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Abstract

We prove a general theorem on the stochastic convergence of appropriately renor-
malized models arising from nonlinear stochastic PDEs. The theory of regularity
structures gives a fairly automated framework for studying these problems but
previous works had to expend significant effort to obtain these stochastic estimates
in an ad-hoc manner.

In contrast, the main result of this article operates as a black box which automat-
ically produces these estimates for nearly all of the equations that fit within the
scope of the theory of regularity structures. Our approach leverages multi-scale
analysis strongly reminiscent to that used in constructive field theory, but with
several significant twists. These come in particular from the presence of “positive
renormalizations” caused by the recentering procedure proper to the theory of
regularity structure, from the difference in the action of the group of possible
renormalization operations, as well as from the fact that we allow for non-Gaussian
driving fields.

One rather surprising fact is that although the “canonical lift” is not continuous
on any Holder-type space containing the noise (which is why renormalization
is required), we show that the “BPHZ lift” where the renormalization constants
are computed using the formula given in [BHZI16], is continuous in law when
restricted to a class of stationary random fields with sufficiently many moments.
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1 Introduction

The theory of regularity structures [Hail4] presents a systematic and robust method-
ology for interpreting / solving a wide class of parabolic stochastic partial differential
equations (SPDEs). One natural subclass of such SPDEs are equations of the type

where £ is an elliptic differential operator (think of the standard Laplacian on
d-dimensional space R? or the d-dimensional torus T¢) and F(-, -) is a local non-
linearity that depends on less derivatives of ¢ than £. The solution (¢, z) can
be formally thought of as a random space-time field ¢ : R — R, and C is a
random space time field, the prototypical example being given by space-time white
noise, the centred Gaussian generalised random field satistying E[((¢, 2)((s, y)] =
ot — 8)o(x — v).

Equations like can formally be obtained as limits of the dynamics of
classical models of statistical mechanics in suitable regimes. Two intensely studied
examples are the KPZ equation appearing from the evolution of random interfaces,
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where F(p, () = |V¢|?+(, and the <I>§ equation appearing from limits of dynamical
Ising models, where F(p, () = —¢3 + (.

An important restriction on the class of equations that [Hail4] is able to treat
is local subcriticality — a precise definition of this condition is fairly technica]E]
but heuristically it states that all non-linear terms appearing on the right hand side
of (I.I)) behave like perturbations of the noise term as one rescales the equation
towards smaller scales and that these perturbations can be written as multi-linear
functionals of the driving noise .

An immediate obstacle to rigorously formulating these SPDE:s is that the rough-
ness of the driving noise { forces the solution ¢ to live in a space of functions /
distributions with insufficient regularity for F'(y, {) to have a canonical meaning.
As with any other integration theory, the program of giving a rigorous solution
theory to such SPDEs entails understanding how to define these solutions as limits
of well-defined approximate solutions.

To obtain such well-defined approximations we can convolve the driving noise
with some smooth approximate identity o, with € > 0 and lim, g 0<(-) = 0(-). Itis
then typically easy to obtain, for every realization of ¢, a local existence theorem for

(at - ﬁ)‘Ps = F(‘Psa Cs) 5 (1-2)

def

where (. = ( * g.. Naively one would hope to define the solution of (I.I)) via the
limit ¢ < lim. 10 ¢ — unfortunately it is generic for this limit to fail to exist and this
signals the need to renormalize. The process of renormalization entails prescribing
a scheme of modifying the nonlinearity F' at each value of €, giving rise to a family
of non-linearities F.(-, -), such that if one considers the modified equations

(at - ﬁ)@s = Fs(@ea Cs) P (1.3)

then the space-time functions ¢, will converge in probability, as € | 0, to a non-
trivial limiting space-time distribution ¢. The need for renormalization can be seen
very explicitly when one uses Picard iteration to replace the non-linearity F' with a
formal expansion in terms of multilinear functionals of the linear solution.

We now give a detailed presentation of this for the specific case where F'(p, () =
3 + ¢ and we work on the 3-dimensional torus. We write G for the space-time
Green’s function of the differential operator (0; — £), recentered so that it averages
to 0. Then, using Picard iteration, one obtains a formal expansion of the RHS of

(1.2)

(O — L)pe =Cc + (G % ()° + 3[G * (G * &)’ UG * &)
+3[G * (G * () THG * () + [G+ (G )P+ -+

where * denotes space-time convolution. Observe that G * (. is nothing but the
solution to the linear equation underlying (I.2). Some simple graphical notation

'See [BHZI6! Sec. 5] for a formal definition with a wider scope (it also incorporates systems of
equations) than the somewhat informal definition given in [Hail4].
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borrowed from [Hail4 clarifies this expansion — using this for the first three terms
of the RHS gives
(at*»c)@s:°5+vs+3\\ﬁs+"' . (L.4)

As e | 0 the second two objects on the RHS (and infinitely many others hiding in
the - - - ") will not converge for generic realizations of (. However, one can switch
to a stochastic point of view and see that the ¢ | 0 limits of the space-time functions

~~  def

Ve =, —3C5 1. (1.5)
Yo EY. +3(CE* N — C5Y. — 305, — 3CE, 1.

exist for almost every realization of ( in suitable spaces of space-time distributions,
provided that we set

Cs ZE[V-(0)] and Cf = ERG©0)] .

We also extended our graphical notation by setting

VeE (G, L EGHGHG), Ve B[GH (G ONE*(),
etc. and used the notation 7.(0) to indicate we are evaluating the space-time function
Teatz =0.

This e-dependent subtraction of “counterterms” on individual terms of our
formal expansion (1.4) to make each term convergent as ¢ | 0 is reminiscent of the
perturbative renormalization developed for Quantum Field Theory (QFT

Making these individual terms convergent is only part of the procedure of
perturbative renormalization, the other is rewriting the nonlinearity F' so that the
needed counterterms are automatically generated in the Picard iteration. If, in (I.3)),
we set Fc(pe, () 4 gog — e + (-, where c. < 3C7 + 9C%,, then, generating an
expansion like (I.4)) for (. and collecting terms appropriately, one will see

O — L)pe =oc + e+ 3%+ (1.6)

where all the divergent terms we did not explicitly write down are also organized
with counterterms so that (1.6)) is an infinite expansion where each individual term,
for almost every realization of ¢, is convergent as ¢ |, 0.

This analysis of formal expansions is an old story — a systematic procedure for
choosing these counterterms is the BPHZ formalism [BPS57, [Hep69, Zim69] which
can be adapted from perturbative QFT to “perturbative SPDE”. Unfortunately, this
analysis at the level of formal series falls far short of showing that once suitably
renormalized, the actual solutions ¢. converge to a limit ¢. This proved to be a

This graphical notation is more than a minor convenience — developing a formalism for seeing all
these multilinear functionals of ¢ as combinatorial objects allows us to describe various complicated
operations with full precision in great generality.

30ne important difference is that the perturbative renormalization in QFT is carried out on
expectation values, or “amplitudes”, not stochastic objects.
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difficult problem until the publication of [Hai13,|GIP15}Hai14]] which was followed
by a substantial amount of progress in the field.

We now summarize the approach of the theory of regularity structures. To
motivate this approach we first obsAerve that the € | 0 limits of the left hand sides of

, which we denote by ¥ and Y, are probabilistic limits which are measurable
functions of (. Adopting a deterministic approach, they are not continuous functions
of { in any reasonable topology. Following this thread, if we denote by { — ()
the “solution map” that takes a realization of the driving noise to the corresponding
solution to the SPDE then it seems natural to expect that ¢(-) will not be
continuous either — this is discouraging since we would want to define ¢(() for
typical realizations of ¢ by setting ¢©(() < lim, 10 (Ce).

The theory of regularity structures does not view ¢ as the primary solution
map and rather works with a map defined on a much richer space. It replaces the
(linear) space of realizations of { with a non-linear metric space Ml of objects
called models which encode, loosely speaking, the realization of ¢ and sufficiently
many multilinear functionals of G * ( so that one can approximate F' sufficiently
well.

In order to describe the elements of the space g, one must go further then
just specifying a realization of each such multi-linear functional. Additionally, one
must also specify, for every space-time point z, a suitable method of recentering
this functional around z so that the recentered functional satisfies certain analytic
bounds close to that point z. This recentering is performed via the subtraction of
z-dependent counterterm.ﬂ and can be interpreted as a type of “positive renormal-
ization”, see [BHZ16]. Moreover, the definition of the space /l( enforces analytic
and highly non-trivial algebraic constraints on how these counterterms depend on z
— the latter constraints are responsible for the non-linearity of the space /ly. The
reward for this increase in complexity is that the map from a model Z € Ml to the
solution ®(2) of the equation “driven” by Z is continuous.

At first sight, it is not clear why this would be of any help. Indeed, there is a
natural “naive” way of defining a family of models (Z5 )e,¢ so that the solution

©(Ce) to (1.2) is given by @(Zfa‘;). Viewing ( as random, (Zfafl)&g is then a sequence
of random models but, for essentially the same reasons as above, this sequence
typically fails to converge in g as € |, 0.

The reason why this perspective is still useful is that there is more than one
way of associating a model to a given realisation of the driving noise. In particular,
it turns out that the renormalisation procedure which was required then in order
to make the terms in the formal series expansion converge can be encoded into a
suitable definition of what we mean by “the model Z. associated to {.”. Indeed,
it was shown in many different special cases [Hail4, (GIP15,|HS16, [ZZ15. [Hos16]
that there is a probabilistically convergent family of models (ZS:,,)- ¢ such that, for

each fixed (, the solution ¢.((.) to (1.3)), with a suitable choice of F, is given by
®(ZS% ). Thanks to the deterministic continuity of the map Z — ®(Z), it then

BPHZ

“These counterterms have no obvious counterpart in perturbative renormalization for QFT.
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follows that the probabilistic convergence of the models Z$¢, is inherited by ¢.((.).
Writing 76, < lim, 10 ZS ., one can view ®(ZS,, ) as “a solution” to the SPDE at
han

While the machinery of [Hail4] was formulated systematically and covered a
wide class of SPDEs, two tasks in this procedure were left to be dealt with in a
somewhat ad-hoc way:

1. Create a concrete space of models Jl tailor-made so that the type of SPDEs
at hand can be realized as one driven by a model in /. This space should
have enough flexibility to allow for the renormalization subtractions needed
to yield probabilistically convergent families of models.

2. Find a probabilistically convergent family of “renormalised” random models
Z8.

A systematic approach for the first task has recently been presented in [BHZ16]. In
particular, given a random, smooth, driving noise ¢ the space of models described
by [BHZI6] is rich enough to include a specific random model Z¢,,, henceforth
refereed to as the “BPHZ lift of ( defined in [BHZ16| Eq. 6.22], see also [Hail6|
Eq. 3.1].

The goal of the present article is to prove the following implication: if a family
of random smooth driving noises ((;,)neN is uniformly bounded in an appropriate
sense and converges, as n — 00, in probability to a random driving noise &, then &
admits a BPHZ lift Z¢ . Furthermore, the random model Z¢ is obtained as the

BPHZ*® BPHZ

limit in probability of the random models (Z5 )nen. In particular, the BPHZ lift
is canonical and stable, i.e. independent of any specific choice of approximation
procedure. Our Theorem |2.15|states this result in the Gaussian case and covers in
particular all examples of locally sub-critical SPDEs driven by space-time white
noise. We state our main result in full generality in Theorem[2.34] The trio of papers
[Hail4], [BHZ16], and the present article then give a completely “automatic” and
self-contained black box for obtaining local existence theorems for a wide class of
SPDE:s.

We now describe the approach and outline of this paper. As already mentioned,
there are two types of renormalization that appear here — negative renormalizations
which compensate for divergences and base-point dependent positive renormal-
izations which appear in our recentering procedure. The definition of the BPHZ
model found in [BHZ16| [Hail6] invokes two maps called the positive and negative
twisted antipodes. Each of these maps is defined through a recursive formula. A
very similar (in spirit) definition is given in Section [3| which is later to shown to
coincides with the definition given in [BHZ16\, |Hail6].

Our first step is to obtain a more explicit integral formula for the BPHZ renor-

SWe do not say “the solution” because there will actually be an infinite family of solutions. This
degeneracy can be seen in our example — one would expect . to converge for any choice of the
form F.(p, ) = ¢ — (ce + ¢1)¢ + c2 + ¢ where ¢; and ¢, are finite constants. The full space of
solutions to a given locally subcritical SPDE will always be parameterized by a finite number of real
parameters.
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malized model in terms of a sum over forests and cuts, and this is the content of
Section ] Here the forests come from negative renormalization and are really
the same as those of Zimmerman’s forest formula [Zim69] — they are families of
divergent structures where each pair of structures in each family must be either
nested or disjoint. The cuts correspond to locations of positive renormalizations.

The most fundamental obstacle that appears when estimating this explicit inte-
gral formula is that renormalizations can obstruct each other. This can happen in two
ways: (i) two negative renormalizations can obstruct each other if the two divergent
structures are neither nested nor disjoint (ii) two renormalizations of opposite sign
can obstruct each other if they overlap, that is a positive renormalization might
occur within a divergent structure. As a result, one cannot in general expect to be
able to “harvest” all cancellations created by the two renormalization procedures.

The first problem is the famous problem of overlapping divergences of pertur-
bative quantum field theory. Its solution comes from using scale decompositions
so that, for any given scale assignment, one can identify which one of a pair of
overlapping divergent structures to renormalize. The original approach to this prob-
lem was to represent the explicit formula in terms of Fourier variables and splitting
up the Fourier integration domain into “Hepp sectors”. The resulting estimates
can be summarised by the mantra that “overlapping divergences don’t overlap in
phase-space”.

The use of momentum space techniques is too limiting for our purposes. How-
ever an alternative approach in position space was described in [FMRS85], where
one expands the kernels associated to the lines of a Feynman diagram into an infinite
sum of slices, each of which is localized at a particular length scale. A full scale
assignment is an assignment of scale to every single line of a Feynman diagram.
For each full scale assignment on a Feynman diagram, the authors of [FMRS85]|
define an operator on the set of Zimmerman forests for that diagram called the
“projection onto safe forests”. This allows for the sum over Zimmerman forests to
be re-organized, as a function of the scale assignment, into sums over subsets of
forests we call “intervals”. With this reorganization one is guaranteed to harvest the
right negative renormalizations for each given scale assignment.

The problem of overlaps between positive and negative renormalizations does
not appear in perturbative QFT, but it turns out that it also does not cause a problem.
One can show that if one chooses appropriately which cuts to harvest, as a function of
scale assignments, then the larger sum over forests and cuts can also be reorganized
appropriately for each scale assignment. The mantra here is that “positive and
negative renormalizations don’t overlap in phase-space”.

The set-theoretic aspects and notation of forest projections and intervals, how
they can be used to reorganize sums over forests, and sufficient conditions (which
we call “compatibility”) for the sum over forests and sum over cuts to interact well
are all described in Section [5] This is all done abstractly, then in Section [ we
present our multiscale expansion procedure. In Section [/| we make the notions
of Section [5] concrete: we present, as a function of each scale assignment, the
[EMRSS5] forest projection, our algorithm for choosing which cuts to harvest, and
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the proof that these two notions are compatible.

In Section 8| we describe how one inductively controls the nested renormalization
cancellations that might appear and we obtain full control over one copy of the
BPHZ renormalized model. When estimating these nested renormalizations we use
seminorms similar to ones introduced in [FMRS85]] but simplified. In Section [0 we
state and verify conditions which take as input the control over a single copy of the
model that we obtained in Section[§]and then gives as output estimates on higher
moments of that model.

One key generalization in this work is that we do not assume Gaussianity of the
driving noise distribution. This was already done earlier in special cases in [HS15,
CS16, 1ISX16], but the novelty here is that we are able to also accommodate very
weakly mixing space-time random fields and genuinely non-Gaussian situationsﬂ

We are also able to deal with driving noises that are more singular than space-
time white noise, but we are still restricted to regimes where the multilinear function-
als of the noise appearing in our analysis have “regularity” (in some power-counting
sense to be made precise below) strictly better than that of white noise. Instances of
this limitation were already observed in the works [CQO02, [FV10, Hos16, HHL™ 15].
The reason for this is that the objects indexed by trees that are being renormalised
in the theory of regularity structures should really be thought of as “half Feynman
diagrams”, with the full diagram arising in the moment estimates by gluing together
several trees by their leaves, see for example [Hail3l]. The analogue of the BPHZ
renormalisation procedure arising in our context however takes place at the level
of the trees, not at the level of the resulting Feynman diagrams, so that divergent
structures straddling more than one of the constituent trees cannot be taken into
account, thus leading to divergencies. This is not a mere technical problem but
points to a genuine change in behaviour of the corresponding stochastic PDEs,
as already seen in [[CQO2] in the context of rough paths, where SDEs driven by
fractional Brownian motion can only be made sense of for Hurst parameters H > %,
even though the theory of rough paths should in principle “work™ all the way down
to H > 0. The works [MU11, MU12|] suggest that even if there is a “canonical”
rough path corresponding to fractional Brownian motion with H < i, one would
expect it to live over a larger probability space, so that the Lévy area is no longer a
measurable function of the underlying path. In the genuinely non-Gaussian case,
our analysis points to a similar problem already arising at H = % in the case of
non-vanishing third cumulants.
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2 Setting, preliminary definitions, and the main theorem

The most primitive object of the theory of [Hail4] is the regularity structure. In
[BHZ16] a very general formulation for the construction of regularity structures is
given by defining various algebraic spaces of trees and forests and taking progressive
quotients/projections. In this section, we introduce some of the objects and notations
from [BHZ16].

2.1 Space-time scalings, types, and homogeneities

For the rest of the paper we fix a dimension d > 1 of space-time. For a multi-index
k= (ki)gl:l e N? we define the degree of k to given by

y d
LEDLR @.1)
=1

Most interesting SPDE falling under our framework have underlying linear equations
which scale anistropically with respect to the various components of space-time —
for example the stochastic heat equation underlying (1.1) scales parabolically.
A d-dimensional space-time “scaling” is a multi-index s = (si);-izl € N? with
strictly positive entries. From here on we treat the space-time scaling s as fixed.
For z = (z1,...,24) € R% we do not define |z| to be given by the standard
Euclidean norm but instead set

1
Si. (2.2)

d
def
EEDIE
i=1

There appears to be a bad overload of notation between and but it
will always be clear from context whether the argument of | - | is a multi-index or a
space-time vector.

While | - | on R? is not a norm it certainly defines a metric. With this metric
the space R? has Hausdorff dimension |s| — in particular the function |z|* on RY is
locally integrable at z = 0 if and only if o > —|s|.

We introduce a notion of s-degree for multi-indices k£ = (k:i)?:l ez? by setting

d
def
|k‘5 = E kiﬁi .
=1

This induces a notion of s-degree for polynomials on R%: for k € N¢ the s-degree of
a monomial R? 5 z +— 2 is |k|s and the s-degree of a polynomial is the maximum
among the s-degrees of its monomials (with the s-degree of the 0 polynomial set to
—00).
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2.1.1 Types and homogeneities

The combinatorial trees we introduce should be thought of as arising, in spirit, from
Picard iteration of the mild formulation system of SPDEs one is trying to solve. As
we saw in the introduction, for (I.T]) one obtains trees where the edges correspond
to convolution with the kernel GG and the leaves correspond to the driving noise.
To accommodate systems of equations we work with a collection of different
convolution kernels and driving noises. To formalize this we fix, for the rest of the
article, a finite set of fypes £ which comes with a partition £ = £, L1 £_. The
elements of £ and £_ are respectively called kernel types and noise types.

Definition 2.1 A homogeneity assignment is a map | - |s : £ — R such that
Ly={tefl: |ty >0} and £_={te £: |t|; <0}.

A choice of homogeneity assignment should be considered fixed except in a few
specific arguments where we explicitly state this is not case.

For each t € £, |t|s quantifies the regularizing effect of the corresponding
kernel. On the other hand, for t € £_, |t|s encodes the regularity (or rather lack
thereof) of the driving noise corresponding to t. For any set A and map t: A — £,
we write [t(A4)]; = Y acA
it to Z¢ @ Z(£) by setting

|t(a)|s. Given a homogeneity assignment | - |s we extend

a:k—l—thtGZd@Z(S) = lals o ]k’\s—l—ZCtMg .
teg tegl

2.2 Trees, forests, and decorations
2.2.1 Trees

A rooted tree T' is an acyclic finite connected simple graph with a distinguished
vertex or which we call the root. This graph can be presented as a set of nodes
Nr and edges Er C N%. Since we force our trees to have roots it follows that
or € Np # . On the other hand we do allow Ep = ¢ which forces |[Np| = 1;
such a tree will be called trivial and is also denoted by e.

We view the node set N of a rooted tree ' as being equipped with a partial
order < where u < v if and only if u lies on the unique path connecting v to
the root. We then view 1" as being directed, with every edge being of the form
(u,v) € Ep with u < v. With this convention, the root of 7" is the unique vertex
with no incoming edges. We define maps ec, e, : Er — N with the property
that for any e € E7 one has e = (ep(e), ec(e)) — here ¢ stands for “child” and p
stands for parent. When e has been fixed for an expression we may write e, and e,
suppressing the argument. Note that we inherit a poset structure on edges by setting
e<es e < ép.

An morphism of rooted trees 7" and T is amap f : Nr U Er — Ng U Eg with
the property that for any e = (z,y) € Er one has f(e) = (f(z), f(y)) € E7.
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A typed rooted tree is a pair (7', t) where T is a rooted tree and t : Ep — £ with
the properties that (i) if for some e € E7 one has t(e) € £_ then e is maximal in
the partial order on E7 and (ii) For distinct e, €/ € Ep with t(e), t(¢) € £_ one
has e, # e,

A morphism of typed rooted trees is morphism of rooted trees which preserves
edge types. The type map t is often suppressed from from notation. Henceforth the
term “tree” denotes a typed rooted tree.

2.2.2 Forests

A typed rooted forest F' is a typed directed graph (consisting of a node set N,
an edge set Er C Nl%, and a type map t : Er — £) with the property that every
connected component of F' is a typed rooted tree (we often call each of these
components a “tree” of F'). Henceforth the term “forest” will always refer to a typed
rooted forest.

Clearly any typed rooted tree is also a typed rooted forest. We do allow for
Np = ¢ in the definition of a forest and this empty forest will be denoted by
1. Note that 1 is not a tree. We also write o(F) C Np for the collection of
all nodes of F' having no incoming edges. Additionally, we view Nr and Er
as posets by inheriting the poset structures from their connected components of
F'" and postulating that pairs of edges / vertices belonging to different connected
components are not comparable. We say f: Ny U Er — Np U Epr is a typed
rooted forest morphism from F' to F” if it restricts to a morphism of rooted trees on
each connected component.

One has the decomposition EFr = K(F') U IL(F') where

def def

L(F)={ecEp: tle)ec £_} and K(F)={e€ Er: tle) € £;}.

We call the elements of these two sets noise edges and kernel edges, respectively.
While viewing noises as edges was the point of view taken in [BHZ16], where
it leads to a cleaner description of the algebraic properties of these objects, it
will be much more natural in the present setting to view each noise as a node.
We will therefore always restrict ourselves to situations in which, for any given
node v € N(F), there can be at most one kernel edge e € L(F) with e, =
v. As a consequence, we will never work with IL(F'), but instead with the set
L(F) e ep[IL(F')] Observe that, thanks to the above-mentioned restriction, L(F')
naturally inherits a type map t : L(F) — £_. We also define a subset of nodes
N(F) “N r \ ec(IL(F)) which should be thought of as “true” nodes (they are the
ones that will later on correspond to integration variables) and consider the elements
of e.(L(F)) as “fictitious” nodes that will not play any role in the sequel. We also
use the shorthand N (F) “N (F) \ o(F). The reason why this shorthand will often
be used is that, when renormalizing a subtree S of a larger tree 7', one should think
of “contracting” this subtree to a single node, see [Hail4, BHZ16|]. We will then

always identify the integration variable corresponding to the contraction of S with
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the root of S in T, so that N(S) precisely corresponds to the variables that get
integrated out by the renormalization procedure.

We often include figures representing trees and forests. To keep things simple
our pictures will only distinguish between kernel type and noise type: edges of
kernel type will be depicted by straight arrows and edges of noise type will be
depicted by a zigzag line, as in the following figure.

TN e

Mgy
\.\r""”o

The arrow for an edge e always travels from e, to e.. Above we have marked the
true vertices with solid circles and the fictitious nodes with open circles, with the
root being drawn as a larger green dot.

We define the forest product Fy - F> between two forests F and F3 as their
disjoint union. Since there is no ordering on the set of components of a forest, the
forest product is commutative and associative with the empty forest 1 serving as
unit. Given a forest ' we say that a forest A is a subforest of F' if N4 C Np,
FE4 C EF and the natural inclusion map ¢ : Ny U E4 — Np U EFp is a forest
morphism. In particular, the empty forest 1 is a subforest of every forest. We define
Conn(F') to be the set of connected components of F', each viewed as a subtree of
F' (thus Conn(F’) may contain distinct elements which are isomorphic as trees).

Two subforests A and B of a forest F' are said to be disjoint if Ny N Np = .
We also define the union A U B and intersection A N B of two subforests A, B of
F to be the subforests with node and edge sets N4 U N, E4 U Ep, and Ny N Np,
FE 4N Ep, respectively. If B is a subforest of A such that B N A consists of a union
of connected components of A then A \ B is also a subforest.

Remark 2.2 Caution: one may have G a subforest of a forest ', u € L(F)NN(G),
but u ¢ L(G) - this would happen if the unique e € IL(F) with e, = u did not
belong to L(G).

A subforest that happens to be a tree is called a subtree. Both the intersection and
the union of a non-disjoint pair of subtrees is again a subtree.

2.2.3 Decorations

A semi-decorated tree consists of a tree 7" and two maps: a node label n : N(T') —
N? and an edge label ¢ : E7 — N<. Given a forest T, node decoration n and edge
decoration ¢ on 7" we denote the corresponding semi-decorated tree by 77'.

A choice of homogeneity assignment | - | induces a notion of a homogeneity
for semi-decorated trees by setting

T8 = > (1@l — le@)]s) + Y [n(w)s - (2.3)

e€Er wEN(T)
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2.3 Regularity structures of semi-decorated trees

2.3.1 The reduced regularity structure

We first recall the definition of a regularity structure from [Hail4, Def. 2.1].

Definition 2.3 A regularity structure 7 = (A, T, G) consists of

e Anindex set A C R which is locally finite and bounded from below.

e A model space 7', which is a graded vector space T = @, 4 Ja, With each
I, a Banach space.

e A structure group G of linear operators acting on I such that, for every
I' € G, every a € A, and every T € J,,, one has

FT—TE@gﬁ.

When formulating our main theorem in the context of the theory of regularity
structures the relevant regularity structure will be the reduced regularity structure
7 described by the procedure of [BHZ16, Sec. 6.4 This procedure takes as input
a choice of space-time dimension d > 1, a d-dimensional space-time scaling s, sets
of leaf and kernel types £ and £_, a homogeneity assignment | - |; on these types,
and finally a rule R. We have introduced all these notions except the last one.

The vector space J of the reduced regularity structure is the free vector space
generated by a collection B, of semi-decorated trees prescribed by the rule R. Then
one has A = {|T", : T € B,} and for each o € A one sets T, to be the free
vector space generated by all semi-decorated trees 1} € B, with |T}}|s = a.

Remark 2.4 The collection B, introduced in [BHZ16] is slightly different than
the one introduced here since it furthermore allows a tree to be endowed with an
additional colored subforest, as well as an additional label o which keeps track
of some information coming from contracted subtrees. The collection B, we are
using here consists of those elements for which o = 0 and the colored subforest is
empty. This is because we will only ever consider the reduced regularity structure
introduced in [BHZ16, Sec. 6.4].

This collection B, has to be rich enough to describe the solution to the system
of SPDE:s in question and be closed under positive and negative renormalization
operations. A natural method to build B, so that this is the case is to build it up
inductively by starting from some primitive objects and then applying operations
like integration and point-wise products. We describe this now.

Forevery t € £ and k € N we define an operator Jt’“[] on semi-decorated
trees as follow: for an arbitrary semi-decorated tree 7 one obtains ¥*[7] by adding
a new vertex to the set of vertices of 7 which becomes the new root and has a
vanishing node label — we then attach the new root to the old one with an edge of
type t and edge decoration k.

"This is a generalisation of the more informal prescription of [Hai114, Sec. 8].
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Additionally, for any [ € £_ we write = for the semi-decorated tree which
consists of a single edge of type [ with vanishing edge and node labels. We also
introduce a commutative and associative binary operation on semi-decorated trees
called the tree product: for two semi-decorated trees 7 and 7, the tree product 7 x 7
is obtained by identifying the roots of 7 and 7, which becomes the root of 7 x 7, and
then setting the new node label of this root to be the sum of the node label of the
two previous roots.

The set of primitive semi-decorated trees we start with is {8"}  _va U {E(}ice_
— the first set is called the set of “abstract polynomials™ and the second is called
the set of “abstract noises”. Then, one builds up B, by applying tree products
and applying the operators .¥*. However, this produces a collection B, which is
too large — certainly A will fail to be bounded below. A rule is then an algorithm
which explicitly specifies when one is allowed to take tree products and apply the
operators . as one builds B,. For a precise definition of what a rule is we point
the reader to [BHZ16, Sec. 5.2]. For the present article, this precise definition is
irrelevant, one should think of a rule as a way of formalising what one means by
a “class of semilinear stochastic PDEs” and B, as the set of trees that are required
when trying to formulate elements from that class within the theory of regularity
structures. A rule is then “subcritical” if all elements in the corresponding class
of SPDEs are subcritical in the sense of [Hail4l]. It is “complete” if the class is
sufficiently large so that it is closed under the natural renormalisation operations
described in [BHZ16l]. We now fix a for the rest of the paper a complete subcritical
rule R and a corresponding reduced regularity structure 7.

Remark 2.5 For example, if we wish to consider the SPDE formally given by
0P =AD -3+ ¢,

in dimension d < 4 and for & space-time white noise, then the smallest complete
rule allowing to describe this equation contains all equations of the type

0P =Ad - P(P)+ &,

where P is a polynomial of degree 3.

2.3.2 Admissible models

Next we recall the definition of a smooth model on a regularity structure .7. In what
follows we denote by B(R?) the space of all smooth real valued functions on R?.

Definition 2.6 Given a regularity structure .7 = (A, J, ), a smooth model Z =
(I1,T) on .7 on R? with scaling s consists of

e AmapI': R? x R? — G such that T, = Id, and such I';,T",, = T, for
all z,y,z € R
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e A collection IT = (II;;), cga of continuous linear maps II, : I — B°(R%)
such that TT,, = IT, T, for all z,y € R%.

Furthermore, for every o € A and every compact set & C R%, we assume the
existence of a finite constant C, g such that the bounds

(L)) < CogllTllale = y|* and [Toyls < CagllTlale =y~ 2.4)

hold uniformly in z,y € R, 5 € A with § < «, and 7 € F,,. Here for any 5 € A,
|| - || 3 denotes the norm on the Banach space J,,.

Above, there is no constraint how a model interacts with the various kernel types,
noise types, and edge labels — to do this one introduces an “admissibility”” condition.
This requires associating to each abstract kernel type a concrete convolution kernel.

First, following [Hail4} Sec. 10.3], for any ¢ € [0, |s|) and m € N we introduce
norms || - ||¢m on smooth functions K : R\ {0} — R by setting

IK|¢om = max  sup  |a|*FEC DR K ()] 2.5)
|II§|€§m z€RN\{0}

Definition 2.7 A kernel type map is a tuple K = (Ky)ce, where forevery t € £

e K. :R%\ {0} — Ris smooth function.
e K(x) vanishes if |z| > 1.
e For every m € N one has || K[|, m < 0.

Remark 2.8 Within the scope of regularity structures it is common to also require
that for some value of > 0 one has [ps K(z)P(x) dx = 0 for any polynomial P
of s-degree strictly less than 7. Since there is no need for this in any of the theorems
stated in this paper we do not enforce any such requirement.

For the rest of the paper we take our kernel type map K as fixed. With all these
notions in hand we can now give a definition of an admissible smooth model. This
definition only makes sense in the context of the regularity structure built from a set
of types and a rule R as described above, so we assume that we are in this setting
from now on.

Definition 2.9 A smooth model Z = (II, I') is said to be admissible it satisfies all
of the following properties.

e Forevery 2,z € RY, I1.[e"](2) = 1.

e Foranyte £,k € N% and 7 € B, such that th(T) € B, one has

C 2 DKL)

(ILIEM)E = (DM KAL) - Y

lils<|FE@)s

forall z, Z € R%. Here % denotes convolution in R? and j denotes a multiindex
N
in N¢.
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e Foranyn € N¢, zZ,Z € R% and 7 € B, such that " x 7 € B,, one has
(IT[e" x T])(2) = (2 — 2)"(I1,7)(Z) .

We denote by .#(7) the collection of all smooth admissible models on 7. The
notion of a model is formulated at a deterministic level. When formulating a system
of SPDEs as a system “driven” by a model, each realization of the noise yields a
different model.

If we turn to solving an SPDE like then there is a canonical way to lift
each smoothened realization of the driving noise to a corresponding model, which
we describe now.

Definition 2.10 A smooth noise is a tuple £ = (e With & € C ©(R%) for every
t € £_. We denote by 2, the set of all noises for our fixed set of types £_.

Given a smooth noise, there is a canonical way of associating a model to it.

Definition 2.11 Given & € Q. the canonical lift Z8, = (I1,T) € Moo(T) of € is
the unique admissible model such that

e forevery [ € £ and z € R% one has (IT.Z)(-) = &(-),
e forevery z,Z € RYand 7,7 € B, with 7« 7 € B,,

(T[T 71)(2) = (I1,7)(2) - (I1,7)(2) .

Reiterating what was said in the introduction, for a fixed realization of (., the
equation (T.2)) will be viewed as driven by the model Z% and the solution ¢ (¢.) can

can

be written in terms of @(Zé;) where Z — ®(Z) is defined on A (7).

Next, we describe the topology that makes ® continuous. First, we introduce a
family of test functions.

Definition 2.12 Given a homogeneity assignment | - |; we define the following
notation. For any smooth function 1) on R% we define

lélls £ max { sup [DMp@)| k€ N [kls < [ — min [tle| o -
zeR? tel

We define %, to be the set of all smooth functions ) on R? with l¥]]s < 1 and

Y(x) = 0 for all z € R? with || > 1.

Next we define a family of pseudometrics on .#x.(.7) as follows. For (I, T"), (I, T') €
Moo(T), a0 € A, and compact R C R?, we define

def

IIL, T); (I, D, =

HH_ﬁHa;ﬁ+ Hr_f|’a;ﬁ (2-6)

where

_ . I, — I, Nz ER TE T,
||H o HHa;.ﬁ d:f sup |<( );—7 §0$>| . ,
7 llaA A€ (0,1, ¢ € %Bs.
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IT f” def H(F:ch - fmy)77 @é“ﬁ DY ER rFY, 9€RBs

U Tl v regBeaB<a |
Endowing .#Z..(.7) with the system of pseudometrics (||®; ®[| 5)a,4. We can view
Mo(T) as a metric space. The space .Z is certainly not complete — we denote
by .#,(7) the completion of .#Z+.(.7). Elements of .#,(.7) are called admissible
models — they include models which are distributional in character.

Viewing the map ®(-)’s target space as an appropriate Holder-Besov space of
distributions one can prove estimates that show ® admits a unique extension to
Mo(T). However at this point we have reached the limit of what one can do with a
purely pathwise analysis. As we stated in the introduction, if one fixes a realization
of ( then the deterministic convergence of (. to ¢ as € | 0 cannot be turned into a
similar statement about convergence of the canonical lifts Z — the latter will in
general not converge in .#y (7).

2.4 Probabilistic assumptions and the main theorem

Switching to a probabilistic approach, even when one views ( as a random noise
the model-valued random variables Z% will often not converge in a probabilistic
sense — one may still need to renormalize.

Before stating our main theorem guaranteeing that this can be done we formalize

the stochastic setting we are working in.

Definition 2.13 We denote by M({),) the collection of all {2,-valued random
variables £ which satisfy all of the following properties.

1. For every z € R% t € £_ and k € N%, the random variable Dk&(z) has
finite moments of all orders with its first moment vanishing.
2. The law of ¢ is invariant under the action of R? on Q. given by translations.

These random variables are assumed to be defined on some underlying probabil-
ity space €2 and, when needed, we write w for an element of ¢2. We will however
mostly follow usual custom in suppressing the dependence on w from our notations.

Given £ € M(04,) we will describe below in and how to construct
what we call the “BPHZ renormalized lift” of a realization £(w), henceforth denoted
by Z5%).

Note that this is a slight abuse of notations since this object actually depends
both on a specific realisation £(w) and on the distribution of £&. We often write
7§, for the corresponding model-valued random variable. We will also see in
Lemma below that this construction is equivalent to that given in [Hail6|
Eq. 3.1] and [BHZ16, Thm 6.17]. Additionally we define the space of stationary

random models the BPHZ lift takes values in.

Definition 2.14 Given a regularity structure .7 = (9, (), we denote by .#,,.«(:7)
the space of all .#((.7)-valued random variables (I, I") which are stationary in the
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sense that there exists an action 7 of R? onto the underlying probability space by
measure preserving maps such that, for every z,y, h € R, the identities

Hx-i—h(w) = I (Thw) , F:c—&-h,y—i—h(w) = Fm,y(Thw) >
hold almost surely.

Then, after fixing a regularity structure .7, we can view the BPHZ lift as a map
78 M(Qoo) = Mius(T) corresponding to & +—+ 75, .

Note here that Z,,,,,, maps a space of random variables to another space of random
variables defined over the same probability space. Before continuing we state a less
technical and more specialized version of our main theorem. Henceforth, given
d > 1, we call a random element of )y = EBte o D'(R%) simply a noise. Given
furthermore a scaling s, a finite set of types £_, and a homogeneity assignment
| - |s, we say that a Gaussian noise £ is compatible with the homogeneity assignment
if, for every t1,t € £_ there exists a distribution Cy, , € D’ (R%) with singular
support contained in {0} such that, for every f € D'(R?) one has

Bléu (6D = o ([ dufw—f))

Denoting by = — C}, , () the smooth function representing C}, ¢, away from 0,
we also require that for any g € D'(RY) with D*g(0) = 0 for every k € N? with
|kls < —|t1]s — |t2]s — |s| one has

Conse) = [ o Cou@rgto).

Finally, we impose that there exists £ > 0 such that for every k& € N? with
|k|s < 6]s| and t;, t2 € £_ one has

sup | DFCy ()] - || e lele okl o 2.7)
z€RN\ {0}

Furthermore, we say that a family £ of compatible Gaussian noises is uniformly
compatible if the quantity (2.7) is bounded for the corresponding covariance func-
tions Ct(ln)tg’ uniformly over n.

Theorem 2.15 Fixd > 1, a scaling s, finite sets of types £_ and £, a homogeneity
assignment | - |s, a rule R which is complete and subcritical with respect to | - |s,
and write 7 = (J, G) for the corresponding regularity structure. Assume that for
every basis vector T}' € I and every subtree S of T with |[N(S)| > 2, the following
holds:

o For any non-empty leaf typed set A with t(A) C t(L(T)) (in the sense of sets,
not multi-sets) and |A| + |L(S)| even, one has |S%|s + |[t(A)|s + |A| - |s| > 0.
e Forevery u € L(S) one has |S?|s — |t(u)|s > 0.
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o [50]s > kL.

Then, for every compatible Gaussian noise &, Z3,. ., extends continuously to
€ in the following sense. There exists a unique element 75, € Mwi(.T) such
that, for any uniformly compatible sequence of Gaussian noises (&,)neN With
lim,, o0 &, = & in probability in Q, one has lim,, o Z5¢ = Z5, in probability
in %@(g )

Proof. This is a straightforward consequence of Theorem [2.34] below. O

The outline of this section is as follows. Mirroring our discussion of models, we
will view M (£2) as a subset of a larger space of random distributions M(£2y). We
will then introduce some quantitative tools for looking at these random distributions
which allow us to show that a notion of probabilistic “convergence” of a sequence
(&n)neNn C M() yields stochastic LP convergence of the corresponding BPHZ
models (Z" )nen.

BPHZ

2.4.1 Quantitative estimates on cumulants

Our quantitative assumptions on the driving noise all involve their cumulants.
Throughout the paper, for any (multi)set B of real-valued random variables with
finite moments of all orders defined on some underlying probability space €2, we
write E°[B] for the joint cumulant of the elements of B. Recall that, writing
E[B] as a shorthand for the expectation of the product of all elements of B, the
cumulant is defined recursively by the identities E°[(»] = 1 and then E[B] =
> rerB) L Lacy E°LAl where P(B) denotes the set of all partitions of B into
disjoint subsets, see for example [GJ87, Sec. 13.5].

We introduce the “large diagonal” of the set R“Y
in R? by

of configurations of N points

Diagy = {z ¢ R™ : 31 <i < j < dwithz; = z;} .

While we allow for our random driving noises to be quite singular we impose some
strong, but natural, regularity assumptions on their cumulants — this is encoded via
the following notion.

Definition 2.16 Suppose that, for N > 2, we are given a collectio {G N, of
D’ (Rd)—valued random variables that each have moments of all orders, invariant in
joint law under the natural action of R? on this collection given by simultaneous
translation, and are all defined on the same probability space.

We say that such a collection admits pointwise cumulants if there exists a
distribution F' € D'(R*V) with the singular support of F' contained in Diag N (we
denote by F'(z) the corresponding function, which is smooth away from Diag ;) and
satisfying, for every collection of test functions fi, ..., fy € D(R?) the identity

EUG(fDI1=F(fi® @ fy) (2.8)

8This collection may be a multiset in that the same random variable may appear more than once.




20 SETTING, PRELIMINARY DEFINITIONS, AND THE MAIN THEOREM

def

where (fi ® - @ fx)@) £ [0, fa(@n) € DRM).

As part of this definition, we also enforce two regularity conditions, one on
second cumulants and the other on higher cumulants. When N = 2, translation
invariance guarantees that there exists a unique R[F] € D’ (Rd) such that for every
f,g € D'(R%) one has

F(f ® g) = RIF]I(f = Ref(g)) 2.9)

where Ref(g)(x) o g(—z) and * denotes convolution. Note that the singular support
of R(F) is given by {0}. Given a distribution G € D’ (R%) with singular support
contained in {0} and r € R we say G is of order r at {0} if, for f € D(R?) with
D¥ £(0) = 0 for every k € N with |k|s < 7, one has

G = | Facmay.

When N > 3, we enforce that F'(x) be a locally integrable function on R and for
the distribution F' to be given by integration against F'(z).

For a collection {¢, }»_, admitting pointwise cumulants F as above, we will write

EC[{Cn(xn)},lyzl] for the value F'(z1,...,xnN) (provided that x ¢ Diagy ) and
E°[{¢,}2_,] for the distribution F.

Definition 2.17 We define M(£2p) to be the set of all P, . D’ (R%)-valued ran-
dom variables ¢ that satisfy the following properties.

e Foreveryte £_and f € DR, &(f) has moments of all orders.

e The law of £ is stationary, i.e. invariant under the action of R%on @te o D’ (Rd)
by translation.

e Forevery N > 2 and any map t : [N] — £_ the collection of generalised
random fields {&x)}2_; admits pointwise cumulants.

Clearly, one has M(£24.) C M(Qp). Also, for £, € € M(£y) defined on the same
probability space, we say that £ and £ jointly admit pointwise cumulants if, for every
N >2,1<M < N,and t: [N] — £_ the multiset {Exm) o1 U {&m) o pri1
admits pointwise cumulants.

In order to prove theorems that give near optimal results it is natural to take
advantage of the fact that for certain random noise-types many cumulants vanish:
the most obvious case is that of Gaussian noise where all cumulants of order greater
than 2 vanish, but another interesting case is that of noise belonging to a Wiener
chaos of fixed order. We define a set that indexed all possible cumulants by

eu E L, [M]): M eN, andt:[M]— £ }.
We will then consider noises such that all cumulants outside of some subset £¢,,, C
L4 vanish. We make the following natural assumptions on this subset.

Cum
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Assumption 2.18 We assume that we have fixed a set Lc,n C £
cumulants with the following properties:

1. Forevery (t,[M]) € Lcum one has M > 2.

2. Lcum is closed under permutations - that is if (t, [M]) € Lcu, then for every
permutation o : [M] — [M] one has (to o,[M]) € Lcun. It is natural to
think of £cum as a collection of “leaf typed multisets”, thus it makes sense to
ask, given a finite set B and a type map t : B — £_, whether (, B) € Lcum.

3. If (t, B) € Lcun then for any A C B with |A| > 2 one has (t, A) € Lcyn-

4. Foreveryte £_ one has (,[2]) € Leun where t(1) = £(2) = t.

of allowable

Remark 2.19 Our main theorem will enforce an assumption of “super-regularity”
on the semi-decorated trees. This notion of super-regularity will depend on our
choice of £¢,,, becoming more stringent as this set becomes richer. The second item
in the above assumption on £, enforces a type of “completeness” that guarantees
that the constraint of super-regularity is suitably strong.

Remark 2.20 Given (t,[N]) € £2  with t(i) = t for i € [N] we sometimes write
(t, [N]) instead of (t,[N]).

We also define M(, Lcum) and M(Qo, Leunm) to be the subsets of M(£2) and
M (), respectively, consisting of those elements £ with EC[{&(n)}flV:l] = 0 for
every (t, [M]) € £2 \ Len. We now define the following family of “norms” on
M(Qo, Lcum). First, we fix, for the entire paper, a smooth non-negative function
u : R — w satisfying |u(z)| < 1 for all z, u(z) = 1 for |z| < 1, and u(z) = 0 for
|z| > 2. We then set, for each k € N%, py.(z) = u(z)z".

Definition 2.21 For § € M(£, £c.) and N > 2, we set [|€]| .|, to be equal to

’

. c M —[tIMD]s
Diag©v max  sup  [EU&m@m}h][( sup |zi—z;])
GIMDELcum \ cgdM 1<i<j<M

2SMSN - 3¢gDiag),

where we use the notation [M] = {1,..., M} and [t([M])|s is as in Definition [2.1]
The quantity Diag(¢) is defined as follows. If there exists any (t, [2]) € Lcum
such that R [E°[{&1), {y2) ] is not of order (—|t([2])[s — |s|) V 0 at O then we set

Diag(¢) = co. Otherwise we set

Di < R[E® , . 2.10
iag(§) (t,[2r]r)lg)éc“m ;2;{5 |RIE[{&ys Eu) 1 (ow)| (2.10)

|Kfs <—[t([2D]s—]s]

where R[] is as in (2.9)).

Remark 2.22 The point of the definition of Diag(£) is that in general we do not
impose that the function E°[{&1), &2 }] is locally integrable near the diagonal. In
general, there are then several inequivalent ways of extending it to a distribution,
and these are precisely parametrised by the values F(py).
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It turns out that this “norm” also naturally defines a “metric” on elements of
M(Qg, Lcum) Which are defined on the same probability space. (We intentionally
write “metric” in quotation marks since it does not satisfy the triangle inequality.)

Definition 2.23 For &, & € M(Q, £cun) defined on the same probability space and
jointly admitting pointwise cumulants we set [|£; ]| .|, to be given by

Diag(&; )V max su
g ’ (ty[M])EECum .Z‘ERg]u
2<M<M<N z¢Diag,,

)—|’t([M])\5

E° [{5@),4%)}5\11} ‘ ( sup  |zi—xj]
1<i<j<M

where, for any M < M, the generalized random fields {éu}f\il are given by
€ E &L{i < M} — &1{i > M} . @.11)

The quantity Diag(¢; €) is deﬁlzed as follows. If there exists any (t, [2]) € Lc., and
M € {1, 2} such that R[E°[{{1), &2y }1] is not of order [t([2])|s — |s]| at O then we

= def

set Diag(¢; €) = oo. Otherwise we set

Diag(¢;6) £ max max RIE{E), € . 2.12
2(&;9) S mhax |RIET{{qys Eu) F0w)] (2.12)
1<M<2 |kls<—[t(2D)|s—]s]

If £ and £ do not admit joint pointwise cumulants we set ||€; £|| ;v = oo for every N.

2.4.2 Super-regular semi-decorated trees

The following assumption on the set of types £ and on the set £,, from Assump-
tion [2.18| will be in place throughout the entire paper.

Assumption 2.24 For every t' € £_ one has |t'|s > —|s| and for every (t,[M]) €
Leum With M > 3 one has |t((M])|s > (1 — M)|s|.

Remark 2.25 The above assumption guarantees that only cumulants which need
to be renormalized are second cumulants. There is no fundamental obstruction in
renormalizing higher cumulants in our approach but we refrain from doing so since
this would make the presentation harder to follow.

Next we state a definition and an assumption on semi-decorated trees we will need
in order to prove our stochastic bounds.

Definition 2.26 Given finite leaf typed sets A and B with t(B) C t(A) (in the sense
of sets, not multi-sets) we define j 4(B) to be the minimum value of [t(C)|+ |C| - |s|
where C is a non-empty finite leaf typed set with ¢(C") C t(A) (in the sense of sets,
not multi-sets) and with the property that there exists a partition 7w of C' LI B with
(t, B) € Lo and BN B # @ for every Be .
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Remark 2.27 The quantity j 4(B) represents the worse case homogeneity change
one sees when the noises of B form cumulants with some other noises drawn from
multiple copies of A.

Definition 2.28 Given a homogeneity assignment | - |s and a set of cumulants £,
a semi-decorated tree 73" is said to be (| - |5, cum)-super-regular if for every subtree
S of T with [N(S)| > 1 and L(S) # @ and for any u € L(S) one has

150]s + ‘52‘ A (=[tw)]s) A ) (L(S)) > 0. (2.13)

2.4.3 Main results

We make use of translated and rescaled test functions, namely we write

def

YR, wa) SN @ = 20, AT @ — 2a)

Remark 2.29 In what follows we often shrink the co-domain and view Z°  as

BPHZ

amap Z°  : M(Qoo, Lcum) — Moa(T) given by & +— Z5 . All of our main

theorems concern bounds or continuity properties of this map and will take as
assumptions conditions that depend on £¢,,.

Remark 2.30 In the statement of the main theorem which immediately follows
and subsequent proofs, we will use generalisations || e || v and ||e; ®|| 5 . of Defini-
tions and as well as a notion of “(c, | - |g, Lcum)-super-regularity” which
generalizes Definition[2.28] Here ¢ is a parameter which will be called a cumulant
homogeneity for £¢,, consistent with | - |s — this is explained in Appendix As
this notion is a bit technical we prefer to state the main theorem without introducing
it. For now, the reader who doesn’t wish to delve into these details could just keep
in mind that there is an acceptable choice of the parameter ¢ for which (¢, | - |5, £cum)-
super-regularity reduces to the | - |s super-regularity of Definition and for which
the quantities || ® || and ||e; e|| v reduce to || || |, and ||e; ®|| 57 |.|, , respectively,
as noted in Remark@} In particular, these notions agree in the Gaussian case.

Theorem 2.31 Fixd > 1, a scaling s, finite sets of types £_ and £, a homogeneity
assignment | - |s, a set of cumulants £, satisfying Assumption and a cumulant
homogeneity ¢ for L., consistent with | - |s. Let R be a complete subcritical rule
and 7 be the corresponding reduced regularity structure.

Then the map Z?,., - M(Qoo, Lcum) = Mrana(T) has the following properties.

For every compact 8 C R, e MQso, Leam), P EN, and 7 “ T¢ € B, which
is (¢, | - |s, Lcum)-super regular, there exists C ,, such that, writing A= (IT¢, 1),
one has

N 2p 2p
E(Er@)) < Crp( TT 1K @lonm)  I€lnA®, @14)
eceK(T)
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def

where m < 2|s| - IN(T)| and N < 2p|L(T)|, uniformly over 1) € B, A € (0,1]
cind z € R Moreover, with the same notation and conventions as above, for any
& € M(Q) defined on the same probability space one has

A~ ~AF 2p
€ _ 118 A
E [(Hz Hz) (717 )} (2.15)
2p B _
scf,p( 11 ||Kt<e>|l|«e>|ﬁ,m) (€l ve V IENNONE Elln, NP1
eeK(T)

Definition 2.32 Given homogeneity assignments |- |s and [| - [|s and a rule R which
is complete and subcritical with respectto [ - [|s, we say | - | is R-consistent with
[ - [ if all of the following conditions hold:

e [ - s satisfies Assumptions[2.24]

e R is also a complete and subcritical rule with respect to || - [|s.

e The collection B_ of semi-decorated trees generated by the rule R under
either | - | and [] - s coincide.

e For any semi-decorated tree 7} € B_, one has ||T}'[s| = [ |73 ] ]-

Combining Theorem [2.3T with the proof of [Hail4, Thm 10.7] immediately gives
the following theorem.

Theorem 2.33 Fixd > 1, a scaling s, finite sets of types £_ and £, a homogeneity
assignment || - [|s and a set of cumulants £, satisfying Assumption and
a rule R which is complete and subcritical with respect to || - [|s. Denote by
T = (A, 9, Q) be the corresponding reduced regularity structure with || - [|s
serving as the homogeneity assignment.

Fix k > 0, a second homogeneity assignment | - |s, and a cumulant homogeneity
¢ on L., consistent with | - |s with the following properties:

o | - |s is R-consistent with || - [|s.
o Forany o € Awitha < 0, every semi-decorated tree T € Ty, is (¢, |- |s, Lcum)-
super regular and

Tels = [T s + w.

Then the map Z?,., : M(Qoo, Lcum) = Mrna(T) has the following property.
For every compact set R C RY, o € A, and p € N there exists C such that for
any £,£ € M(Quo, Leum) One has

Ell Z5s Ziwalihs < CUIE NN V IIElIN(IE Ellve) . where

¥ a(pw [4]) 72 €5, <01

The following theorem states that if we impose some mild regularity conditions
then the map ¢ — Z¢_ admits some nice continuity and regularity properties.

BPHZ
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Theorem 2.34 Fixd > 1, a scaling s, finite sets of types £_ and £, a homogeneity
assignment || - ||s and a set of cumulants £, satisfying Assumption and a
cumulant homogeneity ¢ on £c,, consistent with || - ||s. Let R be a rule which is
complete and subcritical with respect to || - ||s.

Fix k satisfying

1
0<wk<g min  ([=J2Dl] + 2Dl ).

2 (t[12DELcum

and small enough such that the homogeneity assignment
Dtls Z tlls - (1 + k1{t € £_}) foreveryt e £ .

is R-consistent with || - ||. Denote by 7 = (A, T, G) the corresponding reduced

regularity structure generated by R with || - [|s as its homogeneity assignment.
Assume that for every o € A with o < 0 and every T}' € J,, the decorated tree

TYis (¢, [ - [|sy Lcum)-super-regular where ¢ is the m-penalizatiorﬂ of ¢. Define

M0, Leum, ©) Z {6 € M(Q0, Low) : ||€]lNc2 < 0},

where

. 2
N%Zo. (2\/ [ED max{|L(T)| : T € Ty fora € A, a < 0} .
K
Then there is a unique extension of Z%,. : M(Qxo, Leum) = Mrwa(T) to all of
M0, Leum, ©) Which satisfies the following continuity property: for any (€p)neN C

M(Qqg, Leum, €) and & € M(Qg, Leum, N, ©) such that
(i) sup, > [[€nllN.e1 < oo and
(i) &, — & in probability on @, D'(RY)

Z&n converges to Z&,  in probability on My(.T).

Remark 2.35 Of course, this extended map Z;,,, also satisfies a weaker version of
the above property — if (ii) above is replaced by the assumption that &, — £ in law
on Pico D'(R?) then Z&  converges to Z5,_ in law on .#,(.7).

BPHZ BPHZ

Remark 2.36 We define 75, , for any £ € M(Qo, Lcum; IV, ©), as the L? limit
limy,— o0 Zf;;z where we set &, = £x*n,, where (1,)¢N is a sequence of approximate
identities converging in an appropriate sense to a Dirac delta function as n — oc.
Thus we can see this extended Z?  as a map from M (2o, Lcum, IV, ¢) into the space

BPHZ

of all measurable maps from Qg to .#,(.7).

Remark 2.37 Henceforth all of our estimates are claimed to be uniform in \ €
(0, 1], even if this is not explicitly stated.

%see Definition
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For the rest of the paper we fix a cumulant homogeneity ¢ on £, consistent with
our fixed homogeneity assignment | - |s and a (¢, | - |5, £Cum) super regular semi-
decorated tree T € B, for which we will prove Theorem |2.31} We gather all the
steps to prove Theorem [2.31)and Theorem in Section

3 Renormalization of combinatorial trees and random fields

3.1 Colorings, a new decoration, more homogeneities, and identified forests

3.1.1 Colorings

Definition 3.1 A colored forest is a pair (F, F) where F is a typed rooted forest
and the “coloring” Fisa pair (Fy, Fy) of disjoint subforests of F' with the property
that o(F2) C o(F).

Note that £’ induces a map.F Nr U Er — {0,1,2} by setting F(u) =g if
u € Np . L EF and F'(u) = 0 otherwise. Clearly, one can recover the tuple F from
the map F( ).

There is a useful alternate notation for specifying colorings of a forest. Given F' and
two disjoint subforests A and B of F' with o(B) C o(F') we write [A]; U [B]» for
the coloring F = (A, B). If one of the two forests is empty we may drop it, i.e. we
may write (F, [A],) instead of (F,[A]; U [1]2). Additionally, for i € {0,1,2} we
write (F), ¢) for the colored forest with the constant coloring F(-) = 1.

3.1.2 Decorated colored forests

A decorated colored forest consists of a colored forest (F) F) and three maps:
n: N(F) = N% o: N(FY) = Z9 @ Z(2), and ¢ : Ep — N%, where Z(£) denotes
the free Z-module generated by £. Given a colored forest (F', F) and decorations n,
0, and ¢ on F' we denote the corresponding decorated colored forest by (F/, F)E’o.

For the trivial tree we just write (e, ¢)™° and also observe that the empty forest
1 is automatically a decorated colored forest. When working with a forest (F’, F)
where F; = 1 we abuse notation and write 0 = 0 instead of writing 0 = .
Moreover, if the o-label vanishes or is given by ) we often drop it from the notation.

Observe that given a decorated colored forest (F', F )e'® and a subforest A of F
there is, by taking restrictions, a corresponding decorated colored forest (A, Fyme
Here we abuse notation by not making this restriction on our decorations or colorings
explicit in our notation.

Clearly any semi-decorated tree 77 naturally corresponds to a decorated colored
tree (7', 0);. Finally, we also remark that the forest product extends naturally to a
product on decorated colored forests.

1%Here F' is an overloaded notation but whether it is being treated as a subforest or as a map should
always be clear from context.
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3.1.3 More homogeneities

With the introduction of coloring and | - |; we define define two homogeneities | - |+

and | - |— on decorated colored forests as follows: given 7 = (F, F)°, we set
== Y (K@ls — [e@ls) + Y [nws s
ecEp ueN(F)
F(e)=0
Tl = > (H@ls — [e@l) + D (s + low)ls) -
ecEp ueN(F)
F(e)#2 Fu)#2

3.1.4 Identified forests

An identified forest (or i-forest) is a pair o = (o, t,) where o is a colored forest and
Lo is a forest morphism from o into T which restricts to a tree monomorphism on
each connected component of o. Note that ¢, is not required to be globally injective
and in most cases it will not be. Two i-forests oy, 03 are isomorphic if there exists a
forest isomorphism ¢: 01 — o2 such that ¢, 0t = (4.

Sometimes when talking about an i-forest ¢ we may write

o= (FO, FO)... (0 F). 3.1)

In this case it should be understood that for 1 < j < k the F are explicit
subforests of 7" and there is no need to mention «,. Note that there is some subtlety
here since the F'Y) may not be disjoint subforests of T

We make decorations explicit in our notation, so writing o indicates the con-
stituent o is undecorated while in the decorated case we write o;. Note that the

decorations of an i-forest are not necessarily inherited from T;.

Recall that when we say S is a subtree of T' we are being more explicit with
how S is identified as a sub-object of T, that is Ng C Nz N(S) C N (T), and
Eg C E7 as concrete sets with the type map on Es being the restriction of the one
on E7. For an i-tree o we usually write o = (5, 0) where S is a subtree of T'.

The set of all decorated i-forests is denoted by §2. The subset of §2 of decorated
i-trees is denoted by Tp. For i € {0,1} we define ¥, as the collection of all
decorated i-trees (T, T)?’o € %9 with T(-) < 7 and define §; analogously. Given
any collection of decorated i-forests & we denote by & the corresponding set of
undecorated objects.

We denote by (F2) the unital algebra obtained by endowing free vector space
generated by §2 with the (linear extension of the) forest product. For any subset
A C §2 we denote by (A)o and (A) the subalgebra of (§F2) generated by A and
the vector subspace of (F2) generated by A, respectively.

3.2 Co-actions and twisted antipodes

Our algebraic description of positive and negative renormalizations both involve
two steps. In the first step one uses a “co-action” extracts object(s) which will be
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later assigned a counterterm and in the second step one builds the counter-term by
using a “twisted antipode” to perform recursive renormalization procedure within
the extracted object(s).

Each coaction produces a linear combination of tensor products — in each product
one factor consists of the extracted object(s) to be assigned counter-terms while
the other factor consists of the part of 7’ which is left over. On the other hand each
twisted antipode will generate a forest product.

3.2.1 Negative renormalization

First, we define a set of decorated i-trees which, due to their power-counting, should
be assigned counterterms for negative renormalization. We set

def

X- = {(T,0)} € To : n(er) = 0and [(T,0)F]- <0},

and we define p_: (Tp)for — (X_)for to be the algebra homorphism given by
projection onto (X _ ). The co-action describing the negative renormalization is a
linear map

~

A (o) = (X )or @ (Z1) -
We now specify, for each given i-tree, what sorts of subforests we will try to extract

when applying A_.

Definition 3.2 For (F,0) € @0 we define 2, (F’, 0) to be the collection of all sub-
forests G of F with the property that Conn(() contains no trivial trees.

Note that one always has 1 € 2(;(F,0). Now, for any (7', 0); € To, we set

A e 1 n _
ATon= Y ) e,<n )p (@G0 (T (G e e e
Gea(rongea & N C

(3.2)
Here in the second sum above we are summing over (i) all ng : N(T) — N¢
supported on N(G) and (ii) all e : B — N¢ supported on
NG, T) = {(ep,ec) € Er \ Eg : ep € Ng} .
Also, for forest 7" and any decoration ¢ : K7 — N? we define xe: N(T)— N? as
Xew) =3, Ee).

Remark 3.3 The appearance of formulas like (3.2) will be quite common — we
adopt these conventions on the meaning of an, ., throughout this paper. Note that
they make sense even if 7' is replaced by a forest and G is a subforest of F'.

Recursive negative renormalization is described by an algebra homomorphism

9@_ : <%—>for — <&>for .

One can imagine 9_ as given by iteration of a “reduced” analogue of A_. By
reduced, we mean it is more constrained in what objects it extracts.
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Definition 3.4 For (F,0) € §0 we define 2 (F, 0) to be the collection of all G €
204 (F, 0) with the property that for every T' € Conn(F") one has T ¢ Conn(G).

We first define the map d_ for any (F,0)7 € §o which can be written as a forest
product of elements of X_.

This definition will be inductive in |Er| with the base case given by setting
gl_1 = 1. The induction is given by setting

7 e 1 7 n—n
d_(F,0)p f (_1)|Conn(F)\ Z ‘< n ) [QLp,(G, 0)2G+X€Gj| -(F, [G]l)eG+§ .

= ng
Gy (F,0)
ngG,eaq

3.2.2 Positive renormalization

In order to define X we first need some new notions. Given a subtree 7' of T and
anedge e € Ep we define T (e) to be the subtree of 7" formed by all edges €’ € Ep
with ¢’ > e, the corresponding node set being given by the collection of all u € Np
with u > ep. Note that if e € K(T') then e, € L(T(e)) (see Remark .

Since it will be useful later we also define 1% (e) to be the subtree of 1" deter-
mined by all edges €’ € E with ¢’ # e, the corresponding node set is given by the
collection of all u € Nz with u ¥ ep.

We draw a picture to make these definitions clear. On the leftmost picture we
draw some subtree 7" of T and specify an edge e € E7 by drawing a small bisector
in the middle of it. In the middle picture we have shaded in the subtree 1> (e) while
on the rightmost picture we have shaded in the subtree T (e).

o‘r‘:o o“:ro ;‘:ro
sl ol 2] .
[4§ 441: 4§

Definition 3.5 Given a subtree S of T and a subtree S’ of S we define T(S, S) to
be the collection of subtrees of S defined as follows

T(S,5) E {S>(e): e € K(S), ey € Ny, ec € Ny} .

We also define g ) {(T, T e Ty Ty # 1}. Finally we set

def

x, {(T, T €%y VS € T, ), |P(S, T4 > o} ,
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where the map P: §2 — §2 acts on decorated colored forests by setting their root
n label to vanish, that is

P(F,F)> = (F, )™, #(u) = n(w)l{u ¢ o(F)} .

We define p, : (g)mr — (X )for to be the algebra homomorphism given by
projection onto (X )for. The co-action for positive renormalization is a linear map

~

Ay (T) = (2@ (Xy) -

Definition 3.6 Given (T,7T") € €, we define (T, T) to be the collection of all
subtrees S of T with the following properties that g5 = or and that for every
T" € Conn(7}) one has T” is either a subtree of .S or disjoint with S.

We then define, for any (7, T)';’o €%y,

~ 5o def 1 n ~ n ~ n—ng,o
Ay, D s es'< >(S,T)ES XQS®P+<T7[T1\5]1|—|[5]2)e5+e -

. ng
SeAo(T,T)
ng,es

(3.3)
Recursive positive renormalization is similarly described by a linear map

syt (X1) = (Ea)or -

It suffices to define the map s for any (T, 7)™° € X and then extend linearly.
This definition on X will be inductive with respect to E7 \ Ey, |. The base case,
when [Ep \ E; | = 0, is given by setting

SZQ_F(T, 2)2’0 def (_1)Zu€N(T) ‘n(u)‘(T, 2)121,0'

Before stating the inductive definition we need some more notation.

Definition 3.7 Given (T, T) € T, we define (T, T) to be the collection of all
S € As(T, T) such that T} is a subtree of S and for every T" € (T, Tg) one has
ET/ ﬂ ES’ 7é @

Definition 3.8 Given (7, T)° € g we define E[(T, )] to be the set of all edge
decorations e on K (T') supported on (15, T) such that (7, T)':;feT € X,.

We then set, for any (T, T)»° € X, with T # 2,

. . " R n— A\ (= 1)ZuenaBw+hxiwD
d (T, Ty S(-DFE) ( )
* ‘ 2 Zf ng (F + es)!

SeAL(T, T 1s>es,
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~ A ~ “ n—ng—n,o
(S, T):—SF?MX(QSHLO Aipy (T, [Ty \ ST, U [5]2) g ,
eg+e
where fi(u) &< n(w)l{u € N (Tg)} and the sum over f is a sum over all edge
decorations § € E[(T, T):"].
Our objective in this section is to describe two ways to map the decorated
i-forests of the previous section to space-time functions and random fields.

3.3 From combinatorial trees to space-time functions

In this subsection we describe how, for each noise ¢ € {2, to map i-forests to
functions of the space-time variables (z,)vc N+ Where we set N* = N(T) LU {®}.
Here & is a new node element and the corresponding z¢ is the variable that encodes
the base-point (the z of I1,). For any finite set A we write 6 4 for the algebra of
smooth functions B>°((R%)4) and we also use the shorthand G, = G -.

Throughout this article, given some finite set A, some x € (Rd)A, and some
B C A, we write g for the element of (R)Z with (xg); = z; fori € B. Similarly,
we will always use the shorthands [ dyp or [ dy instead of writing f(Rd) 5 dy.
Finally, for B C A, we will always view 65 as a subspace of 6 4 via the canonical
injection ¢ given by (¢f)(x) = f(xp). For two disjoint sets A and A and elements
z € (RH4 and 7 € (RHA, we also write z L Z for the element s (RHALA given
by y; = x; fori € A and y; = Z; for i € A. Sometimes, we will make the abuse of
notation of writing x,, instead of x(,; in expressions like “z,, L y4”.

First, for any i-tree (7', T) we make the following definitions. We define set
def def

KT, T)E KTNT10)and L(T,T) £ L(T) N T~1(0). We set

N(T,T) E N(T) N (T~(0) U o(T})).

We also define an associated map gv : N(T') — N(T,T) LI {&®} by setting, for each
u € N,
U ifue NI, T),
gv(u) o os ifu e N(S)forS e Conn(Tl),
® ifue N(y).

For any £ € Q, and decorated i-tree (T, T)¢"° € Ty we define YT, T)°] € 6.
by

Yg[(T’ T)?O](l') d:ef ( H (ZEgv(u))n(U)) ( H De(e)Kt(e)(ﬁgv(ep) - l‘gv(ec)))

ueN(T) e€K(T,T)
: ( H gt(v)(xv)) .
veL(T,T)
We then define an algebra homomorphism Y¢ : (§2) — 6. by setting, for
(T, 7)€ T,
def

TET, Ty )(a) & / dy YT, T )y Uy U )
N(T,T)
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and then extending multipliciatively and linearly to all of Y¢ (in particular, Y¢[1] =
n

1). We also make the important observation that YE[(T, T)e’a](m) depends only on
either x,, or xg the former case holds when 75 = 1 and the later when 75 # 1.

3.4 The BPHZ renormalized tree

We now make our setting stochastic by fixing for what follows an arbitrary random
noise £ € M(Qx).
We define an algebra homomorphism ¢ - (§1)tor — R by setting, for any
o’ €T,
def

TE[o™] = E(T0™)(0) , (3.4)

and extending this definition multiplicatively and linearly.

Remark 3.9 It is important to note here that Y¢ is deterministic and depends solely
on the law of the random variable £, not on any random sample drawn from it.

Finally, we define, for each realization {(w) € o of &, the smooth function
T¢[T%] € B., again depending only on o and zg, by setting

Y@ & (TE [d_]® YL @ Tf<w>[s&+-]>(ld @ ADA_(T, 0. (3.5

Above we are committing an abuse of notation, the RHS is technically a sum of
triple tensor products each consisting of a scalar and two elements of 6., however
by simply multiplying them together we view the whole sum as an element of 6,.

We emphasize again that in this expression Y¢ is deterministic and depends on
the law of the random variable &, while Y is random and depends on the specific
sample &£(w). Later on, we will however typically suppress the chance element w in
our notations and we will simply write ¢ [T;](x) for the above expression. We will
also view this as a family of random distributions in 7’(R%), using the shorthand,
for each z € R% and pE DR,

def

TETT (o) & /{ de TET(@) (2,08 — 2) |
0x,®

where here, and in what follows, we simply write g, instead of g for the root
of T'. We refer to the above random distribution as the BPHZ renormalized tree
corresponding to T; with basepoint z.

4 A forest and cut expansion for the BPHZ renormalized tree

The goal of this section is to rewrite the opaque formula for TE@) [T;] given in
the previous section in a more explicit form amenable to direct analysis. The
fundamental result of this section is Lemma[4.22]
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4.1 A forest formula for negative renormalizations

For most of this subsection we work with a set of subtrees of 7. We see this set as
carrying the inclusion partial order (for which throughout this article we use the
convention C <— <). In general, for any poset A and subset A C A we write
Max(A) or A for the set of maximal elements of .4 and Min(A) or A for the set of
minimal elements of .A. As an exception to this notation, T always refers to our
fixed tree.

We write Div for the set of all subtrees S of T with w(S) < —\(Sg, 0)[s > 0.
Note that S € Div forces S to be non-trivial.

Remark 4.1 Note that as a consequence of Definition [2.28] if one has S € Div and
e € IL(T) with ep € N(S) then it must be the case that e € IL(5).

Definition 4.2 We say that F is a forest of subtrees if it is a collection of subtrees
of T with the property that for any pair S, S’ € F one has either Ng C Ng/, or
Ngr C Ng,or NgN Ng: = ¢.

As an example, suppose that 7 is given by

.»\“
O T O
o“.‘ ._).44
yar
o—)o':‘

with the root being at the bottom. Indicating subtrees of a tree by shading them, we
consider the set {51, ..., Ss} of subtrees of T" given by

(o] (o] (o]
.“4 .“4 .“4
(0] T (o) (0] T (o) (0] T (o)
& Lo & e & e
.-:‘ *—> .-:‘ .-:‘ *—> .“4 .-:‘ *—> .“4
(0] (0] (o]
/44 T/m /44
S/ Sy T Sy 7> “4.1)
& & &
(]
(o] T (o) T (o] T (o)
o'r/vu — ._ro . .440 o'r/vo -
PO A o / o -+ +°
/ .4“ ._).4“ s o °
(o] (o]
W / o /.r
S4 : @ ¢ SS H AN SG : @ ¢

Note here that while S5 and S4 are isomorphic as labelled trees, they represent
different subtrees of T' and are therefore not isomorphic as i-trees. The list of all
subsets of {S1, ..., Sg} which are forests of subtrees is given by:

@7 {S1}7 {S2}7 {53}7 {54}7 {S5}7 {S6}7
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{53, 56}, {52, 93}, {51,592}, {51,853}, {S1, 54}, {S2, S5},
{53735}? {54755}7 {S3756}a {51552333}, and {527S3a55} .

Remark 4.3 We will use two notions of forest in what follows, one is that of an
i-forest and the other is the notion of a forest of subtrees. Clearly any collection A
of subtrees of T' canonically determines an i-forest where, instead of considering
A as a set with trees as elements, we see it as the i-forest obtained by the disjoint
union of these trees.

In the above example { S5, S3, S4} can be viewed as an i-forest (and in this case
we would write it as S5 - S5 - Sy), but it is not a forest of subtrees since .54 is not
related to So (or S3 for that matter) by inclusion. This illustrates that, with this
identification, being a forest of subtrees is a strictly stronger property than being an
i-forest.

We often use a calligraphic font to indicate forests of subtrees versus standard
Roman letters for i-forests. Finally, we observe that in the special case when F is a
forest of subtrees of T' of depth 1 or 0, the node set N of the canonical i-forest F
associated to it can be identified as a subset of V.

Definition 4.4 We say that a subtree S is compatible with a forest of subtrees F if
{S} U F is again a forest of subtrees (note that if S € F, then this is automatically
the case).

We write IF for the collection of all forests of subtrees F such that each tree in F
belongs to Div. Given a forest of subtrees F and a subtree S compatible with F we
define the forest of subtrees which are the (immediate) children of S in F as

Cr(S)EMax{T € F: T < S}.

def

and the branch of Sin F by Fg ={T' € F: T < S}.
For non-empty F € F and k € N we define subsets Dy(F) as follows. We set
Dy(F) £ ¢, D1(F) £ F, and for k > 1 we set

Di(P) = || CrO).
SeDR(F)

We define the depth of F, denoted by depth(F), to be given by
k
depth(F) £ inf{k; eN: |JDyF) = f} —inf{k > 0: Dyp1(F) =} .
=0

Recalling our previous pictorial example of forests, if we set ' = {5, Sa, S5} we
have D1(F) = {S1}, D2(F) = {S2}, and D3(F) = {S3}. On the other hand, if
we set F = {SQ, S3, S5} then D1 (F) = {SQ, 55} and Do (F) = {53}
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We write F<! for the collection of elements of IF of depth 1 or 0. We also define,
forany F € I,

FIF1={GeF: G=7F}, (4.2)
F [F1={GeF=<':VSeg, 3T € Fwith S < T}, and

Fo[F12{GeF': VSeG,IT € FwithS <T} .

Note that F[F] is empty unless F € F<1!,

Finally, in some of our statements and proofs it is useful to sum over the
decorations of an i-forest while keeping the specific i-forest fixed. We do this by
introducing the following family of projection maps.

Definition 4.5 for any undecorated i-forest o € & we write P, for the projection
onto the subspace of (F2) spanned by all decorated i-forests of the form o’

We now describe the class of i-forests produced by the action of d_.

Definition 4.6 To each F € F we associate an i-forest o € & as follows. If
F = @ then we set o r £ 1. For F of depth 5 > 0 we set

or & (FO, FG)y...(FO, FD)
where for 1 < k < j we set F®) £ D,(F) and F0) — [Dy+1(F)];. In particular,
FO) — 0.

Below we pictorially present o r in the context of our previous example for the case
F = {51, S2, S3}. The color blue corresponds to the color 1. The forest product of
trees is represented by placing the trees next to each other but note that the order
does not matter.

& & &
Pl gl o]
Ve V.-

Given a forest of subtrees 7 we define Er C E via Er = | | sc7 Es. The
following lemma states how the action of {_ admits an expansion into forests.

Lemma 4.7 Let F € FS! and F be the i-forest corresponding to F. Then for any
node labeling nw on N(F') one has

> Pog )d-(F0) = sl (F.0); . (4.3)
GeF[F]
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Proof. We prove the statement via induction in |Er|. The base case, when F = ¢
and F' = 1, is trivial (the sum on the LHS of (#.3) just gives Py).

Now suppose F has k > 0 edges and the claim has been proven for all 7/ € F<!
with |Ez/| < k. Then (—1)lCom()gf (F 0)? is given by

> () (o) e

GeF[F]na, BG

Z Z < >< Z Pag,&q p_(G, ())11c:+><ea>.(]:‘7 [G]l);_;:g

QGIF<[f]nG,ec g’eF[Q]
= 2 > P ( )(&4 P-(GL 0T ) (PGS
GeF«[F1G'€F[F] ng, eG
1 _
> P X - ,(n )(sﬂ P CHL O X8 ) (7, [H 1) |
GeF[F] HeA(F,0) H H
G'eF[G] NH,eH
e Al (I W S E 0
GEF<[F]
G'eF[g]

where for each G € F_[F] we are writing GG for the i-forest corresponding to G
(which is certainly an i-subforest of I). Noting that | | €F_[F] L] G/ CF(G] (G'UF)=
F[F] completes the proof. O

We now mix our expansion into forests with a cumulant expansion. For any finite
set L we denote by P(L) the set of all partitions 7 of L. We also define P(L) = e
Uacr P(A). We remind the reader that P() = {#}.

Definition 4.8 Given m € P[L(T)] and a forest of subtrees F, we say F and 7 are
compatible if, for each S € F, L(S) can be written as union of blocks of .

In sums over partitions or forests we sometimes write, as a subscript, “7 comp. F~
to restrict the sum to compatible partitions. We also write 1comp(F, ) for the
indicator function of the condition that F and 7 are compatible. Given a partition 7,
we write . for the collection of elements of IF which are compatible with 7.

We now introduce some notions to allow us to explicitly write down the negative
renormalization procedure. For any subtree S, we set

def

KHS) =
KHS) =

{e€ K(T): ¢ € N(S), ec € N(9)},

def

KYS) U K(S), and N*(S) £ e.(K¥(S)) .

def

We include a picture to make some of this notions clear. Below we shaded in a
subtree S as before, but we additionally coloured gg in dark blue, the elements of
N(S) in light blue (recall that N(S) = N(S)\ {0s}), the elements of N*+(S) in red,
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and the edges of K*(S) in light green.

5

o
“a

*\——>»

<

—_—

Note that the zigzag at the top right does not belong to K*(S) because K (T') only
contains “kernel edges” by definition.
For a pair of subtrees .S, T with T" < S we define K?(S) & KHT)N K(S).
Given a forest of subtrees F and a subtree S we define

def

NrHE NS\ [] VD), Nr$)E NS U {os) -
TeCx(S)

We also use kernel edge decomposition

K(S) = ( | | K(T)) U K#(S)UK2(S)

TeCx(S)
where
K#(8) & K(S)\ ( || K’%T)), and K2 | | KXS).
TeCx(S) TeCxE(S)

To keep track of leaf edges we set

LS ZL\ ([ ).
TeCx(S)
To make some of these definitions more concrete we look at the example of F =
{Ss, Sg}, referring to (4.1)). Below we have shaded in Sg in light gray and, on top of
this, S3 in dark gray. We also shaded the nodes of N£(Sg) in light blue, the edge of
IC)(]:(SG) in light green, and the edge of K_‘%(Sﬁ) = KgB (Sg) in red. L r(Sg) consists
of just one edge which is the left uppermost zigzag.

&
L
-
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Remark 4.9 For the rest of the paper we adopt the convention that any notation
which takes a subtree of T as an argument can also take a collection of subtrees of
T (not necessarily a forest) as an argument by taking unions over elements of that
collection. For example, for a collection .4 of subtrees we define

NAHE NS, LAHE LS, KHANHE (KNS,
SeA SeA SeA

and so on.

We now introduce shorthand for the functions appearing in our integrands. For any
set of kernel edges E C K(T) and edge decoration ¢ : K(T') — N¢, we define the
function Kerf € 64 with A = ep(E) U ec(E), by

def r
KerP(z) = ] DO O K o) (e, — we,)-
ecl

Given u € N*, we also define Kerl " € B4 with A = {u} U ec(E), by

def

Ker?(z) = H DY OO K o4 — e,).
eckE

Forany L C L(T) and 7 € P[L(T)] we define the function Cu£ € 61, by

def

Cur(@) 2 [ EUéuw @) ues),

Bem
BCL
where E€ denotes joint cumulants as before.
Finally, forany N C N (T),n: N — N¢, and distinct v, v’ € N* we define the
functions XY, X7, Xa¥, and X2y € @, via
XY (@) = [T 5™, Xy,@) £ [ @ — 2™, (4.4)

ueN ueN

def /
XN(@) E () 2wen MW XNV (@) = (2 — @) 2wen "W

We also set Xo " (2) & (— ) 2uen MW,

4.1.1 An inductive definition of negative renormalization counterterms

We will begin using multivariable multi-index notation more frequently: we take
as a universe of multi-indices (NY)V VKT We define | - |; and | - | for tuples of
multi-indices by summation over entries.
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Definition 4.10 Given a subtree S and any subset A C N* with N(S) C A, we
define the “collapsing map” Collg onto the root of S as the map from (R4 to itself
given by
Tys) ifue N(S),

x,  otherwise.

ef

Collg(z), = {
This allows us to give the following definition.

Definition 4.11 For any subtree S € Div we define Der(S) to be the set of all

multi-indices & supported on N(S) with |k|s < w(S). We also define an operator
Yy . 6, — B, via

Z (x — Collg(x))k

k! (Dk@)(COHS(JL")) .

[Pspl(x) =
keDer(S)

Here and below, given any set M C N*, we write M¢ for its complement in N*.

We now inductively define, for each fixed 7 € P[L(T)] and F € FF,, operators
Hy rg: 6. — 6, foreach S € F. This induction will be with respect to depth
of the forest of subtrees {T' € F : T < S}. Moreover, for any M C N*, the map
H; r s maps 6,/ to C@M\N(S)'

The base case for our definition occurs when C'(S) = ¢ and, in that case, we
set for any ¢ € 6,

[Hrrs(0))@) = / Ay Cut Sy Um,e) Kerg Oy U 206 )(— D)@ g gye UY)-
N(S)
4.5)

Remark 4.12 It is not hard to see that the integral above is absolutely convergent
for fixed z. For each e € K (S) we have a uniform bound of the type

|DEKt(e)(yep - yec)| S ]1{|yep - yec’ < 1} ’yep - yec|—\5|+|t(e)\5—\3(e)|5

where [t(e)|s —|¢(e)|s > 0 and any occurrence of y,,; should be replaced by . The
edges of K (S) form a tree on the vertices of N (S) so the support of Ker? C )(yI_IxQS),
when seen as a function of y 55 for fixed x4, is compact. In particular, if the other
parts of the integrand of can be bounded uniformly in y by some constant,
then the entire integral can be bounded by this constant times the the product of
L1(R) norms of the functions D¢ Ky)(-). This is clearly the case as both Cu7Lr y)
and (—%s) are continuous, and therefore bounded on compact sets.

Remark 4.13 A second question the reader may ask is what the definition (.5 is
trying to accomplish. The quantity defined from this formula is a renormalization
counterterm. One interpretation of the need for renormalization is the following
— while working on a problem one may see the appearance of a function F' which
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fails to belong to L]10C in some region (say at the origin for a distribution on R% or

on the diagonal for a translation invariant distribution on R% x Rd), so that it cannot
be canonically identified with a distribution.

The insertion of a regularization parameter € > 0 which disappears in the € | 0
limit may allow one to define a family of bonafide distributions F but these may
fail to converge in any meaningful sense as one takes ¢ | 0.

In many cases it is then possible to obtain a convergent family of distributions
F.. by subtracting from each F. a well-chosen, e-dependent linear combination of
¢ functions and their derivatives situated at these singular regions of F'. A simple
example is encountered when one tries to make sense of F'(t) = [t|~ fora > 1
with o« € N as a distribution on R. A convergent family of distributions can be
obtained by defining

la)-1 :
B gy S —a s —a) 50
F() E (| vey ™ - JZ:; (/Rds sV JERIOR

where 69 denotes the j-th weak derivative of the delta function 6 on R. To derive
good (uniform in ) bounds on FE( f) for a test function f one exploits a Taylor
remainder estimate for f.

For an example closer to our setting, suppose that we have a single divergent
subtree S which contains no divergent subtree. Then S can be associated to the
distribution on (RH)N given by integration against the function F. defined as

def

Fo(z) £ Cul (x)Kery ().

We have made the regularization parameter explicit on the RHS. In practice all
of our constructions will be applied to probability measures P, corresponding to
some & € M(o) which converge to a limiting measure [P with cumulants that are
singular at coinciding points — in such a limit F; fails to be in Llloc[(Rd)N 9] as
e | 0. The singular region occurs on the “small” diagonal — those (z),en(s) With
Ty = T,g for all v. The solution is to subtract an appropriate linear combination of
delta functions and their derivatives on this diagonal, i.e. F.(x) — F.(z)is given by

B k
/~ dy (y CZIIIS(x)) Fu(z,, I_Iy)> H (5(k“)(xu_xgs)-

keDer(s) 7 NS ueN(S)

In general, H 7 s is given recursively by
Her sl 2 [ dy Col O Ker Oy Uinye)
Nx(S)
K2.(9)
- Hr 7.0709) [Kero T (=Y50) | (@) UY)
where H; 7 c,(s) denotes the composition of the operators H, 7 for all T €

Cx(S). No order needs to be prescribed for this composition since, for any 77, T> €
F which are disjoint, the operators H, r 1, and H, r 7, commute.
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Let us sketch the argument showing that this is indeed the case. We first observe
that for any 7" € F and any ¢ € 6, which depends only on x,, with v & N(T') one
has

Hﬂ,}',T[SOw] = wHﬂ,]:,T[SO]- (46)

Then one can unravel the inductive definition of H, 7 7 to arrive at an expansion of
the form

Herrlel@ = Y (DF)Collp@) [ dy Pru@yiyUy) . G7)
— N(T)
keDer(T)

where B\e}(T) is some set of multi-indices supported on N(T) and, for each k, Fry,
is a product of combinatorial factors, derivatives of {DE(Q)K ¢ fee k(1) evaluated on
differences of (x,),en(T), and polynomials of those same differences. Using the
combination of the observation (4.6), the symmetry of partial derivatives, and the
fact that for distinct 4, j € {1, 2} one has NW(T}) N N(Tj) = N(T)N N(Tj) = @it
is straightforward to use the expansion to prove the claimed commutation rule.
More generally, given F € F; and a subforest G C F with depth(G) < 1 we
set H, 7. g = oreqHy r 1 where on the RHS we are denoting a composition. We
will also use this convention for variants of these H operators we introduce later.

4.1.2 Deriving an explicit formula for negative renormalizations

In what follows, for any multi-index m and real number r we write

def

lep(m) = L{|mfs <7} .

We also define, for any three multi-indices n, m, ¢ and real number r,

Y\ et 1
me el \m

For any F € FF, any node decoration n on 7', and any 7 € P[L(T)] compatible with
F, we define a function w}[F] € 6, as follows. We set wi[¥] = 1 and, for F
non-empty, we set

° e % 7 K@ S
SFE | ] CulrOKers "D Hy 7 0p05) [X,{WS)KerO 7 )}

SeF

Lemma 4.14 Let F € F and let F be the i-forest corresponding to F. Let n be a
node decoration on F vanishing on o(F). Then one has

TP[Pafai_<F,0)2 =¥l 3 /dyé(yg(fpfv;[ﬂ(y). (4.8)

n€PLF)] " T
m comp. F

Additionally, if n does not vanish on o(F) then the RHS of (4.8) vanishes.
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Proof. The case where F = ¢ holds trivially and we ignore this case below.

We work with the RHS of (4.8)) and try to transform it to the LHS, working
inductively in the depth of F.

We first observe that (4.8)) is forest multiplicative, that is we can write

Py o (F,008 = [] Por,sl-(S,00% .
SeF
Both the integral and the sum over compatible partitions appearing in the RHS of
factorize analogously. It follows that for both the base step and the inductive
step it suffices to treat the situation where there is a single maximal tree in F, so

I = S for some subtree S.
We first treat the base case when JF has depth 1. We then have

PO’{S}‘W—(S7 0)2 = _(S) O)g

and it is straightforward to see that

IS0 =— Y [ dydwE{shw,
rePLLs) NS

We now treat the inductive case, we assume is true for all forests of depth less
than j and prove it for a forest F of depth j with F = {S}.

We write G £ F \ {S} and G for the i-forest corresponding to G. For T' € G
we also write Gr = {U € F : U < T'}, observe that Gy is a forest of subtrees of
depth less than j.

With this notation in hand we have that TP[PW&@_(S ,0)¢]is given by

- % vusionr [I1 (50 T, d-ow ]
Teg

n
ng, ¢ T T

where above the sum is over node decorations ng on N(G) \ o(G) and edge
decorations e on K ]8__(5 ) — the edge decorations ¢e7 and node decorations ny are
given by the restrictions of ¢g to K{?(S) and ng to N (T), respectively.

Expanding now the RHS of (4.8) and using the fact that every partition 7 of
L(S) compatible with F consists of a partition 7 of L(S) and, forevery T € G, a
partition 7 compatible with G, we obtain

- 2 /N dy 0(Yps)eor [FI(y) (4.9)

repiLs) ” NFS)
7 comp. F

=- > / dy 8y )CUET S ()Kert 7 (1) X N7 ()
#ePILr(S) ” NFE)

V K2(S
[ T s xira ]

TeG ~nrePIL(D)]
7 comp. Gp
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We want to expand the action of the H,,. g, 7 above. For any T’ € G one has, by
the rules of of differential calculus and some manipulation of binomial coefficients

<N .
P [XN(T)K er! <S>] S Sier < j >< n >XN(T) o1 gerlFS)er

; n—j+xe
sebmry Y \xer) \J = xer) T
eT

_ Z <n w(T)> N(T) XN(T) QTK (S) or

nr e np,or* n—nrp
nr,er

where we view j € Der(7") as node decorations on N (T). We can then write

N K2(S
Y Hupgrr {XnN(T)Kefo a )] )

mr€PIL(T)]
7w comp. Gp

n w(T) x VD), (),
== > Z( )n(n;@TmKeeT T (y)

mp€P[L(T)] M HeT
o comp. G

Kgo(T
/ dz Curd™ P ()Kerg TPz Ly,,)
Ng.(T)

KG. (D, §er)
) HWT,QT,CgT(T) [KerO XnT,gT:| (ch?(S) U yep U z).

By translation invariance, the final integral does not depend on the value of y,,.

We can therefore replace y,,. with 0, which makes <077 appear. By our induction
hypothesis, the above quantity is thus equal to

o} _ ~
- Z n w(T) fl\/'(f),gT (y) Kerf;T(S)uQT (y) TIP’ Po’g Sﬂ_(T, O)gT:| .
np er T T ¢
nr,er

Inserting this into the last line of (#.9) for each T' € G gives

> / dy 6(ys) CuL S (y) KerS ) () X N7 )
rePILF(S)  NFE

w(T) S - )
[H Z ( np €T> liV(Z;’QT( ) Ker,,,: K )QT( ) TF [PagT&L(T, 0)‘2T+xeTH

Teg v ¢r
Y — Nw@) )\ < ~
= — Z T]P |:(Sa [G]l);+;§i| ( H <n . )’I‘P [PUngf(T, O);T+XBT:| > ]
ng, ¢q Teg T T
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4.2 A cutting formula for positive renormalizations

In the previous subsection we saw that the relevant substructures of 7' with regards
to negative renormalizations were the subtrees of T' of negative homogeneity. The
analogous substructures of T for positive renormalizations will be edges in K (T')
which are “trunks” of subtrees of T of positive homogeneity.

We frequently reference our chosen poset structure on K (7)), namely e < € if
and only if the unique path of edges from & to the root g, of T' contains e.

For ¢ C K(T), e € K(T), the set of immediate children of e in % is given by

Cy(e) EMin({e € € : &> e}).

For a subset ¥ C K(T) we define the subtrees and sub-forests

def def

T = (| T(e) and T[%) = T(T, T(%)) .
ec?

where we adopt the convention 7'y (] “ T and [, -]is as in Deﬁnition Note
that while T [%'] is a collection of subtrees of 7" it will in general not be a forest of
subtrees since distinct elements of T>[%¢’] may share roots.

Observe that both TZ [¢'] and T>[¥] depend on € only through Min(%’) and
that TZ [€] always contains as a subtree the trivial tree consisting only of g,.

Remark 4.15 In what follows we will begin writing co-action extraction / colorings
as sums over sets of edges. It then makes sense to label the resulting sums over
decorations with sets of edges rather than the subtrees they correspond to. Namely,
if ¢ C K(T) then a sum over ng corresponds to a sum over node decorations
which are supported on N(T%+[¢’]) while a sum over ey corresponds a sum over
edge-derivative decorations which are supported on %

Definition 4.16 We say e € K(T) is a positive cut if
P(T>(e),0)¥ >0,
= +

where P is the map mentioned before which zeroes node labels at roots (this map
naturally induces a map on i-forests).
We denote by € C K (T) the collection of all positive cuts and define a function
v : € — Nvia
+—‘ '

The key role of the extended node-label o is to store information so that the negative
renormalizations from A_ do not cause A+ or &L to make additional positive
renormalizations.

We now take advantage of this to help us unravel the action of &L. First recall
that any i-tree can be realized as a subtree of 7. We define T, to be the collection

def

v(e) © “P(Tz(e), 0)2
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of all decorated i-trees of the form (T, T V' e T with the properties that (i) e > ¢
and (ii) for every e € K(T)) with T((e,) # 2 and T'(e) = 0 one has

P(T(e),0)%

= |PT=(0. 1010+ lefe) ~ @) -
+ -
We then have the following lemma.

Lemma 4.17 One has

AT, 007 €(Fo) ® (T4 N Ty)
and (Id ® A9)A (T, 0)F €(30) ® (T1) ® (T, NTy).

Given ¥ C € and k € N we define subsets D (%) of € as follows. We set
Do(%) £ @, D1(%) £ ¢, and for k > 1 we set

D)= || Cglo)

e€Dy_1(%)

We define the depth of ¢" C € via
k
depth(%) & inf{k; eEN: | | D) = %} —inf{k > 0: Dy1(%) = B} .
j=1

Below we draw a picture to clarify these notions. We have drawn a tree T, but have
neglected to draw any leaf edges or any of the fictitious nodes attached to their ends.
The set € C K(T) consists of all edges which have a non-zero number of tick
marks. For k > 1 the set D (%) then consists of those edges with k tick marks. We
see that the set ¢ has depth 3.

%/

1 .X‘-j.
RN
\'\“/

For any ¥ C € we define Divy to be the collection of those T' € Div such that
& N K(T) = ¢. We define Fy to be the set of all forests F € F with F C Dive.

Conversely, for any F € F we define € “e \ K(F). so that F € Fy if and
only if ¢ C Cx.

For any ¢ C € and F € Divy we also define

F[€] ":“{TeJ-“:Tg S for some S € T>[€]} .
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Additionally, for F € F and %, 9 C €r we define

FIC, 212 {T € FI€1: T <Tx[21} .

Definition 4.18 Given ¢’ C € and F € Divy we define o4 7 € T as follows.
If € = ¢ then we set oy r £ (T, 2). Otherwise ¢ must be of depth k > 1in
which case we set . .
ogr S (@TW,TW). .. (T®, T®), (4.10)
where each of the trees 7% are subtrees of T and for 1 < j < k one has
o TW =T%[D;1(%)],
o TO = [T4[D;(®)l], U | FID;(@), Dy (#)]]

K
We present a pictorial example to clarify the above definitions. We let T and % be

as in the immediately previous pictorial example and set F = /. The tree o ¢ is
then given by the forest product (written in the same order as in (4.10))

$ . “4.11)

B A i
~3/ N SN

We now want to state the analogues of Lemmas and {.14] for positive renormal-
izations.

We denote by €= the collection of all subsets of € with depth 0 or 1 and also
set Qﬁ% =2 ¢=1N2%F . For any ¢ C € and F € Fy we define a coloring on T' given
by R

716, 712 [T5191] U |F2])
def

and use the shorthand T[%¢, F] = (T, %[%, FD. A
For our previous example with T and ¢ one has (T, T[%’, ]) given by

Such i-trees will be produced by the action of A+, the action of QL corresponds to
iteratively pulling out more structures, always acting to the right.
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Heuristically the tree 0% ¢ is one of the terms appearing in the expansion of

A (T, T[€, ). Working through the action of i on (T, T[%, )]) as specified
through its recursive definition, after one step of the recursion many terms will be
generated but the term giving rise to oy is

"
: £ 4

| e 8
\'xf/ \% f/ 4.12)

The term o (4 then appears from the above term when one goes one step further in
the recursive definition of o, namely by pulling out the middle tree of (4.11)) from
the second tree of (4.12)). We define the collection of cut sets

ClE, FIE{2 CcCr: 2 =%}, (4.13)
C %, F] dzef{.@ € Qf%l : Vec€ 9, 3 € € withe' < e} )
Also, forany ¢ C €, F € Fg,and 9 € €[F, F] we set
T1%,9,F1% (T219, [FT, 71), U [T41€1],).
With all this notation in hand we have the following lemma.

Lemma 4.19 Let F € Fand ¥ € ¢<1 Then for any node decoratian n, edge

decoration ¢, and extended node label o on T such that T[€, F1%° tre € T one has

> Po, ) diTIE FI, = Ay TIE, FILY
9€l[6,F]

ete ”

Proof. Our proof operates inductively in the quantity

|Ex\ Ep (4.14)

z[‘f]|

with F being fixed for the entire proof. The base case of this induction, which occurs
when the quantity (4.14) is 0, is immediate smce we then have T[¢, F] = (T, 2) -
we then have 9, (T, 2)e = (=T, 20 L

We now turn to the proving the inductive step. Fix j € N, and suppose the claim
has been proven for any ¢ with ¢ € Qi;l and (4.14) less than j.

Then suppose we are given € € Qf]SEl with (.14) equal to j + 1. Then we have

(— 1)|<‘”ﬂ‘+|“|94+T[‘€ FI&° is given by

e+e

( 1)|fg| n—n\—= n-l—n +x(eg+fe)
Y X el w T2

9€C<[C, Flegmng,fe
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dop TI, FILE,

_ Z Z (= 1)“%' n—n [Cg 9, f]n@+“+X(99+f‘€)
(eg + fo)! eretfe
DeC[C, Flegng,fe
> Pagﬁ[% FR o me

etetegy
Eel[2,F]
(~Dlfel /' ftng +x(eotie)
= > Prer 2 iioilag ) T2 PRI,
DeC €, F] e Ng,fe

&el[9,F]

gy TI, FRE

=S ) TS FRS,

9eC[€,F]
Eel[P,F]

where 1 = n(\N (TZ‘ [#])) and the sum over f¢ is a sum over edge decorations
f¢ € C[T[F, ]:]e+e] Since

| ] || @ue)=ee, 7,

DeC €, F| E€CD,F]

the result follows. O

Remark 4.20 Clearly, the statement of Lemma holds if we relax the condition
€ € @;l to just that 4 € € provided one modifies what’s written on the RHS and
sums over Z € €[¢, F].

We now introduce some more notation to facilitate writing explicit formulas for the
integrands corresponding to the output of the positive twisted antipode.

Forany ¥ C €, F € Fg, and Z € €_[¥, F] we define, using the convention
of Remark 4.9]

N[, F1 = NE[€D)\ N(F), K[€, F1 = K(Z>[€)]) \ (K(F) U D),
def

Ly 7 = L(T>[€D \ L(F) .

For any ¥ C € and edge decoration ¢ we define RKer € 6., depending on z,
with v € e.(2) U ep(2) U {®}, via

k
G, | def 9 (Te, — Tg) k+e
RKer? (z) £ (-7 | | > "TD (O |y o) (g — Te,).
D |k|s<y(e)—|e(e)]s

For any ¥ C € and edge decoration ¢ on K (T) we define Der(%, ¢) to be the set of
all edge decorations f¢ supported on € with the property that for every e € € one
has [fz(e)]s < y(e) — [e(e)]s.
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For any node decoration n on N(7") with n < 1 and edge dgcoration ¢ on K(T)
we define @€, Fl(z) € 6., depending on x, with v € N[€,F] U {®}, by
setting

< Ker&® _
&, F1 ¥ RKer; ‘& - KerKIO71 . (% fema X;;}gx@)
!

f €EDer(% ,e)

( I1 XN(T) gT) .XNgf] XNT2EDE
TeF[?]

Finally, for an edge decoration ¢ and 4 C € we define an indicator function

2@ = [T t{le@ls < 7@}

ec?

Lemma 4.21 Let € C € be non-empty and F € Fy. Then for any node decoration
non N(T) with n <1, edge decoration ¢ on K(T), and extended node label o on
T such that T[€, ]-’JeJre € %, one has

¢ Py, 0, TIE, FIY (o) (4.15)

gE,F

= (—1)“l dy &[E, Fl(y U (Y
o [yt Agues( [T o)

u€L¢ r
Proof. We prove the statement by induction in depth(%’) for fixed F. The base case,
when € = @, is a straightforward computation.

We move to the inductive step. Fix j € N and suppose the claim has been
proven for any € C €x with depth(%’) < j. Now suppose we are given 6 C €x
with depth(4’) = j + 1. Writing = ¢\ € and & = n(T#[%’]), we then have

A, T1¢, FI*° (4.16)

‘7<f F ete

. —Dliiel m—a
— (—])IIHR] § ( T, 2, Fl'2 XCotierth
=D i, o T e\ ng [ fevers
2:NDs]€

y ol —f— 2 €
’ ‘Qq+p+T[-@a ‘F];+:+:@@’U ’ 12’7(2@ + 6) ’ ]]'Z'y(fcf + e)'

We rewrite the corresponding RHS of {.13)). By the binomial identity one has
N@),@, N[, F] N(D),or
Xi X < H Sy )
TeF[%]

N[ﬁﬂJ:]ﬁN(Tz[J])( H XN(T),QT>XN<T>,®
—Z ng i 4.17)

TEF[E,2]
SNT[2),® < N[¥,F] N(T),er
Xn—ﬁ—n@ 'Xn—ﬁ—n@@' H Xn—ﬁ—n@@ ’
TEFIP]
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where in keeping with our convention, the sum over ng is a sum over node decora-
tions supported on NV (Tz [2]) — however that the binomial coefficient forces it to
be supported on NV (TZ[_@]) \ N (TZ [ZD.

We also have

2
RKerZ = (—1)/Z Z —Xf;’g@ Kere 12 (eq +¢)

9 6(9) ver(2),® 2,®
= (= 1)| | Z ( ) xp(e@ f.@)@xxl}@ Ker; 9+e@]l<v(e-@+ ¢)

fo, U
_ 12| 6(9) vep(2),® 2,®
=D Z QQ'f_j Xpe% Xxf@ Kera-e_@-&-f@ (4.18)
f@,t@

9
-Jla(e@ +fg +¢)

KerZ®
— I N ) 3 " etegtg e D,®
=D Z Xxe@, f! XX)‘_@

fo€Der(Z,e+e )

where in going to the second line we used the binomial identity and in going to
the third line we performed a change of summation ¢/, ey — f#. Note that there
is an indicator function ]l%w(e@ + ¢) implicit in the last line, when this vanishes
Der(Z, e + ¢y) is empty.

Using @.I8) we have that Ker™*" FIRKer? % is equal to

1
Z 1Z (¢eq + ¢ KerK[9 FIRKer?\Z (4.19)
Ker2’®
K[E,FINK(T»[2]) 17 2 +egpt+fa wer(2),®
Ker/ eI Y )

fo€Der(Z2,¢+eq)
We then put this all together to see that the RHS of is equal to
i E 1 n\.2z %
—Dl* PN 1= (eg 1L (5
oY (eg + fo)! <n@> < (eg +¢) - 12, (Fe(e) + e(e))
2@,1’1@7fcg

o(2)
' / Y1670\ 19,7) Xvegy 6 U 2s)Kerd ¥ (y U g )Kere

NIE,FINN(T%(2)) Y =NT),®
X g (y)( H X{q\[@(T)’gT (y)> Xa @
TeF[%,9]
(©),®
- Ker,; e+f<gX;pf<g ( H ft(u)(yu))

u€lew F\Lo,F

02 [y 19, Pl L)

K6 FINKT17)

(y)

Here &","2[ 2, F] is built using the second lines of and @.19).

et+egy
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Using our inductive hypothesis for the very last line we see that the expression
above is equal to

1 n G
D Z (F¢ + e)! <n9> ]lé(e@e)

e Ng,fe

.1é [(_1)|f<g|+|ﬁ\T[<g7 2, f]gf:}ﬂ(e@ﬂ%)} ()

-Tﬁ[ A, T(2, Ft i noe ](x®>.

°9,F tt+egp

Comparing this with (4.16) we arrive at the desired result. 0

4.3 An explicit formula for the BPHZ renormalized tree
In this subsection we put together the results of the previous two subsections and
prove a proposition on the explicit form of chaos kernels for the BPHZ formula.
First, for any forest of subtrees F we define

NF,T) END\ NF), N(F,T) = ND)\ N(F),

K(F,T) EK(T)\ K*(F), and L(F,T) £ L(T) \ L(F) .
Then, for any L c L(T), m € P[L(T) \ l~)], % C €, and F € Fy, we define
WILF, €] € €;, (0., ®} via the following integral formula where we write y €
(Rd)N(]:,T)\I:, T e (Rd)ZU{Q*,Qﬁ}’ and z = = LI Y.

WE[]:a Cg](miu{g @})

def / dy CubFD)(2) . Ke K(]—'T)\‘F() RKe K(]—'T)ﬂ%() XN(]—'T)(Z)
N(FT\L

K+HSHne Ki S\E NS
' ( [ Hers [RKero (0 Kerg VXN )] (2nis) U Z.Qs))
SeF

Proposition 4.22 For any £ € M(Qs) and z € (RY)1®:0+}

TTel@y = > | dyWEIG, 21(2)-Wick ({€(za)} e ) (4:20)
LcL@) L\{e-}
TEPIL(T\L]
GeFr, 9Ceg
where z = x Uy and, for any multiset A of random variables, Wick(A) denotes the
Wick product of the elements of A (see [HS15 Def. 4.5] or [[AT06, Appendix B]).

Proof. Starting from the LHS, we have

M@ ADA T,08= > > AF, € npepng cq), (4.21)
F<1 nF,eFp

<1 "et€
‘56@;—1 ’



52 A FOREST AND CUT EXPANSION FOR THE BPHZ RENORMALIZED TREE

where A(F, %, np, ep, ng, ep) is given by

(TT 1cusns +e9) ( § ) (0l (4.22)

SeF
n—np\ 1 & = neg+xee,0
® ( 1o >e%|]1<7(9% +ep)(Tx[CL[Fh)ef,

@ TIe, FI I e

where 0 = np + yer. Note that we used Lemma here. Above, F'is the

i-forest corresponding to F € F=!, the sum over decorations in 21)) is a sum

over node decorations np on N(F) \ o(F), ng on TZ [#], edge decorations e¢r on

K i(]-" ) and ex on ¥. The edge decorations ¢g and node decorations ng appearing

in ( are given by the restrictions of ey to K S(T ) and np to N(S), respectively.
Observe that we have

1l | |iEen=1] ] || {F%rum),

LCL(T) nePIL(T)\L] £ EF~ FEF reP[L(F LOFTN
CL(T) m€PLLD)\ ](KCQ‘]: A ]-'T;rcot[np( )l #EPLL(F,T\L]

Z Cuﬁ(fj)(y)WiCk({gt(u)(yu)}ueL(]:’T)\supp(ﬂ—)> = H ft(u)(yu)a

TEPIL(F,T)) w€L(F,T)

where the second inequality holds for any & € F. We can use the two identities
above to interchange summations and eliminate the Wick monomials on the RHS of
([#.20) to see that, again writing 2 = Y5z 7, U Z{,, @} it is equal to

> x o /

FeFst GEFIF] reP[L(G)] N, T)
gees! €%, F1 m comp. G

(I &wo)XPPe @23
weL(F,T)

. Ke K(RT)\Q( )_RKerK(f,T)m@( )

K¢ SIN\Z
( I1 HﬂgS[RKeré( (SN7 . Kerl N XN(S)(Z)} (Znus) uzgs))
SeF

For the time being we fix F € FS!, ¢ ¢ C ,and Z € €[%,F]. Then by
straightforward computation,

([ s [RRed 7 OIS 0) o

GeEF[F]  SeF
TE€P[L(9)]

m comp. G

= Z Z( )RKeré((F’T)m@(z)

GeF[F] np
weP[L(G)]

7 comp. G,

N(s KY SN2 KHSN\D 5 N(S
(T X222 ) Hr g s [Rerf O Kery XY |(2))
SeF
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-7 Y () (IExmexsn, co(* )

ipnp, SeF ng eg
R
RKerKi(F)mg( )KerK (F)\Q( ) Z /  dwd(wyE)) T FETXEF G (w)
gerF1 Y Ne)
TEPILG)]
w comp. G
g n(ronE N(S
- ( ) ( > ( [ Xaors s (ns + es))
- ng | E
npng, cF

er

.RKergi(]:)ﬂQ( )K KV (.7:)\9( ) TP [ﬁ_(F, 0);F+X€F:| .

In going to the second line we used the binomial identity and the fact that we can

replace an Xiv (‘:) 05 with X2 (f) in the argument of H g ¢ thanks to translation

invariance. In going to the last line we used Lemmas {.7)and f.14] By the the
Chu-Vandermonde identity we have that for each fixed np,

(@) )= (0)-

ng

It follows that (4.23) is equal to

Z Z < > / dy KerK(f T)\“@(z) RKerK(f N2 (2)
N(FT)

]-'e]F<1 nE, eF
vees
@e@[% Fl

X N(F,T) (2) - ( H Xfy_(f;f’g(z)llww)(ns + 65)) : ( H &(")(Z“))

Ser ueL(F,T)
RKer!S N7 )Kerly P\ (2)- TF [d (B, 0087 ]
(4.25)

Next we observe that for fixed F € FS1, 4 € €3, np, and ¢ we have
RKeré( (FDNe RKerfg(f ne
G Ker(r @),
_ 1% 6p( ) et e +ie er(@)®
=D Z e% Z fi! Xxf%
feg €Der(% e+e )

and we also have

N(]—' T) N(S), . n—ng\  NeTx[%) N(S),
(ILxe) =30 (", )= ( [T xawes

ng
SeF neg SeF
S<T (€]
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GNT[€D),® N[o”f’] N(S),es
'Xﬁ—nF—ncg ( H Xy nE—he,® ) '
SEFI¥]

With these facts in hand one can carefully factorize the integral of {.25)), and then

use Lemmas [4.19and [d.21] to write (4.25)) as
n—n 1
PopS () (o) o (TT v +9)
<1 ng,ep,

erlegt\ gk

(4 n
%’e¢<1 e

]l(ify(ecg + ep)TC [(TZ‘ (%], [F]I)Efg-i-xefg,o}

etep

Y[ T, FILE e | T [, 0 e
The proof is finished upon observing that the above expression is what one obtains
by applying to (#.21)) the operator T[] @ T¢@W[.] @ TEWI[.], 0

4.4 From the BPHZ renormalized tree to the BPHZ model

We close this section by checking that our BPHZ renormalized tree agrees with the
BPHZ renormalized model, using freely the notations and terminology of [BHZ16].

Lemma 4.23 Fix a realization {(w) € Qo. Let Z]’flf:i) = (I5@W T¢@) pe the
“BPHZ model” which is defined as the restriction to the reduced regularity structure
of the model obtained by applying the BPHZ renormalization procedure of [BHZI16)
Thm 6.17] to the random model corresponding to the canonical lift of {(w) on the

extended regularity structure. Then, for every z € R?, (11, T: +)(-) and T§ (T e]( ) as
defined in (3.9) coincide as random distributions.

Proof. There is little to prove here other than to describe why the minor differences
between our framework and that of [BHZ16] lead to absolutely no difference in the
resulting analytic expressions.

The process of going from elements of our “underlined” spaces of identified
objects to their appropriate representatives in the corresponding “un-identified” and
non-underlined spaces imported from [BHZ16] entails forgetting the identification
map, performing a contraction, and possibly replacing a forest product with a tree
product. This “forgetting” is denoted by an algebra homomorphism U : (F2) —
(F2) given by dropping the identification data from any element in F» and then
extending by linearity.

As in [BHZ16] we use a variety of contraction maps. We start with a map
% : (F2) — (F2) defined exactly as K is in [BHZ16, Def. 3.14] but with a minor
difference in how decorations are treated — in the definition of % the new [o0] label
should be replaced by [0]’ given by

@ =) o)+ Y (te)— o).

yex e€EERNEF—1(2)Nz
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We then define, for i € {1,2}, maps %; £ %o ®; and %1 “to </131 where
D,, </131 : (§2) — (§2) are defined by [BHZ16, Eq. 3.22] along with the immediately
preceding and following paragraphs.

Finally, we define O : (F2) — (§2) to be the map that sets all extended node
labels o that appear to zero. Then it is straightforward to check that

(% @ RU @ Ay ) 1d @ ADA (T, 007 = (1@ 6 ® 1d)1d @ A)A T,

where we are implicitly using that the RHS can be identified as an element of
TXRQIT*@ I ) ~

For the negative twisted antipodes o : I — J ** it is again straightforward
to see that, for every (£, 0)f € §o which, (7) can be written as a forest product of
elements of X_ and (i7) satisfies #1 U(F, 0)7 € T, one has the identity

frUsA_(F,0)" = Od_U(F,0)" .

This claim can be verified inductively in |Ep|.
_ We turn to positive twisted antipode — for any i-tree of the form (T, 7)¢"° with
U, T)° € I one has

I hoUs (T, T = Oy U(T, T,
where 7 : <‘§2>f0r — (%2) is the operation of joining roots as given in [BHZ16,

Def. 4.6] and the equality above is in the sense of elements of E%f‘ This claim can
be verified inductively in | E7 \ ETz (]

It follows that one has equality

(kl%a?_ QRUS 7 %ﬂgﬁ)(ld ® ADA_(T,0) (4.26)
= (Osl_ ® 6 ® Osl,)(Id ® Ap)A Ty

as elements of T @ T @ T,

If we denote by ITI0) : T — B the unique multiplicative admissible random
def

map with I[IEW[=E] = &(w) for all t € £_ and again write ng(:i) = (II8W), T¢@)y
then for any zg, x,, € R? one has

(I5T% ) (0. (4.27)
= (g~ (I*Y) @ I*“[(xy,) ® g, AT (sl @ 1d ® ol 1 )(1d ® Ag)A1 Ty
= (9~ (V) @ TE@))(z,.,) ® gif, (ATE))(Os - © O © Osd 1 )(1d @ Ap)A Ty .
The first equality is by definition, and the second holds because the maps g~ (IT¢V)),

W (x 0.), and g . (TT€“) all ignore the extended node label.
We then observe the following.
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e For any (T, T)E1 € Ty with RUT, T)‘e‘](xg*) € g
IEORUT, T )(zo,) = THOUT, DiN(w,.)-
e For any (F, F)‘; € <§)fm with _# %2%(F7 F)'g € ?Jsf‘
G, () o (F, F) = YS[(F, F) ().
e For any (F, F)‘; € $1 with B U(F, F)‘Q € g
g~ ENRLUE, F)¢ = TEE, F)).
Using these identities, all that is left is comparing (3.5)) to (#.27). N

4.5 An example

We have verified that in our setting we have recovered the BPHZ model of [BHZ16].
In fact, the BPHZ model has already appeared in previous works using the frame-
work of regularity structures, but not under that name. In this subsection we
compare, for a single symbol, our formulas for the BPHZ model with those of the
renormalized model appearing in [HQ15[]. The symbol we choose to look at is X

The context here is that of the KPZ equation, we we are working on R? with
space-time scaling s = (2, 1). We have a single kernel type t which corresponds to
the spatial derivative of the space-time heat kernel on R? and a single noise type
[ which corresponds to the driving noise. We specify a homogeneity assignment
| - |s by setting |t|s = 1 and |l|s = —3/2 — Kk where k € (0,1/10). We also fixed a
random, smooth noise time map given by setting . = & * g..

Using the symbolic notation for kernels and integrals of [HQ15]] one has

k”o k"o O‘~$ kf’o ‘_/’O
o o o T KO m,
() Ay e<--O . _ e—->e o + M _ + .
(HWYO)(%@)—&_ + § ; +2$ +2¢X 2¢
®<-0O °® ® ®<-0O ° ®
(} \o \o \o \o \o

(4.28)
We have modified the notations of [HQ15] slightly, the new blue vertex corresponds
to the base point & of the model and the green dot now represents the variable for
the root of the tree. However all the kernel notation remains exactly the same.
Switching back to our conventions the combinatorial tree T(? corresponding to
X is given by
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One has N(T) = {u;}3_; U {v;}1_; with o7 = uy and L(T) = {v;}}_;.

We now describe what the RHS of (#.20) looks like in this example. Assuming
that we are considering centred Gaussian approximations to space-time white noise,
only second order cumulants are non-zero, so that any summand corresponding
to a pair (L, ) not appearing in the list below does vanish. (In the general case
considered in [HS15], one has to keep a few more terms.)

1. l:-/ = {1)1,’02,1)3,1)4}, ™ = @ .
L ={vi,va}, m = {{vs, 04} } .
L ={vs,va}, m={{v1,v2}}.
L ={vi,va}, m={{vz,v3}} +v3 <> vs.
L ={vg,v3}, m = {{v1,v4}} +v3 <> v1.
I: = @, ™= {{U1,1)4}, {Ug,vg}} + V3 <> Vg .
7. L=@, 7 = {{v1,v2},{vs,v4}} .
Here, we write vs <> v4 to denote the same term with v3 and v4 exchanged.
Concerning positive renormalizations, the set € contains only a single edge:
¢ = {(u1,u2)}. Using the same numbering as above (and ignoring the permuted
situations we didn’t explicitly write out), we have the following possibilities for IF,;

1. {®}.

{Qa {Sl}} .

{®7 {SQ}} :

{®a {S?)}}

{2} .

{®a {53}7 {T}v {SS» T}}

7. {®v {51}7 {52}7 {Slv 52}7 {Tv S, SQ}? {Sh T}7 {527 T}v {T}}

Here the trees S1, So, and S5 are respectively given by

% :
O S 1

oW e OWMe

AN e

SANR ANl ol

o ——> ¢\WMO
@ ———ewWWo

oW e

The sum corresponding to scenario 1 gives the first term in (4.28)).

The sum for scenario 2 vanishes for either of two reasons: one is that the renor-
malization of .S is a “Wick”-type renormalization (so the term with 57 renormalized
precisely Kills the one without) and a second reason is that the kernel K’ in [HQ13]
is chosen to annihilates constants.

The sum for scenario 3 gives the second term and third term in (4.28), the third
term comes when one chooses ¢ = {(u1, u2)} which obstructs the renormalization.

The sums for scenarios 4 and 5 give, respectively, the fourth and fifth terms in
(4.28) with the factors 2 coming from the permutation we mentioned.

For the sum in scenario 6 we first note that one has

> WRIF,@1= Y (WIF, 81+ WIF U{T}, 1)

FeFr FeFr
FFT
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= > (WEIF. $1 = WEIF.41) =0

FelFr
FZT

This sort of cancellation is quite common when L = . The rest of the sum in
scenario 6 (given by Wg)[@, {(uy,u2)}] + W%[{Sg}, {(u1,u2)}]) gives the sixth
term in (4.28).

Finally, the same arguments used for scenario 2 also lead to the vanishing of the
sum in scenario 7.

5 Reorganizing sums

Our main goal moving forward is to obtain, for £ € M(Qoo, Leum), Uniform in
X € (0, 1], L?P estimates for the random variable T§ w)‘) for some continuous
function 1) as in Theoremn and z € R%. Our main theorem promises estimates
uniform in v but this comes automatically{ljl by choosing v to be the generator
of a wavelet basis, so from now on we treat ¢ as fixed. The theorem also gives
uniformity in z but this will be automatic from stationarity.

If we define, for L C L(T) and = € P[L(T)\ L], the kernels Wi, €%

by setting, for each = € (Rd)iU{@w*},

LU{®,0.}

W@ = Y WIIF, €l@) - ¥y, (20.) (5.1)

Felr
CCCr

then the functions { 357 i W’i Jic Lr play the role of chaos kernels in a
non-Gaussian analogue to the Wiener chaos decomposition for the random VariableE]

TE[T;]@/)?). In order to obtain the mentioned L% estimates we try to get good
control over the behavior of the kernels Wg for ﬁxeL C L(T)and 7 € PLL(T)\

L] and throughout Sections to |§I we treat both of these parameters as fixed.

In what follows we enforce the condition ¢ € M (o, Lcum), We then have that
W’i vanishes unless 7 is a partition on L(T") \ L which satisfies the property that
for every B € 7 one has ({, B) € £¢.,. Therefore we assume this of 7, note that
this prevents 7 from containing any singletons.

We also write W) [F, €] € 6+ for summand of (@.20) for fixed F € F,
and € C Cr.

One does not expect to get good control over the LHS of (3.1)) by inserting
absolute values and controlling each summand on the right-hand side separately —
doing so would prevent us from harvesting any of the numerous cancellations created

Lu{ex,®}

1See [Haild, Remark 10.8 and Sec. 3.1].

12Being pedantic, this is true upon fixing 2 = Z and then 1ntegrat1ng o, if 04 & L.

13 Applying the triangle inequality to deal with the sum over L and  introduces combinatorial
factors that are unimportant in our context.
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by our renormalization procedures. Exploiting a renormalization cancellation for an
edge e € € or divergent subtree S € Div requires us to estimate together

WALF, €] and W) [F, € U {e}]
or Wi[F, €] and WH[F U {S},€].

In many examples it is impossible to harvest all the renormalizations of € and Div
simultaneously, this is, in our context, the problem of “overlapping divergences”.
The solution to this problem is the observation that “overlapping divergences don’t
overlap in phase space”. More concretely we perform a multiscale expansion of the
quantities we wish to control and then design an algorithm which tells us which
renormalizations to harvest for a fixed scale assignment n as in [HQ15[]. This
algorithm requires some basic manipulations with partially ordered sets (posets).
To make notions clear, we introduce these concepts prematurely, that is before we
introduce the multiscale expansion itself. This means that many of the notions of
this section will be used in an n-dependent way in the sequel.

All posets have a natural notion of “intervals”, that is subsets of the poset which
are either empty or contain unique minimal and maximal elements along with all
elements of the poset that fall between these two extremal elements.

Definition 5.1 Given a poset A, Ml C A is said to be an interval of A if M is either
empty or there exist elements s(M) and b(M) such that

M={acA :sM)<a<bM)}.

For a non-empty interval M we also use the notation M = [s(M), b(M)]. If elements
of A happen to be sets themselves, equipped with the partial order given by inclusion
(which will always be the case for the intervals we consider), we write §(IM) o
b(M)\ s(M). As a mnemonic one should think of s(-) and b(-) as standing for “small”
and “big”, respectively. In what follows we view F as a poset by equipping it with

the inclusion partial order.

Remark 5.2 If M is an interval of I then for any 4 C € one has that M N Fe -
is an interval of IF;.

This is immediate when M = ¢ or M is non-empty and s(M) ¢ Fg ., in
both situations M N Fey » = . If M is non-empty with s(M) € Fg ., then it is
straightforward to check that M N Fy » = [s(M), b(M) N Divy].

For the rest of the paper an interval of forests refers to an interval of F,. The
intervals of forests of interest to us are specified as pullbacks of certain maps from
I, to itself called forest projections.

Definition 5.3 A map P : F, — [, is said to be a forest projection if for any
S € F, P~1[S] is either empty or an interval of forests M with s(M) = S.
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Given % C € and a forest projection P, we sometimes use the shorthand ch 1[-] =
PN F% ». A simple observation that we use frequently is that

G1CGCC = PSICP.S] VSeF,. (5.2)

For the rest of this subsection assume that we have fixed a forest projection P.
Given any forest projection P and ¢ C € we define M7 (%) C 2F~ via setting

M- (@)L (M # @ : 3F € Fpwith P, [F] = M}

Conversely, for any forest projection P and any M C F,. we define

ePV) E (¢ c ¢ Pl s(M)] = M} .
Clearly €7 (M) is empty unless M is an interval of forests. Then, for any forest
projection P one can rewrite the set {(F,%) : € C €& F € Fy .} as

1| |] (Fo:Femy = || || {F6:FeM}. 53)

CCEMeMP (%) MCFr €ceP (M)

We use the shorthand 9P £ Ugce MNP (€). Equipping 2¢ with the inclusion
partial order, we use the term interval of cuttings to refer to an interval of 2¢.

Remark 5.4 In this paper the use of the term “interval” will always refer to an
interval of the poset F, or 2¢. However, the reader should be cautious since
these two posets are themselves collections of subsets of other posets — Div and €&,
respectively.

Our maximum and minimum operations are always applied to collections of
elements of a poset. For example, given an interval of forests M, s(IM) denotes
the collection of maximal subtrees of the forest s(IM) — the selection of maximal
elements is taking place with respect to the poset structure of Div since s(IM) C Div.

Before stating our next level we define, for any interval of forests M,

e\ (U K®).

Seb(M)

Lemma 5.5 For any forest projection P and M € MY one has ¢P (M) = {%yr}.

Proof. First we observe that for any ¢ € ¢ (M) one must have € C %y since
M C F¢ . Next we show 6y € ¢P(M). Fixing some € € ¢F (M) (the latter set is
non-empty by assumption) we have

Py [s(M)] = M C P [s(MD)].

The subset relation is a consequence of the facts that M ¢ P~ ![s(M)] and M C
Fe,,,~. We also have R;le[s(M)] C P%l [s(M)] = M by virtue of (5.2). O
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Definition 5.6 A cut rule is a map & : F, — € such that for each 7 € F,,
Y(F) C Cr.

When we perform a multiscale expansion, each scale assignment n will deter-
mine a forest projection P™ which will be used to organize the sum over forests of
divergent subtrees and a cut rule ¢™ for organizing the sum over cut sets.

We now formulate a criterion which will guarantee that conflicts do not arise
between negative renormalizations and positive cuts we wish to harvest, that is P™
and ¢ do not get in each other’s way.

Definition 5.7 Given a forest projection P and a cut rule ¢ we say that 4 and P
are compatible if, for all M € ML, e € G (b(M)), and € C €, one has

¢Ufe}ecfM) = €\ {e}ececlM).

For any compatible ¢ and P we define, for each M € 99t”, a collection of intervals
of cut sets

G, M) Z {[€,€ UGOM)] : € € " M), €NGOM) =g} .

Note that, for each Ml € 9, by compatibility one has that @f;(M) is a partition of
@P(M). The following proposition is essentially immediate.

Proposition 5.8 Given a forest projection P and a compatible 4 C €&, one has

1| L] tFeon= 1] || |liFon.

CCCFeF¢ MeMmP Ges L ) FEM
eMyce

Proof. 1t follows from (5.3)) that the left hand side is equal to

L U UiEsy.

MeMP ¢eeP (M) FEM

since € (M) is empty unless M € 9t”. The claim then follows from the fact that
all subsets in Q5§ (M) are disjoint by definition and every ¢ € ¢ (M) has a unique
decomposition € = 2 U .« with 2 € ¢P(M) and 2 N4 (bM) = @&, as well as
o/ C 4(b(M). Indeed, simply set 7 = ¢ \ 4(b(M) and &7 = € N4 (b(M): one
then has 2 € ¢ (M) by the compatibility of & and P. O

6 Multiscale expansion

Given any set A we denote by A® the collection of all two element subsets of A.

We also define
&= || B?.

Ber
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When viewed as a set of edges, £; forms a union of complete graphs with vertex
sets given by the true nodes of the blocks of 7.

We also define £ = {{®, u} : u € N(T)} and

def

ELKMUE LEs, (6.1)

def

For any subset A C N(T) we write Eg(A) = {{®,u} : u € A} C Eg.

Remark 6.1 Note that we often view the elements of K (T) as sets of two element
subsets of N(T) in (6.1). When we are doing this there will be pairs {a, b} that
may appear “twice”, once as an element of K (T') and another as an element of &,
however we see these occurrences as distinct and distinguishable. This should also
be kept in mind when we present some subsets of £ as disjoint unions of subsets of
K(T), &, and Eg,.

We define a global scale assigment for T to be a tuple
n = (ne)ece € N

We fix ¢ : R — [0,1] to be a smooth function supported on [3/8, 1] and with
the property that ) © _, ¢(2"x) = 1 for x # 0. We then define another family of
functions {¥®}cn, TP R¢ — [0, 1] by setting ¥®(0) = 0r,0 and, for z # 0,

P®) () & ano p2"x]) ifk=0
P(2F|z]) if k 0.

Given e € £ with e = {a, b} and a global scale assignment n we define V¢, € €6,
via UE(z, — x3). Given E C £ we define VX € 6, via

\I/fd:fH\I/n

ecE

We now define single scale analogues of some of the functions we introduced
earlier, as well as for the functions

D
RKer, = H (Ker;{e} + RKerie}>. (6.2)
ecy

For any n € N¢ we set

ef —9 e —9 7
KerZ, = Kerf? - OF, RKer, , & RKer, - 07,
RKer?, & RKer? - ¥, XN, EX H gl
ueN

def

as well as wn € €(n,0.) via w,)l‘(x) %)2@ (To,) " ﬁ/é@’g*}(m’).
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We now describe our multiscale expansion for cumulants. Our expansion
will be more involved for second cumulants. Since we allow t € £_ to have
|tls € (—2]s|,—|s|) this means that if |||/, only contained information about
cumulants away from the diagonal then the quantity ||£|| . could not be used to
control, for arbitrary { € M(Qx), d > 0, and t,t' € £_ with [t; + |[t'[s < —]s],
the quantity

/yeRd dz E°[{£«(0), {e (@)}
lyls<é
In particular, if we use a brutal multiscale bounds on the above quantity and only use
the information on ||¢|| v given away from the diagonal then by power-counting
the above integral will look divergent. However our norm ||{|| v includes data
on the behavior of the diagonal through so there is no real problem here.
In order to overcome this in our power-counting analysis, we perform a built-in
“fictitious”-renormalization of second cumulants which uses the data from (2.10).
For each B C L(T) with B = {u,v} and [t(B)|s < —|s| we define, by applying the
same trick as used in [HQ15, Lem. A.4], a family of functions {CNu B,j(Zu, xv)}]o-‘;o

with the property that each Cup j(x,, x,) is translation invariant (i.e., expressable
as a function of z,, — x,) and furthermore

1. The identity
> —_—
> Cup; = E{éu) fuw 1]
j=0
holds in the sense of distributions on (Rd)B .
2. Cupj is supported on (x,, z,,) with 2772 < gy — 1y <277
3. One has, uniformin 5 > 0and x5 € R2d,

ICupj@p)| S lI€ll2e - |z — 2o Pl .

4. For any polynomial Q on R? of s-degree strictly less than —|s| — |¢(B)|s and
every j > 0, one has

/ da: Cup (0, 2)Q(z) = 0. (6.3)
Remark 6.2 Note that we do not impose for j = 0. Indeed, this would in
general be in contradiction with the first item.
For any B C L(T) and any global scale assignment n we set

CNUB np(T) if |B| =2 and |[¢(B)|s < —|s|
def ’
Cupn(z) =

UB? () - E°[{&yy(@u) }uen]  otherwise

Finally, for any L C L(T) and global scale assignment n we set
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We now define operators H} M,S DB — By NS where M is an interval of forests,

)(,’
S € b(M), and n € N¢. ThlS definition is again recursive and for ¢ € 6, we set,
for any x € (Rd)N(S)C,

def

L S K
L2 gol() /N  dy Culiy? ) Ker Vg i)
bvny (S)

b(M)(S)

H M Chan(S) [Kero [@S#MSD] (zUy)

where
4 — s if S € s(M)
g%§mﬂ¢ = .
’ Id—%5)p if S € §(M).

Recall that the operators %5 were introduced in Deﬁnition M.T1] The notation
HY Coan(S) denotes the composition of the operators { H. M T}Tecb(M)(S) Again,
no order needs to be prescribed for this composition because these operators com-
mute — the justification of this claim is essentially the same as that given for the
commutation proved in Remark 4.13] The difference here is that some instances
of %5 are replaced by (Id — %5) and all the cumulants and kernels are replaced
by single slices of their multiscale expansions but these changes make no real
difference when checking that these operators commute.

We can now define single slice, partially resummed chaos kernels. For any
n € N¢, any interval of forests M, and any interval of cuttings G with b(G) C Sy

we define WY[M, G] € %LU{Q ®) via setting, for each x € (Rd)’iu{®’9*},

MILE@S [ ey X Teuy  64)
NOM),DH\(LU{®})

) CuL(b(M),T)(x Ly) Keré((b(M)’T)\b(G)( Uy)

——— §(G)\ K+ (b(M)
| RKer OV ) R (@Uy)

1 Aa(GmKi(S) 1
( H H s [RKergfi(l;)mK ) RKer Ker! K (S)\b(G)XN(S)](x L y))
Seb(M)

With our definitions the following lemma is straightforward.
Lemma 6.3 Forany ¢ C €and F € Fy . one has
> MFL )] = WALF, %1, (6.5)

neN®
where for the sum on the the LHS we have absolute convergence pointwise in x ;.
On the other hand, for fixed n € N¢, interval of forests M, and any interval of
cut sets G with b(G) C €y, one has

> WAHFL{E}] = WM, G- (6.6)

FeM
¢eG
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Proof. Both statements are straightforward but we sketch how to show (6.6) since
the notation there is somewhat heavy. Note that the fact that we stated this identity
for a “single scale” slice (i.e. with an n) plays no role (a similar identity holds
before the multiscale expansion) but we have stated things this way for later use.

The heuristic for (6.6)) is as follows: for any interval A of sets where the ordering
is given by inclusion one has

S v =( IT o) ( IT 0 -w)

A€A ac A a€s(Ah) a€d(A)

where the {ya}aeb( ) are indeterminates which need not be commuting as long as
one interprets the products on either side consistently.
Fix n € N€. We first show that for any interval of forests M,

> WRHFY ] = WM, 7] . 6.7)

FeM

We prove the above identity via induction on |§(M)|. The base case, which occurs
when |[M| = 1 and |6(M])| = 0, is immediate. For the inductive step fix [ > 0,
assume the claim has been proven whenever |§(M)| < [, and fix M with [§(M)| = .
Fix T' € §(M), we prove the claim in the case where there exists T e b(M) with
T € Cb(M)(T). The case when there is no such 7' is easier.
LetM; £ {FeM:FFT}and My = {FU{T}: F € M, }. Note that M
and M are intervals that partition M. Therefore, by our inductive hypothesis,

WAIM, @] = WMy, @1 + WiI[Ma, 4] . (6.8)
Clearly one has, for all S € b(M) with T" £ S,
avy,s = Hin, s - (6.9)
Next we claim that for every .S € b(M) with S > T one has
Hin, s+ Hen,s=Hams - (6.10)

Proving this claim finishes our proof since the combination of (6.9) and (6.10) yields
(6.7). We prove the claim using an auxilliary induction in

depth({S" € b(M): S > S' > T}).

The inductive step for this induction is immediate upon writing out both sides of
and remembering that @S#Ml = %#M2 = @S#M. What remains is to check
base case of this induction which occurs when S = 7.

To obtain (6.10) when S = T we first observe that Cb(M)(T) = Cb(M2>(T) =
Cb(Ml)(T) U {T'} and then rewrite, fori = 1,2, H7‘:7Mij[go] as

Ly (T Kpan(T Ly (T
/~ dy Cur () - Kerg i Pia, Uy) | dz Cust P (6.11)
Npan(T) Nypan(T)
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Kpan(@) ()
- Kerg " (w)(# @0 b(M) o])(w),

H Cb<M>(T)\{T} [Kery
where w = z,. Uy Uz, 1) =1d, and #® = (—%7). In obtaining (6.11)) for
i =1 we used (4.6).

The corresponding identity for summing over ¢ € G is easier to check, one
just expands, for each e € §(G), the R/K\eréej appearing in the RHS of (6.4) as
Keré ) =+ RKer{e} |

Remark 6.4 In what follows we will perform various interchanges between in-
tegrals and infinite sums over scale assignments with an implicit assumption of
equality. Once we fix a final method of organizing these sums and integrals we
will establish their absolute convergence which will a posteriori justify such inter-
changes.

7 The projection onto safe forests and choosing positive cuts

We now introduce the family of forest projections { P"} _\e used to organize the
sum over forests, these are the “projections onto safe forests” of [FMRS85]]. For
any subtree .S of T', we define the edge sets

EBS) EK(S)U{e € &rt e C N(S)}
EF(S) E{e € E\EM(S): enNN(S) # P}

Heuristically, one determines whether the divergent subtree S needs to be renormal-
ized under slice n based on the relative values of the quantities

mt@(S) mln{ne cec€ Smt(S)} and extQ(S) max{ne cec€ 5%“(5’)} .
7.1)

We describe the general idea in the scenario where S is the only divergent structure.
In this scenario one would sum over the scales assignments in the following way:
we freeze the value of the scales external to ext‘é(S ) and perform a sum on scales
internal to S, after this is done we sum over the scales external to S.

It is the sum over the scales internal to .S where our bounds blow up due to the
divergence of .S.

In the parlance of [EMRSS83]], S is dangerous for the scale assignment n if

intf(S) > extg (). (7.2)
The contribution of .S for a given scale will be of the order 2(NMNG () which means
that the our estimates on the sum over internal scales, subject to the constraint
(7.2), will diverge. These are the scale assignments for which we need to exploit

the cancellation that occurs between the original integral and the counter-term we
subtract for S — we need to harvest this negative renormalization.



THE PROJECTION ONTO SAFE FORESTS AND CHOOSING POSITIVE CUTS 67

On the other hand, the sum over internal scales subject to the constraint
intf(S) < ext(S) (7.3)

is not a problem, since we have an upper bound on our sum. When holds
[EMRS83] calls S safe for the scale assignment n. We get a bound of order
2@ (SXG) after performing the sum over scales internal to S. If .S is the only
divergence, then our estimate on the entire integral, written as a product of expo-
nential factors, will have the scale ext%(S) multiplied by a negative constant in
the exponent — this comes from the fact that any structure larger than S would be
power-counting convergent in this scenario. Therefore the sum over ext‘é(S) also
creates no problem.

Loosely speaking, the issue of overlapping negative renormalizations is clarified
by working in this multiscale approach since, for a given scale assignment n, the set
of divergent structures which are dangerous for n form a forest.

We now generalize the discussion above, as well as make it more concrete.
When working with forests F of divergences, the quantities appearing in (7.1])
should be replaced by analogues which are computed “mod ™, that is they take the
renormalizations of F into consideration with regards to the notions of internal and
external. The forest projections P™ we use will map a forest F to the subset S C F
which consists of all the elements of F which are safe for n when the notions of
internal and external are taken “mod . Defining the projection P™ requires us to
introduce some notions.

Fix a subtree S and let 7 € F,.. We now describe some useful notation. We
define the immediate ancestor of S'in F by
w {T ifMin({T € F: T > S}) = {T},

AFS) & ! ’
7 =7 if{TeF:T>S}=¢

where we view T as an undirected multigraph with node set N* and edge set
%k def

EMTH) =E.
We also define the edge sets
encrenE || e,
TeCx(S)
EFS) = EM(S) \ EMCFO)),
and EZY(S) £ £7YS) N EM(A£(S)).
The definitions generalizing are then
int(S) = min{n, : e € ENS)}, .4)
ext:(S) o max{n. : e € EX'(9)} .

We now introduce the forest projections we will use. For each n € N, we define
P":F, — F;by

PU[F] = {S e F: inth(S) < ext:(S)} .
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We now present the main arguments (Lemma/7.1] and Proposition [7.3) showing that
P" is a forest projection — here we are adapting [FMRS85| Lem. 2.2, 2.3].

Lemma 7.1 Foranyn € Né, F € F. and S € F, one has
lntl]l:(S) = lnt?:n[]:](S), eXtr_;:(S) = eth}_m[]:](S)

Proof. Since P*[F] C F and since both Sif“‘ and £ are decreasing in F, it is
immediate that one has

int’=(S) > intpa;7(9), extz(S) < extn£(5). (7.5)

We start by turning the first inequality of (7.3)) into an equality. Fix S and F and
define o o
K E 8™ Cppn(9), KZE™CHS)) .

The claim is non-trivial only if K # K. It then suffices to show that for any
e € K\ K there exists é € £M(S) \ K with ng < n,.

Fix such an e. Observe that if T € F with T' < S and E™(T) 5 e then it must
be the case that 7' € F \ P"[F], moreover there is at least one such tree 7. In
particular, there is a (unique) sequence of trees 71, ...,Tx4+1 € F \ P"[F], with

k > 0, such that

e T is the minimal element of F with e € EM(T?}),
o forl1 <j<konehasTj 1 = Ar(T}),and T}, = S.

By our assumptions, for 1 < j < k we have
int%(T}) > ext=(Tj) . (7.6)

For each such j, fix a choice of e¢; € SeXt(Tj) NK(Tj41). Thep our desired claim
follows by setting é = ey, since this edge belongs to £™(S) \ K and (7.6) implies

Ne > Ny > Ney >+ 7+ > N,

We now turn the second inequality of ((7.5) into an equality. For this, we start by
introducing the shorthand

TEARS) and T = Apaz(S) .

With this notation, the claim is trivial if £5U(S) N (EM(T) \ £M(T)) is empty so we
suppose this is not the case. (In particular, this means that A x(S) # T)

In a way anaolgous to above, it remains to show that for any e € £(S) N
(EMY(T) \ £M(T')), one can find € € £Y(S) N EMY(T) with ng > n,. Fixing such
an e, we define similarly to before the unique sequence of subtrees 77, . . ., Ty such
that

o T1 =Sand forl <j <k T =ArT)).
e T}, is the minimum element of F with S < T}, and e € EXY(T},)NEM(A£(T})).
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One then has T; € F\ P"[F]forj = 1,...,k so that, in particular, holds. We
then set e, = e and, for each for 1 < j < k, we pick some e; € EXY(TH)NEM(T)41)
arbitrarily. It then follows again by that ne, > ne,,, so that, by setting € = e;
our claim is proved. O

Corollary 7.2 Foranyn € N¢, P" o P* = P™,

We can now show that P" is a forest projection.
Proposition 7.3 For anyn € N, P is a forest projection.

Proof. Fix n. By the previous corollary it follows that if for some S € [F; the set
(PM~1[S]is non-empty then P"[S] = S. Fix such an S.

Since P"[F] C F for every F € [ it follows that S is the unique minimal
element of (P™)~![S], so all that is left to show is that this pullback is an interval.
Define

GE={T eDiv: {T}US € F, and int(T) > ext3(1)} . (7.7)

Since P"[S] = S, it follows from the definitions of P® and G that G NS = .
We claim that one also had G LI S € F. For this, it suffices to show that for any
S1, 55 € G one has N(S7) and N(52) either nested or disjoint.

Suppose on the contrary that these two sets are neither disjoint nor nested,
it follows that N(S1) \ N(S2), N(S2) \ N(S1), and N(S1) N N(S2) are all non-
empty. In particular, there must be two edges e; = (uy,v1) and ex = (ug, v2) with
e1 € EM(S1) N EX(Sy) and e € EM(Sp) N EXY(S)).

Moreover, the condition that S, S2 be compatible with the forest S implies that
As(S1) = As(S2) contains both S7 and .S> and that the node set given by the trees
in C's(S7) does not intersect the node set of So, and vice-versa. As a consequence,
fori,j € {1,2},i # j, one has ¢; € EM(As(S;)) \ EM(Cs(S)).

Since extg(S1) < int§(S1) we must have n., < ne,, on the other hand
exts(S2) < int§(Ss) forces the reverse inequality which gives us a contradiction,
thus proving our claim that G U S € F;

We complete the proof by showing that (P*)~![S] = [S, G U S]. For this, we
first show that for F such that S C F C (G LU S), one has P*[F] = S. Observe
that P"[F] C S since forany 7' € (F \ S) C G one has

extr(T) < exts(T) < ints(T) < int’=(T).

The middle inequality is a consequence of 7' € G and the outer inequalities are a
consequence of S C F.
The fact that one also has S C P"[F] follows from the chain of inequalities

int’=(T') = intpn 7 [T] < int[T] < ext3[T] < extpa [T = ext’x[T]

which hold for arbitrary 7 € S. Lemmal[7.1] gives the outermost equalities. Working
inward, the next two inequalities follow from P"[F] C S and the center inequality
is a consequence of P"[S] = S.
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All that is left is proving that G LIS is the unique maximal element of (P")~![S],
namely that if P"[F] = S then (F \ S) C G. Forany T' € F \ S we have indeed
exts[T] = extF[T] < int’:[T] = intg[T]
where the outer equalities are glven by Lemma[7.1]and the middle inequality follows
from assuming 7" € F \ P"[F]. O

We say a subset & C & connects u,v € N* if one can find a sequence of
el,...,ep € Ewithu cej,ve€egande;Nejpr #Pforl <j<k—1.
Then given u,v € N*,n € N¢ and F € IF.., we define

nr(u,v) < max { min{n, : e € &'\ EM(F)} : £ C £ connects u v} . (71.8)

We now define, for each n € N¢, by setting, for each F € F,

GNF) = {e € C: np(®,ep) > nr(ep o)} - (7.9)
These represent precisely those edges for which there is a cancellation between the
(e} and its Taylor expansion RKer{ ¢} appearing in (6.2). We also introduce

term Ker,
the shorthand 9™ & 9P, &) ) 05,4..( ), and €"(-) = & ¢P"(-). We can now state

our final combinatorial result.

Proposition 7.4 For any n € N¢ the forest projection P™ is compatible with the
cut rule 4™ in the sense of Definition

Proof. Fix n € N€ and M € 9", To keep notation light, for arbitrary 2 C € we
write similarly to before P, 1[~] to denote (P;)_1 [1NFg .
First we prove that for any e € 63y and any 6 C €
¢ \{e}e®M) = EFU{e}ec"M).
Fix e € ¢y and let € € €"(M) with ¢ Z e. The fact that € U {e} € ¢™(M)
follows from the observation that, since ¥ C %\, one has the inclusions
P HsOMD] € Pyl [s(MD)] C Py VD],

where the outermost sets are both equal to M.

We now turn to the proof of the converse statement. Fix e € %}y and suppose
that € C %1, € 3 e, and € € €"(M). We now additionally assume that ¢ \ {e} &
€™ (M) and show that this forces e ¢ ¢™(b(M)), thus establishing the claim. Our
assumptions imply

M(Pa e }[s(M)]) b(PZ [s(VD]).

For any element " of the left hand side which is not an element of the right hand
side, it must be the case that e € £™(T) and T £ S for any S € b(M) (in particular,
T & s(M)). It follows that

(@, ep) < extipy (1) < intgng (1) < mya(ec, ep),

as a consequence of the fact that T ¢ P"[s(M)] and e ¢ E™(S) for all S € s(M).
It follows that indeed e & ¢™(b(M)) as announced. O
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8 Summing over scales

8.1 Interchanging the sum over scales and intervals

In Lemma [6.3] we showed, in an abstract sense, how a sum over forests and cuts
could be reorganized into a smaller sum over intervals of forests M and intervals
of cuts G. In the previous section this was made more concrete, we specified an
algorithm which, given a scale assignment n, specifies a particular forest projection
P™ and compatible cut rule ¢"(-) for which we can apply Lemma|6.3

We now reorganize our sums again, first summing over pairs (M, G) of intervals
of forests and cuttings and then summing over the scale assignments n which allow
a given pair of intervals to arise from from P™ and ¢™. To this end we define

| {(M, G) € 2F7 % 22° ;. 3n € N such that M € 9" and G € @“(M)}
and, for any M, G) € PR and X € (0, 1], we set
Nugp = {neNF: MeM", G e &"(M), and nyg ,.; > |—log,(V)]} .

We then have the following lemma.

Lemma 8.1 Forany )\ € (0, 1], one has

Wi= > > WIM,G]

M,G)eR nGNM7G7>\

where the LHS is defined as in (5.1).

Proof. By Lemmal6.3|and Proposition and furthermore freely interchanging
finite sums with infinite ones,

WI=Y" Y WN{FL{gH =) > WIMG]

neNé FeFr neNé Mem"
ECer GEBM (M)

-y ¥ 1{ GMEZ?,)EM) }WE[M,G]

neNé M,G)eR

(M,G)ER neNE (M,G)eR neNy, g, A

Note that the constraint that ng ;) > |—10gy(\)] comes for free since the pres-
ence of 1/* makes WA, -] vanishes if this is not the case. 0

The goal of the subsequent sections is to prove the following theorem.
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Proposition 8.2 For any (M, G) € R, and any p € N there exists C), such that,
uniformin § € M(Qs) and xg € R?, one has

E[( Z /Zu{g* dz W?[M,G](CU)WiCk({gt(u)(wu)}uei)>2p:| (8.1)

HGNM,G,/\ }

2p
< G T 1K@liorem)  Eliex®

e€K(T)

uniform in X € (0,1]. Here m < 2]s] - I

,and o = |T |s-

We pick an arbitrary (M, G) € R and treat it as fixed for the remainder of the paper,

def

writing WY instead of W{[M, G|. We also fix the shorthands S & s(M), B £ b(M),
D= §(M), .7 = 5(G), B = b(G), and 2 = §(G).

8.2 Summing over scales inductively

In order to efficiently prove a theorem that applies for any value of depth(B) it is
natural to formulate our analytic scheme in a way that operates inductively with
respect to this quantity.

To that end we will decompose the single sum over global scale assignments
My, into a family of sums which facilitate summing the scales internal to single
T € B conditioned on the values of relevant external scales (these two sets of
quantities being dependent through the requirement that 7" € SorT € D). In what
follows, for any £ C & and j € N¢ we write j|& € N¢' for the restriction of j to
the edges in £’.

The most external set of edges is given by

* . def

EMNTH = (KYBYUKB,T)U{ec&r: eC LB,T) UEs . (8.2)
We now introduce some sets of “partial” scale assignments, writing
ONgx L {k e NEET) 1 Jj € Ny with jIENT) = k}
and, forany S € B, &' C Ewith & D eXt(S) and j € Ng setting
NG & {k € NG | Jj € Mypea with j1€ = j and jIEM(S) = k} . (83)

Note that for every k € N s(j) one then has

int(S) < exth(S)  ifS €S,
inth(S) > exthy(S)  if S e D.

The following lemma verifies that the set of scale assignments N 5(j) really only
depends on j’s values on the edges of of EZ(95).
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Lemma 8.3 Forany S € Band j € Ny g, one has
NsGIEF(S)) = Ns(). (8.4)

Proof. Clearly the RHS of is contained on the LHS, we now prove the reverse
inclusion Fixk € N S(IEF(S)). We are guaranteed the existence of corresponding
j € Nu GA WlthjfgeX‘(S) = JIEF(S) and j|& n(S) = k. We then define j € N¢
by setting j = (j]EM(S) U GIE \ £"(S)). To finish our proof we need to show
that j € Mg

To prove that M € 9V it suffices to show that PI[B] = S and that for any
¢ € G and any T' € Div, \ B, which is both compatible with B and does not
contain any edge of 4, one has int}g(T) < ext’é(T). These two statements can
together be rewritten as the claim that for every 1" € Div,. compatible with B and
disjoint from %’, one has

inthy(7) < exty(T) T ¢D
intly(7) > extly(T) if T € D.

This claim can be checked in the following four cases: (i) 1" is disjoint from all
elements of F, (ii) 71" properly contains at least one element of JF, (iii) 1" is properly
contained in an element of F, or (iv) 7' is an element of F.

In the first two cases our claim follows from the fact that both Sg.“(T) and
Sg’“(T) consist of edges Wherej is determined by j € NM,((L \, While for the last
two cases it is becausej is determined byj € My g.x on these edges.

Clearly all edges whose scale assignments are involved determining @i (B) are
edges where j j is determined by j, so it follows that G € ®I(M). Finally, we also
have jig 0.1 = J{®,0.} = | —logy(N)]. This shows thatJ € Mu g, as desired. O

We immediately have the following corollary.

Corollary 8.4 Forany F : Ny g :— R one has

Z F(n) = Z Z . Z Fm©@ un® ... unW)

neENy G, n®eAgnHeA(n®) neA;mU—D)

where j & depth(B), Ag & 0/\/’37 » and for each 1 < i < j we inductively set, for
eachn® 1 ¢ A;_;,
4% X Ns@®),

SeD;(B)

Here, we implicitly make the identifications (ki, ... ,Kk;) ~ ki U ... LIK; for scale
assignments k; that involve disjoint sets of edges.
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We now inductively define a family of operators fIJS : 6. — B, where S € B
and j € N& with & > EFU(S) by setting

Li(S Kg(S
_ dyCul® )(y) Kerg £ (y U z,)
Ng(S)

[l £ >
(8.5)

Tk K2(9)
X Hegs) [Kefof (23100 | @ sy L)

with the base case of the induction given by setting H é; to be the identity operator.

The operators f["s are partially summed analogues of the operators Hy; ¢ which

perform the summation of scales inside .S but outside Cg(.S) (note that this operator

contains in its definition all expressions within 1/} which depend on these scales).
We define, for each j € ONj ), a function WJ)\ €6 By via

Wi o " A KerK(B,T)\%CuL(ﬁ,T)ﬁ‘ﬁe/r?.\Ki(E)XN(Bf)
7J

0,j ) n,®.J
o [ BAKYS) . S\ B (8.6)
J (O\B~,N(S)
. | | Hy [RKerOJ Kery ; wog|

SeB
where for any 4 C € and j € ONp \ we set

o Y ———CNT
RKery; = RKer( ;" - RKer ;

Lemma 8.3]and Corollary [8.4]together give the following lemma.

Lemma 8.5

dy Wi (z Lly) = Wh(z) . 8.7
/N(Bﬁm yWi@uy) = Y Wi@) (8.7)

JEONB A neENy G,

8.3 Estimates on renormalization

8.3.1 More notational preliminaries

In what follows we will frequently use the generalized Taylor remainder estimate of
[Hail4l Prop. A.1]. In view of this, it is natural to define, for any set of multi-indices
A and subset N C N*, the set of multi-indices

OvA ™ {k e NHY \ A:Fj e NHY with ||j|| =1, k—j € A} .

Note that if N = {u} we sometimes write 9, A instead of J, A.

We now introduce some notation for the renormalization of second cumulants.
First we set R(7r) & {B € m: f(B)> 0} where £(-) is defined in (A.20).

The second cumulants corresponding to B € R(w) will be renormalized in
a manner similar to the divergent subtrees — in particular one needs to choose a
distinguished vertex for each such B which serves the same rule that pg does for
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S € Div. To that end for each B € R(w) we label the elements of B with either
a + or —, so for each such B we can write B = {(+, B), (—, B)} — this labeling
is arbitrary except for one constraint: we require that for every S € B and every
B € Lp(S) one has (+, B) # pg. One should think of (—, B) as serving as the
“root” of B for renormalization.

Moving forward we take these labelling as fixed. We then define, for every
B € R(w), an operator #p : B, — 6, via setting, for each ¢ € 6,,

def

[ZBel(z) = Y (DPe)(Collp(2))(x+.8) — 2—.B)" » (8.8)

beDer(B)
where

Coll(2), & { Ao ifue B, (8.9)

Zu otherwise,

and Der(B) is the set of all multi-indices b supported on (4, B) and satisfying
bls < £(B). We also set Der(B) £ Der(B) L 9+, pyDer(B) and for any subset
A C R(w) we set

Der(A4) & { S mp:ompe W(B)} . (8.10)
BeA

Finally, for any S € B we define

Der(r, S) £ { E kp: kp € Der(B)} .
BeR()
BCLg(S)

This finishes our additional notation for renormalizing second cumulants, we now
introduce other useful shorthands. We define a map h : K(7") — R by setting

def

ble) = |s| — [t(e)]s + [e(e)]s - (8.11)
The mnemonic here is that h stands for homogeneity, the kernel Keroe} blows up
like |ze, — @e, |7 as |z, — e, | — 0.
We also introduce notation for various domain constraints. For z, w € R? and
t € R we write z + w for the condition
Chot <z —w|<C27! (8.12)
write z «*» w for the condition

|z —w| < 027", (8.13)

In both (8.12) and (8.13) one chooses a fixed value C' > 0 (not dependent on t).
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Remark 8.6 Note that from line to line the constant C' implicit in the notations
(8.12) and (8.13)) may change but remains suppressed from the notation.

In particular, when the notations and/or appear in the assumptions
of a lemma or proposition one is allowed to choose any value(s) of C'. Any propor-
tionality constant hidden in the notation < appearing in the conclusion may then
depend on the choices of constants C' made in the assumption. Moreover, if there is
another use of the notations and/or (8.13)) in the conclusion of the lemma or
proposition, then implicit constants for these conditions cannot be chosen arbitrarily,
but have to be taken sufficiently large in a way that may depend on the constants
chosen for the analogous expression in the assumptions.

In the end, all of these constants influence the overall factor C, in (2.31).

8.3.2 Inductive estimates for negative renormalizations

After renormalizing everything in F C B, the sets N(F)¢ and N(F) are the sets of
free and integrated out variables of our integrand, respectively. Since the forest 15 is

now fixed once and for all, we also write int® and ext® instead of inty and exty and,
def

for any T' € Div, we define w(T") = |w(T)| < w(T).

The goal in this subsection is to estimate, for any forest & C B of depth 1 and
any scale assignment j € N with & > EFY(F), quantities of the form H jr(cp). In
order to facilitate this, we define a family of seminorms || - || z; on the functions
of ‘6,. These seminorms control the derivatives of ¢ that are generated when one
renormalizes the trees JF, as well as the derivatives generated by the renormalization
of the sub-divergences within these trees. To that end, for any forest 7 C B with
depth(F) < 1, we define

G C Bwith G € F<[F] }

Der(F) £ ks + kb : S Der
F) {Z S Z b ks € Der(S), kp € Der(B)

Seg BeR(m), BCL(F)
BZL©G)

(8.14)
where F<[F] is defined as in (4.2)) and for any tree in 7' € Div, we set

def

Der(T) = Der(T) U O¢ryDer(T)

where the notation Der(7") was introduced in Definition @.11]
The control over derivatives will be modulated by a certain scaling. For F and j
as before and b € Der(F) we define a differential operator with constant coefficients

on ‘6, by writing
bs
bj det D
]D]: - H Qextj(S)\b5|5 ’
SeF
where we use the fact that each such b admits a unique decomposition b = » gz bs
with bg supported on N(S). Additionally, we build a seminorm which controls the

result of acting on a test function ¢ with the renormalisation operator H Jf This is
achieved by taking suitable suprema of ¢ and some of its partial derivatives over
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the variables to be integrated. Recall that o(F) C N (F)€ denotes the set of roots of
F. Then, forany V O o(F) fixedz € RHY, &' > EGY(F),and j € N¢', we define
Dom(F, j, x) to be the set of all y € (Rd)N %) such that the following conditions
hold

e Foreach S € NS, one has y, = x,, for all nodes v € N(9).

e Foreach S € F N 7D, one has y, WS x ¢ for all nodes v € N(S).

In other words, we restrict ourselves to coordinates ¢ for which “safe” trees are
collapsed to a point, while “unsafe” trees are restricted to be of diameter of order
27U(S) 'We can now define the previously mentioned seminorms.

Definition 8.7 Let /7 C B with depth(F) < 1. Letj = N¢' with & > Ep(F). For
z € RHNP) we define a family of seminorms || - || 7 () on 6. by

ol 7j(z) = sup {‘ (DZ}EJ@) (z U y)‘ :

be ﬁe_f(]:) and
y € Dom(F,j,z) |

In the particular case when F = {S} (i.e. it only consists of a single tree), we also
write ||¢l|sj(x) instead of ngH{S},j(:c).

Remark 8.8 We make a few simple observations about the seminorms defined
in Definition The first is that || - || z;(z) clearly only depends on j’s values
on Eg(F). The second is that the case F = ¢ is somewhat degenerate, here the
“seminorm” is really just a point-wise absolute value.

We then have the following lemmas.

Lemma 8.9 Let ' C B with depth(F) < 1. Then uniform in j € NE' with
E' > ER(F), € RHYN and f, g € By, one has

1f9ll73@@) S Il 7@ [lgll 7 3

Furthermore, if g € € rc then || fg| rj(x) = | f|

F.j(@) g(x).

Proof. The first claim follows from Leibniz’s Rule and the second is immediate
from the definitions. O

We use a shorthand for the kernel norms of (2.5)) by writing, for any subset of
edges £ C K(1),

def
2= T 1K o)l jgge)s 215 x| N T -
eck
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Lemma 8.10 Let S € B and F “ Cg(S). Then uniform in k € NE' with
g > 8};“(5), z € RHYND | and any multi-index p supported on eC[Kg(S)]
with |p(u)|s < |s| for every w in that node set, one has

o)
HDPKeréfE(S)HF (@S IEGS - [ el (8.15)
’ e€K2(S)

Furthermore, the left hand side vanishes unless, for all T € F and e € K?(S), one
has xe, <2 x4,

Proof. When F = (¢ the statement is an immediate consequence of the definition
of (2.5) so we turn to the case of F # ¢ Using Lemma [8.9]it suffices to show that
foreachT € F,e € K?(S)

||DP Ker;{j(}HT,k(‘T) 5 ]l{xec (e ngT}HKt(e)Ht(e)2(h(e)+|p |s+|7(ec)|s)ke , (8.16)

where the multi-index p’ is supported on e, and is bounded as in the assumption.
By definition, we have

DY Kerd @) = sup 27t @)D Rerle Ny, Ly, )

beDer({T})
y€Dom({T'} k,z)

(8.17)
Note now that the bound ext®(T") > k. holds by the definition of ext®(T") and the
fact that e € K2(S) C K4(T), so that

DV KerlS ()] 20t W e t0Oke | ¢y

< 2P lsHhENkeHbleex (D)) g 1

yielding

[Kerdy llil) < 20 K e
It remains to show that all points z in the support of the left hand side of
satisfy z, 2% Zop- The support property of Keréif enforces x,, Ye, for all
y’s over which the supremum in our seminorm is taken. On the other hand the
condition y € Dom({T'}, k, z) forces y, RNy Ty, SO that the required relation

follows from the triangle inequality, thus completing the proof. O

Lemma 8.11 Let S € B and F £ Cg(S). Then, uniform in j € N with & >

EFUS) k e N 5(j), m € Der(r, S), and © € RHYN satisfying the constraints
ey &5, forall e € Kp(S), (8.18)
T, & 1, forall T € Fand e € K2(S9),

one has the bound

ID™ 27 sl 7 i (@) S el

Sj(xms)c) ) 203#(S)[extj(S)fintk(S)]+|m|5intk(S) (8.19)
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where

S < o(S) ifSes, (8.20)
@(S)+1 ifSeD. ’

Proof. We first treat the case where F # (9. We fix j as above and k € N s().
Throughout the proof we implicitly assume that x satisfies the constraints (8.18).
We first establish the desired bound when S € S. A term by term estimate gives

N(S) +
ID"Zsll @) S max %52 @) [(DF "e)Colls(@)) | - (8:21)
Here, the factor (DPT¢)(Collg(x)) could be~pulled out of the seminorm because
it does not depend on any of the variables in N (F).

It is easy to see that we have the bound

V by N b € Der(F), b <
X759 7 i () = sup {ID]E XY@ uy) - (F) p }

y € Dom(F, Kk, x)
< 2—\p|5intk(S) )
Here we used that our condition on x forces the distances between coordinates
. stk . .
in N£(S) to be at most of order 2-""(5) while the constraint y € Dom(F, Kk, x)

forces the distances between coordinates in Np for each T' € F to be of order at
k
most 27D Furthermore, for any 7' € F we have

ext®(T)) > int*(9). (8.22)
Inserting this into (8.21)) we have, for z € (Rd)]\7 U
| D™ Wsp| 5 (@) S max {2*‘?'5““"(5)\(DH%)(CouS(x))y L p+me Der(S)}

. ok :
— max {2|p\5(extJ(S)—mt (S)+|m|sext!(S) cp+me Der(S)} . HSDHS,j(x)

— 9@(S)—|mls)(ext(S)—int"(S)+|m]sexti(S) lolls.j(x)
where in the last line we used the fact that S € S implies that exti(S) > int*(S).
We turn to case S € D and start with the estimate

1D (1 — D)o i)

< sup {2_|b|simk(s)‘Db+m[(1 - %)90](1: L y) . be Der(f) } ’

y € Dom(F,k, )

where we have an inequality because we used (8.22)). We treat the cases |b+ m|s >
@(S) and |b + m|s < @(S) separately. In the former case one has Dt %5 = 0
and we arrive at the bound

sup {Qbsintk(S)’(Db+m<p)(y Uz - b € Der(F), [b+mls > w(S) }

y € Dom(F, Kk, x)
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(S)—i j b € Der(F)
< max J 2/blslext(S)—int*(S)]+|m|sext(S) . , ) .
< max { AN I EYE

< 9@(S)+1~|mls)[ext(S)—int(S)]+|m|sexd (S) | ol sj() - (8.23)

To obtain the first inequality of (8.23)) observe that the condition y € Dom(F, k, x)
implies that one also has

T ,s) Uy € Dom({S},j, z). (8.24)

For the second equality we used /ezi/tj(S ) < int*(S).
We now treat the case of b € Der(F) with |b+m|s < @(S) and write D*T™(1 —

Ys)p(x) as

Db+m

Z (z — Collg(z))?

(DT Colls@) . (829)

p(x) —

p7
p+méeDer(S)

Viewing (8.23) as a Taylor remainder of order @(S) — |b|s — |m|s for D+, we
can apply [Hail4l Prop. A.1] followed by (8.24)) to get the estimate
b b € Der(F), |b+m|s < @(S)
2 |b|5mtk(S)‘Db 1 _ g L . 9 5
SUP{ [( )¢y U z) y € Dom(F.K, )
< 2(@(S)+1—\m\5)[exti(5)—imk(5)]+|m|5exti(S) )

lellsj@) -

Combining this with yields the required bound in the case S € D and thus
concludes the proof for when Ci(S) # @.

The case C(S) = ¢ follows by the same argument (a Taylor remainder estimate
when S € D and a term by term estimate when S' € S) but is strictly easier. O

We now state and prove the advertised bound on the operators H ﬂ: which was the
motivation for the introduction of these seminormes.

Lemma 8.12 Let F C B with depth(F) < 1. Then, uniform in x € (RN,
je N with& > EGUF), and ¢ € B., one has the bound

iei@)| s (T 22O 1K Il sy ) Il
SeF

i) . (8.26)

Proof. Our proof uses two nested inductions. The outer one, which is also the less
trivial one, is an induction in the quantity

depthg(F) e depth[FU{T € B: 35S € FwithT < S}]. (8.27)
The second, simpler, induction step is then in the cardinality of F for a fixed value
of depthz(F). For both inductions we focus on the inductive steps, the base case
being strictly easier to verify.
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Fix m > 1 and assume that has already been proven for all forests §
of depth 1 with depthz(G) < m. Our aim is to then prove (8.26) for any F of
cardinality one, i.e. for = {S} C B with depthz({S}) = m + 1.

Fix j £ jg € N%'®) | our concern to control the corresponding sum over
k € /\Ofs(j) appearing in the definition of fIJ (see (B.5)). We will use Lem-
mas [8.9] [8.10} 8.11] and then appeal to Theorem [A.TT]to control the integral over
Ng(S), the application of this theorem will occur with = € (RD)VS) fixed but our
our estimates will be uniform in x (however dependence on x may sometimes be
suppressed from the notation).

The multigraph underlying our application of Theorem is given by a
quotient of the multigraph Sg“(S) where, for each T' € Cp(S), one performs a
contraction and identifies the collection of vertices N(7') as a single equivalence
class of points which we identify with o7.

Then our set of vertices is given by V e Ng(S) with Vy e NB(S) (so pog serves
the role of the pinned vertex) and our multigraph G is given by

def

G KsS)U {{u, or}: T € Cx(S), ue ec[Kg(S)]} uC,  (828)

where we selectively view K 5(5) € V@ as a set of undirected edges and C is the
set of contractions given by C = {e€ & e C Lp(S)} . We define a bijection

g Sg“(S) — G in the natural way: by asking that qg maps &; N Eg“(S) onto
C, qs maps Kg(S) onto K5(S), and qs maps Kg(S) onto the middle set of (8.28)
as follows: for (e, e.) € K?(S) for T' € Cp(S) one sets qs({ec, ep}) = {ec, o7}
The map qg induces a corresponding bijection between N€E'S) and NG, In what
follows, we abuse notation and treat this bijection as an identification. As a start we
define N C N by setting Ng = Ns(j).

For each k € Ng we define a function F'¥ € 6, by setting

def

Fiy =C

S)

W5 Kers g ) s [Kery i 19 0| L)

So we then have

Define qg : N(S) —» V Via setting q(S)(u) ] o if there exists T' € Cg(S) with
u e N(T), we set qg(u) & w otherwise. We now define a total homogeneity ¢ on
the trees of L{V (see Definitions m 1{and |A -below) by setting

<E o9V Y b Hee dstep S+ Y w@sler],
e€Kp5(S) TeCp(S)
(8.29)
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where the total homogeneity <€ is given by

SR (8.30)
Bem
BCLg(S)

The total homogeneity ¢” on the coalescence trees of ﬁv is defined in Defini-
tion The total homogeneity ¢ is given by setting, for each T € U4y,

i = Z ﬁ(B)(fﬁ[B] —52[31), where
BER(T)
RMT)E{Ben: BcC Ly(S), Ly, = B, and £(B) > 0} .
The notation f£(B) was defined in (A.20). and, for a € T we write L, for the set
of leaves of T which are descendants of a. In Lemma [8.13| we establish that ¢
is subdivergence free on V for the set of scales Ng. Taking this for granted for
the moment, we check the other conditions of Theorem Observe that the
total homogeneity ¢ is of order w(S) — @(S)* which is negative when S € D and
positive when S' € S. Additionally, one has

Ng def NG,>extj(S) ifSeD,
NG,SCth(S) lfS S S .

We are then done if we can exhibit a modification of F = (F ) e Ng € Mod(F)
such that F' is is bounded by < in the sense of Definition with

i e
IFlleng S llellgy@) - 27 OO NKS) |- 1€ es))e - (8.31)

For any k € Ng we will set

ko F* ifR(TKk) =9,
FX if R(T(K) # & .
We will define ¥ on a tree by tree basis later. It suffices to check the domain
condition and desired supremum bound in each of the two cases separately.
We treat the first case. The domain condition (A.4)) is easy to check so we turn
to the desired supremum bounds needed for (8.31).
Fix T € Uy with R(T) = ¢. We now obtain the desired uniform in s € Labry
and k € Ng (T, s) estimates. Fix appropriate s and k, we start by applying the

inductive hypothesis to H (s along with Lemmas , and which yields

k
Fals (T 2P DK Ielmy) - |28, @uw
Cp(9).k
TeCpr(S)
Kp(S Li(S K2(S)
: ‘Kerof( )y L xQS)CuWi( )(y U Zpe)] - HKerOf CB(S)k(x Uy)
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#
< llepllg (@) - 227 Sex (8.32)
e k K
. 9—@#(S)int (S)( H gw(T)ext (T)HK(T)”t . H§|||L(T)|,c)
TeCgr(S)
15}
’Kero B<S)(y L mQS)CuLB(S)(y U xg)] - HKe K5(9) (zUy) .
Cgp(5):k

The desired bound follows using the supremum estimates

’KerKB(S)(y L IEQS)CULB(S)(y U,y < < HKB(S)” HfHLB(S) ; 2(<TC+§T[ID{B(S)LS>

and HKer0 Uy S HKg(S)”t . olrlKB(S)s)

Cp(5)k

Now fix T € Uy with R(T) # ¢. For any k € Ng with T(k) = T we set, for
y € RHW,

def

P 2 culs® Uz, ( T] 0 -29)IGKI@ Uy), where
BeR(T)
G L y) & RerkEO(y L) HE, ) [Kery 5 @d @y,

and the notation %5 was defined in (8.8)). Clearly

Py - Py 2 i@ ua, - S (T 2)iGMe@uy).
ACR(T) BeA
A#D
We claim that for each fixed x and for each A in the above sum the integral over yy,
of the corresponding summand vanishes. Fixing .4 and expanding the summand
completely yields a linear combination of terms — in each individual term all the
dependence on ¥4 p) can extracted as a factor of the form

W+,B) — 2—,B)"Cup iy (2B)

where z = y U z,, andn € N¢ with |n|s < f(B). Since B € R(T) on must have
kp > 0 and therefore the above quantity vanishes when integrating (4 5y by (6.3).

The required domain constraint for F¥ is straightforward to check and for the
supremum bound we observe that by the estimate of [Hail4, Prop. A.1] one has,
uniform in s, k € Ny(T,s), and in y with y;, B) ;8 y(—,B) forevery B € R(T) —
which is required to be in the support of CuLB %) _ the bound

sup|( T (- 2)i6M@ Uy

y BeR(T)
< Squ ];nzgm) I | 2|f<+,B)\sS(BT))’DaKer(l)fE(S)(y)‘ (8.33)
&Der
Y a+b+c=f BeR(T)

S ¢
‘HCB(S) [(DbKero B ))[D ggﬁ\/ﬂ@]} (x U y)| 5
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where Der(R(T)) was defined in (8.10) and for the multi-indices m = a, b, ¢, f and
any B € R(T") we use the notation m 4 p) for the multi-index which is given by m
on the site (+, B) but vanishes everywhere else. We proceed as earlier and use our
inductive hypothesis along with Lemmas [8.10/and [8.T1]to get

A Ka(s)
‘Hgg(s) [(DbKerOf MDC@fM(ﬂ]} (z Uy)| (8.34)
k
(I 2D leha) - | Do, o @uw)
TeCgr(S) B )
0
| ke @)
B B
T _# i __#
< ( H 2w(T)S(QT)||K(T)||t' H§|||L(T)|,c) . 9@ (S)extl(S)g—w (S)s(@r)”ﬂ S,j(w)
TeCp(S)
: HKg(S)H -2<§T[Kg(s)]7s>< H 2|b<+,3)+0<+,3>\sS(Bﬂ)> ‘
t

BEeR(T)

In the last inequality above the key observation is that for each B € R(T), the
scale s(B™) dominates the scale s(-) at which we would pay the cost of b+, B)ls OF
|c(+,B)|s With regards to Lemmas and Similarly, one has the bound

|D“Ker§f(s)(y)| < H_[D{B(S)”t2<§T[f(B(S)]7S> H 2|a<+,3)\sS(Bﬂ)) ‘ (8.35)
BER(T)

Inserting (8.34) and (8.33) into (8.33) we get

sup‘( I1 (1-%))[@"]@%)‘ (8.36)
Y " BeRM
T - j

S IKs@ 2t ([T 20 ey ) - 27O

TeCp(S)

' 2—@#(s>s<gT)H(PHSj(x) . max 2|f(+,B)|s[S(BTT)—S(BT)])
’ Der(R(T
1D iy

The desired supremum bound is then obtained by noticing that the maximum of the
last factor is obtained when | f(; B)|s = f£(B) for each B € R(T) and by combining

this with the earlier used supremum bound on Cuﬁ‘f{(S ). This concludes the proof of
8:31). ’

We now prove the inductive step for the easier induction: let n,m > 1 and
suppose that (8.26) has been proven for every forest G C B of depth 1 with either
depthz(G) < nor depthg(G) = n + 1 and |G| < m.

Now suppose F C B is of depth 1, depthg(F) = n + 1, and | F| = m + 1. We
prove (8:26) in this case. Fix S € F and write G = F \ {S}, then for z € RV’

(1) = 1 [ Al @)
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By applying the inductive hypothesis for G we have the bound

)Iﬁ}[@](z)‘ < ( T 220D | K ()| - ||§|||L(T)|7c)
Teg

i), e

It suffices to prove
||, @) < 22O IR lelsye- lelrs@ . @37
This is not hard to see since
IEE (1]l g 4()

sup {\ (Dl A1) @.v)|

= sup{
) b € Der({S}), b € Der(G),
< sup ’(D?g}Dg’jtp>(a:,y,z)‘ : Y, € bom(G, j, z),
and 25 € Dom({S},j, x)

- 29 R ()| - (€] nesye »

b € Der(G) and
y € Dom(G, j, r)

b € Der(G) and
y € Dom(G, j, x)

g el ) -

where we used the inductive hypothesis for {S'} in the final inequality. O

In the following lemma and later sections we use the following notation: for any
K(T) connected subset A C N(T') we write T'(4) for the maximal subtree of T
with true node set A and also write o4 4 or(a). Observe thatif e € L(T) with
ep € Athene € L(T'(A)).

Lemma 8.13 In the context of Lemma(8.12] the total homogeneity < given by (8.29))
is subdivergence free in Ng(S) for the set of scales Ng.

Proof. Fix an arbitrary T € Uy. For any a € T we define

N(@) &L, U ( | N(T)) . (8.38)
TeCr(S)
or€L,
We also set _ )
o {N(a) caeT\ {QT}} . (8.39)

Observe that N(T') ¢ Q for any T' € Cg(S) and that any node-set M € Q is edge
connected by £M(.S).
We define a map ¢ : 2V \ {#} — R as follows: for M C N(S) we set

SDE Y b (X WBAM, ) (8.40)

ec K(S) Bem,
eCM B¢ M
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— (M= Dls| = 3 [Bs + fBIL{M = BY]

Ber
BCM

Observe that if M C N(S) is K(S)-connected then (M) < —|T(M)g|5. Further-
more, it is straightforward to check that for any a € T \ {or},

> sr®) = (La| = Dls| = <(N(@)) . (8.41)

bETZa

Our desired result will follow if we show (M) < 0 for all M € Q. We do this by
splitting into various cases. While we are not always explicit about it, at each point
in this proof we are always restricting ourselves to the complement of all the cases
treated previously.

First we assume M € Q contains no K (5)-connected components of cardinality
more than 1. In this subcase the first sum on the RHS of (8.41)) vanishes and by
£nt(S)-connectivity this forces M C L(.S). Moreover, there must be a unique block
B € 7 with M C B. Therefore (t, M) € £ and (M) is bounded above by the

Cum

RHS of (A.21)) which is negative by Lemma[A.26]
Next we treat the case where M is not K (S) connected but has at least one

component of cardinality at least 2. Then, for some k& > 1,
k ~
M:(UMj>LIM, (8.42)
j=1

where the M are the K (.S)-components of M of cardinality at least 2 and M C
L(S) is given by the union of the K (S)-components of M of cardinality 1.

Now we treat the subcase where k = 1 and M is non-empty. By £M(S)-
connectivity there exist By,..., B, € 7w such that U} _,B,, D [M U L(T(M7)]
and, for every m € [n], one has B,,, N L(T'(M1)) # ¢. Now if it is the case that for
every m one has B,, N M € £, then we are done since one has

(M) < —|T(My)2|s — [«(MD)|s — |s| - | M| < 0

where the second inequality comes from (2.13)). On the other hand, if there exists
m € [n] for which B,, N M ¢ £, then it follows that B,, " M = B,, N
L(T(My)) = {u} so [4(B,, N M)|57C7L(T) = 0. Thus by adding and subtracting
[t(u)|s we get

SM) < = ITAE)Rs — 6] — [¢ND]s — |s| - [M] < 0,

where in the second inequality we used (2.13) to see that the bracketed quantity is
strictly positive. This finishes the subcase where k = 1 and | M| # 0. We next treat
the subcase where k& > 2 and |M | is arbitrary. Then one has

k
SM) < — (k= D)ls| = > [T(M;)]s — [tMD)]s — |s] - |M] (8.43)
j=1
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k
s
< —(k—1)|s| — Z; IT(M;)0|s < —(k — D)|s| + |2|k: <0,
]:
where in last inequality we used (2.13).
We now treat the case where M € Q, is K(S)-connected, and T'(M) is not
compatible with 7. Tt follows that there exists some B € 7 with B ¢ L(T(M)) and

BN L(T'(M)) # ¢. Then one has
S(M) = —|T(M)|s + (B N LT(M))|s — (B N LM, . 7) <0,

where the final inequality comes Definition

We are now left with the case that M € Q, M is K(.5)-connected, and T'(M)
is compatible with 7. In this case (M) = —|T(M)?|s. We claim that indeed
| T(M )§|5 > 0 as required since one would otherwise have T'(M) € Div and,
combining this with the fact that T (M) is compatible with B and 7, this would
force T' ¢ Q by the definition of the set of scale assignments Ns. O

8.3.3 Estimates with positive renormalizations

To make formulals~ more readable we introduce the notation exp,|[t] “9otfort € R.
Also, for u,v € N(B)¢ we define jp(u,v) as in (7.8).

Lemma 8.14 Let e € % and ¢ > 0. Uniform in j € ONg y satisfying
‘jB(€C7 ep) - j€‘7 ‘jB(epv 69) - j{6p7®}‘ <c, (844)

.. @, ec
any multi-index k supported on {ec, ey}, and x = (T, Te,, Te,) such that T, g}

I{®,ep} .
Tg and T, e g, one has the estimate

—{e} - . ke e
'DkRKerOJ (@) < ||Kt(e)||t(e)2n(] J{®,ep} I {@®,ec} Fec Fep,€)

Where 77(j67 j{@,ep}a j{@,ec}a kec7 kep? 6) iS giV@l’l by

YOGe — droen)) + 00 + kecloe + Ve ls e} ifee 2,
—(90) = 1+ [key | (@.eyy + (kecls + B(O) +7(©) — Djgzey ifec.7 .

Furthermore, the LHS vanishes unless the condition x., ey Te, holds.

Proof. We prove the lemma in the case when £ = 0, upon inspection of how
each type of derivative modifies a Taylor expansion (or Taylor remainder) then the
estimate for k # 0 follows easily.

We first treat the case when e € & in which case 1?12&({)3} (x) is given by

(Kerée}(asep,xec)— 3 (%";f@(DmKeréf})(z@,xeg)wwep—xeg,
me&Der(e) ’

(8.45)
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where Der(e) denotes the set of multi-indices supported on e, with [m|s < ~(e).
By using [Hail4, Prop. A.1] it follows that, uniform in x satisfying x., <= .,

(enforced by the second factor of (8.45)) and ., ]M} Zg one has a bound

Keri (e, 2e) — Y W(D’"Kerée})@@, )

me&Der(e)

S sup e, —we|M - sup |D"Kert(y, )|

~

nEDde, Der(e) y,y' €R?
Yy
< max  27eeplnls. 1K o le) - 20@FInledie
nEdep Der(e)

Here the use of the scale je VS jig () 1S interchangeable — the combinations of the
. il
conditions (8.44)), the fact that j(ep, ®) > j(ec, €p), Te, ™ Te,, Te, ©-cp)

I®,e . . . . . .
Te, &g Zg and the triangle inequality mean that there exists some combinatorial

constant C' > 0, depending on ¢, such that if |j¢g ..} — je| < C does not hold then
our domain in z is empty.

ZTg, and

The desired bound now follows upon using the constraint ., Baiiy T, the
fact that jg ¢} + 2¢ > Je, and that minneaepDer(e) |n|s = v(e). Now we turn into
the case where e € .. By a similar triangle inequality argument we may assume
that there exists some combinatorial constant C' > 0, depending on ¢, such that

Ji@et T C = e = jae - (8.46)

Under this assumption we do a term by term estimate which gives

Te, — L)
> S T pKerf o)
me&Der(e) ’

< max |(z, —xe)"|- sup [D"Kert)y,y)|
mé&Der(e) y,y’GRd

i@
) Yy

,S,HKt(e)Ht(e)' max 2(b(€)+|m|s)j{@,ec}*‘m‘sj{sg,ep}

meDer(e)
iy B iy
rSHKt(e)Ht(e) . 9@+ —Dj{@,ec} (VO —Dj(g,ep) ,

where in the final inequality we used (8.46) and that max,,eper(e) |m|s = y(e) — 1.
O

Lemma 8.15 Let S € B, ¢ > 0, and k € (NHYN™ be supported on N4(S) L {~QS}.
One has, uniform in j € £E4S) satisfying (8.44) for every e € €, and x € RN"
satisfying

J D, J ,€
Tog (@eg) Te, Te, % e Vee KYS),
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the bound,

i [ —~——2nKY(S) Kt z N
k 77i (S\B~N(S)
‘D Hyg [RKerOJ Kery ; aje | (@

< expy [w(S)extJ'(S)+y‘<gs,®)\n(N<S>>\5+ > 0©) + ke s

eeKH(S\%
(X —0O = Diss) + 0@ + lkels + 7 = Dijee )
e€EKL(SNS
(D O~ s + DO+ |kec|5>je)}
eeK¥(S)Ng

AE S 1€ zes)) -
(8.47)

Furthermore, there exl_'sts a combinatorial constant C > 0 such that the LHS
vanishes unless o5 <* o, for all e € KX(S), and |jio 4} — j@.05)| < C for
eachu € N (9).

Proof. First observe that the differential operator D* commutes with H fg We use
Lemma , the desired bound is obtained by estimating || D¥© || j(z N(s)e) Where

© is given by either: X4 f N(S), Kert f KNS, or RKery f
is given by either: Xg ;' foru € 5), erg; fore € (5), or RKery j for
e € KHS)N %.
The proof of the first two scenarios mirror that of Lemma|8.10|and one obtains
—|nw)|sire I®u} : —
2~ MWlsje, Y1{z g T} if@ = X%% ,

ID* Ol 550 < j ' i
() 2(h(e)+|ke°|5)]eHKt(e)Ht(e)]l{xQS I xe b IfO = Ker({fj} .

N(S)
0, )
every u € N(S). Combining this with the inherited x4 geg) Tg constraint it
follows that there exists a combinatorial constant C' > 0 such that the LHS of
vanishes unless

Our bound for the factor X then gives us the constraint that x4 QLR xg for

i@t — J@.0s)| < C forevery u € N(S) . (8.48)

We now turn to the case where © = iﬁ&({);} for e € K¥(S) N % which further
splits into two subcases depending on whether e € & or e € .. We claim that one
has

(¢} . o ,
ID*RKeryj [|5,(2 gg)e) S 1{Tgs 2 T H| Ko [l 2777 @051 T8 ccy Fee 0

where 7(-) is as in the statement of Lemma|[8.14] We only sketch the proofs here
since the details are very similar to those of Lemma|8.14]
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Writing I?IZgr({);}(z) = 1?12&({)3} (Zep, Zee» Z) We claim that for any b € ]3e/r({ SH
we have, using a Taylor remainder bound or a term-by-term Taylor series bound,
the following estimate, uniform j € ONg satlsfylng our assumptions, 8) and in

T sy satisfying both z ¢ M} ZTg and xec e} T,

———{e}
sup D"**RKer; (e, Te,s Tep) (8.49)

yﬂ(s)eDom({S}:jvf)
< sup |Yu(e) — m®||”|5_|bep|5 - sup |D”+ke° Kerée}(w —w')|

yN(S)GDom({S},j,:cQS) w,w/ERd

neA. (j_e> ’
< Ko llke - 9O+ [kec[s)02G,0)Hbepls @053 max 2Imls01U.€)
neAe
et del

Here, if ¢ € 2 one has u(e) = ep, Ac = O,,Der(e), 91(],6) = (je J{®,05})>

def

and 05(j,e) £ jo. On the other hand, if e € . then A, = Der(e), 61(j,e) =
Uf@iect = J{@.05}) and 02(j;, e) = J{@,ep}' _

We also used ye, M@res) T which comes from the inherited constraint . HEeg)
Tg along with the domain of the supremum for y.,. We also used the fact that by
(8.44) and (8.48) there is a combinatorial constant C’ > 0, depending on ¢, such
that jyg e} +C" > jeif e € Z and jig .} < je + C'if e € % which is good
enough, the discrepancies C’ only contributes to the constant of proportionality in
our bound.

The desired bound on Hlikgré;} I[5,§(2 5 (s)c) follows from (8.49) by observing
from multiplying the last line of by 2= S)blep exti(S) > J{®,05}> and
using the observation of the above paragraph when taking the maximum over n.
For the indicator function on the RHS one observes that the LHS of (8.49)) vanishes
unless 7, <2 ., this follows by similar reasoning as in Lemma|8.10 O

8.4 Full control over a single tree
We start by taking a quotient of the multigraph £ int(T") (defined in (8:2)) by con-
tracting every 1" € B and identifying it with or, doing this we obtain a multigraph
H on the vertex set ¥ = N (B)°. In particular,

T € B,

H & KB, T)U {{ec, or}: ec Ki(T)

} U{e€ & eC LB, T} . (8.50)

We write q : N¢ ™T") _, NH for the natural bijection between these two sets and
then set NH A &l q(aNB ») and Vg = Uxe, 1]NH A-

From now on we switch viewpoints replacing, for every A € (0,1], the family
Wy = (VV/\)Jea/\/BA with Wy, = (W,\)ne/\/ﬂ where we set, for n € My, W/\ =
WI ™ ifn € Nj, and W = 0 otherwise.

We also define § : N* — X via setting §(u) = or if there exists T' € B with
u € N(T), we set q(u) £ 4 otherwise.
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We now define a total homogeneity ¢ on the trees of U x by setting

cE- Y Mm@+ Y P+ wdiller] +<"

ueN(T) Berm _ TeB
BCL(B,T)
> @ e et + > @) (e e} — o, dep)})
eeK(B,ZyKi(E) ey

+ 13600 = V(8" Hee, @31 = 8", dep)}) + b3 {ee, 31,
ec.s
(8.51)

where the the total homogeneity ¢ is defined by setting, for each T € U X,
FE Y pm(oNB1-aB)
BeR(T)
and R(T) £ {Ber: BC LB,T), {(B)>0, andLg; = B}. We can then
state the final lemma of this section.

Lemma 8.16 If one defines < as in (8.51)), then uniform in X € (0, 1], there exists a
Fy\ € Modg(W)) such that

1E x2S A @ el
where we are using the notation of (A.13).

When we say this condition holds uniform in A we are including uniformity in the
combinatorial constant appearing in (A.7).

Proof. We set, for each n € My,
WRifn € Ny, and R(T(m)) = @

F! ifn € Ny and R(T(m) # @,
0 otherwise.

def

e

We will define F/'\‘ on a tree by tree basis later. It suffices to check the domain
condition and desired supremum bounds in each of the three cases separately. For
the first case one this is done by combining all the lemmas of Section[8.3] and all
the previous lemmas of this section, note that by the condition there is come
combinatorial constant ¢ such that one has the condition (8.44) for every e € B and
every n appearing in our supremum .

For the second case we fix T € Uy with R(T) # @ and n € Ny with
T(n) = T. We then set

P cufD. ( IT a- @B)) G,
BeR(T)
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def

where R(T) = J BerT) B, the operators % were defined in (8.8), and
i def T)\2 TW\AM 5o Z\K*B) , N(B,T
Gl &y Kerﬁ(B’T)\quL(B’T)\R(T)RK \ ng@l?’jT)
——— BNK¥(S) Ki(S)\j N(S)
HHS[R er Ker; Fi® |-

SeB

An important observation is that the sets L and UBgerer) B must be disjoint. There-
fore one can use the same argument as in Lemma to show that for any
RS (Rd)L one has

/ Cdy FNzUy) —/ Cdy Wiz U y).
XO\L XU\L

The domain condition for 15“ is also straightforward to check. The desired supre-
mum bound for Fn follows by the same sort of Taylor remainder argument as in
Lemma“ 6| For mu1t1 indices m supported on L one gets the desired supremum
bounds for on the corresponding derivative by following the same argument — note
that the operator D™ commutes with the % and only acts on the GJ O

9 Moments of a single tree

We now state the propositions which combined with Theorem [A.32] establish the
main theorem.

Proposition 9.1 The total homogeneity s given by (8.51)) satisfies the conditions
of Theorem n with X, XO, H and NH as glven & as the pinned vertex, H, “

{®, 04}, al 7|Tn 0 Y L with its type map t.
Proof. Ttis straightforward to check ¢ is of order —|T; Eﬁ o — |s|. We split
the verification of (A.23) and (A.24) into Lemma[9.2]and Lemma[9.3] N

Before stating and proving Lemma [9.2] and Lemma [9.3| we give introduce more
notation and state an observation.

For any u € N(T) we write T'>(u) for the maximal subtree of T' with true node
set {v € N(T) : v > u}. Also, for any K(T) connected M C N(T) we write

M E LM\ L)NM, M*<LNM,
KM) € K(T(M)), and KY(M)ZE KYT(M)) .

Finally, an important observation we will use is that for any K (T)-connected subset
A C N(T) one has

TR+ D |PIT=(efls = [Tx(ea)k]. ©.1)
ecK+(A)
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Lemma 9.2 The total homogeneity s, as defined by (8.51)), satisfies condition (A.23)
of Theorem[A.32)]

Proof. We define a map < : 2N* 5 R as follows, for M C N* we set

SM)E —(M[=Dls|+ Y b 9.2)
e€K(M\.7
eCM
_ €c ¢ M
1@ € M} |[ROM \ {@Dls + e;ﬂeﬂ{ e }]
+1{® e M} Y [be) + (v(e) — DI{e, & M}]1{ec € M}
ec.s
— (MY — > (B — Y MBAMN|, o — > FB).
Ben Ben Bem
BCM® B¢ M M=B
We fix, for the remainder of this proof, T € Uy. We define
N@) © L, U ( || N(T)), 9.3)
TeCg(T)
or€Lg
and also set Q = {N(a) caeT) {QT}}.
We claim that for any a € T \ {01},
(3 <®) = (Lal = Dls| < 5N 9:4)

beTZa

To obtain (9.4)) note that our choice of cut rule means that for each M € 9,

1. e€ Y and ep, ® € M together imply e. € M.
2. e € Zand e, e, € M together imply & € M.

We have an inequality because of the third term on the last line of (9.2)).
To prove the lemma it suffices to show that for all M € Q one has

S0 < 1M # ) [Aee 1) A jpary 2 1] ©.5)
where . ¢(-) is defined as in (A.19). When M satisfies both M Z & and M = ¢
one can show ¢(M) < 0 by copying the argument of Lemma|8.13|nearly verbatim
so this case is done.

The proof of the lemma will be completed by proving (9.5)) in the two remaining
cases, either: (i) M € Q, M # ®, and M' £ ¢, or (ii)) M € Qand M > &.

We first treat case (i), again by splitting into subcases. Note that in this case the
RHS of (9.3) is non-negative so for some subcases we just show ¢(M) < 0.
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Note that in case (i) it is impossible for M to consist of K(T')-components of
cardinality 1. By H-connectivity this would forces M = M so M = ¢4,

Now suppose we are in a subcase of case (i) where M is not K (T)-connected
and has at least one K (T)-component of cardinality greater than or equal to 2.
We then have a decomposition of M as in (8.42) and same arguments used in
Lemma 8.13|can be copied verbatim to show that one always has {(A/) < 0 in this
subcase.

What is left in case (i) is to establish (9.3)) for any K (T')-connected M € Q with
MeXt =£ ¢, and M F & — this is then an immediate consequence of the inequality
S(M) < —|T(M)?|, and Definition[A.27]

Now we turn to case (i) where it is convenient to prove a stronger bound than
(©-5). Define another function ¢ : 2V" — R by using the same definition for ¢ as in
(02) but replacing the entire last line of (9.2)) with —[t(M* LI M*")|,. In case (ii)
it suffices to show (M) < 0. Let M € Q with M > &, writing {M;}_, for the

K(T) connected components of M \ {®} it is straightforward to see that

S =M u{®}

j=1

so it suffices to prove 6(1\7 UA{®}) < 0forall ]\//.7 IS @ where we have defined
@d;f J\//_TCN(T): MlsK(T)—connectedanfl\Ell\ée 9, ueX ‘
such that M > ® and M = T'>(u) N M

Observe that for any M e Qand S € Bone has N(5) C M or N(S)N M= @D.
A second important observation is that for any M € Q one has

Yo IPITs@: < ). e (9.6)

ecKL(M) e€INKL(M)

because (i) the conditions ¢ € K i(]\? ) and |P[Tz (e)gﬁ] |s > 0 together force e € &
and (ii) the definition of vy(e).

The claim we will prove, which will finish the proof of this lemma, is that for
every ]\7 € @

—ls] = [T>(ezp)%ls if 057 & ec()

_ = M ] - - 9.7)
—frac(| P[T'>(&)71]s) if o5 =¢ecfore € 7,

MU {®)) < {

where for ¢ > 0 we define frac(t) = ¢ — |¢]. Note that in the second case of the
RHS such an edge € is necessarily unique, this makes the formula well-defined. We
prove inductively with respect to the cardinality of M N Aj.
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We start with the base case where |]\//T N Xp| = 1 — here there are no edges
e € . with e C M and the LHS of is equal to

—|s| = [T = D> e if o7 & ec 1(),
- e€INKH(M)
—ITAD: + 0@ ~ [sh+@ ~1— > e) ife€s, o =ée.
e€ INK+(M)
(9.8)

Now let us verify that implies (9.7). When o7 € e, '() this follows from
(©.6), when o5 = & ones uses (9.1) and (9.6) to obtain

(@) = 1= [PIT>()|s — frac(|PIT>(@)F1]s) . 9.9)
= (Is| — 5(®) + T>(e57)%]s — frac(| PIT>(&)71]:)
= (Is| = 5@) + ITADIs + Y |P[Ts(e)]s — frac(| PIT(@)"1])
ee KL(M)
< (s| = 5@) + [TADTs + > (o) —frac(| PIT>(@F1) .
e€INK+(M)

We now turn to the inductive step. We fix ¢ > 2 and assume that holds for
all elements of Q whose intersection with Aj is of cardinality strictly less than g.
Suppose that we are given M € O with |M N Xy| =q.

We first define

17 N(S) if 057 = s, forsome S € B
{og;} otherwise,

def

K;im(z\?) KM N KM), and Ko (M) E KYQD \ K(M) .

Next, we decompose M \ M into K (T)-connected components {]\/ZJ};L:1 then the
LHS of (9.7) is then equal to

— [TADR, — 8| + 3 [6T; U @) — [KAT)s] 9.10)
j=1
Y [Heg 100 - e FHae - 1]

eeKY. (M)

o,int

- Y teeshortf % o+ 6@ - )

— for e €
eGKQ’exl(M)

Note that the two summation sets appearing in the first two sets are in bijection

where one assigns each M;; to the unique e with ec = 077 .
J
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For each j, ]\/4\J € Qand |]\/4\] N Xp| < ¢ — thus using our inductive hypothesis
combined with (9.9) gives

n

S ddufeh+ Y [Hed FIbe - e € SHa - D]O1D

j:1 eeK:,im(ﬂ)

<— Y Heg SH|Toleolls + 15l - b(©) + L{e € SHPT2Fl
e€ K}, (M)

= Y |PITfs -

ec Ky, (M)

On the other hand,
- >, Heeh@<- Y |PIT=F. 9.12)
€K} oo (M) €K} o (M)

By using (9.11)) and (9.12) in (0.10) we see é(]/W\ LI {®}) is bounded above by

— |TGDYs — |s| + 11{ Op = G

fore € . }{h(é) +@ 1] - Z |P[TZ(€)EH”5

e€ K+ (M)

=—|T><m>2|s—|s|+1{ 057 = e }[h(é)+v(é)—1}~

fore ¢ .

This is the desired bound when 77 & ec(.). It is also the desired bound when the
indicator function is non-vanishing since in this case

— [T>(o5p)%ls — ls| +1(&) = |PIT>(@)z]]s
and (é) — 1 = | P[T>(&)]|s — frac{| P[T>(@)%]]s} -

O

Lemma 9.3 The total homogeneity s, as defined by (8.51), satisifies condition

(A24) of Theorem[A.32]

Proof. We start by defining a map ¢ : 2V — R as follows, for M C N* we set

def X C M
SMHE YT hle) — [HM™)]s — [((M® ‘>s+Zﬂ{ : Z Y, }w@w
e€K(Dap)\.S e€? P
eNM#Q
e, € M
+ [%th(e>1{ec € M} = ((e) 1)11{ Y }]

— [RD)[s — [M]|s].
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Fix for the remainder of the proof T € Ux.
We claim that for a € T with a < {®, 0.} one has, writing M £ N*\ N(a)
(where N(a) is defined as in (9.3)),

D ar(®) — | X\ La| [s| — [((M)]s > (M)
bGTza

The claim is easily justified upon remembering that e € €, e € N* \ N(a)
and e, ¢ N* \ N(a) together imply e € & and that one has, using item 3 of
Definition [A.T4] the inequality

P I OER (07A A

beTy, BET

We now define a collection of node sets 2 ¢ 2V by setting

def

~ —_— < . < <
Z:{MCN(T): Ja € T witha < ® and a < g, such that }

M is an K (T')-connected component of N* \ N(a)

The lemma will be proved if we show that, for every M € Z, (M) > 0. Here
we used that if M ¢ N (T) decomposes into K (T)—components {M; }?:1 then
S(M) = 3704 (M.

We now fix M € Z and write € for the unique edge in e € K(T) with é. = oy.
We start by observing that ¢ € € = ¢ € &, and e is the only edge that could
possibly contribute to the sum occurring in the last term of the first line of (9.13).

The proof of the lemma is finished upon proving the claim

S(M) > —|PIT=(@)1E]s + (&) - 1{é € €} > 0. (9.14)

The last inequality of (9.14)) is a consequence of the definition of € and ~(-).
We now prove the first inequality of (9.14)). First observe that

S(M) = — |T(M)Z]s + b(@) — |s| + (&) - 1{é € ¢} (9.15)
+ > beo- > (e-1
eEKL(MN\S ecK{(M)NS

Conversely, by using (9.1) we have

—|PIT>@1]s = — [T>(om)%|s + h(@) — |s| (9.16)

= —|[TMFs+ 6@ —|s| = > [PIT>(e)IFs -
e€c Kt (M)

The claim is then proved upon observing that

Ve € K¥(M)\ .7, |PIT>(e)]f]s > —h(e) (9.17)
and Ve € KY(M)N.7, |P[T>(e)l]s > (y(e) — 1) .
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The second inequality of (9.17)) follows from the definition of (-) (and holds for all
e € €). The first inequality of actually holds for all e € K(T) — one writes

PIT= @1 = (IT2(eo)fls + Is]) - be)

and then notices that the quantity in parentheses on the RHS must be strictly
positive by either by the assumption of super—regularity as in Definition [2.28] or

Assumption [2.24] Using (9.17) in and then using (9.15) gives the first
inequality of (9.14) as requlred

10 Proofs of the main theorems
We now describe how everything fits together to prove Theorem[2.31

Proof Proposition[8.2] Here we combine the outputs of Lemma [8.16 with Proposi-
tion[9.1] as input to Theorem [A.32]— the desired bound is obtained from (A.25)) and
setting r = —|log,(\)]. O

Proof Theorem[2.31] Note that the sums over L c L(T), = € PIL(T) \ L), and
(M, G) € R are all finite and therefore contribute only combinatorial factors — it
follows that the estimate of Proposition [8.2] combined with the identifications of
Lemma[.23]and Proposition [4.22] gives one of Theorem[2.31

We now describe how a simple modification of our analysis gives (2.15] By sta-
tionarity, it suffices to prove the bound for z = 0. Observe that X¢ = e Tﬁ (1,/13‘)
seen as a function of £ € M(fy) is in fact a | L(T)|-linear function of {

Now we write, for &, & € M(Qs0),

E[(X¢ XE 2P] Z( 1)%P~ J< ) [(Xﬁ)J(XE)% g

_ Z( 1)210 ]( > [(Xﬁ)J(XE)QP J (XE)QP]_

We will estimate the above sum term by term. Fixing j, note the we are estimating
can be written as the difference of a single 2p|L(T)|—linear functional on M(£2,)
evaluated at two different sets of arguments. Denoting this functional by X and
choosing a convenient ordering for its arguments we then write

(Xf)j (X§)2p—j _ (X§)2p
o (¢®ILDI g g&r=DILDIY _ o (¢@20ILD]

2p—)|L(D)|-1

= Z %(§®jIL(T)|+k QRE-6H@ g®(2p—j)|L(T)\—k—1) _

k=0
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Finally, by performing the same analysis as used for the uniform bound, one obtains,
for each fixed k in the above sum,

‘E[%@@J’IL(T)HIC 2 (€ — &) @ E2Cr—DILDI-k-1y)

2p _ _
S(CTT 1E@liorm) Alve v IELNOIIE ElieA®I

ecK(T)

The factor of ||£; || v, is obtained because at least one of the cumulants appearing
in our estimates will involve the difference & — &. O

Next we prove Theorem |2.34

Proof Theorem The main ingredients of this proof are Theorem [2.31] Propo-
sition|[B.3| and a simple diagonalization argument.
First we construct the mentioned extension of Z?*,

BPHZ"*

We define a homogeneity
assignment | - |; on £ by setting, for each t € £_, |t|s = [|¢]ls - (1 + si{te £_}).
Note that | - |5 is R-consistent with [ - []s. We claim that for any £ € M(Q0, Leum, ©)
the map 7 — 257 from (Moll, || - |,./2,0) into the L? space of random models on
M ~(7) has some uniform continuity properties.

To show this we first define ¢ to be the x/2-penalization of ¢. Applying The-
orem [2.37] followed by Proposition we conclude that for every compact set

£ C R%and a € A one has the bound

E|Z50 Z52 )12 & S (€ mllne V1€ # mall v ll€ = m1s €+ mallv e (10.1)
S €l

uniformly over 11,13 € Moll and £ € M(Qq, Lcum, ©). In what follows we denote
by (Mn)neN C Moll an arbitrary sequence satisfying limy,—,« ||7, — d| z0=0.We

?V,c,l |l — 772Hn/2,0 >

see that the map 7 — Z5" extends uniquely to (Moll, | - ||,. /2) by setting

BPHZ

BPHZ

783 = lim z&mm

li BPHZ
n—oo
where the limit is in L?.
We then define the extension by setting, for each £ € M(Qo, Leumy N, ) \
M(QOO7 'SCum)’ Z£ d:ef Z£*6

BPHZ BPHZ*®

Observe that for £ € M(Qx, £c.m) One has the equality Z5* = 75 since
one has the convergence in probability of £ * n,, — & with respect to very strong
topologies on {2+, along with a convergence of cumulants (with also sit in regular
spaces with uniform bounds), the map Z;,,, is a continuous function of the data
consisting of (i) realizations in 2., equipped with a suitably strong topology, and (ii)
and corresponding cumulants. The uniqueness of this extension is immediate since
by Propositionwe see that [|€||n,c,2 < oo implies sup,,~¢ [|€ * 7| v,e1 < oo

We now prove the desired continuity property. Suppose that we are given

random noises (§,)n>0 With §,, — & in probability and sup,,~¢ [[§n | v,c1 < 00, We
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define, for every o« € A, compact & C Rd, and random models Z, Z’ defined on the
same probability space as &,

do, (2, Z") S ELA 1 Z; Z'a,s] -

The family of pseudometrics {dq (-, -) } .« then generates the topology of conver-
gence in probability on the space of random models.
Fix a and R as above. For any n, m € N one has

da7R(Z§PHZ7 Z§PTLHZ) S doﬁﬁ(ZBgPHZ? Zs*nm) + da7R(Z§*77m Z&-n*nm)

t+ do g (Z35"" 255, - (10.2)
Now fix € > 0. By applying the bound it follows that there exists M > 0
such that for any m > M and any n € N both the first and third terms on the RHS
of the above inequality are each smaller than £.
We now claim that for any m € N one can find n,, such that for any n > n,,
one has
do ((Z80m | ZEnwimy < =

BPHZ ? BPHZ 3

This follows by observing that the map Z3:™, viewed as a function of a frozen
realization in @, D’ (R%) and cumulants living in a sufficiently regular space, is
again a continuous map and so one can push through the convergence of &, — £ in
probability along with the convergence of cumulants with uniform bounds.

By fixing m > M we see that for any n > n,, one has da,ﬁ(me, Z&n )y < e

as required, thus concluding the proof. 0

Appendix A Multiscale Clustering

A.1 Multiscale clustering for a single tree

Suppose we are given an undirected connected multigraph G on a vertex set VV o
{vo,...,vp} with p > 1. Here, when we say that G is a multigraph one should
view G as some set equipped with some map (g : G — V@,

The map ¢ may not be an injection which is why we call G a multigraph,
however the “duplicated” edges are seen as distinguishable amongst themselves. In
practice we will often just present the vertex set )V and the multigraph G and the
map (g will be obvious.

We consider vy to be the “root” of G. We also write Vo = V \ {vp}.

Definition A.1 A coalescence tree T on a vertex set ) is a rooted tree with at least
three nodes with the following structures and properties:

e The set of leaves of T is identified with the set V.

o Writing T for the set of internal nodes (i.e. nodes that are not leaves) and ot
for the root of T, we require that every u € T \ {or} has degree at least 3 and
that ot has degree at least 2.



MULTISCALE CLUSTERING 101

We then also equip the set of nodes of T with the poset structure corresponding to
viewing T has a Hasse diagram with its root ot as the unique minimal element.

Note that unlike in [HQ15] these coalescence trees are not necessarily binary, an
internal node is allowed to have more than 2 “children”. We denote by ij the
(finite) set of all coalescence trees T on the vertex set V.

The trees LA{V will be used to organize our multiscale expansions, for each fixed
Ty, they slice the domain (RHY into regions characterized by the relative distances
of the variables zy = (x,)yecy. These domains can be visualized in the following
way. For each fixed zy, define a family of equivalence relations {~, } ,en on the
set V) by taking ~,, to be the transitive closure of the relation R,, given by

vRv' & Je € Gwithgle) = {v,v'} and |z, — x| <277 .

The tree T should then be thought of as pictorially representing one particular way
the equivalence classes of the equivalence relations ~,, could merge as one takes
n from —oo to 0 — if one ignores issues of coinciding position variables then at
some value of n all the elements of V are singletons and by n = 0 there is only one
equivalence class. The domain associated to a tree T would then correspond to all
values of xy,, for which the “coalescence history” prescribed by T holds.

The description above is only for intuition, concrete definitions are given below.
However one can already see that it is natural to label the inner nodes of T with
numbers that indicate the specific scale at which a coalescence event takes place.

Definition A.2 Given a vertex set Vand T € Z/A{V, we define Labr to be the collec-
tion of all maps s : T — N with the property that u < v = s(u) < s(v). The pair
(T, s) is then called a labeled coalescence tree.

We define the set of all possible scale assignments to be given by n = (n¢)eeg € NS.
We usually fix a possibly smaller set of scales Ng C N© relevant to the given context
when deploying the machinery of this section.

For any fixed n € N and € N we define the sub-multigraph Gl={eeG:
ne > r} and also define V* C 2Y to be the collection of vertex sets of the connected
components of G". We consider singletons as connected components so that, for
every r, V" is a partition of V.

The sequence (V!),en determines a labelled coalescence tree (T,s) via the
following procedure. The set of nodes for T is given by T = (J;2, VI. Since
elements of T are themselves subsets of V, they are partially ordered by inclusion.
Given two distinct nodes a, b € T we then connect @ and bif a C b maximally in
T. In this way, the set of leaves is indeed given by V C T since, for 7 sufficiently
large, V! consists purely of singletons. The root is always given by or = V, by
considering r sufficiently small. It is easy to verify that the required properties hold
for T as a consequence of the fact that the children of any node, viewed as subsets
of V, form a non-trivial partition of that node. The labeling s(-) on internal nodes is
defined as follows. For each a € T, we set

def

s(a) =max{r e N: a € V''}.
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This is always finite since elements of T are not singletons, while there always
exists some 7 such that V! = {{v} : v € V}. This completes our construction of
the labeled coalescence tree (T, s) with the caveat that for purely aesthetic reasons
we identify the “singleton” leaves of T with their lone constituent element. We will
henceforth always treat the elements of T as “abstract” nodes, once we are done
constructing the tree we forget how they correspond to non-singleton subsets of 1.

The above procedure gives us a map T : N6 - Z/ly X Lab, taking scale
a551gnments to labeled coalescence trees, we write it n — (7 (n), s(n)). We then
define Uy £ TNG).

Remark A.3 The usage of the notation U{), instead of ﬁv indicates that we are
looking at a sub-collection of coalesence trees which have been determined by
fixing a multigraph G on V and a corresponding set of scales N even though this
is suppressed from the notation Ufy.

Given T € LA{V and f C V we write f! for the maximal internal node which is a
proper ancestor of all the elements of f. When f = {a} we may write a' instead
of {a}". We define fT to be the maximal internal node which is a proper ancestor
of fTif fT # o, otherwise we set fT = fT = or. For a € T we write L, for the
set of leaves of T which are descendants of a.

Let us give a concrete example to clarify these definitions. For our vertex set we
fix V = {vg,...,vs}. Below we fix a graph G by presenting it pictorially and also
specify a scale assignment n € NC by labeling each of the edges.

Below we draw the corresponding coalescence tree T = 7T (n), labeling the leaves
using the set V and introducing new labels for the internal nodes of T.

(%) Vo V5 V1 V3 V4 Ve

The labeling s = s(n) € Labr is then given by



MULTISCALE CLUSTERING 103

uET‘ a b c d e
s(u) ‘500 187 80 7 25

In this example, we have

{vg, 51 = {ws}T =b, {vo,v5}" =d, {v1,v3,v5}" = {v, 03,05} =d.

We also define, for any (T,s) € ﬁv x Lab,, Nui(T,s) C Ng to be the set of all
those scale assignments n with 7 (n) = (T, s) and the property that for every e € G

Ine —s(eh)| < 2C -V, (A.1)

where C' > 0 is chosen to be the same as (A.2). Here we are abusing notation and
writing e! instead of 1g(e)!, we commit this abuse of notation frequently. Clearly
|Nui(T, s)| is finite and bounded uniform in (T, s) € av X Lab,.

For each (T, s) € Z:[\y X Se we define

D(T,s,200) £ {z € RYY : Ve = {v,v;} € VP, 2, &5 2, ), (A2)
where we’ve used the notation (8.12).

Definition A4 For T < ﬁv we call a map «¢r : T > Ra T-homogeneity. A
collection of such maps ¢ = (cT)T clhy is called a total homogeneity. Addition of
total homogeneities is defined pointwise.

We introduce two special families of total homogeneities which will play the role
of “Kronecker deltas” out of which we will build other total homogenieties. Given
any subset % - V), the total homogeneities 5T[1~/] and 5“[1}] are given by setting,
forevery T € Uy and a € T,

V@ 2 1{a =T} and SN £ 1{a = V0T, (A3)

where the superscript T is used to remind readers that these operations are T-
dependent. For u € V we will write 6[u] or 6™ [u] instead of 6T [{u}] or 6™ [{u}].
Given T € Uy, a T-homogeneity ¢r, and s € Labt we often use the shorthand

(o1.8) = ) _cr(a)s(a) .

ae'i'

Definition A.5 Given a set of scale assignments N and a total homogeneity ¢ we
say that a family of continuous compactly supported functions F' = (F™), Ng On

(Rd)VO is bounded by ¢ if the following conditions hold.
1. There exists z,, € R? such that for each (T,s) € Uy x Lab,, and n €

-/\/’tri(T7 S)’ one has
supp (F(-)) € D(T, s, xy,) - (A4)
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2. One has the bound

def _
1Fllae = sup 27679 sup  |FM@)] <oco.  (AS)
Tely ze(R4HVo
s€lLaby
nEMri(T,S)

(In the particular case Ng = N we will also just write || F)..)

Remark A.6 Because of the domain constraint (A.4), it is clear that F™ must vanish
unless n € Ny g, where

-N’trLG = |_| Mri(Ta S) .

(T,s)€lly, xLabe

Remark A.7 The notion of being “bounded” by a total homogeneity ¢ depends
on a invisible “combinatorial” constant C' hidden in — this affects both the
domain constraint (A.4) and the definition of || - || a¢. In practice we want to
be able to formulate that this constant C' can be chosen independently of certain
parameters. Thus, if we have a collections of families of functions Fy = (F§)neny
where 6 varies as a parameter in some set © we say that a the collection of families
Fy are bounded uniform in § € O by a total homogeneity ¢ if one can use the same
constant C' in (A.2)) for all values of 6 € ©.

Definition A.8 Given a set of scale assignments Ng and a total homogeneity ¢,
we say that ¢ is subdivergence free in V C V for the set of scales N if for every
T € Uy and every a € T\ {or} with L, C V one has

> cr®) < (|La| = D3|, (A.6)

be’izﬂ

Definition A.9 We say a total homogeneity ¢ is of order o € R if for every T € ﬁy
one has ) _isr(a) — (V| = D]s| = a.

The following definition will be useful in getting good bounds on various integrals.

Definition A.10 Given a family of continuous compactly supported functions F' =
(F™neng on (RHY0 and a subset A C Vy we denote by Mod 4(F") the collection of
all family of continuous compactly supported functions F' = (F™)ue N such that
there exists z,, € R? with the property that for every n € N one has

supp (7)) < DIT, 5, 24,) (A7)

and for any = € (Rd)A

/ dyF"(xI_Iy):/ dy F*(z Uvy) .
Vo\A Vo\A

We also use the notation Mod(F) = ACVs Mod 4(F").
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Theorem A.11 Suppose we are given a set of scales Ng and a family of smooth
compactly supported functions F' = (F™)pepn, on RHYY0 and a total homogeneity
S on the trees of Z:l\y which is of order o and subdivergence free on'V for the set of
scales Ng.

For r € N we define

def . def .
Nesr={neNg: minn, > r} and Ng <, = {n € Ng : min ne <r}.
ec - ec

(A.8)
Then, for oo > 0, one has

o [ dy @) < const(V)2o it [|F g <,
neNg <, V0 FeMod(F)

while for o < 0 one has

> [ dy|Fh@)| < const((VN2*" inf ||l n s, -
neNG o, Vo FeMod(F)

Here, const(|V|) is a combinatorial factor depending only on |V| and not on r.

Proof. This is essentially a special case of [HQ15, Lem. A.10] with v, equal to the
root of T. The only difference is that our “subdivergence-free condition” does not
include the root itself. In the case a < 0, Definition [A.9]implies that (A.6) also
holds for the root and we can apply [HQ15, Lem. A.10]. In the case a > 0, this is
not the case, but the proof of [HQI1S5, Lem. A.10] still applies, the only difference
being that the sum appearing in the base case ]T\ = 1 runs over large scales instead
of small scales. O

For the next theorem and what follows, for any T € ﬁy and a € T we define

T;_;ad:ef{be'i': bZa}.

Theorem A.12 Let Ng be fixed and let G, C G be non-empty subset of edges
which connects the collection of vertices of V it is incident with, we denote this
collection of vertices by V.

Suppose that we are given a family of functions F' = (F")nen,, and a total
homogeneity ¢ which is sub-divergence free on V for the scales Ng, of order o < 0,

and satisfies the following large scale integrability condition: for every T € U\, and
u € T with bothu < (V)" and Ty # @ one has

> orw) > s [V\ Ly . (A9)

wETzu
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Then if we set, for any r € N,

NG >rG, = {n € Ng : min n, > r}
GEG*

we have the bound, uniform in r,

S [ @S2 it Pl
nGNG,>r,G* FeMod(F)

Proof. This is precisely the content of [HQI1S5, Lem. A.10]. O

We close the section by 1ntr0ducmg more notation. Given any total homogeneity ¢
on the set of coalesence trees Z/{V, any A C V, and any multi-index (ky)yea € (NHA
we define another total homogeneity D*¢ by setting

DF¢ =64+ " |kyls0"[0] . (A.10)
vEA

Definition A.13 Given a family of compactly supported functions (F™)pen;, on
(R%)Y0 and a total homogeneity ¢ on the trees of Z/{V and a subset V C V), we define

def
1Fllc ngp = sup 1%l pre g

where

AY {k: e NHN" . k supported on V and sup |k(w)|s < \5]},
ueEN*

and for k € A we defined Fj, = (Fy), o, Via P = < DEpm,

A.2 Multiscale clustering for camulants

The types of bounds on cumulants we ask for in Definitions and [2.23| place ma-
jor limitations on the types of driving noises we can accommodate — we are basically
restricted to space-time random fields that are either Gaussian, Gaussian-like (the
kind of situation one encounters when considering a central-limit type convergence
result as in [HS135]]), or non-Gaussian with rapidly decreasing cumulants.

In order to work in a more general setting and which as few restrictions as
possible we will require additional data: in addition to a set of types £ = £, U £_
and a homogeneity assignment | - | for £, we prescribe (i) a set of non-vanishing
cumulants and (ii) a corresponding cumulant homogeneity.

To describe the latter, we use the multiclustering notation introduced earlier to
describe our cumulant bounds. For N € N with N > 2 we view [V ] as a vertex set,
we take G £ [N ](2) to be the complete graph and we set 1 € [/V] to be the pinned
vertex. We set Ng = N© for our set of scales. One then has Un = Z:l\[ N1 the set of
all coalescence trees on [IV].
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Definition A.14 A cumulant homogeneity ¢ for £, is a collection

¢ = {c“ M) (¢ [M]) € Lo}

where each ¢4MD is a total homogeneity on the trees of Uy, so ¢HMD =

(t,[M])
(CT )Teu[]u] .

We also impose that ¢ is imposed to be invariant under permutations in the
following sense. For each (t, [M]) € £, a permutation ¢ : [M] — [M] induces
bijections o : 2M1 — 2Mand o : Ujp;y — Upn since there is a canonical
association T € U > Nt C 2MM1. We then require that for any A C [M] with
at least 2 elements and for any T € U] one has

t,[M too,[M
c(Tv[ ])(AT,T) — CET(O;;[ ])(O'(A)T’T) )

Thus, given a finite set B equipped with a type map t : B — £_ we can write
¢B) without ambiguity, and this notation is compatible with the analogous notation
introduced in Assumption [2.18

Remark A.15 Note that for any cumulant homogeneity on a set of cumulants £,
one has that for any (t, [2]) € L., the total homogeneity ¢b[2D i encoded by just a
single scalar value. We sometime abuse notation and treat ¢*12D as a scalar.

We will need the following notion of consistency.

Definition A.16 Given a homogeneity assignment | - |5, we say ¢ is consistent with
| - |s if, for every finite set B, every (t, B) € £q., and T € Up the following
conditions hold.

1. Total homogeneities are ‘correct’: ) c(Tt’B)(u) = —|t(B)|s .
2. Forevery A C B,

> v W) > —[t(A); . (A.11)
uE'i’
u<wv for some vE A

3. Foreverya € T,
> P ) < —[tLo)s - (A.12)

uETza

4. If M > 3 then for every a € T with |Ly| < 3 one has

S M) < o] - (La| ~ 1). (A13)

uETza

Remark A.17 It is possible to see that if item 1 of Definition is satisfied, then
items 2 and 3 are equivalent. One way of interpreting these conditions is that c(Tt’B)
is always obtained by distributing the homogeneity —|t(a)|s of each leaf @ among

the nodes of T connecting a to the root.
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With these definitions at hand, we are now ready to formulate our “distance” on the
space M (g, Lcum) Of stationary noise processes.

Definition A.18 Given a set of cumulants £.,,, and a cumulant homogeneity ¢ for
Lewms N > 2,7 € N, and £ € M(Qg, Lcum) We set

€]

def .
= Dia vV max max || F; k o(,[M])
N gV max ax [ Ek, et [l pre
(tv[M])ezCum

Here we have set

Dy & {k = (k)X € NDM Vi € [M]1, |ks|s < 3r]s]}, (A.14)
We have also defined the family Fj «ar7) = (F ) 0 M E NIMP) o be given
by setting Fy! ¢ 111 {13) equal to

H GO my) (g5 — iﬁm)) DYE[{&iy (@) 4] i

-0
1<j<m<M !

and we are using the notation of (A.3). We also used the set of derivatives
The term Diag (&) is defined as follows. If there exists any (t,[2]) € L£cum
such that R[E°[{&q1), &2 }] is not of order (¢ 21y — |s]) V 0 at O then we set

Diag(¢) & 50. Otherwise we set

Dia “ max max RIES , . A.15
g.(&) % mmax |RIET{ &y S H1(Pr)| (A.15)
Iklo <c(b12D_|g]
where R[] is as in (2.9).

Definition A.19 Give£1 a set of cumulants £¢,,,, a cumulant homogeneity ¢ for £¢,p,,
N >2,7r€Nand¢,§ € M(€, Lcum) defined on the same probability space and
jointly admitting pointwise cumulants, we define the quantity ||£; &||n.c,» by

def

1€ €l v,e,r = Diag (§;6) V P g 1% vy, it | preee.an e -
(t’[M])ESCum

~

. . . o ~ n .
Here D)y, is defined as in (A.14). We have set the family ij(tleD’M = (F(t,[M]),M :

n € NIMPy 10 be given by setting F;(t,[M]),M(x[M]\{I}) equal to

( H TGm) (g5 — xm)) DME{ €y i) 4] o0’

1<j<m<M -

and the random fields (ét,i)i]‘il above are given by

def

£i(a) 2 &(@)1{i < M} — E(@)1{i > M} .
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We set The quantity Diag,(¢; €) is defined as follows. If there exists any (t, [2]) €
Lewm and M € {1, 2} such that %[Ec[{ft(l), ft(g)}]] is not of order Ct[2]) — ‘5‘ at 0

then we set Diag (&; £) £ 50. Otherwise we set

Diag,(&;€6) = max max | RIE[{&qy, E@ IR - (A.16)
(t12DECcum  kEN,
1<M<2 |k|5<c<t,[2])_|5|

If £ and € don’t admit joint pointwise cumulants we set ||€; €| v . = oo for every N.
Remark A.20 We often write ||¢|y  or ||€; €| v, instead of [|€]|n.c.0 of ||€; €| .c.0-

Remark A.21 Going back to an earlier mentioned example, suppose 1 is a random,
stationary, centered Gaussian, element of the scaled Holder-Besov space Csa(Rd)
where a € (—E—‘, 0). Then for any sequence of smooth compactly supported
approximate identities (1,,),eN appropriately converging to a Dirac delta as n — oo
one expects that (¢ * 1,,)2(-) — E[(¢) * 1,,)%(0)] should converge in probability on
Cfa(Rd) to a limit we denote 1/°2.

The random distribution v/°? is sometimes referred to as the “second Wick
power” of 1. Suppose we are looking at a system of equations driven by only 1/°2.
Writing t_ for the type-label for this noise one could set |[t_|; = 2« and we now
describe a cumulant homogeneity ¢ one could use in this situation.

Forany N > 2, T € Z/AI[N], and a € T one sets,

VD a) © 20 - (d(a) — 1) + 2a1{a = or}

def

where for a € Nt we write d(a) = [Min({b € Nt : b > a})|.

Definition A.22 Assume we are given a cumulant homogeneity ¢ on £, consistent
with a homogeneity assignment | - |5, and finite set A and D equipped with a type
map t : AU D — £_. We then define the quantity |t(A)|sp < 0 as follows: if

A& Lo we set [(A)]s.c.p £ 0 and otherwise we set [t(A)|s,c,p equal to

N>1, (¢, AU[N] € Lo
inf ¢ — > (WAUIND )y . 1A =, {([N]) C 4D) . (A7)
u€T>, T € Uy vy witha € Ts.t. L, = A.

Above, we are enforcing that t'([N]) C t(D) in the sense of sets, not multi-sets.

Remark A.23 Observe that for any leaf typed sets A and D we have |A| < 3 =
[t(A)]s,c.0 > [(JA] — 1) V 0] - |s| thanks to (A.T3) and by (A.T2) one has

‘t(A)‘s,c,D Z ’t(A)|5 . (A-IS)

The above inequality is used many times throughout the paper, often implicitly.
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In order to get the desired stochastic estimates when we use a cumulant homogeneity
¢ to control cumulants we also need a stronger notion of super-regularity.

Definition A.24 Given a homogeneity assignment | - |5, a set of cumulants £¢,,,
and a cumulant homogeneity ¢ on £, consistent with | - |; and a leaf-typed finite
set D we define a map h. p defined on leaf typed finite sets (t, A) as follows. If

A= @ wesetfie p() £ 0 and for A # ¢ we set

def

foe,p(A) = Q;nggA(!f(B)!s,c,D — [t(B)s) - (A.19)

Remark A.25 % p(A) gives the minimum homogeneity gain from having at least
one element of A participate in a cumulant external to A with noises drawn from D.

For the renormalization of second cumulants it is convenient to define, for any leaf
typed set B,
FB) = H{|B| = 2}([~[tB)]s — |s|T v 0) . (A.20)

The quantity £(B) gives the power-counting gain from the renomalization of a
second cumulant corresponding to B. The next lemma states that we don’t need to
renormalize any other cumulants.

Lemma A.26 Let M and D be a leaf typed sets and (t, M) € Lcon. Then
(MD)]s.e,0 A (PO + KAD]) + (M|~ 1) |s| >0 (A21)

Proof. If |M| = 2 then this follows from either (A.13)) or the definition of £(M). If
|M| > 3 this follows from either Remark or Assumption 0

Definition A.27 A semi-decorated 7} is said to be (¢, | - |5, Lcum)-super-regular if,
for every subtree S of 7" with [N (S)| > 1, one has

5 :
|SS’5 + (’2 N fbc’L(T)(L(S)) AN JL(T)(L(S))> >0. (A.22)
Remark A.28 Given a set of non-vanishing cumulants £, and a homogeneity
assignment | - | one choice of cumulant homogeneity ¢ for £, consistent with | - |
is given by setting, for each (t, [M]) € £, the total homogeneity (c(lf’[MD)Tez,{l M
to be given by c(]f’[M])(a) e [R([MD)]s - 1{a = or} forevery T € Ujpr and a € T.
This is precisely the choice of ¢ being referred to in Remark

It is useful to formalize how the cumulant homogeneity will be used with regards to
larger integrands, which motivates the following definitions.

Definition A.29 Let A be a finite set and let B C A be of cardinality at least 2.
For each T € U4 there is a natural choice of S € Up corresponding to the “the
restriction of T to B”. First recall that Ny can be identified with a subset of 24,



MULTISCALE CLUSTERING 111

Using this identification, we then define Ng = {DNB: D € Ny, DN B # ¢}.
We then equip Ng with the reverse inclusion partial order as in Section [A] - this
finishes the specification of S € Up. For what follows, recall that, except for the
leaves, we usually treat Ng as an abstract set (except for the leaves).

Note that there is a natural injection ¢ : ST given by the map a > (Lg)"T
where a € S and the set of descendents of a given by L, is determined by S.

If a coalesence tree S on a vertex set B is obtained in such a way from a a
coalesence tree T on a vertex set A D B then we say S is a restriction of T to B
and sometimes write S = T 5.

We draw a picture to make this clearer. Here A = {al} -, U {b;}2_, and

= {b;}2_,. To the left we have drawn a choice of T € 14 and on the right the
correspondmg Tl € Up.

C1

C3 C2

C4

by 21 by b3 by @2 by A3 Q4 by by b3 by bs

Definition A.30 Let ¢ be a cumulant homogeneity, let A be a finite set, and let
B C Abe of cardinality at least 2 and suppose we also have a type map t : B — L.

We define a total homogeneity ¢4 = (c(t B))T cil, 3 follows. Fix T € Z/{A, let
def

S = T|[p, and let ¢ be the corresponding injection ¢ : S — T. We then set

b B)( ) & e B)(a) if u = u(a) fora € S
0 otherwise.

A.3 Multiscale clustering for Wick contractions

Definition A.31 Let A be a finite set and p be a positive integer. We denote by
~{A(j)}§-’:1 p distinct copies of the set A. A p-fold Wick contraction on A is a

partition 7 of |_|§7:1 AY which satisfies the condition that for any B € m we have

B ¢ AY forany 1 < j < p. In other words, each element of the partition is
required to straddle at least two copies of A.

Theorem A.32 Let X be a finite set of cardinality at least two with a distinguished
element ® € X and a subset ¢ C Xy £ X\ {®) equipped with a type map
t: ¢ — £_.

Let H C X@ be a connected multigraph on X and Ng C NY be a set of scales.
Let H, C H be a non-empty connected subset of edges such that X,, the set of
vertices incident to H,, is disjoint frq\m €.

Let < be a total homogeneity on Uy with the following properties:
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1. sisof order a < [{(€)|s.
2. Using the notation v, .(-) of (A.19), one has, for every T € Ux and a € T,

> r®) <[s| ([La| = D) + [((LE) |5 (A.23)

bETZa
FUL % @) [ A g9 1 2]

where we used the notation L =< {u € € : u € L,}.
3. Forany T € Uy and a € T with both a < X! and Ty, # ¢ one has

> er(®) > [s] |\ La| + [(L\LEY)s - (A.24)
beTZa

Then, for any p € N, there exists C > 0 such that for any family of functions
G = (G"Mneny on (RHY bounded by < (for some choice of Tg € R? where ®
serves as the pinned vertex of X ), one has the estimate

2
B([ Y @0 Wiekl(GwooDuer) (429

nENH7>T7H*

<C

Ellapielc - 22PP7 - inf  ||G|*
l2viet G’eModf(G)H I

def

where the norm on the RHS was defined in Deﬁnitionand B =a—[t(E)s

Proof. Observe that the LHS of (A.25) does not change if we replace G with G in
Mod(G) — for the rest of the proof we fix such a GG. Next, recall that

o=y (X ).

nENy, > H, Telxy n€7/§/H,)>7:fH*
(m)=

where the number of terms in outer sum on the RHS is bounded by some finite
combinatorial constant depending on |X'|. Fix some choice of T € Uy. By the
triangle inequality it suffices to prove (A.25)) where on the LHS we replace

Z G™ with G & Z G"

neEN, > H, n€7/}fﬂ,>r,ﬂ*
(n)=T

and on the RHS of we drop the infinum over G (since it has been fixed).
We write Xéj) for 7 = 1,...,2p be 2p disjoint copies of Xy. We write Vy e
U?il X9V E VU {®}, and X9 £ X9 L {®}. We also set £ & |_|§"i1 t9) c
Vo, so that 2p-fold Wick contractions are naturally identified with partitions of €.
Note that the type map t naturally yields a type map on €' which we again call t.
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Using standard facts about the expansion of moments of Wick powers into sums
over Wick contractions (see [HS15, Lem. 4.5]) it suffices to show that for any any
fixed 2p-fold Wick contraction 7 on € one has

‘ /V @ (ﬁ é(y@)> ( 11 Ec[{gf(u)(yu)}ueB])‘ (A.26)
0 j=1

Bem
~112
SNCI e IEll2pier, AP

where we use the shorthand 3/ « Yxo-

For j € [2p] and T € Uy, we write HY) and TV for the corresponding copies
of H and T on the vertex set X, To prove (A.26) we will apply Theorem
with V as the vertex set, and & as the root vertex — we know that (7 satisfies
for some choice of g € R? — this will be fixed throughout our whole application
of Theorem [A.T2]but our bounds don’t depend on this variable.

The underlying multigraph is given by G “ G U C where

)
i

G| |HY and ¥ {{v,v'} € V?: 3B € mwithv, v/ € B} .
1

J

We define a distinguished set of edges G, = |_|J2i 1 HY where HY denote the
copies of H,. There is a natural identification of X?i 1 NH? with N© and using this

identification we define our set of scales Ng C NG x NC = N€ by

2p
Ne = (>< (MmN Tl(TU’)]) x N,
j=1

Note that then NG7>T7G* = Ng. We write Uy, for the corresponding set of coa-
lescence trees on V. Elements m € Ng are often denoted as pairs m = (n, j) €
N¢ x NC€.

Let the family of functions F' = (F™)men, on (RHYo for which we apply
Theorem [A.12]be given by

2p
FOD ) & ( [[é~ (ym)) WickCumd (1)) (A.27)
j=1

where we used the natural correspondance (n; )?’; 1 <> nand set

wickCumi(ye) 2 T [EUeo@tues] T #90Pw = w0)].
Berm {u,v}eB®

We will define a total homogeneity ¢ = {Ss }g i, and F' € Mod(F) such that F is
bounded by ¢ (the root vertex position for will be given by zg) and with the
property that 3 .

1Fllene S 1€l 2piere - IG1Z  - (A.28)
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We will then check that ¢ satisfies the conditions of Theorem

We start by defining ¢. For each 5 € [2p] and S € Uy we define a map
Ois: T — S by setting, for any a € TV,

0;s(a) = La)™S .

For the remainder of the proof, whenever we write 1 or {} without specifying a tree
then this operation is taken in S.
For j € [2p] we define total homogeneities ¢/ = {gé }seu,, by setting, for each
SclUyandacs,
= D o)

beejjg(a)

where the total homogeneity ¢ was fixed in the assumption, T is the previously fixed
tree in Uy, and the ¢y are the corresponding copies of ¢.

We introduce more total homogeneities on the trees of U4y, setting & = Z?i 1 7,

CEY Bex €5 where we use Definition , as well as ¢% by setting, for each
S e Uy,

o = Z I-’(B)<5§[B] —(5§[B]>, where
BER(S)

{Bemn: f(B)>0and Ly = B},

RS) <
and f£(B) was de~ﬁned in (A.20). Finally, we define ¢ o T+¢¢ + R
The family F' will be given by setting

pa [ R(TR) =0,
FX if R(T(K) # & .

We will define ¥ on a tree by tree basis later. It suffices to check the domain
condition and desired supremum bound in each of the two cases separately.

We first treat the former case, that is when S € Uy satisfies R(S) = ). The
domain property (A.4)) is straightforward to check and next we show the supremum
bound. Uniformly over j € [2p], s € Labg, and (n, j) € N(S, s), one has

sup |(;nj(y(j))| < 2<<§7S>
yeRHVo

|Glle >

as well as 3
sup  [WickCumd(ygur)| < 2059
yeRHVo

[Ell2pie),c -

Combining these two estimates and setting m = (n, j) as above yields

112
sup  [F™()| S 29%| G0 1€ e c -
yERDHYo
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Now we treat the other case for F', we fix S € Uy and suppose that R(S) # . We
work similarly to Lemma [8.26| here. We again label, for each B € R(S), each of
the elements of B with a 4+ or —, define sets of multi-indices Der(B), and operators
%p. Then for any m = (n, j) € Ng with 7(m) = S we define Ff\“ via

2p ) .
i) & (B!‘[R(S)(l _ %)) [g (;"]] (y) - WickCumd (yga) .

To see that both Z%in’j) and F)(\n’j) integrate to the same value, one proceeds as in
Lemma The desired domain constraint for ﬁ/{n’j) is also straightforward to
check — all that is left is the supremum bound.

Using [Hail4, Prop. A.1] we get, uniform in s € Labg and (n, j) € N(S,s),
the supremum bound

(1) —lk,B)lsiB
sup |EY (y)‘ < max ( ] 2 ) (A.29)
yeRHY0 keDer(R(S)) BER(S)
2p _
sup | WickCumd (yea) [ [ DM G™ (y9)
yERH)Y0 j=1

def

where Der(R(S)) = ZBER(S) O+, Der(B) and, for any k € (NHY and j € [2p],

we set kj = > icet ki . Now for any k appearing in (A.29) we have, uniform in
s € Labg and (n, j) € NVy(S,s),

sup  |DMG™ (y )]

ye®®)Yo
) b\ 12
<exp, [<<§+ > \k(+,B)\5]l{°: s+ B ]}’SMHGH%/H"?
BER(S)
(+,B)et?
. 12
< exp, [<<§ + > ‘k(-i-,B)‘ség[B]’sﬂ G A -
BER(S)
(+,B)et?

In going to the third line above we used the fact that in the partial order on the nodes
of S one has BT > 0;sl(+, B)T’T(J)] which can be justified as follows: the inner
node on the left corresponds to the first coalescence event in S where the component
containing (4, B) contains a distinct element from the same copy of Xy that (4, B)
is from, however this must happen strictly after (+, B) combines with (—, B) to
form a component of cardinality 2.

It follows that uniform in s € Labg and (n, j) € Ni(S,s) we have the bound

sup
yeRH)Vo

o " T 712
FM@)| < 259 €y G112

k s1B] - s1(B .
ker%%ﬁS)eXPZ [(BEZR:(S)\ (+,B)ls (0 [B] — 0g[B]),8)]
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To obtain the desired result observe that the maximum over £ on the RHS is acheived
when |kt p)|s = £(B) for each B € R(S). This finishes the proof of (A.28).

We now check that ¢ satisfies the assumptions of Theorem It is easy to
see that the total homogeneity < is of order 3 “op(a — [t(€)]s) < 0.

Next we prove that < is subdivergence free on ) for the set of scales V. In what
follows we make frequent and implicit use of Assumption [2.24]and the following
trivial bound — for any L' C ¢!

-3 B - < —[(L)s - (A.30)
Ben Bern
BcL' BgL’

FixS e Uy anda € S. For each j € [2p] and A C [2p] we write

L‘gdéfLamX(j)’ L‘Z{eXtd:efL‘Zmej, L?déf |_|L’(Ll and LAeXt |—|Lzext
i€A i€A

We also define three sets of indices

hEGelp: L9 =1}, hE{jel2pl: LY >2}, and JE S0, .
(A.31)
Given a € S and j € [2p], we also write a’ as a shorthand for

j & iyt T
ol & @)t

We first treat the case when L, Z @; this is done by checking a variety of subcases.
Restricting to this case, for every j € J; we have, by G- -connectivity, LY c ¢9,
In the subcase where J» = ¢ we then have Ly = L, and

Y &® <= (FBI{Ly =B} + [t(B)s) — Y (BN Lalscs.
beS>, Bem Ben
= BCLq BfLa,
Again, by G-connectivity, there is a unique B € 7 with L, C B — it follows that
the RHS above is bounded by the LHS of (A.2T)) with M = L,. The desired bound
then follows from Lemma[A.26|and this finishes the subcase J, = @.
For the subcase J; = @ and Jo = {j}, we write B%J £ BN LY and set

77 £ {Bex : B% % #}. With this notation, we have

YMEM< D qule)— > B Y)|ser (A.32)

bES>, ceT9 Bena:i
- >al

To see that the RHS is bounded by (|L,| — 1)|s| = (|LJ| — 1)|s| first note that
it is immediate by (A.23) when the second sum on the RHS of (A.32)) is empty.
When this sum is not empty we then use |t(e)|; < [t(®)|5 ¢ for all but one block B
contributing to the sum to get the inequality

— D B g0 < —[HLIN)]s+ _min (|¢(B* 14(B™)|5) . (A.33)

Benad
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The last term on the RHS of is bounded above by 7, g(Lé’BXt) and therefore
by the RHS of must be strictly bounded above by (|L3| — 1)]s|.
Now we treat the subcase where Jo = {j} and J; # . Since L, is connected
by G and L, # @ it follows that there exist By, ..., B, € wsuch that U}, _, By, D
L and, for every m € [n], one has B,, N Lo # . Now if it is the case that

for every m one has B,;, N Lg’eXt € Lcum then,

—JtLI)]s — |s| - L] < —7o(LE,

and also using 3 g S < — LG5 — |6(LI)|s we have

dEM< D qule) — MY — [HLIH]s (A.34)

besS (7)
>a CGTZa(J')

< D aw(@ = RLET)s = e@E + s - L7

()
CeTza(J')

and we then get the desired bound by applying (A.23)). On the other hand, if there
exists m € [n] such that B,, NLJ™ & £¢... then it follows that | B, N L™ =1
and [¢(B,, N LEY|s o = 0, so writing B,,, N Ly™" = {u} we have we have

DEB < Y sqale) — [(LE {upls — (L]

besS (J)
>a CETZa(j)

< Z §T(j>(C) - |t(LgL’SXt)‘5 + Ht({u})’s - ‘t({u}nﬁ,c,f] =+ ’5‘ ) ’Jl‘

@
€T3 6)

The bracketed quantity on the last line is bounded below by —fbc7g(Lj ©X0) and so by

(A.23) the last line without the last term is bounded above by (|LZ;| — 1) - |s| which
finishes this subcase.
Finally, suppose |J2| > 2. We then have

Sam= D ( X aw©@— K@) | = DT L),

bES>, Jje€J2 CeTglj je1
. 1 .
< Z ls| {]L{l\ - 2] - Z (L2 . (A.35)
jEJ2 JjeN

In going to the second line of (A.33)) we used, for each j € J2, (A.23). Now by
using >~ ;) |L%| = |La| —|J1| and Assumption we see that the RHS of (A.35))

is strictly bounded above by [s|(|Lq| — 3|J2|) so we are done.
We now treat the case L, 5 ®. Here L7, > ® for each j € [2p] and (A.23) gives

Z Ss(b) < Z < Z sro(€) — ’f(Lé’eXth)

beS> je€J2 (7).
>a cETZa]

<ls| ) (L= 1) =s|(La| = D).

Jj€J2

(A.36)
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This completes the proof that the total homogeneity < is subdivergence free on V
for the set of scales Ng.

We now turn to showing in our context. Suppose we are given u € S
satisfying both v < (V,)" and Sxu # . We define, for each j € [2p],

Q, = XP\L, and D = {j € [2p]: Q] # P} .
Clearly D is non-empty. We then have

Y &) — [V\Ly|s|

wESZu
> 3 P [ Y s~ ¥\ Ly ]|
wESy, BET JED  perV |
Zud
>3 Y @) - €\ LDl — XD\ Ly Jsl] > 0.
j€ED wGT(j)v

ul

In the second inequality we used (A.24) and in the first we used

> > Py =l - Y P

weSZu Beﬂ' ’UJESZM
S - ’t(fall)‘ﬁ + ‘t(LZXt)’5 = _‘t(fﬂll \szt)‘s )

Appendix B Convergence of mollified approximations

Throughout this section we take the dimension d and space-time scaling s as fixed
along with a set of noise types £_ and a set of non-vanishing cumulants £,

The primary question of this section is as follows: given & € M(£) and a
sequence of smooth, compactly supported approximate identities {7 }-c(,1] on R?
which converge to the Dirac delta function ¢, does ||§; & ||,y — 0 as € | 0 where
we use the notation of Definition and we set & = {& * 7e bree_ -

We denote by Moll the collection of all smooth functions 1 € €(R%) which are
supported on the closed ball {z € R? : |z| < 1} and satisfy [ dz n(z) = 1. The
following lemma is immediate.

Lemma B.1 Foranyn € Moll and { € M(Q, Lcum) the noise (xn = ((¢*xN)iece_
belongs to M(Qso, Leum)-

Throughout this section § will always denote the Dirac delta distribution on R%. We
also write Moll = Moll L {6}, and also quantitative notions of the convergence
in Moll by setting, for each x € [0,1), » € N, and any distribution € D'(R%)
determined by a smooth function away from the origin,

Inller 2 max (Il v (- sup  [DFna) - [yl ).
keN y€RN {0}

|k|s <4r|s|
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As an example, observe that if one fixes 7 € Moll and defines, for each € > 0,
(@, ... 59 2 5_|5|n(5_51m1, . ,s_sdxd) , (B.1)

then for any x € [0,1) one has || — 0|, ~ € as e | O for fixed . In what
follows we use the notation

Moll & Moll U {n; — n2 = m1,m2 € Moll}
Before stating the main proposition of this section we need additional notation.

Definition B.2 Given a cumulant homogeneity ¢ on £.,, we define the the x-
penalization of ¢ to be the cumulant homogeneity ¢ on £,, defined via setting, for
eaCh (ta [N]) € ’SCum’

ELVD & IV e § T,
vE[N]

where we are using the notation of (A.3).

Proposition B.3 For any ¢ € M(Qq, Lam) and n € Moll one has the random
noise type valued variable & x n “ (& * Miee_ is an element of M(Qsoy Lcum)-
Additionally, for any N > 2, and cumulant homogeneity ¢ on L£c,, and r € N,

one has, uniform in & € M(Q, Leum), and k satisfying

0<r<X min (wn[zlq _ c(t,[2]>>
2 (L[2D€Lcun ’

and m,m2 € Moll,. U {0}, the bounds

g« ms € xmellver S Im = melle - Amlle V lln2ll )™ €l verrr . (B.2)

where ¢ is the k-penalization of c.

Remark B.4 Note that by setting 7o = 0 in the above proposition we see that (B-2)

actually implies

”/@N ' HgHN,c,r—H .

1€+ mlner S lm
Proof. 1t is immediate that £ * 71 and & * 72 jointly admit pointwise cumulants. We
first establish control over second cumulants.
def

Fix (,[2]) € £cun and the shorthand o = ¢4[2) — |5|. Forany 8 € R, ¢ € N,
and H € S'(R%) with singular support contained in {0}, we define

”Hﬂﬁ,q = ( max H(pk)) + max sup \DkH(g;)| . ‘x|ﬁ+|k\5 )
keEN k

CAq Rd
‘]{2‘5<O¢ re
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Here A, < {k € N? . |k[; < 3q|s|} Clearly [RE[{&), & Hlagrtz <
1€]|c.2,r+1 and conversely [JREC[{&q1), &2 }][la,2r controls the contribution of
second cumulants to ||£]|¢2.r-

For any H as above, ¢ < 3, and g € Moll we claim that for 6 € {a,a + K},

1 H * Q”9+H,q Slells - 1H ”9,q+1 . (B.3)

The desired bound on second cumulants follows from the claim since by applying it
twice we get

ET{&y * 11, &2 * (1 — 12) 1) Jat2x,2r

E°[{&q), w2y ) * i = Ref[m — n21{] a26.,0
E°[{&a), S t) * matr2ret - lm — m2llx
EU&, & lazr2 - [Imlle - lm —n2lls,

J%(
J%(
SI(
SI%(

where Ref(g)(x) = g(—=x) for any distribution g on RY.

We now prove (B.3)), assuming without loss of generality the RHS side of the
bound is finite. Observe that for m € A,, D™(H * p) has empty singular support
and is given everywhere by integration against the smooth function

def H
D™H x o)(@) = > gk)(Dk+mg>(x>+DmI<x)

|k|s<a
where I(x) & / dz (Q(x—z) 3 ( g)(x)) H(z).
|k|s<a
Since m € A, we get the bound, uniform in x € Rd,
H ) m m K
| S ERR DR @) S el Do - Jel e @)

|k|s <o

For the second term we perform a multiscale expansion where we again use coales-
ence trees to organize our bounds. Here we will be leaving more variables frozen
instead of integrating all but one of them so we will perform more of the analysis
by hand instead of just referencing the earlier multiclustering lemmas.

As in [HQI5, Lem. A.4], we can construct a families of smooth functions
{0j}32 and {H;}32 such that, for F' = H or o,

1. The identity Z;‘io F; = F holds in the sense of distributions on R,
2. Fj(x) is supported on z with 27772 < |z < 277,
3. For any k € N with |k|s < 10|s| one has, uniform in j > 0 and = € R,

1D 0i(@)| < llollx - || eIl

4. For each k € N? one has, uniform in j>0,and x € R? and with k € A,
one has

|D*Hj(@)| < [ H Qo - 2|07 He
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5. Forany j > 0, [ dz gj(z) = 0.
6. For any j > 0 and any k € N? with |kls < a, fda:xk -Hj(x) =0

The integrand determining [ as a function of x, z which we view as the positions
of the vertices a and b, respectively. We also introduce a root vertex ¢ pinned at
def

0. Thus we set V = {a,b, ¢}, Vo = {a b} and we fix the multigraph G to be the
complete graph on V. We also set Ng &

Fix # > 0. Then for any z € R? With 27772 < |z| < 27" one has, by
exploiting triangle inequality constraints on scale indices,

DMz = Y /dz[“(z: z)+/ dz Y (Do) - )

TEZ:;V |kls<a
s€Labyp(n)
nEN;;i(T,s)

where Io;,‘l(x, Z) o Dmgn{ayb}(x — z)Hn{M} () ™Mae) (), for T € ﬁv,

Labr(n) £ {s € Laby : s({a,c}") —a| <12},

and we choose some constant C' > 4 for the constraint defining NVy;(T,s). The
second integral on the RHS of (B.5)) satisfies a bound like (B.4)) so we are left with
estimating the contribution from the first integral.

Since there are only four coalesence trees in LA{V we present ¢ by showing these
four trees below (which we will denote, going from left to right, T, Ty, T3, Ty)
and then labeling the internal nodes with the weight that ¢ gives them:

\5|+\m\5+ﬁ
0+ |mls+1 0+|s|+|m|s + & 0] +1 0+ |s| + |m|s + &

ls| + |mls + &
—|m|s — 1 —1o| —

Writing I,< {f}‘n}ne Ne» We claim that there is a modification I, € Mod, (In)
which is bounded by a total homogeneity ¢ with

Hmllene < [ H o1 - lelln-

We have darkened the internal node {a, ¢} whose scale s({a, c}") will be frozen to
be close to 7 and we have colored in red the contributions coming from renormal-
ization.

For any n € Ng with T(n) € {T2, T4} we set [® £ ™ and the desired
estimate comes from the bound

10| < (2 anr(mlstlsl40)| o) ) (2701 | H [ o 0) -
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For any n € Ng with 7(n) = T; we set
I Was Yo) SD™0n g,y Wa — 1) - WD ()

(o — ya)"
Hng ) = >, g W) -
keNd '

|kls<|mls
To see that this is compatible with Ime Mod 3y (IO ™) observe that for n as above we
have ny, 41 # 0and so [ dy I (Yar ) = | dyp I (ya, yp) - the support constraint

is also easy to check. Writing s = s(n) and T; = {or,,u}, a Taylor remainder
estimate then gives

1™ (Yas ub)| SQS(u)(|m|5+ISI+n) lollx - QS(QTI)0+(S(0T1)_S(U))(|m|s+1)I]H[Ie’j+1 ]
Finally, for any n € Ng with 7(n) = T3 we set

I8 Yar ) EHpg, o, () - WD (y70)
(—yp)"
(Dmgn{a,b}(ya SO Dk+an{a7b}(ya)T>
|k|s<a

As before, writing s £ s(n) and Ty = {or,, v}, a Taylor remainder estimate gives

122, was )| S xpy [sCor)(lmle + [s] + 1)+ (s(r,) — S0 + D] - ol

- exp, {s(v)ﬂ 1H o,

The proof for our bounds for second cumulants is finished upon observing that for
1<4<4,

~ _ T ~
>, 2 / dys | e )| S D 289270 L

s€Labr, () nENi(T,$) scLabr, (7)

S PO

The factor 271557 in going to the RHS of the first line comes from the integra-
tion of y;. In going to the last line we summed over the labelings s € Labr,; -
they key point is that s({a, c}1) can be treated as fixed to the value 2. For Ty the
bound is then immediate since there is no other scale labeling to sum over. For
Ty, Ts, T3 one has an infinite sum over the scale labeling for the other internal node
- this scale will be constrainted to be greater than n for T1, T3 and less than 7 for Ts.

We now obtain the desired bounds for higher cumulants so fix M > 3. Let G
be the complete graph on [M]. We will also commit an abuse of notation - for any
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multi-index & € NIM1 and function H on (Rd)[M I we will also denote by Hj the
family of functions Hy, “ (H}})pene given by

def

H@y, o 2 (D HG@ o) - [T 9000 @, — ay),

{i,j}€G

Now given a function H smooth on (R%)M] \ Diag,,, invariant under )M -fold
simultaneous R translations|'4, a total homogeneity ¢ on the trees of {5/}, a subset
J C [M], and p € N we define

def
1H sy = max || Hellprcye

def
where A, =

(o, € NHM w1 < < M, iyl < o+ 145 € Thlsl}
On the right hand side of the first line we are using the notation of (A.5]), choosing
arbitrarily a particular element of [M] as a root and a value to fix it as (due to
translation invariance these choices do not matter). For any 5 € [J], o € Moll, and
H as above we define

def
(H xj o) (x1,...,x0m) = /ddzj H(zy, .o mi-1, Y5, s - s em)o(zy — z5)
R

The claim we wish to prove for higher cumulants is that for any j € J C [M],
p < 4, and p € Moll along with a total homogeneity ¢ and function H as above,

[ H *; QI:ICersT[j],J\{j},p S 1Hsup - llolls (B.6)

Applying claim M times will give us the desired bound. To see this first note
that for any (t,[M1]) € £c.n one has JE[{&i) 21 e vy < [|€lIa,e,r+1 and that
NE[{&x }M11]¢.». controls the contribution of E°[{&i 111 to [|€]|as,c,r-

We now turn to proving, by using a multiscale expansion, the claim (B.6). Fix
appropriate j, J, 6, p, and p. The underlying vertex set is given by V < MU {o}
where the additional vertex o corresponds to the integration variable z; in our
formula for H *; . We choose j € V as a root vertex (so Vo Z Y\ {j}) and
arbitrarily pin its position y; to some value in R?. We also fix G’ = G LI {{0,j}}
and set N = N,

For any fixed n € N¢ and N{o;} € N observe that if one sets S = T() € LA{[M]
and T = 7 (AL N{o,;}) € Uy then 8 = T[, (see Definition .

Now fix k € Ay}, Forany n € Ng we define a family of functions

I, = {f,‘;}neNG/ via setting

IRywy) défgn{o,j}(yj — Yo)HR (y,,) - where

“hat is, H(z1,...,2n) = H(x1 + h, ..., xa + h) for any (z:)2; € RH™M) and h € R?
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def

FI}?(?/VO) :<DkH(y17 . 7yj—17y07yj+17yM)> H \Ij(n{i’j})(yi - y]) .
{i,i'}eG’
{4, #{o.5}

With these definitions we have

DMH 5 o) = D D D / dyo IR(ywy) -

TGZ;V s€Labt ne N (T,s)

To prove (B-6) it suffices to find a modification I, = {I"}ne Ny € Modygy (Iy) such
that, uniform in (S, §) € Z:l\[ M) X Labe and n € N,(S, §), one has the bound

SO X | e )| S el 200
Rd

Telty seLaby neNi(T,s)
Tlan=S slg=S nlg=n

(B.7)
Above we are committing an abuse of notation - for each T € Uy, with T[;;; =S

we use the inclusion ma L:S = Tto identify S as a subset of T. This conventiion
is used when we write the condition s[¢ = s and is used throughout the rest of the
proof. Any use of the notation L, in what follows refer to using the relevant tree of
Uy to determine descendent leaf vertices.

We now obtain (B.7). We start with defining a total homogeneity < on the trees
of Z/A{V by setting, for T € LA{V anda €T,

ér(@) Z(ls| + 1) - 8h{0, 1 + 1{ Ly jyrr = 0,5} } (610,71 — o}{o, 711)

L Js@  ifac S for S £ Ty
0 otherwise.

We now specify I, € Mody,y () with
Hklleng S llells - [H Do.sp - (B.3)

Foreach T € Uy and n € N with T(n) = T we set f,‘; o I}C‘ it Ly, j3rr 2 {05}
and if Ly, jy+ 7 = {0, j} we set

Iy, = (f{][gl(y\)o\{o}a Yo) — fI;i‘(yvo\{o}, yj)> “Onpoy Wi — Yo) -

The necessary integration property, support property, and the estimate (B.38) are all
straightforward to check. Now fix (S,S) € Ujps; X Labe, m € N (S,5), and T € Uy
with T[(; = S. By using the bound we get

- o
Z Z ‘/Rd dy, I]?(yl)o) < llollw - UHI:I<7J7P. Z o(érs)—s(oNls|

s€Labt nEN(T,s) s€Laby
S[§=§ nfg=n S[§=§

15See Definition
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Again, the factor 2-5Nlsl comes from integration. What remains is showing that

Z 9(rs)=seDls| < o(D*es+0511j18) (B.9)
s€Laby
S[gzg

To verify the above inequality one can split into three different cases. Remember
that it must always be the case that L+, 3 j because of our choice of G’. We draw
an example with M = 3, the first tree represents S and the the three other trees
show examples of our three cases.

ANANANAN

The first case occurs when T = S, here there is nothing to prove since the sum of
the LHS only has one term (where s = §) so both sides of the inequality are equal.
In the second and third cases one has T = S Ll {b} where b = {o,;j}" is
represented with a darker node in our pictures. The sum over s with s[¢ = S is just a
sum over the value of s(b) constrained to satisfy an upper bound in the second case
or lower bound in the third case.
For the second case we assume that L, jy1r 2 {0, j}. It follows that b is not

maximal in the partial order of T and in fact 47T = 4§18 > b. We then have

$ sl < § gl nclsst) TT gérs@

s€Laby s(b)<s(jM) aes
s[g=S

<o9rsGi) [ 25 = o(Dkes+r3{113)
aes

In the third case one has Ly, 11 = {0, j}. It follows that b is maximal in T and
b" = 418, thus we have

Z o(ér.8)—s(oNls| < Z 2<Is|+n—|s|—1)s(b)+§<j“s)H26T(a)§(a)

s€Laby s(b)>s(jT-5) ac$
S [§=§

<or8GTS) [T 25vse = o(DFes+r3{1518)

a€$
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Appendix C Symbolic index

In this appendix, we collect the most used symbols of the article, together with their
meaning and the page where they were first introduced.

Symbol Meaning Page
° The trivial tree consisting only of a root. 10
1 The empty forest. Not considered a tree. 11
£ Finite set of “types”, used to distinguish each

of the kernels and noises appearing in the system SPDE. 10
£y Set of t € £ which are kernel types, satisfy [t|s > 0. 10
£ Set of t € £ which are leaf types, satisfy [t|; < 0. 10
B Set of test functions used to

define seminorms on space of models. 16
ga Prescribed set of non-vanishing cumulants. 21|
Dk For k € N, test function given by spatial truncation of z* 21
7A(B)  Minimum homogeneity gain from noises -

in B contracting with noises with types from A. 20l
A Set of maximal elements of the poset A. 33]
Max A  Set of maximal elements of the poset A. 33]
A Set of minimal elements of the poset A. §
MinA  Set of minimal elements of the poset A. 33
Div All superficially divergent subtrees 33
¢ All potentially useful cuts (edges). 44
M Collection of edges in € which are not in any element of M. 60,
¢P(M)  Collection of cut sets € generating M: P ! [s(M)] = M. 60
IMP(€)  All forest intervals M generated by % 60,
P Discards “dangerous” trees with respect to n. 67
@Y™"(F) Kernel edges benefiting from cancellation when F is contracted. 70,
F. G Generic forests of subtrees. 33]
F All forests of superficially divergent subtrees. 34
F<k Forests in F of depth at most k. 35
F[F] All forests G with Max G = F. §
F_[F] AllG € F<! with trees strictly contained in trees of F. 35
F<[F] AllGc¢ F=<! with trees contained in trees of F. 35
Np All nodes of the forest F'. H
Er All edges of the forest F'. 11}
L(F) Edges of noise type. 1]
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Symbol Meaning Page
K(F) Edges of kernel type. 1]
L(F) True nodes corresponding to IL(F’), inherits types. 1]
TZ‘ (7] Intersection of all subtrees {Tz(e) ce € Min(%)} 44
N(F) True nodes: N(F) = N \ ec(L(F)). 1]
N* True nodes of T, plus &. 31
® Node representing basepoint of the model. 31
N(F) Defined as N(F) = N(F) \ o(F). m
T>(e) Subtree of 1" above the edge e (including €). g
Tx(e) Subtree of T formed by edges below or not o

comparable to the edge e. 29
T4[%] Intersection of all subtrees {Tx(e) : e € Min(%)} m
T>[C] Collection of maximal subtrees of 7' whose roots are of :

degree 1 and are edge disjoint TZ‘ [7]. 44
K+(S) Kernel edges incoming to S (i.e. ep € Ng, ec € Ng) in T. [36
KYS)  Defined as K+(S) U K(S). 36
K2(S)  Defined for T < S as KH(T) N K(S). 37
NYS) Defined as e.(K*+(S)). 36
Cr(5) Maximal elements of F restricted to subtrees of .S. 34
N£(S) Nodes in N(S), but not in N(T') for T € Cx(S). 37
Nz(5) Defined as Nz(S) U {0s}- 37
K F(9) Kernel edges in S that neither belong to o

nor are adjacent to any subtree of C'r(.5). 37
K(S) Union of K2(S) over T' € Cx(S). 37
£(B) Gives power-counting gain for renormalization of E{ 5. 110
be p(B) Worst-case homogeneity gain from noises in B

participating in “external” versus “internal” cumulants

with external noises drawn from D 110
[t(B)|s Total homogeneity of the typed set B 10
[(B)|sc,p Worst-case homogeneity given to noises B

when part of an external cumulant with noises from D. 109
52 Collection of all decorated i-forests. 27
Ty Collection of all decorated i-trees. 27
Si, & For i € {0, 1}, set of decorated i-forests

or i-trees with color at most . 27
g Collection of all decorated i-trees with root colored 2. 29
Lx(S) e € L(S) but not in L(T) for every T' € Cx(S5). 37
C6(Rd) Collection of smooth real valued functions on R ﬁ
G4 All smooth real valued functions on (Rd)A. H
B Collection of all smooth real valued functions on (Rd)N © Bl
X,]X ;,”/, etc.  Various notations for products of monomials o

or binomials in 6,.
H: rs Renormalized distribution for divergent .S.
Cy(e) Fore € €, 4 C C,, givenby Min({e € € : € > e}).
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