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Abstract

This work seeks to address some of the outstanding issues in the theoretical description of high-

Reynolds number wall-bounded turbulence, with an emphasis on coherent structures and their

dynamics. An inner-scaled shear stress-driven flow is introduced as a model of independent

mesolayer turbulence as the friction Reynolds number Reτ → ∞, given that the effects of the

flow geometry are negligible in this limit. The universal mesolayer dynamics are subsequently

investigated from a dynamical systems perspective and through statistical analysis. Fifteen

invariant solutions are computed in the minimal unit of near-wall turbulence, which capture

all three stages of the self-sustaining process that underpins the dynamics at each integral

lengthscale of motion. The temporal dynamics of near-wall flow with two integral lengthscales

of motion are then analysed from a statistical perspective, with a particular focus on scale

interaction. It is observed that the dynamics of the energy cascade from large to small scales

are entirely determined by the large-scale self-sustaining process, while the feeding of energy

from small to large scales is impelled by the small-scale self-sustaining process. Furthermore, a

new scale interaction process is discovered, namely that wall-normal energy transfer from large

to small scales drives small-scale turbulent production through the Orr mechanism. Finally,

this minimal unit of multi-scale near-wall turbulence is also analysed from a dynamical systems

perspective and twenty-eight invariant solutions are computed, which represent either the large-

or small-scale self-sustaining processes. A solution that captures the feeding of streamwise

energy from small to large scales and the resulting localised large-scale turbulent production

is presented, both of which are supported by the subharmonic sinuous streak instability mode.

However, none of the reported solutions fully capture the turbulent dynamics and in the absence

of multi-scale invariant solutions, the dynamical systems description of the minimal unit of

multi-scale near-wall turbulence is inadequate.
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Chapter 1

Introduction

Turbulent fluid flows over solid surfaces are ubiquitous, and are crucial in the design and engi-

neering of aircraft, motor vehicles, wind turbines and many other devices. The majority of these

applications operate at high Reynolds numbers, a flow regime characterised by chaotic fluid

motion encompassing a daunting range of length- and velocity-scales. Experimental, numerical

and theoretical analyses of turbulent flow have long focused on so-called ‘coherent structures’,

which can be loosely defined as velocity structures that retain their spatial and temporal charac-

teristics over long timescales. In wall-bounded turbulence, examples of such include elongated

streamwise velocity fluctuations called streaks and counter-rotating streamwise vortices (Kline

et al., 1967; Cantwell, 1981; Kim et al., 1987; Robinson, 1991). As ordered motions embedded

in otherwise chaotic flow, the study of coherent structures and their spatio-temporal dynamics

underpins the theoretical description of turbulent flow (Hussain, 1986). Furthermore, the es-

tablishment of a solid theoretical basis for high-Reynolds number turbulence is of paramount

importance and would allow for the systematic exploration of key engineering challenges such

as drag reduction, noise generation and heat transfer.

1.1 High-Reynolds Number Wall-Bounded Turbulence

In this section, the current understanding of high-Reynolds number wall-bounded turbulence

is reviewed.

1.1.1 Inner and Outer Scaling

There is an ever-growing body of experimental and numerical work on the scaling of the coherent

structures, spectra and statistics of wall-bounded turbulent flow, in both channel and pipe

geometries as well as the flat-plate boundary layer. Closest to the wall, where viscous effects

are dominant, the kinematic viscosity ν and the local shear stress define the friction velocity uτ

21
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and the viscous or inner lengthscale δν = ν/uτ . It has long been known that the characteristic

spanwise spacing of near-wall streaks is λ+
z ≈ 100 (Kline et al., 1967), where the superscript

+ denotes the inner scaling. In addition, it has been shown that there is a lower bound to

the streamwise and spanwise dimensions of the computational domain in which turbulence can

be sustained (Jiménez & Moin, 1991). The dimensions of the minimal unit, which also scale

in inner units, are L+
x ≈ 250 − 350 and L+

z ≈ 100, consistent with the aforementioned streak

spacing. Furthermore, it has been observed that the near-wall structures survive even when the

outer structures are artificially removed (Jiménez & Pinelli, 1999). The spectra and statistics

of this independent near-wall flow have been compared to those of the global flow in several

previous studies (Jiménez et al., 2004; Hwang, 2013). In particular, in the absence of the outer

structures, the velocity spectra and statistics scale in inner units throughout the near-wall

region (Hwang, 2013).

Above the near-wall region, the flow can be decomposed into the logarithmic layer and the wake

layer, the latter of which is dominated by inertial effects. The velocity structures and statistics

of the wake layer scale in outer units determined by the flow geometry, with outer lengthscale

h (for example, the half-height of a channel, the radius of a pipe or the thickness of a boundary

layer). Such coherent structures include large-scale motions of O(h) (Kovasznay et al., 1970)

and very-large-scale motions of O(10h) (Kim & Adrian, 1999). It has also been observed that

the wake-layer structures survive even when the near-wall and logarithmic-layer structures are

artificially damped (Hwang & Cossu, 2010b). The friction Reynolds number is defined to be

the ratio of the outer to the inner lengthscale (Reτ = h/δν), which characterises the separation

between the largest and smallest structures i.e. the outer-scaling wake-layer structures and the

inner-scaling near-wall structures. In the logarithmic layer, there is a large number of structures

whose size lies in between the inner and outer lengthscales. The characteristic lengthscale of

these structures is approximately proportional to the distance from the wall y (Townsend,

1980), the key feature associated with the formation of the logarithmic mean velocity profile

(Von Kármán, 1930).

1.1.2 Attached Eddies and their Dynamics

The continuum of integral lengthscales from inner to outer units is well described by the so-

called attached eddy hypothesis, which asserts the existence of a hierarchy of self-similar energy-

containing coherent structures or ‘attached eddies’ throughout the logarithmic layer (Townsend,

1980). This concept can be generalised to include the near-wall region and the wake layer, and

a growing body of experimental, numerical and theoretical evidence in support of Townsend’s

theory has been presented over the past two decades: for example, the linear growth of the

spanwise characteristic lengthscale with distance from the wall (Tomkins & Adrian, 2003),

experimental and numerical evidence of the existence of self-similar energy-containing struc-

tures (Del Álamo et al., 2006; Hwang & Cossu, 2010b, 2011; Lozano-Durán & Jiménez, 2014;
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Hwang, 2015; Hellström et al., 2016; Hwang & Sung, 2018; Cheng et al., 2019; Baars & Maru-

sic, 2020a,b), the self-similar invariant form of the mean transport equation (Klewicki, 2013),

self-similar responses and modes of the linearised Navier-Stokes operator and their non-linear

coupling (Del Alamo & Jimenez, 2006; Hwang & Cossu, 2010a; Moarref et al., 2013; Hwang

& Bengana, 2016; Vadarevu et al., 2019; McKeon, 2019), self-similar wall-localised invariant

solutions of the Navier-Stokes equations (Eckhardt & Zammert, 2018; Yang et al., 2019), the

logarithmic wall-normal dependence of the turbulence intensities of the wall-parallel velocity

components (Jimenez & Hoyas, 2008; Marusic et al., 2013), the linearly-growing eddy-turnover

time (Lozano-Durán & Jiménez, 2014; Hwang & Bengana, 2016) and much more. It is worth

mentioning that the attached eddies that populate the logarithmic and wake layers reach the

near-wall region (Hutchins & Marusic, 2007; Mathis et al., 2009; Hwang, 2013; Talluru et al.,

2014; Agostini & Leschziner, 2016), and contribute significantly to the near-wall spectra at

long wavelengths through scale interaction processes (Hwang, 2016; Cho et al., 2018). These

features, consistent with Townsend’s theory, breach the inner scaling of the near-wall region

(Marusic et al., 2017; Baars et al., 2017) and result in the logarithmic growth of the near-wall

turbulence intensities of the wall-parallel velocity components with Reynolds number (Marusic

& Kunkel, 2003). Furthermore, the statistical structure of individual attached eddies in the

hierarchy has also been computed, each of which appear to comprise of an elongated streak and

a short quasi-streamwise vortical structure (Hwang, 2015).

The distinguishing feature of the temporal dynamics of the energy-containing eddies at each

lengthscale is the existence of a self-sustaining mechanism that appears to be independent of

that at other scales (Jiménez & Pinelli, 1999; Hwang & Cossu, 2010b, 2011; Hwang, 2015;

Hwang & Bengana, 2016). This mechanism is often called the ‘self-sustaining process’ (SSP)

(Hamilton et al., 1995; Waleffe, 1997) and it describes the quasi-cyclic, interactive dynamics of

long wavy streaks and relatively short isotropic vortex packets, statistically in the form of quasi-

streamwise vortices. The self-sustaining process is understood to consist of three sub-stages:

(i) the amplification of streaks by quasi-streamwise vortices via the ‘lift-up effect’ (Butler &

Farrell, 1993; Del Alamo & Jimenez, 2006; Pujals et al., 2009; Hwang & Cossu, 2010a; McKeon

& Sharma, 2010); (ii) the subcritical instability of the amplified streaks (Hamilton et al., 1995;

Schoppa & Hussain, 2002; Park et al., 2011; Alizard, 2015; Cassinelli et al., 2017; de Giovanetti

et al., 2017); and (iii) the non-linear regeneration of quasi-streamwise vortices (Hamilton et al.,

1995; Schoppa & Hussain, 2002; Hwang & Bengana, 2016). The early observations of this

process were made in transitional Couette flow (Hamilton et al., 1995) and the near-wall region

of low-Reynolds number Poiseuille flow (Schoppa & Hussain, 2002), with inner-scaling eddy-

turnover time T+ ≈ 200 − 300 (Hamilton et al., 1995; Jiménez et al., 2005). However, more

recently, it has been shown that this process is responsible for the sustainment of energy-

containing eddies in the wake layer i.e. very-large-scale and large-scale motions (Hwang &

Cossu, 2010b; Hwang & Bengana, 2016), as well as for those in the form of the attached eddies

of Townsend (1980) in the logarithmic layer (Hwang & Cossu, 2011; Hwang & Bengana, 2016).

The corresponding eddy-turnover time grows linearly as T ≈ 2λz/uτ , where λz is the spanwise
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lengthscale. Therefore, it appears that wall-bounded turbulence is organised into a hierarchy of

self-sustaining coherent structures, each of which is self-similar with respect to the characteristic

inner or outer lengthscale.

1.1.3 The Mesolayer

The logarithmic layer can be further partitioned into lower and upper parts, depending on the

relative strength of the viscous effects. The lower part is dominated by the viscous effects of the

wall and is often called the ‘mesolayer’ (Long & Chen, 1981; Afzal, 1982, 1984; Sreenivasan &

Sahay, 1997; Wei et al., 2005), which has been classified using the mean momentum equation.

Assuming a logarithmic mean velocity profile, it has been shown that the inner-scaled wall-

normal location of maximum Reynolds stress scales with the friction Reynolds number as

y+ ∼
√
Reτ (Long & Chen, 1981; Sreenivasan & Sahay, 1997; Wei et al., 2005), below which

the viscous effects are not negligible. The mesolayer can therefore be more generally interpreted

as the layer of fluid above the wall that scales in inner units, encompassing the entire near-wall

region.

Furthermore, the extent of the mesolayer increases as Reτ increases and the flow variables

scale in inner units at longer and longer wavelengths. This has been corroborated through

the examination of the spectra of high-Reynolds number direct numerical simulations and the

computation of optimal perturbations with a linear theory (Hwang, 2016). But if the domain

size is fixed in inner units, the flow variables will also scale in inner units at a sufficiently high

value of Reτ and the near-wall contribution of structures larger than the given domain size will

be excluded. Crucially, as Reτ →∞, the inner-scaled governing equations of turbulent Couette

flow, Poiseuille flow and Hagen-Poiseuille flow are identical and can be approximated as wall-

bounded shear flow around a linear base flow, since the effects of the flow geometry or curvature

are negligible in this limit. For this reason, the dynamics of the mesolayer in the absence of

outer flow can be said to be universal, as long as the domain size in all spatial directions is

suitably defined. If the inner-scaled domain size is sufficiently large, the mesolayer would also

contain a hierarchy of lengthscales of motion, not just the near-wall structures. Additionally,

it has been demonstrated that the attached eddy model is valid across the mesolayer, down to

the lower limit of the logarithmic layer (Agostini & Leschziner, 2017).

1.1.4 Scale Interaction

Turbulence is an inherently non-linear phenomenon, in which coherent structures of various

forms over a wide range of length- and timescales non-linearly and non-locally interact with

one another. The Richardson-Kolmogorov energy cascade is perhaps the best-known scale inter-

action process in turbulent flow (Kolmogorov, 1941) – turbulent kinetic energy (TKE) produced

at the (large) integral lengthscale is transferred to the smallest possible lengthscale (i.e. the
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Wall-normal location l ε η l/η
Mesolayer δν u3

τ/δν δν 1

Upper logarithmic layer y u3
τ/y (yδ3

ν)
1/4 Re

3/4
τ (y/h)3/4

Wake layer h u3
τ/h (hδ3

ν)
1/4 Re

3/4
τ

Table 1.1: Lengthscales in wall-bounded turbulence. Here, l is the integral lengthscale at which
production takes place, ε is the dissipation rate and η is the Kolmogorov micro-lengthscale.

Kolmogorov micro-lengthscale), at which dissipation primarily takes place. Wall-bounded tur-

bulence is not an exception to the energy cascade. However, in this case, the integral lengthscale

itself ranges from δν to h depending on the distance from the wall, as described by the attached

eddy hypothesis above. The energy-containing eddies of various integral lengthscales evidently

play the main role in momentum transfer (de Giovanetti et al., 2016), as they carry most of the

TKE. However, if the energetics of turbulence are concerned, the turbulent dissipation must

also be taken into account. Indeed, the production and dissipation of TKE are the two key

pillars of the energy balance, and they should be perfectly equal when integrated over the flow

domain of interest. Given that the integral lengthscale depends on the wall-normal location,

the Kolmogorov micro-lengthscale (η = (ν3/ε)1/4, where ε is the dissipation rate) should also

vary accordingly, as summarised in table 1.1. Furthermore, emerging evidence from other flow

configurations suggests that the balance between production and dissipation is not in equilib-

rium, in the sense that there exists a dynamic interplay between the two processes (see the

recent review by Vassilicos (2015) and the references therein). Indeed, in spatially-developing

flows such as jets and wakes, such non-equilibrium spatio-temporal energetics have been found

to play an important role in the downstream evolution of turbulence (e.g. Nedić et al., 2013;

Cafiero & Vassilicos, 2019).

The recent observations of the self-sustaining process at each integral lengthscale and the non-

equilibrium turbulent dissipation dynamics suggest that wall-bounded turbulence is a compli-

cated entanglement of these dynamical processes involving the wide range of lengthscales shown

in table 1.1. Earlier studies demonstrated the existence of scale interaction in the near-wall

region, specifically between the self-sustaining inner structures and the near-wall penetrating

outer structures (e.g. Hutchins & Marusic, 2007; Mathis et al., 2009; Talluru et al., 2014;

Duvvuri & McKeon, 2015; Agostini & Leschziner, 2016; Zhang & Chernyshenko, 2016; Baars

et al., 2017). However, more recent works, based on the visualisation of the statistical structure

of such interactions, have shown that the scale interaction processes in wall-bounded turbulence

are actually dauntingly complex (Cimarelli et al., 2016; Kawata & Alfredsson, 2018; Cho et al.,

2018; Lee & Moser, 2019). In particular, Cho et al. (2018) found two new scale interaction

processes that are highly active in the near-wall region and the lower part of the logarithmic

layer i.e. the mesolayer, namely the involvement of larger energy-containing eddies in the en-

ergy cascade of smaller energy-containing eddies and energy transfer from small- to large-scale

structures in the near-wall region. The former appears to be involved in skin-friction generation
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(de Giovanetti et al., 2016; Cho et al., 2018), while the latter has been shown to be respon-

sible for the inner-scaling of the wall-reaching part of energy-containing eddies residing in the

logarithmic and wake layers (Hwang, 2016; Cho et al., 2018).

1.2 The Dynamical Systems Framework

A recent breakthrough in the analysis of the turbulent dynamics has been the application of

the concepts of dynamical systems theory, which involves the computation of equilibrium and

time-periodic solutions of the Navier-Stokes equations (Kawahara et al., 2012). In this section,

the dynamical systems framework and its successes are reviewed.

1.2.1 Invariant Solutions

The temporal evolution of a turbulent velocity field, governed by the Navier-Stokes equations,

can be described as the chaotic trajectory of an infinite-dimensional dynamical system. The

dynamical systems description of turbulent flow emerged with the computation of the first

equilibrium solutions of Couette flow (Nagata, 1990; Clever & Busse, 1997), relative equilib-

rium solutions of Poiseuille flow (Waleffe, 1998, 2001, 2003) and relative periodic orbits of

Poiseuille flow (Kawahara & Kida, 2001). Over the years, multitudes of these invariant so-

lutions have been discovered in numerous flow configurations, including Hagen-Poiseuille flow

(Faisst & Eckhardt, 2003; Wedin & Kerswell, 2004; Viswanath, 2009), Couette flow (Viswanath,

2007; Gibson et al., 2009), boundary-layer flow (Kreilos et al., 2013; Khapko et al., 2013) and

many others. Invariant solutions represent the coherent structures of a particular lengthscale

and consequently, they are also called ‘exact coherent structures’. For example, equilibrium

solutions typically capture elongated or meandering streaks flanked by streamwise vortices,

in an equilibrium form of the self-sustaining process. The computation of invariant solutions

and their linear stability analysis allows for the construction of the state space of the flow.

Invariant solutions typically behave like saddle points with both stable and unstable mani-

folds, which guide nearby turbulent trajectories, and appear to be entangled via homoclinic

and heteroclinic connections (Duguet et al., 2008; Halcrow et al., 2009). The dynamical sys-

tems framework has provided valuable insights into the turbulent dynamics and flow physics,

including the ‘bursting’ of near-wall periodic orbits (Jiménez et al., 2005; Viswanath, 2007),

the inner-scaling of wall-localised equilibria at high-Reynolds numbers (Yang et al., 2019), the

self-similarity of wall-localised equilibria (Eckhardt & Zammert, 2018; Yang et al., 2019) and a

multi-scale equilibrium solution of Rayleigh-Bénard convection (Motoki et al., 2020).
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1.2.2 Transition to Turbulence

One of the key successes of the dynamical systems framework is that it has bridged the gaps

between the studies of turbulence, laminar-turbulent transition and hydrodynamic stability.

Laminar flow is the trivial invariant solution and in many wall-bounded flows, it is linearly

stable (e.g. Romanov, 1973; Meseguer & Trefethen, 2003), although this may depend on the

Reynolds number (Orszag, 1971). However, if turbulence emerges before the laminar solution

becomes unstable, the transition to turbulence is said to be subcritical. In such a scenario, a

fundamental feature of the state space is the edge, the manifold that separates initial conditions

that relaminarise from those that transition to turbulence (Itano & Toh, 2001; Skufca et al.,

2006; Schneider et al., 2007, 2008). The edge demarcates the basin of attraction of the lami-

nar solution and it is usually structured around a number of invariant solutions, which guide

turbulent trajectories on the hypersurface (Duguet et al., 2008). If there is a stable solution

on the edge, even if it is chaotic, it is referred to as the edge state. Of particular interest are

spatially-localised edge states (Duguet et al., 2009; Mellibovsky et al., 2009) and invariant solu-

tions (Schneider et al., 2010; Zammert & Eckhardt, 2014), since laminar-turbulent transition in

extended domains is spatiotemporally intermittent (Barkley, 2016). Furthermore, it has been

demonstrated that particular solutions on the edge are finite Reynolds number analogues of

so-called vortex-wave interaction (VWI) states (Hall & Sherwin, 2010; Deguchi & Hall, 2014),

which were originally derived with high-Reynolds number asymptotic analysis (Hall & Smith,

1991).

1.3 Objectives

Significant progress has been made in the theoretical description of high-Reynolds number

wall-bounded turbulence, through both standard flow simulation and the dynamical systems

framework. Nevertheless, there are numerous open questions concerning the turbulent dynam-

ics, scale interaction and the applicability of the dynamical systems description of turbulence.

The overall aim of this work is to advance the current understanding of high-Reynolds number

wall-bounded turbulence and to address some of the outstanding issues, with a focus on the

following:

(i) Despite growing evidence of the existence of the mesolayer (Long & Chen, 1981; Afzal,

1982, 1984; Sreenivasan & Sahay, 1997; Wei et al., 2005; Hwang, 2016), no flow model is

yet available that exploits its universality across various parallel shear flows. A number of

previous studies of Poiseuille flow have employed damping techniques to isolate the near-

wall structures (Jiménez & Pinelli, 1999; Jiménez & Simens, 2001; Jiménez et al., 2005;

Hwang, 2013); however, the imposed pressure gradient is not applicable in the mesolayer.

Furthermore, these damped-flow simulations are computationally inefficient, since a large
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number of grid points will only resolve laminar flow, and the parameters of the damping

function will affect the turbulent dynamics. As an alternative, near-wall turbulence has

also been regarded as uniform-shear-flow turbulence and the no-slip boundary condition

at the wall relaxed (Lee et al., 1990; Sekimoto et al., 2016). However, it has been shown

recently that the statistics of near-wall turbulence and uniform-shear-flow turbulence are

considerably different (Yang et al., 2018). Therefore, the first objective of this work is to

design and validate a model of independent near-wall turbulence at infinitely large Reτ ,

with regard to its location within the mesolayer.

(ii) Using the model derived in (i), the well-known minimal unit of near-wall turbulence

(Jiménez & Moin, 1991) is considered for the first step in the study of the universal

mesolayer dynamics. In such a small domain, the self-sustaining process at the inner

lengthscale is well isolated, and the flow is fully correlated in the streamwise and spanwise

directions. Since the flow dynamics are largely temporal, the most suitable approach to

analyse the model is to apply the concepts of dynamical systems theory. The second

objective of this work is to compute invariant solutions of the Navier-Stokes equations

in the minimal unit, and to examine their physical characteristics through various phase

portraits and bifurcation analysis. Comparison of the invariant solutions to the turbulent

trajectory allows for the assessment of the validity of the dynamical systems description

of near-wall turbulence with one integral lengthscale of motion.

(iii) The presence of coherent structures over a wide range of integral and dissipation length-

scales has impeded the precise understanding of the scale interaction processes in wall-

bounded turbulence, despite recent progress (e.g. Hutchins & Marusic, 2007; Mathis et al.,

2009; Talluru et al., 2014; Duvvuri & McKeon, 2015; Agostini & Leschziner, 2016; Zhang

& Chernyshenko, 2016; Cimarelli et al., 2016; Marusic et al., 2017; Baars et al., 2017;

Kawata & Alfredsson, 2018; Cho et al., 2018; Lee & Moser, 2019). In particular, the

interactive temporal dynamics of structures at multiple lengthscales are not well under-

stood. In order to address this issue, the third objective of this work is to analyse the

‘minimal unit of multi-scale near-wall turbulence’ i.e. a flow domain just large enough to

sustain motion at two integral lengthscales, with spanwise wavelengths λ+
z ≈ 110 (Jiménez

& Moin, 1991) and λ+
z ≈ 220. The statistical analysis of the non-linear turbulent trans-

port terms allows for the identification of scale interaction processes and the subsequent

analysis of their temporal dynamics.

(iv) The minimal unit of multi-scale near-wall turbulence introduced in (iii) is only twice the

size of the minimal unit in each spatial direction, so it should be possible to numerically

continue the invariant solutions obtained in (ii) between the two domains. Therefore, the

fourth objective of this work is to extend the dynamical systems description of the minimal

unit to the minimal unit of multi-scale near-wall turbulence. Again, comparison of the

invariant solutions to the turbulent trajectory allows for the assessment of the validity of

the dynamical systems description of near-wall turbulence with two integral lengthscales
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of motion.

1.4 Thesis Outline

The structure of this thesis is as follows: the numerical methods and algorithms employed

for flow simulation, the computation of invariant solutions and their analysis are presented in

Chapter 2; the shear stress-driven flow model is formulated and validated in Chapter 3; the

dynamical systems description of near-wall turbulence with one integral lengthscale of motion

is discussed in Chapter 4; the temporal dynamics of minimal multi-scale near-wall turbulence

are analysed in Chapter 5; the dynamical systems description of near-wall turbulence with two

integral lengthscales of motion is reviewed in Chapter 6; and the overall conclusions and outlook

are discussed in Chapter 7.

Furthermore, the results reported in Chapters 3 and 4 have been published (Doohan et al.,

2019), while the results reported in Chapter 5 are under consideration for publication and the

results reported in Chapter 6 are in preparation for publication, namely:

(i) Doohan, P., Willis, A. P. & Hwang, Y. 2019 Shear stress-driven flow: the state space of

near-wall turbulence as Reτ →∞. Journal of Fluid Mechanics 874, 606–638.

(ii) Doohan, P., Willis, A. P. & Hwang, Y. 2020 Minimal multi-scale dynamics of near-wall

turbulence. Under consideration for publication in the Journal of Fluid Mechanics.

(iii) Doohan, P., Willis, A. P. & Hwang, Y. 2020 Invariant solutions in the minimal unit of

multi-scale near-wall turbulence. In preparation.
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Chapter 2

Numerical Methods

In this chapter, the numerical methods and algorithms employed for flow simulation, the com-

putation of invariant solutions and their subsequent analysis are presented.

2.1 Direct Numerical Simulation

All of the flow simulations in this work are performed by Direct Numerical Simulation (DNS),

where the governing Navier-Stokes equations are numerically solved without any turbulence

model, and all spatial and temporal scales are resolved. This contrasts with approaches such as

Reynolds-Averaged Navier-Stokes (RANS) and Large-Eddy Simulation (LES), which require

the modelling of Reynolds stresses and small-scale structures respectively (e.g. Pope, 2001).

Though the computational cost of DNS is significantly higher, it is the most suitable approach

to address the research objectives presented in Chapter 1, given the fine resolution required

and the small domain sizes to be considered.

The numerical simulations are carried out using the open-source Navier-Stokes solver Diablo

(Bewley, 2014), which is also the basis of all algorithms subsequently described in this chapter.

The Diablo solver describes the flow of an incompressible fluid in a channel geometry i.e. in a

rectangular domain over a smooth wall, with functionality for both Couette flow and Poiseuille

flow. For a three-dimensional domain, the following notation is introduced: time is denoted

by t, the streamwise, wall-normal and spanwise coordinates x = (x, y, z), the corresponding

domain dimensions (Lx, Ly, Lz) and the corresponding velocity components u = (u, v, w). The

velocity components are governed by the incompressible Navier-Stokes equations

ut + (u · ∇)u = −1

ρ
∇p+ ν∇2u (2.1a)

∇ · u = 0, (2.1b)

where p is the pressure, ρ is the fluid density and ν is the kinematic viscosity.

31
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The continuous Navier-Stokes partial differential equations (2.1) are subsequently discretised

and approximated by ordinary differential equations on a finite set of grid points, advanced

in time using discrete time steps. The three-dimensional computational grid is equispaced in

the streamwise and spanwise directions but stretched in the wall-normal direction to allow for

finer resolution close to the wall. Due to the periodic boundary conditions in the streamwise

and spanwise directions, the spatial discretisation is based on a pseudo-spectral strategy. A

Fourier-Galerkin method in employed for the streamwise and spanwise directions with a 2/3

dealiasing rule, in which the velocity field is expressed as a sum of Fourier modes

u(x, y, z, t) =

Nx/3∑
m=−Nx/3

Nz/3∑
n=−Nz/3

û(kx, kz; y, t)e
ikxxeikzz, (2.2)

where Nx and Nz are the number of grid points in the streamwise and spanwise directions,

kx = 2πm
Lx

and kz = 2πn
Lz

are the streamwise and spanwise wavenumbers, and ·̂ denotes

the two-dimensional Fourier transform defined over the finite spatial domain considered. A

key benefit of this approach is that the spatial derivatives with respect to x or z are easily

obtained by pre-multiplication by ikx or ikz respectively, while derivatives with respect to y

are computed using a second-order finite difference scheme. The number of grid points in the

wall-normal direction is denoted by Ny. The temporal discretisation is based on the fractional-

step algorithm (Kim & Moin, 1985), with implicit treatment of wall-normal derivatives using

the Crank-Nicolson scheme and explicit treatment of the remaining terms using a low-storage

third-order Runge-Kutta scheme. While the momentum equation (2.1a) is marched in time,

the continuity equation (2.1b) must be satisfied at each time step. Therefore, at each stage of

the Runge-Kutta scheme, the Poisson equation is solved for the pressure update in order to

render the velocity field divergence-free. The Diablo solver has been verified extensively (e.g.

Hwang, 2013; Yang et al., 2018).

2.2 Edge Tracking

In order to compute the edge of a given flow configuration, an edge tracking algorithm is

employed (Itano & Toh, 2001; Skufca et al., 2006). The algorithm is based on the bisection

method and built upon the Diablo solver described above. Given a turbulent velocity field u0

as an initial condition, obtained by DNS, the turbulent fluctuations are iteratively rescaled as

ûi(kx, kz; y, t) := Ai × û0(kx, kz; y, t); |kx|+ |kz| 6= 0, (2.3)

where i is the iteration index, Ai ∈ [0, 1] and A1 = 0.5. Note that the mean velocity components

are excluded from the rescaling. The modified velocity field is subsequently advanced in time
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using the Diablo solver and the observable

Ev+w =
1

2
〈v2 + w2〉x,y,z (2.4)

is defined to monitor the flow, where 〈 · 〉x,y,z denotes the volume average. If Ev+w falls below a

laminar threshold value, the flow is said to have relaminarised and A2 = 0.75 but if Ev+w exceeds

a turbulent threshold value, the flow is said to have transitioned and A2 = 0.25. The specific

values of the laminar and turbulent thresholds are determined empirically. The algorithm

proceeds in an iterative manner until the amplitude difference between the relaminarising and

transitioning velocity fields falls below a tolerance value ε and convergence to the edge is

observed. In this work, the tolerance value is fixed at ε = 10−8 and so the algorithm should

converge after 27 iterations ( 1
227

< ε). At the end of each bisection, two turbulent trajectories

are stored, one relaminarising and one transitioning, which slide along the stable manifold of the

edge before diverging exponentially fast. Subsequent bisections are performed using two initial

conditions, one along the relaminarising trajectory and one along the transitioning trajectory

(before they diverge from the edge), and the algorithm then iterates on the amplitude difference

between the two. Multiple bisections may be required to advance the edge trajectory in time

long enough for any transient behaviour to decay sufficiently.

2.3 The Newton-Krylov-Hookstep Algorithm

Invariant solutions of the Navier-Stokes equations (2.1) are computed using the Newton-Krylov-

Hookstep algorithm (Viswanath, 2007; Gibson et al., 2009; Viswanath, 2009; Willis et al., 2013),

which was first presented by Viswanath (2007) for the dynamical systems analysis of Couette

flow and has been implemented in the Diablo solver (Hwang et al., 2016). The algorithm is a

variant of the classical Newton-Raphson method that employs Krylov subspace methods and a

locally-constrained optimal hookstep, to be described in the following sections.

2.3.1 Invariant Solutions

The Navier-Stokes equations can be written in the form of a non-linear dynamical system

ut = f(u), (2.5)

where f(u) represents the remaining terms in (2.1) and the system is advanced in time according

to the numerical approach described above. Equilibrium solutions satisfy u∗t = 0, which can be

computed by solving the system of non-linear equations f(u∗) = 0. However, in this exposition,

the most general type of invariant solution is considered, which is a relative periodic orbit.
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Introducing the flow map

FT (u(x, y, z, t)) = u(x, y, z, t) +

∫ t+T

t

f(u(x, y, z, t′))dt′, (2.6)

which maps a velocity field u(x, y, z, t) to u(x, y, z, t+ T ), and the translation operator

σ(sx, sz)u(x, y, z, t) =

Nx/3∑
m=−Nx/3

Nz/3∑
n=−Nz/3

û(kx, kz; y, t)e
ikx(x+sx)eikz(z+sz), (2.7)

which translates a velocity field u(x, y, z, t) to u(x+ sx, y, z+ sz, t), a relative periodic orbit u∗

satisfies the equation

G(u∗, s∗x, s
∗
z, T

∗) = σ(−s∗x,−s∗z)FT ∗(u∗)− u∗ = 0. (2.8)

Here, s∗x is called the streamwise shift, s∗z the spanwise shift and T ∗ the time period of the

solution. Equilibrium solutions and relative equilibrium solutions are special cases of relative

periodic orbits for which the value of T ∗ is arbitrary. Equilibrium solutions and periodic orbits

also satisfy s∗x = s∗z = 0, while relative equilibrium solutions (which are also referred to as

travelling-wave solutions) and relative periodic orbits have corresponding phase speeds c∗x = s∗x
T ∗

and c∗z = s∗z
T ∗

.

2.3.2 The Newton-Raphson Method

The variables u, sx, sz and T are the unknowns in the non-linear equation (2.8), which is to be

solved iteratively. At iteration i, the augmented vector of unknowns is denoted by ui ∈ RM+3,

where M is the number of degrees of freedom in the discretisation of the velocity field u.

Assuming that ui is in the neighbourhood of an invariant solution u∗, separated by a small step

δu, the Taylor expansion of G around ui is

G(ui + δu) = G(ui) + J
∣∣∣
ui
δu +O(|δu|2), (2.9)

where J = ∂G
∂u

is the Jacobian matrix to be evaluated at ui. Neglecting the higher order terms,

the equation for the Newton step δu is given by

J
∣∣∣
ui
δu = −G(ui), (2.10)

since G(ui + δu) = 0.

However, J is a M × (M + 3) matrix, meaning that there are only M equations for M + 3

unknowns. Therefore, three further constraints are required, namely that the Newton step δu
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is orthogonal to spatial and temporal shifts:

〈uix, δu〉 = 0, 〈uiz, δu〉 = 0, 〈uit, δu〉 = 0, (2.11a, b, c)

where 〈·, ·〉 denotes the dot product. These conditions guarantee that the velocity field correc-

tion has no component that only corresponds to spatial translation or temporal evolution of

the velocity field. This leads to the augmented system

Aδu = b (2.12a)

ui+1 = ui + δu, (2.12b)

which is the (M + 3)-dimensional extension of the Newton-Raphson method.

2.3.3 Krylov Subspace Methods

However, the Jacobian matrix J is usually difficult to compute, especially given the high-

dimensionality of the system. To overcome this obstacle, the linear system (2.12) is solved

using the generalised minimal residual method (GMRES), which is a Krylov subspace method.

The order-j Krylov subspace is defined as

Kj = span{b,Ab,A2b, ... ,Aj−1b} (2.13)

and the algorithm seeks to find δuj ∈ Kj that minimises the residual ||Aδuj − b||. Therefore,

it is not necessary to compute the matrix A, only the result of multiplying a given vector by

A. In particular, the product of the Jacobian and the Newton step can be approximated by

J
∣∣∣
ui
δuj =

∂G

∂u

∣∣∣∣
ui
δuj ≈

1

ε
(G(ui + εδuj)−G(ui)), (2.14)

where ε = 10−6 is the value used throughout this work.

At each iteration of the GMRES method, an orthonormal basis spanning Kj is constructed by

Arnoldi iteration and the computed basis vectors qj form the columns of the (M+3)×j matrix

Qj = [q1|q2|...|qj], (2.15)

where q1 = b/||b||. At the (j + 1)th iteration, the (j + 1)× j upper Hessenberg matrix

H̃j = Qt
j+1AQj (2.16)

can be formed, where (·)t denotes the matrix transpose. Projecting δuj onto the Krylov sub-
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space δuj = Qjδxj, the algorithm seeks to minimise

||Aδuj − b|| = ||Qj+1H̃jδxj − b|| = ||H̃jδxj − ||b||e1||, (2.17)

where e1 is the first vector in the standard normal basis of Rj+1. The final equality in (2.17)

follows from the norm-preserving property of orthogonal matrices, which allows for premultipli-

cation by Qt
j+1. Therefore, the GMRES method leads to the minimisation of ||H̃jδxj−||b||e1||,

which is a linear least squares problem.

2.3.4 Locally-Constrained Optimal Hookstep

In reality, the linear system (2.12) is not solved in such a straightforward manner. In fact,

the linearisation in (2.9) is only valid if ||δu|| is sufficiently small and this is usually not the

case, since initial guesses for invariant solutions are typically not very accurate. Instead, the

constrained optimisation problem

min
δu:||δu||<δ

||Aδu− b|| (2.18)

is considered, where δ must be small enough that the linearisation around ui is valid. The

solution δu of (2.18) is called the optimal hookstep (Dennis & Schnabel, 1996) and δ the trust-

region radius. Employing the singular value decomposition H̃j = UDVt, the function to be

minimised in (2.17) becomes

||UDVtδxj − ||b||e1|| = ||DVtδxj − ||b||Ute1|| = ||Dδyj − c||, (2.19)

where δyj = Vtδxj and c = ||b||Ute1. The minimisation of (2.19), subject to the constraint

||δyj|| < δ, is finally solved using Lagrange multipliers and the solution of (2.18) is given by

δuj = QjVδyj.

The number of iterations of the GMRES method to calculate the optimal hookstep δu is

determined by when the relative error

s =
||Aδuj − b||
||δuj||

(2.20)

satisfies s < 10−4. Then the reduction in error predicted by the linearisation (2.9), which is

||G(ui)||−||Aδu−b||, is compared to the actual reduction in error, ||G(ui)||−||G(ui+δu)||, and

the trust-region radius δ is adjusted according to the quality of the prediction. As δ increases

in value, the behaviour of the algorithm varies smoothly from a gradient descent-like method

to the Newton-Raphson method, which greatly increases the domain of convergence around

invariant solutions (Dennis & Schnabel, 1996). The relative error of an invariant solution u∗ is
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defined as

r =
||G(u∗, s∗x, s

∗
z, T

∗)||
||u∗||

, (2.21)

which determines the number of iterations of the Newton-Raphson method. All invariant

solutions reported in Chapter 4 satisfy r < 10−8, but the relative error is relaxed to r < 10−6

in Chapter 6 due to the larger domain size considered. The implementation of the Newton-

Krylov-Hookstep algorithm in the Diablo solver has been verified extensively (Hwang et al.,

2016).

2.4 Linear Stability Analysis

Following the computation of an invariant solution, it is possible to investigate its linear stability

(Viswanath, 2009). In the Diablo solver, the eigenvalues and eigenmodes of converged solutions

are computed by Arnoldi iteration, which is also the basis of the GMRES method described

above, and the QR decomposition. Given an invariant solution u∗ and a random perturbation

δu∗, the Taylor expansion of G around u∗ is

G(u∗ + δu∗, s∗x, s
∗
z, T

∗) ≈ J
∣∣∣
u∗
δu∗, (2.22)

since G(u∗, s∗x, s
∗
z, T

∗) = 0. Therefore, the linear stability analysis of u∗ is equivalent to the

eigendecomposition of J
∣∣
u∗

. In order to avoid the computation of the Jacobian matrix, the

order-j Krylov subspace

Kj = span
{
δu∗,J

∣∣∣
u∗
δu∗,J

∣∣∣2
u∗
δu∗, ... ,J

∣∣∣j−1

u∗
δu∗
}

(2.23)

is considered. An orthonormal basis spanning Kj is subsequently constructed by Arnoldi iter-

ation, in which premultiplication by J
∣∣
u∗

is approximated as in (2.14) and the resulting vector

is orthogonalised and normalised according to the Gram-Schmidt process. At iteration j, the

j × j matrix

Hj = Qt
jJ
∣∣∣
u∗
Qj (2.24)

is formed, where Qj is equivalent to (2.15) and Hj is equivalent to (2.16) with its last row

removed. For sufficiently large j, the eigenvalues and eigenvectors of Hj converge to those of

J
∣∣
u∗

, which can be computed by QR decomposition due to its modest size. However, since

G is defined using the flow map FT ∗ , the eigenvalues of J
∣∣
u∗

correspond to the characteristic

multipliers µk = eλkT
∗

and so the eigenvalues of the invariant solution are given by the Floquet

multipliers

λk =
log µk
T ∗

, (2.25)

where T ∗ is the time period of the solution.
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2.5 The Pseudo-Arclength Continuation Algorithm

The Navier-Stokes equations (2.1) are parameterised by the kinematic viscosity ν and the do-

main dimensions (Lx, Ly, Lz). Therefore, it is of interest to analyse the bifurcation behaviour

of invariant solutions and to trace out solution curves in parameter space. The implementation

of the Newton-Krylov-Hookstep algorithm in Diablo has an additional tool for the numeri-

cal continuation of converged solutions based on the pseudo-arclength continuation algorithm,

which is a predictor-corrector scheme. Let u∗ be an invariant solution with phase speeds s∗x

and s∗z, and time period T ∗ at a particular value of the kinematic viscosity ν∗, for example.

The parameter ν∗ is now appended to the augmented vector of variables uk ∈ RM+4, where

the index k represents distance along the solution curve. The prediction step finds a point in

RM+4 along the local tangent vector

ũk+1 = uk + c(uk − uk−1), (2.26)

where c is a parameter that controls the step size and is determined semi-empirically based

on the number of iterations of the Newton-Raphson method in the computation of uk. The

correction step is the aforementioned Newton-Krylov-Hookstep algorithm. However, the extra

unknown ν necessitates an additional constraint, namely that the Newton step δu is orthogonal

to the local tangent vector

〈uk − uk−1, δu〉 = 0. (2.27)

If a previous point on the solution curve, uk−1, is not known, the algorithm performs natural

parameter continuation.
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Chapter 3

The Shear Stress-Driven Flow Model

An inner-scaled, shear stress-driven flow is considered as a model of independent near-wall

turbulence as the friction Reynolds number Reτ →∞. The Navier-Stokes equations are refor-

mulated in inner units using the kinematic viscosity ν and the friction velocity of the ‘mean

turbulent state’, denoted by uτ,r. Consequently, the only model parameters are the inner-scaled

domain dimensions (L+
x , L

+
y , L

+
z ), which remain finite even in the high-Reτ limit. At the up-

per boundary, a horizontally-uniform shear stress is applied to maintain uniform total shear

stress across the entire domain, while removing any structures above this location. At the

lower boundary, a no-slip boundary condition is imposed, a distinguishing feature from previ-

ous studies (Lee et al., 1990; Sekimoto et al., 2016). The critical property of the model is that

it would describe the universal dynamics of the mesolayer in the absence of an outer flow and

that is applicable to the near-wall region and the lower part of the logarithmic layer of various

parallel shear flows, including turbulent Couette flow, Poiseuille flow and Hagen-Poiseuille flow,

as long as Reτ is sufficiently high and (L+
x , L

+
y , L

+
z ) are suitably defined. The model is validated

against damped Couette flow and there is excellent agreement between the velocity statistics

and spectra for inner-scaled wall-normal height y+ < 40.

3.1 Model Formulation

The flow considered is that in a rectangular domain over a solid stationary wall, located at the

lower boundary of the domain at y = 0. The notation used is introduced in Chapter 2, §2.1.

Given the kinematic viscosity ν and the fluid density ρ, the instantaneous wall shear stress is

defined as

τw(t) = ρν

〈
∂u

∂y

∣∣∣∣
y=0

〉
x,z

, (3.1)

where 〈 · 〉x,z denotes the average in the streamwise and spanwise directions. The wall shear

stress of the mean turbulent state, τw, is subsequently obtained from a flow simulation, where

· denotes the average in time while the flow remains turbulent. The reference friction velocity

40
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Figure 3.1: Geometry of the shear stress-driven flow model.

is then defined as uτ,r =
√
τw/ρ and the inner lengthscale is defined as δν = ν/uτ,r. Using

δν as the characteristic lengthscale and uτ,r as the characteristic velocity scale, the model

is formulated in inner units with the spatial coordinates x+ = (x+, y+, z+) = (x, y, z)/δν ,

domain dimensions (L+
x , L

+
y , L

+
z ) = (Lx, Ly, Lz)/δν , time t+ = tu2

τ,r/ν and velocity components

u+ = (u+, v+, w+) = (u, v, w)/uτ,r. The spatial coordinates and velocity components are also

written using index notation as x+
i = (x+

1 , x
+
2 , x

+
3 ) and u+

i = (u+
1 , u

+
2 , u

+
3 ), respectively. A

schematic diagram of the flow geometry is shown in figure 3.1.

Employing the Reynolds decomposition, the velocity field can be expressed in terms of the

mean and fluctuating components

u+(x+, t+) = U+(y+, t+) + u
′+(x+, t+), (3.2)

where U+ = (U+, V +,W+) = 〈u+〉x+,z+ and u
′+ = (u

′+, v
′+, w

′+) = u+ − 〈u+〉x+,z+ . In the

channel geometry, the turbulent mean and fluctuating velocity components satisfy the equations

dU
+

dy+
− 〈u′+v′+〉x+,z+ = 1− y+

Reτ
(3.3)

and

u
′+
t+ +(U+ ·∇)u

′+ = −(u
′+ ·∇)U+−∇p′+−

(
(u
′+ ·∇)u

′+−〈(u′+ ·∇)u
′+〉x+,z+

)
+∇2u

′+, (3.4)

where p
′+ is the pressure fluctuation, Reτ = h/δν is the friction Reynolds number dependent

on some outer lengthscale h and the −y+/Reτ term derives from the imposed pressure gradient

(e.g. Townsend, 1980). Within the mesolayer, the wall-normal coordinate satisfies the relation

y+ ∼
√
Reτ (Sreenivasan & Sahay, 1997; Wei et al., 2005). Therefore, as Reτ → ∞, the

−y+/Reτ term will vanish provided that L+
y ∼

√
Reτ . The model is then governed by the
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following momentum equations for the turbulent mean and fluctuating velocity components:

dU
+

dy+
− 〈u′+v′+〉x+,z+ = 1 (3.5)

u
′+
t+ +(U+ ·∇)u

′+ = −(u
′+ ·∇)U+−∇p′+−

(
(u
′+ ·∇)u

′+−〈(u′+ ·∇)u
′+〉x+,z+

)
+∇2u

′+. (3.6)

For parallel shear flows more generally, the terms in the mean momentum equation that are

associated with the given flow geometry must vanish in the high-Reτ limit.

At the lower boundary of the domain, a no-slip condition is imposed to represent the stationary

wall,

u+
∣∣∣
y+=0

= 0. (3.7)

At the upper boundary of the domain, a horizontally-uniform shear stress is applied such that

the bulk flow rate across the domain is maintained during flow simulations. For this purpose,

the instantaneous bulk velocity is defined as U+
b (t+) = 〈u+(x+, y+, z+, t+)〉x+,y+,z+ (〈 · 〉x+,y+,z+

denotes the volume average) and the laminar bulk velocity is denoted by U+
0 . Then, the

streamwise boundary condition is written as

∂u+

∂y+

∣∣∣∣
y+=L+

y

(t+) =

〈
∂u+

∂y+

∣∣∣∣
y+=0

〉
x+,z+

(t+) + C+(U+
0 − U+

b (t+)), (3.8)

where C+ is a tuning constant that maintains U+
b (t+) close to U+

0 during flow simulations.

Given that the fluctuation of U+
b (t+) about U+

0 is kept to a minimum, the flow is largely

independent of the value of C+ but C+ ≈ 0.28 is the value used throughout this work. During

flow simulations, U+
0 − U+

b (t+) has indeed been found to be very small, indicating that a very

small amount of compensation at the upper boundary is required at each time step to maintain

U+
b (t+) close to U+

0 . This technique is very similar to that used to maintain constant bulk flow

rate in pressure-driven channel flow. Since U+
b (t+) = U+

0 , the streamwise boundary condition

(3.8) implies that the time-averaged total shear stress (i.e. the sum of the molecular and

Reynolds stresses) is uniform across the entire domain as long as the wall-normal velocity at

the upper boundary is zero, to ensure that the mean momentum equation (3.5) is satisfied.

Therefore, impermeability and stress-free boundary conditions are imposed for the wall-normal

and spanwise velocity components respectively, namely

v+
∣∣∣
y+=L+

y

= 0 and
∂w+

∂y+

∣∣∣∣
y+=L+

y

= 0, (3.9a, b)

ensuring that the Reynolds stress is zero at the upper boundary of the domain. The upper

boundary conditions of the model may be considered ad hoc, however, such conditions are

required to ensure that the structures of the upper part of the logarithmic layer and wake

layer are safely removed. Periodic boundary conditions are imposed in both the streamwise

and spanwise directions. The flow simulations are carried out using the Diablo solver (Bewley,
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Case L+
x L+

y L+
z Nx Ny Nz y+

0

SSDF 2900 87 106 300 105 32 n/a
DCF 3042 146 111 300 161 32 95

Table 3.1: Simulation parameters of the shear stress-driven flow model and damped Couette
flow.

2014), which is described in Chapter 2, §2.1.

Several notable features of the shear stress-driven model must also be mentioned. Firstly, (3.6)

does not exhibit any explicit control parameter, such as a Reynolds number. This is essentially

because the governing equations are normalised by the inner lengthscale δν and reference friction

velocity uτ,r, and the velocity field is then governed by the unit-Reynolds number Navier-Stokes

equations (3.6). The inner-scaled flow variables are O(1) quantities even in the limit Reτ →∞.

However, this does not imply that the model has no control parameters. In this case, the domain

dimensions (L+
x , L

+
y , L

+
z ) are the control parameters, as long as they are finite. In particular,

the spanwise domain width can be used to determine the expected multiplicity (or levels in

the hierarchy) of integral lengthscales. For example, if L+
z = 100, the domain will only contain

the near-wall energy-containing eddies at a single integral lengthscale λ+
z ' 100 (Jiménez &

Moin, 1991). If L+
z = 200, the domain will contain energy-containing eddies at two integral

lengthscales λ+
z ' 200 and λ+

z ' 100, due to the periodic boundary condition in the spanwise

direction. Secondly, it must be emphasised that (3.5) only governs the turbulent mean velocity

field. Laminar flow (and other invariant solutions) satisfy

dU
+

dy+
− 〈u′+v′+〉x+,z+ = ∆+, (3.10)

where ∆+ = dU
+

dy+

∣∣
y+=0

is the wall shear rate of the corresponding solution, which is less than

unity in the laminar case. In particular, the model guarantees that the base flow is a uniform-

shear flow – this can be easily checked by setting the Reynolds stress in (3.10) to zero, with

solution U+ = ∆+y+. This implies that the model would be valid close to the wall, where the

base flow can be approximated by a uniform-shear flow. Furthermore, it is evident that the base

flow in the mesolayer is also a uniform-shear flow, explaining why the dynamics of (3.5) and

(3.6) would be universal for any wall-bounded parallel shear flow, including turbulent Couette

flow, Poiseuille flow and Hagen-Poiseuille flow. Finally, the critical issue in the formulation of

the model is the imposition of the upper boundary conditions (3.8,3.9), which could potentially

affect the flow domain to be studied. For this reason, the model is first carefully validated in

the next section.
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Figure 3.2: Mean velocity profile, U
+

(y+), of the shear stress-driven flow model (dash-dotted
red line), plotted against that of damped Couette flow (solid black line).

Figure 3.3: Root mean squared velocity profiles of the shear stress-driven flow model; (a)
u+
rms (dash-dotted red line), (b) v+

rms (dash-dotted green line) and (c) w+
rms (dash-dotted blue

line), plotted against those of damped Couette flow (solid black lines).
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Figure 3.4: Premultiplied one-dimensional streamwise (a, c, e, g) and spanwise (b, d, f, h) wave-
length spectra of the shear stress-driven flow model; (a, b) streamwise velocity, (c, d) wall-normal
velocity, (e, f) spanwise velocity and (g, h) Reynolds stress. Isocontours of the damped Couette
flow analogues are plotted in black.
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3.2 Model Validation

The shear stress-driven flow model presented in the previous section must now be evaluated,

and the velocity statistics and spectra compared to that of independent near-wall turbulence.

The obvious benchmark for the model is near-wall Couette flow, which exactly satisfies (3.5)

and (3.6) at all Reynolds numbers. In order to isolate the near-wall flow, a damping function is

introduced to quash the turbulent fluctuations above a fixed wall-normal height. The damping

function employed is

µ+(y+) =
µ+

0

2

[
1 + tanh

(
10

((
y+

y+
0

)2

− 1

))]
, (3.11)

similar to that used by Jiménez & Pinelli (1999). Here, µ+
0 denotes the damping amplitude

and y+
0 denotes the damping height, such that µ+(y+) tends to the constant µ+

0 above y+
0 and

decays rapidly to zero below y+
0 . Above the damping height, the turbulent fluctuations are

damped onto the mean flow, hence the system is governed by the equations

u+
t+ + (u+ · ∇)u+ = −∇p+ +∇2u+ − µ+(y+)(u+ − 〈u+〉x+,z+). (3.12)

The damping height chosen is y+
0 ≈ 95 so that the near-wall flow is unaffected. The value of

the damping amplitude must be sufficiently large to kill all turbulent fluctuations above the

damping height and it was found that µ+
0 ≈ 0.33 achieves appropriate results. In order to

compare both flow configurations, a streamwise domain length of L+
x ≈ 3000 is chosen so that

the longest streaky structures are resolved. However, the spanwise domain width is chosen to

be close to that of the minimal unit, L+
z ≈ 110, so as to remove the wider structures of the

outer flow. The simulation parameters are displayed in table 3.1, where the shear stress-driven

flow model is denoted by SSDF and damped Couette flow by DCF. The statistics presented in

this chapter were computed over a time period of T+ > 35000.

The mean velocity profile of the shear stress-driven flow model, compared to that of damped

Couette flow, is shown in figure 3.2. There is excellent agreement between the two flow config-

urations for y+ < 70 but the shear stress-driven model slightly overestimates the mean velocity

above this location. The viscous sublayer exhibits its characteristic linear profile, which is

also seen near the upper boundary of the domain. Similar results are observed in the root

mean squared velocity profiles in figure 3.3. The shear stress-driven model clearly captures the

near-wall peak of the streamwise velocity fluctuations at y+ ≈ 12 in figure 3.3(a) but again over-

estimates the streamwise velocity near the upper boundary. In contrast, the wall-normal and

spanwise velocity fluctuations in figure 3.3(b) and (c) are underestimated by the shear stress-

driven model near the upper boundary but show excellent agreement close to the wall. The

premultiplied one-dimensional streamwise and spanwise wavelength spectra are shown in figure

3.4. As seen in the first- and second-order statistics, there is excellent agreement between the

shear stress-driven model and damped Couette flow for y+ < 40. The streamwise wavelength
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spectra of the streamwise velocity in figure 3.4(a) shows slight excitation at longer streamwise

wavelengths near the upper boundary, consonant with the previous statistical results. The

spectra of the wall-normal and spanwise velocity components are also underestimated near the

upper boundary in figure 3.4(c) and (e). In general, the spanwise wavelength spectra of the

velocity components and the Reynolds stress show excellent agreement.



48 Chapter 3. The Shear Stress-Driven Flow Model



Chapter 4

The State Space of the Minimal Unit of Near-

Wall Turbulence

As a first step in the study of the universal mesolayer dynamics through the shear stress-driven

flow model, a flow domain of similar size to the minimal unit of near-wall turbulence (Jiménez

& Moin, 1991) is considered and analysed from a dynamical systems perspective. The edge

and fifteen invariant solutions are computed, the first discovered for this flow configuration.

While solutions have been reported in previous studies using a damping technique to isolate

the near-wall dynamics (Jiménez & Simens, 2001; Jiménez et al., 2005), most of the solutions

presented here are new. The bifurcation of the solutions over the spanwise domain width

L+
z is investigated and the state space is explored through various phase portraits, including

those related to the self-sustaining process and the energy balance. A number of invariant

solutions lie close to the turbulent trajectory in every phase portrait considered, indicating

that they indeed capture the dynamics of near-wall turbulence at a single integral lengthscale.

Finally, by defining a Reynolds number Re in outer units, the high-Re asymptotic behaviour

of the solutions is analysed and three equilibria appear to scale consistently with vortex-wave

interaction theory (Hall & Sherwin, 2010).

4.1 The Minimal Unit

Following the introduction of the shear stress-driven flow model and its validation against

damped Couette flow in Chapter 3, the task at hand is to begin to study the universal mesolayer

dynamics. To this end, the domain dimensions are fixed at (L+
x = 320, L+

y = 90, L+
z = 110),

L+
x L+

y L+
z Nx Ny Nz

320 90 110 32 105 32

Table 4.1: Simulation parameters of the minimal unit, Ω.

49
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Figure 4.1: Edge tracking in the minimal unit Ω: time series of E+
u for the edge trajectory

(solid black line), relaminarising edge trajectories (dash-dotted blue lines) and transitioning
edge trajectories (dash-dotted red lines), where t+0 is the time by which the transient behaviour
of the edge has decayed. The insert shows the relative periodic orbit embedded in the edge.

slightly larger than the minimal unit in which turbulence can be sustained (Jiménez & Moin,

1991). This reference domain is denoted by Ω and its parameters are displayed in table 4.1.

The Navier-Stokes equations, subject to boundary conditions (3.7) - (3.9), are subsequently

confined to the shift-reflectional subspace

[u+, v+, w+](x+, y+, z+) = [u+, v+,−w+](x+ + L+
x /2, y

+,−z+), (4.1)

in order to reduce the dimensionality of the turbulent state space. However, it has been shown

that this symmetry does not significantly alter the statistics or dynamics of the turbulent

trajectory (Hwang et al., 2016) since it captures the sinuous streak instability mode, which

is the dominant streak breakdown mechanism of the self-sustaining process (Hamilton et al.,

1995; Cassinelli et al., 2017; de Giovanetti et al., 2017).

4.2 The Edge and Invariant Solutions

The dynamics of near-wall turbulence at a single integral lengthscale in Ω are now analysed

from a dynamical systems perspective. The turbulent state space is structured by the edge

and invariant solutions, whose stable and unstable manifolds guide the turbulent trajectory.

It is important to note that in the frame of reference of the shear stress-driven flow model,

all invariant solutions are ‘relative’ in the sense that they propagate in the streamwise and/or

spanwise directions with respect to the stationary wall. Therefore, the terms equilibrium so-

lutions and relative equilibrium solutions, and periodic orbits and relative periodic orbits are

used interchangeably throughout the remainder of this work. The edge is computed using the

edge tracking algorithm described in Chapter 2, §2.2. Invariant solutions are computed with

the Newton-Krylov-Hookstep algorithm described in Chapter 2, §2.3, the initial conditions for
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Figure 4.2: Velocity field visualisation and root mean squared velocity profiles of the Group
A invariant solutions. High- and low-speed streaks u

′+ are shown in red/blue, and positive
and negative wall-normal velocity isosurfaces v

′+ are shown in yellow/green respectively: (a)
POA0L: u

′+ = ±3.0, v
′+ = ±0.12; (b) EQA1L: u

′+ = ±3.0, v
′+ = ±0.12; (c) EQA2: u

′+ = ±1.5,
v
′+ = ±0.12; (d) EQA3L: u

′+ = ±3.0, v
′+ = ±0.12; (e) EQA4L: u

′+ = ±1.5, v
′+ = ±0.12. The

u+
rms, v

+
rms and w+

rms profiles are shown in red, green and blue respectively.
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Figure 4.3: Velocity field visualisation and root mean squared velocity profiles of the Group
B invariant solutions. High- and low-speed streaks u

′+ are shown in red/blue, and positive and
negative wall-normal velocity isosurfaces v

′+ are shown in yellow/green respectively: (a) EQB5L:
u
′+ = ±3.0, v

′+ = ±0.90; (b) EQB3U : u
′+ = ±2.0, v

′+ = ±0.35; (c) EQB4U : u
′+ = ±2.0,

v
′+ = ±0.35; (d) EQB6L: u

′+ = ±3.0, v
′+ = ±0.90; (e) EQB6U : u

′+ = ±3.0, v
′+ = ±0.90. The

u+
rms, v

+
rms and w+

rms profiles are shown in red, green and blue respectively.
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Figure 4.4: Velocity field visualisation and root mean squared velocity profiles of the Group
C invariant solutions. High- and low-speed streaks u

′+ are shown in red/blue, and positive
and negative wall-normal velocity isosurfaces v

′+ are shown in yellow/green respectively: (a)
POC0U : u

′+ = ±3.75, v
′+ = ±1.40; (b) EQC1U : u

′+ = ±3.75, v
′+ = ±1.90; (c) EQC5U :

u
′+ = ±3.75, v

′+ = ±1.90; (d) EQC7L: u
′+ = ±3.75, v

′+ = ±1.40; (e) EQC7U : u
′+ = ±3.75,

v
′+ = ±1.90. The u+

rms, v
+
rms and w+

rms profiles are shown in red, green and blue respectively.
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T+ c+
x ∆+ I/Il Ep dim(Eu)

POA0L 26.2272 14.0281 0.4053 1.3092 3.3016 1
EQA1L - 16.8070 0.4019 1.1962 4.7462 3
EQA2 - 15.1808 0.3549 1.1325 0.5489 3
EQA3L - 10.3307 0.3979 1.3600 1.8629 3
EQA4L - 14.9931 0.3576 1.1423 0.8946 3
EQB5L - 14.8210 1.0078 2.5056 20.0140 19
EQB3U - 7.0278 0.5453 1.8650 4.0807 8
EQB4U - 14.9599 0.4200 1.3195 2.5399 6
EQB6L - 14.6201 0.6707 2.0041 10.7257 14
EQB6U - 14.3803 0.7864 2.3703 12.6819 17
POC0U 25.7832 12.6168 1.1941 3.9097 14.1242 47
EQC1U - 14.2457 1.5442 4.1139 23.5143 22
EQC5U - 14.1047 1.6692 4.5419 23.9548 25
EQC7L - 12.9620 1.2743 3.8623 10.3416 38
EQC7U - 13.5580 1.6092 4.5532 13.6796 63

Table 4.2: Properties of the invariant solutions in the minimal unit Ω: the time period T+,
the phase speed c+

x , the wall shear rate ∆+, the normalised energy input I/Il, the kinetic energy
deviation from laminar flow Ep and the dimension of the unstable tangent space dim(Eu). The
values of c+

x , ∆+, I/Il and Ep for POA0L and POC0U are averages over the corresponding time
period T+.

which are taken from the edge or from the turbulent trajectory itself. For equilibrium solutions,

the choice of T+ is arbitrary but T+ ≈ 16 is the value used here. All invariant solutions re-

ported in this chapter satisfy r < 10−8, where r is the relative error defined in equation (2.21).

The eigenvalues and eigenmodes of converged solutions are subsequently computed using the

Krylov subspace methods described in Chapter 2, §2.4.

Defining the streamwise turbulent kinetic energy as

E+
u (t+) =

1

2
〈(u′+)2〉x+,y+,z+ , (4.2)

the time series of E+
u for the edge trajectory is shown in figure 4.1. After the initial transient

has decayed, denoted by time t+0 , the edge exhibits steady behaviour up to t+ − t+0 ≈ 4000.

An initial condition from this time interval allowed for the computation of the first relative

equilibrium solution, EQA1L. However, this equilibrium solution is unstable to a gentle relative

periodic orbit on the edge. At t+− t+0 ≈ 4000, the edge trajectory leaves the neighbourhood of

EQA1L and approaches the periodic orbit, stabilising at later time. This periodic orbit, POA0L,

is stable on the edge and hence it is the edge state. In fact, the edge trajectory over the interval

t+− t+0 ≈ 4000−18000 follows a heteroclinic connection between EQA1L and POA0L. Including

the invariant solutions on the edge, two relative periodic orbits and thirteen relative equilibrium

solutions were found in total. They are distinguished into three distinct groups (A, B and C)

in the following discussion and their properties are summarised in table 4.2.
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The Group A invariant solutions are characterised by weak wall-normal and spanwise velocity

fluctuations relative to the streamwise velocity fluctuations. Velocity isosurfaces and second-

order statistics are shown in figure 4.2. Titled POA0L, EQA1L, EQA2, EQA3L and EQA4L

respectively, each solution in this group is a lower-branch solution (figure 4.5). As previously

mentioned, POA0L is the edge state. It is time-periodic with T+ ≈ 26.2, an order of magnitude

shorter than the bursting period of near-wall turbulence (Hamilton et al., 1995; Jiménez et al.,

2005), and its oscillation amplitude is very small (t+ − t+0 ' 20000 in figure 4.1). However,

its E+
u value is significantly different to that of EQA1L (t+ − t+0 ' 0 in figure 4.1), which is

noticeable near the upper boundary in the u+
rms profile in figure 4.2(a). This periodic orbit

might be related to that identified in the near-wall region of Poiseuille flow by Jiménez &

Simens (2001) or to the ‘gentle’ periodic orbit on the edge in Couette flow (Kawahara & Kida,

2001) (see also Lustro et al. (2019)). EQA1L is the equilibrium solution embedded in the

edge. However, it has a 3-dimensional unstable tangent space; one dimension representing the

instability of the edge and the other two representing its instability to POA0L. It is dominated

by a pair of strong streaks, flanked by weaker vortical motion in figure 4.2(b). Examination of

the velocity field indicates that this is presumably the stress-driven analogue of Nagata’s lower-

branch solution (Nagata, 1990), without the shift-rotational symmetry possessed by Couette

flow. If an appropriate computational domain is provided, Nagata’s lower-branch solution also

arises as the edge state in Couette flow (Schneider et al., 2008). The Group A solutions all

have wall shear rates well below the turbulent mean but EQA2 is the equilibrium solution with

the lowest drag in Ω (table 4.2). In fact, it is analogous to EQ7 computed by Gibson et al.

(2009) and is the only solution that captures two pairs of streaks in figure 4.2(c). EQA3L is

a ‘wall-attached’ solution, showing clear wall-normal localisation and little activity near the

upper boundary in figure 4.2(d). It too consists of a pair of strong streaks, driven by vortical

motion an order of magnitude lower. EQA4L is the the last Group A solution and also exhibits

wall-normal localisation, this time in the domain centre in figure 4.2(e). The maximum streak

value is similar to that of EQA2, hence it has the second-lowest drag in Ω. Again, this solution

possesses a Couette flow analogue, namely EQ3 computed by Gibson et al. (2009).

Group B comprises the equilibrium solutions whose wall shear rates are in the vicinity of

the turbulent mean, specifically 0.41 < ∆+ < 1.01 (table 4.2). In this sense, these solutions

can be described as ‘moderately turbulent states’. In contrast to Group A, the equilibria in

this group show much greater velocity field diversity, as seen in the velocity isosurfaces and

second-order statistics in figure 4.3. This is due to the fact that both lower- and upper-branch

solutions are present. However, the Group B equilibria are clustered together in state space, as

seen in the phase portraits in figures 4.6 and 4.7. In particular, the energy input (4.4) of the

solutions relative to that of the laminar solution lies in the interval 1.3 < I/Il < 2.6. These

equilibria are much more unstable than the solutions of Group A, each having an unstable

tangent space of dimension 6 to 19. EQB5L is an equilibrium solution that bifurcates away

from the EQA1L branch, just above the turning point (figure 4.5(a)). It is very similar to a

typical upper-branch solution, with the localisation of the low-speed streak near the wall and
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high-speed streak near the upper boundary in figure 4.3(a), except for significantly lower drag.

In fact, the drag of this solution is almost exactly equal to the mean drag of the turbulent

trajectory in Ω, hence it could be argued that EQB5L represents the mean turbulent state.

EQB3U is the upper branch of the ‘wall-attached’ solution EQA3L. It consists of two distinct

regions; y+ < 40, where the wall-normal and spanwise velocity fluctuations are of the same

order as the streamwise velocity fluctuations, and y+ > 40, where the streamwise velocity

fluctuations dominate. Correspondingly, in the velocity field visualisation in figure 4.3(b), a

pair of near-wall streaks are present together with the sustaining vortical motion, as well as a

pair of energetic streaks near the upper boundary. EQB4U is the upper branch of EQA4L and

like its lower-branch counterpart, it too exhibits wall-normal localisation in the domain centre.

Both the high- and low-speed streaks exhibit wavy behaviour in figure 4.3(c), resembling streak

instability, and the wall-normal fluctuations are much more prominent. However, due to the

wall-normal localisation, the wall shear stress is relatively low for an upper-branch solution,

as for its Couette flow analogue EQ4 (Gibson et al., 2009). EQB6L and EQB6U are the last

Group B solutions. A lower- and upper-branch pair, these equilibria are positioned quite close

together in state space (figures 4.6 and 4.7). Consequently, the two solutions are very similar,

with only a slight difference in the location of the peak in the u+
rms profiles and a small increase

in wall-normal velocity content in figure 4.3(d) and (e).

The Group C invariant solutions are characterised by large near-wall peaks in the streamwise

velocity fluctuations, as shown in the velocity isosurfaces and second-order statistics in figure

4.4. Consequently, these solutions exhibit very high wall shear rates and can be described as

the ‘high drag states’. In contrast to Group A and B, each of the Group C solutions has a wall

shear rate greater than the turbulent mean, specifically ∆+ > 1.19 (table 4.2). These solutions

are also highly dissipative, with energy dissipation (4.5) relative to that of the laminar solution

satisfying D/Dl > 3.8. Unsurprisingly, the solutions in this group are highly unstable, with

unstable tangent spaces of dimension 22 or greater. POC0U is the upper branch of POA0L, the

edge state. It is also time-periodic, with T+ ≈ 25.8, and its oscillation amplitude is still quite

small (figures 4.6 and 4.7). In contrast to the stability of its lower-branch counterpart, POC0U

has a 47-dimensional unstable tangent space, the second most unstable in Ω. It features very

strong streaks near the upper boundary of the domain, resulting in a skewed u+
rms profile in

figure 4.4(a). EQC1U is the upper branch of EQA1L, the equilibrium solution embedded in the

edge. As seen in the Group B equilibria, the low-speed streak localises near the wall and the

high-speed streak localises near the upper boundary, resulting in a bimodal u+
rms distribution

in figure 4.4(b). Again, examination of the velocity field indicates that this is presumably

the stress-driven equivalent to Nagata’s upper-branch solution (Nagata, 1990). EQC5U is the

upper branch of EQB5L, the solution that bifurcates away from the main EQA1L - EQC1U

branch (figure 4.5(a)). Structurally, it is very similar to EQC1U , except for small differences in

the wall-normal velocity content in figure 4.4(c). In fact, EQC5U is the solution with the highest

drag in Ω (table 4.2). Finally, EQC7L and EQC7U are the last Group C solutions. A lower-

and upper-branch pair, both equilibria are characterised by very ‘turbulent’ velocity fields,
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containing high-speed streaks near the upper boundary and strong vortical structures in figure

4.4(d) and (e). The root mean squared velocity profiles of both solutions are quite uneven, the

only pair to exhibit such behaviour. Both equilibria are extremely unstable, possessing 38- and

63-dimensional unstable tangent spaces respectively.

4.3 Bifurcation Analysis

Thus far, three distinct groups of invariant solutions of the Navier-Stokes equations have been

presented. In order to establish connections between solutions and to analyse their physical

properties, the bifurcation of the solutions over the domain size is investigated. Using the

pseudo-arclength continuation algorithm described in Chapter 2, §2.5, each periodic orbit and

equilibrium solution is numerically continued over a range of values of the spanwise domain

width L+
z , while maintaining L+

x and L+
y fixed. The resulting (L+

z ,∆
+) bifurcation diagram is

shown in figure 4.5(a), where ∆+ = dU
+

dy+

∣∣
y+=0

is the wall shear rate.

In the minimal unit Ω, in which L+
z = 110, POA0L is the edge state and EQA1L is the equilibrium

solution embedded in the edge, as mentioned previously. Continuing POA0L to larger values

of L+
z (brown line), it forms a saddle-node bifurcation at L+

z ≈ 136 (as seen in the insert in

figure 4.5(a)), beyond which it gains two more unstable real eigenvalues. It continues back

to smaller values of L+
z and at L+

z ≈ 111, the periodic orbit collides with the EQA1L lower

branch. Analysing the eigenvalues of EQA1L reveals that it is stable on the edge for L+
z > 111

and unstable on the edge for L+
z < 111, indicating that this is a subcritical Hopf bifurcation.

Continuing POA0L to smaller values of L+
z instead, the drag begins to increase and it forms

a saddle-node bifurcation at L+
z ≈ 74.5, the only solution to exist at this lengthscale. Above

the bifurcation point, the drag increases substantially and after two further sharp saddle-node

bifurcations, it reaches its maximum at the upper-branch periodic orbit POC0U . EQA1L (black

line) exhibits similar behaviour at smaller values of L+
z , with a saddle-node bifurcation at

L+
z ≈ 75.5 and a substantial increase in drag in the vicinity of the upper-branch solution

EQC1U . EQB5L and EQC5U are also related to the above solution pair, as mentioned in the

previous section. Just above the bifurcation point of EQC1U , the number and magnitude of

unstable eigenvalues increases significantly, meaning that the upper branch is highly unstable.

A secondary solution curve emerges at L+
z ≈ 84 (light green line), namely that of EQC5U , which

is the solution with the highest drag in Ω. Just above L+
z ≈ 112, there is a sharp reduction

in drag before the solution curve continues back to smaller values of L+
z in the vicinity of the

lower-branch solution EQB5L. At smaller values of L+
z again, the solution curve exhibits erratic

‘looping’ behaviour, before it eventually rejoins the EQC1U branch from which it emerged.

EQA2 (gold line) is the only solution without an upper-branch counterpart in Ω. The drag

of the lower branch is almost constant over the interval 100 < L+
z < 170 but increases as it

approaches the cusp-like saddle-node bifurcation point at L+
z ≈ 83. Along the upper branch,
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Figure 4.5: Bifurcation behaviour of the invariant solutions: (a) (L+
z ,∆

+) bifurcation diagram,
(b) (L∗z,∆

+) bifurcation diagram. The width of the minimal unit Ω is marked by the dashed
grey line. POA0L & POC0U , brown line; EQA1L & EQC1U , black line; EQA2, gold line; EQA3L

& EQB3U , blue line; EQA4L & EQB4U , red line; EQB5L & EQC5U , light green line; EQB6L

& EQB6U , cyan line; EQC7L & EQC7U , pink line. The ∆+ values of POA0L and POC0U

are averages over the corresponding time periods T+. The insert shows the subcritical Hopf
bifurcation of EQA1L.
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there is a substantial increase in drag before the solution curve turns and continues back down

to smaller values of L+
z . Below L+

z ≈ 80, the relative error began to increase above the desired

threshold and so further continuation was abandoned. In contrast, the remaining four pairs of

equilibria, EQA3L & EQB3U (blue line), EQA4L & EQB4U (red line), EQB6L & EQB6U (cyan

line) and EQC7L & EQC7U (pink line), are all well-defined lower- and upper-branch pairs.

However, the solution curves of each pair differ significantly. EQA3L & EQB3U emerge in a

saddle-node bifurcation at L+
z ≈ 82.5 and exist over a wide range of values of L+

z . EQA4L

and EQB4U have a parabolic-shaped curve, emerging in a saddle-node bifurcation at L+
z ≈ 90,

but the difference in drag between the lower and upper branches is quite small. EQB6L and

EQB6U exhibit a unique lemniscate solution curve, while EQC7L and EQC7U have an almost

rectangular-shaped curve.

The bifurcation diagram in figure 4.5(a) also provides insight into the lengthscales of activity

in the near-wall region. POA0L is the solution that exists at the smallest spanwise lengthscale,

L+
z ≈ 74.5, and only the laminar solution exists below this value. As L+

z increases, most

of the equilibrium solutions emerge in saddle-node bifurcations, thirteen of which exist in Ω.

With the exception of EQB3U , all upper-branch solutions achieve maximum drag in the interval

100 < L+
z < 120, corresponding to the characteristic spacing of near-wall streaks (Robinson,

1991). While the upper-branch solutions are much more sensitive to the spanwise domain

width, some of the lower-branch solutions exhibit little variation in drag over a moderate range

of values of L+
z . At the largest values of L+

z , few invariant solutions still exist. As an aside, the

spanwise domain width can also be normalised using the friction velocity of the corresponding

invariant solution, uτ,e. Defining L∗z = Lzuτ,e/ν, the (L∗z,∆
+) bifurcation diagram is shown

in figure 4.5(b). Under this rescaling, the bifurcation points of POA0L, EQA1L, EQA2, EQA3L

and EQA4L coincide at L∗z ≈ 55, similar to that of the high-Re asymptotic state reported by

Yang et al. (2019). The slight discrepancy is likely due to the smaller L+
x : L+

z aspect ratio

maintained in that work.

4.4 Phase Portraits

Following the computation of the invariant solutions and their bifurcation analysis, the state

space of the minimal unit of near-wall turbulence can now be constructed. In particular, it is

necessary to assess the ability of the solutions to capture the dynamics of near-wall turbulence

at a single integral lengthscale and thus to evaluate the success of this dynamical systems de-

scription. Given that the turbulent dynamics are determined by the production and dissipation

of energy, a phase portrait based on the energy balance equation is first considered. Defining

the total kinetic energy as

E(t+) =
1

2
〈u+ · u+〉x+,y+,z+ , (4.3)
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Figure 4.6: Phase portraits of the turbulent trajectory (dotted grey line) and the invariant
solutions in (a) the (I/Il, D/Dl) plane and (b) the (I/Il, Ep) plane: POA0L & POC0U , brown
square & line; EQA1L & EQC1U , black square & triangle; EQA2, gold square; EQA3L & EQB3U ,
blue square & circle; EQA4L & EQB4U , red square & circle; EQB5L & EQC5U , light green circle
& triangle; EQB6L & EQB6U , cyan unfilled & filled circles; EQC7L & EQC7U , pink unfilled
& filled triangles. The Group A, B and C invariant solutions are plotted as squares, circles
and triangles respectively, and lower-branch solutions have unfilled symbols while upper-branch
solutions have filled symbols. The values of I/Il, D/Dl and Ep for POA0L are averages over
the corresponding time period T+.

then its time derivative can be expressed as dE
dt+

= I −D, where

I(t+) =

〈
u+∂u

+

∂y+

∣∣∣∣
y+=L+

y

〉
x+,z+

(4.4)

is the energy input and

D(t+) =

〈(
∂u+

i

∂x+
j

)2〉
x+,y+,z+

(4.5)

is the energy dissipation. Notably, the conservation of energy of invariant solutions implies that
dE
dt+

= 0 (or its average over the time period T+ in the case of periodic orbits), hence I and D

must be equal. Denoting the energy input and dissipation of the laminar solution by Il and

Dl respectively, the (I/Il, D/Dl) phase portrait of the turbulent trajectory and the invariant

solutions is shown in figure 4.6(a). Furthermore, introducing the deviation from the laminar

solution u+
p = u+ − u+

l = (u+
p , v

+
p , w

+
p ), the perturbation kinetic energy may be defined as

Ep(t
+) =

1

2
〈u+

p · u+
p 〉x+,y+,z+ . (4.6)

This observable (or its average over the time period T+) is also constant for invariant solutions,

thus allowing for the construction of an alternative phase portrait. The (I/Il, Ep) phase portrait

of the same turbulent trajectory and the invariant solutions is shown in figure 4.6(b).

In figure 4.6(a), the invariant solutions are positioned along the diagonal, while the turbulent
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Figure 4.7: Phase portraits of the turbulent trajectory (dotted grey line) and the invari-
ant solutions in (a) (Es/Ēs, Er/Ēr, Ew/Ēw) space, (b) the (Er/Ēr, Ew/Ēw) plane and (c) the
(Es/Ēs, Er/Ēr) plane. The symbols are identical to those in figure 4.6. The values of Es/Ēs,
Er/Ēr and Ew/Ēw for POA0L are averages over the corresponding time period T+.
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trajectory fluctuates around it in a chaotic manner and eventually relaminarises at late time,

as seen in both 4.6(a) and (b). The A, B and C grouping of solutions is also clearly visible

in both phase portraits. The Group A solutions (squares) are positioned closer to the laminar

solution than to the turbulent trajectory, satisfying I/Il = D/Dl < 1.4 and Ep < 5 (table 4.2).

These solutions form a lower bound to the turbulent trajectory, consonant with the fact that

POA0L is the edge state and EQA1L is embedded in the edge. However, the Group B equilibria

(circles) and Group C solutions (triangles) lie on the turbulent trajectory itself, and exhibit

I, D and Ep values comparable to that of the mean turbulent state. In particular, the Group

C solutions are positioned close to the maximum values attained by the turbulent trajectory,

with I/Il = D/Dl > 3.8.

Moreover, the dynamics of near-wall turbulence are underpinned by the self-sustaining process

(Hamilton et al., 1995) and so it is of interest to analyse the invariant solutions in this context.

In order to illustrate its three distinct stages, a three-dimensional phase portrait of the self-

sustaining process is now considered. Following the approach of Lucas & Kerswell (2017), the

kinetic energy of the streaks, roll and wave are defined as

Es(t
+) =

1

2

〈
〈u+

p 〉2x+
〉
y+,z+

, (4.7)

Er(t
+) =

1

2

〈
〈v+
p 〉2x+ + 〈w+

p 〉2x+
〉
y+,z+

(4.8)

and

Ew(t+) =
1

2

〈(
u+
p − 〈u+

p 〉x+
)2〉

x+,y+,z+
(4.9)

respectively, such that Es+Er+Ew = Ep. Given that the kinetic energy of the streaks is of much

greater magnitude than that of the roll and wave, the above observables are normalised by their

mean turbulent values in the following analysis. The three-dimensional (Es/Ēs, Er/Ēr, Ew/Ēw)

portrait is shown in figure 4.7(a), while the two-dimensional (Er/Ēr, Ew/Ēw) and (Es/Ēs, Er/Ēr)

portraits are shown in 4.7(b) and (c) respectively.

It is apparent that the invariant solutions are dispersed throughout the (Es/Ēs, Er/Ēr, Ew/Ēw)

phase portrait, indicating that the solutions have very different dynamics, and this allows for

the clearest distinction between the three groups of solutions. The Group A solutions (squares)

are again positioned closer to the laminar solution than to the turbulent trajectory, lying along

the abscissa in figure 4.7(c) and near the origin in figure 4.7(b). EQA1L (the solution embedded

in the edge) exhibits the greatest value of Es and EQA2 (the solution with lowest drag) exhibits

the least, but all Group A solutions fail to capture Er or Ew values comparable to that of the

turbulent trajectory, since they are almost entirely dominated by elongated streaks (figure 4.2).

On the other hand, the Group B equilibria (circles) and Group C solutions (triangles) lie on

or close to the turbulent trajectory, exhibiting Es, Er and Ew values comparable to that of the

mean turbulent state. Therefore, it can be said that the solutions of Groups B and C capture all

three stages of the self-sustaining process, as seen in the velocity field visualisations and second-
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order statistics in figure 4.3 and figure 4.4. The distinction between Group B and Group C is

most obvious in figure 4.7(b) and (c), in which the Group B equilibria attain moderate values of

Er and Ew and the Group C solutions attain greater values of the same observables. However,

only EQC7U exhibits an above-average value of Ew, indicating that the streak breakdown stage

of the self-sustaining process is the most difficult to capture. The Group B and C solutions are

not distinguishable based on Es alone, given that energetic streaky structures appear in the

velocity field visualisations in both groups.

The above phase portraits also illustrate the interruption of the self-sustaining process and the

subsequent relaminarisation of the flow. At late time, the trajectory appears to escape the

turbulent attractor and enters the neighbourhood of the low-energy solutions on its way to the

laminar solution. In particular, the trajectory appears to approach EQB3U then EQA1L, as

seen in each of the (I/Il, D/Dl), (I/Il, Ep) and (Es/Ēs, Er/Ēr, Ew/Ēw) phase portraits (figure

4.6 and figure 4.7). However, EQA1L is the equilibrium solution embedded in the edge and

other than its instability to the edge state, its only unstable eigendirection is transversal to

the edge. In this case, the trajectory passes through the edge along the unstable manifold of

EQA1L, exhibiting the characteristic decay of Er. The trajectory then approaches the laminar

solution along the Es axis in figure 4.7, corresponding to slow streak decay.

It must be pointed out that each phase portrait provides a limited description of the infinite-

dimensional dynamical system that is turbulent flow. The dynamics of turbulence that lie

in dimensions orthogonal to a given phase portrait will be omitted, hence important physical

processes may be missed. The (I/Il, D/Dl) and (I/Il, Ep) phase portraits shown in figure 4.6

above are not without criticism (Budanur et al., 2017). For example, the edge is not recognisable

as the boundary between relaminarising and transitioning trajectories. Neither POA0L, the edge

state, nor EQA1L, the equilibrium solution embedded in the edge, posses the lowest values of

I/Il, D/Dl or Ep and several invariant solutions appear to lie between them and the laminar

solution. In addition, EQB4U appears to be positioned close to the Group A solutions, even

though its velocity field is structurally very different to the solutions in that group. In order

to gain a thorough understanding of the state space of near-wall turbulence, the construction

of phase portraits must be combined with the careful analysis of velocity fields, linear stability

and bifurcation.

4.5 Vortex-Wave Interaction States

In accordance with the model formulation in Chapter 3, all results presented thus far have

been scaled in inner units and the domain dimensions (L+
x , L

+
y , L

+
z ) have been the only model

parameters. Of course, the same results can be rescaled in outer units, in which case a Reynolds

number must be defined. Using the wall-normal domain height Ly as the characteristic length-

scale, the laminar bulk velocity U0 as the characteristic velocity scale and the kinematic viscosity
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Figure 4.8: Scaling of (a, b) EQA1L, (c, d) EQA2, (e, f) EQA3L and (g, h) EQA4L with Re:
(a, c, e, g) Es, solid lines; Er, dash-dotted lines; (b, d, f, h) Ew1, dashed lines; Ew2, dotted lines.
The vortex-wave interaction scaling, Es ∼ Re0, Er ∼ Re−2, Ew1 ∼ Re−2 and Ew2 ∼ Re−3, is
marked by the dashed grey lines.
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Figure 4.9: Wave-induced forcing, F (y, z), of (a, b) EQA1L, (c, d) EQA2, (e, f) EQA3L and
(g, h) EQA4L: (a, c, e, g) Re = 1250; (b, d, f, h) Re = 12500. The critical layer, U(y, z) = cx, is
marked by the white line.
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ν, the Reynolds number can be defined as

Re =
LyU0

ν
. (4.10)

In outer units, the model parameters are therefore the streamwise domain length Lx/Ly, the

spanwise domain width Lz/Ly and the Reynolds number Re. In the minimal unit Ω, the values

of these parameters are Lx/Ly ≈ 3.56, Lz/Ly ≈ 1.22 and Re = 1250. Given the definition of a

Reynolds number, it is of interest to study the high-Re asymptotic behaviour of the invariant

solutions with Lx/Ly and Lz/Ly fixed as above. In particular, the scaling of the solutions with

Re is to be examined and compared to established high-Reynolds number theories (Hall &

Sherwin, 2010), since this will provide valuable information about the structure of the solutions

in the minimal unit of near-wall turbulence. To this end, the deviation from the laminar

solution up = (u − ul)/U0 is reintroduced and the kinetic energy of the streaks and roll are

defined analogous to (4.7) and (4.8) respectively. The wave is subsequently defined as

(uw, vw, ww) = up − 〈up〉x (4.11)

and the energy of the first and second streamwise harmonics of the wave as

Ew1 =
1

2

〈
û2
w(±1, y, 0) + v̂2

w(±1, y, 0) + ŵ2
w(±1, y, 0)

〉
y

(4.12)

and

Ew2 =
1

2

〈
û2
w(±2, y, 0) + v̂2

w(±2, y, 0) + ŵ2
w(±2, y, 0)

〉
y

(4.13)

respectively, where ·̂ denotes the Fourier transform.

Following the approach of Wang et al. (2007), the scaling of EQA1L, EQA2, EQA3L and EQA4L

with Re is shown in figure 4.8, together with their upper-branch counterparts EQC1U , EQB3U

and EQB4U . The kinetic energy of the streaks and roll are shown in (a, c, e, g) and the energy

of the first and second streamwise harmonics of the wave are shown in (b, d, f, h). EQA1L,

EQA3L and EQA4L all exhibit the characteristic vortex-wave interaction (VWI) scaling, where

Es ∼ Re0, Er ∼ Re−2, Ew1 ∼ Re−2 and Ew2 ∼ Re−3 (Hall & Sherwin, 2010). This result is

not surprising, given that the Group A solutions are almost entirely dominated by elongated

streaks, as seen in figure 4.7. EQA2 obeys a similar scaling, except that the energy of the

first streamwise harmonic of the wave is negligible and hence not shown. It was not possible

to continue the upper-branch solutions EQC1U , EQB3U and EQB4U to higher values of the

Reynolds number due to their instability. The invariant solutions not included in figure 4.8

either collided in saddle-node bifurcations or could not be continued to higher values of Re.

In addition to the characteristic Reynolds number scaling, VWI states are identifiable by their

velocity field structure. As shown in Hall & Sherwin (2010), the roll equations are driven by
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the Reynolds stresses of the wave, defined as

Fy = −
〈
uw
∂vw
∂x

+ vw
∂vw
∂y

+ ww
∂vw
∂z

〉
x

(4.14)

and

Fz = −
〈
uw
∂ww
∂x

+ vw
∂ww
∂y

+ ww
∂ww
∂z

〉
x

. (4.15)

However, in the limit Re→∞, the wave equations become singular in the critical layer (where

the mean streamwise velocity and phase speed are equal, U(y, z) = cx), the thickness of which

is expected to scale as Re−1/3. Hence, VWI states exhibit the localisation of the wave-induced

forcing F (y, z) =
√
F 2
y + F 2

z around the critical layer at high Reynolds number (see also Wang

et al. (2007)). The critical-layer position and wave-induced forcing of EQA1L, EQA2, EQA3L

and EQA4L are shown in figure 4.9, at Re = 1250 (a, c, e, g) and Re = 12500 (b, d, f, h). At

lower Reynolds number, the wave-induced forcing is more spatially extensive and affects a

larger area surrounding the critical layer. Maximum values are attained within the critical

layer itself. However, as the Reynolds number increases, the spatial extent of the wave-induced

forcing decreases and in each case it is confined to the critical layer in the limit Re → ∞.

Notably, EQA2 exhibits a flat critical layer, like EQ7 in Gibson et al. (2009) (see also Deguchi

et al. (2013)).

EQA1L, which appears to be the analogue of Nagata’s lower-branch solution, has been exem-

plified as the canonical VWI state (Hall & Sherwin, 2010). However, it has been demonstrated

above that two new invariant solutions exhibit the characteristic Reynolds number scaling and

localisation of wave-induced forcing of VWI states, namely EQA3L and EQA4L. The primary

difference between the three solutions is their wall-normal localisation, where EQA3L appears

to be attached to the wall, EQA4L in the domain centre and EQA1L near the upper boundary.

Otherwise, the three solutions are structurally similar, with weak wall-normal and spanwise

velocity fluctuations and strong streamwise velocity fluctuations (figure 4.2), and they reside

in the same neighbourhood of the state space. Nevertheless, the VWI states fail to capture the

full dynamics of near-wall turbulence at a single integral lengthscale. This is illustrated in the

(Es/Ēs, Er/Ēr, Ew/Ēw) phase portraits in figure 4.7, in which they attain significant values of

Es but negligible values of Er and Ew, and are positioned close to the origin in figure 4.7(b).

As lower-branch solutions, they are also characterised by wall shear rates well below that of the

mean turbulent state, relatively high phase speeds and low energy input and dissipation rates

(table 4.2). Consonant with their proximity to the edge, they appear to form a lower bound

to the turbulent trajectory and they are the most stable solutions, each having three unstable

eigenvalues. However, the VWI states are among the first solutions to emerge in saddle-node

bifurcations in the (L∗z,∆
+) bifurcation diagram in figure 4.5(b). The bifurcation point appears

to be L∗z ≈ 55, below which only the laminar solution exists, indicating their relevance to the

transition to turbulence.
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4.6 Discussion

While the Group A solutions are more relevant to laminar-turbulent transition, the invariant

solutions of Groups B and C best represent the statistics and coherent structures of the mean

turbulent state. These solutions are characterised by prominent wall-normal and spanwise

velocity fluctuations (figure 4.3 and figure 4.4) and capture all three stages of the self-sustaining

process, as seen in figure 4.7. The Group B equilibria can be described as ‘moderately turbulent’

and reside in the vicinity of the mean turbulent state. In particular, EQB5L has wall shear

rate ∆+ ≈ 1 and exhibits similar root mean squared velocity profiles to the flow simulation

in Chapter 3 (figure 3.3). Together with EQB6U , it is positioned close to the mean turbulent

values of the energy input, dissipation and perturbation kinetic energy in figure 4.6, and the

kinetic energy of the streaks in figure 4.7. The Group C solutions can be described as ‘extremely

turbulent’, in the sense that they capture very wavy streaks and strong rolls. They appear to

form an upper bound to the turbulent trajectory in terms of wall shear rate, energy input and

dissipation and kinetic energy of the roll, lying close to the extremal turbulent trajectories in

figures 4.6(a) and 4.7(c). Consequently, the Group C solutions are extremely unstable. For

example, EQC7U is the most unstable solution in Ω, with a 63-dimensional unstable tangent

space, and POC0U is the most unstable periodic orbit, with a 47-dimensional unstable tangent

space. However, only Group C solutions attain values of the kinetic energy of the wave close

to that of the mean turbulent state in figure 4.7(b) and they also propagate with phase speeds

12 < c+
x < 14, comparable to the advection velocity of the near-wall structures observed in

numerical experiments (Kim & Hussain, 1993). Therefore, the dynamics of near-wall turbulence

at a single integral lengthscale are well captured by the invariant solutions of Group B and

Group C, indicating that its dynamical systems description has been successful.

This study is analogous to that of Jiménez & Simens (2001) but with several critical differences.

The flow simulations in Jiménez & Simens (2001) were carried out with a damping function

and constant bulk flow rate maintained by a pressure gradient, resulting in the −y+/Reτ term

in the mean momentum equation (3.3). Given the simulation parameters, however, this term

is of O(1) and so the results of that work apply more directly to turbulent Poiseuille flow

rather than the mesolayer. Furthermore, the invariant solution in Jiménez & Simens (2001) is

not computed explicitly and is only identifiable at low values of the damping height δ+
1 . For

δ+
1 > 70, only chaotic turbulent flow is observed, in contrast to the fifteen explicitly-computed

invariant solutions presented here for wall-normal domain height L+
y = 90. Finally, it is worth

mentioning that shear stress-driven flow is employed as a model of wind blowing over a body of

water, resulting in velocity field structures such as Langmuir circulation (Faller, 1971; Leibovich,

1983; Thorpe, 2004). Hence, the invariant solutions computed in this chapter are also relevant

to physical oceanography.

The statistics and invariant solutions presented thus far have all been computed in minimal

(L+
z ≈ 110) near-wall (L+

y ≈ 90) flow domains, in which only the near-wall structures at



4.6. Discussion 69

a single integral lengthscale are resolved (Jiménez & Moin, 1991). However, the extent of

the mesolayer increases as the friction Reynolds number increases as y+
max ∼

√
Reτ , meaning

that the mesolayer encompasses a hierarchy of lengthscales at sufficiently high Reτ , not just

one. Therefore, the governing equations (3.5,3.6) are valid for arbitrary values of the domain

dimensions (L+
x , L

+
y , L

+
z ), under the assumption that Reτ is sufficiently high. Once the spanwise

domain width exceeds L+
z ' 200, then structures at two integral lengthscales (λ+

z ' 100, 200)

would be present, due to the periodic boundary condition in the spanwise direction. In such

a flow domain, the interaction between the large- and small-scale structures would alter the

turbulent dynamics and so this is only the first step in the investigation of multi-scale mesolayer

turbulence.
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Chapter 5

Minimal Multi-scale Dynamics of Near-Wall Tur-

bulence

In order to further the understanding of multi-scale mesolayer turbulence, the temporal dynam-

ics of near-wall flow with two integral lengthscales of motion are investigated using the shear

stress-driven flow model, with a focus on scale interaction. The velocity field is decomposed

into large- and small-scale components, and the momentum- and energy-balance equations at

each scale are derived. The statistics and dynamics of the non-linear turbulent transport terms

are analysed, and the corresponding scale interaction processes are identified and related to the

self-sustaining processes (SSPs) at each scale. It is observed that the temporal dynamics of the

energy cascade from large to small scales are entirely determined by the large-scale SSP and

the timing of the corresponding inter-scale turbulent transport coincides with the large-scale

streak breakdown stage. Furthermore, the characteristic timescales of the resulting small-scale

dissipation match those of the large-scale SSP, indicative of non-equilibrium turbulent dissi-

pation dynamics. A new scale interaction process is identified, namely that the transfer of

wall-normal energy from large to small scales drives small-scale turbulent production via the

Orr mechanism. While the main consequence of this driving process appears to be the tran-

sient amplification of localised small-scale velocity structures and their subsequent dissipation,

it also has an energising effect on the small-scale SSP. Finally, the feeding of energy from small

to large scales is impelled by the small-scale SSP and coincides with the small-scale streak

instability stage. The streamwise feeding process appears to be related to the subharmonic sin-

uous streak instability mode in particular and leads to the formation of the wall-reaching part

of high-speed large-scale streaks. The aforementioned scale interaction processes are analysed

in detail in order to illustrate the general dynamics of two-scale near-wall turbulence.

71
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L+
x L+

y L+
z Nx Ny Nz T+

640 180 220 64 105 64 >300000

Table 5.1: Simulation parameters of the minimal unit of multi-scale near-wall turbulence, 2Ω.
Here, Nx, Ny and Nz denote the number of grid points in the streamwise, wall-normal and
spanwise directions respectively, and T+ is the duration of the flow simulation.

5.1 The Minimal Unit of Multi-scale Near-Wall Turbu-

lence

Following the analysis of the minimal unit in Chapter 4, in which the near-wall structures at a

single integral lengthscale are well isolated, a flow domain just large enough to sustain motion at

two integral lengthscales is now considered. The domain dimensions of the shear stress-driven

flow model are fixed at (L+
x = 640, L+

y = 180, L+
z = 220) and due to the periodic boundary con-

dition in the spanwise direction, only the energy-containing eddies with spanwise wavelengths

λ+
z ≈ 220 and λ+

z ≈ 110 will be resolved. These lengthscales represent the two lowest levels

in the hierarchy of scales within the mesolayer and in particular, λ+
z ≈ 110 corresponds to the

self-sustaining near-wall structures of the minimal unit (Jiménez & Moin, 1991). This flow do-

main will be called ‘the minimal unit of multi-scale near-wall turbulence’, denoted by 2Ω, and

its simulation parameters are displayed in table 5.1. Furthermore, the shift-reflect symmetry

(4.1) introduced in Chapter 4 is lifted to allow for the analysis of the temporal dynamics of

fully asymmetric near-wall turbulence with two integral lengthscales of motion. The spectral

energetics of the minimal unit of multi-scale near-wall turbulence are briefly discussed in the

Appendix.

5.1.1 Multi-scale Governing Equations

Following the introduction of the minimal unit of multi-scale near-wall turbulence, the task at

hand is to describe its temporal dynamics. In a number of previous studies, the characteristics

of statistically steady multi-scale turbulence have been explored through the spectral energy

balance equation (e.g. Mizuno, 2016; Cho et al., 2018; Lee & Moser, 2019). However, such an

analysis involves a large number of lengthscales, too many to consider simultaneously even in

the present highly-simplified system (see Appendix). Therefore, a simpler approach is required.

In this chapter, a binary decomposition of the fluctuating velocity field is considered in order

to separate the energy-containing eddies at each integral lengthscale, namely u
′+ = u+

l + u+
s ,

where u+
l = (u+

l , v
+
l , w

+
l ) denotes the large-scale structures and u+

s = (u+
s , v

+
s , w

+
s ) the small-
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Figure 5.1: Root mean squared velocity profiles (a) u+
rms, (b) v+

rms and (c) w+
rms (solid

lines), decomposed into their large-scale components 〈(u+
l )2〉x+,z+/u

+
rms, 〈(v+

l )2〉x+,z+/v
+
rms

and 〈(w+
l )2〉x+,z+/w

+
rms (dashed lines), and small-scale components 〈(u+

s )2〉x+,z+/u+
rms,

〈(v+
s )2〉x+,z+/v+

rms and 〈(w+
s )2〉x+,z+/w+

rms (dash-dotted lines).

scale structures. For this purpose, u+
l and u+

s are hereby defined as

u+
l =

∑
|m|≤mx

∑
|n|≤1

û′+ eik
+
x x

+

eik
+
z z

+

; |m|+ |n| 6= 0, (5.1a)

u+
s =

∑
|m|≤mx

∑
2≤|n|≤nz

û′+ eik
+
x x

+

eik
+
z z

+

, (5.1b)

where ·̂ denotes the two-dimensional Fourier transform defined over the finite spatial domain

considered, k+
x = 2πm

L+
x

and k+
z = 2πn

L+
z

are the streamwise and spanwise wavenumbers, and mx and

nz are the number of harmonics in the streamwise and spanwise directions. This decomposition

is based entirely on the spanwise wavelength and all streamwise wavelengths are included (apart

from the spatial mean), since the size of energy-containing eddies in wall-bounded turbulence is

well characterised by the spanwise lengthscale and they are comprised of structures of various

streamwise lengthscales i.e. elongated streaks and short quasi-streamwise vortices (Hwang,

2015). The root mean squared velocity profiles and their large- and small-scale components are

shown in figure 5.1. The large-scale structures are relatively uniform across the wall-normal

domain (dashed lines) while the small-scale structures are much more pronounced near the wall

(dash-dotted lines), consistent with Townsend’s hypothesis (Townsend, 1980). Note that these

results (and those in subsequent sections) are plotted over the interval y+ ∈ [0, 120] so as to

exclude the flow region immediately below the upper boundary (see Chapter 3, §3.2).

Though defined precisely in (5.1a) and (5.1b), the following analysis will hold for alternative

velocity field decompositions provided that u+
l and u+

s are disjoint sets. Substitution of u+
l and

u+
s into (3.6) yields the large- and small-scale momentum equations

∂u+
l

∂t+
+ (U+ · ∇)u+

l = −(u+
l · ∇)U+ −∇p+

l +∇2u+
l

− Pl{(u+
l · ∇)u+

l + (u+
l · ∇)u+

s + (u+
s · ∇)u+

l + (u+
s · ∇)u+

s } (5.2)
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and

∂u+
s

∂t+
+ (U+ · ∇)u+

s = −(u+
s · ∇)U+ −∇p+

s +∇2u+
s

− Ps{(u+
s · ∇)u+

s + (u+
s · ∇)u+

l + (u+
l · ∇)u+

s + (u+
l · ∇)u+

l }, (5.3)

where p
′+ = p+

l + p+
s are the large- and small-scale pressure fluctuations (defined analogous to

u+
l and u+

s in 5.1), and Pl{ · } and Ps{ · } denote projection onto large and small scales

respectively. Multiplying equation (5.2) by u+
l and averaging in the streamwise and spanwise

directions yields the large-scale energy balance equation, which can be written in component

form as

∂E+
ul

∂t+
= P+

ul + T+
ul + Π+

ul + T+
ν,ul + ε+ul, (5.4a)

∂E+
vl

∂t+
= T+

p,vl + T+
vl + Π+

vl + T+
ν,vl + ε+vl, (5.4b)

∂E+
wl

∂t+
= T+

wl + Π+
wl + T+

ν,wl + ε+wl, (5.4c)

where

E+
ul =

1

2
〈(u+

l )2〉x+,z+ , E+
vl =

1

2
〈(v+

l )2〉x+,z+ , E+
wl =

1

2
〈(w+

l )2〉x+,z+ (5.5a, b, c)

are large-scale streamwise, wall-normal and spanwise kinetic energy,

P+
ul = −U+

y+〈u
+
l v

+
l 〉x+,z+ (5.6)

is large-scale turbulent production,

T+
ul = −〈u+

l (u+
l · ∇u

+
l + u+

l · ∇u
+
s + u+

s · ∇u+
l + u+

s · ∇u+
s )〉x+,z+ , (5.7a)

T+
vl = −〈v+

l (u+
l · ∇v

+
l + u+

l · ∇v
+
s + u+

s · ∇v+
l + u+

s · ∇v+
s )〉x+,z+ , (5.7b)

T+
wl = −〈w+

l (u+
l · ∇w

+
l + u+

l · ∇w
+
s + u+

s · ∇w+
l + u+

s · ∇w+
s )〉x+,z+ (5.7c)

are large-scale streamwise, wall-normal and spanwise turbulent transport,

Π+
ul = 〈p+

l (u+
l )x+〉x+,z+ , Π+

vl = 〈p+
l (v+

l )y+〉x+,z+ , Π+
wl = 〈p+

l (w+
l )z+〉x+,z+ (5.8a, b, c)

are large-scale streamwise, wall-normal and spanwise pressure strain,

T+
p,vl = −〈(p+

l v
+
l )y+〉x+,z+ (5.9)

is large-scale pressure transport,

T+
ν,ul =

1

2
〈(u+2

l )y+y+〉x+,z+ , T+
ν,vl =

1

2
〈(v+2

l )y+y+〉x+,z+ , T+
ν,wl =

1

2
〈(w+2

l )y+y+〉x+,z+
(5.10a, b, c)
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are large-scale streamwise, wall-normal and spanwise viscous transport, and

ε+ul = −〈∇u+
l ·∇u

+
l 〉x+,z+ , ε+vl = −〈∇v+

l ·∇v
+
l 〉x+,z+ , ε+wl = −〈∇w+

l ·∇w
+
l 〉x+,z+ (5.11a, b, c)

are large-scale streamwise, wall-normal and spanwise dissipation. In a similar manner, multi-

plying equation (5.3) by u+
s and averaging in the streamwise and spanwise directions yields the

small-scale energy balance equation, in which

E+
us =

1

2
〈(u+

s )2〉x+,z+ , E+
vs =

1

2
〈(v+

s )2〉x+,z+ , E+
ws =

1

2
〈(w+

s )2〉x+,z+ (5.12a, b, c)

are small-scale streamwise, wall-normal and spanwise kinetic energy,

P+
us = −U+

y+〈u
+
s v

+
s 〉x+,z+ (5.13)

is small-scale turbulent production,

T+
us = −〈u+

s (u+
s · ∇u+

s + u+
s · ∇u+

l + u+
l · ∇u

+
s + u+

l · ∇u
+
l )〉x+,z+ , (5.14a)

T+
vs = −〈v+

s (u+
s · ∇v+

s + u+
s · ∇v+

l + u+
l · ∇v

+
s + u+

l · ∇v
+
l )〉x+,z+ , (5.14b)

T+
ws = −〈w+

s (u+
s · ∇w+

s + u+
s · ∇w+

l + u+
l · ∇w

+
s + u+

l · ∇w
+
l )〉x+,z+ (5.14c)

are small-scale streamwise, wall-normal and spanwise turbulent transport,

Π+
us = 〈p+

s (u+
s )x+〉x+,z+ , Π+

vs = 〈p+
s (v+

s )y+〉x+,z+ , Π+
ws = 〈p+

s (w+
s )z+〉x+,z+ (5.15a, b, c)

are small-scale streamwise, wall-normal and spanwise pressure strain,

T+
p,vs = −〈(p+

s v
+
s )y+〉x+,z+ (5.16)

is small-scale pressure transport,

T+
ν,us =

1

2
〈(u+2

s )y+y+〉x+,z+ , T+
ν,vs =

1

2
〈(v+2

s )y+y+〉x+,z+ , T+
ν,ws =

1

2
〈(w+2

s )y+y+〉x+,z+
(5.17a, b, c)

are small-scale streamwise, wall-normal and spanwise viscous transport, and

ε+us = −〈∇u+
s ·∇u+

s 〉x+,z+ , ε+vs = −〈∇v+
s ·∇v+

s 〉x+,z+ , ε+ws = −〈∇w+
s ·∇w+

s 〉x+,z+ (5.18a, b, c)

are small-scale streamwise, wall-normal and spanwise dissipation.

The large- and small-scale energy balance equations contain both linear and non-linear terms.

Turbulent production is the linear mechanism through which the large- and small-scale velocity

fluctuations extract energy from the mean velocity, and P+
ul and P+

us are the only terms in the

energy balance equations that depend on U+. The turbulent dynamics at each scale are domi-

nated by the interplay between production and dissipation, which is also a linear mechanism.
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On the other hand, the pressure strain, pressure transport and turbulent transport terms are

all inherently non-linear. The non-linearity of the pressure strain and pressure transport terms

is implicit, originating from the ‘slow’ non-linear term that drives the pressure Poisson equation

(Kim, 1989). Though the pressure fluctuations are indeed non-linear, the energy flux through

the pressure strain terms is linear since they are linked by the continuity equation at each

scale as −Π+
ul = Π+

vl + Π+
wl and −Π+

us = Π+
vs + Π+

ws. Furthermore, it has been argued that the

redistribution of streamwise TKE to the wall-normal and spanwise components at the integral

lengthscale by the pressure strain terms is the signature of the self-sustaining process at each

scale (Cho et al., 2018), since the spectra of turbulent production and pressure strain are well

aligned (Mizuno, 2016; Cho et al., 2018; Lee & Moser, 2019). In §5.2, it will be demonstrated

that this is indeed the case. Finally, the turbulent transport terms are explicitly non-linear

and their role is to facilitate the transfer of TKE between structures of different scales through

their non-linear interaction.

Following a similar approach to Kawata & Alfredsson (2019), the turbulent transport terms

can be further decomposed into spatial transport and inter-scale transport terms. Re-writing

the first component of each term in equations (5.7) and (5.14), the intra-scale spatial turbulent

transport terms are defined as

T+
ul,− = −〈u+

l (u+
l · ∇u

+
l )〉x+,z+ = −∇ ·

〈1

2
(u+

l )2u+
l

〉
x+,z+

, (5.19a)

T+
vl,− = −〈v+

l (u+
l · ∇v

+
l )〉x+,z+ = −∇ ·

〈1

2
(v+
l )2u+

l

〉
x+,z+

, (5.19b)

T+
wl,− = −〈w+

l (u+
l · ∇w

+
l )〉x+,z+ = −∇ ·

〈1

2
(w+

l )2u+
l

〉
x+,z+

, (5.19c)

T+
us,− = −〈u+

s (u+
s · ∇u+

s )〉x+,z+ = −∇ ·
〈1

2
(u+

s )2u+
s

〉
x+,z+

, (5.19d)

T+
vs,− = −〈v+

s (u+
s · ∇v+

s )〉x+,z+ = −∇ ·
〈1

2
(v+
s )2u+

s

〉
x+,z+

, (5.19e)

T+
ws,− = −〈w+

s (u+
s · ∇w+

s )〉x+,z+ = −∇ ·
〈1

2
(w+

s )2u+
s

〉
x+,z+

, (5.19f)

with subscript −. Each of the above terms is written as the divergence of a vector field, the

elements of which are functions of the velocity components at the same scale i.e. large scale or

small scale. Therefore, the terms in equation (5.19) can be interpreted as the energy gain or

loss resulting from the spatial transport of TKE induced by structures of the same scale and so

they do not represent scale interaction processes. In a similar manner, re-writing the third and

fourth components of each term in equations (5.7) and (5.14), the inter-scale spatial turbulent
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transport terms are defined as

T+
ul,# = −∇ ·

〈1

2
(u+

l )2u+
s

〉
x+,z+

−∇ · 〈u+
l u

+
s u

+
s 〉x+,z+ , (5.20a)

T+
vl,# = −∇ ·

〈1

2
(v+
l )2u+

s

〉
x+,z+

−∇ · 〈v+
l v

+
s u

+
s 〉x+,z+ , (5.20b)

T+
wl,# = −∇ ·

〈1

2
(w+

l )2u+
s

〉
x+,z+

−∇ · 〈w+
l w

+
s u

+
s 〉x+,z+ , (5.20c)

T+
us,# = −∇ ·

〈1

2
(u+

s )2u+
l

〉
x+,z+

−∇ · 〈u+
l u

+
s u

+
l 〉x+,z+ , (5.20d)

T+
vs,# = −∇ ·

〈1

2
(v+
s )2u+

l

〉
x+,z+

−∇ · 〈v+
l v

+
s u

+
l 〉x+,z+ , (5.20e)

T+
ws,# = −∇ ·

〈1

2
(w+

s )2u+
l

〉
x+,z+

−∇ · 〈w+
l w

+
s u

+
l 〉x+,z+ , (5.20f)

with subscript #. Again, each of the above terms is written as the divergence of a vector field,

however its elements are now functions of the velocity components at both large and small

scales. Therefore, the terms in equation (5.20) can be interpreted as the energy gain or loss

resulting from the spatial transport of TKE induced by the interaction of large- and small-scale

structures. Finally, the remaining components of each term in equations (5.7) and (5.14) appear

at large- and small-scales with opposite sign, and these inter-scale turbulent transport terms

are defined as

T+
u,l = 〈u+

l (u+
l · ∇u

+
s )〉x+,z+ − 〈u+

s (u+
s · ∇u+

l )〉x+,z+ , (5.21a)

T+
v,l = 〈v+

l (u+
l · ∇v

+
s )〉x+,z+ − 〈v+

s (u+
s · ∇v+

l )〉x+,z+ , (5.21b)

T+
w,l = 〈w+

l (u+
l · ∇w

+
s )〉x+,z+ − 〈w+

s (u+
s · ∇w+

l )〉x+,z+ , (5.21c)

with subscript l. T
+
u,l, T

+
v,l and T+

w,l appear in the small-scale energy balance equations, while

their negations appear in the large-scale energy balance equations (see equation (5.22) below).

Therefore, the terms in equation (5.21) can be interpreted as the energy gain or loss resulting

from the same-component inter-scale transport of TKE between large and small scales defined

in (5.1a) and (5.1b) i.e. between u+
l and u+

s , v+
l and v+

s , and w+
l and w+

s . It is apparent that the

interaction of large- and small-scale structures results in both spatial turbulent transport and

inter-scale turbulent transport through the terms in equations (5.20) and (5.21) respectively.
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The large- and small-scale energy balance equations are written in full as

∂E+
ul

∂t+
= P+

ul − T
+
u,l + T+

ul,− + T+
ul,# + Π+

ul + T+
ν,ul + ε+ul, (5.22a)

∂E+
vl

∂t+
= T+

p,vl − T
+
v,l + T+

vl,− + T+
vl,# + Π+

vl + T+
ν,vl + ε+vl, (5.22b)

∂E+
wl

∂t+
= − T+

w,l + T+
wl,− + T+

wl,# + Π+
wl + T+

ν,wl + ε+wl, (5.22c)

∂E+
us

∂t+
= P+

us + T+
u,l + T+

us,− + T+
us,# + Π+

us + T+
ν,us + ε+us, (5.22d)

∂E+
vs

∂t+
= T+

p,vs + T+
v,l + T+

vs,− + T+
vs,# + Π+

vs + T+
ν,vs + ε+vs, (5.22e)

∂E+
ws

∂t+
= T+

w,l + T+
ws,− + T+

ws,# + Π+
ws + T+

ν,ws + ε+ws. (5.22f)

5.1.2 Mean Multi-scale Energetics

The governing equations derived in §5.1.1 allow for the analysis of the temporal dynamics

of multi-scale near-wall turbulence; however, a few issues need to be addressed. Firstly, the

particular velocity field decomposition introduced in equation (5.1) must be investigated in

order to identify the processes that are likely to take place at each scale (e.g. the self-sustaining

process) and the transfers of energy that are expected to occur between the large and small

scales (e.g. the energy cascade). Secondly, the terms in the energy balance equations (5.22) are

only functions of the wall-normal height y+ and time t+, since homogeneity allows for averaging

in the streamwise and spanwise directions. But averaging in the wall-normal direction is also

required in order to study the temporal dynamics, hence any wall-normal anisotropy of the

terms in (5.22) must be identified to allow for the selection of appropriate integration limits.

To this end, the statistics of the terms on the right-hand side of the energy balance equations

are analysed, which balance each other in a statistically steady flow, and the results are shown

in figure 5.2 as a function of the wall-normal height y+.

The large-scale production term P+
ul is almost uniform across the wall-normal domain in figure

5.2(a) (red), while the small-scale production term P+
us exhibits an intense near-wall peak at

y+ ≈ 12 in figure 5.2(b) (red). This is the effect of the no-slip boundary condition, which

mathematically constrains the peak to be located in the near-wall region, as discussed in detail

by Yang et al. (2018) (§3.2 of that work). At this point, the magnitude of P+
us is almost five

times greater than that of P+
ul (see also figure A.1(a) in the Appendix). The streamwise pressure

strain terms Π+
ul and Π+

us are negative across the entire wall-normal domain in figure 5.2(a, b)

(light green), while the wall-normal terms Π+
vl and Π+

vs in figure 5.2(c, d), and spanwise terms

Π+
wl and Π+

ws in figure 5.2(e, f) are (mostly) positive, confirming that the pressure strain terms

redistribute streamwise TKE to the wall-normal and spanwise components. The wall-normal
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Figure 5.2: Time-averaged, wall-normal profiles of the terms on the right-hand side of (5.22):
turbulent production (solid red lines), turbulent transport (solid black lines), pressure strain
(solid light green lines), pressure transport (dash-dotted dark green lines), viscous transport
(dashed cyan lines) and dissipation (dotted blue lines) of (a) E+

ul (P+
ul , T

+
ul ,Π

+
ul, T

+
ν,ul, ε

+
ul), (b)

E+
us (P+

us, T
+
us,Π

+
us, T

+
ν,us, ε

+
us), (c) E+

vl (T+
vl ,Π

+
vl, T

+
p,vl, T

+
ν,vl, ε

+
vl), (d) E+

vs (T+
vs,Π

+
vs, T

+
p,vs, T

+
ν,vs, ε

+
vs),

(e) E+
wl (T+

wl,Π
+
wl, T

+
ν,wl, ε

+
wl) and (f) E+

ws (T+
ws,Π

+
ws, T

+
ν,ws, ε

+
ws).
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Figure 5.3: Time-averaged, wall-normal profiles of the intra-scale spatial turbulent trans-
port (solid grey lines), inter-scale spatial turbulent transport (dash-dotted black lines)
and inter-scale turbulent transport (solid black lines) terms of (a) E+

ul (T+
ul,−, T

+
ul,#,−T

+
u,l),

(b) E+
us (T+

us,−, T
+
us,#, T

+
u,l), (c) E+

vl (T+
vl,−, T

+
vl,#,−T

+
v,l), (d) E+

vs (T+
vs,−, T

+
vs,#, T

+
v,l), (e) E+

wl

(T+
wl,−, T

+
wl,#,−T

+
w,l) and (f) E+

ws (T+
ws,−, T

+
ws,#, T

+
w,l).
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pressure strain terms Π+
vl and Π+

vs are only negative below y+ ≈ 15, a manifestation of the

so-called ‘splat effect’ in which fluid moving towards the wall is forced to move parallel to the

wall (e.g. Lee & Moser, 2019). Apart from the splat effect in Π+
vl, the large-scale pressure strain

terms are more uniform across the wall-normal domain, while the small-scale pressure strain

terms exhibit peaks closer to the wall. While the small-scale production and pressure strain

terms are inhomogeneous near the wall, all terms in the small-scale energy balance equation

are more homogeneous above y+ ≈ 60 with minimal variation over y+. The characteristics of

turbulent production and pressure strain shown in figure 5.2 indicate that the velocity field

decomposition (5.1) indeed captures the energy-containing eddies and self-sustaining processes

at both large and small scales.

Turning to the turbulent transport terms (black), it appears that the wall-normal position of

minimum T+
ul and T+

us almost coincides with the wall-normal position of maximum P+
ul and

P+
us in figure 5.2(a, b), indicating that turbulent transport removes energy at the same wall-

normal locations where the generation of the energy-containing eddies at each scale is most

active. At large scale, the turbulent transport terms are mostly negative above y+ ≈ 25, except

for the streamwise term which is close to zero (figure 5.2(a, c, e)). However, the streamwise

and spanwise turbulent transport terms are positive very close to the wall in figure 5.2(a, e),

consistent with the observations of previous studies of the turbulent transport spectra (e.g. Cho

et al., 2018; Lee & Moser, 2019) (see also figure A.1(c, e) in the Appendix). It is also important

to note that the peak in the streamwise turbulent transport term has similar magnitude to the

large-scale production term P+
ul . This positive streamwise and spanwise turbulent transport

seems to be balanced by the corresponding dissipation and viscous transport terms, as has

been shown in the case of turbulent Poiseuille flow at Reτ ' 1700 (Cho et al., 2018). At small

scale, the turbulent transport terms for all three components are positive above y+ ≈ 30 in

figure 5.2(b, d, f). In particular, above y+ ≈ 60, the streamwise turbulent transport term T+
us

has similar magnitude to the (relatively weak) small-scale production term P+
us in figure 5.2(b),

and the same can be said for the wall-normal and spanwise turbulent transport and pressure

strain terms in figure 5.2(e, f). For all three small-scale components, the positive terms in

the energy balance equations are primarily balanced by the corresponding dissipation terms

(see also figure A.1(c, d, e, f) in the Appendix). The small-scale dissipation terms also exhibit

greater magnitude than the large-scale counterparts, implying the cascade of energy through

the turbulent transport terms.

As described in §5.1.1, the turbulent transport terms (5.7) and (5.14) can be decomposed into

the intra-scale spatial, inter-scale spatial and inter-scale turbulent transport terms in equations

(5.19), (5.20) and (5.21) respectively. In particular, the inter-scale spatial and inter-scale tur-

bulent transport terms depend on both large- and small-scale velocity components, and so they

represent scale interaction processes. Further to the above analysis, the statistics of the intra-

scale spatial turbulent transport terms (solid grey lines), inter-scale spatial turbulent transport

terms (dash-dotted black lines) and inter-scale turbulent transport terms (solid black lines) at
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both large and small scales are shown in figure 5.3. The streamwise and spanwise inter-scale

turbulent transport terms T+
u,l and T+

w,l are negative at large scale and positive at small scale

above y+ ≈ 25 (figure 5.3(a, b, e, f)), while the wall-normal inter-scale turbulent transport term

T+
v,l is negative at large-scale and positive at small-scale across the wall-normal domain (figure

5.3(c, d)). This indicates that there is same-component energy transfer from large to small

scales i.e. from u+
l to u+

s , v+
l to v+

s , and w+
l to w+

s , reaffirming the classical role of turbu-

lent transport in the streamwise, wall-normal and spanwise energy cascades. Below y+ ≈ 25

however, the streamwise and spanwise inter-scale turbulent transport terms T+
u,l and T+

w,l are

negative at small scale and positive at large scale, with prominent troughs/peaks at y+ ≈ 12

and y+ ≈ 10 respectively (figure 5.3(a, b, e, f)). This indicates that there is same-component

energy transfer from small to large scales very close to the wall i.e. from u+
s to u+

l and w+
s

to w+
l . In particular, these observations are consistent with those of Cho et al. (2018), who

demonstrated that positive turbulent transport in the near-wall region is the manifestation of

the transfer of energy from small to large scales.

On the other hand, the intra-scale spatial turbulent transport terms represent the wall-normal

transport of TKE resulting from the non-linear self-interaction of structures of the same scale

and their volume average is zero. The large-scale terms T+
ul,−, T+

vl,− and T+
wl,− are very weak

in magnitude (figure 5.3(a, c, e)) but there are deep troughs in the small-scale streamwise and

spanwise terms T+
us,− and T+

ws,− at y+ = 11 and y+ = 8 respectively (figure 5.3(b, f)). This is

likely due to the velocity field decomposition in (5.1), in which the small-scale energy-containing

eddies and the small-scale eddies associated with the energy cascade from both large and small

integral lengthscales would be included in the definition of u+
s , and so the resulting intra-scale

energy flux in the wall-normal direction is more pronounced. Furthermore, the small-scale intra-

scale terms decay above y+ ≈ 45 and the inter-scale terms are dominant above this point (figure

5.3(b, d, f)). Finally, the inter-scale spatial turbulent transport terms represent the wall-normal

transport of TKE resulting from the interaction of structures of different scales and their volume

average is also zero. It is apparent that the interaction of large- and small-scale structures

can produce significant wall-normal energy fluxes, especially those of streamwise TKE (figure

5.3(a, b)), and the inter-scale spatial turbulent transport terms are highly sophisticated.

5.1.3 Temporal Dynamics

Following the statistical analysis of the two-scale energetics in §5.1.2, the temporal dynamics

of minimal multi-scale near-wall turbulence can now be investigated. The terms in the large-

and small-scale energy balance equations (5.22) are averaged in the wall-normal direction and

studied as functions of time t+. However, given that some of the processes described in the

previous section vary considerably across the wall-normal domain, the limits of integration in

y+ must be chosen carefully. In subsequent sections, the same notation is used to denote the

y+–averaged terms but the corresponding limits of integration are also indicated: for example,
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T+
u,l

∣∣120

45
is the streamwise inter-scale turbulent transport term averaged over the interval y+ ∈

[45, 120], i.e. the streamwise energy cascade. In order to establish relationships between the

various terms, the temporal cross-correlation function C(τ+) is introduced, where

C(τ+) =
P+
ul

∣∣120

0
(t+ + τ+)ε+ul

∣∣120

0
(t+)√

(P+
ul

∣∣120

0
(t+))2

√
(ε+ul
∣∣120

0
(t+))2

, (5.23)

for example, is the cross-correlation of large-scale turbulent production and streamwise dissi-

pation as a function of the time lag τ+.

Given the scope of the present study, the properties of turbulent transport described in §5.1.2

are examined under three general categories, with a particular emphasis on the inter-scale

processes: (i) the energy cascade from large to small scales over the interval y+ ∈ [45, 120],

mediated by the inter-scale turbulent transport terms T+
u,l

∣∣120

45
, T+

v,l

∣∣120

45
and T+

w,l

∣∣120

45
; (ii) the

energy transfer from large to small scales over the interval y+ ∈ [0, 45] that results in increased

small-scale turbulent production, mediated by the inter-scale turbulent transport term T+
v,l

∣∣120

45
;

(iii) the energy transfer from small to large scales over the interval y+ ∈ [0, 25], mediated by

the inter-scale turbulent transport terms T+
u,l

∣∣25

5
and T+

w,l

∣∣25

0
. In particular, the second process

will be called the ‘driving’ of small-scale turbulent production and the third process will be

called the ‘feeding’ from small to large scales, to distinguish from the classical energy cascade

from large to small scales.

Finally, it must be mentioned that the inter-scale turbulent transport terms T+
u,l, T

+
v,l and T+

w,l

are derived from the horizontally-averaged turbulent transport terms (5.7) and (5.14), in which

the projections Pl{ · } and Ps{ · } can be dropped. However, in order to plot three-dimensional

spatial visualisations of inter-scale turbulent transport, the terms

T+
us,c = −u+

s Ps{u+
s · ∇u+

l + u+
l · ∇u

+
s + u+

l · ∇u
+
l }, (5.24a)

T+
vs,d = −v+

s Ps{u+
s · ∇v+

l }, (5.24b)

T+
ul,f = −u+

l Pl{u
+
l · ∇u

+
s + u+

s · ∇u+
l + u+

s · ∇u+
s }, (5.24c)

are introduced as proxies for the transfer of streamwise TKE from large to small scales in

§5.3, the transfer of wall-normal TKE from large to small scales in §5.4 and the transfer of

streamwise TKE from small to large scales in §5.5, respectively. In particular, it will be shown in

§5.4 that one component of the wall-normal inter-scale turbulent transport term is particularly

relevant to the driving of small-scale turbulent production. For all other terms, the subscript �

indicates that the corresponding observable is defined before the 〈 · 〉x+,z+ averaging operation

for visualisation purposes, specifically the small-scale streamwise dissipation and turbulent

production terms

ε+us,� = −∇u+
s · ∇u+

s and P+
us,� = −U+

y+u
+
s v

+
s (5.25a, b)

in §5.3 and §5.4 respectively.
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Figure 5.4: Temporal cross-correlation functions of (a) E+
sr,l vs. E+

ss,l (brown), E+
ss,l vs. E+

ws,l

(orange) and E+
ws,l vs. E+

wr,l (purple), and (b) E+
sr,s vs. E+

ss,s (brown), E+
ss,s vs. E+

ws,s (orange)

and E+
ws,s vs. E+

wr,s (purple). Temporal auto-correlation functions of (c) E+
sr,l (brown), E+

ss,l

(orange), E+
ws,l (purple) and E+

wr,l (pink), and (d) E+
sr,s (brown), E+

ss,s (orange), E+
ws,s (purple)

and E+
wr,s (pink).

5.2 Self-Sustaining Processes

In this section, the dynamics of the large- and small-scale structures are studied separately,

whereas the interactions between the two scales are discussed in subsequent sections. The

decomposition of the velocity field into u+
l and u+

s in (5.1) was introduced under the premise

that there are energy-containing eddies at each scale, which is confirmed in the statistical

analysis in §5.1.2. Given that the self-sustaining process is understood to govern the dynamics

at integral scales (Hwang & Bengana, 2016), here it will be briefly characterised at both large

and small scales in order to establish its energy transfer dynamics. For this purpose, the velocity

components are further decomposed into their x+-independent and x+-dependent parts, and

the kinetic energies of large-scale straight streaks (ss), wavy streaks (ws), straight rolls (sr) and
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Scale Observable Description

Large E+
ss,l kinetic energy of straight streaks

E+
ws,l kinetic energy of wavy streaks

E+
sr,l kinetic energy of straight rolls

E+
wr,l kinetic energy of wavy rolls

P+
ul

∣∣120

0
turbulent production

Π+
ul

∣∣120

0
streamwise pressure strain

ε+ul
∣∣120

0
streamwise dissipation

ε+vl
∣∣120

0
wall-normal dissipation

ε+wl
∣∣120

0
spanwise dissipation

Small E+
ss,s kinetic energy of straight streaks

E+
ws,s kinetic energy of wavy streaks

E+
sr,s kinetic energy of straight rolls

E+
wr,s kinetic energy of wavy rolls

P+
us

∣∣45

0
turbulent production

Π+
us

∣∣45

0
streamwise pressure strain

ε+us
∣∣45

0
streamwise dissipation

ε+vs
∣∣45

0
wall-normal dissipation

ε+ws
∣∣45

0
spanwise dissipation

Table 5.2: Descriptions of the observables associated with the large- and small-scale self-
sustaining processes.
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Figure 5.5: Time series of (a) P+
ul

∣∣120

0
(red), Π+

ul

∣∣120

0
(green) and ε+ul

∣∣120

0
(blue), and (b) P+

us

∣∣45

0

(red), Π+
us

∣∣45

0
(green) and ε+us

∣∣45

0
(blue).

wavy rolls (wr) are defined as

E+
ss,l(t

+) =
1

2
〈〈u+

l 〉
2
x+〉z+

∣∣∣120

0
, (5.26a)

E+
ws,l(t

+) =
1

2
〈(u+

l − 〈u
+
l 〉x+)2〉x+,z+

∣∣∣120

0
, (5.26b)

E+
sr,l(t

+) =
1

2
〈〈v+

l 〉
2
x+ + 〈w+

l 〉
2
x+〉z+

∣∣∣120

0
, (5.26c)

E+
wr,l(t

+) =
1

2
〈(v+

l − 〈v
+
l 〉x+)2 + (w+

l − 〈w
+
l 〉x+)2〉x+,z+

∣∣∣120

0
, (5.26d)

respectively, while the kinetic energies of small-scale straight streaks, wavy streaks, straight

rolls and wavy rolls are defined as

E+
ss,s(t

+) =
1

2
〈〈u+

s 〉2x+〉z+
∣∣∣45

0
, (5.27a)

E+
ws,s(t

+) =
1

2
〈(u+

s − 〈u+
s 〉x+)2〉x+,z+

∣∣∣45

0
, (5.27b)

E+
sr,s(t

+) =
1

2
〈〈v+

s 〉2x+ + 〈w+
s 〉2x+〉z+

∣∣∣45

0
, (5.27c)

E+
wr,s(t

+) =
1

2
〈(v+

s − 〈v+
s 〉x+)2 + (w+

s − 〈w+
s 〉x+)2〉x+,z+

∣∣∣45

0
, (5.27d)
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Figure 5.6: Temporal cross-correlation functions of (a) P+
ul

∣∣120

0
vs. E+

ss,l (red) and E+
ws,l vs.

−ε+ul
∣∣120

0
(blue), (b) P+

us

∣∣45

0
vs. E+

ss,s (red) and E+
ws,s vs. −ε+us

∣∣45

0
(blue), (c) E+

ws,l vs. −Π+
ul

∣∣120

0

(green) and E+
wr,l vs. −ε+vl

∣∣120

0
− ε+wl

∣∣120

0
(blue), and (d) E+

ws,s vs. −Π+
us

∣∣45

0
(green) and E+

wr,s vs.

−ε+vs
∣∣45

0
− ε+ws

∣∣45

0
(blue).

Figure 5.7: Schematic diagram of the large- and small-scale self-sustaining processes.
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respectively. The small-scale kinetic energy terms are averaged over the interval y+ ∈ [0, 45] in

accordance with the turbulent production profile in figure 5.2(b) (red), since P+
us exhibits a large

peak close to the wall. Descriptions of the observables associated with the large- and small-scale

self-sustaining processes and their energetics are provided in table 5.2. Here, it should be noted

that these observables are introduced to describe the dynamics of the structural elements of the

self-sustaining process (e.g. streaks and rolls) and the corresponding energetics at each ‘integral’

lengthscale, i.e. large and small. In particular, at small scale, it is conveniently assumed that

production and dissipation take place at the same scale (i.e. λ+
z . 110), although in practice

there is some separation between the two lengthscales (see figure A.1(a, f) in the Appendix).

The cross-correlation functions of a selection of the large- and small-scale kinetic energy terms

are shown in figure 5.4(a) and 5.4(b) respectively. The correlations of straight rolls and straight

streaks (brown), straight streaks and wavy streaks (orange), and wavy streaks and wavy rolls

(purple) are left-shifted at both large and small scales, indicating that the observables occur

in the order E+
sr,l → E+

ss,l → E+
ws,l → E+

wr,l and E+
sr,s → E+

ss,s → E+
ws,s → E+

wr,s, consistent with

the self-sustaining process (Hamilton et al., 1995; Hwang & Bengana, 2016). The large-scale

kinetic energy terms remain correlated over longer timescales and have ‘wider’ cross-correlation

functions, reflecting that the large-scale self-sustaining process is expected to occur over a

longer timescale than its small-scale counterpart (Hwang & Bengana, 2016). To investigate

the characteristic timescales of these subprocesses in more detail, the temporal auto-correlation

functions of the large- and small-scale kinetic energy terms are shown in figure 5.4(c) and 5.4(d)

respectively. At large scale, the straight roll E+
sr,l (brown) and straight streak E+

ss,l (orange)

auto-correlations are wider than the wavy streak E+
ws,l (purple) and wavy roll E+

wr,l (pink)

auto-correlations, indicating that the ‘straight’ subprocesses occur over a significantly longer

timescale than the ‘wavy’ subprocesses. At small scale, the straight roll E+
sr,s (brown) and

straight streak E+
ss,s (orange) auto-correlations are much narrower than those of the equivalent

large-scale terms, indicating that the large-scale self-sustaining process is indeed active over

longer timescales. However, it is immediately obvious that there is little separation between

the timescales of the straight and wavy subprocesses at the small scale, and the auto-correlation

function of the wavy rolls E+
wr,s (pink) actually matches that of the wavy rolls at the large scale.

This somewhat unexpected behaviour, which is related to non-equilibrium turbulent dissipation,

is further discussed in §5.3.

Next, the temporal dynamics of the terms in the large- and small-scale energy balance equations

(5.22) are investigated. Since this section is limited to the energetics of turbulence at each scale,

only the turbulent production, pressure strain and turbulent dissipation terms are considered.

The time series of turbulent production (red), streamwise pressure strain (green) and streamwise

dissipation (blue) are shown in figure 5.5 at both (a) large and (b) small scales. Again, the

large-scale terms are integrated over the interval y+ ∈ [0, 120] and the small-scale terms over

y+ ∈ [0, 45]. The turbulent production terms P+
ul

∣∣120

0
and P+

us

∣∣45

0
fuel the self-sustaining processes

at each scale by injecting energy into the streamwise velocity components. As expected, the
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streamwise pressure strain terms Π+
ul

∣∣120

0
and Π+

us

∣∣45

0
increase in magnitude in response to the

production terms, redistributing streamwise TKE to the wall-normal and spanwise components

at each scale. The same behaviour is observed in the streamwise dissipation terms εul
∣∣120

0
and

εus
∣∣45

0
at each scale. The small-scale production term P+

us

∣∣45

0
exhibits more rapid fluctuation in

figure 5.5(b) than its large-scale counterpart P+
ul

∣∣120

0
in figure 5.5(a), consistent with the shorter

characteristic timescales observed in the small-scale auto-correlation functions in figure 5.4(d).

However, it is the timing of the turbulent energetics in relation to the self-sustaining process

at each scale that is of most interest, requiring cross-correlation with the kinetic energy terms

defined in equations (5.26) and (5.27) above. The cross-correlation functions of large-scale pro-

duction P+
ul

∣∣120

0
vs. straight streaks E+

ss,l (red) and large-scale wavy streaks E+
ws,l vs. streamwise

dissipation −ε+ul
∣∣120

0
(blue) are shown in figure 5.6(a). Note that the sign of the dissipation term

(and subsequent dissipation terms) has been flipped, representing an increase in dissipation in

this case. The positively correlated left-shifted peaks indicate that large-scale production drives

the growth of straight streaks in line with the lift-up effect (red), while the large-scale stream-

wise dissipation reaches its maximum just after the kinetic energy of wavy streaks (blue). The

equivalent small-scale observables occur in the same order within the small-scale self-sustaining

process as those at large scale, as seen in figure 5.6(b). However, the cross-correlation function

of small-scale production P+
us

∣∣45

0
vs. straight streaks E+

ss,s (red) has noticeably lower magnitude

than its large-scale equivalent in figure 5.6(a), the precise reasons for which are discussed in

§5.4. The cross-correlation functions of large-scale wavy streaks E+
ws,l vs. streamwise pres-

sure strain −Π+
ul

∣∣120

0
(green) and small-scale wavy streaks E+

ws,s vs. streamwise pressure strain

−Π+
us

∣∣45

0
(green) are shown in figure 5.6(c) and (d) respectively. Note that the signs of the

streamwise pressure strain terms have also been flipped, representing increased redistribution

of energy to the wall-normal and spanwise components in this case. Both correlation functions

peak at τ+ ≈ 0, indicating that streamwise pressure strain and the kinetic energy of wavy

streaks increase/decrease simultaneously, consistent with the dependence of Π+
ul on (u+

l )x+ in

(5.8a) and Π+
us on (u+

s )x+ in (5.15a). The cross-correlation functions of large-scale wavy rolls

E+
wr,l vs. wall-normal and spanwise dissipation −ε+vl

∣∣120

0
− ε+wl

∣∣120

0
(blue) and small-scale wavy

rolls E+
wr,s vs. wall-normal and spanwise dissipation −ε+vs

∣∣45

0
− ε+ws

∣∣45

0
(blue) are also shown in

figure 5.6(c) and (d) respectively. The left-shifted peaks indicate that wall-normal and spanwise

dissipation occurs just after the kinetic energy of wavy rolls at each scale, in the late stages of

streak breakdown. The timing of each of the above terms is shown in the schematic diagram

in figure 5.7.

5.3 Energy Cascade Dynamics

In the statistical analysis of the two-scale energetics in §5.1.2, the first scale interaction process

identified is the cascade of energy from large to small scales (figure 5.3), given their definition in

(5.1). This manifests as negative inter-scale turbulent transport at large scale (figure 5.3(a, c, e))
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Figure 5.8: Time series of (a) P+
ul

∣∣120

0
(red), T+

u,l

∣∣120

45
(black) and ε+us

∣∣120

45
(blue), (b) Π+

vl

∣∣120

0

(green), T+
v,l

∣∣120

45
(black) and ε+vs

∣∣120

45
(blue), and (c) Π+

wl

∣∣120

0
(green), T+

w,l

∣∣120

45
(black) and ε+ws

∣∣120

45

(blue).
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Figure 5.9: Streamwise energy cascade: (a) magnification of figure 5.8(a) for t+ ∈ [3530, 3780];
(b, c, d, e, f) isosurfaces of u+

l = ±3.1 (pink/cyan), T+
us,c = 0.24 (black) and ε+us,� = −0.05 (blue)

at t+ = 3573, 3622, 3650, 3666 and 3683, respectively.
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Scale Observable Description

Large Π+
vl

∣∣120

0
wall-normal pressure strain

Π+
wl

∣∣120

0
spanwise pressure strain

Small T+
u,l

∣∣120

45
streamwise inter-scale turbulent transport

T+
v,l

∣∣120

45
wall-normal inter-scale turbulent transport

T+
w,l

∣∣120

45
spanwise inter-scale turbulent transport

Π+
us

∣∣120

45
streamwise detached-eddy pressure strain

ε+us
∣∣120

45
streamwise detached-eddy dissipation

ε+vs
∣∣120

45
wall-normal detached-eddy dissipation

ε+ws
∣∣120

45
spanwise detached-eddy dissipation

Table 5.3: Descriptions of the observables associated with the energy cascade from large to
small scales.

Figure 5.10: Temporal cross-correlation functions of (a) P+
ul

∣∣120

0
vs. T+

u,l

∣∣120

45
(red) and E+

ws,l vs.

T+
u,l

∣∣120

45
(purple), (b) E+

ws,l vs. T+
v,l

∣∣120

45
(purple) and Π+

vl

∣∣120

0
vs. T+

v,l

∣∣120

45
(green), and (c) Π+

wl

∣∣120

0

vs. T+
w,l

∣∣120

45
(green) and E+

wr,l vs. T+
w,l

∣∣120

45
(pink).
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Figure 5.11: Temporal cross-correlation functions of (a) T+
u,l

∣∣120

45
vs. −Π+

us

∣∣120

45
(green) and

T+
u,l

∣∣120

45
vs. −ε+us

∣∣120

45
(blue), (b) T+

v,l

∣∣120

45
vs. −ε+vs

∣∣120

45
(blue), and (c) T+

w,l

∣∣120

45
vs. −ε+ws

∣∣120

45
(blue).

Figure 5.12: Temporal auto-correlation functions of (a) P+
ul

∣∣120

0
(red), (b) ε+ul

∣∣120

0
(blue), (c)

ε+vl
∣∣120

0
+ ε+wl

∣∣120

0
(blue), (d) P+

us

∣∣45

0
(red), (e) ε+us

∣∣45

0
(solid blue line) and ε+us

∣∣120

45
(dotted blue line),

and (f) ε+vs
∣∣45

0
+ ε+ws

∣∣45

0
(solid blue line) and ε+vs

∣∣120

45
+ ε+ws

∣∣120

45
(dotted blue line).
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and positive inter-scale turbulent transport at small scale (figure 5.3(b, d, f)) above y+ ≈ 25

in the streamwise and spanwise terms, and across the wall-normal domain in the wall-normal

term (see also figure A.1(c, d, e) in the Appendix). The inter-scale turbulent transport terms

T+
u,l, T

+
v,l and T+

w,l are subsequently averaged over the interval y+ ∈ [45, 120] in order to study

the temporal dynamics of the energy cascade and descriptions of the associated observables are

provided in table 5.3. In this study, the small-scale eddies associated with the energy cascade

are called ‘detached’ eddies, as opposed to the energy-containing eddies that are attached to

the wall (Townsend, 1980).

The time series of the streamwise, wall-normal and spanwise inter-scale turbulent transport

terms T+
u,l

∣∣120

45
, T+

v,l

∣∣120

45
and T+

w,l

∣∣120

45
are shown in figure 5.8(a, b, c) respectively (black), along

with the corresponding small-scale detached-eddy dissipation terms ε+us
∣∣120

45
, ε+vs

∣∣120

45
and ε+ws

∣∣120

45

(blue). It is immediately obvious that the small-scale dissipation terms increase in magnitude

in response to the corresponding turbulent transport terms, which is the expected behaviour

of the energy cascade. Given that the inter-scale turbulent transport terms are sinks in the

large-scale energy balance (figure 5.3(a, c, e)), it is of interest to relate T+
u,l

∣∣120

45
, T+

v,l

∣∣120

45
and

T+
w,l

∣∣120

45
to the energy sources at large scale. The large-scale turbulent production term P+

ul

∣∣120

0

(red), and the wall-normal and spanwise pressure strain terms Π+
vl

∣∣120

0
and Π+

wl

∣∣120

0
(green) are

also plotted in figure 5.8(a, b, c) respectively, since these are the primary energy sources for

the large-scale streamwise, wall-normal and spanwise velocity components. In figure 5.8(a),

the streamwise inter-scale turbulent transport T+
u,l

∣∣120

45
appears to increase in response to large-

scale turbulent production P+
ul

∣∣120

0
, resulting in the transfer of streamwise TKE from large to

small scales. The same behaviour is observed in T+
v,l

∣∣120

45
and T+

w,l

∣∣120

45
in response to Π+

vl

∣∣120

0

and Π+
wl

∣∣120

0
respectively in figure 5.8(b, c). However, as seen in §5.2, the large-scale turbulent

production and pressure strain terms are intimately linked to the large-scale self-sustaining

process, hence the relationship between the energy cascade and the large-scale SSP requires

further investigation.

In order to investigate the spatio-temporal dynamics of the energy cascade, an intense stream-

wise turbulent kinetic energy cascade event is identified in the time series in figure 5.8(a) (grey

box) and snapshots of the velocity field during this event are shown in figure 5.9. The mag-

nification of figure 5.8(a) for t+ ∈ [3530, 3780] is shown in figure 5.9(a). A peak in large-scale

turbulent production (red) appears to result in a large increase in streamwise inter-scale tur-

bulent transport (black) and a subsequent increase in the magnitude of small-scale streamwise

detached-eddy dissipation (blue). Figure 5.9(b− f) are snapshots of the velocity field at times

t+ = 3573, 3622, 3650, 3666 and 3683 respectively, indicated by the dots in (a). The iso-

surfaces of high- and low-speed large-scale streaks u+
l = ±3.1 are shown in pink and cyan

respectively, along with small-scale streamwise turbulent transport T+
us,f = 0.24 in black and

small-scale streamwise dissipation ε+us,� = −0.05 in blue. Note that the wall-normal range is

y+ ∈ [45, 120]. Well before the cascade event, at t+ = 3573 (figure 5.9(b)), the large-scale streaks

are not particularly prominent and the velocity field exhibits some weak turbulent transport
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and detached-eddy dissipation, the isosurfaces of which appear to be isotropic in shape. By

t+ = 3622 (figure 5.9(c)), the peak in turbulent production has fuelled the growth of the large-

scale streaks, which are elongated in shape (see §5.2). At this point, the isosurfaces of turbulent

transport have begun to increase in size but appear to form alongside the low-speed streak only

(cyan). The turbulent transport reaches its maximum around t+ = 3650 (figure 5.9(d)), when

the large-scale streaks appear to meander in the streamwise direction i.e. the streak instability

stage of the self-sustaining process. The turbulent transport isosurfaces precede the forma-

tion of the detached-eddy dissipation isosurfaces, which have increased considerably in size,

and both appear to be very closely entwined. At the later times t+ = 3666 and 3683 (figure

5.9(e, f)), there is a substantial increase in the magnitude of dissipation during the late stages

of large-scale streak breakdown and the velocity field is dominated by the dissipation of the

detached eddies. Throughout this event, the isosurfaces of turbulent transport and dissipation

remain aligned with the low-speed streak rather than the high-speed streak.

In figure 5.8, it was shown that streamwise, wall-normal and spanwise inter-scale turbulent

transport increases in response to large-scale turbulent production, wall-normal pressure strain

and spanwise pressure strain respectively. Furthermore, the streamwise turbulent kinetic energy

cascade observed in figure 5.9 reached its maximum as the large-scale streaks began to meander

in the streamwise direction. This suggests that the energy cascade is related to the large-

scale self-sustaining process and its streak instability stage in particular. To investigate the

precise timing of the cascade of energy from large to small scales, the temporal cross-correlation

functions of the inter-scale turbulent transport terms T+
u,l

∣∣120

45
, T+

v,l

∣∣120

45
and T+

w,l

∣∣120

45
with the

large-scale kinetic energy terms in (5.26) are analysed. The cross-correlation functions of large-

scale turbulent production P+
ul

∣∣120

0
vs. T+

u,l

∣∣120

45
(red) and the kinetic energy of wavy streaks

E+
ws,l vs. T+

u,l

∣∣120

45
(purple) are shown in figure 5.10(a). Both correlations are very clearly left-

shifted, indicating that streamwise inter-scale turbulent transport increases just after the kinetic

energy of large-scale wavy streaks i.e. as the streaks begin to meander due to instability and/or

transient growth. The cross-correlation functions of the kinetic energy of wavy streaks E+
ws,l vs.

T+
v,l

∣∣120

45
(purple) and large-scale wall-normal pressure strain Π+

vl

∣∣120

0
vs. T+

v,l

∣∣120

45
(green) are shown

in figure 5.10(b). Both of these correlations are also left-shifted, indicating that wall-normal

inter-scale turbulent transport increases in response to the kinetic energy of large-scale wavy

streaks and wall-normal pressure strain (the timing of which was studied in §5.2), again during

the streak instability stage of the large-scale SSP. A similar picture emerges for the spanwise

energy cascade. The cross-correlation functions of large-scale spanwise pressure strain Π+
wl

∣∣120

0

vs. T+
w,l

∣∣120

45
(green) and the kinetic energy of wavy rolls E+

wr,l vs. T+
w,l

∣∣120

45
(pink) are shown in

figure 5.10(c), and their left-shifted peaks indicate that spanwise inter-scale turbulent transport

increases in response to the kinetic energy of wavy rolls during the late stages of large-scale

streak breakdown. In any case, it is clear that the cascade of energy from large to small scales

fluctuates in line with the large-scale self-sustaining process. It is also important to note that

the timing of this energy transfer does not seem to depend on the small-scale self-staining

process, even though the inter-scale turbulent transport terms T+
u,l, T

+
v,l and T+

w,l in (5.21)
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depend on both the large- and small-scale velocity components, and their dynamics show no

correlation. However, the small-scale energy-containing eddies are concentrated below y+ ≈ 45

(figure 5.2(a)), hence it seems that only the large-scale self-sustaining process determines the

timing of the energy cascade above y+ ≈ 45.

Given this regular transfer of energy from large to small scales, it is next of interest to see

how this affects the small-scale energy balance. As seen in figure 5.8, the small-scale detached-

eddy dissipation terms ε+us
∣∣120

45
, ε+vs

∣∣120

45
and ε+ws

∣∣120

45
appear to increase in magnitude in response

to the corresponding inter-scale turbulent transport terms, and this balance has also been

observed in the small-scale statistics in figure 5.2(b, d, f). However, the temporal dynamics

of this response must be investigated. The temporal cross-correlation function of streamwise

inter-scale turbulent transport T+
u,l

∣∣120

45
vs. streamwise detached-eddy pressure strain −Π+

us

∣∣120

45

is shown in figure 5.11(a) (green). Note that the sign of the streamwise pressure strain term has

been flipped. The correlation shows a moderate left-shifted peak, indicating that the energy

transfer to the streamwise component u+
s results in increased redistribution of energy to the wall-

normal and spanwise components v+
s and w+

s . The cross-correlation functions of streamwise

inter-scale turbulent transport T+
u,l

∣∣120

45
vs. detached-eddy dissipation −ε+us

∣∣120

45
, wall-normal

inter-scale turbulent transport T+
v,l

∣∣120

45
vs. detached-eddy dissipation −ε+vs

∣∣120

45
and spanwise

inter-scale turbulent transport T+
w,l

∣∣120

45
vs. detached-eddy dissipation −ε+ws

∣∣120

45
are also shown

in figure 5.11(a, b, c) respectively (blue). Note that the signs of the small-scale dissipation terms

have also been flipped, representing an increase in magnitude of the dissipation. In each case,

the correlation functions are left-shifted, indicating that the cascade of energy from large to

small scales indeed results in increased small-scale detached-eddy dissipation for each velocity

component.

However, it is the widths of the cross-correlation functions in figure 5.11 that are most note-

worthy. Although all of the plotted correlations are between terms in the small-scale energy

balance equations, the long characteristic timescales observed are more reminiscent of those of

the large-scale structures. In order to investigate this further, the temporal auto-correlation

functions of various terms related to the large- and small-scale self-sustaining processes are plot-

ted in figure 5.12. The auto-correlation functions of large- and small-scale turbulent production

P+
ul

∣∣120

0
and P+

us

∣∣45

0
are shown in figure 5.12(a, d) (solid red lines), large- and small-scale stream-

wise dissipation ε+ul
∣∣120

0
and ε+us

∣∣45

0
are shown in figure 5.12(b, e) (solid blue lines), and large- and

small-scale wall-normal and spanwise dissipation ε+vl
∣∣120

0
+ ε+wl

∣∣120

0
and ε+vs

∣∣45

0
+ ε+ws

∣∣45

0
are shown in

figure 5.12(c, f) (solid blue lines). It is immediately obvious that the characteristic timescales

of production and dissipation of the large-scale self-sustaining process (figure 5.12(a, b, c)) are

considerably longer than those of the small-scale self-sustaining process (figure 5.12(d, e, f)),

consistent with the results of §5.2 (figure 5.4). However, the small-scale energy-containing ed-

dies are concentrated close to the wall y+ ≤ 45, while the analysis of the energy cascade in

this section has focused on the interval y+ ∈ [45, 120]. For reference, the auto-correlation func-

tions of small-scale detached-eddy dissipation over the interval y+ ∈ [45, 120] are also plotted;



5.4. Driving of Small-scale Turbulent Production 97

the streamwise dissipation ε+us
∣∣120

45
in figure 5.12(e) (dotted blue line) and the wall-normal and

spanwise dissipation ε+vs
∣∣120

45
+ ε+ws

∣∣120

45
in figure 5.12(f) (dotted blue line). It turns out that the

characteristic timescales of detached-eddy dissipation in figure 5.12(e, f) (dotted blue lines)

actually match those of the large-scale self-sustaining process in figure 5.12(b, c) (solid blue

lines), which are considerably longer than those of the small-scale self-sustaining process in

figure 5.12(e, f) (solid blue lines). The small-scale detached eddies in the interval y+ ∈ [45, 120]

inherit the dissipation timescales of the large-scale self-sustaining process, consistent with the

previous observation that the instantaneous dissipation rate depends on the integral lengthscale

and velocity-scale of the system (Goto & Vassilicos, 2015), i.e. non-equilibrium turbulent dis-

sipation. These observations would also explain the long timescales of small-scale wavy streaks

and rolls in figure 5.4(d). As mentioned in §5.1.2, both the small-scale energy-containing eddies

and detached eddies would be included in the definition of u+
s in (5.1), especially over the

interval y+ ∈ [0, 45]. The eddies associated with the energy cascade are mostly isotropic and

rounded rather than elongated in shape (Kolmogorov, 1941). Therefore, the detached eddies

would contribute to the kinetic energy of small-scale wavy streaks E+
ws,s and wavy rolls E+

wr,s,

and would thus be expected to inherit the timescales of the large-scale self-sustaining process,

as is the case over the interval y+ ∈ [45, 120] (figure 5.12).

5.4 Driving of Small-scale Turbulent Production

The analysis of the energy cascade in §5.3 was based on the wall-normal interval y+ ∈ [45, 120],

across which the small-scale energy-containing eddies are largely absent (figure 5.2(b)). How-

ever, the transfer of energy from large to small scales extends much closer to the wall, with

negative inter-scale turbulent transport at large-scale and positive inter-scale turbulent trans-

port at small-scale across the wall-normal domain for the wall-normal term in particular (fig-

ure 5.3(c, d)). The question as to whether this energy transfer affects the small-scale energy-

containing eddies is now investigated. Given that the cascade of energy from large to small scales

results in increased small-scale dissipation and pressure strain (figure 5.11), the only appropri-

ate measure of its (possible) effect on the small-scale energy-containing eddies in particular is

turbulent production. For this purpose, the wall-normal inter-scale turbulent transport term

T+
v,l and the small-scale turbulent production term P+

us are subsequently averaged over the in-

terval y+ ∈ [0, 45] in order to study their temporal dynamics. The temporal cross-correlation

function of T+
v,l

∣∣45

0
vs. P+

us

∣∣45

0
is shown in figure 5.13(a). The left-shifted peak indicates that

small-scale turbulent production indeed increases in response to wall-normal inter-scale tur-

bulent transport, confirming the existence of a new scale interaction process that energises

the small-scale energy-containing eddies. However, there is no observed increase in small-scale

turbulent production in response to positive streamwise inter-scale turbulent transport, even

though P+
us also depends on u+

s in (5.13). Given its definition in (5.21), it is of interest to

see which of the components of T+
v,l has the greatest effect on P+

us. Therefore, T+
v,l is further
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Figure 5.13: Temporal cross-correlation functions of (a) T+
v,l

∣∣45

0
vs. P+

us

∣∣45

0
(red) and (b) T+

v,ld

∣∣45

0

vs. P+
us

∣∣45

0
(red), and (c) time series of T+

v,l

∣∣45

0
(dash-dotted black line) and T+

v,ld

∣∣45

0
(solid black

line).

Figure 5.14: Time series of Π+
vl

∣∣120

0
(green), T+

v,ld

∣∣45

0
(black) and 10−1P+

us

∣∣45

0
(red).
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Figure 5.15: Driving: (a) magnification of figure 5.14 for t+ ∈ [8320, 8520]; (b, c, d, e, f)
isosurfaces of T+

vs,d = 0.18 (black), P+
us,� = 0.88 (red) and u+

s = 2.3 (yellow) at t+ = 8417, 8439,
8450, 8456 and 8467, respectively.
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Figure 5.16: Driving: (a) isocontours of T+
vs,d ≥ 0.21 (black), v+

s ≤ −1.20 (cyan) and P+
us,� ≥

1.10 (red) at z+ = 110 during the driving event in figure 5.15; temporal cross-correlation

functions of (b) T+
v,ld

∣∣45

0
vs. E+

wr,s (pink) and T+
v,ld

∣∣45

0
vs. E+

ws,s (purple), and (c) T+
v,ld

∣∣45

0
vs. E+

sr,s

(brown) and T+
v,ld

∣∣45

0
vs. E+

ss,s (orange).

Figure 5.17: Temporal cross-correlation functions of (a) Π+
vl

∣∣120

0
vs. T+

v,ld

∣∣45

0
(green), and (b)

E+
ws,l vs. P+

us

∣∣45

0
(purple) and E+

wr,l vs. P+
us

∣∣45

0
(pink).
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Figure 5.18: Temporal cross-correlation functions of (a) T+
v,ld

∣∣45

0
vs. −ε+vs

∣∣45

0
(blue), (b) T+

v,ld

∣∣45

0

vs. −ε+us
∣∣45

0
(blue) and T+

v,ld

∣∣45

0
vs. −Π+

us

∣∣45

0
(green), and (c) T+

v,ld

∣∣45

0
vs. −ε+ws

∣∣45

0
(blue).

decomposed into the terms

T+
v,ld = −〈v+

s (u+
s · ∇v+

l )〉x+,z+ and T+
v,le = 〈v+

l (u+
l · ∇v

+
s )〉x+,z+ (5.28a, b)

which are also averaged over the interval y+ ∈ [0, 45]. It turns out that only T+
v,ld seems to

contribute to the increase in small-scale turbulent production and the cross-correlation function

of T+
v,ld

∣∣45

0
vs. P+

us

∣∣45

0
is shown in figure 5.13(b), which exhibits a larger left-shifted peak. This

may not be particularly surprising since one of the subcomponents of T+
v,ld itself is directly

proportional to the small-scale Reynolds stress −u+
s v

+
s in (5.28a). Furthermore, the time series

of T+
v,ld

∣∣45

0
(solid black line) compared to the full wall-normal inter-scale turbulent transport

term T+
v,l

∣∣45

0
(dash-dotted black line) is plotted in figure 5.13(c) and the close overlap suggests

that T+
v,ld is also the dominant component of T+

v,l. In this chapter, the increase in small-scale

production P+
us in response to the wall-normal turbulent transport term T+

v,ld will be called the

‘driving’ of small-scale turbulent production and its dynamics are discussed in this section.

The time series of the wall-normal turbulent transport term T+
v,ld

∣∣45

0
(black) and small-scale

turbulent production 10−1P+
us

∣∣45

0
(red) are shown in figure 5.14. It is immediately obvious

that the two are well correlated, albeit with a time lag, as seen previously in figure 5.13(b).

As mentioned in §5.3, wall-normal inter-scale turbulent transport is a sink in the large-scale

energy balance (figure 5.3(c)), hence T+
v,ld

∣∣45

0
should be related to the wall-normal energy source,

i.e. pressure strain. The time series of the large-scale wall-normal pressure strain term Π+
vl

∣∣120

0

(green) is also plotted in figure 5.14 and its fluctuation appears to stimulate that of T+
v,ld

∣∣45

0
, as

in the case of the energy cascade across the interval y+ ∈ [45, 120] (figure 5.10).

In order to study the process in more detail, a driving event is identified in the time series

in figure 5.14 (grey box) and snapshots of the velocity field during this event are shown in

figure 5.15. The magnification of figure 5.14 for t+ ∈ [8320, 8520] is shown in figure 5.15(a).

A peak in large-scale wall-normal pressure strain (green) appears to result in a large increase

in wall-normal inter-scale turbulent transport (black) and a subsequent increase in small-scale
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turbulent production (red). Figure 5.15(b− f) are snapshots of the velocity field at times t+ =

8417, 8439, 8450, 8456 and 8467 respectively, indicated by the dots in (a). The isosurfaces

of small-scale wall-normal turbulent transport T+
vs,d = 0.18 are shown in black, small-scale

turbulent production P+
us,� = 0.88 in red and small-scale streamwise velocity u+

s = 2.3 in

yellow. Note that the wall-normal range is y+ ∈ [0, 45]. Before the driving event, at t+ = 8417

(figure 5.15(b)), the velocity field features weak small-scale streamwise velocity fluctuations

and very small production isosurfaces. Though it is largely absent in figure 5.15(b), there is a

substantial increase in turbulent transport by t+ = 8439 (figure 5.15(c)), fuelled by the large-

scale wall-normal pressure strain. The turbulent transport isosurfaces are localised in both the

streamwise and spanwise directions and this behaviour persists for the duration of the driving

event. The turbulent transport reaches its maximum at t+ = 8450 (figure 5.15(d)) and by

this time, there has been a noticeable increase in small-scale production. In particular, the

turbulent transport isosurfaces precede the growth of the production isosurfaces, which drive

the growth of the small-scale streamwise velocity fluctuations alongside them. At the later time

t+ = 8456 (figure 5.15(e)), there has been a further increase in production and the streamwise

velocity fluctuations have increased substantially in size, and by t+ = 8467 (figure 5.15(f)), the

production has reached its peak. At the end of the driving event, the small-scale streamwise

velocity fluctuations have been reinvigorated, although they appear to be more localised in

space rather than elongated in the streamwise direction.

In contrast with the streamwise turbulent kinetic energy cascade event observed in figure 5.9,

in which turbulent transport from large to small scales occurs all along the low-speed streak,

the driving event in figure 5.15 is highly localised. The isosurfaces of wall-normal turbulent

transport only form around the spanwise centreline at z+ = 110, although they appear to stretch

in the streamwise direction as time progresses. The turbulent production isosurfaces form

beneath the turbulent transport isosurfaces, which are subsequently encircled by the streamwise

velocity fluctuations. To investigate the spatio-temporal dynamics of the driving process in more

detail, the isocontours of small-scale wall-normal turbulent transport T+
vs,d ≥ 0.21 (black), small-

scale wall-normal velocity v+
s ≤ −1.20 (cyan) and small-scale turbulent production P+

us,� ≥ 1.10

(red) at the spanwise centreline z+ = 110 during the driving event are plotted in figure 5.16(a),

corresponding to figure 5.15(c − e). It is apparent that the isocontours of turbulent transport

and the resulting isocontours of wall-normal velocity tilt in the downstream direction at later

times, likely due to the effect of the mean shear. Furthermore, the corresponding production

isocontours are largest at time t+ = 8439, when the turbulent transport and wall-normal

velocity isocontours are upright, but they begin to decay at later times t+ = 8450 and 8456

as the inclination angle of the wall-normal velocity isocontours decreases. This is remarkably

similar to the Orr mechanism of transient growth (Orr, 1907) i.e. the transient amplification

of energy caused by the sign of the Reynolds shear stress changing from negative to positive

during the downstream tilting of a given flow structure by the mean shear, the role of which

in wall-bounded turbulence has been highlighted recently (Encinar & Jiménez, 2020). In this

case, it appears that there is amplification of the streamwise velocity component by wall-normal



5.4. Driving of Small-scale Turbulent Production 103

turbulent transport from large to small scales, as opposed to the amplification of the wall-normal

velocity component, since it has also been theorised that the Orr mechanism is responsible for

the regeneration of streamwise vortices in the self-sustaining process (Jiménez, 2013, 2015).

However, the Orr mechanism leads to transient not indefinite growth and the turbulent pro-

duction isocontours in figure 5.16(a) decay again. Therefore, the precise effect of the driving

process on the small-scale energy-containing eddies must now be investigated. The temporal

dynamics of isolated energy-containing eddies at a single integral lengthscale are governed by

the self-sustaining process (Hamilton et al., 1995; Hwang & Bengana, 2016), which has also

been observed at both large and small scales in the present two-scale interaction system (figure

5.4). In particular, the structural elements of the small-scale SSP are described by the kinetic

energy terms in (5.27). However, the localised wall-normal and streamwise velocity fluctuations

generated during the driving event in figure 5.15 would also contribute to the kinetic energy of

small-scale wavy rolls E+
wr,s and wavy streaks E+

ws,s respectively, and so care is needed in their

interpretation. The temporal cross-correlation functions of the wall-normal turbulent trans-

port term T+
v,ld

∣∣45

0
vs. E+

wr,s (pink) and T+
v,ld

∣∣45

0
vs. E+

ws,s (purple) are shown in figure 5.16(b).

The left-shifted peaks indicate that wall-normal turbulent transport from large to small scales

is largely in the form of localised wall-normal velocity fluctuations and the time lag suggests

that these subsequently generate localised streamwise velocity fluctuations through small-scale

turbulent production, consistent with the notion of the Orr mechanism. It is unclear as to

whether these highly localised wall-normal and streamwise velocity fluctuations are related to

the wavy rolls and wavy streaks of the small-scale self-sustaining process, especially given that

the order of appearance is reversed. The effect of the driving process on the small-scale SSP

would therefore be better measured by the response of the kinetic energy of small-scale straight

rolls E+
sr,s and straight streaks E+

ss,s. The temporal cross-correlation functions of T+
v,ld

∣∣45

0
vs.

E+
sr,s (brown) and T+

v,ld

∣∣45

0
vs. E+

ss,s (orange) are shown in figure 5.16(c). There is a considerable

increase in the kinetic energy of straight rolls in response to wall-normal turbulent transport

from large to small scales (brown) and the peak of the correlation function is more left-shifted

than that of the localised wall-normal velocity fluctuations in figure 5.16(b) (pink), indicating

that these wavy rolls can indeed energise the straight rolls as per the usual progression of the

small-scale SSP. The response of the kinetic energy of small-scale straight streaks in figure

5.16(c) is more modest (orange), which suggests that the localisation of the driving process

hinders its ability to generate these elongated structures. Nevertheless, the corresponding cor-

relation function is non-negligible and so the driving process does seem to have the ability to

energise the small-scale self-sustaining process somewhat.

However, much of the small-scale turbulent production generated during the driving process

appears to lead to the formation of localised streamwise velocity fluctuations (figure 5.15,

5.16(b)), which may not be related to the small-scale self-sustaining process. These observations

suggest that the dynamics of the small-scale structures are governed by the co-existence of the

small-scale SSP, as seen in figure 5.4(b), and the transient amplification of localised small-
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scale streamwise velocity fluctuations due to wall-normal turbulent transport from large to

small scales and the Orr mechanism. This driving process would also explain why small-scale

turbulent production is not as strongly correlated with the kinetic energy of small-scale straight

streaks in figure 5.6(b). In the absence of any scale interaction, it is reasonable to expect that

small-scale production would fluctuate almost exactly in line with the small-scale SSP, as seen

with large-scale production and the large-scale SSP in figure 5.6(a). However, it has now been

shown that small-scale production is subject to the transient amplification described above and

would therefore be affected by the competing influences of the two dynamical processes.

Following the observation of the event in figure 5.15, the timing of the driving process must now

be investigated. As seen in the time series in figure 5.14, the wall-normal turbulent transport

term T+
v,ld

∣∣45

0
appears to increase in response to the large-scale wall-normal pressure strain

term Π+
vl

∣∣120

0
, which itself fluctuates in line with the streak instability stage of the large-scale

self-sustaining process (figure 5.6(c)). Furthermore, it has been shown that the timing of the

wall-normal energy cascade across the interval y+ ∈ [45, 120] coincides with the breakdown of

large-scale streaks (figure 5.10(b)). To determine whether this holds true for the driving process,

the temporal cross-correlation function of Π+
vl

∣∣120

0
vs. T+

v,ld

∣∣45

0
is plotted in figure 5.17(a) and

its left-shifted peak indicates that this is indeed the case. The cross-correlation functions of

the kinetic energy of large-scale wavy streaks E+
ws,l vs. small-scale turbulent production P+

us

∣∣45

0

(purple) and the kinetic energy of large-scale wavy rolls E+
wr,l vs. P+

us

∣∣45

0
(pink) are shown

in figure 5.17(b). Again, the left-shifted peaks indicate that small-scale production increases

during the late stages of large-scale streak breakdown, albeit with a slightly longer time lag.

Therefore, the timing of the driving process is clearly determined by the large-scale SSP, which

occurs over much longer timescales (figure 5.4(c)). This is consistent with the fact that the

wall-normal turbulent transport term T+
v,ld is directly proportional to ∇v+

l in (5.28), which is of

course related to the large-scale wavy rolls. Although it has been well documented that energy-

containing eddies at various integral lengthscales exhibit self-sustaining processes independent

of those at other scales (Hamilton et al., 1995; Hwang & Cossu, 2010b, 2011; Hwang, 2015;

Hwang & Bengana, 2016), the timing of the driving process (figure 5.17) and its energising

effects (figure 5.16(c)) clearly demonstrate that the large-scale SSP affects the small-scale SSP,

raising questions about their independence.

Finally, given this wall-normal turbulent transport from large to small scales and the resulting

amplification of small-scale turbulent production by the Orr mechanism, it is of interest to

see how this affects the small-scale energy balance. The temporal cross-correlation function of

wall-normal turbulent transport T+
v,ld

∣∣45

0
vs. small-scale wall-normal dissipation −ε+vs

∣∣45

0
in figure

5.18(a) is left-shifted with a very short time lag, indicating that the magnitude of small-scale

wall-normal dissipation increases immediately in response to the transfer of energy from the

large scale. The cross-correlation function of T+
v,ld

∣∣45

0
vs. small-scale streamwise dissipation

−ε+us
∣∣45

0
(blue) in figure 5.18(b) is even more left-shifted, since there is a time lag between

the wall-normal turbulent transport and the resulting small-scale production in figure 5.13,
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Scale Observable Description

Large E+
wu,i kinetic energy of wavy streamwise inactive motion

E+
ww,i kinetic energy of wavy spanwise inactive motion

−T+
u,l

∣∣25

5
streamwise inter-scale turbulent transport

−T+
w,l

∣∣25

0
spanwise inter-scale turbulent transport

Π+
ul

∣∣20

7
streamwise inactive-motion pressure strain

ε+vl
∣∣20

7
wall-normal inactive-motion dissipation

ε+wl
∣∣20

7
spanwise inactive-motion dissipation

Small Π+
ws

∣∣45

0
spanwise pressure strain

Table 5.4: Descriptions of the observables associated with the feeding from small to large
scales.

which then enhances the streamwise dissipation. The cross-correlation functions of T+
v,ld

∣∣45

0
vs.

small-scale streamwise pressure strain −Π+
us

∣∣45

0
(green) and T+

v,ld

∣∣45

0
vs. small-scale spanwise

dissipation −ε+ws
∣∣45

0
are shown in figure 5.18(b, c) respectively. Both correlations show left-

shifted peaks, indicating that there is a subsequent redistribution of energy from the streamwise

component u+
s to the spanwise component w+

s and an increase in the magnitude of small-scale

spanwise dissipation. Each of the correlation functions in figure 5.18 exhibit very short time

lags, indicating that there is a rapid increase in the magnitude of dissipation for each small-scale

velocity component in response to the driving process. This is in contrast to the small-scale self-

sustaining process, in which there is a noticeable time lag between production and dissipation,

as can be deduced from figures 5.4(b) and 5.6(b). Therefore, the correlation functions in figure

5.18 are more likely a measure of the response to the transient amplification of localised small-

scale velocity structures as seen in figure 5.16(b), consistent with the fact that the dissipation

terms are proportional to the velocity gradients in (5.18).

5.5 Feeding from Small to Large Scales

The second scale interaction process identified in the statistical analysis of the two-scale ener-

getics in §5.1.2 is the feeding of energy from small to large scales (figure 5.3), resulting in the

formation of the wall-reaching part of the large-scale energy-containing eddies (see also figure

A.1(c, e) in the Appendix). These large-scale structures that reach the near-wall region will be

called the ‘inactive motion’, since they carry very little Reynolds stress due to the boundary
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Figure 5.19: Time series of (a) 10−1E+
ws,s (orange), −T+

u,l

∣∣25

5
(black) and 10−1E+

wu,i (pink),

and (b) 2× 10−2E+
ws,s (orange), −T+

w,l

∣∣25

0
(black) and 5× 10−2E+

ww,i (pink).



5.5. Feeding from Small to Large Scales 107

Figure 5.20: Streamwise feeding: (a) magnification of figure 5.19(a) for t+ ∈ [6440, 6540];
(b, c, d, e, f) isosurfaces of u+

s = ±2.5 (orange), T+
ul,f = 0.45 (black) and u+

l = ±3.05 (pink/cyan)
at t+ = 6470, 6486, 6503, 6508 and 6519, respectively.
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Figure 5.21: Temporal cross-correlation functions of (a) P+
us

∣∣45

0
vs. −T+

u,l

∣∣25

5
(red) and E+

ws,s vs.

−T+
u,l

∣∣25

5
(purple), (b) E+

ws,s vs. −T+
w,l

∣∣25

0
(purple) and Π+

ws

∣∣45

0
vs. −T+

w,l

∣∣25

0
(green), (c) −T+

u,l

∣∣25

5

vs. E+
wu,i (purple), and (d) −T+

w,l

∣∣25

0
vs. E+

ww,i (pink).
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Figure 5.22: The streamwise velocity field and streamwise turbulent transport at y+ ≈ 8;
positive/negative isocontours of u

′+ (red/blue) and positive isocontours of T+
ul,f (black) during

three streamwise feeding events.

condition at the wall (Townsend, 1980; Cho et al., 2018). The feeding process manifests as

peaks of positive streamwise and spanwise inter-scale turbulent transport at large scale (figure

5.3(a, e)) and negative streamwise and spanwise inter-scale turbulent transport at small scale

(figure 5.3(b, f)) below y+ ≈ 25. The streamwise and spanwise inter-scale turbulent transport

terms −T+
u,l and −T+

w,l are subsequently averaged over the intervals y+ ∈ [5, 25] and y+ ∈ [0, 25]

respectively in order to study the temporal dynamics of the feeding process, and the resulting

large-scale structures are measured through the kinetic energy of wavy streamwise and spanwise

inactive motion

E+
wu,i =

1

2
〈(u+

l − 〈u
+
l 〉x+)2〉x+,z+

∣∣∣20

0
and E+

ww,i =
1

2
〈(w+

l − 〈w
+
l 〉x+)2〉x+,z+

∣∣∣20

0
(5.29a, b)

respectively. Note that the kinetic energy of straight streamwise and spanwise inactive motion

is not considered here, the precise reasons for which are discussed below. Descriptions of the

observables associated with the feeding process are provided in table 5.4.

The time series of the streamwise and spanwise inter-scale turbulent transport terms −T+
u,l

∣∣25

5

and −T+
w,l

∣∣25

0
(black) are shown in figure 5.19(a, b) respectively. In order to highlight the transfer

of energy between scales, the time series of the kinetic energy of small-scale wavy streaks E+
ws,s

(orange) is also plotted, along with the kinetic energy of wavy (a) streamwise and (b) spanwise

inactive motion E+
wu,i and E+

ww,i (pink), respectively. In both figure 5.19(a) and (b), the three

time series are correlated - there is an increase in inter-scale turbulent transport in response to

the small-scale wavy streaks, which results in an increase in wavy inactive motion at large scale
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Figure 5.23: Proper orthogonal decomposition of the streamwise velocity field and streamwise
turbulent transport at y+ ≈ 8; summation of the eight most energetic POD modes of (a, b)
[u+
s , T

′+
ul,f ] and (c, d) [u+

l , T
′+
ul,f ].
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Figure 5.24: Temporal cross-correlation functions of (a) −T+
u,l

∣∣25

5
vs. −Π+

ul

∣∣20

7
(green), (b)

−T+
u,l

∣∣25

5
vs. −ε+vl

∣∣20

7
− ε+wl

∣∣20

7
(blue) and (c) −T+

w,l

∣∣25

0
vs. −ε+wl

∣∣20

7
(blue).

Figure 5.25: Temporal auto-correlation functions of (a) −T+
u,l

∣∣25

5
(black), (b) −T+

w,l

∣∣25

0
(black),

and (c) Π+
ul

∣∣120

0
(solid green line) and Π+

ul

∣∣20

7
(dotted green line).
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for both velocity components. Both the streamwise and spanwise feeding processes appear to

fluctuate in response to the small-scale wavy streaks, which requires further investigation.

In order to study the spatio-temporal dynamics of the feeding process, an intense streamwise

feeding event is identified in the time series in figure 5.19(a) (grey box) and snapshots of the

velocity field during this event are shown in figure 5.20. The magnification of figure 5.19(a)

for t+ ∈ [6440, 6540] is shown in figure 5.20(a). A peak in the kinetic energy of small-scale

wavy streaks (orange) appears to result in a large increase in streamwise inter-scale turbulent

transport (black) and a subsequent increase in the kinetic energy of wavy streamwise inactive

motion at large scale (pink). Figure 5.20(b−f) are snapshots of the velocity field at times t+ =

6470, 6486, 6503, 6508 and 6519 respectively, indicated by the dots in (a). The isosurfaces of

small-scale streaks u+
s = ±2.5 are shown in orange, large-scale streamwise turbulent transport

T+
ul,f = 0.45 in black and high- and low-speed large-scale streaks u+

l = ±3.05 in pink and cyan

respectively. Note that the wall-normal range is y+ ∈ [0, 30]. Before the feeding event, at

t+ = 6470 (figure 5.20(b)), the near-wall velocity field is dominated by the small-scale streaks,

while turbulent transport and the large-scale streaks are largely absent. There is a substantial

increase in turbulent transport by t+ = 6486 (figure 5.20(c)), the isosurfaces of which form

alongside the small-scale streaks. These turbulent transport isosurfaces precede the growth of

the large-scale streaks, which have increased in size considerably by t+ = 6503 (figure 5.20(d)).

In particular, the turbulent transport seems to contribute more to the growth of the high-speed

large-scale streaks, since the corresponding black and pink isosurfaces are well aligned. At

later times t+ = 6508, 6519 (figure 5.20(e, f)), the small-scale streaks and turbulent transport

isosurfaces begin to decay again, while the large-scale streaks increase further in size. At the end

of the streamwise feeding event, the near-wall velocity field is dominated by strong large-scale

streaks.

During the feeding event in figure 5.20, it was observed that the isosurfaces of large-scale

streamwise turbulent transport form alongside the small-scale streaks. Furthermore, in the

time series in figure 5.19, both the streamwise and spanwise inter-scale turbulent transport

terms −T+
u,l

∣∣25

5
and −T+

w,l

∣∣25

0
appear to increase in response to the kinetic energy of small-scale

wavy streaks E+
ws,s in particular. This suggests that the feeding processes fluctuate in line with

the small-scale self-sustaining process but the precise timing must now be investigated. The

temporal cross-correlation function of small-scale turbulent production P+
us

∣∣45

0
vs. streamwise

inter-scale turbulent transport −T+
u,l

∣∣25

5
(red) is shown in figure 5.21(a) and its left-shifted peak

indicates that the streamwise feeding process is driven by the small-scale turbulent production

mechanisms. In particular, it will be shown that the timescale of the streamwise inter-scale

turbulent transport term −T+
u,l

∣∣25

5
is quite short (figure 5.25(a)) compared to the characteristic

timescale of the driving process (figure 5.13(b)), indicating that streamwise feeding fluctuates in

line with the small-scale SSP rather than the Orr mechanism driven by the large scale. The left-

shifted cross-correlation function of small-scale wavy streaks E+
ws,s vs. streamwise inter-scale

turbulent transport −T+
u,l

∣∣25

5
(purple) further indicates that streamwise feeding is most active
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during the streak instability stage of the small-scale SSP. The same can be said for the spanwise

feeding process, since spanwise inter-scale turbulent transport −T+
w,l

∣∣25

0
increases in response

to small-scale wavy streaks E+
ws,s and small-scale spanwise pressure strain Π+

ws

∣∣45

0
(which itself

fluctuates in line with the breakdown of small-scale streaks in figure 5.6(d)), as seen in the

purple and green cross-correlations in figure 5.21(b) respectively. This turbulent transport

from small to large scales results in an increase in the kinetic energy of wavy streamwise and

spanwise inactive motion E+
wu,i and E+

ww,i, as seen in the cross-correlation functions in figure

5.21(c, d) respectively. As observed in the feeding event in figure 5.20, the isosurfaces of large-

scale turbulent transport are highly localised (see also figure 5.22) and would thus contribute

to the growth of wavy rather than straight inactive motion. Therefore, the timing of both

the streamwise and spanwise feeding processes is determined by the small-scale self-sustaining

process, in particular the streak instability stage, and this results in the formation of wavy

streamwise and spanwise inactive motion at large scale.

Given that the feeding process is related to the instability of small-scale streaks (figure 5.21),

it is of interest to study the velocity field structure in more detail. Here, the focus is on the

streamwise feeding process, since the streamwise inter-scale turbulent transport term −T+
u,l has

greater magnitude than its spanwise equivalent in figure 5.3(a, e) and would thus have more

of an effect on the large-scale energy balance. In order to identify some of the characteristics

of streamwise feeding, the streamwise velocity field u
′+ and large-scale streamwise turbulent

transport T+
ul,f at y+ ≈ 8 are sampled during three feeding events, plotted in figure 5.22.

At y+ ≈ 8, the streamwise inter-scale turbulent transport term is positive at large scale (and

negative at small-scale) in figure 5.3(a), indicating that energy is transferred from small to large

scales on average, and so this is the target wall-normal height of the following analysis since it

is very close to the peak. The isocontours of the high-speed streaks are shown in red, low-speed

streaks in blue and positive large-scale streamwise turbulent transport in black. It seems that

the isocontours of turbulent transport are more correlated with the high-speed streaks, while

the low-speed streaks appear out-of-phase with each other in a symmetric manner during these

feeding events. Furthermore, the localisation of the streamwise feeding process is particularly

apparent in figure 5.22, with numerous disjoint isocontours of turbulent transport.

However, the snapshots in figure 5.22 are quite noisy, hence an alternative approach is required

to better reveal the velocity field structure. For this purpose, the near-wall flowfield is anal-

ysed through proper orthogonal decomposition (POD) (Berkooz et al., 1993). The small-scale

streamwise velocity field u+
s , large-scale streamwise velocity field u+

l and large-scale streamwise

turbulent transport T+
ul,f are sampled over a time period of T+ ≈ 50, 000, resulting in the col-

lection of 9999 samples with temporal resolution ∆t+ ≈ 5. At each sampling time, the data

vectors

xs = [u+
s , T

′+
ul,f ]

t and xl = [u+
l , T

′+
ul,f ]

t (5.30a, b)

are constructed, where T
′+
ul,f = T+

ul,f − 〈T
+
ul,f〉x+,z+ is the large-scale streamwise turbulent trans-

port fluctuation and (·)t denotes the transpose. The data vectors are then used to form the
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two-point correlation tensors

Rs(∆x
+,∆z+) = 〈xs(x+ + ∆x+, z+ + ∆z+)xts(x

+, z+)〉x+,z+ , (5.31a)

Rl(∆x
+,∆z+) = 〈xl(x+ + ∆x+, z+ + ∆z+)xtl(x

+, z+)〉x+,z+ , (5.31b)

the eigenvectors of which are the POD modes (as functions of ∆x+ and ∆z+). Due to the peri-

odic boundary conditions in the streamwise and spanwise directions, each POD mode should be

a plane Fourier mode. Therefore, the presentation of individual POD modes is not very infor-

mative. Instead, ordering the normalised POD modes φj and ψj according to the magnitudes

of the corresponding eigenvalues aj and bj, and multiplying the corresponding eigenvalues and

POD modes allows for the low-dimensional approximation to the small- and large-scale stream-

wise velocity fields associated with the streamwise feeding process. In particular, the rank-n

truncations of each are presented:

xs ≈
n∑
j=1

ajφj and xl ≈
n∑
j=1

bjψj. (5.32a, b)

The rank-8 truncations of the small-scale streamwise velocity field u+
s and the large-scale stream-

wise turbulent transport fluctuation T
′+
ul,f at y+ ≈ 8 are shown in figure 5.23(a) and (b) respec-

tively. It has been found that the inclusion of higher-order POD modes does not change figure

5.23 qualitatively. The low-dimensional approximation to the small-scale streamwise velocity

field is very similar to the subharmonic sinuous streak instability mode (Schoppa & Hussain,

2002), in which the low-speed streaks bend away from the z+-symmetric high-speed streak.

By definition, the subharmonic instability of the small-scale streaks would generate large-scale

structures and the POD analysis confirms that this mode is indeed the mechanism behind the

streamwise feeding process. The corresponding approximation to the large-scale streamwise tur-

bulent transport fluctuation shows that the peaks in energy transfer from small to large scales

correlate with the high-speed small-scale streaks in figure 5.23(a), as observed in the snap-

shots in figure 5.22. The rank-8 truncations of the large-scale streamwise velocity field u+
l and

the large-scale streamwise turbulent transport fluctuation T
′+
ul,f at y+ ≈ 8 are shown in figure

5.23(c) and (d) respectively. The low-dimensional approximation to the large-scale streamwise

velocity field is very similar to the fundamental sinuous streak instability mode, which is known

to be the dominant streak breakdown mechanism (Hamilton et al., 1995; Cassinelli et al., 2017;

de Giovanetti et al., 2017). The corresponding approximation to the large-scale streamwise

turbulent transport fluctuation shows that streamwise feeding appears to favour the formation

of high-speed streamwise inactive motion at large scale, since the positive isocontours in figure

5.23(c) and (d) are again correlated. This has also been observed in the streamwise feeding

event in figure 5.20.

As an aside, it has recently been suggested by Lee & Moser (2019) that the energy transfer from

small to large scales near the wall may not actually be a scale interaction process and could

instead be the manifestation of a transfer in orientation, in particular between streamwise-
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elongated modes and spanwise-elongated modes i.e. large-scale structures. However, the emer-

gence of the subharmonic sinuous instability mode of the small-scale streaks in the POD analysis

(figure 5.23(a)) provides an alternative mechanism for the energy transfer from small to large

scales and crucially, one that is consistent with its previous interpretation as a scale interaction

process (Cho et al., 2018). While this ‘scale transfer in orientation’ phenomenon is indeed

possible, more so in extended flow domains, these findings suggest that the feeding from small

to large scales in the present highly-confined flow domain is related to the subharmonic sinuous

instability mechanism.

Given this regular transfer of energy from small to large scales, its effect on the large-scale energy

balance must now be investigated. The temporal cross-correlation function of streamwise inter-

scale turbulent transport −T+
u,l

∣∣25

5
vs. large-scale streamwise pressure strain −Π+

ul

∣∣20

7
is shown in

figure 5.24(a). Note that the sign of the streamwise pressure strain term has been flipped. The

left-shifted peak indicates that the streamwise TKE transferred from small to large scales is

redistributed to the wall-normal and spanwise components v+
l and w+

l . There is a corresponding

increase in the magnitude of large-scale wall-normal and spanwise dissipation but it is very

modest, as seen in the cross-correlation function of −T+
u,l

∣∣25

5
vs. −ε+vl

∣∣20

7
−ε+wl

∣∣20

7
in figure 5.24(b).

The cross-correlation function of spanwise inter-scale turbulent transport −T+
w,l

∣∣25

0
vs. large-

scale spanwise dissipation −ε+wl
∣∣20

7
is shown in figure 5.24(c) and its left-shifted peak indicates

that the spanwise TKE transferred from small to large scales is dissipated at the large scale.

There is no observed increase in large-scale turbulent production in response to the feeding

processes – the cross-correlation functions of −T+
u,l

∣∣25

5
vs. P+

ul

∣∣20

7
and −T+

w,l

∣∣25

0
vs. P+

ul

∣∣20

7
are not

positive (not shown here). It is expected that the spanwise feeding process would have little

effect, since the large-scale production term P+
ul is independent of w+

l in (5.6). However, there

is no observed increase in large-scale production in response to the streamwise feeding process

either, even though the peaks of −T+
u,l and P+

ul have similar magnitude in figures 5.3(a) and

5.2(a) respectively. In the case of the driving process in §5.4, it has been demonstrated that

small-scale turbulent production increases in response to wall-normal turbulent transport from

large to small scales in figure 5.13 but there is also no observed response to streamwise turbulent

transport. This suggests that turbulent production is particularly sensitive to the wall-normal

velocity component and the transfer of wall-normal TKE between scales. Crucially, no wall-

normal feeding is observed in figure 5.3(c) and the wall-normal inter-scale turbulent transport

term only shows evidence of the cascade of energy from large to small scales. Consequently, the

streamwise and spanwise feeding processes only appear to result in increased large-scale pressure

strain and dissipation with little effect on turbulent production, as has been theorised by Cho

et al. (2018). It should be mentioned that these observations do not necessarily preclude any

possible role of the feeding processes in turbulent production and the associated skin-friction

generation: for example, it might be possible that the large-scale structures generated during

feeding events modulate large-scale turbulent production. Therefore, these findings must be

interpreted carefully.
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Figure 5.26: Schematic diagram of the two-scale system.

Finally, each of the cross-correlation functions in figure 5.24 are quite narrow, indicating that

the effects of the streamwise and spanwise feeding processes on the large-scale energy balance

are short-lived. Furthermore, the feeding event in figure 5.20 also occurs over a very short

time interval, indicating that streamwise feeding is a fast and impulsive event. The temporal

auto-correlation functions of the streamwise and spanwise inter-scale turbulent transport terms

−T+
u,l

∣∣25

5
and −T+

w,l

∣∣25

0
are shown in figure 5.25(a) and (b) respectively, which confirm that the

streamwise and spanwise feeding process are indeed fast. The auto-correlation function of the

resulting large-scale streamwise pressure strain Π+
ul

∣∣20

7
(dotted green line) is shown in figure

5.25(c), which has a much shorter characteristic timescale than the streamwise pressure strain

associated with the large-scale self-sustaining process Π+
ul

∣∣120

0
(solid green line). A schematic

diagram of the two-scale system is shown in figure 5.26.
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Chapter 6

Invariant Solutions in the Minimal Unit of Multi-

scale Near-Wall Turbulence

The minimal unit of multi-scale near-wall turbulence is now analysed from a dynamical systems

perspective. The edge state and twenty-eight invariant solutions are computed, which represent

either the large- or small-scale self-sustaining processes. The bifurcation behaviour of the

solutions over the domain size is analysed, and numerous phase portraits relating to the large-

and small-scale energy balance equations are considered. A solution that captures multi-scale

energetics and a scale interaction process, namely the feeding of energy from small to large

scales, is reported for the first time and it appears to be underpinned by the subharmonic

sinuous streak instability mode. In particular, its velocity field indicates that the streamwise

feeding process can modulate localised large-scale turbulent production, which could not be

observed previously. Nevertheless, none of the solutions presented fully capture the turbulent

dynamics, indicating that the dynamical systems description of near-wall turbulence with two

integral lengthscales of motion is not successful in this case.

6.1 Computation of Invariant Solutions

The minimal unit of multi-scale near-wall turbulence introduced in Chapter 5 is now analysed

from a dynamical systems perspective. As before, the edge is computed with the edge-tracking

algorithm and invariant solutions with the Newton-Krylov-Hookstep algorithm described in

Chapter 2. Since the minimal unit of multi-scale near-wall turbulence is only twice the size of

the minimal unit in each spatial direction, it should be possible to numerically continue the

invariant solutions presented in Chapter 4 from Ω to 2Ω while maintaining the aspect ratio of

the flow domain fixed i.e. L+
x : L+

y : L+
z . Consequently, the solutions obtained in this manner

would exhibit the shift-reflect symmetry (4.1). However, it is also possible numerically continue

the invariant solutions from Ω to 2Ω using a different approach, namely by first increasing the

wall-normal domain height from L+
y = 90 to L+

y = 180 while maintaining L+
x = 320 and L+

z 110

118
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Scale Solution T+ c+
x ∆+ dim(Eu)

Large EQL1a - 19.8603 0.2278 1
EQL1b - 16.9326 0.8698 36
EQL2a - 17.1444 0.2056 5
EQL2b - 12.1717 1.0366 69
EQL3a - 12.6507 0.2234 3
EQL3b - 7.3405 0.4528 24
EQL4a - 17.7416 0.2006 4
EQL8a - 17.0960 0.2340 2
EQL8b - 6.9505 0.2690 5
EQL9b - 20.7447 0.2527 11

Small POS0a 20.3715 16.0631 0.3851 5
POS0b 19.9855 16.0076 0.5496 10
EQS1a - 17.4483 0.4097 7
EQS1b - 16.9461 0.5167 12
EQS2a - 18.4886 0.2332 4
EQS2b - 18.4359 0.2726 9
EQS2c - 17.2672 0.2302 4
EQS2d - 17.7391 0.3310 13
EQS3a - 6.8004 0.2346 3
EQS3b - 5.6126 0.2689 2
EQS4a - 17.4716 0.2155 3
EQS4b - 17.4994 0.2219 5
EQS10a - 6.7417 0.2384 5
EQS10b - 5.7595 0.2622 4
EQS11a - 17.3793 0.4394 13
EQS11b - 16.9330 0.5203 22
EQS12a - 17.2305 0.4513 18
EQS12b - 17.2914 0.4934 18

Table 6.1: Properties of the large- and small-scale invariant solutions in the minimal unit of
multi-scale near-wall turbulence 2Ω: the time period T+, the phase speed c+

x , the wall shear
rate ∆+ and the dimension of the unstable tangent space dim(Eu). The values of c+

x and ∆+

for POS0a and POS0b are averages over the corresponding time period T+.



120 Chapter 6. Invariant Solutions in the Minimal Unit of Multi-scale Near-Wall Turbulence

Figure 6.1: The edge state of the minimal unit of multi-scale near-wall turbulence 2Ω: time
series of E+

ss,l (orange), 2× 102E+
ws,l (purple), 5× 102E+

wr,l (pink) and 103E+
sr,l (brown) over one

time period, where t+0 is the time by which the transient behaviour of the edge has decayed.

fixed, and then concatenating the velocity fields in the streamwise and spanwise directions. Due

to the periodic boundary conditions in the streamwise and spanwise directions, the concatenated

velocity fields would also be exact solutions of the Navier-Stokes equations with the same phase

speeds c+
x and c+

z , and time period T+. The solutions constructed in this manner would then

exhibit the half-shift-reflect symmetry

[u+, v+, w+](x+, y+, z+) = [u+, v+,−w+](x+ + L+
x /4, y

+,−z+). (6.1)

One critical limitation of this approach is that the streamwise and spanwise periodicity within

the flow domain suppresses the fundamental streamwise and spanwise wavenumbers, and in-

deed all wavenumbers associated with odd m and n in equation (5.1). It is then expected

that the solutions computed in this manner would not capture the large-scale structures with

spanwise wavelength λ+
z = 220 in (5.1a). Therefore, the invariant solutions obtained using the

concatenation approach will be called the small-scale solutions, while those obtained through

fixed-aspect ratio numerical continuation will be called the large-scale solutions. In this chap-

ter, the relative error is relaxed to r < 10−6 for all invariant solutions, due to the larger flow

domain considered. In total, ten large-scale solutions and eighteen small-scale solutions were

computed in the minimal unit of multi-scale near-wall turbulence, which are discussed in §6.2

and §6.3 respectively, and their properties are summarised in table 6.1.

6.2 The Edge State and Large-scale Solutions

While all of the invariant solutions are obtained through numerical continuation as described

above, the edge state of the minimal unit of multi-scale near-wall turbulence is computed

directly from the turbulent trajectory. After the initial transient has decayed, denoted by time

t+0 , the edge trajectory approaches a periodic orbit, which is shown in figure 6.1. Recalling the

definitions of the large-scale kinetic energy terms in (5.26), the time series of E+
ss,l (orange),
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Figure 6.2: For caption, see next page.
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Figure 6.2: Velocity field visualisation and root mean squared velocity profiles of the edge state
and the large-scale invariant solutions. High- and low-speed streaks u

′+ are shown in red/blue,
and positive and negative wall-normal velocity isosurfaces v

′+ are shown in yellow/green respec-
tively: (a, d) the edge state at t+− t+0 = 1100 (indicated by the dots in figure 6.1): u

′+ = ±3.0,
v
′+ = ±0.06; (b, e) EQL1a: u

′+ = ±2.50, v
′+ = ±0.07; (c, f) EQL1b: u

′+ = ±3.50, v
′+ = ±0.90;

(g, j) EQL2a: u
′+ = ±1.00, v

′+ = ±0.12; (h, k) EQL2b: u
′+ = ±3.20, v

′+ = ±1.50; (i, l)
EQL3a: u

′+ = ±2.50, v
′+ = ±0.05; (m, p) EQL3b: u

′+ = ±2.50, v
′+ = ±0.25; (n, q) EQL4a:

u
′+ = ±1.50, v

′+ = ±0.05; (o, r) EQL8a: u
′+ = ±2.00, v

′+ = ±0.15; (s, u) EQL8b: u
′+ = ±1.50,

v
′+ = ±0.20; (t, v) EQL9b: u

′+ = ±1.50, v
′+ = ±0.50. The u+

rms, v
+
rms and w+

rms profiles are
shown in red, green and blue respectively.
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2× 102E+
ws,l (purple), 5× 102E+

wr,l (pink) and 103E+
sr,l (brown) are plotted over one time period

of the edge state. It is apparent that this periodic orbit is a manifestation of the large-scale self-

sustaining process and the increase in E+
ss,l over the interval t+−t+0 ≈ 0−3300 results in a slight

increase in E+
ws,l, E

+
wr,l and E+

sr,l respectively, as per the usual progression of the SSP. However,

this manifestation of the large-scale SSP is almost entirely dominated by the streamwise velocity

fluctuations and in particular the large-scale straight streaks (note that E+
ws,l, E

+
wr,l and E+

sr,l

are scaled in figure 6.1). This is also evident in the velocity field visualisation at t+− t+0 = 1100

in figure 6.2(a) and the root mean squared velocity profiles of the edge state in figure 6.2(d),

in which the wall-normal and spanwise velocity fluctuations are very weak. Furthermore, the

oscillation amplitude of the edge state is quite small (figure 6.1), even though its time period

is very long at T+ ≈ 7700. Due to the very long time period, it was not possible to explicitly

compute the time-periodic edge state with the Newton-Krylov-Hookstep algorithm, although

it may be obtainable with a technique such as multiple shooting.

As mentioned in §6.1, the invariant solutions obtained through fixed-aspect ratio numerical

continuation are called the large-scale solutions since this computational approach does not

explicitly suppress the large-scale structures. The velocity field visualisations and root mean

squared velocity profiles of the ten large-scale solutions are plotted in figure 6.2. The lower- and

upper-branch pair EQL1a and EQL1b are shown in figure 6.2(b, e) and (c, f), and were obtained

by continuing EQA1L and EQC1U from Ω to 2Ω, respectively. They are both very similar in

structure to their minimal unit counterparts, as seen in figures 4.2(b) and 4.4(b), but the wall-

normal and spanwise velocity fluctuations of EQL1b are somewhat reduced. EQL2a in figure

6.2(g, j) is continued from EQA2 and it is also very similar to its minimal unit counterpart, as

seen in figure 4.2(c). EQL2b lies on the upper branch of EQL2a and is plotted in 6.2(h, k). In

the bifurcation analysis in Chapter 4, §4.3, the spanwise domain width L+
z was varied with L+

x

and L+
y held fixed, and it was observed that the upper branch of EQA2 could not be traced up

to L+
z = 110 (the spanwise domain width of Ω). However, EQL2b was obtained through the

fixed-aspect ratio continuation of EQL2a, to be discussed in §6.4. This new solution exhibits

strong wavy streaks and significant wall-normal and spanwise velocity fluctuations, as seen in

the uneven root mean squared velocity profiles in figure 6.2(k). EQL3a, EQL3b and EQL4a,

which are shown in figure 6.2(i, l), (m, p) and (n, q), are continued from EQA3L, EQB3U and

EQA4L, respectively. These three solutions are practically indistinguishable from their minimal

unit counterparts, as seen in figure 4.2(d) and (e) and figure 4.3(b). The last three large-scale

solutions are all new. The lower- and upper-branch pair EQL8a and EQL8b were computed

in a flow domain slightly larger than Ω (see §6.4) and are plotted in figure 6.2(o, r) and (s, u)

respectively. EQL8a features features gently meandering streaks in the centre of the wall-normal

domain, with weak wall-normal and spanwise velocity fluctuations, while EQL8b is similar in

structure to EQL3b and contains wavy streaks and vortices localised in the wall-normal direction.

Finally, EQL9b was computed in a flow domain in between Ω and 2Ω and is shown in figure

6.2(t, v). Its velocity field structure is somewhat unusual and it appears to comprise of entangled

high- and low-speed streaks with modest wall-normal and spanwise velocity fluctuations.
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Although some of the solutions exhibit wall-normal and spanwise velocity fluctuations com-

parable to those of the mean turbulent state in figure 5.1, namely EQL1b and EQL2b, many

of the large-scale solutions fail to capture prominent streamwise vortices. This is not entirely

unexpected, given that the edge state is more relevant to laminar-turbulent transition, and that

EQL1a, EQL3a and EQL4a are vortex-wave interaction states, whose roll energy decreases with

the Reynolds number (see figure 4.8). Furthermore, the velocity field visualisations in figure 6.2

suggest that most of the solutions are dominated by large-scale straight streaks, except perhaps

for EQL2a and EQL2b in figure 6.2(g, j) and (h, k). It is not yet clear how well these large-scale

solutions describe the full dynamics of minimal multi-scale near-wall turbulence and so this is

investigated further in §6.5.

6.3 Small-scale Solutions

On the other hand, the invariant solutions obtained through velocity field concatenation are

called the small-scale solutions. As stated in §6.1, this computational approach suppresses the

large-scale structures and so it is expected that these solutions would only provide a partial

description of the dynamics of minimal multi-scale near-wall turbulence. The velocity field

visualisations and root mean squared velocity profiles of six of the small-scale solutions are

plotted in figure 6.3. The lower- and upper-branch pair EQS1a and EQS1b are shown in figure

6.3(a, d) and (b, e), and were computed through the L+
y -continuation and concatenation of

EQA1L and EQC1U , respectively. Both solutions are characterised by strong straight streaks

that span the wall-normal domain and weaker wall-normal and spanwise velocity fluctuations,

although EQS1b has more pronounced vortices than EQS1a. EQS2a in figure 6.3(c, f) is the

concatenation of EQA2 and exhibits weak entangled high- and low-speed streaks in the centre

of the wall-normal domain. Through fixed-aspect ratio numerical continuation (to be discussed

in §6.4), its upper-branch counterpart EQS2b was obtained, which is very similar in structure.

However, a different upper-branch solution was found by L+
z -continuation with L+

x and L+
y held

fixed (not shown here), namely EQS2d. It too is very similar to EQS2a, but with higher wall

shear rate, as seen in table 6.1. The fixed-aspect ratio continuation of EQS2d yields another

lower-branch solution EQS2c (see figure 6.4), which is slightly different to EQS2a – indicating

that the bifurcation behaviour is highly intricate.

The lower- and upper-branch pair EQS3a and EQS3b are plotted in figure 6.3(g, j) and (h, k),

which are the concatenations of EQA3L and EQB3U respectively. Both solutions feature slightly

meandering streaks that are highly localised in the wall-normal direction, similar to EQL8b in

figure 6.2(s, u). EQS4a and EQS4b are the concatenations of EQA4L and EQB4U , and EQS4b is

shown in figure 6.3(i, l). It appears to comprise of slightly meandering streaks in the centre of

the wall-normal domain and EQS4a is almost identical in structure (not shown here). At this

point, it is evident that the small-scale solutions exhibit very little velocity field diversity, the

precise reasons for which are discussed in §6.4, and the last four lower- and upper-branch pairs



6.3. Small-scale Solutions 125

Figure 6.3: Velocity field visualisation and root mean squared velocity profiles of the small-
scale invariant solutions. High- and low-speed streaks u

′+ are shown in red/blue, and positive
and negative wall-normal velocity isosurfaces v

′+ are shown in yellow/green respectively: (a, d)
EQS1a: u

′+ = ±2.00, v
′+ = ±0.35; (b, e) EQS1b: u

′+ = ±2.20, v
′+ = ±0.50; (c, f) EQS2a:

u
′+ = ±0.90, v

′+ = ±0.30; (g, j) EQS3a: u
′+ = ±1.00, v

′+ = ±0.15; (h, k) EQS3b: u
′+ = ±1.20,

v
′+ = ±0.25; (i, l) EQS4b: u

′+ = ±1.00, v
′+ = ±0.20. The u+

rms, v
+
rms and w+

rms profiles are
shown in red, green and blue respectively.
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are no different. EQS10a and EQS10b were obtained through the streamwise concatenation of

a solution computed in a flow domain in between Ω and 2Ω, and are very similar in structure

to EQS3a and EQS3b respectively. EQS11a and EQS11b were acquired in the same manner and

are very similar to EQS1a and EQS1b but with slightly different wall shear rates, as is the case

for EQS12a and EQS12b (see figure 6.4). Finally, POS0a and POS0b are the concatenations of

POA0L and POC0U , and they are the only periodic orbits obtained in 2Ω. However, their time

periods are very short at T+ ≈ 20 (see table 6.1) and they are also very similar in structure to

EQS1a and EQS1b, respectively.

As observed in the large-scale solutions, most of the small-scale solutions fail to capture promi-

nent wall-normal and spanwise velocity fluctuations, and the velocity field visualisations in

figure 6.3 suggest that many of the solutions are dominated by small-scale straight streaks.

Again, this is not entirely unexpected since the absence of the large-scale structures would

inhibit scale interaction and in particular, the energy cascade from large to small scales (see

Chapter 5, §5.3). The ability of these small-scale solutions to describe the small-scale dynamics

of minimal multi-scale near-wall turbulence is also investigated in §6.5.

6.4 Bifurcation Analysis

As described in the previous sections, the large-scale solutions are obtained through fixed-

aspect ratio numerical continuation from the minimal unit Ω to the minimal unit of multi-scale

near-wall turbulence 2Ω. However, it is also of interest to analyse the bifurcation of both

large- and small-scale solutions over the domain size in order to establish connections between

the solutions. The invariant solutions are continued over a range of values of the spanwise

domain width L+
z while maintaining the aspect ratio of the flow domain fixed, as opposed

to the bifurcation analysis in Chapter 4, §4.3 in which L+
z was varied with L+

x and L+
y held

fixed. Again, the numerical continuation is carried out using the pseudo-arclength continuation

algorithm described in Chapter 2, §2.5 and the resulting (L+
z ,∆

+) bifurcation diagram is plotted

in figure 6.4, where ∆+ is the wall shear rate.

The large-scale solutions EQL1a and EQL1b emerge in a saddle-node bifurcation at L+
z ≈ 35

(black line). A secondary solution curve emerges at L+
z ≈ 77 on the upper branch, which

exhibits highly erratic behaviour at low values of L+
z before rejoining the primary solution

curve at the same point, similar to that observed in Chapter 4, §4.3. EQL2a and EQL2b appear

in a saddle-node bifurcation at L+
z ≈ 60 (gold line), but the upper branch is highly complex

and could not be traced in the previous bifurcation analysis in Chapter 4, §4.3. However, the

upper branch varies smoothly with L+
z above L+

z ≈ 90, along which the new solution EQL2b

was obtained. EQL3a and EQL3b (dark blue line), EQL4a (red line) and EQL8a and EQL8b

(dark green line) also emerge in saddle-node bifurcations at L+
z ≈ 47, L+

z ≈ 67 and L+
z ≈ 112,

respectively. The upper branch of EQL4a could not be traced up to L+
z = 220, since the relative
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Figure 6.4: (L+
z ,∆

+) bifurcation diagram of the large-scale invariant solutions. Black line,
EQL1a & EQL1b; gold line, EQL2a & EQL2b; dark blue line, EQL3a & EQL3b; red line, EQL4a;
dark green line, EQL8a & EQL8b. The insert shows the (L+

z ,∆
+) bifurcation diagram of the

small-scale invariant solutions. Brown line, POS0a & POS0b; black line, EQS1a & EQS1b; gold
line, EQS2a & EQS2b; orange line, EQS2c & EQS2d; dark blue line, EQS3a & EQS3b; red line,
EQS4a & EQS4b; purple line, EQS10a & EQS10b; grey line, EQS11a & EQS11b; light blue line,
EQS12a & EQS12b. The ∆+ values of POS0a and POS0b are averages over the corresponding
time period T+.
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error began to increase above the desired threshold. Furthermore, EQL9b was not amenable to

fixed-aspect ratio numerical continuation and so it does not appear in figure 6.4.

The (L+
z ,∆

+) bifurcation diagram of the small-scale solutions is plotted in the insert in figure

6.4, all of which also emerge in saddle-node bifurcations. However, the bifurcation points occur

at much higher values of L+
z , ranging from L+

z ≈ 180 for POS0a and POS0b (brown line) to

L+
z ≈ 217 for EQS2a and EQS2b (gold line). It should be recalled that the small-scale solutions

are obtained through velocity field concatenation and so they capture two sets of small-scale

structures with spanwise wavelengths λ+
z = 110, as defined in (5.1). Therefore, this range of

values of the bifurcation points is consistent with twice the characteristic spacing of near-wall

streaks (Robinson, 1991). The proximity of 2Ω to the bifurcation points of the small-scale

solutions would also explain the lack of velocity field diversity in §6.3, since there would be

little difference between lower- and upper-branch solutions close to the bifurcation point and

more diverse solutions may emerge at higher values of L+
z . Finally, it is evident that the values

of the wall shear rate ∆+ of both large- and small-scale solutions in 2Ω are considerably lower

than those of the invariant solutions in Ω (see figure 4.5). Only EQL1b and EQL2b attain

values comparable to that of the mean turbulent state (see table 6.1), which requires further

investigation.

6.5 Phase Portraits

Following the computation of a significant number of solutions in 2Ω and the analysis of their

bifurcation behaviour, the ability of the invariant solutions to capture the dynamics of near-

wall turbulence with two integral lengthscales of motion must now be assessed. Recalling the

large-scale kinetic energy terms in (5.26), the small-scale kinetic energy terms in (5.27) and the

terms in the large- and small-scale energy balance equations in (5.22), the turbulent trajectory

and the large- and small-scale solutions are plotted in various phase portraits in figure 6.5.

The (E+
ss,l, E

+
ss,s) phase portrait is shown in figure 6.5(a). As expected, the small-scale equilib-

rium solutions (triangles) and small-scale periodic orbits (circles) do not capture any large-scale

structures and lie along the ordinate, exhibiting a wide range of values of E+
ss,s. Indeed, this is

observed in all of the remaining phase portraits in figure 6.5(b − i). The large-scale solutions

(squares) exhibit significant values of E+
ss,l, some of which are close to the maximum values

attained by the turbulent trajectory, consistent with the strong straight streaks identified in

the velocity field visualisations in figure 6.2. However, most of the large-scale solutions do not

feature typical values of E+
ss,s and are positioned well below the turbulent trajectory in figure

6.5(a). This indicates that there is little development of small-scale structures during the nu-

merical continuation of invariant solutions from Ω to 2Ω, at least in most cases. Only EQL1b

(filled black square) exhibits considerable values of both E+
ss,l and E+

ss,s, while EQL4a (unfilled

red square) and EQL9b (filled pink square) are close to the minimum values attained by the
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Figure 6.5: Phase portraits of the turbulent trajectory (dotted grey line) and the invariant

solutions in the following planes: (a) (E+
ss,l, E

+
ss,s); (b) (E+

sr,l, E
+
sr,s); (c) (P+

ul

∣∣120

0
, P+

us

∣∣45

0
); (d)

(E+
ws,l, E

+
ws,s); (e) (E+

wr,l, E
+
wr,s); (f) (−Π+

ul

∣∣120

0
,−Π+

us

∣∣45

0
); (g) (−ε+ul

∣∣120

0
,−ε+us

∣∣45

0
); (h) (−ε+vl

∣∣120

0
−

ε+wl
∣∣120

0
,−ε+vs

∣∣45

0
− ε+ws

∣∣45

0
); (i) (E+

wu,i,−T+
u,l

∣∣25

5
). The edge state and the large-scale equilibrium

solutions are plotted as squares, the small-scale equilibrium solutions as triangles and the small-
scale periodic orbits as circles. The colour scheme is identical to that in figure 6.4, with the
addition of the edge state in brown and EQL9b in pink. Lower-branch solutions have unfilled
symbols and upper-branch solutions have filled symbols. The values for the edge state, POS0a

and POS0b are averages over the corresponding time period T+.
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turbulent trajectory.

The (E+
sr,l, E

+
sr,s) phase portrait is plotted in figure 6.5(b). With the exception of EQL2a (unfilled

gold square) and EQL2b (filled gold square), it is apparent that the large-scale solutions (squares)

only capture large-scale straight rolls and lie along the abscissa, while the small-scale solutions

(triangles and circles) only capture small-scale straight rolls and lie along the ordinate. In

particular, EQL1b (filled black square), EQL4a (unfilled red square) and EQL9b (filled pink

square) exhibit negligible values of E+
sr,s. Therefore, it is evident that the large-scale solutions

only capture the large-scale self-sustaining process (apart from EQL2a and EQL2b) and the

small-scale solutions only capture the small-scale self-sustaining process. Furthermore, the

values of E+
sr,l attained by the large-scale solutions and the values of E+

sr,s attained by the

small-scale solutions are considerably lower than the mean turbulent values of each, consistent

with the weak wall-normal and spanwise velocity fluctuations observed in the root mean squared

velocity profiles in figure 6.2 and figure 6.3. EQL2b is the only large-scale solution that features

significant values of both E+
ss,s in figure 6.5(a) and E+

sr,s in figure 6.5(b), but it exhibits negligible

values of both E+
ss,l and E+

sr,l. This indicates that it captures the small-scale self-sustaining

process rather than the large-scale self-sustaining process, which requires further investigation.

Likewise, EQL2a attains a non-negligible value of E+
ss,s in figure 6.5(a) and a very small value

of E+
sr,s in figure 6.5(b), suggesting that it is a subdued manifestation of the small-scale self-

sustaining process.

In the (P+
ul

∣∣120

0
, P+

us

∣∣45

0
) phase portrait in figure 6.5(c), EQL2b (filled gold square) is the only

solution that exhibits considerable values of both large- and small-scale turbulent production,

indicative of multi-scale energetics. However, this is counterintuitive since it does not capture

the large-scale self-sustaining process, as discussed previously, and so the analysis of EQL2b is

deferred to §6.6. With the exception of EQL2a (unfilled gold square) and EQL2b, the large-scale

solutions (squares) only attain non-negligible values of large-scale production and the small-

scale solutions (triangles and circles) only attain non-negligible values of small-scale production,

consistent with the previous results relating to the large- and small-scale self-sustaining pro-

cesses. In particular, EQL1b (filled black square) exhibits a negligible value of P+
us

∣∣45

0
, implying

that its small-scale straight streaks observed in figure 6.5(a) are indeed inactive. The values of

P+
ul

∣∣120

0
attained by the large-scale solutions and the values of P+

us

∣∣45

0
attained by the small-scale

solutions are also considerably lower than the mean turbulent values of each. This can be ex-

plained by applying the velocity field decomposition in (5.1) to the mean momentum equation

for invariant solutions in (3.10), which can be rewritten as

dU
+

dy+
− 〈u+

l v
+
l 〉x+,z+ − 〈u+

s v
+
s 〉x+,z+ = ∆+. (6.2)

In the absence of Reynolds stress at either large or small scale, the mean shear dU
+

dy+
would

diminish and there would be a subsequent reduction in large- or small-scale production, given

their definitions in (5.6) and (5.13). This would also account for the low wall shear rate values
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observed in figure 6.4 and table 6.1. Furthermore, in the absence of the large-scale structures,

the driving of small-scale turbulent production described in Chapter 5, §5.4 would not occur,

which would also lead to lower values of P+
us

∣∣45

0
.

In the (E+
ws,l, E

+
ws,s) phase portrait in figure 6.5(d), it is apparent that the invariant solutions

even fail to reproduce the intra-scale energetics. With the exception of EQL2b (filled gold

square), the large-scale solutions (squares) do not capture prominent large- or small-scale wavy

streaks and are clustered between the minimum values attained by the turbulent trajectory

and the origin, nor do the small-scale solutions (triangles and circles) which lie along the

ordinate well below the minimum values of E+
ws,s. This failure is even more obvious in the

(E+
wr,l, E

+
wr,s) phase portrait in figure 6.5(e), in which both the large- and small-scale solutions

(apart from EQL2b) capture neither large- nor small-scale wavy rolls and are positioned at

the origin. These observations indicate that x+-dependent structures are largely absent from

the invariant solutions, consistent with the prominent elongated structures identified in the

velocity field visualisations in figure 6.2 and figure 6.3, but it is difficult to ascertain why.

Considering the large-scale solutions, it is conceivable that wavy structures are ‘stretched’

during their numerical continuation from Ω to 2Ω and that the resulting velocity fields would

then be dominated by more elongated structures. In computing the small-scale solutions on

the other hand, the concatenation of velocity fields in the streamwise direction suppresses the

fundamental streamwise wavenumber (and all wavenumbers associated with odd m in equation

(5.1)), which would lead to considerably reduced values of E+
ws,s and E+

wr,s.

The inability of the invariant solutions to capture x+-dependent structures has a knock-on effect

on the large- and small-scale energy balance equations (5.22). In particular, given that Π+
ul and

Π+
us depend on (u+

l )x+ and (u+
s )x+ respectively (see equations (5.8a) and (5.15a)), the large- and

small-scale solutions exhibit negligible values of both large- and small-scale streamwise pressure

strain in the (−Π+
ul

∣∣120

0
,−Π+

us

∣∣45

0
) phase portrait in figure 6.5(f) and are positioned at the origin

(apart from EQL2b (filled gold square)). Since the role of the streamwise pressure strain terms

is to re-distribute streamwise TKE to the wall-normal and spanwise components, this would

also explain the weak wall-normal and spanwise velocity fluctuations observed in the root mean

squared velocity profiles in figure 6.2 and figure 6.3. Consequently, most of the large- and small-

scale solutions are dominated by the streamwise velocity fluctuations. This also manifests in

the (−ε+ul
∣∣120

0
,−ε+us

∣∣45

0
) phase portrait in figure 6.5(g) and the (−ε+vl

∣∣120

0
− ε+wl

∣∣120

0
,−ε+vs

∣∣45

0
− ε+ws

∣∣45

0
)

phase portrait in figure 6.5(h). The large-scale solutions (squares) attain non-negligible values

of large-scale streamwise dissipation and lie mostly along the abscissa (apart from EQL2b),

while the small-scale solutions (triangles and circles) attain non-negligible values of small-scale

streamwise dissipation and lie along the ordinate. However, the large- and small-scale solutions

exhibit negligible values of both large- and small-scale wall-normal and spanwise dissipation,

and are positioned at the origin again, since there is little wall-normal and spanwise TKE to

dissipate.

Finally, the absence of structures at either large or small scale renders turbulent transport
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Figure 6.6: EQL2b: (a) isosurfaces of u+
s = −2.50 (orange), T+

ul,f = 0.25 (black) and u+
l =

±3.20 (pink/cyan); (b) positive/negative isocontours of u
′+ (red/blue) and positive isocontours

of T+
ul,f (black) at y+ ≈ 10; (c) isosurfaces of P+

us,� = 0.30 (yellow), T+
ul,f = 0.25 (black) and

P+
ul,� = 0.20 (red).

largely trivial. In the (E+
wu,i,−T+

u,l

∣∣25

5
) phase portrait in figure 6.5(i) for example, both large-

and small-scale solutions feature negligible values of streamwise inter-scale turbulent transport

and lie along the abscissa, apart from EQL1b (filled black square) and EQL2b (filled gold square)

which require further investigation.

6.6 Scale Interaction Solution

In the phase portraits in §6.5, it is observed that EQL2b is the only invariant solution that

captures substantial turbulent production at both large- and small-scales. Furthermore, it is

the only solution that exhibits a wall shear rate greater than that of the turbulent mean at

∆+ ≈ 1.03 and it is the most unstable solution, with a 69-dimensional unstable tangent space

(see table 6.1). Therefore, the multi-scale energetics of EQL2b must now be investigated in

detail.
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EQL2b clearly reproduces most elements of the small-scale self-sustaining process, including

small-scale straight rolls E+
sr,s, straight streaks E+

ss,s, wavy streaks E+
ws,s and wavy rolls E+

wr,s

(figure 6.5). However, it features negligible values of both E+
ss,l and E+

sr,l and so it does not

capture the large-scale self-sustaining process at all, even though it attains a significant value of

large-scale turbulent production P+
ul

∣∣120

0
. Instead, the large-scale structures detected in EQL2b

appear to be x+-dependent and it exhibits considerable values of both E+
ws,l and E+

wr,l. The co-

existence of the self-sustaining process at small scale and x+-dependent or localised structures

at large scale is reminiscent of the feeding of energy from small to large scales, which has

been discussed extensively in Chapter 5, §5.5. In order to compare EQL2b to the feeding scale

interaction process, the (E+
wu,i,−T+

u,l

∣∣25

5
) phase portrait is plotted in figure 6.5(i), where −T+

u,l

∣∣25

5

is streamwise inter-scale turbulent transport defined in (5.21a) and E+
wu,i is the kinetic energy

of wavy streamwise inactive motion defined in (5.29a). Along the turbulent trajectory, −T+
u,l

∣∣25

5

fluctuates about zero, where positive values represent the transfer of energy from small to large

scales (streamwise feeding) and negative values represent the transfer of energy from large to

small scales (the streamwise energy cascade). On average, the streamwise inter-scale turbulent

transport term is positive over the interval y+ ∈ [5, 25], as seen in the statistical analysis in

Chapter 5, §5.1.2. In particular, EQL2b (filled gold square) exhibits substantial positive values

of both −T+
u,l

∣∣25

5
and E+

wu,i and is positioned in the first quadrant, confirming that it indeed

captures the transfer of energy from small to large scales and the resulting localised streamwise

inactive motion at large scale i.e. a streamwise feeding event.

In order to examine the streamwise feeding event captured by EQL2b, the velocity field is shown

in figure 6.6(a). The isosurfaces of low-speed small-scale streaks u+
s = −2.50 are shown in or-

ange, large-scale streamwise turbulent transport T+
ul,f = 0.25 in black and high- and low-speed

large-scale streaks u+
l = ±3.20 in pink and cyan respectively. Note that T+

ul,f is defined in

equation (5.24c) and that the wall-normal range is y+ ∈ [0, 45]. Near the wall, the solution

exhibits meandering small-scale streaks, a manifestation of the small-scale self-sustaining pro-

cess as mentioned previously. The isosurfaces of large-scale streamwise turbulent transport

appear in between the low-speed small-scale streaks and are localised in both the streamwise

and spanwise directions, as observed in the snapshots of streamwise feeding events in figure

5.22. The turbulent transport isosurfaces are well aligned with the large-scale streaks, which

are also highly localised but attain significant speeds. In particular, the streamwise turbulent

transport contributes almost entirely to the high-speed large-scale streaks, consistent with the

streamwise feeding event in figure 5.20 and the POD analysis in figure 5.23. Furthermore, the

streamwise velocity field u
′+ and large-scale streamwise turbulent transport T+

ul,f at y+ ≈ 10

are plotted in figure 6.6(b). The isocontours of the high- and low-speed streaks are shown in

red and blue respectively, and positive large-scale streamwise turbulent transport in black. It

is immediately obvious that EQL2b captures the subharmonic sinuous streak instability mode

(Schoppa & Hussain, 2002) with mirror-symmetric high- and low-speed streaks, similar to that

identified in the POD analysis in figure 5.23. As before, the localised streamwise turbulent

transport isocontours match up with the high-speed streaks, indicating that the streamwise
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feeding process emanates from high-speed small-scale streaks and favours the formation of

high-speed large-scale streaks, as seen in figure 6.6(a). These observations are entirely consis-

tent with the analysis in Chapter 5, §5.5 and so it is clear that EQL2b is representative of a

streamwise feeding event. In addition, the subharmonic sinuous streak instability mode appears

to underpin the manifestation of small-scale self-sustaining process in this case.

However, the feeding of energy from small to large scales captured by EQL2b does not fully

explain the considerable values of both large- and small-scale turbulent production it exhibits in

figure 6.5(c). While small-scale production reflects the presence of the small-scale self-sustaining

process mentioned previously, the appearance of large-scale production in the absence of the

large-scale self-sustaining process is more surprising. Indeed, in the analysis of the feeding

processes in Chapter 5, §5.5, there is no observed increase in large-scale production in response

to streamwise turbulent transport from small to large scales. In order to investigate the multi-

scale energetics of EQL2b in more detail, the velocity field is shown again in figure 6.6(c).

The isosurfaces of small-scale turbulent production P+
us,� = 0.30 are shown in yellow, large-

scale streamwise turbulent transport T+
ul,f = 0.25 in black and large-scale turbulent production

P+
ul,� = 0.20 in red, which is defined as

P+
ul,� = −U+

y+u
+
l v

+
l . (6.3)

Note that the isosurfaces of T+
ul,f are identical to those plotted in figure 6.5(a) and P+

us,� is

defined in equation (5.25b). The small-scale production isosurfaces meander slightly in the

streamwise direction and match up with the small-scale streaks, corresponding to the small-

scale self-sustaining process. On the other hand, the large-scale production isosurfaces are

localised in both the streamwise and spanwise directions, consistent with the highly localised

large-scale streaks. In particular, the large-scale production isosurfaces are well aligned with the

streamwise turbulent transport isosurfaces. This appears to suggest that the streamwise TKE

transferred from small to large scales is substantial enough to be acted upon by the mean shear

and consequently that the streamwise feeding process can indeed modulate localised large-scale

turbulent production. Therefore, the multi-scale energetics of EQL2b comprise of the small-

scale self-sustaining process, the feeding of streamwise TKE from small to large scales and the

resulting localised large-scale turbulent production and streaks, all of which are supported by

the subharmonic sinuous streak instability mode.

6.7 Discussion

To the author’s knowledge, EQL2b is the first invariant solution of wall-bounded shear flow

that has been shown to capture multi-scale energetics and a scale interaction process, namely

the feeding of energy from small to large scales, and as such it is an important contribution to

the dynamical systems analysis of wall-bounded turbulence. Nevertheless, it has a number of
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shortcomings – the large-scale self-sustaining process is missing and in its absence, the energy

cascade from the large integral lengthscale and the driving of small-scale turbulent production

cannot take place (see Chapter 5 §5.3 and §5.4 respectively). Therefore, EQL2b only provides

a partial description of the dynamics of near-wall turbulence with two integral lengthscales of

motion.

While EQL2b provides a partial description of the multi-scale turbulent dynamics, the other

invariant solutions presented in §6.2 and §6.3 are even less successful in this endeavour and

fail to reproduce both the intra-scale and inter-scale energetics. EQL2a and the small-scale

solutions only capture the small-scale self-sustaining process, while the remaining large-scale

solutions only capture the large-scale self-sustaining process. At both large and small scales, the

wavy streaks and wavy rolls of the self-sustaining process are significantly weaker, which in turn

inhibits the streamwise pressure strain in redistributing streamwise TKE to the wall-normal

and spanwise components, and so the solutions are almost entirely dominated by streamwise

velocity fluctuations. In addition, in the absence of structures at either large or small scale,

the turbulent transport terms are largely trivial and so the scale interaction processes are

obstructed. Although it is expected that the edge state, the vortex-wave interaction states and

the small-scale solutions would not fully capture the turbulent dynamics, it is more surprising

that the upper-branch solutions perform so poorly. In particular, EQL1b, which is the stress-

driven analogue of Nagata’s upper-branch solution (Nagata, 1990), is typically representative

of the mean turbulent state (see Chapter 4, §4.4) and yet it is positioned at the origin in

multiple phase portraits considered in §6.5. Therefore, the dynamical systems description of

near-wall turbulence with two integral lengthscales of motion is clearly inadequate, even though

the minimal unit of multi-scale near-wall turbulence is only double the size of the minimal unit

in each spatial direction.

This failure of the dynamical systems description of near-wall turbulence with two integral

lengthscales of motion can essentially be attributed to the lack of multi-scale invariant solutions,

the computation of which is significantly more challenging. In this regard, the approach to

computing solutions in this study can be criticised to a certain extent – both the large- and

small-scale solutions presented here are obtained through numerical continuation from the

minimal unit. In particular, the continuation of the large-scale solutions from Ω to 2Ω leads to

little development of small-scale structures and the concatenation of the small-scale solutions

explicitly suppresses large-scale structures. However, there is no robust approach to computing

multi-scale solutions and it is also unlikely that any initial condition taken directly from the

turbulent trajectory would converge, let alone to a solution with two integral lengthscales

of motion. It must also be pointed out that all invariant solutions presented here, apart from

POS0a and POS0b, are equilibrium solutions. Indeed, an equilibrium solution is the rudimentary

form of an invariant solution, in which the structures of a particular lengthscale propagate

through the flow domain with constant phase speed. On the other hand, if the form of a

conceptual multi-scale solution is considered, it would comprise of equilibrium behaviour at
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each integral lengthscale. Critically, it has been demonstrated that the mean advection velocity

of turbulent fluctuations varies with both the distance from the wall and the streamwise and

spanwise wavelengths (Del Álamo & Jiménez, 2009), and so it is extremely unlikely that the

structures at each integral lengthscale in such a multi-scale solution would propagate with the

same phase speed (see also the range of values in table 6.1). Therefore, the rudimentary form

of a multi-scale invariant solution is a periodic orbit and equilibrium solutions are only likely

to capture structures at a single integral lengthscale. Accordingly, the only multi-scale solution

yet discovered is of Rayleigh-Bénard convection (Motoki et al., 2020), in which there is no mean

advection. Finally, the role of symmetry-reduction in the computation of multi-scale invariant

solutions should also be addressed. Flow symmetries such as the shift-reflect symmetry (4.1) are

often imposed in order to reduce the dimensionality of the turbulent state space and to aid in the

computation of solutions. Indeed, in the absence of the shift-reflect symmetry and the half-shift-

reflect symmetry (6.1), many of the solutions presented in this study could not be recomputed,

since they are highly unstable. However, the symmetry imposed must also be consistent with the

flow physics, for example the shift-reflect symmetry captures the sinuous streak instability mode

- the dominant streak breakdown mechanism of the self-sustaining process (Hamilton et al.,

1995; Cassinelli et al., 2017; de Giovanetti et al., 2017). The identification of a flow symmetry

that is relevant to multi-scale near-wall turbulence is particularly difficult, if not impossible,

and even in the minimal unit of multi-scale near-wall turbulence, the solutions representing the

large- and small-scale self-sustaining processes exhibit different symmetry shifts (§6.1) and the

feeding from small to large scales is associated with the mirror-symmetric subharmonic sinuous

streak instability mode (Chapter 5, §5.5). Notwithstanding the great difficulties involved, the

applicability of the dynamical systems framework to multi-scale wall-bounded turbulence relies

on the computation of asymmetric multi-scale periodic orbits.



6.7. Discussion 137



Chapter 7

Conclusions

In this chapter, the thesis findings are summarised and potential future work identified.

7.1 Thesis Summary

In this thesis, a shear stress-driven flow is introduced as a model of independent near-wall

turbulence as the friction Reynolds number Reτ → ∞. The system is governed by the unit-

Reynolds number Navier-Stokes equations, which are valid throughout the mesolayer, and a

horizontally-uniform shear stress is imposed at the upper boundary of the domain so as to

satisfy the mean momentum equation. The model is validated against damped Couette flow

and there is excellent agreement between the velocity statistics and spectra for wall-normal

height y+ < 40. Above this point, the mean velocity and streamwise velocity fluctuations are

slightly overestimated, while the wall-normal and spanwise velocity fluctuations are slightly

underestimated. Crucially, the model is applicable to various parallel shear flows, including

turbulent Couette flow, Poiseuille flow and Hagen-Poiseuille flow, provided that the domain

dimensions L+
x , L

+
y , L

+
z ∼

√
Reτ . Therefore, the shear stress-driven flow model can be said to

describe the universal part of near-wall turbulence, which provides a means to study the flow

dynamics and scale interaction unimpeded by the presence of an upper wall.

Shear stress-driven flow in a flow domain similar in size to the minimal unit is analysed from a

dynamical systems perspective. The computation of invariant solutions and their linear stability

analysis allows for the construction of the state space of near-wall turbulence with one integral

lengthscale of motion. The edge features both steady and time-periodic behaviour, from which

an equilibrium solution and a periodic orbit were computed. Fifteen invariant solutions are

presented in total, which are differentiated into three groups based on their physical properties.

Through numerical continuation over the spanwise domain width L+
z , the bifurcation behaviour

of the solutions is investigated and it is found that most emerge in saddle-node bifurcations over

the interval L+
z ∈ [70, 100]. The turbulent trajectory and invariant solutions are visualised in

several phase portraits, including those related to the self-sustaining process and energy balance.

138
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The Group A solutions, three of which exhibit the characteristic vortex-wave interaction scaling

at high-Reynolds number, are characterised by low energy input and dissipation rates, low roll

energy and few unstable eigenvalues, consonant with their proximity to the edge. While the

Group A solutions form a lower bound to the turbulent trajectory, the Group B and C solutions

better represent the statistics and coherent structures of the mean turbulent state, featuring

high- and low-speed streaks and strong quasi-streamwise vortices, and capture all three stages

of the self-sustaining process. In particular, the Group C solutions appear to form an upper

bound to the turbulent trajectory in terms of drag, energy input and dissipation and roll

energy, and hence are extremely unstable. The Group B and Group C solutions lie close to the

turbulent trajectory in every phase portrait considered, indicating that they indeed capture the

full dynamics of near-wall turbulence with one integral lengthscale of motion.

The temporal dynamics of shear stress-driven flow in the minimal unit of multi-scale near-wall

turbulence are subsequently investigated, with a focus on scale interaction. The velocity field is

decomposed into large- and small-scale components to represent the energy-containing eddies

at each integral lengthscale, and the momentum- and energy-balance equations at each scale

are derived. The statistics and dynamics of the terms in the energy balance equations are anal-

ysed, with a particular emphasis on inter-scale turbulent transport, and the corresponding scale

interaction processes are related to the self-sustaining processes at each scale. The dynamics

of the energy cascade over the interval y+ ∈ [45, 120] are entirely determined by the large-scale

SSP. In particular, the timing of streamwise, wall-normal and spanwise inter-scale turbulent

transport coincides with the large-scale streak breakdown stage, leading to same-component

energy transfer from large to small scales. Crucially, the resulting small-scale dissipation in-

herits the characteristic timescales of that of the large-scale SSP, indicative of non-equilibrium

turbulent dissipation dynamics (Goto & Vassilicos, 2015). A new scale interaction process is

identified, namely that wall-normal turbulent transport from large to small scales over the in-

terval y+ ∈ [0, 45] drives small-scale turbulent production via the Orr mechanism. The main

consequence of the driving process appears to be the transient amplification of localised small-

scale velocity structures and their subsequent dissipation, however it also has an energising

effect on the small-scale SSP. This wall-normal energy transfer is most active during the streak

breakdown stage of the large-scale SSP, as in the case of the energy cascade. Therefore, the

dynamics of the small-scale structures are a complicated entanglement of the small-scale SSP,

the dissipation of detached eddies associated with the energy cascade and the transient am-

plification of localised small-scale velocity structures via the Orr mechanism. The feeding of

energy from small to large scales over the interval y+ ∈ [0, 25] is impelled by the small-scale

SSP, and the timing of both the streamwise and spanwise feeding processes coincides with the

small-scale streak instability stage. The POD analysis at y+ ≈ 8 indicates that streamwise

feeding is related to the subharmonic sinuous streak instability mode and that it leads to the

formation of the wall-reaching part of high-speed large-scale streaks in particular. The feeding

processes result in increased large-scale pressure strain and dissipation, however there is no

observed increase in large-scale turbulent production.
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Finally, shear stress-driven flow in the minimal unit of multi-scale near-wall turbulence is also

analysed from a dynamical systems perspective. The time-periodic edge state and twenty-

eight invariant solutions are computed, each of which only represent the large- or small-scale

self-sustaining processes. The bifurcation analysis of the solutions reveals that the small-scale

solutions emerge in saddle-node bifurcations at much higher values of L+
z than the large-scale

solutions, comparable to double the characteristic spacing of near-wall streaks (Robinson, 1991).

The turbulent trajectory and invariant solutions are compared in a selection of phase portraits

relating to the large- and small-scale self-sustaining processes and large- and small-scale energy

balance equations. A solution that captures the small-scale self-sustaining process and the

feeding of energy from small to large scales is presented, both of which are underpinned by

the subharmonic sinuous streak instability mode. In addition to the small-scale self-sustaining

process and the associated turbulent production, the solution exhibits substantial large-scale

turbulent production, indicating that the streamwise feeding can modulate localised production

at large scale. Although the solution indeed captures multi-scale energetics and the feeding scale

interaction process, the large-scale self-sustaining process, the energy cascade from the large

integral lengthscale and the driving of small-scale turbulent production are all missing, and so it

only provides a partial description of the turbulent dynamics. Furthermore, the other solutions

fail to reproduce many intra- and inter-scale processes and lie far from the turbulent trajectory

in numerous phase portraits. Therefore, in the absence of multi-scale invariant solutions, the

dynamical systems description of near-wall turbulence with two integral lengthscales of motion

is inadequate.

7.2 Future Work

Notwithstanding the exhaustive analysis of the temporal dynamics of the minimal unit and

the minimal unit of multi-scale near-wall turbulence, there are a number of limitations to the

present work. The flow domains considered are very small and only resolve energy-containing

eddies at one or two integral lengthscales. Once the spanwise domain width exceeds L+
z ' 300,

energy-containing eddies at three integral lengthscales (λ+
z ' 100, 150, 300) would be present,

again due to the periodic boundary condition in the spanwise direction. As the inner-scaled

domain size increases further, which is equivalent to increasing the Reynolds number, then the

flow would encompass a hierarchy of scales – many more than one or two. In such a flow domain,

the structures at every level in the hierarchy of scales would interact with one another and the

study of the corresponding scale interaction processes would become much more complicated.

It is unclear as to how or whether the dynamical description of two-scale near-wall turbu-

lence extends to flows with deeper hierarchies/higher Reynolds numbers, since the increased

number of scale interactions would alter the turbulent dynamics. In such analyses, different

flow decompositions may also have to be considered. For example, one of the scale interaction

processes identified in Cho et al. (2018) was the involvement of large energy-containing eddies
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in the cascade of energy from small energy-containing eddies to the adjacent smaller length-

scale, and studying the temporal dynamics of this process would require a triple decomposition

of the velocity field. The ability of the dynamical systems framework to describe multi-scale

wall-bounded turbulence is even more uncertain. The computation of multi-scale invariant

solutions is incredibly challenging and there has been little progress in this regard, at least in

wall-bounded shear flows. Nevertheless, the pertinence of the dynamical systems framework

to turbulent flows relies on the discovery of such solutions. In summary, there are many open

questions in the study of the temporal dynamics of multi-scale wall-bounded turbulence and

this work is only one of the first steps in the endeavour.
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Encinar, M. P. & Jiménez, J. 2020 Momentum transfer by linearised eddies in turbulent

channel flows. Submitted.

Faisst, H. & Eckhardt, B. 2003 Traveling waves in pipe flow. Physical Review Letters

91 (22), 224502.

Faller, A. J. 1971 Oceanic turbulence and the Langmuir circulations. Annual Review of

Ecology and Systematics 2 (1), 201–236.
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Lozano-Durán, A. & Jiménez, J. 2014 Time-resolved evolution of coherent structures in

turbulent channels: characterization of eddies and cascades. Journal of Fluid Mechanics 759,

432–471.

Lucas, D. & Kerswell, R. R. 2017 Sustaining processes from recurrent flows in body-forced

turbulence. Journal of Fluid Mechanics 817.

Lustro, J. R., Kawahara, G., van Veen, L., Shimizu, M. & Kokubu, H. 2019 The

onset of transient turbulence in minimal plane couette flow. Journal of Fluid Mechanics 862.

Marusic, I., Baars, W. J. & Hutchins, N. 2017 Scaling of the streamwise turbulence

intensity in the context of inner-outer interactions in wall turbulence. Physical Review Fluids

2 (10), 100502.

Marusic, I. & Kunkel, G. J. 2003 Streamwise turbulence intensity formulation for flat-plate

boundary layers. Physics of Fluids 15 (8), 2461–2464.

Marusic, I., Monty, J. P., Hultmark, M. & Smits, A. J. 2013 On the logarithmic

region in wall turbulence. Journal of Fluid Mechanics 716.



BIBLIOGRAPHY 149

Mathis, R., Hutchins, N. & Marusic, I. 2009 Large-scale amplitude modulation of the

small-scale structures in turbulent boundary layers. Journal of Fluid Mechanics 628, 311–

337.

McKeon, B. J. 2019 Self-similar hierarchies and attached eddies. Physical Review Fluids

4 (8), 082601.

McKeon, B. J. & Sharma, A. S. 2010 A critical-layer framework for turbulent pipe flow.

Journal of Fluid Mechanics 658, 336–382.

Mellibovsky, F., Meseguer, A., Schneider, T. M. & Eckhardt, B. 2009 Transition

in localized pipe flow turbulence. Physical Review Letters 103 (5), 054502.

Meseguer, A. & Trefethen, L. N. 2003 Linearized pipe flow to Reynolds number 107.

Journal of Computational Physics 186 (1), 178–197.

Mizuno, Y. 2016 Spectra of energy transport in turbulent channel flows for moderate Reynolds

numbers. Journal of Fluid Mechanics 805, 171–187.

Moarref, R., Sharma, A. S., Tropp, J. A. & McKeon, B. J. 2013 Model-based scaling

of the streamwise energy density in high-Reynolds-number turbulent channels. Journal of

Fluid Mechanics 734, 275–316.

Motoki, S., Kawahara, G. & Shimizu, M. 2020 Multi-scale steady solution for Rayleigh-

Bénard convection. ArXiv preprint: 2004.06868.

Nagata, M. 1990 Three-dimensional finite-amplitude solutions in plane couette flow: bifur-

cation from infinity. Journal of Fluid Mechanics 217, 519–527.
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Appendix A

Spectral Energy Balance

The spectral energetics of minimal multi-scale near-wall turbulence are discussed in this section,

in order to identify the energy-containing eddies at each scale, the characteristics of turbulent

dissipation and the scale-interaction processes active in the near-wall region. Following the

approach of Cho et al. (2018), the energy balance equations of each spanwise Fourier mode

are considered, since this best characterises the size of the energy-containing eddies (Hwang,

2015). Introducing the index notation x+
j = x+, y+, z+ and u

′+
j = u

′+, v
′+, w

′+ for j = 1, 2, 3,

the fluctuating velocity components are decomposed into Fourier modes

u
′+
j (x+, y+, z+, t+) =

∑
|n|≤nz

ũ
′+
j (x+, y+, k+

z , t
+)eik

+
z z

+

, (A.1)

where ·̃ denotes the one-dimensional Fourier transform, k+
z = 2πn

L+
z

is the spanwise wavenumber

and nz is the number of harmonics in the spanwise direction. Then, taking the Fourier transform

of (3.6), multiplying by the complex conjugate ũ
′+
j

∗
, and averaging in the streamwise direction

and in time yields the component-wise spectral energy balance equations

〈
∂Ẽ+

u (k+
z )

∂t+

〉
x+

=

〈
Re

{
−ũ′+

∗
(k+
z )ṽ′+(k+

z )
∂U+

∂y+

}〉
x+︸ ︷︷ ︸

P̃+(y+,k+z )

(A.2a)

+

〈
Re

p̃′+(k+
z )
∂ũ′+

∗
(k+
z )

∂x+


〉
x+︸ ︷︷ ︸

Π̃+
u (y+,k+z )

+

〈
Re

{
−ũ′+

∗
(k+
z )

∂

∂x+
j

(ũ′+u
′+
j (k+

z ))

}〉
x+︸ ︷︷ ︸

T̃+
u (y+,k+z )

+

〈
∂2

∂y+2

(
1

2

∣∣∣ũ′+(k+
z )
∣∣∣2)〉

x+︸ ︷︷ ︸
T̃+
ν,u(y+,k+z )

+

〈
−∂ũ

′+(k+
z )

∂x+
j

∂ũ′+
∗
(k+
z )

∂x+
j

〉
x+︸ ︷︷ ︸

ε̃+u (y+,k+z )

,
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Figure A.1: Premultiplied one-dimensional spanwise wavelength spectra of (a) turbulent

production P̃+, (b) streamwise pressure strain Π̃+
u , (c) streamwise turbulent transport T̃+

u ,

(d) wall-normal turbulent transport T̃+
v , (e) spanwise turbulent transport T̃+

w and (f) total
dissipation ε̃+.



155

〈
∂Ẽ+
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〉
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〈
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∗
(k+
z )

∂y+


〉
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(A.2b)
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+

〈
Re
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−ṽ′+

∗
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∂
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j
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+
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1

2
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+
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′+(k+
z )

∂x+
j

∂ṽ′+
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+
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Re
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∗
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j
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}〉
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T̃+
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+

〈
∂2

∂y+2

(
1

2

∣∣∣w̃′+(k+
z )
∣∣∣2)〉

x+︸ ︷︷ ︸
T̃+
ν,w(y+,k+z )

+

〈
−∂w̃

′+(k+
z )

∂x+
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∂w̃′+
∗
(k+
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∂x+
j

〉
x+︸ ︷︷ ︸

ε̃+w(y+,k+z )

,

where Ẽ+
u = |ũ′+|2/2, Ẽ+

v = |ṽ′+|2/2 and Ẽ+
w = |w̃′+|2/2 are the streamwise, wall-normal and

spanwise turbulent kinetic energy components, and Re{ · } denotes the real part. Here, only

the dependence on the spanwise wavenumber k+
z is written explicitly. The terms on the right-

hand side are the turbulent production P̃+, streamwise, wall-normal and spanwise pressure

strain Π̃+
u , Π̃+

v and Π̃+
w , pressure transport T̃+

p , streamwise, wall-normal and spanwise turbulent

transport T̃+
u , T̃+

v and T̃+
w , streamwise, wall-normal and spanwise viscous transport T̃+

ν,u, T̃
+
ν,v

and T̃+
ν,w, and streamwise, wall-normal and spanwise dissipation ε̃+u , ε̃+v and ε̃+w . Note that the

system of equations (A.2) is equivalent to the system of equations (3.4) in Cho et al. (2018). The

terms on the left-hand side represent the rate of change of the TKE of each spanwise Fourier

mode, which vanishes in a statistically steady flow, hence the terms on the right-hand side must

balance each other. The one-dimensional co-spectra of the terms on the right-hand side of the

spectral energy balance equations (A.2) were computed over a time period of T+ > 300, 000,

a selection of which are shown in figure A.1. The spectra are only discussed briefly, since the
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spectral energy balance equation has been analysed in detail in a number of previous studies

(e.g. Mizuno, 2016; Cho et al., 2018; Lee & Moser, 2019).

The premultiplied spanwise wavenumber spectra of turbulent production P̃+
u , as a function

of the wall-normal height y+ and the spanwise wavelength λ+
z , is shown in figure A.1(a). At

the larger integral lengthscale λ+
z ≈ 220, production is more uniform across the wall-normal

domain. However, it has a much more pronounced near-wall peak at y+ ≈ 12 at the smaller

integral lengthscale λ+
z ≈ 110 and is concentrated in the interval y+ < 45. Figure A.1(b) is

the streamwise pressure strain spectra Π̃+
u , which shows negative values across all spanwise

wavelengths. The pressure strain terms, which are linked by the continuity equation in the

form Π̃+
u + Π̃+

v + Π̃+
w = 0, re-distribute the streamwise TKE to the wall-normal and spanwise

components (Mizuno, 2016; Cho et al., 2018; Lee & Moser, 2019), and the wall-normal and

spanwise pressure strain spectra exhibit positive values of similar magnitude (not shown here).

While the two aforementioned spectra match in shape, they do not match in magnitude, espe-

cially at the near-wall peak in production. This balance is provided by the streamwise turbulent

transport spectra T̃+
u , which is shown in figure A.1(c), and it shows both positive (red) and

negative (blue) values, representing regions of energy gain and energy loss. The negative region

of turbulent transport corresponds to the region where the turbulent production is active, ex-

tending across the entire wall-normal domain for λ+
z ≈ 220 and up to y+ ≈ 45 for λ+

z ≈ 110. For

y+ > 10, there is positive turbulent transport at smaller wavelengths than negative turbulent

transport. This indicates that there is energy transfer from large to small scales i.e. energy

cascade. However, there is also a region of positive turbulent transport very close to the wall

(y+ < 15), which has been identified in previous studies (e.g. Cho et al., 2018; Lee & Moser,

2019). In particular, Cho et al. (2018) showed that this was the manifestation of the transfer

of energy from small to large scales and it is apparent from figure A.1(c) that its magnitude

increases as λ+
z increases. The wall-normal and spanwise turbulent transport spectra T̃+

v and

T̃+
w are shown in figures A.1(d) and A.1(e) respectively. Again, there are regions of negative

turbulent transport at longer wavelengths where the pressure strain is most active and positive

turbulent transport at adjacent smaller wavelengths. In the wall-normal spectra, the energy

cascade appears to be the only scale interaction process, whereas in the spanwise spectra, there

is also a very weak region of positive turbulent transport very close to the wall, indicative of

energy transfer from small to large scales. Although this is practically invisible in the spanwise

spectra due to its very small magnitude, it is apparent in the statistical analysis in Chapter 5,

§5.1.2.

Finally, the spectra of total dissipation ε̃+ = ε̃+u + ε̃+v + ε̃+w is shown in figure A.1(f). For

y+ > 30, the trough in dissipation occurs at λ+
z ≈ 80, although the peak in turbulent production

appears at λ+
z ≈ 220 (figure A.1(a)). The difference between the spanwise lengthscales of the

peak in production and the trough in dissipation implies the cascade of energy through the

turbulent transport terms discussed above (figures A.1(c, d, e)). In contrast, for y+ < 30,

the dissipation appears to be quite different to the previous spectra and exhibits a bimodal
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distribution. The upper trough coincides with the peak in turbulent production at y+ ≈ 12,

representing the dissipation that takes place at the smaller integral lengthscale. However, it

also shows substantial negative values at smaller wavelengths, matching the regions of positive

turbulent transport i.e. energy cascade. The lower trough of the total dissipation spectra occurs

very close to the wall, in the region of positive turbulent transport coming from the transfer of

energy from small to large scales.
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