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to establish data-driven
constitutive models for time-

or path-dependent heterogeneous
solids
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We propose and implement a computational procedure to establish data-driven surrogate constitutive
models for heterogeneous materials. We study the multiaxial response of non-linear n-phase
composites via Finite Element (FE) simulations and computational homogenisation. Pseudo-random,
multiaxial, non-proportional histories of macroscopic strain are imposed on volume elements of
n-phase composites, subject to periodic boundary conditions, and the corresponding histories of
macroscopic stresses and plastically dissipated energy are recorded. The recorded data is used to train
surrogate, phenomenological constitutive models based on neural networks (NNs), and the accuracy
of these models is assessed and discussed. We analyse heterogeneous composites with hyperelastic,
viscoelastic or elastic—plastic local constitutive descriptions. In each of these three cases, we propose
and assess optimal choices of inputs and outputs for the surrogate models and strategies for their
training. We find that the proposed computational procedure can capture accurately and effectively
the response of non-linear n-phase composites subject to arbitrary mechanical loading.

All solids display a heterogeneous microstructure and their mechanical response depends on complex mecha-
nisms spanning multiple length- and time-scales. For this reason, recent research has focused on multi-scale
computational modelling of different types of materials'* This is typically conducted via computational homog-
enization, commonly of the 1st order®, across multiple scales"**. Such multiscale calculations often have prohibi-
tive computational cost, such that several researchers have been working at reduced-order modelling (ROM)
and surrogate modelling, which is the subject of the current investigation.

In ROM, the original problem is mapped to a lower-dimensional problem space, saving computational cost
but reducing the fidelity of the physical description of the material. This mapping occurs by a data-driven method
and can be applied to the system equations (as in the R3M method’), to the spatial fields of quantities that are
being sought>®~, or to the information describing the microstructure!®. Reduced-order models typically have
neglected microstructure evolution, which limits their predictive capabilities in some nonlinear problems.

In surrogate modelling the predictions of detailed and computationally demanding physically-based models
are used to perform regressions, using for example Neural Networks (NNs)!! and Gaussian processes'?, also
in the case of history-dependent responses'®. Some of these models capture low-dimensional representations
of the field of variables of interest through data compression'*; others use physical governing laws to achieve
higher accuracy and to accelerate the training process'®. Some authors have suggested developing ‘data-driven
mechanics'®!” informed exclusively by detailed measurements.

In the current paper, we focus on using NNs to develop surrogate constitutive models for heterogeneous
solids. This is of interest for two reasons: first, because it enables computational savings of multiple order of
magnitudes when performing multiscale simulations; secondly, it poses the theoretical basis for the development
of surrogate models obtained directly from measured data. The existing literature has not explored quantitatively
how the heterogeneity of the solid under investigation affects the predictions of a surrogate model, and for this
reason, we focus on the response of a general n-phase composite with tuneable heterogeneity. While many of
the existing approaches rely on assuming, to some extent, the mathematical structure of the surrogate model
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Figure 1. A realisation of the n-phase composite investigated in this study.

(for example the existence of a yield surface, or the existence of an associated flow rule), we aim at constructing
surrogate models that are purely data-driven. Most studies have focused on the response of solids to monotonic
proportional loading, while here we aim at achieving generality of the loading, such as to obtain surrogate mod-
els that can be employed effectively in cases where the loading is far from proportional, for example in impact
applications.

We study separately the cases of nonlinear elastic, time-dependent and history-dependent local constitutive
response (hyperelastic, viscoelastic or elastoplastic, respectively), and we identify optimal modelling strategies,
including the optimal features of the NN, for each case, and accompanying procedures for the training of the
models. The computational framework is presented in “Computational framework” while results are shown and
discussed in “Results and discussion”

Computational framework

In this study we analyse volume elements (VEs) of n-phase composites. We simulate their mechanical response
using FE calculations and computational homogenisation, and we employ the results of such calculations to
assemble a training dataset used to teach the macroscopic material behaviour to neural networks. The choice of
using neural networks over other machine learning techniques is driven by the ready availability of computational
tools, but many of the conclusions of the present study can be extended to other machine learning methods. In
this section, we describe the steps of the process.

Definition of the VEs. In this study we simulate the response of model heterogeneous materials; these
consist of a cubic domain of unit volume discretised into 10 x 10 x 10 cubic cells, each possessing different
mechanical properties, as sketched in Fig. 1. Each of such cells is meshed by one single eight-noded finite ele-
ment of type C3D8 in Abaqus'®. The choice of the density of the discretisation was made to ensure that the
VEs displayed a reasonably complex and approximately isotropic macroscopic mechanical response while keep-
ing the computational cost low. This model material is not intended to quantitatively represent any real solid,
but rather to represent n n-phase composite of easily tuneable heterogeneity; the spatial distribution P(x;) of a
mechanical property P of the composite under investigation is assumed to follow

P(xi) = Pmin + 7i(Pmax — Pmin) (1)

where r; € [0, 1] represents random numbers of uniform probability density generated at the position of each
cell, x;, i = 1,2,...1000. We quantify the randomness of each mechanical property P by its relative variance,
defined as

K = 2(Pmax — Pmin)/ (Pmax + Pmin) € [0,2] (2)

where k = 0 corresponds to no spatial variation of P and k¥ = 2 corresponds to the maximum variation, obtained
in the case Pmin = 0 (in which it is also Pmax = 2P, where P is the average value of P). The choice of an uncor-
related, uniform probability density for the mechanical properties of each phase of the composite was based on
the ease of implementation. In the course of this study, we will analyse the performance of only one realization
of the VEs for each of the three types of constitutive models analysed.
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Viscoelastic with 1 term of Prony series

Instantaneous elastic constants Eo= 3Gpa v9=0.45

Prony coefficients n1 =05k =051t =1s

Viscoelastic with 3 terms of Prony series

Instantaneous elastic constants | Eg=3Gpa Vp=0.45

wy =0.177, k; = 0.177, t; = 7.71 1073 s
Prony coefficients 2 = 0.074, ky = 0.074, t, = 0.21s
w3 = 0.017, k3 = 0.017, t; = 3.88s

Table 1. Relevant properties of the viscoelastic composites.

Finite element simulations. FE simulations were conducted in Abaqus Standard'® and were fully auto-
mated via Python scripts. Periodic boundary conditions were prescribed on the three pairs of opposite faces of
the VEs, as prescribed in'®. The macroscopic true strains on the VE were controlled by prescribing appropriate
displacements on a set of auxiliary nodes; such displacements controlled the distance between opposite faces of
the cuboidal domains and also allowed to calculate the current area of all the faces of the VE. The corresponding
reaction forces at these auxiliary nodes, representing the components of the total forces acting on the faces of the
VE, were recorded during the simulations and used, together with the current area of the faces, to calculate the
histories of macroscopic true stress components, as described in detail in*>".

In this study, we analyse VEs that are initially approximately isotropic and are subject to small strains, such
that strain-induced anisotropy is negligible. Driven by the need to keep the computational cost low, we assume
that the material response can be evaluated in principal strain space, which coincides with principal stress space
for our isotropic material. In the FE simulations, we prescribe time histories of only the normal macroscopic
strains exy, &yy, &2z, while the macroscopic shear strains are set to zero, £xy, &xz, &y, = 0 (xyz s a reference system
aligned with the edges of the cubic VE). In other words, the applied strains gy, &y, &2, are interpreted as prin-
cipal strains &7, eg7, e771. We check that the macroscopic shear tractions are negligibly small in the simulations,
Tays Taz> Tyz A 0, confirming that the global reference system xyz is a principal system also for the macroscopic
stress tensor. We analyse separately three local constitutive behaviours, using models readily available in Abaqus.
We summarise these models briefly here.

Neohookean hyperelastic. A hyperelastic composite was studied as a reference case. For this conservative mate-
rial, a one-to-one correspondence exists between stress and strain tensors, and we expect a NN to comfortably
capture such correspondence. Due to the small deformation imposed, the response of such hyperelastic model
practically coincides with that of a linear elastic model of equal initial elastic constants. Therefore, the effects of
elastic nonlinearity in the structural response are not examined in this study. We model an array of isotropic,
hyperelastic cubic cells, each having an initial Poisson’s ratio of 0.45 and an initial Young’s modulus randomly
assigned as in Eq. (1) and having a spatial average of 3 GPa. A time-independent neohookean local strain energy
density is assumed.

Linear viscoelastic. We also consider a model where the local response is taken as linear isotropic viscoelastic.
Such response is defined in Abaqus in terms of instantaneous Young’s modulus and Poisson’s ratio and of the
time-decay of the shear and bulk moduli, expressed by the Prony series®. In this study the Poisson’s ratio is taken
as constant in time and space and equal to 0.45, while the instantaneous Young’s modulus is randomly assigned
according to Eq. (1) and has an average value of 3 GPa. The time decay law is taken as spatially uniform across
the VE and two different laws are considered: one consisting of a single-term Prony series, and one consisting of
three terms of such series, each associated with time decay constants of different orders of magnitude. A sum-
mary of the relevant properties for the viscoelastic composites is provided in Table 1.

Elastic-plastic.  Elastic—plastic model composites were assembled by assigning to each cell a linear elastic
response and J2 incompressible, rate-independent plasticity with isotropic hardening. We assume that the mate-
rial has substantial strain hardening, with a constant true hardening modulus of 1 GPa, such that the local mate-
rial response is defined by two elastic constants, a yield stress and this hardening modulus, which is assumed to
be uniform. The Poisson’s ratio is also assumed to be spatially uniform and equal to 0.45, while spatial variations
of Young’s modulus and the yield stress are considered separately and prescribed according to Eq. (1), using aver-
age values of 3 GPa for the elastic modulus and 50 MPa for the yield stress.

The FE analyses were conducted via Abaqus Standard using adaptive time stepping. A ‘general step’ was used
for the hyperelastic and elastic—plastic models, while a ‘visco step’ was used for the viscoelastic model. In all
simulations, we accounted for geometric non-linearity.

Generation of the training datasets. To generate the training datasets we consider, for each type of
constitutive model, a single realisation of the VE described in “Definition of the VEs” and “Finite element simu-
lations”. Note that since we analyse only one realisation of the VE, this does not need to be sufficiently large to
be “representative”; the only requirement is that such domain is sufficiently large to be approximately isotropic,
since we will work in principal stress/strain space. A preliminary RVE size convergence analysis showed that the
VEs analysed had an intrinsic scatter of approximately 5%, and that a further increase in the number of statisti-
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Figure 2. Tllustration of the random strain histories imposed on the VEs to generate the training data. (a) Three
examples of pseudo-random loading paths. (b) Details of the strain histories associated to Path 1.

cal cells would not affect the average response considerably (while it would reduce such intrinsic scatter). With
regards to the FE discretisation, the response of the domain is mildly sensitive to the mesh; however, considering
domains with a finer FE mesh merely results in a marginally different (weaker) macroscopic material response.

Displacement boundary conditions are applied to the auxiliary nodes of the VE to prescribe appropriate
histories of strain and strain rate. The VEs are taken for pseudo-random walks in true principal strain space
(exx, Eyys 8ZZ). The random walks comprise a number of consecutive steps of random amplitude and duration;
each random walk is terminated upon meeting the condition \ /e3, + &5, + €2, > emax = 0.05, to limit the
magnitude of the applied strains, as illustrated in Fig. 2. Each step in the random walks corresponds to relative
strain amplitudes (final strain minus initial strain) taken, in the case of the hyperelastic and elastic—plastic models,
as

Ag; = Sgn(rﬂ,- — 0)[Aemin + Ta; * (Atmax — Aemin)], i= X, ), Z (3)
—-1x<0
sgn(x) = { 1 x>0 (4)

where Agmin = 0.01 and Agmax = 0.015 are the minimum and maximum amplitude of the strain step in each
Cartesian direction, ry; and rg, are uniform random variables between 0 and 1, and 6 = 0.5 defines the probability
that the amplitude of each strain step is negative (equal probability of positive and negative steps is assumed in
this study).

For rate-independent materials (hyperelastic and elastic—plastic constitutive models), each step in the random
walks has a time duration AT = 1. For the rate-dependent viscoelastic material, a different approach is taken:
for each step of the pseudo-random walks, three strain rates are randomly generated for each of the Cartesian
directions, such that

1Ogé = Nmin + 1y - (Mmax — Mmin);  Mmin = 10g (émin); Nmax = 108 (émax) (5)

where r,, is a uniform random number between 0 and 1 and &jn, £max are the smallest and largest possible strain
rates. This ensures that the logarithms of such strain rates are uniformly distributed. Then, the step size A¢ is
generated according to Eq. (3) and the time step duration is determined as AT = Ag/ max (éx, &y, éz), where
Ex, éy, &, are the three randomly generated strain rates for each current step.

The FE simulations are then conducted for as many random walks as needed (100 in this study); their solutions
are incremental, due to the non-linearity of the problems, and the solution time increments At are determined
adaptively by the solver. We post-process the results to extract the histories of macroscopic true strain and true
stress as well as of the plastically dissipated energy W;. We then create a database in which each row represents a

general increment of the solution, and the columns report: the time increment A¢; the initial strains aix, sj,y, séz;

hiti i gl gl strain i — i —J _ — i
the initial stresses oy, 0y,,07; strain increments Ay, = gfcx Erex> DEyy = 85}; Agy, = sjz(z &1, stress

&
yy?
increments Aoy, = U,{x — 04 ATy, = d}fy —

a}fy, Aoy = O’{Z — o},; increment in plastically dissipated energy,

AWy = W£l - W;;l, where the superscripts i and f denote values at the beginning (initial) and the end (final) of
each increment, respectively. Additional quantities, such as strain rates, macroscopic elastic and plastic strains,
equivalent plastic strain are calculated from this data as will be detailed below. All quantities with dimensions
of stress are divided by the average Young’s modulus (3 GPa), while the plastically dissipated energy is divided
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by the average Young’s modulus and by the volume of the VE (equal to 1 in all cases), to obtain a dataset with
non-dimensional entries. Each row of such a database represents a data point used to train the surrogate models.

The method proposed to generate the training dataset was the result of a preliminary study in which we
assessed the distribution of the generated data over the input space of the surrogate models; it was found that
the choices in Egs. (3)-(5) correspond to an adequate spread of such data, as shown in detail in Appendix A
(Supplementary Material). By adjusting the parameters max,0, A€max> A€mins lmax> NImin> the distribution of the
training data over the input space can be modified to optimise it for different physical situations. A study of
the sensitivity of the results to the above parameters is not pursued here, but rather we employ the parameters
described above for all types of models investigated in this study.

A workstation with 2 processors (Intel Xeon e5-2650 v4, 2.20 GHz) and 256 GB of RAM was used in all
computations. Approximately 10 h of CPU time were necessary to produce the training dataset.

Training of the neural networks.  We first randomly choose a number ¢ of data points from the database
described above. A number ¢ = 0.9¢ of these data points are used to train the NNs, while the remaining 0.1¢
points are used for validation. All the coordinates of the training data points are normalised by subtracting their
average value and dividing by their variances (averages and variances are calculated over the set of ¢ training
data points). In this study we use multi-layer feed-forward neural networks?!, with two hidden layers of 100
neurons in all cases; the choice of using the same NN architecture in all cases allows a fair comparison between
the performances of the different models produced in this study. Such networks establish a non-linear function
relating the desired inputs and outputs. If x and y are column vectors containing the inputs and outputs, respec-
tively, such non-linear function reads

y =NN(x)= Waf (W1 (f (Wox + bg))+b1 ) +b, (6)
where f is a non-linear activation function, taken in this study as the Rectified Linear (ReLu) function, defined as
f(a) = max(0, ), (7)

Wy, W1, W, are weight matrices and by, by, b, are column vectors of biases. Training of the neural network is a
stochastic optimisation process aimed at minimising a chosen objective (or ‘loss’) function. When NN are used
to perform regressions, in this study we choose the loss function to be the mean absolute error (MAE), defined as

L hd
MAE = TZZM) —y,f’)‘ (8)
¢ = =
where y,f‘] ) — NN (i(j)) is the output of the NN [Eq. (6)] corresponding to the input vector x0), )7,9 ) is the cor-
responding output taken from the training database, j = 1,2..¢ is used to sum over each of the training data
points and d is the length of the vector y. Minimisation of the loss function is achieved by back-propagation,
using the Adam algorithm (?2, with 8; = 0.9, B2 = 0.999, ¢ = 0) with no regularisation, a maximum of 3000
epochs, a batch size of 50 and learning rate of 0.001. The choice of these parameters was made based on the result
of a preliminary study aimed at maximising accuracy while maintaining a reasonable computational cost.
We will discuss below that for the elastic—plastic models, separate neural networks will be used to perform
regressions and classifications, and a different loss function will be used in the case of classification, as described
in detail in “Response of an elastic-plastic VE”. Training of a single NN took an average CPU time of 20 min.

Structure of the neural networks. For each of the three constitutive descriptions investigated (hyper-
elastic, linear viscoelastic, elastic—plastic), we use NNs as a surrogate model to predict the homogenised constitu-
tive response of the VEs. In each case, the input and output vectors x and y in Eq. (6) contain different quantities;
in this section, we present and motivate in detail the choice of inputs and outputs for each surrogate model.

Response of a hyperelastic VE.  For the case of the hyperelastic analyses, each cell (or finite element) of the VE is
assigned a local response chosen as neohookean. In such constitutive description, which does not include energy
dissipation, the local stresses [0’ ] are obtained by differentiating a scalar elastic potential function as

_vaw
[U]_IaF s T =141/243 9)

where F is deformation gradient, 1, 42, 43 are principal stretches, and W is the neohookean elastic potential,
defined as

1 \
W=Cioh —3)+—0-D% L=i+5+7; Co=

w 2
D, 2’

Dy = — (10)

where 1 and K are the local shear and bulk moduli, respectively, and they are related to the local Young’s modulus
E and Poisson’s ratio v by the usual relations

_ E K= E
k= oa+y " T 30 -2 (1)
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The hyperelastic VEs are n-phase composites in which each phase has a different Young’s modulus and a
Poisson’s ratio v = 0.45; their macroscopic response is conservative. An elastic potential could be introduced
to describe such macroscopic response, however, this would take a form different, in general, from the local
potential in Eq. (10). Such potential would establish a non-linear one-to-one mapping of the macroscopic true
stress and true strain tensors. In our surrogate models, the neural network (6) will establish such correspond-
ence, such that

T = = =T —=
X = (exx»yy,62z) =€ y = (0xx/E,0y/E,022/E)" =6/E=NN(x) (12)

where E is the average Young’s modulus of the VE. The choice of having true principal strains € as input and
principal stresses o as an output, rather than vice-versa, is convenient since our simulations are conducted in
strain control.

Response of a linear viscoelastic VE. In this case, the VEs are assigned linear viscoelastic local constitutive
response, as

t dev ¢4/ t vol
eV (t t
Gzcdev—}—IO‘VOI; Udevzz/ /LR(t—t/)%dt; O_val / KR(t—t)%
0 0

N N (13)
ur(®) /o =1— Zuk(l —e M), Kp(t)/Ko=1-— Zkk(l —e Y, kg = g
k=1 k=1

where 119 and Kj are the instantaneous shear and bulk moduli, respectively. The prlnapal stress vector ¢ is
decomposed into its deviatoric and hydrostatic parts as in Eq. (13) (noteI = ( 111 ) ), and the shear and bulk
moduli g (¢) and Kg(¢) are assumed to relax according to identical Prony series®’, having N terms.

The macroscopic response of the composite VE can be proven to be also linear viscoelastic?. It can also be
shown that the change in principal stresses Ao over a generic time increment At can be approximated by

Ao =Eo| 2% o [ At1 §? L +
¢ =Ey|— o - — -
0 AL 2 k A e Yk
_ - (14)
N

—e0y (1 - e_%f)yk + (1 e ) (e —E()_l(y)}

k=1

where Ej is the instantaneous stiffness matrix, y, is relative relaxation tensor, o indicates the Hadamard product,
N is the number of terms in the Prony series which approximates the macroscopic relaxation response, and f;
is the time relaxation constant of the k-th term of such Prony series.

Inspired by the structure of Eq. (14), in our machine learning exercise we use

x = (& 6/Eo, tmaxés At/tmax) 3 ¥ = Ac/Eg = NN(x) (15)

where Ej is the average instantaneous Young’s modulus of the VE, A¢ is a column vector of the increments in
principal stresses over a time increment At, corresponding to an increment in principal strains Ae = & At, tpax
is the largest of the time decay constants used in the local Prony series described in Eq. (13). The proposed regres-
sion neglects the effect of history-dependent viscous strains on the behaviour of the composite, assuming that
the history dependence of the response can be quantified by knowledge of the macroscopic stresses and strains.

Response of an elastic-plastic VE.  For the case of elastic—plastic VEs, the material is assigned a local elastic—
plastic response consisting of isotropic linear elasticity and incompressible, rate-independent J2 plasticity with
isotropic hardening and strain hardening given by & = &/H, where

_ 3
=1/ ES 'S # = / 7elocslocdt (16)

are the von Mises equivalent stress and accumulated equivalent plastic strain, respectively, such that o;;é;; = 5Pt

(Einstein’s summation convention applies), S is the local deviatoric stress tensor, 61;01 . is the local plastic strain
tensor, and H is a constant hardening modulus.

In this study, we will compare the performance of three different surrogate models based on multiple NNs
with different features. The formulation of each of these three surrogate models comprises three steps, as follows.

(i) A linear perturbation analysis of the unloaded VE is conducted in Abaqus to determine the initial mac-
roscopic elastic stiffness matrix of the VE. This is achieved by imposing a small macroscopic normal
strain on the VE (in turn, along each of the three Cartesian directions) while constraining the normal
macroscopic strains in the other two Cartesian directions to vanish, and extracting the corresponding
macroscopic stresses in all directions, such to assemble the 3 by 3 stiffness matrix, written in principal
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stress/strain space. As the study is limited to small strains and isotropic VEs, we assume that such stiff-
ness matrix does not change with the applied macroscopic strain.

(i) A NN s used to perform a classification exercise, to distinguish between elastic increments (in which no
plastic dissipation occurs, AW, = 0) from elastic—plastic increments (in which some energy is plastically
dissipated, AW > 0).

(iii) Then, if an increment is classified as elastic, the change in the macroscopic stress state of the VE is
obtained from the equations of linear elasticity, using the stiffness matrix calculated in step (i). Con-
versely, if an increment is classified as elastic—plastic, a second NN is used to perform a regression
exercise to predict the change in the macroscopic stress state of the VE over that increment.

In the following, due to the isotropy of the VEs and the small strains imposed, we will assume (as observed
from the simulations) that no substantial strain localisation and softening occur during deformation of the VEs,
such that the macroscopic principal stress o and principal strain € are, in first approximation, sufficient to describe
the state of the solid at any given point in time, and that history effects can be quantified by appropriate auxiliary
variables depending on the histories of ¢ and e. This justifies the use of simple feed-forward NNs as opposed to
more complex, computationally demanding, and hard to train recurrent NNs!3,

We also note that the presence of the classification step can be in principle avoided, however in our prelimi-
nary studies we found that including the preliminary classification step increases the accuracy by approximately
20%.

We now proceed to describe the three different models proposed in this study.

Model I.  The classification is performed by a neural network NN/,

las having as inputs o, € and Ae for each

increment, and providing a single scalar output NN, CII 2 (0,&A8) € [0,1], such that an increment is considered

elastic if NN/, has an output less than 0.5 and elastic-plastic otherwise. To train such NN we proceed broadly

as described in “Training of the neural networks”. Our results database is pre-processed to include, for each
increment, a column yj4p that is set to 0 if no plastic dissipation occurs over that increment, and to 1 otherwise

_ J 0 if AW, =0 (elastic)
Ylabel 1 if AWy > 0 (elastic - plastic) (17)
(note that AW, < 0 does not occur in our thermodynamically consistent training dataset).The desired number
of training data points ¢ is selected from the database such that ¢/2 such points have yj,p.; = 0 and ¢/2 have
Yiabel = 1, to avoid any bias. A number ¢ = 0.9¢ of these data points is randomly selected for training and the
remaining 0.1¢ is used for validation. The loss function used to train NN/, _is chosen as the binary cross-entropy
BCE, defined as

¢

BCE = ? Z (J,;abel In (NNcIlas(f’sj’Asj)> + (1 _y;abel> In (1 - NNCIIas (f,SJ,AE:]))) (18)

j=1

with j = 1,2..¢ used to sum over each of the training data points.
The regression to predict the change in the macroscopic stress state is performed by a separate NN using the

same inputs as NN cllas and providing as output Ag, as

A6 /E = NN}, (o/E, ¢,A¢). (19)
This is the simplest possible choice to capture a path-dependent, rate-independent response, and it assumes
that path-dependence is completely quantified by knowledge of the initial ¢ and e.

Model II.  In this model we include as an input for the classification and regression a macroscopic measure
of the accumulated equivalent von Mises plastic strain; this is obtained by assuming that the total macroscopic
strains can be decomposed as the sum of elastic and plastic parts

e=ed +ef =Cilote; As= A+ AP =CylAG + AP (20)

The increments in a ‘macroscopic’ equivalent von Mises plastic strain are computed as

2
AR = | Gaeraer (21)

and its accumulated value Egl is computed as a function of time. In this model we prefer to use €, ¢”* in lieu of o,
g, as inputs for the NNs; the macroscopic response of the VE is expected to be elastic—plastic with a hardening
response not necessarily isotropic, as prescribed at a local level. For this reason, we prefer to feed to the NNs the
explicit knowledge of the plastic strains e?'. ;

The classification is performed by a neural network NN

. . _pl .
having as inputs g P! Aeand e‘g for each incre-
ment, and providing a single scalar output NNCIlIaS <e‘3’, sPl,ég ,Ag ) € [0, 1], used to determine if an increment is

elastic (NN, cIlIa ; < 0.5) or elastic—plastic (NN, glla ¢ > 0.5). The loss function for the classification exercise is identical
to that for Model I.
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Figure 3. Comparison of the time histories of the density of plastically dissipated energy during selected
random multiaxial loading cases, as calculated analytically from Eq. (23) (label ANL) or obtained from the
FE simulations (label FE). The comparison is made for a homogeneous volume element ((a), x = 0) and for a
heterogeneous material with spatially varying Young’s modulus (¢ = 2) and uniform plastic properties (b).

The regression is performed by a separate NN using the same inputs as NN’ _and providing as an output AP
1 1 (el pl 2Pl
A" = NN, <se ,eP' & ,Ae). (22)

The corresponding increment in stress can readily be obtained from Eq. (20), Ao = Cy(Ae — Agh! )-

We note here that decomposing the macroscopic strains into an elastic and plastic component is not, strictly,
physically consistent. For example, one cannot use knowledge of macroscopic stress and macroscopic plastic
strain to compute the density of plastically dissipated energy in the volume element, i.e.

oAe? > AWSF (23)

where AWZEE is the density in plastlcally dissipated energy computed by the FE simulations; this is because the
left-hand side of the inequality, A, in the case of heterogeneous solids, includes the plastic-free energy, which
is the elastic strain energy stored in the elastic regions of a plastically deforming heterogeneous volume element*.
The inequality (23) violates the Hill-Mendel condition® unless the equal sign applies. This is illustrated in Fig. 3,
where we compare the plastically dissipated energy calculated from the knowledge of the macroscopic plastic
strains (as Wy = fo {) e’/ dt)dt) to that determined by the FE simulations. The plastically dissipated energy

is normalised in Fig. 3 as Wpl = Wpl/(EVo), and evaluated in the case of a homogeneous volume element (for

which s APl = A Wf:lE, Fig. 3a) and for a composite of heterogeneity x = 2, for which s Ae?’ > A WII:IE (Fig. 3b).
Model ITI.  To avoid the physical inconsistency of Model II, we derive an alternative model which does not
make use of the accumulated macroscopic equivalent von Mises plastic strain Egl or of the macroscopic plastic
strain components Ae!. In Model III we replace 5{)” by W, as an input of the NNs and we perform an additional
regression to predict AW , at every increment.

A classification to distinguish elastic from elastic—plastic increments if performed by a neural network

NN (e,6/E, W, Ae) € [0, 1], where Wy = W/ (EV)); the two regressions described above use NNs with
the same inputs as NN4L, namely
11 = T
A6/E = NN}y (e,6/E,Wy,A¢), (24)
AWy = NN} (8,6/EW 1, A¢). (25)

As for the previous models, the chosen loss functions are BCE for the classification and MAE for the two
regressions.

Using the NNs to predict stress versus strain histories. Once successfully trained, the NNs are used
as surrogate models to predict the homogenised constitutive response of the VEs subject to previously unseen,
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pseudo-random, multiaxial macroscopic strain histories. To assess the accuracy of each surrogate model we gen-
erate 20 additional unseen loading cases, in the form of pseudo-random walks in true principal strain space, as
described in “Generation of the training datasets” These loading cases are applied to the same realisation of the
VE used to produce the training data, and the corresponding simulations are conducted in Abaqus Standard as
in “Finite element simulations”. The macroscopic stress versus strain histories are extracted from the simulations
and used as a benchmark for the surrogate models.

The predictions by the surrogate model are obtained as follows. First, macroscopic strains and stresses are
initialised and set to zero. Then, we consider the first increment of the simulations, corresponding to time and
strain increments Atf E Asf E. the NNs described in the previous section are used to predict the stress and strain
vectors at the end of the first increment, using AtfE, Aef as inputs. Such updated stress and strain vectors are
used as inputs of the NN for the following increment; such NNs always use time and strain increments identical
to those in the FE solution, At = AtFE, Ae = AefE. Repeating this procedure iteratively, we construct predic-
tions of the stress versus strain curves using the surrogate models.

Generating a prediction of the stress versus strain history for an average random loading case takes approxi-
mately less than one second of CPU time. We note that obtaining the corresponding predictions via FE simula-
tions requires approximately 350 s, therefore the surrogate models offer a computational saving of at least two
orders of magnitudes. In this study, the VE was meshed by only 10° elements, but this number was kept low
in the interest of speed. For very detailed VE of materials with complex architecture, such a number can easily
exceed 108, corresponding to a great increase in the CPU time required to perform the FE simulations; however,
the time required by the surrogate models to produce the same predictions would remain below 1 s. Also, in
this study we use NNs with 100 neurons per layer; the number of neurons can be reduced substantially without
a corresponding reduction in accuracy, as it was found in a preliminary study not reported here for brevity.

Quantification of the accuracy of the surrogate models. To assess the accuracy of the regressions
performed by the NNs NN, I NNI NNIL NN in addition to the final value of the loss function MAE, we

reg> reg> regy regw
introduce an additional metric, to which we refer as path-wise stress error, Eg; this metric aims at capturing the
effectiveness of a surrogate model in predicting macroscopic stress versus strain histories of a VE. This is com-
puted as follows. A pseudo-random loading case is generated as described in “Generation of the training data-
sets” and the corresponding FE simulation (comprising Nj,. increments) is conducted. The macroscopic stress
predicted by the detailed FE simulation, referred to as o g here, is compared to the corresponding prediction by
a NN (at the same strain €), indicated as o, at the end of every increment, and E; is defined as

2
= —_— 26
Nine ( )

— o
=2 H Fhll,
where j is used to sum over different increments and |||, denotes the norm 2 of *. To compare the accuracy of
different models, Eq is evaluated over 20 different pseudo-random loading cases and the corresponding average
Eq is computed.

When assessing the effectiveness of the classification exercises performed in this study by NN. , NNZ

1 ) clas’ clas®
NN_;,» we define a path-wise accuracy A as

1
A = —Ceorrect (27)

N; inc
where Ceorrect is the total number of correct classification instances over a certain random loading case. Similarly
to the case of the regressions, this is computed for a population of 20 different loading cases and the average A
is evaluated.

Results and discussion
We proceed to present the predictions of the surrogate models for each constitutive description of the n-phase
composites analysed. We note here that the predictions shown below, obtained with accurately trained NNs,
were found to be thermodynamically consistent, with no exception, in the sense that in all cases, and in all
increments of the simulations conducted in this study, the energy was conserved and the dissipated energy was
non-negative. This can be explained by the fact that our training data is thermodynamically consistent and that
the NN have an excellent agreement with this data at the end of the training. During the training/optimisation
of the NN, it can occur that thermodynamically inconsistent predictions are made, especially at the early stages
of the optimisation. In this study, however, this problem was not detected after the training, such that it was not
necessary to include explicit constraints in the optimisation problem.

We also checked, by appropriate permutations of the indices of inputs and outputs along the three Cartesian
directions, that the predictions of the surrogate models were approximately isotropic as expected.

Hyperelastic n-phase composite. We recall that these composites comprise an array of 10 x 10 x 10
cubic cells (each meshed by a single FE of type C3D8 in Abaqus'®) with dissimilar Young’s moduli and uniform
Poisson’s ratio as detailed in “Computational framework’. Figure 4 presents, for a selected pseudo-random load-
ing case, a comparison of the predictions of the FE simulations and of the surrogate model. These are found in
excellent agreement and correspond to a path-wise stress error E; = 1.7%. ¢ = 4000 datapoints were used to
train the surrogate model.
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Figure 4. Example of strain versus time (a) and stress versus strain (b-d) histories for a hyperelastic composite
with ¥ = 2.0. FE predictions are compared to predictions by a surrogate model. E; = 1.7% for the load case
shown, which used ¢ = 4000 training data points.
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Figure 5. Average path-wise stress error E4 (calculated over 20 different pseudo-random loading paths) as a
function of the heterogeneity x and the number of training datapoints ¢.
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Figure 6. Example of strain versus time (a) and stress versus strain (b-d) histories for a viscoelastic composite
with ¥ = 2.0 and stiffness relaxation dictated by a single-term Prony series. FE predictions are compared to
predictions by a surrogate model. E; = 6.2% for the load case shown, which used ¢ = 5000 training data points.

Considering the small strains imposed on the composite, we expect the NN (12) to predict comfortably the
correspondence between stress and strain, which is very close to a linear elastic relation. Figure 5 shows that this
is indeed the case. Only 2000 training data points are required to ensure E; < 5%; the surrogate model shows
accuracy approximately independent of the degree of heterogeneity .

We note that choosing a NN with a structure like in (12), rather than looking for an elastic potential as
pursued by other authors (e.g.>), has the advantage of being suitable in cases where such elastic potential does
not exist.

Viscoelastic n-phase composite. We proceed to assess the accuracy of the surrogate model of a viscoe-
lastic composite. Figure 6 compares the FE predictions to those by the surrogate model for a composite with
relaxation characteristic given by a single-term Prony series, while Fig. 7 presents the same information for
the case of a relaxation function comprising a three-term Prony series. We note that for both cases nmin=— 3,
Nmax =0, such that the strain rates in each increment are logarithmically spread over three orders of magnitude
and comprised between 10~ and 10° s 1. We found in a preliminary study that logarithmic spacing of the train-
ing data points was more effective than linear spacing.

The data in Figs. 6 and 7 correspond to x = 2and ¢ = 5000. For this choice, the surrogate model performs an
excellent regression for a composite with a single-term Prony series, achieving a path-wise stress error E; = 6.2%.
In the case of a relaxation function comprising a three-term Prony series, the accuracy of the surrogate model
is lower but still acceptable (E; = 19.4%), especially in consideration of the very complex loading case imposed
on the composite. The accuracy of the regressions could be improved by increasing the number of training
datapoints, but this is not investigated here. Figure 8 provides average values of E,, calculated over 20 different
pseudo-random loading cases, for the two composites examined. Clearly, the accuracy of the model is relatively
insensitive to the degree of heterogeneity for the case of a single-term Prony series (Fig. 8a); for a three-term
Prony series (Fig. 8b), the surrogate models give lower E4 at low heterogeneity «, but the error becomes less and
less sensitive to k with an increasing number of training data points ¢. The trends in Fig. 8a suggest that the error
can be lowered by increasing the number of training data points.
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with ¥ = 2.0 and stiffness relaxation dictated by a three-term Prony series. FE predictions are compared to
predictions by a surrogate model. E; = 19.4% for the load case shown, which used ¢ = 5000 training data
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Figure 8. Average path-wise stress error E, (calculated over 20 different pseudo-random loading paths) as
a function of the heterogeneity x and the number of training data points ¢. Data are shown for a viscoelastic
model using a single-term Prony series (a) or a three-term Prony series (b).
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Figure 9. Example of strain versus time (a) and stress versus strain (b-d) histories for an elastic—plastic
composite with ¥ = 2.0. FE predictions are compared to predictions by a surrogate model. E; = 2.7% for the
load case shown, which used ¢ = 5000 training data points.

We conclude that our proposed regression (15) is effective in capturing the response of volume elements with
a general linear viscoelastic response, loaded over wide ranges of strains and strain rates. The proposed method
directly provides macroscopic stresses and strains without the need for defining a “macroscopic relaxation func-
tion” as pursued in other studies®.

Elastic—plastic n-phase composite. We now examine the accuracy of the surrogate models proposed for
the elastic—plastic composites; in this section, we only focus on composites with heterogeneous Young’s modu-
lus and uniform yield stress, while the case of uniform modulus and spatially varying yield stress is presented
in Appendix B (supplementary material) for the sake of brevity. The predictions of Model II are compared to
the results of FE simulations in Figs. 9 and 10, in terms of stress versus strain histories, for the highest possible
heterogeneity, k = 2. We choose to plot the predictions of Model II because this model outperforms the other
two, as it will be shown below. Figures 9 and 10 correspond to selected pseudo-random loading paths, with Fig. 9
referring to a relatively simple path and Fig. 10 present the case of a much more complicated path. In both cases,
Model II achieves excellent accuracy, however, as expected, this accuracy is higher for the simpler loading path
(Es = 2.7%) than for the more complicated one (E, = 17.8%).

Figure 11 compares the accuracy of Models I, II and III (in terms of the average path-wise stress error E,)
and the sensitivity of such accuracy to the degree of heterogeneity « and to the size of the training dataset ¢.
For ¢ = 5000, Model II outperforms Model I, which in turn is more accurate than Model III; this trend is also
observed at lower values of ¢. The accuracy of Model II is scarcely sensitive to the value of ¢, suggesting that
¢ = 2000 is a sufficiently large dataset for the problem at hand. The general trend observed is that the accuracy
of all models decreases as k increases.

The effectiveness of the classifications and regressions performed by Models I, IT and III, are assessed inde-
pendently in Figs. 12 and 13, respectively. Figure 12 presents the accuracy of the classification NNs used for the
three models. Such accuracies are comparable for the three models, with Model III outperforming slightly the
other two. Perhaps counter-intuitively, for « > 0, the accuracy of the classification exercise is higher for a higher
degree of heterogeneity. This is due to the fact that for very heterogeneous materials, the vast majority of the
input space corresponds to plastic increments. We recall that the training dataset for these classifications contains
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Figure 10. Example of strain versus time (a) and stress versus strain (b-d) histories for an elastic—plastic
composite with ¥ = 2.0. FE predictions are compared to predictions by a surrogate model. E; = 17.8% for the
load case shown, which used ¢ = 5000 training data points.

equal numbers of data points in the plastic and elastic regimes, such that at high heterogeneity, data points that
correspond to elastic increments tend to cluster in input space, and this makes the classification process easier for
the NNG. Similarly, in the case x = 0 a vast majority of increments are elastic, resulting in an easier classification.

In Fig. 13 we compare the values of MAE calculated for the validation dataset, for different values of x and ¢.
We note that this quantity is independent of the length and complexity of the loading path and of the classifica-
tion process, and only quantifies the effectiveness of the models in predicting the evolution of state variables
over a single (elastic—plastic) increment. Model II always outperforms the other two irrespective of ¥ and ¢; in
absolute terms, the performance of Model I is nearly independent of ¢, again suggesting that ¢ = 2000 is a suf-
ficiently large dataset. Atlow ¢, Model III outperforms Model I, but the opposite is observed at high values of ¢.

In summary, Model I1I is the best of the three in the classification exercise, while Model II outperforms the
other two models in the regression exercise (with models I and IIT approximately equivalent in regression perfor-
mance). Overall, Model I is the best performing model in terms of E, and requires a smaller size of the training
dataset to achieve a given accuracy. As larger and larger training datasets are employed, the performances of
the three models, however (in terms of E,;) tend to become very similar. For the n-phase composites considered
in this study, ¢ > 3000 guarantees E, < 10% for all models and irrespective of «, which results in sufficiently
accurate predictions in all cases of practical interest.

It is expected that composites with heterogeneous Young’s modulus and uniform yield stress (whose perfor-
mance is discussed here and shown in Figs. 9, 10, 11, 12, and 13) display a macroscopic plastic response which
is substantially pressure-sensitive; in contrast, composites with uniform Young’s modulus and spatially varying
yield stress are expected to have an approximately pressure-insensitive macroscopic behaviour. Consequently,
capturing the material response is expected to be easier in the second case. We found that indeed this is the
case. Results for composites with uniform Young’s modulus and varying yield stress are presented in detail in
Appendix B (supplementary material) for the benefit of the interested reader.

Some unexpected non-monotonic trends are observed in Figs. 11, 12 and 13; the reasons for these trends
were not investigated further in this study, but these could be due to different distributions of training datapoints
across the input space, for different values «. Similarly, the relative performance of models II and III was also
unexpected, in consideration of the slight physical inconsistency of Model II. While for the n-phase composites
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Figure 11. Average path-wise stress error Eg (calculated over 20 different pseudo-random loading paths) as a
function of the heterogeneity « and the number of training data points ¢. Data are shown for models I, IT and
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Figure 12. Average path-wise accuracy A (calculated over 20 different pseudo-random loading paths) as a
function of the heterogeneity k. The performance of the classifications in models I, I and III are compared.
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Figure 13. MAE for the validation dataset at convergence, for the NNs (19), (22) and (24), as a function of the
heterogeneity « and the number of training data points ¢. Data are shown for models I, IT and III.

investigated here Model IT outperforms (however slightly) Model III, this might not be the case for other types of
heterogeneous materials containing plastically deforming phases. A detailed analysis of the relative performance
of these two models and possible improvements to both is left as a topic for future studies.

Concluding remarks

We proposed and assessed a computational framework to derive data-driven surrogate models for the response
of non-linear n-phase composites to arbitrary mechanical loading. We considered composites with different
non-linear local material responses, including non-linear elastic, time-dependent linear viscoelastic, and history-
dependent elastic-plastic; in each case, we determine the macroscopic mechanical response via FE simulations
and computational homogenisation and use data from the simulations to train appropriate neural networks to
reproduce the homogenised response accurately. For each local constitutive description, we propose a compu-
tational procedure to produce training data and appropriate inputs and outputs for the surrogate models. We
examine systematically the accuracy of the proposed surrogate models and we explore the sensitivity of their
accuracy to the degree of heterogeneity of the composites and to the size of the training dataset. The main con-
clusions of the study are as follows:

e The strategy proposed to produce the training dataset, consisting of imposing pseudo-random histories of
macroscopic deformation to the volume elements, results in training data representative of realistic scenarios
for all three constitutive descriptions analysed in this study. The datasets produced appropriately sample the
input space of the surrogate models, facilitating the application of machine learning techniques.

® For the type of loading examined in this study, restricted to small strains and negligible localisation of the
stress, strain and strain rate fields, the proposed surrogate models proved very effective in capturing the non-
linear multi-axial material response over wide ranges of applied strain rates and strain triaxiality, including
non-monotonic and non-proportional loading.

® For elastic-plastic n-phase composites, absent any substantial strain localisation, the history-dependence
of the material can be quantified adequately by knowledge of the current macroscopic stresses and strains;
on the other hand, including appropriate history-dependent internal variables improves the accuracy of the
surrogate models and decreases the size of the training dataset needed to achieve a prescribed accuracy.
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The findings of this study may serve as a guide to researchers developing multi-scale computational models
or data-driven models informed directly from measured data. Several improvements could be introduced to the
proposed computational framework, such as: refining the features of the surrogate models, by including addi-
tional internal variables to aid capturing of the time- and history-dependence; relaxing the hypothesis of small
strains and approximately isotropic response; extending the analysis to solids displaying a cohesive response
and the consequent macroscopic softening and strain localisation. These improvements will be the subject of
our future studies.

Received: 30 March 2021; Accepted: 12 July 2021
Published online: 05 August 2021

References

1. Matous, K., Geers, M. G. D., Kouznetsova, V. G. & Gillman, A. A review of predictive nonlinear theories for multiscale modeling
of heterogeneous materials. J. Comput. Phys. 330, 192-220. https://doi.org/10.1016/j.jcp.2016.10.070 (2017).

2. Liu, Z., Bessa, M. A. & Liu, W. K. Self-consistent clustering analysis: An efficient multi-scale scheme for inelastic heterogeneous
materials. Comput. Methods Appl. Mech. Eng. 306, 319-341. https://doi.org/10.1016/j.cma.2016.04.004 (2016).

3. Geers, M. G. D., Kouznetsova, V. G., Matous, K., Yvonnet, J. Homogenization Methods and Multiscale Modeling: Nonlinear Problems.
(2017).

4. Feyel, F. A multilevel finite element method (FE2) to describe the response of highly non-linear structures using generalized
continua. Comput. Methods Appl. Mech. Eng. 192(28-30), 3233-3244. https://doi.org/10.1016/S0045-7825(03)00348-7 (2003).

5. Yvonnet, J. & He, Q. C. The reduced model multiscale method (R3M) for the non-linear homogenization of hyperelastic media at
finite strains. J. Comput. Phys. 223(1), 341-368. https://doi.org/10.1016/j.jcp.2006.09.019 (2007).

6. Moulinec, H. & Suquet, P. A numerical method for computing the overall response of nonlinear composites with complex micro-
structure. Comput. Methods Appl. Mech. Eng. 157(1-2), 69-94. https://doi.org/10.1016/S0045-7825(97)00218-1 (1998).

7. Fritzen, F. & Bohlke, T. Nonuniform transformation field analysis of materials with morphological anisotropy. Compos. Sci. Technol.
71(4), 433-442. https://doi.org/10.1016/j.compscitech.2010.12.013 (2011).

8. Dvorak, G. J., Wafa, A. M. & Bahei-El-Din, Y. A. Implementation of the transformation field analysis for inelastic composite
materials. Comput. Mech. 14(3), 201-228. https://doi.org/10.1007/BF00370073 (1994).

9. Tang, S., Zhang, L. & Liu, W. K. From virtual clustering analysis to self-consistent clustering analysis: A mathematical study.
Comput. Mech. 62(6), 1443-1460. https://doi.org/10.1007/s00466-018-1573-x (2018).

10. Latypov, M. I, Toth, L. S. & Kalidindi, S. R. Materials knowledge system for nonlinear composites. Comput. Methods Appl. Mech.
Eng. 346, 180-196. https://doi.org/10.1016/j.cma.2018.11.034 (2019).

11. Zopf, C. & Kaliske, M. Numerical characterisation of uncured elastomers by a neural network based approach. Comput. Struct.
182, 504-525. https://doi.org/10.1016/j.compstruc.2016.12.012 (2017).

12. Bessa, M. A. et al. A framework for data-driven analysis of materials under uncertainty: Countering the curse of dimensionality.
Comput. Methods Appl. Mech. Eng. 320, 633-667. https://doi.org/10.1016/j.cma.2017.03.037 (2017).

13. Mozaftar, M. et al. Deep learning predicts path-dependent plasticity. Proc. Natl. Acad. Sci. USA. 116(52), 26414-26420. https://
doi.org/10.1073/pnas.1911815116 (2019).

14. Bhattacharjee, S. & Matous, K. A nonlinear manifold-based reduced order model for multiscale analysis of heterogeneous hyper-
elastic materials. J. Comput. Phys. 313, 635-653. https://doi.org/10.1016/j.jcp.2016.01.040 (2016).

15. Wang, K. & Sun, W. C. A multiscale multi-permeability poroplasticity model linked by recursive homogenizations and deep learn-
ing. Comput. Methods Appl. Mech. Eng. 334, 337-380. https://doi.org/10.1016/j.cma.2018.01.036 (2018).

16. Kirchdoerfer, T. & Ortiz, M. Data-driven computational mechanics. Comput. Methods Appl. Mech. Eng. 304, 81-101. https://doi.
org/10.1016/j.cma.2016.02.001 (2016).

17. Ibanez, R. et al. Archives of computational methods in engineering a manifold learning approach to data-driven computational
elasticity and inelasticity. Arch. Comput. Methods Eng. 25(1), 47-57. https://doi.org/10.1007/s11831-016-9197-9 (2018).

18. Duval, A. et al. Abaqus/CAE 6.14 user’s manual (Dassault Systémes Inc., 2014).

19. Garoz, D,, Gilabert, E A., Sevenois, R. D. B., Spronk, S. W. E. & Van Paepegem, W. Consistent application of periodic boundary
conditions in implicit and explicit finite element simulations of damage in composites. Composites B 168, 254-266. https://doi.
org/10.1016/j.compositesb.2018.12.023 (2019).

20. Soussou, J. E., Moavenzadeh, E. & Gradowczyk, M. H. Application of prony series to linear viscoelasticity. Trans. Soc. Rheol. 14(4),
573-584. https://doi.org/10.1122/1.549179 (1970).

21. Lecun, Y., Bengio, Y. & Hinton, G. Deep learning. Nature 521(7553), 436-444. https://doi.org/10.1038/nature14539 (2015).

22. Kingma, D. P. & Ba, J. L. Adam: A method for stochastic optimization. in 3rd Int. Conf. Learn. Represent. ICLR 2015 Conf. Track
Proc., 1-15 (2015).

23. Hashin, Z. Viscoelastic behavior of heterogeneous media. J. Appl. Mech. Trans. ASME 32(3), 630-636. https://doi.org/10.1115/1.
3627270 (1964).

24. Yang, H., Sinha, S. K., Feng, Y., McCallen, D. B. & Jeremi¢, B. Energy dissipation analysis of elastic—plastic materials. Comput.
Methods Appl. Mech. Eng. 331, 309-326. https://doi.org/10.1016/j.cma.2017.11.009 (2018).

25. Yang, H., Guo, X,, Tang, S. & Liu, W. K. Derivation of heterogeneous material laws via data-driven principal component expan-
sions. Comput. Mech. 64(2), 365-379. https://doi.org/10.1007/s00466-019-01728-w (2019).

26. Tran, A. B,, Yvonnet, J., He, Q. C., Toulemonde, C. & Sanahuja, J. A simple computational homogenization method for structures
made of linear heterogeneous viscoelastic materials. Comput. Methods Appl. Mech. Eng. 200(45-46), 2956-2970. https://doi.org/
10.1016/j.cma.2011.06.012 (2011).

Author contributions
W.G. planned and executed the research and wrote a draft paper; V.L.T. conceived and planned the research,
supervised W.G. and wrote the final version of the paper.

Competing interests
The authors declare no competing interests.

Additional information
Supplementary Information The online version contains supplementary material available at https://doi.org/
10.1038/541598-021-94957-0.

Scientific Reports |  (2021) 11:15916 | https://doi.org/10.1038/s41598-021-94957-0 nature portfolio


https://doi.org/10.1016/j.jcp.2016.10.070
https://doi.org/10.1016/j.cma.2016.04.004
https://doi.org/10.1016/S0045-7825(03)00348-7
https://doi.org/10.1016/j.jcp.2006.09.019
https://doi.org/10.1016/S0045-7825(97)00218-1
https://doi.org/10.1016/j.compscitech.2010.12.013
https://doi.org/10.1007/BF00370073
https://doi.org/10.1007/s00466-018-1573-x
https://doi.org/10.1016/j.cma.2018.11.034
https://doi.org/10.1016/j.compstruc.2016.12.012
https://doi.org/10.1016/j.cma.2017.03.037
https://doi.org/10.1073/pnas.1911815116
https://doi.org/10.1073/pnas.1911815116
https://doi.org/10.1016/j.jcp.2016.01.040
https://doi.org/10.1016/j.cma.2018.01.036
https://doi.org/10.1016/j.cma.2016.02.001
https://doi.org/10.1016/j.cma.2016.02.001
https://doi.org/10.1007/s11831-016-9197-9
https://doi.org/10.1016/j.compositesb.2018.12.023
https://doi.org/10.1016/j.compositesb.2018.12.023
https://doi.org/10.1122/1.549179
https://doi.org/10.1038/nature14539
https://doi.org/10.1115/1.3627270
https://doi.org/10.1115/1.3627270
https://doi.org/10.1016/j.cma.2017.11.009
https://doi.org/10.1007/s00466-019-01728-w
https://doi.org/10.1016/j.cma.2011.06.012
https://doi.org/10.1016/j.cma.2011.06.012
https://doi.org/10.1038/s41598-021-94957-0
https://doi.org/10.1038/s41598-021-94957-0

www.nature.com/scientificreports/

Correspondence and requests for materials should be addressed to V.L.T.
Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2021

Scientific Reports |  (2021) 11:15916 | https://doi.org/10.1038/s41598-021-94957-0 nature portfolio


www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/

	A computational framework to establish data-driven constitutive models for time- or path-dependent heterogeneous solids
	Computational framework
	Definition of the VEs. 
	Finite element simulations. 
	Neohookean hyperelastic. 
	Linear viscoelastic. 
	Elastic–plastic. 

	Generation of the training datasets. 
	Training of the neural networks. 
	Structure of the neural networks. 
	Response of a hyperelastic VE. 
	Response of a linear viscoelastic VE. 
	Response of an elastic–plastic VE. 
	Model I. 
	Model II. 
	Model III. 


	Using the NNs to predict stress versus strain histories. 
	Quantification of the accuracy of the surrogate models. 

	Results and discussion
	Hyperelastic n-phase composite. 
	Viscoelastic n-phase composite. 
	Elastic–plastic n-phase composite. 

	Concluding remarks
	References


