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A B S T R A C T

Hyperbolic metamaterials are a class of artificial (nano-) structures, designed to trans-

port electric fields, which would otherwise evanescently decay in free space. Field pro-

files of evanescent waves can be well matched to profiles of surface plasmons - confined

metal-dielectric boundary surface charge oscillations - allowing resonant coupling be-

tween them. By building a structure, composed of alternating metal-dielectric bound-

aries, one can ensure transportation of the evanescent modes across a whole stack of

layers. Here we employ graphene monolayers as conductive media, alternating with

dielectric spacers. To ensure an accurate non-local description, necessary for high-k

evanescent modes, we use a non-local quantum conductivity model for graphene, which

accounts for inter- and intra-band transition processes and temperature effects, thus fa-

cilitating a comprehensive loss and gain description.

Here we present and formalise the theory of graphene-based passive and active hyper-

bolic metamaterials. We discuss the developed theoretical ’toolset’, used to describe hy-

perbolic properties of graphene-based metamaterials, such as plasmonic regions, band

structure, tunability etc. With our toolset, we theoretically predict the possibility of

using graphene-based hyperbolic metamaterials for plasmonic loss compensation and

amplification and demonstrate the possibility of using active and passive stacks with

finite number of layers to propagate and amplify Gaussian pulses.

In the second part of this thesis we propose to employ Moiré patterns, arising from the

structural interference between single layers of graphene and hexagonal Boron Nitride.

This bi-layer forms an effective metasurface which can be designed to facilitate coupling

of vacuum plane waves to high-k plasmon modes of graphene. Using the extinction

theorem, we model Moiré patterns as sinusoidal gratings with a period and depth, cor-

responding to those, experimentally observed. We show that a reflectivity drop of ∼ 0.5%

can be achieved with the help of this metasurface, placed on the boundary between a

(Drude) metal and a dielectric structure.
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1 I N T R O D U C T I O N

The history of hyperbolic metamaterials is closely linked to that of negative refraction,

perfect lenses and sub-diffraction imaging. As early as the XIX century, Ernst Abbe and

Lord Rayleigh have studied the fundamental limit on the size of objects that can be im-

aged with an optical system, describing the connection between the wavelength of light,

diameter of the aperture and the size of the imaged objects [1, 2]. In their discussion the

limitation originates from the diffractive properties of the finite apertures, setting the res-

olution limit of far field imaging systems. For example, in Abbe’s definition, two point

sources can be resolved by an optical system, if the distance d between them is such that

the maximum of the Point Spread Function (PSF) of one of the sources coincides with

the minimum of the PSF of the other one:

d = 0.6098
λ

NA
, (1.1)

where NA is the numerical aperture of an optical system. Accordingly, for an optical

system with a NA value of 1.5 operating at a wavelength λ = 500 nm (green light), a

minimum point source separation of approximately d = 203 nm can be achieved. This

is enough to resolve most biological cells (1 µm - 100 µm), but not enough to resolve

smaller organelles, proteins, viruses, molecules, etc.

In addition to the diffractive limitations of an optical system, there is a further fun-

damental limitation on the magnitude of the Fourier frequencies of the image that can

physically propagate through a far-field imaging system. Any two-dimensional (2D)

object or image in the xy-plane can be described as an infinite weighted sum of Fourier

components kx and ky, also called spatial frequencies. The finer features of an object

correspond to the higher Fourier components. Higher spatial frequencies are cut out by

all imaging systems, thus finer details get lost in the reconstructed image. Clearly, the

higher the cut-off frequency is - the better the resolving power of the particular system
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22 introduction

will be. The transverse component kz defines the propagation of spatial frequencies

away from the xy plane.

In order to overcome this limit, it is necessary to design a system that would “propa-

gate” the large components kx and ky which have imaginary kz and thus evanescently

decay in vacuum or in dielectric materials. Indeed, including these components in image

reconstruction can thus produce a perfect lens.

One model of such a perfect lens was proposed by John Pendry [3], building on Victor

Veselago’s theoretical deliberations [4]. The main idea of Pendry’s lens is to use a slab

of material with a negative refractive index. In [3] a slab of silver as an example of such

perfect lens was considered, with an object and image planes both placed in vacuum,

some finite distance away from the lens. According to Eq. (1.18), the large Fourier

frequencies kx and ky of the source result in imaginary values of kz in vacuum. The kz

wavevectors evanescently decay in free space, until they reach the lens, where they grow

in amplitude as a consequence of the Maxwell boundary conditions for a p-polarized

quasi-static field. It was also argued that this does not violate the energy conservation

law as evanescent waves do not transport energy. Consequently this results in high

amplitudes of evanescent fields, exiting the metal lens in the direction of the image

plane and taking part in the perfect image reconstruction.

However, one of the challenges of this arrangement is that Ohmic losses of real metals,

expressed in the imaginary part of complex ε of metals, affect all wavevectors of the

image, decreasing also the harmonic kx and ky ones and resulting in the degraded

image. High amplitudes of kz (growing in metal) also increase losses. In attempt to

combat this, Ramakrishna et al. have proposed to use layered media, composed of

alternating metal and dielectric layers, as shown in Fig. 1.1. The main idea of this

arrangement as a lens is somewhat similar to that of a single metal slab. The imaginary

wavevectors kz grow in amplitude, while propagating in the metallic layers with the

negative values of ε, and as a result are transported through the structure to the image

plane. At the same time, these evanescent fields do not grow to such large values as they

do in the single metal slab lens, thus keeping the dissipation smaller. Furthermore, by

bringing in the dielectric layers, Ohmic losses, experienced by the kx and ky components,

can be drastically reduced, as will be explained later.
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Figure 1.1: Transportation of evanescent fields through a structure composed of alternating

metal and dielectric layers, as proposed by Ramakrishna et al. [5]

Following the initial theoretical calculations of behavior of metal-dielectric stacks as

“perfect lenses”, there has been a considerable experimental effort in building these de-

vices. The planar structures were extensively studied, in particular, for the plasmonic

mode propagation [6–10], where, coupling from boundary to boundary, plasmon modes

travelled across the structure, dictating hyperbolic behavior, and enhancement of spon-

taneous emission radiation rates [11–14]. Hyperbolic Metamaterial (HMM)s cause spon-

taneous emission enhancement by making it possible for the emitted radiation to couple

not only to free space propagating plane waves, but also to high-kx modes, which corre-

spond to the fields, evanescently decaying in free space [15].

Planar HMMs, while being able to propagate high kx and ky fields, which encode

information about finest object features and are evanescent in free space, produce the

same evanescent fields at their output ports, which still cannot be easily used for optical

imaging. In order to counter that, one can use out-coupling techniques to convert con-

fined surface modes into propagating plane waves, such as prism momentum matching,

grating momentum addition/subtraction, point scattering, etc. An alternative approach

has been proposed, where periodic metal-dielectric metamaterial, instead of being pla-

nar, is bent in one direction to have an arc shape [16, 17]. The imaged object with

sub-diffraction features, inscribed on the inner surface, is illuminated and the scattered

waves travel through the stack to the outer surface, “copying over” the object, but “mag-

nifying” it over a larger diameter. The near-fields, responsible for the finest features,

thus propagate across the stack, but also reduce in lateral wave-vector, thus now falling

within the light cone. The latter means that this radiation can now out-couple to plane

waves and be collected by optical microscope. This arrangement has amplification ap-
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x
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k0
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k0

Figure 1.2: Replacing the metal layers of finite thickness dm with two-dimensional graphene

sheets with sheet conductivity σs geometrically confines the charge oscillations, ex-

cited by the TM-polarized fields, to two dimensions.

proximately proportional to the ratio of outer and inner metamaterial radii Rout/Rin

[15]. This system is limited in the fact that it is curved only in one direction, effectively

having cylindrical shape. This means that amplification only in one lateral direction is

possible. In order to achieve amplification in all lateral direction, a spherical hyper-lens

has been constructed and shown to demonstrate sub-wavelength imaging performance

[18].

Splitting the silver slab lens into a lens, composed of alternating metal and dielectric

layers, created anisotropy in the dielectric tensor and also helped reduce Ohmic losses.

That was made possible by restricting the electron motion, arising as a response to the

incident electromagnetic fields, to the plane parallel to the material boundaries in ideal

case. Of course, in reality that would require infinitesimally thin conductive layers, not

just very thin, as is in the case of metal-dielectric HMMs. Therefore, one way of tackle

this is to further reduce the thickness of the conductive layers in order to fully restrict

oscillations of the carrier plasma to two dimensions, as depicted in Fig. 1.2. In this limit,

one arrives at using 2D conductive sheets in the stack structures. Indeed, this is possible

by substituting metal layers with mono-atomic doped graphene sheets.

Employing graphene as conductive layers in hyperbolic metamaterials has been pro-

posed by Iorsh et al. in 2013 [19]. The 2D nature of graphene, confining the charge
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oscillations, makes it invisible for the oscillatory kx and ky components of an incident

TM polarized electric field, and visible for the evanescent fields with kz that can couple

to the plasmonic modes of the carrier system1. The carrier system properties can be en-

gineered by tuning the chemical potential level of graphene in order to ensure presence

of plasmonic modes at the particular energy and wavevector. Incident evanescent fields

induce plasmonic excitations on the outer conductive layer, which, in turn, couple to

plasmonic excitations of the subsequent layers, as illustrated in Fig. 1.5, acquiring some

phase propagation. In case of a large enough number of repeated layers, this phase

propagation results in a periodic repetition of field profiles. These periodic properties

of phase propagation are described by the Bloch wavevector, which is now effectively

one of the wavevector components, quantifying the phase evolution of the fields (per

unit cell) in stacking direction [20]. As a result, evanescent fields, while decaying in free

space, propagate through the metamaterial.

In this work we further the study of graphene-based HMMs by using an exact in RPA

graphene conductivity model, that accounts for the non-local processes, which become

significant at high in-plane wavevector values, which are of particular interest for HMMs.

The employed conductivity model also accounts for the possibility of putting graphene

in the state of optical inversion and providing amplification to plasmonic modes, ex-

cited on graphene sheets. We use this fact in order to demonstrate the possibility of

performing Ohmic loss compensation and plasmonic amplification of the modes, trav-

elling through active graphene HMMs. This should help overcome one of the main

sources of resolution limit of HMMs - losses.

Operating at very high in-plane wavevectors makes it particularly difficult to couple

light in and out of graphene HMMs. To address that, we propose to employ Moiré

patterns - structural local height modulations of hexagonal pattern, arising as a result of

local buckling of monolayers of graphene and hexagonal Boron Nitride, the lattice con-

stants of which contain a slight mismatch. The idea is to use the fine structural height

modulation in order to provide momentum addition to the incoming plane waves, with

the added momentum sufficient to couple to plasmon modes. As a first step we approx-

1 Surface plasmons are harmonic charge oscillations, confined to the boundary between dielectric and con-
ducting media. The confined nature of surface plasmons originates from the electric fields, evanescently
decaying away from the boundary. For this reason, surface plasmons can only be excited with evanes-
cent electromagnetic waves, located outside of the light cone, i.e. those that contain the highest spatial
frequencies of the object.
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imate the two-dimensional hexagonal profile as a one-dimensional sinusoidal grating

(a cross-section along one of the axis of the hexagon), and calculate the reflectivity of

resultant structure using the extinction theorem. With this approach we managed to

demonstrate reflectivity drops of the such bi-layers at frequencies, corresponding to the

excitation of plasmon modes, suggesting a first confirmation of the validity of the idea.

To serve the above purposes, the thesis is structured in the following way. It starts

with the Theoretical Preliminaries, where limitations of imaging properties of isotropic

dielectric media are introduced and it is shown how those can be tackled with the help of

anisotropic media with hyperbolic dispersion, composed of alternating conductive and

isolating layers. Then it is discussed how graphene can be used in place of conductive

layers, and its conductivity model is being introduced. The chapter is concluded with

the basic outline of the Transfer Matrix Method (TMM) and its application to the current

problem.

In Chapter 2 Infinite graphene-based HMMs are discussed. We start by introducing

our own, "exact" homogenization model for graphene-based HMMs. Then we analyze

Bloch solutions to study the regions of hyperbolic and elliptic behavior of these struc-

tures, and derive analytic boundaries to those, which correspond to plasmonic band

gaps. We also discuss the effects of temperature and material loss on the location of

those boundaries. We carry on by analysing the performance of infinite structures,

where graphene sheets are put in the state of optical inversion. We show the possibil-

ity of loss compensation and plasmonic amplification over the wide range of excitation

frequencies and in-plane wavevectors.

In Chapter 3 we look at graphene-based HMMs, composed of the finite number of lay-

ers. We start by introducing modifications to TMM, necessary to calculate fields within

unit cells and not only at their boundaries. We then show the close connection between

field distributions within the finite structures and Bloch modes of infinite stacks. We

expand this further by studying the propagation of spatial Gaussian beams through fi-

nite stacks by propagating individual Fourier frequencies and summing them up at the

output end of the stacks. We perform this analysis for passive finite stacks without loss

at zero temperature and with loss at room temperature to show the effects of loss on

imaging properties. We then introduce gain to the system with material and tempera-
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ture losses, and observe the possibility of loss compensation, which manifests itself in

restoring of imaging properties of the lossy system to those of the loss-less one.

In Chapter 4 we move to the discussion of Moiré patterns. We start by presenting a

phenomenological momentum addition description in order to motivate the study. We

then introduce extinction theorem - one of the rigorous tools, that allows to calculate re-

flectivity of small amplitude sub-wavelength gratings. We calculate reflectivity of such

gratings, imprinted on the boundary between vacuum and Drude metal and observe

possibility of coupling of plane waves to the surface plasmon modes with the aid of

grating momentum addition. We then place a graphene sheet on the boundary between

Drude metal and dielectric, and observe the possibility of coupling to graphene plasmon

modes through the grating momentum addition. So far, analyzed gratings, while being

sub-wavelength, were still an order of magnitude or so larger than the Moiré modula-

tions. Therefore, as the next step, we tuned the parameters of the gratings to match

the periodicity and depth of the spatial modulations, introduced by Moiré patterns. We

observed that even at such tiny modulations, the reflectivity plots still exhibit drops at

the frequencies and in-plane wavevector values, where graphene sheets are expected

to support plasmon propagation. These preliminary results support the statement that

Moiré patterns can be used for momentum addition for plane waves, thus suggesting

that they may be utilized as atomistically thin metasurfaces for coupling between plane

waves and surface plasmons.
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1.1 theoretical preliminaries

1.1.1 Elliptic Dispersion

In order to understand far-field propagation better, let us first introduce plane wave

propagation in vacuum. For that, we start with Maxwell’s equations in vacuum [21]:

∇ · E = 0, (1.2)

∇ ·B = 0, (1.3)

∇× E = −
∂B
∂t

, (1.4)

∇×B = µ0ε0
∂E
∂t

. (1.5)

As can be seen, these form a set of four coupled differential equations for electric and

magnetic fields E and B respectively. Let us take curl of Eqs. (1.4) and (1.5):

∇× (∇× E) = −
∂

∂t
(∇×B) , (1.6)

∇× (∇×B) = µ0ε0
∂

∂t
(∇× E) . (1.7)

Using the rule ∇×∇×A = ∇ (∇ ·A)−∇2A and substituting Eq. (1.4) into Eq. (1.7) and

Eq. (1.5) into Eq. (1.6), we obtain:

∇ (∇ · E) −∇2E = −µ0ε0
∂2E
∂t2

, (1.8)

∇ (∇ ·B) −∇2B = −µ0ε0
∂2B
∂t2

. (1.9)

Using Eqs. (1.2) and (1.3), we arrive at:

∇2E = µ0ε0
∂2E
∂t2

, (1.10)

∇2B = µ0ε0
∂2B
∂t2

. (1.11)

Focusing on Eq. (1.10), we can write the derivative as:

∂2E
∂x2

+
∂2E
∂y2

+
∂2E
∂z2

= µ0ε0
∂2E
∂t2

. (1.12)
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This is the equation of motion, guiding propagation of electric field in vacuum. We can

straight away write down the solution to this equation as:

E = E+e−i(kxx+kyy+kzz+ωt)Ê + E−e−i(kxx+kyy+kzz−ωt)Ê. (1.13)

It is composed of two harmonic solutions with amplitudes E+ and E−, propagating

in opposite directions, as seen from the opposite signs of the ωt term. Substituting

Eq. (1.13) into Eq. (1.12) we obtain:

k2x + k
2
y + k

2
z = k0

2 =
ω2

c20
, (1.14)

where µ0ε0 = 1
c20

is the inverse of speed of light in vacuum. Eq. (1.14) is the dispersion

law for light, propagating in vacuum. The wavevector k0 = (kx, ky, kz) is a total

momentum of the wave in vacuum, and is composed of momenta along each axis. This

defines the direction in space of the wave propagation. The magnitude of k0 quantifies

the periodicity in space of the fields, andω is the angular frequency of the phase rotation.

In adieectric media with the electric permittivity ε the Eq. (1.14) will take the form:

k2x + k
2
y + k

2
z = εk0

2 =
ω2

c20
. (1.15)

Illuminating an object (for simplicity - let the object be two separate points located in xy

plane) with a plane wave travelling in z−direction, will result in the scattering of that

plane wave from the two points in all directions, forming secondary spherical waves.

Those will destructively interfere everywhere, except for a particular direction, resulting

in a plane wave in that direction. This means that the incident, illuminating plane wave

will be scattered into another plane wave through addition of momentum to its (kx, ky)

components, with the value of that added momentum being dictated by the separation

of the two points. Then, the kz component could be calculated through the conservation

of total momentum by:

kz =
√
εk0

2 − k2x − k
2
y, (1.16)

where k0 is the vacuum wavevector of the illuminating light and ε is the electric permit-

tivity of the surrounding medium. In order to ensure propagating solutions of Eq. (1.13),

all wavevector components have to be real ki ∈ R. Therefore, to give real value of kz,
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the scattering from the point sources should be such that the momentum conservation

condition is satisfied:

k2x + k
2
y 6 εk0

2, (1.17)

restricting maximum values the magnitudes of the wavevectors can take. This in turn

means that there is a limitation to how much momentum can be added by the illumi-

nated object. Since the added momentum is inversely correlated with the size of the

object (distance between the two points in this case), there is a limit to how small an

imaged object can be (how close the two points can be located). Rewriting Eq. (1.16) in

a more convenient form:
k2x + k

2
y + k

2
z

ε
= k0

2, (1.18)

it becomes evident that the wavevectors, propagating in free space, are located on the

surface of a sphere, shown in red in Fig. 1.3. Wavevectors with one or both compo-

nents located outside of the sphere will result in a negative value of the square root in

Eq. (1.16), thus forcing2 an imaginary value of kz. Imaginary values of kz describe fields

evanescently decaying in z-direction, as can be seen from Eq. (1.13). Therefore, kx and

ky components with evanescent kz will decay in the z-direction, thus confining the field

distribution due to the kx and ky to the object plane. This means that the finer source

features with large Fourier components kx, ky will not propagate into the far field, thus

being effectively lost for any far-field imaging system. This is a fundamental limitation,

that cannot be surpassed by conventional far-field optical systems.

From Eq. (1.17) we can see that one way to increase the resolved spatial components

kx and ky is to increase the wavenumber k0 of the illuminating light, by decreasing its

wavelength. This is realized for example in X-ray microscopy. Nevertheless, the problem

of finite spatial components propagating in vacuum and dielectric materials limits the

resolution of these methods as well 3.

Another way is to construct a material, in which electromagnetic response would dif-

fer for different wavevector components, thus changing the Eq. (1.18). In other words,

introducing anisotropy to the dielectric tensor. One proposed way of doing so is by cre-

2 In other words, solutions within the real Fourier space are parametrized by the red sphere itself. The modes
outside the sphere (with imaginary values of kz) can be found if the system is not infinitely extended in z
direction, as these solutions are decaying, rather than propagating.

3 Other problems can be encountered too, such as invasivity, potential damage to the sample, poor contrast
due to most materials being transparent to X-rays, etc.
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(a) (b)

Figure 1.3: Hyperbolic surfaces illustrate propagating wavevectors in the hyperbolic metamate-

rials with: (a) εx−eff < 0, and (b) εz−eff < 0. Surfaces of the red spheres mark the

wavevectors, propagating in vacuum.

ating an artificial hyperbolic metamaterial, composed of alternating metal and dielectric

layers, as shown in Fig. 1.1.

1.1.2 Hyperbolic Dispersion

The composite structure illustrated in Fig. 1.1 can be approximated by an anisotropic

homogenized (effective) material, if the periodic repetition length d is much smaller than

the wavelength λ [5]. The macroscopically observed effective wave number kz along the

optical axis formally obeys an anisotropic version of Eq. (1.18):

k2x + k
2
y

εz
+
k2z
εx

= k0
2=
(ω
c

)2
, (1.19)
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where εx = εy and εz are the components of the dielectric tensor of this structure,

described as:

ε =


εx 0 0

0 εy = εx 0

0 0 εz

 . (1.20)

The components of the effective dielectric tensor ε can be calculated through electro-

magnetic homogenization techniques [20, 22–24]. Through choice of the constituent

materials and thickness of the layers, one can engineer a HMM in the frequency range

of interest, i.e. an effective material for which εx = εy are mostly dictated by the permit-

tivity ε of metal layers, while εz is mostly dictated by ε of dielectric layers. This results

in εx = εy and εz having opposite signs and hence hyperbolic dispersion. In other

words, Eq. (1.19) describes two different hyperbolic surfaces in the k-space (depending

on the relative signs of εi), as shown in Fig. 1.3. The k vectors that are transported by

such a medium are located on these surfaces, which by far exceed the diameter of the

iso-sphere of wavevectors, propagating in vacuum. This means that high Fourier fre-

quencies of the object, while being evanescent in free space, would propagate through a

medium with the above dielectric tensor, thus participating in the reconstruction of the

finest features in the image plane.

By dividing the metal slab into a structure composed of alternating metal and dielec-

tric layers we have improved its imaging quality by decreasing Ohmic losses, but have

not eliminated them completely. This is explained by the fact that in a lens made of a

single homogeneous slab of metal εx = εy = εz = ε, where ε is a complex quantity.

Hence, as follows from Eq. (1.18), all wavevector components are subjected to complex

ε. On the other hand, in case of a layered lens, εz has a smaller imaginary part, as it is

calculated from “mixing” dielectric constants of a lossy metal and a loss-less dielectric,

meaning that kx and ky components experience smaller loss than in the case of a slab

lens.

Due to the fact that electron plasma of metal layers can oscillate in three dimensions

by coupling to the corresponding values of kx, ky or kz, the resultant values of εx, εy

and εz all depend on both εm and εd. In part, this means that all three wavevector-

components are inevitably affected by Ohmic losses in the metals, thus degrading the
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overall imaging quality of the lens. A detailed procedure of obtaining these values has

been discussed in [22, 23, 25].

In the considered scenario we are looking at metamaterials with εx−eff < 0. This

behavior is facilitated by the negative dielectric constant of metal layers, which are the

medium for plasma oscillations perpendicular to the optical axis. The finite thickness

of metal layers means that there is also space for plasma oscillations along the optical

axis. This does not contribute to the hyperbolic properties of the stack, but creates

an additional damping channel due to Ohmic losses, as the corresponding EM field

components couple to these oscillations.

1.1.3 Homogenisation Theory

An experimentally measurable quantity, describing this hyperbolic behavior, is the

effective dielectric tensor. Now we will derive an expression for its analytic calculation

for graphene HMMs. For that, it is proposed to start with the effective homogenisation

theory, used to describe the dielectric tensor of a general metal-dielectric stack [20, 22–

24], which is depicted in the left panel of Fig. 1.2. The metal and dielectric layers have

thicknesses dm and dd and dielectric constants εm and εd, respectively. Let us write

down the x-component of electric displacement vector D̄x, averaged over a unit cell [22]:

D̄x = ε⊥(ω)Ēx, (1.21)

where Ēx is the x-component of Electric, field, averaged over a unit cell. Expanding the

averaging procedure, Eq. 1.21 can be rewritten as:

D̄x =
1

dm + dd

(
εm(ω)E(m)

x dm + εd(ω)E(d)
x dd

)
, (1.22)

where E(m)
x and E(d)

x are electric fields in the metal and dielectric layers. The continu-

ity of Electric field across the interface and its invariability on the scale of the layer

thickness4 results in E(m)
x = E(d)

x = Ēx. From here, Eq. 1.22 becomes:

D̄x =
1

dm + dd
(εm(ω)dm + εd(ω)dd) Ēx. (1.23)

4 Assuming quasistatic approximation, when dm,d � λ (λ is wavelength of light).



34 introduction

In the above, we have not considered the possible surface currents, induced by Ēx on the

metal-dielectric boundaries. Include them in Eq. 1.23 (see [22]):

D̄x =
1

dm + dd
(εm(ω)dm + 2ν+ εd(ω)dd) Ēx, (1.24)

where ν characterizes the response of the interface region to Ēx. The factor 2 before ν

comes from two interfaces in one unit cell. Combining Eqs. 1.21 and 1.24 gives:

ε⊥(ω) =
1

dm + dd
(εm(ω)dm + εd(ω)dd + 2ν) . (1.25)

Analogously, for the z-component of averaged electric displacement vector D̄z we have:

Ēz = ε−1‖ (ω)D̄z. (1.26)

Expanding the averaging, we have, similar to Eq. 1.24:

Ēz =
1

dm + dd

(
dm

εm(ω)
+

dd
εd(ω)

+ 2µ

)
D̄z, (1.27)

where µ describes response of the material to the Ēz. From here, we can express ε−1‖ (ω)

as:

ε−1‖ (ω) =
1

dm + dd

(
dm

εm(ω)
+

dd
εd(ω)

+ 2µ

)
. (1.28)

Assuming the effect of surface currents is small, thus setting ν = µ = 0 in Eqs. 1.25,

1.28
5 and rearranging them results in:

ε⊥(ω) =
1

dm + dd
(εm(ω)dm + εd(ω)dd) . (1.29)

ε‖(ω) =
εm(ω)εd(ω)(dm + dd)

dmεd(ω) + ddεm(ω)
. (1.30)

To obtain hyperbolic dispersion, ε⊥ and ε‖ have to have opposite signs. There are two

possible combinations for this. First, to ensure ε⊥ < 0 and ε‖ > 0 it is necessary that

εm < −εd(ω)dd/dm and εm < −εd(ω)dm/dd (where εd is real and positive). This will

produce hyperbolic surface, shown in Fig. 1.3a. Second, to ensure ε‖ < 0 and ε⊥ > 0 it

5 Which is a standard assumption in this case [20, 23, 24, 26]
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Figure 1.4: Red lines show the dispersion curves for kz = 0, obtained using the effective ho-

mogenisation theory. Blue lines show the dispersion curves for kz = 0, calculated

using the exact dispersion relation Eq. 2.5, obtained from the transfer matrix method

(Section 2.1.2). The three panels correspond to different ratios of metal and dielectric

thicknesses dm and dd respectively, as shown in the inserts. The vertical axes are

scaled with plasma frequency ωpl and horizontal axes are scaled with wavevector

2πD−1 corresponding to unit cell of thickness D. The plots are visualizing analysis

and results from [27].

is necessary to have εm > −εd(ω)dd/dm and εm > −εd(ω)dm/dd. This will produce

hyperbolic surface, shown in Fig. 1.3b.

Using conservation of kx across interfaces and assuming ky = 0 without loss of gener-

ality, Eqs. 1.29 and 1.30 for effective dielectric tensor of the metamaterial can be used in

Eq. 1.19 to obtain the effective wavevector kz. This procedure was used for a particular

regime of operation when kz = 0, to produce isofrequency curves, presented as red lines

in Fig. 1.4 (following reference [27]).

For comparison, the exact dispersion curves have been obtained from Eq. 2.5, derived

in Sec. 2.1.2, by setting KD = 0. They are presented in Fig. 1.4 as blue lines. The

unit cells with different ratios of thicknesses of metal and dielectric layers have been

considered. It can be seen that the homogenisation method solution is closest to the

exact solution for the case of equal thicknesses of metal and dielectric layers (middle

panel of Fig. 1.4). When the thicknesses differ - the approximate solutions deviate from
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the exact ones6. These results illustrate that the effective homogenization techniques are

valid only for small wavevectors and in the systems with similar thicknesses of metal

and dielectric layers.

Unlike the calculation of the effective dielectric tensor (1.20) for a metal, where the

homogenization equations need to be used to account for the coupling of TM polarized

fields to the plasma oscillations in x−, y− and z−planes, in 2D graphene the electron

plasma does not get polarized in z−direction (see Fig. 1.2). In Eq. 1.27 the term µ

vanishes, and in the limit of dm → 0 Eq. 1.27 becomes:

Ēz =
1

εd
D̄z. (1.31)

Combining with Eq. 1.26, we conclude that εz in Eq. (1.20) is dictated only by the

response of dielectric layers εz = εd. Hence, now the wavevector conservation Eq. (1.19)

may be expressed as:
k2x + k

2
y

εd
+

K2

εx−eff
= k0

2, (1.32)

where kz is substituted with the Bloch wavevector K, which can be calculated analyti-

cally without approximation as shown in Section 2.1.2 below (Eq. (2.3)). For this system,

the Bloch wavevector7 represents a harmonic modulation of amplitudes of the evanes-

cent plasmonic modes, as they couple from layer to layer along the structure (as shown

in Fig. 1.5), and thus may be treated as effective wavevector in the z−direction. It is

calculated by applying periodic Bloch boundary conditions for a periodic structure, con-

sisting of the elements with the given properties. This gives complete information about

the propagation of the EM waves in the structure. From this we can infer the effective

dielectric constant εx−eff by rearranging Eq. (1.32):

εx−eff =
K2

k0
2 −

k2x+k
2
y

εd

(1.33)

The real part of Bloch wavevector describes the effective phase evolution of the mode,

while the imaginary part indicates any decay or gain that fields undergo in the system.

The standard approach in studying light propagation in a structure would be to find

6 In all three cases the quasistatic approximation is equally valid, as the total thickness of the unit cell is kept
constant at 10 times smaller that the wavelength.

7 The Bloch wave number can be interpreted as an effective wave number for any single-mode system, or in
other words any system which is homogeneous in x and y, i.e. Bragg mirror like.
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Figure 1.5: Evolution of plasmonic modes in generic graphene-dielectric structures (solid lines).

Layer-to-layer phase evolution of the plasmon modes, together with the Bloch bound-

ary condition, forces the plasmon amplitudes to follow an effective “Bloch wave”

(dashed lines). Figs. 1.5a and 1.5b have effective Bloch wavevectors of KD = 1.95 and

KD = 0.68 respectively.

out its dielectric tensor, and from that calculate the wavevectors. Here we reverse the

order, since we can calculate the wavevector within the structure using the Bloch the-

orem, and from that we obtain the εx−eff value exactly, without the need to use any

homogenisation techniques. This is enabled by the 2D nature of graphene.

1.2 graphene single-sheet plasmon dispersion

Further, we can explore unique electronic properties of graphene, such as the linearity

of its electronic band structure (Dirac Cone), absence of a band gap, dynamic tunabil-

ity of plasmonic resonances, loss-less regimes of operation and possibility of creating

optical inversion within the carrier system. The latter property brings us towards an-

other very important limitation regarding a wide employment of metamaterials: Ohmic

losses of plasmon modes at optical frequencies. A widely discussed way to overcome

losses in metamaterials is to include and integrate active materials, e.g. as spacer layers:

the evanescent plasmon tails are thus amplified in active dielectric layers, compensating

for Drude losses in metal layers. In case of graphene conductive layers, the character

of losses is different to that in metals, and in a structure tuned to operate within the
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region of forbidden inter- and intra-band transitions, the main source of losses is the

material losses, which, nevertheless, are detrimental to the imaging process. In order

to compensate for those, it was proposed to provide gain directly within the graphene

sheets. As was shown by F. Page and colleagues in [28, 29], the plasmon modes, excited

on the carrier system of an optically inverted single graphene sheet, cause stimulated

recombination of carries, coherently amplifying plasmons. This property can be used

in multi-layer metamaterials to provide loss compensation and plasmonic amplification,

as will be discussed in more detail later in this chapter.

1.2.1 Band Structure of Graphene

Graphene - is an allotrope of carbon, based on the hexagonal (honeycomb) lattice,

with carbon atoms at the nodes, and exhibiting properties of a two-dimensional semi-

metal. Graphene has been theoretically studied for more than 70 years [30, 31], but

was believed not to exist in free state. Nevertheless, in 2004 Novoselov and Geim have

reported successful production of single-layer graphene sheets of the size up to 10 µm

by the process of mechanical exfoliation [32].

In graphene every carbon atom forms three in-plane σ-bonds with three other Carbon

atoms. The remaining fourth free electrons of every Carbon atom form a delocalized

π-bond above and below the graphene sheet. The theoretical interest in graphene is

coming in part from its unique band structure. As was shown by Wallace, its energy

bands have the form [30, 33]:

E± (k) = ±t
√
3+ f (k) − t

′
f (k) , (1.34)

where

f (k) = 2 cos
(√
3kya

)
+ 4 cos

(√
3

2
kya

)
cos
(
3

2
kxa

)
, (1.35)

where +/− signs correspond to upper (π)/lower (π∗) bands, t ≈ 2.8 eV is the hopping

energy to the closest neighbor, 0.02t . t
′
. 0.2t is the hopping energy to next closest

neighbor, and a ≈ 1.42 Å is the distance between carbon atoms. The resultant band

structure for Eq. 1.34 is shown in Fig. 1.6.
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(a) (b)

Figure 1.6: The band structure of graphene for t
′
= 0. Fig. 1.6b is a close-up of the band

structure around a K point, encased by a box in Fig. 1.6a.

The upper (π) and lower (π∗) bands touch at the corners of graphene Brillouin zone

at points K and K ′, called Dirac points. One can expand Eq. 1.34 around, for example,

K point by expressing k as k = K + q, where K is the position of the Dirac point K and

q� K is momentum around it. Then for small q, Eq. 1.34 can be simplified to [30, 33]:

E± (q) ≈ ±vF|q|+O
[
(q/K)2

]
(1.36)

As can be seen, to the first order the energy around Dirac point is linearly proportional

to the wavevector, with the coefficient of proportionality vf ≈ c/300. This is illustrated

as a zoom-in in Fig. 1.6b. The electrons, located in these gap-less linear bands, obey

the relativistic Dirac equation, which describes particles with zero mass travelling at the

effective speed vf. These electrons are called mass-less Dirac fermions [34].

Due to the linearity of energy dispersion, the bands for small energies are called Dirac

cones. This approximation is valid for energies |E± (q) | < 1eV [31]. In the undoped case,

the lower π∗ band is filled, and the upper π band is empty. This is the consequence of

described above three σ and one delocalized π bonds, meaning that at zero temperature
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the Fermi level coincides with the Dirac point. This causes graphene to be classified as

a semi-metal.

1.2.2 RPA Conductivity Model

The semi-metallic nature of graphene means that in doped cases the sheets will sup-

port excitation of plasmon modes [35], in particular, with very high in-plane wavevectors

kx and ky [29]. In order to facilitate that, it is necessary to use graphene conductivity

theory that takes into account non-local effects [28, 29, 36]. On the other hand, to show

the possibility of plasmonic mode amplification, the theory, describing graphene carriers

response, has to incorporate the effects of optical inversion. Drude and Kubo graphene

conductivity models, so far used to describe graphene HMMs[19, 37–40], do not describe

non-local processes and possibility of optical inversion.

One possible theory which accounts for both non-locality and carrier system inversion

is based on calculating the electric field scattering from the electrons within the Lindhard

theory. In RPA, the plasmons8 of the graphene sheet may be obtained by solving [29, 36,

42]:

εRPA = 1− VkxΠ(kx,ω) = 0, (1.37)

where kx is the in-plane wavevector component, Vkx = e
2/2ε̄ε0kx is the bare 2D Coulomb

potential in reciprocal space, e is the electron charge, ε̄ is the average dielectric function

of the media above and below the 2D sheet, and Π(kx,ω) is the polarizability function,

obtained from the Lindhard formula[42, 43].

The condition to excite bound plasmon modes on a 2D sheet can be also obtained

from Maxwell’s equations [29]:

1+
ikx

2ε̄ε0ω
σ(kx,ω) = 0, (1.38)

8 TE plasmon modes are weakly bound and exist only under a very limited set of conditions [29, 41]. There-
fore, here we consider TM plasmons only.
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where σ(kx,ω) is the non-local conductivity of the 2D system. Combined, Eqs. (1.37)

and (1.38) provide the following relationship, linking scattering of the incident electric

field from the carrier system (and the response of the later) and the sheet conductivity:

σ(kx,ω) = ie2ω/k2xΠ(kx,ω). (1.39)

The polarizablitiy function Π(kx,ω) can be calculated within RPA from the Lindhard

formula [42, 44]:

Π[n](kx,ω) =
g

A

∑
s,s ′=±

∑
q

Mss ′

q,q+kx
[n(εsq) −n(ε

s ′

q+kx
)]

εsq − εs
′

q+kx
+  hω+ i× 0

, (1.40)

which is the weighted sum over all available intra-band (q) → (q + kx) and inter-band

s → s
′

transitions, with Mss ′

q,q ′ = [1 + ss ′ cos(θq,q ′)]/2 being square of the transition

matrix element, n (ε) → f(ε)|Tµ = 1/(exp[(ε− µ)/(kBT)] + 1) - Fermi-Dirac distribution

of the electron-hole plasma at temperature T and chemical potential (Fermi level) µ, and

g = 4 including spin/valley degeneracy.

Building on the linearity of the Lindhard function (1.40) with respect to the carrier

distribution n (ε), the polarizability function of a system with an arbitrary carrier distri-

bution n can be decomposed as the sum of separate contributions of zero temperature

undoped graphene Π|T=0µ=0, and polarizabilities Π(e)[n] and Π(h)[n̄] of equilibrium distri-

butions for electrons/holes with arbitrary µe/µh chemical potentials [28, 29, 36]:

Π (n) = Π|T=0µ=0 +Π
(e)[n] +Π(h)[n̄]. (1.41)

This simplifies the problem of calculating the polarizability function of a system with

non-trivial carrier distributions in the valence and conduction bands by converting it

into the problem of calculating three individual simpler polarizability functions.

In [45] the closed form analytic expression of Eq. (1.40) for a given chemical potential

µ has been derived, and with some re-scaling is presented here:

Π (kx,ω) |T=0µ =
gµ

8π h2ν2F
Π̃

(
 hνFkx

µ
,
 hω

µ

)
, (1.42)
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where

Π̃
(
k̃x, ω̃

)
= −4+ k̃2x

G+
(
2+ω̃

k̃x

)
+G−

(
2−ω̃

k̃x

)
2

√
k̃2x − ω̃2

(1.43)

with G± (z) = z
√
1− z2 ± i arccosh (z). Here µ̄ = max {µe, 0}+ max {µh, 0} is the nor-

malized chemical potential, and the quantities kx and ω are re-scaled with respect to

the chemical potential µ̄ as k̃x =  hvFkx/µ̄, ω̃ =  hω/µ̄, ε̃ = ε/µ̄. This re-scales the

polarizability function according to:

Π [n (ε)] (kx,ω) =
gµ̄

8π h2ν2F
Π̃ [n (ε̄)]

(
 hνFkx

µ̄
,
 hω

µ̄

)
=

gµ̄

8π h2ν2F
Π̃ [n (ε̄)]

(
k̃x, ω̃

)
. (1.44)

The dielectric function (1.37) is then rewritten as:

εRPA
(
k̃x, ω̃

)
= 1−

αg

k̃x
Π̃
(
k̃x, ω̃

)
, (1.45)

with finite-structure constant of graphene αg = gcα0/4vFε̄. Combining the universal

property of polarizability of an electron system, expressed Eq. (1.41), with the graphene-

specific polarizability, Eq. (1.42), Page et al [29] have derived a graphene-specific form

of (1.41):

Π̃ [n]
(
k̃x, ω̃

)
=Π̃0

(
k̃x, ω̃

)
+

∞∫
0

dε̃
[
Π̃ ′
(
ε̃, k̃x, ω̃

)
n (ε̃)

]
︸ ︷︷ ︸

Π̃(e)[n]

+

∞∫
0

dε̃
[
Π̃ ′
(
ε̃, k̃x, ω̃

)
n̄ (ε̃)

]
︸ ︷︷ ︸

Π̃(h)[n̄]

, (1.46)

where

Π̃ ′
(
ε̃, k̃x, ω̃

)
= −4+

G
′
(
ω̃+2ε̃

k̃x

)
+G

′
(
ω̃−2ε̃

k̃x

)
G
′
(
ω̃
k̃x

) (1.47)

Π̃0
(
k̃x, ω̃

)
= −

k̃x

2

π

G
′
(
ω̃
k̃x

) (1.48)

G
′
(z) =

√
1− z2. (1.49)

In order to obtain a Single Sheet Plasmon Dispersion (SSPD), the zeros of the dielectric

function εRPA
(
k̃x, ω̃

)
(Eq.(1.45)) have to be calculated. Assuming that the wavevector

k̃x is real forces the frequency ω̃ to be complex in general, with the imaginary part
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Im [ω̃] = γ̃pl corresponding to loss or gain in the plasmonic mode. In order to simplify

calculation of the SSPD, one can employ a low-loss approximation, γ̃pl � ω̃pl, finding

the zeros of Re
[
εRPA

(
ω̃pl, k̃x

)]
≈ 0. The plasmon damping can then be obtained via:

γpl ≈ Im
[
εRPA

(
ωpl,kx

)]/
Re
[
∂εRPA
∂ω

] ∣∣∣
ω=ωpl

. (1.50)

This approximation is exact at zero loss.

From here, the single-sheet plasmon dispersion can be plotted for a doped graphene

sheet for the cases without and with photo-inversion, as presented in Figs. 1.7a and 1.7b,

respectively. The inserts in Figs. 1.7a and 1.7b show chemical levels, to which graphene

sheets are doped. The chemical levels of optically inverted graphene are seen in Fig. .

Dashed lines locate the regions of the phase space for intra- and inter-band absorption

processes. Within the region II in both Figures all of these processes are forbidden by

Pauli blocking, therefore plasmons there are not damped. The low-loss approximation

is exact withing the region II. The plasmons within region III are absorbed in the inter-

band transitions from valence to conduction band, thus being lossy. Within region IV the

plasmons are damped due to the intra-band scattering. The SSPD curves in Fig. 1.7, cal-

culated within the low-loss approximation, cannot cross the Fermi line from the region

III into the region IV due to a singularity at ω = vFkx, although in the exact solution

they do9. In order to determine the SSPD curve in this region exactly, one would have

to perform calculations of the polarizability function, allowing for the complex ω̃ and

k̃x. This is further discussed in [29].

Region I exists only for an inverted graphene sheet10. This means that the electron-

hole pairs, excited in the inversion creation process, can recombine with the emission

of plasmons. Externally excited plasmons can also stimulate the recombination process,

thus being coherently amplified. This process is opposite to absorption that happens in

the region II. The size of the region I depends on the ratio of optical pumping to the

level of doping.

9 The approximation fails in case of increasing losses. For the purpose of this work the regions in the phase
space with high losses are not very interesting, as all plasmonic modes, causing hyperbolic behavior, are
damped heavily

10 Here the carrier distributions in the conduction and valence bands are not symmetric (e.g. due to chemical
or electrostatic doping), so the region II also exists. In case of inversion of undoped graphene - the region
II is not present.
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(a) (b)

Figure 1.7: Single Sheet Plasmon Dispersion for air-suspended graphene (blue line). Back-

ground - pseudo-reflectivity spectrum of the air-suspended graphene sheet, calcu-

lated with transfer-matrix method described in the Section 1.2.3. Fig. 1.7a is for the

passive, doped graphene, Fig. 1.7b is for optically pumped, doped graphene. Plas-

mons are amplified within region I due to the e− h pair recombination, plasmons

are lossless within region II as all inter- and intra-band absorption processes are

forbidden, regions III and IV are lossy due to the inter- and intra-band absorption

respectively. Insets schematically show the filling of Dirac cones, representing the

chemical levels of doped non-inverted graphene in Fig. 1.7a and doped inverted

graphene in Fig. 1.7b.
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It is important to note that frequency of the plasmon excitations ω̃ = ω0 h/µ̄ and its

in-plane wavevector component k̃x = kx hνF/µ̄ are scaled with the value of chemical

potential of graphene µ̄ (see Eq. (1.42)). This means that the shape of the SSPD curve

is independent of the chemical potential (doping), and will always be the same as in

Fig. 1.7, as long as the frequency of the excitation is scaled with the same value of the

chemical potential. This property originates from the linearity of the Dirac Cone, and

means that there is no “preferred” regime of operation, making graphene tunable over

the wide excitation range of ω ∈ (0; 2 eV).

1.2.3 Transfer Matrix Method

The graphene single sheet reflectivity, presented as density plot in Fig. 1.7, was cal-

culated using the TMM. The TMM is a general technique[34], used to solve Maxwell’s

Equations in stratified media. This technique can also account for conductive bound-

aries, metallic slabs, loss, active structures (without considering the occupation dynam-

ics), etc. Here we provide an outline of the transfer matrix procedure used to calculate

reflectivity of graphene-dielectric stacks and fields inside of them11.

With the frequency ω and the lateral wavevector components kx and ky fixed by the

source, Maxwell’s equations have exactly two solutions in each homogeneous slab of

material. These are counter-propagating plane waves in a dielectric slab within the

light cone (k2x + k2y < k20), and more generally have an electric field configuration

E±(z)∝ exp{±ikzz} with kz ∈ C. Choosing a reference layer within the unit cell, the

amplitudes, i.e. the coefficients of E±n at the end of that layer in the n-th unit cell will

be represented by the vector (A+
n ,A−

n)
T . The amplitudes in the next unit cell can be

calculated as:  A+
n+1

A−
n+1

 = M

 A+
n

A−
n

 . (1.51)

11 A more detailed description of the TMM procedure for graphene-dielectric multilayers can be found in
[34].
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The transfer matrix M propagates the electric fields through the unit cell. M itself is

composed of matrices, describing effects of all constituent parts of the unit cell on the

electric fields:

M = PU−1SU. (1.52)

The phase matrix P propagates electric field amplitudes across the dielectric layer (thick-

ness d) of the unit cell, and has the terms:

P =

 eikzd 0

0 e−ikzd

 . (1.53)

The matrix U converts the electric field amplitudes into the parallel components of the

electric and magnetic fields (Ex and Hy for the TM modes with non-zero kx):

 Ex

−Z0Hy

 = U

 A+

A−

 , (1.54)

where U has the form:

U =

 1 1

1/ZTM −1/ZTM

 , (1.55)

with ZTM = ckz/(εxω) for the TM polarization. The matrix U−1 does the reverse action

of U. The matrix S translates the electric and magnetic fields across a graphene layer

with conductivity σs, and has the form:

S =

 1 0

−Z0 σs 1

 (1.56)

Applying the matrix M from Eq. (1.52) N times to the field amplitudes yields the

transfer matrix T through a stack of N unit cells:

T = U−1
b UMNU−1Ub (1.57)

The matrix Ub translates amplitudes to fields in the background medium (typically

vacuum). It has the same form as in equation (1.55) with ZTM replaced by ZTM
b = 1/

√
εb

and the background permittivity εb. This links the magnitudes of the forward and
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backward propagating electric field components at the output of the structure to those

at the input, as they are transferred through the whole system:

 A+
out

A−
out

 = T

 A+
in

A−
in

 . (1.58)

Equivalently, it is possible to obtain the input fields amplitudes required to guarantee

particular output amplitudes by multiplying Eq. 1.58 by T−1:

 A+
in

A−
in

 = T−1

 A+
out

A−
out

 (1.59)

For example, one physical output amplitudes pair is:

 A+
out

A−
out

 =

 1

0

 , (1.60)

where the assumption is that there is no source at the output side of the structure and

the transmission amplitude is normalized to 1. This pair can be used in equation (1.59)

to obtain the amplitudes of the necessary input fields (1/t, r/t)T with r the reflection

and t the transmission amplitude.

To obtain more insight into how the fields propagate through the HMM slab, it is use-

ful to study the Bloch eigenmodes of the periodic structure, which are the eigenvectors

of the transfer matrix through the unit cell M:

M

 A+
(1,2)

A−
(1,2)

 = λ(1,2)

 A+
(1,2)

A−
(1,2)

 (1.61)

The two eigenvectors
(
A+

(1,2), A
−
(1,2)

)T
labelled (1, 2) have two associated eigenvalues

which physically are the respective Bloch phases:

λ(1,2) = exp{iK(1,2)d}, (1.62)
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with K2 = −K1 due to parity symmetry12. These amplitude pairs have the specific

property of being uniformly scaled by the eigenvalue λ without changing their form

due to Floquet’s theorem13. As a consequence of Floquet’s theorem, it is possible to

construct any field within the graphene HMM through linear combination of the two

eigenfields associated with the amplitude eigenvectors [46].

 A+

A−

 = a

 A+
1

A−
1

+ b

 A+
2

A−
2

 . (1.63)

Due to the linearity of the transfer matrix procedure, it can be shown that the input

amplitudes have the same eigenvector composition (a/b ratio) as the output ones, scaled

with multiples of eigenvalue λ from Eq. 1.61.

The transfer matrix through the bulk of the graphene HMM becomes diagonal in the

Bloch basis, i.e.

MN
B =

λN1 0

0 λN2

 , (1.64)

so that

T = U−1
b UB−1MN

BBU−1Ub (1.65)

with

B =

A+
1 A−

1

A+
2 A−

2

 . (1.66)

From here the nature of propagation of amplitudes may be understood, as will be ex-

plained later.

12 The unit cell can be chosen such that it has a mirror symmetry z 7→ −z, but even if it did not, the combina-
tion of Lorentz reciprocity and the inherent x 7→ −x symmetry of the laterally homogeneous HMM would
lead to the same result.

13 Note that the eigenmode pairs may not necessarily represent the forward and backward travelling ampli-
tudes, which can be physically created. For example, in some cases they may require forcing particular
field amplitudes travelling into and out of the structure’s output end, with the latter being difficult to
implement.
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H Y P E R B O L I C M E TA M AT E R I A L S

In this chapter we study fundamentals of behavior of graphene HMMs. One of the

most insightful ways of doing so is to consider a theoretical semi-infinite stack, com-

posed of identical graphene-dielectric unit cells. This allows us to apply periodic Bloch

boundary conditions in order to derive dispersion law for the effective Bloch wavevec-

tor. As discussed above, this is now the effective wavevector, describing propagation

along the anisotropy axis, and thus knowing its dispersion allows to infer basic system

properties.

The aim of this chapter is to calculate Bloch wavevector dispersion for various pa-

rameters of excitation, doping, dielectric thickness, temperature etc., to locate regions

of plasmonic behavior of the structure and formulate basic principles of operation of

these stacks. In order to visualize the problem, we first study reflectivity plots of finite

stacks over kx/ω space and identify the location of plasmonic modes. Then we present

the calculation of Bloch wavevector dispersion equation and link it to our exact homog-

enization procedure in order to obtain analytic expressions for εx−eff = 0 boundaries,

explaining how they relate to the location of plasmonic modes of finite stacks reflec-

tivity plots. Then we look at the behavior of Bloch modes in passive infinite HMM at

zero temperature. While being unphysical, this system allows to isolate key hyperbolic

dispersion properties, which is important for fundamental understanding of processes

in the more realistic systems, explored later. Bloch mode dispersion is studied both

outside and inside of the light cone. We also analyse how various loss and tempera-

ture effects impact the system. The chapter is concluded with the analysis of behavior

of semi-infinite systems, where graphene is put in the state of optical inversion, and

demonstrate the possibility of plasmonic gain and loss compensation.

49
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2.1 plasmons in finite graphene-dielectric stacks

2.1.1 Reflectivity of Finite Graphene-Dielectric Stacks

The Transfer Matrix Method, described above, can be used in order to calculate

(pseudo) reflectivity coefficients for finite structures. For this we fix output amplitudes

to those given by Eq. 1.60, calculate necessary amplitudes at the input end from Eq. 1.59,

and obtain the reflectivity1 R = |r|2. As an example, the pseudo-reflectivity plots of

stacks, made up of 2 and 10 layers are shown in Fig. 2.1. It can be seen that when sepa-

rate Graphene (Gr) sheets are employed in layered structures - new plasmon curves start

arising around a SSPD curve (green lines). For comparison, consider Fig. 1.7a, where

reflectivity of a single sheet is plotted. Adding a second graphene sheet splits the SSPD

band into two, as shown in Fig. 2.1a, due to the overlap of the two plasmonic modes

in the neighboring sheets. The splitting of the bands thus depends on the thickness of

the dielectric layer d between the two sheets. The effect can be understood in a sim-

ilar manner as the well known hybridization of atomic orbitals, in which the energy

level degeneracy splits due to an overlap in the electronic wave functions. Adding more

graphene layers further increases the number of plasmon modes, with the number of

modes being equal to the number of layers, as presented in Fig. 2.1b. The additional

curves are always added within a specific region. The boundaries of this region are

shown in Fig. 2.1a and 2.1b. We call this region a “plasmonic band”, excitations within

which are a subject of hyperbolic behaviour. We will discuss its properties and analytic

expressions in the next section.

2.1.2 Bloch Wavevectors

As explained in Section 1.1.2, hyperbolic behavior requires one of the entries of the

dielectric tensor to be negative. In the system of interest, εz = εd > 1 due to the absence

1 This procedure will yield non-normalized reflectivity coefficients, which may exceed 1 outside of the light
cone due to the evanescent nature of the fields. For this reason we call it pseudo reflectivity. For illustra-
tive purposes of the current work this is not important as the approach still allows to numerically probe
plasmonic resonances. For prediction of physical measurements an appropriate normalization has to be
implemented.

2 Pseudo-reflectivity in this case means reflectivity as defined above but with no immediate physical meaning
outside of the light cone, see also footnote 1.
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(a) (b)

Figure 2.1: Pseudo-reflectivity2 plots for graphene-dielectric metamaterials, composed of 2 lay-

ers and 10 layers are presented in Figs. 2.1a and 2.1b respectively. Green curves

mark the single sheet plasmon dispersion and red curves mark the plasmonic bound-

ary for an infinite stack. Gray dashed lines follow the boundaries of loss-less and

lossy graphene regimes, same as in Fig. 1.7a. Graphene layers have doping of

µe = −µh = 200 meV, dielectric layers have thickness of d1 = 40 nm, and the

dielectric constant of εd = 1.
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of the interaction of TM-polarized waves with the infinitely thin graphene layers. As

seen from Eq. (1.33), εx−eff is a function of the Bloch wavevector K, which has been

introduced by Eqs. (1.61) and (1.62). Combining them, we arrive at:

 A+
n+1

A−
n+1

 = e−iKD

 A+
n

A−
n

 , (2.1)

where K is the Bloch wavevector, propagating in the z-direction. Subtracting Eqs. (1.51)

and (2.1), we arrive at:

det
[
M − e−iKD1

]
= 0. (2.2)

Eq. (2.2) for the Bloch phase can be solved analytically to obtain the following dispersion

relation for TM polarization [19, 36]:

cos(KD) = cos(kz,1d1) −
2iπσs(kx,ω)kz,1

c0ε1k0
sin(kz,1d1), (2.3)

where kz,1 =
√
ε1(ω/c0)2 − k2x, kx is the in-plane component of the excitation wavevec-

tor, ε1 is the frequency-dependent dielectric constant of the dielectric, and σs(kx,ω) is

electric conductivity of the graphene sheet. The weakly-bound TE plasmon modes [29]

are not discussed. Eq. (2.3) can be used to calculate iso-frequency plots, as shown in

Fig. 2.2a for two different frequencies. These plots will be discussed in more detail in

the Section 2.2.

As a comparison to a graphene-dielectric stack, we can derive an analogous dispersion

relation for a metal-dielectric stack, as depicted in the left panel of Fig. 1.2. For this, the

transfer matrix through a metal-dielectric unit cell Mi has the following form:

Mi = U−1
1 U2P2U−1

2 U1P1, (2.4)

where subscripts 1 and 2 correspond to dielectric and metal layers respectively. Putting

this in Eq. 2.2 we arrive at the dispersion relation:

cos(KD) = cos(kz,1d1) cos(kz,2d2) −
1

2

(
kz,1ε2
kz,2ε1

−
kz,2ε1
kz,1ε2

)
sin(kz,1d1) sin(kz,2d2).

(2.5)
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The above Eq. 2.5 in its form is similar to Eq. 2.3 in the limit d2 → 0. The key difference is

that in Eq. 2.5 the finite thickness d2 metal layer is described with the dielectric constant

ε2, while in Eq. 2.3 graphene is modelled as surface conductivity σs(kx,ω).

Eq. 2.5 is used in order to construct blue curves in Fig. 1.4 by finding values of kx and

ω, necessary to give KD = 0.

2.1.3 Exact Homogenisation Procedure and Analytic Calculation of Plasmonic Region

Boundaries

The Bloch wavenumber K given by Eq. (2.3)3 yields the effective lateral permittiv-

ity εx−eff using the analytic expression (1.33). The results are shown in Fig. 2.2b as

a density plot, obtained for the infinite graphene-dielectric stack with doped passive

graphene at zero temperature. It can be seen that the analyzed metamaterial exhibits a

region in the k̃− ω̃ space where εx−eff is negative, thus showing the desired hyperbolic

behavior4. Outside of that region the metamaterial is characterized by a positive definite

anisotropic dielectric tensor, with no hyperbolic behavior. The εx−eff = 0 boundaries of

the plasmonic modes (red lines in Fig. 2.2b) can be calculated analytically [36]. For that

we rewrite Eq. (1.33) in terms of real and imaginary parts of the Bloch wavevector, K ′

and K ′′ respectively (omitting ky without loss of generality):

εx−eff =
K ′2 −K ′′2

k20 −
k2x
εd

+ 2i
K ′K ′′

k0
2 − k2x

εd

. (2.6)

The dispersion relation for the Bloch wavevector (Eq. (2.3)) can be rewritten, splitting

the conductivity into real and imaginary parts: σs(kx, ω) = σ
′
s + iσ

′′
s :

cos (KD) = cosh (k0d1a) −
Z0aσ

′′
s

2ε1
sinh (k0d1a) +

iZ0aσ
′
s

2ε1
sinh (k0d1a) , (2.7)

where a = −i

√
−(kx/k0)

2 + εd. Within region II of the SSPD (Fig. 1.7) the real part of

the conductivity5 is zero σ
′
s = 0, thus canceling the last term in Eq. (2.7).

3 There are two solutions of opposite sign, consistent with our reciprocity argument above. The remaining
branches of the arccos function correspond to an extended Brillouin zone scheme.

4 As discussed earlier, εz = εd > 0.
5 The real part of the conductivity quantifies loss.
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Figure 2.2: Fig. 2.2a shows the real part of the iso-frequency contours in blue, and the imaginary

in brown for two different frequencies. The iso-frequency contours were obtained

for an infinite graphene-dielectric stack using Eq. (2.3). In Fig. 2.2b, the values of

Re [εx−eff], calculated via Eq. (1.33), are shown as density maps. Here red lines

mark the boundary on which the condition Re [εx−eff] = 0 is satisfied. The brown

line follows the doped graphene SSPD. Horizontal black lines show the frequencies

at which two plots in Fig. 2.2a were obtained. Dotted red line matches the condi-

tion in Eq. (2.10) and dashed gray lines are the boundaries of inter- and intra-band

transitions regions.
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Figure 2.3: Blue solid lines are a schematic representation of the forked path on which

Im [cos (K ′ + iK ′′)] = 0, necessary to ensure that the right hand side of Eq. 2.3 is

real. The dashed lines correspond to K ′ = ±K ′′. The only two physical solutions to

Re [εx−eff] = 0 are marked as a and b.

From the schematic illustration in Fig. 2.3, one can immediately see that the only

two physical solutions to Re [εx−eff] = 0 in Eq. 2.6 are the ones where the dashed

lines intersect the solid blue contour (up to a reciprocal lattice translation and excluding

K ′′ < 0 to ensure that the Floquet modes decay towards infinity). These solutions have6

K ′ = K ′′, and are marked by red dots a and b in Fig. 2.3, such that:


Re [KD] = Im [KD] = 0 (a)

Re [KD] = Im [KD] = π (b)

. (2.8)

Substituting the above KD values into Eq. (2.7) and expressing it in terms of σ
′′
s the

following expressions are obtained:


σ
′′
s(kx, ω) = 2ε1

Z0a
tanh

(
k0d1a
2

)
(a)

σ
′′
s(kx, ω) = 2ε1

Z0a
cosh(k0d1a)+cosh(π)

sinh(k0d1a)
(b)

(2.9)

6 From Eq. (2.7), the allowed values of the real part of Bloch wavevector are Re [KD] ∈ (−π, π), being the
boundary values where the band gap is opening. As discussed above, the Bloch wavevector K describes
periodic repetition of electromagnetic fields within the periodic structure. Therefore, it has to have a peri-
odicity on the same length scale as the structure itself. This means that the maximum possible wavevector
K is such that ensures the Bloch phase rotation by the angle φ = π over one period of the structure D.
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and are shown in red in Fig. 2.2b. The condition (2.8)(a) corresponds to an opening

of the plasmonic band, meaning that for the values of kx/ω where Re [KD] > 0 and

Im [KD] = 0 the analyzed structures will support plasmonic modes. The condition

Im [KD] = 0 is satisfied exactly in the region II of Fig. 1.7 at zero temperature. The

presence of uncompensated loss will slightly increase the Im [KD], though not changing

the nature of behavior as such.

The condition (2.8)(b) is satisfied in the band gap of the infinite structure, as it de-

scribes the modes that decay within one cycle (Im [KD] = π). The band edges bordering

the band gap in question correspond to a mode at the edge of the 1D Brillouin zone, for

which the phase thus rotates by an angle φ = π within one period of the structure:

Re [KD] = π, Im [KD] = 0. (2.10)

This condition is marked with red dot c in Fig. 2.3. Expressing Eq. (2.7) in terms of

σ
′′
s(kx, ω) for the condition (2.10), we obtain:

σ
′′
s(kx, ω) =

2ε1
Z0a

coth
(
k0d1a

2

)
+

1

sinh
(
k0d1a
2

)
 . (2.11)

This condition marks the beginning of the band gap, and is represented with the dotted

red line in Fig. 2.2b. Thus, the plasmonic modes of the structure are located between the

lines, described by Eqs. (2.9)(a) and (2.11), which relate the conductivity of a single sheet

of graphene σ
′′
s(kx, ω) to the condition of opening of band gaps in the Bloch modes of

a periodic metamaterial7.

Therefore, we can relate the condition for hyperbolic behavior of the metamaterials

(i.e. the region where Re [εx−eff] < 0, as seen from Eq. (1.19)) to the excitation of the

plasmon modes, predicted by the Bloch modes analysis.

In approximation of increasing the thickness d1 = D of the dielectric to infinity, both

conditions (2.9)(a) and (2.11) converge to:

lim
d1→∞σ

′′
s(kx, ω) =

2ε1
Z0a

, (2.12)

7 Interestingly, these band gap conditions are not exactly the same as those for Re [εx−eff] = 0, described by
Eq. 2.9. This will be discussed in more detail in Section 3.2.
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which is just a plasmon dispersion expression of a single graphene sheet suspended in a

dielectric ε1 as expected. The boundaries of the region Re [εx−eff] < 0 are getting closer

to the SSPD curve with increasing separation of the graphene sheets, thus shrinking the

size of this region in ω̃/k̃x space. This can be understood from the perspective of SSPD

coupling between neighboring sheets: increasing the separation reduces the coupling

strength and hence the frequency splitting of the bands.

2.2 plasmons in infinite graphene-dielectric stacks

2.2.1 Passive Structures

Let us now calculate and analyze the iso-frequency contours within and outside of

the plasmonic bands, discussed in the previous section. The aim of this is to observe

regions where the hyperbolic surfaces, similar to those depicted in Fig. 1.3 can arise, and

characterize their properties in terms of the structure parameters.

For this we calculate dispersion of an infinite graphene/dielectric stack, described

by Eq. (2.3), and present it in Fig. 2.4. It can be seen that the solid blue curve has

approximately hyperbolic shape for the range of k̃x ∈ [0.1, 2], where it closely follows

the blue dashed hyperbola (same as cross-section of the hyperbolic surface in Fig. 1.3a,

taken along the kx − kz plane). For k̃x > 2 the dispersion curve deviates from an ideal

hyperbola, reaching the flat section at Re [KD] = π, which is characteristic of the band

gap behavior. At the same time, an ideal hyperbola carries on infinitely.

Over the range k̃x ∈ [0.1, 5.5] the system is not showing any damping, which is seen

as zero imaginary part. For k̃x ≈ 5.5, KD = π, indicating beginning of a band gap

with non-zero imaginary part. In the band gap damping of the modes has interference

nature, rather than originating from any graphene damping channels8.

From a zoom-in, shown in Fig. 2.4b, we see that the hyperbolic mode starts at k̃x = 0.1.

This corresponds to the intersection of light cone with the line ω̃ = 0.1, indicating that

8 Intra-band absorption processes arise outside of the Dirac cone. For ω̃ = 0.1 Dirac cone is at k̃x−Dirac =
300× ω̃ = 300× 0.1 = 30.
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Figure 2.4: Re [KD] and Im [KD] curves are plotted in solid blue and solid brown respectively.

Re [KD] curves illustrate the dispersion of hyperbolic shape, exhibited by an infinite

graphene-dielectric HMM for the range of k̃x ∈ [0.1, 2], where they follow closely

the ideal hyperbola (dashed blue line). Fig. 2.4b shows a close-up around the origin.

In this system the dielectric constant is εd = 1, doped graphene chemical potential

is µe = −µh = 300 meV, scaled excitation frequency is ω̃ = 0.1 and the dielectric

thickness is d = 30 nm.

the hyperbolic mode is indeed located outside of the light cone. Within light cone

Re [KD] = 0 and Im [KD] < 0, suggesting existence of a band gap for k̃x ∈ [0, 0.1].

Next, it is proposed to plot Bloch wavevectors over the ω̃/k̃x space. Fig. 2.5b shows

the density plot of Re [KD]. The region Re [εx−eff] < 0 is bound by red solid lines,

and is characterized by existence of plasmonic modes (Re [KD] ∈ [0,π]). This can be

illustrated by the isofrequency contours, plotted in Fig. 2.5a. The mode, displayed in

the bottom panel for ω̃ = 0.5 (which is a cross-section along the black line at ω̃ = 0.5

in Fig. 2.5b), starts just at the light cone, and reaches the value of Re [KD] = π, where

the black solid line in Fig. 2.5b intersects the red dotted line. Upon this the mode enters

into a band gap. This can be seen from Im [KD] acquiring negative (lossy) value as

Re [KD] = π. The real part has a discontinuity at kx = 150, which originates from

crossing Dirac cone into the region of intra-band absorption (for ω̃ = 0.5 happening at

kx−Dirac = 0.5× 300 = 150). The Re [εx−eff] is still negative beyond the dotted red line

in Fig. 2.5b, as long as Im [KD] 6 π. The condition of Re [εx−eff] = 0 is satisfied when

Im [KD] = Re [KD] = π, which happens when black line ω̃ = 0.5 in Fig. 2.5b crosses the

red solid line. It can be seen that within the k̃x range, where Re [KD] 6 π, the mode
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Figure 2.5: In Fig. 2.5a real and imaginary parts of the iso-frequency curve are plotted in teal

and brown colors, respectively, for various values of ω̃. In Fig. 2.5b the real part of

the Bloch wavevector is shown as color density plot (with the color bar on the right)

for an infinite HM, based on passive graphene. Red (green) curves bound the region

of Re [εx−eff] 6 0 for the HMM with the dielectric thickness d = 30 nm (d = 60nm).

For reference, yellow line is the SSPD. Due to the horizontal axis scaling, light cone

is very close to the vertical axis. In the above calculations the dielectric constant is

εd = 1, and the doped graphene chemical potential is µe = −µh = 300 meV.

exhibits hyperbolic dispersion, same as that depicted in Fig. 1.3. The modes have the

same hyperbolic shape for Re [KD] in the range of ω̃ ∈ [0, 0.75].

For values of ω̃ > 0.75, a band gap between the light cone and the beginning of the

mode starts opening up. This can be seen in the middle panel of Fig. 2.5a, which is

plotted as an example at ω̃ = 0.9: there is no mode for k̃x ∈ [0, 60], where Re [KD] = 0

and Im [KD] < 0. Then a hyperbolic mode opens up upon the black line at ω̃ = 0.9

in Fig. 2.5b crossing the red curve. It is lossless for k̃x ∈ [60, 70], until the black line

in Fig. 2.5b crosses the red dotted curve. Thereafter, it starts acquiring lossy negative

imaginary values.

The iso-frequency contour for ω̃ = 1.4 is plotted in the top panel of Fig. 2.5a. It

can be said that Re [KD] = 0 exactly for k̃x ∈ [0, 180], i.e. within the loss-less region of

operation of graphene: before the line ω̃ = 1.4 in Fig. 2.5b crosses the dashed gray line,

signifying the boundary between no loss and interband loss for single graphene sheet.

In the inter-band loss region the Re [KD] acquires small positive part, which is due to the
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fact that the inter-band losses ruin a perfect cancellation of the forward and backward

propagating waves (second gives rise to the band gap). At the same time, big negative

imaginary part, which is mostly due to the band-gap condition, means that there are no

modes present in the structure.

The size of the plasmonic region in Fig. 2.5b can be changed by varying the thickness

of the dielectric, inserted between the graphene sheets. Increasing it would decrease

the coupling of graphene sheets, making them appear as effectively decoupled for large

values of k̃x. This would decrease the size of the plasmonic region. The green curves in

Fig. 2.5b bound the region of Re [εx−eff] 6 0 for the dielectric of thickness D = 60 nm

(as compared to the red curves, where D = 30 nm).

We would also like to understand if the described structure exhibits elliptic behavior.

For this, we need to look at its dispersion plots within the light cone, illustrated in

Fig.2.6. The plots there are a close-up of the plots in Fig. 2.5, zoomed in around the

light cone. In the bottom panel of Fig. 2.6a we see the loss-less hyperbolic mode (the

one depicted in the bottom panel of Fig. 2.5a, for values k̃x > 0.5. The values of k̃x < 0.5

are within the light cone, and there Re [KD] = 0 and Im [KD] < 0, signifying the band

gap. Analogous situation is depicted for the same system but with ω̃ = 0.1 in Fig. 2.4b.

In fact, it is the case for all ω̃ values within the region Re [εx−eff] 6 0, with its top

boundary marked by solid red line in Fig. 2.6b. This signifies that frequencies, for

which the structure exhibits hyperbolic behavior, have a band gap within the light cone.

Iso-frequency plot for the frequency ω̃ = 0.9 is presented in the middle panel of Fig. 2.6a.

It displays absence of hyperbolic modes outside of the light cone (for k̃x > 0.9), which

is seen as non-zero imaginary part of KD. Within the light cone, the real part of the

curve has a distinct elliptic shape with Re [KD] < 0 and Im [KD] = 0, signifying loss-less

propagation of plane waves through the structure. The similar behavior (ellyptic mode

within the light cone, band gap outside of the light cone until the region Re [εx−eff] 6 0)

is characteristic for the frequency region ω̃ ∈ [0.75, 2.0], i.e. above Re [εx−eff] 6 0 region

and below the inter-band absorption boundary (grey dashed line in Fig. 2.6b). From

this we can conclude that the stack will exhibit elliptic dispersion within the light cone

if outside of the light cone there is a band gap 9.

9 Indeed, there is an elliptic mode at ω̃ = 0.9 withing the light cone, then there is a band gap, and, as seen
in the middle panel of Fig. 2.5a, the loss-less hyperbolic mode for k̃x ∈ [60, 70].
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Figure 2.6: In Fig. 2.6a real and imaginary parts of the iso-frequency curve are plotted in teal and

brown colors respectively, for various values of ω̃, specified in the inserts. In Fig. 2.6b

the real part of the Bloch wavevector is shown as a contour plot close to the light cone

(dashed yellow line) for an infinite HMM based on passive graphene. Dashed grey

line is the boundary between regions of no loss (below) and inter-band absorption

(above). Red solid line marks the boundary of the region of Re [εx−eff] 6 0, which

is located below it and outside of the light cone. For reference, green line is the

SSPD, and horizontal black lines mark the cross-sections, along which the plots in

Fig. 2.6a have been calculated. In the above calculations the dielectric constant is

εd = 1, dielectric thickness is d = 30 nm, and the doped graphene chemical potential

is µe = −µh = 300 meV.
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Figure 2.7: Teal curve is the elliptic dispersion of graphene HM, same as in the top panel of

Fig. 2.6a. Brown curve is the elliptic dispersion of vacuum. Here, ω̃ = 1.4.

Increasing frequency to ω̃ = 2.1 brings us into the region where incoming waves

couple to inter-band transitions, which happen for all excitations within and outside of

the light cone, provided they are inside of the Dirac cone. These transitions introduce

a loss channel. This means that the elliptic modes within the light cone are lossy now,

as seen from the non-zero imaginary part in top panel of Fig. 2.6a due to plane waves

coupling to vertical and near-vertical transitions in graphene.

For comparison, in Fig. 2.7, we plot the elliptic mode of the pure dielectric without

graphene sheets (brown curve) for frequency ω̃ = 1.4 (i.e. top panel of Fig. 2.6a), as

well as that for graphene HMM (blue curve). Both of them are similar in shape and

overlap at k̃x = k̃0 = 1.4. The brown curve is an arc of a circle due to isotropy of the

dielectric. The fact that the blue curve deviates from the brown curve, thus forming an

arc of an ellipse, means that graphene HMM exhibits anisotropic behavior, caused by

plane waves coupling to graphene carrier system.

We have described above the effects of inter-band transitions induced loss on the

elliptic modes within the light cone. It is also important to understand how loss influ-

ences plasmonic modes. Formation of clear plasmonic bands and band gaps relies on

respectively constructive and destructive plasmonic interference processes of forward

and backward propagating modes. Cancellation relies on forward and backward modes

having the same amplitude and opposite phases and is exact in the loss-less case, thus

resulting in zero real part of iso-frequency within band gaps. With available loss chan-

nels the amplitudes will decrease in the propagation direction, resulting in the reflected
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Figure 2.8: Re [KD] and Im [KD] curves are plotted in blue and brown respectively. Dashed

curves correspond to loss-less scenario (same as that shown in Fig. 2.4). Solid curves

are calculated for the system with material loss introduced through an imaginary

part of ω̃ = 0.8+ 0.008i. In these plots, the doped graphene chemical potential is set

to µe = −µh = 300 meV.

modes having smaller amplitude thus not being able to cancel the forward modes ex-

actly.

To illustrate this, we introduce material loss, modelled as imaginary part of excitation

frequency ω̃. The resultant iso-frequency curves are presented in Fig. 2.8 as solid lines

for ω̃ = 0.9+ 0.009i. For comparison, the loss-less scenario is presented as dashed lines

for ω̃ = 0.9 (same as middle panel in Fig. 2.5a). From Fig. 2.8b we can see that Re [KD]

of elliptic mode within the light cone does not change with introduction of loss (solid

and dashed lines overlap), but non-zero imaginary part arises. Outside of the light cone

there exists a band gap for k̃x ∈ [0.9, 60] and a plasmonic mode for k̃x ∈ [60, 70] for the

loss-less case. Introduction of loss results in the real part of iso-frequency to acquire

non-zero values within the band gap, meaning that there is a propagating (but highly

lossy) mode. The plasmonic mode, which has zero imaginary part in the loss-less case,

acquires finite loss. The shape of real part of the dispersion curve is slightly altered as

well. It should also be noted that the condition in Eq. (2.10) cannot be satisfied exactly

due to absence of non-zero imaginary part of iso-frequency.

Temperature effects can be another source of loss in graphene. This originates from

the fact that zero temperature electron and hole Fermi levels, set with chemical potential

levels for electrons and holes (±µ̄), are perfectly flat, and thus there is a sharp value of
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minimum excitation frequency, at which the vertical transitions can occur: ω̃ = 2µ̄. On

the other hand, finite temperature values smear Fermi levels, so they are not sharp step-

functions any more, meaning that there is non-zero density of carriers in the graphene

band gap. This has two effects. First, this changes the reactive (imaginary) part of

graphene conductivity, resulting in the change of shape of plasmon dispersion curve.

Ultimately, this changes iso-frequency curves of the infinite stack as well, as shown in

Figs. 2.9a and 2.9b: iso-frequency curves are pushed up, corresponding to the excitation

with higher effective ω̃.

Interestingly, even despite the fact that temperature here is on the order of chemical

doping level (here doped graphene chemical potential is set to µe = −µh = 300 meV

and temperature is set to T = 260 meV ∼ 3000 K), hyperbolic modes seem to have no

loss in the plasmonic band, which is manifested in zero imaginary part of iso-frequency

curves in Figs. 2.9a and 2.9b. On the other hand, in Figs. 2.9c and 2.9d, plotted for

higher excitation energy, loss is clearly visible. This brings us to the second temper-

ature effect: non-zero carrier density in the band gap decreases minimum excitation

frequency, at which vertical transitions occur: ω̃ < 2µ̄. Therefore, higher frequencies,

while being smaller than the band gap energy, will induce vertical transitions of the

carries in graphene band gap. For this reason, higher loss is observed in case of higher

excitation frequency, as shown in Figs. 2.9c and 2.9d.

Introduction of loss through imaginary part of ω̃ and through finite temperature

means that the real part of graphene conductivity becomes non-zero. As a result,

Eqs. (2.9) and (2.11), which rely on σ
′
s(kx, ω) = 0, cannot be used to describe the

Re [εx−eff] = 0 boundary. To test how much losses influence the location of Re [εx−eff] =

0 boundary, we set temperature to room temperature, and material losses through the

imaginary part ω̃ ′′, which is a function of real part: ω̃ ′′ = 0.0025× ω̃ ′, and compare

the resultant Re [εx−eff] = 0 region boundary to the one, calculated for the same system

at zero temperature and zero loss. The results are presented in Fig. 2.10. It can be seen

that in Fig. 2.10a the finite temperature and losses curve (green) closely overlaps with

the one for zero temperature and zero losses (red curves). The single sheet plasmon

dispersion curve is almost unaffected by these losses and temperature, deviating only

slightly for larger k̃x values.
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Figure 2.9: Re [KD] and Im [KD] curves are plotted in blue and brown respectively for the sys-

tems at zero temperature (dashed curves) and at 3000 K (solid curves). Right panels

are zoom-in to the light cone of the left panels. Excitation frequencies are speci-

fied in the inserts. In these plots, the doped graphene chemical potential is set to

µe = −µh = 300 meV.
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Figure 2.10: Re [KD] values are presented as density plots for a system at room temperature

and ω̃ ′′ = 0.0025× ω̃ ′ material loss in Fig. 2.10a and for temperature and material

loss 10 times larger - in Fig. 2.10b. Red curves mark Re [εx−eff] = 0 region bound-

ary, calculated for zero temperature and zero material loss. Green curves mark

the boundaries, calculated for corresponding finite temperature and material loss.

Single sheet plasmon dispersion curves are plotted in yellow.

Increasing temperature and material loss 10 times causes larger deviation of Re [εx−eff] =

0 region boundary (green) from that of zero temperature and loss (red), as can be seen

from Fig. 2.10b. At the same time, such high temperature and material loss values are

extreme, and most structures would operate closer to those, studied in Fig. 2.10a. The

reason for choosing such high temperature values (practically, graphene and dielectric

sheets would not stand the temperature of 3000 K) is to show that temperatures on

the order of graphene doping are necessary in order to see considerable changes in

the behavior. And thus for room temperature practical design purposes with standard

graphene doping of µe = −µh = 300 meV it is possible to use zero temperature model,

specified in Eqs. (2.9) and (2.11), to predict the boundaries of hyperbolic behavior.

It is important to point out the invariability of the described picture of elliptic and hy-

perbolic modes when changing the chemical potential µ̄, which is caused by the linearity

of the Dirac cone. The axes in Figs. 2.5, 2.4 and 2.7 are scaled with the chemical poten-

tial µ̄. Changing it would not influence the location of the phase space for intra- and

inter-band transitions and the SSPD itself, but it would change the size of the region of



2.2 plasmons in infinite graphene-dielectric stacks 67

Re [εx−eff] 6 0. This is due to the fact that the excitation frequency is scaled with µ̄, and

changing the frequency would impact the coupling strength of the plasmons between

graphene sheets. At the same time, the character of the modes remains unaltered.

2.2.2 Active Structures

It is well-known that graphene can be optically pumped [28, 29, 47, 48] to create an

inverted electron-hole state. Surface plasmons, excited by an external source, would

be embedded in the bath of inverted carriers, and if certain energy and momenta con-

ditions are met these plasmons would stimulate inter-band re-combination processes,

thus being amplified. Here, this idea is being explored as a basis for an active plasmonic

metamaterial.

Applying periodic Bloch boundary conditions we are able to calculate mode profiles

from Re [KD], as discussed in the previous section. At the same time, it is also possible

to observe any potential amplification of the plasmon modes, which manifests in a

positive Im [KD]. Here, we elevate the doped graphene sheets of our structure to the

state of optical inversion by creating chemical imbalance of the electrons and holes. The

resultant iso-frequency curves are shown in Fig. 2.11. In Fig. 2.11a a clear hyperbolic

mode can be seen from the solid blue line. At the same time, the imaginary part, shown

in brown, is positive, which signifies that the mode is being amplified. Interestingly, the

real curve does not reach the mark Re [KD] = πwithin the Dirac cone with simultaneous

negative imaginary part, which means that the system does not exhibit a band gap.

Within the light cone, as shown in Fig. 2.11b, the system exhibits propagating elliptic

mode with gain (positive imaginary part), while in the passive case there should have

been a band gap. The fact that the system does not exhibit any band gaps originates from

the presence of gain, which has the same effect as loss: forward and backward directed

modes cannot have the same amplitudes, thus making perfect cancellation impossible.

Next, we propose to study the behavior of this structure over the wider ω̃ rage. The

resultant Im [KD] is shown in Fig. 2.12.

The analysis of Bloch modes of an active structure is identical to the passive case.

The modes exist where Re [KD] ∈ [0,π] and |Im [KD]| < |Re [KD]|. The boundary of

this region is shown as a red solid curve in Fig. 2.12b. It can be seen that Im [KD] > 0
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Figure 2.11: Re [KD] and Im [KD] curves are plotted in blue and brown respectively for a struc-

ture in the state of optical inversion. Re [KD] curves illustrate the dispersion of

hyperbolic shape outside of the light cone (Fig. 2.11a) and elliptic dispersion within

the light cone (ω̃ 6 0.3, Fig. 2.11b). The imaginary part of the iso-frequency curves

is positive both within and outside of the light cone, signifying amplification of

both elliptic and hyperbolic modes. In this system the dielectric constant is εd = 1,

graphene chemical potentials are µe = 100 meV, µh = 33.3 meV and scaled excita-

tion frequency is ω̃ = 0.3.

(red part of the density plot in Fig. 2.12b) for an infinite structure fully coincides with a

region of gain of a single graphene sheet (region I in Fig. 2.12b, marked by the dashed

gray lines). The amplification of the excited plasmon modes can also be observed from

the positive Im [KD] in the bottom two panels of Fig. 2.12a. The mode at ω̃ = 0.4 is

amplified for k̃x < 120, where it exists within region I. For k̃x > 120 the mode crosses

into the intra-band absorption region with large negative imaginary part. The mode at

ω̃ = 0.7 starts off in region II (no inter- or intra-band processes), thus being loss-less

(Im [KD] = 0), and is associated with gain upon crossing into the region I at k̃x = 50.

The mode at ω̃ = 1.2 is not amplified, as it does not enter the region I at all. It also exists

in the band-gap, therefore it is of lossy nature even within region II.

The size of region I depends on the balance between graphene sheets doping and up

to what energy level those doped sheets are inverted. If the undoped graphene sheets

are fully inverted, such that µe = µh, the region I will expand, being located in the

triangle between the Dirac cone, the horizontal line at ω̃ = 1 and the vertical axis, as

shown in Fig. 2.13a. The region II will naturally disappear, being substituted by the
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Figure 2.12: The results for Re [KD] and Im [KD] are presented for an optically pumped structure.

In Fig. 2.12a real and imaginary parts of the iso-frequency curves are plotted in teal

and brown colors respectively for various values of ω̃. In Fig. 2.12b the imaginary

part of Bloch wavevector is shown as a density plot. Positive values of Im[KD]

describe amplification of propagating modes. Red curve is the boundary of the

region Re [εx−eff] 6 0. For reference, brown line represents the SSPD. In the above

calculations the dielectric thickness is D = 30 nm, the dielectric constant is εd = 1,

and the doped graphene chemical potentials are µe = 100 meV, µh = 33 meV.
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(a) (b)

Figure 2.13: Im [KD] values are presented as density plots for systems with different levels

of doping. In Fig. 2.13a the system is perfectly inverted (i.e. inverted undoped

graphene) with µe = µh = 100 meV, in Fig. 2.13b graphene is doped and inverted

with µe = 100 meV and µh = 10 meV. Red curves mark Re [εx−eff] = 0 region

boundary. Single sheet plasmon dispersion curves are plotted in brown.

region III. This is due to the fact that all carriers provided through chemical doping

have been used up in the process of inversion.

In Figs. 2.13b and 2.12b µe values are the same, but µh differ. As a result, the size of

active region I is tuned, facilitating gain over the desirable range of ω̃ and k̃x.

For clarity, all plots were chosen to represent results for T = 0 K. While it is clear

that the temperature effects are insignificant until the temperatures are of the same

order of magnitude as the chemical potentials of doping/inversion, results for the finite

temperature are easily obtainable.

2.3 summary and outlook

In this Chapter we have studied the properties of plasmonic modes and resultant

hyperbolic behavior of infinite active and passive graphene-based metamaterials. We

started by presenting Bloch formalism in application to this problem, which allows us

to calculate Bloch modes of infinite structures, and thus observe regions of hyperbolic
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dispersion, as well as see a typical band-gap behavior. We outline the link between the

excitation of plasmonic Bloch modes of infinite stacks and resultant hyperbolic proper-

ties, expressed as negative values of Re [εx−eff]. With that, we derive analytic equations

for boundaries of the regions in ω̃ and k̃x space, within which these structures demon-

strate hyperbolic behavior with Re [εx−eff] < 0, facilitated by coupling to plasmonic

modes. These are in fact plasmonic band gaps of infinite structures.

We then move to the analysis of dispersion curves of Bloch modes of infinite HMMs,

composed of passive doped graphene sheets and dielectric layers of finite thickness. We

study the dispersion curves for different values of excitation energy and in-plane wave-

vector, describing in more detail behaviors within plasmonic bands and outside of the

band-gaps, look at the effects of graphene inter- and intra-band absorption processes

and study how graphene doping and dielectric thickness affect the size of plasmonic

region. We also look at the effects of temperature and material loss on the Bloch modes

dispersion. We conclude that room temperature does not significantly affect the behav-

ior of doped structures if the doping level is larger than temperature, which manifests

itself in Fermi level broadening. Material losses do have substantial effect, which is seen

in the negative imaginary part of the Bloch modes even within the band of loss-less

operation of graphene sheets, which corresponds to overall loss in the system.

Next, we introduce chemical inversion to our doped systems. This results in appear-

ance of positive imaginary part of Bloch dispersion curves, corresponding to overall gain

in the system. As expected, these processes happen at ω̃ and k̃x values, where graphene

sheets show inter-band recombination processes. The exact parameters of those regions

can be tuned by chemical doping and optical inversion values.

These results provide a good basis for physical intuition about the processes, happen-

ing in these structures, but it is important to keep in mind that the studied systems are

semi-infinite, and therefore may not accurately represent the behavior of finite stacks.

For that reason, it is important to perform the analysis of finite graphene-dielectric

metamaterials, and see how their behavior compares to the behavior of identical infinite

stacks. This is the basis of discussion for the next Chapter.





3 F I N I T E G R A P H E N E - B A S E D A C T I V E

H Y P E R B O L I C M E TA M AT E R I A L S

This chapter continues the study of graphene HMMs, looking at finite stacks. It begins

with the presentation of modified Transfer Matrix Method, which allows to calculate

fields not only at the unit cell boundaries, but inside of the unit cells as well. We

use this method to build field profiles in finite stacks for single frequency excitation,

and compare periodicity of those profiles with Bloch wavevectors for the infinite stack

composed of the same unit cells. We study field profiles in the regimes of hyperbolic

operation of finite stacks, as well as within band gaps.

Then we extend this method to calculating field distribution not only along the ani-

zotropy axis, but also perpendicular to it. This allows us to build 2D field profile maps

for single frequency excitations. Summing up single frequency excitation maps with

appropriate Fourier coefficients for the range of frequencies allows us to construct field

maps, corresponding to propagation of Gaussian pulses across finite stacks. We dis-

cuss possible computational issues with this approach, and outline stable calculation

technique. Using it, we calculate sub-diffraction Gaussian beam propagation across the

finite stack in loss-less (ideal) case, as well as in case with losses and finite tempera-

ture. Later, we show how loss-less operation and performance of the structure may be

restored by introduction of optical inversion to plasmon sheets.

We conclude the chapter by connecting the resolution power of proposed finite HMMs

with the hyperbolic region of operation of an infinite structure, concluding that it is not

necessary to perform full TMM analysis of finite stack in order to understand if it would

support propagation of sub-diffraction pulses.

73
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3.1 modifications to the transfer matrix method

The transfer matrix has been used so far to calculate the scattering of a plane wave

at a finite stack. The field profiles within the stack can add substantially to the phys-

ical understanding and can be determined within the same framework. The detailed

approach to compute fields in a finite stack (upon illumination with a single lateral

plane-wave component) is subject of this section. Note, that the standard field ampli-

tudes are more convenient to express the physical fields than the Bloch amplitudes, and

are used throughout this section.

The procedure, discussed in Section 1.2.3, yields field amplitudes at the boundaries of

unit cells.1 The fields within the unit cell can be obtained by transferring the amplitude

to the particular position in the dielectric slab using the z-dependent phase matrix. Note

that the unit cell has the graphene sheet at minimum z by the definition of the unit cell

transfer matrix M (Equation (1.52)). We therefore define the phase matrix here so that

0 < z < d:

P(z) =

 eikz(z−d) 0

0 e−ikz(z−d)

 . (3.1)

Therefore, to obtain field profiles at a given position z in the n-th unit cell of the structure

from arbitrary input amplitudes in the background material, the transfer matrix is:

Tn(z) = UP(z)MnU−1Ub. (3.2)

The fields at a given position (n, z) are thus given by:

 Ex

−Z0Hy


n

(z) = Tn(z)

 1

r

 , (3.3)

1 The boundary of a unit cell in a TMM is in general an arbitrary point, as long as it is consistent from layer
to layer. In our case it is on the graphene-dielectric boundary, thus defining the form of Eq. (1.52).
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with the source amplitude normalized to 1 and r the reflection amplitude. It is often

more convenient to calculate the fields directly from a (normalized) transmitted ampli-

tude at the end of the structure via: Ex

−Z0Hy


n

(z) = Tn(z)T−1

 1

0

 , (3.4)

with Tn(z)T−1=UP(z)Mn−NU−1Ub. A local z ′ coordinate can evidently be converted

into a global coordinate by (n, z ′) 7→ z=nd+ z ′.

3.2 bloch modes in finite structures

As an example, we calculate field profiles, corresponding to the eigenmodes of the

unit cell (Bloch modes). For this we obtain eigenmodes amplitudes for one unit cell(
A+

(1,2), A
−
(1,2)

)T
from Eq. 1.61 and use them as input amplitudes to the finite structure.

With the above TMM procedure we calculate amplitude profiles of both eigenmodes at

every point in the stack and with Eq. 1.54 convert them to electric and magnetic fields(
Ex(1,2), −Z0Hy(1,2)

)T . This results in two curves (one for each eigenmode) for electric

Ex(1,2) and two curves for magnetic −Z0Hy(1,2) fields. Electric field curves for both

eigenmodes are shown in Fig. 3.1 as solid red and green lines, but due to the fact that

there are no losses - they overlap. Dashed lines mark the sinusoidal profiles with the

periodicity, defined by the eigenvalues of the corresponding eigenmodes (see Eq. 1.62)2.

The setup parameters are the same as those used in the simulation demonstrated in

Fig. 2.5. The excitation frequency was set to ω̃ = 0.5, which is the same as that in the

bottom panel of Fig. 2.5a. Bloch wavevector with KD = 1.8 corresponds to the mode

with period P = 3.47 unit cells3.

The phase of the fields in dielectric layers demonstrates non-harmonic evolution,

which is a manifestation of plasmons coupling from sheet to sheet. In other words,

2 They are the exact representation of Bloch modes fields in the homogenized material picture. The fact that
they coincide with the field distribution in the stack (solid green line) only at the unit cell boundary but
not inside illustrates limited validity of the homogenization representation for the display of fields in the
structure. Homogenization procedure will demonstrate hyperbolic properties of the material, but will not
give any insight into their nature.

3 Calculated using KD = 2πD
P where P is the period.
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Figure 3.1: Solid green line shows the magnitude of electric field component Ex(1) of the unit

cell Bloch eigenmode 1 in a 10 unit cell thick graphene/dielectric slab for ω̃ = 0.5 and

k̃x = 25. Dashed line is an illustration of phase advance given by the correspnding

Bloch wavevector KD = 1.8, calculated for the same ω̃ and k̃x. Vertical lines mark

graphene sheets. Here we used vacuum dielectric layers of thickness d = 30 nm and

graphene sheets doping of µe = −µh = 300 meV.

within each dielectric layer, the fields are a superposition of the evanescent plasmonic

tails of the neighboring two sheets. The electric fields have a discontinuity in the first

derivative at the sheets as a consequence of the graphene conductivity. The two “non-

harmonic” factors naturally combine such that the overall phase evolution of the mode

at the unit cell boundaries follows that of the sinusoid with the Bloch wavevector repre-

sented as a dashed line in Fig. 3.1.

The two eigenmodes are degenerate due to an absence of loss. In order to distinguish

them, we can add a very small amount of loss in the form of an imaginary part of

ω̃. The resultant mode profiles are shown in Fig. 3.2a. By convention, the forward

direction of propagation is from right to left, with the red curve representing a forward

traveling eigenmode, and the green curve a backward traveling eigenmode. Both modes

experience loss in the direction of their propagation at the sheets. Eq. 2.3 has two parity

symmetric solutions which can be chosen to be degenerate in loss-less case4, but differ

for lossy systems, yielding complex wavevectors K. The time-averaged Poynting vector

Sz throughout the structure is shown in Fig. 3.2b. The graphene sheets now have an

associated complex sheet conductivity due to material losses. The absolute value of Sz

4 Exploiting the U(1) gauge freedom of the eigenvalue problem Eq. (1.61).



3.2 bloch modes in finite structures 77

0 1 2 3 4 5 6 7 8 9 10
Layer no.

1.5

1.0

0.5

0.0

0.5

1.0

E x

(a)

0 1 2 3 4 5 6 7 8 9 10
Layer no.

1

0

1

2

3

4

S z

1e6

(b)

Figure 3.2: Fig. 3.2a shows field profiles of the forward (red) and backward (green) eigenmodes

as solid lines. Fig. 3.2b shows the energy flow of two eigenmodes in the structure

by calculating Poynting vector Sz. The input end is at layer 10, the output end is at

layer 0, i.e. forward propagation is from right to left. Here we used the structure and

excitation parameters same as those in Fig. 3.1: vacuum dielectric layers of thickness

d = 30 nm, graphene sheets doping of µe = −µh = 300 meV, excitation frequency

ω̃ = 0.5+ 0.008i and k̃x = 25. Small imaginary part is introduced to the excitation

frequency ω̃ to model loss. Resultant complex Bloch wavevector is KD = 1.8− 0.07i

(dashed lines).

therefore drops in the direction of propagation at the sheets, where electro-magnetic

energy is dissipated.

As discussed above, Fig. 3.1 shows the electric field profiles in the finite structure with

device parameters and excitation chosen the same as those of an infinite structure used

to obtain the KD plot in the bottom panel of Fig. 2.5a (ω̃ = 0.5). Fig. 3.1 is plotted for the

in-plane momentum k̃x = 25, which, from Fig. 2.5a, is located withing the hyperbolic

region of the structure (i.e. k̃x values with Re[KD] < π), and corresponds to KD = 1.8.

Fig. 3.3a illustrates the electric fields of the mode located at the beginning of the band

gap (also seen in the bottom panel of Fig. 2.5a as a crossing of the line ω̃ = 0.5 and the

red dotted line in Fig. 2.5b). The mode has Re[KD] = π, while Im[KD] = 0, thus having

periodicity of 2D and no loss. The electric field amplitudes for the mode with a slightly

larger k̃x = 30.1, as shown in Fig. 3.3b, are evanescently decaying in the direction of

their propagation, which is reflected in 0 < Im[KD] < π. This means that the fields with

these k̃x values will propagate through a finite stack, but, depending on the number of
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Figure 3.3: Fig. 3.3a and Fig. 3.3b showing the field profiles of the forward (red) and backward

(green) eigenmodes, plotted for k̃x = 29.9 and k̃x = 30.1 respectively. Bloch wavevec-

tor in Fig. 3.3a is KD = π, and in Fig. 3.3b is KD = π− 0.26i. The input end is at the

layer 10, the output - at the layer 0.

layers, will be greatly attenuated. The region where 0 < Im[KD] < π is located between

red dashed and red solid lines in Fig. 2.5b. The k̃x values outside of that region have

Im[KD] > π and bring the structure to the regime in which the fields decay within one

cycle.

The physical implications of this come back to the fact that the Re [εx−eff] = 0 domain

boundary (solid red line in Fig. 2.2b) extends beyond the band gap (dotted red line in

Fig. 2.2b) - see Footnote 7. This is due to the fact that the evanescent plasmonic modes

with 0 < Im[KD] < π do not decay within one unit cell and so can yield non-zero

amplitudes at the output end of finite stacks (subject to how large Im [KD] is and how

many unit cells the stack is composed of). This facilitates propagation of fields, which

are completely evanescent in vacuum, giving rise to hyperbolic behavior.

The same set of field profile plots can be produced for ω̃ values in the middle and

top panels of Fig. 2.5a. For ω̃ = 0.9 the field profiles represent propagating modes for

k̃x ≈ [60, 75], and evanescent outside of that. For ω̃ = 1.4 there is no finite range of k̃x

where the structure supports plasmonic modes.

Therefore, the density plots of KD for infinite structures, such as that in Fig. 2.5b,

with analytically computed plasmonic band gap regions and εx−eff = 0 boundaries can

be used to predict the behavior of excitations with given parameters in finite structures

without the necessity of building transfer matrices.
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Figure 3.4: The Ex field profile for a single k̃x is shown in Fig. 3.4a. The Ex field distribution for

a Gaussian envelope is shown in 3.4b. Plot axes are scaled in terms of the unit cell

thickness d. Both plots are calculated for zero temperature. Small material loss is

introduced in Fig. 3.4a for numerical stability. Graphene sheets are located in x− y

plane. Pulse propagation is in positive z-direction.

3.3 pulse propagation in finite structures

The calculations above produce field distribution in the z-direction at x = 0 (layer

boundaries are in the x− y planes). We can extend this to obtain the field distribution

in the x-direction, using our knowledge of the kx component. An example of this is

presented in Fig. 3.4a, where we are exciting a plasmonic resonance with a plane wave-

like source of a particular k̃x. The amplitude distribution
(
A+

in, A−
in

)T
= (s, r)T at the

input is such that at the output we receive
(
A+

out, A
−
out
)T

= (t, 0)T (i.e. not an eigenmode).

The field is oscillating with the Bloch wavevector in the z-direction (like in Fig. 3.3a), and

the input k̃x wavevector in the x-direction. The solutions outside of the plasmonic band

(like in Fig. 3.3b) are oscillatory in the x-direction and decaying in the z-direction.

It is now possible to consider a quasi-equilibrium field distribution of a Gaussian

envelope of the form f(x) = e−x
2/2σ2 at the input. For that we compute Discrete Fourier

Transform (DFT) of a Gaussian envelope in x-direction: we decompose it into the Fourier

k̃x components, which are separately propagated through the stack, producing data

sets similar to the one depicted in Fig. 3.4a. Those are then added together with the
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Figure 3.5: Figs. (a)-(d) schematically show different locations of the output interface of the

simulation window (green lines) relative to the intersection points of forward (black

lines) and backward (red lines) travelling parts of the pulse.

corresponding Fourier weights, reconstructing the Gaussian input envelopes (like those

in Fig. 3.4b). These Gaussian envelopes are periodic in x-direction due to the DFT nature

of the calculation. Fig. 3.4b shows the forward-traveling components of Ex for the pulses

in the loss-less structure at zero temperature.

The fact that the DFT recombination procedure produces unwanted periodic peaks

in the x-direction imposes additional constraints on the field profile calculation. This is

caused by the fact that the output end of the HMM will serve as a mirror, thus partially

reflecting back the input pulse. In this case a choice of location of the output interface is

of crucial importance, as is illustrated in Fig. 3.5 (a)-(d). There the forward traveling in-

put pulses are depicted in black, and the reflected in red. In Fig. 3.5a the output plane is

located beyond the points where the forward-traveling branches intersect. The resultant

reflected beams thus intersect inside the structure. Although in Fig. 3.5a the input beams

are depicted as rays they have, in fact, finite width. Thus the input and reflected beams

would overlap. This situation is not reproducing the behavior of the system in a finite

experiment where there is a single excitation envelope. In Fig. 3.5b the output plane is

located before the beams reach the point of intersection of the neighboring beams, thus

the reflected beams would form a virtual focus outside of the structure on the input end.

Both of these scenarios would produce solutions similar to the Fabry-Perot modes. In

Fig. 3.5c the output plane is located exactly at the points of intersection of the neighbor-

ing beams (or at an integer multiple of that distance, as is the case in Fig. 3.4b), thus

sending the reflected beams along the input trajectory. Although this does not cause any

beam broadening due to beam overlap and formation of isolated Fabry-Perrot modes, it

does change the amplitude.
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An alternative approach is to terminate the structure exactly half way before the cross-

ing of the beams, as shown in Fig. 3.5d. In this case the reflected beams would travel

on their own paths, far from the input pulses, not feeding energy into them. On the

other hand, reflected beams would reflect again from the input face, traveling on the

reverse paths, and eventually reaching the main input pulse path, although in this case

the contribution of those reflections should be significantly reduced.

The arrangement from Fig. 3.5c is used to produce Fig. 3.4b. The three tall peaks at

the input are the Gaussian envelopes, while two peaks in the middle are due to the

overlap of beams. In that plot we are again presenting the amplitudes of the forward

traveling components. This explains the decrease of Ex in magnitude with increasing

the depth of the structure: fields get reflected of the consecutive layers, thus even in the

loss-less structure the pulse will show decay.

It is important to point out the computational problem of these calculations. As dis-

cussed above, to avoid instabilities of the solutions, the calculation condition should

follow the one shown in Fig. 3.5d, i.e. the length of the simulated structure should

be half the distance to the first intersection of the neighboring beams. The latter is a

function of various parameters, such as distance between the pulses in the input face,

excitation frequency, graphene parameters, etc. By introducing loss in the form of com-

plex excitation frequency we are in fact changing slightly the intersection point. This

required decreasing the simulation window by one unit cell to satisfy the condition in

Fig. 3.5d. An alternative approach would be to include loss through the finite tempera-

ture simulations, which Eq. (1.58) allows to do directly by setting the electron and hole

distributions n (ε) and n̄ (ε) to Fermi distributions with required temperatures.

Yet another approach is to increase the distance between the input pulses, thus bring-

ing the pulse intersection points further from the input face, and increase greatly the

simulation window. Introducing very small loss will make simulation length condition

in Fig. 3.5d less strict, as small loss over long paths will cause sufficient decay of reflected

pulses. That, on the other hand, greatly increases the calculation time, as a greater num-

ber of unit cells has to be used, as well as a larger number of Fourier components (their

separation in k̃x space has to decrease in order to increase the separation in x-space).

The latter procedure was employed to study the pulse behavior in lossy structures,

with and without plasmonic amplification. The graphene loss is introduced in its con-



82 finite graphene-based active hyperbolic metamaterials

20 10 0 10 20
x/d

0

10

20

30

40

50
z/
d 0.1

0.1

0.1

0.2

(a)

20 10 0 10 20
x/d

0

10

20

30

40

50

z/
d

0.1

0.1 0.1

0.2

(b)

20 10 0 10 20
x/d

0

10

20

30

40

50

z/
d

0.1

0.1

0.1

0.
2

(c)

Figure 3.6: Density plots illustrating forward component E+x of the propagating Gaussian en-

velopes in finite structures are shown. The structure in Fig. 3.6a has minimum

(stabilizing) loss γ= 1.5 meV, zero temperature, graphene chemical doping µe= −

µh= 100 meV, excitation frequency ω̃= 0.4 and dielectric thickness d = 50 nm. The

structure in Fig. 3.6b has larger material loss γ= 15 meV, and operates at room tem-

perature T = 26 meV. Graphene chemical doping, excitation frequency and dielectric

thickness are the same as those in Fig. 3.6a. The structure in Fig. 3.6c has the same

loss, temperature, excitation frequency and dielectric thickness as the one in Fig. 3.6b,

but its carrier system is inverted to provide gain, with µe= 100 meV and µh= 0 meV.

The constant value contours are non-smooth due to the same reason as non-smooth

curves in Fig. 3.1 (i.e. inter-layer plasmon coupling), and not due to the resolution

limitations. Plot axes are scaled in terms of the unit cell thickness d. Graphene sheets

are located in x− y plane. Pulse propagation is in positive z-direction.



3.3 pulse propagation in finite structures 83

20 10 0 10 20
x/d

0.000

0.025

0.050

0.075

0.100

0.125

0.150

0.175

|E
x|

Figure 3.7: The distribution of electric field component Ex in a graphene/dielectric structure as

calculated in the cross-section after 20 unit cells (i.e. along ‘z/d’= 20 in Fig. 3.6). The

solid black line corresponds to the system with zero temperature and very small loss

(Fig. 3.6a), red dotted line - to room temeprature and large loss (Fig. 3.6b), and green

dashed line - to room temperature, large loss and photoinversion of graphene layers

(Fig. 3.6c). Horizontal axis is scaled in terms of the unit cell thickness d.

ductivity using complex excitation frequency ω̃= ω̃ ′ + iγ̃ in Eq. (1.58), and the plas-

monic gain is included as chemical potential imbalance of the electrons and holes

(through the chemical potentials µ̄e, µ̄h in Eq. (1.58), meaning that the gain is calcu-

lated from the electron-hole recombination). The results are summarized in Fig. 3.6. As

can be seen from Fig. 3.6b, graphene loss decreases the amplitude of the pulse, as com-

pared to the very small loss case in Fig. 3.6a, as well as causing stronger dispersion at

the output end. Including plasmonic gain partially compensates this, restoring the field

profile close to the loss-less scenario, as seen from Fig. 3.6c.

Additionally, the Ex values for cross-section of structures in Fig. 3.6 in x-direction

along the line ‘z/d’= 20 are plotted for several different parameters in Fig. 3.7. The

black curve represents the loss-less scenario, while red dotted curve shows propagation

with material and temperature losses. It can be seen that graphene loss causes both

dispersion (shift of location of maxima and general change of shape), as well as decrease

of field amplitudes (the areas under the curves with loss are smaller than that in the loss-

less case). Introduction of gain causes the pulses with loss to be restored closer to the

loss-less pulse both in shape and in the total area under the curve. Engineering the

particular gain profile could produce better matching of the loss-compensated signal
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Figure 3.8: Iso-frequency curves for structures, studied in Fig. 3.6, are presented, with Re [KD]

and Im [KD] curves plotted in blue and brown respectively. For structures with

parameters from Fig. 3.6a (zero temperature, small stabilization loss, no gain) the

iso-frequency contours are presented as dotted lines; for structures with parameters

from Fig. 3.6b (room temperature, finite loss, no gain) - as dashed lines, and for struc-

tures with parameters from Fig. 3.6c (room temperature, finite loss, gain) - as solid

lines. Fig. 3.8b is a close-up of Fig. 3.8a for small values of k̃x. The plots in Figs. 3.6

are calculated for a finite range of in-plane wavevectors: k̃x ∈ [−14.805, 14.805].

with the loss-less curve, but the perfect compensation cannot be achieved due to the fact

that loss and gain in graphene are k̃x-dependent, (as seen from Fig. 2.12b). This means

that although the total field intensity may be made constant, the pulse shape will deviate

due to different amplification rates at different k̃x Fourier components. However, the

deviation seen in Fig. 3.7 is not very big, even without sophisticated optimization of the

parameters.

Additional insights about behavior of finite stacks may be obtained when analyzing

dispersion curves of infinite structures with the same values of chemical levels, excita-

tion frequency, temperature and dielectric thickness. For three different systems, con-

sidered in Figs. 3.6, the iso-frequency curves are presented in Figs. 3.8. It can be seen

from Re [KD] lines (blue) that all three cases exhibit sections of hyperbolic dispersion

and reach plasmonic band gaps. The case with small stabilization loss, zero tempera-

ture and no gain (dotted lines) is an ideal case, but it is not practically achievable. The

case for finite loss and room temperature with no gain (dashed lines) exhibits most at-

tenuation, seen as large Im [KD] part (brown) for values of k̃x before band gap. Adding

gain to the system at room temperature and finite material loss (solid lines) reduces loss,
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making such system very close in behavior to the case at zero temperature and small

loss. Nevertheless, the real part of iso-frequency curve of this system deviates slightly

from that of the ideal case, suggesting that the overall dispersion of the system might be

different. This in itself is not necessarily a big problem as it does not in principle affect

the imaging performance. Another important point to make is that for plots in Fig. 3.6

a finite number of Fourier frequencies has been used to represent the Gaussian intensity

distribution, with the wavevector range being k̃x ∈ [−14.805, 14.805]. In Figs. 3.8 this

corresponds to hyperbolic sections within the plasmonic band, as seen from the real part

of iso-frequency curves. Small values of imaginary parts of iso-frequency curves mean

that the high spatial frequencies propagate through the system un-attenuated.

An analytic calculation of the resolution limit for a given graphene-based HMM can

be performed. As discussed above, we can analytically find the region in the ω̃/k̃x

space, where the Re [εx−eff] = 0 boundary is calculated exactly from Eqs. (2.9), (2.11).

The incoming excitations within that region would couple to the loss-less plasmonic

modes of the HMM. This means that the Gaussian envelope with the sufficient number

of k̃x components within the εx−eff < 0 band would propagate through the structure

unattenuated. In the cases when amplification of the pulses is of interest the structure

and inversion should be engineered in such a way that the k̃x values of the pulse are

located within the phase space of plasmonic amplification (i.e. region I in Fig. 2.12b).

Since a Gaussian pulse consists of k̃x values of infinite range, we could use a pulse with

a sinc2 intensity distribution: its Fourier transform is a triangle with a finite footprint

in the k̃x space, the width of which can be matched to k̃x, where εx−eff = 0 for this

particular excitation frequency.

3.4 summary and outlook

3.4.1 Dynamic Representation

The above field distributions within the finite graphene HMM structures are shown in

the quasi-static approximation. An interesting avenue is to extend this calculation to a

dynamic simulation. That would first of all involve building a time-dependent conduc-
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tivity model for graphene. One possible approach could be to look at the carrier density

dynamics in the conduction and valence bands. This resultant electron and hole density

distributions n (ε) and n̄ (ε) would enter Eq. (1.58) to produce the graphene conductiv-

ity values. Those would be used in the above quasi-static procedure together with a set

of excitation frequencies ω, which, when summed up, would produce time-dependent

pulsating Gaussian envelopes, traveling through the structure. To make the results nu-

merically stable, it would be necessary to first make the single frequency simulations

stable to the number of layers in the stack.

3.4.2 Atomically Thin Heterostructures

As discussed above, decreasing the dielectric thickness would cause stronger cou-

pling of plasmons between the graphene sheets, moving up in frequency the boundary

of the Re [εx−eff] = 0 (described by Eq. (2.9)(a)). When the dielectric thickness is be-

low ∼ 10 nm, the plasmonic boundary does not move any further with decreasing of the

dielectric thickness. However, bringing graphene sheets closer together means that quan-

tum mechanical coupling of the electronic wave functions between the graphene sheets

needs to be taken into account. Thus, a conductivity model from Eq. (1.58) cannot be

used any more, and modified graphene conductivity models, accounting for opening

of the gap in graphene Dirac cone will have to be employed. The validity of a classical

TMM procedure will also have to be reconsidered.

3.4.3 Experimental Outlook

To the best of our knowledge, a rigorous experimental analysis of the plasmonic

modes structure in graphene-based HMMs has not yet been reported, neither in ac-

tive, nor passive regimes. At the same time, the necessary procedures for that have been

shown experimentally: plasmonic modes have been measured on single-layer graphene

sheets, and artificial structures, made of graphene-dielectric unit cells, have been built

for various purposes.
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The experimental work towards measuring amplification of the plasmonic modes in

the graphene-based HMMs has to include several steps. First of all, it is important

to be able to measure and electro-statically tune the plasmon excitations on a single

passive graphene sheet. Some successful experiments proved it possible with a Scanning

Near-field Optical Microscopy (SNOM) setup [49] and by wavevector matching with a

grating [50]. Another interesting technique for plasmon excitation uses two optical free-

space propagating beams (pump and probe), which, through the difference-frequency

generation (DFG) in graphene, add up with respect to the wavevector and subtract

in energy, thus resulting in an out-of-light-cone excitation, matching the energy and

momentum of the graphene plasmons [51, 52].

It may be practically advantageous to encapsulate a graphene sheet between two

Hexagonal Boron Nitride (hBN) sheets, as this should increase the lifetime of the excited

resonance [53, 54]: “...Encapsulation of graphene with hBN allows one to eliminate the

scattering of graphene plasmons with impurities, increasing their inverse damping ra-

tio by a factor of 5 in comparison with bare graphene...” [55]. The experimental work,

supporting this statement, is presented in [54]. It is also suggested that stacking Gr-hBN

layers produces very clean and sharp interfaces, with a small amount of adsorbates

[53]. Experimental work on the hyperbolic response of the layered Gr-hBN is reported

in [56–59]. The S-SNOM technique has been used before to carry out the analysis of

the Gr-hBN hybridized plasmon-phonon modes [54, 60]. The electrostatic tunability of

the graphene chemical potential would allow to choose whether the graphene plasmons

hybridize with the hBN phonons. Some of the very extensive reviews, summarizing

physics, properties and fabrication techniques for the heterostructures with the layers of

the atomic thickness include [55, 61, 62].

The final goal of the experimental efforts on the presented research is to create a

set-up that would help achieve controllable excitation of plasmonic modes in a layered

graphene-dielectric stack of a small number of unit cells (∼ 10), demonstrate their tun-

ability via the electrostatic gating, and controllable amplification via electron-hole re-

combination.





4 M O I R É PAT T E R N S F O R P L A S M O N I C

E X C I TAT I O N

Moiré patterns are effective interference formations, which occur when periodic struc-

tures with similar unit cell composition and/or periodicity overlap. They can arise in a

vast diversity of scenarios, such as imaging, printing, art, signal processing, etc. Visual-

ization of hexagonal Moiré pattern, arising from interference of two aligned hexagonal

sheets with slight periodicity mismatch is shown in Fig. 4.1a, and with an introduction

of a small twist angle between the sheets in Fig. 4.1b.

In the scope of this work we consider Moiré patterns, formed by spatial overlap of

single sheets of Gr and hBN. These materials both have lattices of hexagonal shape,

but their unit cells have a small mismatch of ∼ 1.8% [63]. This results in appearance of

Moiré pattern with the period of 15 nm on the perfectly aligned sheets [64], with this

period decreasing with increase of misalignment angle. Underlying Gr and hBN sheets,

interacting through Van der Waals force, cause planar sheets to deform, following the

hexagonal Moiré pattern [65]. This results in the sheet height variation on the order of

∼ 0.04 nm [64–66].

Here we propose to use this variation as an effective grating to facilitate coupling

of propagating light to plasmonic modes of the bi-layer. This opens up the possibility

of coupling to broadband family of plasmonic modes of graphene-dielectric hyperbolic

metamaterials. Creation of Moiré patterns on Gr-hBN bi-layers does not require any

additional manufacturing steps, other than the building of a bi-layer itself. The pitch of

effective gratings could be tuned through the angle between sheets of Gr and hBN.

4.1 background and motivation

Not long after the first experiments on exfoliation of single graphene sheets, the novel

and exciting hyperbolic properties of stacked graphene-dielectric hyperbolic metamate-

89



90 moiré patterns for plasmonic excitation

(a) (b)

Figure 4.1: Two hexagonal lattices with a small unit cell size mismatch are perfectly aligned in

Fig. 4.1a and twisted by a small angle in Fig. 4.1b. In both cases, hexagonal Moiré

patterns are observed. Moiré pattern with largest periodicity is that where the sheets

are perfectly aligned.

rials attracted interest and discussion [19, 36]. This happened, in particular, due to the

unique plasmonic properties of graphene, such as high field confinement, relatively low

loss, tunability over the wide range of frequencies, as well as the possibility of creating

optical inversion in graphene carrier system. Stacking single graphene sheets into a

periodic structure, with thin dielectric layers in between, allowed to create a system, in

which a wide and tunable family of plasmonic modes can be excited, as was explained in

the previous chapter. Properties and performance of this stack may be tuned over a wide

frequency range by changing the dielectric thickness, chemical or electrostatic doping

of layers, temperature, dielectric function of spacer layers, etc. While allowing to tune

the frequency response of the structure, the momentum response can only be calculated,

but not directly engineered. This is particularly important in case of active structures, as

complete control of the parameter space is necessary, in order to ensure stable operation

of an active system, facilitate correct frequencies and wavevectors coupling in and out

of the structure. The latter has been a subject to some discussion, as often regions of the

parameter space with the most interesting behavior are those with large values of wave
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vectors, making conventional methods of coupling to surface plasmon modes difficult

to realise practically1.

Some examples of conventional coupling methods include excitation with the aid of

total internal reflection of a prism (Otto and Kretschmann configurations), via plasmon

excitation with a scanning near field optical microscope tip, momentum matching by

profiling of the boundary with a grating, etc [2, 60, 67, 68].

For the prism excitation there are two wide classes of plasmon excitation techniques:

Otto and Kretschmann configurations [2, 67, 68]. In both of them plane waves in TM

polarization propagate in the dielectric (prism) and reach the boundary at the critical or

super-critical angle, undergoing total internal reflection. This results in the evanescent

waves (decaying in free space, as they are located outside of the light cone) to be excited

outside of the prism. If there is a small vacuum gap with a metal sheet in the vicinity,

these evanescent fields will couple to SPP modes on the metal/vacuum boundary (Otto

configuration). If a very thin metal film is deposited on the surface of the prism, then

evanescent fields will travel through it and couple to SPP modes on the metal/vacuum

boundary on the other side (Kretschmann configuration). The reason prism excitation is

possible is because the light cone of the prism is located outside of the light cone of the

vacuum (as shown in Fig. 4.5a), resulting in larger values of in-plane wave-vector being

accessible at the same frequency. Conservation of the in-plane component of wavevector

upon refraction from the prism means that the refracted fields with wavevector outside

of the light cone are available for coupling with SPP excitations. In this case the prism

is performing a function of momentum matching.

Here we propose to take a closer look at momentum matching with the aid of a

grating. This phenomenon has been observed as early as 1902 in the so-called Wood’s

anomalies [69], recorded as characteristic dips in reflectivity of diffraction gratins under

certain conditions of illumination. In 1907 Lord Rayleigh gave a phenomenological

description of Wood’s anomalies [70], postulating Eq. 4.1, and even later, in 1941, Fano

proposed [71] first theoretical explanations to Eq. 4.1. According to Huygens’ principle,

each of the grating grooves acts as a center of diffusion for incident light [71]. Most of

1 Surface Plasmon Polariton (SPP)s are charge density oscillation modes, excited and confined to the bound-
ary of conductive and dielectric media, with real in-plane and imaginary out of plane wavevectors. The
imaginary component of the wavevector cannot be momentum matched to with waves, propagating in the
constituent dielectric layer, which necessarily have real values. This means that it is generally impossible
to directly couple to these modes with propagating waves [2, 67].
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(a) (b)

Figure 4.2: Momentum, added by a grating, results in repeating the fundamental (zeroth scat-

tering order) plasmon dispersion curves, shown as solid green lines, with period

±mkgr, shown as dashed green lines in Fig. 4.2a. Consequently, now it is possible

to couple to plasmon modes within the light cone (dotted red lines). The analogous

situation is depicted in Fig. 4.2b, with the light cone being "repeated" for mkgr. The

direct plane wave coupling to SSPD modes will happen at the intersection between

the repeated light cone and SSPD curve. Dirac cone for graphene is depicted with a

dashed grey curve.
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the scattered light will interfere destructively, except for that that travels in plane of the

grating to the next groove, satisfying phase matching condition: phase propagation of

that wave should be such that upon reaching the next groove, its phase should be the

same as that of scattered at that groove.

As discussed in [67], an in-plane wave-vector component kx = k0 sin θ of a propagat-

ing plane wave, incident from a dielectric medium onto a metal surface, profiled with a

grating, will acquire an additional momentum magnitude of mkgr from the grating:

k
′
x = k0 sin θ±mkgr, (4.1)

where m is a positive integer, and kgr is inversely proportional to the grating periodicity.

If kgr is sufficiently large, the new wave-vector k
′
x will be located outside of the light

cone, making it possible to couple to the surface plasmon modes. An example of the

resultant plasmon dispersion of this system is shown in Fig. 4.2.

The grating on the metal surface results in copying the SPP dispersion curves along

the kx axis, with the new branches originating from ±mkgr. Now, as can be seen, certain

parts of the plasmon dispersion curves, originating from ±1kgr, are located within the

light cone. This means that it is possible to couple to these parts of the SPP modes with

propagating plane waves.

Here, we propose to consider an alternative approach, where instead of purposefully

creating surface grooves, we would like to employ the structural modifications, which

naturally arise when single sheets of Gr and hBN are brought together to form a Van

der Waals bound bi-layer. As has been shown experimentally [72], a slight mis-match of

the lattice constants of Gr and hBN results in a formation of a hexagonal super-lattice

pattern with a unit cell size of ∼ 14 nm, termed Moiré patterns. These patterns can be

seen in Atomic Force Microscopy (AFM) images as surface height modulations [63–66],

and they also cause modification of local electron densities. The unit cell size can be

tuned by changing the angle between the layers.

To the best of author’s knowledge, this work is the first step towards theoretical inves-

tigation of the possibility of using super-lattice Moiré patterns in order to facilitate cou-

pling of propagating electromagnetic radiation to confined surface plasmon modes of

both Gr-hBN bi-layers, and larger hetero-structures, incorporating such bi-layers within.
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Figure 4.3: Schematic representation of the studied structure, consisting of the sinusoidal bound-

ary between semi-infinite Drude metal (bottom, green) and semi-infinite vacuum

above. An infinitesimally thin graphene sheet (white) is following the boundary.

Sinusoidal modulation of the boundary has period a and amplitude ζ0, repeating

those of Gr-hBN Moiré pattern.

For this, we represent Moiré pattern on graphene sheet by treating graphene sheet as

infinitely thin, conducive layer (with RPA graphene conductivity), following a boundary

between two media, as shown in Fig. 4.3. This boundary exhibits height modulation of

the sinusoidal profile with the modulation period and height similar to those in Moiré

pattern, thus representing a 2D nano-grating.

The novelty of this scheme stems from the fact that by stacking two perfectly ho-

mogeneous sheets of Gr and hBN one would directly obtain a meta-surface with the

inhomogeniety on the scale of ∼ 15 nm. This does not involve any additional experimen-

tal procedures, is insensitive to inclusions and local misplacements of the constituent

layers, and can be tuned by changing the relative angle between them. As has been

shown theoretically [73, 74], the plasmons, launched on the Gr-hBN bi-layer, will have

the same dispersion as those launched on non-modulated graphene sheets in certain

parts of the excitation energy/doping level parameter space. This means that while

using Moiré patterns to launch plasmons with propagating light, a graphene sheet can

still be used as a platform for any following operations with plasmons.

One of the examples may involve building a near-filed propagator or amplifier, where

Gr-hBN bi-layers could be located at the output ports of a lens, composed of a graphene-

based hyperbolic metamaterial. The evanescent fields, responsible for the sub-diffraction

limited image details, would couple to the plasmon modes of the HMM through the



4.1 background and motivation 95

Figure 4.4: Density plot represents the reflectivity spectrum of the finite graphene-dielectric

stack, composed of 10 unit cells. The plasmonic modes (broad black curves) fol-

low graphene SSPD (green). With the Moiré pattern coupler, the modes within the

shifted light cones LC (red) will be accessible for coupling with the propagating

waves.

input face, propagate without loss through the structure and couple out through mo-

mentum matching with the Moiré pattern to the far-filed radiation at the output face.

The envisioned reflectivity of an example of such a structure is shown in Fig. 4.4. A

combination of the Gr-hBN bi-layers with different Moiré pattern periodicities could be

employed in the same structure, thus expanding possible range of momenta, available

for coupling in and out. The underlying graphene HMM will serve as a good platform

for this, as it provides a wide and tuneable region of plasmonic mode operation, as

discussed in the previous chapter and in [19, 36]. Furthermore, graphene layers of the

HMM can be put in the state of optical inversion, facilitating loss compensation and

amplification of plasmonic modes.

This chapter is arranged in the following way. First, the extinction theorem2 is dis-

cussed. The extinction theorem for shallow gratings has been developed in [75] and

[68], which we briefly summarize here. Then, using this theorem, the plasmon dis-

persion curve for a flat air/metamaterial interface is calculated and compared to the

well-known analytic result. Following that, dispersion curves and reflectivity profiles

of corrugated metamaterial/dielectric boundaries are studied for various corrugation

2 Here, this theorem is used in order to calculate reflectivity of corrugated boundaries, with corrugations
period and amplitude being deeply sub-wavelength.
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and metamaterial parameters. Finally, a graphene sheet is introduced on the corrugated

boundary, following corrugations grooves. Modifications to extinction theorem, allow-

ing to incorporate graphene sheets, were first suggested by Ferreira et.al. [76]. We adopt

their approach, reproducing some results, presented in [77]. We then expand on their

work by studying underlying plasmonic mechanisms affecting the structure reflectivity.

We predict the possibility of plane wave coupling to graphene plasmonic modes and

discuss the conditions, necessary for that. We then reduce the corrugations depth and

periodicity to the scale of a Moiré pattern, and analyze the possibility of coupling to

graphene plasmon modes with visible and near-IR plane waves. The chapter is con-

cluded with final remarks and outline of further work, that is necessary for complete

description of the system.
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4.2 optical properties of corrugated surfaces

As has been discussed in [64–66], bi-layers, composed of single layers of Gr and hBN,

form periodic hexagonal Moiré patterns of periodicity up to ∼ 15 nm. AFM images show

that in cross-section the height variation profile is close to sinusoidal, with the amplitude

of ∼ 0.04 nm. Moiré patterns are observed even in the case of perfect alignment of Gr

and hBN sheets, which originates from underlying sheets having a small mismatch in

their lattice vectors. The periodicity of the Moiré pattern can be reduced by increasing

the angle between the underlying sheets.

This height variation can be considered to form an effective nano-grating. In order

to study the possibility of coupling of the vacuum propagating waves to the plasmonic

modes of graphene with the aid of this structure, as well as finding the optimum cou-

pling parameters, we calculated the reflectivity of the corresponding one-dimensional

sinusoidal grating.

The two limiting cases for the study of grating reflectivities are: the small roughness

limit (when the amplitude of the corrugation is significantly smaller than the wavelength

of light), where perturbative methods can be employed, and the large roughness limit

(when the corrugation amplitude is on the same scale as the light wavelength), where

linear optics methods are used. Perturbative methods for small roughness surfaces

have been developed by Lord Rayleigh for acoustics, and adapted to optics by Fano

[71, 75], in particular to explain Wood’s anomalies. This approximative method fails to

converge when the ratio of corrugation amplitude to corrugation period exceeds ∼ 0.072

for sinusoidal surfaces. In order to overcome this, a so called extinction theorem has

been developed (summarized in [68, 75]), that works with fields and their derivatives at

the surface. In Appendix Subsection A.1 a brief summary of this method is presented,

following the [68, 75]. Modifications to this method, included by Ferreira et al. to add

the description of graphene sheet deposited on the corrugated boundary [76–78], are

outlined here as well.
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4.2.1 Extinction Theorem

Let us consider corrugated boundary between a vacuum and a dielectric medium,

with the surface profile described by equation z = ζ(x). The region above the boundary

is vacuum, and the region below the boundary is an isotropic material with the dielectric

constant ε(ω). Magnetic fields H(x) and their derivatives L(x), satisfying corrugated

boundary conditions, can be expressed as a Fourier sum:

H(x) =
∑
n

Hne
iqnx (4.2a)

L(x) =
∑
n

Lne
iqnx (4.2b)

Fourier componentsHn and Ln can be obtained by solving the following set of equations

[68, 75, 76]:

∑
n

Im(m−n)

[
Ln +

ω2

c2
− qnqm

κ(qm)
Hn

]
= 0 (4.3a)

∑
n

Jm(m−n)

[
Ln −

ε(ω)ω
2

c2
− qnqm

ε(ω)λ(qm)
Hn

]
= 0 (4.3b)

Here κ(q) and λ(q) are defined as:

κ(q) =


√
q2 −

ω2

c2
, if q2 >

ω2

c2
(4.4a)

−i

√
ω2

c2
− q2, otherwise (4.4b)

λ(q) =

√
q2 − ε(ω)

ω2

c2
, Im(λ(q)) < 0 (4.5)

In Eqs. 4.3 coefficients Im(r) and Jm(r) contain details of the spatial profile of the bound-

ary and can be analytically determined for a sinusoidal profile with amplitude ζ0:

ζ(x) = ζ0 cos
(
2πx

a

)
(4.6)
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as:

Im(r) = (−1)rIr [ζ0κ(qm)] (4.7a)

Jm(r) = Ir [ζ0λ(qm)] (4.7b)

where Ir is the Modified Bessel Function of the First Kind.

Eqs. 4.3 represent a system of coupled equations, in which unknowns Hn and Ln are

Fourier coefficients of magnetic fields3 and their derivatives respectively, that solve the

boundary conditions of the system. Eqs. 4.3 represent the strength of coupling of field

Fourier components n to the grating. Hn and Ln do not have m dependence, where

m refers to Fourier components of the grating. This means that it is possible to form

a system of equations for some values of m and n to ensure convergence. In order to

find n unknown pairs [Hn, Ln] of Fourier components of fields and their derivatives,

we need to build a system of appropriate number of equations to match the number of

unknowns. Thus, we ensure that there are m = n = N pairs of Eqs. 4.3. We can then

write Hn and Ln as vector h of length (2N+ 1) of the form:

h =

 Hn
Ln

 . (4.8)

Then Eqs. 4.3 can be rewritten as:

M.h = 0, (4.9)

where matrix M has size (2N+ 1)× (2N+ 1) and contains coefficients for Eqs. 4.3 such

that:

M =

 amn bmn

cmn dmn

 . (4.10)

3 With wavevector qn.
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From Eqs. 4.3, matrix coefficients have the form:

amn = Im(m−n)
ω2

c2
− qnqm

κ(qm)
Hn (4.11)

bmn = Im(m−n) (4.12)

cmn = −Jm(m−n)
ε(ω)ω

2

c2
− qnqm

ε(ω)λ(qm)
Hn (4.13)

dmn = Jm(m−n) (4.14)

Eqs. 4.9 have non-trivial solutions only when Det [M] = 0. Thus, we need to find values

of qn and ω for which Det [M] = 0 is satisfied. By construction, thus obtained fields

Hn and their normal derivatives Ln satisfy conditions for occurrence of confined surface

plasmon modes [75].

The matrix M with (2N+ 1) × (2N+ 1) components represents (2N+ 1) scattering

processes from (2N+ 1) Fourier components of the boundary.

4.2.2 Free Electron Gas

Next, we use the above results in order to calculate the dispersion curve of surface

plasmons on a flat boundary between vacuum and a Drude metal, and compare it to the

well-known flat boundary plasmon dispersion result, as was proposed in [68]:

kSPP = k0

√
εm(ω)

εm(ω) + 1
, (4.15)

were Drude metal dielectric constant is described by the free electron gas model:

εm(ω) = 1−
ω2pl

ω(ω+ iγ)
. (4.16)

Initially, we assume the electron gas to have plasma frequency value of ωpl = 2 eV and

no loss with γ = 0. Hence, Eqs. 4.15 and 4.16 yield the SPP dispersion curve of the flat

boundary, as presented in Fig. 4.5a.

It can be seen that SPP curve is located entirely outside of the vacuum light cone

(which is a natural necessary condition for a surface bound mode), therefore it is impos-
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Figure 4.5: Blue curve in Fig. 4.5a is the SPP dispersion curve for a flat interface between vac-

uum and free electron gas half-spaces; dashed red lines represent the vacuum light

cone, and orange dashed lines represent the dielectric light cone. Fig. 4.5b is visually

representing the effect of adding the coupling grating on the vacuum/free electron

gas boundary through producing copies of the flat boundary dispersion curve, re-

peated with the shift from the origin by the integer number of grating wavevectors

kgr =
2π
a . Horizontal axis represents the in-plane component of wave-vector, and is

scaled with the grating periodicity a (here a = 120 nm), and vertical axis is scaled

with the plasma frequency ωpl (here ωpl = 2 eV).
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Figure 4.6: Schematic representation of the studied metal-dielectric sinusoidal grating, consist-

ing of the boundary between semi-infinite Drude metal (bottom, green) and semi-

infinite vacuum above. Sinusoidal modulation of the boundary has period a and

amplitude ζ0.

sible to couple to SPPs with plane waves in vacuum. Possible solutions to that include

momentum matching with a prism in Otto or Kretschmann configurations or use of

plane wave scattering from a SNOM tip.

Another arrangement for momentum matching is using a grating, imprinted on the

metal-dielectric boundary, as shown in Fig. 4.6. This translates into momentum-matching

condition:

kx = k0 sin θ±mkgr, (4.17)

where θ is the angle of incidence of plane wave, kgr = 2π
a is the added momentum of the

grating and m is an integer. This momentum addition may be represented as copying

of the flat interface dispersion curve with an off-set along horizontal axis, achieved by

adding integer multiples of grating momentum ±mkgr, as presented in Fig. 4.5b. As can

be seen, sections of the dispersion curves with m 6= 0 also exist within the vacuum light

cone. This means that now it should be possible to couple to these modes with plane

waves propagating in vacuum, as well as couple plasmons out to plane waves. This

translates into dips of reflectivity of the grating, when the incident plane wave satisfies

the condition 4.17 [69].

SPP dispersion of the grating, shown in Fig. 4.5b, can be presented in the reduced

zone scheme. Taking into account periodicity of the structure, all information about

dispersion is contained in the section of Fig. 4.5b, taken on the horizontal axis from

kx = 0 to kx = π
a , as shown in Fig. 4.7a for the grating of periodicity a = 120 nm.
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Figure 4.7: Here reduced zone scheme for plasmon dispersion on the periodic grating is pre-

sented. Higher lines originate from higher order scattering processes, corresponding

to SPP curves originating from kgr = m2πa in Fig. 4.5b. Fig. 4.7a is calculated for

grating periodicity a = 120 nm, and Fig. 4.7b is calculated for grating periodicity

a = 50 nm. Dashed red lines represent vacuum light cone.

For comparison, plasmon dispersion for a grating of smaller period a = 50 nm is

shown in Fig. 4.7b. In both figures, plasmon dispersion curves "fold back" due to grating

periodicity, thus entering the light cone. For finer gratings higher order dispersion

curves are less and less resolved in frequency, forming an almost continuous dense

band. The curves, residing within light cones, do not represent bound modes any more,

as they can couple to propagating plane waves. All curves asymptotically approach the

limit for flat interface SPP dispersion curve, which is defined as ω = ωpl/
√
2 (in the

above plots: ω/ωpl = 1/
√
2 = 0.71).

Eq. 4.17, being a purely phenomenological one, does not take into account many im-

portant factors, such as grating material, depth of grooves, their profile, etc. It also

does not provide any quantitative insights into coupling strength. In order to do that,

more advanced approaches, such as the above-described Extinction theorem, can be em-

ployed, to describe both flat and corrugated surface dispersion. As an example, flat

surface plasmon dispersion is shown for a vacuum/free electron gas boundary, calcu-

lated with Eq. 4.15 and using the above-described extinction theorem and presented in

Fig. 4.8. For this, zeros of Eqs. 4.3 have been calculated by finding real values of q and ω
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Figure 4.8: Boundary plasmon dispersion is shown, obtained using Eq. 4.15 (dashed black

curves) and the extinction theorem Eqs. 4.3 (thick blue curves). We set m = 0 to

represent the flat boundary in Fig. 4.8a and m = 1 to represent the sinusoidal bound-

ary in Fig. 4.8b. The light cone is shown as red dashed line. Horizontal axes are

scaled with a = 50 nm. Grating depth in Fig. 4.8b is ζ = 5 nm.

that would satisfy det [M] = 0. Coefficients m in Eqs. 4.3 represent Fourier components

of the grating. Therefore, in order to describe a flat boundary, only equations for m = 0

should be considered.

Fig. 4.8a shows that the flat boundary plasmon dispersion, as obtained using the

extinction theorem, coincides exactly with the dispersion curve, obtained from the well-

known Eq. 4.15.

Next, we calculate the surface plasmon spectrum of a sinusoidaly corrugated bound-

ary using the extinction theorem. First, we set m = 1 in Eqs. 4.3. This takes into account

only zeroth and positive/negative first4 Fourier componentsm of the sinusoidal grating,

and zeroth and positive/negative first scattering processes n from the grating, since the

square matrix M is built out of Eqs. 4.3 for n = m. The result is presented in Fig. 4.8b.

One may see that scattering process causes the main (n = 0) plasmon dispersion curve

to be deflected down from the flat boundary dispersion (dashed black line in Fig. 4.8b).

The dispersion curve due to the primary scattering process (n = 1) appears to be located

4 Sinusoidal profile has one Fourier component with different signs.
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above the flat boundary dispersion curve, and a band gap is opening between n = 0 and

n = 1 curves, which is absent in Fig. 4.7b.

Next, we increase the number of scattering processes by setting m = 5 in Eqs. 4.3,

thus resulting in 11× 11 matrix M. Fig. 4.9b is calculated for the same grating as that

in Fig. 4.8b but with more higher-order scattering processes allowed (m = 5). It can

be seen that additional dispersion curves now arise, as compared to the case of n = 1

(dashed black lines in Fig. 4.9b), while zeroth scattering order dispersion curve (n = 0)

and first scattering order dispersion curve (n = 1) closely match.

We also perform calculations for two different grating periods, where we use different

values of grating amplitudes ζ such that the ratio of grating amplitude to period ζ/a

is kept constant. The resultant plots are shown in Figs. 4.9a and 4.9b. These plots,

calculated using the extinction theorem, can be compared to those obtained by repeating

and shifting the flat boundary plasmon dispersion curve, shown in the Figs. 4.7a and

4.7b respectively. It can be seen that the higher order modes in both cases are presented

as very flat curves, located closely to the ω/ωpl = 1/
√
2 line, and there is a gap between

zero’s order mode and other modes.

Next we investigate effects of the increasing grating depth on the plasmon dispersion.

We keep the grating period a fixed, and increase the grating depth ζ. The results are

shown in Figs. 4.9b-4.9d. First, we observe that n = 0 dispersion curve gets deflected

to lower frequencies with the increase of grating depth. Second, we see the effect of

increased spread in energy of higher order diffraction curves, which is manifested in

bigger gaps between the modes that are located around the line ω/ωpl = 1/
√
2. This

is indicative of stronger coupling to higher modes, which is facilitated by increased

amplitude of first Fourier component m = 1 of the grating.

So far, we have considered solving Eqs. 4.3 for real values of q and ω only. In this

analysis real values of q and/or ω correspond to modes, bound to the boundary. Any

non-zero imaginary part would mean loss, arising due to "leakage" of surface modes,

either to propagating waves, or as loss. This confinement results in plasmon dispersion

curves in Fig. 4.9 (representing true, confined, non-radiative surface modes) to be located

exclusively outside of the light cone. Any part within the light cone would represent

leaky modes, that can be coupled to and from with vacuum plane waves. This makes

these modes particularly interesting for the purpose of our analysis.
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Figure 4.9: Plasmon dispersion curves for sinusoidaly corrugated boundaries are presented as

blue curves, calculated using the extinction theorem Eqs. 4.3 with m = 5 for grating

periodicity a = 120 nm with grating depth ζ = 12 nm (Fig. 4.9a); a = 50 nm,

ζ = 5 nm (Fig. 4.9b); a = 50 nm, ζ = 10 nm (Fig. 4.9c); a = 50 nm with ζ = 15 nm

(Fig. 4.9d). Dashed red lines represent vacuum light cone. Dashed black curves

in Fig. 4.9b have been calculated using m = 1 - same as blue curves in Fig. 4.8b.

Here, free electron gas is assumed to have zero losses. Therefore, increasing m

would also increase the number of curves present on the plots, as higher and higher

order scattering processes are accounted for, and SPP dispersion curves for loss-less

systems are infinite along momentum axis. In case of a finite loss, the SPP dispersion

curves are finite along the momentum axis, and therefore higher order scattering

orders would be damped by loss.
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Next, we consider the grating of period a = 120 nm and the depth of ζ = 12 nm. The

plasmon dispersion for this grating is presented in Fig. 4.10a. The blue curve has been

calculated for real values of q and ω using extinction theorem Eqs. 4.3. In Fig. 4.10b

we present det [M] as contour plot, calculated for kx = 0.35, along the rightmost green

line in Fig. 4.10a. We mark Im [det [M]] = 0 with thick black lines and Re [det [M]] = 0

with thick red lines. The intersection of these lines Re [det [M]] = Im [det [M]] = 0 is

the solution to Eqs. 4.3. As can be seen from Fig. 4.10b, all solutions (three points of

intersection5 are purely real, being located on the line ωim/ωpl = 0. This agrees with

the fact that all these solutions reside outside of the light cone (as can be seen from the

right-most green line in Fig. 4.10a).

The contour plot in Fig. 4.10c is calculated for kx = 0.27. It shows one real mode

at ωre/ωpl = 0.51, which, as can be seen from Fig. 4.10a, is located outside of the

light cone and corresponds to the fundamental (n = 0) plasmonic mode. Two other

modes (at ωre/ωpl = 0.7 and ωre/ωpl = 0.71) are located within the light cone and

have small imaginary parts, corresponding to the possibility of coupling with plane

waves. These modes are located on the opposite sides of asymptotic plasma frequency

ωre/ωpl = 1/
√
2. For kx = 0.1 two distinct modes can still be observed close to asymp-

totic plasma frequency ωre/ωpl = 1/
√
2 in Fig. 4.10d, but now both of them are below

this frequency (as seen from the vertical blue line in Fig. 4.10d), which originates from

the larger imaginary parts of the solution. Again, both of these modes can couple to

plane waves.

4.2.3 Reflectivity of a corrugated boundary without graphene

So far we have calculated normal modes of a corrugated boundary between two semi-

infinite half-spaces of dielectric medium and a Drude metal with εm(ω), as shown

in Fig. 4.6. Next, we would like to calculate reflectivity profiles of these structures.

In Appendix A.3 some of the theory is introduced, based on that work. Presented

there, Eqs. A.51 can be used in order to calculate reflectivity of the corrugated vacuum-

metamaterial boundary.

5 We observe three solutions due to the fact that we set m = 1 in Eqs. 4.3 - this results in 2m+ 1 = 3 solutions.
Increasing the value ofmwill add more solutions, resulting in more intersection points in Figs. 4.10b-4.10d.
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Figure 4.10: In Fig. 4.10a plasmon dispersion curves for the sinusoidal grating with periodicity

a = 120 nm and depth ζ = 12 nm are presented. Blue solid lines were calculated us-

ing the extinction theorem Eqs. 4.3 with m = 1; black dashed lines were calculated

by copying flat boundary dispersion curves with the shift of kgr = n2π
a . Dashed

red line represents vacuum light cone. In contour plots 4.10b, 4.10c, 4.10d the real

and imaginary parts of det [M] are presented for values of kx = (0.35, 0.27, 0.1) re-

spectively, shown as vertical green lines in Fig. 4.10a. Thick black lines correspond

to Im [det [M]] = 0, thick red lines correspond to Re [det [M]] = 0. Vertical blue

lines in Figs. 4.10b-4.10d are located at ωre/ωpl = 1/
√
2, which corresponds to the

asymptotic SPP frequency.
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Figure 4.11: Reflectivity of the corrugated air-metamaterial boundary is shown for the plane

wave incident at the angle θi = π/4. The boundary has a sinusoidal profile with

periodicity a = 10 µm and depth ζ = 150 nm in Fig. 4.11a and depth ζ = 75 nm

in Fig. 4.11b. Dielectric constant of metamaterial is described by Drude model

with plasma frequency ωpl = 1 eV. Arrows mark reflectivity minima/maxima for

the scattering orders n = −2, n = −1 and n = 1, calculated using the extinction

theorem. Results, shown in these plots, were adapted from those presented in [77].

We are primarily interested in coupling to plasmons with vacuum plane waves, thus

will consider excitations within the light cone. First, we will look at structures with

the corrugation period being on the same order of magnitude as the wavelength of

excitation. Thus, we set the grating period to a = 10 µm, grating depth to ζ = 150 nm

and the plasma frequency to ωpl = 1 eV. The excitation is a plane wave, incident at an

angle θi = π/4. The resultant reflectivity plot as a function of excitation frequency is

shown in Fig. 4.11a.

One pronounced trough and two peaks are clearly visible in the given excitation range.

These features correspond to excitation of SPP modes of the boundary of the orders

n = −1 and n = −2, n = 1 respectively, as marked on the plot6. It is interesting to note

that the order n = −1 is a local minimum, while orders n = −2 and n = 1 are local

maxima. The metamaterial has no loss, therefore these features must correspond to the

coupling of the incident light to higher or lower order modes by the process of high

order scattering. One possible explanation may be that the order n = −1 is an order

from which the coupled light gets scattered to the modes of other orders and couples

out of them to the propagating plane waves. This results in the reflectivity of the mode

6 We obtain the diffraction order index n by finding what values of ω produce peaks/troughs for integer
values of m in Eq. 4.17.
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n = −1 being reduced. Orders n = −2 and n = 1 are major orders for coupling out of

the structure, thus it is more difficult to pump light into them.

For comparison, in Fig. 4.11b we present reflectivity of the same structure with the

grating of reduced depth ζ = 75 nm. We can observe the same modes as in Fig. 4.11a,

but of the reduced amplitude. The plots in Figs. 4.11 were calculated accounting for

21 scattering orders, by setting7 m = 10. At the same time, we can observe only three

modes in both plots, suggesting that the higher order reflections do not contribute to-

wards creating new features in the reflectivity plots8. Nevertheless, it was observed that

the amplitudes of the existing features did indeed change with changing the number of

accounted modes (it was observed that m = 10 is large enough to ensure convergence).

Next, we will look at the structures that were considered in Fig. 4.10b: with the

periodicity a = 120 nm, depth of corrugations ζ = 12 nm, plasma frequency ωpl = 2 eV

and the plane waves incident at an angle θi = π/4. We also introduce a small loss

γ = 2.5× 10−4ωpl. The resultant reflectivity is shown in Figs. 4.12a, 4.12b.

As can be seen from Fig. 4.12a, the considered structure is perfectly reflective for all

excitation frequencies up to the plasma frequency, and except for the section around

ω/ωpl = 1/
√
2. The sharp reflectivity drops around ω/ωpl = 1/

√
2, shown closer in

Fig. 4.12b, are attributed to coupling to the surface plasmon modes of the corrugated

structure. Three distinct troughs, marked with red dots as n = 1, n = 2 and n =

3, correspond to the plasmons excited with the grating scattering orders 1, 2 and 3

respectively9. Higher scattering orders do not result in reflectivity drop, despite the

fact that the calculations for Fig. 4.12 are done for m = 10, thus calculating interactions

of up to 10 scattering orders. For comparison, we calculated the expected excitation

frequencies for the boundary SPP, using the simple momentum addition rule Eq. 4.17.

Combining it with the flat boundary SPP condition Eq. 4.16, we arrive at:

ω

c0
sin θ±N2π

a
=
ω

c0

√
εm(ω)

εm(ω) + 1
, (4.18)

where a is the grating period and N is the scattering order. Using the above, we cal-

culated the expected excitation frequencies of the scattering orders N = 1, N = 2 and

N = 3 and obtained reflectivity values at these frequencies using the extinction theorem.

7 This value was chosen to ensure sufficient numerical stability of results.
8 Or the resultant peaks are narrower than the step on the horizontal axis.
9 Calculated using the extinction theorem, same as the curves
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Figure 4.12: Reflectivity of the corrugated air-metamaterial boundary is shown for the excita-

tions within the light cone with the plane wave incident at the angle θi = π/4.

The boundary has a sinusoidal profile with periodicity a = 120 nm and depth

ζ = 12 nm. Dielectric constant of metamaterial is described by Drude model with

plasma frequency ωpl = 2 eV in Figs. 4.12a, 4.12b; and ωpl = 1 eV in Figs. 4.12c,

4.12d. Damping rate is γ = 2.5× 10−4ωpl in all plots. Figs. 4.12b and 4.12d show

close-ups in the vicinity of ω/ωpl = 1/
√
2. Red dots mark reflectivity minima for

the scattering orders n = 1, n = 2 and n = 3, calculated using the extinction theo-

rem. Green dots mark locations of the SPPs frequencies, calculated at Eq. 4.18. The

minima marked with n = 2, N = 2 and N = 3 in Fig. 4.12d all coincide.
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Resultant values are shown as green dots N = 1, N = 2 and N = 3 in Fig. 4.12b. The

exact10 reflectivity minima are located around the frequencies, predicted by Eq. 4.18, but

show a larger separation in energy11.

Obtaining the plots in Fig. 4.12, it was necessary to introduce a small Drude loss to the

metamaterial with the purpose of creating a damping channel for the excited plasmon

modes. It was observed that in case of absence of loss, the reflectivity spectra would

not exhibit any peaks or troughs, as it did for the grating of larger period and depth, as

shown in Fig. 4.11. This suggests that the scattering between the modes is weak in this

case. This observation requires further investigation.

An important observation here is that the frequency of plasmon resonances, ω/ωpl =

1/
√
2, corresponds to the vacuum wavelengths λ = 877 nm in the Figs. 4.12a, 4.12b12,

and λ = 1754 nm in the Figs. 4.12c, 4.12d13. Compared to these wavelengths, sinusoidal

grating with periodicity a = 120 nm and depth ζ = 12 nm appears to be deeply sub-

wavelength and extremely shallow. Nevertheless, it provides coupling for momentum

matching and excitation of plasmonic modes through up to triple scattering processes.

4.3 reflectivity of a corrugated boundary with graphene

As the next step, we introduce a graphene sheet on the metamaterial-air boundary,

as has been reported by Ferreira et al. in [76, 78] and summarized in Appendix Subsec.

A.2. The corresponding structure is shown in Fig. 4.3. Before studying calculations re-

sults for reflectivity of corrugated boundaries, we suggest to consider the air-graphene-

metamaterial plane boundary plasmon dispersion. As has been discussed in Subsec.

1.2.2, SSPD of graphene depends on the dielectric properties of media on both sides of

it through an averaged dielectric constant ε̄ in Eq. 1.38. The effect of Drude dielectric

constant of metamaterial is presented in Fig. 4.13. It can be seen that introducing meta-

material and increasing its plasma frequency shifts the SSPD curve up in energy (black

10 Calculated using the extinction theorem.
11 The reflectivity values for red spots do not have much physical significance, as they were calculated using

the extinction theorem for the excitation frequencies of scattering orders, obtained from phenomenological
Eq. 4.18.

12 Where ωpl = 2 eV.
13 Where ωpl = 1 eV.
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Figure 4.13: Fig. 4.13a SSPD curves for a graphene sheet placed at the boundary between air

and Drude metal with plasma frequency ωpl = 1 eV (blue curve) and ωpl = 2 eV

(green curve). The SSPD curve for air suspended graphene is shown in black. It

can be seen that the plasmon dispersion curves for graphene on metamaterial are

located above the plasmon frequency for that metamaterial ω >
ωpl√
2

. In Fig. 4.13b

the SSPD curve for ωpl = 1 eV is shown in blue. Red dashed line marks the

light cone of the plane wave incident at an angle θi = π/4 with added in-plane

momentum of the grating (single scattering process). Green line shows the energy

at which coupling to graphene mode could have happened with grating momentum

matching. Black line marks the frequency at which n = 1 mode of the metamaterial

plasmon, shown in Fig. 4.14 occurs. In both plots the chemical doping of graphene

is set to µe = −µh = 1.45 eV.

to blue to green), while conserving its overall shape (curves start in the loss-less regime

and follow into the regime of inter-band loss). SSPD is defined only above plasmon

frequency of the metamaterial ω >
ωpl√
2

, marked with dashed lines, which is attributed

to the fact that below this frequency the electron-electron interactions within graphene

sheet are screened by the metamaterial.

Next, we consider the system, that has been analyzed in the previous section (Fig. 4.11a),

with grating periodicity a = 10 µm, depth ζ = 150 nm and plasma frequencyωpl = 1 eV.

Reflectivity of such air-metamaterial boundary is shown as blue curves in Fig. 4.14. In-

troducing loss-less graphene sheet to the boundary will slightly shift positions of reso-

nances (black lines in Fig. 4.14), but will not add more loss channels which can be seen
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from conservation of n = 1 and n = −2 peaks. This is supported by the fact that at these

frequencies graphene is operating in the loss-free region, as can be seen from the black

line in Fig. 4.13a14. The small shift of the peaks locations is due to the effective dielectric

constant of graphene differing from that of air.

Introduction of graphene scattering loss does not change the location of resonances

(green curves in Fig. 4.14), but greatly reduces reflectivity at those frequencies. Inter-

estingly, this is not indicative of coupling of air-metamaterial plasmons to graphene

plasmons, primarily due to the fact that these frequencies are located well below the

frequencies of occurrence of graphene plasmons in this system. This is seen from the

fact that black line in Fig. 4.13b, corresponding to the n = 1 resonance in Fig. 4.14, is

located below the energy at which plasmon dispersion starts (ωpl/
√
2).

The light line of the plane wave, incident at an angle θi = π/4, is shifted along

the kx axis in Fig. 4.13b by amount 2π/a, and is shown as red dashed line. In the

inset in can be seen that it intersects SSPD curve (at ω/ωpl = 0.716, marked with

green line), meaning that the grating provides sufficient momentum to couple plane

waves to graphene plasmons. This should have manifested itself in features such as

dips or peaks in the green and/or black reflectivity curves of Fig. 4.14 around the energy

ω/ωpl = 0.716, but none are observed regardless of absence or presence of graphene

scattering loss, as this is above metamaterial plasmon frequency ωpl/
√
2=0.7071.

Another outstanding question is how changing chemical doping µ of graphene would

affect coupling to resonances. For this we perform chemical doping scan, presenting the

structure reflectivity as a contour plot in Fig. 4.15.

Looking above Dirac cone (red line), it can be seen that the location of plasmon peaks

is not affected by the chemical doping of graphene (reflectivity troughs, corresponding

to plasmon modes in Fig. 4.14 form valleys more or less parallel to the vertical axis), but

their width and depth is increasing with increasing chemical doping. This is probably

related to the fact that for the same excitation frequency but higher levels of chemical

doping graphene plasmons will also have larger in-plane momentum values, resulting

in stronger coupling to very fine nano-grating.

One can also see discontinuities in contour lines upon crossing Dirac cone. This is

caused by sharp change in graphene loss due to availability of intra-band scattering pro-

14 Here kx values are significantly smaller than Dirac cone, so there is no transition to intra-band loss regimes.
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Figure 4.14: Reflectivity plots for corrugated air-metamaterial boundary for the plane wave in-

cident at the angle θi = π/4 are shown for two different axis scales. Blue lines

correspond to the reflectivity of the same system, as that analyzed in Fig. 4.11a: the

air-metamaterial boundary has a sinusoidal profile with periodicity a = 10 µm and

depth ζ = 150 nm. Dielectric constant of metamaterial is described by Drude model

with plasma frequency ωpl = 1 eV. Black lines show reflectivity of the same sys-

tem with an addition of a loss-less graphene sheet on the boundary of two media,

which follows the profile of the corrugations. Green line describes the same system

as the green line, but with addition of γGr = 2.6 meV scattering loss. In both plots

the chemical doping of graphene is set to µe = −µh = 1.45 eV. Results, shown in

these plots, were adapted from those presented in [77].
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Figure 4.15: Contour plot showing reflectivity scan for a corrugated air-metamaterial boundary

with graphene sheet following the corrugations. The scan is done for excitation

with plane waves incident at an angle θi = π/4 as a function of excitation frequency

ω/ωpl and graphene chemical doping µ. Other structure parameters are same as

those in Fig. 4.14. Red line marks the Dirac cone boundary.

cesses in those regimes. It can also be seen that although loss is higher (which manifests

in deeper troughs), location of plasmon resonances is not affected. Constant location

of reflectivity minima above and below Dirac cone supports the statement that mech-

anism of enhanced coupling of light into the structure (as compared to the boundary

without graphene sheet) is not related to the opening of channels for excitation and de-

cay of graphene plasmons (which are very much µ-dependant), but is solely caused by

material scattering loss (above Dirac cone) or inter-band transitions (below Dirac cone).

Next, we increase grating momentum, added to incident plane waves in scattering

processes by decreasing the grating period. This will shift red dashed line in Fig. 4.13b

to the right, increasing frequency of coupling radiation. Thus, we look again at the

structure, considered in Fig. 4.12: the boundary has a sinusoidal profile with periodicity

a = 120 nm, depth ζ = 12 nm and the dielectric constant of metamaterial described by

Drude model with plasma frequency ωpl = 2 eV. The plane waves are incident at an

angle θi = π/4. Graphene SSPD curve for this is shown in Fig. 4.16. It can be seen that

the first (red dashed lines) and the second (black dashed lines) scattering processes are
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Figure 4.16: The SSPD curve for graphene, located on the air-metamaterial boundary with the

corrugation period a = 120 nm, depth ζ = 12 nm, and the metamaterial plasma

frequency ωpl = 2 eV. The excitation is performed with plane waves, incident at

an angle θi = π/4. The scattering process of the first order n = 1 is described by

red dashed line (added momentum of 2π/a); of the second order n = 2 - by black

dashed line (added momentum of 2 × 2π/a); and of the negative second order

n = −2 - by green dashed line (subtracted momentum of −2× 2π/a, hence, below

black line). These intersect the SSPD curve at the energy ω/ωpl = 0.736 (first

order), ω/ωpl = 0.761 (second order), and ω/ωpl = 0.756 (negative second order)

respectively.

located at much higher momenta than scattering from the 10 µ m gratings, and intersect

SSPD curve at higher energies.

Reflectivity plots for this periodicity are shown in Fig. 4.17. Blue curves are the same

as those in the Figs. 4.12a and 4.12b, and correspond to the corrugated air-metamaterial

boundary without graphene. Introduction of loss-less graphene sheet (black curves)

causes appearance of new troughs at higher energies: n = 1, n = 2 and n = −2, as

marked in Fig. 4.17b. The frequency of these orders coincides exactly with the intersec-

tion of the SSPD with light cone, shifted by grating momentum multiples, as demon-

strated in Fig. 4.16, suggesting that in this regime the simple momentum addition is

sufficient to determine the location of graphene plasmon resonances for momentum

matching gratings. At the same time, we can see that metamaterial-air plasmons have

now completely disappeared from the studied frequency range, which is opposite to
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Figure 4.17: Reflectivity of the corrugated air-metamaterial boundary is shown for the excitation

within the light cone with plane waves incident at the angle θi = π/4. Boundary

has a sinusoidal profile with periodicity a = 120 nm and depth ζ = 12 nm. Dielec-

tric constant of metamaterial is described by Drude model with plasma frequency

ωpl = 2 eV and damping rate γ = 2.5× 10−4ωpl. Blue line represents reflectivity

for the air-metamaterial boundary without graphene sheet (same as in Figs. 4.12a

and 4.12b), black curve - with loss-less graphene sheet following the corrugation

profile, green curve - with lossy graphene sheet (γgr = 2.6 meV). For black and

green curves graphene has doping µ = 1.45 eV. Fig. 4.17b presents the same results

as Fig. 4.17a, but plotted over a smaller horizontal axis range.

the case considered in Fig. 4.14, where introduction of graphene sheets has only slightly

shifted the location of scattering orders. This is due to the fact that in the proximity of

graphene plasmon resonances, its dielectric constant is very different from that of air15.

Introduction of graphene loss (green curves) does not change the location of reso-

nances, but changes their depth. The dip in reflectivity at the order n = 1 increases,

while dips at the orders n = 2 and n = −2 decrease. This is caused by the fact that the

first order scattered modes decay due to loss, before getting scattered into higher orders.

15 As opposed to its dielectric constant away from the plasmon resonance
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Figure 4.18: In Fig. 4.18a reflectivity of the corrugated air-metamaterial boundary is shown for

excitations with plane waves at normal incidence. The boundary has a sinusoidal

profile with parameters of Gr-hBN Moiré pattern: periodicity a = 14 nm and depth

ζ = 0.04 nm. Dielectric constant of metamaterial is described by Drude model

with plasma frequency ωpl = 2
√
2 eV and no damping. Graphene is doped to

have chemical potential µe = 1.5 eV and loss γgr = 2.3 meV. Fig. 4.18b shows SSPD

curve for a graphene sheet, placed on a flat boundary between air and metamaterial,

and plotted above metamaterial plasma frequency. Metamaterial and graphene

electronic properties are the same as those in Fig. 4.18a.

4.4 reflectivity of a corrugated boundary with graphene

- moiré pattern scale

In order to understand if it is possible to couple to plasmon modes with the aid

of Moiré patterns we propose to use the above Extinction theorem method in order

to study sinusoidal gratings with periodicity and depth of those, observed in Gr-hBN

Moiré patterns. Therefore, now we set periodicity of the grating to a = 14 nm, and the

depth - to ζ = 0.04 nm [64–66]. Reflectivity of this structure is shown in Fig. 4.18.

Reflectivity drop of around 0.5% is seen around frequency ω/ωpl = 0.76. At this fre-

quency graphene plasmons are excited with momentum, corresponding to that added

by a = 14 nm Moiré grating (black dashed line in Fig. 4.18b), confirming that observed

dip is caused by coupling to graphene plasmons. The observed excitation frequency
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Figure 4.19: Contour plot showing reflectivity scan for a corrugated air-metamaterial boundary

with graphene sheet following the corrugations. The corrugation depth and period

match those of Gr-hBN Moiré patterns. The excitation is performed with plane

waves at normal incidence. Metamaterial has plasma frequency ωpl = 2
√
2 eV.

Red line is a SSPD curve for a flat graphene sheet on given metamaterial. Below

brown line graphene inter-band transitions with in-plane wavevector of a = 14 nm

Moiré grating are allowed. Within dark blue region graphene inter-band transitions

for light at normal incidence (vertical transitions) are allowed.

ω/ωpl = 0.76 corresponds to free space plane wave wavelength of λ = 577 nm, being in

the visible part of the spectrum. The width of the reflection drop is ∼ 10 nm. At this fre-

quency and doping graphene has no allowed inter-band and intra-band transitions, and

the only loss channel, through which plasmon energy is dissipated (causing reflectively

drop) is graphene scattering loss, which here was set to γ = 2.3 meV.

So far we have studied effects of grating periodicity and depth on plasmonic excitation.

Next, we analyze effects of graphene chemical potential µ by showing the structure

reflectivity as a density plot, calculated as a function of excitation frequency ω and

graphene chemical doping µ, with results presented in Fig. 4.19. Several interesting

things may be observed on this plot. First of all, there is a thin reflectivity dip line,

which initially follows the green/purple boundary, but for ω > 1.65 eV deviates away

from it into green region. Reflectivity plot, shown in Fig. 4.18a, is plotted along the

line µ = 1.5 eV of Fig. 4.19. The minimum of reflectivity, occurring at ω/ωpl = 0.76

(hence ω = 0.76ωpl = 2.15 eV) corresponds to intersection of µ = 1.5 eV line with
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the minima line at ω = 2.15 eV. As discussed above, this corresponds to coupling of

incident plane waves to air-graphene-metamaterial plasmons. To support this, we plot

air-graphene-metamaterial plasmon dispersion in Fig. 4.19 as red line. It can be seen that

it forms a loop-like shape, with one of its branches following the minima in reflectivity

in the green region. For a deeper understanding of this curve in Fig. 4.20 we plot air-

graphene-metamaterial flat sheet dispersion curves at four different µ values, marked

with horizontal black lines in Fig. 4.19.

In Fig. 4.20a added grating momentum (dashed vertical line) allows coupling to a

plasmon mode above metamaterial plasma frequency (effectively meaning that metama-

terial is exhibiting dielectric properties). This plasmon frequency corresponds to the dip

in reflectivity in Fig. 4.18a and the right-most branch of the plasmon dispersion curve

of Fig. 4.19, as well as reflectivity drop in that same plot.

Decreasing chemical doping to µ = 1.22 eV leads to flattening of plasmon disper-

sion curve at the plasma frequency value (Fig. 4.20b) which causes crossing in the loop

dispersion curve in Fig. 4.19. This is a special chemical doping/excitation frequency

value, where graphene and metamaterial plasmons show strong hybridization and the

plasmon dispersion curve is flat.

Further decrease of chemical doping moves graphene section of dispersion curve be-

low the metamaterial plasma frequency for small values of kx, as seen in Figs. 4.20c

and 4.20d. This is an interesting result in itself, as it suggests that hybridized graphene-

metamaterial plasmons can be excited in the regime where metamaterial exhibits neg-

ative dielectric constant. This is possible when ε̄ > 0 in Eq. 1.38, i.e. when dielectric

constant of metamaterial satisfies εmet (ω) > −1. (Stopped light??)

Graphene inter-band transitions have a big effect on reflectivity as well. In Fig. 4.19

brown line marks the boundary, above which graphene provides no loss channels, and

below which plasmons undergo damping due to inter-band transitions with added grat-

ing momentum. Dark blue region corresponds to incident plane waves coupling (with-

out momentum addition) to vertical inter-band transitions of graphene, thus undergoing

heavy loss. We recognise that between dark blue region and brown boundary the reflec-

tivity minima line exists as well, as it does in the loss-less region. This signifies coupling

of plane waves to graphene-metamaterial plasmons, facilitated by grating momentum

addition, with subsequent plasmon damping due to inter-band transitions in graphene.



122 moiré patterns for plasmonic excitation

μ=1.5eV

0 1 2 3 4

0

1

2

3

4

5

k x, ×10
9
rad×m

-1

ω
0
,
×
1
0
3
T
H
z

(a)

μ=1.22eV

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

0

1

2

3

4

k x, ×10
9
rad×m

-1

ω
0
,
×
1
0
3
T
H
z

(b)

μ=1.1eV

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0

1

2

3

4

k x, ×10
9
rad×m

-1

ω
0
,
×
1
0
3
T
H
z

(c)

μ=0.85eV

0.0 0.5 1.0 1.5 2.0 2.5

0.0

0.5

1.0

1.5

2.0

2.5

3.0

k x, ×10
9
rad×m

-1

ω
0
,
×
1
0
3
T
H
z

(d)

Figure 4.20: Air-graphene-metamaterial flat sheet dispersion curves are calculated for four dif-

ferent graphene chemical doping values µ (specified in the inserts). Vertical dashed

lines mark the momentum, added by a = 14 nm grating. Horizontal sections of

dispersion curves correspond to plasma frequency of the metamaterial.
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Figure 4.21: In Fig. 4.21a contour plot is showing reflectivity scan for a corrugated air-

metamaterial boundary with graphene sheet following corrugations. Corruga-

tion depth and period match those of Gr-hBN Moiré patterns. Excitation is per-

formed with plane waves at normal incidence. Metamaterial has plasma frequency

ωpl = 1.53 eV. Red line is a SSPD curve for a flat graphene sheet on given meta-

material. Below brown line graphene inter-band transitions with in-plane wavevec-

tor of a = 14 nm Moiré grating are allowed. Within dark blue region graphene

inter-band transitions for light at normal incidence (vertical transitions) are allowed.

Fig. 4.21b is showing reflectivity plot of the above structure, calculated for graphene

chemical doping µ = 0.68 eV, marked with a black horizontal line in Fig. 4.21a.
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These processes are not observed within the dark blue region due to the fact that light,

incident at normal incidence, is absorbed in vertical inter-band transition processes.

In above calculations metamaterial plasma frequency was set to ωpl = 2
√
2 eV, which

determined energy scale in Fig. 4.19 by setting the location of vertical line to ω = 2 eV.

This means that in order to operate at the red loop crossing point, the excitation fre-

quency has to be set to ω = 2 eV (corresponding to free-space wavelength λ = 620 nm)

and graphene chemical doping - to µ = 1.22 eV. To shift excitation to, for example,

He-Ne laser IR wavelength λ = 1150 nm we set metamaterial plasma frequency to

ωpl = 1.53 eV. The resultant reflectivity plot for this system is presented in Fig. 4.21a.

As can be seen, reflectivity scan again demonstrates absorption minima in green re-

gion, that follow graphene branch of red plasmon dispersion curve, but now they are

located at smaller frequencies and graphene doping levels. As an example, we produce

reflectivity plot for this structure at chemical doping level µ = 0.68 eV (along black line

in Fig. 4.21a), and present it in Fig. 4.21b. Here, 0.5% reflectivity drop is observed at

coupling frequency ω = 1.07 eV, corresponding to free-space wavelength λ = 1150 nm.

Thus, one can see that coupling frequency of the grating can be tuned by tuning

plasma frequency of underlying metamaterial. One remark is in order, and it is in the

fact that there is a top limit to which metamaterial plasma frequency can be set. This

limit originates from the limited range where linearity of Dirac cone of graphene ap-

proximation is valid, and, assuming this value is µmax = 2 eV, translates into maximum

metamaterial plasma frequency of around ωpl = 4.5 eV.

4.5 summary and outlook

In this chapter we set out to investigate if it would be possible to use Gr-hBN Moiré

patters, formed by combining these two layers into a bi-layer, as a meta-surface which is

designed to provide coupling of plane waves to graphene plasmons without the use of

conventional momentum matching arrangements. To replicate the behavior of a Moiré

pattern, we have modelled graphene as a corrugated conductive boundary between

vacuum and metal, which is effectively behaving as a nano-grating. As a result of

the performed analysis, we predict that it is possible to achieve a ∼ 0.5% reflectivity
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drop of the structure for plane wave excitation with wavelengths of λ = 577 nm and

λ = 1150 nm. Various parameter scans have been performed in order to investigate the

effect of graphene doping and the metamaterial plasma frequency on the behavior of

the structure. This confirmed an initial hypothesis that, indeed, surface corrugations

on the scale of those created by Moiré nano-gratings are capable of providing sufficient

momentum matching in order to launch graphene plasmon modes.

In scope of this thesis, this conclusion is important, as it suggests that it should be

possible to use these meta-surfaces in order to construct plasmonic couplers, used to

couple plane waves in and out of plasmonic band of graphene HMMs, discussed in

the previous chapters. In order to investigate that opportunity further, it is necessary to

substitute a generic Drude metal, used as the substrate for Moiré pattern, with graphene

HMM of interest. This could be done either through the use of an effective homogenised

medium dielectric constant, or performing a full TMM analysis. The second is preferred

due to the fact that local dielectric properties in close vicinity of Moiré patterns are

crucial, and a homogenised version of the dielectric constant of the structure breaks

down on small scales.

In fact, such an incorporation of the Moiré pattern into the TMM model is natural,

due to the fact that the extinction theorem, used above, already provides reflection and

transmission coefficients, and translating those into a matrix for TMM procedure could

be advantageous. This would yield total reflection coefficients for the whole finite stack

(vacuum-coupler-HMM-coupler-vacuum). In particular, every graphene sheet could be

substituted with a Gr-hBN Moiré pattern, thus improving coupling efficiency.

As discussed above, the frequency range of plasmonic bands of graphene HMMs

can be tuned by changing graphene doping and dielectric thickness, but there appears

to be no immediate handle to tune the wavevector component kx range of plasmonic

bands. Profiling every graphene sheet with Moiré pattern could in fact provide this

handle, as Moiré pattern periodicity can be tuned by tuning the angle between the

constituent sheets. This would allow us to set wavevector value, at which the structure

operates. In particular, this is important for active HMMs, where we have no control

over the wavevectors, at which the structure radiates. Preferred wavevector value could

potentially solve this.
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In this work we approximated the effect of Moiré patterns as the effect of a simple sinu-

soidal grating with matching modulation parameters. While this approximation is a first

step towards understanding the impact of such strongly sub-wavelength height modu-

lations on the device reflectivity, it is necessary to also model a full two-dimensional

hexagonal structure in order to get a better description of graphene Moiré pattern.

Another effect to consider is the validity of plane single sheet graphene conductivity

model in case of structural modulations, induced by Moiré patterns. Here, we have

assumed that it is the same as that of flat graphene sheet. As discussed in [73], the

existence of Moiré patterns on the Gr-hBN bi-layers also alters the effective electronic

structure of these materials, resulting in a formation of secondary super-lattice Dirac

cones, located at the K points. Within certain levels of graphene doping, those sec-

ondary Dirac cones will get partially filled, and as was predicted, at some excitation

conditions the plasmon modes of those Dirac cones could be accessed, which is of a

different character to those of single sheets. This is a tuneable behavior, which can be

turned on and off with the chemical or electrostatic doping, and could be used as a

handle to tune further the behavior of the proposed couplers. The level of chemical

doping, necessary to activate this behavior, as well as associated energy scales of excita-

tion, are a subject of Moiré pattern periodicity, which is controlled by the angle between

constituent layers.

The fact that regardless of the Moiré pattern periodicity all these bi-layers have the

same low energy response and plasmon dispersion but different higher energy plasmon

dispersion, means that they can be used in the same structure in both coupled and

uncoupled manners. This can be dynamically turned on and off by the electrostatic

gating. In order to incorporate this behavior in our model it would be necessary to alter

graphene conductivity model, used at the moment, in order to account for modifications,

introduced by Moiré pattern.



5 C O N C L U S I O N S

The aim of this work has been to theoretically study the properties of graphene-based

hyperbolic metamaterials and graphene-based metasurfaces for plane wave plasmonic

coupling. The primary motivation for the study of graphene-based hyperbolic metama-

terials was to evaluate the feasibility of using these structures to propagate fields which

would normally be evanescently decaying in free space. Loss-less regimes of operation

of graphene and potential plasmonic amplification properties allow these structures to

mitigate limitations of lossy metal-dielectric hyperbolic metamaterials. Metasurfaces,

based on Gr-hBN induced Moiré patterns, have been proposed as means of coupling

vacuum plane waves to graphene plasmon modes. These structures are predicted to

allow direct plane wave coupling without the use of conventional coupling techniques,

such as prism and grating couplers and SNOM tip scattering. Incorporating these Moiré

metasurfaces into hyperbolic metamaterials may prove useful for imaging and lasing.

We began the study of graphene-based hyperbolic metamaterials with a graphene

quantum conductivity model, which allows for non-local response description, as well

as facilitates calculation of plasmonic amplification in graphene at various levels of the

chemical potential, temperature and material loss. Designing an analytic ’toolset’, based

on Bloch mode theory, allowed us to predict hyperbolic properties of graphene-based

periodic structures, develop the plasmonic band and bandgap description and propose

a novel exact structure homogenisation approach. Using Bloch modes, we observed the

possibility of plasmonic amplification in infinite structures. To test these results in finite

stacks, we implemented a custom transfer matrix method, transporting fields across fi-

nite graphene-dielectric stacks. This method allowed us to propagate sub-wavelength

Gaussian pulses, confirming that they could be carried by loss-less graphene-dielectric

stacks over much larger distances, than in the dielectric alone. Increasing the struc-

ture temperature and material loss degraded this imaging performance, but provision

127
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of chemical inversion facilitated plasmonic gain, which helped restore imaging perfor-

mance to the loss-less level.

In order to provide a convenient arrangement for coupling plane waves to plasmonic

modes of graphene-based hyperbolic metamaterials, we studied Moiré pattern nano-

gratings, arising from the structural interference of graphene and hexagonal Boron Ni-

tride layers, arranged as a bi-layer. As a first step, we approximated these 2D Moiré

patterns as simple sinusoidal gratings with a modulation depth and period, similar to

those experimentally observed in Gr-hBN Moiré patterns. We placed these gratings on

air-metal boundaries and used a well-established extinction theorem to study the reflec-

tivity of these structures. We performed an analysis of the effects of the grating period,

depth, metal plasma frequency and graphene chemical doping levels on the coupling

strength, and concluded that these sinusoidal nano-gratings with Moiré pattern dimen-

sions allow for plane wave coupling to graphene plasmon modes, reducing the structure

reflectivity by ∼ 0.5%. The next step of this work includes extending the model to ac-

count for hexagonal shapes of Moiré patterns and updating the graphene conductivity

model to account for possible alterations due to Moiré patterns.

As perspective work, one may substitute an arbitrary Drude metal, used as a grating

substrate in the extinction theorem, with a graphene based hyperbolic metamaterial,

tuned to have desirable dielectric constant properties. This could be implemented by

merging the extinction theorem model with a transfer matrix method. This would allow

to predict not only the possibility of coupling of plane waves to plasmonic modes of

Gr-hBN metasurfaces, but also their subsequent coupling through the whole hyperbolic

stack. As the next step, it would be possible to investigate reflectivity of a hyperbolic

metamaterial, composed of a stack of Gr-hBN Moiré metasurfaces, to understand if

reflectivity drop of more than ∼ 0.5% could be achieved.
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A A P P E N D I X

a.1 extinction theorem

Here we present a brief summary of the derivation of Eqs. 4.3 of Extinction theorem,

performed by Toigo et. al. [75], closely following the procedure and convention, outlined

in [68, 75–77].

The problem of obtaining reflectivity equations for a boundary between two media

can be sub-divided in two cases [75]: for a case of small and large boundary roughness.

In the former case, the boundary roughness is significantly smaller than the wavelength

of the illuminating light, and the problem can be treated perturbatively. In the latter case,

the size of the roughness is comparable to the illuminating wavelength, and geometrical

optics can be used. Here, we are presenting a method, that would in principle be able

to deal with boundary roughness on any scale.

The following theory is based on the integral representation of Maxwell’s equations,

from which the Ewald-Oseen extinction theorem can be derived [127]. This theorem can

be used, in particular,to study electromagnetic fields propagating from one medium to

another (e.g. from vacuum to dielectric) across a flat boundary. Here, we summarize

how this can be extended in order to make the boundary corrugated, thus making it

possible to account for the high-order scattering processes. Later, we present how this

theorem can be modified in order to include a conductive layer on the boundary.

Let us consider a corrugated boundary between vacuum and dielectric media, with

the surface profile described by equation z = ζ(x). The region above the boundary, such

that z > ζ(x) is vacuum, and the region below the boundary, such that z < ζ(x) is

occupied by an isotropic dielectric with the dielectric constant ε(ω). In this system the
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magnetic field component, directed along the y axis, can be represented in the following

form:

Hy(r, t)

H
(+)
y (x, z)e−iωt, if z > ζ(x) (A.1a)

H
(−)
y (x, z)e−iωt, if z < ζ(x) (A.1b)

where magnetic fields H(+−)
y (x, z) are solutions to equations:

(
∂2x + ∂

2
z +

ω2

c2

)
H

(+)
y (x, z) = 0, for z > ζ(x) (A.2a)(

∂2x + ∂
2
z + ε(ω)

ω2

c2

)
H

(−)
y (x, z) = 0, for z < ζ(x) (A.2b)

The amplitudes also have to satisfy the usual boundary conditions of continuous fields

and derivatives at the media boundary:

H
(+)
y (x, ζ(x)) = H(−)

y (x, ζ(x)) (A.3a)

∂n+H
(+)
y (x, ζ(x)) =

1

ε(ω)
∂n−H

(−)
y (x, ζ(x)), (A.3b)

where ∂n+ is defined as derivative along the unit normal to the boundary, pointing from

the boundary into vacuum, and evaluated at each point. The unit normal pointing in the

reverse direction can be obtained: ∂n− = −∂n+. Next, we introduce Green’s function

G0, defined on some plane above the boundary, as:

(
∂2x + ∂

2
z +

ω2

c2

)
G0(x− x

′, z− z ′) = −4πδ(x− x ′)δ(z− z ′), (A.4)

with the outward-travelling or exponentially decaying waves boundary conditions at

infinity. Fourier expansion of the function G0 is of the following form [68]:

G0(x− x
′, z− z ′) =

∫+∞
−∞

dq
κ(q)

eiq(x−x
′)e−κ(q)|z−z

′|, (A.5)

where κ(q) is defined as:

κ(q) =


√
q2 −

ω2

c2
, if q2 >

ω2

c2
(A.6a)

−i

√
ω2

c2
− q2, otherwise. (A.6b)
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Multiplying Eq. A.4 by H(+)
y from the left and multiplying Eq. A.2a by G0(x− x ′, z−

z ′) from the left we obtain respectively:

H
(+)
y

(
∂2x + ∂

2
z +

ω2

c2

)
G0(x− x

′, z− z ′) =−H
(+)
y 4πδ(x− x ′)δ(z− z ′) (A.7a)

G0(x− x
′, z− z ′)

(
∂2x + ∂

2
z +

ω2

c2

)
H

(+)
y =0. (A.7b)

Subtracting resultant equations and integrating over the volume Σ+ above the boundary

we obtain:

∫
Σ+

(
G0(x−x

′, z−z ′)
(
∂2x + ∂

2
z +

ω2

c2

)
H

(+)
y (x ′, z ′)−H(+)

y (x ′, z ′)
(
∂2x + ∂

2
z +

ω2

c2

)
G0(x−x

′, z−z ′)
)

dxdz

=

∫
Σ+

(
H

(+)
y 4πδ(x− x ′)δ(z− z ′)

)
dxdz. (A.8)

Applying the Green’s theorem1 to the left hand side of the equation A.8 and integrating

the right hand side we obtain:

1

4π

∮
C

(
G0(x− x

′, z− z ′)
∂H

(+)
y (x ′, z ′)
∂n ′+

−H
(+)
y (x ′, z ′)

∂G0(x− x
′, z− z ′)

∂n ′+

)
dl ′ =

=

 H
(+)
y (x, z), if z > ζ(x) (A.9a)

0, if z < ζ(x). (A.9b)

The contour integral is calculated along the closed path, formed by the boundary

and the semi-circle above the boundary in the vacuum, with its radius going to in-

finity. Eq. A.9b represents the Extinction Theorem: the magnetic field in the vacuum

H
(+)
y (x ′, z ′) and its derivative at the boundary act in a way to "extinguish" the fields

in the dielectric. Repeating the above procedure with the integration surface Σ− in the

integral of Eq. A.8 located below the boundary, and the Green’s function obtained from:

Gm(x− x ′, z− z ′) =
∫+∞
−∞

dq
λ(q)

eiq(x−x
′)e−λ(q)|z−z

′|, (A.10)

where λ(q) is defined as:

λ(q) =

√
q2 − ε(ω)

ω2

c2
, Im(λ(q)) < 0, (A.11)

1

∫
V

(
u∇2v− v∇2u

)
d3x =

∮
Σ

(
u ∂v∂n − v∂u∂n

)
dS
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we arrive at:

1

4π

∮
C

(
Gm(x− x ′, z− z ′)

∂H
(−)
y (x ′, z ′)
∂n ′−

−H
(−)
y (x ′, z ′)

∂Gm(x− x ′, z− z ′)
∂n ′−

)
dl ′ =

=

 0, if z > ζ(x) (A.12a)

H
(−)
y (x, z), if z < ζ(x), (A.12b)

where Eq. A.12a represents extinction theorem, where magnetic field H(−)
y (x ′, z ′) in the

dielectric and its derivative act as to extinguish fields in the vacuum. The four Equa-

tions A.9a, A.9b, A.12a, A.12b are not mutually independent [75]. Fields at the surface

H
(+)
y (x, z), H(−)

y (x, z) and their derivatives can be fully determined from Eqs. A.9a and

A.12b by letting z −→ ζ(x) from above in the former, and from below in the latter. Al-

ternatively, the fields and their derivatives can be calculated from the pair of equations

forming the extinction theorem:

1

4π

∮
C

(
G0(x− x

′, z− z ′)
∂H

(+)
y (x ′, z ′)
∂n ′+

−H
(+)
y (x ′, z ′)

∂G0(x− x
′, z− z ′)

∂n ′+

)
dl ′ = 0, z < ζ(x) (A.13a)

1

4π

∮
C

(
Gm(x− x ′, z− z ′)

∂H
(−)
y (x ′, z ′)
∂n ′−

−H
(−)
y (x ′, z ′)

∂Gm(x− x ′, z− z ′)
∂n ′−

)
dl ′ = 0, z > ζ(x), (A.13b)

letting z −→ ζ(x) from below in Eq. A.13a, and from above in Eq. A.13b. We introduce

the following definitions for simplification:

H(x) = H(+)(x, ζ(x)) (A.14a)

L(x) =
(
1+ ζ ′(x)2

)1/2 ∂

∂n−
H

(+)
y (x, ζ(x)). (A.14b)

Using Eqs. A.3, A.14 and dl ′ = dx ′
(
1+ ζ ′(x)2

)1/2 we can rewrite Eqs. A.13 as:

∫ [
G0(x− x

′, z− z ′)L(x ′) −H(x ′)
[
ζ ′(x ′)∂x′ − ∂z′

]
G0(x− x

′, z− z ′)
]
z′=ζ(x′) dx ′ = 0, z < ζ(x)

(A.15a)∫ [
ε(ω)Gm(x− x ′, z− z ′)L(x ′) −H(x ′)

[
ζ ′(x ′)∂x′ − ∂z′

]
Gm(x− x ′, z− z ′)

]
z′=ζ(x′) dx ′ = 0, z > ζ(x).

(A.15b)

Putting in the Eqs. A.15 the definitions from Eqs. A.5 and A.10 we obtain:

∫+∞
−∞

dq
κ(q)

eiqxeκ(q)z
∫+∞
−∞ e−iqx

′
e−κ(q)ζ(x

′)
(
L(x ′) −H(x ′)

[
κ(q) − iqζ ′(x ′)

])
dx ′ = 0, z < ζ(x)

(A.16a)∫+∞
−∞

dq
λ(q)

eiqxeλ(q)z
∫+∞
−∞ e−iqx

′
e−λ(q)ζ(x

′)
(
ε(ω)L(x ′) −H(x ′)

[
λ(q) − iqζ ′(x ′)

])
dx ′ = 0, z > ζ(x).

(A.16b)
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Above equations do not imply any restrictions on function, defining the boundary

between the media z = ζ(x). Nevertheless, in the case of a periodic grating with the

periodicity a, the magnetic fields would have to be periodic as well, such that:

H
(+,−)
y (x+ a, z) = eiqaH(+,−)

y (x, z), (A.17)

where q is the wavevector of the periodic grating. It has to have the form:

q→ qm = q+
2πm

a
, m = 0,±1,±2,±3... (A.18)

This also means that H(x) and L(x) have the same periodicity as well. This can be used

in the Eqs. A.16 implying:

1

a

∫+a
2

−a
2

e−iqmxe−κ(qm)ζ(x)
(
L(x) −H(x)

[
κ(qm) − iqmζ

′(x)
])

dx = 0, z < ζ(x) (A.19a)

1

a

∫+a
2

−a
2

e−iqmxeλ(qm)ζ(x)
(
ε(ω)L(x) −H(x)

[
−λ(qm) − iqmζ

′(x)
])

dx = 0, z > ζ(x). (A.19b)

The expressions H(x) and L(x) can be Fourier expanded:

H(x) =
∑
n

Hne
iqnx (A.20a)

L(x) =
∑
n

Lne
iqnx, (A.20b)

and substituted into Eqs. A.19:

1

a

∫+a
2

−a
2

∑
n

e−i(qm−qn)xe−κ(qm)ζ(x)
(
Ln −Hn

[
κ(qm) − iqmζ

′(x)
])

dx = 0, z < ζ(x) (A.21a)

1

a

∫+a
2

−a
2

∑
n

e−i(qm−qn)xeλ(qm)ζ(x)
(
ε(ω)Ln −Hn

[
−λ(qm) − iqmζ

′(x)
])

dx = 0, z > ζ(x). (A.21b)

In Eq. A.21a the term e−i(qm−qn)xe−κ(qm)ζ(x) multiplies two types of terms: with

x-dependence and without. Thus, we can define two types of integrals:

Im(r) =
1

a

∫+a
2

−a
2

e−2iπrx/ae−κ(qm)ζ(x)dx, r = 0,±1,±2,±3 (A.22a)

Im(r)[2] =
1

a

∫+a
2

−a
2

e−2iπrx/ae−κ(qm)ζ(x)ζ ′(x)dx, r = 0,±1,±2,±3. (A.22b)
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Multiplying Eq. A.22b by −κ(qm) and calculating integration by parts we obtain:

− κ(qm)I
[2]
m (r) =

1

a

[
e−2iπrx/ae−κ(qm)ζ(x)ζ(x)

]a/2
−a/2

+
2iπr

a
Im(r), (A.23)

where the first term on the right hand side vanishes (the profile ζ(x) is assumed to be

symmetric). Hence, follows:

I
[2]
m (r) = −

2iπr

aκ(qm)
Im(r). (A.24)

We can perform the analogous procedure on Eq. A.21b to obtain, similarly to Eq. A.24,

the expression:

J
[2]
m (r) =

2iπr

aλ(qm)
Jm(r). (A.25)

Using Eqs. A.24 and A.22 with some rearrangements we can express Eq. A.21 as:

∑
n

Im(m−n)

[
Ln −Hn

(
κ(qm)2 − q2m + qnqm

κ(qm)

)]
= 0. (A.26)

Similarly, using Eq. A.25 in Eq. A.21b we obtain:

∑
n

Jm(m−n)

[
Ln +Hn

(
ε(ω)λ(qm)2 − q2m + qnqm

ε(ω)λ(qm)

)]
= 0. (A.27)

Using definitions for κ(q) and λ(q), Eqs. A.6b and A.11, we can rewrite Eqs. A.26 and

A.27 in a convenient form:

∑
n

Im(m−n)

[
Ln +

ω2

c2
− qnqm

κ(qm)
Hn

]
= 0 (A.28a)

∑
n

Jm(m−n)

[
Ln −

ε(ω)ω
2

c2
− qnqm

ε(ω)λ(qm)
Hn

]
= 0 (A.28b)

a.2 graphene boundary

The extinction theorem was adapted to account for an infinitesimally thin conductive

layer on the corrugated boundary by Ferreira et.al. [76, 78], and here we closely follow

their work [77].
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Addition of infinitesimally thin graphene sheet on the boundary is equivalent to in-

troducing surface conductivity and surface currents. This changes boundary conditions,

expressed by Eqs. A.3 by introducing induced surface currents Js = σL(ω)ELeL:

H
(+)
y (x, ζ(x)) + σL(ω)EL = H

(−)
y (x, ζ(x)) (A.29a)

∂n+H
(+)
y (x, ζ(x)) =

1

ε(ω)
∂n−H

(−)
y (x, ζ(x)). (A.29b)

Here we assume that graphene conductivity is not altered by the corrugation. We will

revisit this assumption later. Induced surface currents are directed along the corrugated

boundary, defined through the tangential vector eL:

eL =
[
1+ ζ ′(x)2

]−1/2
(1, 0, ζ ′(x)). (A.30)

We can recast Eqs. A.29 in terms of magnetic fields using Maxwell’s equation ∇×H+ =

∂tD+:

EL =
i

ε+ε0ω
eL(∇×H)z=ζ(x) =

i

ε+ε0ω

[
∂n−H

(+)
y (x, z)

]
z=ζ(x)

. (A.31)

Now we can rewrite Eqs. A.29 in the form:

H
(+)
y (x, ζ(x)) +

iσL(ω)

ε+ε0ω

[
∂n−H

(+)
y (x, z)

]
z=ζ(x)

= H
(−)
y (x, ζ(x)) (A.32a)

∂n+H
(+)
y (x, ζ(x)) =

1

ε(ω)
∂n−H

(−)
y (x, ζ(x)). (A.32b)

New boundary conditions mean that we need to rewrite extinction theorem equa-

tions. Eq. A.15a, describing fields above the interface, stays unchanged, and below the

interface we need to introduce effects of surface conductivity. Using definitions A.14 in

Eq. A.32a we can express fields below the interface H(−)
y (x, ζ(x)) in terms of fields and

their derivatives above the interface as:

H(−)(x, ζ(x)) = H(x) +
iσL(ω)

ε0ω
L(x), (A.33)
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where we have assumed a small corrugation limit, meaning that
[
1+ ζ ′(x)2

]−1/2 ≈
1+O(ζ ′2/a2). Extinction theorem Eqs. A.15 can be rewritten as:

∫ [
G0(x− x

′, z− z ′)L(x ′) −H(x ′)
[
ζ ′(x ′)∂x ′ − ∂z ′

]
×

× G0(x− x ′, z− z ′)
]
z ′=ζ(x ′)

dx ′ = 0, z < ζ(x),
(A.34)

∫ [
ε(ω)Gm(x− x ′, z− z ′)L(x ′) −

[
H(x ′) +

iσL(ω)

ε0ω
L(x ′)

]
×

×
[
ζ ′(x ′)∂x ′ − ∂z ′

]
Gm(x− x ′, z− z ′)

]
z ′=ζ(x ′)

dx ′ = 0, z > ζ(x).
(A.35)

Now we can proceed again as before, using periodicity of the system and fields to

modify Eqs. 4.3 to include surface conductivity effects. They will now read:

∑
n

Im(m−n)

[
Ln +

ω2

c2
− qnqm

κ(qm)
Hn

]
= 0 (A.36a)

∑
n

Jm(m−n)

[
Ln −

ε(ω)ω
2

c2
− qnqm

ε(ω)λ(qm)

(
Hn +

iσL(ω)

ε0ω
Ln

)]
= 0. (A.36b)

As expected, it can be seen that the above equations reduce to Eqs. 4.3 if we remove

graphene sheet by setting σL(ω) = 0. It should also be noted that graphene conductivity

σL(ω) generally has a complex value, which means that Eqs. A.36 even outside of the

light cone need to be solved for complex values of q or ω, which means that excited

plasmons will have a limited length of propagation or a finite lifetime respectively.

a.3 reflectivity and transmissivity of the boundary

So far we have been looking at boundary conditions with zero fields outside of the

interface. In order to calculate reflectivity R and transissivity T of the boundary we need

to consider the case with finite excitation fields. We assume that excitation happens with

a plane wave in the medium above the boundary, such that [76, 77]:

Hi(r, t) = Hi,y(x, z)e−iωtey = Hi,0e
i(qxx−qzz−ωt)ey, z > ζ(x). (A.37)
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With this, we express total fields above the interface as sum of incident and reflected

fields, as following:

H
(+)
y (x, z) = eiqxx

(
Hi,0e

−iqzz +

∞∑
m=−∞H

R
me

2iπmx/ae−κ(qm)z

)
. (A.38)

We have to include excitation term to Eqs. A.9a and A.9b:

Hi,ye
i(qxx−qzz) +

1

4π

∮
C

(
G0(x− x

′, z− z ′)
∂H

(+)
y (x ′, z ′)
∂n ′+

−H
(+)
y (x ′, z ′)

∂G0(x− x
′, z− z ′)

∂n ′+

)
dl ′ =

=

 H
(+)
y (x, z), if z > ζ(x) (A.39a)

0, if z < ζ(x). (A.39b)

Then, following the above procedure we substitute the definition A.5 of Green’s function

G0 and definitions A.14 of H(x) and L(x) into Eq. A.39a and obtain (notice the sign

change before κ(q) - need to investigate??):

Hi,y(x, z) +
1

4π

∫+∞
−∞

dq
κ(q)

eiqxe−κ(q)z
∫+∞
−∞ e−iqx

′
eκ(q)ζ(x

′)
(
L(x ′)−

−H(x ′)
[
−κ(q) − iqζ ′(x ′)

])
dx ′ = H(+)

y (x, z),

(A.40)

which is analogous to Eq. A.12a, but is defined over z > ζ(x) (possibly hence the sign

change). We can substitute the integral over dq with an infinite summation over m, and

use periodicity of the structure (Eq. A.17), leading to periodicity of the fields, to express

the integral dx ′ over infinite domain as an integral from −a/2 to a/2 without loss of

generality. Now we can rewrite Eq. A.40 as:

Hi,y(x, z)+
1

2

∞∑
m=−∞

1

κ(qm)
eiqmxe−κ(qm)z×

×
∫a/2
−a/2

dx ′

a
e−iqmx

′
eκ(qm)ζ(x ′)

(
L(x ′) −H(x ′)

[
−κ(qm) − iqmζ

′(x ′)
])

= H
(+)
y (x, z).

(A.41)

This is analogous to Eq. A.12a, which is defined for a single value of m. Next, defining:

I+m(r) as:

I+m(r) =
1

a

∫+a
2

−a
2

e−2iπrx/aeκ(qm)ζ(x)dx, r = 0,±1,±2,±3, (A.42)
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we arrive at:

Hi,y(x, z) +
1

2

∞∑
m=−∞

1

κ(qm)
eiqmxe−κ(qm)z

∑
n

I+m(m−n)

[
Ln −

ω2

c2
− qnqm

κ(qm)
Hn

]
= H

(+)
y (x, z).

(A.43)

We have used Eq. A.20 in Eq. A.41 to express H(x ′) and L(x ′) as Fourier sum over n.

Comparing Eq. A.43 with Eq. A.38, we can finally write down expressions for Fourier

components m of reflected field amplitudes:

HRm =
1

2κ(qm)

∑
n

I+m(m−n)

[
Ln −

ω2

c2
− qnqm

κ(qm)
Hn

]
. (A.44)

Transmitted fields HTn can be calculated in a similar manner. Now, in the absence of

excitation, extinction theorem would be:

1

4π

∮
C

(
εmGm(x− x ′, z− z ′)

∂H
(−)
y (x ′, z ′)
∂n ′−

−H
(−)
y (x ′, z ′)

∂Gm(x− x ′, z− z ′)
∂n ′−

)
dl ′ =

=

{
0, if z > ζ(x) (A.45a)

H
(−)
y (x, z), if z < ζ(x). (A.45b)

Following the same steps used to obtain Eq. A.43, we now arrive at:

1

2

∞∑
m=−∞

1

λ(qm)
eiqmxeλ(qm)z×

×
∑
n

J−m(m−n)

[
εmLn +

εm
ω2

c2
− qnqm

λ(qm)

(
Hn +

iσL(ω)

ε0ω
Ln

)]
= H

(−)
y (x, z).

(A.46)

Similarly to Eq. A.42, we define J−m(r) as:

J−m(r) =
1

a

∫+a
2

−a
2

e−2iπrx/ae−λ(qm)ζ(x)dx, r = 0,±1,±2,±3. (A.47)

Hence, Fourier components m of transmitted fields are written as:

HTm =
1

2λ(qm)

∑
n

J−m(m−n)

[
εmLn +

εm
ω2

c2
− qnqm

λ(qm)

(
Hn +

iσL(ω)

ε0ω
Ln

)]
. (A.48)
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Eqs. A.44 and A.48 give us reflected and transmitted components of fields in terms of

Fourier coefficients Ln and Hn. They can be determined from the modified version of

extinction theorem for a corrugated boundary with no excitation, given by Eqs. A.36, by

including effects of plane wave excitation:

∑
n

Im(m−n)

[
Ln +

ω2

c2
− qnqm

κ(qm)
Hn

]
= 2iqzH0,iδm,0 (A.49a)

∑
n

Jm(m−n)

[
Ln −

ε(ω)ω
2

c2
− qnqm

ε(ω)λ(qm)

(
Hn +

iσL(ω)

ε0ω
Ln

)]
= 0. (A.49b)

Due to plane wave nature, this component has importance only for Fourier coefficients

m = 0. Then, total reflectivity and transmissivity of the boundary can be calculated as

a sum of reflectivities and transmissivities of the individual reflected and transmitted

Fourier field components:

R =
∑
m

Rm (A.50a)

T =
∑
m

Tm, (A.50b)

where components Rm and Tm can be found via:

Rm = sec θi Re

√
1−

q2m
ε0µ0ω2

∣∣∣∣∣HRmHi,0
2
∣∣∣∣∣ (A.51a)

Tm =
max

[
0, Re

[
1

ε(ω)

√
ε(ω)µ(ω)ω2 − q2m

]]
√
µ0
ε0
ω cos θi

∣∣∣∣∣ HTmHi,y
2
∣∣∣∣∣ . (A.51b)
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