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Abstract

Among the extrasolar planets discovered so far, the most abundant are the close-in super-

Earths. These are planets with sizes between that of the Earth and Neptune, and orbits

typically smaller than Mercury’s. In this thesis, I study the innermost regions of accretion

discs surrounding young stars, and if and how close-in super-Earths can form at such short

orbital periods.

I start by discussing a simple model of the inner disc structure coupled to a detailed pre-

scription of disc accretion due to the magneto-rotational instability (MRI). I use the inferred

structure of the gas to show that the MRI leads to accumulation of dust in the inner disc,

as necessary for the formation of solid planet cores. Next, assuming that solid cores do form

in the inner disc, I investigate the accretion and evolution of planetary atmospheres. I show

that, despite the MRI-accreting inner disc being gas-poor, the predicted planet atmospheres

are at least as large as observed. Finally, I present an improved model of the inner disc that

accounts for disc heating due to accretion and stellar irradiation, vertical energy transport, dust

opacities, and dust effects on disc ionization. The optically-thick inner disc is weakly affected

by stellar irradiation, and also convectively unstable. Dust controls the ionization state of the

inner disc, and thus the onset of the MRI. I show that sustained dust accumulation can occur

in the inner disc, without suppressing the MRI. If planets form in the inner disc, larger gas

accretion rates (and thus earlier times in the disc lifetime) are favoured.

The work in this thesis advances our knowledge of the planet-forming environment at short

orbital distances and supports the hypothesis that super-Earths could form near their present

orbits. This work also identifies impediments to planet formation in the inner disc which require

further study.
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1 Introduction

The past few decades have seen unprecedented advances in planetary science, starting with the

first discovery of a planet orbiting a main sequence star other than the Sun in 1995. Thousands

more extrasolar planets have been discovered since then. It emerged that most stars host

planetary systems that are quite dissimilar to the Solar system. By far the most prevalent

planets seem to be of size between that of the Earth and Neptune, in orbits typically smaller

than Mercury’s. The abundance of these so-called close-in super-Earths has opened many new

questions in the theory of how planets form.

All planets are believed to have formed in discs of gas and dust that surround young,

newly-formed stars, the so-called protoplanetary discs. Our understanding of protoplanetary

discs has also greatly advanced due to modern observational facilities. However, observations

show us that planets are incredibly common at small orbital radii, whereas the structure of

protoplanetary discs at such small radii is difficult to observe due to large distances to these

objects. In this thesis I aim to bridge this gap by building theoretical models of the structure of

the innermost regions of protoplanetary discs, and examining how they set the initial conditions

for planet formation.

This chapter starts with a brief overview of the currently known extrasolar planet population

and properties of the close-in super-Earths. Then, I introduce the basic concepts in the theory

of protoplanetary discs, focusing on the special conditions that arise in the innermost regions

of these objects. Last, I discuss our current understanding of how the super-Earths might have

formed, and outline the new work presented in this thesis.

1.1. Extrasolar planets

Two methods are responsible for the vast majority of extrasolar planet (or exoplanet) discoveries

so far: radial velocity and transit photometry. A planet-hosting star orbits around their joint

centre of mass, periodically moving forwards and backwards relative to an observer. The radial

velocity method detects this motion by measuring the Doppler shift in the light emitted by

the star. This is a function of planet mass and the system inclination relative to the observer,

and the radial velocity method obtains a lower limit on the planet mass. Transit photometry

measures a decrease in the light received from the star when a planet transits over the stellar

disc. It yields the planet radius. Therefore, in general, we may only know either the (minimum)
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mass or the radius of a planet. Where possible, planets are detected with one method and

confirmed with the other, providing both. A radial-velocity mass of a transiting planet is

also its actual mass, since inclination is known. Additionally, in some cases it is possible to

obtain masses of planets through transit photometry only. In multi-planet systems planets

interact gravitationally and this can cause small transit timing variations (TTVs). Precise

measurements coupled to dynamical modelling can then be used to infer planet masses (Agol

et al. 2005; Holman and Murray 2005).

Unfortunately, both mass and radius are known for only a small number of exoplanets.

Therefore, Fig. 1.1 shows planet (minimum) mass as a function of orbital period in one panel,

and planet radius in the other, for sets of planets for which these quantities have been de-

termined (and also includes a small portion of planets discovered through other, less common

detection methods). Both panels illustrate the diversity of the extrasolar planets discovered

so far. Three groupings of planets are evident in the planet mass-period plot: short-period

(Hot) and long-period (Cold) Jupiter-sized giants, and short-period super-Earths. Neither Hot

Jupiters nor super-Earths have analogues in the Solar system.

These plots are, naturally, highly biased by the sensitivity of the detection methods. Such

biases have been well characterized for the most successful planet finder to date, NASA’s Kepler

mission (Borucki et al. 2010). The main biases introduced by the transit photometry survey

by Kepler are incompleteness due to the requirement that a planet’s orbit is aligned with

the observer’s line of sight, false positives (i.e., non-planet transits), incompleteness due to

the transit-detecting algorithm missing planet transits in the data and uncertainties in stellar

parameters (e.g. Fressin et al. 2013; Dressing and Charbonneau 2013; 2015). By removing

these biases it is possible to calculate the occurrence rates, i.e., the average number of planets

of certain properties per star. Such analyses have shown that planets around other stars are

very common. In an early study based on the first 16 months of Kepler data Fressin et al.

(2013) estimated that there are 0.7 planets per star with orbital periods up to 85 days, the

vast majority of which (0.65 planets per star) are planets with radii in the range 0.8 � 4 R`,

i.e. super-Earths. This is roughly consistent with estimates from radial velocity surveys that

the occurrence rate of Hot Jupiters is in the range 0.1%-1% and the occurrence rate of Cold

Jupiters of the order of several 1% (Mayor et al. 2011; Santerne et al. 2016). Unsurprisingly,

the actual detected population (shown in Fig. 1.1) is highly biased towards giant planets.

Estimates based on the full four-year Kepler data set yield even higher occurrence rates for

the super-Earths. Focusing on M dwarf stars, Dressing and Charbonneau (2015) estimated 2.5

planets per star in the super-Earth size range and orbital periods up to 200 days. More recent

studies estimated that for orbital periods of 0.5� 256 days there are 3.5 super-Earths per star

for FGK type stars and between 4.2 and 8.4 super-Earths per star for M dwarfs (Hsu et al.

2019; 2020). As can be inferred from these high occurrence rates, the super-Earths readily

appear in multi-planet systems (e.g. Borucki et al. 2011). It is estimated that at least 42% of

all Sun-like stars have planet systems with at least 7 planets (Mulders et al. 2018) that are

10



CHAPTER 1. INTRODUCTION

Figure 1.1: Extrasolar planets with known mass (or the lower limit on mass, see text; top) and
with known radius (bottom) as functions of orbital period. Note the three groupings of planets
in the mass-period plot: super-Earths, Hot Jupiters and Cold Jupiters. Obtained from NASA
Exoplanet Archive. Courtesy NASA/JPL-Caltech.
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nearly coplanar.

Evidently, the close-in super-Earths are incredibly common around low-mass stars. What

are these planets like? Some indications of the structure and composition of super-Earths are

gained from those planets for which both radius and mass have been determined. Fig. 1.2 shows

the mass-radius relationship for the observed planets and also theoretical predictions for planets

made purely of iron, silicates or water ice. Importantly, many of the planets have radii well

above the pure water ice radius at a given mass, indicating that they must contain a significant

volume of gas on top of a solid core, most likely made of hydrogen and helium (as found by e.g.

Marcy et al. 2014; Weiss and Marcy 2014; Rogers 2015). A small amount of mass is needed in

a H/He envelope to make a large difference in planet radius. Assuming that the super-Earths

have rocky cores, Wolfgang and Lopez (2015) estimate that only about 1% to 10% percent of

planet mass is needed in the envelope to explain the radii of the super-Earths.

In the presence of a gaseous envelope, determination of the core composition becomes a

degenerate problem, e.g., it cannot be determined how much, if any, water ice is present in the

core. The bottom panel of Fig. 1.2 zooms into a region of the radius-mass plane showing small

planets. There appears to be a transition radius of about 1.5 R`, above which most of the

planets are of density so low that they must contain large amounts of volatiles (Rogers 2015).

Most of the planets smaller than about 1.5 R` appear consistent with an iron-rock (Earth-

like) composition (Dressing et al. 2015), and those that do not, have large mass uncertainties

(Jontof-Hutter 2019).

Fortunately, some advances can be gained even without the mass measurements, using the

radius distribution alone. Fig. 1.3 shows a de-biased radius distribution of the close-in planets

based on the Kepler survey. It shows the relative scarcity of giant close-in planets relative to

the super-Earths. It also reveals that the super-Earths are, in fact, made up of two populations.

This gap in the radius distribution of close-in super-Earths had been predicted by models of

atmospheric evolution (Owen and Wu 2013). These models predict that all close-in super-Earths

were initially formed with large H/He envelopes; however, the ones that are least massive and

closest to the star lost their envelopes due to photoevaporation by high-energy stellar flux. The

location of the gap in these models is sensitive to the composition of the solid planet core, and

the observed gap is consistent with an Earth-like (i.e., rock-iron) composition (Owen and Wu

2017; Van Eylen et al. 2018; Wu 2019).

The close-in super-Earths stand in stark contrast to the inner region of the Solar system,

as they typically have orbital periods shorter than Mercury’s, while many of them are more

massive than all of the terrestrial planets combined. Given their occurrence rate around low-

mass stars, explaining how these planets form is undoubtedly a vital task.
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Figure 1.2: Planet radius as a function of planet mass for a set of extrasolar planets with
theoretical predictions for pure iron, silicate rock and water ice planets (top) and the same
figure zoomed into small planets (bottom). In the top panel, orange squares show planets whose
masses are determined using TTVs and green circles planets whose masses are determined using
the radial velocity method. In the bottom panel, planet data are colour-coded according to the
incident flux, as indicated in plot legend. In both panels, solid and dashed lines show theoretical
predictions, as indicated in plot legend (Zeng and Sasselov 2013; Fortney et al. 2007; Grasset
et al. 2009). Republished with permission of Annual Reviews, Inc., from Jontof-Hutter (2019);
permission conveyed through Copyright Clearance Center, Inc.
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Figure 1.3: Completeness-corrected radius distribution for planets with orbital periods shorter
than 100 days (solid black line) including the small radii for which completeness is low (solid
grey line) and the uncorrected radius distribution (dotted grey line). The uncertainties in the
occurrence rates are based on simulated planet populations. The median uncertainty in radius
is shown in the upper right. Adapted from Fulton et al. (2017). ©AAS. Reproduced with
permission.

1.2. Protoplanetary discs

Stars form when parts of cold dense clouds of interstellar matter (ISM) gravitationally collapse.

Since these clouds are slowly rotating, their gravitational contraction combined with conserva-

tion of angular momentum also results in the formation of a disc around the newly-formed star

(e.g. Terebey et al. 1984). It is believed that planets form in these discs, and hence they are

commonly referred to as protoplanetary discs.

Since they form out of ISM, protoplanetary discs are expected to start out with 99% of their

mass in gas and 1% of their mass in solid dust grains (Mathis et al. 1977). The dust grains

absorb stellar light in the optical waveband and re-emit it in the infrared. The resulting infrared

excess in the spectral distribution (SED) of young stellar objects has long been detected (e.g.

Mendoza 1966, 1968) and its dusty disc origin understood (e.g. Adams et al. 1987). Inferred disc

masses are in the range of 10�3 � 10�1 Md (Beckwith et al. 1990; Beckwith and Sargent 1991;

Andrews and Williams 2005; 2007). The disc-like geometry of these objects was first confirmed

with Hubble Space Telescope images of light scattered off dust grains (O’dell and Wen 1994).

Dust thermal emission was resolved using millimetre interferometry, revealing dust disc sizes

of few hundreds of AU (Dutrey et al. 1996). The more abundant gas component of these discs

is more difficult to detect, since it is largely made up of relatively cold molecular hydrogen.

Nevertheless, observations of molecular lines of trace species such as CO yield insight into the
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kinematics of these objects, which is to first order determined by simple Keplerian rotation

around the central star (e.g. Sargent and Beckwith 1987; Simon et al. 2000).

Protoplanetary discs accrete onto the star. Material flows from the inner disc edge onto

the star along magnetic field lines, emitting broad atomic emission lines (Muzerolle et al. 1998;

2001). As the material falls onto the stellar surface it creates shocks and emits UV continuum

radiation (Gullbring et al. 1998). Both effects can be used to infer the mass accretion rate

onto the star, which is typically in the range of 10�10 � 10�6 Md yr�1 (Hartmann et al. 1998).

While these measurements only constrain accretion within a few stellar radii from the star,

the obtained accretion rates are found to be correlated with the observed total disc dust mass,

implying that the disc evolves as a whole (Manara et al. 2016).

Eventually, protoplanetary discs disperse. The vast majority of the youngest stars host

discs, but very few stars older than a few Myr have one (Haisch et al. 2001; Mamajek 2009).

Importantly, the disc lifetime sets the timescale for planet formation. Any planet with a H/He

atmosphere accreted from the protoplanetary disc, including the close-in super-Earths, had to

have formed while the gaseous disc was still around. Furthermore, accretion in protoplanetary

discs is detected up to somewhat smaller, but comparable stellar ages as the infrared excess

(Fedele et al. 2010). This means that accretion and its effects on disc structure are important

during planet formation.

In the remainder of this section I will discuss the basics of the structure and evolution of

protoplanetary discs, starting with some basic notions about the structure of thin circumstellar

discs. I will discuss the basic theory of how accretion controls the disc evolution and the

processes driving accretion, focusing on the short orbital distances at which the super-Earths

are observed. Last, I will discuss theoretical expectations and observational evidence of dust

growth and evolution in protoplanetary discs.

1.2.1. Thin circumstellar discs

Throughout this work I will consider axisymmetric discs, i.e. I will assume that rotational

shear azimuthally smooths all disturbances. Although there are certainly some exceptions to

this among the observed discs, the majority are indeed axisymmetric. Protoplanetary discs are

also observed to be geometrically thin, i.e., their height is much smaller than their radius. It

is thus commonly assumed that in the time necessary for the disc to evolve over large radial

distances, the disc vertical structure settles into hydrostatic equilibrium. As most discs are

observed to be much less massive than their host star, I will also neglect the disc self-gravity.

Then, in the vertical direction, thermal pressure balances stellar gravity,

dP

dz
� �ρ GM�z

pr2 � z2q3{2 , (1.1)
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where P is gas thermal pressure, ρ is disc density and M� stellar mass. For a thin disc in which

z ! r, adopting the ideal gas law, the vertical disc structure is determined by

dP

dz
� �PΩ2

Kz

c2
s

, (1.2)

where cs is the speed of sound, and ΩK is the Keplerian angular velocity.

The disc angular velocity Ω is not strictly Keplerian. Even in a disc that is only slowly

evolving in the radial direction (ur ! rΩ), Ω is affected by the radial gas thermal pressure

gradient,

rΩ2 � rΩ2
K �

1

ρ

dP

dr
. (1.3)

This term can be safely neglected when considering gas disc evolution, so that Ω � ΩK. How-

ever, it is hugely important in the evolution of dust in circumstellar discs, as discussed further

below. Here I have also assumed that the disc angular velocity Ω is constant with height, since

the disc is thin.

1.2.2. Viscous accretion discs

In order for disc material to accrete onto the star it has to lose angular momentum. How

exactly this happens in protoplanetary discs is an unsolved problem. One possibility is that

a shear stress redistributes angular momentum throughout the disc. Consider a differentially

rotating disc as a series of infinitesimal rings and a Newtonian shear stress of the form

Wrφ � ρνr
BΩ

Br , (1.4)

where ν is kinematic viscosity. In a Keplerian disc such shear stress between two rings will slow

down the inner ring and speed up the outer. Material slowing down in the gravitational field

of the star will flow inwards, accreting, and matter speeding up will move outwards, carrying

angular momentum away. In protoplanetary discs molecular viscosity is negligible. However,

as discussed further below, other processes can produce the same behaviour.

The theory of evolution of viscously accreting discs was set out by Shakura and Sunyaev

(1973) and Lynden-Bell and Pringle (1974). From conservation of angular momentum it follows

that

ρur
1

r

Bpr2Ωq
Br � p∇W qφ (1.5)

in a thin axisymmetric disc. For the viscous stress given by eq. (1.4),

ρur
1

r

Bpr2Ωq
Br � 1

r2

B
Br
�
r2ρνr

BΩ

Br


. (1.6)

Here viscosity ν can be a function of both height above disc midplane and of radius. The
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equation of mass continuity is
Bρ
Bt �

1

r

B
Br prρurq � 0. (1.7)

Vertically integrating eq. (1.7) and (1.6) yields

BΣ

Bt �
1

2πr

B 9M

Br � 0, (1.8)

� 1

2π
9M
B
Br
�
r2Ω

� � B
Br
�
r2Σν̄r

BΩ

Br


, (1.9)

where 9M � �2πr
³8
�8

dzρur is the inwards gas accretion rate, Σ � ³8
�8

dzρ is the gas surface

density and ν̄ � ³8
�8

dzρν{Σ is the vertically-averaged viscosity.

Therefore, in a Keplerian disc, the gas accretion rate is given by

9M � 6π

rΩ

B
Br
�
r2Ων̄Σ

�
. (1.10)

Substituting eq. (1.10) into the mass continuity equation yields

BΣ

Bt �
3

r

B
Br
�
r1{2 B

Br
�
r1{2ν̄Σ

�

, (1.11)

i.e., that time evolution of the gas surface density is governed by what is essentially a diffusion

equation. Time-dependent solutions to this equation are given by Lynden-Bell and Pringle

(1974) for some special cases of viscosity. For example, they show that for constant viscosity or

viscosity that is a power-law function of radius, gas flows inwards onto the star at the inner disc

edge, and viscously spreads at the outer edge. In this work I will primarily consider steady-state

solutions, in which the gas accretion rate 9M is radially constant. Radially integrating eq. (1.9)

from the inner disc edge, rin, to an arbitrary radius r,

� 1

2π
9Mpr2Ω� r2

inΩinq � r2Σν̄r
BΩ

Br |
r
rin
. (1.12)

Here, the right-hand side requires specifying a boundary condition at the inner disc edge. In

reality this depends on the complicated nature of gas flows and the magnetic field between the

inner disc edge and stellar surface (Bouvier et al. 2007). A simple way to specify this boundary

condition is to assume that the boundary layer between the disc and the star is thin (rin � R�,

e.g. Frank et al. 2002). Within this thin layer the angular velocity of material has to decrease

from its Keplerian value in the disc to the rotation velocity of the star, and so at some point

in the boundary layer BΩ{Br � 0. Therefore, in steady state,

9M � 3πν̄Σf�1
r , (1.13)

where fr � 1�aR�{r.
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Finally, to obtain the full description of the system, one needs to consider the energy balance.

If the only source of heat is dissipation due to the viscous stress, then at any point in the disc

the viscous dissipation rate and the cooling rate are balanced, i.e.

9

4
ρνΩ2 � ∇.F, (1.14)

where F is the energy transport flux, e.g. radiative flux. In a thin disc one can expect the heat to

escape vertically much more easily than in the radial direction, so that F � Fz. Furthermore,

at disc midplane F � 0 due to symmetry. Then, vertically integrating eq. (1.14) from disc

midplane to disc surface yields

Ftot � 9

8
Σν̄Ω2 � 3

8π
Ω2

9Mfr, (1.15)

where Ftot is the total heat flux that escapes through one side of the disc and the second

equality is obtained by substituting Σν̄ from eq. (1.13). Therefore, the total viscous dissipation

at a given radius depends only on the gas accretion rate 9M and stellar parameters.

Further progress can only be made by specifying the energy transport flux F and the

viscosity ν. In radiative energy transport, flux F is a function of disc structure and disc

radiative properties, i.e. absorptivity and emissivity of the material. This inter-dependency

will be considered with varying degrees of complexity in this thesis, and so I defer further

discussion to relevant chapters. As for the viscosity ν, it was already noted that it must arise

from pseudo-viscous processes in the disc. Its origin is discussed in the next section.

1.2.3. Source of viscosity

Shakura and Sunyaev (1973) argued that viscosity in accretion discs comes from turbulence.

Essentially, correlated fluctuations in radial and azimuthal velocities due to turbulent motions

yield a shear stress analogous to the viscous stress given by eq. (1.4). If a magnetic field is

present, the same is true of fluctuations in the radial and azimuthal components of the field. In

both cases it is convenient to assume that the shear stress is proportional to the gas pressure,

with a dimensionless proportionality constant α. In the case of turbulent velocity fluctuations,

for example, α is a square of the ratio of the turbulent velocity to the speed of sound (e.g.

Balbus and Hawley 1998). Then, since supersonic turbulence would lead to shocks and quickly

dissipate, Shakura and Sunyaev argue that α   1, placing a constraint on the magnitude of

shear stress in discs. Furthermore, shear stress is given by eq. (1.4) if viscosity ν is given by

ν � α
c2

s

Ω
, (1.16)

connecting the Shakura and Sunyaev α parameter to the above formulation of a viscous accre-

tion disc.
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Figure 1.4: Illustration of the onset of the magneto-rotational instability. Two fluid elements
(grey cubes), coupled to the magnetic field (red line), are initially at the same orbital radius
(left), rotating around the star at the same azimuthal velocity (black arrows). Following a
perturbation in the radial direction, the inner element has a higher azimuthal velocity than
the outer, and the magnetic field line is stretched (right). This results in the growth of the
perturbation as discussed in Section 1.2.3.

What instability or instabilities may give rise to turbulence in protoplanetary discs? First,

consider a well ionized disc, so that the gas is perfectly coupled to the magnetic field and the

induction equation is
BB
Bt � ∇� pv�Bq, (1.17)

where B is the magnetic field strength. In this so-called ideal magnetohydrodynamic (MHD)

regime, a rotating disc threaded by a magnetic field is unstable to small perturbations if dΩ{dr  
0, i.e. if the angular velocity decreases outwards (Balbus and Hawley 1991). The onset of the

magneto-rotational instability (MRI) is illustrated in Fig. 1.4 for an initially vertical magnetic

field. A small perturbation leads to a radial displacement of two fluid elements. Due to the

resulting difference in their angular velocities, with the outer element moving slower than the

inner one, the fluid elements move apart azimuthally. This stretches the magnetic field line

(shown in red) coupled to the fluid elements. Magnetic tension acts to reduce this stretch.

However, pulling the inner fluid element back reduces its angular momentum, causing it to

fall further inwards, and vice versa for the outer fluid element. As a result, the instability

grows and at the same time transports angular momentum outwards, as needed for accretion.

Furthermore, for the instability to develop, the magnetic field strength can be arbitrarily weak,

but not arbitrarily strong - roughly, the magnetic pressure needs to be smaller than the gas

pressure. The instability also develops quickly, with the growth timescale being of the order of

the local orbital period in the linear regime.

In the non-linear regime, explored through numerical simulations, the MRI leads to MHD

turbulence. Shear stress is measured in simulations by averaging over turbulent fluctuations in

velocity and magnetic field strength. The viscosity parameter α due to the MRI is found to

be in the range 10�3 � 10�1 in homogeneous local simulations threaded by a uniform magnetic

field (Hawley and Balbus 1992; Hawley et al. 1995), homogeneous local zero net magnetic flux
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simulations (Hawley et al. 1996), and stratified local zero net flux simulations (Brandenburg

et al. 1995; Stone et al. 1996). These results were confirmed more recently to be independent

of spatial resolution in the simulations (Simon et al. 2009; Davis et al. 2010; Shi et al. 2010).

Therefore, if protoplanetary discs were well ionized, they would easily become turbulent due

to the MRI. However, ionization levels are expected to be low in these discs and non-ideal MHD

effects are expected to play a significant role in disc evolution. For the conditions relevant in

protoplanetary discs, collisional coupling between neutral and charged particles remains strong.

Because of this, the Lorentz force effectively acts on the neutrals too, i.e., on the fluid as a

whole. However, when the fluid is weakly ionized, the coupling between the fluid and the

magnetic field weakens. The induction equation becomes (Balbus 2011)

BB
Bt � ∇� pv�Bq �∇� pηOp∇�Bq � ηAp∇�BqK � ηHp∇�Bq � B̂q. (1.18)

Here, B̂ is a unit vector and “K” denotes the component of a vector perpendicular to B. The

first term on the right-hand side is the advective term, which is the same as in the ideal case

given by eq. (1.17). The second and the third terms are due to Ohmic and ambipolar diffusion,

proportional to the Ohmic resistivity ηO and the ambipolar resistivity ηA, respectively. If

Ohmic diffusion is important, collisions of charged particles with neutrals decouple the charged

particles (and thus the fluid overall) from the magnetic field. If ambipolar diffusion is important,

charged particles remain coupled to the magnetic field, but the collisions with the neutrals are

not efficient enough to couple the entire fluid to the field. By decoupling the fluid from the

magnetic field, Ohmic and ambipolar diffusion stabilize the disc against the MRI. Finally, the

fourth term is due to the Hall effect. While it is also proportional to what is dimensionally a

resistivity ηH, it is not a diffusive term.

The fluid ionization fraction at which Ohmic diffusion, for example, suppresses the MRI

is of the order of x � 10�13 (e.g. Fromang et al. 2013). However, the ionization levels in

protoplanetary discs can be even lower. The main sources of ionization are typically considered

to be thermal (collisional) ionization, stellar X-rays and cosmic rays. Thermal ionization only

becomes important above about a 1000 K, the ionization temperature of potassium (Umebayashi

and Nakano 1988). It is thus only relevant in the innermost, hot regions of protoplanetary discs.

Stellar X-rays and cosmic rays can only penetrate mass columns of the order of 10 g cm�2 and

100 g cm�2, respectively (Glassgold et al. 1997; Umebayashi and Nakano 1981). Since the disc

surface density is expected to be higher than such mass columns in the bulk of the disc, X-rays

and cosmic rays may only be relevant in the uppermost layers, near disc surface, and in the

outer regions of the disc. Fig. 1.5 illustrates the structure of the inner protoplanetary disc that

emerges from this analysis. In the ionized regions the MRI is expected to be active, driving

turbulence and efficient accretion. The cold dense regions, on the other hand, form the so-called

dead zone, where ionization is too low to support the MRI (Gammie 1996; Jin 1996).

In the dead zone, in the absence of (the coupling with) the magnetic field, various hydrody-
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Figure 1.5: Illustration of the inner protoplanetary disc showing key ionization mechanisms
and the MRI active and dead zones (Gammie 1996).

namic instabilities can drive turbulence under the right conditions (Pfeil and Klahr 2019; Lyra

and Umurhan 2019). However, the resulting viscosity is expected to be far smaller than in the

MRI-active zone (e.g. Lesur and Papaloizou 2010; Nelson et al. 2013; Stoll and Kley 2014).

Therefore, it is expected that the viscosity, or accretion efficiency, decreases with distance from

the star with a potentially sharp drop at the transition between the active and the dead zone.

Finally, given the difficulties in producing turbulence in protoplanetary discs, it must be

recognised that accretion might be (at least partially) driven by non-viscous processes. In the

bulk of the disc, the Hall effect can be the dominant non-ideal MHD effect. Unlike the diffusive

terms, it does not merely suppress the MRI. Rather, the Hall effect can drive large scale laminar

flows through the disc (although this depends on the alignment of the magnetic field with the

disc rotation axis; Lesur et al. 2014). Additionally, in the presence of a magnetic field threading

the disc MHD winds can be launched from the disc surface, lifting angular momentum from the

disc (Suzuki and Inutsuka 2009; Suzuki et al. 2010; Moll 2012; Bai and Stone 2013; Fromang

et al. 2013; Lesur et al. 2013). It appears likely that both the Hall effect and MHD winds play a

significant role in the overall evolution of discs, driving gas accretion at a much larger range of

radii than the MRI (Bai 2017). Nevertheless, the structure of the innermost, thermally-ionized

regions of discs are still likely to be strongly affected by the MRI, and especially so the disc

midplane where planets are expected to form.

1.2.4. Evolution of dust

Protoplanetary discs are expected to start out with small (sub-micron) ISM-like dust grains.

Dust thermal emission offers evidence for grain growth to larger sizes. In optically thin regions

of the disc the emitted flux is directly proportional to dust emissivity, which itself is a function

of dust grain size (Beckwith and Sargent 1991). Comparison of the slope of the disc spectral

energy distribution (SED) at millimetre wavelengths with the predicted slope of dust emissivity

as a function of wavelength shows growth beyond millimetre sizes (D’Alessio et al. 2001).

Dust grain size determines the dust spatial evolution. Small dust grains are entrained
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with the gas, well mixed throughout the disc, slowly accreting onto the star. On the other

hand, larger dust grains are only partially coupled to the gas through gas drag. As discussed

above, as the gas thermal pressure decreases with distance from the star the pressure gradient

effectively lowers the gravitational force, making the gas orbital velocity slightly sub-Keplerian.

As partially-decoupled dust grains tend towards Keplerian orbits, they feel drag from the slower

gas. This causes the dust grains to lose angular momentum and fall radially towards the star.

The effect is known as radial drift and it is expected to be most drastic for centimetre-sized dust,

as larger bodies become completely decoupled from the gas (Weidenschilling 1977). Indeed,

observations show that discs appear significantly smaller in the dust continuum than in the gas

line emission, with a steep drop in the dust continuum at disc outer edge, a signature of radial

drift (Panić et al. 2009; Andrews et al. 2012; Rosenfeld et al. 2013; Trapman et al. 2020).

Additionally, for dust grains at a finite height above the disc midplane, Keplerian orbits

around the central star are inclined relative to the midplane (because the plane of a Keplerian

orbit must pass through the centre of the star). The gas drag tends to damp the resulting

relative velocity between the dust and the gas in the vertical direction. As a result, dust grains

also fall, or settle, vertically towards the disc midplane (Weidenschilling 1977). The dust is not,

however, expected to settle in the midplane, as turbulent motions in the disc lift and mix the

grains. The dust vertical structure is then determined as an equilibrium between settling and

turbulent mixing (Dubrulle et al. 1995).

The radial drift of dust has an important consequence in discs which feature a local gas

pressure maximum, see Fig. 1.6. In the region of positive pressure gradient the gas is super-

Keplerian, reversing the effect of gas drag on the dust grains. Therefore, just inwards of

a pressure maximum, dust grains radially drift outwards. For dust grains that encounter a

pressure maximum while radially drifting inwards from the outer disc, the pressure maximum

acts as a trap, where over time dust can accumulate (e.g. Haghighipour and Boss 2003; Pinilla

et al. 2012). The resulting dust structure in the disc is a dust ring. Many of such dust rings have

been observed in protoplanetary discs (e.g. ALMA Partnership et al. 2015; Andrews et al. 2018;

Long et al. 2019), with direct kinematic evidence that the dust rings correspond to locations

of gas pressure maxima (Teague et al. 2018).

Radial drift, vertical settling, turbulent mixing and, for the smallest grains, Brownian mo-

tion, also drive collisions between dust grains (Testi et al. 2014). Dust growth occurs when

such collisions result in sticking. Growth by sticking easily produces particles up to millimeters

in size; however, collisional velocities increase with grain size and at higher velocities collisions

are more likely to result in bouncing or even fragmentation of dust grains (Blum and Münch

1993), impeding growth beyond millimetre sizes (Zsom et al. 2010; Birnstiel et al. 2011). Even

if some lucky particles surmount these barriers (Windmark et al. 2012a;b; Garaud et al. 2013),

they are prone to fast radial drift towards the star. Nevertheless, in many discs at least some

of the dust must somehow form large planet-size bodies (since planets exist).

Finally, it is important to note that the composition of dust grains varies spatially inside
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Figure 1.6: Illustration of a radial midplane gas pressure profile in a disc featuring a local
maximum (indicated by a dashed line). Blue arrows show directions of radial drift of dust
grains embedded in such a disc.
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Silicate 
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Figure 1.7: Illustration of a protoplanetary disc showing the gas disc inner edge, silicate subli-
mation line, MRI dead zone inner edge and water ice line.

discs. The temperature in protoplanetary discs can vary from a few tens of Kelvin in the

outermost disc to a few thousand near the star, covering the sublimation points of all key

materials. Water is only condensed beyond the so-called ice line, where the temperature falls

below �150 K. Furthermore, from observations of disc emission in the near-infrared, very little

to no dust is expected to exist inside the sublimation line of silicates where temperatures are

higher than �1500 K (Hillenbrand et al. 1992; Natta et al. 2001). Naturally, spatial variations

in the composition of planet-building material leave an imprint on planetary systems. For

example, the terrestrial planets and the main asteroid belt in the Solar system are relatively

dry, and it is thought that the Earth’s entire water content was delivered by scattered water-rich

asteroids formed in the outer Solar system (Morbidelli et al. 2000).

1.3. Formation of close-in super-Earths

In this chapter so far I have discussed the known exoplanet population and the structure and

evolution of protoplanetary discs, inside which planets are believed to form. From the detected

exoplanet population it is inferred that roughly half of all Sun-like and lower mass stars host

one or more close-in super-Earth-sized planets. It follows then that protoplanetary discs must
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efficiently produce such planets. However, how, and even where exactly inside protoplanetary

discs, the close-in super-Earths form is an open question.

The main theoretical problem in forming super-Earths is in the large amount of solid mass

required to assemble these planets. Assuming that planets form near their present orbital

distances (i.e. in situ) from locally available material, a model of a protoplanetary disc can

be constructed such that contains the minimum amount of dust required to build solid planet

cores. For the Solar system, such model is known as the Minimum mass Solar nebula (MMSN;

Hayashi 1981). Close to the star the MMSN has sufficient amounts of dust to form the terrestrial

planets. To build the close-in super-Earths, a disc would have to be significantly richer in solids

at short orbital distances (Raymond et al. 2008; Chiang and Laughlin 2013). While this led

some authors to conclude that the super-Earths cannot have formed in situ (e.g. Raymond et al.

2008), others proposed that the proto-Solar system might have been an exception rather than

the rule, and that the typical protoplanetary disc is indeed more massive (Chiang and Laughlin

2013). However, a minimum mass nebula is an idealization, and growing planets cannot access

all of the material available in the disc. After taking this into account, and also considering

that solids comprise only about a percent of total disc mass, the required disc mass is found

to be close to or above the criterion for gravitational stability of the disc (Schlichting 2014).

Other problems also arise if the super-Earths form in discs that are rich in both dust and gas.

For example, in a massive gaseous disc, accretion of gas onto super-Earth-sized solid cores is so

efficient that the planets would easily accumulate Jupiter-sized atmospheres (Lee et al. 2014),

whereas Jupiter-sized planets are much less common than the super-Earths.

There are two main ways to solve this problem, both relying on the fact that the solid-to-gas

ratio need not (and almost certainly does not) stay constant throughout disc lifetime. First,

when small dust grains grow into pebbles, they radially drift inwards, towards the star, due

to gas drag (see Section 1.2.4). If the drift can be stopped or slowed down at short orbital

periods, the pebbles accumulate there, enhancing the solid-to-gas ratio. Second, large planet-

sized bodies interact with the gaseous disc gravitationally and this can cause them to move

(migrate) radially (e.g. Goldreich and Tremaine 1979; 1980; Kley and Nelson 2012). It is thus

possible for a planet to form at an orbital distance different to the one we observe today, where

the conditions for planet formation are more favourable, following which the planet migrates

to its final orbit. The latter, the so-called migration scenario, has been studied in more detail,

and so I will discuss it first.

1.3.1. Migration scenario

Planets (or planet embryos) can launch spiral density waves in the disc (Goldreich and Tremaine

1979; 1980). As these waves propagate outwards through the disc, through gas that rotates

slower than the planet, they add angular momentum to the gas. The opposite is true for the

waves propagating inwards. To conserve angular momentum, a back-reaction torque acts on
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the planet. Due to a slight asymmetry, regions from which the density waves are launched

exterior to the planet are closer to the planet than the ones interior to it. Consequently, the

net torque acting on the planet causes it to move inwards. A planet also interacts with the

material near its orbit, i.e., the material that corotates with it. The torque that acts on the

planet from the corotation region is sensitive to the disc structure, and can also act to drive

outwards planet migration (e.g. Paardekooper and Mellema 2006). At some locations then,

such as the inner disc edge, the net torque may be zero, and migration stalls (Masset et al.

2006). It is thus possible that super-Earths form at an orbital distance different to the one we

observe today, and then migrate inwards through gravitational interactions with the disc (e.g.

Terquem and Papaloizou 2007; Ogihara and Ida 2009; Cossou et al. 2014).

Super-Earths might form more easily at larger orbital distances due to several factors. Fur-

ther away from the star there is more material to form planets. Observations of protoplanetary

discs show that the radial surface density profiles are shallow, so the amount of mass available

at a given orbital distance increases radially outwards (typically Σprq9r�1, e.g. Williams and

Cieza 2011, although, note that there is a large spread in the observed Σprq profiles, and also

that such observations are limited to the outer regions of discs). From theoretical models, in the

MMSN, for example, there is enough mass to form the super-Earths at a few AU from the star

(Schlichting 2014). Moreover, beyond the water ice line, where the temperature is low enough

for water to condense into ice (see Fig. 1.7), the amount of solids increases by a factor of 2–4

(Lodders 2003). Furthermore, the proximity of the water ice line in particular could be fertile

ground for the further growth of radially drifting pebbles, overcoming the dust growth barriers

discussed in Section 1.2.4 (Ida and Guillot 2016; Drazkowska and Alibert 2017; Schoonenberg

and Ormel 2017; Schoonenberg et al. 2018; 2019). Additionally, larger solid bodies can grow

by capturing and accreting the pebbles, and this process is also thought to be more efficient if

the pebbles are icy (Morbidelli et al. 2015). Once sufficiently large bodies form near or beyond

the ice line, they migrate inwards, concurrently growing further by colliding and merging with

each other. This typically results in a system of super-Earth-sized planets tightly packed near

the inner disc edge (Terquem and Papaloizou 2007; Ogihara and Ida 2009; Cossou et al. 2014).

There are two main arguments against the migration scenario. First, as a system of plan-

ets collectively migrates inwards, it forms a resonant chain (e.g. Cresswell and Nelson 2006;

Terquem and Papaloizou 2007; Ogihara and Ida 2009; Ida and Lin 2010). Most of the observed

close-in super-Earths do not lie in such resonant orbits (Burke et al. 2014). The most promis-

ing mechanism to break the resonant chains (i.e., to bring the theory in agreement with the

data) is that once the gaseous disc dissipates, planetary systems become dynamically unstable

and go through one last phase of scattering and collisions. If this happens, the final planetary

system is no longer in resonance (Terquem and Papaloizou 2007; Ida and Lin 2010; Cossou

et al. 2014; Coleman and Nelson 2016). How often this happens in real systems is, however,

unclear. Matching the observed properties of super-Earth systems requires 95% of the systems

to become unstable, whereas in simulated systems this number ranges from 45% to 95% de-
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pending on uncertain model parameters (Izidoro et al. 2017; 2019). Moreover, it is generally

found that such a phase of giant impacts strips the planets of their atmospheres (Inamdar and

Schlichting 2015; Poon et al. 2020), whereas a large number of the close-in super-Earths have

significant H/He envelopes (admittedly, some authors argue that super-Earths can efficiently

accrete their atmospheres even with very little gas remaining in the disc; Lee and Chiang 2016).

It is important to add, however, that convergent migration which leads to planets in resonance

is a feature of migration inside viscous (turbulent) discs. Predictions differ in simulations of

planet migration inside inviscid (laminar) discs (e.g. those that accrete primarily via magne-

tohydrodynamic winds or Hall-driven radial flows, Nelson 2018). In inviscid discs, systems of

super-Earths do not end up in resonances in the first place (McNally et al. 2019), and so the

giant impact phase need not happen.

The second argument against the migration scenario is related to the composition of the

planets. If the embryos of the super-Earths form near or outside the water ice line, the super-

Earths should be water-rich (Ogihara and Ida 2009; McNeil and Nelson 2010; Izidoro et al.

2019). This is the case even if planet embryos form both inside and outside the ice line, as the

water-rich embryos further out migrate inwards and collide with the purely rocky ones (Izidoro

et al. 2019). In contrast, the solid cores of the super-Earths are inferred to be consistent with a

rock-iron, Earth-like composition, as discussed in Section 1.1. This problem for the migration

scenario seems inescapable at present.

1.3.2. Formation in the inner disc

The Earth-like composition of the super-Earths implies that they form near their present orbits,

or at the very least inside the water ice line. As discussed above, formation of super-Earths at

short orbital distances requires a delivery of solid material to the inner disc from the outer. It

has been proposed that this delivery happens in the form of pebbles that radially drift inwards

due to gas drag, and whose radial drift is stopped or slowed down at short orbital distances

(Hansen and Murray 2012; Boley and Ford 2013; Chatterjee and Tan 2014, see also Kretke

et al. (2009)). Radially drifting pebbles are stripped of their water ice at the water ice line,

but up to a half of their material is in the form of silicates and iron (Lodders 2003), which

continues its radial drift inwards.

The pebble-driven formation of the super-Earths in the inner disc has been mostly explored

within the so-called inside-out planet formation scenario (IOPF; Chatterjee and Tan 2014;

2015; Hu et al. 2016; 2018). In this scenario, radially-drifting pebbles halt their drift in a local

gas pressure maximum present in the inner disc (as inwards of the pressure maximum radial

drift switches direction; see discussion in Section 1.2.4 and Fig. 1.6). Such a local gas pressure

maximum is expected to arise in the inner disc, if the disc is in steady state and if gas accretion

is driven by the MRI. As discussed in Section 1.2.3, MRI-driven viscosity (and hence accretion

efficiency) is expected to decrease with increasing distance from the star as the disc transitions
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from being hot and thermally-ionized to cold and weakly ionized. To maintain a steady state,

i.e. a constant gas accretion rate, eq. (1.13) implies that gas surface density should increase

outwards in this region. The viscosity reaches a minimum at the inner edge of the MRI dead

zone (Fig. 1.5). At that location then, one expects a local maximum in both gas surface density

and gas pressure. The location of this pressure maximum is estimated to be at an orbital

distance of a few tenths of an AU (Gammie 1996; Chatterjee and Tan 2014), roughly consistent

with the orbital distances of the super-Earths.

If a local gas pressure maximum can indeed trap radially drifting pebbles, enough solids

could accumulate over time to form a planet. One suggestion is that pebbles accumulate at

the pressure maximum until the resulting ring of pebbles becomes gravitationally unstable and

collapses into a planet-sized body (Chatterjee and Tan 2014). In IOPF, once the planet forms,

it is not expected to migrate inwards, as it remains trapped inside the gas surface density

maximum at which it formed (Hu et al. 2016). This surface density maximum acts as a trap for

the planet in the same manner as the disc inner edge (Masset et al. 2006). Instead, the planet is

expected to carve out a gap in the disc (Chatterjee and Tan 2014; Hu et al. 2016). It has been

hypothesized that the material interior to the gap would then accrete onto the star, leaving

the material exterior to the gap exposed to stellar X-rays. Stellar X-rays would ionize the

innermost region of the remnant disc, pushing the inner edge of the MRI dead zone outwards.

A second planet may then form at the new local gas pressure maximum, and the process may

be repeated for the third planet etc. (i.e., the planet system is formed inside-out). However,

it is not clear that super-Earths formed via IOPF would indeed be immune to migration. The

MRI-induced planet trap is expected to move inwards as the disc evolves, and the planet would

move with it (Coleman and Nelson 2014).

Formation of the super-Earths in the inner disc has been explored in much less detail,

yet it appears necessary to explain the rocky composition of these planets. In particular, the

structure of an MRI-accreting inner disc has not been modelled in detail, and it is not clear

if temperatures remain high enough in the inner disc for the local gas pressure maximum to

persist throughout the disc lifetime. Similarly, the hypothesis that the MRI-induced pressure

maximum leads to pebble accumulation remains to be tested, and the growth of pebbles to

larger bodies investigated.

1.4. Thesis outline

The aim of this thesis is to investigate the structure of the innermost regions of protoplanetary

discs and to explore if these regions can support formation of the close-in super-Earths. The

first question to consider is if the inner edge of the MRI dead zone, and the local gas pressure

maximum, indeed occur at orbital distances at which we observe the close-in super-Earths.

In Chapter 2 I present theoretical models of the inner regions of viscously accreting discs in
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which the viscosity is self-consistently calculated from the criteria for the onset of the MRI.

Then, Chapter 3 deals with the question of whether such an MRI-accreting inner disc leads

to accumulation of dust. Assuming that super-Earth-sized solid planet cores do form in the

MRI-accreting inner disc, in Chapter 4 I investigate accretion of gas onto these cores, i.e. the

formation of planet atmospheres. The atmospheres of the super-Earths affect greatly their radii,

and coupling the accreted atmospheres with a simple model of their subsequent evolution allows

comparison to the observed planet properties. The models presented in Chapter 2 adopt many

assumptions about the disc structure, making the problem tractable enough for a preliminary

study. These assumptions are lifted in Chapter 5, which presents a detailed model of disc

physical and chemical structure. Then, in Chapter 6 I investigate how this new model depends

on various disc and stellar parameters. Finally, in Chapter 7 I summarise the main findings

and discuss the remaining open problems.
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2 MRI-accreting inner disc

2.1. Introduction

For the super-Earths to form near their present short orbits, the inner protoplanetary disc

must become enriched in solids. This may happen via the following process. Small solids (dust

grains, or pebbles) radially drift through protoplanetary discs towards the star due to gas drag.

Concurrently, in steady state, the inner protoplanetary disc is expected to feature a local gas

pressure maximum, at the boundary between the MRI-active and the MRI-dead zones. This

pressure maximum may trap the radially-drifting pebbles, and super-Earths might then form

from the accumulated pebbles (e.g. Chatterjee and Tan 2014). To investigate whether the inner

disc indeed features a local gas pressure maximum, I produce models of the inner disc in which

the disc accretes viscously via turbulence induced by the MRI.

The boundary between the MRI-active and the MRI-dead zone in the inner disc has been

previously studied using numerical MHD simulations (Dzyurkevich et al. 2010; Flock et al.

2017). These simulations can directly probe the turbulent motions of the fluid and the evolution

of the magnetic field. However, they are computationally expensive; thus, they either use a

fixed, prescribed temperature profile (Dzyurkevich et al. 2010), or cannot be run for long enough

to reach a steady state (Flock et al. 2017). As such, they can be used to study the formation

of the pressure maximum at this boundary, but they cannot predict its location in a real,

steady-state disc. Additionally, the cited studies only consider the MRI-dead zone arising due

to Ohmic diffusion, whereas ambipolar diffusion can also suppress the MRI.

The formation of the pressure maximum due to the MRI can also be studied using much

simpler and computationally cheaper viscous disc models (e.g. Terquem 2008; Kretke and Lin

2007; Kretke et al. 2009; Kretke and Lin 2010; Chatterjee and Tan 2014). This is achieved

by parametrizing the viscosity arising from the MRI as a function of disc structure parameters

(e.g. temperature, density). However, previous studies either adopt simplified parametrizations

that do not consider the detailed physics of gas ionization and the coupling between the gas

and the magnetic field, or they make ad hoc assumptions about the magnetic field strength.

In the study presented in this chapter, viscosity is parametrized based on MRI criteria

extracted from MHD simulations (Sano and Stone 2002; Turner et al. 2007; Bai and Stone 2011;

Bai 2011a), with a detailed calculation of magnetic resistivities and a physically motivated

choice of the magnetic field strength at every orbital radius. Additionally, both Ohmic and
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ambipolar diffusion are taken into account. On the other hand, I use a simplified model for

the disc structure. It is assumed that the inner disc is vertically isothermal, disc opacity is

a constant, and there is only a single ionized species. Both heating by stellar irradiation and

ionization of the disc by stellar X-rays are neglected. These are considerable simplifications,

which will be re-considered in Chapter 5. However, the models presented here still capture the

basic physics expected to set the structure of the inner disc, and the simplicity allows clear

insights into the MRI-driven accretion in the inner disc and the inner disc structure.

2.2. Methods

In Section 2.2.1 I discuss the adopted model of the disc structure, Section 2.2.2 explains how

a viscosity driven by the MRI is calculated, and Section 2.2.3 how the disc structure and the

MRI viscosity are coupled to obtain a self-consistent model.

2.2.1. Standard α-disc model

To model the disc structure, I employ the standard Shakura-Sunyaev α-disc model. This is

a model of a thin steady-state viscously accreting disc, with the viscosity parametrized using

the Shakura and Sunyaev (1973) α parameter. The basics of thin viscous discs were covered

in the previous Chapter. In this model it is further assumed that the heat released through

viscous dissipation is transported vertically by radiation and that the disc is optically thick,

i.e. that the optical depth at disc midplane τmid � 1
2
Σκ " 1. Here, κ is the Rosseland-mean

opacity, assumed to be vertically constant. Then, the disc midplane temperature is given by

(e.g. Hubeny 1990)

σT 4
mid �

3

8
τmidFacc, (2.1)

where Facc is the total heat flux leaving through one side of the disc, given by eq. (1.15).

Equation (2.1) implies that the temperature varies with optical depth, and thus varies with

height above disc midplane. However, the dependence is weak, T9τ�1{4. Hence, in this model

it is assumed that the disc is vertically isothermal with the temperature at all heights equal

to the temperature at the midplane. The solution to the hydrostatic equilibrium, eq. (1.2), is

then given by

P pr, zq � Pmidprqe�
z2

H2 , (2.2)

where Pmid is the pressure at midplane and H � ?
2cs{Ω is the disc pressure scale height.

Adopting the ideal gas law, an analogous expression describes the vertical density (ρ) profile,

with

ρmid � Σ?
πH

. (2.3)

Gathering expressions for the midplane density and temperature, eqns. (2.3) and (2.1), total
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viscous dissipation, eq. (1.15), the relation between the disc surface density, vertically-averaged

viscosity and accretion rate, eq. (1.13), and the parametrization of viscosity, eq. (1.16), one

obtains (e.g. Hu et al. 2016)

Σ � 27{5

36{5π3{5
pµmp

kB
q4{5G1{5σ

1{5
SBκ

�1{5ᾱ�4{5M1{5
� pfr 9Mq3{5r�3{5, (2.4)

ρmid � 28{5

313{10π9{10
pµmp

kB
q6{5G11{20σ

3{10
SB κ�3{10ᾱ�7{10M11{20

� pfr 9Mq2{5r�33{20, (2.5)

Tmid � 31{5

27{5π2{5
pµmp

kB
q1{5G3{10σ

�1{5
SB κ1{5ᾱ�1{5M3{10

� pfr 9Mq2{5r�9{10, (2.6)

Pmid � 21{5

311{10π13{10
pµmp

kB
q2{5G17{20σ

1{10
SB κ�1{10ᾱ�9{10M17{20

� pfr 9Mq4{5r�51{20, (2.7)

where fr � 1�
b

R�
r

. This series of expressions show simple relationships between the quantities

describing the disc structure and stellar parameters, disc accretion rate 9M , opacity κ and

vertically-averaged viscosity parameter ᾱ. The latter is in general a pressure-weighted average,

and in the case of a vertically-isothermal disc equal to a density-weighted average,

ᾱ �
³8
�8

αPdz³8
�8

Pdz
�
³8
�8

αρdz³8
�8

ρdz
. (2.8)

In principle, both the opacity κ and viscosity parameter ᾱ are functions of the disc structure.

For simplicity, in this work it is assumed that the opacity is constant everywhere in the disc and

equals κ � 10 cm2 g�1, consistent with typical properties of small dust grains in protoplanetary

discs (e.g. Wood et al. 2002). The dependence of the viscosity parameter ᾱ on the disc structure

is, on the other hand, the key ingredient of the model presented here and is discussed in the

next section.

2.2.2. MRI-driven viscosity parameter α

In the following, I discuss the criteria for the onset of the MRI, calculation of the ionization

state of the gas, calculation of the coupling between the gas and the magnetic field (i.e., the

resistivities), and finally the calculation of the viscosity parameter α due to the MRI.

2.2.2.1. Criteria

The viscosity that the MRI induces depends, first of all, on whether a certain region of the disc

is unstable to the MRI. As discussed in Chapter 1, there are three effects that can modify the

onset of the MRI: Ohmic diffusion, ambipolar diffusion and the Hall effect. Ohmic diffusion can

suppress the MRI entirely by decoupling the magnetic field from the gas. Numerical simulations

(Sano and Stone 2002; Turner et al. 2007) show that Ohmic diffusion does not suppress the
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MRI if

Λ � v2
Az

ηOΩ
¡ 1, (2.9)

where Λ is the Ohmic Elsasser number, ηO is the Ohmic resistivity and vAz the vertical com-

ponent of the local Alfven velocity (vAz � Bz{
?

4πρ, where Bz is the vertical component of the

magnetic field strength and ρ is the local gas density). This criterion expresses the requirement

that for the MRI to be active, the MRI growth rate must be larger than the Ohmic diffusion

rate (Fleming et al. 2000). The growth rate of the fastest-growing MRI mode is �Ω and the

wavenumber of that mode is k � Ω{vAz. From eq. (1.18), one can also see that for a given

wavenumber k, the Ohmic diffusion rate is �ηOk2. Then, the comparison of the two rates

yields eq. (2.9). Note that the dependence on the vertical component of the Alfven velocity

vAz (and the magnetic field strength Bz), rather than the total vA (and the total magnetic

field strength B), comes from the notion that the Ohmic diffusion affects smaller lengthscale

perturbations most easily, and in a thin disc those are in the vertical direction (Turner et al.

2007).

Ambipolar diffusion may also suppress the MRI. A criterion analogous to the above has

been investigated (Hawley and Stone 1998) using the ambipolar Elsasser number

Am � v2
A

ηAΩ
, (2.10)

where ηA is the ambipolar resistivity. However, Bai and Stone (2011) showed that when ions

and neutrals in the gas are strongly coupled, behaving as a single fluid under the influence of the

magnetic field, ambipolar diffusion will not suppress the MRI even if Am   1, if the magnetic

pressure is sufficiently weak compared to the gas pressure. That is, for a plasma β-parameter,

β � P {PB, where PB � B2{8π is the magnetic field pressure, the MRI will not be suppressed

if

β ¡ βmin, (2.11)

where the minimum value βmin is given by

βminpAmq �
��

50

Am1.2


2

�
�

8

Am0.3
� 1


2
�1{2

. (2.12)

For the ions and neutrals to be strongly coupled it is required that the density of ions be much

lower than the density of neutrals, and that the recombination timescale trcb for ions be much

shorter than the dynamical timescale, i.e. trcb ! tdyn � 1{Ω. I assume that both of these

conditions are fulfilled, and a posteriori check if this is true. Furthermore, note that while the

Ohmic Elsasser number depends on the vertical component of the magnetic field strength Bz,

the ambipolar Elsasser number depends on the total strength B. The two are not independent,

however, and numerical simulations show that B2
z � B2{25 Sano et al. (2004).
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The Hall effect can also significantly modify the behaviour of the gas and the magnetic

field (Lesur et al. 2014). However, its effects are non-diffusive, non-trivial and also dependent

on the alignment between the rotation axis of the disc and the magnetic field threading the

disc. Therefore, it is neglected in this study, and its importance for our results will be only a

posteriori investigated by considering the Hall Elsasser number,

χ � v2
A

|ηH|Ω . (2.13)

In summary, if conditions given by eq. (2.9) and (2.11) are both fulfilled at some location

in the disc, it is assumed that the MRI is active there. A region where the Ohmic criterion,

eq. (2.9), is not fulfilled is called a dead zone (Gammie 1996). A region where the ambipolar

criterion, eq. (2.11), is not fulfilled will be referred to as a zombie zone (following Mohanty et al.

2013). Note that a zombie zone is qualitatively the same as a dead zone, as in both regions the

MRI is fully suppressed.

2.2.2.2. Ionization

For simplicity, in this chapter I only consider thermal (collisional) ionization. The inner edge

of the dead zone is expected to occur at the orbital radius at which the thermal ionization

becomes inefficient, due to the temperature decreasing with distance from the star. The tem-

perature below which thermal ionization becomes inefficient is determined by the ionization

potential of a given chemical species. Therefore, the location of the inner edge of the dead

zone is determined by the lowest ionization potential among the species that are abundant in

the inner disc. In terms of the lowest ionization potential, the top three species overall are

rubidium, caesium and potassium; however, the abundance of potassium is orders of magni-

tude higher than that of rubidium or caesium (Lodders 2003). Sodium, which has the fourth

lowest ionization potential, is more abundant than potassium. However, it becomes efficiently

ionized at temperatures significantly higher than the one needed for potassium, and so sodium

ions only become important radially closer to the star. Therefore, in this chapter, I consider

thermal ionization of potassium only.

If both ionization and recombination are driven by gas-phase collisions only, the equilibrium

number densities of free electrons (ne), atomic ions (ni) and neutral atoms (n0) are determined

by the Saha equation,
ne ni

n0

� 1

λ3
e

ge gi

g0

exp

� �I
kBT



, (2.14)

where λe �
a
h2{p2πmekBT q is the thermal de Broglie wavelength of electrons of mass me;

ge � 2, g0 and gi are the degeneracy of states for free electrons, neutrals and ions; and I is the

ionization potential. For potassium I � 4.34 eV, and it is assumed that gi{g0 is the same as

for sodium, gi{g0 � 1{2 (Rouse 1961). Since it is assumed that potassium is the only ionized
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species, charge conservation requires that ne � ni. Then, it also follows that n0 � nK,tot � ne,

where nK,tot is the total number density of potassium ions and neutrals (nK,tot � 1.97�10�7nH2 ,

following Keith and Wardle 2014).

Finally, since it is assumed that free electrons can only recombine in collisions with potas-

sium ions, the recombination rate is given by dne{dt � keineni, where kei � 3�10�11{?T cm3 s�1

(Ilgner and Nelson 2006). The recombination timescale is then trcb � ne{pdne{dtq � 1{pkeineq.

2.2.2.3. Resistivities

In this work, The Ohmic, Hall and ambipolar resistivities are calculated following Wardle

(2007), first expressing them as

ηO � c2

4πσO

, (2.15)

ηH � c2

4πσK

σH

σK
, (2.16)

ηA � c2

4πσK

σP

σK
� ηO. (2.17)

where σO, σH and σP are the Ohmic, Hall and Pederson conductivities, respectively, and σK �a
σ2

H � σ2
P is the total conductivity perpendicular to the magnetic field. The conductivites are

given by

σO � ec

B

¸
j

nj |Zj| βj (2.18)

σH � ec

B

¸
j

nj Zj
1� β2

j

(2.19)

σP � ec

B

¸
j

nj |Zj| βj
1� β2

j

(2.20)

where the sums are over all charged species j (here, these are free electrons and potassium

ions), mj is particle mass, nj the number density, and Zje the charge of each species. Further,

βj is the Hall parameter, the ratio of the gyrofrequency of a particle to its collision frequency

with neutral particles. It is given by

βj � |Zj|eB
mj c

1

γjρn

, (2.21)

where γj is the drag coefficient and ρn is the mass density of neutral particles (and γjρn the

collision frequency with neutrals). The drag coefficient γj is calculated as

γj � xσvyj
mj �mn

, (2.22)
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wheremn � µmH is the mean neutral particle mass, and xσvyj the rate coefficient for momentum

transfer in collisions between charged species j and neutrals. The latter are given by Wardle

(1999),

xσvye � 10�15

�
128 kBT

9πme


1{2

cm3 s�1, (2.23)

xσvyi � 1.6� 10�9 cm3 s�1, (2.24)

for electrons and ions, respectively.

2.2.2.4. Viscosity

If criteria (2.9) and (2.11) are met, the MRI induces turbulence. Turbulence produces a time-

and volume-averaged shear stress, measured in numerical simulations (Sano et al. 2004) to be

! Wrφ "� �1

2
! PB " . (2.25)

In the framework of viscous accretion discs, at any location in the disc the shear stress is given

by eq. (1.4),

Wrφ � �3

2
αP, (2.26)

where I have substituted viscosity in terms of the Shakura-Sunyaev α parameter using eq. (1.16).

Therefore, the MRI-driven α viscosity is

α � 1

3

PB
P

� 1

3β
. (2.27)

The time and volume average symbols have been dropped here for simplicity, and it is implicitly

assumed that at any location in the disc α, PB and P are averages over some finite volume and

time.

Furthermore, numerical simulations show that when the MRI is suppressed by Ohmic dif-

fusion (i.e., in the dead zone, where criterion (2.9) is not met), there is a non-zero shear stress

induced by the adjacent MRI-active zone. The resulting viscosity parameter in the dead zone

is of the order of αDZ � 10�4 (e.g. Dzyurkevich et al. 2010). Purely hydrodynamic instabilities

may also produce a weak stress in the dead zone (e.g. Lesur and Papaloizou 2010; Nelson et al.

2013; Stoll and Kley 2014). In this work I assume that the viscosity parameter is constant in

the dead zone, and explore a range of values (αDZ � 10�5 � 10�3). For simplicity, the same

value is adopted for the viscosity parameter in the zombie zone (where the MRI is suppressed

by ambipolar diffusion). Additionally, in this model αDZ also denotes a minimum value of α.

That is, even if the Ohmic and ambipolar criteria indicate that the MRI should be active, if

eq. (2.27) yields a viscosity parameter lower than αDZ, it is assumed that α � αDZ.

The criteria for the MRI and the value of the MRI-driven viscosity in the active zone all
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depend on the magnetic field strength. The Ohmic and ambipolar criterion are functions of the

vertical component of the magnetic field strength Bz and the total strength B, respectively,

and the value of α in the active zone is also a function of the total strength B. As already noted

above, simulations show that B2
z � B2{25 (Sano et al. 2004), and so one only needs to consider

either Bz or B. Furthermore, following Bai (2011a), I assume that the magnetic field strength is

vertically constant. Then, at any orbital radius, one only needs to consider a single value of B.

In this model, this value is chosen at each radius such that maximizes the accretion efficiency

(viscosity parameter). How exactly this is done is described further below; here I only discuss

the motivation behind this choice. First note that, as discussed in Chapter 1, an arbitrarily

weak magnetic field is required to start the instability. The induced magnetohydrodynamic

turbulence amplifies the magnetic field strength. This cannot go on infinitely, as there is a

maximum B at which the MRI may be active without being quenched by ambipolar diffusion.

Choosing this maximum B would, by definition, yield no active MRI. Instead, it is assumed

that the MRI amplifies the field until a point at which further increase in the magnetic field

strength implies a lower accretion efficiency given the above MRI criteria, i.e., it is assumed

that B is a monotonously increasing function of the accretion efficiency. Similar arguments

were employed by Bai (2011a) and Mohanty et al. (2013).

Finally, in the standard α-disc model discussed above, at any given orbital radius the disc

structure depends on the vertically-averaged viscosity parameter ᾱ, defined in eq. (2.8). The

MRI-driven α varies with height above disc midplane. At a given value of the magnetic field

strength, the Ohmic and ambipolar criteria depend on gas pressure, density and resistivities

(which are also functions of the ionization levels). In general, for a given disc structure (tem-

perature, pressure and density) one could evaluate the ionization levels, resistivities and the

MRI criteria at a number of points above disc midplane. Then, in the MRI-active zones α

follows from eq. (2.27), and in the MRI-dead and zombie zones α � αDZ. A pressure-weighted

(or a density-weighted) average ᾱ could then be evaluated numerically. However, the obtained

structure of the different MRI zones allows for some simplifications. It is found that there is,

generally, a dead zone around disc midplane, a zombie zone in the disc upper layers, and an

active zone in between. Therefore, to calculate ᾱ from a given disc structure, first I use a

root-finding algorithm (specifically, the bisection method) to find the height of the dead zone,

i.e., the height at which the Ohmic criterion eq. (2.9) is fulfilled (hDZ, which may be zero). The

same is repeated to find the height of the boundary between the active and the zombie zone

(hZZ). The vertically-averaged MRI-driven ᾱ is then given by

ᾱ �
³hDZ

0
αDZPdz �

³hZZ

hDZ

1
3
PBdz �

³8
hZZ

αDZPdz³8
0
Pdz

, (2.28)

where I use eq. (2.27) for the value of α in the active zone. Since PB is vertically-constant, the

second term in the numerator is calculated trivially. Furthermore, since it is assumed that the
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disc is vertically isothermal, pressure as a function of height is given by eq. (2.2) and so the rest

of the integrals are calculated using the well-known Error function.

2.2.3. Self-consistent α-disc model

The key parameters of the model presented here are the disc accretion rate 9M , stellar mass M�,

stellar radius R� and the value of viscosity parameter in the dead zone αDZ. If these parameters

are specified, a self-consistent solution for the disc structure can be obtained as follows. At a

given orbital radius and an input vertically-averaged viscosity parameter ᾱin, equations (2.4,

2.2), along with the ideal gas law, yield the temperature, pressure and density at an arbitrary

height above disc midplane. Then, as described in Section 2.2.2, this inferred disc structure

can be used to calculate the MRI-driven ᾱout. At a fixed value of the magnetic field strength

B, I use a root-finding method (bisection) to find the self-consistent value ᾱin � ᾱout.

At a fixed value of B, the solution appears to always be unique. However, there is an infinite

number of solutions with varying B. At low enough and high enough B the only solution is the

one where the MRI is completely suppressed, ᾱin � ᾱout � αDZ. In the innermost disc, i.e., at

short orbital radii, there is a range of B for which the MRI is active, and ᾱin � ᾱout � ᾱ peaks

at some value of B. This determines our chosen solution. At larger orbital radii, the MRI is

suppressed at any value of B, as expected in the absence of non-thermal sources of ionization;

there ᾱ � αDZ. At any radius, a scan over B is performed in the range 10�5 � 103 G. If there

is a range of values for which an MRI-active zone exists, ᾱ is maximized as a function of B

within that range.

The numerical procedures described in this section have been implemented as an extension

of the code originally developed by S. Mohanty.

2.3. Results

Section 2.3.1 presents an in-depth analysis of the ionization, MRI-driven viscosity and the

structure of the disc, for a fiducial model with a gas accretion rate 9M � 10�9 Md yr�1, stellar

mass M� � 1 Md and a dead-zone viscosity parameter αDZ � 10�4. I also analyse the stability

of the obtained steady-state disc structure to surface density perturbations, and consider the

validity of the strong-coupling assumption. In Section 2.3.2, I consider the effects of varying the

above three model parameters. For a Solar mass star (the fiducial choice), I assume the stellar

radius is R� � 2.33 Rd, based on the stellar models of Baraffe et al. (1998) and a stellar age of

1 Myr. In all models the inner disc boundary is at the stellar radius and the outer boundary is

at the orbital radius outwards from which the MRI is completely suppressed.
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Figure 2.1: Fractional ionization (ne{nH2) and molecular hydrogen density (nH2) as a function
of height above disc midplane (in units of disc scale height zH at each radius), at different
orbital radii for the fiducial disc model.

2.3.1. Fiducial model

2.3.1.1. Ionization and resistivities

Molecular hydrogen is by far the most abundant species in discs, and so the number density

of neutral particles and the total number density of particles are approximately equal to that

of molecular hydrogen, nn � ntot � nH2 . Therefore, when considering the ionization levels in

the disc, the relevant quantity is the ratio ne{nH2 (where ne � n�, since potassium is the only

ionized species). Fig. 2.1 shows ne{nH2 for the fiducial disc model as a function of height above

disc midplane (z), at different orbital radii. For reference, also shown is the number density

of molecular hydrogen (nH2). Two trends emerge. First, as expected, the fractional ionization

near the disc midplane (at small heights) decreases with orbital radius (this is further discussed

below). Second, at all radii ne{nH2 increases with height above the midplane. The latter follows

simply from the solution to the Saha equation: since the temperature is vertically constant, and

density decreases with height, the fraction ne{nH2 increases with height. As nH2 Ñ 0 towards

disc surface, ne Ñ nK.

Fig. 2.2 shows the resulting ambipolar, Ohmic and Hall resistivities (ηA, ηO and |ηH|, respec-

tively). The Ohmic resitivity is inversely proportional to the fractional ionization and directly

proportional to the density of neutrals (through its dependence on the Hall parameter of each

charged species). As a result, the Ohmic resitivity decreases with height above disc midplane at

all radii. The reverse is true for the ambipolar and Hall resistivities, which both increase with

the decreasing gas density and thus with height. To compare the three resistivities, Fig. 2.3
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Figure 2.2: Ambipolar (ηA), Ohmic (ηO) and Hall (|ηH|) resistivities as a function of height
above disc midplane (in units of disc scale height zH at each radius), at different orbital radii
for the fiducial disc model.

shows in different colours different regions of the disc according to the relative ratios between

the three resistivities. High in the disc atmosphere ambipolar resistivity dominates, and lower

below, in the bulk of the disc, Hall resistivity. For this fiducial model, Ohmic resistivity is not

dominant at any location in the disc.

2.3.1.2. Active, dead and zombie zones

Fig. 2.4 shows the regions in the disc where the MRI is active, the dead zone (where the MRI

is suppressed due to Ohmic diffusion, and the Ohmic Elsasser number Λ   1), the zombie zone

(where the MRI is suppressed due to ambipolar diffusion, and the plasma parameter β   βmin).

Also shown is the Hall zone (where Hall Elsasser number χ   1), where the Hall effect can be

expected to alter the MRI and the disc structure. This is, however, neglected, and the Hall

zone is shown only as an indication of where the results presented here might be inapplicable

(see discussion at the end of this section). Furthermore, the midplane values of ne{nH2 , β and

Λ are shown as functions of radius in Fig. 2.5, and Fig. 2.6 shows the magnetic field strength

B.

From the inner disc edge to the outer edge where the MRI becomes completely suppressed,

three distinct regions appear as a result of the competing influences of Ohmic and ambipolar

diffusion. From the inner disc edge to about 0.05 AU, the height of the active zone is limited by

the ambipolar diffusion only. Due to the high ionization levels near disc midplane, as well as

low densities (discussed further below), Ohmic resistivity is low in this region, and Λ " 1. To
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Figure 2.3: Relative importance of the Ohmic (ηO), Hall (|ηH|) and ambipolar (ηA) resistivities
as a function of location in the disc, for the fiducial disc model. The top panel shows vertical
location in units of height above disc midplane; the bottom panel shows vertical location in units
of column density measured from the disc surface. The dashed line in both panels indicates
one pressure scale height.
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Figure 2.4: The MRI-active (Λ ¡ 1 and β ¡ βmin), dead (Λ   1), zombie (β   βmin) and Hall
(χ   1) zones as a function of disk location. The top panel shows vertical location in units
of height above disc midplane; the bottom panel shows vertical location in units of column
density measured from the disc surface. The dashed line in both panels indicates one pressure
scale height. Note that the active zone exists at all orbital radii shown here, although beyond
0.09 AU it is a thin layer sandwiched between the dead and zombie zones
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Figure 2.5: Top: Fractional abundance of free electrons as a function of radius, expressed
relative to both the number density of hydrogen molecules (ne{nH2 ; left axis) and number
density of potassium (ne{nK; right axis). Middle: Plasma β parameter, minimum value βmin

required for active MRI, and ambipolar Elsasser number Am. Bottom: Ohmic Elsasser number
Λ.
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Figure 2.6: Magnetic field strength B as a function of radius, for the fiducial disc model. Filled
circles are the model results, and the solid line is a combined polynomial fit to these results.

maintain the highest accretion efficiency at each radius against ambipolar diffusion, magnetic

field strength decreases with radius.

From 0.05 AU to about 0.09 AU, Λ � 1. This region still features no dead zone. However,

Ohmic diffusion indirectly influences the disc structure. The most efficiently accreting state

in this region is that in which the magnetic field strength B increases with radius, to keep

midplane Λ at unity. On the other hand, this results in an increased suppression of the MRI

by ambipolar diffusion, and so the active zone diminishes in this region.

At about 0.09 AU, the solution changes qualitatively. The MRI-active zone is here a thin

layer between the dead zone around midplane, and the zombie zone in the disc upper layers.

As the ionization levels and the magnetic field strength drop even further, this layer becomes

thinner and thinner, and at about 0.25 AU the MRI is completely suppressed.

The Hall zone mostly overlaps with the dead zone in Fig. 2.4, and also covers parts of the thin

active layer. The Hall effect on accretion is dependent on the alignment between the magnetic

field threading the disc and the rotation axis of the disc. It could either act to completely

suppress the MRI (moving the outer boundary of the model shown here inwards), or to drive

laminar accretion near disc midplane. In the latter case, the influence on the disc structure

would depend on the ratio of the accretion efficiencies in the MRI-active and the Hall zone.

The fact that the Hall zone overlaps with a significant part of (although not with the entire)

inner disc indicates importance of including it in future studies. However, as the accretion is

laminar in the Hall-dominated regions, it cannot be trivially accounted for in the viscous disc

framework.

2.3.1.3. Viscosity, disc structure and pressure maximum

The vertically-averaged viscosity parameter ᾱ that results from the discussed structure of active,

dead and zombie zones is shown in Fig. 2.7 as a function of radius. At the inner disc edge, where

nearly all of the potassium is ionized, ᾱ � 0.08. Radially outwards ᾱ decreases until at about
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Figure 2.7: Vertically-averaged viscosity parameter ᾱ as a function of radius for the fiducial
disc model. Filled circles represent the model results; the solid line is a combined polynomial
fit to these results. The outer boundary of the model is at � 0.25 AU, the radius at which ᾱ
decreases to the minimum, dead-zone value αDZ � 10�4. Beyond this radius it is assumed that
ᾱ � αDZ (dashed horizontal line).

0.25 AU it reaches the minimum value ᾱ � αDZ. This is the location at which the thin MRI-

active layer completely disappears in Fig. 2.4. Outwards from this location it is simply assumed

that ᾱ remains at the constant dead-zone value.

Fig. 2.8 shows the resulting disc temperature, midplane density and pressure, and the surface

density, as functions of radius. Most importantly, in line with expectations, the inner disc

features a local gas pressure maximum. The pressure maximum is located at �0.25 AU, where

ᾱ falls to the minimum value. Interestingly, this corresponds to the location where the MRI

becomes suppressed at all heights, but not to the inner edge of the dead zone (which occurs

where the MRI is suppressed at midplane but still survives higher up), which appears at about

0.09 AU (see Fig. 2.4). Therefore, this potential pebble trap lies in the region where the disc

midplane is only weakly turbulent. The location of the pressure maximum is also the location of

the overall maximum in the surface density. Inwards of this location, the MRI-driven accretion

efficiency (i.e., ᾱ) increases; at a constant gas accretion rate, this leads to a decrease in the

surface density. Finally, note that inwards of the pressure maximum, the temperature profile is

nearly flat. The temperature at the location of the pressure maximum is �1000 K, as expected

from the ionization potential of potassium. Outwards from the pressure maximum, temperature

decreases with radius much more steeply.

2.3.1.4. Viscous instability

The models considered here are steady-state models, meaning that all quantities are assumed

to be constant in time, with a gas accretion rate that is also constant at all radii. A viscous disc

that is in steady-state, however, can still be unstable to surface density perturbations (viscously

unstable, Lightman and Eardley 1974; Pringle 1981). Consider the time evolution equation for
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Figure 2.8: Various disc structure quantities as a function of radius, for the fiducial disc model.
Top left: (Vertically constant) temperature. Top right and bottom left: Midplane pressure
and midplane density. Bottom right: Surface density. Solid lines show the results of the self-
consistent MRI-accreting model, ending at the radius where ᾱ falls to αDZ. Beyond this radius,
dashed lines show the results based on an assumption that ᾱ � αDZ.

the surface density, eq. (1.11). In steady-state, BΣ{Bt � 0, corresponding to a solution Σ � Σ0.

Then, consider a small perturbation, Σ0 Ñ Σ0 � δΣ, leading to a perturbation in x � ν̄Σ,

x0 Ñ x0 � δx, where δx � pBx{BΣqδΣ. Here, note that in a thin disc, both the hydrostatic

and thermal equilibria are established on timescales much shorter than the viscous timescale,

so on a viscous timescale ν̄ can be considered a function of Σ only (at a given orbital radius).

Substituting δΣ, δx into eq. (1.11) yields

Bpδxq
Bt �

� Bx
BΣ



1

r

B
Br
�

3 r1{2 B
Br
�
r1{2 δx

��
. (2.29)

This is a diffusion equation in x, with a diffusion constant Bx{BΣ. If Bx{BΣ ¡ 0, a small

perturbation δx diminishes. However, if Bx{BΣ   0, a small perturbation grows, i.e., leads to

an instability.

This instability criterion can be re-formulated in terms of the steady-state solutions that

are calculated here, if it is assumed that, following the perturbation in the surface density, the

disc viscosity, temperature and the accretion rate quickly evolve to the steady-state solution in

which the surface density equals the perturbed value Σ0 � δΣ. Under that assumption, 9M9x,

and the instability develops if B 9M{BΣ   0, or, equivalently,

BΣ{B 9M   0. (2.30)

The above assumption is likely to hold since the disc viscosity and accretion come from the

MRI, which develops on the dynamical timescale (the thermal timescale also being shorter than
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Figure 2.9: Surface density Σ as a function of radius, for a number of steady-state model
solutions with M� � 1 Md, αDZ � 10�4 and varying accretion rate in the range 9M � 10�9.3 �
10�8.7 Md yr�1. Outwards of �0.03 AU, at a fixed orbital radius the surface density increases
with decreasing accretion rate.

the viscous timescale). Therefore, the steady-state models with varying gas accretion rate can

be used to check if the inner disc is viscously unstable.

This is done in Fig. 2.9 and Fig. 2.10. Fig. 2.9 shows the surface density as a function of

radius for a number of steady-state solutions with varying gas accretion rate around the fiducial

value of 9M � 10�9 Md yr�1. The plot clearly shows that beyond �0.03 AU the surface density

increases with decreasing 9M . Fig. 2.10 shows this more formally, i.e., it shows the derivative

BΣ{B 9M evaluated using steady-state solutions at 9M � 10�9 Md yr�1 � 1%, with BΣ{B 9M   0

outwards of �0.03 AU. Therefore, a large part of the inner disc is unstable to surface density

perturbations, or viscously unstable.

What would be the outcome of this instability? If a positive perturbation in surface density

(i.e., an over-density, δΣ ¡ 0) leads to a lower gas accretion rate, the over-density would grow.

Conversely, if δΣ   0, producing a local under-density, the accretion rate increases, expelling

even more material from the under-density. Therefore, the viscous instability would create

axisymmetric over- and under-densities, i.e., rings and gaps in the disc.

Finally, consider the viscosity ν̄ in terms of the Shakura-Sunyaev ᾱ parameter. The insta-

bility criterion can then be written as (within the steady-state formulation)

Bpln ᾱq
Bpln 9Mq � 2

Bpln csq
Bpln 9Mq ¡ 1. (2.31)

The first and the second term on the left-hand side are plotted in Fig. 2.11 (from the same

calculation as Fig. 2.10). This explicitly shows that it is the dependence of the MRI-driven ᾱ

on the gas accretion rate (and the surface density) that drives the instability, while variations

in the sound speed cs are small.
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Figure 2.10: Derivative |BΣ{B 9M | as a function of radius for the fiducial disc model. The solid
line denotes BΣ{B 9M ¡ 0 (viscously stable) while the dashed line denotes BΣ{B 9M   0 (viscously
unstable). Outwards of �0.03 AU, disc is viscously unstable.

Figure 2.11: Derivatives Bplnᾱq{Bpln 9Mq (top) and 2Bplncsq{Bpln 9Mq (bottom) as a function of
radius for the fiducial disk model.
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Figure 2.12: Rosseland mean opacity (in cm2 g�1) calculated a posteriori for the fiducial disc
model, as a function of disc location (with height in units of vertical column density). The
dashed curve denotes one pressure scale height. Over most of the region of interest in the disc,
the derived opacity is within a factor of two of 10 cm2 g�1, consistent with the a priori assumed
value of opacity.

2.3.1.5. Opacity

In all of the models presented in this chapter, disc opacity is assumed to be a constant, κ �
10 cm2 g�1. In general, disc opacity is a function of pressure and temperature. The adopted

constant value is representative of opacity due to small dust grains. Fig. 2.12 shows an a

posteriori calculation of opacity due to dust grains, and also due to gas atomic and molecular

lines (Zhu et al. 2009), using the disc temperatures and densities inferred from the steady-state

model. In the bulk of the inner disc the calculated value is roughly in agreement with the

adopted value. The disagreement is greatest in the innermost disc, where the temperature is

higher than the sublimation temperature of dust grains, since the opacity adopted in this work

is inaccurate when dust is no longer the contributing species.

2.3.1.6. Validity of the strong-coupling limit

The models presented here assume that ambipolar diffusion suppresses the MRI based on the

criterion given by eq. (2.11). This criterion is based on numerical simulations of the MRI

performed in the strong-coupling limit (referring to the coupling between ions and neutrals in

the gas, and the way both jointly respond to the magnetic field; Bai and Stone 2011). The

strong-coupling limit is valid if ρn " ρi, i.e. if the density of neutrals is much greater than

the density of ions, and if the recombination timescale trcb for ions is much shorter than the

dynamical timescale, i.e. trcb ! tdyn. The first condition is easily fulfilled here, since the only

ionized species is potassium.

To check whether the second condition is fulfilled, we can calculate the recombination

timescale trcb as described in Section 2.2.2.2 and compare it to tdyn. The result is shown

in Fig. 2.13. The region where trcb   tdyn is shown in green here, showing that this condition
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Figure 2.13: Comparison of the recombination timescale (trcb) and the dynamical timescale
(tdyn) as a function of location in the fiducial disk model. The solid black curve denotes the
disc midplane, and the dashed curve denotes one pressure scale height. The green region shows
where trcb   tdyn (and thus where the single-fluid approximation is valid).

is fulfilled only near disc midplane inwards of �0.03 AU. This result indicates that collisional

recombinations are too slow to establish the ionization equilibrium on the orbital timescales (at

which the MRI develops). It thus follows that more realistic (more complex) chemical networks

ought to be considered in order to rely on eq. (2.11) (such as in the work by Bai 2011b).

2.3.2. Varying model parameters

2.3.2.1. Viscosity in the dead zone

In the results presented so far, the viscosity parameter in the dead zone (and the zombie zone)

is assumed to be αDZ � 10�4. However, this is an uncertain parameter, with weak constraints

from numerical simulations. To explore the sensitivity of the inner disc structure to this value,

in Figs. 2.14–2.17 I show the results for two models in which the accretion rate 9M and the

stellar mass M� are the same as in the fiducial model, but viscosity parameter in the dead zone

is taken to be αDZ � 10�5 and 10�3.

Fig. 2.15 shows that, since αDZ is the minimum value of ᾱ, its precise value can drastically

change the location of the pressure maximum rPmax (where ᾱ falls to αDZ). Larger αDZ implies

a smaller rPmax . In fact, since outwards of �0.05 AU ᾱ decreases approximately as a power-law

of radius, there is a simple (approximate) relationship between the two, rPmax9α�1{4
DZ (see also

Fig. 2.17).

In terms of other disc features, the models with varying αDZ appear to be qualitatively the

same to the fiducial model. The value of αDZ does affect the magnetic field strength outwards

from �0.09 AU, where larger αDZ requires a smaller B (shown in Fig. 2.15). This corresponds

to the region where a dead zone exists around disc midplane (see Fig. 2.14). In this region, the

dead-zone viscosity contributes significantly to the total vertically-averaged viscosity parameter.
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Figure 2.14: Same as Fig. 2.4, but now for αDZ � 10�3 (left) and 10�5 (right).

Figure 2.15: Left: Magnetic field strength B as a function of radius. Right: ᾱ as a function
of radius. Both figures show results for the fiducial model, αDZ � 10�4 (filled black circles),
results for αDZ � 10�3 (empty circles) and αDZ � 10�5 (filled grey circles).
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Figure 2.16: Various disc structure quantities as a function of radius: same as Fig. 2.8, but now
for αDZ � 10�3 (left) and 10�5 (right).

Figure 2.17: Radial location of the pressure maximum as a function of αDZ, showing the
approximate power-law dependence rPmax9αDZ

�1{4.
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Figure 2.18: Same as Fig. 2.4, but now for an accretion rate 9M � 10�8 Md yr�1 (left) and
10�10 Md yr�1 (right).

2.3.2.2. Accretion rate

Next, I discuss the effects of varying the gas accretion rate 9M while keeping the stellar mass

M� and the viscosity parameter in the dead zone αDZ constant. Results for a model with
9M � 10�8 Md yr�1 and a model with 9M � 10�10 Md yr�1 are shown in Figs. 2.18–2.22.

The main effect of varying 9M is that the viscous dissipation rate changes directly propor-

tionally. Thus, higher 9M makes the disc hotter, and more ionized, increasing the MRI-driven ᾱ

at any given radius (where the MRI is active). For the outer regions, this means that for higher
9M the pressure maximum moves radially outwards, approximately as a power law rPmax9 9M1{2

(see Fig. 2.22). In the inner regions, the viscosity parameter saturates at around ᾱ � 0.1 (shown

in Fig. 2.20). This happens because in the innermost disc (at high enough accretion rate) all of

potassium becomes ionized.

Some qualitative differences also arise in where the disc is MRI-active. Fig. 2.18 shows that

for 9M � 10�10 Md yr�1, the midplane is not turbulent anywhere in the disc. Additionally,

Fig. 2.18 shows for 9M � 10�8 Md yr�1 the Hall zone (where the Hall effect might significantly

affect the accretion and the disc structure) extends inwards of the dead zone inner edge, implying

that at high 9M the pressure maximum might not move as outwards as implied by Fig. 2.22.
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Figure 2.19: Same as Fig. 2.3, but for an accretion rate 9M � 10�10 Md yr�1. This is the only
one of the disc models shown here in which an Ohmic-dominated region arises (red region in
bottom right corner of both panels).

Figure 2.20: Left: Magnetic field strength B as a function of radius. Right: ᾱ as a function of
radius. Both figures show results for the fiducial model with 9M � 10�9 Md yr�1 (filled black
circles), a model with 9M � 10�10 Md yr�1 (empty circles) and 9M � 10�8 Md yr�1 (filled grey
circles).
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Figure 2.21: Same as Fig. 2.8, but now for an accretion rate 9M � 10�8 Md yr�1 (left) and
10�10 Md yr�1 (right).

Figure 2.22: Radial location of the pressure maximum as a function of the accretion rate 9M ,
showing the approximate power law dependence rPmax9 9M1{2.
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Figure 2.23: Same as Fig. 2.4, but for now for a stellar mass M� � 0.1 Md.

2.3.2.3. Stellar mass

Figs. 2.23–2.25 show the results for a model with the fiducial 9M and αDZ, but with a stellar

mass of M� � 0.1 Md (and a stellar radius R� � 1 Rd). These results show that the structure

of the inner disc around stars of different mass is virtually the same, only shifted radially

inwards. The location of the pressure maximum scales with the stellar mass as a power law,

rPmax9M�1{3
� . This follows from the Shakura-Sunyaev equations, in which the stellar mass and

orbital radius can always be combined into M�{r3 (neglecting fr, since for r " R�, fr � 1).

Note that these models do not include heating of the disc by stellar irradiation, and so the

stellar radius R� only affects the disc structure through fr, which can be neglected at r larger

than a few R�.

2.4. Discussion and conclusions

I used the Shakura-Sunyaev α-disc model coupled with a parametrization of the MRI-driven

α to investigate the structure of the thermally-ionized inner regions of protoplanetary discs in

steady-state. I produced models of discs with various gas accretion rates (10�10–10�8 Md yr�1),

stellar masses (0.1–1 Md) and minimum values of α (i.e., value of α in MRI-dead zones; 10�5–
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Figure 2.24: Left: Magnetic field strength B as a function of radius. Right: ᾱ as a function of
radius. Both figures show results for the fiducial model with M� � 1 Md (filled black circles)
and a model with M� � 0.1 Md (empty circles).

Figure 2.25: Same as Fig. 2.8, but now for a stellar mass M� � 0.1 Md.
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10�3).

All of the models feature a local gas pressure maximum at a few tenths of an AU from

the star. Radially outwards from the pressure maximum the MRI is completely suppressed;

just inwards of it the MRI is suppressed around disc midplane, but an MRI-active zone exists

above (and below) the midplane. It is only closer to the star (and not in all models) that the

disc midplane becomes MRI-active. In other words, at the location of the pressure maximum,

the disc midplane is weakly-turbulent. This could have an important impact on the growth

and evolution of pebbles that become trapped at this location. The exact orbital radius of

the pressure maximum scales with model parameters via simple power-laws: rPmax9α�1{4
DZ , M

1{3
�

and 9M1{2.

These models include suppression of the MRI by Ohmic and ambipolar diffusion, but not

the Hall effect. To explore how the Hall effect would modify the obtained results, I calculated

which regions of the disc have a Hall Elsasser number χ   1. This Hall zone largely coincides

with the Ohmic dead zone, and partially with the MRI-active zone. Therefore, the Hall effect

could move the pressure maximum radially inwards, if it simply shuts off the MRI within this

Hall zone. The effects are less clear if the Hall effect leads to an increased efficiency of accretion,

in which case the arising disc structure would depend on the physics at the boundary between

the MRI-viscous, turbulent region and Hall-dominated inviscid, laminar region.

Note also that the suppression of the MRI by ambipolar diffusion is considered in the strong-

coupling limit, which is found to be violated over most of the disc due to long recombination

timescales. However, the models presented here consider only a single ionized species, and a

more complex chemical network would have more recombination pathways. In particular, small

dust grains can adsorb free charges, which then recombine on grain surfaces faster than in the

gas phase. Including dust grains in the chemistry would have far-reaching consequences, since

this might effectively reduce the ionization levels compared to the case where grains are absent,

and might lead to a stronger suppression of the MRI (Sano et al. 2000; Ilgner and Nelson

2006; Wardle 2007; Salmeron and Wardle 2008; Bai and Goodman 2009), although dust can

also positively contribute to the disc ionization state at high temperatures (Desch and Turner

2015).

Additionally, the above results show that the location of the pressure maximum does not

correspond to the dead zone inner edge, but rather to the active zone outer edge. However,

there could be no such outer edge in a disc that is also ionized by stellar X-rays and cosmic rays.

As discussed in Section 1.2.3, at short orbital radii the X-rays and the cosmic rays may activate

the MRI in the disc upper layers. The thermally-ionized active zone in the inner disc would

then smoothly connect to the outer disc, see Fig. 1.5. In that case, the exact location of the

pressure maximum, coinciding with the minimum in disc viscosity, would additionally depend

on the relative importance of thermal and non-thermal sources of ionization. In Chapters 5

and 6 I will revisit the inner disc model, and consider both the effects of X-rays and cosmic

rays, and the dust grains.
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Finally, at a given orbital radius, the vertically-averaged viscosity parameter increases with

gas accretion rate so much that the gas surface density decreases, BΣ{B 9M   0. This implies

that the steady-state inner disc is unstable to perturbations in the gas surface density. This

so-called viscous instability could lead to gas concentrating into rings. However, further study

is required to determine if the disc is stabilized when a more detailed disc chemical and thermal

structure is considered.
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3 Early stages of planet formation in the

inner disc

3.1. Introduction

In Chapter 2 I discussed a steady-state model of the gas in the inner regions of protoplanetary

discs. In this chapter, I examine the evolution of dust in the obtained gas structure.

The main goal of this chapter is to examine if the evolution of dust leads to enhancement

of solids at short orbital periods, as necessary for the formation of the super-Earths. To create

a dust-rich inner disc, the radial drift of dust particles from the outer disc needs to be stopped

or slowed down. The radial drift of small particles (that are in the Epstein drag regime) slows

down closer to the star in conventional disc models, i.e., in which the gas density and pressure

increase radially inwards (Youdin and Shu 2002; Youdin and Chiang 2004; Birnstiel et al. 2010;

2012; Drazkowska et al. 2016). This can concentrate dust in the inner disc to some extent. On

the other hand, if dust grains are large and thereby only marginally coupled to the gas, the

radial drift can be fully stopped inside an axisymmetric local gas pressure maximum that is

expected to form if the accretion in the inner disc is driven by the MRI (Kretke et al. 2009;

Dzyurkevich et al. 2010; Drazkowska et al. 2013; Chatterjee and Tan 2014). How coupled the

dust grains are to the gas depends on their size (Weidenschilling 1977). Therefore, I consider

both the spatial evolution of the dust, and the evolution of the dust grain size, including growth,

fragmentation and radial drift.

Furthermore, to form the solid core of a planet, accumulated dust grains must grow larger.

As discussed in Chapter 1, collisions and sticking between small dust grains produce millimetre

to centimetre-sized pebbles. These pebbles do not stick as efficiently as small grains, raising

the question of how solids proceed to grow beyond these sizes. One suggestion is that larger

solid bodies, tens of kilometres in size (so-called planetesimals), may grow directly from small

pebbles, by the concentration of pebbles into dense clumps that become gravitationally unstable

(Youdin and Goodman 2005). Following dust evolution calculations in sections 3.2 and 3.3, I

investigate the possibility of planetesimal formation in the inner disc in Section 3.4.

An important caveat to the calculations presented in this chapter is that the dust is evolved

in a gas disc that is fixed in time. Dust grains can act to suppress the MRI by lowering

the coupling between the gas and the magnetic field (e.g. Sano et al. 2000; Ilgner and Nelson
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2006), and could thus significantly alter the gas disc structure. Moreover, at high dust-to-gas

ratios, which I show can be achieved in the inner disc, dust becomes dynamically important

and the dynamical back-reaction on the gas should be taken into account. In Section 3.5, these

effects, and how they might influence the obtained results, are discussed qualitatively. The

self-consistent feedback of dust enhancement on the gas disc structure should be addressed in

future studies.

3.2. Methods

3.2.1. Gas disc model

The structure of the gas disc (gas surface density, temperature, pressure and viscosity) is

obtained from the steady-state models of the inner protoplanetary gas disc presented in Chapter

2. In these models the viscosity (α parameter1) is determined self-consistently with the disc

structure (Shakura and Sunyaev 1973), thermal ionization and MRI criteria (Bai and Stone

2011; Bai 2011a). The parameters of the model are the stellar mass and radius (M�, R�),

gas accretion rate ( 9Mg), and assumed viscosity parameter inside the MRI-dead zones (αDZ).

Recall that αDZ is also the minimum viscosity parameter, in the sense that α � αDZ even

if the MRI is active, if it implies a lower value. In this work I primarily use M� � 1 Md,

R� � 2.33 Rd, 9Mg � 10�8 Md yr�1 and αDZ � 10�4. The disc structure for these parameters is

shown in Fig. 3.1. The local gas pressure maximum is at an orbital distance of � 0.7 AU, and

temperature and surface density at that location are � 1000 K and � 5000 g cm�2, respectively.

Outwards from the pressure (and the surface density) maximum the MRI is suppressed and

α � αDZ.

Consider, briefly, how the disc structure depends on these parameters. For a higher gas

accretion rate 9Mg the radial α profile is roughly an outward-translated version of the one shown

in the top panel of Fig. 3.1, and inward-translated for a smaller 9Mg. The radial location of the

local gas pressure maximum scales with the accretion rate approximately as 9M
1{2
g . For a higher

αDZ the α falls to this value closer to the star, and vice versa, but the value of α as a function of

orbital distance remains almost the same otherwise; as a result, the radial location of the local

pressure maximum scales with the minimum dead-zone viscosity as α
�1{4
DZ . Furthermore, inwards

of the pressure maximum the temperature has to be sufficiently high for thermal ionization of

potassium to support the MRI and so it is always larger than 1000 K, regardless of the exact

choice of 9Mg and αDZ. For a steady-state vertically-isothermal α-disc the accretion rate is
9Mg � 3πc2

sαΣg{Ω (ignoring an additional factor which depends on the boundary condition at

the inner disc edge, and which becomes unimportant far away from the edge). Further assuming

(as is approximately the case) that the temperature at the location of the pressure maximum

1For simplicity, in this chapter I denote the vertically-averaged viscosity parameter ᾱ simply as α.
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is constant regardless of the disc parameters, it follows that the maximum gas surface density

approximately depends on the disc parameters2as 9M
1{4
g and α

�5{8
DZ .

The dynamical back-reaction of the dust on the gas and the effect of the dust on the MRI

are neglected in this chapter, and the timescale on which the dust evolves is much shorter than

the Myr timescale on which the accretion rate evolves. Thus, the structure of the gas disc is

held fixed, i.e. not evolved in time.

3.2.2. Dust evolution model

The dust particle size distribution is evolved using the two-population model of Birnstiel et al.

(2012). The dust surface density Σd is evolved using the advection-diffusion equation

BΣd

Bt � 1

r

B
Br
�
r

�
Σdū�DgasΣg

B
Br
�

Σd

Σg



�
� 0 , (3.1)

where r is the cylindrical radius, ū is the dust advection velocity, Dgas is the gas diffusivity

(assumed to be equal to the MRI-driven gas viscosity) and Σg is the gas surface density.

The dust advection velocity is a sum of the velocities due to advection with the accreting

gas and radial drift. For particles with Stokes number Sti � πρsai{2Σg (with ρs the internal

density of the dust and ai the particle size), and adopting the terminal velocity approximation

(e.g. Takeuchi and Lin 2002), the dust velocity is given by

ui � 1

1� St2
i

ugas � 2

Sti � St�1
i

udrift , (3.2)

where

udrift � c2
s

2vK

d lnP

d lnr
, (3.3)

with cs the speed of sound, vK the Keplerian velocity and P the midplane gas pressure. Small

particles (St! 1) move with the gas, and larger particles can move faster or slower than the

gas, depending on the sign of the pressure gradient.

In the Birnstiel et al. (2012) model the dust surface density Σd and dust advection velocity

ū are the sum and the mass-weighted average, respectively, of the surface density and velocity

of two populations of particles: small monomer-sized particles (a0 � 1µm) and large particles

(a1). The size of the large particles evolves in time and space. At first, dust grains grow, starting

at the monomer size. Then, at each radius the size of the large particles is set by whichever

process yields the smallest size limit: radial drift (adrift), where grains larger than adrift radially

drift more quickly than they can grow; drift-fragmentation (adf), where grains larger than adf

fragment due to relative radial drift velocities; or turbulent fragmentation (afrag), where grains

2Derivation of the scalings from the Shakura-Sunyaev equations takes into account the small correction due
to the dependence of the temperature on the disc parameters and yields that the maximum surface density

depends on the disc parameters as 9M
3{10
g and α

�13{20
DZ . These small corrections are omitted here for simplicity.
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Figure 3.1: Gas disc structure from the steady-state model for M� � 1 Md, R� � 2.34 Rd,
9Mg � 10�8 Md yr�1 and αDZ � 10�4. From top to bottom: α parameter, midplane pressure,

surface density and temperature, as functions of radius. Location of the local gas pressure
maximum due to the MRI is indicated by the vertical dashed line.
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larger than afrag fragment due to relative velocities induced by turbulence.

In the innermost protoplanetary disc, inside the water ice line, the main dust species are

silicate grains. Therefore, the bulk density of particles is set to ρs � 3 g cm�3, and the critical

fragmentation velocity to uf � 1 m s�1, based on experiments on collisions of silicate grains

(Blum and Münch 1993; Beitz et al. 2011; Schräpler et al. 2012; Bukhari Syed et al. 2017) of

similar size (the regime applicable in the Birnstiel et al. 2012 model used here).3

The viscosity parameter α due to the MRI-turbulence from the gas disc model is determined

as a vertical average at each radius. Here, it is assumed that this vertically-averaged α equals

the strength of turbulence that particles feel, which in turn determines the particle size due

to turbulent fragmentation (afrag) and the radial turbulent mixing (diffusivity Dgas). However,

the viscosity (and the level of turbulence) can be different at the disc midplane compared to

the upper layers of the disc, depending on where the non-ideal magnetohydrodynamic effects

suppress the MRI. Dust tends to settle towards midplane, its scale height being determined

by the balance between gravitational settling and vertical turbulent mixing (e.g. Youdin and

Lithwick 2007). The use of a vertically-averaged α could thus be invalid in regions where the

disc midplane is weakly turbulent. Nevertheless, I proceed with this assumption and check

the robustness of the obtained results by swapping the vertically-averaged α parameter for the

midplane value in one run, and recover qualitatively the same results.

3.2.3. Numerical methods

The advection-diffusion equation (3.1) is integrated using an explicit first order in time and

second order in space finite element method. The advection term is integrated with an upwind

scheme using a van Leer flux limiter. The numerical scheme has been developed and described

in detail by Owen (2014). The modification made for this work, implemented by J. E. Owen,

is the inclusion of the Birnstiel et al. (2012) dust evolution algorithm. The simulations in this

work use 262 cells in the radial direction with a 0.002 AU spacing inwards of 0.4 AU and a

0.01 AU spacing outwards. The inner boundary is set to 0.016 AU, and the outer boundary is

set to 1 AU (i.e. outside the pressure maximum, but inside the water ice line). The time-step is

set with respect to the spatial resolution, the advection speed and the diffusion coefficient, so

that it obeys the Courant-Friedrichs-Lewy condition. Following Birnstiel et al. (2012), at each

time step the size of the large particles is updated to the smallest of the four size limits (agrowth,

adrift, adf or afrag). The outer boundary condition is a constant dust accretion rate. This is not,

3Note that simulations of grain collisions (Meru et al. 2013) indicate that the critical fragmentation velocity
could be significantly higher for porous grains than for compact ones, for a range of porosities that is not robustly
covered by the above experiments. In the fragmentation-limited regime particle size depends quadratically on uf .
If porosity is important, and uf is higher by, e.g., a factor of 10, particle sizes (and their Stokes number) would
be larger by a factor of 100, strongly affecting how coupled particles are to the gas flow and how susceptible to
radial drift. However, there is a variety of processes that lead to particles becoming less porous (compactified)
– e.g., collisions that result in coagulation (simulations by Meru et al. 2013, experiments by Kothe et al. 2010),
collisions that result in bouncing (Weidling et al. 2009) and collisions of larger grains with monomers (Schräpler
and Blum 2011). Therefore, I use the compact grain value of uf � 1 m s�1.
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Figure 3.2: Dust-to-gas ratio Σd{Σg as a function of radius after 0.2 Myr, for various dust
accretion rates at the outer boundary, as indicated in plot legend. Location of the local gas
pressure maximum due to the MRI is indicated by the vertical dashed line, and location of the
dust sublimation line by the vertical dotted line.

in general, a fixed quantity and it can vary with time, determined by the radial drift of dust

from the outer disc (e.g. Birnstiel et al. 2012). Therefore, in this work it is varied in different

simulations. Dust particle size at the outer boundary is calculated self-consistently.

Furthermore, the effects of dust sublimation are neglected. Note that the temperature in

the adopted gas disc model exceeds the dust sublimation temperature (�1500 K) only inwards

of 0.1 AU.

3.3. Results

Initially, the dust-to-gas ratio is 0.01 at all radii and all dust grains are monomers (a � 1µm).

The dust is evolved for 0.2 Myr, by which time it has reached steady state. The steady-state

dust-to-gas ratio is shown in Fig. 3.2 as a function of radius for three different values of dust

accretion rates 9Md at the outer boundary condition. For any given dust accretion rate, the

steady-state dust-to-gas ratio is roughly constant inwards of the pressure maximum (indicated

by the vertical dashed line), and it decreases outwards from the pressure maximum. There is

only a moderate accumulation of dust at the pressure maximum, compared to the rest of the

inner disc. This implies that the pressure maximum does not efficiently trap dust particles.

Essentially, the particles do not feel significant gas drag, and thus do not significantly feel

the effect of the change in the sign of the pressure gradient inwards of the pressure maximum.

This happens because, as a result of the MRI-induced turbulence and particle fragmentation,
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the particle size is very small. Fig. 3.3 shows the three dust size limits (due to radial drift,

drift-fragmentation and turbulent fragmentation) as functions of radius, calculated in steady

state. The smallest of the three (afrag), due to turbulent fragmentation, sets the size of the

population of large particles in these simulations, which dictates the evolution of dust overall.

Particle size is thus limited to only a few millimetres near the pressure maximum (indicated by

the vertical dashed line), and the particles are monomer-sized in the innermost disc.

The particle size determines, through the Stokes number, how coupled the dust is to the

gas. Thus, the particle size determines to what extent the particles move with the accreting

gas towards the star and also by how much they are slowed down or sped up by the gas drag.

In this case, inwards of the pressure maximum (and outwards from the pressure minimum at

� 0.2 AU) the gas drag acts outwards (udrift ¡ 0). However, as dust particles are small inside the

pressure maximum (St� 4 � 10�4 even for the large particles) and their size further decreases

inwards, the dust advection velocity is outwards only in a very narrow region. Consequently,

after accounting for the diffusivity (i.e., the radial turbulent mixing of dust), the accumulation

of solids inside the pressure maximum is moderate compared to the rest of the inner disc.

The dust advection velocity used here is a mass-weighted average of the velocity of the

monomer-sized particles and the large particles (of size afrag, Fig. 3.3). The monomer-sized

particles are advected by the gas through the pressure maximum, and it can be shown that

an individual large particle will also not be trapped. This is because the dust particles are in

the fragmentation limit, in which the particles are fragmented faster than they drift. The drift

timescale for the large particles inside the pressure trap (the region inwards of the pressure

maximum where their advection velocity is outwards) can be estimated by

tdrift � 1

2

dtrap

u1prPmaxq
, (3.4)

where dtrap � 0.06 AU is the radial width of the trap, and the particle velocity is u1 � 2 cm s�1

(see eq. (3.2)) is evaluated just inwards of the pressure maximum. The velocity u1 decreases

inwards, and so this estimate, tdrift � 7400 yr, is a lower limit. The collisional (i.e., fragmen-

tation) timescale for the large particles, tcol � pnσ∆vq�1, is much shorter in comparison. Here

n � fmρd{md is the number density of large particles, fm is the mass fraction of the large

particles (fm � 0.75 in the fragmentation limit, Birnstiel et al. 2012), ρd � ΣdΩ{p?2πcsq is the

midplane mass density of particles, md is mass of a single particle, σ is the collisional cross sec-

tion and ∆v � ?
3αStcs is the typical relative velocity between the particles due to turbulence
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Figure 3.3: Dust particle size limits due to radial drift (adrift), drift-fragmentation (adf), and
turbulent fragmentation (afrag) as functions of radius after 0.2 Myr. Location of the local gas
pressure maximum due to the MRI is indicated by the vertical dashed line, and location of
the dust sublimation line by the vertical dotted line. Spikes in adrift and adf correspond to gas
pressure extrema.

(Ormel and Cuzzi 2007a). This yields the collisional timescale of:

tcol �
c

8

27π

Σg

fmΣd

c
St

α

1

Ω

� 4

�
fm

0.75


�1�
Σd

0.01Σg


�1�
St

10�4


1{2 � α

10�4

	�1{2

�
�

Ω

10 yr�1


�1

yr

(3.5)

where I have expressed the particle size afrag in terms of the Stokes number St. At the pressure

maximum α � 10�4 and so tcol � 0.08Σg{Σd yr! tdrift for dust-to-gas ratios Σd{Σg Á 0.01.

Thus, instead of becoming trapped in the pressure maximum, dust particles fragment and flow

inwards.

In the innermost disc turbulent fragmentation yields monomer-sized particles that are en-

trained with the gas (ū�ugas). And so the radial drift inwards is slowed by particles becoming

well coupled to the gas. This is also why, in steady state, the dust-to-gas ratio is roughly

constant inwards of the pressure maximum.

Finally, despite the pressure maximum not trapping the inflowing particles, the dust-to-gas

ratio is enhanced. Because the dust moves with the gas in the innermost disc, the steady state

dust-to-gas ratio there is directly proportional to the ratio of dust-to-gas accretion rates at the
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outer boundary, 9Md{ 9Mg. The initial dust-to-gas ratio everywhere is Σd{Σg � 10�2. For this

ratio to be constant over time, the ratio of accretion rates would have to be 9Md{ 9Mg � 10�2

at the outer boundary. However, the growth of dust grains in the outer disc, and their radial

drift inwards, means that 9Md{ 9Mg ¡ 10�2 at the outer boundary of the inner disc (i.e., dust

accretes inwards preferentially compared to gas). Hence, the dust-to-gas ratio in the inner disc

in steady-state is Σd{Σg ¡ 10�2. In other words, as Fig. 3.2 shows, radial drift of grains from

the outer disc leads to an enrichment of solids in the inner disc.

What level of the enrichment is attainable depends on the ratio of dust and gas accretion

rates 9Md{ 9Mg, i.e. how quickly the grains drift from the outer disc relative to gas accretion. Since

the grain growth in the outer disc is limited by radial drift rather than fragmentation (Birnstiel

et al. 2012), high grain drift rates are possible. For example, assuming that Σd{Σg � 10�2 in

the outer disc, achieving 9Md{ 9Mg � 1 requires the radial drift velocity of grains (� 2 St udrift)

to reach 102ugas. For the standard α-disc model and α � 10�4 (extrapolation of the disc model

shown in Fig. 3.1) this is satisfied if grains grow to St� 10�2. This corresponds to a particle size

an order of magnitude below the radial drift limit (adrift) throughout the outer disc. Therefore,

the grains easily grow large enough to achieve accretion rates of 9Md{ 9Mg Á 1. These grains in

the outer disc will contain ices which will evaporate as grains drift across the ice lines, towards

the inner disc. However, even in the outermost disc silicates account for a considerable portion

of the total solid mass (e.g., adopting the abundances of oxygen and carbon in their main

molecular carriers from Öberg et al. 2011, 23% of the total oxygen and carbon mass in the

outer disc is in silicates and other refractories). Hence, Fig. 3.2 features dust accretion rates up

to 9Md{ 9Mg � 1, in which case the dust-to-gas ratio in the inner disc also approaches unity.

3.4. Implications for planetesimal formation

The above results show that the MRI yields a dust-enhanced inner disc, although at the expense

of the dust particle size. Furthermore, as there is no trap for the dust particles, the accumulation

of dust is limited by the dust inflow rate from the outer disc, and does not increase indefinitely.

In this section I explore if further concentration of particles via the streaming instability (SI;

Youdin and Goodman 2005) and subsequent gravitational collapse into planetesimals could be

the next step towards forming the close-in super-Earths and mini-Neptunes.

The SI can greatly concentrate dust particles if the ratio of dust-to-gas bulk densities is

ρd{ρgÁ 1 (Youdin and Goodman 2005; Johansen and Youdin 2007). This is most likely to be

attained in the disc midplane, as dust particles gravitationally settle. The settling is balanced

by turbulent stirring. One source of turbulence is the MRI. To reach ρd{ρg ¥ 1 in the midplane

in the presence of such turbulence, the dust-to-gas surface density ratio Σd{Σg needs to be

greater than or equal to Zcr1 �
a
α{pSt� αq (Carrera et al. 2017).

Even in discs that are weakly turbulent or completely laminar, as dust settles the dust-gas
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interaction leads to turbulence (self-stirring) which can prevent clumping by the SI. In this case,

SI can only successfully concentrate dust particles if the dust-to-gas ratio Σd{Σg is greater than

a critical value Zcr2 that depends on the particle Stokes number (Johansen et al. 2009; Carrera

et al. 2015). For St  0.1 (relevant to the simulations shown here) this critical value has been

most recently revised by Yang et al. (2017), who find

logZcr2 � 0.1 log2 St� 0.2 log St� 1.76 . (3.6)

Small dust grains that are entrained with the gas do not participate in the SI. Hence, to compare

the above results against the SI criteria, I use the dust-to-gas ratio fmΣd{Σg of the large grain

population only (where fm � 0.75 is the mass fraction of large particles; Birnstiel et al. 2012).

The top panel of Fig. 3.4 compares this dust-to-gas ratio, for the outer boundary condition
9Md{ 9Mg � 1, with the above two criteria for the onset of the SI. This plot shows that in the

inner disc, turbulence due to the MRI is generally more prohibitive to dust settling than the

turbulence due to dust-gas interactions. Both conditions are fulfilled only near the pressure

(and density) maximum.

Provided that the SI successfully concentrates dust particles in the disc midplane, the dust

bulk density there may reach up to 100 – 1000 times the local gas density (Johansen and Youdin

2007). Gravitational collapse of such particle concentrations will occur if the dust density

exceeds the local Roche density (below which the star can tidally disrupt the fragment), ρRoche �
9M�{4πr3. Comparison of ρRoche with the midplane gas densities in the steady-state MRI disc

(Fig. 3.4, bottom panel) shows that the condition for gravitational collapse is only satisfied near

the pressure (and density) maximum, or at larger orbital distances. Importantly, the bottom

panel of Fig. 3.4 shows that the possibility of gravitational collapse of solids at short orbital

distances is severely limited by the Roche density.

Overall, given the stellar and disc parameters used here, the SI and the gravitational collapse

pathway to planetesimals is viable in the inner disc only in a very narrow region near the pressure

maximum. For gas accretion rates larger than the one used here ( 9Mg ¡ 10�8 Md yr�1, that

could be expected in the early phase of disc evolution, e.g. Manara et al. 2012) this conclusion

will hold, while for sufficiently smaller accretion rates planetesimals would not form in this way

anywhere near or inwards of the pressure maximum. Firstly, in both cases dust evolution is

expected to yield roughly the same steady-state dust-to-gas ratios given the same ratio of dust

and gas accretion rates at the outer boundary. To confirm this conclusion, I repeat the dust

evolution calculations for the gas accretion rate of 9Mg � 10�9 Md yr�1, obtaining results very

similar to those above. In addition to similar steady-state dust-to-gas ratios, the particle Stokes

number sharply drops inwards of the pressure maximum, and the SI is similarly triggered only

around the pressure maximum. This is because the slope of the increase in α inwards of the

pressure maximum is roughly the same for different 9Mg. Hence the SI criteria is expected to

be fulfilled only near the pressure maximum for higher gas accretion rates as well.

68



CHAPTER 3. EARLY STAGES OF PLANET FORMATION IN THE INNER DISC

10 1 100

Radius [AU]

10 1

100

Du
st

-to
-g

as
 ra

tio

fm d/ g
Zcr1
Zcr2

10 1 100

Radius [AU]

10 7

10 6

10 5

10 4

10 3

10 2

10 1

De
ns

ity
 [g

 c
m

3 ]

d( = 100 g)
d( = 1000 g)
Roche

Figure 3.4: Top panel: Dust-to-gas ratio of large dust grains fmΣd{Σg as a function of radius

(when 9Md{ 9Mg � 1 at the outer boundary; fm � 0.75), compared to the two criteria for the
onset of the streaming instabilities.
Bottom panel: Expected peak local dust densities ρd if streaming instabilities successfully
concentrate particles in the disc midplane as functions of radius, compared to the Roche density
ρRoche. In both panels the vertical dashed line indicates location of the local pressure maximum,
and the dotted line indicates the location of the dust sublimation line.

69



CHAPTER 3. EARLY STAGES OF PLANET FORMATION IN THE INNER DISC

Secondly, even if SI is successfully triggered, to form planetesimals the peak dust density

needs to be above the Roche density. The peak dust density scales with the midplane gas density

at the pressure maximum, so it scales with the gas accretion rate approximately as 9M
�1{2
g , and

with the radial location of the pressure (and density) maximum as r�1
Pmax

. Since the peak dust

density is larger than the Roche density at the pressure maximum for 9Mg � 10�8 Md yr�1,

and the Roche density ρRoche9r�3, for 9Mg ¡ 10�8 Md yr�1 the gravitational collapse criterion

will also be fulfilled near the pressure maximum, while for a sufficiently smaller accretion rate

(including 9Mg � 10�9 Md yr�1) peak dust density will be too low.

Moreover, it is important to note that, in order for the SI to operate, there must be a relative

azimuthal velocity between the dust and gas (e.g. Squire and Hopkins 2018), in addition to

the criteria discussed above. At the pressure maximum itself, however, this relative velocity

vanishes.

However, the calculations presented here do not include the effects of dust on the gas

dynamics and on the MRI. The latter effect in particular may relax some of the constraints on

the SI, and this possibility is discussed in Section 3.5.

3.5. Discussion and conclusions

In this chapter I have investigated the earliest phase of planet formation that is the evolution

of dust grains in the inner disc that is viscously accreting due to the MRI. The MRI-accreting

inner disc features a local gas pressure maximum at the orbital distance of a few tenths of AU.

Taking into account the effect of the MRI-induced turbulence on the dust grain size, I find that

fragmentation of particles due to turbulent relative velocities limits the particle size to below

few millimetres. As a result, the particles are not efficiently accumulated inside the pressure

maximum as hypothesised by Chatterjee and Tan (2014); Hu et al. (2018). Regardless of that,

as the particles become well coupled to the gas, the radial drift is stopped in the inner disc,

and the dust-to-gas ratio is enhanced throughout the inner disc. Thus, the local gas pressure

maximum might play a lesser role in the planet formation in the inner disc than previously

thought.

The pressure maximum is, however, still the location of a local density maximum in both

gas and dust. I explored if the resulting inner disc structure that is enriched in dust could be

susceptible to the onset of the streaming instabilities. This pathway to planetesimals seems to

be viable only in a narrow region near the pressure (and density) maximum, for the chosen disc

parameters.

The gas is not, however, evolved in this work and effects of the growing amounts of dust

onto the MRI have not been taken into account. Dust grains lower the gas ionization levels

by absorbing free charges and enhancing recombination rates, as ions recombine on the grains

(Draine and Sutin 1987; Ilgner and Nelson 2006). Charged grains are not themselves well
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coupled to the magnetic field as they are too massive, and so their presence promotes the

non-ideal MHD effects which can suppress the MRI (Sano et al. 2000; Ilgner and Nelson 2006;

Wardle 2007; Salmeron and Wardle 2008; Bai and Goodman 2009). The likely result of taking

dust effects into account is thus weakened turbulence, and the change of the disc structure in

the longer term. The consequences can only be investigated by modelling both the gas and

the dust self-consistently. However, one can sketch out a potential scenario by considering the

relevant timescales.

Assuming that the steady-state solution of the gas structure (Fig. 3.1) is reached before

dust starts affecting the MRI, we can expect the dust enhancement of the inner disc to ensue.

At a certain dust-to-gas ratio the dust will suppress the MRI, and we can expect the levels

of turbulence to adapt almost instantly, as the timescale of the magnetic field regeneration

is the orbital timescale torb (e.g. Balbus and Hawley 1991). With the decreasing levels of

turbulence, the dust particle size will rapidly grow due to particle coagulation. The growth due

to coagulation happens on the timescales of Σg{Σdtorb (e.g. Brauer et al. 2008), so faster than

102torb if the inner disc is enriched in dust.

Concurrently, due to larger particle size and lower turbulent stirring the particles would

vertically settle towards the midplane and radially towards the pressure maximum. Such for-

mation of a ring of solids could potentially trigger formation of larger bodies (as hypothesized

by e.g. Chatterjee and Tan 2014). The larger particle size and the settling towards the midplane

would likely trigger the streaming instability (inwards of the pressure maximum; see Fig. 3.4).

However, it is unclear if this could lead to the formation of planetesimals, as a gravitational

collapse is unlikely due to the low bulk dust densities and high Roche density in the inner disc.

The gas surface density will change slowly in comparison to the above processes, on the

long viscous timescale, �103 – 105torb from the pressure minimum to the pressure maximum

in the model considered here. The decrease in viscosity would lead to an increase in the gas

surface density on this timescale. The gas surface density maximum and the pressure maximum

would move inwards. However, if thresholds to form planetesimals are crossed, the small dust

grains suppressing the MRI would be removed from the disc. This would increase the viscosity,

decrease the gas surface density and move the pressure maximum outwards. Whether these

processes are balanced in another kind of a steady state, or the behaviour of the inner disc

is dynamic and quasi-periodic, must be investigated through self-consistent modelling of dust,

gas and the MRI.

At high dust-to-gas ratios the dust also becomes dynamically important, and affects the

gas disc structure through the drag backreaction (Nakagawa et al. 1986). The gas rotation

profile is then driven towards Keplerian, and as a result the radial gas pressure profile flattens.

This, in turn, slows down the radial drift of dust particles. If dust already piles up in the inner

disc due to radial drift being slower than in the outer disc, the dust backreaction amplifies

the effect (Drazkowska et al. 2016). In this work, dust enhancement is driven by the dust

grains already being completely coupled to the gas in the innermost disc, and thus the effect of
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dust backreaction would be limited. However, the backreaction would become important if the

dust grains grow (e.g. due to the suppression of the MRI-induced turbulence discussed above),

especially near the pressure maximum. If the dust grains grow in the innermost disc where the

pressure gradient is negative, the backreaction would slow down the loss of dust to the star.

However, the backreaction would also limit the concentration of dust that can be achieved at

the pressure maximum, since it acts to flatten the overall gas pressure profile (Taki et al. 2016).

In summary, the results presented here suggest that the inner disc might support formation

of the super-Earths. However, the self-consistent evolution of the dust and the gas needs to be

studied.

72



4 Atmospheres of planets formed in the

inner disc

4.1. Introduction

It was shown in Chapter 3 that planetesimal formation through the streaming instability and

gravitational collapse is challenging despite the dust enhancement in the inner disc. Although

these conclusions could change when the feedback of dust onto gas is taken into account, it is

not presently clear how exactly planetesimals or cores would arise in the inner disc, and it is

not possible to predict properties of solid cores formed in the inner disc. Nevertheless, orbital

distances, radii and masses of many close-in planets have been well determined observationally.

Thus, in this chapter I use observational results to perform a separate test of super-Earth for-

mation in the inner disc by considering accretion of planetary atmospheres and their subsequent

evolution.

Recall, from Chapter 1, that the atmospheres of many of the close-in super-Earths and

mini-Neptunes are H/He dominated (e.g. Jontof-Hutter et al. 2016) and they typically make

up 0.1 – 10% of their total mass (Lopez and Fortney 2014; Wolfgang and Lopez 2015). Thus,

they are considerably more massive than the atmospheres of the planets in the inner Solar

system. Outgassing of hydrogen from a rocky core is not sufficient to explain the majority

of these atmospheres (Rogers et al. 2011). Thus these atmospheres are most likely composed

of gas accreted from the protoplanetary disc after the formation of a solid core. If so, these

atmospheres are presumably formed steadily through core accretion. In core accretion, the

gaseous envelope is connected to the disc. It remains in a quasi-hydrostatic equilibrium and

contracts as it cools, allowing more gas to be accreted (e.g. Rafikov 2006; Lee et al. 2014; Lee

and Chiang 2015).

Lee et al. (2014) (see also Lee and Chiang 2015; 2016; Lee et al. 2017) argue that accretion

onto a super-Earth-sized solid core is an efficient process, and that there is a theoretical problem

of how to stop the super-Earth cores from undergoing runaway accretion and becoming gas

giants (Mizuno 1980). A solution was proposed in Lee and Chiang (2016), where they suggest

that the final assembly of super-Earth cores only occurs towards the end of the protoplanetary

disc lifetime, so that their atmospheres are accreted from the gas-poor “transition discs”, i.e.,

during disc dispersal.

73



CHAPTER 4. ATMOSPHERES OF PLANETS FORMED IN THE INNER DISC

On the other hand, the inner disc models discussed in Chapter 2 predict in a steady state gas

surface densities that are considerably lower than those of the minimum mass solar nebula at

short orbital periods. If the super-Earths had to have formed in a gas-poor inner disc, perhaps

they have formed in the gas-poor inner disc arising due to steady-state MRI accretion, a possible

alternative to the Lee and Chiang (2016) proposal. Therefore, I use the atmospheric accretion

model of Lee and Chiang (2015) to calculate the atmospheres accreted onto super-Earth-sized

cores in the MRI-accreting inner disc.

Additionally, after disc dispersal, super-Earths are subject to atmospheric mass loss due

to photoevaporation by high-energy stellar irradiation. It has been shown theoretically (e.g.

Owen and Wu 2013; Lopez and Fortney 2013) and observationally (e.g. Lundkvist et al. 2016;

Fulton et al. 2017; Fulton and Petigura 2018) that this mass loss can significantly change the

planet properties. Therefore, in this study I take this mass loss into account. Finally, I evolve

the planets in time, to their present day ages, and compare the resulting planet properties to

the observed ones.

4.2. Methods

4.2.1. Accretion of planetary atmospheres

In this work, it is assumed that solid super-Earth-sized planet cores accrete their gaseous

envelopes in a gas-poor inner disc that is viscously accreting due to the MRI. The model of the

disc structure is the same one as in Chapter 3, and it is assumed that the disc structure does

not evolve in time. The gaseous envelope is assumed to be in quasi-hydrostatic equilibrium,

contracting as it cools, allowing more gas to be accreted. Then, the accreted envelope mass

fraction (ratio of envelope mass and core mass) after time t can be estimated by the scaling

relations from Lee and Chiang (2015) (with an additional factor that accounts for varying gas

surface density from Lee et al. 2017; Fung and Lee 2018):

Xptq � 0.07

�
t

1 Myr


0.4�
0.02

Z


0.4 � µ

2.37

	3.4
�
Mcore

5M`


1.7�
fΣ

0.1


0.12

(4.1)

for dusty atmospheres, and

Xptq � 0.18

�
t

1 Myr


0.4�
0.02
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2.37

	3.3
�
Mcore

5M`


1.6�
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1.9�
fΣ

0.1


0.12

(4.2)

for dust-free atmospheres. Here Z is the metallicity of the atmosphere; µ � 1{p0.5W �0.25Y �
0.06Zq is the mean molecular weight, with W � p1 � Zq{1.4, Y � 0.4p1 � Zq{1.4; Trcb is the

temperature at the radiative-convective boundary inside the atmosphere; fΣ � Σg{ΣMMSN is

the ratio of the gas surface density (Σg from the adopted inner disc model, Fig. 3.1) and the gas
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surface density profile of the minimum mass solar nebula (ΣMMSN � 1700pd{1 AUq�3{2 g cm�2,

where d is the orbital radius, Hayashi 1981). Furthermore, it is assumed that the gas adia-

batic index is γ � 1.2, and that in dusty atmospheres Trcb � 2500 K which arises from the

disassociation of Hydrogen (see Lee and Chiang (2015), their section 2.1).

I use the expressions (4.1,4.2) to calculate how much gas a planet accretes in 1 Myr as a

function of core mass, for various metallicities Z and gas surface density factors fΣ in the case

of dusty atmospheres (with Trcb = 2500 K), and various Z, fΣ and Trcb in the case of dust-free

atmospheres.

4.2.2. Photoevaporation of planetary atmospheres

These accreted atmospheres are subject to photoevaporation following disc dispersal. I use a

simplified estimate of how the photoevaporation changes the accreted atmospheres. First, for

a given planet core mass Mcore and (accreted) envelope mass fraction X I find the photospheric

radius of the planet Rp. For this I use a simple model of an atmosphere at hydrostatic equi-

librium (Owen and Wu 2017), in which the solid core is surrounded by an adiabatic convective

envelope, on top of which is an isothermal radiative photosphere.

Next, the mass-loss timescale due to high-energy stellar irradiation is (Owen and Wu 2017)

t
9X �

4πd2GM2
coreXp1�Xq
ηπLHE

1

R3
p

, (4.3)

where d is the orbital radius of the planet and LHE is the stellar high-energy flux. I consider a

Sun-like star, as in the adopted disc model.

To determine the final envelope mass fractions, I do not explicitly evolve the atmospheres

in time. Instead, one can use the fact that most of the mass loss happens during the first

� 100 Myr after disc dispersal, since during this period the stellar high-energy flux LHE is

saturated (LHE � Lsat � 10�3.5Ld for a Sun-like star) and after this time it quickly decays

(Jackson et al. 2012; Tu et al. 2015).

Thus, one can estimate the final envelope mass fraction as follows. If a planet’s mass-loss

timescale t
9X is longer than 100 Myr at the time of disc dispersal, the planet does not suffer

significant mass loss. In this case it can be assumed that such a planet remains unchanged by

the photoevaporation.

On the other hand, a planet with t
9X   100 Myr loses mass. For a given core mass Mcore and

orbital distance d, the mass-loss timescale as a function of the envelope mass fraction, t
9XpXq,

peaks at X � Xpeak of a few percent, decreasing for both smaller and larger X (Owen and Wu

2017). Thus, for a planet with a small accreted envelope mass fraction (X   Xpeak), the mass

loss further shortens the loss timescale. If such a planet’s initial mass-loss timescale is less than

100 Myr it is subject to runaway mass loss, and it can be assumed that it is completely stripped

of its atmosphere. For a planet with a large accreted atmosphere (X ¡ Xpeak), the mass-loss
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timescale increases towards the peak value t
9XpXpeakq as the planet loses mass. If Mcore and d

are such that the t
9XpXpeakq ¥100 Myr, one can assume that such a planet will end up with an

envelope mass fraction X corresponding to a mass-loss timescale of t
9X = 100 Myr. However,

if t
9XpXpeakq  100 Myr, the mass-loss timescale at first increases, and then decreases, entering

the runaway regime. In this case a planet loses its entire atmosphere despite an initially large

accreted X. This simple prescription adequately captures the basic physics of atmospheric

photoevaporation (see far left panel of fig. 6 in Owen and Wu 2017).

4.3. Results

4.3.1. Accretion of planetary atmospheres

Using the scaling relations (4.1,4.2) I calculate the envelope mass fractions that planetary cores

of various masses accrete from the gas disc in 1 Myr. Results are shown in Fig. 4.1 for both

dusty and dust-free atmospheres of various metallicities, ranging from solar (Z � 0.02) to the

metallicity of Neptune’s atmosphere (Z � 0.2; Karkoschka and Tomasko 2011), gas surface

density factors fΣ � 10�4 – 1.88, and radiative-convective boundary temperatures Trcb � 1600 –

2500 K.

The dependence on metallicity Z is non-monotonous, as the accreted envelope mass fraction

depends separately on the metallicity and on the mean molecular weight (which is set by the

metallicity). The smallest accreted atmospheres, with the rest of the parameters fixed, have

Z � 0.1.

The radiative-convective boundary temperature Trcb is expected to be roughly constant in

dusty atmospheres, so I only explore the effect of this parameter in dust-free atmospheres. In

the latter, Trcb is related to the temperature of the environment. Additionally, accretion of

both dust-free and dusty atmospheres depends the density of the environment. Here we are

interested in atmospheres that are accreted in the inner disc, near or inwards of the pressure

maximum. The location of the pressure maximum is determined by the extent of thermal

ionization of potassium in the disc model used here, and so this corresponds to disc temperatures

of T Á 1000 K, regardless of the exact disc parameters (e.g. gas accretion rate). For a disc

temperature of T � 1000 K, numerical models of the accreting atmospheres give Trcb� 1600 K

(Lee and Chiang 2015), which thus sets a lower bound on Trcb for the calculations in this work.

Moreover, the location of the pressure maximum is also where the gas surface density is highest

(see Fig. 3.1). Colder atmospheres in a more dense environment accrete more. So, to show

the maximum accreted atmospheres in an MRI-accreting disc, I plot a set of dusty and dust-

free atmospheres (of various metallicities Z) for the maximum fΣ � 1.88, and the minimum

Trcb � 1600 K (the latter refers only to the dust-free atmospheres). Conversely, the maximum

temperature at which equation (4.2) is valid (due to the limitations of the opacity tables used
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Figure 4.1: Envelope mass fraction of atmospheres accreted in 1 Myr as a function planet core
mass for dusty (black lines) and dust-free (grey lines) atmospheres and a variety of metallicities
Z, gas surface density factors fΣ and (in the case of dust-free atmospheres) radiative-convective
boundary temperatures Trcb, as indicated in plot legend. Grey region indicates the total range of
expected envelope mass fractions (except for those that would reach an envelope mass fraction
of X � 0.5 within 1 Myr and thereby expected to undergo runaway accretion to form gas giants;
these are not shown).

by Lee et al. 2014) is Trcb � 2500 K 1 , and the minimum gas surface density in the inner disc

model with respect to the minimum mass solar nebula is fΣ � 10�4 (corresponding to the inner

disc edge in Fig. 3.1). Hotter atmospheres in lower-density environments accrete less, and so

to show the smallest accreted dust-free atmospheres, I plot the fΣ � 10�4 atmospheres, with

Trcb � 2500 K for the dust-free atmospheres, and with metallicity Z � 0.1 (since, as noted

above, Z � 0.1 yields the smallest atmosphere for any given set of other parameters).

Finally, atmospheres that grow above a threshold of X � 0.5 undergo runaway accretion

and end up as gas giants (Rafikov 2006). The scaling relations (4.1,4.2) are not applicable in

this case. Therefore, Fig. 4.1 is cut off at X � 0.5, and the grey region indicates how small or

large super-Earth/mini-Neptune atmospheres may be at the time of disc dispersal. Overall one

can see that, if the cores are formed 1 Myr before the dispersal, runaway accretion is avoided

for the majority of relevant core masses, but they do accrete significant gaseous envelopes of

up to a few� 10% of core mass.

The envelopes shown in Fig. 4.1 have been calculated assuming that the accretion lasts for

1 Myr. Since disc lifetimes can be longer (Mamajek 2009), these envelopes could be conservative

estimates if planets form sooner than 1 Myr before disc dispersal. If, for example, the envelopes

1Note that, assuming Trcb is directly proportional to the disc temperature T , and scaling from the numerical
models’ result that Trcb� 1600 K corresponds to T � 1000 K, yields T � 1500 K for Trcb� 2500 K. The disc
temperature in the model used here only exceeds 1500 K at radii  0.1 AU, so a maximum Trcb of 2500 K is
indeed roughly valid over most of the inner disc.
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are accreted for 5 Myr, the envelope mass will double. It is not expected for the results to

be very sensitive to the exact disc parameters, as long as the cores accrete their atmospheres

in a thermally-ionized MRI-active inner disc. Note, however, that the disc model used here

implies that the extent of such inner disc does not encompass all observed sub-Neptunes for

all relevant accretion rates; e.g. the gas pressure maximum is at an orbital period longer than

100 days only for gas accretion rates of 9MgÁ 3 � 10�9 Md yr�1. Thus, a planet with a longer

orbital period might spend at least some time in a colder MRI-dead zone, which is not taken

into account in this work.

4.3.2. Photoevaporation of planetary atmospheres

To further check the consistency of core accretion in the MRI-accreting inner disc with obser-

vations, we need to consider whether these accreted atmospheres survive photoevaporation. I

calculate the final (remaining) envelope mass fraction of the minimum and maximum possible

accreted atmospheres (corresponding respectively to dusty atmospheres with fΣ � 10�4 and

Z � 0.1, and dust-free atmospheres with Z � 0.02, fΣ � 1.88 and Trcb � 1600 K) for each core

mass and as a function of orbital period. Results are shown in Fig. 4.2. In the case of the maxi-

mum accreted atmospheres (top panel), the atmospheres would undergo runaway accretion for

core masses Á 8 M` (indicated by the hatched region), which are thus excluded here.

The figures show that the orbital period at which the atmosphere can be completely evap-

orated decreases with increasing core mass, and cores that retain their atmospheres generally

evolve towards a 1% envelope mass fraction as expected from theory. At 100 days the atmo-

spheres are unaffected by photoevaporation, and at periods shorter than 1 day all planets are

predicted to end up as bare cores. Massive cores are predicted to keep their 1 – 50% atmospheres

at the majority of orbital periods, and planets with Earth-mass cores are safe from complete

mass loss at periods larger than 50 days.

Note that here the orbital period determines the level of high-energy flux that planet experi-

ences and planet equilibrium temperature (and thus planet radius), but does not directly reflect

variations in temperature and density of the protoplanetary disc inside which the atmospheres

were accreted. As discussed above, the effect of the disc temperature on the accreted envelope

mass fraction is negligible for dusty atmospheres. For dust-free atmospheres the dependence is

monotonous and the extent of the effect is explored by considering the minimum Trcb expected

in the inner disc, and the maximum Trcb for which the scaling relations (4.1,4.2) are valid. Sim-

ilarly, the dependence on the disc density is explored by considering the smallest and largest

values of the ratio of the MRI-disc model and the minimum mass solar nebula surface densi-

ties. Thus, by calculating the effect of photoevaporation on both the minimum and maximum

accreted atmospheres shown in Fig. 4.1 for each core mass, I encompass the possible range of

disc densities and temperatures.
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Figure 4.2: Maximum (top) and minimum (bottom) envelope mass fraction of the atmospheres
after accounting for photoevaporation, as functions of planet core mass and orbital period. In
the top figure, the hatched region indicates the core masses for which the planets would undergo
runaway accretion and are thus excluded from here.
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4.4. Comparison to observations

Overall, Fig. 4.2 shows that the envelopes formed in a gas-poor inner disc due to the MRI

survive photoevaporation for a large range of orbital periods, and the low gas surface densities

are not a hindrance to the formation of mini-Neptunes. On the contrary, the final envelope

mass fractions of the planets that do keep their atmospheres are typically overestimated. The

planets with core mass larger than 2 M` are predicted to either have a ¡ 1% atmosphere or to

be completely evaporated. On the other hand, from the observations, the typical envelope mass

fraction of mini-Neptunes that hold onto their atmospheres is 1% (Wolfgang and Lopez 2015).

To look into this further, I compare the predictions of these calculations against the observed

mass-radius relationship for sub-Neptune planets in Fig. 4.3, and against measured masses and

radii of individual sub-Neptune planets in Fig. 4.4.

For the observations in Fig. 4.3, I show the probabilistic best-fitting mass-radius relationship

of Wolfgang et al. (2016): a power law M{M` � 2.7pR{R`q1.3 (indicated by the dashed line)

with a standard deviation of �1.9 M` due to an intrinsic scatter in planet mass (the dark grey

region), and an upper limit constraint on the planet density corresponding to a mass-radius

relationship for solid cores of Earth-like composition M{M` � pR{R`q4 (dotted line; Valencia

et al. 2010). Additionally, the above mass-radius relationship does not capture a significant

feature of the observed radius distribution of sub-Neptunes, a decrease in occurrence rates of

planets with radii of 1.5 – 2 R` (indicated here by the sheer grey region; Fulton et al. 2017).

To show the predictions of the above atmospheric calculations in the mass-radius plane, I

take the calculated envelope mass fraction as a function of core mass and period and re-calculate

the planet radius at the planet age of 5 Gyr as a function of core mass and period, using the

same simple atmospheric evolution model of Owen and Wu (2017). The results are shown

for the minimum and maximum accreted atmospheres (Fig. 4.2, and excluding the completely

evaporated planets) in Fig. 4.3 (the medium grey and the light grey region respectively). Note

that the light grey region has a cut-off at about 8 M` because the massive cores that, given the

parameters of the maximum accreted atmospheres, would be subject to runaway accretion, are

excluded. The solid-line contours show how the planet mass and radii change as a function of

period for the minimum accreted atmospheres. At the orbital period of 100 days the planets are

largely unaffected by the atmospheric loss, and closer to the star the photoevaporation removes

atmospheres of the lower-mass planets entirely. For the planets that keep their atmospheres

at large periods a decrease in period means little to no change in planet mass. Consequently,

for these planets a decrease in period results in an increase in planet radius as atmospheres

are hotter and more expanded closer to the star due to stronger stellar irradiation. At small

periods the atmospheric loss is significant for all planets, and the trend is reversed.

It is clear from Fig. 4.3 that for planets with radii R À 2.3 R` the core accretion of atmo-

spheres in the inner disc predicts larger planet radii than those observed, due to the overesti-

mated envelope mass fractions. The predicted atmospheres fill in the range of planet radii of

80



CHAPTER 4. ATMOSPHERES OF PLANETS FORMED IN THE INNER DISC

1.0 1.5 2.0 2.5 3.0 3.5 4.0
Planet radius [R ]

101

Pl
an

et
 m

as
s [
M

]

2d

5d

20d

100d

Figure 4.3: Mass-radius relationship for sub-Neptune planets: Earth-like composition solid
cores (dotted line), probabilistic fit to observations mean value (dashed line) and scatter (solid
dark grey region) (Wolfgang et al. 2016), region of low planet occurrence rates from the observed
radius distribution of planets (sheer grey region) (Fulton et al. 2017), and predictions from the
minimum and maximum accreted atmospheres and photoevaporation (medium grey and light
grey region respectively) with orbital period contours for the minimum accreted atmospheres
(solid-line contours).

1.5 – 2 R`, at which there is an observed decrease in planet occurrence rates (sheer grey region).

For planets with R Á 2.3 R` there is a region in which the observed (dark grey) and the pre-

dicted (medium and light grey) mass-radius relationships overlap. This overlap corresponds to

the (minimum accreted) predicted atmospheres for orbital periods between 20 and 100 days,

and a narrow range of short orbital periods (2 – 5 days). Notably, even for the minimum ac-

creted atmospheres, the planet radii, at fixed planet mass, are smaller than those observed

only for significant high-energy fluxes at orbital periods of less than about 2 days. Taking

into account the full range of accreted atmospheres (up to the maximum accreted atmospheres

shown in light grey) further suggests that the predicted atmospheres are typically larger than

the atmospheres of the observed sub-Neptunes.

I further compare the predictions of the above calculations to sub-Neptune planets with

measured masses and radii (taken from Wolfgang et al. 2016, excluding the planets where only

the upper limit on the mass was known). The observed and the predicted radii and masses are

shown in Fig. 4.4 in four panels corresponding to four orbital period bins. As in Fig. 4.3, the

medium and light grey regions correspond to the predictions from the minimum and maximum

atmosphere mass models respectively. To facilitate comparison against the planets that are

bare solid cores in each period bin, Fig. 4.4 also shows the core masses that are predicted to

lose their entire atmospheres in a given period bin (grey lines shown below the dotted lines

that represent the Earth-like composition mass-radius relationship). Fig. 4.4 shows that the
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Figure 4.4: Sub-Neptune planets with measured masses and radii (square markers if the mass
was determined using the radial velocity method, and triangles if the mass was determined
using transit-timing variations), with uncertainties as listed in Wolfgang et al. (2016), Earth-
like composition solid cores (dotted line), and predictions from the minimum and maximum
atmosphere models (medium and light grey region respectively), in period bins as indicated in
plot labels. This figure indicates that while the period range at which planets can be stripped by
photoevaporation is consistent with the data, the planets typically have larger H/He envelopes
that expected.
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masses of the predicted bare cores and the period at which photoevaporation can strip them

are largely consistent with those observed. That is, there are no observed planets consistent

with the Earth-like composition that are (significantly) more massive than the largest core that

the photoevaporation can strip (the upper limit of the grey line, the predicted bare cores) in

each period bin. Fig. 4.4 also explicitly demonstrates that for the planets that maintain their

atmospheres against the photoevaporation, the predicted planet radii are consistent with or

larger than the those observed for the majority of the planets. At long orbital periods (20 –

100 days) all planets except one are consistent, within the observational uncertainties, with

the predictions (the minimum accreted atmospheres in medium grey, the maximum accreted

atmospheres in light grey, and the region in between). At intermediate periods (5 – 20 days),

about a third of planets that are not bare cores have radii smaller than the predicted radii at

the same mass. Finally, at short periods of less than 5 days, there are noticeably 5 planets

with radii of �1.8� 2 R` that are neither consistent with the mass-radius relationship of rocky

cores, nor with the presence H/He envelopes. This suggests, potentially, that the cores of these

planets could contain significant amounts of ice. Still, the majority of short-period planets

are consistent with the predictions. Additionally, while there might be exceptions, the radius

distribution of sub-Neptunes is consistent with cores being largely rocky (Owen and Wu 2017).

Therefore, these results confirm the inference that typically the planets accrete too much gas

in the calculations.

Overall, the atmospheres accreted in the inner disc are typically in agreement with or larger

than those observed, with the exception of planets with significant high-energy fluxes within a

very narrow range. This is because core accretion is so efficient that considerable atmospheres

can be accreted in the hot and low-density MRI-accreting inner disc and also maintained against

photoevaporation.

4.5. Discussion and conclusions

In this chapter I have examined accretion of planetary atmospheres formed in the inner disc

that is viscously accreting due to the MRI. I have considered both the accretion and subsequent

photoevaporation of close-in super-Earth planets, and compared the results to the observed

properties of these planets.

If super-Earth and mini-Neptune cores indeed form in the inner disc, would the inferred low

gas surface densities due to the MRI allow them to acquire the observed 0.1 � 10% envelope

mass fractions? It is found that they would. In fact, even after accounting for atmospheric

evaporation, the calculated atmospheres tend to overestimate the observed ones.

Could the atmospheric accretion in the MRI-implied disc and the observations be brought

into agreement, without invoking an assumption that cores form just before the beginning of

disc dispersal (e.g. Ikoma and Hori 2012; Lee and Chiang 2016)? The calculations shown here
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do not include several effects which could contribute.

First of all, for core masses smaller than 10 M`, the discrepancy could be explained by the

“boil-off” or core powered mass-loss (Owen and Wu 2016; Ginzburg et al. 2018; see also Ikoma

and Hori 2012), a process in which a planet atmosphere that had not cooled and contracted

before the disc dispersal loses its mass. Upon the dispersal the stellar continuum radiation

illuminates the planet and launches a Parker wind. The mass loss causes rapid contraction of

the atmosphere, and the contraction in turn shuts off the mass loss. Planets that start out with

few 10s of percent atmospheres, may be left with 1% after the boil-off. This process precedes

the mass loss caused by the stellar high-energy flux considered above, and can operate at larger

distances from the star.

Secondly, the scaling relations used to calculate the accreted atmospheres are derived as-

suming no sources of heating due to planetesimal accretion, or due to heat deposited in the

hypothesized final stage of giant mergers of planetary embryos. The latter could be released for

several kyr (e.g. Inamdar and Schlichting 2015), lowering the cooling rate of the atmosphere,

and thus allowing less gas to be accreted. Furthermore, the scaling relations assume that the

gas inside the planet’s Hill sphere is bound and static. Three-dimensional numerical simulations

suggest instead that disc material is recycled between the envelope and the disc (e.g. Ormel

et al. 2015; Fung et al. 2015; Cimerman et al. 2017).

Finally, if the giant mergers happen between planets, after the disc has fully dispersed,

they would likely result in significant atmospheric mass loss. Head-on collisions between

Earth/super-Earth-sized planets with few-percent atmospheres can remove tens of percent of

the total atmospheric mass (Liu et al. 2015; Inamdar and Schlichting 2016).

Nevertheless, to avoid the runaway accretion for more massive cores, the low gas surface

densities the MRI provides are favourable compared to the MMSN environment. Furthermore,

gas-poor conditions in this case are provided in a long-lived state, and not in a transient

phase (e.g. a transition disc, as proposed by Lee and Chiang 2016). Therefore, the results

presented here support the hypothesis that the super-Earths could have formed in the inner

protoplanetary disc.
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5 Improved model of the MRI-accreting

inner disc

5.1. Introduction

In Chapter 2 I discussed models of the inner disc in which the disc structure and accretion due

to the MRI were considered self-consistently. The obtained structure of the inner disc features

a local gas pressure maximum, in line with theoretical expectations, and the location of the

pressure maximum in these models was found to be consistent with the orbital distances of the

close-in super-Earths. However, these models included a number of simplifications about the

disc physical and chemical structure. The disc vertical structure was considered to be vertically-

isothermal, and heating by stellar irradiation was neglected. However, disc temperature may

vary vertically, and the temperature profile is particularly non-trivial when both accretion

heating and stellar irradiation are considered (e.g. D’Alessio et al. 1998). The opacity of the

disc due to dust grains was also taken to be a constant, whereas in reality it varies with

temperature and the properties and the abundance of dust grains.

Furthermore, in Chapter 2 it was assumed that the only source of ionization in the disc is

thermal (collisional) ionization of potassium, and that the potassium ions and free electrons

may only recombine in the gas-phase. Potassium is a good representative of thermally-ionized

species in the inner disc based on its low ionization potential and its abundance (Desch and

Turner 2015). However, ions and free electrons also collide with dust grains present in the disc.

When they are adsorbed onto grain surfaces, they quickly recombine. The presence of dust

grains is thus known to reduce the ionization levels in discs and suppress the MRI (Sano et al.

2000; Ilgner and Nelson 2006; Wardle 2007; Salmeron and Wardle 2008; Bai and Goodman 2009;

Mohanty et al. 2013). Importantly, dust grains heated to high temperatures (Á 500 K) can also

emit electrons and ions into the gas phase. For electrons, the process is known as thermionic

emission. Such temperatures are easily attainable in the inner disc, and thermionic and ion

emission have been shown to be important sources of ionization there (Desch and Turner 2015).

Additionally, in Chapter 2 we saw that an MRI-accreting inner disc features low gas surface

densities, and so ionization of molecular hydrogen by the stellar X-rays may be comparable to

thermal ionization as a source of free electrons.

In this chapter I present a new model of a steady-state disc that is accreting due to the MRI.
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The vertical structure in this model is calculated self-consistently from viscous dissipation (due

to the MRI-induced viscosity), stellar irradiation, and radiative and convective cooling (with

realistic opacities due to dust grains). Ionization in the disc is driven by thermal ionization of

potassium, thermionic and ion emission from dust grains, and ionization of molecular hydrogen

by stellar X-rays, cosmic rays and radionuclides. Section 5.2 details all components of this

model and the methods we can use to find a self-consistent steady-state solution for the disc

structure. Section 5.3 presents the results, and in Section 5.4 I discuss the relative importance

of the considered physical and chemical processes for the structure of the inner protoplanetary

disc. In the next chapter I further investigate how the inner disc structure changes with dust

grain size, dust-to-gas ratio, gas accretion rate and stellar mass, and discuss the implications

for the formation of the super-Earths in the inner disc.

5.2. Methods

The disc is assumed to viscously accrete due to the MRI. The model of the disc structure

is described in Section 5.2.1. The disc structure depends on the disc’s radiative properties,

i.e. opacities, and on the viscosity. The calculation of opacities is given in Section 5.2.2, and

the prescription for the MRI-driven viscosity in Section 5.2.3. The MRI-driven viscosity is a

function of the disc’s ionization state, calculated using a chemical network described in Section

5.2.4. Disc structure, opacities, ionization and viscosity are calculated self-consistently at every

point in the disc, using numerical methods given in Section 5.2.5.

The key parameters of the self-consistent disc model are the steady-state gas accretion rate
9M , stellar mass M�, stellar radius R�, effective temperature T�, and value of the viscosity in

the absence of the MRI (the dead-zone viscosity). Additionally, disc opacities and ionization

state, and thus the disc structure, depend on the properties of dust, namely, the dust-to-gas

ratio fdg and the maximum dust grain size amax.

5.2.1. The disc model

The disc model largely follows the work of D’Alessio et al. (1998; 1999). I consider a thin,

axisymmetric, Keplerian, steady-state disc that is viscously accreting, and assume that the

disc is in vertical hydrostatic equilibrium, heated by viscous dissipation and stellar irradiation,

and that energy is transported by radiation and convection. The energy transport in the radial

direction is neglected. Furthermore, at a given orbital radius, viscosity depends only on local

conditions and the vertical mass column (see Section 5.2.3). Then, the structure of the disc

at different radii is only coupled by the stellar irradiation, as it penetrates the disc along the

line-of-sight to the central star.
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5.2.1.1. Hydrostatic equilibrium

In a thin Keplerian disc in vertical hydrostatic equilibrium, at any given radius the gas pressure

profile follows from
dP

dz
� �ρΩ2z, (5.1)

where P is the gas pressure, ρ is the gas volume density, Ω is the Keplerian angular velocity

and z is the height above disc midplane. I adopt the ideal gas law.

5.2.1.2. Viscous heating and stellar irradiation

The disc is heated by the viscosity that drives the accretion. The viscosity is parametrized

by ν � αc2
s{Ω, where α is the Shakura and Sunyaev (1973) viscosity parameter and cs is the

isothermal sound speed. Local viscous dissipation rate at any location in the disc is given by

Γacc � 9

4
αPΩ. (5.2)

The flux generated by viscous dissipation that is radiated through one side of the disc is

Facc � 3

8π
9MfrΩ

2, (5.3)

where fr � 1�aRin{r comes from the inner disc edge thin-layer boundary condition, r is the

orbital radius and Rin � R� is the orbital radius of the inner disc edge (e.g. Frank et al. 2002),

where I am assuming a zero-torque inner boundary condition.

I also consider heating due to stellar irradiation. Stellar flux propagates spherically from the

star, and heating due to stellar irradiation at any location in the disc depends on the attenuation

of this flux along the line-of-sight to the star. However, such treatment of the stellar flux in 2D

coupled to a 1+1D disc model considered here, with no radial energy transport or scattering

of stellar light, leads to multiple, or no solutions at all, for the equilibrium disc structure.

Such behaviour does not appear in 2D disc models (e.g. Dullemond 2002). Therefore, it is

necessary to use an assumption that the stellar flux hits the disc surface at an angle φ and then

propagates vertically towards the midplane (Calvet et al. 1992; Chiang and Goldreich 1997).

In this framework, the attenuation, i.e. the optical depth to the stellar flux, is approximated

as τirr � τirr,z{µ, where τirr,z is the optical depth in the vertical direction, and µ � sinφ. Local

heating due to stellar irradiation is then given by

Γirr � κ�Pρ
Firr

µ
e�τirr,z{µ, (5.4)

where κ�P is the disc Planck opacity to stellar irradiation (see Section 5.2.2) and Firr is the total

87



CHAPTER 5. IMPROVED MODEL OF THE MRI-ACCRETING INNER DISC

incident stellar flux at the given orbital radius. In an optically-thick disc, the latter is given by

Firr � σSBT
4
�

�
R�

s


2

µ, (5.5)

where s is the distance to the star (spherical radius) from the top of the disc at the given orbital

radius.

The grazing angle φ is given by

φ � sin�1 4

3π

R�

r
� tan�1dlogzirr

dlogr

zirr

r
� tan�1 zirr

r
. (5.6)

Here the first term is the value of φ for a flat disc and comes from the finite size of the stellar

disc, and the other two terms are due to disc flaring. Height zirrprq defines the surface in the

disc at which the stellar flux is absorbed; here, zirrprq is the height above disc midplane at

which the optical depth to stellar irradiation is τirr � 2{3. Specifically, in calculating the height

zirr, the optical depth τirr is obtained by integrating along spherical radius s to the star, as

opposed to the approximation used in the local heating term. The height zirr and the angle φ

are determined self-consistently with the disc structure following the procedure by D’Alessio

et al. (1999), as outlined in Section 5.2.5.

5.2.1.3. Radiative energy transport

We can consider the energy transport only in the vertical direction. In a thin disc the optical

depth to disc radiation is much smaller in the vertical than in the radial direction. Thus, it can

be expected that the radiation primarily transports heat vertically.

The frequency-integrated moments of the radiative transfer equation in the Eddington ap-

proximation (i.e. assuming that radiation is isotropic, as is valid in the optically thick regime)

and the energy balance equation are

dF

dz
� Γacc � Γirr, (5.7)

dJ

dz
� �3ρκR

4π
F, (5.8)

4ρκPpσSBT
4 � πJq � Γacc � Γirr, (5.9)

where F and J are radiative flux and mean intensity, respectively. I have also assumed here

that the J and F weighted opacities can be approximated by the Planck mean opacity κP and

the Rosseland mean opacity κR, respectively (following e.g. Hubeny 1990, see Section 5.2.2).

Together with the ideal gas law, equations (5.1, 5.7-5.9) form a closed set of equations in P ,

F , J and T . Together with appropriate boundary conditions, they determine the disc vertical

structure. One boundary condition is given at disc midplane, where due to symmetry the flux

F p0q � 0. The rest of the boundary conditions are given at the top of the disc, at height zsurf
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above disc midplane. The boundary condition for the flux F is obtained by integrating eq. (5.7)

from z � 0 to z � zsurf , from which it follows that F pzsurfq � Facc�Firr. The boundary condition

for the mean intensity J is given by Jpzsurfq � 1
2π
F pzsurfq. Furthermore, we can assume that

the gas pressure at the top of the disc has a small constant value, P pzsurfq � 10�10 dyn cm�2,

which is another boundary condition. This is arbitrary, but does not affect the results as long

as the value is sufficiently small. Overall, thus, there are 4 boundary conditions for the three

differential equations. Additionally, the temperature T pzsurfq at the top of the disc follows from

the algebraic eq. (5.9) and the boundary conditions for J and P .

Some applications of eq. (5.8) to accretion discs require an additional multiplicative factor on

the right-hand side of the equation, the so-called flux-limiter, to preserve causality (Levermore

and Pomraning 1981). This is not the case in the boundary value problem described above.

The flux-limiter is introduced to ensure that F   cER, where ER � 4π
c
J is the radiation energy

density. Here, this condition is already fulfilled everywhere in the disc, since at the top of the

disc F � cER{2 and vertically downwards ER (or J) can only increase and F can only decrease

(i.e., from eq. (5.7) and (5.8), dF {dz ¡ 0 and dJ{dz   0).

5.2.1.4. Energy transport by convection

If radiative energy transport yields a thermal structure such that gradient ∇ � dlnT
dlnP

is greater

than the adiabatic gradient ∇ad � pγ � 1q{γ, the gas is unstable to convection. In disc regions

where this is the case we can assume that energy transport by convection is efficient and that

gas is vertically isentropic, so ∇ � ∇ad at such locations (e.g. Shu 1992; Rafikov 2007). I adopt

γ � 1.4. Then, the equations (5.8), (5.9) are replaced by

dT

dz
� �∇ad

T

P
ρpT, P qΩ2z � �∇ad

µmH

kB

Ω2z. (5.10)

5.2.2. Opacities

Radiative transport is controlled by the Rosseland-mean opacity κR in optically-thick regions,

eq. (5.8), and by the Planck-mean opacity κP in optically-thin regions, eq. (5.9). Additionally,

absorption coefficient for the stellar flux is a Planck-mean opacity κ�P at the stellar effective

temperature. In this work, it is assumed that the only source of these opacities are dust grains.

Gas opacities are important in the very innermost regions of discs, where most dust species

are sublimated. However, these regions are not of particular significance for the early stages of

planet formation that we are interested in, as the dust is required to form solid planet cores.

Beyond the silicate sublimation line, gas opacities may still be important in the hot, optically-

thin regions (Malygin et al. 2014). However, the inner disc is significantly optically-thick and

including gas opacities would only alter the structure of the hot disc atmosphere. Therefore,

we can completely ignore the gas contribution to the opacities.
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Figure 5.1: Planck-mean opacity κP, Rosseland-mean opacity κR, and Planck-mean opacity
at the stellar effective temperature κ�P, as functions of disc temperature, assuming dust-to-gas
ratio fdg � 10�2 and a maximum dust grain size amax � 1µm.

Furthermore, we can assume that the only dust species present are silicate grains. Other

species that can be comparable in abundance to silicates are water ice and carbonaceous grains

(e.g. organics, Pollack et al. 1994). However, due to their low sublimation temperatures, both

water ice and carbonaceous grains are expected to be sublimated in the hot MRI-active regions.

To calculate the opacities, I use the optical constants of “astronomical silicates” from Draine

(2003), and the miescat module of the python wrapper radmc3dPy for RADMC3D (Dulle-

mond et al. 2012) to obtain dust absorption and scattering coefficients as functions of radiation

wavelength and grain size. For each grain size a the coefficients are averaged within a size

bin of width ∆loga � 0.02. Next, I adopt the grain bulk density of ρg � 3.3 g cm�3, and the

grain size distribution given by dnpaq9 a�qda (Mathis et al. 1977), with q � 3.5, minimum

grain size amin � 0.1µm, and a maximum grain size amax. Then, the size-dependant absorption

and scattering coefficients are weighted by grain mass and averaged over the grain size distri-

bution. Finally, the absorption coefficient is integrated over frequency to obtain Planck-mean

opacity (κPpT q), and the total extinction coefficient yields Rosseland-mean opacity (κRpT q).
Following D’Alessio et al. (1998), I calculate the mean absorption coefficient for the stellar flux

as a frequency-integrated absorption coefficient weighted by the Planck function at the stellar

effective temperature (κ�P � κPpT�q).
Fig. 5.1 shows the opacities per unit mass of gas, assuming a dust-to-gas ratio of fdg �

10�2 and T� � 4400 K, for a maximum grain size amax � 1µm. Planck-mean opacity at the

stellar effective temperature κ�P is a constant, since the wavelength-dependent dust absorption

coefficient does not depend on the local temperature. The Planck-mean opacity κP is in general

expected to increase with increasing temperature. This is because the wavelength at which the

Planck function peaks is inversely proportional to the temperature, and for grains smaller than

the wavelength of peak emission (and small grains contribute to the opacities most) absorption

is expected to increase with decreasing wavelength. However, due to the silicate absorption

feature at 10µm, κP decreases with temperature in the range � 500 K – 1000 K.
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5.2.3. Viscosity

The model of the MRI-driven viscosity closely follows that presented in Chapter 2 (see also Bai

2011a). Here only the main points are summarized. A well-ionized circumstellar disc which

behaves according to laws of ideal magnetohydrodynamics is susceptible to the MRI (Balbus

and Hawley 1991). Under such conditions, the MRI leads to turbulence, producing an accretion

stress and acting as a source of viscosity. In terms of the Shakura-Sunyaev parameter α, the

MRI yields

αAZ � 1

3β
(5.11)

where β � P {PB is the plasma parameter, and PB � B2{8π is the magnetic field pressure

(Sano et al. 2004).

However, even in the inner regions of protoplanetary discs, non-ideal magnetohydrodynamic

effects quench the MRI, leading to the so-called dead zones. The non-ideal magnetohydrody-

namic effects considered here are Ohmic and ambipolar diffusion. Ohmic diffusion will not

supress the MRI if (Sano and Stone 2002)

Λ � v2
Az

ηOΩ
¡ 1, (5.12)

where Λ is the Ohmic Elsasser number, vAz � Bz{
?

4πρ is the vertical component of the local

Alfven velocity and ηO is the Ohmic magnetic resistivity. Here, we can utilize the relationship

between the vertical component of the magnetic field strength Bz and the r.m.s. field strength

B, B2
z � B2{25 (Sano et al. 2004). It is also assumed that B is vertically constant. The method

of determining the value of B is described in Section 5.2.5.

Similarly, the ambipolar Elsasser number is defined by

Am � v2
A

ηAΩ
, (5.13)

where ηA is the ambipolar magnetic resistivity. However, in the strong-coupling limit valid in

protoplanetary discs, the MRI can be active even if Am   1, if the magnetic field is weak (Bai

and Stone 2011). The criterion for the active MRI is then given by

β{βmin ¡ 1 (5.14)

where the minimum value of β necessary to sustain the MRI is a function of the ambipolar

Elsasser number,

βminpAmq �
��

50

Am1.2


2

�
�

8

Am0.3
� 1


2
�1{2

. (5.15)

Thus, whether the MRI will be active or not depends on the magnetic resistivities, ηO and

ηA, as well as the magnetic field strength B. The magnetic resistivities, calculated following
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Wardle (2007), express the coupling between the gas and the magnetic field. This is principally

determined by the ionization of the gas.

If any of the two criteria given by eqns. (5.12), (5.14) is not fulfilled, the MRI is not active.

In such MRI-dead zones, I assume there is a small residual viscosity αDZ, driven either by

propagation of turbulence from the MRI-active zone, or by hydrodynamic instabilities. In this

chapter, I also impose a smooth transition between the active and the dead zone, necessary to

ensure numerical stability in the integration of the equations of the disc structure. To cover

both non-ideal effects that lead to dead zones, we can define C � minpΛ, β{βminq. Then, at any

location in the disc, if |C � 1|   0.5,

α � αDZ � αAZ � αDZ

1� exp
��C�1

∆

� , (5.16)

where ∆ � 10�2. The exact value of ∆ makes very little difference to the results presented

here.

5.2.4. Ionization

5.2.4.1. Chemical network

A simple chemical network is implemented following Desch and Turner (2015). The chemi-

cal network considers number densities of five species: atomic ions (ni), free electrons (ne),

potassium ions (nK�), neutral potassium atoms (nK0) and potassium atoms adsorbed onto dust

grains (nK,cond).

In the gas-phase potassium atoms are thermally ionized – collisions of neutral potassium

atoms with hydrogen molecules produce potassium ions and free electrons. Potassium ions and

free electrons recombine radiatively and also in three-body recombinations in collisions with

hydrogen molecules (the latter process dominates at high densities present in the inner disc).

Furthermore, non-thermal sources of ionization (e.g. X-rays) can ionize molecular hydrogen

(Glassgold et al. 1997; Ercolano and Glassgold 2013). The charge is quickly transferred from

the ionized hydrogen to other abundant gas species through collisions, producing molecular and

atomic ions (e.g. HCO�, Mg�). Notably, in application to the MRI, the exact composition

of the gas that this leads to is unimportant in the presence of dust, and simple chemical

networks reproduce the gas ionization levels well (Ilgner and Nelson 2006). Thus, it is assumed

that ionization of molecular hydrogen directly produces an atomic ion and a free electron at

a rate ζnH2 . The atomic ion species in this chemical network may thus be understood as a

representative of the various chemical species abundant in the gas-phase. Its mass is taken to be

that of magnesium. It is assumed that the number density of molecular hydrogen is constant,

which is valid for low ionization rates. Same as potassium, the atomic ions also recombine

radiatively and in three-body recombinations.
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Importantly, all gas-phase species collide with and are adsorbed onto dust grains at a rate

Rj, coll � njngrπa
2
gr

�
8kBT

πmj


1{2

J̃jSj, (5.17)

where nj is the number density of the gas-phase species, ngr is the number density of the grains,

agr is the grain size, mj is the gas-phase species mass, J̃j is the modification of the collisional

cross-sections for charged species due to dust grain charge (Draine and Sutin 1987), and Sj is

the sticking coefficient. It is assumed that all grains have the same charge; this is valid since

the dispersion of the distribution of charge states is generally found to be small(Draine and

Sutin 1987). It is further assumed that potassium ions are quickly recombined on the grain

surface to form condensed potassium atoms. The atomic ions are effectively destroyed upon

adsorption.

At high temperatures electrons on the dust grains have a finite probability of leaving the

grain, producing the so-called thermionic emission. The emission depends on the energy re-

quired for the electron to escape the grain. For a neutral grain this is the work function W , a

property of the material out of which the grains are made. The rate at which free electrons are

produced through thermionic emission is

Rtherm � ngr4πa
2
grλR

4πmepkBT q2
h3

e
�
Weff
kBT , (5.18)

where

Weff � W � ke
Ze2

agr

(5.19)

is the effective work function due to grain charge Ze, and ke is the Coulomb constant.

Potassium atoms will also evaporate from the grains only at high temperatures. The va-

porization rate of condensed potassium atoms is given by

RK,evap � nK,condνe
� Ea
kBT , (5.20)

where ν is the vibration frequency of potassium atoms on the dust grain surface lattice, and

Ea � 3.26 eV is the binding energy, whose value is chosen to reproduce the condensation

temperature of potassium (1006 K, Lodders 2003). These potassium atoms may be emitted

into the gas phase as both neutral atoms and ions, contributing further to the gas’ ionization

state. The ratio of ions to neutrals among the emitted particles is given by

n�K
nK0

� g�
g0

e
�
Weff�IP

kBT , (5.21)

where g�
g0

is the ratio of statistical weights of the ionized and neutral state of potassium, and

IP the ionization potential of potassium.

Clearly, the contribution of the dust grains to gas ionization levels depends on the work
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function W of the grain material. I adopt the fiducial value of Desch and Turner (2015),

W � 5 eV, and refer the reader to their work for a discussion of the experimental results

supporting this choice. This value is close to the ionization potential of potassium, IP � 4.34 eV,

indicating that thermionic emission is important for the production of free electrons in the same

temperature range as thermal ionization of potassium. Importantly, at this given value of the

work function, grains become negatively charged at high temperatures as a large fraction of

potassium evaporating from the grains is in ionized state. This results in a reduction of the

effective work function Weff , i.e., for negatively charged grains thermionic emission is higher.

In this work, I assume that the abundances of hydrogen and potassium atoms are xH �
9.21�10�1 and xK � 9.87�10�8, respectively, relative to the total number density of all atomic

particles (Keith and Wardle 2014), and that the mean molecular weight is µ � 2.34mH
1. The

grain material density is ρgr � 3.3 g cm�3, the same as in the calculation of the dust opacities.

The input for the chemical network are temperature T , pressure P , hydrogen ionization rate ζ,

dust-to-gas ratio fdg and dust grain size agr. All other kinetic rates, parameters and coefficients

are the same as in Desch and Turner (2015). Note that the chosen value of the sticking coefficient

for the electrons (Se � 0.6) is compatible with the detailed calculation by Bai (2011a). The

calculation therein is done for the values of work function of 1 eV and 3 eV. The results suggest

that for the work function of 5 eV, at 1000 K, Se is indeed few times 0.1 for neutral grains, and

increases further for negatively-charged grains.

For a given dust-to-gas ratio fdg and grain size agr, the equilibrium number densities of

electrons and ions, and the average grain charge, are pre-calculated and tabulated as functions

of temperature T , pressure P and hydrogen ionization rate ζ. The equilibrium solution is

found following the same method as Desch and Turner (2015). Time derivatives of all number

densities are set to zero, and so rate equations yield an algebraic system of equations. For

a given average grain charge Z, this system of equations is solved iteratively to find number

densities of all five species. Then, the grain charge is found by solving the equation of charge

neutrality.

5.2.4.2. Effective dust-to-gas ratio

The described chemical network incorporates only one grain size population. Ideally, we would

consider a number of grain size populations, with the same size distribution used in the calcula-

tion of dust opacities. However, this would greatly enhance the computational complexity of the

problem. At the same time, it is clear that dust grains of different size contribute differently to

the equilibrium ionization levels. To the lowest order of approximation, all dust-related reaction

rates are regulated by the total grain surface area. Thus, it can be expected that the ionization

levels are most sensitive to the smallest grains. Bai and Goodman (2009) considered the effects

of dust on the ionization levels in the cold regions of protoplanetary discs, in application to the

1The total number densities of molecular hydrogen and potassium are then related to the gas density as
nH2

� xH{p2� xHqρ{µ and nK � 2xK{p2� xHqρ{µ, respectively.
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Figure 5.2: Ionization fraction (ne{nH2) as a function of temperature. Different colours corre-
spond to different combinations of pressure and hydrogen ionization rates, P � 102 dyn cm�2

and ζ � 10�19 s�1 (blue), P � 10�2 dyn cm�2 and ζ � 10�19 s�1 (orange), P � 10�2 dyn cm�2

and ζ � 10�11 s�1 (green). Different linestyles correspond to different grain sizes, agr � 10�5 cm
(solid), agr � 10�3 cm (dashed), agr � 10�1 cm (dotted), each with a different dust-to-gas ratio
such that the ratio fdg{apgr remains constant and as evaluated for agr � 10�5 cm, fdg � 0.01.
Different panels show the calculations for different values of the exponent p, as indicated in
each panel title. Exponent p � 1 is equivalent to keeping the total grain surface area constant.
Adopting exponent p � 1.5 yields approximately the same threshold temperature at which
ionization fraction sharply increases irrespective of grain size agr. See Section 5.2.4.2.

onset of the MRI due to non-thermal sources of ionization. They considered chemical networks

with two grain size populations and found that the grain populations behave independently,

as the charge transfer between the grains is negligible. They further found that the ionization

levels are largely controlled by a quantity fdg{apgr where the exponent p varies between p � 1

(i.e. the total grain surface area) and p � 2.

We can repeat a similar exercise for the above chemical network, suited to the hot inner

regions of protoplanetary discs. For a set of values of the exponent p � 1, 1.25, 1.5 grain size

agr is varied while keeping fdg{apgr constant. The ionization levels are calculated as a function

of temperature, and for different sets of pressure and hydrogen ionization rates, so as to probe

different conditions in different regions of the inner disc. The results are shown in Fig. 5.2.

The grain surface area (p � 1) controls the equilibrium ionization levels when the hydrogen

ionization dominates, but does not determine the temperature at which the ionization levels

rise due to thermionic and ion emission. On the other hand, for p � 1.5, this temperature

depends very weakly on the grain size. That is, regardless of the actual dust grain size, a

quantity fdg{a1.5
gr regulates the temperature at which dense interior of the disc becomes ionized.

Therefore, we can proceed with a single grain size, agr � 10�5 cm, in the chemical network,

but, use an effective dust-to-gas ratio such that feffa
�p
gr � ³amax

amin
dnpaqmpaq{ρga

�p, where npaq
is the same grain size distribution used to calculate dust opacities. Since it is found that

thermionic and ion emission are more important than non-thermal sources of ionization in the

inner disc, p � 1.5 is adopted. From Fig. 5.2 it appears that this choice will produce a large

error in the ionization levels in the low-density non-thermally ionized disc regions. However,
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the discrepancy will be much lower for a size distribution than in Fig. 5.2, since most of the

grains remain small.

5.2.4.3. Hydrogen ionization rate

In the calculation of the MRI-driven viscosity, I consider molecular hydrogen ionization rate

due to radionuclides, cosmic rays and stellar X-rays. The ionization rate of molecular hydrogen

due to short-lived and long-lived radionuclides is

ζR � 7.6� 10�19 s�1, (5.22)

which predominantly comes from decay of 26Al (Umebayashi and Nakano 2009). The ionization

rate of molecular hydrogen due to interstellar cosmic rays is (Umebayashi and Nakano 2009)

ζCRpzq � ζCR,ISM

2
e
�Σpzq
λCR

�
1�

�
Σpzq
λCR


 3
4

�� 4
3

, (5.23)

where ζCR,ISM � 10�17 s�1 is the interstellar cosmic-ray ionization rate, Σpzq is the integrated

density column from the top of the disc to the height z above disc midplane, and λCR �
96 g cm�2 is the attenuation length for cosmic rays (Umebayashi and Nakano 1981).

For the ionization rate of molecular hydrogen due to stellar X-rays I use Bai and Goodman

(2009) fits to Igea and Glassgold (1999) Monte Carlo simulations,

ζXpzq � LX

1029 erg s�1

� r

1 AU

	�2.2

pζ1e
�pΣpzq{λ1qc1 � ζ2e

�pΣpzq{λ2qc2 q, (5.24)

where LX is stellar X-ray luminosity, ζ1 � 6 � 10�12 s�1, λ1 � 3.4 � 10�3 g cm�2, and c1 �
0.4 characterize absorption of X-rays, and ζ2 � 10�15 s�1, λ2 � 1.6 g cm�2, and c2 � 0.65

characterize the contribution from scattered X-rays. Here the attenuation lengths given by

Bai & Goodman in terms of column densities of hydrogen nucleus are re-calculated into the

surface density lengths using the hydrogen abundance given above. I adopt the relationship

LX � 10�3.5Lbol (Wright et al. 2011). For both cosmic rays and X-rays, I ignore the contribution

coming through the other side of the disc. This is valid since in the inner disc the gas surface

densities are mostly larger than the attenuation lengths of the ionizing particles and, even at

low gas surface densities, this can only increase the ionization rates by at most a factor of 2.

5.2.5. Numerical methods

5.2.5.1. Equilibrium vertical disc structure

At a given orbital radius, magnetic field strength and grazing angle φ, the vertical disc structure

is determined as a solution to the boundary value problem given by eqns. (5.1), (5.7)-(5.9) and
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the ideal gas law, and, where convectively unstable, by eqns. (5.1), (5.7) and (5.10). This

boundary value problem is solved using the shooting method (Press et al. 2002). The equations

are integrated from the top of the disc (z � zsurf) to the disc midplane (z � 0). The height of

the disc zsurf is then found, such that F p0q � 0. This root-finding problem is solved using the

Ridders’ method, with an exit criterion that |F p0q|   10�5F pzsurfq.
Equations of the vertical disc structure are integrated on a fixed grid with points uniform

in the polar angle. Since eq. (5.9) is an algebraic equation, and for numerical stability, I use

a fully implicit integration method. I use Runge-Kutta method of the second order, i.e. the

trapezoidal method. In the trapezoidal method the equations (5.1), (5.7)-(5.9) are discretized

as a system of nonlinear equations to be solved in every integration step (a system of nonlinear

equations in Pn�1, Fn�1, Jn�1, Tn�1 to be solved by a root-finding algorithm),

Pn�1 � Pn � h

2
Ω2p�ρnzn � ρn�1zn�1q, (5.25)

Fn�1 � Fn � h

2
pΓn � Γn�1q, (5.26)

Jn�1 � Jn � h

2
p� 3

4π
qpρnκRpTnqFn � ρn�1κRpTn�1qFn�1q, (5.27)

0 � 4ρn�1κP pTn�1qpσSBT
4
n�1 � πJn�1q � Γn�1, (5.28)

where h is the integration step, ρ � ρpT, P q is given by the ideal gas law and Γ � Γacc � Γirr.

Here, Γirr,n � Γirr,npTn, Pn, τirr,z,nq, with the optical depth to stellar irradiation obtained using

τirr,z,n�1 � τirr,z,n � h
2
κ�Ppρn � ρn�1q. Furthermore, viscous dissipation is a function of the MRI-

driven viscosity α and thus depends on the local ionization levels. The latter are a function of

the local temperature, pressure and the hydrogen ionization rate which depends on the column

density from the top of the disc. Thus, Γvis,n � Γvis,npTn, Pn, Nnq, with the column density

given by Nn�1 � Nn � h
2
k�1

B pPn{Tn � Pn�1{Tn�1q.
The equation for pressure Pn�1 can be rearranged into an explicit form

Pn�1 �
Pn � h

2
Ω2ρnzn

1� h
2
Ω2 µmH

kB

zn�1

Tn�1

. (5.29)

Then, the above system of equations is equivalent to a single nonlinear equation in Tn�1, greatly

simplifying the problem. In every integration step the Ridders’ method is used to solve this

equation for the temperature Tn�1 (down to a relative precision of 10�7) and consequently for

all other quantities. This includes the MRI-driven viscosity α, which is thus calculated self-

consistently at each step of integration.2 At every step and in every iteration of the root-solver

opacities are interpolated from pre-calculated tables using cubic splines, and the ionization

levels (e.g., free electron number density) using tri-linear interpolation.

2This is indeed necessary. An iterative method in which disc thermal structure is decoupled from the density
structure and the heating terms (e.g. Dullemond 2002) does not converge to a solution in the case of MRI-driven
viscosity.
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Additionally, at each integration step it is checked if the resulting temperature gradient is

unstable to convection, and if so, the temperature Tn�1 is obtained analytically using

Tn�1 � Tn � h

2
∇ad

µmH

kB

Ω2p�zn � zn�1q. (5.30)

With Tn�1 known, all other quantities follow same as above. A disc column can, in principle,

become convectively stable again at some height above disc midplane. To calculate the mean

intensity J at a boundary between a convective and a radiative zone, the energy balance

equation (5.9) is used.

For some model parameters there can be a range of orbital radii and values of the magnetic

field strength for which there are multiple solutions for the disc height zsurf (i.e. multiple

solutions for the equilibrium vertical disc structure). This happens when a complex ionization

structure leads to strong variations in the viscosity α as a function of height above disc midplane,

making the total produced viscous dissipation a non-monotonous function of zsurf . When there

are multiple solutions, the solution with smallest zsurf is chosen. It is likely that at least some of

the additional solutions are unphysical, as the strong variations in both the levels of turbulence

and the levels of ionization should be removed by turbulent mixing (see Section 5.3.2.3).

5.2.5.2. Magnetic field strength

At a given orbital radius, grazing angle φ and magnetic field strength B, the above procedure

yields an equilibrium vertical disc structure characterized by a vertically-averaged viscosity

ᾱ �
³zsurf

0
αPdz³zsurf

0
Pdz

. (5.31)

As in the vertically-isothermal model (discussed in Chapter 2), for a sufficiently small and a

sufficiently large magnetic field strength B the MRI is suppressed in the entire disc column

and ᾱ � αDZ. There can be an intermediate range of magnetic fields strength for which the

MRI is active, and the vertically-averaged viscosity ᾱ peaks at some value of B. At every

orbital radius, B is chosen such that ᾱ is maximized. The underlying assumption here is that

the magnetic fields are strengthened by the MRI-driven turbulence, so that the magnetic field

strength is a monotonously increasing function of ᾱ. To maximize ᾱpBq, the Brent method is

used, with a target absolute precision of 10�3 in logB.

For some model parameters there can be a range of orbital radii where there are multiple

local maxima in ᾱ as a function of B. This is essentially for the same reasons that cause multiple

solutions in disc height zsurf at a fixed value of B. In general B is chosen which corresponds

to the global maximum in ᾱ. However, in some cases, this is a function of the grazing angle φ

at a fixed orbital radius, and the procedure to determine the grazing angle (described below)

does not converge. There a local maximum with a largest magnetic field strength is chosen.
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5.2.5.3. Grazing angle

At any given orbital radius, the angle φ between the incident stellar radiation and the disc

surface is determined self-consistently with the disc structure following D’Alessio et al. (1999).

A self-consistent disc structure is found by iteratively updating the grazing angle φ and re-

calculating the entire disc structure. I use a logarithmic grid for orbital radius. First, I calculate

φ using eq. (5.6) by assuming that zirr � 0 and solve for the vertical disc structure and the

magnetic field strength at all radii. I integrate through the obtained disc structure along lines-

of-sight to the star to calculate τirrpr, zq, which yields an updated zirr at each radius.

Critically, to calculate the updated value of the grazing angle φ at each radius, the derivative

dlogzirr{dlogr is approximated by assuming that zirr is a power-law, zirr9 rb, within a radius

bin centered at the given radius. So, at each radius I fit for the slope b using zirr at that radius

and at a number of radial grid points interior and exterior to it. Then, the value of the grazing

angle is updated and the vertical disc structure re-calculated at all radii.

This procedure is repeated until the grazing angle has converged at every radius, i.e., until

the relative difference in φ between two consecutive iterations is less than 0.5% at all radii. For

the first radial point I always assume the flat-disc approximation (zirr � 0) and do not include

it in the fitting routine. In this work I use a total of 100 radial points between 0.1 AU and

1 AU, and a total of 10 radial points in fits for dlogzirr{dlogr.

5.3. Results

I investigate structure of inner regions of protoplanetary discs using a model of a viscous

steady-state accretion disc in which viscosity comes from the MRI. In Chapter 2, I discussed

a vertically-isothermal, constant-opacity disc with a single thermally-ionized chemical species.

In Section 5.3.1 I consider a model in which the vertical structure of the disc is calculated

self-consistently from viscous heating, heating by stellar irradiation, radiative and convective

energy transport, and self-consistent radiative properties of dust, and the disc’s ionization state

is calculated by only considering the thermal (collisional) ionization of potassium, using the

Saha equation. Then, in Section 5.3.2 I present results of the full model that also includes other

relevant chemical species, including dust grains, and non-thermal sources of ionization.

Throughout this chapter I assume the gas accretion rate 9M � 10�8 Md yr�1, stellar mass

M� � 1 Md, stellar radius R� � 3 Rd, effective stellar temperature T� � 4400 K, and viscosity in

the MRI-dead zone αDZ � 10�4. The chosen gas accretion rate is the median from observations

(Hartmann et al. 1998; Manara et al. 2016; 2017). The chosen stellar parameters for a solar-

mass star are from the stellar evolution models of Baraffe et al. (2015), for the stellar age of

5 � 105 yr. At later ages, stellar luminosity decreases, as the star contracts. Maximizing the

stellar luminosity allows us to examine the maximum effect that the stellar irradiation has on

the inner disc. Furthermore, I assume a dust-to-gas ratio fdg � 10�2 and a maximum dust
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grain size amax � 1µm. In this work the focus is on examining the main physical and chemical

processes that shape the structure of the inner disc, given the above model parameters. How

the disc structure changes as a function of the model parameters is investigated in the next

chapter.

5.3.1. Disc thermal structure and the MRI

In this section I explore how the thermal processes shape the inner disc structure. The chemistry

considered in this section is simple, the disc’s ionization state is set by the thermal ionization

of potassium only, all of which is assumed to be in the gas phase. The effects of dust on the

ionization levels, as well as non-thermal sources of ionization, are explored in Section 5.3.2.

5.3.1.1. Thermal structure of the inner disc

Fig. 5.3 shows the temperature as a function of orbital radius and height above disc midplane

for three models of varying complexity. The left-hand panel shows a disc which has the same

constant opacity (κR � κP � 10 cm2 g�1) as in Chapter 2, but where the disc vertical structure

is calculated self-consistently from viscous heating and cooling by radiation and convection. The

middle panel is a model in which the opacities are also determined self-consistently. Finally,

the right-hand panel is a model which further accounts for the heating by stellar irradiation.

Noticeably, the temperature profiles deviate from vertically-isothermal. Here, the dashed

lines show the disc pressure scale height, and the solid lines show the disc photosphere (where

the Rosseland-mean optical depth is τR � 2{3). In all three models the temperature increases

towards the midplane below the photosphere, as the disc becomes more and more optically-thick

to its own radiation.

The resulting temperature gradient becomes sufficiently high, that the disc becomes con-

vectively unstable, as shown in Fig. 5.4. From the disc midplane to a height of a couple of

pressure scale heights, energy is thus transported by convection, and there we can assume that

the temperature gradient is isentropic. Importantly, the strong temperature gradient that gives

the rise to the convective instability is not specific to the MRI-driven accretion. It is a feature

of any active optically-thick disc where the accretion heat is released near midplane (see also

Garaud and Lin 2007). This is shown analytically in Section 5.4.

The model that also includes heating due to stellar irradiation, shown in the right panels of

Fig. 5.3 and Fig. 5.4, features a temperature inversion in the disc upper layers. This temperature

inversion has been discussed in detail by D’Alessio et al. (1998). The dotted line here indicates

the irradiation surface zirr at which τirr � 2{3. Above this line the disc upper layers are

heated by stellar irradiation. Below, disc becomes optically-thick to incident irradiation and

temperature drops. Then, below the disc photosphere (the solid line), disc is optically-thick to

its own radiation and temperature increases again.
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Figure 5.3: Temperature as a function of location in the disc for a viscously-heated constant-
opacity model (left), viscously-heated model with realistic opacities (middle), and a viscously
and irradiation-heated model with realistic opacities (right). In each panel the solid line shows
the disc photosphere (τR � 2{3) and the dashed line shows the pressure scale height (P �
e�1{2Pmid). The dotted line in the right-hand panel shows the surface at which τirr � 2{3. Note
that the inclusion of heating by stellar irradiation does not strongly affect the disc midplane
temperature. See Section 5.3.1.1.

In the irradiated disc, close to the star the disc midplane is as hot as the disc upper layers,

and further away the midplane is significantly hotter than the upper layers. It would appear that

the accretion heating dominates in the inner disc. However, the total flux of stellar radiation

absorbed by a vertical column in the disc at a given radius, shown in Fig. 5.5, is in fact of the

order of few tens of the total flux generated by viscous dissipation (Firr�10Facc) throughout the

inner disc. Nevertheless, the disc temperature near midplane is weakly affected by irradiation.

I discuss this result in Section 5.4.2.

The ratio Firr{Facc varies non-monotonically, following the grazing angle, shown in the right

panel of Fig. 5.5. At the inner edge of the calculation domain, the first �10 points (shown

in grey) are affected by the boundary effects. This is a well known problem in disc models

that account for stellar irradiation using the grazing angle prescription (Chiang et al. 2001).

Importantly, far away from the inner edge, the value of the grazing angle and the disc structure

do not depend on the disc structure at the inner edge.

5.3.1.2. Ionization levels and non-ideal MHD effects

The ionization structure of the models with a self-consistent vertical structure is qualitatively

different than in the vertically-isothermal models discussed in Chapter 2. In the vertically-

isothermal models the ionization fraction increases with height above disc midplane, as the

temperature is constant and density decreases (which follows from the Saha equation). Here,

as the temperature decreases with height, so does the ionization fraction, as shown in the

middle three panels of Fig. 5.6. Here, the top three panels show the viscosity α as a function

of height above disc midplane, middle panels show the free electron number density relative

to the number density of molecular hydrogen ne{nH2 , and bottom panels show the Ohmic and

ambipolar resistivities. Solid lines are for the viscously-heated model with self-consistent dust
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Figure 5.4: Radiative and convective zones (light and dark red, respectively) for a viscously-
heated constant-opacity model (left), viscously-heated model with realistic opacities (middle),
and a viscously and irradiation-heated model with realistic opacities (right). In each panel the
dashed line shows the pressure scale height (P � e�1{2Pmid). In all three models the disc is
convectively unstable within few scale heights. See Section 5.3.1.1.
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Figure 5.5: Ratio of the total irradiation heating to the total viscous dissipation (Firr{Facc)
as a function of radius (top) and the incident angle to stellar irradiation (φ) as a function
of radius (bottom). The total (vertically-integrated) absorbed stellar flux Firr is at least an
order of magnitude larger than the total viscous dissipation Facc at any given radius. Gray
lines indicate the region affected by the inner boundary condition for the incident angle φ. See
Section 5.3.1.1.
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Figure 5.6: Local viscous parameter α (top), ionization fraction ne{nH2 (middle) and magnetic
resistivities (bottom) at three different orbital radii (as indicated in panel titles) in a model
with realistic opacities, but no irradiation, and a model that also includes irradiation, as shown
in plot legend. Despite the high ionization fraction in the irradiation-heated disc upper layers,
ambipolar diffusion quenches the MRI there. See Section 5.3.1.2.

opacities, and dashed lines are for the model that also includes heating by stellar irradiation.

In the latter model, the ionization does increase in the uppermost irradiated layers.

As a consequence of the above, in non-irradiated discs both ambipolar and Ohmic resistivity

increase with height. In other words, in these self-consistent models, both ambipolar and Ohmic

diffusion quench the MRI from above. The Ohmic resistivity decreases in the uppermost layers

of the irradiated disc, however, ambipolar diffusion does not.

5.3.1.3. MRI-active and dead zones

The differences in the ionization structure of the vertically self-consistent models and the

vertically-isothermal models lead to differences in where in the disc the MRI is active. Plot of

the viscosity α as a function of orbital radius and height above disc midplane, Fig. 5.7, shows

that the MRI-active zone (where α ¡ αDZ) remains around midplane. This is qualitatively

different from the vertically-isothermal case, where the MRI-active zone is around midplane
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Figure 5.7: Local viscous parameter α as a function of location in the disc for a viscously-
heated constant-opacity model (left), viscously-heated model with realistic opacities (middle),
and a viscously and irradiation-heated model with realistic opacities (right). In each panel the
solid line shows the disc photosphere (τR � 2{3) and the dashed line shows the pressure scale
height (P � e�1{2Pmid). The dotted line in the right-hand panel shows the surface at which
τirr � 2{3. Note that the heating by stellar irradiation has a very weak effect on the extent of
the MRI-active region. See Section 5.3.1.3.

in the innermost region, but at a certain orbital distance rises into the upper layers. Such a

configuration in which an MRI-active zone is nested between a dead zone at midplane, and

ambipolar-dead zone above, arises in the vertically-isothermal case because there the ionization

levels increase with height above disc midplane. Furthermore, the three panels correspond to

the same three models as above: viscously-heated constant-opacity model, viscously-heated

model with self-consistent opacities, and a fully self-consistent model which also includes heat-

ing by stellar irradiation. Noticeably, stellar irradiation makes little difference to the extent of

the MRI-active zone, since irradiation affects the midplane temperature weakly, and the hot

uppermost layers are dead due to the ambipolar diffusion.

Finally, Fig. 5.8 compares radial profiles of the vertically-averaged viscosity ᾱ and the mag-

netic field strength B from four models of varying complexity. The grey solid lines show the

results of the viscously-heated vertically-isothermal constant-opacity model from Chapter 2.

The black dotted line is for the disc which has the same constant opacities, but where the disc

vertical structure is calculated self-consistently from viscous heating and cooling by radiation

and convection. The black dashed line is for the model in which the opacities are also deter-

mined self-consistently and the black solid line is for the model which further accounts for the

heating by stellar irradiation.

In line with theoretical expectations and the previous study, the vertically-averaged viscosity

ᾱ decreases as a function of orbital radius. At some distance from the star the MRI is completely

quenched and the viscosity reaches the minimum value, ᾱ � αDZ. Remarkably, the ᾱ radial

profile is both qualitatively and quantitatively similar in these models. We can expect this

to be the case in general, as long as the disc is optically thick, so that the heating by stellar

irradiation may be neglected. However, the radial profile of the magnetic field strength B

reveals qualitative differences. In the vertically-isothermal model, Bprq features a sharp drop
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Figure 5.8: Vertically-averaged viscosity parameter (ᾱ) and the magnetic field strength (B) as
functions of radius in a vertically-isothermal and self-consistent models of varying complexity (a
viscously-heated constant-opacity model, viscously-heated model with realistic opacities, and a
viscously and irradiation-heated model with realistic opacities), as indicated in plot legend. The
vertically-averaged viscosity parameter profile is similar in all four models, but the magnetic
field strength profile is qualitatively different in the vertically-isothermal model. See Section
5.3.1.3.
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at � 0.35 AU, which corresponds to the rise of a dead zone at disc midplane described above

(see also Chapter 2). From that point, until the MRI is completely quenched at � 0.7 AU, the

MRI is active in a thin layer high above the midplane, between a dead zone at disc midplane

and a zombie zone above. In the self-consistent models, however, this configuration does not

appear and the magnetic field strength remains high until the MRI is completely quenched.

5.3.2. Disc chemical structure and the MRI

In this section I build upon the model from the previous section. First, I explore the effects of

dust on the disc’s ionization state and on the MRI. Then, I produce the full model of the inner

disc by also considering non-thermal sources of ionization.

5.3.2.1. Effects of dust

Fig. 5.9 shows the radial profiles of the vertically-averaged viscosity ᾱ, magnetic field strength,

midplane temperature and the midplane free electron number density for a model with a self-

consistent vertical structure and thermal ionization only (solid lines), and a model in which

the dust effects on the ionization state are included (dashed lines). The latter model includes

gas-phase collisional (thermal) ionization and recombination, adsorption of free charges on the

dust grains, and thermionic and ion emission from the dust grains. Non-thermal ionization is

also included, but at a negligible rate of ζ � 10�25 s�1 to isolate the high-temperature effects.

As Fig. 5.9 shows, the radial profile of ᾱ and the radial extent of the MRI-active zone are

overall similar for both models. Interestingly, when the dust effects are included, ᾱ is higher

at a given orbital radius, as is the ionization fraction, i.e. ne{nH2 . Concurrently, the midplane

temperature is lower in the model that includes dust.

Fig. 5.10 shows the vertical structure of the model with dust at three different orbital radii.

Top panels show the viscosity α as a function of height, middle panels show the number densities

of free electrons and ions, and bottom panels show the various contributions to the free electron

production rate (in s�1 cm�3). As in the thermally-ionized disc (Fig. 5.7), the MRI is active

at the hot disc midplane. The ionization levels decrease with height above the midplane as

temperature decreases, and increase again in the disc atmosphere heated by stellar irradiation;

here, however, ambipolar diffusion quenches the MRI.

The plots of free electron production rates show that thermionic emission is the dominant

ionization source. Thus, Fig. 5.9 is misleading in the sense that, while the differences in the

global structure are very small when dust effects are added, it is not because dust effects are

small. Clearly, dust dominates the chemistry in the inner disc. Rather, for the parameters

assumed here, the ionization levels as a function of temperature and density are similar to the

levels obtained from gas-phase thermal ionization only.
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Figure 5.9: Vertically-averaged viscous parameter (ᾱ), magnetic field strength (B), midplane
temperature and the midplane free electron fraction (ne{nH2) as functions of radius for a model
with thermal ionization only, a model with thermal ionization and dust effects (with ζ �
10�25 s�1), and a model which also includes non-thermal sources of ionization (ζ � ζR�ζCR�ζX).
The disc structure is quantitatively similar in all three models; however, the primary source of
ionization in the models that include dust are thermionic and ion emission. See Section 5.3.2.1.
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Figure 5.10: Local viscous parameter α (top), ionization fraction ne{nH2 (middle) and ionization
rates (bottom; thermionic Rtherm, thermal k2nH2nK0 and non-thermal ζnH2) at three different
radii (as indicated in panel titles) for the model with thermal ionization and dust effects (with
ζ � 10�25 s�1). Thermionic emission is the primary source of free electrons in the MRI-active
regions. See Section 5.3.2.1.
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5.3.2.2. Non-thermal sources of ionization

In this section I present the full model of the inner disc which, in addition to the above,

also includes non-thermal sources of ionization. Stellar X-rays, cosmic rays and radionuclides

ionize hydrogen, producing atomic ions and free electrons. The resulting radial profiles of

ᾱ, magnetic field strength, midplane temperature, density and ionization levels are shown in

Fig. 5.9 as dotted lines. The radial profile of ᾱ seems to overlap with the model where the

hydrogen ionization rate was set to a negligibly low value. However, in the region where the

MRI is dead in the previous models, ᾱ is slightly higher than αDZ in this model. The magnetic

field strength does not drop to zero in this model, further revealing that the MRI remains active

here.

Fig. 5.11 shows the vertical structure of this disc at three different orbital radii. It reveals

that at large orbital radii where the MRI was quenched in previous models, it remains active

at large heights (see also Fig. 5.12). The plots of ionization levels show that the fraction of

free electrons and atomic ions increase immensely towards disc surface where the non-thermal

ionization dominates. As a result of the high electron fraction in the upper layers, potassium

ions are depleted there, as they can easily recombine with the abundant electrons. Note that

the fraction of free electrons and atomic ions become extremely large near the disc surface,

i.e. higher than the total Mg abundance, and even total C, O abundances. The plots are

cut off at nj{nH2 ¡ 10�3. Clearly, above this level the chemical model is not applicable, as

the ionized hydrogen would become an important species and the assumption of a constant

hydrogen number density would be invalid. Nevertheless, this is above the MRI active zone at

all orbital radii, and it is thus not pertaining to the conclusions.

Fig. 5.13 compares the contributions from stellar X-rays and cosmic rays to the hydrogen

ionization rate. As expected, the un-attenuated ionization rate due to X-rays is higher at the

disc surface, but cosmic rays can penetrate deeper in the disc. Nevertheless, the MRI-active

region in the upper disc layers is mostly ionized by X-rays.

Finally, note that in this outer region the gas accretes primarily through the dead zone,

since the density at the dead disc midplane is much higher than in the X-ray-ionized MRI-

active layer. This is why the vertically-averaged viscosity parameter is close to the dead-zone

value, ᾱ � αDZ outwards from the pressure maximum.

5.3.2.3. Multiple solutions for the vertical disc structure

In the results presented so far, for the fiducial choice of disc and dust parameters, solutions

for the vertical disc structure (i.e., solutions in disc height zsurf) appear to be unique at any

given orbital radius, grazing angle φ and magnetic field strength B. In general, there is also

a single peak in the vertically-averaged viscosity ᾱ as a function of magnetic field strength B

(which determines the choice for B). The exception is the vicinity of the orbital radius at which

the MRI becomes quenched at disc midplane (see Fig. 5.12). There, ᾱpBq has two peaks, one
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Figure 5.11: Local viscous parameter α (top), ionization fraction ne{nH2 (middle) and ionization
rates (bottom; thermionic Rtherm, thermal k2nH2nK0 and non-thermal ζnH2) at three different
radii (as indicated in panel titles) for the model with all sources of thermal and non-thermal
ionization. Non-thermal ionization produces an MRI-active region high above disc midplane at
larger radii (see the top right panel). See Section 5.3.2.2.
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Figure 5.12: Local viscous parameter α as a function of location in the disc for the model with
all sources of thermal and non-thermal ionization. In the innermost disc, thermionic and ion
emission ionize the dense regions around the disc midplane, producing the high MRI-driven α
there. At larger radii, the MRI is active in a thin layer high above the disc midplane, dominated
by non-thermal sources of ionization. See Section 5.3.2.2.
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Figure 5.13: Ionization rates of molecular hydrogen due to stellar X-rays (ζX) and due to cosmic
rays (ζCR) for the model with all sources of thermal and non-thermal ionization. Stellar X-rays
are the dominant source of ionization in the disc upper layers. See Section 5.3.2.2.

corresponding to the solution where the MRI is active at disc midplane, and the other to the

solution where the MRI is active in the upper disc layers, mostly ionized by stellar X-rays. As

discussed in Section 5.2.5, B is chosen such that ᾱ is maximized in this case as well.

Note that there could be, in principle, a thin MRI-active layer high up in the disc at shorter

orbital radii as well, in addition to the active layer at midplane. Here, this does not appear

due to the assumption that the magnetic field strength B is vertically constant. At the high

B necessary to drive the efficient accretion at midplane, the MRI is quenched in the low-

density disc atmosphere due to ambipolar diffusion. Therefore, it is only when the temperature

drops and the high-temperature ionization cannot drive the accretion efficiently that the model

features the thin active layer high up above the disc midplane.

For a different choice of parameters, e.g. if the maximum dust grain size is amax � 100µm,

there may exist an additional range of orbital radii where there are multiple peaks in ᾱpBq
and also multiple solutions for the disc vertical structure (for zsurf) at a fixed value of the

magnetic field strength B. Similarly to the above, this issue arises due to competing effects of

high-temperature sources of ionization (thermal ionization, and thermionic and ion emission)

and X-rays. As these sources of free electrons depend quite differently on the disc structure

(density, temperature, column density), their combination leads to non-monotonous variations

in the electron number density as a function of height above disc midplane. Since the viscous

dissipation due to the MRI is sensitive to the ionization levels, the total dissipation can be a

non-monotonous function of zsurf . Since the solution for the vertical disc structure is determined

by an equilibrium between an input and an output total heat, this can lead to multiple solutions

in zsurf .

To illustrate this issue Fig. 5.14 shows an example of three thermally-stable solutions for the

vertical disc structure at a fixed value of magnetic field strength B that appears in the model

for a maximum grain size amax � 100µm (we can ignore thermally unstable solutions, which are

not shown here). Note that the dependence of the overall disc structure and the location of the

pressure maximum on the dust grain size are presented and thoroughly discussed in the next

111



CHAPTER 5. IMPROVED MODEL OF THE MRI-ACCRETING INNER DISC

10 4

10 3

10 2

10 1

Lo
ca

l v
isc

ou
s 

10 4 10 3 10 2

Height [AU]

10 11

10 10

10 9

10 8

n e
/n

H 2

Figure 5.14: Degeneracy in the vertical disc structure at a fixed magnetic field strength in a
model where the maximum dust grain size is amax � 100µm: local viscous parameter α as
a function of height (top), and the fractional electron number density (ne{nH2 ; bottom) as
functions of height in three different equilibrium solutions. The different solutions arise from
vertical variations in the viscous α; the lengthscales of these variations are much smaller than
the disc pressure scale height (shown for each solution by the vertical grey lines). See Section
5.3.2.3.

chapter. Here, I only discuss the issue of the multiple solutions. Fig. 5.14 shows the viscosity

α as a function of height in the top panel and the ratio ne{nH2 in the bottom.

Evidently, small variations in the free electron number density correspond to large variations

in the viscosity α, all at heights below one disc pressure scale height (indicated by grey lines).

This implies that the difference between these solutions is likely unphysical for two reasons.

First, the viscosity α is in reality driven by turbulence, and turbulent motions should not

abruptly change over lengthscales much smaller than a single pressure scale height. Second,

chemical species can also be expected to be spatially mixed by turbulence, and so such vertical

variations in the ionization levels might be smoothed over in reality. Since resolving these issues

is out of the scope of the models, a solution with minimum zsurf is always chosen, which also

appears to always correspond to a maximum ᾱ at the given magnetic field strength.
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5.4. Discussion

5.4.1. Effects of dust

A key feature of the inner disc is that the MRI drives high viscosity in the innermost regions,

close to the star, but becomes largely suppressed at larger orbital distances (in the so-called

dead zone). This leads to a formation of a local gas pressure maximum that may play a key

role in planet formation at short orbital distances (Chatterjee and Tan 2014). This decrease

in viscosity is expected to arise because the innermost regions are hot enough (¡ 1000 K) to

thermally ionize potassium (coupling the gas to the magnetic field), but further out temperature

and ionization levels decrease substantially (Gammie 1996). In Chapter 2, we have seen that

in a thermally-ionized disc coupled self-consistently to an MRI viscosity, the inner edge of the

dead zone lies at a few tenths of an AU.

One of the key differences of this work to Chapter 2 is that here the effects of dust on disc

ionization levels are also taken into account. Small dust grains present in the disc sweep up

free electrons and ions from the gas, and these recombine quickly on the grain surfaces. In the

bulk of the protoplanetary disc dust grains efficiently lower the ionization levels, decoupling

the magnetic field from the gas and suppressing the MRI (Sano et al. 2000; Ilgner and Nelson

2006; Wardle 2007; Salmeron and Wardle 2008; Bai and Goodman 2009). In the inner regions

of protoplanetary discs dust grains also act to increase the ionization levels, as at high tem-

peratures they can also emit electrons and ions into the gas (Desch and Turner 2015). The

balance between thermal ionization and these processes then determines how well ionized the

inner disc is, and thus, the extent of the high-viscosity region and the location of the dead zone

inner edge.

The top panel of Fig. 5.9 shows that addition of dust only weakly affects the vertically-

averaged viscosity ᾱ in the inner disc. At a given orbital radius, ᾱ is even slightly higher than

in the model with no dust, implying that thermionic and ion emission are important sources

of ionization. In fact, as Desch and Turner (2015) showed, thermionic emission can become

the main source of free electrons at high temperatures. For the disc model discussed here this

can be seen in the bottom panel of Fig. 5.11, which shows that at hot disc midplane thermionic

emission dominates over other sources of ionization. Clearly then, for the chosen parameters,

the adsorption of charges onto grains is more than counteracted by the expulsion of charges

from hot grain surfaces.

Similarity in the resulting disc structure in the models with and without dust grains can

be explained by the similar dependency on temperature that thermal and thermionic emission

have (and which can also be deduced from the bottom panel of Fig. 5.11). As discussed by

Desch and Turner (2015), thermal ionization of potassium becomes efficient at temperatures

above �1000 K in accordance with its ionization potential IP � 4.34 eV. The temperature at

which thermionic emission becomes important is determined by the work function W of the
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material out which dust grains are made, and for silicates W � 5 eV. This alone would imply

that thermionic emission becomes efficient at temperatures closer to 2000 K. However, above

�1000 K potassium-bearing minerals start evaporating from grain surfaces (Lodders 2003), and

a fraction of potassium atoms leaves the grain surface as ions (since W � IP). Dust grains

then become negatively charged, which reduces the effective potential that electrons ought to

overcome for thermionic emission (the effective work function Weff).

The above results could change significantly as dust grains grow or as they accumulate

in the inner disc (as needed for the formation of solid planet cores). Dust adsorption of free

charges, for example, becomes much less efficient for larger grains, since the total grain surface

area decreases (Sano et al. 2000; Ilgner and Nelson 2006). I investigate how dust growth and

varying dust-to-gas ratio affect the inner disc structure in the next chapter.

5.4.2. Importance of stellar irradiation

The absorbed flux of stellar irradiation is many times higher than the heat flux generated

by accretion at any given radius, yet irradiation has a very small effect on the disc midplane

temperature. Consequently, the ionization levels and the MRI-driven viscosity are similar in

the models with and without stellar irradiation.

Essentially, this is because the stellar irradiation heats the disc optically-thin regions, from

which heat escapes easily. Accretion heat is generated deep in the disc, where the optical depth

is much higher. In the absence of stellar irradiation, the midplane temperature in the optically

thick disc is σSBT
4
mid � Faccτmid (Hubeny 1990, though in this work the midplane temperature

is somewhat lower due to convection). If on top of a viscously-heated layer of optical thickness

τmid " 1 there is an irradiation-heated layer of optical thickness τupper, from eq. (5.8) it follows

that σSBT
4
mid � Faccτmid � Firrτupper (again, neglecting convection). Here τupper is the optical

depth of the disc to its own radiation down to a height at which the disc becomes optically thick

to stellar irradiation. Then, if τmid is sufficiently larger than τupper, the midplane temperature

is determined by viscous dissipation.

The results are consistent with those of D’Alessio et al. (1998), who also found that mod-

els with and without stellar irradiation yield roughly the same midplane temperatures in

the optically-thick inner disc. Similarly, Flock et al. (2019) considered 2D static radiation-

hydrodynamics models of the inner disc heated by stellar irradiation only, but found that the

midplane temperature (and the orbital radius of the dead zone inner edge) would increase ap-

preciably if accretion heat were included, on the condition that the accretion heat is released

near the optically-thick midplane.

5.4.3. Convective instability in the inner disc

In Section 5.3.1 we have seen that a large region of the inner disc is convectively unstable.

This is also the case even when the opacities are constant, i.e., a super-linear growth of the
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opacity with temperature (Lin and Papaloizou 1980) is not needed. Here, the high temperature

gradient is established because the heat is deposited deep within the optically-thick disc. In

the presented models most of the viscous dissipation happens near midplane, where the MRI

is active, but the same is also true for a vertically-constant viscosity α. This result can also

be confirmed analytically. We can consider a simplified problem of radiative transfer in the

optically thick limit, where the temperature is given by σT 4 � 3
4
τF pzsurfq (Hubeny 1990).

Assuming a constant disc opacity, the equation of hydrostatic equilibrium can be re-written as
dP
dτ
� Ω2z

κR
. The temperature gradient is then given by

∇ � dlnT

dlnP
� κRP

4Ω2zτ
.

The appropriate upper boundary condition for this problem is the disc photosphere (τ � 2{3),

where the gas pressure is given by Psurf � Ω2zsurfτsurf{κ (assuming that the disc is vertically

isothermal above the photosphere, Papaloizou and Terquem 1999). At the photosphere, given

the chosen boundary condition, we have ∇ � 1{4. Near the midplane the optical depth is

τMID � 1
2
κΣ, and we may estimate the midplane pressure as

PMID � ρMIDcs,MID � Σ

2H
cs,MID � 1

2
Ω2ΣH,

where the disc scale height H is related to the midplane temperature. Substituting τMID and

PMID into the expression for the temperature gradient, we have

∇MID � 1

4

H

z
,

implying that such a disc should become convectively unstable a bit below one scale height.

However, we can further estimate the gradient ∇ near one scale height, by assuming that there

PH � PMIDe
�1{2 � 0.6PMID, and τH � 0.3τMID, as follows from vertically isothermal, Gaussian

profiles of pressure and density. Thus, near z � H, we have

∇H � 1

2

H

z
,

showing that the disc should become convectively unstable above one scale height.

Furthermore, in the convectively unstable regions I have used a simple approximation that

convection is efficient and the temperature gradient is isentropic. More detailed calculations

would yield an answer in which the temperature gradient lies between the isentropic one and

the gradient given by the radiative transport. As it turns out, the result would not differ much

from what is obtained here. In the optically-thick limit considered above, the difference in the

temperature profile when the entire flux is transported by radiation and when the entire flux

is transported by convection is a very weak function of optical depth, and remains small for

rather large optical depths (Cassen 1993).
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Limiting the temperature gradient is the only role of convection in the simple viscous model

discussed here. In real discs, convection might interact with the MHD turbulence induced

by the MRI. For example, in simulations of ideal MHD Bodo et al. (2013) and Hirose et al.

(2014) find that convection can increase the angular momentum transport driven by the MRI

by increasing the magnetic field strength, although it appears that this is only the case when

convection is particularly strong (Hirose 2015). Concurrently, it is found that the relationship

between the induced stress and the magnetic field strength are not modified. The consequences

for the non-ideal MHD regime, relevant in protoplanetary discs, are not clear. In the solutions

presented in this work the value of the vertically-averaged MRI-driven viscosity would decrease

with both a decrease and an increase in the magnetic field strength due to non-ideal effects.

Convection itself is not expected to drive the angular momentum transport at a level comparable

to the MRI (e.g. Lesur and Papaloizou 2010; Held and Latter 2018), and in any case it is not

self-sustainable, i.e., it requires additional source of heat near disc midplane to establish the

high temperature gradient.

5.4.4. Energy transport by turbulent elements

Ruediger et al. (1988) considered vertical structure models in which the turbulent elements

driving the angular momentum transport may also transport energy. Such turbulent energy

transport flux would be analogous to convection, transporting energy down the entropy gra-

dient, the difference being that turbulent elements may persist at sub-adiabatic temperature

gradients (as they are driven by other instabilities) in which case they transport energy from

cooler to hotter regions (Balbus 2000). We can expect that including this mode of energy trans-

port into these calculations would not change appreciably any of the results presented here.

D’Alessio et al. (1998) found that the turbulent energy transport accounts for less then 20% of

the total energy flux at any given orbital radius. In this work, the convectively stable upper

layers of the disc are MRI-dead, and thus the thermal diffusivity due to turbulence is likely

very low. In the regions of the disc where the radiative flux alone would yield super-adiabatic

temperature gradient, it is already assumed that convection efficiently establishes the adiabat.

The proportion of turbulent energy flux could be higher than the convective energy flux in such

regions, but the temperature would not change significantly.

5.4.5. Ambipolar diffusion in the strong-coupling regime

The criterion for the ambipolar diffusion to quench the MRI that is employed here is valid in

the strong-coupling regime (Bai and Stone 2011). Strong coupling requires that the ionization

equilibrium is achieved on a timescale tchem shorter than the dynamical timescale tdyn � 2π{Ω.

Previously, in Chapter 2 it was reported that this condition is not fulfilled in most of the inner

disc, as slow radiative recombinations make the chemical equilibrium timescale long. However,

even in the absence of dust, three-body recombinations (recombinations through collisions
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Figure 5.15: Ratio of the shortest recombination timescale (tchem) to the dynamical timescale
(tdyn) as a function of the location in the disc. The solid line indicates where tchem{tdyn � 1.
Everywhere below this line the chemical equilibrium timescale is shorter than the dynamical
timescale, justifying the assumption of the strong-coupling regime. See Section 5.4.5.

with the abundant molecular hydrogen) are much faster than radiative recombinations, and

adsorption onto grains is even faster (Desch and Turner 2015).

Since I solve directly for the equilibrium ionization state, I do not have access to the timescale

tchem. However, we can estimate it as tchem � ne{R, where R is the fastest of the above three

recombination rates (in general, but not always, that is adsorption onto dust grains). Fig. 5.15

shows, for the fully self-consistent model with the full chemical network, that tchem{tdyn   1

everywhere except in the uppermost, lowest-density layers of the disc. It can thus be concluded

that the use of the ambipolar diffusion criterion in the strong-coupling regime is justified.

5.5. Conclusions

I present a steady-state model of the inner protoplanetary disc which accretes viscously, pri-

marily due to the MRI. In this model, the disc is heated by viscous dissipation and stellar

irradiation, and cools radiatively and convectively. The disc is ionized by thermal ionization,

thermionic and ion emission from dust grains and by stellar X-rays, cosmic rays and radionu-

clides, and I also account for adsorption of charges onto dust grains. The disc structure (density,

temperature), viscosity due to the MRI, disc opacity and ionization state are calculated self-

consistently everywhere in the disc.

I investigate how these various processes affect the structure of the inner disc and the extent

to which the MRI can drive efficient accretion, i.e., the location of the inner edge of the dead

zone. I find that, since the inner disc is optically thick, stellar irradiation weakly affects the

temperature at midplane, and therefore weakly affects the location of the dead zone inner edge.

Furthermore, the inner disc is largely convectively unstable, which is shown to be a property

of any optically-thick disc in which viscous heating is released near the midplane.
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Dust controls the ionization state of the inner disc, and thus the onset of the MRI. Thermal

ionization plays a secondary role, as thermionic and ion emission from dust grains ionize the

hot dense regions. High above disc midplane stellar X-rays produce a thin MRI-active layer.

However, this changes very little the overall viscosity at short orbital distances.

While there are some qualitative differences in the shape of the dead zone inner edge as a

function of radius and height above disc midplane compared to the work discussed in Chapter

2, its radial location remains at roughly the same orbital distance of �0.7 AU for the fiducial pa-

rameters. This is a consequence of the similarity between the ionization potential of potassium

and the work function of the dust grains. How these results depend on the model parameters,

including dust grain size and dust-to-gas ratio, is explored in the next chapter.
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6 Dependence on dust, disc and stellar

parameters

6.1. Introduction

A key first step to forming the super-Earths in the inner regions of protoplanetary discs, near

their present orbits, is enhancement of the solid component of the inner disc. The inner disc

can be enriched by pebbles from the outer disc (Hansen and Murray 2013; Boley and Ford

2013; Chatterjee and Tan 2014; Hu et al. 2018), as pebbles are prone to inwards radial drift due

to gas drag (Weidenschilling 1977). It has been hypothesized (Chatterjee and Tan 2014) that

the radial drift of pebbles could be stopped at a local gas pressure maximum in the inner disc.

Over time the pressure maximum could accumulate enough material to form a super-Earth-sized

planet.

The pressure maximum will only trap pebbles which are prone to radial drift relative to

the gas. Smaller dust grains that are well coupled to the gas may be advected and diffused

through the pressure maximum by the gas accreting onto the star. In the inner disc, the size

of dust grains is limited by fragmentation due to relative turbulent velocities (Birnstiel et al.

2010; 2012; Drazkowska et al. 2016). Pebbles that radially drift from the outer to the inner disc

become smaller due to fragmentation, and the effect of radial drift weakens. In Chapter 3 it was

shown that, in an inner disc in which the gas accretion and the grain turbulent velocities are

driven by the MRI, the grains can become small enough to escape the pressure trap, through

advection and radial mixing by the turbulent gas. Additionally, it was found that this leads

to an accumulation of small dust grains throughout the inner disc, interior to the pressure

maximum.

In Chapter 3 the effects of dust onto gas were not taken into account, and it was speculated

that the accumulation of dust would quench the MRI, lowering the levels of turbulence and

allowing some grain growth. Dust grains are expected to quench the MRI by adsorbing free

charges from the gas phase (Sano et al. 2000; Ilgner and Nelson 2006; Wardle 2007; Salmeron and

Wardle 2008; Bai and Goodman 2009; Mohanty et al. 2013). However, this would concurrently

push the MRI-active region and the pressure maximum inwards, possibly eliminating it from

the inner disc. Evidently, the outcome is a function of the size and the abundance of the dust

grains.
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In Chapter 5 I presented a model of a steady-state viscously accreting disc which includes

both the MRI-driven viscosity and the effects of dust onto gas. This accounts for the adsorp-

tion of free charges onto dust grains, and also for the electron (thermionic) and ion emission

from dust grains into the gas phase. The thermionic and ion emission become important at

temperatures above �1000 K (so at the temperatures present in the inner disc) and act to in-

crease the ionization fraction of the gas (Desch and Turner 2015). It was shown that for 1µm

grains, comprising 1% of the disc mass, these dust effects balance out and result in a pressure

maximum at roughly the same location as predicted from thermal ionization. Additionally,

this model also self-consistently considers the disc opacity due to dust grains, thus taking into

account the effect of dust on the disc thermal structure.

In this chapter I investigate how the inner disc structure changes with dust-to-gas ratio,

dust grain size, and other disc and stellar parameters, in order to narrow down the region of

parameter space where the formation of planetary cores inside the ice line is more likely. I

briefly overview the disc model in Section 6.2 and present the results in Section 6.3. Section

6.4 focuses on the existence and the location of the gas pressure maximum as a function of the

above parameters, exploring the entire parameter space in detail. In Section 6.5 I discuss the

implications of these results for the formation of the super-Earths and Section 6.6 summarizes

the conclusions.

6.2. Methods

The disc model used here is presented in Chapter 5. Here, I only summarize the main points.

It is assumed that the viscously-accreting disc is in steady-state, i.e., that the gas accretion

rate 9M is radially constant, on the basis that the gas accretion rate evolves on a long (Myr)

timescale. The disc structure is calculated self-consistently with disc opacities, ionization state

and the viscosity due to the MRI. The disc is assumed to be in vertical hydrostatic and thermal

equilibrium, heated by viscous dissipation and stellar irradiation, and cooled radiatively and/or

via convection.

I consider disc opacities due to silicate dust grains. The opacities are calculated for a power-

law grain size distribution (Mathis et al. 1977), with a minimum grain size amin � 0.1µm and a

maximum grain size amax, using optical constants from Draine (2003, see Chapter 5 for details).

Fig. 6.1 shows the opacities per unit mass of gas for a set of maximum grain sizes amax, assuming

a dust-to-gas ratio fdg � 0.01, bulk density of dust grains ρs � 3.3 g cm�3, and stellar effective

temperature T� � 4400 K. Additionally, Fig. 6.2 shows the Planck-mean and Rosseland-mean

opacities at a fixed temperature of 500 K, as functions of maximum grain size. The structure

of the disc is considered only beyond the silicate sublimation line, and so the opacities due to

gas molecular and atomic lines are neglected. Additionally, the contribution from the water

ice and carbonaceous grains is neglected, since their sublimation temperatures are much lower
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than the temperatures expected in the hot (¡ 1000 K) MRI-active regions (e.g. Pollack et al.

1994).

Furthermore, the disc ionization state is calculated using a simple chemical network (De-

sch and Turner 2015) that includes thermal (collisional) ionization of potassium; ionization of

molecular hydrogen by stellar X-rays, cosmic rays and radionuclides (producing metal (mag-

nesium) ions by charge transfer); gas-phase recombinations; adsorption onto dust grains and

thermionic and ion emission from dust grains. Only a single dust grain species of size agr �
0.1µm is considered in the chemical network, but an effective dust-to-gas ratio feff is chosen to

mimic the full size distribution stated above (see Chapter 5 for details).

Finally, the viscosity due to the MRI, parametrized using the Shakura and Sunyaev (1973)

α parameter, is calculated using a prescription based on the results of magnetohydrodynamic

simulations (see Chapter 5). This accounts for the suppression of the MRI by Ohmic and

ambipolar diffusion. In the MRI-dead zones (where the MRI is suppressed), I assume the gas

can still accrete due to a small constant viscosity parameter αDZ, induced either by the adjacent

MRI-active zone or by purely hydrodynamical instabilities. The dead-zone viscosity parameter

αDZ plays an important role in the results presented here. The viscous α is calculated both as

a function of radius and height, and a vertically-averaged viscosity parameter is defined as

ᾱ �
³zsurf

0
αPdz³zsurf

0
Pdz

, (6.1)

where zsurf is the disc height, defined as a height above which the gas pressure falls below some

small constant value.

6.3. Results

As the fiducial model, I consider a disc with a gas accretion rate 9M � 10�8 Md yr�1, stellar

mass M� � 1 Md, stellar radius R� � 3 Rd, effective stellar temperature T� � 4400 K1, viscosity

parameter in the MRI-dead zone αDZ � 10�4, dust-to-gas ratio fdg � 10�2, and maximum dust

grain size amax � 10�4 cm. In Chapter 5 I used this fiducial model to discuss the impact of

various physical and chemical processes on the inner disc structure. Here, I explore the effects

of varying these parameters on the inner disc structure. First, Section 6.3.1 details the effects

of varying the dust-to-gas ratio fdg and maximum dust grain size amax. Then, Section 6.3.2

details the effects of varying the gas accretion rate 9M , stellar mass M�, and the dead-zone

viscosity αDZ.

1These specific stellar parameters correspond to a solar-mass star at an age of 0.5 Myr in the stellar evolution
models of Baraffe et al. (2015). Over the first 5 Myr luminosity of a solar-mass star decreases by a factor of 5
in these models, and so the adopted parameters are roughly valid throughout the disc lifetime. Additionally,
in Chapter 5 it was shown that the stellar irradiation has a weak effect on the extent of the MRI-active zone,
since the inner disc is optically thick, and so this decrease in the luminosity is unimportant.
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Figure 6.1: Planck-mean opacity κP (top), Rosseland-mean opacity κR (middle), and Planck-
mean opacity at the stellar effective temperature κ�P (i.e., the absorption coefficient for the
stellar irradiation; bottom), as functions of disc temperature, for different maximum grain sizes
amax as indicated in plot legend, assuming a dust-to-gas ratio fdg � 0.01 and stellar effective
temperature T� � 4400 K. Absorption is dominated by small grains, and so the Planck-mean
opacities decrease with increasing maximum grain size. The Rosseland-mean opacity is a non-
monotonous function of grain size for amax À 10�2 cm.
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Figure 6.2: Planck-mean opacity κP and Rosseland-mean opacity κR at a temperature of
500 K, as functions of maximum grain size amax, assuming a dust-to-gas ratio fdg � 0.01.
The Rosseland-mean opacity peaks around amax � 10�3 cm at this temperature.

6.3.1. Dust-to-gas ratio and dust size

Dust has two effects on the disc structure in this model: it determines opacities in the disc, and

it affects the disc ionization state. To better understand the results of varying dust properties,

I first consider only the dust opacities. That is, in Section 6.3.1.1, I consider a model with a

vastly simplified chemical network, in which the only source of ionization is thermal ionization

of potassium and free charges recombine only in the gas phase. Then, in Section 6.3.1.2 I

present the results of the full model which also accounts for the adsorption of charges onto dust

grains, thermionic and ion emission from dust grains, and ionization of molecular hydrogen by

stellar X-rays, cosmic rays and radionuclides.

6.3.1.1. Thermally-ionized model

In this section I consider a model which includes dust opacities, but does not include dust

effects on the disc chemistry, nor ionization of molecular hydrogen. Ionization levels are set by

thermal ionization of potassium and calculated using the Saha equation. The results of varying

the dust-to-gas ratio fdg in this simplified model are shown in the left column of Fig. 6.3.

The top left panel shows the radial profile of the vertically-averaged viscosity parameter

ᾱ, defined in eq. (6.1), for three different values of the dust-to-gas ratio, fdg � 10�4, 10�2 and

1, for a constant maximum grain size amax � 10�4 cm. In this simplified, thermally-ionized

disc model, the MRI is active only at short radii, around the hot disc midplane. Therefore,

the viscosity is highest in the innermost region where the midplane ionization fraction and the

midplane temperature (shown in the second and third row, respectively) are highest, and it

decreases with distance from the star. At some radius ionization fraction drops below that

needed to sustain the MRI, and the viscosity parameter ᾱ falls to the minimum, dead-zone

value αDZ. That determines the location of the local gas pressure maximum, shown in the

bottom panel.
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Figure 6.3: Results for the thermally-ionized disc (where the only source of ionization is thermal
ionization of potassium, and dust effects on the disc chemistry are not included). The left
column shows models with a constant maximum grain size amax � 10�4 cm and varying dust-
to-gas ratio fdg as indicated in plot legend. The right column shows models with a constant
dust-to-gas ratio fdg � 10�2 and varying maximum grain size amax as indicated in plot legend.
The rows show radial profiles of (from top to bottom) vertically-averaged viscosity parameter
ᾱ, midplane free electron fraction ne{nH2 , midplane temperature and midplane pressure. The
inner edge of the fdg � 1 model is set to 0.3 AU, since radially inwards temperature increases
above the sublimation temperature of silicates. The light-coloured lines indicate the regions
affected by the inner boundary condition (see Chapter 5). See Section 6.3.1.1.
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Fig. 6.3 shows that a higher dust-to-gas ratio results in a larger MRI-active zone (the region

where ᾱ ¡ αDZ). This is because the inner disc is optically-thick, so the disc midplane temper-

ature is set by the accretion heat released near midplane and the optical depth of the disc to

its own radiation (with a caveat that the vertical temperature gradient is additionally limited

by convection; see Chapter 5). The disc’s opacity is directly proportional to the dust-to-gas

ratio, and so a disc with more dust is more optically-thick, trapping more heat and making the

disc midplane hotter. This makes the midplane more ionized, leading to a higher MRI-induced

viscosity at a given radius.

Furthermore, the right column of Fig. 6.3 shows models with a constant dust-to-gas ratio

of fdg � 10�2, but varying the maximum dust grain size amax in the range 10�4 � 1 cm. The

radial profiles of the viscosity parameter ᾱ (the top right panel) show that the MRI-active

region becomes smaller if dust grains are larger, at fixed dust-to-gas ratio. This is because

larger dust grains have lower opacities (see Fig. 6.1), making the inner disc less optically thick.

Same as in a disc with a lower dust-to-gas ratio, this makes the disc midplane cooler and

less ionized. The effect on the disc temperature is clearly seen in the outer regions in which

the MRI is dead and the viscosity parameter is constant, ᾱ � αDZ (the right-hand side panel

in the third row). Going inwards, the MRI will become active roughly where the midplane

temperature reaches � 1000 K, as necessary for the thermal ionization of potassium. Therefore,

in these simplified, thermally-ionized models, dust growth results in the MRI-active zone edge

being pushed inwards. Note that it is the effects of dust opacities alone that lead to these

significant changes in the extent of the MRI-active zone. The effects of including dust grains

in the chemical network are explored next.

6.3.1.2. Full model

In this section, I consider the full model that additionally includes (direct) effects of dust on the

ionization fraction (adsorption of free charges onto dust grains, thermionic and ion emission),

and also ionization of molecular hydrogen. Three sources of ionization are considered for the

latter (stellar X-rays, cosmic rays and radionuclides), the X-rays being the most important

(see Chapter 5). The results of varying the dust-to-gas ratio and maximum dust grain size in

this full model are shown in the left and the right column of Fig. 6.4, respectively. From top

to bottom, the figure shows the radial profiles of the vertically-averaged viscosity parameter,

midplane free electron fraction, midplane temperature and midplane pressure.

As in the simplified, thermally-ionized models discussed above, in the innermost regions

the viscosity parameter decreases with distance from the star. Here, however, the viscosity

parameter reaches a minimum value close to the dead-zone viscosity, and then increases again

radially outwards, due to ionization by stellar X-rays (this is true in all models, even if not

always evident in the plots). Note that in the full model, in the innermost regions the main

sources of ionization are thermionic and ion emission from dust grains, and free charges mostly
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Figure 6.4: Results for the full model which includes dust effects on disc chemistry and ion-
ization of molecular hydrogen. The left column shows models with a constant maximum grain
size amax � 10�4 cm and varying dust-to-gas ratio fdg as indicated in plot legend. The right
column shows models with a constant dust-to-gas ratio fdg � 10�2 and varying maximum grain
size amax as indicated in plot legend. The rows show radial profiles of (from top to bottom)
vertically-averaged viscosity parameter ᾱ, midplane free electron fraction ne{nH2 , midplane
temperature and midplane pressure. The light-coloured lines indicate the regions affected by
the inner boundary condition (see Chapter 5). The radius of the pressure maximum is larger for
a larger dust-to-gas ratio; it is approximately the same for the maximum grain size of 10�4 cm
and 10�2 cm, but quite smaller for the maximum grain size of 1 cm. See Section 6.3.1.2.
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recombine by adsorption onto dust grains (see Chapter 5; Desch and Turner 2015). While this

is fundamentally different from the gas-phase thermal ionization, ionization levels as a function

of temperature and density are quantitatively similar. As a result, the viscosity parameter

in these innermost regions (at high temperatures) is similar to the models with no dust. In

Chapter 5 I discussed this for the fiducial maximum grain size amax � 10�4 cm. The results

presented in this work show that this conclusion holds at a wide range of dust-to-gas ratios and

grain sizes (e.g., compare Fig. 6.4 with Fig. 6.3).

An exception to this is the case of high dust-to-gas ratio of fdg � 1. In this model, the

midplane free electron fraction decreases substantially already at the distance of �0.4 AU (see

the left-hand panel on the second row in Fig. 6.4). However, the viscous ᾱ remains high out

to �2 AU in this model (the top left panel in Fig. 6.4). In this high-ᾱ region, the MRI is

indeed active at the disc midplane (as shown in the left-hand panel of Fig. 6.5), despite the

large decrease in the midplane electron number density. What drives the MRI in this case?

The right-hand panel of Fig. 6.5 shows that between �0.4 AU and �2 AU the main ionized

species are the potassium ions and the dust grains. Evidently, the number density of electrons

decreases with increasing dust-to-gas ratio (keeping other parameters fixed), but the opposite

is true for the number density of potassium ions evaporating from dust grains, above �900 K

(see Desch and Turner 2015). In the resulting disc ionization state, due to charge conservation,

the total charge of potassium ions equals the total charge on dust grains. However, since the

dust grains have a much higher inertia than potassium ions, it is the potassium ions that couple

the gas to the magnetic field. Overall, these results show that emission of potassium from dust

grains is sufficient to sustain the MRI out to large radii, at high dust-to-gas ratios. However,

also note that for a dust-to-gas ratio of unity, the dynamical back-reaction of dust on the gas

(which is not considered in this work) would become important.

Furthermore, as noted above, in the full model the viscosity parameter ᾱ reaches a minimum

value, outwards from which it increases with radius. The minimum in the viscosity parameter

corresponds to the location of the gas pressure maximum, shown in the bottom panels of

Fig. 6.4. Outwards of the pressure maximum, temperature at the disc midplane is too low

for efficient ionization, and so the MRI is only active in a thin X-ray-ionized layer high above

disc midplane (seen near �2 AU in the left-hand panel of Fig. 6.5). In these outer regions,

the viscosity parameter increases with decreasing dust-to-gas ratio and increasing dust grain

size. This is because the main source of ionization are the stellar X-rays, and dust only acts

as a recombination pathway. For lower dust-to-gas ratios and, equivalently, higher maximum

grain size, the total grain surface area (onto which free charges adsorb) decreases, leading to

higher ionization fraction and higher MRI-driven viscosity (Sano et al. 2000; Ilgner and Nelson

2006). Nevertheless, the contribution from the thin X-ray-ionized layer is low in all cases and

the viscosity parameter ᾱ � αDZ in this region. In other words, in these outer regions the

gas primarily accretes through the dead zone, and the stellar X-rays do not affect strongly the

location of the pressure maximum.
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Figure 6.5: Local viscosity parameter α as a function of location in the disc (left) and the
fractional number densities of various ionized species at the disc midplane as a function of
radius (right), in a model with a dust-to-gas ratio of fdg � 1. See Section 6.3.1.2.

Overall, the extent of the high-viscosity inner region and the location of the pressure maxi-

mum seem to be dictated by the dependence of disc opacities on the dust-to-gas ratio and dust

grain size through the effects discussed in the previous section. Note, however, that in the full

model the location of the pressure maximum is approximately the same for amax � 10�4 cm and

amax � 10�2 cm (see the top right panel in Fig. 6.4). This is because a larger grain size results

in a lower effective dust-to-gas ratio in the chemical network. This somewhat decreases the

critical temperature at which the thermionic and ion emission make the gas sufficiently ionized

to start the MRI at disc midplane. In addition, larger grain sizes increase the minimum value

of the viscosity parameter (set by the dead-zone value and the stellar X-rays), which moves

the pressure maximum inwards. Concurrently, a decrease in the disc’s opacity with grain size

is moderate for amax À 10�2 cm (see Fig. 6.1). The location of the pressure maximum as a

function of dust grain size is considered in more detail in Section 6.4.

6.3.2. Gas accretion rate, stellar mass and dead-zone viscosity

In this section I investigate how the structure of the inner disc changes with varying gas accretion

rate, stellar mass and dead-zone viscosity. Fig. 6.6 shows the results of the fiducial model and

three other models in which these three parameters are varied. The different panels show, from

top to bottom, the vertically-averaged viscosity parameter (ᾱ), midplane free electron fraction

(ne{nH2), midplane temperature and midplane pressure, as functions of radius.

In each panel the dashed line shows a model with a gas accretion rate 9M � 10�9 Md yr�1,

lower than in the fiducial model with 9M � 10�8 Md yr�1, shown by the solid line. The lower gas

accretion rate results in a smaller high-viscosity inner region, and a gas pressure maximum at

a shorter radius. This is because the gas accretion rate determines the total viscous dissipation

at any given radius. In the optically-thick inner disc, this sets the midplane temperature, the

midplane ionization fraction and the viscosity. From Fig. 6.6, the radius of the gas pressure
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maximum scales with the gas accretion rate approximately as rPmax9 9M1{2. This is, in fact,

the same scaling previously found in Chapter 2, where heating by stellar irradiation, dust

effects and ionization of molecular hydrogen were neglected. While stellar irradiation and

ionization of molecular hydrogen are indeed unimportant for the model parameters chosen

here, the dust effects are not. However, while the chemistry setting the ionization state of

the disc is qualitatively different in those simple models (thermal ionization of potassium)

and in the models presented here (thermionic and ion emission), in both cases the ionization

fraction increases sharply above roughly the same temperature (�1000 K), yielding the same

approximate scaling.

Note also that the ionization of molecular hydrogen (predominantly by the stellar X-rays)

is not entirely negligible. X-rays activate the MRI in a thin layer high above the disc midplane

outwards of the pressure maximum, increasing the viscosity parameter ᾱ compared to the dead-

zone value αDZ. The top panel of Fig. 6.6 shows that this X-ray-activated accretion becomes

more important in the case of the lower gas accretion rate, increasing the viscosity parameter

outwards of the pressure maximum by a factor of 2. This is because in these outer regions a

lower gas accretion rate results in lower gas surface densities, increasing the relative contribution

of the accretion through the X-ray-activated layer relative to the accretion through the dead

zone.

Furthermore, the dotted line in Fig. 6.6 shows a model with a dead-zone viscosity αDZ � 10�3

(higher than the fiducial αDZ � 10�4). As in the simple models discussed in Chapter 2, the

exact value of αDZ is unimportant in the innermost, well-ionized region. In the outer regions the

accretion stress is dominated by that in the dead zone, and so αDZ determines the minimum

vertically-averaged viscosity parameter in the disc. Therefore, a larger αDZ results in the

pressure maximum moving radially inwards compared to the fiducial model.

Finally, the dash-dotted line shows a model with a stellar mass of M� � 0.1 Md. Here I

adopt a stellar radius of R� � 1 Rd and an effective temperature of T� � 2925 K 2. Keeping

the other parameters constant, structure of the inner disc surrounding a M� � 0.1 Md star

is merely shifted radially inwards compared to the fiducial model with M� � 1 Md. This is

predominantly due to the Keplerian angular velocity being smaller at a given orbital radius

around a less massive star, which reduces the total viscous dissipation at the given radius. The

resulting approximate scaling rPmax9M�1{3
� is consistent with the simple models from Chapter 2,

stressing again that (for the chosen 9M , dust parameters etc.) stellar irradiation and ionization

by stellar X-rays are unimportant in setting the location of the pressure maximum.

2These stellar parameters are taken from the stellar evolution models of Baraffe et al. (2015), adopting a
stellar age of 0.5 Myr. For M� � 0.1 Md, the stellar luminosity is predicted to decrease only by a factor of 3
over the first 5 Myr in these models. It is not expected that this decrease is important, since stellar irradiation
plays a minor role in the structure of the inner disc even at the adopted maximum value of the luminosity (see
the discussion in Chapter 5).
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Figure 6.6: Results for the full model which includes dust effects on disc chemistry and ioniza-
tion of molecular hydrogen. The different panels show radial profiles of (from top to bottom)
vertically-averaged viscosity parameter ᾱ, midplane free electron fraction ne{nH2 , midplane
temperature and midplane pressure. Fiducial model (solid lines) has a gas accretion rate
9M � 10�8 Md yr�1, stellar mass M� � 1 Md and dead-zone viscosity αDZ � 10�4. Models with

a lower gas accretion rate (dashed line), a smaller stellar mass (dash-dotted line) or a larger
dead-zone viscosity (dotted line) all yield the gas pressure maximum at a smaller radius. The
light-coloured lines indicate the regions affected by the inner boundary condition (see Chapter
5). See Section 6.3.2.
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6.4. Location of the pressure maximum

The above results show that, for a wide range of disc, stellar and dust parameters, the inner disc

features a high-viscosity inner region, a low-viscosity outer region, and a gas pressure maximum

at the transition between the two regions. This gas pressure maximum has been hypothesized

to have a key role in the formation of the super-Earths inside the water ice line (Chatterjee

and Tan 2014). Based on the models discussed so far, increasing dust grain size and dead-zone

viscosity parameter, and decreasing gas accretion rate and stellar mass result in the pressure

maximum moving inwards, towards the star. In this section, I examine in more detail the

dependence of the radius of the pressure maximum (and its existence) on these parameters.

In order to reduce the computational complexity of the problem and to be able to explore the

parameter space in detail, here I neglect heating of the disc by stellar irradiation (but still

consider the ionization of the disc by the stellar X-rays). This has been shown to be a good

approximation if the inner disc is optically thick (see Chapter 5), but also see the discussion at

the end of this section.

Fig. 6.7 shows the radius of the pressure maximum (or pressure bump) as a function of

the maximum dust grain size, for the stellar mass 1 Md (the left-hand panel) and 0.1 Md (the

right-hand panel). In all models shown here, dust-to-gas ratio has the fiducial value of 10�2.

The solid, dashed and dotted lines correspond to different values of the dead-zone viscosity

parameter (αDZ � 10�5, 10�4 and 10�3, respectively). For the different stellar masses different

ranges of the gas accretion rate 9M are explored, as indicated in plot legends next to each panel.

The chosen ranges are motivated by observational studies, which find that for a solar-mass star

typically 9M � 10�8 Md yr�1 and for the stellar mass of 0.1 Md, typically 9M � 10�10 Md yr�1

(e.g. Mohanty et al. 2005; Manara et al. 2012; Alcalá et al. 2014; 2017; Manara et al. 2017).

There is a significant spread both in the reported mean values in these studies (�1 dex for

the stellar mass of 0.1 Md, and somewhat less for a solar-mass star) and within the observed

samples in each study (up to 2 dex). However, the correlation with the stellar mass appears

robust, and so we can adopt the above typical values as mean values and vary the gas accretion

by �1 dex for each stellar mass.

The radius of the pressure maximum as a function of the maximum dust grain size (amax)

shows a similar trend across virtually all values of the stellar mass, accretion rate and dead-

zone viscosity: it weakly increases with increasing amax for small grains, peaks at about amax �
10�2 cm, and steadily decreases for larger dust grains. The factors causing this have already

been briefly discussed in Section 6.3.1. First, recall that a decrease in the disc opacity means

that accretion heat can escape more easily, making the disc midplane colder and pushing the

pressure maximum inwards. For small dust grains, larger dust grain size leads to a moderate

increase in the opacity (here, the relevant opacity is the opacity of the disc to its own radiation in

the optically-thick regions, i.e., the Rosseland-mean opacity, see Fig. 6.1). At the same time, the

increase in dust grain size reduces the critical temperature at which ionization fraction rises due
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Figure 6.7: Radius of the gas pressure bump as a function of maximum dust grain size. Left-
hand panel shows the results for a stellar mass M� � 1 Md, right-hand panel for M� � 0.1 Md.
In all models the dust-to-gas ratio is 10�2. Solid, dashed and dotted lines show results for
the dead-zone viscosity parameter αDZ � 10�5, 10�4 and 10�3, respectively. Blue, green and
red lines indicate different gas accretion rates 9M as indicated in plot legends for each panel.
Keeping other parameters fixed, the radius of the pressure bump is a non-monotonic function
of the maximum grain size, and peaks at around �10�2 cm. For M� � 0.1 Md, there is no
pressure maximum for the low accretion rate and αDZ ¡ 10�5, for the stellar radius adopted
here (indicated by the orange region). See Section 6.4.

to thermionic and ion emission (as the increase in dust grain size is equivalent to a reduction

in the effective dust-to-gas ratio in the chemical network; see also Desch and Turner 2015),

pushing the pressure maximum outwards. Concurrently, the minimum value of the viscosity

parameter is larger for larger grains, pushing the pressure maximum inwards. When all these

factors are compounded, for small grains, the radius of the pressure maximum increases with

amax. However, if the grains grow beyond amax � 10�2 cm, disc opacities are severely reduced

and the net effect is a decrease in the radius of the pressure maximum. Additionally, note that

the exact value of amax at which the radius of the pressure bump peaks somewhat varies with
9M and αDZ; this can be expected, since both determine the gas surface density and thus the

optical depth at disc midplane and the relative importance of the above three effects. It is also

important to note that including heating due to stellar irradiation seems to somewhat modify

this trend, as can be seen from the comparison of the models discussed in the previous section

(specifically, in Fig. 6.4, where for the fiducial disc and stellar parameters, micron-size grains

result in a pressure maximum at a larger radius than 100-micron grains) and Fig. 6.7. The

resulting differences in the radial location of the pressure maximum are, however, small.

For the solar-mass star, within the observationally-motivated range of 9M and a wide range of

αDZ, the pressure maximum is found to exist at rPmax Á 0.04 AU for a wide range of grain sizes.

On the other hand, for M� � 0.1 Md both the smaller orbital velocity and the observationally-

determined lower gas accretion rates lead to significantly lower rPmax . For the gas accretion rate
9M � 10�11 and αDZ � 10�5 the pressure maximum does not exist if grains grow larger than

few �10�3 cm. For the same gas accretion rate and higher αDZ, no pressure maximum exists
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at all.

Finally, recall that in the models shown in Fig. 6.7 heating by stellar irradiation has been

neglected. One the one hand, including stellar irradiation could increase the disc midplane tem-

perature by a small amount in these optically-thick solutions, and move the pressure maximum

slightly outwards. This would be a small effect, as can be verified for the sets of parameters

that were also considered in the previous section (e.g., results including stellar irradiation are

shown for the fiducial disc and stellar parameters, and maximum grain sizes up to 1 cm, in

Fig. 6.4). On the other hand, for some parameters, including stellar irradiation could also lead

to additional or modified solutions that are optically thin. Specifically, for lower gas accretion

rates, an equilibrium solution could exist with a low gas surface density if the density was low

enough for the X-rays to ionize the entire disc column and produce a much higher accretion

efficiency. This is especially the case if the dust grains are larger, as this lowers the ion recom-

bination rate and increases the ionization fraction. Since the accretion rate is proportional to

the product of the gas surface density and the viscosity, such a solution also requires the disc

temperature to be high enough to match the required accretion stress. In the viscously-heated

solutions considered in this section such solutions are not found (in the vicinity of the pressure

maximum), since the temperature in a viscously-heated optically-thin disc is low. However, in

an optically thin disc, the temperature would be set by stellar irradiation. If the temperature

due to irradiation is high enough, for some parameters, a disc in steady state would adapt to

this X-ray-ionized solution, and no pressure maximum would exist. Therefore, this issue should

be studied further in the future.

6.5. Discussion

In this work I have investigated how the structure of the inner disc, accreting primarily through

the MRI, changes with various disc, stellar and dust parameters. Of particular interest are the

existence and the location of a local gas pressure maximum and a highly-turbulent region

inwards of it, which could accumulate dust grains radially drifting from the outer disc, possibly

leading to the formation of planetary cores (Chatterjee and Tan 2014; Hu et al. 2018). The

models presented in this work are steady-state models, each with a distribution of dust grains

that is fixed throughout the disc. However, as discussed in the rest of this section, these models

provide us with important insights into how the inner disc could evolve as the dust grains grow,

if and how the dust will accumulate, how this accumulation could feedback on the gas structure,

and the disc parameters that are favourable for the formation of planetary cores.

6.5.1. Dust growth

Dust growth to a few tens of microns increases the extent of the high-viscosity inner region

and the radius of the pressure maximum, as an increase in dust grain size leads to a moderate
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increase in the disc opacity and a decrease in the threshold temperature at which thermionic

and ion emission become efficient. Growth beyond that size has the opposite effect, as it leads

to a significant decrease in the disc opacity, making the disc midplane colder, and thus less

ionized. Therefore, in the inner disc, if dust grows larger than �10�2 cm sizes, the dead-zone

inner edge expands inwards.

Note that this is the opposite of what happens in the outer regions of protoplanetary discs.

The outer regions are ionized primarily by the stellar X-rays and cosmic rays. These sources

of ionization become more important further away from the star, as the disc column density

decreases and the high-temperature effects become unimportant. These regions are expected

to be optically thin to their own radiation, and the primary source of heat is stellar irradiation.

Therefore, the dust acts primarily to lower the ionization fraction by adsorbing free charges

from the gas. Because of this, in the outer regions the dead zone is expected to shrink as the

dust grains grow (Sano et al. 2000; Ilgner and Nelson 2006).

In the inner disc, dust growth is limited by collisional fragmentation of dust grains due

to relative turbulent velocities (Birnstiel et al. 2010; 2012; Drazkowska et al. 2016). We can

consider the location of the pressure maximum under an assumption that the maximum dust

grain size has reached this limit, with the relative grain velocities induced by the MRI-driven

turbulence. In a turbulent disc, typical collisional relative velocity between dust grains is given

by V 2
dd � 3V 2

g St (for St   1, Ormel and Cuzzi 2007b), where Vg is the typical turbulent gas

velocity (given by V 2
g � αc2

s ) and St is the dust particle Stokes number (the ratio between the

particle stopping time and the eddy turnover time, assumed to equal the orbital timescale 1{Ω;

i.e., the non-dimensional stopping time). There is a critical velocity ufrag above which a collision

between dust grains results in their fragmentation, rather than sticking/growth. For silicate

grains of similar size, ufrag � 1 m s�1 (Blum and Münch 1993; Beitz et al. 2011; Schräpler et al.

2012; Bukhari Syed et al. 2017, although note that grains might become more sticky at the

high temperatures present in the inner disc, Demirci et al. (2019)). Since Stokes number St

is directly related to the grain size, and the collision velocity to St, fragmentation imposes an

upper limit on dust growth. At the fragmentation limit (Birnstiel et al. 2009; 2012),

Stfrag �
u2

frag

3αc2
s

. (6.2)

The exact relationship between the Stokes number and the particle size depends on the

relevant drag law (Weidenschilling 1977). Typically, the dust grains in protoplanetary discs are

smaller than the mean free path of gas molecules, and therefore couple to the gas according

to the Epstein drag law. However, due to the high densities in the inner disc, dust grains

may enter the Stokes regime. Importantly, the above approximate expression for the turbulent

relative velocity between dust grains (Vdd) has been derived under an assumption that St does

not depend on the relative velocity between the dust grain and the gas, Vdg. This assumption is

true for grains in the Epstein drag regime. In the Stokes regime, it is true only if the Reynolds
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number Re of the particle is less than unity. Therefore, it is necessary to always check that

this condition is fulfilled for the particles in the Stokes regime, and that we may employ the

above expression for Vdd. The Reynolds number of a particle itself depends on the velocity

Vdg, for which we can adopt another approximate expression, V 2
dg � V 2

g St{p1 � Stq (Cuzzi and

Hogan 2003, note that this expression was derived analytically for St ! 1, but also shown to

be applicable for a wide range of St through a comparison with numerical simulations).

The location of the pressure maximum in a disc in which grain growth is limited by frag-

mentation is calculated as follows. At the location of the pressure maximum for various combi-

nations of stellar mass, accretion rate, dead-zone viscosity parameter and maximum dust grain

size (i.e., for every point in Fig. 6.7), the fragmentation limit for the particle Stokes number,

Stfrag, is calculated (assuming α � ᾱ), as well as the corresponding grain size, afrag (for an

appropriate drag law). Then, for every combination of the stellar mass, the accretion rate and

the dead-zone viscosity parameter, using linear interpolation, the grain size is found such that

afragpamaxq � amax. This yields a corresponding radius of the pressure maximum.

Note that this calculation utilizes models in which the maximum dust grain size is assumed

to be constant everywhere in the disc, and so the obtained solutions also formally correspond

to models in which the maximum dust grain size is radially constant (and equal to the fragmen-

tation limit afrag at the pressure maximum). In a real disc, the fragmentation limit to which

particles can grow would be a function of the turbulence levels and other parameters which

vary as functions of radius. While this calculation does not take this radial variation of dust

size into account, the fragmentation limit at the pressure maximum and the location of the

pressure maximum would remain the same as in the solutions found here. In particular, note

that radially inwards from the pressure maximum, afrag should decrease compared to the value

at the pressure maximum, as the viscosity parameter ᾱ increases. As we will find, the solution

for afrag at the pressure maximum is always higher than amax at which the radius of the pressure

maximum peaks (as a function of amax, in Fig. 6.7). That is, at a fixed radius, a decrease in

particle size inwards of the pressure maximum would yield an increase in the viscosity parame-

ter, compared to the value calculated using the fragmentation limit at the pressure maximum.

Accounting for the radial variation in particle size would then make the radial gradient of the

viscosity parameter steeper inwards of the pressure maximum, but it would not change the

location of its minimum, and therefore not the location of the pressure maximum obtained

here.

The results for the radius of the pressure maximum and the grain size are shown in Fig. 6.8,

as functions of the gas accretion rate, for different values of stellar mass and dead-zone viscosity

parameter. The maximum grain size limited by turbulent fragmentation (middle panel) is

sensitive to the dead-zone viscosity (and turbulence) parameter αDZ (results for αDZ � 10�5,

10�4 and 10�3 are shown by the solid, dashed and dotted lines, respectively). This is because

the location of the pressure maximum corresponds to the location of the minimum in the

vertically-averaged viscosity (and turbulence) parameter ᾱ; since outwards from the pressure
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maximum the disc primarily accretes through the dense MRI-dead region around the midplane,

at the pressure maximum ᾱ � αDZ.

Remarkably, despite the sensitivity of the grain size to αDZ, the radius of the pressure max-

imum depends very weakly on this parameter. Basically, the fragmentation-limited solution for

the grain size is always larger than the grain size at which the radius of the pressure maximum

peaks as a function of the grain size (see Fig. 6.7). Therefore, in this region of the parameter

space, a larger grain size yields a smaller radius of the pressure bump. Larger (fragmentation-

limited) grain size is obtained for lower values of the dead-zone viscosity parameter, as discussed

above. Concurrently, at a fixed grain size (and other parameters), a lower dead-zone viscosity

parameter yields a larger radius of the pressure bump (see Section 6.3.2). Evidently, com-

pounding these inter-dependencies results in a weakly-varying radius of the pressure bump for

a wide range of values for the dead-zone viscosity parameter.

Furthermore, for the solar-mass star, the pressure maximum is located at radii Á 0.1 AU

in the entire range of the observationally-motivated gas accretion rates considered here. Com-

pounding this with the result that a higher dust-to-gas ratio (resulting from accumulation

of dust, see also the next section) would move the pressure maximum outwards, this places

the potentially planet-forming region within the range of the observed orbital distances of the

super-Earths.

For a lower-mass star, M� � 0.1 Md, at a fixed gas accretion rate, dust grains may grow

to somewhat larger sizes than for the solar-mass star. Overall, the radius of the pressure

maximum is expected to be smaller, due to the larger grain sizes, but also (mostly) due to the

lower viscous dissipation at a given accretion rate, and the lower observed gas accretion rates

(see the discussions in sections 6.3.2 and 6.4). As the radius of the pressure maximum moves

inwards for lower gas accretion rates, no high-viscosity inner region and no pressure maximum

are found at the low end of the observed accretion rates (i.e., for 9M � 10�11 Md yr�1). This

implies that planet formation around these stars is more likely earlier in the disc lifetime.

6.5.2. Dust accumulation

For dust grains to become trapped within the pressure maximum, the outwards radial drift

velocity of dust grains just inwards of the pressure maximum should be higher than the velocity

with which the accreting gas advects the grains inwards. The ratio of the radial drift and the gas

advection velocities is roughly equal to the ratio of the particle Stokes number and the viscous

α (Jacquet et al. 2012). Therefore, for the particle radial drift to overcome advection with

the gas inwards of the pressure maximum, it is required that St{α ¡ 1. To check whether this

condition is fulfilled, we can consider the ratio between the Stokes number at the fragmentation

limit Stfrag and the viscosity and turbulence parameter ᾱ. The results are shown in the bottom

panel of Fig. 6.8.

The ratio Stfrag{ᾱ is most sensitive to the value of the dead-zone viscosity parameter αDZ.
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Figure 6.8: Radius of the pressure bump (top), maximum dust grain size (middle) and ratio
of the Stokes number to the viscosity parameter (St{ᾱ) at the pressure bump (bottom) as
functions of the gas accretion rate, for a maximum dust grain size that corresponds to the grain
growth limit due to turbulent fragmentation. Solid, dashed and dotted lines correspond to
different values of the dead-zone viscosity parameter αDZ as shown in the plot legend. The dust
grain size and St{ᾱ are most sensitive to the dead-zone viscosity parameter αDZ. Concurrently,
varying αDZ weakly affects the location of the pressure bump. Blue lines show the results for a
stellar mass M� � 1 Md, orange lines for M� � 0.1 Md. There is no solution for M� � 0.1 Md

at the accretion rate of 9M � 10�11 Md yr�1, which is at the lower end of the observed rates for
this stellar mass. See Sections 6.5.1 and 6.5.2.
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The Stokes number at the fragmentation limit Stfrag is given by eq. (6.2). At a fixed critical

fragmentation velocity ufrag, it is a function only of the viscosity parameter ᾱ and the speed

of sound cs (i.e., the temperature) at the pressure maximum. The viscosity parameter ᾱ at

this location is determined by the accretion through the dead zone at disc midplane and the

accretion through a thin X-ray ionized layer high above the midplane. The former dominates

due to the density at midplane being much higher, and so ᾱ � αDZ. Therefore, Stfrag{ᾱ9α�2
DZ.

Furthermore, the temperature at the pressure maximum is expected to be roughly �1000 K,

as above this temperature thermionic and ion emission from dust grains lead to a sharp increase

in the ionization fraction and the onset of the MRI at the disc midplane. However, the exact

value varies as a function of dust grain properties, gas density at the pressure maximum, as

well as the highly non-linear MRI criteria. The dependence of Stfrag{ᾱ on 9M comes mostly

from the variations in this critical temperature.

Overall, whether the dust grains become trapped in the pressure maximum depends on an

assumed value of αDZ. We may consider how the disc might evolve forward, depending on

this value. First, if the dead-zone viscosity parameter is low, αDZ � 10�5, Stfrag{ᾱ " 1. In

this case, dust grains could readily accumulate at the pressure maximum. This accumulation

might lead to an unstable configuration, as an increase in the dust-to-gas ratio leads to an

increase in ᾱ at a given radius (see Fig. 6.4). As the dust-to-gas ratio would increase at the

pressure maximum, and decrease both inwards and outwards, this might lead to an emergence

of an additional minimum in ᾱ, and thus to a formation of an additional pressure trap. Time-

dependent simulations are needed to examine further evolution of the disc, and the possibility

of planetesimal formation in this case.

Second, consider a case in which the dead-zone viscosity parameter is closer to the middle of

the plausible range, αDZ � 10�4. For all considered gas accretion rates Stfrag{ᾱ � 1. This is the

case considered in Chapter 3, where it was shown that the gas pressure maximum does not trap

large amounts of dust. This is because ᾱ increases inwards of the pressure maximum, and Stfrag

decreases. This limits the radial width of the pressure trap, as defined above. Dust advection

with the accreting gas is not sufficient to remove the dust grains from the trap; however,

the grains are also mixed radially by the turbulence. The dust-to-gas ratio at the pressure

maximum is then limited by the corresponding radial diffusion term. Nevertheless, dust would

still accumulate in the entire region interior to the pressure maximum, as in the highly-turbulent

innermost region dust grains become small enough to couple to the gas, reducing the radial

drift relative to the outer disc.

In this chapter, it is also found that a higher dust-to-gas ratio yields a larger extent of the

high-viscosity inner region (see Section 6.3.1.2). This is highly beneficial for planet formation

in the inner disc, as it implies that the accumulation of dust is not only sustainable, but

also leads to a radial expansion of the high-viscosity, high-turbulence region inside of which

the dust accumulates. In particular, this expansion is beneficial for the growth of the small

fragmentation-limited dust grains into larger, more rigid solid bodies, i.e., into planetesimals.
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Specifically, planetesimals may form out of small grains through a combination of the streaming

instabilities (SI) and the gravitational instability (Youdin and Goodman 2005; Johansen and

Youdin 2007; Bai and Stone 2010; Johansen et al. 2012; Simon et al. 2016; 2017; Schäfer et al.

2017). Under certain conditions, the SI leads to localized concentrations of dust grains. If

these concentrations are susceptible to gravitational instability, this may lead to the formation

of planetesimals. It was pointed out in Chapter 3 that this process is unlikely in the inner

disc if the pressure (and the density) maximum is located at very short orbital distances, as

too close to the star the tidal effect of the star prevents the gravitational collapse. Therefore,

the shift of the pressure maximum to larger orbital distances due to the accumulation of dust

could potentially help to overcome this barrier and form planetesimals. Note that, for the same

reasons, planetesimal formation near the pressure maximum in the inner disc favours larger gas

accretion rates, and therefore formation at earlier times in the disc lifetime.

Finally, if the dead-zone viscosity parameter is high, αDZ � 10�3, Stfrag{ᾱ ! 1. In this

case, dust grains are so small and well-coupled to the gas that they are advected through the

pressure maximum inwards. Dust may still accumulate interior to the pressure maximum,

as a consequence of fragmentation in the innermost regions, as noted above. However, it is

unlikely that this could lead to the formation of larger solid bodies. While the exact value of

the dead-zone viscosity is unimportant for the location of the pressure maximum (see Fig. 6.8

and Section 6.5.1), in this case the grains would be too small, too well-coupled to the gas to

start the streaming instabilities (Carrera et al. 2015; Yang et al. 2017).

6.6. Conclusions

I have explored how the structure of the MRI-accreting inner regions of protoplanetary discs

changes as a function of the dust-to-gas ratio, dust grain size, and other disc and stellar pa-

rameters. I have especially focused on the location of the gas pressure maximum arising at the

boundary between the highly-viscous innermost region and the low-viscosity outer region. The

existence and the location of the pressure maximum, and the disc structure in its vicinity, are

key to the formation of the super-Earths inside the water ice line.

At fixed dust parameters, the radius of the pressure maximum is directly related to the stellar

mass M� and the gas accretion rate 9M . This is because the stellar mass and the accretion rate

determine the total viscous dissipation at a given radius, and thus the temperature and the

ionization fraction at disc midplane. The radius of the pressure maximum is inversely related

to the assumed viscosity parameter in the MRI-dead zone αDZ. The location of the pressure

maximum corresponds to a minimum in the viscosity parameter. Even though in the model

discussed here there is an MRI-active layer at all radii, in the outer regions this is a thin (X-ray

ionized) layer high above the disc midplane, and the disc primarily accretes through the dense

MRI-dead regions around the midplane. Therefore, the minimum viscosity parameter is close
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in value to the dead-zone αDZ.

At fixed stellar and disc parameters, the location of the pressure maximum moves radially

outwards as the dust grains grow to few tens of microns. Grain growth to still larger sizes results

in the pressure maximum moving inwards, towards the star. This behaviour is primarily driven

by the effects of dust opacities on the disc thermal structure.

I calculate the location of the pressure maximum for the case of dust growth being lim-

ited by turbulent fragmentation. For a solar-mass star and gas accretion rates in the range

10�9 � 10�7 Md yr�1, this always places the pressure maximum outwards of 0.1 AU. In this

fragmentation-limited regime, the radius of the pressure maximum depends very weakly on the

dead-zone viscosity parameter, and it is most sensitive to the gas accretion rate. For a stellar

mass of 0.1 Md, no pressure maximum exists at the lower end of the observed gas accretion

rates (10�11 Md yr�1). This suggests that planet formation in the inner disc is more likely early

in the disc lifetime.

The fragmentation-limited dust grain size and its Stokes number are most sensitive to

the value of the viscosity (and turbulence) parameter at the pressure maximum. As noted

above, this roughly equals the assumed value of the viscosity parameter in the MRI-dead zone

(αDZ). Therefore, whether the dust grains can become trapped in the pressure maximum is

determined by this uncertain parameter. Dust trapping is likely for the lower end of plausible

values (αDZ � 10�5) and will not happen for the higher end (αDZ � 10�3).

Importantly, the pressure maximum moves outwards for higher dust-to-gas ratios. This

suggests that accumulation of dust near the pressure maximum and/or inwards of it results in

an expansion of the dust-enriched region. However, time-dependent simulations are needed to

further study the potential outcomes, and the viability of planetesimal formation in the inner

disc.
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7 Summary and Outlook

In this thesis I have studied the structure of the inner regions of protoplanetary discs, and

whether these regions provide favourable conditions for the formation of the abundant close-in

super-Earths. The key question that I have explored is whether dust can accumulate in the

inner disc, possibly at a local gas pressure maximum that is expected to form if the innermost

regions of the disc are accreting due to the MRI.

7.1. Summary

In Chapter 2 I have discussed a steady-state model of the inner disc in which the gas structure

is governed by viscous accretion, primarily due to the MRI. Here, a simple model of the gas disc

structure is self-consistently coupled to a detailed parametrization of the MRI-driven viscosity.

This parametrization accounts for the suppression of the MRI by Ohmic and ambipolar diffu-

sion. In line with theoretical expectations, the MRI is active in the innermost region due to

thermal ionization of potassium. In the absence of non-thermal sources of ionization, the outer,

colder region is MRI-dead. A local gas pressure maximum forms, as expected, at the transition

between the two regions. It is shown that, for a wide range of disc and stellar parameters, the

pressure maximum indeed occurs at the orbital distances at which the close-in super-Earths

are observed.

Another important result of this study is that the steady-state structure of the inner disc is

viscously unstable. At a given orbital distance the vertically-averaged viscosity increases with

the gas accretion rate so much that, throughout most of the inner disc, the gas surface density

decreases with increasing gas accretion rate. This implies that a small accumulation of gas will

lead to a lower accretion rate, which will lead to a further accumulation of gas. Therefore, this

instability might be important for the evolution of both gas and dust in the inner disc and

deserves further study, as discussed further below.

Next, in Chapter 3, I have investigated the evolution of dust in this steady-state gas disc

model, including dust grain growth, radial drift and fragmentation. In the inner disc the dust

grain size is limited by fragmentation due to relative turbulent velocities (in this case, induced

by the MRI). Grains that radially drift from the outer to the inner disc become smaller due to

fragmentation, and the effects of gas drag weaken. As a result, the pressure maximum is not

an efficient trap for the grains. However, in the innermost, highly-turbulent region, the grains
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fragment to such small sizes that they become almost completely coupled to the gas. As this

effectively halts the radial drift, dust accumulates throughout the inner disc, interior to the

pressure maximum.

Using the obtained structure of the dusty disc, I explore if the dust grains can overcome the

fragmentation limit through a combination of streaming instabilities and gravitational collapse.

Previous studies have shown that the combination of these processes is a promising mechanism

to form planetesimals out of dust grains, if certain conditions are met. However, in the inner

disc, these processes appear to be viable in a restricted region of parameter space. There are two

main limitations. First, the streaming instabilities require the dust grains to settle vertically

towards the disc midplane. However, due to their small sizes, grains are efficiently stirred by

the turbulence. Second, even if the criteria to start the streaming instabilities are fulfilled, and

if it is assumed that this leads to localized concentrations of dust, gravitational collapse into

planetesimals is difficult due to the tidal effect of the star. The required critical density of dust

increases steeply radially inwards and presents a major obstacle for planetesimal formation

in the inner disc. Note that, due to the preference for higher densities, the pressure (and

the density) maximum is still the most favourable location, despite the dust being enhanced

everywhere interior to the pressure maximum.

However, even without knowing how exactly solid planet cores form in the inner disc, it is

possible (and fruitful) to study later stages of planet formation. In particular, for the super-

Earths that have an atmosphere, it is known that their masses are dominated their solid cores,

while their radii are largely determined by their atmospheres. This means that, for a given

core mass, one can study formation of the gaseous envelope, and compare the results to the

observations of planet radii. The formation of the envelope depends on the conditions in the

gaseous disc in which the planet is embedded, creating a connection between theoretical disc

models and observations of planet properties. Thus, in Chapter 4, I have studied the size of

the atmospheres that super-Earth-mass cores can accrete, given the densities and temperatures

present in the inner disc, as obtained from the model presented in Chapter 2. Furthermore,

I considered how these atmospheres evolve to their present ages, including the atmospheric

mass-loss due to high-energy stellar flux. I find that the MRI-accreting inner disc structure is

favourable in avoiding runaway gas accretion onto planet cores (for typical super-Earth masses),

while the predicted planetary atmospheres are still at least as large as observed. On the other

hand, the predicted atmospheres are still often larger than the observed ones, suggesting that

additional mass-loss mechanisms may be at work.

The inner disc model discussed in Chapter 2 proved extremely useful in identifying various

benefits and barriers for planet formation at short orbital distances, as discussed in Chapters

3 and 4. However, there are a number of limitations of this model. Most importantly, the

effects of dust grains on the disc ionization state are not accounted for, and the effect of dust

on the disc thermal structure is only considered via a single constant value of the opacity. It

is already pointed out in Chapter 2 that omitting these effects leads to a violation of some of
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the underlying assumptions about the criteria for the MRI, and that realistic dust opacities

may deviate from the assumed constant value. Findings presented in Chapter 3 further stress

the importance of considering the effects of dust on the gas structure and on the levels of

turbulence. The model also features other simplifications, such as assuming that the disc is

vertically isothermal, and neglecting heating and ionization of the disc by the stellar flux.

Therefore, in Chapter 5, I build an improved model of the inner disc structure, still coupled

to the same detailed model of MRI-driven accretion. In this improved model, disc thermal

structure is set by viscous heating, heating due to stellar irradiation, radiative and convective

energy transport, and realistic dust opacities. I show that, for the fiducial disc and stellar

parameters (including micron-size grains), stellar irradiation is largely unimportant, due to

the inner disc being optically thick. The vertical temperature profile deviates from vertically

isothermal, even causing the disc to become convectively unstable. Nevertheless, these changes

only weakly affect the radial location of the gas pressure maximum.

Including the effects of dust on the disc ionization state also only weakly affects the location

of the gas pressure maximum. This, on the other hand, is not because the effects of dust are

negligible. On the contrary, thermionic and ion emission from dust grains are the primary

sources of ionization at high temperatures when grains are included. However, similarly to

thermal ionization, there is a threshold temperature at which these processes become efficient,

and this threshold temperature is roughly the same as for thermal ionization of potassium.

Therefore, the MRI-driven viscosity rises at roughly the same radial location in the disc. Ad-

ditionally, in this improved model, ionization of molecular hydrogen by stellar X-rays activates

the MRI at larger radii (where temperatures are too low for the thermal effects). However, in

these outer regions (but still in the vicinity of the pressure maximum), the MRI is active only

in a thin low-density layer high above the disc midplane. Gas accretion is still dominated by

the dense, MRI-dead zone around the disc midplane.

Finally, in Chapter 6, I have used this improved model to investigate how the structure of

the inner disc depends on various disc and stellar parameters. I have found that the dependence

of the radial location of the pressure maximum on stellar mass, gas accretion rate and the dead-

zone viscosity parameter is similar to the scalings identified in the simple model discussed in

Chapter 2. This finding can be attributed to the fact that the basic mechanisms setting the

disc structure remain the same, including there being a critical temperature above which disc

becomes ionized enough to couple to the magnetic field.

Importantly, for fixed values of the above parameters, the inner disc structure changes as

a function of the dust grain size and the dust-to-gas ratio. For maximum dust grain sizes

larger than �100 microns, an increase in grain size results in a decrease in the extent of the

high-viscosity inner region and thus in the radius of the local gas pressure maximum. Still,

if grain growth is limited by turbulent fragmentation, in a disc surrounding a solar-mass star

the gas pressure maximum should exist at few tenths of an AU. For a stellar mass of 0.1 Md,

the allowed region of the parameter space for the existence of the pressure maximum is more
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constricted, as no pressure maximum is found for the low end of the observed gas accretion

rates. Overall, these results confirm that the inner disc will feature a high-viscosity region and

a pressure maximum that may accumulate the solids necessary to build super-Earths, except,

perhaps, at later stages of disc evolution around small stars.

However, whether the formation of solid planet cores is likely in the inner disc depends on the

uncertain dead-zone viscosity parameter. Grains are likely to accumulate, either at the pressure

maximum (for lower values of the dead-zone viscosity) or inwards of it (as discussed in Chapter

3). However, for high values of the dead-zone viscosity parameter, turbulent fragmentation

and stirring would inhibit processes necessary to form larger solid bodies. Here, an important

result presented in this thesis is that dust accumulation (i.e., an increase in the dust-to-gas

ratio) acts to increase the MRI-driven viscosity at a given radius (and thus the radial extent of

the high-viscosity inner region). If grains accumulate at the pressure maximum, this behaviour

might lead to non-trivial outcomes, whose further study requires time-dependent simulations,

as discussed below.

7.2. Outlook

Throughout this work it is assumed that the MRI-accreting inner disc is in an equilibrium,

steady state. Concurrently, the obtained results suggest that the disc is likely to evolve out of

this state.

First, in Chapter 2 it was shown that the steady-state MRI-accreting inner disc is unstable

to surface density perturbations. At a fixed radius, the MRI-driven accretion rate decreases

with an increasing surface density (as calculated using the steady-state models). Therefore,

a perturbation in the disc surface density might lead out of the steady-state by creating an

increasing pile-up of mass at certain locations. This so-called viscous instability (Lightman and

Eardley 1974; Pringle 1981) could have important consequences for the inner disc structure

and planet formation. It is likely to produce rings and gaps in the gas structure on the viscous

timescale. Gas rings may further concentrate dust, while also allowing dust growth due to

decreased turbulence levels, creating favourable conditions for planetesimal formation.

Second, joint evolution of gas and dust might not produce a steady state. In particular, it is

unclear how the disc would evolve if dust grains accumulate in the pressure maximum. Higher

dust-to-gas ratio would lead to a local increase of the viscosity. It is unclear whether further

evolution of gas and dust might lead to a modified equilibrium state, or creation of multiple

viscosity minima (and pressure maxima).

Evidently, the inner disc will evolve in time, and the possible outcomes are crucial to de-

termine the degree to which dust grains accumulate in the inner disc, and whether they can

overcome the fragmentation barrier and build solid planet cores. Therefore, further study is

required to understand the time-dependence of the inner disc structure, using simulations that
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self-consistently couple the gas and the dust. Such simulations would rely directly on the model

presented in this thesis, which would be used to tabulate the value of the viscosity parameter

as a function of gas surface density, dust grain size, dust-to-gas ratio etc., as an input for the

time-dependent evolution.

This proposed future study should also account for the dynamical effects of dust on the

gas, which have been neglected in this work. If dust grains drift radially through the disc due

to gas drag, there is also a back-reaction on the gas (Nakagawa et al. 1986). This becomes

increasingly important at high dust-to-gas ratios. The drag back-reaction acts to flatten the

radial gas pressure profile, and so it would affect if and how much dust may accumulate in the

pressure maximum (Taki et al. 2016).

These time-dependent semi-analytic models will undoubtedly be useful for future studies of

the early stages of planet formation in the inner disc. However, the semi-analytic parametriza-

tion of gas accretion presented in this thesis should also be examined with magnetohydrody-

namic simulations suited for the conditions in the inner disc, and accounting for both Ohmic

and ambipolar diffusion. For example, the fact that the semi-analytic steady-state solution is

viscously unstable, even in the absence of any dust growth or spatial evolution, deserves more

detailed study. More generally, magnetohydrodynamic simulations are important in order to

check the unverified assumptions of the semi-analytic model, such as the assumption that the

magnetic field always evolves as to maximize the accretion stress in the inner disc. Another

application would be to investigate the effect of convective motions on the evolution of the

MRI, which has been shown to be important in the non-ideal limit (Bodo et al. 2013; Hirose

et al. 2014).

Finally, it must be stressed that the presented picture of the MRI-driven accretion in the

inner disc is incomplete. Out of the three non-ideal MHD effects relevant in protoplanetary

discs, only two have been accounted for. In addition to Ohmic and ambipolar diffusion, Hall

effect may also be important. The Hall effect can drive angular momentum transport in the

dead zone (Lesur et al. 2014), although this is sensitive to the alignment between the vertical

magnetic field and the disc (Simon et al. 2015; Bai 2014). The simple calculation of the Hall

Elsasser number in Chapter 2 shows that a “Hall zone” might also overlap with an MRI-active

region. Although the innermost MRI-active region should still persist when the Hall effect is

included, the Hall effect can significantly affect planet formation in this region simply by pushing

the pressure maximum inwards, and thus increasing the critical density for the gravitational

collapse of grains into planetesimals.
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Schäfer, U., Yang, C.-C., and Johansen, A. (2017). Initial mass function of planetesimals formed
by the streaming instability. A&A, 597:A69.

Schlichting, H. E. (2014). Formation of Close in Super-Earths and Mini-Neptunes: Required
Disk Masses and their Implications. ApJ, 795(1):L15.

Schoonenberg, D., Liu, B., Ormel, C. W., and Dorn, C. (2019). Pebble-driven planet formation
for TRAPPIST-1 and other compact systems. A&A, 627:A149.

Schoonenberg, D. and Ormel, C. W. (2017). Planetesimal formation near the snowline: in or
out? A&A, 602:A21.

Schoonenberg, D., Ormel, C. W., and Krijt, S. (2018). A Lagrangian model for dust evolution
in protoplanetary disks: formation of wet and dry planetesimals at different stellar masses.
A&A, 620:A134.
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