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Abstract 

This thesis will present a Bayesian approach to the analysis of contingency 

tables. A major part of this thesis will consider the analysis, under a loglinear 

framework, of ordinal variables in two-way cross-classification tables, including 

special cases of triangle and square tables. The extension to three-way cross- 

classification tables will be illustrated under a logit framework. The remainder 

of the thesis will consider nonignorable nonresponse models, whether a response 

is recorded or not, depends on the level of the outcome category. In each case, 

an example from the literature will be reanalysed. 

Our motivation will be in the consideration of the shape of the marginal (or 

bivariate) densities and summary measures for parameters of interest, simulated 

from the full posterior density by implementing Markov chain Monte Carlo tech- 

niques. 

A major objective of this thesis will be to consider model checking, based on 

prediction, both locally for individual cells and globally for the whole contingency 

table. For each example considered, we will present a local and global diagnostic 

methodology for measuring the discrepancy between the cell frequencies and the 

predictive density, when comparing the adequacy of (potentially) several possible 

entertained models. This will allow us to determine a Bayesian p-value, directly 

from suitable discrepancy measures. 
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CHAPTER 1 

Introduction 

The thesis will consider the analysis of cross-classification (contingency) tables 

in a Bayesian framework. We shall be concerned primarily with the case of two 

variables measured on an "ordinal" scale, consisting of a collection of naturally 

ordered categories (for example, social class may be measured as "upper", "mid- 

dle" or "lower"). We will also consider cases where one variable is measured on 

an ordinal scale and the other on a "nominal" scale, (qualitative, with no natural 

ordering). 

For contingency tables with two ordinal variables, Agresti (1984) noted that the 

standard "loglinear" (nominal) models, which typically take the form of a linear 

model for the logarithm of the expected cell frequency, are either too simple 

(e. g. complete independence) or too complicated (e. g. an interaction parameter 

present for each combination of the two variables), to be considered sensible for 

ordinal variables. In general, ordinal models offer the possibility of a simpler 

interpretation than the corresponding nominal models, by including parameters 

which model the category ordering. 

Agresti (1984) considered maximum likelihood estimation techniques for log- 

linear models in a two-way contingency table, where we have at least one ordinal 

19 
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variable. Leonard (1975) proposed a Bayesian modelling approach by introducing 

a prior distribution and then proceeded to obtain posterior modal estimates. One 

of the main features of this thesis will be a move away from modal estimation to 

a full exploration and description of the posterior distribution. 

Until fairly recently, the joint posterior distributions arising in contingency ta- 

ble analysis have been regarded as numerically intractable. However, Markov 

chain Monte Carlo methods such as the Gibbs sampler, introduced by Geman 

and Geman (1984), allow realisations from the joint posterior distribution to be 

simulated, thus providing a convenient basis for inference summaries. We will 

consider Bayesian approaches for both loglinear and "logit" or log-odds models. 

Preliminary results were presented by Brink and Smith (1996) at the "11th In- 

ternational Workshop on Statistical Modelling", since then we have extended the 

methodology to other special cases of contingency tables. 

In particular, we will consider the loglinear analysis of square contingency ta- 

bles, where the same variable is measured for both members of a matched pair, 

resulting in the classifications in the table having the same categories for both 

rows and columns. Interest in square tables centres on the possibility of the cell 

probabilities forming a symmetry pattern relative to the main diagonal. We will 

include the symmetry in our Bayesian methodology by adding appropriate sym- 

metry parameters, with additional prior structure, and implementing a suitable 

Gibbs sampler. 

The final part of the thesis will investigate "nonresponse" tables, where a cell 

frequency may only be available for one of the two possible category variables 

forming a marginal table. If a respondent fails to reply to a question, typically 

because of the nature of the question being asked, the mechanism of data collec- 

tion is considered "nonignorable". A Bayesian approach to this particular type 

of table was adopted by Park and Brown (1994), who included an additional 

response indicator variable in the loglinear model to determine whether we ob- 

tain a response or nonresponse. The parameter of interest is then the association 
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between the response indicator variable and the outcome variable of interest. 

We shall consider a Bayesian simulation approach, implementing the posterior 

computation using the Metropolis-Hastings algorithm (Metropolis et al. 1953). 

For each particular type of contingency table discussed above, the Bayesian 

methodology will be applied to examples previously analysed in the literature. 

From an estimation perspective, we will compare posterior means and variances 

with the previous maximum likelihood or Bayesian modal posterior estimates. 

In addition, our simulation methodology permits the calculation of a range of 

posterior percentiles, allowing us to consider intervals of high posterior density. 

We can also easily obtain full inference summaries for any function of the model 

parameters of interest. 

The important problem of choosing among models for a given table will be 

addressed using the methodology of Gelfand, Dey and Chang (1992). We obtain 

realisations from predictive distributions conditional on a particular model and 

then consider model adequacy using both local and global measures of discrep- 

ancy. 

1.1 Structure of Thesis 

In Chapter 2, we review the classical methodology for obtaining maximum likeli- 

hood estimates under a loglinear model framework for a contingency table with 

two variables, where at least one of the variables is ordinal. The Bayesian ap- 

proach is then introduced. Markov chain Monte Carlo methods for posterior 

computation, including the Gibbs sampler and Metropolis-Hastings algorithm, 

are briefly reviewed along with prediction based model comparison methodology. 

Chapter 3 provides detailed discussion of the choice of prior distributions, ex- 

tending the formulation of Agresti and Chuang (1989) by considering additional 

prior structure. The conditional distributions required for the Gibbs sampler 
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are identified and the methodology then generalised to more complicated ordinal 
loglinear models and an alternative prior distribution. 

In Chapter 4, we apply our methodology to examples concerning "mental health 

status" and "severity of disturbed dreams", which were previously analysed in 

the literature by Agresti and Chuang (1989), using maximum likelihood and 

empirical Bayes methodologies. We also reanalyse the triangular table considered 

by Bishop, Fienberg and Holland (1975), and McDonald and Smith (1995) on 

"disability of stroke patients". 

Chapter 5 considers the logit model. By paralleling the methodology for the 

loglinear model we will be able to consider examples previously analysed by 

Agresti (1984) on "political ideology", "coronary heart disease" and "dumping 

severity" (an undesirable side-effect of a duodenal ulcer operation). 

In Chapter 6, we consider the analysis of square tables, and provide illustrative 

analysis by considering classical data on the "occupational status of British father- 

son pairs". We compare maximum likelihood, empirical Bayes and our Bayesian 

methodology for several possible models, exploiting the symmetry structure in 

the two-way contingency table. 

Chapter 7 considers the problem of nonignorable nonresponse for nominal vari- 

ables. We extend the Bayesian methodology of Park and Brown (1994) and illus- 

trate with examples previously analysed by Park and Brown (1994), Baker and 

Laird (1988), and Little (1985) on "obesity status", "Roper pre-election polls" 

and "employment status", respectively. 

In Chapter 8, we present our overall conclusions for the thesis and discuss the 

insight provided by our methodology. 

Finally, the appendices provide further details of methodology referred to in 

the main Chapters of the thesis. 



CHAPTER 2 

Methodology for Two-way Contingency Tables 

We will reproduce the notation and methodology of Agresti (1984) and Good- 

man (1979c) for the two-way contingency table, first for both variables nominal, 

then for the case of at least one ordinal variable. We extend the Bayesian approach 

of Agresti and Chuang (1989), by implementing the Markov chain Monte Carlo 

(MCMC) methodology for posterior computation. Convergence of the MCMC 

methodology will be considered and methods for generating realisations from pre- 

dictive distributions will be illustrated. We then consider techniques presented 

by Gelfand, Dey and Chang (1992) for assessing model adequacy. 

2.1 Loglinear models 

We begin by reviewing the notation and basic classical analysis of a cross classi- 

fication table which assumes that both variables are nominal. We then consider 

models which include the possibility of incorporating the ordinal nature of the 

variables. 

23 



CHAPTER 2. Methodology for Two-way Contingency Tables 24 

2.1.1 Notation 

In the thesis we will follow the notation of Agresti (1984). We let n; j denote the 

cell frequency in row i and column j of a two-way contingency table, with r rows 

and c columns. Let n=1 >j- n; j be equal to the sample size and pi, j denote 

the proportion of the total sample falling in cell {i, j}, where pi, j = n;, j/n. 

The corresponding "expected frequency" of an observation being in cell {i, j} is 

given by m; j = n7r;, J, where 7r;, ß is the joint probability, with >1 E'=1 zri, j = 1. 

On summing the lr j over the rows or columns, denoted by a +, we obtain the 

row or column marginal probabilities 7r;, + and 1r+, j, respectively. The conditional 

probability, for column j conditional on row i, is given by rj() = lri, J/lri, +, where 

ýj-1 7ri(i) = 1. 

The notation for the joint, conditional, and marginal probabilities is summa- 

rized in table 2.1 for a2x2 table. 

Table 2.1: Notation for the Joint, Conditional and Marginal Probabilities in a Two-way Con- 

tingency Table. 

source: Agresti (1984, p. 8). 

Row Column Total 
1 2 

1 71,1 lr1,2 7r1, + 

71(i)) (7r2(1)) (1.0) 
2 7f2,1 1r2,2 X2, + 

lri(2)) ( 7r2(2) (1.0) 
Total 7r+, l 7r+, 2 1.0 

2.1.2 Multinomial and Poisson Sampling 

The basic distribution for a random sample of cell frequencies n; j, in a rc cross- 

classification table with fixed sample size n and known cell probabilities 7r;, J, is 
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the multinomial distribution with probability function 

n. rcn; 
j P(n) =rcý II lrij ýi=111j=1 ni, j' i=1 j_1 

where we will write p() to denote the probability function and n to denote the 

set {nt, 3}. The sampling scheme is referred to as full multinomial sampling. The 

multinomial model is a method for generating cell frequencies from a fixed sample 

size conditional on the cell probabilities. 

Alternatively, if the cell frequencies in the i th row are an independent ran- 

dom sample classified according to the column variable, with sample size ni, + and 

known response probabilities 1r(; ), then the i th row has a multinomial distribu- 

tion. Assuming the cell frequencies from different rows are independent, then the 

product of these r rows has an independent (or product) multinomial sampling 

scheme, with probability function 

P(ni) = 
ns'+ II Rý(_) ,i=1, ... ,r ýJ 

1 n$, 3 " j=1 

For a Poisson process, the cell frequencies n=j are taken to be independent 

Poisson random variables, with expected value m;, j and probability function 

g-'n1" mni, i 

P(nt, j)= n fit'' I i=1, r, j=1, . c. 

The product of the Poisson random variables over the rc cells gives the proba- 

bility function for the re cross-classification table. Bishop, Fienberg and Holland 

(1975) showed that by conditioning on the total sample size n, they obtained 

cell frequencies from the full multinomial sampling scheme. Alternatively, con- 

ditioning on the marginal totals in one margin yields independent multinomial 

sampling. 

The process generating the data is assumed to follow either a full or product 

multinomial model depending on whether we are interested in modelling the 

outcome of interest for a fixed sample size or the number of cell frequencies is 

considered fixed for each combination of explanatory variables. 
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Full multinomial sampling is preferred to the Poisson process as we are not 
interested in making inference for the sample size. This allows a simpler model, 
less variability in the sampling process, i. e. smaller asymptotic standard errors. 
There is even less variability when considering a product multinomial sampling 

scheme, with fixed margins for the explanatory variables and no inference possible 
for the interaction between the explanatory variables. This is not a problem as 
the investigation will usually be directed a priori towards the model of conditional 
independence at each level of the explanatory variables. 

The underlying multinomial model is realistic as the underlying data is discrete 

and we shall only consider variables measured on nominal or ordinal scales. An 

alternative logistic regression analysis would consider each ordinal variable to 

represent an underlying continuous distribution, which has been discretised in 

the examples to be presented. However, to illustrate the new methodology we 

choose to consider the simpler multinomial distribution. 

Previous Bayesian analysis (Albert and Gupta 1983) have considered exchange- 

ability of the cell probabilities, with a corresponding Dirichlet prior, when consid- 

ering only nominal variables. However, due to the ordinal nature of the categories 

modelling the association parameter, we shall consider exchangeability of the as- 

sociation and marginal parameters separately, by considering normal and gamma 

priors, respectively. 

2.1.3 Independence and Saturated Loglinear Models 

The two cross-classified variables are independent if ir;, j = 7ri, +7r+, j, for all i= 

1, ... , r, j=1, ... , c, or equivalently if m; j =n 7r;, +7r+, j. On a logarithmic scale, 

independence is equivalent to 

logmij = Ao +aX +. ýý ,i=1,..., r, j=1,..., c, 

the "loglinear model" for independence in a two-way contingency table. The 

parameters {AX }, JAY} correspond to row effect and column effect parameters. 1 .7 
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There are (r -1), (c-1) linearly independent {) 
f 

}, { 
. \}, respectively. We shall 

follow Agresti (1984) in choosing the constraints to be of the form 

rc 

i=1 j=1 

so that {)X} and {. JY} are deviations from an overall mean. The parameter AO 

represents the overall mean level and we note that m+, + = n. The independence 

model is realistic if the underlying data can be adequately represented by the 

marginal probabilities. 

The saturated model corresponds to m;, 1 = n;, j. Agresti (1984, p. 25) showed 

this is equivalent to 

log mi, i = . Ao + A-fy + Aý + )t ij , 

for i=1, ..., r, j=1, ..., c, where Aij is an "association parameter" that reflects 

for cell {i, j} the departure from the independence model. There are (r - 1)(c- 1) 

linearly independent {Ajj}, therefore we require r+c-1 constraints. We will 

follow Agresti (1984) and work with the constraints 

rc 
E\; j = 01 j=1,..., c, Ea;, j = 0, i=1,..., r. 
i=1 j=1 

2.1.4 Goodness-of-fit Statistics 

Under the assumption of independence in full multinomial sampling, the Maxi- 

mum Likelihood Estimate (MLE) of the cell probabilities is given by the product 

of the marginal row {pi, +}, and marginal column observed proportions {p+, a} 

ni, +n+, i 
ri,. l = iii, +P+, 9 = 

n2 

The corresponding expected frequencies are equal to 

ni, +n+, j m=,. 9 = n7fs, 9 = 
n 

which provides the simplest model form for a two-way contingency table. At the 

other end of the scale is the saturated model. 
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The most familiar test statistic for the hypothesis of independence in a two-way 

contingency table is the classical chi-squared statistic 

x2 = 
(mij - ni, )2 

i=l j=l 891 

Alternatively, the likelihood-ratio approach (see for example Lindgren 1976, p. 437) 

leads to the statistic 
rc 

G2=2n lo iýý 1; 
; _i j=1 m+, 3 

When the hypothesis of independence is true, both X2 and G2 have asymptotic 

(as n -* oo) x2 distributions with degrees of freedom, df = (r - 1)(c - 1). Both 

test statistics are asymptotically equivalent, as n -º oo. 

For the x2 approximation to be reasonable, Cochran (1954) suggested the ex- 

pected frequencies are greater than five for 80 % of the cells and greater than 1 in 

all the cells. In order to satisfy this criterion, typically researchers either combine 

categories or consider exact tests using a hypergeometric sampling distribution 

for cell frequencies, which considers the marginal totals as given. The hyperge- 

ometric sampling scheme will not be considered in the thesis and is normally of 

interest when considering whether repeated sampling with replacement of the cell 

frequencies can be adequately modelled by this sampling scheme. 

More importantly, for the examples we wish to consider, the expected cell 

frequencies for the independence model in a multinomial sampling scheme depend 

on the values for the marginal totals but not on the ordering, with X2 and G' 

tests being invariant to permutations of rows and columns. Therefore, the tests 

treat all variables as nominal when considering the hypothesis of independence, 

even if the variables are ordinal. 

For comparing the fit of model 2 nested in model 1, where model 2 is a simpler 

model than model 1, Agresti (1984) and Goodman (1979c) obtained the MLEs 

of the expected frequencies and the respective G2 statistics, G2[(2)] and G2[(1)]. 

Then taking 

G2[(2)I(1)1 = G2[(2)] - G2[(1)] 
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to be a measure of the distance of the best fit of model 2, from the best fit of 

model 1. If model 1 truly holds, then G2[(1)] has an asymptotic Xz distribution 

with df = dfl; if model 2 also holds, then G2[(2)] has an asymptotic X2 distri- 

bution with df = df2. Bishop, Fienberg and Holland (1975, p. 525) showed that 

the difference G2[(2)1(1)] has an asymptotic x2 distribution with df = df2 - dfl. 

Agresti (1984), Bishop, Fienberg and Holland (1975), Everitt (1977), Fienberg 

(1980) and Haberman (1978,1979) all use the result to test the adequacy of the 

simpler model 2, under the assumption that model 1 holds. 

One feature of the thesis will be the exploitation of simulation methodology to 

provide a more operational, less asymptotic basis for model comparison based on 

predictive calculations. 

If the independence model provides a poor fit, then we need to consider the 

nature of the association between the rows and columns. One possible measure 

of the association in a two-way contingency table is the odds ratio, which we now 

review. 

2.1.5 Odds Ratio 

For the 2x2 cross-classification table, the odds that the response is in column 2, 

rather than in column 1, for row 1 is defined by 

7r1,2 

71,1 

similarly for row 2, f22 = 7"2,2/7r2,1- 

We define the "odds ratio" to be the ratio of these odds, 
f)2 7rl. 17r2,2 
SL1 7,2721 

and we can rewrite S2; as Er2(; )/7rl(; ), so that the odds ratio becomes 

0_ 
7r2(2)/7r1(2) 

7r2(1)/7r1(l) 
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The variables are independent, if and only if Ill = ft2, i. e. an odds ratio of 
0=1. 

For an rxc contingency table, there are a minimal set of (r - 1) x (c - 1) 

odds ratios which determine all possible (s) pairs of rows, in combination with 

all possible (z) pairs of columns. Agresti (1984, p. 18) considered several possible 

odds ratios to measure the association. We shall focus attention on the following 

adjacent rows and adjacent columns odds ratios 

DiJ = 

(7 7ri, j7ri l-l, j+l 

i, j+17i}l, j 

2.2 Ordinal Loglinear Models 

We now consider the case where both category variables are ordinal. Agresti 

(1984, p. 138,1990, p. 294) discussed the assignment of "scores" for the categories 

of the ordinal variable. The scores are normally chosen by the investigator to be 

integer spaced under the assumption that the statistical tests to be performed 

are sufficiently robust to this arbitrary choice of scores. 

However, Snell (1964) noted that integer scores may produce skew distributions 

because of a large number of cell observations towards one end of the rating scale. 

Instead, Snell (1964) proceeded to consider a scaling procedure, which assumed 

the existence of an underlying continuous distribution, in order to determine ap- 

proximate maximum likelihood estimates for the category boundaries. The scores 

are then determined from the mid-points of the category boundaries, although 

caution is required when there arc relatively few observations in two adjacent 

categories. 

The methodology of Snell (1964) for assigning scores is only one potential 

method. Graubard and Korn (1987) obtained different results from different 

scoring systems which leaves open "the potential abuse of choosing scores that 

will produce a desired result". 
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Agresti (1984, p. 138) discussed the disadvantages of fixed scores when no ob- 

vious choice of scores exist and parameter estimates and statistical tests depend 

on the particular choice of scores. This suggests considering the scores as un- 

known parameters to be determined by the model fitting procedure. However, 

the model becomes less parsimonious, is no longer loglinear and the resulting 

ML estimates for the scores need not be monotonic, although Ritov and Gilula 

(1991) obtained asymptotic estimates for the order restricted scores which follow 

the ordinal nature of the categories. 

For comparison, we shall consider both fixed scores and monotonic scores for 

some of the examples to be presented. For these examples it will turn out that the 

Bayesian methodology leads to identical inferences in both cases. This could be 

considered grounds for cautious optimism about the robustness of our arbitrary 

choice of fixed scores in the remaining examples. However, a thorough analysis 

would seem to require checking on a case by case basis. 

To incorporate the scores into an ordinal model which is more complicated than 

the independence model, while still being more parsimonious than the saturated 

model, Goodman (1979c) considered structuring the local odds ratio 

©iJ=©i,. O.,. i i=1,..., r-1, j=1,..., c-1, 

in defining the row-column effects association (RC) model. The Of,, and Oj can 
be found by writing the expected frequencies in the following logarithmic form 

logmi, j = )to+A +)J +ß(pt-µ)(v5 - v), i=1,..., r, j=1,..., c, (2.2) 

where Q is a scale parameter, {µ=} and {v2} are unknown score parameters, 

µ=T Lj and v= 3v i. For identifiability, we shall choose constraints 

Ec 1 vi =0 and Zjr, 1 yj vJ2 = 1. On substituting Eq. (2.2) into 

Eq. (2.1), where m;, 3 = n7rij, the local odds ratio becomes 

O+, i = exp(ß(, ui+i - pi)(v. i+i - vj)) = Oi, 
"B", i (2.3) 

for i=1,..., r- 1 and j=1,..., c- 1. 
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2.2.1 Uniform Association Model 

To simplify the model and reduce the number of unknown parameters, the scores 

may be chosen to reflect assumed distances between midpoints of categories for 

an underlying scale. If no natural scores present themselves, Agresti (1984) con- 

sidered fixed integer spaced scores 

U2-Ul = U3-u2 =""=u,. -u,. -1 =1 and v2-v1 = v3-v2 ="""= VC-VC-1 = 1, 

to obtain Goodman's (1979c) uniform association (U) model, where on placing 

the fixed integer spaced scores {u=} and {vj} for {j j} and {vj}, respectively, in 

Eq. (2.3) we obtain Oj= eQ = 0.1 This allows the simplest interpretation of 0 

as the local log odds ratio. Agresti (1984) then suggested choosing the integer 

scores {ui = i} and {vj = j}, in order to reflect the category ordering. 

However, we will find it convenient to use the scoring of Agresti and Chuang 

(1989) {u; +1 - u; = 1}, {vj+l - vj = 1}, Ei , u= = 0, and >j=1 vj = 0. This 

choice of constraints gives scores located around zero, while providing the same 

value for the local odds ratio in Eq. (2.3). 

Haberman (1974) obtained parameter estimates by solving a more general ordi- 

nal loglinear model, although for the uniform association model Haberman (1974) 

obtained the same maximum likelihood equations as Agresti (1984, p. 79) 

mi, + = ni, +, 

m+, j = n+, j, .7=1,..., c, 

mijuivj = !: 
E 

ni,. i uivj " 
(2.4) 

i=1 j=1 i=1 j=1 

Parameter estimation is possible by using the iterative proportional fitting method 

presented by Goodman (1979c) and Agresti (1984, appendix B), which is repro- 

duced for this thesis in appendix A. 1. 

'Following Agresti (1984), in the notation we will use u;, v� to denote fixed scores and pi, 

vj, to denote unknown scores. 
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The uniform association model has appeared on numerous occasions in the 

recent literature and is included in the textbooks on ordinal variables by Agresti 

(1984,1990), Anderson (1990), Christensen (1990) and Goodman (1984). 

2.2.2 Row Effects Model 

For a two-way contingency table with a nominal row variable and an ordinal 

column variable assigning row scores would be inappropriate. Agresti (1983a, 

1984,1990) suggested the following loglinear model 

log mt, 5 = )o + AX + aj + -rt(vj - v) , 
(2.5) 

where 1 aX = Zß_1 Aý _1 Tt =0 and v=r >jc=1 v3. The {vi} are known 

constants, we shall consider vj+l - vj = 1, for c-1 and >jc=1 vv = 0. 

The fr i} are unknown parameters and are known as row effects, with Agresti 

(1984, p. 84) noting that within a particular row the deviation of log m;, j from 

independence is a linear function of the ordinal variable, with slope Ti. 

The model is equivalent to Goodman's (1979c) row effects (R) model, with 

{O = 9;,, = eTi+l'TI }, as confirmed by substituting Eq. (2.5) into Eq. (2.1). 

Agresti (1984, p. 86) obtained the following likelihood equations 

mi, + = ni, +, 

m+. j = n+, j, j=1,..., c, 

Em;, jvj = Eni, jvj, (2.6) 
j=1 j=1 

Parameter estimation is possible by using the iterative proportional fitting method 

presented by Goodman (1979c) and Agresti (1984, appendix B), which is repro- 

duced for this thesis in appendix A. 1.1. An example with a nominal row variable 

and an ordinal column variable will be considered in section 5. 

Goodman's (1979c) column effects (C) model, with {9t, ß =O .j= 
is 

defined by Eq. (2.5) after replacing r (vj - v) by r3(ui - z. i) in the notation, with 

the appropriate constraints for {u; } and {T3}. 
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2.2.3 Row-Column Effects Model 

We will now consider unknown row and column score parameters for the RC 

model in Eq. (2.2). Goodman (1979c) provided an iterative procedure for finding 

the maximum likelihood estimates from the following likelihood equations 

mi, + 

m+, j 

m,, jvj 
j=1 

7hijyj 

i=1,..., r, = ni, +, 

= n+, j, j=1,..., c, 

_ ntij vi 

tni, 
j, zi, _ 

t-i 

which we reproduce in appendix A. 1.2. 

i =1 1 

j=1,..., c, (2.7) 

Goodman (1981a, 1981b) considered an alternative set of location and scale 

constraints for unknown scores {µ; } and {vj} 

rnti, + 
_E Vim+. 

j 
_0E fly 

mi. + 
_E v2 

rn+J 
=1 

i=1 n j=1 n i=1 n j=1 n 

in the RC model. Suppose random variables X, Y have a joint bivariate nor- 

mal distribution, which is discretised to form a cross-classification table (with 

the row and column scores pertaining to the corresponding levels of X and Y, 

respectively). Then the {jtj} and {vu} will be approximately equal to the corre- 

sponding row and column canonical scores {xi} and {yj} and the logarithm of 

the odds ß= p/(1 - p2), where p is the correlation parameter. These estimated 

scores indicate a tentative ordering of the categories, with a possible interchange 

of the categories to obtain monotonic scores, may still give a reasonable fit. 

These constraints and canonical scores will not be considered in this thesis. 

For further comparisons between association models and canonical correlation or 

correspondence analysis, see Douglas and Fienberg (1990), Gilula and Haberman 

(1986), Goodman (1985,1986) or Ritov and Gilula (1993). 
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2.2.4 Row-Column Effects Model with Monotonic Scores 

For ease of interpretation, Agresti and Chuang (1985) restricted the scores to be 

monotonic 

1 =µi <z <... <µ; 
-1: 

stir=rand 1=v1 <v'z <""" <v/_1 <vý=c. 

Agresti (1984, p. 140) noted monotonicity in the scores indicates that all local 

associations have the same sign. 2 This implies that the scores have the same 

or the reverse monotonic ordering as the categories. Lack of monotonicity in 

the scores indicates local associations are positive in some locations and negative 

in other locations. Agresti (1984, p. 140) noted that unknown monotonic scores 

have the advantage in interpretation; when the column variable is ordinal and 

the column scores are ordered, then each pair of rows is stochastically ordered 

with respect to the column variable. 

An alternative set of constraints, given by Agresti (1984, Ch. 8), is µl < 

pc,., subject to E1 pct =0 and E==i µ; = 1; similarly, for {v5}. Computationally 

the second set of constraints are preferred due to the same location and scale 

constraints for different sized contingency tables. However, for comparison with 

the fixed integer scores of Agresti (1984, Ch. 5), the first set of constraints will be 

considered in this thesis. 3 Chuang and Agresti (1986) considered the RC model 

with monotonic column scores and unrestricted row scores. 

2.2.5 Pooling Adjacent Means Algorithm 

To obtain maximum likelihood estimates, we could implement the pooling ad- 
jacent violators algorithm of Barlow et al. (1972). This algorithm collapses 

adjacent rows or columns separately whenever there is a violation in the desired 

2The superscript ' is to distinguish from the constraints of Agresti (1984, Ch. 8) µl <"""< 

subject to Ei 
_1 p=0 and Ei_1 ui = 1; similarly, for {v2}. 

31n appendix A. 3.2, we give a linear transformation for changing between one set of con- 

straints and the other. 
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monotonic ordering of the respective row or column scores. On successive collaps- 
ing, the MLEs for the row scores in the collapsed table will eventually become 

monotonic. In order to determine the MLE for a row score in the original table, 

we may proceed as follows: set the score equal to the corresponding score in the 

collapsed table if the row has not been collapsed; alternatively, if the row has 

been collapsed, the score is constrained to be equal to the previous score in an 

uncollapsed row. 

However, because of the multiplicative association term in the RC model, col- 
lapsing a particular row and obtaining MLEs for the scores in the collapsed ta- 

ble may cause a new violation among a pair of adjacent column scores, which 

previously followed the desired monotonic ordering. Ritov and Gilula (1991) 

proved that this would not occur if we collapse the table separately over rows 

and columns, whenever adjacent row and column means violate the desired or- 

dering. For a two-way cross-classification table currently with r' rows and c' 

columns, they define the row mean by E; =, for i= with a 

similar definition for the column means {Fj 

Agresti, Chuang and Kezouh (1987) have already considered collapsing the 

table whenever adjacent row means violated the desired ordering for the simpler 

order-restricted row effects model, but encountered problems with the order- 

restricted row-column effects model. 

The pooling adjacent means algorithm, which is given in appendix A. 2.1, con- 

siders the row scores conditional on the column scores being fixed when testing 

for a violation in the row-means. The algorithm therefore proceeds to alternate 

between collapsing rows or columns whenever we obtain a violation, obtaining 

the MLEs in the RC model for the collapsed table using the algorithm in ap- 

pendix A. M. We then obtain the order-restricted MLEs for the scores in the 

original table by using the previous method. Ritov and Gilula (1991) proved that 

the asymptotic estimates produced are the required order-restricted MLEs. 

An illustration of the algorithm of Ritov and Gilula (1991) is given in table 2.2, 
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Table 2.2: Application of the Pooling Adjacent Means Algorithm to Obtain Order-Restricted 

Row and Column Scores. 

Score Fixed Unrestricted Collapse Collapse Monotonic Sample Standard 
MLE Row 2 Column 3 MLE Mean Error 

rxc 5x4 5x4 4x4 4x3 5x4 5x4 5x4 

µZ 8.5 3.50 6 7.26 1.01 

/3 10.5 9.27 10.13 10.02 10.02 9.81 1.49 

µ4 12.5 9.42 10.21 10.08 10.08 11.31 1.50 
4 2 1.83 2.01 1.78 1.78 1.76 0.51 

V3' 3 1.33 1.53 1.78 2.32 0.59 

MLEs for {µ; } and {vj} obtained by pooling whenever the means violate the desired ordering. 

Sample mean and standard error for Bayesian RC model. The size of each table is indicated in 

each column. 

for an example on severity of disturbances of dreams cross-classified with age, 

which we will analyse later in section 4.2. For this example the algorithm required 

two iterations, due to E2 < El causing a row mean violation in the assumption 

of monotonically increasing row scores, with the algorithm setting Ec'Z = µi = 6; 

similarly, F3 < F2 causes a column mean violation, so that v3 = v2 = 1.78, in 

order that the assumption of monotonically increasing column scores is satisfied. 

For comparison, we include the sample means from our Bayesian approach (to be 

presented later in section 3.5). The large standard errors for the score parameters 

result in the corresponding posterior densities covering the entire interval between 

the fixed extreme scores, with the sample mean similar to the order-restricted 

MLEs. 

2.2.6 Generalisation of the Row-Column Effects Model 

Agresti and Kezouh (1983), and Clogg (1982), generalised the RC model from the 

two-way to three-way contingency table. A reduction in the number of parameters 

is possible by considering equality constraints between parameters in particular 

rows, columns or layers. 
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For the comparison of two two-way contingency tables with the same number 

of rows and columns, Becker and Clogg (1989) considered Goodman's (1979c) 

RC(M) model, which may be written in loglinear form 

M 

log mt, i = Ao -4- AX -}- Aj -{- 
E Qk([Ii, k - Pk)(vi, k - Pk)) i=1, 

... , r, j=1, 
... ,c k=1 

where µk =r 1 µ;, k and vk =J v2, k. Then the log odds ratio, given by F-7 
C 

Eq. (2.1) in section 2.1.5, is equal to 

M 
IOg Oj, j =E A(iZi+l, k - fli, k)(l/j-hl, k - 1/j, k) 

k=1 

provided µk = Pk = 0. If we obtain reasonable expected cell frequencies with 
M=1, then both tables can be considered to have identical log odds ratios. 

We have discussed the theory of maximum likelihood estimation for Goodman's 

(1979c) association models. The MLEs obtained for the expected frequencies will 

be used as the basis for comparison with the posterior means and standard devia- 

tions obtained from the Bayesian methodology, to be introduced in Chapter 3. An 

alternative weighted least squares approach for the general loglinear model, with 

nominal variables, is given by Grizzle, Starmer and Koch (1969), and Woolson 

and Clarke (1984). 

2.3 Limitations of Maximum Likelihood Approach 

We discussed in section 2.1.4 requirements for the X2 approximation to be reason- 

able. In addition, Agresti and Chuang (1989) noted that when we have small cell 

frequencies these may be smoothed too much from larger cell frequencies giving 

a correspondingly poor fit. 

For sparse contingency tables, as discussed by Koehler (1986) and Zelterman 

(1987), X2 and G2 can be markedly different from the usual x2 approximation if 

a substantial proportion of the expected frequencies remain small as the number 

of categories increases. A normal approximation may be more accurate than 
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the X2 approximation for the likelihood ratio statistic, but the bias of estimated 

moments is a potential problem for very sparse tables. 

To obtain larger cell frequencies, pooling of neighbouring categories is a possi- 
bility, although Agresti (1984, p. 11) noted this should not be done unless there 

is a natural way to combine them and that little information is lost in defining 

the categorical variable more crudely. 

From our perspective, a major problem with MLE methodology is that in- 

ferences based on the standard error for © or log 0 (where 0 is a parameter of 

interest), essentially require the assumption that the estimates are asymptoti- 

cally (as n -> oo) normally distributed around their population values, with a 

100(1 - p) percent confidence interval for log 0 given by 

109 0± Zp/2&(1og ©) 
, 

where zp/2 is the percentage point from the standard normal distribution corre- 

sponding to a two-tail probability equal to p. However, the distribution for © is 

often highly skewed for small n (as in the case where 0 is the odds ratio). 

From a Bayesian perspective, it is more natural to seek to understand the whole 

shape of the marginal posterior distributions for parameters of interest (such as 

the expected cell frequencies or the log odds ratio), or at least, to estimate di- 

rectly percentiles for the marginal distributions: for example, the 0.025 and 0.975 

quantile values, which we will define by go. 025 and go. 975, to give a 95 % central 

interval. The accuracy of the corresponding approximate 100(1-p) percent con- 

fidence interval calculated under a ML approach cannot really be relied on in 

tables with small or moderate cell frequencies. 

We shall therefore focus on a simulation perspective for obtaining realisations 

from the posterior distribution, in order to obtain accurate 95 % central inter- 

vals and for viewing marginal densities of parameters that are of interest to the 

investigator. 
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2.4 Bayes' Theorem 

Consider a sampling distribution p(nim), prior distribution p(m) and marginal 
distribution p(n). ' The posterior distribution p(m1n) is then given by Bayes' 

theorem 

p(ml n) = 
p(nl m) p(m) (2.8) 

p(n) 

where p(n) =f p(n1m) p(m)dm. The denominator does not depend on m and 

with fixed n is therefore a constant, allowing us to just consider the unnormalised 

posterior density 

p(mln) °C p(nl m) P(m) 

The cell frequencies n only influence the posterior through the function p(nI m), 

which when considered as a function of m for fixed n, is called the likelihood 

function 1(min). The difficulty with Bayes' theorem is in evaluating the pro- 

portionality constant and integrating the joint posterior density to obtain the 

marginal densities. However, for the simulation schemes to be considered we will 

only require the analytical expression for the unnormalised posterior density, with 

the marginal densities obtained by simulation. 

A major focus of the thesis will be in obtaining realisations for the parameters in 

the joint posterior distribution by implementing simulation techniques. However, 

for completeness and comparison we will first consider empirical Bayes techniques 

which are concerned solely with estimation of posterior parameters. 

'We will write m for the set {m; j} in order to simplify the notation in the prior or posterior 
distributions; similarly, for n. 
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2.5 Empirical Bayes Estimation 

Leonard (1975) seemed to have been the first to consider a prior specification for 

the parameters in the saturated loglinear model 
rc 

log 7rt, J = )f +) + )i, i ,i=1, ... , r, j=1, ... , c, for irij = 1. 

The parameters {)X } are assumed to be exchangeable and a priori independently 

normally distributed, with common mean pax and variance o Ax; similarly, for 

{. jY} and {ai, j}. In addition he considered flat priors for µ, \x, P , \Y and µa, 
inverse-X2 priors for oäx, U 2y and o. Leonard (1975) required three constraints 

for identifiability of the {) }, { A! '} and {. j, j}, conditional on the prior variances 1 .7 
been known. However, if the prior variance ßäx is unknown, then he obtained a 

posterior model estimate conditional on the current values of {)X} in his iterative 

scheme. This required the normal approximation discussed in Lindley (1964) to 

perform the marginalisation. 

Laird (1978) considered only the association parameter {ai, j }, to be normally 

independently and identically distributed as N(µ, Q2), with y=0 and uniform 

priors for {. X} and {. X }. The {a; j} are estimated in the joint posterior distri- 

bution by conditioning on an estimated value of u2, obtained by integrating out 
{);, j} and maximising the marginal likelihood of v2 given {nt, 5}. Laird (1978) 

obtained an approximation to a 2, using a normal approximation to the posterior 
for {a;, j}, in order to perform the marginalising integration. 

Writing the expected cell frequencies {m;, 1} in loglinear form, Agresti (1984) 

defined the saturated model by 

m; j = exp(Ao +. \X +)ýY + a;, ý), for i=1, 
... ,r and j=1.... 

, c. (2.9) 

Agresti and Chuang (1989) then extended the model of Laird (1978) for ordinal 

variables by assigning a normal prior distribution for each association parameter 
{ai, j}, with mean {Qu; v5} and common variance Q2. From Eq. (2.8), the joint 
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posterior for m, conditional on known 0 and o. 2 can then be written as 

p(mI ß, 0,2 n) « p(nl m, /3f o2)p(mjß, o. 2) 

al (mlß, Q2, n) p(m lp, o, 2) (2.10) 
fln [(exp(_m;, ')m, j 1 (A+, i -, ýuivi)2 

a 
i=l j=l nij 0,2 

exp -2 
ore 

where the conditional dependence on the fixed score parameters {uj} and {vv}, 

introduced in section 2.2.1, is suppressed in the notation. 

On differentiating the logarithm of the joint posterior distribution with respect 

to {. \ }, JAY} and {\tj}, and then equating to zero, Agresti and Chuang (1989) 

obtained the following posterior modal equations 

c, n+,. i - m+, i = 0, C, 

n+j - mt, l - 
ý`, i ýau'yj 

=0, j=1, 
... , c, (2.11) 

where the superscript * refers to the posterior mode. 

Agresti and Chuang (1989) noted that as Q2 -+ co, m; j --> n; j, whereas for 

a2 -+ 0, a;, j -+ Puiv� so that the m; 5 converge to values which satisfy the 

uniform association model. To avoid having to choose P and Q2, Agresti and 

Chuang (1989) followed the approach of Laird (1978) and Chuang (1982) by 

writing the posterior density as 

h(mln; P, a) = g(m) f (nl m)/k(n; P, a), 

where g(m) denotes the prior, f (n Im) the likelihood and k(n; ß, o-) the marginal 

probability function of n. 

Agresti and Chuang (1989) estimated the parameters in the prior distribution 

by maximising this "marginal likelihood" using the EM algorithm of Dempster, 

Laird and Rubin (1977). They viewed the marginal distribution of n as a function 

of (ß, o) for a given n. 
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Starting with arbitrary initial values for ß and o, for the E step they calculated 

the expected values of the sufficient statistics, conditional on the current values of 

/9 and u. Then, for the M step, the estimates for the expected values are used to 

obtain updated ,Q and a in the maximising equations for k(n; /, a); the E and M 

steps are then repeated until convergence. However, Agresti and Chuang (1989) 

noted that the EM algorithm may converge extremely slowly and there need not 
be a unique solution. The choice a=0, arbitrary , ß, is always a solution to the 

EM algorithm, giving the previous ML solution. 

To prevent this occurring, Agresti and Chuang (1985) pragmatically chose ei- 

ther a small or large value for Q2, corresponding to either precise or diffuse prior 

information, respectively, for P. Chuang (1982) considered estimation of a2 by the 

value which maximises the marginal density of n given o. 2, while choosing N(0,0,2) 

priors for the score parameters {pp=} and {vj}. Evans, Gilula and Guttman (1993) 

placed a N(0,0,2) prior on all the unknown marginal and association parameters, 

with a diffuse prior for ß obtained by setting Q2 at a very large value. 

2.6 Simulation Techniques for Sampling from the 

Posterior Distribution 

For a fully Bayesian approach, we shall consider both ß and o. 2 as unknown 

parameters and adopt a simulation perspective in order to obtain realisations 

from the joint posterior distribution for m, ß and Q2. The three main methods 

of simulation from posterior distributions are composition, substitution (or data- 

augmentation) and Markov chain Monte Carlo simulation. We shall proceed to 

consider each in turn. 
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2.6.1 Composition 

To illustrate the technique of composition, Gelman et al. (1995, p. 69) considered a 

normal likelihood with mean µ and variance u2, and independent noninformative 

priors for p, a taken to be uniform on (p, log u). The joint posterior distribution 

factors as 

p(, i, o2 In) = P(, i l a2, n) P(a2In), 

where the marginal distribution for v2, integrating over p, is a scaled inverse- 

x2 density. They then sampled from the joint posterior by using the method 

of composition, which generates realisations for Q2, then p conditional on o. 2. 

However, in our case, with parameters m, ,ß and 52, to obtain the marginal for 

Q2, we would need to integrate the joint distribution over ,ß and m, which is not 

possible analytically. 

2.6.2 Substitution or Data-Augmentation 

Gelfand and Smith (1990), and Tanner and Wong (1987) discussed substitution 

(or data-augmentation) methods. In our case, for the random variables m, ß and 

a2, we may write the marginal distributions as 

1. p (p) =f P(ß IM, 0,2) P(m jo 2) p(o 2) dm do 
, 

2. P(cr-2) =f P(o2I Q, m) P(ßl m) p(m) dß dm 
, 

3. p(m) =f p(ml cr2, Q) p(a2I Q) p(l3) dß da 
. 

Sampling proceeds for an initial ß(°), drawn from an arbitrary initial density p(ß). 

For this particular ß(°), we draw v. 2(1) ti p(U2Iß), then m(1) ti p(m1, Q, Q2) is a 

realisation from the marginal distribution given by 3). Similarly, continue for 

each conditional distribution in 2) given m(1), and finally for 1), before returning 

once again to 3). 
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However, we still need to evaluate the conditional densities p(m1 Q2), p(/31 m), 

p(o2 Iß), which require integration over /3, Q2 and m, respectively, although this 

is less difficult numerically than obtaining each marginal distribution in the com- 

position method. 

2.6.3 Markov Chain Monte Carlo Simulation 

The basic idea of Markov chain Monte Carlo (MCMC) simulation is to sam- 

ple from a distribution ir(x), by constructing a Markov chain whose equilibrium 

distribution is ir(x). On running the chain for a suitably long time, we obtain 

realisations X('), X(2) 
7 ... ,X 

(t), 
... 

for which, under suitable regularity conditions 

asymptotic results of the form 

X(t) e Oo XN 7r(x) ;-Ef (X1'ß) t oo E{ f (X)} 
, almost surely, 

i=l 

are available. Two popular methods for constructing such a chain are the Gibbs 

sampler and the Metropolis algorithm. 

2.6.4 Gibbs Sampler 

Smith and Roberts (1993) give the following description of the Gibbs sampler. Let 

ir(x) _ ir(xl, ... , xk), denote a joint density and pick arbitrary starting values 

1 ... 7 x(°)). Then successively make random drawings from the full x(°) = (xi°) 

conditional distributions as follows 

x, () from ir(xl ix20), x30), ... ,x3()�; 
x21) from 7r(x2I xi1) ) x3°), ... , xk°)) ; 

(1) 
x3 ( (1) from ir(x31xl 

(1) 
' xz ' ... 

(o) 
. , xk )I 

xkl) from 7r(xkIxi(l) x(l)xkl) . z ý..., k1 
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This completes a transition from x(°) = (xi 0)) 
... , xk°») to x(1) _ (xil) ... , xkl)). 

Iteration of this cycle of random variate generation from each of the full condi- 

tional distributions in turn produces a sequence x(0), x(1) .... , x(t), .... which is 

a realisation of a Markov chain. 

Smith and Roberts (1993) noted that by choosing the components of x to 

be subvectors, we can generate highly correlated components together, avoid- 

ing slow convergence of the Gibbs sampler due to little movement after each 

step. However, this will require generating realisations from a multivariate con- 

ditional distribution. One method for obtaining joint samples is by considering 

the Metropolis algorithm, given by Metropolis et al. (1953), or the more general 

Metropolis - Hastings algorithm (Hastings 1970). 

2.6.5 Metropolis Algorithm 

We shall only be interested in the simpler Metropolis algorithm, obtained from the 

Metropolis - Hastings algorithm, by considering a suitable symmetric transition 

probability function q(x, x') from state X(t) =x to X(+'). Then x' generated 

from q(x, x') is considered as a proposed value for X(t+l) and accepted with 

probability 

min 1" !l if 7r(x) >0 
a' (X, x') ' "(x) 

ý 
(2.12) 

1 if 7r(x) = 0, 

otherwise X('+') = x. 

Provided we choose q(x, x') to be irreducible and aperiodic, then this is a 

sufficient condition for mi(x) to be the equilibrium distribution of the constructed 

chain, see Smith and Roberts (1993, Appendix A) for further details. 5 

5A Markov chain with distribution a(x) is irreducible, if for any initial state, it has positive 

probability of entering any set to which 7r(x) assigns positive probability (Tierney 1994). A 

Markov chain is periodic if there are portions of the state space it can only visit at certain 

regularly spaced times; otherwise, the chain is aperiodic (Tierney 1994). 
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2.6.6 Convergence of the Gibbs Sampler 

The simplest approach for checking convergence of the Markov chain is to monitor 

the ergodic average 

lt 
t 

t=1 
(2.13) 

for each individual parameter and confirm visually that convergence to a value 

has occurred after an initial "burn in" period is completed. s However, the prag- 

matics of monitoring convergence remain a contentious issue. We will therefore 

proceed to include a further visual diagnostic for monitoring convergence, by cal- 

culating the 0.025 and 0.975 quantile after every tenth recorded iteration. This 

is motivated by the fact that these quantile estimates will be more sensitive to 

non-convergence than the ergodic mean and, moreover, we will directly obtain a 

95 % posterior central interval in the process. 

Tierney (1994) presented an overview of the convergence of Markov chains 

including the Gibbs sampler, Metropolis algorithm and hybrid algorithms. Geyer 

(1992) advocated basing inference on one long run of the Markov chain, with 

only every m th iteration used to reduce the autocorrelation inherent in obtaining 

realisations from a Markov chain. 

Gelman et al. (1995, p. 330) suggested that parallel chains are required from 

different initial values to prevent the Gibbs sampler being accidentally restricted 

to a particular region of high posterior density and only visiting another similar 

region after a large number of iterations. The parallel chains are then combined 

to obtain realisations from the joint posterior distribution, with between (B) and 

within (W) sequence variances evaluated as follows: 

_niIn1 BJ-1 E(ý+, i - ý+, +)2 , where 0+, i =nE oij, +, + _E+, i 
i=l j=l j=l 

6The "burn in" period is the number of iterations taken for the Markov chain to be considered 
to have practically converged to the equilibrium distribution, irrespective of the initial starting 

value. 
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W=J sý , where sý =n- 

The parameter /_j is the scalar parameter at the i th iteration, drawn from the 

j th parallel sequence for i=1,... 
, n, j=1, 

... , 
J, and n is the length of each 

sequence after discarding the first half of the simulations. 

Gelman et al. (1995, p. 332) considered the potential scale reduction for each 

parameter 

R= 

Far+ 

( In) 
, where varý'(oIn) =nn 

1W 
+ 

nB, 
(2.14) 

which declines to 1 as n -+ oo. Convergence is adequate once is near unity, 
for all scalar estimands of interest. 

For the thesis, parallel chains with several initial values was only undertaken 

for the example on mental health status, which will be presented in section 4.1.2. 

Ideally, this should be considered for every example, but our interest focused 

instead on robustifying the choice of prior for the association parameter and the 

choice of scores. In these extended models any regions which were previously 

"missed out", due to separation by regions of low probability, are now likely to 

be sampled. 

For known scores, we only need to specify initial values of / and a2 to perform 

the Gibbs sampler, with the subsequent conditional distributions then defined for 

the first iteration. Alternatively, for unknown monotonic scores we will also need 

to obtain initial MLEs for the scores using the pooling adjacent means algorithm 

discussed in section 2.2.4. 

2.7 Predictive Distribution 

Box (1980) noted that the posterior distribution provides for "estimation of pa- 

rameters conditional on the adequacy of the entertained model". However, in 
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Bayesian data analysis we also need to consider the predictive distribution, which 

allows for "criticism of the entertained model in the light of the current data". As 

noted by Gelfand, Dey and Chang (1992), for comparing models the predictive 

distributions are directly comparable, while posterior distributions are not (since 

dimensions of models may differ). 

For each sample of expected frequencies {m;, j} generated from the posterior 

distribution, we can obtain a sample from the predictive distribution, which we 

will denote by {1 
, j}. 

The {ý;, j} correspond to cell frequencies we would observe 

if the experiment which produced the present cell frequencies were repeated. To 

obtain a predictive sample under a particular model M, we will implement the 

composition method of Tanner (1991, p. 23-25). 

Suppose f (nl M, m) is a known density. In order to obtain a realisation for the 

sample 

77 - e(771 M) =f . 
f(711 M, m)9(mIM) dm, 

1. sample mN g(mIM), 

2. sample r/ N f(iiIM, m), 

repeating 1 and 2S times. The pairs (m('), 7J(1)), .., 
(m(S), i7(s)), are then a 

sample from the joint density 

h(m, r EM) =f ('II M, m) 9(mJM), 

while {rß(8)} 1 are a sample from the marginal e(? JIM). 

For both variables ordinal, f (iI M, m) has a full multinomial distribution. Al- 

ternatively, for a nominal row variable and an ordinal column variable with fixed 

row margins, f (77 I M, m) has a product multinomial distribution. Standard rou- 

tines exist for generating realisations from a full multinomial (or product multi- 

nomial) distribution enabling us to obtain {r7(sl ýM}S=1 

In practice, {m(')}$ 1 is generated from g(mlM) using the Gibbs sampler, by 

only considering every tenth iteration after an initial burn-in period. Then we 

BIBL 
ýtýDl1iý 

. U ! 1111. 
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sampled each 77(3) from a full or product multinomial distribution, conditional on 

the corresponding m(s) under the same proposed model M. 

2.7.1 Model Checking 

Gelman et al. (1995, Ch. 6) presented an overview of model checking for Bayesian 

analysis. In a two-way contingency table, interest typically focuses on comparing 

the discrepancy between each sampled {rtt, j} and the original cell frequencies 

{n=, j}. For a local discrepancy measure of model adequacy, we shall require that 

the majority of the {n;, j} are within the 50 % central interval (with the limits of 

the interval determined by the 0.25 and 0.75 quantile values), of the corresponding 

posterior predictive distribution for {77ýý1}3=1 
. 

More formally, a local test of model adequacy is given by Gelfand, Dey and 
Chang (1992), who define a local discrepancy measure by 

di,, j= Pr(iJ(ý < n; j), for i=1, ... ,r, j=1, ... ,c and s=1, ... ,S. 
(2.15) 

If we view n; j as a realisation from the predictive distribution, we would have 

d=j N U(0,1). However, because of the dependence amongst the d;, 3 , we 

will not actually obtain the spread associated with independent uniform samples. 

Nonetheless an adequate model should manifest a set of {dt, ý which are 

approximately centred about 0.5, without many extreme values. 

For a global test of model adequacy, suppose we consider a discrepancy measure 
D, then the Bayesian p-value, discussed by Meng (1994), is given by 

pb = Pr(D(rj; m) > D(n; m)ln). (2.16) 

This is equal to the proportion of realisations for which D(rj(s); m(')) > D(n; m(')), 

for s=1, ... , 
S. For a particular model, if n; j is an adequate representation of 

a possible realisation from the predictive distribution {77ý }s 1, then the sam- 

ple of realisations D(ii( ); m( )) will be indistinguishable from D(n; m( )), for 

s=1, ... , 
S; with corresponding pb = 0.5. 
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However, for a cell frequency n; j which lies in the tail of the corresponding 

predictive distribution {r7, ý, ý3)}s 1, we obtain each realisation i more similar to III 
m( , as they are both conditional on the same model, compared to n; j and m( , 
since n; j is not adequately represented by the model which we assumed when 

] generating me . Therefore, we obtain relatively more D(n; m( s)) > D(r7( ); m()), 

resulting in a small value for py, indicating a poor fitting model. 

Alternatively, if the model fits too well, due to over-parameterisation, we will 

obtain ni j more similar to each realisation my ], than we would expect from 

the natural variability between ref and me , conditional on the same model. 

Therefore, we obtain relatively more D(rj(s); m( )) > D(n; m(-)), resulting in a 

large value for Pb- In particular, for the saturated model, m( = n; j, Pb = 1.0, 

encouraging us to consider more parsimonious models with Pb, say, between 0.4 

and 0.6. 

The Bayesian p-value has the advantage over the classical p-value 

Pý = Pr(T (r/) ? T(n)lm), 

with test statistic T, in that we do not have to obtain a point estimate for the 

nuisance parameter m. 

In order to allow an overall model comparison, Gelfand, Dey, and Chang (1992) 

and Gelman, Meng and Stern (1995), suggested the following X2 global discrep- 

ancy measure 

D(i ; m) = 
(ýli, i - mt, i)2 (2.17) 

i=l j_1 m+, 3 

Adequacy of {77; 
, 
'3l }s 1 for prediction, when {m]}1 are obtained from a more 

parsimonious model, is often of interest to the investigator. In particular, for a 

two-way contingency table, we may be interested in the possibility of indepen- 

dence of the expected cell frequencies. For a sample of realisations {mt(, 'j)}s 
1 

conditional on data n;, j, if the independence model is an adequate representation 

of the cell frequencies, then on performing the transformation m; j = m;, +m+, j, 
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the shape of the posterior density for {m }3 1 will remain unchanged. There- 

fore, we will not need to simulate a new sample of realisations for {m(' }s 1 using 
the Gibbs sampler. However, for all examples considered we shall generate re- 

alisations directly from the independence model using the Gibbs sampler, and 

only compare them with the transformed expected frequencies from a less parsi- 

monious model in the first example of Chapter 4, to ensure our Gibbs sampling 

methodology gives identical results. 

On fitting increasingly more parsimonious models, we may still obtain a rea- 

sonable fit because of sampling variation in the Markov chain, but eventually 

we will obtain a significant Bayesian p-value close to zero and several n;, 2 lying 

outside the respective 95 % central interval for {r7, f, ý)}s 
1. The local discrepancy 

measure for several models can be more easily compared, by viewing the relative 

location of each value on a horizontal scale between 0 and 1, for a particular 

model and investigating further which cells lie in the extremes of the scale. We 

shall illustrate in detail these approaches for the following Chapters. 

2.8 Summary 

The final sections of Chapter 2 have briefly reviewed MCMC simulation, predic- 

tion and assessment of model adequacy. These methods will be used throughout 

the remaining thesis when we consider applications of the Gibbs sampler to a wide 

variety of models and contingency tables analysed previously in the literature. 

The maximum likelihood and empirical Bayes methodology will prove to be 

useful in obtaining estimates for the initial values in the Gibbs sampler and for 

providing a basis of comparison with the corresponding posterior sample means. 

The Gibbs sampler methodology will be illustrated in Chapter 3 for our particu- 
lar model formulation of a two-way contingency table, with both variables ordinal. 
We then provide a generalisation to unknown monotonic scores and a Student-t 
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prior distribution. Chapter 4 will illustrate the methodology of Chapter 3, with 

examples previously analysed by other authors in the literature, following either 

a maximum likelihood or alternative Bayesian approach. 



CHAPTER 3 

Bayesian Analysis of Contingency Tables 

We consider extending the prior structure of Agresti and Chuang (1989), by 

considering proper prior distributions for the marginal parameters and the normal 

variance parameter. In section 3.3, we obtain, up to a proportionality constant, 

each of the conditional distributions required to implement the Gibbs sampler. In 

section 3.4, the normal prior distribution for the association parameter will be re- 

placed by a Student-t distribution. Finally, we will consider order-restricted score 

parameters in the row-column effects model, instead of the previous assumption 

of fixed score parameters in the uniform association model. 

3.1 Unknown a. 2 

For a two-way cross-classification table, with ordinal row and column variables, 

the Bayes approach of Agresti and Chuang (1989) (reviewed in section 2.5), re- 

quired an estimate for the prior parameter cr2, reflecting prior belief about the 

uncertainty we place on the estimate for the local log odds ratio parameter ß, in 

the uniform association model. However, we might well have a far greater uncer- 

tainty in the corner of the table for 
,8= 

log ©; j, determined from the cross-product 

54 
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ratio of four neighbouring expected frequencies, than we would have from four 

central expected frequencies. The increased uncertainty in ß might reflect doubt 

about the assumption of equally spaced scores, with most contingency tables 

exhibiting a larger spacing for the end categories than for the middle categories. 

One possible way of dealing with this would be to posit a separate fixed a2 

for each cell. However, this results in too many parameters. We will therefore 

try and estimate a single fixed vZ. However, if the estimate is too small then the 

Markov chain will only make small transitions at each iteration, resulting in non- 

convergence to the equilibrium distribution, as only a small part of the sample 

space for m and 6 would have been visited in a reasonable amount of computing 

time. 

Alternatively, a large estimate of .2 would result in the Markov chain remaining 

at a particular state for a very long time, due to too much discrepancy between the 

proposed realisations and the previous realisations in the Metropolis algorithm, 

resulting in a very low probability of acceptance. 

Overall, we feel that pre-specifying a value for v2 is too restrictive and we 

shall proceed for the rest of the thesis to consider o2 as a random variable. We 

shall therefore focus our interest on obtaining a sample of realisations from the 

joint posterior distribution for m, ,0 and Q2, under a normal or Student-t prior 

assumption for {atj}, with fixed or monotonic scores. 

3.2 Joint Posterior Distribution for m, ß and Q2 

We shall consider /3 and Q2 as unknown parameters, Ao determined from the 

constraint m+, + =n (to proceed as if the sampling scheme was multinomial), and 

set m= (A 
, er', eAY). 1 From Bayes' theorem the joint posterior distribution 

1 We will write A for the set {) } in order to simplify the notation in the prior or posterior 
AX distributions; similarly, for e and e'ýY. 
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is given by 

p(A ,e eýY QQZIn) a l(A 
, eA ' exY in ) P(A, eAx, exyI ß) o. 2) p(ß) P(o. -2) 

a l(X 
, exX exY in ) p(\ Iß, u2) 

x P(Q) p(u2) p(exX) p(C 
X Y) 

, 
(3.1) 

where the independence structure assumed in the prior is implicit in Eq. (3.1). 

The forms of the prior distributions for {ea'}, {eýý }, ß, o2 are considered in 

sections 3.2.1-3.2.3. The prior distribution for {a;, j}, conditional on P and o-2, 

has already been discussed in section 2.5. Agresti and Chuang (1989) assumed a 

Poisson likelihood for the expected cell frequencies, conditional on the total sum 

of all the expected frequencies being equal to the sum of the cell frequencies, in 

order to proceed as if the sampling scheme was full multinomial. We shall proceed 

similarly by choosing )/o, such that the constraint m+, + = n+, + is satisfied, for 

each set of realisations of {m;, j}. 

3.2.1 Prior Distribution for e"X and e"Y 

Looking ahead to the structure of the Gibbs sampler for the posterior computa- 

tion, we note that the likelihood for eý'X conditional on {e\-X-}, {e'. }, 0 and v2 
is proportional to a Poisson density 

X 
l(eaI 

Xy 

lea-;, e'ý ,A, n) a e_mi, +mi, .+ 
r 

ft e-mk, +'nk+ , 
(3.2) 

k-1, ki4i 

where m;, + = eA' (Ec_1 eao+a; +ar,; ) This suggests that it will 

be convenient to consider a conjugate prior form, which is Gamma (a, b). Our 

illustrative analyses will be based on a=b=1, for which the full conditional 

posterior distribution is 

C 

eýX N Gamma nt, + + 1, exp (ao + Ay + A: j) 1, z=1, ... , r. 
(3.3) 

j=1 

'Let {e' .} denote the set {c }, excluding the i th element. 
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Since n;, + and E3=1 exp (Ao 
-+ -) +) t j) will typically be large, the model is 

typically robust to other choices of small values for a and b. However, the choice 

of a=b=1 ensures a proper conditional posterior for e, \X and we will work with 

this choice. By symmetry of e'\" and eAT in the likelihood function, Eq. (3.2), we 
AY note that we can adopt a similar prior for {eJ }. 

Methods for generation of a realisation from a gamma distribution are given, 

for example, by Ripley (1987, p. 90), from which we obtained a sample for {eý'}. 

Then we set 
x1r AX = log(e't) -r log(eýý ), 

in order to obtain (r - 1) linearly independent {)X }, subject to the constraint 

E=_1 AX = 0; similarly, for {aJY}. 

We may subtract a constant from {)X} and {) }, as these terms will be 

incorporated into the total effect parameter )o, which is chosen to satisfy m+, + = 

n+, +, i. e. we can find a .o such that Ao + AX +)= Ao + A, 'x + A7, for any set 

of realisations for {eA'} and {ear }. 

For illustration only, if our interest focused on a hypergeometric sampling 

scheme, with an ordinal loglinear model considered by McDonald and Smith 

(1995), then we would require the marginal counts to be fixed throughout sam- 

pling. However, the density of the expected frequencies would converge to a 

point if the association approached zero during sampling, since there would be 

no stochastic variation in the expected frequencies. 

3.2.2 Prior Distribution for ß 

For illustrative purposes in the thesis, a uniform improper prior for ß will be 

used. Specifying a proper prior, with known mean, is somewhat complicated due 

to /3 being the scale parameter when we consider unknown scores {pj} and {vv}. 

To be explicit, whichever constraints we place on the scores, either 1 µ; = 0, 
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E':. 1 1, ýý=1 v1 =0 and F. i=1 vj = 1, or µi = 1, µr = r, vi =1 and vi = C, 

we would have to adjust the prior mean for ß to the prior mean for ß'; similarly, 
if we considered fixed scores. 

Furthermore, both choices are arbitrary, therefore we would prefer to allow the 

particular association present between the row and column variables to deter- 

mine the shape of the posterior density for 0, appropriate for whichever score 

constraints are chosen. We shall find for the example on the severity of distur- 

bances of dreams (in section 4.2), that we obtain identically shaped posterior 

and predictive densities for both sets of scores and when we change to a different 

choice of fixed row scores. 

3.2.3 Prior Distribution for a2 

The conjugate prior for v. 2, which is attractive for computational convenience, 

is the scaled inverse-X2, with degrees of freedom (df) vo and scale rye. 3 The 

full conditional posterior distribution for o2 is then Inv-gamma (" rc, "°"2+32), 

where s2 =1 7-1(ýý, ý - , ßu, vj)z. We need to specify vo and rye, and we shall 

take for illustration, vo =3 and y2 = a2/3, in order that we only have to specify 

a value for the prior mean, a2 =. Several possible choices for a will be 
vo -2 

considered for the example on mental health status in section 4.1.2. 

3.3 Joint Posterior Distribution for A, Ax 
, e"Y 

ß and a2 

We shall incorporate the prior distributions discussed in sections 2.5,3.2.1-3.2.3 

into the joint posterior distribution, Eq. (3.1), for A, e'xx, e)LY, Q and Q2 

a" . \Y z p(A 1e )e Iß a 

3Let 0= v2, then the pdf is equal to p(0) oc 0-(vo/2+1)e-°o72/(20). 
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a l(A'CAX, CAY)p(A IN, o, 2)p(N)p(cT2)id(e? X)p(eAY) 

«nA 
[(exp(_mi, 

j)m)i, - 1 
exp 

(_(i 
- Quiyi)2 

n=j! Q2 2 Q2 

2(Y 
L"+I 

V072 
)rC 

X 
(1) 

exp - 2U2 
11 exp (-eA") 11 exp (-eý'ý 

' 
(3.4) 

i=1 -i 
where we have not explicitly indicated the conditional dependence on the fixed 

n, u, v, vo and y2 in the notation. 

We shall refer to a sample of realisations generated from this joint posterior 

distribution as belonging to the Bayesian uniform association model (UB), with 

the more parsimonious Bayesian independence model (IB) obtained when we 

consider only generating realisations from {e'} and {eA }. 

We will now implement the Gibbs sampler introduced in section 2.6.4 to obtain 

realisations for the following sequence 

A (l>> e 
\X(l) 

ý exy(1)' /3(1), Q2 (1), 
... ,\ 

(t), 6) 
t)1 

e 
\Y(t) 

, 
ß(t) 

> v2 (t) ,t=1, ... ,T, 

by generating realisations from the respective conditional distributions 

1. (a 
eAXeAY/ý Q2 oc ex n" a- m" _ 

(aý. j-Qujvj)2ll ill Iff 
Nf p 

Cýi=1 [ 
s, j iri s 20,2 J/f 

{ A;, j }- Metropolis algorithm; 
XYX ý+i, + 

2. P(eA1, eý , ß, a2) « II 1 
(eý 

xj x exp -eai 
[E. 1 exp(Ao + Aý + )tij) +'D 

e"X - Gamma (ni, 
+ + 1, exp (Ao + Aj + Aij ) 1) r; 

YX(Y ný}, 7 
3. p(eý IA eý ß, o. 2) « ý=1 leA' 

Y 

x exp 
(-eý' 

exp(Ao + )X + )t:, i) + 1]) 

ear ,., Gamma (n+, 
j + 1,1 exp (Ao + )tX + A, 

ýi) -}-1ý c; 

4. p(ßI eAX eX 
y 

Q2) °(1 exp 
(_0_2), 

Qß 2Q 
N(0,2 

Ec A. iu-vi 
0,2 

5. p(Q2 ýA e'X e'ýY ß) a (Q2)-( 2 
re+1) 

exp 
(- Y0ry2 2 32 ý, 

s, s 20 

U2 ^' Inv-gamma ( rc v° 2+s2) 
S2 =Ec (Aßu, v)2 2' 2J t-1 

ýfcl 
3,7 -7 
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In practice, we chose T= 120,000 and obtained the ergodic mean, Eq. (2.13), 

for each t=1, ..., T, after ignoring an initial burn-in period of 20,000 iterations. 

We also only recorded every tenth iteration (a realisation) to reduce the autocor- 

relation function between successive realisations. This allowed the Markov chain 

to have moved a far greater distance in the sample space for a fixed number of 

realisations and increased the length of the chain beyond a reasonable doubt that 

no undiscovered regions of the sample space still remained. 

The realisations for the first t iterations could then be used to monitor the 

convergence of the ergodic mean and the 0.025,0.975 quantiles discussed in sec- 

tion 2.6.6, by determining the two realisations which were a proportion 0.025 and 

0.975 along the length of the ordered sequence. In addition, we also calculated 

the kernel density estimates for the sample containing the first 200,2000 and 

12,000 realisations, to indicate the similarity of the densities. 

To initialise the Gibbs sampler, we required starting values for {$i(°)}, {0'(°)} 

and {e'i (°)}, which we obtained by solving the posterior modal equations in 

Eq. (2.11), conditional on fixed /3(0) =ß (obtained from solving the ML equa- 

tions in Eq. (2.4) ) and . (0) = a. Generation of the subsequent parameters was 

conditional on the previously sampled realisations and no further ML or poste- 

rior modal equations needed to be solved. Implementing the Gibbs sampler is 

discussed further in appendix A. 3. 

3.3.1 Metropolis Algorithm 

For the generation of the conditional posterior distribution for A we implemented 

the Metropolis algorithm, detailed in section 2.6.5. We shall use the symmetric 

transition probability function 

Q ,ý Nrc (A (t-i)) k2I-1(A (t-1))) 
1 

(3.5) 

to obtain a proposed realisation {\} at iteration t, where I is equal to the Fisher 

Information matrix, obtained from the negative of the second derivative matrix 



CHAPTER 3. Bayesian Analysis of Contingency Tables 61 

of the logarithm of the conditional posterior distribution 

I mý +1/a2 a Ia, bP' l10 
aýb, 

with a= c(i - 1) + j, for i=1, ... ,r and j=1, ... , c; similarly, for b and 

mýý1 = exp(aot-1) + -1) +ý ýt-11 + M; The matrix I is diagonal, therefore 

no second-derivative matrix is required to be inverted. 

We have generated rxcA, but only require (r -1) (c-1) linearly independent 

Adj. By considering the posterior modal equations, Eq. (2.11), we shall choose the 

constraints 

uv - a_ () t'' 
2ý m+, j1 j=1,.. ., c and 

()i 
- Nutyj (t-1) E 
ý2 i, + i=1, 

... 'r . 
(3.6) 

j=1 

as opposed to the usual constraints );, j _E= A=, ý =0 (Agresti and Chuang 

1989) in order to ensure the marginal constraints 

mi, + = mý+l) and m'. ý, i = m+t, 

remain unchanged when sampling conditional on { AM'-')} and {A2 ßt-11 }. The 

marginal constraints will only change when sampling e'ýX and e 
ýY 

To obtain the (r -1)(c-1) linearly independent )t_j we consider the method of 

Lagrange multipliers, which maximises an equation subject to known constraints. 

In this particular context, the posterior mode for {A_, j}, subject to Eq. (3.6), is 

obtained by differentiating with respect to A; j the logarithm of the conditional 

posterior density for A as follows. 

logP(, N 1eA 
X 

CA 
Y 

010, Z)a exp 
rc 

n=, jA+, j - mi 
(Aij 

-, 
8u v')2ý E 

,. i - 
-i j =l 

I 

2o2 

Atj 
- Nuiyj ( t-1 

- a; 
0,2 

- \n='+ - m(, + 
)) 

j-1 
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-b" 
rr At'' - Ou=v' 

- 
(n 

+, j 7 
52 

+, 7 - +, 7 
) 

L: =i 
a xX NY 2) - ßu=v' a= bj 

3.7 
öAlog p(A le 

'e 'ß, ý) = n=,. i - mtj - 0"2 - U2 - U2 ") 
t,. i 

The solution to these equations gives a maximum, since 
5z 

at 
log P(A I exX , exy, ß, cr2) = -mi, i -<0. 

a 

To solve ai and bj, we sum over rows and columns, respectively 
T rvj r %ßi,. 

9 - 
ßuiyj (t-1) 

ý2 E ai -i- U2 
= -E 0,2 

+ n+, j - m+, j ' j= 1, ... ,c and 
i=1 i=1 

cai 1CC (Ai'j 
- 

ßuiyj (t-1) 
Q2 +- Ebj 

=- 
Q2 

+ni, +-mi, + 2=1,..., r. 

j=1 j=1 

We have r+c-1 linearly independent equations which we can solve, then find 

the posterior mode from Eq. (3.7). However, for our proposed M, j we shall just 

let )ýýýý = a; ý - a; - bj, to obtain (r - 1)(c - 1) 
a, j which satisfy Eq. (3.6). 

The alternative of only generating (r - 1)(c - 1) independent M, j and then 

applying the marginal constraints to determine the remaining dependent a;, j, 

resulted in realisations where the dependent M, j was considerably different in 

magnitude than the independent \;, j, for a particular row or column. 

To ensure we obtain a reasonable MCMC rate of acceptance (between 0.1 and 

0.6), we require an arbitrary constant k in Eq. (3.5), to scale the covariance ma- 

trix. The value k=0.7 was found to work well for the examples we considered. 

The proposed set of realisations IM 
,, j} 

is accepted with probability a', defined by 

Eq. (2.12). Smith and Roberts (1993) discussed other possible transition prob- 

ability functions. However, for our examples we found the normal symmetric 

transition probability function adequate. 

3.4 Model Robustness 

Box (1980) defined "model robustification" to be the "judicious and grudging 

elaboration of the model to ensure against particular hazards". A particular 
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hazard in the two-way contingency table is a cell frequency which is an "outlier", 

when compared to the predictive density. This may be caused by the proposed 

ordering and spacing of the monotonic scores, dictated by the model, resulting 
in a dissimilar expected frequency and cell frequency. As this discrepancy is due 

to the association pattern induced by the model, we shall concentrate on model 

elaboration of the normal prior distribution for the association parameter. 

Box and Tiao (1973) introduced the strategy of considering a wide class of 

parent probability models for which the normal distribution is a member, in order 

to assess to what extent inferences are sensitive to departures from normality. We 

shall work with the Student-t distribution class, which has especially pronounced 

long tails when the number of degrees of freedom, v, is small (for example, a 

Cauchy distribution when v= 1), and tends to normality when v -3 oo. 

Wakefield et al. (1994) illustrated the following simple scale mixture method 

for generating realisations from a Student-t distribution; see also Gelman et al. 

(1995). Introduce another parameter V, j, with a priori vVj - Xv. If the con- 

ditional distribution of . Aj, jjUj is normal, with the mean unchanged and the 

variance divided by U="j, then marginally Atj has a Student-t prior distribution 

and the conditional posterior for Vj is 

i_ v 'Si 
p(V ,. i 

IA, eAX) e)« )030,2, 
V 

-i, -j) oc (V,. i)(2 1) exp 
[-v1 

+_ ý2 2a2 

where s; J = (A; j - ßu; vj), for i=1, 
... ,r and j=1, ... , c. 4 The functional 

form is obtained by simplifying Eq. (3.4), with cr2 replaced by ý2/U=", j, in the prior 

for Aij. 

We sample {U, ",? } by including the conditional distribution 

, xX NY 2 v+1 s3 v V, 3 
IA 

Ie'e7 
Q7 o, ,Vi, -. i ^' Gamma 

(2' 

20r2 
+2 

in the Gibbs sampler. The parameter v was fixed at 2 or 6, to allow the compar- 

ison of a Student-t distribution with either long or short tails, respectively. 
4The -i subscript denotes the set of possible integer values 1, ..., r excluding i; similarly, 

for -j. 
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To illustrate the robustness of the methodology under a Student-t prior, instead 

of a normal prior, we will replace the original cell frequency nl, l, with an outlier 

n1,1, for the example on mental health status to be presented in section 4.1. In 

figure 3.1(b), the solid curve denotes the predictive density conditional on the 

original cell frequency n1,1 = 64, with the broken curves denoting approximately 

similar predictive densities when considering the altered cell frequency ni, l = 

10. Therefore, we will not be able to use the predictive densities in detecting 

that ni, 1 is an outlier for the original predictive density. This is problematic, 

as altering the cell frequency n1,1 resulted in the marginal density for the local 

log odds ratio having an increased 95 % central interval and the posterior mode 

being relocated along the axis, for the normal prior assumption in figure 3.1(a). 

However, when considering the Student-t prior with 2 df, we only obtain a slightly 

altered marginal density, with the outlying cell not greatly altering inferences for 

the other parameters of interest; for example o in figure 3.1(d). 

Wakefield et al. (1994) noted that the scale parameter Vj has prior expecta- 

tion equal to one, so any V, j substantially below one indicates the association 

parameter, with a normal prior is considerably different from its prior mean. 

Therefore, V,,,, ß provides a diagnostic for detecting if any of the cells are outlying. 

For example, we shall consider cells {1,1} and {1,2} in figures 3.1(e, f), respec- 

tively. The first pair of Student-t priors are for the original table and the second 

set for the altered table, denoted by a *. The solid line represents V, j =1 corre- 

sponding to a normal prior, which lies in the extreme tails for V1,1 in the altered 

table, especially for the Student-t (on 2 df) prior, indicating n1,1 is an outlying 

cell. The remaining V1,1 (in the unaltered table) and V1,2 have posterior mode 

close to 1, so the normal prior assumption is adequate and there are no outlying 

cells in these particular cases; similarly, for the other V, "j to be shown later in 

figure 4.5. 

We now have a methodology for checking whether the contingency table un- 

der investigation contains any outlying cells, by checking the marginal densities 
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Figure 3.1: (a-d) Marginal densities for Q, ql, l, 1)1,2 and u, respectively, under either a normal 

or Student-t (2 or 6 df) prior conditional on ni 1, or a normal prior conditional on nl, 1. Where 

we shall denote the cell frequency by a +; MLEs for ß, ml, l and ml, 2i and prior mean for o, by 

a x. (e, f) Boxplots for Vl, l and V112, with either a Student-t (2 or 6 df) prior conditional on 

ni, l or n1,1i and the horizontal line corresponds to Vj=1. 

for Uj and confirming whether the posterior mode lies close to one, allowing 

the simpler interpretation of a normal prior for the association parameter to be 

adequate. 

3.5 Bayesian Row-Column Effects Model with 

Order-Restricted Scores 

We shall now generalise the Gibbs sampler from the uniform association model 

to the row-effects model, by considering unknown monotonic scores, which we 

shall refer to as model RCB. In section 2.2.4, we considered ML estimation 

with monotonic scores. However, if we obtain several violations in the required 

ordering, then we require numerous equality constraints between adjacent scores, 

resulting in a relatively large spacing in between the remaining adjacent non- 
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identical scores, leading to a poor fit compared to the unrestricted row-column 

effects model. This requires relaxing the requirement of monotonic scores in 

ML estimation, although interpretation of the underlying association structure is 

difficult. 

Agresti and Chuang (1985) considered an alternative Bayesian perspective, 

allowing realisations from the joint posterior distribution for the scores to be 

constrained. 

The belief that the association is monotonic across rows and columns in a two- 

way contingency table can be modelled in the prior distribution for the scores by 

letting, a priori, (p'2,. 
.., i4_i) be order statistics from aU- [1, r] distribution, 

with expected value E[fc=] = i. To obtain unique estimates, we require constraints 

µi =1 and µ;. = r, which are kept fixed. A similar prior structure is given for 

The joint posterior distribution is given by Eq. (3.4) with {u; } and {vj} replaced 
by {µ; } and {vj} in the notation, while including an additional prior for {p; } given 
by 

Pýýý) = Iýýµi-1 < ll <i +1), i=2,..., r -1 

similarly, for the prior of {v'}. 5 On simplifying Eq. (3.4), the conditional posterior 
distribution for µ; is given by 

AX xY I2I 
Ej=1 )i, jß, (yj 

- y/) 
2 

X ß# ýý e1eIQ, or , v) a exp - ý3 
=10l 

(vý - v/))2 
Eß_1(p'(yjI 

- yl ))2 

x 2a. 2 , i=2,..., r-1, 

where ý' = µ'vi_ýr L; similarly for P. From which it follows that 
XY 

/ý ilA, ex ' e'N , Nl, Q2, VI '" N(pi, or2J f 

where 

ic(i, 2 
+µ 

Pt-, < 4t ý< Itý+i7 2=2,..., r - 1, 

or 2 
µl ýC (ßl (pF 

- UY)/Q)2. 

5Let "() be the indicator variable such that "() =1 if the expression in the brackets is true; 

otherwise "() = 0. 
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Similarly, we can obtain a conditional distribution for vc, by interchanging µý and 

vj' in the notation, and the range of the summations. 

In order to implement the Gibbs sampler for model RCB, we need initial mono- 

tonic estimates for {p; } and {v'}. We use as starting values the unrestricted ML 

estimates for the scores, which we obtain from the iterative procedure of Good- 

man (1979c) (see appendix A. 1.2). We then proceed to obtain order restricted 

scores by implementing the pooling adjacent means algorithm of section 2.2.5. 

Maximum likelihood estimation for the order-restricted scores need only be 

performed once, as subsequent realisations for {p } will be generated from a 

truncated normal distribution using the inversion method of Devroye (1986, p. 36). 

The inversion method is possible if we have an analytical expression or tabu- 

lated values for F-1, where F-1 is the inverse cumulative distribution function 

for a parameter of interest (X, say). A realisation X=x can then be obtained by 

generating u- U[O, 1], and setting x= F-1(u). Gelfand, Smith and Lee (1992) 

applied the method to truncated distributions on the interval [a, b], to obtain 

x= F-' [F(a) + (F(b) - F(a))u]. For our example, we have a truncated normal 

distribution for µ;, on the interval µ; _1 and µ=+1, for i=2,. .., r-1. Therefore, 

in order to sample µ;, we require 

µ=-i -fit ß'+' - A' i F(a)=ý , F(b)=ý and F-'[ ]=ý ]otýi +Ai; 
o"pi u{hi 

similarly, for vj', j=2, ... , c-1. This is included in the Gibbs sampler algorithm 

for model RCB, in appendix A. M. 

3.6 Summary 

In Chapter 3, we discussed a particular choice of prior distributions in the joint 

posterior distribution for m, /3 and Q2, with the generation of the corresponding 

conditional posterior distributions presented in the Gibbs sampler. We then in- 

cluded additional conditional posterior distributions to allow generalisation from 
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a normal to a Student-t prior, and from fixed to monotonic scores. Chapter 4 

will illustrate the Bayesian methodology with examples previously analysed in 

the literature, following either a maximum likelihood or Bayesian approach. Our 

choice of prior distributions will readily allow the Gibbs sampler to be extended 

further in Chapters 5 and 6, for the case of logit and square tables, respectively. 



CHAPTER 4 

Loglinear Models for Ordinal Categorical 

Tables 

The methodology of Chapter 3 will be illustrated, in a loglinear model frame- 

work, for examples previously analysed in the literature using either a maximum 

likelihood or Bayesian modal estimation approach. The point estimates obtained 

in the literature for the expected cell frequencies and the log-odds ratio param- 

eter will be compared with the mean and standard deviation of our Bayesian 

approach. However, using the simulated realisations from the joint posterior dis- 

tribution, we will be able to consider the full shape of the posterior and predictive 

densities, and carry out operationally motivated model comparison. 

For each example in this Chapter, we will generate, using the Gibbs sampler, 

realisations for m, 0, Q2, µ and v (where appropriate), under models UB, RCB 

and IB (discussed in sections 3.3-3.5). 

For the first example, we shall also consider several starting values for initialis- 

ing the Gibbs sampler, different choices for the prior mean of v2, realisations for 

model IB generated from either the Gibbs sampler or after a possible transforma- 

tion, and we shall replace the normal prior with a Student-t prior (to illustrate 

69 
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no outlying cells and thereby confirming the adequacy of the normal prior distri- 

bution). 

Finally, realisations from the predictive distribution can be sampled, condi- 

tional on the sample of realisations from the posterior distribution under models 

IB, UB and RC'; enabling the local and global discrepancy measures to test the 

adequacy of each of the models. 

4.1 Parents' Socioeconomic Status Cross- Clas- 

sified with Mental Health Status 

4.1.1 Introduction 

Srole et al. (1978) considered an example on the cross-classification of parents' 

socioeconomic status and mental health status; the cell frequencies are reproduced 

in table 4.1. The maximum likelihood estimate for the expected frequencies under 

the uniform association model is obtained using the methodology of Goodman 

(1979c) (reproduced in appendix A. 1). Agresti and Chuang (1989) provided 

estimates for the posterior modes of the expected frequencies. For comparison, 

we include our Bayesian sample mean and standard error for each of the expected 

frequencies simulated from the Gibbs sampler (for every tenth iteration from a 

run of length 120,000, after discarding the initial 20,000 iterations), under model 

UB. 

The simple model of independence gives a very poor fit, under maximum like- 

lihood estimation, in the corner cells of table 4.1. Goodman (1979c, table 5a) 

calculated X2 = 45.99 and G2 = 47.42 on 15 df, both test statistics are signifi- 

cant (Xi5 = 32.80, corresponds to a significance level of 0.05). The poor fit in the 

corner cells is due to the cell frequencies exhibiting a trend across the table with 

high (low) parents' socioeconomic status associated with a mental health status 
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Table 4.1: Parents' Socioeconomic Status Cross-Classified with Mental Health Status 
Mental Estimate Parents' Socioeconomic Status 
Health High Low 
Status 1 2 3 4 5 6 
1 Well n 64 57 57 72 36 21 

en, 48.5 45.3 53.1 71.0 49.0 40.1 
mU 65.3 54.2 55.9 65.3 39.0 27.3 

m* 65.0 54.9 56.0 67.6 37.7 27.3 

mU8 (se) 64.8(7.7) 55.6(6.8) 56.4(6.7) 68.6(7.7) 37.2(5.4) 24.7(4.4) 
2 Mild n 94 94 105 141 97 71 

mr 95.0 88.8 104.1 139.3 96.1 78.7 
m° 104.4 94.9 107.2 137.0 89.6 68.8 

m* 99.8 94.5 106.2 139.3 92.7 69.4 

m(se) 98.1(9.4) 94.3(9.0) 105.8(9.8) 139.9(11.1) 93.7(9.1) 69.5(7.8) 
3 Mod- n 58 54 65 77 54 54 

erate m. t 57.1 53.4 62.6 83.7 57.8 47.3 
mu 50.2 49.9 61.7 86.4 61.8 52.0 

m* 53.5 51.5 63.3 82.4 58.8 52.6 

m°8(se) 54.8(6.8) 52.1(6.5) 63.8(7.2) 81.0(8.4) 57.7(6.9) 53.0(6.6) 
4 Imp- n 46 40 60 94 78 71 

aired mr 61.3 57.4 67.3 90.0 62.0 50.9 
m° 42.1 45.9 62.2 95.3 74.7 68.8 

m* 43.7 44.1 61.4 94.7 75.6 69.3 

m°B(se) 44.2(6.3) 43.1(5.9) 61.0(7.2) 94.4(9.1) 76.4(8.2) 70.0(8.1) 

Source: Srole et al. (1978). Cell frequencies {n; j} and MLEs for the expected frequencies 

{m;, j } under models I and U. Bayes posterior modal estimates fm; 
, j}, sample means {m;, j} 

and standard errors (se) for the expected frequencies under model UB. 
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of well (impaired). 

Goodman (1979c, table 5b) obtained a reduction in goodness-of-fit of X2 = 
36.26 and likelihood ratio G2 = 37.53 on 1 df, when changing from model I 

to model U, indicating the significant effect on including the parameter for the 

logarithm of the odds and the excellent fit for model U (X2 = 9.73 and G2 = 
9.89 on 15 df). 

Goodman (1983, table 13) obtained a marginal improvement when considering 

the more complicated models R, C and RC, compared with model U (defined 

in section 2.2), with similar goodness-of-fit values when interchanging columns 

1 and 2, to remove the non-monotonic ordering of the MLEs for vl and v2. A 

correspondence analysis and canonical correlation analysis was also presented by 

Goodman (1985,1986). In each analysis, the model corresponding to the uniform 

association model was found to be adequate. 

The example has also been analysed by Agresti and Chuang (1985,1989), 

Chuang (1982), and Evans, Gilula and Guttman (1993) under different Bayes 

approaches, as discussed in section 2.5. They all obtained similar expected fre- 

quencies, with the local fit in particular regions being sometimes slightly better, 

or sometimes slightly worse. 

In table 4.1, we obtained a closer correspondence between each cell frequency 

and our sample mean for the expected frequency (obtained from a sample of 

10,000 realisations by considering every tenth iteration after the initial burn-in 

period in the Gibbs sampler), when compared to the MLE and the Bayes posterior 

modal estimate of the expected frequency given by Agresti and Chuang (1989). 

4.1.2 Analysis 

To ensure the convergence of the Markov chain is independent of the initial start- 

ing value ß(°), and the prior mean a2 for o2, we performed the Gibbs sampler 
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with 00) = 0, -5,3 or 10 standard deviations (where the asymptotic s. e. for o is 

equal to 0.015) from for either a=0.10,0.10,0.05 or 0.01, respectively. 

In figures 4.1(a, b), the slight difference in the ergodic means after 12,000 reali- 

sations is due to the very extreme initial values for the second chain. If the initial 

2000 realisations are disregarded then we obtained convergence to practically the 

same value. The corresponding marginal densities for ,ß and A,,, are shown in 

figures 4.1(c, d), where on increasing the value for a, we find identical posterior 

modes and an increase in the range for the 95% central interval. 

Intuitively, increasing a further would result in an increase in the standard 

deviation for P. However, the MCMC acceptance rate in the Metropolis algorithm 

rapidly decreases to zero, with an acceptance rate close to zero for a=0.15, 

compared to a reasonable value of 0.35 for a=0.10; due to the proposals {A'i, j } 

being generated in the extreme tails of the joint posterior distribution for {Ai, j}. 

The acceptance rate only changed slightly on altering k2, the scale constant for 

the variance of the normal transition probability function in Eq. (3.5). 

The choice of a=0.1 is a computational convenient value for sampling from 

the Metropolis algorithm. In practice, we would increase a until we reached 

as large a value as possible which still gave a reasonable acceptance rate greater 

than 0.05, say. Interestingly, a=0.1 nearly always satisfied this criterion. There- 

fore, we shall chose this value throughout the remaining thesis, unless otherwise 

specifically stated. 

We also confirmed convergence for ß, u, A,,, and m4,6 by noting the potential 

scale reduction measure 
�R 

of Gelman et al. (1995), Eq. (2.14), converged to one 

as we increased the number of iterations in table 4.2. 

We then performed six Markov chains (conditional on a=0.10 and /3(0) = ß), 

three with fixed integer scores and the others with monotonic score parameters, 

while considering either a normal or Student-t (on 2 or 6 df) prior, using the 

methodology of sections 3.3-3.5, respectively. In addition, we generated a sample 
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Table 4.2. Potential Scale Reduction Measure. 
Number of 
Iterations ß Q )1,1 m4,6 
50 1.094 1.102 3.219 1.129 
100 1.178 0.994 1.101 1.115 
500 1.040 0.998 1.031 1.004 
2000 1.004 1.001 1.000 1.002 

Inferences from the second half of three parallel sequences, stopping after 50,100,500 and 2000 

iterations, with a=0.10, and three different initial values for ß0°) = 0,5 and 15 standard 

deviations (v = 0.015) from /. 

of realisations satisfying the Bayesian independence model IB. 

We illustrated convergence in the Gibbs sampler by noting the stable ergodic 

means and quantile values go. 025, go. 975 for m, ß and Q2 (after the 20,000 iteration) 

under models UB and RCB. For simplicity in illustration, we will only consider 

the ergodic mean and quantile values for the parameter /3 in figure 4.2(b) under 

model UB, obtaining each realisation for 8 in figure 4.2(a) from every tenth 

iteration of the Gibbs sampler. 

In figure 4.2(c), the shape of the marginal density for the first 2000 or 12,000 

realisations has not changed substantially. Therefore, for all practical purposes 

we can be confident that between the 2000 and 12,000 realisation convergence of 

the Markov chain to the equilibrium distribution has taken place. 

To obtain an approximate non-significant 95% confidence interval for the auto- 

correlation function in figure 4.2(d), we required taking every hundredth iteration 

in the Gibbs sampler to obtain 1000 realisations. This allowed the important fea- 

tures of the data to be seen more clearly, when considering scatter, contour and 

perspective plots, with the advantage that successive realisations will be uncor- 

related (as can be seen by no noticeable linear or quadratic trends in figure 4.3). 

However, the 1,000 uncorrelated realisations will have more-or-less identical 

marginal densities to the 10,000 realisations obtained in our simulation, because 
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the additional 9000 realisations provide little further information over and above 

that already present. We will therefore continue to proceed with the full 10,000 re- 

alisations in order to obtain the marginal densities and more accurate percentiles. 

Due to storage constraints, we are not able to proceed to analyse the original 

100,000 successive simulated values for each variable. However, our smaller sam- 

ple of 10,000 realisations will give identical inferences to the accuracy we require. 

The sample mean and MLE for 
,ß are equal to 0.094 and 0.091, with correspond- 

ing sample and asymptotic standard errors equal to 0.026 and 0.015, respectively. 

For a=0.10, we therefore generated more observations in the tail of the posterior 

distribution for , ß, compared to the normal approximation. The odds of mental 

health status improving by one unit for a unit increase in parents' socioeconomic 

status have 95 % central interval (1.05,1.15). From our sample of 10,000 reali- 

sations all eQ > 1; therefore, the probability that the odds ratio is greater than 

one is equal to unity. 

Figures 4.4(a, b) indicate the marginal posterior densities for both eQ (odds 

ratio) and o, are very similar under the normal or Student-t prior for model UB, 

with a slight increase in the range of the 95 % central interval for the Student-t 

prior. When we replaced the fixed scores with monotonic scores, we obtained 

very similar marginal densities for both ea and a- in figures 4.4(c, d), compared to 

(a, b). This is because the fixed score parameters (denoted by a +, with MLEs 

denoted by a x) lie close to their respective posterior modes in figures 4.4(e, f). 

For the Student-t prior (on 2 df) in model RCB, we obtained an extremely low 

acceptance rate for a=0.10. On replacing with a=0.05 resulted in an improve- 

ment for the acceptance rate, while obtaining an identical marginal density for 

the odds ratio in figure 4.4(c). 

In figure 4.5, boxplots of the marginal densities for the scale mixture parameters 
{Vj} are shown for df =2 or 6, respectively. The posterior mode for each Vj is 

similar to one, hence no cells are outliers and the simpler normal prior assumption 

is adequate. 
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For each set of realisations {mi, j}, we implemented the methodology in sec- 
tion 2.7 to obtain a set of realisations {7 i, j} from the predictive distribution, 

under models IB, UB and RCB, in order to test the adequacy of each model. 

In figure 4.6(a), we plotted the local discrepancy measure, d; j = Pr(77;, j < n= j), 
discussed in section 2.7.1, for each of the 24 cells horizontally, with each model 

plotted vertically. The local discrepancy measure has value less than 0.1, or 

greater than 0.9, for the 8 corner cells of model IB generated directly using the 

Gibbs sampler. 1 This is far greater than we would expect under uniform, not 

necessarily independent, samples conditional on model IB. However, for model 

UB we obtained an adequate local fit, with all the values for the local discrepancy 

measure lying between 0.1 and 0.9, under each of the prior specifications. We 

obtained similar conclusions for model RCB, with model IB obtained on simpli- 

fying the expected frequencies. Inferences are therefore robust to the choice of 

either fixed or monotonic scores in this particular example. In section 4.2.2, we 

shall consider two different choices for the fixed row-scores. 

The local discrepancy measure highlighted which cells are fitting poorly. For 

example, in figure 4.6(a) the corner cell {1,6} under model IB has a value for 

the local discrepancy measure equal to 0.0005, requiring further investigation in 

figures 4.7(a-d). The true cell count n1,6 and ml, s (denoted by + and x) both 

lie within the IQD (interquartile distance) for i 1,6 under models UB and RCB 

(central box), and 1.5 x IQD for model 1B (dotted line). Similar conclusions can 

be found for the other cells labelled in figure 4.6(a). However, for the central cell 

{3,4} in figures 4.7(e-h) there is no noticeable difference in the predictive density 

under the different models. 

For both cells we obtained identical predictive densities for model IB in fig- 

ures 4.7(a, e), when we either transform the expected frequencies for models UB 

and RCB, or generated the expected frequencies using the Gibbs sampler. There 

is also no noticeable difference in the boxplots between the normal and Student-t 

1For quick referencing the vertical dotted lines correspond to d; j = 0.1 and d1j = 0.9. 
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Figure 4.6: (a) Local discrepancy measure Pr(z;, 1 < n;, j), for each cell shown horizontally, 

under models UB, with either a normal or Student-t (on 2 or 6 df) prior, and IB. (b) Similarly, 

for model RCB. 

priors, or between the fixed and order-restricted score parameters, for the reasons 

previously stated. 

In figures 4.8(a-h), we obtained scatter plots for the Bayesian global discrep- 

ancy D(77; m) against D(n; m where D( i7; ° y lr%ý" 
)l )ý 

lr%" ý)_ 
ý1=1 ýjc1 

Mill 

with a similar expression for D(n; m), under models IB, UB and RCB. The more 

parsimonious model IB gives a very poor fit with Pb = 0.00, Eq. (2.16), unlike mod- 

els UB and RCB, which give an excellent fit with Pb = 0.49. Similarly, when we 

replaced the normal prior with a Student-t prior. Therefore, the cell frequencies 

can be considered as a possible realisation from the predictive distribution condi- 

tional on the most parsimonious model UB, with a normal prior distribution for 

the association parameter. 

In figure 4.9, we plotted the histograms for {r7=, j}, obtaining an excellent corre- 

spondence between the posterior mode for n;, j, n; j and rnj, j. Of possible interest 

to the investigator is the range of possible future counts and the probability of 
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Figure 4.7: (a-d) Local fit for the corner cell {1,6}, indicating an improvement in local fit 

under models UB (fixed scores) and RCB (monotonic scores), with either a normal or Student- 

t prior, compared to model 1B. (e-h) Little difference in local fit for the central cell f3,41, 

between the different models and prior assumption. 

a particular {i, j} pairing of parents' socioeconomic status with mental health 

status being less than a required fixed value. The latter may be obtained by 

the proportion of observations less than the required value. For example, in cell 

{1,6}, we obtained Pr(i11,6 < n1,6) = 0.27. 

We repeated the analysis for the cell frequencies equal to the expected frequen- 

cies under model UB, in order to perform an ideal analysis where we knew the 

correct value for /3. However, due to the close similarity between the true cell 

frequencies and expected frequencies inferences were very similar. Therefore, this 

example can be considered to verify the methodology and we will not repeat this 

kind of analysis again in the thesis. 

More interestingly, we will now consider an example with small cell frequencies, 

which will illustrate the advantage of our Bayesian methodology over maximum 

likelihood, or the Bayesian methodology of Agresti and Chuang (1989). 
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Figure 4.8: (a-d) Scatter plot of global discrepancy measure D(i7; m) against D(n; m), under 

models I il and U', with a normal or Student-t (2 or 6 df) prior for the association parameter. 

The Bayesian p-value Pb, is equal to the proportion of points above the dotted line. (e-h) 

Similarly, for model I? C' and model IB (obtained on transforming the expected frequencies). 

4.2 Severity of Disturbances of Dreams Cross- 

Classified with Age 

4.2.1 Introduction 

Maxwell (1961, p. 70) considered an example on the severity of disturbances of 

dreams for boys aged between 5 and 15, with the cell frequencies reproduced in 

table 4.3. As age increases we notice a decrease in the proportion of boys with a 

very severe category for severity of disturbances of dreams. Maximum likelihood 

estimates for the expected frequencies are provided using the methodology of 

Goodman (1979c) (reproduced in appendices A. 1 and A. 1.2), under models U 

and RC (with order restricted scores). 

Agresti and Chuang (1989) noted a model provides a mechanism for smoothing 
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Figure 4.9: Histograms for predictive densities, note the close correspondence between the 

posterior mode (labelled above each histogram), the MLE for the expected frequency (denoted 

by a broken vertical line) and the cell frequency (denoted by a solid vertical line). 
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Table 4.3. Severity of Disturbances of Dreams Cross-Classified with Age. 
Age Estimate Severity of Disturbances of Dreams 

Not Very 
Severe Severe 

5-7 n 7 4 3 7 
ml 4.7 2.0 1.9 1.9 
Thu 4.8 3.4 5.2 7.6 

mRC 5.1 5.1 4.9 5.9 

man(se) 5.5 (1.8) 3.6 (1.2) 4.9 (1.5) 7.4 (2.2) 

mßß °(se) 5.5 (1.9) 4.4 (1.4) 4.9 (1.5) 6.7 (2.1) 
8-9 n 10 15 11 13 

r"nl 11.0 4.6 4.5 4.4 
mU 16.4 9.1 11.0 12.5 
IRC 11.8 11.8 11.5 13.8 

mU°(se) 14.1 (3.1) 10.8 (2.6) 11.0 (2.5) 12.9 (2.9) 
MR«" (se) 13.3 (3.2) 11.5 (2.6) 11.2 (2.6) 12.9 (2.9) 

10-11 n 23 9 11 7 
ml 11.2 4.7 4.6 4.5 
mU 21.4 9.8 9.7 9.1 
mR° 23.4 9.4 9.2 8.0 

mU B(se) 21.6 (3.8) 9.5 (2.2) 10.0 (2.3) 8.6 (2.1) 

MRCB(se) 21.7 (4.0) 9.6 (2.2) 9.8 (2.3) 8.6 (2.2) 
12-13 n 28 9 12 10 

r"nr 13.2 5.6 5.4 5.3 
fnu 30.7 11.5 9.5 7.3 

mßC 27.8 11.0 10.8 9.4 

mL''(se) 29.5 (4.5) 11.0 (2.5) 10.2 (2.4) 8.0 (2.2) 

rnRCB (se) 28.9 (4.7) 10.5 (2.4) 10.5 (2.4) 8.8 (2.3) 
14-15 n 32 5 4 3 

m. I 9.9 4.1 4.0 4.0 
inu 26.7 8.2 5.6 3.5 
InRC 31.9 4.7 4.6 2.8 

mUB (se) 28.5 (4.6) 7.3 (1.9) 5.1 (1.5) 3.4 (1.3) 

mfC 
II(se) 30.1 (5.2) 6.1 (1.9) 4.7 (1.6) 3.3 (1.4) 

Source: Maxwell (1961, p. 70). Cell frequencies {n;, j} and MLEs for the expected frequencies 

{rn; j} under models I, U and RC (with monotonic scores). Sample means {m;,, } and standard 

errors (se) for the expected frequencies under models UB and RCB. 
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the data while incorporating the ordinal nature of the data. However, model- 

based estimators are inconsistent when the model does not hold. This is par- 

ticularly apparent in tables with neighbouring large and small cell frequencies, 

resulting in the expected frequencies being over-smoothed when fitting the model, 

e. g. m°1 = 16.4, whereas n2,1 = 10. However, we generally obtained improved es- 

timates for the expected frequencies when considering the sample mean generated 

from the Gibbs sampler under model UB, i. e. m21 = 14.1. 

Agresti and Chuang (1989) suggested fixed midpoint scores for the age category 

and fixed integer spaced scores for the column category, when obtaining posterior 

modal estimates for the expected frequencies in their Bayesian uniform association 

model. Alternatively, Agresti, Chuang and Kezouh (1987) fitted the column 

effects model with fixed midpoint scores for the rows and order-restricted column 

scores, obtaining an adequate fit (G2 = 9.75 on 9 df). 

We shall extend their methodology by considering maximum likelihood esti- 

mation for the row-column effects model, with unknown order-restricted score 

parameters, and a full Bayesian analysis. For comparison, we will also consider 

fixed scores and show that our method is robust when performing prediction, 

both with midpoint or integer spaced scores for the age category. 

4.2.2 Analysis 

We performed two separate Gibbs samplers both with normal priors, while con- 

sidering either fixed midpoint scores, or integer-spaced scores for the age cate- 

gory. Then we repeated the analysis with unknown monotonic scores, with the 

end-points determined by the extremes of the previous fixed scores. Finally, we 

generated realisations from the independence model IB. 

To obtain initial values for the monotonic scores in model RCB, we imple- 

mented the pooling adjacent means algorithm. This is illustrated in table 2.2, 

section 2.2.5, where we initially obtained a discrepancy for the unrestricted y' and 
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v3, in order to satisfy our requirement of an increasing trend down the rows and 

across the columns. After two amalgamations we obtained the order-restricted 

score parameters. 

In figures 4.10(a, b), we obtained similar posterior densities for ß and o, under 

both fixed scores (subject to midpoint scores for the age category) and monotonic 

scores. The fixed score parameters (denoted by + in figures 4.10(c, d) ) lie within 

the 50 % central interval of the corresponding posterior density. 

The posterior sample mean (standard deviation) for ß and /3' under models 

UB and RCB, respectively, are equal to -0.095 (0.029) and -0.097 (0.030). These 

values are similar to the respective maximum likelihood estimates -0.097 and 

-0.102. 

For model UB, we replaced the midpoint scores for the age category with fixed 

integer spaced scores to allow /Q to be interpreted simply as the local log-odds 

ratio (with 95 % central interval for the odds ratio equal to (1.08,1.38)). In 

figures 4.10(a, b, e, f) we obtained identically shaped posterior densities for ß and 

0'. 

Similarly, for model RCB, when we changed the values of the fixed extreme 

scores we obtained identically shaped posterior densities in figures 4.10(a-h), with 

only a change in the range of the 95 % central interval for ß' and {µ; }. Therefore, 

we obtained identically shaped densities for the sample of realisations for {a; j} 

for whichever parameterisation we use. This is due to the conditioning on the 

product ß'p; vj' in the conditional posterior density for A1, ß, when implementing 

the Gibbs sampler, which has an identically shaped density whenever we change 

the choice of the fixed extreme row scores in model RCB. 

In figure 4.11(a), we plotted the local cell discrepancy measure (defined in 

Eq. (2.15)) for each of the 20 cells horizontally, while considering mid-point cat- 

egories for the age scores. The local discrepancy measure has value less than 

0.1, or greater than 0.9, for 5 cells when considering model IB, compared to 
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Figure 4.10: (a, b) Marginal densities for Q, Q' and v, with the MLEs (prior mean) for models 

U' (fixed scores) and RCB (monotonic scores) denoted by a+ and x, respectively. (c, d) 

Marginal densities for {p; } and {vj} under model RCB, with the fixed mid-point scores in the 

age category under model UB denoted by a+ and the MLEs for the order-restricted scores 

denoted by a x. (e-h) Similarly, for integer-spaced scores in the age category. Note: the 

identically shaped posterior densities, even though we have a change in the scale and location 

for ß' and {p; }. 
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zero for models Ue or RCB. The discrepant cells corresponded to the five cells 
{2,1}, f2,2}, {5,1}, f5,3} and f5,4}, where the poor fit can be clearly seen in 

figure 4.12. For example, n5,1 lies in the tail of q5,1 for model 1B, but close to 

the posterior mode for models UB and RCB. For the cells lying in the centre 

of the table we obtained very little difference between the models, with the cell 

frequency lying near the posterior mode. When we considered integer spaced 

scores for the age category (denoted by a *), we obtained approximately identical 

predictive densities in figure 4.12. 

To see if the local discrepancy in the previous five cells for model 1B is rela- 

tively insignificant, compared to the reasonable local fit for the remainder of the 

table, we plotted the global discrepancy measure D(rj; m) against D(n; m) in 

figure 4.11(b), obtaining Pb = 0.01. Therefore, we rejected the model in favour of 

the vast improvement for models UB and RCB, with Pb equal to 0.46 and 0.57, 

respectively. However, there is very little difference in the shape of the predictive 

densities for models RC' and UB, due to the fixed scores lying within the 50 % 

central interval of the respective ordered score densities in figures 4.10(c, d, g, h). 

Therefore, we preferred the more parsimonious model UB, with the predictive 

densities shown in figure 4.12. 

4.3 Summary 

For both of the examples considered, the global discrepancy measure, allowed 

us to confirm that model UB, under the assumption of a normal prior for the 

association parameter, provides an adequate fit to the data, with Pb approximately 

equal to 0.5. This is in contrast to the more parsimonious model 1B, with Pb 

approximately equal to 0.0, which does not provide a reasonable fit. 

The local discrepancy measure highlighted the fact that the cells lying towards 

the corner of the table were not being adequately modelled by IB, which could be 

investigated further. The maximum likelihood methodology discussed in Chap- 
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Figure 4.11: (a) Local discrepancy measure Pr(r7; j < n; j), for each cell shown horizontally, 

under models IB, Up and RCQ, with normal priors. (b-d) Scatter plot of global discrepancy 

measure D(tj; m) against D(n; m), under models UB, RCB, with a normal prior for the asso- 

ciation parameter, and model IB. The Bayesian p-value pb, is equal to the proportion of points 

above the dotted line. 

ter 2 can distinguish globally between models but local diagnostics are restricted 

to standardised residuals, which do not address how the cell frequencies compare 

to future predictive realisations generated under a particular model. However, 

prediction is where most interest invariably lies, as this suggests how improve- 

ments to the model can be made, for example by the addition of a suitable param- 

eter to measure the ordinal nature of the table. The final example revealed our 

Bayesian methodology to be fairly robust to the choice of scores when perform- 

ing prediction, a choice which has been a source of contention under maximum 

likelihood estimation. 

We will now proceed to consider the case of a special type of contingency table, 

where we only need to consider finding expected frequencies for a portion of the 

table. The remaining expected frequencies are considered fixed and equal to the 

cell frequencies. 
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Figure 4.12: Marginal densities for the predictive distribution under models IB, UB and RCB, 

with midpoint scores for the age category. Similarly, for UB* and RCB*, with integer spaced 

scores for the age category. Denote the cell frequency and MLE for the expected frequency by 

+ and x, respectively. 



CHAPTER 4. Loglinear Models for Ordinal Categorical Tables 92 

4.4 Triangular Tables 

A triangular table is obtained for a two-way contingency table, when we re- 

quire the constraint that one category response is always greater than or equal 

to the other. For the remaining cells we obtain structural zeros, where the cell 

frequency and expected frequency are restricted to be equal to zero. Bishop, 

Fienberg and Holland (1975, Ch. 5), Goodman (1979b, 1994), Haberman (1979, 

Ch. 7) and Sarkar (1989), considered maximum likelihood estimation for the quasi- 

independence model, which is defined in this particular context by the indepen- 

dence model restricted to non-structural zeros. 

Bishop, Fienberg and Holland (1975, Ch. 5) let S be the set of cells in a two- 

way contingency table consisting of all cells which do not contain structural zeros 

or fixed cell frequencies. They then obtained the expected frequencies for the 

saturated model by setting 

exp(Ao + AX + )jy + %`_, j) for (i, 9) E S, 
mtij 

n;, j otherwise. 

We shall consider a two-way contingency table, with an equal number of rows 

and columns, i. e. r=c and cell frequencies only below the leading diagonal. 

Therefore, we let S contains the set {i, j} such that i=1, ... ,r and i>j, forming 

a two-way triangular table. In this case, the constraints of Bishop, Fienberg and 

Holland (1975, p. 179) simplify to 

rrir 
EAG = 0, EAij = 0, i EAi, j = 0, j=1,..., r. 

i=1 
. 
1=1 7=1 i=1 

The quasi-independence (QI) model is given by {a;, j = 0}; this is equivalent 

to the independence model restricted to the set S. McDonald and Smith (1995) 

introduced the model of quasi-uniform association (QU), which corresponds to 

Goodman's (1979c) uniform association model restricted to the set S. 

We shall define the Bayesian quasi-uniform association (QUB) model by UB, 
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restricted to the set S. Similarly, the Bayesian quasi-independence (QIB) model 
by IB, restricted to the set S. 

We implemented the Gibbs sampler, where the summations in the notation 

of section 3.3 are restricted to the set S, to obtain a sample of realisations for 

{m;, j} under models QIB and QUB. For comparison with McDonald and Smith 

(1995) we shall also consider model QUF, where we fixed the marginal expected 

frequencies to be equal to the cell frequencies. 

Realisations from the predictive distribution were then sampled from the multi- 

nomial distribution restricted to the set S, conditional on each realisation gener- 

ated under either models QIB and QUA. 

4.5 Initial and Final Ratings on Disability of Stroke 

Patients 

Bishop and Fienberg (1969) presented an example concerning the physical dis- 

ability, measured on a five-point scale A-E of increasing severity, for 121 patients 

admitted to the Massachusetts General Hospital following a stroke and on dis- 

charge from the hospital. As none of the patients had a second stroke, their score 

on the second examination could only be the same or better. The results of both 

examinations are reproduced in table 4.4, following the layout of McDonald and 

Smith (1995) for ease of comparison. 

Bishop and Fienberg (1969) fitted the QI model, with X2 goodness-of-fit statis- 

tic 8.37 on 6 df, which is not significant at the 5% level when compared with a 

x2 random variable on 6 df. Altham (1975) reparameterised the QI model and 

performed a transformation in order to find the MLEs for the probability that 

a patient improves. In addition, her choice of parameters allowed an alternative 

Bayesian analysis. 
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Table 4.4. Initial and Final Ratings on Disability of Stroke Patients. 
Initial Estimate Final Ratin g 
Rating E D C B A 

5 4 3 2 1 
Al n 5 

mQl 5.0 
m. Qu 5.0 

mQup (se) 5.0 

mQu B (se) 5.3 (2.1) 

B2 n 5 4 
mQ, 5.3 3.8 
mQU 4.0 5.0 

mQUF (se) 4.4 (0.9) 4.6 (0.9) 

mQUB(se) 5.2 (1.8) 4.3 (1.5) 

C3 n 4 4 6 
mQ, 3.4 6.2 4.4 
mQU 2.1 6.1 5.8 

mQUF (se) 2.7 (0.9) 5.4 (1.0) 5.9 (1.1) 

mQUB(se) 3.3 (1.2) 6.2 (1.8) 4.9 (1.5) 

D4 n 1 4 10 9 
mQI 4.5 4.7 8.6 6.2 
m. Qu 3.2 4.4 9.6 6.9 

mQ"F (se) 2.4 (0.9) 4.3 (1.0) 9.5 (1.4) 7.7 (1.3) 

mQUB (se) 4.2 (1.4) 4.8 (1.4) 8.8 (2.1) 6.4 (1.7) 

E5 n 8 15 12 23 11 
mQI 8.0 11.5 11.9 21.9 15.7 
mQ° 8.0 12.8 13.6 22.3 12.3 

mQUF(se) 8.0 13.5 (0.9) 12.9 (1.3) 22.7 (1.7) 11.8 (1.8) 

mQU'3(se) 8.5 (2.8) 12.1 (2.9) 12.2 (2.8) 21.2 (3.5) 13.8 (3.1) 

Source: Bishop and Fienberg (1969). Cell frequencies {n; j} and MLEs for the expected fre- 

quencies {ni; j} under models QI and QU. Sample means {m; j} and standard errors (se) for 

the expected frequencies under models QUF and QUB. 
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McDonald and Smith (1995) obtained an improvement in fit when considering 

the QU model, under exact tests, where the asymptotic likelihood ratio and Wald 

tests rejected the QI model in favour of the QU model. 

4.5.1 Analysis 

In table 4.4, we generally find that the sample mean for the expected frequencies 

under model QUF provided more similar estimates to the cell frequencies than 

the maximum likelihood estimates provided by McDonald and Smith (1995). 

The corresponding sample mean and standard error for ß are equal to 0.26 (0.16), 

similar to McDonald and Smith (1995) who obtained 0.29 (0.15), under maximum 

likelihood estimation. 

However, as we are interested in model comparison, we shall continue as pre- 

viously with model QUB and proceed to compare the predictive distributions 

conditional on either model QIB or QUB 

We illustrated convergence by the constant ergodic mean and successive upper 

and lower quantile values for ,Q in figure 4.13(a), with corresponding sample mean 
(standard error) equal to 0.07 (0.10). To obtain a MCMC acceptance rate greater 

than zero for model QUB, we required a smaller value for a2 (the prior mean for 

Q2) equal to 0.12, compared to 0.42 for model QUF. This resulted in the smaller 

standard error for /Q equal to 0.10 compared to 0.16, under models QUB and 

QUF, respectively. 

The odds ratio of a unit increase in final rating, given a unit increase in initial 

rating, has 95 % central interval equal to (0.88,1.29). Therefore, we expect little 

improvement on fitting model QUB, compared to QIB, as one lies just within the 

50 % central interval for eQ, resulting in similar values for py equal to 0.40 and 

0.44, respectively. 

The local discrepancy measure highlighted only cell {4,4} as providing a poor 
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Figure 4.13: (a) Ergodic mean, upper and lower quantiles for ß, under model QUB. (b, c) 

Histograms for ef3 and o. (d, e) Scatter plot of global discrepancy measure D(ij; m) against 

D(n; 7rn), under models QIB and QUB (with a normal prior for the association parameter). (f- 

t) Marginal densities for the predictive distribution {rj; j } under models QIB and QUB. Denote 

n; j and tQý by + and x, respectively. 



CHAPTER 4. Loglinear Models for Ordinal Categorical Tables 97 

fit, with values equal to 0.015 and 0.032 for models QIB and QUB, respectively. 
The outlying cell frequency {4,4} is shown clearly in the corresponding predictive 
density of figure 4.13(1) by the + symbol. For the remaining predictive densities, 

we obtained a very close correspondence conditional on either model QIB or 
QUB, with nj j near the posterior mode. Therefore, we conclude that the more 

parsimonious model QJB provides an adequate representation of the data. 

4.6 Summary 

For the example on severity of stroke patients, we noted that if the probability 

that the local odds ratio is equal to one lies just within the 50 % central inter- 

val for the corresponding posterior density, then the shape of the corresponding 

predictive densities under the assumption of either the Bayesian independence or 

uniform association models will be relatively close. 

Alternatively, by considering the margins fixed, we were able to obtain similar 

point estimates to McDonald and Smith (1995). However, no clear method for 

obtaining the predictive distribution, conditional on the expected frequencies and 

marginal constraints, presents itself. In addition, there is no possibility of fitting 

more parsimonious models. 

In this Chapter, we successfully applied our Bayesian approach to the analysis 

of the simplest case of a two-way contingency table, obtaining realisations for all 

the parameters using the Gibbs sampler. Relaxation of the assumption of fixed 

scores or the normal prior distribution for the association parameter was also 

considered. 

For each example we obtained similar point estimates for our Bayesian method- 

ology compared to maximum likelihood and empirical Bayes. We also obtained 

the shape of the marginal density, without requiring an asymptotic normal ap- 

proximation, enabling us to calculate an accurate 95 % central interval. 
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Our methodology included the possibility of prediction, enabling local and 

global model adequacy to be tested under increasingly more parsimonious mod- 

els. For the first two examples, we obtained similar conclusions to the formal 

goodness-of-fit tests, in preferring the uniform association model to the indepen- 

dence model, with no further increase in fit provided by the row-column effects 

model. For the example on disability of stroke patients, our quasi-independence 

model provides an adequate fit, whereas McDonald and Smith (1995) suggested 

the quasi-uniform association model. This difference is due to whether we con- 

sider the marginal counts fixed or not. 

We will return to loglinear models in Chapter 6, when we consider square 

tables with normal priors for the association parameter and a possible symmetry 

parameter. In Chapter 5, we shall parallel the methodology of Chapter 3 for 

"log-odds" or logit models. 



CHAPTER 5 

Logit Models for Ordinal Categorical Tables 

Following the influential papers of McCullagh (1977,1980,1984), a large por- 

tion of the literature on contingency tables is devoted to the log-odds or "Logit" 

type of models. Williams and Grizzle (1972) estimated the expected frequencies 

for the logit model using the method of weighted least squares, with an application 

in Koch, Amara and Singer (1985). Alternatively, McCullagh (1980) proceeded 

to solve the maximum likelihood equations using the Newton-Raphson algorithm, 

as illustrated in Appendix B3 of Agresti (1984). The methodology of McCullagh 

(1980) has been implemented by Agresti (1990), with an overview of logit models 

presented by Barnhart and Sampson (1994). 

Logit models are widely used when there is a distinction between a response 

variable and explanatory variables, where we only need to describe the association 

between the response and explanatory variables, but not between the explanatory 

variables. The distinction has the advantage for logit models in multidimensional 

contingency tables of being simpler to formulate than the corresponding multidi- 

mensional loglinear models, which do not distinguish between the variables. 

99 
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5.1 Logit Models for Two-Way Contingency Ta- 

bles 

Consider a single explanatory variable X, with levels i=1, 
... ,r and dichoto- 

mous response variable Y. Agresti (1984, Ch. 6,7), Goodman (1983), Haberman 

(1979, Ch. 5) and McCullagh (1980) suggested a simple linear relationship for the 

"cumulative" log odds or "logit" 

r 
Ll(, ) =log 

ýZi`ý 
=log 

m''2 
= al -I- tX ,i=1, ... ,r, =0, 71 (i) Mij i=1 

where 7rjl; l = lr;, i/7r;, + is the conditional probability of making response j for 

Y, given explanatory variable X at level i. The parameter rX pertains to the 

"partial association" between X and Y, where "partial" refers to the levels of X 

being held constant. The variable Y is conditionally independent of X, if all of 

the (r-1) odds defined by Eq. (2.1) are equal to 1, which will be true if all sX = T, 

say. The parameter al is equal to the average of the r logits, al =*E1 L1(; ). 

For c>2 response categories, there are several ways of forming logits. We shall 

only consider the "cumulative" or "accumulated" logits of Agresti (1984,1990) 

and McCullagh (1980), as these utilise the category ordering, with the saturated 

model given by 

L= log 7rj+1(t) + ... + 7rC(, ) 
_ l0 1- Fj(=) 

= «" + TX 5.1 Li(j) 
ý1(t) + ... + 7"j(i) 

g F. i(=) ' ý(i) 
() 

where i=1, 
... , r, j=1, ... ,c-1, E=_1 7, j(_) =0 and Fj(=) _ >h_1 7rh(; ). The 

parameter a3 =TE 'j-1 L; (j), is equal to the average of the r logits that are 

formed when the cut point follows category j, i. e. the point corresponding to the 

cumulative sum of cell frequencies which includes the first j column categories. 

For each i=1, ... , r, L1(ß) > L2(i) >"""> Lc-1(t), so that the {aa} are always 

monotone decreasing. 

The logit independence model is obtained when {Tjx(i) = 0}, with 

Lj(; ) = aj, for i=1,..., r and j=1,..., c- 1. 
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If the row variable is ordinal, Agresti (1984, p. 115) considered an intermediate 

model between the independence and saturated model by assigning known scores 
{ui}, for each level of response j 

Le(i) = aj +Ppi, for i=1,..., r and j=1,..., c- 1. 

For integer scores {u; = i}, the model is identical to the loglinear uniform as- 

sociation model applied to the collapsed rx2 table, where the log odds ratios 
#j = L; (i+l) - L; (i) are equal, for all r-1 pairs of adjacent rows. 

Under the assumption /? =". "=ß, _1 = /. 3, say, Agresti (1984, p. 121) defined 

the logit uniform association model 

Li(t) = aj +ßu;, for i=1,..., r and j=1,..., c- 1, 

where the global log odds ratio ß is equal for all (r - 1)(c - 1) 2x2 tables, 

obtained by taking all pairs of adjacent rows and all dichotomous collapsings of 

the response. 

Alternatively, if the row variable is nominal then 

Lj({) = crj +Tti 
, for i=1,..., r and j=1,..., c- 1, (5.2) 

where >1T; = 0. The i th row effect is assumed to be the same for all c-1 

ways of forming the cumulative logits. 

Agresti (Appendix B3,1984), using the theory of McCullagh (1980), proceeded 

to find the MLEs for the parameters of the previous models using the Newton- 

Raphson algorithm, by first finding a suitable design matrix X, such that L= 

X-r. 1 The matrix X for the model defined by Eq. (5.2) is given by Agresti (1984, 

p. 231), with TT = (a,, 
... , ac-1, Ti, ... , Tr-1)" 2 

'For r equal to the vector of parameters to be estimated. 
2The T superscript denotes transpose. 
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5.1.1 Joint Posterior Distribution for 7-, 7-' and a-2 

The previous Bayesian methodology for the loglinear model motivates us to con- 

sider a similar approach for the logit model. Previously, in the loglinear theory 

we considered a normal or Student-t prior for the association parameter. We will 

propose the same normal prior assumption for the corresponding partial associa- 

tion parameter in the logit model. This will allow us to define the Bayesian logit 

row effects (RB) model by Eq. (5.1), with a priori 
r 

Jx) N(r, u ), for 2=1,..., r, j=1,..., c and Eri = 0. 

i=1 

In addition, we will choose identical priors for the corresponding parameters in 

the normal distribution in section 3.2. Thus, our choice of priors are uniform for 

jai} and {Tt }, scaled inverse-X2 for {v? }, with parameters vo, ry2, chosen to give 

a prior mean a2 for each o, which we chose equal to 0.12, the largest value which 

we found gave a reasonable acceptance rate (details in section 4.1.2). 

We shall define the Bayesian independence (IB) model by setting { ýý, ) = 0} 

in model RB. Let 

TT =ia,, ... , a, -,, 
T1ýi), ... , TX 11)1 ... , T1(T_1), ... , TX 1(r_1)) , 

then from Bayes' theorem, Eq. (2.8), the joint posterior distribution for T, r' and 

o. 2 is given by 

P(T) T1,0*2In) a 1(TIn)P(r, T1117 2 

a 1(-rl n)P('rl r', cr2)P(-r')p(cr2), 

assuming n is independent of 7-', Q2 conditional on r, and the prior distributions 

for r' and o2 are independent. 

We shall rewrite the likelihood in a form originally given by McCullagh (1980), 

in order to allow differention with respect to a component of r later on in the 

thesis, 

tC 1(T I n) a 
fJ 1[(Fj(¬) 

- 
i=1 j=1 
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r c-1 
II F1(c, )'(F. i+j(i) - Fj(i))'l', j+l 

r c-1 F. h=1 ni, h 

- 
II 7(i 

+1 (1 j+1(f) - 
Fj(i))ýi, i+i 

i=1 j. l Fi'ýh-1 ni, h 

i 41 

r c-1 . 
Fj(i) h_i ni, h 

l j+l(i) - 
Fj(i) 

>h±i 
ni, h 

s_1 j=1 
1j+l(i) 

- Fj(i) 

On taking natural logarithms of the joint posterior distribution with the above 

priors, we obtain 

z log P(rý T 17) aE nt, + E Zi(t) log j(') 
i=1 =1 

rj+1(=) - F'j(_) 

C-I [(7-j(i) 
- 7-j) 2 

- Zj+1(, ) log 
2o= 

2 

r3 
)- 2- (5.3) - 

(rio+c-1+1)logo 

where ZJ(i) _ Eh=i nh, i/ni, +. 

To obtain realisations from the joint posterior distribution p(r, rl, Q2), we sam- 

ple from the following conditional distributions 

1. -r-IT', o-' N Metropolis algorithm; 
X 

2. T, ) , T. Q-2 N 
ý; T; (j) ? i_ 

E*. T' =Oi=1 r" 

C-S 

Inv-gamma 
22r; 

using the Gibbs sampler, discussed in appendix B. 3. 

5.1.2 Generation of Conditional Posterior Distribution for 

T 

Generation of realisations for {T; } and {o? }, follows as previously for 0 and a2, 
in sections 3.2.2 and 3.2.3, respectively. To generate a set of realisations for rr, 
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we apply a similar methodology to that used for the parameter A in the loglinear 

model of section 3.3.1. We implement a Metropolis algorithm with transition 

probability function 

q ,,, N (r(t-'), k2I (, r(t-1))-1) I 

to obtain a proposed realisation for r at iteration t. We require expressions for 

the first and second derivatives of the posterior distribution, to obtain an initial 

value r(0) = r* and to evaluate I(T(t-11) from the previous iteration. 

Agresti (1984, p. 245) has already provided expressions for the first and second 

derivatives of the likelihood function for -r. Therefore, on successively differen- 

tiating Eq. (5.3), the first summation over the rows will be identical to Agresti's 

and we need only to calculate additionally the derivatives of the prior. Hence, we 

obtain 
ö logic(-r'I'r, 

' o-' n) 
-r ni + 

c-1 Zj(i)Fj+1(i) 
- 

Zj+l(i)Fj(i) 

99 aTs - (F FFa() 

C-1 
l(cr(c-1) 3=1 

dJ, (i)T3) - Ti 
dj, 

y(i) and 
(5.4) 

j=l II) 

_ 
a21ogp(7'1 7"', o-, n) r c-1 Fj+l(i) 

19 T, a Tw 
ýi'+ 

j=l 
(F'j+l(i) - Fä(i))F'j(i) aj, s(i)aj, w(i) h9 

'w -E 

c-1 

, +, Ed , 3(i)di, (t) i 

. 7=1 
7i 

(5.5) 

where aj,, (; ) = Fß(; )(1- FF(; ))xJ,, (_) - Fj(i)(1- Fj+i(i))xi+1,, (t); similarly, for aJ, w(j), 

where s, w=1, ... , r(c - 1), i=1, ... ,r and j=1, ... ,c-1. 

The constants {dJ, 
3(; )} are obtained as follows. We first write the model given 

by Eq. (5.1) in matrix form L= X7-, where matrix X is given in appendix B. 1. 

Now consider a particular row L"T (°-1) xT for i=1,... 'r and S=I 
j=1, ... ,c-1. The {dJ, 

9(i)} are equal to the {xj, 
s(i)} components of X, with 

identical row and column entries for columns s=c,. .., r(c - 1), correspond- 

ing to the {T, (i)} terms when evaluating L= Xir. For the remaining columns 

s=1, ..., c-1, set {dJ, 
3(i) = 0}, since these correspond to {aa}. Therefore, we 

obtain Er(c d;, 3(; )T3 = 73 j), for i=1, 
... ,r and c-1; similarly, for 
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{dj,,,, (i)}. The corresponding matrix D is also given in appendix B. 1. 

The multidimensional Newton-Raphson algorithm (Agresti 1990, p. 114-118, 

187) follows the iterative scheme = , i-(t') - (H)-'g(t1), in order to solve 
{gs = 0}, as given by Eq. (5.4). Matrix I is equal to the negative of the second 
derivative matrix H, with {s, w} entry hs,,,, given by Eq. (5.5). Further details 

can be found in appendix B. 3. 

The presence of non-zero off-diagonal elements in the Fisher Information matrix 

requires the inversion of the full r(c - 1) x r(c - 1) second derivative matrix, 

increasing the computational time required compared with the loglinear models 

of Chapter 3. 

Once we obtained a sample of realisations from the Gibbs sampler (appendix B. 3), 

under either models IB or RB, we proceeded to obtain a sample of realisations 
from the corresponding predictive distribution, conditional on the row marginal 
totals being fixed, following the methodology of section 2.7. 

5.2 Political Ideology Cross-Classified with Party 

Affiliation. 

There may be occasions when the association structure across the rxc cross- 

classification table may only follow a monotonic trend in one of the variables and 

not the other. 

An example presented by Agresti (1984, p. 125), originally given by Hedlund 

(1978) for a sample of voters taken in the 1976 presidential primary in Wisconsin, 

is reproduced in table 5.1. Political ideology has a natural ordering from liberal 

to conservative, but the order of party affiliation is unclear. Agresti (1984) con- 

sidered the row-effects model (R), by treating the party affiliation as a nominal 

variable, with a fixed number of members, while keeping political ideology ordinal 
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Table 5.1. Political Ideology Cross-Classified with Party Affiliation. le 5.1. Political Ideology Uross-Ulassiüed with Party Aftilial 
Party Estimate Political Ideology 
Affiliation Liberal Moderate Conservative 
Democrat n 143 156 100 

mR 136.3 170.4 92.2 

rR(se) 139.6 (7.6) 163.4 (6.2) 96.0 (6.9) 

17 IB (84,121) (141,182) (116,156) 

77 RD (116,163) (141,186) (74,118) 
Independent n 119 210 141 

mR 122.5 203.3 144.3 

mß(se) 120.4 (7.1) 207.3 (6.7) 142.3 (7.7) 

71r$ (100,141) (168,213) (138,182) 

17 _B (98,144) (183,232) (118,167) 
Republican n 15 72 127 

mR 19.9 65.0 129.1 

mR(se) 18.7 (3.4) 67.0 (4.9) 128.4 (7.2) 

17iß (42,68) (72,101) (59,87) 

771K B (9,30) (51,84) (108,148) 

Source: Hedlund (1978). Cell frequencies {n;, 5} and MLEs for the expected frequencies {r"n;, j} 

under model R. Sample means {m;, j}, standard errors (se), for the expected frequencies under 

model RB, and 95 % central interval for the predictive frequencies {77;, j} under models IB and 

R''. 

and obtained G2[IIR) = 101 on 2 df, which has asymptotically a X2 distribution 

under the hypothesis of independence, conditional on model R being correct (see 

section 2.1.4). Therefore, Agresti (1984) rejected the hypothesis on comparison 

with a X2 distribution, on the same df. 

Convergence of the Gibbs sampler and Metropolis algorithm is illustrated in 

figure B. 1), of appendix B. 4, by the stable ergodic mean and quantiles, with 

similar marginal densities for the first 2,000 and 12,000 realisations for {aj}, { , '}, 

11,1 and Ql. For al, a2, Tl, 7,2 and r3, we obtained the following sample means 
(standard errors) equal to 1.35 (0.07), -0.53 (0.05), -0.68 (0.12), -0.30 (0.11) and 

0.97 (0.17), respectively. The sample means in this case are very similar to the 

MLEs: 1.33, -0.53, -0.67, -0.28 and 0.95, respectively. 
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Of interest to the investigator is in the difference in the range for the odds of a 

unit increase in political ideology, with levels liberal, moderate and conservative, 

when changing from a known Republican (Rep) to Democrat (Dem) voter. In 

figure 5.1(d), we transformed the sample of realisations for r' to obtain the density 

for the odds eTRýp-TDým, of being classified conservative or moderate instead of 

liberal (similarly for classification conservative instead of moderate or liberal), 

with the 95 % central interval equal to (3.1,8.8). The posterior mode is similar 

to the MLE of 5.06, given by Agresti (1984, p. 126). 

Similarly, for the odds (eTlnd-TDem) of being classified conservative or moderate, 

instead of liberal, for Independents (Ind) compared to Democrats have a much 

shorter 95 % central interval equal to (1.1,2.0), than the odds (eTRep-Tend) for 

Republicans compared to Independents, with 95 % central interval (2.2,5.8). For 

each combination of political parties Pr(eTT-Tä > 1) = 1, where b= Rep, Ind and 

a= Dem, Ind, b#a. Therefore, we have a monotonic ordering from Democrat, 

Independent to Republican, as political ideology changes from liberal, moderate 

to conservative. 

The intervals for the odds suggest that the Independents are slightly more con- 

servative than liberal, i. e. the range of the posterior distribution for ri,, d overlaps 

Them, whereas rR, p and Tjnd have distinct 95 % central intervals in figure 5.1(b). 

Illustrating the degree of overlap between Independents and Democrats would be 

difficult to infer under a ML approach. 

The marginal densities for {o; } in figure 5.1(c) have long right tails, allowing 

the possibility of accepting the occasional realisation for \;, j in the Metropolis 

algorithm, corresponding to a large difference between mtj and nij. The similar 

posterior densities suggest a single a parameter would have been adequate. In 

figure 5.1(a), the distinct marginal densities for {aj} confirmed the monotonic 

decreasing property of {aj}. 

The previous inferences are conditional on the assumption of model RB being 

correct. We will now consider the model adequacy of RB, and the more parsimo- 
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Figure 5.1: (a-d) Marginal densities for {a5 }, {r; }, {v; } and {eTb-Tä }, respectively, under 

model R. (e) Local discrepancy measure Pr(rj;, j < ni, 5) under models IB and RB (with a 

normal prior for the association parameter and fixed scores). For simplicity only the extreme 

discrepancy measures under model IB are labelled. (f, g) Scatter plot of global discrepancy 

measure D(77; m) against D(n; m), under models IB and RB (with a normal prior for the 

partial association parameter and fixed scores). 
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nious independence model IB, by generating a sample of realisations from each 

of the predictive distributions. 

For model RB, we obtained an excellent fit. All n=, j lie within the 95 % central 

interval for the corresponding qRB whereas under model IB the corner four n; j 
lie outside the 95 % central interval for i B. The poor fit of the corner cells is 

highlighted in italic in table 5.1 and confirmed locally by the extreme values for 

the local discrepancy measure, Eq. (2.15), in figure 5.1(e). 

In figures 5.1(f, g), we plotted the global discrepancy measure D(rj; M), Eq. (2.17), 

against D(n; m), obtaining pb = 0.54 for model RB. Therefore, we obtained a 

similar sample of realisations for the global discrepancy measure when consider- 

ing either {? 7;, j} or {n=, j}. Hence, model RB is a great improvement on model IB 

(Pb = 0.00) and the saturated model (Pb = 1.00). 

We assumed a product multinomial sampling scheme, conditional on a partic- 

ular row and each simulated expected frequency, when generating a realisation 

from the predictive distribution. Therefore, we may present the three-way joint 

predictive distribution for yR , conditional on each i equal to either Democrat, 

Independent or Republican, in the form of three-way highest predictive density 

plots in figure 5.2; a representation previously considered by Box and Tiao (1973, 

p. 285). 

The outer edge of the convex hull for - 77i, i, 7i, 2; 77=, 3 corresponded to 90 % 

of the simulated realisations for {7j, ß}s 1, conditional on a fixed i. For illustra- 

tion in interpreting the three-way scatter plot, consider the fixed Republican row. 

The region of high predictive density corresponds to a response with approximate 

respective probabilities (0.10,0.30,0.60) of being liberal, moderate or conserva- 

tive. Similarly, (0.25,0.45,0.30) and (0.35,0.40,0.25) for Independents and 

Democrats, respectively. 

For the Independent and Democrat parties the closeness in the boundaries of 

the predictive distributions, compared to the Republican party, indicates simi- 
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Figure 5.2: Three-way 90 % highest predictive density plots for the conditional predictive 

distributions, generated assuming a product multinomial sampling scheme conditional on the 

cell probabilities 7rJ(i), for fixed i equal to Democrat, Independent or Republican, respectively. 

lar political ideologies. These insights would be difficult to reproduce under a 

maximum likelihood or the alternative Bayes approach of Agresti and Chuang 

(1989). 

5.3 Logit Models for Three-Way Contingency Ta- 

bles 

One advantage of considering logit models is when generalising to higher dimen- 

sions, we need only consider interactions between the response and explanatory 

variables, allowing simpler models than the corresponding loglinear models. 

Agresti (1984, p. 112) provided a motivating example, originally given by Corn- 

field (1962), Ku and Kullback (1974), and reproduced in tables 5.2 and 5.3, con- 

cerning the presence or absence of heart disease (with levels k=1, ... , 1, where 

1= 2), for a six-year study of Framingham men aged between 40 and 59. Possible 

1 0.9 0.8 0.7 0.6 0.6 0.4 0.3 0.2 0.1 0 

Consrrv. W., pI(1.3) 
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Table 5.2: Cross-Classification of Framingham Men by Systolic Blood Pressure, Serum Choles- 

terol and Presence of Coronary Heart Disease. 
Serum Estimate Systolic Blood Pressure (mm Hg) 

Cholesterol 
(mg/100 cc) < 127 127-146 147-166 > 167 

< 200 n 2 3 3 4 
m 1.9 3.1 1.9 1.5 

M(se) 2.7 (. 5) 3.2 (. 7) 2.7 (. 4) 1.7 (. 4) 

r/ (0,5) (0,7) (0,5) (0,5) 
200-219 n 3 2 .5 3 

rn 2.4 4.2 2.8 2.2 

m(se) 2.4 (. 4) 4.0 (. 6) 3.1 (. 4) 2.3 (. 4) 

71 (0,6) (1,8) (0,6) (0,6) 
220-259 n 8 11 6 6 

5.7 15.0 7.6 7.4 

m(se) 5.6 (. 9) 14.3 (1.3) 7.4 (. 7) 7.6 (1.0) 

77 (1,11) (7,23) (3,13) (3,13) 

> 260 n 7 12 11 11 
m. 5.4 12.2 9.2 10.1 

m(se) 5.5 (1.0) 12.0 (1.5) 9.3 (1.0) 10.6 (1.5) 

77 (1,11) (6,19) (4,15) (5,17) 

Source: Ku and Kullback (1974). Cell frequencies {n;, j, k} and MLEs for the expected frequen- 

cies {r"n;, J, k} under model U. Sample means {m;, j, k}, standard errors (se), for the expected 

frequencies, and 95 % central interval for {rJj j, k} under model UB. Looking ahead, we replaced 

the original cell frequency of 0 by 0.5 in cell 12,3,1}, to avoid computational overflow problems 

due to the loss of the first term in Eq. (5.7), if Z1(2,3) = 0. 

explanatory variables are serum cholesterol (with levels i=1, ... , r, where r= 4) 

and systolic blood pressure (with levels j=1, 
..., c, where c= 4). 

Agresti and Kezouh (1983) presented a loglinear analysis obtaining the best 

fit for the homogeneous uniform association model, where G2 = 22.8 on 21 df, 

obtained by structuring A9T = ßc'Pu; v� in the standard loglinear model having 

no three-way interaction parameters, with a similar structuring for JA CH} and i, k 

PH {aj, k }" 

We shall be interested in the following hierarchical logit model with no three- 
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Table 5.3: Cross-Classification of Framingham Men by Systolic Blood Pressure, Serum Choles- 

terol and Absence of Coronary Heart Disease. 
Serum Estimate Systolic Blood Pressure (mm Hg) 

Cholesterol 
(mg/100 cc) < 127 127-146 147-166 > 167 

< 200 n 117 121 47 22 
in 117.1 120.9 48.1 24.5 

m(se) 117.0 (. 6) 120.8 (. 7) 48.0 (. 4) 24.3 (. 4) 

71 (114,119) (117,124) (45,50) (21,26) 
200-219 n 85 98 43 20 

m 85.6 95.8 40.7 20.8 

m(se) 85.6 (. 4) 96.0 (. 6) 40.8 (. 4) 20.7 (. 4) 

77 (82,88) (92,99) (37,43) (17,23) 
220-259 n 119 209 68 43 

rn 121.3 205.0 66.4 41.6 

m(se) 121.4 (. 9) 205.7 (1.3) 66.6 (. 7) 41.4 (1.1) 

77 (116,126) (197,213) (61,71) (36,46) 
> 260 n 67 99 46 33 

m 68.6 98.8 47.8 33.9 

m(se) 68.5 (1.0) 99.0 (1.5) 47.7 (1.0) 33.4 (1.5) 

17 (63,73) (92,105) (42,53) (27,39) 

Source: Ku and Kullback (1974). Cell frequencies {n;, J, k} and MLEs for the expected frequen- 

ties {zn; j, k} under model U. Sample means {m;, j, k}, standard errors (se), for the expected 

frequencies, and 95 % central interval for {1J; j, k) under model U11. 
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way interaction 

= lo 7rk+1(i J) + ... + 7r1 iii) log 
1- Fk. (,, j) Lk(i, ý) g+... + 7rk(i, ý) Fk(+, J) 

= ak -F T (_) +T (i) (5.6) 

where Fk(i, j) _ ýh=l ýh(=, J), >1T (t) _ >j=1 T (i) = 0, for i=1, 
... ,r, 

j= 

1,..., c and k=1,..., 1 - 1.3 

The {ak} are equal to the average of the rxc logits that are formed when the 

cut point follows category k. The partial association between serum cholesterol 

and heart disease, or systolic blood pressure and heart disease, is given by {T (j)}, 

or {T (J)}, respectively. 

5.3.1 Joint Posterior Distribution for r, ßc, ßp, o. -2 C and 

ý2 P 

The {T (; ) } and {r)} are the partial association parameters for the response 

k, conditional on levels i and j, respectively. This suggests generalising the 

methodology of section 5.1.1, to the three-way contingency table. We define 

the logit model of Bayesian homogeneous uniform association (UB), for serum 

cholesterol and systolic blood pressure by Eq. (5.6), with a priori 

T (j) - N(Qcu;, QCM) ,i=1, ... ,r, T (i) N N(ß"Vj, o, 3 ), = 1, 
... ,c. 

In addition, we include the following priors, uniform for {ak}, 9C, ßP, scaled 

inverse-X2 for {QC2 } and {QPZ} (with parameters VC ,f2 and VP ö, y'2, respec- 

tively, chosen to give a prior mean a2 for each vf2 and °r2, which we chose equal 

to 0.12, as discussed in section 5.1.1). The fixed scores {u=} and {v3} are defined 

in section 2.2.1. 

The parameters Q' and ßP, with fixed scores {u; } and {vj}, model the ordinal 

nature of the serum cholesterol and systolic blood pressure categories, respec- 

3We shall leave k in the notation, even though k=1 only, to allow generalisation for the 
following example to be easily seen. 
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tively. Agresti (1984, p. 112) obtained a reasonable fit, G2 = 14.8 on df = 13, for 

the corresponding ordinal loglinear model Lk(; j) = ak + ßCU= + ß'v1. 

For model comparison, we define the Bayesian logit models of uniform associ- 

ation for serum cholesterol (CB), or systolic blood pressure (PB), by model UB 

with either {T (J) = 0}, or {T (t) = 0}, respectively. Similarly, for the Bayesian 

model of independence (IB), where we require both {T ý; ) = 0} and {T ýj) = O}. 

We shall define 

TT = 
(ai, 

... ' ai_i, T 
ýi),... 

ýTC1(1),... ... s TCl(r-1)s 

T 
ý1ýý 

... ' TP1ý1ýý ... 'T 
ýý_1)ý 

... ' TP1ýý_lýý . 

Then generalising Eq. (5.3) of section 5.1.1, the joint posterior distribution for -r, 

, ßC, /3p, 7-C2 and o-P2 is given by 

p(T, QC, ßP, 0.02, OPZ In) « l(T l n) P(T l f' 
, 
ßP, ITC2,0. 

P2 

X p(QC) p(ßp) p(oC2) p(oP2) 

assuming independence of the prior distributions for ßv, ßP, cc2, o-p2, and n 

is independent of ßC, , ßP, o-C', o conditional on r. We shall generalise the 

likelihood in Eq. (5.3) and include the previous prior distributions, to obtain the 

natural logarithm of the joint posterior distribution 

log P(r, Q 
l-1 ý+ 

C, QP, o. C2'oP2) °C 
rc (ni, 

j, + Zk(t, i) log k(i, i) ý EE i_1 i_1 k=1 
Fk+l(i, i) - Fk(t, i) 

- Zk+l(i, i)1og (_Fký1(, 3) (Fk+, 

(i, j)- Fk=, i 

ll 

r l-1 CC2 l_1 (P- #P)2 

- 
2a ý2 

) 

=1: 

E 

1_ 20 r2 i=1 k_1 j1 k_i j 

'r vö -F1-1 vöryCz 
-L2+1 log or, Cz) 

- 2vgz ti 
1 

- 
vö 

21-1 
+1 (log 

ßp2) - 
2ý PzJ 

, 
(5.7) 

_1L\ 
JJ 

where Zk(;, i) = Eh 
=1 ni, j, h/ni, i, +, for k 
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To obtain realisations for the joint posterior distribution p(, r, /C, /3P, OrC2, t7 2), 

we sampled from the following conditional distributions 

1. rl #C, ßP, O. C2 
, p. P2 ,,, Metropolis algorithm; 

2. ßC1 r, pp, u°2, c, 'P2 «N 
(apo, 

0*2 ýcl , 

II 
Li=1 

Ell=" 1-k(i)(ui/Qc))2 
,21 QC = 

(t-1)>1=1 ui/QCý 
and Q6C = ((_1) Eiol(ui/a9)2 

3. U02I 7, QC, ßp, up2 
_IC % (+�_� _O ryCz+Eikcl (Tk(i)_pC. i)2 

Inv-gamma 
2,2r; 

using the generalisation of the Gibbs sampler in appendix B. 3, with similar ex- 

pressions for the conditional distributions for ßP and {ßp2}. 

5.3.2 Generation of the Conditional Posterior Distribu- 

tion for r 

Generation from the conditional posterior distributions for /3C, ßP, QC2, QP2 is 

similar to P and o 2, respectively, in the Gibbs sampler of section 3.3. For pa- 

rameter r, we implement the Metropolis algorithm with transition probability 

function qNN (T(t-1), k2I(Tr(t-1))-i) Generalising the methodology of sec- 

tion 5.1.2, we can find the posterior mode and I by differentiating Eq. (5.7) twice 

with respect to T. On simplifying we obtain 

alogP(, r, Q°, ß 
, o. C2, . P2) 

93 = 8T, 
rc ! -1 [Zk(i, 

j)Fk+, (i, j) - Zk+1(i, j)F'k(i, j) 
(nij, 

+ 
i-1 '-1 k_1 

(Fk+l(i,. 
i) - 

Fk(i,. 
7 

)Fk 

1-1 

I((E11 -1) dk, 
s(i,. l)T3) - 

ßCui 
dk 

si 
k-1 o_i 

( (r+c-1) (1-1) P 
l(ýs-1 ek, 3(i,. 7)Ts) -Qy. 7) 

ek, 9(i, i) and 
ape 

02 log P(r JQc, QP, O. c2' o p2 ) 
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rc l-1 Fk+l(ij) 

-EE 
E 

lFk+l(i, j) - Fk(i, j))Fk(i, j) 
ak, s(i, j)ak, w(i, j) 

i=1 j=1 k=1 

1-1 dk, 
s(i, a)dk, w(i, j) ek, s(i i)ek, w(i, i) 

C2 - p2 
k=1 ýi olj 

where ak, 3(+,. i) = Fk(t, j)(1 - Fk(,,. i))xk, s(t,. i) - Fk(tj)(1 - Fk+l(ij))xk+i, 9(=, ß); similarly, 

for ak, w(;, j), where s, w=1,..., (r +c- 1)(1-1), i=j=1,.. 
., c and 

k=1,..., 1 - 1. 

The constants {dk, 
3(;, j)} are obtained as follows. We write the model defined by 

Eq. (5.6) in matrix form L= X-r, where matrix X is given in appendix B. 2. Now 

consider a particular row Lk(ij) (r+°-1)(1-1) 
xT for i1rj 

1, .... c and k=1, 
... , 

1-1. The {dk, 
9(i, j) 

} are equal to the {xk, 
s(i, j) 

} components 

of X, with identical row and column entries, for columns s=1, ... , r(l - 1) only, 

corresponding to the {Tk; )} terms when evaluating L= XT, with zeros for the 

remaining columns. Therefore, we obtain E(r 1-1)(1-1) dks(i, j)T, = Tk(j), with the 

corresponding matrix D given in appendix B. 2. Similarly, for the {ek, 
3(t, J)} we 

have identical columns to {xk, 
s(;, j)} for s= r(l - 1) + 1, ... , 

(r + c- 1)(l - 1) only, 

corresponding to the {Tk(J) } components. The corresponding matrix E is given 

in appendix B. 2, with E(r 1`-1)(1-1) ex, s({, j)T, = Tkj). 

Realisations for the predictive distribution are generated from a product multi- 

nomial distribution, conditional on the sample generated for rr- under models IB, 

CB, pB or UB, with fixed margins for each combination of the explanatory vari- 

ables. 
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5.4 Coronary Heart Disease Cross-Classified with 

Serum Cholesterol and Systolic Blood Pres- 

sure. 

Visual convergence diagnostics for the ergodic mean, upper and lower quantiles 

for al, /3C, ßP, T ý1), cc and uP, are given in figures B. 2(a-f) of appendix B. 4. 

For two subsequent simulations, we considered a Student-t prior, with 2 or 6 

df, respectively, instead of the normal prior. The posterior modes for { V,,, } are 

close to 1, confirming that the simpler normal prior assumption is adequate, with 

similar marginal posterior densities shown in figures B. 2(g-1). 

Referring to tables 5.2 and 5.3, the sample means {mtj} for model UB provide 

excellent estimates for {ni, j}, an improvement on the {r"n;, j}, with corresponding 

95 % central intervals for {7 i, j} also tabulated. 

In figure 5.3(a), we displayed the local discrepancy measure d;, j, k = Pr(ii 
, j, k < 

n=, J, k), discussed in section 2.7, for i=1, 
... , r, j=1, 

... ,c and k=1, 
... , 

1, under 

models 1B, pB, CB or UB. The corresponding number of cell frequencies, out of 

32, with d;, j, k less than 0.1, or greater than 0.9, are. 19,15,11 and 5, for models TB, 

pB, CB and UB, respectively. This indicates the increasing improvement in local 

fit, especially for model UB. The corresponding Bayesian p-values, calculated 

from each pair of global discrepancy measures in figure 5.3(b), increases from 

0.00 to 0.55, confirming the excellent fit for model UB, where the sample of 

realisations for the discrepancy measures D(rj; m) and D(n; m) are very similar 

under model UB. 

In figures B. 3 and B. 4 (appendix B. 4), we displayed the predictive density 

for all the cells under each model in boxplot form. For simplicity, we will only 

consider cells {1,1,1}, {4,4,2}, {2,3,1} and {1,4,1} in figures 5.4(a-d), as these 

are representative of the remaining cells. 
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Figure 5.3: (a) Local discrepancy measure Pr(7J 
, J, k < nij, k) for each cell under models IB, 

PB, CB and UB, assuming a normal prior for each association parameter and fixed scores, 

where appropriate. (b) Scatter plot of global discrepancy measure D(rj; m) against D(n; m), 

under models IB, PB, CB and UB. 

The cells {1,1,1} and {4,4,2} are typical of two possible corner cells, with an 

excellent fit for model UB (n;, j, k similar to the posterior mode), reasonable fits for 

models CB and PB (n;, J, k lying outside the 50 % central interval) and a poor fit 

for model IB (n=, j, k occasionally outside the 95 % central interval). Alternatively, 

for the centre of the table all the models fit equally reasonably, in particular for 

cells f3,2,1} and f3,3,1}. 

We shall now consider the poor fitting cells labelled in figure 5.3(a) for model 

UB. In table 5.2, we note the narrow category interval for serum cholesterol with 

200-219 (mg/100cc), compared to the other category intervals. This results in 

similar cell frequencies for the lowest two levels of serum cholesterol, except for 

column three, where we obtained a large decrease from a cell frequency of 3 to 

0.5 (cell 12,3,1}), before increasing to 6, which is not adequately modelled by 

the predictive density. 
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Figure 5.4: (a, b) Local fit for corner cells {1,1,1 } and {4,4,2}, indicating increasing fit from 

model In, pB, C' to UB, respectively. (c, d) Little improvement in local fit between the models 

for cells {2,3,1} and 11,4,11. 

On increasing the systolic blood pressure from the lowest level, in rows 3 and 

4 we obtained a large increase in the systolic blood pressure before a decrease. 

However, for the first row, we obtained monotonically increasing cell frequencies 

throughout, resulting in a poor fit for cell { 1,4,11, due to the influence of the 

much larger cell frequencies in the last two rows. By symmetry, due to the 

requirement of fixed margins for each combination of explanatory variables, we 

obtained a poor fit, for cells {2,3,2} and { 1,4,2}. 

We have obtained an excellent fit for model UB, so will proceed with posterior 

inference conditional on model UB, which provides an adequate representation 

of the data. The values obtained for the ergodic mean and standard error for 

a,, ß° and ßP, tinder model UB are 2.65 (0.95), 0.52 (0.10) and 0.46 (0.09), 

respectively. For comparison, Agresti (1984, p. 112) obtained corresponding MLEs 

and asymptotic standard errors for ßC and /3P equal to 0.53 (0.12) and 0.44 (0.11), 

respectively. 
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The slightly smaller standard errors for our methodology, previously in the 

loglinear analysis we obtained larger standard errors compared to the asymptotic 

standard errors, are due to the constraints imposed by only having two possible 

levels of coronary heart disease, at the 16 fixed levels for serum cholesterol and 

systolic blood pressure combinations. 

The similar posterior distributions for of 2 and vP2 in figures B. 2(k, l), sug- 

gest a single Q2 parameter would have been adequate, reducing the number of 

parameters. 

In figures 5.5 and 5.6, we illustrated without any serve loss in accuracy that the 

bivariate posterior density for the joint odds can be readily available in scatter, 

contour and perspective plots for smaller sample sizes of 1000, which are more 

likely to be available in practice. The marginal densities are obtained by smooth- 

ing the respective histograms with a normal kernel density estimate, from which 

we can obtain a bivariate normal density approximation, in the form of a contour 

or perspective plot. 4 

The odds ratio of developing coronary heart disease has a 95 % central interval 

equal to (1.37,2.06), for serum cholesterol level i+1 compared to i. The marginal 

effect of serum cholesterol is slightly greater than each increment in the level of 

systolic blood pressure, which increases the 95 % central odds ratio interval by 

(1.30,1.91). Therefore, for each explanatory variable the marginal probability 

for the odds ratio of developing heart disease being greater than one, is equal to 

unity. 

The scatter plot allows us to obtain the probability of developing coronary heart 

disease, for individuals with odds greater than a particular pair of fixed values 

for the odds of serum cholesterol and systolic blood pressure, by one minus the 

proportion of paired observations for 66° and epp, out of the sample of 10,000, 

4To obtain a normal kernel density estimate, discussed in Silverman (1986), we require a 
window for each marginal parameter, with Everitt (1994) suggesting twice the inter-quartile 

distance. 
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Figure 5.5: Marginal densities, scatter plot and contour plot for odds ratio eß°c and cop under 
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Figure 5.6: Bivariate posterior density for the odds ratio eOc and eQ' under model UB, with 

normal priors. 
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greater than a fixed pair of coordinates. 

For example, the probability of developing coronary heart disease for serum 

cholesterol and systolic blood pressure having odds greater than their respective 

posterior modes, with coordinate (1.65,1.57), is equal to 0.700. This value gives 

an indication that patients with odds greater than the modal value for each 

explanatory variable have a high probability, equal to 0.7, of having a presence 

of coronary heart disease. 

The perspective plot also shows that the probability of extremely high or low 

values for the odds ratio is low. There are also very few patients with high 

odds ratio for one variable and low odds ratio for the other. These two factors 

are closely related, with Agresti and Kezouh (1983) requiring an association pa- 

rameter between serum cholesterol and systolic blood pressure, in their loglinear 

analysis. 

5.5 Dumping Severity Cross-Classified with Op- 

eration and Hospital 

We will now consider the case of more than two levels for the response variable. 

Grizzle, Starmer and Koch (1969) considered a study for comparing four different 

operations, performed at four separate hospitals in the treatment of a duodenal 

ulcer. The study has been reanalysed by Agresti (1983a, 1984) and is reproduced 

here in tables 5.4 and 5.5. 

The explanatory variables are operation and hospital, which have levels i= 

1, .... r and j=1, ... , c, respectively. The levels of operation correspond to 

increasing severity: level A is drainage and vagotomy, B is 25 % resection and 

vagotomy, C is 50 % resection and vagotomy, and D is 75 % resection. The 

response (dumping severity) is an undesirable side-effect of an operation which has 

levels k=1, ... , 
1, corresponding, in increasing order, to either "none", "slight" 
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Table 5.4: Cross-classification of Dumping Severity, Operation and Hospitals 1 and 2. 

Operation Estimate 1 Hospital 2 
Dumping Severity Dumping Severity 

None Slight Moderate None Slight Moderate 
A n 23 7 2 18 6 1 

m 21.9 7.8 2.4 16.5 6.5 2.0 

m(se) 21.8 (1.2) 7.8 (. 9) 2.5 (. 5) 16.3 (1.1) 6.8 (8) 1.9 (. 4) 

77 (16,27) (3,13) (0,6) (11,21) (3,12) (0,5) 
B n 23 10 5 18 6 2 

r"n 24.0 10.5 3.5 15.8 7.6 2.6 

m(se) 24.5 (1.3) 9.8 (. 9) 3.7 (. 6) 16.0 (1.0) 7.5 (. 7) 2.5 (. 5) 

'q (18,30) (5,16) (1,8) (11,21) (3,12) (0,6) 
C n 20 13 5 13 13 2 

m 22.0 11.8 4.2 15.5 9.1 3.4 

M(se) 21.8(1.3) 11.8 (9) 4.4 (. 7) 15.2 (1.1) 9.6 (. 8) 3.2 (. 5) 

r) (15,28) (6,18) (1,9) (10,21) (5,15) (0,7) 

D n 24 10 6 9 15 2 
m 20.9 13.7 5.4 12.9 9.2 3.9 

m(se) 20.9 (1.6) 13.4 (1.0) 5.7 (. 9) 12.8 (1.1) 9.6 (. 8) 3.6 (. 7) 

77 (14,28) (7,20) (2,11) (7,18) (5,15) (1,8) 

Source: Grizzle, Starmer and Koch (1969). Operation A is drainage and vagotomy, B is 25 

% resection and vagotomy, C is 50 % resection and vagotomy, and D is 75 % resection. Cell 

frequencies {n;, j, k} and MLEs for the expected frequencies {m;, j, k} under model OH, for k= 

1,2. Sample means {m; j, k}, standard errors (se), for the expected frequencies, and 95 % central 

interval for {77j, j, k} under model OHB, for k=1,2. 

or "moderate". 

Following the same methodology as in section 5.3.1, we define the logit model 

of Bayesian homogeneous additive effects (OHB) for operation and hospital by 

Eq. (5.6), with a priori 

0 //ý 02), s 
T (j) " N(Nui, ai T ý) N N(r 

, UH 

where i=1, ... , r, j=1, ... , c, k=1, 
... ,l-1 and the C, P superscripts are 

replaced by 0, H, respectively. 
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Table 5.5: Cross-classification of Dumping Severity, Operation and Hospitals 3 and 4. 
Operation Estimate 3 Hos pital 4 

Dumping Severity Dumping Severity 

None Slight Moderate None Slight Moderate 

A n 8 6 3 12 9 1 
rh 9.9 5.2 1.9 15.0 5.4 1.6 

m(se) 9.9 (. 9) 5.2 (. 6) 1.9 (. 4) 14.8 (1.3) 5.5 (. 9) 1.7 (. 5) 

77 (6,14) (2,9) (0,5) (10,19) (2,10) (0,5) 

B n 12 4 4 15 3 2 
m 10.6 6.8 2.7 12.6 5.6 1.8 

m(se) 10.8 (1.0) 6.3 (6) 2.8 (. 5) 12.8 (1.1) 5.3 (. 7) 2.0 (. 5) 

77 (6,15) (2,11) (0,6) (8,17) (1,10) (0,5) 

C n 11 6 2 14 8 3 
7h 9.0 7.0 3.1 14.4 7.8 2.8 

m(se) 8.9 (. 9) 6.9 (. 6) 3.1 (. 6) 14.2 (1.5) 7.9 (. 9) 2.9 (. 7) 

77 (4,14) (3,11) (0,7) (9,20) (3,13) (0,7) 

D n 7 7 4 13 6 4 
m 7.5 7.0 3.5 12.0 7.9 3.1 

m(se) 7.5 (. 9) 6.8 (. 5) 3.6 (. 7) 11.9 (1.5) 7.8 (8) 3.3 (. 9) 
(3,12) (3,11) (1,7) (6,17) (3,13) (0,7) 

Source: Grizzle, Starmer and Koch (1969). Operation A is drainage and vagotomy, B is 25 

% resection and vagotomy, C is 50 % resection and vagotomy, and D is 75 % resection. Cell 

frequencies {n;, j, k} and MLEs for the expected frequencies {m;, 3, k} under model OH, for k= 

3,4. Sample means {m;, j, k}, standard errors (se), for the expected frequencies, and 95 % central 

interval for {rji, j, k} under model OHS, for k=3,4. 
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In addition, we will assume uniform priors for {ak}, /3, {rj} and scaled inverse- 

x2 priors for {o°2 } and {o72 } (with parameters VO O' 7°2 and VO H' y12, respectively, 

chosen to give a prior mean of a2 for each o°2 and of2, which we chose equal to 

0.12, as discussed in section 5.1.1). 

The parameter 1, with fixed scores {u; }, models the ordinal nature of the op- 

eration category and the parameter T-ý models the nominal nature of the hospital 

category. Agresti (1984, p. 129) obtained a reasonable fit for the corresponding 

ordinal loglinear model Lk(;, J) = aA; + ßu; + 7-j, with G2 = 22.48 on df = 26. 

For model comparison, we shall define the Bayesian logit uniform association 

model for operation (OB) by model OHB, with {7*kII(j) = 0}. Similarly, we shall 
define the Bayesian logit row effects model for hospital (HB) by model OHB, 

with {7-ko(_) = 0} and the Bayesian model of independence (IB), corresponding to 

both {T ýi) = 0} and {TkJ) = 0} in model OH B. 

The logarithm of the joint posterior distribution for a, 7-o, , rx, ß, T", 0o2,0' x2 

is given by Eq. (5.7), with the following change in notation /3C = ß, /3PI/j = Tj' 

and the C, P superscripts are replaced by 0, H, respectively. 

Realisations from the predictive distribution are generated from a product 

multinomial distribution, conditional on the sample generated, for -r under ei- 

ther models IB, OB, HB or OHB, with fixed margins for each combination of the 

explanatory variables. 

5.5.1 Analysis 

In tables 5.4 and 5.5, we obtained similar expected cell frequencies for the MLEs 

and the sample means under model OHB, with the 95 % central interval for 77i, j, k 

containing the corresponding n;, j, k for all the cells. 

In figure 5.7(a), we plotted the local discrepancy measure d;, j, k = Pr(r11, J, k < 

n=, J, k). There are 48 cells altogether, with the number of cells having a value for 
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Figure 5.7: (a) Local discrepancy measure Pr(r7;, j, k < n; j, k) for each cell, shown horizontally, 

under models IB, HB, OB and OHB, respectively, with a normal prior and fixed scores where 

appropriate. For simplicity only the extreme discrepancy measures under models OB and OHB 

are labelled. (b) Scatter plot of global discrepancy measure D(, q; m) against D(n; m), under 

models IB, HB, OB and OH B. 

d;, j, k less than 0.1 or greater than 0.9, equal to 11,7,6 and 6, under models rB, 

HB, OB and OHB, respectively. Therefore, locally there is little choice between 

models HB, OB and OH B. 

Figures B. 5 and B. 6 (appendix B. 4) display the predictive density for all the 

cells under each model in boxplot form. For simplicity, we will only consider 

cells {1,1,1}, {4,4,2}, {1,3,1} and {1,4,2} in figures 5.8(a-d), as these are 

representative of the remaining cells. 

For cell {1,1,1}, on including a partial association term for operation, we 

obtained a large improvement in local fit for models OB and OHB, compared to 

models IB or HB, respectively. The 50 % central interval for 771,1,1 now includes 

nl, 1,1. However, the converse situation occurs for cell {1,3,1} in figure 5.8(c), 

with an improvement in fit for model HB, compared to model OB, with the small 

value for the local discrepancy measure indicated for model OB in figure 5.7(a). 
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Figure 5.8: (a) Local fit for corner cells {1,1,1}, indicating increasing fit from model IB, HB, 

OB to OHB, respectively. (b-d) No overall improvement in local fit when comparing models 

IB, HB, On and OHB, in cells {1,3,1 }, {4,2,2} and { 1,4,2}. 

We shall consider in more detail cells {4,2,2} and {1,4,2}, which have ex- 

treme local discrepancy measures in figure 5.7(a). On increasing the number of 

parameters, we are unlikely to obtain an improvement in fit, due to the problem 

of trying to fit a logit model with only two possible levels at each of the 16 fixed 

operation and hospital combinations. The constraints result in a much smaller 

standard error for m (values shown in tables 5.4 and 5.5), than if we had con- 

sidered an alternative loglinear approach. This reduces the flexibility of model 

OB or OHB in being able to incorporate extreme observations within the 50 % 

central interval. 

From the global discrepancy measures in figure 5.7(b), we obtained a reasonable 

fit for model HB, with Pb = 0.45. However, there are fewer prior parameters 

in model O' and we obtained only a slight improvement between models OB 

and OHB, with Pb = 0.70 and Pb = 0.81, respectively. The large values for 

Pb indicates the discrepancy between the sampled expected frequencies and cell 

frequencies is much less than suggested between the sampled expected frequencies 
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Figure 5.9: (a-f) Marginal densities for {ak}, ß, { , '} and {eTb-Tä }, obtained from every tenth 

iteration in the Gibbs sampler, assuming model OHB. The MLEs are denoted by x. 

and predictive realisations, suggesting the model is slightly over-fitting. 

Therefore, we conclude that model OB provides more than a reasonable fit to 

the data. However, in order to allow any slight differences in the choice of hospital 

to be highlighted, we shall continue with model OHB. 

The point estimates for the sample mean (standard error) of al, a2 and /3 are - 
0.29 (0.06), -2.05 (0.09) and 0.23 (0.08), respectively, with 0 equal to the estimate 

given by Agresti (1984, p. 129). The corresponding marginal densities are given 

in figures 5.9(a, e, c), with the odds ratio eß having a 95 % central interval equal to 

(1.10,1.44). Therefore, with probability close to one, a unit increase in operation 

(in the direction of A to D) is associated with a unit increase in dumping severity. 

On collapsing over the hospitals in figure 5.10(a), we obtained a convex hull 

covering 90 % of the simulated samples from the predictive density, for each level 

of operation. On changing from operation A to D, the approximate probabili- 

ties for the response of none, slight or moderate dumping severity, change from 

(0.65,0.25,0.10) to (0.50,0.35,0.15). Therefore, the degree of dumping severity 



CHAPTER 5. Logit Models for Ordinal Categorical Tables 129 

b) Pr. dlctiv. di. trlbution, . t. (+, ), k) 

1/ 0 

0.9 0.1 

ý) Pr. dictlvs distribution. . ta(i. +. k) 

o. 

oý 
i 

0.7 0.3 

ýt 

Nonce 
0.6 0.4 Slight 

o it. 1 2 
O. 6 O. 6 

0.4 
/-O. 

B 

0.3 0.7 

0.2 O. B 

0.1 O. ý 

O1 
1 0.6 0.8 0.7 0.6 0.6 0.4 0.3 0.2 0.1 O 

Modar. t. 

Figure 5.10: Three-way 90 % highest predictive density plots for the conditional predictive 

distributions of dumping severity; (a) collapsed over hospital and conditional on a fixed level 

of operation; (b) collapsed over operation and conditional on a fixed level of hospital. 

increases with the severity of the operation. This results in the large improve- 

ment in fit, obtained by including the partial association parameter for operation, 

compared to the independence model. 

We will now consider possible differences between the hospitals. In figure 5.9(d), 

we obtained the posterior density for the odds of dumping severity being moder- 

ate, instead of slight or none (equivalent to moderate or slight, instead of none), 

for hospital 3 relative to hospital 1 (0`1), with 95 % central interval equal to 

(0.96,2.43). We obtained a similar 95 % central interval when comparing hospital 

3 relative to either hospitals 2 or 4. 

However, when we exclude comparisons with hospital 3, for example hospital 

4 relative to hospital 1, we obtained a smaller 95 % central odds interval equal to 

(0.50,2.03). Similarly, when we compared hospital 2 relative to hospital 1, and 

hospital 4 relative to hospital 1, with the posterior density for the odds shown in 

figure 5.9(f). 

0.6 O. 6 070.0 0.6 0.4 O. 3 0.2 0.1 0 

Moderat. 
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The increase in the 95 % central interval when considering hospital 3, relative 
to the other hospitals, is because the posterior density for T3 is nearly always 

stochastically greater than r, r and 7-4' in figure 5.9(b). 

In figure 5.10(b), we collapsed over operation to obtain a convex hull covering 
90 % of the simulated samples from the predictive density for each hospital. There 

is a large overlap in the region of high predictive density, with similar probabilities 
for the degree of dumping severity. However, looking at the boundary for hospital 

3, there seems to be a larger approximate probability of patients with moderate 

or slight severity than none (0.25,0.35,0.40), compared to hospital 4 (0.05,0.20, 

0.75), say. 

The increase in probability is due to a larger proportion of patients having 

moderate dumping severity for hospital 3 in table 5.6, which we obtained by 

collapsing the original three-way table over the level of operation. This difference 

in proportions may be due to the disproportionately small overall number of 

patients from hospital 3 compared to the other hospitals. 

Table 5.6: Cell Frequencies for Dumping Severity Cross-Classified with Hospital. 
Dumping Hos pital 
Severity 1 2 3 4 

None 90 (. 63) 58 (. 55) 38 (. 51) 54 (. 60) 
Slight 40 (. 28) 40 (. 38) 23 (. 31) 26 (. 29) 
Moderate 14 (. 08) 7 (. 07) 13 (. 18) 10 (. 11) 

Suppose it were possible to obtain a larger number of patients for hospital 3, 

then we would probably obtain a greater similarity between the proportions in 

the moderate dumping severity category. However, for the present data we only 

obtained a slight increase in Pb from 0.70 to 0.81, for model 0B compared to 

model OHB. Therefore, we conclude that model OB, which includes an effect for 

operation, provides a reasonable model. 
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5.6 Summary 

In this Chapter, we have illustrated the extension of our Bayesian methodology 

from loglinear to logit models, with a noticeable decrease in the standard error 

for the expected frequencies and 95 % central interval for the predictive densities, 

because of the conditioning on fixed levels for each combination of explanatory 

variables. 

For the examples on political ideology and heart disease we obtained suitable 

models with reasonable p-values (pb -- 0.5). However, for the example on dumping 

severity, we obtained a slightly large value (Pb = 0.7) for the best fitting model. 

The large value for Pb suggests when calculating the global discrepancy mea- 

sure, that the discrepancy between each of the expected frequencies and the cell 

frequencies is much less than when we replaced the cell frequencies with the pre- 

dictive realisations. However, as the only other more parsimonious model avail- 

able is the independence model (Pb = 0.0), we proceeded to consider inferences 

under the slightly over-fitting models. 

The examples on political ideology and dumping severity allowed us to consider 

three-way 90 % highest predictive density plots for viewing several conditional 

predictive densities at once, allowing a readily available visual interpretation of 

how close the regions of high predictive density are to each other. 

For the example on heart disease, with both explanatory variables being ordi- 

nal, we showed how we could view the joint (bivariate) density of the odds. This is 

of considerable possible interest to the investigator, allowing the probability that 

the joint odds are greater than a particular coordinate to be calculated. This 

value would be very difficult to obtain without the use of simulation techniques. 

In general, an alternative maximum likelihood or empirical Bayes methodology 

would only be able to provide marginal inference for expected frequencies and not 

the more detailed prediction and model checking undertaken in Chapter 5. 
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We shall now return to loglinear models and consider the problem of square 

contingency tables referred to in the introduction. The large interest in the liter- 

ature is due to the possibility of assuming a symmetrical association parameter. 

However, to improve the fit of the model, additional parameters may also be 

required. For our Bayesian methodology this does not present a problem, as 

we only need to include the additional conditional posterior distributions in the 

Gibbs sampling scheme, which we will present in Chapter 6. 



CHAPTER 6 

Square Contingency Tables 

Agresti (1984, Ch. 11,1990, Ch. 10,11) gives a detailed discussion of square 

tables, which arise when the same variable is measured for both members of a 

matched pair. In such cases, there is often particular interest in the possibility of 

the cell probabilities forming a symmetry pattern relative to the main diagonal, 

with a larger probability on the main diagonal. Also a comparison of the two 

marginal distributions may reveal a positive or negative shift in the distribution, 

after an event or some point in time. 

Agresti (1983b) considered more parsimonious models than the saturated model, 
by requiring the association parameter to be symmetrical, although additional 

symmetry parameters may also be required to model the symmetry structure. 

6.1 Occupational Status for British Father-Son 

Pairs 

Agresti (1984, p. 206) presented an example, originally given by Glass (1954), on 

the occupational status of 3500 British father-son pairs. The data are reproduced 

in table 6.1. 

133 
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Table 6.1. Cell frequencies for Occupational Status of British Father-Son Pairs. 
Father's Son's Status 
Status 1 2 3 4 5 
1 50 45 8 18 8 
2 28 174 84 154 55 
3 11 78 110 223 96 
4 14 150 185 714 447 
5 3 42 72 320 411 

Source: Glass (1954). 

In this example, Agresti (1984) noted n; j > nj, =, whenever i<j, except for 

the (nl, 3, n3,1) combination. Therefore, except for cell (1,3), the proportion of the 

father-son pairs for which the son has the higher status category, is greater than 

the proportion for which the father has the higher status category. 

Goodman (1979c) considered seven rather than five status categories. In this 

case too, we find first a larger proportion of cell frequencies lying on the main 

diagonal, and secondly a larger proportion of cell frequencies on a diagonal a 

certain distance above the main diagonal, than on the corresponding diagonal 

below. 

Agresti (1984) noted that 1459 observations fall on the main diagonal and 

decided to restrict attention to models with the main diagonal fixed, correspond- 

ing to {mi, t = n;, i}, in order to prevent too much smoothing of the expected 
frequencies. 

6.2 Quasi-Symmetrical Uniform Association Model 

Agresti (1983b, 1984,1990) and Goodman (1979a, 1985) discussed the poor cor- 

respondence, under the symmetry model 

m;, j = mj, =, i=1,..., r, i<j, 
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between the observed and expected cell frequencies, for cells on the main diagonal 

in a square contingency table. This is due to the same set of categories being 

measured for both variables, causing a greater proportion of the cell frequencies 

to fall on the main diagonal than is expected under the symmetry model. Agresti 

(1984) overcame this by introducing another parameter S=, in order to satisfy 
{m=,; = ni, i}, forming the model of quasi-symmetry 

log m, j = )o + A" +A+A, j + s=I '(i = j), i, j=1, 
... , r, 

(6.1) 

where Ei 1 
Aýty = Ej=1 fj=0, A{j = )1j, j, i<j, 2=1, ... ,r and Ei 1 At, i = 0, 

j=1, .... r. The indicator variable I'() is equal to unity, if the expression in the 

brackets is true; otherwise zero. 

The categories for the rows and columns may follow a natural hierarchical order 

in occupational status, which encourages us to consider fixed ordered scores jut} 

for both rows and columns, satisfying the constraints E1 u= =0 and ui+1- u; = 

1, for i=1, ... ,r-1. Therefore, we shall consider structuring the symmetrical 

association parameter )q, j = ßuiuj and define the model of quasi-symmetrical 

uniform association (QU) by letting 

log m, j = \o + of + ar + ßuju j+ S+I'(i = j) , i, j=1, ... ,r, 
(6.2) 

1 .7 

which has not previously been considered by Agresti (1984,1990). 

The parameter 8 introduces a further r parameters. However, Agresti (1990, 

p. 369) suggested one additional parameter would probably be sufficient to model 

the extra variation caused by measuring the same variable twice and adopted the 

structure 

S= = /Ca , 
for i=1, 

... ,r, 
(6.3) 

in the model of quasi-symmetry. The model of quasi-independence (QI) is ob- 

tained from model QU when ß=0, and the model of independence (I) when 

both ß=0 and {St = 0}. 
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The sufficient statistics for the previous model, Eq. (6.3), give the respective 

ML equations 

mi, + = ni, +, 
TTTT 

u=ujmij = uiujnij, 

m+, i=n+,, i,. 7=1,..., r, 
r 

m,, i = ni,; (6.4) 

which can be solved using Newton's method in appendix C. 1, to obtain ,ß and µb. 

6.2.1 Joint Posterior Distribution for m, 6, ß, a2, Its and 

Us 

We define the Bayesian model of quasi-symmetrical uniform association QUB, 

by the model of quasi-symmetry, Eq. (6.1), with a priori Ai jN N(fluiuj, a'), for 

i<j, and 6i « N(µ6, o-62). We also assume uniform improper priors for Q, [Ca, 

conjugate Gamma(1,1) priors for {06 } and e"), and conjugate scaled inverse- 

X2 priors for v2, us, with df vo, vs and scale rye, ryb, respectively. We need to specify 

vo, vs, rye and ys. For illustration, we shall consider vo =3 and y2 = a2/3, in order 

that we only have to specify a value for the prior mean, a2 =. Similarly, we vo -2 

need only specify as, in order to determine vs and rya. We shall only be interested 

in the adequacy of the more parsimonious Bayesian model of quasi-independence 
(QIB), obtained when {Aj j= 0} in model QUB. 

For notational convenience we will not explicitly write out the conditional de- 

pendence on the fixed parameters n, u, vo, va, rye and ys, in the joint posterior 

distribution for A, e 
", 

er', S, ß, a2, µa and as 

, 
\X AY 22 

p(A'e 2e 1s1ß'0,1ß610, s) 

a l(A ,exX , eAY s s) p(a ) p(eAX) p(ew\Y) p(5) p(ß) p(Cr2) p(tos) p(U2) ) 
«n 

exp(-m+, i)m ý' 1 
exp 

/ýu. 
u 2 II II 

(HHfls, 
7 Nt9 

-1 a. --i n,, j! 

). 

ai(2 QZ 

)l 

x1 
-+1 

exp 
r Iexp ()1 

ex 
(a_ 

k2p 
2Q2 1i 

ý2 
p 2Qä 

8 



CHAPTER 6. Square Contingency Tables 137 

2 

xä2 exp - 
2ýb 2 

exp 
(-e1) 

. 
j =l 

Sampling from p(A , , \x, , \Y, 8, ß, Q2, µs, vs) was undertaken by sampling from 

the following conditional distributions 

XY 
j( 1. p(A jeA 

,e, 
6iß, a2,116, a) a exp 

(Ei Ej=i+1 [(ni, 
7 

+ nj, i)Ai, 7 

- 2Q2 zoz - mi, il) 7 
{at, j} - Metropolis algorithm; 

2. p(S ýeýX e\Y a A0,2 Q2) a exp rIn, 
+s =2 , s. - 

b, 
2 

2- mS=l >) iýbý b 
E7 

=Q2 s+ý 

{S; } N Metropolis algorithm; 

/fix AY 22 i_i 
S2 

3. p(fps I Ae e6, )a exP 
(_r( 

2c 
ir Qz µa N Ei=1 st, 

16); 

4. p(Q2ýJý eýX eýY b ßQ2 )a Q2)-(+i) ex ps, )>> lia (a P), 

Y2 cä N Inv-gamma V6+r 6'Y2+861 

1 sä = Z=i 
(S; _ JUs)2. 

In addition, we require the conditional posterior distributions for {eaX}, {eAi }, 

ß and Q2 (details in section 3.3), which we include in the Gibbs sampler scheme 

after sampling {)/_, 3}, 'with any double summations in the notation for the condi- 

tional posterior distributions of ,ß and Q2, restricted to i=1, ..., r and j>i. 

6.2.2 Metropolis Algorithm for Sampling A and 6 

The Metropolis algorithm is detailed in section 3.3.1, where for A we choose a 

transition probability function qN Nr(r+l)/2 (A')) k2I-1(A(t-i))), with I equal 

to the Fisher Information matrix having diagonal Is, s} entry 

(m= + mý ;+ Q-2) <j 
1 s(ý1 ý) _ .i3 (6.5) 

x -2) 
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where s= c(i - 1) + j, for i=1, 
... , r, j=i+1, 

... ,r and m=j = exp($0(t-1) -}- 
Ax(t-i) + Aý (: -i) + A_li + s(t-1)IV = 7)) 

Similarly, for b we let qNN, (b(t-1), k2I-1(S(t-1))), with I,, #=) _ (m,,; +o, b 2) 

and m,, = exp(aot-1) + AX (t) + AY (t) + A(t) + S; I'(i = j)), for i=1, ... , r. 

An empirical Bayes approach is undertaken to obtain initial values {a(°) = . ý_ 

{aX (0) 
=) *}, {i\ (O) 

= Ay" } and {S; °l = 8i) 
I conditional on fixed ß, ACS, 0=a 

and 06 = as, by solving 

mi=nip+, 

** 
As 

j- Nuiuj 
mi, ý + m. 70i - 

Q2 

* 
_=i-_ 

_ m{ý{ -2= iýi, i, 
U 

m+j = n+,. i, i=1,..., r, 

= 

m; 
'; 

-62 
Aa 

= n,, t (6.6) 
Ua 

in appendix C. 2, where m= = exp(. + AX *+ AY* +A. + 

We obtain a sample of realisations from the predictive distribution, by gener- 

ating each realisation from a full multinomial distribution, conditional on each 

expected frequency generated from the Gibbs sampler, under either models QIB 

or QUB. 

6.3 Diagonals-Parameter Symmetry Model 

The model of symmetry m=, 5 = mj, i, i<j, for i=1, 
... , r, may be reasonable 

for cell entries which lie near the main diagonal, but usually provides a poor fit 

for cell entries which have dissimilar category responses. Goodman (1979b) noted 

that the cells that are equidistant either above or below the main diagonal exhibit 

similar cell frequencies. This encouraged him to introduce another parameter 81, 

1=1, ... ,r-1, 
forming the model of diagonals-parameter symmetry 

m=j = mj, i S1, i<j, 1=j-i and m;,; = n;, = ,i=1, ... , r, 
(6.7) 
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where the expected frequency on a diagonal that is 1 units above the main diagonal 

is equal to a multiple Si of the corresponding expected frequency l units below 

the main diagonal. The parameter Si represents the odds that an observation 

falls in a cell {i, j} satisfying j-i=1, instead of a cell satisfying j-i= -l, for 

l=1,..., r - 1. 

Agresti (1983b) considered a special case of the diagonals-parameter symmetry 

model, by structuring the S1 parameter in the form Si = 61, for 1=1, 
..., r-1. 

The model has the advantage in interpretation that the log odds of an observation 

a certain distance above the main diagonal, instead of the same distance below 

the main diagonal, is assumed to depend linearly on the distance. The model 

implies a stochastic ordering of the marginal distributions. 

Agresti (1990, p. 361) writes the diagonals-parameter symmetrymodel, Eq. (6.7), 

in loglinear form to obtain 

log m=,. i = . +o + AX + aý -f- A;,. i + ri-i P(i < j) , i, j=1, ... ,r, 
(6.8) 

where E; 
=1 

AX = 0, A;, j _ 
Aj, i, i<j, i=1, 

... , r, 1 
A; 

j = 0, j and 

T, = log 61,1 = 1, ... ,r-1. 
The linear diagonals-parameter symmetry model is 

given by Eq. (6.8), subject to the constraint 

7-1 = Inc., 1=1,..., r-1. (6.9) 

We shall reduce the number of parameters further, by setting . A_j = ßu; uj, to 

obtain the following model 

log mi, j = )o + aX + A- + ßu, u. i + (j - i)Fi- I'(i < j) , 
(6.10) 

which we shall define as the uniform diagonals-parameter symmetry (UD) model, 

which has not previously been analysed in the literature. We obtain the models 

of symmetry (S), when y, = 0; symmetrical-independence (SI) when both %3 =0 

and j i, = 0, and a new previously unconsidered model when ß=0, which we 

shall define as diagonals-independence (DI). 
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The sufficient statistics for the uniform diagonals-parameter symmetry model, 
Eq. (6.10), give the following ML equations 

mi, + + mi, 
+ 

rr 

uiujmi, j 
i=1 j=i+1 

rr 
lj 

i=1 j=i-ß-1 

ni, ++n+, i, m;,; = ni, i, 

rr 

uiujni, j, 
i=1 j=i+1 

rr 

(j -i)nt, j. (6.11) 
i=1 j=i+1 

The MLEs can be obtained by implementing Newton's method in appendix C. 3. 

6.3.1 Joint Posterior Distribution for m, T, ß, a2, p, and 
2 cT 

We define the Bayesian model of uniform diagonals-parameter symmetry (UDB) 

by the diagonals-parameter symmetry model, Eq. (6.8), with a priori 

ýtý9 N NlNUtu1 
fýf2=1, ... , r, = 1, 

... , r, T1 - N(l i, oT), l=1, 
... ,r-1. 

Where we shall consider uniform improper priors for , ß, It,, conjugate Gamma(1,1) 

prior for {eAX}, and conjugate scaled inverse-X2 priors for o. 2, oT, with df vol vT, 

and scale rye, 7,2, respectively. The parameters vo, vT, rye and -y, 2, will be chosen 

in a similar manner to the corresponding parameters in section 6.2.1, in order to 

restrict attention to only having to chose suitable values for the parameters a2 

and aT, equal to the mean of u2 and a;, respectively. 

We will define the more parsimonious Bayesian models of symmetry (SB) by 

setting {r = 0}, diagonals-independence (DIB) when {)º_, j = 0}, and symmetrical- 

independence (SIB), when both {TT = 0} and {)q, j = 0}, in model UDB. 

For notational convenience, we will not explicitly write out the conditional 
dependence on n, it, vol vT, rye and 'y , 

in the joint posterior distribution for A, 
x 

e'N 7r, 
ß, or 2, µTand QT 

ax 
p(A 22 

)e )T)Q)ý ) Ihr) ýT) 
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aI (A 
> e'X , 7) p(\ ) p(eAX) p(T) p(ß) p(u2 ) p(pT) p(o, T) 

rr e-m,; mnij rr1 
ý j 

u, u, 2 

i=1 j=1 ntj! i=1 j= i +1 ý2 2 U2 

r ax j 1 yory2 1 
x II [exp ( 

-e 
ýJ 

exp 20,2 
(-_. ) 

i-1 

r-1 I 

x ex p p 
T_ 

L221 VT y2 ` iLT 

exp 

y2 

ý, 
2 2 QT QT GQ 

cý T 
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To obtain realisations from p(A , eA 7r 1 
#, 12, PT, QT), we sampled from the 

following conditional distributions using the Gibbs sampler, by generating reali- 

sations from the following conditional distributions 

XC 
1. p(A le T 'ß, 0-2, p, O r'2) oc exp 

(L, 
i=1 

ýj=i 
{1 

[(ni, 
j + nj, i)Ai, j 

(Aj, i-Qu,. ui)2 
- 2aß - (mij + mj, i)]) , 

{Aij} , Metropolis algorithm; 

ýX 22r ? cni, + n+, ti 
2. p(e Tý)ýT7ýT)°Cýi=i(e) 

x exp 
(-e, \X exp(Ao + a' + . ßi, 9 + 7-. 7-i I'(2 < i)) + 

Gamma (ni, 
+ + n+, i + 1, exp(Ao + Af + Aij + rj-i I'(i < j)) + 1ý 

(_(a_)2 

3. p(ßl %ýeT )X27 
pT) 0) °ß exp 2//I 

ß, - N (Fýß, or) µQ 
=. +l(uiuj)2 

GrQ = 
. _1 ;_ 

+1(u; 
u; /Q)2 

J( 
/ _(YO+«r-1)r)/2+i) 22 

4. ýJýU2I , 
eA T'N, µT7 o)a 

(a2) `2/ 
exp 

( Vo 
2u2 

s) 

Yo+((r-1)r)/2 vo Y2+s2 2rr2. 

ý2 ' Inv-gamma 212)s=ý; =i 
Er ýýi, ý - ßutiu. i) ; 

5. p(, r I eýX >A > , 
ß> Q2 1 ýTQ2) a exp 

( ý(r_-1 1 [Ei= -I (ns, l f iT! - mi, l } i) - 
T! 

2o 
2 1) 

TTi 

{T1} N Metropolis algorithm; 
ý 

plp. 

1TiL 
Ö. 

TI 
ý7el\ 

x7T 

7ý7X27ý2) aT exp 
E1 

1 r-1 12 ýT N 
r-1 

ýý=1 717 
r-1 

ýT 
7 

X 
%. p(o 

IA eý T a2, fi) OC (UT)-(V 2 
r-I +1) 

exp 
(- yr y22 

2 
srl 

Zar / 

o,, 2 N Inv-gamma (" 
2 -i 

Lrry2+sT) ST = E1_i (Tr - lµT)a 
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6.3.2 Metropolis Algorithm for Sampling \ and r 

The Metropolis algorithm is detailed in section 3.3.1, where for A we chose a tran- 

sition probability function qNN,. (,. _1)/2 
(a(t-1), k2I-1(a (t_1))), with I given by 

Eq. (6.5), for i <j, i=1,..., r. 

Similarly, for rr we let qN Nr_i (r(t-i), k2I-1(T (t_1))), with I having diag- 

onal {1,1} entry Ij, i(r() m;, l+; + UT-2 ý and expected frequency m'i, t+i = 

exp()ot-1) + Ai (t) 
-I- Al+i + A, ! +i +7-1'1'(i <1+ i)), for i=1, ... ,r 1+ 1. 

To obtain initial parameter values for the Gibbs sampler, we proceed in a 

similar manner to section 6.2, by first obtaining MLEs for ß and µT in model 

UDB, Eq. (6.10), using Newton's method in appendix C. 3. Secondary, to obtain 

initial values for {a; j}, {)f} and {Ti}, in the Gibbs sampling scheme, conditional 

on fixed Q, µT, a=a and vT = a,, we solve the following equations 

m++m+,; = n,, ++n+, t, i=1,..., r 

ßuju 
mt, 

7 
+ m9ri -9 

U2 
= n;, ý + ni, {, 2<j, 2=1, ... ,r 

T1" 
7, n=, t+: - 

a2 

ýT 
= ni, t+i, i=1, 

... ,r-1,1 = 1, 
... ,r-1, 

(6.12) 
T 

where m, ý _)ýö -r-. ýX + AX ̀+ , ý; -}-Tý ; I'(i < j) and the overall iterative scheme 

is given in appendix C. 4. 

To obtain a sample of realisations from the predictive distribution, we generate 

each realisation from a full multinomial distribution, conditional on each expected 

frequency generated from the Gibbs sampler, under either models SIB, DIB, SB 

or UDB. 

6.4 Ordinal Rasch Model 

Tjur (1982) provides the following summary and notation for Rasch's item anal- 

ysis model (Rasch 1961). Suppose there are n "subjects" (usually individuals), 
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labelled i=1, ... ,n and exposed to k "items" (usually questions), labelled 

j=1,..., k. 

For each item and a particular subject, a binary response xij =1 or 0 (correct 

or incorrect) is recorded, forming a two-way contingency table (illustrated in 

table 6.2). The row marginals r1, ..., r71 are called "row scores", column marginals 

are denoted by si, ... , sk and the total SUMS = sl -I- """ -}- sk = rl +"""+r,,. Let 

n,. (r = 0, ... , k) denote the number of subjects in the r th "score group", i. e. the 

number of subjects with "raw score" r. Therefore, we have n= no + nl +"""+ nk 

and s=Ono+lnl+"""+knk. 

Table 6.2. Table of Binary Responses for Subject i and Item j. 
Item Row 

Subject 1 2 k Scores 

1 1 0 0 rl 
2 0 1 1 r2 

x;, i 
n 0 0 0 r� 

Si S2 Sk S 

source: Tjur (1982, p. 24). 

Rasch's item analysis model (or Rasch model) assumes that the x;, j's are in- 

dependent random variables, with the probability that subject i, answers item j 

correctly, given by 

Oij = Pr(x+,. i = 1) =1+ 
e«, -ß . 

The parameter a= >0 is the "subject parameter" (or individual i's ability at 

solving the problem) and ßj >0 is the "item parameter" (or the difficulty of the 

problem, the larger the value the more difficult the question). 

The interest in the Rasch model is due to the observation that the logit of qjj 

may be written as the sum of an item parameter and a subject parameter 

loge=iýý1 - 0j, j)) = ai - ßi 
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Agresti (1993) noted that under the usual sampling assumption that the ob- 

servations are independent Bernoulli random variables, the MLEs of {ßj} are 

inconsistent as n -* oo, because of the concomitant increase in the number of 

subject parameters (Anderson, 1980, p. 246). McCullagh (1984) obtained consis- 

tency in ML estimation for {ßi}, in logistic regression models, by conditioning 

on sufficient statistics for {a; }. Tjur (1982) obtained (when k is not large) the 

conditional estimates by fitting the quasi-symmetry loglinear model to the 2k 

contingency table that cross-classifies the n subjects' responses on the k items. 

Anderson (1990) and Rasch (1961) considered a particular multinomial logit 

Rasch model for multiple responses h, labelled 1, ... , r, with the probability that 

subject i, answers response h correctly, for item j given by 
eah, i-Qh, j 

Pr(xh, i,. i = 1) =, a a, i -Qaj Ea_l e 

Agresti (1993) discussed the special case when the response scale is ordinal 

with "scores", vl <"""<v,., denoting the credit assigned to the response (with 

r the "best" response), obtaining the simplification 
eAh+uh 

(«i -Qj ) 

i. rAa+va(aj-0j) 
a=l 

where \h is a parameter for response h. 

The model has the advantage in interpretation when {vh+l - vh = 1}, we form 

the adjacent-categories logit model 

'Yh + ai - Q, y 7 

where -th = Ah+l - Ah, h=1, 
... ,r-1. 

For each subject, the odds of making response h+1, instead of response h, for 

item a are exp(/jb - ßa) times the odds for item b. Similarly, for each item the 

odds of making response h+1, instead of h, for subject a are exp(aa - ab) times 

the odds for subject b. 

Agresti (1993) proposed the following method to obtain the conditional MLEs 

for the item parameters. Let yh, J = 1, if the subject makes response h to item 
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j, else yhJ = 0. For a subject, with ability a, the probability of a particular 

sequence of responses on the k items is equal to 
kr 

eYh, j0hi-Vh(a-ßj)) 
II H 

Z: r eia } VQ(a_Q; ý 
j=1 h=1 a=1 

assuming that responses on separate items by the same subject are independent. 

Consistency in estimation of {ßj} is possible if we condition on sufficient statis- 

tics for {a; }. The sufficient statistic for a particular a is the subject's "total 

»r score ,S= 
ýý_1 EL1 Yh, jvh 

Agresti (1993) showed by performing the marginalising integration with re- 

spect to a, that the marginal probability r(hi, ... , hk) of response h1 on item 

j, j=1, ... , 
k, satisfies a Poisson loglinear model for the expected frequencies 

{m(hl, ..., 
hk)}, in a rk contingency table 

rk 
log m(hl,... , 

hk) _ .o+EX hth - E, ßjvh, + Ps , 
(6.13) 

h=1 j=1 

where th denotes the number of {hj} equal to h, i. e. th = F, ß_1 yh, j and s= 

1 vh,, where vh3 = Er=l Yh, jvh. Agresti (1993) required constraints Ehr 
=1 

iah 

_ ý1=1 Qj = Es=k�1 P9 = 0, for a unique solution. 

Let n(hl,... , 
hk) denote the number of subjects making response hj, to item j, 

j=1, ... , 
k, and n3 the number of subjects having Ej'=1 vhj = s. The sufficient 

statistics for Eq. (6.13) are therefore 

kr 

Enj(h), h=1,..., r, E vhri (h), j=1,..., k, 
j=1 h=1 

n, s=kvi, (k-1)vl+v2i..., kvr, (6.14) 

where na(h) denotes the number of times that response h occurs for item j. We 

will follow Agresti (1993) in considering r=2 and k=2. As Tjur (1982) 

showed, for r=2, that the MLEs and second derivatives of the parameters for 

the logarithm of the likelihood are identical to those for the conditional approach 

to fitting the generalised Rasch model. Agresti (1993) showed that for k=2, 
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the ordinal - response Rasch model relates to the diagonals-parameter symmetry 

model by letting th = -, ß2 = It,, say. 

The ordinal Rasch (R) model is given by Eq. (6.13), with k=2 and integer 

scores {vh, = j} we obtain 

logm=j = '\o+)_+ai+/-z-(j-i)+Pi+j, (6.15) 

with our notation for rows i=1, ... ,r and columns j=1, ... , r. 

Model R is a special case of the diagonals-parameter symmetry model, Eq. (6.8), 

with {r = 11LT}, {)t; j = p; +j} and constraint >2 p9 = 0. The corresponding 

ML equations, with fixed cell frequencies on the main diagonal, are given by 

mi, + + m+, i 

r 

i=1 j=i+1,. 1-i=l 

rr 

inij 
i=1 ý=1,9=, 9+t=s 

n=, ++n+, i, m=, j= n;,;, 
rr 

n; j, l=1,..., r- 1, 
i=1 i==+1, ý-==t 

rr 

n=j ,s=3, ... , 2r -1. (6.16) 
i=1 ý=1, ji i, j+==s 

The MLEs were obtained using Newton's method in appendix C. 5. 

6.4.1 Joint Posterior Distribution for m, T, µT and oT 

We shall define the Bayesian ordinal Rasch (RB) model by 

logmij=Ao+kX+A-Y+Pi+j+T. 7-il'(i<j), i=1,..., r, j=1,..., r, 

where a priori Tl - N(lli.., oT), for 1=j-i=1, 
... ,r-1. We also assume 

a uniform improper prior for p, conjugate Gamma(1,1) prior for {eA"}, and 

conjugate scaled inverse-X2 prior for o, 2, with df v, and scale 7,2 . The parameters 

vT and yT will be chosen in a similar manner to the corresponding parameters 

in section 6.2.1, in order to restrict attention to only having to choose a suitable 

value for the parameter a,, equal to the mean of o,, 2. We will define the more 

parsimonious Bayesian models of symmetrical Rasch (SRB), by setting {r = Q. 
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In order to proceed with sampling from model RB, we remove steps 1), 3) and 

4), when using the Gibbs sampler presented in section 6.3.1. The initial values for 

{eA'} and fr l} were obtained by solving the first and last equations in Eq. (6.12), 

with the iterative scheme given in appendix C. G. Throughout the Gibbs sampling 

scheme the {ps} parameters are constrained to satisfy the final set of constraints 

in Eq. (6.16). 

To obtain a sample of realisations from the predictive distribution, under either 

models RB or SRB, we generate each realisation from a product multinomial 

distribution, conditional on the final equation of Eq. (6.16) being satisfied, with 

i ,j replacing nij. 

6.5 Analysis 

Convergence for , ß, o,, under models QUB, UDB (and j i,, a,, under models UDB 

and RB), is confirmed by the ergodic mean, upper and lower quantiles converging 

in figure C. 1(a), of appendix C. 7. In figures C. 1(b), the shape of the marginal 

densities for the first 2000 or 12,000 realisations has not changed substantially, 

so we can be confident that the Markov chain has reached equilibrium for our 

practical purposes between these two realisations. 

We chose a, as and aT to be equal to 0.5,2.0 and 2.0, respectively. This 

allowed us to obtain reasonable MCMC acceptance rates between 0.1 and 0.5, 

for sampling either {St} or {T1}, at the expense in computational time of a really 

small acceptance rate between 0.02 and 0.05 for {A_, H}. 

In table 6.3, we obtained an improved estimate of the cell frequency when 

we consider the sample mean compared to the MLE for the expected frequency, 

under models QUB, UDB and RB. Model QUB has additional {6j} and {) } 

parameters compared to UDB, with model RB having fewer random parameters 

than model UDB, due to the constraints applied to the { pi+j} parameters. There- 
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fore, we obtained more parsimonious models in the order QUB, UDB and RB, as 

we reduce the number of unknown parameters with a corresponding decrease in 

the standard error. 

The main diagonal entries are considered fixed in models UDB and RB, to 

obtain improved parameter estimates when performing maximum likelihood esti- 

mation. However, the main diagonal entries need not be fixed when implementing 

the Gibbs sampler, as all we require is the conditional posterior distribution for 

{S; } to be included in the sampling scheme (details in section 6.2.1). This was 

not implemented, since the main interest to the investigator is in the off-diagonal 

cells. 

The main parameters of interest are 0 and lp, where we obtained similar 

marginal densities in figures 6.1(a, c), under models QUB, UDB and UDB, RB, 

respectively. For each model, we obtained a very close correspondence between 

the posterior mode and MLE. In particular, for model UDB the odds, ea, of an 

increase in the son's status from j to j+1, given the father's status is i+1 

instead of i, has sample mean (standard error) equal to 1.42 (0.13) and 95 % 

central interval equal to (1.17,1.70). 

The other parameter of interest, l p,, is equal to the log odds of an observation 

lying in a cell satisfying j-i=1, instead of j-i= -1. For model UDB the 

odds, 81 = elAr, 1 = I.... , 4, have sample mean (standard error) equal to 1.18 

(0.24), 1.44 (0.69), 1.86 (2.00) and 2.56 (7.38), respectively; with corresponding 

95 % central intervals equal to (0.78,1.70), (0.61,2.87), (0.48,4.87) and (0.37, 

8.26), respectively. These results indicate the increase in the range of the odds 

as the diagonal distance increases linearly. 

In figures 6.1(b, d), we obtained an excellent correspondence between the poste- 

rior modes and MLEs for {r }, under models UDB and RB, with a slightly shorter 

95 % central interval for a particular T1 under model RB. As 1 increases from 1 to 

3, we obtained only a slightly larger 95 % central interval for T!, in model UDB, 

with (1.18,1.46), (0.93,1.32) and (0.93,1.84), respectively; suggesting a single 
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Table 6.3. Son's Occupational Status Cross-Classified with Father's Status. 

Father's Estimate Son's Status 
Status 1 2 3 4 5 

1 n 50 45 8 18 8 
tQU rnQUB(se) 26 49(9) 51 43(6) 21 12(3) 25 19(4) 6 7(2) 
mUD mUDB(se) 34 41(5) 16 10(2) 22 18(3) 5 8(3) 

MR m'B(se) 39 41(1) 11 10(0) 19 18(3) 7 8(3) 
2 n 28 174 84 154 55 

r0U mQUB(se) 40 31(5) 175 174(6) 86 78(8) 143 154(12) 51 57(7) 
mUD mUDH(se) 30 31(4) 90 92(7) 176 159(10) 55 55(7) 

mR MR"(se) 34 32(1) 86 92(3) 172 159(6) 58 56(6) 
3 n 11 78 110 223 96 

mQU mQ1B(se) 18 9(2) 91 84(8) 103 110(13) 201 214(14) 105 101(9) 
mUD mvD©(se) 12 9(2) 79 70(6) 208 231(10) 96 88(7) 

MR mB(se) 8 9(0) 76 70(2) 218 230(6) 95 89(3) 
4 n 14 150 185 714 447 

tQU mQU0(se) 19 14(3) 136 148(11) 190 192(13) 738 714(31) 438 441(20) 
tUD mUD8(se) 15 13(2) 136 144(9) 182 176(9) 412 435(16) 

fnR mn`3(se) 13 14(2) 132 142(6) 191 176(5) 409 435(9) 
5 n 3 42 72 320 411 

rnQU mQUB(se) 3 4(1) 36 40(5) 67 67(7) 322 326(18) 418 411(26) 
tUD mUDD(se) 3 3(1) 37 42(5) 74 80(6) 362 333(14) 

mR mRH (se) 4 5(1) 39 44(4) 73 79(3) 358 332(9) 

Source: Glass (1954). Cell frequencies {n; j} and MLEs for the expected frequencies {th 
,j} 

under quasi-symmetrical uniform association (QU), uniform diagonals-parameter symmetry 

(UD) and ordinal Rasch (R) models. Bayesian sample means {m;, j} and standard errors (se) 

for the expected frequencies under the corresponding Bayesian models QUB, UDB and RB, 

respectively. 



CHAPTER 6. Square Contingency Tables 

a) beta 

m 
LL 
0 
a 

LL 
O 
a 

150 

b) UD, tau 1,2,3,4 

\ 

ýI 

ý/1 

\ý 

ý: ' . -. ý- 

10123 

MLE (tau) = 0.13,026,0.39,0.52 

d) R, tau 1,2,3,4 

E 
LL 
O 
a 

LL 
0 
a 

\ 
/; I 

,\ /! I\ 

// r1\ 
10123 

MLE (tau) =0.13,026,0.39,0.52 

e) R, rho 7,8,6,5,4,9,3 

ö 
f 

LL 

a 

-ý 1.. ...... 
1012 

MLE (da) -0.68. -0.63, -0.47, -0.33, -0.08,027, U2 

Figure 6.1: (a-e) Marginal densities for ß, {r }, a,, and {p; +j} under models QUB, UDB and 

RB, where appropriate, with corresponding MLEs denoted by x. 

0.0 02 0.4 0.6 0.8 1.0 

MLE (beta) = 0.36,0.37 

C) mu tau 

"1.0 -0.5 0.0 0.5 1.0 1.5 

MLE (mu tau) = 0.13.0.13 



CHAPTER 6. Square Contingency Tables 151 

parameter ri = y-, say, would have been adequate. However, the large increase 

in the odds for l=4, (0.76,6.29) may be due to the large variability caused by 

only having one cell {1,5}, which satisfies l=4. 

Agresti (1984, p. 206) obtained a similar conclusion, with an adequate fit for 

the conditional symmetry model (the diagonals-parameter symmetry model with 

the constraint {Si = 6}). The previous assumption, of the log odds depending 

linearly on the distance from the main diagonal, slightly overestimates the range 

for each odds interval, especially for d=2 and 3. 

For model RB in figure 6.1(e), we found the posterior mode for each pi+j is 

similar to the MLE, with the correct monotonic ordering; although there is a 

large overlap in the posterior densities for p5 to ps. The odds of making response 

h+1, instead of response h, for the son's status are eß°2-ß1 = 62µr = 1.33 (0.56) 

times as high, as for the father's status, with corresponding 95 % central interval 

equal to (0.57,2.66). 

To investigate the adequacy of the models more easily, in figure 6.2(a) we plot- 

ted the local discrepancy measure, Eq. (2.15), under models SRB, QIB, SIB, 

DIB, SB, QUB, UDB and RB, with 17,15,14,10,2,0,0 and 0, cells, respec- 

tively, from a total of 20 possible cells, having local cell discrepancy measure with 

probability less than 0.1, or greater than 0.9. Therefore, models SB, QUB, UDB 

and RB, provided a reasonable fit. 

In figures 6.2(b-i), we plotted the global discrepancy measure D('q; m), Eq. (2.17), 

against D(n; m), under each of the previous models. For models QIB, SIB and 

DIB, we obtained poor fits (Pb = 0.00) due to Pr(eß > 1) =1 under models 

QUB and UDB, respectively. Therefore, we are very unlikely to obtain 0=0 

within the 50 % central interval, as would be reasonable if the more parsimonious 

models were adequate. 

For model SB, we obtained a marginal improvement in the number of extreme 

values for the local discrepancy measure, with Pr(eµr > 1) = 0.79 under model 
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UDB. However, the two extreme values for the discrepancy measures in cells 

{4,5} and {5,4} resulted in the poor fit (pb ti 0) and indicated the largest change 

in the occupation status (i. e. greatest non-symmetry) occurs in the transition 

from father's to son's status at level 4 to 5, compared to the converse transition 

from level 5 to 4. 

For model QUB, we obtained p, = 0.33, indicating a fairly reasonable fit with 

the symmetrical association parameter. However, when we considered an addi- 

tional symmetry parameter to model the increase in the number of cell frequencies 

nij, with j>i, compared to i>j (except for cell {1,3}), we obtained an excel- 

lent fit with Pb = 0.46. Alternatively, when we chose to satisfy certain sufficient 

statistics, in order to obtain realisations from the ordinal Rasch model, we still 

obtained an excellent fit with pb = 0.56. 

Figure 6.3 displays the excellent fit for models UDB and RB, with the cell 

frequencies lying within the 50 % central interval of the predictive densities, 

while poorer fits are obtained for the following more parsimonious models SRB, 

SIB and DIB, in the majority of cells (e. g. cells {3,4}, {4,1} and {5,1}). For 

model SB, we obtained a reasonable fit, with n=, j lying within the 95 % central 

interval for all the cells, except cells {4,5} and {5,4} as discussed previously. 

6.6 Summary 

Chapter 6, has demonstrated the power of the Gibbs sampler in being able to 

simulate from very complicated multi-parameter posterior distributions, by only 

requiring us to consider sampling from each of the conditional posterior distribu- 

tions in turn. 

However, in practice we would initially run the Gibbs sampler with some of 

the parameters kept fixed in order to obtain convergence for a simplified joint 

posterior distribution. For example, setting {r = 0} for model UDB, we can then 
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obtain realisations from the symmetry model SB. Alternatively, setting {a;, j = 0} 

in model UDB to obtain realisations for model DIB. Finally, we included all the 

conditional distributions to generate realisations from model UDB. 

The Bayesian methodology enables us to display the marginal densities for all 

possible parameters of interest, allowing accurate 95 % central intervals to be 

obtained, as well as the main features of the predictive densities for each possible 

model. 

Model choice under maximum likelihood methodology for analysing square 

contingency tables is difficult because of the numerous possible models available. 

However, the local and global discrepancy measures indicated how a large va- 

riety of models can be compared simultaneously. For our example, the local 

discrepancy measure revealed the poor fits for cells {4,5} and {5,4}, in model 

SB, whereas for models QUB, UDB and RB, we obtained excellent fits. The 

final choice of model depends on which particular parameter interpretation we 

are interested in. 

In Chapter 7, we will consider a different problem of an unrecorded outcome 

for one or two nominal variables. We shall be interested to know if the reason 

we obtained no response depends on the choice of the outcome categories or only 

on the fully observed explanatory variables, which would lead to a simplified 

analysis. 



CHAPTER 7 

Nonignorable Nonresponse 

7.1 Introduction 

We shall now consider the cross-classification table for nominal variables, with 

missing cell frequencies or "nonresponses" forming additional marginal tables 

classified only by the explanatory variables. An illustration is given in table 7.1, 

for one explanatory variable and one outcome variable. Our interest will be in 

whether the reason we obtain missing cell frequencies, or "nonresponses", depends 

on the choice of the outcome variable or only on the fully observed explanatory 

variables. 

One particular method for modelling nonresponse involves weighting, where 

the nonresponse marginal entries are allocated to the cells in the main table. For 

example Fuchs (1982), following the earlier work by Chen and Fienberg (1974), 

chose weights equal to the observed cell frequencies divided by the marginal totals, 

allowing larger cell entries to receive proportionally more of the unknown marginal 

nonresponses. 

Koch, Imrey and Reinfurt (1972), Woolson and Clarke (1984), and Woolson, 

Leeper and Clarke (1978), implemented a weighted least squares approach to ob- 

156 
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Table 7.1: Cell Frequencies and Conditional Probabilities in a Two-way Contingency Table 

with One Marginal Table. 

Explanatory Response Nonresponse 
Variable Outcome 

1 2 
1 nl, l, l 

( 7r1,1(1)) 

nl, 2,1 
( 7r1,2(1)) 

nl, +, z 
(7r1, 

+(2) 
2 n2,1,1 

( 7r2,1(1) ) 

n2,2,1 

(72,2(1) ) 

n2, +, 2 
(7r2, 

+(2) 

The {7ri, j(k)} are the conditional probabilities of an outcome at level j, with covariate at level 

i, conditional on response at level k. 

tain parameter estimates for the fully classified table, which they then used to 

estimate or impute the unobserved cell frequencies. Clogg et al. (1991) consid- 

ered the general multidimensional contingency table with nonresponse for more 

than one variable, with an example implementing imputation for updating indus- 

try and occupation codes. However, Rubin (1976,1987) noted that imputation 

does not properly include the random contribution, because of the treatment of 
imputed values as if they were complete data. To overcome this criticism, Rubin 

and Schenker (1986) advocated multiple imputation using several approaches, 
including simple random imputation: drawing the missing observations with re- 

placement from the observed observations. 

Chen (1979) and Little (1982) assumed a nested or monotone response pattern 

for a multidimensional contingency table, where the recorded response to a set 

of questions is obtained from a larger set of questions, allowing straightforward 
factorisation of the likelihood. Fuchs (1982), Little and Rubin (1987, Ch. 9) pro- 

vide the appropriate maximum likelihood estimates for the expected frequencies 

of loglinear models which can be factorised in this manner. 

The previous papers have assumed an ignorable nonresponse mechanism. How- 

ever, we shall be more interested in modelling a "nonignorable nonresponse" 

mechanism, where Rubin (1976) defines a nonresponse mechanism to be nonig- 
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norable if it depends on a subject's unobserved response. The distinction between 

a known or unknown cell frequency can be modelled in a loglinear framework by 

introducing one or more response indicator variables, with level k=1 if the 

corresponding outcome is observed; otherwise k=2. An illustration is given 

in table 7.2, for one explanatory variable and one outcome variable forming a 

three-way cross-classification table. 

Table 7.2: Cell Frequencies and Conditional Probabilities in a Three-way Contingency Table. 
Explanatory Response Nonresponse 

Variable Outcome Outcome 
1 2 1 2 

1 n1,1,1 

l 7r1,1(1)) 

n1,2,1 
( lr1,2(1)) 

n1,1,2 

l ir1,1(2)) 

n1,2,2 

l 7r1,2(2) 

2 n2,1,1 

7r2,1(1) ) 
n2,2,1 

( 7r2,2(l) ) 
n2,1,2 

(7r2,1(2) ) 

n2,2,2 

l 7r2,2(2) 

The {n; ýIk} are the "pseudo-observed" (or imputed) cell frequencies determined by the nonre- 

sponse mechanism. 

A particular nonresponse mechanism needs to be formulated for allocating the 

nonrespondents to a particular level of the outcome variable. Fay (1986) consid- 

ered causal models, where a single consequent (dependent) variable is related to 

one or more explanatory (independent or predictor) variables for the joint dis- 

tribution of the outcome and response indicator variables. Fay (1986) then only 

considered meaningful relationships to reduce the large number of possible causal 

models in high-dimensional contingency tables to a more manageable size. Little 

(1985) implemented causal models for a longitudinal (or repeated survey) exam- 

ple on employment status, where the reason for nonresponse in the first recording 

is not related to the reason for nonresponse in the second reading; although the 

converse is possible. 

Conaway (1992) considered a conditional likelihood approach for modelling 

nonignorable nonresponse in the following manner. For the complete contingency 

table, with no nonrespondent categories, he conditioned on the unobservable 
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subject effects by conditioning on the corresponding sufficient statistics, allowing 

the responses to be assumed independent and conditional maximum likelihood 

estimates to be obtained. Conaway (1992) then extended the methodology for 

the case of nonresponse entries, both ignorable and nonignorable, by averaging 

the likelihood over the missing observations when applying the EM algorithm to 

obtain the conditional maximum likelihood estimates. 

For a contingency table with nonresponse for only one outcome variable, Baker 

and Laird (1988), Little and Rubin (1987, Ch. 11,12) considered hierarchical log- 

linear models which include an association parameter for the outcome variable 

and a response indicator variable. 

7.2 Notation 

We shall adopt the notation of Park and Brown (1994), denoting by Xa p- 

dimensional variable which is always observed, indexed by i= (i1"" 
., 

ip), and 

the number of categories r= (rl,... 
, rp). For the moment, we shall only be 

interested in a single outcome variable Y, with levels j=1, ... , c, which is only 

observed if the response indicator variable R has value k=1; otherwise, if Y is 

unobserved k=2. 

Park and Brown (1994) defined a nonresponse model as a log-linear model for 

the full array of X, Y and R. A nonignorable nonresponse model is one that 

contains a YR interaction term. Models with only aXR interaction and no YR 

interaction term are ignorable, since the nonresponse mechanism depends only 

on X which is fully observed. 

Baker and Laird (1988) considered a deviance G2 for testing the goodness-of-fit 

of the model 

G2 = -21og(LFrr/LFULL) f 
(7'1/ 

where LFULL is the likelihood function based on the observed data, and LFTT is the 



CHAPTER 7. Nonignorable Nonresponse 160 

likelihood function based on the estimated values for the expected frequencies. 

An ignorable nonresponse can be tested, using the deviance for the fit of the 

reduced model, with no YR interaction term. 

Baker and Laird (1988), Fay (1986) and Little and Rubin (1987, Ch. 9) noted 

that, on including the response indicator variable, the model may become overpa- 

rameterised with non-unique parameter estimates. They generalised the standard 

loglinear relationship for complete data 

df(model) + df(lack of fit) = df(data) , 

to 

df(model) + df(lack of fit) - df(inestimable) = df(data) 

with the saturated model corresponding to df(lack of fit) = 0. 

The nonignorable nonresponse loglinear model with p=1, corresponds to 

logmi, i, k = )o+AX +Aý +irk +) ýY+ A 
i, k 

+'jk +A, kR' 
(7.2) 

which we shall denote by (XYR), where df(model) = 2rc -1 and df(data) = 

rc+r - 1, leaving r(c-1) inestimable parameters in the saturated model. Little 

and Rubin (1987, p. 240) showed that of the five possible nonignorable nonre- 

sponse models possible only model (XY, YR) can be fitted without additional 

prior information, provided r>c. Baker and Laird (1988) obtained non-unique 

MLEs when considering the remaining models, with the solution lying on either 

boundary, allocating all the nonrespondents to only one of the outcome categories. 

Park and Brown (1994) overcame the non-uniqueness in maximum likelihood 

parameter estimation by considering a Bayesian approach, with a Dirichlet prior 

distribution for the unknown cell probabilities having fixed means determined 

from the observed cell frequencies. 
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7.3 Joint Posterior Distribution for Nonignor- 

able Nonresponse Model with One Margin 

Park and Brown (1994) proposed multinomial likelihoods for the known cell fre- 

quencies n;, j(l), n;, +(2)1 uniform priors for 7r;, j(l), 7r,, +(2) and a Dirichlet prior for 

lr; 2, with fixed mean parameter S; =J_", j, '- for i=1r and j=1c. 

The parameter 6 
,j was chosen by Park and Brown (1994) to shrink the poste- 

rior mode of m;, j, 2 towards the MLE under the ignorable missing data mechanism 

n n; 
(L). Clogg et al. (1991) suggested setting the number of un- 1,7r2 , 

+, 2 
qyI t, l 

known prior observations, K=1 Ej'=18i, j, equal to the number of unknown 

parameters to be estimated, which will yield the same average prior variance for 

any design and model. 

From Bayes' theorem, the joint posterior distribution for X, Y and R, is given 

by 

p(irl n, 6) « 1(irl n, 6) p(ir S) 
rcr 

nij,, ni, + 2 
ýfi 

°c ]J 7r; 
ýj(1) 

ll lri, +(2) 7r(7.3) 
i=1 j=1 1=1 1=1 j=1 

where 7r = {7r;, j(k)}, n= {n;, j, l, n;, +, 2} and 6= {5;, j}. 

Park and Brown (1994) made the substitution 7r;, J, (k) = m;, j, k/n+, +, k, and per- 

formed the transformation to pT = ßy), where log m= Zß, for Za 

UxV known design matrix, with U equal to the number of cells (rl x".. x rp xcx 2) 

and V equal to the number of parameters (V < U). They then obtained the pos- 

terior mode for {ß�} by differentiating the logarithm of the joint posterior distri- 

bution with respect to f3� (with the full details given in appendix D. 2), obtaining 

the following posterior modal equations 
rc2 

zi, i, k, v(n; j, k - mi, j, k) =0, for v=I.... ,V, 
(7.4) 

i=1 j=1 k=1 

where n+, +, i = m+, +, l, n+, +, 2 = S+, 
+'+m'+, +, 2, ni,,, 1 = nj, j, l and n ti, 2 = ni, +, 2 

mjý2 + 

5;, ý, for i=1, 
... ,r and j=1, 

... , c. 
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In order to satisfy the more convenient constraint ni +ý2 = ni, +, 2, for each i, 

Park and Brown (1994) performed the following rescaling of the pseudo-observed 

cell frequencies 

n11,2 - 
ni, +, 2 

nir } r2 

m1,9r2 
+ 8ij i 1, 

... 'C' 
(7.5) 

ni, +, 2 + si, mi, -t, 2 

and obtained the same values for the posterior mode. 

As we have conditioned on the number of cell frequencies for each level of k, we 

know the /3� corresponding to Ao and A in Eq. (7.2), once we obtain a sample for 

the remaining ß,,; similarly, for the generalisation to a value of p>1. Therefore, 

we can set the number of unknown parameters K=V-2. 

7.3.1 Metropolis Algorithm 

Park and Brown (1994) solved Eq. (7.4) by implementing the generalised EM 

algorithm of Dempster, Laird and Rubin (1977). In order to obtain the posterior 

modes the E step estimates nr 2 from Eq. (7.5), then the M step maximises 

the posterior modal equations by regarding the {n; 5,2} as observed frequencies 

(details in appendix D. 2.1). They continued repeating steps E and M, until the 

difference between the posterior modal equations in two consecutive iterations 

was smaller than 10-8. 

To obtain realisations for Q, we propose to sample from the posterior using 

the Metropolis algorithm of section 2.6.5, with a symmetric transition probabil- 

ity function q- NK k2I(j3(t_1))_i) The 3(t-1) are obtained from the 

previous iteration of the Metropolis scheme, with initial value ß(°) =)3*. 

The Fisher Information matrix I(P) is obtained from the negative of the sec- 

ond derivative matrix, with component h,,,,,,, given by Eq. (D. 3) in appendix D. 2. 

However, the large variability in the sampled /3 prevented inversion of I(/3) for 

each iteration. Therefore, we considered a constant covariance matrix by setting 

, 3(t-1) = )3*, for each iteration when evaluating I. 
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Realisations from the predictive distribution were generated for each sampled 

/3, or equivalently 7r, by using the method of composition in section 2.7. This pro- 

ceeded by generating {{lli, +, 2} and {5;, j} from a multinomial distribution 

conditional on either {{lr;, +, (2)} or {lri, j, (2)}, respectively. 

We shall generalise the model checking methodology of section 2.7.1 for testing 

the fit of our proposed models. For the global discrepancy measure, we will gener- 

alise Eq. (2.17) by considering the sum of the individual discrepancy measures for 

each of the multinomial sampling schemes with known cell frequencies, to obtain 

rc (rll 
D m) = 1: E , j, i - m;, i, l)2 + 

(? 7i, +, 2 - m1, +, 2 
)2 

(7.6) (7lß 
i=1 j=1 mi,. 7,1 i=1 mi, +, 2 

We define D(n; m) similarly, allowing us to obtain the Bayesian p-value Pb, de- 

fined in Eq. (2.16). 

Ideally, for the nonrespondents we would wish to compare the local discrepancy 

between lJi, +, 2 and n;, +, 2. However, 771, x, 2 is calculated by replacing n; j, 2 with 

l/i, j, 2 in Eq. (7.5) resulting in ni, +, 2 = ni, +, 2. Therefore, for the local discrepancy 

measure, we will compare each 77j, j, k with n; j, k, by calculating 

di,. i, k = Pr(1ll, J, k : n;, j, k) , for i=1,..., r ,j=1,..., c and k=1,2. (7.7) 

7.4 Simulation Study 

For a simulation study with known parameter values, we apply the previous 

methodology for the case of the simplest nonignorable nonresponse and ignorable 

nonresponse models (R, XY) and (XY, YR), respectively, with two levels for 

each parameter and a total of 1000 cell entries. The parameters of interest are 

the marginal probability of a subject being a nonrespondent, compared to a 

respondent 

7r+, +, 1 
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the marginal probability of a subject preferring outcome 2 to outcome 1 

«Y = 
7r+, 2, + 

= e-2, 
QY 

7r+, 1, + 

and the odds 

ayR = egarx 

of whether we obtained a response for a subject depends on the outcome cate- 

gories. 

The aR, a' and aYR were chosen to be equal to either 0.25 or 1.00, to give 

eight possible combinations of cell frequencies. The predictive densities for cell 

{1,1,2} are shown for illustration in figures 7.1(a-h). We include the value a1' 

= 1, to allow the ignorable nonresponse model to be an adequate representation 

of the data. 

We obtained identically shaped predictive densities when changing aR from 

1.0 to 0.25 (column 1 to column 2), with only a change in the location, for all 

possible combinations of the other parameters. However, when comparing fig- 

ures 7.1(a, b, e, f), we obtained a sharp increase in the skewness of the predictive 

density for 771,1,2 in model (XY, YR), due to a four-fold increase in the marginal 

probability of outcome category 1. The predicted realisations for {Sl, 1} will there- 

fore favour larger values, but still include the occasional zero due to sampling from 

the discrete multinomial distribution. This results in the long tails for the pre- 

dictive density 771,1,2, on substituting Sl, l into a similar expression to Eq. (7.5). 

For model (R, XY) we still obtained an approximately symmetrical density since 

{5; j = 0}, with a shorter 95 % central interval. We also obtained an excellent fit 

for the predictive density when aYR = 1, in the original simulated cell frequencies, 

with identical pseudo-observed and true cell frequencies. 

In figures 7.1(a-d), we decreased a}'R from 1 to 0.25, resulting in no differ- 

ence in the shape of the predictive density for model (XY, YR), because of the 

identical marginal probability of preferring outcome category 2 to 1, a' = 1, 

which is consistent with sampling the cell probabilities for the nonrespondents 
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Figure 7.1: (a-h) Predictive density for cell {1,1,2} under models (XY, YR) and (R, XY), with 

pseudo-observed cell frequencies denoted by ax or o, respectively. The true cell frequencies, 

denoted by a +, are determined by ay, aR and aYR, equal to either 0.25 or 1.00. 
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by conditioning on the fixed parameter Stj = Kn;, j, l/n+, +, 1, where 8;, i = 5;, 2. 
In figures 7.1(e-h), we obtained a slight increase in the skewness because of the 

increase in the number of pseudo-observed cell frequencies for outcome category 

1, since 6i, 1 > S;, 2. 

For the ignorable model (R, XY), in figures 7.1(c, d, g, h), the pseudo-observed 

cell frequency (denoted by a o) is quite different from the true or pseudo-observed 

cell frequency for model (XY, YR) (denoted by a+ and x, respectively), which lie 

in the extreme tail of the predictive density. Therefore, the response mechanism 

is nonignorable. 

The local discrepancy measure, Eq. (7.7), is plotted in figure 7.2(a), with fixed 

aR = 1.00 under either an ignorable or nonignorable model, for each combination 

of ay and a1'R, equal to either 0.25 or 1.00. The local discrepancy measure is 

equal to 0 and 1, for the four nonresponse cells in the ignorable nonresponse 

models (indicated by numbers 2 and 4), with aYR = 0.25 and ay equal to either 

1 or 0.25, in the true model. In figures 7.2(c, e), for the corresponding scatter plot 

of the global discrepancy measures, Eq. (7.6), we obtained Bayesian p-values equal 

to 0.20 and 0.40, respectively. These values are larger than we would obtain in 

practice for a real example, suggesting that we will be able to differentiate between 

the ignorable and nonignorable models when the data truly follow a nonignorable 

nonresponse mechanism. 

For the remaining simulated examples, we obtained excellent fits locally (no 

extreme values for the discrepancy measure) and globally (Pb 0.5) for both the 

ignorable and nonignorable models. 
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Figure 7.2: (a) Local discrepancy measure Pr(77h, i, j, k < rth, i, j, k), for each cell shown horizon- 

tally, under either models (XY, YR) or (R, XY), respectively. The true cell frequencies are 

determined by aR equal to 1.00, and aY, aYR equal to either 0.25 or 1.00. (b-e) Correspond- 

ing scatter plots for the global discrepancy measure D(ij; m) against D(n; m), under model 

(XY, YR). (f-i) Similarly, under model (R, XY). 
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7.5 Obesity Status Cross-Classified with Age and 

Gender 

Park and Brown (1994) considered an example from the Muscatine Coronary 

Risk Factor Study for school children in 1977, previously analysed by Conaway 

(1992), Woolson and Clarke (1984), and reproduced in table 7.3. The study 

classified children as obese or non-obese at three different surveys in 1977,1979 

and 1981, by comparing each child's weight to the age-gender specific norm, with 

explanatory variables (or covariates) age (A), young or old, and gender (G), male 

or female, always observed. 

Table 7.3: Cell Frequencies for Children Classified by Age, Gender, Obesity and Response. 
Age Gender Res pondents Nonrespondents 

Obese Non-Obese 

Young Male 
Female 

82 
81 

463 
435 

470 
418 

Old Male 
Female 

247 
272 

900 
861 

324 
303 

source: Woolson and Clarke (1984). 

The response obesity Y is only recorded for 69 % of the children, with the 

percentage of nonrespondents tending to be higher in younger children than in 

older children. The parameter of interest to the investigator is the proportion 

of obese children for the full table, under a suitable model which includes the 

nonrespondents. 

Park and Brown (1994) proposed the nonignorable nonresponse loglinear model 

log mh, tj, k = i10 +, \A 
"i' 

)G 
'+' 

)t +. ÄR -}- \h G+ 
Ah,. 7 

+ iah, 
k + A9 

113 
Aj, 

k + ýh, 
I, "} ýh, 

j, k 
(7.8) 

which we shall denote by (AGY, AYR), where each parameter satisfies the con- 

straint that the sum over any subscript is equal to zero, e. g. E;? i ac = 0. 
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We perform the transformation from A to ß, where 

PT = l(AO'AA' 
AG'AY AR AAG' AAY IAR IGY AYR AAGY XAYR1 

11111,1 1,1 ý 1,1 1,1 ý 1,1 1,1,1 1,1,1 1s 

and log m= Z/3, with the design matrix Z given in appendix D. 1. The param- 

eters )o and AR are chosen in order to satisfy m+, +, +, k = n+, +, +, k, for k=1,2, 

with the corresponding ß� not sampled in the Metropolis algorithm. 

For model (AGY, AYR), Park and Brown (1994) obtained a good fitting model 

with G2, Eq. (7.1), equal to 0.395 and 0.781 on 4 df (where df = rir2(c -1) ), for 

maximum likelihood and their Bayesian estimation of the expected cell frequen- 

cies, respectively. However, when performing maximum likelihood estimation, all 

the nonrespondents are allocated to the non-obese category. The posterior mode 

of a parameter only provides a point estimate and no indication of the spread of 

the corresponding posterior density is presented. 

We shall consider the model adequacy for the predictive densities under the fol- 

lowing models (AGY, AYR), (AGY, AR, YR), (AG, AY, GY, AR, YR), (AG, AY, 

GY, AR) and (AG, AY, GY), which all include a fixed margin for response R. In 

figure 7.3, we only obtained the local discrepancy measure equal to 0 or 1, corre- 

sponding to the four cells with non-obese respondents, for model (AG, AY, GY). 

Similarly, for the global discrepancy measure, we obtained reasonable p-values 

between 0.5 and 0.6, for all the models except (AG, AY, GY), where pb = 0. The 

small p-value is because of the significant effect of the parameter PAR in model 

(AGY, AYR), with 95 % central interval (-0.04,0.44) and Pr(ßAR > 0) = 0.84. 

The poor fit for model (AG, AY, GY) is shown by the predictive densities for 

the non-obese respondents (column 2, in figure 7.4). However, we still obtained 

a reasonable fit for the nonrespondents. 

For models (AGY, AYR), (AG, AY, GY, AR, YR) and (AG, AY, GY, AR), we 

obtained very similar predictive densities for the respondents, and for the nonre- 

spondents under the first two models in figure 7.4. The skewed predictive densi- 

ties for the nonrespondents has already been discussed for the simulated example. 
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Figure 7.3: (a) Local discrepancy measure Pr(I]h,;, J, k < nhi, j, k), for each cell shown 

horizontally, under either models (AGY, AYR), (AGY, AR, YR), (AG, AY, GY, AR, YR), 

(AG, AY, GY, AR) and (AG, AY, GY), respectively. (b-f) Corresponding scatter plots for the 

global discrepancy measure D(ii; m) against D(n; m). 

From the simulated example, we can infer the similarity in the pseudo-observed 

cell frequencies, all within the 95 % central interval for model (AG, AY, GY, AR), 

suggests that the outcome variable may be independent of the response indicator 

variable. 

Alternatively, if there was a large discrepancy between the pseudo-observed 

cell frequencies, we might doubt model (AG, AY, GY, AR), and prefer the larger 

uncertainty provided by model (AG, AY, GY, AR, YR), with the pseudo-observed 

cell frequency lying closer to the true unobserved cell frequency. However, consid- 

ering any of the remaining, less parsimonious, nonignorable nonresponse models 

would leave our inferences unchanged, so we would only need to make inferences 

for the simplest nonignorable nonresponse model (AG, AY, GY, AR, YR). 

In figure 7.5, we collapsed over the response category for models (AGY, AYR), 

(AG, AY, GY, AR, YR), (AG, AY, GY, AR) and (AG, AY, GY), indicating the rea- 
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Figure 7.4: Predictive density under models (AGY, AYR), (AG, AY, GY, AR, YR), (AG, AY, 

GY, AR) and (AG, AY, GY), with pseudo-observed cell frequencies denoted by a +, x, o or o, 

respectively. 
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sonable fit for all the models except (AG, AY, GY). If we knew the true cell fre- 

quencies, then we could consider the discrepancy measures. Alternatively, if the 

pseudo-observed cell frequencies are considered correct then we obtained reason- 

able fits for all these models, except (AG, AY, GY). 

The two nonignorable nonresponse models have the advantage of including the 

maximum likelihood estimate for the collapsed expected frequencies (the triangle 

shown nearest to the posterior mode) within the 50 % central interval. The other 

triangle corresponds to the extreme possibility of all the nonrespondents being 

allocated to the opposite outcome category to the respondents, which lies in the 

extreme tail. Therefore, the true unobserved cell frequency for the collapsed table 

must lie between the triangles, which covers the range of the predictive density 

when collapsed over the response category, with the highest predictive density in- 

between the pseudo-observed cell frequency and the maximum likelihood estimate 

for the expected frequency (both collapsed over response). 

In figure 7.6, we considered the predictive rates 1/h,;, 1, +/iIh, +, +, + x 100, for the 

obesity outcome at each combination of age (h = 1,2) and gender (i = 1,2). For 

the most parsimonious good fitting model (AG, AY, GY, AR), we obtained similar 

obesity rates between males and females for a given age group, with 95 % central 

interval equal to (12.0,17.8) and (13.0,19.2), for the respective sexes in the young 

age group. However, we obtained a significant increase in the rate of obesity for 

the old age group compared to the young, with 95 % central interval equal to 

(19.1,25.0) and (20.5,26.7), for the respective sexes. The triangles correspond to 

the extreme cell frequency rates, which are either similar to the posterior mode 

or an extreme observation, for the nonignorable nonresponse models. Therefore, 

the density for the predictive rate of obesity includes the true unobserved cell 

frequency rate. 

Park and Brown (1994), Woolson and Clarke (1984), obtained a similar con- 

clusion of an increase in the obesity rate for the older age group. However, our 

methodology enables the shapes of the density for the predictive rates of obesity 
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Figure 7.5: Predictive density, collapsed over the response indicator variable, under models 

(AGY, AYR), (AG, AY, GY, AR, YR), (AG, AY, GY, AR) and (AG, AY, GY), with pseudo- ob- 

served cell frequencies (collapsed over response) denoted by a +, x, o or o, respectively. The 

extreme cell frequencies (collapsed over response) are denoted by the triangles, with the triangle 

closest to the posterior mode corresponding to the MLE for the expected frequency (collapsed 

over response). 



CHAPTER 7. Nonignorable Nonresponse 

Obesity rate for young males Obesity rate for young females 

- (AGY, AYR) 

- 
(AGAYGY 

AY, GY, 
AAR)YR) 

(AGAY, GY) 

174 

1. '\ 
1 

0 10 20 30 40 50 0 10 20 30 40 50 

8.1<n(1t1+yn(11++)x100<54.4; n'(111+)n'(11++)x100.14.4,13.7,14.8,14.8 8.7<n(121+yn(12++)x100<53.4; n'(121+yn'(12++)x100.15.0,14.7,15.9,15.9 

Obesity rate for old males Obesity rate for old females 

i 
If 

1 ti 

1 

ý". 
ill' 

1 
.1 

"1 

"\ 

f 

'"\ 

0 10 20 33 40 50 0 10 20 30 40 50 

18.8 <n(211+yn(21++) x 100 <38.8; n"(211+yn"(21++) x 100= 21.1,20.8,21.6,21.6 18.9 <n(221+yn(22++) x 100 <40.0; n"(221+yn*(22++) x 100 23.5,23.2,24.0,24.0 

Figure 7.6: Predictive rate t)h, i, 1, +/rlh, i, +, + x 100, for obesity under models (AGY, AYR), 

(AG, AY, GY, AR, YR), (AG, AY, GY, AR) and (AG, AY, GY), with pseudo-observed cell fre- 

quency rates denoted by a +, x, o or o, respectively. The extreme cell frequency rates are 

denoted by the triangles, with the triangle closest to the posterior mode corresponding to the 

MLE for the expected frequency rate. 



CHAPTER 7. Nonignorable Nonresponse 175 

under four possible models to be compared, allowing us to investigate the effect of 

the nonignorable nonresponse interaction term. The obesity rates for the young 

children in the nonignorable nonresponse models are more skewed than for the 

older children, because of the greater asymmetry present in the corresponding 

predictive densities in figure 7.5. 

Agresti (1984, p. 108) considered the correspondence between loglinear and logit 

models for an outcome variable with two levels, conditional on explanatory vari- 

ables. For our example (after collapsing over the response indicator variable), we 

shall consider obesity status as the outcome, with fixed margins for the age and 

gender explanatory variables, obtaining the following logit model 

log mh'`'2'+ 
=a -} Th -}- TG , for h=1,2, i= i=1,2, (7.9) 

mh, i, l, + 

where >h'_1 Th = E;? 1 ,G=0, which is equivalent to the loglinear model 

(AG, AY, GY). 

On summing model (AG, AY, GY, AR) over the response indicator variable, we 

obtained a new set of parameters A satisfying 

mhti# = exp Ao+Ah +'G +Aj +A i, +A9 +A G). 

On substituting into Eq. (7.9), then simplifying, we can obtain realisations for 

the corresponding parameters a= 2)ºY, TA = 2AAY and rG = 2AGY, where 

AY = A1 = -A2 ; similarly, SAY = Ai i and) '= aGi 
. The sample mean 

(standard error) and 95 % central interval for a, rA and TG, are given by 1.47 

(0.05), (1.37,1.57); -0.24 (0.05), (-0.34, -0.14) and -0.05 (0.05), (-0.13,0.04), 

respectively. 

In figure 7.7, we obtained a scatter plot for the bivariate posterior distribution 

for the odds e2TA and e2TG, where we only plotted every tenth point out of the 

sample of 10,000 for clarity. The marginal densities were drawn by smoothing 

the respective histograms with a normal kernel density estimate, from which we 

obtained a bivariate normal density approximation, in the form of a contour or 

perspective plot in figures 7.7 and 7.8, respectively. 
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Figure 7.8: Bivariate posterior density for the odds e2TA and e"3, under model (AG, AY, 

GY, AR) collapsed over response. 
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The sample mean (standard error) for the odds of being obese are 1.6 (0.2) 

times as high for the old age group compared to the young, with 95 % central 

interval for e27A equal to (1.3,2.0). Similarly, the odds of being obese for girls 

compared to boys e2TG, has respective values 1.1 (0.1) and (0.9,1.3). Therefore, 

we obtained a larger range in the odds between the two age groups, than between 

the different sexes. 

The scatter plot allows us to obtain the probability of being obese, for indi- 

viduals with odds greater than a particular pair of fixed values for the odds of 

age and gender, by one minus the proportion of observations greater than the 

corresponding coordinate. For example, the probability of being obese for age 

and gender greater than their respective posterior modes, with coordinate (1.59, 

1.09) is equal to 0.679. 

7.6 1948 Roper Preelection Polls Voter Prefer- 

ence for President 

Hedlund (1978) presented an example on the "1948 Roper Preelection Polls Voter 

Preference", reproduced in table 7.4, which was originally given by Mosteller et al. 

(1949). The example has been reanalysed by Baker and Laird (1988), assuming a 

nonignorable nonresponse model. Truman won with 52 % of the two-party vote, 

despite polling results (Roper, Gallup, and Crossley) that predicted Dewey by a 

substantial margin (5.3 to 17 %). They assumed the nonrespondents would not 

vote, even though information suggested that the nonrespondents might be more 

pro-Truman than the respondents. 

In table 7.4, we note the number of cell frequencies with unknown preference 

is very high for the economic classes C and D, especially in October. The inves- 

tigator is interested in predicting the percentage voting for Truman by economic 

class E and time of survey T, while including a proportion of the nonrespondents 
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Table 7.4: 1948 Roper Preelection Polls Voter Preference Classified by Economic Status, Time 

of Survey, President and Response. 
Economic Time of Known Preference Unknown 
Class Survey Truman Dewey Other Preference 

A July 43 161 10 29 
August 54 179 27 30 
September 39 189 8 26 
October 40 175 9 18 

B July 168 430 39 84 
August 205 486 69 103 
September 174 533 51 94 
October 203 508 45 109 

C July 453 582 77 244 
August 527 670 150 251 
September 488 717 108 256 
October 552 623 83 315 

D July 284 221 42 144 
August 307 212 65 155 
September 334 235 60 178 
October 354 211 388 217 

source: Mosteller et al. (1949). 

under a suitable nonignorable nonresponse mechanism. 

Baker and Laird (1988) write the joint distribution of Y and R in the form 

p(R, Y X) = p(YIX) p(RIY, X) , 

where p(RIY, X) models the incidence of response as a function of X and Y. 

The formulation allows parameter estimation, without the addition of prior 

information relating respondents and nonrespondents. However, there is still an 

implicit specification of prior information relating respondents to nonrespondents, 

when they obtained the expected frequencies 

E`ni, 
i, 2) = n1, +, 2 

mi, +, 2 

for the pseudo-observed cell frequencies. Park and Brown (1994) obtained the 

same expression for the ignorable nonresponse model, where {ö; j = 0} in Eq. (7.5). 
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Baker and Laird (1988, table 3) considered models with a second-order in- 

teraction term ETY, where E= economic class (A, B, C or D), with levels 

h=1, ... , 4; T= time of survey (July, August, September or October), with lev- 

els i=1, ... , 4; Y= preference for candidate (Truman, Dewey or Other), with 

levels j=1, ... , 3; R= response (known or unknown preference), with levels 

k=1,2. 

However, to reduce the number of parameters to a more manageable size we 

shall consider the same models, but only with the following first-order interaction 

terms ET, EY, TY (which we shall not explicitly write out); in addition to either 

(TR), (TR, YR), (ER), (ER, YR), (ER, TR) or (ER, TR, YR). 

In figure 7.9, we obtained reasonable values for the local discrepancy measure 

for all the cells except (TR), which has several values for the discrepancy measure 

lying towards the extremes of the scale. For the global discrepancy measure, we 

obtained excellent fits under models (ER, TR), (ER, TR, YR), (pb=0.57,0.56, 

respectively), a terrible fit for model (TR) (pb=0) and marginally worse p-values 

(Pb ý- 0.3) for the remaining models. 

Figure 7.10 confirms the slight marginal decrease in fit on fitting the more 

parsimonious models, by the nearly similar shaped density for the predictive per- 

centage voting for Truman, i h, i, 1, +/rlh, i, +, + X 100. The similarity in the posterior 

modes is due to the corresponding pseudo-observed cell percentages being approx- 

imately equal for all the models. The symbol 0 (p) corresponds to the boundary 

ML estimate which allocated all the unknowns to Dewey (Truman), which moves 

from the posterior mode to the extreme tail, as economic class changes from A 

to D. 

As we moved across the columns from July to October, there was very little 

change in the 95 % central interval for the predictive density. However, as we 

moved down the rows, increasing from economic class A to D, we obtained a 

dramatic increase in the location of the 95 % central interval from (12.3,24.1) 

to (54.6,62.9) for the October survey, corresponding to an overall increase in 
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Figure 7.9: (a) Local discrepancy measure Pr(11h, i, j, k < nh ;j k), for each cell shown hor- 

izontally, under models (TR), (TR, YR), (ER), (ER, YR), (ER, TR) and (ER, TR, YR), 

respectively; all models include ET, EY, TY. (b-g) Corresponding scatter plots for the global 

discrepancy measure D(i7; m) against D(n; m). 

the percentage voting for Truman. We also note the width of the 95 % central 

interval is slightly larger for voters in economic class A, compared to classes B, 

C or D (which all have similar widths), because of the fewer voters in economic 

class A, increasing the uncertainty in the predictive density voting for a particular 

candidate. 

In figure 7.11, we only considered the most parsimonious model which gave a 

reasonable value for pb, i. e. (ER, TR), this model also has the advantage of being 

ignorable. The boxplots clearly show the similar predictive densities (collapsed 

over the response indicator variable) for all candidates as we increased across 

the columns from July to October, and the dramatic increase in the location of 

the 95 % central interval for the predictive distribution of Truman, relative to a 

decrease in the location of the 95 % central interval for the predictive distribution 

of Dewey, as we moved down the rows from economic class A to D. 
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Figure 7.10: Predictive percentage voting for Truman collapsed over the response indica- 

tor variable, under models (TR), (ER), (ER, TR) and (ER, TR, YR) (all models include 

ET, EY, TY), with collapsed pseudo-observed cell frequency percentages denoted by a -F, x, 

o or o, respectively. The symbols A, V correspond to either none or all the nonrespondents 

voting for Truman, respectively. 
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The significantly greater effect of the economic class compared to time of survey 
for the nonrespondents can be inferred by noting we obtained Pb = 0.25, compared 

to Pb = 0.00, for models (ER) and (TR), respectively. 

The pseudo-observed cell frequency, collapsed over the response indicator vari- 

able, lies close to the posterior mode of the corresponding predictive densities 

for all the candidates. The symbols 0, p correspond to either none or all of 

the cell frequencies being allocated to a particular candidate, respectively; which 

lie within the extreme tails for both the main candidates. As the true unknown 

cell frequency must lie in between these values, we can be confident that model 

(ER, TR) is providing a reasonable fit for the two main candidates. Baker and 

Laird (1988) noted that any poll would need to allocate 80 % of the nonrespon- 

dents to Truman in order to come close to the actual results, which is possible 

with our results. 

The extreme possibility of all the nonrespondents having a preference for the 

Other candidate, is an outlier in economic classes B to D, due to there being more 

nonrespondents than respondents voting for the Other candidate. However, as 

there are substantially more voters for either of the main candidates, we still 

obtained a respectable fit for our model. 

Baker and Laird (1988, table 3) also commented on the increase in the percent- 

age of voters indicating a preference for Truman as we changed from economic 

class A to D. This may be more easily seen in figure 7.12, where we plotted the 

convex hulls for the 70 and 90 % regions of the joint predictive density (collapsed 

over the response indicator variable) voting for a particular candidate in October, 

conditional on either economic class A, B, C or D. The convex hull for economic 

class A has a greater range in the approximate probability for the Other candi- 

date (0.00 to 0.15), compared to economic classes B, C or D (0.05 to 0.10). There 

was also an increase in the approximate probability for Truman (0.05 to 0.65), 

at the expense of a decrease in the approximate probability for Dewey (0.95 to 

0.30), as we changed from economic class A to D. 
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Figure 7.12: Three-way scatter plot for the joint predictive probabilities, after collapsing over 

the response indicator variable, for each candidate in October conditional on economic class A, 

B, C or D, under model (ER, TR). The shaded region, outer edge corresponds to the convex 

hull covering 70 %, 90 % of the sampled predictive density, respectively. 

The larger region for the convex hull for economic class A, which overlaps 

economic class B, is because of the fewer voters in economic class A, as discussed 

previously. Economic classes B, C and D have distinct regions, indicating if we 

knew a voter belonged to one of these economic classes then we can predict, 

within a certain region, their preferences for each of the candidates. 

7.7 Joint Posterior Distribution for Nonignor- 

able Nonresponse Model with Two Margins 

Woolson and Clarke (1984) considered the problem of obtaining complete data 

when the response to an outcome of interest is measured at two different occasions 

in a longitudinal or repeated study, since the outcome may only be recorded for 

one of the two possible concurrent visits. The first outcome is normally tabulated 

1 o. D o. B 0.7 0.8 0.5 0.4 0.3 O. 2 0.1 0 

Other 
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as the row variable and the second outcome the column variable, forming a two- 

way contingency table. The measurement for a response at only one outcome 

can then be tabulated as two additional nonresponse marginal tables, with an 

illustration given in table 7.5. 

Table 7.5: Cell Frequencies and Conditional Probabilities in a Two-way Contingency Table 

with Two Marginal Tables. 
First Response Nonresponse 

Outcome Second Outcome 
12 

Response 1 nl, 1,1,1 

lr1,1(1,1) ) 

n1,2,1,1 

( lr1,2(1,1) ) 
n1, +, 2,1 

( 7r1, +(2,1) 
) 

2 n2,1,1,1 n2,2,1,1 n2, +, 2,1 

l 7r2,1(1,1)) l 7r2,2(1,1)) ( 12, +(2,1) 
) 

Nonresponse n+, 1,1,2 n+, 2,1,2 

l 7r+. 1(1.2)) l 7r+. 2(1.2) ) 

The are the conditional probabilities of an outcome at level j, with covariate at level 

i, conditional on responses at levels k and 1. 

To allow generalisation from section 7.3, we will consider the same indicator 

variable R, for the marginal response in row i. Little (1985) considered an ad- 

ditional indicator variable to allow response for the second outcome only. We 

shall introduce another indicator variable S; with level 1=1, if we obtained a 

response for both row i and column j; otherwise l=2, if we obtained a response 

for column j only. 1 An illustration is given in table 7.6, for one explanatory 

variable and one outcome variable forming a four-way cross-classification table. 

A particular nonresponse mechanism needs to be formulated for allocating the 

nonrespondents to a certain level of the outcome variables. 

We extended the theory of Park and Brown (1994) (section 7.3) from one 

response to two responses, by proposing multinomial likelihoods for the known cell 

frequencies n,, j(l, i), n,, +(2,1), n+, i(1,2), uniform priors for 

and a Dirichlet prior for 7r;, j(2,1), 7r;, j(1,2), with fixed mean parameters 5;, j, -y;, j both 

'In the notation of Little (1985) R and S are interchanged. 
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Table 7.6: Cell Frequencies and Conditional Probabilities in a 
Nonresponse 

Second Outcome 
12 

Table 
First Response 

Outcome Second Outcome 
1 2 

Response 1 nl, 1,1,1 n1,2,1,1 
(7r1,1(1,1)) ( 11,2(1,1) ) ( 

2 n2,1,1,1 n2,2,1,1 
( 7r2,1 1,1 

) (7r2,2(1,1) ) ( 

Nonresponse 1 nj, 1,1,2 ni, 2,1,2 
( 7r1,1 1,2 

) (7rl, 
21,2 

) 

2 n2,1,1,2 n2,2,1,2 
( 7r2,1(1,2)) (7r2,2(1,2) ) 

n 1,1,2,1 n'1,2,2,1 

81,1(2,1) ) ( lr1,2(2,1; 

n2,1,2,1 n2,2,2,1 

82.1(2.1) ) 
l 7r2.2(2.1' 

The {fl J k,, ) are the "pseudo-observed" (or imputed) cell frequencies determined by the non- 

response mechanism. 

equal to K ri ''''''' , for i=1, ... ,r and j=1, ... , c. +, +, 1,1 

From Bayes' theorem, the joint posterior distribution for model (XY, RS, YR, 

XS), one of several possible models, is given by 

P(irl n, 5, y) a l(irl n, 5, ') p(irI S, -y) (7.10) 
crcrc 

"i i11 nit 2,1 nt, i, l, z di 
.i al Wi, j(1,1) 

H 
ýi, +(2,1) 

I 
ý+, j(1,2) 

1111 
7ri,. 

1(2,1) 
7ri, j(1,2)7 

i=1j=1 i=1 j=1 i=l j=1 i=1 j=1 

where ir _ {7ri, j(k,: )}, n= {ni, 
j, l,,, ni, t, 2,1, n+, j, 1,2}, 6= {5i, j} and -y = {7i, 7}- 

We made the substitution 7riJ(k, l) = mi, J, k, 1/n+, +, k, t, and performed the trans- 

formation to /3, where log m= Z/3. Then we differentiated the logarithm of 

the joint posterior distribution with respect to /3� (with the full details given in 

appendix D. 3), obtaining the following posterior modal equations 
rc22 

= 1ý 
... 

V 1.11 zs, 1, k, 1, v(7Li 1, k, l - m1, 
, 
k, lý =O for v 

1=1 j=1 k=1 1=1 

where 

m+, +, 2,1 = n+, +, 2,1 + m+, +, 1,2 = n+, +, 1,2 
+ 

L. ý Lý 
7s, 7 7 

*= 
ni, +, 2,1 

(+211 
mi, j, 2,1 

ni, i, 1,1 - ni, 5,1,1 7 ni, 5,2,1 + 
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n=*, j, 1,2 
n+,. i, 1,2 

n+, i, 1,2 
mt, j, 1,2 + 7t, ß (7.12) 

- n+, j, 1,2 + -t+,. 1 m+,. 7,1,2 

To obtain the posterior modes and pseudo-observed cell frequencies the EM 

algorithm was utilised, with the E step estimating the current {n7 J, k, i} from 

Eq. (7.12). The M step then finds the posterior mode for {m;, j, k, l} by solving 

Eq. (7.11) using Newton's method, with an example for model (XY, RS, YR, XS) 

gained in appendix D. 3.1. 

The Metropolis algorithm (section 7.3.1) was then implemented to sample all 

the unknown {ß�}, except for the Q� which correspond to A0, AR and As, 
, which we 

obtained directly from the marginal constraints. Following the methodology of 

Little (1985), we do not allow nonresponse on both variables, )R2 = 0. Therefore, 

as R and S only have two levels each, all the ak S are equal to zero when applying 

the marginal constraints. Therefore, the number of unknown parameters K= 

V-3. 

For example, model (XY, RS, YR, XS) may be written in loglinear form 

log mt, i, k, 1= a0 + aX + a, + AR k+ AS +A ýY +Ak+ LXS i'I 

with ßT = (A AX'... 
' 

AX AY'... 
' 

AY AR AS \XY \XY AYR AYR 
1 r-1 1 c-1 1'1'1,1 �. "", r-1, c-1 1 1,1 '""'1 c-1,11 

Ai i""" AXS ) and the corresponding matrix Z may be obtained in a similar 

manner to the example given in appendix D. 1. 

Realisations from the predictive distribution were then generated for each sam- 

pled p, or equivalently ir, by using the method of composition in section 2.7. 

This proceeded by generating {77t, j, i, i}, { 11, +, 2,1}, {17+, j, 1,2}, {5;, j} and {-I=, j} from 

a multinomial distribution conditional on either {lriJ, (l, i)}, {7r;, +, (2, l)}, {7r+, J, (1,2)}, 
{7r=j, (2,1)} or {7rtj, (1,2)}, respectively. 

For the global discrepancy measure, we will add an additional term to the 

discrepancy measure, Eq. (7.6), to form 

L. ý 

(ii, 
j, i, i - mi,. i, i, 1)2 + [: (? 1i, +, 2,1 - m=, +, 2,1)2 EE D(77; m= 

i=i j=i i=l m=, +, 2,1 
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77+, 3,1,2 - m+, 9,1,2)2 

i=1 m+,. i, 1,2 

Similarly, for D(n; m) allowing us to obtain the Bayesian p-value Pb, defined in 

Eq. (2.16). The local discrepancy measure proceeds as before in section 7.3.1, by 

comparing each T/i, j, k, l with niJ, k, 1. 

7.8 Employment Status for Current Month Cross- 

Classified with Previous Month 

A motivating example is provided by Abowd and Zellner (1983), Conaway (1992), 

Little (1985), which we reproduce in table 7.7. The data were originally obtained 
from the current population survey of employment status conducted by the U. S. 

Bureau of the census for the total civilian non-institutional population aged 16 

and over, in November and December 1981. In order to fully understand tran- 

sitions in employment status over time a methodology for including the missing 

data needs to be formulated. 

Table 7.7. Emnlovment Status for Current and Previous Months. 
Previous Month Current Month 

Employed Unemployed Not in Missing 
Labour Force 

Employed 66052 1498 1865 4738 
Unemployed 1111 3365 1156 708 
Not in Labour Force 1362 950 40003 2603 
Missing 4755 717 2746 

source: Abowd and Zellner (1983). 

Little (1985) considered the causal models of Fay (1986), relating nonresponse 

to the variables X and Y, obtaining the following models (XY, RS), (XY, RS, XS), 

(XY, RS, XR), (XY, RS, XS)*, (XY, RS, YS)*, (XY, RS, YR), (XY, RS, XR, 

XS)*, (XY, RS, XR, YS)*, (XY, RS, YR, YS)* and (XY, RS, YR, XS)*. Little 
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(1985) obtained reasonable fits for all the models denoted by the * superscript, 

under maximum likelihood estimation. 

Little (1985) questions the plausibility of models that relate response to the 

values of variables at a future point in time. Removing these models from the 

previous six good fitting models leaves (XY, RS, XS), (XY, RS, XR, XS) and 

(XY, RS, YR, XS). Model (XY, RS, XR, XS) relates nonresponse to values at 

a prior time point and (XY, RS, YR, XS) is appropriate when nonresponse is 

thought to be a consequence of values at the current time point. 

Simulation of the expected frequencies and realisations from the predictive 

density for model (XY, RS, YR, XS) has already been discussed in section 7.7. 

For model (XY, RS, X R, XS), we replaced n=, +, 2,1 with n+, L, i, 2 in the notation; 

similarly, we replaced n+, x, 1,2 with nj, +, 2,1, for model (XY, RS, YR, YS), and per- 

formed both replacements for model (XY, RS, X R, YS). 

For the more parsimonious models (XY, RS, XR) and (XY, RS, YR), we set 

{ry; j = 0}, while conditional on n+, =, 1,2 and n=, +, 2, i, respectively. Similarly, for 

models (XY, RS, XS) and (XY, RS, YS), we set {Sjj = 0}, conditional on n+, j, l, z 

and nj, +, 2,1, respectively. Finally, for model (XY, RS) we set both {y=, j = 0} and 

{st,; = 0}. 

7.8.1 Analysis 

In figures 7.13(a-i), we obtained reasonable local fits for the four models (XY, RS, 

X R, XS), (XY, RS, X R, YS), (XY, RS, YR, YS) and (XY, RS, YR, XS) (de- 

noted by numbers 6 to 9, respectively), while assuming the corresponding pseudo- 

observed cell frequencies are correct. All the models required a response indicator 

variable for both the initial and final responses, with reasonable Bayesian p-values 

approximately equal to 0.4. 

The similarity in the fit of the models is because the proportions for each of the 
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categories in the two supplementary marginal tables are similar, so whether the 

response at the second interview is related to either the row or column marginal 

cell frequencies we still obtained similar fits. Little (1985, table 3) also obtained 

excellent fits with these models, in his maximum likelihood analysis, although 

each model has the same number of parameters as known cell frequencies. 

For models (XY, RS), (XY, RS, YS) and (XY, RS, YR) (denoted by numbers 

1,4 and 5, respectively), we obtained values for the local discrepancy measure 

less than 0.1, or greater than 0.9, for only 2,3, and 2 cells, respectively. This is 

quite reasonable, considering we have 27 cells, although this assumes the pseudo- 

observed cell frequencies are correct. However, the global discrepancy measures 

consider only the known cell frequencies, which are not adequately represented 

by these models, resulting in pb = 0. 

In the remaining two models, (XY, RS, XR) and (XY, RS, XS) (denoted by 

numbers 2 and 3), we obtained poor fits locally, with 26 and 24 cells, respec- 

tively, outside the previous interval (even under the assumption that the pseudo- 

observed cell frequencies are correct), and globally pb = 0. 

For simplicity, we shall only consider a subset of the models (with similar results 

for the remaining models) when we collapsed the predictive realisations over the 

response indicator variables, to form a complete two-way contingency table. 

In figures 7.14(a-i), the pseudo-observed cell frequencies (collapsed over the re- 

sponse indicator variables) for models (XY, RS, YR, XS) and (XY, RS, YR, YS) 

(denoted by + and x, respectively) lie close to the mode of the corresponding 

predictive densities for all the cells. The symbols 0 and p correspond to a 

particular solution of ML estimation which allocated all the nonrespondents to 

only one outcome, for a particular combination of initial and final employment 

categories. 

For the remaining more parsimonious models (XY, RS), (XY, RS, YS) and 

(XY, RS, YR), in figures 7.14(b, d-f, h), we obtained a discrepancy in the poste- 



CHAPTER 7. Nonignorable Nonresponse 

a) Local discrepancy measure, Pr(Eta <n) 
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Figure 7.13: (a) Local discrepancy measure Pr(ij 
, J, k, z < n, j k, l), for each cell shown horizon- 

tally, under models (XY, RS), (XY, RS, XR), (XY, RS, XS), (XY, RS, YS), (XY, RS, YR), 

(XY, RS, X R, X S), (XY, RS, XR, YS), (XY, RS, YR, YS) and (XY, RS, YR, XS), respec- 

tively. (b-i) Corresponding scatter plots for the global discrepancy measure D(n; m) against 

D(n; m). 



CHAPTER 7. Nonignorable Nonresponse 192 

a) Eta(Em, Em, +, +) 

- (XY, RSYR, XS) 
(XYRSYR, YS) 
(XYRS, YR) 

- (XYRS, YS) 
- (XY, RS) 

b) Eta(Em, Un, +, +) 

%ý 
I1 

1 

73500 74000 74500 75000 75500 76000 1600 1800 2000 2200 
66,052 <n(Em, Em, +, +) <75,545 1,498 <n(Em, Un, +, +) <2,215 

d) Eta(Un, Em, +, +) e) Eta(Un, Un, +, +) 

\' 
\\\ 

1100 1200 1300 1400 1500 1600 
1,111 <n(Un, Fm, +, +) 5,866 

g) Eta(No, Em, +, +) 

/ý 

%' 1` 

/, \ ,ý 

4200 4400 4600 
3,365 <n(Un, Un, +, +) <4,790 

h) Eta(No, Un, +, +) 

c) Eta(Em, No, +, +) 

\\\ 
\\\ 
\\\ 

1900 2000 2100 2200 2300 2400 
1,865 <n(Em, No, +, +) <6,603 

Q Eta(Un, No, +, +) 

4800 1100 1200 1300 1400 1500 1600 
1,156 <n(Un, No, +, +) <3,902 

i) Eta(No, No, +, +) 

Ymon 
13DO 1400 1500 1600 1700 1800 1000 1100 1200 1300 1400 44000 44500 45000 45500 

1 , 362 <n(N%Em, +, +) <6,117 950 <n(No, Un, +, +) <3,553 40,003 <n(No, No, +, +) <45,352 

Figure 7.14: (a-i) Predictive density collapsed over the response indicator variables, under 

models (XY, RS, YR, XS), (XY, RS, YR, YS), (XY, RS, YR), (XY, RS, YS) and (XY, RS), 

with pseudo-observed cell frequencies (collapsed over the response indicator variables) denoted 

by a +, x, o, Q and o, respectively. The symbols 0 and p correspond to a particular solution 

of ML estimation which allocated all the nonrespondents to only one outcome, for a particular 

combination of initial and final employment categories. 
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rior modes when compared to models (XY, RS, YR, XS) and (XY, RS, YR, YS), 

with a large variability between the pseudo-observed cell frequencies (collapsed 

over the response indicator variable). This variability indicates the inadequacy of 

these models for the cells which correspond to either an individual unemployed 

changing to a different level, or the converse of changing from a particular level 

to unemployed. 

The discrepancy between the two sets of models is highlighted in more de- 

tail in figures 7.15(a-f), where we considered the predictive density for the per- 

centage changing from unemployed to another level, and vise-versa. For model 
(XY, RS, YR, X S), the percentage of unemployed individuals who either find 

employment, remain unemployed or not in the labour force, from the first to the 

second month, have 95 % central intervals (1.6,1.9), (58.4,61.1), (2.7,3.1). For 

the converse situation, the percentage of unemployed individuals in the second 

month, who were previously employed, unemployed or not in the labour force, 

have 95 % central interval (2.2,2.5), (60.3,63.1) and (2.3,2.6), respectively. 

The range of the 95 % central interval for the predictive density, under model 

(XY, RS, YR, XS), is larger for the percentage of individuals unemployed after 

employed, than the converse case of employed after unemployed. The overlap in 

the 95 % central interval for the percentage of individuals unemployed through- 

out suggests a fairly stable unemployment rate, due to the percentages for the 

incidence of unemployed being similar for X, Y; both in the marginal and com- 

plete tables, 8.8,8.7 % and 4.8,5.0 %, respectively. Little (1985) noted that 

the difference in percentages suggests considering models which allow different 

margins for respondents and nonrespondents. 

Overall, there seems to be a larger percentage of individuals who become un- 

employed after being employed, than the converse, of unemployed individuals be- 

coming employed. However, this is compensated by a larger percentage leaving 

the labour force after being unemployed, than the converse, of being unemployed 

after leaving the labour force. The fairly stable unemployed rate, suggests there 
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Figure 7.15: (a-c) Predictive percentage 1)2, J, +, +/']+, f, +, + x 100, for unemployed individuals 

who either find employment, remain unemployed or not in the labour force, from the first to sec- 

ond month, under models (XY, RS, YR, XS), (XY, RS, YR, YS), (XY, RS, YR), (XY, RS, YS) 

and (XY, RS). With the pseudo-observed cell frequency percentages (collapsed over the re- 

sponse indicator variables) denoted by a +, x, o, Q and o, respectively. (d-f) Similarly, the 

predictive percentage I7i, 2, +, +/rli, +, +, + x 100, for the converse situation of individuals who either 

become unemployed, after being employed, unemployed or not in the labour force. 
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Figure 7.16: Three-way 90 % highest predictive density plots for the joint predictive prob- 

abilities, after collapsing over the response indicator variables, for model (XY, RS, YR, XS) 

changing from (a) employed, unemployed or not in labour force to unemployed; (b) unemployed 

to employed, unemployed or not in labour force. 

may be long-term individuals who never obtain work. 

In figure 7.16, we plotted the joint predictive percentage (collapsed over the 

response indicator variables) for a) unemployed to either employed, unemployed 

or not in the labour force; b) the converse case, with the convex hull covering 

90 % of the sampled predictive percentages. On comparing a) with b), there is 

little change in the probability of unemployed; but an increase in the probability 

of being employed at the expense of not being in the labour force, with the 

probabilities changing from approximately (0.20,0.60,0.20) to (0.25,0.60,0.15), 

respectively. 

Little (1985) obtained a similar conclusion of a fairly stable unemployed to un- 

employed rate due to the rates for the partially classified individuals being similar. 

However, he does not directly try to estimate the values for the collapsed table, 

or attempt to obtain intervals, which is possible within our Bayesian framework. 

The methodology of Little (1985), or Baker and Laird (1988), would be unable 
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to notice the subtle non-overlapping intervals in the predicted percentages of 

unemployed to employed and the converse situation in figures 7.15(a, d), due to 

the MLEs (p) being very similar. Therefore, their methodology may wrongly 

conclude that there is no difference in the predicted percentages. 

7.9 Summary 

In Chapter 7, we have illustrated the methodology for generating predictive re- 

alisations from contingency tables, incorporating additional marginal tables due 

to nonresponse for either one or two nominal outcome variables. 

We feel that choosing between the large number of possible models is difficult 

to justify solely on the basis of posterior modes, which do not reveal the large 

uncertainty in the categories for the nonrespondents, and instead condition on 

fixed pseudo-observed cell frequencies, as if these were correct. For example, 

we obtained widely different pseudo-observed cell frequencies (on collapsing over 

the response) for most of the cells, when fitting increasingly more parsimonious 

models in the example on employment status. The local discrepancy measure is 

also therefore problematic in these particular cases. 

Instead, by considering the global discrepancy measures, and the shape of the 

predictive densities after collapsing over the response category, we can ascertain 

when increasing the complexity of a particular model resulted in no improvement 

in fit. 

For example, on removing the nonignorable nonresponse parameter, in the 

examples on obesity status and Roper preelection polls, we still obtained a rea- 

sonable fit, with satisfactory marginal predictive densities and little change in the 

Bayesian p-value, Pb. Therefore, the ignorable nonresponse model was adequate 

for these examples, with the uncertainty in the choice of outcome for the nonre- 

spondents being adequately represented by the interaction between the indicator 
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response and explanatory variables, which are fully observed. 

However, for the example on employment status, we obtained a large change 

in the value of Pb on removing any of the nonignorable nonresponse parameters, 

requiring a nonignorable nonresponse model including both response indicator 

variables. The similarity in the marginal tables means that it is not important 

which outcome is related to which response indicator variable, although when we 

consider the time perspective we are only left with two plausible models. 



CHAPTER 8 

Discussion and Conclusions 

In this thesis, we have presented a Bayesian approach to the analysis of con- 

tingency tables. We considered a loglinear framework applied to two-way cross- 

classification tables, including special cases of triangular, square (fixed cell fre- 

quencies) and nonresponse (missing cell frequencies) tables. In addition, a logit 

framework was applied when we considered the extension to three-way cross- 

classification tables. 

Our interest throughout the thesis, with the exception of Chapter 7, has fo- 

cussed on the important problem of incorporating the ordinal nature of at least 

one of the cross-classified variables into a Bayesian modelling framework. Chap- 

ter 7 considered the special problem of modelling an unrecorded response, where 

the nonresponse mechanism may depend on the outcome we are interested in. 

In either case, our motivation has been to move away from posterior modal 

estimation to a greater appreciation of the full posterior distribution. We have 

illustrated how the MCMC methodology may be implemented in order to obtain 

realisations from a wide variety of joint posterior densities, allowing a range of 

posterior summaries of interest to be calculated. 

198 
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In all the Chapters, except Chapter 7, we have extended the Bayesian method- 

ology of Agresti and Chuang (1989), by introducing additional prior structure. In 

particular, for the association parameter, we considered an alternative Student-t 

prior distribution in order to robustify the methodology. For illustration, we re- 

placed one of the cell frequencies for the example on mental health status, with an 

outlier. The local log odds ratio parameter for the altered data was less distorted 

when we assumed a Student-t (with a small df) compared to the normal prior. 

The scale mixture parameter for each cell, required in extending the methodology 

from a normal to a Student-t prior, could then be analaysed further to determine 

which cell was outlying. This was applied to the examples on mental health status 

and coronary heart disease, where the model under either a normal or Student-t 

prior gave similar results. 

Agresti and Chuang (1989) considered fixed category scores, to model the or- 

dinal nature of the variables, allowing a simpler additive loglinear model for the 

expected frequencies. We illustrated the robustness of our methodology in the 

example on severity of disturbed dreams to the contentious issue of the choice of 

these scores, by obtaining identical marginal densities for two possible arbitrary 

choices of the row scores. Further work, could consider the remaining examples, 

but where not included in this thesis in order to avoid unnecessary repetition. 

We also extended the methodology by considering the scores to be unknown 

monotonic variables, with similar marginal densities for all the parameters of 

interest. This illustrated the robustness of our methodology for the more parsi- 

monious models containing arbitrarily fixed scores. 

The methodology was then extended in the Chapters on logit models. Further 

work is required in order to confirm that we obtain the same robustness, illus- 

trated for the loglinear model, if we consider unknown monotonic scores instead of 

the assumption of fixed scores. However, interpretation of the parameters is more 

difficult and we obtained a reasonable fit for at least one model when considering 

fixed scores for the ordinal variables present. For the more parsimonious models 
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without a partial association term for the ordinal variable the more parsimonious 

models were found to be inadequate, e. g. the conditional independence model for 

the example on political ideology. 

A major objective of this thesis was to consider model adequacy, based on 

prediction, both locally for individual cells and globally for the whole contin- 

gency table. In all the examples presented in this thesis, we illustrated local and 

global diagnostic methodologies for measuring the discrepancy between the cell 

frequencies and the predictive density, when comparing the adequacy of (poten- 

tially) several possible entertained models. 

A local discrepancy measure, for each cell, was considered by determining 

whether the probability that the predictive density is less than the cell frequency, 

lies close to zero or unity. The more parsimonious the model, the greater the 

number of cells with extreme values for the local discrepancy measure, indicat- 

ing a poorer fit. Alternatively, for the most complicated model entertained, we 

obtained zero or a small proportion of extreme values. The predictive densities 

of these particular cells with extreme values were then investigated further to 

determine the cause of the poor fit. This corresponded to a cell frequency which 

does not follow the underlying pattern of the predictive density, proposed by the 

entertained model, i. e. an extreme or outlying observation. For example, the cor- 

ner cells when fitting the independence model to a complete two-way contingency 

table, with at least one ordinal variable. 

A global discrepancy measure, for each table, allowed us to determine a Bayesian 

p-value, lying between zero (a very poor fitting model) and unity (an extremely 

over fitting model). Ideally, we would choose the model where the Bayesian p- 

value lies as close as possible to a half, indicating the correct degree of discrepancy 

between the predictive realisations and expected frequencies, when compared with 

the cell and expected frequencies. 

For all the examples presented, we obtained at least one model, whereby the 

Bayesian p-value lay in a reasonable range between 0.4 and 0.7. The range of 
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values allow the possibility of an increase in p-value from 0.1 to 0.7, say, on 

the addition of another (partial) association term; but imposing a strict value 

of approximately 0.5 would entail imposing constraints to obtain an intermedi- 

ate p-value, e. g. an equality constraint among some of the (partial) association 

parameters, which may not have a natural interpretation and complicate the 

sampling method. 

For Chapter 7, we illustrated a MCMC sampling approach for generating reali- 

sations from the joint posterior distribution provided by Park and Brown (1994). 

The examples on obesity status and Roper pre-election polls illustrated the ad- 

equacy of a simpler ignorable nonresponse model. We can never be totally sure 

that the nonresponses are indeed ignorable as the information is not available, 

which is why we included both ignorable and nonignorable models when display- 

ing predictive densities for transformations of interest, to determine the influence 

of the nonignorable nonresponse parameter. Overall, unless there is a prior reason 

to expect the nonrespondents to choose alternative categories to the respondents 

primary choice, then the ignorable nonresponse model allows us to consider more 

precise inference. 

However, for the example on employment status, we required additional fixed 

parameters {5;, j} and {ry; j}, in order to generate the unobserved cell frequencies. 

Further work is needed to examine how robust the sampling methodology is to the 

choice of these values. However, we are mainly concerned with prediction, with 

discrete predictive realisations for {S;, j} and {ryt, j} generated from the respective 

multinomial distributions, conditional on the respective expected frequencies. 

We have illustrated the advantages our Bayesian methodology has over the 

standard maximum likelihood techniques on numerous occasions throughout the 

thesis. The most important issues were the possibly poor approximation of the 

standard errors for parameters of interest, inability to examine the full shape of 

the marginal posterior distribution, no clear strategy for prediction, and the need 

in calculating the classical p-value to estimate auxiliary or "nuisance" variables. 
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Overall, in this thesis we have presented a Bayesian methodology for genera- 

tion of expected frequencies, performing prediction and model checking, with a 
Bayesian p-value determined directly from the discrepancy measures. 



APPENDIX A 

Loglinear Models with at Least One Ordinal 

Variable 

Appendix A. 1 will give further details of obtaining initial values for the Markov 

chain Monte Carlo schemes, by implementing maximum likelihood and empiri- 

cal Bayes techniques. Agresti (1984, appendix B) and Goodman (1979c) im- 

plemented the uni-dimensional Newton-Raphson algorithm to maximise the log- 

arithm of the likelihood function for the uniform association (U), row effects 

(R) and row-column effects (RC) models, which we shall reproduce in appen- 

dices A. 1-A. 1.2, respectively. For models U and RC, we will also present our 

empirical Bayes approach. The pooling adjacent means algorithm will be given 

in appendix A. 2.1. 

In appendix A. 3, we present the overall algorithm for implementing the Gibbs 

sampler for two-way contingency tables, for our Bayesian uniform association 

model, with either a normal or Student-t prior distribution. The algorithm will 

then be generalised by adding additional steps to incorporate monotonic scores 

in appendix A. M. 

203 
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A. 1 Maximum Likelihood Estimation for Model 

U 

Agresti (1984, appendix B) gives details of Goodman's (1979c) methodology for 

performing maximum likelihood estimation of the logarithm of the likelihood 

function h, using the unidimensional Newton-Raphson algorithm or Newton's 

method. 

Let gft) be the approximate solution to h(gi) = 0, at step t, which we are 

interested in solving. Then Newton's method obtains an improved estimate by 

iterating over the following expression 

h(9(t)) (A. 1) 91 - 9; 
h(9: ) 

In order to solve the likelihood equations for model U, given by Eq. (2.4), in 

section 2.2.1, Agresti (1984) writes 

mij = aibidt i, 

assuming fixed scores u;, v� with E; u; = Fjvj = 0, 
u; +, -ui = 1, i= 

and vj+l -v3=1, j=1, ... ,c-1. 
On substituting mtj into the first set of 

likelihood equations, lie obtained 

h(a1) = n+, + - a= L bidui'j 
,i 

i 

then on differentiating with respect to a=, 

ca>b. duivj 
h'(a; ) =-E bjdu'vi ` jC_i 3= mt, + 

j=l a2 a; 

Therefore, by Newton's method in Eq. (A. 1), the next approximation for ä= is 

a(t+i) = ajt) + at t(ni, 
+ - mt, t+) 

- 
a: ni, + (A. 2) (t) (t) mi, + mi, + 

with updated m(' = a(+l)b()(d(i))"; °i. 
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Similarly, for the second set of likelihood equations in Eq. (2.4), Agresti (1984) 

obtained 

bjt+l) _ 
bit) (___ 

I j=1, ... , c, (A. 3) 
m+, ý 

before updating m, 
5 

= a(t+l)být+i)(d(t))"ivj 

Finally, for the third set of likelihood equations 

d(t+i) _ d(t) 1+E1 
>ý_i uivj(nij - mý, 

5) 
(A. 4) _rc2 fit) ýti=1 ýj=l 

luivl) mid 

with updated m71) = ai(t+ilbj(t+1)(d(t+'))ui"i We shall continue to iterate over 

{a; }, {bj} and d in Eqs. (A. 2-A. 4), until m(' 1) 
- m(, 

5 < e, for c=0.0001, say. 
Following Goodman (1979c), we will set all the initial parameter values equal to 

one, before beginning the iterations. 

A. 1.1 Maximum Likelihood Estimation for Model R 

Agresti (1984, p. 240) provides full details for solving the likelihood equations 

given by Eq. (2.6). He writes mi, 3 = a; bjd=', for i=1, ... ,r and j=1, ..., c, then 

Eq. (A. 4) becomes 

d(t+l) _ d(t) 1+ 
Eß_1 y1(n`, 

' - m(, ) 
(A. 5) 

t ýi=1 vä mu t 

allowing him to use the same iterative scheme. 

A. 1.2 Maximum Likelihood Estimation for Model RC 

Goodman (1979c) provided the following iterative scheme to obtain unrestricted 

maximum likelihood estimates for model RC, from the likelihood equations given 

by Eq. (2.7). He writes m;, j = a; bjd; ' ej', for i=1, 
... ,r and j=1, ... , c, then 

the iterative equations for {a=}, {bj} and {d=}, are given by Eqs. (A. 2), (A. 3) and 
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(A. 5) with vi = log ejt), respectively. In addition, the iterative equation for ej is 

given by 

eßt+i) = eßt) 1+i fei(nt, i - m1, ) 
fit =logdýt+i) rz (t) 

t id 

and m(tý i) - a(t+i)být+i)(d(t+i))vi(e(t+1))µi_ 

A. 2 Empirical Bayes Estimation for Models U 

and RC 

Agresti and Chuang (1989) obtained the posterior equations, Eq. (2.11), for model 

U, in section 2.5. We shall proceed to obtain the posterior mode conditional on 

fixed 6= , ß, o, = a, {u; } and {vv}, by applying Newton's method and following 

the same methodology discussed in appendix A. 1. Writing mij = aibjd;, j, then 

for the third set of equations we obtained 

(t) ni,. i -m- (log dz,, - 
$u=vj )/cr2 

dt, ý - di, ý 1 
mý j+ 1/or2 

before updating m(tý 1) = a(t+l)být+i)dtý 1) 
, and proceeded as in appendix A. 1. 

Once the convergence criteria is satisfied, we obtained {a;, j = log d, 5}. 

For Model RC, we performed the same iterative scheme, conditional on fixed 

monotonic maximum likelihood estimates for the score parameters {yj} and {v1}, 

obtained from the pooling adjacent means algorithm. 

A. 2.1 Algorithm for Pooling Adjacent Means 

The reasons for performing the pooling adjacent means algorithm are given in 

section 2.2.5 and implemented in appendix A. M. Essentially, we wish to obtain 

monotonic row and column scores, which can be found by collapsing the table 
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whenever we obtain a violation in the monotonic ordering of either the row or 

column means. 

We will now give the explicit details, for a table currently of dimension r' x c', 

with scores {µt} and {u }, for obtaining the parameters in the collapsed table 

(denoted by a *), while testing for a possible violation in successive row means. 

1. We set i=2,1 = 2, El* = El, j*= it,, nlj* = nlj, j=1, ... , c'. 

2. Then we found the sample mean E; . =, v' n`'' 
, and proceeded to test for 

n+, + 
a possible violation as follows; 

If E_ < E; 
_1, then we set 

" Et-1* = (n+, +E + ni-i, +Ei-i)/(ni, + + ni-i, +) , 

" µt-i *= fLi , nl-,, j* = nt, J + nl-1, j ,=1, ... , c'; 

otherwise, 

" Ei* = Ei, p*= ji1 , ni, j* = 92{, j j= 1ý 
... Cý s 

0 1=1+1. 

3. We continued repeating from 1) for i=i+1, until i= r'; similarly, for the 

column means. 

A. 3 Gibbs Sampler 

The algorithm has already appeared in section 3.3, so we will be more concerned 

with the computational issues in this section for each particular model. 
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A. 3.1 Uniform Association Model 

1. Before beginning the Gibbs sampler, we require initial values for a, o, k 

and the number of iterations, discussed in sections 3.2.3 and 3.3. For our 

examples, we found . (0) = a, a=0.1, k=0.7 and 120,000 iterations, gave 

a MCMC acceptance rate for {Aj, j} between 0.1 and 0.5. 

2. For model UB, we chose fixed scores ui =i- (r+ 1)/2 and vj =j- (c+ 1)/2, 

i=1, ... , r, j=1, ... , c. i We obtained the MLE for ß and {m;, j} using 

Newton's method in appendix A. 1. Then we applied the empirical Bayes 

method in appendix A. 2, to obtain {$t)}, {eaX(°)} and {eAj (°)}. 

3. We began the Gibbs sampler by generating a proposed realisation )4 , from 

the Metropolis algorithm with a normal transition probability function, 

having mean A('-') and variance J3,3($ 1)), where s= c(i - 1) + j, for 

i=1,..., rand j=1,..., c. 

4. In order that our proposed {. \; j} satisfies the same marginal constraints 

123 
1)}, given by Eq. (3.6) in section 3.3.1, we set ý; 

ýý =A+ a= + b3 as {X 

and used the NAG Fortran subroutine F04ATF to find the appropriate 

constants a; and bj. 

5. For our corrected proposed {)'j, j}, we calculated up to a proportionality 

constant the log of the conditional posterior distribution 

i_1 j_i 

for m=, j = eAO+ý1.7 +m'j. We obtained a similar expression for ir(a(t-1)) 

6. For our proposed realisation, we performed the acceptance or rejection cri- 

teria; If 

min[1, exp(log ir(A') - log > u, 

'If we have an odd number of rows then, u(,. +1)/2 = 0, so we set ui = ui + 0.05 and 

ul = ul - 0.05 to avoid computational problems. Similarly, for {vi} when we have an odd 

number of columns. 
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then we accepted the proposed realisation and set {Xj(tý = a;, j}; otherwise, 

we rejected {)= } and repeated from 3). 

7. Conditional on fixed {Aiý, j }, we generated (r - 1) linearly independent {. \f} 

by generating 

C 

e, \ XN Gamma n:, + + 1, E exp(Ao +Aj + Aij) 1 
j=1 

then we set 
kX =1og(eAX) -r 

: _i 
Similarly, for {aý }. We may subtract a constant from {AX} and {. ý }, as 

these terms will be incorporated into the total effect parameter A0, which is 

chosen to satisfy m+, + = n+, +, by setting Ao = log "+'a 
aa +x i 

lei=1 [ýj=1 

8. We generated Q from a normal distribution with known mean 

1r°1 
/2/3 =ZE E(A,, iu; v? 1 v)2 and variance QQ =. 

Qp j=1 
Ei=1 Ej=1(uivilU)2 

9. We generated a2 from an inverse-X2 distribution (df = vo and scale y2 =äY 

by first generating 

wN Gamma vo + rc 1l 

C2 '2J' 

then we set Q2 = s2 v2, where s2 =1 _i 
Fý_1()ýt, j - pu, vj)2. 

10. We have completed one iteration of the Gibbs sampler. If t is a multiple 

of ten we saved the realisations, and continued again from 3) for the next 

iteration t. 

We implemented the Gibbs sampler for the case of a Student-t prior, instead 

of a normal prior, by proceeding as above in the case of a normal prior with the 

following additional steps. 

Replace Q2 with V,, /U2, in each of the conditional posterior distributions and 

included the following step after 8). 
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s2 
" We generated U, ",, - Gamma, 2Q +2 where s=, ý = (A_, ý - 

ßuivi), for 

i=1,..., r, j =1,..., candv=2or6. 

A. 3.2 Row-Column Effects Model 

For the row-column effects model with monotonic scores, we applied essentially 

the same algorithm as for the uniform association model, but we needed to con- 

sider the scores as unknown monotonic parameters requiring the following addi- 

tional step after 2). 

9 We transformed {uj} to obtain initial estimates for {µt}, satisfying con- 

straints >i pi =0 and µ= = 1, by setting 
t1r 
s 

ýt =r t)211- where µ; = u; --E u= ; ýý1=1 Gis2 r ==1 

similarly, for {vv}. 

" We obtained MLEs for the unrestricted row-column effects model, using the 

iterative scheme of Goodman (1979c) in appendix A. 1.2. In order to obtain 

monotonic row scores, we used the pooling adjacent means algorithm in 

appendix A. 2.1. If we obtained a violation in the sample mean for {pi}, 

then we collapsed the table over the row with the violation, before obtaining 

maximum likelihood estimates for the RC model; similarly, for the coluinn 

scores. We continued again for the row and column scores in turn, until we 

obtained order restricted monotonic row and column scores. 

While implementing the Gibbs sampler, given previously, we required the fol- 

lowing steps after 8). 

" We transformed from {pj} to { 4}, where {p } satisfies the following con- 

straints /i =1 and µ;. = r, by setting 

, µrµß - Itrµi 
P, vi ý, v, ) 

+r -1, where A= 
µl - lir - 
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'' ßji1 1 
v' = 

vývl - v°vl 
and , ß' =v vl - vc ýfýi - µ'ý(v' - výý 

" We generated {p } from the truncated normal distribution with mean 

C1 
_ßµc \t z4-v')/a2+µ' and variance Qµ' _ /ý I( VI .2 j=1 

E9=1(1N 
lvi v )lam) 

for µi_i < µ; < µý+l. Generation is possible by following the methodology 

of Gelfand, Smith and Lee (1992), i. e. we generated u- U(0,1), then we 

set 

fps = 
[(1 

- uýý-ý 
(i4_i - Fý: +u f1: +i 1I 

Qµß + 
°/2. J OrPi JJ 

where iP denotes the normal CDF. 

" We transformed back from {µ; } to {FQ; } by setting 
i 

Fýti =f EY/4 - Fý')(v; - v1)] 22 
Q ; _i 

where µ' and v' are given previously and 
I 

fr 
c 

Q= /3' ý[(L - j')(v; - v')]2 

9 Similarly, we repeated all the previous steps for {vu} and {v1}. 



APPENDIX B 

Logit Models with at Least One Ordinal 

Variable 

In appendix B. 1, we present the design matrices X and D, for the logit model in 

a two-way contingency table. This will be generalised to a three-way contingency 

table in appendix B. 2. In section B. 3, we present the overall Gibbs sampler 

algorithm for the simplest case of a logit model in a two-way contingency table. 

B. 1 Design Matrices for Two-Way Contingency 

Tables 

We shall write model LJ(I) = aj -}- Vi(i), discussed in section 5.1.1, in vector form 

L= X-r. Then the matrix X is defined by 

212 
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1010 

01 

1 
X(xl, a(º)) 

0 

0101 

10 -1 0 -1 0 

010 -1 0 -1 

where we shall iterate over the j subscript, faster than the i subscript, for the 

rows; the s subscript denotes the columns (s = 1, ... , r(c - 1)) and 

T-1), ... ,T 
T= (01) 

... I ac-i, Ti(l), ... ,TX 1(1) , ... , Ti( 
X 

T 1(,. _1)) . 

We eliminated the first c-1 columns in matrix X, corresponding to the re- 

spective {aj} components, to obtain the matrix 

0 """ 010 

D(di. s(+)) _01 

-1 0 -1 0 

0"""00 -1 0 -1 

discussed in section 5.1.2. 
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B. 2 Design Matrices for Three-Way Contingency 

Tables 

We shall write model Lk(;, J) = ak + Ti =) +T ýJ1, discussed in section 5.3, in vector 
form L=Xr. Then the matrix X is defined by 
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X(xkra(1, J)) = 

1 0 1 0 1 0 

0 1 1 0 

1 0 0 1 

0 1 0 1 

1 0 -1 ... -1 

0 1 1 0 -1 """ -1 

1 0 0 1 1 0 

0 1 1 0 

1 0 0 1 

0 1 0 1 

1 0 -1 ... -1 

0 1 0 1 -1 .". -1 

1 0 -1 ... -1 1 0 

0 1 1 0 

1 0 0 1 

0 1 0 1 

1 0 -1 ... -1 

0 1 -1 "" -1 -1 -1 

s 
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where we shall iterate over the k subscript, faster than the j, which is faster 

than the i subscript, for the rows; the s subscript denotes the columns (s = 

1,..., (r+c- 1)(1- 1)) and 

TT = al-1, T 
(1), 

... 'Tc 1(1)ý ... 7T1(r_1)7... ýTl. 

TP1(1)ý ... ' Tlpý_1) ... ' TP1(ý_1)ý 

We eliminated the first 1-1 and last r(1-1) -I-1, ... , 
(r -}- c-1)(l -1) columns 

in matrix X, corresponding to the respective {ak} and {T (j)} components, to 

obtain the matrix 

0 """ 0 1 0 0 """ 0 

1 0 

Dýýk, e(ý. i)) = 

discussed in section 5.3.2. 

o i 

o 1 

-1 ... -1 

0 """ 0 -1 """ -1 00 

iý 

Similarly, we eliminated the first r(l - 1) columns in matrix X, corresponding 

to the respective {ax} and {T fit)} components, to obtain the matrix 
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0 """ 0 0 """ 0 1 0 

1 0 

= 

0 1 

0 1 

-1 """ -1 

-1 """ -1 

10 

10 

0 1 

o 1 

-1 """ -1 

0 """ 0 0 """ 0 -1 """ -1 

B. 3 Gibbs Sampler for Logit Models 

The Gibbs sampler for the logit model proceeded as in appendix A. 3.1, for the 

respective loglinear model, except for the generation of the parameters in the 

vector -r; which in the case of a two-way contingency table replaces steps 3) to 

7) with the following steps. 
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" The logarithm of the posterior distribution for T is given by Eq. (5.7), in 

section 5.3.1. Thus, we calculated the first derivatives {g, } and second 
derivatives {h,, t}, with respect to {T, }, conditional on the current estimate 

of rr. The initial value {T(°)} is determined from the posterior mode, con- 
ditional on {T, } and {Q; = a}. We obtained H(h,,,,, )-i by inverting the 

matrix H(h,,,, ), using the NAG Fortran library subroutine F01AAF. 

" The posterior mode T* was calculated by performing the multidimensional 
Newton-Raphson algorithm as follows. For s=1, ... , r(c-1), w=1, ... , r(c 

-1), we iterated over the following expression 

, r(ti-1) -- T(') - 
(llsý, ý(t)g(t)ý 

i 

for increasing t, until (9 t+1) - g(t)) < e, for e=0.0001, say; then we set 
{r = Ta}. 

" We generated our proposed 7- - Nr(c_l)(g, -H-'), set aj = Tj, Tj(i) = 

T(c_l) j+j and rj(, ) Tjitl. Then we calculated, up to a proportion- 

ality constant, the logarithm of the conditional posterior distribution 

r C-i 

ir(r) _ n;, + E 
[zj(i) 

log 
; _i j=1 Fj+i(t) - Fj(=) 

ZJ+i(; ) log 
c-1 (7j(=) 

- Tt )2 

-- Fj+i(=) - FjW j=1 2cr= 

where ZJ(, ) =ßh_1 nh,; /ni, +; similarly, for ir(T(t-il) 

" For our proposed realisation, we performed the acceptance or rejection cri- 

teria; If 

min[1, exp(log ir(r) - log 7r(T(t-1)))] > u, 

then we accepted the proposed realisation and set {r = r3}; otherwise, we 

rejected {T, } and repeated from the previous step. 

The extension to three-way contingency tables followed straightforwardly. 
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B. 4 Convergence of the Gibbs Sampler and Box- 

plots for the Predictive Density 

The convergence of the Gibbs sampler is illustrated in figures B. 1, B. 2 for the 

examples on political ideology and coronary heart disease discussed in sections 5.2 

and 5.4, respectively. In figures B. 3-B. 6, we displayed the local predictive density 

for each cell in boxplot form for the examples on coronary heart disease and 
dumping severity, as discussed in sections 5.4 and 5.5, respectively. 
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Figure B. 1: Political ideology cross-classified with party affiliation. Ergodic mean for {aj}, 

{r; }, r x(, 
) and Jul }, calculated for each iteration, with only every tenth displayed, and extreme 

quantiles for every tenth realisation under model RB. Marginal densities obtained by a normal 

kernel density for the first t realisations, where t= 200,2000 and 12000, with each realisation 

obtained from every tenth iteration. 
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Figure B. 2: Coronary heart disease cross-classified with serum cholesterol and blood pressure. 

(a-f) Ergodic mean and extreme quantiles for al, 3C, QP, 1ý1), ýi and c , calculated after 

each new realisation is sampled, with only every tenth realisation displayed under model UB. 

(g-1) Marginal densities for al, QG, 3P, 1ý1), °i and QP under model UB, assuming either 

normal or Student-t (df = 2,6) priors, respectively. 
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APPENDIX C 

Square Contingency Tables for Ordinal 

Variables 

In appendix (', we shall obtain maximum likelihood estimates for square con- 

tingency tables, under the quasi-symmetrical uniform association (QU), uniform 

diagonals-parameter symmetry (UD) and ordinal Rasch (R) models. For each 

particular case we will also present our empirical Bayes approach for finding initial 

estimates in the Gibbs sampler. 

C. 1 Maximum Likelihood Estimation for Model 

QU 

To obtain MLEs for 
,ß and fib, in the simplified quasi-symmetrical uniform associ- 

ation model with {S; = µa} (given by Eq. (6.3), in section 6.2, with ML equations 

defined by Eq. (6.4)), we wrote the expected frequencies in multiplicative form 

mi j=a, bjdu, u3 ei, j, for i=1,... 
,r and j=1, 

... , c. The constants {u} are 

defined in section 2.2.1. We also set {ei, j = 1} for i j, and {F,, j = ("} for i=j 

throughout the iterative scheme. 
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We initialised the parameters as follows {ai(i) = 11, {bp(i) = 1}, {d(1) = 1} and 
{e'(i) = 11. Tien we set t=1 and performed the following iterative scheme 

1. (lic+I) _ (61t) ný, 
, rrai = a(t+l)b(t)d(t)u'u, ei 

m 

2. b(t+I) = bj m. 
i, 

= a(t+i)b(t+i)d(t)u, u, e() 

: 3. P" = P) 
ý1 

+ rr 
u, u, (n,,, 

mO = a(t"b(7t+i)d(t+i)u, u eiO (u u, )2m )7 
,7ý 

4.01+1) = Of) mý +i) = a(t+i)být+l)d(t+1)u, u'e( 1) 
i, j 

We continued by repeating from 1), for the next iteration t, until mýý 1)_rn t<e, 

for c=0.0001, say; then we set ß= log d and µb = log e'. 

C. 2 Empirical Bayes Estimates for Model QU 

The empirical Bayesian quasi-symmetrical uniform association model with normal 

priors for { A;,; } and {6; } was discussed in section 6.2.1. To obtain the posterior 

modes for these parameters conditional on 3, µb, o, =a and o, 6 = a6, we wrote 

ini, J = aibjd{, Jc'. i,,, 
for i=1,... , 7' and 1, 

... , c. We also set {e1,7 
= I} for 

i$j, throughout the iterative scheme. 

We initialised the parameters as follows Jai(') = 1}, {bpi) = 1}, {dj(, 1j) = 1} and 

{ei 
;)= 

11. 'Flieti we set t=1 and performed the following iterative scheme 

1. We updated aIt+i), mI, 
ý, bit+1), rn , as previously in appendix C. 1; 

ýý+1) ýt) (ni, 
J+n3 i)-(m, 

j+mjt))-(Iogd( j-QUiu7)/72 

2. di, ý - d1 + 
(M(°j+m(t))+J/o2 

i<7 

ýt+l) ýt) ni, i-In$'. -(logdýt? _ uiUi)/ý2ý äj,; = dj, l 1+ M+1/,, 2 
d( +l) = d(+i) i< mý = a(t+i)b(t+i)d(t+ i)e() 

(t+1) (t) n". "-m(`) -(logeý`ý-{µ6)/cr6 (t+i) 
_ 

(t+i) (t+i) (t+i) (t+l) 3. e; i= et 
,1+i2 mi, i - aT b7 

%, 7 
etä 
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We continued by repeating from 1) for the next iteration t, until m(t+1 mi < E, 

for c=0.0001, say; then we set { Aij = log dij } and {b2 = log ei, i }. 

C. 3 Maximum Likelihood Estimation for Model 

UD 

To obtain MLEs for /. i and Eim, in the uniform diagonals-parameter symmetry 

model (given by 1? q. (6.11), in section 6.3), we wrote the expected frequencies in 

multiplicative form m, j = a; ajdu-uj eJ, for i=1, 
... , r, 

j=1, 
... ,c and i J. 

The constants {ui } are defined in section 2.2.1, and {mj, j = ni, j } for the remainder 

of appendix C. 

We initialised the parameters as follows {ai(l) = 1}, {d(1) = 1} and {e(1) = 1}. 

Then we set t=1 and performed the following iterative scheme 

ai(i+i) _ a(t) ný +n m(t) = a(t+i)a(t+i)d(i)uiuj e(t)j-'; i (r) t) i, j it 
m 

1, ++M+, t 

r (tý 

d(t) I+E 
rt_> 

ý 
+Iý(u'u')2,,, 

ýtý, 
ý)ý m(ý = a(t+i)aý. t+i)d(t+i)', u3e(t)j-=; 

3. e(t+i) = e(t) 
E 

=1E_, +1m(t+i) = a(t+i)a(t+i)d(t+i)u; u, e(t+i)j-i rr (J-T), m(r) i, 3 7 
L-ýý-1 

E,. 
+1 Sli 

We continued by repeating from 1) for the next iteration t, until mýtý ' -mý 
ý<E, 

for c=0.0001, say; then we set /3 = log d and fLT = loge. 

C. 4 Empirical Bayes Estimation for Model UD 

The empirical Bayesian uniform diagonals parameter-symmetry model with nor- 

mal priors for {); j } and {ri} was discussed in section 6.3.1, where 1=j-i. To 

obtain posterior modes for these parameters conditional on ý3, µT, Q=a and 

O. = ire we wrote mi, 3 = aiajdi, 7e{, j, for i=I=1.... 
,c and i J. 
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We also set {e=, i+j = el} for 1= 1, ... ,r -1 and i=1, ... ,r -1, throughout the 

iterations. 

We initialised the parameters as follows {ai(l) = 1}, {dig] = 1} and {e1(1) = 1}. 

Then we set t=1 and performed the following iterative scheme 

1. We updated a('+i), m(9, dýtý 1), mH, as previously in appendices C. 3 and 
C. 2, respectively; 

_i r 
(ni, i-m(9)-(log e<(`)-1I. r)/oT 2. e! 

(t+l) 
-ea 

(t) 1+ Eii Er=i+,,, 

rd i) = a(t+i)b(t+i)d(tý i)e(tý+i) 

We continued by repeating from 1) for the next iteration t, until mýtt l)-m(' < e, 
for e=0.0001, say; then we set {. 1= j= log d; j and {r1 = log ei}. 

C. 5 Maximum Likelihood Estimation for Model 

R 

To obtain MLEs for ß and p, in the ordinal Rasch model, or equivalently the 

conditional linear diagonals-parameter symmetry model, given by Eq. (6.15) in 

section 6.4, where s=i+j. We wrote the expected frequencies in multiplicative 

form mtj = a=ajej-=d;, j, for i=1, 
... , r, 

j=1, 
... ,c and i0j. We also set 

{di,; = ds}, where s=3, ... , 2r - 1, throughout the iterations. 

We initialised the parameters as follows {a1i) = 1}, {d (l' = 1} and {e(l) = 1}. 

Then we set t=1 and performed the following iterative scheme 

1. a(t+l) . a(t) "' +" `m (t) 
. a(t+l)a(t+l)d(t)e(t)j-` MM +m t+, ' 

ß(t+') '(t) Lei L+r_1 n'iJ (t+i-1) (t+i) (t+i) (t+l) (t)j-' 2. d3 = ds Er rt1 
m2,3 - a$ a3 d=, i e 

1,3 

3. e(t+l) = e(t) 
ý, ý r_i 

m(t) = a(t+1)a(t+1)d(t+1)e(t+1)i-i . ýi-1 ýj=i. 
F1(J-1)mi, j 

ii7 = 
.1 

tip 
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We continued by repeating from 1) for the next iteration t, until m(tt ') 
- m(' < e, 

for e=0.0001, say; then we set {ps = log ds} and µT = loge. 

C. 6 Empirical Bayes Estimation for Model R 

In section 6.4.1, we considered the ordinal Rasch model, with a normal prior 

for {T1}, where 1=j-i, and {\i� = pi+j}. To obtain posterior modes for 

these parameters conditional on A, and o,. = aT, we wrote m; j = a=ajd''j e=, 1, for 

i=1, ... , r, 
j=1, 

... ,c and i#j. We also set {d=, 
s_= = ds} for s=3, ... , 2r -1 

and {e=, j+; = el} for 1=1, 
... ,r-1, where i=1, 

... ,r-1, throughout the 

iterations. 

We initialised the parameters as follows {a(i) = 1}, {d3(') = 1} and {elýlý = 1}. 

Then we set t=1 and performed the following iterative scheme 

1. We updated a(t+i), mi(t), ds(t+l), mrtý, as previously in appendix C. 5; 

2. We updated 
e, (t+l), mýtý 1) 

, as previously in appendix C. 4; 

We continued by repeating from 1) for the next iteration t, until m'-m) < e, 

for e=0.0001, say; then we set j p, * = log ds} and {r1 = log el}. 

C. 7 Convergence of the Gibbs Sampler 

Convergence of the Gibbs sampler is illustrated in figures C. 1(a, b) for the example 

on occupational status for British father-son pairs discussed in section 6.5. 
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Figure C. 1: (a) Ergodic mean, upper and lower quantiles for ß, µr, Q and Qr calculated for 

each iteration, with only every tenth displayed, and extreme quantiles for every tenth realisation 

under models QUB, UDB and RB, where appropriate. (b) Marginal densities obtained by a 

normal kernel density for the first t realisations, where t= 200,2000 and 12000, with each 

realisation obtained from every tenth iteration. 



APPENDIX D 

Nonignorable Nonresponse Models 

In appendix D, we write explicit expressions for the first and second derivatives 

of the nonignorable nonresponse models, with either one or two supplementary 

margins, for use in the Metropolis algorithm. We shall also illustrate the iterative 

scheme for obtaining the posterior modes for initialising the Metropolis algorithm. 

Firstly, the design matrix Z, for performing a convenient transformation of vari- 

ables in model (AGY, AYR), will be presented. 

D. 1 Matrix Z for the Nonignorable Nonresponse 

Model (AGY, AYR) 

For the nonignorable nonresponse model (AGY, AYR), Eq. (7.8) in section 7.5, 

we shall write log m= Z/3, for 

pT = (A0, Al 
, 

aG, 
'\l , 

%R, AAG 
s 

jAY AARS XGY AYR XAGY Ai R) 

The value of the v th column for Z(zh, i, J, k(�)) is calculated by only multiplying a 

subset of the subscripts h, i, j, k together (equal to 1 or -1), which appear in the 

A parameter corresponding to #,. 
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For example, allowing columns 2-5 to vary over h, i, j, k, respectively. Then 

column v= 10, corresponds to )'j, so we multiply the values in columns 4 and 

5 to give the corresponding entries in column 10. Similarly, for all the remaining 

columns, until we obtained 

Zýzh, ý, i, kiv)1 = 

1 1 1 1 1 1 1 1 1 1 1 1 

-1 -1 -1 -1 

-1 1 -1 1 -1 -1 -1 -1 

-1 -1 1 1 

-1 1 1 -1 1 1 -1 1 -1 1 

-1 -1 -1 -1 

-1 1 -1 1 1 -1 1 -1 

-1 -1 1 1 

-1 1 1 -1 -1 -1 1 1 1 -1 -1 

-1 1 -1 1 

-1 1 1 -1 -1 -1 1 1 

-1 1 1 -1 

-1 1 1 1 -1 -1 -1 1 1 -1 

-1 1 -1 1 

-1 1 1 -1 1 -1 -1 1 

-1 1 1 -1 

where the missing entries are equal to the value of the entry directly above. 

I, 

D. 2 Posterior Modes for m with One Supple- 

mentary Margin 

Park and Brown (1994) obtained the posterior modes for m and imputed values 

n*, for the general nonignorable nonresponse model (XYR), by first writing 

lTi,, j(k) = mi, 1, k/n+, +, k in Eq. (7.3), and performing the transformation to /3, where 

log m= Z/3. Then the natural logarithm of the joint posterior distribution is 
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given by 

log p(pl n, s) oc n+, +,, log 
ijij 

+ ni, +, 2 log ezi,, i, 2ý3 + 8i, jzi, j, 2N 

- n+. +, 2 + 8i,. i log zi,. i, 2ß 
ijij 

where n= {n;, j, l, n;, +, 2 }, 6= {8 
,ý}, 

8T = (#1, 
... �ßv) and Z is a known (rl x 

"""x rp xc x 2) xV design matrix (having entries zi, j, k,,, ). 

Park and Brown (1994) differentiate with respect to ß,,, in order to obtain 

19 
9av _9 logp(ßI In, 6) °C E njj, izij, l, v - 

n+, +, l zi, j, l, vez', ý, 1Q 
vij m+, +, l ij 

zi, 1,2I3 

+ 
E9 zi, i, 2, ve ni, +, 2 

ezi, ja)j 
+ ai, jzi, j, 2, v 

i Ej j 

_ 
n+, +, 2 + 5+, + EE Zi, j, 2, vez'. i 2ß , 

for v=1, ... ,V. 
(D. 1) 

m+, +, 2 ;i 

They then assumed n+, +, l = m+, +, l and n+, +, 2 + s+, + = m+, +, 2, in order for 

the likelihood equations to simplify to 

zi, i, k, v(n; j, k - mi, i, k) = 0, for v=1.... , 
V. (D. 2) 

ijk 

where m;, J, k = ezid, kp and 

nl 
ý, 2 = 

n', +. 2 
n;, +, 2 

'2+ö;, 
JJ r, j=1, 

... , c. 
ni, +, 2 + si, 

+ mi, +, 2 

We proceeded to differentiate Eq. (D. 1) again, with respect to ß,,,, obtaining the 

second derivative matrix H with v, w entry 

a2 
/ý r (ý 

-1 v, w as a 
logp(/3 n, s) a- wezý. 

i. 1N 

vwi7 

ijijij 
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ni, 
-i', 2 

1"', 
e 

zi, i, 2N zi.. f. 2)3 

2 

zi, j, 2, vezi, 
i, 2N zi 2 wezi, 

i, 2ý / ezi, 1.2N 

.1 .7j 

N zi, j, 2, vzi, j, 2, wezi, 
i, 21+ 

Lý 
> 

zi, 72 vezi 
i. 2 

� 

x zi, j, 2, wez', J, 2 ez', i, 2j , 
for v, w= 1,.. 

., 
V. (D. 3) 

13 

'3 /ij 

The matrix H(h,,, u, ) is then inverted to obtain the negative of the Fisher In- 

formation matrix, which allows us to proceed with generation of 3 (except for 

the Q� corresponding to Ao and )ºk 
, chosen in order to satisfy the constraint 

m+, +, +, k = n+, +, +, k), using the Metropolis algorithm. 

D. 2.1 Posterior Modal Equations 

The posterior modal equations are given by Eq. (D. 2). For example, we may 

write the expected frequencies for model (AGY, AYR) in multiplicative form 

mh, i, j, k = ah, i, i bh,. i, k. 

We initialised the parameters as follows {ah(l) = 1}, {bjJ, k = 1}, then we set 

t=1 and performed the following iterative scheme 

(t+l) (t) nh, =, j, + 
ah, +,. i - ah, t, j (t) I 

mh, +,. i, + 

b(t+') _ b(t) h kh k 
nip., +, j, k 

,, ý, ,, j, (t) 
mh, +,. 7, k 

m(t) = a(t+i) I P) 
h, i, j, k h, i, j h, j, k 

(t+i) 
_ 

(t+i) (t+l) mh, =, j, k = ah, i, j 
bh, 

j, k 

We continued by repeating for the next iteration t, until mhti k- mhti, j, k < e, 

for e=0.0001, say. 
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D. 3 Posterior Modes for m with Two Supple- 

mentary Margins 

The natural logarithm of the joint posterior distribution, Eq. (7.10) in section 7.7, 

is given by 

p(wl n, 6, i) o n=, 1,,,, log m', ß, 1,1 E 
ni, +, 2,1 log m=, +, 2,1 + 8ij 

n+, +, 2,1 t 
[J 

+ x log + n+, j, 1,2 log m+, x, 1,2 EYi, j 
log 

m=, ), 1,2 

n+, +, 2,1 n+, +, 1,2 n+, +, 1,2 

where ir = {7,, ß(k, 1)}, n= {n=, 3, l, i, ni, +, 2,1, n+, j, 1,2}, 6= {S=, j} and y= {'Y=,. i}. 

Writing log m= Zp, we obtained 

log p(ßj 
zý, s, 1,1Q 

n, sj-j1 « EEnti,. 
7,1,1'%f,. 7,1,1)3 - n+. +, l, l log ýý 

+ , 1,2,1 
"T 

Eni, 
+, 2,1 

log ezi+ 
si, jzi, j, 2,1)3 

i=1 

- n+, +, 2,1 + ai, j log e 

n 10g ez', j, 1,20 + + +j, 1,2 'Yi, jZi, j, 1,2)3 
u 

Jtý 

- 

(fl++12 
E 

7'i, j 
log 

Lý Lý ez'a, 1, ZN 

On differentiating with respect to ß,,, we obtained the same expressions as in 

appendix D. 2, with additional symmetrical terms for Zj, j, 1,2, similar to z=, ß, 2,1. 

9u3 = log p03 I n, 6, -y) 

L/ Lý 

n+r+, l+i 

L/ U OC zt, 7,1r1, veziJ, 
1,1N 

ý` 
n+r+r2,1 + 8+, 

+ /ý. 7 
z=,. 1,2,1,1Jezi, 

i, 2,1N 

+ ni, +r2, i=, izi, i, 2rl, v 
,j 

ezir,, 2,1/ý m+, +, Z, i F 

n+, +, 1,2 + -%+, + L= z=,. i, 1,2, vex'a, 
1r2N 

m+, +, 1,2 

(+��ezi, 
i, 1,2N 

+ E'yt, 
jz=, j, 1,2, v 

7 
F: 

_ 
n+, +, 1+2 

Zi, i, 1,2, vezir7,1,2ß _ 
n+, +, 2+1 

zi, j, 2,1, vez',. 
f, 2,1J 

m+, +, 1,2 ij m+, +, 2,1 {j 
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for v=1, ... , V. 

We proceeded to differentiate again, with respect to , ß, y, obtaining the second 

derivative matrix H with v, w entry 

a2 hv, 
w = log p(ß I of S, -y) 1«- zi, i, 1, l, vz=, 7rl, l, wezý 

i11ý 
aßvßw 

= 

zi, j, l, l, vez' 
F 

zi, j, l, i, wez', 
i, 1,1ý /F eZ`l7,1,113 

jij 

+ ni, +, 2,1 ez',. i, 2,1N zi, j, 2,1, vzi,. j, 2,1, weZ`.. 
i, 2,1)3 

2 

- zi, j, 2, l, vezij, 2,1, wez', 
i, 2,1ý /r ezi, i, 2,113 

7 
GjJ 

zi, j, 2, l, vez`, 
i, 2,1(ý zi, j, 2,1, vzi, j, 2,1, wez', 

j, 2,1N + 

X zi, j, 2, l, we 

z, 12,3+ n+, j, 1,2 ez , 1,1, zi,. i, 1,2, vzi,. i, 1,2, wez 
J, , 

jii 

2 

- zi, 9,1,2, vezi, 
i, 1,2p) 

ýr 

z{, 7,1,2, wez`, 
i, l, Z, 

3)] 
(F6Zi, 

j, 1,20 / Ciu .) 'zi,. ), 1,2, vzi, j, 1,2, wez', 
i, 1,2)3 + zi, i, 1,2, veZi 

i, 1,2ý 

X zi, j, 1,2, weZi. 1.1,2ß / ez', i, 12 13, )forvw=1.. 

D. 3.1 Posterior Modal Equations 

The posterior modal equations are given by Eq. (7.11), in section 7.7. For ex- 

ample, we may write the expected frequencies for model (XY, RS, YR, XS) in 

multiplicative form m;,!, k, i = a;, j bk, j c2, ß dJ, k. 

-z i, j, 1,2, vzi, j, 1,2, wez', 
), 1,2)3 + zi, j, 1,2, ve 

Zi, j, 1,2, wez', j, I, 2 / 
(ezi. 

i. i. 2ß) for v, w=1,... ,V. ijij 

We initialised the parameters as follows {a(l) = 1}, {bkli = 1}, {cý') = 1} and 
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{d k= 1}, then we set t=1 and performed the following iterative scheme 

(t+l) 
a1, i - 

(t) nt 
. 
1, +, + 

a(t) ' 
(t) (t+') (t) (t) (t) 

. MN a=, j 
bk, 

l C1, t 
d7, 

k 
mi, ), +, + 
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We continued by repeating for the next iteration t, until m1t+k) - m(t) < c, for 

e=0.0001, say. 
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