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A new transform pair representing solutions to the complex Helmholtz equation in a convex 2D polygon
is derived using the theory of Bessel’s functions and Green’s second identity. The derivation is a direct
extension of that given by Crowdy (2015, A transform method for Laplace’s equation in multiply
connected circular domains. IMA J. Appl. Math., 80, 1902–1931) for ‘Fourier–Mellin transform’ pairs
associated with Laplace’s equation in various domain geometries. It is shown how the new transform
pair fits into the collection of ideas known as the Fokas transform where the key step in solving any
given boundary value problem is the analysis of a global relation. Here we contextualize those global
relations from the point of view of ‘reciprocal theorems’, which are familiar tools in the study of the
effective properties of physical systems. A survey of the many uses of this new transform approach
to the complex Helmholtz equation in applications is given. This includes calculation of effective
impedance in electrochemical impedance spectroscopy and in other spectroscopy methods in diffusion
wave field theory, application to the 3ω method for measuring thermal conductivity and to unsteady
Stokes flow. A theoretical connection between this analysis of the global relations and Lorentz reciprocity
in mathematical physics is also pointed out.

Keywords: complex Helmholtz equation; transform method; diffusion wave fields; impedance spec-
troscopy; unsteady Stokes flow.

1. Introduction

This is a companion paper to that of Crowdy (2015b) on a new transform method for Laplace’s equation
in multiply connected circular domains, including polygons, and to the paper of Luca & Crowdy (2018)
on the biharmonic equation in that same class of domains. The present paper is concerned with the
complex partial differential equation (PDE)

∇2φ − 4σφ = 0, ∇2 = ∂2

∂x2 + ∂2

∂y2 , σ ∈ C (1.1)

governing the 2D field variable φ(x, y) and where, importantly, the parameter σ is a complex-valued
constant. The domains of interest here will be restricted to polygons. The notation arg[σ ] denotes the
argument of a complex number σ . When σ = 0 (1.1) reduces to Laplace’s equation. If σ is purely
real with arg[σ ] = 0, or σ ∈ R

+, then (1.1) is the modified Helmholtz equation; when σ is real with
arg[σ ] = ±π , or σ ∈ R

−, (1.1) is the Helmholtz equation. The focus of this paper is on the case
strictly between these two limits when 0 < arg[σ ] < π . The PDE in (1.1) will then be referred to as the
complex Helmholtz equation.

© The Author(s) 2021. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications.
This is an Open Access article distributed under the terms of the Creative Commons Attribution License (http://creativecommons.org/licenses/by/4.

0/), which permits unrestricted reuse, distribution, and reproduction in any medium, provided the original work is properly cited.

D
ow

nloaded from
 https://academ

ic.oup.com
/im

am
at/article/86/6/1287/6364803 by Im

perial C
ollege London Library user on 03 M

arch 2022

https://doi.org/10.1093/imamat/hxab037
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


1288 J. C. HAUGE AND D. CROWDY

The complex Helmholtz equation (1.1) arises in periodically forced systems, ranging from electro-
chemical impedance spectroscopy to unsteady slow viscous flows, and in a broad area that has become
known as diffusion wave field theory (Mandelis, 2013). The latter is an umbrella term embracing a
variety of fields including photoacoustic spectroscopy (Rosencwaig & Gersho, 1976) and photothermal
spectroscopy (Almond & Patel, 1996). Stakgold (2000) discusses the complex Helmholtz equation (1.1),
for different values of σ ∈ C, in Section 7.12 of his monograph. Other discussions of its use in the
diffraction and scattering of waves can be found in the book by Babich et al. (2008).

To elucidate how (1.1) arises in diffusion wave field theory consider the 2D diffusion equation

D∇2Φ = ∂Φ

∂t
, (1.2)

for some real-valued scalar field Φ(x, t) where D is a diffusion coefficient. Diffusion is a basic physical
process and the PDE (1.2) is ubiquitous in applications. Suppose that it is required to solve (1.2) in
some 2D spatial domain with a time-periodic forcing on some portion of the domain boundary having a
set frequency ω > 0. Since (1.2) is linear it is natural to seek a solution, which, after initial transients,
oscillates with the same frequency:

Φ(x, t) = φ(x) cos(ωt), (1.3)

where φ(x) is a real function. On substitution into (1.2) we find

D cos(ωt)∇2φ(x) = −ω sin(ωt)φ(x). (1.4)

On the other hand, we could just as well have sought a solution of the form

Φ(x, t) = φ(x) sin(ωt), (1.5)

which, on substitution into (1.2), gives

D sin(ωt)∇2φ(x) = ω cos(ωt)φ(x). (1.6)

Now introduce the complex number j = √−1 and add j times (1.6) to (1.4):

Dejωt∇2φ(x) = jωejωtφ(x). (1.7)

The common factor ejωt can be dropped, leaving the complex Helmholtz equation (1.1) with

σ = jω

4D
. (1.8)

Since ω, D > 0 then, as a complex number, arg[σ ] = π/2. In other words, to solve a boundary value
problem for the diffusion equation (1.2) driven by a time-periodic boundary stimulus, we can pose a
solution

Φ(x, t) = Rej

[
φ(x)ejωt

]
(1.9)
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A NEW APPROACH TO THE COMPLEX HELMHOLTZ EQUATION 1289

and solve the complex Helmholtz equation (1.1) for φ(x) with the complex-valued σ given in (1.8). The
notation Rej[w] in (1.9) means that if w is some complex-valued quantity w = u + jv then Rej[w] = u.

The purpose of this paper is two-fold. First, a novel theoretical approach, based on a newly
formulated ‘transform pair’, to solving the complex Helmholtz equation (1.1) in a general convex
polygon is given. Second, this new method is used to tackle a range of boundary value problems arising
in a variety of applications where the PDE (1.1) is relevant.

1.1 A paradigm for the new method

One application to be focussed on here, and which reduces to solving (1.7), i.e.

∇2φ − 4σφ = 0, σ = jω

4D
, j = √−1, (1.10)

is electrochemical impedance spectroscopy, or EIS for short (MacDonald, 2006). In EIS (1.10) is
relevant provided the alternating current amplitude is small (Bisquert & Roberto, 1999) with φ being
a measure of the concentration of a diffusing species, ω is the frequency of the alternating current
driving the dynamics of this species and D is a diffusion constant (Barsoukov & Macdonald, 2005).
The complex-valued impedance, typically denoted by Z, is an important diagnostic quantity having the
dimension of Ohms that is proportional to the ratio between the concentration and the concentration
flux at the stimulus boundary. Mathematically, it is proportional to the ratio between the integral
of the Dirichlet data φ and integral of the Neumann data ∂φ/∂n. The quantity

√
D/ω, with the

dimension of length, is called the penetration depth. By measuring the impedance of an electrochemical
device physical parameters such as the electrochemical diffusivity (Huang, 2018; Huang et al., 2016),
capacitance, reactance and corrosion rate can be extracted (Barsoukov & Macdonald, 2005); these
quantities are important, e.g. in optimizing the design of batteries.

A simplification often made in EIS—to avoid geometrical complications associated with the
domain—is to take a so-called Warburg impedance to be relevant (Bard & Faulkner, 2001; Huang, 2018;
Warburg, 1899). This assumes that an AC electrochemical response is dominated by pure diffusion of
the active species and that the concentration penetration depth is sufficiently small compared to the
typical dimensions of the domain that, as shown in Fig. 1, a semi-infinite domain can be assumed. The
Warburg impedance (Bard & Faulkner, 2001) is then given by

Z(ω) = AW√
2ω

(1 − j) , (1.11)

where AW , measured in Ohms/sec1/2, is the Warburg coefficient typical of a specific experiment set-up
(Bard & Faulkner, 2001; Huang, 2018). An improved approximation to the impedance is available when
the finite thickness h of a diffusion layer is known as shown in Fig. 2. Two Warburg element formulas
used to compute impedance are

ZWS
(ω) = AW√

jω
tanh

(
h

√
jω

D

)
, (1.12a)

ZWO
(ω) = AW√

jω
coth

(
h

√
jω

D

)
, (1.12b)
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1290 J. C. HAUGE AND D. CROWDY

Fig. 1. A Warburg element geometry leading to the impedance given in (1.11). The concentration penetration depth
√

D/ω is
taken to be small so that a semi-infinite domain can be assumed and the influence of boundaries neglected. A concentration field
is prescribed at the half-plane boundary.

Fig. 2. Warburg short and open elements, with boundary conditions, corresponding to ZWS (1.12) and ZWO (1.12b).

where WS and WO denote the Warburg short and Warburg open element, respectively (Bard & Faulkner,
2001). These two cases are shown in Fig. 2. Equations (1.12) and (1.12b) are obtained by, respectively,
assuming a transmissive boundary (homogeneous Dirichlet) and reflective (homogeneous Neumann)
boundary on the wall opposite that of the stimulus wall. If S1 denotes the stimulus wall of this system
where an AC current is imposed—in Fig. 2, S1 is the entire x axis—the impedance is defined to be

Z(ω) = AW√
D

[∫
S1

φds

/(
−
∫

S1

∂φ

∂y
ds

)]
, ds = dx, (1.13)

where ds denotes an arc-length element along the stimulus wall.
The impedance is an example of an effective parameter useful in many areas of the natural sciences.

Finding effective properties in the study of heterogeneous periodic composites is a huge area (Keller,
1964; Milton, 2002). In flow problems the blockage coefficient (Crowdy, 2011) is an effective parameter
quantifying the ease of passage of ideal channel flow with occlusions. In porous media flows the
tortuosity factor quantifies the apparent decrease in diffusive transport resulting from convolutions of
the flow paths through porous media (Cooper et al., 2017, 2016). In laminar convective heat transfer
the Nusselt number is the key diagnostic of most use in engineering applications (Shah & London,
1978). In microfluidics the friction reduction properties of superhydrophobic surfaces are measured
using the effective slip length (Crowdy, 2017). A mathematical device often used in finding these
effective parameters is the notion of reciprocity, i.e. the use of ‘reciprocal theorems’, which is the
name given to integral identities that couple together two independent fields defined over the same
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A NEW APPROACH TO THE COMPLEX HELMHOLTZ EQUATION 1291

domain. If one of these is the field of interest, and a second ‘comparison solution’ is chosen judiciously,
valuable information about effective parameters can often be obtained (Crowdy, 2017; Keller, 1964;
Milton, 2002). The concept of reciprocity is also familiar in electrodynamics and electrical engineering
applications, such as circuit theory, where it is also known as Lorentz, or Green’s, reciprocity (Landau
& Lifshitz, 1960; Panofsky & Phillips, 1962).

To illustrate what we mean by reciprocity, and the mathematical spirit of the proposed ‘transform
method for polygons’ to be presented here, a novel derivation of the Warburg impedance formula (1.12)
is now given. Let φ be the concentration field satisfying (1.10). Instead of the infinite strip the domain
is taken to be a rectangle of width L and height h denoted by P = [−L/2, L/2] × [0, h] with boundary
conditions

φ(x, 0) = φ0(x), φ(x, h) = 0,
∂φ

∂x

(
±L

2

)
= 0. (1.14)

The infinite strip result corresponds to the L → ∞ limit. Each side of the rectangle is denoted by Sn
for n = 1, 2, 3, 4, indexed anticlockwise, with S1 being the wall stimulated by an alternating current
of frequency ω. The impedance is then defined by (1.13). To determine it, the first key ingredient is
Green’s second identity:

∫∫
P

[
ψ∇2φ − φ∇2ψ

]
dA =

∮
∂P

[
ψ

∂φ

∂n
− φ

∂ψ

∂n

]
ds, (1.15)

where φ is the solution and ψ is any suitably differentiable field defined over P, ∂/∂n denotes the
outward normal derivative, ds is an element of arc length and dA denotes a surface area element of P. If
both φ and ψ are taken to satisfy (1.10), the left-hand side of (1.15) vanishes and we obtain

∮
∂P

φ
∂ψ

∂n
ds =

∮
∂P

ψ
∂φ

∂n
ds. (1.16)

On substituting the boundary conditions (1.14) into (1.16) we obtain

−
∫

S1

φ0
∂ψ

∂y
dx +

∫
S2

φ
∂ψ

∂x
dy −

∫
S4

φ
∂ψ

∂x
dy = −

∫
S1

ψ
∂φ

∂y
dx +

∫
S3

ψ
∂φ

∂y
dx. (1.17)

Next we make a strategic choice of the ‘comparison solution’ ψ to be

ψ = e−ikz+i σ
k z, z = x + iy, i = √−1, (1.18)

where k �= 0 is any complex constant and where we have now introduced the complex variable i =√−1 associated with the spatial variables. It is readily checked that (1.18) is a solution to (1.10). On
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1292 J. C. HAUGE AND D. CROWDY

substituting (1.18) into (1.17) we obtain

+ i
(

k − σ

k

) [
e−i(k− σ

k ) L
2

∫
S2

φe(k+ σ
k )ydy − ei(k− σ

k ) L
2

∫
S4

φe(k+ σ
k )ydy

]

=
(

k + σ

k

) ∫
S1

φ0e−i(k− σ
k )dx −

[∫
S1

∂φ

∂y
e−i(k− σ

k )xdx − e(k+ σ
k )h
∫

S3

∂φ

∂y
e−i(k− σ

k )xdx

]
. (1.19)

Since (1.18) is analytic for all k �= 0, if (1.19) is evaluated at k = ±√
σ where the left hand-side

vanishes, the right-hand side must also vanish at the same points. Consequently, these two special values
of the complex parameter k yield two equations involving only certain integrals along S1 and S3:

∫
S1

∂φ

∂y
dx − e2

√
σh
∫

S3

∂φ

∂y
dx = 2

√
σ

∫
S1

φ0dx, (1.20a)

∫
S1

∂φ

∂y
dx − e−2

√
σh
∫

S3

∂φ

∂y
dx = −2

√
σ

∫
S1

φ0dx. (1.20b)

These two simultaneous algebraic equations (1.20) can be solved to find

∫
S1

∂φ

∂y
dx = −2

√
σ coth(2

√
σh)

∫
S1

φdx (1.21)

leading, on use of the definition (1.13), to the impedance formula (1.12). A derivation of (1.12b) follows
along similar lines.

One remarkable thing should be underlined about the above analysis: the value of the impedance
was found without even solving for the concentration field φ. Instead, it arose from analysis of relations
emerging from the evaluation of an integral identity for specially chosen ‘comparison solutions’. This
is a familiar advantage afforded by so-called reciprocal theorems in mathematical physics.

The aim of this paper is now easy to explain: to show how to generalize the above strategy when
the domain P is an arbitrary convex polygon. More specifically, a new ‘transform pair’ will be derived
relevant to fields satisfying the complex Helmholtz equation (1.1) in a general convex polygonal domain,
with the relevant transform pair being ‘tailor-made’ to fit the geometry of the given polygon (Crowdy,
2016a). The derivation is an elaboration of the ideas just presented: the use of an integral identity
coupled with a strategic choice of a ‘comparison solution’ to derive a set of equations—the analogues
of the simple system (1.17) and later to be called the ‘global relations’—that can be solved to find
valuable information on the solution. Since it is required to reconstruct the whole solution, via an inverse
transform, and not just one specific integral diagnostic (such as the impedance just calculated), then we
need to use an infinite family of comparison solutions, parametrized here by a complex variable k, which
will emerge naturally from a suitably chosen integral representation of the relevant Green’s function.

1.2 Overview of the paper

The approach to deriving the relevant transform pair will be a direct extension of one given by Crowdy
(2015a,b) who derived analogous transform pairs for analytic functions defined over all the classes
of domain illustrated in Fig. 3: any convex polygon, any circular-arc domain and domains having
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A NEW APPROACH TO THE COMPLEX HELMHOLTZ EQUATION 1293

Fig. 3. Example domains to which the ‘Fourier–Mellin transforms’ presented in Crowdy (2015a,b) are applicable: a convex
polygon, a lens-shaped circular-arc domain and the ‘disc-in-channel’ geometry (a multiply connected circular-arc domain).

boundaries that are a mixture of straight lines and circular arcs, including multiply connected cases. As
pointed out in Crowdy (2015b), any non-convex polygon can be split into a union of convex polygons
so those are also included, but there are different solution representations in different sub-polygons.
Such transform pairs can be used to solve boundary value problems for Laplace’s equation in all
those classes of domain (Crowdy, 2015a,b). Crowdy’s work was originally motivated by mathematical
challenges in quantifying hydrodynamic slip on so-called superhydrophobic surfaces where circular
domains are common due to the occurrence of free surface menisci satisfying a Laplace–Young force
balance requiring them to have constant curvature (i.e. they must be circular arcs). These new methods
have already proven to be of great utility in that application (Crowdy, 2015b; Luca et al., 2018; Schnitzer,
2016) and others (Crowdy, 2016b; Luca & Llewellyn Smith, 2018).

Fokas & Kapaev (2003) were the first to find the transform pair for a harmonic field in a convex
polygon, using a Lax pair formulation and Riemann–Hilbert methods. Analogous transform pairs for
the modified Helmholtz arg[σ ] = 0 and Helmholtz equation arg[σ ] = π have similarly been derived
(Fokas, 2008). That original approach has since been reappraised from various other viewpoints and
this circle of mathematical ideas, which extends to nonlinear integrable equations whence it originally
derives, is known collectively as the Fokas method (Fokas, 2008; Fokas & Pelloni, 2014; Fokas
& Spence, 2012; Spence & Fokas, 2010). Interestingly, to the best of the authors’ knowledge, no
investigators have previously examined the general complex Helmholtz equation 0 < arg[σ ] < π

from this transform perspective. That is the contribution of this paper.
For Laplace’s equation, Crowdy (2015a,b) offered a novel rederivation of the transform pair of Fokas

& Kapaev (2003) using elementary considerations based in geometric function theory. This rederivation
is not just a mathematical nicety but turns out to be key to unveiling the form of generalized transform
pairs for Laplace’s equation in the much richer class of geometries shown in Fig. 3 including multiply
connected circular domains. (Indeed, how to rederive Crowdy’s new transform pairs for multiply
connected circular domains using, say, the original Lax-pair/Riemann–Hilbert approach of Fokas &
Kapaev (2003) remains an open question discussed again in §5). All the ideas of Crowdy (2015a,b)
have already been extended to solve boundary value problems for the biharmonic equation (Luca &
Crowdy, 2018) in all the same classes of polygonal and circular domains, including multiply connected
cases, shown in Fig. 3. This extends earlier work on the biharmonic equation limited to convex polygons
initiated by Crowdy & Fokas (2004) and later reconsidered by Fokas & Pinotsis (2006) and Dimakos &
Fokas (2015). For the complex Helmholtz equation considered here, we will be restricting attention to
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1294 J. C. HAUGE AND D. CROWDY

convex polygons. How to extend the analysis of the Helmholtz equation (1.1) defined over the general
multiply connected circular domains shown in Fig. 3, even in the case where σ is real, is another open
problem, although Spence & Fokas (2010) have obtained some results for the Helmholtz and modified
Helmholtz equation in simple wedge regions.

A short summary of the relevant work of Crowdy (2015a,b) is given in §2 since an understanding of
it is needed to appreciate the modifications necessary to devise the new transform pair for the complex
Helmholtz equation (1.1) as done in §3. With the framework set up, §4 describes how to use it to solve
a variety of problems in applications. This includes problems in EIS, diffusion wave field theory, an
application to the so-called 3ω-method, which is another experimental method for measuring material
parameters, and then application to a more challenging fourth-order PDE governing unsteady slow
viscous Stokes flows.

This paper is the first to write down a transform pair for the complex Helmholtz equation (1.1) even
though the Helmholtz (arg[σ ] = π ) and modified Helmholtz (arg[σ ] = 0) equations have already been
treated using the Fokas methodology (Fokas, 2008; Fokas & Pelloni, 2014; Fokas & Spence, 2012).
The work here not only offers new transform pairs for the complex Helmholtz equations but also gives
a novel derivation of the transform pairs already known for the Helmholtz and modified Helmholtz
equations.

2. A review of the ‘Fourier–Mellin transforms’ of Crowdy (2015a,b)

We first review the ‘Fourier–Mellin transform pairs’ derived by Crowdy (2015a,b). These can be used to
solve boundary value problems for harmonic fields in all the domains shown in Fig. 3. This geometric
function theory derivation is elementary, and all the key steps will be generalized in §3 to the complex
Helmholtz equation (1.1).

2.1 Summary of the Fourier–Mellin transform pairs

Consider a bounded N-sided convex polygon P with directed straight line edges {Sn|n = 1, ..., N}
inclined at angles {χn|n = 1, ..., N} to the positive real axis. The triangle shown in Fig. 3 is an example
with N = 3. Using Cauchy’s theorem and a ‘spectral representation’ of the Cauchy kernel Crowdy
(2015b) derived the following transform pair to represent a function f (z) analytic in P:

f (z) = 1

2π

N∑
j=1

∫
L
ρjj(k)e

−iχj eie−iχj kzdk, ρmn(k) =
∫

Sn

f (z′)e−ie−iχm kz′dz′, (2.1)

where L is the ray along the positive real axis in the k-plane—see Fig. 4—and where the spectral matrix
functions ρmn(k) satisfy the global relations

N∑
n=1

ρmn(k) = 0, k ∈ C, m = 1, ..., N. (2.2)

Only the diagonal elements of the spectral matrix appear in the inverse transform formula for f (z). A
simple change of variable λ = e−iχj k in each of the spectral functions allows us to write the same
inverse transform pair as integrals over N rotations of the fundamental contour L in a complex λ plane.
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A NEW APPROACH TO THE COMPLEX HELMHOLTZ EQUATION 1295

Fig. 4. The basic geometrical units used to build up more complicated polygonal and circular domains—see Fig. 6—with the
corresponding ‘fundamental contours’ in the k plane in the corresponding spectral representation (2.8) of the Cauchy kernel.

The result above then coincides precisely with the transform pair derived by Fokas & Kapaev (2003).
The appearance of the exponential terms in (2.1) reminds us of Fourier transforms.

In direct analogy, Crowdy (2015a) extended this result to circular polygons such as the lens-shaped
domain of Fig. 3. While we will not discuss the complex Helmholtz equation in circular domains in this
paper, it is nevertheless instructive to briefly describe how the rationale for convex polygons extends
naturally to circular domains. Given a bounded convex N-sided circular polygon with directed edges
{Cn|n = 1, . . . , N} that are arcs of circles with centres {δn|n = 1, ..., N} and radii {qn|n = 1, ..., N} the
following transform pair can be derived to represent a function f (z) analytic in it:

f (z) = 1

2π i

N∑
j=1

{∫
L1

ρjj(k)

1 − e2π ik

[
z − δj

qj

]k

dk +
∫

L2

ρjj(k)

[
z − δj

qj

]k

dk

+
∫

L3

ρjj(k)e
2π ik

1 − e2π ik

[
z − δj

qj

]k

dk

}
,

ρmn(k) = 1

qm

∫
Cn

[
z′ − δm

qm

]−k−1

f (z′)dz′,

(2.3)

where L1, L2 and L3 are the contours in the k-plane making up the relevant modified fundamental
contour—see Fig. 4—and where the spectral matrix functions ρmn(k) satisfy the global relations

N∑
n=1

ρmn(k) = 0, k ∈ −N, m = 1, ..., N. (2.4)
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1296 J. C. HAUGE AND D. CROWDY

Again, only the diagonal elements of spectral matrix ρmn(k) appear in the inverse transform formula for
f (z). The appearance of the power law terms zk in (2.3) reminds us of classical Mellin transforms.

Crowdy’s geometrical derivation makes it obvious how to generalize the ideas to domains that have
boundaries that are a combination of straight lines and circular arcs, including multiply connected cases
such as the ‘disc-in-channel’ geometry shown in Fig. 3, which is ubiquitous in applications (e.g. the
study of superhydrophobic surfaces; Crowdy, 2015a). Such a domain is the intersection of two half-
planes and the exterior of a disc. The relevant transform representation of a function f (z) that is analytic
and single-valued in such a domain can then be shown (Crowdy, 2015a) to be

f (z) = 1

2π

∫ ∞

0
ρ11(k)e

ikzdk + 1

2π

∫ −∞

0
ρ33(k)e

ikzdk︸ ︷︷ ︸
Fourier-type transform

− 1

2π i

{∫
L1

ρ22(k)

1 − e2π ik

1

zk+1 dk +
∫

L2

ρ22(k)
1

zk+1 dk +
∫

L3

ρ22(k)e
2π ik

1 − e2π ik

1

zk+1 dk

}
︸ ︷︷ ︸

Mellin-type transform

,

(2.5)

where the definitions of the spectral functions are given by Crowdy (2015a) and involve integrals of the
solution around the various boundary components. This formula, where both Fourier-type and Mellin-
type contributions appear simultaneously, underscores the appropriateness of the designation ‘Fourier–
Mellin transforms’ (Crowdy, 2015a). It would be interesting to find transform pairs for Helmholtz-type
PDEs (1.1), for arbitrary σ , in this same class of (multiply connected) circular domains. This remains
an open challenge.

2.2 Spectral representation of the Cauchy kernel

Suppose a point z′ lies on some finite length slit on the real axis and z is in the upper half plane as shown
on the left in Fig. 5 then it is clear from the geometry that

0 < arg[z − z′] < π . (2.6)

It follows, on use of elementary properties of the exponential function, that

∫
L

eik(z−z′)dk =
[

eik(z−z′)

i(z − z′)

]∞

0

= 1

i(z′ − z)
(2.7)

or,

1

z′ − z
= i

∫
L

eik(z−z′)dk, 0 < arg[z − z′] < π , (2.8)

where L is the straight line contour along the positive real axis as shown in Fig. 4. It is easy to check
that the contribution from the upper limit of integration vanishes for the particular choices of z′ and z
to which we have restricted consideration. The left hand side of (2.8) is the Cauchy kernel appearing in
Cauchy’s integral formula.
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A NEW APPROACH TO THE COMPLEX HELMHOLTZ EQUATION 1297

Fig. 5. Geometrical positioning of z and z′ for the validity of (2.8) and (2.12), shown left and right, respectively.

On the other hand, suppose z′ lies on some other finite length slit making angle χ with the positive
real axis and suppose that z is in the slanted half plane shown shaded on the right in Fig. 5 (the half-
plane ‘to the left’ of the slit as one follows its tangent with uniform inclination angle χ ). Now the
transformation

z′ 
→ e−iχ (z′ − a0), z 
→ e−iχ (z − a0), (2.9)

where the (unimportant) constant a0 is shown geometrically in Fig. 5, takes the slit to the real axis, and
z to the upper-half plane, and

0 < arg[e−iχ (z − a0) − e−iχ (z′ − a0)] < π . (2.10)

Hence, on use of (2.8) with the substitutions (2.9), we can write

1

e−iχ (z′ − a0) − e−iχ (z − a0)
= i

∫
L

eik(e−iχ (z−a0)−e−iχ (z′−a0))dk, (2.11)

or, on cancellation of a0 and rearrangement,

1

z′ − z
= i

∫
L

eie−iχ k(z−z′)e−iχ dk. (2.12)

The left hand side of (2.12) is again the Cauchy kernel and (2.12) gives a ‘spectral representation’ of it
when z and z′ have the geometrical arrangement shown on the right in Fig. 5.
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1298 J. C. HAUGE AND D. CROWDY

Fig. 6. A convex polygon P, here a triangle, containing an interior point z as an intersection of N = 3 half-planes with N angles
{χj|j = 1, 2, 3}. Formula (2.12) can be used in Cauchy’s integral formula with χ = χj when z′ is on side Sj (for j = 1, 2, 3).

2.3 Convex polygon as an intersection of half-planes

The next observation is geometrical, and simple. Consider a bounded convex polygon P with N directed
sides {Sj|j = 1, . . . , N}. Figure 6 shows an example with N = 3. It can be viewed as the intersection of
N half-plane regions akin to those shown in Fig. 5. Any convex polygon can be constructed in this way.
Any non-convex polygon can be viewed as a union of convex subpolygons.

2.4 Integral representation and derivation of the transform pair

To construct the transform pair we need an integral formula for an analytic function f (z) in the polygon
P. This is furnished by Cauchy’s integral formula: given a function f (z) analytic in P, then for z ∈ P,

f (z) = 1

2π i

∮
∂P

f (z′)dz′

z′ − z
, (2.13)

where ∂P denotes the boundary of P. The transform pair now follows easily on combining all the
ingredients prepared earlier.

First, the boundary integral (2.13) can be separated into a sum over the N sides:

f (z) = 1

2π i

N∑
j=1

∫
Sj

f (z′) 1

(z′ − z)
dz′. (2.14)
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A NEW APPROACH TO THE COMPLEX HELMHOLTZ EQUATION 1299

If side Sj has inclination χj then (2.12) can be used, with χ 
→ χj, to re-express the Cauchy kernel, that
is 1/(z′ − z), uniformly for all z ∈ P and z′ on the respective sides:

f (z) = 1

2π i

N∑
j=1

∫
Sj

f (z′)
{

i
∫

L
eie−iχj k(z−z′)e−iχj dk

}
dz′. (2.15)

Since the integrals are uniformly convergent for z inside P and z′ on its boundary, we can reverse the
order of integration to find

f (z) = 1

2π

N∑
j=1

∫
L
ρjj(k)e

−iχj eie−iχj kzdk, (2.16)

where, for integers m, n between 1 and N, we define the spectral matrix (Crowdy, 2015a,b) to be

ρmn(k) ≡
∫

Sn

f (z′)e−ie−iχm kz′dz′, (2.17)

and where L = [0, ∞) is the fundamental contour (Crowdy, 2015a,b) for straight line edges shown in
Fig. 4. We have then arrived at the transform pair (2.1). The spectral matrix elements have their own
analytical structure. Observe that, for any k ∈ C, and for any m = 1, ..., N,

N∑
n=1

ρmn(k) =
N∑

n=1

∫
Sn

f (z′)e−ie−iχm kz′dz′ =
∫

∂P
f (z′)e−ie−iχm kz′dz′ = 0, (2.18)

where we have used Cauchy’s theorem and the fact that f (z′)e−ie−iχm kz′ (for m = 1, ..., N) is analytic
inside P for any k ∈ C. The result (2.18) will be referred to as global relations.

3. A new approach to the complex Helmholtz equation

With this construction in mind, the aim now is to derive a new transform method for the inhomogeneous
complex Helmholtz equation given by

∇2φ − 4σφ = 0, (x, y) ∈ P, (3.1)

where σ ∈ C. When arg(σ ) = 0, π , we obtain the familiar modified Helmholtz and Helmholtz equation,
respectively. P is an arbitrary, N-sided, convex polygon, with sides {Sn|n = 1, ..., N}. The function φ is
twice differentiable and is subject to various boundary conditions on each side of the polygon, e.g.

φ = gn, (x, y) ∈ Sn (Dirichlet), (3.2a)

∂φ

∂n
= gn, (x, y) ∈ Sn (Neumann), (3.2b)

∂φ

∂n
+ cφ = gn, (x, y) ∈ Sn (Robin), (3.2c)
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1300 J. C. HAUGE AND D. CROWDY

where n denotes the unit normal vector, and c is some constant. Throughout the derivation of the method,
we assume a priori that {gn} are sufficiently smooth and defined in such a way that there exists a unique
solution to the boundary value problem we are considering. The strategy is to emulate all the steps of
the construction in §2.

The main challenges are as follows. What is the integral representation that will replace use of
Cauchy’s integral formula (2.13) in the foregoing construction? What formula will replace the spectral
representation of the Cauchy kernel (2.12) valid in a given half-plane region?

3.1 Spectral representation of the Green’s function

The Green’s function G(x′; x) for the Helmholtz equation (1.1) is defined to be the solution of

∇′2G(x′; x) − 4σG(x′; x) = δ(x′ − x), ∇′2 ≡ ∂2

∂x′2 + ∂2

∂y′2 . (3.3)

For 0 � arg[σ ] < π it is well-known to be given in terms of the order-zero modified Bessel function:

G(x′; x) = − 1

2π
K0(2

√
σ |x′ − x|). (3.4)

This is an axisymmetric function, depending only on |x′ − x|, that is singular as x′ → x and decays
as |x′| → ∞. The case arg[σ ] = π , corresponding to the Helmholtz equation, is a special case for
which non-decaying, but also non-singular, solutions in the far-field are admissible. These are wave-
type solutions and this special case that has been treated in detail elsewhere (Fokas, 2008; Fokas &
Pelloni, 2014; Fokas & Spence, 2012; Spence & Fokas, 2010) so we will not revisit it here. From our
analysis we will see, however, how this interesting case is approached in the limit arg[σ ] → π .

Watson (1995) [see pages 182–183] has shown that an integral representation of the function K0 is

K0(u) = 1

2

∫
LW

e− u
2 (α+ 1

α
) dα

α
, −π

2
< arg[u] − θ <

π

2
, (3.5)

where θ is a geometrical angle associated with a contour LW joining the two essential singularities of
the integrand at 0 and ∞ in a complex α plane as shown in Fig. 7. It is easy to see how the limits
on the argument of u given in (3.5) emerge. Suppose the integration contour approaches the essential
singularity of the integrand at the origin at an angle θ(0) then for the integrand to decay (and the integral
to exist) we need

− π

2
< arg[u] − θ(0) <

π

2
. (3.6)

Similarly, if the integration contour approaches the essential singularity of the integrand at infinity at an
angle θ(∞) then for the exponential in the integrand to decay we need

− π

2
< arg[u] + θ(∞) <

π

2
. (3.7)
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A NEW APPROACH TO THE COMPLEX HELMHOLTZ EQUATION 1301

Fig. 7. The integration contour LW of Watson (1995) in a complex α plane as used in (3.5).

Conditions (3.6) and (3.7) produce the same π -length range of possible arguments of u provided

θ(0) = −θ(∞) = θ (3.8)

for some angle θ . This is precisely the situation for Watson’s contour choice shown in Fig. 7. Any choice
of θ in the range −π < θ < π is allowed so there are lots of different contour choices that can, on use
of Cauchy’s theorem, all be deformed into each other without altering the value of the integral. The
key point for present considerations is that, for a fixed choice of θ , the representation (3.5) of K0(u) is
limited to a π -width range on the argument of u.

On combining (3.4) and (3.5) and on letting u = 2
√

σX where we have introduced the shorthand
notation X = |x′ − x|, it follows that

G(x′; x) = − 1

4π

∫
Lα

e−√
σX(α+ 1

α
) dα

α
. (3.9)

The contour Lα joining 0 to ∞ has not yet been chosen but, in view of what was presented above, it must
be such that the integrand decays as its two essential singularities are approached along the contour. It
is convenient to introduce the change of variables:

− ikeiφ = √
σα, φ ≡ arg[z − z′], (3.10)

where we have introduced the natural correspondences

x = (x, y) 
→ z = x + iy, x′ = (x′, y′) 
→ z′ = x′ + iy′. (3.11)

Geometrically, the change of variables (3.10) corresponds to a simple rotation and a rescaling of the
integration plane so the integration contour in the k plane, which we call L(σ ), remains one that joins
k = 0 to k = ∞. From (3.9) we now define the Green’s function G(z′; z) by

G(z′; z) ≡ G(x′; x) = − 1

4π

∫
L(σ )

eik(z−z′)− iσ(z−z′)
k

dk

k
, (3.12)
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1302 J. C. HAUGE AND D. CROWDY

Fig. 8. The basic geometrical unit (shown left) used to build up a more complicated convex polygonal domain with the

corresponding fundamental contour L(σ )
0 in the k plane (shown right) for a typical σ ∈ C, for the integral representation (3.12) of

the Green’s function of the complex Helmholtz equation (3.1) to be valid. This schematic generalizes Fig. 4 to the PDE (3.1).

where we have used the fact that z − z′ = Xeiφ and where L(σ ) is some contour joining k = 0 to k = ∞.
Suppose we now wish to pick this contour L(σ ) in order to ensure that the integral representation is

valid for the particular π -width range of arguments given by

0 < arg[z − z′] < π . (3.13)

Geometrically, we know that points z and z′ as shown to the left of Fig. 5 satisfy such a condition, a
fact we will use shortly. Let this choice of contour be called L(σ )

0 and suppose it approaches the origin
at an angle θ(0) and approaches infinity at an angle θ(∞). For the integrand to decay at these essential
singularities when z and z′ satisfy (3.13) then it is easy to see that we need

θ(0) = arg[σ ], θ(∞) = 0. (3.14)

Such a contour L(σ )
0 is shown in Fig. 8. Provided it meets the essential singularities at these angles the

exact shape of such a contour is inconsequential but, for reasons to be elucidated later, we choose it to be
the image of the real line (−∞, ∞) in a parametric a plane, say, to the k plane under the transformation

k(a) = a + √
a2 + 4σ

2
, a = [−∞, ∞]. (3.15)

It is easy to verify that k → |k| so that arg[k] → 0 as a → ∞, and that k → σ/|k| so that arg[k] → arg σ

as a → −∞. Also easily checked is that

a = k − σ

k
(3.16)

so that, on this choice of contour L(σ )
0 ,

Im
[
k − σ

k

]
= Im[a] = 0. (3.17)

Following the designation introduced by Crowdy (2015b) for the 2D Laplacian operator, and shown in
Fig. 4, we refer to L(σ )

0 shown in Fig. 8 as the fundamental contour for the complex Helmholtz operator.
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A NEW APPROACH TO THE COMPLEX HELMHOLTZ EQUATION 1303

Fig. 9. Evolution of the fundamental contour L(σ )
0 defined in (3.17) as arg(σ ) varies. The case arg(σ ) = 0 gives the straight line

contour for the modified Helmholtz equation, while arg(σ ) = π retrieves one of the two contours for the Helmholtz equation
assigned to outgoing wave solutions in Spence & Fokas (2010).

It is instructive to examine how this fundamental contour L(σ )
0 changes with arg[σ ]; this is shown

in Fig. 9. For the modified Helmholtz equation, or arg[σ ] = 0, the contour is a straight line along the
positive real axis. For 0 < arg[σ ] < π the shape of the contour changes as shown by the evolution
shown in Fig. 9. For the Helmholtz equation, as arg[σ ] → π , the curve becomes a union of three
segments: a line emanating from the origin to −|√σ |, the ray from k = |√σ | to infinity along the real
axis and the semi-circle of radius |√σ | connecting the two segments. This corresponds to the contour for
outgoing waves as discussed by Spence & Fokas (2010). If we had instead studied (1.1) with the range
of σ with −π � arg[σ ] < 0—this is just the complex conjugate of the case we chose to study—then
the corresponding limit would be the contour for ingoing waves in Spence & Fokas (2010). Readers are
referred to Spence & Fokas (2010) for more details on the Helmholtz equation, but it is interesting to
see how these two contour choices emerge from this analysis of the complex Helmholtz equation.

Suppose, on the other hand, that we want to pick the contour in order to ensure the integral
representation for the Green’s function is valid for the a different width-π range of arguments
given by

χ < arg[z − z′] < χ + π , (3.18)

where 0 � χ < 2π is some given angle. Let this choice of contour be called L(σ )
χ and suppose it

approaches the origin at an angle θ(0) and approaches infinity at an angle θ(∞). Then, for the integrand
to decay when z and z′ satisfy (3.13) we need

θ(0) = arg[σ ] − χ , θ(∞) = −χ . (3.19)

Such a contour L(σ )
χ can be chosen to be a rotation through angle −χ of the fundamental contour L(σ )

0 .
At this point we wish to emphasize how our approach differs from the work of Spence & Fokas

(2010) who formulate the Fokas transform for the Poisson, Helmholtz and modified Helmholtz equation.
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1304 J. C. HAUGE AND D. CROWDY

First, those authors do not consider the case of complex σ , so the transform pair to be derived next is a
new result, as is its derivation. Second, while Spence & Fokas (2010) also circumvent the Lax-pair and
Riemann–Hilbert methodology of Fokas & Kapaev (2003) they derive the relevant representation of the
Green’s function using a spectral representations of the Dirac-delta distribution and perform a series of
manipulations (they integrate out one of the Fourier variables in a 2D Fourier transform) to arrive at
the desired integral representation. In contrast, here we have exploited from the outset the connection
of the Green’s function for the Helmholtz operator to the theory of (integral representations of) Bessel’s
functions.

3.2 Convex polygon as an intersection of half-planes

The domain of interest is a convex polygon P so the same geometrical observation made in §2.3 still
holds: any N-sided convex polygon P is the intersection of N half planes as shown in Fig. 5.

Suppose a point z′ lies on a finite length slit on the real axis, and let z be a point in the upper
half-plane as shown to the left in Fig. 5. Then these two points satisfy (3.13) and we know that the
representation (3.12) holds for the Green’s function with the choice L = L(σ )

0 .
If, on the other hand, z′ lies on a finite length slit on the infinite line inclined at angle χ to the real

axis and that z lies in the right half plane to the left of this infinite line as shown on the right in Fig. 5.
These two points satisfy (3.18) and we know that the representation (3.12) holds for the Green’s function
with the choice L = L(σ )

χ .

3.3 Integral representation and derivation of the transform pair

It is Green’s second identity that replaces the use of the Cauchy integral formula used in §2. With the
identifications (3.11), and thinking of φ and ψ now as functions of z′ and z′, another form of the left
hand side of Green’s second identity (1.15) is

∫∫
P

[
φ∇′2ψ − ψ∇′2φ

]
dA′ = 4

∫∫
P

[
φ

∂2ψ

∂z′∂z′ − ψ
∂2φ

∂z′∂z′

]
dA′

= 4
∫∫

P

[
∂

∂z′

(
φ

∂ψ

∂z′

)
− ∂

∂z′

(
ψ

∂φ

∂z′

)]
dA′,

where dA′ = dx′dy′. Using the complex form of Green’s theorem (Ablowitz & Fokas, 2003), we obtain
the identity ∫∫

P

[
φ∇′2ψ − ψ∇′2φ

]
dA′ = 2i

∮
∂P

∂φ

∂z′ ψdz′ + φ
∂ψ

∂z′ dz′. (3.20)

We now suppose that φ(z′) is the required solution of the complex Helmholtz equation and set

ψ(z′) = G(z′; z). (3.21)

It follows from (3.20) that

φ(z) = 2i
∮

∂P

[
φ(z′)∂G(z′; z)

∂z′ dz′ + G(z′; z)
∂φ(z′)

∂z′ dz′
]

. (3.22)
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A NEW APPROACH TO THE COMPLEX HELMHOLTZ EQUATION 1305

This is the integral formula for the solution φ(z) of the complex Helmholtz equation that is analogous
to the expression for the analytic function f (z) by the Cauchy integral formula in (2.13).

Just as we did in (2.14), we can write (3.22) as a sum of the integrals around the N sides of the
polygon:

φ(z) = 2i
N∑

n=1

∫
Sn

[
φ(z′)∂G(z′; z)

∂z′ dz′ + G(z′; z)
∂φ(z′)

∂z′ dz′
]

. (3.23)

On side Sn, oriented at angle χn to the positive real axis, we know from the representation (3.12) that

G(z′; z) = − 1

4π

∫
L(σ )

χn

eik(z−z′)− iσ(z−z′)
k

dk

k
,

∂G(z′; z)

∂z′ = − 1

4π

∫
L(σ )

χn

eik(z−z′)− iσ(z−z′)
k

(
iσ

k

)
dk

k
.

(3.24)

Each of these representations can now be substituted into (3.23):

φ(z) = 1

2π i

N∑
n=1

∫
Sn

∫
L(σ )

χn

eik(z−z′)− iσ(z−z′)
k

[
φ(z′)

(
iσ

k

)
dz′ + ∂φ(z′)

∂z′ dz′
]

dk

k
. (3.25)

The next step is to use the uniform convergence of all the integrals to justify reversing the order of
integration leading to

φ(z) = 1

2π i

N∑
n=1

∫
L(σ )

χn

eikz− iσ z
k ρn(k)

dk

k
, (3.26)

where

ρn(k) ≡
∫

Sn

e−ikz′+ iσ z′
k

[
φ(z′)

(
iσ

k

)
dz′ + ∂φ(z′)

∂z′ dz′
]

, n = 1, . . . , N. (3.27)

The global relation can be obtained by using (3.20), splitting the contour ∂P into a sum around the
N sides {Sn|n = 1, . . . , N}, letting ψ(z′) = exp(−ikz′ + iσ z′/k) for any k �= 0, using the governing
equation (3.1) and using the definition of the spectral function (3.27) to find that

N∑
n=1

ρn(k) = 0, k ∈ C\{0}. (3.28)

For the analysis of the global relation it is also useful to make a different choice of particular solution
ψ(z′) = exp(ikz′ − iσ z′

k ) in Green’s identity (3.20). On the use of the governing equation (3.1) this
leads to ∮

∂P

[
ikφ(z′)dz′ + ∂φ(z′)

∂z′ dz′
]

eikz′−i σ z′
k = 0. (3.29)
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1306 J. C. HAUGE AND D. CROWDY

We can then define a second set of spectral functions given by

ρ̂n(k) =
∫

Sn

[
ikφ(z′)dz′ + ∂φ(z′)

∂z′ dz′
]

eikz′−i σ z′
k , (3.30)

which satisfy a second global relation expressed as

N∑
n=1

ρ̂n(k) = 0, k ∈ C\{0}. (3.31)

An alternative way of obtaining (3.31) is by taking (3.28) and letting k 
→ σ
k . Both (3.39) and (3.41)

are useful in analysing the global relations for a given boundary value problem.

3.4 Unbounded polygonal domains

For unbounded polygons the global relations will only be valid in a restricted section in the complex
k-plane. We will briefly show how to find these regions.

Let Sm and Sm+1 denote the sides of the polygon that extend to infinity. For each side we introduce
the parametrizations

Sm : z(s) = zm + eiχms, Sm+1 : z(s) = zm+2 − eiχm+1s, (3.32)

where zj denotes the vertices of the polygon, and 0 � s � ∞. We assign zm+1 = ∞, hence the jump in
index. Using the parametrizations (3.32), we express the corresponding spectral functions as

ρm(k) = e−ikzm+i σ
k zm

∫ ∞

0

(
∂φ

∂z
eiχm + i

σ

keiχm
φ

)
e
−i
(

keiχm− σ

keiχm

)
s
ds, (3.33)

ρm+1(k) = e−ikzm+2+i σ
k zm+2

∫ ∞

0

(
∂φ

∂z
eiχm+1 + i

σ

keiχm+1
φ

)
e
+i

(
keiχm+1− σ

keiχm+1

)
s
ds.

By examining the exponent of each of the spectral functions, we see that the functions are analytic as
long as k satisfies

Im
[
keiχm − σ

keiχm

]
� 0, Im

[
keiχm+1 − σ

keiχm+1

]
≥ 0. (3.34)

It is the overlap of these two regions that is the restricted region to which the global relation is valid.
Figure 10(a) depicts the area to which the spectral function ρm is valid (using χm = 0 as an example),

while Fig. 10(b) shows the area to which ρm+1 is valid (using χm+1 = 2π/3 as an example). The domain
of validity of the global relation is the intersection of these two domains shown in Fig. 10(c).

The reader will recognize that the boundaries of the regions defined by (3.34) are precisely the
contours L(σ )

χm , and it is for this reason we chose these contours as our integration paths earlier. When
solving particular unbounded problems, we can find explicit expressions for the spectral functions along
these contours, which allows us to obtain explicit integral representations of the solutions inside the
domain, respectively.
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A NEW APPROACH TO THE COMPLEX HELMHOLTZ EQUATION 1307

Fig. 10. Figure (a) and (b) depicts the area in which the spectral function ρm and ρm+1 are defined, respectively, while
(c) illustrates the intersection between the two, hence giving the domain of validity of the global relation.

Fig. 11. The domain of validity of the global relation for the quarter plane (χm = 0, χm+1 = π/2) as arg[σ ] varies. For
arg[σ ] = 0, π the known domains for the modified Helmholtz and Helmholtz equation, respectively, are retrieved (Fokas, 2008).

In Fig. 11 we show how the regions of analyticity change as we modify arg(σ ), where we used the
quarter plane (χm = 0, χm+1 = π/2) as an example.

3.5 Other transform pairs

Since the solution φ(z) of (3.1) is single-valued in the polygon P, then there are alternative forms of the
integral identity (3.20) obtainable by using the relation

∮
∂P

d(φψ) = 0, (3.35)

which will hold for any single-valued function ψ in P. Those modified integral representations give
rise to modified transform pairs. For any given boundary value problem, it is usual to find that certain

D
ow

nloaded from
 https://academ

ic.oup.com
/im

am
at/article/86/6/1287/6364803 by Im

perial C
ollege London Library user on 03 M

arch 2022



1308 J. C. HAUGE AND D. CROWDY

transform pairs are more convenient than others. Using the differentials

dφ = ∂φ

∂z
dz + ∂φ

∂z
dz, dψ = ∂ψ

∂z
dz + ∂ψ

∂z
dz, (3.36)

and (3.35), we can rewrite the right-hand side of (3.20) to obtain the following identity:

4
∫∫

P

[
φ(z, z)

∂2ψ

∂z∂z
(z, z) − ψ(z, z)

∂2φ

∂z∂z
(z, z)

]
dA

= i
∮

∂P

[
∂φ

∂z
(z, z)ψ(z, z) − ∂ψ

∂z
(z, z)φ(z, z)

]
dz′ −

[
∂φ

∂z
(z, z)ψ(z, z) − ∂ψ

∂z
(z, z)φ(z, z)

]
dz.

(3.37)

Based on this form of Green’s identity another choice of transform pair, derivable in exactly the same
way as (3.26) and (3.27), is

φ(z, z) = 1

4π i

N∑
n=1

∫
Ln

ρn(k)e
ikz−i σ

k z̄ dk

k
, (3.38a)

ρn(k) =
∫

Sn

[(∂φ

∂z
+ ikφ

)
dz −

(
∂φ

∂z
− i

σ

k
φ

)
dz
]
e−ikz+i σ

k z̄ (3.38b)

with corresponding global relation, for a bounded polygon,

N∑
n=1

ρn(k) = 0, k ∈ C\{0}. (3.39)

The second set of spectral functions given by

ρ̂n(k) =
∫

Sn

[(
∂φ

∂z
− ikφ

)
dz −

(
∂φ

∂z
+ i

σ

k
φ

)
dz

]
eikz−i σ

k z, (3.40)

satisfy a second global relation, for a bounded polygon, expressed as

N∑
n=1

ρ̂n(k) = 0, k ∈ C\{0}. (3.41)

Note that the transform pair (3.38a) and (3.38b) reduces to the pair (2.1) on taking φ = f (z) and letting
σ− > 0 and performing a sequence of integral manipulations.

4. Applications

Armed with these novel transform pairs for the complex Helmholtz equation—either (3.26)–(3.27) or
(3.38a)–(3.38b)—and the relevant global relations satisfied by the spectral functions, how to use this
machinery to solve a given boundary value problem is, by now, quite well established in the fast-
growing body of literature on the Fokas method (Fokas, 2008; Fokas & Pelloni, 2014; Fokas & Spence,
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A NEW APPROACH TO THE COMPLEX HELMHOLTZ EQUATION 1309

Fig. 12. The right isosceles triangular pore geometry for EIS. The hypotenuse is the stimulus wall with a Dirichlet-type boundary
condition and homogeneous Neumann conditions are imposed on the two legs.

2012). This section, together with the supplementary materials, illustrates this analysis of the global
relations; its main goal, however, is to exemplify how this new transform method adds to the small
supply of available analytical techniques to solve the complex Helmholtz equation (1.1) in a variety of
applications.

4.1 Electrochemical impedance spectroscopy: right-isosceles triangular pores

In §1 the calculation of Warburg impedance in EIS using reciprocal theorem ideas, or integral identities,
was discussed. The geometries there were simple: a semi-infinite half-plane, or finite-width infinite
strips. Cooper et al. (2017) examine how the pore geometry of the electrodes can affect the impedance
measurements in EIS. They develop methods to replicate early results by Keiser et al. (1976) and obtain
the impedance for various idealized pore geometries, including a rectangle and triangle geometry. Those
authors have built a flexible numerical software package called TauFactor (Cooper et al., 2017, 2016)
that can compute impedances for quite general geometries.

The present work complements these alternative approaches and adds some new theoretical ideas to
the study of this physically important class of problems. As a detailed example, we now show how to use
the new transform pair to solve the boundary value problem for EIS in the triangular geometry shown
in Fig. 12. The steps in the following analysis of the global relation are not new: this same geometry
has been considered previously for Laplace’s equation or σ = 0 using the Fokas method by Fokas &
Kapaev (2003) and for the modified Helmholtz equation σ ∈ R

+ (Ben-Avraham & Fokas, 2001). The
following is the first analysis of a boundary value problem for the complex Helmholtz equation σ ∈ C

in this geometry. Many of the steps in the analysis of the global relations are similar to that in previous
work for other PDEs. In §4.6 we will compare impedance formulas obtained using our new transform
approach to the results given by TauFactor.

For this particular choice boundary conditions, relevant to EIS and shown in Fig. 12, it is possible
to exploit symmetry to reduce problem to one in a rectangle where more traditional methods such
as separation of variables can be used. This is because of the homogeneous Neumann-type boundary
conditions on the two non-stimulated side-walls. However, all the same steps below can be generalized to
the case of general inhomogeneous Neumann data on the side-walls where it is not, in general, possible
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1310 J. C. HAUGE AND D. CROWDY

to use separation of variables to solve such a problem. Our approach therefore offers genuine advantage
in facilitating the solution of problems not currently solvable using other known methods. The details
of this generalized analysis can be found in the supplementary materials. Incidentally, we believe our
analysis there also generalizes that already presented by Fokas & Kapaev (2003) and Ben-Avraham &
Fokas (2001) for other PDEs.

Let the legs of the right isosceles triangle have length L with each side labelled as in Fig. 12. The
governing equation is (1.10), and the boundary conditions for the closed pore are given by

φ = 1, (x, y) ∈ S2,
∂φ

∂nj
= 0, Sj, j = 1, 3. (4.1)

The goal is to compute the dimensionless impedance, which can be expressed as (Cooper et al., 2017)

Z(ω) =
∫

S2

φds

/∫
S2

∂φ2

∂n2
ds, (4.2)

where ds denotes the differential arc-length element along S2. Since φ is already known along S2, we
need to use the new transform method to obtain the unknown Neumann data ∂φ/∂n2 there.

4.2 Defining the spectral functions

The first step is to split the spectral functions into known and unknown parts. For this problem it turns
out to be more convenient to use the transform pair (3.38a) and (3.38b) since the boundary data are
either of Dirichlet or Neumann type. Hence we split the spectral functions into parts dependent on the
Dirichlet and the Neumann data, respectively. On S1, e.g. we can write

ρ1(k) =
∫ L

2 −i L
2

− L
2 −i L

2

[(
∂φ

∂z′ + ikφ

)
dz′ −

(
∂φ

∂z′ − i
σ

k
φ

)
dz′
]

e−ikz′+i σ
k z′

= e−(k+ σ
k ) L

2

∫ L
2

− L
2

(
∂φ

∂z′ dz′ − ∂φ

∂z′ dz′
)

e−i(k− σ
k )xdx + ie−(k+ σ

k ) L
2

(
k + σ

k

) ∫ L
2

− L
2

φe−i(k− σ
k )xdx.

(4.3)

On use of the identity

∂φ

∂z′ dz′ − ∂φ

∂z′ dz′ = i
∂φ

∂n
ds, (4.4)

(4.3) becomes

ρ1(k) = ie−(k+ σ
k ) L

2

∫ L
2

− L
2

∂φ

∂n1

(
x, −L

2

)
︸ ︷︷ ︸

Neumann

e−i(k− σ
k )xdx + ie−(k+ σ

k ) L
2

(
k + σ

k

)∫ L
2

− L
2

φ

(
x, −L

2

)
︸ ︷︷ ︸

Dirichlet

e−i(k− σ
k )xdx.

(4.5)
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A NEW APPROACH TO THE COMPLEX HELMHOLTZ EQUATION 1311

We can perform a similar split for the spectral functions on side S1 and S2:

ρ2(k) = i
∫ L√

2

− L√
2

∂φ

∂n2

(
z2(s)

)
e−(αk+ σ

αk )ds + i
(
αk + σ

αk

) ∫ L√
2

− L√
2

φ(z2(s))e
−(αk+ σ

αk )ds, (4.6a)

ρ3(k) = iei(k− σ
k ) L

2

∫ L
2

− L
2

∂φ

∂n3

(
−L

2
, y

)
e(k+ σ

k )ydy − ei(k− σ
k ) L

2

(
k − σ

k

) ∫ L
2

− L
2

φ

(
−L

2
, y

)
e(k+ σ

k )ydy,

(4.6b)

where we have introduced the notation

z2(s) = αs, α = ei 3π
4 . (4.7)

On S2 φ is given, and ∂φ/∂n2 is unknown. The function ρ2(k) can therefore be expressed as

ρ2(k) = iρ̃2(−αk) + G(k), (4.8)

where

ρ̃2(−αk) =
∫ L√

2

− L√
2

∂φ

∂n2

(
z2(s)

)
e−(αk+ σ

αk )ds, G(k) = 2i

(
αk + σ

αk

)(
αk + σ

αk

) sinh

((
αk + σ

αk

) L√
2

)
.

(4.9)

On S1 and S3 we have the opposite situation: the Neumann data are given and the Dirichlet data are
unknown. Consequently the spectral functions are given by

ρ1(k) = ie−(k+ σ
k ) L

2

(
k + σ

k

)
ρ̃1(−ik), ρ3(k) = ei(k− σ

k ) L
2

(
k − σ

k

)
ρ̃3(k), (4.10)

where

ρ̃1(−ik) =
∫ L

2

− L
2

φ

(
x, −L

2

)
e−i(k− σ

k )xdx, ρ̃3(k) =
∫ L

2

− L
2

φ

(
−L

2
, y

)
e(k+ σ

k )ydy. (4.11)

In order to perform the analysis we need to use the second set of spectral functions given by (3.40).
Performing a similar procedure as outlined above, the second set of spectral functions for the closed
pore is given by

ρ̂1(k) = −ie−(k+ σ
k ) L

2

(
k + σ

k

)
ρ̃1(ik), (4.12a)

ρ̂2(k) = −iρ̃2(−αk) + Ĝ(k), (4.12b)

ρ̂3(k) = e−i(k− σ
k ) L

2

(
k − σ

k

)
ρ̃3(k), (4.12c)
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1312 J. C. HAUGE AND D. CROWDY

where

Ĝ(k) = −2i

(
αk + σ

αk

)(
αk + σ

αk

) sinh

((
αk + σ

αk

) L√
2

)
. (4.13)

4.3 Analysis of global relation

It is expedient to introduce the functions

e(k) = e(k+ σ
k ) L

2 , E(k) = e(
k+ σ

k ) L√
2 . (4.14)

On substitution of (4.8) and (4.10) into (3.39), and (4.12) into (3.41), and use of (4.14), it is found that

e(−k)
(

k + σ

k

)
ρ̃1(−ik) + ρ̃2(−αk) − ie(ik)

(
k − σ

k

)
ρ̃3(k) = iG(k), (4.15a)

e(−k)
(

k + σ

k

)
ρ̃1(ik) + ρ̃2(−αk) + ie(−ik)

(
k − σ

k

)
ρ̃3(k) = −iĜ(k), (4.15b)

For determining the impedance it is the unknown boundary data on the hypotenuse S2 that is of interest.
The first step is to eliminate ρ̃3 from equations (4.15):

e(−k)
(

k + σ

k

) [
e(−ik)ρ̃1(−ik) + e(ik)ρ̃1(ik)

]
+e(−ik)ρ̃2(−αk) + e(ik)ρ̃2(−αk) = ie(−ik)G(k) − ie(ik)Ĝ(k). (4.16)

Setting k → −k in (4.16) yields

−e(k)
(

k + σ

k

) [
e(−ik)ρ̃1(−ik) + e(ik)ρ̃1(ik)

]
+e(ik)ρ̃2(αk) + e(−ik)ρ̃2(αk) = ie(ik)G(−k) − ie(−ik)Ĝ(−k). (4.17)

The function ρ̃1 can now be eliminated between (4.16) and (4.17):

e(k)e(ik)ρ̃2(αk) + e(k)e(−ik)ρ̃2(αk) + e(−k)e(ik)ρ̃2(αk) + e(−k)e(−ik)ρ̃2(αk) = iT(k), (4.18)

where

T(k) = e(k)
[
e(−ik)G(k) − e(ik)Ĝ(k)

]
+ e(−k)

[
e(ik)G(−k) − e(−ik)Ĝ(−k)

]
. (4.19)

Using (4.14) we can rewrite (4.18) as

E(−αk)ρ̃2(−αk) + E(−αk)ρ̃2(−αk) + E(αk)ρ̃2(αk) + E(αk)ρ̃2(αk) = iT(k). (4.20)
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A NEW APPROACH TO THE COMPLEX HELMHOLTZ EQUATION 1313

A second equation is obtained by setting k → ik in (4.20):

E(−αk)ρ̃2(αk) + E(αk)ρ̃2(−αk) + E(αk)ρ̃2(−αk) + E(−αk)ρ̃2(αk) = iT(ik). (4.21)

Finally, (4.21) can be both added to and subtracted from (4.20) to obtain the following equations:

[E(αk) + E(−αk)]
[
ρ̃2(αk) + ρ̃2(−αk)

]+ [E(αk)+ E(−αk)]
[
ρ̃2(αk)+ ρ̃2(−αk)

] = i [T(k) + T(ik)] ,
(4.22a)

[E(αk) − E(−αk)]
[
ρ̃2(αk) − ρ̃2(−αk)

]+ [E(αk) − E(−αk)]
[
ρ̃2(αk) −ρ̃2(−αk)

] = i [T(k) − T(ik)] .
(4.22b)

Equations (4.22) can be solved for ρ̃2(αk) ± ρ̃2(−αk):

ρ̃2(αk) + ρ̃2(−αk) = i [T(k) + T(ik)] − [E(αk) + E(−αk)]
[
ρ̃2(αk) + ρ̃2(−αk)

]
E(αk) + E(−αk)

, (4.23a)

ρ̃2(αk) − ρ̃2(−αk) = i [T(k) − T(ik)] − [E(αk) − E(−αk)]
[
ρ̃2(αk) − ρ̃2(−αk)

]
E(αk) − E(−αk)

. (4.23b)

Since ρ̃2(k) is analytic for all k �= 0 the numerators in (4.23a) and (4.23b) must vanish when the
denominators vanishes. This produces values of ρ̃(αk) ± ρ̃(−αk) at special points in the k-plane:

ρ̃2(αk1,m) + ρ̃2(−αk1,m) = i
T(k1,m) + T(ik1,m)

E(αk1,m) + E(−αk1,m)
, (4.24a)

ρ̃2(αk2,m) − ρ̃2(−αk2,m) = i
T(k2,m) − T(ik2,m)

E(αk2,m) − E(−αk2,m)
, (4.24b)

where k1,m ∈ Σ1, k2,m ∈ Σ2, and the sets Σj are defined by

Σ1 ≡
{

k ∈ C | αk + σ

αk
= i (1 + 2m)

π√
2L

, m ∈ Z

}
, (4.25a)

Σ2 ≡
{

k ∈ C | αk + σ

αk
= i

2mπ√
2L

, m ∈ Z

}
. (4.25b)

4.4 Introducing a series expansion

The final step is to use (4.24) to recover the unknown boundary data ∂φ/∂n2(z2(s)). One way to do this
is to pose a series expansion of the form

∂φ

∂n2
(z2(s)) =

∞∑
n=0

cnPn

(√
2

L
s

)
, (4.26)
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1314 J. C. HAUGE AND D. CROWDY

where {Pn(s)} is some class of polynomials and {cn} is a set of complex-valued coefficients. An over-
determined linear system for these coefficients can then be found using (4.24), which can be solved
numerically to find the unknown boundary data ∂φ/∂n2(z2(s)). This approach is now a standard
procedure in the analysis of the global relations in the Fokas method (Fokas, 2008; Fokas & Pelloni,
2014; Fokas & Spence, 2012). The supplementary materials contain details of this approach for a more
general boundary value problem in the same triangular domain.

It turns out that, on making an appropriate choice of the series expansion (4.26), we can find explicit
expressions for the series expansion coefficients. The relevant series expansion, known as a modified
Fourier series (Iserles & Nørsett, 2008; Olver, 2009), can be expressed as

∂φ

∂n2

(
z2(s)

) =
∞∑

m=0

am cos

(
(1 + 2m)

π√
2L

s

)
+ bm sin

(
2mπ√

2L
s

)
, (4.27a)

am =
√

2

L

∫ L√
2

− L√
2

∂φ

∂n2

(
z2(s)

)
cos

(
(1 + 2m)

π√
2L

s

)
ds, (4.27b)

bm =
√

2

L

∫ L√
2

− L√
2

∂φ

∂n2

(
z2(s)

)
sin

(
2mπ√

2L
s

)
ds. (4.27c)

Using (4.27), the left-hand side of (4.24) is

ρ̃2(αk1,m) + ρ̃2(−αk1,m) = √
2Lam, ρ̃2(αk2,m) − ρ̃2(−αk2,m) = √

2Libm. (4.28)

By substituting for G(k) and Ĝ(k) in (4.19) using (4.9) and (4.13) it is found that

am = 16σ√
2L

(−1)m
tanh

(
q(pm, σ) L√

2

)
qm(pm, σ)pm

, bm = 0, (4.29)

where

pm = (1 + 2m)
π√
2L

, q(pm, σ) =
√

p2
m + 4σ . (4.30)

The Neumann data, or normal concentration flux, on the hypotenuse can therefore be expressed as

∂φ

∂n2

(
z2(s)

) = 16σ√
2L

∞∑
m=0

tanh
(

q(pm, σ) L√
2

)
qm(pm, σ)pm

cos
(
pms

)
. (4.31)

To find the impedance, we substitute for φ and ∂φ/∂n2 in (4.2) using (4.1) and (4.31), respectively,
producing the final explicit result

Z(ω) = L2

16σ

⎡
⎣ ∞∑

m=0

tanh
(

q(pm, σ) L√
2

)
qm(pm, σ)p2

m

⎤
⎦

−1

. (4.32)
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A NEW APPROACH TO THE COMPLEX HELMHOLTZ EQUATION 1315

Fig. 13. Contours of the concentration distribution C(x, y, 0) for various parameters σ . As |σ | increases, the penetration depth
gets smaller.

A few remarks are in order. While the modified Fourier series of the form (4.27) produces explicit
expressions for the coefficients, greater accuracy is obtained by using the numerical approach based
on (4.26) mentioned earlier, e.g. using Legendre or Chebyshev polynomials as the expansion functions.
The supplementary materials contain a detailed comparison. Additionally, the modified Fourier series
of the form (4.27) is only valid for functions that vanish at the boundary. In our case, our unknown flux
satisfies this condition due to the nature of the boundary conditions. For more general problems we can
split the function into two parts:

∂φ

∂n2
(z2(s)) = 1√

2L

[
∂φ

∂n2

(
z2

(
L√
2

))(
s + L√

2

)
− ∂φ

∂n2

(
z2

(
− L√

2

))(
s − L√

2

)]
+ φ̌(s),

(4.33)

where φ̌(±L/
√

2) = 0 and introduce a modified Fourier series expansion for φ̌(s) instead.

4.5 Streamlines

To visualize the concentration distribution inside the domain the inverse transform (3.38a) can be used
once the spectral functions have been obtained from the analysis of the global relations in the manner
indicated above. Once φ is computed in P, the concentration field C(x, y, t) at time t is

C(x, y, t) = Rej

[
φejωt

]
. (4.34)

Figure 13 shows the concentration distribution C(x, y, 0) for various values of σ . As the magnitude of σ

is increased, the concentration penetration depth decreases.
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1316 J. C. HAUGE AND D. CROWDY

Fig. 14. Snapshots showing contours of the concentration distribution C(x, y, t) over a period for σ = 2j.

Figure 14 and Figure 15 show contours of C(x, y, t) over one period of oscillation for σ = 2j and
σ = 20j. These figures show the influence of the penetration depth: in Fig. 14 where the penetration
depth is larger the concentration distribution oscillates across the entire domain, while in Fig. 15 the
concentration away from the stimulus wall is largely stationary.

4.6 Comparison with TauFactor

Cooper et al. (2017, 2016) have developed software called TauFactor on the MATLAB platform to
compute an effective parameter called the tortuosity factor that quantifies the apparent decrease in
diffusive transport resulting from convolutions of the flow paths through porous media. It can be used
to compute the impedance for an arbitrary pore geometry, indeed, the software is designed to tackle
materials with highly complex microstructure. Using a two colour map, where one colour represents a
solid wall or obstacle, while the other represents pore space, a user can input a map into the software
and it will compute the associated diffusion spectra, or impedance diagram. An analytical result such as
(4.32) can serve as a numerical benchmark solution for software such as TauFactor, and vice versa. In
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A NEW APPROACH TO THE COMPLEX HELMHOLTZ EQUATION 1317

Fig. 15. Snapshots showing contours of the concentration distribution C(x, y, t) over a period for σ = 20j.

order to verify (4.32) against TauFactor, we set D = 1 and L = 1/
√

2 giving

Z(ω) = 1

8jω

⎡
⎣ ∞∑

m=0

tanh
(

q
(

pm, jω
4

)
1/2

)
q
(

pm, jω
4

)
p2

m

⎤
⎦

−1

. (4.35)

TauFactor uses a normalization of the impedance given by Z̃(ω) = (ÂD/L̂)Z(ω) where Â is the algebraic
mean area accessible to diffusion, and L̂ is the maximum penetration distance from the stimulated
surface to the longest pore path. For the right isosceles triangular path with unit length hypotenuse this
normalization leads to ÂD/L̂ = 1, therefore, the normalized impedance for comparison with TauFactor
is simply given by (4.35). The results of this comparison are shown in Fig. 16 and show excellent
agreement. Detailed information on the vertical asymptote shown in this figure can be found using a
small-ω perturbation analysis (Hauge, 2019), which reduces the problem to a set of coupled boundary
value problems for Laplace’s equation where other transform methods in polygons are applicable
(Crowdy, 2015a; Fokas & Kapaev, 2003).
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1318 J. C. HAUGE AND D. CROWDY

Fig. 16. Comparison of diffusion spectra (impedance) for a right isosceles triangular pore. Results of the TauFactor software
compared with transform method result (4.35). The jagged nature of the TauFactor curve as ω → 0 curve is due to convergence
issues in this limit [Cooper, private communication].

4.7 Application to the 3ω method

Cahill & Pohl (1987) developed a method for measuring the thermal properties of substrates while
minimizing the effects of black-body radiation; it has become known as the 3ω method. The idea is to
use an alternating current in a ‘heater’—used both as a heater to supply heat and as a thermocouple
to measure temperature—to supply an oscillatory heat flux to a substrate, measuring the averaged
temperature of the heater at various frequencies, and then using the measurements, along with a suitable
solution to the governing PDE—i.e. the complex Helmholtz equation—to extract the thermal properties
of the material through regression analysis. The name 3ω arises because the method rests on measuring
the amplitude of the third time harmonic induced owing to an assumed linear dependence of the
heater resistance on temperature. Accurate thermal property measurement is crucial for a wide range
of applications. In medicine, knowing the thermal properties of skin illuminates a patient’s hydration
levels and overall dermatological health (Tian et al., 2017). The complex Helmholtz equation is at the
heart of these methods: the original analysis of Cahill & Pohl (1987) uses a relatively simple solution
in a half-plane, but the new techniques here provide a route to solving the same problem in much more
geometrically complex geometries.

4.8 Application to diffusion wave field theory

Diffusion wave field theory covers many application areas where the diffusion equation forced by a
time-periodic stimulus governs the system (Mandelis, 2000). A treatise (Mandelis, 2013) on diffusion-
wave field problems focuses on this class of problems using Green’s functions as the principal tool, but
the focus there is on 2D and 3D problems in infinite and semi-infinite domains. The transform method
here is limited to 2D domains but applies to a very general class of polygonal geometries, and therefore
adds a new tool to the armoury of available techniques in diffusion wave field theory. The new method is
also based on Green’s functions, but the new ingredient is the use of a particular spectral representation,
in terms of the complex variable k, of the Green’s function that is relevant to convex polygons and
the subsequent analysis of the global relations in this spectral k plane to obtain information on the
solution.
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A NEW APPROACH TO THE COMPLEX HELMHOLTZ EQUATION 1319

It should be mentioned that the complex Helmholtz equation can also be used to study attenuated
wave problems. There are important differences between diffusion waves and attenuated waves
associated with the nature of the energy propagation mechanism (Scale & Snieder, 1999). On a related
note, another possible use of our transform pair is investigation of the arg[σ ] → π limit, especially in
the case of unbounded domains, where the imaginary component of σ tends to zero and the complex
Helmholtz equation reduces, in the limit, to the Helmholtz equation with its wave-like solutions.

4.9 Application to unsteady Stokes flow

An unsteady Stokes flow is one where the nonlinear inertial term in the fluid acceleration is ignored,
but a time-derivative term retained. In such a case, one ends up studying the ‘linearized Navier–Stokes
equations’. It is now shown how the new transform method for the complex Helmholtz operator opens up
new possibilities for the analysis of such flows in polygonal domains brought about by a time-periodic
stimulus. The so-called second Stokes problem is an example: it involves studying the motion of fluid
in a half-plane due to an oscillatory semi-infinite wall. The fluid near the wall forms an oscillatory
boundary layer, with thickness of the order of the penetration depth, called a Stokes layer (Batchelor,
1967). Unsteady Stokes flow problems in polygonal domains forced by time-periodic stimuli, or by
fundamental singularities, have been treated previously using numerical methods (Chu & Kim, 2002;
Clarke et al., 2005; Tuck, 1969), Fourier transforms (Chu & Kim, 2001; Tuck, 1970) and asymptotic
analysis (Branicki & Moffatt, 2006; Clarke et al., 2005; Tuck, 1970).

With x̂ = (x̂, ŷ), and ∇̂ = (∂x̂, ∂ŷ), the Navier–Stokes equations for incompressible 2D Newtonian
fluid flows are

ρ

(
∂û
∂ t̂

+ û · ∇̂û
)

= −∇̂p̂ + μ∇̂2û ∇̂ · û = 0, (4.36)

where û = (û, v̂) is the fluid velocity vector, p̂ is the fluid pressure and ρ and μ denotes the fluid density
and viscosity, respectively. On non-dimensionalization with

u = û
U

, x = x̂
L

, t = t̂

T
, p′ = L

μU
p̂, (4.37)

then (4.36) becomes

β
∂u
∂t

+ Reu · ∇u = −∇p′ + ∇2u, ∇ · u = 0, (4.38a)

where the dimensionless parameters are

β = L2

νT
, Re = UL

ν
, (4.39)

where ν = μ/ρ is the kinematic viscosity. Re denotes the Reynolds number. If the time scale T is
set by the periodic forcing of the system the parameter β, often called a Strouhal number, controls the
magnitude of inertial acceleration forces due to this time-dependent forcing relative to viscous forces.
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1320 J. C. HAUGE AND D. CROWDY

Our interest here is in the unsteady Stokes flow equations, or the linearized Navier–Stokes equations,
where Re 
 1 but where β is an order one quantity:

β
∂u
∂t

= −∇p′ + ∇2u, ∇ · u = 0. (4.40)

The curl of (4.40) leads to the vorticity equation

β
∂ω′

∂t
= ∇2ω′, ω′ = ∇ × u. (4.41)

Due to the incompressibility condition (4.40), a stream function ψ ′ can be introduced where

u =
(

∂ψ ′

∂y
, −∂ψ ′

∂x

)
, ω′ = −∇2ψ ′. (4.42)

If we now assume purely oscillatory solutions of the form

ψ ′ = �
[
ψejt

]
, ω′ = �

[
ωejt

]
, p′ = �

[
pejt
]

(4.43)

we end up with the system

(
∇2 − 4σ

)
ω = 0, −∇2ψ = ω σ = jβ

4
. (4.44)

In (4.44) both the 2D Laplacian operator and the complex Helmholtz operator appear. From the
development in this paper ‘transform pairs’ for both operators in convex polygons are available opening
up the possibility of a transform method to solving the unsteady Stokes equations in such domains. For
unsteady Stokes flow, a layer of complication is added by the two operators being coupled: from (4.44)
we obtain a fourth-order equation for ψ given by

(∇2 − 4σ
)∇2ψ = 0. (4.45)

This complication can be handled, however, just as transform methods for the fourth-order biharmonic
equation can be formulated and solved (Crowdy & Fokas, 2004; Dimakos & Fokas, 2015; Luca &
Crowdy, 2018) by viewing it as coupled problems for two harmonic fields.

We can write a solution to (4.45) as a superposition of solutions for each operator, namely,

ψ = b1φ + b2ω, (4.46)

where φ satisfies Laplace’s equation, ω is the vorticity satisfying (4.44) and bj are arbitrary complex
coefficients. In his analysis of the unsteady Stokes flow generated by an oscillating cylinder of arbitrary
cross-section Tuck (1969) used a similar definition for ψ given, in dimensionless form, as

ψ = 1

4σ
(φ − ω) . (4.47)
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A NEW APPROACH TO THE COMPLEX HELMHOLTZ EQUATION 1321

A benefit of this definition is that φ becomes the harmonic conjugate to the pressure field p, hence the
pressure field follows from φ using the Cauchy–Riemann equations

∂p

∂x
= ∂φ

∂y
,

∂p

∂y
= −∂φ

∂x
. (4.48)

4.10 Transform method for unsteady Stokes flow

Let the polygonal domain be P with sides {Sn|n = 1, ..., N} as before. From §2 we have the following
integral representations for the derivatives of the harmonic field φ:

∂φ

∂z
(z, z) = 1

2π

N∑
n=1

∫ ∞e−iχn

0
ηn(α)eiαzdα, ηn(α) =

∫
Sn

∂φ

∂z′ e
−iαz′dz′, (4.49a)

∂φ

∂z
(z, z) = 1

2π

N∑
n=1

∫ ∞eiχn

0
η̂n(α)e−iαzdα, η̂n(α) =

∫
Sn

∂φ

∂z′ e
iαz′dz′ (4.49b)

with

φ(z, z) = 1

2π i

N∑
n=1

∫ ∞e−iχn

0

[
ηn(α)eiαz dα

α
− η̂n(α)e−iαz dα

α

]
. (4.50)

As for the vorticity, the following transform pair is found to be the most convenient:

ω (z, z) = 1

2π i

N∑
n=1

∫
Lχn

ρn(k)e
ikz−i σ

k z dk

k
, ρn(k) =

∫
Sn

(
∂ω

∂z′ dz′ + i
σ

k
ωdz′

)
e−ikz′+i σ

k z′ , (4.51a)

where Lχn
is the contour defined earlier. Consequently, by taking (4.47) and substituting for φ and ω

using (4.50) and (4.51a), we obtain an explicit integral representation for the stream function

ψ(z, z) = 1

8iπσ

N∑
n=1

[ ∫ ∞e−iχn

0

[
ηn(α)eiαz dα

α
− η̂n(α)e−iαz dα

α

]
−
∫
Ln

ρn(k)e
ikz−i σ

k z dk

k

]
. (4.52)

The global relations are

N∑
n=1

ηn(α) = 0,
N∑

n=1

η̂n(α) = 0, α ∈ C, (4.53a)

N∑
n=1

ρn(k) = 0, k ∈ C\{0}. (4.53b)
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1322 J. C. HAUGE AND D. CROWDY

It is also useful to define

ρ̂n(k) =
∫

Sn

(
∂ω

∂z′ dz′ − i
σ

k
ωdz′

)
eikz′−i σ

k z′ , (4.54)

satisfying

N∑
n=1

ρ̂n(k) = 0, k ∈ C\{0}. (4.55)

The approach to solving unsteady Stokes flow problem using the transform method derived herein is
similar to the approach for the complex Helmholtz operator: the global relations (4.53) and the boundary
conditions are analysed to compute the unknown boundary data. Once all the boundary data are known
so are the spectral functions ηn(α), η̂n(α) and ρn(k) and the integral representation (4.52) provides an
expression for the stream function ψ inside the domain.

In the supplementary materials we use the new transform method just described to rederive a solution
found by Tuck (1969) for source-driven motion into an upper half plane and then show how to generalize
it to find a new solution involving a different boundary condition. This new method has also been used
to retrieve the solutions of Chu & Kim (2001, 2002); those details can be found in Hauge (2019).

5. Discussion and future directions

This paper has presented a new transform pair to solve the complex Helmholtz equation in convex
polygons. It can facilitate finding solutions to a wide class of boundary value problems in diffusion-
wave field theory, electrochemical impedance spectroscopy and unsteady slow viscous flows in such
domains. These are just a few of its potential applications.

The derivation of the new transform pair is a direct extension of one given by Crowdy (2015a,b) for
analogous transform pairs for analytic functions in all domain classes illustrated in Fig. 3: any convex
polygon, an arbitrary circular-arc domain, including multiply connected cases such as the important
‘disc-in-channel’ geometry. Such transform pairs can be used to solve boundary value problems for
Laplace’s equation in all those classes of domain (Crowdy, 2015a,b). That work was extended to
boundary value problems for biharmonic fields in Luca & Crowdy (2018). Crowdy’s extensions to
circular domains were originally motivated by mathematical challenges in quantifying hydrodynamic
slip on so-called superhydrophobic surfaces where circular domains are common; physically, this is due
to the occurrence of free surface menisci satisfying a Laplace–Young force balance at small capillary
numbers forcing them to have constant curvature. His methods have already proven to be of great utility
in that application (Crowdy, 2015b; Luca et al., 2018; Schnitzer, 2016) and others (Crowdy, 2016b;
Luca & Llewellyn Smith, 2018).

The most challenging part of the approach is the analysis of the global relations. This paper has
given a flavour of what is involved, with more examples provided in the supplementary matter. There is,
by now, a large and growing literature on analysing such global relations using a mixture of analytical
and numerical techniques (Colbrook, 2020; Fokas, 2008; Fornberg & Flyer, 2011; Smitheman et al.,
2010) so readers will find many other examples there. Readers are also referred to Hauge (2019)
where a variety of other problems in EIS, diffusion wave field theory and the 3ω method are treated,
including how to add an inhomogeneous forcing to the right hand side of (1.1), which is quite a routine
modification of what has been presented here.
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As explained in the Introduction, while the term ‘global relations’ might be unfamiliar to readers not
au fait with the Fokas method, these relations are closely connected to the established use of reciprocity
theorems, or Lorentz reciprocity, in determining the effective properties of heterogeneous materials
(Crowdy, 2017; Milton, 2002) and also useful in electrodynamics (Landau & Lifshitz, 1960; Panofsky &
Phillips, 1962). We illustrated this connection, which does not appear to have been discussed previously
in the literature, by carrying out a new derivation of simple Warburg impedance formulas using Green’s
identity and special choices of a ‘comparison solution’ and, in particular, without ever solving for the
concentration field whose effective impedance is being calculated. A well-known concept in electrical
engineering is the impedance matrix, or Z-matrix, of a given system; these describe the behaviour of
any linear electrical network viewed as a black box with N ports. In his derivation of ‘Fourier–Mellin’
transform pairs for N-sided polygons, or circular-arc polygons, Crowdy (2015a,b) introduces the notion
of a spectral matrix with elements {ρmn(k)|m, n = 1, . . . , N}, which arises naturally in his approach;
these were mentioned earlier in §2. In their studies of Laplace’s equation in a polygon Fokas & Kapaev
(2003) did not introduce such a matrix, merely N spectral functions that, as shown later by Crowdy
(2015a), turn out to be just the diagonal elements of the spectral matrix. In view of the connections made
here between reciprocity theorems and analysis of the global relations there appears to be a tantalizing,
but as yet unclear, connection between Crowdy’s spectral matrices and the concept of an impedance
matrix. This matter is currently under investigation.

The complex Helmholtz equation was shown, in the Introduction, to arise naturally when studying
time-periodic solutions of the 2D diffusion equation (1.2). In this case, initial transients are assumed
to have decayed away. There has been much recent work (Miller & Smith, 2018; Pelloni & Smith,
2018; Sheils & Smith, 2015) on devising transform methods, again based on the Fokas method, for the
1D diffusion equation in various geometries in the unsteady case, i.e. for the solution of initial value
problems. It would be interesting, to solve initial value problem for the applications discussed in this
paper, to extend such approaches to the full 2D diffusion equation (1.2).

We end by reiterating two other open theoretical questions already posed earlier in this paper.
First: is there a transform pair representation for solutions of the complex Helmholtz equation—

including the Helmholtz and modified Helmholtz equations—in general multiply connected circular
domains? Spence & Fokas (2010) have contributed some results for the Helmholtz and modified
Helmholtz equations in simple wedges, but is a more general geometric formulation available akin to
the ‘Fourier–Mellin’ transform pairs in general circular domains known for the Laplace and biharmonic
equation (Crowdy, 2015a,b; Luca & Crowdy, 2018)? The word ‘pair’ is emphasized here since, for
theoretical interest, we also ask for an inverse transform representation, even though it is often not
needed to formulate global relations that can be used to, say, solve for the Dirichlet-to-Neumann map
(Colbrook, 2020; Luca et al., 2018).

Second: of theoretical interest is to ask how might the known ‘Fourier–Mellin’ transform pairs in
(multiply connected) circular domains for harmonic and biharmonic fields (Crowdy, 2015a,b; Luca &
Crowdy, 2018) be retrieved using a Lax-pair formulation akin to that used by Fokas & Kapaev (2003) in
their original derivation of the transform pair for Laplace’s equation in a polygon? While the transform
pair emerges naturally from Crowdy’s geometrical approach emulated here, much might be learned by
formulating a more analytical approach via a Lax pair.

Supplementary Material

Supplementary materials are available at http://www.imanum.oxfordjournals.org/.
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