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Abstract 

Engineering structures, especially ones that are built-up such as steel bridges and offshore structures, 

usually contain imperfections in the form of material discontinuities or cracks, arising from the 

fabrication process, inherent material defects or weak welded or bolted joints. In many cases, this 

leads to the initiation and propagation of fatigue cracking under repeated loading cycles which 

require urgent attention. Thus, it has become increasingly necessary to undertake regular inspections 

in order to prevent the service breakdown of such structures that can potentially bring significant 

economic risk. Due to limited resources, these checks require an optimised inspection schedule, which 

can only be achieved through in-depth understanding of the fatigue crack behaviour of any identified 

cracks. 

Realising the need for an efficient strategy to undertake such studies, this work proposes a mechanics-

based framework that allows realistic cycle-by-cycle fatigue crack growth analysis to be undertaken 

through an accelerated computation of damage under cyclic loading.  A novel material integration 

(MI) technique is proposed in this work, which computes an accelerated fatigue damage over a 

number of cycles by integrating the constitutive behaviour of a material point undergoing fatigue 

damage. Comparisons with existing techniques such as the linear extrapolation technique (LE) and 

the linear scaling (LS) technique demonstrates its capability to approximate the acceleration of fatigue 

damage over a sizeable block of constant amplitude loading cycles, thereby achieving a faster 

computation for an otherwise impracticable numerical cycle-by-cycle solution. 

In addition, this study has also developed a new framework that is capable of adaptive simulation of 

fatigue crack growth studies with the purpose of saving computational time, hence targeted towards 

large scale analyses. This framework is based on a novel shell element formulation allowing for 

embedded discontinuities, which is coupled with criteria for crack propagation and orientation over 

a mesh of elements. Verification studies are undertaken on realistic components to demonstrate the 

accuracy of the proposed adaptive analysis procedure, and an application study on a representative 

steel deck substructure is presented to illustrate the applicability of the proposed approach to real 

problems.  
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Chapter 1 

1 Introduction 

A significant number of service failures experienced by structural components have been attributed 

to fatigue, and for several decades, fatigue damage has continued to receive great attention across 

multiple disciplines of engineering and material science. This is largely due to its distinct features 

across different physical scales, beginning from the gradual accumulation of fatigue damage in the 

micro-structural detail of a component material, through microcrack nucleation and intergranular 

growth, and up to the manifestation of visible macrocracks which subsequently propagate at the 

component level before eventual fracture. In addition to this multiscale nature of fatigue, the subject 

has become even more extensive as a result of the intricate interaction between (1) varied forms of 

fatigue loading - periodic, random or vibration, (2) micro-structural composition of the affected 

material – metallic, ceramic, laminate or polymeric, and (3) the influence of the environment – high or 

low temperature, corrosive or non-corrosive. 

In this study, an engineering mechanics approach to the computational study of metal fatigue at the 

component level is adopted. An important aspect of metal fatigue investigation, which is the focus of 

this work, is the study of fatigue crack growth (FCG) behaviour of crack-flawed components subject 

to fatigue loading condition. This investigation is valuable for assessing the residual strength of 

structural components with detectable fatigue cracks, which often nucleate early on in service. In 

addition, such FCG information is vital for developing a pragmatic monitoring schedule of cracked or 

vulnerable regions of a structure (Kim et al., 2013).  
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1.1 Background 

At the structural component level, conventional engineering design against fatigue failure is often 

undertaken by attempting to prevent the cracking of components throughout their design service life 

or impose strict limits on cracking. This safe-life design criterion can be achieved by ensuring that the 

in-service stress range levels do not exceed the component endurance limit, which is established 

through extensive laboratory testing, and/or by adhering to some code-based recommendations 

about specific details regarding fatigue-sensitive regions. In addition, design codes have made 

adequate provisions for several stress-life (S-N) curves that can be utilised at the design stage to 

assess the safe life of a number of critical details that are categorised as fatigue-sensitive. 

Notwithstanding the above, real structures, especially built-up components, contain imperfections in 

the form of material discontinuities or cracks, which compromise their integrity and increase their 

vulnerability to further fatigue cracking early on in service. An example of a damaged plate of an 

orthotropic steel deck uncovered during a bridge inspection in  the Netherlands is shown Figure 1-1 

and Figure 1-2 (de Jong, 2007).  

 

Figure 1-1: Suspected through-thickness fatigue cracking in steel deck plate (de Jong, 2007) 
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Figure 1-2: Uncovered through-thickness fatigue cracking in steel deck plate (de Jong, 2007) 

These fatigue cracks usually arise due to poor detailing of connections and joints, giving rise to high 

stress concentration (Wolchuk, 1990), or due to the presence of sharp notches worsened by local 

fluctuating flexural stress (Gates and Fatemi, 2016). For the case of welded joints, cracks can also 

initiate as a consequence of inadequate penetration of welds (Steiner et al., 2017) or due to insufficient 

weld throat thickness (Ya et al., 2010). Also, it is not uncommon for an unprecedented increase in load 

demand on a structure to occur during its service life, such as an increase in vehicular traffic loads on 

existing bridges (Steiner et al., 2017), which potentially exacerbates any previous mild defects in the 

structure. In another case, the extension of service life of a flawed ageing structure may be required 

for economic reasons (Neeraas et al., 2019), with a direct impact on residual fatigue life. 

In all these cases and many more related, the presence of visible fatigue cracks do not always pose 

an immediate threat on the general performance of the structure due to system redundancy allowing 

for re-distribution of loads. Therefore, retiring such components in accordance with the stricter 

damage tolerance of the safe life philosophy becomes overly expensive and is regarded grossly 

unsustainable. Accordingly, it becomes necessary to assess the structural health of these flawed 

components, in which case the S-N approach becomes unsuitable, firstly since defects may have 

become more onerous than the tolerance set by the approach, and secondly since it does not allow 

for load redistribution from compromised regions to other parts of the structure that are relatively 

intact. 
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In this light, an efficient damage tolerance assessment capability to predict fatigue crack growth 

behaviour becomes very valuable for providing solutions to pertinent questions relating to the 

severity of the identified defects and the residual strength of the flawed components. Such a capability 

would also be useful for planning routine inspection programmes to prevent any service break-down 

or disruption. 

1.2 Aims and Scope 

This research aims at developing an efficient modelling approach to study fatigue crack propagation 

phenomena in steel structures that is representative of the physical fatigue process at the macroscopic 

level and that is suitable for practical application to civil engineering structures. 

The main objectives of this study include the following: 

1 To develop a mechanics-based modelling approach to high cycle fatigue crack propagation 

that is applicable to metallic structural components. 

2.  To develop a feasible and realistic modelling approach that approximates cycle-by-cycle 

analysis of fatigue crack propagation that is directly applicable to large practical engineering 

metallic structures. 

3.  To enhance the developed approach with adaptive analysis capabilities enabling the 

prediction of crack growth with loading cycles, allowing for the spatial variation in crack 

orientation. 

Also, it is common knowledge that fatigue loading is in many cases non-deterministic, and in fact can 

be quite random. Nevertheless, a deterministic constant amplitude loading is considered in this study 

for a specific group of cycles, though each different group of cycles can be associated with different 

loading. 

1.3 Originality 

A novel approach is proposed in this work for achieving a realistic cycle-by-cycle modelling of fatigue 

crack propagation behaviour through an accelerated computation of fatigue damage under cyclic 

loading. This new method, referred to as the material integration (MI) cycle-jump scheme, has been 
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developed by ensuring consistency with the constitutive behaviour of a cohesive interface material 

model 

A simple and efficient discontinuous shell element has also been developed and shown to be able to 

describe a cohesive crack within its domain quite well. It has been formulated to represent 

discontinuous fields in both translations and rotations. Thus, cohesive crack growth in the form of 

discontinuity under in-plane or out of plane loading scenarios can be carried out without the need 

for an interface element. 

In addition to the above, is the development of an adaptive procedure that enables the newly 

developed discontinuous shell element to be inserted adaptively for a more realistic and 

computationally efficient solution that is applicable to fatigue crack growth studies.  

1.4 Thesis Outline 

The thesis is composed of seven chapters, and its main contents are summarised as follows. 

Chapter one introduces the study. It sets out the main motivation for this work, outlines the principal 

objectives of this work and provides a general overview of the thesis contents. 

Chapter two provides a contextual review of the state of the art regarding numerical modelling of 

fatigue crack propagation. It points out that while interesting developments have been made towards 

characterising fatigue crack propagation through numerical models, there is a need to adopt a 

mechanics-based treatment of fatigue crack propagation that is capable of describing the gradual 

evolution of fatigue cracks on a cycle-by-cycle basis. In addition, it is noted that the finite element 

framework, remains an invaluable numerical tool for structural analysis of continuum problems, and, 

with suitable enhancement, discontinuities due to cracking can be modelled with relative ease. 

Chapter three introduces the concept of cohesive zone modelling as an effective computational tool 

for a mechanistic modelling of fatigue crack growth behaviour in metallic components, without the 

need for an ad hoc empirical growth law. It further highlights the fundamental components of 

monotonic cohesive zone models and how these are supplemented by a suitable cycle-by-cycle 

evolution of fatigue cracking or damage, for the purpose of modelling fatigue crack growth on a 

cycle-by-cycle basis. Considering the enormous computational cost of attempting to simulate fatigue 



Chapter 1 - Introduction 

 

6 
 

crack growth explicitly on an individual cycle-by-cycle basis, a new accelerating technique for fatigue 

crack growth computation is proposed and compared with the commonly used techniques.   

Chapter four presents the formulation of a newly developed discontinuous shell element that can 

represent a cohesive crack within its domain. This is an alternative approach to modelling fracture and 

fatigue crack growth in a continuum that does not require the use of interface elements. Two 

numerical examples are undertaken to assess the ability of the proposed formulation to simulate 

discontinuity under in-plane and out-of-plane loading. 

Chapter five builds on the previous development by introducing the capability of inserting embedded 

interfaces adaptively during analysis. In addition, the use of hierarchic shape functions for 

performance enhancement of the newly developed element is detailed. The computational cost 

savings achieved through the adaptive crack propagation procedure and through selective 

enrichment of the finite elements in the vicinity of the crack are further demonstrated. 

Chapter six is an application of the newly developed integrated framework for adaptive fatigue crack 

growth analysis to provide a mechanics-based perspective to the fatigue crack behaviour observed in 

an experiment.  

Chapter seven gives a succinct closure to this work by highlighting the main developments of the 

work in the area of cohesive element development, accelerating fatigue damage computations and 

adaptive fatigue crack growth solutions. Thereafter, submissions were made in relation to a few 

important refinements that will be beneficial to the developments undertaken in this research work.  
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Chapter 2 

2 Literature Review 

Engineering fatigue failure is not a millennial problem, and neither is its study a neoteric adventure. 

In in the early 19th century, it was discovered that the integrity of mechanical structures such as railway 

axes under rotating cams, boilers, mine hoist cables and mills, became compromised by unexplained 

cracking when subject to repetitive stresses well below their static strength. This cracking eventually 

led to their untimely fracture. In a bid to tackle such threat to industrial development, researchers 

discovered that metals become “tired” or “fatigued”, nucleating micro-cracks at early stages under 

relatively small repeated service loading, which later grow leading to eventual fracture. 

Fatigue damage is a multifaceted, multi-scale phenomenon, a major reason its study is still relevant 

till date, and while many of the early studies of engineering fatigue failure were mainly experimental 

programs, more recently, a number of analytical and valuable numerical concepts have also been 

developed to characterise its nature. Hence, without being oblivious of the remarkable works on 

fatigue crack propagation analysis across multiple disciplines, it is the ardent goal of this chapter to 

provide a brief contextual review of some relevant studies on the subject. 
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2.1 Mechanism of metal fatigue 

Prior to ultimate fatigue rupture, the physical process of fatigue damage in metallic structures is 

usually described by a twofold phenomenon of crack initiation and subsequent propagation. The 

initiation process embodies the nucleation of microscopic cracks within the grains containing 

favourably orientated persistent slip bands (PSBs), with sufficient cyclic plastic strains, and the ensuing 

inter-granular stage I micro-crack growth, which precedes the formation of a visibly dominant crack. 

Meanwhile, the crack propagation process covers the period of growth of this physically visible crack, 

prior to ultimate fracture. 

The physical process of crack growth in ductile materials is often rationalised by the blunting-and-

sharpening model (Wood et al., 1970). This model hypothesises crack extension within a loading cycle 

as a result of alternating crack blunting and re-sharpening at the maximum and minimum load levels, 

respectively, due to an attendant plasticity at the crack tip. At the maximum load level, the crack tip 

blunts as a result of the formation of crystallographic slips along the planes of maximum shear stresses 

located at the corners of the cracks. On subsequent unloading, the crack tip sharpens but with an 

added crack segment as described in 

Figure 2-1. 

 

Figure 2-1: Crack propagation in ductile materials (Milella, 2012) 
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Based on the cyclic stress amplitude and the resultant strains in the crack tip vicinity, metal fatigue 

can be categorised as low cycle fatigue (LCF) or high cycle fatigue (HCF). The case of LCF is when a 

metallic component is subject to a relatively high amplitude cyclic stress with an attendant plastic 

strain within and far beyond the crack tip which cannot be ignored in its analysis.  On the other hand, 

HCF involves a relatively low-amplitude cyclic stress and is characterised by two distinct scales of local 

micro-plasticity just at the tip of the growing crack and the predominant elastic field in the rest of the 

material. Due to the higher amplitude of cyclic stress, fracture failure from LCF typically  occurs within 

less than 105 cycles, and any fatigue failure occurring beyond this number of cycles is regarded as 

HCF.    

2.1.1 Fatigue Analysis 

A significant portion of the overall fatigue life of many metallic components under high cycle fatigue 

has been observed to be expended during the crack nucleation stage, thus the residual life during 

crack propagation is sometimes neglected. Based on this observation, the fatigue life of a plain 

structural component subject to a constant low stress range is often assessed by determining the 

finite number of load cycles that can be sustained without the initiation of any visible cracks. Fatigue 

failure is thus defined by this finite number of cycles or the so called safe life and the corresponding 

stress amplitude to initiate visible cracks in order of length less than 0.1 mm (Socie, 1993).     

Regarding the assessment of metallic component against fatigue failure, previous studies on the 

subject through fatigue tests on metallic coupons under nominal conditions have established that 

there exists a unique stress amplitude generally referred to as the fatigue limit under which fatigue 

failure does not occur. The component is therefore regarded to possess an infinite life under such 

stress level. The standard stress-life (S-N) curve, which defines a unique relationship between uniaxial 

stress amplitude and the corresponding load cycle that can be sustained prior to fatigue failure is 

generally used to establish the safe life of a specimen under HCF and also to evaluate the fatigue limit 

of such material. Currently, several S-N curves and factors have been developed for various fatigue 

conditions in standard design codes and design manuals. These different conditions cover many cases 

such as variation in mean stress level, effect of geometry, presence of stress concentrators and residual 

stresses, different microstructural compositions and environmental conditions (DNV.GL-RP-C203, 

2016). 
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The case of multi-axial fatigue loading is particularly unique because a more elaborate experimental 

setup is generally required for its study especially for non-proportional multiaxial loading. In addition, 

the stress-strain state within a material subjected to fatigue under service is hardly uniaxial, it is 

therefore imperative to develop a reliable multiaxial fatigue failure criterion which can be related to 

the simple uniaxial case. 

Several multiaxial fatigue failure criteria have been proposed for both LCF and HCF. An elaborate 

review of many of these criteria can be found in the studies of Brown and Miller (1973); Socie (1993); 

Papadopoulos et al. (1997) and Karolczuk and Macha (2005). Multiaxial HCF criteria for metallic 

components are often categorised into three models: critical plane models, models based on stress 

invariants, and finally models based on stress averages.  

2.1.2 Fatigue crack growth 

Current fatigue assessments of structural components are carried out using traditional stress-life (S-N) 

curves, whereby the fatigue life of such components is only based on the crack initiation life. 

Apparently, such assessment can lead to an overly conservative estimate of the total fatigue life for 

practical cases of early crack initiation on structural components under service conditions. This is 

sometimes due to the presence of unavoidable imperfections or poor detailing, which favours early 

initiation of cracks but relatively prolonged crack propagation stage under low cyclic stress (Beden et 

al., 2009).  Therefore, understanding of fatigue crack propagation behaviour prior to failure offers 

great benefit in damage tolerant design and component optimisation. It also provides useful insights 

to engineers in developing efficient programs to monitor cracks prior to becoming critical (Kim et al., 

2013). 

Given the multifaceted nature of fatigue crack growth behaviour, it is not surprising to find a vast 

amount of literature attempting to provide valuable insights on such a complex phenomenon. 

Experimental programs were set up to study a number of growth related issues, such as pure single 

mode crack growth (Korsunsky et al., 2009), mixed-mode growth (Qian and Fatemi, 1996; Borrego et 

al., 2006), and other associated crack growth features relating to crack retardation (Kim and Shim, 

2003), closure (Elber, 1971; Pippan and Hohenwarter, 2017), fatigue damage threshold (Zerbst et al., 

2016), effect of overloads and load ratios (Walker, 1970; Zhao et al., 2008).  Also, varying cyclic loading 
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scenarios from simple constant amplitude loading to more realistic random loading scenarios were 

considered (Sander and Richard, 2003; Taheri et al., 2003).  

Other investigators have explored the subject through analytical and numerical lenses to explain some 

of its salient features. For instance, analytical studies by Noroozi et al. (2005) and Noroozi et al. (2007) 

demonstrated that accurate description of the elastic-plastic behaviour of material around a 

propagating crack tip is key to rationalising many features of fatigue crack growth. Among several 

other works, various numerical studies attempting to simulate fatigue crack growth can be found in 

Newman (1981), Antunes et al. (2004), Oskay and Fish (2004), Bhamare et al. (2014), Antunes et al. 

(2015). These studies have demonstrated that irrespective of the complexities posed by metal fatigue 

at various scales, computational techniques are immensely valuable to the study of the subject. 

2.2 Numerical approaches to fatigue crack growth 

The availability of comparatively inexpensive yet powerful computers has greatly facilitated the use of 

finite element methods towards gaining better insights into fracture and fatigue crack growth 

behaviour in metallic, non-metallic, homogeneous and composite components. Undoubtedly, great 

strides have been made in the development of efficient numerical techniques for modelling the 

fatigue crack propagation phenomenon at different physical scales and across various disciplines. 

Three major groups of computational approaches to fatigue crack growth analysis are briefly 

highlighted in the follow sub-sections. 

2.2.1 Fracture mechanics 

The behaviour of cracked solid bodies can be described using the principles of fracture mechanics. 

Both classical linear elastic fracture mechanics and elasto-plastic fracture mechanics principles 

(Anderson and Anderson, 2005) have been extensively used to study fracture related phenomena in 

a variety of materials and to evaluate the residual life of cracked components post crack initiation.  

The development of modern fracture mechanics is owed to the work of Griffith on brittle solids. In his 

pioneering study, Griffith (1921) extended the theory of minimum potential energy to accommodate 

the increase in surface energy associated with fracture. He then stated that the mechanical energy for 

a unit crack extension must at least be greater than the energy required to create two separate 

fractured surfaces as a necessary condition for brittle fracture. With the development of elastic stress 
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intensity factors by Irwin (1957) as a semi-local variable to characterise the severity of the singular 

stress field at the crack tip, classical linear elastic fracture mechanics has since become a popular tool 

among researchers and engineers for analysing fracture related phenomena. A direct relationship 

between Griffith strain energy released rate, G, and Irwin’s stress intensity factors, K, can easily be 

established in accordance with the principle of linear elasticity (Anderson and Anderson, 2005). Hence, 

both K and G are equally qualified to be considered as a static fracture parameter. 

Originating from classical static fracture mechanics are Paris law-based methods (Paris et al., 1961), a 

foremost group of computational approaches to describe fatigue crack growth behaviour. These 

approaches relate crack growth rate empirically to any parameter that adequately characterises the 

crack tip stress state. Paris et al. (1961) hypothesised that within the premise of a localised small scale 

yielding at the crack tip, a similar parameter employed in characterising static fracture can be 

correlated to crack growth behaviour under periodic loading. Then, the notable semi-empirical Paris 

crack growth law which expresses crack growth rate as a function of stress intensity factor range was 

developed and found to be in good agreement with uniaxial fatigue test data. The conventional form 

of the crack growth law is stated as: 

 max( , ) ( )
da

f K R f K
dN

    (2.1)  

 max
max min

min

K
R and K K K

K
     (2.2) 

where minK  and maxK  are stress intensity factors at the minimum and maximum stress levels, 𝑎 is the 

crack growth length and N  is the number of load cycles. To accommodate the dependence of crack 

growth rate on material, environmental factors and stress ratio, empirical constants, C  and m , are 

employed and are usually determined by standard experimental procedures. The function in (2.1)  

is usually defined as: 

 ( )m
da

C K
dN

   (2.3) 

This revolutionary equation has made it possible to simulate the advancement of an initial 

macroscopic crack in a solid up to the point of brittle fracture using the stress intensity factor range 
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as the crack driving force, provided the assumptions of the Paris crack growth law are not violated. 

However, these fundamental assumptions are far from realistic, especially for ductile materials such 

as steel under non-periodic loading with non-zero average stress. 

Researchers have managed to refine and extend this law over the years to serve beyond its initial 

limitations.  For instance, the assumption of small-scale yielding is violated for short cracks in ductile 

materials having plastic zones of the same order as the length of the crack. In such a situation, the 

principle of elastic-plastic fracture mechanics is usually employed by using a suitable crack driving 

force as a replacement for elastic stress intensity factors (Cotterell, 2002). Another limitation was the 

observation of fatigue crack closure by Elber (1971), whereby the fatigue crack closes even under a 

positive cyclic stress prior to an immediate unloading due to the presence of tensile residual strains 

on the crack surfaces in the wake of  the crack tip or crack surface asperities. This led to the definition 

of the effective stress intensity factor to exclude part of the energy supplied by the load to the 

continua that is not responsible for the displacement of crack flanks. 

A major limitation with the general use of the fracture mechanics approach is its inability to offer any 

consideration for crack initiation from a pristine component, nor a mechanics-based explanation for  

growth of physically and microstructurally small cracks. This is fundamentally due to the fact that the 

characteristic loading or stress parameters of a crack tip, such as stress intensity factors, energy release 

rates, or crack opening displacements are dependent on the presence of an appreciably sized crack 

with respect to the crack-containing component size (Cotterell, 2002). Another limitation of this 

technique especially in relation to developing a generally predictive computational ability within the 

finite element framework is inherent in the specialised effort required to understand which parameter 

is appropriate for characterising the crack tip stress state under different loading conditions or specific 

materials.  

2.2.2 Continuum damage mechanics 

The continuum damage mechanics (CDM) approach developed by Kachanov (1958) and Lemaitre 

(1985) for describing localised material damage including fatigue analysis is particularly noteworthy. 

It basically involves incorporating fatigue ‘microplastic’ damage into a continuum description of a 

homogenous material (Peerlings et al., 1998; Lemaitre et al., 1999; Lemaitre and Desmorat, 2005).  
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Fatigue damage and its evolution is characterized as a progressive deterioration in the bulk material, 

resulting in localised discontinuity of material within a continuum. These localised material defects 

are usually represented by introducing a damage state variable that can adequately quantify the 

average density of defects in a damaged continuum. Also, the damage state variable describes the 

average material defects from various microscopic inelastic processes responsible for nucleation and 

growth of micro-voids and other microstructure-based damage. It is defined through an effective 

stress concept as a ratio of the undamaged material area, A , to a damaged material characterised by 

an effective area A  as: 

 A
D

A
   (2.4) 

The effective stress concept is central to the CDM method; it characterises the constitutive behaviour 

of a damaged material as a function of the undamaged stress state and level of damage. Considering 

an undamaged stress state 𝜎 and a damage variable D , an effective stress of the damaged material 

is defined as: 

 
1eff D

 


 (2.5) 

In relation to fatigue, a damage evolution is required to characterise damage under cyclic loading. 

The general procedure is by defining a damage potential based on a suitable hypothesis, which is 

usually related to material deformation history. For instance, Lemaitre (1984) adopted a damage 

potential that is associated with some measure of micro-plastic strain, a variable that is regarded to 

be related to micro-plasticity phenomenon which is understood as a main driver of fatigue damage. 

Meanwhile, Fish and Yu (2002) based on the proposition by Simo and Ju (1987) expressed their fatigue 

damage evolution in terms of a deformation history parameter that is linked to energy release rate, 

in conjunction with a damage threshold parameter, some assumed material constants and a strain 

damage sensitivity parameter. Any adopted evolution equation is subsequently re-defined in a 

differential form per cycle, from which a fatigue damage cumulation curve can be established by 

integrating the differential over the expected number of cycles to failure.  
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The CDM is usually applied as a complementary tool to fracture mechanics so as to describe the early 

stages of many fracture related phenomena such as creep, fatigue and fracture but limited in 

applications to crack nucleation up to micro-crack propagation studies (Chaboche, 1981; Voyiadjis, 

2012). Its use for macro-crack growth studies especially in metallic materials having well-defined sharp 

crack tips has been reported to suffer from a number of numerical issues related to severe mesh-

dependency (Murakami and Liu, 1996; Fish and Yu, 2002). 

2.2.3 Cohesive crack mechanics 

The third computational approach and possibly the most popular within the research space is the 

cohesive zone model (CZM), a versatile computational technique which originates from the seminal 

crack propagation model of Dugdale (1960) and Barenblatt (1962). The approach offers a physics-

based description of the inelastic processes around the tip of both propagating and non-propagating 

cracks. 

Considering the small scale of localised damage or discontinuity within a bulk continuum, it may be 

assumed that the inelastic processes of fracture occur within a narrow-band zone of material around 

the crack tip, and that fracture is an ultimate consequence of a gradual loss of inter-atomic cohesive 

forces that exist within the material in the zone.  In this method, work of fracture is implicitly included 

in the material description and is subsequently expended by the material in the process zone prior to 

the formation of a traction-free crack.  

According to Klein et al. (2001), and within the context of cohesive crack modelling, formation and 

subsequent evolution of cracks in a flawed ductile body can be easily visualised as a three-tier 

transmutation process of its material across four different regions. As described in Figure 2-2, the first 

is the unperturbed smooth elastic field region remote from the active crack tip. The part of the bulk 

material which is in the immediate vicinity of the crack tip represents the second region of inelastic 

field. The material within this region, though not cracked, is characterised by intense deformations, 

transforming at a later stage of fatigue damage to a third region of micro-void nucleation and 

coalescence. The third region is often regarded as the process or cohesive zone, where cracks evolve 

as a gradual physical separation of material before eventual emergence of traction-free crack flanks 

representing the fourth region. Also, it is important to differentiate between the two tips of cohesive 

zone models as shown in Figure 2-2(b). The first is the physical crack tip, defined as a point or a group 
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of points in 2D and 3D material description respectively, where interfacial traction is just zero, while 

the other is the mathematical crack tip which describes a point or a group of points having zero 

opening displacements. 

 

Figure 2-2 Cohesive crack model 

The capability of the CZM to resolve the crack-tip stress singularity of classical fracture mechanics and 

its flexibility of use within the finite element framework have spawned its extensive use for fracture 

and fatigue studies. CZM enables crack growth studies to be undertaken with reference to the local 

tip characteristic stress state and without the need for a specialised characterising parameter as in the 

fracture mechanics approach or the need to disrupt or adjust standard constitutive models in order 

to infuse fatigue damage characteristics directly in them as in the case of CDM . Moreover, unlike the 

previous approaches, cohesive zone models can provide a unified treatment of the key stages of 

fracture from nucleation of micro-cracks (Ponnusami et al., 2015), through macro-crack propagation, 

to eventual fracture (Volokh, 2004). 

2.3 Cohesive theory of fatigue crack growth 

Although the earliest developments of the cohesive crack method were related to fracture description 

under monotonic loading, some modifications have been made to extend such models to fatigue 

crack growth studies. Such an extension leading to the development of cyclic cohesive zone models 

(CCZM) was undertaken by de-Andrés et al. (1999). They extended the development of Camacho and 

Ortiz (1996) and formulated a class of irreversible cohesive damage model that is capable of modelling 
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the cycle-by-cycle emergence of new crack surfaces. Subsequently, Nguyen et al. (2001) pointed out 

that their mode of incorporating irreversibility can lead to elastic shakedown giving rise artificial crack 

arrest, and they suggested that the unloading-reloading paths experienced by the material within the 

process zone must be different. Several CCZM have been proposed since then, and some 

comprehensive reviews can be found in Liu et al. (2013) and Kuna and Roth (2015).  

This section highlights some of the salient components and considerations of cyclic cohesive zone 

models within the finite element framework. 

2.3.1 Cohesive zone constitutive law 

The use of the cohesive crack model for describing any fracture related phenomenon, including 

fatigue damage, necessitates a constitutive description of the underlying physical mechanisms within 

the fracture process zone. A form of this constitutive law which has been universally adopted for 

modelling such dissipative inter-atomic experience in the fracture process zone is the traction-

separation law. This law relates cohesive forces on opposing surfaces of an incipient crack to the 

relative displacement of the separating surfaces prior to complete separation or fracture, such forces 

representing an aggregation of molecular cohesive forces in the rupturing material. 

Although several laws have been proposed and applied to study different fracture processes, their 

form echoes similar debonding sequence, which generally involves an initial increase in interfacial 

traction as crack surfaces separate, and beyond a critical separating distance the tractions start to 

soften and eventually become null, thus leading to the formation of complete cohesionless crack 

surfaces. With reference to Figure 2-3, the form of these laws can be categorised as multilinear, 

polynomial or exponential, and three related parameters are usually adequate for their description: 

maximum cohesive traction, ultimate opening displacements and the work of fracture (Volokh, 2004). 
 

 

Figure 2-3: Typical traction-separation laws 
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While a few researchers have attempted to appeal to micromechanics principles for the resolution of 

these cohesive laws and for the determination of their key parameters (Brinckmann and Siegmund, 

2008; Blal et al., 2013), the majority of the proposed laws are entirely phenomenological. Thus, 

laboratory and numerical experiments are relied upon for the identification of these key cohesive 

model parameters.  

Unlike the monotonic cohesive laws in Figure 2-3, subcritical crack growth analysis by cohesive crack 

model requires a supplementary damage evolution formulation that can characterise the deteriorative 

effect of loading and unloading hysteresis on a cohesive layer. Nguyen et al. (2001) pointed out this 

key requirement to ensure a steady growth of cracks on a cycle-by-cycle basis. Bourdin et al. (2008) 

also alluded to this chief recipe in the development of cyclic cohesive models and adopted a damage 

measure that is related to a suitable memory variable, the cumulative opening displacement, to 

predict the onset of fatigue. The basic form of this additional formulation consists of a damage 

evolution equation that is related to the interfacial opening displacement, a threshold description that 

controls when damage is accrued and a weighting factor to reflect the current loading level (Roe and 

Siegmund, 2003; Turon et al., 2007; Bouvard et al., 2009; Kuna and Roth, 2015). 

2.3.2 Fatigue damage integration 

The use of a cohesive crack method  to simulate fatigue crack growth often requires explicit cycle-by-

cycle iterative solutions of a nonlinear finite element problem, which would be computationally 

prohibitive particularly for large practical structures under HCF, given the enormous number of load 

cycles in this type of fatigue. To avoid this difficulty, accelerating or cycle-jump techniques have been 

proposed (de-Andrés et al., 1999). A popular cycle-jump technique is a linear extrapolation (LE) 

scheme, which divides the full load cycles into suitably sized blocks of load cycles, with each block 

containing several load cycles of constant amplitude (Fish and Yu, 2002). On the basis that fatigue 

damage evolution within a cycle is comparatively slow, the damage value obtained within the first 

cycle of a block is linearly extrapolated over the entire load cycles in the block (de-Andrés et al., 1999). 

Although the LE scheme offers a simple integration of fatigue damage over several loading cycles and 

easy implementation, updating damage in this manner theoretically violates the interface constitutive 

behaviour. 
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In an attempt to improve on the LE scheme, Fish and Yu (2002) proposed a consistency adjustment 

procedure to alleviate the resulting violation of both the constitutive behaviour and global equilibrium 

as damage values are being extrapolated linearly, and they also introduced a technique to adaptively 

select suitable block sizes to control the accuracy of the LE scheme. For a similar purpose, Beaurepaire 

and Schuëller (2011) chose to integrate damage over a block by using a weighted combination of 

damage values obtained iteratively from four successive  cycle simulations within the block. In 

addition to this apparently inefficient necessity for a four-cycle solution, this technique fails to 

guarantee a consistently converging solution as the time steps are refined.  

 A few studies such as Cojocaru and Karlsson (2006), Koutsourelakis et al. (2006) and Ural et al. (2009) 

adopted a trend line scaling technique by first using a suitable function to characterise the trend of a 

damage-related internal state variable obtained from a full cycle simulation, thereafter using the 

function to predict fatigue damage over several subsequent load cycles. While this concept can be 

useful for LCF simulations, establishing a trend line can be quite cumbersome for large practical 

structures subjected to HCF loading conditions and its generality to other cohesive constitutive 

models is obviously not guaranteed. This results in having to generate a trendline for every single 

interface material law, which is simply unrealistic.  

An alternative method to loading and unloading hysteresis for fatigue damage evolution is the 

envelope load method. This technique completely avoids cycle-by-cycle computation of the fatigue 

damage parameter; instead, only the maximum load is applied, and the degrading effect of its 

variation is considered semi-analytically (Robinson et al., 2005; Bak et al., 2014). This technique is 

largely restrictive especially in the case of non-zero mean cyclic load, where the effect of stress ratio 

on rate of crack growth is important. In addition, the quality of its crack growth rate prediction is still 

largely reliant on the Paris law (Bak et al., 2015).   

2.3.3 Multimodal crack propagation 

The kinematics of separating crack surfaces can be described in terms of three pure relative 

displacement modes. As depicted in Figure 2-4, the relative separation of opposing crack surfaces in 

the y direction results into an opening mode (mode I), while relative openings along the x and z axes 

generate sliding (mode II) and tearing (mode III) modes, respectively. 
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Figure 2-4: Opening displacement modes 

Practical crack propagation patterns typically involve a combination of these displacement modes and 

their respective interfacial tractions; hence a mixed-mode cohesive crack formulation is required to 

effectively capture such multimodal behaviour. Several mixed-mode laws have been proposed (Dimitri 

et al., 2015) which can be generally classified with regard to i) displacement-based or energy-based, 

ii) potential or non-potential derivatives, and iii) effective one-dimensional or of separate modal 

relations. 

Among early multimodal cohesive formulations is the potential-based cohesive law of Needleman 

(1987). Motivated to obtain a polynomial normal traction-separation relation and also for analytical 

convenience, Needleman (1987) chose a rather heuristic energy potential function to describe the 

void nucleation process during interfacial debonding of an elasto-viscoplastic matrix material. Since 

its proposition, the formulation has inspired a variety of other exponential cohesive laws, where 

refinements have been proposed to address some inherent issues regarding poor treatment of 

interfacial shear decohesion. An improved formulation was given by Xu and Needleman (1993) who 

proposed separate nonlinear shear and a normal exponential traction-separation, which is similar in 

form to an atomistic-based law: 
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where the pairs ( , )n tT T  and ( , )n t   are the normal-tangential cohesive tractions and separation 

displacements respectively, n is a characteristic length and s is a shear parameter. 

The same expression was used by Xu and Needleman (1994) to numerically analyse dynamic crack 

growth in an isotropic hyperelastic solid, by Rahulkumar et al. (2000) to characterise the interfacial 

fracture toughness in between polymeric sheets, and by Hattiangadi and Siegmund (2005) who 

adopted it for delamination studies of a thermal protection system under alternate heat loads. Similar 

forms were used by de-Andrés et al. (1999); Shabrov and Needleman (2002) to analyse fatigue crack 

growth in an elasto-plastic material as well as the effect of inclusion distribution on void nucleation 

respectively. Further consistency improvements for multimodal crack analysis have been proposed by 

Van den Bosch et al. (2006), Park and Paulino (2011) and Dimitri et al. (2015). 

Another notable class of coupled cohesive law is the one-dimensional effective formulation by  

Camacho and Ortiz (1996) and Ortiz and Pandolfi (1999). A scalar effective opening displacement,   

is defined, that combines the pure modal separations in the form: 

 2 2 2 2( )I s II III        (2.8) 

Thus, a one-dimensional cohesive law relates the corresponding effective interfacial traction, T  

through a potential function  : 
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where ( , , )I II IIIT T T  and ( , , )I II III    are the multimodal components of tractions and 

displacements respectively, and s is a coupling parameter which weighs the contributions of each of 

the displacement modes. 

2.4 Finite element implementation 

One of the attractive features of the cohesive zone model (CZM) is its amenability for implementation 

with the finite element framework, and several techniques for implementing cohesive surfaces within 
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conventional finite elements have been utilised for a variety of fracture related studies (Klein et al., 

2001; de Borst, 2003).  

Cohesive surfaces with an appropriate traction-displacement law can be directly incorporated into 

continuum finite elements as internal boundary conditions along inter-element boundaries 

(Needleman, 1990; Tvergaard and Hutchinson, 1992; Tvergaard and Hutchinson, 1993; Yang et al., 

2001). Alternatively, separately developed cohesive elements equipped with cohesive material laws 

can be inserted between the boundaries of conventional continuum or bulk elements. In this context, 

while the latter characterise the continuum material behaviour of the hybrid discretisation, the 

attached cohesive elements describe the evolution of discontinuity along the bulk element 

boundaries.  

Cohesive elements can be simple discrete springs that connect inter-element nodes (Cui and Wisnom, 

1993; Xie and Waas, 2006), or they can be based on a continuum representation over inter-element 

boundaries (de-Andrés et al., 1999; Zavattieri, 2006; Macorini and Izzuddin, 2011). Besides offering a 

relatively simple discretisation of cohesive cracks, the discrete and pointwise variants of cohesive 

elements do not seem to offer any spectacular benefits over each other. In addition, a smeared 

representation of cohesive elements can be devised by distributing the work of fracture over an 

element area instead of the discrete interface (Mosalam and Paulino, 1997; de Borst et al., 2004). 

Overall, these implementation techniques are mostly suitable for cases where crack paths are known 

either from experimental observations, from the material structure as in laminate composites or based 

on the component geometry in conjunction with the loading configuration. In these cases, cohesive 

surfaces or elements are inserted a priori along inter-element boundaries.  

An efficient alternative to incorporating cohesive zone model within a finite element framework is 

based on constructing discontinuity approximately within the finite element domain (Wells and Sluys, 

2001; Moës and Belytschko, 2002). This technique offers an elegantly powerful strategy to analyse 

crack related problems, where the embedded discontinuity generates interfacial tractions according 

to a prescribed traction-separation law, thereby eliminating the need to develop a separate interface 

element. This approach is particularly suitable for arbitrary crack growth where the crack path is 

unknown and must be determined during analysis, as elaborated in the next section. 
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2.5 Discontinuous Shell Element 

Numerical analysis of crack propagation behaviour in shell structures requires progressive formation 

of new crack flanks. As a result, the use of standard finite element techniques for such a simulation 

presents two major challenges. Firstly, the representation of crack interfaces in the domain must be 

carried out using a mesh that conforms to the boundary of any discontinuity in the domain since the 

approximating functions are polynomial which only give smooth solutions over a discretised domain. 

This first challenge of generating conforming meshes even for complicated geometry can be 

considered rather trivial given the availability of highly efficient meshing capabilities. However, 

additional complexity is introduced when new boundaries must evolve within the conventional finite 

element solutions as the crack moves through the domain. 

One of the ways by which crack propagation can easily be undertaken within the finite element 

framework is by using the extended finite element method (XFEM). The method offers an elegant 

approach to introduce discontinuities directly into the regular polynomial functions of conventional 

elements. Hence, discontinuities such as cracks can be represented approximately within an element 

without any need for separately developed interface elements. While the technique has been 

implemented in many planar and solid elements, their adoption for the development of a 

discontinuous shell element is still limited. One of the few studies on the application of XFEM to a 

shell element was undertaken by Areias and Belytschko (2005).  In their studies they adopted a 

parametric representation of the rotational fields with the use of trigonometric functions.  Instead, the 

current work, as will be demonstrated in the latter part of this work is adopting a simple and efficient 

technique for formulating a discontinuous shell element based on the co-rotational technique. Thus, 

this section will review the concepts of the extended finite element alongside the co-rotational 

technique as the two underlying principles upon which the formulation undertaken in this work is 

based. 

2.5.1 Discontinuous finite element 

Standard finite element bases are usually polynomials which are only capable of approximating 

smooth field quantities and their derivatives. As a result, the discontinuous representation of primary 

field quantities, such as displacements, pressure, temperature or their gradients cannot be achieved 

within an approximating space of a standard finite element. However, the reality is that many practical 
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engineering problems involve such cases where for instance displacement discontinuity, or cracks, are 

present within a continuum. Therefore, computational analysis of any crack-containing continua by 

standard finite element analysis demands that such discontinuity be represented along the element 

edges leading to a requirement for conforming mesh discretisation. Given the availability of 

sophisticated meshing capabilities such as Geuzaine and Remacle (2009), the challenge of generating 

conforming meshes even for complicated geometry can be considered manageable for stationary 

crack problems. However, such analysis quickly becomes complicated when new cracks or interfaces 

must evolve during analysis. As such, regular remeshing would be required (Swenson and Ingraffea, 

1988), which is usually demanding, and crack paths would in any case be only limited to inter-element 

boundaries (Zhou and Molinari, 2004). 

To avoid the need for remeshing and other associated complexities, Belytschko and Black (1999) and 

Moës et al. (1999) proposed a technique that allows multiple cracks to arbitrarily propagate 

independent of the underlying finite element mesh. This seminal work exploits the partition of unity 

finite element method of Babuška and Melenk (1997), which enables ad hoc solutions to be 

incorporated a priori into the standard finite element space. Thus, by adding discontinuous 

enrichment functions to standard finite element spaces, cracks can be represented and easily 

extended through a mesh without disrupting its topology. This valuable development, popularly 

referred to as the extended finite element method (XFEM), has been employed extensively for crack 

propagation analysis since it was proposed (Belytschko et al., 2009). The technique was adopted by 

Dolbow et al. (2001) to model crack growth with frictional contact. As previous formulations 

considered traction-free crack growth studies, Wells and Sluys (2001) and Moës and Belytschko (2002) 

within the same period, extended it to modelling propagating cohesive cracks, and Zi and Belytschko 

(2003) proposed the possibility to terminate the crack tip inside an element by introducing special 

crack tip enrichment functions. The general capability that allows cracks to propagate within the 

element domain is an essential development for cohesive crack growth studies, since previous 

analyses using standard finite element techniques usually suffer from mesh-dependent behaviour due 

to restrictions to crack growth along inter-element boundaries.  

Many XFEM crack propagation application studies for various geometries, elements and with several 

enrichment functions have been reported. Some application examples include the modelling of pin 
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connections and plastic hinges in beam elements (Xu et al., 2012), crack growth studies in plates and 

shells (Areias and Belytschko, 2005), three-dimensional planar and non-planar crack growths (Moës 

et al., 2002; Sukumar et al., 2008), and crack growths in elastic-plastic material (Wang, 2015). In many 

of these cases, there have only been a few works related to discontinuous shell elements with 

rotational degrees of freedom. 

 In general, two key considerations are paramount to any successful application of XFEM to crack 

propagation studies. The first is the description of displacement discontinuity within the element, and 

the second is an efficient numerical integration of internal forces and stiffness over the enriched 

element domain. Further discussion of these issues is provided in the next subsections.  

2.5.2 Crack interface description 

An implicit description of the location of the crack interface within the domain is required for accurate 

enrichment and crack growth monitoring (Ventura et al., 2003). A useful level set function to describe 

crack interfaces is the signed distance function   x  given by: 

   
   ( ) sgn .x n

Γ Γ
x - x x - x  (2.11) 

where  Γ
x - x  is the vector that connects an arbitrary point x in the domain to its closest point 

Γ
x  

on the crack line; n is the orientation of the point projection x  to the crack curve; and sgn  is a sign 

function expressed as: 
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1 0

x

x x
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Figure 2-5: Definition of crack interface 

With reference to Figure 2-5, the crack interface can easily be described as the zero value of the 

function ( )x described by the boundary curve  . Usually two such functions are required to 

generally capture the location of a crack interface terminating within a domain as shown in Figure 

2-5. The crack interface  is defined by intersection{ ( ) 0 ( ) 0}x x   , with unit normals nand

t . 

A simplified implementation of the level set function within finite element framework can easily be 

achieved by utilising standard shape functions to interpolate nodal level. 

2.5.3 Numerical integration of enriched elements 

The non-smoothness of the displacement field arising from special enrichment functions warrants 

careful consideration of an appropriate numerical integration technique of entities such as the 

element forces and stiffness. Standard Gauss integration schemes are suitable for continuous 

polynomial functions, though their use within XFEM may be inefficient. A general approach is to 

increase the number of Gauss integration points for the cracked element (Khoei, 2014). However, 

alternative techniques can be employed to improve the accuracy of standard Gauss integration 

schemes, such as by sub-dividing the cracked element along its line of discontinuity embedded within 
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its domain and integrating separately the resulting sub-domains using appropriate quadrature 

techniques (Wells and Sluys, 2001).   

2.5.4 Co-rotational approach 

The co-rotational approach offers a simple and efficient framework for a straightforward extension of 

existing and perhaps optimised linear finite elements to accommodate large displacement analysis 

(Wempner, 1969; Crisfield and Moita, 1996; Felippa and Haugen, 2005). In formulating a large 

displacement finite element for small strain problems, the kinematic strain-displacement relationship 

becomes highly nonlinear when the displacements are referred to a fixed coordinate system. This 

complex and nonlinear relationship is as a result of a superimposed rigid body motion on the entire 

element displacement. By excluding rigid body motion from the total displacement, leaving only its 

deformational components, a simpler even first-order relationship can be established between the 

strains and the strain-inducing displacements. On this basis, the approach defines two separate 

reference systems: i) a fixed global coordinate configuration to which the entire assembly of elements 

is referenced, and within which interelement continuity is enforced, and ii) a local element co-

rotational system that accompanies the element as it deforms. The element response is formulated 

within the local co-rotational system allowing for a low-order strain-displacement relationship to be 

employed, and geometric nonlinear analysis is treated through transformations at the discrete level 

between the local co-rotational and global systems. 

A major feature of any co-rotational formulation is the adopted local co-rotational reference system. 

Even though the main goal is for the selected local co-rotational system to be the closest possible 

shadow to the deformed element, an arbitrary choice may lead to some undesirable computational 

consequences and impose limitations on the versatility of the element formulation (Izzuddin and 

Liang, 2016).  

With reference to Figure 2-6, depicting a local co-rotational frame ( , , )x y zc c c , Rankin and Brogan 

(1986) chose the element first node as the frame origin, with xc  aligned with the first edge of the 

element, and ( , )x yc c  in the plane established by three of the element vertex nodes. A similar 

definition was adopted by Rankin and Nour-Omid (1988) after alluding that an appropriate choice of 
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the local frame simplifies the transformation matrix which defines the variation of the local frame as 

a function of nodal displacements. 

 

Figure 2-6: Local element frame description 

Motivated by the possibility to extend their element formulation to large-strain problems, Crisfield 

and Moita (1996) proposed a local frame that ensures zero local spin at the element centroid. This 

definition alongside other two alternatives were investigated numerically by Battini and Pacoste 

(2004), and it was concluded that all alternatives give similar results. However, it was recommended 

that a local frame which is invariant to element node ordering is desirable for some specific problems, 

and a choice that minimises local displacements echoes the fundamental basis of the corotational 

approach. Among many other proposals, a simple definition of the local element system for 

quadrilateral elements was proposed by Izzuddin (2005). This approach defines ( , )x yc c  as the 
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bisectors of the interior angles formed by the intersection of the two diagonals of the vertex nodes. 

The proposed frame was demonstrated to achieve invariance to nodal ordering, element 

independence and leads to a symmetric tangent stiffness matrix without any undue complexity. 

Thereafter, this definition was adopted by Li et al. (2008) for the development of a 9-node co-

rotational quadrilateral element. More recently, Izzuddin and Liang (2016) extended the bisector 

definition to triangular elements and proposed an equally efficient local frame named the zero-

macrospin co-rotational system, which is achieved by maintaining a zero-spin at the macro-element 

level. 

Meanwhile, in linear element formulations, it is often desirable to enhance the basic finite element 

approximation by inlaying additional features that either upgrade the low-order element formulation 

or infuse certain unique kinematics into standard finite element spaces. For instance, hierarchic 

degrees of freedom (DOFs) associated with higher-order polynomial functions can be used to 

upgrade the performance of elements formulated with basic low-order polynomial functions 

(Zienkiewicz et al., 2005). Also, an infusion of specific kinematics of the non-continuous displacement 

behaviour exhibited by a sandwich structure was undertaken by Liang and Izzuddin (2016). 

Meanwhile, introducing such ad hoc features into basic finite elements within the co-rotational 

framework directly requires some special considerations. For instance, Izzuddin (2005) employed 

additional edge-based higher-order hierarchic displacement modes to enhance the performance of 

a 4-node co-rotational quadrilateral shell element. The associated DOFs of the additional modes were 

referenced to a separately defined local edge coordinate system formed by the relative local co-

rotational frame of the two adjacent shell elements sharing the same hierarchic freedoms. The axes 

were determined at the start of the analysis and assumed constant on the basis that with sufficient 

mesh refinement the relative disparities in the axes definition in the deformed and undeformed 

configuration becomes negligible and requires no co-rotational transformation on the additional 

freedoms. On the other hand, Xu et al. (2012) enriched a 2D beam element with embedded 

discontinuity functions to describe plastic hinge formation, and, disregarding the additional 

computational effort, they applied co-rotational transformations to the associated additional DOFs. 

Embedment of such specific additional DOFs into the co-rotational framework not only increases the 

computational requirements, but it also disrupts the opportunity to have a basic beam co-rotational 
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formulation that can be easily re-used for any enrichment functions, a major motivation of the 

previously mentioned co-rotational proposition. In the aforementioned developments by Liang and 

Izzuddin (2016), they proposed a unique ‘shell’ reference system for the definition of their non-

continuous displacement enrichment functions. The relative orientation of the proposed shell 

reference system to the local co-rotational frame of each element was used for the element 

formulation, while subjecting only the basic DOFs to the necessary nonlinear co-rotational 

transformation. Aside from a reduction in the computational effort, it was further opined that such 

separate shell reference systems can be beneficial for defining fibre arrangement of layered material 

within a sandwich structure. 

2.6 Arbitrary crack growth behaviour 

In many practical cases, crack growth paths are unknown and must be determined during analysis. 

Moreover, the behaviour of a propagating crack especially under mixed-mode loading conditions is 

influenced by the direction of its growth. This direction generally depends on the type of material, 

load level and mode-mixity behaviour. A detailed review of some common crack growth criteria have 

been provided by (Qian and Fatemi, 1996) and (Dumstorff and Meschke, 2007). Two propagating 

criteria are briefly discussed in the next subsections.  

2.6.1 Stress-based propagation criterion 

This criterion simply compares the cohesive mathematical tip tensile stress with the bulk material 

tensile stress, and crack advancement is signalled once the two become equal. Since the bulk material 

tensile stress is a known material property, the main task in this approach is to obtain a reliable 

estimate of the crack tip stress. 

An attractive attribute of local computational techniques for modelling fracture is the accessibility of 

the stresses in the bulk material surrounding the cohesive zone. Unlike in fracture mechanics, the 

stresses around this process zone of cohesive zone models (CZMs) are bounded and can be used to 

predict the advancement of a propagating crack. However, the CZM mathematical crack tip is often 

located outside quadrature points, where stress solutions are poor. As a result, estimating crack tip 

stresses requires some special techniques to guarantee a more reliable assessment of the crack tip 

stress state. A common approach, which was first proposed by Wells and Sluys (2001), is to perform 
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a weighted average of the stresses at quadrature points within a user-defined radius from the 

mathematical crack tip. Each quadrature stress is multiplied by a Gaussian weight functionw : 
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   (2.13) 

where l controls rate of decay of the function away from the tip, and r is the radial distance of the 

specific quadrature point from the tip. By averaging these weighted quadrature point stresses, an 

augmented local stress around the mathematical tip can be evaluated. The same approach but a 

slightly different weight function was adopted by Mergheim et al. (2005). As an alternative, Unger et 

al. (2007) avoided computing average stress by simply adopting the stress at the quadrature point 

closest to the crack tip. 

Once crack propagation is signalled, the direction of crack advancement is then evaluated as the 

direction normal to the maximum principal crack tip stress.  

2.6.2 Stress intensity factor propagation criterion 

Considering the reliability issue about the local crack tip stress, a conceptually similar but energy-

based approach was proposed by Zi and Belytschko (2003). By appealing to the stress intensity factor 

concept of linear elastic fracture mechanics, the authors stated that the Mode-I stress intensity factor 

IK  must vanish at the mathematical crack tip since the stress at this point must be non-singular. To 

fulfil this condition, the external stress intensity factor of the bulk undamaged material in the 

immediate vicinity of the mathematical crack tip must be balanced by the stress intensity factor arising 

from cohesive forces in the cohesive zone.  

Following the fulfilment of the crack advancement criterion, the direction of growth may then be 

determined by applying some of the established intensity-factor-based approaches as highlighted 

briefly below. 

2.6.2.1 Maximum circumferential stress (MCS) 

Erdogan and Sih (1963) proposed that cracks tend to advance radially from the crack tip in a direction 

which maximises the circumferential stress, with the shear stress vanishing. In 2D anlaysis, the angle 
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of crack growth can be evaluated in terms of Mode-I and Mode-II stress intensity factors IK  and IIK

, using the polar form of the elastic stress distribution as (Khoei, 2014):  
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The MCS criterion is the most widely used criterion for predicting the direction of crack growth, 

particularly when the stress intensity factors IK  and IIK  are evaluated directly from the finite element 

solution.  

2.6.2.2 Minimum strain energy density (MSED) 

The MSED criterion suggests that the crack extends in the direction that minimises the strain energy 

density S  and it predicts the onset of brittle fracture as when this minimum value is equal to a critical 

strain energy density factor crS considered to be a property of the material (Sih, 1974). Using Irwin’s 

elastic stress-strain expression, the strain energy density evaluates to the expression below (Sih, 1974), 

in terms of Mode-I and Mode-II stress intensity factors, IK  and IIK : 
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with the crack orientation angle obtained as that which minimises 𝑆. 

2.6.2.3 Maximum strain energy release rate (MSERR) 

The concept of maximum strain energy release rate as a criterion to predict crack growth direction is 

a direct extension of the Griffith-Irwin theory of brittle fracture mechanics, whereby initiation of 

fracture occurs when the energy released rate of the cracking material reaches a critical value of the 

material (Nuismer, 1975). On this basis, the MSERR criterion predicts that the crack plane extends in 

the direction of maximum strain energy release rate. This method was reported to give the most 

satisfactory result among the three even though its formulation appears to be most complicated 

(Bouchard et al., 2003). 
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2.7 Summary 

As mentioned in the foregoing reviews on metal fatigue crack growth and its characterisation through 

numerical models, the computational techniques based on fracture mechanics and continuum 

damage mechanics principles have undoubtedly been useful for the study of crack growth behaviour. 

However, the inability of the fracture mechanics-based technique to offer any consideration for crack 

initiation in a pristine structural component, nor a mechanics-based explanation for  growth of 

physically and microstructurally small cracks, reveals its unsuitability for a unified crack growth analysis 

involving all stages of crack growth up to fracture (Cotterell, 2002). The second alternative based on 

a continuum description of fatigue damage  has been reported to suffer from several numerical issues 

related to severe mesh-dependency when describing sharp crack growth in metallic components 

(Murakami and Liu, 1996; Fish and Yu, 2002). A promising alternative to the previously mentioned 

techniques is the cohesive zone model. The cohesive zone method offers a rather more unified and 

mechanics-based analysis of crack growth behaviour at various stages of crack evolution. Also, the 

technique is numerically amenable to the finite element framework. However, adopting the cohesive 

crack model for the numerical analysis of metal high cycle fatigue crack propagation behaviour can 

be computationally expensive especially for a realistic cycle-by-cycle description of fatigue crack 

growth of sizeable practical structures. 

Firstly, to address the need for a tractable cycle-by-cycle cohesive zone modelling of fatigue crack 

growth analysis, a novel fatigue damage accelerating technique is proposed in the following Chapter 

3. In contrast to the existing techniques, such as the Linear extrapolation technique (Fish and Yu, 2002) 

or the trendline-based methods (Ural et al., 2009) that have been previously discussed in Section 2.3.2, 

the newly developed technique obtains an accelerated fatigue damage through the integration of the 

exact crack constitutive behaviour over a sizeable number of constant-amplitude cycles of loading. 

In addition to the development of a novel fatigue damage integration technique and in-line with the 

aim of this study, an efficient discontinuous shell element that allows a crack to propagate through 

its domain and without restriction to element inter-element boundaries is developed. Accordingly, 

the computational cost is significantly reduced by avoiding the need for cumbersome meshing or 

expensive re-meshing during crack evolution. The majority of the existing discontinuous elements are 

plane elements, which are unsuitable for crack growth under bending. Meanwhile, the few 
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discontinuous shell elements available have somewhat complicated treatment of discontinuous 

rotation fields (Areias and Belytschko, 2005; Ahmed et al., 2012), which is overcome in the current 

work through the adoption of a corotational framework for geometric nonlinear analysis.       
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Chapter 3 

3 Fatigue Damage Integration 

Amidst the different computational approaches for modelling fatigue and fracture phenomena within 

the finite element framework, the capability of the cohesive zone model to resolve the crack-tip stress 

singularity of classical fracture mechanics and its amenability to the finite element framework have 

spawned its extensive use for such complex and multifaceted phenomena. And unlike the previous 

approaches, the cohesive zone model can provide a unified treatment of the key stages of fracture 

from nucleation of micro-cracks, through macro-crack propagation and onto eventual fracture 

In this section, the cohesive zone concept is utilised to simulate fatigue crack growth through the use 

of line and planar cohesive elements inserted a priori along inter-element boundaries of bulk element. 

The inserted cohesive interfaces model the gradual emergence of material discontinuity, or cracking 

under loading, while the bulk elements characterise the continuum material response. These interface 

elements are initially coincident, and under loading, they separate and in turn develop interfacial 

tractions through a suitable traction-separation law. Beyond some critical interfacial separation, these 

tractions become gradually weakened until the interfacial tractions become null and such a cohesive 

element is regarded as being completely damaged, leading to the emergence of a crack. Under cyclic 

loading, damage of cohesive elements or emergence of cracks can be achieved by employing a 

suitable traction-separation law which is capable of degrading interfacial tractions on a cycle-by-cycle 

basis.   

Quite notably, a tractable cycle-by-cycle simulation of HCF crack propagation can only be undertaken 

through recourse to an effective accelerating technique. Thus, hinging on the slow evolution of fatigue 

damage and characterising this damage by a phenomenological damage variable, a proposition is 

developed to accelerate fatigue damage efficiently over a reasonably-sized loading cycle block. 
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3.1 Traction-separation constitutive law 

A key component of any cohesive zone formulation is a constitutive law that describes the relationship 

between interfacial traction and opening displacement across an incipient crack. To illustrate the 

integration of fatigue damage, a bilinear traction-separation law proposed by Ural et al. (2009) is used 

in this study (Figure 3-1). The choice of cohesive law is primarily motivated by its simplistic form and 

numerical convenience, though the developed framework is easily applicable to other forms of 

irreversible cyclic cohesive crack laws. 

 

Figure 3-1: Bilinear traction-separation law 

The interfacial traction,   relates to the interfacial opening displacements,   through a damage-

dependent elastic stiffness ( )E   as expressed by:  

 ( ).E   (3.1) 
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As illustrated in Figure 3-1, o is the interface peak traction that can be sustained by the pristine 

cohesive surface. The damage parameter   is an internal mechanical state variable that 

phenomenologically characterises the microplastic fatigue deterioration of the material within the 

physical process zone. With reference to (3.2) , the damage variable degrades the stiffness of the 

interface, which in turn weakens the interfacial traction. It is a non-negative value with range between 

0   (pristine interface) to 1   (completely damaged interface) with zero traction, which signifies 

the emergence of a crack, and it is evaluated on the monotonic envelope as: 

 ; 0

; 1
oo

mm o





    

      
 (3.3)  

where  o  and m  are the onset and maximum opening displacements respectively. 

It is worth emphasising that (3.3) is only used to obtain   if the stress state of a material point in 

the interface is on the monotonic envelope as described in Figure 3-1.  Accordingly, the damage 

variable   is initially zero on the first loading as the interfacial traction ramps up the initial elastic 

segment of the monotonic envelope with corresponding interfacial opening displacement less than 

the interface onset opening displacement. As the interfacial opening displacement passes the onset 

value o  damage begins to be accrued and becomes unity when the interfacial displacement is at 

least the maximum opening displacement m . 

In addition to (3.1) ,   is bounded within the bi-linear monotonic envelope according to: 

  (1 )m o        (3.4) 

3.2 Multimodal crack propagation 

This study adopts the one-dimensional-based formulation of Camacho and Ortiz (1996) to couple 

normal and shear deformations at the material points of the cohesive element by defining an effective 

separation scalar   as a combination of normal separation I , in-plane shear separation II  and 

tearing or out-of-plane shear separation III  : 
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 2 2 2 2( )I s II III       (3.5)  

As expressed in (3.5) , only tensile normal separation is considered with: 

 0, 0

, 0
I

I
I I

 
    

 (3.6) 

The mode-mixity or shear factor, s , weights the contribution of normal and shear separations to the 

effective interfacial separation.  

Assume there exists an associated internal energy potential,  , that is defined as the area of the 

monotonic traction-separation envelope in Figure 3-1: 

 21
( )

2
E     (3.7) 

Tractions, I , II  and III , in Modes I, II and III respectively, can be evaluated by differentiating 

(3.7) with respect to the component separations: 
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The corresponding scalar effective traction, ( )  , can thus be obtained by substituting (3.8)-

(3.10) into (3.5) : 

 2 2 2
2

1
( )I II III

s
       (3.11) 

The monotonic cohesive material damage law can then be derived by combining (3.4) and (3.11)  

as follows: 
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Taking s o   in (3.13) as the maximum interfacial shear resistance, s , the damage law for a 

material on the monotonic envelope can be given as (Geubelle and Baylor, 1998): 
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 (3.14)  

3.3 Subcritical fatigue crack growth 

In the first loading excursion, the behaviour of any material point in the interface is governed by the 

elastic segment of the monotonic curve in Figure 2-3, and any material damage incurred as a result 

of the onset opening displacement being exceeded is determined by the monotonic damage 

expression (3.3). Subsequent unloading and reloading hysteresis follow the subcritical paths under the 

monotonic envelope. The unloading behaviour is linear, and no damage is incurred, while the re-

loading behaviour is described by a non-linear path characterised by an evolution of fatigue damage. 

The evolution of fatigue damage is defined as a function of the opening displacement increment   

the current level of damage, tractions and other assumed material constants   and  , as given by: 
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 (3.15) 

where �̇� is a free damage rate value along the monotonic envelope that is obtained from (3.3): 

The constant   is a weighting factor that controls the accretion of damage per cycle, while   is a 

threshold factor that controls the level of stress beyond which subcritical damage starts accumulating. 
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During cyclic loading and for a current stress state of pseudo-time, ( 1)p  , the first condition of 

(3.15) is used to obtain the increment in fatigue damage given a finite increment in opening 

displacement, and it can be expressed further as:   

  1 1 1 , 1 1( )p p p m p p p               (3.16)  

 1 1p p p       (3.17)  

For a finite increment in  1( )p p   , the current stress state of the interface which is described by 

the current value of traction 1p  increment in damage 1p  , current damage level 1p  and 

maximum attainable traction , 1m p  can be evaluated by solving the system of four equations, (3.2), 

(3.4), (3.16) and (3.17). It is important to note that damage is irreversible and no damage is incurred 

during unloading as shown in the second expression of (3.15) . 

3.4 Consistent tangent stiffness 

For application in nonlinear finite element analysis, the consistent constitutive tangent stiffness matrix, 

iD  is required and is evaluated as follows: 

 
11 12 13

21 22 23

31 32 33

;
I I

II i II i

III III

T D D D

T D D D D D

T D D D

      
             
           

  (3.18) 

The elements of iD  are evaluated as follows; 

 11 22 33; ;I II III

I II III

D D D
  

  
  

 (3.19) 

 12 21 ;I II

II I

D D
 

  
 

 (3.20) 

 13 31
I III

III I

D D
 

  
 

 (3.21) 
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 23 32
II III

III II

D D
 

  
 

 (3.22) 

Expanding the expressions in (3.19) through chain differentiations, the diagonal elements can be 

obtained as; 

 11 ( )I
I

dE
D E

d

 

 

  
 

 (3.23)  

 2
22 ( )s II

II

dE
D E

d

 


  
     

 (3.24)  

 2
33 ( )s III

III

dE
D E

d

 


  
     

 (3.25) 

Considering the damage evolution conditions in (3.15), the variation of damage with respect to 

effective opening displacement is evaluated as : 

 
( ) ( ) 0

0 ( ) 0

1/ ( ) & 0

m m

m

m O m

if

if

if

  
 

      
             





 (3.26)  

It is worth noting that the third expression is only valid for the case m   , otherwise it is null.   

Also, from the definition of elastic stiffness, ( )E   in (3.2) , 

 
 2

O m

m O O

dE

d  
 


   

 (3.27)  

Lastly, the derivative of the effective opening displacements in (3.5) , with respect to its component 

displacements are evaluated as; 

 2 2; ;I II III
s s

I II III

d d d

d d d
     

  
     

 (3.28) 
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Combining (3.26) , (3.27) and (3.28) , the diagonal elements of the tangent stiffness matrix     

11D , 22D  and 33D  can be derived as: 

 
 11 2

(1 )

( )
O m OI

I
m O Om O O

D


 

                          
 (3.29) 

 
 

2 2
22 2

(1 )

( )
O m OII

s s II
m O Om O O

D
 

 

                            
 (3.30) 

 
 

2 2
33 2

(1 )

( )
O m OIII

s s III
m O Om O O

D
 

 

                            
 (3.31)  

The off-diagonal entries of 𝐷 are obtained as follows, 

 2
12 21 I s II

II I

dE dE
D D

d d

  
 
                   

 (3.32) 

 2
13 31 I s III

III I

dE dE
D D

d d

  
 
                   

 (3.33) 

 2
23 32 II s III

III II

dE dE
D D

d d

  
 
                   

  (3.34) 

Again, substituting (3.26), (3.27) and (3.28), the off-diagonal entries of the tangent stiffness matrix can 

be derived as: 

 
 

2
12 21 2

O m I II
s

m O O

D D


 

                  
 (3.35) 

 
 

2
13 31 2

O m I III
s

m O O

D D
 

 

                 
 (3.36)  

 
 

4
23 31 2

O m II III
s

m O O

D D


 

                  
 (3.37)  
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It is worth noting that the consistent constitutive tangent stiffness matrix, iD  becomes null when the 

interface is completely damaged, 1  , since: 

 0 1m       (3.38) 

and from the conditions in (3.26) , the common term in the definitions of all the entries of iD  is 

0




 

3.5 Fatigue damage accelerating techniques 

Simulating fatigue crack growth explicitly on an individual cycle-by-cycle basis is a highly 

computationally expensive task, if not near impossible for real structures. Therefore, to achieve a 

feasible simulation of fatigue crack growth, an accelerating technique becomes an indispensable 

computational tool. A common technique is the Linear Extrapolation technique (Fish and Yu, 2002), 

which is briefly highlighted in the immediate sub-section. Also, the Linear Scaling technique by Ural 

et al. (2009) which is an offshoot of a common technique that involves establishing a priori, a suitable 

trendline between applied number of cycles and parameters that influence fatigue damage. Finally, a 

novel fatigue damage accelerating technique is proposed utilising the previously selected interfacial 

material law.  

3.5.1 Linear extrapolation of damage 

The Linear Extrapolation (LE) scheme assumes that the change in the damage state variables per cycle 

is relatively small. Based on this assumption, the value of the damage measure 1
B  within the first 

cycle of a block of N  loading cycles is used to estimate the damage B
N  of the entire block: 

 1( )N N     (3.39)  

N  is also regarded as the cycle-jump size. 

3.5.2 Linear scaling of damage parameters 

Instead of extrapolating damage linearly over a number of cycles, Koutsourelakis et al. (2006) and Ural 

et al. (2009) proposed an approach which involves scaling the parameters that affect fatigue damage 



Chapter 3 – Fatigue Damage Integration 

 

44 
 

by a function that is initially derived from conducting numerical experiments. Ural et al. (2009), 

considered damage as a function of three parameters ( , , )   :  

 ( , , )      (3.40)  

A simple linear scaling (LS) in terms of the cycle-jump size, N , was applied on the fatigue damage 

parameters: 

 ( , , )N N N N         (3.41)  

The constant   is a weighting factor that controls the accretion of damage per cycle, while  , is a 

threshold factor that controls the level of stress beyond which subcritical damage starts accumulating 

during cyclic loading. Their original formulation also includes an additional fatigue damage 

retardation or healing factorwhich is included to reverse fatigue damage especially during 

unloading. According to (3.41) , the accelerated fatigue damage N
 within a cycle-jump size N

is obtained by multiplying the fatigue damage parameters  and by the cycle-jump size N and 

excluding the damage threshold parameter  . 

3.5.3 Proposed material integration technique 

This section introduces a novel approach described as a material integration (MI) scheme, to integrate 

fatigue damage over a suitable block of loading cycles for effectively accelerating fatigue crack growth 

simulation and thereby saving on the computational demands of a cycle-by-cycle analysis. During 

cyclic loading, damage evolution is evaluated based on the first expression of the equations in 

(3.15) .  

Assuming small variation of damage with respect to opening displacements, (3.15) can be 

approximately re-written in a differential form as: 

 (1 )
(1 )

( )
o

o
m o o

d

d

   


  
           

 (3.42) 

and for a fully compliant cohesive law, in which m o   or 0o

m

  , this simplifies to: 
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  (1 )o
m

m

d

d

  
   

 
 (3.43) 

A closed form solution (Maple, 2018) of the first-order nonlinear differential equation (3.43) is obtained 

as a function, ( )  , which represents the damage evolution equation with respect to the interfacial 

opening displacement, . 
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 (3.44) 

where ( )er f  is an error function that is defined as  (Press et al., 1992) : 

 2

0

2
( )

x
terf x e dt


   (3.45) 

The constant,C is determined by the initial conditions of opening displacements and damage, 

denoted by min min( , ) .  

In determining the initial condition min min( , )  it is important to note that for a case where the first 

cycle is used as the representative cycle for the accelerated computation of fatigue damage or cycle-

jump, min is the damage accrued at a material point when its opening displacement reaches max , a 

value that has to be greater than the onset opening displacement o . This damage value remains 

unchanged as it unloads to min . By using the combination min min( , ) as the initial condition, 

subsequent reloading to the maximum opening displacement max increases the damage to a value 

that is determined using (3.44) . 
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To further illustrate the procedure of evaluating an accelerated fatigue damage value, consider a 

generalised cyclic loading as depicted in Figure 3-2, where each block of constant amplitude cycle is 

subdivided into series of blocks of suitable size, N , representing the cycle-jump size.  

 

Figure 3-2: generalised cyclic loading 

  

    

Figure 3-3: Accelerated fatigue damage integration 

With reference to Figure 3-3, a nonlinear finite element analysis is performed to obtain the minimum 

and maximum interfacial displacements min  and max  for the first cycle in a block, ℬ. With the 

assumption that these extreme displacements remain approximately constant within the block, the 

overall accrued damage of the block is obtained by successively solving (3.44) , starting with the 

initial damage min,1   at the start of the first cycle in the block at constant extreme separations min  

and max . It is worth noting that a cycle starts at  min  and ends at max  because damage does not 

accrue on reversal.  
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After each iteration, the previous damage value denoted as max, 1i
  and minimum opening 

displacement min
 , are substituted back into (3.44) as initial boundary conditions, 

min, max, 1 min( , )i i   
  to obtain the damage value of the current cycle max,i   at maximum opening 

displacement max
 . The damage at the end of the block of cycles is then obtained from: 

 
1

min, min max
1

( , , )
N

N i
i

f 
 

   



    (3.46)  

The proposed integration technique is realistic in that it simulates the evolution of damage with cycles 

at the material level, yet it is computationally efficient because the global nonlinear equilibrium 

conditions are considered via finite element analysis only once for a block of cycles at the start of the 

cycle-jump. 

To further illustrate the technique and also describe the fatigue integration equation in (3.44) , an 

example is considered of a cyclic loading two levels of displacements – minimum opening 

displacement, min 0.1mm   and maximum opening displacements, m 0.3ax mm  . The interface 

parameters are: peak cohesive strength of the interface, 6.6o a   ; maximum opening 

displacement m 0.50mm   ; Fatigue damage parameters, 0.50  and 0.50  .  

On substituting the above values, the solution of (3.44) , becomes:  

max

2
max max

2
min min

1.5 3.3
min

1.5 3.3
maxmin min min min

( ) 1

0.606060606, 0.5995994245, 1.816590210, 0.4541475526

(1 )

(1 ) (1 ) ( ) (1 ) ( )

A B C E

A e

A e B erf C E erf C E



  

  

  
  

  
   


        

 (3.47) 

The expression above can be solved successively five times, to obtain the values in Table 3-1, with 

iteration curve described in Figure 3-4. It is worth noting that there is threshold value of minimum 

opening displacement beyond which fatigue damage is being accrued. This value represented as min
t  

can be easily determined from (3.43) , by evaluating the minimum opening at which the slope starts 

becoming positive  
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 min min min
t     (3.48) 

This is evident in the iteration 4 and 5 in Figure 3-4(d)-(e). 

Table 3-1: Fatigue damage integration 

Iteration 

Damage at 

minimum opening 

min  

Damage at 

maximum opening 

max  

Damage threshold 

min min min
t     

1 0.3000000 0.3989641 0.0750000 

2 0.3989641 0.4692126 0.0997410 

3 0.4692126 0.5215606 0.1173031 

4 0.5215606 0.5619987 0.1303901 

5 0.5619987 0.5941136 0.1404997 

 

     

           (a) Iteration 1                                                             (b) Iteration 2 
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        (c) Iteration 3                                                       (d) Iteration 4 

 

 

 (e) Iteration 5                                       

Figure 3-4: Fatigue damage iterations 

3.6 Nonlinear Interface Elements 

To model progressive crack propagation through an isotropic solid, a specially formulated finite 

element often called an interface or cohesive element, can be used to describe such a potential crack 

and its propagation through the continuum. These interface elements are combined with standard 
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finite elements, which describe the continuum behaviour of the material while the discontinuity is 

characterised by the interface elements using an associated cohesive law such as described in the 

previous section. Each cohesive element is a zero-thickness pair of lines or surfaces with initially 

coincident nodes which separate upon loading. Line and surface cohesive elements are employed for 

two- and three-dimensional crack propagation analysis, respectively.  

The co-rotational approach is utilised in this work for the cohesive element formulations as it offers a 

simple and efficient technique for formulating finite elements accounting for geometric nonlinearity 

arising from large displacements and rotations. This approach utilises a fixed global coordinate system 

for enforcing overall equilibrium and compatibility between the elements and a local co-rotational 

reference system which accompanies the current deformed configuration of individual elements, thus 

simplifying the consideration of the constitutive response (Macorini and Izzuddin, 2011). Accordingly, 

element displacements and rotations are defined separately in terms of global and local nodal DOFs.    

3.6.1 6-node 1D interface element 

The 1-D element developed by Khojasteh (2017) consists of three pairs of nodes, and, as described in 

Figure 3-6, the nodal DOFs are defined in the global coordinate system, OXYZ , and local coordinate 

system, oxyz , that follows the current deformed configuration. The interface element can be 

combined with quadratic quadrilateral elements such as the 9-node shell element (Izzuddin and Liang, 

2017) described in Figure 3-6. 
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Figure 3-5: 6-node 1D interface element: global and local co-rotational system 

 

Figure 3-6: 6-node, 1-D interface connection with 9-node shell element 
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In the global system, each node is characterised by three translational degrees of freedoms, iU and 

the three vector components of the nodal norma, in , so as to maintain compatibility with adjoining 

9-node shell elements: 

 , , , , 1, 6
TT

i X Y Z ii i
U U U U n n n n i      (3.49) 

To define the local element response, a suitable local reference system is chosen and described by 

triad vectors oR  and R  on the mid-plane of the separating pair of surfaces: 

  T To o o
o x y z X Y zR c c c R c c c     (3.50)  

    2 5 1 412
12 12

12

,
2 2

o
x

U U U Uv
c where v v

v

 
     (3.51) 

The vectors 12
ov  and 12v  represent the lines on the mid-plane that connect nodes 1-2 and 4-5 in the 

initial and deformed configurations, respectively. Their magnitudes directly correspond to the side 

length of an adjoining shell element. The unit vector, zc  is also inherited from the adjoining shell 

element and finally, yc  is simply evaluated by vector product of zc  and xc . Also, as described in 

Figure 3-5, the global displacements of the interface element end nodes are denoted by 1U , 2U , 4U , 

and  5U . 

In the local element configuration, each deformational response represented on the mid-plane of the 

separating pair of sides is characterised at each node by three relative translational displacements id  

and two relative rotations ir:  

 , , , 1,3
T T

i X Y Z i X Yi i
d d d d r r r i    (3.52) 

These local deformation parameters are obtained from the global nodal DOF parameters through a 

nonlinear transformation matrix composed of the triad vectors in (3.50) : 

  3.( ) 1,3
T

i i i X Y zd R U U R c c c i     (3.53) 
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  3.( ) 1,3
T

i i i X Yr R n n R c c i     (3.54)  

where in  is the normal vector of node i .  

Finally, the interfacial opening displacement vector at quadrature points  are evaluated by 

interpolating the local relative displacements using standard 3-node bar element shape functions 

(Zienkiewicz et al., 2005). The five-component local deformations on the element mid plane, 

comprising three relative translational displacements and two relative rotations, are transformed into 

three modes of crack opening displacements at the quadrature level as follows: 

   
 

 

9 1

6 1
( , ) i

i

x

y r

z

d
T N

r
 





            
     

 (3.55) 

where  N  is a 5 15  matrix of shape functions dependent on the 1D natural coordinate,  , and is 

given as: 

 

1 3

1 3

1 3

1 3

1 3

( ) 0 0 0 0 ( ) 0 0 0 0

0 ( ) 0 0 0 0 ( ) 0 0 0

[ ] 0 0 ( ) 0 0 0 0 ( ) 0 0

0 0 0 ( ) 0 0 0 0 ( ) 0

0 0 0 0 ( ) 0 0 0 0 ( )

N N

N N

N N N

N N

N N

 

 

 

 

 



 
 
 
 
 
 
  







 (3.56) 

As proposed by Khojasteh (2017), the transformation matrix rT  transforms the relative through-

thickness rotations at the local element level to corresponding in-plane and out-of-plane opening 

displacements at the quadrature points. It is dependent on the adjoining shell thickness, t  and out-

of-plane natural coordinates   and is given as:  

 

1 0 0 0
2

0 1 0 0
2

0 0 1 0 0

r

t

t
T





 
 
 
   
 
 
  

 (3.57) 
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Applying the cohesive law in Section 2.3.1 with this element, the interfacial tractions and the 

corresponding material tangent stiffness, iD at quadrature points can be evaluated for the respective 

relative displacement vector  at each Gauss point. Applying the virtual work principle as in standard 

finite element formulations, these tractions and material stiffness are subsequently aggregated using 

Gaussian quadrature over the element to obtain the local nodal forces vector 
ef , and tangent stiffness 

matrix ek  at the element level as: 

 '

1

( , ) ( , ) ( )det ( )
2

ng
e T

i i i i
i

t
f N w i j i    



   (3.58) 

 ' '

1

( , ) ( , ) ( , ) ( )det ( )
2

ng
e T

i i i i i i
i

t
k N k N w i j i     



   (3.59)  

where 

 ' [ ][ ]rN T N  (3.60) 

In the above, 𝑤 are weighting factors, 𝑑𝑒𝑡 𝑗 is the determinant of the Jacobian transformations of 

natural coordinates, ( , )   to local coordinates, ( , )x z  and ng are Gauss points on the element mid-

plane.  

Also applying the virtual work principle, the global nodal element resistance forces, e
iR  at each of the 

node i  of the pair of interfaces, are subsequently obtained through transformation of the local nodal 

forces, e
jf  at each node j  of the defined interface mid-plane as: 

 
3

,
1

( 1,6)e T e
i i j j

j

R T f i


   (3.61) 

The components of the nonlinear transformation matrix, T , are established as the partial derivatives 

of the local relative displacements with respect to global displacements: 

 , ( 1,6 1,3 )j
j i

i

d
T i j

U


  


 (3.62) 
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Finally, each 6 6  submatrix of the global element tangent stiffness matrix, ,
e
i jK  is established 

through the differentiation of the element resistance forces with respect to element global 

displacements: 

 , ( 1,6 )
e

e i
i j

j

R
K i j

U


  


 (3.63)  

which, through applying the chain differentiation rule to (3.61), can be obtained as a transformation of 

the local element stiffness matrix: 

 e T e
GK T k T K   (3.64)  

where GK is the element geometric stiffness matrix and each 6 6  submatrix ,Gi jK for nodes i  and 

j is defined as: 

 
3

,
,

1

( 1,6 )
T
i m e

Gi j m
m j

dT
K f i j

dU

 
    

 
  (3.65) 

3.6.2 12-node 2D interface element 

For crack propagation analysis in 3D continua, a 12-node 2D nonlinear interface element described 

in Figure 3-7 is proposed. The element is compatible with standard 3D elements such as the 10-node 

tetrahedral element shown in Figure 3-8. 
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Figure 3-7: 12-node 2D interface element: global and local co-rotational system 

 

Figure 3-8: 12-node, 2-D interface connection with 10-node tetrahedral elements 
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Each element node is characterised by three global translational DOFs: 

 , , 1,12
T

i X Y Z i
U U U U i   (3.66) 

For the choice of a suitable local co-rotational system, the zero-macrospin definition proposed by  

Izzuddin and Liang (2016) is adopted for establishing the triad vectors R  on the mid-plane of the 

separating pair of surfaces in the deformed configuration, with oR  representing the triad vectors in 

the initial configuration:  

 T To o o
o x y z x y zR c c c R c c c         (3.67) 

In the initial unseparated configuration, the orthogonal unit vectors, o
xc  and o

yc  are defined such that 

o
xc  is aligned with element edge connecting nodes 1 and 2. The element edge vectors, 12

ov  connecting 

nodes 1 and 2,and 23
ov  ,nodes 2 and 3, in the undeformed configuration is used to evaluate the unit 

vectors as: 

 1 12 2 23 1 12 2 23
o o o o o o
x x x y y yc a v a v c a v a v     (3.68) 

with: 

 12 23
1 2 1 12 2

12 12 12 23 23 12 23

1 1
0

1 ( ) 1 ( )

o T o

x x y yo o o T o o o T o

c c
a a a a

v v c c v c c
     

 
 (3.69)  

where, 

 
o
ijo

ij o
ij

v
c

v
  (3.70) 

In the current deformed configuration, the element edges become stretched thereby transforming 

previous orthogonal unit vectors in (3.68) into '
xc  and '

yc  with dependence on the current element 

edge vectors, 12v  and 23v : 

 ' '
1 12 2 23 1 12 2 23x x x y y yc a v a v c a v a v     (3.71)  
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where the current element edge vectors, 12v  and 23v are obtained on the mid-plane using the current 

displacements of vertex nodes 1-3 and 7-9 of the separated interfaces as: 

    6 6 ( 1, 2 1)
2 2

j j i io
ij ij

U U U U
v v i j i

 
         
  

 (3.72) 

These stretched vectors are easily transformed to the required orthogonal triad vectors, R, by firstly 

obtaining the out-of-plane normal unit vector:  

 12 23

12 23
z

v v
c

v v





 (3.73) 

The co-rotational orthogonal unit vectors in the current deformed configuration can thus be 

determined from the vectors in (3.68) and (3.71)  by an inverse transformation as proposed in 

Izzuddin and Liang (2016): 

 
' '

' '

' '

n
x y n

x y y z y z xn
x y

c c
c c c c c c c

c c


    


 (3.74)   

In the local element system, each corresponding pair of nodes map unto a vertex node on the mid-

plane which represents the deformational response of the separating pair. Each mid-plane node is 

characterised by three translational relative displacements, 𝑑 : 

 , , 1,6
T

i xi yi zid d d d i   (3.75) 

These local relative displacements of the separating pair of surfaces are obtained from the global 

nodal displacements using a nonlinear transformation matrix composed of the triad vectors in 

(3.67) . 

 6.( ) 1,6
T

i i i x y zd R U U R c c c i        (3.76) 

Finally, the three local components of the separations at Gauss quadrature points   are evaluated by 

interpolating the relative displacements on the mid-plane using standard Lagrange shape functions

iN  for a 6-node triangular element (Zienkiewicz et al., 2005):  
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 (3.77) 

with (𝜉, 𝜂) denoting natural coordinates for the Gauss points on the 2D element reference plane. 

Using the cohesive law presented in Section 2.3.1, the interfacial material stiffness iD  and the 

corresponding traction vector  at quadrature points can now be evaluated for the respective relative 

displacement vector   at each Gauss point. Applying virtual work equations of standard finite 

element techniques, these tractions and material stiffness are subsequently aggregated using 

Gaussian quadrature over the element undeformed area to obtain the local nodal forces, ef and 

stiffness ek at the element level as 

 
1

( , ) ( , ) ( )det ( )
ng

e T
i i i i

i

f N w i j i    


  (3.78) 

 
1

( , ) ( , ) ( , ) ( )det ( )
ng

e T
i i i i i i

i

k N k N w i j i     


  (3.79) 

where w are weighting factors, det j are determinants of the Jacobian transformations of local 

coordinates to natural coordinates, ng are Gauss points on the element mid-plane and finally  N is  

the matrix of shape functions given as  

  
1 6

1 6

1 6

( , ) 0 0 ( , ) 0 0

0 ( , ) 0 0 ( , ) 0
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 (3.80) 

Using the virtual work principle, element resistance forces in the global coordinate system are 

obtained through transformation of the previously evaluated local nodal stiffness and forces as 

 6

,
1

( 1,12 )e T e
i i j j

j

R T f i


   (3.81) 
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Each of the 3 3 sub-components of the nonlinear transformation matrix ,i jT  are established as the 

partial derivatives of the local relative displacements with respect to global displacements: 

 , ( 1,12 1,6)j
j i

i

d
T i j

U


  


 (3.82) 

where by chain differentiation, the derivatives are further dependent on the derivative of the triad 

vectors R in (3.76) with respect to the global displacements, iU , and are given as: 
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 (3.83)  

where, 
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and ij is the Kronecker’s Delta: 

 0

1ij

if i j

if i j



  

 (3.85) 

 

1

2 1 8 7 2 23

3

, 12 23 1

12 3 2 9 8 2

3

1
( )

2
(1 )

1
( )

2

n

j j j j n

T
nz z z

j n n

j j j j n

n

c c c

U


     



  
     



  
        
             

            

 (3.86) 



Chapter 3 – Fatigue Damage Integration 

 

61 
 

 
''

' '
, , ,

(1 )
nT
yx x x x

n
j n j n j nx y

cc c c c

U U Uc c

           
 (3.87) 

 
1 ' ''

'1
2 1 8 7 2

, , , ,
3

( ) ,
2

n n
y yx x z

j j j j n z y
j n j n j n j n z

n

c cc a c
c c

U U U U


    



 
           

    
 

 (3.88) 

 
1 1'

1 2
2 1 8 7 2 3 2 9 8 2

,
3 3

( ) ( )
2 2

n n
y y y

j j j j n j j j j n
j n

n n

c a a

U

 
         

 

   
              
    

   

 (3.89) 

 
, , ,

y xz
x z

j n j n j n

c cc
c c

U U U

 
   

  
 (3.90)  

Finally, each of the 3 3  submatrix components of the global element tangent stiffness matrix ,
e
i jK  

is established through the differentiation of the element resistance forces with respect to element 

global displacements: 
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By chain differentiation of (3.81) , 

 e T e
GK T k T K   (3.92)  

where GK is the element geometric stiffness matrix and each 3 3  submatrix ,Gi jK for nodes i  and 

j is defined as: 
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3.7 Assessment of acceleration scheme 

The developed interface elements and traction-separation law including the damage integration 

procedure have been implemented in ADAPTIC (Izzuddin, 1991), a nonlinear finite element program 

developed at Imperial College. Two examples are presented here after to verify the developed 

approach and to illustrate its benefits. 
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3.7.1 Compact tension specimen 

To assess the newly developed cycle-jump technique, a numerical fatigue crack growth simulation of 

a compact tension (CT) specimen is undertaken. The same model has been analysed by Ural et al. 

(2009), which consists of a 9.1 mm thick aluminium plate with a geometry as described in Figure 3-9. 

 

Figure 3-9: CT specimen geometry description (Dimensions in mm) 

  

Figure 3-10: CT specimen finite element model 

With reference to Figure 3-10, the aluminium plate material is modelled by 9-node quadrilateral shell 

elements (Izzuddin and Liang, 2017) with a bilinear elasto-plastic material having an elastic Young’s 

modulus Y = 70GPa, a yield strength 𝜎  = 180MPa, a Poisson’s ratio, 𝜐 = 0.33 and a strain hardening 

parameter, μ = 0.02. To model crack propagation, 116 6-node 1D interface elements are inserted 

along the line of symmetry representing the potential crack path, as shown in Figure 3-10. The 



Chapter 3 – Fatigue Damage Integration 

 

63 
 

interface constitutive material is modelled by the bilinear traction-separation law described in Section 

3.1. A relatively high initial elastic stiffness is used with a value of 1000GPa, while the maximum 

cohesive traction 𝜎  is 190MPa and the interface fracture energy is taken as 5.5N/mm. Other 

parameters of the cohesive law, including the critical and ultimate effective opening displacements 

are derived from the fracture energy and maximum cohesive traction. The fatigue damage factors 

comprising the damage weighting factor 𝛼 and threshold factor 𝛽 are taken as 0.00062 and 0.17, 

respectively.  

The numerical test model is loaded with a constant amplitude regular triangle loading, cycling 

between maximum and minimum forces, 4144N and 414.4N, and applied through the 6.36mm radius 

holes as shown in Figure 3-10. 

The three cycle-jump techniques presented earlier, namely linear extrapolation (LE), linear scaling (LS) 

and the proposed material integration (MI), are utilised to achieve an accelerated fatigue damage. 

Four cycle-jump sizes, starting with 5000 cycles per block of cycle jump and halving down to a size 

625 cycles per block are considered. It was only possible to simulate the last cycle-jump size for the 

LS technique, due to some mathematical restrictions on the limiting values of the fatigue parameters 

mentioned by Ural et al. (2009). Also, in the simulation of the large cycle jump sizes, it was observed 

that the LE approach requires a pure extra cycle to be simulated immediately after every cycle-jump 

for numerical stability. Hence two cycles are simulated for a single cycle-jump: one for the actual 

cycle-jump and the second for numerical regularisation. This technique is adopted for both LE and 

MI, even though its effect on MI is negligible. However, it cannot be applied to the LS, since pure 

unaccelerated cycles are simulated in this case. 

3.7.1.1 Results 

To assess the convergence behaviour of the three cycle-jump approaches, Figure 3-11 (a-c) present 

the variation of the crack length measured from the hole centre, against number of loading cycles. In 

addition, the variation of the crack length against the number of cycles for the last simulated cycle-

jump size of 625 cycles is compared for the three approaches in Figure 3-12. It is worth noting that 

the crack length is measured from centre of the hole as described in Figure 3-9 (ASTM-International, 

E647 - 00). 
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Finally, an evolution of the interface traction at three stages of loading cycles, 𝑁 = 1x105 cycles, 𝑁 = 

2.0x105 cycles and 𝑁 = 2.4x105 cycles for a cycle-jump size, Δ𝑁 = 625 cycles, simulated with MI is 

described in Figure 3-13. It is worth noting that the horizontal axis originates from the centre of the 

eye of the CT specimen and extends to the right as described in Figure 3-9.  In addition, the primary 

in-plane stress resultants are shown in Figure 3-14 at the three stages of cyclic loading previously 

mentioned.    

  

            (a) LE - crack growth rate curves                        (b) MI - crack growth rate curves 
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(c) LS - crack growth rate curve 

Figure 3-11: Convergence characteristics of LE, MI and LS fatigue integration techniques 

  

Figure 3-12: Crack growth rate curves of LE, MI, and LS for cycle-jump, Δ𝑁 = 625 cycles   
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Figure 3-13: Evolution of interfacial traction with cycles for Δ𝑁 = 625 cycles 

 

 
             (a) N = 1.0 x 105                                (b)  N = 2.0 x 105                              (c) N = 2.4 x 105  

Figure 3-14: In-plane stress resultant result in y-direction showing crack growth with increase in 
cycles (Deflection scale = 75) 

3.7.1.2 Discussion 

As shown in Figure 3-11(a-b), both the LE and MI approaches converge towards the same solution as 

the block size is successively halved. In the case of LS, even though its crack growth rate curve with 

-150.0

-100.0

-50.0

0.0

50.0

100.0

150.0

200.0

250.0

0.00 5.00 10.00 15.00 20.00 25.00 30.00 35.00 40.00 45.00 50.00 55.00 60.00 65.00 70.00 75.00

In
te

rf
ac

e
 t

ra
ct

io
n 

(M
P
a)

Crack line axis - measured horizontally from load point (mm)

Interface stress profile at various cycles

N = 1.0x105 cycles

N = 2.0x105 cycles

N = 2.4x105 cycles



Chapter 3 – Fatigue Damage Integration 

 

67 
 

cycle-jump size of 625 cycles in Figure 3-11(c) cannot be compared with higher cycle-jump sizes of 

the same technique due to the mathematical restriction on the fatigue parameters 𝛼, comparing this 

singular LS curve with MI and LE counterparts in Figure 3-12 shows that that this solution is also 

reasonable. With reference to Figure 3-9, the accelerated fatigue crack growth analysis by LE shows a 

better convergence property. Even though the convergence of MI appears to be inferior to that of LE, 

the achieved solution is still promising, and it shows better results than LS. Also, from the numerical 

point of view, MI appears to be more stable than LE, as it is observed during simulation that LE almost 

always requires an additional unaccelerated loading cycle after every cycle-jump to avoid numerical 

difficulties arising from imposing new accelerated damage on the previous equilibrium solution. The 

MI solutions are not affected by the extra stabilisation cycle and, as such, it does not require any 

additional cycle to be simulated.  

The main cause of the relatively slow convergence of the technique is related to the unaccounted 

increase in the minimum and maximum opening displacements as the system incurs more damage 

within a cycle-jump. Hence, using the minimum and maximum displacement at the start of the 

material integration for a cycle jump of considerable large size could potentially underestimate the 

overall incurred fatigue damage. In particular, the maximum opening displacement value increases 

more rapidly as the crack emerges as a result of the lower stiffness of the overall system, incurs more 

damage and loose .  

The Material Integration technique offers a more realistic, sensible and mathematically sound 

technique of carrying out an accelerated fatigue. Although it overpredicts cycle life at relatively large 

cycle jump, it is numerically stable since the constitutive behaviour is not violated during the jump. 

With improvement, the method could offer a better solution than the existing techniques.  

3.7.2 Oblique centre-crack specimen 

To assess the capability of the newly developed 12-node nonlinear interface element to simulate 

fatigue crack propagation in a solid material in conjunction with the cycle-jump techniques, a plate 

with an initial oblique centre-crack, as depicted in Figure 3-15, and subject to constant amplitude 

cyclic loading is modelled using a combination of solid continuum and planar cohesive elements. With 

reference to Figure 3-16, the plate is discretised by 10-node tetrahedral elements, while the potential 

crack path cutting through the inter-element boundaries of the bulk element is modelled by the newly 
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developed 12-node nonlinear cohesive element. Undamaged cohesive elements are inserted a priori 

along the potential crack paths emanating from the lower-left and upper-right internal crack tips, in 

accordance with the fatigue crack propagation experiments undertaken by Pustejovsky (1979). It is 

worth noting that unlike the experimental crack paths where each of the crack paths is composed of 

short segments of crack extensions with different slopes, a constant slope is considered here for the 

entire crack extension for both the left and right crack paths based on the slope of the first increment. 

 

Figure 3-15: Oblique centre-crack specimens (Dimensions in mm) 

      

Figure 3-16: Finite element model description – detail around pre-crack only 

The bulk continuum is modelled as a bilinear elasto-plastic material with yield strength 

𝜎  = 827.37MPa, Young’s modulus of elasticity Y = 113.8GPa, strain hardening parameter 𝜇 = 0.02  
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and Poisson’s ratio 𝜐 =0.342 based on the material specification in Pustejovsky (1979). For the primary 

purpose of comparing the cyclic jump approaches, the cohesive crack behaviour is characterised by 

the bilinear traction-separation law presented in Section 3.1, with the monotonic envelope of the 

cohesive law defined by an initial relatively high stiffness E = 1000GPa/mm, a peak interfacial traction 

𝜎  = 905.3MPa, and a fracture energy taken as the plane-strain fracture toughness of the material 𝐺  

= 56.1N/mm (Pustejovsky, 1979). The fatigue damage factors comprising the damage weighting 

factor, 𝛼 and threshold factor 𝛽 are taken as 0.00108and 0.012, respectively. 

The test specimen is subject to a constant amplitude cyclic stress of maximum value 𝜎  = 172.3MPa  

and minimum value 𝜎  = 17.23MPa, equivalent to a load ratio of 0.1, applied at the top free edge 

of the plate while the bottom of the plate is clamped in all-directions. Four cycle-jump sizes are 

considered starting at 400 cycles and halving down to 50 cycles. Both the LE and MI techniques are 

utilised for the accelerated fatigue crack growth analysis. 

3.7.2.1 Results 

The propagation of the left and right crack shows almost similar crack growth rate. Therefore, only 

the result of the right crack is discussed. By adopting the analysis based on cycle-jump size, Δ𝑁 = 50 

cycles as the base solution for each technique, a convergence error can thus be obtained with respect 

to the base cycle jump size as: 

 50

50

N
N

N N

N
 



  (3.94) 

The evaluated convergence errors LE
N  and MI

N  for LE and MI techniques are shown in Table 3-2 be. 
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Table 3-2: Cycle-jump convergence error 

Cycle-jump size 

N  

LE cycle-jump MI cycle-jump 

Number of cycles LE
N  Number of cycles MI

N  

400 22000 0.306 24500 0.432 

200 19000 0.128 20550 0.201 

100 17784 0.056 18198 0.063 

50 16845 0.000 17112 0.000 

 

     

Figure 3-17: In-plane stresses in y-direction (MI), at N = 1.21 x 104  (Deflection scale = 100) 

 

      

Figure 3-18: In-plane stresses in y-direction (MI), at N = 2.45 x 104  (Deflection scale = 100) 
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3.7.2.2 Discussion 

The results show that fatigue crack growth in 3-D can be undertaken by combining 3D finite elements 

with planar 2D interface elements. The newly developed 2D interface element can be attached to any 

compatible 3D finite element to simulate any crack propagation problem. 

Also, accelerated computations of the cyclic damage due to fatigue can be carried out using both MI 

and LE techniques as described in the previous sections. With reference to the results in Table 3-2, 

Both LE and MI give good results at least for the case of cycle jump size, Δ𝑁 = 100 cycles, which is 

equivalent to 1/16 of the entire cycle to failure. LS cannot be used for this problem, due to its limitation 

regarding the fatigue damage parameter. 

It is also worth noting that the experimental failure cycle as given in Pustejovsky (1979) is 15960 cycles 

which shows that CZM can be used to simulate fatigue crack growth if fatigue parameters with 

physical significance are experimentally calibrated for the most suitable cohesive law for a material 

such as steel.  

3.8 Summary 

This chapter has demonstrated that numerical fatigue crack growth can be carried out using hybrid 

discretisation comprising finite continuum and interface elements. The behaviour of the bulk material, 

whether elastic, elasto-plastic or based on more advanced constitutive laws, can be modelled with 

continuum elements that exist in many finite element programs, while line or planar interface 

elements with appropriate cohesive-separation behaviour can be attached to the inter-element 

boundaries representing a known potential crack path. The interface element is thus used to simulate 

the gradual emergence of traction-free crack flanks under the influence of monotonic and fatigue 

loading. 

Regarding cycle-by-cycle fatigue crack growth simulation using cohesive elements, a cycle-jump 

technique becomes necessary for a feasible and practical analysis. Consequently, this chapter has 

presented a new technique for an accelerated fatigue crack growth on the basis that evolution of both 

damage and interfacial deformation is assumed to be slow. The new material integration (MI) 

technique computes an accelerated fatigue damage by integrating the cohesive law at the material 

level between two levels of extreme opening displacements over a suitable number of cycles. 
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Comparisons with existing techniques such as the linear extrapolation technique (LE) and the linear 

scaling (LS) technique demonstrates its capability to approximately accelerate fatigue damage over a 

sizeable block of constant amplitude loading cycles, thereby achieving a faster computation for an 

otherwise impracticable numerical cycle-by-cycle solution.  
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Chapter 4 

4 A 9-node Discontinuous Shell Element 

After demonstrating the capability of the cohesive zone model for modelling fatigue crack growth 

behaviour and introducing a new technique for accelerating fatigue crack propagation simulation, 

this chapter presents an efficient alternative to simulating fatigue crack propagations without the 

need for special cohesive elements or restriction to inter-element crack propagation.   

A novel 9-node discontinuous quadrilateral shell element is developed which allows cohesive cracks 

to propagate through the element domain. The developed discontinuous shell element employs the 

extended finite element (XFEM) technique to directly incorporate cracks, modelled as displacement 

discontinuity, into conventional finite element approximation space through the partition of unity 

property of standard shape functions (Babuška and Melenk, 1997; Moës and Belytschko, 2002). Thus, 

by enriching the displacement field with discontinuous functions, embedded cohesive and non-

cohesive cracks can be introduced within an element domain. Another layer of enrichment 

incorporated within the element through the infusion of extra hierarchic DOFs (Izzuddin, 2005), 

associated with higher-order polynomials to enhance the approximation of displacement and stress 

fields within the elements in the neighbourhood of the embedded discontinuity. 

In addition, to enable its use for large-displacement small-strain analysis, the element is formulated 

within a co-rotational framework (Izzuddin and Liang, 2016), which as noted before offers a simple 

and efficient way of upgrading linear finite elements for use in geometrically nonlinear analysis. 

The following sections present the co-rotational framework utilised for the discontinuous shell 

formulation. Thereafter, a description of the method by which the additional displacement fields 

associated with discontinuous and hierarchical functions are given in detail.  
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4.1 Co-rotational framework 

The co-rotational framework offers an efficient approach for formulating geometrically nonlinear 

finite elements for large-displacement small-strain analysis. In addition to defining a fixed global 

reference configuration shared by all elements within an assembly, a local co-rotational system which 

accompanies an element in the deformed configuration is defined. In determining the element local 

deformational displacements, rigid body rotations are excluded, enabling the use of a simplified 

strain-displacement relationship in the local system (Izzuddin and Liang, 2016). This shifts the 

treatment of geometric nonlinearity away from complicated nonlinear relationships between the 

strain and displacement fields to a pure geometrical transformation applied at the level of discrete 

global and local nodal DOF parameters.  

This section highlights the basis of the adopted co-rotational system as well as the basic nodal DOFs 

of the 9-node discontinuous shell element. 

4.1.1 Co-rotational system 

An appropriately chosen local co-rotational system is core to the formulation of any finite element 

within the co-rotational framework. In this work, the bisector co-rotational system proposed by 

Izzuddin and Liang (2016) is adopted for the 9-node element formulation, as illustrated in Figure 4-1 
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Figure 4-1 Bisector definition of local co-rotational system  

With reference to Figure 4-1, the local x   and y   axes are defined as the bisectors of the two 

supplementary interior angles formed by the two diagonals connecting the vertex nodes. On the other 

hand, the local z-axis is defined as the unit vector orthogonal to the x y  plane. The triad vectors of 

the local frame, R , in the current configuration is obtained as: 

 [ ], [ ]o o o o
x y z x y zR c c c R c c c   (4.1) 

 13 24 13 24

13 24 13 24

, ,x x z x y

c c c c
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in which oR  represents R  in the initial undeformed configuration, iU  and jU  are the global 

displacements at nodes i  and j , respectively, and o
ijv  and ijv  denote the vectors of element diagonals 

in the undeformed and deformed configurations, respectively.  

4.1.2 Global nodal DOFs 

In the global system, the element is characterised by 5 basic DOFs at each node, with three translations 

iU  and the two smallest components of the normal vector at each node in  utilised as global rotational 

freedoms: 

 , , , , 1,9
T T

i X Y Z ii i
U U U U n i      (4.4) 

The third component of the nodal normal vector is obtained from the condition of a unit vector for 

the normal; for example, if   and   are the two smallest components of the nodal normal vector, 

  is obtained from the unity condition.  

4.1.3 Local element kinematics 

The basic local nodal DOFs for an element are defined by three translations and two rotations: 

 , ,, , , 1,9
T T

i x y z i d x d yi i
d d d d r i     (4.5) 

where ,x yd d and zd  are the translation DOFs in local x , y and z directions respectively. It is 

important to note that the rotational DOFs ,d x and ,d y represent the rotations about y and x

directions respectively as illustrated in Figure 4-2. 
 

 

Figure 4-2 Rotational DOFs description  
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In a similar formulation to that proposed by Liang and Izzuddin (2016), the global and local 

translational displacement parameters are related through the co-rotational transformations: 

 ( ) 1,9o o
i i iod RU R R v i     (4.6) 

R and oR  are as defined in (4.1) , while o
iov  represents the vector from node i to the element centre 

node. Also, the local rotational parameters are obtained as projections of the global nodal normal on 

the local  x   and y  axes: 

 [ ] 1,9T
i i x yr Rn R c c i    (4.7)  

4.1.4 Iso-parametric mapping 

The 9-node shell element geometry as well as the displacement field is described by use of Lagrange 

shape functions defined in the natural coordinate system as (Zienkiewicz et al., 2005): 

 ( )( ) ( )( )
( , ) ( 1,9)

( )( ) ( )( )

J K J K
i i i i

i J K J K
i i I i i i I i

N i
        
       
   

 
   

 (4.8)  

where ( , )i i  is the natural coordinate of node i ; ( ) 1,0,1J K
i i i      and 

( ) 1,0,1J K
i i i      . In the initial configuration, the geometry of the element mid-surface, 

, ,
T

x y z  can be obtained from the nodal coordinates , ,
T

io io iox y z  by using the shape functions: 

 ( , )
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i io

io

x x

y N y

z z

 
   
      
   
   

  (4.9)  

For the purpose of evaluating derivatives with respect to ( , )x y , from those with respect to ( , )  , a 

transformation is defined through the inverse of the Jacobian matrix J : 

 1( , )

( , )

i i i

i i i

h h h
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 (4.10)   
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The Jacobian matrix, J  is defined as: 

 ( , )

( , )

x y

x y
J

x y

 
 

 

  
     
   

   

 (4.11) 

4.2 Shell coordinate system 

For a shell element with an embedded crack, the 9-node quadrilateral shell element with basic local 

kinematics defined by three translational and two rotational degrees of freedom as given in (4.6) and 

(4.7) is enriched with discontinuous functions (Fries, 2008), that can represent displacement 

discontinuity locally and internally within an element. In addition, this study proposes an enhancement 

of the cracked element and neighbouring elements by employing higher-order hierarchic polynomial 

functions (Izzuddin, 2005). This augmentation is aimed at enhancing the displacement field in the 

crack vicinity and increasing the fidelity of the solution. 

These double layers of enrichment require additional DOFs, further details of which are highlighted 

in the next two subsections. In this context, an important consideration is how the additional DOFs 

are incorporated into the adopted co-rotational framework for large-displacement small-strain 

analysis. To ensure inter-element continuity of the approximated hierarchic displacement fields and 

discontinuity, the direct conventional approach would be to define the associated DOFs in the global 

reference system, similar to the basic nodal parameters in (4.4). The corresponding parameters in the 

local system would then be evaluated through a nonlinear co-rotational transformation between the 

fixed global and the co-rotated local element frames. However, such a direct approach adds an 

additional layer of computational complexity. Alternatively, the developed approach adopts the 

technique proposed by Liang and Izzuddin (2016) by defining a separate ‘shell’ reference system in 

which both the hierarchic and discontinuity DOFs are defined. This shell reference system is a uniquely 

defined 2D orthogonal curvilinear system over a given shell structure or a n assemblage of 

connected shell elements. During analysis, and as shown in Figure 4-3, the shell system ( , )r sc c  

follows the element local frame ( , , )x y zc c c  at a constant relative orientation s  which is assumed 

constant for a small-strain problem, and which can be evaluated at the start of analysis. Hence, the 
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element response associated with these additional DOFs can be evaluated through a linear kinematic 

transformation between the shell and the element local systems, rather than a varying nonlinear 

transformation. 

 

Figure 4-3 Relative orientation of local element and shell reference systems 

Among different alternative approaches for defining the shell reference system (Liang and Izzuddin, 

2016), a relatively simple approach is based on projecting a user-defined vector, se  on the surface of 

the shell structure, as illustrated described in Figure 4-4.   

   

Figure 4-4 Definition of a shell reference system 
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With reference to Figure 4-4, o
rc  in the initial undeformed configuration is obtained from the user-

specified vector, se  and the normal vector to the shell surface as: 

 
o

o s z
r o

s z

e c
c

e c





 (4.12)  

4.2.1 Hierarchic DOFs 

To enhance the solution space within the vicinity of a crack, five higher-order hierarchic functions 

considered for each of the three translational fields and the two rotational fields in the shell reference 

system. The functions consist of four 3rd degree side modes and a 3rd degree internal mode, as 

illustrated in Figure 4-5 (Zienkiewicz et al., 2005).  

 

(a) Four edge hierarchic functions 

 

(b) Internal hierarchic function 

Figure 4-5 Hierarchic enrichment modes 

The displacement and rotation fields associated with hierarchic enrichment are thus obtained from: 

 
5

( , ) ( , ) 1,5
i

Th h h h h h h h
r s z r s i

i

N i              (4.13) 
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where h
iN  represent the polynomial functions of the five additional modes described in Figure 4-5. 

For each of the modes, the additional DOFs associated with the three translations along the ( , , )r s z  

axes and the two rotations along the (𝑟, 𝑠) axes are defined as: 

 1,5
Th h h h h h

i r s z r s i
i        (4.14) 

As discussed in Section 4.3, instead of transforming the hierarchic fields from the shell system to the 

local system, the discrete additional displacement parameters are transformed from the shell system 

to the local system, thus enabling the associated hierarchic fields to be obtained in the local system 

using the same shape functions as considered in (4.13) . Accordingly, the local hierarchic parameters 

are recovered from their counterparts in the shell system through a constant transformation using 

matrix, ( )s sT  : 

  

cos sin 0 0 0

sin cos 0 0 0

0 0 1 0 0 1,5

0 0 0 cos sin

0 0 0 sin cos

h h
x r s s

hh
sy s s

h h h
i s sz z

hh
s srx

hh
s ssx ii

d

d

d T T id

  
  


 
 

     
                     

    
    
        

 (4.15)  

The derived displacement and rotation parameters that are associated with the hierarchic enrichment, 

h
id  are utilised in the formulation of the corresponding local element fields in the Section  4.2.2.2. 

4.2.2 Embedded discontinuity DOFs  

An essential feature in the extended finite element formulation is the description of crack within an 

individual cracked element domain, and globally as a continuous crack line across multiple elements. 

The next two associated sub-sections describe the strategy of crack definition within discontinuity-

enriched element and thereafter, the discontinuous fields of displacements and rotations are 

formulated by the use of standard shape functions in combination with level set functions. 
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4.2.2.1 Definition of embedded discontinuity 

In this study, crack is implicitly defined  as a zero-valued contour of the sign function as shown in 

Figure 4-6. 

 

Figure 4-6 Implicit description of embedded crack 

Node-based approaches are usually used to describe crack implicitly, whereby the entire crack line is 

defined globally by evaluating the value of the signed distance function at every support node on the 

element edges intersected by the crack. These values are stored and are required to be updated 

accordingly by some seemingly tedious mathematical procedures constrained by the need to ensure 

that the previously defined crack path is not changed during update (Ventura et al., 2003). Considering 

the adopted co-rotational framework within which the element is being formulated, a majority of the 

computations associated with elements are undertaken at the local element level and quadrature 

points, hence, it is more efficient to adopt an element-based local description of the crack position.         

The local element-based description of crack is described in Figure 4-7, whereby each element is only 

allowed to have a straight crack running from one edge to the other, and as such a crack line can be 

easily represented by a pair of 2D local coordinate points describing the start and end of the element 

crack line on its edges. These coordinates are stored for each element in the natural coordinate 

system, and by shape functions interpolation the crack position in the local element reference system 

and at the global structure level can be easily recovered. 
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Figure 4-7 Element crack definition  

Through this local element-based approach, the nodal values of the signed distance function become 

element dependent. As a result, a single node connected to two elements of geometrically different 

crack segments will have two different values, one for each element. This approach completely avoids 

the regular need to update the nodal level sets during crack propagation, and previously defined 

crack paths are unaffected by the emergence of new crack segments within another element. 

It is worth pointing out that in the foregoing formulation, a cracked element is considered wholly 

cracked by a line of discontinuity which cuts from one element edge to another. The unnecessary 

appeal of terminating the crack tip inside the element is avoided in this work, as it adds unnecessary 

complexity to the formulation without significant benefits. It is also worth noting that curved cracks 

can be easily represented as a piecewise linear approximation using the proposed linear crack 

segments, a representation that becomes more accurate with mesh refinement.   

4.2.2.2 Additional freedoms associated with discontinuity 

To illustrate the kinematics of a cracked shell element, Figure 4-8 describes a generalised shell element 

with four vertex nodes, completely divided into two sub-domains,   and  , by a pair of crack 

lines, ( )d d d
     , with in-plane normals ( , )m m  . 
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Figure 4-8 Cracked shell element description 

A discontinuous vector field comprising three displacements and two rotations over the element 

domain d , can be expressed in the natural coordinates ( , )  , defined with reference to the shell 

coordinate system ( , , )r s z  as: 

 ( , ) . ( , )c
d

Td d d d d d d
r s z r s              (4.16) 

The second component on RHS of (4.16) represents a vector of continuous displacement fields over 

the element domain, and it can be expressed by standard finite element approximation as (Zienkiewicz 

et al., 2005): 

 
4

1

( , ) ( , )c

d d
i i

i

N     


  (4.17) 

where ( , )iN    represents the standard Lagrangian basis functions for a 4-node quadrilateral 

element (Zienkiewicz et al., 2005) as a function of the natural coordinates ( , )  , with the associated 

additional nodal DOF parameters d
i defined later in the section. 

The coefficient in (4.16) , 
d

 , is a sign function on the embedded crack line d , as described in 

4.2.2.1 and is expressed as: 

  
1 ( , ) 0

, 0 ( , ) 0

1 ( , ) 0
d

  
    

  



    
 

 (4.18) 
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The sign function is dependent on a level set function ( , )   . A zero level-set value is used to 

implicitly describe the embedded crack geometry (Ventura et al., 2003), and the divided element 

subdomains,   and  , described by ( , ) 0     and ( , ) 0    , respectively. 

The discontinuous fields defined by (4.16) - (4.18) have the potential to represent crack 

discontinuity, but they are non-zero at nodal locations. This gives rise to having uncracked elements 

that are partly enriched on the side connected to a crack-containing element and partly unenriched 

on the side connected to standard element. Such elements, usually called blending elements have 

been known to deteriorate finite element solutions because of incomplete enrichment and violation 

of partition of unity property of shape functions (Sukumar et al., 2001). In the present formulation, 

blending elements are completely avoided by enforcing zero enrichment values at the nodes of 

enriched elements. This can be achieved by shifting the sign function in (4.18) by their respective 

values at the element nodes (Fries, 2008), thus leading to: 

  
4

1

( , ) ( , ) ( , ) ( , )d d
i i i i

i

N        


    (4.19) 

where ( , )
i i
   is the sign function at node i . The expression can be re-written by defining 

discontinuous interpolation functions: 

  ( , ) ( , ) ( , ) ( , )d
i i i iN N           (4.20)  

For the purpose of illustrating the nature of the discontinuous shape functions 
d
iN  defined in the 

natural coordinate ( , )  , assume a straight crack within an element described by local crack tip points 

1 1
( 1.00, 0.50)    to 2 2

( 1.00, 0.75)   , as described in Figure 4-9, the respective descriptions 

of the shape functions are shown in Figure 4-10 and Figure 4-11 for the discontinuous shape functions 

with positive and negative level set functions respectively. 
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Figure 4-9 Cracked shell element description 

     

Figure 4-10 Description of positive level set shape functions 

 

Figure 4-11 Description of negative level set shape functions 
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For brevity, the discontinuous vector field can be re-defined in terms of the discontinuous 

interpolation functions: 

 
4

1

( , ) ( , )d d d
i i

i

N    


  (4.21) 

where 
d
i are the associated nodal parameters, simply referred to as the displacement-jump DOFs, 

which are defined with respect to the shell coordinate system as discussed in Section 4.2. In the shell 

system, these additional displacement parameters are associated with the four vertex nodes, and 

include three translational and two rotational parameters at each node: 

 1,4
Td d d d d d

i r s z r s i
i        (4.22) 

The corresponding parameters in the local system can be defined through the constant 

transformation matrix sT  defined in (4.15) between the shell system and the local co-rotational 

system: 

   4 1,
Td d d d d d d

i x y z x y s ii
d d d d T i      (4.23)  

The derived displacement and rotation parameters that are associated with the displacement-jump 

enrichment d
id   are utilised in the formulation of the corresponding local element fields in the next 

section. 

4.3 Enriched local element kinematics 

According to the previous formulations, the overall local displacement and rotation fields for a fully 

enriched element can be obtained as the superposition of the displacement fields associated with the 

basic, hierarchic and displacement-jump parameters  

 ( , ) c h du u u u      (4.24)  

where, 
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 ( , )
T

x y z x yu u u u     (4.25) 

where ,x yu u and zu  are the translational fields in local x , y and z directions respectively, while the 

rotational fields x and y represent the rotations about y and x directions respectively as illustrated 

in Figure 4-12. 

 

Figure 4-12 Rotational fields description  

In the above, ( , )cu   , ( , )hu    and ( , )du    are the displacement and rotation fields with 

respect to the basic, hierarchic and displacement-jump DOFs, respectively, expressed as: 

 
9

1

( , ) ( , )
Tc c c c c c

x y z x y i i
i

u u u u N d     


   (4.26) 

 
5

1

( , ) ( , )
Th h h h h h h h

x y z x y i i
i

u u u u N d     


   (4.27) 

 
4

1

( , ) ( , )
Td d d d d d d d

x y z x y i i
i

u u u u N d     


   (4.28) 

The generalised strain state can then be determined for the membrane, bending and shear strains as 

follows (Liang and Izzuddin, 2016; Izzuddin and Liang, 2017): 
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 (4.31)  

In the expressions above, the derivatives with respect to ( , )x y  are obtained from those with respect 

to ( , )  using the inverse of the Jacobian matrix as defined in (4.10) and (4.11) . 

4.4 Material constitutive response 

In the proposed approach, all elements with and without crack discontinuities are characterised by an 

isotropic bulk material. Meanwhile, crack-enriched elements possess an additional non-linear 

cohesive material across the element internal discontinuity. 

4.4.1 Bulk material 

The continuum is characterised by an isotropic material with a stress-strain relation defined at the 

quadrature level. The integration of the element response is achieved using Gaussian quadrature, with 

Gauss points located over the plane and along the thickness of the element. The three in-plane strain 

components at each Gauss point are related to the generalised membrane and bending strains as 

follows: 
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2p m b

t     (4.32) 

where t  is the shell thickness, m  the generalised membrane strains defined in (4.29), b  the 

generalised bending strains defined in (4.30) , and  is the through-thickness natural coordinate. 

On the other hand, the two out-of-plane shear strain components at the Gauss points are determined 

from the generalised shear strains allowing for a more realistic quadratic variation of shear strains 

over the shell thickness (Liang and Izzuddin, 2016):  

  21.25 1 s     (4.33) 

where s  represents the generalised out-of-plane shear strains as given by (4.31) . The factor, 1.25 

in (4.33) ensures that the work done by the out-of-plane material shear stresses over the 

corresponding material shear strains, based on a quadratic distribution, is identical to the work done 

by the resultant shear force over the generalised shear strains. This provides a more realistic and 

flexible response than assuming the out-of-plane shear strains and stresses to be constant over the 

thickness. 

The material stresses, which comprises three planar stress components,  , ,x y xy    and two out-

of-plane shear stress components,  ,xz yz   are obtained from the corresponding strain 

components using a triaxial von Mises model, which is generally suitable for metallic material, with 

the out-of-plane normal stress 
z condensed to zero. 

4.4.2 Embedded cohesive crack 

In this work, the embedded discontinuity is formulated to possess a cohesive property, enabling the 

modelling of fatigue crack propagation. The displacement-jump across the region of discontinuity 

within the element generates tractions as a result of relative separation of the internal interfaces 

according to a traction-separation law. Such a law has been proposed in Section 3.1, allowing for the 

accumulation of fatigue-related damage, though the developed element is also more generally 

applicable to other laws. 
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The relative opening displacement of any point on the embedded interface in the local coordinate 

system is obtained as the difference between the crack interface displacement associated with the 

positive and negative regions of the discontinuous field as described in Figure 4-8 and Figure 4-10. 

Hence, denoting these positive and negative local interface displacements by du  and du   

respectively, the relative opening displacement int
c  at any point ( , )  on the crack line in the shell 

natural coordinate, is obtained as    

 int ( , )c d du u       (4.34) 

and according to (4.28)the local positive and negative displacement values at such point are given 

as, 

 
4

1

( , ) ( , )d d d
i i

i

u N d    



  (4.35) 

 
4

1

( , ) ( , )d d d
i i

i

u N d    



  (4.36) 

where d
iN
 and d

iN
 denote the shifted discontinuous shape functions expressed in (4.20) , 

associated with the regions of positive and negative level set values, and d
id denotes the local 

displacements and rotations associated with the discontinuous fields.  

Substituting (4.35) and (4.36) in (4.34) , int
c  can be expressed as 

 
4

int
1

( , ) ( , ) ( , )c d d d
i i i

i

N N d      



      (4.37) 

According to (4.20),  the positive discontinuous shape functions d
iN
 and d

iN
  can be expressed 

by multiplying the each of the four nodal functions of the standard 4-node shape functions iN  by 

their corresponding shifted sign function  ( , ) ( , )i i      . 

Hence, for any point ( , )    in the region with positive level set values, the shifted coefficient 

associated with d
iN
  is +2 for nodes in the negative region and 0 for nodes in the negative. Similarly, 
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for point ( , )    in the region with negative level set values, the shifted coefficient associated with 

each of node i in d
iN
  is -2 for nodes in the positive region and 0 for nodes in the negative. Thus, 

int
c  can be expressed as 

 
4

int
1

( , ) 2 ( , )c d
i i

i

N d   


    (4.38) 

To obtain the corresponding interface displacement-jump in the crack orientation system, a material 

coordinate system orientated with respect to the crack line is introduced along with its associated 

natural coordinate system. The embedded interfacial displacement-jump can thus be determined at 

the interface quadrature points ( , )c c  in the crack natural coordinate system, as illustrated in Figure 

4-13. 

  

Figure 4-13 Natural coordinate system along the crack surface 

The longitudinal axis of the crack is defined by xe  while ze  is  taken to be the same as the local 

z axis  of the shell element. The unit vector in y-direction is thus obtained from: 

 y z xe e e   (4.39) 

It is important to distinguish between the 2D natural coordinates of the shell with coordinate points,

( , )  and the 1D natural coordinate of the interface, with coordinates point c . This implies that 
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every point on the interface c has a corresponding point in the shell natural coordinate, 

( ( ), ( ))c c    , since the interface lies within the shell element. Based on this, the three relative 

displacements and two rotations along the interface in the crack natural coordinate system can be 

determined at a given coordinate point, c  on the interface, by substituting its corresponding values 

( ( ), ( ))c c    in the discontinuous fields expressed in (4.28) : 

  int int( ) ( ( ), ( ))c
c c c cT        (4.40) 

where: 

 int

T

x y z x y        (4.41) 

The 55 transformation matrix cT , transforms relative displacements and rotations from the local 

element system to the interface coordinate system illustrated in Figure 4-13, and can be obtained as 

follows using a similar constant transformation matrix sT  in (4.15) , but with an relative angle c  

between local coordinate systems and the crack line: 

 

cos sin 0 0 0

sin cos 0 0 0

0 0 1 0 0

0 0 0 cos sin

0 0 0 sin cos

c c

c c

c

c c

c c

T

 
 

 
 

 
  
 
 
 
  

  (4.42) 

x , y and z in (4.41) are relative separations of the crack flanks in the x , y and z axes 

referenced to the of the interface coordinate system, while the corresponding relative rotations of the 

flanks about y and x axes are denoted by x
 and y

  respectively.  

These five interfacial separations in the interface coordinate system are then consolidated into 3 

relative displacements at the interface Gauss quadrature points, representing the three basic crack 

displacement modes of normal opening, sliding and tearing: 

  ( , )
T

c c I II III       (4.43) 
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With the assumptions that the rotations of the crack flanks at a given material point are small, x
 and

y


, are transformed into relative displacements in the x and y directions following the local 

kinematics of the shell as described in Figure 4-12. This is further illustrated in crack coordinate 

systems in Figure 4-14.    

 

Figure 4-14 Transformation of interfacial relative rotations 

Based on the description in Figure 4-14, the relative rotations are transformed into relative 

displacements as follows 

 ' ',
2 2x x y y

t t       (4.44)  

and accordingly, the three modal separations are obtained as: 

 , ,
2 2I y y II x x III z

t t              (4.45)  

The three basic relative displacement modes I , II and III  can thus be evaluated as 
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 (4.46) 

The opening displacement vector ( , )c c  , is related to its corresponding interfacial traction vector 

 across the embedded crack through the cohesive law earlier presented in Section 3.1. It is worth 

pointing out that the element formulation is more generally applicable to other constitutive laws that 

capture the non-linear degradation of interfacial tractions under cyclic and monotonic loading 

conditions.  

4.5 Local resistance forces and stiffness 

Utilising the principle of virtual work, the discretised local resistance forces and stiffness for a fully 

enriched element with additional hierarchic and discontinuity DOFs, can be established as follows: 

       i i
int ( , , )

T T Tc h d h d
c h d bulk fd f d f d f W W d d d             (4.47) 

The first component on the RHS of (4.47) represents the internal virtual work within the bulk 

material, while the second component represents the internal virtual work over the embedded 

interface: 

   2

2

i
t

e t

T T T e
bulk m bW dz d     





     
    (4.48)  
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i
int

t

t
d

T
f dW Tdz d 





    
    (4.49) 

cf , hf and df  are the local resistance forces corresponding to the basic, hierarchic and displacement-

jump nodal parameters, respectively. Also   and   are the normal and shear stresses evaluated from 

the bulk material membrane, bending and shear strains defined in Section 4.4.1.  

By defining a composition of displacements and force vectors, d  and f respectively, and a local 

tangent stiffness matrix k  as: 
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  (4.50) 

the virtual work equation, comprising the bulk and interface quantities, can be redefined as: 

 
nt

T T T

bulk i f
d f d f d f       (4.51) 
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where 
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     (4.54) 

,c mB , ,c bB and ,c sB  are the first derivatives of the generalised membrane, bending and shear strains 

associated with the basic nodal parameters;   

,h mB , ,h bB and ,h sB  are the first derivatives of the generalised membrane, bending and shear strains 

associated with the hierarchic enrichment parameters;  

,d mB , ,d bB and ,d sB  are the first derivatives of the generalised membrane, bending and shear strains 

associated with the displacement-jump parameters; and 

N is a matrix of Lagrange shape functions of a four-node quadrilateral element, utilised to interpolate 

the displacement-jump fields. 

The local resistance forces can thus be obtained by integrating stresses and tractions over the element 

as: 
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 (4.55)  

First by defining a composition matrix of first derivatives of strains, B as : 

 2m bm b

s
s

t
B BB zB

B
B B

            

  
 

 (4.56) 

the corresponding local stiffness can be evaluated by integrating over the element domain as follows: 
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 (4.57)  

det( )J is the determinant of the Jacobian matrix transformation between element local planar 

coordinates ( , )x y  to the natural coordinate system ( , )   and det( )cJ  is the derivative of the crack 

coordinates defined by the vector xe in the longitudinal direction of the crack with respect to the 

interface longitudinal axis in the natural coordinate system c . 

The first part of (4.55) and (4.57) are the contributions of the bulk material deformation to the 

nodal local resistance forces and stiffness, while their second part are as a result of the embedded 

interface in the element.  

4.6 Global resistance forces and stiffness 

The element global resistance forces and tangent stiffness can be obtained from their local 

counterparts through co-rotational transformations (Izzuddin and Liang, 2016). It is recalled that the 

additional parameters associated with hierarchic and displacement discontinuity enrichments are 

defined directly in a separate shell reference system defined over the whole structure and which 

follows the elements in the deformed configurations. Hence, their associated forces and stiffness are 
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excluded from the co-rotational transformation. Instead, they are transformed to the shell reference 

system through a constant linear local-shell systems transformation matrix, as defined in (4.15) : 

 ,T T
h s h d s dF T f F T f   (4.58)  

 ,T T
h s hh s d s dd sK T k T K T k T   (4.59) 

 
dh

T T
hd s hd sK K T k T   (4.60) 

where hF  and dF  are the forces associated with the hierarchic and discontinuity enrichment 

parameters, ,h dK K  and hdK  are the element global stiffness in the shell coordinate system 

associated with the additional displacement parameters associated with the hierarchic and 

displacement-jump enrichment. 

On the other hand, the global resistance forces and stiffness associated with the basic displacement 

parameters are derived from their local counterparts through a nonlinear co-rotational transformation

T : 

 T
c cF T f  (4.61)  

 
2

g T c
c cc cT

F d
K T k T f
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 (4.62) 

 ,T T T T
ch hc ch cd dc cdK K T k K K T k     (4.63) 

where 

 cdT
U





 (4.64)  

cF and cK denote the global forces and stiffness associated with the basic nodal displacement 

parameters, while chK  and cdK along with their respective transposes denote the stiffness describing 

the interaction between the basic nodal parameters and the enrichment nodal parameters associated 

with hierarchic and displacement discontinuity parameters. 
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4.7 Formulation general overview 

The formulation of the discontinuous shell element set out in the sections above can be summarily 

presented in a flow diagram as described in Figure 4-15. 

 

Figure 4-15: Solution procedure for nonlinear discontinuous shell element 

A displacement-based solution technique is employed for solving the boundary value problem 

(Izzuddin, 2015). For an incremental load/time step p  trial global displacements U  at the structural 

level are obtained using the current global tangent stiffness matrix ,p kK and the out-of-balance 

between the load pP  and the current resistance forces ,p kR . For each element, the global 

displacements are transformed to local displacements in the co-rotational system, except for the 

hierarchic and discontinuity parameters which are passed directly, from which the strains and 

interfacial deformations are obtained at the quadrature Gauss point level.  
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At the quadrature points, the stresses in the bulk material and interfacial tractions are determined 

from their corresponding material strains and interfacial separations using their respective constitutive 

equations. Thereafter, local forces and stiffnesses associated with the basic nodal displacements as 

well as those corresponding to the additional displacement parameters are aggregated from the 

stresses and tractions accordingly. Element global resistance forces and stiffness are subsequently 

evaluated from their local counterparts and thereafter assembled for the overall structure. Finally, 

global equilibrium is checked at the structure level and solution is accepted if equilibrium is achieved 

at this stage; otherwise, another round of iteration is carried out.   

4.8 Numerical integration at quadrature points 

The numerical integration of stiffness and nodal forces over element domain is undertaken by 

standard Gauss quadrature with higher number of integration points for crack containing elements. 

This increase in computational cost for relatively fewer containing-crack elements appears to be 

preferable and convenient in comparison to splitting elements along cracking lines and integrating 

the separated elements individually, which requires relatively involving geometrical transformations.   

4.9 Numerical verification and examples 

Similar to the formulations presented in the previous chapter, the newly developed discontinuous 

shell element has also been implemented in ADAPTIC (Izzuddin, 1991), a nonlinear finite element 

program developed at Imperial College. To assess the present formulation of a discontinuous shell 

element with embedded cohesive surfaces, two verification sample problems are considered. It is 

worth noting that in both cases, the crack path through the affected element is assumed to be knows 

a priori, and crack propagation is simulated as the progressive complete loss of cohesive traction 

within already inserted potential cohesive elements along this path. In addition, both verification 

examples consider static loading, with the application to fatigue problems considered in the next 

chapter. 

It is worth noting that no hierarchic enrichment has been considered for both examples in this section. 

The hierarchic enrichment is primarily intended to enhance the finite element solution of elements 

around global crack tips, and especially for the case of a moving crack tip which is the main focus of 

the next chapter.   
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4.9.1 A three-point bending beam 

A beam subject to three-point bending, as depicted in Figure 4-16, is modelled with the present 

discontinuous shell element. The same problem has been analysed by Moës and Belytschko (2002) 

and Zamani et al. (2012) with 2D plane strain elements and a fully conforming cohesive law with no 

initial elastic stiffness. As described in Figure 4-16, the beam is 600 mm long along the x-axis, 150 mm 

deep  in the y-axis and 150 mm thick concrete. It is worth noting that even though the material is 

concrete, the primary aim is solely for verification. The bulk material is elastic  with material properties: 

Young’s modulus 𝑌 = 36.5GPa and Poisson’s ratio, 𝜐 =0.10. Meanwhile, the cohesive crack behaviour 

is characterised by the bilinear traction-separation law defined in Section 3.1, and with properties as 

defined in Moës and Belytschko (2002). The monotonic envelope of the cohesive law is defined by an 

initial relatively high stiffness 𝐸 = 100GPa/mm, a peak traction equivalent to the tensile capacity of 

the material 𝜎  = 3.19MPa and a fracture energy 𝐺  = 0.05N/mm. It is important to note that 

concentrated load F is applied on the beam as a distributed load on the centre element only. 

 

Figure 4-16 A three-point bending beam (Dimensions in mm) 

A straight potential crack path emanating from the beam soffit in its midspan and extending along 

the y-axis to the loading point is initially imposed prior to analysis. The beam is discretised into 

discontinuous shell elements, and to assess the effect of mesh size on the solution, fine and coarse 

finite elements of average sizes 2mm and 10mm, respectively, are employed in the crack region.  

4.9.1.1 Results 

The solution obtained with the newly developed discontinuous shell element is compared with the 

previous solution of Moës and Belytschko (2002) in Figure 4-17.  The solution of Zamani et al. (2012) 

is excluded in the comparison since their result is similar to Moës and Belytschko (2002). Figure 4-17 
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describes the midspan load-vertical deflection response of the beam discretised with the coarse mesh 

in comparison with the solution by Moës and Belytschko (2002). A comparison is also made in Figure 

4-18 between the deflected shapes contours of the fine and coarse meshes. 
 

 

   Figure 4-17 Comparison of midspan load - deflection curves 

 

Figure 4-18 Midspan load – vertical displacement curves for fine and coarse mesh 
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Based on the description in Figure 4-18, three key deformed configurations denoted A, B and C are 

sampled. Corresponding deflected shapes of the beam models BM2 and BM10 with superimposed 

in-plane stress resultant are displayed alongside the normal tractions in the inserted interfaces in 

Figure 4-19-Figure 4-24 for all three selected loading points. 

     

(a) BM10 - deflected shape (x200) with superimposed in-plane stress resultant in x-direction 

     

(b) BM2 - deflected shape (x200) with superimposed in-plane stress resultant in x-direction 

Figure 4-19 Beam longitudinal stress resultant (Nx) for fine and coarse beam models at deformed 
configuration A 

 

Figure 4-20 Normal traction through beam depth for fine and coarse beam models at deformed 
configuration A 
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(a) BM10 - deflected shape (x200) with superimposed in-plane stress resultant in x-direction 

     

(b) BM2 - deflected shape (x200) with superimposed in-plane stress resultant in x-direction 

Figure 4-21 Beam longitudinal stress resultant (Nx) for fine and coarse beam models at deformed 
configuration B 

 

 

Figure 4-22 Normal traction through beam depth for fine and coarse beam models at deformed 
configuration B 
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(a) BM10 - deflected shape (x200) with superimposed in-plane stress resultant in x-direction 

     

(b) BM2 - deflected shape (x200) with superimposed in-plane stress resultant in x-direction 

Figure 4-23 Beam longitudinal stress resultant (Nx) for fine and coarse beam models at deformed 
configuration C 

 

 

Figure 4-24 Normal traction through beam depth for fine and coarse beam models at deformed 
configuration C 
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4.9.1.2 Discussion 

As shown in Figure 4-17, the midspan load-deflection curve of the discontinuous shell shows a good 

match with solution to that of the previous study using plane strain elements (Moës and Belytschko, 

2002).  

Considering the responses exhibited by the models with different levels of discretisation, the global 

load-deflection responses of both the fine and coarse discretisation models are virtually identical, as 

shown in Figure 4-18, this mesh insensitivity demonstrates a key strength of the proposed shell 

element formulation in dealing with crack propagation problems without the need for excessive mesh 

refinement.  

The first sampled loading point A in the crack growth analysis represents a point prior the load-

deflection response peak and the stage at which a material point on the interface closest to the soffit 

of the beam reaches its peak tensile strength. Stage B shows another key stage of onset of crack 

propagation and a fully developed cohesive zone. Finally, the plot at stage C shows the level at which 

there is appreciable crack extension of almost a third of the beam depth. For all the stages considered, 

a smooth state of stresses can be observed for both BM2 and BM10 models confirming the 

insensitivity of the new formulation. Although, there is some non-smoothness in the compressive 

region close to the loading point, this is as a result of stress concentration around this point and it is 

more noticeable but shorter in BM2, since the element length over which the load is applied is shorter.      

4.9.2 Out-of-plane ductile tearing of a shell 

To demonstrate the capability of the newly developed discontinuous element to describe cohesive 

crack growth under out-of-plane bending, crack growth is considered in a semi-cylindrical shell 

subject to a monotonic pinching force on the periphery of its circumference, as depicted in Figure 

4-25. This example was analysed by Ahmed et al. (2012) with a discontinuous solid-shell element, 

while an exponential de-cohesive law was used in characterising the interface behaviour, which 

implies that only the softening part of the crack is described with the adopted law. It is useful to 

demonstrate the representation of displacement and rotation discontinuity under large displacement 

and rotations. 
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Figure 4-25 A pinched semi-cylindrical shell 

 

(a) Model description and boundary conditions 

 

Initial through thickness damage, crack length = 0.57  

Figure 4-26 Finite element model of a pinched semi-cylindrical shell  
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The dimension of the shell is as shown in Figure 4-25. All dimensions and materials properties are as 

reported in Ahmed et al. (2012) and are defined in a consistent non-dimensional set of units. The 

cracked shell contains an initial crack of length 0.57 originating from the load point. The bulk material 

properties of the shell are Young’s modulus 𝑌 = 2.0685 x 107 and Poisson’s ratio, 𝜐 =0.30. The 

monotonic envelope of the adopted bilinear cohesive law is defined by an initial elastic stiffness, 𝐸 = 

4.0 x 107, a peak traction 𝜎  = 6.0 x 104 and a fracture energy 𝐺  = 3.0 x 103. For the purpose of 

comparison, an uncracked model of the shell is also analysed and compared with the result of the 

study by Stander et al. (1989). 

4.9.2.1 Results 

The global response of the semi-cylindrical shell model using the discontinuous shell elements is 

compared with the previous solution of Ahmed et al. (2012) which is based on a discontinuous solid-

shell model. The comparisons of their load-deflection results are shown in Figure 4-27. In the same 

figure, an uncracked model of the semi-cylindrical shell using the newly developed shell finite element 

model is compared with the solution of  Stander et al. (1989). 

To further verify the newly developed discontinuous shell element, a 3-D model composed of solid 

tetrahedral elements and surface 12-node interface elements was developed and compared with the 

new discontinuous shell element and that of Ahmed et al. (2012). This comparison is described in the 

following Figure 4-28. 

Finally, three stages of through-thickness crack evolution along the pre-embedded interfaces are 

analysed and illustrated in Figure 4-29 - Figure 4-34. For each stage considered, the associated and 

unexaggerated deflected shapes of the shell and 3D continuum models are described. In addition, 

associated plots of the interface damage at the various stages, describing cohesionless crack 

propagation, are illustrated for the pre-embedded interfaces in the shell model. 



Chapter 4 – 9-node Discontinuous Shell Element 

 

109 
 

 

Figure 4-27 Load - vertical deflection response of semi-cylindrical shell – comparisons with Ahmed 
et al. (2012) and Stander et al. (1989)  

 

Figure 4-28 Load - vertical deflection response of semi-cylindrical shell - comparisons with Ahmed 
et al. (2012) and solid-interface models 
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(a) Shell deformed shape at vertical deflection = 1.00 

 

(b) Current through-thickness damage at vertical deflection = 1.00 

Figure 4-29 Shell deflected shape at vertical deflection = 1.00 

        

Figure 4-30 2D interface / 3D continuum elements model deflected shape at vertical deflection = 
1.00 
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(a) Shell deformed shape at vertical deflection = 1.62 

 

(b) Current through-thickness damage at vertical deflection = 1.62 

Figure 4-31 Shell deflected shape at vertical deflection = 1.62 (onset of through-thickness growth) 

        

Figure 4-32 2D interface / 3D continuum elements model deflected shape at vertical deflection = 
1.62 (onset of through-thickness growth) 
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(a) Shell deformed shape at vertical deflection = 2.00 

 

(b) Current through-thickness damage at vertical deflection = 2.00 

Figure 4-33 Shell deflected shape at vertical deflection = 2.00 

        

Figure 4-34 2D interface / 3D continuum elements model deflected shape at vertical deflection = 
2.07 
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4.9.2.2 Discussion 

Crack growth in the semi-cylindrical shell under the applied pinching force is essentially in Mode I 

along the full length, with maximum opening starting in the inner side of the shell. Upon loading, the 

bottom segment of the shell begins to undergo higher tensile stresses than the top, leading to 

damage  emanating from the bottom of the tip and spreading upward through the depth and also 

along the length of the shell as shown in Figure 4-29(a) and Figure 4-29(b). As the pinching force 

increases, more  regions  through the thickness begin to deteriorate, and regions of complete damage 

starts to emerge signifying crack extension as shown in Figure 4-31(a) and Figure 4-31(b). Further 

loading of the shell results into the emergence long crack along the potential crack path. This state is 

marked with appreciable vertical deflection of the loading point as illustrated in  Figure 4-33(b) that 

is twice the radius of the shell and rotations of the crack flanks becomes increasing large. 

Comparing the load-deflection response of the cracked shell to that of the uncracked shell, the model 

with the newly developed discontinuous shell shows a loss of resistance of a more than half at the 

point where the vertical deflection is equal to the shell radius. Meanwhile, the prediction  by Ahmed 

et al. (2012), also has a similar global trend but with a stiffer response than the newly developed 

models in the region prior to crack propagation. However, both curves coincide in the region 

immediately after the onset of crack growth, which suggests that the initial discrepancy, within the 

region prior to crack extension, is related to the criterion employed in inserting the new de-cohesive 

interfaces as the crack propagates longitudinally through the shell. This will be further verified in the 

following chapter relating to adaptive insertion of cohesive interfaces. 

The verification of the newly developed shell element with a 3D model, shows generally a good match 

of both load-vertical deflection response and also rate of crack propagation along the previously 

inserted interfaces.     

4.10 Summary 

In this section a newly developed discontinuous shell element is presented. The element adopts the 

co-rotational technique in combination with the capability to describe embedded cohesive cracks 

within its domain. This completely eliminates the use of separate cohesive elements for crack growth 

propagation analysis. Two numerical examples were undertaken to assess both its ability to describe 
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crack growth under in-plane and out-of-plane loading. Both solutions give good results, even though 

there are some few discrepancies which can be attributed to the difference in the adopted cohesive 

law.  
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Chapter 5 

5 Adaptive Fatigue Crack Propagation 

 

Up to this point in the present work, the path of a propagating crack has been assumed to be known 

and embedded within the bulk material a priori. However, this is not the case in many practical 

applications, especially ones that involve multimodal crack propagation behaviour. Meanwhile, the 

non-adaptive alternative of including additional DOFs for hierarchic and discontinuity enrichments 

would be computationally demanding.   

In this chapter, two key considerations regarding arbitrary crack propagation are first set out, namely 

the criterion for crack advancement and the direction of propagation. The first point is necessary to 

determine when a pristine unenriched standard shell element becomes transformed to a 

discontinuity-enriched element. Thereafter, the direction of propagation through the potentially 

cracked element has to be determined. Also, it is worth noting that in some cases, cracks may have to 

be extended through more than a single element at a time in other to have a sufficient cohesive 

region ahead of the physical crack tip, depending on the size of the equilibrium step under normal 

loading or the size of the cycle-jump under fatigue loading. 

Subsequently, a detailed description of element enrichment schemes as the crack progresses 

adaptively through the element domain is provided. . The first layer considers how crack-containing 

quadrilateral shell elements are enriched using the four vertex nodes with the purpose of describing 

discontinuity in displacement and rotation functions (Babuška and Melenk, 1997; Moës and 

Belytschko, 2002). Secondly, a selective enhancement of elements in the crack element vicinity 

through hierarchic shape functions (Izzuddin, 2005; Zienkiewicz et al., 2005) is proposed in this study, 

which is undertaken to improve the solution in the crack region.  
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5.1 Crack advancement criterion 

Unlike previous studies where stress intensity factor or mathematical crack tip stresses only were used 

to determine the onset of crack advancement (Wells and Sluys, 2001; Moës and Belytschko, 2002), it 

is proposed in this study to adopt a criterion based on the effective opening displacement in the 

interface Gauss point closest to the mathematical crack tip and having the highest through-thickness 

effective opening displacement as illustrated in Figure 5-1. This value is compared to an effective 

displacement threshold o defined as a factored value of the onset opening displacement  

described previously for the bi-linear cohesive law in Section 3.1. 

  

Figure 5-1 Crack advancement criterion 

The condition for crack advancement can be expressed as: 

 , ( 0 1)i gs o       (5.1) 
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where ,i gs is the effective opening displacement obtained at the Gauss point closest to the 

mathematical crack tip of the cohesive zone model (CZM) and also having the opening maximum 

value in the through-thickness direction. Also,  is a user-defined factor with a range between 0 and 

1. A value of 0 implies an almost immediate insertion of interfaces while a unity represents the case 

of where interfaces are simply used to simulate decohesion. 

According to the above-defined criterion, it is worth highlighting that the consideration of the Gauss 

points over the thickness allows this criterion to be applicable to plate bending problems. This is 

notwithstanding the potential inadequacy of dealing with stress concentration at the through-

thickness crack tip. 

5.2 Crack propagation direction 

The direction of crack growth influences crack growth behaviour. Therefore, realistic modelling of 

fatigue crack growth behaviour requires an accurate determination of the crack growth direction. In 

accordance with previous approaches, such as that proposed by Wells and Sluys (2001), the crack 

growth direction is taken as the direction perpendicular to the maximum principal stress direction in 

the region around the crack tip. The maximum principal stress and direction of crack growth is 

evaluated in the shell element directly sharing the crack tip with a cracked element as illustrated in 

Figure 5-1(a). This element is referred to as a potential crack element through which the next crack 

segment is to extend. It is important to note that in evaluating the principal stress and direction within 

this potential crack element, the shell Gauss point used for this computation is determined as the 

closest to the crack tip in-plane (Figure 5-1(a)), but located at the same through-thickness depth as 

the interface Gauss point closest to tip and experiencing maximum effective opening displacement, 

,i gs  (Figure 5-1(b)). The choice of using stresses  at through-thickness gauss point experiencing 

maximum opening displacement is particularly necessary for a shell section undergoing bending 

deformation where extreme fibres experience compressive-tensile opening displacements as 

illustrated in Figure 5-1(b).  

Lastly, to maintain a sufficient cohesive length during crack advancement, the developed approach 

allows for the crack line to cut through a couple of elements in a single load step. 



Chapter 5 – Adaptive Fatigue Crack Propagation 

 

118 
 

5.3 Adaptive enrichment of element 

An elegant and more efficient approach to simulating crack propagation is for the crack path to evolve 

adaptively during the analysis. In fact, a core benefit of the extended finite element method is that 

cracks or discontinuity of any field variables can evolve easily within a domain with minimal or no 

remeshing. Therefore, building on the discussion in the previous chapter on crack description in 

Section 4.2.2.1, which for completeness is briefly touched upon in the following subsection, this 

section presents a simple and systematic technique to propagate a crack through a discretised 2D 

continuum within the extended finite element framework noting the unique benefits of the co-

rotational framework as the overarching principle upon which the present formulation is based. In 

addition, the element adaptive enrichment scheme relating to the definition of the additional nodal 

parameters associated with the displacement discontinuity and hierarchic DOFs previously defined in 

the last chapter is also described.     

5.3.1 Definition of embedded discontinuity 

A continuous crack  is implicitly defined as a zero-valued contour of the signed distance function as 

shown in Figure 5-2, and any points on either side of the crack is either positive or negative.  

  

Figure 5-2 Level set function 

Meanwhile, the entire crack path in the structure can be considered as a composition of connected 

local element crack segments and each crack segment in every crack-containing element is defined 

by a straight crack line, connecting a point on one of its edges to another as shown in Figure 5-3. This 

element crack line is represented by a pair of 2D local - 1 1 2 2{( , ),( , )}x y x y and natural -
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1 1 2 2{( , ), ( , )}     coordinate points, describing the start and end of the element crack line on its 

edges as described in Figure 5-3. These element crack tip coordinates are stored for each element in 

the natural coordinate system. It is important to note that these coordinates do not change since they 

are localised to individual elements as they are not affected by any new emergence of a crack in 

another element during propagation. 

 

Figure 5-3 Element crack definition  

It is important to note that for irregular quadrilateral shell elements, a straight crack segment defined 

in the element local coordinate system becomes a second order curve in the natural coordinate 

system, as illustrated in Figure 5-3. 

5.3.2 Element enrichment scheme 

Figure 5-4 describes the element enrichment procedure for static and evolving cracks.  At every stage 

of crack evolution, two types of element enrichment are considered. Firstly, the affected nodes of 

elements intersected by a crack segment are enriched with displacement-jump parameters. Secondly, 

the same cracked element and other elements within its neighbourhood are also considered for 

hierarchic enrichment. Further discussion on the two layers of enrichment are described in the 

following subsections. 
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Figure 5-4 Adaptive element enrichment scheme  

5.3.2.1 Crack element enrichment scheme 

With reference to Figure 5-3 and Figure 5-4, each element contains a straight crack segment in the 

local coordinate system defined by two local tips, which are obtained from the intersection of the 

element crack line with two of the element edges. Each edge intersected by a local element tip 

possesses two support nodes at its extremities and these are the candidate nodes for displacement-

jump enrichment. The displacement discontinuity of a local element tip on its edge can be described 

by the displacement-jump parameters of the two support nodes interpolated by the previously 

defined discontinuous shape functions in Section 4.2.2.2. Hence, interelement continuity of crack 

opening is maintained on two adjacent elements sharing the same support nodes.   

In addition, an element local crack tip can either be open or closed depending on whether its support 

nodes are enriched with discontinuity enrichment or un-enriched. By default, all support nodes are 

considered open unless the element local crack tip is a global crack tip, as elaborated next. 
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At the structure level, an actual crack line is a continuous network of local element crack segments 

running across multiple elements, and it is characterised by two global crack tips located on the 

elements edge at the two extremities of its two tips. Each global crack tip is associated with two 

elements. The first associated element is regarded as the global crack tip element, which is the last 

cracked element on the line and contains the global crack tip. On the other hand, the second element 

shares the crack tip with the cracked element, but currently without crack. This second element is 

regarded as a potential crack element, and it is stored to facilitate a relatively straightforward crack 

extension procedure. 

Also, a global crack tip can be an edge crack tip or internal tip as described in Figure 5-4(a-b). An 

edge crack tip is one without any associated potential crack element, and it is an open tip with affected 

support nodes fully enriched. On the other hand, a tip is regarded as internal if there is an associated 

potential crack element, and such tip is closed with its support nodes un-enriched. This mimics a 

physical situation whereby a crack at a free end is unconstrained and therefore it is considered to be 

without a tip in that direction, while a crack terminating in a material is constrained at its tip by the 

surrounding material.  

5.3.2.2 Hierarchic enrichment scheme 

In this work, another layer of enrichment of the discontinuous shell element is applied with the main 

purpose of enhancing the finite element solution of the mechanical problem, especially around the 

crack tip. This optional enrichment consists of five additional displacement modes: four 3rd degree 

edge modes and one 3rd degree internal mode, as discussed in Section 4.2.1. If enabled, all elements 

that contain the crack are enriched, and as the crack path grows the next two levels of elements 

adjacent to the current crack tip terminating element are enriched, as illustrated in Figure 5-4. 

5.3.3 Crack propagation 

Once crack propagation is signalled by a suitably chosen crack initiation criterion, such as proposed 

in Section 5.1, the direction of crack advancement is evaluated as the direction perpendicular to the 

principal stress in the Gauss point closest to the crack tip, as elaborated in Section 5.2. It is worth 

noting that, for a crack to propagate, there must be at least one internal crack tip associated with the 

crack path.   
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Figure 5-5(a) illustrates an example of a crack segrment with an edge crack tip terminating on an edge 

without any adjoining potential crack element, while the right crack tip is internal in the sense that it 

terminates on an adjacent element through which crack growth could be possible. On the other hand, 

Figure 5-5(b) describes a case of an internal crack segment with two active global tips that have the 

tendency to extend across their associated potential crack elements. 

For computational efficiency during crack propagation, each global crack tip is associated with two 

elements – a cracked element and a potential element for crack extension. These elements are stored 

and updated as their associated global crack tip moves from one element to another.  

In the case of an edge-internal crack, as illustrated in Figure 5-5(a), at stage I, the crack tip on the left 

is considered terminating since it is not associated with any potential crack element. Hence there is 

no further extension expected and crack tip is open, with the associated support nodes enriched. On 

the other hand, the internal crack tip on the right is expected to extend. Hence, given the prevailing 

conditions at the crack tip evaluated by the procedure in Section 5.1 that favours crack advancement, 

crack direction is established as described in Section 5.2, and the crack is extended accordingly as 

depicted in Stage II. Thereafter, the current crack element, and elements not more than two levels of 

attachment to it, including the new potential element, are considered for hierachic enrichments, as 

illustrated in stage III. A similar procedure is followed in case of internal-internal crack illustrated in 

Figure 5-5(b). As shown in stage I, both crack tips have the potential to extend through their respective 

potential crack elements – stage II, and these elements alongside elements not more than two levels 

of attachment to the current crack elements are candidates for hieracrchic enrichment as shown in 

stage III. 
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Figure 5-5 Crack extension and enrichment  
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5.4 Verification examples 

Two numerical examples are presented here using ADAPTIC (Izzuddin, 1991) to demonstrate the 

capability of the proposed approach to adaptively grow cracks through a structural domain using the 

newly developed discontinuous shell element. 

5.4.1 A three-point bending beam 

The 150mm x 600mm beam has been studied in the previous chapter with an already defined crack 

path. Here, the same beam is analysed without prescribing the crack path, allowing instead the crack 

path to propagate adaptively. The beam, as shown in Figure 4-16, is modelled with the present 

discontinuous shell element, with the bulk material characterised by Young’s modulus 𝑌 = 36.5GPa  

and Poisson’s ratio 𝜐 =0.10. The cohesive crack behaviour is characterised by the bilinear traction-

separation law defined in Section 3.1, and with properties as defined in Moës and Belytschko (2002). 

The monotonic envelope of the cohesive law is defined by an initial relatively high stiffness 𝐸 = 

100GPa, a peak traction equivalent to the tensile capacity of the material 𝜎  = 3.19MPa, and a fracture 

energy 𝐺  = 0.05N/mm.  

 

Figure 5-6 A three-point bending beam (Dimensions in mm) 

The beam is discretised into discontinuous shell elements of approximately 10 mm around the mid-

span of the beam. The influence of the adaptive hierarchic enrichment of the displacement parameter 

on the traction across the interface is also investigated. 

It is worth noting that since crack initiation is not considered in the present formulation, an initial fully 

cohesive crack of length equal to the first element is inserted prior to analysis, at the beam base in its 

midspan. 
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5.4.1.1 Results 

Figure 5-7 compares the crack load-displacement response of the beam model for the in-place model 

and the adaptive models with and without adaptive hierarchic enrichment. 

Also, to observe the evolution crack along the beam depth, two post-peak deformed configurations 

A and B in Figure 5-7 are sampled. For each sampled point, the associated normal tractions in the 

material point on the inserted interfaces are also plotted. This is undertaken for the in-place and 

adaptive cases with and without hierarchic enrichment. 

Finally, a plot of the adaptive crack path through the depth of the beam at deformed configuration B 

of Figure 5-7 is plotted in Figure 5-10 for cases with and without hierarchic enrichment. 

 

Figure 5-7 Midspan load - deflection response of coarse beam models  (In-place, adaptive and 
hierarchically enriched models) 
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(a) BM10A and BM10AH – Adaptive crack growth with and without hierarchic enrichment 

 

 

(b) BM10 – In-place crack growth without hierarchic enrichment 

Figure 5-8 Normal tractions along beam depth for In-place, adaptive and hierarchically enriched 
models at deformed configuration A 
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(a) BM10A and BM10AH – Adaptive crack growth with and without hierarchic enrichment 

 

 

(b) BM10 – In-place crack growth without hierarchic enrichment 

Figure 5-9 Normal tractions along beam depth for In-place, adaptive and hierarchically enriched 
models at deformed configuration B 
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Figure 5-10 BM10A and BM10AH : Final crack path through beam depth without and with hierarchic 
enrichment 

5.4.1.2 Discussion 

In all the three considered models of in-place, adaptive with and without hierarchic enrichment, the 

predicted global load-deflection responses of the beam are very similar. This shows the insensitivity 

of the cohesive crack modelling approach to slight variation in crack path or non-smoothness in 

interfacial deformations, especially for this case of relatively small fracture energy. 

Comparing crack paths and interfacial tractions of the solutions derived from models containing 

hierarchic enriched elements with those without hierarchic enrichment, it is evident that enhancing 

the solution of the crack elements and others in its vicinity is beneficial at least for the Mode I growth 

cases considered. 

Finally, comparing the solutions derived from the adaptive and in-place crack growth models both 

give similar stress state in the interface along the beam depth up until the upper descending branch  

of the curves.  This clearly demonstrates that accurate representation of crack development within a 

homogenous body can be simulated without the need to have the in-place interfaces a priori, which 

have the unrealistic effect of increasing the system compliance and also add to the computational 

demand of the analysis as DOFs associated with the embedded cracks are added are added at the 

beginning of the analysis. Also, the additional hierarchic enhancement of the solution space benefits 
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greatly from the adaptive simulation as selective enrichment of local elements in the crack vicinity is 

possible with less computational demand. 

5.4.2 Out-of-plane ductile tearing of a shell 

The verification problem previously analysed in Section 4.9.2 of Chapter 4 regarding a semi-cylindrical 

shell, containing an initially small crack and subject to a monotonic pinching force on its periphery, is 

revisited and re-analysed using the newly introduced adaptive procedure. A geometrical and finite 

element description of the model are given in Figure 5-11 and Figure 5-12 respectively.  

     

Figure 5-11 A pinched semi-cylindrical shell 

 

(b) Model description and boundary conditions 
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Initial through thickness damage, crack length = 0.57  

Figure 5-12 Finite element model of a pinched semi-cylindrical shell  

This example is being revisited to further investigate the discrepancy between the solution based on 

the newly developed discontinuous shell element and that reported by Ahmed et al. (2012), especially 

to assess the influence of crack growth criterion on the load-deflection response of the crack-

containing semi-cylindrical shell model as alluded to in the discussion of Section 4.9.2. Unlike the 

previous in-place analysis in which the interfaces are inserted a priori, the embedded interfaces are 

inserted adaptively as the crack progresses in a self-similar trajectory along the potential crack path 

described in Figure 5-11. A new interface is inserted when the principal stress at a Gauss point closest 

to the cohesive zone mathematical crack tip reaches the peak tensile strength of the material, 𝑓  = 6.0 

x 104. Meanwhile, an important consideration about crack growth criterion for an out-of-plane 

bending problem is the through-thickness Gauss point at which the principal stress is sampled. For 

comparison, the closest Gauss point at the shell mid-section and the Gauss point with maximum 

opening displacement are considered.  

All dimensions and material properties are exactly as specified in the previous analysis but are 

repeated here solely for completeness. The cracked shell contains an initial crack of length 0.57 

originating from the load point. The initial crack is embedded as interfaces with damage value of 1.0 

as  illustrated in  Figure 5-12(b). The bulk material properties of the shell are Young’s modulus 𝑌 = 

2.0685 x 107 and Poisson’s ratio, 𝜐 =0.30. The monotonic envelope of the adopted bilinear cohesive 

law is defined by an initial elastic stiffness, 𝐸 = 4.0 x 107, a peak traction 𝜎  = 6.0 x 104 and a fracture 

energy 𝐺  = 3.0 x 103.  
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5.4.2.1 Results 

The load-vertical deflection curves obtained from the two analyses using the principal stresses at the 

shell mid-surface and shell bottom as their bases for inserting new cohesive interfaces are compared 

in Figure 5-13 alongside the two previously compared in-place model and the adaptive cohesive crack 

growth analysis undertaken by Ahmed et al. (2012).   

In addition, contour plots of the embedded interface through-thickness damage along the 

longitudinal length of the shell are described for each of the three analyses based on the newly 

developed discontinuous shell element. The results at two deformed configurations on the load-

deflection curve of Figure 5-13 with shell vertical deflections equivalent to the shell radius and twice 

of the same are plotted respectively in Figure 5-14 and Figure 5-15. Results are illustrated for the in-

place analysis with already inserted interfaces and the two adaptive analyses with criteria related to 

principal stress at the shell mid-surface and shell bottom. 

 

Figure 5-13 Load - vertical deflection responses of in-place and adaptive crack growth analyses of 
semi-cylindrical shell and comparisons with Ahmed et al. (2012) model 
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(a) In-place analysis 

 

(b) Adaptive analysis using principal stress at shell bottom 

 

(c) Adaptive analysis using principal stress at shell mid-surface 

Figure 5-14 Through-thickness damage evolution contour plot at shell vertical deflection = 1.0 
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(a) In-place analysis 

 

(b) Adaptive analysis using principal stress at shell bottom 

 

(c) Adaptive analysis using principal stress at shell mid-surface 

Figure 5-15 Through-thickness damage evolution contour plot at shell vertical deflection = 2.0 

5.4.2.2 Discussion 

Assessing the load-deflection curves in Figure 5-13, clearly shows that the adaptive crack propagation 

analysis reported by (Ahmed et al., 2012) is based on a stress criterion that considers the principal 

stress at the shell mid-surface. Meanwhile, a different response is obtained especially at the early 

stages of the analysis if the principal stress at the shell bottom is considered instead, and this is similar 

in response to the in-place analysis reported in the previous chapter.  

A further observation of the cohesive zone development ahead of the initial and emerging 

cohesionless crack as revealed in the contour plots Figure 5-14 and Figure 5-15 respectively shows 

that the criterion based on the stresses at the shell-mid surface delays the insertion of new interface 
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elements resulting into a shorter cohesive zone especially at the bottom of the shell thickness. As a 

result, more material points are damaged through the thickness rather than along the crack length as 

shown evidently in the early stages of cohesive crack growth depicted in the contour plots of Figure 

5-14(b) and Figure 5-14(c). Thus, resulting into higher overall shell moment resistance since less 

material points in the rather more susceptible bottom region of the shell are only being compromised 

at these early stages of the analysis. On the hand, adaptive analysis based on a more physically 

meaningful consideration of the most stressed bottom region of the shell as the sampling point, 

shows a fully developed cohesive zone length that is similar to the in-place analysis response. Thus, 

resulting into a rather lower overall moment capacity of the shell since more material points at the 

bottom of the shell and along its length are compromised especially at the early stage of the analysis.            

5.4.3 Surface fatigue crack growth in a plate subject to bending 

The last numerical example aims at adaptively simulating a surface fatigue crack in a 28 mm thick 

plate under pure bending. This problem was one of the test specimens in an experimental 

investigation undertaken by McFadyen et al. (1990). The plate has a length of 400mm and a width 

150mm and it contains an initial semi-elliptical crack in the midspan section of the plate located at its 

base, as illustrated in Figure 5-16(b), with dimension,  𝑎 = 0.9 and  𝑐 = 1.0. 

  

(a) Plate with semi-elliptical crack under pure bending (Dimensions in mm) 

 

(b) Cross-section through plate midspan showing initial crack geometry 

Figure 5-16 Plate with semi-elliptical crack under pure bending 
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The plate is modelled as an elastic material with Young’s modulus 𝑌 = 200GPa and Poisson’s ratio 𝜐 

= 0.330. Due to unavailability of real data regarding the fracture properties of the plate material, 

reasonable estimates of the relevant parameters associated with fracture, which is modelled here by 

the use of cohesive interfaces, have been used for illustration purpose. The monotonic cohesive 

properties of the interface are completely defined by the peak traction and the fracture separation 

energy. An estimated peak traction for the embedded interface material is taken as 𝑇  = 470MPa 

using the value between the plate material yield strength 𝜎  = 405MPa  and ultimate strength 𝜎  = 

513MPa (McFadyen et al., 1990), while the interface elastic stiffness 𝐸 = 1000GPa/mm. The fracture 

separation energy chosen for this example is 𝐺  = 50 N/mm. This value has been derived from an 

average estimate of steel fracture toughness found in the literature (Barsom, 1975; Yu et al., 2011). 

Finally, the fatigue parameters used are 𝛼 = 5.45x10-4 and 𝛽 = 0.012. 

A constant amplitude cyclic load of maximum and minimum values 16.64kN and 1.664kN, 

respectively, is applied through a pair of uniformly distributed line loads in the vertical direction and 

along the plate width, with distances 𝑏 = 150 mm from each of the edge supports, as shown in Figure 

5-16(a), leading to a state of pure bending over the middle 100 mm length of the plate. This load was 

obtained by ensuring that a bending stress of approximately 277MPa (McFadyen et al., 1990) is 

obtained at midspan as shown in Figure 5-17. This figure shows a constant distribution of Von Mises 

stress, largely from bending stresses, in the region between the application of loads and tapering in 

value towards the extremities of the simply supported plate. For illustration of the main features of 

the development to simulate fatigue crack growth under out-of-plane bending, a relatively high cycle 

jump size of 10000 cycles is used for this example and the material integration technique in Section 

3.5.3 is employed for the accelerated computation of fatigue damage. 
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Figure 5-17 Discretised plate model with Von Mises bending stress at plate bottom (MPa) 

It is worth noting that crack representation with the cohesive model is defined as the region with at 

least 99% value for the damage as considered in this study. As a result, the initial semi-elliptical crack 

at the base of the plate is introduced into the model by setting the damage value at the integration 

points within the affected region to 1.0. The resulting approximate initial crack input is shown in Figure 

5-18. The width of the initial crack on the plate surface is approximately 2.34mm, with a maximum of 

1.13 mm through the depth. 

 

Figure 5-18 Initial input crack (Note: Axes have been scaled up for visualisation) 

5.4.3.1 Results 

A plot of the simulated crack growth length against the number of cycles is provided in Figure 5-19. 

The fatigue crack growth rate is compared with experimental results and another solution using the 

semi-empirical Paris power law, with both presented in McFadyen et al. (1990)    
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Figure 5-20 describes the damage as well as the growth of cracks along the width of the plate and 

through its thickness at four stages of constant amplitude cyclic loading. Meanwhile, the evolution of 

bending stresses in the plate is shown in Figure 5-22 for the same four stages of cyclic loading as 

described in the associated figure. 

 

Figure 5-19 Fatigue crack growth rate 
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(b) 

 

(c) 

 

(d) 

Figure 5-20 Crack evolution along plate length and depth at various cycles 
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Figure 5-21 Section of fractured plate (McFadyen et al., 1990) 

                       

a) N = 2 x 105                    (b)  N = 4 x 105                    (c) N = 6 x 105             (d) N = 6.35 x 105 

                

Figure 5-22 Von Mises stress at plate bottom (MPa) at various cycles 
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5.4.3.2 Discussion 

Figure 5-22 Describes how the bending stresses in the plate intensify as the two crack tips propagate 

symmetrically along width of the plate under the influence of the cyclic bending load, while also 

growing through the thickness of the plate in a manner that preserves the crack development. 

Comparing the final shape of the fatigue crack growth simulation, Figure 5-20(d), with the 

experimental results, the current solution modelled with the discontinuous shell element gives a good 

and comparable result particularly along the length of the crack.  Although the current solution 

appears to over-damage through the thickness more than is observed in the experimental results, this 

can be attributed to the fact that the present formulation does not consider through the thickness 

enhancement, as such there are physically no crack tips located in the thickness direction that could 

facilitate proper description of the through-thickness stress intensity. Meanwhile, it is also thought 

that the presently considered bi-linear cohesive law alongside the simplistic description of fatigue 

damage evolution could also have impacted on the results. Nevertheless, the current solution in this 

work shows good potential in the present development and with sufficient refinements it is thought 

that the solution could be greatly improved. 

Likewise, comparing the fatigue crack growth curves in Figure 5-19 alongside with the experimentally 

observed results and the Paris’ power-law-based results which was derived result from evaluating 

stress intensity factors; The current solution also shows a good potential in describing the through-

thickness fatigue crack growth behaviour of the cracks under any form of loading. 

5.5 Summary 

This section has set out an efficient and systematic procedure through which adaptive fatigue crack 

propagation analysis can be carried out using a discontinuity enriched shell element  that benefits 

greatly from adaptive hierarchic enrichment.  

Through the numerical examples analysed above for the cases of pure in-plane monotonic and out-

plane cyclic loading scenarios, it has demonstrated the capability to undertake fatigue crack growth 

analysis within the newly developed integrated framework that saves computational time through the 

use of the cycle-jump technique and adaptive enrichment, while also enhancing the solution space 

through the infusion of higher-order hierarchic functions. 
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The analysis carried out here has also shown the great potential in the current formulation to simulate 

through-thickness crack growth which ordinarily falls within the purview of the rather computationally 

expensive 3D continuum elements. In addition, this section has also highlighted the significance of 

considering the through-thickness material point with maximum opening displacement as the 

sampling point for further cohesive crack initiation criterion for an adaptive cohesive crack growth 

analysis. 

Finally, it is thought that by employing a suitable enhancement of the through-thickness kinematics 

in the thickness direction, and using of a more sophisticated cohesive law, efficient cycle-by-cycle 

high fatigue crack growth analysis of real structures under in-plane or out-of-plane loading can be 

carried out realistically. 
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Chapter 6 

6 Fatigue crack growth in Rib-Deck Joint of Orthotropic Steel Decks 

For decades, orthotropic steel decks (OSDs) have continued to be a mainstay structural system for 

medium and long span bridges, owing to their comparatively high strength to weight ratio and speedy 

erection. They are composed of a deck plate stiffened longitudinally by uniformly spaced ribs and 

supported transversely by floor beams. The longitudinal rib can be made of open sections or closed 

sections. A sketch of a typical closed-rib OSD structural system is illustrated in Figure 6-1.   

 

Figure 6-1 A Typical closed-rib orthotropic steel deck structural system (OSDs) 

The closed-rib orthotropic steel deck (OSD) is considered superior in structural performance, as it is 

capable of distributing traffic load in both the secondary transverse direction and the primary 

longitudinal direction; it also possesses better rigidity against torsion and seismic loading. However, 

it has been found to be more susceptible to fatigue cracking especially at the joint between the deck 

plate and the stiffening U-rib. In this light, this section demonstrates the capability of the newly 

developed framework to describe qualitatively the key stages of stable fatigue crack growth in a rib-

deck connection detail prior to failure as investigated through an experiment undertaken by Cheng 

et al. (2017).  
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6.1 Fatigue cracks in rib-deck connection of orthotropic steel decks 

Since  the  detection  of  numerous  fatigue  cracks  in  a  number  of  existing closed-rib OSD bridges  

around  the  world (Wolchuk, 1990; Boersma and de Jong, 2003; Tsakopoulos and Fisher, 2003), 

concerns about their durability have spurred extensive investigation. The outcome of which led to the 

realisation that fatigue cracks have relatively high tendency to initiate early in OSDs along the many 

welded joints that are used to couple its components. One of the most fatigue sensitive details of 

orthotropic steel decks is the rib-deck connection accounting for over ninety percent of the fatigue 

cracks discovered on OSDs in the Netherlands (Boersma and de Jong, 2003) and about one-fifth of a 

few thousands of OSDs inspected in Tokyo (Zhang et al., 2017). Upon the discovery of these cracks, it 

became necessary to ascertain the criticality of any identified cracks, in order to plan maintenance 

and monitoring programs efficiently while the most effective renovation technique is investigated. At 

this stage, a suitable fatigue crack growth modelling capability is required to evaluate the severity of 

the fatigue crack in its current state and the same can be used for evaluating the effectiveness of any 

proposed renovation technique. 

As part of the on-going efforts to understand the mechanical behaviour of fatigue-prone rib-deck 

connection details of OSDs,  Cheng et al. (2017) conducted a series of investigations using flat steel 

plates welded on U-ribs and these test specimens were subjected to many constant amplitude cyclic 

loadings.  As reported in their published findings mentioned above, while they are able to detail the 

observed findings with respect to the fatigue failure of the rib-deck connection, there was lack of a 

mechanics-based description of the observed behaviour especially beyond the crack initiation stage.  

On this note, this section is an attempt to provide some mechanic-based perspective of the observed 

behaviour in the fatigue experiment referred to previously using the framework that has been 

developed in this research work. On the consideration of the potential inadequacy of the simple bi-

linear cohesive law to capture the fatigue crack growth rate phenomena in detail, as informed by the 

plate bending example of the previous chapter (Section 5.4.3), it is thought unnecessary to attempt 

to calibrate the fatigue parameters in a bid to match the experimental growth rate curves. On this 

basis, this section will aim to provide a qualitative discussion of the stable fatigue crack growth 

behaviour of a rib-deck connection to provide insights to the mechanics of fatigue cracking at the 

rib-deck connection of OSDs.   
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6.2 Problem description 

With reference to the experimental investigation by Cheng et al. (2017), a test specimen, consisting 

of a 16 mm steel plate symmetrically welded onto the two legs of a U-rib of 8 mm thick steel plate as 

described in Figure 6-2, was modelled. The modelled specimen was subject to cyclic patch loading 

for the purpose of understanding the fatigue behaviour of its deck-rib joint, from the crack initiation 

stage to final failure.  

 

Figure 6-2 Combined rib-deck test specimen 

 

Figure 6-3 Support system for rib-deck test specimen 

The considered ‘T’ specimen was restrained in the test by first welding a pair of rods onto the 

underside of the deck plate about 50 mm from each of the short edges of the plate. The whole test 

arrangement is then simply-supported by resting each of the welded rods on a built-up stop kit as 

illustrated in Figure 6-3. 

The mechanical properties of the material as reported in the experimental work is given in  Table 6-1. 
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Table 6-1: Mechanical properties of steel deck (16 mm) and rib (8 mm) 

 

 

A constant amplitude cyclic loading is delivered by a fatigue actuator unto the top face of the deck 

plate through a 50mm-rubber patch of 250 mm x 250 mm in size. The loaded patch is centred on the 

deck plate, and it is used to distribute the load over the patch area as described in the specimen detail 

of Figure 6-2.  

With the consideration that the development in this study is not formulated to predict crack initiation 

from a plain specimen, the reference point of the investigation is defined as the stage immediately 

after a crack of visible length is detected as reported in the experimental work. Thus, an initial crack 

of length 𝑐  = 10.523mm and depth 𝑎  = 3.858mm is located 30mm from the deck edge as illustrated 

in Figure 6-4(a). These details are informed by the reported crack initiation result of the experiment. 

The deck edge length is exactly as reported, while the experimental crack length of 10mm is being 

approximated. The experimental initial crack depth for the specimen under consideration as estimated 

from one of the reported figures is approximately a-fifth of the deck thickness compared to a value 

of 0.24mm used in this investigation. It is also worth noting that as is the case of the surface crack 

example considered in the plate bending problem example of the last chapter, the initial crack 

geometry as illustrated Figure 6-4(b)  is defined by setting damage values at the affected Gauss point 

to 1.0 signifying a completely damage interface material point. Therefore, an interface material point 

is regarded as a crack if its damage value exceeds 99%. 

The plate is modelled as an elastic material with Young’s modulus 𝑌 = 200GPa and Poisson’s ratio 𝜐 

= 0.330. The monotonic cohesive properties of the interface are completely defined by the peak 

traction and the fracture separation energy. An estimated peak traction for the embedded interface 

material is taken as  10% higher than the yield stress defined in Table 6-1, T  = 388.3MPa. This value 

and the assumption of elastic material is considered reasonable for this experiment since there is no 

reported case of any yielding around any of the two active tips nor through the thickness of the plate, 

and failure of all the specimens considered was sudden and brittle. Meanwhile, the interface elastic 

Plate thickness 
(mm) 

Yield stress 
(MPa) 

Ultimate tensile 
strength, (MPa) 

Young’s modulus 
(GPa) 

16 353 508 200 

8 400 495 19 
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stiffness, 𝐸 = 1000GPa/mm and two fracture separation energy were used for this example;  20 N/mm 

(Barsom, 1975). The fatigue parameters used are 𝛼 = 2.29x10-3 and 𝛽 = 0.012.  

 

(a) General model details 

 

(b) Initial crack  

Figure 6-4 Finite element model description including initial crack configuration 
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6.3 Results and Discussion 

The first two contour plots of Figure 6-5(a)-(b) highlight the distribution of the membrane and 

bending stress resultants over the deflected shape over the first load cycle, superimposed on the 

slightly exaggerated deflected shape of the structure. Then, each set of Figure 6-6 – Figure 6-9 

describe  the Von Mises stresses at the bottom of the plate. Alongside the stresses are contour maps 

showing the progression of fatigue damage at cycles N = 1, N = 3.95x105, N = 4.35x105 and N = 

4.75x105. These timelines are specifically selected as key stages which define the fatigue behaviour of 

the structure. The evolution of the initially inserted crack is also shown for each the four cycles 

considered. Additional details showing the mode of deformation of the embedded cracks for N = 

3.95x105 cycles, showing a predominantly Mode I crack growth (Figure 6-10) and for N = 4.75x105 

cycles consisting of normal opening of the crack as well as tearing in the out of plane (Figure 6-11). 

Finally, the traction and fatigue damage history of two material points, as illustrated on each of the 

figures, located within the same cross-section but at bottom and top fibre of a section are presented 

in Figure 6-12 and Figure 6-13. Each of the figures describes the time history of the three crack 

deformation modes and their respective effective displacement. The above-mentioned four timelines 

at cycles N = 1, N = 3.95x105, N = 4.35x105 and N = 4.75x105 are being emphasised with vertical lines 

highlighting the stress state of the selected material point at each level of loading. 

6.3.1 Rib-deck section behaviour under fatigue loading  

The general behaviour of the crack-containing rib-deck specimen under cyclic loading as explained 

in the preamble can be divided into three stages. 

As the load increases in the first cycle to its maximum, the response of the structure is fundamentally 

a deck plate bending  behaviour in the x-direction with little contribution from the rib, except at the 

rib-deck joint, which is as a result of the joint rotation restricted by the bottom flange . This is evident 

in the distribution of stresses in the deck plate Figure 6-5 , with maximum stress in the midspan and 

at the free edges on both sides of the deck. As the cyclic loading progresses, both the two surface 

crack tips propagate predominantly in the normal opening mode, Mode I, along the length and 

through the 16 mm thick deck plate.  
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On reaching the deck edge, the outer crack tip runs through the depth very quickly under the 

influence of no-material constraint at the free edge of the deck. This transition as shown in Figure 6-8 

results into a transition from Mode I growth of the outer tip into a combination of Mode I, normal 

opening mode, and Mode III, tearing displacement mode. This fundamental change in crack behaviour 

causes the crack to effectively damage the initially intact top material, thus resulting into brittle 

fracture of specimens with the same load case as considered in the experiment. This is evident in the 

damage plots for the two sampled material points along the same cross-section of the plate, as 

illustrated in Figure 6-12 and Figure 6-13. The figures show how the bottom located material point is 

damaged under the previous Mode I crack growth, and thereafter the top fibre becomes damaged 

under a tearing type of failure which is as reported in the experimental investigation. 

  

 

Figure 6-5 Bending stress resultants (N/mm2) at N = 1 cycle 



Chapter 6 - Fatigue crack growth in Orthotropic Steel Deck 

 

149 
 

 

(a)  Von Mises stress distribution at shell bottom section (MPa), N = 1 cycle 

 

(b) Interface fatigue damage plot at N = 1 cycle (Length is along y-axis of (b))  

Figure 6-6 Stress state N =1 cycle  - Von Mises (N/mm2) and interface fatigue damage plot 
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(a)  Von Mises stress distribution at shell bottom section (MPa),  at N = 3.95x105 cycles 

 

(c) Interface fatigue damage plot at N = 3.95x105 cycles (Length is along y-axis of (b)) 

Figure 6-7 Stress state at N =3.95x105 cycles  Von Mises (N/mm2) and interface fatigue damage plot 
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(a)  Von Mises stress distribution at shell bottom section (MPa),  at N = 4.35x105 cycles 

 

(b) Interface fatigue damage plot at N = 4.35x105 cycles (Length is along y-axis of (b)) 

Figure 6-8 Stress state at N =4.35x105 cycles  - Von Mises (N/mm2) and interface fatigue damage 
plot 
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 (a)  Von Mises stress distribution at shell bottom section (MPa),  N =4.75x105 cycles 

 

(b) Interface fatigue damage plot at N =4.75x105 cycles  (Length is along y-axis of (b)) 

Figure 6-9 Stress state at N =4.75x105 cycles  - Von Mises (N/mm2) and interface fatigue damage 
plot 
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Figure 6-10 Deflected shape at cracking joint (N = 3.95x105 cycles) – predominantly Mode I crack 
growth 

 

Figure 6-11 Deflected shape at cracking joint (N =4.75x105 cycles) –  full transition Mode I +III crack 
growth 
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Figure 6-12 Damage and traction history of an extreme bottom fibre – sample point B 

 

Figure 6-13 Damage and traction history of an extreme top fibre – sample point T 
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6.4 Summary 

 

An application study has been presented in this chapter, utilising the developments undertaken in 

this work, which is aimed at rationalising the fatigue growth behaviour of a rib-deck connection with  

a small initial crack. Considering a deck plate of length 1000mm and width 400 mm, an initial crack of 

length 𝑐  = 10.523mm and depth 𝑎  = 3.858mm, is located along the width of the deck plate and 

30mm from the deck edge. This corresponds to a fatigue failure experiment undertaken by Cheng et 

al. (2017) as part of many ongoing investigations. 

The study has shown how the crack behaviour progresses steadily in a normal opening Mode I crack 

growth and under the active bending stresses peaking at the extreme bottom fibre of the deck plate 

where the initial imperfection is introduced.  On reaching the closest deck edge, the crack rapidly  

propagates through the thickness of the deck plate under the influence of high stress concentration 

due to lack of material restraint at the free edge. This complete through-thickness growth of the outer 

crack tip changes the fundamental behaviour of the fatigue crack from pure Mode I growth in its 

bottom fibre in a combined Mode I, normal opening, and Mode III,  tearing shear crack growth. This 

combination evidently is too severe for the remaining undamaged top section containing the crack 

to sustain, thereby resulting in a rapidly increasing crack growth before eventual failure, which accords 

well with experimental observation.   
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Chapter 7  

7 Conclusions 

In this study, a new mechanics-based framework to undertake fatigue crack growth analysis has been 

developed especially for application to real structures subject to a large number of cycles. Undertaking 

the numerical analysis of real sizeable structures subject to cyclic loading can be prohibitive, especially 

when it involves a large number of cycles, and allowing for a cycle-by-cycle analysis of fatigue cracking 

can be near to impossible in such cases. This study has proposed two key solutions where the 

computational demand of analysing fatigue crack growth in these cases can be reduced. 

The next section summarises the main contributions of this work and related conclusions. Despite the 

success of the newly developed approach, as highlighted through verification and application 

examples, some limitations have been identified. In this respect, the final section makes 

recommendations for future research aimed at improving the mechanics-based simulation of fatigue 

crack growth in metallic structures.  
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7.1 Summary 

This section highlights the key developments undertaken in this work relating to efficient modelling 

of fatigue crack growth, namely the new material integration (MI) technique developed within the 

cycle-jump framework, the development of a 12-node nonlinear interface element and the adaptive 

fatigue crack growth capability utilising the novel discontinuous shell element.  

7.1.1 Cohesive zone models with cycle-jump technique  

This work has demonstrated that the cohesive zone model in conjunction with a suitable traction-

separation law and a supplementary damage evolution, which allows cracking to emerge on a cycle-

by-cycle basis, is a valid tool for fatigue crack propagation analysis. The technique does not require 

any ad hoc empirical growth law or any crack tip characterisation parameter. The evolution of the 

crack under monotonic or cyclic loading is purely based on the stress state around the crack tip, and 

the surface energy needed for crack formation is dissipated by the use of special interface elements 

attached to the boundaries of bulk elements. Meanwhile, the elastic and plastic property of the 

mathematical model is considered in the bulk elements.  

However, the use of cyclic cohesive zone models for fatigue crack growth studies becomes impractical 

for real structural components due to the enormous number of loading cycles involved. Therefore, a 

cycle-jump technique has been utilised and enhanced in this study to accelerate fatigue damage 

computations. A newly developed material integration (MI) technique computes an accelerated 

fatigue damage by integrating the cohesive law at the material level between two levels of extreme 

opening displacements over a suitable number of cycles. Comparisons with existing techniques such 

as the linear extrapolation technique (LE) and the linear scaling (LS) technique demonstrates its 

capability to approximate the acceleration of fatigue damage over a sizeable block of constant 

amplitude loading cycles, thereby achieving a faster computation for an otherwise impracticable 

numerical cycle-by-cycle solution. 

Relating to the use of cohesive zone models, this work has also developed a 12-node interface 

element that can be combined with 3D continuum element to model crack growth especially with 

already defined interface.  The interface is capable of characterising crack growth under monotonic 

and cyclic loading. 
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7.1.2 Adaptive fatigue crack growth with discontinuous shell element 

A new discontinuous shell element has been developed especially for adaptive fatigue crack growth 

analysis. The newly proposed formulation has been developed within the large displacement 

co-rotational framework with benefits of efficiency and simplicity in element formulation, especially 

in the treatment of cracks under bending. The majority of the available discontinuous elements for 

modelling damage are plane elements with limited applications, and the few discontinuous shell 

elements available have somewhat complicated treatment of discontinuous rotation fields (Areias and 

Belytschko, 2005; Ahmed et al., 2012).  The proposed discontinuous shell element addresses both 

these limitations. 

An adaptive technique has been proposed which allows cracks to be adaptively inserted through the 

definition of a crack advancement scheme that is consistent with both in-plane and out-of-plane crack 

growth.  Of importance is the additional hierarchic enrichment which benefits greatly the adaptive 

technique considered, where immediate elements surrounding crack tips and crack segments are 

selectively enriched with higher order polynomials.  As a result, the solution is enhanced locally where 

refinement for accuracy is required the most, thereby reducing the computational demand that would 

otherwise make the solution impracticable, particularly for large structures under cyclic loading. This 

is particularly useful for large structural systems subject to high cycle fatigue, a combination that can 

pose excessive computational demands. 

7.2 Recommendations for future work 

This section highlights the identified areas for future improvement in relation to the proposed cycle-

jump technique and adaptive fatigue crack growth with discontinuous shell elements.  

7.2.1 Cycle-jump technique 

The developed cycle-jump technique has been shown to be beneficial for cases of reasonable cycle-

jump sizes. However, the technique has the tendency to over-estimate crack growth life for relatively 

large cycle-jump sizes. There is a need to investigate further on this aspect and proffer a more refined 

solution that can allow for larger cycle-jump sizes.  

Also, there is a need to investigate the technique using other cohesive zone models that possess 

better sophistication, especially in relation to mixed-mode crack growth in metals and to physical 
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parameters that can be calibrated experimentally and that are descriptive/intrinsic material properties 

relatable to fatigue crack growth. 

7.2.2 Adaptive fatigue crack growth 

The numerical examples considered in this study have mainly considered Mode I fatigue crack 

propagation. In this respect, it would be beneficial to extend the application to problems involving 

multimodal crack growth as this would offer a more extensive application to complex crack 

propagation behaviour. 

The current formulation has not considered properly the contact behaviour of crack flanks under 

compressive forces. For general loading scenarios involving a combination of significant shear and 

compressive forces, there is a tendency for fatigue crack growth to be impeded as a result of contact 

friction of the fully cohesionless crack flanks. Hence, the development will benefit greatly if enhanced 

with suitable contact kinematics in order to describe such an important phenomenon that has been 

reported to cause roughness-induced crack closure (Pippan et al., 2004)). 

Two examples have considered the potential use of shell elements to model the behaviour of through-

thickness cracks especially under bending behaviour. The behaviour of surface cracks under 

monotonic or cyclic loading is essentially a 3D phenomenon with continuous line distribution of crack 

tips through the thickness, thus requiring an adequate representation of through-thickness stress 

intensity. It is thought that a shell element such as developed in this study can potentially be used in 

place of 3D continuum elements for computational savings especially in relation to fatigue crack 

studies if sufficiently enhanced to characterise stress intensity in the thickness direction. 
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