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Abstract
This paper presents a coupled thermo-hydro-mechanical (THM) finite element (FE) formulation which is capable of accounting for the effects of temperature change on the behaviour of unsaturated soils. Both vapour flow and density variation are taken into account in the development of this formulation. The full derivation procedure is provided and the adopted assumptions are stated and explained. To improve the efficiency of the nonlinear solution process while maintaining the accuracy of the prediction, a novel approach for determining iterative corrections when modelling coupled transient problems with the Newton-Raphson algorithm is established and presented here. The performance of the proposed FE formulation and of the new strategy for iterative corrections in a nonlinear solver is subsequently demonstrated and verified by simulations of laboratory experiments on unsaturated compacted bentonite, showing good agreement between the numerical and experimental results.
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Introduction
Geotechnical engineering profession has been facing increasing challenges in the design of infrastructure in ground conditions that are likely to be unsaturated and subjected to temperature perturbations. Examples include effects of climate change on the stability and serviceability of slopes and embankments, radioactive waste disposal and thermo-active structures, to mention but a few. Quantifying the effect of temperature changes in the design of geotechnical infrastructure requires advanced numerical tools capable of reproducing the coupled thermo-hydro-mechanical (THM) behaviour of unsaturated soils.
For such numerical analyses to be used robustly, verification against experimental data is essential. Extensive laboratory experimental studies have been carried out to investigate the behaviour of unsaturated soils at a range of temperatures and suctions (e.g. Romero et al, 2001; Uchaipichat and Khalili, 2009; Ng and Zhou, 2014; Alsherif and McCartney, 2015; Gao et al., 2019). In particular, due to its significant role in engineered barriers for nuclear waste disposal, the coupled THM behaviour of compacted bentonite has been widely studied by a number of researchers (e.g. Villar and Lloret, 2004; Tang and Cui, 2005; Jacinto et al, 2009; Villar et al, 2010; Gens et al, 2013; Sun et al, 2020). Based on the observed experimental evidence, various numerical formulations have been developed to recover the coupled THM interactions in unsaturated soils. Due to the complexity of the relevant equations, the finite element (FE) method has been the most widely used numerical tool for such developments.
To derive the FE formulation for modelling coupled THM problems associated with unsaturated soils, it is necessary to first establish the governing equations on the basis of physical laws and subsequently apply the FE approximation to these governing equations. One commonly used approach for producing the governing equations is to combine the mass balance equations, the momentum balance equations and the energy balance equations of each phase of the soil (i.e. solid, liquid and air) (Lewis and Schrefler, 1998). Simplification of this approach has been achieved by assuming instantaneous temperature equilibrium between each phase and neglecting the inertial effects, resulting in a single momentum balance equation and a single energy balance equation for the mixture of phases (Olivella et al, 1996; Gatmiri and Arson, 2008; Abed and Solowski, 2017). Another approach adopts the physical laws for each coupling system of the soil mixture (i.e. mechanical, hydraulic (including moisture and dry air) and thermal systems), and the obtained governing equations are able to describe the principal characteristic of each system as well as the coupled effects between them (Thomas and He, 1997; Collin et al., 2002). In principle, the different approaches for deriving the governing equations can lead to the same coupled THM FE formulation for unsaturated soils. However, even following the same approach often results in different final forms of the governing equations as the adopted assumptions significantly vary. 
[bookmark: _Hlk63089213]A realistic coupled THM FE formulation for unsaturated soils always involves soil parameters that may vary nonlinearly in the analysis, such as the soil stiffness, strength, permeability, conductivity, etc. Therefore, solving this highly nonlinear FE formulation requires special solution strategies to ensure accurate predictions. Different solution strategies have been adopted in studies published in the literature. For example, an implicit mid-interval backward difference algorithm was employed by Thomas and He (1997), while the Newton-Raphson approach was stated to be adopted by most studies (Olivella et al., 1996; Collin et al., 2002; Abed and Solowski, 2017). As demonstrated by Potts and Zdravkovic (1999), even for the Newton-Raphson approach, various algorithms are available for carrying out the iteration procedure, such as the semi-explicit sub-stepping algorithm (Sloan, 1987, Sloan and Booker, 1992 and Sloan et al., 2001) and the implicit stress point algorithm (Borja and Lee, 1990; Borja, 1991). Employing these algorithms may lead to differences in both the predicted solutions and the consumed computer resources. However, details of the adopted solution strategies are not provided in most studies mentioned above, which may make it difficult to decide on the appropriate solution strategy to implement. 
[bookmark: _Hlk63086351]Following a consistent framework as that detailed by Smith (2003) and Tsiampousi et al. (2017a) for modelling the coupled hydro-mechanical (HM) behaviour of unsaturated soils and that proposed by Cui et al. (2018) for modelling the coupled THM behaviour of fully saturated soils, a coupled THM FE formulation for unsaturated soils has been developed in this paper and implemented into the author’s bespoke finite element software ICFEP (Imperial College Finite Element Program; Potts and Zdravkovic, 1999). The full derivation process, which adopts the physical laws for each coupling system of the soil, is detailed in this paper together with adopted assumptions. Moreover, a novel algorithm is established and documented, for performing the hydraulic and thermal right-hand side corrections when the Newton-Raphson approach is employed as a solution strategy. The performance of this algorithm is further verified by comparing it to a semi-explicit sub-stepping algorithm in the modelling of a coupled transient boundary value problem involving unsaturated soils. Finally, the capability and behaviour of the proposed numerical facilities are demonstrated in the modelling of a non-isothermal hydration test on compacted bentonite. 
Governing formulation and FE implementation
[bookmark: _Toc430964662][bookmark: _Toc430964828][bookmark: _Toc430966064][bookmark: _Toc430966223][bookmark: _Toc430966376][bookmark: _Toc430966535][bookmark: _Toc430966847][bookmark: _Toc430967006]Basic assumptions
To formulate the governing equations accounting for the coupled THM behaviour of unsaturated soils, the following assumptions have been adopted in this work:
(1) [bookmark: _Hlk63696688]Pore air (gas) is free to flow and the pore air pressure in the soil remains atmospheric, which agrees with the formulation in Wong et al. (1998), Smith (2003) and Tsiampousi et al. (2017a). Consequently, the air flow, as well as the advective fluid flux due to air flow, is neglected in this work.
(2) [bookmark: _Hlk62953285]In an unsaturated soil, the volumetric change induced by the change in temperature is independent of that induced by the change in matric suction.
(3) An instantaneous temperature equilibrium is assumed between soil particles and pore fluid (i.e. pore water and pore air), and thus the soil particles have the same temperature as the pore fluid.
(4) A tension positive sign convention is adopted in the derivation of the governing formulation.
Mechanical equilibrium
Under isothermal conditions, the incremental total strain of an unsaturated soil, , can be expressed as the sum of the incremental strain due to net stress, , and that due to matric suction,  (Wong et al., 1998; Smith (2003); Tsiampousi et al., 2017a). When the non-isothermal condition is taken into account, the incremental strain due to temperature change, , should be added, leading to the following expression
	
	
	( 1 )


where , with  being the linear thermal expansion coefficient of the soil skeleton and  being the incremental temperature change. As the pore air pressure is assumed to remain atmospheric,  can be expressed as , where  is the pore water pressure (i.e. suction) and H is the stiffness modulus of the soil structure with respect to suction, which is related to the adopted constitutive relation (e.g. linear elastic, nonlinear elastic, elasto-plastic). The mechanical constitutive modelling of unsaturated soils in ICFEP has followed the framework of the Barcelona Basic Model (BBM; Alonso et al., 1990), using two independent stress variables (the net stress, , and the equivalent metric suction, ). The BBM framework was further extended into a single-structure model (ICSSM) for moderately swelling clays, as detailed by Georgiadis et al. (2005) and Tsiampousi et al. (2013b), and subsequently into a double-structure model (ICDSM) for highly expansive clays (Ghiadistri, 2019). Within this constitutive framework, the equivalent matric suction, , is defined as
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with  being the air entry value of suction, thus enabling this parameter to be input with a realistic (i.e. non-zero) value. The constitutive formulation of an unsaturated soil can then be written as
	
	
	( 3 )


where  represents the incremental net stress and  is the constitutive matrix, the form of which depends on the assumed material behaviour. Substituting Equation (1) into Equation (3) yields
	
	
	( 4 )


where  , and . Applying the principle of minimum potential energy and the conventional FE discretisation (Potts and Zdravković, 1999), the non-isothermal FE formulation associated with force equilibrium of unsaturated soils can be derived as
	
	
	[bookmark: _Ref516310852]( 5 )


where
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where , , and  are interpolation functions for displacement, pore fluid pressure and temperature degrees of freedom, respectively;  is a matrix which contains derivatives of the displacement shape function; ,  and  are the global vectors of incremental nodal displacement, pore fluid pressure and temperature, respectively;  and  are the vectors of applied external body forces and surface tractions (e.g. line loads, surcharge pressures); N denotes the number of elements; and the subscripts G and nG denote the global matrix or vector and the global nodal values, respectively.
Hydraulic behaviour
Mass balance of pore fluid
The hydraulic behaviour of an unsaturated soil is governed by the principle of mass conservation of the pore fluid expressed as
	
	
	( 10 )


where  is the density, with the subscripts  and  denoting pore water and vapour (i.e. moisture) respectively;  is porosity;  is degree of saturation;  represents the vector of the seepage velocity;  is the diffusive mass flow of vapour;  is the symbol of divergence defined as ;  is an infinitesimal volume of the soil;  represents any sink or source of the pore fluid; and t is time. The first two terms of Equation (10) represent the pore fluid storage within the soil in the form of pore water and vapour respectively, while the last term represents the total fluid flux which is the sum of those due to pore water diffusion and vapour diffusion.
Density variation
The pore water density is commonly assumed as a function of both temperature and pore water pressure, expressed as (Fernandez, 1972):
	
	
	( 11 )


[bookmark: _Hlk59031072]where  is the reference pore water density under the corresponding reference pore pressure, , and reference temperature, ;  is the bulk modulus of the pore water; and  is the linear thermal expansion coefficient of the pore water which can be taken as a function of temperature (Cui et al., 2020). Differentiating Equation (11) with respect to time gives:
	
	
	( 12 )


The vapour density, , also varies with temperature and pore water pressure (i.e. suction) of the soil, which can be written as
	
	
	( 13 )


In the above equation,  is the saturated vapour density at a given temperature , which can be determined through a fourth order polynomial function established by fitting the existing experimental data of Cengel and Ghajar (2011) for temperatures in the interval between 0 and 100 ˚C. If T is defined in degrees Celsius, the function of  (in the unit of ) can be expressed as: 
	
	
	[bookmark: _Ref483487098]( 14 )


while  in Equation (13) is the relative humidity defined as
	
	
	( 15 )


where  is the specific gas constant for the pore water;  is the molar mass of the pore water; and Tr is a reference temperature.  Differentiating Equation (13) with respect to time yields
	
	
	( 16 )


where    and. 
Degree of saturation 
[bookmark: _Hlk59910662]For an unsaturated soil, the degree of saturation  is normally determined from the soil-water retention curve (SWRC), which can depend on many factors such as suction, temperature and volume change of the soil (Romero et al., 2001; Tsiampousi et al., 2013a). Therefore, the variation of  over time can be expressed as
	
	
	( 17 )


[bookmark: _Hlk63696919]where  is the specific volume of the soil expressed as  and  is the void ratio. A number of sophisticated SWRC models have been previously developed and implemented in ICFEP, to account for the water retention behaviour of unsaturated soils under isothermal conditions. A modified van Genuchten model (Tsiampousi, 2011) and a 3D hysteretic model (Tsiampousi et al., 2013a) both account for the effect of specific volume/void ratio on the water retention behaviour. To investigate the water retention characteristic of unsaturated soils under non-isothermal conditions, experimental studies have been carried out with various types of unsaturated soils, in which the degree of saturation was observed to reduce with increasing temperature (e.g. Tang and Cui, 2005; Uchaipichat and Khalili, 2009; Jacinto et al., 2009; Alsherif and McCartney, 2015). However, as both suction and temperature change simultaneously in those tests it is not possible to establish  and  independently. Additional experimental data is still required to quantify the effect of temperature change on  under a controlled suction (i.e. ).
Pore water diffusion
The pore water flow is assumed to be governed by the generalised Darcy’s law. For unsaturated soils, the seepage velocity of the pore water can be written as  
	
	
	( 18 )


where  is the permeability or hydraulic conductivity matrix of the soil,  and  represent the gradient of pore water pressure and temperature respectively, the vector  is the unit vector parallel, but in the opposite direction, to gravity, is the bulk unit weight of the pore water. The first term in the bracket on the right-hand side of Equation (18) agrees with that for fully saturated soils, while the second term represents the pore water flow induced by the temperature gradient (i.e. thermo-osmosis) which was observed in experimental studies of unsaturated soils (Cassel, et al., 1969).  represents the thermal permeability matrix and can be given as (Philip and de Vries, 1957)
	
	
	( 19 )


where  is the absolute value of the pore water pressure and  is a thermal parameter.
The soil permeability  may vary as the state of the soil changes. Various permeability models have been previously developed and implemented in ICFEP, such as those accounting for the effect of mean effective stress (Kovacevic et al., 2007), the effect of temperature change (Cui et al., 2020), and the effect of degree of saturation (or suction) (Tsiampousi et al., 2017b). 
Vapour diffusion
Diffusive vapour flow is assumed to occur under the gradient of vapour density. Following a similar approach to that established by Philip and de Vries (1957), the diffusive mass flow of vapour, , which is estimated in units of “”, can be given as
	
	
	( 20 )


where  is the molecular diffusivity of the vapour which can be further expressed as
	
	
	( 21 )


In the above equation  is the diffusion coefficient of vapour mass flow determined from experimental findings;  is the tortuosity factor; and  is a fitting parameter. Substituting Equations (13)-(15) into Equation (20) yields
	
	
	( 22 )


[bookmark: _Hlk72336224]where  is an additional parameter introduced to estimate the vapour flow induced by the temperature gradient, the value of which, as suggested by Campbell (1985), should be determined based on the experimental data. Equation (22) has a similar form to those in the literature (e.g. Thomas and King, 1991; Collin et al, 2002; Abed and Solowski, 2017), indicating that vapour diffusion can be induced by the gradients of suction (or pore water pressure) and/or temperature. 
Volume change
The infinitesimal volume of a soil, , in Equation (10) can be expressed as  where  is the void ratio and  is the infinitesimal volume of the soil particles. Under isothermal conditions,   is generally assumed to stay constant in a FE analysis, regardless of the change in effective stresses. However, in a thermal analysis,  is no longer constant but varies with temperature change. Thus,  can be further written as:
	
	[bookmark: _Hlk59114404]
	( 23 )


where  is the infinitesimal volume of the soil particles at the initial state of an analysis, and  represents the thermal volumetric strain of the soil particles which can be assumed equal to that of the soil skeleton, expressed as  (Campanella and Mitchell, 1968). In this study,  is assumed to be constant throughout the analysis, which is different from the assumption used by Thomas et al. (2009) in which  was considered to be constant for a coupled THM problem.
The variation of void ratio over time can be expressed as a function associated with the temporal change of volumetric strain. In a FE analysis, this formulation depends on the adopted assumption for geometric integration, i.e. small-displacement type or large-displacement type. In a small-displacement FE analysis, all geometric integrations are performed with respect to the original mesh dimensions, and hence the relation between void ratio and volumetric strain is given by
	
	
	( 24 )


while in a large-displacement FE analysis where the change in mesh geometry is accounted for the above formulation is rewritten as
	
	
	( 25 )


Where  and  are the void ratios at the current state and at the initial state of the analysis, respectively, and  is defined as the mechanical volumetric strain.
FE formulation and time marching scheme
Substituting Equations (12), (16), (17), (23) and  into Equation (10) and eliminating which is taken as a constant, yields the formulation of the total volume change of the pore fluid as  
	[bookmark: _Hlk62403269]
	
	( 26 )
	


where  and  are the equivalent bulk modulus of vapour and the equivalent linear thermal expansion coefficient of vapour respectively, derived as
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[bookmark: _Hlk59287060]It is noted that on the left-hand side of Equation (26), the first term, i.e. , represents the pore water flow involving that induced by the generalised Darcy’s law (i.e. Equation (18)) and that induced by the density gradient (i.e. the buoyancy-driven flow). The two terms associated with  represent the volume change due to the compressibility of the pore water and the vapour respectively, while the two terms involving  denote the excess fluid flow generated by the difference between the thermal expansion coefficient of each phase of the pore fluid (i.e. air and water) and that of the solid particles respectively. The last two terms are related to the volume change of the pore fluid due to variations in the degree of saturation, , and that due to the volume change of soil skeleton (i.e. volume change of pore space) respectively.
Substituting Equations (11), (18), (22), and (24) (or (25)) into Equation (26), and applying the principle of virtual work as well as the divergence theorem, result in the FE formulation associated with the hydraulic coupling system as 
	
	[bookmark: _Hlk59208419]
	( 29 )


where
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where  and  are matrices containing derivatives of the pore water pressure and temperature shape functions respectively, the matrices with superscripts  and  indicate that they are related to the buoyancy-driven flow and the vapour flow, and  denotes any pore fluid sources or sinks. 
To solve Equation (29), a time marching scheme is adopted here, which assumes that for the time interval , where  denotes the initial time instant and  is the adopted time-step size, the approximation of the integrals over time can be determined as
	
	
	( 46 )
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where  and  represent the initial nodal pore water pressures and temperatures at the given time interval, respectively, and  and  are the time marching parameters for pore water pressure and temperature, respectively. The values of  and  should be between 0.5 and 1.0 to ensure the stability of the time marching process (Booker and Small, 1975). Moreover, the time-step size should be chosen to avoid oscillatory solutions at the initial stage of a transient FE analysis, as detailed by Cui et al. (2016; 2019). Substituting Equations (46) and (47) into Equation (29) yields 
	
	
	( 48 )


where
	
	
	( 49 )

	
	
	( 50 )

	
	
	( 51 )


Heat transfer
The equations governing heat transfer in the soil can be formulated on the basis of the law of energy conservation as
	
	
	( 52 )


where  is the heat content of the soil per unit volume, and  represents the total heat flux per unit volume. For an unsaturated soil,  can be defined as
	
	
	( 53 )


where , , and  are the specific heat capacity of the pore water, vapour, and soil particle respectively,  is the latent heat of vapourisation, and  is the reference temperature. The term in square brackets on the right-hand side of Equation (53) represents the components of energy stored in the soil, proportional to the mass of each phase, while the second term denotes the variation in heat content due to the phase change of the pore water. The total heat flux, , can be written as the sum of those associated with heat diffusion, heat advection due to both pore water flow and vapour flow, and vapourisation, expressed as
	
	
	( 54 )


where  is the matrix of heat conductivity, and  and  are previously defined as the velocity of the pore water and the mass flux of vapour respectively. Substituting Equations (53) and (54) into Equation (52) leads to a formulation similar to the equation governing the hydraulic behaviour (i.e. Equation (10)), given as
	
	

	( 55 )


Substituting Equations (11), (12), (16), (17), (18), (22), (23) and (24) (or (25)) and following a derivation procedure similar to that described previously for the hydraulic formulation, yields the following FE formulation associated with heat transfer in unsaturated soils as
	
	
	( 56 )


where
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Applying the time marching scheme detailed previously for solving the hydraulic formulation, Equation (56) can be further derived as
	
	
	( 64 )


where 
	
	
	( 65 )


 where  and  are the time marching parameters for pore water pressure and temperature, respectively and  represents any heat sources and/or sinks.
Finite element implementation
Assembling Equations (5), (48) and (64) leads to the fully coupled THM FE formulation for unsaturated soils in the incremental matrix form given as
	
	
	[bookmark: _Ref479074183]( 66 )


It is noted that Equation (66) is consistent with the coupled THM formulation for fully saturated soils detailed in Cui et al. (2018) when  is equal to 1 and the terms associated with vapour flow are deactivated. If the hydraulic or thermal coupling system is not active in the analysis, the full THM formulation in the  matrix form can reduce straightforwardly to those for coupled HM, TM or TH problems which are in the   matrix form. For example, Equation (66) can reduce to the coupled HM formulation for unsaturated soils detailed in Smith (2003) and Tsiampousi et al. (2017a) when the effects of both heat transfer and vapour flow are deactivated.
Solution strategies for nonlinear coupled FE formulation
Introduction
[bookmark: _Hlk62402531][bookmark: _Hlk64201693]The governing finite element equation given by Equation (66) is written in incremental form. This is because the terms contributing to the various matrices are dependent on soil properties (i.e. stiffness, strength, permeability, conductivity, etc.) which vary nonlinearly with changes in displacements, , pore water pressure, , and temperature, . The latter represent degrees of freedom (DOF) of the coupled system. The values of soil properties associated with conditions at the beginning of an increment could be used to evaluate the matrices in Equation (66). However, these properties will change during the increment as a result of changes in displacements, pore water pressure and temperature. Unless a very large number of small increments are used, this variation should be accounted for. Hence, the accurate solution of Equation (66) is not straightforward and different solution strategies exist to account for soils’ nonlinear behaviour. For example, for purely mechanical analysis, Potts and Zdravkovic (1999) described and compared the Tangent stiffness, Visco-plastic and Newton-Raphson approaches. In addition, for the Newton-Raphson approach, they also compared the use of the semi-explicit sub-stepping and implicit stress-point algorithms. This work showed that all solution approaches involve approximations and differences in required computational resources, demonstrating that the Newton-Raphson approach was the most appropriate in terms of accuracy and robustness. Consequently, this is the approach adopted here to solve Equation (66). It involves applying incremental changes in displacements, pore water pressure, temperature, loads, water flows and heat fluxes, which form the boundary conditions of the problem under consideration, as indicated in Equation (66). During each increment a series of iterations are performed in which adjustments to the right-hand side of Equation (66) are made to account for the changes in soil behaviour which arise during the increment.
[bookmark: _Hlk62921444]At the beginning of an increment the matrices in Equation (66) are evaluated based on the current conditions (i.e. current stresses, strains, pore water pressure, temperature) and the prescribed incremental changes in the boundary conditions. The equation is then solved to produce the first iteration of estimates of unknown DOFs, . These are then used to obtain two estimates of the changes in soil conditions (i.e. stresses, pore fluid flows, heat fluxes) at each integration point of each finite element. The first estimate utilises the same soil properties (strength, stiffness, permeability, conductivity, etc) used to construct the initial matrices in Equation (66) and are therefore the changes consistent with the solution of Equation (66). However, this does not account for changes in soil properties that may occur during the increment. The second estimate involves integrating the constitutive soil behaviour (which in this context assumes mechanical, permeability, water retention, conductivity, etc. models), accounting for soil properties changing during the increment, over the first iterative solution  obtained from solving Equation (66). The difference between the two estimates is then converted to give nodal quantities and applied as a correction to the right-hand side of Equation (66). Equation (66) is re-solved using the corrected right-hand side, and either the updated matrices forming the left hand side based on the updated soil conditions over the increment (Newton-Raphson), or the same matrices as used in the first iteration (Modified Newton-Raphson). This gives new, second iteration, estimates of unknown DOFs,  . The process of finding a correction to the right-hand side is then repeated and a further iteration is performed. The process is continued until the correction to the right side of Equation (66) becomes small (i.e. less than a user-defined tolerance). 
There is no unique way of performing the above process and it is unlikely that any two pieces of software will carry out the above process in the same manner. Differences will occur in how the iteration procedure is implemented and acceleration algorithms may be employed to speed up convergence. However, the main issue affecting accuracy is how to perform the integration involved in obtaining the second estimate of the change in soil conditions as this cannot be performed analytically and involves further assumptions. These assumptions have a direct impact on the accuracy of the resulting solution.
Nonlinear integration
The authors’ approach for solving the proposed nonlinear coupled THM formulation is to split the integration into three parts, corresponding to the mechanical, hydraulic and thermal behaviour, respectively. This involves considering each row in Equation (66) separately. 
Mechanical right-hand side correction
[bookmark: _Hlk63089134][bookmark: _Hlk63034414]For the mechanical part, corresponding to the top row of Equation (66), a semi-explicit sub-stepping algorithm with error control is adopted. This approach is based on the algorithms proposed by Sloan (1987), Sloan and Booker (1992) and Sloan et al. (2001), and is elaborated by Potts and Zdravkovic (1999). An alternative would be to use an implicit algorithm. The difference between the two approaches is discussed and compared in Potts and Zdravkovic (1999). The integration results in estimates of changes in stress which satisfy the changes in material properties (behaviour) over the increment. The difference between this estimate and the first estimate, based on soil properties consistent with those used in constructing the initial terms in Equation (66), results in a stress correction which, when converted to nodal forces, produces a correction to the top term () of Equation (66).
Hydraulic right-hand side correction
The hydraulic correction involves the second row of terms in Equation (66), which can be rewritten in the following forms derived from Equation (10)
	
	
	( 67 )


or
	
	
	( 68 )


The two estimates of nodal flows required to calculate the correction to the right-hand side term () of Equation (66) involve integration of Equation (68) over the first iterative solution . The first two terms in this equation involve fluid flow (water and vapour) due to hydraulic and temperature gradients. This produces a vector of fluid flow, . The remaining terms relate to fluid storage and produce a scalar quantity, . Both the vector and scalar quantities are calculated at integration points, similar to the evaluation of stresses in the mechanical part. They are then integrated to give nodal fluid flows, , using the following FE formulation
	
	
	( 69 )


The first estimate of the vector of flow and of the storage at each integration point is straightforward and involves substituting the soil behaviour consistent with that used to evaluate Equation (66) and replacing the infinitesimal terms, ,  and , in Equation (68) with the equivalent incremental quantities at each integration point, (note that  can be evaluated from  in a finite element),  and . To be consistent with the time marching scheme used for constructing the matrices in Equation (66) (i.e. Equations (46) and (47)), the changes in the two fluid flow terms over the time-step size of an increment are evaluated by multiplying them with , while the remaining terms related to the storage are multiplied by . This implies that the soil properties remain constant over the increment and results in the following equation 
	
	
	( 70 )


The second estimate requires that the change in soil properties during the increment is accounted for. The authors have attempted two strategies here. The first is evaluated based on Equation (66). To be consistent with the time marching scheme (Equations (46) and (47)) the contribution to the fluid flow vector (i.e. the second term in Equation (67)) is calculated based on estimates of the material properties consistent with the estimated changes  (i.e. at ,  and , where ,  and  correspond to conditions at the beginning of the increment at each integration point). The scalar term is the difference between that resulting from evaluating the associated term (i.e. the first term of Equation (67)) at ,  and , and that resulting from evaluating it at ,  and  multiplied by the time-step size , expressed as
	
	
	( 71 )


It is noted that the denominator of the scalar term is evaluated following the same approach as that used for the time marching scheme. As in the mechanical part, the iterative process continues until the right-hand side correction becomes smaller than a user-defined tolerance. 
As an alternative, the second approach the authors have tried to apply is a sub-stepping scheme, similar to that used to calculate the mechanical right-hand side correction, to evaluate the scalar contribution to the hydraulic correction. This uses more computer resources since it has more evaluation steps and produces results similar to those based on the new approach proposed above, as shown later in the paper.
Thermal RHS correction
The thermal correction involves the third row of terms in Equation (66) and requires calculation of a correction to the right-hand side term (). The authors have adopted a similar approach to that proposed above for the hydraulic correction. This involves using Equations (72)-(76) which are the thermal equivalent of the hydraulic Equations (67)-(71).
As such, the thermal part of Equation (66) can be re-written as
	
	
	( 72 )


or
	

	
	( 73 )


giving the nodal heat flux, , from the following FE formulation
	
	
	( 74 )


The time-marching scheme with a coefficient  is applied in a similar manner to that of the fluid flow in Equation (70)
	
	
	( 75 )


while the scalar term associated with the thermal equation is expressed as
	
	

	( 76 )


Verification and application
	Set-up of simulated experiments
[bookmark: _Hlk60428230]To verify the proposed nonlinear THM finite element formulation and the new algorithm for the hydraulic and thermal right-hand side corrections within a nonlinear solver, ICFEP FE analyses of selected constant-volume hydration experiments on unsaturated compacted FEBEX bentonite, reported by Villar and Gómez-Espina (2009), were performed. The tests were carried out in cylindrical cells made of Teflon, with an inner diameter of 7 cm and an inner height of 40 cm. Teflon was chosen to reduce lateral heat conduction, but the whole cell was contained within a cylindrical split mould made of steel to prevent its deformation induced by bentonite swelling. 
The samples of compacted bentonite were manufactured with an average compaction pressure of 30 MPa, to an initial dry density , which is typical for compacted bentonite blocks used as a buffer material in engineered barrier systems for nuclear waste disposal. Their initial water content, , was 13.7%, suction , degree of saturation , void ratio  and relative humidity . The hydration of bentonite was performed from the top of the samples, by injecting water through the upper lid of the cylindrical cell under a pressure of 1.2 MPa, representing the process of barrier saturation from the surrounding rock in a nuclear waste repository. The Relative Humidity (RH) sensors were placed within samples at three elevations, 0.1m, 0.2m and 0.3m from the sample base, as shown in Fig.1. One experiment of hydration was performed under isothermal conditions and was used here to verify the new hydraulic right-hand side correction in the nonlinear solver. The second experiment was performed under a temperature gradient and was used here to verify both the vapour flow in the proposed THM formulation and the new hydraulic and thermal right-hand side corrections in the nonlinear solver. 
Numerical model of hydration experiments
Fig. 1 shows the FE mesh consisting of 160 8-noded quadrilateral elements, with displacement degrees of freedom at all element nodes and pore water pressure and temperature (for a non-isothermal test simulation) degrees of freedom only at corner nodes. The analyses were axi-symmetric, hence Fig.1 showing only half of the mesh, with the -coordinate direction being the axis of symmetry. As experiments were conducted under constant volume, vertical displacements at nodes on the top and bottom boundary and the horizontal displacements at nodes on the vertical cylindrical boundary were set to zero, as were the horizontal displacements at nodes in the axis of symmetry. In each analysis a constant pore water pressure of 1.2 MPa was prescribed at the top boundary, representing the source of hydration in the experiments, while a zero pore fluid flow boundary condition was applied to all other surfaces, simulating impermeable boundaries. The stress state in the samples was initialised with an isotropic compressive net stress of 1.0 kPa and a suction of 118 MPa. 
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Figure 1 FE mesh for modelling hydration tests on compacted bentonite
Constitutive modelling of compacted FEBEX bentonite
The mechanical behaviour of compacted FEBEX bentonite was simulated with the ICSSM model of Georgiadis et al. (2005) available in ICFEP. The model parameters are summarised in Table 1 and are adopted from the calibration performed by Ghiadistri (2019) and Ghiadistri et al. (2019) for the analysis of the FEBEX in-situ experiment (ENRESA, 2000). 
The soil-water retention (SWR) behaviour was simulated with a van Genuchten type model expressed as:
	
	
	( 77 )


where  represents the suction at the beginning of de-saturation,   is the degree of saturation in the long term (i.e. residual state), and , , and  are fitting parameters. The values of the fitting parameters, as listed in Table 1, were calibrated against experimental data of Villar and Lloret (2004) (see Fig.2). 



Table 1 Material properties for modelling hydration tests on compacted FEBEX bentonite
	Mechanical properties
	Parameters controlling the shape of yield surface, , 
	0.4 , 0.9

	ICSSM
	Parameters controlling the shape of plastic potential surface, , 
	0.4 , 0.9

	(Georgiadis et al., 2005)
	Strength parameters, , 
	0.5

	
	Slope of compression line for saturated conditions, λ(0)
	0.3

	
	Elastic coefficient of soil compressibility, κ
	0.07

	
	Stiffness parameter, r
	0.9

	
	Soil stiffness increase parameter, β
	

	
	Reference stress, pc (kPa)
	50.0

	
	Poisson’s ratio, υ
	0.4

	
	Specific volume at 1 kPa, v
	3.747

	
	Atmosphere pressure, patm (kPa)
	101.0

	
	Air-entry value of suction, 
	1000.0

	
	Compressibility coefficient for changes due to suction λs
	0.5

	
	Elastic compressibility coefficient for changes due to suction, κsat
	0.05

	Hydraulic properties
	Saturated permeability,  (m/s)
	

	
	Ratio of saturated permeability over permeability in the long term, 
	3.0

	
	Equivalent matric suctions at which permeability starts to change,  (kPa)
	5000

	
	Equivalent matric suctions at which permeability  completes its change,  (kPa)
	50000

	
	Compressibility of water,  (kPa)
	

	Thermal properties
	Linear thermal expansion coefficient of soil skeleton, (m/(m K))
	

	
	Linear thermal expansion coefficient of water, (m/(m K))
	

	
	Initial density of water, (kg/m3)
	1000

	
	Initial density of soil particles, (kg/m3)
	2700

	
	Specific heat capacity of water, (kJ/(kg K))
	4.2

	
	Specific heat capacity of soil particles, (kJ/(kg K))
	1.0

	
	Thermal conductivity,  (kJ/(s m K))
	

	Vapour diffusion
	Diffusion coefficient of vapour mass flow, D (m/s)
	

	
	Specific gas constant for pore water,  ((kg m2)/(K mol s2))
	8.314

	
	Molar mass of pore water,  (kg/mol)
	0.018

	
	Tortuosity factor, 
	1.0

	
	Fitting parameter, 
	1.0

	
	Saturated vapour density, 
	Equation (20)

	
	Thermal enhanced parameter, 
	2.0 and 5.0

	SWRC model
	Fitting parameter, 
	

	
	Fitting parameter, 
	0.18

	
	Fitting parameter, 
	1.22

	
	Degree of saturation in long term, 
	0.01



A variable permeability model available in ICFEP was adopted in this study, expressed as
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where , , and  are the values of permeability at the current state, at the fully saturated state and in the long term respectively;  and  are the equivalent matric suctions at which permeability starts to change (from ) and at which permeability completes its change (), respectively; and  is the current matric suction corresponding to . Model parameters are summarised in Table 1 and the resulting variation of permeability is shown in Fig.3.
[image: ]
Figure 2 Modelled and measured soil-water retention curve of bentonite
[image: ]
Figure 3 Permeability model adopted in simulations
Simulation of the isothermal hydration test
The isothermal test was analysed to verify the proposed coupled hydro-mechanical (HM) FE formulation for unsaturated soils. The analyses input was elaborated in the previous sections. Additionally, the time-step size was chosen as , and  was used for the time-marching scheme. Two analyses were performed with the Modified New-Raphson scheme, in which the two nonlinear solution approaches introduced above were employed (i.e. the new approach and the semi-explicit sub-stepping algorithm) to evaluate the second estimate of the change in fluid flow for determining the iterative hydraulic right-hand side corrections. It is noted that in both analyses the semi-explicit sub-stepping algorithm was used for the right-hand side corrections associated with the mechanical constitutive behaviour. 
[image: ]
Figure 4 Measured and predicted evolution of relative humidity; isothermal hydration test on compacted FEBEX bentonite (experimental data after Villar and Gómez-Espina, 2009)

Fig. 4 shows evolution of the relative humidity (RH) with time measured at three elevations in the sample (see Fig. 1), together with predictions from the two analyses introduces above. The experimental data indicate a more rapid hydration recorded by the top RH sensor (at  m), as it is closer to the wetting boundary. Conversely, the bottom RH sensor (at  m) has the most delayed reaction, being the furthest from the wetting boundary. In the long term the three measurements become closer, but the sample is not fully homogenised even after 30000 h (~3.5 years) of hydration. The two numerical predictions follow closely the measured evolution of relative humidity within the sample, verifying the proposed coupled HM formulation for unsaturated soils. Additionally, the two predictions are almost identical, with the relative difference between them being less than 0.2%, indicating that the new solution approach proposed in this study is robust and accurate in dealing with the nonlinear variation in the hydraulic part of the soil behaviour. 
	Simulation of the non-isothermal hydration test
To demonstrate the performance of the proposed numerical facilities in modelling the coupled THM behaviour of unsaturated soils, FE analysis of a non-isothermal hydration test, reported by Villar and Gómez-Espina (2009), on the same compacted FEBEX bentonite characterised above, was carried out, adopting only the new approach for hydraulic and thermal right-hand side correction. In this test, the bottom surface of the bentonite sample was subjected to a constant elevated temperature of 100°C, while its top surface was maintained at room temperature of  C, by circulating water over the top lid of the cell. This temperature gradient resulted in vapour diffusion from the bottom to the top of the sample. The hydration process started after 65 hours of heating, when the soil temperature reached a steady state. This was done in the same manner as in the previous isothermal test, by injecting water at the top surface of the sample, at the same pressure of 1.2 MPa. Variations in both temperature and relative humidity were measured at the same three elevations in the sample, i.e. z=0.1m, 0.2m and 0.3m (see Fig. 1). 
The same FE mesh and initial conditions, as well as HM boundary conditions and constitutive behaviour (as summarised in Table 1) applied in the isothermal test simulations were adopted here, with the following additions:
Constitutive behaviour: Material properties related to the adopted models accounting for vapour diffusion (as defined in Equations (20)-(22)) and for heat transfer (as defined in Equation (55)) are added to Table 1. The temperature effect on the SWR model (i.e.  in Equation (17)) was neglected here as data in Fig. 2 are sparse, without a conclusive indication of the temperature effect. 
Thermal boundary conditions: Throughout the analyses constant temperature boundary conditions of 100°C and 22°C were prescribed at the bottom and top sample boundary, respectively, to reproduce the applied temperature gradient, while a convection boundary condition was prescribed at the circumferential vertical boundary of the sample to simulate the heat losses to the surrounding environment. This is a nonlinear boundary condition formulated based on the Newton’s law of cooling as (Martinez Calonge et al., 2015)
	
	
	( 79 )


where  is the exchange heat flux between the soil sample and the surrounding environment,  is temperature of the soil body at the boundary which may vary during the analysis,  is the temperature of the surrounding environment (i.e. ambient temperature), and  is referred to as the convective heat transfer coefficient. In this study,  and  were adopted. 
Hydraulic boundary conditions: As the start of hydration from the top sample boundary was delayed by 65 hours, all sample boundaries were prescribed as impermeable (i.e. zero fluid flow) during this period. The pore pressure boundary condition of 1.2 MPa at the top surface was prescribed for the subsequent hydration process in the remainder of the analysis.
Initial conditions: The temperature of the sample was initialised at .
The time-step size was chosen as  for the first 100 increments to capture the transient heat transfer in the sample, and was increased gradually for the remaining increments in order to simulate the long term variation in relative humidity due to both vapour diffusion and sample hydration. 
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Figure 5 Measured and predicted temperature evolution; non-isothermal hydration test on compacted FEBEX bentonite (experimental data after Villar and Gómez-Espina, 2009)
Temperature measurements in Fig. 5 indicate that a stable temperature field in the sample was established very early in the test, within first 30 h. The numerical model, with the applied nonlinear thermal boundary conditions, is shown to be capable of reproducing adequately the evolution of the temperature field. 
The evolution of relative humidity along the sample height is shown in Figs. 6. The measurements indicate that at the position close to the heater (z=0.1m), the soil was initially rapidly hydrated due to the vapourisation occurring at the bottom surface of the sample, with vapour diffusion contributing to the increase in RH at the beginning of the test. As vapour flowed further upwards due to the temperature gradient, the soil was dried, and, as a consequence, the RH at this locality decreased after an initial peak was reached and stabilised at a lower value than initial in the long term. At the upper part of the sample, which is further away from the heater (at z=03 m, Fig.1), the effect of external hydration from the top boundary on the evolution of RH was much more significant than that of the vapour diffusion from the bottom boundary, and the relative humidity kept increasing monotonically throughout the test. Similar evolution is measured in the middle of the sample (at z=0.2 m), indicating that the effect of vapour diffusion is likely to be very local to the heated boundary. The numerical predictions in Fig. 6 have broadly captured the observed mechanisms at all three locations in the sample. The analysis, however, highlighted the uncertainties in the selection of the parameter  in Equation (22), which governs the estimate of vapour flow induced by the temperature gradient. This parameter does not have a clear experimental characterisation and it is therefore difficult to evaluate it. A constant value of  gives an accurate prediction of the peak RH in the lower part of the sample (at  m), but overestimates its evolution in the long term. Increasing this value to 5 overestimates the peak, but reproduces better the long term. This parameter has marginal effect in the prediction of RH evolution in the top part of the sample ( m), as it is not dominated by vapour flow and agrees well with the measured RH evolution. Similar problems were reported by other researchers (e.g. Vardon, 2009; Abed and Solowski, 2017), who suggested modifying their permeability model as a way of improving accuracy. This suggestion was not implemented in this work as more experimental evidence is required to verify the mechanisms implied by such modification.
[image: ]
Figure 6 Measured and predicted evolution of relative humidity; non-isothermal hydration test on compacted FEBEX bentonite (experimental data after Villar and Gómez-Espina, 2009)

Conclusions
This paper presents the development of a coupled THM FE formulation for unsaturated soils and its associated nonlinear solution strategy, which have been successfully implemented into the FE software ICFEP. The key conclusions can be summarised as follows:
(1) The proposed FE formulation can take account of vapour diffusion and density variation, which are inherent to unsaturated soils. The flexibility of this development is such that the THM formulation for unsaturated soils can straightforwardly reduce to that for saturated soils if , and to HM formulation for unsaturated soils if temperature degrees of freedom are deactivated. 
(2) To solve a nonlinear coupled THM FE system of equations associated with unsaturated soils, within the Newton-Raphson scheme, determination of the right-hand side error corrections was split into three parts, each corresponding to the mechanical, hydraulic and thermal behaviour of unsaturated soils, respectively. The semi-explicit sub-stepping algorithm with error control (Sloan, 1987; Sloan and Booker, 1992; Sloan et al., 2001) was adopted for corrections related to the nonlinear mechanical constitutive behaviour of the soil, while a new approach was proposed for the hydraulic and thermal corrections.
(3) The new approach for a nonlinear solver was shown to be as accurate as the well-established semi-explicit sub-stepping algorithm when modelling a boundary value problem with unsaturated soils, but computationally less demanding. 
(4) The performance of the proposed numerical facilities was elaborated in the simulations of laboratory experiments performed on an unsaturated compacted bentonite, demonstrating satisfactory agreement between numerical predictions and experimental data. 
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