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ABSTRACT 

Limiting the vibration and noise generated in rolling 

and rolling-sliding contacts such as those in gears and 

bearings is important not only on environmental grounds but 

also to increase fatigue lives. The dominant source of 

contact vibration is surface roughness, so to attack the 

noise and fatigue problem, a thorough understanding of 

topography and surface contact mechanics is required. 

An experimental programme has been undertaken to 

investigate the links between surface finish and vibration 

using a mini-disc machine. This entailed the development 

of a laser device to monitor the vibrations and wear, due 

to surface interactions, of rough disc specimens rotating 

in the machine. The results appear to indicate that there 

is little correlation between overall vibration levels and 

roughness parameters. However, this could simply reflect 

the complex nature of the asperity interaction problem. 

In an attempt to isolate features of importance a 

theoretical model of a profile structure function (a 

function from which roughness parameters are obtained) has 

been developed. This allows roughness characteristics to 

be studied on an asperity size basis and is shown to give 

promising results on the limited tests performed. 

From the experimental and theoretical work undertaken 

it could be seen that to study the interactions of non- 
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conforming rough surfaces a full understanding of the 

three-dimensional geometries and deformations of the 

surfaces involved would be required. To this end a new 

technique of three-dimensional rough surface contact 

analysis was developed. 

This technique employs a numerical model of rough 

surface contact capable of simulating the elastic contact 

of real measured rough surfaces and estimating the effects 

of plasticity. The real pressure distribution together 

with a complete picture of local deformation and real 

contact area on an asperity scale are generated along with 

the shapes of the recovered surfaces after plastic 

deformation. 

The technique is illustrated by its application to the 

contact in several typical engineering surfaces and some of 

the specimens used in the experimental programme. The 

results indicate that an analytical tool of general 

application to a wide range of Tribological situations has 

been created. 
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NOMENCLATURE 

Symbol Meaning 

a Hertzian semi-contact width in the x 

direction; asperity half base width 

A Contact area 

b Hertzian semi-contact width in the y 

direction 

CC] Matrix of influence coefficients 

CX, Cy Coordinates of centre of curved body 

E Young's modulus 

E Effective elastic modulus- 
1-V1 2 "1-v2 i 

E 
E{ } Expectation 

E1 2 

Ei Expectation in region i 

F Applied load 

F1(Rx/Ry) Shape function 
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F2 (RX/Ry) Shape function 

hAi, hBi Heights of the centre of asperity i 

relative to the positions of the 

underlying ti steps 

H Indentation hardness 

k Yield stress in simple shear 

L Profile length 

M2 Second moment of the Power Spectral 

Density Function 

N Number of contact spots 

p Pressure 

(p) Vector of normal pressures at 

contacting points 

Po Maximum Hertzian contact pressure 

pY Contact pressure to cause plastic yield 

p* Mean pressure to cause complete contact 

Pi Probability of being in region i 

Ra Centre-line average roughness 
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Rq Root-mean-square roughness 

Rs Summit radius 

RX, Ry Principal radii of curvature 

Re Equivalent radius of curvature 

R ('[) Autocovariance function (ACVF) 

S ('t) Structure function 

uz Normal deflection of a surface point 

(ui) Vector of surface deflections of 

contacting points 

UE Total strain energy 

V* Total complementary energy 

x Horizontal distance 

Y Yield stress in simple tension 

z(x) Profile height at position x 

Correlation length at p( )=0.1 

Correlation length at p( )=1/e 
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S Overall displacement overlap of 

contacting bodies 

0 Amplitude of sinusoidal waveform 

A Asperity base angle 

X. Wavelength 

v Poisson's ratio 

P( ) Autocorrelation function (ACF) 

ß Root mean square roughness; standard 

deviation 

as Standard deviation of summit heights 

alp ß2r a3 Principal stresses 

ti Lag or delay 

timax Maximum delay length 

v Plasticity index 
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CHAPTER 1 

INTRODUCTION 

1.1 BACKGROUND 

The contact of real rough surfaces has always presented 

a difficult problem in Tribology due to the complex 

asperity interactions occurring within a contact. The 

problem is made more difficult by the inaccessibility of 

the contact region to experimental methods. 

The use of simple parameters to define the character of 

the surface topography is far too crude to indicate the 

complete contact conditions. The investigations detailed 

in this thesis therefore concentrate on developing new 

theoretical and numerical techniques to attempt to isolate 

topographical features of importance in surface 

interactions. However, this work was initially driven by 

an investigation into gear noise problems. 

Vibration and noise generated in rolling and sliding 

Hertzian contacts are important in almost every 

technological environment. Quieter gear sets with longer 

fatigue lives are urgently required for applications such 

as helicopter installations. Rolling fatigue lives are 

closely related to surface roughness and there is little 
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doubt that as vibration levels can provide an effective 

monitor of energy dissipation, through lubricated surface 

contact interactions, they must also act as a measure of 

the effective surface roughness. The dominant source of 

all Hertzian contact vibration is surface roughness, so to 

attack the fatigue and noise problem with any hope of 

success, the first priority must lie in a thorough 

understanding of topography and surface contact mechanics. 

1.2 LAYOUT OF THE THESIS 

The diverse nature of the work described within this 

thesis makes the use of a conventional literature review 

chapter undesirable. Instead relevant literature is dealt 

with in each chapter as appropriate. 

Chapters 2 to 4 detail an experimental programme using 

a mini-disc machine to investigate the links between 

surface finish and vibration in rolling and rolling-sliding 

contacts, such as those found in gears and bearings. This 

investigation entailed the development of an optical device 

to monitor the vibrations and wear, due to surface 

interactions, of rough disc specimens rotating in the mini- 

disc machine. 

Chapter 5 describes the development of a theoretical 

model of a profile structure function allowing roughness 

characteristics to be studied on an asperity size basis. 

Chapters 6 and 7 cover three-dimensional contact 

analysis. Chapter 6 is a review of the contact analysis 
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literature and Chapter 7a full description of the 

development of a numerical technique capable of simulating 

the elastic contact of real measured rough surfaces and 

estimating the effects of plasticity. 

Chapter 8 details the application of the three- 

dimensional contact analysis technique to some of the 

specimen surfaces used in the experimental programme. 

The remainder of the thesis gives the general 

conclusions of the investigations and suggestions for 

further work. 
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CHAPTER 2 

THE INITIAL TOPOGRAPHY OF THE TEST SPECIMENS 

2.1 INTRODUCTION 

An experimental programme was undertaken to investigate 

the links between surface finish and vibration in gear 

sets. Basically this entailed developing a mini-disc 

machine in which the contact of two disc specimens could be 

monitored by an optical device (incorporating a laser) to 

discover the vibration and wear caused by the interaction 

of the roughness of the specimens as they rotated. 

Chapter 3 describes the experimental equipment used and the 

reasons for its choice. 

However, the following sections describe the disc 

specimens used in the mini-disc machine and the 

measurements made of their topographies before the 

experiments were carried out. First using two-dimensional 

profile measurements and then full three-dimensional 

surface topography maps. 

2.2 PREPARATION OF THE TEST SPECIMENS 

For the experimental programme using the mini-disc 
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machine fifteen pairs of disc specimens were produced, see 

Figure 2.1. Each pair consisted of a reference specimen 

required by the laser system of the mini-disc machine (see 

Chapter 3), and a test specimen with a particular form of 

topography. 

The disc specimens were manufactured from EN 39B gear 

steel and the discs with the wider running tracks (see 

Figure 2.1) were used as the laser reference specimens. 

(DG) 

3.5" 
0.375" 

.-00.70" 

25" 0. NN 

fö 0.75" 

Figure 2.1 A pair of disc machine specimens 
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The running tracks of the laser reference specimens had 

all been circumferentially ground at the same time so that 

their surface topography and laser reflection properties 

would be as similar as possible. Note that each one was 

individually calibrated with a static movement of the disc 

before any tests were run (see Chapter 3 for details of 

this calibration). 

The actual test specimens had their initial 

circumferentially ground running track surfaces modified to 

give a range of surface topographies. Ideally the lay of 

the roughness on these specimens should have been along the 

axes of the specimens as this would simulate the actual lay 

of roughness on gear tooth flanks. However, due to 

difficulties encountered whilst attempting to produce a 

surface of consistent roughness all the way around the 

circumference of the specimen with an axial lay direction, 

only one specimen was produced with its lay in this 

direction (specimen 15). The other fourteen specimens all 

had circumferentially ground surfaces but with a range of 

roughness characteristics. 

2.3 MEASUREMENT OF THE TEST SPECIMEN TOPOGRAPHIES 

2.3.1 Two-Dimensional Measurements 

After production the surface topography of each 

specimen was characterised in both the axial and 

circumferential directions. A Talysurf 4 stylus 

instrument was used to record profiles in the axial 
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direction and a Rotary Talysurf stylus instrument was used 

for circumferential profile measurements. 

The profiles obtained were high pass digitally filtered 

using a moving spline filter to remove any waviness from 

the signals. The filter length chosen was 200 µm as this 

approximated to the Hertzian contact width for the 

operating load to be used in the experiments. Figures 

2.2,2.3 and 2.4 show representative axial and 

circumferential profiles for three of the test specimens. 
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a) Profile in axial direction 
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Figure 2.2 Representative profiles of test specimen 1 

(Profiles high pass filtered at 200µm) 
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a) Profile in axial direction 

50020 MICRONS 

b) Profile in circumferential direction 
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Figure 2.3 Representative profiles of test specimen 3 

(Profiles high pass filtered at 200µm) 
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a) Profile in axial direction 
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Figure 2.4 Representative profiles of test specimen 15 

(Profiles high pass filtered at 200µm) 
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2.3.1.1 Two-dimensional profile statistics 

There are a large number of parameters to choose from 

when describing the topography of surface profiles, some of 

general application and others for specific situations. 

However, in general they can be split into two groups: 

2.3.1.1.1 Height descriptors 

These include average roughness parameters such as the 

centre-line average roughness Ra and the root-mean-square 

(RMS) roughness ß or Rq. 

The centre-line average roughness is the most widely 

used roughness parameter because of its ease of 

measurement; this is defined for a profile of length L as 

L 

Ra=LJIzldx 

0 
(2.1) 

where z is the height of the profile measured from the mean 

line. 

Not so widely used for practical measurements but more 

common in theoretical work is the RMS roughness. This is 

defined by 

1 
2 

L 

6= 
LJz2dx 

(2.2) 
0 

As it is weighted by the square of the heights it tends to 
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be more sensitive than Ra to large deviations from the mean 

line. In some cases this can represent an advantage in 

the RMS over the Ra parameter. It should also be noted 

that if redistribution of the topography occurs (during 

processes such as running in) and the volume of material 

remains constant there will be no change in the value of Ra 

but significant changes in ß are possible (Leaver et al., 
1974). It seems that where surface deformation is 

involved the 6 parameter is far more sensitive than the Ra 

roughness. 

2.3.1.1.2 Spatial descriptors 

The autocovariance function (ACVF), or its normalised 
form the autocorrelation function (ACF), has been the most 

popular way of representing spatial variation. The ACVF 

known as R(ti) is defined as 

R (ý = Lim 1Jz (x) z(x + T) dx 

0 
(2.3) 

where L is the sample length, z(x) the height of the 

profile from the mean line at position x and z (x+ti) the 

height at a distance t later. The ACF, p(ti) is simply the 

ACVF normalised by the profile sample variance 62 (ie the 

square of the RMS roughness). Thus: 

R(i) 
P (T) =2 

6 
(2.4) 
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A model found to fit the autocorrelation function of 

many random surfaces is 

P(T) = exp( ß. 
) 

(2.5) 

This simple exponential form (see Figure 2.5) has a 

correlation length (p (ti) =0.1) of (3=2.3(3*, where 1/13* is the 

decay rate of the function at the origin. The values of 

the correlation lengths 0 and f3* give a measure of the 

spatial variation of the profile, but in general 13* is to 

be preferred as it is the more stable parameter of the two. 

P(t) 
1.0 

1/e 

0.1 
0.0 

Figure 2.5 The exponential autocorrelation function 
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Another descriptor of spatial variation is the 

structure or variance function (SF), (Sayles and Thomas, 

1977) defined in integral form as 

L 

SM = Lim 
1J [z(4 - z(x+, [)]2dx 
L 

0 
(2.6) 

The function represents the mean square of the 

difference in height expected over any spatial distance T. 

For stationary profiles it contains the same information as 

the ACF. The two principal advantages are that its 

construction is not limited to the stationary case and 

secondly that it is independent of the mean plane. Thus 

any profile SF irrespective of its mean line is a section 

of the surface SF, a property not shared by the ACF. See 

Chapter 5 for more details of the structure function. 

2.3.1.2 Profile statistics of the test specimens 

It was decided that from the range of profile 

statistics available a single height descriptor and a 

single spatial descriptor should be used for the analyses. 

The actual height parameter chosen was the RMS roughness a 

and the spatial parameter was the correlation length ß* 

(see Section 2.3.1.1). 

The reason for the choice of these particular 

parameters was twofold. Firstly, previous experimental 

work by Hirst and Hollander (1974) has shown the transition 

between safe and unsafe sliding, under boundary 

lubrication, to be linked to the ratio of a/ß*. Secondly, 
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other work being carried out by the author using a range of 

specimens in which ß and ß* were tightly controlled were 

giving encouraging results when analysed using a two- 

dimensional elastic contact model (West et al., 1987 - 

reproduced as Appendix C). See also Chapters 6 and 7 for 

more information on the contact model. 

Table 2.1 tabulates these profile statistics obtained 

from the measurements made of the fifteen test specimens 

and the reference specimens. Note that each reading is an 

average of three recorded profiles and that the 

longcrestedness y'1 (longuet-Higgins, 1957) is approximated 

by the ratio of the axial roughness to the circumferential 

roughness (Sayles and Thomas, 1976). 
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SPECIMEN AXIAL CIRCUMFERENTIAL LONG- 

NO. ß (µm) ß* (µm) a (µm) ß* (µm) CRESTEDNESS 

1 0.297 7 0.151 50 2.0 

2 0.657 26 0.191 47 3.4 

3 0.970 22 0.289 53 3.4 

4 0.486 17 0.202 47 2.4 

5 0.669 9 0.273 42 2.5 

6 0.136 4 0.080 33 1.7 

7 0.476 36 0.159 39 3.0 

8 0.281 5 0.159 49 1.8 

9 0.748 20 0.160 42 4.7 

10 0.648 45 0.141 41 4.6 

11 0.306 10 0.118 34 2.6 

12 0.519 14 0.258 56 2.0 

13 0.623 4 0.315 45 2.0 

14 0.510 29 0.124 45 4.1 

15 0.096 32 0.276 10 0.35 

Reference 0.281 6 0.144 48 2.0 

Specimens 

Table 2.1 Initial surface topography of test 

specimens, (profiles high pass 

digitally filtered at 200 µm). 
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2.3.2 Three-Dimensional Measurements 

Previous work by Sayles (1978) has shown that a 

knowledge of the complete three-dimensional nature of 

surface asperities is required to explain all aspects of 

contact vibration. However, Sayles and Thomas (1976) 

indicate that for ground surfaces the normal profile 

measurements described in the previous section are 

sufficient to define the complete surface topography. The 

results of Table 2.1 were therefore used in the analysis of 

the experimental results. 

As the project progressed facilities for full three- 

dimensional surface measurement became available, (Webster, 

1986). To use these measurements, software was written to 

produce three-dimensional views and contour maps of the 

surface topographies. The complete system is described in 

(Webster et al., 1986 - reproduced as Appendix B) but a 

brief outline of the viewing software is given here. 

2.3.2.1 Three-dimensional viewing software 

The three-dimensional surface measurement system 

records a rectangular matrix of surface heights using a 

Talysurf 4 Stylus instrument for later analysis and 

viewing. A suite of Fortran routines was written to make 

this viewing possible. 

2.3.2.1.1 Three-dimensional Filtering 

Once the height data has been digitised and stored in 

the computer a least-squares mean plane is fitted to remove 
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any general trends. The option is then available to 

filter the data on an area basis, if required. If the 

data is plotted without filtering, the picture can often be 

confused and features of topographical interest obscured. 

The filter routine employed is similar to the moving- 

average filter commonly used in two-dimensional 

profilometry, i. e. to obtain a low pass filter, each data 

point height is replaced by the average height of all the 

points falling within a filter length centred on that 

point. To obtain a high pass filter, the low pass result 

is subtracted from the original height at that point. 

When this is extended to three dimensions, the filter 

length becomes a filter box, centred on the point being 

considered, with sides equal to the filter length. Any 

point which lies within this box is included in the average 

used to find the low pass filtered output at the central 

point. Again, the high pass filter is obtained by 

subtracting the low pass output from the original data. 

Band pass filtering can also be obtained by 

successively high and low pass filtering the data with 

appropriate filter lengths. 

2.3.2.1.2 Three-dimensional viewing with perspective 

A FORTRAN 77 computer program called SFMAP was written 

to produce three-dimensional views, including the effects 

of perspective, of raw or filtered data. The view of the 

surface, on a vdu screen or drum plotter, is defined by two 

angles and a distance. The two angles are the rotation of 

the surface about the horizontal and vertical axes through 
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its central point and the distance is the range from the 

viewing position to the centre of the surface. This 

distance is used to enhance or reduce the effects of 

perspective. 

It should be noted that in general because engineering 

surfaces are relatively flat a true three-dimensional 

picture would not show any detail at all. To overcome 

this the vertical scale can be adjusted relative to the 

horizontal scales. For bearing surfaces a vertical scale 

of approximately 75 times greater than the horizontal 

usually gives good results. The view obtained is 

therefore a true three-dimensional picture of a surface 75 

times rougher than the actual surface. 

The picture is formed by joining the data points as 

profiles in either or both of the grid directions, with any 

hidden detail removed. To save time and aid clarity not 

all the profiles have to be drawn. 

Once a picture has been produced on the vdu screen 

several options are available: - 

1) Another viewing position can be selected and this new 

view drawn on the vdu or plotter. 

2) Areas of the surface can be isolated interactively so 

that important topographical features can be enlarged 

for more detailed analysis. 

3) Individual profiles (in either of the grid directions) 
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can be isolated to be stored as separate data files for 

more detailed study. 

2.3.2.1.3 Contour mapping 

A separate FORTRAN 77 computer program called CTMAP was 

written to draw contour maps of raw or filtered surface 

data. This program can draw up to 20 constant height 

contours at height intervals supplied by the user. 

The contours are generated by searching the height data 

for adjacent points straddling a particular contour height 

and then using linear interpolation to find the actual 

position that the contour passes between the data points. 

Once a contour has been defined by its positions between 

data points, the actual contour path is drawn by fitting a 

smooth cubic spline through the contour points. 

The resultant contour maps can be output to a vdu 

screen or drum plotter. 

2.3.2.2 Test specimen surface maps 

Three-dimensional measurements were made of three of 

the test specimens: specimens 1,3 and 15, as these covered 

the range of the surface topographies to be used (specimen 

15 being the specimen with its lay in the axial direction). 

Figures 2.6 to 2.11 show 3-dimensional views and 

contour maps of these three specimens. These measurements 

were not to be used in a quantitative way but to give a 

feel for the differences between the test specimens before 

they were used in the experiments. 
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However, later in the project quantative contact 

analysis was attempted using these measurements (see 

Chapter 8). 

- 39 - 



Oz OU 

Ut 

z3 tM CO 
O 
CN No 

c; L 
O') : co :I 
V tý C 

a1 
.ICO 

_A ;IC 

CU :i 
CO 

OdW LD 
Cn CD L 

.D Cn ZZ 
CW 

O Li SU 
O 

SW 

6,, J 
7S :i 

Figure 2.6 Three-dimensional view of test specimen 1 

(Vertical scale magnified 40 times) 
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Figure 2.7 Three-dimensional view of test specimen 3 

(Vertical scale magnified 40 times) 
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Figure 2.8 Three-dimensional view of test specimen 15 

(Axial lay, vertical scale magnified x40) 
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Figure 2.9 Contour map of test specimen 1 

(Contours at 0.4 gm height intervals) 
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Figure 2.10 Contour map of test specimen 3 

(Contours at 0.8 gm height intervals) 
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Figure 2.11 Contour map of test specimen 15 

(Contours at 0.4 µm height intervals) 
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CHAPTER 3 

THE EXPERIMENTAL EQUIPMENT 

3.1 INTRODUCTION 

The following sections describe the basic experimental 

apparatus used to carry out the investigations into the 

links between surface roughness and vibration in gear 

contacts, with reasons for its choice. Modifications made 

at an early stage are also described. 

The development of a laser device for monitoring the 

vibrations of roughened disc specimens rotating in a mini- 

disc machine is described. First the basic laser system 

with its principles of operation are detailed. Then, 

modifications to the system in the light of a vibrational 

analysis carried out by Westland Helicopters Limited are 

described. Finally, further tests of the operation of the 

system, after the modifications had been made, are 

detailed. 

3.2 SIMULATION OF GEAR TOOTH CONTACT CONDITIONS 

The general method used to simplify and simulate gear 

tooth contact, is to replace the gear teeth with two discs 
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running against each other. This is because the conditions 

of relative surface motion at any point of contact of any 

chosen gear tooth combination can be reproduced by a pair 

of discs of any arbitrarily chosen diameters, by giving 

them the appropriate respective rolling velocities. The 

Hertzian stress conditions can then be reproduced by 

applying the appropriate load between the discs, when the 

materials of the discs correspond to those of the gears. 

However, it should be noted that to correctly reproduce 

the conditions of oil-film formation, the radii of the 

discs should correspond to those of the gear tooth profiles 

at the point of contact being investigated. Even then the 

simulation is incomplete, because if the discs rotate at 

constant speed, the rate of change of relative surface 

motion between actual gear teeth is not reproduced. This 

gives rise to a significant difference between, in 

particular, the contact conditions between a pair of discs 

in pure rolling and the contact of actual gear teeth at the 

pitch point (Smith, 1983). 

Notwithstanding these points, the complexities and 

added complications of using actual gear teeth for 

experimental work makes the use of discs inevitable, and 

therefore a disc machine was employed for the research 

programme. 

3.3 THE BASIC DISC MACHINE 

There are many types of disc machine in use, some with 

more than two discs. That described by Graham (1979) 

- 47 - 



having as many as four. However, for simplicity a two 

disc machine was thought to be appropriate for this 

research. 

Earlier experiments with disc machines studying the 

vibration of disc specimens, by Carson and Johnson (1971), 

utilised a disc machine where the discs and their bearings 

were mounted on springs so that accelerometers attached to 

the bearing housings could monitor the vibration. This 

approach relies on the disc bearings being infinitely stiff 

so that any vibration is transmitted to the housing. it 

also has the disadvantage that the large mass of the whole 

system will damp out any short wavelength vibration (the 

vibration expected to come from asperity contact) just 

leaving the vibration due to the waviness of the disc 

specimens. This type was therefore not suited to the 

experiments to be carried out. 

Due to the high cost of disc machine specimens, the 

tendency in recent years has been towards the use of 

smaller discs. Typically the older type of disc of 75 mm 

diameter or more is being replaced by so-called mini-discs 

of diameter less than 25 mm. For vibrational experiments 

these newer discs have the advantage that as they are of 

low inertia, their response at higher frequencies is an 

improvement over the older type. The discs used were 

therefore of this type. See Chapter 2 for a description 

of the discs used and their surface topographies. 

To be able to monitor the contact vibrations due to the 

surface topographies, it was important to isolate the 
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specimens from external vibration sources. To achieve 

this the discs were supported in hydrostatic bearings, and 

nylon flexible couplings with driving dogs were used to 

transfer power from the drive shafts (Figure 3.1). Note 

that the contact regions of the two specimens were of 

different widths. This was so that an unworn region would 

be left on each side of the actual running track for wear 

measurements to be made. 

(LOB 
3L 
DEN. 
IV) 
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Figure 3.1 The disc specimens and drive shafts 
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The normal method used to achieve a series of slide- 

roll ratios to simulate different parts of a gear tooth is 

by the use of a single motor driving both disc specimens 

through belts and pulleys. By changing the pulley ratios 

several relative speeds are obtained. However, this 

limits the number of different slide-roll ratios that can 

be obtained from the machine to the number of pulley ratios 

available. The mini-disc machine that was used for the 

experiments overcame this problem by having separate 

variable speed motors driving each disc. This allowed an 

infinite range of slide-roll ratios to be selected. 

The advantage of the pulley system is that the slide- 

roll ratio once selected is constant even if the motor 

speed varies. To achieve this with the mini-disc machine 

used, the D. C. motors were controlled using very stable 

Thyristor Converters with the input to one being a 

specified percentage of the input to the other. They were 

capable of holding the drive shaft speed to within 0.1% for 

a 100% load change. It should be noted that as the drive 

to the (potentially) slower disc passed through a gear pair 

with a gear ratio of 12: 26 (Figure 3.2), then either disc 

could be made to go faster. 
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Figure 3.2 View of torque monitor and gear pair 
in drive 
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Figure 3.3 View of disc speed indicating device 
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3.3.1 Accurate Disc Speed Indication 

It was realised at an early stage that the speed 

indicators supplied on the disc machine (two revolution 

counters showing 0 to 3000 RPM) would not be adequate to 

give an accurate assessment of the running conditions. 

This was particularly so when operating near to pure 

rolling when it was necessary to ascertain the exact slide- 

roll ratio. Thus it was decided to attempt to monitor the 

disc speeds directly by modifying the top of the specimen 

housing. 

Brass discs with ten equally spaced grooves cut into 

them and filled with black paint were screwed to each disc 

specimen (Figure 3.1). The top of the specimen housing 

was replaced by a perspex window, through which two photo 

diodes could distinguish when the blackened grooves passed 

beneath as the discs rotated (Figure 3.3). The output 

signal from each diode was thus in the form of a rough 

square wave with its wavelength equal to ten times the 

rotational speed of that particular disc. 

To actually measure this frequency, a variable 

frequency signal was combined with the diode output and the 

phase difference between the two signals recorded. If the 

two signals were of different frequencies, then the phase 

difference between them constantly varied. However, if 

the two frequencies were identical, then the phase 

difference was constant and this could be deduced from a 

stationary phase lag indicating pointer. The frequency of 

the reference signal and hence the disc was then found 
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using a simple frequency counter. 

It should be noted that, using this method, the actual 

speed could be any multiple of the frequency indicated by 

the counter. However, as the original revolution counters 

gave an approximate indication of the speed, this problem 

was easily avoided. 

3.3.2 Torque Measurement 

As supplied the mini-disc machine was fitted with a 

strain gauged bar torque monitoring device in the final 

drive to one of the specimens (Figure 3.2). This had been 

previously calibrated by Westland Helicopters Limited 

(Jessop, 1984). On running the disc machine this device 

quickly failed due to the oil being used attacking the 

strain gauges. From the original calibration of the 

device it was seen to be non-linear. 

An attempt was made to improve the linearity of the 

torque monitor by modifying the end mountings of the 

strain-gauged bar to produce point contacts. After new 

strain gauges had been attached the whole of the cup 

containing the bar was filled with silicone rubber. This 

seemed to prevent oil attack and did not have an adverse 

effect on the unit's performance. A new calibration was 

then carried out which showed that the unit was more linear 

than before (Figure 3.4). 

However, a short time into the experimental programme 

the unit failed again, and as it did not seem to be giving 
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any useful data, other than confirming the pure rolling 

condition, its use was not continued. 
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Figure 3.4 Calibrations of the torque monitor 
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3.4 THE VIBRATION MONITOR 

The following sections describe the development of a 

laser device for vibration monitoring on the mini-disc 

machine. 

3.4.1 The Basic Wear and Vibration Monitor 

The simplest form of vibration monitor for most 

applications is the accelerometer. Unfortunately the use 

of accelerometers for monitoring the contact vibrations 

between the two disc specimens was not possible. The 

principle of using hydrostatic bearings for the support and 

loading of the discs was to isolate them from external 

vibration sources, hence also isolating any accelerometers 

mounted on the casing from the contact vibration. To 

overcome this problem an optical technique was employed to 

monitor the contact vibration. 

Figure 3.5 gives a view of the device attached to the 

specimen housing of the disc machine, while Figure 3.6 

shows detailed sections of the device as described below. 
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Figure 3.5 The vibration monitor attached to the 

specimen housing 
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Figure 3.6 Detailed Sections of vibration monitor 
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The principle of operation of the device was that light 

shone onto one of the disc specimens at right angles to 

their line of centres would be reflected back in different 

directions, dependent on the position of the centre of that 

disc in the direction of the line of centres (see 

Figure 3.7). Hence the movement of the disc towards and 

away from the other disc, due to the contact between them, 

could be monitored by detecting where the light beam was 

reflected back onto the detector. 

From Laser 

Photo- Photo- 
Diode Diode 

" 

" 

Disc D1 Disc D2 

Figure 3.7 Principle of operation of the 

vibration monitor 

The light source used was a HeNe Laser, the beam from 

which was originally intended to pass through an optical 

fibre into the device. This would have meant that any 
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vibration of the laser itself relative to the specimen 

housing would be eliminated. However, internal speckling 

caused by the vibrating optical fibre made its use 

undesirable, so the beam was shone directly into the 

device, with the laser being firmly clamped to the disc 

machine frame, as close to the specimen as possible. 

Referring to Figure 3.6, the laser passed into the lens 

L then onto the disc specimen D1. The light reflected off 

the disc then passed back through the lens and was focussed 

into a line (due to the cylindrical disc surface) on the 

detector Pl. This detector consisted of a double diode 

silicon chip, so that when the laser line was correctly 

aligned the two side by side diodes gave equal output 

signals. If the disc Dl moved towards the other disc D2, 

the laser line moved across the diodes and caused one diode 

to give a greater output than the other, the opposite being 

true if the disc D1 moved away from disc D2. This 

differential output from the two diodes being roughly 

proportional to the disc displacement, allowing movements 

of less than 2 µm to be detected. The overall range of 

movement that the device could cope with was approximately 

200 µm. 

The output from the two diodes was used in two ways: - 

1) The A. C. output gave the vibration of the disc Dl about 

its average position 

2) The difference between the A. C. and D. C. outputs gave 

the average position of disc Dl at any time. The 
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change in this average position could be used to 

monitor the wear of the discs, since as wear took place 

the centres of the two discs became closer together. 

The lens L was cut away at the bottom to allow light 

from the disc to return directly to the PIN diode P2, which 

measured the speckle pattern caused by the topography of 

disc Dl. The output of the diode P2 could therefore be 

used as a monitor of the disc surface roughness during the 

vibration experiments. 

The output signals from the vibration and roughness 

monitors were recorded via an analogue to digital converter 

into an LSI 11/03 micro-computer. The maximum recording 

speed was 15,000 data points per second allowing one data 

point to be recorded every 40 µm around the disc's 

circumference, at an operating disc speed of 10 Hz. The 

output signals could then be analysed using a suite of 

signal analysis programs available on a LSI 11/23 micro- 

computer. 

3.4.2 Initial Tests on the Laser System 

To test the vibration monitoring system a test specimen 

was produced. This consisted of a normal disc with an 

axial groove scratched into it with a hardened lathe tool. 

Figure 3.8 shows a cross-section of the indentation at its 

deepest point. The depth was approximately 20 µm and 

width 300 µm. This specimen was then used as disc Dl. 
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Figure 3.8 Cross-section of groove in calibration 
disc 
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When the disc machine was operating with the test 

specimen, both the vibration signal and surface finish 

, signal showed a once per revolution feature. However, as 

these two signals were exactly in phase it was thought that 

the light beam being used for the vibration signal was 

being deflected as the laser light fell on the indentation, 

rather than when the other disc came into contact with the 

indentation. 

To check whether this was the case, Westland 

Helicopters Limited were invited to carry out a vibration 

analysis of the disc machine using accelerometers. Their 

report (Stucky, 1985), concluded that accelerometers could 

be used to detect the vibration caused by the indentation 

above the noise generated by the machine, and that the 

optical vibration monitor was only detecting the 

deflections of the laser beam as the indentation came into 

view. The system had therefore to be modified before any 

experiments could commence. 

3.4.3 Modifications to the Laser System 

The failure of the laser system was thought to be due 

to four main causes: - 

1) Vibration of the lasing tube within its mountings and 

of the mountings themselves causing a spurious 

vibration signal. 

2) The hydrostatic bearing system was too stiff, i. e. the 
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gaps between the hydrostatic pads and the specimens 

were too small. Thus any vibration of the specimen 

casing was being transferred to the discs, and vice 

versa. The casing was also having the effect of 

damping out the contact vibrations from the specimens. 

3) Oil from the hydrostatic bearings was passing across 

the laser beam and an oil film forming on the disc 

itself. This had the effect of distorting the laser 

beam, thus giving spurious results. 

4) The surface topography of the specimen onto which the 

laser light fell was affecting the vibration signal by 

deflecting the beam. 

To overcome the first problem the laser being used was 

replaced by a new sealed 2 mW HeNe laser, where the lasing 

tube was solid within its casing. The casing of this 

laser was of stronger construction than the previous laser, 

so that it was possible to clamp it tighter to the disc 

machine frame. It was also mounted as close as possible 

to the specimen housing, so that the effect of any adverse 

vibrations would be minimised. 

The second problem was dealt with by inserting steel 

shims in the specimen housing to increase the clearance 

between the hydrostatic pads and the specimens. After 

adding the shims the no load clearance between each pad and 

the specimens was approximately 25 gm. This had the 

effect of decreasing the bearing stiffness. 

The third problem, an oil film forming on the disc in 
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the path of the laser beam, was dealt with by modifying the 

existing oil shield (shown as (3) in Figure 3.6). This 

shield consisted of a cylinder with a hole in it for the 

laser light to pass through, a clean air supply being fed 

into it to maintain a stream of air passing through the 

hole to clear the disc surface. 

The shield was modified by the addition of a nylon 

guard, attached to the front of the cylinder, shaped to 

conform to the disc surface, but kept approximately 1 mm 

away from it (see Figure 3.9). This allowed the air 

supply to be more effective in keeping the disc surface 

clear of oil. 

The fourth problem was more difficult to overcome.. 

The ideal solution would have been to use a perfectly 

smooth polished specimen for the laser light to shine on. 

However, trials with such a specimen revealed that this 

would not work as the light reflected from the specimen had 

to fall on detectors above and below the centre line on 

which the light reached the specimen (Figure 3.6). With 

the polished specimen, the light was reflected directly 

back and no light fell onto the detectors. 

The solution to this problem was to use normally ground 

discs all produced at the same time so that their 

topographies would be as similar as possible. The 

circumferential grinding marks would reflect the laser 

light towards the detectors, whilst the similarity between 

these reference discs would ensure that their use did not 

adversely effect the vibration signals. Each reference 
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specimen would also be calibrated with a static disc 

movement to eliminate any effects of differing surface 

topography or reflectivity. 

h 

Figure 3.9 Modified oil shield attached to the 

vibration monitor 
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3.4.4 Tests on the Modified Laser System 

To test the equipment before carrying out the main 

experiments, the test specimen described previously in 

Section 3.4.2 was used again. However, before it was used 

it was polished using 1 µm diamond paste so that there were 

no features on its surface other than the indentation. 

The specimen was then run on the mini-disc machine as 

specimen D2, with the laser light falling on a reference 

disc as described in the previous section. Before running 

the vibration signal was calibrated by a static movement of 

the disc. 

The operating conditions were as follows: - 

Speed of indented disc 

Speed of reference disc 

Contact pressure = 1.02 

Hertzian contact width 

Maximum indentation dep- 

Indentation width = 300 

= 10 Hz 

= 10 Hz 

GPa 

= 215 µm 

th=20µm 

um 

Figure 3.10 shows the vibration output signal for two 

revolutions of the test disc, with the response to the test 

disc clearly visible as two sharp peaks in the signal. 

This corresponds to one peak per revolution of the test 

specimen as the indentation crosses the contact zone. 
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Figure 3.10 Vibration output for 2 revolutions of 

the test disc 
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To check against the possibility that the peaks in the 

vibration signal were just caused by a defect on the 

reference disc, the speed of the test disc was increased to 

15 Hz. The vibration signal taken over the same time 

interval as before was then as shown in Figure 3.11. As 

can be seen the number of sharp peaks increased to three, 

i. e. once per revolution of the test specimen. Therefore 

the spikes were. due to the indentation. 
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Figure 3.11 Vibration output for 3 revolutions of 

the test disc 
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From Figure 3.10 the movement of the reference disc 

centre is of the order of 12 µm due to the indentation. 

However, it should be noted that this movement is not 

towards the test specimen but away from it. Thus it is 

caused by the shock impulse as the reference system passes 

over the indentation. Figure 3.12 shows the detail of the 

vibration signal at the point where the reference specimen 

passed over the indentation. This looks very much like a 

damped impulse signal with a wavelength of. approximately 

500 µm (1200 Hz at a disc speed of 10 Hz). The fact that 

the response shown in Figure 3.11 with 20% relative sliding 

was of approximately the same magnitude even though the 

general level of vibration was higher, also indicates the 

cause to be an impulse. 

Thus the tests proved that the laser system was capable 

of detecting vibration caused by the surface topography of 

the test specimen. It was therefore decided to commence 

the main experimental programme using the laser system to 

detect the contact vibrations. 

It would be advantageous to study the output signals 

from these tests in more detail. In particular the 

impulse response to the indentation could be matched to 

theoretical responses to similar systems to see if the 

frequency found from the experiment, fits the theory. 
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Figure 3.12 Detail of the vibration output as the 

groove comes into contact with the 

reference disc 
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CHAPTER 4 

EXPERIMENTAL RESULTS AND ANALYSIS 

4.1 INTRODUCTION 

After the measurements of the fifteen pairs of test 

discs had been completed the main experimental programme 

was undertaken. Each pair of discs were mounted in the 

mini-disc machine as described in Chapter 3. The machine 

was then operated with various contact conditions and the 

pertinent parameters recorded. The test conditions, 

experimental results and subsequent analysis are described 

in the following sections. 

4.2 TEST CONDITIONS 

Conditions applying to all the tests on the 15 pairs of 

specimens were: - 

Speed of test specimen = 10 Hz (0.6 m/s surface speed) 

Lubricant = E. T. O. 25 ENGRD2497 

(5.5 cst synthetic turbine oil) 

Bulk oil temperature = 45-47° C 
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Conditions varied for each specimen: - 

Speed of reference specimen in range 10 to 15 Hz 

Giving slide-roll ratios of 0 to 0.2 

Mean contact pressures of 1.02 to 1.56 GN/m2 

Giving Hertzian contact widths of 215 to 330 µm. 

For each pair of specimens, tests were carried out with 

a slide-roll ratio of zero and mean contact pressures of 

1.02 GN/m2,1.32 GN/m2 and 1.56 GN/m2. Then at a mean 

contact pressure of 1.02 GN/m2 tests were carried out at 

slide-roll ratios of 0,0.048, and 0.2. Note, specimens 

1,3 and 15 additionally had tests carried out at slide- 

roll ratios of 0.091,0.130 and 0.167. 

During each of these tests, two recordings of the 

vibration monitor output were made, each covering one 

revolution of the test specimen. The average position of 

the reference disc and the average speckle output were also 

recorded. 

As stated in Chapter 3 the torque monitoring device 

failed at an early stage of the experiments. However, it 

seemed to be indicating that at low values of slide-roll 

ratio (0.048) the coefficient of friction, µ was 

approximately 0.14, rising to 0.22 at a slide-roll ratio of 

0.2. 
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4.3 POSITION AND SPECKLE RESULTS 

The results from the average position of the reference 

disc did not show that any significant wear took place 

during the experiments (the initial readings could be 

obtained by returning to the original contact conditions). 

Talysurf measurements taken of the specimens after the 

completion of the experiments indicated that on average the 

root mean square (RMS) roughness, ß of the specimen 

topographies had been reduced by 20%. Figure 4.1 shows 

the final RMS roughness divided by the original RMS 

roughness plotted against the original RMS roughness for 

all the test specimens. Figure 4.2 shows the structure 

functions of a typical specimen before and after the tests, 

the smoothing being indicated by a reduction in the 

structure function. The fact that the wear indicator 

signal had not changed would suggest that no material 

removal was involved in this smoothing of the topographies. 

It should be noted that each specimen was subjected to 

approximately 18,000 cycles during the experiments. 
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Figure 4.1 The change in the surface roughness of 

the test specimens during the experiments 
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Figure 4.2 Structure Functions of a typical test 

specimen before and after experiments 
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In the pure rolling condition increasing the contact 

pressure from 1.02 GN/m2 to 1.32 GN/m2 resulted in a shift 

of the centre of the reference disc away from the test 

specimen of some 5 µm in most cases. Similar movements 

but in the opposite direction occurred if, at constant 

pressure, the slide-roll ratio was increased from 0.0 to 

0.2. 

Both these movements were probably due to realignments 

of the two discs within the hydrostatic bearing housing, 

rather than movements of the two centres of the discs 

towards or away from each other. 

The output from the surface finish monitor (speckle 

output) was similar in all the experiments. As the 

surface finish of the reference specimens became on average 

20% smoother, a change of this magnitude from the speckle 

output would have been expected. However, this could not 

be detected. 

4.4 THE OPTICAL VIBRATION MONITOR RESULTS 

4.4.1 Vibration Signals at Constant Pressure 

The output signals of the vibration monitor were 

analysed in the same way as the Talysurf measurements of 

the specimens. The signals were high-pass filtered at 

200µm (approximately the Hertzian contact width) and their 

root mean square (RMS) roughness, ß computed. 
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SPECIMEN 

NO. 

RMS ROUGHNESS 

FOR PURE 

ROLLING 

ß(Rm) 

INCREASE IN 

6 FOR 

SLIDE ROLL 

RATIO 0.048 

(%) 

INCREASE IN 

ß FOR 

SLIDE ROLL 

RATIO O -6-., 2 

(%) 

1 0.762 9 25 

2 1.209 4 33 

3 0.648 9 10 

4 1.105 5 34 

5 1.278 2 19 

6 1.407 10 34 

7 1.077 -4 26 

8 1.252 3 32 

9 1.104 1 19 

10 1.243 8 34 

11 1.480 1 27 

12 1.367 6 42 

13 1.067 8 23 

14 1.186 10 29 

15 1.196 11 29 

AVERAGE 

CHANGE 6 28 

Table 4.1 Analysis of vibration signals for a 

contact pressure of 1.02 GN/m2, (signals 

high pass digitally filtered at 200 µm). 
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Table 4.1 gives the results at a mean contact pressure 

of 1.02 GN/m2. The values of ß for a zero slide-roll ratio 

(pure rolling) and the percentage increases in this value 

for slide-roll ratios of 0.048 and 0.2 are shown. Note, 

that each value is the average of two output records and 

that 200 µm corresponds to a frequency of 3,000 Hz. 

An attempt was made to correlate the vibration signals 

to the surface topographies of the specimens. The results 

from the experiments with a mean contact pressure of 

1.02 GN/m2 and pure rolling were studied in detail. Figure 

4.3 shows the RMS value of the vibration signal plotted 

against the final RMS roughness of the specimens. The 

slope of the least squares fit mean line would seem to 

indicate that the amplitude of the vibration is reduced by 

increasing the roughness of the specimen surfaces. 

However, the scatter of the results give this result little 

meaning. 

Figure 4.4 gives the same information as Figure 4.3 but 

this time the vibration signal is the raw laser signal, 

i. e. before the static calibration has been added (see 

section 4.4.1). Notice that the scatter is no greater 

than in Figure 4.3 and is perhaps less. This suggests 

that the static calibration is inadequate to compensate for 

the differing topographies and reflectivities of the 

reference specimens. A different technique is therefore 

required to convert the laser output into displacement in 

microns. 
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Figure 4.3 Vibration level against specimen 

roughness 
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Figures 4.3 and 4.4 could be interpreted as indicating 

that the laser device could not detect changes in vibration 

levels due to different specimen topographies. However, 

the tests detailed in Chapter 3 using a grooved test 

specimen proved that the system was capable of detecting 

vibrations due to surface topography. This would suggest 

that the vibration level is relatively insensitive to the 

form of the surface topography, only major features having 

a significant effect. 

A dimensional analysis was carried out to see if a 

trend could be found from a combination of the known 

parameters. However, no correlation was detected between 

any of the parameter combinations attempted. Figure 4.5 

shows a typical result using one of the combinations which 

came from the dimensional analysis, i. e.: - 

RMS Vibration 
_KX 

RMS Roughness 
RMS Roughness Specimen Correlation Length (ßý) X4.1) 

where K is a constant. 

As can be seen from the figure no correlation seems to 

exist. This was the case with all combinations attempted. 

The lack of a significant change in the vibration level 

due to differing test specimen topography may have been in 

part due to the fact that the reference specimens were not 

smooth but had comparable roughness to the actual test 

specimens. The composite roughness of the contacting 

discs was perhaps not of a sufficient range to give 
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detectable differences in vibration level with the 

resolution of the laser device being limited to a movement 

of 2 pm. 
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Final Circular Beta* (j ) 

Figure 4.5 Attempt at finding correlation through 

dimensional analysis 

From the results of Table 4.1 an increase in vibration 

level was detected with increasing slide-roll ratio at a 

constant contact pressure. Figure 4.6 shows the vibration 

signal structure functions for a typical test specimen for 

the pure rolling, 0.048 and 0.2 slide-roll ratio 

conditions. Note how the general level of vibration 

increases with increased slide-roll ratio. 
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Figure 4.6 Noise structure functions for a typical 

specimen at differing slide-roll ratios 
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4.4.2 vibration Signals at Constant Slide-Roll Ratio 

When the slide-roll ratio was kept constant and the 

pressure increased from 1.02 GN/m2 to 1.32 GN/m2 and then to 

1.56 GN/m2 the vibration signal did not alter by more than 

4% from its root mean square value for 1.02 GN/m2. Thus 

the vibration of the specimens seemed relatively 

insensitive to contact pressure. 

4.5 CONCLUSIONS DRAWN FROM EXPERIMENTAL PROGR&= 

These were as follows: - 

1) The commissioning of the mini-disc machine used for the 

experiments is now complete. This provides a very 

versatile machine for many forms of test, with its 

speed controls giving infinitely variable slide-roll 

ratios to produce a whole range of contact conditions. 

2) A prototype optical vibration monitor has been 

developed. Although it requires more investigation it 

has shown a high potential as an on line monitoring 

device of contact conditions. The vibrational level, 

wear rate and surface finish of the disc specimens can 

all be continuously monitored. 

3) From the results presented, there appears to be little 

correlation between overall vibration levels and 

roughness parameters. However, this could simply 

reflect the complex nature of the asperity interaction 
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problem, overall roughness parameters being inadequate 

to quantify the range of asperity shapes and sizes 

which influence the problem. Attempts at isolating 

this range are presented, through parameters such as a 

and f3'`, but more work is required if the ideal gear 

tooth flank surface topography is to be defined. 

4) As an aid to resolving the problems mentioned above, a 

theoretical model of a profile structure function has 

been developed and is presented in Chapter 5. This 

allows roughness characteristics to be studied on an 

asperity size basis. The model is shown to give 

promising results on the limited tests performed. 

5) Chapters 6 and 7 detail a completely different approach 

to investigating the contact of rough surfaces through 

the development of a numerical three-dimensional 

surface contact model. Chapter 8 shows the 

application of this technique to the surfaces used in 

these experiments. 
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CHAPTER 5 

SURFACE TOPOGRAPHY CHANGES DURING LUBRICATED WEAR 

5.1 INTRODUCTION 

From the experimental programme it appears that overall 

roughness parameters are unable 'to quantify the range of 

asperity shapes and sizes influencing complex asperity 

interactions occurring during the wear process. A method 

whereby roughness characteristics can be studied on an 

asperity size basis is required. The following sections 

describe the development of a theoretical model of the 

structure function of a surface profile. This can be used 

to identify features of particular sizes that may be 

causing damage during the wear process. 

5.2 BACKGROUND 

Results from investigations into contact fatigue and 

wear indicate that surface roughness can have an important 

effect (Li et al., 1976; Ishibashi and Matsumoto, 1972), 

with the initial topography tending to dominate the fatigue 

life. However, during the wear process individual surface 

features undergo dramatic changes. Thus it would seem 

that these features, in undergoing changes, damage the 
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component by setting up residual stress fields (Olver, 

1983; Olver et al., 1985; Olver et al., 1986). If these 

features could be avoided, wear rates would be slowed down 

and fatigue lives lengthened. 

The importance of plastic deformation on an asperity 

scale has recently been highlighted by Olver in terms of 

its influence on micropitting (Olver, 1983; Olver et al., 

1986) and also on wear (Olver et al., 1985) in rolling, and 

rolling and sliding contacts. The formation of inclined 

microcracks have been shown to arise from residual tensile 

stresses created as a result of local asperity plastic 

deformation. Olver has shown how such cracks can lead to 

micropitting, a rapid rate of wear phenomenon, and also to 

be responsible for an extrusive form of wear, where 

material is extruded from the cracks by subsequent surface 

contacts. 

The magnitude of the residual stress fields created by 

these mechanisms depend upon the size of the plastically 

deformed zone, i. e. it depends upon the maximum size of 

asperity that will deform plastically. Thus, as with many 

other surface related problems, there seems to be a 

critical size of asperity which has a dominating influence 

on failure related problems. 

The physical explanation for the existence of a 

critical range of asperity sizes, within a plastically 

related failure mechanism, is relatively straightforward. 

A surface can be said to be a broad band of wavelengths, or 

spatial sizes. Considering the extremes of this range, 

the shortest wavelength asperities are sharp and therefore 
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easily deformed, whereas the spatially larger asperities, 

though of greater height, do not have slopes or curvatures 

likely to induce plastic deformation. 

Thus considering the range of spatial sizes available 

it is evident that the larger asperities deform 

elastically, but as their size reduces spatially, a size is 

reached where the slopes and curvatures are great enough to 

allow plastic deformation. It is this size range, i. e. 

the maximum size range that can create plastic deformation, 

that appears to be the most damaging as it creates the 

maximum plastically deformed zone and consequently 

maximises the residual tensile stress effects. 

Identifying this critical size of asperity is not 

straightforward, but if it can be achieved in a reliable 

way, it may be possible to modify machining processes to 

reduce, or even remove, the magnitude of such effects. 

To isolate these damaging features the topographical 

changes during contact have to be investigated. Recent 

work by Sugimura a-and Kimura (1984), using two types of 

cross-correlation coefficient, did not identify any 

particular size of damaging feature. This may have been 

due to the fact that the correlation coefficients are not 

independent of the mean plane of the surface from which 

they are measured and obviously during the wear process the 

mean plane changes. A similar function, that does not 

suffer from this drawback, is the structure function. 
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5.3 THE STRUCTURE FUNCTION 

The use of the structure, or variance function, (SF) as 

a means of quantifying variations in surface texture has 

been proposed by Sayles and Thomas (1977). This is defined 

for a profile as: - 

S(ý =E{[z(x)- z(x+t)]z (5.1) 

z (x) is height at position x, z (x+ti) is height at a position 

i later, and E{} denotes expectation. Hence, the function 

represents the mean square of difference in height expected 

over any spatial distance T. 

In an integral form, equation (5.1) becomes: - 

SM = Lim 1 J[z(x) 
- z(x+ lq]Zdx 

0 
(5.2) 

This is an idealised solution over an infinitely long 

profile length L. In practice the profile is of a finite 

length, and the full integration cannot be performed as 

z(L+ti) would be required for x=L. This is generally 

overcome by modifying equation (5.2) to become: - 

(L-T) 

S(ý _ (L 
1f [z(x) - z(x+, t)]2dx 

0 
(5.3) 

Equation (5.3) has the disadvantage that the length 

over which the integration is performed is not constant. 

This can be overcome by replacing equation (5.3) with: - 
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ý'-max) 

S(')= (L - ti ) 
f[z(x)-z(x+'O]2dx 

max 0 
(5.4) 

In equation (5.4) ti X represents the maximum value of c 

calculated. To limit the errors from the ideal solution 

'Tmax is limited to L/10. The following sections will use 

equation (5.4) as the definition of the structure function. 

5.4 STRUCTURE FUNCTION CHANGES DURING WEAR 

Figure 5.1 shows the structure function representation 

of worn and unworn profiles. The dramatic change in the 

function due to the wear process should obviously reveal 

information about the effects of wear on the surface. 

However, apart from the RMS roughness a (the structure 

function asymptotes to 202 for stationary data (Sayles and 

Thomas, 1977), the precise relationship between surface 

features and the resultant structure function is 

complicated. This makes prediction of changes in surface 

features due to wear processes, from the change in profile 

structure functions, difficult to accomplish. In an 

attempt to do this a theoretical model of the structure 

function has been constructed. 

- 93 - 



0 
(D 

' N ä 
oz 
zö 
Z) 3 

0 
0 

p 
. 0 

0 

z 
0 

U 

LD 
Z 
W 

O -ý 
O 

0 

O It) O Cr) 
N--O 

ppOO 

SNCUOIWKSNOM3IW / NOI. 3Nfd 3af. L fl lS 

Figure 5.1 Structure functions of worn and unworn 
bearing surfaces. 
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5.5 THE STRUCTURE FUNCTION MODEL 

5.5.1 Basis of the Structure Function Model 

The model structure function described is based on the 

principle that a surface can be modelled by a series of 

triangular features or asperities of varying base angle, 

spatial size and position. The general asperity is shown 

in figure 5.2. The variables, 8 and a, describe the shape 

of an individual asperity which can occur anywhere along a 

profile and be at any angle to the horizontal. Note, that 

0 can be positive or negative. 

i 
i 

i 
i 

e e 
ý_ _ý_ _ý r- 

L 44 

Figure 5.2 The general asperity in a profile. 

5.5.2 Structure Function of General Asperity 

To calculate the structure function for the general 

asperity of Figure 5.2, the following conditional 
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expectation relationship was employed (Bendat, 1958): - 

PARTICULAR PROBABILITY 
some OF BEING IN Eevent E STATES OF X 

THE PARTICULAR (5.5) 
ALL STATES EVENT 
CF EVENT STATE 

Combining equation (5.5) with equations (5.1) and (5.4) 

enables the structure function to be calculated for any 

value of t, (see Appendix A): - 

SM- 
024a3 

3(L-'t, 
mx 

) 

SVO = 
62[4a3-(2a-ti)3] 

3(L -'c ) 

S (ý = 
02 'L2 (2a -'C) 
(L-'rrax) 

for 'ti > 2a (5.6a) 

for 2a >t>a (5.6b) 

for ti <a (5.6c) 

Equations (5.6a), (5.6b) and (5.6c) completely define 

the structure function for a single asperity. Note that 

from equation (5.6a) the structure function becomes a 

constant if ti is greater than 2a. The data is then 

stationary and this value is equal to 202 for the profile, 

as predicted by Sayles and Thomas (1977). 

5.5.3 The Complete Structure Function Model 

Extending the model to include two or more asperities 

in the profile complicates the mathematics. However, for 

the case of two asperities a general pattern seems to 

- 96 - 



emerge whatever the relative positions and sizes of 

asperities as follows: - 

S CO =S CO for first asperity alone 

+ S(t) for second asperity alone 

+ correction factor 

where correction factor =2 L -tmax 

(5.7) 

No. of 
Asperities 

a, JhAi + hBi) (5.8) 
i 

Here, hAi and h3i are the heights of the centre of the 

base of asperity i measured relative to the positions of 

the underlying ti steps, as shown in Figure 5.3. Equation 

(5.7) suggests that to model the structure function of a 

profile of several asperities, the exact location of each 

asperity has to be known so that the correlation factor can 

be calculated. However, if some assumptions are made 

about the distribution of the asperities then this problem 

can be overcome. Notice that the correction factor 

depends on 8 and not 02. Therefore, if 0 forms a 

symmetrical distribution with a zero mean, then the overall 

correction factor is zero. This implies that for a random 

distribution of asperities the correction factor is zero 

and the structure function is simply the sum of the 

structure functions for each individual asperity alone. 
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Figure 5.3 Two examples of the formation of the 

correction factor 

If the profile is formed from asperities of differing 

half base lengths a, then depending on the relationship of 

a to r, the contribution to the structure function of any 

particular asperity will be found from one of equations 

0 
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(5.6a) , (5.6b) or (5.6c) . The contribution of all 

asperities with a particular half base length a can be 

calculated by replacing 02 in equations (5.6a), (5.6b) and 

(5.6c) with Na02a where Na is the number of asperities of 

half base length a and 02a is the mean square base angle of 

these asperities. The complete structure function for any 

particular value of 't can then be obtained by summing the 

modified equations (5.6a), (5.6b) and (5.6c) over the 

limits for a, giving: - 

2 

S(ý1 = 3(L ) 
YNaeaa3 + 3(L ) 

XNa0g2 [4a3 
- (2a - T)3] 

max a_O max 
a 

A Max 

+ (L-i )Z NaOa(2a-i) 
a=T 

which can be rewritten as: - 

2T 
223 

s00 
(L - ti3 

ýNaoaa3-3 ENaea(2a-' 
C) 

a=0 a=i 
a Max 

+T Z Naoa(2a-T) (5.9) 
at 

Equation (5.9) is the complete modelled structure 

function in its most general form. To solve it we need to 

know the distribution of Na02a- 

5.6 TESTS ON THE MODELLED STRUCTURE FUNCTION 

One method for estimating the distribution of Na02a is 
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to use fourier analysis. This assumes that a surface 

profile can be constructed from a series of sine and cosine 

waves. If these waves are converted into saw-tooth waves 

of the same power, then the waves can represent a series of 

asperities joined together. From this the number and base 

angle of each particular half-base length of asperity can 

be evaluated, thus giving an estimation of Na82a. 

M 
a 

z 
0 
H 
H 
U 

z 

H 
U 

H 
w 

4 
MEASURED 

FIGURE 5.4 Comparison of measured and modelled 

structure functions of a bearing profile 
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Figure 5.4 shows the structure function of a shot- 

blasted surface profile calculated in the normal way. 

Superimposed on this is the structure function for the same 

profile, found by using fourier analysis and the modelled 

structure function. As can be seen the two structure 

functions are very similar. The modelled structure 

function can therefore be used to investigate the changing 

of surface features during wear processes. 

Similar tests using fractal analysis (Mandlebrot, 1983) 

to estimate the distribution of Na82a also showed that the 

modelled structure function was capable of producing the 

correct structure function. However, if the modelled 

structure function is to be used to give a greater insight 

into the surface topography changes during wear processes 

other methods of estimating the distribution of Na02a are 

required. Otherwise a direct use of fourier analysis 

could be used to give the same information. Perhaps the 

difference of a direct calculation and the modelled 

calculation of the structure function using fourier 

analysis could be used to predict the correlation factor 

and hence the actual position of asperities in the profile. 

Note that the values of the modelled structure function 

for differing distributions of Na02a and Figure 5.4 were 

produced using a computer program written for a BBC model B 

micro-computer using the BASIC language. 
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CHAPTER 6 

THREE-DIMENSIONAL ROUGH SURFACE CONTACT 

6.1 INTRODUCTION 

The traditional statistical models of rough surface 

contact using assumed shapes and distributions for the 

asperities, such as those by Greenwood and Williamson 

(1966) or Nayak (1971), have the disadvantage that they do 

not give the actual deformed geometries of the bodies, 

especially away from the contact zones. They also tend to 

become inaccurate for significant levels of penetration 

between the surfaces. 

Another approach to the problem of surface contact 

analysis is the use of numerical methods. Until the 

advent of modern computing facilities, these methods were 

impractical as the complex algorithms required for their 

solution could not be solved. However, now that these 

facilities are available much work is being carried out in 

this field as they allow the contact stresses and deformed 

geometries to be defined exactly. 

The availability of powerful micro computers has led to 

the development of surface measurement and analysis systems 

where real measured data can be used as input for numerical 
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contact analysis. One such three-dimensional mapping 

system (Webster et al., 1986 - reproduced as Appendix B) 

uses a Talysurf stylus instrument to record a matrix of 

surface heights from flat or curved surfaces. Two- 

dimensional plane strain contact analysis can then be 

carried out on selected profiles (Webster, 1986; Webster 

and Sayles, 1986). Chapter 7 describes work carried out 

to develop a similar full three-dimensional contact model, 

including the effects of plasticity, whilst this chapter is 

a review of the different approaches which have been used 

for rough surface contact analysis. 

6.2 THEORETICAL ROUGH SURFACE CONTACT ANALYSIS 

6.2.1 Elastic Contact 

The first satisfactory analysis of the stresses at the 

contact of two elastic solids is due to Hertz (1896), which 
is reviewed by Johnson (1982). However, this and later 

analyses suffer from the need to confine the original 

undefined shapes of the contacting bodies to known 

polynomial functions. 

Attempts to model the contact of real rough surfaces 
have tended to use extensions of these techniques. The 

measured surface topography is reduced to its probability 

density functions and their moments, which are then used to 

model the real surface by a population of idealised 

asperity shapes, for which the contact behaviour is well 
known. 
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One of the earliest such theoretical models was 

proposed by Archard (1957) in a study of friction. Until 

this time it was generally assumed that the linearity 

between applied load and contact area in Amonton's laws of 

friction could only be satisfied by plastic contact (see 

Section 6.2.2). The idea that the linearity could be 

explained by elastic contact was first proposed by Lincoln 

(1953) and Archard (1953). 

In his contact model Archard originally assumed that 

the surface roughness could be represented by spherical 

protuberances of constant radius of curvature. The 

relationship between the contact area and the applied load 

for a smooth sphere loaded against a flat surface being: - 

Aa F2/3 (6.1) 

where A is the contact area and F the applied load. 

This result does not give the proportionality between 

contact area and normal force required to satisfy Amonton's 

laws of friction. Archard therefore extended his model to 

consider the effect of spherically capped asperities of 

smaller radius placed on top of the original asperities. 

Continuing this process with further levels of smaller 

radius spherical caps brings the proportionality between 

contact area and applied load nearer to unity. For a 

surface consisting of three scales of spherically capped 

asperities the relationship becomes: - 

Aa F26/27 (6.2) 
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Similarly the proportionality between the number of 

individual contact spots and the applied load becomes more 

linear as the number of scales of asperity are increased. 

For a smooth sphere the number of contact spots is constant 

at one, but for three scales of spherically capped 

asperities the relationship between the number of contact 

spots, N and the applied load, F is: - 

Na F81 (6.3) 

Archard concluded that Amonton's laws of friction (that 

the frictional force is proportional to load and hence that 

the true area of contact is proportional to the applied 

load) could be satisfied by a rough surface, if the surface 

is modelled by superimposed layers of asperities of 

successively smaller scales. The final layer of micro- 

asperities support the load and as the scale of the 

asperities decreases their individual contact area becomes 

independent of load and the number of individual contact 

spots becomes proportional to load. 

Although this approach of using spherically capped 

asperities is unrealistically simplifying the problem, it 

does demonstrate the important concept of roughness 

existing over a large spatial size range. This must be 

taken into account in any study of the true nature of 

surface contact (Mandlebrot, 1977). 

The first statistical analysis of rough surface contact 

was presented by Greenwood and Williamson (1966). They 

again assumed the surface to consist of spherically capped 
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asperities of constant radius, but the height of the tips 

of the asperities varied randomly according to an assumed 

distribution. From real measurements it had been found 

that many rough surfaces closely followed a Gaussian height 

distribution. The exponential height distribution is a 

good approximation to this over the upper 25% of the 

surface and so expressions relating applied load, area of 

contact and number of contact spots were found using this 

distribution. Again direct proportionality was obtained 

between applied load and contact area and between applied 

load and number of contact spots. Furthermore the average 

contact size was found to be nearly independent of load. 

From this model Greenwood and Williamson went on to 

look at the important consideration of plastic contact. 

They developed the so called plasticity index, V defined 

as: - 

1 
T 

E 
yr R 

(6.4) aHR 

The plasticity index indicates the proportion of the 

contact which will undergo plastic deformation. A value 

of V greater than 1 giving a greater than 2% proportion of 

plastic contact and t<0.6 indicating less than 2% is 

plastic. Significantly, the applied load was shown to 

have little influence on whether the contact is elastic or 

plastic. However, the exact significance of the 

plasticity index remains a subject for debate. 
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The Greenwood and Williamson model was extended by 

Greenwood and Tripp (1967) to consider the effect of 

concentrated contacts by looking at the contact of rough 

spheres. They found that the load was proportional to the 

contact area for low loads, but as the load was increased 

the contact conditions become increasingly like a smooth 

Hertzian contact. This work was further extended by Lo 

(1969) to consider the line contact of rough cylinders. 

The original Greenwood and Williamson model was also 

extended by Greenwood and Tripp (1970) to account for both 

surfaces being rough, taking into account misalignment of 

asperities. The results were qualitatively similar to 

those of the simpler model, and it was shown that the 

contact of rough surfaces can be simulated by the contact 

of a single equivalent rough surface with a plane. 

In an attempt to make the asperity models more 

realistic, models based on profile measurements were 

developed. These use the bearing area curve (developed by 

Abbott and Firestone (1933)), giving the proportion of a 

surface below any particular height, to define the contact 

area as a function of surface separation. Profilometric 

theories provide information on load-compliance laws and 

both surfaces can be rough. Their disadvantage is that 

simple contact stress laws have to be used. A discussion 

of the relative merits of contact theories based on 

asperity models and profile measurements has been presented 

by Greenwood (1967). 

To link the approaches of the asperity and 
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profilometric methods, Whitehouse and Archard (1970) 

proposed a method using parameters gathered from measured 

surfaces. They assumed that a surface could be described by 

a height and a spatial parameter, the height parameter 

being the root mean square roughness, a and the spatial 

parameter being the correlation length, ß* defined as the 

distance for the autocorrelation function to drop to a 

value of l/e (see Chapter 2 Section 2.3.1.1). 

Comparing their results with those of Greenwood and 

Williamson, an expression was found for the plasticity 

index in profile measurement terms (after a correction by 

Onions and Archard (1973)): - 

" 
yl - 0.69 

H- 
(6.5) 7 

Nayak (1971) proposed a model of surface roughness 

based on the theory of statistical geometry developed by 

Longuet-Higgins (1957a and 1957b) in a study of ocean 

waves. The validity of this theory is dependent on one 

assumption, namely that the surface heights, slopes and 

curvatures possess a multi-Gaussian probability density. 

It is a standard result in random-process theory that a 

linear combination of Gaussian processes is itself a 

Gaussian process. Thus, since surface slopes are 

essentially the difference between two heights, the surface 

slopes will possess a Gaussian distribution. Using a 

similar argument, the second derivatives (curvatures) of 

the surface will also be of Gaussian distribution. 
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Nayak (1973) was able to show that the statistics of a 

single profile are markedly different from those of a 

surface but that it is possible to calculate the parameters 

necessary for the analysis of the surface from single 

profiles. 

Another random-process approach to the elastic contact 

of rough surfaces has been presented by Bush et al. (1975). 

They assumed that the rough surface consists of a mean 

plane with hills and valleys randomly distributed on it. 

The summits of the hills were approximated by paraboloids, 

the distributions of heights and principal curvatures of 

which were obtained from the random-process model. At 

large separations, their model achieved an exact 

proportionality between applied load and contact area and 

indicated that the contact area for any given separation of 

the surfaces is half the bearing area at that separation. 

The equation relating the applied load and contact area 

for an isotropic surface was found to be: - 

F m2 
_-E A 7c 

(6.6) 

where m2 is the second moment of the power spectral density 

function (effectively the mean square slope of the 

surface). 

Bush et al. (1979) extended the analysis to cover the 

case of strongly anisotropic materials. The circular 

paraboloid hill summits being replaced by elliptic 

- 109 - 



paraboloids (ie. the asperities have horizontal sections 

which are ellipses and vertical sections which are 

paraboloids). The results from this analysis were similar 

to those gained from the isotropic case but the applied 

load against contact area equation required extra terms 

involving elliptic integrals. 

Most recent work on the elastic contact analysis of 

rough surfaces has tended to extend the random-process 

approach (Whitehouse and Phillips, 1978 and 1982). 

However, the added complexities introduced in order to 

relax some of the restrictive assumptions have tended to 

make the theory difficult to apply in real situations. 

To combat this Greenwood (1984) has presented work 

attempting to simplify the theory so that real data can be 

directly compared with theoretical results. He concluded 

that, in non-dimensional form, the properties of the peaks 

and summits of a rough surface depend only to a minor 

degree on the parameters describing the surface or on the 

sampling interval used for the data. However, the 

absolute values are strongly dependent on the sampling 

interval. 

6.2.2 Plastic Contact 

Some of the first studies of surface contact, taking 

into account the fact that surfaces are rarely perfectly 

smooth on a microscopic scale, were carried out by Bowden 

and Tabor (1954 and 1964) in connection with friction, and 

by Holm (1967) in connection with electrical contact 
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resistance. 

They assumed that the solids are in contact only at 

isolated points and that asperities are crushed into the 

plastic region. Plasticity theory was considered 

justified because the local strains are very high and the 

theory predicts that the real contact area is proportional 

to the applied load. 

6.2.2.1 Onset of plastic yield 

The load at which plastic yield begins in the complex 

stress field of two solids in contact is related to the 

yield point of the softer material in a simple tension or 

shear test through an appropriate yield criterion. The 

yield of most ductile materials is usually taken to be 

governed either by von Mises' shear strain-energy 

criterion: - 

2 
6{ 

(al-a2) 2+( 
a2_ a3)2+ (a3-al) 2}= k2 =3 (6.7) 

or by Tresca's maximum shear stress criterion: - 

max 
{ IQl-a21,1a2-a31, IQ3-Q1I }= 2k =Y (6.8) 

in which 01, Q2 and v3 are the principal stresses in the 

state of complex stress, and k and Y denote the values of 

the yield stress of the material in simple shear and simple 

tension (or compression) respectively (Johnson, 1985). 
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Refined experiments on metal specimens, carefully 

controlled so as to be isotropic, support the von Mises 

criterion of yield. However, the difference in the 

predictions of the two criteria is not large and is hardly 

significant when the variance in the values of k or Y and 

the lack of isotropy of most materials are taken into 

account. It is justifiable, therefore, to employ the 

Tresca criterion where its algebraic simplicity makes it 

easier to use. 

The simplest assumption about the onset of plastic 

yield is that it occurs at a pressure equal to the 

indentation hardness, H of the softer material. The value 

of H is normally taken to be approximately equal to 3Y. A 

number of researchers have investigated in detail the 

plastic deformation of a single asperity (Ling, 1958a; 

Huffington, 1962; Thomas et al., 1971; Uppal and Probert, 

1972a and 1975) and it has been noted that the pressure at 

which yield occurs may differ considerably from the 

indentation hardness. This has been explained in terms of 

slip-line fields (Edwards and Hailing, 1968; Uppal and 

Probert, 1972b). 

Obviously as the proportion of the true area of contact 

increases relative to the apparent area, the likelihood of 

interaction between neighbouring asperities increases, thus 

affecting the onset of plastic yield. 
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6.2.2.2 Plastic contact surface models 

It is not easy to apply slip-line fields to a three- 

dimensional solid, and a two-dimensional surface model is 

generally used consisting of an assembly of parallel ridges 

triangular in cross-section (Ling, 1958b; Mitchell and 

Rowe, 1969; Bay et al., 1975). Three-dimensional plastic 

asperity models are limited to cones (Kragelsky and Demkin, 

1960; Thomas et al., 1971; Uppal and Probert, 1973) and 

pyramids (Hisakado, 1969; Childs, 1973). 

A number of researchers have considered the effect of 

applied load on a surface covered with plastically yielding 

cones with their heights normally distributed (Ling, 1958a; 

Tsukizoe and Hisakado, 1968; Hisakado, 1975). They have 

shown that the real area of contact is proportional to the 

applied load, that the number of contacts increases at a 

rate of approximately the 0.9 power of the load and that 

the average contact spot size increases at a rate of about 

the 0.1 power of the load. 

That is, the average contact spot size is almost 

independent of the load and the increase in the real 

contact area is almost entirely due to an increase in the 

number of individual contacts. This result has been 

confirmed by experiments on real surfaces (Thomas and 

Probert, 1970; Uppal and Probert, 1972b). 

Many asperity models assume implicitly that each 

asperity deforms independently. If asperities are 

sufficiently close together, however, the stress patterns 
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set up when they deform will interact in such a way as to 

affect their behaviour as an ensemble. 

The interaction of closely spaced asperities was 

studied by Bay et al. (1975) and some experimental evidence 

of asperity interaction has been found by Uppal and Probert 

(1973). Pullen and Williamson (1972) have suggested that 

material displaced from the peaks under load is 

redistributed so as to reappear as a uniform rise in the 

valley floors. However, Thomas (1975), argues that this is 

based on a misinterpretation of experimental results 

involving profile measurements where a constant reference 

height has not been maintained. However, most theories of 

plastic deformation simply assume that displaced material 

disappears, i. e. volume is not conserved. The resulting 

errors are small at large separations but become more 

serious as the surfaces approach more closely. 

It has been noted that asperities transmit stresses 

greater than the flow pressure without themselves 

completely flattening. This phenomenon of asperity 

persistence has been studied by several researchers 

including Pullen and Williamson (1972). Williamson and 

Hunt (1972) have shown that it is not connected with work- 

hardening, whilst Chivers et al. (1974) do not dismiss the 

effects of work-hardening at higher loads and deformations. 

Asperity persistence has been explained as an effect of the 

distribution of sizes of asperities on a real surface by 

Childs (1977), with work-hardening only having a minor 

effect. 
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6.2.3 Concluding Remarks on Theoretical Methods 

Although the complexities of the various elastic and 

plastic theoretical surface contact models all differ, in 

general, they all share the following shortcomings: - 

1) They require a number of assumptions regarding, among 

other things, the probability distributions of asperity 

heights, slopes and curvatures, or they require the use 

of simple geometric asperity shapes. 

2) Each discrete contact spot is assumed to deform 

independently. 

3) They cannot predict the deformed shape of the surfaces, 

particularly for non-contacting areas. 

4) When applied to almost all real rough surfaces, prior 

knowledge is required about the size range of 

topography that is important to the problem. 

It is to overcome these difficulties that numerical 

methods of contact analysis have been developed over the 

years. 

6.3 RICA? ROUGH SURFACE CONTACT ANALYSIS 

To find analytical solutions to elastic contact 

problems, assumptions have to be made about the undeformed 

shapes of the contacting bodies. Hence, in the previous 
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section, each contact model assumed a particular 

geometrical shape for the asperity tips. 

The relaxation of this restriction has led to a number 

of numerical techniques being developed to consider the 

contact of arbitrarily shaped surfaces. 

The essence of the problem of contact analysis is to 

determine, both inside and outside the contact area, the 

distributions of normal and tangential tractions which 

satisfy the normal and tangential boundary conditions at 

the interface, where the shape and size of the contact is 

not known at the outset. In general the tractions are 

coupled, but a considerable simplification can be achieved, 

with only a small loss of precision, for most engineering 

surfaces where the surface slopes are relatively small, by 

neglecting the effect upon the normal pressure of the 

tangential traction which arises if the moduli of the two 

bodies are different. Thus the contact is assumed to be 

frictionless. 

In general the approach which has been used to solve 

this numerically has been to divide the contacting surfaces 

into small elements. Over each so called "traction 

element" (Johnson (1985)) an assumption is made about the 

local distribution of normal pressure. 

Taking line contact as an example, the simplest 

representation for the pressure distribution is an array of 

locally concentrated forces. However, at each point of 

application of the force the deformation of the surfaces 

will be infinite. This can be overcome by representing 
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the pressure as adjacent columns of uniform pressure acting 

on discrete segments of the surface: the surface 

displacements are finite everywhere, but the displacement 

gradients are infinite between adjacent elements, where 

there is a step change in pressure. A piecewise-linear 

distribution of pressure, on the other hand, produces 

surface displacements which are everywhere smooth and 

continuous: such a distribution of pressure elements may be 

built up by the superposition of overlapping triangular 

pressure elements. 

In three-dimensional contact the piecewise-linear 

pressure element is a regular pyramid on a hexagonal base. 

An array of such pyramids, erected on an equilateral 

triangular mesh and overlapping in such a way that every 

apex coincides with a mesh point, adds up to a resultant 

distribution of traction comprising plane triangular 

facets. The pressure distribution is then specified 

completely by discrete values of the heights of the pyramid 

shaped pressure elements. 

From the shape of the traction elements, and the 

assumed elemental pressure distribution, it is possible to 

use half space theory to derive expressions for the 

displacements anywhere on the surface, due to an applied 

pressure on a particular element. The total displacement 

at a given point is merely the sum of the displacements due 

to all the elemental pressures. An application of this 

procedure is explained in Chapter 7. 

In order to find the values of the traction elements 

which best satisfy the boundary conditions two different 
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methods have been developed (Johnson, 1985). 

1) The Variational method in which the values of the 

pressure elements are chosen to minimise an appropriate 

energy function. 

2) The direct, or Matrix Inversion, method in which the 

boundary conditions are satisfied exactly at specified 

"matching points", usually the mid-points of the 

boundary elements. 

6.3.1 Variational Methods 

Variational methods have been applied to contact 

problems for two reasons: (i) to establish conditions which 

will determine the shape and size of the contact area and 

contact stresses uniquely and (ii) to'enable well-developed 

techniques of optimisation such as quadratic programming to 

be used in numerical solutions. 

Kalker (1974) reviewed the variational theory and 

points out that it was developed almost exclusively in 

Italy and France. In their book, Duvaut and Lions (1972) 

show that for two bodies having continuous profiles, 

pressed into contact by an overall displacement S, the true 

contact area and surface displacements are those which 

minimise the total strain energy UE, provided there is no 

interpenetration of the surfaces. 

For the numerical solution of contact problems it is 
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more convenient to work in terms of unknown tractions 

rather than displacements. Kalker (1977) has therefore 

proposed an alternative principle in which the true contact 

area and distribution of surface pressure are those which 

minimise the total complementary energy V*, subject to the 

constraint that everywhere the contact pressure is 

positive. 

This method has been applied to frictionless non- 

Hertzian contact problems by Conry and Seireg (1971) and 

Kalker and Van Randen (1972). The effects of the finite 

geometries of the contacting bodies have been considered by 

De Mul et al. (1986), the basic half space equations being 

modified for both the length and depth of the bodies. 

De Mul et al. (1987) have used real measured surface 

data to look at the effect of debris dents on the fatigue 

life of roller bearings. Before carrying out the analysis 

they removed the small scale features from the surface 

roughness by filtering their data. This was necessary 

because the resolution of the traction elements they were 

using was not fine enough to model the small scale 

features. However, the results of their analyses were in 

close agreement with those found by experiment. 

6.3.2 Matrix Inversion Method 

The principle behind this is that if two bodies are 

pressed into contact by an overall displacement S, and a 

guess is made about which traction elements are in contact, 

then it is possible to solve directly a set of simultaneous 
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equations for the unknown pressures. If the resulting 

pressure over any element is found to be negative then the 

system of equations is solved again after removing this 

element from the assumed contact geometry. Eventually 

convergence will be obtained with a particular set of 

contacting elements defining the area over which the bodies 

are in contact. This is more fully explained in 

Chapter 7. 

Hartnett (1979 and 1980) used this technique with 

rectangular traction elements to find the surface pressure 

distributions for rolling element bearings. No account 

was taken of the roughness of the surfaces and ill- 

conditioning problems had to be overcome by splitting the 

contacting region into sub-regions. A solution was then 

found for the pressures due to the displacements within 

each sub-region whilst also taking account of the overall 

displacements of all other sub-regions. 

This technique has been extended to consider the 

contact of layered solids (Chiu and Hartnett, 1983) and 

also the cylinder effect of the contact of cylindrical 

bodies (Chiu and Hartnett, 1987). 

With the advent of modern computing facilities it has 

become feasible to use real measured topographic data as 

the input to numerical contact models. Such a model of 

two-dimensional plane strain contact has been presented by 

Francis (1982). He used a piece-wise linear approximation 

for the pressure distribution and a partitioned Gauss- 

Seidel method of solution for the simultaneous equations. 
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The contact of a ground surface profile with a flat surface 

profile was simulated and the resultant pressure 

distributions and contact geometries found for a number of 

applied loads. 

Another plane strain model using recorded surface 

profiles has been presented by Webster (1986). This model 

uses constant pressure traction elements and Choleski 

factorisation to solve the simultaneous equations. The 

model has been used to study the contact of damaged bearing 

surfaces and the applied load against contact area 

relationships of sets of digitised rough surface profiles 

(Sayles and Webster, 1985; Webster et al., 1986 - 

reproduced as Appendix B; Webster and Sayles, 1986; West et 

al., 1987 - reproduced as Appendix C). 

A similar model, using rectangular constant pressure 

traction elements, simulating the contact of three- 

dimensional digitised surface data has been presented by 

West and Sayles (1987) - reproduced as Appendix D. The 

derivation of this model is the subject of Chapter 7. 
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CHAPTER 7 

THE THREE-DIMENSIONAL CONTACT MODEL 

7.1 INTRODUCTION 

Chapter 6 reviewed the different approaches used for 

rough surface contact analysis. It was shown that 

numerical techniques have only recently been applied to the 

problem of finding the surface stresses and exact contact 

geometries of real measured surfaces in contact. In 

general these techniques have been limited to two- 

dimensional contact of real rough surfaces or three- 

dimensional contact of smooth surfaces. 

Webster and Sayles (1986) have developed a two- 

dimensional plane-strain elastic contact model using data 

gathered from a three-dimensional mapping system (Webster 

et al., 1986 - reproduced as Appendix B). This chapter 

describes work carried out developing a similar three- 

dimensional contact model, including the effects of 

plasticity, which uses data from the same mapping system. 
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7.2 BASIS OF THE MODEL 

7.2.1 The Geometry of Contact 

The aim of the contact model is to predict the surface 

pressure distribution and deformed contact geometry of a 

real measured rough surface topography in contact with a 

smooth geometrically shaped surface. This can be used as 

a simulation of the contact of two rough surfaces because 

the contact of two uncorrelated rough surfaces can be 

modelled by the contact of a smooth surface and a rough 

surface having the sum of the variances of the two original 

surfaces. This can be proved as follows: - 

Referring to Figure 7.1, the gap between the two bodies 

must be kept the same for the equivalent surface to 

represent the two rough surfaces in contact, therefore 

gap = d-z = d-xl-x2 (7.1) 

giving 

z= xl+x2 (7.2) 

but the variance of the equivalent surface, ßz2 is 

az2 = E{z2} = E{ (xl+x2)2} 

= E{x12} + E{x22} + 2E{xlx2} (7.3) 

however, if surfaces 1 and 2 are uncorrelated the cross- 
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correlation function is zero, ie. 

2E (. v. 1 x2 1=0 

leading to 

aZ2 = ßF12 + 622 (7.4) 

The variance of the equivalent surface is therefore the sum 

of the variances of the two original surfaces (see also 

Thomas (1982)). 

(a) Two rough profiles 

gap=d-xl-x2 d 
X21- 

--- -- -- 
62 

(b) Equivalent single rough profile with z=: x +ic 

gap = d-z d 

aZ 

Figure 7.1 Two rough surface profiles and their 

equivalent single profile. 
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The geometry of the smooth body used in the contact 

simulation is that of a surface having principal radii of 

curvature in orthogonal directions, giving elliptical 

contours in the horizontal direction. This allows the 

simulation of most gear and bearing contacts to be 

attempted. 

7.2.2 Constraints of the Model 

Even though the model has been kept as general as 

possible some assumptions have been made, namely: - 

1) Strains are small compared to the overall surface 

geometries, leading to the usual linear elastic theory 

equations. 

2) The elastic contact area is contained within the 

geometric overlap region and there is no contact 

outside the region defined by the model. 

3) Inside the contact region the penetration is just equal 

to zero and the surface pressures are greater than or 

equal to zero. 

4) Outside the contact region there is no penetration and 

the normal surface pressures are zero. 

5) The surface slopes are reasonably small so that forces 

act normally to the surfaces. 

6) Tangential stresses and displacements are ignored, ie. 
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it is a frictionless contact. 

The model is principly based on elastic contact but, so 

that the contact conditions can be made more realistic, a 

simple model of plasticity has been incorporated. 

7.3 THE CONTACT MODEL 

7.3.1 Contact Equations 

The classical approach to finding the stresses and 

displacements in an elastic half-space due to surface 

forces is due to Boussinesq (1885) and Cerruti (1882), who 

made use of the theory of potential. The approach is well 

presented by Love (1952). The Boussinesq theory gives the 

normal surface deflection at a general surface point due to 

a concentrated contact at some other point. If the 

deflection of a surface point is required due to a number 

of concentrated contact points over an area S, then the 

total normal deflection uz in polar coordinates (s, ý) is: - 

(1-v2) 
p (s, 0) dsd¢ 

uZ=-E-1f S 

(7.5) 

As the surface data to be used with the contact model 

is in the form of a rectangular matrix of height data, it 

would seem appropriate to use each known data point to be 

the centre of a rectangular area of sides 2a and 2b over 

which the normal pressure is constant. Note that the 
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sampling intervals in the x and y directions are 2a and 2b 

respectively (Figure 7.2). Pressure elements similar to 

these have been used in other contact models (see 

Chapter 6). 

2 a\ý 
2b 

kA k kB 
k 

Figure 7.2 Detail of pressure element used: - 
Each cross represents a data point and 

P is the normal pressure on element. 

The disadvantage of this method is that there is a 

discontinuity in the value of the pressure at the boundary 

of each element, thus a piecewise linear variation of 

pressure is not achieved. However, to extrapolate the 

.>, 
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measured data onto the triangular grid required for a 

piecewise linear variation of pressure would add 

complications and inaccuracies to the calculation that 

would outweigh any increase in accuracy achieved by doing 

this. 

The effect of a uniform pressure acting on a 

rectangular area of 2ax2b has been analysed in connection 

with rectangular foundations by Love (1929). Referring to 

Figure 7.2, the normal deflection of a general point B at 

(x, y) on the surface due to a uniform pressure p over a 

rectangle centred at the origin A is: - 

} 
(1-v2) 

(y+b) +I (y+b) 2+ (x+a) 2 1/2 

uZ =p{ (x+a)1n 1/2 
72 (Y-b) +I (y-b) 2+ (x+a) 2} 

1/2 

(x+a) +{ (y+b) 2+ (x+a) 2} 

+ (y+b)1n 1/2 
(x-a) +{ (y+b) 2+ (x-a) 2} 

l (y-b) +f l (Y-b) 2+ (x-a) 2 1/2 
I 

+ (x-a) in 1/2 
(Y+b) +I (y+b) 2+ (x-a) 2} 

(x-a) +f 1 (y-b) 2+ (x-a) 2 1/2 

(7.6) (y-b) In + 1/2 
(x+a) +I (y-b) 2+ (x+a) 2 
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This was used as the basis for the equations in the 

contact model. This equation, adjusted by putting the 

pressure as unity, is used to form the influence 

coefficient of any contacting point on any other point on 

the surface. The total deflection at any point can 

therefore be calculated by summing each element of pressure 

times it's influence coefficient. 
}, 

Total deflection elemental * 
influence (7.7) 

of a point Li pressures coefficients 

Thus, if the pressures on each contacting element are 

known, the deflection of any point on the surface and hence 

the deformed geometry can easily be found. However, the 

elemental pressures are not known. This can be overcome 

by giving the bodies a known bulk overlap S and noting that 

the sum of the deflections, - in the two bodies at any contacting 

point is just equal to the geometric overlap. 

The . deflection in each body can then be found using the 

relationship: - 

uziE1 uZ2E2 

(1-V) (, _V2) 
(7.8) 

By assuming some of the points to be in contact, then 

from the ; deflections at these points and their influence 

coefficients on all other points of the surface, a set of 

linear equations can be set up to find the unknown 

pressures at the contacting points. In matrix terms: - 
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(uz) = [C] (P) (7.9) 

Where (ui) is the vector of normal surface 

displacements at the contacting points, [C) is the matrix 

of influence coefficients and (p) is the vector of 

pressures at the contacting points. 

a: 

Once the solution for the elemental pressures have been 

found then any elements where the pressures are negative 

are removed from the assumed contact region (tension is not 

permitted as adhesive forces are assumed to be relatively 

small). The deformations are then found everywhere to 

check that no contact occurs at any point outside the 

assumed contact region. Any points where this would occur 

are then added to the assumed contact region and the system 

of linear equations is then solved again for the new 

assumed contact points. 

This process is repeated until convergence on a 

particular set of contact points is achieved. The 

deformed shapes of the bodies can then be found and the 

total normal load calculated by integrating the pressure 

distribution. The general principles of this method of 

solution by "Matrix Inversion" are outlined in Chapter 6 

and Johnson (1985). 

7.3.2 The Plasticity Mode 

Using a linear elastic contact model, such as the one 

described, will produce large pressure spikes on most 
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topographies even at very low loads due to the finite 

sampling and infinite pressure gradients between adjacent 

points of the surface data. These spikes, often well 

above the elastic limit of the materials being simulated, 

are obviously not realistic. 

One partial solution to this problem is by the use of 

"Functional Filtering" (Thomas and Sayles, 1973). Both 

the highest and lowest frequencies present in the data can 

be filtered out just leaving the bandwidth of interest to 

the problem being solved. The method of three-dimensional 

filtering employed on the data is that of a moving average 

box filter (Webster et al., 1986 - reproduced as 

Appendix B). However, if within the scale of roughness 

being studied plasticity may play a part, it must be 

included. 

7.3.2.1 The onset of plastic yield 

On the basis that the contact of two rough surfaces 

begins with single asperity against asperity interaction it 

would seem appropriate to model each contact spot as the 

contact of two solids of revolution as the pressure 

required to cause plastic yield can be calculated for this 

situation using both the von Mise and Tresca yield criteria 

(see Chapter 6). 

The maximum shear stress in the contact stress field of 

two solids of revolution occurs beneath the surface on the 

axis of symmetry. The maximum principal stress 

differences at the point with the greatest absolute 
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principal stress difference, assuming v=0.3, are 0.62po, 

0.62po and 0.0 at a depth of 0.48a, where a is the Hertzian 

semi contact width. 

Thus by the von Mises criterion the value of the 

maximum Hertzian pressure, po for yield to occur is given by 

po = 2.8k = 1.6Y (7.10) 

whilst by the Tresca criterion 

Po = 3.2k = 1.6Y (7.11) 

where k and Y are the yield stresses in simple shear and 

tension respectively. 

From this it can be seen that whichever criterion is 

employed sub-surface yield begins when the maximum contact 

pressure reaches a value of 1.6Y. 

7.3.2.2 The plasticity criterion 

The plasticity criterion incorporated into the contact 

model is based on the assumption that as the applied load 

increases the material deforms elastically until a critical 

value of contact pressure, p, is reached at which plastic 

yield begins. If the applied load is further increased 

the contact pressure does not rise above py but the surface 

of the material continues to deform and a zone of 

plastically deforming material is formed within the 

material below the point of application of the load. 
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Assuming the contact to be that between solids of 

revolution (see Section 7.3.3.1), the point of plastic 

yield is reached at a value of pressure, py such that: - 

py = 1.6Y (7.12) 

The plastic zone is contained within the interior of 

the body and the plastic yield manifests itself as a sub- 

surface elastic movement of the material axi-symmetrically 

away from the point of loading. 

This is in agreement with the Johnson 'cavity' model of 

mixed elastic-plastic deformation (Johnson, 1985). In 

this model plastically deforming material appears to be 

lost within an imaginary cavity within the body of the 

material until the pressure becomes so great that the 

plastic zone breaks out-onto the surface. 

This criterion is added to the calculation by modifying 

the shape of the original undeformed surfaces at any point 

at which the pressure is above py so that the strain, and 

hence the pressure, is reduced. The elastic equations are 

then solved again for this new shape. 

This process is repeated until convergence on a 

solution is reached with no pressures above py, and all 

points where plastic deformation has occurred are subjected 

to a constant pressure of py, The shapes of the modified 

original bodies then define the elastically recovered 

surfaces after contact. 

It should be noted that this model of plastic 
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deformation is not valid for gross plastic flow as it does 

not generate the observed build-up of material around the 

periphery of the contacting region. 

7.4 IMPLEMENTATION OF THE MODEL 

The contact simulation program is a set of FORTRAN 77 

routines implemented on an Acorn A443 Workstation micro 

computer. This fast 32 bit machine with 4 megabytes of 

RAM, although not as powerful or fast as a main-frame 

computer, was chosen so that it could form part of a stand 

alone surface data acquisition and analysis system. 

The size of the memory of this computer effectively 

limits the surfaces to be analysed to approximately 20,000 

data point heights with a maximum of 1250 data points in 

contact. However, this has been found to be enough for 

representative results to be obtained in most cases. 
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7.4.1 The Contact Program 

Figure 7.3 is a flow diagram of the contact simulation 

program which is called 3DCONT. The major features of 

this program are as follows: - 

1) Obtain required input conditions 

The operator is given a number of choices about the 

contact simulation to be performed. The file name of the 

measured rough surface has to be entered. The shape of 

the smooth body is defined by its principal radii of 

curvature parallel to and perpendicular to the direction in 

which the rough surface was measured (RX and Ry) and the 

position on the surface above which the centre of these 

radii lie (CX and Cr). The height of the smooth body z is 

therefore: - 

z= 
(ic) ýx-C) 2+() (Y-C) 2 

(7.13) 
y 

The material properties of the two bodies have to be 

input, namely the values of their Young's moduli E and 

their Poisson's Ratios V. 

If the effects of plasticity are to be included, then 

the yield pressure Y of each body has to be entered so that 

the maximum supportable pressure py can be calculated. 

The program offers the choice of simulating the contact 

at a given applied normal load F or a calculation of the 

applied load and real contact areas at a series of bulk 
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overlaps S (where S increases by constant intervals) until 

the maximum applied normal load F is reached. 

2) set up initial geometry of contact 

The required rough surface data file is read and a 
least-squares mean plane fitted to remove any gross form 

errors from the simulation. The coordinates of the smooth 

body are calculated using equation 7.13 and its height 

adjusted so that the two bodies are just touching but 

without any overlap. 

3) Calculate the deflection influence coefficient array 

The deflection. influence coefficients (equation 7.6 with p 

taken as unity) that are used in the matrix of influence 

coefficients [C] (equation 7.9) can only have particular 

values. This is because there are only a limited number 

of different horizontal distances between data points 

within the contacting surfaces. In fact there are the 

same number of horizontal distances'as data points. 

An array of the possible values for the deflection 

influence coefficient is calculated so that the matrix of 

influence coefficients [C] for any particular set of 

contacting points can be constructed by using the 

appropriate elements without any further calculation. 

The array 'is , also , used 'tö "find the deformed shapes of 

, the contacting"bodies}. by s. umming`the5deflectionstcaüsed-by, 

. -each,. -contacting pointyat affil other: -pöints yin' the, bodies . 
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4) Move to first overlap position 

If the load versus area option has been selected then 

the bodies are moved to a bulk overlap S equal to the 

incremental value in S. 

If the direct solution option has been selected then a 

guess at the required bulk overlap 8 is made. Using the 

Hertz theory for the elastic contact of a smooth body with 

a flat surface the bulk overlap 8 can be expressed as: - 

1/3 
2 

9F 
S= 

16R E 
F2 (R / y) (7.14) 

e 

where the equivalent radius of curvature R. = (RXRy)11' , and 

the shape function F2(Rx/Ry) =1 to a first approximation. 

Thus using equation 7.14 an approximate value for the 

required bulk overlap can be found and the bodies are moved 

to this overlap. 

5) Find contact points and pressure distribution 

As a first guess at which points are in contact it is 

assumed that any point where the overlap is more than half 

the bulk overlap S is in contact. The set of linear 

equations shown in equation 7.9 are then constructed, using 

the relevant strain influence coefficients and strains, and 

then solved to find the normal pressures. 

The matrix of influence coefficients [C) is symmetric 

and the method of solution used is that of Choleski 
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Factorisation. This makes use of the symmetry so that 

only just over half of the full matrix has to be stored at 

any one time, thus making efficient use of the computer's 

memory. The leading diagonal of the matrix contains the 

greatest numerical values (the influence of a contacting 

point on itself) which suits the Choleski method as this 

condition must be met for the greatest accuracy of 

solution. 

To check if the correct contact points have been 

assumed the pressures are checked for negative (tensile) 

values indicating a point which should not be in contact. 

The geometric overlap area is then searched for any assumed 

out of contact points where the solution indicates contact 

is occurring. These points are added to the assumed 

contact area. 

If the assumed points seem to be correct a final check 

is made by calculating the deformed body shapes at the 

contacting points using the solution found and making sure 

that the average error from the surfaces making exact 

contact is less than one nanometer. If the error is 

larger than this the point with least pressure on it is 

removed from the assumed contact region. 

If the effects of plasticity are to be included in the 

calculation then the pressure distribution is searched for 

individual pressures greater than py. If any are found the 

shape of the undeformed surfaces at that point are modified 

to remove a volume of material equal to the effective 

strain caused by the pressure being greater than py. If 
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the two bodies have the same yield stress Y then the 

removal of material is shared equally between them, 

otherwise all the material is removed from the weaker body. 

The pressure at the point is then reduced to py. 

If any point has previously had material removed from 

it because the pressure was greater than py but now the 

pressure is below py, then material is added back to the 

bodies and the pressure raised to py. 

If for any of the reasons detailed above the solution 

was not complete for this bulk overlap, then the modified 

assumed contact points are used for another solution of the 

simultaneous equations of equation 7.9 and the checks 

carried out again. 

With the solution at this overlap complete graphics 

showing a contour map of the contact zone and a three- 

dimensional view of the normal pressure distribution are 

drawn on the vdu screen. 

6) Check for final solution found 

The pressure distribution is integrated to give the 

total normal load between the bodies for the given bulk 

overlap. 

If the load versus area option has been selected then 

the normal load and real contact area are saved to a data 

file. If the normal load is less than the required final 

load the bulk overlap is increased by its incremental value 

and the solution attempted for this new contact condition. 
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If the direct solution option has been selected then 

the difference between the required and calculated normal 

load is found. If the error is greater than 1% then an 

estimate is made for the bulk overlap to give the correct 

normal load. The bodies are moved to this overlap and the 

solution attempted again. 

7) Solution found print results 

When the final solution has been found the final 

contact area and bulk overlap are recorded to the data file 

along with the results expected due to Hertz smooth body 

theory. The pressure distribution and deformed shapes of 

the bodies can also be recorded for later viewing through 

contour maps and three-dimensional views. 

If the effects of plasticity were included then the 

modified shapes of the original bodies can be recorded and 

the proportion of the contact that has undergone plastic 

deformation found. 

7.5 VALIDATION OF THE MODEL 

7.5.1 Smooth Plane Tests 

The model was tested against theoretical Hertzian 

elastic deformation results by simulations using a smooth 

plane instead of a rough surface. 

Equation 7.14 gives the Hertzian relationship for the 

bulk overlap 8. Other Hertzian relationships are as 
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follows: - 

R a 
R 

, 

2/3 

(7.15) 

where a and b are the contact ellipse x and y direction 

semi-axes. 

3FR 
1/3 

(ab) 
4E 

1/2 
_* F1 (R /R 

y) (7.16) 

where the shape function F1(RX/Ry) =1 to a first 

approximation. 

1/3 
*2 

po 
3F 6FE 2/3 

==32 
[F(R/R)} _ 

(7.17) 
2nab nR e 

where po is the maximum contact pressure. 

For all shapes of smooth curved bodies used for 

simulated contact with a plane, the contact patches and 

pressure distributions were as predicted by theory within 

the accuracy of the finite data. Figure 7.4 shows the 

normal pressure distribution obtained when a smooth body 

with principal radii of curvature in the ratio 1: 4 (RX: Ry) 

is in contact with a smooth plane. For the bulk overlap 

used in this simulation the contact model overestimates the 

pressures and hence the normal load by 0.5% with the 
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contact ellipse semi-axes being correct to the nearest 

sampling interval. 

Figure 7.4 SMOOTH BODY IN CONTACT WITH A PLANE: - 

SURFACE PRESSURE DISTRIBUTION 

Area shown = 1.0 mm square 

Load = 80 N, Hertz P0 = 1.320 GPa 

Smooth Body Radii of curvature =5 mm/ 20 mm 

Hertz semi-contact widths = 107 µm / 270 µm 

Maximum pressure spike = 1.327 GPa 
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7.5.2 Geometric Surface Tests 

As a first test of the contact model on rough surfaces, 

a simulation of contact with a geometrically shaped surface 

was attempted. The simplest model of a rough surface is a 

regular wavy surface which has a sinusoidal profile. The 

deformation will remain elastic provided that the amplitude 

A is small compared with the wavelength X. 

The contact of regular wavy surfaces with flat surfaces 

have been studied in detail by Johnson et al. (1985). 

Considering the height of an isotropic wavy surface to 

be defined as: - 

Z(x, y) cos 
(2itx) 

+ cos 
( 27ty ) 

(7.18) 

If this surface is in contact with a plane then the 

pressure distribution has been found by Johnson (1985) to 

be: - 

x, y) =+2 cos 
C+ 

cos 
(21w' 

(7.19) 
Lax 11 

p( 

where p* = 2nE*A/% is the mean pressure required to cause 

contact everywhere between the surfaces. 

Even for this simple contact situation we are unable to 

predict the shape of the areas of contact. The contact 
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areas are approximately circular at light load, become 

approximately square at higher load and eventually only 

small circular areas remain out of contact. With contact 

patch shapes varying in such a way an analytical solution 

to the problem seems improbable. However, asymptotic 

solutions can be found for early contact using Hertz theory 

and for nearly full contact by assuming the areas of no- 

contact to behave as penny-shaped cracks. 

Johnson et al. (1985) used the numerical minimum 

complementary energy method due to Kalker (see Chapter 6) 

as a general solution to the contact problem. They also 

carried out experiments with a perspex and rubber model of 

the contact, which seemed to confirm that the numerical 

solution obtained was correct. 

A comparison with this numerical solution was attempted 

by carrying out a simulated contact between a large 

diameter smooth ball and a surface consisting of one 

wavelength in each direction constructed using equation 

(7.18). The highest point on the surface was in the 

centre and coincided with the point of first contact with 

the ball. A ball rather than a plane was chosen for the 

simulation to compensate for the contact model taking no 

account of contact outside the area of the surface whereas 

the Johnson et al method used flat surface theory. 
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Figure 7.5 Real area of contact of a two-dimensional 

wavy surface with an elastic half-space. 

Figure 7.5 is a plot of the variation in contact area 

and mean contact pressure plotted in non-dimensional form. 

The results using both the contact model and the minimum 

complementary energy method are shown. As can be seen the 

agreement between the two methods is very good which would 

seem to indicate that the contact model can cope with 

surface roughness. 

- 146 - 



3 

L)3 

Crest 

1 
2 

33 

Figure 7.6 Changing shape of contact area with load 

using the contact model: - 

1) 0.01 of pressure to cause complete contact 

2) 0.25 of pressure to cause complete contact 

3) 0.9 of pressure to cause complete contact 
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Figure 7.6 shows how the shape of the contact patches 

change as the load is applied. At low loads the contact 

patch is circular, but as the load increases it becomes 

square and then at high load the areas of no-contact become 

circular. 

7.6 EXAMPLES USING REAL DATA 

7.6.1 Worn Bearing 

A 0.5 mm square area of worn bearing surface with some 

debris damage was used for a series of contact analyses 

(Figure 7.7). In all cases the normal load and 

theoretical contact area were the same but the ratio of the 

smooth body major to minor radius of curvature was varied. 

At the load employed it was found that the actual 

contact area in all cases was approximately 57% of the 

theoretical smooth surface value and the maximum pressure 

spikes were approximately 4.5 times the theoretical 

Hertzian maximum. Assuming the material to be gear steel 

with a yield stress in simple tension of 2.6 GPa then the 

maximum pressure (4.5 GPa) would not be enough to cause any 

significant plastic deformation. Note that the surface 

used was that of a worn bearing where any plastic 

deformation should already have occurred. 

Figures 7.8,7.9 and 7.10 show the actual contact 

patch, deformed shape of the smooth body and pressure 

distribution for one of the test cases. 
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Figure 7.7 WORN BEARING SURFACE: - 

Area = 0.5 mm square 

Height range of data = 2.6 µm 

Rolling direction = downwards to right 
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Figure 7.8 SMOOTH BODY IN CONTACT WITH WORN BEARING: - 
CONTACT PATCH 

Area shown = 0.5 mm square 

Load = 25 N, Hertz Po =1 GPa 

Smooth Body Radii of curvature =: 15 mm/ 5 mm 

Hertz semi-contact widths = 162 µm / 78 µm 

Ratio of true to apparent contact area = 0.57 
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Figure 7.9 SMOOTH BODY IN CONTACT WITH WORN BEARING: - 

DEFORMED SHAPE OF SMOOTH BODY 

Load = 25 N, Hertz Po =1 GPa 

Smooth Body Radii of curvature = 15 mm/ 5 mm 
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Figure 7.10 SMOOTH BODY IN CONTACT WITH WORN BEARING: - 

SURFACE PRESSURE DISTRIBUTION 

Load = 25 N, Hertz PO =1 GPa 

Smooth Body Radii of curvature = 15 mm/ 5 mm 

Hertz semi-contact widths = 162 µm / 78 µm 

Maximum pressure spike = 4.5 GPa 
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7.6.2 Abraded-Steel Surface 

Similar contact analyses were carried out using a 

0.5 mm square area of abraded steel surface Figure 7.11. 

It was found that the actual contact area in all cases was 

approximately 40% of the theoretical smooth surface value 

and the maximum pressure spikes were approximately 7.0 

times the theoretical Hertzian maximum. Figures 7.12, 

7.13 and 7.14 show the actual contact patch, deformed shape 

of the smooth body and pressure distribution for one of the 

test cases. 

Assuming the same material as the bearing tests the 

maximum pressure recorded of 7.0 GPa would cause plastic 

deformation. The tests were therefore repeated using the 

plasticity criterion and it was found that approximately 5% 

of the contact area would deform plastically. However the 

size of the contact area was not increased significantly. 
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Figure 7.11 ABRADED STEEL SURFACE: - 

Area = 0.5 mm square 

Height range of data = 4.4 gm 
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Figure 7.12 SMOOTH BODY IN CONTACT WITH ABRADED STEEL: - 

CONTACT PATCH 

Load = 25 N, Hertz Po =1 GPa 

Smooth Body Radii of curvature =. 5 mm/ 15 mm 

Hertz semi-contact widths = 78 µm / 162 µm 

Ratio of true to apparent contact area = 0.39 
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Figure 7.13 SMOOTH BODY IN CONTACT WITH ABRADED STEEL: - 

DEFORMED SHAPE OF SMOOTH BODY 

Load = 25 N, Hertz Po =1 GPa 

Smooth Body Radii of curvature =5 mm/ 15 mm 
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Figure 7.14 SMOOTH BODY IN. CONTACT WITH ABRADED STEEL: - 

SURFACE PRESSURE DISTRIBUTION 

Load = 25 N, Hertz Po =1 GPa 

Smooth Body Radii of curvature =5 mm/ 15 mm 

Hertz semi-contact widths = 78 µm; / 162 µm 

Ratio of true to apparent contact area = 0.39 

Maximum pressure spike = 7.0 GPa 
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7.7 THE EFFECT OF PLASTICITY 

To study the effect of plasticity a simulation of the 

contact of a smooth 0.1 mm radius sphere on a smooth steel 

surface was carried out. The normal load was taken as 

25 N as in the earlier tests so that this could represent a 

debris particle becoming trapped in the contact. 

Taking the material to be the same as before virtually 

the whole contact undergoes plastic deformation. Figure 

7.15 shows the 4 µm deep dent left. in the surface after the 

load has been taken away. For comparison Figure 7.16 

shows some detail of the debris damage on the worn bearing 

surface drawn to the same scale. 
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Figure 7.15 DENTED SURFACE: - 

Dent caused by simulation of 0.1 mm radius 

sphere being pressed into a smooth surface 

Area = 0.2 mm square 

Height range of data = 4.0 gm 

Load = 25 N, Hertz Po 18.4 GPa 

Yield Stress = 2.6 GPa 
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Figure 7.16 DETAIL OF WORN BEARING SURFACE: - 

Area = 0.2 mm square 

Height range of data = 2.6 µm 

Rolling direction = downwards to right 
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7.8 CONCLUSIONS 

A numerical technique is described which is capable of 

simulating the elastic contact of rough surfaces and 

estimating the effect of plasticity. The method is shown 

to be capable of creating the real pressure distribution 

together with a complete picture of local deformation and 

real contact area on an asperity scale and also to define 

the shapes of the recovered surfaces after plastic 

deformation. The technique is illustrated by its 

application to the contact in several typical engineering 

surfaces. 
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CHAPTER 8 

3-D CONTACT ANALYSIS OF THE TEST SPECIMENS 

8.1 INTRODUCTION 

The following sections detail initial computer 

simulations of three-dimensional contact of the mini-disc 

specimens used for the experimental programme. This 

illustrates the use of the three-dimensional contact model 

described in Chapter 7 with realistic data. 

8.2 THE CONTACT SIMULATIONS 

Chapter 2 describes the topography measurements made of 

the test specimens used for the experimental programme. 

In particular three-dimensional surface maps of three of 

the specimens (specimens 1,3 and 15). These three 

t 

r 
i 
rt 1 

surface maps were used as input data to the three- 

dimensional rough surface contact model. 

To simulate the contact conditions between the disc 

specimens, the smooth body brought into contact with the 

measured surfaces was given a radius of curvature of 5 mm 

in the circumferential direction and 20 mm in the axial 

direction. This approximated to the relative radius of 
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curvature in the circumferential direction and a line 

contact in the axial direction. 

In each of the three simulations the loading was such 

that the maximum Hertzian smooth surface contact stress was 

0.8 GPa with the Hertzian semi-contact widths being 

approximately 70 mm and 175 mm respectively. 

Note that in all simulations it was assumed that no 

plastic flow occurred so that the plasticity criterion was 

not used. 

8.3 THE CONTACT SIMULATION RESULTS 

Figures 8.1 to 8.3 show the resultant surface pressure 

distributions obtained from the three analyses and Figures 

8.4 to 8.6 the corresponding contact patches. Note how 

different the contacts are in each case. 
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Figure 8.1 Surface pressure distribution between 

smooth surface and test specimen 1: - 

Mapped area = 0.5 mm * 0.5 mm 

Maximum pressure spike = 8.01 GPa 
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Figure 8.2 Surface pressure distribution between 

smooth surface and test specimen 3: - 
Mapped area = 0.5 mm * 0.5 mm 
Maximum pressure spike = 19.95 GPa 
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Figure 8.3 Surface pressure distribution between 

smooth surface and test specimen 15: - 

Mapped area = 0.5 mm * 0.5 mm 

Maximum pressure spike = 6.47 GPa 
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Figure 8.4 Contact patch between smooth surface 

and test specimen 1: - 

Mapped area = 0.5 mm * 0.5 mm 

Maximum pressure spike = 8.01 GPa 
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Figure 8.5 Contact patch between smooth surface 

and test specimen 3: - 

Mapped area = 0.5 mm * 0.5 mm 

Maximum pressure spike = 19.95 GPa 
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Figure 8.6 Contact patch between smooth surface 

and test specimen 15: - 

Mapped area = 0.5 mm * 0.5 mm 

Maximum pressure spike = 6.47 GPa 
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Parameter Specimen 1 Specimen 3 Specimen 15 

Max Pressure 8.01 19.95 6.47 
(GPa) 

Max Hertzian 0.80 0.80 0.80 

Pressure (GPa) 

True to Apparent 0.277 0.132 0.320 
Contact Ratio 

Average RMS 0.212 0.529 0.163 

Roughness (µm) 

Table 8.1 Summary of results of three-dimensional 

contact simulations. 

Table 8.1 summarises the results of the contact 

analyses and includes a surface RMS roughness parameter. 
This roughness was obtained from the circumferential and 

axial roughnesses of the specimen surfaces taken from 

Table 3.1 as: - 

Average RNS Circumferential Axial RNS 
x 

Roughness RMS Roughness Roughness 
(8.1) 

Figure 8.7 plots this parameter against the ratio of 

the maximum surface pressure recorded to the smooth surface 
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Hertzian maximum pressure for each specimen. 
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Figure 8.7 Ratio of maximum pressure to Hertzian 

pressure against average surface 

roughness for the test specimens. 

From Figure 8.7 it would seem that there is a direct 

relationship between the maximum recorded surface pressure 

and the average surface RMS roughness. Thus it would seem 

that combining orthogonal two-dimensional surface 

measurements gives a reasonable approximation of three- 

dimensional surface parameters. More importantly it may 

enable a few full three-dimensional analyses to be used to 
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estimate the contact conditions in other surfaces where 

only two-dimensional parameters are known. 

The fact that the three-dimensional surface contact 

results correlate well with the two-dimensional profile 

measurements is further evidence that to study the contact 

of surfaces, contact models or the use of profile 

measurement parameters show great promise. This is in 

marked contrast to the poor results obtained from the 

experimental programme utilising the optical vibration 

monitor. 
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CHAPTER 9 

CONCLUSIONS 

9.1 GENERAL CONCLUSIONS 

This project, studying the effects of surface finish on 

rolling and rolling-sliding contacts, such as those found 

in gears and bearings, has been carried out in three basic 

parts: - 

1) An experimental programme using a mini-disc machine to 

investigate the links between surface finish and 

vibration. 

2) The development of a theoretical model of a profile 

structure function allowing roughness characteristics 

to be studied on an asperity size basis. 

3) The development of a numerical technique capable of 

simulating the elastic contact of rough surfaces and 

estimating the effect of plasticity. 

The conclusions reached from each of the three parts of 

the project are detailed in the following sections. 
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9.1.1 The Experimental Programme 

Commissioning the mini-disc machine used for the 

experiments has been successfully completed. This provides 

a very versatile machine for many forms of test, with its 

speed controls giving infinitely variable slide-roll ratios 

to produce a whole range of contact conditions. 

A prototype optical vibration monitor has been 

developed. Although it requires more investigation it has 

shown a high potential as an on line monitoring device of 

contact conditions. The vibrational level, wear rate and 

surface finish of the disc specimens can all be 

continuously monitored. 

From the results presented, there appears to be little 

correlation between overall vibration levels and roughness 

parameters. However, this could simply reflect the 

complex nature of the asperity interaction problem, overall 

roughness parameters being inadequate to quantify the range 

of asperity shapes and sizes which influence the problem. 

Attempts at isolating this range are presented, through 

parameters such as a and ß*, but more work is required if 

ideal bearing and gear tooth flank surface topographies are 

to be defined using the mini-disc machine and the optical 

vibration monitor. 

9.1.2 Theoretical Structure Function Model 

As an aid to resolving the problems mentioned in 
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Section 9.1.1 above, a theoretical model of a profile 

structure function has been developed and is presented in 

Chapter 5. This allows roughness characteristics to be 

studied on an asperity size basis to identify features of 

particular sizes that may be causing damage during the wear 

process. 

The model is shown to give promising results on the 

tests performed. However, its application to the 

particular problem of bearing and gear tooth contact is 

limited. This is due to the fact that the asperities on 

these surfaces are not randomly distributed throughout the 

height range of the surface. 

9.1.3 Three-Dimensional Surface Contact Model 

A numerical technique has been developed which is 

capable of simulating the elastic contact of rough surfaces 

and estimating the effect of plasticity. The method is 

shown to be capable of creating the real pressure 

distribution together with a complete picture of local 

deformation and real contact area on an asperity scale and 

also to define the shapes of the recovered surfaces after 

plastic deformation. 

An initial attempt has been made to apply the technique 

to gear contact conditions with the results suggesting that 

the method shows great promise. The actual asperity scale 

surface interactions can be studied in both a qualitative 

and quantitative manner. 
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9.2 SUGGESTIONS FOR FURTHER WORK 

The failure of the experimental programme to identify 

links between surface roughness and contact vibration was 

probably due to a lack of sensitivity in the optical 

vibration monitor. Therefore if this approach to 

investigating surface finish effects is to be taken further 

then more work will be required to increase the sensitivity 

of the vibration monitoring device. 

The use of the structure function model appears to be 

limited by the need to have information about the 

distribution of asperities within the surface being 

investigated. The same information can be obtained by 

other techniques, such as fourier analysis. However, the 

model may be useful as a method of checking the results 

obtained by other techniques. 

The three-dimensional surface contact simulation 

technique appears to show the greatest promise as a general 

method of analysing the conditions found when surfaces come 

into contact with each other. To increase the 

capabilities of the technique and fully understand the 

contact conditions found in gears and bearings a number of 

enhancements would be useful, namely: - 

1) The incorporation of an elastohydrodynamic (ehd) film 

model between the contacting surfaces. This would 

enable the effects of different lubricants to be 

predicted. 
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2) At present the contact model does not take any account 

of horizontal tractions and so the important case of 

sliding contacts with friction cannot be simulated. 

Although the addition of this feature is not trivial it 

would make the contact simulations much more general so 

that they could be used in many more situations. 

3) The surface stress distributions calculated from the 

two-dimensional contact model (Webster and Sayles, 

1986) have been used as input to a main-frame computer 

finite element program to calculate the sub-surface 

stress distributions. It has then been possible to 

identify regions within the bodies where failure by 

crack growth may be initiated. 

Results from the three-dimensional contact simulation 

model could be treated in the same way, but the model 

would be greatly enhanced if the sub-surface stress 

distributions could be calculated directly within the 

program itself. This would allow the full contact 

conditions to be found in one step rather than having 

to transfer data between computer systems to obtain 

full results. 
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APPENDIX A 

THE CONSTRUCTION OF EQUATION 5.6c 
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THE CONSTRUCTION OF EQUATION 5.6c 

The construction of equation 5.6c from Section 5.2 of 

the main text is shown below for a single asperity, where 

the delay length ti, and asperity half width a, are within 

the limits ti<a. The working for other values of t and a are 

similar. 

I 
x ti (iv) +1 ti 

(iii) 

(i) (ii) 8; 8 Zvi) 
vii) 

f ti'I' aý-aý 

I'- max 

Figure A. 1 The possible regimes 

t 
max 

The structure function for the situation of Figure A. 1 

is built up from equations 5.1 and 5.5 from the main text, 

namely: - 

S('C) =E{[z(x)- z(x+T)]2} (5.1) 
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and the conditional expectation, that: - 

PARTICULAR PROBABILITY 

E some 
_E STATES OF X OF BEING IN 

Leven J 
ALL STATES EVENT THE PARTICULAR X5.5) 

CF EVENT STATE 

If the profile is broken down into the states or 

regimes of Figure A. 1, the expectation of each regime and 

the probability of being in that regime can be computed. 

These can then be summed to form the structure function. 

The particular regime is dictated by the value of x as it 

varies from zero to (L-timax)" Thus the probability of being 

in any particular regime is just the length of that regime 

as a proportion of (L-timax)" 

Taking each regime (i to vii) in turn: - 

i) In this regime the expectation value is zero so it 

cannot contribute to the structure function. 

ii) The probability of being in this region is, 

Pii - (L -'Cmax) 

T 

and the expectation, E11 _ -ý 
J1202d1 

0 
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2 02 
Eii- 3 

Note: It is assumed that 0 is a small angle. 

iii) Probability, p,, - 
(a - er) 

ýýi - (L -'C nax 

Expectation, Eiii = 0202 

iv) Probability, 

Expectation, 

v) Probability, 

iv - (L -Cmax 

E iv _-ý 
J 82(ti - 21)2d1 
0 

t2A2 
iv 

P (1' 
a 

tiriax 

Expectation, E= t282 

vi) Probability, 

Expectation, 

ti 
vi (L -ti 

T 

vi 

Lf 
1202d, 

0 
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'C 
202 

E 
Vi 3 

vii) As in (i) Evii =0 so there is no contribution. 

These are combined to form the structure function: - 

S(T) _ 
, 

202 
x 

Ic 
+c0 

(a - ti) 
+ 

'C262 
x 

ti 
3 (L- tý (L-'C )3 (L -'C ) 

rnax 

+ 
c2 e2 (a - r) 

+ 
ýL-tim) 

tit e2 ti 

3x (L-tim) 

which simplifies to give equation 5.6c 

(10 _02 
t2 (2a -, c) 

(L-T=x) forýt< .a (5.6c) 
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C161/87 

A new method for rough surface contact analysis 
MA WEST, MA, MN WEBSTER, MSc, PhD and RS SAYLES, BSc, PhD 
Department of Mechanical Engineering, Imperial College of Science and Technology, London 

S: NG? SIS. A numerical technique capable of performing elastic contact analysis of 
measured rough surface profiles is presented. Results are shown to compare well with the 
theoretical method of 5ush and his colleagues for a set of abraided surface specimer. s produced 
to cover ar a^. ge of o and B" in a controlled manner. The technique is shown to reveal the 

real pressure distribution within a cylindrical Hertzia. i contact together with information on 
individual contact spots and how this changes as deformation proceeds. An interesting result 
of this approach is seen in the way neighbouring asperities interact, and a degree of local 

conformity obtained. Sich results are unobtainable through the application of statistical 
models. 

1. a? RCDUCTZCN 

; raditiorally stochastic techniques have been 
used to analyse rouyi surface contact problems. 
Generally the measured topography is reduced to 
its probability density functiorJ, and their 
mocrea: sý which are then used to model the real 
surface by a population of *idealised asperity 
shapes (e. g. spherical or parabolic asperity 
caps) for which the contact behaviour is well 
known (1,2 and 3). Such an approach has a 
number of shortccmirgs: 

1) it requires a number of assuaptiors 
regardirg the probability distribution of 
asperity heis-hts. slopes. curvatures etc. 

2) it requires the use of simple asperity 
shapes. 

3) Each discrete contact spot is assumed to 
deform indepeade,, ntly. 

It cannot predict the deformed shape of the 
surfaces. particularly. for the 
non-contacting areas. 

5) Prior knowledge is required about the size 
ra.; e of tcpc,: a; y that is important to the 
pr obl es. 

The advent of wall but powerful micro-computers 
linked to stylus based surface topography 
measuring irstrt ents has led to the developmert 
of deterministic solutions to rough surface 
contact problems (4). The deterministic 
solution provided by numerical techniques can 
offer some advantages over probabilistic models: 

3) It is possible to predict the elastic 
straira at all points and thus calculate the 
deformed geometry far both holies. 

4) Individual asperity pressures are calculated 
values not expected values. 

Despite these advantages, a number of 
difficulties still remain. A decision about the 
sa=pling interval and sample length is required, 
thus a prior knowledge of the spacial r a:; e of 
topography of interest is still necessary. 
Restrictions associated with the original 
meaaurement still apply e. g. finite sampling 
interval and stylus size, response of the 
i: s trument, vertical resolution etc. in a1 
effort to establish the differences between 
stochastic and numerical rough surface contact 
models a comparison between our own model and 
that of Bush et al (5) for strongly anisctropic 
rough surfaces, forms part of our paper. 

2 NUMERICAL MODEL AND ITS PE VIOUS A?? LICATION 

A full description of the nL-erical model has 
been previously reported (6). Essentially a 
previously recorded rough surface is represented 
by a number of surface contact elements. Over 

each element a uniform pressure distribution is 

assti-. aed. Similar models have been reported 
which have used contact elements having a 
triangular pressure distribution (7). For a 
given overlap the individual elemental pressures 
are calculated from the matrix of Influence 

coefficients and the estimated surface 
displacements. Iteration is required until a 
solution 1s ' found in which all elemental 
pressures are positive. 

1) Since the measured topography is used 
directly no probabilistic as3umptior3 need 
td be made and an asperity model is not 
required. 

2) The matrix methods used take full account of 
the interaction of deformations from all the 
contact points. 

C161187 0 IMechE 1967 

Previous Applications 

The technique can be used as a general contact 
mechanics tool, but to date our work has 
concentrated on its application to surface and 
sub-surface stress predictions within nominally 
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Hertziaa contacts in the presence of rough 
surfaces and surfaces with indentations due to 
rolled-in wear debris. 

Figure la shows a typical debris indentation 
measured by a Talysurf scanning method (L). The 
numerical contact technique is then applied to a 
profile selected from such a dent to produce a 
quantitative picture of the contact geometry and 
the surface stress distribution (Figure tb). 
Figure 2 shows a1 extension of the technique to 
predict sub-surface stresses using the surface 
stress distribution as the boundary condition in 
a finite element analysis. Note the high shear 
stress regions caused by the shoulders of the 
indentations. and how they approach the surface 
more closely than for a smooth contact. Such 
results have been used in modelling early. life 
fatigue failures experienced in rolling element 
bearings (8 and 9). 

3 A? PLICATION TO A SET CF REFERENCE SURFACES 

Following the introduction of the plasticity 
index concept by Greenwood and Willia'son (1), 
interest in contact mechanics has broadened in 
recent years to take account of both height and 
spatial paraseters of roughness. The 
significance of such parameters has' been the 
subject of a considerable anouat of theoretical 
work, but very little experimental ccr. firmation 
has been attempted, or achieved. One exception 
to this is available through the work of Hirst 
and Hollander (10) who related the transition 
from safe to unsafe sliding, under boundary 
lubrication, to the rss roughness a and the 
correlation length P. Their results were 
explained in terms of the ratio of a/9", the 
topography paraweters within the plasticity 
index. 

To investigate rough surface contact behaviour 
With varying topography in an ordered way. it is 
necessary to choose from a confusingly large 
nUMber of available surface parameters, each of 
which could be varied. On the basis of 
tribological applications research, such as that 
of Hirst and Hollander, it was decided to use a 
set of surface specimens which had a regular and 
controlled variation in the parameters a and 
to test the model. 

Production of surface specimens 

A series of 10 reference surfaces were produced 
using varying grades of silicon carbide abrasive 
papers in a similar way to the method described 
by Hirst and Hollander (10). The specimens were 
produced with a one-dimensional lay having 
regular variations in a and d# around the values 
typically found on engine cylinder bores. The 
production of these specimens and the many 
problems involved is described elsewhere (11). 
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The nominal values of a and d` for each of the 
10 specimens, numbered I to 10 are shown in 
Table 1. The triangular appearance of the a and 
80 range was due to an interesting physical 
restriction of using abrasive methods. It was 
not possible to produce surfaces of high a to d` 
ratio, physically a spikey surface. This is not 
surprising as to produce 3=faces of low V, 
papers of short grit spacing (high grade number) 
are required. The greatest roughness that can 
be obtained with a virgin paper of high grade 
number falls well below the higher values of a 
indicated in the Table. The limiting value of 
a/5* appears to be between about 0.08 and 0.1, 
higher values being unobtainable by abrasive 
paper methods. 

10 1. z: a 

8 9 0.9wa 

6 T o. 6: a 

3 0.3 ua 

6  1 5wa 11oum 1 15u: 1 20= 

Tablt 1 

Measurement of the reference surfaces 

The reference surfaces were measured using a 
Talysurf 4 with standard stylus, the recorded 
profiles being analysed on an LSI 11/23 based 
mioro-computer. Each profile consisted of 1001 
digitised points at a spacing of 2ya, thus 
giving a profile length of 2r,. n. 10 such 
profiles were recorded from each reference 
surface and the a and b' values shown In Table 2 
were based on an ensemble average of the 10 
measurements. 

To obtain the required parLneters the profiles 
were subjected to a high-pass, moving average 
spline filter with a 0.2... m filter length cut-oft 
to remove any waviness. Figure 3 shows the 
profile, its height distribution. slope 
distribution and correlation function for 
specimen number 6. which In character is typical 
of all the specimens. 
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Table 2 AVERAGE a AND d* RESULTS FOR REFERENCE SURFACES 

Reference 
surface 

Average 
o 

(va) 

Standard 
Deviation of 

a Measurements 
(: ) 

Average 
o* (w) 

Standard 
Deviation 

of d* 
Measurements 

(S) 

1 0.294 6 6.3 19 

2 0.327 12 11.4 18 

3 0.256 12 14.1 33 

4 0.296 U 21.2 18 

5 0.555 7 10.8 22 

6 0.583 11 16.4 22 

7 0.611 17 21.8" 23 

8 1.001 10 16.1 20 

9 1.053 14 24.5 26 

10 1.111 13 21.0 34 

Table 3 &irface Parameters used in Contact Analysis 

Reference 

Surface 

RAS Roughness 

a(=) 

Correlation Length 

ae (,. a) 

Maaent 

as 

1 0.308 7 0.0204 

2 0.363 13 0.0132 

3 0.320 12 0.0101 

4 0.506 32 0.0054 

5 0.644 15 0.0339 

6 0.885 35 0.0272 

7 0.667 39 0.0216 

8 0.967 14 0.0543 

9 1.558 44 0.0493 

10 1.328 24 0.0492 
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4 CONTACT ANALYSIS 

The surfaces described in section 3 were used as 
Input data for the numerical technique in a 
ccaparison with existing theories of the elastic 
contact of plane surfaces. The numerical 
technique simulates a cylinder on plane contact 
but at a large cylinder radius the results 
should not differ appreciably from plane/plane 
contact, to (12). 

The nuWerical technique is two-dimensional and 
is therefore applicable to a highly anisotropic 
surface. An ex; sting theory for this situation 
is available through the work of Bush and. his 
collearJes (5). His overall elastic contact 
model 1s Involved and cannot be applied easily, 
but an asymptotic apprcxlmation valid for high 
separations is tractable and was used to compare 
the nL�erical and theoretical techniques. The 
main surf ace parameter of this model 1s the 
second moment of the power spectral density 
function, ma measured across the lay. Another 
theory of surface contact is that due'to Onions 
and Arthard (13). This uses the surface profile 
para. -e: ers a' and 8` but unfortunately only 
applies to Isotropic surfaces. however, a 
comparison with the numerical' technique was 
attespted. 

Before performing the contact analysis each 
surface described in section 3 was re: aeasured at 
a 1= sampling interval with a high resolution 
stylus to include as many of the small scale 
features as possible in the numerical technique 
and its comprison with theory. The profiles 
were subjected to a high-pass, moving average 
spline filter, with a 0.9r.. a filter length (the 
Hertziaz contact width). Table 3 gives the e. 
3* and a= values for the' ten profiles. 

The following surface contact analyses were 
carried out: - 

I Si=ulation of a 100: am ei aaeter smooth 
cylinder being loaded onto the centre of 
eich measured profile, with the contact load 
and real contact area being recorded in 
approximately 60 ate; s up to a total load of 
o. 35yiian . 

2A repeatability test was carried out by 
s1 elating the contact of a 100cs diameter 
cylinder being loaded onto the profile of 
surface 6 at five different pcsitions 
separated by 500w3 each. The range of the 
results should give some idea of the 
repeatability of the tests carried out in 1 
above. 

A simulation of 12 different sized 
cylinders, ranging from 50ym to 400mm in 
diameter being loaded on to the centre of 
the profile of surface 6. Thus Indicating 
the effect of cylinder size on the results. 

4 By only using some of the data points from 
the profile of surface 6, the effect of the 
use of different sampling intervals on the 
contact results for a cylinder of 100rs9 
diaseter was studied. Sixteen analyses with 
samPlirg intervals in the range of 1ym to 
20%; m were carried out. 
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5 DISCUSSION OF RESULTS 

Figure 4 shows the results of the contact 
analyses for the ten surfaces. Approximate 
linearity of the normal load against real 
contact area is achieved over all surfaces. 
Fire 5 shows the pressure distribution and 
deformed cylinder and profile shapes for the 
analysis of surface 6 at its final load of 
0.36N/um'. 

The graCients of the normal loaf agairzt real 
contact area of figure 4 give the numerical 
force/contact area results to be compared to 
those using the theoretical models. 

In order to apply the B. sh model to a 
3-dimensional contact it is necessary to also 
define the para. &eeter A which is the ratio of the 
second spectral moment parallel to aid across 
the lay. The value of A for the surfaces used 
was 0.3. Forever as the numerical contact model 
is 2-dimensional a value of A 0.01, indicating 
a very high degree of aaisctropyo'was used in 
the comparison (approxinately the practical 
limit of the Bush model). Thus for the 
conditions described, the theory of Bush can be 
stated as, F/A - 0.214 E`�xa. Fiere 6 shows 
the force/contact ' area results from the 
n erical model plotted against E"�ma. The 
straight line gives the result from ' Bush's 

analysis. S. rprisin; ly good agreement is 
evident for all but surface 10, which is the 
roughest su-face having the 'least nuaber of 
contact points. 

Figure 7 shows the force/contact area results 
plotted against E'c/s#. The straight line gives 
the result from the Onions aid Arthard theory 
for isotropic surfaces, ie Exact 
a,: eement would not be expected due to the 
a. -iisotropic nature of the numerical model. 

The repeatability tests gave good results, with 
the variation of force/contact a, eaI with 
differing position of the Cylinder, showing a 
standard deviation of only 3%. The results of 
Figures 6 and 7 would thus seen to be reliable. 

Figure 8 shows the results of the analyses of 
different sized cylinders. As can be seen, for 
cylinders of diameter 5%-a and above the results 
are fairly constant. Only with smaller cylinder 
diameters do the results differ. The lOOm.. n 
diameter cylinder chosen for the cocayarison'vith 
the theoretical models would seem to be 
sufficiently large to give a;. eevent with 
results which are based on a nominally flat 
contact geometry. 

Figure 9 shows the effect of sasapling interval 
on the force/contact area results. As the 
saspling interval increases the value of the 
force/contact area for both the n4zaerical model 
and Bush's model decrease in a similar manner. 
Thus it would seen possible to carry out the 
comparison at any sampling interval, as long as 
the calculation of the spectral moment m2 and 
contact analysis are carried out at, the Mme 
sampling interval. This is in keepi ng with 
previous work on applying " real surface 
measurements ui thin the spectral moment 
techniques. Sayles and Thomas ASNy (a). 
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6 CONCLUSIONS 

A numerical technique is described which is 

capable of simulating the elastic contact of 
rough surfaces. The method is shown to be 

capable of creating the real pressure 
distribution together with a complete picture of 
local deformation and real contact area on a1 
asperity scale. The technique is illustrated by 
its application to define local surface and 
sub-surface stresses created around debris 
Indentations on rolling element bearings. 

Results are also presented on the force to 
real- contact-area relationships produced in a 
nominally Hertzian cylindrical contact on a 
series of surface specimens manufactured to give 
a regular and controlled variation in the rms 
roughness o and the correlation length V. 
Linearity in load-v-area is demonstrated on all 
specimens over a wide range of loads, with the 
proportionality changing in keeping with the 
values of a and 6*. For constant a, an increase 
in 8* creates a corresponding increase in the 
real contact area and a subsequent reduction in 
local asperity stresses. Keeping 6* constant 
and reducing o 13 seen to have a similar effect. 

N,,. -nerical results of load-v-area proportionality 
are compared with the random process model for 
strcrgly anisotropic surfaces due to bush and 
his colleaejes. Ao- eeeent is sarprisinsly good. 

It is evident from the elastic contact analyses 
we have presented on abraded surface specimens, 
that with real materials, where nor. -linear 
stress-strain relationships must be imposed, 
significant local asperity deformation can take 
place. We have refrained from counting the 
proportions of elastic and plastic contact we 
can observe as this would obviously depend on 
the material Involved and the way in which the 
sur: ace geometry changes during the plastic and 
elasto-plastic phases of local asperity 
deformation. These aspects are the subject of 
our present work with this contact technique. 
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Fig 1 (a) Three-dimensional surface plot of a debris damaged bearing 
raceway. The dent is approximately 3µm deep 

(b) Numerically calculated pressure distribution and deformed 
geometry for a smooth cylinder loaded onto a selected profile. 
The load " 0.71ym, reduced radius - 2.35 mm, E' " 110 GN/m2 
andv=0.3 
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Fig 2 Surface and subsurface stress distributions for a simulation of a 
smooth roller passing over a debris dent 
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Fig 3 The profile with filter mean line, height distribution, slope 
distribution and correlation function of a typical profile from 
reference surfa: e 6 

952 © IMecI E 1987 C161! 87 

- 200 - 



rd. D'. 

D. 

m 

a 

4 

G 

r 
ýO 

v 
tß ++ 

rat 
ý_ 

', 
'4 

+i"1 

w==WwwC 

LLLL 
LLB, 

i- LL 

L ý; 
ti L 

ý, ýýääaý2 
ý ýz 

ES r, m 
r4 .4 

S` J5 ti ti 5 
9 2% :)wC :S C9 J10 
wnx1n8 

G C; C. C 
M. C. C. C. L C. C. 

rJ 
Cý 

Y' 

JVV.. 
000 

11 

X c+ G 3: 0 Af X# 

a 

x 
. ý+ 

to .i CD 
m vý 
©o 
l 

s 
w 
J 

I-- 
m 

U 

to 
N 

Jt 
to 

ýý 

C161'E7 0 IMe: E 1P87 

- 201 - 

It 

C 

A 

VZ 
qr 

V 

O . 
O. 

dý 

�E 
C_ « "Cý 

r 
A 

ýi Gu 

Ö '$ 
a "c 

d 

c 

,ö O ý^ 
Cy 
m 

0 
a LL 

IM 



954 

. -1 
~ýS 

rl 

w"ýrý 

.irJ 
,. :i :"Ctr 

Jý IMLV 

LZ C 
'e: \ tee: 

"Z 

_} ` 

li. ý Cl) 
N CV "1 

y 

7`C 
-YCCC. SS 

CV 

C 

6' 

6' erCÖ_Cv 

C. 
CCrý. 

ýCr 

fy 
coo 1ýi 

L; b UE 

ýT 9 

Z 
d h 

öa 
uA 

AQ 
CN 
Oy0 

ýä 
t; e -1A 16 «a c 
dCr 
LN üp 

Z 
d; E 
mva 

EiO 
Ec, 2 

?gý 

. 

VL 
N 

E 
CN 6i 

L0d 

U) 
T U. 

0 IMechE 1987 C161/87 

- 202 - 



0 008 

0007 

/ 
0 006 

0.0C5 

(N: rnic'2)a 
0.004 

; N: mf 

0.003 

0.002 - 

0.001 

o. ooo 
0.000 0 005 0.010 0.015 0.020 0 025 0 030 

E'SCRT(M0) (N: mic"2) 

Fig 6 Force/real contact area results from the numerical 
model plotted against E"Jm2. The straight line 
gives the result from Bush's theory for anisotropic 
surfaces 
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Fig 7 Force/real contact area results from the numerical 
model plotted against E"o/p'. The straight line 
gives the result from Onion's and Archard's theory 
for isotropic surfaces 
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Fig 9 Variation in force/real contact area with profile 
sampling interval using the numerical and Bush 
models. The two lines do not coincide as the 
comparison was carried out using reference surface 
6 which did not give perfect agreement between 
the two models 
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A 3-ýD 15I0ýAL KE7: 20D CF STLZ7ING 3-5017 CONTACT CLOY-7 BY AND S77 S Of PI1L ROVC9 StF. FACFS 

£: 'No? S. S 

A tech. ̂ . iqie for three-dimensional surface contact analysis is described in detail with examples of 
results cbtained on contact area and stress distribution presented for several typical engineering 
surface finishes. Other aspects such as the influence of third bodies within the cc. -tact And 
plasticity are examined in te=s of their significance to the Kert: ian type non-conferring contacts 
existing in rolling element bearings and gears. 

I INTROOVCTION 

The t: adit: cr, al statistical models of rough 
Surf ace ccrtact using assumed shapes and 
distributions fez the asperities, such as these 
by Greenwood and xilliar.. acn (1) oz 3ayak (2), 
have the disadvantage that they do not give the 
actual deformed geometries of the bodies, 
espec! al: y away from the contact zones. They 
also tend to become inaccurate for significant 
levels of penetration between the surfaces. 

The availability of powerful r. Scro computers 
has led to the development of surface 
measurcmezt and analysts systems . here real 
msasured data can be used for contact analysis. 
One such three-diner. sic.: al mapping system (3) 
uses a : alysurf stylus instrument to record a 
matrix of surface heights from flat cc curved 
surfaces. Two-dimensional plane strain contact 
analysis can then be carried out on selected 
profiles (4 and S). This paper describes work 
carried out to extend this method to a full 
three-dimensional contact model. 

2 TYE COACT MOZEL 

The aim of the contact model is to predict the 
surface pressure distribution and deformed 
contact geometry of a real measured rough 
surface topography in contact with a smooth 
geometrically shaped surface. The second body 
can be smooth because the contact of two 
unccrrelated rough surfaces can be modelled by 
the contact of a smooth surface and a rough 
surface with a variance equal to the sum of the 
variances of the two original surfaces (E). 

The geometry of the second body is that of a 
surface with it's principal radii of curvature 
in orthogonal directions. This allows the 
simulation of most gear and bearing contacts to 
be atterrpted. 

The model is pzinciply based on elastic 
contact but, so that the contact conditions can 
be made more realistic, a simple model of 
plasticity has been incorporated. 

2.1 " tI vo^. 1 

Even though the model has been kept as general 
as possible acme assumptions have been made, 
namely: - 

1) Strains are small compazed to the overall 
surface geometries, leading to the usual 
linear elastic theory ecr.: aticns. 

2) . he elastic contact area is contained within 
the geometric overlap region and there is no 
contact outside the region defined by the 
model. 

3) Inside the contact region the penetration is 
just equal to zero and the surface pressures 
are greater than cc equal to zero. 

4) Outside the contact region there is no 
penetration and the normal surface pressures 
are zero. 

t) The surface slopes are reasonably small so 
that forces act normally to the surfaces. 

6) Tangential stresses and displacements are 
ignored, Se. it is a frictionless contact. 

2.2 ý, ̂ -", t r, ýr rs'.. i" +ý " 

The classical approach to finding the stresses 
and displacements in an elastic half-space due 
to surface forces is due to 8oussinesq (7) and 
Cerruti (8), who made use of the theory of 
potential. . he approach is well presented by 
Love (9). The boussinesq theory gives the 
normal surface deflection at a general surface 
point due to a concentrated contact at some 
other point. 2f the deflection of a surface 
point is required due to a number of 
concentrated contact points over an area S. they 
the total deflection in polar coordinates (s, $) 
is: - 

(l-V=) Jfp(s. 
)dsdQ 
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- 205 - 



As the surface data to be used with the 
contact model is in the form of a rectangular 
astrix of height data, it would teem sensible to 
use each known data point to be the centre of a 
rectangular area of sides 2a and 2b over which 
the normal pressure is constant. Note that the 
sa. m, ling intervals in the x and y directions are 
2a and 2b respectively (Figure 3). Pressure 
elements similar to these have been used in 

other contact models (10). 

2 aý 
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F: g 1 DE: AIL OF rRESs x ELL X? M US=: - 
Each cresa re; reaenta a data pcint and 
P La t)e nc:: ra1 preaeure cn the ele: ne: t. 

The disadvantage of this method is that 
there is a discontinuity in the pressure at the 
boundary of each element. This could be 
overcome by asking the elements into triangular 
pyramids where the pressure varies linearly 
between its value at each corner. However, the 
increase in accuracy achieved by doing this does 
net justify the added ccmplicatiers to the 
calculation. 

The effect of a uniform pressure acting on a 
rectangular area of 2ax2b has been analysed in 
connection with rectangular foundations by Love 
(11). The deflection of a general point (x. y) 
on the surface due to a uniform pressure p ever 
a rectangle centred at the origin is: - 

ci-v? ) I v-pl 

{ t1/i (Y*b) +{ (yob) 2+ (x+a) 2I 

(Y-b) +{ (Y-b) 2+ (x+a) 2} 212 

3/I 
(x+a) +{ (y+b) 

2+ 
(X, + a) 

2 

+ (y+b) In 
t1n; (x-a)+ý (y+b) 2+(x-a)2I 

f1 
(Y-b)+ l (Y-b) 

=+(x-a)2 
iii 

J 
+ (x-a) In ýý7 

(y+b) +{ (y+b) _+ (x-a) 2} 

(y-b) ln 
)21 

(x+a)+{ (y-b) =+(x+a)=I 

} 
This was used as the basis for the egjatiors 

in the contact model. This *ration, adjusted 
by putting the pressure as unity, is used to 
form the influence coefficient of any contacting 
point on any other point on the outface. The 
total deflection at any pcint can the: efo: e be 
calculated by sum-ring each element of presse: e 
times it's influence coefficient. 

total deflection eleae:, te1 
of a point - pzessures x 

influence 
coefficients 

Thus, if the pressures on each contacting 
element are known, the deflection of any point 
on the surface and hence the deformed geometry 
can easily be found. However, the elemental 
pressures are not known. This can be overcome 
by giving the bodies a known bulk overlap and 
noting that the arm of the strains in the two 
bodies at any contacting point is just equal to 
the geometric overlap. 

The strain in each body can then be found 
using the relationship: - 

u=SE3 uvjE2 

(1-V1) (1-V=) 

By assuming some of the points to be in 
contact, then from the strains at these points 
and their influence coefficients on all other 
points öf the surface, a set of linear equations 
can be set up to find the unknown pressures at 
the contacting points. In Matrix tezcso- 

NO - ICI (P) 
Where (ua) is the vector of surface 

displacements at the contacting points, [C] is 
the matrix of influence coefficients and (p) is 
the vector of pressures at the contacting 
points. 

The matrix (C) is symmetric and the method 
of solution used is that of Choleski 
Factorisation. This makes use of the symmetry 
so that only just over half cf the full matrix 
has to be stored at any one time, thus making 
efficient use of the computer's memory. 
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once the solution for the elemental 
pressures have been found then any elements 
where the pressures are negative are removed 
from the contact (tension is not permitted as 
adhesive forces are assumed to be relatively 
small). The deformations are then found 

everywhere to check that no contact could occur 
outside the assumed contact region. If ao 
these points are added to the assumed contact 
region. The system of linear equations is then 
solved again for the new assumed contact points. 

This process is repeated until convergence 
cm a particular set Of contact points is 

achieved. The deformed shapes of the bodies 

can then be found and the total normal load 

calculated by integrating the pressure 
distribution. The general principles of this 
method of solution by "Y. atrix Inversion" are 
outlined in Jehrscn (12). 

2.3 Tom. o1 . 41fty wLe. 1 

using a linear elastic contact model, such as 
the one described, will produce large pressure 
spikes on most topographies even at very low 

normal loads due to the finite sampling and 
infinite pressure gradients between adjacent 
points of the surface data. These spikes, 
often well above the elastic limit of the 

materials being simulated, are obviously not 
realistic. 

Cae partial solution to this problem is by 

the use of "Functional Filtering' (13). Both 

the highest and lowest frecuencies present in 

the data can be filtered out just leaving the 
bandwidth of interest to the problem being 

solved. The method of three-dimensional 
filtering employed on the data is that of a 

moving average box filter (3). However, if 

within the scale of roughness being studied 
plasticity may play a part, it must be included. 

The plasticity criterion incorporated into 

the contact model is that of a perfectly elastic 
- perfectly plastic material. assuming the 
contact to be that between solids of revolution, 
the point of plastic yield is reached at a value 
of pressure, py such that: - 

Py - 1.6Y 

'Where Y is the yield stress of the material in 
sL le tension. 

The plastic zone is contained within the 
interior of the body and the plastic yield 
manifests itself as a sub-surface movement of 
the material axi-symmetrically away from the 
point of loading (this is in agreement with the 
Johnson "cavity" model of mixed elastic-plastic 
deformation (12)). 

This criterion is added to the calculation 
by modifying the shape of the original 
undeformed surfaces at any point at which the 
pressure is above py so that the strain, and 
hence the pressure, is reduced. The elastic 
equations are than solved again for this new 
shape. 

This process is repeated until convergence 
on a solution is reached with no pressures above 
py, and all points where plastic deformation has 

occurred are subjected to a constant pressure of 
py. The shapes of the modified original bodies 
then define the elastically recovered surfaces 
after contact. 

3 IFFLtY. EN7AT10N OF THE MOSEL 

The contact simulation program is a set of 
FORTRAN routines implemented on an Acorn A443 
Workstation micro computer. This fast 32 bit 
machine with 4 megabytes of PA. ", although not as 
powerful or fast as a main-frame computer, was 
chosen so that it could form part of a stand 
alone surface data acquisition and analysis 
system. 

The computer chosen effectively u nr. its the 
surfaces to be analysed to approximately 20,000 
data points with a maximum cf 1250 data points 
in contact. 

4 VALID)TIOH OF THE MODEL 

The model was tested against theoretical 
Hertzian results by simulations using a smooth 
plane instead cf a : ouch surface. Ter all 
shapes of smooth curved bodies used the contact 
patches and pressure distributions were as 
predicted by theory within the accuracy of the 
finite data. 

S EYA s LES USäx3 REAL D)? A 

5.1 W'r ti. . ý. ý 

A 0.5 corn square area of vcrn bearing surface 
with sc: ne debris damage was used for a series of 
contact analyses (Figure 2). In all cases the 
normal lead and theoretical contact area were 
the same but the ratio of the smooth body rajcr 
to adncr radius of curvature was varied. 

At the load employed it was found that the 

actual contact area in all eases Was 
approximately 57% of the theoretical smooth 
surface value and the maximus pressure spikes 
were approximately 1.5 times the theoretical 
Nertsian maximum. Assuming the arterial to be 

gear steel with a yield stress in sirple tension 
of 2.6 GFa then the maxiru: a pressure (4.5 GFa) 

would not be enough to cause any significant 
plastic deformation. Note that the surface 
used was that of a vern bearing where any 
plastic deformation should already have 

occurred. 

rig 2W OM EE. A NC 5W 1AtL S- 
Area - 0.5 vn ac'.; are 

)itL At range of data - 2.6 pm 
Folling direction - dotmward" to right 
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Figures 3,4 and 5 shoe the actual contact 
patch, deformed shape of the smooth body and 
pressure distribution for one of the test eases. 

Fag 3 Sls00TH EODY :N CONTACT w:: H we EE. x : NG: - 
CONTACT PATCH 
Area shown - 0.5 ma ava: e 
Load - 25 N, Hetz Pp -1 GPa 

Smooth Body Radii cf curtatu: e - 15 m+/ 5 sa 
hertz seal-contact w: dtls - 1E2 pm / 118 fsm 
Ratio of true to appa: tnt contact area - 0.57 

i 

. ýfý .'. /. 

F19 4 SMOOTH BODY IN CONTACT WITH WOFN SEJ. R: NG: - 
DEFCRYT. rD SW E OF SMOOTH BODY 
Load - 25 N, Hertz Pp -1 GPI 

Smooth Body Radii of c %atuze - 15 r. / 5 mit 

5.2 ýý. ýýA ! ". ] e... t ýý 

Similar contact analyses were care erl out using 
a 0.5 - square area of abraded steel surface 
Figure C. 2t ras found that the actual contact 
area in all eases WAS app: cx: mately 40% ei the 
theoretical smooth surface value and the maximum 
pressure spikes were approximately 7.0 tines the 
theoretical Hertsian maximum. Fig:: es 7,8 and 
9 show the actual contact patch, deformed shape 
of the smooth body and pressure d: stributicn for 
one of the test eases. 

Assuming the same material as the beating 
tests the maximum pressures recorded cf 7.0 GPa 
would cause plastic deformaticn. : he tests 
were therefore repeated using the plasticity 
criterion and it was found that approximately i% 
of the contact area would deform plastically. 
However the size of the contact area was not 
increased sisnificantly. 

Fig 6 XBR=r STEEL sm. %CZ$ 
Area - 0.5 .w square 
Eeiq t range of data - 1.1 µm 
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Fig 5 SMDCZH BODY IN CG2:: ACT WI: * W' MV EW, INGi- 
SU. FACE PFZSSUF. E DI$7RISU7ION 
Load - 25 N, Marts Pp -1 GFa 
Smooth Body Radii of curvature - 15 tm/. 5 nsn 
hetz serL-eoataet vidt) - 2(2 µm / It µm 
)aximum pressure spike - 4.9 GFa 



0 

Dý 

F: g 7 £Y. OCTH 3CCY IN COx: ACT w-Ti F-KJ-ED STEEL: - 
CONTACT PATCH 
Lead - 25 N, Hertz Pp 1 GPs 

rsa Smooth Body Radii of curvature -S mn/ 15 

Eertz : cr.. 1-Contact vidtLs - 78 P. / 1f2 Am 
Ratio et true to apparent ccrtact area - 0.39 

.r1 

1 
t:, %tt (iJ. 

F: q 8 SMOC; H HODY :N CON: ACi h:: H j=ii. DED STEEL: - 
DEFORKED SNAP E OF SMOC: H BODY 
Lead - 25 N. Hetz PC -1 GPa 

z: e Smooth Body Radii of curvature -5 mu/ 25 

6 : kL EFFLCT OF DEBRIS 

To study the effect of debzia a sinulaticn of 
the contact of a smooth 0.1 r.: a radius sphere on 
a smooth steel surface was carried cut. The 
normal load was taken as 25 N as in the earlier 
tests to that this could represent a debris 
particle becoming trapped in the contact. 

Taking the material to be the same as before 
virtually the whole contact undergoes plastic 
deformation. Figure 10 shows the 4 µm deep 
dent left in the surface after the load has been 
taken away. For coarariscn Figure 11 shows 
some detail of the debris danage on the ucrn 
bearing surface drawn to the same scale. 
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Fig 9 SMOOTH SONY IN CON: AC? WITH AMAZED MtLS- 
$U? Z3CE PPZS$UPZ DISTRIBV2I014 
Load - 25 W. Hertz Pp +1 GFs 
Smooth Body Radii of curvature -S ? i/ 15 mit 
Hertz seal-contact widths - It µm / 1(2 µm 
Ratio of true to apparent contact area - 0.: 9 
Y. aximua pressure spike - 7.0 GFa 

Fig 10 PZJ. SSICALLY DEN. -ED SURFACE: - 
Dent caused by simulation of 0.1 acs radius 
sphere being pressed into a smooth suzfacs 
Area - 0.2 zn square 
Height range of data - 4.0 pm 
Load - 25 N, Hertz Pp - 11.4 GPa 
Yield Strass - 2.1 GIs 



T. rrrprmc! rs 

7 CONCLL'SICNS 

A runerical technic: o is described which is 

capable of sis: ulatirq the elastic Contact of 
surfaces and estinsting the effect of rough 

plasticity. The method is shown to be capable 
of creating the real pressure distribution 

together with a couplets picture of local 
deformation and real contact area on an asperity 
scale and also to define the shapes cf the 
recovered surfaces after plastic defcr ation. 
The technique , 

is illustrated by its application 
to the contact in sevezal typical engineering 
surfaces. 

Results are also presented showing the 
effect on the surfaces of debris entering the 
contact gone. 
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