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Abstract

The work contained in this thesis focuses on the application of the
ab initio numerical method based on algebraic diagrammatic con-
struction theory to describe the correlated ionisation dynamics of
many-electron systems in the presence of external laser fields. We
utilise the B-spline basis set as it is capable of describing oscillat-
ing orbitals in the continuum very accurately. Two methods for cal-
culating photo-electron spectra are introduced: the wave-function
splitting and the time dependent surface flux method. The first
part compares the photo-electron spectrum obtained with these
two methods. The relevant variables for each method are then
optimised, to ensure that artificial reflection off the grid bound-
ary of the ionised wave-packet is kept to a minimum and that the
numerical noise introduced by the method is reduced as much as
possible. The second part of the thesis explores the multi-photon
effect of above threshold ionisation (ATI). The photo-electron spec-
tra for a variety of closed-shell atoms are calculated for infra-red
fields of varying intensities, and the obtained angle-resolved and
angle-integrated spectra are analysed. Important features, such as
resonances and plateaus, are identified and discussed. The numer-
ical method is applied to the carbon dioxide molecule and the im-
pact of both Coulomb and dipole-induced inter-channel couplings
on the calculated photo-electron spectra is discussed. The depen-
dence of the ATI photo-electron spectrum of a neutral helium atom
in the excited 2p state on the polarisation of the incident radia-
tion is determined and the numerical results are compared to the
predictions of an extended strong-field approximation theory. The
final part examines the multi-electron Auger effect and introduces
various approaches for the time-resolved study of the Auger de-
cay process, including the streaking method and the attosecond
pump-attosecond probe scheme. These schemes are simulated on
the krypton atom with an Auger-active hole in the 3d orbital.
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1 INTRODUCTION

1 Introduction

1.1 Background

A current focus of modern atomic, molecular and optical physics is to
understand the quantum dynamics of electrons in atomic and molec-
ular systems on their natural timescale, which typically ranges from
femtoseconds (1 fs = 10−15 s) to attoseconds (1 as = 10−18 s). To put this
timescale into perspective, the ratio of an attosecond to a second is of
the same order of magnitude as the ratio of a second to the total age of
the universe. Many physical processes can only be observed on these
short timescales; for example, the orbital period of an electron in the
lowest energy state of the hydrogen atom according to the Bohr model
is just 150 attoseconds. A full understanding of these physical processes
therefore calls for study on their natural timescale.

The physical and chemical dynamics of atomic and molecular sys-
tems can be systematically investigated by measuring their response
to interactions with laser fields. Lasers emit light through a process
of optical amplification based on the stimulated emission of radiation.
A laser emits light coherently; both spatially, which allows lasers to
be focused on a tight spot, and temporally, which allows lasers to emit
light in a narrow spectrum. Following the invention of the first func-
tioning laser in 1960 [1], and rapid advances in laser technology over
the subsequent decades (highlighted in figure 1), it became possible for
researchers to generate light pulses with increasingly high intensities
(1014 − 1022 W/cm2). The achieved laser intensities eventually became
comparable in scale to the strength of the Coulombic field experienced
by an electron in the potential of atoms and molecules. At this level of
intensity, the external field becomes capable of distorting the potential
to the point where ionisation can occur. ‘Classical’ photo-ionisation oc-
curs when the electron goes ‘over the top’ of the potential barrier; this
becomes possible when the electric field strength of the laser field is
equivalent to the atomic potential one, at ∼ 1016 W/cm2. The electron
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1 INTRODUCTION 1.1 Background

can also become ionised at lower intensities through the mechanism
of quantum tunnelling through the Coulomb barrier; significant lev-
els of ionisation will therefore occur at lower intensities of the order
of ∼ 1014 W/cm2.

Figure 1 – Sketch of the historical development of intense-field peak
power from pulsed lasers. Specific technologies that led to rapid advances
are shown [2].

Tremendous advances have also been seen in the production of laser
pulses of shorter duration (shown in figure 2). The first pulsed lasers
had durations on the order of a microsecond. This was reduced to around
ten nanoseconds with the invention of the Q-switch in 1961 [3], followed
shortly by mode-locking [4], which further reduced durations to the pi-
cosecond order. Subsequent improvements over the following decades,
including the ring cavity with intra-cavity prism compensation of the
group velocity dispersion [5], paved the way for the production of lasers
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with femtosecond duration. Pulses in this range facilitated the study of
chemical reactions in real time, leading to the development of the field
of femtochemistry [6].

A fundamental limitation on further progress was imposed by the
optical period of the lasers then in use, as the total pulse has to be
at least one laser cycle period in duration. To illustrate; although the
widely used solid state Ti-sapphire brought considerable gains in the
performance, ease of operation and reproducibility of ultra-short laser
systems [7], its optical period of 2.7 fs ruled out its use for the production
of attosecond pulses.

This problem was surmounted by the turn of the millennium by us-
ing the process of high harmonic generation (HHG) (first discovered
about twenty years prior to this [8, 9, 10]) to generate attosecond du-
ration light pulses [11, 12, 13, 14]. This breakthrough finally made it
possible to observe and control ultra-fast electronic motion on the natu-
ral atomic timescale. The comb-shaped spectrum of high harmonics are
generated by an intense laser pulse of femtosecond duration focused
into a jet of rare gas atoms. The harmonics occur at multiples of the
frequency of the original femtosecond pulse and over a large spectral
range. Specific sets of these harmonics can then be selected and com-
bined in a train of pulses to produce ultra-short attosecond pulses. This
method was further refined to produce ultra-short vacuum ultraviolet
(VUV) and extreme ultraviolet (XUV) light pulses as short as < 100 as
of very high intensity [15, 16].
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Figure 2 – Sketch of the historical development of laser pulse duration. A
few specific technologies that mark important steps in this evolution have
been marked [16].

Ultra-short pulses can facilitate the time resolution of ultra-fast dy-
namics [17, 18, 19]. A superposition of quantum states in atomic or
molecular systems drives electronic motion and the energy spacing be-
tween the relevant occupied states dictates the speed of this motion. For
instance, the vibrational energy level spacing of molecular structures
is typically on the sub-eV scale, which can therefore be time resolved
with femtosecond pump–probe spectroscopy techniques [6]. However,
in the case of electrons that reside in the outer valence shells of atoms
and molecules, where energy levels are typically separated on the eV
scale, the valence electron motion will occur on a sub-femtosecond to
few-femtosecond timescale.

Specific ultra-fast processes that can only be accessed in real time by
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laser pulses with ultra-short durations on the attosecond scale, include
photo-ionisation and photo-excitation [20], electron dynamics in solids
[21], valence electron motion driven by relativistic spin-orbit coupling
[22], Auger decay [23] of unstable core-hole states, and charge redistri-
bution in molecules that can accompany photo-excitation and disassoci-
ation [24].

Photo-ionisation is among the most fundamental such physical pro-
cesses: electrons bound to an atom become excited by absorbing a pho-
ton from the external laser field. If sufficient energy is available in
the photon (depending on its frequency), this interaction can cause the
atom to become ionised with one or more electrons leaving the system
into the continuum. If the photon energy is below the ionisation thresh-
old of the target species and the intensity of the source (and therefore
the photon density) is low, the photo-ionisation cross-section (a mea-
sure of the probability for this process to occur) will be close to zero.
However, when pulsed lasers were first able to provide a source for ex-
tremely intense and coherent radiation in the 1960s, the phenomenon of
bound-continuum transitions through multi-photon ionisation, wherein
an electron absorbs as many photons as it requires to give it the energy
needed for ionisation, was discovered [25, 26].

A variety of further nonlinear optical phenomena were experimen-
tally observed in the subsequent decades. Non-sequential double ionisa-
tion [27], in which two electrons are emitted with correlated momenta,
was discovered in 1975. High-harmonic generation was observed in
1977 [8, 9, 10], although demonstrations of second-harmonic genera-
tion had already been made in 1961 [28]. As mentioned above, HHG
occurs when an incident infra-red (IR) field on the atomic or molecular
system is converted (through recombination of the ionised electron with
its parent ion) into XUV radiation with a discrete spectrum of integer
multiples of the original wave frequency. This spectrum can be anal-
ysed to provide insight into the system’s dynamics at the moment of
recombination. Above-threshold ionisation (ATI) was first observed in
1979 [29]; in a high intensity field the electron can absorb more photons
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than it strictly needs to surmount the ionisation threshold of the elec-
tron’s ground state and the resulting photo-electron can attain an en-
ergy in the continuum corresponding to the number of above-threshold
photons absorbed. There is also a high energy component to the ATI
spectrum (HATI) (discovered in 1994 [30, 31]) with a plateau that ex-
tends to very large kinetic energies; this is caused by rescattering of the
photo-electron from its parent ion.

The developing capabilities of high-intensity lasers accompanied by
the experimental observation of the features mentioned above, pointed
the way to a properly non-perturbative theory of strong-field physics. In
this theory, the laser-atom interaction is considered of sufficiently prime
importance to constitute an integral part of the dynamics, rather than
being included as a perturbation to dynamics that remain determined
by the processes intrinsic to the atom or molecule itself.

The groundwork for the basic non-perturbative theory was devel-
oped by Keldysh [32] soon after the invention of the laser and was
extended by Faisal [33] and Reiss [34]. The central idea of the the-
ory, is that for a low frequency (ω) field of the form E0 cos(ωt) (where
E0 is the electric field amplitude), the laser interaction can be viewed
as a slowly oscillating linear potential term that modifies the time-
independent atomic potential to create a fluctuating barrier that the
electron can then quantum tunnel through. This only holds true in a
regime where the period of the radiation is comparable or larger to the
timescale that the electron requires to tunnel out of the potential bar-
rier. This quasi-static regime corresponds to a low value for the so-called
Keldysh parameter; effectively the ratio of the laser field frequency to
the tunnelling frequency. Conversely, a high value for the parameter
indicates that the multi-photon picture applies. Here, the electron only
sees the time-independent atomic potential, but can become ionised if
it absorbs sufficient photons to escape this barrier. In this latter case,
perturbation theory is generally sufficient to model the dynamics.

This theory has been applied to explain the experimentally observed
atom-light interaction phenomena mentioned above. A linearly polarised
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and slowly oscillating field of high intensity distorts the atomic potential
and allows the electron to quantum tunnel out into the continuum. The
laser field can subsequently accelerate the particle back towards the
parent ion where it may scatter elastically (high-energy above threshold
ionisation) or inelastically, causing a second electron to be ejected from
the atom (non-sequential double ionisation). Alternatively, the photo-
electron can recombine with the ion stimulating the emission of a high-
energy photon (high harmonic generation); the periodicity of the latter
emission is approximately equal to half the laser cycle.

To rigorously simulate the phenomena discussed above requires com-
putational tools that can accurately predict the correlated electron dy-
namics in atomic and molecular systems interacting with laser fields on
their natural timescales. As is the case for other domains in quantum
physics and chemistry, the overarching theoretical framework is pro-
vided by solving the time-dependent Schrödinger equation (TDSE) for
the system

i~
∂

∂t
|Ψ(t)〉 = Ĥ |Ψ(t)〉

where the time evolution of the quantum system |Ψ(t)〉 is described by
the Hamiltonian operator Ĥ. Complex problems that contain multiple
interacting components, have in general no analytical solution. To solve
the equation numerically, various approximation methods must be de-
vised and implemented for the simulation of the system’s time evolution
to become feasible given computational constraints.

A first step (in the case of molecules) is the Born–Oppenheimer ap-
proximation [35], where the motion of the atomic nuclei and the elec-
trons in the molecule are treated separately. This assumption is justi-
fied by the large difference between the electron and nuclear mass and
their corresponding timescales of motion. The approximation separates
the Hamiltonian operator into an electronic and a nuclear term, allow-
ing these two decoupled systems to be solved separately. The electronic
component is solved parametrically for a fixed molecular geometry.

Solving the TDSE with numerical methods for the separated elec-

23



1 INTRODUCTION 1.1 Background

tronic Hamiltonian can still be intractable due to the presence of many
electron interactions. A traditional solution to this problem is to ignore
the multi-electron dynamics in favour of a single active electron approx-
imation [36, 37] (the interaction with the laser field is a single-electron
operator, which justifies this simplification). Here, the system is mod-
elled as a single valence electron that interacts with the laser field and
is bound by an effective potential (an approximation of the many elec-
tron effects in the full system Hamiltonian) that is specifically optimised
to accurately reproduce the ground state and singly excited states. This
approximation dramatically reduces the computational resources that
would otherwise be required to adequately take the multi-electron dy-
namics into account.

The central starting point for describing many-electron systems for
both atoms and molecules more accurately is the Hartree-Fock (HF)
(self-consistent field) method [38], which finds the best variational so-
lution for a single Slater determinant. The scheme optimises the occu-
pied orbitals of the system by evaluating the energy of an electron in
each orbital while moving in the mean field of all the other electrons in
the system. This approximation does not include the correlation caused
by the instantaneous Coulomb repulsion between electrons, although
it does take into account the electron exchange term, which preserves
the Fermi principle by preventing two parallel-spin electrons from being
found at the same point in space. The full electronic energy derived from
the HF method is known as the HF limit and is always above (through
the variational principle) the true energy derived from an exact solution
to the Schrödinger equation (SE).

So called ‘post-Hartree–Fock’ methods are then used to account for
the electron correlation. These include configuration interaction (CI)
[39, 40, 41], where a linear combination of the ground and excited states
is taken as the correlated wave-function and it’s weighting factors are
determined with the variational method; Møller–Plesset perturbation
theory [42], where higher excitations to the HF theory are added as
non-iterative corrections by considering the Hamiltonian as comprised
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of the HF Hamiltonian and a perturbative correction; and the coupled
cluster theory [43], where multi-electron wave-functions that include
electron correlation effects are constructed using the exponential clus-
ter operator. More recent proposed extensions to many-body dynamics
include R-matrix theory [44] and two active electron theory [45].

This thesis applies an ab initio numerical method based on the alge-
braic diagrammatic construction theory to describe the correlated ion-
isation dynamics of many-electron atomic and molecular systems, in
a field-free environment and in the presence of external perturbative
and non-perturbative laser fields. This method is combined with the
B-spline basis set, which is found to be superior to more conventional
basis sets (such as Gaussian-type orbitals) as it is capable of describ-
ing oscillating orbitals in the continuum very accurately; ideal for the
simulation of photo-ionisation processes. Two approaches for efficiently
calculating the photo-electron spectrum of atomic and molecular sys-
tems that undergo photo-ionisation under the influence of external laser
fields are employed; the wave-function splitting method and the time
dependent surface flux method.

This method is applied to provide insight into a variety of many-
electron phenomena, including photo-ionisation, above threshold ioni-
sation in atoms and molecules and the Auger effect. The method is also
used to simulate experimental techniques that are designed to obtain
a time-resolved picture of Auger decay; these include the attosecond
streaking method and the attosecond pump-attosecond probe scheme.
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1.2 Atomic units

Quantity Unit Physical meaning SI unit value

Mass me Electron mass 9.10938× 10−31kg
Charge e Electron charge 1.60218× 10−19C

Electrostatic constant 4πε0 Permittivity of free space 1.05457× 10−34Js
Angular momentum ~ Planck constant 1.11265× 10−10Fm−1

Table 1 – Basic quantities of the atomic unit system that have value of
unity.

Throughout this work we will be using the atomic units system, unless
indicated otherwise. In this unit system, the quantities tabulated in
table 1 with their values in the SI-unit system are set to unity. The
quantities of the atomic unit system are tabulated in table 2. This is
equivalent to setting the measures of mass (electron mass), length (Bohr
radius) and time (time for electron in Bohr orbit to travel Bohr radius)
as units, i.e. me = a0 = τ0 = 1.

Quantity Unit Physical meaning SI unit value

Length a0 = 4πε0~2
mee2

Radius of eh 5.29177× 10−11m

Time τ0 =
mea

2
0

~ Time for eh to travel a0 2.41888× 10−17s

Velocity v0 = a0
τ0

Velocity of eh 2.18769× 106ms−1

Energy E0 = ~2
mea

2
0

Twice the IP of hydrogen 4.35975× 10−18J

Angular frequency ω0 = v0
2πa0

Angular frequency of eh 6.57969× 1015s−1

Electric field strength E0 = e
4πε0a

2
0

Strength of Coulomb field on eh 5.14221× 1011Vm−1

Table 2 – Quantities for the atomic unit system (eh refers to the electron
of the hydrogen atom in the ground state).

The velocity of light is given by the dimensionless fine structure
constant α = 1/137.03599. One atomic unit of energy E0 (known as a
Hartree), is E0 = 27.21138 eV.
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1.3 Outline

The organisation of this thesis is as follows:

• The relevant scientific theory is presented in Part I.

1. The background to many-electron theory is reviewed in sec-
tion §2 and the Hartree-Fock approximation in particular is
examined in section 2.1.

2. An extension to the basic Hartree-Fock theory that includes
the effect of electronic correlation is presented in the follow-
ing section 3.1, for both ionic and neutral systems: the ab
initio Intermediate State Representation formulation of the
algebraic diagrammatic construction scheme.

3. Two algorithms for numerically solving the time-dependent
Schrödinger equation are considered in section 3.2, the Arnoldi-
Lanczos algorithm and the fourth-order Runge-Kutta algo-
rithm, and their relevant merits are discussed.

4. The next section 3.3 discusses the B-spline basis set and pro-
vides a generic description of its properties. Various sequences
for the so-called breakpoints are compared and the implemen-
tation of this basis set for atomic and molecular systems is set
out.

5. Two methods for extracting the photo-electron spectrum from
an atomic or molecular system propagated under the influ-
ence of ionising radiation are explored in section §4; the wave-
function splitting method and the time-dependent surface flux
method. Their strengths and weaknesses are compared and
analysed.

6. The non-perturbative analytical ‘strong field approximation’,
widely used to model atoms or molecules in an intense ionis-
ing laser field, is introduced in section 6.1. It is expanded to
first-order to include direct and rescattering contributions to
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the photo-electron spectrum and the saddle-point approxima-
tion for the first-order contribution is explained in section 6.2.

• The results obtained in this thesis are presented in Part II.

1. In section §7, the photo-electron spectrum for the neon atom
interacting with an intense XUV laser pulse is calculated us-
ing both methods introduced in section §4. Each method is
optimised in it’s relevant variables to ensure that artificial
reflection off the grid boundary of the ionised wave-packet is
minimised.

2. Section §8 explores the multi-photon effect known as above
threshold ionisation. The photo-electron spectra for a vari-
ety of closed-shell atoms are calculated for IR fields of vary-
ing intensities in section 8.1, and the obtained angle-resolved
and angle-integrated spectra are analysed. Important fea-
tures, such as resonances and plateaus, are identified and
discussed.

3. In section 8.2, the numerical method is applied to the carbon
dioxide molecule and the impact of both Coulomb and dipole-
induced inter-channel couplings on the calculated photo-electron
spectra is examined.

4. In section 8.3, the dependence of the ATI photo-electron spec-
trum of a neutral helium atom in the excited 2p state on the
incident radiation’s polarisation, is determined. It is found
that the perpendicular configuration causes the high energy
ATI plateau, which corresponds to the photo-electron rescat-
tering regime, to be suppressed by several orders of magni-
tude. The numerical results are then compared to the pre-
dictions of SFA expanded to first-order. This comparison re-
quires the extension of the SFA theory so that it includes the
description of initial states that are not parallel to the laser
field polarisation. The effect of the dominant bound state
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transition in the theoretical SFA model on the dynamics of
the system is included, which allows for further comparisons
with the numerical results.

5. Section §9 introduces the multi-electron Auger effect and ex-
amines various approaches for the time-resolved study of the
Auger decay process. In section 9.1, the streaking method,
where an attosecond pump and an IR streaking probe with
varying time delays is used to obtain the Auger decay time, is
simulated on the krypton atom with an Auger-active hole in
the 3d orbital.

6. The attosecond pump-attosecond probe approach to the tem-
poral resolution of the Auger decay process is introduced in
section 9.2. Here, a background-free measurement of Auger
decay based on charge state detection is determined theoreti-
cally to be possible under certain conditions. Its implementa-
tion on core and inner-valence processes in a variety of atomic
and molecular species is considered, and the rate equations
for these systems are formulated and solved in section 9.2.2
and section 9.2.3. Effects including shakeoff or shakeup re-
sulting from the pump probe and post-collision interaction
between the probe photo-electron and the Auger electron are
considered in section 9.2.4. The applicability of this scheme
to a wide variety of atomic and molecular species is further
shown to be feasible in section 9.2.5, and the scope of this
scheme for investigating more complex Auger electron dy-
namics, such as oscillatory charge migration in molecules,
is discussed in section 9.2.6. The pump-probe experiment is
simulated on the krypton 3d hole system and the results are
compared to those from the streaking method in section 9.2.7.
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1.4 Personal contributions to the work

I have made the following contributions to this work:

• I wrote the code for the numerical time propagation of atomic and
molecular systems using the B-spline algebraic diagrammatic con-
struction scheme formalism, and the implementation of methods
to efficiently extract the photo-electron spectra from such systems
after interacting with ionising radiation.

• I wrote the code to calculate the strong field approximation to first-
order (see section 6.1) both for pulses and continuous waves, and
extended the scheme to describe atomic systems polarised with a
perpendicular orientation to the ionising laser axis by modifying
the saddle-point approximation (see section 8.3.1). I also extended
the strong field approximation model to include the effect of dom-
inant bound state transitions on the dynamics of the system (see
section 8.3.2).

• I derived the expressions for the surface flux integral in equa-
tions (4.40)-(4.60) and adapted the splitting method in section 4.2
to the length gauge.

• I formulated and solved systems of rate equations that describe
the dynamics of core-hole and inner-valence-hole systems that un-
dergo Auger decay whilst being probed with a laser pulse (see
section 9.2.2 and section 9.2.3). These equations consider post-
collision interaction and shakeoff and shakeup effects.

• I produced and interpreted all the results that are presented in
Part II.
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2 MANY-ELECTRON THEORY

2 Many-electron theoretical background

The central problem in many-electron theory for atoms and molecules
is in developing approximations that can simplify the solution to the
system’s exact non-relativistic time-independent Schrödinger equation

Ĥ |ψ〉 = E |ψ〉 (2.1)

where |ψ〉 = ψ(~r1, ~r2, ...~rN ; ~R1, ~R2, ..., ~RM ; t) is the wave-function for the
system that comprises (in the most general case) M atomic nuclei spec-
ified by the positions RI , and N electrons specified by the position vec-
tors ~ri. E is the total energy of the system and Ĥ is the Hamiltonian
operator:

Ĥ = −
N∑
i=1

1

2
∇2
i −

M∑
I=1

1

2mI
∇2
I −

N∑
i=1

M∑
I=1

ZI∣∣∣~ri − ~RI

∣∣∣
+

N∑
i=1

N∑
j>i

1

|~ri − ~rj |
+

M∑
I=1

M∑
J>I

ZIZJ∣∣∣~RI − ~RJ

∣∣∣ (2.2)

where ZI and mI is the electronic charge and mass, respectively, of the
I-th nucleus and |~ri − ~rj | and

∣∣∣~RI − ~RJ

∣∣∣ is the distance between two elec-
trons and two nuclei. The first and second term in equation (2.2) gives
the kinetic energy of the electrons and nuclei, respectively, the third
term is the Coulomb attraction between the nuclei and electrons, while
the last two terms represent the Coulomb repulsion between the elec-
trons and between the nuclei, respectively. For these last two terms
the sum over the second electron or nucleus is restricted so as to avoid
double counting.

As mentioned, we assume a non-relativistic approximation is valid
for the simulations performed in this work. Relativistic quantum chem-
ical calculations are much more expensive than their non-relativistic
analogues, because the former has to consider for every particle (elec-
tron) the degrees of freedom for its charge-conjugated particle (positron)
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on an equal footing. There is also an additional doubling of the degrees
of freedom due to the electron spin, which must be treated explicitly as
spin plays a dynamical role in relativistic theories. The proper equation
of motion for half-spin particles like electrons is the relativistic Dirac
equation, which therefore consists essentially of four coupled differen-
tial equations.

In general, the valid domain for the non-relativistic approximation
includes the description of the electronic structure of light atoms and
molecules consisting of light atoms (systems that are investigated in
this work). This category includes most organic compounds, but even in
these cases there can be subtle effects that show up in highly accurate
experiments in spectroscopy that require a relativistic treatment. The
so-called relativistic effects begin to play a major role in heavy atoms
and their compounds. This is because relativistic effects on energies and
other physical quantities increase with the fourth power of the nuclear
charge Z.

Relativistic effects include the spin–orbit coupling which causes a
splitting of energy levels due to the spin degrees of freedom. There are
also relativistic effects that are kinematical in nature, and are caused
by high velocity electrons moving in the vicinity of a (heavy) nucleus.
This leads to the direct effect of contracted orbitals and electron density
distributions, and a resulting lowering of the orbital energies and total
energy of the system (compared to the non-relativistic energies). The
direct influence is important for shells with a non-negligible amplitude
in the vicinity of the nucleus, such as s and p1/2 shells, but not orbitals
with higher angular momentum that have a node at the nucleus. These
orbitals (such as d or f orbitals) can however be indirectly effected by
the modified shielding of the nuclear charge caused by the contraction
of the core orbitals. This effect in heavy systems can often be handled
with the use of the relativistic pseudo-potential method [46, 47], which
takes advantage of the fact that most chemically interesting properties
are determined by the valence electrons only.

The photo-electron can be treated in a non-relativistic way at low
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energies (including those considered in this work). This approxima-
tion breaks down at higher energies: a relativistic kinetic energy Er =

(γ − 1)m0c
2 (where γ = (1 − v2/c2)−1/2 is the Lorenz factor, m0 is the

rest mass and c is the speed of light) differs from the non-relativistic
kinetic energy Enr = m0v

2/2 by 1% for γ = 1.00673, which corresponds
to electrons of above 3.4 keV.

A further approximation used in this work, is the Born-Oppenheimer
approximation. This approximation relies on the fact that nuclear mo-
tion takes place on a longer timescale to that of the electrons, due to
their much greater mass. We can therefore consider the electrons as in-
teracting with a field generated by a static alignment of nuclei. We can
then safely neglect the terms in the Hamiltonian equation (2.2) that
correspond to the kinetic energy of the nuclei (term 2) and the repulsion
between the nuclei (term 5); the latter term can be assumed to provide
a constant negative contribution to the energy which has no effect on
the operator eigenfunctions. The remaining terms are collected into the
so-called ‘electronic Hamiltonian’

Ĥe = −
N∑
i=1

1

2
∇2
i −

N∑
i=1

M∑
I=1

ZI∣∣∣~ri − ~RI

∣∣∣ +
N∑
i=1

N∑
j>i

1

|~ri − ~rj |
(2.3)

and the solutions of the SE for this reduced Hamiltonian Ĥe |ψe〉 =

Ee |ψe〉 are ψe(~r1, ~r2, ...~rN ; t) and they depend on the nuclear positions
in a parametric way. (We drop the e subscript from now on).

The potential energy surface (PES) of the molecule (a function of the
3M − 6 nuclear degrees of freedom) can therefore be generated by the
solution of the electronic part in equation (2.3), which gives an energy
for every fixed position of the nuclei. Every electronic state therefore
has its own PES.

It should be noted that the Born–Oppenheimer approximation can
break down when the coupling between electronic and nuclear motion
(vibronic coupling) becomes important, thus allowing non-adiabatic tran-
sitions to take place. This can happen when the PES corresponding to
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different electronic states are in close proximity for some geometric con-
figuration, and the rate for such non-adiabatic transitions will depend
on the energy gap between the surfaces. These points of breakdown are
known as conical intersections, and they can play an important role in
non-radiative de-excitation transitions from excited electronic states to
the ground electronic state of molecules. For example, DNA remains
stable after UV irradiation because of the presence of a conical intersec-
tion that induces a non-radiative transition (surface-hopping) back to
the molecule’s electronic ground state [48].

The electronic Hamiltonian in equation (2.3) can be split into a single-
particle part

ĥ(i) = −1

2
∇2
i −

M∑
I=1

ZI∣∣∣~ri − ~RI

∣∣∣ (2.4)

that is summed over all electrons to provide the first two terms in equa-
tion (2.3) (and is present even if there is only one particle in the system),
and a two-particle interaction part V (i, j) = |~ri − ~rj |−1 which appears in
the last term of equation (2.3).

Ĥe =

N∑
i=1

h(i) +

N∑
j>i

V (i, j)

 (2.5)

This reduced Hamiltonian and the solution of it’s Schrödinger equa-
tion is thus the main concern of quantum chemistry and this thesis.
The electronic Hamiltonian in equation (2.3) does not depend on the
spin and only depends on the spatial coordinates of the electron, but
specification of the electron spin is necessary to fully describe the wave-
function. We therefore introduce two functions α and β specified by the
following properties of orthonormality

〈α| α〉 = 〈β| β〉 = 1 (2.6)

〈α| β〉 = 〈β| α〉 = 0 (2.7)

To include this in our multi-electron wave-function, we modify the i-
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th electron coordinate by adding a spin coordinate ω to the three spatial
coordinates

~x = {~r, ω} (2.8)

for an N -particle wave-function ψ(~x1, ~x2, ...~xN ; t).
The SE with Ĥe from equation (2.3) can be analytically solved for the

specific case whereN = M = 1 (the hydrogenic system). In this case, the
third term vanishes, which effectively removes the two-particle interac-
tion term from the Hamiltonian equation (2.5), and the second term
reduces to a single repulsion term. The hydrogenic Hamiltonian has
spherical symmetry, so the solutions are obtained by separating the so-
lution into radial and angular components (given by the spherical har-
monic function)

ψ(r, θ, φ)nlm = Ylm(θ, φ)×Rnl(r) (2.9)

The radial function Rnl(r) takes the solutions

Rnl(r) ∝
(

2Zr

n

)l
exp

(
−Zr
n

)
L2l+1
n−l−1

(
2Zr

n

)
(2.10)

where L are the generalised Laguerre polynomials. The integers n, l,m, s
uniquely determine the specific solution out of the entire set: n is known
as the principal quantum number and can be any positive integer; l is
the orbital quantum number associated to the square of the orbital an-
gular momentum L with the relation L̂2 |ψ〉 = l(l+ 1) |ψ〉, and l can take
any integer value from 0 to n − 1; m is the magnetic quantum number
which is the projection of L onto the z-axis L̂z |ψ〉 = m |ψ〉 and is re-
stricted to any integer value from −l to l; s is the spin quantum number
and is associated with the square of the intrinsic angular momentum of
an elementary particle ŝ2 |ψ〉 = s(s+ 1) |ψ〉 (for an electron s = 1/2).

The quantised energy corresponding to each solution is uniquely de-
termined by the number n in the hydrogenic case

En = − 1

2n2
(2.11)
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Although these quantum numbers emerge rigorously from the ana-
lytic solution to the hydrogenic system, they can also be applied to the
more general multi-electron atomic case, as the latter’s orbital struc-
tures closely resemble the hydrogenic orbitals allowing them to be clas-
sified in the same way. For molecules, the equation is solved for every
irreducible representation of the molecular point symmetry group. The
expansion of the wave-function ψn contains all the spherical harmonics
that belong to that particular irreducible representation.

Before we describe the Hartree-Fock approximation, let us first briefly
mention a popular first-principles alternative to wave-function based
methods (such as the HF method) for formulating time-dependent quan-
tum mechanics: time-dependent density-functional theory (TDDFT) [49].
This theory is a natural extension of ground-state density-functional
theory (DFT) [50] to the treatment of excitations and more general time-
dependent phenomena. Instead of wave-function based methods, where
we solve the SE to derive the system’s many-body wave-function in a
3N -dimensional space (where N is the number of electrons in the sys-
tem), TDDFT seeks to obtain the solution to the basic one-body electron
density, n(r, t). TDDFT is consequently highly advantageous with re-
gards to it’s numerical efficiency and scalability.

The electron density n(r, t) is typically obtained with the help of a
fictitious system of non-interacting electrons, known as the Kohn-Sham
system. These electrons feel an effective potential known as the time-
dependent Kohn-Sham potential, which is unknown and has therefore
to be approximated. The electron density and energy are obtained in
a self-consistent manner analogous to that for the HF method (as we
will discuss in section 2.1). The TDDFT scheme is perfectly general,
and can be applied to essentially any time-dependent situation.The final
equations are simple to tackle numerically, and are routinely solved for
systems with a large number of atoms.

For a regime in which the time-dependent potential is weak, it is
generally sufficient to resort to linear-response theory to study the sys-
tem. If the time-dependent potential is strong, for example when treat-
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ing atoms or molecules in strong laser fields, a full solution of the Kohn-
Sham equations is required. Such real-time simulations can be used
to compute the time-resolved electronic response to arbitrary external
stimuli, such as electron charge dynamics after laser excitation, as well
as nonlinear phenomena like high-harmonic generation, or multi-photon
ionisation [51].

TDDFT is widely used in quantum chemical calculations, due to
its proven chemical accuracy and its relatively cheap computational
expense. Although the TDDFT approach is in principle exact, it in
practice relies on modelling the unknown exact exchange correlation
energy functional. While more accurate forms of such functionals are
constantly being developed, there is no systematic way to improve the
functional to achieve an arbitrary level of accuracy. Thus, although tra-
ditional wave-function based approaches like HF can be computation-
ally demanding, they offer the possibility of achieving an arbitrary level
of accuracy.
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2 MANY-ELECTRON THEORY 2.1 Hartree-Fock approximation

2.1 Hartree-Fock approximation

In the previous section, we wrote down the general many-electron SE
in equation (2.3), and the solutions for a system with just one electron
in equation (2.10). The solution for systems with more than one elec-
tron is complicated by the presence of the electron-electron interaction
term in equation (2.5) and is therefore not amenable to an analytic solu-
tion. We will now briefly introduce the standard Hartree-Fock method,
which is almost universally used as the preliminary step for most quan-
tum chemical calculations, including the calculations carried out in this
work.

An N -electron system can be approximated as a product of it’s con-
stituent single particle orbitals

ψH(~x1, ~x2, ...~xN ; t) = φi(~x1)φj(~x2)...φk(~xN ) (2.12)

where the N electrons occupy N orbitals, and this is known as the
Hartree product. It follows from this definition that the electrons are
considered as independent of each other and will interact only through
some mean-field Coulomb potential. This approximation to theN -electron
wave-function allows us to reduce the problem to a set of one-electron
Schrödinger equations with a one-electron Hamiltonian operator of the
form

ĥ(~ri) = −1

2
∇2
i −

M∑
I=1

ZI∣∣∣~ri − ~RI

∣∣∣ + V̂ (~ri) (2.13)

where V̂ (~ri) is of the form

V̂ (~ri) = −
�
d~r

ρ(~r)

|~r − ~ri|
(2.14)

and approximates the electron-electron repulsion as a mean field expe-
rienced by a particular electron arising from the negative charge density
that is generated by the other N − 1 electrons averaged over all space
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2 MANY-ELECTRON THEORY 2.1 Hartree-Fock approximation

coordinates:
ρ(~r) =

∑
j 6=i
|φj(~r)|2 (2.15)

However, this crude approximation is insufficient as it does not sat-
isfy the antisymmetry principle (a general formulation of the Pauli ex-
clusion principle) that must be obeyed by electrons, which are fermionic
particles and hence follow Fermi-Dirac statistics:

ψ(~x1, ~x2, ...~xN ; t) = −ψ(~x2, ~x1, ...~xN ; t) (2.16)

The wave-function thus must be antisymmetric with respect to the
exchange of any two particles. This requirement is enforced through
the use of the Slater determinant, which is a combination of Hartree
products built up as the determinant of the following matrix

ψ(~x1, ~x2, ...~xN ; t) =
1√
N !

∣∣∣∣∣∣∣∣∣∣
φi(~x1) φj(~x1) · · · φk(~x1)

φi(~x2) φj(~x2) · · · φk(~x2)
...

... . . . ...
φi(~xN ) φj(~xN ) · · · φk(~xN )

∣∣∣∣∣∣∣∣∣∣
(2.17)

where the columns are labelled by the orbitals and the rows are labelled
by the electron number. Each term in the determinant is a Hartree
product and interchanging any two particles in the matrix automati-
cally changes its sign, thereby enforcing the antisymmetry principle.

As a consequence of changing the Hartree product approximation
into a Slater determinant, a so-called exchange term gets added to the
potential equation (2.14), which gives rise to the Hartree-Fock equations

f̂(~r1) |φi(~x1)〉 = εi |φi(~x1)〉 (2.18)

where the Fock operator for the electron at ~x1 = {~r1, ω1} (and only de-
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2 MANY-ELECTRON THEORY 2.1 Hartree-Fock approximation

pendent on the spatial coordinate) is defined as

f̂(~r1) |φi(~x1)〉 = −1

2
∇2

1 |φi(~x1)〉 −
M∑
I=1

Zj∣∣∣~r1 − ~RI

∣∣∣ |φi(~x1)〉

+
N∑
j 6=i

�
d4~x

φ∗j (~x)φj(~x)

|~r1 − ~r|
|φi(~x1)〉 −

N∑
j 6=i

�
d4~x

φ∗j (~x)φj(~x)

|~r1 − ~r|
|φi(~x1)〉

(2.19)

The second-to-last term is the direct Coulomb term equivalent to
equation (2.14) and the last term is the new exchange term; so-called
because the indices are exchanged. This last term separates out elec-
trons with the same spin, which has the effect of depleting the charge
density in the immediate vicinity of the electron. One can actually in-
clude the term j = i in the summations on the second line, as these
terms cancel each other out. This formula is derived by using the vari-
ational method to minimise the energy of a single Slater determinant
[52].

We thus solve the set of N Fock equations equation (2.18) to find a
set of N orbitals {|φi〉} such that the single determinant that they form
is the best approximation to the true ground state of the N -electron
system:

Ĥ
∣∣ΦHF

0 (~x1, ~x2, ...~xN )
〉

= (εi + εj + ...+ εk)
∣∣ΦHF

0 (~x1, ~x2, ...~xN )
〉

(2.20)

Clearly, the Fock operator equation (2.19) in the guise of the Coulomb
and exchange terms, has a functional dependence on the very solution
we are trying to ascertain! The solution therefore requires a self con-
sistent iterative process whereby we start with an approximate elec-
tronic density function and we iteratively inch towards a converged set
of orbitals that provides us with the Hartree-Fock ground state for the
system.
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2 MANY-ELECTRON THEORY 2.1 Hartree-Fock approximation

The spatial part of the orbitals are expressed in a basis set {ϕµ(~r)}

φa(~r) =

K∑
µ=1

caµϕµ(~r) (2.21)

where K is the number of basis functions and the coefficients of the
expansion caµ are determined through the iterative process mentioned
above. For a closed-shell system where every spatial orbital is doubly
occupied by electrons with opposite spin, the coefficients for the similar
orbitals of different spin will be identical, so we only need to solve for
N/2 occupied spatial orbitals. The basis set that we choose to use in
this work to describe the radial component of the Hartree-Fock canoni-
cal orbitals, is the B-spline basis set that we introduce and describe in
section 3.3.

Orbitals that are unoccupied in the ground state are termed virtual
orbitals and Slater determinants constructed with such orbitals repre-
sent excited states of the system. If M is the total number of orbitals
and N is the total number of electrons, then we can select n electrons
from the occupied orbitals in N !

n!(N−n)! ways. These n electrons can be

placed in the virtual space in (M−N)!
n!(M−N−n)! ways, which gives

N !(M −N)!

(n!)2(N − n)!(M −N − n)!
(2.22)

distinct possibilities of excited determinants. The class of determinants
that are equivalent to the ground state apart from one electron that is
placed in a virtual orbital are called one-hole-one-particle (1h1p) excited
determinants. All possible Slater determinants can therefore be classi-
fied into the excitation classes: {1h1p, 2h2p, ..., NhNp}. For example,∣∣∣Φab

ij

〉
= |φ1φ2...φi−1φaφi+1...φj−1φbφj+1...φN 〉 (2.23)

belongs to the class of 2h2p as the electrons in the occupied orbitals in
the HF ground state φi and φj have been excited into the virtual orbitals
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2 MANY-ELECTRON THEORY 2.1 Hartree-Fock approximation

φa and φb while all other electrons remain in the occupied orbitals of the
ground state.

Although the Hartree-Fock method deals with exchange exactly (pro-
vided the basis set is infinite), its deficiency lies in the fact that it fails
to account for electronic correlations that are due to the many-body in-
teractions. Since each electron moves in the field of the nuclei and the
other electrons, the state of a particular electron is entangled with the
state of all the other electrons on an attosecond timescale. An adequate
account of the multi-electron correlation effects requires the extension
of the Hartree-Fock method.

One possibility is to express the exact ground state as a linear combi-
nation of possible Slater determinants partitioned into their excitation
classes.

|Ψ0〉 = C0 |Φ0〉+

N∑
i=1

M∑
a=N+1

Cai |Φa
i 〉+

(
1

2!

)2 N∑
i,j=1

M∑
a,b=N+1

Cabij

∣∣∣Φab
ij

〉

+

(
1

3!

)2 N∑
i,j,k=1

M∑
a,b,c=N+1

Cabcijk

∣∣∣Φabc
ijk

〉
+ ... (2.24)

This is known as the full configuration interaction (CI) method, but
it suffers from the drawback that it is virtually impossible to compute:
for large values of M , N and n in equation (2.22), the dimensionality
of the problem scales exponentially. Truncating the size of the expan-
sion to some small excitation class can help to mitigate this, but the
drawback to this approach is the problem of size inconsistency, whereby
the total energy of two sufficiently separated (and non-interacting) sys-
tems is calculated as not being equivalent to the sum of the separately
calculated systems at the same level of approximation

E(A+B) 6= E(A) + E(B) (2.25)

Another post-Hartree-Fock numerical technique is the so-called cou-
pled cluster method [43], where the basic Hartree–Fock molecular or-
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bital method is extended to account for electron correlation by construct-
ing multi-electron wave-functions using the exponential cluster opera-
tor:

|Ψ〉 = eT |Φ0〉 (2.26)

where |Φ0〉 is the reference (Slater determinant) wave-function, T is the
cluster operator, which, when acting on |Φ0〉 produces a linear combi-
nation of excited determinants from the reference wave-function. The
cluster operator is written in the form

T = T1 + T2 + T3 + ... (2.27)

where T1 is the operator of all single excitations

T1 =
∑
i

∑
a

tiac
†
aci (2.28)

T2 is the operator of all double excitations

T2 =
1

4

∑
i,j

∑
a,b

tijabc
†
ac
†
bcjci (2.29)

and higher operators follow on from these definitions. In equation (2.28)
and equation (2.29), c†a and cj are the creation and annihilation opera-
tors, respectively, i, j stand for occupied (hole) and a, b for unoccupied
(particle) orbitals, and we wish to find the t values to determine the
wave-function and energy. As we apply the exponential cluster oper-
ator up to T2 ( CCSD for coupled cluster single-double) to the wave-
function (rather than a linear excitation operator in the case of CI), one
can then generate more than doubly excited determinants due to the
various powers of T1 and T2 that appear in equation (2.26).

CCSD is a computationally affordable method as it includes only
singles and doubles, but it also performs better than CI at the same
SD level. For more accurate results, some form of triples (approximate
or full) are needed, especially when breaking single bonds or describ-
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2 MANY-ELECTRON THEORY 2.1 Hartree-Fock approximation

ing diradical species. An important advantage of CC theory over other
ansatzes like CI, is that it guarantees the size consistency of the solu-
tion. Some of the most accurate calculations for small to medium-sized
molecules use this method [53].

An alternative size consistent approach to the extension of the Hartree-
Fock approximation that we use in this work, is introduced in the fol-
lowing section.
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3 B-SPLINE ADC METHOD

3 B-spline algebraic diagrammatic construction
method

3.1 Intermediate state representation

This work uses a computational method that combines the B-spline
basis with the excitation algebraic diagrammatic construction (ADC)
schemes for atomic and molecular systems. This particular approach
was first introduced for the calculation of photo-ionisation cross sec-
tions and HHG spectra of closed shell atoms [54], as well as transient-
absorption dynamics in atoms [55].

The algebraic diagrammatic construction scheme was originally de-
veloped as an approximation to the polarisation propagator based on di-
agrammatic perturbation theory, where the ADC[n] polarisation propa-
gator is complete up to the nth order perturbation [56]. The application
of this approach is restricted to the calculation of excitation and ioni-
sation energies of closed-shell atoms, and spectral moments of ground-
to-excited state transitions. It was later demonstrated through an alge-
braic reformulation of the underlying diagrammatic perturbation the-
ory, that the ADC[n] approximations of the polarisation propagator could
be interpreted (and independently derived and formulated) as a wave-
function method in the so-called intermediate states representation (ISR)
[57, 58, 59]. In this formulation, the Hamiltonian (or shifted Hamilto-
nian) of an atomic or molecular system can be represented as an ADC
secular matrix in the basis of explicitly correlated states, known as in-
termediate states. This method allows for the explicit representation
of the excited state wave-functions and can treat transition moments
between different excited states as well.

In this section, we will briefly set out the theoretical background to
the ISR approach. In section 3.1.1, we will apply this method to the
ionic case of a system with N − 1 electrons (which corresponds to the
electron propagator), and in section 3.1.2, we will turn to the N -electron
excitation system (which corresponds to the polarisation propagator).
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3 B-SPLINE ADC METHOD 3.1 Intermediate state representation

3.1.1 (N − 1)-electron system

We first construct a basis set
∣∣ΨCEJ 〉

of the so-called correlated excited
states (CES) by acting on the ground state with physical excitation op-
erators of the manifold that correspond to the different classes of ex-
citation: 1 hole (1h), 2 hole-1 particle (2h1p), 3 hole-2 particle (3h2p),
and so on. Instead of using the Hartree-Fock ground state |Φ0〉, we
use the fully correlated ground state of the system |Ψ0〉. This ensures
that the ground state correlation is subsequently built into every con-
structed basis vector in the CES basis set; this stands in contrast to
the conventional method of configuration interaction states where the
many-electron basis set is constructed with excitation operators that
act on the Hartree-Fock ground state.

It should be noted that the fully correlated ground state does not
have to be normalised to unity. In fact, it is chosen to satisfy the ‘inter-
mediate normalisation’ condition, where 〈Ψ0 |Φ0〉 = 1. The CES are thus
created in the following manner:

∣∣ΨCEJ 〉
= ĈJ |Ψ0〉 (3.1)

The ionisation operators ĈJ for excitation classes numbered [J ] =

λ = 1, 2, 3... denoting the classes of 1h, 2h1p, 3h2p, and so on, respec-
tively, are

Ĉ[J ]=1 = {ci} (3.2)

Ĉ[J ]=2 =
{
c†acici, i < j

}
(3.3)

Ĉ[J ]=3 =
{
c†ac
†
bcicjck, i < j < k

}
(3.4)

... (3.5)

where the indices i, j, k, ... and a, b, c, ... refer to occupied and unoccupied
orbitals with respect to the HF ground state, respectively. (Subscripts
p, q, r, ... are used to label all orbitals). These operators acting on the HF
ground state ĈJ |Φ0〉 creates the CI expansion manifold for the (N − 1)-

47



3 B-SPLINE ADC METHOD 3.1 Intermediate state representation

electron system.
The CE states are not orthonormal by construction:

SIJ =
〈
ΨCEI

∣∣ΨCEJ 〉
= 〈Ψ0| Ĉ†I ĈJ |Ψ0〉 6= δIJ (3.6)

where SIJ is the CE state overlap matrix.
We therefore construct the orthonormal intermediate states (IS) |ΨJ〉

with a two-step process, known as excitation class orthogonalisation
(ECO): we first apply Gram-Schmidt orthogonalisation to a particular
excitation class of the CES with respect to the intermediate states of all
lower excitation classes to produce the so-called precursor states

∣∣∣Ψ#
J

〉
,

according to the procedure∣∣∣Ψ#
J

〉
=
∣∣ΨCEJ 〉

−
∑

[K]<[J ]

|ΨK〉 〈ΨK
∣∣ΨCEJ 〉

(3.7)

where |ΨK〉 are the intermediate states of lower excitation classes ([K] <

[J ]) that have already been calculated. We then use the overlap matrix
of the precursor states

(S[I])IJ =
〈
Ψ#
I

∣∣∣Ψ#
J

〉
for [I] = [J ] (3.8)

to symmetrically orthonormalise the resulting precursor states for the
given class as follows:

|ΨJ〉 =
∑

[I]=[J ]

∣∣∣Ψ#
I

〉
(S
−1/2
[I] )IJ (3.9)

For a given ground state and one-particle basis, the ECO-ISR pro-
cedure sketched out in equations (3.1)-(3.9) results in a unique IS rep-
resentation. However, it should be noted that the symmetric orthonor-
malisation of the precursor states is a mere convention; in fact, any
orthonormalisation scheme could be used here to obtain the same level
of approximation.

We now use Møller-Plesset perturbation theory to construct the ex-
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pansion of the intermediate states

|ΨJ〉 =
∣∣∣Ψ (0)
J

〉
+
∣∣∣Ψ (1)
J

〉
+
∣∣∣Ψ (2)
J

〉
+ ... (3.10)

from the PT expansion of the ground state |Ψ0〉

|Ψ0〉 = |Φ0〉+
∣∣∣Ψ (1)

0

〉
+
∣∣∣Ψ (2)

0

〉
+ ... (3.11)

The first order term in equation (3.11) reflects the admixture of dou-
ble excitations and is determined to be∣∣∣Ψ (1)

0

〉
=

∑
a<b,i<j

Vab[ij]

εa + εb − εi − εj
|Φabij〉 (3.12)

where |Φabij〉 = c†ac
†
bcicj |Φ0〉 is the doubly excited state with respect to

the HF ground state, εa is the HF orbital energy, and

Vpq[rs] = Vpqrs − Vpqsr = 〈pq | rs〉 − 〈pq | sr〉 = 〈pq || rs〉 (3.13)

(physicist’s notation) is the anti-symmetrised two-particle integral

〈pq | rs〉 =

�
dσ1dσ2

�
d3r1d

3r2

χ∗p(~r1, σ1)χ∗q(~r2, σ2)χr(~r1, σ1)χs(~r2, σ2)

|~r1 − ~r2|
(3.14)

(where χp(~r, σ) are the spin-orbitals), and consists of the difference be-
tween the direct 〈pq | rs〉 and exchange 〈pq | sr〉 integrals. The second-
order term in equation (3.11) is a complex expression that comprises
excitations up to and including the fourth level.

The zeroth-order for the expansion in equation (3.10) coincides with
the HF excited states

∣∣∣Ψ (0)
J

〉
= |ΦJ〉, and the higher orders of the excited

states are determined by applying the relevant excitation operator on
the corresponding order for the ground state in equation (3.11). As the
intermediate states form a complete basis for the (N−1)-particle states,
we can use equation (3.10) to construct the PT expansions for the matrix
elements of the (shifted) Hamiltonian in the intermediate state repre-
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sentation.
MIJ = 〈ΨI | Ĥ − E0 |ΨJ〉 (3.15)

The exact eigenstates of the system can then be computed from the
ISR secular equations:

MX = XE (3.16)

where X is the matrix of eigenvectors and E is the diagonal matrix of
energy eigenvalues ωn = En − E0. After solving equation (3.16), the
eigenstates of the system |Ψn〉 can be expanded according to

|Ψn〉 =
∑
J

XJn |ΨJ〉 (3.17)

Using the PT expansions for the intermediate states given in equa-
tion (3.10), as well as the PT expansions for the ground state energy
E0 = E

(0)
0 +E

(1)
0 +E

(2)
0 +... (which also appears in equation (3.15)) and the

standard Møller-Plesset partitioning of the Hamiltonian Ĥ = Ĥ0 + ĤI ,
where Ĥ0 is the Hartree-Fock Hamiltonian and ĤI is the two-electron
part, we can expand the ISR secular matrix M in equation (3.15) to

MIJ = M
(0)
IJ +M

(1)
IJ +M

(2)
IJ + ... (3.18)

As an example calculation, the zeroth-order term for all excitation
classes can now be determined straightforwardly as

M
(0)
IJ = 〈Φ0| Ĉ†I

(
Ĥ0 − E(0)

0

)
ĈJ |Φ0〉 = δIJKIJ (3.19)

where the matrix K is the diagonal matrix of the HF ionisation energies

Ki,i′ = δii′εi (3.20)

Kaij,a′i′j′ = δaa′δii′δjj′(εi + εj − εa) (3.21)
... (3.22)

and each line above represents a larger excitation class.
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To develop this into a practical method, we need to truncate the ex-
pansion given in equation (3.18) at some finite order, provided that the
required level of accuracy is met at this level of the expansion order. We
rank the ADC scheme with a number n, which denotes the maximum
order chosen to consistently treat the 1h ionic states. The explicit con-
figuration space at the ADC[n] level runs through the excitation class
λ = n/2 + 1 for even n, and λ = (n+ 1)/2 for odd n. The relatively com-
pact nature of the required configuration space is an important strength
of the ADC method.

For example, to treat the 1h ionic states through second order re-
quires the ADC[2] scheme. The explicit configuration space that this
level requires spans the 1h and 2h1p intermediate states. The 1h-1h
diagonal block M11 is needed through second-order, the block M12 that
couples 1h and 2h1p runs through first-order, and only zeroth-order con-
tributions are needed for the diagonal 2h1p block M22.

The ADC[2] level requires the PT expansion of the ground state in
equation (3.11) through to second order (and the first order term is given
above in equation (3.12)). The first order expansion of the intermediate
state given in equation (3.10) is straightforward as the orthonormalisa-
tion stage in the ECO procedure does not need to be performed yet; the
expansions for the 1h and 2h1p intermediate states are then given as

|Ψi〉 = |Φi〉+ ci

∣∣∣Ψ (1)
0

〉
+O(2) (3.23)

|Ψa,ij〉 = |Φa,ij〉+ c†acicj

∣∣∣Ψ (1)
0

〉
+O(2) (3.24)

where we have used equation (3.1), equation (3.10) and equation (3.11).
The second order expansion of the intermediate states is more involved,
see [60] for further details.

We can now write down the contributions to the ISR secular matrix
for ADC[2]. The contributions for M11 through second-order are given
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as

M
(0)
i,i′ = −εiδii′ (3.25)

M
(1)
i,i′ = 0 (3.26)

M
(2)
i,i′ =

∑
a<b,j

Vab[ij]

εa + εb − εi − εj

V ∗ab[i′j]

εa + εb − εi′ − εj

×
(
εa + εb − εj −

εi
2
− εi′

2

)
(3.27)

For M12, the contributions through first-order are

M
(0)
i,a′i′j′ = 0 (3.28)

M
(1)
i,a′i′j′ = Vi′j′[ia] (3.29)

and the zeroth-order contributions to M22 is

M
(0)
aij,a′i′j′ = (εa − εi − εj) δaa′δii′δjj′ (3.30)

The ADC[2] scheme can be extended (ADC[2]x) to augment the diag-
onal coupling of M22 up to first order. This extra term derives from the
higher-order ADC[3] scheme, and although the inclusion of this term
is somewhat ad hoc, the ADC[2]x version significantly improves on the
treatment of doubly excited states (and states with a strong admixture
of double excitations).

Another important quantity is the ISR transition amplitude

fIp = 〈ΨI | ĉp |Ψ0〉 (3.31)

The spectroscopic factors (for a particular eigenstate n of the ISR
secular matrix) can then be obtained as

xn,p =
∑
I

X∗InfIp (3.32)

where X is the eigenvector matrix determined from solving the secular
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equation (3.16).
The PT expansion for the ISR transition amplitudes

fIp = f
(0)
Ip + f

(1)
Ip + f

(2)
Ip + ... (3.33)

is calculated and determined in the same way as for the secular matrix
M . Table 3 shows the structure of the secular matrix and the transition
amplitudes at the ADC[2] level in the hierarchy.

1h 2h1p
1h M

(0)
11 +M

(2)
11 M

(1)
12

2h1p M
(1)
21 M

(0)
22

1h f
(0)
1 + f

(2)
1

2h1p f
(1)
2

Table 3 – Structure of the secular matrixM (left-hand side) and transition
amplitudes f (right-hand side) for the ionic system at the ADC[2] level.

All the obtained expressions for M and f in the ISR method are
found to be equivalent to the derivations of the associated quantities in
the ADC approach based on the diagrammatic expansion of the electron
propagator [57].

Although the ISR method is conceptually simpler than the method
based on many-body Green’s functions or propagators, it is often prefer-
able to calculate the desired quantities using the latter approach, espe-
cially for higher orders in the hierarchy. However, the ISR approach has
the full flexibility of wave-function based methods, which allows for ap-
plications that are not possible in the ADC propagator concept. Specif-
ically, ISR can also be applied to determine many-electron operators
other than the Hamiltonian that are associated with a physical property
of interest, for example the hermitian one-body operator D̂ =

∑
drsĉ

†
r ĉs

(where drs = 〈ψr| d̂ |ψs〉 in the single-particle basis |ψs〉) that measures
the dipole moment along a particular axis. In the intermediate states
representation, we define the matrix elements of D̂ as

DIJ = 〈ΨI | D̂ |ΨJ〉 (3.34)
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such that the transition moment between two specified ionic energy
eigenstates (n and m) can be derived according to

Dnm = 〈Ψn| D̂ |Ψm〉 = X†nDXm (3.35)

where X is the matrix of eigenvectors determined from equation (3.16).
We establish a PT expansion for D:

D = D(0) +D(1) +D(2) + ... (3.36)

and, as before, we obtain consistent approximation schemes by trun-
cating the classes in the intermediate states representation as well as
the respective PT expansions. For example, the second-order ADC[2]
scheme comprises the first two excitation classes, 1h and 2h1p, and the
PT expansions for each sub-block of the D matrix (D11 for the 1h di-
agonal block, D22 for the 2h1p diagonal block and D12 for the coupling
between 1h and 2h1p) are

D11 = D
(0)
11 +D

(1)
11 +D

(2)
11 (3.37)

D12 = D
(0)
12 +D

(1)
12 (3.38)

D22 = D
(0)
22 (3.39)

The IS matrix elements for D11 are determined to be of the form

D
(0)
ij = δij

∑
k

dkk − dji (3.40)

D
(1)
ij = 0 (3.41)

D
(2)
ij = −

∑
a

(
daiρ

(2)
ja + djaρ

(2)
ai

)
−
∑
a,b,c,k

V ∗ac[jk]

εa + εc − εj − εk
Vbc[ik]

εb + εc − εi − εk
dab

+
1

2

∑
a,b,k,l

V ∗ba[jl]

εb + εa − εj − εl
Vba[ik]

εb + εa − εi − εk
dkl

− 1

4

∑
a,b,k,l

V ∗ba[kl]

εb + εa − εk − εl
Vba[ik]

εb + εa − εi − εk
djl + h.c. (3.42)
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where ρ(2)
rs denotes the second-order contribution to the one-particle den-

sity matrix ρrs = 〈Ψ0| ĉ†sĉr |Ψ0〉, and the hermitian conjugate is of the
immediately previous term.

For D12, we obtain

D
(0)
i,a′i′j′ = δij′di′a′ − δii′dj′a′ (3.43)

D
(1)
i,a′i′j′ = −δii′

∑
b,k

V ∗a′b[kj′]

εa′ + εb − εk − εj′
dbk + δij′

∑
b,k

V ∗a′b[ki′]

εa′ + εb − εk − εi′
dbk

+
∑
b

V ∗a′b[i′j′]

εa′ + εb − εi′ − εj′
dbi (3.44)

and for D22,

D
(0)
aij,a′i′j′ = δaa′δii′δjj′

∑
k

dkk + δii′δjj′daa′

− δaa′δii′djj′ − δaa′δjj′dii′ + δaa′δij′dji′ + δaa′δji′dij′ (3.45)

3.1.2 N -electron system

We now apply the ISR method developed in the previous section 3.1.1
to the correlated excited N -electron system. As in the (N − 1)-electron
case, the CES are defined as

∣∣ΨCEJ 〉
= ĈJ |Ψ0〉, but the operators ĈJ are

here excitation operators that relate to neutral excitations. These are
split into excitation classes numbered [J ] = 1, 2, 3..., which denote the
classes of 1h1p, 2h2p, 3h3p, and so on, respectively, and have the form

Ĉ[J ]=1 =
{
c†aci

}
(3.46)

Ĉ[J ]=2 =
{
c†ac
†
bcicj , a < b, i < j

}
(3.47)

Ĉ[J ]=3 =
{
c†ac
†
bc
†
ccicjck, a < b < c, i < j < k

}
(3.48)

... (3.49)

The CE states are made orthonormal with the same two-step ECO-
CES procedure as given in equation (3.7) and equation (3.9). Note that
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the first step of orthogonalisation with respect to the CE states of lower
excitation classes must include the fully correlated ground state |Ψ0〉
(which can be considered as a zeroth excitation class), so we add the
term

− |Ψ0〉 〈Ψ0

∣∣ΨCESJ

〉
(3.50)

to equation (3.7).
As before, the explicit PT expressions for the expansion of the sec-

ular matrix element, the effective transition amplitudes and other re-
quired operators, are obtained by using the PT expansions of the ground
state |Ψ0〉 and the ground state energy E0. By increasing the configura-
tion space to include ever higher excitation classes and truncating the
PT expansions in a consistent way, we obtain a hierarchy of higher-order
approximation schemes ADC[n] for the N -electron excitation.

At the ADC[2] level, the configuration space spans the first two
excitation classes, 1h1p and 2h2p. The secular matrix M11 diagonal
block (1h1p–1h1p) goes through second order, the coupling M12 block
(1h1p–2h2p) goes through first order and the M22 diagonal block (2h2p–
2h2p) is present to zeroth-order. The energies of single excitations are
treated consistently through second order and are therefore suscepti-
ble to errors in the range of ±0.5 eV [60]. In contrast, double excita-
tions to the zeroth-order remain poorly described. To remedy this, the
ADC[2] scheme can be extended to the so-called ADC[2]x scheme, which
includes diagonal couplings between the 2h2p intermediate states at
the first order. As discussed in the previous section with regard to the
(N − 1)-electron system, these additional terms emerge at the ADC[3]
level in the hierarchy, but can be inserted into the ADC[2] scheme in an
ad hoc manner. This extension distinctly improves on the description
of double excitations (and single excitations with an admixture of dou-
ble excitations), although systematic improvement for the description
of single excitations can only be offered on the full ADC[3] level of the
hierarchy.

The expressions for the secular matrix for the ADC[2] scheme are
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listed below. For the M11 block, we have

M
(0)
ai,a′i′ = δaa′δii′ (εa − εi) (3.51)

M
(1)
ai,a′i′ = −Vai′[a′i] (3.52)

M
(2)
ai,a′i′ =

1

2
δii′
∑
b,j,k

Vab[jk]

εa + εb − εj − εk
Vjk[a′b]

εj + εk − εa′ − εb

(
εj + εk − εb −

εa
2
− εa′

2

)
+

1

2
δaa′

∑
b,c,j

Vbc[ij]

εb + εc − εi − εj
Vi′j[bc]

εi′ + εj − εb − εc

(
εj − εb − εc +

εi
2

+
εi′

2

)
−
∑
bj

Vi′j[a′b]

εi′ + εj − εa′ − εb

V ∗ab[jk]

εa + εb − εj − εk

(
εj − εb +

εi
2

+
εi′

2
− εa

2
− εa′

2

)
(3.53)

For M12, the contributions through first-order are

M
(0)
ai,a′b′i′j′ = 0 (3.54)

M
(1)
ai,a′b′i′j′ = δaa′Vi′j′[ib′] − δab′Vi′j′[ia′] − δii′Vaj′[a′b′] + δij′Vai′[a′b′] (3.55)

and the zeroth-order contributions to M22 is

M
(0)
abij,a′b′i′j′ = δaa′δbb′δii′δjj′ (εa + εb − εi − εj) (3.56)

The transition amplitudes f for the neutral N -electron system

fI,rs = 〈ΨI | ĉ†r ĉs |Ψ0〉 (3.57)

for the first and second excitation classes are expanded through second
and first order, respectively. The structure of the ADC[2] secular ma-
trix and transition amplitude is shown in table 4. The computational
scaling of an ADC[2] calculation on the number of orbitals (N ), is N6

for the 1h1p block and N5 for any iteration step in the diagonalisation
procedure.
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1h1p 2h2p
1h1p M

(0)
11 +M

(1)
11 +M

(2)
11 M

(1)
12

2h2p M
(1)
21 M

(0)
22

1h1p f
(0)
1 + f

(1)
1 + f

(2)
1

2h2p f
(1)
2

Table 4 – Structure of the secular matrixM (left-hand side) and transition
amplitudes f (right-hand side) for the neutral system at the ADC[2] level.

At the ADC[1] level of the theory, the 2h2p excitation class is not
present and the 1h1p class is only present through first order. Removing
the unwanted contribution from equation (3.53), we are left with

MIJ = Mai,a′i′ = δaa′δii′ (εa − εi)− Vai′[a′i] (3.58)

The transition amplitude is to first order in the first excitation class
and is given by the expression

fai,rs = 〈Ψai| ĉ†r ĉs |Ψ0〉 = δarδis +
Vas[ri]

εa + εs − εi − εr
nrn̄s (3.59)

where nrn̄s ensures that the last term on the right-hand side of equa-
tion (3.59) vanishes unless the index pair r, s is of the h-p type (nr = 1

and n̄r = 0 if the r orbital is a hole).
As in the ionic system, we can represent any operator of physical in-

terest in the intermediate states representation. The structure for such
an operator D̂ in matrix form DIJ = 〈ΨI | D̂ |ΨJ〉 at the ADC[2] level of
approximation spans the 1h1p and 2h2p configuration space and has
the same form as in equation (3.39) in the ionic case (for D11 the expan-
sion is through second-order, for D12 it is through first-order and for D22

it is through zeroth-order). Expressions for these quantities and their
derivations are given in [59]. At the ADC[1] level of the theory, there is
no 2h2p excitation class and D11 is expanded through first-order.

If the original system Hamiltonian is augmented with such an opera-
tor in the IS representation, for example one associated with an external
laser field, then the extra term can introduce a coupling between inter-
mediate states of the excited configuration space and the ground state.
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Accordingly, the IS configuration must be enlarged to include |Ψ0〉 and
the matrix representation M tot of the full Hamiltonian Ĥtot = Ĥ + D̂

will gain an extra (zero) row and (zero) column to include this coupling:

M tot
00 = 〈Ψ0| Ĥtot |Ψ0〉 = 〈Ψ0| D̂ |Ψ0〉 (3.60)

M tot
I0 = 〈ΨI | Ĥtot |Ψ0〉 = 〈ΨI | D̂ |Ψ0〉 =

∑
r,s

fI,rsdrs (3.61)

where we have used equation (3.57) in equation (3.61).
The ADC[1] scheme is thus seen to be equivalent to the configura-

tion interaction for single excitations method (CIS) up to the energy
shift in the Hamiltonian of −E0. However, with regard to the transition
moments from the ground state, the former method is significantly more
accurate as it includes the full first-order contribution deriving from the
first-order contribution to the ground state. This contribution affects
exactly those matrix elements which embody one of the key physical
processes of interest in this work: photo-ionisation of the ground state.
Inserting equation (3.59) into equation (3.61) for the 1h1p transition
amplitude, we determine this contribution to be

M tot
ai,0 =

∑
r,s

fai,rsdrs = dai +
∑
r,s

Vas[ri]

εa + εs − εi − εr
drs (3.62)

The advantage of the ADC scheme relative to its CI expansion coun-
terpart, lies in the former’s properties of compactness and size consis-
tency.

Compactness: the required configuration space for a given order n
in the ADC method is consistently smaller than the CI method’s re-
quirement; for instance at n = 4 the ADC method runs through the 3rd
excitation class compared to the 5th class for CI. CI’s requirements ac-
tually grow twice as fast as the ADC counterpart; for each increasing
even order CI adds two excitation classes to ADC’s one.

Size consistency: if a system consists of two fragments A and B, then
a local excitation on A can be described by applying the method to the
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fragment A as well as to the entire system. This is generally not the
case for a restricted CI expansion as discussed at the end of section 2.1.

The ISR approach to ADC described above is particularly advanta-
geous in the context of this work, as it is formulated as a wave-function
method. This makes it possible to solve the time-dependent Schrödinger
equation by numerically propagating an initial state in the configura-
tion space using the secular matrix in the IS representation. Further-
more, the system’s interaction with an external laser field can be incor-
porated into the numerical calculation by including the matrix repre-
sentation of the dipole transition moments (DIJ ) within the configura-
tion space

M tot
IJ = MIJ +DIJ (3.63)

The system can also be analysed as it is propagated over time through
direct access to the expansion coefficients in the intermediate states ba-
sis [61]. Further discussion of this, and implementation of numerical
methods to solve the TDSE in the intermediate states basis is in the
following section 3.2.
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3.2 Time propagation algorithms for a system interacting
with a laser pulse

To simulate the interaction of the atomic or molecular system of inter-
est with a time-dependent field, thereby achieving a realistic ab-initio
description of the many-electron dynamics on the attosecond timescale,
we numerically solve the time-dependent Schrödinger equation for the
N -electron neutral system (

∣∣ΨN (t)
〉
) or the singly ionised (N−1)-electron

system (
∣∣ΨN−1(t)

〉
):

i
∂

∂t

∣∣∣ΨN/N−1(t)
〉

= ĤN/N−1(t)
∣∣∣ΨN/N−1(t)

〉
(3.64)

for
ĤN/N−1(t) = Ĥ

N/N−1
0 + Ĥ

N/N−1
I (t) (3.65)

where ĤN/N−1
0 is the ADC Hamiltonian describing the neutral or ionic

system in the absence of external fields and Ĥ
N/N−1
I (t) is the time-

dependent term that describes the matter-radiation interaction. To de-
termine the form of this second term, let us first examine the time-
dependent Hamiltonian of a hydrogenic system Ĥ(h)(t) in the presence
of an external classical electromagnetic field. The field free hydrogenic
Hamiltonian Ĥ

(h)
0 is modified by the field to

Ĥ(h)(t) =
1

2

(
−i~∇+ ~A(t)

)2
+ V (h)(r) (3.66)

where ~A(t) =
�∞
t

~E(t′)dt′ is the vector potential and V (h)(r) is the hy-
drogenic spherically symmetric Coulomb potential. A plane wave in the
Coulomb gauge has no scalar potential (U(~r, t) = 0) and satisfies the
equation

~∇ · ~A(t) = 0 (3.67)

We now apply the dipole approximation, wherein the vector poten-
tial and electric field are assumed to be functions of time alone: ~A(~r, t) ≈
~A(~r0, t). This approximation is justified as the spatial dependence of the
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field in the vicinity of the interacting system is negligible; this is be-
cause the electronic distance (r) is much smaller than the wavelength
of the field (λ). It then follows from r � λ that exp(i~k · ~r) (where ~k = 2π

λ )
can be approximated as unity. A further simplifying outcome of this ap-
proximation is that the magnetic field vanishes everywhere. This is due
to the lack of spatial dependence in the vector potential

~B(~r, t) = ~∇× ~A(~r, t) = 0 (3.68)

The electric dipole approximation usually holds well for the most
commonly used near-infrared laser sources and intensities [62]. It should
however be noted that this approximation can break down in some in-
stances due to the onset of magnetic field effects, even for long wave-
lengths r � λ [63]. This can happen for high-energy electrons ex-
posed to the laser radiation, where the magnetic-field component of the
Lorentz force linearly proportional to the ratio v/c (v for the electron’s
velocity and c for the speed of light in vacuum), can be non-negligible.

A widely used estimate for the dipole approximation limit for long
wavelengths, is when the magnetic field induced amplitude of a free
electron’s motion (in the frame where the electron is on average at rest)
becomes 1 au, i.e. UP /2ω = 1 au [64]. For laser wavelengths around 800
nm (Ti:sapphire laser system), the dipole approximation remains valid
for laser intensity regimes of up to 5.0× 1015 W/cm2.

Expanding the Hamiltonian equation (3.66), we have

Ĥ(h)(t) = −1

2
∆ + V (h)(r) + i ~A(t) · ~∇+

i

2
~∇ · ~A(t) +

1

2
~A2(t) (3.69)

The first two terms comprise the hydrogenic Hamiltonian Ĥ
(h)
0 . Ap-

plication of the Coulomb gauge condition equation (3.67) causes the
fourth term in the expansion to vanish. The fifth term can be safely ne-
glected, as a scalar function of time will not induce transitions between
two different eigenstates of the system: 〈ψi| 1

2
~A2(t) |ψj〉 = 1

2
~A2(t)δij .
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Thus, the matter-radiation interaction term Ĥ
(h)
I,vel(t) is

Ĥ
(h)
I,vel(t) = −i~∇ · ~A(t) (3.70)

This interaction term is derived in the velocity gauge as indicated
by the subscript. This gauge is so-called because the vector potential
couples directly to the momentum operator. An alternative and more
convenient gauge that we will work with (unless indicated otherwise),
is the length gauge, which is derived with the following unitary trans-
formation

Û = exp
(
−i ~A(t) · r

)
exp

(
− i

2

�
~A(t)2dt

)
(3.71)

This gives an interaction term in the length gauge of the form

Ĥ
(h)
I,len(t) = −~r · ~E(t) (3.72)

which is the transition dipole moment. These two gauges are mathe-
matically equivalent due to the gauge invariance of the field and they
therefore will yield the same solution to the exact Schrodinger equation.
However, gauge invariance is no longer guaranteed when we approxi-
mate the solution; depending on the approximation, one gauge can give
a more precise result than another.

The interaction term calculated for the hydrogenic system is equally
valid for many-electron systems, so we can rewrite this term (in the
length form from equation (3.72)) for the more general case

ĤI,len(t) = Ex(t)

N∑
j=1

x̂j + Ey(t)

N∑
j=1

ŷj + Ez(t)

N∑
j=1

ẑj = ~̂D · ~E(t) (3.73)

where ~̂D is the dipole moment and the summation over the j index runs
over all the N electrons of the ionic or neutral system (we have removed
theN/N−1 superscript for clarity). If the laser field is linearly polarised
(chosen along the z-axis) then ~E(t) = (0, 0, Ez(t)), and the interaction
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term in equation (3.73) becomes

ĤI,len(t) = Ez(t)

N∑
j=1

ẑj = D̂zEz(t) (3.74)

The matrix representation of the interaction term in the intermedi-
ate states basis (for the general three-dimensional case and the linear
case) is

DIJ =

N∑
j=1

〈ΨI |~rj · ~E(t) |ΨJ〉

=

N∑
j=1

(Ex(t) 〈ΨI | x̂j |ΨJ〉+ Ey(t) 〈ΨI | ŷj |ΨJ〉+ Ez(t) 〈ΨI | ẑj |ΨJ〉)

(3.75)

Dz,IJ = Ez(t)

N∑
j=1

〈ΨI | ẑj |ΨJ〉 (3.76)

and the evaluation of these elements for different levels of the ADC[n]
hierarchy is described in section 3.1.

We now formulate an ansatz for the time-dependent wave-function.
For the neutral system described by the ground state and the first exci-
tation class 1h1p (at the ADC[1] level in the hierarchy), we have

| ΨN (t)〉 = C0(t) | ΨN
0 〉+

∑
i,a

Ci,a(t) | ΨN
i,a〉 (3.77)

where C0 is the coefficient for the ground state of and Ci,a is the co-
efficient for the intermediate state in the first excitation class, and is
characterised by the indices i and a, which run over the occupied and
virtual orbitals, respectively.

For the ionic system described by the first excitation class 1h and
the second excitation class 2h1p (at the ADC[2] level in the hierarchy),
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we have

| ΨN−1(t)〉 =
∑
i

Ci(t) | ΨN−1
i 〉+

∑
i,j,a

Cij,a(t) | ΨN−1
ij,a 〉 (3.78)

where Ci and Cij,a are the coefficients for the intermediate states basis
state for the 1h and 2h1p blocks, respectively (the j index runs over
the occupied orbitals). We have chosen the second order of the ADC
hierarchy in the ionic case as it has a maximum of just one particle
in the highest excitation class which is equivalent to the highest class
particle number at the ADC[1] level for the neutral system.

The formal solution of equation (3.64) (removing the superscript) is
given by

| Ψ(t)〉 = Û(t, t0) | Ψ(t0)〉 (3.79)

where the propagating operator is defined as

Û(t, t0) = T̂ exp

(
−i

� t

t0

Ĥ(τ)dτ

)
(3.80)

and T̂ is the time-ordering operator. If the Hamiltonian is time-independent
then this operator simplifies to

Û(t, t0) = exp
(
−iĤ(t− t0)

)
(3.81)

For the general case of a time-dependent Hamiltonian, we can solve
equation (3.79) numerically by choosing a suitably small time interval
δt = (t − t0)/N where N is the chosen number of intervals in the time
domain. Û(t, t0) can then be approximated as

Û(t, t0) =

N−1∏
n=0

Û([n+ 1] δt+ t0, nδt+ t0) (3.82)
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where

Û([n+ 1] δt+ t0, nδt+ t0) = exp
(
−iĤ(nδt+ t0)δt

)
' 1− iĤ(nδt+ t0)δt (3.83)

is the propagator along one time interval. This approximation remains
valid as long as the variation of the Hamiltonian is negligible over the
duration of the time interval. One can then propagate the wave-function
to the desired time by stringing together successive operations of the
propagator in equation (3.83); each operation represents a propagation
over a small time-step δt.

3.2.1 Matrix multiplication and selection rules

Each excitation class within the full propagated state vector is broken
down into blocks corresponding to the relevant symmetries of the sys-
tem. An operator Â that conforms to this symmetry and that acts on a
state |ΨI〉 contained in a particular block of the state vector with sym-
metry I will not interact with a state |ΨJ〉 in a different block of the state
vector with symmetry J :

〈ΨI | Â |ΨJ〉 = 0 if I 6= J (3.84)

In the case of spherically symmetric atomic systems, the symmetry
of these blocks are characterised by the well-defined set of total angular
momentum quantum numbers L,M of the system. The matrix repre-
sentation of the system Hamiltonian is consequently comprised of di-
agonal blocks corresponding to every included L,M subspace and non-
diagonal block elements all vanish:

〈ΨLi,Mi | Ĥ
∣∣ΨLj ,Mj

〉
= 0 if Li 6= Lj or Mi 6= Mj (3.85)

Let us briefly set out the selection rules that apply to the matrix
representation for the dipole elements. In the simplest case, the polar-
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isation of the laser is linear. This means (in the classical wave picture)
that the electric field oscillates in a linear direction perpendicular to
the axis of propagation and the magnetic field oscillates in the direction
perpendicular to both the propagation axis and the electric field axis.
Without loss of generality, we can define our spherical coordinate grid
in such a way that the direction of polarisation (defined as the direction
of the oscillation of the electric field) is taken along the z-axis.

A laser field more generally can exist in a nonlinear polarisation
state. This is mathematically obtained by creating a superposition of
electric fields that are linearly polarised in directions perpendicular rel-
ative to each other, but with some relative phase change between the
two. This has the effect of introducing a rotation of the electric field
vector in the plane of wave propagation once per optical cycle. If the
intensity of the two fields in superposition vary, then the polarisation is
elliptical as the electric field vector traces out an ellipse in the plane per-
pendicular to the propagation. In the specific case when the intensities
of the two waves are equivalent, we achieve circular polarisation.

Let us focus on the hydrogenic atomic system for illustrative sim-
plicity; we take the transition dipole moment given in equation (3.72)
and derive the matrix representation elements

〈ψi|~r · ~E(t) |ψj〉 =

� ∞
0

r3drR∗niliRnj lj

�
dΩY ∗limi

~E(t) · r̂Yljmj (3.86)

where we have expanded the wave-function in the spatial representa-
tion using equation (2.9). For the case where the laser is circularly or
elliptically polarised, Ê(t) could have components in all three dimen-
sions of a predefined coordinate system, so we have

r̂ = εx sin θ cosφ+ εy sin θ sinφ+ εz cos θ (3.87)

Using linear combinations of the spherical harmonics for l = 1 and
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m = −1, 0,+1:

Y1−1(θ, φ) =
1

2

√
3

2π
exp(−iφ) sin θ (3.88)

Y10(θ, φ) =
1

2

√
3

π
cos θ (3.89)

Y1+1(θ, φ) =
1

2

√
3

2π
exp(+iφ) sin θ (3.90)

we can express equation (3.87) as

r̂ =

√
4π

3

(
εzY10 +

−εx + iεy√
2

Y11 +
εx + iεy√

2
Y1−1

)
(3.91)

Expanding the angular part of the dipole matrix element from equa-
tion (3.86) gives√

4π

3

�
dΩY ∗limi

(
εzY10 +

−εx + iεy√
2

Y11 +
εx + iεy√

2
Y1−1

)
Yljmj (3.92)

To solve this integral, we use the standard result for the product
of two spherical harmonics functions, which is given as the following
linear combination

Yl1m1(Ω)× Yl2m2(Ω) =
∑
L,M

√
(2l1 + 1)(2l2 + 1)

4π(2L+ 1)
GLMl1m1l2m2

GL0
l10l20YLM (Ω)

(3.93)
where G are the Clebsch-Gordan coefficients. The integral of the prod-
uct of three spherical harmonics Y 3(l3l1l2,m3m1m2) is then given by

Y 3(l3l1l2,m3m1m2) =

�
dΩY ∗l3m3

(Ω)Yl1m1(Ω)Yl2m2(Ω)

=

�
dΩY ∗l3m3

(Ω)
∑
L,M

√
(2l1 + 1)(2l2 + 1)

4π(2L+ 1)
GLMl1m1l2m2

GL0
l10l20YLM (Ω)

=

√
(2l1 + 1)(2l2 + 1)

4π(2l3 + 1)
Gl3m3
l1m1l2m2

Gl30
l10l20 (3.94)
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Using this result, the integrals that we want to evaluate in equa-
tion (3.92) are

�
dΩY ∗limiY1m′Yljmj = Y 3(li1lj ,mim

′mj) (3.95)

=

√
3(2lj + 1)

4π(2li + 1)
Glimi1m′ljmj

Gli010lj0
(3.96)

for {m′ = −1, 0,+1}. Using equation (3.96) and inserting equation (3.92)
into equation (3.86) we find the expression

〈ψi|~r · ~E(t) |ψj〉 =

√
3(2lj + 1)

4π(2li + 1)
Gli010lj0

� ∞
0

r3drR∗niliRnj lj

×
(
Ez(t)εzG

limi
10ljmj

+
−Ex(t)εx + iEy(t)εy√

2
Glimi11ljmj

+
Ex(t)εx + iEy(t)εy√

2
Glimi1−1ljmj

)
(3.97)

The Clebsch-Gordan (CG) coefficient Gli010lj0
will only be nonzero if

the condition |lj − 1| ≤ li ≤ lj + 1 is met, which imposes the selection
rule ∆L = 0,±1 where ∆L = li − lj . Additionally, we know that the
Y1m′ functions are odd under the parity transformation, so the other
two spherical harmonics in equation (3.96) must therefore have opposite
parity to ensure the integral does not evaluate to zero. This imposes
the additional constraint li 6= lj , as the parity of spherical harmonics
functions depends on l as (−1)l. The selection rule for atoms is therefore

∆L = ±1 (3.98)

The selection rule for allowed values for mi and mj follows from the
fact that the z components of angular momentum are added like inte-
gers, so mi −mj must be 0, 1 or -1 for the respective CG coefficients in
equation (3.97) to be nonzero. So we have

∆M = 0,±1 (3.99)
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where ∆M = mi −mj . For the specific case of a linearly polarised laser
field where Ex(t) and Ey(t) are zero for ∀t, then ∆M = 0.

If the electric dipole approximation is relaxed, then higher order cor-
rection terms appear, such as the electric quadrupole. The magnitude
of this term will be determined by a factor proportional to the square of
~k · ~r, (negligible if we assume r � λ in line with the dipole approxima-
tion).

When constructing the matrix representations of the Hamiltonian
and dipole one can tailor the dimension of the L,M subspace to the na-
ture of the specific problem. If there is no laser interaction and the sys-
tem evolves through time under the influence of the system’s internal
multi-electron dynamics, then the state vector will remain in its initial
L,M state throughout the course of propagation. One therefore only
needs to construct the Hamiltonian for the total angular momentum
subspace that contains the initial state vector of the system. For in-
stance, for a neutral complete shell system the only required subspace
would be L = 0 and M = 0. For an ionic complete shell system the
required subspace’s angular momentum quantum numbers would be
equivalent to those of the initial hole orbital.

If there is a laser interaction then the total space needs to be ex-
tended appropriately, as the dipole matrix couples together different
subspaces in accordance with the selection rules derived above in equa-
tion (3.98) and equation (3.99). Note that the maximum value for L (Lm)
should be chosen carefully to ensure that results converge without un-
due reflections from the artificial boundary imposed by Lm. The chosen
value will in general depend on the initial state vector and the laser
pulse parameters as these will determine the maximum number of ab-
sorbed/emitted photons that needs to be considered in order to obtain a
converged result.

If the laser is linearly polarised, then the selection rule equation (3.99)
is modified to ∆M = 0 as mentioned above. This reduces the total angu-
lar momentum space that needs to be considered to the subspace where
M is equivalent to the total M of the initial state vector. The full matrix
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representation of such a dipole operator (assuming M = 0 for the initial
state vector) has therefore the following form:

0 D0,1 0 · · · 0 0 0

DT
0,1 0 D1,2 · · · 0 0 0

0 DT
1,2 0 · · · 0 0 0

...
...

... . . . ...
...

...
0 0 0 · · · 0 DLm−2,Lm−1 0

0 0 0 · · · DT
Lm−2,Lm−1 0 DLm−1,Lm

0 0 0 · · · 0 DT
Lm−1,Lm

0

(3.100)

where the numbers in the subscript denote the value of the L subspaces
(up to a maximum of Lm) that the dipole element couples together. The
elements along the lower diagonal are simply the transpose of the el-
ement diagonally above it and each matrix element and its transpose
pair can be interpreted as the emission or absorption of a photon, re-
spectively. If M > 0, then the columns and rows containing DL,L+1 and
DT
L,L+1 for L < M are omitted.

The matrix representations for the required operators can be calcu-
lated and stored in the intermediate states basis with no diagonalisa-
tion. An alternative approach is to diagonalise the Hamiltonian matri-
ces and to then transform all other matrices in the intermediate states
basis (AIS) into the basis of the eigenvectors of the Hamiltonian (Aeig)
with the formula

Aeig = X†AISX (3.101)

where X is the eigenvector matrix. The advantage of this method is
that it reduces the memory required to store the full dense Hamilto-
nian matrix and reduces the matrix vector product calculation during
propagation to a computationally quicker vector product calculation. A
second advantage to this method is that this basis set has a clearer
physical interpretation, because eigenstates of the system are ordered
by their energy above the ground state. This makes it easy to explore
the dynamics of the bound state populations and measure specific quan-
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tities of interest, such as the ionisation rate from a specific bound eigen-
state. Additionally, determining the total ionisation rate does not re-
quire waiting for a sufficient time during the propagation for the outgo-
ing wave-packet to be fully absorbed or removed at the edge of the grid
before measuring the resulting loss of norm; instead the population of
the bound states can be monitored in real time during the propagation,
allowing the total ionisation rate to be ascertained early on. However,
a disadvantage of this method is that a full diagonalisation scheme can
become computationally expensive for large basis sets.

Let us now introduce the algorithms that we use for the time prop-
agation of the unknown coefficients C0(t), Cai (t) and Ci(t), Caij(t) corre-
sponding to the B-spline ADC many-electron neutral and ionic wave-
functions, respectively (see equation (3.77) and equation (3.78)). This
work employs two algorithms: the Runge-Kutta method and the gen-
eral complex Lanczos (also known as Arnoldi-Lanczos) algorithm [65].
Both methods have advantages and disadvantages as will be discussed
in the following sections, so the optimal method can be selected to suit
any given problem.

3.2.2 Runge-Kutta algorithm

The Runge-Kutta family of methods for numerically integrating ordi-
nary differential equations uses a trial step at the midpoint of the cho-
sen interval to cancel out lower-order error terms. The most widely
used variant is the fourth-order formula (known as RK4). The form of
the differential equation to solve is

d~C

dt
= f(~C, t) (3.102)

where we choose
f(~C, t) = H(t)~C(t) (3.103)

and impose an initial condition ~C(t0) = ~C0. Equation (3.102) with equa-
tion (3.103) can be seen to be a reformulation of the TDSE in equa-
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tion (3.64) with H(t) and ~C(t) as the matrix representation of the full
time-dependent Hamiltonian and the state vector at time t, respectively,
in a suitably chosen basis.

The function f is therefore known and ~C is an unknown vector and
a function of t that we wish to solve numerically. Choosing a step size
h > 0 and thus a sequence of tn+1 = tn+h for n = 0, 1, 2, 3... we calculate
at every step the following values:

~k1 = hf(~Cn, tn) (3.104)

~k2 = 2hf(~Cn +
~k1

2
, tn +

h

2
) (3.105)

~k3 = 2hf(~Cn +
~k2

2
, tn +

h

2
) (3.106)

~k4 = hf(~Cn + ~k3, tn + h) (3.107)

and
~Cn+1 = ~Cn +

1

6

(
~k1 + ~k2 + ~k3 + ~k4

)
+O(h5) (3.108)

where ~Cn+1 is this algorithm’s approximation of the real value ~C(tn+1)

and is determined by the previous step value plus the weighted average
of four increments. These increments are defined by the interval size
and an estimated slope specified by the function f . The two middle
increments (~k2 and ~k3) are based on the value at the midpoint of the
interval and are given twice the weighting of the other two increments.
This method is accurate to the fourth order, so the local truncation error
is on the order of O(h5).

The Runge-Kutta method is reasonably simple to implement and it
is a robust candidate for numerical solution of differential equations. Of
critical importance is optimising the choice of the time-step h so as to
maximise efficiency on the one hand but also prevent the occurence of
divergences.

The code used in this work contains an intelligent adaptive step size
subroutine that implements a run-time check on the norm of the wave-
function vector. If the matrix H(t) in equation (3.103) is Hermitian then
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the norm of the output vector should be unchanged. Therefore, if the
change in the norm is determined to be greater than some small thresh-
old value the step size is automatically reduced. Throughout the prop-
agation, the state vector is periodically dumped in the memory. This
allows the process to be restarted from a suitable point in the event of
such an error.

3.2.3 Arnoldi-Lanczos algorithm

Another algorithm used in this work for the solution of the time-dependent
Schrödinger equation, is the Arnoldi-Lanczos scheme. The short itera-
tive Lanczos algorithm is a direct algorithm that finds the m most use-
ful eigenvalues and eigenvectors of an n× n Hermitian matrix, where
m can be smaller than n. This algorithm has been demonstrated to be
an efficient method for the time propagation of the Schrödinger equa-
tion and has become widely used for solving nuclear dynamics problems
[66, 67, 68]. The Lanczos algorithm can be extended into the short it-
erative Arnoldi-Lanczos algorithm, which generalises the method to in-
clude the handling of non-Hermitian matrices.

The algorithm can be appreciated intuitively as a power iteration:
start with some arbitrary vector~b and calculate the series {A~b,A2~b,A3~b, ...},
normalising each successive vector. This sequence will converge to the
eigenvector of A associated with the eigenvalue of the largest absolute
value. Let us gather together this set of vectors going up to some size k
to form the so-called Krylov matrix

K = [~b,A~b,A2~b, ..., Ak−1~b] (3.109)

To extract an orthogonal basis of the Krylov subspace from the columns
of this Krylov matrix, we apply the Gram-Schmidt orthogonalisation
procedure. The vectors of this basis will then give good approximations
of the eigenvectors associated to the k largest eigenvalues of the matrix
A.

Let us now briefly set out the iterative procedure of the applied al-
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gorithm to our problem. For a given starting vector ~C0 of dimension n,
which must always be normalised on input, the Krylov subspace of di-
mension k spanned by the vectors (~C0, ... ~Ck−1) is constructed recursively
with the following steps:

~B
(0)
j+1 = H ~Cj for (j = 0, ..., k − 1) (3.110)

where H is the matrix representation of the Hamiltonian. Starting at
the j-th Krylov vector, the Hamiltonian is applied, resulting in the j+1-
th vector. The maximum allowed dimension of the Krylov subspace
and, by extension, the total number of iterations performed in equa-
tion (3.110), is generally determined in advance of the computation.
However, if the j + 1-th vector is calculated to be close to the zero vector
(this is determined by the calculated norm being evaluated as less than
the numerical precision of the calculator) then the iterative production
of further vectors is terminated and the total dimension of the Krylov
subspace is then fixed at j. This break-down happens because the mini-
mal polynomial of the matrix is of degree j, but in general the algorithm
will have converged by this point, so this is not a problem.

The j + 1-th vector must first be recursively orthogonalised with re-
spect to all the j previously constructed vectors using the Gram-Schmidt
procedure, as follows in the next two steps:

Ki,j =
〈
~Ci

∣∣∣ ~B(i)
j+1

〉
for (i = 0, ..., j) (3.111)

~B
(i+1)
j+1 = ~B

(i)
j+1 −Ki,j

~Ci for (i = 0, ..., j) (3.112)

This i-loop projects out the components of the j + 1-th vector in the
direction of the preceding j constructed vectors, thus ensuring the or-
thogonality of all the generated vectors. It follows from equation (3.111)
that the quantity K(j+1),j =

〈
~Cj+1

∣∣∣ ~B(j+1)
j+1

〉
can be used to normalise the

j + 1-th vector:

~vj+1 =
~B

(j+1)
j+1

K(j+1),j
(3.113)
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Obviously, if ~Cj+1 is an eigenvector of H, then the recursive con-
struction of the Krylov subspace cannot be continued and is therefore
abruptly terminated. In terms of the computational resources required
for this procedure: each step in the outer j-loop has one matrix-vector
product calculation and roughly 4kn floating point operations.

It is well known, and confirmed by many numerical experiments,
that the classical Gram-Schmidt algorithm can often produce vector sets
that are not fully orthogonal. Various extensions to the procedure have
been devised to achieve superior results, including iterating the process
numerous times. In this work, we utilise a member of the class of re-
orthogonalisation procedures known as the ‘twice-is-enough’ algorithm,
presented by Kahan and Parlett [69]. As an example, it can be applied
to a simple case of two vectors a1 and a2 where we wish to orthogonalise
the latter with respect to the former in the following two steps (~a2 → ~a

′
2

and ~a′2 → ~a
′′
2 ):

~a
′
2 =

(
I − 1

‖a1‖2
~a1~a

T
1

)
~a2 (3.114)

~a
′′
2 =

(
I − 1

‖a1‖2
~a1~a

T
1

)
~a
′
2 (3.115)

where I is the identity element and the vector a1 is normalised. ~a′′2 is

then normalised as ~a′′2 =
~a
′′
2

‖a′′2 ‖
2 . Although it is clear that in an exact

calculation ~a
′′
2 = ~a

′
2, in all finite numerical calculations one computes

only finite approximations to ~a′2 and ~a′′2 and there is therefore a discrep-
ancy between the two. This refinement to the Gram-Schmidt procedure
reliably provides a high level of accuracy, which is sufficient for our pur-
poses to construct a reliable orthogonal Krylov basis.

Applied to our problem, we calculate a ‘second-order’ set of Ki,j coef-
ficients:

K
′
i,j =

〈
~Ci

∣∣∣ ~B(j+1)(i)
j+1

〉
for (i = 0, ..., j) (3.116)

~C
(j+1)(i+1)
j+1 = ~C

(j+1)(i)
j+1 −K ′i,j ~Bi for (i = 0, ..., j) (3.117)
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The final set of Ki,j coefficients is therefore given by

Ki,j = K
′′
i,j +K

′
i,j (3.118)

where K ′′i,j are the calculated coefficients given in equation (3.111) be-
fore the application of the ‘twice-is-enough’ algorithm.

The coefficients Ki,j are nonzero provided that i ≤ j + 1: the full
set can therefore be represented as an upper Hessenberg matrix K (a
matrix with zero elements below the first subdiagonal), given by

K = C†HC =

K0,0 K0,1 K0,2 · · · K0,k−3 K0,k−2 K0,k−1

K1,0 K1,1 K1,2 · · · K1,k−3 K1,k−2 K1,k−1

0 K2,1 K2,2 · · · K2,k−3 K2,k−2 K2,k−1

...
...

... . . . ...
...

...
0 0 0 · · · Kk−3−k−3 Kk−3,k−2 Kk−3,k−1

0 0 0 · · · Kk−2,k−3 Kk−2,k−2 Kk−2,k−1

0 0 0 · · · 0 Kk−1,k−2 Kk−1,k−1

(3.119)
where C is the n × k matrix with its columns formed by the Arnoldi
vectors ~C0, ... ~Ck−1. This yields an alternative interpretation of the pro-
cedure: the matrix K can be considered as the representation in the
Arnoldi vector basis of the orthogonal projection of the matrix H on to
the Krylov subspace. This subspace represents a good approximation to
the Hilbert subspace in which the system state at time t+ δt belongs to.

The more specific Lanczos algorithm mentioned at the start of this
section can be recovered by restricting H to a Hermitian matrix. In this
case, the matrix K becomes tridiagonal (a band matrix that has nonzero
elements on the main diagonal, and the first diagonal below and above
the main diagonal only).

We can now represent the propagation operator given in equation (3.83),
in the Krylov subspace as

exp (−iH(t)δt) ' exp (−iK(t)δt) (3.120)
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The advantage of this scheme lies in the fact that the propagation
of the wave-function is carried out by the upper Hessenberg matrix
K, which is of much smaller dimensionality than the full Hamiltonian
making the diagonalisation procedure computationally more efficient.
We therefore diagonalise the matrix K and rephrase equation (3.120)
using K ’s eigenvector matrix Z of dimension k × k and a diagonal ma-
trixD comprisingK ’s eigenvalues λj for j = {0, ..., k − 1} as it’s diagonal
elements

exp (−iKδt) = Z† exp (−iDδt)Z (3.121)

where we have removed the time dependence of the propagator for con-
venience.

Applying the propagation operator in equation (3.121) to the input
wave-function and explicitly expanding out the matrix multiplications
in the Krylov subspace, we determine the elements m of the propagated
vector ~C(t+ δt) to be given by

Cm(t+ δt) =
k−1∑
i=1

k−1∑
j=0

Zij exp (−iλjδt) (Z−1)j0Cmi(t) (3.122)

The algorithm carries this calculation out in the following steps:
the K matrix is first diagonalised, the eigenvector matrix undergoes
a lower–upper factorisation preparatory to the calculation of it’s inverse
matrix. The matrix multiplication

∑k−1
i=1 ZijCmi(t) is then carried out

and then this product is multiplied with the vector exp (−iλjδt) (Z−1)j0

for j = {0, ..., k − 1} taking into account that the eigenvalues λj are in
general complex-valued.

The resultant vector ~C(t + δt) must then be normalised for the next
time-step propagation as a complex absorbing potential term (see sec-
tion 4.4) will cause the wave-function norm to decrease over the course
of the propagation.

If the Hamiltonian of the system is Hermitian, then the Arnoldi-
Lanczos iterative algorithm simplifies to the Lanczos iterative algorithm.
This is significantly cheaper computationally, because the latter does

78



3 B-SPLINE ADC METHOD 3.2 Time propagation algorithms

not require the calculation of the inverse of the eigenvector matrix, as
this matrix is unitary (Z−1 = Z†).

The Arnoldi-Lanczos iterative algorithm does not require the di-
agonalisation of the full Hamiltonian matrix (it remains unchanged
throughout the propagation); one only needs it to compute a series of
matrix-vector products. The diagonalisation procedure is instead re-
served for the small tridiagonal matrix K. For this reason, this algo-
rithm is particularly efficient for dynamical problems where the dimen-
sion of the system Hamiltonian is very large and full diagonalisation
of the secular matrix at each time-step would be practically unachiev-
able. Each of these reduced single calculations has been massively par-
allelised in the code used in this work. The parallelisation is imple-
mented both inter-nodes, with the use of the standard message pass-
ing interface (MPI) standard, and intra-node with the use of OpenMP
(shared memory) standard.

The choice of time-step δt and Krylov subspace dimension k is of
critical importance in ensuring that the propagated wave-function is
sufficiently converged with the exact wave-function. With regard to the
former: restrictions on the maximum size of the time-step are necessary
for propagation of systems where the Hamiltonian is time-dependent, in
order to ensure that the convergence of the desired physical quantities
has been fully obtained. With regard to the latter: a rough estimate
of the error in the propagation (difference between the propagated and
exact wave-function) can be determined from the magnitude of the first
vector ‖~vk(t)‖ to lie outside of the designated Krylov subspace. If this er-
ror is determined to be above some threshold value, the dimensionality
of the subspace should be increased.

The maximum Krylov space dimension K used in the calculations
for this thesis was equal to K = 20, at which value the convergence of
all final results was obtained.

The advantage of the Runge-Kutta algorithm over the Arnoldi-Lanczos
algorithm is that it is much less computationally demanding; one only
needs to perform four matrix-vector multiplications for each time-step
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in the former case compared to K times in the latter case. However,
the latter is generally more stable and less prone to diverging. As a
consequence, the time-step can normally be chosen to be longer than
for the Runge-Kutta algorithm. The optimal choice of propagation al-
gorithm therefore depends on the dimension of the propagated vector:
for large dimensions the Runge-Kutta algorithm is generally faster de-
spite requiring a greater number of time-steps; but the Arnoldi-Lanczos
algorithm can have the advantage for smaller systems.

For both propagation methods described in the previous two sec-
tions, the full convergence of the algorithm critically depends on the
spectral radius of the Hamiltonian. We therefore remove all Hartree-
Fock virtual orbitals with an energy greater than a certain chosen thresh-
old value. This has the effect of removing the presence of all the non-
physical high energy eigenstates from the propagation. For this thesis,
the cutoff value generally used (unless otherwise indicated) is set to
40 au; this ensures a reliable convergence for the propagation and the
removal of these high energy electron orbitals has no effect on the gen-
erated spectra.

3.2.4 Artificial reflections from grid boundary

A key problem with the numerical propagation methods outlined in the
above sections is the effect of artificial reflections of the wave-function
from the grid boundary of the spatial spherical ‘box’. The system needs
to evolve for sufficient time to allow the laser pulse to fully interact with
the system and for the low energy photo-electrons to reach the ‘detec-
tor’ to be measured. High energy photo-electrons may therefore reflect
off the artificial grid boundary, which is imposed by computational lim-
itations. This problem will impact even on the description of physical
phenomena that take place in a limited region of space around the sys-
tem centre through numerical interference.

To give an example: just one optical cycle of a Ti:sapphire laser with
a wavelength of λ = 800 nm has a full-width half maximum (FWHM)
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duration of approximately 2.5 fs. An emitted electron ionised by this
pulse with an energy of 13 eV (0.5 au) would move a distance of over
100 au. To be able to carry out a diverse range of simulations, includ-
ing higher energies and longer pulse durations, one would in practice
require simulation volumes on an order of magnitude greater than this
estimate. The required size of the simulated grid coupled with the min-
imum limits on the grid point density would necessitate the use of ex-
tremely large basis sets.

In certain limited cases, our knowledge of the solution’s structure
can allow us to reduce the total number of discretisation points and the
size of the phase space volume. For instance, in a case of single-photon
ionisation we expect the solution at long distances to be restricted to a
narrow range of momenta, while the initial bound states, despite having
a broad range of momenta, will be spatially confined to a small region of
space around the system’s centre. This insight into the solution can be
used to reduce the phase space of the simulation to manageable levels,
but the problem remains in the more general case where we have no
simplifying expectations, such as for IR ionisation. Various solutions to
this problem will be introduced in section §4, where we discuss methods
for computing the photo-electron spectra.
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3.3 B-spline basis set

The traditional method for the numerical solution of the Schrödinger
equation is the finite difference method, first introduced by Hartree. In
this approach, a wave-function is calculated at a fixed number of mesh
points in a grid using the self-consistent field (SCF) method. The solu-
tion at any point is dependent only on the solution at the nearby points
on the grid, which is why this method is characterised as ‘local’. The
disadvantage of such ‘local’ methods is that these require some initial
plausible estimate to feed into the algorithm and the solution must be
normalised afterwards.

‘Global’ methods, where the solution at each point is linked to the
solution at every other point, do not suffer from these drawbacks, be-
cause no initial estimate is required and normalisation is automatically
implicit in the process. A particularly ubiquitous ‘global’ method used
to solve the Schrödinger equation is the basis set approach. This trans-
forms the problem from solving a differential equation to an algebraic
eigenvalue problem. Modern computers are particularly well-suited to
performing linear algebraic computations and large matrices can today
be routinely diagonalised quickly and at high levels of accuracy. The pri-
mary problem with the basis set method vis-à-vis the finite difference
method is that the basis set has to be large enough to be tantamount to
a ‘complete’ basis set. Additionally, the presence of linear dependencies
within the basis set can effectively restrict the size of the basis set that
can be chosen.

Different sets of L2 integrable basis functions have been constructed
and proposed in the literature, such as the tables assembled by Clementi
and Roetti [70]. However, knowing what basis set to apply to a partic-
ular problem can often be unclear due to their deficiencies. The tradi-
tional use of Slater-type orbital basis sets can be problematic, as this
basis set does not work ‘out of the box’ and requires preliminary nonlin-
ear optimisation of the function parameters. Gaussian-type orbitals, an-
other commonly-used basis set, suffer from the previous drawback and
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also exhibit an inherent numerical instability when describing strongly
oscillating continuum orbitals. This is because numerical linear depen-
dencies occur rapidly for large basis sets.

Over the last few decades, B-splines (B for basis) have become in-
creasingly popular as an alternative basis set. This is due to the fact
that the linear dependencies within this basis set are negligible and
even a relatively small number of basis functions are sufficient to pro-
vide a ‘complete enough’ basis set. B-splines are therefore particularly
well suited to providing an accurate representation of continuum states,
in contrast to most alternative basis sets. There is also no need to im-
plement an a priori procedure for selecting any optimal parameters (al-
though of course the choice of knot sequence will affect the convergence
of the model).

B-splines were originally introduced by Schoenberg in 1946 [71], but
were first applied to problems in atomic physics by de Boor in 1978
[72]. De Boor also developed routines that could define and manipu-
late B-splines of any order and arbitrarily defined knot sequence. Shore
demonstrated the power of this method in a series of papers published
in the 1970s [73, 74, 75, 76, 77] where he solved the single-particle
Schrödinger equation with cubic-order splines and demonstrated that
B-splines can provide highly accurate approximate representations of
the true wave-function, especially at high eigenvalues and for contin-
uum states. It was later demonstrated that they can be utilised to great
effect for calculating dynamic properties of atoms, such as multi-photon
excitation, HHG and ATI. His work was limited to the single-particle
problem and consequently did not consider SCF procedures. This av-
enue was taken forward by Altenberger-Siczec and Gilbert who applied
B-spline basis sets to molecular calculations [78]. At this point in time,
computers were not powerful enough to calculate the HF operator in the
B-spline basis using the SCF procedure. They also did not take advan-
tage of manipulating higher order splines (their conclusions were based
on cubic splines), which were later shown to substantially reduce the
size of the required basis set.
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It was from the mid 1980s that the B-spline basis was first fruit-
fully applied to atomic and molecular calculations. They were first used
to calculate second and higher-order corrections to heavy atom prop-
erties using many-body perturbation theory (MBPT) by Johnson and
Sapirstein [79], and this paved the way for their use in many other types
of calculation. As well as being used for the purpose of the calculation
of static properties, they have also been demonstrated to be applica-
ble to the highly accurate calculation of dynamic properties. This has
made them particularly useful for simulating dynamic processes includ-
ing ATI and HHG.

Let us now introduce and describe the mathematical properties of B-
splines and their application to atomic and molecular problems. Splines
are used in numerical analysis to fit and obtain the same properties as
other known functions. The name derives from the the flexible drafts-
man’s spline made of rubber, which is used to draw smooth curves by
pinning the spline down at various known points along the curve.

A set of splines are used to approximate a given function through the
process of numerical fitting. The splines are compact L2 integrable func-
tions that are defined on a finite space, or box. The B-spline basis set
are piecewise polynomial positive definite functions that are completely
defined by their order k, which corresponds to their highest polynomial
degree (including the zeroth degree), and their knot sequence, which is
a set of points (called breakpoints) defined along a finite interval that
divide it into adjacent subintervals. (Other commonly used basis sets,
such as the ones mentioned above, extend to infinity).

First, let us divide the interval [a, b] into l subintervals using a se-
quence of breakpoints {ζi} that satisfy

a = ζ1 < ζ2 < ζ3 < ... < ζl+1 = b (3.123)

The first and last point coincide with the edges of the interval and
the sequence is strictly ascending. The B-spline functions must be con-
tinuous to a certain degree at each breakpoint. If a function together
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with its derivatives until order n are continuous then we consider this
as belonging to class Cn. The C0 class denotes functions that are con-
tinuous, but none of their derivatives are continuous and the C−1 class
contains all discontinuous functions. The degree of continuity that we
wish to be exhibited at each breakpoint is encoded into a second set of
positive numbers {ηi} for i = 1, ...l + 1. The continuity required for a
breakpoint ζi is then given by Cηi−1. In general, we would like the func-
tions and their derivatives to be maximally continuous. However, we
obviously do not require any continuity at the interval edges ζ1 and ζl+1

as we are only interested in the behaviour of the function in the inter-
val, so η1 and ηl+1 can be set to zero. For the internal breakpoints, a
continuity of Ck−2 is the most continuity that is required. This is be-
cause some level of discontinuity is required to meet the definition of
a piecewise polynomial function; if the continuity is greater, then the
function reduces to a single polynomial over the entire interval. These
preferences impose the following sequence:

{ηi} = {0, k − 1, k − 1, ..., k − 1, 0} (3.124)

We lastly define a set of knots on the same interval {ti}, in ascend-
ing order and coinciding with the position of the breakpoints, but with
the option of a multiplicity of knots sharing the same breakpoint. This
set determines the points at which the pieces of curve join, like knots
joining bits of string. The i-th knot span is then given by the half-open
interval [ti, ti+1). If there are multiple knots at the breakpoint then the
spans between these knots will be zero. The multiplicity of knots asso-
ciated to a particular breakpoint ζi can be denoted with µi.

t1 = ... = tµ1 = ζ1 (3.125)

tµ1+1 = ... = tµ1+µ2 = ζ2 (3.126)

...

tµ1+...µl+1 = ... = tµ1+...µl+µl+1
= ζl+1 (3.127)
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A single B-spline basis function is nonzero over the interval between
two knots separated by k − 1 other knots (where k is the order of the B-
spline), and is zero elsewhere. The discontinuity class of the B-spline
functions at each breakpoint ζj can be demonstrated to be given by
Ck−1−µj . For a breakpoint with maximum multiplicity of k the func-
tion is therefore a member of class C−1 and is discontinuous. This
choice of multiplicity is therefore used for the first and last breakpoint
µ1 = µl+1 = k to satisfy the sequence in equation (3.124). Note that
the multiplicity of the knots at any breakpoint can in any event not ex-
ceed the order, as there would then be a B-spline function that is zero
everywhere. This choice of multiplicity at the boundaries automatically
sets all B-spline functions outside of the interval to zero. (It is in theory
possible to fix the first and last k knots outside of the interval [a, b] pro-
vided the knots are ascending, but the standard approach of choosing
them to coincide with the first (ζ1) and last (ζl+1) breakpoint is normally
most convenient). It also makes the implementation of boundary con-
ditions straightforward. For instance, to ensure that f(a) = 0 we need
only remove the B-spline on the first interval as this is the only one of
the set that is nonzero at a. When the multiplicity is minimal at unity,
the continuity is Ck−2. We use this value for the internal breakpoints
to satisfy the same sequence. Increasing the knot multiplicity at one of
the breakpoints can be justified if there is a need to relax the maximum
continuity condition at that point.

So as an illustration; if the interval [a, b] is divided into four equal
intervals and a = 0 and b = 1, and the B-spline order is cubic, we have
the following sequences:

{ζi} = {0, 0.25, 0.5, 0.75, 1}

{ηi} = {0, 2, 2, 2, 0}

{µi} = {3, 1, 1, 1, 3}

{ti} = {0, 0, 0, 0.25, 0.5, 0.75, 1, 1, 1}
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The B-spline functionsBk
i (x) are fully determined by the value of the

order k and the total knot vector. The functions are generated through
the recursive application of the following definition, known as the Cox-
de-Boor recursion formula

Bk
i (x) =

x− ti
ti+k−1 − ti

Bk−1
i (x) +

ti+k − x
ti+k − ti+1

Bk−1
i+1 (x) (3.128)

on the starting set of B-spline functions of order k = 1

B1
i (x) =

1, ti ≤ x ≤ ti+1

0, otherwise
(3.129)

For the first degree, the B-splines are therefore simple step func-
tions within the knot interval. The second term in the recursive rela-
tion adds to the function an additional adjacent interval to the right for
every ascending order. In other words, to compute the i-th second order
B-spline we need the i-th and i + 1-th B-spline of the first order. This
pyramid scheme mounts up as the recursion increases. It can now be
seen that each Bk

i (x) has support (is nonzero) only on the half-open in-
terval [ti, ti+k); B-spline basis functions are ‘local’ and not nonzero over
the entire interval. As mentioned above, this is a crucial difference with
other basis sets that typically have support over the entire domain. An
illustration of B-spline curves up to order k = 4 is shown in figure 3.
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Figure 3 – Construction of B-splines up to order k = 4 using the re-
cursive algorithm equation (3.128). Displayed, are all B-spline functions
that are entirely contained on the interval [0.3, 0.7] with knot sequence
{0.3, 0.4, 0.5, 0.6, 0.7}. The four black curves correspond to B-splines of or-
der 1 that have support on one interval each; three red curves correspond
to B-splines of order k = 2 supported on two intervals; two blue curves cor-
respond to B-splines of order k = 3 supported on three intervals; the green
curve corresponds to B-splines of order k = 4 supported on four intervals.
For each order, the thickness of the curve increases for ascending points
on the knot sequence.

An equivalent formulation of this property is that for any knot span
[ti, ti+1) there are at most k nonzero basis functions: Bk

i−k+1(x), Bk
i−k+2(x), ...Bk

i (x).
The first function’s support ends at ti+1 and the last function’s support
starts at ti. As a consequence of this property, we can determine the
total size of the B-spline basis set N for a given order k and knot vector
~t where we set the multiplicity of knot points to k at the endpoints and
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to 1 for all of the internal breakpoints.

N = l + k − 1 (3.130)

where l is the number of subintervals. This property of minimal support
greatly simplifies the calculation of B-spline function products as

Bk
i (x)×Bk

j (x) = 0 for |i− j| ≥ k (3.131)

Bk
i (x)×Bk

j (x) ≥ 0 for |i− j| < k (3.132)

It also reduces the number of computational operations required for
evaluating an arbitrary function expressed in the B-spline basis at some
point x ∈ [tj , tj+1) from

f(x) =
N∑
i=1

ciB
k
i (x) (3.133)

to

f(x) =

j∑
i=j−k+1

ciB
k
i (x) (3.134)

Additionally, as the B-splines are non-negative and have minimal
support, the expansion coefficients cj for any arbitrary function will gen-
erally hew closely to the actual value of the function at the knot points.
This property substantially reduces large oscillations in the coefficients
and greatly improves the numerical stability.

The derivatives of the B-spline functions of order k are piecewise
polynomial functions of order k − 1 and can be expressed as a linear
combination of B-splines to the same order

dBk
i (x)

dx
=

k − 1

ti+k−1 − ti
Bk−1
i (x)− k − 1

ti+k − ti+1
Bk−1
i+1 (x) (3.135)
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The B-spline functions are all normalised over the entire interval:

� b

a

∣∣∣Bk
i (x)

∣∣∣2 dx = 1 (3.136)

A general function f(x) defined on the interval [a, b] can be described
as a linear combination of the B-spline basis functions, as shown in
equation (3.134). For our purposes, this function can be the radial com-
ponent of an atomic orbital. For the approximation of analytic functions
it is generally best to choose B-splines of higher order, typically in the
range of 7-10. The error ε of the approximation is determined by the
following equation [80]

ε ∼
hkj
k!

∣∣∣∣dkf(x)

dxk

∣∣∣∣ for x ∈ [tj , tj+1) (3.137)

where hj is the size of the interval and k is the order. This allows
the error to be controlled (for a fixed order) by choosing the step size;
this is similar to the finite-difference approach but we still maintain
all the advantages of a basis set expansion. The basis can be consid-
ered as complete to the degree that all sufficiently smooth functions can
be approximated within some small error ε. This is provided that the
derivatives are conveniently limited, that is up to a cut-off on the maxi-
mum local value of the derivatives. When applying B-splines to describe
quantum mechanical orbitals, this constraint translates into a limit on
the maximum kinetic energy of an orbital that can be described. This
limit depends on the interval size h in the following way: to describe
a continuum wave-function far away from the origin there needs to be
sufficient B-splines contained in one wavelength λ = 2π/

√
2E (where E

is the maximum kinetic energy that can be described) to reproduce at
least two signs switches:

hmax ∼
λ

2
(3.138)

More precise calculations indicate that hmax = λ/3 for high orders
k = 9, 10 and hmax = λ/5 for k = 4, 5. This ensures that the error on the
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wave-function phase is never greater than 0.1 rad [80].

Figure 4 – Plot of an example B-spline basis set of order k = 10. The grid
is 15 arbitrary units of size and the breakpoints are linearly spaced to gen-
erate 30 intervals. There are a total of 37 B-splines (see equation (3.130))
with the first B-spline removed to ensure the boundary condition f(0) = 0.

The B-spline functions are generated from the recursion algorithm
given in 3.128 using the subroutine BSPLVP developed by de Boor and
described in the tenth chapter of his book [81]. The subroutine BSPLVD
computes the derivatives if needed. The required input for the code is to
specify the desired order of the B-spline functions, the knot vector and
the box size. Figure 4 shows a B-spline basis set of order k = 10 defined
on the grid x = [0, 15] with a linear breakpoint spacing that generates
30 intervals.

To numerically compute the desired matrix elements, definite in-
tegrals involving B-splines and their derivatives, we choose to use the
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Gauss-Legendre (GL) integration method over each subinterval [82, 83].
This method has the advantage of being numerically exact (within the
limit of machine accuracy) provided that the order n of the GL integra-
tion (the number of so-called GL points which correspond to zeros of
Legendre polynomials) is at least half of the polynomial order of the in-
tegrand. Therefore, in the case of an integrand containing a product of
two B-spline functions such as the overlap matrix Sij =

�
Bk
i (x)Bk

j (x)dx,
we need an order (of the GL integration) of at least k, provided there are
no singularities in the domain of the integral. As discussed above, the
matrix will have nonzero elements only on a diagonal band of width
2k − 1 due to the properties equation (3.131) and equation (3.132). As
the matrices are symmetric, the total number of elements to be stored
in the memory is just Nk rather than N2, where N is the number of
B-splines.

It is also necessary to compute two-dimensional integrals, specifi-
cally the two-electron integral

〈pq| rs〉 =

� �
d~r1d~r2ψ

∗
p(~r1)ψr(~r1)

1

|~r1 − ~r2|
ψ∗q (~r2)ψs(~r2) (3.139)

(where p, q, r, s are indices for the HF orbitals and ~r1 and ~r2 are the spa-
tial dimensions of the two electrons). We first rewrite equation (3.139)
by factorising the orbitals ψp(~r) in accordance with equation (2.9), to

〈pq| rs〉 = 4π
∑
L

L∑
M=−L

Y 3(lrLlp,mrMmp)Y 3(lqLls,mqMms)

2L+ 1
SL(p, q, r, s)

(3.140)
where we use the integral of the triple spherical harmonics product Y 3

defined in equation (3.94) and lp,mp are the azimuthal and magnetic
quantum numbers, respectively, for the orbital p. The general definition
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of the radial two-body (Slater) integrals SL(p, q, r, s) is given by

SL(p, q, r, s) =

rmax�

0

rmax�

0

rL<
rL+1
>

dr1dr2Rp(r1)×Rq(r2)×Rr(r1)×Rs(r2)

(3.141)
where r< and r> are the smaller and bigger, respectively, of the two co-
ordinates, and the Rp functions represent the radial components of the
orbital p expressed in the B-spline basis and defined up to a finite grid
size rmax. The summation over L in equation (3.140) can be restricted
to specific values based on the known properties of the Y 3 functions:

max (|lp − lr| , |lq − ls|) ≤ L ≤ min (lp + lr, lq + ls) (3.142)

and L increases by two.
The radial integral equation (3.141) is rewritten to

SL(p, q, r, s) =

rmax�

0

dr1

r1
YL(r1)×Rp(r1)×Rr(r1) (3.143)

where the YL function, calculated for all GL points, is given by

YL(r1) =
1

rL1

r1�

0

dr2r
L
2 ×Rq(r2)×Rs(r2) +

rmax�

r1

dr2
1

rL+1
2

×Rq(r2)×Rs(r2)

(3.144)
Care must be taken in evaluating YL at the cusp point in the inte-

gral where r2 = r1. Here the weighting function (rL</r
L+1
> in the original

expression equation (3.141)) has its maximum value so an accurate cal-
culation of this contribution is crucial.

An alternative approach is to calculate the two-electron integrals by
working directly with the B-spline primitive functions. The same proce-
dure as in equations (3.143)-(3.144) is followed to determine SL(a, b, c, d),
where (a, b, c, d) are indices of the primitive B-spline functions. Using
equation (3.134), the radial two-electron integrals for the HF orbitals
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can then be defined in terms of the Slater matrix element of the B-
splines, by

SL(p, q, r, s) =
∑
a

∑
b

∑
c

∑
d

CpaC
q
bC

r
cC

s
dSL(a, b, c, d) (3.145)

where Cpa is the coefficient of the a-th B-spline for the p-th orbital.
A procedure for calculating the Slater matrix SL(a, b, c, d) that takes

advantage of these simplifications (developed by Qiu and Froese Fischer
[84]), splits the integral into off-diagonal elements, where the r1 ‘cell’ is
different to the r2 ‘cell’ everywhere and these integrals are calculated
as simple products of two one-dimensional integrals; and the diagonal
elements which contain the problematic cusp point. The bulk of com-
puter time is spent on calculating the latter elements, which require a
different set of GL points to be defined.

The second approach outlined above is generally more efficient, as
we can take advantage of the fact that the Slater matrix for the prim-
itive B-spline functions is symmetric and sparse, due to the piecewise
nature of the B-splines defined in equation (3.131) and equation (3.132).
This imposes the following constraints on the four B-spline indices in
equation (3.145): a ≥ b, c ≥ d, ab ≥ cd, a − b ≤ k and c − d ≤ k (where
k is the B-spline order); this reduces the total storage to roughly 1

2N
2k2

for every angular momentum L required in equation (3.142). We imple-
ment this method in the code, as the computation is time-efficient and
it requires less memory for storage.

A straightforward application of equation (3.145), where we loop
over all p, q, r, s HF orbital indices and a, b, c, d primitive indices, would
give rise to a total number of numerical operations that scales as N8,
where N is the number of basis states. However, we can substantially
reduce the size of the problem to ∼ N5, by implementing a different se-
quential algorithm (standard in all major ab-initio quantum chemistry
MO codes [52]), that converts the O(N8) process into four O(N5) consec-
utive steps by converting one primitive index (a quarter transform) at a
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time

SL(p, q, r, s) =
∑
a

Cpa

(∑
b

Cqb

(∑
c

Crc

(∑
d

CsdSL(a, b, c, d)

)))
(3.146)

3.3.1 Application to atomic and molecular systems

Let us now apply the mathematical theory of B-splines given in the pre-
vious section to the description of atomic and molecular wave-functions.
We will first focus on a simple single-electron system bound in a cen-
tral potential to introduce the basic techniques. This class includes all
hydrogen-like atoms and multi-electron systems that can conveniently
be described with a pseudo-potential that ‘freezes’ the core potential and
leaves only one electron in the valence. Single active electron approxi-
mations are also used to model multi-electron systems such as closed-
shell systems, and can often provide important insight into the atomic
structure and the dynamics of the system when interacting with intense
laser fields.

We solve the time-independent Schrödinger equation of an electron
in a potential V (r) [

−1

2
∇2 + V (r)

]
ψ(r) = Eψ(r) (3.147)

If the potential is an atomic central potential, we can take advantage
of the symmetry of the problem to separate out the angular dependence
from the radial function as in equation (2.9). The radial function can
then be determined by solving the reduced Schrödinger equation

HlRnl(r) = EnlRnl(r) (3.148)

where the eigenvalue gives the energy Enl for the state defined with the
quantum numbers n, l and the Hamiltonian is given by

Hl =

[
− d2

2dr2
+
l(l + 1)

2r2
+ V (r)

]
(3.149)
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with boundary conditions imposed to ensure the radial function is equal
to zero at the coordinate origin.

By approximating the radial function Rnl(r) in the B-spline basis
of size N and of a given order k (see equation (3.134)), defined on a
finite grid fully determined by the knot sequence, we can convert the
differential equation (3.148) into matrix form, condensing a system of
N linear equations:

Hl.~cnl = EnlS.~cnl (3.150)

where (using equation (3.149)) the matrix elements of Hl are given by

Hl,ij = −1

2

� rmax

0
Bi(r)

d2

dr2
Bj(r)dr

+
l(l + 1)

2

� rmax

0

Bi(r)Bj(r)

r2
dr +

� rmax

0
Bi(r)V (r)Bj(r)dr (3.151)

and the the vector ~cnl runs over the B-spline basis set for the state de-
fined by quantum numbers n and l. As the B-splines basis set is not
orthonormal, there is an overlap matrix S in equation (3.150) with off-
diagonal elements

Sij =

� rmax

0
Bi(r)Bj(r)dr (3.152)

It has been demonstrated [85, 86] that results for two-electron inte-
grals for hydrogenic orbitals using B-spline basis sets are considerably
more accurate (up to four orders of magnitude) than results obtained
from finite-difference methods. The B-spline basis set is also less prone
to cancellation errors compared to other basis sets such as Slater-type
orbitals. In the latter case, the full wave-function is built up by individ-
ual contributions that are often very large when evaluated at a partic-
ular point, but are cancelled out by opposite contributions of a similar
magnitude. This does not tend to happen with B-splines as these have
minimal support; there can only be a maximum of k nonzero B-spline
functions contributing at any point along the interval regardless of the
total size of the basis set, as can be seen in equation (3.134).

In the case of a central potential that goes to zero at infinite dis-
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tance, all negative energy eigenvalues describe bound states and posi-
tive energy eigenvalues describe states in the continuum. The central
discrepancy between nature and the use of the B-spline basis set as a
model clearly lies in the finite size of the box in the latter case, as op-
posed to the infinite extent of continuum states in reality. This bound-
ary is equivalent to modifying the system Hamiltonian by inserting a
potential step of infinite height at the box edge. The box size limitation
imposes a restriction on the total number of bound states obtained. Fur-
thermore, states with a high radial expectation value require a box of
much greater size to calculate their energy with a reasonable degree of
accuracy.

With regards to the continuum solutions, the boundary condition
Rnl(rmax) = 0 imposed by the finite box size generates discrete solutions
with energies En rather than a family of functions that depend on the
continuous parameter E. However, with care these solutions can still
be considered as representing the real electronic continuum. This dis-
cretisation is tantamount to taking the asymptotic (kr → ∞) Coulomb
continuum wave-function

RE,l(r) =

√
2

πk
sin

(
kr +

Z

k
ln(2kr) =

lπ

2
+ arg Γ

(
l + 1− iZ

k

)
+ σl

)
(3.153)

where Z is nuclear charge, k =
√

2E, l is angular momentum quan-
tum number, arg Γ

(
l + 1− iZ

k

)
is the Coulomb phase and σl the non-

Coulombic phase; and imposing the boundary condition thatRE,l(rmax) =

0. The argument of the sine function would then be restricted to integer
multiples of π, and we can approximate the sine argument with the first
term as this predominates. We have discrete energy solutions of

En =
n2π2

2r2
max

(3.154)

which can be recognized as the solutions to a ‘particle in a box’. This
calculation demonstrates that a continuum state of a particular energy
can be produced by simply varying the size of the parameter rmax; the
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required size is determined by solving equation (3.153) for rmax for the
energy of interest.

The density of energy states depends on the the size of the box in
a linear fashion (note that the breakpoint spacing should be kept con-
stant); using the definition for the density of states

ρ(Ei) =
∂n

∂En

∣∣∣∣
n=i

(3.155)

and the energy solutions for the particle in a box equation (3.154), we
have

ρ(E) =
rmax

π
√

2E
(3.156)

Due to the discretisation of the continuum states, care must be taken
to ensure that the states are correctly normalised. Orthonormal contin-
uum states satisfy 〈ψE | ψE′〉 = δ(E−E′), whereas the continuum states
that are solutions to equation (3.150) are discretised with respect to
their index 〈ψEn | ψEm〉 = δnm as they originate from a diagonalisation
procedure, rather than with respect to their energy scale. A standard
approach [87, 88] is to compare the discretised state in the asymptotic
region to the exact solution where we generally have the analytic so-
lution (see equation (3.153)) and carry out a standard fit procedure to
obtain the normalisation factors cn such that

ψEn = cnψn (3.157)

where ψEn is the normalised wave-function corresponding to the discre-
tised wave-function ψn.

If this information is not available, then cn can be adequately ap-
proximated with a normalisation on the energy scale [89, 90]

ψEn =

∣∣∣∣∂E(n′)

∂n′

∣∣∣∣−1/2

n′=n

ψn (3.158)

provided E(n) = En is a monotonic function of n; a condition which is
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satisfied by the approximation given in equation (3.154). This provides
us with a normalisation factor of

cn =

√
2

En+1 − En−1
(3.159)

by expanding the expression
∣∣∣∂E(n′)

∂n′

∣∣∣
n′=n

from equation (3.158) in a Tay-
lor series up to third order, and noting that the second order term is
absent.

3.3.2 Choice of breakpoint sequence

The breakpoint sequence along the interval [a, b] with l subintervals
(and l + 1 points), can be optimised in various ways depending on the
nature of the problem to be solved. The methods enumerated below are
plotted visually in figure 5.

For the optimal description of continuum states that oscillate to in-
finity, a linear grid where the intervals are equally spaced out is clearly
preferable.

ζi = a+ (b− a)
i

l
for i = 0, 1, ..., l (3.160)

However, if special attention is needed to describe a bound state
wave-function where the solution is localised around the origin, then it
is more appropriate for the breakpoints to cluster more densely in that
region. This requirement can be fulfilled with the use of an exponential
sequence [75]

ζi = a+ (b− a)
exp

(
λe

i
l

)
− 1

exp(λe)− 1
for i = 0, 1, ..., l (3.161)

This mirrors bound states that vary nearby the nucleus and decay
exponentially at larger distances. The additional input parameter λe
controls the strength of the exponential clustering. In the limit of λe → 0

the sequence becomes linear and in the opposite limit of λe → ∞ the
points all accumulate exponentially close to the beginning of the inter-
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val a.
An alternative sequence that concentrates breakpoints near the nu-

cleus is the sine-like sequence:

ζi = a+ (b− a) sin

(
π

2

[
i

l

]λs)
for i = 0, 1, ..., l (3.162)

where the parameter λs controls where the clustering happens: for λs →
0 the clustering happens at b, for λ → ∞ the clustering happens at a,
and for intermediate values λ ∼ 2 the clustering occurs at both ends.

A particularly useful sequence for accurately describing both bound
and continuum states is the linear-parabolic sequence where there is
a mixture of a parabolic spread of p points (where p < l + 1) near the
origin and a linear distribution of l+1−p points at larger distances from
the origin. The sequence and it’s derivative must remain continuous at
the point of connection between the parabolic and linear sections. The
connection point is determined by the the number of parabolic points p
in the following manner:

ζp =
bp+ a([l + 1]− [p+ 1])

2[l + 1]− p
(3.163)

The sequence is given by

ζi =

a+
(ζp−a)i2

p2
for i = 0, 1, ..., p− 1

ζp +
(b−ζp)([i+1]−[p+1])

[l+1]−[p+1] for i = p, p+ 1, ..., l
(3.164)
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Figure 5 – Different sequences of 60 breakpoints on the interval [0, 40].
A linear distribution (black); a parabolic-linear distribution with p = 12
and a crossover at approximately ζp = 4 (red); a sine-like distribution with
λs = 2 (green); and an exponential distribution with λe = 3 (blue).
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4 Calculation of the photo-electron spectra

In the strong-field limit the calculation of the photo-electron spectrum
is more computationally demanding than in the weak-field limit be-
cause the interaction cannot be treated perturbatively. As mentioned
in section 3.2.4, the spectrum can in principle be calculated by numeri-
cally propagating the system until the laser pulse is over and projecting
the photo-electron wave-packet onto the eigenstates of the continuum.
However, this would require a large spatial grid to prevent artificial re-
flections of the wave-packet from the grid boundary, so this approach is
typically computationally unfeasible. Instead, it is necessary to build
up information of the full spectrum by analysing the wave-packet in a
much smaller spatial volume.

Various methods have been proposed to overcome this problem. One
approach is to measure the electron flux through a spherical surface at
some fixed radius from the system’s centre. A specific implementation
of this approach that we utilise in this work was developed by Tao and
Scrinzi [91] and is known as the time-dependent surface flux method
(t-SURFF).

An alternative approach [92] is to periodically split the wave-function
into an internal component that is propagated numerically and an asymp-
totic part that is analytically propagated and analysed to produce the
spectrum.

In this work, these methods have been applied to the B-spline ADC
framework up to order ADC[1] for the neutral system (with a config-
uration space that includes the ground state and the 1h1p excitation
class) and up to order ADC[2]/ADC[2]x for the ionic system (with a con-
figuration space that includes the 1h and 2h1p excitation classes), as
discussed in section 3.1.

Firstly, we would like to represent the photo-electron spectrum in
a fully channel-resolved manner. This ensures that the contribution
from each ionic channel to the sum can be isolated. As discussed in sec-
tion 3.2.1, the full many-electron state vector (~C) that is evolved in the
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time propagation ADC[1] scheme for atomic systems, is broken down
into subspaces that are defined by the quantum angular momentum
numbers of the total system (L and M ) and the azimuthal quantum
numbers for the ionic part (li) and the photo-electron part (le). To con-
vert this basis |li, le, L,M〉 into one that is fully resolved by ionic chan-
nels |li,mi, le,me〉 where mi and me are the magnetic quantum numbers
for the ion and photo-electron respectively, we use the standard unitary
transformation

〈li,mi, le,me| Ψ〉 =
∑
L,M

GLMlimileme 〈li, le, L,M | Ψ〉 (4.1)

where the transformation matrix is written in terms of the Clebsch-
Gordan coefficients

GLMlimileme = 〈li,mi, le,me| li, le, L,M〉 (4.2)

The transformation of the state vector representation (~C → ~̃C) of the
wave-function for the neutral system, comprised of the ground state and
the 1h1p configuration space in the ADC[1] scheme, is then given by

C̃nalamanilimi
=
∑
L,M

GLMlimilemeC
(LM)nala
nili

(4.3)

where ni, li,mi are the single particle quantum numbers that charac-
terise the hole in the 1h1p configuration space. For the ionic system,
where the configuration space spans the 1h and 2h1p configuration
space in the ADC[2]/ADC[2]x scheme, we have

C̃nalamaninj lilj lijmijs
=
∑
L,M

GLMlijmij lamaC
(LM)nala
ninj lilj lijs

(4.4)

where ni, nj , li, lj are the quantum numbers that characterise the two
holes of the ionic state; lij and mij are the azimuthal and magnetic
quantum numbers for the total ionic state, where |li − lj | ≤ lij ≤ li+ lj . s
is the spin quantum number for the ion: if the two holes are in different
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shells then there are two possible configurations for the spin of the ion,
but of the two holes share the same shell then there is only one allowed
spin configuration.

We now introduce a channel wave-function [93] where all the exci-
tations that correspond to a particular ionic state (identified with the
index i) are combined into a single-particle wave-function:

|ψi(t)〉 =
∑
a

C̃ai (t) |ϕa〉 (4.5)

where |ϕa〉 is the single particle unoccupied orbital defined by the quan-
tum numbers of the photo-electron na, la,ma. In the spatial representa-
tion, the orbital is given as a product of a radial and angular part

〈~r |ϕa 〉 = ϕa(~r) = Rnala(r)× Ylama(θ, φ) (4.6)

where r, θ, φ are the spatial spherical coordinates.
The time-dependent ADC method is used to provide the coefficients

of the wave-function in the intermediate ADC basis as it is propagated
through time. These coefficients are then used to prepare the chan-
nel wave-functions in equation (4.5) that are then analysed to yield the
quantities we are interested in. In particular, the photo-electron spec-
trum for each ionisation channel can be obtained and the full spectrum
can then be assembled from the incoherent summation of all the con-
stituent channels.

The two methods for calculating the photo-electron spectrum imple-
mented in this work are described in the following sections, but we first
briefly introduce the Volkov basis set, which will play an important role
in these methods.
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4 PHOTO-ELECTRON SPECTRA 4.1 Volkov states

4.1 Volkov states

The problem of a free charged particle in an external electromagnetic
field was first solved by Gordon [94] and Volkov [95]. The field is de-
scribed in the Coulomb gauge, where its characteristics are described
by the vector potential

~A(t) =

� ∞
t

~E(t′)dt′ (4.7)

where ~E(t) is the electric field vector and the electrostatic potential is
set to zero. The field satisfies the standard condition for a transverse
field ~A.~k = 0 where ~k is the propagation vector.

We solve the Schrödinger equation for the wave-function
∣∣φV (t)

〉
us-

ing the dipole approximation (see section 3.2) where we neglect the de-
pendence on spatial position of the field.

i
∂

∂t

∣∣φV (t)
〉

= ĤV (t)
∣∣φV (t)

〉
(4.8)

where ĤV (t) is the Volkov Hamiltonian in velocity gauge, and is ex-
pressed as

ĤV =
1

2

[
−i~∇+ ~A(t)

]2
(4.9)

For convenience, we choose the momentum representation for the
wave-function

∣∣∣φ̃V (t)
〉

=
〈
~p
∣∣φV (t)

〉
. This modifies equation (4.8) to

i
∂

∂t

∣∣∣φ̃V (t)
〉

=
1

2

[
~p+ ~A(t)

]2 ∣∣∣φ̃V (t)
〉

(4.10)

with the solution

φV,vel
~p (t, ~r) =

1

(2π)3/2
e−iS(~p,t) exp(i~p.~r) (4.11)

where we have converted back into the spatial representation φV,vel
~p (t, ~r)
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by applying the inverse Fourier transform to the solution of equation (4.10)
and obtained the factor (2π)−3/2 by imposing the normalisation condi-
tion 〈

φV,vel
~p′

(t, ~r)
∣∣∣ φV,vel

~p (t, ~r)
〉

= δ(~p′ − ~p) (4.12)

The factor e−iS(~p,t) can be interpreted as the Volkov propagator. The
generalised Volkov propagator is

ÛV (t, t′) = e−iS(~p,t,t′) (4.13)

(propagating from t′ → t) where the action S(~p, t, t′) is defined as

S(~p, t, t′) =
1

2

t�

t′

dτĤV (τ) (4.14)

=
1

2

t�

t′

dτ [~p+ ~A(τ)]2 (4.15)

and if the t′ argument is left out then we assume that t′ = −∞.
To obtain the Volkov solution for the length gauge (this gauge can

be assumed to be used in this work unless stated otherwise) we use the
standard unitary transformation∣∣∣ΨV,len(t)

〉
= exp

(
i ~A(t).~r

) ∣∣∣ΨV,vel(t)
〉

(4.16)

to obtain in the spatial representation

φV,len
~p (t, ~r) =

1

(2π)3/2
e−iS(~p,t) exp(i(~p+ ~A(t)).~r) (4.17)

where S(~p, t) is defined in equation (4.15). As we will be generally us-
ing the length gauge, we will shorten the notation for the Volkov state:
φV,len
~p (t, ~r)→ φV~p (t, ~r).
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4 PHOTO-ELECTRON SPECTRA 4.2 Splitting method

4.2 Wave-function splitting method

The first method used in this work for calculating the photo-electron
spectrum was introduced by Tong et al. [92], and involves splitting the
wave-function during the propagation. The wave-packet corresponding
to a particular ionisation channel of the system is smoothly split at some
radius sufficiently far from the origin that the system’s potential is neg-
ligible at that point. The splitting is done at discrete intervals during
the propagation, with the inner part of the wave-function being prop-
agated numerically from one interval to the next, and the asymptotic
parts being analytically propagated with the Volkov Hamiltonian (free
particle in field) to some end time T . The contributions from each ioni-
sation channel are then incoherently summed up to yield the full photo-
electron spectrum.

We utilise the following real radial splitting function:

Ŝ = [1 + e−(r̂−rc)/∆]−1 (4.18)

that splits the whole space into inner (0 → rc) and outer (rc → rmax)

regions smoothly. The parameter rc denotes the center of the splitting
function and ∆ is the smoothing parameter that determines the func-
tion’s slope.

The splitting operation is performed at discrete intervals tk during
the propagation;

|ψi(tk)〉 = (1− Ŝ) |ψi(tk)〉+ Ŝ |ψi(tk)〉

=
∣∣ψIi (tk)

〉
+
∣∣ψOi (tk)

〉
(4.19)

where |ψi(tk)〉 is the channel wave-function defined in equation (4.5) and∣∣ψIi (tk)
〉

and
∣∣ψOi (tk)

〉
refer to the part of the channel wave-function con-

tained in the region 0 < r > rc (I for inner) and rc . r ≤ rmax (O for
outer), respectively.

Applying the splitting operator on the channel wave-function gives
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the outer channel wave-function

∣∣ψOi (t)
〉

=
∑
a

C̃O,ai (t) |ϕa〉 (4.20)

where the components of the vector ~̃CO are given by

C̃O,ai (t) = 〈ϕa| Ŝ |ψi(t)〉 (4.21)

The remaining inner part of the wave-function, is expressed as

∣∣ψIi (t)
〉

=
∑
a

C̃I,ai (t) |ϕa〉 (4.22)

where the components of the vector ~̃CI are given by

C̃I,ai (t) = 〈ϕa| 1− Ŝ |ψi(t)〉 (4.23)

C̃I,ai (t) = C̃ai (t)− C̃O,ai (t) (4.24)

and we have substituted from equation (4.5) in the last line.
In equation (4.19), Ŝ is defined as equation (4.18) and acts on the

single-particle channel wave-functions. In this work’s numerical imple-
mentation, Ŝ is represented as a matrix operator S in the basis of the
ADC intermediate states and is inserted into the matrix multiplication
operation (see equation (3.83)) during the propagation at specifically
chosen intervals tk. Ĥ(tk) from equation (3.65) is therefore modified to

Ĥ(tk) = Ĥ0 + D̂zEz(tk) + Ŝ (4.25)

The parameters of the splitting function should be chosen in such a
way that this operation does not affect either the ground state in the
neutral system (Ŝ |Ψ0〉 = 0) or the 1 hole configurations for the ionic
system (Ŝ |Ψi〉 = 0 where i runs over the single hole states) as these are
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bound states with no presence in the continuum. In fact, these matrix
elements are set to zero.

As discussed in section 3.2.4, the key problem with the numerical
propagation methods outlined in section 3.2 is the effect of artificial re-
flections of the wave-function from the grid boundary of the spatial box.

In the splitting method, this problem is solved by periodically re-
moving the outer part of the wave-function from the numerical propa-
gation, thus precluding interference resulting from the wave-function
reflecting off the grid boundary. This allows smaller spatial grids to be
used, making the solution of the TDSE computationally feasible. How-
ever, the splitting operation introduces another source of interference,
namely artificial reflections manufactured from the operation itself. The
impact of this source of error can be minimised by choosing the param-
eters used to define the splitting operation judiciously. For example, the
steepness of the smoothing parameter ∆ from equation (4.18) can be
reduced to reduce reflections. Alternatively, the frequency of the appli-
cation of the splitting operation can be reduced as well, as for higher
splitting frequencies there is a greater accumulation of reflected noise.

The outer part of the wave-function is stored for later analysis and
the inner part of the wave-function is propagated numerically to the
next splitting time where the same procedure is performed:

∣∣ψIi (tk)
〉
→ |ψi(tk+1)〉 =

∣∣ψIi (tk+1)
〉

+
∣∣ψOi (tk+1)

〉
(4.26)

The collected outer wave-functions are all analytically propagated to
some end time T after the laser pulse is over. The individual contribu-
tions from each time splitting are coherently summed up to determine
the full wave-packet at time T .

We approximate the Hamiltonian for the outer wave-function with
the Volkov Hamiltonian, which corresponds to a free particle in a field
(see section 4.1). This approximation is justified as the outer wave-
function is sufficiently far from the atomic or molecular centre (as de-
termined by the choice of the rc parameter in equation (4.18)) to have a
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negligible interaction with the parent ion. It can however still interact
with the laser field, which, in accordance with the dipole approximation,
is assumed to be spatially homogeneous.

The analytical propagation of the outer wave-function is therefore

∣∣ψOi (T )
〉

= ÛV (T, tk)
∣∣ψOi (tk)

〉
(4.27)

where ÛV (T, tk) is the Volkov propagator (defined by the action in equa-
tion (4.13)) which evolves the outer wave-function from the splitting
time tk to the chosen end time T .

To analyse the photo-electron spectrum, we expand the outer wave-
function in the complete basis set of the Volkov states

∣∣∣φV~p 〉 (eigenstates
of the Volkov Hamiltonian) for each time splitting

∣∣ψOi (tj)
〉

=

�
CVi (tj , ~p)

∣∣φV~p 〉 d~p (4.28)

To obtain the spectral components of the outer wave-function, we eval-
uate the coefficients

CVi (tj , ~p) =
〈
φV~p (tj)

∣∣ψOi (tj)
〉

= (2π)−3/2
∑
a

C̃O,ai (tj)

�
d~r exp(−i~qj .~r)× ϕa(~r) (4.29)

where we have used equation (4.17) without the Volkov propagator fac-
tor and equation (4.20). We have also made the substitution ~qj = ~p +

~A(tj) and used the spatial reprentation of the single particle orbital from
equation (4.6). To solve equation (4.29), we use the multipole expansion
for the exponential function:

exp(i~q.~r) = 4π

∞∑
l=0

iljl(qr)

l∑
m=−l

Y ∗lm(θ~q, φ~q)Ylm(θ~r, φ~r) (4.30)

where jl(r) refers to the spherical Bessel function of order l (as defined
in [96]). Taking advantage of the orthonormal properties of the spher-
ical harmonics functions (

�
dΩY ∗lm(Ω)Yl′m′(Ω) = δll′δmm′ where dΩ =
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sin θdθdφ is the solid angle), we may calculate the coefficients in the
Volkov basis of equation (4.29) for the wave-function at t = tj by reduc-
ing the spatial integral to a one-dimensional radial integral:

CVi (tj , ~p) =

(
2

π

)1/2∑
a

(−i)laC̃O,ai (tj)Ylama(θ~qj , φ~qj )

∞�

0

Rna,la(r)jla(qjr)r
2dr

(4.31)

where we have separated the angular and radial components of the sin-
gle particle orbital in accordance with equation (4.6).

As Rn,l(r) is not stored as an analytical expression, the radial inte-
grals must be numerically calculated for the entire single particle or-
bital basis and for the total number of discrete values of the absolute
momentum qj . The latter is contained in the choice of momentum grid,
specified in spherical coordinates (|~p| , θ~p, φ~p). This set of calculations
must additionally be performed for each splitting time tj , due to the de-
pendence of the Volkov states (without the propagator) on the vector po-
tential in the length gauge (see equation (4.17)). It should be noted that
this problem does not occur if the velocity gauge is consistently used in
the numerical simulation, as the spatial part of the Volkov state in that
gauge is a simple plane wave ((2π)−3/2 exp(i~p.~r), see equation (4.11))
with no time dependence.

To mitigate this additional computational expense, it is possible to
schedule the splitting times so as to minimise the number of distinct
sets of calculations that must be made over the course of the propaga-
tion. The simplest such solution and one that is often feasible, is to per-
form the splitting operations at half-period intervals of the laser cycle
when ~A(tj) = 0 so that the exponent in equation (4.29) is ~qj = ~p+ ~A(tj) =

~p. This can work provided that the radial distance between the splitting
radius and the grid boundary is sufficient to contain the wave-function
without reflections from the edge as it propagates in this space between
splitting operations.
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Finally, we propagate the wave-function with the Volkov propagator
equation (4.13) from the splitting time to the end time T and sum up
coherently the contributions from all splitting times

C̃Vi (T, ~p) =
∑
j

〈
φV~p (tj)

∣∣ ÛV (T, tj)
∣∣ψOi (tj)

〉
(4.32)

=
∑
j

exp

(
− i

2

� T

tj

[
~p+ ~A(τ)

]2
dτ

)
CVi (tj , ~p) (4.33)

where we use equation (4.13) and equation (4.31) and the sum runs over
all the splitting times tj . The coefficients C̃Vi (T, ~p) contain the informa-
tion of the energy and angular distribution of the ionised photo-electron,
because at time T after the pulse has elapsed, the kinetic momentum of
the photo-electron is equivalent to it’s canonical momentum.

The coefficients can be calculated for all values in a homogeneous
momentum grid, specified by lower and upper limits for the momen-
tum magnitude and the two angles that determine its position in the
3-dimensional momentum space, as well as the density of points within
those limits for all three degrees of freedom. The code used in this work
includes various options for the nature of the momentum grid: i) a lin-
ear grid, ii) a grid where areas of expected interest are delineated with
increased density, and iii) a grid where the location of peaks is identified
during the program run-time and the density of points is then modified
to better accentuate the characteristics of these areas at the expense
of regions with negligible yield. The momentum angle-integrated yield�
dΩC̃Vi (T, |~p| , Ω~p) and the angle momentum-integrated yield

�
d |~p| C̃Vi (T, |~p| , Ω~p)

can be calculated, as well as the total channel-resolved ionisation yield�
d~pC̃Vi (T, |~p| , Ω~p).

The full angular resolved photo-electron spectrum is finally obtained
by summing up the contributions from each ionisation channel incoher-
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ently:
d3P (~p)

dpdθ~pdφ~p
=
∑
i

∣∣∣C̃Vi (T, |~p| , θ~p, φ~p)
∣∣∣2 (4.34)

Provided T is chosen so that all parts of the wave-function have
reached the splitting boundary by this time, this result will obviously
not be dependent on the choice of T . To convert to a photo-electron
spectrum with an energy rather than momentum differential, we add
to equation (4.34) a factor of dE

dp = p.
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4.3 Time-dependent surface flux method

Another method used in this work, is the time-dependent surface flux
method, introduced by Tao and Scrinzi [91]. Here, the flux of the elec-
tronic wave-packet is analysed during its’ evolution as it passes through
a sphere at a fixed critical radius rc, rather than analysing the wave-
function at the end of the system’s evolution. Like the splitting method,
it is based on the approximation that the inner part of the wave-function
r < rc is bound to the ion and is a solution to the full Hamiltonian while
the asymptotic part r ≥ rc is unaffected by the ion and is a solution
to the Volkov Hamiltonian. The parameter rc should therefore be fixed
as sufficiently far from the system centre; both to justify this approx-
imation and to ensure that the probability density of bound states is
negligible in the outer region.

This method crucially differs from the splitting method in that the
wave-function is not operated on (split) during the time evolution, thereby
removing this artificial source of error. However, as the wave-function is
consequently free to propagate to the edge of the spatial grid, we must
solve the problem of artificial boundary reflections in a different way.

One approach to truncating the wave-function outside of the finite
volume is known as infinite range exterior complex scaling (irECS) [97].
This method makes an analytic continuation of the Hamiltonian by ro-
tating the spatial radial coordinate beyond the cutoff radial point rcutoff

into the complex plane (r → r′) with scaling angle θ:

r′ =

r for r ≤ rcutoff

rcutoff + exp [iθ] (r − rcutoff) for r > rcutoff

(4.35)

This coordinate transformation results in the complex scaled Hamil-
tonian, and numerical experiments have shown that the solution to
the TDSE with the complex scaled Hamiltonian in the region where
r ≤ rcutoff is equivalent to the exact solution to within machine preci-
sion.
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A more well known approach, which we use in this work, is to mod-
ify the Hamiltonian by inserting a complex absorbing potential term
(CAP) [98]. The CAP is activated at some radial point near the edge
of the numerical grid and has the effect of absorbing approaching par-
ticles, thereby allowing the spatial extent of the numerical grid to be
limited within feasible computational capabilities. It has proven to be
of great practical value for the simulation of electronic decay processes
and ionisation.

The parameters of the CAP must be carefully optimised so as to max-
imally dampen the parts of the wave-function that enter the outer re-
gion of the grid so that the wave-function amplitude at the grid bound-
ary safely approaches zero.

The non-Hermitian CAP term−iŴ is added to the Hamiltonian Ĥ(t)

from equation (3.65), where the Ŵ potential is a real positive function
that acts in the outer region of the grid r ≥ rcap, but is set to zero in
the space where the radius is lower than r < rcap so that it only effects
the outer part of the wave-function. The condition rc < rcap must be
met to ensure that the wave-function at rc is relatively unaffected by
the presence of the CAP. The optimal distance that should be preserved
between these two quantities will be discussed in section §4. Many dif-
ferent forms for Ŵ have been used in the literature; we will discuss
various options and their relative advantages in greater detail in sec-
tion 4.4.

The system should be propagated to a time T sufficiently large to al-
low the photo-electron with the lowest energy of interest to have passed
through the spherical surface at rc. At time T , the channel wave-functions
can be split between the remaining bound part mostly contained within
the sphere, and the asymptotic part mostly outside of it.

|ψi(T )〉 =
∣∣ψIi (T )

〉
+
∣∣ψOi (T )

〉
(4.36)

with
∣∣ψIi (T )

〉
∼ 0 for |~r| ≥ rc and

∣∣ψOi (T )
〉
∼ 0 for |~r| ≤ rc.These equations

are approximate as there can be very low energy photo-electrons that
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remain within the spherical region at time T . As time T is chosen to be
after the pulse has elapsed when the vector potential is zero, the outer
channel wave-function can be expanded in the δ-normalised Volkov ba-
sis 〈~r

∣∣∣φV~p (T,~r)
〉

= (2π)−3/2 exp(i~p.~r). (The scattering solution asymptot-
ically approximates the plane wave solution for sufficiently large |~r|).

∣∣ψOi (T )
〉

=

�
d~pC̃i(T, ~p) exp(−iET )φV~p (T,~r) (4.37)

where E = ~p2/2 is the energy of the electron. As before, the photo-
electron momentum spectrum is described by the square of the spectral
amplitudes C̃i(T, ~p), which is given by

C̃i(T, ~p) = exp(−iET )
〈
φV~p (T )

∣∣ψOi (T )
〉

= exp(−iET )
〈
φV~p (T )

∣∣Θrc

∣∣ψOi (T )
〉

(4.38)

In the last line we use a shortened notation for the Heaviside func-
tion Θ(|~r| − rc) → Θrc which takes the value of unity when its argu-
ment is above zero and is zero for all other arguments. Insertion of the
Heaviside function is justified due to our approximation that the outer
wave-function is zero within the spherical region. The integral on the
last line is evaluated as

〈
φV~p (T )

∣∣Θrc

∣∣ψOi (T )
〉

=

�
|~r|≥rc

d~rφV ∗~p (T,~r)ψOi (~r, T ) (4.39)

We are now in a position to convert this spatial integral into a tem-
poral integral of the surface flux, because we know the time evolution
of the particle in the outer region: at large |~r| and ∀t the Hamiltonian is
well approximated by the Volkov Hamiltonian ĤV (see equation (4.9)),
as we saw in section 4.2. (This solution is, of course, exact for a short
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range potential V (~r) = 0 for |~r| ≥ rc).

〈
φV~p (T )

∣∣Θrc

∣∣ψOi (T )
〉

=

� T

0
dt
d

dt

〈
φV~p (t)

∣∣Θrc

∣∣ψOi (t)
〉

= i

� T

0
dt
〈
φV~p (t)

∣∣ ĤV Θrc −ΘrcĤ
∣∣ψOi (t)

〉
= i

� T

0
dt
〈
φV~p (t)

∣∣ [ĤV ,Θrc

] ∣∣ψOi (t)
〉

(4.40)

We have inserted the Schrödinger equation into the second line and
we have approximated Ĥ = ĤV in the last line. Expanding the Hamil-
tonian, but neglecting the term quadratic in the vector potential, we
have

ĤV =
1

2

[
−i~∇+ ~A(t)

]2

= −1

2

[
∆+ i ~A(t) · ~∇+ i~∇ · ~A(t)

]
(4.41)

As will be demonstrated in the following, the commutator in the in-
tegrand is zero whenever the Heaviside function’s derivative is zero,
so one only needs to evaluate the commutator on the spherical sur-
face in the full volume where |~r| = rc. Firstly, and without loss of
generality, let us set the linearly polarised vector potential in the z-
direction: ~A(t) = (0, 0, A(t)). Inserting the expanded Hamiltonian from
equation (4.41) into the commutator in equation (4.40) gives

〈
φV~p (t)

∣∣− 1

2
[∆+ iA(t)∂z + i∂zA(t),Θrc ]

∣∣ψOi (t)
〉

= α(t) + β(t) (4.42)

where α(t) and β(t) are the terms corresponding to the operator ∆ and
the vector potential A(t), respectively. To evaluate the first term in
the commutator α(t) we expand the commutator acting on an arbitrary
wave-function ψ (for ease-of-reading we shorten the notation to Θrc → Θ
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and A(t)→ A)

[∆,Θ]ψ = [∆(Θψ)−Θ∆ψ]

=
[
∆Θψ + 2~∇Θ.~∇ψ + Θ∆ψ −Θ∆ψ

]
= ∆Θψ + 2~∇Θ.~∇ψ (4.43)

We convert from Cartesian to spherical coordinates using

∆ =
1

r2

∂

∂r

(
r2 ∂

∂r

)
+

1

r2 sin2 φ

∂2

∂2θ
+

1

r2 sinφ

∂

∂φ

(
sinφ

∂

∂φ

)
(4.44)

and we note that ∂Θrc
∂r = δrc (shortened notation for the Dirac function

δ(|~r| − rc)→ δrc) and all other partial derivatives of the Heaviside func-
tion for the spherical coordinate system are zero. We now use the result
from equation (4.43) to calculate the first term α(t) of the spatial inte-
gral in equation (4.42)

α(t) = −1

2

�
dΩ~r

� ∞
0

drr2φV ∗~p (t, ~r)

[
1

r2

∂

∂r

(
r2δrc

)
+ 2δrc

∂

∂r

]
ψOi (t, ~r)

= −1

2

�
dΩ~r

� ∞
0

drr2φV ∗~p (t, ~r)

[
2

r
δrc +

∂

∂r
δrc + 2δrc

∂

∂r

]
ψOi (t, ~r)

(4.45)

To evaluate the middle term of the radial integral Υ in equation (4.45),
we use integration by parts:

Υ =

� ∞
0

drr2

[
∂

∂r

(
φV ∗~p (t, ~r)δrcψ

O
i (t, ~r)

)
− ∂

∂r

(
φV ∗~p (t, ~r)

)
δrcψ

O
i (t, ~r)− φV ∗~p (t, ~r)δrc

∂

∂r

(
ψOi (t, ~r)

)]
= −

� ∞
0

drr2

[
∂

∂r

(
φV ∗~p (t, ~r)

)
δrcψ

O
i (t, ~r) + φV ∗~p (t, ~r)δrc

∂

∂r

(
ψOi (t, ~r)

)]
(4.46)

where the term on the RHS of the first line evaluated at the integral
limits is equal to zero. Taking the remaining two terms (where the
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derivative acts on either the Volkov state or the channel wave-function),
we modify equation (4.45) to

α(t) = −1

2

�
dΩ~r

� ∞
0

drr2

[
φV ∗~p (t, ~r)

(
2

r
δrc + δrc

∂

∂r

)
− ∂

∂r

(
φV ∗~p (t, ~r)

)
δrc

]
ψOi (t, ~r)

(4.47)
All the terms in the above integrand have a delta function, so we

have therefore demonstrated that the α(t) spatial radial integral in
equation (4.42) can be simplified to an expression evaluated at the crit-
ical radius rc.

As in the splitting method, for the evaluation of the angular inte-
gral of α(t), we use the multipole expansion for the exponential func-
tion of the Volkov states, given in equation (4.30). Expressing the outer
channel wave-function in the Hartree-Fock single particle basis from
equation (4.5) and using the spatial representation of orbitals given in
equation (4.6), we expand equation (4.47) into

α(t) =
∑
a

C̃ai (t)

�
dΩ~r

� ∞
0

drr2

[ ∞∑
l=0

l∑
m=−l

Flm(~q, ~r)

(
−1

r
δrc −

1

2
δrc

∂

∂r

)

+
1

2

∂

∂r

( ∞∑
l=0

l∑
m=−l

Glm(~q, ~r)

)
δrc

]
Rnala(r)Ylama(Ω~r) (4.48)

where
Flm(~q, ~r) = (2π)−3/24π(−i)ljl(qr)Ylm(Ω~q)Y

∗
lm(Ω~r) (4.49)

Taking advantage of the orthonormal properties of the spherical har-
monics functions (

�
dΩY ∗lm(Ω)Yl′m′(Ω) = δll′δmm′) to integrate the spatial

angular part, and simplifying the radial integral using the delta func-
tions, equation (4.48) simplifies to
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α(t) =

√
2

π

∑
a

C̃ai (t)

� ∞
0

drr2

[
(−i)lajla(qr)Ylama(Ω~q)

(
−1

r
δrc −

1

2
δrc

∂

∂r

)
+

1

2

∂

∂r

(
(−i)lajla(qr)Ylama(Ω~q)

)
δrc

]
Rnala(r)

=

√
2

π
r2
c

∑
a

C̃ai (t)(−i)laYlama(Ω~q)

[
−1

r
jla(qrc)Rnala(rc)

−1

2
jla(qrc)

∂

∂r
Rnala(r)|r=rc +

1

2

∂

∂r
jla(qr)|r=rc

]
Rnala(rc) (4.50)

The t-SURFF method is only valid in the velocity gauge, so (as dis-
cussed in section 4.1) the Volkov wave-function in this gauge without its
attendant propagator is φV~p (t, ~r) = (2π)−3/2 exp(i~p.~r). We can therefore
set ~q = ~p in the above expansion, rather than ~q = ~p+ ~A(t).

To take into account this velocity gauge requirement, we change the
laser-system interaction term in the full Hamiltonian from −~r · ~E(t) for
length gauge to −i~∇ · ~A(t) for velocity gauge (see 3.72 and 3.70). We
implement this adjustment by calculating the elements of the dipole
operator 〈Ψa|~r |Ψb〉 in the basis of the eigenstates of the Hamiltonian |Ψ〉
and then using the commutator relation

〈Ψa| p̂ |Ψb〉 = −i (Eb − Ea) 〈Ψa| r̂ |Ψb〉 (4.51)

(derived from
[
Ĥ, x̂

]
= −ip̂x) to express the matrix elements of the mo-

mentum operator in terms of the matrix elements of the dipole operator.
We now evaluate the term β(t) containing the vector potential in

the commutator in equation (4.42), and show that for this term also,
the spatial integral simplifies to an expression that is evaluated on the
spherical surface where |~r| = rc. First, we act with this term on an
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arbitrary wave-function ψ (the notation is shortened as before)

[iA∂z + i∂zA,Θ]ψ = i [A∂z(Θψ) + ∂z(AΘψ)−ΘA∂zψ −Θ∂z(Aψ)]

= i [A∂zΘψ +AΘ∂zψ + ∂zAΘψ +A∂zΘψ

+AΘ∂zψ −ΘA∂zψ −Θ∂zAψ −ΘA∂zψ]

= 2iA∂zΘψ (4.52)

Converting from Cartesian to spherical coordinates using

∂r

∂z
=

∂

∂z

(√
x2 + y2 + z2

)
=

2z

2
√
x2 + y2 + z2

=
z

r
= cos θ (4.53)

and evaluating the derivative of the Heaviside function with respect to
r, we have

β(t) = −1

2

�
dΩ~r

� ∞
0

drr2φV ∗~p (t, ~r) (2iA(t) cos(θ)δrc)ψ
O
i (t, ~r) (4.54)

= −ir2
cA(t)

�
dΩ~rφ

V ∗
~p (t, ~rc) cos(θ)ψOi (t, ~rc) (4.55)

It can be seen that for β(t) as well as α(t) , the radial spatial in-
tegral is in fact an expression evaluated at r = rc due to the presence
of the delta function. As before, we expand equation (4.55) with the
multipole expansion equation (4.30), the outer channel wave-function
in the Hartree-Fock single particle basis equation (4.5) and the spatial
representation for these orbitals equation (4.6), to obtain

β(t) = −ir2
cA(t)

∑
a

C̃ai (t)Rnala(rc)

�
dΩ~r

∞∑
l=0

l∑
m=−l

Flm(~q, ~rc)2

√
π

3
Y10(Ω~r)Ylama(Ω~r)

(4.56)
where Flm(~q, ~r) is defined above in equation (4.49). The angular integral
contains the product of three spherical harmonic functions as we have
expressed cos(θ) = 2

√
π
3Y10(θ, φ). To solve this integral, we use the stan-

dard result for the product of two spherical harmonic functions, which
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is given as the following linear combination:

Yl1m1(Ω)× Yl2m2(Ω) =
∑
L,M

√
(2l1 + 1)(2l2 + 1)

4π(2L+ 1)
GLMl1m1l2m2

GL0
l10l20YLM (Ω)

(4.57)
whereGLMl1m1l2m2

are the Clebsch-Gordan coefficients (see equation (4.2)).
We can now evaluate the spatial integral of the product of three spheri-
cal harmonic functions appearing in equation (4.56) to

�
dΩ~rY

∗
lmY10Ylama =

�
dΩ~rY

∗
lm

∑
L,M

√
3(2la + 1)

4π(2L+ 1)
GLM10lamaG

L0
10la0YLM

=

√
3(2la + 1)

4π(2l + 1)
Glm10lamaG

l0
10la0 (4.58)

where we have shortened Ylm(Ω~r) to Ylm. Inserting this into equation (4.56),
we have

β(t) = −ir2
cA(t)

√
2

π

∑
a

C̃ai (t)Rnala(rc)
∞∑
l=0

(−i)ljl(qrc)
l∑

m=−l
λlal G

lm
10lamaG

l0
10la0Ylm(Ω~q)

= −ir2
cA(t)

√
2

π

∑
a

C̃ai (t)Rnala(rc)

la+1∑
l=|la−1|

(−i)ljl(qrc)λlal G
lma
10lama

Gl010la0Ylma(Ω~q)

(4.59)

where λlal =
√

(2la+1)
(2l+1) . In the second line we have removed the summa-

tion over the indexm as the first Clebsch-Gordan coefficient restricts it’s
value to ma. We have also explicitly restricted the summation over the
index l, in accordance with the implicit condition of the first Clebsch-
Gordan coefficient |la − 1| ≤ l ≤ la + 1.

Finally, the intermediate results equation (4.50) and equation (4.59)
are inserted into equation (4.40) and the Volkov propagator (equation (4.13))
is factored in to evolve the Volkov state to the time t when the flux is
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measured.

〈
φV~p (T )

∣∣Θrc

∣∣ψOi (T )
〉

= i

√
2

π
r2
c

T�

−∞

dtÛV (t)
∑
a

C̃ai (t)×

{
(−i)laYlama

[
−1

r
jla(qrc)R(rc)

−1

2
jla(qrc)

∂

∂r
R(r)|rc +

1

2

∂

∂r
jla(qr)|rc R(rc)

]

−iA(t)R(rc)

la+1∑
l=|la−1|

(−i)ljl(qrc)λlal G
lma
10lama

Gl010la0Ylma


(4.60)

To calculate this quantity, we must evaluate the spherical Bessel
functions and their derivatives up to the order of the orbital with the
highest angular momentum la and over the span of the entire momen-
tum space along the radial coordinate. As ~q = ~p in the velocity gauge,
the argument for the function remains constant over the course of the
time integral for every momentum point and only needs to be evaluated
once and stored. The value of all the canonical Hartree-Fock orbitals
as well as their derivatives at rc must be stored as well; the latter can
be approximated by Rnala (rnc+1)−Rnala (rnc )

rnc+1−rnc
, where rn are the points in a

spatial grid where the orbitals are evaluated and stored in memory, and
rnc corresponds to the point in the grid nearest to rc. The time integral
is solved numerically, and the last line with factor A(t) only contributes
to this integral during the pulse duration.

An important advantage in the t-SURFF method over the splitting
method lies in the fact that the quantities required in the analysis
step (equation (4.60)) only need to be evaluated at the specified radial
point, whereas the full radial integrals across the designated momen-
tum space need to be performed for the splitting method.

The photo-electron spectrum is given by the full incoherent sum of
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all the channel wave-functions

d3P (~p)

dpdθ~pdφ~p
=
∑
i

∣∣〈φV~p (T )
∣∣Θrc

∣∣ψOi (T )
〉∣∣2 (4.61)

This quantity can be calculated for all values in a homogeneous mo-
mentum grid, specified by a 3-dimensional grid in momentum space de-
fined in spherical coordinates. As with the splitting method, the choice
of momentum grid includes i) a linear grid, ii) a grid where areas of
expected interest are delineated with increased density, and iii) a grid
where the location of peaks is identified during the program run-time
and the density of points is then modified to better accentuate the char-
acteristics of these areas at the expense of regions with negligible yield.

The momentum angle-integrated yield (
�
dΩ
∑

i

∣∣∣〈φV~p (T )
∣∣∣Θrc

∣∣ψOi (T )
〉∣∣∣2)

and the angle momentum-integrated yield (
�
d |~p|

∑
i

∣∣∣〈φV~p (T )
∣∣∣Θrc

∣∣ψOi (T )
〉∣∣∣2)

can also be calculated, as well as the total channel-resolved ionisation

yield (
�
d~p
∑

i

∣∣∣〈φV~p (T )
∣∣∣Θrc

∣∣ψOi (T )
〉∣∣∣2).

To convert to a photo-electron spectrum with an energy rather than
momentum differential, we add to equation (4.61) a factor of dE

dp = p.
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4.4 Choice of complex absorbing potential

The use of complex absorbing potentials for the study of the continuum,
such as the computing of resonance or scattering quantities, was first
introduced by Kosloff and Kosloff [99]. These potentials are located in
the asymptotic region where electron motion is approximately free and
the potential serves to destroy wave-packets travelling outwards from
the system centre, thus preventing interference in the form of artificial
reflections from the numerical grid boundary.

The obvious drawback to this intuitive approach, is that by modify-
ing the system Hamiltonian one unavoidably introduces artificial per-
turbations into the system. The CAP profile can also produce artificial
reflections similarly to the grid boundary, especially if it’s parameters
are not carefully optimised for the problem. Let us first frame the basic
problem of optimisation of the CAP.

To begin the investigation, let us analyse the effect of inserting the
CAP on a one-dimensional Schrödinger equation given by

Ĥψ±E =

[
− d2

dx2
+ V (x)

]
ψ±E = Eψ±E (4.62)

where V (x) is a scattering potential and E is the real, positive energy of
the solution. The scattering eigenfunctions of this equation should obey
the boundary condition

ψ(x)→ exp(±ikx) for x→∞ (4.63)

where k =
√

2E. A practical numerical calculation of the scattering
solutions is clearly impossible as the solution spreads over all of the
unbounded space. To prevent this unlimited movement and restrict the
calculation to a bounded spatial grid, a complex absorbing potential is
introduced into the Hamiltonian in the form of the term −iµW where
µ is a positive real number known as the strength parameter and W is
the real, positive local potential that is nonzero in the asymptotic region
of space located on the interval [xc,∞). xc should be chosen so that the

125



4 PHOTO-ELECTRON SPECTRA 4.4 Choice of CAP

scattering potential is negligible in the absorbing region, to ensure that
the computed results are not significantly distorted.

The addition of the CAP term modifies the Hamiltonian in equa-
tion (4.62) to

ĤWψW±E =

[
− d2

dx2
+ V (x)− iµW

]
ψW±E = EψW±E (4.64)

and damps the continuum eigenstates of Ĥ to bound states of Ĥ − iµW .
It also has the effect of damping the wave-function in the asymptotic
region through absorption. As the Schrödinger equation outside of the
absorption region is the same in 4.62 and 4.64 we can express ψW±E as a
combination of the solutions ψ±E

ψW±E (x) = ψ±E(x) +R∓ψ±E(x) for x < xc (4.65)

R∓ denotes the reflection coefficient, so |R∓|2 can be interpreted as de-
scribing the strength of reflection of the wave-function due to the imag-
inary barrier imposed by the CAP term.

Within the absorbing region we expect∣∣∣ψW+
E (x)

∣∣∣→ 0 for x→∞ (4.66)∣∣∣ψW−E (x)
∣∣∣→∞ for x→∞ (4.67)

While wave-packets that travel in the positive direction are damp-
ened by the CAP, wave-packets in the opposite direction experience the
opposite effect. It should be noted that the absolute value of the wave-
packet will decrease over time, although it will increase for x→∞.

A reflection-free, ideal CAP thus clearly requires R∓ → 0. Although
this can be trivially accomplished by taking µ→ 0, the CAP should also
be efficient; i.e. the absorption should ideally happen over a small spa-
tial area to keep the size of the basis set within manageable proportions,
and the CAP strength must be sufficient to fully absorb the wave-packet
before it reaches the boundary edge.
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The task at hand is therefore to find a W profile that minimises
the size of the absorption region for a pre-designated acceptable level
of reflection or, equivalently, to choose a CAP within a fixed region of
space with a profile that minimises the total reflection it causes. (The
location of the left edge of the absorption region xc is dependent on the
scattering potential as mentioned above and on the required accuracy of
the results, so it is not directly considered in the optimisation strategy
that follows).

The strength parameter’s optimal value is clearly dependent on the
energy of the wave-packet it is tasked to absorb. A first approximation
would be to treat this dependence as linear

µ(E) = Ef(E) (4.68)

where f(E) ∼ f0 can be taken as a constant. It should be noted that in
the absorption region the CAP still overlaps with the scattering poten-
tial, so the energy of the outgoing wave-packet is modified to first order
by this potential

µ(E) = (E − V (x))f0 (4.69)

Most CAP forms employed in the literature have been formulated
using a semiclassical analysis and usually take the form of a power law
[100]. However, most of these methods do not fully take into account
all the contributions to the reflection. There are actually two separate
sources of reflection: one source (Rd) is due to the discontinuity in the
CAP term or it’s derivatives at the point xc and the other source (Rc)
arises from the profile shape of the CAP term over the absorbing re-
gion. The latter can be defined as the square amplitude of the ratio of
incoming to outgoing waves as measured immediately to the right of the
discontinuous point xc. For example, a method developed by Vibok and
Balint-Kurti [100] only considers the first source of reflection, and their
CAP solution is reflection-free only to the extent that there is no discon-
tinuity in W or it’s derivatives, but does not account for the second type
of reflection arising from the continuous CAP shape. Conversely, other
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methods do the opposite and focus only on the second type of reflection
[101].

Here, we briefly set out an approach [102, 103] that derives an opti-
mal CAP of arbitrary polynomial form with general complex coefficients

W (x) =

N∑
k=1

akx
k (4.70)

This approach takes into account both sources of reflection, but also
strives to minimise the degree of transmission T of the wave-packet
through the absorbing region, which can be an additional source of er-
ror. The approach has an important advantage over alternative solu-
tions, because the optimal CAP derived for a desired accuracy is not de-
pendent on further adjustable parameters and is, in principle, a univer-
sal solution that is independent of the energy of the wave-packet (apart
from a rescaling factor). This advantage enables converged results to be
achieved immediately, without the requirement of preparatory calcula-
tions to determine the optimal CAP profile and basis set for the problem
at hand.

However, as mentioned, the CAP does depend on the wave-packet
energy, which can pose a problem for certain types of calculation that
inherently involve multiple energies. A reasonable approach in this in-
stance is to optimise the CAP for the central energy value and to im-
prove the accuracy by varying the CAP magnitude and width.

This approach optimises the CAP by choosing a parametrised func-
tional form for the CAP term W active in the asymptotic region, the
parameters are then varied so as to minimise the quantity |R|2 + |T |2.
Semiclassical methods (instead of quantum mechanical numerical meth-
ods) allow for the use of standard variational techniques for the solution
of this problem [104], and the n-dimensional space of possible CAP poly-
nomials (equation (4.70)) can be restricted to an (n − m)-dimensional
‘ridge space’ due to the imposition of m constraints.

Analysis of this problem can be greatly simplified if the discontinu-
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ous source of reflection (Rd) mentioned above is neglected, as it can then
be shown that the optimal result satisfies the equation |R|2 = |T |2 . Un-
fortunately, neglect of this contribution is problematic; it can be demon-
strated that as the absorbing region is increased this source of reflec-
tion Rd decreases as a power law while the continuous reflection (Rc)
decreases at an exponential rate, so Rd predominates in the high accu-
racy limit (xmax − xc → ∞ where xmax is the maximum grid size). In-
deed, numerical testing shows that neglecting the discontinuous source
of reflection (Rd) is only justified for cases of relatively low accuracy and
cannot be relied on in the high accuracy limit. A proposed solution to
this problem [103] is to systematically remove the leading order terms
in the polynomial function used to describe the CAP, as it is these terms
that contribute the most to the discontinuous source of reflection.
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f(z) to order N
Coefficients 5 6 9 10 14 21 33

a1 1.252 1.207 1.153 1.129
a2 3.94 4.48 4.72
a3 0.917 -7.38 0.852 -11.03 -12.95 0.754 0.710
a4 11.12 23.22 31.02
a5 0.703 -9.25 0.828 -35.94 -58.48 0.732 0.669
a6 5.05 46.44 96.36
a7 0.694 -46.04 -134.79 0.767 0.696
a8 36.09 164.07
a9 0.333 -19.16 -169.26 0.787 0.743
a10 6.51 148.35
a11 -105.66 0.742 0.782
a12 59.97
a13 -23.92 0.605 0.788
a14 6.02
a15 0.401 0.738
a17 0.200 0.630
a19 0.066 0.477
a21 0.011 0.315
a23 0.176
a25 0.081
a27 0.029
a29 0.008
a31 0.001

Efficiency 0.973 0.875 1.075 0.956 1.005 1.206 1.268

Table 5 – Coefficients for selected real polynomials f(z) to different orders
of N , used for the construction of the optimal complex CAP. There are no
even terms for all odd orders of N , and there is no linear term for all even
orders of N . The last line in the table records the semiclassical efficiency
F [w] (see equation (4.76)) for the selected optimal real polynomials. Data
are taken from [103].

We have tabulated in table 5 the coefficients for optimal polynomi-
als to different orders of N as determined with this approach. All linear
terms in solutions of order evenN have been removed, by setting a1 = 0.
This has the result of reducing to zero the first-order WKB discontinu-
ous reflection. (The optimisation algorithm must be carried out with
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this constraint already in place, rather than just jettisoning the linear
term after performing the general optimisation algorithm).

In particular, two efficient polynomial CAPs from table 5 have been
demonstrated to perform very well in most practical situations, and are
utilised in this work. The first is for N = 9 (see equation (4.70)) with
a linear term, which is good for relative accuracies below 10−4, and the
second is for N = 14 with no linear term, which is preferable for relative
accuracies in the range of 10−4 to 3× 10−6.

To build the CAP, one selects the desired polynomial f(z) (where z
is the rescaled coordinate z = x−xc

xmax−xc ) from table 5 to a given order N .
This is then used to build the complex polynomial w(z) with the relation

w(z) = 2f(z) + if(z)2 (4.71)

Finally, the CAP term W (x) is obtained with

W (x) = AEw

(
x− xc

xmax − xc

)
(4.72)

where we have converted back to the unscaled coordinate z → x. E is
the energy of the wave-packet that we wish to optimise the CAP for, and
A is the so-called strength parameter. In principle, we therefore have
three parameters that must be varied to produce converged results: A,
xmax − xc and xc. In practice, the optimisation methodology provides a
priori values for the first two variables:

A = 0.5 (4.73)

xmax − xc = d ln

(
10

2kF

)
(4.74)

where k is the momentum of the wave-packet, d is the number of accu-
rate digits and F is the semiclassical efficiency (derived as a functional
of the polynomial F [w(z)]); the latter is recorded in table 5. There is
therefore only one parameter that needs to be varied to achieve conver-
gence, thereby greatly reducing the total number of preparatory calcu-
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lations that this approach requires. As mentioned earlier, xc must be
chosen to be far enough from the origin so that V (xc) ∼ 0.

A simpler approach to CAP optimisation based on the same method
as above, is to use a purely imaginary CAP [102]. The optimal polyno-
mial functions for different orders N , are tabulated in table 6.

w(z) to order N
Coefficients 1 2 3 5

a1 1.7321 1.6018 2.2904 2.1758
a2 2.2845 0.000 0.000
a3 3.4430 3.3108
a5 4.3226

Efficiency 0.38490 0.59373 0.69858 0.80447

Table 6 – Coefficients for selected real polynomials w(z) =
∑N

j=1 ajz
j to

different orders ofN for construction of the optimal purely imaginary CAP.
The last line in the table records the semiclassical efficiency F [w] (see
equation (4.76)) for the selected optimal real polynomials. Data are taken
from [102].

To build this CAP, one selects the desired polynomialw(z) =
∑N

j=1 ajz
j

(where z is the rescaled coordinate z = x−xc
xmax−xc ) from table 6 to a given

order N . The CAP term W (x) is then obtained with

W (x) = AEw

(
x− xc

xmax − xc

)
(4.75)

where we have converted back to the unscaled coordinate z → x. E is
the desired energy of the wave-packet that the CAP is optimised for and
A is the strength parameter, which can be taken at the semi-classically
optimised value of A = 0.5 like the complex-valued CAP case.

Tables 5 and 6 both include a semiclassical efficiency measure of the
various polynomials w in the form of a functional

F [w] = min(Rexp, Texp) (4.76)
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for Rexp = 2Im [H(ztp)] and Texp = Im [H(1)], where

H(z) =

� z

0

√
1 + iw(z′)dz′ (4.77)

is the scaled phase integral referenced to the origin and ztp is the turn-
ing point in the complex plane where −iW (ztp) = E. The tabulated
efficiencies compare very favourably with other well known CAP forms,
including the Vibok and Balint-Kurti CAP [100] and the quartic CAP
with efficiencies of just 0.40183 and 0.42498, respectively.

In this work’s implementation, the CAP operator Ŵ is represented
as a matrix operator W in the basis of the ADC intermediate states and
is inserted into the matrix multiplication operation during the propaga-
tion (see equation (3.83)). Ĥ(t) from equation (3.65) is therefore modi-
fied to

ĤN/N−1(t) = Ĥ
N/N−1
0 + ~̂DN/N−1. ~E(t)− iŴN/N−1 (4.78)

As the CAP is set to zero in the region inside the CAP’s radius, the
ground state and all single hole ionic states of the system should be un-
affected by the CAP term in the Hamiltonian; Ŵ |Ψ0〉 = 0 and Ŵ |Ψi〉 = 0

where the index i runs over all the single hole states. As the CAP is not
a unitary matrix, the norm of the wave-function is not conserved over
the course of the propagation.
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5 Computational details

In this section, we sketch out the computational details of simulating
photo-ionisation in the B-spline ADC method. A flowchart in figure 6
depicts the computational process diagramatically.

The first step consists of solving the Hartree-Fock equations: a set of
one-particle integro-differential equations with non-local terms. These
equations are solved iteratively in the B-spline basis, for each irre-
ducible representation of the electronic Hamiltonian, and we obtain a
quasi-complete set of discretised one-particle functions ψλ,n correspond-
ing to electronic orbitals with symmetry λ and variable energies Eλ,n. In
the spherically symmetric atomic case, λ stands for the pair of orbital
angular momentum quantum numbers l,m. These canonical orbitals
are then used to construct the ADC many-body Hamiltonian.

The required input parameters for the first step are: i) specification
of the system; ii) the B-spline knot sequence, specified by the grid size,
number of intervals, and grid type (see section 3.3.2 plus the specific
parameters required for the chosen grid type); iii) the B-spline order;
iv) the number of points per subinterval for the Gauss-Legendre inte-
gration method; and v) the maximum angular momentum value. The
output consists of the HF orbitals, described both as vectors on the B-
spline basis and as spatial radial wave-functions.

During the first step, one can also calculate matrices of useful inte-
grals in the primitive B-spline basis, including the one electron overlap
matrix and dipole matrix, and the two-electron integral tensor. The
calculation of the complex absorbing potential matrix requires speci-
fication of the CAP type (see section 4.4), and the CAP radius. The
calculation of the splitting matrix requires specification of the splitting
radius and the smoothing parameter (see section 4.2). The minimal
localised support for individual primitive B-spline basis functions (see
equations (3.131)-(3.132)) greatly reduces the total number of radial B-
spline one-electron and two-electron integrals that need to be calculated
and stored.
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Figure 6 – Flowchart of the computational process for simulating laser-
matter interaction with B-spline ADC and measuring the photo-electron
spectrum.
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The second step transforms the integrals calculated in the first step
from the primitive B-spline basis set to the basis of the HF canoni-
cal orbitals. The two-electron integral transformation, given in equa-
tion (3.146), is the most time consuming process for large-scale B-spline
ADC calculations, and scales rapidly for large B-spline and angular mo-
mentum spaces. However, depending on the level in the ADC hierarchy
we wish to reach, we only need to calculate some of the two-electron inte-
grals. For instance, at the ADC[1] level, we only need the integrals that
include a maximum of two virtual canonical orbitals indices, namely in-
tegrals of the type 〈vv| oo〉 and 〈vo| vo〉, where v and o denote virtual
and occupied orbitals, respectively. At the ADC[2] level, we require two
further types of integrals: namely the 〈vv| vo〉 and the less demanding
〈vo| oo〉 types.

Furthermore, we take advantage of the Hamiltonian symmetry group
(for instance full rotational symmetry in the atomic case or D∞h point
group in a linear molecule case) to divide every type of integral calcula-
tion with respect to the quadruplet of orbital irreducible representations
involved. For a general, non-linear, molecule we use the biggest Abelian
symmetry subgroup of the system. This strategy can result in an in-
creased number of less demanding single calculations to be performed.
We target one of the occupied indices for the first transformation (see
equation (3.146)), which considerably improves the scaling of the prob-
lem, as the loop over the final transformed index reduces to a smaller
loop over the occupied orbitals in a certain symmetry space of the sys-
tem. It also serves to minimise the memory allocation requirements
after the first step.

We can also take advantage of the fact that the occupied orbitals are
localised in space; therefore, the loop over the radial B-spline functions
with the same radial argument as the transformed orbitals can be trun-
cated at an index value for which their overlap with the occupied orbital
becomes smaller than a certain threshold value.

The code is built for the parallel computing environment in order
to minimise the computer time for the transformation. Each of the re-
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duced single calculations has been massively parallelised, both inter-
nodes, with the standard MPI (message passing interface) technology,
and intra-node with the OpenMP (shared memory) technology. The
parallel algorithm executes the two-integral transformation in the fol-
lowing way: at the first transformation step the dynamical memory
allocation of the transformed two-electron integrals vector is divided
between the computational MPI nodes available. This division is per-
formed on the first index of the four-indices two-electron integral tensor
Vabcd. Each node then performs the four transformations Vabcd → Vpqrs

and the resulting partial contributions from each node are summed up
to obtain the fully transformed two-electron integral vector. This vector
can be stored on disk in easily accessed segments if it is too large to be
held in RAM. Additionally, the OpenMP technology is used to parallelise
every intermediate transformation performed on every node [105].

For the third step, the contributions (up to the required order) to the
matrix elements of the ADC Hamiltonian, the ADC dipole transition
moments, and any other matrix quantity of interest (such as the CAP
or splitting matrix) are calculated and stored on disk. The dipole matrix
can be calculated in either length or velocity gauge (see equation (3.72)
and equation (3.70)). At the first-order ADC[1] level, the resulting ma-
trix is generally non-sparse. At the second-order level the 1h1p-2h2p
coupling block is quite sparse (around 10/15%), while the 2h2p block is
diagonal. The full matrix exhibits a block-like behaviour due to the sym-
metry of the system, so it is divided on this basis into a large number of
sub-matrices, which are stored to disk.

The third step requires the following input parameters (in addition
to the HF input from the first step): i) required level of ADC hierarchy;
ii) choice of neutral or ionic calculation; iii) designation of occupied or-
bitals that are chosen to be frozen and cannot be excited; iv) maximum
angular momentum of the configuration space; v) choice of calculating
the matrices in the CE basis or in the basis of eigenstates of the Hamil-
tonian; vi) choice of determining the dipole matrix in velocity or length
gauge; and vii) designation of required subspaces for the full matrices
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(as an example, for the simulation of an atomic system in the ground
state interacting with a linearly polarised laser we only need the sub-
matrices with a total magnetic quantum number equal to zero).

The fourth step is the time-propagation of an initial state interact-
ing with ionising radiation in order to obtain some dynamic quantity of
interest. This step requires the matrices calculated in the previous step.
The matrix-vector multiplications (see section 3.2) are parallelised over
the available computational MPI nodes. To obtain the photo-electron
spectrum, we include either the splitting matrix or the CAP matrix
into the time-propagation: for the wave-function splitting method (sec-
tion 4.2) we include the former, and or the t-SURFF method (section 4.3)
we include the latter.

The input required for this step includes: i) laser parameters includ-
ing intensity, frequency, duration, pulse type and polarisation; ii) choice
of propagation algorithm (Runge-Kutta or Arnoldi-Lanczos) and their
relevant parameters; iii) time-step of propagation; iv) additional prop-
agation time before or after laser; v) initial state of the system; vi) in-
clusion of CAP or splitting matrix in the propagation (choice of splitting
frequency in the latter case); and vi) various options for output data.

The fifth and final step extracts the photo-electron spectrum from
the stored information on the evolving wave-function, in accordance
with the formulae given in equations (4.31), (4.33) and (4.34) for the
wave-function splitting method, and the formulae equations (4.60)and
(4.61) for the t-SURFF method. The radial HF orbital wave-functions
are required to calculate the necessary spatial integrals for the splitting
method. If the photo-electron spectrum is not converged, then input pa-
rameters for the first or fourth step should be modified accordingly.

Inputs for the final step are: i) selection of splitting or t-SURFF
method (choice of critical radius in the latter case); ii) selection of mo-
mentum grid (see section 4.2) and preference for momentum or energy
differential; iii) selection of either full, angle-integrated, momentum-
integrated, or full yield calculation; and iv) option for production of spec-
tra at multiple specified time-points during propagation.
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6 Strong field ionisation

The underlying physical laws that undergird the strong field ionisation
of atoms and molecules are well understood, and all electronic dynam-
ics can in principle be entirely deduced from solving the Schrödinger
equation. However, given computational constraints it is often practi-
cally difficult to carry this out quickly and efficiently for all relevant
parameter ranges. Many-electron systems are particularly problematic
to simulate, as there is an exponential scaling of the problem for every
additional electron added to the system. This rapidly leads to unfea-
sibly large basis sizes required to describe the full space of the state.
Another problem, as discussed in section 3.2.4, is the need to simulate
a sufficiently large spatial grid that can contain the electronic motion
of high-energy particles over the timescale of the radiation without in-
curring too much interference from artificial reflection. Thus, the brute
force approach, such as the one outlined in section §3, is often difficult to
achieve in practice despite the many approximations and mathematical
tricks that have been developed to compensate for this problem.

This approach also suffers from a more subtle disadvantage; insight
into the problem at hand can often be clouded due to the difficulty of in-
terpreting the obtained results. For instance, it can often be challenging
to correctly identify the physical mechanism and/or ionic channel that
lies behind different peaks in the photo-electron spectrum. Instead, it is
often approximate and simplified models that can provide a clear inter-
pretive framework towards understanding the main physical features
of the system under investigation.

To this end, part of this work will compare and contrast photo-electron
spectra obtained through the numerical solution of the time-dependent
Schrödinger equation to the spectra predicted from strong field ionisa-
tion theory, which we now introduce.

As discussed in the introduction, the invention of the laser in 1960
[1] as a source of coherent and high intensity radiation stimulated the
development of the field of strong-field ionisation physics. It soon be-
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came clear from experiments that the process of photo-ionisation was
not limited to the absorption of a single photon by an electron with suf-
ficient energy to release it from its atomic bond. The phenomenon of
bound-continuum transitions through multi-photon ionisation, wherein
an electron absorbs as many photons as it requires for ionisation, was
instead observed [25, 26].

A variety of further nonlinear optical phenomena were experimen-
tally observed in the subsequent decades. Non-sequential double ionisa-
tion [27], in which two electrons are emitted with correlated momenta,
was discovered in 1975. High-harmonic generation was observed in
1977 [8, 9, 10], although demonstrations of second-harmonic generation
had already been made in 1961 [28]. As mentioned above, HHG occurs
when an incident IR field on the atomic or molecular system is converted
(through recombination of the ionised electron with its parent ion) into
XUV radiation with a discrete spectrum of integer multiples of the orig-
inal wave frequency. This spectrum can be analysed to provide insight
into the system’s dynamics at the moment of recombination. Above-
threshold ionisation was first observed in 1979 [29]; in a high intensity
field the electron can absorb more photons than it strictly needs to sur-
mount the ionisation threshold of the electron’s ground state and the
resulting photo-electron can attain an energy in the continuum corre-
sponding to the number of above-threshold photons absorbed. There is
also a high energy component to the ATI spectrum (discovered in 1994
[30, 31]) with a plateau that extends to very large kinetic energies; this
is caused by rescattering of the photo-electron from its parent ion.

The developing capabilities of high-intensity lasers accompanied by
the experimental observation of the features mentioned above, pointed
the way to a properly non-perturbative theory of strong-field physics. In
this theory, the laser-atom interaction is considered of sufficiently prime
importance to constitute an integral part of the dynamics, rather than
being included as a perturbation to dynamics that remain determined
by the processes intrinsic to the atom or molecule itself.
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Figure 7 – (a) In the multi-photon picture, the electron is ionised after
absorbing multiple electrons, while (b) in the tunnelling picture, the ex-
ternal field modifies the potential to the extent that quantum tunnelling
can liberate the electron from the barrier.

The groundwork for the basic non-perturbative theory was devel-
oped by Keldysh [32] soon after the invention of the laser and was
extended by Faisal [33] and Reiss [34]. The central idea of the the-
ory, is that for a low frequency (ω) field of the form E0 cos(ωt) (where
E0 is the electric field amplitude), the laser interaction can be viewed
as a slowly oscillating linear potential term that modifies the time-
independent atomic potential to create a fluctuating barrier that the
electron can then quantum tunnel through ((b) in figure 7). This only
holds true in a regime where the period of the radiation is comparable
or larger to the timescale that the electron requires to tunnel out of the
potential barrier. The latter can be estimated as

√
2IP /E0, where IP

is the ionisation potential of the system. The Keldysh parameter γ is
expressed as

γ =
ω
√

2IP
E0

=

√
IP

2UP
(6.1)

A low value (γ < 1) of the Keldysh parameter determines that the
given atomic system can be modelled in the tunnelling picture. Con-
versely, a high value (γ > 1) for the Keldysh parameter indicates that
the multi-photon picture applies (depicted in (a) in figure 7). Here, the
electron only sees the time-independent atomic potential, but can be-
come ionised if it absorbs sufficient photons to escape this barrier. In
this latter case, perturbation theory is generally sufficient to model the
dynamics.

141



6 STRONG FIELD IONISATION

An equivalent formulation of the Keldysh parameter is shown on
the right hand side in equation (6.1), where UP is the ponderomotive
potential and denotes the average energy of an electron oscillating in a
field

UP =

(
E0

2ω

)2

(6.2)

This alternate formulation can be interpreted as quantifying the ra-
tio of the relevant energy scales: the ground state energy and the energy
of the oscillatory motion of the electron.
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6.1 Strong field approximation

The generalised strong field approximation (GSFA) model was intro-
duced by Lewenstein [106] to describe atoms interacting with intense
laser fields in the tunnelling regime (Keldysh parameter less than one),
but not intense enough for the ionisation to reach the saturation level.
The GSFA model treats the effects of electron rescattering in a system-
atic perturbation expansion. These rescattering collisions play a signif-
icant role in determining the final state distributions.

The method considers the atom in a single-electron approximation
interacting with a laser field polarised linearly in the z-direction. The
single-electron approximation is normally justified due to the fact that
a strong laser will generally take an ionised electron far from its parent
ion relatively quickly, leaving it little time to interact with the other
electrons. Once the photo-electron is far away, its dynamics can be
treated differently to the other bound electrons, even for the purpose
of modelling recollision effects.

However, it should be noted that this approximation tends to break
down in cases where the ion is left in an excited state. This can happen if
the ionisation targets an electron in a low-lying energy orbital [107, 108]
or if the electron ionised from the highest energy orbital subsequently
excites the core through Coulomb interaction either during the tun-
nelling process [109] or afterward [110]. These excitations can affect
other subsequent processes, so electronic correlation must be taken into
account when modelling various phenomena, including auto-ionisation
[111], Auger decay [112], shake-off [113], shake-up [114], interatomic
Coulomb decay [115] and many others.

The GSFA method further assumes that the electron is typically
ionised when the field is at its peak value, and that it is accelerated
to states in the continuum with a high velocity.

The method further postulates the following assumptions: i) deple-
tion of the ground state can be neglected, ii) all bound states apart from
the initial state of the system can also be neglected; i.e. the system’s
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wave-function can be written in the form

|Ψ(t)〉 = |Ψ0(t)〉+ |Ψph(t)〉 (6.3)

where |Ψph(t)〉 is the outgoing photo-electron. The time dependence of
|Ψ0(t)〉 can be simplified to the phase factor eiIpt due to assumption i).
iii) The continuum electrons can be considered as free particles in the
presence of the field with no interaction with the parent ion:

i
d

dt
|Ψph(t)〉 =

(
1

2
~p2 + ~r. ~E(t)

)
|Ψph(t)〉 (6.4)

This approximation reduces the Hamiltonian to the Volkov Hamilto-
nian equation (4.9) in the length gauge by removing the atomic potential
term. This problem then admits the exact Volkov state solutions

∣∣φ~p〉.
These are expressed in the spatial representation (length gauge) by

φ~p(t, ~r) =
1

(2π)3/2
e−iS(~p,t) exp(i

[
~p+ ~A(t)

]
.~r) (6.5)

for a canonical momentum ~p (as previously derived in equation (4.17).
The Volkov propagator e−iS(~p,t) is defined (see equation (4.13)) by the
action S(~p, t)

S(~p, t) =
1

2

t�

−∞

dt′[~p+ ~A(t′)]2 (6.6)

We thus choose to use the Volkov states as a convenient basis set for the
photo-electron wave-function, allowing us to rephrase equation (6.3) as

|Ψ(t)〉 = |Ψ0(t)〉+

�
d~pC(~p, t)

∣∣φ~p〉 (6.7)

where C(~p, t) is the time-dependent amplitude of each Volkov state.
equations (6.7) assumes that the Volkov basis set is orthogonal to the
bound state, i.e.

〈Ψ0

∣∣φ~p〉 = 0 for ∀~p (6.8)
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Although this is not exact, it allows for the partition of the Hilbert
space into a bound-state component and a continuum part. Let us apply
these assumptions to the exact expression for the probability amplitude
of detecting a photo-electron with a measured momentum ~p

T (~p) = −i lim
t→∞

� t

−t
dτ
〈
ψ~p(t)

∣∣ Û(t, τ)ĤI(τ) |Ψ0(τ)〉 (6.9)

where ψ~p(t) is the scattering state with asymptotic momentum ~p, the
total system Hamiltonian Ĥ(t) = Ĥ0 + ĤI(t) comprises an atomic part

Ĥ0 = −1

2
∇2 + V (~r) (6.10)

and a laser-electron interaction part (in length gauge)

ĤI(t) = ~r. ~E(t), (6.11)

Ψ0(t) is the ground state of the atomic Hamiltonian Ĥ0(t), and Û(t, t′) is
the time-evolution operator of the complete Hamiltonian satisfying the
Dyson equation

Û(t, t′) = ÛF (t, t′)− i
� t

t′
dτÛF (t, τ)V Û(τ, t′) (6.12)

where V is the system potential and ÛF (t, t′) is the time-evolution oper-
ator for the Volkov Hamiltonian equation (4.9) and is defined as

ÛF (t, t′) =

�
d~p
∣∣φ~p(t)〉 〈φ~p(t′)∣∣ (6.13)

We can now approximate the scattering solutions with the Volkov
solutions in equation (6.5) due to assumption iii)

〈
ψ~p(t)

∣∣→ 〈
φ~p(t)

∣∣.
The time-evolution operator Û(t, t′) must be solved by expanding it-

eratively; if we take it to the zeroth-order and thereby equate Û(t, t′) =
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6 STRONG FIELD IONISATION 6.1 Strong field approximation

ÛF (t, t′) we can then express equation (6.9) as

TDir(~p) = −i
∞�

−∞

dτ
〈
φ~p(τ)

∣∣∣ĤI(τ)
∣∣∣Ψ0(τ)

〉
(6.14)

where TDir(~p) is the zeroth-order contribution to T (~p). Conveniently, this
term can be physically interpreted as corresponding to a direct contri-
bution from ionised electrons that are accelerated away from the parent
ion to the detector.

If we include the first order term in equation (6.12) so that

Û(t, t′) = ÛF (t, t′)− i
� t

t′
dτÛF (t, τ)V ÛF (τ, t′) (6.15)

we then obtain two terms from equation (6.9)

T (~p) = TDir(~p) + TResc(~p) (6.16)

where the first term is given in equation (6.14) and the second term is
given by

TResc(~p) = −
∞�

−∞

dt

t�

−∞

dt′
�
d~k
〈
φ~p(t) |V |φ~k(t)

〉 〈
φ~k(t

′)
∣∣∣ĤI(t

′)
∣∣∣Ψ0(t′)

〉
(6.17)

The second term can be physically interpreted as corresponding to a
rescattering contribution from ionised electrons that are returned to the
parent ion due to interaction with the laser field and are subsequently
elastically rescattered. This term is equivalent to the ‘improved strong-
field approximation’ introduced by Hasovic et al. [116].

The three steps in the rescattering process delineated in equation
(6.17) are (i) ionisation at time t′ to a Volkov state with canonical mo-
mentum ~k, (ii) propagation in the laser field from t′ to t where t > t′; (iii)
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6 STRONG FIELD IONISATION 6.1 Strong field approximation

scattering off the ion to a final Volkov state with canonical momentum ~p

at time t, where V is a model potential for the ionic system in question.
For this work, we choose a model potential of the form

V (r) =
1 + a1e

−a2r + a3e
−a4ra5e

−a6r

r
(6.18)

All possible paths for this three-step process are integrated over: all pos-
sible times for the ionisation (when the laser is active) and rescattering
processes, and all possible intermediate Volkov states with canonical
momentum ~k.

The parameters in equation (6.18) are empirically chosen by compar-
ing the binding energies of the ground state and first few excited states
of the atom calculated using this potential with the experimentally ob-
served energies. In this work, we use the values reported by Tong and
Lin [117].

The expansion of equation (6.16) treats the electron-laser interaction
as the strong field and the electron-ion interaction as a perturbation. We
expand equation (6.14) to

TDir(~p) =
−i

(2π)3/2

∞�

∞

dtE(t)eiS(~p,t)eIP t
�
d~re−i[~p+

~A(t)].~rr cos θΨ0(~r) (6.19)

where θ is the polar angle and eIP t is the time dependence of the initial
state with IP as the ionisation potential.

We also expand equation (6.17) to

TResc(~p) = −
∞�

−∞

dt

t�

−∞

dt′
�
d~kE(t′)eIP t

′
e−iS(~k,t)eiS(~k,t′)eiS(~p,t)

× 1

(2π)9/2

�
d~r′ei(

~k−~p).~r′V (~r′)×
�
d~re−i(

~k+ ~A(t′)).~rr cos θΨ0(~r)

(6.20)
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6 STRONG FIELD IONISATION 6.1 Strong field approximation

To avoid singularities in the Fourier transform of the system poten-
tial, we multiply the system potential in 6.18 with a damping factor:
V (r) → V (r) × e−ξr. Numerical simulations show that this factor does
not distort the shape of the ATI spectrum although it can shift its over-
all magnitude; for this study we have chosen ξ = 1.0.
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6 STRONG FIELD IONISATION 6.2 Saddle-point approximation

6.2 Saddle-point approximation

The three-dimensional integral for the rescattering contribution to the
SFA spectrum given in equation (6.20) can be simplified with the saddle-
point approximation, which we briefly introduce.

Suppose we wish to solve the following integral

I(λ) =

� b

a
f(x) exp [iλg(x)] dx (6.21)

where the two functions f and g are smooth and, by extension, amenable
to a Taylor expansion. The latter function g is real-valued with a global
minimum at some point x0 on the interval [a, b] where g′(x0) = 0 but
g′(x) 6= 0 everywhere else. (We also assume that f(x0) 6= 0 and g′′(x0) 6=
0). We then rewrite equation (6.21)

I(λ) = exp [iλg(x0)]

� b

a
f(x) exp [iλ (g(x)− g(x0))] dx (6.22)

For λ � 1, the exponent in the integrand is highly oscillatory when
x 6= x0 which gives rise to cancellation. This cancellation means that
the integral decays rapidly outside of a small neighbourhood around x0

where there is no linear term in the Taylor expansion around that point.
This allows us to make the following approximation to equation (6.21)

I(λ) ≈ exp [iλg(x0)] f(x0)

� ∞
−∞

exp [iλ (g(x)− g(x0))] dx

≈ exp [iλg(x0)] f(x0)

� ∞
−∞

exp

[
iλ

2
g′′(x0)(x− x0)2

]
dx

= exp [iλg(x0)] f(x0)

√
2πi

λg′′(x0)
(6.23)

where we evaluate the Gaussian integral in the second line. This theo-
rem is also known as the stationary phase approximation, because the
main contribution to the integral comes from the region where the phase
of the exponent is stationary: g′(x0) = 0.
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6 STRONG FIELD IONISATION 6.2 Saddle-point approximation

We can apply this approximation to the three-dimensional integral
over the momenta of the intermediate Volkov states in equation (6.17),
as the exponent characterised by the action (e−iS(~k,t)eiS(~k,t′)) varies rapidly.
The saddle point where the derivative of the exponent vanishes, is given
by

∂

∂~k

1

2

t′�

t

dτ [~k + ~A(τ)]2

∣∣∣∣∣∣
~k=~ks

= 0

t′�

t

dτ [~ks + ~A(τ)] = 0

~ks = − 1

t− t′

t�

t′

dτ ~A(τ) (6.24)

and parametrically depends on the difference between t and t′ in the
double time integral. Using equation (6.23), we take each dimension in
the integral over the intermediate momenta as

�
dk →

√
2π

ε+ i(t− t′)
(6.25)

and approximate equation (6.20) to

TResc(~p) = −
∞�

−∞

dt

t�

−∞

dt′
(

2π

ε+ i(t− t′)

)3/2

E(t′)eIP t
′
e−iS(~ks,t)eiS(~ks,t′)eiS(~p,t)

× 1

(2π)9/2

�
d~r′ei(

~ks−~p).~r′V (~r′)×
�
d~re−i(

~ks+ ~A(t′)).~rr cos θΨ0(~r)

(6.26)

The small parameter ε has been added to the stationary phase ap-
proximation factor to smooth out the singularity at t = t′. For initial
states that do not have p symmetry, this parameter can be safely set to

150



6 STRONG FIELD IONISATION 6.2 Saddle-point approximation

zero. This is because the exponent in the last integral of equation (6.26)
goes to zero in the limit where t→ t′ and the spherical Bessel function in
the multipole expansion (seeequation (4.30)) of such an argument simi-
larly tends to zero for all Bessel functions of order one and above, faster
than the denominator in the prefactor. The exception to this is for an
initial p state, because the Bessel zeroth-order function j0 appears in
the summation and limx→0 j0(x) = 1.
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7 PHOTO-ELECTRON SPECTRA

7 Comparison of methods for calculating photo-
electron spectra

In this section, we compare the two methods for calculating the photo-
electron spectrum outlined in the sections above: the splitting method
covered in section 4.2 and the surface flux method discussed in sec-
tion 4.3. Both approaches are applied to measure the simulated spec-
trum produced from the one-photon and two-photon photo-ionisation of
closed-shell atoms in the XUV regime.

Photo-electron spectroscopy (PES) is a standard experimental tech-
nique used to provide insight into the electronic structure of atoms and
molecules by determining the relative energies of occupied electron or-
bitals in these systems. Samples of such systems are ionised with high-
energy radiation and the kinetic energies of the ejected electrons are
measured and recorded on a spectrum. The peaks observed in the spec-
trum correspond to photo-electrons ionised from different subshells of
the atom or molecule with varying binding energies; photo-electrons
with relatively low binding energies correspond to the valence orbitals,
while photo-electrons with comparatively higher binding energies cor-
respond to the more tightly bound orbitals in the core. PES is still used
as an important tool in research; recently it has been used to investi-
gate the decay pathways of inner shells in atoms [118], and to probe the
mechanisms that contribute to the low-energy structure of strong-field
ionisation [119, 120].

Photo-ionisation is easily analysed in the weak-field limit where the
atom’s interaction with the incident radiation can be treated perturba-
tively and correlation effects can be included. Methods that are widely
applied to investigations within this domain include the coupled-cluster
method [121], the random phase approximation [122, 123] and R-matrix
theory [124]. Photo-ionisation in the strong-field regime, where the in-
teraction must be treated non-perturbatively, is less amenable to nu-
merical analysis, especially where correlation effects due to the many-
body dynamics need to be taken into account.
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7 PHOTO-ELECTRON SPECTRA

As previously discussed in section 3.2.4, to propagate the wave-function
over the pulse duration and project the full photo-electron wave-packet
onto the continuum states requires a numerical grid of sufficient size
to contain the high-energy photo-electrons without reflections off the
edge of the grid. The two methods that we compare in this section over-
come this obstacle in different ways: the splitting method periodically
splits the wave-function at a fixed radius between an internal and an
asymptotic part; while the surface flux method measures the flux of the
photo-electrons through a sphere at a fixed radius.

These two methods are implemented in the B-spline ADC scheme,
using the first order ADC[1] of the ADC[n] hierarchy. As discussed in
section 3.1, the configuration in the intermediate states basis at this
level in the hierarchy contains the ground state and the 1h1p configura-
tions, which is suitable for analysing the ionisation of a neutral system.
The perturbation expansion of the single excitation classes is truncated
at the first order and the ADC[1] Hamiltonian matrix elements MIJ

read

Mai,a′i′ = δaa′δii′ (εa − εi)− Vai′[a′i] (7.1)

where the terms with i 6= i′ describe inter-channel couplings. The cal-
culated energies of the excited states are equivalent to the Configura-
tion Interaction Singles method (briefly outlined in section 2.1). The
major difference between the two methods lies in the transition dipole
moments between the ground state and the singly excited states. The
ADC[1] scheme includes the full first-order contribution deriving from
the first-order contribution to the ground state (see equation (3.62)).
This correction is of great significance when applied to photo-ionisation
from the ground state as it modifies precisely those elements that em-
body this physical process.

The time-dependent Schrödinger equation is then solved by numer-
ically propagating the wave-function under the influence of the ionising
laser field. The B-spline ADC method includes inter-channel coupling
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7 PHOTO-ELECTRON SPECTRA

and correlation effects between the photo-electron wave-packet and its
parent ion.

We simulate the irradiation of the neon atom with a strong-field
XUV linearly polarised laser field with a view to measuring the atom’s
angle- and energy-resolved photo-electron spectrum. We use a photon
energy of 105 eV, so that the incident radiation is of sufficient energy
to ionise the neon atom in both the 2s and the 2p subshells. Multi-
ple subshells are therefore active in the photo-ionisation process, so it
is important that the simulation method should account for the many-
electron correlation effects. In our scheme, the channels of the 2s and
2p neon subshells are both activated and can contribute to the photo-
electron spectrum, while the tightly bound core subshell 1s is frozen, as
its contribution is negligible.

The laser intensity is 9.0 × 1013 W/cm2, and the pulse has a total
duration of T = 3.23 fs. The pulse envelope form f(t) is given by

f(t) = E0 cos2

(
πt

T

)
for − T/2 ≤ t ≤ T/2 otherwise 0 (7.2)

where E0 is the field strength. The cycle period for a frequency corre-
sponding to the photon energy of 105 eV is 0.00394 fs, so the total pulse
duration corresponds to ~82 cycles of the laser period. The full width
at half maximum (FWHM) of the laser pulse is then TFWHM = 1.175 fs,
using the relationship TFWHM = T arccos

(
2−1/4

)
/π.

The propagation of the simulation is continued after the end of the
laser pulse for enough time to allow all of the unbounded wave-packet
to reach the radial boundary where it can be measured and recorded in
the spectrum. Treating the problem classically, this can be estimated
by determining the time the lowest energy photo-electron of interest
requires to cover the distance from the origin to the measurement point,
assuming it becomes ionised at the tail-end of the pulse. The binding
energy of the 2s subshell is 52.527 eV [125] so the lowest energy peak in
the spectrum produced by the photon energy of 105 eV is expected to be
centred at 52.473 eV. So if the measurement of the photo-electron was
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to take place at a distance of 50 au from the origin, we would require an
additional propagation time corresponding to at least 16 laser cycles to
ensure that this peak is fully converged.

The radial grid size for the B-spline basis set is fixed at 100 au with
170 linearly spaced intervals and its order is set to 10. The first and last
10 breakpoints are made coincident to ensure continuity of the func-
tion and its derivative. The maximum angular momentum parameter
is found (through convergence tests) to be at Lmax = 3; transitions in-
volving more photon absorptions and emissions contribute a negligible
proportion to the total spectrum due to the high energy of the laser field.
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7 PHOTO-ELECTRON SPECTRA 7.1 Splitting method

7.1 Splitting method

The splitting method depends on the following crucial parameters: the
splitting radius rc, the smoothing parameter ∆ and the chosen fre-
quency of the splitting operation during the propagation (see equation (4.18)).

In general, the splitting may be done at any point during the propa-
gation. However, as discussed in section 4.2, it is computationally sim-
pler to restrict the splitting times ti to the points when ~A(ti) = 0 (where
~A(t) is the vector potential). If this restriction is not imposed then the
full set of radial integrals must be recalculated for each splitting mo-
ment with a different value for the vector potential. This is because
the Volkov state’s canonical momentum ~pc is a function of the vector
potential: ~pc = ~p+ ~A(t).
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7 PHOTO-ELECTRON SPECTRA 7.1 Splitting method

Figure 8 – Photo-electron spectrum of neon after interacting with a 105
eV laser pulse with an intensity of 9.0 × 1013 W/cm2 and a duration of 1.2
fs FWHM. The spectrum is measured in the direction θ = 0 along the laser
polarisation axis. Calculated with the splitting method with rc = 50 au,
∆ = 1 au and splitting every laser cycle (3.23 fs). The one-photon absorp-
tion lines are the two on the left, with the lines corresponding to the 2s and
2p channels centred on the energies 52.5 eV and 85.9 eV, respectively. The
two-photon above threshold absorption lines are on the right with the 2s
and 2p channel contributions centred on the energies 157.4 eV and 186.7
eV, respectively.

To verify that the absorption of the wave-packet in the splitting
method is accurate, we first compare the temporal depletion of the ground
state population as the system evolves under the influence of the split-
ting operator to the case where it is under the influence of a complex
absorbing potential. We ensure that the system has propagated for
a sufficient time after the pulse to ensure that all parts of the wave-
function in the continuum have been completely absorbed, either by the
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CAP or by the splitting operation. The final ground state population as a
fraction of the initial population in the CAP case is 0.97513. The equiv-
alent figure for the splitting case is 0.97533. The relative difference for
this measurement, taken for all combinations of splitting parameters
that are analysed in this section, is within a small margin of 10−3. This
margin can be further reduced by increasing the the frequency of the
splitting.

A further check compares the loss of norm in the wave-function at
the end of the propagation to the total ionisation yield. The latter is
calculated by fully integrating the spectrum over the angular degrees of
freedom and all the dominant peaks (skipping out the momentum space
where there are no peaks or there are very small peaks for many-photon
transitions that are buried in the numerical background). The bound
wave-function norm is reduced to 0.97533 and the total ionisation yield
is found to be 0.02432 for a total of 0.99965. The small discrepancy
between this figure and the expected value of 1, may be because the
integration for the total ionisation yield does not include the very small
above-threshold peaks.

The photo-electron spectrum is plotted in figure 8. The spectrum
is measured in the direction of polarisation where the polar angle is
zero, and contributions from all the ionisation channels are incoher-
ently summed up. The energy of the peaks correspond to the difference
between the photon (or two-photon) energy and the binding energy of
the hole corresponding to the peak. The two peaks on the left hand
side correspond to the one-photon absorption lines. The left-most peak
is centred on 52.5 eV and corresponds to the orbital with a calculated
binding energy of 105 eV−52.5 eV = 52.5 eV. This peak can therefore be
identified with the 2s photo-ionisation channel, which has an HF orbital
energy (calculated in the B-spline basis at the ADC[1] level) of 52.527
eV. The peak to its right is centred on 81.9 eV and corresponds to the
2p orbital with binding energy 105 eV − 81.9 eV = 23.1 eV (HF orbital
energy of 23.141 eV).

The two peaks on the right hand side correspond to the two-photon
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above threshold absorption lines. The left-most peak of these two cen-
tred on 157.4 eV, is the 2s contribution and the peak to its right centred
on 186.7 eV is the 2p contribution. The second set of peaks is therefore
separated from the first set in energy by the photon energy, and their
yields are four orders of magnitude lower than the one-photon peaks’
yields. The peak width corresponds to the Fourier-limited energy width
where

∆T∆ω = 3.2955 (7.3)

where ∆T is the pulse duration FWHM and ∆ω is the pulse’s bandwidth
power spectrum FWHM and the relation equation (7.3) holds true for a
pulse with a cosine squared envelope (see section 9.2.1 for more details).
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Figure 9 – Photo-electron spectrum of neon after interacting with a 105
eV laser pulse with an intensity of 9.0 × 1013 W/cm2 and a duration of 1.2
fs FWHM. The spectrum is measured in the direction θ = 0 along the laser
polarisation axis. Calculated using the splitting method with ∆ = 1 au
and a splitting frequency of once per cycle. The splitting radius is varied
between rc = 89 au to rc = 99 au.

We now turn to the effect of varying the splitting radius parame-
ter on the measured photo-electron spectrum. The key consideration
is to ensure that the radial wave-function does not reach the edge of
the grid between splitting times, so that it does not have the oppor-
tunity to reflect nonphysically and distort the spectrum. The splitting
radius should therefore be chosen so that the ionised electrons with the
highest classical momentum cannot reach the edge of the grid in the
elapsed time between splitting operations, thus ensuring that there is
little artificial grid reflection. This optimisation will in turn depend on
the smoothing parameter, as this controls the steepness of the splitting
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slope.
In figure 9, the smoothing parameter is held constant at ∆ = 1 au

while the splitting radius is varied in 2 au increments from 89 au to
99 au. The highest energy photo-electron in the simulation has a ki-
netic energy of 186.7 eV, which corresponds to a momentum of 3.7 au.
Over the course of the propagation between splitting times separated
by one laser cycle in time (equivalent to 1.628 au), this photo-electron
covers approximately 6 au in distance. Hence, setting the radius at a
point where there is insufficient space left in the grid (rmax = 100 au)
to accommodate this spread, i.e. beyond 94 au, introduces significant
numerical distortion.

162



7 PHOTO-ELECTRON SPECTRA 7.1 Splitting method

Figure 10 – Photo-electron spectrum of neon after interacting with a 105
eV laser pulse with an intensity of 9.0 × 1013 W/cm2 and a duration of 1.2
fs FWHM. The spectrum is measured in the direction θ = 0 along the laser
polarisation axis. Calculated using the splitting method with rc = 89 au
and a splitting frequency of once per cycle. The smoothing parameter is
varied between ∆ = 0.1 au, ∆ = 1 au and ∆ = 5 au.

As mentioned above, the optimisation of the splitting radius cru-
cially depends on the value of the smoothing parameter as well. The
previous calculation is valid in the limit where this parameter becomes
very small. In this limiting instance, the splitting function becomes a
step function and the splitting operation removes all parts of the wave-
function that are in the asymptotic region. However, a step function, or
even an unduly steep splitting function, will create undue reflection of
the wave-function at the splitting radius itself, which provides an alter-
native source of numerical error. This can be seen in figure 10, where
an overly small smoothing parameter of ∆ = 0.1 au drastically distorts
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the shape of the peak. Therefore a balance must be struck between
the need to ensure that the splitting function is sufficiently gradual
to prevent such reflections, but that it is not so gradual that parts of
the wave-packet are not fully absorbed before reflecting from the grid
boundary. Using the equation equation (4.18), we determine the radius
rp at which some fixed proportion P of the wave-function is eliminated
(around 95%) as a function of the splitting parameter ∆

rp − rc = −∆ ln

(
1

P
− 1

)
(7.4)

Setting P = 0.9, we can determine the minimum radial point rp
where 90% of the wave-function is removed as a function of the smooth-
ing parameter. It must then be checked that the high energy electrons
can be accommodated within the space between rp and rmax between
splitting operations. For a smoothing parameter of ∆ = 1 au, rp is just
2.2 au to the right of rc which leaves ample space to prevent artificial re-
flections. In contrast, if ∆ = 5.0 au,then the available space between rp

and rmax is drastically shrunk by just under 10 au, which is insufficient
to prevent some numerical distortion, as can be seen in figure 10.
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Figure 11 – Photo-electron spectrum of neon after interacting with a 105
eV laser pulse with an intensity of 9.0 × 1013 W/cm2 and a duration of 1.2
fs FWHM. The spectrum is measured in the direction θ = 0 along the laser
polarisation axis. Calculated with the splitting method with rc = 50 au,
∆ = 1 au. The frequency of the splitting is varied between once per 1, 2
and 4 cycles.

It can be seen from figure 11 that the obtained results are also highly
sensitive to the splitting rate, even if there is no concern about reflec-
tions from the grid boundary. Here, the splitting radius is kept constant
at 50 au with a smoothing parameter of 1 au, but the frequency of the
splitting is varied between once per 1, 2 and 4 cycles. The choice of split-
ting parameters still ensures ample space to prevent artificial reflec-
tions, even for the lowest frequency. However, if the splitting frequency
is lowered below a certain point, then artificial peaks in the spectrum
start to distort the picture. This is because there are a correspondingly
smaller number of splitting time contributions for the overall spectrum,
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so nonphysical artifacts from one splitting operation are less likely to be
cancelled out by other splitting time contributions.

Another point to be borne in mind: setting the splitting frequency
too high will cause more reflection at the splitting radius to accumulate,
which may contribute to a build-up of numerical noise. This can then
dampen the visibility of the peaks and even wash out peaks of lower
magnitude. This issue will be sensitive to the choice of the smoothing
parameter, as this determines the degree of reflection caused by the
splitting operation. For this reason as well as for reasons of memory
storage space, the splitting should in general not be carried out at every
step in the propagation. Additionally (as mentioned at the beginning of
this section) this method is implemented in the length gauge. There-
fore, to minimise the required computational time, the chosen splitting
times should ideally coincide with multiples of the laser’s half-cycle time
where the vector potential is zero.

166



7 PHOTO-ELECTRON SPECTRA 7.1 Splitting method

Figure 12 – Photo-electron spectrum of neon after interacting with a 105
eV laser pulse with an intensity of 9.0 × 1013 W/cm2 and a duration of 1.2
fs FWHM. The spectrum is measured in the direction θ = 0 along the laser
polarisation axis. Calculated with the splitting method with rc = 50 au,
∆ = 1 au. The splitting is either carried out regularly once per cycle (blue),
or it is only implemented when a significant wave-function presence is
measured in the asymptotic region (red).

An alternative implementation of the splitting method we explore
in this work, entails performing the splitting procedure only when it
is necessary, i.e. when there is a portion of the wave-function detected
near the edge of the grid. This check is performed at every step in the
propagation procedure; the probability of the photo-electron for each
ionic channel being found in the region near the grid boundary is mea-
sured. If the measured probability for any channel is greater than some
threshold value (determined in advance), the splitting operation is then
immediately triggered. This method has the advantage of saving on
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time, both in the propagation stage where the frequency of the proce-
dure is minimised, and during the analysis stage where there are typi-
cally fewer splitting time contributions to sum up.

However, as discussed earlier, a reduced splitting frequency can cause
the background noise in the spectrum to increase, which can be seen in
figure 12. Here, if the probability of the photo-electron for each ionic
channel being present in a small region near the grid boundary is above
a certain threshold, then the splitting is triggered. This trigger is acti-
vated just 13 times throughout the propagation in contrast to the 130
splitting times for the regular method (once per cycle and a propagation
time consisting of 82 laser cycles and an additional time after the pulse
duration equivalent to 48 laser cycles). The peaks are still clearly vis-
ible above the numerical noise, but lower magnitude features could be
concealed. As the timing of the splitting cannot be controlled with this
method, the operation can take place at times when the vector potential
is not zero, thus necessitating the recalculation of the spatial integrals
for these contributions.
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7.2 Time-dependent surface flux method

Let us now attend to the time-dependent surface flux method. This
method depends on the choice of the critical radius rc at which the elec-
tronic flux is measured. It also depends on the parameters chosen to
determine the form, strength and radial onset of the complex absorb-
ing potential, which ensures that the high energy photo-electrons are
optimally absorbed without artificial reflection.

The CAP used in the graphed example is a purely imaginary CAP of
the form of a polynomial of order N = 5 (see table 6 in section 4.4).

Figure 13 – Photo-electron spectrum of neon after interacting with a 105
eV laser pulse with an intensity of 9.0 × 1013 W/cm2 and a duration of 1.2
fs FWHM. The spectrum is measured in the direction θ = 0 along the laser
polarisation axis. Calculated with the t-SURFF method with rcap = 70 au,
rc = 40 au. The interpretation of the peaks is the same as that given in
the caption to figure 8.

169



7 PHOTO-ELECTRON SPECTRA 7.2 T-SURFF method

As mentioned in section 4.4, the CAP needs to be carefully optimised
to the energy range of the wave-packet in question, in order to maximise
absorption and minimise reflection. If the CAP strength parameter is
too strong, the electron will be reflected; on the other hand a weak CAP
will not fully absorb high-energy photo-electrons by the edge of the grid.

The photo-electron spectrum calculated with this method is depicted
in figure 13. For this calculation, the CAP is ‘switched on’ at a radius
of rcap = 70 au and the flux is measured at a radius of rc = 40 au. The
CAP is scaled by the kinetic energy of the highest energy photo-electron
in the spectrum. As with the splitting method, enough time must be
allowed to elapse to enable the lowest energy photo-electron sufficient
time to cross over this boundary and contribute to the spectrum. In our
example this condition is easily met as the laser pulse has a high photon
frequency and the single-photon ionised electron from the 2s orbital has
kinetic energy in excess of 50 eV.
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Figure 14 – Photo-electron spectrum of neon after interacting with a 105
eV laser pulse with an intensity of 9.0 × 1013 W/cm2 and a duration of 1.2
fs FWHM. The spectrum is measured in the direction θ = 0 along the laser
polarisation axis. Calculated with the t-SURFF method with rcap = 70 au.
The surface radius is varied between 40 au and 70 au.

The t-SURFF radius rc should be chosen sufficiently far from the ori-
gin to justify the assumption that the wave-packet is not influenced by
the ionic field, but it should also be appropriately distant from the onset
of the CAP so that it measures the physical flux with little interference
from the absorber. If insufficient distance is maintained between these
two parameters, significant distortion to the spectrum can result. These
guidelines are validated in figure 14; a t-SURFF radius of rc = 10 au is
too small to justify the assumption that the outer wave-function has
negligible interaction with the parent ion; consequently the spectrum
peaks that correspond to two-photon absorption are placed at a lower
magnitude than is physically accurate. On the other hand, a t-SURFF
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radius of rc = 60 au is too close to the radius of the CAP onset and
captures some distortion at this point, which has the effect of overesti-
mating the peak magnitudes in the two-photon absorption region of the
spectrum.

Figure 15 – Photo-electron spectrum of neon after interacting with a 105
eV laser pulse with an intensity of 9.0 × 1013 W/cm2 and a duration of 1.2
fs FWHM. The spectrum is measured in the direction θ = 0 along the laser
polarisation axis. Calculated with the t-SURFF method with rc = 40 au.
The CAP radius is varied between 70 au and 95 au and rmax = 100 au.

Similarly, the choice for the radius of the CAP onset parameter is
important. If insufficient space is set aside for the absorber, then re-
flection from the grid boundary (rmax = 100 au) will leave a trace in the
recorded spectrum in the form of background noise, as can be seen in
figure 15.

The two methods for the calculation of the photo-electron spectrum
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are directly contrasted in figure 16, for the same system and pulse char-
acteristics. The shape and positioning of the peaks are in excellent
agreement, although the recorded noise has a higher order of magni-
tude in the surface flux method.

In conclusion, both methods have advantages and disadvantages in
terms of the relevant approximations that they make, their respective
computational needs, and the complexity of their convergence require-
ments, and the superior choice of method will generally depend on the
nature of the problem at hand.

The splitting method demonstrates good absorption characteristics
and numerical distortion and reflection can be minimised, although
this requires the convergence of three parameters in contrast to the
t-SURFF method’s dependence on just one parameter (notwithstanding
the optimisation of the CAP). The splitting method requires a long eval-
uation time for the radial integrals, in contrast to the t-SURFF method
where no radial integrals are required as the flux is measured at a par-
ticular point. However, the radial integrals for a specific basis set and
set of splitting parameters can be stored in a file and used repeatedly,
both within a single simulation and for other simulations that share
these same parameters. The t-SURFF method suffers from the need
to store the coefficients of the state vector throughout the propagation
which can strain the storage space limitations, although the severity of
this problem will depend on the choice of basis set. The analysis part
must also run through every propagation step, whereas the analysis in
the splitting method is restricted to the splitting times.
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Figure 16 – Photo-electron spectrum of neon after interacting with a 105
eV laser pulse with an intensity of 9.0 × 1013 W/cm2 and a duration of 1.2
fs FWHM. The spectrum is measured in the direction θ = 0 along the laser
polarisation axis. The spectrum is obtained for the t-SURFF method (blue)
with rcap = 70 au and rc = 40 au and for the splitting method (red) with
rc = 50 au, ∆ = 1 au and a splitting frequency of once per cycle.

We finally validate the photo-electron spectra attained with the B-
spline ADC numerical method by benchmarking to results reported in
[126] for the argon atom ionised by a strong-field XUV linearly polarised
laser field with intensity 9.0 × 1013 W/cm2, energy of 105 eV, 1.2 fs du-
ration FWHM and pulse envelope form given in equation (7.2). The
spectrum in [126] is calculated using the time-dependent configuration
interaction singles (TDCIS) method and is in turn validated against
an experiment carried out at the free-electron laser facility FLASH in
Hamburg.

As for the neon case above, multiple channels are active in this
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photo-ionisation process as the photon can ionise argon from both the
3s and the 3p subshells. The B-spline ADC results are found to be in
good agreement with the TDCIS (and experimental) results, as follows.
We first compare the ratio of the full angle and momentum integrated
yield corresponding to the single-photon 3s channel to the single-photon
3p channel: the B-spline ADC result is 0.2682 and the TDCIS result is
0.2640. We next compare the ratio of the yield for the double-photon
3s channel to the double-photon 3p channel: the B-spline ADC result
is 0.1677 and the TDCIS result is 0.1963. We finally compare the ra-
tio of the total double-photon yield to the total single-photon yield: the
B-spline ADC result is 7.694×10−5 and the TDCIS result is 7.611×10−5.
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7.3 Angular distributions

Figure 17 – Photo-electron energy and angle spectrum of neon in the form
of a colour map after interacting with a 105 eV laser pulse with an inten-
sity of 9.0 × 1013 W/cm2 and a duration of 1.2 fs FWHM. The spectrum is
obtained for the splitting method with rc = 50 au, ∆ = 1 au and a splitting
frequency of once per cycle.

In this section, we investigate the angular distribution of the photo-
electron spectrum of neon. As in the previous sections, we use an XUV
linearly polarised pulse with a photon energy of 105 eV, a laser intensity
of 9.0 × 1013 W/cm2 and a pulse of 1.2 fs duration FWHM. The angular
and energy resolved photo-electron spectrum is depicted in figure 17
where the four peaks are clearly discernible as circular bands at their
corresponding energies.

176



7 PHOTO-ELECTRON SPECTRA 7.3 Angular distributions

Figure 18 – Photo-electron angular spectrum of neon after interacting
with a 105 eV laser pulse with an intensity of 9.0 × 1013 W/cm2 and a du-
ration of 1.2 fs FWHM. The spectrum is obtained for the splitting method
with rc = 50 au, ∆ = 1 au and a splitting frequency of once per cycle. The
spectrum in (a) is obtained by integrating over the momentum range of the
peak corresponding to one-photon ionisation from the 2s channel, and the
spectrum in (b) is obtained by integrating over the momentum range of the
peak corresponding to one-photon ionisation from the 2p channel (channels
corresponding to different values of the magnetic quantum number m are
shown).

Let us focus on the angular dependence for each peak. The two in-
nermost bands correspond to one-photon ionisation and their angular
dependence is shown in figure 18. These are derived by integrating over
the momentum range that corresponds to the particular peak. The low-
est energy peak (a) in figure 18 arises from ionisation of the 2s channel
caused by the absorption of one photon, and we find an angular depen-
dence for this peak that demonstrates a p-wave character cos2(θ). This
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is because the selection rule in equation (3.98) determines that the only
physically allowed transition from the initial state (with a total angular
momentum of zero) is to a final state with a total angular momentum of
one. The ion’s angular momentum is zero as the 2s channel is ionised,
so the photo-electron must have an angular momentum of one.

The next peak (b) in figure 18 arises from the one-photon ionisation
from the 2p channel and can therefore either transition to a d-wave or s-
wave character photo-electron, corresponding to the physically allowed
transitions of p-s and p-d, respectively, although the overall magnitude
is dominated by the d-wave profile

[
3 cos2(θ)− 1

]2 for m = 0. The angu-
lar profile for m = 1,−1 for the 2p channel is [sin(θ) cos(θ)]2, as shown in
figure 18.
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Figure 19 – Photo-electron angular spectrum of neon after interacting
with a 105 eV laser pulse with an intensity of 9.0 × 1013 W/cm2 and a du-
ration of 1.2 fs FWHM. The spectrum is obtained for the splitting method
with rc = 50 au, ∆ = 1 au and a splitting frequency of once per cycle. The
spectrum in (a) is obtained by integrating over the momentum range of the
peak corresponding to two-photon ionisation from the 2s channel, and the
spectrum in (b) is obtained by integrating over the momentum range of the
peak corresponding to two-photon ionisation from the 2p channel (chan-
nels corresponding to different values of the magnetic quantum number
m are shown).

The two outermost bands in figure 17 correspond to above threshold
two-photon ionisation and their angular dependence is shown in fig-
ure 19. As before, these are derived by integrating over the momen-
tum range that corresponds to the particular peak. The lowest energy
peak (a) in figure 19 arises from ionisation of the 2s channel from two
photons. We obtain for this peak an angular dependence that demon-
strates an s- and d-wave character, corresponding to the physically al-
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lowed transitions of s-p-s and s-p-d, respectively, although the overall
magnitude is dominated by the d-wave profile.

The next peak (b) in figure 19 arises from the two-photon ionisation
from the 2p channel and can therefore either transition to a p-wave or f -
wave character photo-electron, corresponding to the physically allowed
transitions of p-s-p or p-d-p and p-d-f, respectively, although the over-
all magnitude is dominated by the f -wave profile

[
5 cos3(θ)− 3 cos(θ)

]2
for m = 0. The angular profile for m = 1,−1 for the 2p channel is[
sin(θ)(5 cos2(θ)− 1)

]2, as shown in figure 19. Note that there is some
angular asymmetry around π/2 in this case.
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8 Above threshold ionisation effect

The previous section §7 touched on the nonlinear phenomenon known
as above threshold ionisation, although due to the high frequency of the
laser field, the photo-electron spectrum only showed evidence of one-
photon and two-photon absorption. In this section, we will switch to
using radiation in a much lower frequency domain, where the interest-
ing properties of this phenomenon can be observed from simulations.
Let us first define the ATI effect and describe its important features.

As mentioned in section §6, ATI (first observed in 1979 [127]) has
been used to provide unprecedented insight into the interaction dynam-
ics of atoms or molecules with intense laser radiation fields. ATI is a
highly nonlinear multi-photon effect where an atom absorbs more pho-
tons than the minimum energetically required for ionisation, producing
a photo-electron spectrum with peaks (Em) separated by the photon en-
ergy (ω):

Em = (n+m)ω − IP (8.1)

where IP is the ionisation potential and n andm represent the minimum
number of photons required to ionise the target and the additional pho-
tons absorbed by the photo-electron, respectively. When it became possi-
ble to produce laser pulses with sub-picosecond duration in the 1980s, it
was discovered that these peaks have a substructure, generally termed
Freeman resonances. These resonances are caused by the radiation field
induced AC Stark shift, which can cause the dressed ground state to be-
come resonant with a dressed excited state for certain intensities [128].
This effect can also cause broadening of the peaks and even large energy
shifts. More recent experimental studies that use cold target recoil-ion
momentum spectroscopy detectors capable of resolving spectra over the
full angular domain, have demonstrated additional complex structures
in the angular distributions [129].

The full ATI spectrum consists of a low energy region with energy
less than 2UP (where UP =

(
E0
2ω

)2 is the ponderomotive energy) and a
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high energy region with an energy plateau extending to approximately
10UP . The traditional interpretation of the low energy electrons cat-
egorise their method of production into two classes: those produced
through tunnelling ionisation, where the photon field is viewed as dis-
torting the binding potential to the point where quantum mechanical
tunnelling can occur, and multi-photon ionisation, where the bound elec-
tron must absorb multiple photons to become ionised. The ionisation
mechanism that predominates depends on the Keldysh parameter for
the system in question γ =

√
IP

2UP
, as discussed in section §6. A Keldysh

parameter of greater than one implies multi-photon ionisation, while
ionisation tunnelling is dominant if the parameter is lower than one
[32]. Recent discoveries, however, have cast doubt on this distinction;
for instance, photo-electron spectra obtained from solving the TDSE
show features consistent with multi-photon absorption even for laser
intensities that correspond to the tunnelling ionisation regime [130].

The high energy ATI region (HATI) is characterised by a plateau
that does not significantly change across the energy distribution, falling
off at the cut off point of approximately 10UP . The widely accepted ex-
planation of this phenomenon is that the high-energy photo-electrons
result from the ionised electron being driven back to scatter off its par-
ent ion by the laser field. The back-scattered electron is then acceler-
ated further in the field to energies up to 10UP . The profile of the HATI
plateau can be derived from a classical model of the process [30]. Alter-
native possible nonlinear paths for the colliding electron include other
well-documented phenomena, such as non-sequential double ionisation
(NSDI) [131], high-order harmonic generation [10], and the populating
of high-energy Rydberg states [132].

The specific features of the ATI plateau can vary from system to sys-
tem; some atomic targets, such as krypton, have a dropping plateau,
while others, including xenon, have a flatter plateau. Specific laser in-
tensities can also cause resonant-like enhancements to the spectra. A
variety of theoretical models have been proposed in recent years to ac-
count for these surprising observations, including Floquet theory [133],
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channel closing theory [134] and models based on the analysis of TDSE
solutions [135].

The angular distribution of the ATI spectrum was first measured
in the 1980s [136] for the xenon atom. Angular distributions of photo-
ionised electrons were also obtained in early experiments using syn-
chrotron radiation [137, 138]. Obtaining very highly resolved angular
photo-electron momentum distributions from experiments on ATI with
high-energy photons, has become increasingly possible with the advent
of X-ray free electron lasers (XFELs) around the world (including LCLS
in the US and FLASH in Germany) at the beginning of the 2010s. These
lasers have also been used to conduct investigations into phenomena
ranging from the two-colour core excitation of neon [139], the xenon Ry-
dberg states [140] and the orbital-dependent observation of lithium ex-
cited states [141], by measuring the resulting photo-electron spectrum
with unprecedented levels of resolution.

Photo-electron spectra derived from experiment can be compared
and contrasted to spectra produced from simulations, to determine the
suitability of the simulation’s underlying model and its implicit approx-
imations for describing the physical process under investigation.
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8.1 Noble atoms

We apply our B-spline ADC model to simulate the ATI process that re-
sults from the interaction between the noble gases (in particular, he-
lium, neon and argon) and a radiation field of moderate intensity and
low frequency. The radiation field we will use in this section has a cosine
squared envelope profile, defined in equation (7.2). We will first focus on
fields with energies in the visible part of the electromagnetic spectrum.

8.1.1 Helium

Figure 20 – Photo-electron spectra of helium after interacting with a
2.35 eV laser pulse of duration of 35.16 fs, which corresponds to 20 cy-
cles. The spectra are angle-integrated. Spectra for pulse intensities of
5.0× 1013 W/cm2 and 1.0× 1014 W/cm2 are compared.
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We obtain the photo-electron spectrum for the helium atom interacting
with a linearly polarised laser pulse with a photon energy of 2.35 eV
(530 nm wavelength). The pulse duration is set to 35.16 fs, which corre-
sponds to 20 cycles of the laser frequency, and we vary the laser inten-
sity from a value of 1.0× 1014 W/cm2 to half of that at 5.0× 1013 W/cm2.
The ponderomotive energy in the former case is Up = 2.6 eV and in the
latter case is Up = 1.29 eV.

The B-spline basis set of order k = 10 is linear with 100 intervals
from the origin to rmax = 100 au and the maximum angular momentum
required for good converged results is determined to be Lmax = 30. This
number must be much larger than the figure used in the previous sec-
tion §7 as we wish to simulate transitions that involve many photons.

The helium atom is initially in its ground state with 2 electrons in
the 1s valence shell, and the system is propagated with the Runge-Kutta
algorithm over the duration of the laser pulse. Propagation is continued
for an additional time equivalent to five laser cycles to ensure that the
wave-function has sufficient time to move away from the origin and be
detected by the spectrum measuring technique.

Figure 21 – Photo-electron energy and angle spectra of helium in the
form of a colour map after interacting with a 2.35 eV laser pulse and a
duration of 35.16 fs, which corresponds to 20 cycles. Spectra for (a) a pulse
with an intensity of 5.0 × 1013 W/cm2 and (b) a pulse with an intensity of
1.0× 1014 W/cm2.
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The photo-electron spectrum integrated over all the angular degrees
of freedom is shown in figure 20, and the angular distribution is de-
picted in figure 21. The latter’s intensity is depicted as a colour map in
the logarithmic scale. These spectra are all calculated using the split-
ting method with rc = 20 au, ∆ = 1 au and a splitting frequency of twice
per cycle.

The direct region plateau extending to 2Up is not clearly visible in
figure 20 (as well as the plots in figures 22, 24 and 26 for the neon atom
and the corresponding figures for the argon atom), due to the large gap
present between the ATI peaks.

The peaks in figure 20 and the concentric circles in figure 21 corre-
spond to ATI photo-electrons that have an energy of

Em = (n+m)ω − IP − UP (8.2)

where IP is the ionisation potential, n =
⌊
IP
ω

⌋
+ 1 is the minimum num-

ber of photons required to ionise the target (the brackets indicates that
the fraction is rounded down to the nearest integer value) and m is the
number of additional photons absorbed by the photo-electron. The ioni-
sation potential of helium, as calculated in the B-spline ADC model, is
IP = −24.9788 eV, so n = 11.

This equation is similar to equation (8.1), but with the addition of
the energy term UP . This extra term is present because the bound states
are dressed with the electric field in the non-perturbative regime. This
has the effect of shifting the ionisation energy, and is responsible for the
constant offset in the positioning of the peaks that is evident between
the spectra for the two different intensities in figure 20.

For the field intensity case of 5.0 × 1013 W/cm2, the ponderomotive
potential is UP = 1.293 eV. So the first visible peak in energy as pre-
dicted by equation (8.2) is then modified by UP to E1 = 1.9282 eV. The
first peak E0 does not exist as it is shifted to negative energy by the
ponderomotive potential term. In contrast, for the field intensity case of
1.0 × 1014 W/cm2, the ponderomotive potential is UP = 2.556 eV, which
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modifies the first peak energy to E1 = 0.6652 eV. As in the previous
case, there is no m = 0 term as its energy is shifted to below zero. This
effect is known as a channel closing: UP is slowly increased to the point
where the equality IP + UP = (n + m)ω holds for some integer value of
m, and at this point this multi-photon ionisation channel is closed off.
The values for the peak energies calculated above are corroborated in
figure 20. The subsequent peaks are then separated from each other by
multiples of the photon energy ω = 2.35 eV.

It can be seen in figure 20 that each individual ATI peak is broken
up into a substructure of smaller peaks. These are the so-called Free-
man resonances, experimentally found in 1987 [128], and are caused by
relative energy shifts between two atomic levels in the atom caused by
the AC Stark shift brought about by the driving radiation field. The
dressed ground state can become resonant with dressed Rydberg states
for certain intensities and the intermediate transition from the ground
state to the continuum via this Rydberg state can become activated at
these intensities, resulting in Freeman resonances.

The concentric rings in the angular distributions are broken up by
an interference pattern that is caused by different quantum trajectories
of the electron rescattering and it can be seen from figure 21 that the
number of angular nodes increases with the driving laser intensity.

8.1.2 Neon

We now move on to analysing the neon atom. This system has ten elec-
trons in total: two occupying both the 1s and the 2s orbitals and six
occupying the 2p orbital. In general, we can discount the contribution
to the photo-ionisation that arises from the 1s orbital as this state has a
very high binding energy and its photo-electron density is correspond-
ingly negligibly small.
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Figure 22 – Photo-electron spectra of neon after interacting with a 2.35 eV
laser pulse of duration of 35.16 fs, and an intensity of 5.0×1013 W/cm2. The
spectra are angle-integrated. Contributions to the total spectrum from the
major channels are shown.

The neon atom interacts with a linearly polarised laser pulse with
intensity 5.0× 1013 W/cm2, a photon energy of 2.35 eV and a pulse dura-
tion of 35.16 fs. As for helium, the B-spline basis set of order k = 10 is
linear with 100 intervals from the origin to rmax = 100 au and the max-
imum angular momentum required for good converged results is deter-
mined to be Lmax = 30. The ground state neon atom is propagated with
the Runge-Kutta algorithm over the duration of the laser pulse and an
additional time to ensure that the wave-function has sufficient time to
move away from the origin and be detected by the spectrum measuring
technique.
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Figure 23 – Photo-electron energy and angle spectra of neon in the form of
a colour map after interacting with a 2.35 eV laser pulse with an intensity
of 5.0 × 1013 W/cm2 and duration of 35.16 fs. Contributions to the total
spectrum from the major channels are shown: (a) the 2s channel, (b) the
2p1 channel, (c) the 2p0 channel and (d) the total spectrum.

The photo-electron spectrum for the neon atom integrated over all
the angular degrees of freedom is calculated and the contributions to
the total spectrum from the main contributing channels are shown in
figure 22. The result for the 2p−1 channel is not shown as it evolves
in an equivalent way to the 2p+1 channel due to the symmetry of the
Hamiltonian.

It is clear from figure 22 that the largest contribution comes from the
2p0 channel. The contribution from the 2s channel is suppressed due to
its relatively large binding energy; it’s peaks are also shifted relative to
the other channels for this reason. To determine why the 2p1 channel
is approximately one order of magnitude lower than the 2p0 channel,

189



8 ATI EFFECT 8.1 Noble atoms

we calculate the full angular resolved spectrum for each contributing
channel and depict them in figure 23. The spectrum yield is depicted
as a colour map in the logarithmic scale, and all of these spectra are
calculated using the splitting method with rc = 20 au, ∆ = 1 au and a
splitting frequency of twice per cycle.

The contribution from the 2p1 channel shown in (b) of figure 23 is
heavily suppressed along the direction of the z-axis (at zero angle on
the graph). This is because the atomic orbital of the 2p1 state is aligned
perpendicularly to the laser polarisation and has a nodal plane along
the z-axis, which reduces the overall ionisation from this orbital. In
contrast, the 2p0 channel provides the dominant contribution, as the
2p0 orbital is aligned parallel to the laser polarisation.

The angular spectra for the different individual channels of the neon
atom exhibit a four-fold symmetry, just as the angular spectra for the
helium atom do:

P (r, θ) = P (r, π − θ) = P (r,−θ) (8.3)

where P is the spectrum. The latter equality holds true specifically in
the case of linear polarisation [142].

The ionisation potential for the 2s and 2p orbital in neon, as cal-
culated in the B-spline ADC model, is IP = −52.3238 eV and IP =

−23.2406 eV (n = 23 and n = 10), respectively. For a field intensity
of 5.0 × 1013 W/cm2 the ponderomotive potential is UP = 1.293 eV, so
the first visible peak in energy for the 2s channel (where the electron
absorbs 23 photons) as predicted by equation (8.2) is modified by this
term to E0 = 0.4332 eV, and there is no channel closing. For the 2p

channel, the first visible peak in energy (where the electron absorbs 11
photons) is E1 = 1.3164 eV and the previous channel is closed by UP .
These values for the peak energies are corroborated in figure 22, and
the subsequent peaks are then separated from each other by multiples
of the photon energy ω = 2.35 eV.
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Figure 24 – Photo-electron spectra of neon after interacting with a 2.35 eV
laser pulse of duration of 35.16 fs, and an intensity of 1.0×1014 W/cm2. The
spectra are angle-integrated. Contributions to the total spectrum from the
major channels are shown.

We also calculate the photo-electron spectrum for the neon atom in-
teracting with the same field as before, but with double the intensity at
1.0× 1014 W/cm2, and the result for the angle-integrated distribution is
shown in figure 24.

The yield of the peaks is commensurately higher and their posi-
tion is different, in line with the ponderomotive potential shifted to
UP = 5.172 eV due to the higher intensity. The first visible peak in
energy for the 2s channel (where the electron absorbs 25 photons) is
E2 = 1.2542 eV and the corresponding value for the 2p channel (where
the electron absorbs 11 photons) is E1 = 2.1374 eV with subsequent
peaks separated from each other by multiples of the photon energy
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ω = 2.35 eV, as corroborated in figure 22.
The Freeman resonances are also much more pronounced for neon

when the intensity is doubled, as can be seen by comparing the fine
structure of each individual peak between figure 22 and figure 24. As
mentioned before, the presence and relative magnitude of these res-
onances is strongly dependent on the intensity of the pulse, and this
property has actually been exploited to provide a reliable physical method
for determining the precise intensity of a laser in experiment [143].

Figure 25 – Photo-electron energy and angle spectra of neon in the form of
a colour map after interacting with a 2.35 eV laser pulse with an intensity
of 1.0 × 1014 W/cm2 and duration of 35.16 fs. Contributions to the total
spectrum from the major channels are shown: (a) the 2s channel, (b) the
2p1 channel, (c) the 2p0 channel and (d) the total spectrum.

The contributions to the full angular resolved spectrum from the
main contributing channels are shown in figure 25. As before, the 2p−1

channel evolves in an equivalent way to the 2p+1 channel. The spectrum
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yield is depicted as a colour map in the logarithmic scale, and all of
these spectra are calculated using the splitting method with rc = 20 au,
∆ = 1 au and a splitting frequency of twice per cycle.

Figure 26 – Photo-electron spectra of neon after interacting with a 2.35
eV laser pulse of duration of 35.16 fs, and an intensity of 5.0× 1013 W/cm2.
The spectra are angle-integrated. The total spectrum resulting from all
ionisation channels being open is compared to the spectrum resulting from
having a single active electron from the 2p orbital.

Many models of ATI phenomena use the single active electron ap-
proximation, in which the system is modelled as a single electron that
interacts with the laser field. The electron is bound by an effective po-
tential specifically optimised so as to accurately reproduce the ground
state and the singly excited states. This can dramatically reduce the
computational resources that would be required to adequately take the
multi-electron dynamics into account. This simplification has been shown
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to produce valid results in many ATI calculations, such as the obtaining
of ATI spectra for argon [144] and total ionisation rates of helium in the
above-barrier regime [145].

It therefore may be interesting to compare the photo-electron spectra
displayed above in figure 22 with the spectrum obtained from the single
active electron approximation. The active electron is from the channel
that provides the dominant contribution (2p) and the other channels (1s
and 2s) are artificially frozen in place by removing the configurations in
the ADC[1] scheme that correspond to these channel excitations. All 6
electrons in the 2p orbital can become excited, regardless of the value of
the magnetic quantum number m.

As can be seen in the results depicted in figure 26, there is extremely
good agreement between the two methods. Some small discrepancies,
however, emerge at the troughs between peaks, where there is some
interference with the contribution from the 2s channel. Although this
channel is separated from the 2p channel by over two orders of magni-
tude, the peak position of the 2s channel is shifted so that it coincides
with the trough of the 2p channel, and they interfere slightly.

A lower laser frequency in the IR range is more commonly used in
ATI experiments. In this domain, the contributions from different chan-
nels are separated from each other to a greater extent and the single
active electron approximation is in general more justified.
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Figure 27 – Photo-electron spectra of neon after interacting with an
IR 1.55 eV laser pulse of duration 35.16 fs, and an intensity of 1.0 ×
1014 W/cm2. The spectra are angle-integrated. The total spectrum result-
ing from all ionisation channels being open is compared to the spectrum
resulting from having a single active electron from the 2p orbital. The
other contributing channels are also shown.

We demonstrate this by performing the same simulation as above
for a laser pulse with intensity of 1.0 × 1014 W/cm2, but with a lower
photon energy of 1.55 eV (800 nm in wavelength). The photo-electron
spectrum is then integrated over all the angular degrees of freedom and
we compare the total spectrum calculated with all channels activated
to the spectrum where only the dominant contributing channel 2p is
activated.

The results in figure 27 indeed show that the yield for different chan-
nels are well separated in magnitude across the entire energy region
and the total spectrum result for the single active electron approxima-
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tion is virtually identical to the result that incorporates the true multi-
electron dynamics of the system. This is in line with similar findings
recorded in recent papers [146, 140].

The ponderomotive potential for the IR laser parameters is UP =

5.89 eV and the low energy ATI plateau is discernible in figure 27 at
2UP = 11.78 eV.

8.1.3 Argon

We finally turn to the argon atom. This system has 18 electrons in
total: 2 occupying the 1s, 2s and 3s orbitals and 6 occupying the 2p and
3p orbitals. In general, we can discount the contribution to the photo-
ionisation that arises from the 1s, 2s and 2p orbitals as these states have
very high binding energies and negligible photo-electron densities.
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Figure 28 – Photo-electron spectra of argon after interacting with a 2.35
eV laser pulse of duration 35.16 fs, and an intensity of 5.0 × 1013 W/cm2.
The spectra are angle-integrated. Contributions to the total spectrum
from the major channels are shown.

The argon atom interacts with a linearly polarised laser pulse with
intensity 5.0× 1013 W/cm2, a photon energy of 2.35 eV and a pulse dura-
tion of 35.16 fs. As for helium and neon, the B-spline basis set of order
k = 10 is linear with 100 intervals from the origin to rmax = 100 au and
the maximum angular momentum required for good converged results
is determined to be Lmax = 30. The ground state argon atom is prop-
agated with the Runge-Kutta algorithm over the duration of the laser
pulse and an additional time to ensure that the wave-function has suffi-
cient time to move away from the origin and be detected by the spectrum
measuring technique.

197



8 ATI EFFECT 8.1 Noble atoms

Figure 29 – Photo-electron energy and angle spectra of argon in the form
of a colour map after interacting with a 2.35 eV laser pulse with an inten-
sity of 5.0×1013 W/cm2 and duration of 35.16 fs. Contributions to the total
spectrum from the major channels are shown: (a) the 3s channel, (b) the
3p1 channel, (c) the 3p0 channel and (d) the total spectrum.

The photo-electron spectrum for the argon atom integrated over all
the angular degrees of freedom is calculated and the contributions to
the total spectrum from the main contributing channels are shown in
figure 28. The result for the 3p−1 channel is not shown as it evolves
in an equivalent way to the 3p+1 channel due to the symmetry of the
Hamiltonian.

As with the neon atom, it is clear from figure 28 that the largest con-
tribution comes from the 3p0 channel, while the 3s channel contribution
is more suppressed due to its relatively large binding energy. However,
the intensity of the 3s channel yield relative to the 3p channel is actu-
ally quite large, in contrast to the relative intensities of the 2s and 2p
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channel yield for the neon results, (shown in figure 22). The explana-
tion for this lies in the different ratio between the ionisation potential
of the two channels: for neon, we have −52.3238 eV

−23.2406 eV = 2.25; whereas for
argon, with an ionisation potential for the 3s and 3p orbitals (calcu-
lated in the B-spline ADC model) of IP = −31.8000 eV with n = 14 and
IP = −16.8627 eV with n = 8, respectively, it is −31.8000 eV

−16.8627 eV = 1.89. So for
argon the 3s orbital is less tightly bound relative to the 3p orbital than
the counterparts for neon.

The intensities of the yield for the 3p0 and 3p1channels (degenerate
in energy) are also much closer together in the argon case than the neon
case. This discrepancy can be investigated further by determining the
full angular resolved spectra for each contributing channel, which is
plotted in figure 29. The spectrum yield is depicted as a colour map in
the logarithmic scale, and all of these spectra are calculated using the
splitting method with rc = 20 au, ∆ = 1 au and a splitting frequency of
twice per cycle.

The 3p1 channel contribution shown in (b) of figure 29 is somewhat
suppressed along the direction of the z-axis although to a lesser extent
than for neon. The reason for this suppression, as for neon, is that the
atomic orbital of the 3p1 state is aligned perpendicularly to the laser
polarisation and has a node plane along the z-axis; thus reducing the
overall ionisation from this orbital. In contrast, the 3p0 channel provides
the dominant contribution as the 3p0 orbital is aligned parallel to the
laser polarisation.

For a field intensity of 5.0×1013 W/cm2, the ponderomotive potential
is UP = 1.293 eV, so the first visible peak in energy for the 3s channel
(where the electron absorbs 15 photons) as predicted by equation (8.2)
is then modified by this term to E1 = 2.157 eV. For the 3p channel, the
first visible peak in energy (where the electron absorbs 8 photons) is
E0 = 0.6443 eV. These values for the peak energies are corroborated in
figure 28, and the subsequent peaks are then separated from each other
by multiples of the photon energy ω = 2.35 eV.
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Figure 30 – Photo-electron spectra of argon after interacting with a 2.35
eV laser pulse of duration 35.16 fs, and an intensity of 1.0 × 1014 W/cm2.
The spectra are angle-integrated. Contributions to the total spectrum
from the major channels are shown.

We now calculate argon’s photo-electron spectrum when interacting
with the same field as before, but with double the intensity at 1.0 ×
1014 W/cm2. The resulting angle-integrated distribution is shown in fig-
ure 30.

The yield of the peaks is commensurately higher and their posi-
tion is different, in line with the ponderomotive potential shifted to
UP = 5.172 eV due to the higher intensity. The first visible peak in
energy for the 3s channel (where the electron absorbs 16 photons) is
E2 = 0.628 eV and the corresponding value for the 3p channel (where
the electron absorbs 10 photons) is E2 = 1.4653 eV with subsequent
peaks separated from each other by multiples of the photon energy
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ω = 2.35 eV, as corroborated in figure 28.

Figure 31 – Photo-electron energy and angle spectra of argon in the form
of a colour map after interacting with a 2.35 eV laser pulse with an inten-
sity of 1.0×1014 W/cm2 and duration of 35.16 fs. Contributions to the total
spectrum from the major channels are shown: (a) the 3s channel, (b) the
3p1 channel, (c) the 3p0 channel and (d) the total spectrum.

The contributions to the total spectrum from the main contributing
channels are shown in figure 31. As before, the 3p−1 channel evolves
in an equivalent way to the 3p+1 channel and the spectrum yield is de-
picted as a colour map in the logarithmic scale. All of these spectra are
calculated using the splitting method with rc = 20 au, ∆ = 1 au and a
splitting frequency of twice per cycle.

Of note, is the very pronounced four-lobe structure for the 3p1 chan-
nel; this is a consequence of the fact that the ionisation in both parallel
and perpendicular directions to the laser field is heavily suppressed.
This is consistent with similar results appearing in the literature, in-
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cluding a report of the angular distribution of photo-electrons from the
krypton atom undergoing two-photon ionisation from a linearly polarised
pulse [147].

In a similar vein to our investigation with the neon atom, we com-
pare the photo-electron spectra displayed above in figure 28 with the
spectrum obtained from the single active electron approximation. The
active electron is from the channel that provides the dominant contribu-
tion (3p) and the other channels (1s, 2s, 3s and 2p) are artificially frozen
in place by removing the configurations in the ADC[1] scheme that cor-
respond to these channel excitations. All 6 electrons in the 3p orbital
can become excited, regardless of the value of the magnetic quantum
number m.
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Figure 32 – Photo-electron spectra of argon after interacting with a 2.35
eV laser pulse of duration 35.16 fs, and an intensity of 5.0 × 1013 W/cm2.
The spectra are angle-integrated. The total spectrum resulting from all
ionisation channels being open is compared to the spectrum resulting from
having a single active electron from the 3p orbital.

The results depicted in figure 32 show a good agreement between the
two methods. However, to a greater degree than is found in the case of
neon, there is some discrepancy at the troughs between the peaks where
there is clear evidence of interference from the 3s channel contribution.
The reason for the greater interference in the argon case vs the neon
case is, as discussed above, due to the different ratios of the ionisation
potentials of the two main contributing channels.

Shifting to a lower laser frequency in the IR range, we perform the
same simulation for a laser pulse with intensity of 1.0×1014 W/cm2, but
with a lower photon energy of 1.55 eV (800 nm in wavelength). The
photo-electron spectrum is then integrated over all the angular degrees
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of freedom and we compare the total spectrum calculated with all chan-
nels activated to the spectrum where only the dominant contributing
channel 3p is activated.

Figure 33 – Photo-electron spectra of argon after interacting with an
IR 1.55 eV laser pulse of duration 35.16 fs, and an intensity of 1.0 ×
1014 W/cm2. The spectra are angle-integrated. The total spectrum result-
ing from all ionisation channels being open is compared to the spectrum
resulting from having a single active electron from the 3p orbital. The
other contributing channels are also shown.

The results in figure 33 show that, similarly to neon, the yield for
different channels are well separated in magnitude across the entire
energy region and the total spectrum result for the single active elec-
tron approximation is virtually identical to the result that incorporates
the true multi-electron dynamics of the system. The ponderomotive po-
tential for the laser parameters is UP = 5.89 eV and the low energy ATI
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plateau is discernible in figure 33 around the point 2UP = 11.78 eV.
Finally, we compare the ATI spectrum attained with the SAE B-

spline ADC numerical method (shown in figure 33) to results reported in
[148]. The latter results are obtained with the numerical time-dependent
density-functional theory under the local-density approximation with a
self-interaction correction, and the time-dependent Kohn-Sham set of
equations for all electrons is numerically solved using the generalised
pseudospectral method [149].

Figure 34 – Photo-electron spectra of argon after interacting with an
IR 1.55 eV laser pulse of duration 35.16 fs, and an intensity of 1.0 ×
1014 W/cm2. The spectra are angle-integrated. The SAE B-spline ADC
spectrum is compared to the TDDFT spectrum reported in [148].

For this comparison, we simulate a laser pulse with intensity of 1.0×
1014 W/cm2 and photon energy of 1.55 eV interacting with argon, and
the photo-electron spectrum is integrated over all the angular degrees
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of freedom. The comparison of the two methods is shown in figure 34,
and the results are found to be in good agreement, both qualitatively
and quantitatively. There is some noticeable discrepancy in the energy
region between 16-27 eV.
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8.2 Molecular above threshold ionisation effect

In this section, we apply the B-spline ADC computational method to the
simulation of strong-field ionisation of molecular systems, and we mea-
sure and analyse the associated photo-electron spectra. The numerical
method is applied at the level of ADC[1] in the ADC[n] hierarchy, where
only 1h1p excitations are included in the configuration manifold [150].

We choose to focus on the carbon dioxide (CO2) molecule. CO2 has a
linear and symmetrical structure, with two oxygen atoms of equal elec-
tronegativity on both ends of the molecule. The oxygen atoms thus dis-
tort the electron density of the carbon atom equally from either side, en-
suring that the valence electrons are equally distributed. CO2 is there-
fore a popular object of study as it is a simple system that can be treated
as a prototype for other non-polar molecules.

Another interesting feature of carbon dioxide is that it exhibits strong
evidence of the influence of multi-electron effects on measured observ-
ables associated with strong field ionisation. For instance, a recently de-
veloped method that has become quite popular for the purpose of molec-
ular imaging, is the laser-induced electron diffraction (LIED) technique
[151, 152]. Electrons are ionised by a laser pulse and scattered off the
parent molecule and the photo-electron spectrum is measured. Use-
ful structural information about the molecular system can then be ex-
tracted from this, including the bond lengths [153, 154] and dissociation
dynamics [155] of the system. The measured spectra show evidence of
being strongly influenced by multi-electron effects [156], but most the-
oretical modelling done to date [157, 158, 159] restricts itself to single-
electron approximation models, thus failing to capture this complexity.
The influence of multi-electron effects is due to the much smaller energy
separation between the eigenstates of the molecular ionic system, with
respect to the atomic case. It has also been demonstrated that inter-
channel coupling and inner orbital ionisation play an important role in
the high harmonic spectroscopy of the molecule [107].

As in the atomic case, the challenge of evaluating the photo-electron
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spectrum on a restricted numerical grid size is met by implementing
the methods we introduced in section 4.2 and section 4.3. An additional
problem particular to molecular systems, is the substantially larger
phase-space requirements needed to describe the strong-field ionisation.
For instance, a larger channel basis better describes the dynamical core
electron polarisation, by predicting larger Stark shifts for the neutral
species vis-à-vis the residual ion. However, computational constraints
impose a limit on the number of ionic channels that can be feasibly in-
cluded in the calculation.

The carbon dioxide molecule belongs to the point symmetry group
D∞h. Taking into account the range of field parameters under study in
this section, we include a total of four possible ionisation channels (cor-
responding to irreducible representations of the molecular point sym-
metry group) into the calculation that have been shown to provide the
dominant role to the ionisation dynamics: channel X – the ground ionic
state 12Πg, channel A – the first excited ionic state 12Πu, channel B –
the second excited ionic state 12Σ+

u , and channel C – the third excited
ionic state 12Σ+

g (where the subscript g, u stand for gerade and unger-
ade and denote a parity, or point inversion, of 1,−1, respectively). The
ionisation contribution from deeper ionisation channels is found to be
negligible and is therefore discounted in this calculation, which helps to
reduce the dimensionality of the computational problem.

The single-particle occupied orbitals relevant for photo-ionisation
are the Dyson orbitals ψD(~r1) . These are defined as the overlap between
the N-electron ground state neutral system’s wave-function ΨN (~r1, ~r2, ..., ~rN )

and the excited ionic state wave-function ΨN−1(~r2, ..., ~rN )

ψD(~r1) =

�
ΨN (~r1, ~r2, ..., ~rN )ΨN−1(~r2, ..., ~rN )d~r2...d~rN (8.4)

For the ADC[1] method, the Dyson orbitals coincide with the occu-
pied HF orbitals of the neutral system. Therefore, in the ADC[1] frame-
work, the ionisation channels X, A, B & C correspond (respectively) to
the ionisation from the following occupied HF orbitals in the molec-
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ular orbital picture: HOMO (highest occupied molecular orbital) 1πg,
HOMO-1 1πu, HOMO-2 3σu, and HOMO-3 4σg.

The vertical binding energies of these orbitals calculated in the B-
spline basis set, are 15.72, 20.16, 20.26, 21.35 eV in ascending order
and spanning a 5.63 eV energy range. These values differ substantively
from the experimentally obtained values reported in [160] of 13.78, 17.30,
18.10, 19.36 eV in ascending order and spanning a 5.58 eV energy range.
The discrepancies between each calculated binding energy and the cor-
responding experimental result is even more than the photon energy of
1.55 eV that we consider in this section. This difference increases the
possibility for the order of the multi-photon ionisation process to change.
Tunnelling ionisation (and by extension the total ionisation probabil-
ity) is also strongly sensitive to the ionisation potential [161]. An esti-
mate (suitable for under the quasistatic limit) based on the molecular
tunnelling ionisation model MO-ADK, shows that as little as a 0.18 eV
change in the ionisation potential can lead to the ionisation rate chang-
ing on the scale of 20% [162]. This discrepancy is therefore remedied in
an ad hoc manner; the relevant diagonal elements in the system Hamil-
tonian are adjusted by the difference between the HF energies and the
reported experimental energies.

The dimension of spherical harmonics associated to each irreducible
representation is fixed to an upper limit of Lmax = 50. The magnetic
quantum number for 12Σ+

g and 12Σ+
u is m = 0 whereas for 12Πg and

12Πu it is m = 1,−1, so the latter two are both comprised of two inde-
pendent channels for each m value.

To respect the parity of the ionic states, the available spherical har-
monics are restricted to all even values of l for the gerade channels and
all odd values of l for the ungerade channels. This is because a parity
transformation (P̂ ) of the radial part of the wave-function is unchanged
P̂R(r) = R(r), but the spherical harmonic function changes in accor-
dance with

P̂ Yll(θ, φ) = Yll(π − θ, π + φ) = eilπYll(θ, φ) = (−1)lYll(θ, φ) (8.5)
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This equality holds true for all other values of m as the angular
momentum operator L̂− is an axial vector and does not change sign
under a parity transformation; so

P̂ Ylm(θ, φ) = (−1)lYlm(θ, φ) (8.6)

which provides the constraint on the allowed values of l for the gerade
and ungerade channels.

The neutral CO2 system is frozen at an equilibrium configuration
with a C-O bond length of 116.3 pm, and interacts with a laser field
described by a cosine squared envelope (see equation (7.2)) in the low
frequency IR regime at 1.55 eV photon energy (800 nm wavelength) and
with an intensity of 1.0 × 1014 W/cm2. The laser is linearly polarised
parallel to the molecular axis and has a duration of 2.67 fs, which is
equivalent to 3 full cycles.

As the laser is linearly polarised along the molecular axis, the mag-
netic quantum number of the entire system (ion and photo-electron) is
conserved and equal to zero. Consequently, the simulation only needs to
consider the many-electron subspace that corresponds to the irreducible
representations Σ+

g and Σ+
u where M = 0. The nature of each subspace

imposes further restrictions on the compatible 1h1p configurations: for
the former subspace each channel can only excite to a virtual orbital in
the same irreducible representation in order to preserve a total parity of
1 and m = 0, and for the latter subspace each channel can only excite to
a virtual orbital with the same magnetic quantum number but opposite
parity.

The dipole matrix only needs to be calculated and stored for the tran-
sition between these two multi-electron spaces where the total L of the
multi-electron state shifts by ∆L = ±1, in accordance with the selection
rule equation (3.98).

To understand the effect of the multi-electron dynamics on the ATI
spectrum, in particular the effect of two distinct sources for couplings
between different ionisation channels, let us analyse the three-step pro-
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cess of the strong field ionisation. The IR pulse initially predominantly
ionises electrons from the 1πg and 3σu molecular orbital. The other two
orbitals can become populated through a rearrangement of the ionic
hole caused by dipole-induced oscillations between different ionic states
that are coupled by the laser’s electric field. As the molecule is linear
and aligned with the laser polarisation axis, this coupling is restricted
to ionic states of the same magnetic quantum number and of opposite
parity (σg to σu and πg to πu). The laser-driven dipole couplings between
different ionic states i and j are given by the expression

Dai,bj = −δab 〈i| d̂ |j〉 for i 6= j (8.7)

where the indices a and b refer to the orbital the photo-electron occupies.
After ionisation, the electric field can accelerate the photo-electron

towards its parent ion whereupon it rescatters. The returning electron
can exchange energy with the ion via the Coulomb interaction, resulting
in a rearrangement of the ionic hole. The Coulomb interaction that
mediates this energy exchange can change the symmetry of both the
ionic and returning electron states, so all four molecular channels can
interact with each other at this stage. The coupling induced through the
Coulomb interaction is included in the field-free electronic Hamiltonian
and has the form

−Vaj[bi] = −〈aj| |bi〉 for i 6= j (8.8)

Both of these multi-electron effects have an important effect on the
ATI photo-electron spectrum and the effects are only captured if the
numerical simulation accurately represents all two-electron and dipole
couplings for all energetically accessible ionic channels.
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Figure 35 – Photo-electron spectrum (resolved by channel contribution
and integrated over angle) for the neutral CO2 molecule frozen at equi-
librium configuration in the low frequency regime with linearly polarised
laser parallel to molecular axis with a 1.55 eV photon energy and an in-
tensity of 1.0 × 1014 W/cm2. The laser envelope has 6 cycles. The left
hand graph (a) shows the spectrum calculated with the ADC[1] method
including all inter-channel couplings. The right hand graph (b) shows the
spectrum calculated with both the dipole and the Coulomb inter-channel
coupling removed.

Shown in figure 35 on the left hand side is the single ionisation
photo-electron spectrum calculated with the B-spline ADC[1] method.
The wave-function is propagated over the laser duration and for a fur-
ther time corresponding to ten additional cycles, with the 4th order
Runge-Kutta algorithm (see section 3.2.2). The number of B-spline (or-
der k = 10) radial grid points is set to 180, and the chosen sequence is
parabolic-linear (see section 3.3.2), which allows for an accurate descrip-
tion of the photo-electron states within the range of kinetic energies we
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are interested in. The numerical grid size for the simulation is 120 au
and the splitting radius is placed at a minimum of 40 au so as not to
affect the ground state, and a smoothing parameter of 2 au.

As discussed in section 4.2, it is in general desirable to split as fre-
quently as possible to avoid reflections of high energy photo-electrons
from the grid edge. In this case, as the method employed uses the length
gauge, the splitting is only performed every half period (when the vec-
tor potential is zero) to reduce the computational cost of the simulation.
To reduce the interference caused from outgoing wave-packets reflected
from the grid boundary in the interval between splitting operations, a
complex absorbing potential that is turned on at a radius of 70 au, is
also implemented to absorb the high energy photo-electrons. This en-
sures that the high-energy plateau shows clear signs of decay at very
high photo-electron energies.

The ATI spectrum shows a plateau from about 2UP (ponderomotive
energy) to 10UP where UP = 0.22 au. As discussed at the beginning
of this section, this region corresponds to the re-scattering regime. As
well as the total spectrum, figure 35 also shows the channel-resolved
contributions to the total. These are calculated by isolating the contri-
bution to the spectrum that arises from all excited configurations that
correspond to a specific ionic channel.

The significance of the excited channels’ contributions can be clearly
seen from the graph; these channels are in fact responsible for just
under 10% of the total ionisation yield, which indicates that a careful
analysis must consider them appropriately. The contribution from these
excited channels also cause the multi-photon peak structure in the to-
tal spectrum to be ‘washed-out’ in certain energy intervals, especially
0.6− 1.2 au. This is because the different ionic channels contribute at a
similar level in this energy range, so their varying ionisation thresholds
(by just a few eV) cause different offsets for the positioning of the peaks,
which destructively interfere with one another.

To analyse the nature and relevance of multi-electron effects on the
total spectrum, the right hand side graph in figure 35 shows the same
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results with both dipole and Coulombic inter-channel couplings removed.
For these uncoupled calculations, only the considered channel is allowed
to ionise, although exchange interactions are still present. These effects
are not captured by single active electron approaches, and so the differ-
ence between the two graphs in figure 35 demonstrates the importance
of their inclusion for an accurate simulation of this problem.

Figure 36 – Photo-electron spectrum (resolved by channel contribution
and integrated over angle) for the neutral CO2 molecule frozen at equi-
librium configuration in the low frequency regime with linearly polarised
laser parallel to molecular axis at 1.55 eV photon energy and an intensity
of 1.0 × 1014 W/cm2. The laser envelope has 6 cycles. The left-hand graph
(a) includes just the Coulomb inter-channel coupling and the right-hand
graph (b) includes just the dipole inter-channel coupling.

The two graphs in figure 36 show how the contributions to the spec-
trum shift as either couplings in the Hamiltonian (left-hand side) or
dipole matrices (right-hand side) are turned on.
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Although the yield is dominated by the X channel in the low-energy
part of the spectrum, the proportion of the total yield supplied by the ex-
cited channels is particularly significant at high photo-electron energies
(from about 1.3 au). This is a result of the molecular orbital’s symmetry
and the consequent interplay between the nodal planes and the electron
density.

As mentioned before, for the laser parameters under investigation
the plateau in the spectrum between 2UP and 10UP is best explained
(by the three-step classical model) as a signature of rescattering photo-
electrons. This rescattering is suppressed for the X and A channels
where the polarisation plane coincides with a node in the π-like molecu-
lar orbital, but it is relatively enhanced for the other two channels B and
C that have molecular orbitals with a σ-like symmetry. This relative
suppression takes on an important significance for the carbon dioxide
molecule because the ionisation threshold between different channels
only differs by a few eV, so suppression due to symmetry reasons can
lead to the uncovering of excited state ionisation channels.

Indeed, the contribution from the A channel is dominant by approx-
imately one order of magnitude over the B and C channels for the direct
photo-electron part of the spectrum, but is dramatically overtaken to
the tune of a similar order in magnitude by these two channels as it ap-
proaches 1 au of energy. A similar level of suppression for the X channel,
however, still sees it maintain its dominance over the high-energy part
of the spectrum.
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Figure 37 – Photo-electron energy and angle spectrum in the form of a
colour map for the neutral CO2 molecule frozen at equilibrium config-
uration in the low frequency regime with linearly polarised laser par-
allel to molecular axis with 1.55 eV photon energy and an intensity of
1.0 × 1014 W/cm2. The laser envelope has 6 cycles. The molecular axis is
fixed in the z-direction where θ = 0.

Evidence of the cause of this suppression can be seen in figure 37
which depicts the angular distribution of the photo-electron spectrum
in the x − z plane; specifically, the nodal structure of the distribution,
with the main direct contribution contained in fans at an angle to the
polarisation axis and a suppressed contribution directly along the axis.

The suppression of the two channels with π-like symmetry in the
rescattering plateau is even more pronounced in the fully uncoupled
results. Here, the contribution from the X channel is overtaken by the
B channel at energies exceeding 1.5 au.

If the Coulomb inter-channel coupling alone is included in the calcu-
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lation (see the left hand-side graph in figure 36), the yield contribution
for the B channel becomes even more dominant in the rescattering re-
gion. It can be seen that the effect of including this inter-channel cou-
pling is to shift the relative yields, but this effect is restricted to the
rescattering region alone as it only impacts on the dynamics when the
ionised electron interacts with the ion as it is accelerated back towards
its parent. This coupling also serves to arrest the precipitous decay of
the A channel in this energy region as the ion undergoes rearrangement
that favours this channel upon exchanging energy with the returning
electron.

The most striking difference between the fully coupled and fully un-
coupled results in figure 35, is that, for the latter, the total yield for
the A channel is much smaller than the B and C channel’s yields in
all parts of the spectrum. This is because the dominant channels that
initially undergo tunnel ionisation are the X and B channels; so absent
the dipole-induced oscillation between ionic states coupled by the laser
field (especially X with A), the A channel remains chronically under-
populated over all photo-electron energies. This can be clearly seen in
figure 36, where the dramatic shift downward in yield for the A channel
is seen to occur in the left-hand graph where the dipole-induced inter-
channel coupling is deactivated, and not the right-hand graph. Includ-
ing the dipole inter-channel coupling can be seen to mainly affect the
direct spectrum (< 2UP ) vis-à-vis the no inter-channeling coupling case,
where the A channel predominates over the B & C channels. This is
because the laser preferentially ionises from the X channel, but it then
induces oscillations between the two different π-like molecular orbitals,
thus populating the A channel.
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Figure 38 – Photo-electron spectrum (integrated over angle) for the neu-
tral CO2 molecule frozen at equilibrium configuration in the low frequency
regime with linearly polarised laser parallel to molecular axis with a 1.55
eV photon energy and an intensity of 1.0× 1014 W/cm2. The laser envelope
has 6 cycles. The graph compares the total spectrum calculated when in-
cluding all inter-channel couplings, just the Coulomb or dipole coupling,
and no couplings whatsoever.

Finally, figure 38 depicts the total calculated spectra for the full
ADC[1] calculation with both couplings, for the case without any inter-
channel couplings, and the cases that include either the Coulomb or
dipole inter-channel coupling.

All the various calculations agree with each other on the profile and
shape of the spectrum; they all exhibit the same plateau with the same
cutoff points and decay by roughly the same order of magnitude at these
points. However, the yield for the uncoupled calculation is shifted down-
ward from the full calculation by approximately one order of magnitude.
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Introducing one of the two sources of inter-channel coupling only im-
proves the yield slightly; it is only when both coupling sources can freely
interact with each other that the full yield is correctly reproduced.
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8.3 Atomic polarisation effect

We have seen in section 8.1 that the photo-electron spectrum from a
channel where the angular momentum is not zero is suppressed when
the polarisation of the orbital axis is perpendicular to the direction of
the linear laser polarisation. This occurs when the hole state for that
channel is a linear combination of orbitals with nonzero values for the
magnetic quantum number m. This suppression explained the fact that
the yield for the 2p1 channel vis-à-vis the 2p0 channel for neon (sec-
tion 8.1.2), or the yield for the 3p1 channel vis-à-vis the 3p0 channel for
argon (section 8.1.3), was lower by over one order of magnitude. This
suppression was clearly visible in the angle-resolved spectra, where a
pronounced four-lobe structure was clearly visible (see for example fig-
ure 31). In the current section, we will subject this observation to a
more thorough investigation.

Experimental and theoretical studies have been carried out that
demonstrate the dependence of recollision outcomes, such as HATI or
HHG, on the polarisation of the incident radiation [163, 164]. These
studies show that the yield is increasingly suppressed as the ellipticity
of the laser pulse is increased. The generally accepted explanation for
this observation is that an elliptical laser will imbue the ionised elec-
tron with a nonzero drift velocity that reduces the chances of recollision
with the parent ion caused by the laser [165]. This observation has ac-
tually been cited as key evidence for the recollision model of HHG and
HATI. It was subsequently demonstrated that substituting an ellipti-
cal laser polarisation for perpendicular atomic polarisation yielded the
same order of magnitude suppression in the production of HHG [166].

We now extend this work to investigate the dependence of the pro-
duction of HATI on the atomic polarisation. We will focus for simplicity
on the helium atom prepared in an excited state of ns1(n+1)p1 interact-
ing with a linearly polarised field. The polarisation of the p orbital can
then be oriented along the laser polarisation axis (set along the z-axis)
or in the plane perpendicular to it.

220



8 ATI EFFECT 8.3 Atomic polarisation effect

Let us first set out the behaviour of these two systems as predicted
by the recollision model. In the case where the atomic polarisation is ori-
ented parallel to the laser polarisation we expect there to be no suppres-
sion to the rescattering process, in which an ionised electron is driven
by the laser field to scatter off the parent ion. However, if the atomic po-
larisation is oriented perpendicular to the laser polarisation, ionisation
in the direction of the laser polarisation is precluded due to the atomic
orbital symmetry: 〈

Ψ~p |Ezz|Φ⊥
〉

= 0 if p⊥ = 0 (8.9)

where Φ⊥ is the initial state in a configuration perpendicular to the
laser polarisation along the z-axis, Ψ~p is the scattering state, and p⊥ is
the magnitude of the state’s momentum perpendicular to the laser po-
larisation. Therefore, ionisation is only possible if the electron acquires
a nonzero drift velocity in the plane perpendicular to the laser polarisa-
tion. This will then greatly reduce the probability of a successful colli-
sion with the core, as the electron’s drift velocity unimpeded by interac-
tion with the laser, will displace it away from the parent ion. Thus, in
the high intensity low frequency regime for which the recollision model
is applicable (Keldysh parameter of less than 1, see equation (6.1)), we
expect the atomic polarisation to significantly effect the HATI spectrum.
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Figure 39 – Snapshots of the single electron density taken in the x − z
plane (with the z-axis at 0 radians) in a small region around the origin over
the course of the propagation. The initial density of the excited electron
of the helium atom in the 2pz orbital is in the top left corner; from left
to right are plotted the subsequent density at 4 laser cycle intervals over
the course of the duration of the pulse. The atom interacts with a linearly
polarised (z-direction) laser field with an intensity of 3.2 × 1013 W/cm2,
photon energy of 0.775 eV and a duration of 100 fs.

We now solve the TDSE for the helium atom with an electron excited
into the 2p orbital interacting with a linearly polarised (along the z-
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axis) IR field with energy of 0.775 eV and intensity 3.2 × 1013 W/cm2

with a ponderomotive energy of UP = 7.65 eV. The binding energy in
the B-spline ADC model for this initial state is 3.286 eV, requiring the
absorption of 5 photons for ionisation to take place. The pulse used here
is described by a cosine squared envelope given in equation (7.2).

Two simulations are run: one for a short pulse extending for 10 cy-
cles of the laser period (∼ 50 fs), and one for a longer pulse of 20 laser
period cycles (∼ 100 fs). The propagation is allowed to continue after the
end of the pulse for further time equivalent to 10 additional laser cycles
to ensure that the ionised wave-packet has reached the measuring ra-
dius. The electron in the ground state orbital 1s is not appreciably af-
fected by the IR pulse as the laser frequency is too low for multi-photon
ionisation to take place efficiently.
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Figure 40 – Snapshots of the single electron density taken in the x − z
plane (with the z-axis at 0 radians) in a small region around the origin over
the course of the propagation. The initial density of the excited electron
of the helium atom in the 2px orbital is in the top left corner; from left
to right are plotted the subsequent density at 4 laser cycle intervals over
the course of the duration of the pulse. The atom interacts with a linearly
polarised (z-direction) laser field with an intensity of 3.2 × 1013 W/cm2,
photon energy of 0.775 eV and a duration of 100 fs.

The B-spline basis set used for this calculation is of order k = 10 and
is linear with 625 intervals from the origin to rmax = 500 au. The max-
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imum angular momentum required for good converged results is found
to be Lmax = 30, as we wish to simulate transitions that involve many
photons. The propagation is done in the basis set of the eigenstates of
the system Hamiltonian, and the initial state (21P ) is chosen as the first
eigenstate of the L = 1 subspace, where L is the total angular momen-
tum quantum number for the system. The splitting operation is used
to measure the photo-electron spectrum and it occurs every half laser
cycle at a radius of rc = 200 au and a smoothing parameter of ∆ = 5 au.

In figure 39 and figure 40 we record during the propagation snap-
shots in time of the evolution of the bound part of the single electron
density over the course of the pulse duration. The initial single electron
density is polarised either in the direction of the z-axis for figure 39 or in
the direction of the x-axis for figure 40, and interacts with the linearly
polarised laser pulse of 100 fs duration. These snapshots are taken and
plotted every 2.5 laser cycles, immediately after a splitting operation
has removed the asymptotic part of the wave-function.
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Figure 41 – Photo-electron spectrum calculated with the B-spline ADC
method of an excited helium atom with one electron in the 2p orbital inter-
acting with a linearly polarised (z-direction) laser field with an intensity
of 3.2 × 1013 W/cm2, photon energy of 0.775 eV and a duration of 100 fs.
The spectrum is integrated over the angles. UP = 7.65 eV and the energy
axis is scaled in units of this energy.

The curves in figure 41 correspond to the B-spline ADC calculation
of the spectrum for the 100 fs (20 cycle) duration pulse for atomic initial
states in either the parallel or perpendicular configuration. The spec-
trum is integrated over all the angles.

The spectrum results show similar results for the two configurations
in the low energy region up to ∼ 2UP . The curve for the perpendicular
configuration (2px) then begins to diverge from the parallel configura-
tion (2pz) curve, up to a maximum of approximately two orders of mag-
nitude difference in the energy region > 9UP .
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Figure 42 – Photo-electron spectrum calculated with the B-spline ADC
method of an excited helium atom with an electron in the 2p orbital inter-
acting with a linearly polarised (z-direction) laser field with an intensity
of 3.2× 1013 W/cm2, photon energy of 0.775 eV and a duration of 50 fs. The
spectrum is integrated over the angles. UP = 7.65 eV and the energy axis
is scaled in units of this energy.

In figure 42, we show the results for the shorter laser pulse duration
of 50 fs (10 cycles). The spectrum results for this pulse duration show
similar behaviour to the longer pulse duration results, in the low energy
region up to ∼ 2UP . Beyond this point, the long pulse duration result
for the perpendicular configuration (2px) then begins to diverge from
the parallel configuration (2pz) at a much slower rate in comparison
with the short pulse duration result. The divergence also reaches a
maximum of approximately two orders of magnitude difference only in
the energy region > 9UP .
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8.3.1 Strong field approximation comparison

It may be interesting to compare the photo-electron spectrum results ob-
tained through the numerical solution of the TDSE, to the spectra that
are predicted from strong field ionisation theory. As discussed in sec-
tion §6, this comparison may show which aspects of the solution are an-
ticipated and reproduced in the SFA model; this can help in pinpointing
the precise theoretical explanation underlying observed phenomena.

In section 6.1, we outlined the two term perturbation expansion of
the strong field interaction and introduced the saddle-point approxima-
tion in equation (6.26) for solving the second ‘rescattering’ term given
in equation (6.20). It turns out however, that this approximation cannot
be applied in its entirety to the case where the initial state of the sys-
tem has a nonzero value for the magnetic quantum number, as will be
demonstrated in the following.

Let us rewrite the expression for the rescattering term with the
saddle-point approximation applied:

TResc(~p) = −
∞�

−∞

dt

t�

−∞

dt′
(

2π

ε+ i(t− t′)

)3/2

E(t′)eIP t
′
e−iS(~ks,t)eiS(~ks,t′)eiS(~p,t)

× 1

(2π)9/2

�
d~r′ei(

~ks−~p).~r′V (~r′)×
�
d~re−i(

~ks+ ~A(t′)).~rr cos θΨ0(~r)

(8.10)

Using the spatial representation of the initial state Ψ0(~r) = Rn0l0(r)Yl0m0(r̂),
the second integral on the second line of equation (8.10) (with ~q = ~ks +
~A(t′)) can be simplified to

�
d~re−i~q.~rr cos θΨ0(~r) =

(4π)3/2

√
3

∑
lm

i−lYlm(k̂)

�
drr3Rn0l0(r)jl(kr)

×
�
dr̂Y ∗lm(r̂)Y10(r̂)Yl0m0(r̂) (8.11)

where we have substituted a spherical harmonic for cos θ and used the
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multipole expansion (see equation (4.30)) for the exponential function in
three dimensions. Thus, if the initial state is perpendicularly polarised,
then the angular part Yl0m0(r̂) will be some combination of m0 = 1,−1.
We can now immediately see the problem: the angular integral of the
product of three spherical harmonics (bottom line of equation (8.11)) is
given by the product of Clebsch-Gordan coefficients (G) (see derivation
in equations (4.57) and (4.58)):

�
dr̂Y ∗l1m1

(r̂)Yl2m2(r̂)Yl3m3(r̂) =

√
(2l2 + 1)(2l3 + 1)

4π(2l1 + 1)
Gl1m1
l2m2l3m3

Gl10
l20l30

(8.12)
Consequently, the only nonzero contribution to the rescattering term

will come from the element in the summation over l and m where m =

1,−1. If the saddle-point approximation is used in all three dimensions,
then ~ks = − 1

t−t′
� t
t′ dτ

~A(τ), i.e. kx = 0 and ky = 0, leaving the vector
~q = ~ks + ~A(t′) fixed in the z-direction. For all contributing terms in the
summation in equation (8.11), the spherical harmonic function Ylm(q̂)

returns zero for such a vector. This outcome of the approximation means
that we cannot make meaningful comparisons to the numerical simula-
tion results in the perpendicular polarisation case.

We therefore modify the saddle-point approximation by applying it
in just two dimensions of the integral over intermediate momenta and
we numerically integrate over the dimension of the atomic polarisation
(chosen in the x direction).

It is not necessary to integrate over the entire domain of interme-
diate momenta. We can safely restrict the size of the numerical box
of integration by taking advantage of the central insight of the saddle-
point approximation: that the dominant contribution to the integral lies
in the vicinity of the saddle-point. So we replace the continuous func-
tion of momentum f(k) with a set of evaluations of the function at N +1

points f(ki) for i = {0, 1, 2, ..., N} over a region in k of total size ksize.
These points lie equally to either side of the saddle-point for that di-
mension and are positioned at equally spaced N intervals. The integral
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is then evaluated using a third-order finite difference formulae (with
error estimates), developed by Gill and Miller [167].

Figure 43 – Photo-electron spectrum of an excited helium atom with an
electron in the 2p0 orbital interacting with a linearly polarised (z-direction)
laser field with an intensity of 3.2 × 1013 W/cm2, photon energy of 0.775
eV and a duration of 50 fs. The spectrum is integrated over the angles.
The yield is calculated with the two-term SFA approximation (both plotted
individually) and the plot compares the result obtained using the saddle-
point approximation to the result for integrating over the intermediate
momenta numerically with ksize = 1 au and N = 40.

It is clearly important to ensure that the two parameters N and ksize

are optimised to produce accurate results, but without too much demand
on available computational resources. Solving for a variety of distinct
problems, we determine that for a reasonable convergence, ksize should
be at a bare minimum of the order of 1 au and there should be at least
40 intervals. Using these parameter values, we compare and contrast in
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figure 43, where the contribution to the overall photo-electron spectrum
from the two terms in the perturbation expansion of the SFA model is
shown, the rescattering result derived using the saddle-point approx-
imation in the entire momentum space of intermediate Volkov states
to the result derived from numerically integrating over one dimension
of the momentum space. It can be seen from this comparison that the
saddle-point approximation overestimates the magnitude of the rescat-
tering term somewhat at this level of accuracy. This overestimation is
most pronounced in the low-energy region where the rescattering term’s
contribution is rendered irrelevant to the overall result by the much
greater direct contribution. The overestimation is much lower in the
high-energy part of the spectrum where the rescattering term predomi-
nates.

It can be also noted from figure 43, that the yield for low-energy
electrons is dominated by the direct term, while the rescattering term
predominates from around 4UP and onward with only a small energy
region where interference between these two terms is significant. The
SFA theory thus supports the idea that the high-energy ATI electrons
are produced by the rescattering process, as it is this term that contains
the first-order interaction between the electron and the parent ion (see
equation (6.17)).

To implement the modified saddle-point approximation, we expand
the action in equation (8.10) (defined in equation (4.15)) in the three
Cartesian dimensions:

S(~k; t, t′) =
1

2

t�

t′

dt′′
[
(kz +Az(t

′′))2 + k2
x + k2

y

]
(8.13)

Each variable in the integrand that we approximate is substituted
with the saddle-point; the point where the derivative of the action is
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equal to zero:

kspz = − 1

t− t′

t�

t′

dt′′Az(t
′′) (8.14)

kspy = 0 (8.15)

while kx is integrated over. For each dimension that uses the approxi-
mation, we make the following substitution:

�
dk →

[
2π

ε+ i(t− t′)

]1/2

(8.16)

where ε is a small parameter to avoid a singularity when t → t′. As
explained in section 6.2, if the saddle-point approximation is used in
three dimensions then this parameter is not necessary, unless the initial
state has p symmetry.

Thus, modifying equation (8.10) with equations (8.14), (8.15) and
(8.16), we obtain for the perpendicular case:

TResc(~p) = −
∞�

−∞

dt

t�

−∞

dt′
[

2π

ε+ i(t− t′)

]
E(t′)eIP t

′
e−iS(kspz ;t,t′)eiS(~p,t)

×
�
dkxe

−iS(kx;t,t′) × 1

(2π)9/2

�
d~r′ei(

~k−~p).~r′V (~r′)

×
�
d~re−i(

~k+ ~A(t′)).~r cos θΨ0,⊥(~r) (8.17)

where ~k = kspz ẑ+kspy ŷ+kxx̂, and Ψ0,⊥(~r) is the perpendicularly polarised
initial state.

Let us now solve the two spatial integrals given in the bottom line of
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equation (8.10). The first spatial integral can be simplified as:

�
d~rei~q.~rV (~r) =

�
d~rei~q.~re−ξr

1 + a1e
−a2r + a3e

−a4ra5e
−a6r

r
(8.18)

= −4π

[
1

ξ2 + q2
+

a1

ξ2 + a2
2 + q2

+
2a3a4

(ξ2 + a2
4 + q2)2

+
a5

ξ2 + a2
6 + q2

]
(8.19)

where ~q = ~ks − ~p and we have added the damping factor e−ξr to the
expression for the atomic potential to avoid singularities in the Fourier
transform.

Turning to the solution of the radial part of the second spatial in-
tegral given in equation (8.11); this can be solved analytically for an
initial state that is described by a hydrogenic wave-function. For the
helium ground state (1s), for the excited state (2s), and for the polaris-
able excited state (2p) we use

R1s(r) = 2Z3/2e−Zr (8.20)

R2s(r) =
Z3/2

√
2

(1− Zr/2)e−
Zr
2 (8.21)

R2p(r) =
Z5/2

2
√

6
re−

Zr
2 (8.22)

where Z is the nuclear charge. For the 1s and 2s states where l0 = 0,
the summation in equation (8.11) is restricted to l = 1 because of the re-
strictions imposed by the Clebsch-Gordan coefficients in equation (8.12).
There is therefore a single term T

(1)
1s in the spatial integral for 1s, which,

using the identities of the spherical Bessel functions, can be expressed
as

T
(1)
1s = 2Z3/2

�
drr3e−Zr

(
sin(kr)

(kr)2
− cos(kr)

kr

)
=

16Z5/2k

(Z2 + k2)3 (8.23)
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For 2s, there is also just a single term T
(1)
2s :

T
(1)
2s =

Z3/2

√
2

�
drr3(1− Zr/2)e−

Zr
2

(
sin(kr)

(kr)2
− cos(kr)

kr

)
=

2048kZ5/2(2k2 − Z2)√
2 (Z2 + 4k2)4 (8.24)

Finally, for the excited state (2p) where l0 = 1, the summation runs
from l = 0 to l = 2. This gives three terms (T (0)

2p , T (1)
2p , T (2)

2p ) with the
following expressions in ascending order of the summation:

T
(0)
2p =

Z5/2

2
√

6

�
drr3re−

Zr
2

sin(kr)

kr
=
Z5/2

2
√

6

12Zkγ1−
kγ4

1+

(8.25)

T
(1)
2p =

Z5/2

2
√

6

�
drr3re−

Zr
2

(
sin(kr)

(kr)2
− cos(kr)

kr

)

=
Z5/2

2
√

6

2γ3−
kγ3

1+

−
6
(
Z4

16 − k
2γ6+

)
kγ4

1+

 (8.26)

T
(2)
2p =

Z5/2

2
√

6

�
drr3re−

Zr
2

[
sin(kr)

kr

(
3

(kr)2
− 1

)
− 3 cos(kr)

(kr)2

]
=

3Z7/2

2
√

6

(
1

k2γ2
1+

− 4γ1−
γ4

1+

−
Z2

4 − 3k2

k2γ3
1+

)
(8.27)

where γn+ = nZ2

4 + k2 and γn− = nZ2

4 − k
2.
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Figure 44 – Photo-electron spectrum calculated with SFA and the B-
spline ADC method of an excited helium atom with an electron in the 2p
orbital interacting with a linearly polarised (z-direction) laser field with
an intensity of 3.2× 1013 W/cm2, photon energy of 0.775 eV and a duration
of 100 fs. The spectrum is integrated over the angles. UP = 7.65 eV and
the energy axis is scaled in units of this energy.

The SFA results for an excited helium atom in the 2p state inter-
acting with a linearly polarised laser field with an intensity of 3.2 ×
1013 W/cm2, photon energy of 0.775 eV and a duration of 100 fs are
shown in figure 44. They mirror the B-spline ADC spectrum results
(also shown in the plot for easy comparison) reasonably well: there is
a similar profile for the two configurations in the energy region up to
∼ 4UP , although there is a consistent gap of approximately one order of
magnitude between the yields which is larger than the corresponding
gap in the results from the numerical simulation. For larger energies,
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the result for the perpendicular configuration (2px) starts to further di-
verge from the parallel configuration (2pz) up to a maximum of approx-
imately 2 orders of magnitude difference in the energy region > 4UP ;
this divergence is slower in the results from the numerical simulation.

A large discrepancy between the two methods, is that the SFA model
underestimates the magnitude of the high energy plateau which derives
from the rescattering term. However this discrepancy is to some extent
unavoidable, as the overall magnitude of this term is greatly affected
by the choice of parameter ξ in the damping factor used to modify equa-
tion (6.18), and the high energy plateau can consequently translate up-
wards and downwards depending on the choice of this parameter.
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Figure 45 – Photo-electron spectrum calculated with SFA and the B-
spline ADC method for an excited helium atom with an electron in the 2p
orbital interacting with a linearly polarised (z-direction) laser field with
an intensity of 3.2× 1013 W/cm2, photon energy of 0.775 eV and a duration
of 50 fs. The spectrum is integrated over the angles. UP = 7.65 eV and the
energy axis is scaled in units of this energy.

In figure 45, we show the comparative results for the shorter laser
pulse duration of 50 fs (10 cycles). The two methods show similar results
for the two configurations only in the low energy region up to ∼ 2UP .
The B-spline ADC method’s result for the perpendicular configuration
(2px) then begins to diverge from the parallel configuration results (2pz)
at a much slower rate in contrast to the SFA method results, reaching
a maximum of approximately 2 orders of magnitude difference only in
the energy region > 9UP . This divergence is attained in the SFA results
at ∼ 3UP .
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Figure 46 – Photo-electron energy and angle spectra of an excited he-
lium atom with an electron in the 2pz orbital interacting with a linearly
polarised (z-direction) laser field with an intensity of 3.2 × 1013 W/cm2,
photon energy of 0.775 eV and a duration of 50 fs. UP = 7.65 eV and the
energy axis is scaled in units of this energy (PE). The plot compares the
spectrum derived from (a) a B-spline ADC calculation and (b) an SFA cal-
culation, focusing on the energy region up to 2Up. Plots (c) and (d) show
the same comparison, but are zoomed out to cover the region up to 10UP

at lower resolution.

We now compare the full angular distributions of the parallel con-
figuration interacting with the 50 fs (10 cycle) pulse for the B-spline
ADC method and SFA method in figure 46. The top two plots (a) and
(b) show the direct photo-electrons up to energies of 2UP for the two
methods: both clearly depict the bulk of the photo-ionisation along the
axis polarisation with a suppressed yield in other directions, and they
both show interference patterns that produce jets at small angles to the
polarisation axis.
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The bottom two plots (c) and (d) zoom out to encompass the entire
rescattering region of the ATI spectrum: here the SFA method predicts
an exaggerated sharp cutoff in the shape of an hourglass that separates
the bulk of the yield in a small contained angle around the polarisation
axis from the negligible yield outside of this area. The numerical results
show a less abrupt tapering in the yield magnitude as the angle from
the polarisation axis increases.

Figure 47 – Photo-electron energy and angle spectra of an excited he-
lium atom with an electron in the 2px orbital interacting with a linearly
polarised (z-direction) laser field with an intensity of 3.2 × 1013 W/cm2,
photon energy of 0.775 eV and a duration of 50 fs. UP = 7.65 eV and the
energy axis is scaled in units of this energy (PE). The plot compares the
spectrum derived from (a) a B-spline ADC calculation and (b) an SFA cal-
culation, focusing on the energy region up to 2Up. Plots (c) and (d) show
the same comparison, but are zoomed out to cover the region up to 10UP

at lower resolution.

In figure 47 we show a similar comparison of the full angular dis-
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tributions for the perpendicular configuration interacting with the 50
fs (10 cycle) pulse for the B-spline ADC method and SFA method. As
in the previous figure 46, the top two plots (a) and (b) show the direct
photo-electrons. For the SFA method, there is no direct contribution
whatsoever as expected, but there is a substantial rescattering contri-
bution in the direction of the laser polarisation which is largely absent
in the B-spline ADC calculation. The latter shows a ‘spider’ pattern
with most of the yield contained in the four legs rotated at a small angle
from the polarisation axis. These legs are also somewhat evident in the
SFA result.

The bottom two plots (c) and (d) zoom out to encompass the entire
rescattering region of the ATI spectrum. Here, the SFA method predicts
a greater yield in the direction perpendicular to the polarisation axis.
In (c) there is some asymmetry around the π/2 angle in the high yield
region, where the ‘spider legs’ extend further in the −z direction than
they do in the opposite direction. This is likely due to the relatively few
laser cycles contained in the pulse.

8.3.2 Effect of bound-state transitions

The standard formulation of the SFA method assumes that the active
electron occupies a specific ground state and that it can only transition
into continuum states through interaction with the laser. The influence
of other bound states on the dynamics of the system is typically not
considered. However, if the initial state of the system is an excited state
that is within energetic reach of other excited states, this assumption
becomes more problematic.

In the case of the helium atom excited into the 21P state, particular
attention should be paid to the transition dipole between the 21P state
and the 21S state. Here, the energy gap is relatively small ∼ 0.6 eV and
the transition dipole moment is large ∼ 2.9 au. Other possible bound-
state transitions, such as 21P → 11S or 21P → 31S can be safely ignored
as the energy difference that characterises these transitions is signifi-
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cantly larger.

Figure 48 – Survival probability of the most prominent excited bound
states of the system calculated with the B-spline ADC method as an
excited helium atom with an electron in the 2p0 orbital interacts with
a linearly polarised (z-direction) laser field with an intensity of 3.2 ×
1013 W/cm2, photon energy of 0.775 eV and a duration of 100 fs.

This can be seen in figure 48, which depicts the occupation probabil-
ity for specific excited bound orbitals for the excited helium atom with
electron in the 2p0 orbital over the course of the propagation under the
influence of the linearly polarised laser field. The dominant additional
bound orbital in the dynamics is clearly 2s; the ground state 1s orbital
is not shown in the figure as it is of negligible quantity, due to it’s high
binding energy.

Oscillations in the bound state population occur at every half period
of the laser field, when the field’s magnitude reaches a peak. There is
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a lower coupling to the 3d0 orbital and an even lower coupling to the
4f0 orbital. The latter transition occurs at a relatively later stage in
the laser pulse’s progression; this is because this transition requires a
higher order of photon absorption.

Let us contrast the picture painted in figure 48 for the initial excited
state in the parallel configuration to the corresponding picture in the
perpendicular configuration, shown in figure 49. Here, the electron is
initially in the 2p1 orbital and cannot couple with the 2s orbital as this
dipole transition is prohibited.

The dominant bound orbital is 3d1, but it’s the occupation probability
is of a far less magnitude than that of the 2s orbital in figure 48, due to
the larger energy gap. In the same way as for the parallel case, the
occupation probabilities oscillate in sync with the laser field and the
occupation probability for the initial state plummets very quickly.
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Figure 49 – Survival probability of the most prominent excited bound
states of the system calculated with the B-spline ADC method as an
excited helium atom with an electron in the 2p1 orbital interacts with
a linearly polarised (z-direction) laser field with an intensity of 3.2 ×
1013 W/cm2, photon energy of 0.775 eV and a duration of 100 fs.

We would like to incorporate the significance of the 21P → 21S tran-
sition seen in figure 48 into our SFA model. To this end, we rewrite the
system’s wave-function (see equation (6.7)) with the following ansatz:

|Ψ(t)〉 = a21S(t) |Ψ21S〉+ a21P (t) |Ψ21P 〉+

�
d~pC(~p, t)

∣∣φ~p(~r)〉 (8.28)
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This then modifies the direct term in equation (6.14) to

TDir(~p) = −i
∑
j

∞�

−∞

dt
〈
φ~p(t) |H(t)|Ψj(t)

〉
(8.29)

=
−i

(2π)3/2

∑
j

∞�

∞

dtE(t)eiS(~p,t)aj(t)

�
d~re−i[~p+

~A(t)].~rr cos θΨj(~r)

(8.30)

where the index j runs over the excited states that are included in the
calculation. The modified expression for the rescattering term in equa-
tion (6.17) is then

TResc(~p) = −
∑
j

∞�

−∞

dt

t�

−∞

dt′
�
d~k
〈
φ~p(t) |V |φ~k(t)

〉 〈
φ~k(t

′)
∣∣∣Ĥi(t

′)
∣∣∣Ψj(t

′)
〉

(8.31)

=
∑
j

∞�

−∞

dt

t�

−∞

dt′aj(t
′)E(t′)eIP t

′
e−iS(~k,t)eiS(~k,t′)eiS(~p,t)

×
�
d~k

1

(2π)3

�
d~r′ei(

~k−~p).~r′V (~r′)× 1

(2π)3/2

�
d~re−i(

~k+ ~A(t′)).~rr cos θΨj(~r)

(8.32)

The model now describes ionisation from a series of strongly coupled
bound states. We determine the time-dependent behaviour of the bound
states in a laser field with the system of coupled equations:

daj(t)

dt
= IPjaj(t)−

∑
i 6=j

~E(t).~dj−iai(t) (8.33)

where IPj is the ionisation potential for the excited state j, and

~dj−i = 〈Ψj |~r |Ψi〉 (8.34)

is the matrix element of the dipole transition from one excited state to
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another.
The orientation of this element is determined by the spatial polar-

isation of the excited orbitals. Let us introduce the angle θ between
the polarisation axis of the laser and the spatial orientation of the 2p

orbital, so that
~E(t).~dj−i = E(t)dj−i cos(θ) (8.35)

If the number of excited states under consideration is two and the θ
is sufficiently small so that the quantity 2E0dj−i cos(θ) (where E0 is the
maximum field strength) is much greater than the energy difference
between the states IPj − IPi , then the system of equations (8.33) can be
solved perturbatively [168]. The zeroth-order solution for our helium
system, where the energy splitting between the states is neglected and
the states are considered as degenerate, is

a0
21S(t) = i exp(−iĨP t) sin

(� t

0

~E(t′).~d21S−21Pdt
′
)

(8.36)

a0
21P (t) = exp(−iĨP t) cos

(� t

0

~E(t′).~d21S−21Pdt
′
)

(8.37)

where the 0 in the superscript indicates that this solution is to zeroth-
order and ĨP is the average energy of the two excited states. The con-
dition for this solution 2E0d21S−21P cos(θ) � IP21P

− IP21S
is not valid in

the case of a finite pulse at the edges of the envelope, but remains ap-
plicable provided an alternative condition is met: that ω � IP21P

− IP21S

where ω is the field frequency.
The solution for the perpendicular configuration (where θ = π/2 and

E0d21S−21P cos(θ) = 0) is determined to be

a0
21S(t) = 0 (8.38)

a0
21P (t) = exp

(
−iIP21P

t
)

(8.39)

This is because the 21P → 21S transition is not possible due to the
symmetry constraints of the dipole transition in the case of the perpen-
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dicular configuration.

Figure 50 – Photo-electron spectrum calculated with the B-spline ADC
method of an excited helium atom with an electron in the 2pz orbital inter-
acting with a linearly polarised (z-direction) laser field with an intensity
of 3.2× 1013 W/cm2, photon energy of 0.775 eV and a duration of 50 fs. The
spectrum is integrated over the angles. UP = 7.65 eV and the energy axis
is scaled in units of this energy. The two curves compare the full spectrum
result with the result obtained after artificially removing the possibility of
all bound state transitions.

It would be interesting to compare the SFA predictions when includ-
ing two bound states to the single bound state case. This can then be
contrasted to difference between a B-spline ADC calculation where all
bound state transitions are artificially removed during the propagation,
and one where all bound state transitions are enabled. For the B-spline
ADC calculations, the propagation is done in the intermediate states
basis and the bound states are identified by the profile of their eigenen-
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ergies. The dipole matrix elements that correspond to these configura-
tions are then set to zero.

As recorded in figure 50, removal of all bound-state transitions sup-
presses the yield for ATI electrons in the mid-energy range between 2UP

and 8UP to a small extent and causes the plateau to extend further in
the high energy region.

This suppression therefore clearly does not account for the total dis-
crepancy (~ 2 orders of magnitude) between the simulated yield of the
parallel and perpendicular configurations recorded in figure 45, and this
suppression is not sustained in the high-energy part of the spectrum
(> 8UP ).
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Figure 51 – Photo-electron spectrum calculated with the strong field ap-
proximation of an excited helium atom with an electron in the 2pz orbital
interacting with a linearly polarised (z-direction) laser field with an inten-
sity of 3.2× 1013 W/cm2, photon energy of 0.775 eV and a duration of 50 fs.
The spectrum is integrated over the angles. UP = 7.65 eV and the energy
axis is scaled in units of this energy. The two curves compare the single
bound state SFA result to the result obtained from incorporating bound
state oscillations between the 2s and 2p states.

This result can be compared to the SFA results for the simple 21P

initial state and the result for when the bound state transition 21P →
21S is included in the calculation, shown in figure 51. The impact of
disabling this bound state transition is found to be the same; the di-
rect energy and rescattering region is suppressed by a similar order of
magnitude. There is however no noticeable effect on the extent of the
plateau.
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Figure 52 – Photo-electron energy and angle spectra of an excited helium
atom in the 2px orbital interacting with a linearly polarised (z-direction)
laser field with an intensity of 3.2 × 1013 W/cm2, photon energy of 0.775
eV and a duration of 50 fs. UP = 7.65 eV and the energy axis is scaled
in units of this energy (PE). The plot compares the B-spline ADC spectra
derived from (a) a calculation with all bound-state transitions activated
and (b) a calculation with all bound-state transitions removed, focusing on
the energy region up to 2Up. Plots (c) and (d) show the same comparison,
but are zoomed out to cover the region up to 10UP at lower resolution.

Figure 52 shows the photo-electron angular distributions that cor-
respond to the results above for the B-spline ADC calculation. In the
direct ionisation region, it can be seen that the effect of removing the
bound-state transitions is to drastically limit the photo-electron spread
into a small angular region on either side of the laser polarisation axis.
The other ‘legs of the spider’ that protrude at other angles in the full
result are no longer present and the plateau for the direct electrons ex-
tends much further at angles close to the polarisation axis. This is be-
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cause intermediate transitions with different spatial orientations are no
longer available, and the 2pz orientation by itself only produces ionised
wave-packets in the continuum with momenta that are strongly limited
to the z-axis direction.

Zooming out our perspective to the rescattering photo-electron plateau,
we see that the difference described in the previous paragraph is less
stark. The high-energy plateau is lower in the direction of the x-axis for
the case with no bound-state transitions, but it is not curtailed to the
same extent. This is because there is a greater lee-way for possible an-
gular trajectories when the ionised photo-electrons are free to rescatter
off the parent ion.
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Figure 53 – Photo-electron energy and angle spectra of an excited helium
atom in the 2px orbital interacting with a linearly polarised (z-direction)
laser field with an intensity of 3.2× 1013 W/cm2, photon energy of 0.775 eV
and a duration of 50 fs. UP = 7.65 eV and the energy axis is scaled in units
of this energy (PE). The plot compares the SFA spectra derived from (a) a
calculation with one bound-state 2pz and (b) a calculation with two bound
states 2s and 2pz, focusing on the energy region up to 2Up. Plots (c) and (d)
show the same comparison, but are zoomed out to cover the region up to
10UP at lower resolution.

The corresponding results for the SFA method are shown in fig-
ure 53. In a similar vein to the previous comparison, the inclusion of
the 2s bound state in the calculation enhances the angular spread of the
spectrum: the ‘spider legs’ extending at an angle to the polarisation axis
in (b) are both of greater magnitude and of greater extent than when the
initial state is restricted to the 2pz orbital. This distinction is borne out
for the larger region extending to 10UP in (c) and (d), where there is
a greater photo-electron yield at angles further from the polarisation
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axis, although the well defined plateau remains the same. Although the
inclusion of the 2s orbital clearly has a substantial effect, the absence
of other intermediate transitions accounts for much of the discrepancy
with the numerical results in figure 52.

To sum up this section, we have demonstrated that the production
of high-energy ATI exhibits a strong dependence on the orientation of
the atomic polarisation vis-à-vis the laser polarisation, in a similar way
to its dependence on the elliptical parameter of the ionising laser pulse.
Our simulated experiment described the ionisation of the helium atom
with one electron excited into the 2p orbital by an incident IR radia-
tion pulse and the results showed a suppressed yield of about 2 orders
of magnitude for the configuration where the initial excited state was
polarised in the plane perpendicular to the laser polarisation orienta-
tion. This suppression mainly occurred in the rescattering region of the
ATI spectrum (> 2UP ). This phenomenon was replicated in the strong
field approximation predictions, where the model was modified to in-
clude contributions to the rescattering term from intermediate Volkov
states in the plane of the atomic polarisation.

It was also demonstrated that the suppression in the perpendicular
case is only partially explained by the absence of the possibility of a
bound-state transition to the 21S state, thereby removing the contribu-
tion to the total yield from this ionisation channel. However, it does not
account for the full magnitude of the suppression that was observed.
The magnitude of this suppression and the region of its applicability
was found to be the same for the SFA model.

252



9 AUGER EFFECT

9 Auger effect in atoms and molecules

In this section we will study the Auger effect, an important inner-shell
process in many-electron atoms and molecules.

Upon XUV or X-ray photo-ionisation, an electron hole (with energy
Eh) can be formed either below or above the next (double) ionisation
threshold. In the former case, a coherent superposition of ionised states
can be formed leading to non-stationary hole dynamics, or hole mi-
gration. If, however, the electron hole is above the double ionisation
threshold (typically in an inner shell or subshell), it can decay by elec-
tron emission in what is called the Auger effect [23, 169]. The sys-
tem will minimise its energy by filling the vacancy with an electron
from an outer shell (with energy Ea). To maintain energy conserva-
tion, all excess energy (Eh − Ea) is removed either through radiation
or by transfer, through the Coulomb interaction between electrons, to
another valence electron (known as an Auger electron) with binding en-
ergy Eb < Eh−Ea that is sufficiently low to thereby become ionised. The
Auger decay channel becomes increasingly probable vis-à-vis the radia-
tive decay channel for lighter atomic systems and for relatively small
binding energies for the hole (Eh < 1 keV) [170].

Since the electron hole can be energetically above several doubly
ionised states, the Auger electron spectrum can contain energy sepa-
rated lines (in atoms) or bands (in molecules) corresponding to all the
resulting decay channels. Moreover, a core vacancy can be situated
above the triple ionisation threshold, in which case recombination of
an outer shell electron into the vacancy can result in the emission of
two electrons, in what is called double Auger decay [171]. This process
can occur simultaneously, where the two electrons will share the avail-
able energy with a continuous distribution, or sequentially, where the
system evolves through well defined intermediate states and produces a
cascade with discrete energies. The analysis of the Auger electron spec-
trum is a technique that can provide useful information about the target
system and it has even been used for the analysis of surfaces [172].
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The Auger spectrum for larger systems such as molecules with vibra-
tional degrees of freedom can become difficult to adequately interpret
due to the superposition of Auger lines resulting from different sets of
intermediate stages. Additionally, the molecule often becomes unstable
when it is doubly ionised leading to dissociation. In this case, the excess
energy is shared between the Auger electron and the molecular frag-
ments, similar to the case of simultaneous double Auger decay, and the
width of the peak will not reflect the decay lifetime of the initial state.

The decay lifetime of the hole τh is a primary characteristic of the
Auger process, which for light atoms is typically within a few-fs or sub-
fs range. The lifetime depends on the energy of the core-hole and the
strength of electronic coupling. In principle one can derive the core-hole
lifetime by measuring the spectral width of the emitted electrons. How-
ever, in practice this approach is problematic if the Auger electron is
coupled to other degrees of freedom, such as to vibrational degrees in
molecules mentioned earlier. Indeed, in such cases, the widths of the
peaks in its energy spectrum reflect energy partition due to this cou-
pling rather than the lifetime broadening. As another example; Auger
decay in molecules with dissociative doubly ionised final states results
in broad bands that reflect the dissociation dynamics [173].

In such cases, time-resolved spectroscopy turns out to be a viable
alternative to study Auger dynamics. Time-resolved spectroscopy of
Auger dynamics is also needed to shed light on some electronic pro-
cesses that remain poorly understood, for instance the ultra-fast super-
Coster-Kronig decays [174], where photo-ionisation and the Auger decay
occur on a similar timescale, leading one to question the basic two-step
picture of the process, or Coster-Kronig decays in the inner valence shell
in molecules, where multiple overlapping resonances can lead to rich
decay patterns that differ from a simple exponential decay character.

The time-domain tracking of a wide variety of other physical pro-
cesses, such as atomic motion in molecules [175] or the electronic mo-
tion of weakly-bound Rydberg states [176], can be obtained with the use
of femtosecond optical techniques [6]. However, faster processes involv-
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ing many-electron dynamics in core and valence shells, including the
Auger effect, but also simpler processes such as photo-ionisation [177],
require sub-femtosecond optical techniques to temporally resolve. This
has recently become possible with developments in the production of at-
tosecond laser pulses using HHG sources [178, 179] and, more recently,
X-ray free-electron lasers [180].

Specific suggested approaches to resolving the Auger dynamics in-
clude high-order harmonic generation spectroscopy based on the detec-
tion of HHG radiation caused by recombination of a photo-electron with
the parent ion undergoing Auger decay [181] and molecular Auger in-
terferometry [182].

An alternative method, which we describe and implement in the fol-
lowing section, is the attosecond streaking technique.
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9.1 Attosecond streaking

The attosecond streaking technique for measuring time-resolved non-
radiative Auger decay was described by Drescher [23, 183] as early as
2002.

As discussed, ordinary femtosecond optical techniques are gener-
ally insufficient for probing the core relaxation dynamics, as the rear-
rangement of the electronic system with a core-hole vacancy happens
at ultra-fast timescales ranging from a few attoseconds to a few fem-
toseconds. The development in recent decades of XUV light sources
with sub-femtosecond pulse duration [184] and the ability to utilise a
few-cycle optical wave to sample photo-electron wave-packets on the
attosecond scale [185], has made it possible to observe the motion of
valence electrons directly with attosecond spectroscopy. However, a few
conditions must be met for time-resolved spectroscopy to provide insight
into the process. The time interval required for core-hole creation must
be short (normally less than one femtosecond) relative to the core-hole
decay time, where the latter depends on the energy of the core-hole and
the strength of electronic coupling [23]. The probe pulse characteristics
must also be suitably chosen.

In the attosecond streaking technique, a core-hole is created on a
sub-femtosecond timescale with a highly energetic ionising pump pulse
of radiation and the rearrangement of the electronic system, which typ-
ically happens on the scale of a few femtoseconds, is then temporally
resolved. The Auger electron spectrum will contain several Auger re-
laxation channels that correspond to specific final decay products, and
the position of these lines and their spectral width are fully determined
by the electronic configuration of the system.

The radiation field can also ionise electrons from orbitals with a
lower binding energy than the targeted core state, and this will cre-
ate an additional set of lines in the spectrum that correspond to these
photo-electrons. In the absence of resonances, these lines can easily
be identified in the spectrum provided the binding energies of the af-
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fected occupied states are known, as the photo-electron energy will sim-
ply be the difference between the photon energy and the binding energy
of those affected states.

As mentioned, the method hinges on the need to ensure that the
duration of the pump pulse is much shorter than the core-hole life-
time. We can then safely assume that the temporal evolution of the
wave-packet associated with the photo-electrons and the Auger electron
are sufficiently distinct so that one can be isolated from the other. The
rate of production of photo-electrons will be equivalent to the core-hole
rate of production, and both quantities will track the temporal profile
of the pump pulse. Thus, although the leading edge (temporally) of the
Auger electron wave-packet may rise within the pump pulse duration,
the trailing edge will not, and will provide the evidence with which one
can infer the hole lifetime.

The attosecond streaking technique streaks the emitted Auger elec-
tron in the continuum with a linearly polarised few-cycle probing field

Ẽprobe(t) cos(ωt+ ϕ) (9.1)

of frequency ω and phase ϕ where Ẽprobe(t) is the envelope function of
the probe pulse. This streaking has the effect of modifying the final
momentum of the Auger electron by the vector potential

∆p(τ) =
Ẽprobe(τ)

ω
sin(ωτ + ϕ) (9.2)

and this modification crucially depends on the moment of the Auger
electron’s emission τ . By experimentally varying the time delay ∆t be-
tween the probe pulse and the pump pulse that triggers the Auger decay,
the temporal dynamics can be reconstructed.

In the case of Auger electrons with large initial kinetic energies com-
pared to the streaking photon energy, it has been shown [186] that a
simple classical treatment captures the dynamics reasonably well. Us-
ing more accurate quantum mechanical models that treat pumping, evo-
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lution of the excited electronic states, and probing as a single coherent
quantum process, shows that for a theoretical lifetime less than half
the probe pulse duration, the Auger electron final energy distribution
greatly changes for very small time delays (as little as a quarter of the
pulse duration).

For longer lifetime constants relative to the probe pulse duration,
the energy distribution variation with respect to time delays smaller
than the probe pulse duration, disappears. Instead, the spectrum be-
comes broadened and is broken up into sidebands that are spaced around
the central Auger electron energy at intervals equivalent to the probe
pulse’s photon energy. These sidebands (not predicted in the classical
model) are caused by quantum interference between different parts of
the Auger electron wave-packet that are undergoing the same shift in
momentum through interaction with the laser field.

In the latter case, where the lifetime is longer than the pump pulse
duration, the total electron occupation of one of the sidebands can be
predicted (using a simple quantum mechanical model) by the convolu-
tion of the Auger decay profile with the probe pulse. The former (Auger
decay profile) can be described as a simple exponential decay mediated
by the pump pulse envelope profile Ẽ2

pump(t) that is a proxy for the hole
creation

R0

�
exp

(
− t− t

′

τh

)
Ẽ2

pump(t′)dt′ (9.3)

where R0 is some known constant; and the latter (probe pulse) is equiv-
alent to the probe pulse envelope raised to the power 2α (Ẽ2α

probe(t)). In
the perturbative limit (very low laser intensity), the transition rate into
the sidebands is proportional to the laser intensity at that time, so the
power can be taken as α = 1. For larger intensities, the result for
the sideband area deviates from this model to a sub-linear scaling with
laser intensity [187]. This is because there is significant transition from
first-order sidebands to second-order sidebands (corresponding to two-
photon absorption). A reasonable approximation can thus be obtained
by varying the power parameter as 0 < α < 1. For intensities of around
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5.0×1011 W/cm2, the optimal value for this parameter is determined (by
varying the field intensity for a fixed time delay) to be at α = 0.5 ± 0.2

[188].
Finally, the fitted convolution function, which should fit the mea-

sured area of a specifically chosen sideband A(∆t) for a time delay ∆t,
is given by

A(∆t) = R0

�
dtẼ2α

probe(t−∆t)

�
exp(− t− t

′

τh
)Ẽ2

pump(t′)dt′ (9.4)

We use the above estimate for the power parameter and we have
knowledge of the pulse profile, leaving only the core-hole decay time τh
to be fitted to conform with the measured area sideband.

9.1.1 Application to krypton 3d hole

We now demonstrate this technique by applying this work’s numerical
simulation capability to the well-studied problem of the Auger decay of
the krypton atom ionised by an X-ray pulse in the 3d core shell [189,
190, 191, 192].

It has already been established from the Lorentz-type line profiles
of the Auger electron spectrum that this excited system decays expo-
nentially with a lifetime on the order of femtoseconds [23], making it a
suitable test-case for this study. This system is sufficiently light and the
binding energy for the 3d hole is sufficiently small (< 1keV) for Auger-
type decay to predominate over radiative decay [170]. The dominant
pathways for the decay emit Auger electrons from the valence shells 4s

and 4p.
Krypton’s electronic configuration is [Ar]3d104s24p6. The binding en-

ergy of the 3d3/2 orbital is reported in King et al. [193] at 93.788 eV, and
there is an additional 1.25 eV for the 3d5/2 orbital due to the spin-orbit
coupling effect. Both the krypton double and triple ionisation threshold
are significantly lower than this figure (for Kr2+ 4p−2 3P2 it is 38.358 eV
and for Kr3+ 4p−3 4S3/2 it is 74.196 eV according to NIST [125]) which
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enables the possibility of both single and double Auger decay.
The Kr+ 3d−1 Auger spectra were first recorded by Mehlhorn [194]

over fifty years ago. Subsequent refinements to spectroscopy techniques,
including higher resolutions and the utilisation of synchrotron radiation
excitation, have improved the accuracy of the spectrum measurement
[195, 196, 197]. Recent studies have demonstrated [198] that the final
states of the decay of Kr+ 3d−1 are predominantly doubly ionised Kr2+

with a probability of 28.75% to form triply charged Kr3+ ions through
double-Auger decay.

For our simulation, the single-electron orbitals are represented in
the monocentric B-spline basis set, and are built with a parabolic-linear
B-spline knot sequence in a radial box of size rmax = 160 au. This se-
quence (see section 3.3.2) is useful for accurately describing both bound
and continuum states, because there is a mixture of a parabolic spread
of points near the origin and a linear distribution of points at larger dis-
tances from the origin. The number of B-spline radial functions used
in this calculation is 300. The maximum value for the angular mo-
mentum of the single-particle orbitals used in the calculation has been
set to Lmax = 10. We solve the discretised closed-shell Hartree-Fock
equations self-consistently to obtain a quasi-complete set of canonical
occupied and virtual HF atomic orbitals, expressed in terms of B-spline
basis functions.

The numerical experiment is split into two separate parts: we first
simulate the pump pulse interacting with the neutral atom, so as to
determine the initial unstable ionic state. The second experiment then
propagates this initial state under the influence of the probe pulse for
varying time delays τ . The total time-dependent Hamiltonian for the
time-evolution of the neutral system interacting with the pump pulse
(first experiment), is

ĤN (t) = ĤN
0 + D̂zEpump(t) (9.5)

and for the ionic system interacting with the probe pulse (second exper-
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iment), we have

ĤN−1(t) = ĤN−1
0 + D̂zEprobe(t− τ) (9.6)

The first term ĤN
0 and ĤN−1

0 is the field-free many-electron ADC
Hamiltonian describing the neutral and ionic system respectively, and
the second term D̂zE(t) is the laser-atom interaction described in the
length form, where the z component of the dipole operator is D̂z =∑N/N−1

j=1 ẑj (the j index runs over all N or N − 1 electrons of the atom).
As usual, we use the dipole approximation where there is no spatial
dependence in the radiation pulse.

We use the lowest level of ADC compatible with a correct description
of the excitation of the system by the laser pulses. For the first prepara-
tory calculation, the neutral atomic system is given within the first or-
der of the ADC[n] hierarchy. This includes singly excited configurations
(1h1p) in the manifold, which is enough to describe the neutral system
ionisation by the pump pulse. The ground state of the neutral system
is propagated with an ionising linearly polarised XUV pulse of 105 eV
photon energy, 1.0×1013 W/cm2 intensity and a duration of 0.455 fs. The
time propagation of the unknown coefficients C0(t), CI(t) of the B-spline
ADC many-electron neutral wave-functions (corresponding to the neu-
tral ground state and all ADC configuration basis states in the manifold
respectively) is performed by means of the fourth-order Arnoldi-Lanczos
algorithm (see section 3.2.2).

This calculation is necessary in order to determine the relative ini-
tial occupation of the Kr+ 3d−1 state for the range of possible values for
the quantum number m (−2,−1, 0,+1,+2) corresponding to the 3d shell
where l = 2. This is obtained from the density matrix of the final ionic
states, which is calculated by tracing over the particle configuration for
the holes of interest and normalising the probability for all possible val-
ues of the magnetic quantum number to one. We find that the initial
population of the krypton 3d hole for m = 0, is 0.6089, for m = 1,−1, it
is 0.5342, and for m = 2,−2, it is 0.1712.
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For the second experiment, we must be able to model the 2h1p con-
tent of the Auger decaying state, so we use the ADC[2] extended compu-
tational scheme, as described in section 3.1. The configuration manifold
spans the 1h and 2h1p sub-spaces and electronic correlation within the
ionic system is taken into account. This configuration manifold limits
the model to the description of single-electron Auger processes, while
double Auger decay processes lie outside of the scope of this model.
However, as mentioned above, single Auger decay is the dominant decay
process for this system.

The active electrons in the multi-electron simulation consist of the
4s, and 4p valence shells as well as the 3d core shell; all other electrons
are ‘frozen’ in their initial state orbitals.
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Figure 54 – Comparison of the Auger electron spectra (measured in the
direction of the z-axis) of Kr+ (3d−1) streaked with a UV field of 1.55 eV
photon energy, an intensity of 5.0 × 1011 W/cm2, a duration of 8 fs and a
time delay of 3 laser cycles. The focus is on the peak corresponding to the
channel 4p−2 1S0, centred on 55.1 eV. The spectrum in black is obtained by
propagating the simple krypton 3d hole corresponding to the ‘sudden ioni-
sation’ model and the spectrum in red is obtained from the fully correlated
3d hole, corresponding to the ‘adiabatic ionisation’ model.

As the simulation of the pump pulse is carried out as a separate
computation, the probe experiment does not directly describe the initial
ionisation of the neutral species. Instead, the system is suddenly ionised
at t = 0 with a hole in the 3d shell, which is physically equivalent to
using a pump pulse with an infinitesimally small envelope.

An alternative approach is to choose the fully correlated 3d−1 state
as the initial state of the system, which corresponds to the adiabatic
ionisation of the system. This initial state is calculated as the first
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eigenstate of the ADC[2]x Hamiltonian with a reduced 1h, 2h1p con-
figuration that only includes configurations where one of the holes is
fixed to the 3d shell. These two options for the initial state of the second
experiment turn out to produce qualitatively equivalent results with
regard to the peak positions and relative distributions of the calculated
streaked Auger electron spectra (see comparison of the spectrum for the
streaked channel 4p−2 1S0 in figure 54).

The initial state with a hole in the 3d shell (determined according
to one of the two approaches outlined above) is propagated under the
influence of the ADC[2]x Hamiltonian matrix in the full 1h, 2h1p con-
figuration. If the laser field interaction term is omitted and the system
evolves exclusively through electronic correlation, then the dimension-
ality of the Hamiltonian matrix can be restricted, because the system
will remain fully contained in the total angular momentum subspace
that it is initialised in, L = 2. The total angular momentum space up to
Lmax = 10 must be considered when the laser field interaction term is
included.

As mentioned earlier, the precise initial occupation for the range of
possible values for the M quantum number is taken from the output of
the ADC[1] calculation. The components of the initial wave-function for
M = 0, 1, 2 are propagated independently of each other to save on mem-
ory requirements. This is justified for both the field-free simulation and
the streaking simulation as well, because the linearly polarised laser
field does not couple states with different values of M together; the dif-
ferent subspaces therefore all evolve independently.
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Figure 55 – Auger spectrum of Kr+ 3d−1 calculated with ADC[2]x theory,
measured in the direction of the z-axis. The available ‘active’ channels for
this simulation consist of the 4s, 4p and 3d shells. The contributions from
individual dication channels are labelled.

We propagate the initial fully correlated core-hole state via the Arnoldi-
Lanczos algorithm in the absence of the laser field, and the Auger elec-
tron spectrum, measured in the direction of the z-axis, is obtained by
using the splitting method (see section 4.2). The spectrum is calcu-
lated for all the different values of M , and these are subsequently all
combined. Additionally, all the contributions from ionic channels with
different m values are summed up for clarity. The resulting spectrum is
shown in figure 55.

Kr+ 3d−1 Auger spectra derived from physical experiment [199, 200]
consist of a splitting of all the peaks shown in figure 55 into two lines,
separated by approximately 1.25 eV. The precise identification of the
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origin of individual peaks in the spectrum can be a difficult task, as it
is often difficult to disentangle the relevant many-body and relativistic
effects in physical experiments. A technique widely used [201] for de-
termining the initial core-hole state is to measure the coincidence of the
Auger electron spectrum with the photo-electron that corresponds to the
core-hole created by the pump probe. This makes it possible to identify
the initial core-hole state vacancy and can aid in reliably identifying the
subsequent transitions.

Configuration ADC[2]x Exp. (3d5/2) Exp. (3d3/2)
4s−2 1S0 21.1 24.2 25.5
4p−2 1S0 55.1 51.4 52.6
4p−2 3P2 59.1 55.5 56.7
4p−2 1D2 57.5 53.7 54.9

4s−14p−1 1P1 36.6 37.9 38.9
4s−14p−1 3P2 42.7 41.1 42.3

Table 7 – Calculated channel energies (ADC[2]x) from the Kr+ (3d−1)
Auger spectra and experimental channel energies after 3d3/2 and 3d5/2 de-
cays. The table includes the dominant single-Auger paths. Experimental
values are taken from Aksela et al. [202]. Quantities are in eV.

Applying this technique to the Kr+ 3d−1 Auger spectrum shows that
the observed line splitting corresponds to the two possible initial state
vacancies, 3d3/2 and 3d5/2. These vacancies are not energetically degen-
erate due to the spin-orbit coupling effect. This is a relativistic effect, so
it is not incorporated into this study’s model. The effect can in fact be
neglected for our purposes, as the decay life time for the spin-orbit split
states is in practice extremely similar [200].

Table 7 compares the Auger spectrum for the dominant dication
channels obtained from our model calculation with experimental results
originally published by Werme et al. [203] and modified with a more ac-
curate value for the ionisation potential of Kr+ by Aksela et al. [202].
In our ADC[2]x model doubly ionised states are only calculated to first
order; for this reason the positions of the Auger electron peaks in the
spectrum are somewhat inaccurate.
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Figure 56 – Survival probability of the initial Kr+ 3d−1 hole population
over the course of the field-free propagation, where the unstable system
undergoes Auger decay. The curve is of exponential form with a time decay
constant of τh = 10.4803 fs. The hole population is normalised at t = 0.

The population of the initial Kr+ 3d−1 hole is calculated and writ-
ten to file over the course of propagation, and the resulting decay pro-
file is shown in figure 56. Performing regression analysis on the curve
demonstrates that it is fitted by an exponential curve with a lifetime
of τh = 10.4803 fs. This finding differs from the result recorded in [23]
of τh = 7.91+1

−0.9 fs even taking the error bars into account. This discrep-
ancy is mainly due to the fact that the restricted model used to simulate
these results (ADC[2]x) does not take into account the possibility of fi-
nal excited Rydberg states; particularly significant contributions in the
case of krypton are from the channels 4p34d5D with a branching ratio of
12.5% and 4p34d3P2,1 with a branching ratio of 11.3% (for the 3d−1

3/2 hole)
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[200]. The exclusion of these decay channels has the effect of artificially
increasing the time it takes to decay.

We now introduce the IR streaking field. The time-dependent Schrödinger
equation is solved by propagating the initial fully correlated core-hole
state via the Arnoldi-Lanczos algorithm in the presence of a linearly
polarised UV field of 1.55 eV photon energy (800 nm wavelength), an
intensity of 5.0 × 1011 W/cm2 and a duration of 8 fs, equivalent to 3 op-
tical cycles. The pulse is described by a cosine squared envelope (see
equation (7.2)).

The streaked Auger electron spectrum is also obtained using the
splitting method. As the wavelength of the streaking field is long, the
wave-function must be split more frequently than at every half laser cy-
cle when the vector potential is zero. This is necessary to ensure that
there is minimal artificial reflection at the grid boundary. The splitting
is therefore carried out eight times per laser cycle and the required ra-
dial integrals (see equation (4.31)) are calculated anew for all splitting
times where the vector field is nonzero. If the time delay is sufficient to
ensure that the entire pulse duration (3 cycles) lies within the propaga-
tion, there are an additional set of 3 × (8 − 2) = 18 such calculations to
be performed. (If the time delay is less than the pulse duration, then
correspondingly fewer calculations are required). These integrals are
stored and recycled for use with subsequent time delays.
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Figure 57 – Auger spectrum of Kr+ (3d−1) streaked with a UV field of
1.55 eV photon energy, an intensity of 5.0 × 1011 W/cm2 and a duration of
8 fs. The focus is on the peak corresponding to the channel 4s−14p−1 1P1

and this is centred on 36.6 eV. The sidebands populated by the interac-
tion between this Auger electron and the streaking field have peaks that
are positioned away from the central energy by integer multiples of the
photon energy of 1.55 eV. Sidebands that are visible on the graph match
absorption of 1-2 photons (to the right) and emission of 1-2 photons (to the
left).

For our analysis, we choose to focus first on the peak at 36.6 eV
corresponding to the channel 4s−14p−1 1P1, as it is the dominant channel
which contributes most to the overall spectrum. Figure 57 depicts the
sidebands of this peak that are generated by the streaking field for a
range of time delays that vary from 0× to9× the streaking field laser
cycle. A delay of 0 UV field cycles means that the propagation is started
at t = 0 where the streaking field pulse envelope is at its maximum,
while a delay of 1.5 UV field cycles (where the total duration of the
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streaking pulse is 3 cycles) means that the pulse envelope immediately
begins at t = 0 when the propagation begins, ensuring that the envelope
maximum occurs at a 1.5 cycle delay.

In the figure, two sidebands on either side of the central Auger elec-
tron peak are clearly visible, and these correspond to absorption and
emission of one or two photons. The field-free Auger electron spectrum
is shown for comparison.

Figure 58 – Auger spectrum of Kr+ (3d−1) streaked with a UV field of
1.55 eV photon energy, an intensity of 5.0×1011 W/cm2 and a duration of 8
fs. The focus is on the peak corresponding to the channel 4p−2 1S0 and this
is centred on 55.1 eV. The sidebands populated by the interaction between
this Auger electron and the streaking field have peaks that are positioned
away from the central energy by integer multiples of the photon energy of
1.55 eV. Sidebands that are visible on the graph match absorption of 1-2
photons (to the right) and emission of 1-2 photons (to the left).

It could be interesting to compare the sideband area for different
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Auger decay channels. The sideband area measured as a function of the
time delay of the streaking field, is a proxy measure of the decay rate;
thus a comparison will indicate if the decay rate with respect to specific
ionic final states diverge from each other. If there is divergence, then
the total decay rate would involve a weighted sum of individual channel
decay rates. The sidebands for the peak centred on 55.1 eV, which corre-
sponds to the ionic channel 4p−2 1S0, are depicted in figure 58; two peaks
on either side are clearly visible, and these correspond to absorption
and emission of one or two photons. As before, the field-free spectrum is
shown for comparison.

The ionic channel 4p−2 1S0 has an angular momentum of zero. This
ensures that the angular momentum of the particle in the 2h1p config-
uration measured in the spectra in figure 58, is equivalent to the total
angular momentum of the system. This, in turn, tracks the number of
interactions the system has had with the dipole field: as an illustra-
tion, the first sideband to either side of the central peak can only be
populated by an electron that has emitted or absorbed an odd number
of photons, while the second sideband on either side contains electrons
that have emitted or absorbed an even number of photons.
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Figure 59 – Measured sideband area as a function of the time delay of
the streaking pulse. The dashed line corresponds to the fitted convolution
function given in 9.4 for α = 0.4 and for τh = 10.4803 fs. Two sidebands to
the right of the two peaks at 36.6 eV and 55.1 eV are measured for a series
of time delays ranging from 0 to 9 times the laser period.

The measured areas of four different sidebands are recorded in fig-
ure 59. The chosen sidebands are the two to the immediate right of the
peaks at 36.6 eV (corresponding to the channel 4s−14p−1 1P1 and shown
in figure 57), and at 55.1 eV (corresponding to the channel 4p−2 1S0 and
shown in figure 58). The sidebands are measured from spectra that are
obtained with streaking time delays which vary from 0× to 9× the laser
period in duration; individual data-points are indicated on the plot.

These plots are contrasted to the fitted convolution function given in
equation (9.4), which is calculated for α = 0.4 and for τh = 10.4803 fs.
The latter is the value for the time decay constant that is directly de-
rived from the survival probability of the initial state in the numerical
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propagation (see figure 56). We perform a regression analysis on the
four sideband curves to determine the lifetime; but we first restrict the
data that we wish to fit to this curve by removing the first five data-
points, as these points do not fit on the simple decay curve. We obtain
for the first sideband after the 36.6 eV peak τh = 10.4799 fs, for the sec-
ond sideband after the 36.6 eV peak τh = 10.4808 fs,for the first sideband
after the 55.1 eV peak τh = 10.4809 fs and for the second sideband after
the 55.1 eV peak τh = 10.4806 fs; all in very good agreement with the
model’s exact lifetime.

This measured lifetime provides us with an Auger line-width of Γ =
~
τh

= 62.8 meV. As mentioned before, the discrepancy between this re-
sult and the experimental result gleaned from energy-domain measure-
ments (88 meV) [191] is due to the fact that the restricted model used to
simulate these results does not take into account the possibility of final
excited Rydberg states such as contributions from the channels 4p34d5D

with a branching ratio of 12.5% and 4p34d3 P2,1 with a branching ratio
of 11.3% (for the 3d−1

3/2 hole) [200].
These results also demonstrate that there is no difference between

the lifetime obtained by measuring the sidebands generated from a par-
ticular channel peak to that of a different channel peak. Additionally,
the lifetime derived from measuring the second sideband area (gener-
ated from double photon absorption) is shown to be equivalent to the
lifetime derived from the first sideband area, despite the fact that the
second sideband peak has a much lower yield.

In this section, we have described and simulated the attosecond
streaking method. However, this method has its problems, especially
when generalised to molecules. Although such applications of the streak-
ing technique have been reported [204], attosecond streaking studies of
molecular Auger decay are still lacking. Such studies would have to
overcome the problems related to the use of an intense IR field required
in this method, as the field can distort the molecular nuclear dynamics
and mix non-resonantly final and/or intermediate states of decay.

The most straightforward way to observe Auger dynamics in time

273



9 AUGER EFFECT 9.1 Attosecond streaking

is by using the attosecond pump-attosecond probe capability that has
recently become available [205, 206]. The attosecond pump-probe ap-
proach has already been applied to the study of hole migration in molecules,
based on the single-photon laser enabled Auger decay (spLEAD) [112,
207]. This approach provides a direct characterisation of the configu-
ration mixing and hole dynamics in the inner-valence ionised states of
atoms and molecules. In this experiment, we time-resolve the migratory
patterns of an inner-valence hole (created with a pump pulse) Auger
inactive (with energy below the double ionisation potential E < DIP)
state. Absent any intervention, this excited state typically decays ra-
diatively on a nanosecond time scale. We instead apply a laser field of
frequency ω ≥ DIP−E (in the VUV domain), so as to provide the neces-
sary energy in a single photon to induce a two-electron Auger-type tran-
sition, where the inner-valence hole is filled by an outer-valence electron
and another outer-valence electron is ejected into the continuum. The
non-stationary dynamics of a molecular inner-valence hole can therefore
be resolved by measuring the background-free doubly ionised species as
a function of the attosecond pump-probe delay, as the probability of both
stages of the Auger transition will be sensitive to the instantaneous en-
vironment of the inner-valence hole.

It is therefore natural to ask whether the same kind of capability can
be achieved in the realm of Auger decay. One such proposal is the X-ray
pump-probe Auger spectroscopy scheme [208], which can be used to re-
solve Auger decay as well as hole migration dynamics. In this scheme,
an X-ray pump pulse is first used to ionise a hole in the inner-valence.
To avoid complications of strong-field ionisation, the scheme uses single-
photon ionisation. This pulse can feasibly be produced with X-ray free
electron lasers operating in self amplied spontaneous emission mode, as
high energy attosecond pulses based on HHG are typically of an inten-
sity too low to excite a measurable fraction of the sample. In contrast,
FELs can routinely produce single pulse photon numbers greater than
the number produced by an HHG source in excess of five orders of mag-
nitude, and FEL pulses of sufficiently short duration have already been
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successfully produced [209].
The X-ray frequency is precisely tuned so as to be i) incapable of ion-

ising from the inner shell, and ii) to be in resonance with an inner shell
state and the inner valence hole state. This pulse with the same energy
is subsequently repeated after a time delay, and this second pulse is
energetically capable of exciting an inner-shell electron into the inner-
valence vacancy. This transition, however, can only happen if this va-
cancy has not already been filled through migration or Auger decay. To
measure the probability of this transition (a proxy for the inner-valence
hole probability) as a function of the time delay between the two pulses,
the scheme detects the yield of the characteristic Auger electrons pro-
duced (for light elements) via the subsequent decay of the inner-shell
hole.

One drawback to this scheme is that it proposes to resolve the tem-
poral dynamics by measuring the Auger electron spectra. This mea-
surement is often problematic as it can be prone to spectral congestion
and can be contaminated by the effect of space charge shifts. It would
therefore be preferable for the measurement to be based on the more
robust detection of ionic charge states.

In the following section, we therefore propose such an alternative
attosecond pump-probe charge state measurement. We consider both
core and inner-valence processes in a variety of atomic and molecular
species, and show that the background-free measurement of Auger de-
cay based on a charge state detection is possible under some conditions
for inner-valence vacancies. We analyse the optimal conditions for at-
tosecond pump-probe Auger measurement both in the inner-valence and
in the core and produce specific recommendations for future experimen-
tal work.
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9.2 Attosecond pump-probe scheme

Figure 60 – Schematic of the attosecond pump-attosecond probe method.
I: (a) first the pump pulse ionises an electron from the core, (b) then the
probe pulse arrives before Auger decay and ionises an electron from the va-
lence orbital, (c) the system then undergoes Auger decay with the core-hole
filling up and the excess energy being carried away by a further ionised
electron which results in X3+ final charge state (d). II: (a) the pump pulse
ionises an electron from the core, (b) the system then undergoes Auger
decay before the probe pulse arrives, (c) the probe pulse arrives having
insufficient energy to ionise an electron from the valence orbital of X2+,
which results in X2+ final charge state (d). III: The yield of X3+ as a func-
tion of the pump-probe time delay reflects the time profile of the Auger
decay of the excited system.

The attosecond pump-attosecond probe scheme to determine the time
evolution of a decaying electronic system is graphically depicted in fig-
ure 60. In this scheme, a short (on the scale of the Auger lifetime) pump
pulse ionises an electron from an inner shell (is) (the intensity of the
pump should be low enough to eliminate sequential double ionisation)
and a second pulse ‘probes’ the system by acting selectively on the de-
caying state, but not on the final states of the decay.

The scheme in figure 60 requires that the probe field photon must
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be chosen within a specified window of opportunity: (i) it must have
sufficient energy (Ep) to ionise the unstable system in the outer shell
(os, or outer valence ov) before Auger decay has occurred (see figure 60
Ib),

IP(is−1) + Ep ≥ DIP(is−1os−1) (9.7)

(ii) the resulting inner-shell-outer-shell ionised state must be able to un-
dergo further Auger decay to a triply ionised final product, i.e. the probe
must have sufficient energy to excite the initial ionic state to the ener-
getically closest doubly ionised state that lies above TIP (see figure 60,
Ic) :

IP(is−1) + Ep ≥ TIP(os−3) (9.8)

(iii) the photon must not have enough energy to ionise the system from
the doubly ionised decay product after Auger decay to any triply ionised
state (see figure 60 IIc),

Ep ≤ Emin

[
os−2 → os−3

]
(9.9)

where the functional Emin returns the lowest energy allowed transition.
For most inner-valence (iv) ionised Auger active systems, the den-

sity of DI(is−1os−1) states around the TIP threshold is high enough, so
that the thresholds imposed by the conditions equation (9.7) and equa-
tion (9.8) are similar. If some of the is-os ionised states created by the
probe turn out to be below the triple ionisation threshold, these states
will not decay by Auger mechanism and will not contribute to the triply
ionised ion yield. Therefore, population of such low-energy is-os ionised
states does not pose a problem for the proposed measurement. For core-
hole (c) ionised Auger active systems, the condition in equation (9.7) will
automatically include the condition in equation (9.8), as the energy of
the core-hole initial state is generally higher than the TIP threshold.
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Note, that the decay product will not necessarily lie on the DIP
threshold, as there can be, in principle, final Auger states across the
full energy range from DIP to the initial state. The relevant (dipole-
accessible) triply ionised state may also lie above the TIP threshold.
Therefore, the actual energy threshold Emin in equation (9.9) is deter-
mined by the lowest-energy dipole allowed transition from doubly ionised
final Auger states to triply ionised states that differ by only one hole.

Provided all the above energy conditions are met, production of the
triply ionised species (X3+) through all possible decay pathways can
only be a result of the probe pulse interacting with the system before it
decays (as the probe pulse cannot ionise after the decay). Measuring the
triply ionised species can then in principle act as a background-free in-
dication of the surviving hole population at the time of the arrival of the
probe pulse. The time delay between the pump and probe pulse can then
be varied experimentally and the change in the corresponding measured
X3+ yield can then grant temporal insight into the electronic evolution
of the system at attosecond resolution. Measuring triply charged ion
yield can be problematic for molecules that dissociate in high charge
states, however the parent (triply ionised) ion yield can be reconstructed
with covariance mapping methods [210] applied to the resulting frag-
ments, in which case the covariance between a singly-charged and a
doubly-charged fragment ion will still be background free.

For a background-free measurement, it is crucial to ensure that the
system’s energy window is large enough to accommodate the energy
bandwidth of the probe pulse. The minimum possible bandwidth for the
pulse is limited by another condition that must be met for the pump-
probe spectroscopy scheme: the time interval required for creation of
the core-hole and the total duration of the probe pulse must be short
relative to the core-hole decay time. A probe pulse duration on the or-
der of 0.5 fs and 1 fs will generally be sufficiently small for temporal
resolution of inner valence and core-hole systems, respectively.

In the following section, we investigate the relationship between
pulse duration and bandwidth for a variety of widely used pulse en-
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velopes and we derive expressions for certain quantities that we need
for this purpose.

9.2.1 Bandwidth of various pulse profiles

An important quantity that is intrinsic to a given pulse profile is the
time–bandwidth product. This is the product of the pulse’s temporal du-
ration and its spectral bandwidth (in the frequency space). A transform-
limited pulse is one for which the minimum possible time–bandwidth
product is obtained. For such a pulse with a specified duration, there is
therefore a lower limit placed on the pulse’s spectral width; this limit is
a fundamental property of the pulse’s Fourier transform. Today, many
mode-locked lasers, particularly ones based on soliton mode locking, can
easily generate nearly transform-limited pulses; this is important for
our purposes, as we want to access a probe pulse with a spectral band-
width that can fit within the permitted energy gap.

The temporal shape of ultra-short pulses from mode-locked lasers is
often approximately described with a Gaussian function for the enve-
lope:

f(t) =
(
a
√
π
)−1/2

exp

(
− t2

2a2

)
(9.10)

Firstly, let us characterise this pulse with a parameter T that fixes
the full width half maximum (FWHM). This parameter is defined as the
difference between the two values of the independent variable (tFWHM )
on either side of the origin such that the modulus-squared function at
those points |f(tFWHM )|2 reaches half of its modulus-squared maximum
value (typically at the origin).

|f(tFWHM )|2 =
1

2
|f(0)|2 (9.11)

∣∣∣∣exp

(
−
t2FWHM

2a2

)∣∣∣∣2 =
1

2
(9.12)
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tFWHM = ±a
√

log(2) (9.13)

so T = 2a
√

log(2). Substituting T for a in equation (9.10) we have

f(t) =

(
2
√

log(2)√
πT

)1/2

exp

(
−2t2 log(2)

T 2

)
(9.14)

The Fourier transform of equation (9.14) is

F (ω) = (2π)−1/2

(
2
√

log(2)√
πT

)1/2 ∞�

−∞

exp

(
−2t2 log(2)

T 2
+ iωt

)
dt

=

(
T

2
√
π log(2)

)1/2

exp

(
− ω2T 2

8 log(2)

)
(9.15)

We now want to derive the FWHM (Ω) for the Fourier transform:

|F (ωFWHM )|2 =
1

2
|F (0)|2 (9.16)∣∣∣∣exp

(
−
ω2
FWHMT

2

8 log(2)

)∣∣∣∣2 =
1

2

ωFWHM = ±2 log(2)

T
(9.17)

so Ω = 4 log(2)
T .

The time bandwidth product (ΩT ) that is therefore intrinsic to this
pulse profile is 2.7726 (sometimes reported as 2.7726/2π = 0.4413).

Another temporal shape that is common to ultra-short pulses from
mode-locked lasers is a squared hyperbolic secant (sech) function. This
profile is typical for modern lasers that employ soliton mode locking, and
these sources can produce close to transform-limited pulses with almost
no chirp. This pulse shape can also be produced through other laser
generation methods, such as passive mode locking with a slow absorber.
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Figure 61 – Sample of pulse profiles on the left with an FWHM of 1 fs
(40.7 au) delineated by the dashed black lines and their respective Fourier
transforms with dashed black lines from left to right that delineate the
lower limit for 10%, 1% and 0.1% of the pulse intensity, respectively.

We now carry out the above procedure for the sech pulse, which has
the form:

f(t) =
1√
a

cosh−1

(
2t

a

)
(9.18)

Substituting a in equation (9.18) with the FWHM parameter T =

a log(1 +
√

2), we have

f(t) =

√
log(1 +

√
2)

T
cosh−1

(
2t log(1 +

√
2)

T

)
(9.19)
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The Fourier transform of the function in equation (9.19) is

F (ω) =

√
πT

8 log(1 +
√

2)
cosh−1

(
πωT

4 log(1 +
√

2)

)
(9.20)

and the sech pulse’s time bandwidth product is 1.9782 (sometimes given
as 1.9782/2π = 0.3148).

We also investigate the cosine-squared pulse of the form:

f(t) =

√
8

3a
cos2

(
πt

a

)
{for − a/2 ≤ t ≤ a/2, otherwise 0} (9.21)

The Fourier transform of this profile is

F (ω) =

√
8

6πa

4π2 sin(aω/2)

4π2ω − a2ω3
(9.22)

Substituting a in equation (9.21) and equation (9.22) with the FWHM
parameter T = 2a arccos

(
2−1/4

)
/π, we have

f(t) =

√
8C

3πT
cos2

(
Ct

T

)
(9.23)

F (ω) =

√
4C

3T

4π sin(πωT2C )

4π2ω − (πT/C)2ω3
(9.24)

where C = 2 arccos
(
2−1/4

)
= 1.144. To derive the FWHM (Ω) for the

Fourier transform of the cosine-squared pulse, we insert equation (9.24)
into equation (9.16) and solve this numerically; this gives a time-bandwidth
product of 3.2955 (alternatively 3.2955/2π = 0.5245).

Out of the pulse profiles investigated above (plotted in figure 61), we
will focus on the sech pulse going forward, as this profile provides the
smallest energy bandwidth for a given pulse duration. As the sech pulse
has tails that extend to infinity, it will be useful to quantify the integra-
tion limits on either side of the envelope maximum that are required
for a certain desired proportion of the pulse energy to fall within those
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limits. To this end, (using equation (9.20)) we solve√
πT

8B

� a

−a
cosh−2

(
πωT

4B

)
dω = tanh

(
πaT

4B

)
= P (9.25)

where we have substituted B = log(1 +
√

2) and P is the percentage of
the pulse energy that falls within the limit. Solving for a, we have

a =
4B tanh−1(P )

πT
(9.26)

So if we want 90% of the pulse energy bandwidth (δω = 2a) of a 0.5
fs duration pulse to lie within the safe limits then δω = 4.35 eV.This can
often be too large for the energy window of most iv hole systems.

However, for our purposes we can actually take just half of this
value, as we just need some proportion of the photon energy to be enough
to ionise the initial state; it doesn’t matter if the photon wave-packet
also contains energies lower than this threshold. This would then re-
duce the minimum sufficient energy gap for a sech pulse of 0.5 fs du-
ration to just 2.18 eV. For the same reason this means that 95% of the
pulse energy is between the right limits, rather than 90%.

If the energy gap is still not large enough to accommodate half of
the pulse energy bandwidth, then the central photon frequency can be
reduced still further so that it falls below the minimum energy thresh-
old of equation (9.8); provided that the high energy tail of the photon
energy distribution is sufficiently large so as to ionise the core-hole ion
to a measurable degree (excitations below this threshold to a DI state
will not be Auger active, but do not affect the X3+ yield). To find the
energetic lower limit such that the spectral width above this point con-
tains some proportion P of the pulse intensity, we change the limits on
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equation (9.25) appropriately and solve:√
πT

8C

� ∞
a

cosh−2

(
πωT

4C

)
dω = (2)−1 tanh

(
πωT

4C

)∣∣∣∣∞
a

=
1

2

(
1− tanh

(
πaT

4C

))
= P (9.27)

Solving for a, we have

a =
4C tanh−1(1− 2P )

πT
(9.28)

As an example of this dispensation shown in figure 61, the dashed
black line on the left of the right-hand graph demarcates the energetic
lower limit of the spectral width of the sech pulse that contains 10%
of the pulse intensity (at 1.62 eV from the origin) and the two dashed
lines further to the right demarcate the same for the 1% tail (at 3.39 eV)
and the 0.1% tail (at 5.10 eV), respectively. The difference between the
first two limits (10% and 1%) and hence the required energy gap, is just
1.77 eV. This would mean that if the system’s energy gap was of this
size, approximately 10% of the probe-ionised population would be above
TIP and just 1% of the decay product in the DI state at the maximum
energy threshold (equation (9.9)) could still be ionised to X3+. If a larger
energy gap, similar to the difference between the first (10%) and last
(0.1%) limit of 3.48 eV, is available, then the residual X3+ signal can be
reduced still further to just 0.1%.

9.2.2 Inner valence hole decay

In this section, we assume that the ionised state lies between the double
and triple ionisation potential (DIP & TIP) so that it can only undergo
single Auger (Coster-Kronig [211]) decay, as typical for inner-valence-
holes (e.g. O 2s) in polyatomic molecules; core-hole systems undergoing
double Auger will be discussed in section 9.2.3.

The attosecond pump-probe scheme can therefore be used to tem-
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porally resolve the Auger dynamics (and extract the Auger lifetime) by
measuring the X3+ charge state as a proxy for the Auger active hole
survival probability, even in the most general case where the energy
window may not be large enough to ensure that there is no ionisation
of the X2+ final product. As an illustration of how we expect the pop-
ulation of the ionic charge states to vary depending on the pump-probe
time delay, we formulate a system of rate equations that describe the
evolution of the inner valence hole system:

dNX+
iv

dt
= −NX+

iv

(
kn +R1E(t− t′)

)
(9.29)

dNX2+
iv

dt
= NX+

iv
R1E(t− t′)−NX2+

iv
kn−1 (9.30)

dNX2+

dt
= NX+

iv
kn −NX2+R2E(t− t′) (9.31)

dNX3+

dt
= NX2+R2E(t− t′) +NX2+

iv
kn−1 (9.32)

where NX+
iv

is the population of the initial iv-hole state, NX2+
iv

the DI
(iv-ov) state, and NX2+ and NX3+ the final X2+ and X3+ states; E(t− t′)
is the envelope function of the probe pulse centred on the time delay
t′, and kn/kn−1 is the Auger decay rate for n or n − 1 electrons in the
valence. R1 is the ionisation rate from the iv-hole state population, and
the R2 rate is defined as the proportion of final DI states that can still be
ionised by the probe multiplied by the ionisation rate for these states.
This rate is nonzero if we assume in the most general case that there
is some non-negligible proportion of the final X2+ population that can
be ionised by the probe, if the energy window is insufficiently large to
contain the pulse’s bandwidth.

The decay rates for the system with n−m valence states (where m is
the number of ionised valence electrons) will differ from the core state,
due to the reduced number of possible decay channels, in the following
approximate way:
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kn−m =

(
n−m
n

)2

kn (9.33)

Figure 62 – Population over time for inner-valence-hole system of the
initial iv hole state (NX+

iv
), the iv-ov probe-excited state (NX2+

iv
), the doubly

ionised final decay product (NX2+ ) and the triply ionised decay product
(NX3+ ) for kn = 0.1 fs−1. R1 = 20%, and R2 = 1.5%. The probe pulse is
modelled as a sech pulse with a duration (in FWHM) of 0.1 fs and has a
time delay of 6 fs.

Solving the system of rate equations, we have:
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NX+
iv

(t) = N0
X+
iv

exp (−knt) (1−R1Ht′) (9.34)

NX2+
iv

(t) = N0
X+
iv
R1Ht′ exp

[
−knt′

]
exp

[
−kn−1(t− t′)

]
(9.35)

NX2+(t) = N0
X+
iv

[1− exp [−knt]

−R1Ht′
(
exp

[
−knt′

]
− exp [−knt]

)
−R2Ht′

(
1− exp

[
−knt′

])]
(9.36)

NX3+(t) = N0
X+
iv

[
R1Ht′ exp

[
−knt′

] (
1− exp

[
−kn−1(t− t′)

])
+ R2Ht′

(
1− exp

[
−knt′

])]
(9.37)

where N0
X+
iv

is the iv-hole population at t = 0, we approximate the pulse
with E(t) = δ(t), and the notation Ht′ = H(t − t′) is used to denote
the Heaviside step function. An illustration of this system is provided
in figure 62, where the initial population is normalised, the time decay
constant is 10 fs, the ionisation rate from the initial inner valence hole
state is at 20% and the rate of ionisation from the final X2+ species is
set at 1.5%. The curves are calculated numerically and the pump probe
is modelled as a sech pulse with a time duration in FWHM of 0.1 fs and
the envelope is centred at a 6 fs time delay from the origin.

The final populations of the decay products as a function of the time
delay, using N∞Xm+ = NXm+(t→∞), are

N∞X2+ = N0
X+
iv

[
1−R1 exp

[
−knt′

]
−R2

(
1− exp

[
−knt′

])]
(9.38)

N∞X3+ = N0
X+
iv

(
R1 exp

[
−knt′

]
+R2

(
1− exp

[
−knt′

]))
(9.39)
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Figure 63 – End population for inner-valence-hole system of the triply
ionised decay product (NX3+ ) on the left and the doubly ionised decay prod-
uct (NX2+ ) on the right as a function of the time delay of the probe for
R1 = 20%, and R2 = 1.5%; the different curves correspond to values of kn
ranging from 0.05 fs−1 to 0.15 fs−1. The axis on the left of each graph refer
to the yield as a percentage of the yield for infinite time delays, while the
right-hand axis refers to the absolute yield. The probe pulse is modelled
as a sech pulse with a duration (in FWHM) of 0.1 fs.

As mentioned above, the R2 rate is defined as the proportion of final
DI states that can still be ionised by the probe multiplied by the ioni-
sation rate for these states. If the energy gap is wide enough then this
parameter will be zero and N∞X3+ will be background free; if not then
there will be a residual signal proportional to N0

X+
iv

R2. The final popu-
lations of the X2+ and X3+ species are plotted in figure 63 for varying
values of the decay rate. As above, the populations are determined nu-
merically using a realistic probe of sech profile (the analytical results
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of equation (9.38) and equation (9.39) are determined by approximating
the probe envelope as an instantaneous impulse).

One can in general choose the energy of the pump photon so as to
eliminate the effect of shakeoff or shakeup caused by the pump photo-
ionisation. Depending on the excess energy of the probe photo-electron,
there may be a non-negligible possibility of post-collision interaction re-
capture of the probe photo-electron by the Auger electron. However, this
only modifies the measured signal by a constant factor; this issue will
be discussed in greater detail in section 9.2.4.
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Figure 64 – Energies and pole strengths of different states for the urea
molecule (x-axis scaled in eV). To the left of the graph between 25-35 eV
are the IP energies for inner valence hole states (orange and purple lines
correspond to the 2s orbital in the oxygen and nitrogen atom, respectively).
The blue lines lying in the region above 45 eV correspond to the iv-ov states
(where the iv hole is restricted to oxygen 2s). The red dashed lines corre-
spond to states triply ionised in the outer valence and the black dashed
lines in the region below 30 eV correspond to states doubly ionised in the
outer valence shell, which are the final products for the Auger decay with
no probe. The thick black and red dashed lines denote the specific states
from the last two sets that define the lowest energy critical transition. The
lower and upper limit on the photon energy is denoted with the solid red
and black arrow, respectively. The dashed arrows and associated probe en-
ergy bandwidths (pulse duration of 0.5 fs) provide a demonstration of the
method. The double and triple ionisation threshold is labelled. Energies
are obtained from numerical ADC[2]x calculations.

In order to demonstrate the viability of the proposed pump-probe
scheme, we consider O 2s Coster-Kronig decay in the urea molecule
CO(NH2)2. The relevant energies of urea at equilibrium geometry are
shown in figure 64 (all ab initio calculations performed in this section
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use the ADC[2]x scheme). Our pump pulse of 30.06 eV can also pop-
ulate the nitrogen Auger active hole (shown in blue), but these initial
states are either incapable of resulting in an X3+ final state for the cho-
sen probe pulse energy, or have negligible pole strength so do not need
to be considered (see figure 64). The possible intermediate iv-ov states
that can then be populated under the probe’s influence (we only show
intermediate states with a hole in the oxygen 2s orbital) are shown in
figure 64 in blue. It can be seen that there is a high density of such
states on either side of the TIP threshold marked at 51.20 eV, so a probe
that is energetic enough to reach the TIP will reliably populate Auger
active intermediate states that satisfy equation (9.7). The probe pulse’s
photon energy must thus be chosen to be at least 21.57 eV in accordance
with equation (9.8). It does not matter that there are populated states
that fall below the TIP threshold as explained above.

The upper limit on the photon energy (solid black arrow) for urea is
determined by the lowest-energy one-electron dipole allowed transition
(51.71 eV − 27.20 eV = 24.51 eV) from doubly ionised final Auger states
(the graph only includes such states that fall below the energy of the
chosen initial state at 30.06 eV) to triply ionised states that differ by
only one hole. We therefore arrive at the probe photon energy window
of 24.51− 21.57 = 2.94 eV.

It is crucial to ensure that the system’s calculated energy window of
2.94 eV is large enough to accommodate the energy bandwidth of the
probe pulse. The probe energy bandwidth for a duration of 0.5 fs is su-
perimposed on figure 64 for a photon energy below the minimum, such
that 10% of the pulse intensity lies above the threshold of equation (9.7).
The equivalent percentage of DI final states that the pulse ionises for
this energy gap is just 0.079% (encoded in R2 in equation (9.39)), so in
the case of urea, the X3+ background is negligible.

However, as mentioned above, the size of the photon energy window
is highly system dependent and for a different choice of molecule there
may be a non-negligible background. It should be borne in mind that
ultra-fast Auger decay processes can require shorter probe pulse dura-
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tions; for a 0.25 fs duration, the residual X3+ signal would be almost 10
times higher at 0.62%.

9.2.3 Core-hole decay

The idea as presented so far is only valid for systems where the initial
state energy is lower than the system’s TIP. This prevents the inner
shell vacancy from decaying via the double Auger pathway and there-
fore justifies the background free measurement of the X3+ yield. This
condition is not an onerous limitation, though, as the decay dynamics of
the inner valence shell has been shown to have richer complexity than
the core shell dynamics, as will be discussed in section 9.2.6.

For core-hole states, the X3+ yield in general receives contributions
from two pathways; single auger decay (SA) from the core-valence state
and double auger (DA) decay from the core state and is therefore a pri-
ori not background free. The probability for the occurrence of double
Auger decay relative to single Auger decay is typically between 5-20%
for atoms and small molecules. A fitted trend, reported in [212], shows
that the double Auger decay probability [P (DA)] has a linear depen-
dence on the number of closest neighbouring valence electrons nval of
the form

P (DA) = 0.415nval + 5.46 (9.40)

There is also the possibility of triple Auger decay [213] if the core-
hole state is above the quadruple ionisation potential (QIP).

The energy window is formulated in the same way as in the begin-
ning of section 9.2: for core-hole states the constraint given in equa-
tion (9.7) will be a more stringent condition than the one in equation (9.8),
because the energy of the lowest iv-ov ionised state (and even the core-
hole state) will be typically much higher than the TIP threshold. The
probe photon should ionise the core-hole state, but have insufficient en-
ergy to bridge the lowest-energy dipole allowed transition from doubly
ionised final Auger states to triply ionised states that differ by only one
hole.
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Figure 65 – Energies and pole strengths of different states for the CO
molecule, and energy windows; set out in the same scheme as figure 64.
The probe energy bandwidths correspond to a 1 fs pulse duration. Ener-
gies are obtained from numerical ADC[2]x calculations.

We illustrate the core-hole pump-probe spectroscopy using the O 1s

decay in CO. Figure 65 shows the relevant energies at the equilibrium
bond length of the CO molecule. The targeted Auger active state is
540.38 eV above the ground state of the neutral molecule. The nearest
intermediate iv-ov state dictates a probe energy of a minimum of 26.76
eV (solid red arrow). The upper limit on the photon energy (solid black
arrow) is 35.04 eV, leaving an ample gap of 8.24 eV. A probe pulse dura-
tion of 1 fs is generally enough to resolve the temporal dynamics of the
core-hole system and the entire bandwidth of this pulse fits within the
energy window as is shown in the figure.

Besides the complication of the double Auger background, the X3+
yield in core-ionised systems can be further compromised by photo-ionisation
of the intermediate states of the sequential double Auger decay. For
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example, the glycine O 1s vacancies can undergo double Auger decay
where the intermediate iv-ov ionised state can be subsequently ionised
by the probe photon of just 6.9 eV energy, which is below the low en-
ergy threshold for that system imposed by equation (9.7). Additionally,
if the core-hole state is above the quadruple ionisation potential, it can
undergo triple Auger decay resulting in a term contributing to the X4+
signal (the probe ionising the species would preclude a decay to X5+ as
the core-valence hole state will typically be below the fifth IP).

Taking all these possible pathways into consideration, we formulate
the system’s rate equations, assuming the energy of the initial state lies
above the QIP threshold. The possibility of sequential double or triple
Auger decay depends on the nature of the first system decay: if the core-
hole is rearranged to a position in which the overall ion’s energy is still
above TIP, then a further decay to X3+ will be energetically allowed. If
the energy of the excited ion after the first decay remains above QIP,
then a further two sequential decay processes could occur resulting in
the X4+ species, provided that the first of these two decays keeps the
ion energy above QIP (otherwise it will reach the X3+ final state).

To take into account all of the possibilities, we subdivide the NX2+

population into the following categories: NX2+
C

is the population of the
X2+ system where the initial Auger-active core hole is still present (de-
noted by C) and there is an additional hole in the valence (this is caused
by the ionising probe pulse); NX2+

Q
and NX2+

T
refers to the system where

the core-hole has moved to a hole of lower energy, but this lower energy
is still sufficient to ensure that the ion’s overall energy remains above
the QIP threshold or between the TIP and QIP threshold, respectively;
and NX2+ refers to the system’s final state where the two holes are both
in the valence and are no longer energetically capable of further decay
(the total ion energy is therefore below TIP). In a similar vein, we dif-
ferentiate the X3+ population into the sub-population where the total
ion energy is above QIP (and therefore still capable of further decay to
the X4+ species) NX3+

Q
, and the final decay product of NX3+ . As well as

the possible sequential Auger decay processes that can occur between
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the populations delineated above, there is also the possibility of simul-
taneous double Auger decay occurring where the two electrons share
the available energy with a continuous distribution. This latter event
can only happen to the initial state or the NX2+

Q
population; the latter’s

total ionic energy is above the QIP threshold, thus enabling the process
NX2+

Q
→ NX4+ to take place.

We define the ionisation rate from the core-hole as R1, the ionisation
rate from the X2+ species with total energy above TIP (NX2+

T
) and QIP

(NX2+
Q

) as R2 and R3, respectively, and the ionisation rate from the X3+
species with total energy above QIP (NX3+

Q
) as R4.

dNX+
C

dt
= −NX+

C

(
kS,nC−Q + kS,nC−T + kS,nC−D + kD,nC−Q + kD,nC−T +R1E(τ)

)
(9.41)

dNX2+
C

dt
= NX+

C
R1E(τ)−NX2+

C

(
kS,n−1
C−Q + kS,n−1

C−T + kD,n−1
C−Q

)
(9.42)

dNX2+
Q

dt
= NX+

C
kS,nC−Q −NX2+

Q

(
kS,n−1
Q−Q + kS,n−1

Q−T + kD,n−1
Q−Q +R2E(τ)

)
(9.43)

dNX2+
T

dt
= NX+

C
kS,nC−T −NX2+

T

(
kS,n−1
T−T +R3E(τ)

)
(9.44)

dNX2+

dt
= NX+

C
kS,nC−D (9.45)

dNX3+
Q

dt
= NX2+

Q

(
kS,n−1
Q−Q +R2E(τ)

)
+NX+

C
kD,nC−Q+

+NX2+
C
kS,n−1
C−Q −NX3+

Q

(
kS,n−2
Q−Q +R4E(τ)

)
(9.46)

dNX3+

dt
= NX2+

T

(
kS,n−1
T−T +R3E(τ)

)
+

+NX2+
Q
kS,n−1
Q−T +NX+

C
kD,nC−T +NX2+

C
kS,n−1
C−T (9.47)

dNX4+

dt
= NX3+

Q

(
kS,n−2
Q−Q +R4E(τ)

)
+

+NX2+
Q
kD,n−1
Q−Q +NX2+

C
kD,n−1
C−Q (9.48)
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All the relevant Auger decay rates are k; the superscript specifies
the type of Auger decay (single or double) and indicates the number of
valence electrons (where n is the total number for the neutral species),
and the subscript denotes the specific transition type: Q, T andD means
that the unstable hole is in a position such that the total ion energy is
above the specified threshold (QIP, TIP and DIP, respectively) but below
the IP threshold above and C means that the hole is in the specific hole
state initially targeted. So for instance: kD,n−1

C−T means the simultaneous
double Auger decay rate (D) from an ion with one valence hole (n − 1).
The specific transition that this rate determines (C − T ) is from the
initial core state to a state where the total ion energy is above TIP but
below QIP. E(τ) is the probe pulse envelope that is centred on τ = t− t′.
The possibility of simultaneous triple Auger decay is not considered in
this model, as this rate is negligible for most systems of interest.

The equations assume that the probe cannot effect the final popula-
tions of NX4+ , NX3+ and NX2+ , but will ionise all states that can still
decay. This is part of a broader assumption, that the probe has insuffi-
cient energy to shift the ion’s energy from lying below an IP threshold
to lying above it. This assumption can actually be relaxed, which would
mean adding an extra term to equation (9.45)

−NX2+R5E(τ) (9.49)

where the quantity R5 would include the proportion of the final X2+ de-
cay product that could be probe-ionised above the TIP threshold. This
would then have a similar form to the rate equations for the inner-
valence system (see equation (9.31)), where we also relax the assump-
tion that none of the final X2+ decay products can be further ionised by
the probe. A similar adjustment can also be made to the X3+ population
term in equation (9.47)

−NX3+R6E(τ) (9.50)

whereR6 includes the proportion of the final X3+ decay product that can
be probe-ionised above the QIP threshold. However, core-hole systems
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tend to have longer lifetimes than inner valence systems, so a longer
probe pulse duration can be afforded with a correspondingly smaller
energy bandwidth. Additionally, the core-hole energetics are usually
more favourable for allowing large energy windows. For these reasons,
we can in general safely assume that the constraints equation (9.8) and
equation (9.9) are met in their entirety and R5 and R6 in the extra terms
equation (9.49) and equation (9.50) can be set to zero.

We therefore have nine single Auger decay rates and four double
Auger decay rates to be determined in principle. However, we are actu-
ally interested in the total decay rate knC−t from the initial state, which
is defined as the sum of the partial rates given in equation (9.41):

knC−t = kS,nC−Q + kS,nC−T + kS,nC−D + kD,nC−Q + kD,nC−T (9.51)

We further simplify the notation with the following quantities that
comprise a sum of partial rates

kn−1
C−t = kS,n−1

C−Q + kS,n−1
C−T + kD,n−1

C−Q (9.52)

kn−1
Q−t = kS,n−1

Q−Q + kS,n−1
Q−T + kD,n−1

Q−Q (9.53)

There are many decay constants in the rate equations (9.41)–(9.48)
that may be unknown for a particular system. However, many of these
constants are partially or fully determined by the known value of cer-
tain underlying physical quantities. It is therefore useful to implement
the following algorithm when modelling a core-hole system with the
rate equations. The algorithm extracts the unknown quantities from
established facts about the system, sometimes by making reasonable
approximations.

1. Determine the proportion of the initial population that decays via
single P (SA), double P (DA), and triple P (TA) Auger decay. P (DA)

as a proportion of P (SA) is estimated with the formula given above
equation (9.40), and P (TA) can normally be set very low (� 1% of
single). The sum of these proportions are then normalised to one.
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2. kS,nC−D is the only pathway that leads to single Auger decay, so this
is therefore set to kS,nC−D = P (SA).

3. There are three pathways to double Auger decay: i) an initial de-
cay of kS,nC−T followed by kS,n−1

T−T , ii) kS,nC−Q followed by kS,n−1
Q−T , and iii)

kD,nC−T . We assume that these pathways all contribute to the total
P (DA) equally.

4. There are three pathways to triple Auger decay: i) kS,nC−Q followed
by kS,n−1

Q−Q and kS,n−2
Q−Q , ii) kD,nC−Q followed by kS,n−2

Q−Q , and iii) kS,nC−Q fol-
lowed by kD,n−1

Q−Q . We similarly assume that these pathways con-
tribute to the total P (TA) equally.

5. Note that 3ii), 4i) and 4iii) start with the same decay, so we must
determine the ratio of kS,n−1

Q−T , kS,n−1
Q−Q , and kD,n−1

Q−Q . This ratio must
be equivalent to the value for each term: the value of the term 3ii)
is P (DA)/3 and the term 4i) and 4iii) is P (TA)/3. For the moment,
these are just proportions which must sum to one.

6. Then multiply all these decay constants (at the moment they are
just proportions that sum up to one) by the total decay constant
knC−t for the initial core-hole state (see equation (9.51)), to ensure
that the system has the correct lifetime.

7. We now follow the same procedure for the probe-ionised state. In
this case, only single (X3+) or double (X4+) Auger decay can hap-
pen, so Pnval−1(DA) = (0.415 ∗ [nval − 1] + 5.46) /100 and Pn−1(TA) =

0.

8. kS,n−1
C−T is the only available pathway that leads to single decay, so

this is set as kS,n−1
C−T = Pn−1(SA).

9. There are two pathways to double Auger decay: i) kD,n−1
C−Q , and ii)

kS,n−1
C−Q followed by kS,n−1

Q−Q . As above, both pathways are assumed to
contribute equally.
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10. The total decay rate kn−1
C−t for the probe-ionised state (see equa-

tion (9.52)) is estimated with the formula kn−1
C−t =

(
n−1
n

)2
knC−t. The

use of this formula is justified here, as we are comparing the total
decay rate for systems with different numbers of valence electrons.

11. We now argue that we can equate the following terms: kS,n−1
C−T =

kS,n−1
Q−T , also kD,n−1

C−Q = kD,n−1
Q−Q , and also kS,n−1

C−Q = kS,n−1
Q−Q . This is

because the initial core-hole can be viewed as just one state in the
set of all core-hole states with energies above the QIP threshold.

12. The rate kS,n−1
T−T represents the only pathway for a core-hole state

with one valence hole and with an energy between TIP and QIP.
We assume that it’s decay rate is also given by the formula in 10.

13. Finally, the rate kS,n−2
Q−Q is the only available decay pathway for a

core-hole state with two valence holes and above QIP. We assume
that it’s decay rate is given by the formula kS,n−2

Q−Q =
(
n−2
n

)2
knC−t.

Solving the rate equations (where we approximate the pulse withE(t) =

δ(t)), we have:
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NX+
C

(t) = N0
X+
C

exp
(
−knC−tt

)
(1−R1Ht′) (9.54)

NX2+
C

(t) = N0
X+
C
R1Ht′ exp

[
−knC−tt′

]
exp

[
−kn−1

C−tτ
]

(9.55)

NX2+
Q

(t) =
N0
X+
C

kS,nC−Q

kn−1
Q−t − knC−t

{
exp

[
−knC−tt

]
− exp

[
−kn−1

Q−tt
]

−R1Ht′

(
exp

[
−knC−t)t

]
− exp

[
−knC−tt′ − kn−1

Q−tτ
])

−R2Ht′)
(

exp
[
−knC−tt′

]
− exp

[
−kn−1

Q−tt
′
])

exp
[
−kn−1

Q−tτ
]}

(9.56)

NX2+
T

(t) =
N0
X+
C

kS,nC−T

kS,n−1
T−T − knC−t

{
exp

[
−knC−tt

]
− exp

[
−kS,n−1

T−T t
]

−R1Ht′

(
exp

[
−knC−tt

]
− exp

[
−knC−tt′ − k

S,n−1
T−T τ

])
−R3Ht′)

(
exp

[
−knC−tt′

]
− exp

[
−kS,n−1

T−T t′
])

exp
[
−kS,n−1

T−T τ
]}
(9.57)

NX2+(t) = N0
X+
C

kS,nC−D
knC−t

{
1− exp

[
−knC−tt

]
(9.58)

− R1Ht′
(
exp

[
−knC−tt′

]
− exp

[
−knC−tt

])}
(9.59)

where τ = t − t′ and we use the notation Ht′ = H(t − t′) to denote the
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Heaviside step function. For NX3+(t), we have

NX3+(t) = N0

X+
C

kS,n−1
Q−T kS,nC−Q

kn−1
Q−t − knC−t

{
1− exp [−knC−tt]

knC−t
−

1− exp
[
−kn−1

Q−tt
]

kn−1
Q−t

−

−R1Ht′

(
exp [−knC−tt′]− exp [−knC−tt]

knC−t
−

exp [−knC−tt′]− exp
[
knC−tt

′ − kn−1
Q−tτ

]
kn−1
Q−t

)
−

−R2Ht′

(
exp [−knC−tt′]− exp

[
−kn−1

Q−tt
′]

kn−1
Q−t

(
1− exp

[
−kn−1

Q−tτ
]))}

+N0

X+
C

kS,n−1
T−T kS,nC−T

kS,n−1
T−T − knC−t

1− exp [−knC−tt]
knC−t

−
1− exp

[
−kS,n−1

T−T t
]

kS,n−1
T−T

−R1Ht′

exp [−knC−tt′]− exp [−knC−tt]
knC−t

−
exp [−knC−tt′]− exp

[
−knC−tt′ − kS,n−1

T−T τ
]

kS,n−1
T−T


−R3Ht′

exp [−knC−tt′]− exp
[
−kS,n−1

T−T t′
]

kS,n−1
T−T

(
1− exp

[
−kS,n−1

T−T τ
])

+N0

X+
C
R3Ht′

kS,nC−T

kS,n−1
T−T − knC−t

{
exp

[
−knC−tt′

]
− exp

[
−kS,n−1

T−T t′
]}

+N0

X+
C
kD,nC−T

{
1− exp [−knC−tt]

knC−t
−R1Ht′

exp [−knC−tt′]− exp [−knC−tt]
knC−t

}
+N0

X+
C
kS,n−1
C−T R1Ht′ exp

[
−(knC−t − kn−1

C−t)t
′] exp [−kn−1

C−tt
′]− exp

[
−kn−1

C−tt
]

kn−1
C−t

(9.60)

The first three lines correspond to NX2+
Q
kS,n−1
Q−T in equation (9.47), the

second set of three lines to NX2+
T
kS,n−1
T−T , the seventh line to NX2+

T
R3E(τ),

the eighth line to NX+
C
kD,nC−T and the last line to NX2+

C
kS,n−1
C−T .

The missing expressions forNX3+
Q

and by extension,NX4+(t) are both
extremely long and complex; for the former we have a differential equa-
tion of the form dN

dt = −k1N + f(t) where f(t) is comprised of multiple
exponentials with different exponents, and the latter combines this with
some of the unwieldy expressions given above. These quantities are also
uncoupled to the quantities of interest for us (NX2+(t) and NX3+(t)), so
we do not show them here.
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Figure 66 – Population over time for core-hole system of the initial core-
hole state (NX+

C
), the core-ov probe-excited state (NX2+

C
), the doubly ionised

final decay product (NX2+ ) (as well as its excited variantsNX2+
Q

andNX2+
T

),
the triply ionised decay product (NX3+ ) (as well as its excited variant
NX3+

Q
), and the quadruply ionised decay product (NX4+ ). The total decay

constant from the hole is kn = 1.19 fs−1. R1 = 20%, R2 = 15%, R3 = 10%
and R4 = 10%. The probe pulse is modelled as a sech pulse with a duration
(in FWHM) of 0.1 fs and has a time delay of 1 fs.

To visualise how the populations evolve over time for a specific time
delay, we numerically solve the core-hole system rate equations (9.41)-
(9.48), modelling the probe pulse as a sech pulse with a duration (in
FWHM) of 0.1 fs and a time delay of 1 fs. We plot the curves for the
initial core-hole state (NX+

C
), the iv-ov probe-excited state (NX2+

C
), the

doubly ionised final decay product (NX2+) (as well as its excited variants
NX2+

Q
and NX2+

T
), the triply ionised decay product (NX3+) (as well as its

excited variant NX3+
Q

), and the quadruply ionised decay product (NX4+)

302



9 AUGER EFFECT 9.2 Attosecond pump-probe scheme

in figure 66. The total decay constant from the hole is kn = 1.19 fs−1.
R1 = 20%, R2 = 15%, R3 = 10% and R4 = 10%.

Using equation (9.59) and equation (9.60), the calculated end popu-
lations (we use the shortened notation N∞Xm+ = NXm+(t→∞)) are

N∞X2+ = N0
X+
C

kS,nC−D
knC−t

{
1−R1 exp

[
−knC−tt′

]}
(9.61)

N∞X3+ = N0
X+
C

kS,n−1
Q−T kS,nC−Q

kn−1
Q−t − knC−t

{
1

knC−t
− 1

kn−1
Q−t

−R1

exp
[
−knC−tt′

]
knC−t

−
exp

[
−(knC−t − k

n−1
Q−t)t

′
]

kn−1
Q−t

exp
[
−kn−1

Q−tt
′
]

−R2

exp
[
−knC−tt′

]
− exp

[
−kn−1

Q−tt
′
]

kn−1
Q−t


+N0

X+
C

kS,n−1
T−T kS,nC−T

kS,n−1
T−T − knC−t

{
1

knC−t
− 1

kS,n−1
T−T

−R1

exp
[
−knC−tt′

]
knC−t

−
exp

[
−(knC−t − k

S,n−1
T−T )t′

]
kS,n−1
T−T

exp
[
−kS,n−1

T−T t′
]

−R3

exp
[
−knC−tt′

]
− exp

[
−kS,n−1

T−T t′
]

kS,n−1
T−T


+N0

X+
C
R3

kS,nC−T

kS,n−1
T−T − knC−t

{
exp

[
−knC−tt′

]
− exp

[
−kS,n−1

T−T t′
]}

+N0
X+
C

kD,nC−T
knC−t

{
1−R1 exp

[
−knC−tt′

]}
+N0

X+
C

kS,n−1
C−T

kn−1
C−t

R1 exp
[
−(knC−t − kn−1

C−t)t
′] exp

[
−kn−1

C−tt
′] (9.62)

The resulting expression for the N∞X3+ yield comprises a linear sum
of exponential decay functions that can be difficult to disentangle. How-
ever, there is only one path that contributes to the N∞X2+ yield, and it’s
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final population as a function of the probe time delay has a simple ex-
ponential dependence on the probe time delay.

Figure 67 – Final population for core-hole system of the triply ionised de-
cay product (NX3+ ) on the left and the doubly ionised decay product (NX2+ )
on the right as a function of the time delay of the probe. The ionisation
rate from the core-hole (R1) is at 20%, the rate from the X2+ species with
total energy above TIP (R2) and QIP (R3) is at 15% and 10%, respectively,
and the rate from the X3+ species with total energy above QIP (R4) is
at 10%. The different curves correspond to values of kntot ranging from
0.44 fs−1 to 1.19 fs−1. The axis on the left of each graph refer to the yield
as a percentage of the yield for infinite time delays, while the right-hand
axis refers to the absolute yield. The numerical results model the probe
pulse as a sech pulse with a duration (in FWHM) of 0.1 fs. The curve from
equation (9.61) is shown as a dashed line in the right-hand graph and
corresponds to kntot = 0.44 fs−1.

We now solve numerically the rate equations for the core-hole sys-
tem for many time delays, modelling the probe pulse as a sech pulse
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with a duration (in FWHM) of 0.1 fs. We plot in figure 67 the quanti-
ties N∞X3+ (left) and N∞X2+ (right) as a function of the time delay for a
variety of values of the total decay constant kntot, ranging from 0.44 fs−1

to 1.19 fs−1. The simple exponential curve predicted in equation (9.61)
for kntot = 0.44 fs−1 is shown as a dashed line in the right-hand graph in
figure 67 and compared to the simulated result (black curve); it can be
seen that for time delays sufficiently large for the whole probe pulse to
occur after the decay process begins, these curves coincide precisely.

As mentioned earlier, equation (9.9) is not in principle necessary for
the core-hole system; as long as there is some subset of final doubly
ionised states that cannot be further ionised by the probe, even if oth-
ers can be ionised to X3+ states, the N∞X2+ population will still exhibit
the same simple exponential dependence. In such a case, we modify
equation (9.61) with equation (9.49) to

N∞X2+ = N0
X+
C

kS,nC−D
knC−t

{
1−R5 − (R1 −R5) exp

[
−knC−tt′

]}
(9.63)

where R5 is the ionisation rate from NX2+ and is defined as the propor-
tion of final DI states that can still be ionised by the probe multiplied by
the ionisation rate for these states. The difference between R1 and R5

must, however, be large enough for the measurement of knC−t to remain
feasible.

Although there is a large background for the measurement of N∞X2+ ,
the extent of variation on this signal is equivalent to the probe’s ionisa-
tion rateR1 on the core-hole population (orR1−R5 for the case discussed
in equation (9.63)) as can be seen by the dashed curve on the right-hand
side of figure 67. R1 is dictated by the intensity of the laser pulse and
should be chosen as large enough to enable accurate experimental mea-
surement of the variation of the signal over the background, but not too
large so as to activate multi-photon transitions. An estimated value for
the ionisation rate as low as 1% should suffice to accurately measure the
variability of the yield, based on the sensitivity of current experimental
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methods and their high collection efficiency.
As mentioned at the beginning of section 9.2, a triply ionised molec-

ular system will, in general, be unstable and dissociate into ionic frag-
ments, making it difficult to experimentally measure this yield directly.
One option is to measure the triply charged ion yield using background-
free covariance methods.

9.2.4 Post-collision interaction and shakeoff/shakeup effects

In this section, we consider in detail the influence of shakeoff or shakeup
effects and post-collision interaction on the proposed attosecond pump-
attosecond probe experiment.

Various excitation processes can occur during atomic inner-shell photo-
ionisation, where the final state comprises a removed core electron and
the excitation of further electrons to either excited bound states (shakeup)
or to the continuum (shakeoff). These processes leave their mark as
satellites in the Auger electron and photo-electron spectra [214].

The photo-electron deriving from an inner-shell photo-ionisation pro-
cess can be recaptured after the subsequent Auger decay of the system
due to energy exchange with the fast Auger electron and interaction
with the Coulombic field of the dication [215, 216]. This is known as
post-collision interaction (PCI).

This can be understood by separating the interactions into delin-
eated stages as in a classical model; we have a system that is impacted
with a projectile photon or electron that ejects an electron from the sys-
tem which retains excess energy. The system then relaxes, with the ad-
ditional energy carried away by the Auger electron. If the first electron
has lower energy than the latter, then it initially sees a singly-charged
ion as the Auger electron is screening the dication. When it is overtaken
by the Auger electron it slows in the stronger potential of the dication
and the Auger electron is now shielded from the dication and subse-
quently gains energy. This effect is detectable in the Auger spectrum.
It is also possible for the overtaken electron to be recaptured by the
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dication [217, 218]. An approximate formula for the recapture probabil-
ity P (Eex), where Eex is the excess energy of the slow photo-electron, is
found [219] to be

P (Eex) = 1− exp[−Γ/Eex] (9.64)

where Γ is the linewidth of the Auger transition. PCI recapture can
also happen to the probe photo-electron. Here, one starts with the NX2+

species and the process of decay followed by recapture changes this from
NX2+ → NX3+ → NX2+ .

We therefore take the possibility of shakeoff into account by assum-
ing that the populations of the charge states are initialised (by the pump
probe) with a factor G for the inner-shell hole state and (1 − G) for the
inner-shell-valence hole state, and we consider the shakeoff initial pop-
ulation NX2+

iv,s
separately from the NX2+

iv,p
population that derives from

the probed inner-shell-holeNX+
iv

.
We further consider the possibility of PCI in the rate equations with

the parameter Fp, which denotes the proportion of probe photo-electrons
that are not recaptured by the Auger electron. The pump photon can be
chosen to ensure that the pump photo-electron has sufficient excess en-
ergy to preclude its recapture, in line with equation (9.64). We introduce
a further quantity Fs which denotes the proportion of shakeoff photo-
electrons that are not recaptured by the Auger electron (this will be in
general different to Fp). We can assume that the shakeoff electron does
not measurably interact with the probe photo-electron, and the pump
photo-electron can always be chosen to have greater excess energy than
the probe photo-electron to ensure that these do not interact either.

Post-collision recapture from an initial iv-ov state is a two-stage pro-
cess: (a) decay fromNX2+

iv
→ NX3+ and (b) recapture NX3+ → NX2+ .

We simplify this in the model by assuming that both stages happen si-
multaneously, as we are not concerned with the time dynamics of this
process.

The shakeoff state NX2+
iv,s

can be further ionised by the probe in pro-
portion R3 to the final state NX3+ , which can no longer decay as it is
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below QIP for inner-valence systems.
The updated rate equations for the inner-valence system are there-

fore as follows:

dNX+
iv

dt
= −NX+

iv

(
kn +R1E(t− t′)

)
(9.65)

dNX2+
iv,s

dt
= −NX2+

iv,s

(
kn−1 +R3E(t− t′)

)
(9.66)

dNX2+
iv,p

dt
= −NX2+

iv
kn−1 +NX+

iv
R1E(t− t′) (9.67)

dNX2+

dt
= NX+

iv
kn + (1− Fp)NX2+

iv
kn−1

+ (1− Fs)NX2+
iv,s
kn−1 −NX2+R2E(t− t′) (9.68)

dNX3+

dt
= NX2+R2E(t− t′) + FpNX2+

iv
kn−1

+ FsNX2+
iv,s
kn−1 +NX2+

iv,s
R3E(t− t′) (9.69)

Solving the rate equations (where we approximate the pulse with
E(τ) = δ(τ) and we recombine NX2+

iv,s
with NX2+

iv
), we have:
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N
X+

iv
(t) = GN0

X+
iv

exp (−knt) (1−R1Ht′ ) (9.70)

N
X2+

iv
(t) = N0

X+
iv

[
(1−G) exp

[
−kn−1t

]
(1−R3Ht′ ) (9.71)

+GR1Ht′ exp
[
−knt′

]
exp

[
−kn−1(t− t′)

]]
(9.72)

NX2+ (t) = N0

X+
iv

[
G

(
1− exp [−knt]−R1Ht′

(
exp

[
−knt′

]
− exp [−knt]

))
(9.73)

+ (1− Fp)GR1Ht′ exp
[
−knt′

] (
1− exp

[
−kn−1(t− t′)

])
(9.74)

+ (1− Fs)(1−G)
{(

1− exp
[
−kn−1t

])
−R3Ht′

(
exp

[
−kn−1t′

]
− exp

[
−kn−1t

])}
(9.75)

−R2Ht′G
(
1− exp

[
−knt′

])
(9.76)

−R2Ht′ (1− Fs)(1−G)
(
1− exp

[
−kn−1t′

])]
(9.77)

NX3+ (t) = N0

X+
iv

[
Fs(1−G)

{(
1− exp

[
−kn−1t

])
−R3Ht′

(
exp

[
−kn−1t′

]
− exp

[
−kn−1t

])}
(9.78)

+ FpGR1Ht′ exp
[
−knt′

] (
1− exp

[
−kn−1(t− t′)

])
(9.79)

+R2Ht′G
(
1− exp

[
−knt′

])
(9.80)

+R2Ht′ (1− Fs)(1−G)
(
1− exp

[
−kn−1t′

])
(9.81)

+(1−G)R3Ht′ exp
[
−kn−1t′

]]
(9.82)

The individual terms in the above four solutions can be interpreted
as follows:

NX+
iv

(t): equation (9.70) is the initial inner-valence-hole population
GN0

X+
iv

(where there is no shakeoff) which subsequently either decays to
NX2+ or is probed to NX2+

iv
.

NX2+
iv

(t): equation (9.71) is the initial shakeoff population (1−G)N0
X+
iv

which subsequently either decays (toNX2+ orNX3+ depending on shake-
off electron recapture) or is probed to NX3+ , and equation (9.72) derives
from probed NX+

iv
, which subsequently decays (to NX2+ or NX3+ depend-

ing on probe photo-electron recapture).
NX2+(t): equation (9.73) is decay of NX+

iv
to NX2+ , equation (9.74) is

NX+
iv

probed to NX2+
iv

followed by decay to NX3+ and recapture to NX2+ ,
equation (9.75) is shakeoff population NX2+

iv,s
that decays to NX3+ fol-

lowed by recapture to NX2+ , and equation (9.76) and equation (9.77)
are the inputs given in equation (9.73) and equation (9.77), respectively,
being then probed to NX3+ .
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NX3+(t): equation (9.78) is NX2+
iv,s

that decays to NX3+ (with no re-
capture), equation (9.79) is NX+

iv
probed to NX2+

iv
followed by decay to

NX3+ (with no recapture), equation (9.80) is decay of NX+
iv

to NX2+ be-
ing subsequently probed to NX3+ , equation (9.81) is NX2+

iv,s
that decays

to NX3+ followed by recapture to NX2+ and finally probed to NX3+ , and
equation (9.82) is NX2+

iv,s
that is probed to NX3+ .

The final population of the X2+ and X3+ charge states are then de-
termined to be

N∞X2+ = N0
X+
iv

[
G
(
1−R1 exp

[
−knt′

])
+ (1− Fp)GR1 exp

[
−knt′

]
+ (1− Fs)(1−G)

{
1−R3 exp

[
−kn−1t′

]}
−R2G

(
1− exp

[
−knt′

])
−R2(1− Fs)(1−G)

(
1− exp

[
−kn−1t′

])]
(9.83)

N∞X3+ = N0
X+
iv

[
Fs(1−G)

{
1−R3 exp

[
−kn−1t′

]}
+ FpGR1 exp

[
−knt′

]
+R2G

(
1− exp

[
−knt′

])
+R2(1− Fs)(1−G)

(
1− exp

[
−kn−1t′

])
+(1−G)R3 exp

[
−kn−1t′

]]
(9.84)

We now have two exponents in the final population expressions: all
terms proportional to exp

[
−kn−1t′

]
derive from the NX2+

iv,s
shakeoff pop-

ulation which decays at the rate kn−1 before the probe interaction time
of t′. Hence, we retrieve the original single exponent dependence by
ensuring that the shakeoff population produced by the pump photon is
negligible (G = 1).

For core-hole systems, such as argon 1s, an excess energy lower than
∼ 30 eV can ensure that there is no shakeoff Auger satellite-group in-
tensity, even from the outer valence 3p orbital [214]. The energy thresh-
old for argon 1s ionisation accompanied by 3p → 4p shakeup is much
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lower, at ∼ 15 eV [214]. Although shakeup does not directly affect the
charge state populations, it is nevertheless problematic for two reasons:
i) it can reduce the size of the probe photon energy window by lowering
the energy threshold for ionising the final X2+ state (see equation (9.8))
as this species may have an electron occupying a Rydberg state, and ii)
the measured decay time may correspond to the excited shakeup state,
which could be different to the true decay time of the ground inner-shell-
hole state. The simplest solution is therefore to ensure that the pump
photon is chosen so as to keep the excess energy of the photo-electron
below the shakeup limit, thereby removing the possibility of shakeup
and shakeoff (and the consequent possibility of recapture of the shake-
off electron). For inner-valence systems such as urea (see figure 64), the
allowed excess energy of the pump photo-electron should be kept within
∼ 20 eV.

As discussed above, the pump photo-electron should also have enough
excess energy to preclude it’s recapture by the ion after Auger decay. As
indicated in the empirical formula given in equation (9.64), this condi-
tion can in general be met with an excess of just ∼ 5 eV (for Auger decay
times on the order of ∼ 10 fs) regardless of the energy of the Auger elec-
tron (see [220, 218]). This is because the two electrons have minimal in-
teraction as their energies are of different orders of magnitude, and the
dicationic field after the decay is also insufficient to capture the photo-
electron provided the latter has this threshold energy value. For faster
Auger decay times, higher excess energy for the pump photo-electron
will be required to prevent recapture from taking place.

The probe photo-electron poses a more serious problem with regards
to recapture, as the energy window imposes narrow constraints on the
choice of probe photon energy. For the core-hole system there is in gen-
eral an energy window of sufficient size to allow for an excess probe
photo-electron energy of 5 eV. As an example, the CO molecule dis-
cussed in section 9.2.3, has an energy gap of 8.24 eV. Conversely, for
inner-valence systems we can be forced to use probe photon energies at
the ionisation threshold, making the very slow photo-electrons vulnera-
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ble to recapture. However, the Auger electron produced by the decay of
inner-valence systems typically has very low energy as well; equivalent
to the difference between the targeted iv-ov state and the TIP threshold
that lies directly below (see ionisation energies and pole strengths of
urea molecule in figure 64 as an example). The PCI effect in this regime
will be influenced by the electron-electron interaction and the probabil-
ity of recapture may (depending on the system) be non-negligible.

Thus, by careful choice of the pump photon (which will be in general
system-dependent), we can ensure that G and by extension Fs are set to
unity. The final state populations consequently differ from the original
rate equations by the second line in equation (9.83) for the N∞X2+ popu-
lation and by the second line in equation (9.84) for the N∞X3+ population.
This distinction simply modifies the signal that we propose to measure
in the inner-valence case by a factor of Fp, which one can ascertain for a
given system and chosen probe energy.

The model for the core-hole case can remain unchanged from the
original model in section 9.2.3, provided we ensure that the probe pho-
ton gives the resulting photo-electron enough excess energy (but less
than that of the pump photo-electron) to preclude recapture by the di-
cation.
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9.2.5 Generality of the proposed scheme

System Geometry ADC(2)x basis set Lower limit Upper limit Gap

core-hole systems

Xe+(4d−1) N/A cc-pwCV5Z-PP 22.70 29.13 6.43

Ar+(2s−1) N/A cc-pwCV5Z 30.84 39.01 8.17

Ne+(1s−1) N/A cc-pwCV5Z 50.04 62.13 12.09

CO+(C 1s−1) 1.1283 Å cc-pVQZ 28.86 35.04 6.18

CO+(O 1s−1) 1.1283 Å cc-pVQZ 26.80 35.04 8.24

C6H5NO+ (N 1s−1) 6-31G** cc-pVTZ 14.86 17.28 2.42

inner-valence-hole systems

CIF+ (F 2s−1) 1.6283 Å aug-cc-pCV5Z* 33.14 33.58 0.44

CH3F+ (F 2s−1) [221] aug-cc-pCV5Z 32.36 32.98 0.61

C2H5F+ (F 2s−1) [222] aug-cc-pVTZ 24.18 26.40 2.22

HCOO (O 2s−1) CCD/6-31G(2df,p) aug-cc-pCV5Z* 13.18 20.36 7.18

glycine+ (O 2s−1) GlyI conformer [223] aug-cc-pCVQZ** 15.52 20.31 4.79

glycine+ (N 2s−1) GlyI conformer [223] aug-cc-pCVQZ** 23.15 25.34 2.19

urea+ (O 2s−1) C2v, CCSD(T)/aug-cc-pVQZ cc-pVTZ 21.56 24.51 2.95

furan+ (O 2s−1) [224] cc-pVTZ 17.42 21.91 4.49

Table 8 – A sample of common core-hole and inner-valence-hole excited
atomic and molecular systems with the available energy window for the
probe pulse where the lower limit is given in equation (9.8) and equa-
tion (9.7) and the upper limit is given in equation (9.9). The results for
CO and urea are determined for the scenarios detailed in figure 64 and
figure 65, where specific poles are targeted. All energies are in units of
eV and data is obtained from ADC[2]x calculations. *without h-functions;
**without g-functions.

The pump-probe scheme introduced in this study is general and non-
system-specific. It can be experimentally applied to a variety of atomic
and molecular systems to gain insight into the Auger decay dynamics.
The required energy window should exist provided that an additional
valence hole elevates the next ionisation potential strongly enough. For
very large molecules this will not be the case, as this increase will even-
tually be inversely proportional to the molecular size. For such very
large molecules, however, measurement of the Auger lifetime will be
problematic already because of the difficulty in resolving the initial core
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vacancy, unless it belongs, for example, to a uniquely present hetero-
atom. Instead, one should be able to infer the Auger lifetime in such
or another chemical environment using smaller ‘model’ compounds for
which our proposed pump-probe technique works. In this case, the ad-
ditional inter-atomic contributions can then be taken into account ana-
lytically [225].

Table 8 contains an example set of common systems that exhibit the
necessary characteristics for this scheme; an energy gap between the
ionisation potential of the initial inner-shell hole state and the ionisa-
tion potential of the doubly ionised system sufficiently large to allow for
a pulse with a bandwidth within that energy gap to be used to probe the
system’s evolution at sub-femtosecond resolution. The top part of the ta-
ble lists core-hole systems and the bottom part contains inner-valence-
hole systems. Most of the tabulated gaps can comfortably contain the
energy bandwidth of a pulse with duration on the order of 0.5 – 1 fs with
the exception of CIF+ (F 2s−1) and CH3F+ (F 2s−1). The energy gap is
particularly large for big molecules such as HCOO and glycine+. This
is because the triple ionisation potential goes down faster than the dou-
ble ionisation potential as the molecular size increases; therefore the
Auger decay of the iv-ov hole species becomes increasingly feasible for
relatively low energy probe pulses.

9.2.6 Oscillatory charge migration patterns

The above sections have applied the proposed attosecond pump-attosecond
probe experiment to extract the simplest information relating to Auger
dynamics; the Auger simple exponential decay. In this section, we show
how to exploit the full potential of the scheme to detect more complex
aspects of the Auger electron dynamics. In general, these additional
features will happen quickly relative to the Auger decay, thus we re-
quire shorter probe pulses to experimentally measure these dynamics
on their natural timescale.

One interesting feature that we now explore, is charge migration
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after the core-hole ionisation. A related, and widely studied, process
in ultra-fast electron dynamics is charge migration following ionisation
in the valence shell of a molecular system. The hole in the electronic
cloud created by the ionisation can migrate through the system, driven
solely by electron correlation and electron relaxation [226]. This process
happens much faster than standard electron and hole transfer, which is
driven by nuclear motion [227]. Hole migration is a rich phenomenon
that can depend upon the electronic properties of the molecule, its ge-
ometry, and the specific site from which the electron has been removed
to create the hole. It is therefore natural to extend the investigation
of the charge migration process to systems that have been ionised in
the core. Indeed, it has been shown that non-trivial correlated many-
electron dynamics involving charge dynamics/migration beyond simple
exponential decay into the continuum is present during the Auger decay
of core-hole states in molecules [228].

This charge migration should be observable provided that the migra-
tion timescale is shorter than the system’s decay lifetime. This condition
generally holds true, as the electron dynamics of valence electrons are
particularly fast after the ionisation of a core electron. When a strongly
localised core electron is ionised, the valence electrons see a new poten-
tial resembling a Z+1 nucleus and swiftly adjust to this potential. This
relaxation leads to the appearance of shake-up satellite states in the
ionisation photo-electron spectrum [229]. A typical spectrum exhibits
an intense main line corresponding to the core-hole, which is accompa-
nied by shake-up satellite lines of lower intensity at lower energies. The
timescale for population transfer δt is determined by the energy gap ∆E

between the main line and the satellites in accordance with δt ∝ 1/∆E.
For example, an energy gap of 16.96 eV to the first shake-up satellite for
the O 1s core-hole system determines a population transfer timescale of
just 0.12 fs, which is in the attosecond regime [228]. This transfer then
reverses itself and the process then repeats in an oscillatory manner.

It should be noted that it is possible for the molecular electron mi-
gration dynamics to be affected by nuclear spatial delocalisation result-
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ing from the molecule’s zero-point energy (energy of the nuclear ground
state). This effect will depend on the molecular system: for some sys-
tems, charge migration is mostly unaffected by nuclear motion initially
(for up to timescales of ∼ 10 fs), but for other systems, the zero point
energy distribution of nuclear geometries (i.e. the width of the nuclear
wave-packet) can lead to a fast decoherence of the signal (usually within
5 fs).

This decoherence can be explained in the semi-classical picture as
follows. As mentioned above, the electronic wave-packet oscillation fre-
quency is inversely proportional to the energy gap between the eigen-
states involved. However, if we sample over an ensemble of zero point
energy geometries for the molecule, the well defined oscillation frequency
will shift to a broad distribution spread, even for rigid systems. The cu-
mulative effect of this frequency spread over time is to cause the oscilla-
tions in the electronic dynamics to dephase, which results in a loss of the
overall density oscillation. The time scale of this dephasing will depend
on the oscillation frequency spread, which is in turn determined by the
width of the ground state nuclear wave-packet and by the gradients of
the cationic states involved [230].

The dephasing time has been shown to increase with system size,
but the oscillatory frequency (depending on the energy gap between
states) decreases with size following a simple exponential dependence
on the inter-chromophore distance [231]. Therefore, the number of ex-
perimentally observable oscillations will depend on choosing a system
(like the examples given below) where these two effects can be balanced
out to show several complete oscillations before dephasing occurs.

These oscillations on the attosecond timescale in the decay profile
can be measured by the proposed attosecond pump-attosecond probe
experiment, provided the initial singly-ionised cation is ionised with a
probe pulse that has a broad enough bandwidth to connect all (or at
least some) of the initially populated singly-ionised states to the same
X2+ is-ov state. The interference pattern will show up in the popula-
tion of this X2+ is-ov state as a function of the pump-probe time-delay.
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This state will then Auger decay to X3+ and the time-delay dependent
oscillations will be imprinted on the final X3+ population.

To model the behaviour of these oscillations in decaying systems,
we must modify the rate equations given in equations (9.41)-(9.48) and
equations (9.29)-(9.32) for the core-hole and inner-valence-hole systems,
respectively. The first equation in both systems that describes the time
derivative of the initial X1+ charge state population is replaced with
Schrödinger equations for the quantum amplitudes of the n initial ionic
states An(t). These equations are designed to include the effect of the
Auger decay.

To describe the effect of the ionisation caused by the probe, we can
use (method 1) first-order perturbation theory, as the pulse intensity
must be kept low to ensure that there are no multi-photon effects. The
probability of ionisation per unit time can be written as

dN ionisation
X2+
is

(τ)

dt
=

∣∣∣∣∣
N∑
i=1

Ai(τ)Dif F̃ (Ef − Ei)

∣∣∣∣∣
2

(9.85)

where
dN ionisation

X2+
is

(τ)

dt is the change in the inner shell-outer valence X2+
population brought about by ionisation from the probe at time τ , Dif is
the dipole moment between the ith ionic state and the final is-ov doubly
ionised state, F̃ is the probe pulse in the energy domain and Ef and Ei
are the energies of the final and the ith ionic state, respectively.

In order to measure the oscillatory effect, it is essential that the
probe pulse must have a broad-enough bandwidth to ionise each of the
ionic states into the final state. If a narrow probe pulse that cannot
ionise more than one such state is used, then the oscillatory effect will
not be discerned. We now assume that the pulse envelope is uniform
over this range of energy differences and that the dipole moments Dif

to the final state are the same. With these assumptions, we simplify
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equation (9.85) to

dN ionisation
X2+
is

(τ)

dt
= C ×

∣∣∣∣∣
N∑
i=1

Ai(τ)

∣∣∣∣∣
2

(9.86)

This term replaces the first term in equation (9.30) and in equa-
tion (9.42) for the iv-hole and core-hole system, respectively.

Alternatively (method 2), we obtain the probe-ionisation term by
solving the TDSE for a model consisting of the initial (coherently popu-
lated) ionic states with amplitude An(t) and a final state with amplitude
Af (t) where the state after interaction with the probe pulse consists of
the dicationic state and an electron. The Hamiltonian consists of the di-
agonal ADC(4) energies of the ionic states and the probe pulse, and the
Auger decay of these states is modelled (in an ad hoc way) by adding an
extra non-Hermitian diagonal term to the Hamiltonian

H̃ii = e−i
γi
2
t (9.87)

where the i index refers to the core-ionised states. The dipole moments
between the initial states and the final state are chosen to be constant in
line with the approximation discussed above, and a realistic pulse enve-
lope is used. The model TDSE is then solved, for each value of the probe
pulse time-delay τ and the probe-ionisation term is finally obtained as
the population of the final state at time T after the duration of the pulse
|Af (T )|2. This term automatically includes the R factor from the origi-
nal rate equations, and it acts instantaneously on the state’s population
at time τ (the centre of the probe pulse envelope), although the pro-
cess in which the term is derived takes the realistic (non-instantaneous)
pulse duration into account.

An additional approach (method 3) to obtaining the probe-ionisation
term is to determine the survival probability of the initial ionic states
(calculated with the restricted correlation space (RCS) version of the
ADC method [232, 233]), and to then convolute this with the probe pulse
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envelope of a realistic duration by solving the rate equations.
The rate of change for the population of the initial state (NX+

C
or

NX+
iv

) induced by the probe can then be modified by replacing the probe
ionisation term with the new result obtained from one of the three meth-
ods outlined above (with the opposite sign). This population can be
plugged into the remaining rate equations and the system of equations
can then be solved.

Figure 68 – The top curve represents the time-dependent survival proba-
bility of the initial inner-valence singly-ionised state in the urea molecule,
calculated using the restricted correlation space (RCS) version of the ADC
method. The initial state is a linear combination of the HOMO-10 and
HOMO-11 orbitals in equal proportions, corresponding to a linear combi-
nation of O 2s and N 2s ionisation. The X3+ populations as a function of
the probe time delay are displayed in the bottom three panels, and are
calculated for different background levels of the X3+ species.

As a demonstration of the oscillatory effect, the top plot in figure 68
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shows the time-dependent survival probability of the initial (Auger-
decaying) inner-valence singly-ionised state in the urea molecule. The
initial state is chosen to be a linear combination of the HOMO-11 and
HOMO-10 orbitals in equal proportions, corresponding to a linear com-
bination of O 2s and N 2s ionisation and we assume that the pump
pulse can coherently populate this linear combination. We use method
3 to model the system decay; the survival probability is calculated us-
ing B-spline RCS-ADC(2)x for the (N − 1)-electron system with an RCS
GTO basis of cc-pVTZ, and with a B-spline basis of Rmax = 100 au and
Lmax = 10 (the full B-spline RCS-ADC(2)x matrix dimension is around
200,000). Propagation is implemented with the Arnoldi-Lanczos algo-
rithm (see section 3.2.3) and the time-step used is 0.5 au.

The deviation from simple ‘atomic-like’ exponential decay can be
seen in the appearance of oscillations in the survival probability plot,
which reflects the non-trivial many-electron dynamics happening on top
of the Auger decay. These oscillations imprint themselves onto the mod-
elled populations of the X3+ species allowing the effect to be easily mea-
sured experimentally. The total decay width of the initial system is set
to 0.65 fs. The R1 parameter (which determines the ionisation probabil-
ity of the initial ionised state) is set to 0.001.

Note, that it is crucial to ensure that the probe pulse envelope has a
sufficiently short duration to resolve the oscillations, which for this sys-
tem are on the scale of ∼ 1.5 fs (an accurate measurement of the Auger
decay time will impose an additional constraint on the bandwidth). It is
likely that this requirement will mean that the bandwidth is too large
to fit into the energy gap necessary for a background-free measurement
and therefore ionisation of the final decay product by the probe can still
happen. We therefore solve the rate equations for three different cases
corresponding to the three bottom panels in figure 68. The top panel as-
sumes that we can resolve the oscillations with a probe pulse duration
of 0.65 fs, which allows us to stay within the system’s energy gap and
ensure a fully background-free measurement of the X3+ charge species
(measured as an absolute yield). This is equivalent to setting the R2
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parameter in equation (9.31) and equation (9.32) to zero. However, this
pulse duration will not practically be able to resolve the Auger decay
which has a lifetime of approximately 0.7 fs. The middle panel is ob-
tained with a shorter pulse duration of 0.4 fs, which cannot fit fully into
the energy gap, so we unavoidably have an X3+ background, which is
quantitatively fixed by R2 = 0.1 × R1. The bottom panel decreases the
pulse duration further to 0.2 fs incurring a substantial X3+ background,
set to R2 = 0.5 × R1. (The bottom two panels measure the X3+ yield as
the difference with the field-free background yield as a proportion of the
latter).

Figure 69 – The top curve represents the time-dependent survival prob-
ability of the initial (Auger-decaying) core-hole singly-ionised state in the
nitrosobenzene molecule, calculated by solving the TDSE of a model sys-
tem. The initial state has a core-hole in the N1s orbital. The X2+, X3+ and
X4+ populations as a function of the probe time delay are displayed in the
bottom three panels, and are calculated for different background levels of
the X3+ species.
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The period of the oscillations in the urea example (∼ 1.5 fs) is sig-
nificantly larger than the system’s Auger decay time (∼ 0.5 fs), which
could make it difficult to accurately measure experimentally. We there-
fore demonstrate in figure 69 the non-trivial oscillatory Auger decay for
the core-hole system N 1s of the nitrosobenzene molecule (C6H5NO).
In this case, the Auger decay time (∼ 6 fs) is much larger than the
super-imposed modulations (which occur at the substantially shorter
timescale of 1.4 fs [228]), allowing them to be readily measured by the
experiment. The energy gap between the main line at the core level
and the dominant satellite is 411.4 − 408.4 = 3 eV [234]. The dominant
satellite consists of a migration of the valence electron in the HOMO-
1 (second highest occupied molecular orbital) to LUMO (lowest unoc-
cupied molecular orbital), and this migration repeats in an oscillatory
fashion. This excitation corresponds to electronic charge migration from
the phenyl ring of the molecule to the CNO moiety [228]. There is actu-
ally another contributing satellite (HOMO-3 to LUMO+2), but this is of
lower amplitude and we do not consider it for simplicity.

For this calculation, we use method 2 detailed above (as the com-
putational requirements would otherwise be prohibitive) to obtain the
probe-ionisation term by solving the TDSE. The ionic state’s energies
and initial amplitudes are taken from [228] and the dipole moments
are assumed to be equivalent for all ionic states, which is justified by
the structure of the ionic state configuration expansions given there. A
realistic (non-instantaneous) pulse envelope of 0.2 fs duration and in-
tensity 1.0× 1015 W/cm2 is used to calculate the probe-ionisation term.

The model assumes the possibility of recapture of the probe-emitted
photo-electron, which is set to 0.2 recapture probability (corresponding
to Fp = 0.8). We do not take into account the possibility of shake-off by
the pump pulse ionisation, as we can ensure that the ionisation happens
relatively close to the threshold (but not too close to cause a likelihood
of recapture of the pump photo-electron by the Auger electron).

The R parameters are set to be R2 = 0.05, R3 = 0.01 and R4 =

0.01 (the R1 factor is automatically included in the TDSE calculation).
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Given the large size of the nitrosobenzene molecule, we must consider
the possibility that the X2+ and X3+ final decay product can be further
ionised by the probe to the charge species above, so we therefore choose
various nonzero values for R5 and R6 given below (see equation (9.49)
and equation (9.50)). The total decay lifetime is taken to be 6 fs and the
algorithm in section 9.2.3 is used to determine the specific decay rates.

Figure 69 shows the time-dependent survival probability of the ini-
tial core-hole state in the N 1s orbital of the nitrosobenzene molecule,
calculated by solving the TDSE of a model system. The bottom three
panels depict the X2+, X3+ and X4+ populations as a function of the
probe time delay in descending order. The calculation is performed
for three different values for the background (the probability of the fi-
nal decay products being ionised by the probe pulse), R5 = R6 = 0.1,
R5 = R6 = 0.05, and R5 = R6 = 0.01. It can be seen that the oscilla-
tory effect is clearly measurable (> 5%) for this entire range and for all
charge species.

9.2.7 Application to krypton 3d hole

An alternative method to the measurement of ionic charge populations,
and one that avoids the problems associated with the presence of a back-
ground signal, is to measure the probe photo-electron yield as a proxy
for the production of the triply (or doubly) ionised molecular species.
This also renders the problem of molecular dissociation as no cause for
concern.

In section 9.1.1 we introduced and discussed the Auger-active kryp-
ton atom with a hole in the 3d orbital, and we numerically simulated
the application of the streaking method to this system in order to de-
rive the system’s Auger lifetime. In this section, we will simulate the
photo-electron yield variant of the attosecond pump-probe scheme for
this system and compare the results.

As in section 9.1.1, the description of the ion is given within the sec-
ond order ADC[2]x scheme of the ionic ADC[n] hierarchy, so all the ionic
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two hole one particle (2h1p) configurations are included in the mani-
fold and electron correlation within the ionic system is taken into ac-
count. This limits the model to the description of single-electron Auger
processes; double Auger decay processes lie outside of the scope of this
model.

This also means that the model cannot describe the triply ionised
system. Thus, the probe successfully ionising the initial system will
prevent further decay from happening due to the artificial limitation
imposed in this simulated model. This limitation does not matter how-
ever, as we propose to measure the photo-electron yield as a proxy for
the X3+ population; the subsequent dynamics of the system after probe
ionisation is therefore of no consequence for this demonstration. The
same limitation will also intrinsically prevent the system from becom-
ing ionised by the probe after it has decayed into a doubly ionised fi-
nal product. This limitation is in any event enforced through the con-
straints imposed on the chosen probe pulse’s energy in equation (9.8),
equation (9.7) and equation (9.9).

Single-electron orbitals are represented in the monocentric B-spline
basis set, built with a parabolic-linear B-spline knot sequence in a radial
box of size rmax = 160 au. The number of B-spline radial functions is 300
and the maximum value of the orbital angular momentum has been
set to Lmax = 10. The active electrons in the multi-electron simulation
consist of the 4s, and 4p valence shells as well as the 3d core shell; all
other electrons are ’frozen’ in their initial state orbitals.

As discussed, we choose to measure the photo-electron yield in this
simulated experiment. The energy of the probe pulse must therefore be
chosen in such a way so as to ensure that the photo-electron peak is ad-
equately separated from the nearest Auger spectrum peak, taking into
account the pulse’s full bandwidth. It is therefore important to have
prior knowledge of the ionisation potential of the model system in or-
der to predict the resulting energy of the photo-electron for a particular
probe pulse and ensure that the photo-electron peak remains energeti-
cally distinct from the Auger lines.
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Configuration Energy (eV) Photo-electron energy (eV)
3d−14p−1 1P 135.892 3.922
3d−14p−1 1F 135.538 4.276
3d−14p−1 3P 135.293 4.521
3d−14p−1 3F 134.749 5.065

Table 9 – Ionic energies (calculated with ADC[2]x) of end states that are
targeted for production by the probe pulse with an energy of 42 eV, where
the krypton atom is initialised with one hole in the 3d orbital. The photo-
electron energy is predicted to be the probe energy minus the IP of the 3d
hole state into the target state configuration. The latter quantity is defined
as the difference between the target state’s ionic energy value given in the
second column and the initial state’s energy of 97.814 eV.

The HF calculated energy for the 3d orbital is 97.814 eV. We target
the 4p orbital as the valence shell with the lowest energy. The calculated
ionic energies for this two hole system are tabulated in table 9 and have
an upper limit of 135.892 eV. In contrast, the ionic energy for the system
with a hole in the 3d and 4s orbital is at 154.531 eV. We therefore pick
a probe energy of E = 42 eV, which is high enough to ionise the system
to the former dicationic state, but not to the latter. The predicted photo-
electron energies Eiph that correspond to all energetically allowed ionic
channels (indexed with i) are then given by

Eiph = E −
[
DIP(3d−14p−1 i)− IP(3d−1)

]
(9.88)

and are shown in the third column of table 9. (As the photon energy
of the UV field is not sufficient to ionise the system after it has de-
cayed, the only dication channels that contribute to the photo-electron
spectrum are ones that contain the 3d hole). The photo-electron ener-
gies that result from this choice of probe pulse are distinct and separate
from the energy lines of the Auger spectrum as recorded in table 7, so
the measurement of the yield in this energy range will be a reliable in-
dication of the proportion of the initial population that has not decayed
at the time of the probe pulse interaction.
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Figure 70 – Photo-electron spectrum of Kr+ (3d−1) subjected to a UV field
of 42 eV photon energy with intensity 5 × 1011 W/cm2 and duration of 1
fs at a 1 fs time delay, measured in the direction of the laser polarisation
axis. The dominant contributing dication channels are shown.

To run the numerical experiment, we initiate the system into the
core-hole state (fully correlated) at t = 0, where the initial state is de-
termined by a prior experiment that simulates the action of the pump on
the neutral atom (see section 9.1.1). The fully correlated initial state is
calculated as the first eigenstate of the reduced 1h, 2h1p configuration
where one of the holes is fixed as belonging to the 3d shell.

The probe is chosen as a linearly polarised UV field with an energy
of 42 eV, a low intensity of 5.0 × 1011 W/cm2 and a duration of 1 fem-
tosecond, equivalent to 10T where T is the laser period. The profile
of the simulated probe is described by a cosine squared envelope (see
equation (7.2)). The action of the probe on this unstable system is simu-
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lated by propagating the initial core-hole state via the Arnoldi-Lanczos
algorithm over the course of the pulse duration. The system is allowed
to propagate for a further fixed length of time equal to 100 laser cycles
or 10 femtoseconds after the laser pulse has elapsed for all time delays;
this allows the photo-electron wave-packet the same amount of time to
reach the measuring boundary set at 50 au for all time delays, and is of
a sufficiently long duration to ensure that a converged yield is obtained.

The splitting operation is set at 50 au radius with a splitting param-
eter of 2 au, and takes place at ti at intervals of two laser cycles when
the vector potential is A(ti) = 0, so the required radial integrals (see
equation (4.31)) only need to be calculated once for all splitting times.

The time delay between pump and probe pulse is varied at intervals
of 10 cycles of the UV field, from 10 to 60 cycles; these delays corre-
spond to intervals of 1 fs between 1 fs to 6 fs. As mentioned earlier,
the simulation of the Auger decay model does not describe the pump
pulse interacting with the neutral krypton atom; rather, the atom is
ionised instantaneously at t = 0 when a hole is created in the 3d orbital.
The time delay refers to the duration of elapsed time between this in-
stant of ionisation at the beginning of the propagation and the centre
of the pump pulse envelope. Thus for example, a 10 cycle time delay
corresponds to the UV pulse envelope centred at t = 10T and therefore
beginning at t = 5T .

The photo-electron spectrum for a fixed probe time delay is depicted
in figure 70, where all the contributing ionic channels are shown, and
the energy of their corresponding peaks can be compared to the values
given in table 9.
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Figure 71 – Photo-electron spectrum of Kr+ (3d−1) subjected to a UV field
of 42 eV photon energy with intensity 5.0×1011 W/cm2 and duration of 1 fs,
measured in the direction of the laser polarisation axis. The contribution
from the ionic channel of 3d−14p−1 3F is compared for six different time
delays.

We now compare in figure 71 the photo-electron spectrum of the
dominant contributing channel 3d−14p−1 3F , for all the different time
delays that we simulate.

Finally, we calculate the fully integrated yield of the photo-electron
for all contributing dicationic channels singled out in table 9 at all sim-
ulated pump-probe time delays, and we show the resulting curves in
Figure 72 where they are all normalised to unity.

We apply linear interpolation and regression analysis to the yield
curves, and obtain the following values for the Auger decay lifetime τh:
for the 3d−14p−1 1P channel τh = 10.5034 fs; for the 3d−14p−1 1F channel
τh = 10.4867 fs; for the 3d−14p−1 3P channel τh = 10.4843 fs; and for the
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3d−14p−1 3F channel τh = 10.4867 fs. The actual population of the 3d

hole measured during the propagation is plotted in the same figure, (it
is normalised so that it can easily be compared with the photo-electron
yield curves); this gives a time decay rate of 10.4803 fs, so the values
derived from simulating the attosecond pump-probe experiment are in
very good agreement with the model’s exact decay rate. These results
also compare favourably with the result obtained from the streaking ex-
periment in section 9.1.1, which varied between 10.4799 fs and 10.4809
fs.

Figure 72 – Fully integrated yield of the photo-electron spectrum of Kr+

(3d−1) subjected to a UV field of 42 eV photon energy with intensity 5.0 ×
1011 W/cm2 and duration of 1 fs, measured for six different time delays.
The contributions from the four dominant dicationic channels are shown
and the dashed line shows the calculated survival population of the initial
3d hole state.
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This finding (like the streaking finding) differs from the result recorded
in [23] of τh = 7.91+1

−0.9 fs, even if the error bars are taken into account.
As discussed in section 9.1.1, this discrepancy is mainly due to the fact
that the restricted model used to simulate these results (ADC[2]x) does
not take into account the possibility of final excited Rydberg states; par-
ticularly significant contributions in the case of krypton are from the
channels 4p34d 5D with a branching ratio of 12.5% and 4p34d3P2,1 with
a branching ratio of 11.3% (for the 3d−1

3/2 hole) [200]. The exclusion of
these decay channels has the effect of artificially increasing the time it
takes to decay.
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10 Conclusion

In this work, we have developed the numerical computational capability
to model and accurately predict the kinetic energy spectra and the an-
gular distribution of ionised photo-electrons within the many-electron
B-spline algebraic diagrammatic construction method. This ab initio
numerical method describes the correlated dynamics of multi-electron
atomic and molecular systems interacting with ionising perturbative
and non-perturbative laser pulses. The ADC framework describes the
electronic correlation at different degrees of accuracy depending on the
level of the hierarchy (n) that is chosen, but the level of accuracy chosen
comes at a trade-off with the increasingly demanding computational re-
quirements at higher levels of the hierarchy.

The ADC scheme was initially developed as an approximation to the
polarisation propagator by formulating the diagrammatic perturbation
theory algebraically, and was used to calculate excitation and ionisation
energies of closed-shell atoms, where the ADC[n] polarisation propa-
gator is complete up to the nth order perturbation. It was later es-
tablished that the scheme could also be interpreted as a wave-function
method utilising the intermediate states representation; a configuration
interaction-like expansion of the many-electron states.

To briefly recap the method applied to neutral systems; so-called cor-
related excited states comprising the exact ground state and the set of
1 hole – 1 particle excitations, 2 hole – 2 particle excitations and so on
until n excitation classes are created as a non-orthogonal basis set, com-
plete in the space of the excited states of the N-electron system. This
basis set is orthogonalised using some procedure (Gram-Schmidt pro-
cedure between excitation classes and symmetric orthonormalisation
within each excitation class). The intermediate states then form the
basis for the construction of the ADC secular matrix, a representation
of the shifted electronic Hamiltonian operator Ĥ − E0. This is approxi-
mated to an order n by truncating the intermediate states space through
limiting it to some excitation class and by consistently reducing the or-
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der of perturbation expansions for the included classes. The advantage
of this scheme relative to its Configuration Interaction expansion coun-
terpart, lies in its properties of compactness and size consistency. Even
the ADC[1] scheme is more accurate than the Configuration Interaction
Singles scheme in its calculation of the transition matrix elements from
the ground state.

Instead of the more traditional approach in quantum chemistry of
using the Gaussian type orbital basis set to describe the single-particle
states, the scheme used in this work utilises the B-spline basis set for
this purpose. This basis set has been shown to be superior to the widely
used alternatives in its accurate representation of the electronic contin-
uum, by being able to describe the rapidly oscillating discretised wave-
functions tailing off from the nucleus, which corresponds to the unbound
particle. This property gives the B-spline basis set a crucial advantage
in precisely describing the photo-ionisation process without the limita-
tions inherent to the GTO basis set. Furthermore, the B-spline basis
set has minimal linear dependencies and does not require the optimisa-
tion of the function parameters in the same way as the GTO basis set.
Cubic-order B-splines were used to solve the single-particle Schrödinger
equation in the 1970s and it was further demonstrated that they could
provide highly accurate approximate representations of the true wave-
function, especially at high eigenvalues and for continuum states. It
was further shown that the B-spline basis set can be utilised to great
effect for calculating dynamic properties of atoms, such as multi-photon
excitation, HHG and ATI.

Photo-electron spectroscopy is a useful tool for understanding and
quantifying the processes that occur during interactions between atomic
or molecular systems and a laser field. In the weak-field limit the laser-
system interaction can be treated as a perturbation, but in a strong field
multi-photon processes including inner-shell ionisation and ATI, play a
more significant role. In this limit, the calculation of the photo-electron
spectrum can be computationally demanding. In general, the spectrum
can be calculated by numerically solving the TDSE of the system un-
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til the laser pulse is over and projecting the wave-packet of the photo-
electron onto the eigenstates of the continuum. Unfortunately, the large
size of the grid required for numerical propagation to prevent artificial
reflections of the wave-packet from the grid boundary means that this is
generally computationally unfeasible. It is therefore necessary to build
up information of the full spectrum by analysing the wave-packet in a
much smaller spatial volume.

We introduce two methods for calculating the photo-electron spec-
trum of systems that undergo photo-ionisation under the influence of
external laser fields.

One such approach, the wave-function splitting method, is to smoothly
split the wave-packet corresponding to a particular ionisation channel
of the system at some radius sufficiently far from the origin to allow for
the assumption that the system’s potential is negligible in the outer re-
gion. The splitting is done at discrete intervals during the propagation,
with the inner part of the wave-function being propagated numerically
and the asymptotic part being analytically propagated with the Volkov
Hamiltonian (free particle in field) to an end time. The contributions
from each ionisation channel are then incoherently summed up to yield
the full photo-electron spectrum.

Another approach, the time-dependent surface flux method (abbre-
viated t-SURFF), is to measure the flux of the electronic wave-packet
during it’s evolution through a sphere at a fixed radius. The method is
similarly based on the approximation that the inner part of the wave-
function is bound to the atom and is a solution to the full Hamiltonian
while the asymptotic part is unaffected by the ion and is a solution to
the Volkov Hamiltonian. However, the wave-function is not operated on
during the time evolution. To prevent reflections from the grid bound-
ary, a complex absorbing potential term is inserted into the Hamilto-
nian. The CAP is activated at some radial point near the edge of the
numerical grid and its parameters are carefully optimised to maximise
absorption of the wave-packet and minimise reflections. This method’s
advantage over the former method lies in the fact that the quantities
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required in the analysis step only need to be evaluated at the specified
radial point, whereas the full radial integrals across the designated mo-
mentum space need to be performed for the splitting method.

In section §7, we compared and contrasted the strengths and weak-
nesses of these two methods by calculating the photo-electron spectrum
obtained from the numerical simulation of the XUV photo-ionisation of
the neon atom. The linearly polarised laser photon energy is set at 105
eV, which is far above the ionisation threshold for the 2p and 2s orbitals.
The intensity of the pulse with a cos2 envelope profile is chosen to be
9.0 × 1013 W/cm2 with a duration of ∼ 1.2 fs in FWHM. All channels of
the neon atom are activated and can therefore contribute to the photo-
electron spectrum. The radial grid size is set to 100 au with 170 linearly
spaced intervals for the construction of the B-spline basis of order 10.
The first and last 10 breakpoints are made coincident to ensure continu-
ity of the function and its derivative. The maximum angular momentum
parameter is found to converge at Lmax = 3; transitions involving more
photon absorptions and emissions contribute a negligible proportion to
the total spectrum.

The spectrum shows two one-photon peaks corresponding to ioni-
sation from the occupied 2s and 3p orbitals and two-photon absorption
peaks separated from the one-photon absorption peaks by the photon
energy with a yield at a much lower order of magnitude. The peak
width corresponds to the Fourier limited energy width of the pulse. The
photo-electron spectrum is measured in the direction of polarisation and
contributions from all the ionisation channels are incoherently summed
up. To test for accuracy, the fully integrated spectrum is calculated and
compared to the loss of norm in the propagated wave-function.

The key considerations to be borne in mind for the purpose of nu-
merical accuracy is to ensure that the radial wave-function does not
reach the edge of the grid between splitting times where it can reflect
non-physically and that the numerical noise introduced by the method
is reduced as much as possible. It is therefore important to optimise the
relevant variables.
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For the splitting method these variables are the splitting radius, the
parameter for controlling the smoothness of the splitting and the fre-
quency of splitting. It is shown that the splitting radius must be far
enough from the origin to justify the assumption that the photo-electron
does not interact with the ion at that distance. It must also be chosen
sufficiently far from the grid boundary to ensure that the ionised elec-
trons with the highest classical momentum cannot reach the edge of
the grid in the elapsed time between splitting operations, thus ensur-
ing that there is little unphysical grid reflection. This in turn depends
on the smoothing parameter as this controls the steepness of the split-
ting slope. However, if the smoothing parameter is too small then the
splitting operation can introduce reflections at the splitting radius in
the inner part of the wave-function too. These optimal values therefore
depend crucially on the choice of splitting frequency. If the frequency
parameter is lowered beyond a certain point, artificial peaks produced
by the splitting operation then begin to significantly distort the picture.
The greater the chosen frequency, the higher the likelihood that these
unphysical peaks, generated at each splitting time, will cancel each
other out. Conversely, if the splitting frequency is set too high, then
more reflection at the splitting radius will accumulate and contribute
to a build-up of numerical noise. This source of error is sensitive to the
choice of the smoothing parameter that determines how steep the split-
ting function is at the splitting radius. If this parameter is too steep,
then there will be unacceptable levels of accumulated reflection, but if
it is too gradual then the risk of high-energy wave-packets hitting the
grid boundary becomes severe. In general, the splitting may be done
at any point but in the interest of computational time limitations it is
advisable to restrict the splitting times to moments when the vector
potential is zero. Otherwise, the radial integrals must be recalculated
at each splitting time for the value of the vector potential at that time
as the Volkov state’s canonical momentum is a function of the vector
potential.

For the t-SURFF method, the form, strength and radial onset of the
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CAP are important as well as the radius where the flux is measured
at. The form of the CAP needs to be carefully optimised to the energy
range of the wave-packet in question so as to maximise absorption and
minimise reflection. If the CAP strength parameter is too strong, the
electron will be reflected; on the other hand, a weak CAP will not fully
absorb high-energy photo-electrons by the edge of the grid. The poly-
nomial forms for optimal imaginary and complex CAPs are introduced
and the CAP is scaled by the kinetic energy of the highest energy photo-
electron in the spectrum. As with the splitting method, enough time
must be allowed to elapse to enable the lowest energy photo-electron
sufficient time to cross over the surface flux boundary and contribute
to the spectrum. The t-SURFF radius should be chosen sufficiently far
from the origin to justify the assumption that the wave-packet is not
influenced by the ionic field, but it should also be appropriately distant
from the onset of the CAP so that it measures the physical flux with
little interference from the absorber. Similarly, the choice for the ra-
dius of the CAP onset parameter is important. If insufficient space is
set aside for the absorber, then reflection from the grid boundary will
leave a trace in the recorded spectrum in the form of background noise.
Both methods have advantages and disadvantages in terms of the rel-
evant approximations that they make, their respective computational
needs, and the complexity of their convergence requirements, and the
best choice of method depends on the nature of the problem at hand.

In section 8.1, we explored the multi-photon effect of above threshold
ionisation. The photo-electron spectra for a variety of closed-shell noble
atoms (helium, neon and argon) were calculated for IR fields (photon en-
ergy of 2.35 eV) of moderate (1.0×1014 W/cm2) and low (5.0×1013 W/cm2)
intensities, and the obtained angle-resolved and angle-integrated spec-
tra were analysed. Important features, such as plateaus, were identi-
fied; the low energy region has a plateau that extends to energies of
∼ 2UP (ponderomotive energy) and the high energy region’s plateau ex-
tends to ∼ 10UP . Freeman resonances, caused by the Stark shift cre-
ating resonances between the dressed ground and excited states, are
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observed and their dependence on the field intensity is noted. As the
ponderomotive energy increases in line with the field intensity, multi-
photon ionisation channels can become closed off; once the equality
IP + UP = nω is met for an integer n, the n-photon ionisation chan-
nel becomes closed off. The angle-resolved photo-electron spectra show
a complex angular interference pattern, which is caused by different
quantum trajectories of the electron rescattering; the number of angular
nodes is shown to increase with the driving laser intensity. The angular
spectra were also shown to exhibit four-fold symmetry. For atoms with
occupied p-type orbitals, it was shown that the contribution to the over-
all photo-electron spectrum from the p±1 channel is approximately one
order of magnitude lower than that of the p0 channel. This is because
the atomic orbital of the p±1 state is aligned perpendicular to the laser
polarisation and has a node along the laser’s axis, which reduces the
overall ionisation from this orbital. The full electron-correlated results
were compared to the spectra produced via the single active electron ap-
proximation wherein the system is modelled as a single electron bound
by an effective potential that interacts with the laser field. The com-
parison showed an extremely good agreement, which demonstrate that
the single active electron approximation is generally valid for modelling
the ATI effect. There was only some small discrepancy detected, at the
troughs between peaks where the inclusion of the 2s channel causes
some interference. It was further demonstrated that the single active
electron approximation is even more justified for lower laser frequen-
cies in the IR range (these results used a laser field of photon energy
1.55 eV). This is because the contributions from different channels are
separated from each other to a greater extent and there is therefore less
interference.

This work’s numerical method (at the level of ADC[1] where only
1h1p excitations are allowed) was applied in section 8.2 to compute
the photo-electron spectra for the carbon dioxide molecule. This sys-
tem is often studied as a prototype for non-polar molecules, as it ex-
hibits strong evidence of the influence of multi-electron effects on vari-

337



10 CONCLUSION

ous observables associated with strong field ionisation. The calculation
included four dominant ionisation channels: channel X – the ground
ionic state 12Πg, channel A – the first excited ionic state 12Πu, chan-
nel B – the second excited ionic state 12Σ+

u , and channel C – the third
excited ionic state 12Σ+

g (where the subscript g, u stand for gerade and
ungerade and denote a parity, or point inversion, of 1,−1, respectively).
These channels correspond (respectively) to the ionisation from the fol-
lowing occupied HF orbitals in the molecular orbital picture: HOMO
(1πg), HOMO-1 (1πu), HOMO-2 (3σu), HOMO-3 (4σg). The neutral CO2

system (frozen at an equilibrium configuration with a C-O bond length
of 116.3 pm) interacts with a laser field linearly polarised parallel to
the molecular axis of 1.55 eV photon energy, an intensity of 1014 W/cm2

and a duration of 2.67 fs. Particular attention was paid to the impact
of both Coulomb and dipole-induced inter-channel couplings on the cal-
culated photo-electron spectra. The IR pulse initially predominantly
ionises electrons from the 1πg and 3σu molecular orbital, and the other
two orbitals can become populated through a rearrangement of the ionic
hole caused by dipole-induced oscillations between different ionic states
of the same magnetic quantum number and of opposite parity (σg to σu
and πg to πu). During the rescattering change, the returning electron
can exchange energy with the ion via the Coulomb interaction; this can
change the symmetry of both the ionic and returning electron states, so
all four molecular channels can interact with each other at this stage.
The results demonstrated that both of these multi-electron effects have
an important effect on the ATI photo-electron spectrum and is only cap-
tured if the numerical simulation accurately represents all two-electron
and dipole couplings for all energetically accessible ionic channels.

The dependence of the ATI photo-electron spectrum of a neutral he-
lium atom in the excited 2p state on the polarisation of incident IR ra-
diation (energy of 0.775 eV and intensity of 3.2 × 1013 W/cm2) was then
determined in section 8.3. The high-energy plateau in the ATI spectrum
corresponds to the re-scattering regime, where the ionised electron is ac-
celerated back toward the parent ion and scatters off it with a maximum
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energy cut-off of∼ 10UP . If the excited 2p state of helium is oriented per-
pendicular to the field then ionisation along the polarisation axis will
be suppressed due to the symmetry of the atomic orbital; ionisation is
therefore only possible if the electron acquires a nonzero drift velocity
in the plane perpendicular to the laser polarisation. This greatly re-
duces the probability of a successful collision with the core, as the elec-
tron’s drift velocity, unimpeded by interaction with the laser, displaces it
away from the parent ion. Our numerical results showed a suppressed
yield of about 2 orders of magnitude for the perpendicular configura-
tion with respect to the parallel configuration. These results were com-
pared to the predictions of the strong-field approximation theory, where
the system’s time evolution is evaluated with the following approxima-
tions: contributions arising from bound states apart from the initial
state are neglected, depletion in the initial state is neglected and the
particle in the continuum is assumed to be free and unaffected by the
atomic potential. The theory is extend through first-order: the zeroth-
order term corresponds to a directly ionised electron projected onto the
continuum and the first-order term corresponds to the ionised electron
rescattered from the ionic core. The comparison required the exten-
sion of the SFA theory to include the description of initial states that
are not parallel to the laser field polarisation; this was accomplished
by relaxing the saddle-point approximation to include contributions to
the rescattering term from intermediate Volkov states in the plane of
the atomic polarisation. The SFA spectra were found to exaggerate the
degree of suppression in the perpendicular case and to somewhat un-
derestimate the rescattering contribution, but otherwise the SFA pre-
dictions agreed reasonably well with the numerical results. The full an-
gular distributions were also compared and the full numerical results
generally showed more intricate detail; for instance the perpendicular
configuration’s angle-resolved spectrum showed a ‘spider’ pattern with
most of the yield contained in the four legs rotated at a small angle
from the polarisation axis. It was also demonstrated that the suppres-
sion in the perpendicular case is partially explained by the absence of
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the possibility of a bound-state transition to the 21S state due to sym-
metry constraints; however, this did not account for the full magnitude
of the suppression. The SFA model was extended to include the domi-
nant bound-state transition and the difference in magnitude with this
inclusion was found to be comparable.

Section §9 examined the multi-electron Auger effect and introduced
various approaches for the time-resolved study of the Auger decay pro-
cess. The attosecond streaking technique was described and imple-
mented in section 9.1; here, a core-hole is created on a sub-femtosecond
timescale with a highly energetic ionising pulse of radiation. The emit-
ted Auger electron in the continuum is then ‘streaked’ by a linearly po-
larised few-cycle probing field with varying time delays, which modi-
fies the final momentum of the Auger electron. For long decay time
constants relative to the probe duration, the spectrum is broken up
into sidebands that are spaced around the central Auger electron en-
ergy at intervals equivalent to the pump pulse’s photon energy. The
total electron occupation of one of the sidebands can be predicted by the
convolution of the hole production and subsequent Auger decay profile
with the probe pulse. The streaking method is applied to the krypton
atom with an Auger-active hole in the 3d orbital using a two-step simu-
lated experiment. Results are obtained for both the ‘sudden ionisation’
and the ‘adiabatic ionisation’ model, which turn out to be qualitatively
equivalent with regard to the peak positions and relative distributions.
The Auger time decay constant τh is determined from a variety of side-
bands of two differing Auger peaks to be in extremely good agreement
with the model’s actual decay constant of τh = 10.4803 fs. The discrep-
ancy between this result and the true experimental result gleaned from
energy-domain measurements is explained to be due to the restricted
nature of our model, which does not take into account the possibility of
certain final excited Rydberg states.

The attosecond pump-attosecond probe scheme was introduced in
section 9.2 as an alternative approach. Here, a short (on the scale of
the Auger lifetime) pump pulse ionises an electron from an inner shell
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and a second pulse ‘probes’ the system by acting selectively on the de-
caying state, but not on the final states of the decay. It was determined
through the formulation and solution of the system’s rate equations that
a background-free measurement of the Auger decay based on the detec-
tion of the triply ionised species is theoretically possible under certain
conditions for inner-valence-holes that cannot undergo double Auger de-
cay. For core-hole systems where double Auger decay can occur, it was
shown that measurement of the doubly ionised species to determine the
temporal decay profile is the best option, although this measurement is
no longer background-free. The extent of variation on the background
signal is equivalent to the probe’s ionisation rate on the core-hole popu-
lation, which is dictated by the intensity of the laser pulse. This can be
chosen as large enough to enable accurate experimental measurement
of the variation of the signal over the background, but not too large so
as to activate multi-photon transitions. Effects including shakeoff or
shakeup resulting from the pump probe and post-collision interaction
between the probe photo-electron and the Auger electron were also con-
sidered. The applicability of this experiment to a wide variety of atomic
and molecular species was further shown to be feasible, and it’s scope
for investigating more complex Auger electron dynamics, such as oscil-
latory charge migration in molecules, was discussed. The pump-probe
scheme was simulated on the krypton 3d hole system where the photo-
electron yield resulting from the probe pulse was measured as a proxy
for the triply ionised species yield, and the results were favourably com-
pared to those obtained from the streaking method.
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10.1 Further work

The work contained in this thesis can be extended in the following di-
rections.

We first look at the methodology used in this work, which can be
improved in various different ways. Firstly, extending the B-spline ADC
numerical scheme to higher levels in the ADC hierarchy will provide a
much greater level of accuracy to simulations.

Additionally, the radial B-spline basis set can be extended to incor-
porate short-range Gaussian functions [235]. This hybrid Gaussian–
B-spline basis set has considerable advantages over pure B-spline or
Gaussian basis sets for the following reasons. Short range molecular
electronic states are best expressed in terms of Gaussian functions, be-
cause polycentric two-electron integrals (for polyatomic systems) asso-
ciated with inter-electronic Coulomb repulsion can be computed much
more rapidly within a Gaussian basis set than by using any other ba-
sis [236]. On the other hand, Gaussian functions are not well suited to
reproduce the characteristic oscillatory behavior of orbitals in the con-
tinuum, due to the rapid buildup of linear dependencies between the
basis elements. This requirement is therefore met in the hybrid basis
set with the application of the B spline functions. The hybrid basis is
defined by three characteristic regions: (i) r ∈ [0, r0] with only Gaussian
functions; (ii) r ∈ [r0, r1] where Gaussian and B-spline functions overlap;
(iii) and r ∈ [r1, rmax] where Gaussian functions are negligible.

A further improvement would be an extension of the ADC scheme
to provide a theoretical description of excited states of medium-sized
open-shell molecules, as neutral and charged radicals are of crucial im-
portance in a broad range of chemical processes. This has been done
on the the level of ADC[2] (and ADC[2]x), which has been extended to
the unrestricted formulation UADC[2] (UADC[2]x). This extension has
been shown to highly accurate: for a variety of molecules, UADC(2)-x
exhibits an averaged mean deviation in the excitation energies of only
0.3-0.4 eV compared to experimental gas phase data [237].
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The t-SURFF method for calculating the photo-electron spectrum
can be further optimised. A significant drawback to the method is that a
long post-laser propagation time can be required to allow photo-electrons
of interest with low kinetic energy to reach the measuring radius. This
can be overcome by replacing the post-laser propagation of the wave-
function with one single analytic step, known as i-SURFV [238] (i stands
for infinite time and V stands for Volkov states as the target functions).
This approach allows the calculation of fully-converged t-SURFF spec-
tra immediately at the end of the laser pulse.

We finally turn to future developments for the results reported in
this work. The investigation into the polarisation effect for excited he-
lium could further benefit from a comparison to extended SFA methods
that explicitly include the effect of the ionic potential on the rescatter-
ing trajectories of the photo-electron. Specifically, a comparison to the
Coulomb Quantum-Orbit Strong-Field Approximation (CQSFA) [239]
would be particularly interesting. CQSFA is an orbit-based method that
incorporates the Coulomb potential and the external laser field on equal
footing. It has a high predictive power as it allows for quantum mechan-
ical pathways to be switched on and off at will. It has been successfully
used in the context of ultra-fast photo-electron holography, and has led
to possibly the most thorough investigation of how holographic patterns
form [240, 241].

The attosecond pump-probe experiment methodology can also be re-
fined and explored further. Of particular interest is the method’s ap-
plicability to providing access to complex non-exponential dynamics of
Auger wave-packets superpositions of Auger active states coherently
populated by the attosecond core or inner-valence ionisation.
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HC Bandulet, H Pépin, JC Kieffer, R Dörner, DM Villeneuve,
et al. Laser-induced electron tunneling and diffraction. Science,
320(5882):1478–1482, 2008.

358



REFERENCES

[154] Michael G Pullen, Benjamin Wolter, A-T Le, Matthias Baudisch,
Michele Sclafani, Hugo Pires, Claus Dieter Schroeter, Joachim
Ullrich, Robert Moshammer, Thomas Pfeifer, et al. Influence of
orbital symmetry on diffraction imaging with rescattering elec-
tron wave packets. Nature communications, 7:11922, 2016.

[155] Benjamin Wolter, Michael G Pullen, A-T Le, Matthias Baudisch,
K Doblhoff-Dier, Arne Senftleben, Michael Hemmer, C Dieter
Schröter, Joachim Ullrich, Thomas Pfeifer, et al. Ultrafast elec-
tron diffraction imaging of bond breaking in di-ionized acetylene.
Science, 354(6310):308–312, 2016.

[156] Vinay Pramod Majety and Armin Scrinzi. Multielectron effects
in strong-field ionization of co 2: Impact on differential photoelec-
tron spectra. Physical Review A, 96(5):053421, 2017.

[157] Noslen Suárez, Alexis Chacón, Marcelo F Ciappina, Benjamin
Wolter, Jens Biegert, and Maciej Lewenstein. Above-threshold
ionization and laser-induced electron diffraction in diatomic
molecules. Physical Review A, 94(4):043423, 2016.
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