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Structural Health Monitoring (SHM) often involves instrument-
ing structures with distributed sensor networks. These networks typ-
ically provide high frequency data describing the spatio-temporal be-
haviour of the assets. A main objective of SHM is to reason about
changes in structures’ behaviour using sensor data. We construct a
streaming anomaly detection method for data from a railway bridge
instrumented with a fibre-optic sensor network. The data exhibits
trend over time, which may be partially attributable to environmen-
tal factors, calling for temporally adaptive estimation. Exploiting a
latent structure present in the data motivates a quantity of interest
for anomaly detection. This quantity is estimated sequentially and
adaptively using a new formulation of streaming Principal Compo-
nent Analysis. Anomaly detection for this quantity is then provided
using Conformal Prediction. Like all streaming methods, the pro-
posed method has free control parameters which are set using sim-
ulations based on bridge data. Experiments demonstrate that this
method can operate at the sampling frequency of the data while pro-
viding accurate tracking of the target quantity. Further, the anomaly
detection is able to detect train passage events. Finally the method
reveals a previously unreported cyclic structure present in the data.

1. Introduction. Modern civil engineering is increasingly leveraging
sensor technology to understand and monitor physical assets, such as bridges
and pipe networks (Butler et al., 2016a, 2018). This sensor technology is
becoming cheaper to deploy and hence more widely used. The ultimate am-
bition for such sensor networks is to better understand the behaviour and
degradation of physical assets. However, there are significant data processing
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and analysis challenges prior to this.
The concern of this paper is the analysis of sensor data from railway

bridges instrumented with a fibre-optic sensor network. The sensor system is
used to quantify the stress behaviour of the asset, typically at high frequency.
The sensor network is distributed spatially over the bridge and in some sense
captures spatio-temporal behaviour.

We seek to develop a streaming method for monitoring the bridge, as
a whole, for train passage events and other events which manifest similar
responses. This is challenging for a number of reasons. First, the data is
recorded at high frequency, often 250 Hz. Constructing sequential methods
that can update at this rate is challenging. Second, the data is subject to
unpredictable temporal drift, for example relating to temperature, and other
less understood processes. This calls for temporally adaptive methodology.
Third, since the sensor system is physically distributed, it provides a view
of the whole bridge at every time instance (hereafter, tick). A train passage
event has a direction with relation to the sensors and hence manifests differ-
ently over the network at any tick. Analysing sensors separately will lead to
definitional problems (e.g. when did the event start) and issues of multiple
testing.

In this paper we propose a novel streaming methodology intended to iden-
tify events that are departures from the “at-rest” state of the entire bridge.
During this “at-rest” state – when a train is not interacting with the bridge
– exploratory data analysis reveals a striking low dimensional latent struc-
ture arising from the sensor network. Further, this latent structure is a linear
combination of all sensors in the network, and hence represents the collective
behaviour of the bridge. We develop a streaming estimation procedure for
tracking components of this structure at data rate, by which we mean the
algorithmic update procedure is faster than the frequency of observation.
The sensor network records train passage events as a complicated spatio-
temporal response. Precisely labelling the start and end of these events is
difficult, because the first sensor in the direction of travel will respond earlier
than the last sensor. Moreover, the sensor system exhibits a reaction before
and after the train is on the bridge. The anomaly detector is designed to
capture the change in latent structure from at-rest to train passage event.
We are therefore proposing an unsupervised anomaly detection approach
intended to detect specific collective departures from at-rest behaviour.

The structure of this paper is as follows. Section 2 provides a detailed
overview of the bridge sensor system and a specific data set. Principal Com-
ponent Analysis (PCA) reveals a specific low dimensional latent structure
during at-rest periods. In Section 3 a streaming PCA procedure is devel-



3

oped. This procedure synthesises ideas of adaptive estimation (Haykin, 2008)
with ideas for sequential eigendecomposition (see Cardot and Degras (2018);
Balzano et al. (2018) and references therein). A collection of numerical prob-
lems arise with sequential eigendecomposition, which we address. Addition-
ally, like all streaming estimation methods a number of input parameters
need to be set. In Section 4 we use ideas from Conformal Prediction (Vovk
et al., 2005; Vovk, 2013) to deal with the challenge of statistical anomaly
detection for eigendecomposition. The detection performance of the method
relates to its estimation performance, which in turn depends on input param-
eters, as noted above. Section 5 reports a simulation study designed to both
compare variants of the methodology and determine input parameters for
practical deployment. Finally, the preferred methodology is deployed against
a large amount of bridge data in Section 6. In addition to demonstrating the
detection capabilities of the methodology, the proposed method also reveals
interesting and previously unreported properties of the sensor system.

2. Instrumented Infrastructure and Data. In this section, a brief
review of Structure Health Monitoring (SHM) and a detailed description of
the bridge data set are provided.

2.1. Structural Health Monitoring. The area of SHM has changed in re-
cent times due to the automated collection of data pertaining to physical
assets. Historically and currently most integrity evaluation is performed on
a manual basis, which is costly and time-consuming. Structures such as rail-
way bridges and pipe networks are now being instrumented with a variety of
sensor systems in an effort to better understand their behaviour and reduce
the cost burden of monitoring (Farrar and Worden, 2006; Das et al., 2016;
Todd et al., 2006; Bowers et al., 2016; Butler et al., 2016b; Glisic et al., 2005;
Lau et al., 2018; Measures et al., 1992; Hernandez-Garcia and Masri, 2014).
Asset operators are using these data to reason about SHM questions. There
are significant challenges related to the development of statistical methods
for handling such data. Physical assets have both spatial and temporal ex-
tent and the data exhibits rich idiosyncratic structure which raises challenges
for spatio-temporal modelling. The high frequency recording rate of the data
poses a challenge for data curation and statistical analysis. Detection of train
passage events at data rate requires both acquiring the data and performing
a statistical procedure. Some of these statistical aspects have been addressed
by Lau et al. (2018). Data generated by the sensor system is a combination
of physical response of the bridge, noise arising from the sensor system and
environmental factors at each sensor location.
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2.2. Fiber Bragg Grating sensors. Fiber Bragg Grating (FBG) sensors
are commonly used to measure strain, that is, for example, the vertical
deflection of a bridge under load. In this work, the sensor system consists
of a distributed network of fibre-optic strain sensors. These sensors used
inscribed Bragg Gratings (Micron Optics, 2013) within the fibre-optic cable
which refract light at a particular wavelength. When subjected to strain, the
cable is deformed resulting in a change of wavelength.

A statistical challenge arises because the FBG cable, and hence data,
also responds to environmental factors such as temperature changes. This
is just one of several possible factors that contribute to temporal variations
observed in the data. A sophisticated algorithm is used to transform the
refracted light in the optical cable to wavelength (more details in Micron
Optics (2013)).

The raw data is measured in wavelength (nano-meters), although engi-
neers prefer the physical quantity, strain. By construction, each sensor’s
wavelength is offset by a fixed constant. Wavelength and strain are linearly
related and hence we will report results on the wavelength scale. Denote the
wavelength measurement at tick N from sensor j as xj,N for which we form
the vector over d sensors

xN = (x1,N , . . . , xd,N ).

2.3. Data. We are concerned with data from a steel-concrete railway
bridge located in Staffordshire, UK. This bridge is a 26.8 metre composite
instrumented with 80 FBG sensors. In this case, the sensor network was
installed during construction, though retrofitting is possible. The acquisition
rate of the data is 250 Hz, i.e., each sensor records 250 ticks a second. The
sensors are organised as in Figure 1, spaced one metre along the fibre-optic
cable. There are four cables located in the main girders, which are each 20
metres long.

Examining data from an individual sensor reveals unusual structures. For
example, Figure 2 presents a sequence of observations from a single sen-
sor which exhibits a “banding” structure. This is an artefact of the sensor
recording algorithm mentioned above. Note Figure 2 displays around 8 sec-
onds of data which exhibits little temporal variation over this short period.
However, Figure 3 presents a smoothed version of multiple sensors over a
much longer period. This shows that there is temporal variation, or drift,
which is different by sensor. This drift motivates the use of adaptive esti-
mation in the proposed methodology. Figure 4 presents measurements from
multiple sensors including a train passage event. Note that sensor measure-
ments during the event differ according to their spatial location.
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Fig 1: Configuration of sensor cables (in black dotted lines) along the bridge.
Each of the four sensors contains 20 fibre Bragg gratings.

Fig 2: Wavelength measurements of a single sensor during an at-rest period.

It is important to distinguish the two types of periods present in the data:
periods at-rest and train passage events. Both types capture the space-time
response of the sensor system, however at-rest it is reasonable to assume that
the variation in the sensor system is simply noise. Identifying train passage
events is a step toward SHM, since changes in response during train passage
events might indicate degradation.
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Fig 3: Smoothed (using LOESS (Cleveland, 1979)) versions of five sensors
during an at-rest period. For illustration, the first value of each sensor was
subtracted from each stream.
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Fig 4: Measurement for four sensors including a train passage event. For
illustration, the first value of each sensor was subtracted from each stream.

The collective response of the sensor system can be understood using
various statistical procedures. In this case Principal Component Analysis
(PCA), as used in Jolliffe (2011), reveals an unexpected structure. Using
PCA on an at-rest period of 5000 ticks of data, we find that the first 2
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principal components account for nearly 40% of the variation in the data.
The scores of PCA are computed as

Tq = UqX

where X is a centred data matrix and Uq = [u1 . . .uq] is the loading matrix
consisting of the eigenvectors of the first q principal components. Denote the
covariance matrix of X as Σ and the eigenvalue corresponding to eigenvector
uj as γj . Figure 5a shows that the scores of the first q = 2 principal com-
ponents scores exhibit an annular structure. In fact, this latent structure is
observed for all at-rest periods in this particular data and we observe it for
other FBG instrumented bridges. This annular structure is seldom observed
in multivariate data analysis, although it has been noted on occasion. For ex-
ample, related sinusoidal patterns have been observed in population genetics
studies, in explorations of spatially distributed populations (Novembre and
Stephens, 2008). In temporal studies of gene expression, circular principal
components have been observed (Scholz, 2007). At present, we are unable
to provide a compelling explanation for the presence of this structure in
the bridge data, from either a mathematical or physical point of view, and
hence prefer not to speculate beyond attributing the phenomena to spatio-
temporal characteristics of the sensor network.

As far as we are aware, this latent structure is not fully appreciated in the
SHM community. Again, we stress that this structure does not characterise
the physics of the bridge but rather the innate properties of the sensor
system. The train passage event has a marked effect on this latent structure,
see Figure 5b. More variation is attributed to the first component rather
than being shared approximately equally across the first two. This property
is observed over many data examples and is exactly this difference that
we exploit to construct an anomaly detection system concerned with the
collective spatio-temporal response of the bridge.

Figure 6 is a schematic that shows an illustrative data stream from a single
sensor during an at-rest period, followed by a train passage event, followed
by another at-rest period. The tick in which the train passage event starts is
denoted by JS while JE denotes the end of the event. Our anomaly detection
system will attempt to detect JS . This detection is performed by looking for
departures away from the collective at-rest periods. In practice we would
want to identify the whole event but it is more convenient to simply collect
a fixed amount of data, κ, following the detection. These blocks of data would
then be subject to further offline analysis. The period δ is an allowance for
measuring the detection delay, see Section 4. Detection problems of this type
raise the unresolved question of whether to continue estimation following
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(a) (b)

(c) (d)

Fig 5: PCA result for the bridge data. (a): First two scores during at-
rest period based on a batch of 5000 measurements. (b): First two scores,
computed using a sliding window of 5000 measurements including a train
passage event. The left “lobe” corresponds to at-rest periods. (c): Scaled
screeplot during at-rest period. (d): Scaled screeplot during train passage
event.

detection or to restart. This is addressed further in Section 5.

3. Streaming PCA. Computing PCA on batches of data is generally
straightforward. However, computing PCA sequentially and with some ca-
pacity for temporal adaption is challenging, as described in the conclusions
of Cardot and Degras (2018). As a matter of fact, this is the first work
to derive a time-dependent adaptive forgetting factor mechanism that se-
quentially tracks aspects of PCA in a streaming data setting. We develop
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Fig 6: Illustration of detection when the train passage event happens. The
events starts at tick JS and ends at tick JE . We aim to capture the event
between JS and the tolerance period δ, which we deem correct detection in
simulation studies.

a sequential estimation method in Section 3.2 through the use of adaptive
filtering techniques and extend it to a streaming PCA context in Section
3.3.

3.1. Principal Component Analysis. Denote X ∈ RN×d as a column-
centred data matrix whose rows consists of x1, ...,xN , where xi is the d-
dimensional multivariate sensor measurement at tick i. This centering is
achieved using the mean vector µ = [µ1, . . . , µd] where µj = 1

N

∑N
i=1Xi,j .

Our methodology will later reformulate this estimator. PCA seeks an accu-
rate representation of the original data set in a lower-dimensional subspace
Rq, q < d, which maximizes the explained variance. PCA seeks a projection
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matrix ÛÛT which is approximated by

Û = argmin
U∈Rd×q ,UTU=Iq

||X −XUUT ||2F(3.1)

where || · ||F denotes the Frobenius norm, Iq denotes the q dimensional iden-

tity matrix and Û = [û1, ..., ûq] are the q largest eigenvectors of the sample
covariance matrix Σ. These largest q eigenvectors, associated with the q
leading eigenvalues γ(1) ≥ γ(2) ≥ ... ≥ γ(d), are the principal components.
For reasons explained in the previous section, we are interested in q = 2.

A streaming PCA framework needs both a sequential updating mechanism
and a method for reweighting estimators as the data process changes. Re-
calling the quantities involved in the eigendecomposition, sequential updates
are required for the mean vector µµµ, to achieve centering, and the covariance
matrix Σ. To accommodate trend and changes in the covariance structure
over time, we require time-dependent estimators, µµµN and ΣN . The following
sections outline the construction of adaptive and sequential estimates of µµµN
and ΣN and the subsequent sequential construction of the eigendecompo-
sition. In this latter step, there is some scope for reducing computational
burden by evaluating a partial eigendecomposition.

3.2. Adaptive Estimation. Adaptive filtering (Haykin, 2008) provides suit-
able tools for both sequential and time-dependent estimation of µµµN and ΣN .
In practice, when dealing with streaming data, methods need to cope with
(i) memory efficiency, i.e., the entire data set cannot be stored, and (ii)
sequential estimation of model parameters (Aggarwal, 2007; Gama, 2010;
Benczúr et al., 2018). Temporal adaptation is provided by incorporating a
forgetting factor (FF), that controls the contribution of each data point to
the estimator. Practically setting this FF parameter, λ ∈ (0, 1), is challeng-
ing in a streaming data context. Therefore much interest has focused on
sequentially selecting an adaptive forgetting factor (AFF) – λN , using an
updating mechanism based on stochastic gradient descent (Haykin, 2008;
Anagnostopoulos et al., 2012; Bodenham and Adams, 2017).

Consider the univariate data stream

〈y1, y2, ..., yN−1, yN , ...〉,

from which the objective is to accurately estimate E[Yj ] sequentially at each
tick j. If E[Yj ] is the same constant for all j then the sample mean

ȳj =
1

j

j∑
i=1

yi,(3.2)
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is a sensible estimate which admits a sequential formulation. On the other
hand, if E[Yj ] varies over j, then the estimate would be inappropriate. This
limitation motivates the use of adaptive estimation to calculate the mean at
time N , in which more weight is placed on more recent measurements. These
methods result in improved estimation for time-varying processes (Boden-
ham and Adams, 2017). A fixed FF λ is introduced into Equation (3.2) with
normalizing constant (wN,λ) (sometimes called the effective sample size) to
weight the estimation process as follows

ȳN,λ =
1

wN,λ

N∑
i=1

λN−iyi, wN,λ =

N∑
i=1

λN−i.

This formulation leads to a sequential computation for streaming contexts
by defining the following updating mechanism for N ≥ 1,

mN+1,λ = λmN,λ + yN+1(3.3)

wN+1,λ = λwN,λ + 1(3.4)

ȳN,λ =
mN,λ

wN,λ
,(3.5)

with m1,λ = y1 and w1,λ = 1. Setting λ = 0 corresponds to forgetting all
previous measurements and only using the most recent measurement, i.e.
ȳN,λ = yN . On the other hand, λ = 1 corresponds to no forgetting, and
then the forgetting factor mean, ȳN,λ, is simply the arithmetic mean given
in Equation (3.2).

A more flexible approach is based on AFF, which results in a sequence of

FFs
−→
λ = (λ1, ..., λN ) over time. As shown later this sequence can be selected

using sequential stochastic gradient descent (SGD) approaches. Practical
algorithms restrict the range of λ to prevent it becoming too small, see
for example Bodenham and Adams (2017). We use these adaptive filtering
techniques to update µµµN and ΣN in the eigendecomposition as described
next.

Consider the following system of sequential update equations for a mean
vector

m
N+1,

−→
λ

= λNmN,
−→
λ

+ xN+1(3.6)

w
N+1,

−→
λ

= λNwN,
−→
λ

+ 1(3.7)

µµµ
N,
−→
λ

= w−1
N,
−→
λ
m
N,
−→
λ
,(3.8)

with m
1,
−→
λ

= x1 and w
1,
−→
λ

= 1. As pointed out by Bodenham and Adams

(2017) and shown in Appendix 8.1, it is possible to rewrite Equation (3.8)
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as

µµµ
N+1,

−→
λ

=
[
1− w−1

N+1,
−→
λ

]
µµµ
N,
−→
λ

+
[
w−1
N+1,

−→
λ

]
xN+1,(3.9)

which, following further manipulation, results in the following updating
mechanism for the covariance matrix

Σ
N+1,

−→
λ

=
[
1− w−1

N+1,
−→
λ

]
Σ
N,
−→
λ

(3.10)

+
[
w−1
N+1,

−→
λ

]
(xN+1 −µµµN+1,

−→
λ

)(xN+1 −µµµN+1,
−→
λ

)T ,

with µµµ
1,
−→
λ

= x1 and Σ
1,
−→
λ

= Id.

The fixed forgetting version of updates (3.9) and (3.10) are familiar in
the streaming PCA literature (see Cardot and Degras (2018); Balzano et al.
(2018) and references therein).

To select λN , we use SGD which requires a cost function, L
N+1,

−→
λ

. The

update of λN is defined as

λN+1 = λN − η
∂

∂
−→
λ
L
N+1,

−→
λ
,(3.11)

where η is the step size and λ1 = 1. We will set the step size based on
performance in realistic simulations experiments.

In this paper, similar to Bodenham and Adams (2017), the cost function
is

L
N+1,

−→
λ

=
[
µµµ
N,
−→
λ
− xN+1

]T [
µµµ
N,
−→
λ
− xN+1

]
.(3.12)

There is some flexibility in the choice of cost function. Anagnostopoulos
et al. (2012) shows that differentiable and likelihood-based cost functions
yield efficient update equations for the exponential family of distributions.
For example, Equation (3.9) can be motivated by an i.i.d. Gaussian argu-
ment.

The derivative in (3.11) depends on time-varying quantities which are
evident after some manipulation, resulting in

∂

∂
−→
λ
L
N+1,

−→
λ

= 2

[
∂

∂
−→
λ
µµµ
N,
−→
λ

]T [
µµµ
N,
−→
λ
− xN+1

]
.(3.13)

Bodenham and Adams (2017) compute ∂

∂
−→
λ
µµµ
N,
−→
λ

from first principles.

From their computation

∂

∂
−→
λ
µµµ
N,
−→
λ

=
[
∆∆∆
N,
−→
λ
w
N,
−→
λ
−m

N,
−→
λ

Ω
N,
−→
λ

]
/w2

N,
−→
λ
,



13

the following two auxiliary quantities appear

Ω
N+1,

−→
λ

= λNΩ
N,
−→
λ

+ w
N+1,

−→
λ
,

∆∆∆
N+1,

−→
λ

= λN∆∆∆
N,
−→
λ

+ m
N+1,

−→
λ
,

which must also be updated sequentially. Note that ∆∆∆
N,
−→
λ

is a vector and

Ω
N,
−→
λ

is a scalar valued quantity where Ω
1,
−→
λ

= 1 and ∆∆∆
1,
−→
λ

= x1.

This section has outlined a complete sequential updating mechanism for
estimating the mean vector and covariance matrix for a time-varying process.
We now turn to the construction of principal components using these time-
varying estimates.

3.3. Streaming PCA. A naive approach would evaluate the full eigende-
composition of ΣN or the Singular Value Decomposition (SVD). However
for streaming problems this will be computationally burdensome at each
tick. A number of approaches for sequentially updating an eigendecomposi-
tion have been proposed (Sanger, 1989; Weng et al., 2003; Mitliagkas et al.,
2013; Warmuth and Kuzmin, 2008; Boutsidis et al., 2015). In the case of a
known covariance matrix Ψ, Oja and Karhunen (1985); Oja (1992), proposed
a gradient ascent update for the full projection matrix, previously defined
in Equation (3.1) for the batch case, of the form

UN+1 = UN + ξNΨUN ,(3.14)

where ξN is the step size scaled by tick N , so that ξN → 0 as N → ∞.
The columns of the matrix, UN , are the sequential updates for the q largest
eigenvectors, i.e., UNU

T
N is the projection matrix we use in the sequential

version (3.1). As pointed out by Oja and Karhunen (1985) and Oja (1992), Ψ
is in fact unknown. A natural approach is to consider the adaptive estimator
of Equation (3.10) as an estimator for Ψ. As a new vector xN+1 arrives, the
update is

ŨN+1 = UN + ξN (xN+1 −µµµN+1)(xN+1 −µµµN+1)
TUN(3.15)

UN+1 = Π(ŨN+1),(3.16)

where Π(·) denotes an orthonormalization operator. Orthonormalization can
be achieved, for instance, using a Gram-Schmidt (GS) procedure. In Oja
(1992), a sequential version of GS was proposed by combining Equations
(3.15)-(3.16) (detailed in Equations (8.6)-(8.8) of Appendix 8.2). This oper-
ator is necessary to guarantee orthonormality as is required by PCA. The
proposal included Robbins-Monro conditions on the sequence of ξN to en-
sure convergence (Oja, 1992; Oja and Karhunen, 1985), i.e.,

∑
N≥1 ξ

2
N <∞
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and
∑

N≥1 ξN =∞. This condition is clearly satisfied in the case when ξN is
scaled by tick N . This procedure, while theoretically well justified for i.i.d.
data, requires modification to match the requirements of streaming data
analysis. In particular, we do not scale the sequence of ξN to decrease with
time as is required to satisfy the Robbins-Monro conditions and conduct an
empirical study about it on Section 3.6. Future data may not be generated
by the same process as current data and hence it is undesirable to suppress
the learning capabilities of the estimator. Bearing this in mind, we modified
the results in Oja (1992), using the adaptive estimators µµµ

N,
−→
λ

and ΣΣΣ
N,
−→
λ

, to

update the j-th column of the matrix UN+1 as

uj,N+1 = uj,N + ξφj,N(3.17) [
(xN+1 −µµµN+1,

−→
λ

)− φj,Nuj,N − 2

j−1∑
i=1

φi,Nui,N

]
φj,N = (xN+1 −µµµN+1,

−→
λ

)Tuj,N(3.18)

γj,N+1 = γj,N + ξ(φ2j,N − γj,N ),(3.19)

denoting γj,N as the j-th largest eigenvalue at time N and φj,N is an aux-
iliary quantity. The subscript of ξ was removed to denote that this is a
fixed value henceforth. Note however that the sequential update (3.17) is an
approximation of the orthonormalization operator Π(·) of Equation (3.16).
As a drawback, the approximation does not guarantee orthogonality and in
practice it might even be loss due to round-off errors. Later, in Section 3.5
we explore some properties when the approximation method is adopted.

3.4. Computational implementation. In this section we present two im-
plementations of streaming PCA, which we refer to as Multivariate Adaptive
Forgetting Factor (MAFF) PCA, which uses adaptive estimation, and Multi-
variate Fixed Forgetting Factor (MFFF) PCA. The main difference between
the two methods is that MAFF uses time-varying forgetting factors, tuned
as in Equation (3.11). Later we prefer MAFF since it alleviates the need to
select, and rely on, a single forgetting factor in perpetuity.

The step by step implementation of MFFF is implemented in Algorithm
1 while MAFF is detailed in Algorithm 2. Note that both algorithms require
a burn-in period, based on B consecutive measurements. Both algorithms
thus feature a burn-in phase, followed by adaptive and sequential updating.
Note also that both algorithms include a sequential anomaly detection stage,
described in Section 4.

In Algorithm 1, first select the value for the FF and step size ξ ∈ R+.
There is no principled method to select the FF in advance. Then initial
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values for the recursive estimators are set as m1,λ = x1, w1,λ = 1, Σ1 = Id.
Note that the updates of mN+1,λ, wN+1,λ, µµµN+1,λ and ΣN+1,λ are the same
as Equations (3.6), (3.7), (3.9), (3.10). The only difference is that λN = λ.
Other input parameters, such as ξ, will be determined by simulation studies
based on properties of the real data.

Algorithm 1 Multivariate Fixed Forgetting Factor PCA
Require: ξ, x1, m1,λ, w1,λ, Σ1, λ, B, δ, W
1: for N ← 1, ...,B do
2: Receive xN+1

3: Update mN+1,λ, wN+1,λ, µµµN+1,λ, ΣN+1,λ

4: if N = B then
5: [UN , γγγN ] = SV D(ΣN,λ)

6: for N ← B + 1, ... do
7: Receive xN+1

8: Update mN+1,λ, wN+1,λ, µµµN+1,λ, ΣN+1,λ

9: Update UN+1, φφφN , γγγN+1

10: if N ≥ B +W then
11: `N = (γ1,N − γ2,N )2

12: p̂N = 1
W+1

∑N
j=N−W 1(`j ≥ `N )

13: Flag if p̂N < 1
W is satisfied 3 times in a row

14: Save the set {`N−W , `N−W+1, ..., `N} in memory.

For the implementation of MAFF, Algorithm 2, first select the values
for both step sizes ξ ∈ R+ and η ∈ R+. Then initial values for the recur-
sive estimators are set as m

1,
−→
λ

= x1, ∆∆∆
1,
−→
λ

= x1, w1,
−→
λ

= 1, Ω
1,
−→
λ

= 1,

Σ1 = Id, λ1 = 1, λmin = 0.6. After updating λN , the equation λN+1 =
max{min{λN+1, 1}, λmin} in Line 4, is to guarantee that λN ∈ (λmin, 1).

The first B ticks, corresponding to a burn-in, are used to estimate UN

and γγγN+1 using SVD (Lines 1-5 in Algorithm 1 and Lines 1-6 in Algorithm
2). After this burn-in the estimation of the eigendecomposition is sequential
and adaptive. Note that the vectors φφφN and γγγN in Lines 9 (Algorithm 1)
and 11 (Algorithm 2) are updated after the burn-in using Equation (3.18)
and Equation (3.19), respectively.

This instrumented infrastructure application involves data measured at
high frequency, and so it is reasonable to set the burn-in period of both
algorithms B to 500 ticks. Post burn-in, anomaly detection is performed by
retaining a set ofW derived values, see Lines 10-14 (Algorithm 1) and 12-16
(Algorithm 2). This set is used to calculate a p-value which provides the
basis of the anomaly detector.

3.5. Orthogonality and computational times. We now evaluate the ap-
proximation presented in Equations (3.17)-(3.19) in terms of orthogonality
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Algorithm 2 Multivariate Adaptive Forgetting Factor PCA
Require: ξ, η, x1, m

1,
−→
λ

, w
1,
−→
λ

, ∆∆∆
1,
−→
λ

, Ω
1,
−→
λ

, Σ1, λ1, λmin, B, δ, W
1: for N ← 1, ...,B do
2: Receive xN+1

3: Update m
N+1,

−→
λ

, w
N+1,

−→
λ

, µµµ
N+1,

−→
λ

, Σ
N+1,

−→
λ

, ∆∆∆
N+1,

−→
λ

, Ω
N+1,

−→
λ

, λN+1

4: With λN+1 = max{min{λN+1, 1}, λmin}
5: if N = B then
6: [UN , γN ] = SV D(Σ

N,
−→
λ

)

7: for N ← B + 1, ... do
8: Receive xN+1

9: Update m
N+1,

−→
λ

, w
N+1,

−→
λ

, µµµ
N+1,

−→
λ

, Σ
N+1,

−→
λ

, ∆∆∆
N+1,

−→
λ

, Ω
N+1,

−→
λ

, λN+1

10: With λN+1 = max{min{λN+1, 1}, λmin}
11: Update UN+1, φφφN , γγγN+1

12: if N ≥ B +W then
13: `N = (γ1,N − γ2,N )2

14: p̂N = 1
W+1

∑N
j=N−W 1(`j ≥ `N )

15: Flag if p̂N < 1
W is satisfied 3 times in a row

16: Save the set {`N−W , `N−W+1, ..., `N} in memory.

loss and computational times when comparing it to the exact GS procedure.
A simulation experiment was conducted generating 100 replicates and length
N = 40500 ticks of an i.i.d. data generation process (see 8.4.1 for more de-
tails) and varying the number of eigenvalues and eigenvectors to update,
q = {2, 5, 20, 50, 80}. MAFF parameters were set as discussed in Section 6.
The loss of orthogonality is evaluated taking the average of

1

N

N∑
j=1

||Iq −UT
j Uj ||F(3.20)

over 100 Monte Carlo replicates, where, using the same notation of Equation
(3.1), || · ||F denotes the Frobenius norm and Iq denotes the q dimensional
identity matrix. Such metric was adopted in a previous work (Giraud et al.,
2005) to evaluate the loss of orthogonality when using computational vari-
ants of GS. Results are reported on the left plot of Figure 7. As expected
the basis remains orthogonal when using exact GS. A striking feature is that
there is almost zero loss considering q = 2 eigenvectors in the approximated
version.

The average computational time was also evaluated in seconds on loga-
rithm scale. While the exact computational time of GS takes O(q2d), where
d = 80 in our application, the approximated version takes O(qd) (Cardot
and Degras, 2018). This corroborates with the findings presented in the top
right and bottom plots of Figure 7, where the computed times are approxi-
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mately linear in q. Note the non-linear horizontal axes in the top right plot
in Figure 7.
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Fig 7: Figures elucidating the loss of orthogonality and computational times
considering the update of the first q = {2, 5, 20, 50, 80} eigenvalues and
eigenvectors, also with the approximation and exact Gram-schmidt oper-
ator. Note that the horizontal axes in both plots at the top are non-linear.

3.6. Algorithm stability. As a novel methodological contribution, the
proposed streaming algorithm in this paper is relaxing the Robins-Monroe
conditions (Oja and Karhunen, 1985; Oja, 1992). In this section we demon-
strate that relaxing the Robins-Monroe’s condition leads to stability in terms
of parameter estimation.

Figure 8 display the results of Monte Carlo experiments involving i.i.d.
data for which both the first and the second eigenvalue equal 1 (True). The
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top plot in Figure 8 shows the Monte Carlo average (100 replicates) of the
estimated first eigenvalue over the course of the experiment, while the bot-
tom plot shows the corresponding second eigenvalue. Both plots in Figure 8
refers to MAFF with (RB) and without (WRB) the Robbins-Monroe condi-
tion (Equations (3.17)-(3.19)). MAFF parameters were set as mentioned in
Section 6. Interestingly the MAFF estimate appears unbiased and reason-
ably behaved, which is not true for the estimate using the Robbins-Monroe
condition. The results of this i.i.d. simulation provide empirical evidence
that our MAFF procedure (that relaxes the Robins-Monroe condition) does
not produce unstable parameter estimates.
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Fig 8: Average of Monte Carlo replicates of first and second eigenvalues.
Both plots refers to MAFF without using the Robbins-Monroe condition. A
horizontal dashed line was introduced in both plots to illustrate true values
of both eigenvalues.
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4. Anomaly detection. Given the estimation methodology introduced
in the previous section, we now develop an anomaly detection mechanism.
In general, inference for the parameters of an eigendecomposition is difficult,
and there are few results on the distribution of such estimators (Johnstone,
2001; Nadler, 2011). One can reason about tracking the largest eigenvalue
in PCA (Johnstone, 2001), or even the ratio of the largest eigenvalue to
the sum of all eigenvalues (Nadler, 2011), using the Tracy-Widom distribu-
tion. However, these results require assumptions based on asymptotic theory
which are not valid for streaming data. A different approach is required.

To overcome these issues and avoid making distributional assumptions,
we adapt Conformal Prediction (CP) to propose a streaming PCA anomaly
detector. CP was developed by the machine learning community (Vovk et al.,
2005, 2009; Vovk, 2013; Burnaev and Vovk, 2014; Balasubramanian et al.,
2014) and is now receiving substantial attention from the statistics commu-
nity (Lei et al., 2013, 2015, 2018; Lei and Wasserman, 2014; Chernozhukov
et al., 2018). CP methods require storage ofW derived quantities. These de-
rived quantities are called non-conformity measures, which makes reference
to a distance metric specified by the user. Selecting an appropriate measure
remains an open problem in the literature (Vovk et al., 2005). We propose
a particular measure that is designed for this instrumented infrastructure
application, motivated by the behaviour depicted in Figures 5c and 5d.

4.1. Non-conformity measure. Given the multivariate data stream xN
and the eigenvalues derived from it, γγγN , we seek to construct a non-conformity
measure with which to perform inference.

To monitor for anomalies, the sequence of eigenvalues is converted into
the stream of distances

(4.1) 〈`2, `3, . . . , `N−1, `N , . . .〉, `N ≡ D(γ1,N , γ2,N ),

using any valid distance metric D(·, ·). Inspection of extensive bridge data
shows that during at-rest periods the eigendecomposition is consistent with
that depicted in Figures 5a and 5c. In contrast during train passage events,
there is a significant difference between the two first eigenvalues, which
are approximately equal during periods of rest. Hence Equation (4.1) re-
stricts attention to the first two eigenvalues. This motivates the use of a
non-conformity measure

(4.2) `N = (γ1,N − γ2,N )2.

Of course, other measures are possible, but as noted above there is no
principled way to select a measure.
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Following CP we sequentially estimate a p-value as

(4.3) p̂N =
1

W + 1

N∑
j=N−W

1(`j ≥ `N ),

where 1(·) is the indicator function. Generally CP would allow the set of
derived quantities, W, to increase with data arrival. This is not suitable
for streaming data contexts because both the computational and memory
demand would increases over time (Domingos and Hulten, 2003). Instead
we restrict this set to a sliding window of fixed size, adapting ideas from
Laxhammar and Falkman (2015). By construction p̂N ∈ [ 1

W+1 , 1].
Equation (4.3) defines the p-value, p̂N , which forms the basis of our

anomaly detection system. As is often the case in practical sequential anal-
ysis, it is useful to incorporate a “run rule” (Champ and Woodall, 1987),
which both reduces false positives and provides some resistance to outliers.
We will adopt a run rule in which an anomaly is flagged at tick j if p̂j ,
p̂j−1 and p̂j−2 are all less than α = 1

W . The latter implies that at least
one anomaly will be detected, on average, after observing a set of W mea-
surements. Theoretically, setting W large is desirable. Practically however,
a balance must be struck between memory and computing constraints. For
the bridge data, experimentation suggests that W = 10000 (equivalent to
40 seconds), provides good results.

5. Simulation. In this section, the performance of these streaming
PCA methods, MFFF (Algorithm 1) and MAFF (Algoritm 2), are eval-
uated. The scaled version of MFFF (as discussed in Section 3.3), in which
the Robins-Monroe conditions are satisfied, does not perform well in simu-
lations and is not considered in detail. This latter approach, which makes
little sense in a streaming context, is denoted as MFFFS.

These three methods are compared based on Estimation Accuracy and
Detection Performance. The first is intended to evaluate how well the algo-
rithm tracks properties of a time-varying eigendecomposition. The second
measures the effectiveness of the method proposed in Section 4, at detecting
anomalies. It is well known that such computational methods are sensitive
to the choice of input parameters. Thus, these simulations are also used to
determine input parameters for the bridge data analysis of Section 6. Details
of the search grid for input parameters are presented in Appendix 8.3.

We simulate data, X ∈ RN×d, that reproduces important characteristics
reported in Section 2, with d = 80 for consistency with the bridge data and
N = 40500 ticks. The key features to be replicated are the annular structure
observed during at-rest periods and its collapse during train passage events.
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A detailed description of the data generation processes is given in Appendix
8.4.

Considering Estimation Accuracy, recall that γγγj is a vector of the 2 lead-
ing eigenvalues estimated by a streaming PCA procedure. In the simulated
setting the corresponding true eigenvalues are denoted as ΓΓΓj . Accuracy is
measured using

(5.1)
1

N

N∑
j=1

∥∥ΓΓΓj − γγγj∥∥ .
We will report the average of this error measure, E , over 100 Monte Carlo

replicates considering i.i.d. data (data generation described in Appendix
8.4.1).

To identify whether a flagged change corresponds to a real anomaly in
simulation studies we will use a window around the real anomaly. Recall we
use a run rule which flags the anomaly as the first tick in the run. Similar
to Kim et al. (2009), if a flag is given in a window of δ = 125 measurements
following a true anomaly, the detection is deemed a correct detection (CD).
A flag outside this window is deemed a false detection (FD). The tolerance
period, δ, is equivalent to half a second for these data. Average number of
FD and the CD rates are calculated over 100 replicates of simulated train
passage event data (see Appendix 8.4.2).

5.1. Simulation results and control parameter selection. We seek to com-
pare MAFF and MFFF according to various measures of performance. Ad-
ditionally we use the results of the simulation study to identify control pa-
rameters for Section 6.

η ξ E CD FD
0.1 0.01 0.17 0.70 3.40
0.01 0.01 0.10 0.61 3.66
0.001 0.01 0.09 0.75 3.45
1e-04 0.01 0.08 0.76 2.99
1e-05 0.01 0.08 0.70 3.76
1e-06 0.01 0.08 0.77 3.58
1e-07 0.01 0.08 0.73 3.33

λ ξ E CD FD
0.85 0.01 0.22 0.63 3.80
0.9 0.01 0.15 0.67 3.60
0.95 0.01 0.10 0.76 3.37
0.99 0.01 0.08 0.79 3.35

Table 1: Average results over 100 Monte Carlo replicates, where the first two
columns are control parameters of each method, E is the average error. CD
is expressed as a rate and FD is the average number of points. Left: results
for MAFF. Right: results for MFFF.

Table 1 reports the results of the performance measures for MAFF and
MFFF, left and right, respectively. The first two columns of each table re-
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fer to input parameters for the respective methods. Note, these tables have
been reduced to report only configurations of input parameters which have
CD> 0.5 and FD< 4. The full tables are available in Appendix 8.5. In sim-
ulations, not presented here, we compared the performance of square error
and absolute error as non-conformity measures in (4.2). Results were similar
for both measures. The complete results demonstrate that good performance
requires very specific choice of parameters.

The results in Tables 1 embody two scenarios. First, i.i.d. data which is
included to address estimation issues alone. The column denoted E reports
the average estimation accuracy, Equation (5.1). Interestingly, the parameter
ξ, which has the same role in both methods, the value 0.01 is very frequently
selected as a good choice.

In terms of detection performance, simulated train passage event data
was used to assess detection performance, as reported in the CD and FD
column of Table 1. These tables indicate broadly the same performance over
the reported input parameters. Specifically, a CD rate of around 0.7 and FD
around 3.5. Without using the run-rule, with W = 10000 an average of four
false detections is expected.

As always, different performance measures demonstrate different charac-
teristics for fixed choices of parameters, and hence our selection will seek
to balance estimation accuracy and detection performance. This balance is
biased in favour of detection performance which itself is characterised by
two measures, CD and FD.

Given the simulation results, we use MAFF for the bridge data with
parameters η = 1e − 6, ξ = 0.01. We favour MAFF over MFFF, because
fixing λ in perpetuity seems an overcommitment of knowledge.

Finally, note that MFFFS behaves in a predictable and practically useless
manner. Specifically, MFFFS is shown by simulation (see Table 4 in the
Appendix 8.5) to be incapable of adaptively revising its estimates following
the train passage event. This is unsurprising since the scaling of MFFFS
renders adaptive learning impossible after sufficient data have been observed.

6. Bridge Data. In this section we demonstrate the result of our MAFF
approach for the bridge data described in Section 2. Input parameters se-
lected in the previous section were used throughout this section.

As noted earlier, the existence of the latent annular structure, illustrated
in Figure 5a, has rarely been documented, a notable exception being Novem-
bre and Stephens (2008). This structure is persistent when evaluated over
sliding windows during periods of rest. Notably when using MAFF, this
structure is preserved, see Figure 9.
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Fig 9: Online annulus calculated considering 5000 data points, sequentially
centred with µµµ

N+1,
−→
λ

, and a selected UN during an at-rest period.

The MAFF method also reveals a previously unknown feature of this type
of distributed sensor system. Figure 10 shows the maximum eigenvalue com-
puted by MAFF over a long period. There were four train passage events in
this period. The striking feature of this figure does not relate to train passage
events but rather is the obvious periodicity. The periodicity is very close to
5 minutes and 40 seconds. Neither we, nor engineering colleagues, are able
to explain this beyond attributing it to spatio-temporal proprieties of the
sensor system. This previously unknown and unanticipated latent time se-
ries structure is one of a number of dynamic phenomena we have discovered.
These latent structures would certainly be amenable to modelling with time
series approaches, and this will be the subject of a forthcoming treatment.
Our purpose with this demonstration is to show that the modelling approach
reveals, as a by-product, a deeper aspect of the data generating process.

Turning now to anomaly detection, recall that the data set has four train
passage events, which were manually identified. Each frame of Figure 11
shows p̂N zoomed-in around the train passage events. MAFF misses only
one of these four events. Excluding the four train event periods the anomaly
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Fig 10: Maximum eigenvalue sequentially estimated by MAFF over 611108
data points (approximately 40 minutes and 44 seconds). The four spikes
corresponds to train passage events. The maximum value on the vertical
axis was selected so the cyclic feature is more evident.

detector signalled 0.0262%, 157 ticks of 598422, as false positives.
Finally, considering computational burden, we need to address memory

and efficiency issues. MAFF has constant memory and compute demand per
tick, as required by streaming applications. In the example just given, the
entire data set consists of 611108 measurements which is equivalent to 40
minutes and 44 seconds on a 250 Hz frequency sample. The code developed
in R, not optimized, required 8 minutes and 49 seconds to process the data.
Thus the procedure is capable of processing such data in real time.



25

79000 79500 80000 80500

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Tick

p̂ N

JS

JS + δ

1
W
Flag

154000 154500 155000 155500 156000

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Tick

p̂ N

JS

JS + δ

1
W
Flag

263500 264000 264500 265000 265500

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Tick

p̂ N

JS

JS + δ

1
W
Flag

560000 560500 561000 561500

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Tick

p̂ N

JS

JS + δ

1
W
Flag

Fig 11: Conformal p-values, p̂N , for flagged periods. Solid vertical lines de-
note the tick in which the train passage event started. The interval between
the solid vertical lines and dashed vertical lines denote the tolerance period
δ. Horizontal dotted lines indicate α = 1

W . The red cross indicates the first
tick for which a flag occurred, based on the run rule.
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7. Conclusion. We have considered data analysis challenges arising
from instrumented infrastructure. Specifically, we have developed a novel
streaming methodology for multivariate anomaly detection over a spatio-
temporal object. MAFF has been extended using an adaptive forgetting
factor and derived quantities from the method are calibrated using Confor-
mal Prediction in a fixed window. Given appropriate control parameters,
and a run-rule, the algorithm provides both effective tracking performance
and accurate detection capability.

Deployed against real bridge data, the method has an acceptable detec-
tion performance for train passage events. Notably the method reveals a
long term cyclic dependence structure that has not been previously reported.
Forthcoming work will investigate stochastic mechanisms to model the an-
nular structure exploit in this paper.
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8. Appendix.

8.1. Proof. Equivalence between Equation (3.8) and Equation (3.9) con-
sidering the univariate case.
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ȳN,λ =
mN,λ

wN,λ
(8.1)

ȳN,λ =
λmN−1,λ + yN

wN,λ
(8.2)

ȳN,λ =
λwN−1,λȳN−1,λ

wN,λ
+
yN
wN

(8.3)

ȳN,λ =
[wN,λ − 1]ȳN−1,λ

wN,λ
+
yN
wN

(8.4)

ȳN,λ =

(
1− 1

wN,λ

)
ȳN−1,λ +

yN
wN

(8.5)

8.2. Stochastic Gradient Ascent. In order to update the j-th column of
the matrix UN+1 under orthonormality conditions, Oja (1992) proposed the
following

uj,N+1 = uj,N + ξNφj,N(8.6) [
(xN+1 −µµµN+1)− φj,Nuj,N − 2

j−1∑
i=1

φi,Nui,N

]
φj,N = (xN+1 −µµµN+1)

Tuj,N(8.7)

γj,N+1 = γj,N + ξN (φ2j,N − γj,N ),(8.8)

where ξN = ξ
N .

8.3. Input parameters. The lack of theoretical background on the op-
timal choice of SGD step size (Goodfellow et al., 2016) motivates the ex-
ploration of a grid of values for the proposed methods. The adopted grids
are

ξ ∈ {10−1, 10−2, 10−3, 10−4, 10−5, 10−6},

for the eigendecomposition step,

η ∈ {10−1, 10−2, 10−3, 10−4, 10−5, 10−6},

for the adaptive forgetting factor step and

λ ∈ {0.6, 0.75, 0.8, 0.85, 0.9, 0.95, 0.99},

for the FF. This simulation study explores all possible combinations of ξ, η
and λ.
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8.4. Data generation process. For both data generation processes, calcu-
late the sample covariance matrix Σ as

(8.9) NΣ = XTX = UΛUT ,

where Λ denotes a diagonal matrix composed of the eigenvalues γ1 ≥ γ2 ≥
... ≥ γ80.

8.4.1. IID data. In order to generate the i.i.d. data set, with only resting
periods, one should adopt the following steps.

1. Generate one random orthonormal matrix, Υ ∈ R80×80 using QR
decomposition Mezzadri (2006) or Householder projections Stewart
(1980);

2. Generate one diagonal matrix A ∈ R80×80 with elements A[1,1] = 1,
A[2,2] = 0.01, A[j,j] ∼ Unif [−10−6, 10−6], ∀ j = 3, ...80. Note that the
notation ψ[j,j] makes reference to the element in the j-th row, j-th
column of the ψ matrix.

3. Fixing 40500 as the sample size, generates the stream X ∈ R40500×80 ∼
N (µµµ,ΥTAΥ) where N (µµµ,Σ) denotes a multivariate Gaussian distribu-
tion, with mean vector µµµ = [1, 2, ..., 80] ∈ R80 and covariance matrix
Σ. Such mean vector was proposed since the sensors are aligned in an
increasing sequence equally spaced.

8.4.2. Train passage event data. To generate data considering a rest pe-
riod, followed by a train passage event and followed by another rest period,
we adopted the following steps.

1. Generate two random orthonormal matrixes, Υ ∈ R80×80 and Ξ ∈
R80×80 using QR decomposition Mezzadri (2006) or Householder pro-
jections Stewart (1980);

2. Generate two diagonal matrixes A ∈ R80×80 and B ∈ R80×80 with
elements A[1,1] = 1, A[2,2] = 0.01, A[j,j] ∼ Unif [−10−6, 10−6], ∀ j =
3, ...80 and B[1,1] = 5 B[j,j] ∼ Unif [−10−6, 10−6], ∀ j = 2, ...80. Note
that the notation ψ[j,j] makes reference to the element in the j-th row,
j-th column of the ψ matrix.

3. Fixing 40500 as the sample size, generates the stream X ∈ R40500×80

as

XN =


N (µµµ,ΥTAΥ), N ≤ 20000,

N (µµµ,ΞTBΞ), 20001 ≤ N ≤ 20500,

N (µµµ,ΥTAΥ), 20501 ≤ N ≤ 40500
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whereN (µµµ,Σ) denotes a multivariate Gaussian distribution, with mean
vector µµµ = [1, 2, ..., 80] ∈ R80 and covariance matrix Σ. Such mean vec-
tor was proposed since the sensors are align in an increasing sequence
equally spaced.

8.5. Simulation results. In this section, we report the results of Section 5
for the whole grid of input parameters. The average error metric of Equation
(5.1), considering i.i.d. context and also the CD and FD performances on
the train passage event scenario for MAFF (Table 2), MFFF (Table 3) and
MFFFS (Table 4).
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η ξ E CD FD
0.1 0.1 0.27 0.41 68.01
0.1 0.01 0.17 0.70 3.40
0.1 0.001 0.16 0.00 2.32
0.1 1e-04 0.17 0.00 20.93
0.1 1e-05 0.23 0.00 98.77
0.1 1e-06 0.29 0.01 213.61
0.1 1e-07 0.28 0.00 126.96
0.01 0.1 0.26 0.34 203.80
0.01 0.01 0.10 0.61 3.66
0.01 0.001 0.08 0.00 2.62
0.01 1e-04 0.10 0.00 14.32
0.01 1e-05 0.14 0.00 85.11
0.01 1e-06 0.15 0.00 97.74
0.01 1e-07 0.19 0.00 92.91
0.001 0.1 0.26 0.35 203.77
0.001 0.01 0.09 0.75 3.45
0.001 0.001 0.04 0.00 2.92
0.001 1e-04 0.05 0.00 11.04
0.001 1e-05 0.10 0.00 32.81
0.001 1e-06 0.10 0.00 52.15
0.001 1e-07 0.11 0.00 44.40
1e-04 0.1 0.26 0.40 271.73
1e-04 0.01 0.08 0.76 2.99
1e-04 0.001 0.03 0.00 3.12
1e-04 1e-04 0.02 0.00 9.11
1e-04 1e-05 0.05 0.00 20.02
1e-04 1e-06 0.07 0.00 24.03
1e-04 1e-07 0.06 0.00 22.69
1e-05 0.1 0.26 0.48 339.58
1e-05 0.01 0.08 0.70 3.76
1e-05 0.001 0.03 0.00 3.08
1e-05 1e-04 0.02 0.00 9.44
1e-05 1e-05 0.04 0.00 20.32
1e-05 1e-06 0.06 0.00 20.51
1e-05 1e-07 0.05 0.00 23.05
1e-06 0.1 0.26 0.50 747.09
1e-06 0.01 0.08 0.77 3.58
1e-06 0.001 0.03 0.00 3.15
1e-06 1e-04 0.02 0.00 8.63
1e-06 1e-05 0.05 0.00 12.25
1e-06 1e-06 0.05 0.00 22.47
1e-06 1e-07 0.05 0.00 22.01
1e-07 0.1 0.26 0.31 135.87
1e-07 0.01 0.08 0.73 3.33
1e-07 0.001 0.03 0.00 3.09
1e-07 1e-04 0.02 0.00 8.16
1e-07 1e-05 0.05 0.00 22.77
1e-07 1e-06 0.05 0.00 25.65
1e-07 1e-07 0.05 0.00 27.85

Table 2: Average results for MAFF over 100 Monte Carlo replicates, where
the first two columns are control parameters of each method, E is the average
error. CD is expressed as a rate and FD is the average number of points.
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λ ξ E CD FD
0.6 0.1 0.56 0.32 0.07
0.6 0.01 0.56 0.22 4.71
0.6 0.001 0.56 0.00 2.30
0.6 1e-04 0.55 0.00 29.96
0.6 1e-05 0.62 0.01 265.87
0.6 1e-06 0.59 0.01 291.35
0.6 1e-07 0.61 0.00 309.84
0.75 0.1 0.38 0.44 68.04
0.75 0.01 0.36 0.50 4.06
0.75 0.001 0.36 0.00 2.23
0.75 1e-04 0.38 0.00 26.90
0.75 1e-05 0.42 0.00 151.68
0.75 1e-06 0.42 0.00 195.25
0.75 1e-07 0.45 0.01 242.70
0.8 0.1 0.33 0.40 67.94
0.8 0.01 0.29 0.44 4.03
0.8 0.001 0.29 0.00 2.12
0.8 1e-04 0.29 0.00 19.65
0.8 1e-05 0.36 0.00 142.96
0.8 1e-06 0.42 0.01 214.73
0.8 1e-07 0.41 0.00 211.68
0.85 0.1 0.29 0.36 135.89
0.85 0.01 0.22 0.63 3.80
0.85 0.001 0.22 0.00 2.31
0.85 1e-04 0.27 0.00 23.87
0.85 1e-05 0.30 0.01 121.21
0.85 1e-06 0.33 0.00 191.14
0.85 1e-07 0.32 0.00 161.07
0.9 0.1 0.27 0.32 0.05
0.9 0.01 0.15 0.67 3.60
0.9 0.001 0.15 0.00 2.57
0.9 1e-04 0.17 0.00 16.58
0.9 1e-05 0.25 0.01 105.92
0.9 1e-06 0.26 0.00 136.35
0.9 1e-07 0.30 0.00 149.92
0.95 0.1 0.25 0.43 407.55
0.95 0.01 0.10 0.76 3.37
0.95 0.001 0.08 0.00 2.58
0.95 1e-04 0.11 0.00 12.84
0.95 1e-05 0.15 0.00 53.32
0.95 1e-06 0.18 0.00 75.07
0.95 1e-07 0.17 0.00 74.40
0.99 0.1 0.25 0.45 475.43
0.99 0.01 0.08 0.79 3.35
0.99 0.001 0.03 0.00 2.78
0.99 1e-04 0.04 0.00 9.12
0.99 1e-05 0.07 0.00 27.86
0.99 1e-06 0.08 0.00 30.89
0.99 1e-07 0.08 0.00 30.53

Table 3: Average results for MFFF over 100 Monte Carlo replicates, where
the first two columns are control parameters of each method, E is the average
error. CD is expressed as a rate and FD is the average number of points.
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λ ξ E CD FD
0.6 0.1 0.56 0.00 176.69
0.6 0.01 0.59 0.02 264.79
0.6 0.001 0.58 0.01 284.16
0.6 1e-04 0.57 0.00 301.95
0.6 1e-05 0.60 0.01 324.99
0.6 1e-06 0.58 0.02 282.45
0.6 1e-07 0.61 0.01 358.75
0.75 0.1 0.42 0.00 148.67
0.75 0.01 0.44 0.00 250.38
0.75 0.001 0.49 0.01 287.51
0.75 1e-04 0.41 0.00 184.63
0.75 1e-05 0.42 0.00 236.80
0.75 1e-06 0.46 0.01 211.95
0.75 1e-07 0.45 0.02 201.07
0.8 0.1 0.39 0.00 155.10
0.8 0.01 0.43 0.00 229.62
0.8 0.001 0.38 0.01 194.33
0.8 1e-04 0.43 0.01 243.41
0.8 1e-05 0.38 0.00 189.50
0.8 1e-06 0.39 0.00 200.82
0.8 1e-07 0.37 0.00 172.78
0.85 0.1 0.28 0.00 118.21
0.85 0.01 0.34 0.00 135.31
0.85 0.001 0.34 0.00 183.92
0.85 1e-04 0.34 0.00 169.95
0.85 1e-05 0.37 0.00 231.49
0.85 1e-06 0.32 0.01 181.24
0.85 1e-07 0.37 0.00 214.87
0.9 0.1 0.23 0.00 84.41
0.9 0.01 0.27 0.00 152.84
0.9 0.001 0.28 0.00 169.79
0.9 1e-04 0.24 0.00 123.97
0.9 1e-05 0.25 0.00 112.74
0.9 1e-06 0.29 0.00 169.13
0.9 1e-07 0.29 0.00 150.57
0.95 0.1 0.15 0.00 54.82
0.95 0.01 0.18 0.00 87.02
0.95 0.001 0.18 0.00 77.35
0.95 1e-04 0.19 0.00 82.84
0.95 1e-05 0.18 0.00 82.65
0.95 1e-06 0.18 0.00 80.87
0.95 1e-07 0.17 0.00 72.61
0.99 0.1 0.06 0.00 24.13
0.99 0.01 0.08 0.00 29.55
0.99 0.001 0.08 0.00 30.96
0.99 1e-04 0.08 0.00 35.79
0.99 1e-05 0.08 0.00 27.28
0.99 1e-06 0.08 0.00 34.42
0.99 1e-07 0.08 0.00 29.16

Table 4: Average results for MFFFS over 100 Monte Carlo replicates, where
the first two columns are control parameters of each method, E is the average
error. CD is expressed as a rate and FD is the average number of points.
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