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We study solutions in the Plebanski-Demianiski family which describe an accelerating, rotating, and
dyonically charged black hole in AdS,. These are solutions of D = 4 Einstein-Maxwell theory with a
negative cosmological constant and hence minimal D = 4 gauged supergravity. It is well known that when
the acceleration is nonvanishing the D = 4 black hole metrics have conical singularities. By uplifting the
solutions to D = 11 supergravity using a regular Sasaki-Einstein seven-manifold, SE;, we show how the
free parameters can be chosen to eliminate the conical singularities. Topologically, the D = 11 solutions

['n ] also known as
sy

a spindle, which is labeled by two integers that determine the conical singularities of the D = 4 metrics.
We also discuss the supersymmetric and extremal limit and show that the near horizon limit gives rise to a
new family of regular supersymmetric AdS, x Yq solutions of D = 11 supergravity, which generalize a
known family by the addition of a rotation parameter. We calculate the entropy of these black holes and
argue that it should be possible to derive this from certain N' = 2, d = 3 quiver gauge theories compactified

incorporate an SE; fibration over a two-dimensional weighted projective space, WCP

43 and James Sparks

1

on a spinning spindle with the appropriate magnetic flux.

DOI: 10.1103/PhysRevD.104.046007

I. INTRODUCTION

The C-metrics of D =4 FEinstein-Maxwell theory [1]
describe two charged black holes undergoing uniform
acceleration. The force for the acceleration is provided
by a conical angle excess (a strut) between the two black
holes, a conical angle deficit (a string) attached to the black
holes and extending out to infinity, or a combination of the
two. By extending the model to include additional matter
fields that allow for cosmic strings, the conical singularity
can be smoothed out by having two cosmic strings pull the
black holes apart [2,3]. Another approach for removing the
conical singularities, in the case of electrically or magneti-
cally charged black holes, is provided by the Ernst metric in
which the black holes are being accelerated by a back-
ground electric or magnetic field, respectively [4].

Generalizations of the Ernst metric were found for
Einstein-Maxwell-dilaton gravity in [5]. For the particular
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case associated with D =5 Kaluza-Klein theory, it was
shown in [6] that the accelerating D = 4 extremal, mag-
netically charged black hole solutions can be obtained by a
dimensional reduction of a double Wick rotation of the
D =5 generalization of the Kerr solution [7]. Recall that
the extremal magnetically charged black holes in Kaluza-
Klein theory are Kaluza-Klein monopoles [8,9], which are,
in fact, naked singularities from the four-dimensional point
of view. A key ingredient in the construction of [6] is that
the Kaluza-Klein circle action associated with the reduction
has two fixed points which precisely correspond to a
Kaluza-Klein monopole, antimonopole pair.

In this paper we provide a new way of desingularizing
the conical deficits for a specific class of accelerating,
rotating, and dyonically charged black holes in AdSy:
by embedding them in D = 11 supergravity. We study
the Plebanski—Demianski (PD) solutions [10] of D =4
Einstein-Maxwell theory, generalizing the C-metrics of [1],
which in particular allow for a cosmological constant,
which we take to be negative. Such accelerating AdS, black
holes have been extensively studied (e.g., [11-13]) and here
we will only be interested in the case of small acceleration
for which there is just a single black hole. From a D = 4
perspective we will consider a single accelerating black
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hole with a two-dimensional horizon given by a “spindle,”
a weighted projective space, WCIP[ln_‘M, which is topo-
logically a sphere with conical deficits at both poles
specified by n, €N, which stretch out to the AdS,
boundary. The net acceleration of the black hole is due
to the mismatch of the conical deficits on either side of
the black hole. Interestingly, the same mismatch also leads
to a nonzero magnetic flux though the horizon, given
by G40 =7

We can embed these solutions in D = 11 supergravity
locally, using an arbitrary seven-dimensional Sasaki-
Einstein manifold, SE,. Indeed, it has been shown [14]
that there is a consistent Kaluza-Klein truncation of D = 11
supergravity on any SE; down to minimal gauged super-
gravity in D =4, whose bosonic content is Einstein-
Maxwell theory (with a negative cosmological constant).
By definition, this means that any solution of D =4
Einstein-Maxwell theory can be uplifted on an arbitrary
SE; manifold to obtain a solution of D = 11 supergravity.
Furthermore, if the D = 4 solution preserves supersym-
metry, then so does the uplifted solution. For example, the
vacuum AdS, solution, which preserves all of the D = 4
supersymmetry, uplifts to the AdS, x SE; solution which,
in general, preserves 1/4 of the supersymmetry and is dual
to an N = 2 super conformal field theory (SCFT) in d = 3.

In our construction it is only the regular class of SE; that
plays a role in obtaining smooth D = 11 solutions. These
have the property that the SE; manifold is a circle bundle
over KEg, a six-dimensional Kihler-Einstein manifold with
positive curvature. It will also be important to recall that
this includes the generic class where the circle bundle is the
canonical bundle of the Kihler-Einstein manifold, but it is
also possible, depending on the choice of KEg, to enlarge
the period of the circle to get other Sasaki-Einstein
manifolds. The simplest example is for the case of CP3.
For this case, S7/Z, is the canonical circle bundle over CP?
and is a smooth Sasaki-Einstein manifold, but so too are
§7/7, and 7.

After uplifting the PD black hole solutions with horizon

chllm-m] on a regular SE;, we will show, somewhat

miraculously, that by choosing the parameters in the PD

metric appropriately the D = 11 solution is free from any
conical deficit singularities.1 Importantly, precisely which
regular Sasaki-Einstein manifold one can uplift upon depends
on the integers n. € N. For example, for the case of CP?, for
a given n. € N we can uplift on precisely one of the three
cases: 87,87 /7,,or S7 / Z,. 1tis also important to note that for
the Kaluza-Klein reduction on the SE, the fibered circle
action does not have any fixed points and hence there are no
Kaluza-Klein monopoles as in the construction of [6]. On the
other hand, the circle action is not free and this leads to the
conical deficits of the spindle WCP! E

[n_mn.

Of particular interest is that our construction also
includes accelerating black holes that preserve supersym-
metry, as considered in a general context in [15], and,
moreover, have regular extremal horizons. From the
D = 4 perspective, the near horizon limit of these super-
symmetric, extremal, rotating black holes are of the form
AdS, x WCP! with nonvanishing magnetic flux

(2]’

through the horizon WCP!

[n_n.]

metry is preserved for these AdS, solutions is nonstandard;
the magnetic flux is not describing a topological twist
[16,17] and the Killing spinors are then correspondingly
not simply constant, even when the rotation is turned off.
Indeed, they are sections of nontrivial bundles over the
spindle WCP} . The uplifted supersymmetric D = 11

[n_.n.]
solutions have a near horizon limit of the form AdS, x Y.

In the special case that we set the rotation parameter of the
PD metrics to zero, we find an AdS, x Yy geometry in
the general class of [18], where Yy is a nine-dimensional
Gauntlett-Kim (GK) geometry [19]. In fact, remarkably,
when the rotation parameter vanishes we find exactly the
same class of supersymmetric AdS, x Yy solutions first
constructed in [20] from a quite different perspective. When
the rotation parameter of the PD metrics is nonzero, we find
anew class of supersymmetric AdS, x Yy solutions that lie
outside the class considered in [18], and generalize those of
[20] with an extra rotation parameter.

We calculate the entropy Spy for the PD black hole
solutions. In particular, for the “supersymmetric spinning
spindles” that in addition have extremal horizons, we find

. The way that supersym-

2
n

+8n2n% (G Q,)* — (n_+n.)

'Of course, the black hole curvature singularity remains behind
the black hole horizon.

*These should arise within the recent classification of rotating
D =11 AdS, solutions in [21], and it would be interesting to
investigate this further.

, (1.1)

4n_n

I

where J is the angular momentum of the black hole, and Q,
is its electric charge. Notice how this gives a relation
between J and Q, for extremal solutions. We also note that
with nonzero acceleration, we can still have supersym-
metric extremal black holes with J = Q, = 0; for these
black holes the second expression in (1.1) is the valid
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expression. We also recall that ﬁ@) = F ¢ is the free energy

of the d =3 SCFT dual to the AdS, x SE; solution.

We define the angular momentum J of the black hole,
appearing in (1.1), to be a conserved quantity that can be
equally evaluated either at the conformal boundary or at the
black hole horizon (see, e.g., [22]). As a consequence, it is a
type of Page charge that depends on the gauge used for the
gauge field. However, there is a different natural angular
momentum defined in the near horizon limit which has a
gauge field that is invariant under the AdS, symmetries,
that we denote Jq5,. We find

Q.
-]AdSZ_J:TZ(Z)v (1-2)
where y(X) = ="+ is the Euler number of the spindle

non_

horizon ¥ = WCP!

[n_n.]”

It would be very interesting to be able to derive this
entropy from the d =3 SCFT dual to the corresponding
AdS,; x SE; vacuum solution. In the context of the topo-
logical twist, there has been considerable progress in
obtaining such derivations for supersymmetric AdS, black
holes with magnetic flux through a Riemann surface
horizon using the principle of [-extremization [23-30].
The relevant black hole solutions approach AdS, x SE; in
the UV and AdS, X Yy in the near horizon, with Y being a
SE; fibration over the Riemann surface, ¥,. The black hole
entropy can be obtained from the d =3 field theory by
extremizing a certain twisted topological index [31] asso-
ciated with the d = 3 SCFT compactified on . This index
can be calculated using localization techniques and then
evaluated in the large N limit for many different examples
[32,33]. A geometric dual of /-extremization was proposed
in [34,35] and later shown to agree with the /-extremization
procedure in field theory for infinite classes of examples of
such AdS, x Y4 solutions as in [27-30].

The family of black holes that we consider includes
the well-known Kerr-Newman-AdS spacetime [36] in
the nonaccelerating case, whose Bogomolnyi-Prasad-
Sommerfield (BPS), i.e. supersymmetric, and extremal
limits have been extensively discussed both from the
gravitational and dual field theory points of view (see,
e.g., [37-40] and [41,42], respectively). Interestingly, the
entropy of the BPS and extremal Kerr-Newman-AdS black
hole can be immediately recovered from (1.1) by setting
n, =n_=1. In addition, the expression (1.2) is also valid
for the Kerr-Newman-AdS black holes, a point that seems
to have been overlooked in the literature.

The results of this paper lead to the challenge of
recovering the entropy of the rotating and accelerating
black hole by evaluating a suitable index. This index will be
an appropriately defined localized partition function of the
dual d = 3 SCFT compactified on S' x WCP! , with

[n_.ny]
1 and

[n_ny]
with additional rotation. There are a number of subtleties

electric flux and magnetic flux through WCP

related to this computation, which will need to be further
developed in future work. Here we will make a number of
particularly interesting observations concerning the BPS
extremal black holes with acceleration but without rotation
or electric charge, i.e., J/ = Q, = 0. One feature is that these
solutions have an acceleration horizon that intersects the
conformal boundary, effectively dividing the spindle in half.
Moreover, we find that the Killing spinor on this conformal
boundary is given by a topological twist, so that the spinor is
constant, but it is a different constant spinor on each half of
the space. We also explain how these unusual features are
“regulated” by keeping, for example, supersymmetry, but
relaxing the extremality condition (although this class with
J = 0 then has a naked singularity in the bulk).

The plan of the rest of this paper is as follows. In Sec. II
we briefly review D =4 minimal gauged supergravity,
and its uplift to D = 11 supergravity on Sasaki-Einstein
seven-manifolds. Section III introduces the class of
Plebanski—Demiafiski solutions of interest, showing that
the parameters can be chosen so that the black hole horizon
is topologically a spindle, WCP! AL In Sec. IV, we show

[n_.n
that on uplifting to D = 11 supergravity, the PD solutions
become completely smooth with properly quantized flux.
Supersymmetric and extremal solutions are studied in
Sec. V, where we focus on the near horizon AdS, geometries
and the associated Killing spinors. In Sec. VI we discuss
some global properties of the accelerating but nonrotating
extremal supersymmetric black hole, discussing the con-
formal boundary and the acceleration horizon. We conclude
with a discussion of open problems in Sec. VIL

We have also included a number of appendixes.
Appendix A has some general comments on circle bundles
over spindles. Appendix B briefly discusses some aspects of
the well-known nonaccelerating class of Kerr-Newman-AdS
black holes. Appendix C contains some technical details
concerning the near horizon limit, while Appendix D shows
that the resulting supersymmetric AdS, X Yo solutions
generalize those of [20] by the addition of an angular
momentum parameter. In Appendix E we discuss how we
define the angular momentum of the black holes, clarify
various aspects of the gauge dependence, and also derive
(1.2). Appendix F discusses conventions for Killing spinors,
while Appendix G contains some details of how to obtain the
bulk Killing spinor, as well as how to obtain the associated
Killing spinor on the three-dimensional conformal boundary.

II. GENERAL SETTING

We will be interested in solutions of D = 4 Einstein-
Maxwell theory with action given by

1
S =
167[G(4)

/d4x\/—_g(R+6—F2), (2.1)

where F = dA. This is the action for the bosonic fields of
D = 4, N' = 2 minimal gauged supergravity. A solution to
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the equations of motion will preserve supersymmetry
provided that it admits appropriate Killing spinors which
we define later. Note that we have performed a scaling to
set the cosmological constant as A = —3 so that a unit
radius AdS, vacuum solution with a vanishing gauge field
solves the equations of motion. This vacuum solution
preserves all of the D = 4 supersymmetry.

Any (supersymmetric) solution of this theory automati-
cally uplifts to a (supersymmetric) solution of D =11
supergravity on an arbitrary Sasaki-Einstein seven-
manifold, SE; [14]. The general uplifting ansatz is’

1 1 \2
dst =1L [Z ds3 + (I’[ + §A> + dszr] .

3 1
G:L3|:§V014—§*4F/\J:|, (22)

where L > 0 is a constant which is eventually fixed by flux
quantization. Here, 7 is the contact one-form of the Sasaki-
Einstein manifold, with the transverse Kéhler two-form®* J
and the associated transverse metric ds%, with dn = 2J.
The vacuum AdS, solution, with ds? being a unit radius
AdS, and A = 0, uplifts to the supersymmetric AdS, x SE,
solution, which is dual to an A/ =2 SCFT in d = 3. For
later use we note that

1 1 1
*]IG:L6|:J3 AN <7]+§A> +?F/\J2/\ <7]+§A>:|

(2.3)

In this paper we will be interested in the case that the
Sasaki-Einstein manifold is in the regular class, for which
dst = dsgg, is a metric on KEg, a Kihler-Einstein mani-

fold. Necessarily, KEq has positive curvature and ds% is
normalized so that Ric(KEg) = 8¢g(KEg) and hence
p =8J, where p is the Ricci form. Introducing local
coordinates, we can write

1
n= Zdl/] + o, do =2J. (2.4)

The Sasaki-Einstein manifold admits a Killing spinor
which has a charge of 1/2 under J, (see Appendix F).
That is, in a frame invariant under 81,,, there is an explicit
phase ¢'¥/2 in the spinor. This gives rise to a phase e in the
holomorphic (4,0)-form on the cone over the SE;, which is
a bilinear in the Killing spinor.

In the sequel it will be important to recall that the KE¢
has a Fano index I € N. If L is the canonical line bundle

*Note that in [14] Athere — D phere,

*We have used the letter J to denote both the Kihler two-form
and the angular momentum of the black holes; the context should
make it clear which one we are referring to.

TABLE I. Some examples of simply connected (k = 1) SE;
manifolds obtained as circle bundles over a KE; manifold. The
integer / is the Fano index for the KE¢ and M is defined in (2.6).
Note that dP,, are del-Pezzo surfaces with n = 3, ...,8 and the
associated SE; do not have a name.

KE, I M SE, (with k = 1)
CcPp? 4 26 s’

CP' x CP! x CP! 2 24 %3 ol

CP? x CP! 1 2 x 33 M3?
SU(3)/T? 2 2 %3 N

Grs, 3 2x33 Vss

dP, x CP! 1 6x(9—n) *

over the KEg then [ is the largest integer for which there is a
line bundle N with £ = N7, i.e., we are able to take the Ith
root of the canonical bundle. In general, we may then take
the period of y to be

(2.5)

where £ is a positive integer that divides /. The fundamental
group is then 7,(SE;) = Z,, so that, in particular, when
k =1 the resulting manifold is simply connected. For
example, if KE; = CP?, then I = 4 and the associated SE-
manifolds with k = 1, 2, and 4 are, respectively, S7, S7/Z,,
and §7/7,. Note that I/k € N ensures that the Killing
spinor and holomorphic (4,0)-form mentioned above are
well defined. Some other well-known examples of regular
SE; are summarized in Table I, with the associated values
of I (see, e.g., Theorem 3.1 of [43]).

Another integer quantity associated with the KEy that
will frequently appear is defined by

3
M= (ﬁ) = / 3,
KEq 2n KEq

where p is the Ricci form for the KEq. Values of M for
examples of SE; can also be found in Table I. We note that
the volume of the KE4 and the SE; can be expressed in
terms of M as follows:

(2.6)

MI
VOI(SE7> = m .

3
M
vol(KEg) = .

3x 27’ (2.7)

Our conventions for D = 11 supergravity are as in,
e.g., [44,45]. We define Ngg > 0O to be the quantized flux
through the SE; manifold:

~ 3LSVol(SE;)

(2.8)
2565

1
Nggp = ——
- (Zﬂfﬂ)6 AE =

Here, £, is the D = 11 Planck length with the D = 11
Newton constant defined by 1/(167G 1)) = 1/(27)87).
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Carrying out the dimensional reduction to D = 4, we can
now express the D = 4 Newton constant in the following
useful form:

RO R T VI
G B 33/2y0l(SE,)!/? SE; — 3pg1/271/2 " SE .

We also recall that the free energy of the d = 3 SCFT dual
to the AdS, x SE; solution is given by

T
2G()

Fg = (2.10)

III. AdS, PD BLACK HOLES IN D=4

We start with a subclass of the class of PD solutions [10]
of Einstein-Maxwell theory, as presented in [46]. The
metric is given by

1 z z
ds* = e {—% [dt — asin®0d¢p)* + édr2 + ﬁcw?

+§sin29[adt —(r*+ az)dqﬁ]z}, (3.1)

where

H=1-arcos0,

> = 2 + a?%cos?0,

P =1-=2amcosf + (a?(a* + e* + g*) — a*)cos?0,

0= (r2 —2mr+a®+ % + gz)(l - a2r2) + (a2 + rz)rz,
(3.2)

and we note that P = P(6) and Q = Q(r) while H and X
depend on both r and 6. The gauge field is given by

cos @

A= —e%(dt — asin?0d¢) + g——— (adt — (1* + a?)ddp).

(3.3)

The solution depends on five free parameters, m, e, g, a,
and a, which we can loosely associate with mass, electric
charge, magnetic charge, rotation, and acceleration, respec-
tively. We note that we have set a possible NUT (Newman-
Unti-Tamburino) parameter in the PD metrics to zero, since
we want to avoid closed timelike curves. We have fixed the

cosmological constant to be A = —3, asin (2.1), and finally
we note that we have changed the sign of g compared
with [46].

We will assume m > 0. Note that there are various
coordinate changes: 0 - 7 — 6, t > —t, ¢ — —¢, as well
as A - —A, which change the signs of the pairs (a, g),
(a,e), (a,g), and (e, g), respectively. If « = 0, we can thus

choose e, g, a > 0 without loss of generality. If o # 0 we
can choose m, a >0 and e, g > 0 with either a > 0 or
a < 0. However, in order to get supersymmetric extremal
black holes, one should take @ > 0. Thus, in the sequel we
focus on

m > 0, a,e,g,a>0. (3.4)

The range of the 6 coordinate is taken to be 0 < 0 < x.
We will assume that P(9) > 0 in this range.” It will be
convenient to define

0_=0 and 60, =ux. (3.3)
On slices of constant ¢, r, we can examine the behavior of
the metric as we approach 8 = ., and we find

Y
s}y ~ [ﬁ} e PLO- 0. ). (30

P.=P0y)=1+2am+a*(a*>+e*+¢)—a> (3.7)
are constants. With am # 0 it is not possible to choose a
period for ¢ so that we obtain a smooth metric on a round
two sphere, as there will always be conical deficits at one or
both of the poles. Thus, as is well known, the mismatch of
these conical deficits at the two poles is directly connected
with the nonvanishing of the acceleration parameter.

A simple observation, which will turn out to be impor-
tant in obtaining regular solutions in D = 11, is that we can
suitably constrain the parameters in the metric and choose a
corresponding period for ¢, so that the conical defects give
rise to an orbifold known as a spindle or, equivalently, a
weighted projective space. We can demand that the ratio
P, /P_ is a rational number, which we write as

-l (3.8)

with n. € N, and we then choose the period of ¢ to be

Aj— 2 B 2w
n.P, n_P_’

(3.9)

and hence from (3.7) we can write A¢p = 52-"=—"- The
Ny

two-dimensional space parametrized by 0 and ¢ is then the
weighted projective space WCP! ] (for some further

n_.ny
1

[nn.]
that we are always able to desingularize the singularities

of this spindle after uplifting to D = 11. As we will see, our

discussion on WCP , see Appendix A). We will see

5As in [13], this can be achieved if ma < %E for 2 € (0,2] and

ma<L(E-1)"2 for E > 2, where E=1+a?(a® + e+ ¢*) —d>.
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procedure will require that we impose the condition ma = g;
we will also find that ma = ¢ is implied by supersymmetry.
It will also be useful in the sequel to introduce a coordinate ¢
on the spindle that has period 27z:

- ()

In order to have a spacetime with a black hole horizon,
located at r = r,, we demand that Q(r,) =0 and the
region exterior to the black hole has r > r,. We also require
H > 0, and hence the radial coordinate is constrained via

(3.10)

arcosf < 1, (3.11)
and so, in particular, ar, < 1. The conformal boundary is
approached when arcos@ — 1 and one finds that the
conical defects are still present when a # 0. There can also
be an acceleration horizon. We discuss this in Sec. VI, where
we study the global structure of the nonrotating black holes
in more detail. In particular, although Q has no other roots
for r > r,, one can continue the radial coordinate r past
r = o0, and there can effectively be another root beyond this,
corresponding to an acceleration horizon. A detailed analysis
of the various cases and their Penrose diagrams may be
found in [12]. Some further discussion of these black holes
may also be found in [13], which calculates various
thermodynamic quantities (when g = 0). Here we record
that the entropy of the black holes is given by

¢ _ L, (F+a)hg
BTAG, T 26w (1- )’

(3.12)

In the next section, we show how the PD metrics can be
desingularized by uplifting on certain SE; manifolds
described in the previous section. This analysis will fix
A¢ and, furthermore, the entropy can then be expressed
in terms of either Ngg, using (2.9), or the free energy of
the d =3 SCFT using (2.10). For the special class of
supersymmetric extremal black holes we then obtain the
expression (1.1).

We record that the magnetic flux through the horizon,
Q,,, 1s defined by

1 A
G = =qg—, 3.13
6O =7~ / _ F=93 (3.13)
and the electric flux, Q,, is defined by
1 A
G(4)Qe :E/rv_hr *F— 65. (314)

Finally, we can introduce the angular momentum of the
black hole. Rather than a simple Komar integral, as is often
used, we define the angular momentum as a conserved

quantity that can be equally evaluated either at the
conformal boundary or at the black hole horizon (see,
e.g., [22]). Associated with the Killing vector k = 0,
where ¢ € [0, 27) was introduced in (3.10), we introduce
the two-form

Z=dk+4(A-k)F, (3.15)
and then define the angular momentum via
A= / z (3.16)
= /. .
16”G(4) r=r,

The angular momentum is then a kind of Page charge
that depends on the gauge.6 We explore this gauge
dependence in Appendix E, where we also highlight a
subtle difference with a natural definition of the angular
momentum of the near horizon AdS, x Yo limit for the
supersymmetric and extremal black holes. Using the gauge
as in (3.3), we obtain

A 2
G(4)J = ma <—¢> s

o (3.17)

which agrees with formulas in the literature for the non-
accelerating limit.

IV. DESINGULARIZING VIA THE
UPLIFT TO D=11

We now consider the PD metrics upliftedto D = 11 ona
Sasaki-Einstein manifold as in (2.2). In this section we will
assume that we have nonzero acceleration in D = 4:

a#0. (4.1)

In Sec. IVA we will first analyze the regularity of the
metric. As this is somewhat involved, we have included a
summary section at the end. We then analyze flux quan-
tization in Sec. IV B.

A. Metric

In analyzing the regularity of the D = 11 supergravity
solution, it is convenient to first perform7 a local
gauge transformation on the gauge field of the form
A — A+ cd¢, where c is a constant which will be fixed
shortly. In the associated D = 11 metric, we can focus on
the metric on a constant r, ¢ slice which is given by

®Note that when a = 0 one can explicitly check that the
expression for the angular momentum, in the gauge we are using,
agrees with a Komar integral (E1) evaluated at the conformal
boundary, which is an expression that is often used to define the
angular momentum. We have not verified whether or not this is
also the case when a # 0.

"Notice that the same thing is effectively achieved by shifting
the y coordinate via y — y + 2c¢.
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1
dsg g KEey = 1 [900d6* + gppdd?]

1 1- 2

(4.2)
where
Ay = % [erasin®0 — gcos O(r* + a?)] + ¢,
Gpp = % [-Qa®sin’0 + P(r* + a®)?],
Yoo = % (4.3)

with Ad) = Ay, + c. The most general construction will
show that the (0, ¢, y) part of the metric can be taken to
parametrize a smooth S3 or, more generally, a Lens space
§3/Z, that is then fibered over the KEg.

This S3 can be embedded as S® ¢ C2, and we would like
to find the U(1) generators that rotate the two copies of C.
That is, we introduce £, = 0, , where a, are (27)-period
polar coordinates for each copy of C. By definition,
1£.]%(6,) =0 and ||Z_||*(0_) =0 and, moreover, the
surface gravity for ¢, satisfies k2 = 1 at@ = ... Choosing
the constant ¢ appearing in the gauge field to be

c=-2 (P, +P)

 dma (44)

implies that £, have the same coefficient of J,,, with

g 1
=¢. =0, ——04. 4.5
aai + ma ay/ Pi a(ﬁ ( )
Equivalently,
@), = (4.6)
=2 (a a_), =——a, ——a_. .
Ve P, P

Using the comments in Sec. II, we then conclude that
the D = 11 Killing spinor will have charge g/2ma under
both 9, - Furthermore, later we will see that one of the BPS
equations which ensures that the D =4 or D = 11 solu-
tions preserve supersymmetry is precisely g/ma = 1.

To proceed, we next define the functions

A, = + (-2 L4 ’
== 4p2 9% T \dma 2P, ’

1 g 1 - g 1 -

B=—— Sy ) | (A |
4P+P_g'/”/’+<4ma 2P, "’) <4ma 2P_ ‘/’>’
(4.7)

and the connection one-forms,

P
Da, = da, + =0, (4.8)
g
to find that the metric can be written
ds? —9% 42 + A (Da,)? +A_(Da_)?
0. KEg.yr 4 + + - -
+2B(Da, )(Da_) + ds*(KEg). (4.9)

Here A, (0,) =0=A_(0_) and B(65) = 0.
It is next convenient to introduce the coordinates
y=a,+oa_, p=a,—a_, (4.10)
so that 9, =1 (0yy + 0,_), Op =3 (0yy — D). We then
make the periodic identifications
Ay =2z, Ap =4rn/q. (4.11)
This leads to a smooth S fiber when g = 1 and, more
generally, a Lens space S°/ Z . Here we are using the fact
that a Lens space S/ 7, may be viewed as the total space of
a circle fibration, here with circle fiber coordinate /3, over
a two-sphere. Specifically, in the construction above, the
two-sphere has standard spherical polar coordinates (6, 7).
Notice from our comments above that the spinors are
charged under 0, but not under ds, so we may quotient the
period of # by g and preserve supersymmetry. For bosonic
solutions more generally we could, in principle, take
further/different quotients, but we will not investigate this
further here.

Having established that the fiber is a Lens space, we now
examine the fibration over the KEs. We will do this in two
steps, first discussing an S bundle over the KEq, with the
S? parametrized by (6,y), and then discussing the circle
bundle over this, with the circle parametrized by . After
writing Da, =1Dy + %Dﬁ, the connection forms are
given by

1 1
Dy = d}/—l—;(PJr - P_)o, Dp = d,B—I—;(PJr + P_)o.
(4.12)

Focusing on Dy, we recall from (2.4) that do = p/4, where
p is the Ricci form for the KE4. We can also compute

1 mo
— (P, —P-)=—. (4.13)
49 7" g
Thus, since y has period 2z, we will obtain an 52 bundle
over the KE¢ with the fiber parametrized by (0, y) being the

Riemann sphere compactification of a well-defined line
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bundle, provided that ma/g = n/I, where I is the Fano
index of the KEg and # is an integer. The line bundle is then
L1 However, recall we also commented earlier that
g/2ma is precisely the charge of the D = 11 Killing
spinors under d,,, and hence 0,, and we shall later find
that one of the BPS equations is precisely g/ma = 1, so
these charges are all 1/2. Thus, we will impose

mao

— (P, —pP) =", (4.14)

and this implies that the (6,7)S? bundle over the KEg is
necessarily that associated to the canonical bundle. For the
bosonic solutions more generally, we could instead take
powers of the canonical bundle with different n above, but
here we do not.

It remains to ensure that we have a well-defined circle
bundle, with a circle fiber coordinate f over the above S°
bundle, over the KEg4. As described in [47], a necessary and
sufficient condition for this is to verify that the correspond-
ing curvature two-form has appropriately quantized periods
over a basis of two-cycles. One such two-cycle is a copy of
the fiber S2 at a fixed point on the KEg, and this has already
fixed the period Aff =4x/qg in (4.11) to obtain a Lens
space fiber $°/Z, over the KE4. The remaining two-cycles
may be taken to be two-cycles in the copy of the KE¢ base
at either § = 0, or 8 = 6_. For example, in the former
case the corresponding circle bundle over the KE¢ has the
connection term Da_, and quantizing the periods of the
associated curvature two-form leads to setting

P_
-_r (4.15)
4g al
where p € N. Specifically, setting § = 0, = & then gives a
circle, parametrized by a_, inside the Lens space fiber.
Since on this circle a_ has period 27z/q, the choice (4.15)
implies that we obtain the circle bundle associated to £P//.
It then follows that

P 1P al +p
49 al ol

, (4.16)

so that the a circle bundle at & = §_ = 0 is that associated
with £(@+2)/1 We also deduce that

P, al+p

=" (4.17)

With these choices we have thus constructed a regular Lens
space S/ Z fibration over the KEg, where the positive
integer parameter p determines the twisting. The total space
Y, of this fibration is simply connected if we further require
hef(p, g) = 1. We shall henceforth also assume this con-
dition, but note that more generally the topology is simply a

free Zjct(pq quotient of the solution with parameters
(p,q)/hcf(p,g), so there is essentially no loss of
generality.

Recall that as originally presented in (4.2), the space Yq
is a fibration of an SE; over the two-dimensional space
parametrized by (0, ¢). It will be important to understand
this fibration structure also. In particular, the Reeb vector
0,, that rotates the SE; U(1) fiber over the KE; may be
computed to be

p 1

By = Do, +°

7 (0, ~0,). (4.18)

a, — Ya_

Note that moving 2z along the orbits of both J, and
cll(am — 0, ) returns to the same point on the Lens space
fiber, in the latter case precisely because we took a Z
quotient of $? along the U(1) generated by 9, —9,_. To
determine the period of y it is useful to rewrite (4.18) as

1 p 1
-0, =— = .- - 4.1
where we have defined
k =hef(I,p). (4.20)

This ensures that moving 2z along the orbit of the vector
field on the right hand side of (4.19) closes, and moreover
this is the minimal period. However, this shows that on the
Lens space y has period 2zl /k, where

(4.21)

precisely as in (2.5) where, specifically, k is fixed
via (4.20).
Recalling that

1 1
$=-5-a, _P__a_’

P (4.22)

wv=a,+a,

and that the torus made up of a_, a_ has volume (27)?/q,
we deduce from the Jacobian of this transformation that ¢

has period
1 1\2
Ap=(——— 2k
P. P ) al

From the discussion below (3.6), and specifically (3.9), we
see that (0, ¢») on the base of the y fibration at a fixed point
on the KEg will be a spindle/weighted projective space

(4.23)

WC[P’['LM, where we may identify
al +p p
no=——, ny=s. (4.24)
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Notice that these are indeed integers due to the definition
(4.20) of k and, moreover, since hcf(p, g) = 1 we also note
that hef(n,,n_) = 1.

To complete the viewpoint of the SE; as the fiber, we
may also look directly at the y circle fibration over the
weighted projective space. Recalling that y has period
2zl/k and using A,(0.) = £g, we calculate the Chern
number of this fibration as

1 1 - kg kn_—n, a
—d(Aydg) = =- =
”I/zkAw:Plz (45d¢) p*+pal I nyn_

non_’
(4.25)
Here we have used the fact that
k
q:;(n_—nJr). (4.26)

Since g is an integer, notice that the difference of the
weights n_ — n, is necessarily divisible by the integer //k.
The orbifold line bundle over WCP! ] with the Chern

[nny
number (4.25), denoted O(q), is discussed in Appendix A.
In that appendix, it is shown that the total space of the
associated circle bundle is indeed a Lens space, $°/Z,
completing the circle of arguments.

Summary: We can summarize the results of this section
as follows. The D =4 PD metrics of interest depend on
five parameters: m, a, e, g, a. We uplift to D = 11 using an
SE; manifold in the regular class, which is a circle bundle
over a KE¢ manifold. We then obtain a regular D = 11
solution after imposing the following two constraints on the
five parameters:

ﬁ:l o) P_

b
=, — =, 4.27
49 Ig 49 g (427)
where g € N and p € N, and we take hef(p, g) = 1 so that
the total space is simply connected. Here, / is the Fano
index for the KE¢ associated with the regular SE;, and P
are given in (3.7). Defining

k =hef(I,p), (4.28)
we then choose the periods of y and ¢ to be
2xl 1 1\ 27k
Ay = —, Ap=(——-—]—-. 4.29
VA (L ES T ED

The nine-dimensional manifold, Y, at fixed ¢, r is then a
Lens space S°/ Z , bundle over the KEg, while the SE; at a
fixed point in D = 4 spacetime has the fundamental group
Z, and is the circle bundle over the KE¢ associated to the
line bundle £ where £ is the canonical bundle over
the KE4. Moreover, the base space of the SE, fibration at
fixed ¢, r is parametrized by 6, ¢ of the D = 4 metric,

which is topologically a spindle, a weighted projective
space WCP! . Here,

[n_.ni]

al +p p

n_ o n, =

(4.30)

are relatively prime integers, where § =0_ =0 is an
R2/Z, orbifold singularity while =60, =z is an
R?/ Z,, orbifold singularity. The magnetic flux in (3.13)
through the spindle horizon in the D = 4 spacetime is given
by the rational number

I’l_—n+

4n n_

Conversely, we can begin with a weighted projective

space WCP[ln_,M, with arbitrary coprime integers n_>n, .
We then set
n_— n+
= . = k . 432
=Tk p = kn, (4.32)
Here we choose the integer
1
k=—r—. 4.33
hef(I,n_ —n,) (433)

With this definition of k£ we have that I/k is an integer that
divides n_ — n, which ensures that p and g in (4.32) are
integers. Moreover, note that we also have k = hef(7, p), as
in (4.28).8 The above construction then leads to a Lens
space fibration over the KEg.

Since we have imposed two conditions (4.27), we are left
with a three-parameter family of nonsingular, rotating, and
accelerating black hole solutions with a spindle horizon.
The three parameters correspond to the three independent
physical conserved quantities, namely mass, electric
charge Q,, and angular momentum J. The above conditions
are consistent’ with the preservation of supersymmetry
as discussed in the next section. The entropy of the black
holes is given by (3.12) after using (2.9). In particular
from (3.7), the conditions (4.27) imply

= (4.34)

Finally, we further illustrate with a concrete example. We
take KEq = CP3 and there are then three cases. First, we

870 see this, write £ = hef(I,n_ —n, ), sothatk = I/£. Then
compute hef(Z,p) =hef((I/£)E,(I/£)n)=(I/E)hcf(£f,n, )=
I/£=k, where in the penultimate step we have used
hef(n_ —n,,n;) =hef(n_,n,)=1.

As we noted just below (4.14), if one is just interested in a
purely bosonic solution, then one can relax the conditions a little
and still maintain regularity.
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have an S7 fibration over WC[FD[ln_,M forp =1,3,5,... and

a relatively prime g, with n, =p and n_ =4g+p.
Second, we have an §7/Z, fibration for p = 2,6, 10, ...
and a relatively prime q, with n, =p/2 and
n_ = 2q+ p/2. Finally, we have an S7/Z, fibration for
p=4,8,12,... and a relatively prime q, with n, = p/4
and n_ = g+ p/4.

B. Flux quantization

We can also quantize the flux in the D = 11 solution
(2.2). There is no quantization condition on the four-form G
as there are no nontrivial four-cycles. We therefore consider
the dual seven-form *;; G as given in (2.3). We have already
seen in (2.8) that the flux through the SE, fiber over a point
in the D =4 spacetime gives Ngg. In this section we
present a general analysis for ensuring the fluxes through
an appropriate basis of seven-cycles are quantized: by
determining the constant L in (2.2).

Note first that, as for the previous subsection, we may
restrict to a constant r, ¢ slice, since these directions span
R? and hence don’t contribute to any nontrivial cycles. The
resulting nine-manifold Yy is a Lens space $°/Z, fibered
over the KEg. This is the same topology as the solutions
discussed in Appendix D.2 of [48] and, indeed, later in the
paper we shall see that those solutions are precisely the near
horizon limit of the black holes we are discussing when the
rotation parameter is set to zero.

Setting 6§ = 0, gives rise to two seven-cycles that we
call D,. % There are also seven-cycles D, that arise as the
Lens space is fibered over four-cycles X, € H4(KEg, Z),
where by definition these form a basis for the free part of
the latter homology group. We may then write

cp = Cl(KEé) = Isaza, (435)
where we recall that / is the Fano index and the s, are then
coprime integers, and we have identified H?(KEq, Z) &
H,(KEg, Z) using Poincaré duality. As discussed in [48],
we then have the homology relation

D_=D, —Is,D,. (4.36)

Writing

N(D) zﬁ A e (4.37)

as the flux through the seven-cycle D, from (2.3) we
compute

6

N(D.) = @;JW@OI(KEO A .

0=0

(4.38)

""These were called D, and D, in [48], respectively.

where we recall that 7 is the contact one-form of the Sasaki-
Einstein manifold. A short computation shows that

1 Ig

1 -
No—p. = Zdl// +§A(/)(9¢)d¢ =F Mdaﬂp

(4.39)
where « are the coordinates introduced in the previous
subsection in (4.6), and recall that n are defined in terms
of g, p, I, and k via (4.30). Since a. have period 27/g
through their respective circles S' C 53/ Z 4, we deduce that
(choosing orientations to give a positive flux)

L IMz*

ND)=—" "
(D) (2¢,)0 128kn.,.

(4.40)

where we used (2.7). Similarly, we compute

LS 1 1
N(D,) = ————gApAy— [ J°. 4.41
Using
1 n?
E . J2 2512710, (442)

where n, = fEa(cl /I)? are coprime integers, and inserting
the periods A¢ =2z/(n P.), Ay =2zl/k from the
previous section, we find

L° I*arn®
(2nt,)° 128K2n,n_

N(D,) = ne.  (4.43)

Using s,n, = M/I?, one can check that the fluxes (4.40),
(4.43) satisfy the homology relation (4.36).

Since the cycles we have introduced form a basis of
seven-cycles, we can now introduce a minimal flux number
which we call N, such that all fluxes are integer multiples of
N. Specifically, this fixes L via''

L°  128k%m.n_
27¢,)°  IPhrt
(272,

N, (4.44)

where we have introduced i = hef(M/I?,q) and where
we recall that g = (k/I)(n_ —n,) is an integer. We then
find

M
N(Dy) = 5 knsN. N(Da):%naN, (4.45)

""Note that this is consistent with (D.18) of [48] after taking
into account a difference of 32/3 in the L> between here and
there, as a result of this factor in (D4).
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where the factors are all integers. Moreover, the expression
for Ngp given in (2.8) can then be written as

M
kn,n_N.

Nsg =n_N(D_) =n.N(D,) = h

(4.46)
Notice that this is indeed an integer.

We have thus shown that the D =4 PD black hole
metrics of interest uplift to smooth D = 11 solutions

with properly quantized flux, provided that we impose
(4.27)—(4.30) and fix L via (4.44).

V. SUPERSYMMETRIC AND EXTREMAL LIMITS

In this section we analyze the additional conditions for
supersymmetry, as well as the conditions required to have
an extremal black hole horizon with vanishing surface
gravity. In general, the extremality condition is not implied
by supersymmetry. We also derive the black hole entropy
formulae (1.1).
|

0 =2aega + g*a* + P (=1 + &® + (a* + 2¢*)a*) + e*a?
0 =2a’¢a + 2¢*a® + 2¢g*a® — 2aeg(—1 + a*a
— (€ + ga(l + a*a®) (-1 + &2a® + g*a® + a* (-1 + a?)).

—a(m + a’ma?)?

With a # 0 and m > 0, we must have g > 0. With the signs
of the parameters as in (3.4), we can solve these conditions
to obtain

g
m=-=,
a

2\/1 —1+e?)a? — (e + ¢?)a?
—|—62a2( 1+ a?)

—ega+ e’ +g

(5.3)

Recall that we imposed the first of these two conditions in
our construction of regular uplifted D = 11 solutions [it is
implied by (4.27)].

We now consider the additional conditions imposed
by extremality when r = r, becomes a double root of
QO(r). Assuming that both equations in (5.2) are satisfied,
we find

(2 +¢*)*=0.
(5.4)

a*d’eq’ +a*ag*(e—g)(e+g)—aeg’ +a’e?

In principle, one could solve these three constraints in
terms of two independent parameters, and then solve (3.8)
to find the relation between these and n... However, this is a
little cumbersome to do in practice and it is clearer to keep
all the parameters in our expressions, where it is then
understood that they must solve the constraints given

By definition, the supersymmetric (BPS) limit occurs
when the solutions admit solutions to the D = 4 Killing
spinor equation of minimal gauged supergravity given by

1 i

V,e= <iAﬂ - Eyﬂ - ZFaﬂy“ﬂyﬂ> €, (5.1)
where € is a D = 4 Dirac spinor (see Appendix F). The
conditions for the PD solutions to admit Killing spinors
were determined in [15]. Our primary interest in this paper
is when a # 0, and we will continue with this, but for
reference in Appendix B we briefly discuss the PD black
holes when a = 0 where the supersymmetry analysis is
different. The nonrotating solutions with a =0 are dis-
cussed in more detail in Sec. VI A.

By examining the integrability conditions for (5.1),
as in [15,38] we find that supersymmetry implies that
the five parameters are constrained by the following two
conditions:

(1+ e%a® + a*(=1 + a?)),
) —2e%a(a® — 2g%a?)
(5.2)

|
by (5.2) and (5.4). For example, a simple expression for
the horizon radius of the supersymmetric and extremal
black hole is given by

_ a(m — ae) (5.5)

T+ e+ ama®’

which would not be so simple if one were to use the explicit
solutions of the constraints above. However, for the special
case when we set the rotation parameter a = 0, we will find
simple and explicit expressions as we discuss in Sec. VI A.
For supersymmetric and extremal black holes with a = 0
we also have e = 0, and the expression (5.5) doesn’t apply
directly.

Notice that substituting (5.5) into the general black hole
entropy formula (3.12) immediately gives

A, (5.6)

as long as the parameter e # 0. Further using the expres-
sions for the black hole electric charge Q, in (3.14) and
angular momentum J in (3.17) then leads to

J

Spy = — , 5.7
BH 0.Gu (5.7)
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which is the first expression in (1.1). This formula for the
entropy holds for the subfamily of supersymmetric
extremal Kerr-Newman black holes, as discussed in
Appendix B [see Eq. (B12)]. We have shown that,
remarkably, exactly the same formula also holds when
we turn on acceleration. On the other hand, as we discuss in
Sec. VI, for the supersymmetric extremal black holes with
J =0, =0, or equivalently a = e = 0, neither (5.6) nor
(5.7) apply directly, although we shall see later in Sec. VI
that the second expression in (1.1) is valid in this limit.

A. Near horizon limit: AdS, x WCP!

[n_n.]

We now elucidate the near horizon limit of these
supersymmetric extremal black holes. The result is a
new class of supersymmetric AdS, x WCP! J solutions

[n_.n
of D =4 gauged supergravity. These uplift to regular
AdS, x Yy solutions, which generalize those of [20] by
an extra rotation parameter.

A convenient way to find the near horizon solution is to
implement the following coordinate transformation:

Ag

r—r,+asp, t— A lst, ¢—>¢’+ﬂ‘lsW2—r,
n

(5.8)

where s is a constant, and then take the A — 0 limit. Here W
is given by

a 2=
W_ri+a2A¢’ (5:9)
with 0, + Wé—,‘fa,/, = 0, + W, being a null generator of
the horizon.

Some details of the limiting procedure are given in
Appendix C. After carrying out various coordinate and
gauge transformations, as well as redefining the parame-
ters, we eventually end up with the following class of
AdS, x WCP! | solutions:

[nny

1 dp? y2 4 52
ds* =—(y*+ 3%) <—p2drz + —) + dy?
4 P q(y)
Q(y) . 2
+ —————=<(dz + jpdr)-,
307 4 37) 30D
A = h(y)(dz + jpdr), (5.10)
where we have defined
q(y) = (" +3%)° =4(1 - 3%)y* +4aV1-3%y - &’

:2

(ay+2j2\/1—j2>.

(5.11)

The solutions depend on two free parameters j, a, which
are functions of the original m, a, e, g, a that are given
implicitly in Appendix C. Indeed, it is remarkable how
simple the solution is in the above parametrization. The
parameter j is a rotation parameter and j =0 is the
nonrotating limit. In fact, if we set j = 0 then we precisely
recover the AdS, x Yy solutions of [20] after dimensional
reduction on an SE;, as we explain in Appendix D.
Continuing12 with >0, we need j € [0, 1] in order
to get a real solution. We next analyze the roots of g(y),
which are given by y=+/1-32++/1 —a—2j2 and
y=—y1-732+/1+a-23% Given that g(y) is a
quartic in y with a positive coefficient of y*, in order for

q(y) = 0 we need to choose y to lie in between the middle
two roots of the quartic with all roots real, which fixes

y € [Y2vJ’3] with

yo=—-V1-32+V1+a-252

vi=V1-32=V1-a-232 (5.12)
For these to be real we need to take
j € |0 ! > (5.13)
J y = .
V2

By analyzing how the metric behaves at the roots,
we demand that the (y,z) part of the metric becomes

1 .
WCP[LM, which fixes
2 2
Vita-232-a:="L,  J1-a-232-a:=",
n, n_

(5.14)

where we have identified y = y,, y; with 6, 8_ of previous
sections, respectively, which have solutions

A ﬂ\/ni—i—n%
I=——F

’ n+n_\/1—2j2ﬂ.

(5.15)

(1-23%)(n2 = n2)
ni + n?

We may now compute the magnetic flux (3.13) of the
gauge field and find

1 n_—n,

4n n_

where £ = WCP!

[n_.n.]
we had for the general PD black holes. In particular, notice

that this result is independent of the continuous rotation

is the spindle horizon, precisely as

"Note that we can change the sign of j by changing the sign of
7, z and also the gauge field A.
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parameter j. We can also derive a very useful expression
for the electric charge Q, (3.14) by calculating it directly in
the near horizon solution. Doing so, we find

1/ oF — Az
4 ~ 4

Zf” ”+( Q.)

) +n+ni

(5.18)

\/16n

G0, = (5.17)

The area of the horizon is then: Area = %(y3 —yy)Az.

Given the expression (5.15) for Az, we may now solve for j
in terms of the physical black hole parameter Q,:

Substituting for j in terms of Q, using (5.18), we find the
entropy is

f\/Sn

Area =

@ Q) +nZ +ni —

(n— + I’l+) T

[
BH 4G(4)

(5.19)

n_n, 4G

This is precisely the second expression in (1.1). Notice that setting j = 0 is equivalent to setting O, = 0, which gives the
nonrotating limit. The expression (5.19) with Q, = 0 gives the entropy of the nonrotating but accelerating extremal
supersymmetric black holes, studied in more detail in Sec. VI. We also note that the angular momentum J and electric
charge Q, are related by

\/E\/Snzn%r(G@) 0.)+n*+nt —(n_+ng)
J=0, (5.20)
4n_n
for these extremal solutions. Formally setting n_ = n, = 1 into the relation (5.20) gives the corresponding relation for the
supersymmetric extremal Kerr-Newman-AdS black holes, discussed in Appendix B [see Eq. (B11)].
We may also rewrite (5.19) using Eqgs. (2.9), (4.24), and (4.46), which give
7/2 (1-3 2.2 _
S 2am p(lg+p) [\/12j V(Ia+2p)? + Pgq (Iq+2p)}N3/2 -
BH — 15h3/2 . ( : )
[
Notice that all quantities appearing, except for j, are o %
integers. We also note that if we set j =0 then we Taas, =7 = 4 X (). (5.24)

precisely recover the expression for the entropy of the
AdS, x Y4 solutions as given in (D.21) of [48].

We note that we can express the black hole entropy in yet
another way, namely as

Jags, 1 r
SBH = 2 ——y(2) ) —. 5.22
BH < 0. 4)(( )) G ( )
Here y(X) is the Euler number of the spindle horizon
2= WC[P’ glven by
1 n_+n,
Y)=— [ Ryvol, = 5.23
x(2) 47[/2 2Vol non ( )

where R, denotes the Ricci scalar of the spindle, and J »4s,
is the angular momentum that is defined naturally for the
near horizon AdS, solutions described in this subsection.
Specifically, J zqs, is invariant under the AdS, symmetries.
We refer the reader to Appendix E for further details, as
well as a derivation of the formula we gave in (1.2):

This formula, as well as (5.22), is also valid for non-
accelerating Kerr-Newman-AdS black holes upon setting
n_=n, =1.

We can also express the entropy in another form" by
replacing the orbifold parameters n with the magnetic flux
0,,, given in (5.16), and the Euler number (5.23):

SBH—4G <\/)( +16[(G4)0.)* + (G (4)Qm)2]—)()-
(5.25)

Pltis interesting to consider if this formula can also be used for
supersymmetric black holes with no acceleration, electric charge,
or rotation. The answer is no. However, we note that for the so-
called universal twist black holes, with a horizon consisting of a
Riemann surface with genus ¢ > 1, one obtains the correct
entropy formula (as in, e.g., [26]) after setting Q, =0 and
formally taking G4 Q,, — iy/4 with y =2(1 - g).

046007-13



PIETRO FERRERO et al.

PHYS. REV. D 104, 046007 (2021)

Correspondingly, this implies that the near horizon angular
momentum can be written in the form

Jads, = % \/)(2 +16[(G4)Q.)* + (GwyQu)?].  (5.26)

Finally, we point out that the local metric appearing in
(5.10) was also used in [49] in a completely different
context of constructing supersymmetric wormholes in
AdSy. To do this, the authors used ranges of the parameters
and the coordinates so that, in particular, g(y) > 0, in
contrast to what we have done here.

B. Killing spinors for AdS, x WC[P’[IL

We now construct the D = 4 Killing spinors associated
with the rotating, magnetically charged AdS, x WCP['

n_,n.)

solutions given in (5.10) with (5.15) and j € [0%) The
fact that these solutions describe M2-branes wrapped on a

surface Z:WCP[ILM, with a magnetic flux (5.16)

through the surface, looks similar to a topological twist.
However, in the latter case one instead needs the flux to
be proportional to the Euler number y(X) of the spindle
> = WCP! n] given in (5.23). The flux (5.16) instead

[,
leads to spinors that are sections of nontrivial line bundles
over WCP! s which we shall describe explicitly, rather

[nny
than the constant spinor solutions one obtains for the
topological twist.

We first introduce the following orthonormal frame for
the near horizon metric (5.10):

1 1 d
& = = \/y? + 32pd, ol — - y2+j2_p’
2 2 p

1/ qb)

n,]

—=dy, e = (dz + Jpdr).
(5.27)

For this frame, we then take the four-dimensional gamma
matrices'* to be

a=20,1,
73 =Pz ® 6%,

Va :ﬁa ® 12v

72=p3®0d, (5.28)
where the two-dimensional gamma-matrices, f,, are
defined by
po = ic?, pr =o', Bz =Pobr =0, (5.29)
and the ¢’ are Pauli matrices.
We next recall that the Killing spinor equation for

AdS, is

14ExphCiﬂy’ Yo = (_01 (l))s V1= (1 o)v V2 = (0 _,;l)v V3 = (({)2 _(,);2)-

V.0 = %nﬂaﬂﬁ, (5.30)

with n = 41. This is solved by Majorana spinors that can

be decomposed as 6, = HEE) + 65_2) with the Majorana-

Weyl spinors 9(1,iz) of chirality ﬁﬁg? = i@g?, given by

(8 0-()

1
9(+>:<\/ET_%) 6(_>:<. ° 1 >
2 0 o= Lin(ype+ )

(5.31)

After a lengthy calculation we find that the D = 4 Killing
spinors for the near horizon limit of the supersymmetric,
extremal PD black hole, satisfying (5.1), can be expressed
in the remarkably simple form

€ = 9(1+) ® 11 +9(1_> ® 12

€ = 9(2+) ®x1+ 9@ ® 12 (5.32)

where y, are two two-dimensional spinors, given by

Y20) V()
| WA et N
A W) | 42 V()
\/ y+3 y—ij
Here,
Vily) =y*-2V1-3%+ 3% +a,
Va(y) =y +2V1 =32+ 3% -a, (5.33)

which satisfy Y (v)),(y) = ¢(»), and the phase & appear-
ing in the Killing spinor is given by

(5.34)

& = arccos j.

Let us look more carefully at the global structure of the
Killing spinors €; in (5.32). The spinors, e§i>, are simply
the standard Killing spinors on AdS,, where i = 1, 2, so
our focus will be on the two-dimensional spinors y; (5.33)

on WC[P’[1 Note first that the two components of y;

n_n|*

have chiralities +1 under 63, which is the two-dimensional
chirality operator on WCP! " Thus we can write

[n_n
(+) =)

xi=x; +x ,i=1,2, where
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W) 0
2 = <F> 27 = (_y;“@)),
0 \/y+i3

o _ e 2 O et
Ko =—nel| VL T = —net | )P .
0

(5.35)

We also note that ), (y3) = 0 = V,(y,), where y,, y; are

the roots (5.12), so that the positive chirality components

;(§+) are zero at y = y3, while the negative chirality compo-

nents )(lH are zero at y = y,.

Both the frame (5.27) and the R-symmetry U(1) gauge
field A in (5.10) are singular at the roots y = y,, y3. Let us
first look at the gauge field. The four-dimensional Killing
spinors ¢; have charge +1 under A, as we see from the
Killing spinor equation, (5.1). A gauge transformation,
A — A + dy, then leads to a U(1) rotation, €; — €'¢;. The
magnetic flux of this gauge field through WCP! is

[n_.n]

given by (5.16). As explained further in Appendix A,
this identifies 2A as a connection on the complex line
bundle O(n_ —n, ). When n_ — n is not divisible by 2,
this is a spin® gauge field on the weighted projective space
WCP! We shall comment on this further below when

[nny ]’
we describe the spin structure more explicitly.

Note that we may write the gauge field in (5.10)
restricted to WCP} as

[n_mn.]’

ki +n?

Al i = h(y) do (5.36)
WP \/§n+n_\/ 1-252
where we have defined
2n.n_+/1-242
Q= van, 23 (5.37)

\/n% +n*

Here, ¢ is the same as the coordinate introduced in (3.10),
and it has the canonical period of 2z. However, dg is not
defined at the roots y = y3, y = y,, and thus the gauge
field (5.36) is singular at the roots. We may then introduce

open sets U_ and U, on WCP[ln_,m] that cover hemi-

spheres containing the roots y = y; and y = y,, respec-
tively. Here y = y5 is a C/Z,, orbifold singularity, while
y =y,isaC/Z, orbifold singularity. One can then check
that to obtain a well-defined connection in each patch we
need to make the local gauge transformations:

U_'

1
A—>A+2—d(pEA_,

1
U,: A-sA+—dp=A,. (5.38)
2n,

The gauge fields A, are now smooth one-forms in their
respective patches U, and on the overlap U_ N U, they
are related by

A+:A_+I’l_—n+

5.39
2n,n_ ( )

This again identifies the complex line bundle on which 2A is a
connection as O(n_ — n ) where, by definition, the transition
function defining this line bundle over WCP [ln,,n+] is given by
the gauge transformation in (5.39) [cf. (5.16)]. We discuss this
further towards the end of this subsection.

Next let us look at the two-dimensional frame {e?, e’}
for WCP[ln,,mr] in (5.27), which is again singular at the
roots. Specifically,

d
U_,neary =y;: e>~—do_. & ~Q_—¢,
n_
2 3 do
U, , neary =y,: e*~-+do, e ~go,—, (5.40)
ny

where ¢ is the geodesic distance measured from each
root to leading order. Note here that y is increasing
as one approaches y = y; > y,, while ¢_ is decreasing,
hence the minus sign. We may then introduce a complex
coordinate z_ = —¢_e /"~ in the patch U_, which
defines a smooth one-form dz_ on the orbifold; that is,
dz_ is a smooth one-form on the covering space C in
which ¢ has period 2zn_. We may then write z_=
X_+iy_ = —o_ cos% + ig_sin % and rotate the frame

&2 cos - sin-’- e2 dx_ (5.41)
- ~ . .
e’ —sin£ cosL |\ ¢3 dy_
This is an SO(2) = U(1) rotation of the frame on the patch
U_, which leads to a corresponding spinor U(1) rotation
exp(+ip/2n_) where the sign is correlated with the two-
dimensional chirality of the spinor. This follows from

exponentiating the spinor representation of the infinitesimal
version of the above SO(2) rotation, namely

I eo/n
exp —Eazal(p/n_ =

0 amio/on > (5.42)
We may then rotate the spinors y;, i = 1, 2 in the patch U_,
noting that there is both a spinor rotation and an
R-symmetry rotation (5.38):

(+) =)

U_, nearys: Xi=Xi X
N (ei(/)/2n,)(§+> + e—i(/)/2n,)(§—>)ei(p/2n,
= ei‘/’/"*)(,m +)(,(»_). (5.43)
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The coordinate ¢ is not defined at the root y = ys3, but on

the other hand ;(E+)(y3) = 0. Thus the above spinor is
smooth and well defined near to y = y3, in the patch U_.
Note in particular that the spinor rotation and R-symmetry
rotation cancel each other for the nonvanishing negative
chirality component ;(IH.

A similar calculation goes through at the other root,
y =Yy, in the patch U,. We introduce a coordinate
7, =0 €9 =x, +iy, = o, cos;-+ig, sin-. The

rotation is now in the opposite direction,

P _gin &
<e2> - (cosn+ sln,,+>(e2>~(dx+> (5.4
3 in? ? 3 : )
e sin=  cos ;- e dy.
The corresponding spinor rotation and R-symmetry rota-
tion are thus

=2+

N (e—i¢/2n+)(l(_+> + eiq)/2n+)(£_)) ei(p/2n+

U., neary,:

:)(EJF) + ei(p/iz+)((_)

R (5.45)
Now, )(E_>(y2) =0 and we see the spinor is smooth and
well defined near the root.

The above analysis shows that the two-dimensional

spinors y; on WCIPELM are smooth and well defined,

in the appropriate orbifold sense. Notice that the above
computations show that the spinor transition function, in
going from the patch U_ to the patch U, is, similarly to
(5.39), given by

e—iq;/Zn+ 0 e—i¢/2n, 0
0 ei(p/2mr ' 0 ei(p/2n,

s Ny tn—
e_U 2nin_ 0
= s nptn— N
0 P

Here the original spinor rotation (5.42) is inverted, since we
begin with the smooth spinor in the patch U_. This
identifies the positive and negative chirality spin bundles
S®) on WCP! | as O(F (ny +n_)/2). Notice these

[n_ny
are well defined as line bundles when n, 4 n_ is divisible
by 2, which is the case if and only if n, — n_ is divisible
by 2, when the gauge field A is a connection on a well-
defined line bundle. We may understand this more
abstractly as follows. On any oriented two-manifold (or
orbifold) the spinor bundles are

(5.46)

SH =12, S =12 = A0 @ K172, (5.47)
where K = A0 is the canonical bundle, namely the

cotangent bundle, and AOD  denote (0,1)-forms with

respect to the canonical complex structure. Again, the
above computations explicitly show that the cotangent
bundle is K = O(—(n, +n_)). Instead, our spinors y;
are spin¢ spinors that are also charged under the gauge
field A. Denoting the line bundle on which 2A is a
()

connection as £, the spinors y, are hence sections of

)(l“): SH @ L = 0<—%(n+ + n_)>
1
® 0(3(n-=n)) = 0(-n.),
)(l(._): SO @ L2 = 0<%(n+ + n_))

® o(% (n_— n+)> =0(n.).
(5.48)

Again, these also follow directly from composing the
transition functions we worked out explicitly above.
Notice that these chiral spin® bundles, O(—n,) and
O(n_), are always well defined as line bundles, irrespective
of whether n, £ n_ is divisible by two.

C. R-symmetry Killing vector

The supersymmetric AdS, x Y4 solutions we have con-
structed should have a holographic dual description in
terms of a d =1 superconformal quantum mechanics
(SCQM). This has an Abelian R-symmetry, which is
realized in the supergravity solution as a canonically
defined Killing vector field under which the Killing spinors
are charged. As usual, this R-symmetry Killing vector R
may be constructed as a bilinear in the Killing spinors as we
explain below. For the solutions in this paper we find

R =Ry +2/1-32%0,
non_ \/Snzni(G(4)Qe)2 +n2 +n%
w’
\/ 160212 (G40, )% + n2 + n2
(5.49)

= Ry +2V2

where in the second expression we have used (5.18), and
we have also defined Rs;; = 20,,. The latter is precisely
the R-symmetry Killing vector for the corresponding
AdS, x SE; solutions, normalized so that the Killing
spinor on the SE; has a unit charge under Rj3; (see
Appendix F). This is the geometric counterpart to the
superconformal R-symmetry of the dual d =3, N =2
SCFT. We note that (5.49) reduces to (D12) on setting
j =0, and that 0, generates the U(l) isometry of the
spindle WCP/ , normalized so that ¢ has a period of 2z

[n_n.]
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[see (3.10)]. We discuss the physical interpretation of (5.49)
in the discussion in Sec. VIL

One way to identify the R-symmetry Killing vector is to
construct bilinears of the Killing spinors on Yy, as was
essentially done in [20] for the case of j = 0. Instead, here
we will construct bilinears of the D = 11 Killing spinors
for the AdS, x Yy solution. With the conventions of
Appendix F, we can obtain the D = 11 Killing spinors
as a tensor product of the D = 4 Killing spinors (5.32) with
the Killing spinor y on SE,. The solution preserves four
D = 11 Majorana spinors which we can package into two
complex D = 11 spinors via

e =¢ Q. & =6 Qy. (5.50)
We then obtain the following bilinears:
ig,I'yer = Py,
i&;I'ye; = =Ky,
iz']FMEQZDM+%RM, (551)
where
P=20,,
D =10, —pd,,
K =—(2*+p7%)0, + 2tpd, + 23p7' 0.,
R :28,,,+2\/1—j262. (5.52)

The Killing vectors P, D, and K generate the 8[(2)
symmetry algebra of AdS,:

[D,P]=-P, [D,K|=K, |[P,K]=-2D, (5.53)
and hence we can identify the Killing vector R to be the

R-symmetry Killing vector, as claimed above.

VI. THE CONFORMAL BOUNDARY FOR
NONROTATING SOLUTIONS: a=0

An ultimate goal for holography would be to reproduce
the black hole entropy (1.1) for the extremal supersym-
metric solutions via a dual field theory computation. The
dual theory lives on the conformal boundary three-manifold
of the full black hole solution. In this section we therefore
turn to looking at this conformal boundary and, for
simplicity, we will now set the rotation parameter a = 0.
We will see that for the supersymmetric extremal black
holes we must have e = 0, hence J = Q, = 0, and the near
horizon solutions can be obtained by setting j = 0 in the
near horizon metric of Sec. VA.

We shall see that the global black hole geometry of the
solutions with @ =0 have some interesting features,
including an acceleration horizon beyond r = oo. For the

supersymmetric and extremal solution, this acceleration
horizon intersects the conformal boundary, effectively
dividing the latter in half. Moreover, we shall find that
the Killing spinor on this conformal boundary is given by a
topological twist, so that the spinor is constant, but it is a
different constant spinor on each half of the space.

These exotic features will make a dual field theory
calculation more challenging, but in the remaining sub-
sections we show that the features arise as a limit of more
well-behaved solutions, still with @ = 0. In particular,
in Sec. VIB we relax the extremality condition, while
preserving supersymmetry. The boundary three-manifold is
now a smooth product of the time direction with a spindle,
with a single component, and has a smooth boundary
Killing spinor. It is therefore natural to perform any field
theory localization calculation in this setting. One could
then take the extremal limit. However, in the bulk of this
solution there is a naked curvature singularity. In Sec. VIC
we discuss a simple way of regulating this feature by also
relaxing the requirement of supersymmetry, to obtain
completely regular accelerating black holes with a smooth
conformal boundary.

A. Supersymmetric and extremal solutions

In this section we focus on the solutions in (3.1) with
a = 0, which depend on four free parameters, m, e, g, and
a. Explicitly, we then have

ds? = Qi+ Z ar + " a? + Prsin0dg?
S—?—ﬁt—kér—i—ﬁ -+ Prsin“@de¢- |,
(6.1)
with
H=1-arcos0,
P =1-2amcos0 + a*(e* + ¢°) cos® 0,
Q= (r*=2mr+e*+ )1 —a?r?) +rt. (6.2)
The gauge field is given by
A=—Sdi— gcos0dg. (6.3)
r

By directly examining the integrability conditions for the
Killing spinor equations when a = 0, we find that super-
symmetry requires

0=m?—(&+ @)1+ (® + g*)a?),

0=m*—m*(e* + ¢*) — ¢*(e* + &*)*. (6.4)
In fact, we get the same system of equations from (5.2) after
setting ¢ = 0 and assuming that o # 0 as well as one of e, ¢
to be nonvanishing. These can be solved to give
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2

1—a? —2d*? + /(1 — a?)? — da*e?

m 9
200
,  1—a?—2a*?+ /(1 -a?)?—4a*e? 6.5
7 = v . 65)

where we have taken the positive square roots in order to
continuously connect with the extremal solution below.
Note that (6.5) implies that m = g/a.

The extremal limit is given by setting ¢ = 0. Everything
may then be expressed in terms of one parameter (for
example, a) via

V1-a?

; (6.6)

e =0, g= m=

a a

The black hole horizon radius is given by the largest double
root . > 0 of Q(r), where

-1+ V5—4a?

2aV'1 — a? (6.7

ry

We require the function P > 0 and so we should restrict the
range of a to be

V3

7<a<1, (68)

and we also observe that in this range r, is positive and r_
is negative. Recall that regularity of the uplifted solution
requires that the conditions in (4.27) are also imposed,
and this fixes the parameter « in terms of the integers n_,
n, so that there are no remaining free parameters. In
particular, we note that in terms of the integers n_ > n
specifying the orbifold singularities at the poles 8 = 0,
6 = m, we have

- VBn_+n,)(3n, +n_)
2(n_+ny) ’

(6.9)

Thus, the lower limit \/§/2 for a in (6.8) is the limit
n_ — oo, holding n, fixed, while the upper limit of 1
corresponds' to n_ — n, = 0.

Next, we look in more detail at the global structure of this
extremal solution. We take r > r, , where we recall that the
conformal boundary is at ar cos @ = 1. Notice immediately
that for @ > /2 this requires r negative. Globally, r is not a
good coordinate, and we instead put y = 1/r. The black
hole metric (6.1) now reads

Note that in this limit we have a = 1, g = m = 0 and hence,
in particular, the vanishing gauge field and the metric is locally
that of AdS,.

1 dy?

1
ds* = —Ydr* + v + Fdﬁz + Psin®0d¢? |,

(y —acosf)?
(6.10)

where for the extremal supersymmetric solution we have
introduced
Y=Y(y)=(1-a)(1-ry)?(l-rwy? (611)

For the original r coordinate we have r > r, > 0, which
implies

<1_
y_r+—y+,

(6.12)

and we may then continue y past zero to negative values
(effectively extending beyond r = o0). The y coordinate
decreases as one moves away from the horizon aty =y,
eventually hitting the conformal boundary at y = acosé,
with y —acos@ > 0 in the interior of the spacetime.
However, although 1 —r,y > 0 for y <y., for negative
y one can reach the double root of the metric function Y at
y = 1/r_, where we recall that r_ < 0 as given in (6.8).
One can show that this is an acceleration horizon. To
emphasize this, we write r_ = r,, and then the acceleration
horizon is located at

1

y=—=ya

. (6.13)

FA=T_.

One can ask when the acceleration horizon at y = y,
intersects the conformal boundary. This is determined by
the equation

1
Yy, =—=acosb,

” (6.14)
which can be solved to give
0 = 6, = arccos <ﬂ>
2V1-o?
— arccos = i n+n— Y in% +2n . (6.15)
- ny

On the other hand, for given a and fixed 8 > 6,, note
y4 > acos 6, which means that as one approaches from
the black hole one hits the acceleration horizon before the
conformal boundary. On the conformal boundary itself, the
lower half of the spindle with 6 € (6,, x| effectively lies
behind the acceleration horizon. Interestingly, the accel-
eration horizon is also extremal, and there is an asymptotic
AdS, region as one approaches y — y, from above.

An extensive analysis of the causal structure of the AdS
C-metrics is presented in [12], for general values of the
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FIG. 1.

Ty TA

(©) 8> 6

Penrose diagram for the nonrotating supersymmetric extremal black hole, for different slices of constant 6. The black hole

horizon is denoted by r,. The left panel is associated with a conformal boundary, consisting of the product of the time direction with half
a spindle with 8 < 6. In the right panel, one reaches the other half of the spindle with 6 > 6, at the conformal boundary after passing
through the extremal acceleration horizon, denoted by r4. For 8 = 6, in the middle panel, a null infinity appears.

parameters. The Penrose diagram for the extremal super-
symmetric black hole solution is shown in Fig. 1. In
particular, we note that the lower half of the spindle
boundary, with 6 > 6,, lies behind the acceleration
horizon r = r,.

Next, let us look more closely at the conformal boundary
itself. Starting from the general nonrotating black hole
metric (6.1), the conformal boundary is located at H = 0.
Choosing the conformal factor so that the timelike Killing
vector 0, has unit norm on the boundary, we find that the
general form of the conformal boundary metric is

ds%d = —di* + ds
do? Psin” 6
P(1 —a?sin>0P)> 1 —a*sin’ P

dg>.

(6.16)

= —di* +

That is, the conformal boundary is a static product
metric, where the induced metric on a constant time slice
is dsi.

We have seen that for the extremal supersymmetric black
hole the acceleration horizon intersects the conformal
boundary at 8 = 6, and in fact the boundary actually
splits in half along this slice. Indeed, although P = P(6) >0
for all @ € [0, 7], we find that for the extremal solution
1 — a?sin?> OP(0) > 0, with equality if and only if 8 = 6.
The metric on X in (6.16) is then singular for 6 = 6,
Introducing the new coordinate

aVvV1++V5—4a® 1

V2(5-4a%) -0y

p= (6.17)

we find that near to @ = 6 (which is p = ), the metric on
2 takes the form

2
104
prdgr.

ds? ~ dp? +

— (6.18)

Thus, each side of 6 = @, opens out into a noncompact
asymptotically local Euclidean end, with each of the poles,
60 =0 and 6 = #, being an infinite distance from 0 = 6.
The conformal boundary effectively has two halves, with
the lower half, 6 € (6, z], lying behind the acceleration
horizon.

We can now discuss the behavior of the Killing spinor on
the conformal boundary. The bulk Killing spinor equation
for minimal d = 4, N = 2 gauged supergravity induces the
following conformal Killing spinor equation (CKSE) on
the conformal boundary [50]:

1
vaz: = ghyi:, (619)

where we have introduced the covariant derivative
V,=0,+ ;05 —iA,. Here, a =0, 1, 2 is a tangent
space index, and we may take the gamma matrices to be
Yo = ic', y; = 6%, y» = ¢° in terms of Pauli matrices. To
solve this equation, we begin by introducing the obvious
orthonormal frame:

e¥ = dt el = do
' VP(1 — a’sin’0P)’
2 P :
e? = | —————sin0dé. (6.20)

1 — a’sin’0P
For the extremal solution with e = 0, the gauge field is

1= 2
A = —gcosOdp = —~——"cos0dg.  (6.21)
a
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It is convenient to define the gauge-equivalent gauge
field as

s, (6.22)

A=A+ —
0 Jr20(2

Then, remarkably, we find that this gauge field is equal to
plus or minus %wlz, where ®'? is the nonzero spin
connection component for X, with the sign depending on

which half of X the expressions are compared in:

16012 _ { —Ao
2 +A

We find that the solution to (6.19) is in fact covariantly
constant, so V,{ = 0, and, moreover, due to (6.23) in the
gauge (6.22), the solution for { is, in fact, constant:

(_11) 0 € 0,0,).

£ = (6.24)

() ocin

There is thus a topological twist on each half of the
conformal boundary, with the gauge field effectively
|

0 €10,6),

0 € (6y, 7). (623)

cancelling the spin connection and leading to a constant
spinor, but with a discontinuity in the spinor as one moves
across the slice 8 = 0, that intersects the acceleration
horizon of the bulk black hole. Of course, we may multiply
each spinor in (6.24) by any constant, and this will still be a
solution. The reason for normalizing the spinors in the way
that we have, in particular taking a purely imaginary spinor
in @ € [0, §,), will become apparent in the next subsection.

Finally, in this subsection we note that it is possible to
derive an explicit expression for the entropy of the non-
rotating extremal supersymmetric solution directly from
(3.12). In terms of n, we find

2(n% —n?)

9= (Bn_+ny)(n_+3n,)’
Aj— Bn_+n.)(n_+ 3n+)7r‘ (625)
4n_n,(n_+n,)
The horizon radii, » = r., are given by
2(n_+ny) (iﬁ\/n% +n% —(n_ —|—n+)>
ry= . (6.26)

(n_—n,)/(Bn_+n,)(n_+3n,)

Using (3.12), we then find that the entropy is given by

V2 /n2 0k —(n_+ny) =

Spu =
n_n,

4G 4)

 2722M\/p(la+p) [\/(Iq+ 2p)* + I’ — (Ia+ 2p)}

N3/2,

O

The first expression agrees with (5.19) after setting O, = 0,
where we recall that (5.19) was instead computed using the
near horizon metric for the general supersymmetric ex-
tremal solution. The second expression agrees with (5.21)
after correspondingly setting j = 0, and is the same as the
expression for the entropy of the AdS, x Yq solutions as
given in Eq. (D.21) of [48].

B. Supersymmetric and nonextremal solutions

The nonrotating, extremal, supersymmetric black hole has
some slightly exotic features, especially the behavior of the
conformal boundary and its Killing spinor. In this section,
we relax the extremality condition e = 0, instead imposing
the BPS relations (6.5) on the conformal boundary geometry
with e # 0. We shall find that the conformal boundary has
the same form as (6.16), but now with a completely regular
metric on the spindle X, apart from the usual orbifold
singularities at # = 0 and @ = x, so that ¥ = M/(C[P’[1

n_.ny|
has the same topology as the black hole horizon in the

(6.27)

|
extremal limit. The circumference of Z near to 8 = 6, grows
as ¢ — 0, as does the distance between the poles and 8 = 6,
with the spindle effectively completely splitting in half in the
extremal limit e = 0. There is correspondingly a smooth
solution ¢ to the d = 3 Killing spinor equation for e # 0 that
approaches the piecewise constant solution (6.24) in the
extremal limit. As we discuss, the nonrotating BPS and
nonextremal solutions no longer have a smooth black
horizon but a naked singularity.

We first note that with a = 0, the BPS conditions (6.5)
and the regularity conditions (3.8) imply that

- o VBn_+n)Bn +n)
T a o ez n n 2 n n 2’
o by T
B 2(n* —n%
g (Bn_+n,)(n_+3n,)’

~ (Bn_+ny)(n_+3n,) .
© dn_ny(n_+n,)

A¢

(6.28)
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These expressions can be obtained by solving the regularity
condition (3.8) for e and then substituting this into the first
line of (5.2) to derive the expression for g. Then, substitut-
ing this expression for g into (3.8), we get the expression
for a. We also note that if we set e = 0 then we recover the
same conditions for the BPS and extremal solutions that we
considered in the previous subsection.

To analyze the conformal boundary and the Killing
spinors both on the boundary and in the bulk, it is
convenient to change to PD-type coordinates via

cosf = p, ¢ = oo, r=—1/(aq),
(6.29)

= ar,

where p €[-1,1]. We also change parameters by
introducing
P Q
g:_z’ e:—z’ C:P2+Q2. (6.30)
a a
The BPS conditions (6.5) imply m = g/a, as usual, and
a = (P?/C —C)'/2. Using these relations, we can then
write the full nonrotating solution (6.1) in these coordinates:

1 dq¢*>  dp? )

ds? =— ( —Q(q)de* + +——+P(p)de* |,
’ (p+q)2< QT Gy () TP

A = Qgqdr - Ppdo, (6.31)

where the metric functions are

P(p) =C7'Pi(p)P2(p).  Qla) =C7'Qi(q)2(q).

(6.32)
and we have introduced
Pi(p) =-(1-p)(Cp+C-P),
Q:(q) =Cq*-C+Pq+iQ,
Pa(p) =—=(1+p)(Cp-C—=P),
9(q) =Cq* - C+ Pg—iQ. (6.33)
The regularity conditions on the metric imply that
- . 2 202
P:n— n++\/<n— n+) 16(n—+n+) Q , (634)

4(n_+n,)

with P < % while the period of ¢ can be expressed as

w2 2
Ac=2rx - .
n_n,(n_—n,++/(n_—n.)>=16(n_+n,)’Q?

(6.35)

Notice that we can parametrize this class of solutions in
terms of n, and Q, with the extremal limit obtained when
Q — 0. The reality of P in (6.34) requires that we impose

n_—ng

Q<s——. 6.36

) (630)

The conformal boundary metric (6.16), obtained at

p = —q, is then (after a rescaling by the constant a?)
given by

ds3, = —di® + ds

— 2 dpz P(p) 02
= P T TP

(6.37)

Notice that P(p) > 0 for p € [—1, 1] is implied by (6.36).
The circumference C of the spindle, at fixed p € [-1, 1], is
given by the function

P(p)

C=C(p)= 1_773(17)

Ao. (6.38)

We have plotted this in Fig. 2 for the spindle X = WCPE&I],

with progressively smaller values of Q, tending to the
extremal solution with Q = 0. The circumference at
p = po is infinite for Q = 0, where p, = cos 8, with 6,
given by (6.15):

_n_+ng —/2n% 4 2n%

Po =
n_—n,

(6.39)

In the Q = 0 limit the spindle has then effectively split
in half.

L \ "
-1 Po 1

FIG. 2. Circumference C of the metric on the spindle X =
\/WCI]:"E&1 jon the conformal boundary as a function of p € [-1, 1],

for the supersymmetric nonextremal black holes. The blue,
orange, and green curves have progressively smaller values of
Q, namely Q = 0.04, Q = 0.01, and Q = 0.0002, respectively,
tending to the extremal solution with Q = 0. The same values of
Q are plotted also in Figs. 4 and 5.
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FIG. 3. Embedding of two spindles on the conformal boundary
for the supersymmetric nonextremal black holes in three-
dimensional Euclidean space. The left plot is for X =
WCP[IM] and Q = 0.04 and the right plot is for X = WCP[I3_2]
and Q = 0.025.

At this point, one might picture the geometry as breaking
up into two “pancakes,” as Q — 0. However, this is not
correct and is clarified by calculating the proper distance
from p = £1 to p = p,, both of which diverge as Q — 0.
It is illuminating to present the geometry of the spindle as
an embedding in three-dimensional Euclidean space, as in
Fig. 3. As Q — 0, while the circumference at p, is
diverging so too is the height of the figures.

Introducing the orthonormal frame'® for the conformal
boundary metric (6.37),

V=dr, el =- dp , e2= Mdﬁ,

P(p)(1-P(p)) 1-P(p)
(6.40)

we may solve the conformal Killing spinor, Eq. (6.19),
using the same basis of gamma matrices as the previous
subsection [see below (6.19)]. We find that

¢ = e—i(KlT+K20'> (gl (p) ) , (641)
52(17)
where we have introduced the constants
PQ =2
= = 6.42
ey RTapra) O

16870 . L .
Notice the overall minus sign in e' is so as to match

the orientation in the corresponding frame (6.20), where
dp = —sin0d6.

Notice that in the extremal limit Q = 0 the phase in (6.41)
is e7io/2 = ¢714/2¢  which was compensated for in the
previous subsection by making the gauge transformation
(6.22). The components {;(p), {>(p) satisfy the equations

= PA7x)
P -Pe) "
¢, = rQ=k)P(p) = VPDIP(P) . (6 43)

4(pP —x2)\/P(p)(1 = P(p))

After some effort, one finds the solution

(i) = \/P1 (p) = Pa(p) ~21QV/P(p)

2P\/1—-"P(p)
_ [Pi(p) = Pa(p) +2iQ\/P(p)
&(p) = \/ P YT P0) : (6.44)

Notice that {} = ¢, and |{;| = |{,]. In fact, we have chosen
the overall normalization constant of the spinor so that the
components lie on the unit circle in the complex plane,
namely |£| = || = 1.

In Fig. 4 we have plotted the arguments arg(,(p),
arg &, (p) for the spindle ¥ = WCIP[BYI] with progressively
smaller values of Q, tending to the extremal solution with
Q = 0. In the latter case, notice that in the Q — 0 limit
we have

; ) {argéz(p)Z—argél(p)z%, p € (po. 1],
orQ=0:

arglr(p) =argl(p) =0, pe[-1.py).

(6.45)

This precisely corresponds to the extremal solution (6.24).

We can also display the way in which the two different
topological twists for the extremal case arise in the limit
that Q — 0. In Fig. 5 we have plotted the spin connection
and gauge field for the conformal boundary geometries
corresponding to Fig. 4. More precisely, the nontrivial spin
connection component is @', and we define its holonomy
around a circle in the spindle X at constant p, parametrized

by o, via
1
——/ '
2w st

The solid curves in Fig. 5 are then § w(p), while the dashed
lines are &+ the corresponding holonomy of the gauge field
A + k-rdo [cf. Eq. (6.23)].

Although the conformal boundary of this nonextremal
supersymmetric solution is perfectly regular, in the bulk the
black hole horizon has disappeared and there is a naked
curvature singularity. To see this, we return to the black

o(p) (6.46)
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N5

-7k

(a) arg (1(p)

15

Po 1
(b) arg 2(p)

FIG. 4. Arguments of {;(p), {»(p), appearing in the conformal Killing spinors on the conformal boundary for the supersymmetric

nonextremal black holes, as a function of p € [—1, 1] and plotted for the spindle £ = WCP

1

B The blue, orange, and green curves

have progressively smaller values of Q, as given in Fig. 2, tending to the extremal solution with Q = 0. For Q # 0 we have a smooth
conformal Killing spinor on the spindle that approaches two different constant values on each half of the spindle in the extremal

limit Q — 0.

FIG. 5. Spin connection and gauge field holonomies around a
circle in the spindle X for the supersymmetric nonextremal black
holes as a function of p € [-1, 1] and plotted for the spindle

= WCP[‘M. The dashed lines are 4 the holonomy of the gauge

field, while the solid blue, orange, and green lines are the
corresponding holonomy of the spin connection for progressively
smaller values of Q, as given in Fig. 2, tending to the extremal
solution with Q = 0. For Q # 0 we do not have a topological
twist, but in the extremal limit Q — 0 we get a different
topological twist on each half of the spindle.

FIG. 6. Penrose diagram for the nonextremal supersymmetric
black holes, with e # 0. The black hole horizon has disappeared,
leaving a naked singularity. There is now a smooth conformal
boundary which consists of the product of the time direction with
a spindle.

hole metric given in (6.1) in PD-type coordinates and
observe that the function Q(¢) has no real roots for Q # 0.
There is then a naked curvature singularity at ¢ = oo, with a
Penrose diagram given by Fig. 6.

C. A one-parameter family of nonsupersymmetric
and nonextremal solutions

In the previous two subsections we have discussed
special cases that lie inside the more general class of
nonrotating PD black holes. While interesting because they
preserve supersymmetry, as discussed they both have some
pathologies: either an acceleration horizon that cuts the
conformal boundary, or a naked singularity. These pathol-
ogies arise because of the specific restrictions we have
imposed on the parameters in those cases. According to the
number and value of the roots of the functions Q and P,
there are many other possibilities. A detailed analysis of the
causal structure in various cases can be found in [12]. In
this subsection we will consider another special case that,
while allowing some degree of analytic control over the
roots of the metric functions, gives a black hole with a
completely regular conformal boundary and two ordinary
horizons. This configuration is also smoothly connected
with the extremal and BPS black hole, thus providing a
kind of “regulator” of the latter solution, while staying
within'” the nonrotating family of solutions.

We start again with the general metric (3.1) with a = 0,
and we further restrict the parameters to satisfy

. e=0. (6.47)

"We can also regulate the solutions in Secs. VI A and VI B by
turning on the rotation parameter a as considered in Secs. IV
and V. In particular, the supersymmetric and extremal rotating
black holes have no acceleration horizons.
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Q Q

rorn ra

(@ g < gBpPs

(b) 9 =9gBPs

r. U/

(©) 9 > gBPs

FIG.7. The function Q(r) for three different cases in the class of nonsupersymmetric and nonextremal black holes with m = g/a and
a = e = (0. We focus on the cases g < ggps and g = ggps. When g < gppg the two positive roots, r;, r,, correspond to an inner and outer
black hole horizon. When g = ggps, these two horizons coalesce to give an extremal horizon, r,, and, in addition, an acceleration
horizon, r,, also appears. For g > gpps there are no positive roots of Q, and hence no black hole horizon, but instead two negative roots

which correspond to two acceleration horizons.

Hence, in particular, we have J = Q, = 0. The first of the
conditions in (6.47) is satisfied when both BPS conditions
(6.4) are met, so it amounts to imposing only one of the
two conditions. In addition, we recall that we imposed this
condition in constructing regular uplifted solutions, as we
discussed in Sec. IV. The second is the extremality
condition in the BPS case. It follows that the black hole
that we obtain with these restrictions is neither BPS nor
extremal, but that it is continuously connected with the case
discussed in Sec. VI A by taking the limit

/ 2
9 = gsps = ]—2(1- (6.48)
a
Since we are taking a = ¢ = 0 in (3.3), we note that the
gauge field is simply
A = —gcosfd. (6.49)
We continue to take /3 /2 <a < 1asin Sec. VIA, or
equivalently 0 < P < 1/2 as in Sec. VI B. For fixed a, the
roots of Q(r) depend on ¢ in a very simple way, as
illustrated in Fig. 7. In particular, we find:
(i) When g > ggps, Q(r) has two real roots for negative
r which correspond to acceleration horizons, and no
black hole horizon. As in Sec. VI A, the former
intersect the conformal boundary, which causes
pathologies; this can be seen from the fact that in
this case the combination 1 — o sin> 9P () appear-
ing in the boundary metric (6.16) has two real roots,
and is negative between the two.
(ii) When g < ggps, Q(r) has two real roots for positive
r, which give two black hole horizons (an inner and
an outer horizon) with no acceleration horizons. For
this case, 1—a?sin?@P(f) has no roots for
0 <0 <z, which means the conformal boundary
is a smooth spindle, as in Sec. VI B.
(iii) Finally, when g = ggps then Q(r) has two pairs of
coincident real roots, which is the case discussed in
Sec. VIA.

Since the main point of this section is showing that we
can have an ordinary black hole with no acceleration
horizons, we shall focus on the case

9 < gBps- (6.50)

Furthermore, note that while so far we have focused on the
roots of Q(r), the restrictions we have put on a and g are
also such as to guarantee P(0) > 0 for 0 < 0 < z. Hence,
this case indeed corresponds to a completely regular black
hole, whose Penrose diagram is given in Fig. 8§, where we
have denoted by r;, the two positive roots of Q(r), with
r1 < r,. In the supersymmetric and extremal limit g = ggpg
we have ry =1, =r,.

We can then require that the topology in the 6, ¢

directions is that of a spindle X = WCP[In_ 0] by
(==} [=}
[ [
7 7
(=} o
[ [
T1 T
FIG. 8. Penrose diagram for the nonsupersymmetric and non-

extremal black holes with m = g/aand a = ¢ = 0 and g < ggps.-
In addition to the black hole event horizon, denoted by r,, there
is also an inner horizon, denoted by r|. There is a smooth
conformal boundary which consists of the product of the time
direction with a spindle.
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appropriately quantizing the conical deficits at 8 = 0, z.

This gives
4 2g+ 1
o= -+l (6.51)
g(n_—n,) 9
while the periodicity of ¢ is given by
T n_—n
Ap=———T. 6.52
A T (6.52)

As discussed above, in this case the black hole is com-
pletely smooth, the spindle topology at fixed ¢, and r
persists to the conformal boundary, where the metric is
again given by (6.16) and has the topology R x WCP!

[n_n]
This is regular for any 0 < g < ggps, but degenerates as

described in Sec. VI A when g approaches the BPS value.
The behavior of the circumference of the spindle at the
boundary and of the spin connection of the boundary metric
are very similar to those given in Figs. 2 and 5, respectively.
Namely, when g — ggps, the spindle splits in half at

1-+5 —4a2>
Wi-a )’

while the spin connection approaches 4 the gauge field,
up to the pure gauge term discussed in Sec. VI A.

0=06,= arccos< (6.53)

VII. DISCUSSION

In this paper we have studied a very general class of
four-dimensional dyonically charged, rotating, and accel-
erating black holes in four-dimensional anti-de Sitter
space. The acceleration leads to conical deficit singularities
at the horizon which can be taken to stretch out to the
conformal boundary. When these conical deficits are
appropriately “quantized,” so that the deficit angles are
272(1 = 1/ns) with positive coprime integers n., the
resulting space is known in the mathematics literature as
a spindle, or equivalently, a weighted projective space
= WCP! Remarkably, when uplifted to D = 11 on

[n_n ]
aregular Sasaki-Finstein seven-manifold SE-, the solutions

become completely regular, free from any conical deficit
singularities whatsoever. We have also quantized the flux of
these D = 11 solutions, thus showing that they give good
M-theory backgrounds.

We have shown that there is a subfamily of both
supersymmetric and extremal black hole solutions, which
interpolate between AdS, in the UV and AdS, x X in the
near horizon IR limit. These are characterized by the
integers n., which determine the spindle horizon geometry

2= WC[P’[In 0] and a continuous parameter, which para-
-y

metrizes both the electric charge, Q,, and the angular
momentum, J. The entropy of these black holes, which also

carry magnetic charge [given in (4.31)], can be expressed
simply in terms of n, and Q,. We have shown that
the entropy can be expressed in a number of equivalent
ways, generalizing previous expressions applicable for
nonaccelerating supersymmetric AdS, black holes. In
particular, (5.25) reduces to the entropy of the extremal
Kerr-Newman-AdS black hole upon setting Q,, = 0 and
x =2 [equivalently setting n_ =n, =1 in (1.1)]. The
formula (5.22), which applies also to the Kerr-Newman-
AdS black hole, highlights the dependence of the entropy
on the angular momentum computed at the horizon.
When uplifted, the near horizon limit gives a new class
of rotating AdS, x Y solutions, where we have shown that
Y9 may be viewed as either a regular SE; fibration over
> = WCP} or equivalently as a Lens space S°/ Z,

[n_ni]
fibered over the KE¢ base of the SE,. Remarkably, setting
0, = 0, which also sets J = 0, these reduce to a known
class of supersymmetric AdS, x Yy solutions first con-
structed in [20]. We have thus provided a new physical
interpretation of those solutions: they are the near horizon
limits of the accelerating (but nonrotating) black holes
described in Sec. VI, and we have generalized those
solutions by adding angular momentum, preserving super-
symmetry and extremality. It would be interesting to
understand in more generality what kind of singularities
in lower-dimensional supergravity theories can be uplifted
to obtain regular solutions in higher dimensions. For
example, it would be interesting to explore this for the
D =4 black holes of [51,52] which have noncompact
horizons, but with finite entropy.

In this paper we have restricted our attention to solutions
of minimal D = 4 gauged supergravity. However, it is very
likely that our constructions can be generalized to more
general gauged supergravity theories with various matter
content. More specifically, we expect to be able to construct
supersymmetric spinning spindles which would generalize
the constructions of [53]; for example, where it was
assumed that the horizon has spherical topology. We note
the similarity of our formula for the black hole entropy
(5.25) with Eq. (54) of [53].

We now return to the holographic interpretation of the
supersymmetric extremal black holes. The D = 11 black
hole solutions interpolate between AdS, x SE; in the UV
and AdS, x Yy in the IR, where Yy is a SE; fibration over
the spindle T = WCP[ln - The AdS, x SE; vacuum

solution describes Ngg M2-branes at the Calabi-Yau four-
fold singularity with the conical metric dr® + r’ds*(SE;),
and these typically have dual field theory descriptions as
Chern-Simons quiver gauge theories, with the integer Ngg
determining the ranks of the gauge groups. Physically,
we are then wrapping the world-volume of the M2-branes
over X. We have studied this conformal boundary geometry
in some detail in Sec. VI for the nonrotating solutions with
0, = J = 0. An important subtlety in this case is that in the
UV the conformal boundary is such that the spindle is split
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into two components. Moreover, in this limit supersym-
metry is preserved via a different topological twist on each
component. However, we have also shown that this split
can be regulated in a family of nonrotating supersym-
metric but nonextremal black holes (or by further relaxing
the supersymmetry condition). Moreover, we do not
expect the generic supersymmetric extremal rotating black
holes, with Q, # 0, to have this pathology. Indeed, in
Sec. V we have shown that the formula for the entropy
of these black holes (5.7) is identical to that for the
supersymmetric extremal Kerr-Newman family, obtained
formally by setting n_ = n, = 1. On the other hand, the
Q, = 0 solutions studied in Sec. VI are a somewhat
degenerate limit.

With the above holographic interpretation, it should be
possible to reproduce the black hole entropy formulae (1.1)
by studying the dual M2-brane field theories. Indeed, there
has been considerable progress on this topic for various
classes of supersymmetric AdS, black holes. In particular,
the first class of black holes for which a dual field theory
interpretation has been found have just magnetic flux
through a Riemann surface horizon X. The field theory
calculation utilizes /-extremization, where the index can be
identified with the localized partition function of the dual
field theory on S' x X [23-30]. More recently, following
the approach put forward in [54], progress has also been
made in understanding the class of electrically charged and
rotating AdS, black holes from the dual field theory point
of view [39-42]. For the accelerating black hole solutions
that we discussed in this paper, it should be straightforward
to now compute the suitably regularized on-shell action of
the corresponding Euclidean solutions and reproduce the
entropy by extremizing the corresponding entropy func-
tion. From the field theory side, we should then focus on
the Euclidean version of the conformal boundary geometry
of the charged, rotating, and accelerating black holes, and
compute a certain twisted topological index associated with
the d =3, N' =2 SCFTs on the M2-branes, wrapped on
the spinning spindle X. While some care may be required in
taking the BPS and extremal limit, it seems possible that we
can get agreement between these computations using
localization techniques in the large N limit.

The wrapped M2-brane theories flow to a d = 1 super-
conformal quantum mechanics in the IR that is dual to the
AdS, x Yy solutions that arise as the near horizon limit
of the black holes. Equation (5.49) says that the d =3
superconformal R-symmetry mixes with the U(1) isometry
of the internal space X in flowing to the d =1 super-
conformal R-symmetry in the IR. It should similarly be
possible to reproduce this formula via a dual field theory/
SCQM calculation by computing and then extremizing a
suitable index. Indeed, in a companion paper [55] we study
an analogous class of supersymmetric D =5 AdS; x X
solutions, with X = \/WC[FD[I,L ] again a spindle, that uplift

Ny

on a regular Sasaki-Einstein five-manifold to smooth
solutions of type IIB supergravity. These are the holo-
graphic duals to D3-branes wrapping the spindle, and in
this case we are able to reproduce both the central charge
and the mixing of d =4 and d =2 superconformal
R-symmetries in the supergravity solution, where in the
field theory dual we make use of anomaly polynomials and
c-extremization [56].

ACKNOWLEDGMENTS

This work was supported in part by STFC Grants
No. ST/P000762/1, No. ST/T000791/1, and No. ST/
T000864/1. J.P.G. is supported as a Korea Institute for
Advanced Study (KIAS) Scholar and as a Visiting Fellow
at the Perimeter Institute for Theoretical Physics.

APPENDIX A: CIRCLE FIBRATIONS
OVER SPINDLES

In Sec. IVA, we showed that the D = 4 PD black hole
metrics uplift to regular D = 11 solutions that on a fixed ¢,
r slice are topologically Lens space S°/Z, bundles over the
KEg. On the other hand, we explained that this same space
may also be viewed as an SE; fibration over a spindle/
weighted projective space WCP['LM. Fixing a point on
the KE4 implies that the Lens space fiber $°/Z,, is a circle
bundle over the weighted projective space, where we recall
a= (k/I)(n_ — n.). In this appendix we spell this out in a
little more detail, discussing circle bundles over spindles
more generally.

We begin with $°, embedded inside C? as the unit sphere
§? = {|z;]* + |z,|* = 1} ¢ C?, with z;, z, standard com-
plex coordinates. We may then consider the weighted
circle action

(z1,22) = (™21, 4" 22), (A1)
where 4 = €'’ € U(1), n.. € N, and note that for the action
to be effective we need hef(n,,n_) = 1. The quotient
S3/U (1) = WC[P’[IH ] is by definition a weighted projec-
tive space. This is a complex orbifold which is topologi-
cally a two-sphere with conical angles 27/n.. at the poles.
This is also known as a spindle. In terms of the action (A1),
the poles arise from z, = 0 and z; = 0, respectively, where
in the first case all powers of the primitive n, —th root of
unity, 4 = e2m/ni act trivially, while in the second case this
is true for A = e?7/"-,

It is a straightforward exercise to compute the Chern
number of this fibration. That is, introduce a (27)-period
coordinate, v, along the weighted U(1) action and corre-
sponding connection one-form, A. This can be done
starting from the round metric on S°, with the
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corresponding term, (dv + .A)?, for the metric on the circle
fiber. The result'® is

\/\/'\/CPI

[n—ny]

dA 1

~_ )
27 nyn_

(A2)

where we notice the overall sign is a matter of convention.
By construction, the total space of this circle fibration over
1 o Q3
WCIP[LM s §°. . ' .
We may now consider a more general fibration with

A\/CPI

[n—.ny

dA  r

] 27 nyn_

(A3)

and r € Z, and we will take r > 0 in what follows. We
shall denote the corresponding complex line bundle, on
which A is a connection, by O(r). In terms of the original

construction of WC[P’[I,L R quotient, notice that v has

period 2z/r. The total space of this circle fibration is then
§3/Z.., where the Z, action is generated by

(z1.22) = (@7 21, 07 25), (A4)

where @, = e>/* is a primitive rth root of unity. In
general, the action (A4) is not free. Specifically, the circle
S'={z, =0} is fixed by Zycf(rn,)» While the circle
S' = {z; = 0} is fixed by Zycf(xn_)- Thus, the total space
is a smooth manifold (rather than an orbifold) if and only
if r has no common factor with either n, or n_.

The main case of interest in the main text is when

(n_—n,). (A5)

r=q=
Recall here that I/k is an integer that divides n_ —n,.
The gauged supergravity connection 2A is a connection
on O(q), as one sees, for example, in Eq. (5.16).
Since hef(n,,n_) =1, it immediately follows that
hef(g, ne) = 1, and the total space of the circle fibration
is smooth. In fact the construction in Sec. IVA indirectly
implies that this is diffeomorphic to the Lens space
$3/Z, = L(g,1). We may see this directly as follows.
Since hef(g, n.) = 1, we can find integers a, b € Z such
that an, +bg = 1. It follows that a’*=—b+1, and
hence

"Write the metric on $° as ds* = d6® + cos? 9dp? +
sin? 9d¢p3 with 9 € [0, 7/2] and A¢; = 2x. The weighted U(1)
action is V = n. 0y + n_d,,. Introduce new coordinates ¢, =
nyvand ¢ = n_v+ (n.) 'y with Av = Ay = 2z. In the new
coordinates V = 0,, and the metric can be written as a U(1)
fibration over WCP! as follows: ds* = A(dv+ Adu)? +d9>+

[n_.ny]
2 Qcin2 in2 .
W(lyz, where AZ,:’—’% and A:nicoszﬁ—i-nz_ sin 9.
+

(wgr)a _ eZnian+/q = w,. (A6)
Thus the Z action (A4) is equivalent to
(z1,22) = (a’qZ1aW?1’LZz)a (A7)

which is the definition of the Lens space L(q, an_). On the
other hand, we have an_=a(n, +{q)=1+aq(ta—b)=1
mod q. Thus L(g,an_) = L(q.1) = $/Z,, as we wanted
to show.

APPENDIX B: NONACCELERATING CASE: a=0

The principal focus of this paper is to study accelerating
black holes with a# 0. However, for completeness
we discuss here the case when a = 0, also known as the
Kerr-Newman-AdS spacetime [36].

We set @« = 0 in (3.1) and then rescale

¢ =9, (B1)
where E = 1 — a2, to ensure that the metric is well defined
at =0 and 0 = 7, with ¢ € [0,27). The metric now
reads'’

0 asin’0 2z )
2 _¥ _ &0 =
ds= = Zdt = do +er+Pd6’

P 2 2 2

+§sin26’(adt— T Z“ d(p) , (B2)

with

> = 12 + a?cos?0,

P =1 — a?cos?0,

Q= +a>)(1+7r)-2mr+e*+g¢* (B3)

and a gauge field given by

Y, =

—

0 2 2
—|—gﬂ (adt—r ta d(p).
(B4)

When a =0, the conditions for the preservation of
supersymmetry need to be carried out again. We find that
the integrability conditions now give the BPS constraints

0 = myg, (B5)

PWe can compare with the metric as given in [41],
which has ¢g=0. We should make the identification
mPere(1 + 2sinh? §) = m, m""®sinh 25 = ¢, and 7 = r, as well
as Aere = 24,
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0 = e* —2a%e* + a*e* + 262 g — 4a*e*¢* + 2a*e* g’
—de*g?> + g* = 2a*g* + atg* — 8e*gt — 4¢° — 2e*m?

—2a”e*m? = 2¢°m?* — 2a*g*m® + m*. (B6)

With m > 0 we therefore® take ¢ = 0. The second equa-
tion can then be solved and with a, ¢ > 0 we conclude that
for BPS black holes we should take
g=0, m=(1+a)e. (B7)
By studying the roots of Q we can determine that we
have an extremal BPS black hole provided that

e =+a(l +a), (B8)

and hence
m= \/E(l + a)z, (B9)

with the horizon at r, = y/a. From (3.14) we can then
write the total electric charge as

G0, = , (B10)

l1—a

and from (E6) the total angular momentum is

G0,
G<4>J:(1ai/f)z: D (V1446w - 1),

(B11)

Note that when a =0, this expression for the angular
momentum, in the gauge we are using, can also be obtained
from a Komar integral (E1), as is often used in the literature.
Finally, from (3.12) the entropy of these black holes is
given by

/3 a T
= — = ] 4 o 2 - 1
Sn Guwl—-a 26y < +4(Gw)Q.) >
— Li (B12)
G Q.

in agreement with the literature.

APPENDIX C: NEAR HORIZON LIMIT

In this appendix we shall consider the near horizon limit
of the PD solution [(3.1)—(3.3)] in the BPS and extremal
case. To this end, we first write the function Q(r) as

O As in [15], setting m = O is a solution to the BPS equations,
but it gives no real positive roots to Q and hence no event horizon.

O(r) = (r=ry)*(xo + X7+ x21%), (C1)

where the constants, x;, are defined by

xo=—a*(a® + &>+ ¢) +a*+4agr, —3(a> = 1)r2 +1,
x =2ag=2(a*—1)r,,

X, =1—-a?. (C2)

The horizon radius, 7, is subject to the following condition:

—da(a® + e*) + 4a*(a® + €* + ¢*) — Sag?
+g((a®> =5)a* + a*(=(a®> + e* + ¢*)) + 6)r,.
+ a(=2a*(a* = 1) = 2a*(e* + ¢%)

+a*(2e’? +5¢* +2)=-2)r2 =0, C3
+

with the parameters obeying the BPS constraints.”’

A convenient way to find the near horizon solution is to
implement the following coordinate transformation,

A
(p — (ﬁl +/1_1SW2—¢

T,
T

(C4)

r—r,+asp, t— A lst,

where s is a constant, and then take the A — O limit. Here,
W is given by

a 2w
W=—s—-—>—r C5
r2 +a* Ag (©5)
with 0, + W%‘fﬁ(/, = 0, + W, being a null generator of
the horizon. It is convenient to choose

r +a?
s = )
Xo + X7y —&—xzri

and we then find that the near horizon metric reads, after
dropping the primes from the new coordinates,

(Co)

dr? d6?
ds? = M0)| =r2d? + — —
o ”(’ +rZ)U’(e)

(r2 + a*)?sin’> 0P(0)
(1 —ar, cosf)*

(dg + vrdr)?,  (C7)

where

2n the nonaccelerating case, with a = g = 0, this condition
degenerates and one instead has r. = /a.
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a’cos’0 + rk
(1 —ar,cos0)?(xg +x;ry + x,7%)°
g (1 —ar, cos0)?
Pg) = =57 pig),
() a*cos’0 + r% ()

2ar,
V= .
(@® +r3)(xo + X174 + x277)

2(0) =

(C8)

For the gauge field, we find that there is a piece that is
singular in the 4 — O limit, but it can be removed by a
gauge transformation. We thus implement the gauge
transformation

2

2
srpe _e(a®—r

)
_A(a2 +7%) dp.

A—-A

c9
2ar, (©9)

where the second term is included for convenience. Taking
the 4 — 0 limit we then obtain the near horizon gauge field,

(a* + %) (a*ecos®d + 2agr. cos O — er?)
2ar, (a*cos’0 + r%)

x (d¢p + vrdr).

A=—
(C10)

We can now show that the near horizon metric (C7) and
gauge field (C10) are equivalent to the solution (5.10). The
easiest way to see this is to start from (C7) and perform the
following coordinate transformations:

0
T —t, por, y_)m7 z—>—x¢p, (CI1)
1—ar, cosf
where
2ar3,
Cl - b
V (xo + x4 +x02) (@ + aPrh)
24>
2= 23\ 2 24N’
V(o +xir +xrk) (@ +atrh)
Xo + X1 —|—x2r2
K‘_\/ - ++a2ri (2 + d?). (C12)

The parameters are then identified as follows:

2ar,
Vxo + xiry + 070 (@ + 2’
—a’g+ 2aear’ + ga*r

a=4 . C13
(xg + X174 + X072 ) (a* + a*rt) (C13)

Let us now turn to the nonrotating case, a = 0. As
discussed in Sec. VI A, in the BPS and extremal limit
we can express all parameters and horizon radii in terms
of a via

V1=a? V1=a?
eIO, 9272, m:73,
a a
V5—4a® -1
po=2" 70 (C14)
2aV1 — a?

With Q(r) = (r —r)*(xo + x; 7 + x,71), we can now
obtain simple expressions for xg, x;, X,:

2?3 hP 43 VI=@(V3=d+1)
- 5 -xl - )
20 a

x=1-a (C15)

X0

We then take the near horizon limit with the coordinate
transformation (C4), where we note that now, since a = 0,
we have W = 0 as expected, since we have switched off
rotation. Taking the limit 4 — 0, and again dropping the
primes from the new coordinates, we get the near horizon
metric,

ds? = £: ! —r2df? +d_r
(1 —ar, cos8)? |xo+x 7 +x37% r
de? 2 42
+%+P(9)sm 0de= |, (C16)
and gauge field,
A = —gcosfdep, (C17)

where we recall that all parameters are constrained by the
BPS and extremality conditions (C14). It can be shown that
this solution is equivalent to the nonrotating case (j = 0)
of the metric (5.10). To see this, starting from (5.10) with
j =0, one needs to change coordinates and identify the
parameters as follows:

T —t, p =T,
2(v5—4d® — 1)
_) 9
V5 —4a2((1 — V5 —4a) cos 6 + 21 —a2>
5~ 4 W=
P A (C18)
a 5 —-4a

Recall that \/§/2 < a <1, which corresponds to the
range: 0 < a < 1.

APPENDIX D: THE AdS, x Yy
SOLUTIONS OF [20]

We briefly outline how the D = 11 AdS, x Y? solutions
found in [20] and further discussed in Appendix D of [48]
can also be viewed as solutions of D = 4 minimal gauged
supergravity. The analysis of regularity and flux quantiza-
tion which was carried out in [48] is different to what
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we have done in this paper, and we explain how they
are related.
Consider the metric ds*(Yy) given in (3.36) of [20]:

‘](y) 2 4
Sw(y) bw q(y)

16
ds*(Ye) = w(y)Dz> + . dy* + ?dslzmﬁ,
(D1)

where Dz =dz—g(y)Dy, Dy = dy + 4B, with dB = 2J,
and

q(y) = y* —4y* +4ay — &%,

0) =5
gV Yy —-3y+42a’
3
y> —3y+2a
W(y):7y3 : (D2)

If we complete the square using the y coordinate, we
immediately find

1 2 4
ds*(Yy) = — {Dw + <1 - i) dz} 1+ 2 ay?
y y q
q 16
+ = dz? + 7 dsig, - (D3)

Assembling the D = 11 metric, as described in [20], we
obtain

2 _
dsi, =

[SSI\S)

4 2
[desz(Adsz) + 2 ay + L a2
q y

a 2
+ [Dy/+ <1 —;)dz] + 16ds12<E6],

321 (y* y? q
=22 21 4s2(AdS,) + 2 dy? + 1472
3 [4{4 s 2)+q Yot
1 1 a 2
+H1dl"+3+1<1_§)d4 +ds§E6H.

(D4)

Comparing this with (2.2), we see this is precisely of the
form to give a solution of minimal D = 4 gauged super-
gravity with

2 2
ds2 =2 ds*(AdS,) + y;dyz + &dz%

1
A:—(1—§>dz,
y

after choosing L = (32/3)'/2. Finally, as a check, the four-
form flux in [20] can be written as

N

(Ds)

o

32\3/2[3 1
G = (—) |:—V014 - 5 *y F AT, (D6)

3 8

in agreement with (2.2).

We now return to the metric as written in (D1) and recall
the analysis demonstrating regularity, as discussed in [20].
The analysis of [20] begins by showing that after taking
Ay =2z, we see y, y parametrize a smooth two-sphere.
Then one shows that this two-sphere can be fibered over the
KEg space to give an eight-dimensional manifold. Next, by
choosing the period of z to be 27/, for suitably defined /, we
obtain a good circle fibration over the eight-dimensional
manifold. To implement the latter, one shows that the
periods over a basis of two-cycles on the eight-dimensional
space are suitably quantized. A basis can be taken to be the
S? fiber at a fixed point on the KE4 together with a basis of
two-cycles on KEj sitting at the one of two poles on the S?,
say y = y,. The conditions are satisfied if and only if

9(y3) —9(y2) =la,  g(y2) =Ip/I, (D7)
with integers p, q. If p, g have no common factor, then the
nine-dimensional space Yy is simply connected. As shown
in [20], these conditions imply

o~ 1aPp+1q)

2p% + 2Ipg + I’q*’
_ IP(2p + 2Ipq + I’
-~ 2p*(p+1q)?

12

(D8)

This construction can also be viewed as a fibration of a
Lens space S3/ Z, over the KEg. To see this more explicitly,
we can use canonical coordinates on S°/ Z, with the Z
identification acting on a Hopf fiber coordinate. We
consider’ w =y and z = a + Ay and we fix the constant
4 momentarily. Observe that this implies 9, = 0, — 10;
and 0, = 0;. In the new coordinates the metric reads

q 2
Dy
yow(y)

dsy, = w(y)(da — gDy — 4AB)* +

+ 4 dy* + @ dsg, (DY)
q y
with Dy =dy+4B and §(y) = g(y) — A. If we take Ay = 2z,
then y, y again parametrize an S?, which is fibered over the
KEg manifold. We now consider the @ circle fibered over
this eight-dimensional base. To see the Lens space struc-
ture, we fix a point on the KE4 base and fix the constant 4
by demanding §(y3) + g(y,) = 0, which ensures that & is a
Hopf fiber coordinate on the resulting S°/ Zs. More
specifically, we choose A = é (g + 2p/I) and then we have

*To compare with [20] we should identify & = a™er,
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3s) = ~3l2) = 2.

(D10)
Taking Ay = 2z and Aa = 2zl then implies that we have
an §°/Z,, fiber. That the S*/Z,, is suitably fibered over the
KEg base is easily demonstrated: taking a basis of two-
cycles, Z,(y,), to be again located at y = y,, for example,
we calculate

1

1
— d|da — gDy — 4AB] = —— (§(y,) + 1 /
27l Js. ) [da — gDy ] 2ﬂl(9()’2) ) Ea(yz)p

= —DS4 (D11)
for integers s,.

We can also introduce coordinates on §°/Z, via a,. =
Y F é&. In these coordinates we can write the vectors in
the original y, z coordinates as 0, = —i(@ , —0_) and
9y = 0y + (9, — 9_), with the latter directly analogous
to (4.18). This underscores that while in the regularity
construction, using the z, y coordinates Ay = 2z was
required to ensure that y, y formed an S2. It is not the case,
in general, that y is a periodic coordinate on the three-
dimensional Lens space, i.e., under the motion of 8,,, by 27
one does not return to the same point.”

A final point is that the R-symmetry Killing vector can
be obtained from [20], and we find that it is given by

R =20, +20,. (D12)

This agrees with our general formula (5.49) in the
3 =0 limit.

APPENDIX E: ANGULAR MOMENTUM

In this appendix we discuss the angular momentum of
the PD black holes [(3.1)—(3.3)]. We will also calculate the
angular momentum of the near horizon AdS, solutions that
we constructed in Appendix C, and explain how these two
quantities differ in general. Finally, we shall derive the
formula (1.2).

A common way of defining the angular momentum is via
a Komar integral associated to the spacelike Killing vector
k = 0, where ¢ is the angular coordinate on the spindle
with period 27 [see (3.10)]. For the associated one-form, &,
one takes

1
J = dk, El
= Temgs . * (E1)

“This simple, but potentially confusing, point can be made
even more explicit. If we forget about the KE¢, we note that for
any value of A we still obtain a Lens space parametrized by @, y
with Ay = 27 and Aa = 2zl. However, since 0, = 0, — A0, it is
clear that the orbits of d,, will not close in general.

where the integral is over the surface X,, parametrized by
0, ¢ at fixed r and 7. While this integral is gauge invariant,
it clearly depends on the radial coordinate r since, in
general, d x dk # 0.

Instead we will adopt a different definition which does
not depend on the radial position where the integral is
done, and hence it can equally be evaluated at the black
hole horizon. While this an attractive feature, and is the
definition that is expected to appear in the First Law [22],
the price we pay is that the integral changes under gauge
transformations. We first define the two-form

Z =dk+4(A-k)F (E2)

for an arbitrary Killing vector, k, which satisfies, on-shell,
V”Z”” = kL, (E3)

where L is the Lagrangian. For k = ,,, we can then define
the angular momentum via the horizon integral

1
A) = Z. E4
( ) 16JZG(4) /Zr+ - ( )
With the gauge field as in (3.3), we obtain
J=J(A) = : Ad)? (ES)
- N G(4) ma 2 '

For the simpler case of the Kerr-Newman-AdS black holes
with ¢ = 0 as in (B2), we then have

ma

Sl =n o (E6)
in agreement with the results given in [22,41], for
example. Note also that for the case of a =0, the
expressions (E5) and (E6) can also be obtained from
the Komar integral (E1); we have not checked whether
this also happens to be true when a # 0 (and one should
be aware that the conformal boundary is not obtained
simply by taking r — o).

We would also like to calculate the angular momentum
using the near horizon AdS, solution (5.10). However, (E4)
is not gauge invariant and since in the derivation of (5.10)
we performed some gauge transformations [see in particu-
lar Eq. (C9)], some care is required. We first note that if we
consider gauge transformations of the form

A=A+ adt + adp. (E7)
for constant ¢;, then
- A
J(A) = 1) + 10, 52 (E3)
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Notice, in particular, that this does not depend on ;.
Demanding that the gauge field of the full black hole
solution is regular on the horizon effectively fixes a;, as we
explain in Appendix E 1. However, the freedom in choos-
ing a, is associated with how one defines the electric
potential, as we discuss in Appendix E 2. In Appendix E 3
we then calculate the angular momentum for the near
horizon AdS, solution (5.10) and explain how it is related
to that of the black hole (ES). Finally, in Appendix E 4 we
briefly make some comments concerning the dual con-
formal field theory (CFT).

1. Regularity of the gauge field on the horizon

We now investigate the gauge transformation that is
required in order to ensure that the full black hole solution
[(3.1), (3.3)] is well defined on the horizon of the black
hole. To do so, we Wick rotate t — i, as well as a — iag,
e — ieg, and define the Euclidean angular velocity:

_ap 2r

Qpr=iW=-
e=l _aEA¢

(E9)
We next change the coordinates t; — 7z and ¢ —
¢+ 2/’ Qrtp, and consider the metric near the horizon

r ~ r,,where r, is the outer horizon, defined by the largest
positive root of Q(r). We find

ds* = (r—r,)f(0)di; + %dﬂ
h(0)dg* + (r — r ) g(0)dddir, (E10)

with k being the surface gravity. Changing variables via

x = /r—=ry cos(klg), y = /r—rysin(kig), (Ell)
with (x,y) parametrizing R?, we get
0 0 ~ ~
ds? = f—)(dx +av) + 99 iy — yavydi + n(0)dd.
K2 K

(E12)

which is clearly regular near the origin x =y = 0.

For the gauge field given in (3.3), we find
A = fi(r.0)dig + fo(r.0)d,
f1(r,0) xdy — ydx

= 0 E13
SO R 0dp. (E1Y)

Since f,(r,, 6) is finite, the last term is well behaved at the
horizon. However, in the gauge (3.3) we find that f(r, )
does not vanish fast enough as r — r_ to ensure regularity.
Let us consider the gauge transformation given in (E7)
and choose

r.e Ag
=—————Wa,, El4
% A +a 2« % (E14)
with @, being arbitrary. We then find

~ 0) xd d -

AT o) b a)ap. (E19)
K X2+
with f1(r.0) = f1(r,0) — =% and, as r — r,,
+ %

Fi1(r.0) ~(r=r)F(6) = (x +y*)F(6).  (El6)

Thus, this gauge field A is regular on the horizon, for any
value of a,. As we discussed above, the choice of a; does
not affect the value of the angular momentum of the black
hole, J(A) as defined in (E4), but the choice of a, will.
Notice that the value of a; in (E14) with a,, given by

e(a® = 1)

a, =
2ar

(E17)

exactly matches the gauge transformation that we per-
formed in (C9). That the value of a; agrees is exactly as
expected, since this is the gauge transformation which was
required in that analysis in order to have a regular gauge
field in the near horizon limit. The last term in (C9)
corresponds to the specific choice of @, given in (E17) and,
as noted below (C9), was added for convenience, a point we
return to in Appendix E 3.

2. The electric potential

To further illuminate the role of gauge transformations
parametrized by a,, we discuss the electric potential, ®.
We define ® = &, — ®y, where [13]

@ FabA E18
= TG oy VR (E18)

is the potential as r — . Here, h,,, is the induced metric
and n, is the normal vector to the hypersurface r — oo,
while f = 1/T is the inverse temperature. On the other
hand, we define

Dy =1 A (E19)

r—>r+

to be the potential on the horizon r =r,, where ¢ =

o0, + % W, =0, + W9, is the null generator of the
horizon and W was defined in (E9). In general, @ depends
on the choice of gauge for the gauge field.

For the black hole solutions in the gauge (3.3) we find

D (A) =0, Dy(A) = 2+ >, and hence
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rpe

r2++a2

D(A) = (E20)

On the other hand, after a general gauge transformation
of the form (E7), with general o and a,, we find

Dy (A) = a;, Oy(A) = a; + 5L Wa — o, with
~ r.e a
DA =" — . E21
(4) r’ + a? ri+a2a2 (E21)

Thus, ®(A) depends on a, but not a;. We also observe
that the choice of a; that makes the gauge field regular
on the horizon given in (E14) has the feature that
y(4) = 0.

It is interesting to observe that while ®(A) and J(A) both
depend on the choice of gauge transformations parame-
trized by a,, the combination WJ 4+ ®Q, does not. This
will similarly be true for the first law, which necessarily
should be gauge invariant.

3. The angular momentum from
the near horizon solution

Let us now consider computing the angular momentum
for the near horizon solution (5.10). Suppose that in taking
the near horizon limit in Appendix C, we had instead
started with the regular gauge field given by (E7), with o
given by (E14) and @, = 0. Then there would be no need to
perform the singular gauge transformation in (C9), and we
would arrive at a gauge field for the near horizon solution
which we will call A;, which we give below. On the other
hand, in the expression for the gauge field given in (C9),
which we will call A,, we did an additional gauge trans-
formation associated with a, as given in (E17).
Specifically, we have

(a® + r3)(a*ecos’ + 2agr, cosO — er?)

Ay = —
2 2ar, (a*cos’d + r%)
X (d¢ + vrdt),
= h(y)(dz + jpdr),
2_ 2
PRV it 9P (E22)
2ar,

Notice that A, [as in (C10)] has the appealing feature
that it is clearly AdS, invariant24; indeed this was the
motivation for carrying out the additional gauge trans-
formation in (C9).

*LetP =0,,D =10, — rd,,and K = —1(> + r2)0, + 1r0,
be the standard generators for the isometries of AdS,. We can lift
this to an action on AdS, x S' using P, D, and K = K +; 84,,
which satisfy the same algebra. We then notice that the one- “form
D¢ = d¢p + vrdt, which appears in (E22), is invariant, satisfying
LppiD¢ = 0.

Now from the discussion in this appendix we know that
J(A,) will be the angular momentum that agrees with that
of the black hole solution in (ES). Indeed we find

1 A¢
——ma
G( 4) 2
However, this differs from the angular momentum calcu-

lated in the AdS, invariant gauge A,. Specifically, if we
denote this by Jaqs, wWe have

11 Az
— —G94/1-—
G(4)4j j <27L’>
1

5V/I1=32(n2 + n)

G(4) 8(1 —2] )I’l I/li ’

J=J(A) = (E23)

JAdSZ = J<A2) =

(E24)
where Az is given in (5.15). Using this, together with

(5.18), we find that
0.)? +n*+n3

\/Sn
2\/_11 n,

Comparing this to the similar expression (5.20) for J, we
deduce that

Jadgs, = (E25)

Qcn_+ny

, E26
4 n_ny (E26)

Jags, =J =
which is precisely (1.2).

4. Dual field theory point of view

We conclude this appendix by briefly noting that in the
context of AdS/CFT, the gauge ambiguity in defining the
angular momentum of the black holes has an analogue in
the dual CFT. We consider the dual CFT, which has a global
U(1) symmetry dual to the bulk gauge field, to be defined
on a background with metric g,;, and a background gauge
field strength F,;, = 20|,A;). The CFT will satisfy the Ward
identities given by

D,T* = FbJ,, D, J¢ =0, (E27)
where T% is the stress tensor and J¢ is the global U(1)
current of the CFT, while D,, is the covariant derivative with
respect to the background metric g,,. Now for an arbitrary
vector field k£ on the boundary we have

1
D [(T% + J*A,)k"] = EﬁkgahTab + LiAJ. (E28)
Thus, when the background metric has a Killing vector &
that also preserves the background gauge field, £;A = 0,
the right hand side vanishes and there is an extra conserved
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current in the boundary theory given by T¢,k” + (A - k)J*
The non-gauge-invariance of this current mirrors that of
the bulk using (E2)-(E4). Note also that if we have,
more generally, £;A = dA, then the current is given by
Tk + J(A -k —A).

APPENDIX F: KILLING SPINOR EQUATIONS

We first recall the Killing spinors on a SE;. The metric is
given by

1 2
dS2 = dsz(KE6) + (Zdl// + 6) . (Fl)

We take purely imaginary D = 7 gamma matrices with
P123as67 = —1. The Killing spinor equation for the SE; is
taken to be

i
Dax = 5pax. (F2)

After introducing the obvious orthonormal frame, we can
solve this equation as in, e.g., [57]. We impose the
following projections on the Killing spinor:

Pix =pux =pseX =iy, = p=x (F3)

and find that
x ="y, (F4)
where y is a spinor on KE4 satisfying

Dm){O = 2i6m)(07 (FS)

where here D,, is the covariant derivative on the KEj,
which always has a solution. Notice, in particular, that the
spinor has the dependence e%/? mentioned in Sec. II.

We turn now to the D = 11 Killing spinor (KS) equation
as given in [44]:

vMé' + 12 % 4! FMN]N2N3N4GN]N2N3N4€
1
- merNzNSGMN1N2N3S =0. (F6)

We decompose the D = 11 Clifford algebra via

a=0,1,2,3,
A=1,..7, (F7)

Fa = _i}/aVS ® 18’
Lyi3 =75 ® pa,

where ys = —iygy17273- We then substitute the D =11
uplift of the D =4 solution, given (2.2) into (F6). The
directions of the equation tangent to the SE; are satisfied
with y solving (F2), as above. For the remaining directions,
using a frame adapted to dsﬁ, we find

1 .
<va - iAa + Eya + %Fbcybc}/a)e =0, (FS)

in agreement with, e.g., (2.1) of [15] (with a different sign
choice in the definition of ys).

In order to construct spinor bilinears in Sec. V C, it is
helpful to identify various intertwiners. In D = 7 we take

A; = C; = 1g, and hence p; = p| = —p!. For D = 4, for

the gamma matrices as in (5.28), we can take

AgaAT =vh Al = A,

CZ; - —C4.
(F9)

Ay =0 ® o,

Ci=0c*Q®0c'.  Ci'v,.Cy=—1l.

We can also define D, = C4,Al = —6° ® 6°> and D, =
ysD, = il ® o'. Notice that D,Dj = —1, so this cannot be
used for a Majorana condition. However, l~)4l~)j{ = +1, so
we can define a four-dimensional Majorana spinor as one
satisfying € = D,e*. We can define the barred D = 4
spinor as € = e'A,.

For the D = 11 intertwiners we then have

A=Ay ® C; > AjlyA7l = -T},,
Ci1 =75C4 ® C; - C'Ty Cyy = -T'%,,

Al =Ay.
Cl=-Cy,
(F10)

where y5C, = 6! @ 6>. We also have D;; = C Al =
D4 ® lg, and we note that Dy D}, = +1sothatthe D=11
Majorana condition is € = Dy;&*. We can also define the
barred D = 11 spinor as & = £'A,,. Thus, if we have a
D =11 spinor € = ¢ ® y, which is possibly complex (i.e.,
constructed from two D = 11 Majorana spinors), we have
(F11)

e=€eQy, E=e®y".

APPENDIX G: BULK KILLING SPINOR
AND BOUNDARY LIMIT

In this appendix we show how the conformal Killing
spinor (CKS) (6.41), arises as a limit of a bulk KS. After
finding the bulk Killing spinor of the BPS and nonextremal
black hole, we derive the boundary metric with a suitable
change of variables. Then we introduce a rotation that
connects the bulk frame with the boundary frame, and
rotate the spinor accordingly. Finally, we change our basis
of gamma matrices to one that is suitable to interpret the
boundary limit of the bulk KS as a tensor product of the
CKS with some constant 2d spinor.

In the PD-type coordinates of Sec. VIB, the full non-
rotating solution is given in (6.31):
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62 — 1 _ 2 dq* d_pz 02
5= ot (20 + Gty PN ).
A =Qqdr —Ppdo, (G1)
where
P(p) =C'"Pi(p)P2(p).  Qlg) =C'Q(9)(q).
(G2)
and
Pi(p) =—-(1-p)(Cp+C-P),
Q,(q) =Cq¢*-C+Pg+iQ,
Par(p) ==(1+p)(Cp-C-P),
Q,(q) =Cq* - C+Pqg—-iQ (G3)
Using the frame
V) ¢ _ dq
E p+q £ (r+9)v/Q(q)
oo g VPP
(p+a)vV/P(p) p+q

and the 4d gamma matrices y, introduced in (5.28), we find
the bulk Killing spinor (up to an overall normalization)

Qi(q)Pi(p)
emitkirino) | —EH /0, (q)P,(p)
V="""Fa | Pia (G5)
VP T4 | SV Q(a)Pi(p)
(q)Pa(p)

Here, x; and «, are the same constants introduced in (6.42),
and we note that the dependence on 7 and ¢ could be simply
removed with a gauge transformation.

Next, we derive the boundary metric (6.37) starting
from (G1). Recalling that the conformal boundary is given
by ¢ = —p, we introduce new coordinates g, p via

p=p+g(P)g+---.
(Go)

q=-p+f1(P)g+---,
where the boundary is approached in the limit g = 0. We
find that for

91(p) = P(p)(1 = P(p))'"2,
(G7)

f1(p) = (1=P(p))*?,

at leading order in the small g expansion the metric reads

1
ds? = = (dg? + ds,). (G8)

Bs)

where ds?, is the boundary metric given in (6.37) (dropping
the bars).”” We notice that the CKS (6.41) was computed
using the frame (6.40), which is adapted to the boundary
metric. This differs from the boundary limit of the frame
(G4), and therefore, in order to compare the CKS to the
bulk KS of Eq. (G5), one should first find the rotation that
connects the two frames. We can define

E? = cos pE1 — sin E?, EP = sin BE4 + cos BEP,

(G9)

with E7 and E° unchanged, where we have introduced

cosff = , sinf =
(G10)

Note that this is a suitable frame for our purposes because
when p + ¢ = 0, then

(1_73(1_7))]/2 0 T

Er=——""¢", E1=0,
q
- —P(p))/2 _D(75))1/2
Ep:(l Pép)) el’ Eo-:(l Pép)) 62, (Gll)

where e (i = 0, 1, 2) is precisely the frame introduced in
(6.40) to study the CKSE. The overall conformal factor is
irrelevant because the CKSE is invariant under rescalings
by a conformal factor. We can then define the rotated spinor

§ = e Proy, (G12)
where we have used that %712, generates rotations in the
(¢, p) plane, in the spin 1/2 representation. We can now
take the boundary limit of W, which is implemented by

changing coordinates as in (G6) and retaining only the
leading order term in the small g expansion. We find:

PP 1iQ) ettt
= =
2 Vi

where k;, are those introduced in (6.42), and we have
introduced

X+.... (G13)

»In Sec. VIB we use p to denote the angular variable of the
boundary metric. In this appendix, we reserve g and p for the
bulk coordinates, while denoting with barred quantities the new
coordinates. In comparing quantities computed here for the
boundary with those of Sec. VIB, one should then simply set

Dhere = Pthere-
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)
)
ot (G14)
)

Here, {; and ¢, are precisely the functions introduced
in (6.44). Ideally, we would like to interpret this as the
tensor product between the CKS (6.41) and some con-
stant 2d spinor. However, this is not quite the case, and
the reason for this is that the set of gamma matrices that
we have used is not suitable for the decomposition of the
4d spacetime in three boundary directions and a radial
one. This can be easily fixed by introducing a new set of
gamma matrices,

f1=1LQ®d,
3=1n®d,

Yo =170 ® o,

2=7®0c, (G15)

where y; are the 3d gamma matrices used in Sec. VI. They
are related to the y, of (5.28) by the similarity transformation

o= My,M", (G16)
with M being the unitary matrix
I - -1 1
l+i| -1 1 1 -
= G17
V21 i - - (G17)
-1 -1 1 i
Expressing the spinor y in this new basis, we find
1 (¢ (P)) ( 1 )
My =— ( L ® , (G18)
V2 \&(p) 1

which completes our derivation of the CKS (6.41) from the
bulk KS (G5).
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