends not only on her own quotes, but also on quotes from
others, which results in a looping dependence structure among market makers. We
study how market makers can optimally decide their optimal strategies to maxi-
mize their terminal wealth while keeping their inventory low. We solve the problem
with the non-zero-sum stochastic differential game approach and characterize the
equilibrium value function with a coupled system of nonlinear ordinary differential
equations. The main contributions of this chapter are summarized by the following

bullet points:

e We discuss price competition between market makers in a continuous time
setting with inventory constraints and incomplete market information of com-
petitors’ inventory, and extend the classical optimal market making framework
in Guéant (2017) with the game theoretic approach. As far as we are con-
cerned, this is the first attempt to study the competition for order flow among

symmetric designated market makers.

e We prove, do not assume a prior or solve explicitly (See Hamadene et al.
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(1997); Buckdahn et al. (2004); Bensoussan et al. (2014); Lin (2015)), that
the Issac condition is satisfied, which ensures the existence and uniqueness of

Nash equilibrium.

e We perform some numerical tests to compute the equilibrium value function
and equilibrium controls (bid/ask spreads). The results show that our model
produces tighter bid /ask spread than the benchmark model without price com-
petition from Guéant (2017).

In Chapter 4, we discuss the second kind of competition, i.e the competition for the
market making incentive scheme. Designated market makers usually have contracts
with exchanges and follow the market making incentive scheme designed by the
exchanges. The purpose of appointing designated market makers and designing
market making incentives scheme for them is to stimulate liquidity provision. The
market making incentive scheme, on one hand, obliges designated market makers to
provide liquidity for most of the trading time, and on the other hand, offers them
various benefit including waives of commission fee, award of make-take fee, cash
reward depending on one’s absolute value of trading volume, or the relative rank of
trading volume among all other designated market makers. The reward structure
might vary as different exchanges offer different market making incentive schemes
for different securities. Then there comes the question on how the different reward
structures of market making incentive schemes can impact market makers’ optimal
strategies that determines their liquidity provision, and more specifically, whether
the introduction of reward related to relative rank of trading volume can improve

the liquidity provision.

To answer above question, we model market makers’ competition for trading volume

rank based reward as a mean field game problem.



PRELIMINARIES

2.1 GENERAL NOTATIONS AND ABBREVIATIONS

For any real numbers z,y, ** = max(z,0), = = max(—z,0).

R? denotes the d—dimensional Euclidian space. R = R!. For all z = (xy,...,14) in
R? we denote by || - || the norm. Without further specification, it is the Euclidian
norm:

We denote by B,(x) (resp. B,(z)) the open (resp. closed) ball of center z € R,

and radius n > 0, with corresponding norm in the corresponding paragraph.
C(0) is the space of all real-valued continuous functions on @ C R+,

CH2%+2(0) is the space of all real-valued continuous functions f on O C R4*!



. . 2 . :
whose partial derivatives —g{ , —g L9 exist and are continuous on @. Note that
x; Ox;0;

sometimes for notation convenience, we also denote by f; the first order partial
derivative of f to its first variable, f{} the second order partial derivative of f to its

first variable, fj the first order partial derivative of f to its second variable, etc.
£(z) = o{g(x)) means that lim, o £(z)/g(z) = 0.

(Q, F,P): probability space.

(Q, F, (Ft)e>0, P): filtered probability space.

E;[X]: expectation of random variable X given filtration F; generated by the state

processes of the model.

SDE: stochastic differential equation.
ODE: ordinary differential equation.
PDE: partial differential equation.
DPP: dynamic programming principle.
HJB: Hamilton-Jacobi-Bellman.
MFG: Mean field game.

u.s.c.: upper-semicontinuous.

l.s.c.: lower-semicontinuous.

2.2 DEFINITIONS AND THEOREMS

Definition 2.2.1. (Nash Equilibrium) A Nash equilibrium of a strategic game is
a profile of strategies (s, ..., s ), where s in S; (.S; is the strategy set of player i),
such that for each player i, Vs; in S;, ui(s}, s*;) > ui(s;, s*;), where s, = (87) i jgn

and u; : [[_, Si = R.



Definition 2.2.2. (Zero Sum Game) A zero-sum game is a mathematical repre-
sentation of a situation in which each participant’s gain or loss of utility is exactly
balanced by the losses or gains of the utility of the other participants. If the total
gains of the participants are added up and the total losses are subtracted, they will

sum to zero.

Definition 2.2.3. (Non-zero Sum Game) Non-zero-sum game is the situation in
which the interacting game players’ aggregate gains and losses can be less than or

more than zero.

Definition 2.2.4. (Mean Field Game) Mean Field Games are games with a very
large number of agents interacting in a mean field manner in such a way that each
agent has a very small impact on the outcome. As a result, the game can be analyzed

in the limit of an infinite number of agents.

The following generalized Ito’s formula, Gronwall’s inequality and Lebesgue’s Dom-

inated Convergence Theorem are used throughout this thesis.

Theorem 2.2.5. (Generalized Ito’s formula) Let X be a semimartingale and let
f be a C? real function. Then f(X) is again a semimartingale, and the following

formula holds:

F(X) = f(Xo) /f )dXC + /f” dX, X9+ > Af(X,

0<s<t

where X is the continuous part of process X and Af(X,) = f(X,) — f(X,_).

Lemma 2.2.6 (Gronwall’s inequality). Let I denote an interval of the real line of
the form [a,00) or [a,b] or [a,b) with a < b. Let o, 5 and u be real-valued functions
defined on I. Assume that 5 and u are continuous and that the negative part of «
is integrable on every closed and bounded sub-interval of I. If 8 is non-negative and

if u satisfies the integral inequality

+ /tﬁ(s)u(s)ds, vt eI,

10



then

u(t) < aft) + /]t a(s)B(s)eld Prdrgs, tel.

If, in addition, the function « is non-decreasing, then
u(t) < aft)eli P tel.

Theorem 2.2.7 (Lebesgue’s Dominated Convergence Theorem). Let (f,,) be a se-
quence of complex-valued measurable functions on a measure space (S, %, ). Sup-
pose that the sequence converges point-wise to a function f and is dominated by

some integrable function g in the sense that

()] < g(),

for all numbers n in the index set of the sequence and all points x € S. Then f is

integrable and
i [ £, — fldp =0,
n—oo S

which also implies

n—o0

lim fndu:/fdu.
S S

The Schauder fixed point theorem, Berge Maximum Theorem, as well as the global
implicit function theorem in (Galewski and Radulescu, 2018, Theorem 4), are mainly
used by the proof of Generalized Issac condition in Chapter 3. The Schaefer’s fixed
point theorem on the other hand, is used by the proof in Chapter 5.

Theorem 2.2.8 (Schauder Fixed Point Theorem). If K is a nonempty convez closed
subset of a Hausdorff topological vector space V and T is a continuous mapping of
K into itself such that T(K) is contained in a compact subset of K, then T has a

fixed point.

Theorem 2.2.9 (Schaefer Fixed Point Theorem). Let T' be a continuous and com-

11



pact mapping of a Banach space X into itself, such that the set
{r e X :x= Nz for some 0 <\ <1}

15 bounded. Then T has a fixed point.

Theorem 2.2.10 (Berge). Let X and © be metric spaces, f : X x © — R be a
function jointly continuous in its two arqguments, and C : © — X be a compact-

valued correspondence. For x in X and 0 in ©, let

f1(0) = max{f(z,0)|x € C(0)},

and

2*(0) = argmax{f(z,0)|z € C(0)} = {x € C(0)| f(x,0) = f*(0)}.

If C' s continuous at some 0, then f* is continuous at 0 and x* is non-empty,
compact-valued, and upper hemicontinuous at @, that is, if 6, — 6 and b, — b as

n — oo with b, € *(0,,), then b € 2*(0).

Theorem 2.2.11 (Global Implicit Function Theorem). Assume F': R" x R™ — R

15 a locally Lipschitz mapping such that

o For every y € R™, the function ¢, : R" — R, defined by ¢,(x) = 3||F(z,y)|?,

is coercive, i.e., lim|jz)|—o00 ¢y(z) = +00.
o The set 0, F(x,y) is of mazimal rank for all (z,y) € R™ x R™.

Then there exists a unique locally Lipschitz function f : R™ — R"™ such that equa-

tions F(xz,y) =0 and x = f(y) are equivalent in the set R™ x R™.
The next lemma shows that any single valued, bounded, upper hemicontinuous
mapping is a continuous function.

Lemma 2.2.12. Let A, B be two FEuclidean spaces, I' : A — B be a single-valued,

bounded and upper hemicontinuous mapping, then I' is a continuous function.

12



Proof. For any sequence a,, — a and b, = I'(a,) (I is a single-valued mapping), if
b, tends to a limit b, then we must have b = I'(a) by the hemicontinuity of I' and
we are done. Assume the sequence b,, did not have a limit. Since b, is a bounded
sequence, there exist at least two subsequences by, and b, that converge to two
different values b and '. Since a,, — a, we must have both a,, and Q. tend to a,
the hemicontinuity of I' would imply b = I'(a) and & = I'(a), a contradiction to the

assumption that b £ ’. Therefore, I is continuous. m

The following Picard-Lindelof theorem (Theorem 2.2.13) in ODE theory, together
with the direct extension from its proof (Lemma 2.2.14) are used mainly in Chapter

3 to provide global existence and uniqueness of solution to ODE system.
Theorem 2.2.13 (Picard-Lindelof theorem). Consider the initial value problem in
RM:

y'(t) = F(ty(t), y(to) = yo, (2.1)
where @ R x RM — RM s uniformly Lipschitz continuous in y with Lipschitz

constant L (independent of t) and continuous int. Then, for some value ¢ > 0, there

exists a unique solution y(t) to the initial value problem on the interval [ty —e, to+€].

The lemma is a direct conclusion from the proof of Theorem 2.2.13, see Teschl
(2012). It helps us to extend the local existence and uniqueness of solution to the

global existence and uniqueness.

Lemma 2.2.14. Let C,p, = [to — a, to + a] X By(yo), where By(yo) is a closed ball in

RM with center yo and radius b. Define

M= sup [F(ty)l.

(tay)eca,b

Then the solution to the ODE system (2.1) exists and is unique on interval [ty —

13



€,to + €, if € satisfies following:
b1
€< mm{M, z,a}.

To prove existence of fixed point, we need sometimes to verify the relatively compact-
ness like Proposition 5.4.5 in Chapter 5. Hence we introduce following Arzela-Ascoli

theorem from Dunford and Schwartz (1958).

Theorem 2.2.15 (Arzela-Ascoli theorem). Let X be a compact Hausdorff space,
and C(X) be space of real-valued continuous functions on X. Then a subset F of
C(X) is relatively compact in the topology induced by the uniform norm if and only

if it is equi-continuous and point-wise bounded.

14



MARKET MAKING WITH PRICE

COMPETITION

3.1 INTRODUCTION

Market makers play an important role in providing liquidity for other market par-
ticipants. They keep quoting bid and ask prices at which they stand ready to
buy and sell for a wide variety of assets simultaneously. One of the key challenges
faced by market makers is to manage inventory risk. Market makers need to decide
bid/ask prices which influence both their profit margins and accumulation of inven-
tory. Many market makers compete for market order flows as their profits come
from the bid/ask spread of each transaction. Traders choose to buy/sell at the most
competitive prices offered in the market. Hence market makers face a complex opti-

mization problem. In this chapter, we model market making for a single asset with

15



price competition as a non-zero-sum stochastic differential game.

There has been active research on optimal market making in the literature with focus
on inventory risk management. Stochastic control and Hamilton-Jacobi-Bellman
(HJB) equation, a nonlinear partial differential equation (PDE), are used to derive
the optimal bid/ask spread. Ho and Stoll (1981) give the first prototype model for
the market making problem. Avellaneda and Stoikov (2008) propose a basic trading
model in which the asset mid-price follows a Brownian motion, market buy/sell order
arrivals follow a Poisson process with exponentially decreasing intensity function of
bid/ask spread, and market makers optimally set the bid /ask spread to maximize the
expected utility of the terminal wealth. Guéant et al. (2013) discuss a quote driven
market and include the inventory penalty for terminal utility maximization. Guéant
(2017) extends the model in Guéant et al. (2013) to a general intensity function
and reduces the dimensionality of the HJB equation for CARA utility. Cartea
and Jaimungal (2015) consider the market impact and capture the clustering effect
of market order arrivals with a self-exciting process driven by informative market
orders and news events, and solve the HJB equation by an asymptotic method.
Cartea et al. (2017) study the model uncertainty, similar to Avellaneda and Stoikov
(2008); Guéant et al. (2013), except for the self-exciting feature of market order
arrivals. Fodra and Pham (2015) divide the market orders depending on the size
which may bump up the mid-price that follows a Markov renewal process. Abergel
et al. (2020) discusses a pure jump model for optimal market making on the limit
order book with the Markov decision process technique conditioned on the jump

time clock.

One common feature in the aforementioned papers is that market order arrivals fol-
low a Poison process with controlled intensity. The probability that a market maker
buys/sells a security at the bid/ask price she quotes is a function of her own bid/ask
spread only. This setting provides tractability, but ignores the influence of prices

offered by other market makers. The price competition between market makers in
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practice is an important trading factor and needs to be integrated in the model. Kyle
adopts the game theoretic approach in a number of papers Kyle (1984, 1985, 1989) to
study the price competition between market participants of informed traders, noisy
traders and market makers, and finds the equilibrium explicitly and shows its impact
on price formation and market liquidity. To the best knowledge of the authors there
are no known results in the literature on price competition between market makers
who keep trading to profit from bid/ask spread while minimize inventory risk and
improve market liquidity. The primary motivation of this chapter is to fill this gap.
Market making with price competition is the key difference of our model to that of
Guéant et al. (2013) and others in the literature. The standard optimal stochastic
control is not applicable to our model due to the looping dependence structure and

the equilibrium control is used instead to solve the problem.

The main contributions of this chapter is the following: Firstly, we discuss price
competition between market makers in a continuous time setting with inventory con-
straints and incomplete market information of competitors’ inventory, and extend
the classical optimal market making framework in Avellaneda and Stoikov (2008)
with the game theoretic approach. Secondly, we prove the existence and uniqueness
of Nash equilibrium for the game under linear quadratic payoff and prove the gen-
eralized Issac’s condition is satisfied for a system of nonlinear ordinary differential
equations (ODEs), rather than assuming it to hold a priori or solving it explicitly as
in the most literature, see Hamadene et al. (1997); Buckdahn et al. (2004); Bensous-
san et al. (2014); Lin (2015). Thirdly, we perform some numerical tests to compute
the equilibrium value function and equilibrium controls (bid/ask spreads) and com-
pare results with those from a benchmark model without price competition, and we
find our model reduces the bid/ask spread and improves the asset liquidity in the

market considerably.

The rest of the chapter is organized as follows. In Section 3.2 we introduce the

model setup and notations. In Section 3.3 we state the main results on the exis-
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tence and uniqueness of Nash equilibrium, the generalized Issac’s condition, and the
verification theorem for the equilibrium value function. In Section 3.4 we perform
numerical tests to show the impact of price competition and compare the results
with a benchmark model without price competition. In Section 3.5 we prove the

main results (Theorems 3.3.3 and 3.3.4). Section 3.6 concludes.

3.2 MODEL SETTING

Consider a market in a probability space (€2, F, P) with homogeneous market makers
in a set €2,,,,,. Choose one of them as a reference market maker, whose states include
time variable t € [0, T, asset reference price S;, cash position X; and the inventory
position ¢;. S; is public information known to all market makers, whereas X; and ¢;
are each market maker’s private information. The reference asset price S; is assumed
to follow a Gaussian process

dSt = O'th,

where W is a standard Brownian motion adapted to the filtration {F;}icr,, gen-
erated by W and augmented with all P-null sets, and o is a constant representing
asset volatility. The terminal time 7' is small, normally a day, the probability that
S; becomes negative is negligible and we may assume S; is always positive. Market
makers do not buy/sell the asset at the reference price, but at bid and ask prices,
and make profit from the bid/ask spread. Denote by a a buying order and b a selling

order. The reference market maker’s bid price S? and ask price S are given by

St =8, -6, St=S +0dL,

where §° and 02 are the bid and ask spreads controlled by the reference market

maker.

At time ¢, other market makers also quote bid and ask prices simultaneously to
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compete with the reference market maker. Among their quotes there exist a lowest
ask price and a highest bid price, which are the most competitive prices other than
reference market maker’s prices. Denote by k, the market maker who provides the
lowest ask price Sf_, (other than the reference market maker), and ky, the market
maker who provides the highest bid price S , (other than the reference market
maker), in other words, o}, , and df_, are the lowest bid and ask spreads among the

reference market maker’s competitors.

Traders tend to sell/buy at the most competitive bid/ask price, but may accept
less competitive prices due to other factors such as liquidation of large quantities.
From the reference market maker’s perspective, the arrival timing of buying/selling
orders is unpredictable, while the intensities of them depend on reference market
maker’s bid /ask spreads as well as the most competitive spreads other than hers. On
one hand, the intensity depends on the absolute size of bid/ask spread. If bid/ask
spread are large, the quoted prices will be more away from traders’ expected fair
value, which decreases their willingness of trading. On the other hand, the intensity
also depends on the relative ranking of market maker’s spread compared to the
most competitive spread in the market. The lower her bid/ask spreads compared
relatively to that most competitive spreads, the more likely her bid/ask quotes are
to be hit by traders. Hence as a simplification of reality, we assume the arrival
intensity is decreasing in terms of reference market maker’s spread and increasing in
the most competitive spread. The number of selling market order arrival is denoted
by N? and that of buying market order is denoted by N2. Both of them are Poisson

processes with controlled intensities A\ and ¢, defined by

A? - f(éfa }Céa,t>7 )‘g - f(éfa 6ll;b,t)7

where f is the intensity function. Denote by f the first order partial derivative of f
to its first variable, f{} the second order partial derivative of f to its first variable,

etc.
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Assumption 3.2.1. Assume f is twice continuously differentiable and for all §, x,y €

R, f(6,2) >0, fi(6,2) <0, f3(0,2) > 0, lims, 1oc —2E > 0, and

F(8,2) f11(0,y) = 2£1(0,2) f1(0,9) + | f1(8, 2) f5(0, ) — fi5(8,9) f (0, 2)] < 0. (3.1)

Furthermore, assume there exists a twice continuously differentiable function A :
R — R such that f(6,2) < A(9) for all x € R, lims_, 1o A(0)d = 0 and A(0)N'(9) <
2(X'(9)).

Some conditions in Assumption 3.2.1 are technical and needed in the proof. Many
functions satisfy these conditions, for example, f(d,z) = A(d)g(z), where X is the
N(9)

one in Assumption 3.2.1 with negative first order derivative and limgs_, ;o —35 > 0,

and ¢ is increasing, positive and bounded. Here is another example:

Ae—a(5

f(o,x) = Ve

(3.2)

where A is the magnitude of market order arrival rate, a the decay rate, k the
dependence rate of the difference between reference market maker’s price and the
most competitive price in the market with a > \/7516‘ > (. It is easy to check that f
satisfies all conditions in Assumption 3.2.1. Some simple functions may not satisfy
Assumption 3.2.1. For example, a constant function is excluded, if it were allowed,
it would imply the size of bid/ask spread does not affect the arrival rate for market
makers. In this case no matter how high the market makers set their bid /ask spread,
there are always traders willing to trade with them. Then consequently every market

maker would set their bid/ask spread as large as possible, which is clearly unrealistic.

Market makers are allowed to short sell the asset. It means the inventory can be
negative. We assume there is an inventory position constraint for all market makers.
Let Q ={—Q, - ,Q} be a finite set of integers with () and —¢) the maximum and
minimum positions a market maker may hold. Denote ¢; by the reference market

maker’s inventory process and ¢, € Q. When ¢ = @ (or —@Q), market maker can
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not buy (or sell) any more. Denote by I” and I® the indicator functions of market

maker’s buying or selling capability:

Ib(Q) = ]1{q+1eQ}, IG(Q) = ]l{q—leQ}a

where 1 4 is an indicator that equals 1 if A is true and 0 if A is false. When market
maker’s bid price is hit by a market order (N} increases by 1), her inventory g
increases by 1 and she pays S? for buying the asset. Similarly, when market maker’s
ask price is hit by a market order (IV/ increases by 1), her inventory ¢, decreases by
1 and she receives Sy for selling the asset. Market makers have inventory limit, due
to reasons like desk risk limit. We assume when their inventory reach —@Q) or @), they
can no longer increase their exposure, but only trade in opposite direction to decrease
the exposure. It is equivalent to they will quote infinity for the corresponding ask
(for —@ inventory) or bid (for @ inventory) spread, which induces 0 intensity of

order arrival. The dynamics of cash X; and inventory ¢; are given by

dX; = St1%(q)dNf — SPT°(q;)d N,
dqy = [b(Qt)dNtb — I%(qi)dN{

with the initial condition (Xo,q) = (z,9) € R x Q.

The reference market maker does not have complete information on the whole mar-
ket. Denote by (x,,qr,) and (xj,,qx,) the states (cash and inventory) of market
makers ky, and k,, respectively. They are random variables from the reference
market maker’s perspective, as her competitors’ states are not public information.
The reference market maker can only deduce the probability distribution for both
(Xg,» Ak, ) and (xg,,qx,) based on available public information. We assume their
probability distributions are known and time-invariant. They are P, for (xg,,qx,)
and P, for (xg,,qg,). This incomplete information assumption is a reasonable ap-
proximation of real market. We next use a heuristic example to illustrate the in-

complete information setting and P, and B,.
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Example 3.2.1. Consider at time t there are 3 market makers quoting in the market
including the reference market maker. They are independent and may have different
states (cash and inventory). For each of them, all possible states and corresponding

probability, bid/ask spread are assumed by following table.

x | q | Probability | Bid spread | Ask spread
1

0] -1 3 10 bps 400

0] 0 3 30 bps 30 bps
1

0] 1 3 400 10 bps

For simplicity we assume they all have same cash position x = 0 and there are only
three inventory possibilities ¢ = —1,0,1. When market maker’s inventory achieves
mazimum capacity, they simply quote 4+oo bid/ask spread to stop buying/selling
(lims_ o f(d,2) = 0 for any x). Assume uniform probability on ¢ = —1,0,1.
When g = —1, market maker will prefer to buy than sell. Hence they will quote bid
spread 10bps lower than their ask spread. For q = 1, it is the opposite. Denote the
inventory of the reference market maker’s two competitors as ¢ and qa. We can
derive P, as following. P,(0,—1) is the probability that one of the two other market
makers (other than reference market maker) who quotes the lowest ask spread has
mventory —1. It implies both market makers have inventory ¢ = qo = —1, otherwise
a lower ask spread 30 bps or 10 bps would be quoted if one of them had inventory 0
or 1.

Pf0,~1) = Play = ~1)P( = —1) = &

Similarly, we can calculate P,(0,0) and P,(0,1) as following.

P,(0,0) = P(q1 =—1)P(qg2=0)+ P(¢1 =0)P(q2 = —1) + P(¢1 = 0)P(q2 = 0) =

P0,1) = 1— (Py(0,—1) + P,(0,0)) = 2.

Ne)

Note that above is just a extremely heuristic example to illustrate why usually P,

has higher density on states with positive inventory (For simplicity we even assume
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there is only one cash value z = 0). Market makers with positive inventory are
more prone to sell than buy, hence they are more likely to be the one that quotes
the lowest ask spread among all reference market maker’s competitors. In reality, it
might not be possible to calculate P, and P, as above example since the equilibrium
bid/asks spread strategies have not yet been solved. But we assume market makers

can still get P, and P, by empirical analysis on all public information.

Note that P, and P, can also be time dependent. It would not affect our results
as the same proof still applies. For notation simplicity we only discuss the time
invariant case. Moreover, after solving the equilibrium, one can also deduce the
probability distributions for market makers’ states at each time ¢ under equilibrium.
From our setting, they don’t necessarily equal to P, and F,, since we assume market
makers might quit or return to the market due to some unexpected interruption,
like risk limit touched, trading system or algorithm upgrade, etc. These different
factors all might make the states’ distribution in reality differ from the one we solve

from the equilibrium.

We assume market makers take closed loop feedback strategies that are deterministic
functions of state variables at time ¢, that is, there exist functions 6* and §° such

that bid/ask spreads of market maker are given by
58 =6, S, x,q), O =085, x,q).

Definition 3.2.2. Denote by A® and A’ the admissible strategy set. They are the
sets of all % and &° that are lower bounded square integrable measurable functions

of t, S and x for all possible q.

§ := (6°,6%) € Ab x A% reference market maker’s strategy, 59 = {0m,m € Quum }
the collection of all market makers’ strategies, so reference market maker’s strategy
5 € b Using the game theory convention, we may label the reference market

maker as 0 and 5_0 the set of strategies of all other market makers in €2,,,, except

23



the reference market maker, i.e., 6_ 1= {0, m#0,m€E Qpm }-

All strategies in 59 can influence reference market maker’s expected intensity of
market order arrival, as everyone else in 2, can be reference market maker’s
competitor when a market order arrives. Hence reference market maker’s cash X;
and inventory ¢; are determined by her own strategy 8 as well as implicitly by those
in the set 8_o. Starting at time ¢ € [0, 7] with initial asset price S, cash x and
inventory ¢, the reference market maker wants to maximize the following payoff

function:

- 1 T
J<67 5707 ta Sa z, Q) = ]Et[XT + QTST - l(|QT|) - 5702/ (QS)2d5]7 (33)
t

where E; is the conditional expectation operator given S; = S, X; = x and ¢, =
q. The reference market maker wants to maximize the expected value of terminal
wealth, but holding inventory is penalized both at terminal time T (denote by [, an
increasing convex function on R with [(0) = 0), and throughout the time interval
[0, 7] (denoted by the integral term in (3.3) with 7 a positive constant representing

the risk adverse level).

Market makers’ payoffs depend on each other’s strategy, which again depend on
each other’s payoff. Due to the circular dependence nature among market makers’
strategies and payoffs, we use a game theoretic approach to solve the problem. We

next define the Nash equilibrium.

Definition 3.2.3. We call the Nash equilibrium exists for a game G,,,,, if there exists
an equilibrium control profile 5’;3 = {08, m € Qum}, such that for every reference
player 0 in €,,,,, given her strategy 6* € 5;‘2 and other players’ strategy set 5i0, her

payoff satisfies the following equilibrium condition:

J(6%, gio,t, S,x,q) = 66111&1’?;<XA‘1 J (4, 5i0,t, S,z,q). (3.4)

Moreover, the reference market maker’s equilibrium control is * and the equilibrium
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value function is

V(t,S,z,q):= J(d*,gio,t, S,z,q). (3.5)

3.3 EXISTENCE AND UNIQUENESS OF DYNAMIC EQUI-

LIBRIUM

In this section, we prove the existence and uniqueness of Nash equilibrium for G,,,,
when price competition is in place. We first reduce the model’s dimension by ansatz,
then characterize the equilibrium value function by a system of nonlinear ODEs, and
prove the verification theorem, finally show the existence and uniqueness of Nash

equilibrium by an equivalent ODE system.

Writing the integral form of Xr and gr in payoff function (3.3) with Ito’s lemma,

we can simplify the equilibrium value function V' as

V(t,S,x,q) =2+ qS +6,(1), (3.6)

where 6, : [0, 7] — R is defined by

T

1

()= sup Bl [ (51005 ) + 8F(8 8, — 510" ENds — Ularl)] (3.7
ScAbxAa t

with E; being the conditional expectation operator given ¢; = ¢q. The reason why 6
is independent on x and S is because each reference market maker is only optimizing
against an expected intensity function that does not depend on other market makers’
state, but only on their distributions, which are assumed to be known and given.
Assume there is equilibrium such that market makers with same inventory have
different value function (dependent on their x and S), then given the equilibrium
strategies which are function of ¢, S, x and ¢, let’s consider the optimization problem

for certain reference market maker. In this case, it is simply equivalent to that the
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reference market maker is solving her own market making optimization problem
similar to the one in (Guéant (2017)), but with a time dependent intensity function.
In this case, the same dimension reduction techniques in (Guéant (2017)) can be
applied and the unique optimal solution can be found. As suggested by (Guéant
(2017)), the optimal bid/ask spread would not depend on z and S. It contradicts
our assumption that equilibrium strategies depend on x and S. Hence we know both

equilibrium strategies and 6 defined in above are independent on x and S.

Since process ¢; takes value in a finite set Q, it is a Markov chain with M = 20Q) + 1
states. Hence game G,,,, is reduced to a continuous time finite state stochastic

game. Define a function 6 : [0, 7] — RM as

0(t) = (0-q(t),--- 0q(1)). (3.8)

The equilibrium bid/ask spreads only depend on state ¢; at time ¢. As market makers
are homogeneous, under equilibrium at time ¢, any two market makers with the same
state ¢ quote the same bid/ask spread, denoted by ﬂg(t) and 7 (t) respectively. Note
that ’/Tg(t) exists for every ¢ € Q except ¢ = ) when market maker reaches the
maximum inventory and stops quoting bid price. 7§ (t) is similarly defined. We can

define the equilibrium control as
m(t) = (Ml (t), - 1), (1) = (wlq(t), - 1o (t).
The market maker’s equilibrium control §* = ((6%)*, (6°)*) is given by
(0“) (t, S,z q) = ma(t), (6°)(t, S, z,q) = mo(t). (3.9)

When market order arrives at time ¢, the reference market maker expects her most
competitive market maker in bid side to have inventory ¢ with probability Pé’ and in

ask side P;'. As there are only finite number of states, the most competitive market
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maker’s state probability is given by:
P*= (P4, PS), P'=(Py,--  P5y).

Market makers with inventory on boundary values do not quote in the market, so

a _ pb _
P, = Pb=0.

We next provide a characterization for the value function 6 and the equilibrium
controls 7, w°. Applying the dynamic programming principle, we get the following

Hamilton Jacobi ODE system:

0, (t) = %wzqz = supr(8(t), 6, 7*(2), ) I*(q) — sup n°(0(t), 6,7 (t), q)1"(q)

0,(T) = —I(|ql)

(3.10)
W;(t) € arg(ssup n*(0(t), 5,7 (t),q), Yge{-Q+1,---,Q}

7T2<t> € argsupnb(e(t)757 Wb(t)7Q)7 vq S {_Q7 e 7Q - 1}7
)

where 7% n? : RM x R x RM~! x Q — R are defined by vectors § = (6_q,--- ,0g) €

RM7 T = (ﬂ-a—Q—i-lv T 77ng) or 7° = (WEQv T 77T22—1) as
Q
7'(0,8,7%, q) = Z Py f(6,75)(8 + 041 = 0)
o (3.11)
n°(6,6,7" q) : Zpb D)6+ Ogir — 0,).
Note that Z?:—QH P f(6,m(t)) and Z P f(6, wi(t)) are market maker’s ex-

pected intensity of buying/selling market order arrival when her spread is 6 and
other market makers take the equilibrium control. We can now characterize the

Nash equilibrium.

Theorem 3.3.1. Assume the Nash equilibrium of the game G, exists. Then the

equilibrium value function V' can be decomposed as (3.6) with function 0. Equilibrium
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control 8* can be written as (3.9) with two vectors 7(t) and w°(t). Moreover, 0,

7(t) and 7°(t) satisfy the ODE system in (3.10).

The optimality condition that 7%(t) and 7°(¢) satisfy in (3.10) leads to the following
generalized Issac condition, which is also defined in Cohen and Fedyashov (2017) to
guarantee the existence of Nash equilibrium for non-zero-sum stochastic differential
game. It is a natural extension of the standard assumptions (Issac condition) used

in the zero-sum game to the non-zero-sum game.

Definition 3.3.2. We call the generalized Issac condition holds if there exist func-

tions w®, w? : RM — RM~1 gych that for any vector p € RM,

0 (e, wy (), w* (), @) = sgpn“(u, 5, w(p),q), Yge€{-Q+1,---,Q}
(3.12)
n° (p, wh(p), w'(w), q) = sup (0,0 (1),q), VYge{-Q,---,Q—1},

where wy, w’q’ :RM — R and w®, w® are defined by

w(p) = (W (), -+ wh (), w'(p) = (wlolu), - wo_i(1).

If the generalized Issac condition is satisfied, we can substitute the function w?, w®

into operators n%, n°, and the system (3.10) is reduced to the following ODE system:

() = 570°a® — " (B(0), w(6(0)), w (0(1), ) (a)
— (00, w00, w01, ) (o) (313)

0,(T) = —I(lal)-

We next state the verification theorem.

Theorem 3.3.3. Assume that f satisfies Assumption 3.2.1, that there exist bounded
strategies 7@, w° and function 6 on [0, T] satisfying the system (3.10). Then the Nash

equilibrium of the game G, exists. The equilibrium value function is given by (3.6)
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and the equilibrium control by (5.9).

From Theorems 3.3.1 and 3.3.3 we know the existence and uniqueness of Nash equi-
librium for game G,,,,, are equivalent to the existence and uniqueness of equilibrium
controls 7%, 7® and function 6 that satisfy the ODE system (3.10). We now state

the main result of this chapter.

Theorem 3.3.4. Assume f satisfies Assumption 3.2.1. Then there exists a unique
Nash equilibrium for game G,,,. Specifically, there exist unique locally Lipschitz
continuous functions w®, w® that satisfy generalized Issac condition in Definition
3.3.2, and there exists unique classical solution 0 to the ODE system (3.13), such

that the equilibrium value function is given by (3.6) and the equilibrium controls by

T (t) = w(0(t)), 7°(t) = w’(0(t)), t € [0,T]. (3.14)

3.4 NUMERICAL TEST

In this section, we numerically find the Nash equilibrium value function and bid/ask
spread when there is price competition with the intensity f defined in (3.2) and com-
pare the numerical results with those derived using a benchmark model in Guéant
(2017) without price competition and with the intensity f(8) := 0.5Ae™% and the
liquidity penalty I(q) := 0.1¢%. To make two models comparable, we define parame-
ters for f and f in a way that when every market maker provides the same bid /ask
spread, the intensity of market order arrivals is the same in both cases, which gives

0.5A in the definition of f. The parameters of both models are set as follows:

S |o(daily) | v | k| a | A |T(day)| N | Q
20.0 0.01 1.0 | 2.0 | 2.0 | 60.0 1.0 100 | 10

Here S is the initial asset value, N the number of time steps in discretization, T’

the period of one day, o the daily volatility, @ and A used in intensity functions, ~
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inventory penalty coefficient, and () the inventory maximum capacity. Furthermore,
probabilities of the most competitive market makers’ state P% and P’ are assumed

to be given by (see Example 3.2.1 for explanation of P% and P?)

wa:Plbo:O
Py =P =0.2
Pl=P =04
Py =P, =03

PY =1/170, g¢+# —10,0,1,2

b
PP =1/170, ¢ #10,0,—1,-2.

The rationale of designing above probability is given as following. Market makers
tend to have neutral position. When they have positive position, they are more
prone to sell them than buy further. That is why most market makers’ position
would focus on —1, 0, 1, with decreasing values for probability of larger size of

(positive or negative) inventory.

Figures 3.1 and 3.2 plot the optimal bid/ask spreads of both models at time 0.5.
We note that higher inventory leads to lower ask spread but higher bid spread,
indicating the preference of market makers to sell rather than to buy in order to
remain inventory neutral, and that the equilibrium bid/ask spreads of our model are

tighter than those of the benchmark model, indicating improved market liquidity.
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Figure 3.1: Ask spread strategy profile at time Figure 3.2: Bid spread strategy profile at time
0.5 0.5

Figure 3.3 plots the equilibrium ask spreads with different inventory levels on [0, 7.
Market makers with positive inventory are more willing to sell and clear their po-
sitions due to the liquidity punishment at terminal time 7', and this willingness
increases as time nears 1" as the equilibrium ask spread is decreasing when t tends
to T'. They might even be willing to quote a negative ask spread, which means
selling the asset under its fair value, in order to return to neutral position. That is
because they deem they would suffer more if they hold the position and are forced to
liquidate their position at time 7', which incurs a liquidity punishment. For market
makers with negative inventory, it is opposite. This explains empirical facts that

trading volume increases at the end of the day.
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tion Model
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Figure 3.4 plots the expected intensity functions in terms of bid/ask spread at
time 0.5, which are given by Gy(0) = f(0) for the benchmark model and G(§) =
Z _on Pif(0,m5(t)) for our model, respectively. The one from our model is de-
rived endogenously from equilibrium (note that though the state distribution P, and
P, are still exogenous, equilibrium strategies profile 7% and 7’ are derived endoge-
nously). But the one assumed by the benchmark model comes from Avellaneda and
Stoikov (2008) in which the distribution of of market order size and the statistics of
the market impact are used. When price competition is in place, the market order
arrival intensity decays faster, indicating that when price competition is in place but
market maker assumes there were not, they would tend to overestimate the market

order arrival intensity and quote higher bid/ask spreads.

Competition Mode| — ==~ Benchmark Model Competition Model === Benchmark Model

Value function theta on time 0.1 Value function theta on time 0.9
L T —— 1

92 - = s
90
88 " — e v -1
86

B84 i

theta
""-.‘
~
~L.
/
.
4
"
-
4"’
-
g
theta
Lo

B2

80 { N / \
A% A% 5% 4% of 95 9B 4B O PRI LU LA S O R L
Inventory Inventory
Figure 3.5: Value function 6 at time 0.1 Figure 3.6: Value function 6 at time 0.9

Figures 3.5 and 3.6 plot the equilibrium value function € near the starting time 0
and the terminal time T, respectively. We notice that # with price competition
takes lower value than the one without at time 0.1 but performs better at time 0.9,
especially when there are still large inventories to be liquidated. The reason is given
following. Intuitively, the value function mainly depends on two factors. One is the
profit from bid/ask spread, while the other one is the liquidity punishment at termi-
nal time. At time 0.9 which is close to terminal time, the profit from bid/ask spread

is less important since not much time left to collect profit from the spread. Market
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makers with non-zero inventory have larger chances to liquidate their positions than
those in benchmark model, as their spreads are aggressive and lower than most of
other market makers, as well as market makers with same inventory in benchmark

model (see Figures 3.3 and 3.4). Comparing intensity functions from competition

Ae*a‘;l

V/1+3ek061-2)

and d,. Hence the order flow intensity that enable market makers in competition

model and benchmark model, > 0.5Ae™*2 when 6, is smaller than z
model with non-zero inventory to liquidate their positions are generally larger than
those in benchmark model. Then they are exposed to less potential liquidity pun-
ishment, and higher value functions. On the other hand, when it is at time 0.1, the
profit from bid/ask spread is more important, and market makers in competition
model has lower value function since their bid/ask spreads are generally lower than

the benchmark model (see Figures 3.3).

In summary, when price competition between market makers is in place, market
maker tends to quote tighter bid/ask spreads and the market has better liquidity
and lower transaction cost. However, the profit of market maker is reduced. The

value function is lower when there is competition between market makers.

3.5 PROOFS OF THEOREMS 3.3.3 AND 3.3.4

3.5.1 PRrROOF OF THEOREM 3.3.3

Proof. To verify that (gg)* is the equilibrium control profile and V' is the equilibrium
value function, it is sufficient to check that they satisty the equilibrium condition in
(3.4). For any market maker in (,,,,, given other market makers’ strategies in (8g)*

and any admissible strategy d defined in Definition 3.2.2 we should prove:

J(8,(8-0)"t, S, x,q) < J((8)*, (6_0)",t,5,2,q9) = V(t, S,z q).
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Let the reference market maker takes the arbitrary admissible strategy &8, while

every other market maker decide their bid/ask spread by

(5(1)*(757 SanQt) = W;’t(t), (5b)*(t, StaXtu(It) = Wgt(t)-

As 7 and 7° are bounded, they are also square integrable and hence admissible.
Denote reference market maker’s cash position at any time t as X, ’5, while their
inventory is ¢;°. We want to prove V defined by (3.6) via the solution 6 to the ODE
system (3.13) is indeed the equilibrium value function. For any time ¢ € [0,T7], by
the terminal condition of V' and 0, as well as the Ito lemma with respect to function

0, we get following.

V(T, S, X7°,07°) = X7° + 47757 + 0,26(T) = 2 4 ¢S + 0,(1)

+ /tT SO I (q%)dND + /tT 81%(q%)AN® + /tT ¢ °dS, + /tT 9;2,5(u)du
T T
[ O a0 = 0, (GO + [ (60 4(00 = 0TGN
(3.15)
The first equality in (3.15) holds as V' in this case is defined by (3.6) via 6. As ¢’
takes value in finite set Q, and the solution for ODE exists on compact set [0, 77,
we know both 6, (u) and ¢/ (u) is uniformly bounded on [0, T7] for all ¢ € Q and:

E| / (4;)2du] < 400, E| / (0o (u))2du] < +o0.

qu,

Moreover, as 6 is the unique solution to ODE system (3.13), it is bounded and hence

integrable over [0, T']. From assumption of f and we assume admissible control, using
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similar argument to the verification theorem in Guéant (2017), we have,
Q T
E[ ), Pj‘/ PO m O (g )10 + 0oy (u) = 0,5 ()] du] < +00
j=—Q+1 t

Q-1 T
BIY P [ S m O @5 + 0, (0) 6, 0(wldu] < +ox.
j=—q

Take expectation on both side of (3.15), we have:

T
E[V(T, Sp, X3°, %) = V(t, S, 2, q) + E| / n*(0(u), 8%, 7 (u), ¢5°)1*(q}?)du]
t

Y Yu)

B[ 00 6h 7w, ) i) + B[ o))

where 7 and 7° are defined in (3.11). Hence we have:

T
E[V(T, Sp, X3%,¢2%)] < V(t, 8, 2,q) + E| / sup” (6(u). 8% 7 (u), %) 1))
t o

’u)

T T

L[ supa?(00), 8% 7). )16 ) + B[ o))
1 t "

(3.16)

As 0 satisfies ODE system (3.10) for every u € [0,7]. We substitute it into the

corresponding part in (3.16) and have following.

I * * 1 T *
J(8,(6-0)",t, S, x,q) = E[V(T, S, X;°, ¢3) — 5702/ (¢20)%du] <V (t,S,z,q).
t

On the other hand, if the reference market maker also take equilibrium control, her
cash position and inventory are denoted by X; and ¢ respectively. And we have

following.
n*(0(t), mg (t), ™(t), q) = sup n"(0(t),6, 7 (t), q)

7' (6(2), my(£), 7 (). 4) = sup”(B(8), 6,7 (1), @)
Substituting the equilibrium control defined in (3.9) to (3.16) can conclude the proof
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as following:

-

1 T
J(((S)*, ( —0)*7 t? S> T, q) - E[V(T7 ST; X;W Q;) - 5702 / <QZ)2du]
t

=V (t,8,2,q) > J(5,(0_0)" 1,5 x,q)

3.5.2 PROOF OF THEOREM 3.3.4

The proof of Theorem 3.3.4 is made of three steps:

1. There exist functions w®, w® such that for any vector u € RM, w?(u) and

w®(p) satisfy equation (3.12).

2. w? and w® are unique and locally Lipschitz continuous, which guarantees RHS

of the ODE system (3.13) are also locally Lipschitz continuous.

3. There exists unique classical solution to ODE system (3.13).

The key step for proving Steps 1 and 2 is to characterize the vectors w®(u) and w® (i)
by the first order condition of Hamiltonian. They are the solution to some equation
system. Then we can prove step 1 and 2 by discussing the zero point for the equation
system. The key step for proving Step 3 is to obtain upper bound estimation for
6. It can be done by showing 6 is also a solution to another system of ODE, which
admits the comparison principle, and hence upper bound for its solution. Without

confusion of notations, we write w®(u) and w’(u) as,

wa<:u) =w" = (wiQ-&-l? T 7w82)7 wb(,u) =w = (w—Q) s Weo1)-
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PROOF OF STEP 1

We first show that w® and w” satisfy the optimal condition of the Hamiltonian. We
provide some preliminary results for the existence and uniqueness of the maximum
point for Hamiltonian 7%(u, d,w, q) given any vector p € RM and w € RM~1. We

can prove the same result similarly for n°(u, d,w, q).

Lemma 3.5.1. Assume intensity function f satisfies all the assumptions in Theorem

3.2.1. Then given any vectors w = (w_gy1,- -+ ,wg) € RM™ and pu, the mazimum

point w.r.t § exists and is unique for function n*(u,d,w,q) when g = —-Q+1,--- ,Q.

Furthermore, the mazimum point of n®(u, 0, w, q) satisfies the first order condition:
dn®

%(Ma 57 w, Q) = 0.

Proof. Given any vector u and w, the expected intensity function d is defined by

Q

a6) = ] Phflbw).

J=—Q+1

From Assumption 3.2.1, we know for any ¢, x and y:

F6,2) f11(6,y) + f(6,9) /11 (6, 2) < 4f1(6,2) f1(6,y). (3.17)

Simple calculation shows

d(9)d"(0) < 2(d'(0))*,

which implies § + pg—1 — pig + d(9)/d’(9) is a strictly increasing function of §. It
means ‘%(u,é,w,q} = (0 at most has one root. Assume it has no root, which
means either n%(u,d,w, q) is strictly increasing or strictly decreasing w.r.t . As
it can be easily deduced that lims_, ;. n*(,0,w,q) = 0 and for certain § > —p,
n*(p, 0, w,q) > 0, n%(u,d,w,q) can only be decreasing function w.r.t §. However,

when § < —p, n%(p,0,w,q) < 0. It suggests n*(u,d,w,q) can not be decreasing
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either. Therefore there is unique root for %(,u, d,w,q) = 0. There exists a unique
0* such that %(u, d,w,q) =0 and n*(u, J,w, q) is strictly increasing for § < §* and
strictly decreasing for 6 > ¢*, that is, ¢* is the unique global maximum point of

n*(p, 6, w,q). O

Step 1 is equivalent to following theorem, which proves that generalized Issac con-
dition in Definition 3.3.2 holds for any vector i € RM. We only focus on w?, as the

proof of w? is similar.

Theorem 3.5.2. Assume the intensity function f satisfies Assumption 3.2.1. Then
for any fized vector p = (u_g,--- , pug) € RM, there is vector w®* = (W i1, s WH)
such that forq=—-Q+1,--- ,Q,

wy = argmax{n”(u,d, w", q)}. (3.18)
5

Define a mapping 7 : RM~1 — RM-1 a5

TCI(w) = argmax{n“(,u,é,w,q)}, \V/C] € {_Q+17 7@}
ok (3.19)

T(w) = (T-gn(w),- -, To(w)),

(3.18) is equivalent to w* = T'(w®), namely, w®

is a fixed point of mapping 1. We
need the Schauder Fixed Point Theorem 2.2.8 to prove the existence of w®. To apply
Theorem 2.2.8, we need to show the existence of K and the continuity of T". The

next lemma confirms the first requirement.

Lemma 3.5.3. Given any vector p= (u_q -+ ,pug) € RM and mapping T defined in
(3.19), there exists a nonempty convex compact set K C RM=1 such that T(K) C K.

Proof. Firstly, for any vector w € RM =1 define ¥ = (y_g+1, - ,yg) = T'(w). There

exist a uniform ¢,,;, € R such that for every g,
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We can prove by contradiction. Assume there were no lower bound for y,. Define

G2(6) = n(u, 6,y,q) for g = —Q +1,--- ,Q, we know
Yq = arggnaX{ij@)}-

Denote the uniform upper bound and lower bound of p,_; — 11y among all ¢ € Q as
My and my. We have

Yq > —M,.

Otherwise, G¢(y,) < 0 and contradicts with the fact that y, = argmax;{G§(4)},

and G¢(0) > 0 as long as 0 > —(pg—1 — fiq). Hence we can conclude that

Yq > 5min = _Md-

Secondly, for any vector w € [0, +00)M ™!, define ¥ = (y_g41, - ,yg) = T(w).

There exists a uniform d,,,, € R such that for every ¢,

Yq S 6mam- (321)

Define 69 := —mygy + 1. By definition of my, for every ¢ we have

0o + pg—1 — pg = 1> 0.
Hence for every ¢ € Q, Gg(d) > 0. Moreover, as f is increasing to its second
argument, for any vector w € [nin, +00)M =1 we have:
Q

Gi(00) = > P! f(60, min)- (3.22)

j=—Q+1
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By assumption lims_, oo A(0)d = 0, there exists d,,q: > dp such that

Q Q
max{ »  P'A(6maz)(Omar + Hg-1 = 1)} < > P f(0, Omin). (3.23)
To=en j=—Q+

As f(0maz, ) is bounded by A(d,nqz) uniformly, (3.22) and (3.23) imply that for any

vector w € [Omin, +00)M 1

max Gy (0maz) < Gg(do).

q

Since dpmaz > 0o and G (dmaee) < Gi(do), we know that the maximum point 6* of
G¢ cannot be in the interval (Jqe, 00) as it would otherwise be a contradiction to

G¢(0) being a strictly increasing function of § for 6 < §*. Hence for any ¢ € Q,

yq € [6mm7 5mam]7

which shows T(K) C K, where K = [6min, Omaz) L. O

With the help of Berge Maximum Theorem (Theorem 2.2.10), we now can prove
the mapping 7" defined in (3.19) is continuous on K.

Lemma 3.5.4 (Continuious Mapping T in RM). Given any vector u and bounded
set K defined in Lemma 3.5.8, mapping T defined in (3.19) is continuous on K.

Proof. We prove that given vector p, each element T}, (w) of mapping T is continuous
respect to each w,. As the maximum point of n*(y, -, w, ¢) exists and is unique for
every ¢ € {—Q + 1,---,Q}, T, is a well defined single value mapping. Moreover,
n*(u, 6, w, q) is jointly continuous w.r.t § and w. By Berge’s maximum theorem, 7,
is upper hemicontinuous function of w on bounded set K. Therefore, by Lemma
2212 forge {—-Q+1,---,Q}, T, is also continuous w,r,t every w,. We conclude

that given vector u, the mapping T is a continuous mapping from K — K. O]
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Finally we can prove theorem 3.5.2, which concludes the proof of step 1.

Proof of Theorem 3.5.2. As the intensity function f satisfies Assumption 3.2.1, from
the Lemma 3.5.1, the maximum point of Gg(é) exists and is unique for every ¢. Fixed
vector p € RM, define mapping T : R¥=! — RM-1 a5 in (3.19). w® is the fixed
point of mapping 1. To show the existence of fixed point to the mapping, Schauder
fixed-point theorem is applied to T by following steps.

Firstly, by Lemma 3.5.3, there exists a bounded closed set K C RM~! which is
equivalently a compact set, such that T'(K) C K. From the proof of Lemma 3.5.3,

the compact set K is convex.

Secondly, from Lemma 3.5.1 and 3.5.4, T' is a single value continuous mapping from
K to K. By Theorem 2.2.8, T' has a fixed point for every given u, denoted by w?,

and

wd =T (w) € K. (3.24)

This concludes the proof of Step 1. n

PROOF OF STEP 2

With the help of global implicit function theorem (Theorem 2.2.11), we can show

the local Lipschitz continuity of functions w® and w®.

Theorem 3.5.5. Assume the intensity function f satisfies Assumption 3.2.1. Then
there are single valued and locally Lipschitz continuous functions w® w® : RM —
RM=Y " such that they satisfy the generalized Issac condition (3.12) in Definition

3.8.2 for any given vector u € RM.,

Proof. We provide the proof for w® only. The proof for w® is similar.

To begin with, from Assumption 3.2.1, we have (3.17) for all 0, z and y. From Lemma
3.5.1, the maximum point of G¢(6) = n*(i1, 9, w?, q) is unique. From Remark 3.5.1,
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given any vector u, w® that satisfies the generalized Issac condition in Definition

3.3.2 is also the solution to the following first order condition for every g,

Q
> Pl (wg wf) + filwg, w§) (wf + po-1 = )] = 0.
J=—Q+1
For any vector p and 6 = (0_g41,- -+ ,dg), define function F, : RM~! x R™ — R for

every ¢ € {—Q + 1,---Q} as following:

Z?:—QH ijf((sqa 5]')

F, (57 lu) =
’ S 0u1 PLFL(84,6)

— 0g = (Hg—1 — Hig)-

Define mapping F': RM~1 x RM — RM~1 a5

F(67 :U’) = (F—Q+1(57 :u)v U 7FQ<57M))‘

F' is continuously differentiable and w® is determined implicitly by F(w®, u) = 0.
From the proof of step 1, there exists a function w® : RM — RM~1 guch that
F(w®*(u), ) = 0 for any vector pu. If we can verify Theorem 2.2.11 holds in this
case, the function w® satisfying F'(w®(u), ) = 0 must be unique and continuously
differentiable, which concludes our proof. Hence the next step is to verify Theorem

2.2.11.

Firstly, we prove that the Jacobian matrix of F' never vanish. Denote Jacobian

matrix of F with respect to ¢ as OsF, a 2QQ x 2@ matrix, and its component at
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(1,m) is 35:;(5,u) fori,m=—-Q +1,...,Q. Denote by, fori € {-Q+1,--- ,Q},
Q
Di=( Y Pufi(0,,6m))7 >0
——Q+1

1 Q
a= kS S G865 — 6655

" m=—Q+1j=-Q+1

Q
1 a a
Lim = 5P > PF(61,87) f15(05 6m) — £1(056:) F5(85, 6m )]
Y j=—QH

For m = i, we have:

OF;
: =—-14+A;+ ;.
adl (57/“1’) _I_ Z+ 23

From Assumption 3.2.1 we have (3.17), and simple calculation shows:

Q
A= Z 0161, 6) £ (51, 65) — 20185, ) F1(55,6)] < 0

z'

Hence
oF;

>1— A — |y
’86( )‘ ? ‘7471’

For ¢ # m, the non-diagonal element of the Jacobian matrix OsF is given by:

OF;
85m(57y’) m

To compare the diagonal element with the sum of non-diagonal elements, we have:

Q
Z| 5u|>1—A — > |l (3.25)
m%i m=—Q-+1
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From the definition of A; and I,,,,

Q
L= Ai= Y Ll
m=—Q+1
1 Q Q
=5 S Pa{> ] P20 6m) F1(6:65) = fi (61, 0m) F(01.65)]  (3.26)
m=—Q+1 i=—Q
Q
— | > PS5 8) F1y (01 6m) — F1(8:,05) f5(8:, 0]}
J=—Q+1

By the assumption of f in (3.1), we have

Q

> PR 0m) £1(6:,65) = f11(6, 0) £ (3, 65)]
jZ*Q*; (3.27)
£ PO 3000 0m) £1(6:,65) + Fia(0i,0) £(53,67)]] > 0.

J=-Q+1

Therefore, as D; > 0, from (3.25), (3.26) and (3.27), we conclude that

OF; OF;

The Jacobian matrix JsF'(6, 1) is strictly diagonally dominant, and is therefore a

nonsingular matrix.

Secondly, we show that given any fixed vector p, whenever ||§|| — oo, ||F(d, 1)|| —
oo. For any vector sequence 57“, k=1,2---, ||§k|| — 00. Then there exists sequence
np € {-Q+1,---,Q}, k=1,2---, such that |} | = oc. % is the nith element of

vector 0. In the case that 5ﬁk — —o00, as we have

Q Pa 5k 5k
L (@) = Zp=an Bl Ontn) g
> om——qi1 Do fi(05, 0k,

44



Hence we know following when k& — +oc:

Fnk (Skhu) = _Lnk (Sk) - 57]*6% - (:unkfl - Mnk) > _57]fbk - (:unkfl - :unk) — +00.

It means when 68 — —oo, ||[F(6%, 1)|| — oco.
ng

On the other hand, in the case that 6; — +oo, we can always assume 0f =
max{6f}icqis>—g- As f] < 0, f > 0 and f is increasing function to its second

variable, we have the following estimation on F, (6%, 11):

. ZQ:—Q+1 Pr?zf(éfrkz:kv 557:1) 5]@

E, (6%, 1) = — O = (Hng—1 = finy)
' Yo g Pafi(ok ok) ' '
Q a k k
< _Zm:fQJrl me((snk76nk> . 5k . ( . )
ST R AL me e
Nk nE) "Nk
From the assumption that limg_, —% > 0, we have:
Q Pef(5k sk
0<— lim Lim=—q+1 i (0n,:0n,) < +o00.

hyboe PR fi(0% 08 )

Ng) "Nk

Then by taking 6} — +oc, we finally have:

lim Fnk(gk,u) = —00.

67’% — 400

Hence when fixed p and 6 — 400, we also get || F (8%, 1)|| = oo. Moreover, if or
is consisted of two sub-sequences such that one converges to +o00, another to —oo,
by combining above, we can still get ||F(0%, u)|| — co. We conclude that whenever

1011 = o0, [[E(8, )| — oo

Theorem 2.2.11 implies that there exists a function w® : RM — RM-1 gych that
F(w*(p), p) = 0 and w® is unique and locally Lipschitz continuous, which concludes

the proof of Step 2. O
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PROOF OF STEP 3

We next prove there exists a unique classical solution 6 to ODE system (3.13) on
[0,7]. The proof is divided by two parts. Firstly, we show the solution to ODE
system (3.13) is bounded if it exists. Secondly, we provide the proof for existence

and uniqueness of the classical solution to ODE system (3.13).

Lemma 3.5.6. Assume the intensity function f satisfies Assumption 3.2.1. If 0 :
[0, 7] — RM 4s a solution to the ODE system (5.13), then for all ¢ € Q we have

_%702Q2T — 1(Q) < 0,(t) < 2sup A(6)0T.
é

Proof. We first prove the upper bound. From the assumption on f and the proof
for the steps 1 and 2, the ODE system (3.13) is well defined. Since  is assumed to

be a solution, define functions d° and d' twice continuously differentiable w.r.t J as

Q-1
d(t,6):= 3 PLIGwl(6(1) < A(G)
J==Q
Q
d'(t,6) = Z Pef(0,w(0(t))) < A(6)
Jj=—Q+1

From Assumption 3.2.1, we have (3.17) for all §, x and y. Simple calculation shows

that d° and d! satisfy

2 ¢ ¢
88(?2 (L0)d(1,6) < 22% (1,52, ¢=0,1

d(t,0) < \(6), %5

On the other hand, 6 is also the solution to ODE system for all ¢ € Q:

1

0,(t) = 570°¢" = Sgp{do(t» 0)(6 + Og1(t) — 0,(t))}1°(q)
= Sup{d ()5 + 0y4(0) — 0,(0)}"(a) (3.2)
0,(T) = —I(|ql)-
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The comparison principle for ODE system (3.28) can be proved easily with similar

argument in the proof of comparison principle in Guéant (2017). Define operator

HS:[0,T] x R — R for both ¢ =0,1 as
H(t, Ap) = sup{d°(t,0)(6 + Ap)}.
5

Then from Guéant (2017), we know H¢ is an increasing and non-negative function
in Apu.

HC(t,0) < O
I (,0)__Sgp{ (6)6}

Define 6 : [0, 7] — RM as following:
0,(t) = 2sup A(8)6(T — ).
5
Substituting § into ODE system (3.28), we have

- 0_:;(75) + %702(12 - Ho(tv §q+1<t) - Q_q(t))]b(q) - Hl(ta éq—l(t) - H_q(t))ja(q)

1
- (s%p A(8)8 — HE(£,0)) + 570%¢* 2 0
¢=0

0,(T) = 0= 0,(T) = —I(|a).

Then by the comparison principle from Guéant (2017), we know for every ¢ € Q,

6,(t) < 0,(t) < 2sup A(6)0T.

We next prove the lower bound. Let 6 : [0,7] — RM satisfy the following ODE

system for all ¢ € Q:

_ 1
(1) ~ 570%* =0

6,(T) = ~1(]al)-

(3.29)
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The closed-form solution is given by

dy(t) = 570°¢(t ~ )~ I(Ja).

Note we have estimation that for every vector 4 € RM and every q € Q,
0 (wy wy (), w (1), q) > 0, 0P (p, wh(p), w’ (), q) > 0.

Since 6,(T) < 0,(T), é;(t) > 0, (t), then it can be proved similarly as the proof of

the upper solution that for every q € Q:
~ 1
0,1) 2 0,(1) > ~590°Q°T ~ 1(Q).

[]

Then with the help of Picard-Lindelof theorem (Theorem 2.2.13) and its extension
(Lemma 2.2.14), we can prove the existence of a classical solution to the coupled

ODE system (3.13).

Theorem 3.5.7. Consider the terminal value ODE problem on [0,T]:
0'(t) = F(t,6()), 0(T) = 0y, (3.30)

where F @ [0,T] x RM — RM s a jointly locally Lipschitz continuous function.
Assume that there exists a constant K such that if solution 6 exists on any sub-
interval of [0,T], 0(t) € [-K, K|M. Then there exists a unique solution to (3.30) on
[0,7].

Proof. Define Ay, 7x = [0, T]x [-2V MK, 2 MK]™. F is a continuous function.
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Hence there exists uniform constant C' > 0 such that

Cw= sup [F(tyl. (3.31)

CY)EAT o AT K
Since F' is jointly locally Lipschitz continuous, there exists a series of open set
A; such that F is Lipschitz continuous in A; with Lipschitz coefficient L;, and
AT72 vitk C UiA;. By Heine Borel theorem, there are finite set I of ¢ such that
AT,Q\/MK C UierA;. Define L := max;c; L;, we know F' is Lipschitz continuous on

the compact set Ay, 77, with uniform Lipschitz coefficient L.
As terminal value 6, € [—K, K]M, we define C% TR

C%WK C Apyyiig- For e = min{‘/gK, %,T}, the solution # to ODE system

= [0,T] x B /37x(6o). Then

(3.30) exists and is unique on [T — ¢,T]. If € = T, then we are done, otherwise,
update the new terminal time as T := T —e. Since §(T) € [ K, K]M by assumption,

we can update a new terminal value 6y := 6(T). Define a new Cs ik = [0, T) x

B\/MK(G(T)) C Agryyaix- For € := min{ @K,%,T}, solution # to ODE system
(3.30) exists and is unique on [T — ¢, 7], and hence exists and is unique also on
[T —¢,T]. Repeat this process and we can reach € = T after finite number of steps,
in which case we have proved the existence and uniqueness of solution # to ODE

system (3.30) on the whole time interval [0, T7. O

Combining Lemma 3.5.6, Theorem 3.5.5, and Theorem 3.5.7, we can finally proceed
to show that the ODE system (3.13) has a unique classical solution.

Theorem 3.5.8. There exists unique classical solution 6 to ODE system (3.13) on
[0,T7].

Proof. According to Lemma 3.5.6, we know if the solution 6 exists on any sub-

interval of [0, T, there exists constant K > 0 such that

~ K <0,(t) < K.
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Define F : [0, 7] x RM — RM as

Fy(t,0(t) == 5v0°q” — n(0(t), wi (0(t)), w*(0(t)), ) I*(q)
— " (0(t), wh(0(t)), w(0(t)), ¢) I"(q)
F(t,0(t)) == (F_q(t,0(t)), -, Fo(t,0(t))).

As ¢ is finite, the original ODE system (3.13) can be rewritten in a vector form
with F" as in (3.30). Then F'is a jointly locally Lipschitz continuous function, and if
solution 6 exists on any sub-interval of [0, 77, 6(¢) € [-K, K]M. By Theorem 3.5.7,
the ODE system has unique solution on [0,7T]. This concludes the proof of step
3. O

COMPLETION OF PROOF OF THEOREM 3.3.4

From Steps 1, 2 and 3, we know there exist unique locally Lipschitz continuous
functions w?, w® that satisfy generalized Issac condition in Definition 3.3.2, the ODE
system (3.13) is well defined and equivalent to the ODE system (3.10).There exists
a unique classical solution to ODE system (3.13). Define the equilibrium value
function for Gy, by (3.6), and the equilibrium controls by (3.14). As 6 is the
classical solution to the ODE system (3.13), it is a continuous function on [0, 7] and
hence bounded. Then both 7%(t) = w*(#(t)) and 7°(t) = w®(A(t)) are bounded on
[0,T]. 6, 7(t) and 7°(t) satisfy the ODE system (3.10). Hence from the verification
Theorem 3.3.3, the equilibrium for game G,,,, exists. On the other hand, as the
solution to ODE system (3.10) is unique, by Theorem 3.3.1 we know the equilibrium

point is also unique.
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3.5.3 PROOF OF EXAMPLE INTENSITY FUNCTION (3.2) SATISFY-

ING ASSUMPTION 3.2.1

Proof. Define function ¢ as following.

(0,2) := A
T VT eaen (3.32)
J(8.2) = e g(5.2)

By simple calculation, we have following.

f{(57 .T) = e_aé(gﬁ(;? Z‘) - ag(57 x))
f3(6, ) = e~ gy(6, x)

(3.33)
11(6,2) = e~ (g,(8,2) — 2ag; (6, x) + a’g(9, x))
{,2(57 ZL‘) = e_ad(g;/Z(& l’) - agé((i ZE))
Moreover, for the derivatives of g we have following.
3Ak eklo-2)

gll (57 ZU) - - 2 _ 3

(1 + 3ek(0-2))2
(3.34)

RN ek(é—m)(l _ %ek(é—x))
2 (1 4 3ek(@—2))3

9/1/2(67 x) = _gill (67 J?)

gllll (57 (L’) - =

To check the conditions above, we maker some change of variables as below.

T:=3e"072) 50, 7:=3e0Y >0 (3.35)
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Define A; and As as following.

Ari= JODF6.0) = 2C.0LC0) + REDLGD - SONIGD)

A2 = f(57 'T) {/1(57 y) - Zf{(& .Q?)f{((S, y) - (f{(éa l’)fé(é, y) - {/2(57 y)f(é, l‘))
Then we only need to show both A; and A, are negative. By simple calculation, we

have the simplification of A; and As.

A26—2a6 /{32 o o ) ) )
A= A= —a)y" — (k" +2a")y —a

1
+ 55[—(514: + a)*y* — (Zk? + 2ak + 2a®)y — (a® + ak)]}

(3.37)

Since % < a?, we know A; < 0. On the other hand, for Ay, we have following
representation.
Ay = €72 (=a*g(6,2)9(8,y) — 91(6,2)(41(5,y) — 2a9(6,y))) (3.38)

Since both ¢(d,x) and g(d,y) are positive, while both ¢} (d,x) and ¢} (,y) are neg-
ative. Hence we can also know Ay < 0. Therefore we have verified the following

holds for any 9, = and y.

F(0,2) f11(6,y) — 2£1(0,2) f1(6,y) + |f1(6,2) f5(0, ) — f5(8,9) f(6, )| <0 (3.39)

Furthermore, it is easy to check that

f@,x) >0, fi(6,x) <0, f5(0,2) 20

40)

. _ 11(8,9) 3
JEI—Foof((S’ J])5 - 07 6—>+oo_ f(é, 5) >0

To conclude, f satisfies all the conditions mentioned. O]
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3.6 (CONCLUSIONS

In this chapter we have modeled the price competition between market makers,
proved the generalized Issac condition, which ensures the existence and uniqueness
of Nash equilibrium for market making with price competition, and derived the
equilibrium strategies and the equilibrium value function. We have also performed
numerical tests to compare our model with a benchmark model in existing literature
without price competition and found that the introduction of price competition

reduces bid/ask spreads and improves market liquidity.
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MARKET MAKING WITH RANK-BASED
TRADING VOLUME REWARD

COMPETITION

4.1 INTRODUCTION

For market makers in exchange market, they can profit not only from the bid/ask
spread, but also from exchange’s market making incentive program if their business
is large enough to be appointed as the designated market maker by the exchange.
Exchange’s purpose of appointing designated market maker is to stimulate stable
liquidity provision for certain products, which can attract more trading on these
products in its venue, and ultimately increase exchange’s revenue, as commission

fee income is the main source of exchanges’ profit. In order to do so, exchange
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sets up contract known as market making incentive scheme with the designated
market makers. This is quite common nowadays. Different market making incentive
schemes can be found in different exchanges for different products (see the ones for
LSE, ICE, Euronext and etc), though they may be called with a different name.
In these schemes, designated market makers are obliged to keep providing bid and
ask quotes in the market for certain percentage of the day. In some exchanges,
designated market makers might also need to satisfy certain requirements on their
trading volume, speed to respond request for quote, their size of bid/ask spreads,
and etc. In return, they can receive various kinds of incentive reward, depending on

the fee structure of the market making incentive scheme.

The detailed fee structures of market making inventive schemes from different ex-
changes might differ quite a lot (see different market makers incentive programs
of LSE, ICE, Euronext etc), but we can still summarize two most commonly seen

incentive types:

1. Make take fees: cash reward proportional to the absolute value of designated

market makers’ total trading volume.

2. Profit sharing pool: cash reward related to the relative ranking of designated

market makers’ total trading volume among all designated market makers.

To be more specific, make take fee is the commission waive or further cash reward
provided by exchange every time when designated market maker’s bid/ask quote is
hit. It is a quite general approach and can be seen in the market incentive program
from different exchanges. The purpose is to motivate designated market makers to
lower their bid/ask spread in order to increase their trading volume and earn more
make take fee. As a result, exchange’s profit coming from the commission fee from
the other side of the trade gets increased. On the other hand, certain exchange also
tend to introduce trading volume competition among designated market makers to

provide further trading motivation for designated market makers. One example of
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exchanges using this approach is the London Stock Exchange Derivatives Market (see
London Stock Exchange Derivatives Market, market making obligations, version 6.4,
19 April 2018). Like in the IOB market in London Stock Exchange, at the beginning
of certain period of time (month, quarter, etc), certain percentage of the revenue,
called revenue sharing pool is set aside, and at the end of that period, designated
market makers will be ranked in terms of their total trading volume during this
period of time. Their ranking then will determine the amount of reward they could
get. Most of the market making incentive schemes are mainly just the mixture of

the two incentive types.

Understanding and comparing both incentive types are crucial for exchanges to
design a more efficient market making incentive scheme. However, there is still not
much existing literature discussing the impact of different market making incentive
scheme. For the first type of incentive, i.e make take fee, there are some relevant
studies that focus on the make take fee structure and its impact on the market
welfare. However, they are either empirical, or adopting stylized models that might
be too simple to characterize the market reality (See Foucault et al. (2013); Anand
et al. (2016); Laruelle and Lehalle (2018); Colliard and Foucault (2012); Angel et al.
(2011)). Recently, El Euch et al. (2018) adopt a more realistic model for market
making from Cartea et al. (2015); Guéant (2017), and discuss the optimal make-take
fee structure design by extending the optimal market making model to a principal-
agent problem between market makers and exchange. But the assumption on make-
take fee in El Euch et al. (2018) is not very practical. Their commission fee schedule
is exchange’s stochastic feed back control, while in reality it should be a constant
stated in the contract between market makers and exchange at the initial time.
On the other hand, for the second type of incentive, to the best of our knowledge,
there is still no existing relevant literature, while it is actually commonly seen in the
contracts of market making incentive scheme from various exchanges and products.
Hence our work is to fill this gap and include both the two types of incentive reward

into the optimal market making problem.
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We extend the optimal market making model from Cartea et al. (2015); Guéant
(2017). Similar to El Euch et al. (2018), we can easily include make take fee into
our model, except that the our make take fee is a given constant parameter, not
a stochastic control of exchange. The main obstacle is to model market makers’
competition for the profit sharing pool. As far as we know, we are the first to model
market making with reward related to trading volume ranking. We will show that
market making with both make take fee and trading volume ranking related reward
can be modelled as a mean field game problem, which can further be simplified to
a finite state mean field game in continuous time. The existence, uniqueness, and
convergence property of the game can be proved using results of Cecchin and Pelino
(2019). As the equilibrium value function is characterized by a forward backward
ODE system, which is generally difficult to solve even numerically. We apply a deep
neural network approach from Sirignano and Spiliopoulos (2018) to numerically solve
the ODE system. Then we compare and analyze market makers’ different behaviour
and the market liquidity under incentive schemes with and without make take fee

or trading volume ranking competition.

We also find that our model belongs to a more general class of finite state mean field
game, which can also be numerically solved by our deep neural network approach.
We will provide a error estimation for this deep neural network numerical solution

to the general finite state mean field game in the next section.

4.2 MODEL SETTING

The model setting is similar to Guéant (2017), except that exchange provides incen-
tive reward for market making. In this case the terminal payoffs of market makers

also depend on their trading volume sizes and rankings among other market makers.

Consider a family of market makers €2,,,, in the market who keep quoting bid/ask

limit orders in order to profit from the bid/ask spread. Select one of them as our
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reference market maker. Asset reference price S; follows a simple Brownian motion
with initial value S,

dSt = O'th,
where W, is a standard Brownian adapted to a standard filtration {F}" };cg, . And
reference market maker’s bid price S? and ask price S¢ are defined by following:

Sf:St—CSf, Sf:St""Sf:

where §° and §¢ are the bid and ask spreads respectively, and we use a and b to
denote the type of limit order (bid or ask). Define N? and N two Poisson processes,
modelling the sell /buy market orders arrival to the reference market maker. The
intensities of NP, N are A(6?), A(62) respectively. Similar to Guéant (2017), we

assume A : R — R is a decreasing, continuously differentiable function satisfying:

92A N,
552 (DAE) < 2(55(9))* (4.1)

Market maker has state variables (X;, ¢, v;). ¢ is her inventory with initial value q.
We assume ¢; can only take values in a finite set Q = {—Q,--- ,@}. It means when
q = @, market maker achieves their maximal inventory capacity and can not buy
anymore. It is similar when ¢ = —Q. We use I® and I® to denote market maker’s

buying or selling capability.
]b(Q) = lgt1eq, 1"(¢) == 14-1cq-
Then the dynamic of ¢, is
dg, = I"(q;)AN} — I*(q;) AN}

X, is the cash account of the reference market maker with initial value x. Its dynamic
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is as following:
dX;, = (S* — ) I*(q)dN® — (S? + ¢)I°(q,)dN?,

where c is the commission fee charged by the exchanges. When c is positive, exchange
charges market maker commission fee, and when c is negative, exchange pays market
maker for market making. We assume c is a constant determined by exchange at
time 0. Meanwhile, as market maker’s terminal payoff depend on her trading volume
ranking, we use v; to record the accumulated trading volume for the reference market
maker. We assume v; € V := {0, -+, Upnas }, i.€ trading volume above v, is not
counted in the reward calculation. This is simply a assumption needed by technical
perspective of the proof. In reality, one can always set v,,q, high enough such that

it can never be touched.

dvt - (‘[b<qt)dNtb + ]a(qt)dNta)]]‘{Ut<Umaa:}‘

Every market maker wants to maximize the expected value of terminal wealth while
being penalized for holding inventory at terminal time 7" and throughout the time
interval [0,7] with v, a positive constant representing the risk adverse level and
with [ an increasing convex function on R, with [(0) = 0, denoting the liquidity
penalty for holding inventory at T. Also, market maker is rewarded according to
their trading volume at T' by the market making incentive schemes set by exchange,

denoted by R, an increasing function on Z+.

1 T
sulz Eo[XT + ¢St — l(|gr|) + R(vr) — 5702/ qfdt], (4.2)
sa.5 0

In this chapter, We focus on the rank based trading volume reward. So R(vr) is
proportional to the number of market makers with trading volume less than vp.
If reference market maker’s ranking of accumulated trading volume vy among all

market makers is higher, the reward R(vr) will also be higher. The optimization
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problems of different market makers are coupled. In reality, the total number of
market makers participating in this competition is finite. So it is a stochastic game
with finite number of players. However, since the total number of market makers
is not small, the game problem is of high dimension. The equilibrium is difficult to
solve even numerically due to the curse of dimension. To tackle it, we use a limiting
case when there is infinitely many market makers to approximate the reality when
there are only finite number of players. By taking the limit, it becomes a mean field

game with finite states.

In the limiting mean field game, denote the probability measure on the mean
field of discrete states (qi,v;) as p(t,q,v;). Then given p, if the reference mar-
ket maker’s accumulated trading volume is v, then the percentage of market makers
in the market that the reference market maker exceeds w.r.t trading volume is
1-— Z;Z;z Z?:_Q p(T,1,7). At terminal time 7', exchange will reward every market

maker according to this percentage. Given the maximum reward R, a constant set

by the exchange, R(-) is defined by:

Umaz @
R(vr) == R(1=> > p(T,i,5)). (4.3)
J=vr i=—Q

We have the convergence between finite players game to the mean field game from
following remark according to Theorem 6 in Cecchin and Pelino (2019). It will be
explained in details by Remark 4.3.2 later.

Remark 4.3.2 suggests that mean field game is a good approximation of reality when
there are finite number of players. We can use a mean field game to approximate

the game between finite number of players.
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4.3 DIMENSION REDUCTION AND MAIN RESULTS

Using the martingale property, (4.2) can be reduced to

T
1
o+ g+ supE[ [ (57 — AGE) + (87— A — 5r0%glae
sasb Jo
VUmazx Q
~Uar) + RO =Y Y (@)
J=vr i=—Q

We can notice what market maker is actually maximizing does not depend on state
X;. We assume market maker takes closed loop feed back control, i.e when market

maker has state (g, v),
6% = 0%(t,q,v), O =6"(t,q,v). (4.4)
Then given any p, the value function 6 for market maker is defined as

0(t, ¢,v) = sup E,| / (3% — M) + (8 — YAWDY) — Sryo?q2ds

a5 2
Umaz Q@ (45)
e+ RO= S S BT )l = 0,0 = ).
Jj=vr i=—Q

As the only relevant states are ¢; and v; that both take values in finite sets, the
problem can be reduced to a continuous time finite state mean field game discussed
in Cecchin and Pelino (2019) by reformulating some notations as following. Define
K = (2Q + 1)(Vpmaz + 1) and ¥ := {1,--- , K}. There is a one to one mapping
Z:Q xV = X. For every (¢q,v) € Q x V, there exists z € 3 such that

z = Z(q,v). (4.6)
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And for every z € X, there exists (q,v) € Q x V such that

(q,v) = Z7(2)

We further define inverse Z;* and Z, ! as
¢=7;'(2), v=12;"(2). (4.7)

The state (g, v) is then reformulated by state z. The value function 6 and probability

measure on mean field of state p are reformulated as 6,p : [0, 7] — RE, where

0(t) = (61(t), - ,0k(t)), 0.(t) =0(t, 271 (2), Zy ' (2))
p(t) == (p1(t), - ,px(t), p:(t) = p(t, 27 '(2), Zy ' (2))
Define X as

Aty z) == (M(t,2), -+, Ak (t, 2)),

where \ satisfy

Agao)(t, 2) == A(0]) > 05 Age(y (2, 2) := A(80) > 0;

At 2) = =) N (2); At 2) =0 y# B(2), (=), 2
y#2

(4.8)

Note that

Agoa)(t,2) = A(O}) = A(0"(t, ¢, v)) = A& (t, 21 (2), Zy ' (2)))-
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$%(z) and (°(z) are defined as the two accessible states from state z,

;

Z2(Z7(2) = LZy Y (2) + 1) Z7'(2) > =Q, Z5 ' (2) < Vpnas
B(2) =9 Z(Z7'(2) = L. Vpas) Zi(2) > =Q, Z5 ' (2) = Vmas
; z Z7N2) = —Q (49)
Z(Z7N )+ 1,21 2) + 1) Z7H2) < Q, 251 (2) < Vas
B(2) = Q Z(Z7(2) + 1, 0mar) Z7'(2) < Q. Z5'(2) = Vnaa
| 2 Z'(2) =Q

Define F' and G as

Pt 2, M8, 2)) == (A (Ago) (1, 2)) = Apego (£, 2)

_ 1 _
+ (A Aoy (t,2)) — ) Aoy (t, 2) — 570221 '(2)?

Umae @

G(zp) = =UZ7 )+ RO =Y Y prag)-

j=v i=Q

(4.10)

Fixed c and R, the optimal market making problem is reduced to a continuous time
finite state mean field game discussed in both Cecchin and Pelino (2019) and section

2 of this chapter. Denote the game as G g.

Proposition 4.3.1. G. g satisfies both Assumption 5.2.1.

The detailed proof can be found in our proof section. Then according to Cecchin
and Pelino (2019), both the Nash equilibrium of mean field game G, z and that of
game with finite number of players exist and are unique for every given ¢ and R.
Moreover, the game with N players converges to the limiting mean field game case

in O(%) speed. It is given as following remark.

Remark 4.3.2. As for different initial condition p(t), we will solve different solution
0. Hence we define U(ty, z,p(tg)) := 0(tg, z) for corresponding to any given p(tg).
When there are N players as mentioned in the Section 3 in Gomes et al. (2013) and
characterized by (HJB) in Cecchin and Fischer (2018), the game also has unique
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Nash equilibrium point. Denote the equilibrium value function for N players game
as 0N (t, z,pN) for pV € PN(X) = {8, -, 55), Zﬁionz = N,n, > 0}. Then

there exists constant C' such that

=] 0

K
> pNON(t, 2, pN) = Ut 2, pV)| <
z=1

Moreover, both 6 and #") are bounded.

We can numerically solve the mean field game G.r by solving the corresponding

forward backward ODE system for the value function and probability of mean field.

4.4 NUMERICAL TEST

In this section, with deep neural network technique, we numerically solve forward
backward ODE system corresponding to the finite state mean field game defined
in (4.10). The market order arrival intensity function is defined as A(§) := Ae™*
and the liquidity penalty I(q) := aq?. We assume that initial mean field of state p,
is 0 for all components except po(0,0) = 1. It means all market makers start at 0

inventory and 0 trading volume.

4.4.1 RANK BASED TRADING VOLUME REWARD V.S NO REWARD

The value function 6 and optimal bid ask spread are solved with neural network,
and compared with those derived from benchmark model in Avellaneda and Stoikov
(2008) where R = 0 and there is no trading volume reward. When R = 0, the
forward backward ODE system is decoupled and we can numerically solve the equa-
tion in a standard approach. The terminal value of value function in this case does
not depend on the mean field of state. Hence we can first solve the backward ODE

of value function by Euler scheme, and substitute the value function and optimal
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bid/ask spread solved to the forward ODE system to solve the mean field of state.

The parameters used are defined by Table 4.1.

S | o (hours) | v | T (hours) | Q | Vmax | kK | @ | A | R | ¢
20.0 0.01 1.0 10.0 1 10 1201]2.0)051]20]0.0

Table 4.1: Parameters

The training result for the deep neural network is fairly satisfactory and the average
loss is lower than 0.003. We then present the value function 6 comparison with

different initial v and the same q.

A v=0 ® v=8§ s we=0 e v=38
V=2 # Benchmark + w=12 4 Benchmark
* =4 * v=4
Value Function Path for different v Value Function Path for different v
30 {2 I
] )
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+ . - °
* . 204+ - . .
o
2o+ - ° N *
& . L .
5 Y ] T 1544 *
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s A - 5 + . N
5109 4 i r 4 05 * *
= * s .
. A - s i
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* 3 + *
+ -0.5
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o 1 b o ® ) 1 S 3 ®
Time Time
Figure 4.1: 0(¢,0,v) Path Figure 4.2: 0(¢,1,v) Path

By comparing our model (R = 2) and the benchmark model (R = 0) in Figure 4.1
and 4.2, we notice that the introduction of market incentive R increases the value
functions for market makers. And the higher is the initial trading volume v (with
same inventory ¢), the higher is the value function. Even for market makers with
initial trading volume v = 0, their value functions are still higher than the one from
benchmark as they benefit from their potential capacity of trading in the future and
the corresponding potential market incentive gains. That is also why their value
functions converge to the benchmark’s one when ¢t — 7. At the mean time, value

functions for different initial ¢ but the same v are presented in Figure 4.3 and 4.4.
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Value Function Path for different q
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Figure 4.3: 6(t,q,0) Path Figure 4.4: 6(t,q,4) Path
The value functions for ¢ = 1 and ¢ = —1 in Figure 4.3 and 4.4 coincide because

of symmetry. Moreover, we present the comparison of optimal ask spread for our

model and the benchmark model in Figure 4.5 and 4.6.

=0

Ask Spread with g
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Figure 4.5: Ask Spread Comparison (¢ = 0) Figure 4.6: Ask Spread Comparison (¢ = 1)

Figure 4.5 and 4.6 suggest that when the rank based trading volume market incentive

is in place (R > 0), the lowest ask spread among all market makers is generally lower.

However, the optimal ask spread is not monotone decreasing w.r.t the initial trading

volume v. It is due to the nature of the rank based competition. Take the ask spread

of v = 0 case as an example. At the beginning when most of market makers have

not received any order flow yet, they have total trading volume v = 0. One market
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maker with v = 0 can easily get higher trading volume ranking if she succeeds to
trade one unit of asset making her total trading volume to 1, which is higher than the
total trading volume of most market makers at that time. Hence in this case market
makers have stronger motivation to quote a lower ask spread to attract order flow.
However, as time goes by and closed to T, most of other market makers already
have trading volume v above 3 (See Figure 4.8), far above 0. In this case, for a
market maker with v = 0, even if they are able to trade one more time, they can
still not be able to improve their trading volume ranking, as it can only make their
total trading volume equal to 1, but the relative ranking remains unchanged. And
as time is quite closed to 7', the market maker is quite unlikely to trade more than
one unit. Hence they lack the motivation to reduce their ask spread and sacrifice
their profit. That is why the ask spread for v = 0 is quite low at the beginning
of time compared with others, while becomes relatively higher than others as time

closed to 7.

We plot the total probability paths among different ¢ for trading volume v, i.e
p(ta U) = quQ p(ta q, U)‘

Compeition === Benchmark Compeition === Benchmark
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Figure 4.7: p(2.5,v) Figure 4.8: p(7.5,v)

From Figures 4.7 and 4.8, we can conclude that the introduction of trading volume
rank based market making incentive increases the market trading volume, which in

turn improves the market liquidity.
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4.4.2 RANK BASED TRADING VOLUME REWARD V.S LINEAR TRAD-

ING VOLUME REWARD

It is suggested in last section that exchange can increase their market liquidity and
reduce the implicit trading cost by introducing trading volume related reward for
market makers. Different exchanges have proposed different forms of trading volume
related reward in their market making incentive programs. There are two typical
schemes of trading volume reward, and most of exchanges’ incentive programs are
just mixture of the two. One is the rank based trading volume reward, which is the
focus of this chapter and market makers try to maximize their expected payoff in
(4.2). Another is the linear trading volume reward. R(vr) in this case is defined
below:

R(UT> =R T

(4.11)

vmaa:

Since R(vr) under linear trading volume reward scheme does not depend on the
mean field of state, the forward backward ODE system that its value function and
mean field of state satisfy is also decoupled. Similar to the case when R = 0, we
can again apply the standard numerical scheme like Euler scheme, to solve its value
function and mean field of state numerically. Then we can compare the value func-
tion, optimal bid/ask spread as well as the mean field of states under two different

design of trading volume reward scheme.

To be comparable, the maximum reward constant R are set the same for the two
schemes, and all parameters are the same as Table 4.1. But the rank based trading
volume reward scheme introduces competition between market makers, while the
linear trading volume reward scheme does not. The value function and optimal
bid/ask spread for market makers with rank based trading volume reward scheme
can be numerically solved by the MFG deep neural network scheme introduced by

Chapter 5 in this thesis, while the one with linear trading volume reward can be
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obtained by solving the corresponding HJB equation numerically with Euler scheme,
as it is a stochastic optimal control problem similar to the one in Avellaneda and
Stoikov (2008). We will compare market makers’ value functions, optimal bid/ask
spreads as well as the probability distribution of their trading volumes between these

two schemes.

We first present the value function 6 comparison with different initial v and the

same q.
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Figure 4.9: 6(t,0,v) Path for two schemes Figure 4.10: 0(¢,1,v) Path for two schemes

The v = 0 lin’ corresponds to the path of value function under linear trading volume
reward scheme with initial trading volume v = 0, while 'v = 0’ corresponds to the
one under rank based trading volume reward scheme. The benchmark model is still
the one when R = 0. Other legends of this figure and the following figures are all
defined similarly. There is not large gap between market makers’ value functions
under two scheme for different initial states. Depending on different initial state,
value function under rank based trading volume reward scheme can be larger or
lower than the one under linear trading volume reward scheme. But they are all

larger than the benchmark one.

At each trade, traders need to pay implicit trading cost, the ask spread quoted by

market makers. To compare the implicit trading cost under the two schemes, we
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compare market makers’ optimal ask spreads for both schemes.

v=4Llin
—-= w=8Lin
% Benchmark

v=4Lin
== v=8Lin
& Benchmark

< < < <
]

Ask Spread Path for different v

1}
1

*

08

Ask Spread with q
Ask Spread with q

Figure 4.11: Schemes Ask Spread Comparison Figure 4.12: Schemes Ask Spread Comparison
(¢ =0) (¢g=1)

From Figures 4.11 and 4.12, market makers with different states quote different
optimal ask spreads under the two models. Nowadays, traders tend to use algorithm
to split their large order into small pieces for lower market impact. Each time, they
will only trade small unit. Hence when traders want to buy with market order, they
will usually buy at the best ask price offered in the market, which corresponds to
the lowest ask spread at each time shown in Figures 4.11 and 4.12. It is a proxy of
the implicit trading cost under equilibrium of different models. From Figures 4.11
and 4.12 we find the lowest optimal ask spreads under rank based trading volume
reward scheme are lower than the corresponding one under the linear scheme. In
fact, the rank based reward scheme serves to diverge the difference between optimal

ask spreads quoted by market makers with different trading volume.

Meanwhile, traders sometime might fail to trade at the best price in the market
when they are asked to executed the trade in short time horizon. In this case, a
better proxy of the implicit trading cost is the bid/ask spreads weighted by the

market order arrival intensity on those spreads.

70



4 Rank base reward ® Noreward
*  Linear reward

Weighted Ask Spread Path

0.20
L] L] L) Y
.

0151 ¥ ’ 4 - * .
= [ A *
] & *
g a
£ o0l -
=,
5 -
k-1 A
£
5 o005
T
=
3
H
U000
5
@
i
<

-0.05

-0.10 t

Q 1 S © ®

Figure 4.13: Weighted Ask Spread Comparison

For both proxies, we can conclude that rank based trading volume reward scheme

is better in terms of reducing implicit trading cost.

Furthermore, market liquidity means the ease of buying or selling assets when
needed. It can be evaluated by the trading volume of the whole market, which
can be derived from the average trading volume for each market maker in the mar-
ket. As exchanges profit from the commission fees that traders pay to trade in their
venues, the average trading volume for each market maker also affects exchanges’
revenue. To compare the liquidity in markets under the two schemes, we plot the
total probability paths for trading volume v, i.e p(t,v) = quQ p(t, q,v) similar to
last section.
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From Figures 4.14 and 4.15, the trading volume distribution under rank based trad-

ing volume reward scheme has higher weights on higher trading volume.

Moreover, we also provide the expected trading volume path as following.
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Figure 4.16: Expected Trading Volume Com-
parison

From Figures 4.16, the expected trading volume is higher under rank base trading
volume reward scheme. It suggests that rank based trading volume reward scheme
performs better in terms of providing liquidity to the market and increasing revenue

for exchanges.

The numerical result suggests that introducing trading volume reward can increase
market liquidity and reduce implicit trading cost. Among the two most frequently
seen trading volume reward scheme, rank based trading volume reward scheme,
which introduces competition among market makers, performs better in liquidity

provision and trading cost reduction than the linear trading volume reward.

4.5 (CONCLUSION

In this chapter, we discuss market makers’ competition for the market making in-

centive reward scheme when it depends on market makers’ trading volume ranking
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in the market. We use a mean field game approach to approximate the reality that
is difficult to tackle due to curse of dimensionality. We numerically solve the equi-
librium with deep neural network approach, and compare market makers’ strategies
under equilibrium with different types of market making incentive scheme. We find
that introducing trading volume reward serves to increase market liquidity and re-
duce implicit trading cost. Among the two most frequently seen trading volume
reward scheme, rank based trading volume reward scheme is better in terms of low-
ering the best spread in the market, comparing with no reward or linear trading

volume reward.

4.6 PROOF OF PROPOSITION 4.3.1

Proof. The proof is divided to several steps to prove the conditions for H and G

respectively.
Step 1: proof of \* for Assumption 5.2.1.

Let’s first write out the Hamilton operator H for G.pr. Define A as the admissible
control set for all A that satisfy (4.8). Define §* := A~*(Aga(;)(t,2)) and 6° :=
A7 (Agz(t, 2)), then we have

fY(z,u):=igg{g(Af‘(Aﬂau>UaZ))juﬁa@>)4—9(A7*(Aﬁwzﬂt>z)),uﬁwzﬂ

L ) 1,
— =707 271 (2)} = sup{g(6°, pge)} + sup{g(8”, pan)) } — 570727 ()7,
2 sacR SbeR 2

where
9(0, 1) == A(6)(6 — ¢ + p).

From (4.1) and according to the proof of Lemma 3.1 in Guéant (2017), ((u) =
sups{g(d, )} is increasing w.r.t u. Moreover, the optimal 0* exists and is unique,

which is a continuously differentiable function of pu.
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Step 2: proof of H satisfying Assumption 5.2.1.

We only need to prove that the second order derivative ¢”(p) is positive. From the
proof of Lemma 3.1 in Guéant (2017), ¢ is C?, {'(u) = A(6*), and 0* is strictly
decreasing w.r.t p. Hence A(6*) is strictly increasing w.r.t p, which implies (" (p) >

0. Then there exists constant C' such that ¢”(x) > C' when p is bounded.
Step 3: proof of G satisfying Assumption 5.2.1.

From (4.10), the differentiablity and (5.7) of G are trivial. We then only need to
prove (5.8). Notice that

Z(G(zﬁpz) - G(zaﬁz))(pz - ﬁz)

zZ€EX
Umazx Q Umazx <412)
v=0 ¢=—Q i=v
where
Q Q
p(t,v) ==Y plt,q,v), p(t,v):= > p(t,q,0).
=—Q =—Q
Define further
T = ([Eo, e 7x’umax)7
and reorganize the term in (4.12), we have
Y (Glaps) = G20 (P = 52) = — Y > woaiRR.
zZEX v=0 i=v
We have following:
3D JET) PRV pre Rt
v=0 i=v v=0 v=0
This conclude the proof. O
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CoNTINUOUS TIME FINITE STATE
MEAN FiELD GAME: A DEEP

LEARNING APPROACH

5.1 INTRODUCTION

Mean field game is introduced by Larsry and Lions in Lasry and Lions (2007) and by
Huang in Huang et al. (2006) as a limit of symmetric non-zero sum non-cooperative
N-player dynamic games when the number of players N — +4o00. More detailed
introduction to the topic can be seen in Carmona and Delarue (2013). Though there
has been literature on different classes of mean field game, in this paper we focus
on continuous time finite state mean field game, i.e mean field game in finite time

horizon, with continuous time state dynamic of each agent taking values in a finite
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set under fully symmetric payoff and complete information. This finite state mean
field game is first studied by Gomes, Mohr and Souza in Gomes et al. (2013). They
prove both the existence and uniqueness of Nash equilibrium by looking into the
coupled forward backward ODE system which characterizes the equilibrium. When
the time horizon is small, they also prove the convergence of N-player game’s Nash
equilibrium to that of the limiting mean field game when N — +oo. In Cecchin
and Fischer (2018), they analyze the mean field game with a probabilistic approach,
which is also used by Carmona and Wang in Carmona and Wang (2018). Carmona
and Wang use BSDE approach to prove the existence of equilibrium when both
mean field of states and mean field of controls are in the model. They further prove
uniqueness of equilibrium when the Hamiltonian does not depend on mean field of
control. In Carmona and Wang (2016), they also analyze finite state mean field game
between one major player and infinite number of minor players. Besides the existence
and uniqueness of Nash equilibrium, the convergence result sees the breakthrough
in Cardaliaguet et al. (2015), where Cardaliaguet et al studies mean field game
in the diffusion case with common noise. They characterize the equilibrium with
Master equation, and the convergence argument is based on the regularity of Master
equation’s solution. Cecchin and Pelino follow his approach and apply the Master
equation to obtain the convergence of feedback Nash equilibrium in the finite state
space scenario. It extends the convergence result in Gomes et al. (2013) without the

need to assume time horizon is small.

However, though we can prove the existence, uniqueness and convergence for Nash
equilibrium of the finite state mean field game, there is still obstacle in our way to
approximate the N-player game (with curse of high dimension) with a simpler mean
field game. The Nash equilibrium of finite state mean field game is characterized by
a forward backward ODE system, half number of which only has initial conditions,
and the other half has only terminal conditions. This initial-terminal value problem

generally has no analytical solution. It is also difficult to solve it numerically, as
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the finite difference methods frequently used in solving single direction ODE system
fails due to the non-classical forward backward feature and non-regular boundary
conditions. One frequent used method for solving general forward backward ODE is
the shooting method, but there is no guarantee for convergence. In Gomes and Saude
(2017), Gomes proposes a numerical scheme to solve finite state mean field game.
However, they need to assume the differential operators in the forward backward
ODE system to satisfy some monotone conditions, which does not hold for many

cases in application.

In light of the recent fast-growing research interest in applying deep neural network
(DNN for short) to solve PDE, and given that the feature of forward backward ODE
system is similar to a PDE, we are motivated to use DNN to numerically solve the
forward backward ODE system that appears in the finite state mean field game prob-
lem. Quite some existing literature is about how to solve high dimensional PDEs
by DNN. Lee and Kang (1990), Lagaris et al. (1998), Lagaris et al. (2000), Malek
and Beidokhti (2006) and Rudd (2013) use neural networks to solve different kinds
of PDEs and ODEs with different boundary conditions. Sirignano and Spiliopou-
los (2018) focus on solving high dimensional PDEs with a mesh-free DNN. Their
approach is similar in spirit to Galerkin methods, except that the solution is approx-
imated by a neural network instead of a linear combination of basis functions. They
also prove the convergence of approximation to the true solution of certain type of
PDEs. However, to our best knowledge, there is still no result in existing literature
that let us infer the error between the approximation and the true solution by the
loss function. It means the approximation might not be accurate enough even if the
loss function is already small. The approach in this chapter is similar to Sirignano

and Spiliopoulos (2018), but we provide a error bound estimation to fill this gap.

The main contribution of this chapter is to provide a deep neural network approach
to solve the forward backward ODE system arising from the finite state mean field

game problem in Gomes et al. (2013) and Cecchin and Pelino (2019). We provide an
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estimation of error between true solution and our DNN approximation by inferring
the loss function. It is crucial for us to estimate the accuracy of our numerical
solution, without which, even when we have trained the DNN such that the loss
function is very small, we are still not sure how close is our DNN approximation to

the true solution.

The chapter is organized as follows. Our finite state mean field game model is pre-
sented in Section 5.2. Then in Section 5.3, we present the main results: convergence
and error estimation of our deep neural network approach. And all detailed proof

s in Section 5.4.

5.2 MODEL SETTING

Define a finite state mean field game in continuous time with same setting as the
one in Cecchin and Pelino (2019). The finite state space is ¥ = {1,--- , K}, and
the reference game player’s state is denoted by z, which is a Markov chain. Game
player at state z only can control the switching intensities of their own state process.
Their controls \ : [0,7] x ¥ — (RT)X are feedback in X, and take values in (R*)¥
as from z there are K possible directions to switch. However if there are some states
that state z can not access, then we can simply force the corresponding components
in the intensity vector to 0. The probability measure on mean field of state is a
function p: [0,7] — P(X), where

P(Z):{(pla 7pK)7 s.t szzl, Dz 20}

z=1

Starting at time ¢ € [0,T], given any probability measure p on the mean field of

state, game player with controlled state process Z; that starts at state z solves the
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following optimization problem.

6.(t) = sup Ei| / F(Zu, Mt, Z2))dt + G(Zr, p(T))), (5.1)

AeA

where [E; is the conditional expectation operator given the initial state Z, = z at
time . And F' is the running profit. We assume for any z € 3, F'(z, \) is a upper
bounded function which does not depend on A., the zth component of A. G is the
terminal payoff, and A is admissible control set that contains all measurable function

A:[0,T] x ¥ — (RY)E. Define 0 : [0,T] — RX by

0(t) = (0:(1),--- , 0k (1))-

According to Cecchin and Pelino (2019), in the equilibrium, value function 6 and
mean field probability p satisfy a forward backward ODE system. The backward
equations come from the optimization problem (5.1) given p, while the forward
equations come from the consistent condition for probability measure p on mean

field of state when everyone follows equilibrium strategy.

T — H(, 2%, 0.(T) = Gz, p(T)),

(5.2)
dp;t(t) B Zy:py(t))\z (y, AY0(t)),  p=(to) = p=0,

where operator A? is defined as:

AUO(t) = (02(t) — 0.(8), - . O (1) — 0.(0)).

And the Hamilton operator H : ¥ x RX — R is defined for any p € R¥ with pu, =0

as:

H(z,pu):= sup {A-pu+F(z,\)}.

AE(RT)K
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And XN (z,u) = (N(z,p), -+, Ni(z, 1)) is the optimizer of Hamiltonian H(z, u)
except for A¥(z, 1), which can be any value since in the proof of our main result we
always let pu, = [A*0(t)], = 0,(t) — 0,(t) = 0 and F'(z, ) is independent to A,. For

notation convenience, we define

Noz, ) = =D Aoz, ). (5.3)

y#z

According to (Gomes et al., 2013, Propostition 1), if H is differentiable and A*(z, i)

is positive except the zth element, for y # z, we have

N (2, 1) = [DpH (2, 1)y,

where \j(z, 1) is the intensity from state z to state y, and [D,H(z, i1)], denotes the
yth component of gradient D, H(z, ;). As in the following proof of main results,
we always have p, = 0 when we use H(z,u), D, H(z, ) or D2 H(z,p), for proof
simplicity, with a little abuse of notation we can follow Cecchin and Pelino (2019)

to define artificially that
(D, H(z, )] = A2, ). (5.4)
Then we can conclude that

A (z, 1) = Dy H (2, ), (5.5)

and the feed back control (¢, z) = A*(z, A*(t)) under equilibrium.

We next assume H, G and \* satisfy following assumptions.

Assumption 5.2.1. Assume under (5.3), H(z, 1) has unique optimizer \*(z, u1) for
every pu. H is C* w.r.t o on bounded set; H, D,H and Dme are locally Lipschitz
in p, where D, H denotes the gradient of H w.r.t ;1 and DZHH denotes its Hessian
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matrix; the second derivatives is bounded away from 0 on bounded set, i.e. there
exists a constant C' such that for any p in that bounded set satisfying p, = 0, we
have

p- D% H(z, ) - > C7Hpl)?

p- D H(z ) - < Ol

(5.6)

Moreover, we assume the cost function G is differentiable, and its directional deriva-
tive w.r.t any vector w is Lipschitz in p when p is bounded, i.e there exists constant

C such that
G
(z,p)| < C|Apl|[jw]. (5.7)

G
w

26
ow

Assume that G is monotone decreasing in p, i.e. for every p,p € RX,

> (G(z,p) = G(z,p)(p- — p:) < 0. (5.8)

IS

Note that the assumptions are very similar to the assumptions in Cecchin and Pelino
(2019) that guarantees not only the equilibrium’s existence, uniqueness, and conver-
gence, but also that it satisfies a well-posed Master equation. The only differences
is that we assume G satisfies (5.7) and (5.8) for p in any bounded set, while in
Cecchin and Pelino (2019) it is only for p that is probability measure on the state.
Nevertheless, Cecchin and Pelino (2019) only assumes the first inequality in (5.6),
while we assume both. But as we both assume DZMH (z, ) is Lipschitz continuous
to u when g is bounded, the second inequality in (5.6) can actually be deduced from
the Lipschitz continuity of Dﬁ#H (z, ) and the fact that p is bounded. We will show

in (5.9) that p in our paper is indeed bounded.

Remark 5.2.2. For proof simplicity, we will only discuss the case when every state
can be accessed from state z, but the proof will be very similar if state y is not
accessible from state z. In this case, the running profit F'(z, A) does not depend on
Ay either. We can always modify the definition of operator A* such that the yth

element of A%6(t) always equals 0. Then in the proof for our main results, we will
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have 11, = 0 when we need to use H(z, ), D, H(z, p) or D H(z,p). With a little
abuse of notation, we can always artificially set the values of yth element of \*(z, )
and D, H(z,p), the yth column and yth row of Dme(z,,u) to 0. We require H to
satisfy (5.6) in Assumption 5.2.1 only when p satisfies 1, = 0. Then every step in
the proof for our main results is still applicable. Note that it applies similar to the

case when there are multiple states that are not accessible from state z.

As ) is always non-negative, besides assumptions above, H also satisfies following

property.

Remark 5.2.3. H satisfies H(z, ) > H(z, ) for any z € X if two vectors p =

(p1, -+ 5 ) and i = (fiq, - -, jig) satisfy

Then from (Gomes et al., 2013, Proposition 2), solution to (5.2) has a prior bound
Cen as long as H satisfies Remark 5.2.3 and G is bounded for all p(7T") in compact
set [0, 1]%. Cgp is defined as,

10l < Cen == max  {G(z,p)} + 2maxH(z 0)7, (5.9)
2€X%,pe(0,1]K
where the norm || - || is the co norm. G is bounded because it is continuous and

defined on a compact set. For given H and G, as 6 satisfies ODE system (5.2), and
do. (t

is also bounded. Similarly,
as D,H and de;t(t) are bounded, we can further see that dgtzz(t)

d? pz(t)
T2

both H is Lipschitz continuous in Assumption 5.2.1,

is bounded. From

similar argument on p and \*, dp=(1) and are also bounded. It means for given

dt

H and G, there exists constants Cycy and Cpap, such that

do,(t d?0,(t

HJH < Cocn, | 2( >H < Cocn,
dpz( ) dp.(t)

120 < e, 12220 < o
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We further summarize Theorem 2 in Gomes et al. (2013), Theorem 1 in Cecchin and

Pelino (2019), and provide following theorem without proof.

Theorem 5.2.4. Under Assumption 5.2.1, ODE system (5.2) has unique solution
(0,p) for any initial value p(ty) € P(X). The mean field game has an unique Nash

equilibrium point.

In the following sections, we always assume Assumption 5.2.1, which guarantees the
existence, uniqueness and convergence of the finite state mean field game. How-
ever, to find the equilibrium, we need to solve (5.2), which generally does not have
analytical solution. As (5.2) is a forward backward ODE system, we can not solve
it numerically by discretization. Hence we provide a deep learning approach to

numerically solve (5.2).

5.3 MAIN RESULTS

To solve (5.2) numerically, we apply the deep neural network approach in Sirignano

and Spiliopoulos (2018). Define two sets of neural network functions as

O"(vy,v) :={0:[0,T] = RX; 64(t)

(14 Zﬁle a;t + ¢;))), ZBKW ait +¢)))}s
P”(uz,y) ={p:[0,T] - RE, ﬁ(t)

(v Z Briv(ait +c;))), - Z Br—riv(ait +¢;))},

i=n+1 1=n-+1

where v : R — R is the triple continuously differentiable activation function, and
two strictly increasing triple continuously differentiable activation functions vy, v; :
R — R have twice continuously differentiable inverse functions v; ' and v, '. They

satisfy

sup [1| = Cagr +e, infry, = —e, supry, =1+e, (5.11)
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where e is a small enough constant. Moreover, we assume the bounds on above
inequalities are strict. We approximate the solution (6, p) to (5.2) numerically by

(O, pN)), which satisfy

(5§N)a e 7€~§(N)) € ®N<V17V)

~(N ~(N
B, 50 € PN (i, v) (5.12)
RIS S )
i£K

For fixed n = N, the structure of the neural network is determined, and it remains
to train the neural network. By considering both the differential operator and
boundary condition in (5.2), we define the loss function ¥ w.r.t any approximated

solution (6, p) as

(0, p) = Z{/ (degt(t) + H(z, A*0(t)))%dt

zex Yo

T dﬁz(t> ~ * 0 2 4 ~ —\2
+ [ (—~— SNy, AYO)2dt + [ (> (p.(t)7)%dt
/to dt Xy:p ! /to ;p (5.13)
+ (P (to) — Pzo)? + (0.(T) — G(2,5(T)))*
d?0.(t) . _ ?p.(t) . _
+Z(Be—tg%g:§}! ol +Z(Bp—tgg§]| D7

zZ€X ZEX

where (px(t))” := =P (t)Lpe)<oy and By, B, can be any constants that satisfy

d?0,(t)
By > C, >
o bGH > trgr%% | 7

d’p.(t)
B,>C >
p > Coon = 1o 1= i

B

where constants Cpgy and Cpgp are from (5.10). Then it follows

d?0,(t) d*p. (1)
By — - B, — - =0.
> (Bs Jé%&%‘ o ™+ (B, tggﬁl e )" =0

z€EX zZ€EX
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Both the integral term and maximum term in (5.13) can be calculated via Monte
Carlo simulation. Practically, we use similar approach as in Sirignano and Spiliopou-
los (2018) to calculate these two to increase the robustness of training. Given N,

the structure of the neural network has been determined. We train the network

2K—1,2n om
) {ai i

2n ;
Py . and {¢;}7" that determine

by finding the optimal values of {3;;}
(0™, 5N such that they minimize W. For the true solution (0,p), ¥(0,p) = 0.
Since (0, p) exists and is unique, ¥ has unique minimal point ¥ (6, p) = 0. We pro-
vide the convergence result Theorem 5.3.1 similar to the Theorem 7.1 in Sirignano

and Spiliopoulos (2018).

Theorem 5.3.1. There exists a sequence of (0N, pN)) defined in (5.12) such that

lim W™ M) =0.

Wi P

The proof is given later. When the Loss function W is smaller than certain value,
because of the uniform bounds on the approximation function’s first and second
derivative, the maximum error on the time interval is also smaller than certain value.
Hence besides the convergence, we also provide our main result as the following error

estimation on the DNN approximation.

Theorem 5.3.2. For every t € [ty,T] and z € ¥, assume 0(t) and p(t) satisfy:

do.(t) "
o = HEAR) Falt2)

0.(T) = G(2,p(T)) + €3(2), .
4 5.1

dp;ft) = Ey:ﬁy(tﬂi(y, AYO(1)) + eslt, 2)

ﬁz(tO) = Dz,0 + 64(2)7

where po € P(X), px(t) =1 = r P-(t) and p.(t) € [0,1] for = < K. Then there
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exists uniform constant B and Ny, such that when N > Ny and

oLl + Yl + Y E0) < 5 Vit € [0, T) x5,

we have for all t € [ty,T] and z € ¥,

0.00) — 0.0+ lp=(0) — o (0)] < -

It suggests that when loss function ¥ is smaller than certain value, which implies
the maximum error on the ODE system is also smaller than certain value, the error
between DNN approximation (,7) and the true solution (8,p) to (5.2) is linear to
the maximum error on the ODE system. Note that the condition that all components
of p(t) sum up to 1 implicitly sets ) . €2(t, z) = 0 for all ¢ € [ty, T]. The detailed

proof is given in the proof section in the end of this chapter.

Theorem 5.3.3. Sequences 0) and p) in Theorem 5.3.1 converge uniformly for
te[0,T]:

o AN () — 0 AN () —
Jim G0 = 0), Tim 50 = p).

As when U converges to 0, the derivative of 6™) and p™) are uniform bounded.
Hence ¥ converge to 0 in Theorem 5.3.3 will guarantee that all the €; and (pg(t))~
also converge to 0 uniformly. Then the proof of Theorem 5.3.3 is trivial by combining

Theorems 5.3.1 and 5.3.2.

Remark 5.3.4. Note that though we only prove Theorems 5.3.1 and 5.3.3 for a two
layers neural network structure characterized by ©"(vq,v) and P" (v, v), which is
one of the simplest neural network structure, Theorems 5.3.1 and 5.3.3 can actually
be applicable to other more sophisticated neural network structures (more layers,
LSTM, etc) since this simple structure is just a special case of those more advanced
network. By taking a certain set of parameter values, those advanced network can

be reduced to a structure like ®" (v, v) and P (s, v).
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5.4 PROOFS

5.4.1 PROOF OF THEOREM 5.3.1

Proof. According to Theorem 5.2.4, there exists unique solution (0, p) to ODE sys-

tem (5.2), which is also the unique minimal point for ¥ such that
U(,p) =0.

We use (v; ') to denote the first order derivative of v; ! for i = 1,2. From (5.9)
we know 6 is bounded by Csy. Hence %HZ(t) is also bounded uniformly for ¢ and
z. Moreover, p(t) € P(X) for any ¢ € [0,7] and hence is also bounded. From the

assumption on vy, vy, we know

0.(t) < sup||v],

inf vy < p,(t) < supvs.

It means 6,’s image is bounded and a strict subset of v, *’s domain. Similar for p, and
vy '. Combining with the continuously differentialability of v; ' and v, ', we know
v H0.(1)), (v h) (0.(1)), vy H(p.(t)) and (v5 ') (p.(t)) are bounded by some constant
C uniformly for ¢ and z. (1;)" and (v;)" are Lipschitz continuous on [—2C, 2C] with
coefficient L for i = 1,2. Define CN(v) := {C: [0,T] = R; ¢(t) = N, Biv(ait +
¢;)}. According to the proof of Theorem 7.1 in Sirignano and Spiliopoulos (2018),
for any 0 < € < C, there exists N > 0 and y, € C"(v) such that

J9(0) = o7 O+ 1 0(0) — o @) | Sega(t) — S (0.6 <

dt dt !
(5.15)

Hence we have

11 (y=(t)) = 0= (D] < Clly=(t) — v (0:(1))]| < Ce.
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On the other hand,

Cnw(0) ~ S0.(0) = (1) — S (0.(0))
= (Y (1) (1) = () 07 (0-(0) 7 (0(0)
= ) (- () [ (1) — S (0.(0)

LR O W(0) — 02 07 (0-(0))

As y,(t) € [-2C,2C], there exists constant C such that (v1)(y.(t)) is bounded by

it uniformly. Moreover, we have

o B0 < N @) 6-0)] < €2

Hence we have

||—V1(yz( ) = z()H_H—yz() C;itvl CROMNI AWM

+||Vi(yz(t))—l/1(7/f CRON][C2 )’(@(ﬂ)llll%@(t)ll

d d _
< C1||Eyz(t) - EVI NCAGH

+C?Lly:(t) — v (0:(1)I| < (Cr+ C*L)e.

The first inequality above comes from the boundness and Lipshitz continuity of 1],

as well as the boundness of (v, 1) (0.(t)). Moreover, for second order derivatives, we
have

I (0] = 0™ (6:(0) 06 + 7Y 0o 8-

As 0.(t) and £6.(t) are bounded and (v;') is twice continuously differentiable,
d2 -1

V1 (0.(t)) is bounded. To estimate the difference of second order derivatives
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between approximation function and true function, we have
d? d 9 d?
= 230:(1) = (y=(8) 1 (y=(8)) + 1 (y= (1) 5 :()
d?

(o O (B-(00)) — A0 (6-(0)) g (8- (0)

()

Define p p
o = GO = G OO
bim I 00)) = G OON o 0.2
1) - ill%xwwwmuwm
4= [ (0) = 40 OO - 0.1,
and we have
d2 d2 0.t)| <a+b+c+d.

2T
1(6.(t)) are bounded from previous proof, and v, is triple contin-

As y.(t) and Loy
Ly1(0.(t)))* and

uously diferentiable function by definition, v/ (y.(t)), v1(y.(t)), (
j;ul’l(ﬁz(t)) are also bounded. Moreover, ||[£y.(t)|| < ||%v;'(6.(t))| + €, hence
bounded. According to the Lipschitz continuity of v| and v}, as well as (5.15)

know there exists constants Cs, such that

d2
A el0) = 0.0 St bt d < Coc

By making transformation on ¢ in above proof, we know for any 0 < ¢ < C, there

exists N > 0 and y, € CV(v) such that
11 w) = 6.0l e (0.0) = L0001 + 1o (w.0) = Lo,0)]) < 2
%1 yz z dt 1 yz dt z dt2y1 yz dt2 ~

Hence we know there exists N > 0 and y, € C™(v) such that

2

d
po()] < £+ 15500l < & + Cogr < B

”_Vl(

dt?
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Similarly, we know || £u5(y.(t))|| < Cpeu < B,. Then we get

do.(t) . _
By — =
(By — max [——=1)" =0,
dp=(t) - _
(By — max [—=1)" =0

If we define

A

@N(Vw/) ={C:[0,T] = R"; ((t)=

(1 Zﬁuv arit + c14))), - Zﬁmv aggt +ck)))}

Then from proof above we know for any 0 < ¢ < C, there exists N > 0 and
™) € ©N (1, ) such that

129 6) = 6.(6)] + -5 807(1) — S0.(0)] < =

On the other hand, notice that any function fy € eV (v1,v), there should ex-
ists fxny € O8N (v, v) such that fxy = fy, by letting some 3;; = 0. It means
O (v, v) € OKN(yy,v), and 8™ € OFN (1, ). For p and P™(1, ), we can have
similar argument. Hence we conclude that for any 0 < ¢ < C, there exists N > 0

and 0N € ON (1, v), V) € PN (1, v) such that

1029 6) — 0.0)]| + 1) 0 1) %9 OIEE

1620) — -0l + 155 (0) — Lo 0] <

Then similar to the proof for Theorem 7.1 in Sirignano and Spiliopoulos (2018), we
know there exists a uniform constant M which only depends on boundedness of 6,

A* and Lipshcitz coefficient of A* and H, such that

UM, pN) < Me.
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It concludes the proof. O

5.4.2 PROOF OF THEOREM 5.3.2

To bridge 6 and 8, we use the Master equation for 8 in Cecchin and Pelino (2019), and
prove that 6 also satisfy a similar equation. The general idea of the proof is similar
to that of (Cecchin and Pelino, 2019, Theorem 6), while our purpose is different from
Cecchin and Pelino (2019). Cecchin and Pelino (2019) want to prove the equilibrium
of finite players finite state game converges to the one of corresponding mean field
game. [t is difficult to directly compare the two ODE systems characterizing the
two equilibrium of finite players game and mean field game respectively, as one is
backward ODE system, and one is forward backward ODE system. Hence Cecchin
and Pelino (2019) prove that the forward backward ODE system is equivalent to a
backward PDE (Master equation), which can then be compared with the backward
ODE system. In contrast, we want to estimate the error between true solution and
the DNN approximation to mean field game. Both of them satisfy forward backward
ODE systems, while the one characterizing the DNN approximation having extra
error term compared with the one for true solution. And we leverage the Master
equations to bridge the two forward backward ODE systems. However, due to the
perturbation term in the ODE system 5.14, p can be negative. One of our key
contribution is finding a new way to bypass the non-negative requirement which is

required in the proof for (Cecchin and Pelino, 2019, Theorem 6).

Note that the general structure and idea of the proof might look similar to that in
(Cecchin and Pelino, 2019, Proposition 5, 6, Theorem 7, Section 5.3.1 and 5.3.3).
However, in Cecchin and Pelino (2019), their p satisfies a non-perturbed Kolmogorov
forward equation, with initial value always sits in P(X), hence each component of
their p is always non-negative. In contrast, the Kolmogorov forward equation in
our model in (5.14) is perturbed, and its initial value does not necessarily locates in

P(X) due to the perturbation term. Hence the p in our proof can be negative. The
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key difference between our proof and theirs is due to this fact which makes some
prior estimations proof in Cecchin and Pelino (2019) not applicable for our case.
We need to provide extra modifications in the prior estimations stage in our proof,
by adding and subtracting an extra term M; simultaneously such that p(t) + M
is non-negative. Moreover, we also need to modify every later step in the proof to
estimate the extra terms introduced by M;. As these modifications appear in most
details of the proof, for the ease of readers’ understanding, we still keep the whole
proof in this chapter, though its idea might seem similar to that in Cecchin and

Pelino (2019).

The proof is organized as following. Notice that the solution pair (é, p) to (5.14) is
determined only by initial time ¢y and initial value p(ty). We first prove in Proposi-
tion 5.4.1 and 5.4.2 that § when considered as function of t, and p(t) is well defined
and continuous w.r.t p(ty) on some neighbourhood. With the help of Proposition
5.4.5 and 5.4.6, we also prove that 6 is continuously differentiable w.r.t p(ty) in
Theorem 5.4.7 by discussing the linearized system (5.25). Then we finally prove in
Theorem 5.4.8 that #, when considered as a function of t, and p(t,), satisfy a PDE
similar to the Master equation in Cecchin and Pelino (2019). In order to compare
the two Master equations, we prove in Proposition 5.4.9 that Master equation on
some discrete grids of P(X) can be approximated by a backward ODE with extra
error term. By comparing the two backward ODE systems, we can finally estimate

the difference between @ and 6.

We first define norm || f|| for f in R¥ or C°([0, T]; RY), where C°([0, T]; R¥) contains

all continuous functions with domain [0, 7] and images in R,

maxi<.<x | fz, feRE

£l =
maXyejo, 7] MaX1<<K |fz(t)|7 IS CO([07T]§RK)

Due to the introduction of perturbation terms in ODE system (5.14), the existence
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and uniqueness of its solution can no longer be guaranteed for every initial value
p(to). However, under certain conditions on (5.14), we can have the existence and

prior bound estimation of solution to (5.14).

Proposition 5.4.1. Given constant M > 0, define I, pr := [—M, 1+ M|* and

Co(M):= max |G(z,p)|+ |les] + 2]|er]|T + 2m€a£(H(z,0)T,

zEE,pGInM

Ac(M) = [2C6(M), 2C6(M))¥, AM):=  max  |X(z,p)].

Y,2€8,u€AG (M)

If functions €;,1 = 2,4 satisfy

1
ezl + lleall < < (5.16)
No

where Nio = L Me 2T Then for any initial time to € [0,T] and p(ty) € B(P(X), -

ODE system (5.14) has solution (0,p), where

_ 1 1
B(P(Y),—)={peR", st in ||p—p| <=1}
(PE). ) ={PeR™, st min |Ip—pll < 5}
Moreover, (0,p) satisfy following on [to, T] uniformly for any initial time to € [0,T)

and initial value p(ty).

ez(t) € [_CG(M)ch(M>]> ﬁz<t> € [_M71 + M]

The main idea of the proof is to find a fixed point of the mapping that maps a given
prior p to a new p. The mapping is constructed by following. With prior p, we solve
the backward equation in (5.14) to get 0, and solve again the forward equation in
(5.14) to get the solution p, the image of the mapping. The key step is to show the
mapping is self contained in a compact set, then the existence of fixed point can be

guaranteed by showing that the mapping is continuous.

Proof. Given a prior p such that p(t) € [-M,1+ M| for all ¢ € [t, T], Lipschitz
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continuous with Lipschitz coefficient bounded by L(M), where

|| H < L(M) = KM+ DAM) + ==,

and starts with the same p(ty) = p(ty) € B(P(%), NLO), with which we solve the
backward ODE in (5.14):

dez(t) = —H(Z, Azé(t)) + €1<t7 Z)v éz(T> = G(Z7ﬁ<T)) + 63(2)'

We know function 6(t) is bounded by constant Ce(M) following a similar proof
s (Gomes et al., 2013, Proposition 2). Note that Cg(M) is monotonically non-
decreasing w.r.t M, hence A(M) is also non-decreasing w.r.t M. Since p(tg) €
B(P(%), NLD), there exists py € P(X) such that p(tg) — po = €4 where ||e]| < S

Consider two functions p and p satisfying

dpz (

= Dy(Ni(y, AYO(t) + €alt, ), Pa(to) = pao + €a(2),
Yy

dpz (

= > n DX, A, pa(to) = peo
y
Integrating both side and subtracting p and p, we get

15) = 0 < A [ 15 = s + ol + el
By Gronwall inequality, we have
13(t) = pO)l < (leall + [lea])e 0T < M. (5.17)

As p is the solution to a Kolmogorov equation, p(t) € P(X). Hence the solution
p(t) € [=M,1+M]¥ for all t € [ty, T], and p is also Lipshitz continuous with Lipshitz
coefficient bounded by L(M), as || 2| < L(M).
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Let F([to,T]) be the set of Lipshitz continuous functions defined on [to, 7], with
Lipshitz coefficient bounded by L(M), taking values in [—M, 1+ M]¥ and starting at
the same initial value p(to) at tg. We can define mapping & : F([to, T]) — F([to, T])
in the following way: given € F([to,T]), let 6 be the solution of terminal value
problem in (5.14). Then A(t) is bounded by Cg(M). Let &(p) be the solution to
the initial value problem in (5.14). &(p) € F([to,T]) from the above argument.
Following the proof of (Gomes et al., 2013, Proposition 4), F([to,T]) is a set of
uniformly bounded and equicontinuous functions. Thus, by Arzela-Ascoli theorem,
it is a relatively compact set. It is also clear that it is a convex set. Hence, by
Brouwer fixed point Theorem, we know there exists fixed point for &, which proves

the existence of solution to (5.14). O

From Proposition 5.4.1, for every t and py € B(P(X), NLO), the ODE system (5.14)
has at least one solution (0~, p), bounded by constants that only depends on the
given constant M. Note that both these bounds are monotonically increasing w.r.t
M. Also, both 8 and p are Lipshitz continuous functions with Lipshitz coefficients
uniformly bounded. Define the bound as L(M), since their Lipshitz coefficients only
depend on the bounds on 6 and P, which again only depend on the constant M. We
next prove that under certain condition, (9~, p) is unique and continuous w.r.t initial

condition.

Proposition 5.4.2. There exist positive constants Ny and C', such that if we have
condition (5.16), then for any to € [0, T] and initial condition p(ty) € B(P(X), NLO),
the solution to (5.14) is unique. Moreover, let (9,]3) and (é,ﬁ) be two solutions to
ODE system (5.14) with different initial conditions p(ty), p(te) € B(P(X), NLO), then

10 — 0] < C|lp(to) — plto)]|

lp = Il < Cllp(to) — plto)l-

(5.18)

The general idea of the proof is similar to that in (Cecchin and Pelino, 2019, Propo-
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sition 5). But in (Cecchin and Pelino, 2019, Proposition 5), only the system’s
continuity to initial value in P(X) is proved, while in our model our initial value
does not necessarily locates in P(X) due to the perturbation term. We apply Gron-
wall inequality to the forward ODE and backward ODE that p — p and 6—0 satisfy
respectively, with the help of Lipschitz continuity of H and A*. And to combine
the two coupled inequalities, we start with some prior estimations by differentiating
(5 — p)(0 — ). The key difference between our proof and theirs lies in this prior
estimation, where we need to make some modifications and deal with some extra
terms, since p and p can potentially be negative due to the perturbation terms in

(5.14).

Proof. Start with any M and the corresponding N, defined in Proposition 5.4.1.
Then both 6 and 0 uniform bounded by Cg(M). Let’s first assume p.(t), p.(t) >
— M; uniformly, and we will decide later the value for M; and prove the condition for
it. Similarly to the proof for (Cecchin and Pelino, 2019, Proposition 5), we first try
to obtain estimation on LHS of (5.21) given later. Define ¢ := 6 —f and 7 := p — p.
Then the couple (¢, ) solves

_dgb;t(t) = —H(z,A%0(t)) + H(z, A*0(2))
dr.(t) (5.19)

= = > (O, AYO()) — by (DX (9, AY6(1))}

m.(to) = P=(to) — D=(to),
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Integrating £ > ¢.(t)m.(t), we have

Z [¢z (T)WZ(T) - gbz(tO)ﬂ-z (tO)]

zZ€EY

. / D (=, A%0(1)) — H(z, A6())]| (5 (£) — (1))t

As 37 N =0, we have S Xi(y, AY(t))é, (t) = 0, and

T

t D By (XL (y, AY8()) — By (DAL (y, A1)} (B:(1) — 0. (t)dt

D BNy, AY0()) — By (DN (y, AY6() }(9:(1) — oy (1)) dt

to ERNS>

= /t > AYG(H) - {By (DA (y, AY0()) — By ()X (y, AY0(1)) ).

yeD

Substituting it back, we have equation:

zZEY zZEX

+ /t > [H(z, A%0(t)) — H(z, A*0(t)) — A%¢(t) - X (2, A*0(t))]p.(t)dt

IS

+ /t > [H(z, A*0(t)) — H(z, A%0(t)) + A%G(t) - X (2, A*0(t))]p- (t)dt.

z€EX

As XN (z,pu) = D, H(z, ), by Taylor theorem, there exists point a on the line between
A#6(t) and A%0(t) such that

H(z, A0(t)) — H(z, A*0(t)) — AZp(t) - X* (2, A*0(t))
= —A*(t) - D2 H(z,a) - A (1)

Then from assumption (5.6), and do above similar on another way round, we have
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following estimations:

H(z, A70(t)) — H(z, A0(t)) — A7p(t) - A" (2, A%0(t)) < —C | A%(t)|>
H(z, A*0(t)) — H(z, A*0(t)) + A%p(t) - XN (2, A%0(t)) < —C7H|A%p(1)]]%.

However, unlike the proof for (Cecchin and Pelino, 2019, Proposition 5), both p,
and p, can be negative in our setting. The same technique in (Cecchin and Pelino,
2019, Proposition 5) that substitutes the inequality above back to obtain estimation
of (5.21) is no longer applicable. Hence we rewrite the equation as following to cope

with the possible negativeness of p, and p,:

Z(bz tO T tO Z¢z

+/1t > [H(z, A%0(1) — H(z, A%6(t)) — AG(t) - A (2, A*0(1))) (5= () + My)dt
+ /t D [H(z, A%0(t) — H(z, A%0(t)) + A%G(t) - X (2, A*0(1))] (p:(t) + My)dt
+ Ml/ D OAG(E) - [N (2, A%0(1) — N (2, A%(t))]dt.

(5.20)
The following proof will be also similar to that in (Cecchin and Pelino, 2019, Propo-

sition 5) except we need to pay extra effort to deal with the appearance of M;. From

(5.8), Y.ox 6 (T)mo(T) < 0. As pu(t), pa(t) > —My, we have

/ D IIATG@)IP(Ba(t) + pa(t) + 2My)dt < —C(B(to) — Blto)) - (B(to) — (ko))

o zex

+ CM, / D CATG(E) [N (2, A%0(E) — N (2, A%O(t))]dt

to Lex

By Lipschitz continuity of A*, there exists C' such that

/ZHAZ V2G5 (8) + 5. (t) + 20)dt] < C(lr(to)lll6ll + Mol (5.21)

0 zex
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We next derive the bound for 7. Integrating the second equation in (5.19) over

[to,t], we have
t
0 =matto)+ [ SN M) — By 5)N: o AVB(5) .
to Y
As A\* is both bounded and Lipschiz continuous, there exists C' such that

maX|7Tz( )| < max\ﬁz(to ]—l—C’/ max]wz( )]ds—i—C/ ZHAZ NP2 (s)|ds

to zex
<max|7rz(t0 ]—i—C’/ max|7rz ]ds—i—C/ ZHAZ .(s) + My)ds
to zex
+M1(]/ > [1A%(s)|ds,
to zex

where the second line holds because p.(s) + M; > 0. Moreover, we have

[}]mz (s) + My)ds

z€X

3/Z¢manz+Mum )+ Mads
to

zZEX

J/ > 1A%6(s)[12(Ba(s) + Mi)ds J/ > (B:(s) + My)ds

z€X z€EX

Applying Gronwall inequality, as p.(s) € [—=M, 1+ M|, there exists C' such that

0 Lex

]| < Cllm(to) +CJ > 1A% 2(t) + My)dt + M C| ¢
(5.22)

< Ol (to) || + C/[[x o) ol + Millgl2 + CMy|¢|
< COllr(to)|| + Cllm(to)|Z[0]12 + C(My + /My)|¢],

where C' also only depends on M in Proposition 5.4.1.

We next derive the bound for ¢. Integrating the first equation in (5.19) over [to, t],
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from the Lipschitz continuity of G, H, there exists C' such that

T
L(t) < C (T C .(s)|ds.
mige0.(1) < Cona (7)) + C [ migeo(5) s
Applying Gronwall inequality, there exists constant C' such that

ol < Cli=|| (5.23)

By combining (5.22) and (5.23), using AB < ¢A? + 1B? for A, B > 0, there exists
C' such that
1
Il < Cllw(to)ll + [ + C*(My + VM) .

As C only depend on the boundedness and Lipschitz coefficient of H, G, \* and the
bound of Dme , 5, é, which depend on the M in Proposition 5.4.1. We only need
to select M; such that

1
CZ(Ml + Ml) < Z_l’

and we can have (5.18). Then it remains to decide the new Ny such that we have

3eA(M7)

p-(t),p(t) > —M; uniformly as we assumed. From Proposition 5.4.1, Ny := =4

and we can simply define our new Ny as max Ny, N;. On the other hand, the

uniqueness of solution comes directly from (5.18). O
According to Proposition 5.4.1 and 5.4.2, take any t € [ty, T] and py € B(P(%), Nio)
as the initial value for ODE system (5.14), there exists an unique solution (A(s), p(s))
on [t,T]. Note that f(s) might not equal 6(s) stated as the solution to (5.14) in
Theorem 5.3.2, since § depends on the values of initial time ¢ and initial condition
Po chosen above. And we can define a function U on t € [to, T] and p, € B(P(X), NLO)

by the corresponding (t) explained above.

Ult, 2, po) := 0(t, 2). (5.24)
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According to Proposition 5.4.1 and 5.4.2, U is well defined and continuous w.r.t fo.
Moreover, for (,7), the solution to (5.14) in Theorem 5.3.2 on [ty, T, which is the
approximated solution we got from DNN and want to estimate error on, we have

for all ¢ € [to, T] that:
Utz p(t) == 0(t, 2).

It suggests U has all information of 6. If we can compare U with the U defined
similar in Cecchin and Pelino (2019) corresponding to the true solution to (5.2), we
can estimate the error of . To compare U with the U, we need to prove that U also
satisfy the Master equation similar to U in Cecchin and Pelino (2019). To achieve
this goal, we are to prove the continuously differentiability of U in the following
steps. We first define the derivative of U w.r.t vector fp in a similar way to in

Cecchin and Pelino (2019), Define operator DY as following.

Definition 5.4.3. Define operator of a function U : R¥ — R as DYU : RX — RE

for y € 3.
[DYU(p)]. := lim Ulp + (0, — ) — U(p)’
s—0 S
where DYU(p) = ([DYU(p)]1,- -, [DU(p)]k), and &, € R¥ such that all elements

are 0 except the z element is 1.
By noticing that = »>_,, p1-(d. — d1) + (K 11,)dy, if U is differentiable, we have
following lemma from the linearity of directional derivative.

Lemma 5.4.4. Define the derivative of function U(p) along the direction p € RX

asamap%U:]RK—ﬂR,

9 . Ulp+sp)—Up)
a,uU(p) T E—I}é S '
It satisfies
0 0 K
RN — 1 . JRE—
aMU(p) DU(p) -+ a(slU(p)(;1 [12),
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where 8%1 is in fact the first component of the gradient of U, and DU (p) := D'U(p)

for notation simplicity. When Zle 1, =0, for any y € X2, we have

0
DYU(p) - p=DU(p) - pn= @U(p)-
In order to characterize the directional derivative of U w.r.t fo, given 6 and p,

let’s define a linear system of ODE for (u, p) similar to (Cecchin and Pelino, 2019,

Equation (80)), which will be used quite a few times in the following.

duc;t(t) _ _)\*(27 Azé(t)) . Azu(t) . b(t,z)

L - X 03500 900 + 3 D0 ) - A0t 1,2
UZ(T) - 8?{;) (Z,ﬁ(T)) +ur, = VG(Z,ﬁ(T)) . p(T) + ur,,

pz(t()) = P2z,0-

(5.25)

Similar to (Cecchin and Pelino, 2019, Equation (80)), D, % (y, A¥8(t)) is the gradient
of \¥ w.r.t its second variable in R¥. The unknowns are u and p, while b, ¢, ur, po
are given measurable functions, with ¢ satisfying S.%  ¢(t, 2) = 0. In fact, (5.25) is
generalization of (Cecchin and Pelino, 2019, Equation (80)). In (5.25), it is a general
directional derivatives of any direction in the terminal condition of u,(T"), while in
(Cecchin and Pelino, 2019, Equation (80)), it is directional derivatives of specific

directions.

We first prove in following Proposition 5.4.5 that the linear system (5.25) has a

unique solution, which is linear bounded by its initial and boundary conditions.

Proposition 5.4.5. There exist positive constants Ny and C', such that if we have

(5.16) and p(ty) € B(P(%), NLO), then for any measurable function b, ¢ and vector
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ur, the linear system (5.25) has a unique solution (u, p). Moreover it satisfies

[ull < Clllur(| + llpoll + [[bl] + [le]]]
H (5.26)

ol < Cllluzll + llooll + 161l + {lefl-

The proof shares similar idea to (Cecchin and Pelino, 2019, Proposition 6), except
we need to make extra effort on dealing with the possible negativeness of p, p and the
generalized terminal condition in (5.25). We use Schaefer’s Fixed Point Theorem
to prove the existence of solution. In order to verify one condition in Schaefer’s
Fixed Point Theorem, we provide the prior estimation on the solution following a
similar trick as Proposition 5.4.2, i.e differentiating up before applying Gronwall
inequality on the ODEs of u and p respectively. Then the uniqueness of solution

comes naturally from the prior estimation.

Proof. We only discuss the case when ¢y = 0, as it can be extended to any ty € [0, T

by the same argument.

We first let Ny bigger than the one in Proposition 5.4.2. And similar to the proof for
Proposition 5.4.2, to cope with the potential negativeness, we first assume p,(t) >
—M; uniformly and M; < M, and we will decide later the value for M; small
enough and find the Ny such that it holds. As >’ o A (y, AY0(t)) = 0, we have

Zz,yezﬁy(t)DuAlﬁ(y,Ayé(t)) - AVu(t) = 0, and 2262 dpgt(t) = 0. Hence for any

t € [0,T], we have

n-= sz(t) = sz,o- (5.27)

z€X z€EX

Define set P,(X) as

K
P,(X):={peR", st sz =n}.
z=1

We define map ¢ from C°([0,77; P,(X)) to itself as following: for a fixed p €
C°([0,T7; P,)(X)), we consider the solution u = u(p) to the backward ODE for u
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in (5.25), and define £(p) to be the solution to the forward ODE for p in (5.25) with
u=u(p). From (5.27), £(p) is well defined as &(p)(t) € P,(X) for any t.

Similar to the proof for (Cecchin and Pelino, 2019, Proposition 6), the solution to
(5.25) is the fixed point of mapping &, and we prove its existence by Schaefer’s
Fixed Point Theorem, which asserts that a continuous and compact mapping £ of a
Banach space X into itself has fixed point if the set {p € X : p = w&(p),w € [0, 1]}
is bounded. Firstly, £ is continuous as the system (5.25) is linear in u and p.
C°([0,T); P,(X)) is a convex subset of Banach space C°([0,7]; R*). Moreover, from
the linearity and bounded coefficients of system (5.25), £ maps any bounded set of
C°([0,T); P,(X)) into set of bounded and Lipshitz continuous functions with uniform
Lipshitz coefficient in C*([0, T7; P,(X)), which by Arzela-Ascoli theorem, is relatively
compact. By compact map definition, £ is a compact map. Hence to apply Schaefer’s
Fixed Point Theorem, it remains to prove that the set {p : p = w&(p)} is uniform
bounded for Vw € [0, 1]. We can restrict to w > 0 since otherwise p = 0. Fix a p such
that p = wé&(p), which means the couple (u(p),&(p)) solves (for notation simplicity

we neglect their dependency on p)

d“;;t) = N (2, AF0()) - A%u(t) — blt, 2)
dg.(t) _ AN (. AYA(t 5, (1) DN (y, AYO(1)) - AVu(t) + ¢t 2
pn ;éy() =y, ())+Zy:py() uA2(y, AY0(1)) () + c(t, 2) (5.28)
u,(T) =VG(z,p(T)) - w&(T) + ur,
£-(to) = p=o0-

We need to prove the solution (u, &) if existed, are bounded uniformly for any w €

(0, 1]. For notation simplicity, we omit the dependence of A* on the second variable.
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From (5.28),

d
Z dt( Z gz )\* - uz Z 53,1 >\* uz

z€EX RIS zZ,YEX
+ Z u(t)py(t) DAL (y +Z (t, 2)u,(t) — Z{’z(t)b(t z
zZ,YyEX zEX zEX

The first line is 0 by exchanging z and y in the second double sum and using (5.3).

Integrating over [0, 7] and using the expression of u,(7") we have

Zfz [VG(2,p(T)) - w&(T) + ur,.] — u(0) - po

ZEX

/Z dt—/ Zfz
/ S7 B (DY) - Avu(t) (ua(t) — u, (£))dt

ERTIS))

Reorganize the terms and we get

/ S B (ODA) - Ault) () — uy ())dt — 0 3 E(T)VG(z, 5(T)) - €(T)

ERIID) zZ€EX
/ Zﬁz b(t, z)dt — / Z (t, z)u,(t dt—i—Zfz Jur., — u(0) - po.
zZEX zEX zZ€EX

From assumption on G in (5.8) and definition of directional derivative, we have

—w Y &(TIVG(2,B(T)) - 4(T) = —w Y &(T) ,B(T)) > 0.
z€X z€X
Moreover, as \*(y) = D, H(y) (we also neglect the dependence of H on the second

variable),

/ S7 B (ODN:(y) - Avu(t) (ua(t) -, (1))t

Z,YyeEX

/ Zpy t)AYu(t H(y) - AVu(t)dt.

yeD
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Since p and p can be negative, the same step in (Cecchin and Pelino, 2019, Propo-
sition 6) to obtain estimation on RHS of above is not applicable. However, as
Py(t) + My > 0 for all y € X, from (5.6), we can rewrite the RHS of the equation

and get following estimation instead.

/0 > by () AVu(t) - D2, H(y) - AVu(t)dt

yeD

_ /0 S (By(t) + M) Avu(t) - D2, H(y) - Avu(t)dt

YeED
T
=My | Y AVu(t)- D, H(y) - Alu(t)dt
0 yEYS
T T
>0t ST, + M)A |Pdt — My C / > lIAatu()|dt.
0 Pr=> 0 ZEX

So there exists constant C' and C) (C} only depends on the dimension of u) such

that

/Z(ﬁz(t)+M1)||AZU(t)|I2dt§C(/ IC(t)-U(t)Idt+/ [€(2) - b(t)|dt
0 zem 0 0 (529)

HIE@) Mzl + u©) ool + MiCrlull?),
where b(t) := (b(t,1),--- ,b(t, K)), and ¢(t) is defined similarly. As \* and D, \* is

bounded by constant C', from ODE for £ in (5.28) we have

()] < Jpoul +C / S 1y (s)lds + C / 3@y (5) + M) [ AYu(s)]| + |e(s, 2) Jds

t
0 yeY

t
+CM1/ S 1Avu(s) |ds.
0

yeD
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So that by Gronwall’s inequality, there exists constant C such that
1€l < Cllpoll + [lell) +C/ D (By(t) + My) | AVut) | dt

YyeD
+CM1/ S (1A |,

YyeED

where there exists C' such that > (P, (t) + M) <= K(M +1)+ KM; < K(2M +
1) < C? and

/Z 1) + M| Avu(t) || dt = /Z\/py )+ My /By (1) + My | Avu(t) | dt

yeR yeX
/ 0+ M) S Gy(0) + M) Ava(t)|2de
yEZ YyeED
< C/ + Ml) |Ayu |2dt <C / Z + M1 |Ayu( )||2dt
?JGZ yeY

From (5.29), there exist different constants C' at each line such that
el < il + el +€ [ S0+ Ao

YyeD
+CM1/ > (| AYu(t)||dt

C(llpoll + llell) + C My Jul] + C/O |et) - u(t)] + [£(2) - b(t)|dt
CET)lfurl + lu(O)[lpo]l + MiCyu]*)?

< Cllpoll + llel)) + C(My + v/ M) [ul]
C(llell= lullz + llgl=1oll> + €T [[uzllz + [lu(0)[=oll2),

Moreover, using Gronwall inequality on the backward ODE in (5.28) for function u,

there exists C such that

lull < Cllluzll + €D + 116l] < Clllur|l + 1T + (1]
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Then there exists C' such that

el < Cllooll + llell)
+ O(M; + /M) (Jur || + €D+ [18]) + Cllell (furl + 1) + [|b]])2
+C(ellz bl + 1E@N2 lurllz + (lurll + 1ED)]Z + 11Bl12) 1 poll )

As |E(T)|| < |I€]|, using the inequality AB < €A% + B2 for A, B > 0, there exists
C' such that

€Il < Cllell + 1ol + llpoll + luzll) + (C(My + VM ||§||

Note that the constant C' only depends on the boundedness of é, which depends on
M in Proposition 5.4.1. If

C(M; + \/ﬁl) <

A~ =

Then we have

1€ < 2C (el + Mol + llooll + [lurl]),

Hence the solution pair (u, ) are bounded for all w € [0, 1], which means p = wé(p)
are also uniform bounded, and hence proves the existence of solution to (5.25).

Meanwhile, let w = 1 leads to the uniform bound estimation for solution (u,p)

3eA(M7)
M,

o (5.25), and the uniqueness of it comes directly from (5.26). If Ny >
from Proposition 5.4.1, we have p,(t) > —M; uniformly, which concludes our proof.

Hence we can just update our Ny set before to satisfy the inequality. O

Then we can prove the differentiablity of U w.r.t py in Proposition 5.4.6.

Proposition 5.4.6. Let (0,p) and (0,p) be the solutions to ODE system (5.14)
respectively starting from (to, p(to)) and (to, p(to)), and (v, () be the solution to (5.25)

starting from po := p(to) — p(to). There exist positive constants Ny and C, such that
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if we have (5.16), then for any ty € [0,T] and p(ty), p(te) € B(P(%), Nio), we have

10 =0 = oll + 1p — 5 — CIl < Cllp(to) — Hlto) I

The proof is straightforward as we already prove Proposition 5.4.5. (v.¢) is charac-
terized by a linear forward backward ODE system similar to (5.25), with b,¢ = 0.
On the other hand, (é —O0—v,p—p—C ) also satisfies the same kind of linear forward
backward ODE system with different b and ¢. Hence we can get the conclusion of

Proposition 5.4.6 by applying the Proposition 5.4.5 on (é —0—v,p—p—20Q).

Proof. Without loss of generality, we assume ¢y = 0. Similar to the proof of (Cecchin
and Pelino, 2019, Theorem 7), we can use results from Proposition 5.4.5 to prove
our conclusion. Define Ny as the one in Proposition 5.4.5. Then p, (), p,(t) > —M,

);D
uniformly on (¢,y) € [0,7] x X. Define linearized system with w := p(0) — p(0):

dUZ<t) - * z0 z
25— X (2, 8%6(1) - A1)
d@ Zgy N (y, AVO(t —I—Zpy )DL (y, AVO(t)) - AVu(t)
. (5.30)
1) = iy <A = DGR () + R S
(0) = w.

From condition in Theorem 5.3.2, the sum of every component of p equals 1 for all

t € [0,T]. Hence we know ) s €s(t,2) = 0, and define

zZEX ZEX

We know there exists C' such that |S(p, p)| < C||p(T) — p(T)|. Set u:=60 —0 —v
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and p :=p — p — (, they solve (5.25), where

b(t,z) = H(z, AZé( 1)) — H(z, A%0(t)) — X (2, A%0(t)) - (A*0(t) — A%0(t))
= Zpy Sy, AY6()) — Ai(y, AY6(1)]

= > B ()DAL(y, AY6(1) - (AY6(1) — AY9(1)))

Y

ur,. == G(2,p(T)) — G(2,p(T)) = D'G(2,p(T) (A(T) — p(T))

oG

- 5—1(2 ,0(T))S(p, P)-

From (5.3), > .5 c(t,2) = 0. The existence and uniqueness of solution to (5.30) is
guaranteed by Proposition 5.4.5. We can simplify b and ¢ as
1 ~ A~ ~ ~
b(t,z) = / (D, H(z, A*0(t) + s(A*0(t) — A®0(t))) — D, H(z, A%0(t))]
0
C(A*O(t) — A*0(t))ds
=it / DXy AY6(6) + s(6(0) — A78(0) — D2y, AY6(0)]
(A1) ))ds + Z byt DDA (y, AYA(E)) - (AYO(t) — AYO(1))).

(5.31)

Moreover, since

G(z,p(T / A(p ,p(T) + s(p(T) — p(T)))ds
/ DGz, p(T) + s(p(T) — p(T))) - (B(T) — H(T))))ds
" 0 g_g@',p(T) +s(p(T) — p(T)))S(p,p)ds

110



we have

unle(DV%%ﬁGU+S@UU—ﬁUW)—D%H%ﬂTD%(@UU—ﬁUWD%

T / (G o BT) + S((T) = 5(T) = 52T S(. s

(5.32)
From Proposition 5.4.1, 6, D, 6 and p are bounded. From the Assumption 5.2.1,
namely the Lipschitz continuity of D, H, D, \*, % and D'G in their second variable,

there exists constant C such that

bl < €16 — 6]
lur.: |l < ClIB(T) — B(T)|*

lell < C16 81+ 16— 6ll - 15— Bl).

Applying Proposition 5.4.5 and then Proposition 5.4.2, we have there exists C such
that

lull + lloll < CllB(0) — BO)[I?,
which concludes the proof. O
As (5.30) is a linear system. v and ¢ in (5.30) can be viewed as a linear map of w.
Hence by definition of differentiability for multivariate function, Proposition 5.4.6

suggests that U is differntiable w.r.t py and the directional derivative %f/ (t,z,p) is
the solution to ODE system (5.30), with 6,(t) = U(t, z, p(t)).

Theorem 5.4.7. There exist positive constants Ny and C' large enough. If the error

terms in our FBODE system (5.14) satisfy (5.16), i.e

leall + lleall < ~
€2 €4 N07

Then U defined in (5.24) is differntiable on B(P(X), Nio), and for any vector w,

a%ﬁ(t, z,p(t)) exists and is Lipschitz continuous w.r.t p, uniformly int, z. %ﬁ(t, z,p(t))
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18 also continuous w.r.tt.

The proof is divided into two parts. The first part we prove %U (t,z,p(t)) is Lipshitz
continuous. The main idea is similar to the regularity proof for Master equation’s so-
lution in (Cecchin and Pelino, 2019, Section 5.3.3), except for some special treatment
due to the generalization of directional derivative. From Proposition 5.4.6, the direc-
tional derivatives of U on different p, i.e a%ff(t, z,p(t)) and B%U(t, z,p(t)), can both
be characterized by linear forward backward ODE systems similar to (5.30). Hence
their difference also satisfies linear system like (5.30) with initial value equaling to
0. Then from Proposition 5.4.5 we can prove the continuity of iU(t z,p(t)) w.r.t
p- On the other hand, the second part of our proof focus on proving 5 U(t, z,p(t))
is continuous w.r.t ¢. It is not discussed in (Cecchin and Pelino, 2019, Section 5.3.3),

and we think it is worth providing the proof as it is not as trivial as it is suggested.

Proof. Define Ny as the one in Proposition 5.4.5. Let (6, ) and (6, p) be two solu-
tions to (5.14), with initial conditions p(ty), p(te) € B(P(X), % )+ Let also (2, ¢) and
(6,¢) characterize %ﬁ(to,z,ﬁ(to)) and a%U(t(],Z p(to)) respectively. Then (,()

satisfies following.

d'ﬁz(t) _ * z0 D
= N (2, A1) - A% (1)
d(z ch DN (y Ay@ _|_Zpy t)D,A\; (y,AyH( )) - AYo(t)
aG (5.33)
7,(T) = m(%ﬁ(T))
5z(t0) =

From Proposition 5.4.5, we know the uniform bound of both @ and ¢ depend linearly

on norm of w. Similar is for (v, QA'), except for replacing (9~, p) by (é,ﬁ). Set u := v—10,
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p:=C — . They solve the linear system (5.25) with p(ty) = 0 and

~ ~

bt, ) = (\*(2, A%0(1)) — N (2, A*0(1))) - A% (t)
et z) =Y G (1) (N\i(y, AYO(t)) — Mi(y, AY0(t)))

+ Z[ﬁy(t)DMi(% AYG(t)) — py(t) DN (y, AY0(2))] - A%6(t)
oG . oG .
Uy, 1= m(ZaP(T)) - (T (z,0(T))

Using the Lipschitz continuity of \*, D, A\* and directional derivatives of G, applying
the bounds (5.26) to © and ¢, and the estimation on ||§—8||, ||[p—p|| from Proposition
5.4.2, there exists C' such that

ol < €16 = dlll18] < Cllp(to) — plto)l[[w]
lell < €116 = 81lIcll + C11é — dlliall + Cll — B2l
< Cllp(to) — plto)|[[w]]

lur]| < Cll5 = HIIICH < Clib(to) — plto)lllw]

From Proposition 5.4.5, we have

[ull < (bl + llcll + [Jurl]) < Cllp(te) — p(to) l|lwll

From Proposition 5.4.6, we have

Bulte) = St 2, 5(00),  sltn) = S0, 2 ()

Therefore, g—g is Lipschitz continuous, uniform w.r.t ¢ and z.

On the other hand, for another initial time ¢; > t,, we first compare %U (to, z,p(to))
and %U(tl, z,p(t1)), where (¢1,p(t1)) is on the path (¢, p(t)) start from ¢y to . They

are both characterized by system like (5.33), though we need to replace to with ¢,
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for a%U(tl,z,ﬁ(tl)). Let (0,() satisfy (5.33). Then we know

7(t0) = 5,0l = Blt0), (1) = 52002 7().

%U (t1,2,p(t1)) is also characterized by (5.33), except that ¢y and initial value
need to be replaced by ¢; and ((t;). It means %U(h, z,p(t1)) — %U(tl, z,p(t1))
can also be characterized by (5.33) except that ¢y and initial value need to be replaced
by t; and ((t;) — w. From Proposition 5.4.5, we have there exists constant C' such
that

(01,2, 8(0)) — =0 b1, 2 5(0)] < Celtr) —

8§(t1) 1, <, P\l1 ow 1, %, P\l1 = z\l'1 z|*

As X*, D, \* and the directional derivative of G are Lipschitz continuous and uniform

bounded, as well as that both v and C~ are uniformly bounded, we know hence both

dﬂét(t) and d%lt(t) are also uniformly bounded by some constant C'. We have

1C(t1) — w]| = [I{(t1) — {(to)|| < Clts — tol,
- 0

lc‘?_wU(tO’ z,p(to)) — 8§(t1)0(t1’z’ﬁ(t1))| = [0.(to) — 0.(t1)] < Oty — tol.

Combine above, we know there exists constant C' such that

Ulto, 2, B(to)) = 7-U(tr, 2, p(tr))| < Cltr —to.

|% ow

Then by the continuity of %U w.r.t its third argument, as well as the continuity of

p, we can also conclude that a%f] is continuous w.r.t ¢, its first argument. O

From Proposition 5.4.6 and Theorem 5.4.7, U is C* on compact set B(P(%), )
Hence both DU and the directional derivative of U along any direction are well-
defined, bounded, and Lipschitz continuous, uniformly for ¢ € [0, T]. Theorem 5.4.7
also suggests that the directional derivative of U along any direction is continuous
w.r.t t. Thanks to these properties, we can use similar idea of the proof for existence

of solution to Master’s equation in (Cecchin and Pelino, 2019, Section 5.3.1), to show
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that U also satisfies the Master equation with some extra error terms.

Theorem 5.4.8. Let (A,() be the solution to ODE system (5.14). Define U as
(5.24). There exist positive constants Ny and C, such that if we have condition
(5.16) in Theorem 5.5.2, then U satisfies following Master equation along the path

(t,p(t)) on [to, T, as long as p(t) € B(P(%), x-).

oU(t, z,p(t))

o + H(z, N°U) + > 5, ()N (y, AYU) - DU(t, 2, (t)) = e(t, 2)

yes (5.34)
U(T, 2, 5(T)) = G(z,5(T)) + e5(2),

where AU = (U(t,1,p(t))=U(t, z,p(t)),--- , Ut, K, p(t))=U(t, z, p(t))) and ||| <

%, where N > Ny and C' comes from the uniform bound coefficient in Proposition

5.4.2.

The main idea of the proof is similar to (Cecchin and Pelino, 2019, Section 5.3.1).
We decompose w into two different limits. We reformulate them into other
equivalent forms before taking the limits, such that after taking limit they can be
represented by some terms in (5.34). We also prove the convergence, hence we can

substitute them back to get (5.34).

Proof. From condition in Theorem 5.3.2, p(t) € B(P(X), NLO) for every t € [ty, T
where B(P(X), NLO) being the open neighbourhood of P(X). Hence from Proposition
5.4.1, 5.4.2 and Theorem 5.4.7, U, DU and 8%1[7 are well-defined on (¢, p(t)). Take
t as initial time and p(t) as initial value, there exists an unique solution to (5.14),

and we can always choose h small enough such that this solution taking value on

t+h,iep(t+h) € B(P(X), NLO) Note that as ) s €2(t, 2) = 0 for all t € [to, T7,

D p(t) =D pa(t+h).

z€EX ZEYN

we have
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Let’s first compute limit of following when A tends to 0.

U(t + hv Zaﬁ(t)) — U(tv Zaﬁ(t))
h
Ut +h,z,pt)) = Ut + h,z,p(t + h)) . U(t+ h,z pt+h)) — U(t, z, p(t))
h h

(5.35)
For the first term in (5.35), we first define

W(s) :=U(t+ h, z,p(t) + s(p(t + k) — p(t))).

By definition, we derive the derivative of W as

! - 0 7 ~ ~ ~

Then the first term in (5.35) can be reformulated as

U(t+h,z,p(t) — Ut +h,z,p(t+h) WO -w@ay 1 [
p = ; = _E/o W'(s)ds.

From Lemma 5.4.4 and ¢(h) = S35 (5. (t + h) — p.(t)) = 0. We know

z=1

W'(s) = DU(t + h, 2, p(t) + s(p(t + h) = B(t))) - (B(t + h) — p(1))

Substitute above to the first term in (5.35), we get

U(t+ h, 2 p(t)) — Ut + h, 2, p(t + h))
h
DU(t+ h, z,p(t) + s(B(t + h) — p(t))) - (B(t + h) — p(t))ds

él (5.36)

T(t+ h, 2, p(t) + s(p(t + h) — p(t)))ds

| /t (D By (A" (y, A%0(w)) + ex(u))du,
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where €(t) := (€2(t,1),- -+, €a(t, 2)). From Theorem 5.4.7, we know for any y € ¥,

i (DU (¢ -+ b, 2,5(0) + s(5(¢ + 1) — (1)), = [DU (1,2 (1)),

As DU is uniform bounded, we have following with dominated convergence theorem:

lim [ DU(t+ h,z,p(t) + s(p(t + h) — p(t)))ds = DU(t, z, p(t)).

h—0 0

On the other hand, dividing h and letting h — 0, we have following:

S, By ) (g, AV (w)) + €5(u))du

lim
h—0 h
= BN (0, AY0(1) + ealt) = Y Py(H)X (1, AYT) + e(t).

The last equation comes from Definition of U, which suggests AYU = AY6(t).

For the second term in (5.35), from definition of U, we know

Ut +h,z,p(t+h) = Ut,z,p) = @h—i—o(h).

and hence

lllin(l] U(t + h,Z,p(t +}}Z>> — U(ta Z,p(t)) _ d'ggt(t) _ —H(Z, AzUv) + El(t, Z).

Combining both the results from first and second term in (5.35), taking h — 0, we

have

oU(t, z,p(t))

BT = —H(2,A°U) = DU(t, 2, 5(1)) - (Q_ By ()X (y, AYU) + e2(1))

yeD

+ et 2),
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As |DU(t, z, p(t))|| < C uniformly and ||e5(t)]

IN

~ 5 C
DOt 2 p(0) - o) <
Hence defining €(t, z) := e, (t, z) — DU(t, z, p(t)) - €(t) concludes the proof. O

Then the DNN approximation (6,7) is characterized by (5.34), while the true so-
lution (#,p) of the MFG is characterized by similar one, except ¢ and €3 are 0.
Although the two Master equations are now backward PDE, it is still difficult to
directly compare their solutions. Hence we would like to approximate the two PDEs

by two ODE systems on some discrete grids of P(X%).

Define PY(X) = {(%&, -+, 2&), K n. = N,n, € Z*}. Then PN(Y) is a dis-
crete grid of P(X). For any pV € PN(X), define operators:
aN’i’j(pN) . pN + %((5] — 52) plN > 0,]);-\7 <1

pv else

AN (1,2, pV) = (D1, 2 0™ () — T(t, 2, "),

) ) (5.37)
) U(t7 Z, OéN’:U’K(pN)) - U(tv ZupN))
AN’Z’Z[?(t, z,pN) = (U(t, 1, OzN’Z’l(pN)) — U(t, z,pN),

) U(tv Ka aN7Z7K(pN)) - U(ta ZapN))'

With the discrete grid and discrete operators defined above, we next show in Propo-
sition 5.4.9 that the Master equation can be approximate by a backward ODE

system.

Proposition 5.4.9. There exists Ny such that for N > Ny, every p¥ € PN (X) and
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ze X, U solves

oU ~ -

E(tWZ?pN) = GN(t vaN) - H(Z7AN7 7 U(t7Z,pN>>

= (o) = )Ny, AN (L, y, pN)) - ANVD (8 2,pN) (5.38)
yeD

U(T,z,pN) = G(z,p") + e3(2),

where & € C°([0,T) x £ x PN(X)), |EV] < &.

Note that when only limiting U on grid points in PN(X), U(t, z, p") satisfies ODE
system. But we still use %(t, z,pY) instead of i Stz M) to stay consistent with
above. The key step of the proof is to estimate the difference between the discrete
operator AM¥ and the differential operator DY, which is obtained by the uniform
continuity of U’s directional derivatives. With the estimation it is straight forward
to estimate the difference between the Master equation and the backward ODE

system on those discrete grid points.

Proof. From Theorem 5.4.8, there exists constant Ny, such that when N > Ny and
(5.16), U satisfies (5.34) when taking value on point (¢, z, p'V).

oU(t, z,pN )

z N\ *
o —H(z, A°U) = > pl N (y, AU) - DU(t, 2, p") + e(t, 2).

yeD

It looks similar to (5.38), except for the discrete operator AM¥ and the differen-
tial operator DY. Hence we next compare the two operators similar to (Cecchin

and Pelino, 2019, Proposition 3). We first discuss the first component §; — 6, of
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AN (t, 2, pN) defined in (5.37),

Ut,z,pN + — (51 —5,) = U(t,2,p") = /ON[DyU(t,z,pN+s((51 —0y))1ds

1
= [Dyﬁ(t, 2 ™) +/ ([DyU(t 2, p™ +5(8) — 8,))]1 — [DyU(t, z,p™)]1)ds
0
~ 1
= [DYU(t, z,p™)], + O(m)
where the last equality is derived by the Lipschitz continuity in p?¥ € P(X) of DvU.

As above can be applied to every component in AY i (t,z,p"), we conclude that

there exists Ny such that for N > N,
ANV (L, 2,p™) = DUt 2,p") + (8, 2,p"),
where eM¥ € CO([0,T] x X x PY(X); R¥), ||eVY| < 5.

Hence we have

aag(f 2 ==Y ) - Lus ) vy, ANSITT (1, y, p)) - ANV (2, 2, pY)

— H(z, AN=*U(t, 2, p™)) + Z ei(t, 2),

i=1
where

er(t,z) == H(z, AN**U(t, z,p")) — H(z, A*U)
ea(t,2) = py ANVU(t, 2, p") - (N (y, AVVU (8, y, p")) = X (y, AYD))

yeEY
2) =y p) (ANVU(t,2,p") = DUt 2,p™)) - X (y, AYD)
yeY
1,_. . i
eq(t, z) == —%)\*(y, ANV (ty,p™N)) - ANYU(t, 2, p™) + €(t, 2).

From the Lipschitz continuity of H and A\*, as well as that U is bounded, there exists
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constant C such that

ley(t, 2)| < CIAN=2U(t, z, p) — AU ||
lea(t, z)| < Cmeaz):c |AN=2T(t, 2, pN) — A*U||.

From Proposition 5.4.2, we know there exists constant C' such that

’el(ta Z)‘ + |€2(t,2) < ﬁ

From Lemma 5.4.4 and )5, Ai(y, AVU) = 0 for every y € X, we have
DyU(ta Z7pN)) ) )\*<y7 Ayﬁ) = DU(ta Z7pN)) ) A*(y7 AyU)
It follows that

=Y ) (ANVU(t,2,pN) = DVU(t, 2,pV)) - A (y, AVD).

yeD

From the boundedness of \* and ¢, there is constant C' such that

sl 2) < Y (3 ) <

yeS 1€

lealt, 2)] <

We can conclude the proof by defining

ZIQ

4
tzp :Zeltz
=1

Finally we can proceed to the proof of our main result. The main idea of the proof

is to characterize both the DNN approximation (6, ) and the true solution (6, p)

by their corresponding Master equations, which are further approximated by two
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backward ODE systems on certain discrete grid points. Then the error of the two

can be directly estimated on these grid points using Gronwall inequality. As both

of (A,p) and (0, p) are uniformly Lipschitz continuous w.r.t their initial conditions,

the error between the grid points can also be estimated.

Proof of Theorem 5.3.2. As ODE system (5.2) admits solution to any initial value

po € P(X), we can define
U(t,z,p) :=0(t,z).

Then from Cecchin and Pelino (2019), U satisfy the Master equation for any p €

P(x).

oU(t, z,p)

5+ H(z,A°U) + Y " p,DU(t, z,p) - X (y, AU) = 0

YyeY

U(T,z,p) =G(z,p).

Similar to the proof of Proposition 5.4.9, we know U (¢, z, pV) satisfy ODE

O 1, 2.0") = (. 2.0") — (2, AU (1, 2,p")
Ty .
- ) - N (0, ANty pY)) - ANVUE, 2, p")
YyeD

U(T, z,p") = G(z,pV),

where eV € C([0,T] x £ x PN (X)), [|eV]] < £.

(5.39)

(5.40)

From (5.38) and (5.40), There exists Ny such that when N > N, and (5.16) holds,
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we have

~ ]]- =z
U(th?pN) - U(ta ZapN) = 63(2) +e+ A + Z(pgj/v - ?]JV )(By + Cy)
YyeY

T
e ::/ (&N (s, z,p™) — (s, 2,pN))ds
t
T
A:Z/ (H (2, AN*2U (s, 2,p™)) = H(z, AVU (s, 2,p")))ds
t
T
B, ‘:/ N (y, AN (s,y, ") = N (y, AU (5,9, p™))] - ANVT (s, 2, p" ) ds
t

T
C, :=/ N (y, ANUU (s,y,p™)) - [AYT (s, 2,p") = ANYU (s, 2,p™)]ds.
t

From Proposition 5.4.1, both U and U are bounded. Hence H and \* are Lipschitz

continuous w.r.t their second variable. Define

d(t) == Ult,z,p™) = U(t, z, p™)|.
(t) Zexégggwﬂ (t,z,p") = U(t,z,p")|

There exists a constant C' such that
T
|A| + |By| +|Cy| < C’/ d(s)ds.
t

As py € PY(X), there exists constant C such that

d(t) <  max {/t |EN (s, 2, p™) — €V (s, 2,p™)|ds + e3(2)} + C/t d(s)ds

zeX,pNePN (%)

C T
< — .
< N+C/t d(s)ds

By applying Gronwall inequality, there is constant C' such that for every t € [0, T],
z € ¥ and pV € PN(X) we have

\U(t,z,p™) = U(t, z,pV)| < (5.41)

=] 0

For N > 2N, where Ny is defined in Proposition 5.4.9 above, if p € B(P(X), ~),
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there is p € P(X) such that p = p+ ¢4 and €, < 5. And there exists p’¥ € PV (%)

such that .
N
_ < —
lp—p"ll <
15— ™l <5 —pll +1lp - V]l < = < —
- N Ny

Hence from Proposition 5.4.1, U (t,z,p) is well defined. From Proposition 5.4.2,
there exists constant C' independent to N and p, such that for every ¢ € [0,7T] and

z €2,

C ~ . ~ 2C
\U(t,z,p) - U(t,z,pN)l < Na ’U(ta va) - U(th?pN)’ < W

Hence combining above with (5.41), there is constant C' independent to N and p,
such that

|U(t,2{,ﬁ) - U(ta Zap>| <

=] Q

It is equivalent to

_ C
0—0| <—.
16—l < 5

By using the uniform boundedness and Lipschitz continuity of A*, we can prove p
and p are Lipschitz continuous w.r.t  and 0 respectively, with the help of Gronwall
inequality and technique similar to the proof of Proposition 5.4.2. Note also that
the Lipschitz coefficient only depends on the the uniform bound and Lipschitz con-
tinuous coefficient of \*, which again only depend on the preliminary M given in
Proposition 5.4.1. Hence we know there exists a uniform constant C' independent

on N such that

=ie

15— pl <

)

which concludes our proof. O]
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5.5 (CONCLUSION

In this chapter, we discuss numerically solving a general finite state mean field game
with deep neural network. The equilibrium of mean field game is characterized by a
forward backward ODE system, which is generally difficult to tackle using traditional
ODE numerical scheme. We provide a deep neural network approach to numerically
solve the forward backward ODE system. Moreover, by using the Master equation
techniques, we provide a error estimation on the numerical solution. We prove that
the error between numerical solution and true solution is linear to the square root

of neural network’s loss, given that the loss is smaller than certain threshold.
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CONCLUSIONS

In this thesis we discuss the impact of different kind of competition on market
makers’ behaviour and strategy, which in turn, changes the implicit transaction cost

of the market.

In Chapter 3, we consider a optimal market making problem when price competition
is in place between market makers. We assume market maker’s order flow arrival
intensity depend on bid/ask spreads of both their own and the competitors. We
model the problem as a non-zero sum stochastic differential game in a continuous
time setting, because of the looping dependence structure among market makers.
We characterize the equilibrium by a coupled system of HJB PDE, which could
be further reduced to an ODE system. Verification theorem is proved, and without
assuming a priori, the Issac condition is shown satisfied. It ensures the existence and
uniqueness of solution to the ODE system, and hence that of the equilibrium. Then

we numerically solve the ODE system to get market makers’ optimal bid /ask spreads
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under equilibrium. It is shown that the best optimal bid/ask spreads derived from
our model, is tighter than those from a comparable benchmark model without price
competition in place. Hence it is suggested that price competition tends to tighten

the best spreads in the market, and consequently lower the implicit transaction cost.

In Chapter 4, we consider market makers’ competition for the market making in-
centive reward, especially when the reward is based on their trading volume ranking
that measures their liquidity provision contributions. By considering the limiting
case when the number of market makers tends to infinity, We simplify the original
high dimension stochastic differential game, suffering from the curse of dimension,
to a finite state mean field game. With the existence, uniqueness and convergence
of the equilibrium guaranteed, we design a neural network approach to numerically
solve the forward backward ODE system that characterizes the mean field game
equilibrium. By comparing best equilibrium bid/ask spread under different types
market making incentive reward, we find that the introduction of incentive can re-
duce the implicit trading cost. Rank-based reward, compared with the linear reward,

tends to produce lower best spread in the market.

In Chapter 5, we estimate the theoretical error bound for the deep neural network
numerical method in Chapter 4. We show that the deep neural network approach
can be adapted to solve the forward backward ODE system generated from a more
general type of finite state mean field game. We proved that the numerical solution,
which itself is the true solution to a perturbed forward backward ODE system,
satisfies a Master equation with some extra perturbed terms. And by comparing
the corresponding Master equations, we prove that the error between true solution

and the numerical solution is bounded linearly by the loss of the deep neural network.

There are some open questions in this thesis. For example, how to consider mixed
strategy, instead of pure strategy when solving the equilibrium in both types of com-
petition, or how to integrate the models of both competition, remains unexplored.

We would like to leave these questions into future research.

127



REFERENCES

Abergel, F., Huré, C., and Pham, H. (2020). Algorithmic trading in a microstruc-

tural limit order book model. Quantitative Finance, pages 1-21.

Ait Sahalia, Y. and Saglam, M. (2017). High frequency market making: Implications
for liquidity. Awvailable at SSRN 29084 38.

Anand, A., Hua, J., and McCormick, T. (2016). Make-take structure and mar-
ket quality: Evidence from the us options markets. Management Science,

62(11):3271-3290.

Angel, J., Harris, L., and Spatt, C. (2011). Equity trading in the 21st century. The
Quarterly Journal of Finance, 1(01):1-53.

Avellaneda, M. and Stoikov, S. (2008). High-frequency trading in a limit order book.
Quantitative Finance, 8(3):217-224.

Bellia, M., Pelizzon, L., Subrahmanyam, M. G., and Yuferova, D. (2019). Paying
for market liquidity: Competition and incentives. SAFE Working Paper.

Bensoussan, A., Siu, C., Yam, P., and Yang, H. (2014). A class of non-zero-sum
stochastic differential investment and reinsurance games. Automatica, 50(8):2025—

2037.

Bondarenko, O. (2001). Competing market makers, liquidity provision, and bid—ask
spreads. Journal of Financial Markets, 4(3):269-308.

Breckenfelder, J. (2019). Competition among high-frequency traders, and market
quality. ECB Working Paper.

128



Buckdahn, R., Cardaliaguet, P., and Rainer, C. (2004). Nash equilibrium payoffs
for nonzero-sum stochastic differential games. SIAM Journal on Control and

Optimization, 43(2):624-642.

Calcagno, R. and Lovo, S. (2006). Bid-ask price competition with asymmetric infor-

mation between market-makers. The Review of Economic Studies, 73(2):329-355.

Cardaliaguet, P., Delarue, F., Lasry, J.-M., and Lions, P.-L. (2015). The mas-
ter equation and the convergence problem in mean field games. arXiw preprint

arXiw:1509.02505.

Carmona, R. and Delarue, F. (2013). Probabilistic analysis of mean-field games.

SIAM Journal on Control and Optimization, 51(4):2705-2734.

Carmona, R. and Wang, P. (2016). Finite state mean field games with major and
minor players. arXiv preprint arXiv:1610.05408.

Carmona, R. and Wang, P. (2018). A probabilistic approach to extended finite state
mean field games. arXiv preprint arXiv:1808.07635.

Cartea, A., Donnelly, R., and Jaimungal, S. (2017). Algorithmic trading with model
uncertainty. SIAM Journal on Financial Mathematics, 8(1):635-671.

Cartea, A. and Jaimungal, S. (2015). Risk metrics and fine tuning of high-frequency
trading strategies. Mathematical Finance, 25(3):576-611.

Cartea, A., Jaimungal, S., and Penalva, J. (2015). Algorithmic and high-frequency
trading. Cambridge University Press.

Cartea, A., Jaimungal, S., and Ricci, J. (2014). Buy low, sell high: A high frequency
trading perspective. SIAM Journal on Financial Mathematics, 5(1):415-444.

Cecchin, A. and Fischer, M. (2018). Probabilistic approach to finite state mean field
games. Applied Mathematics & Optimization, pages 1-48.

129



Cecchin, A. and Pelino, G. (2019). Convergence, fluctuations and large deviations
for finite state mean field games via the master equation. Stochastic Processes

and their Applications, 129(11):4510-4555.

Cohen, S. and Fedyashov, V. (2017). Nash equilibria for nonzero-sum ergodic
stochastic differential games. Journal of Applied Probability, 54(4):977-994.

Colliard, J. and Foucault, T. (2012). Trading fees and efficiency in limit order
markets. The Review of Financial Studies, 25(11):3389-3421.

Dennert, J. (1993). Price competition between market makers. The Review of

Economic Studies, 60(3):735-751.

Dunford, N. and Schwartz, J. T. (1958). Linear Operators: General Theory, vol-

ume 1. Wiley-Interscience.

El Euch, O., Mastrolia, T., Rosenbaum, M., and Touzi, N. (2018). Optimal make-
take fees for market making regulation. Awailable at SSRN 3174933.

Fodra, P. and Labadie, M. (2012). High-frequency market-making with inventory
constraints and directional bets. arXiv preprint arXiv:1206.4810.

Fodra, P. and Pham, H. (2015). High frequency trading and asymptotics for small
risk aversion in a markov renewal model. SIAM Journal on Financial Mathemat-

ics, 6(1):656-634.

Foucault, T., Kadan, O., and Kandel, E. (2013). Liquidity cycles and make/take
fees in electronic markets. The Journal of Finance, 68(1):299-341.

Galewski, M. and Radulescu, M. (2018). On a global implicit function theorem for
locally lipschitz maps via non-smooth critical point theory. Quaestiones Mathe-

maticae, 41(4):515-528.

Gomes, D., Mohr, J., and Souza, R. (2013). Continuous time finite state mean field
games. Applied Mathematics & Optimization, 68(1):99-143.

130



Gomes, D. and Saude, J. (2017). Monotone numerical methods for finite-state mean-

field games. arXiv preprint arXw:1705.00174.

Guéant, O. (2017). Optimal market making. Applied Mathematical Finance, pages
1-43.

Guéant, O., Lehalle, C., and Fernandez-Tapia, J. (2013). Dealing with the inven-
tory risk: a solution to the market making problem. Mathematics and Financial

Economics, pages 1-31.

Hamadene, S., Lepeltier, J., and Peng, S. (1997). Bsdes with continuous coefficients
and stochastic differential games. Pitman Research Notes in Mathematics Series,

pages 115-128.

Ho, T. and Stoll, H. (1980). On dealer markets under competition. The Journal of
Finance, 35(2):259-267.

Ho, T. and Stoll, H. (1981). Optimal dealer pricing under transactions and return

uncertainty. Journal of Financial economics, 9(1):47-73.

Huang, M., Malhamé, R. P., Caines, P. E., et al. (2006). Large population stochas-
tic dynamic games: closed-loop mckean-vlasov systems and the nash certainty

equivalence principle. Communications in Information & Systems, 6(3):221-252.

Kyle, A. (1984). Market structure, information, futures markets, and price forma-

tion. International Agricultural Trade, pages 45—64.

Kyle, A. (1985). Continuous auctions and insider trading. FEconometrica: Journal

of the Econometric Society, pages 1315-1335.

Kyle, A. (1989). Informed speculation with imperfect competition. The Review of
Economic Studies, 56(3):317-355.

131



Lagaris, I. E., Likas, A., and Fotiadis, D. I. (1998). Artificial neural networks for
solving ordinary and partial differential equations. IEFEE transactions on neural

networks, 9(5):987-1000.

Lagaris, 1. E., Likas, A. C., and Papageorgiou, D. G. (2000). Neural-network meth-
ods for boundary value problems with irregular boundaries. IEEE Transactions

on Neural Networks, 11(5):1041-1049.

Laruelle, S. and Lehalle, C. (2018). Market microstructure in practice. World Sci-

entific.

Lasry, J.-M. and Lions, P.-L. (2007). Mean field games. Japanese journal of math-
ematics, 2(1):229-260.

Lee, H. and Kang, I. S. (1990). Neural algorithm for solving differential equations.
Journal of Computational Physics, 91(1):110-131.

Lin, Q. (2015). Nash equilibrium payoffs for stochastic differential games with jumps
and coupled nonlinear cost functionals. Stochastic Processes and their Applica-

tions, 125(12):4405-4454.

Loertscher, S. (2008). Market making oligopoly. The Journal of Industrial Eco-
nomics, 56(2):263-289.

Malek, A. and Beidokhti, R. S. (2006). Numerical solution for high order differ-
ential equations using a hybrid neural network—optimization method. Applied

Mathematics and Computation, 183(1):260-271.

Rudd, K. (2013). Solving partial differential equations using artificial neural net-
works. PhD thesis, Ph. D. thesis, Duke University.

Sirignano, J. and Spiliopoulos, K. (2018). Dgm: A deep learning algorithm for
solving partial differential equations. Journal of computational physics, 375:1339—

1364.

132



Teschl, G. (2012). Ordinary differential equations and dynamical systems, volume

140. American Mathematical Soc.

133



NUMERICAL METHOD BASED ON

DEEP NEURAL NETWORK

In this section, we will present the detailed algorithm for the deep neural network

in Chapter 5.

Consider the forward backward ODE system.

de;iﬂ = —H(z,A*0(t)), 6.(T)=G(z,p(T)),
dpg_t(“ = ST py (O (5, A1), po(to) = e,

Y

We use a LSTM (long short term memory) neural network to approximate the solu-
tion (6, p). Denote the function constructed by LSTM neural network as (8(t, 8), p(t, §)),
where (8 is the parameters set for neural network. Neural network is designed by

following. Layer 0 is the input ¢ € [0,7]. Then for layer k with output denoted by
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hg, it is designed as:
fk =0y Wft + Ufhk_l + bf)

(
i = og(Wit + Uhi—1 + b;)
o = 04(Wot + Uphg—1 + b,)
& = oc(Wet + Ushy—1 + b.)
Ck = frocr—1 +ipoCy

hk = O © Uh(ck>-

Note that the initial values ¢ = hg = 0 and the operator o is the element-wise

product. The detailed notation is explained following;:

e t € [0,7]: input to the LSTM network

fr € R": forget gate’s activation vector

e i, € R": input/update gate’s activation vector

e 0, € R": output gate’s activation vector

e h;, € R": hidden state vector also known as output vector of the LSTM unit
e &, € R™: cell input activation vector

o ¢, € R cell state vector

o W c R U € R b € R" weight matrices and bias vector parameters

which need to be learned during training
where h is the number of hidden units.

The advantage of this specific structure, compared with the traditional neural net-
work is that it provides better approximation ability for more complicated functions.
For our model, this specific structure performs better than traditional neural net-

work. We use a LSTM type network as above with total 3 layers and 32 nodes per

layer.
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The network is trained by stochastic gradient approach. We train the network mesh-
free by randomly sampling points in [0,7]]. This randomness actually adds to the
robustness of the network. The detailed training procedure is similar to that in

Sirignano and Spiliopoulos (2018).
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