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Abstract

This thesis applies the techniques of non-archimedean geometry to the study of degenera-
tions and compactifications of algebraic varieties. The central object we investigate is the
so-called essential skeleton, a combinatorial object that lies embedded in non-archimedean
spaces and encodes an important part of the geometry of the space. This originates in
the work of Kontsevich and Soibelman on mirror symmetry, an important development in
algebraic geometry that has its roots in mathematical physics. The interplay of the theory
of Berkovich spaces, the ideas of mirror symmetry and the tools of birational geometry
gives form and meaning to the study of the essential skeleton.

Chapters 3 and 4 are built on the research paper The essential skeleton of a product of
degenerations, in collaboration with Morgan Brown [BM19]. We establish the behaviour
of the essential skeleton under some natural operations, and we merge the language of
logarithmic geometry into the construction of Berkovich skeletons. As main application,
we compute the essential skeleton of some degenerations of hyperkédhler varieties. We
consider Hilbert schemes of a semistable degeneration of K3 surfaces, and generalised
Kummer constructions applied to a semistable degeneration of abelian surfaces. In both
cases we find that the dual complex of the 2n-dimensional degeneration is homeomorphic
to a point, n-simplex, or CP", depending on the type of the degeneration and in accordance
with the predictions of mirror symmetry.

Chapters 5 to 7 are based on the joint work Essential skeletons of pairs and the geomet-
ric P=W conjecture with Mirko Mauri and Matthew Stevenson [MMS18]. We introduce
and study an explicit formulation of the weight function, a key tool to define the essential
skeleton, in the case of varieties defined over a non-archimedean trivially-valued field. As
a result, we employ these techniques to compute the dual boundary complexes of certain
character varieties: this provides the first evidence for the geometric P=W conjecture in
the compact case, and the first application of Berkovich geometry in non-abelian Hodge

theory.
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We investigate the essential skeleton, as geometrical figure which is able to establish strik-
ing connections among different mathematical worlds. With a pinch of irony, we think of
this as an essential skeleton in the closet, hence a secret tool whose discovery and disclosure

cause surprise and a new perception of some mathematical challenges.

Q
o

A non-archimedean illustration of an essential skeleton in the closet: dual complexes
and infinite tree of valuations face an imaginative torus fibration. The inspiration
of this picture is a caricature from 1792 which depicts the skeleton of Count of
Mirabeau in the closet of king Louis XVI of France, regarding a scandal of duplicity
at the time of the French Revolution. (Picture by Mirko Mauri)
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Notation

Throughout we keep largely to the following notation.

<X7 A)

A= oA
Diffjy, (A)
logCY
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dlt

Xbir

Y 'mon

Xdiv

= (& | |z)

ker: X°* — X

Z

2K

v

D(:)
DMR(X, A)
Ax B

pair

boundary, with «; € (0, 1]
different of (X, A) with respect to a stratum W
log Calabi-Yau

simple normal crossing

log canonical

divisorially log terminal
non-archimedean field
valuation ring of I

maximal ideal of K°

residue field of K°

Gauss extension on K
discretely-valued field
valuation ring of K

residue field of R

affine space associated to R
closed point of S

Berkovich analytification of X
J-analytification of X
subspace of birational points
subspace of monomial points
subspace of divisorial points
point of the Berkovich space
kernel map

model over S

generic fibre of the model 2~
special fibre of the model 2
dual complex

dual complex of a lc pair

join of the topological spaces A and B
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Introduction

The theory of Berkovich spaces was introduced in the late 1980s by Vladimir Berkovich
as a new approach to non-archimedean analytic geometry. Refining the notion of a rigid
analytic space conceived by Tate in [Tat71], Berkovich spaces are at the same time gener-
alizations and geometrical analogues of complex manifolds. In particular, this theory as-
sociates, to each variety defined over a non-archimedean field, a space called the Berkovich
analytification, with nice topological properties, which reflect and illuminate the geometry
of the underlying variety. This approach has been successfully applied in several domains
of mathematics, ranging from moduli spaces, birational geometry and mirror symmetry

to Arakelov geometry, p-adic analysis and complex dynamics.

One of the fundamental concepts underlying the importance of Berkovich spaces in
algebraic geometry is the notion of skeletons. These arise naturally in the context of
degenerations or compactifications of algebraic varieties. In these situations, Berkovich
geometry provides a natural framework for studying properties of the original variety in

terms of those of the degenerate fibre or boundary divisor.

The focus of this thesis is on the notion of essential skeleton, a canonical and minimal
skeleton which captures the fundamental geometric structure of a Berkovich analytifica-
tion. Inspired by [KS06] and then developed in [MN15; NX16], the geometry of essential
skeletons enjoys a deep connection with mirror symmetry and birational geometry. The
results presented in the following chapters build on and strengthen this interplay, which
we will now elaborate on; for a more exhaustive treatment and additional background we
refer to the surveys [Grol3; Nicl6].



2 Chapter 1. Introduction

1.1. Essential skeleton

1.1.1. Mirror symmetry

Mirror symmetry is a fast-moving research area at the boundary between mathematics
and theoretical physics. Originated from observations in string theory, it suggests the
existence of a duality between Calabi—Yau manifolds, complex manifolds with a nowhere
vanishing holomorphic form of maximal degree. It predicts that every Calabi-Yau manifold
X should have a mirror partner X , such that the complex geometry of X is equivalent
to the symplectic geometry of X, in some appropriate sense, and vice versa. Explicit
constructions and concrete applications of this idea have led to important results. For
instance, in [COGP91] the numbers of rational curves of fixed degree on the quintic three-
fold were predicted by performing certain period calculations on the mirror partner, at a

time where these numbers were far beyond the reach of algebraic geometry.

The search for a rigorous definition of a mirror pair, and for methods to construct
mirror partners still remains an open challenge, but good progress has been made. Indeed,
in the mid-nineties three approaches arose: a combinatorial explanation due to Batyrev
and later generalised by Batyrev and Borisov [Bat94; BB96a; BB96b] uses toric geometry
and a duality for lattice polytopes to construct mirror pairs of complete intersections in
toric varieties. A categorical formulation introduced by Kontsevich [Kon95] under the
name of homological mirror symmetry expresses mirror symmetry as an equivalence of
categories, the Fukaya category of X and the derived category of coherent sheaves on X.
A concrete geometric interpretation proposed by Strominger, Yau and Zaslow in [SYZ96]

relates mirror symmetry to a duality between fibres of Lagrangian torus fibrations.

1.1.2. SYZ conjecture

In its current formulation, the Strominger—Yau-Zaslow (SYZ) conjecture concerns Calabi—
Yau manifolds in certain degenerating families rather than individual manifolds. More
precisely, we consider a projective family (X;); of Calabi—Yau varieties of dimension n
over a punctured disk, such that the family is maximally degenerate. The condition of
maximal degeneracy, also called large complex structure limit, means that the monodromy
operator on the degree n cohomology of X; has a Jordan block of maximal size, that is
n+ 1.

Conjecture 1.1.2.1 (SYZ conjecture). A general fibre Xy admits a fibration p : X; —
S, whose fibres are special Lagrangian tori, away from a locus of codimension 2 in the base
S. Moreover, the mirror partner X, of X; is obtained by dualizing the special Lagrangian

toric fibres of p and by suitably compactifying the resulting space.
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1.1.3. Gromov—Hausdorff limit

In [GW00; KSO1] a metric approach is adopted to describe the base S of the conjectural
SYZ fibration, and more generally to explain the structure of Calabi—Yau manifolds near
the large complex structure limit. If we fix a polarization on (X;);, then by Yau’s theorem
every smooth fibre X; carries a canonical Ricci-flat metric g¢'¥. We rescale the metrics to
obtain a family of Ricci-flat manifolds (X, g:) with bounded diameter.

On the set of compact metric spaces we consider the notion of Gromov-Hausdorff
distance: roughly speaking, we say that two metric spaces My and My are e-close if there
exists a metric space M containing both M; and M, such that M; belongs to the e-
neighborhood of Ms and vice versa. From a result by Gromov, see [Pet06, §10, Corollary
31], the space of compact Ricci-flat manifolds with bounded diameter is precompact,
hence any sequence of such manifolds admits a converging subsequence with respect to
the Gromov—Hausdorff distance. We note that a priori the Gromov—Hausdorff limit of a
given sequence is non-unique, as it may depend on the choice of the subsequence, and is
just a metric space. However, in the setting of the SYZ fibration such limit is expected
to be unique, and in [Odal8, §3] Odaka proves its uniqueness when the manifolds X; are

principally polarized abelian varieties.

Conjecture 1.1.3.1. [KS501, §3.1, Conjecture 1] The limit (B,gg) of (X¢, g¢) in the

Gromov-Hausdorff metric as t — 0 is such that

(i) (B,gB) is a compact metric space, which contains a smooth oriented Riemannian
manifold (B*™, ggsm) of dimension n as a dense open metric subspace, and the Haus-

dorff dimension of B\ B*™ is less than or equal to n — 2;

(ii) B*™ carries an integral affine structure, that is B™ admits an atlas of charts such
that the transition functions belong to GL(n,Z) x R™;

(iii) the metric ggsm has a potential, that is ggsm is locally given in affine coordinates by

a symmetric matriz (gi;) = (0°F/0z;0x;), where F is a smooth function;

(iv) the real Monge—Ampére equation is satisfied, that is in affine coordinates the metric
volume element det(g;;) = det(9*F/dx;0z;) is constant.

A metric space satisfying the conditions (i) — (iv) is called an integral Monge-Ampeére
manifold, and given such a manifold there exists a well defined and canonical notion of

dual integral Monge-Ampeére manifold.

Conjecture 1.1.3.2. [K5006, §5.1, Conjecture 2] Smooth parts of Gromov—Hausdorff lim-

its of dual families of Calabi—Yau manifolds are dual integral Monge—Ampére manifolds.

In the above conjecture, the duality of mirror symmetry is explained in terms of
Gromov—Hausdorff limits, and integral Monge—Ampére manifolds can be viewed as real

analogues of Calabi—Yau manifolds. Indeed, given an integral Monge- Ampeére manifold one



4 Chapter 1. Introduction

can construct a 1-parameter family of non-compact Calabi—Yau complex manifolds, each
of which is a torus bundle over BS™. A further conjecture by Kontsevich and Soibelman
[KSO01, §3.1, Conjecture 2] predicts that the family of these torus fibrations is metrically
close to the family (X, g¢); outside of a singular set. This implies that the base S of the
SYZ fibration in Conjecture 1.1.2.1 is expected to be isometric to the Gromov—Hausdorff
limit B.

Finally, we note that Conjecture 1.1.3.1 has been recently established for the case of
K3 surfaces by Odaka and Oshima [OO18].

1.1.4. Non-archimedean picture

We consider, in particular, the algebro-geometric setting in which X is a Calabi—Yau
variety over K = C((t)), that is a smooth projective scheme over K with trivial canonical
line bundle. Consistently with the setting of the SYZ conjecture, we assume that X is
maximally degenerate, and moreover that it extends to a projective semistable model 2
over R = C[[t]], that is a projective regular scheme with reduced strict normal crossing
(snc) degenerate fibre 2.

A natural question, raised by Kontsevich and Soibelman and concerning such Calabi—
Yau varieties, is whether it is possible to define B and calculate the Monge-Ampeére man-
ifold (B%™, gpsm) purely algebraically, without the use of transcendental methods and
Calabi—Yau metrics. As first insight on this problem, they suggest to relate the met-
ric limit, the Gromov-Hausdorff limit of the family, to the algebro-geometric limit, the
degenerate fibre Zy. Roughly speaking, the limit B should coincide with (a canonical
subcomplex of) the dual intersection complex D(Zy) of Zp. This is a finite simplicial
complex that encodes the combinatorics of the irreducible components of the divisor £y
and their intersections. Indeed, it has as many vertices v; as the irreducible components
D; of Zp, and a simplex < vj, ..., v; > for each component of D;, N...N D; # 0.

A different choice for the model 2 corresponds to a birational modification, and
determines a different dual complex with the same homotopy type of D(%Zp) [Dan75;
Ste06]. The search of a canonical complex associated to X leads to the notion of essential
divisors [KS01, §3.3]. An irreducible component D of 2 is called essential if the order of
vanishing at D of a global volume form w on X is minimal among all components of 2.
More generally, a simplex < v;,...,v; > is essential if all D;, are essential.

Finally, to determine the smooth part B and its integral affine structure from the
subcomplex of essential simplices in D(Zy), Kontsevich and Soibelman propose to use

ideas from Berkovich’s theory of non-archimedean analytic spaces; see Conjecture 1.1.7.2.

1.1.5. Essential skeleton

Let X be a smooth proper variety over K = C((t)). The Berkovich analytification of X in
the sense of [Ber90; Ber93], denoted X?", is a space of valuations associated to X. More

precisely, X" is the topological space consisting of real valuations on the residue fields of
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X that extend the t-adic valuation on K. In particular, we denote by X" the subspace of
valuations defined on the function field of X. In recent years, there has been much interest
in certain combinatorial subspaces of X®" onto which X?" admits a strong deformation
retraction, called skeletons. One common source of skeletons are the dual complexes of
suitable models of X over R = C[[t]].

Consider a proper regular scheme 2" over R whose base change to K is isomorphic to
X and whose central fibre is an snc divisor. Given such a model 2", the order of vanishing
along a component D of the special fibre Z( defines a valuation, called divisorial, on the
function field of X, and hence a point of X", In this way, the vertices of the dual complex
of Zp are embedded in X*". The results in [Ber99; MN15] show that this extends to an
embedding of the entire dual complex D(Zp) into X"*; the image, denoted Sk(.2"), is called
the skeleton of 2. Moreover, the embedding admits a canonical continuous retraction
pa » X* — Sk(Z"), which is a strong deformation retraction by [Ber99; Thu07].

The Berkovich skeletons all depend on the auxiliary choice of a model, and they are not
intrinsic to the variety X in question. Inspired by the work of Kontsevich and Soibelman,
and motivated to construct a canonical skeleton in X®", Mustata and Nicaise introduce
in [MN15] the notions of weight functions and of the essential skeleton of X.

The weight functions are real-valued functions associated to pluricanonical forms on
X; roughly, given a pluricanonical form w and an irreducible component D in %y, the
weight function wt,, measures the order of vanishing at D of the form w. These functions
are piecewise affine on the Berkovich skeleton of any snc model of X and strictly increasing
as one moves away from the Berkovich skeleton. Thus, the locus in X" where the weight

functions attain their minimal value is contained in any Berkovich skeleton.

Definition 1.1.5.1. The essential skeleton of X is

Skess(X) — U {LL’ c XdiV| wty, (.I) is minimal } C Xbir

where w runs through the set of non-zero regular pluricanonical forms of X and X4V

denotes the set of divisorial valuations.

It follows from the definition that the essential skeleton is a birational invariant of X
and is a union of faces in any Berkovich skeleton. From the study of the weight functions
on Berkovich curves in [BN16], we deduce that pluricanonical forms, not only canonical
forms, are needed in the definition of the essential skeleton, and moreover, that in general
different pluricanonical forms have different minimal loci. In order to analyse further

properties of the essential skeleton, one can apply the techniques of birational geometry.

1.1.6. Birational geometry

An alternative approach to determine a canonical dual complex associated to a variety
over K = C((¢)) is by enlarging the class of models of X we can work with. Indeed, if X

has dimension 1, one can consider the unique minimal snc model of X, in the sense of the
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minimal model program (MMP): this determines a distinguished homeomorphism class
with the homotopy type of the dual complex of any snc model of X. In higher dimension,
minimal snc models do not always exist, so we take into account divisorially log terminal
(dlt) models. These can be viewed as snc models with mild singularities, such that the
dual complex is still well defined. Even if dlt models of X are not unique, the skeleton
does not depend on the choice of a minimal dlt model, hence its homeomorphism type is

an invariant of X.

Theorem 1.1.6.1. [NX16, Theorem 3.3.3] If the canonical line bundle of X is semiample,
then the essential skeleton Sk®*(X) coincides with the skeleton Sk(Z") of any minimal dlt
model 2~ of X.

Therefore, to construct a canonical skeleton in X" one can rely on the techniques of
birational geometry (minimal dlt models), or alternatively use tools from non-archimedean
geometry (weight functions). These methods express a minimality condition in two differ-
ent ways, but both determine the same canonical and minimal skeleton of X topologically.

Depending on the purpose, one approach might be more suitable than the other. For
instance, by the birational characterization of the essential skeleton and the results in
[dFKX17], one proves that the map pg : X" — Sk(Z") = Sk**(X) is a strong deforma-
tion retraction, as for any Berkovich skeleton. Moreover, by means of the techniques of
birational geometry further interesting properties of the map p 4 are established; see The-
orem 1.1.7.3. Nevertheless, the advantage of the non-archimedean viewpoint is that the
dual complex D(Zp) for any minimal dlt model 2" is embedded in the topological space
X2 and the faces of D(Zp) can be singled out as minima of weight functions without
constructing explicitly the model. In the main results of Chapter 4 and Chapter 7 this

approach turns out to be especially convenient.

1.1.7. Non-archimedean SYZ fibration

The non-archimedean interpretation of mirror symmetry continues with the following series
of ideas, starting from a non-archimedean analogue of a Lagrangian fibration.
Let G,,, = Spec(K [z, 271]) be the multiplicative group over K = C((t)) and n a positive

integer. The tropicalization map of GJ,
prrop : (G)™ = R™ = (v1,...,vn) = (v1(2),...,vn(2))
is a continuous map whose fibres are K-affinoid tori.

Definition 1.1.7.1. [KS06, §4.1] A continuous map f : Z — W from a smooth K-analytic
space of dimension n into a Hausdorff topological space W is an n-dimensional affinoid
torus fibration if for every point w € W there is a neighborhood U such that the map
f~YU) — U is isomorphic to pt_nl)p(V) — V for some open subset V' C R”", that is there

exists a commutative diagram
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FHU) === paop(V)

fJ lptrop

Uv—= Vv

such that the top horizontal map is an isomorphism of K-analytic spaces and the lower

horizontal map is a homeomorphism.

An affinoid torus fibration f : Z — W induces an integral affine structure on W
[KS06, §4.1, Theorem 1]. Then [KS06] formulates a conjecture which relates the Gromov-
Hausdorff limit of a Calabi-Yau variety with non-archimedean geometry, and yields a

description of the integral affine structure on B%™ in purely algebraic terms.

Conjecture 1.1.7.2. [KS06, §5.2, Conjecture 3] Let X be a maximally degenerate
Calabi-Yau variety over K of dimension n. There exists a map pan : X*™ — B such
that

(i) B*™ coincides with the set of points of B on which the map pay is an n-dimensional

affinoid torus fibration;

(ii) the integral affine structure on B*™ induced by the Gromov—Hausdorff limit coincides

with the integral affine structure induced by the affinoid torus fibration.

Building on the suggestion that the Gromov—-Hausdorff limit B should coincide with
the essential skeleton, Nicaise, Xu and Yu describe the origin of an integral affine structure

on the essential skeleton which is expected to match the properties of Conjecture 1.1.7.2.

Theorem 1.1.7.3. [NXY18, Theorem 6.1] Let 2 be a minimal dlt model of X. The
retraction pg @ X — Sk®3(X) associated with 2~ is an n-dimensional affinoid torus
fibration away from a locus of codimension 2 in the base, which consists of the simplices
in Sk(Z") of codimension > 2.

Although it does not solve the original SYZ conjecture, this outstanding result may
be used for the ultimate aim of mirror symmetry, the construction of the mirror partner.
In this perspective, the tools of differential and symplectic geometry are replaced by the
non-archimedean SYZ fibration, and by non-archimedean enumerative computations and
wall-crossing structures [KKS06; KY18; Yul6a; Yul6b].

1.2. Questions

The relation of the essential skeleton to the geometry of dual complexes, the structure of
minimal models and the conjectures in mirror symmetry make its structure deserving of
further investigation. Natural and interesting questions arise regarding the properties of

the essential skeletons and the following are particularly relevant to this thesis.
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1. Can we explicitly compute the essential skeleton as a topological space? Which
geometric features of X are reflected in and constrain Sk®°(X)? In the setting
of mirror symmetry, do such computations confirm the predictions and strengthen
the conjectural connection between the Gromov—Hausdorff limit and the essential

skeleton?

2. How is Sk®®(X) related to other algebro-geometric or metric constructions on X7
For instance, does the formation of Sk*®(X) commute with natural operations in

algebraic geometry?

3. Can we generalize the formation of the essential skeleton to the setting of pairs
(X, D) or to varieties over other non-archimedean fields? Inspired by the case of the
SYZ conjecture, are there other contexts where a non-archimedean interpretation

might provide a new viewpoint on the subject?

Concerning 1, we mention that the essential skeleton has been computed in a few

important cases.

- If X is a K3 surface over K = C((t)) with semistable reduction, then, by Kulikov
classification of degenerations of K3 surfaces [Kul77], Sk®%(X) is either a point, a
closed interval or a sphere S?, depending only on the type of X, that is the nilpotency

index of the logarithm of the monodromy operator on the second cohomology group.

- If X is an abelian variety, then the essential skeleton coincides with Berkovich’s
canonical skeleton for an abelian variety [HN17]; in particular, if X has semi-abelian
reduction, then Sk(X) is homeomorphic to a real torus (S1)“X), where #(X) de-

notes the toric rank of the reduction of X.

- If X is a maximally degenerate strict Calabi—Yau variety of dimension n over K,
that is X is geometrically simply connected and the Hodge numbers h*(X) = 0
for 0 < ¢ < n, then Sk**(X) is a closed pseudomanifold of dimension n with the
rational homology of a sphere S” [NX16]. In [KX16] it is proved that Sk®*(X) is
homeomorphic to S” when n < 3 and there are partial results when n = 4; in general,

it is expected to be homeomorphic to S™.
- The case of hyperkdhler manifolds is treated in detail in Section 1.3.

Our research aims for the answer to these questions and this manuscript is concerned
with the positive outcomes. In the following sections, we report on the main results and

on the techniques developed along the way.

1.3. Essential skeleton of hyperkéahler varieties

In [BM19] in collaboration with Brown, we consider certain degenerations of hyperkahler

varieties. By the analysis of the weight function and its locus of minimality, we compute
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the essential skeleton; this proves certain predictions from mirror symmetry and gives a

positive answer to Question 1. These results are the subject of Chapter 4.

1.3.1. Degenerations of hyperkihler varieties

Hyperkéhler varieties are very important in the birational classification of algebraic vari-
eties. Indeed, by Beauville-Bogomolov’s decomposition theorem, any Calabi—Yau manifold
can be decomposed, up to a finite cover, into a product of irreducible factors of three types:
abelian varieties, strict Calabi-Yau varieties, and hyperkéhler varieties [Bea83]. We recall
the definition.

Definition 1.3.1.1. A smooth projective variety is said to be hyperkéhler if it is simply
connected and the space of its global holomorphic 2-forms is spanned by a symplectic

form. Such a variety has necessarily trivial canonical line bundle and has even dimension.

Example 1.3.1.2. Up to deformation, few examples are known. For any K3 surface
S, the Hilbert scheme S of n points on S is hyperkéhler. Another family arises from
generalizing the Kummer construction: let A be an abelian surface, then the Hilbert
scheme Hilb" ™! (A) admits a multiplication map to A and the fibre K, (A) over the identity
is a hyperkéhler variety. Together with two examples due to O’Grady in dimension 6 and
10 [O’GO03; O’G99], these four constructions give the only known deformation classes of

hyperkahler varieties.

Families of 2n-dimensional hyperkéhler manifolds over a punctured disk A*, and sim-
ilarly hyperkéahler varieties over K = C((t)), are distinguished into three types (I, II and
III), according to the nilpotency index of the monodromy operator on the second coho-
mology group. By [NX16, Theorem 4.1.10] and [KLSV17, Proposition 6.18], a type III
degeneration is equivalent to a maximally degenerate family, which we recall means that
the monodromy operator on the 2n-th cohomology group has a Jordan block of size 2n+1.
We expect that the topology of the essential skeleton is determined by the type; a first

evidence is provided by Kollar, Laza, Sacca and Voisin.

Theorem 1.3.1.3. [KLSV17, Theorem 0.10] Let Z be a minimal dlt degeneration of 2n-
dimensional hyperkdhler manifolds over the disk A. Then the dual complex of the special
fibre has dimension (v — 1)n, where v denotes the type of the degeneration. Moreover, in
the type II case the Q-homology of the dual complex is trivial, and in the type III case the
dual complex has the rational homology of CP™.

1.3.2. Main result

The following result considers some degenerations of hyperkéhler varieties and enhances
the rational homological description of the essential skeleton of [KLLSV17] into a topological

characterization.
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Theorem 1.3.2.1 (§4.3-4.4). Let S be a K3 surface, and A an abelian surface over
C((t)), admitting snc degenerations with reduced special fibre. If X is isomorphic to the
Hilbert scheme of n points on S or to the n-th generalised Kummer variety on A, then
the essential skeleton Sk®*(X) is homeomophic to a point, to the standard n-simplex or

to CP" according to the degeneration type of S and A.

Considering the relation of the essential skeleton to the dual complex of maximally
degenerate minimal dlt degenerations, and conjecturally to the base of the SYZ fibration,

Theorem 1.3.2.1 provides evidence for two following “mirror” conjectures.

Conjecture 1.3.2.2. Let 2" be a maximally degenerate minimal dlt degeneration of 2n-
dimensional hyperkdahler manifolds over C((t)). Then the dual complex of the special fibre
of Z is homeomorphic to CP™.

Conjecture 1.3.2.3. [Huy03] Let X — B be a connected Lagrangian fibration of a
projective hyperkdhler manifold of dimension 2n such that the base B is normal. Then B

1s 1isomorphic to CP™.

Conjecture 1.3.2.3 holds when B is smooth by Hwang [Hwa08] and when X is of dimen-
sion 4 by Huybrechts—Xu and Bogomolov—Kurnosov [BK18; HX19]. Moreover, it holds
for deformations of Hilbert schemes of K3 surfaces by Markman [Marl4] in combination
with a result of Matsushita [Mat17], for deformations of generalised Kummer varieties by
Yoshioka [Yos16] also in combination with [Mat17], and for deformations of O’Grady’s

example in dimension 6 by Mongardi-Rapagnetta (in progress).

1.4. Essential skeleton and the geometric P=W conjecture

In a joint work with Mauri and Stevenson [MMS18], we determine dual complexes of
varieties arising in non-abelian Hodge theory, called character varieties, by means of the
construction of an essential skeleton. As a result, this provides new evidence for a conjec-
ture, called the geometric P=W conjecture, and the first application of Berkovich geometry
in non-abelian Hodge theory. These results respond positively to Question 3, and we refer

to Chapter 7 for an extended discussion.

1.4.1. The geometric P=W conjecture

The cornerstone of non-abelian Hodge theory is the Corlette-Simpson correspondence: for
a reductive algebraic group G, this is a homeomorphism between the G-character variety,

or Betti moduli space,
Mp = Hom(m (X),G) J G

of G-representations of the topological fundamental group of a smooth curve X over C, and
Hitchin’s moduli space Mpg of semistable principal Higgs G-bundles on X with vanishing
Chern classes, also known as the Dolbeault moduli space. See for instance [Sim94] for

further details and generalizations.



1.4. Essential skeleton and the geometric P=W conjecture 11

The spaces Mp and Mp, are non-proper varieties, and the behaviour at infinity of the
Corlette-Simpson correspondence is a topic of great interest in the literature [KNPS15].

More precisely, consider:

a compactification M g of Mg, resp. Mpe of Mpor;

the boundary OMpg = Mg \ Mp, resp. dMpe = Mpol \ Mpol;

a neighborhood at infinity Np of Mp (i.e. a tubular neighborhood of 9Mp), resp.
Npor of Mpol;

a punctured neighborhood at infinity Nj := N\ 0Mp, resp. Nj,; = Npol \ OMpol.

Note that the Corlette-Simpson correspondence induces a homotopy equivalence NJj | ~

Nj. Hitchin’s moduli space Mp, comes equipped with the Hitchin map
H : Mpg — CV,

with 2N = dimc(Mper) by [Hit87, Equation 4.4], which induces a map from Nj  to a
neighborhood at infinity of CV. Composing with the radial projection to the sphere S*V—1,
we obtain a map

h: Ny 2 €V {0} = s2V-1

Now, assume that the dual boundary complex D(0Mp) is well defined. By means of a
partition of unity, one can define a map from N} to the dual boundary complex D(0Mp),
written

a: N — D(OMp).

If OMp is an snc divisor, the homotopy type of D(OMp) is independent of the choice of
the snc compactification; see [Dan75] for a reference.
The geometric P = W conjecture proposes a correspondence between the dual bound-

ary complex of Mp and the sphere at infinity of the Hitchin base for Mp,.

Conjecture 1.4.1.1 (Geometric P = W conjecture). There exists a homotopy equiv-
alence
D(OMp) ~ S*-1 (1.4.1.2)

such that the following diagram is homotopy commutative

Ny, —=— N3 (1.4.1.3)

/| Ja

SHN-1 = D(OMp).

The results in [Sim16] provide evidence for the conjecture: when Mp is the SLo-
character variety of local systems on a punctured sphere (such that conjugacy classes of
the monodromies around the punctures are fixed), Simpson proves in [Sim16, Theorem

1.1] that the dual boundary complex D(OMp) has the homotopy type of a sphere; see
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also [Kom15, Theorem 1.4]. However, there is no known proof of the commutativity of the
diagram 1.4.1.3. In the same paper, Simpson suggests to study the case of character vari-
eties associated to compact Riemann surfaces. In the sequel, we explain our contribution

in the genus one case.

1.4.2. Singular compactifications of Mp

In order to address the geometric P = W conjecture, one must make sense of the dual
boundary complex D(OMp) of Mp. It is not a priori clear how one can do so, since Mp
can be singular, hence it may not admit an snc compactification. Thus, the task is to
find mildly singular compactifications to which a dual complex may still be attached. Our
solution is to consider dlt compactifications; see Definition 2.3.0.3 for details. Indeed, such
compactifications have well defined dual complex, whose homotopy type is independent of
the choice of a specific dlt compactification by [dFKX17]. Further, when the group G is
either GL,, or SL,,, the existence of dlt compactifications follows from the existence of dlt
blow-ups by Hacon ([Fujll, Theorem 10.4], [KK10, Theorem 3.1]) and the fact that Mp
has canonical and Q-factorial singularities, as shown in [BS19, Theorems 1.20 and 1.21].
Among all possible dlt compactifications of Mp, it is convenient to restrict to special
ones, more precisely to the dlt log Calabi-Yau (logCY) compactifications. This is an alge-
braic condition which rigidifies the configuration of divisors at infinity, and in practice it
simplifies the description of the dual complex. The dual complex of any dlt logCY com-
pactification identifies a distinguished homeomorphism class in the homotopy equivalence
class of the dual complex of any dlt compactification. Moreover, it is expected that Mp
actually admits a logCY compactification; see [Sim16]. These observations suggest the

following strengthening of the homotopy equivalence in 1.4.1.2.

Conjecture 1.4.2.1. The Betti moduli space Mp admits a dit logCY compactification
(Mp,0Mp) and the associated dual complex D(OMp) is homeomorphic to a sphere.

1.4.3. Main result

Let G be either GL,, or SL,,, and let Mg be the G-character variety of the fundamental
group of a Riemann surface of genus one. In this case, Mg can be realized as the GIT

quotient

{(A,B) € G x G: AB = BA} )/ G,

where G acts by conjugation on each factor. For example, when G = GL,, Mgy, is
isomorphic to the n-fold symmetric product (C* x (C*)(") of the torus C* x C*.

We reinterpret the dual complex D(OM¢) as the locus of minimal value of a suitable
weight function inside a Berkovich space. By way of this non-archimedean description, we

prove Conjecture 1.4.2.1 for Mg.

Theorem 1.4.3.1 (§ 7.2-7.3). The dual boundary complex D(OMg¢) of a dit logC'Y com-
pactification of Mg has the homeomorphism type of S~ ! if G = GL,, and of S*"~3 if
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G = SL,.

1.5. Techniques

The results in Sections 1.3 and 1.4 display the essential skeleton as central object in
connection with the birational geometry of degenerations, the topology of dual complexes
of compactification, and the theory of Berkovich spaces. In this section, we report the
main directions in which we develop the theory of Berkovich skeletons, weight functions
and essential skeletons, in order to prove Theorems 1.3.2.1 and 1.4.3.1. Moreover, the
outcomes of this section provide positive answer to Question 2.

Our contributions are treated in detail in Chapters 3, 5 and 6, building on the works by
Boucksom, Favre, Jonsson, Mustata, Nicaise, Xu [BFJ16; JM12; MN15; NX16], Temkin
[Tem16], Thuiller [Thu07], Gubler, Rabinoff and Werner [GRW16].

1.5.1. Generalization of weight functions and essential skeleton

Our aim is to enlarge the set of non-archimedean tools (Berkovich skeletons, weight func-
tions and essential skeletons) to varieties over C and to pairs (X, A), where X is a normal
proper variety and A = > «o;4; is an effective Q-divisor. Indeed, such settings arise fre-
quently in the minimal model program and in the study of compactifications of algebraic
varieties.

Let (X,Ax) be a pair over a non-archimedean field K which is trivially-valued, for
instance the complex numbers C equipped with the trivial norm, or discretely-valued with
valuation ring R and residue characteristic zero, like C((t)) with the t-adic valuation. In
the discretely-valued case, a model (2", Ay) for (X, Ax) is the datum of a model 2" of
X over R such that the closure of any component of Ay in 2™ has non-empty intersection
with 29 and Ay = Ax + Zp; in the trivially-valued setting a model of (X, Ay) is just
the pair (X, Ay) itself. If 2" is regular and the support of Ay is snc (or more generally
if the pair (27, A ) log-regular, as we will see in Section 1.5.2), one constructs a skeleton
Sk(Z°,Ag) C X [BM19; GRW16; Thu07].

For discretely-valued fields, this corresponds geometrically to adding horizontal divisors
to the special fibre and yields the addition of some unbounded faces to the dual complex
D(Zp). In the trivially-valued case, the skeleton Sk(X, Ax) has the structure of a cone
complex, with the vertex corresponding to the trivial valuation; indeed, the valuations
given by the order of vanishing along irreducible components of Ax can be rescaled by
a positive real number. This induces an action of R>g on X?", such that the quotient
Sk(X, Ax)*/Rxg, also called link, is homeomorphic to the dual complex D(Ax); here the
punctured skeleton Sk(X, Ax)* is obtained by removing the vertex of the cone.

Building on [BFJ16; JM12; MNI15], we extend the definition and the properties of
the weight functions to the trivially-valued setting and to pluricanonical forms with poles

along Ax. The weight function at a divisorial valuation is a log discrepancy of the divisor,
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a standard numerical invariant which arises in birational geometry; see [Kol13, Definition
2.4]. We state below one of the main results on weight functions, we refer to Sections 3.3,
5.2 and 5.3 for further details, and to Examples 3.3.1.7 and 3.3.1.8 for some explicit

examples.

Proposition 1.5.1.1. Let (X, Ax) be an snc regular pair and let w be a non-zero regular
section of Ox(m(Kx + Ax)).

(i) (§5.2.3-5.2.4) There is a unique maximal lower-semicontinuous extension wty,: X" —
R U {400} of the weight function wty,: X4V — R defined on divisorial valuations.

(ii) (Propositions 5.3.1.6 and 5.3.7./) For every point x of X*" and every snc model
2, Aq) of (X, Ax), we have wty,(x) = wty,(pa-(x)), where pgy denotes the retrac-
p p
tion of X to the skeleton Sk(Z ,Ay).

Definition 1.5.1.2. The essential skeleton of (X, Ax) is

SkeSS(X’ AX) — U {1: c XdiV‘ Wtw (gj) is minimal } g Xbir

w
where w runs through the set of non-zero regular sections of Ox (m(Kx+Ax)) and m > 0.

Finally, we establish a compatibility result between the weight functions in the trivially-
valued and discretely-valued settings. Given a 1-parameter family of complex varieties,
we compare the essential skeleton of the total space as scheme over C, with the essential
skeleton of the generic fibre as variety over C((¢)). Loosely speaking, in Proposition 5.3.8.9
we prove that the essential skeleton in the former setting is a cone over the essential skeleton
in the latter.

1.5.2. Logarithmic version of Berkovich skeletons

The heuristic of the main results mentioned in Sections 1.3 and 1.4 boils down to the
characterization and computation of the essential skeleton of products of varieties, and
of finite quotients. The first step is showing that the formation of the essential skeleton
commutes with the product (Z, Az) of two pairs (X, Ax) and (Y, Ay). As the essential
skeleton is contained in any Berkovich skeleton, we want to produce nice models (£, A »)
for the product such that the locus of minimality of the weight functions in Sk(Z, A)
can be related to the essential skeletons of the two factors:
Sk(Z, Ay) Sk(Z,Ay) x  Sk(%,Ay)
Ul Ul Ul
Sk®(Z,Az) +—— Sk*(X,Ax) x  Sk®S(Y,Ay).
To this purpose, we work in the context of logarithmic geometry. In a nutshell, log
geometry is a generalization of the theory of schemes, where each log scheme is a scheme
equipped with an additional structure, called log structure. For instance, log structures

can be associated to compactifications or degenerations of the scheme, and they provide a
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suitable framework to incorporate the theories of toroidal embeddings and of differential
forms with logarithmic poles [KKKMSD73].

We consider log-regular log schemes: these are a generalization of toroidal embeddings
and of snc pairs, their log structure is induced by a divisor and they have an associated
combinatorial structure called the Kato fan [[Kat94]; see Section 2.5 for more details. In
Sections 3.2 and 5.3, we define a logarithmic version of the Berkovich skeleton for a log-
regular model 2t = (27, Dy) of (X,Ax), where the log structure Dy is induced by
Ax + 25 in the discretely-valued setting, and by Ax in the trivially-valued case. This
construction gives rise to a polyhedral complex in X*" whose faces correspond to the
points of the Kato fan of 2.

Given two log-regular models 2"t and # ", their product 2+ = (2, D) (in the
category of fine and saturated log schemes) is a log-regular model of (Z = X x Y, Ay =
Ax xY +X x Ay), hence 2+ has an associated skeleton. By functoriality, the projection
maps (pry,pry): Z — X x Y induce a map of skeletons

(Prs(2+)s Prsk(@+)) : Sk(Z7F) = Sk(27F) x Sk(Z'™).

Proposition 1.5.2.1 (Propositions 3.2.5.3 and 5.3.6.6). The map (prg(2 +), Prsk(@+))
is a homeomorphism, assuming in the discretely-valued field case that the residue field is

algebraically closed and that X~ is semistable, that is the special fibre 2y is reduced.

Working with log-regular models is convenient since log-regularity is preserved under
taking products while snc models are not; see Example 3.2.5.5 for evidence. Moreover,
the assumption of reducedness of the special fibre is crucial in Proposition 1.5.2.1 in the
discretely-valued case: we illustrate a counterexample in Example 3.2.5.4.

Given the homeomorphism between a skeleton of the product and the product of
skeletons, it is straightforward to compute the weight function on Sk(Z*) and relate the
essential skeletons, just using the properties of the skeletons and of weight functions; see
Theorem 3.3.2.9.

Along the same lines, we treat the case of the finite quotient X/G of a variety of
dimension > 2. Indeed, starting with a model ¢ for the quotient, we construct suitable
models 2" for X and compute the weight functions of the fibres in Sk(.2") over Sk(#).
This allows to express the essential skeleton on X /G in terms of the quotient of the essential
skeleton of X by G see Proposition 4.2.0.9 and Lemma 7.2.4.11.

1.5.3. Comparison with Temkin’s metrics

We adopt the formalism of metrics on line bundles of Berkovich spaces in order to give a
complementary perspective on the theory of weight functions.

Given a pair (X, Ax), each weight function is associated to a pluricanonical form on
X with prescribed poles along the divisor Ax. One can view the weight functions as

metrics on the pluricanonical sheaves of the Berkovich analytification of X: this theory
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is developed by Temkin in [Tem16], where he proves ([Tem16, Theorem 8.3.3]) that the
weight function of [MN15] in the discretely-valued setting coincides with an intrinsic metric
on (w[;}]K)an
essential skeleton of Berkovich spaces more in general (for quasi-smooth analytic space
over any field); this approach is adopted in [HN11, Proposition 4.3.2] and [KY18]. We

extend Temkin’s comparison theorem to the trivially-valued case.

, called Temkin’s metric. Thus, Temkin’s metrics can be used to define the

Theorem 1.5.3.1 (Theorem 6.5.0.5). If X is a smooth proper variety over a trivially-
valued field K of characteristic zero, then Temkin’s metric on (wg?;]K)an coincides with the

weight metric.

This result has two benefits. On one hand, it provides evidence for the appropriateness
of our construction of the weight function in the trivially-valued case, and unifies the
definitions of the weight function in the discretely and trivially-valued settings. On the

other, it gives a computable expression for Temkin’s metric in the trivially-valued case.



Preliminaries

This first chapter recalls some definitions and develops the necessary background for the

rest of the thesis. In particular, we introduce the notions of

1. Berkovich analytification (2.1.1.5), monomial and divisorial valuations (2.1.3),
2. dual complex (2.2.0.1),

3. log discrepancy (2.3.0.2) and dlt singularities (2.3.0.3),

4. log scheme (2.4.1.5) and log-regularity (2.4.2.1),

5. Kato fans and their main properties (2.5).

2.1. Reminders on Berkovich spaces

Introduced in the late 1980s, Berkovich’s theory of analytic spaces associates to each
variety a space of valuations, called the Berkovich analytification, with nice topological
properties, which reflect and illuminate the geometry of the underlying algebraic variety.

We recall the definition and the main constructions we will need in the sequel.

2.1.1. Varieties and Berkovich analytification

Definition 2.1.1.1. A variety is an integral separated scheme of finite type over a field.
A pair (resp. a sub-pair) (X,A) is the datum of a normal variety X and an effective
divisor A = >~ a;A; such that Kx + A is Q-Cartier and the coefficients a; € (0, 1] (resp.

in (—o0,1]). In particular, A is called a boundary (resp. sub-boundary).

17
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(2.1.1.2) The irreducible components of the intersection A;; N...N A, of r components
of A are called strata of codimension r. We write A=! := 37, A;.

We say that the pair (X, A) is log Calabi-Yau (logCY) if Kx + A is Q-linearly equiv-
alent to zero, written Kx + A ~q 0.

We say that (X,A) is simple normal crossing (snc) if X is a regular variety and the

support of A has simple normal crossings; see [[Kol13, Definition 1.7].

Definition 2.1.1.3. A non-archimedean field is a field I equipped with a complete mul-
tiplicative norm | - |: K — Rxo that satisfies the ultrametric inequality, i.e. |a + b <
max{|al, |b|}. Equivalently, we can work with the associated valuation v = —log(|-|) :
K* — R, where v(a 4+ b) > min{v(a),v(b)}. We denote by K° = {|-| < 1} the valuation
ring of K, by K°° := {| - | < 1} its maximal ideal, and by K = K°/K°° the residue field.

(2.1.1.4) We say that K is trivially-valued if [KC*| = {1}; we denote this norm by |-|o and
equivalently the trivial valuation by vg. Every field can be equipped with the trivial norm;
in particular, this allows to think of the field of complex numbers C as a non-archimedean
field.

We say that K is discretely-valued if there is r € (0,1) such that |*| = r%. In this
case, the tuple (IC,ICO,ICOO,}E) is usually denoted by (K, R,m, k). We write S = Spec R
and we denote by s the closed point of S. Let 2" be an R-scheme of finite type; we denote
by Z} the special fibre of 2" and by £k the generic fibre. We will always assume that the
residue field k is algebraically closed; for instance, we consider the case where K = C((t))

is endowed with the t-adic norm, so the valuation ring is C[[t]] and the residue field is C.

Definition 2.1.1.5. Given a variety X over a non-archimedean field I, we define the
Berkovich analytification X* of X in the sense of [Ber90; Ber93] as follows. As a set,
X2 consists of pairs © = (&, | - |), where &, € X is a scheme-theoretic point of X, and
| - |z is an absolute value on the residue field K(§;) of X at &, that extends |- | on K.
Equivalently, we will often work with the associated valuation v, = —log(|-|;) on K(&;)*.
The completed residue field H(x) is the completion of K(&,;) with respect to | - |4.

As a topological space, the analytification X®" is equipped with the weakest topology
such that the forgetful map

ker: X" — X, = (&,]|z) — ker(z) := &,
is continuous, and, for any Zariski open U C X and any regular function f on U, the map

ker_l(U) Sx | f(x) = f(&)|s

is continuous.

(2.1.1.6) We denote by XPbir C X2 the subset of birational points, i.e. the ker-preimage
of the generic point of X. Equivalently X" is the subspace of valuations on the function

field of X extending the given valuation on K.
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Further, X2" may be equipped with a sheaf of analytic functions that makes ker: X" —
X into a morphism of locally K-ringed spaces. Given a coherent sheaf F on X, the pullback
Fan .= ker*(F) is a coherent sheaf on X", called the analytification of F.

Definition 2.1.1.7. Suppose K is trivially-valued. If X = Spec(A) is affine, we define
the J-analytification X= of X as the subspace of X"

X7 ={ze X |f(z)] < 1forall fe A}

For a valuation z € X=, the prime ideal corresponding to {f € A: |f(z)| < 1} defines the
centre of x in X, which is denoted by cx ().

For a K-variety X, the J-analytification X= of X in the sense of [Thu07] is the compact
analytic domain of X?" consisting of valuations that admit a centre on X (so X 1= xan

when X is proper).

We observe that there is a Ry-action on X=: for a € Ry and # € X=, the point
a-z € X2 given by |f(a-z)| = |f(x)|® for f € K(z). In terms of valuations, the action is

Vg.x = @ - V. Moreover, if a > 0, then cx(a - x) = cx(z).

2.1.2. Models
Let I = K be discretely-valued.

Definition 2.1.2.1. Given a variety X over K, a model for X over R (or more classically,
a degeneration of X) is a normal, flat, separated scheme 2~ of finite type over R, endowed
with an isomorphism of K-schemes 2% ~ X. The model is called semistable if the special
fibre is reduced.

Further, 2" is an snc model of X if it is regular, and the special fibre 2y is an snc
divisor on Z". We note that, when K is of residue characteristic zero, snc models always
exist by Hironaka’s theorem on resolution of singularities.

We say that (27, Z) is a model for the pair (X, D) over R if 2" is a model for X over
R, 2=D + Zoreds and K g 4+ Dreq is Q-Cartier when Kx + Deq is so.

Definition 2.1.2.2. Let X be a K-variety and 2" be a model of X over R. The (analytic)
generic fibre 9:”,\7 is a compact analytic domain of X" constructed in [Ber96, §1]. It
consists of the points x € X?" such that the K-morphism Spec(#H(x)) — X extends
to a R-morphism Spec(H(x)°) — 2. If this occurs, the image of the closed point via
Spec(H(z)°) — & is the centre (or reduction) of x on 2, and we say that x admits a

centre on £ . The map
red g : 32,\7 — 20,

which sends = € 52”; to its centre on 27, is anti-continuous and it is called the reduction
map with respect to 2°. When 2~ = Spec(A) is affine, then

35/”1\7 ={zr e X*: |f(z)| <1forall fe A}
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2.1.3. Divisorial and monomial valuations

—

For z € X* set s(z) == tr.deg(H(z)/K) and t(z) = dimg(y/[H(z)X]//[KX]). Assume

X is normal.

Definition 2.1.3.1. A point x € X?" is divisorial if the following condition holds.

- When K is trivially-valued, if s(z) = dim(X)—1 and t(z) = 1. If z € X=, then [ZS60,
VI, §14, Theorem 31| shows that this is equivalent to the following geometric crite-
rion: there exists a constant ¢ > 0, a proper birational morphism h: Y — X from a

normal K-variety Y, and a prime divisor £ C Y such that

f ()] = eeordzD

for f € K(X); in this case, we say that the triple (¢,Y X, E) determines x or is

a divisorial representation of x.

- When K is discretely-valued, if s(z) = dim(X) and ¢(z) = 0. If z € X?" admits a
centre on some model of X, then there is a corresponding geometric criterion: there

exists a model 2" of X and an irreducible component £ C 2 such that

|f ()| = |w|orde(f)/ orde(=)

for f € K(X), where w is a uniformizer of K; in this case, we say that the pair

(2, E) determines z or is a divisorial representation of x.

We write X4V C X2 for the subset of divisorial points. If Char(lz) =0, then X4V ig
dense; see e.g. [JM12, Remark 4.11] in the trivially-valued setting and [MN15, Proposition

2.4.9] in the discretely-valued case. Divisorial points belong to a larger class of valuations

in X?", defined as follows.
Definition 2.1.3.2. A point x € X?" is (quasi-)monomial if the following condition holds.

- When K is trivially-valued, a point € X= is quasi-monomial if there exists a
proper birational morphism h: Y — X from a normal C-variety Y, a regular system
of parameters (y1,...,¥y,) at a regular point £ of Y, and an r-tuple (aq,...,a,) €
R’ such that x is the unique minimal real valuation with v, (y;) = «a;; see [JM12,

Proposition 3.1].

- When K is discretely-valued, a point x € X?" is monomial if there exists an snc
model 2" of X, an r-tuple (F1,..., E,) of distinct irreducible components of 2,
local equations y; for E; at a generic point £ of E1N...NE, for each i € {1,...,r},
and an r-tuple (v, ..., a,) € R, where Y27, o ordg,(w) = 1 and w is a uniformizer
of IC, such that x is the unique minimal real valuation with v, (y;) = a;; see [MN15,

Proposition 2.4.4].
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h
Such tuples (Y — X7 (y17 s ayr)a (061, R 057“)75) and (‘%-7 (Ela s 7E7“)7 (061, SERE) aT)aé)
determine the point « and are called monomial representations of . We denote by X™°"
the set of (quasi-)monomial points, and we note that X4V C xmon C xPir C xan,

(2.1.3.3) Let X be an integral variety and let a be a coherent sheaf of fractional ideals
on X. If v is a valuation on a residue field of X that admits a centre { on X, in the

trivially-valued case, or on a model 27, in the discretely-valued case, then we set
v(a) == minv(f).
(@) = minv(f)

For a Q-Cartier divisor D on X, set v(D) := Lv(Ox(—mD)), where m € Zsy is such that

mD is Cartier.

2.2. Reminders on simplicial complexes

Definition 2.2.0.1. The dual (intersection) complex of a (pure-dimensional) simple nor-
mal crossing variety D is the cell complex D(D) whose vertices are in correspondence
with the irreducible components D; of D, and whose r-dimensional cells correspond to
strata of codimension r + 1. The attaching maps are prescribed by the inclusion relation.
See [dFKX17, Definition 12] for further details.

Definition 2.2.0.2. Given a topological space A, the cone over A, denoted Cone(A), is
the quotient of A x R4 under the identification (a1,0) ~ (ag,0) for any a;, az € A. The
vertex of Cone(A) is the image of A x {0} under the quotient map. The group R acts
by rescaling on the second factor and descends to Cone(A). If C is a topological space
homeomorphic to Cone(A), then A is homeomorphic to the quotient of the punctured cone
C* == C'\ {vertex} by the R -action.

Definition 2.2.0.3. Given two topological spaces A and B, the join of A and B, denoted
A x B, is the quotient of the space A X B x I, where I = [0, 1], under the identifications

(a, bl,O) ~ (a,bg,()) Ya € A, b1,bs € B,
(a1,b,1) ~ (ag,b,1) Vaj,az € A,b€ B.

In other words, the join is the space of all segments joining points in A and B, with two
segments meeting only at common endpoints.

(2.2.0.4) The homeomorphism A x BxIxR; — AxRy x Bx Ry given by (a,b,t,r) —
(a,r(1 —1t),b,7t) descends to a R -equivariant homeomorphism

Cone(A x B) ~ Cone(A) x Cone(B), (2.2.0.5)

where the cones are endowed with the R” -action defined in Definition 2.2.0.2, and the

product has the diagonal action.
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2.3. Reminders on birational geometry

When working in the birational equivalence class of a variety, the aim is to reduce the
variety to some building blocks with simpler geometry: such a procedure is called a minimal
model program (MMP). Performing some birational modifications, we contract divisors or
subvarieties of codimension bigger than 1, and we possibly end up with a more singular
variety than the original one. The singularities that can occur are classified and a class
which is particularly relevant in our context is the class of divisorially log terminal (dlt)
singularities. Indeed, these appear as the end product of those minimal model programs

whose inputs are snc pairs [KMO08, Corollary 3.44].

Definition 2.3.0.1. We say that a pair (X,Ax) is log canonical (Ic) if, for every log
resolution f: Z — X, in the formula

Kz +Az = f"(Kx + Ax) +ZGDD7

where Ay is the round up of the strict transform of Ax plus the reduced exceptional

divisor, all the ap are non-negative.

(2.3.0.2) In fact the quantity ap, called the log discrepancy of D with respect to (X, Ax),
depends only on the valuation corresponding to D, and this condition needs only be tested
on a single log resolution. A closed subset Y C X is called a log canonical centre if, for

some (equivalently any) log resolution, Y is the image of a divisor D with ap = 0.

Definition 2.3.0.3. We say that a pair (X, Ax) is diwvisorially log terminal (dit) if it is
lc and every log canonical centre Y has non-empty intersection with the snc locus X*"¢ of
X, which is the largest open subset in X such that the pair (X, Ax) restricts to an snc

pair.

Example 2.3.0.4. Let X be the cone over a rational normal curve of degree d. Consider
the blow-up 7 : Y — X of the vertex of the cone. Then 7 is a log resolution and the

exceptional divisor F is isomorphic to P! with E? = —d. We write
Ky +F = W*KX +apF,

and we compute that —2 = deg Kp1 = deg K = (Ky+E)-E = 1m*Kx-E4+apE? = —agd.
Thus, ag = 2/d and we conclude that the pair (X,0) is dlt; in fact it satisfies even a

stronger condition, namely that all log discrepancies are strictly positive.

Example 2.3.0.5. Let X be the cone over a cubic curve C. Consider the blow-up 7 :
Y — X of the vertex v of the cone. Then 7 is a log resolution and the exceptional
divisor F is isomorphic to C. We write Ky + F = 7*Kx + agFE, and we compute that
0=degKc=degKp = (Ky+FE)-E=1"Kx-E+agE? = agE?. Thus, ap = 0 and the
image 7(E) = v is not contained in the snc locus of X. We conclude that the pair (X, )
is lc but not dlt.
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Definition 2.3.0.6. Let (X,Ax = > a;A;) be a dlt pair, and let A):g be the set of
irreducible components of Ax whose coefficient «; is equal to one. The dual complex of
(X, Ax) is the dual complex of AF, i.e.

D(X,Ax) = D(AFY).

Remark 2.3.0.7. By [dFKX17, §2], the definition of the dual complex of a dlt pair is
well-posed as the dual complex D(AF!) coincides with the dual complex D(AF!|xsne) of
the restriction of AS! to the snc locus X®%¢. Indeed, the strata of A%l are lc centres,

hence they are contained in X*"¢ by definition of dlt.

2.4. Reminders on logarithmic geometry

Logarithmic geometry is a geometric theory which was founded by Fontaine and Illusie,
then developed by Kato [Kat89]. It generalizes the theory of schemes by introducing the
new notion of log structure. A log structure is an additional structure on a scheme that
can encode geometric information of compactifications or degenerations of the scheme.
In particular, it provides a suitable framework to incorporate the theories of toroidal
embeddings and of differential forms with logarithmic poles [KKMSD73]. For a more
extended dissertation of the topic we refer to [GR04; Kat89]. We will briefly review the

basic definitions and focus on log-regular log schemes [Kat94].

2.4.1. Log structure

The algebra of monoids plays a central role in the theory of log schemes. We recall the

main definitions.

Definition 2.4.1.1. A monoid is a commutative semi-group with a neutral element. A
morphism of monoids is a map that respects internal laws and neutral elements. Given a

monoid M, we denote by M®P the groupification of M where
M& =M x M/ ~, (a,b)~(c,d)eImeMm+a+d=m+b+ec

For example, the groupification of the monoid N is Z.

Definition 2.4.1.2. A submonoid N of a monoid M is a subset of M such that the
neutral element belongs to N, and N is closed under the monoid operation, that is for
any ni,no € N one has ny +n9 € N.

For example, N@® {0} C N @ N and {0,2,3,4,5,...} C N are submonoids.

Definition 2.4.1.3. An ideal P of a monoid M is a subset of M such that for any p € P
and m € M one has p+m € P. A prime ideal P of M is an ideal such that the neutral
element does not belong to P, and if p; + py € P then p; € P or ps € P.

For example, P, := {n’ € N|n’ > n} is an ideal of N, but is prime only for n = 1.



24 Chapter 2. Preliminaries

Definition 2.4.1.4. A monoid M is called integral if the morphism M — MS#P is injective;
it is called fine if M is integral and finitely generated; it is called saturated if it is integral
and, whenever m € M®P and nm € M for some positive integer n, then m € M. We use

the abbreviation fs for fine and saturated monoids.

Definition 2.4.1.5. Given a scheme X, a log structure on X consists of a sheaf of monoids
My with respect to the Zariski topology, together with a morphism of sheaves of monoids
a: My — (Ox, x) such that a=1(0%) ~ O%. We call and denote by

Xt = (X, My) the logarithmic scheme defined by the pair (X, My),
Cxgz=Mx,/O% . the characteristic monoid of X7 at the point z € X,
Ty theideal in Oy, generated by My, \ O% , at the point z € X.

Example 2.4.1.6. Let X be a scheme with an effective divisor D. Then the sheaf
U MpU)={fe€OxU)| flx\p is invertible},

together with the inclusion morphism in Oy, defines a log structure on X. The log
scheme consisting of X and Mp is denoted by (X, D), and is called the divisorial log

scheme associated to the divisor D.

Example 2.4.1.7. Let 2 be an snc model over R of a smooth and proper variety X
over K. We denote by 2" = (2", Z}) the divisorial log scheme induced by the special
fibre Z%. Given a point x € 2", we consider the irreducible components Ff, ..., E,. of Z}

passing through z, and a local equation z; for each E;. Then
T
My = {u . Hzfl |u e O}@,ai € N} and Cg 5 ~N".
i=1

In the case of a curve over K, the characteristic sheaf is locally isomorphic to

X ~X 2k
N
{0} N2
N

Definition 2.4.2.1. A log scheme is log-regular at a point x if the following two conditions

2.4.2. Log-regularity

are satisfied:
(i) Oxz/Tx . is a regular local ring,

(ii) dim Oy, = dim Ox,z/Tx x + rank CE, .
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Example 2.4.2.2. A toric variety with divisorial log structure induced by the toric bound-
ary is log-regular. More generally, working over perfect fields, log-regular varieties corre-

spond to toroidal embeddings (without self-intersections).
We recall two main properties of log-regular log scheme.
Proposition 2.4.2.3. Let X' be a log-reqular log scheme.

(i) [Kat9/, Theorem 11.6] The locus where the log structure is non-trivial is a divisor,
that we will denote by Dy, and the log structure on X is the divisorial log structure

induced by Dy .

(ii) [GR0O4, Proposition 12.8.24] For log schemes over a perfect field, log-regqularity is
preserved under base change (in the category of fine and saturated log schemes) and

composition.

2.5. Kato fans

2.5.1. Definition

Definition 2.5.1.1. [Kat94, Definition 9.1] A monoidal space (T, Mr) is a topological
space 1" endowed with a sharp sheaf of monoids Mr, where sharp means that M%t ={1}
for every t € T'. We often denote the monoidal space simply by 7.

A morphism of monoidal spaces is a pair (f,¢) : (T, Mp) — (T’, M7) such that
f:T — T is a continuous function of topological spaces and ¢ : f~(Mz) — My is a
sheaf homomorphism such that o; *({1}) = {1} for every t € T

Example 2.5.1.2. If X is a log scheme then the Zariski topological space X is equipped
with a sheaf of sharp monoids Cy, namely the characteristic sheaf of X*. Thus (X,Cy) is a
monoidal space. Moreover, morphisms of log schemes induce morphisms of characteristic
sheaves, hence morphisms of monoidal spaces. We therefore obtain a functor from the

category of log schemes to the category of monoidal spaces.

Example 2.5.1.3. Given a monoid M, we may associate to it a monoidal space called
the spectrum of M. As a set, Spec M is the set of all prime ideals of M. The topology is
characterized by the basis open sets D(f) = {P € Spec M|f ¢ P} for any f € M. The
monoidal sheaf is defined by

Mspec i (D(f)) = S5 M /(S M)*

where Sy = {f"|n > 0}.

For instance, when M = N the set of prime ideals of N is SpecN = {0, P;}, with
P =1{1,2,3,...}. For f =0, D(0) = SpecN and Mgpecn(D(0)) = N. For any f # 0,
D(f) = {0} and Mspecn(D(f)) = {0}
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Definition 2.5.1.4. A monoidal space isomorphic to the monoidal space Spec P for some
monoid P is called an affine Kato fan. A monoidal space is called a Kato fan if it has an
open covering consisting of affine Kato fans. In particular, we call a Kato fan integral,
saturated, of finite type or fs if it admits a cover by the spectra of monoids with the

respective properties.

(2.5.1.5) A morphism of fs Kato fans F’ — F is called a subdivision if it has finite fibres
and the morphism
Hom(SpecN, F') — Hom(SpecN, F)

is a bijection. By allowing subdivisions, a Kato fan might take the following shape.

Proposition 2.5.1.6. [Kat9/, Proposition 9.8] Let F be an fs Kato fan. Then there
is a subdivision F' — F such that F' has an open cover {U]} by affine Kato fans with
U] ~ SpecN":.

The strategy of the proof of Proposition 2.5.1.6 goes back to [KIKMSD73] and relies on
a sequence of particular subdivisions of the Kato fan, the so-called star and barycentric
subdivisions [ACMUW 16, Example 4.10].

2.5.2. Kato fans associated to log-regular log schemes.

Theorem 2.5.2.1. [Kat9/, Proposition 10.2] Let X+ be a log-reqular log scheme. Then
there is an initial strict morphism (X,Cx) — F to a Kato fan in the category of monoidal
spaces. Explicitly, there exist a Kato fan F and a morphism o : (X,Cx) — F such that
0 Y (Mp) ~ Cx and any other morphism from (X,Cx) to a Kato fan factors through o.

The Kato fan F in Theorem 2.5.2.1 is called the Kato fan associated to X . Concretely,
it is the topological subspace of X consisting of the points z such that the maximal ideal

m, of Oy ; is equal to Zy ., and M is the inverse image of Cx on F'; henceforth we write
CF for MF

Example 2.5.2.2. Assume that 2" is regular, of finite type over S and 2} is a divisor
with strict normal crossings. Then 27" is log-regular and F is the set of generic points
of intersections of irreducible components of Z}. For each point x of F, the stalk of Cp
is isomorphic to (N",+), with 7 the number of irreducible components of 2}, that pass
through z.

For instance, consider the case of a curve X over K which admits a model 2~ whose
special fibre consists of two irreducible components meeting transversally. Let 2 " be the
log-regular log scheme induced by the special fibre. We denote by 7. the generic point of

an intersection of irreducible components of D 4. We obtain the following Kato fan:
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N
X ~X D )
K z D,
D e {0
ngt,y nDlﬂDQ nDlﬂDZ n%
D 'N
2 71Dy

This example admits the following partial generalization.

Lemma 2.5.2.3. Let XT be a log-reqular log scheme. Then the fan F consists of the

generic points of intersections of irreducible components of Dy .

Proof. First, we show that every such generic point is a point of F. Let Ei,...,E, be
irreducible components of Dy and let x be a generic point of the intersection £y N...NE;.
We set d = dim Oy ,. Since X is log-regular, we know that Ox ,/Zx , is regular and
that

d = dim Oy 4 /Ty, +rank CF . (2.5.2.4)

We denote by V(Zx ;) the vanishing locus of the ideal Zy , in Spec(Ox ). We want to
prove that Zy , = m,. We assume the contrary, hence that Zy , C m;. This assumption

implies that there exists j such that V(Zy,) € E;: indeed, if the vanishing locus is

contained in each irreducible component F;, that is,
V(IX@) CEiN...N0E, Q{T},

then Zy ; O m,. From the assumption of log-regularity it follows that the vanishing locus
V(Zy ) is a regular subscheme, and, moreover, that X is Cohen-Macaulay by [Kat94],
Theorem 4.1. Thus, there exists a regular sequence (fi,..., f;) in Zy 5, where [ is the

codimension of V(Zy ), that is,
dim Oy 4 /Ty, =d— L.

Moreover by the equality (2.5.2.4), rank C§, = [.
We claim that the residue classes of these elements f; in C%}?x are linearly independent.
Assume the contrary. If [ = 1 the proposition holds because fi is not a unit. Otherwise,

[ > 2 and, up to renumbering the f;, there exist an integer e with 1 < e < [, non-negative

integers ar, ..., a;, not all zero, and a unit u in Oy , such that

Ml = fee
This contradicts the fact that (fi,..., f;) is a regular sequence in Zy 5. Thus, the classes
fi,..., fi are independent in C%¥.- As we also have the equality rankC5’, = [, it follows

that these classes generate C%}jx ®7z Q.
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Let g; be a non-zero element of the ideal Zy , that vanishes along F;: it necessarily

exists as otherwise £ is not a component of the divisor Dy. Then g; satisfies

gévzv- fl-...- lb‘
with b; € Z, v is a unit in Oy, and N is a positive integer. As g; vanishes along the
irreducible component Ej, at least one of the functions f1,..., f; has to vanish along Fj:
assume it is fi.

On the one hand, as f; is identically zero on Ej, the trace of E; on V(Zx,) has
codimension at most [ — 1 in F; at the point . On the other hand, we assumed that
V(Zx ) is not contained in F; and it has codimension [ in Oy . Then the trace of E;
on V(Zy ) has codimension [ in E; at x. This is a contradiction. We conclude that the
ideal Zy , is equal to the maximal ideal m,, therefore x is a point of F'.

It remains to prove the converse implication: every point z of the fan F' is a generic
point of an intersection of irreducible components of Dy. Let x be a point of F: by
construction of Kato fan F', the maximal ideal of Oy . is equal to Zx ., thus it is generated
by elements in My ;. The zero locus of such an element is contained in Dy by definition
of the logarithmic structure on X+. Therefore, the zero locus of a generator of m, in
My, is a union of irreducible components of the trace of Dy on SpecOx, and z is a

generic point of the intersection of all such irreducible components. O

Remark 2.5.2.5. By convention, the generic point of the empty intersection of irreducible
components is the generic point of X'. By definition, this point is also included in the Kato
fan F. Thus, for example, the Kato fan associated to S consists of two points: the generic
point of S that corresponds to the empty intersection, and the closed point s corresponding

to the unique irreducible component of the logarithmic divisorial structure.
Moreover, Example 2.5.2.2 also leads to the following characterization.

Proposition 2.5.2.6. [GR0/, Corollary 12.5.35] Let 2t be a log-reqular log scheme over

St and F its associated Kato fan. The following statements are equivalent:
1. for everyx € F, Cp, ~ Nr(@),
2. the underlying scheme Z is reqular.

If this is the case, then the special fibre 2% is an snc divisor.

(2.5.2.7) The construction of the Kato fan of a log scheme defines a functor from the
category of log-regular log schemes to the category of Kato fans. Indeed, given a morphism
of log schemes X+ — YT, we consider the embedding of the associated Kato fan Fy in

X™T and the canonical morphism Y — Fy: the composition

F)(L)X—i_—)y-i_—)Fy
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functorially induces a map between associated Kato fans. Moreover, this association

preserves strict morphisms [Uli17, Lemma 4.9].

2.5.3. Resolutions of log schemes via Kato fan subdivisions.

Proposition 2.5.3.1. [Kat9/, Proposition 9.9] Let X* be a log-regqular log scheme and
let ' be its associated Kato fan. Let F' — F be a subdivision of fans. Then there exist a

log scheme X'T, a morphism of log schemes X' — Xt and a commutative diagram

(X', Car) —2— F'

L]

(X,Cx) —*5 F

such that p~(Mp:) =~ Cx:; they define a final object in the category of such diagrams and
the refinement F' — F is functorially induced by the morphism of log-reqular log schemes
Xt — X,

(2.5.3.2) It follows that given any subdivision F’ — F of the Kato fan F associated with
a log-regular log scheme X, we can construct a log scheme over X with prescribed
associated Kato fan F’. Combining this fact with Proposition 2.5.1.6 and Proposition
2.5.2.6 yields a construction of resolutions of log schemes in the following sense: for any
log-regular log scheme 2™t over ST we can find a birational modification by a regular log
scheme 2t with snc special fibre. Moreover, the morphism of log schemes 277 — 2+
is obtained by a log blow-up [Niz06, Theorem 5.8].

2.5.4. Fibred products and associated Kato fans.

(2.5.4.1) Given morphisms of fs log schemes fi : X" — Y+ and fo : X, — V7T, their
fibred product exists in the category of log schemes. It is obtained by endowing the usual

fibred product of schemes

Xl XyXQ L Xl

lm \ lfl (2.5.4.2)

X —L 3y

with the log structure associated to pl_l/\/lxl Dptamgy, pglMXQ. If ug : P — @1 and
v

uo : P — Qo are charts for the morphisms f; and fo respectively, then the induced

morphism X xy X2 — SpecZ[Q1 ®p Q2] is a chart for A;" Xyt X;.

(2.5.4.3) In general, the fibred product is not fs, but the category of fs log schemes also
admits fibred products. Keeping the same notation, the following is a local description of

the fibred product in the category of fine and saturated log schemes

X1 ><y+ Xz = (Xl Xy+ XQ ) XZ[Q1®pQ2] Z[(Q1 ®p Q2)**
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in terms of the charts for f; and fo [Bull5, §3.6.16]. We remark that the two fibred
products above may not only have different log structures, but also the underlying schemes
may differ. Nevertheless, this obviously does not occur when the monoid Q1 ®p (2 is

saturated.

(2.5.4.4) Log-smoothness is preserved under fs base change and composition [GR04,
Proposition 12.3.24]. In particular, if f; : X7 — Y7 is log-smooth and X, is log-regular,
then ;" Xg§+ X" is log-regular, by [Kat94, Theorem 8.2].
Consider log-smooth morphisms of fs log schemes X;" — Y and X} — Y. The
sheaves of logarithmic differentials are related by the isomorphism
*(log * log ~ Olog
plQ)qL/y+ 65]92QX;/3}+ ~ ijx§j+x2+/y+ (2.5.4.5)
by [GRO4, Proposition 12.3.13]. Furthermore, by assumption of log-smoothness over S™
the logarithmic differential sheaves are locally free of finite rank by [Kat94, Proposition
3.10], and we can consider their determinants; they are called log canonical bundles and
denoted by w'°8. The following isomorphism is a direct consequence of (2.5.4.5)
% log % log ~ log
P&yt jyi <§§>pzwx2+/y+ _inX§+X2+/y+. (2.5.4.6)
(2.5.4.7) Similarly to the construction of fibred products of fs log schemes, the category
of fs Kato fans admits fibred products: on affine Kato fans F' = Spec P and G = Spec Q)
over H = SpecT, F xpy G is the spectrum of the amalgamated sum (P @7 Q)% in the
category of fs monoids (see [Ulil6, Proposition 2.4]), and on the underlying topological

spaces this coincides with the usual fibred product.

We seek to compare the Kato fan associated to the fibred product of log-regular log

schemes with the fibred product of associated Kato fans.

Proposition 2.5.4.8. [Sai0/, Lemma 2.8] Given T a log-regular log scheme, let X+ and
Y+ be log-smooth log schemes over T+. We denote by Z* the fs fibred product X+ x’;‘l .
Then the natural morphisms Fz — Fx and Fz — Fy induce a morphism of Kato fans

Fg — FX X Fr Fy (2549)

that is locally an isomorphism.

(2.5.4.10) For any pair of points (z,y) in Fx X g, Fy, we denote by n(x,y) the number
of preimages of (z,y) in the Kato fan of Z* under the local isomorphism (2.5.4.9).

Lemma 2.5.4.11. If 2/ is in the closure of x, and y' in the closure of y, then n(z',y’) >

n(z,y).

Proof. Let z' be a preimage of the pair (z/,3). By Proposition 2.5.4.8, there exists an
open neighborhood U,: of 2z’ such that the restriction of Fz — Fly Xy Fy to U, is an
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isomorphism onto its image. In particular, (z,y) lies in this image. Thus, there exists a

unique preimage of (z,y) that is contained in U,,. It follows that n(z’,y") > n(x,y). O

Example 2.5.4.12. Let R = CJ[[t]], 2T = (Specm,% = {122 = O}) and

((Elxg :t)

Y+ = (Spec (];Eyygz]) % =A{yy2 = 0}) The fs fibred product is

Rlx1, 22,91, 2]
Z+ = ( Spec , 2= D),
( P (w122 =t =113) " 2 J)

where D;; = {z; = y; = 0} for i,j € {1,2}. We denote by 7. the generic point of an

intersection of irreducible components of D 4. We obtain the following Kato fan for 2*:

N .N2 N
UIP 11D12N D322 Do
N M N {0}
ND11ND12 "I1D11ND12ND21ND22  "1D21NDag Nz
N .N2 N
D1y 1D11N D2y D2y

where M is the submonoid in N3 generated by (1,1,0),(0,0,1),(1,0,1),(0,1,0). Indeed,
at the generic point 7p,,nD,sNDs1NDss, the orders of vanishing a;; of a regular function f
along the divisors D;; are such that ai; + a2 = ai2 + a21. Recalling Example 2.5.2.2,
we observe that in this case the morphism Fy — Fy- X pg Fy is an isomorphism; this is

indeed an example of the result of Proposition 3.2.4.4.






Skeletons for a product of

degenerations

3.1. Introduction

Let R be a discrete valuation ring with quotient field K and residue field &, and let X be
a smooth proper variety over K. While there may be no way to extend X to a smooth
proper variety over R, in char(k) = 0 resolution of singularities guarantees that we can
always produce an R-model 2 where the special fibre 2} is a strict normal crossings
(snc) divisor. Given such a model, we associate the dual complex D(Z}), which is the
dual intersection complex of the components of the special fibre.

The dual complex of the special fibre of a such degeneration reflects the geometry
of the generic fibre. If the generic fibre is rationally connected, then the dual complex
of the special fibre is contractible [dFKX17]. For Calabi-Yau varieties, degenerations
are classified by the action of monodromy on the cohomology. The principle is that the
degenerations with maximally unipotent actions have the richest combinatorial structure
in the dual complex. In the case of strict Calabi-Yau varieties, the dual complex is always
a Q-homology sphere, and Kollar and Xu [KX16] show that it is a sphere if n < 3 orn < 4
and the special fibre of a minimal divisorially log terminal (dlt) model is snc.

The goal of this chapter is to understand the dual complex of a model for the product

of two smooth proper varieties over K. We consider this problem from two perspectives.

3.1.1. Skeletons of Berkovich spaces

The first is via the theory of Berkovich spaces. In this setting we assume that K is complete

with respect to the valuation induced by R, which gives rise to a non-archimedean norm

33
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on K. In [Ber90], Berkovich develops a theory of analytic geometry over K. He associates
a K-analytic space to X; each point corresponds to a real valuation on the residue field
of a point of X, extending the discrete valuation on K. This space, denoted by X?", is
called the Berkovich space associated to X. See Definition 2.1.1.5 for further details.

From any snc model 42" of X one can construct a subspace of X?", called the Berkovich
skeleton of 2" and denoted by Sk(.Z"): it is homeomorphic to the dual intersection complex
of the divisor 2} [MN15]. The Berkovich skeletons turn out to be relevant in the study
of the topology of X?". They shape the Berkovich space, as X?" is homeomorphic to the
inverse limit @Sk(ﬂ&” ) where 2" runs through all snc models of X. Also, the homotopy
type of X" is determined by any snc model 2": indeed, Berkovich and Thuillier prove
that Sk(Z) is a strong deformation retract of X" [Ber90; Thu07].

3.1.2. The dual complex of a dlt model

The other approach to the study of the dual complexes comes from birational geometry.
In this setting, we consider a pair (2", Az') over the germ of a curve. In the log general
type case, running the minimal model program (MMP) distinguishes a canonical model for
the degeneration (27, Ay ) [Ale96; HMX18; KSB8S], at the cost of possibly introducing
worse singularities. If we are willing to tolerate some ambiguity in our choice of model, we
can choose instead to produce a minimal dlt model; see Definition 2.3.0.3. One advantage
of dlt models is that they are expected to exist for all pairs admitting a log pluricanonical
form. The singularities are mild enough that it is possible to define the dual complex as the
dual intersection complex of divisors of coefficient 1, denoted D(2", AZ!). In [dFKX17],
de Fernex, Kollar, and Xu investigate how the dual complex is affected by the operations
of the minimal model program. They show, under mild hypotheses, that every step of the
MMP induces a homotopy equivalence between dual complexes. Moreover, D(.Z, A}l) is

a piecewise linear (PL) invariant under log crepant birational maps.

3.1.3. The essential skeleton

Recently there has been much interest in a synthesis of the two approaches. Kontsevich
and Soibelmann [KKS06] define a version of the skeleton of a variety with trivial canonical
bundle, which detects the locus of simple poles along the special fibre of the distinguished
canonical form. Mustatd and Nicaise [MN15] extend their definition to any variety with
non-negative Kodaira dimension. The key technical tool is the definition, for a rational
pluricanonical form, of a weight function on the Berkovich space. The essential skeleton
Sk®%(X) is the union over all regular pluricanonical forms of the minimality locus of the
associated weight functions.

Thus the essential skeleton has the advantage of being intrinsic to the variety X, with
no dependence on a choice of model. As the weight function is closely related to the log
discrepancy from birational geometry, it is natural to expect that the essential skeleton in

some way encodes some of the minimal model theory of X. Nicaise and Xu [NX16] show,
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when X is a smooth projective variety with Kx semiample, and 2 is a good minimal
dlt model, that the dual complex of 2} can be identified with the essential skeleton of
X. While it is in general a difficult problem to produce good minimal dlt models, Kollar,
Nicaise and Xu [KNX17] show that for any smooth projective X with Kx semiample, X

extends to a good minimal dIt model over a finite extension of the valuation ring.

3.1.4. Skeletons for log-regular models

To produce nice models of the product, we work in the context of logarithmic geometry.
To any log-regular scheme 2°F, in [Kat94] Kato attaches a combinatorial structure Fy
called a fan: if we denote by D 4 the locus where the log structure is non-trivial, then the
fan F9 consists of the set of the generic points of intersections of irreducible components
of Dy, equipped with a sheaf of monoids. See Section 2.5 for the details on Kato fans.

In Section 3.2 we define a logarithmic version of the Berkovich skeleton for a log-
regular model 2" of X over R: it gives rise to a polyhedral complex in X" whose faces
correspond to the points of Fg .

Given two log-smooth log schemes 2+t and ™ over R, their product 2" in the
category of fine and saturated log schemes is naturally log-regular, hence 2" has an
associated skeleton, and it is a model of the product Zx X g %) of the generic fibres. If
one of the two underlying schemes 2" or % is semistable, which means it has reduced
special fibre, then we show that the skeleton of the product 2t is the product of the
skeletons, with the projection maps given by restricting the valuation to the corresponding

function fields (Proposition 3.2.5.3).

3.1.5. Skeletons for pairs

Working in the logarithmic setting, we may also allow a non-trivial log structure over the
generic fibre. Geometrically this corresponds to adding horizontal divisors to the special
fibre and yields the addition of some unbounded faces to the skeleton. In [GRW16] Gubler,
Rabinoff, and Werner construct a skeleton for strictly semistable snc models with suitable
horizontal divisors. Both constructions recover the Berkovich skeleton when there is no
horizontal component and the special fibre is snc.

Pairs arise frequently in the minimal model program. We say that a pair (X, Ay) is
fractional snc if Ax is an effective Q-divisor such that Ax = > a;Ax; with 0 < a; < 1and
the round-up (X, [Ax]) is snc. Taking advantage of a construction that admits horizontal
components, the definition of the essential skeleton extends to the case of a fractional snc
pair (X, Ax) over K, and to pluricanonical forms of some positive index r with divisor of
poles no worse than rAx. We extend to pairs the result of Mustata and Nicaise [MN15] on
the birational invariance of the essential skeleton (Proposition 3.4.1.5), as well as Nicaise
and Xu’s result [NX16] that the essential skeleton is homeomorphic to the dual complex
of a good minimal dlt model (Proposition 3.4.1.7). It follows from these results that we

can define the notion of essential skeleton for a dlt pair.
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3.1.6. Main Result

Our main result establishes the behavior of essential skeletons under products.

Theorem 3.1.6.1 (Theorem 3.4.2.2). Assume that the residue field k is algebraically
closed. Let (X,Ax) and (Y,Ay) be fractional snc pairs. Suppose that both pairs have
non-negative Kodaira—Iitaka dimension and admit semistable log-reqular models 2 and
A+ over ST. Then the PL homeomorphism of skeletons induces a PL homeomorphism of

essential skeletons
Sk®S(Z, Az) = Sk*™°(X, Ax) x Sk**(Y, Ay)
where Z and Ay are the respective products.

Semistability is a key assumption; without it the projection map might fail to be injec-
tive; see Example 3.2.5.4. As expected, we get a corresponding result for dual complexes
of semistable good minimal dlt models (Theorem 3.4.3.5). Unfortunately semistability is
not well behaved under birational transformations so it seems possible that a degeneration

admits a semistable good minimal dlt model but no semistable log-regular model.

3.1.7. Structure of the chapter

Section 3.2 contains the definition and properties of the skeleton of a log-regular scheme,
and it requires no hypothesis on the characteristic of K. In Section 3.3 we introduce the
weight function and essential skeleton from [MN15], extending their definition to the case
of a pair. In Section 3.4 we give connections to birational geometry, along with proofs of

the main theorems.

3.2. The skeleton of a log-regular log scheme

3.2.1. Construction

(3.2.1.1) Let 2™t be a log-regular log scheme. Let x be a point of the associated Kato
fan F'. Denote by F(z) the set of points y of F' such that z lies in the closure of {y}, and
by Cp(z) the restriction of Cr to F(x). Denote by SpecCg- , the spectrum of the monoid

Ca 2 = Crz. Then there exists a canonical isomorphism of monoid spaces
(F(),Cp(z)) = SpecCq 1y — {s € Car o | s(y) = 0}

where the expression s(y) = 0 means that s’(y) = 0 for any representative s’ of s in
Mg ». In particular, we obtain a bijective correspondence between the faces of the monoid
Cs » and the points of F'(z), and for every point y of F'(z), a surjective cospecialization
morphism of monoids

Tay - C‘gy’x — Cg{hy
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which induces an isomorphism of monoids
Sy Coa/(Sy Coa) =Coaa/Sy — Cay

where S, denotes the monoid of elements s in Cy-, such that s(y) # 0.

(3.2.1.2) Assume that 2™t is a log-regular log scheme over S*. For each point z in F,

we denote by o, the set of morphisms of monoids
a:Cyaz— (Rxo,+)

such that a(m) = 1 for every uniformizer 7 in R. We endow o, with the topology of
pointwise convergence, where R carries the usual Euclidean topology. Note that o, is a

polyhedron, possibly unbounded, in the real affine space
{a:C% , — (R,+)|a(r) =1 for every uniformizer m in R}.

If y is a point of F'(z), then the surjective cospecialization morphism 7, , induces a topo-

logical embedding o, — o, that identifies o, with a face of 0.

(3.2.1.3) We denote by T the disjoint union of the topological spaces o, with z in F. On
the topological space T', we consider the equivalence relation ~ generated by couples of
the form (o, o 7;,) where x and y are points in F' such that x lies in the closure of {y}

and « is a point of o,,.

The skeleton of 2°T is defined as the quotient of the topological space T by the
equivalence relation ~. We denote this skeleton by Sk(.2™"). It is clear that Sk(2 ") has
the structure of a polyhedral complex with cells {0, € F'}, so it comes equipped with

a PL structure, and that the faces of a cell o, are precisely the cells o, with y in F'(x).

(3.2.1.4) We note that o, is empty for any point x that does not lie in the special fibre
Z1.: indeed, outside the special fibre any uniformizer is an invertible element, so it is trivial
in Cy , and is mapped to 0 by any morphism of monoids. Therefore, the construction of
the skeleton associated to 2°" only concerns the points in the Kato fan F' that lie in the
special fibre. Moreover, given a generic point x € 2}, of an intersection of components of
D4y, where at least one component is not in the special fibre, the corresponding face o,

is unbounded.

In other words, the skeleton associated to a log-regular scheme 2"+, where D 4 allows
horizontal components, generalizes Berkovich’s skeletons by admitting unbounded faces in
the direction of the horizontal components as well as by allowing singularities in the special
fibre. It also generalizes the construction performed by Gubler, Rabinoff and Werner in

[GRW16] of a skeleton associated to a strictly semistable snc pair.
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3.2.2. Embedding the skeleton in the non-archimedean generic fibre.

(3.2.2.1) Let 2 be a log-regular log scheme over ST. Let x be a point of the associated
Kato fan F. As the log structure on 2™ is of finite type, the characteristic monoid Cy ,
is of finite type too, and thus C%fr), ., is a free abelian group of finite rank. Hence there exists
a section

. gp X gp
C:MER M = MER

The section (¢ restricts to Cy , — My ,; indeed, if © € My , then ((T) —z € M7, .

Therefore we may choose a section

Coow— May (3.2.2.2)
of the projection homomorphism

Moy —Co,

and use this section to view C 4, as a submonoid of Mg ;. Note that Co,\ {1} generates
the ideal Zgy- , of Oy ..

We propose a generalization of [MN15, §2.4.4].

Lemma 3.2.2.3. Let A be a Noetherian ring, let I be an ideal of A and let (y1,...,Ym)
be a system of generators for I. We denote by A the I-adic completion of A. Let B be a
subring of A such that the elements y1,...,ym belong to B and generate the ideal B N1

in B. Then, in the ring fl, every element f of B can be written as

f=> e’ (3.2.2.4)

ﬁEZg‘O

where the coefficients cz belong to ((A\ I) N B)U{0}.

Proof. Let f be an element of B; we construct an expansion for f of the form (3.2.2.4) by
induction. If f belongs to the complement of I, the conclusion trivially holds. Otherwise,
f belongs to I and we can write f as a linear combination of the elements y1, . .., y, with

coefficients in B: .
f:ijyj, bjEB.
j=1

By the induction hypothesis, we suppose that ¢ is a positive integer and that we can
write every f in B as a sum of an element f; of the form (3.2.2.4) and a linear combination
of degree-i monomials in the elements yy,...,y, with coefficients in B. We apply this

assumption to the coefficients b;, hence

b =bji+ Y bisy’, bis€B
BeLT,
18|=i
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Then we can write f as a sum of an element f;;; of the form (3.2.2.4) and a linear

combination of degree-(i + 1) monomials in the elements y1, ..., y,, with coefficients in B

F=Y b+ > (X by’ )y
=1

j=1 BT,
fit1 |Bl=i

such that f; and f;+1 have the same coefficients in degree less than or equal to ¢. Iterating

this construction, we finally find an expansion of f of the required form. O

(3.2.2.5) Let f be an element of Oy ,. Considering A = B = Og 5, I = m,, and a
system of generators for m, in Cy , \ {1}, by Lemma 3.2.2.3 we can write f as a formal

power series

f= > ¢ (3.2.2.6)

'Yec% ,T

in Oy ,, where each coefficient ¢, is either zero or a unit in Oy ,. We call this formal

series an admissible expansion of f. We set

F'={y€Cyyulcy #0} (3.2.2.7)

and we denote by I',(f) the set of elements of ' that lie on a compact face of the convex
hull of T +Cy , in C% , @z R. We call T'y(f) the initial support of f at x, notation which
is justified by the next proposition.

Proposition 3.2.2.8.

1. The element
fe=Y @)y €k(@)Cayl

Y€z (f)

depends on the choice of the section (3.2.2.2), but not on the expansion (3.2.2.6).

2. The subset I'y(f) of Co 5 only depends on f and x, and not on the choice of the
section (3.2.2.2) or the expansion (3.2.2.6).

Proof. 1f we denote by I the ideal of k(x)[C4 | generated by Cy , \ {1}, then it follows

from [Kat94] that there exists an isomorphism of k(z)-algebras
grr k(2)[Ca o] = grm, Oz - (3.2.2.9)

Using this result and following the argument of [MN15, Proposition 2.4.4], we show now

that f, does not depend on the expansion of f. Let

f=> dn

'YEC% \T
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be another admissible expansion of f with associated set I';(f)" and element f.. Then

0= Z (cv—c;)’y: Z d+y

'Yecg?,’,z ’Yec%,z

where the right-hand side is an admissible expansion obtained by choosing admissible
expansions for the elements ¢, — ¢, that do not lie in O U {0}. In particular d,(z) =
cy(z) =, (z) for any v in T'y(f) UT,(f)". The isomorphism of graded algebras in (3.2.2.9)
implies that the elements d, must all vanish, hence I'y(f) = T',(f) and f, = f..

Point (2) follows from the fact that the coefficients ¢, of f, are independent of the
chosen section up to multiplication by a unit in Og 4, so that the support I';(f) of fa
only depends on f and =z. O

Proposition 3.2.2.10. Let x be a point of F' and let
a:Cqy o — (R0, +)

be an element of o,.Then there exists a unique minimal real valuation
v:Ogp .\ {0} = Rxg

such that v(m) = a(m) for each element m of My ,.

Proof. We will prove that the map
v: 095, \{0} = R: f— min{a(y) |y eTz(f)} (3.2.2.11)
satisfies the requirements in the statement. We fix a section
Coyz— My .

It is straightforward to check that (f - g), = fz - g» for all f and g in Og 5. This implies
that v is a valuation. It is obvious that v(m) = a(m) for all m in My ,, since we can
write m as the product of an element of Cy , and a unit in Oy ,.

Now we prove minimality. Consider any real valuation
w:0g,—R

such that w(m) = a(m) for each element m of My ., and let f be an element of Oy .
We must show that w(f) > v(f).

We set
Ca = C%',:c \ a_l(o)'

We denote by I the ideal in O 4, generated by C, and by A the I-adic completion of
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Og . By Lemma 3.2.2.3, we see that we can write f in A as

> dsB (3.2.2.12)

BECLU{1}

where dpg is either zero or contained in the complement of I in Oy .
Since a(f) > 0 for every 3 € C,, we can find an integer N > 0 such that w(g) > w(f)

for every element g in I"V. So we have

w(f) = min{a(B) [dg # 0}

recalling that w(f) = a(B) for all 8 in Cy ,.

We consider the coefficients in the expansion (3.2.2.12) of f. Applying Lemma 3.2.2.3
as in paragraph (3.2.2.5), we can write admissible expansions of these coefficients in @gfz
as

dg= Y, cy8% €8 €05, U{0},
VECo &
with a(y) = 0 in the expansions of dg that belong to m, \ 1.

Therefore we obtain an admissible expansion of f

f= 2 &8
BECLU{1}
'YEC.%,I
and we have v(f) = min{a(75) | cy g # 0} = min{«a(B) |dg # 0} < w(f). O

Remark 3.2.2.13. In the definition (3.2.2.11) of the valuation v, we compute the min-
imum over the terms in the initial support of f: these elements are a finite number and
they only depend on x and f by Proposition 3.2.2.8. Therefore, this minimum provides a
well defined function on O 4, \{0}. Nevertheless, it is equivalent to consider the minimum
over all the terms of an admissible expansion of f, that is, for any admissible expansion
[= Zyecggﬂ: CyY

min{a(y) |7 € T (f)} = minfa(y) [y € T},

where I' = {y € Cg ,|cy # 0} as in (3.2.2.7). Indeed, any element that belongs to I'
can be written as a sum of an element of the initial support of f and an element of Co .
Since the morphism « is additive and takes positive real values, the minimum is necessarily

attained by the elements in the initial support.

(3.2.2.14) We will denote the valuation v from Proposition 3.2.2.10 by v, o. Since vy q
induces a real valuation on the function field of Z% that extends the discrete valuation
vk on K, it defines a point of the K-analytic space 272", which we will denote by the
same symbol v, . We now show that the characterization of v,  in Proposition 3.2.2.10
implies that

Vy,of = Uz,aorg y
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for every y in F(z) and every o in oy,

First we note that Oy , is the localization of Oy , with respect to the elements

m € My, in the kernel of 7, ,. Indeed, by construction of 7, ,, the kernel is given by

ker(Tx,y) = {5 € C&’f,x|s(y) # 0}'

To obtain O 4, from Oy ,, we localize by

Sy ={a € Oy zlaly) # 0}.

Therefore we can identify the set of elements of M 4, whose reduction is in ker(7, ,) with
the set Sy, recalling that, for points in the Kato fan, C4 , \ {1} generates the maximal

ideal of Oy ,. Therefore we are dealing with these two morphisms:
Oﬁl’,w — ngloﬁk',z = Oﬁé’,ya

Cﬁ’,m - C,%’,x/sy = C%,y-

Let f be an element of Oy ;. In the notation of Lemma 3.2.2.3, we apply the lemma
to A= 04, and B = Oy ,, choosing a system of generators of m;, in Cy-,: we can find

an admissible expansion of f of the form

f= > ds6 withds e (Oy.N0O% )U{0}.

5€C957y

Admissible expansions of coefficients ds induce an admissible expansion for f by

f= Z ( Z C’yé’}’)(s with cys € Oi%’x u {0},

§€C%,y yeS

where ~ runs through the set S, since ds € O - Thus we have

Uy, (f) = min{a’(9) [ € Ty (f)}
— min{o’ 070y (19) |8 € Ty(f), 7 € 5)
= min{a’ o 7, (y9) [ 76 € T (f)}

= VUz,a/o7s,y (f)
Hence, we obtain a well defined map
L Sk(Z2T) — 2

by sending « to v, o for every point z of F' and every o € o,.
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Proposition 3.2.2.15. The map
L Sk(Z2T) — 27
s a topological embedding.

Proof. First, we show that ¢ is injective. Let z be a point of F' and « an element of o,.
Let y be the point of F(z) corresponding to the face Co .\ @ 1(0) of Cy . Then « factors
through an element

a C:%V,y — R>0

of 0. Note that o = o in Sk(2™") because a = o/ o7;,,. Moreover, since (/) 71(0) = {1},
the centre of the valuation v, o is the point y, so that redg (vy o) = y. Thus we can
recover y from vy .. Then we can also reconstruct o’ by looking at the values of v, o at
the elements of M 4 ,,. We conclude that ¢ is injective.

Now, we show that ¢ is a homeomorphism onto its image. For any valuation v in
Sk(2 ) and any small open neighborhood U of ¢(v) in 22", there exists a closed subset
C in Sk(2" ") such that U N ¢(Sk(2 ")) C +(C) and, up to subdivisions, we can assume
that the C' is a closed cell of Sk(2 ). Therefore, it suffices to prove that the restriction of
¢ to any closed cell o, of Sk(2 ") is a homeomorphism. The restriction lo, 18 an injective
map from a compact set to the Hausdorff space 272", so we reduce to showing that ¢|,,
is continuous, to conclude that ¢, is a homeomorphism. By definition of the Berkovich

topology, it is enough to prove that the map
or = Ria— vy4(f)

is continuous for every f in Oy ;. This is obvious from the formula (3.2.2.11). O

(3.2.2.16) From now on, we will view Sk(2 ") as a topological subspace of 232" by
means of the embedding ¢ in Proposition 3.2.2.15. If 2" is regular over R and Z} is a
divisor with strict normal crossings, the skeleton Sk(2 *) was described in [MN15, §3.1].

3.2.3. Contracting the generic fibre to the skeleton.

(3.2.3.1) We denote by Dy 1oy the component of Dy not contained in the special fibre
Zj. The inclusion ¢ : Sk(Z' ) — 22" is actually an inclusion in (2% \ D2 hor)™™ and it

admits a continuous retraction
pPx - (%K \ Dgg,hor)an — Sk(%—i_)

constructed as follows. Let x be a point of (Zx \ D2 hor)*™ and consider the reduction
map
redg : (%K \ Dyf’hor)an — %k-
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Let Eq,..., E, be the irreducible components of D g passing through the point red o ().
We denote by & the generic point of the connected component of F1N...NE, that contains
red 2 (z). By Lemma 2.5.2.3, £ is a point in the associated Kato fan F'. We set « to be
the morphism of monoids

(673N C(fo — R}O

such that o(m) = vy(m) for any element m of Mg ¢. In particular a(n) = vy(7) =1 as
we assumed the normalization of all valuations in the Berkovich space. Then pg () is the
point of Sk(2 1) corresponding to the couple (£, ). By construction py is continuous

and right inverse to the inclusion ¢.

(3.2.3.2) Given a dominant morphism f : 27 — % of integral flat separated log-regular
log schemes over S, it induces a map between the set of birational points Bir(Z%) —
Bir(#k). As Bir(Zk) € (Zx \ D2 hor)™", we can employ the retraction p to define a map
of skeletons as follows

o~

(%K)bir f (@K)bir

ol ]

Sk(Z+) s SK(FH).

This association makes the skeleton construction Sk(2™*) functorial in 2™+ with respect

to dominant morphisms.

3.2.4. Semistability and Kato fans associated to the fibred products.

(3.2.4.1) We recall that a log-regular log scheme 2 is said to be semistable if the
special fibre is reduced. We will see that semistability is a sufficient condition to establish

injectivitiy of the local isomorphism (2.5.4.9).

(3.2.4.2) Given a log-regular log scheme 2t over S*, the morphism f : 2t — ST
is called saturated if for any z € 2" the morphism Cg f(,) — C2 . on the stalks of the
characteristic sheaves is a saturated morphism of monoids; that is, if for any x and any
morphism u : Cg t(,) — P of fs monoids, the amalgamated sum Cg , Bcg py L 18 still a
saturated monoid.

Following the work by T. Tsuji in an unpublished 1997 preprint, Vidal in [Vid04] defines
the notion of saturation index for morphisms of log schemes. In the case of a log-regular
log scheme 2t over ST, the saturation index at a point x € 2}, is the least common
multiple of the multiplicities in 2} of the prime components of 2} passing through zx.

The following criterion holds.

Lemma 3.2.4.3. [Vid0/, §1.3] The morphism 2+ — ST is saturated if and only if the

saturation index at any point of 2 is equal to 1.

Proposition 3.2.4.4. Assume that the residue field k is algebraically closed. Let 2 T
and & be log-smooth log schemes over ST. Let 2 be their fs fibred product. If 2+
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is semistable, then for any pair of points (x,y) in Fo Xpg Fzy whose closures intersect
the special fibres 2y, and %, respectively, the morphism Fo — Fg X g, Fy, induced by
the projections Z+t — X+ and ZT — ¥, is a bijection above the pair (x,y), namely

n(z,y) = 1.

Proof. Since 2T is a semistable log-regular log scheme over S, the saturation index of
2T — ST at any point z in 2}, is 1. Thus, by Lemma 3.2.4.3 the morphism 2™+ — ST
is saturated, and it follows that the fibred product in the category of log schemes coincides
with the fibred product in the category of fs log schemes. This fact is crucial in the sequel
of the proof to describe explicitly the divisor D4, and to characterize the points of 2.

We write Do = Ag + 2, where Ay = >, A g ; is the horizontal part and 2}, =
>iEai and Dy = Ay + P req, With Ay = 37, Ay j and Drea = > Ewj. The
divisor D4, associated to the log structure of the fs fibred product, is given by Dg =
Ay + Zred, Where Ay = Ag X X + 2 x Ay = > Ay and Zred = 2op Exp-
As k is algebraically closed, the irreducible components of 2, = Zi X % are given
by the products of irreducible components of %2} and %; that is, for any h we have
Eyn=FEy;, <r By j,.

The points in the special fibre Z; are characterized as follows:
Z = ($7 Y, 5’p) and Og,z = (O%,x ®R OWJ,y)p

where x and y are points of 2"+ and ™ both mapped to s, while p is a prime ideal of
the tensor product of residue fields k(z) ®j k(y). We assume now that z is a point in

Fo N 2., and see the restrictions on x, y and p that follow from this assumption.

1. We claim that the projections x and y are points of the respective Kato fans. By
Lemma 2.5.2.3, z is a generic point of an intersection of irreducible components of
Dgy.

If every irreducible component of D4 containing z is in the special fibre, then the

intersection is given by
Mh=1Bzh = M1 Bz, X By j, = (Oh1 B2 i) X (M1 B9 )

The projections x and y of z are generic points of strata in 2 and %4, hence lie in

the respective Kato fans.

Otherwise, let Ay 1,..., Ay, be the horizontal components of D # passing through
z. We consider the subscheme 2 = ﬂ[lzlA o, of 2, endowed with the divisorial log
structure Dy = P rea. Then 27 = (2, Dgy) is a log-regular log scheme and z is a
point in the Kato fan of 2 that corresponds to the generic point of an intersection

of irreducible components of D¢, that are all contained in the special fibre. Since

P = Nim1Az = (N2 A i XY )N 27X Az 1) = (N1 A1) X (N1 A 1)
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is itself a fibred product of log-smooth log schemes, we conclude by the previous

case.

2. We claim that the ideal p is minimal. Since z lies in F'y, we have that dim Oy , =

rankC%ﬁ .- At the level of characteristic sheaves
rankC%%z = ranknggpﬂC + rankC(,gyIiy -1,

holds, since the stalk at z of the characteristic sheaf of 2" is equal to Cyx , =
C2 2 ®nCy ,y and the morphism N — Cy- , is saturated. As x and y are both points
in the associated Kato fans, the equality between the dimension of the local ring and
the rank of the groupification of the characteristic sheaves holds for = and y as well,

and we obtain
dimOy , = rankcgz = rankC%”m + rankCag]p’y —1=dimOgyp , +dim Oy , — 1.

By log-regularity of 2% we have the inequality dim Oy ,» > rankC%f  at any point
2, hence the equality that holds for z necessarily implies that p is a minimal prime
ideal of k(x) ® k(y).

Let (x,y) be a pair of points of Fg Xp, Fz that lie in the respective special fibres.
In order to determine the number n(x,y) of preimages of (z,y) in Fy, we need to study
the number of minimal prime ideals of the tensor product x(x) ®j £(y). Since the residue
field & is an algebraically closed field, the tensor product x(z) ® k(y) is a domain; in
particular, it has a unique minimal prime ideal, namely 0. We obtain that n(x,y) = 1.

Let (x,y) be a pair of points in Fy x gy Fir whose closures intersect the special fibres,
namely there exist 2’ € F9- N 2}, and v/ € Fy N %, such that 2’ is in the closure of  and
v’ in the closure of y. Then, by the previous part of the proof and by Lemma 2.5.4.11, we
have n(z,y) < n(z',y’) = 1. O

3.2.5. Skeleton of an fs fibred product.

(3.2.5.1) Let 2t and Z'* be log-smooth log schemes over ST, and let 2 be their fs
fibred product. Let
Sk(2) = Sk(2°) x Sk(#)

be the continuous map of skeletons functorially associated to the projections pry : 2+ —
2T and pry : T — #*. We denote this map by (prgy(s, Prsk(#)) and we recall that

it is constructed considering the following diagram.
()P —BELPIY) (g ybin s (g ybir
“‘"’Q”f |@warm) (3.2.5.2)
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Proposition 3.2.5.3. Assume that the residue field k is algebraically closed. If 2t is
semistable, then the map (prSk(%v),prSk(g,)) is a PL homeomorphism.

Proof. We first provide an explicit description of the map (respectively of prsk(gy)) in dia-
gram (5.3.6.4). Then we show that the map (prgy(2-), Prsk(#)) is injective and surjective.

Let v, . be the valuation in Sk(Z ") corresponding to a couple (z,) with z € Fr N 2,

and € € g,. We consider the morphism of associated Kato fans
Fo — Fg X Fg Fy

as established in Proposition 2.5.4.8. We denote respectively by prp, and prp, the
projection to the first and second factor. Then prp, (2) is a point in the associated Kato

fan F 9, which we denote by x. We consider the morphism of monoids
Z';B : ngj’m — ng:z

and the composition

£

pr%v(e) : C%,x L’ C@”,z = (C%@ ON ng’y)sat — R>0

=

a [a,1] + £([a, 1]).

It trivially satisfies € o i,(w) = 1. In order to conclude that it correctly defines a point in
the skeleton Sk(.2" "), we need to check the compatibility with respect to the equivalence
relation ~. Indeed, suppose that ¢ = &’ o 7, ./ for some z € {z’}. We denote by z’ the

projection of 2’ under the local isomorphism of associated Kato fans. The diagram

C%,x L) Cff,z

J{Tz,z’ J{Tz,zl/ RZO
3 ’

1.1
Cl%’,m’ s Cf,z’

is commutative as it is made up of a commutative square and a commutative triangle of

arrows. Therefore, by commutativity
prgg'(é“) = pr%-(gl) o T:E,:B’

and this implies that pry-(¢) defines a well defined point v, ., () of Sk(Z™™).

We claim that vy, (¢) i indeed the image of v, under the map prgy (o). We recall
that the projection pr,-, in diagram (5.3.6.4), is such that a valuation v on the function
field K(Z%) maps to the composition v o i where i : K(2k) — K(Z¥). Thus, we need

to prove that the equality in the following inner diagram holds
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—

(Q”K)bir Pr o (%K)bir

Vye P> Uy O
Ley Pz I 1 P

Vze = P2 (V2 01) = Vg pry (e)

Prsk(%)

Sk(Z) Sk(Z').

We denote py (v, 01i) by (z,a) as a point of Sk(2'"). By definition of the retraction
pa, the morphism « is characterized by the fact that a(m) = (v, o i)(m) for any m in

Mg, and then we have
a(m) = (vse01)(m) = v, (M) = ().
On the other hand, for any m in Mg,
Uz, pr g () (M) = Pro(e)(m) = e(m)

hence we obtain that a coincides with the morphism prg-(¢). This means that their
z,pr o () coincide in Sk(2™T).

We now prove injectivity and surjectivity of the map (prSk( ) prSk(?;,)). Given a pair
of points in Sk(Zt) x Sk(#T), they are of the form (vga,vy ), with z € Fy N 2%,
y € Fy N%,, o € 0, and 8 € 0,. The assumptions of semistability of 2" and algebraic

associated points pg- (v, o) and v

closedness of k guarantee that there is a unique z in Fg in the fibre of x and y, by

Proposition 3.2.4.4 and Remark 3.2.1.4. We claim that we can construct a unique € € o,

such that (prgi 2y, Prsk@)) (Vze) = (Vg,a:vy,5). We set

€ CQ{/,Z = (CQ/,I @N C@}y)sat — R}O
[a,1] ——— a(a)

[1, 6] ———— B(b);

this is well defined as ([, 1]) = a(7r) = 1 = (7) = ¢([1, w]). By construction, the image
of vz 18 (Ug,a,Vy,6), S0 the map (prgy(2-), Prok(a)) is surjective. Moreover, we can uniquely

reconstruct € by looking at the values of v ) at the elements of M 4, and of v

T,pr g (e Y:proy ()
at the elements of Mg ;. Thus (prey sy, Prske)) is injective. O

The assumption of semistability is crucial in the result of Proposition 3.2.5.3. To see

this, it is helpful to consider an example.

Example 3.2.5.4. Let ¢ be the equation of a generic quartic curve in P%((t)). Then
2 : tq + 2%y? = 0 gives the equation of a family of genus 3 curves, degenerating to two
double lines. The dual complex D(Z¢) of the special fibre Z¢ is a line segment and 2~
has four singularities of type A; in each component of the special fibre, corresponding to
the base points of the family. In this case taking a semistable model of Z¢((;)) requires an

order two base change R’ of R = C[[t]], which induces coverings branched at each of these
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singular points (see [HM98, p. 133] for details). Let % be such a semistable reduction.
Thus the special fibre of % consists of two elliptic curves, call them F; and FEs, which
intersect in two points, p4 and pp, which are the preimages of the point (0: 0:1). The
dual complex D(%¢) of the special fibre %¢ is isomorphic to S*.

We will compare the dual complex of (2" x r Z")c with that of (% X g% )c. The models
Z and % are not log-regular at every point, but from our perspective it is enough that they
are log-regular at the generic point of each stratum. For the product with a semistable
model, the dual complex is the product of the dual complexes, and D((# xpr #)c) is

therefore a real 2-torus S x St.

On the other hand, the dual complex of the product (2" xr 2 )¢ is given by a quotient
of S1 x S' by the action of Z/2Z. D((# xr #)c) has the structure of a cell complex,

whose cells correspond to ordered pairs of strata in D(%¢), so

zero-dimensional strata: (E1, E2), (Ev, Ev), (B2, E1), (Ea, E9)
one-dimensional strata: (E1,pa), (E1,pB), (F2,p4), (E2,pB)

(pa, E1), (pB, E1), (pa, E2), (pB, E2)
two-dimensional strata: (pa,pa), (pa,pB), (PB:PA)s (PB, PB)-

The action of Z/27Z fixes E; and FE,, while switching ps and pp. Therefore it fixes
exactly the zero-dimensional strata while acting freely on the other points. The quotient,
the complex D((2 xr Z)c), is piecewise linearly homeomorphic to the sphere S2. In

particular, it is not isomorphic to the product of two line segments.

Moreover, we show through an example that the fibred product of snc models is not

snc in general. This motivates the introduction of the language of log-regular models.

Example 3.2.5.5. Let R = C[[t]] and 2+ = (Spec {;5:’%,% = {2y = O}) and

Y+ = (Spec giﬁg,% = {zw = 0}) Their special fibres are snc, have two irreducible

components intersecting in a point, so the associated skeletons are both isomorphic to the

closed unit interval. The special fibre of the product £ consists of four irreducible com-
ponents and is not an snc divisor: indeed, the four components intersect in a codimension

three stratum. Thus, the dual complex is not well defined.
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Sk(#+)

3.3. The weight function

From now on we assume char(K) = char(k) = 0.

3.3.1. Weight function associated to a logarithmic pluricanonical form.

(3.3.1.1) Let X be a connected, smooth and proper K-variety of dimension n. We
introduce the following notation: for any log-regular model 2°" of X, for any point
r = (&, ]z) € X and for any Q-Cartier divisor D on 2" whose support does not
contain &, we set

ve(D) = —In |f(x)|m

where f is any element of K (X)* such that mD = div(f) locally at red - (z), and m € Z~g

is such that mD is Cartier.

(3.3.1.2) Let (X, Ax) be an snc pair as in §2.1.1, so that Ax is an effective Q-divisor such
that Ay =Y a;Ax,; has 0 < a; < 1, and the round-up X = (X, [Ax]) is snc. Let w be
a regular m-pluricanonical form on X with poles of order at most ma; along Ax ;, for
some m such that ma; € N for any 7. Thus, such a form is a section of Ox (m(Kx +Ax)),
and we call it a Ax-logarithmic m-pluricanonical form.

Given a log-regular model 2™+ of X+, where Dy = [Ax]| + Zkred, We can view
any Ax-logarithmic m-pluricanonical forms as rational sections of the logarithmic m-

pluricanonical bundle (wlg(zngr / o+)®™, that is, of

(@58 )54 )®™ = w5 ® Oy (m(TAX] + Zisrea — div(m))).

The form w, viewed as a rational section of (of;{%r / o+)€", defines a divisor divy+(w) on
Zt. Note that the multiplicity in divy-+(w) of the closure Ax; in 2" of Ax; is at least
m(l — a;).

(3.3.1.3) Given a A x-logarithmic m-pluricanonical form w, we can consider it as a ratio-

nal section of w%}‘K. Hence, we can associate to w the weight function wt,, as in [MN15].
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The following lemma gives an interpretation of the weight function associated to w in

terms of logarithmic differentials, which we will use in the sequel.

Lemma 3.3.1.4. Let 2% be a log-reqular model of X*. Then for every point x of
Sk(2'T)
Wty (2) = vg(divg+(w)) + m.

Proof. Tt suffices to prove the equality for the divisorial points in Sk(2 1), since they are
dense in the skeleton, and both wt,(-) and v.(div -+ (w)) are continuous functions on the
skeleton Sk(2ZT).

Let x be a divisorial point in Sk(2 T). If z corresponds to a component of the special
fibre 2}, then the centre red 4 () of  does not contain the closure of any components of
Ax. Thus, locally around redy (z) the log schemes 2t and (2", 2 red) are isomorphic
and, in particular, div g+ (w) = div(2" 2; .4)(w). The computation in [NX16, §3.2.2] shows
that wt,(z) = vy (div(e, 2; ,.4)(w)) + m, so we obtain the required equality.

Otherwise, we consider the blow-up h : 27’7 — 2T at the closure of the centre
redy (z) of z in 2" T. By [KMO08, Lemma 2.45]" iterating this procedure a finite number
of times, we obtain a log-regular model %™ such that the x corresponds to a component
E of the special fibre %},. By reduction to the previous case, it is enough to check that
the value v, (divg+(w)) does not change under such a blow-up h.

The morphism A is the blow-up of a stratum of the log boundary m—l— Ak red, hence
h is a log étale morphism. By [Kat89, Proposition 3.12] we have h*(wé%.gﬂSJr) = w2%+/s+.
It follows that div g+ (w) = h*(div g+ (w)) and this concludes the proof. O

(3.3.1.5) Werecall from [MN15, §4.7] that the Kontsevich-Soibelman skeleton Sk(X, A x,w)
is the closure in Bir(X) of the set of divisorial points of X" where the weight function

wt,, reaches its minimal weight, namely
Wt (X, Ax) = inf{wt, (z) |z € Div(X)} € RU{—00}.

A priori the weight function associated to a rational pluricanonical form may have
minimal weight —oo, hence the corresponding Kontsevich—Soibelman skeleton would be

empty. We prove that this does not occur for A x-logarithmic pluricanonical forms.

Proposition 3.3.1.6. Given a Ax-logarithmic m-pluricanonical form w, for any log-
reqular model '+ of X the inclusion Sk(X, Ax,w) C Sk(Z ) holds.

Proof. Let 2" be a log-regular model of X+ and let y be a divisorial point of X", It

suffices to prove that

wtw(y) = wto(p2 ()

!The proof in [KMO08] considers the case of a variety over a field, but it generalizes to varieties of finite
type over a discrete valuation ring.
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and that the equality holds if and only if y is in Sk(:2" ). As in the proof of Lemma 3.3.1.4,
we consider the blow-up of 2°T at the closure of red »-(y): iterating this procedure a finite

number of times, we obtain a log-regular model %+ such that y € Sk(#' ™).

Let h: Z — # be a morphism of this sequence. If {redy (y)} is a stratum of Dy,
then the morphism h induces a subdivision of the skeleton Sk(# 1), so p#(y) = py (y).

Otherwise, {redy (y)} is strictly contained in a stratum V of Dy . Let E be the
exceptional divisor of h, r = rj, + r, be the codimension of V in #', where r, and r, are
the number of irreducible components of m and respectively of the special fibre #4,
containing V. Let r + j be the codimension of {redy (y)}, where j > 1. We denote the
projections onto ST by sy : # T — ST and sy : 2t — ST and by 7 a uniformizer in R.

Then we have that

h* (Wi J5+) =D (wyyr © Op ([AXT req + Phred — sy div(m)))
=wr/R@O0x((1 =1 —J)E+ [Ax] 1oq + ThE + Zired + (ro — 1) E — 8% div(m))
= w5% g ® Oz (—jE).

It follows that div g+ (w) = h*(divy+(w)) + mjE, so

Voo () (divg+(w)) = Vpar (y) (R*(divy+(w)) + mjE)
2 Vpy () ([divy+ (W) + mjvy,, () (E)

> 0 3y (i ()

where for the first inequality we apply [MN15, Proposition 3.1.6] while the second strict
inequality holds as j > 0 and v,,, (,)(E) > 0 since the centre of the valuation py (y) is
contained in E. Therefore, for any such morphism h, the weight is strictly increasing,

namely wty,(pz(y)) > wt,(py (y)). This concludes the proof. O

Only the components of Ax with coefficient a; = 1 determine strata that are contained
in the Kontsevich—Soibelman skeletons. The introduction of A x-log pluricanonical forms
allows us to construct non-empty Kontsevich—Soibelman skeletons even for varieties with

Kodaira dimension —oo, as in the following examples.

Example 3.3.1.7. Let X be the projective line IP’}( with affine coordinates x and y, and
Ax =(0:1)+(1:0). Then a; = 1 for any 7 and there exist Ax-logarithmic canonical
forms. For example, we consider

dx dy

w=—=——.

Z )
Let 2" =Pk and Dy = (0: 1) + (1 : 0) + PL. The log scheme 2+ = (27,Dy) is a
log-regular model of X = (X, [Ax]) and the associated skeleton Sk(2 ) looks like this:
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Dy Sk(2°+)

'U]p]lc

Since divg+(w) = 0, the weight associated to w is minimal at any point of the skeleton
Sk(Z *). Thus Sk(X,Ax,w) = Sk(2Z 1) ~ R.

Example 3.3.1.8. Let X =P} and Ay = 2(0: 1)+ 2(1:0)+ 2(1:1). So a; = 2 for

any ¢ and there exist A x-logarithmic 3-pluricanonical forms. We set

(dy)®.

1 1 1

m z (1-y)? y

We consider 2" =P, and Dy = (0:1) + (1:0) + (1: 1) + P}; then 27 = (2, Dy ) is
a log-regular model of Xt = (X, [Ax]) and Sk(Z™) is

Dy Sk(2°+)
Pl N .
(0: 1)__k ) Up1
(1:1) | 5
(1:0) |

Since div g+ (w) = (0: 1) + (1 : 0) + (1 : 1), the weight associated to w is minimal at the
divisorial point UpL corresponding to IP’,IC and is strictly increasing with slope 1 along the

unbounded edges, when we move away from the point UpL. Therefore, Sk(X,Ax,w) =

{U[P’i }-

3.3.2. Weight function and Kontsevich—Soibelman skeleton for products.

(3.3.2.1) Let 2" and # ™" be log-regular models over ST of X+ = (X,[Ax]) and
Y+ = (Y,[Ay]) respectively. Then the fs fibred product Z+ = 2+ x&, & is a log-
regular model of ZT := X T x&% Y . Therefore, given wy+ and wy+ Ax-logarithmic and

Ay-logarithmic m-pluricanonical forms on (X, Ax) and (Y, Ay) respectively, the form
@ = Pry+ wx+ ® Pry+ wy+

is a Az-logarithmic m-pluricanonical form on (Z, Az), where Ay = X x gk Ay +Ax xg Y.
Viewing these forms as rational sections of logarithmic m-pluricanonical bundles, we see

that divg+(w) = pri,, (divg+(wx+)) + prj, (divg+ (wy+)) according to (2.5.4.6).

(3.3.2.2) Let z be a point of Fy N Z%; as before, we denote by x and y the images of z
under the local isomorphism Fy — F Xpg Fp. Any morphism ¢ € o, defines a point

vy in Sk(ZT). For the sake of convenience, we simply denote the valuations by the
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corresponding morphism and we denote & = pry-(¢) and = pry(e). We aim to relate

the valuation v, (div g+ (w)) to the values

va(divy+ (wx+)) s va(divy+ (wy+))-

(3.3.2.3) Let fp € Og , be a local equation of divy+(wx+) around z. In order to

evaluate vy o on f;, we consider an admissible expansion of f; as in (3.2.2.6)

fz= Z Cy7Y-

’yecﬁf,w

Furthermore, this expansion also induces an expansion of pri-(f;) by

priy(fo) = > priy(e)y

’YEC%',x

as formal power series in 19) %, since the morphism of characteristic sheaves Co- , — C
is injective. Following the same procedure for a local equation f, € Oy, of divy+(wy+)

around y, we get an expansion of f, that extends to pr}, (fy):

fo= 3 dsb.

0€Ca

(3.3.2.4) A local equation of w around z is determined by pr-(fz) pri, (fy). Thus

ve(div g+ (@) = ve(pry-(fz) Priy (fy))

and by multiplicativity of the valuation v,

ve(pry (f2) priy (fy)) = ve(priy (f2)) + ve(priy (fy))-

Recalling Remark 3.2.2.13, the valuation can be computed as follows

ve(pry (fz)) = min{e(y) | ¢y # O};

as the elements v belong to Cy , and « is defined to be pry-(e), we have

min{e(y) | ¢y # 0} = min{a(y) | ¢y # 0} = vz a(fz)
Hence, we conclude that

Ve(divy+(@)) = ve(priy (f2)) + v=(pry (fy))
va(fz) +vp(fy) (3.3.2.5)

valdiv s (wx+)) + vp(diva+ (wy+)).
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(3.3.2.6) This result turns out to be advantageous to compute the weight function wt
on divisorial points of Sk(Z*):

Wt (e) = ve(divg+ (wm)) +m
= Vo (div g+ (wx+)) + va(divg+ (wy+)) + m (3.3.2.7)

= Wty , (@) + Wty (8) —m.

(3.3.2.8) In the notation of the previous paragraphs, our computations lead to the fol-

lowing result.

Theorem 3.3.2.9. Suppose that the residue field k is algebraically closed and that 2+

is semistable. Then the PL homeomorphism of skeletons
Sk(ZT) = Sk(2 ) x Sk(Z'™T)

given in Proposition 3.2.5.3 restricts to a PL homeomorphism of Kontsevich—Soibelman

skeletons
Sk(Z, Az,w) = Sk(X, AX,wX+) X Sk(Y, Ay,wy+).
Proof. This follows immediately from equality (3.3.2.7), which shows that a point in

Sk(Z™") has minimal value wt(Z, Az) if and only if its projections have minimal value
Wty (X, Ax) and wty,,, (Y, Ay). O

3.4. The essential skeleton of a product

For this section, we assume the residue field k is algebraically closed. We recall that w

denotes a uniformiser in R, and S = Spec(R).

3.4.1. Essential skeleton of a pair.

(3.4.1.1) Let X be a proper variety over K and (X, Ax) an snc pair as in §2.1.1. Let 2"
be a log-regular model of (X, [Ax]) over ST. Let w be a non-zero regular A x-logarithmic
m-pluricanonical form on (X, Ax). There exist minimal positive integers d and n such
that the divisor div g+ (w®?m~") is effective and the multiplicity of some component of the
special fibre is zero: we denote this divisor by Dpin(Z",w). It follows from the properties
of the weight function (see [MN15, Proposition 4.5.5]) that for any = € Sk(2 ")

Vg (Dmin (Z7,w)) +dm = wtea,—n(z) = d - wty,(x) + v,(77") = d - wty(x) — n.
Lemma 3.4.1.2. Let vy o be a divisorial point in Sk(Z ). Then vy o € Sk(X,Ax,w) if

and only if Dyin(2 ,w) does not contain x.

Proof. We denote v, o simply by a. By the above series of equalities, the weight func-
tion wt,, reaches its minimum at « if and only if vo(Dmin(Z2 ,w)) is minimal, hence, in

particular, equal to zero.
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Let h: T — 2+ be a sequence of blow-up morphisms of strata of D4 such that o

corresponds to an irreducible component E of Dg . As in the proof of Proposition 3.3.1.6
B*(Diin (2, w)) = h*(div g+ (w®7™™)) = divgy+ (w7 ™).

Therefore we have that ve(Dmin(2,w)) > 0 if and only if E C divy+ (w®?7r™"), and this
holds if and only if © € Dy (27, w). O

(3.4.1.3) We define the essential skeleton Sk®*(X, Ax) of an snc pair (X,Ax) as the
union of all Kontsevich—Soibelman skeletons Sk(X, A x,w), where w ranges over all regular
A x-logarithmic pluricanonical forms. In the case of an empty boundary, this recovers the
notions introduced in [MN15].

The further reason to define the essential skeleton this way is that it behaves nicely
under birational morphisms. Let f: X’ — X be a log resolution. Then there is a Q-divisor
I'" with snc support, and no coefficient exceeding 1, such that Kx, + I = f*(Kx + Ax).
Take Ay to be the positive part of IV and write

For any m, pullback along with multiplication by the divisor of discrepancies N induces

an isomorphism of vector spaces
HY(X,mKx + mAx) = H (X', mKx: +mAx). (3.4.1.4)

Let w and w’ be corresponding forms via this isomorphism.

Proposition 3.4.1.5. Under the identification of the birational points of X with those of
X', Sk(X, Ax,w) is identified with Sk(X', Ax/,w').

Proof. The Kontsevich-Soibelman skeleton Sk(X, Ax,w) is contained in the skeleton as-
sociated to any log-regular model by Proposition 3.3.1.6. Thus, we choose log-regular
models 2" and 27T so that f extends to a log resolution fr: 27 — 2 and the pair
(2, Ay ) is snc, where A g = Ax + 2 rea- Likewise we denote Ay = Ax: + %k’
(2", Ag)is snc as fr is a log resolution. It suffices to check the proposition for divisorial
valuations. By Lemma 3.4.1.2 a divisorial valuation v of Sk(.2™1) is in Sk(X, Ax,w) if
and only if it is a log canonical centre of (2", Ay ) and the divisor Dy (2", w) does not

regs and

contain the centre of v.

Suppose v is a divisorial point in Sk(X, Ax,w). Without loss of generality, we can
assume that the divisor div g+ (w) in 2" does not contain the centre of v. As (2", Ay)
is an snc pair, it is dlt (2.3.0.3) and we have that

Kogr+Agr = fr(Koy +Ag)+ M

where M is effective, thus divgy+(w') = fr(divy+(w)) + mM. As v is a log canonical
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centre of (2, Ay ), M does not vanish along v, so neither does div 4+ (w’). Likewise v is
a log canonical centre of (27, Ag+). It follows that v € Sk(X’, Ax/, ).

Conversely, if v is a divisorial point in Sk(X’, Axs,w’), it is a log canonical centre of
(2", Ag) and the divisor Dy, (27, w’) does not contain the centre of v. As a result, v
is also a log canonical centre of (27, Ay), and the divisor Dp,in(Z",w) does not contain

the centre of v since its pullback does not. O

We define the Kontsevich-Soibelman skeleton Sk(X, Ax,w) of a dlt pair (X,Ax) as
the Kontsevich-Soibelman skeleton Sk(X’, Ax/,w’) where (X', Ax/) is any log resolution
of (X, Ax), and ' is the form corresponding to w under the isomorphism (3.4.1.4): Propo-
sition 3.4.1.5 guarantees that this is well defined. It follows that we can define the essential
skeleton Sk**(X, Ax) of a dlt pair (X, Ax) as the essential skeleton of any log resolution
of (X,Ax).

Moreover, notice that our construction works more generally for log canonical pairs,
hence the notions of Kontsevich—Soibelman skeleton and essential skeleton generalize to

such pairs.

(3.4.1.6) Suppose that (X,Ax) is a proper dlt pair over K, such that Kx + Ay is
semiample. Suppose also that 2" is a good minimal dlt model of (X, Ax) over R and let
Ay = Ay + Zkred- We denote by Dy(Z, A}l) the dual complex of the strata of the
coefficient-1 part of Ay that lie in the special fibre.

We consider a log resolution f: X’ — X that extends to a log resolution of (2", Ay).
We write Ky + 1" = f*(Kx + Ax). Let Axs be the positive part of IV. We may embed
the open dual complex Dy(Z, A}l) into the birational points of X.

Proposition 3.4.1.7. This embedding identifies Do(Z", AG}) with Sk*5 (X', Ax).

Proof. Choose a regular R-model 2" for X’ which is a log resolution of (2", A ) extend-
ing f and let Ay = Ax/ + %k’,red, namely we have the log resolutions

(X', Ax) — (X, Ax) where (X, Ax) dlt and Ay is the positive part of I”
(%/,Agp) — (%,Agg) where A g = Tx+ %hred and Ay = Axr + %kl,red-

As in the previous proof, it suffices to check the proposition for divisorial valuations. Let
v be a divisorial valuation, and suppose v € Dy(Z", A}l). Then v is a log canonical centre
for (27, A2), so v is also a log canonical centre of (2, A4). For a sufficiently divisible
index, we may find a Ax-logarithmic pluricanonical form on (X, Ax) whose associated
divisor in 2" has vanishing locus C' such that C' is a divisor not containing the centre of v.
After pullback, we get a A xs-logarithmic pluricanonical form w’ whose associated divisor
in 2" is supported on the strict transform of C' and the exceptional divisors of positive
log discrepancy. But none of these contain v. Thus, v € Sk(X’, Ax/,w’).

Conversely, if v is a divisorial point in Sk*°(X’, Ax/), then v is a log canonical centre
of (Z7,A9), so v is a log canonical centre of (2, Ay ), hence an element of the open
dual complex Do(2", AZ}). O
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Remark 3.4.1.8. Proposition 3.4.1.7 compares the essential skeleton of (X,Ax) with
the skeleton of a good minimal dlt model of (X, Ax). Thus, the result can be restated as
follows: if (X, Ax) is a dlt pair with Kx +Ax semiample and (2", A »") is a good minimal
dlt model of (X, Ax) over R, then Dy(2", AZ}) = Sk®(X, Ax). This generalizes [NX16,
Theorem 3.3.3] to dlt pairs.

3.4.2. Essential skeletons and products of log-regular models.

(3.4.2.1) We say that a proper dlt pair (X, Ax) has non-negative Kodaira—Titaka dimen-
sion if some multiple of the line bundle Kx + Ax has a regular section. We also define
products for pairs: if (X, Ax) and (Y, Ay) are pairs over K, then we define their product
to be (Z,Az), where Z = X xg Y and Ay = Ax xg Y + X xg Ay. If (X,Ax) and
(Y, Ay) have semistable models (Z°,A4 ) and (#,As) over R, then their product is
(Z,Aw), where 2 = 2" xgp % and Ay is the sum of the strict transform of Ay with
the special fibre 2%, which is reduced.

Theorem 3.4.2.2. Let (X, Ax) and (Y, Ay) be proper dlt pairs such that X+ = (X, [Ax])
and Y™ = (Y, [Ay]) are log-reqular log schemes over K. Suppose that both pairs have non-
negative Kodaira—Iitaka dimension and both admit semistable log-reqular models 2 and
A+ over ST. Then the PL homeomorphism of skeletons

Sk(ZT) = Sk(2' ) x Sk(Z™)
of Proposition 3.2.5.3 induces a PL homeomorphism of essential skeletons
Sk®(Z, Az) = Sk®(X, Ax) x Sk**(Y, Ay)
where 1, Z and Az are the respective products.

Proof. Tt follows immediately from Theorem 3.3.2.9 that the inclusion Sk®$(X, Ax) X
Sk*s(Y, Ay) C Sk**(Z, Az) holds. Thus, we reduce to proving the following statement.
Let v, be a divisorial point in Sk(Z") and (vga,vys) be the corresponding pair in
Sk(2 1) x Sk(#*) under the isomorphism of Proposition 3.2.5.3; if v, . lies in the essential
skeleton Sk*%(Z, Az), then vy 4 lies in Sk®5(X, Ax).

Assume that v, . lies in the essential skeleton Sk**(Z, Az). Then there exists a non-
zero regular A z-logarithmic m-pluricanonical form w on Z 7, such that v, . € Sk(Z, Az,w).
By Lemma 3.4.1.2, Dy,in(Z,w) does not contain z.

Let E be an irreducible component of %4, containing y and denote by &g the generic
point of E. Then the point in the Kato fan of 2% corresponding to (z,g) is not contained
in Dpin(Z,w), as otherwise z would be contained in it.

As k is algebraically closed, we can choose a k-rational point p in E such that p is
contained in no other components of Dy and Dyin(Z',w) does not contain the locus

{z} xr {p}. By Hensel’s lemma and the assumption of semistability, p can be lifted to an
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R-rational point of %. The pullback of 2°* along this R-rational point is an embedding
i: 2t — 27T, so we have the following diagram.

gt P2 gt

L]

S @+ S.

Since S has trivial normal bundle in %', we have that

w})?%—/[( = i*(wlz()%/[{)v
so 1*(w) is a non-zero pluricanonical form on X and, in particular, is a regular Ax-
logarithmic m-pluricanonical form. Moreover, D (2, 1*(w)) = i*(Dmin(Z,w)). Finally,
x is not contained in Dpin (2", 1% (w)), as otherwise i(x) = {x} xr {p} would be contained
in Dpyin(2,w). By Lemma 3.4.1.2, z is a point of Sk(X, Ax,i*(w)) and this concludes the
proof. O

Remark 3.4.2.3. Consider the case where the line bundles Kx + Ax and Ky + Ay
are semiample, that is some multiple of them is base point free. It follows from the
arguments of [NX16, Theorem 3.3.3] that the essential skeleton of (Z, Az) is a finite union
of Kontsevich—Soibelman skeletons where the union runs through a generating set of global
sections of a sufficiently large multiple of Kz + Az. We can construct such a set from
generating sets of global sections of multiples of Kx + Ax and Ky + Ay respectively,
via tensor product. Then, in this case, the result of Theorem 3.4.2.2 follows directly from
Theorem 3.3.2.9.

3.4.3. Essential skeletons and products of dlt models.

(3.4.3.1) We need a combinatorial lemma to understand the formally local behavior of

products of semistable dlt models.

Lemma 3.4.3.2. Let M be the monoid generated by ri...rn,, S1...5n, With the single

n2

relation 300 ri = 3202

1

W = Spec(k[M]) associated to M is a log resolution.

sj. Then any small Q-factorialization of the affine toric variety

Proof. We calculate the fan of W. Let N be the dual lattice of M. The fan associated to
W is the cone of elements of N ® R which are non-negative on M. We consider these as
linear functions ! on the vector space spanned by the r; and s;, subject to the restriction
that 1322 ) = 132724 s5). Let x5 be the function which is 1 on r; and s; and 0 on all
others. Then the fan of W is given by the single cone Cy spanned by the z;;.

Any Q-factorialization w corresponds to a simplicial subdivision of the cone Cyy (see
[Ful93, p. 65]). We now check that every choice of W is non-singular.

A maximal cone of W is spanned by n = ni + ny — 1 independent rays of Cy. Each

ray of Cyy corresponds to a choice of z;;, and we can index these by edges of the complete
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bipartite graph B on the r; and s;. These x;; are independent if and only if the corre-
sponding edges form a spanning tree. Let wj ...w, span a maximal cone of W. On this
affine chart, W is smooth if and only if the w; generate N as a lattice. We have shown
already that the x;; generate N. But every z;; is either one of the w;, or it completes a

cycle in B, so that it is a Z-linear combination of the w;. O

Proposition 3.4.3.3. Let (2',A9) and (¥ ,Ax) be semistable projective good minimal
dlt pairs over the germ of a pointed curve €, such that both Ag and Ag contain their
respective special fibres. The product (2, Aw) is a log canonical pair, Ko + Ay is semi-
ample, and the log canonical centres of (Z,Aw) are strata of the coefficient-1 part of
Ay,

Proof. We first show the product 2 is normal. As 2" and % are semistable, the special
fibres 2 and % are reduced. The dlt condition guarantees that both 2" and % are
Cohen—Macaulay, hence the Cartier divisors 2} and % are Cohen—Macaulay. The special
fibre %} is the product 2% X %. Since k is algebraically closed, 2% is reduced, so Z is
regular in codimension 1. The special fibre % is the product of Cohen—Macaulay varieties
over a field, so it is Cohen—Macaulay by [BK02]. As % is a Cartier divisor in 2, 2 must
be Cohen—Macaulay and, in particular, it is Ss.

The divisor K + A4 is semiample by pullback of semiample divisors. Let (3&7/, A7)
and (%, A ) be log resolutions of (27, Ay) and (%, A%), respectively. Then we have

Kyp+Ap=[fy(Ky+Ay)+) aiBy;
K7 +A; = fy(Ky+80)+ Y bEy,

where the coefficients a; and b; are non-negative. Let % be a toroidal log resolution of

the fs product v xf; . Tn particular, Zis a log resolution of 2 and we can write
Ky+Ap=f3(Ky+Az)+Y cnEaxp

where A 7 I8 effective. Over the generic fibre, (2, Ay) is dlt, so we need only compute
discrepancies over the special fibre, namely study the positivity of the coefficients c,.

Let I be a divisor of 2 over the special fibre, denote by vr the corresponding divisorial
valuation in Sk(éﬂ), and by 'g-, 'y and ' its images in 27, # and 2. The projections
of vp in Sk(2 ™) and Sk(# ) are divisorial valuations. Up to subdivisions of the skeletons,
we can assume without loss of generality that the projections correspond to divisors F&;;.
and I’ 7

Choose A g--logarithmic and Ag-logarithmic pluricanonical forms wg on 2 and wa
on ¥ respectively, such that the divisors div -+ (wg) and divgy+(ws ) do not contain I'y-
and Ty respectively, where 2t = (2°,[Ay]) and T = (#,[Ax]). Then the divisor
div #+ (we), associated to the wedge product wg of the pullbacks wg and wy to 2, does
not contain I'g. Denote by W 7y Wy and w & the pullback of the respective forms to X, ,
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% and 2. Then we have

div g, (w 5) (divg+(we)) + Z a;Ey

=I5
divg, (wy) = fir(divys (we)) + D biEw
=15

dlvg’:Jr(wfé;) = (leQ/Jr( +ZChE§fh

As div g+ (wa ), divg+ (we) and div g+ (we) do not contain I' 9-, 'y and T"# respectively,

we have

~(div wz Z aur (Eg i) 20
(dlvg+ wz)) Zb ur Egy ;) 20
op(div g, (wg) = ZChUF Eg’ﬁ).

From formula 3.3.2.5, vp(div g, (w 5)) = Uré;(divgyﬁr (wy)) + Ul"g‘?(divﬁ?q_ (w ;)), hence we
obtain that the log discrepancy of I' with respect to the pair (2, A#) is non-negative.
Moreover, it is zero if and only if the log discrepancies of I and ' are both zero, namely
if and only if ' 9 and ' are log canonical centres of (2, Ag) and (%, Ay ) respectively.
Since for dlt pairs the log canonical centres are the strata of the coeflicient-1 part of the
boundary, it follows that any log canonical centre of (2, A#) is a product of such strata,
hence a stratum of the coefficient-1 part of (2, Ay). O

(3.4.3.4) Let (X,Ax) and (Y,Ay) be dlt pairs over the germ of a punctured curve C,
and (Z, Ayz) their product, where Ay = X xc Ay +Ax xcY. Let (27,A9) and (%, Ay )

be semistable projective good minimal dlt models over the pointed curve.

Theorem 3.4.3.5. The product (Z,Az) has a semistable projective good minimal dlt
model (2", A1) and Do(AG)) ~ Do(AZ}) x Do(AZ)).

Proof. Let (Z,A) be the product of (Z°,Ay) and (#,Ay) as in Proposition 3.4.3.3.
Thus K 4+ A is semiample and log canonical, so any minimal dlt model over (£, A )
will also have semiample log canonical divisor.

Let ¢ : # — 2 be alog resolution given by iterated blow-ups at centres of codimension
at least 2. Then there exists an effective divisor D supported on all of the exceptional

divisors, such that —D is ¥-ample.

Claim 3.4.3.6. There exist By and By effective divisors on Z and % whose respective
supports contain no log canonical centres of Ag and Agy, and such that By — eA}l and

Bay — GA? are ample, for € small and rational.

Choose € small and rational. Then 'y = Ay + By —eA}l and 'y = Ay + By —eAEl
are effective, and (2,T2°) and (#,T'y) are klt. Let I}, be the log pullback to # of the
product 'y of Ty and I'y, namely Ky +I'), = 0*(K# + I'»); we denote by I'y the
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positive part of I',. Since (Z,I'») was klt, so is (#,I'y). For sufficiently small ¢,
(W, Ty + D) is still klt.

Let «; be arbitrary small rational coefficients, one for each divisor A?z of Ay with
coefficient 1 and in the special fibre. We will recover the requested dlt model by running
an MMP with scaling on the pair (#,T'y + 6D — > aiA?f{i), scaling with respect to an
ample divisor A equivalent to —D. By [BCHM10] this MMP terminates in a log terminal
model ¢: # --» Z'. Moreover, as long as the a; are small relative to J, when the
MMP terminates it must be the case that every exceptional divisor is contracted. As
running MMP induces birational contractions, the morphism 1: 2’ — % is small. Hence
(Z',4*Ay) is log canonical, and every log canonical centre dominates a stratum of the
coefficient-1 part of (2, Ag).

By construction of 2, the divisor — 3 a,-Ag},i—i— 1o A is y-ample, where i is arbitrarily
small. But for p small enough, we can absorb pug.A into the term §D. Thus in fact

— Y ;A is 1-ample. As a result we can represent

2 = Proj, @ O(— m(Y aiA34)).
m=0
At this point we may take an arbitrarily large Veronese subring and assume the «; are all
integers.

Now we show that (27,9*A ) is a dlt pair by looking at a formal toric model. Indeed,
by Proposition 3.4.3.3 (£, A%) is formally locally toric at the log canonical centres, and
the condition of being dlt is a formally local property. Moreover, we reduce to checking
this property at the log canonical centres of (27,9*A4) that lie in the special fibre, as
the generic fibres of 27/ and 2 are isomorphic and the latter is dlt.

Let z be the generic point of the image in Z of a log canonical centre of (27, *Ay),
hence z is the generic point of a log canonical centre of (2, Ax) and by Proposition
3.4.3.3 it is a stratum of the coefficient-1 part of Ag. Let x and y be the generic points
of the corresponding strata of (Z°,Ag) and (#,Ay). Let E, and E, be the monoids
of effective Cartier divisors supported on the strata near x and y respectively. Then the
corresponding monoid for z is (E, ® Ey)/(ty = t,), where t, and t, are the respective
sums of local equations of strata in the special fibres. This monoid has the form M & N,
where [ is the number of horizontal divisors containing z, and M is a monoid of the type
considered in Lemma 3.4.3.2. The toric variety Ty = Spec k[M @ N'] is a formal local

model for & near z, so it suffices to consider

T' = Projy,,, D O(—m(d_ ailrry)),

m=0

where the divisors A7 ; range over the torus invariant Weil divisors corresponding to the
=1
A
The divisors corresponding to the I generators of N! are Cartier, so their contribution

to T is trivial and we can reduce to the case [ = 0. For sufficiently general choices for the
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«;, the toric variety T” is simplicial, its fan being induced by the simplicial subdivision of
the fan of Ty, such that the a; induce a strictly convex PL function. Thus, 7" is a small
Q-factorialization of Ths . By Lemma 3.4.3.2, for any such model, 7" is a smooth toric

variety, hence its invariant divisors are snc. Thus (Z/,¢*A ) is dlt.

Finally, we compute the dual complex of the coefficient-1 part of (2, 9*A %) by look-
ing at formal toric models again. Locally at the generic points of the log canonical centres,
(Z',Aq9) and (#,Asy) are snc, hence log-regular, and are also semistable. By Proposi-
tion 3.2.4.4 there is a bijective correspondence between pairs of points in the Kato fans
of & and % locally around the log canonical centres and the points in the Kato fan of
their product. This induces, by Proposition 3.2.5.3, a PL. homeomorphism between the
product of skeletons around the log canonical centres and the skeleton of their product,
namely a bijective correspondence between pairs of points in the dual complexes A}l and
A;l, and points in the skeleton of (%, As) whose projections map to A}l and A;l. A
face o, of the skeleton of 2, where z is a log canonical centre corresponding to (z,y),
corresponds to a prime ideal of the monoid E, = (E, ® Ey)/(t, = t,). Thus, we may
reduce to considering such faces in the formal toric model Ty, and to studying the dual
complex of the coefficient-1 part of (27, 9*A %) in the formal model 7. But T” is obtained
by a simplicial subdivision of T'. Thus, we conclude that the dual complex Dy ((¢*Az)~!)
is identified with the product of the dual complexes of the coefficient-1 part of (2", Ay)
and (%, Ay). O

Proof of Claim. Let (27, Ay ) be a good projective minimal dlt model of (X, Ax) and let
Ay be an ample divisor on 2. Let J be the ideal sheaf of A3} and let

XX =Bl % > X

be the blow-up of 2~ with respect to J. Then the transform —((AZ!)' + E) is a x-ample
Cartier divisor, where (A7!)" denotes the strict transform of AZ! and E an effective
divisor supported on the exceptional divisor of x. For ¢ small positive rational x*(A4) —
e((AZ}) 4+ E) is ample. We choose such an e. For a sufficiently large integer n, we can
find

Gy ~nx*(Ay) —ne((AFY) + E)

such that G 4 is effective and contains no log canonical centres. Then the pushforward
Gag ~nAgy —nsA}l of G 4 is effective and contains no log canonical centres of (2", Ay).
In particular G4 is Cartier at the log canonical centres of (27, Ag).

We can run the same construction for the ideal sheaf of the divisor G . Notice that the
blow-up with respect to G4 is an isomorphism at the log canonical centres of (27, Ay)
as there G ¢ is Cartier. We obtain that, for sufficiently small positive rationals § and then

sufficiently large integers m, we can find Hg ~ mAg — mdG 4 such that it is effective
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and does not contain any log canonical centre of (2", Ay ). Then

1 1 -
SA%—%H%NG%NnAg—neAZ{l

implies that . )
L ~ _ =1
(6 n)Agg méH(ga; neAy.
For ¢ sufficiently small the term (% — n) is positive, and then for m sufficiently large

By = %H 2, which concludes the proof. O



Application to hyperkahler

varieties

4.1. Introduction

As an application of the main results in Chapter 3, we study certain degenerations of
hyperkéahler varieties. One way to produce hyperkédhler varieties is by taking the Hilbert
scheme of points on a K3 surface. Another is to extend the Kummer construction to
higher-dimensional abelian varieties. Aside from two other examples found by O’Grady
in dimensions 6 [O’G03] and 10 [O’G99] there are no other known examples, up to defor-

mation equivalence.

4.1.1. Kulikov degenerations

Degenerations of 2-dimensional hyperkahler varieties, namely K3 surfaces, are treated in
the work of Kulikov, Persson and Pinkham. In [Kul77] and [PP81], they consider more
generally surfaces such that some power of the canonical bundle is trivial. They prove
that, after base change and birational transformations, any degeneration can be arranged
to be semistable with trivial canonical bundle, namely a Kulikov degeneration. Then
they classify the possible special fibres of Kulikov degenerations according to the type of
degeneration.

We recall that the monodromy operator T on H? (Xt,Q) of the fibres X; of a Kulikov
degeneration is unipotent, so we denote by v the nilpotency index of log(7T'), namely the
positive integer such that log(T)” = 0 and log(T)*~1) # 0. The type of the Kulikov
degeneration is defined as the nilpotency index v and called type I, II or III accordingly.

It follows from [Kul77, Theorem II] that the dual complex of the special fibre of a
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Kulikov degeneration of a K3 surface is a point, a closed interval or the sphere S? according
to the respective type. For a degeneration of abelian surfaces, the dual complex of the
special fibre is homeomorphic to a point, the circle S* or the torus S' x S' according to
the three types (see an overview of these results in [FM83]). In all cases, the dimension

of the dual complex is equal v — 1, hence determined by the type.

4.1.2. Remarks on degenerations of hyperkihler varieties

Just as for surfaces with trivial canonical bundle, also for a semistable degeneration of
hyperkahler manifolds it is possible to define the type as the nilpotency index of the
monodromy operator on the second cohomology group. This yields a classification of
degenerations of hyperkéhler varieties in three types (I, II, III).

In [KLSV17], Kollar, Laza, Sacca and Voisin study the essential skeleton of a degen-
eration of hyperkédhler manifolds in terms of the type. More precisely, in their Theorem
0.10, given a minimal dlt degeneration of 2n-dimensional hyperkdhler manifolds, firstly
they prove that the dual complex of the special fibre has dimension (v — 1)n, where v
denotes the type of the degeneration. Secondly, they prove that, in the type II case the
dual complex has the rational homology type of a point, and in the type III case of a
complex projective space.

Gulbrandsen, Halle, Hulek and Zhang [GHH15; GHH16; GHHZ18] consider degenera-
tions of nth order Hilbert schemes arising from some type Il degenerations of K3 surfaces,
and show that the dual complex is an n-simplex. Their approach is based on the method of
expanded degenerations, which first appeared in [Li01], and on the construction of suitable
GIT quotients, in order to obtain an explicit minimal dlt degeneration for the associated

family of Hilbert schemes.

4.1.3. Main results

The following theorems confirm and strengthen the results mentioned in Section 4.1.2, for
the specific cases of Hilbert schemes and generalised Kummer varieties. In particular, they
turn the rational cohomological description of the essential skeleton [KLSV17, Theorem

0.10(ii)] into a topological characterization.

Theorem 4.1.3.1 (§ 4.3). Assume that the residue field k is algebraically closed. Let S
be a K3 surface over K. If S admits a semistable log-regular model or a semistable good
minimal dlt model, then the essential skeleton of the Hilbert scheme of n points on S is

isomorphic to the nth symmetric product of the essential skeleton of S
Sk®S(Hilb"(S)) = Sym™(Sk**(S)).

Computing these complexes gives a single point in the type I case, an n-simplex in the

type II case, and CP" in the type IlI case. The same types arise in the Kummer case.
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Theorem 4.1.3.2 (§4.4). Assume the residue field k is algebraically closed. Let A
be an abelian surface over K. Suppose that A admits a semistable log-reqular model or
a semistable good minimal dit model. If the essential skeleton of A is homeomorphic
to a point, the circle S' or the torus S' x S, then the essential skeleton of the nth
generalized Kummer variety K,(A) is isomorphic to a point, the standard n-simplex or

CP" respectively.

Analysis of the weight function gives a powerful yet accessible approach to controlling
the skeletons of these varieties. In both cases we use Theorem 3.4.2.2 to establish that
the skeleton of the hyperkédhler variety is a finite quotient of the n-fold product of the
skeleton of the original surface under the action of a symmetric group. In the case of
Hilbert schemes we can get a complete description of the action using functoriality of
the projection maps, but in the Kummer case we additionally need to understand the
restriction of the multiplication map to the essential skeleton of an abelian surface ([Ber90;
HN17; Tem16]).

To our knowledge these are the first examples of type III degenerations of hyperkéahler

varieties where the PL. homeomorphism type of the dual complex is known.

4.1.4. Mirror symmetry viewpoint

The structure of the essential skeleton of a degeneration of hyperkéhler manifolds is rele-
vant in the context of mirror symmetry and in view of the work of Kontsevich and Soibel-
man [KS01; KS06]. The Strominger—Yau—Zaslow (SYZ) fibration [SYZ96] is a conjectural
geometric explanation for the phenomenon of mirror symmetry and, roughly speaking,
asserts the existence of a special Lagrangian fibration, such that mirror pairs of manifolds
with trivial canonical bundle should admit fiberwise dual special Lagrangian fibrations.
Moreover, the expectation is that, for type III degenerations of 2n-dimensional hyperkéahler
manifolds, the base of the SYZ fibration is CP™. See Sections 1.1 and 1.3 for an extended
introduction to these ideas and existing outcomes.

The most relevant fact from our perspective is that Kontsevich and Soibelman predict
that the base of the Lagrangian fibration of a type III degeneration is homeomorphic
to the essential skeleton. So, the results on the topology of the essential skeleton we
obtain in Theorems 4.1.3.1 and 4.1.3.2 match the predictions of mirror symmetry about

the occurrence of CP" in the type III case.

4.2. Weight functions and skeletons for finite quotients

(4.2.0.1) Let X be a connected, smooth and proper K-variety and let G be a finite group
acting on X. Let X®" be the analytification of X. We recall that any point of X&" is
a pair x = (&, |- |») with & € X and |- |, an absolute value on the residue field k(&)
that extends the absolute value on K. For any point £, of X, an element g of the group

G induces an isomorphism between the residue fields k(&) and k(g.&;), which we still
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denote by g. Then the action of G extends to X" in the following way

g- |+ 12) = (9- & | - | Ogil)-
In particular the action preserves the sets of divisorial and birational points of X.

Let f: X - Y = X/G be the quotient map of K-schemes, let f2" : X2" — Y32 he
the map of Berkovich spaces induced by functoriality and let f : X# — Xxan /G be the

quotient map of topological spaces.

Proposition 4.2.0.2. [Ber95, Corollary 5] In the above notation, there is a canonical
homeomorphism between X** /G and Y*" such that f and 2 are identified.

Lemma 4.2.0.3. Let w be an m-pluricanonical rational form on X. If w is G-invariant,
then the weight function associated to w on the set of birational points is stable under the

action of G.

Proof. Let x be a birational point of X and g an element of G. There exist snc models
Z and 2" over R such that x € Sk(Z") and g.x € Sk(Z"). By replacing them by an snc
model % that dominates both 2" and 2"/, we can assume that both points lies in Sk(#/).
The weights of w at x and g.x are such that

Wty (9. 2) = Vg0 (divy+ (W) +m = va((g7") "divg+ (w)) +m

Uz (divg + (w)) + m = wty,(x)

as w is a G-invariant form. Thus we see that birational points in the same G-orbit have

the same weight with respect to w. O

Corollary 4.2.0.4. Let w be a G-invariant pluricanonical rational form on X. Then the
Kontsevich-Soibelman skeleton Sk(X,w) is stable under the action of G.

Proof. This follows immediately from Lemma 4.2.0.3. O

(4.2.0.5) Let y be a divisorial point of Y*" and consider a normal R-model % of Y adapted
to y; this means that y is the divisorial valuation associated to (%, F') for some irreducible
component E of %, and the model # is regular in a neighborhood of the generic point
of E. We denote by 2 the normalization of % inside K(X), where K(#) = K(Y) =
K(X)¢ < K(X). As X is normal and the quotient map f : X — Y is finite, we obtain
that 2 is an R-model of X. Moreover, by normality 2~ is regular at the generic points
of the special fibre 2.

(4.2.0.6) We assume char(k) = 0. We denote respectively by R and by B the codimension-
1 components of the ramification locus and of the branch locus of f : X — Y. We set
Xt = (X,Rreq) and YT = (Y, Byeq). Then f extends to a morphism of log schemes
FroXtT Sy
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Lemma 4.2.0.7. The reflexive sheaves w;?%/K and wi?i/K are identified via the pullback
(fT)* along the smooth locus of Y.

Proof. From a generalization of [Har77, Proposition IV.2.3] to higher dimension, we have
that wy /g = f*(wy/kx) ® Ox(R) along the smooth locus of Y. Tt follows that

wl)?i/K = wx/k ® Ox(Bred) = M (wy k) ® Ox (R + Brea).

In order to study the divisor R 4+ R,eq, we consider one irreducible component of B. Let

Dp be an irreducible component of B, denote by e the ramification index of f at Dp, and

by Dp the support of the preimage of Dp. As multp,(R) = e — 1, multp,(f*(Dp)) =

e and multp,(Rreq) = 1, we conclude that R + Ryeq = f*(B) and finally wl)?i K=
vy

(F5) (% ). 0

In particular, Lemma 4.2.0.7 implies that G-equivariant logarithmic pluricanonical

forms on X correspond to logarithmic pluricanonical forms on Y via pullback.

Proposition 4.2.0.8. Let w be a G-invariant R,eq-logarithmic m-pluricanonical form on
X™T and let @ be the corresponding Byeg-logarithmic form on Y wvia pullback. Let y be a
divisorial point of Y. Then, for any divisorial point x € (f*)~1(y), the weights of w at

x and of W at y coincide.

Proof. Let % be a model of Y over R such that y has divisorial representation (%, E') and
the model is regular at the generic point of E. Let 2" be the normalization of ¢ in K(X):
as we observed in paragraph 4.2.0.5, it is a model of X, regular at generic points of the
special fibre Z%. We denote as well by f : 2 — % the extension of f. The preimage of
E coincides with the pullback of the Cartier divisor E on 2", hence f~!(E) still defines a
codimension-1 subset on 2". We denote by F; the irreducible components of f~!(E) and
we associate to the F; their corresponding divisorial valuations z; = (27, F;). By Lemma
4.2.0.3, it is enough to prove the result for one of the x;. We denote it by z = (2, F) and
we compare the weights at y and z.

We recall that for log-étale morphisms the sheaves of logarithmic differentials are stable
under pullback ([Kat89, Proposition 3.12]). Furthermore, it suffices to check that, locally
around the generic point of F, the morphism 2= — #T is a log-étale morphism of
divisorial log structures, to conclude that the weights coincide. For this purpose, we will
apply Kato’s criterion for log-étaleness ([Kat89, Theorem 3.5]) to log schemes with respect
to the étale topology.

We denote by r the generic point of F' and by £ the generic point of E. The divisorial
log structures on 2°" and % have charts N at £z and £g. In the étale topology, the
normalization morphism 2 * — % admits a chart induced by u : N — N where 1 — m

for some positive integer m as follows.
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Spec Oy ¢,, — Spec Z[N]

| |

Spec Oy ¢, — Spec Z|N]
Firstly, by the universal property of the fibre product, we have a morphism

Spec Oy ¢ — Spec O ¢ Xspec z[N) SPec Z|N]

and it corresponds to
Ow ¢ @z ZIN] = O g

This is a morphism of finite type with finite fibres between regular rings and by [Liu02,
Lemma 4.3.20] and [Now97] it is flat and unramified, hence étale. One of the two conditions
in Kato’s criterion for log-étaleness is then fulfilled. Secondly, the chart u : N — N induces
a group homomorphism u®P : Z +— Z; in particular, it is injective and it has finite cokernel.
Then wu satisfies the second condition of Kato’s criterion for log-étaleness. Therefore we
conclude that wtz(y) = Wty (). O

Proposition 4.2.0.9. Let w be a G-invariant R,.q-logarithmic pluricanonical form on X
and let W be the corresponding B eq-logarithmic form. Then the canonical homeomorphism

between X2 /G and Y™ of Proposition 4.2.0.2 induces the homeomorphism
Sk(X,w)/G ~ Sk(X/G,w).

Proof. This follows immediately from Corollary 4.2.0.4 and Proposition 4.2.0.8. O

(4.2.0.10) Let X be a smooth K-variety and let wx be a pluricanonical form on X. Let
pr; : X" — X be the j-th canonical projection. Then

W= /\ prjwy

1<j<n
is a pluricanonical form on X™ and, moreover, a tensor product w®? of w is invariant under

the action of &,,. We denote by @ the form on the quotient X" /&,, induced by w® as in
Lemma 4.2.0.7.

Proposition 4.2.0.11. Assume that the residue field k is algebraically closed. If X
admits a semistable log-reqular model or a semistable good minimal dit model, then the
Kontsevich-Soibelman skeleton of the n-th symmetric product of X associated to @ is PL
homeomorphic to the n-th symmetric product of the Kontsevich—Soibelman skeleton of X

associated to wx .

Proof. Iterating the result of Theorems 3.4.2.2 and 3.4.3.5, we have that the projection

map defines a PL homeomorphism of Kontsevich—Soibelman skeletons

Sk(X™ w) = Sk(X,wx) x ... x Sk(X,wy).
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Thus, applying Proposition 4.2.0.9 with the group &,, acting on the product X", we obtain
that
Sk(X"/6,,w) ~ Sk(X”,w®d)/6n ~ Sk(X", w)/6, ~ Sk(X,wx)" /Gy,

where the middle homeomorphism follows from the equality wt e« = d - wt,, in [MN15,
Proposition 4.5.5(v)]. Since the action on the Kontsevich—Soibelman skeleton Sk(X™, w) is
induced from the symmetric action on X", and the projections pr; : X™ — X functorially
induce the projections pr; : Sk(X,wx)" — Sk(X,w), the action of &, on Sk(X,w)" is

exactly by permutations of the components. Thus,
Sk(X,wx)"/&p =~ Sym"™ (Sk(X, wx))

and we conclude. O

4.3. The essential skeleton of Hilbert schemes of a K3 surface

(4.3.0.1) Let S be an irreducible regular surface. We consider Hilb"(S) the Hilbert
scheme of n points on S: by [Fog68] it is an irreducible regular variety of dimension 2n.

Moreover, the morphism
PHC - Hﬂbn(S) — Sn/Gn

that sends a zero-dimensional scheme Z C S to its associated zero-cycle [Z] is a birational

morphism, called the Hilbert-Chow morphism.

(4.3.0.2) Let S be a K3 surface over K, namely S is a complete non-singular variety of
dimension 2 such that Q?g N Og and H'(S,Os) = 0. In particular S is a variety with

trivial canonical line bundle.

Corollary 4.3.0.3. Assume that the residue field k is algebraically closed. Suppose that
S admits a semistable log-reqular model or a semistable good minimal dit model. Then the
essential skeleton of the Hilbert scheme of n points on S is PL homeomorphic to the n-th

symmetric product of the essential skeleton of S
Sk®S(Hilb™(S)) = Sym™(Sk(S)).

Proof. This follows immediately from Corollary 4.2.0.11 and the birational invariance of
the essential skeleton [MN15, Proposition 4.10.1]. O

Proposition 4.3.0.4. If the essential skeleton of S is PL homeomorphic to a point, a
closed interval or the two-dimensional sphere, then the essential skeleton of Hilb™(S) is

PL homeomorphic to a point, the standard n-simplex or CP™ respectively.

Proof. Applying Corollary 4.3.0.3, we reduce to the computation of the symmetric product
of a point, a closed interval or the sphere S?. Then the result is trivially true in the first

two cases, and follows from [Hat02], Section 4K in the third case. O
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4.4. The essential skeleton of generalised Kummer varieties

(4.4.0.1) Let A be an abelian surface over K, namely a complete non-singular, connected
group variety of dimension 2. Since A is a group variety, the canonical line bundle is trivial
and the group structure provides a multiplication morphism my4;: AX Ax...x A — A

that is invariant under the permutation action of &,1, hence it induces a morphism
Spq1 : Hilb" 1 (A4) 229 Sym™ 1 (A) — A

by composition with the Hilbert-Chow morphism. Then K, (A) = E;Hl_l(l) is called the

nth generalised Kummer variety and is a hyper-Kéhler manifold of dimension 2n ([Bea83]).

(4.4.0.2) In [HN17, Proposition 4.3.2] Halle and Nicaise, using Temkin’s generalization
of the weight function ([Teml16]), prove that the essential skeleton of an abelian variety
A over K coincides with the construction of a skeleton of A done by Berkovich in [Ber90,
§6.5]. It follows from this identification and [Ber90, Theorem 6.5.1] that the essential
skeleton of A has a group structure, compatible with the group structure on A*"* under

the retraction pa of A*™ onto the essential skeleton, so the diagram

1 ng»l
(Aan ) n—+ Aan

(PA)"Jrll JPA
Sk(A)n+1 2t gk (A)

commutes, where ;1 denotes the multiplication of Sk(A).

Proposition 4.4.0.3. Assume that the residue field k is algebraically closed. Suppose that
A admits a semistable log-reqular model or a semistable good minimal dlt model. Then
the essential skeleton of the nth generalised Kummer variety is PL homeomorphic to the

symmetric quotient of the kernel of the morphism u, namely
Sk (Kn(A)) = Sk (my31(1)/Sn1) = 711 (1) /St

Proof. The first homeomorphism follows from the birational invariance of the essential
skeleton ([MN15, Proposition 4.10.1]). We write

L= m;}rl(l) and A= M;Jlrl(l)'

For any choice of an &,,4-invariant generating canonical form on L, it follows from Propo-
sition 4.2.0.9 that Sk(L/Sn+1) =~ Sk(L)/Sn+1. We reduce to studying the quotients
Sk(L)/&p41 and A/Sp41.

Let &), and &! be the subgroups of &, of the permutations that fix n and n + 1
respectively. Then &,,41 is generated by the two subgroups, so its action on Sk(L) and A



4.4. The essential skeleton of generalised Kummer varieties 73

is completely determined by the actions of these subgroups. We consider the isomorphisms

fn :L :> A" (Zl, .. .,Zn+1) — (2’1, c. ,zn_l,zn+1)

fn-‘,—l L1>An (zl,...,zn+1) — (zl,...,zn_l,zn).

Then f, is &/ -equivariant, f,1 is &”-equivariant and the morphism

fH/ t \fﬂ
An id An

(zlu"'vzn—lazn) _ (Zl""7H?=1 Z’L_l)

is equivariant with respect to the action of &/ on the source and of &), on the target.
Hence, we obtain a commutative diagram of equivariant isomorphisms. We denote by f,,,
n 11 and 1) the isomorphisms induced on the essential skeletons. By Theorem 3.4.2.2 and
Theorem 3.4.3.5 we can identify Sk(A™) with Sk(A)™. Thus, we have the commutative

diagram

7 Sk(L) 7
Sk(A)" v Sk(A)"
(U1, Upe1,0p) ¢ (Ulw--aH?:lvi_l)'

Then the action of &,,41 on Sk(L) is induced by the isomorphisms f, and f,,; from the
actions of &” and &/, on Sk(A)" and these actions are compatible as 9 is equivariant.
In a similar way, A is isomorphic to n copies of Sk(A) and comes equipped with an
action of &,1. So we have equivariant projections g, and g,4+1 with respect to &/, and
&”. The equivariant morphism that completes and makes the diagram commutative is ).

Finally, we have the equivariant commutative diagram

and we conclude that the quotients Sk(L)/&,,+1 and A/&,, 11 are homeomorphic. O

Proposition 4.4.0.4. If the essential skeleton of A is PL homeomorphic to a point, the
circle S* or the torus S* x S, then the essential skeleton of K, (A) is PL homeomorphic

to a point, the standard n-simplex or CP" respectively.

Proof. The case of the point is trivial. For the circle S, it follows directly from [Mor67,
Theorem]. To prove the result for the torus S* x S, we apply [Loo76, Theorem 3.4]: the

action of the symmetric group corresponds to the root system of A,, the highest root is
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the sum of the simple roots, each with coefficient 1, and so the quotient is the complex

projective space of dimension n. ]



Skeletons for pairs

5.1. Introduction

Degeneration and compactification of algebraic varieties are powerful tools in algebraic
geometry: they recast the study of non-proper varieties into that of proper varieties and
their invariants. General theorems on resolutions of singularities ensure the existence of
simple normal crossing (snc) degenerations and compactifications. To such a divisor D
on a variety X, we associate a regular A-complex D(D), namely the dual intersection
complex of D (see Definition 2.2.0.1), which captures aspects of the geometry of X \ D.
For instance, it follows from Deligne [Del71] that there exists a correspondence between the
reduced rational homology of D(D) and the top dimensional pieces of the weight filtration
on the cohomology of X \ D. See also [Ber00, Theorem 1.1.(c)] and [Pay13, Theorem 4.4].

Many conjectures in the theory of singularities, tropical geometry, mirror symmetry, or
even non-abelian Hodge theory involve understanding the homotopy or homeomorphism
type of particular dual complexes. The goal of Chapters 5 to 7 is to tackle certain of
these problems by reframing the study of dual complexes in terms of non-archimedean
geometry: in Chapter 5 we develop the necessary techniques we will employ in Chapters 6
and 7.

5.1.1. Skeletons over a trivially-valued field

We consider an snc pair (X, D) (more generally, a log-regular pair) over a trivially-valued
field of characteristic zero, e.g. the complex numbers C equipped with the trivial norm.
Following [Ulil7, §6], [Thu07, §3] and Chapter 3, one constructs a skeleton Sk(X, D) C
X7 which has the structure of a cone complex, with the vertex corresponding to the

trivial valuation, which coincides with the quasi-monomial valuations in D of [JM12], and
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is homeomorphic to the cone over D(D); see Section 5.3. In particular, this construction
behaves well under the operation of taking product of pairs; we refer to Section 5.3.6 for

more details.

5.1.2. Weight functions and essential skeleton

Along the lines of [MN15] and Chapter 3, we construct a weight function wt,: X3 -
R U {£o0} for each pluricanonical form 7 with poles along D. This is built in terms of
certain log discrepancy functions and using the language of metrics on Berkovich spaces
and analytification of line bundle; see Section 5.2.1 for a brief introduction to this subject.

The minimality locus Sk(X, D,n) of wt,, is called the Kontsevich-Soibelman skeleton
of n, and the essential skeleton Sk®*(X, D) is the union of the Kontsevich—Soibelman skele-
tons for all n € HY(X, Ox(m(Kx+D))), the so-called regular D-logarithmic pluricanonical
forms. As in Proposition 3.3.1.6, we prove (Proposition 5.3.7.4) that these Kontsevich—
Soibelman skeletons are contained in Sk(X, D), and so Sk**(X, D) is as well. In other
words, these weight functions of (X, D) cut out certain essential faces from Sk(X, D),
whose union defines the essential skeleton Sk®*(X, D).

Moreover, we establish an additional compatibility result (Proposition 5.3.8.5) between
the weight functions in the trivially-valued and discretely-valued settings. This implies
that the essential skeleton in the former setting is a cone over the essential skeleton in the

latter, as stated in our first main result below; see also Figure 5.3.8.1.

Theorem 5.1.2.1 (Proposition 5.3.8.9). Let K be a trivially-valued field of charac-
teristic zero. Let 2 be a degeneration over K[[w]] that arises as the base change of
X — C along Spec(@c,o) — C, where C' is the germ of a smooth K-curve, 0 € C(K),
and Ocy ~ K[[w]]. Suppose that the generic fibre Zx((w)) of X is smooth, and X is a
normal, flat, projective C-scheme such that the special fibre Xo is reduced. If (X, Xo) is

log canonical and Kx + Xg is semiample, then
Skess(%lC((w))) — SkeSS(X’ XO) N %disc7

where ¢ C X is the K((w))-analytic generic fibre of 2.

The end result is a collection of tools (namely the weight functions, skeletons of log-
regular pairs, Kontsevich-Soibelman skeletons, and the essential skeleton) which extend
and unify different techniques used to study interesting subspaces of the Berkovich ana-

lytification, both in the trivially-valued and discretely-valued settings.

5.1.3. Closure of skeletons

Let (X,D) be an snc pair over a non-archimedean field K that is either trivially or
discretely-valued. For any regular D-logarithmic pluricanonical form 1 on X, and any stra-
tum W of D, we write Resw (n) for the residue form of n along W, and (W, ;. w¢p, Djlw)

for the induced log-regular structure on W (see Proposition 5.4.1.2 for a precise definition).
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We describe the closure of Sk(X, D, n) in terms of the Kontsevich-Soibelman skeletons of
the residue forms Resy (1) of n along the various strata W of D.

Theorem 5.1.3.1 (Proposition 5.4.3.4). If D is an snc divisor on X and n is a non-
zero regular D-logarithmic pluricanonical form on X, then the closure of the Kontsevich—
Soibelman skeleton Sk(X, D, n) in X" lies in the disjoint union of the Kontsevich—Soibelman

skeletons

|_|Sk<W, > Dj|WaReSW(77))a
W

Jj: WED;j

where the index runs over all strata W of D.

In addition, we show that the inclusion in Theorem 5.1.3.1 is an equality when K is
trivially-valued (see Proposition 5.4.3.8), while it is false in the discretely-valued setting
(see Example 5.4.3.10).

There are instances of similar decompositions that occur in the literature. For example,
if X is the toric variety over K associated to a rational polyhedral fan ¥, then ¥ admits
a natural compactification, which is endowed with a decomposition indexed by the strata
of the toric boundary divisor; see [Pay09, §3] and [Rabl2, Proposition 3.4]. In [Thu07,
§2], this compactification of the support of ¥ is embedded into X", and the image is
called the toric skeleton of X. In Corollary 5.4.2.7 we show that the toric skeleton can be

realized as an essential skeleton.

5.1.4. Structure of the chapter

In Section 5.2, we recall the formalism of metrics on analytifications of line bundles, and
we construct the weight metrics on the logarithmic pluricanonical bundles over trivially
or discretely-valued fields of residue characteristic zero. In Section 5.3, we construct the
skeleton of a log-regular pair over an arbitrary trivially-valued field and discuss its ba-
sic properties, mirroring the discretely-valued presentation of Chapter 3. In addition, we
define the Kontsevich—Soibelman skeletons and the essential skeleton of a pair in charac-
teristic zero; this section culminates in the proof of Theorem 5.1.2.1. The closure of the

Kontsevich—Soibelman skeletons and of the essential skeleton is described in Section 5.4.

5.2. Weight metrics

(5.2.0.1) In this section, we introduce the notion of a weight function associated to a ra-
tional pluricanonical form on a variety defined over a trivially-valued field of characteristic
zero. The weight functions are crucial to define and compute the essential skeleton of a
pair in the trivially-valued setting.

To this end, we briefly recall the formalism of metrics on the analytification of a line
bundle over an arbitrary non-archimedean field K. We introduce the weight metric on
the analytification of the pluricanonical bundle; in the discretely-valued case, the weight
metric originates in [MN15] and it is studied further in [BM19; NX16; Tem16]. To do so,
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we assume that K has residue characteristic zero: this guarantees the divisorial points are
dense in the Berkovich analytification (see Definition 2.1.3.1), a property that we employ

in the construction of weight functions and metrics.

(5.2.0.2) Throughout the section, let X be a normal variety, and let D be a Weil Q-
divisor on X such that Kx + Dyeq is Q-Cartier. For m € Z sufficiently divisible, the

sections of the line bundle
w%{ﬁaed) = w.[;(n] (mDred) = Ox (m(KX + Dred))

are called logarithmic m-pluricanonical forms of (X, D), while the sections of the rank-1
reflexive sheaf

Wi, = wi! (mD) = Ox(m(Kx + D))

are called D-logarithmic m-pluricanonical forms on X.

5.2.1. Metrics on non-archimedean line bundles

Assume that X is defined over a non-Archimedean field K.

Definition 5.2.1.1. Given a line bundle L on X, a metric ¢ on its analytification L*" is
the data of a function ¢(-,z): L2 — R for each x € X®" such that for any s € L2" and
f € Oxan ,, we have

O(fs,x) = v (f) + o(s,x). (5.2.1.2)

A metric ¢ is continuous if for any open subset U C X?" and any section s € T'(U, L*"),
the function
Uszw— ¢(s,z) €R

is continuous. This definition coincides with the continuous metrics of [CL11], provided
that ¢(-,x) #Z +oo for all z € X", Similarly, one defines upper-semicontinuous (usc) and

lower-semicontinuous (lsc) metrics.

It is easy to check that the (semi)continuity of a metric on L*" can be verified on
algebraic sections of L, as opposed to on all analytic sections of L?" as in Definition 5.2.1.1.
This is often a more convenient condition to check for metrics that are defined in terms of

algebro-geometric data.

Remark 5.2.1.3. Let x € X*". From the isomorphism L{" =~ Ly (y) ®Ox ker(a) Oxan 4 it
follows that the function ¢(-, z): L§" — R is determined by the restriction ¢(, 2): Lyer() C
Li" — R. Indeed, if s € Lygr(y) 18 an Ox ker(s)-module generator, then s ® 1 € Li" is an
Oxan z-module generator, so the values of ¢(-,z) on L3" are completely determined by the
value ¢(s ® 1, z) and the formula Eq. (5.2.1.2).

Furthermore, if K is trivially-valued, then we may consider metrics on L= = L*"|y1.

In this setting, the function ¢(-,x) at a point x € X7 is determined by its restriction to
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L. (z); indeed, the localization map Ox ¢ (z) < Ox ker(z) giVes rise to an isomorphism

Lyer(z) = Loy (a) QOx e () Ox ker(z) and we argue as before.

(5.2.1.4) In the literature, it is common to write a metric ¢ on line bundles in the
‘multiplicative’ notation ||-|| = 7 for some r € (0,1), as opposed to the ‘additive’ notation
introduced in Definition 5.2.1.1. That is, a metric on L®" can also be defined as a collection
of functions || - ||lz: L3 — Ry such that ||f - s|lz = |f(x)] - ||s|lz for s € L3 and f €
Oxan 5. See [CL11] for further details. The multiplicative notation is adopted especially

in Chapter 6, whereas the additive notation is more convenient elsewhere.

5.2.2. The trivial metric

Definition 5.2.2.1. Assume K is trivially-valued. Given a line bundle L on X, the trivial

metric Qiriv,r, ON 7 assigns to a point z € X 7 and a local section s € L the number

cx ()
¢triv,L(37 l’) = ’Uz(f), (5222)

where s is given by the function f € Ox () locally at cx(x). Said differently, pick
ex (@), and write s = f0 in Ly ()

sion Eq. (5.2.2.2) is independent of the choice of generator ¢, since any two generators

any Ox .y (z)-module generator 6 € L The expres-

differ by a unit u € O% ex () and vg(u) = 0.

(5.2.2.3) The trivial metric ¢y, allows us to identify a function ¢: X7 - R with a
metric ¢ + Ggriv,, On LJ; that is, to a point = € X2 and a local section s € Ly (z)s the

metric ¢ + Piriv, 1, assigns the number

((;0 + ¢triv,L)(57 ZL') = ‘:O(x) + 'Um(f),

where, locally at cx(z), s is given by the function f € Ox ., (;)- In fact, every metric on
L7 arises in this manner. See [BJ18b, §2.8] for further details.

Remark 5.2.2.4. If X is proper over K, the trivial metric ¢t,iv,z, is the non-Archimedean
metric on L7 associated to the trivial test configuration of (X, L), in the sense of [BHJ17,
Remark 3.3]. The relationship between test configurations and non-Archimedean metrics

yields new insights in the study of K-stability; see [BJ18a] for an overview.

5.2.3. The weight metric over a discretely-valued field

(5.2.3.1) Suppose that K is a discretely-valued field with residue characteristic zero.
Generalizing an idea of Kontsevich and Soibelman, to any rational pluricanonical forms 7
of X, one can construct a function on the analytification X2", called the weight function
associated to n) and denoted wt,. We briefly recall the definition (see [BM19; MN15; NX16]

for further details), and prove a maximality property for the weight function.
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(5.2.3.2) Let n be a rational section of w(‘g_’;{mD). The definition of the weight function
associated to n on divisorial points is as follows. If z € X4 has a divisorial representation
on a model 2" of X, then we may assume that (2", D 4) is a log-regular model of (X, Dyeq),
where Dy = Dieq + (20)red- Then, we set

Wt (2) = 00 (diV( e (1)) + 1 (5.23.3)

where div(2 p, —div(r)) (1) denotes the divisor on 2" determined by 7, thought of as a
rational section of the line bundle Oy (m(K g ko + Do — div(m))). By [BM19, Lemma
4.1.4], Eq. (5.2.3.3) is equivalent to the original definition of [MIN15, §4.3].

Theorem 5.2.3.4. Suppose X is smooth. For any rational section n of wg{mD), there is
a unique mazimal lower-semicontinuous extension wt,: X* — R of the weight function
Wiy Xdv R,

The extension was produced by Mustata and Nicaise in [MN15, §4.4], and the maximal-
ity property is demonstrated below. This property is presumably well-known to experts,

but the author is not aware of a proof appearing in the literature.

Proof. Pick a smooth compactification X C X of X, so X' = X", The construction

of a lsc extension wty ,: X** — R is made in [MN15, §4.4], and similarly we have an
extension wiw X* — R. By [MNI15, Proposition 4.5.5], wtx, = wis on X, We
now prove that wtx , is maximal: given another lIsc extension W: X** — R of wt, on

X4V we must show the inequality
W(x) < wtx () (5.2.3.5)

for all z € X2, To this end, we first prove Eq. (5.2.3.5) for z € X™°" and then for any

x € X*" by approximating x by monomial points.

Step 1. If z € X™°", pick a sequence (x;) of divisorial points that converges to x, all of
whom lie in the skeleton of a fixed snc model of X. By the lower-semicontinuity of

W, we have

W(z) <liminf W(xz;) = liminf wtx ,(x;) = wtx (),
j J
where the final equality liminf; wtx ,(z;) = wtx ,(z) follows from the continuity of

the weight function on a fixed skeleton, as in [MN15, Proposition 4.4.3].

Step 2. If z € X", then [BFJ16, Corollary 3.2] implies that x = lim- p-(x), where the
limit runs over all snc models 2~ of X and p-: X™ — Sk(Z) denotes the retraction

~-mon

onto the skeleton from [MN15, §3.1]. As p5-(z) € X = X™°" for all snc models
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2, the lower-semicontinuity of W shows that

W(z) < liminf W (p5-(2)) < liminf wtx ,, (p5(z))

= linljinf whg (o7 (x))
<supwig , (p7(7)) = Wi, (2) = wix ().
-

The uniqueness of the extension follows from the maximality, and we write it simply as

wty, = wtx . L]

Definition 5.2.3.6. The weight metric wtgise is the metric on (w%(mD d))an satisfying

Wtdisc(nv 113) = th(l‘) (5'2'3'7)
for any z € X®" and rational section 7 of w(%(mD ) that is regular at ker(z). By The-
orem 5.2.3.4, wtgisc iS the maximal lower-semicontinuous metric on (w%(mD d))an such

that Eq. (5.2.3.7) holds on X4, Write || - ||wty,.. for the weight metric in multiplicative

notation, as in 5.2.1.4.

5.2.4. The weight metric over a trivially-valued field

(5.2.4.1) Suppose that K is a trivially-valued field of characteristic zero, and assume that
Kx + D is Q-Cartier. The following definition is a standard numerical invariant of a

divisorial valuation that arises in birational geometry; see e.g. [Koll3, Definition 2.4].

Definition 5.2.4.2. Let 2 € X4V N X2 be the divisorial point determined by the triple
(¢,Y N X, E). Pick canonical divisors Ky on Y and Kx on X such that h,(Ky) = Kx.
The log discrepancy A(x py(z) of z is the value

Apxp)(@) = (1 +ordp (Ky _ %h*(m(KX + D)))) (5.2.4.3)

for m € Z¢ sufficiently divisible. The pair (X, D) is log canonical if A(x py(z) = 0 for all
r e XN x3

It is easy to verify that the log discrepancy Ax p)(z) depends only on z, and not on

the choice of m or of the birational model Y of X where the centre of x is a divisor.

(5.2.4.4) There is a maximal lower-semicontinuous extension A(x py: X 3 R of the log

discrepancy on the divisorial points X4V N X=; it is given by

Acepy (@) =sup _inf | Acx.p)(y), (5.2.4.5)

where the supremum runs over all open neighborhoods U of z in X=. The extension

A(x,p), which we also refer to as the log discrepancy function is R-homogeneous, and
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it is non-negative when (X, D) is log canonical. The restriction to X" N X admits an

alternative characterization; see [Blul8, §3.2].

The log discrepancy function is well studied in the literature: when X is smooth and
D = (), it is introduced in [JM12, §5] as a function Ax: XN X2 — R, . The same holds
for normal varieties by [BAFFU15]. The function Ay is extended to all of X= when X is

smooth in [BJ18a, Appendix A], and it is constructed in positive characteristic in [Canl7,

§3].

Definition 5.2.4.6. For a rational section 7 of w(%(mD W) that is regular on the Zariski

open U C X, the weight function wt,,: U= — R of 7 is given by

th(x) = mA(X7Der)(a?) + ¢triv7w®m (77, :L')

(X,Dreq)

The weight metric wtiyy is the metric on (w%{mD d))3 satisfying
thriv(ny l’) = th($> (5247)

for any 2 € X-= and rational section 7 of w%("fDred) that is regular at ker(x). By 5.2.4.4,
Wtiriv is the the maximal lower-semicontinuous metric on (w%mD Cl)):l such that Eq. (5.2.4.7)

holds on X4V N X2, Write || - |Jwt,, for the weight metric in multiplicative notation.

Remark 5.2.4.8. There is another construction in [MN15, §6.1] of a weight function in
the trivially-valued setting, which is distinct from the weight function of Definition 5.2.4.6

(indeed, it does not take a pluricanonical section as an argument).

5.2.5. Alternative expressions for the weight function over a trivially-
valued field.

(5.2.5.1) Assume that K is a trivially-valued field of characteristic zero. For a rational
: ®
section 7 of w anDred)’ set

D77 = Dred — diV(X,Dred)(n)7

where div(x p, ,)(n) denotes the divisor of 7, thought of as a rational section of the line
bundle w(@%(mD nE In the following proposition, we provide an alternative expression for the

weight function associated to 7, which is purely in terms of a log discrepancy function.
Proposition 5.2.5.2. For any = € X=, we have wt,(z) = mAx,p,) ().

Proof. By 5.2.4.4, it suffices to check the equality on divisorial points. If z € X4V N X3
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is determined by the triple (¢, Y Mx , E), then we have that

WtT] (l‘) = mA(X,Der)(:E) + ¢triv,w®m (777 :l?)

(XvDred)
1
= me (1 + ordp (Ky — — " (m(Kx + Dred)))> + cordp(h*divix.p,.) ()

= MA(X,Dyea—divix .y m) (T)

= mA(X,D,,) (),
as required. O

Corollary 5.2.5.3. If v € XW N X= is the divisorial point determined by the triple
(¢,Y X, E), then
Wty (2) = ve(div(y,py) ('),

where Dy = ﬁred +> B, ]_N)red denotes the strict transform of Dyeq via h, and the E;’s

are the irreducible h-exceptional divisors on'Y .

Corollary 5.2.5.3 shows that the weight function wt, on X div n X2 can be computed
much as in the discretely-valued setting; indeed, this result is the analogue of [BM19,
Lemma 4.1.4]. Moreover, Corollary 5.2.5.3 can be deduced from Proposition 5.2.5.2, but

we find enlightening to provide a different proof of the statement using a local calculation.

Proof. By definition of weight function and of the log discrepancy function, we have that

Wt?? (‘T) = mA(XvDred)(x) + ¢triv,w®m (777 l’)

(X,Dyeq)

1
= mc <1 —+ Ol“dE (KY — Eh*(m(KX + Dred)))) + qbtriv,w?me (77, fL‘)

ed)

o M —1 *  Qm
= cordg <(W(Y,Dy)) ®h w(X,Dred)) + qﬁtri"’”é@xﬂbred) (n,z),

where the last equality uses the convention in 2.1.3.3. Let { = cx(x) be the centre of z
on X, and let & be the generic point of E in Y. Consider a Ox ¢-module generator § of
w(%(mD D Then, locally at £, we write the section  as n = f¢ for some f € Frac(Ox¢),

so that
¢triv,w®m (777 $> = Ux(f) = COI‘dE(h*f).

(XvDred)
Consider now a Oy ¢-module generator a of (w%f’”Dy) ® (h*wgg‘Dred))_l)gl . It follows that
a® h*§ is a Oy g-module generator of (Wi )¢r» and we write h*n = (@ 'h*f)-a®@h*s

(YvDY)
locally at &’. Tt follows that

valdiviy.py ) (0°)) = vala 1 ) = va(a™) + v (B )
= cordg ((w%,i”Dy))—l 2 h*w%?:LDred)) + cordg(h*f)

= wiy (),
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which concludes the proof. O

5.3. Skeletons over a trivially-valued field

(5.3.0.1) In this section, we construct a skeleton associated to a log-regular log scheme
over a trivially valued field k. This generalizes the construction of the simplicial cones
of quasi-monomial valuations in [JM12, §3], and it is a trivially-valued analogue of the
skeletons of [BM19, §3]. The outcome coincides with the skeleton of [Ulil7, §6], but the
descriptions of the points in the two constructions are slightly different: our realization of
the skeleton, inspired by [MN15], enables us to describe the minimality loci of the weight
functions of Section 5.2.4, and ultimately to define the essential skeleton of a pair over k,

when k has characteristic zero.

(5.3.0.2) Throughout the section, let k be a trivially-valued field, X a normal variety
over k, and D an effective Q-divisor on X such that Kx + D.eq is Q-Cartier, and assume
that the log scheme Xt = (X, Dyoq) is log-regular, in particular Dx+ = Dyeq. Note that,

under these assumptions, the pair (X, D;eq) is log canonical.

5.3.1. The faces of the skeleton of a log-regular scheme.

(5.3.1.1) In the following proposition, we construct the valuations that will form the
skeleton of X*. Over a perfect field, the log scheme X has toroidal singularities, and
the valuations of its skeleton are the toric or monomial valuations of the local toric model,
parametrized by the realification of the cocharacter lattice ([Thu07]). For an arbitrary

log-regular pair X+ the valuations are expressed in terms of the log-geometric data.

Proposition 5.3.1.2. For any x € Fx+ and a € Hom(CX+’x,ﬁ+), there exists a unique

minimal semivaluation
Vot Ox 2 \{0} — R,

such that
1. vy extends the trivial valuation vo on k — Ox z;
2. for any f € Mx+ 5, we have v, (f) = a(f).
Moreover, vy is a valuation if and only if o € Hom(Cx+ ., Ry ).

Proof. The proof is identical to Proposition 3.2.2.10, and we recall the construction here.
Pick a multiplicative section o: Cx+ , — Mx+ , of the quotient map Mx+ , — Cx+ 4.
By [BM19, Lemma 3.2.3], any f € Ox, can be expressed as

f= 2 ay0()

’YECX+7Z
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as an element of the m,-adic completion O X,z Where a, € O% ,U{0}. Such an expression

will be referred to as an admissible expansion of f. Now, set

va(f) = vég)f( ) vo(ay) + (7). (5.3.1.3)

Following [BM19, Proposition 3.2.10], one can show that v, (f) is independent of the choice
of admissible expansion of f or of the choice of section o, the infimum is in fact a minimum,

and v, defines a semivaluation on Ox , that satisfies the desired properties. L]
(5.3.1.4) For any x € Fx+, consider the subset
Sk (XT) == {va: @ € Hom(Cx+ ,, R4)}

of X7, equipped with the subspace topology inherited from X = Alternatively, Sk, (X™)
can be equipped with the topology of pointwise convergence inherited from the identifi-
cation with the space Hom(Cx+ ., Ry); that is, for (a,)72; and a in Hom(Cx+ ,, Ry), we
have v, — Vo in Sk (XT) if and only if an(y) — a(y) for all v € Cx+ ,. These two

topologies are compared below.

Lemma 5.3.1.5. The topology of pointwise convergence on Sk;(X ™) coincides with the
subspace topology inherited from X=.

Proof. Given (ay,)52; and o in Hom(Cx+ ., Ry ), it suffices to show that vq,, (f) — va(f)
for all f € Ox, if and only if a,(y) — a(y) for all v € Cx+,. Granted the latter
assumption, the convergence v,,, (f) — v (f) follows by (5.3.1.3). Conversely, for any lift
¥ € Mx+ , of v, we have that a, () = va, () = va(¥) = (7). O

Lemma 5.3.1.6. For any x € Fyx+, the closure Sk, (X1) of Sk,(X*) in X= coincides
with the subset
{va: o € Hom(Cx+ ., Ry)}. (5.3.1.7)

In addition, Sk, (X*) N XPF = Sk, (X )

Proof. Denote by Z, the subset of X= defined in Eq. (5.3.1.7). It is clear that Sk, (X*t) C
Z,; thus, we need to show that Z, is contained in Sk, (X ") and Z, is closed in X3,

Consider a net (va,)e in Z, such that ve, — v for some v € X=. For any f € O)X(@,
v(f) = lim va, (f) = 0, so the restriction of v to M+ , descends to a monoid morphism
a: Cx+ p — R, . Arguing as in Lemma 5.3.1.5, one sees that a. — o and hence vy, — vq
in X7 thus, v = v, lies in Z, so Z, is contained in Sk, (X ).

Now, following the proof of Lemma 5.3.1.5, we observe that the map

Hom(Cy+ 4, Ry) = Z, C X7

Q> Uy
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is continuous, so Z, is the image of a compact space into a Hausdorff space via a continuous
map, and hence Z, is closed. It follows that Z, = Sk, (X ™). Finally, Z, N X" = Sk, (X)
by Proposition 5.3.1.2. O

5.3.2. The skeleton of a log-regular scheme.

(5.3.2.1) The subsets Sk, (X*1) of X7, for 2 € Fy+, can be glued together compatibly
with the relation of specialization in the Kato fan F'y+; see 3.2.1.1 for the definition of this
relation. Indeed, consider z,y € Fx+ where x is a specialization of y, i.e. x € @ The
localization map Ox , < Ox,, descends to a surjective monoid morphism 75 ,: Cx+ , —
Cx+,- In this case, the two subsets of Sk, (X*) and Sk, (X*) of X= are related as follows:

Lemma 5.3.2.2. The map Sky(X) — Sk, (X™T), given by va — Vaor,,, is continuous
and injective. Furthermore, this map identifies Sk,(XT) as a subspace of Sk, (X*) in X=.

Proof. The continuity is immediate from Lemma 5.3.1.5, and the injectivity follows from
the surjectivity of 7, ,. Finally, note that v, and vaor, , coincide as points of X 3 by the

uniqueness in Proposition 5.3.1.2. O

Definition 5.3.2.3. The skeleton of X is the subspace

Sk(X*)= |J Sk.(XT)C X7,

IGFX+

where Sk, (X ) is identified as a subset of Sk, (XT) whenever € {y} via Lemma 5.3.2.2.

By construction, Sk(X™) has the structure of a polyhedral cone complex with vertex
vo where
{vo} = Hom({0}, Ry.) = Sky, (X )

and ny € Fx+ is the generic point of X. The faces of Sk(X™) are precisely the subsets
Sk (XT) for x € Fy+. Write Sk(X™) for the closure of Sk(X*) in X=. Lemma 5.3.1.6
shows that Sk(X ™) is the union of the subsets Sk, (X ™) for x € Fyx+ with the suitable

identifications as in Lemma 5.3.2.2.

Example 5.3.2.4. Consider X = A% with coordinates x1,x2, and endow X with the
divisorial log structure induced by {xjz2 = 0}. We denote by D;, Dy and Dj2 the non-
empty intersections of irreducible components of Dx, and by 7. the corresponding generic
points. At each point z in Fy+, we determine the morphisms o : Cx+ , — (Rx0,+) to
define the point in the skeleton:
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Dx a:Cx+pp =N = (Rxo,+)
X2 v
a:Cxt .y, =N = (Ryo, +)
1T 1 a: Cx+yy = {0} = (Rz0,+)

We obtain that the faces of the skeleton Sk(X ™) are Sky, (X*) ~ R, Sky, (XT) =~
(R>0)?, and Sk, (XT) ~ {pt}. Thus, the skeleton is isomorphic to (Rx¢)?. Further

explicit examples of skeletons are considered in Section 5.4.

(5.3.2.5) For any log-regular log scheme X over k, [Kat94, Proposition 9.8] shows that
there is a regular k-scheme X', a reduced snc divisor D’ on X', and a morphism X'T =
(X',D') — X of log schemes such that Fy/ is obtained from Fx+ via subdivisions.
As subdivisions of the Kato fan do not change the associated skeleton, it follows that
X2 — X restricts to a homeomorphism Sk(X't) ~ Sk(X*). Two consequences of this

fact are detailed below:

- The skeleton Sk(X*) coincides with the subspace QM(X’, Dx/) C X= of quasi-
monomials valuations in (X', Dx/) constructed in [JM12, §3]. It follows that Sk(X ™)

lies in the locus of quasi-monomial points of X=.

- Under the identification Sk(X'") ~ Sk(X ™), the skeleton Sk(X ™) is endowed with
the structure of a simplicial cone complex, and moreover with an integral piecewise
affine structure (analogous to [JM12, §4.2]).

5.3.3. The retraction to the skeleton.

Proposition 5.3.3.1. There is a continuous retraction map px+: X= — Sk(X1) such
that cx(v) € {ex(px+ @)} for all v € X=. Moreover, px+ restricts to a continuous
retraction map X" N X2 — Sk(X1).

Proof. Given v € X3, the construction of the retraction py+ (v) is described below. Write
x = cx(v), and let y be a Kato point in Fx+ to which z specializes; that is, y is the
generic point of a stratum of Dx+ to which z specializes. If Zx+ , denotes the ideal of
Ox  generated by MX+’$\(’))X(+@, then the natural map Ox , — Ox 4 is the localization
at Ix+ 4, and hence my = Zx+ ,Ox 4. For any multiplicative section o: Cx+ ;, = Mx+ 4,
[BM19, Lemma 3.2.3] shows that any f € Ox, can be expressed as

f= > ay00) (5.3.3.2)

’Yecx-hm

as an element of @va, where a, € (Ox\Ix+,) U {0}. For any expansion of f as
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in BEq. (5.3.3.2), set

o(f) = rgin vo(ay) +v(o(7)). (5.3.3.3)
YECX+ o

Following the proof of [BM19, Proposition 3.2.10], one can show that v is well defined and
is a semivaluation v: Ox, — R, . Further, it is clear that x specializes to cx (v) since
v(f) = 0forall f e Ox .

We claim that v € Sk,(X™). To see this, we construct a monoid morphism & €
Hom(C X+7y,ﬁ+) such that v = v as semivaluations, where vg is the semivaluation con-
structed in Proposition 5.3.1.2. Observe that any f € Ox, can be written as f = g/h
with g € Ox, and h € Ox ;\Zx+ ,, s0 v(h) = 0 and hence v(f) = v(g) > 0. In addition,
[ is invertible in Oy, if and only if g is, which is equivalent to g € Ox ;\Zx+ ,; in this
case, U(f) = v(g) = 0 by construction. Thus, the restriction of v to M+ , descends to a
monoid morphism a: Cx+ , — R, . The uniqueness in Proposition 5.3.1.2 guarantees that
U = vg; thus, set px+(v) =10 € Sk, (XT).

Note that if v € Sk(X ), then we have v = v. Indeed, if z = cx(v) € Fx+, then the
formula Eq. (5.3.3.3) defining v on elements of Ox , coincides with Eq. (5.3.1.3). That is,
px+ is a retraction of X= onto Sk(X*) for the inclusion Sk(X+t) — X=.

It remains to show that py+ is continuous. For each w € X=, consider the subset
Uy = c)_(1 ({ex(px+(w))}) of X=, which is an open neighborhood of w since the centre
map is anticontinuous. As {Uy},,cx3 is an open cover of X 3, it suffices to show that the
restriction pyx+|y, is continuous for each w € X-. Note that the image of px+|u, lies
in @CX(PX+ (w))(XT) because cx (px+(w)) is a Kato point to which cx(w') specializes for
all w' € U,. The continuity of py+|y, is then a consequence of the following: for any

fe OchX(PX+(w))7 the map

Up — Ry

w' pr+(w')(f)

is continuous. Indeed, if f =3 a, - o(v) is an admissible expansion in @chx(
then

Pyt ()3

Up st (w') (f) - lein UO(a’Y) + ’LU,(O'(’)/))

is continuous in w’. Hence, px+ |y, is continuous, which concludes the proof. ]

(5.3.3.4) The retraction of Proposition 5.3.3.1 is related to other constructions in the

literature.

- If Xt = (X, Dx+) is an snc pair, the retraction px+ of Proposition 5.3.3.1 restricts
to the retraction XP* N X2 — Sk(X*) of [JM12, §4.3]. Note that [JM12] denotes
the space X' N X= by Valy.

- After identifying Sk(X ™) with the extended cone complex Yy+ following [Ulil7,
§6.1], px+ coincides with the tropicalization map X3 - S+, In particular, [Ulil7,
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Theorem 1.2] implies that px+ recovers Thuillier’s (strong deformation) retraction
map from [Thu07, §3.2].

5.3.4. Functoriality of the skeleton.

(5.3.4.1) Given log-regular log schemes X and Y+ over k and a morphism ¢: X — Y
of k-schemes, write cpj: X7 — Y7 for the J-analytification. The retraction map of Propo-

sition 5.3.3.1 shows that gpj restricts to a continuous map
__ ul __
Sk(Xt) — X7 2 y2 B k(v ) (5.3.4.2)

between the closures of the skeletons. If ¢ is a dominant map, then Eq. (5.3.4.2) restricts

to a continuous map
. | .
Sk(X ) — XPIrq x3 £5, ybir qy3 2% gy, (5.3.4.3)
That is, the formation of the skeleton is functorial with respect to dominant morphisms.

5.3.5. Comparison with the dual complex in the snc case

(5.3.5.1) In [MN15, Proposition 3.1.4], Mustata and Nicaise remark that, given a variety
X over a discretely valued field, the skeleton associated to an snc model 2™ of X over the
valuation ring is homeomorphic to the dual intersection complex of the special fibre 2.
We treat now the trivially-valued field case: consider a log-regular pair X = (X, Dx+),
where Dy + is an snc divisor. Let D(Dyx+) denote the dual intersection complex of Dy + as
in Definition 2.2.0.1. In the following proposition, we compare it with the skeleton Sk(X™);

this result is well-known to experts, but we include a proof for the sake of completeness.

Proposition 5.3.5.2. There is a homeomorphism between Sk(X ™) and the cone over

In Section 7.2, we extend Proposition 5.3.5.2 to more singular pairs; see for instance
Lemma 7.2.4.6.

Proof. A point x € Fx+ is the generic point of a stratum of D+ of codimension r, for
some 1; since Dy + is snc, a choice of local equations for Dy + at x yields an isomorphism
Cx+, ~ N’. This induces an isomorphism Sk,(X*) ~ Hom(Cx+,,R;) ~ (Ry)" of
topological monoids.

A face of D(Dx+) correspond to a stratum Z of D+ of codimension r for some r, and
is isomorphic to the standard simplex A" 1. Thus, the cone over this face is homeomorphic
to (R4)", i.e. to Sk, (X ™) where z is the generic point of Z.

As the gluing maps on the dual complex are compatible with the identifications on
Sk(X ), we conclude that the cone over the dual complex is homeomorphic to the skeleton
of X, O
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Definition 5.3.5.3. The link of the skeleton Sk(X ™) is the (topological) quotient Sk(X)*/R%.
by the rescaling action of Definition 2.1.1.7.

Proposition 5.3.5.4. [Thu07, Proposition 4.7] The spaces Sk(X*)*/R% and D(Dx+)

are homeomorphic.
Proof. The rescaling action on the punctured cone over D(Dx+) (as in Definition 2.2.0.2)

makes the homeomorphism of Proposition 5.3.5.2 into an R -equivariant one. The asser-

tion follows by taking quotients by the R’ -actions. O

It follows from Proposition 5.3.5.4 that Sk(X*)*/R% has the structure of a (compact)
cell complex induced by the homeomorphism with D(Dx+ ).

5.3.6. The skeleton of a product

(5.3.6.1) Let k be a trivially-valued and algebraically closed field. Let X = (X, Dx+)
and YT = (Y, Dy+) be log-regular pairs over k. We denote by Z1 = (Z, D+ ) the product
in the category of fine and saturated log schemes. In particular, Z* is log-regular and
Dg+ = Dx+ XY + X X Dy+. The goal of this section is to compare the skeleton associated
to ZT with the product of skeletons of X and Y ' in the category of topological spaces.

Lemma 5.3.6.2. The projection maps (prx,pry): Z — X X Y induces an isomorphism
Fz+ E) FX+ X Fy+.

Proof. As any stratum of Dy+ is of the form D, x D, for some x € Fx+ and y € Fy+,
we have a bijective correspondence between Fz+ and Fy+ X Fy+ that is compatible with
the projections to the factors. Moreover, this bijection is actually an isomorphism of Kato

fans, observing that

CZ+,Z = CX+,x S CY+,y
when the Kato point z € Fz+ maps to (z,y) € Fx+ X Fy+. O

(5.3.6.3) The projections pry : ZT — X+t and pry : ZT — Y are dominant morphisms

of log-regular log schemes, hence they induce a continuous map of skeletons
(Prsk(x+), Prsk(y+)) : Sk(Z7) = Sk(XT) x Sk(Y'™)
that is constructed as in 5.3.4; that is, (prSk(X+), prSk(y+)) is the composition

( r?{"r ,pr§+)

Sk(z+) < 73z 2 (X3 XPT) x (Y2 Yy LX) gty s sy,
It follows that there is a commutative diagram

(pr3 P12 ,)

Zbir N Z:l

pz+J

Sk(Z+)

(Xbir N X:l) % (Ybir N Y:l)
l( . (5.3.6.4)

Sk(X*) x Sk(Y™H).

(prSk(X+) Prsk(y+) )
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In the following lemma, we show that the map proy(y+y: Sk(Z*) — Sk(X ™) is in fact

induced by the restriction of morphisms of monoids.

Lemma 5.3.6.5. Let z = (z,y) € F} be a Kato point and ¢ € Hom(Cz+ ,,Ry). If
izt Cxt+ g < Czt, and iy, Cy+, < Cz+ . denote the inclusions of characteristic
sheaves, then

prSk(X+)(U€) = Ueoi, . and pTSk(Yﬂ(’Ue) = Veoiy,»
Proof. Tt suffices to show the first equality. By definition (cf. 5.3.6.3), we have that
PTSk(X+)(Ua) = PX+(pT§(+(Ua))-
Since proy(x+(ve) is a point of Sk, (X ™), there exists o € Hom(Cx+ ,,R4) such that
o+ (P (1)) = va.
Hence, it suffices to show oo = €0, .. By Proposition 5.3.1.2, for any m € Mx , we have
a(m) = pry (ve)(m)
and, since pry induces the inclusion of fraction fields i : k(X ) < k(Z), we obtain that
pry+ (v)(m) = (vz 0 8)(m) = vo(m) = ().
On the other hand, for any m € Mx , we also have
Veoiy.. () = (£ 0 i5,2) (77) = £(7),
which concludes the proof. ]

Similar to [BM19, Proposition 3.4.3], we prove that log-regular skeletons are well-

behaved under products.

Proposition 5.3.6.6. The skeleton Sk(Z™T) is homeomorphic to the product Sk(X™) x
Sk(Y™) of the skeletons via the map (Prgy(x+), Prsk(y+))-

Proof. Tt suffices to show that (prey(x+), Prgk(y+)) restricts to a homeomorphism Sk, (Z+) ~
Sk, (X ™) x Sky(Y") for each z = (z,y) € Fz+. By Lemma 5.3.6.5, this is equivalent to
showing that the map

Hom(cZJf,z?R-F) — Hom<CX+,z7R+) X Hom(CYJF,yaR-‘r)?

given by € — (€ 0y ,,€ 01y ), is a homeomorphism. It is clearly continuous and, if
@zt Cz+, — Cx+, and q.y: Czt , — Cy+,, denote the projections, then (e1,e2) —

€10 ¢z + €2 0 ¢,y is a continuous inverse. O
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Proposition 5.3.6.7. The link Sk(Z1)* /R% is homeomorphic to the join (Sk(X1)* /R% )
(Sk(Y )" /RY).

Proof. Observe that the proof of Proposition 5.3.6.6 yields a R -equivariant homeomor-
phism
Sk(Z7) ~ Sk(XT) x Sk(Y),

where the product is endowed with the diagonal action. By 2.2.0.4, there exists a R -

equivariant homeomorphism
Sk(Z1) ~ Cone((Sk(X*)*/Ri) * (Sk(Y*)*/R*Jr)).
The statement now follows from 2.2.0.2. ]

5.3.7. The Kontsevich—Soibelman skeleton and the essential skeleton

(5.3.7.1) Assume now that k has characteristic zero and D is a Weil Q-divisor on X such
that Kx + Dyeq is Q-Cartier. Following the approach of Kontsevich and Soibelman, for any
rational D-logarithmic pluricanonical form 1 on X, we can construct a subset Sk(X, D, n)
of X7 as the set of birational points satisfying a minimality condition with respect to 7.

More precisely, we define
wty (X, D) = inf{wt,(z): x € Xl eR
Definition 5.3.7.2. The Kontsevich—-Soibelman skeleton of the triple (X, D,n) is
Sk(X,D,n) = {z € X"" N X7 wt,(z) = wt, (X, D)}.

In fact, as in [MN15, Theorem 4.7.5], Sk(X, D, n) is the closure in X N X= of the points
z € X4 U {vy} such that wt,(z) = wt, (X, D).

(5.3.7.3) Assume in addition that X = (X, Dyeq) is log-regular, hence log canonical.
In this case, the function Ax p, ) is non-negative on X 3, and it has value exactly 0 at
any divisorial point in Sk(X*), thus on Sk(X*). In fact, the only z € X" N X= with
A(x,D,q)(z) = 0 are those in the skeleton by [Blul8, Proposition 3.2.5].

Proposition 5.3.7.4. Suppose X is as in 5.3.7.5. Ifn is a non-zero reqular D-logarithmic

pluricanonical form on X and x € X=, then

wty () = wty(px+ (7)),

and if x € X" N X3, then equality holds if and only if x € Sk(X ™).

Proof. By maximal lower-semicontinuity of the weight function, it suffices to show the
inequality on XP* N X7 (or even on X4V N X=). Let 2 € X" 0 X=. Denote by ¢ and

&' the centres of x and px+(z), respectively. By construction of the retraction py+, we
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have that £ € {¢}, and hence there exists a trivializing open U C X for the logarithmic
pluricanonical bundle w(‘%(mD 2 that contains both & and ¢. On such an open set U,
the form 7|y corresponds to a regular function f on U, and the weight functions can be

computed as

Wty(2) = A(X,D,oq) (@) +v2(f)  and  wty(px+(2)) = Ax,D,e) (Px+(2)) + 05 () ()

Locally at £, f has an admissible expansion of the form f = 2ovec cy7y. The ultra-

x+.¢
metric inequality gives

va(f) 2 min{eo(ey) + vz (1)} = 0, @) (f); (5.3.7.5)

and Ax,p,..)(z) = 0= Ax p,..)(px+(x)) by 5.3.7.3; adding this to Eq. (5.3.7.5), we get
that wty,(z) > wt, (px+(x)).

Assume, in addition, that the equality Ax p,.,)(z) + vz(f) = UPX+(x)(f) holds. As
Ua(f) Z vpy (@)(f) and A(x p,.q)(vz) 2 0, the assumption implies that A(x p,.4)(z) = 0.
Now, it follows from 5.3.7.3 that x lies in the skeleton Sk(X ™). O

Definition 5.3.7.6. The essential skeleton Sk®*(X,D) of (X, D) is the union of all
Kontsevich—Soibelman skeletons Sk(X, D, n), where n runs over all non-zero regular D-

logarithmic pluricanonical forms on X. In symbols,

Sk®S(X, D) := | JSk(X, D,n).
n

(5.3.7.7) For any regular D-logarithmic pluricanonical form 7, the function (btri"vw?x"fDmd) (n,-)
is non-negative, and hence wt,, is as well. Further, if n is non-zero, wt,(vg) = 0, where vg
is the trivial valuation. It follows that wt, (X, D) = 0 and vy € Sk(X, D, n) for every such
form 7. In particular, the essential skeleton of (X, D) is nonempty whenever there exists

a non-zero regular D-logarithmic form on X.

(5.3.7.8) By arguing as in [MN15, Proposition 4.5.5(v)], one can show that Sk(X, D, n®™) =
Sk(X, D,n) for any m € Z~¢o. In particular, Sk**(X, D) can be computed as the union
of Kontsevich-Soibelman skeletons of sections of m(Kx + D) with m € Z- sufficiently

divisible.

Remark 5.3.7.9. There are two fundamental reasons why the essential skeleton is defined

in terms of non-zero regular D-logarithmic pluricanonical forms. They are the following:

- If £ € X and ¢ is a generating section of w%(mD D€ then any regular section n of
wggLD) can be written, locally at &, as n = f¢ for some f € Ox¢. For any = € X3
such that f is regular at cx(z) and cx(px+(x)), we have vy (f) > vaJr(x)(f), as
in Proposition 5.3.7.4. In particular, the minimality locus of wt, on X bir  x= (and

hence the essential skeleton) lies in the log-regular skeleton Sk(X™).
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- The definition of the essential skeleton is in terms of D-logarithmic pluricanonical
forms, as opposed to logarithmic pluricanonical forms. This is done so that the faces
of Sk(X™) corresponding to components of D with coefficient strictly less than 1 do
not lie in the essential skeleton. This choice is compatible with the correspondence
between the dual complex of a dIt boundary divisor and the essential skeleton in
the discretely-valued setting, as explored in [NX16, Theorem 3.3.3] and [BM19,
Proposition 5.1.7].

Furthermore, when (X, D) is a logCY pair, we will show in Proposition 7.2.4.2 that the
essential skeleton Sk®S(X, D) in fact coincides with the skeleton Sk(X, D=!). This plays

a crucial role in the proof of Theorem 1.4.3.1.

5.3.8. Compatibility between trivially-valued and discretely-valued set-
ting

(5.3.8.1) This section explores a relationship between the weight functions in the trivially-
valued and in the discretely-valued cases. To this end, we work in a setting where both
the weight functions are defined and interact, namely on the total space of a degeneration.
Proposition 5.3.8.9 shows that we can regard an essential skeleton, defined in the trivially-

valued setting, as a cone over the essential skeleton in the discretely-valued setting.

(5.3.8.2) Let & be a trivially-valued field of characteristic zero. Let 2~ be a degeneration
over k[[cw]], i.e. a normal, flat, separated scheme of finite type over k[[z]]. The formal
completion 2 of 2" along the special fibre 27 is a formal k[[z]]-scheme of finite type, and
the structure morphism 2~ — Spf(k[[w]]) is a morphism of special formal k-schemes in the
sense of [Ber96, §1]. This induces a morphism 2%V — D}(0,1) on the analytic generic
fibres, where D} (0,1) denotes the open unit disc over k. We can identify D}(0,1) with
the interval [0, 1) by sending 7 € [0, 1) to the w-adic seminorm | - |, on k[[w]] normalized
so that ||, = r. Under this identification, the fibre of 2%V — D{(0,1) above 1/e is the
generic fibre of 27, denoted 2" ¢, as an analytic space over the field K = (k((w)), |- l1/e)
(in the sense of Definition 2.1.2.2); see [Nicll, Lemma 4.2] for details.

Definition 5.3.8.3. We say that 2" is defined over a curve if there exists a germ of a
smooth curve C over k, a closed point 0 € C(k), an isomorphism O¢ g =~ k[[w]] (which we
write as an equality from now on), and a normal, flat, separated scheme X over C' such
that

2 =X x¢ Spec(Ocp).

For the rest of the section, fix a morphism X — C and 0 € C(k) as in Definition 5.3.8.3.

There is a cartesian square of analytic spaces over k given by

%disc . %triv . XJ

I ! |

{1/e} ~ M(K) — [0,1) ~ D(0,1) —— C=.
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(5.3.8.4) Let Xy C X denote the fibre above 0. Suppose that Xy is reduced, 2} () is
smooth, and Kx + Xy is Q-Cartier. For any regular section 7 of w%??XO), write ng for the
Gelfand-Leray form associated to n: this is the regular section of w%ﬁ}? characterized by
the property that nx Adw coincides with the pullback of n along 2~ — X, or equivalently
it is the contraction of n with the vector field 9/0w. See [NS07, Definition 9.5] for more

details. We can define weight functions on 2V and 2 4¢ as follows:

- the weight function wtgﬁcz Z disc 4 R is defined as in Theorem 5.2.3.4, where we

consider g as a regular section of w(@’g 2))

- the weight function wti™V: 2™ — R is the restriction of the weight function
Wty : X= — R defined as in Definition 5.2.4.6.

Note that the reason we assume that 2 is defined over a curve is that our definition of
w‘c%‘”iV only holds on the J-analytification of a k-variety, but not on a general k-analytic

space.

Proposition 5.3.8.5. Let m € Zso be such that m(Kx + Xo) is Cartier. For n €
HY(X,m(Kx + Xo)) and x € 29, we have

disc _ triv
w2 (z) = wt, ™ (z). (5.3.8.6)

If in addition X — C is proper (and hence 2 415¢ = ZE"), then there is an inclusion of

Kontsevich—Soibelman skeletons
Sk(2x,nx) 2 Sk(X, Xo,n) N 2 s, (5.3.8.7)

which is an equality provided that (X, Xo) is log canonical and that there is a component

of Xo along which n does not vanish identically.
Proof. We prove Eq. (5.3.8.6) in two steps.

Step 1. Assume that € 2°4¢ N X4V and is determined by a prime divisor on a proper
birational model h: Y — X of X, where h is an isomorphism away from Xg. Let
% =Y xx Z'; it is equipped with a proper birational morphism % — 27, also
denoted by h, that is an isomorphism outside of 2. In particular, % is a model of
Zx.

Set £ = redy(x) and take a Oy ¢-module generator ¢ of w?ﬁf%) ¢ Locally at &,
write the section nx as nx = fo for some f € Oy ¢. Consider the identity

M(Ky jifje]) + Pored — divey (@) — (Z ma(E;)E; + divey (K" f) — mdiwy(w))

= W (m(K g )y + Z0) — diva (f)),
(5.3.8.8)
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where E; are the exceptional prime divisors of h, and a(-) is the log discrepancy
function with respect to (27, Zp). Note that a(E;) = A(x, x,)(ordg, ).

We have the following series of equalities

th}ilic($) = v (div(@ 7,0 —divay (@) (1K) +m cf. Eq. (5.2.3.3)
=ma(z) + vy (R* f) — mug(w) + m cf. Eq. (5.3.8.8)
= mAx x,) () +va(f) as vz(w) = 1
= mA(XyXO*diV(X,XO)(n))(m) cf. [Koll3, Lemma 2.5]
= Wt%ﬁv(x) cf. Proposition 5.2.5.2.

Thus, Eq. (5.3.8.6) holds for any z € 2 4N X 4V, Note that (25 )4V = 2 dsenxdiv)
since the blow-up of a formal ideal on 2~ that is cosupported on 2 can be realized

as the completion of an algebraic blow-up of X.

Step 2. To prove the equality Eq. (5.3.8.6) on all of .2 disc it suffices to check that both

thﬁc and Wt%“" are maximal lower-semicontinuous extensions on 2 4is¢ of

disc

_ triv . .
thK ((%K)div = th |’%/'dlSCde1V.

This follows immediately for Wt%i[jc from Theorem 5.2.3.4.

By Definition 5.2.4.6 and since the inclusion 2%V < X7 is an open immer-
sion, the weight function th‘"i" is the maximal lower-semicontinuous extension of
Wtffi" | g-trivaxdaiv. By construction, Wtffi" is R% -homogeneous, i.e. Wtf;"i"(a cx) =
a - Wt%riv(x) for a € R%. By homogeneity, the restriction of thriV to 2 4 is the

maximal lower-semicontinuous extension of wt%“" | 9 dise xdiv -

This completes the proof of Eq. (5.3.8.6).

The inclusion Eq. (5.3.8.7) can be deduced from Eq. (5.3.8.6) as follows: it implies
that wt)"™v (X, Xo) < wtgﬁc(%;{). By Definition 5.3.7.2, Sk(X, Xo,7) N 2 4 consists of
those € 2P such that wtiV (z) = wti™ (X, Xo). Thus, for such an , we have

thﬁc(az) = Wt%ﬁv(x) = Wtf?riv(X7 Xp) < thiic(%;() < thic(x),

and hence these are equalities. It follows that = € Sk(Zk, nx) by [MN15, Theorem 4.7.5].

We show equality in Eq. (5.3.8.7) under the additional hypotheses that (X, Xp) is log
canonical and there is a component £/ C Xq such that ordg(div(x x,)(7)) is zero. The
former assumption guarantees that Wt%riV(X ,Xo) = 0 by 5.3.7.7, and the latter implies
that Wt%riv(ordE) = mAx x,)(ordg) = 0. After rescaling ordg, we find that there is a

point z € 2 45¢ such that thﬁc(:ﬂ) = 0; in particular,

0= Wt%riV(X, Xp) < th;fc(%K) < thi;c(x) =0.
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Thus, both sides of the inclusion Eq. (5.3.8.7) consist of those x € (2°4¢)P" such that

wtgﬁc(x) = 0, hence they coincide. O

Proposition 5.3.8.9. If X — C is projective, then there is an inclusion of essential

skeletons

Sk (2 k) D Sk®5(X, Xo) N 2 dise, (5.3.8.10)

which is an equality when (X, Xo) is log canonical and Kx + Xo is semiample.

:%fdisc

<%ftriv

| ) Dy(0,1)

[
[ I

Figure 5.3.8.1: Consider the degeneration 2™ := {zyz + w(z® + 3> + 23) = 0} C IP’?C[[WH, where
P?c[[w}] has homogeneous coordinates [z: y: z]. The equality of Eq. (5.3.8.10) can be illustrated for

% as above: the cone is Sk®*(X, X)), and its intersection with the fibre 2 4 is a circle (that is,
the essential skeleton of the Tate elliptic curve Z32").

Proof. The inclusion Eq. (5.3.8.10) is immediate from Eq. (5.3.8.7) and 5.3.7.8. For the
equality, assume now that (X, Xy) is log canonical and Kx + Xy is semiample. Pick m €
Z~o such that m(Kx + Xo) is Cartier and globally generated, and pick global generators
n,...,ny € H(X,m(Kx + X)) that do not vanish along all of Xy. As (X, Xg) is log
canonical, [Koll13, Corollary 1.36] shows that there is a dlt pair (Xdlt,X(‘)ﬂt), equipped
with a crepant birational morphism (X4 Xd!*) — (X, X() that is an isomorphism on the

snc-locus of (X, Xy). In particular,
gt = xdit Spec(@ao)

is a good minimal dIt model of 2 that dominates the model Z"; this is a technical condi-
tion needed to apply the results of [NX16], and it is discussed further in Definition 7.2.6.6.
Write d; for the pullback of 7; to X4 and 0; i for the restriction to 3&}?“ = Zk. As
(X4 X8y — (X, Xg) is crepant, the sections d1,...,6x of HO(XM m(K yar + XJM))
are global generators of m(K yar + XI). Then
N N
Sk (2x) = |J Sk(2%", 6i,1) = | Sk(Zk, mi,x0), (5.3.8.11)

=1 =1

where the first equality follows from [NX16, Theorem 3.3.3], and the second equality
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follows from [MN15, Proposition 4.7.2]. Observe that

Sk (X, Xo) N 24 C Sk™(Zk) of. Eq. (5.3.8.10)
= JiL1 Sk(Z¥, mi i) of. Bq. (5.3.8.11)
= L1 Sk(X, Xo, 1) 0 274
C SK®°(X, Xo) N 24,

where the final equality follows from the case of equality in Eq. (5.3.8.7). This completes
the proof. O

Remark 5.3.8.12. If (X, X)) is not log canonical, then the equality in Eq. (5.3.8.10) does
not necessarily hold. For example, take a semistable degeneration X — C of an elliptic
curve to a cusp with Kx + Xp trivial, such as X = {zy? = 23 + w23} in P{ x Spec (k[w]).
The pair (X, Xo) is not log canonical e.g. by [Kol13, Theorem 2.31], and hence Sk*%(X, Xy)
is empty. However, Sk®%( 2 ) is the skeleton of the minimal regular model of 2, which

is non-empty.

5.4. Closure of the skeleton of a log-regular pair

(5.4.0.1) The skeleton of a log-regular model of X, introduced in Section 5.3 and in
[BM19], is a polyhedral complex in XP'* with (possibly) unbounded faces. The closure of
the skeleton in the Berkovich analytification X®" has itself a decomposition into skeletons
associated to the strata of the log-regular structure of X. This decomposition is treated
in detail in [Thu07, Proposition 3.17] in the trivially-valued setting, and the case of a
toroidal embedding is mentioned in [ACP15, Example 2.4.2 and Proposition 2.6.2]. In
this section, we review and extend their description for a log-regular log scheme, in order
to prove analogous results for the closure of the Kontsevich—Soibelman skeletons when the

residue characteristic is zero.

(5.4.0.2) Let Xt be a log-regular log scheme over a trivially-valued field &, or a log-
regular log scheme over a discretely valuation ring R. In order to treat the two cases

simultaneously, we adopt the following table of notations:

K trivially-valued field k discretely-valued field K
Tuati ing R of
Ke valuation ring k of v Vavxzihliﬁlirfg%nizei ;}K
divisorial 1 h
St =(S,s) trivial log scheme Spec(k) g+ llls((gli S(;))gecs(c R()a,n(lfr))
Xt =(X,Dx+) | log-regular log scheme over k log-regular log scheme over K
X+ — (¥.D X+ log-regular model
= (¥, Dx+) Xt =(2,Dgy+) of XT over ST
yan x4 ‘%W‘
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Moreover, we denote by

Dy = Zi]\il Dy+ ; the sum of the irreducible components of D y+
I, C{1,...,N} the (possibly empty) index set such that {z} is the irreducible component
of Nier, Dx+; with generic point z € Fy+,
D, = {x} for each 2 € Fy+,

D, = (Dy)x  the generic fibre of D, for each x € Fx+.

Furthermore, for z € Fy+, let D" denote Dg if IC is trivially-valued, or the analytic
generic fibre of D, if I is discretely-valued. In both cases, the closed immersion D, — X

induces a closed immersion D" — X?" of analytifications.

5.4.1. The decomposition of the closure of the skeleton

(5.4.1.1) In order to decompose the closure Sk(XT) into a disjoint union of skeletons
associated to the strata D; for any y € Fy+, we endow the subscheme D; with the

log-regular structure prescribed by the following proposition.

Proposition 5.4.1.2. Let z,y € Fy+ be such that x € @ and consider the submonoid

T, = {f € My+,: f(y) =0}

of My+ 5. Then the log structure associated to My+ ,\Ty — Ox +/TyOx 4, on the scheme
Spec(Ox 2/ZyOx z) is log-regular.

Proof. This follows immediately from [Kat94, Proposition 7.2]. O

(5.4.1.3) For each y € Fy+, the log-regular structure obtained in Proposition 5.4.1.2
is called the trace of Xt on D,. More geometrically, the trace log structure on D, is
(Dy, > g1, Da+ jlp,). In particular, the Kato fan of D is given by

FDJ :FXJr ﬂDy: {J} GF/y+Z X G@},

and the characteristic sheaf of D at 2 € FD; is C,D;J = {y € Cy+4: v(y) # 0}. Thus,

for any x € F,+, there is an injective monoid morphism
Y
C'DJ,I — CXer.

For any y € Fy+ such that ’D;j dominates the base log scheme ST, we can construct the
skeleton Sk(D,f). In the case where K = K discretely-valued field and the scheme D is
vertical (i.e. D, is supported on the closed fibre of X*), we set Sk(D,) = 0.
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Lemma 5.4.1.4. For any © € Fy+, the closure Sk (XT) of Sky(XT) in X3 coincides
with the subset

{va: @ € Hom(Cy+ ., Ry) and if K = K, a(r) = 1} (5.4.1.5)

of X3, In particular, Sk(XT) = User,, {va: a € Hom(Cy+ ., Ry) and if K= K, o) =
1}.

Proof. In the trivially-valued case, the claim coincides with Lemma 5.3.1.6. Similarly, in
the discretely-valued case, denote by Z, the subset of X" as in Eq. (5.4.1.5). It is clear
that Sk, (XT) C Z, and that Z, is closed. Due to [BM19, Proposition 3.2.15], it follows
that Z, C Sk, (X™), hence we conclude that Z, is the closure of Sk, (X™T). O

Proposition 5.4.1.6. For any x € Fy+, the closure Sk, (X™) of Sk (X™T) in X coin-

cides with the disjoint union

Sk, (X1) = 11 Sk (D).

Y
YEF v+ z€{y}

Proof. A valuation in the closure of Sk,(X™) is of the form v, for a morphism a €
Hom(Cy+ ,,R4) by Lemma 5.4.1.4. If Im(a) € Ry, then v, € Sk, (X™); otherwise, the
subset

To ={f € Oxz: vo(f) = 400}

is non-empty, and it forms an ideal of Oy ;.

Claim 5.4.1.7. There exists y € Fy+ such that x € {y} and the vanishing locus V (I,) C
Spec(Ox z) is {y}.

Proof of Claim 5.4.1.7. First, observe that V(Z,) = Nyez, V(f) = ﬁfeImMXﬂmV(f)- We
just need to prove that N¢ez, V(f) 2 ﬂfezamMXJr,zV(f). Let f € Z,, then any admissible
expansion Z’Yecxtz ¢y is such that, if ¢, # 0, then v € Z,. Therefore, for any f € 7,

N Vvec N V(y) CV(f)
YELNMpt v ey#0 in f=Y | cyy

and we obtain the required inclusion. Therefore, V(Z,) is a stratum of Day+, since Z,
is a prime ideal and V(f) is the union of irreducible components of Dy+ for any f €
Zo N My+ 5. By definition of a Kato point, we have that

{z} = N vine ) V() =1y}

fEMx+,z\O§f,m 'yEZaﬁMXﬂz

hence we conclude that 2 € {y}. This completes the proof of the claim. O

Now, let y € Fy+ be such that = € {y} and V(Z,) = {y}. Any element v of Cx+ o
satisfies v € CD; . if and only if v(y) # 0, or equivalently v ¢ Z,. Thus, the restriction
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ay of the morphism a to Cp+ , does not attain the value +oo. To such a morphism we
Yo
associate a valuation v, that, by construction, lies in the skeleton Sk, (DJ ). Therefore,

by restriction of morphisms, we obtain an injective map

Sk, (X) — II  sk.(D)).

YEF i : z€{y}

It remains to show the surjectivity of this map. Given a valuation vg € Sk (D) for
some y € Fy+ with z € {y} and 8 € Hom(CDJ Ry ), we can extend 8 to a morphism B

on Cy+ 5 by

400, otherwise.

B(’Y) — {ﬂ(7)7 v E CD;717

The associated valuation vy lies in the closure Sk, (X ™) in X", therefore we get

[T  Sku(D)) < Skn(X).
yevaL : xe@
The two maps are inverse of each other by construction, which completes the proof. [
Proposition 5.4.1.8. The closure of the skeleton Sk(X™) in X*" admits the decomposi-
tion

Sk(xt)= [ sk(D}),

yeF;ﬁ—

where Sk(DJ) is viewed as a subset of X*" by the inclusion Dy* — X*".  Further,
Sk(D;) = Sk(XT) Nker ™ (y).

Proof. From Proposition 5.4.1.6, it follows that

Sk(xt) = |J Sk(xt) = | [T Sk(D;)

TE€Fx+ € v+ yeF,y : aely}
= JI U sk(Df)= [ Sk(D;).
yEFX+ xGFD;. yEFX+

For any y € Fy+, if the skeleton Sk(D; ) is non-empty, then it consists of birational points
of Dy, hence of valuations whose image via the kernel map is the generic point of Dy,
thus y. Therefore, the kernel map distinguishes the different part of the disjoint union in
Sk(x+). O

5.4.2. The case of the toric varieties

(5.4.2.1) Let M be a finitely-generated free abelian group, let N = Hom(M,Z) be the
cocharacter lattice, and let (-,-): M x N — Z be the evaluation pairing. Set My := M ®zR
and Ng := N®zR. Let X be a rational polyhedral fan in Ng. Given a cone o € ¥, consider
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the monoid S, :=ocv N M.

Let X5 (resp. Xx) be the normal toric variety over K (resp. model over ) associated
to the fan ¥. Let Dy, denote the (reduced) toric boundary divisor of Xy, and write D+
for Dy, when K is trivially-valued, or for Dy, + (X5)ored When K is discretely-valued. The
log scheme X+ = (Xg, Dy+) is log-regular, and the goal of this section is to describe the
closure in X&" of the essential skeleton of (Xy, Dy).

(5.4.2.2) The support of the fan ¥ admits a natural compactification X, as in [Pay09, §3]
and [Rabl2, Proposition 3.4]; see also [ACMUWI16, §7.2]. The construction is reviewed
below. Given a cone o € ¥, we denote by & := Hom(S,, R, ), equipped with the topology
of pointwise convergence. The space & admits a locally closed stratification by the quotient

monoids o/c’, for each face o/ 5 o, where the embedding o/¢’ < 7 is given by

, (m,u), me o't
u+o = [(m— (5.4.2.3)
400, otherwise,

for u € 0. For example, the natural inclusion ¢ — @ coincides with the embedding
o/o’ — @ associated to the face o/ = 0. If 7 < o, then the natural map S, — S, induces
an open embedding 7 < 7; moreover, if 0/ < 7 < o, then the embedding 7 < & restricts

to the natural inclusion 7/0’ < o /o’. Consequently, the cones {7: o € ¥} glue to give an

s=Ue=|] U/ (5.4.2.4)

oeY OEY OXT

extended cone

which is a compactification of the support of ¥ in N ®z R. In [Thu07, §2], Thuillier
constructs an embedding Jy; of ¥ into X2", as well as a strong deformation retraction
of X2" onto the image of the embedding. The work of [Thu07] is over a trivially-valued
field, but these constructions in fact hold over any field, as pointed out in [ACMUW16,
Proposition 7.6]. The image of Jy; in X3" is called the toric skeleton of Xx,. Note that both
the embedding Jy;, and the toric boundary Dy are completely determined by the choice of

dense torus in Xs.

(5.4.2.5) For any cone o € X, the cones 7 that contain o as a face form a fan in N/(0)®@zR,
whose associated toric S-scheme is the orbit closure V(o) corresponding to the cone o.
Further, the subscheme V(o) is a stratum of D+, so it can be endowed with the trace
log structure V(o)™ = (V(0), Dy(s)+) as in 5.4.1.3. The stratification of the skeleton of
V(o)™ is related to the decomposition Eq. (5.4.2.4) by the embedding Jy;, as demonstrated

below.

Proposition 5.4.2.6. For any cone o of 32, Jx, restricts to a homeomorphism of |
onto Sk(V(o)™).

oxT 7-/O-

Proof. This follows from [Thu07, Proposition 2.13], [Ulil7, Theorem 1.2 and §3.4], and
Proposition 5.3.1.2. ]
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Corollary 5.4.2.7. Assume K has residue characteristic zero. The closure of the essential

skeleton of (X, Dx;) in X&" coincides with the toric skeleton; that is,

M|

Jy: X = |_| U /o = |_| Sk(V(o)") = Sk(X ™) = Sk™(Xy, Dyx).
oeX

oxT ocEY

Proof. The homeomorphism between ¥ and Sk(X ) follows immediately from Corollary
5.4.1.8 and Corollary 5.4.2.6. As a toric variety with its toric boundary defines a logCY
pair, the last homeomorphism will follow from Proposition 7.2.4.2 in the trivially-valued

field case, and applying [BM19, Lemma 5.1.2] in the discretely-valued field case. O

o/t T/m 0o/T

o1/o1e — ©0y /00 Sk(Dy 1)
— 11
— " ' o
—— 0| o/
o1/T Z Sk(D2)
o2/70
TQ/TQ . °03/02 — oASk(Do,z)

Figure 5.4.2.1: Let ¥ be the usual fan in R? associated to the K°-toric variety Xs = P?.. In
the picture on the left, we have the compactification X and its decomposition as in Eq. (5.4.2.4).
In the picture on the right, there is the stratification of Sk(X™) from Proposition 5.4.1.8.

5.4.3. The closure of a Kontsevich—Soibelman skeleton

(5.4.3.1) Assume that K has residue characteristic zero. Let (X, D) be a pair over K
such that D = Y}, a;D; is a Q-boundary divisor with snc support, the log scheme X+ =
(X, Dyeq) is then log-regular, and Kx + Dieq is Q-Cartier. Let X’ be an snc model of X
over S. We set Dy+ = Dyeq if K is trivially-valued, and Dy+ = Dieq + Xored if it is
discretely-valued. Then Xt = (X,Dy+ = > ; Dy+ ;) is a log-regular model of (X, Dyeq)
over ST.

Taking advantage of the decomposition of the closure of the skeleton Sk(X ) described
in Proposition 5.4.1.8, we study the closure of Kontsevich—Soibelman skeletons. More pre-
cisely, in Proposition 5.4.3.4, we show that for any non-zero D-logarithmic pluricanonical
form 7, the valuations in the complement Sk(X, D,7n) \ Sk(X, D,n) are minima of weight
functions associated to suitable forms on the strata of Dy+(= Dyeq = Y_; Di). In the
trivially-valued setting, this characterization can be made even more precise (Proposition
5.4.3.8).
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(5.4.3.2) As we assume that the divisor Dy+ is snc, the characteristic monoid Cy+ , at
any Kato point z of X is a free monoid isomorphic to NIzl where the isomorphism is
determined by choosing local equations z; of the components D y+ ; at z. In this case, any

f € Ox, at x has an admissible expansion of the form

f= Z cy27,

I,
7€Z|>g‘

in the completion Oy ,, where ¢, € {0} U O% o+

(5.4.3.3) Let n be a non-zero regular D-logarithmic m-pluricanonical form on X, and let
x be the generic point of an irreducible component D; of D. The residue Resp,(n) of the
form 7 along D; is a (possibly zero) regular (Z#i aij) | p,-logarithmic m-pluricanonical
form on D;, whose local description we review below. If the divisor D; is locally defined

at z by the equation z; = 0, then 7 can locally be written at x as

dZZ' @m
n=\— A

2
for some local section p of An_l(Qﬁ( /K (log D))®™ where n is the relative dimension of X
over K. The form Resp,(n) is a global section in H° (D,-, wdm ) that is locally
¢ (Di, j?giaijlDi)
given by the restriction u|p,.
For a general Kato point z € Fx+, D, is a stratum of D, i.e. a component of an
intersection of {D;: i € I,}, so we can iterate the above construction; that is, if z; is a

local equation of the component D; at = for each i € I, then write

n=/\ (%)WAM

iel,
for some local section p of /\”_‘M(Q%{/,C(log D))®™. The form Resp,(n) on D, is locally
given by n|p_. See [EV92, §2] for further details.

Proposition 5.4.3.4. Under the same assumptions on (X, D), if n is a non-zero regular

D-logarithmic pluricanonical form on X and x € Fx+, then there is an inclusion
Sk(X, D,n) Nker'(x) C Sk(Dx, Y j¢s, a;Djlp,, Resp, (1)).

Proof. By Proposition 5.3.7.4 and Proposition 5.4.1.8,

Sk(X, D, n) Nker'(z) C Sk(X*) Nker ' (z) =Sk(D}) = |J Sky(Dy),

er
Y ’Di

Sk(Dy, Zj¢[z aij‘DwReSDz(n)) - Sk(Dj) = UyGFD+ Sky(D;)-

Therefore, we may prove the desired inclusion for a valuation that lies in Sk, (D;), for some

Yy € F’Dj{' In order to relate the closure of the Kontsevich-Soibelman skeleton Sk(X, D, )
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to the Kontsevich-Soibelman skeleton Sk(Dy, 3~ ¢;, a;Dj|p, . Resp, (1)), we will compute
explicitely the associated weight functions on the faces Sk, (X 1) and Sk, (D;). To that
end, recall that the forms 1 and Resp, () respectively induce divisors divy, D, +)(n) and
div(p,, D, i)(Res p,(n)) on X and D, when K is trivially-valued, and divy, D, L —div(m) (1)
and div(p,, D _div(m))(Resp, (7)) in the discretely-valued case. To compute the weight
functions wt, and wtge,_ () on Sk, (X") and Sk, (D;), we first determine local equations

for these divisors at y.

The Kato point y € Fpt satisfies y € m and I, C I,. Let z,...,2, be local
parameters at y such that z; is a local equation of Dy+ ; for each ¢ € I;;. Then the forms

n and Resp, (1) can be written locally at y as

n=rfg" g \ (Cizi)®m A (Cizj)®m A dzEm,

iely ~ 7 VIS AV hél,

_ dz; X@m "
Resp, (1) = (fg AN (ZJ) N dzp ) =
eI, J hel, |

x

dz:\ @m
—tg7p g A () A

z
jer\I, ~ 77 hel,

for some f € Oy ,, with g = 7™ if K is discretely-valued and g € Oﬁ,y if it is trivially-
valued. Thus, fg~! and fg~!| p, are the required local equations at y. An admissible

expansion of f in Oy, can be decomposed as

f=> "= Y e+ Y 2, (5.4.3.5)

VGZLI(Z)/‘ v: €Ly, v #0 v: Vi€ly,v;=0

with ¢, € {0} U O% . Tt follows that

flo, = >, lp?” (5.4.3.6)
vy: Vi€l v;=0

in @Dx,y and ¢y|p, € {0} U O}, s0 Eq. (5.4.3.6) is an admissible expansion of f|,, at
y. Thus, for valuations v, € Sky(X*) and vg € Sk, (D;), we have

Wty (va) = va(f) = min{ min ~ {va(cy) +(27)},  min O{Ua(cfy) + a(z”)}} ,

v: Fi€ly,vi#0 v Vi€lz,yi=
WtResDx () (vﬁ> - Uﬁ(f‘Dz) = : Wrenli;}%:(){vﬁ(c’y) + 5(27)}

(5.4.3.7)

Due to 5.4.3.7 the weight function wt, extends to a continuous function on Sk, (X*) and
restricts to Wtges,, () on Sky(Dy ). Indeed, if vs € Sk, (Dy), then 3(27) = +oo for any v
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such that v; # 0 for some i € I,. As a result we have that

wty(vg) = vg(f)
= min{ min  {vg(cy) + B(27)}, min O{U/g(c,y) + B(?ﬂ)}}

~v: F€ly, v #0 v Vi€l vi=

B v Virerlli;}%:(){vﬁ(c’y) + ﬁ(z’y)}

= Uﬁ(ﬂDz) = WtResDz (n) (U,B)'

The minimality locus of wt, along Sk,(D;) are contained in the minimality locus of

WhResp,, (). Hence, we conclude that
@(Xa D,n)N ker_l(x) C Sk(Dy, Zj(;é[z aij‘Da:’ Resp, (77))
O

When IC = k is a trivially-valued field, the inclusion of Proposition 5.4.3.4 is in fact an
equality.

Proposition 5.4.3.8. Under the same assumptions on (X, D), suppose that K = k is
trivially-valued. If n is a non-zero reqular D-logarithmic pluricanonical form on X and

x € Fx+, then
@(X, D,n)N ker71($) = Sk(Dy, ngyw a;Dj|p,,Resp,(n)).

Proof. Under the same assumption and notation of the proof of Proposition 5.4.3.4, con-
sider vg € Sky(D; ), where § is a morphism on Cp+ — NI \=l We construct a sequence

of valuations (v,,, )22 in Sk, (X™) that converge to vs as follows:

{an(zi) = B(z), i€\,

an(zi) =n, 1€ 1.

We have ay,(z;) — +00 as n — 4oo for any ¢ € I,; moreover, for sufficiently large n,

Vo, (f) can be written as

Vo, (f) = .VIEH}H ‘_O{UQn (cy) +an(27)} = m'yin an(27)
T (5.4.3.9)
= min (") = vs(flp,),

where the two right-hand minima range over all v € Zgg‘ such that ¢, # 0 and such
that for all ¢ € I, 4; = 0. Thus, given any valuation vg in Sk, (D), we can construct a
sequence of valuations in Sk, (X™) that converge to vg, and moreover by (5.4.3.7) attaining

the same weight with respect to Resp, () and 7.
Assume now that vg € Sk(Dz, ¢, a;Dj|p,,Resp, (1)) N Sky(D;) and consider a
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sequence (vq,, )52 in Sk, (X ™) converging to vg, as above. By 5.3.7.7, the minimal weight

with respect to either form is zero and we know that

th(van) = Vo, (f) = Uﬁ(ﬂDz) = WtRest () (Uﬁ) =0

by (5.4.3.7) and (5.4.3.9). It follows that v,, € Sk(X, D,n) for all n sufficiently large. In
other words, any valuation in the Kontsevich-Soibelman skeleton Sk(Dz, 3= ¢, @;Dj|p, . Resp, (1))
is the accumulation point of a sequence of valuations in Sk(X, D,n), hence we have the
inclusion of Sk(Dy, > ¢, a;Dj|p,, Resp, (1)) in Sk(X, D,n) N ker~!(z), as required. [

Example 5.4.3.10. Over a discretely-valued field X = K, the inclusion of Proposi-
tion 5.4.3.4 may be strict. Indeed, let

X = SpeC <R[T1’T27T3])> ’

(7T — T12T2T3

and D; be the reduced vertical divisor on 2" given by the equation T; = 0, for i = 1,2, 3.
Let Dy be the horizontal divisor on £~ given by the equation 7 — a, for some a € R\{0}.
Consider the log scheme 2t = (27, D4+) with the divisorial log structure given by
Dy+ =31 | D;. In Figure 5.4.3.1 below, we picture the closure of Sk(.2 1), as well as the
decomposition Sk(2+) = Sk(2 +)[[Sk(D}) as in Proposition 5.4.1.8; there, the face of
Sk(2 T) corresponding to the generic point of the intersection N;e Dy, for J C {1,...,4},

is denoted by xn,_;p,.

Consider the logarithmic canonical forms given by

_ TTETAT, ATy 2T12T22T32 dny  dTy _ 2T12T22T32 dTy  dT;
N Tl—a T2 T3 N Tl—a T1 T3 N Tl—a T1 TQ’
dT: dT:
Resp, () = 2aT3T3 =2 = —24T3T3 2.
Ts Ty

The Kontsevich—-Soibelman skeleton of 1 is Sk(Zx, (D4)k,n) = {vp, }, as

T2TITS 2, for i =1, since the multiplicity of D1 is 2,
why(vn,) = vp, (20 ) + 1=

Ti—a 3, fori=23.

However, the Kontsevich-Soibelman skeleton of Resp, (1) is the whole skeleton Sk(D).
It follows that

Sk(Zk, (Da)x,m) Nker™'(zp,) =0 < Sk(D}) = Sk((Da)x, 0, Resp, (n)),

=

so the inclusion of Proposition 5.4.3.4 may be strict.
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Sk(DJ)

L Dy|p,YD2nDs|p,LDs|p,

Figure 5.4.3.1: The closure Sk(2™*) in é”; of the skeleton of 2™+.



Comparison with Temkin’s metric

6.1. Introduction

In this chapter the notion of weight function is studied in comparison with an intrinsic

metric in non-archimedean analytic geometry, called Temkin’s metric.

6.1.1. The weight metric

We recall that the weight functions constructed in Section 5.2 are built in terms of log
discrepancy functions. The log discrepancy of a divisor is a ubiquitous notion in birational
geometry, and it can be used to define a log discrepancy function on the space of divisorial
valuations on a variety. Further, it extends to a lower-semicontinuous function on spaces
of (semi)valuations by [BAFFU15; BJ18a; JM12].

We adopt the formalism of metrics on line bundles on X= in order to give a comple-
mentary perspective on the weight functions. If X is normal and Kx + D is Q-Gorenstein,
then the collection of weight functions on X-= determine weight metrics on the logarithmic
pluricanonical bundles. Then we compare the weight metric (when X is smooth and D
is empty) with an intrinsic metric on the pluricanonical bundles of X2, constructed by
Temkin in [Tem16].

Theorem 6.1.1.1 (§6.5). If X is a smooth variety over a trivially-valued field IC of

characteristic zero, then Temkin’s metric on (w?%)j coincides with the weight metric.

Theorem 6.1.1.1 is the trivially-valued analogue of [Tem16, Theorem 8.3.3], which
relates Temkin’s metric and the weight metric over a discretely-valued field of residue
characteristic zero. The parallel between Theorem 6.1.1.1 and [Tem16, Theorem 8.3.3]

confirms that, in the case of empty boundary, our definition of weight function in the

109
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trivially-valued setting is the correct analogue of the weight function in the discretely-
valued case. Note that [Tem16] does not treat the case of non-empty boundary.

In fact, Temkin’s metric can be used to define the essential skeleton of a quasi-
smooth analytic space over any field; this approach is adopted in [HN17, Proposition
4.3.2] and [KY18]. Theorem 6.1.1.1 shows that the definition of the essential skeleton of
Chapter 5 coincides with this one, when both are defined. Moreover, it provides a concrete

and computable description of both Temkin’s metric and the essential skeleton.

6.1.2. Structure of the chapter

We first review Temkin’s construction from [Tem16] of an intrinsic metric on the sheaves
of differentials of an analytic space, as well as Temkin’s comparison theorem [Teml6,
Theorem 8.3.3] with the weight metric in the discretely-valued setting. Subsequently, we
prove Theorem 6.1.1.1 by passing to a discretely-valued extension and applying Temkin’s
comparison result.

In contrast to the rest of the paper, the metrics in this section are written multiplica-
tively as in 5.2.1.4, following the conventions of [Tem16]. By doing so, one avoids changing
the base of logarithms when passing between the trivially-valued and discretely-valued set-

tings.

6.2. Temkin’s metrization of the pluricanonical bundles

6.2.1. Seminorms on modules of Kahler differentials

(6.2.1.1) Let (K, |- |x) denote a non-Archimedean field. Let (A, |- |4) be a seminormed
K-algebra, and let A denote the separated completion of (A,]-]a). Let QY /K be the

(algebraic) module of Kéahler differentials, which we equip with the seminorm
Inll.ajic = inf max|aila - [bila,  for € @y,

where the infimum ranges over all finite expressions of the form n = 3", a;db; with a;,b; €
A. By [Tem16, Lemma 4.1.3], || - || 4/ is the maximal A-module seminorm such that the
differential d: A — 9}4 e is a non-expansive K-module morphism.

The completed module of Kihler differentials Qz /K of A is the separated completion of
(Qh/,@ |- Il.a/xc), and we write the resulting norm on ﬁh/,c also as || [| 4/ In [Tem16], the
seminorm || - || 4/x on Qh/,c is referred to as the Kdhler seminorm, and the norm || - || 4/x

on Q}A/,C is known as the Kdhler norm.

(6.2.1.2) There is an alternative, intrinsic description of the completed module of Kéhler
differentials. By [Tem16, Lemma 4.3.3], the composition d: AA£> Qh/,c — Q}LWC is the
universal non-expansive K-derivation with values in a Banach A-module.

Furthermore, if A is a K-affinoid algebra, then there is a natural isomorphism 6}4 K
J|T 2 of Banach A-modules, where J denotes the Banach A-module that arises as the
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kernel of the multiplication map A®xA — A.

Under this isomorphism, the derivation d is induced by the non-expansive map A — J
of finite Banach A-modules given by a — 1®a—a®1. This approach is exposited in [Ber93,
§3.3], and the equivalence of the definitions is discussed in [Tem16, Remark 4.3.4].

(6.2.1.3) For a good K-analytic space Z, one can construct a coherent sheaf le /K of
Kaéhler differentials on Z such that for any affinoid domain V' = M(A) in Z, we have
(v, QlZ/IC) = ﬁi‘/,c. Strictly speaking, le/,C is defined as a sheaf in the G-topology on Z,
but there is no distinction by [Ber93, Proposition 1.3.4]. In addition, if X is a finite type
K-scheme, then there is a natural isomorphism Q%.., e ~ (O} /K)an (and similarly for the
J-analytification when K is trivially-valued). For more details on the construction of the
sheaf of differentials, see [Ber93, §3.3] and [Ducll, §5.1].

6.2.2. Temkin’s metric

(6.2.2.1) Let Z be a good K-analytic space. For each z € Z, the stalk (QIZ/,C)z is the
filtered colimit of ﬁ}‘l /i over the affinoid neighborhoods M(A) of z. In particular, the

stalk can be equipped with the colimit seminorm, which we denote by || - ||,. The pair

(Qzs)= 1 - 112)

is a seminormed Oz .-module, and it is not complete in general. The data {|| - ||.},cz of
this seminorm on each stalk is known as Temkin’s metric on the sheaf QIZ /C and it gives

Q) 7/ the structure of a seminormed sheaf of Oz-modules in the sense of [Tem16, §3.1].

(6.2.2.2) The stalks (le/,c) can be difficult to describe; for example, (QlZ/IC)Z is not
isomorphic to Q}QZ LK a8 normed Oz ,-algebras. Nevertheless, the completed fibres admit
a much nicer description: for any affinoid neighborhood M(A) of z, the universal property
of ﬁlz /K yields a non-expansive map 6}4 K Q%{(z) /K of A-modules, and the universal

property of the colimit gives rise to a commutative diagram

2 x
1 Y: A1

Now, [Tem16, Theorem 6.1.8] asserts that 1, identifies ﬁ%{(z) /K with the separated com-
pletion of the module ((©2 Z/,C)Z, Il - 1l2). In fact, ¥, factors through the fibre le/lc(z) =
(QF I1c)z @0z, H(z ) (equipped with the tensor product seminorm), and this factorization
identifies (AZ H(x)/k With the separated completion of Q) /IC( z); see [Tem16, Corollary 6.1.9].

(6.2.2.3) Let Z be a quasi-smooth K-analytic space (in the sense of [Ducll, Definition
5.2.4]) and let £,m € Z~o. The exterior power QEZ/,C = /\f:1 QIZ/,C and the tensor power

(Qf /,C)®m acquire metrics in the usual manner; see e.g. [Teml16, §3.2]. In particular, if
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Z is of pure dimension n, then the m-pluricanonical sheaf w?}?}c = (Q%/,C)@” is a line

bundle on Z, and it carries a metric

|| : HTem = {H . ||Tem,z}z€Z7

which we will also refer to as Temkin’s metric. Moreover, for a fixed local section s of
w?f;‘c, the function ||s||Tem is upper-semicontinuous on the locus where s is defined. Thus,

in the notation of Section 5.2.1, Temkin’s metric is lower-semicontinuous.

(6.2.2.4) When K is a nontrivially-valued field of residue characteristic zero, Temkin’s
metric || - ||Tem on w?ﬁc is the maximal lower-semicontinuous extension of its values on
the divisorial points Z4¥ C Z (in the sense of [Tem16, §3.2.7]). This is shown in [Tem16,
Corollary 8.2.10]. When K is trivially-valued of characteristic zero, one can show that
Temkin’s metric is determined by the set of divisorial points and by the trivial norm; this
is done by reducing to the nontrivially-valued setting by means of the Gauss extensions
(as in §6.3).

6.2.3. Temkin’s metric and weight metric

(6.2.3.1) One of the main results of [Tem16] is a comparison theorem between Temkin’s
metric and the weight metric over a discretely-valued field of residue characteristic zero.
Let X = K be such a field, and let mx be an uniformizer of K.

To state Temkin’s comparison theorem, we write the weight metric multiplicatively as
in 5.2.1.4. For a normal K-variety X such that w?};nK is invertible for m € Z-, recall
that the weight metric || - ||wt,,.. on the canonical bundle (w?;;”K)an ~ WS /K18 defined as
follows: for any x € X" and local section s € (w?}?ﬂK)ker(m), set

||S||Wtdisc,x = |7TK|WtS(z)
This formula determines the seminorm |- [|wt,,.., on all of the stalks (wt / ))zasin§5.2.1.
For a divisorial point z € X9 corresponding to a K°-model 2" of X and an irreducible
component £ C %, the weight metric admits a simple description: pick a Oz g-module
generator § of the stalk (w%"/@KO)E and write s = f¢ for some f € K(X), then

I8l wtasee . = [£(@)] - [g (@)™,

where gp is a local equation of E at its generic point on £ . This expression is independent
of the choice of § since any two generators differ by a multiplicative factor v € O}y g and
|u(x)| = 1. Moreover, the construction of the weight metric can be made without reference
to (27, E) as in [Tem16, §8.3.1].

Theorem 6.2.3.2. [Tem16, Theorem 8.3.3] Let K be a discretely-valued field of residue

characteristic zero with uniformizer mg. For a smooth K-variety X and m € Zsg, we
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have
K

|| : HWtdisc = |7TK ”Tem

as metrics on (w?}TK)an ~ wg?gﬁ/K.

The proof of Theorem 6.2.3.2, as outlined in [Tem16, Remark 8.3.4(i)], very much
requires the description of the weight function as the maximal lower-semicontinuous ex-
tension of its values on divisorial points as in Theorem 5.2.3.4; combining this with 6.2.2.4,
it suffices to check equality on divisorial points. Further, the proof of Theorem 6.2.3.2 uses
that X is smooth in order to reduce to the case m = 1. It is not clear whether the as-

sumptions can be weakened to assume only that X is Q-Gorenstein.

6.3. Gauss extensions

(6.3.0.1) Let K be a non-Archimedean field and pick r € (0,1)\+/|K*|. Consider the field
extension K, of IC that consists of those bi-infinite series > ¢, ajw’ with a; € K such that

limy;| 40 laj|r? = 0. The field K, is complete with respect to the norm

| Z a;w@’|, = max |a;|cr’.

JEL Jcz

Introduced in [Ber90, §2.1], the extension K, /K of non-Archimedean fields is often referred
to as a Gauss extension in the literature. If IC is trivially-valued, then K, is a Laurent

series field K((w)) over K with the w-adic norm satisfying |w|, = 7.

(6.3.0.2) Let Z be a K-analytic space, and write p,: Z, = Z xx K, — Z for the
ground field extension. For any z € Z, the fibre p;!(z) C Z, is naturally identified
with M(H(2)®xkC,.). If the tensor product norm on H(z)®x K, is multiplicative, then it
defines the unique Shilov point o,(2) of M(H(2)®xK,). In fact, [Ber93, Lemma 2.2.5]
shows that o,.(2) is well defined for any z € Z, and it gives a continuous section o,.: Z — Z,
of p.. Further, if z € Z, then the natural map H(2)®@xkK, — H(o.(z)) is an isometric
isomorphism. See [Poil3, §3] or [BJ18b, §1.6] for additional discussion.

The proof of the trivially-valued analogue of Theorem 6.2.3.2 uses a Gauss extension to
reduce to the discretely-valued setting. For this reason, we describe below the behaviour

of Temkin’s metric under Gauss extensions.

Lemma 6.3.0.3. Let Z be a good K-analytic space, v € (0,1)\\/|K*|, and £,m € Zxy.
Then, for any z € Z,

I Iem,z = [1(2r)Z ()l Tem, o (2)

as seminorms on (QZZ/,C);@’”, where (py)%: (QZZ/K)@” — (QKZT/,CT)@” denotes the pullback

z or(2)

map at z.

Proof. We may assume that m = £ = 1. Consider the commutative diagram
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~ ~

1 P~ o~ 1
Doy niz) HEBK) —— Qoo e

| !

Do) B H(or(2) ——— Qo ok,

Arguing as in [Tem16, Theorem 6.3.11], it suffices to show that the bottom horizontal map
is an isometry. Indeed, the vertical maps are isometric isomorphisms because the natural
map H(2)®x K, — H(o,(2)) is so, and the top horizontal map is an isometric isomorphism
due to [Tem16, Lemma 4.2.6]. O

6.4. Divisorial points under Gauss extensions

Assume now that K is a trivially-valued field of characteristic zero, which we will denote
by k for convenience. Let X be a normal k-variety, and let 2 € X= be the divisorial point
determined by the triple (¢, Y X , E'). Without loss of generality, we may assume that
X is quasi-projective, and Y and E are smooth. Following the notation of §6.3, for any
r € (0,1), write k, = k((w)) for the Gauss extension of k with |w|, = r. For any such r,
the point o,(r) € X3* is divisorial by [Poil3, Lemme 4.6].

The goal of this section is to pick an r € (0,1) such that we can construct an explicit

divisorial representation of o, (z) € X ,fi". This is done in three steps.

1. Consider the Laurent series extension k((w)) of k and construct an explicit k[[cw]]-
model of X} (()), together with an irreducible component F' of its special fibre, with
the property that for any element a € k(X), the order of vanishing ordg(a) of a

along E coincides with the order of vanishing ordg(a) of a along F'.

2. Endow k((w)) with the w-adic norm |w|, = r for a suitable choice of r € (0,1) so

that the divisorial valuation yp € X" determined by F' satisfies p,(yr) = z.
3. Show that o,(x) = yp.

The construction we will present is inspired by a similar phenomenon involving test con-
figurations, as in [BH.J17; BJ18b]; this relationship is described further in Remark 6.4.3.2.

6.4.1. Step 1

(6.4.1.1) We may assume that h is projective by [KMO08, Lemma 2.45], and so [Har77,
IT, Theorem 7.17] implies that there exists a coherent ideal I C Ox such that Y = Bl; X
and h is identified with the blow-up morphism. Let a € Z>¢ be the multiplicity of E in
the exceptional locus of h.

Consider the fibre product X' := X x k[[cw]]: this is the trivial k[[w]]-model of Xj (),
and its special fibre X} is naturally identified with X. We set Z := (I, w) C Oy, which is
a coherent ideal sheaf on X that is cosupported on AXjy. Let v: Y — X be the blow-up of
X along Z. As the vanishing locus of Z lies in A}, it follows that ) is again a model of
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Xk((w))- The strict transform of Xy via v can be identified with Y by [Har77, 11, Corollary
7.15]. Under this identification, ) contains a copy of the divisor E, which we write as
E. Further, let p: Y --» Y x, k[[w]] be the birational map given by the composition of
v: ) — X with the inverse of Y xj k[[w]] — X. These objects are collected in the diagram

below.

Y xp k@] =Y =BUXDE - EC), — Y =BlzX —— Xy((=))

| | | |

Spec(k) = Spec(k) — Spec(k[[w]]) «——— Spec(k((w)))

(6.4.1.2) Write 7 (resp. 7j) for the generic point of E (resp. E) in Y (resp. V). We claim
that the composition of p with the projection Y xj k[[ew]] — Y onto the special fibre sends
7 to n. Indeed, observe that the diagram

Y xp k[[@]] ¢--2-—-- Y

| T

YOE —— EC

is commutative, and that the bottom arrow restricts to an isomorphism from E to E.
Hence, it suffices to show that F is not contained in the indeterminacy locus of p, and
we show this with the following local computation. Suppose X = Spec(A) and I =
(f1,-.., fe), in which case an affine chart of Y is given by U = Spec(B), where

AlSs,....,S/]
(fiSi— firi=2,...,0)

B:

There is a corresponding affine chart of ) given by U = Spec(B), where

AlSs, ..., 50, 8]
(flg_waflsi_fi: 2:277£)

and A = A ®, k[[w]]. The birational map p : Y --» Y xj k[[w]] is given on these charts

by the composition of the two top arrows in the diagram below:

B @y k[[w]] — (B &y k[[w]])[S] B= <B?£@S@)>[SJ
| )
b B/(w)

Thus, the construction of the map ) --» Y x, k[[w]] — Y yields a ring morphism Oy, —
0y, o which sends 77 to n, as required.
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(6.4.1.3) The irreducible subscheme E of ) is not a divisor (indeed, it has codimension
2in ), so consider the blow-up p: Z2 — Y of E. Note that Z is again a model of Xj((x))-
Write F' C Zj for the exceptional divisor of i, which is irreducible since F is so.

We claim that ordp(a) = ordg(a) for all a € k(X). It suffices to show the equality
for a € Oy,,. In the notation of 6.4.1.2, the exceptional divisors of A in the affine chart
U = Spec(B) of Y is defined by f;. Let g be a local equation of E at 7. In the model ),
E is locally cut out by g and the equations defining the strict transform of Xp. Therefore,
in Z, g is a local equation of F' at its generic point.

Write a = ug? for u € Oy, and A € Zzg (so that ordg(a) = A). The image of this
expression for a via the map

OY,n — Oy,ﬁ — OZ,F

gives an expression for a in Oz p. As u remains a unit in Oz g, we deduce that
ordp(a) = Aordp(g) = A = ordg(a),

as required.

6.4.2. Step 2

We will find r € (0,1) such that the divisorial valuation yr € X;" determined by (Z, F)
satisfies p,(yp) = x. To that end, we first compute the multiplicity of F' in the special
fibre of Z. Working in an affine chart of the blowup as in 6.4.1.2, the composition Z —
Y — X — Spec(k[[w]]) can locally be written as

B B A[S3,...,50,8] A[S2,..,50,5,Q)]
klw]] - A=A k[[w]] - B= S fiSi—fi: im20l) | (S—g@ 18— 1 Si—fi: i=2,0)

In particular, we can write @w = f1gQ at the generic point of F'. As @ is a unit in Oz r,

we conclude that
ordp(w) = ordp(f1) + ordp(g) = ordg(f1) + ordr(g) = a + 1.

Set r = e~ (@) where recall that z is determined by the triple (¢,Y — X, FE). For any
a € k(X), we have that

ordg (a) ord g (a)
=7 oﬁl = rOYd5<W) = rva(a) = ‘a(yFﬂ

]a(x)] _ e—cordE(a)

That is, p,(yr) = x.

6.4.3. Step 3

It remains to show that yr = o,(z). This is done by appealing the following lemma.
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Lemma 6.4.3.1. Let X¥ — x&Y 5 . 5 XD 5 X be a sequence of models of
Xk((w)), where each morphism XD 5 X0 s the blow-up of a k*-invariant ideal (in
the sense of [BJ18b, §1.6]), and X is the trivial model of Xy ((wy)- If k is an infinite field
andr € (0,1), then any divisorial point of X determined by an irreducible component of
Xée) lies in the image of o+ X*" — X71.

Proof. This follows from [BJ18b, Proposition 1.6]; see also [BHJ17, Lemma 4.5]. O

The point yp € X" satisfies the hypotheses of Lemma 6.4.3.1 by construction, so it
lies in the image of o,. As o, is a section of the projection p, and p,(yr) = = by Step 2,

we conclude that o, (z) = yp.

Remark 6.4.3.2. The construction of the point yr is inspired by one in the proof
of [BHJ17, Proposition 4.11]. There, for any r € (0,1), the authors view the Gauss
extension as a continuous map o,: X= — (X xj A})>, and one can show the following;
if 2 € X= is the divisorial point given by the triple (—log(r),Y — X, E), then o,(z) is
a monomial valuation on the birational model Y x A/,lC — X X A/,lC in the snc divisor
E xp AL +Y x; {0}

The construction of yr = o,(x) can be rephrased in the above language. We first
consider the blow-up v of X x; A} at {cx(z)} x {0}, and then the blow-up u of the
intersection of Exc(r) and the strict transform of X xj {0} via v. The valuation o,(z) is
realized as an order of vanishing along Exc(u). The advantage of realizing o, (x) in this

manner is that the blow-ups occur only above the origin of Aj.

K

Y x A}
blowup of {Om (V/blowup of the origin
X x A}
Construction in [BHJ17] ’ Construction in §6.4 ‘

Figure 6.4.3.1: We illustrate the two approaches to the construction of o, (z) in Remark 6.4.3.2
with a toric example. Consider X = A? and the blow-up Y — X at the origin with exceptional
divisor E C Y. Let # € X2 be the divisorial point determined by the triple (—log(r),Y — X, E).
In the above figure, the triangles represent a slice of the fans of the various toric blow-ups that
occur in the two constructions. Following [BHJ17], o,.(z) is a monomial valuation in the divisors
corresponding to the white nodes, which we picture as a square on the segment joining them. On
the other side, according to §6.4, we extract a divisor corresponding to o,.(z) with a sequence of
two blow-ups, and we mark this divisor with a square.
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6.5. Proof of Theorem 6.1.1.1

The goal of this section is to prove Theorem 6.1.1.1, which is the trivially-valued analogue
of Theorem 6.2.3.2. This justifies the definition of the weight metric in the trivially-setting
from (5.2.4). The proof of Theorem 6.1.1.1 proceeds by reduction to Theorem 6.2.3.2.

Throughout this section, let k be a trivially-valued field of characteristic zero, and let
X be a normal, Q-Gorenstein k-variety. Fix m € Z~¢ such that w?}% is a line bundle. For
z € X7, recall that we write

” ' Hthriv,m =e Whiriv(+,)

3

T

for the multiplicative form of the weight metric on the stalk (w;eé%)

Proposition 6.5.0.1. Let z € X7 be the divisorial point determined by the triple (¢,Y A

X, E). With notation as in §6.4, for any rational section s of w?}%, we have

HSHthriwl‘ = r_qu:suwtdisc,Ur(r)a (6502)
where qr: Xy, — X denotes the (algebraic) ground field extension (i.e. p, = ¢2").

Proof. Set ¢ = cx(x). Let s be a Ox ¢-module generator of the stalk w;eé%,f. It suffices
to show Eq. (6.5.0.2) for s; indeed, any local section at £ can be written as fs for some
[ € Oxg, in which case both sides of Eq. (6.5.0.2) are multiplied by |f(x)|. By working
locally around &, we may assume that X = Spec(A) is affine and s is globally-defined. In

the notation as in Section 6.4.2, we have
I8l wtegse 2 = €~ HED, (6.5.0.3)

since ordp(Ky/x) = ordg( 1) = (¢ — 1)a. By [Liu02, Corollary 6.4.14], the stalk of
the relative canonical sheaf wz,y at the generic point of F' can be viewed as the Oz p-
submodule of the function field of Xj((x)); further, it is generated by (g fH~L. The m-th
power of these generators multiplied by g;s thus gives a Oz p-module generator of the
stalk (w%ﬁ[[w”) r. It follows that

167 8l wtusae 0 () = 1958 lwtaseeie = 19D ()| - [g(yr)I™ = 1g(yp)| T = ememEHe),

(6.5.0.4)
Thus, combining Eq. (6.5.0.3) and Eq. (6.5.0.4), it follows that
PGS st () = €O eTmEHO) — gmemUHEED) — i) s
as required. ]

Now, Proposition 6.5.0.1 is the key tool to prove the trivially-valued analogue of The-

orem 6.2.3.2, which is stated as Theorem 6.1.1.1 in the introduction.
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Theorem 6.5.0.5. If X is a smooth k-variety, then || - ||lwt,me = || - || Tem as metrics on
®@m\31 o ,,®

(Wxk) _ng”/k.

Proof. By the maximality property of A x g) as in 5.2.4.4 and 6.2.2.4, it suffices to show

the equality on the divisorial points of X=. Fix z € X4 N X3 and let ' € (0,1) be

as in Section 6.4.2. It suffices to check equality on elements of the stalk (W?}%)ker(z),

i.e. on a rational section s of w?}%. Now, applying Proposition 6.5.0.1, Theorem 6.2.3.2,

and Lemma 6.3.0.3 we find that

||S||thriV7CC = (T/)imHq:’suwtdismaﬂ(m) = (T/)im ((r/)m||Q:’SHTem,U7,/(a:)) = ||5||Tem,a:’
which completes the proof. ]

Remark 6.5.0.6. Let k, X, m be as above. To any Cartier divisor D on X, we can

a1 in the following

associate a canonical singular metric || - ||p on the line bundle Ox (D)
manner: the divisor D induces an embedding ¢p of Ox (D) into the constant sheaf k(X),

and for any z € X* and f € Ox(D)yer(z), St

Ifllpz = [en(f)(2)]

@m )3
(XvDred)

By Theorem 6.5.0.5, this tensor product metric coincides with the weight metric wty;y -
u

Now, Temkin’s metric || - ||tem and || - || p,., induce a tensor product metric on (w

red

It would be interesting if this metric (w(%(mD d)) arises in a similar fashion as in [Tem16],

or more generally in the singular case.






Evidence for the geometric P=W

conjecture

7.1. Introduction

In this final chapter the construction of the essential skeleton of Chapters 3 and 5 is applied
to compute the dual boundary complexes of certain character varieties.
Let G be either GL,, or SL,,. We consider the G-character variety Mg associated to a

Riemann surface C of genus one, that is the GIT quotient of the fundamental group of C
{(A,B) e G xG: AB = BA} ) G,

where G acts by conjugation on each factor. For example, when G = GL,, Mg, is

isomorphic to the n-fold symmetric product (C* x (C*)(”) of the torus C* x C*.

It is a fundamental result in non-abelian Hodge theory that Mg is isomorphic (as real
analytic space) to a moduli space of Higgs bundles, called the Dolbeault moduli space
Mpg. A distinctive feature of the space Mpg is that it comes equipped with a filtration,
called Hitchin filtration, to an affine space. The geometric P=W conjecture relates the
properties of a compactification of Mg with a geometric interpretation of the Hitchin
fibration, when seen on the side of the character variety M. See Section 1.4 for a brief
overview of this topic.

The geometric P=W conjecture predicts the existence of a nice compactification of
Mg such that the dual boundary complex is well defined and, in particular, is homotopy
equivalent to a sphere. Since Mg is a singular affine variety, it does not admit an snc

compactification. Our solution is to consider a logCY dlt compactification, as one can

121
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associate a dual boundary complex D(0M¢g) to it, whose homeomorphism type is an
invariant of Mg.

We reinterpret D(0M¢) as the level set of a suitable weight function inside a Berkovich
space. By way of this non-archimedean description, we provide the first non-trivial evi-

dence for the geometric P = W conjecture in the compact case.

Theorem 7.1.0.1 (§ 7.2-7.3). The dual boundary complex D(OMg) of a dit logC'Y com-
pactification of Mg has the homeomorphism type of S**~1 if G = GL,, and of S*"~3 if
G = SL,.

7.2. Dual boundary complex of GL,-character varieties of a

genus one surface

The goal of this section is the study of the dual boundary complex D(0Mc¢ry,, ) of the
GL,-character variety Mgy, associated to a Riemann surface of genus one. In particular,

we prove of the following result.

Theorem 7.2.0.1. The dual boundary complex D(0Mgy,,) of a dit log Calabi—Yau com-

pactification of Mgy, has the homeomorphism type of S*~1.

We recall that Mgy, is the n-fold symmetric product of the two-dimensional algebraic
torus C* x C*; see e.g. [F'T16, Corollary 5.6]. Symmetric products of toric surfaces are
natural candidates for compactifications of Mqr,,. However, these compactifications are
not dlt, although log canonical and log Calabi-Yau (see Section 7.2.2). In Section 7.2.3
we adapt the strategy of [KX16] to prove Theorem 7.2.0.1 for n = 2. For higher n, this
approach is not sufficient and we instead employ techniques from Berkovich geometry
(Sections 7.2.4 and 7.2.6).

It is worth remarking that a related conjecture, known as cohomological P = W
conjecture, holds for a crepant resolution of Mqr,, thanks to [ICHM13]. For more details
about this cohomological version, we refer the interested reader to [dCHM12] and to the
excellent survey [Migl7].

Throughout this section, all varieties are defined over C, which is thought of as a

non-Archimedean field equipped with the trivial norm.

7.2.1. DIt modifications and dual complexes

(7.2.1.1) Given a log canonical (lc) pair (X, A) (see Definition 5.2.4.2), a lc centre of the
pair is the centre of a divisorial valuation z € X= with Ax,a)(x) = 0. The snc locus X¢
is the largest open subset in X such that the pair (X, A) restricts to an snc pair. The pair
(X, A) is said to be divisorial log terminal (dlt) if none of its lc centres are contained in
X\ X®¢; see [KMO8, Definition 2.37] for more details.

(7.2.1.2) There are several advantages to working with dlt pairs over snc pairs. Most

notably, we use the fact that any lc pair (X, A) is crepant birational to a (non-unique) dlt
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pair (X4 Ad) while the corresponding statement fails in general for snc pairs. Recall
that two pairs (X, Ax) and (Y, Ay) are crepant birational if X and Y are birational and
Ax.ax) = Ay,ay) as functions on X bir — ybir " This fact is a consequence of the existence
of dit modifications, as in [Kol13, Corollary 1.36], which asserts that there exists a proper
birational morphism g : X dit 5 X with exceptional divisors {E;}icr such that

1. (dlt) the pair (X4, Adlt .= =LA+, E;) is dlt, where g LA is the strict transform
of A via g;

2. (crepant) K yar + AN ~g g*(Kx + A).

(7.2.1.3) It is always possible to construct a dual intersection complex for a dlt pair (X, A)
by following the same prescriptions as for snc pairs (while this is not in general possible
for lc pairs). In fact, this coincides with the dual complex of the snc pair (X®"¢, A=} ysnc)
by [dFKX17, §2]. The dual complex of a lc pair (X, A) can be defined as the homeomor-
phism class of the dual complex of any dlt modification of (X, A), and it is denoted by
DMR(X,A); the notation is an abbreviation for Dual complex of a Minimal dlt partial
Resolution. The homeomorphism class DMR(X, A) is well defined, as it is independent
of the choice of a dlt modification by [dFKX17, Definition 15].

7.2.2. Hilbert scheme of n points of a toric surface

(7.2.2.1) Let Z be a smooth, projective toric surface, and let A be its toric boundary.
Let X7 be a toric fan for Z, write |Xz| for its support, and |[YXz|* := |¥2|\{0}. Note that:

1. Zt:=(Z,A) is an snc logCY pair;
2. Z\ A~C*xC*
3. D(Z*) ~ Sk™(Z, A)*JR%. = Sk(ZT)* /R%. = |S4[*/R} ~ (R2\{0})/R? ~ S,

Denote by Z!™ the Hilbert scheme of n points of Z; see [Bea83, §6] for an overview of
the construction. Recall that the Hilbert scheme of n points of a projective surface is a

crepant resolution of its n-fold symmetric product. In a diagram, we have

V"= x...xXZ
———

n—times

Ja

zlnl PHC, 70— zn /6,

where the crepant birational map ppc is the Hilbert—Chow morphism, and ¢ is the quotient

of the product Z™ by the action of the symmetric group &,, of degree n, which acts by
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permuting the factors of Z™. This gives rise to the following diagram of lc logCY pairs:

(Z", A" :=priA+ ...+ priA).

|s

(Z[n}’ Alnl .— pHC*A(n)) L) (Z(n)’ AM) .— q*An)

The variety Z(™ is a compactification of Mgy, ~ (C*xC*)(™ as C*xC* ~ Z\A C Z.
Further, since the lc pairs (Z [”],A[”]) and (Z ("),A(")) are crepant birational, it follows
from [dFKX17, Proposition 11] that

D(OMqy, ) ~ DMR(Z™, Ay ~ DMR(ZM, AlM)

12

DO(C* x ). (7.2.2.2)

Remark 7.2.2.3. Unfortunately, the pair (Z(, A = z(M)\ (C* x C*)(™) fails to be
dlt (or qdlt). In light of (7.2.2.2), one could eventually consider the Hilbert scheme Z",
but even in that case the compactification is not dlt, as we show in the following. For
simplicity, in this section we will focus our attention on the case n = 2.

Let (CZ, ., (z1z2 = 0)) be a local toric chart for (Z,A). As above, consider the

product pair
(C2 X (C2 (a:lxgylyg = 0))

1,22 Y1,y2?

There is an involution which swaps x; and x5 with y; and yo respectively. Via the change
of coordinates (u,v,r,s) = (z1+y1,x2+y2, 1 — Y1, T2 — y2), the involution sends (u, v, r, s)

to (u,v, —r,—s). Hence, the previous diagram has the following form:

2 2
Cu,v X Cr,s

s
C2, x Blo(C2,/(2/22)) 5 €2, x €2, /(Z/22) ~ €2, x Spec (2l ),
where the maps ¢ is given in coordinates by

q: (u,v,r,s)— (u,v,rQ,rs,SQ).

Consider the chart of the blowup Blo(C?,/(Z/2Z)) C C3 , . x IF’[QX:Y: 7) given by

x7y7Z

C:%",y’ — BIO(CE,S/(Z/QZ)) C Ci,y,z X IP>[2X:Y:Z}

(I/, y/) — ((I‘/, I/y/7$/yl2)’ [1 : y/ . y/QD'
In these local coordinates, the boundaries are given by the following equations:
1. A? = (z1m2y192 = 0) = ((u? — r?)(v? — s?) = 0);

2. AR = (12— 2)(e? — 2) = 0);
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3. A (w2 — 2)(v? — 2'y?) = 0).

One of the components of A® and Al? is non-normal, and so none of the pairs (X2, A®))
and (X, APy can be dlt (or qdlt) by [KMO08, Corollary 5.52].

7.2.3. A proof of Theorem 7.2.0.1 for n = 2.

(7.2.3.1) The n = 2 case of Theorem 7.2.0.1 can be deduced from results in [KX16] and
the Poincaré conjecture, as it is explained below. In the following lemma, the fundamental
group of a variety refers to the topological fundamental group of the associated complex-

analytic variety.

Lemma 7.2.3.2. For n > 2, the dual boundary complex D(O(C* x C*)") is simply
connected, 1i.e.

m(DO(C* x €M)y = 1.

Proof. Consider a dlt modification h : (ZIPhdlt, AlnLdlty . (7In] Alr) By [KX16, Theo-

rem 36|, there is a surjection of fundamental groups
m (2P Atysmy o (DMR(Z, AP,

where the superscript ‘sm’ denotes the restriction to the smooth locus. Since h is a
birational contraction (that is, the exceptional locus of the inverse map h~! has complex

codimension > 2), there exists a surjection
7_(_1((Z[n})sm) s 7_‘_1((Z[n},dlt)51rn)

by [KX16, Lemma 41]. However, Z M is smooth and rationally connected, and hence
m1(ZM) = 1; see e.g. [Deb01, Corollary 4.18.(c)]. Tt follows that DMR(ZM, Al?) ~
D(H(C* x C*)[") is simply connected. O

Proof of Theorem 7.2.0.1 for n = 2. By [KX16], DMR(Z!Z, AP)) is a real 3-manifold with
the rational homology of the 3-sphere S?. By Lemma 7.2.3.2, it is also simply connected,
and hence the Poincaré conjecture implies that it is homeomorphic to the 3-sphere S3. By
(7.2.2.2), the same holds for D(0Mgr,)- O

(7.2.3.3) The methods of the proof of Theorem 7.2.0.1 for the n = 2 case are not sufficient
to prove the theorem in the general case. The problem is that they do not provide a control
on the torsion of H;(D(9(C*xC*)(™),Z). In the sequel, we avoid this issue by constructing
an explicit homeomorphism between DMR(Z™, A™) and the sphere S>*~!, which is a
non-Archimedean avatar of the geometric construction of the Hilbert scheme via products

and finite quotients.
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7.2.4. The essential skeleton of a logCY pair

(7.2.4.1) The construction of the dual complex of a lc pair relies on the intersection
poset of the strata of a dlt modification. It is convenient to think of these strata as the
associated monomial valuations, suitably normalized, as defined in Proposition 5.3.1.2.
The advantage of this viewpoint is that these valuations are independent of the choice of dlt
modification, and they embed in a common ambient space, namely the J-analytification,
with image equal to the essential skeleton of the pair (see Lemma 7.2.4.6).

As defined in Section 5.3.7, the essential skeleton of a pair (X,Ay) is given by the
union of the minimality loci of a collection of weight functions in the J-analytification.
In the proper logCY case, the weight functions associated to regular A x-pluricanonical

forms coincide with the log discrepancy A(x ay), as we show in Proposition 7.2.4.2.

Proposition 7.2.4.2. Let (X,Ax) be a proper log-reqular logCY pair. If n is a regular
section of W(Q%??Ax)’ then wt, = mAx A ) as functions on X=. Moreover, if (X,A%") is
log-regular, then

Sk (X, Ax) = Sk(X, AFY). (7.2.4.3)

Proof. By properness, there exists a unique regular section 7 of W%QAX) up to scaling, for
m € Z~o sufficiently divisible. As a result, the weight functions are independent of the
choice of a A x-logarithmic m-pluricanonical section, and so Sk**(X, Ax) = Sk(X, Ax, 7).

We now proceed as in the proof of Proposition 5.2.5.2 and Corollary 5.2.5.3. Let ¢
be a local generator of w(%?TAx,red) and f be a local regular function such that n = fdé. As
7 is a global generator of M%ZLA)(V then f provides a local equation for m(Ax yeqa — Ax).

Hence, from Proposition 5.2.5.2, we get that

Wiy (2) = A(X,Ax pea—(Ax rea—Ax)) = A(x,a5)(2).
We conclude that

Sk®S(X, Ax) = Sk(X,Ax,n) = {z € X" : Ax a,(z) = 0}
= {r € X"": Ay azr)(2) = 0} = Sk(X, A,

where the intermediate equality follows from the fact that the log centres of the pairs
(X,A%) and (X, Ax) coincide. Indeed, one can first assume that (X, Ay) is an snc pair
by passing to a log resolution that, locally at the generic point of the strata of A%, is
given by a sequence of blow-ups induced by subdivisions of the corresponding Kato fan.
One then applies [Koll13, Proposition 2.7]. O

In fact, if there exists a boundary A < Ax such that (X, Ax) is a log-regular pair,
then one can define a skeleton of (X, A) as in Section 5.3 by throwing away suitable faces of
Sk(X,Ax). With this definition, the equality Eq. (7.2.4.3) holds without the additional
hypothesis that (X, A%!) is log-regular. Nonetheless, Proposition 7.2.4.2 suggests the
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following generalization of the definition of the essential skeleton to a proper lc logCY

sub-pair, which agrees with the skeleton of [BJ17, Proposition 5.6] in the dlt case.

Definition 7.2.4.4. Let (X, Ax) be a proper lc logCY sub-pair. The essential skeleton
of (X,Ax) is

Sk (X, Ax) = {z € X"" N X7: Ax . (z) =0}

Definition 7.2.4.5. Asin Definition 5.3.5.3, the link of the essential skeleton Sk*°(X, Ax)
is the quotient of the punctured skeleton Sk®*(X, Ax)* := Sk**(X, Ax) \ {vo} via rescal-

ing, denoted by
Sk (X, Ax)* /R

Lemma 7.2.4.6. If the proper lc logCY sub-pairs (X, Ax) and (Y, Ay) are crepant bira-

tional, then

Sk®*(X, Ax) = Sk*™(Y, Ay), (7.2.4.7)
Sk (X, Ax)"/RY = Sk™(Y, Ay)" /R, (7.2.4.8)
Sk**(X, Ax)*/Ry ~ DMR(X, Ax). (7.2.4.9)

Proof. The qualities .Eq. (7.2.4.7) and Eq. (7.2.4.8) follow from the fact that Ax a,) =
Ay,ay) on X bir — ybIr - The equality Eq. (7.2.4.9) is a consequence of the existence of a
(crepant) dlt modification (as in 7.2.1.1), and Proposition 5.3.5.4, once we restrict to the

snc locus of the dlt modification. O

Remark 7.2.4.10. Given a lc logCY pair (X,Ax), X= admits a strong deformation
retraction onto the closure of Sk®(X,Ayx). Indeed, X= retracts onto the closure of
the skeleton of a pair (Y, f,1(Ax) + ; E;) by [Thu07, Theorem 3.26], where f : Y —
X is an snc modification of (X,Ax) and E; are the exceptional divisors of f. Then
Sk(Y, £l (Ax) + Y, E;) retracts onto Sk®3(X, Ax) by [dFKX17, Theorem 28.(2)]. While
this is not needed in the sequel, the existence of this retraction affirms the use of the

terminology ‘skeleton’ used in Definition 7.2.4.4.

Lemma 7.2.4.11. Let (X, Ax) be a proper lc logCY pair. Let G be a finite group acting on
X so that the quotient map q : X — X/G 1is quasi-étale, i.e. étale away from a subscheme

of codimension > 2. Then
Sk (X/G, Ax/q = ¢:Ax) = 2 (Sk™ (X, Ax)) ~ Sk*(X, Ax)/G. (7.2.4.12)
In particular,
Sk**(X/G, Ax/q)" /R = Sk*™ (X, Ax)* /(R x G). (7.2.4.13)

Proof. Observe that the skeleton Sk®°(X/G, Ax /) is well defined since the pair (X/G, Ax/q)
is lc logCY. Indeed, q*(KX/G + AX/G) = Kx + A ~q 0, because ¢ is quasi-étale. In par-
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ticular, [KMOS, Proposition 5.20] implies that the pair (X/G,Ax/q) is lc as (X, Ax) is
So.

In order to show the first equality of Eq. (7.2.4.12), it is enough to show that the
surjective map ¢= : X= — (X/G)= restricts to a surjective map ¢=|gess : Sk®(X, Ax) —
Sk®3(X/G, Ax /) on essential skeletons. To this end, we first prove that the image of
Sk (X, Ax) via ¢= lies in Sk®(X/G, Ax/q) and that q~|skess is surjective on divisorial
points.

Let 2 € X9 N X be the divisorial point determined by the triple (¢,Y Mox VE).

By [Kol13, Lemma 2.22], there exists a commutative diagram

EcY-LL5Fcy’

[

xX—r-Xx/G
where Y’ is a normal variety and F is a divisor on Y’ satisfying
- the morphism h and I’ are birational;
- the map ¢’ is rational and dominant;
- the image of the divisor E via ¢’ is the divisor F.

Note that the image ¢=(z) is determined by the triple (c-r(E), Y’ LN X/G, F), where r(E)

is the ramification index of ¢’ along E. Indeed, we have that
c-ordg(foqoh)=c-ordg(foh'oq)=c-r(E)ordp(foh)

for any rational function f € K(X/G). By [KMO08, Proposition 5.20], A(X/G7Ax/c)(q:($)>
is zero if A(xa)(z) is zero, hence ¢(z) € Sk*™(X/G, Ax,q) for any divisorial point
x € Sk*%(X, Ax) . Similarly, the proof of [KMO08, Proposition 5.20] shows that q:‘skess is
surjective on divisorial points.

In fact, ¢=|gkess is surjective onto the whole skeleton Sk®*(X/G, A x/c)- Indeed, since
¢2 is equivariant with respect to the R* -action, it is enough to check that the induced

Jr

map

¢ lswess e 1 SKS(X, Ax)* /R = SK(X/G, Ay ) /R

is surjective. If qj|Skess is surjective on divisorial points, then qj|Skess* JRY is a continuous
map from a compact topological space to a Hausdorff space with dense image. Hence,
q:‘|Skess is surjective.

Finally, the second equality of Eq. (7.2.4.12) follows from [Ber95, Corollary 5]. Since
the actions of G and R}, commute and the homeomorphism Sk**(X/G, Ax/q) ~ Sk (X, Ax)/G
is R* -equivariant, we conclude that also Eq. (7.2.4.13) holds. O
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7.2.5. Proof of Theorem 7.2.0.1

Proof of Theorem 7.2.0.1. The desired homeomorphism is obtained by applying the pre-

ceding sequence of lemmas as follows:

D(OMgy,) ~ DMR(Z™, AM)
~ Skess(Z(), A(”))*/Rj_ cf. Lemma 7.2.4.6
~ Sk®(Z", A" /(RY x &) cf. Lemma 7.2.4.11
~ ((SK**(Z, A" /R}) ... (SK™*(Z,A)"/R})) /S, cf. Lemma5.3.6.7
~ (Stx...xSYH/6,
~ s s,

~ §2n—1 cf. Lemma 7.2.5.1

We conclude the section by proving the topological lemma mentioned at the end of the
proof of Theorem 7.2.0.1. It is presumably well-known, but the author is not aware of a

reference.

Lemma 7.2.5.1. Consider the linear action of the symmetric group S, that permutes the
standard coordinates of C*. The quotient of the unit sphere S?*~1 C C™ by this action is

homeomorphic to the sphere S 1.

Proof. Consider the finite morphism ¢: C x ... x C — C™ ~ CJ[z],,1 given by
(21,0 y2n) — H(z — Zi),

where we identify the symmetric product C™ with the space C[2]n,1 of monic polynomials
of degree n in one variable with complex coefficients. The restriction of ¢ to the boundary

of the closed unit polydisc D?"
q: SQn—l ~ a]D)Qn _ 8D1 % ... % a]D)l N q(SQn—l) ~ SQn—l/Gn

is the given quotient map. The space C|z],,; is isomorphic to C™ through the identification

Y : Clz]p,1 — C™ of a monic polynomial with the n-uples of its coefficients; more explicitly,
1 is by

n
P (H(z - zl)> = (2" + e 4 i) = (re® L e,

=1

where (r;,0;)1<j<n are polar coordinates on C" ~ R?". Further, let ¢: C* — C" be the
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homeomorphism given by
10 i0r, 10 10 n i0n,
o(rie™t o rpet) = (re't) Yreet, oL, Yrpett).

We can restrict the composition ﬁ othog:C"\ {0} — C™\ {0} to a morphism of spheres
which factors through the symmetric quotient by construction, as shown in the following

diagram

Sanl

£ o1poq
o

Sanl/Gn o S2n71'

[l

We claim that the map

B o1 : SQn—1/6n _, §2n-1

[
is a homeomorphism. Indeed, since it is a continuous map from a compact topological space
to a Hausdorff space, it is enough to check that it is bijective. This is equivalent to show

that the preimage of any point in $?*~1

via the map ﬁ otogqis a Sy-orbit. Alternatively,
we need to prove that the preimage of any real half-line {(re?t, ... re®):r ¢ R4} C C”
via the map @ o1 oq is the orbit of a half-line {(rz1,...,rz,): r € Ry} C C™. This follows

from the fact that

(potboq)  (re®, ... re™) = (Yo g) " ret® 12, . yeitn)

= U (TZO'(l)’ S 7TZO'(TL))
0'6671

for any r € Ry, where the values z; are chosen in such a way that ¢(z1,...,2,) =
(e, ... etn). O

7.2.6. An alternative proof of Theorem 7.2.0.1.

(7.2.6.1) The proof of Theorem 7.2.0.1 is inspired by the results in Section 4.3. There,
the dual complex of a degeneration of the Hilbert scheme of n points of K3 surfaces
induced by a maximal unipotent semistable degeneration of K3 surfaces is homeomorphic
to the complex projective space CP". Both proofs crucially rely on the compatibility of
the construction of the essential skeleton with products and finite quotients.

In this section, we exhibit a direct connection between the two results: we show
how Theorem 7.2.0.1 can be deduced from [BM19, Proposition 6.2.4]. This alternate proof
relies on the construction of an explicit degeneration of Calabi—Yau varieties (see Proposi-
tion 7.2.6.7), and a global-to-local argument (Lemma 7.2.6.4) that relates the dual complex
of the degeneration to that a logCY pair. While the proof of Theorem 7.2.0.1 presented

in Section 7.2.5 is technically more elementary, we expect both strategies to prove useful
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for future calculations of dual complexes. Furthermore, the existence of a degeneration as
in Proposition 7.2.6.7 is of independent interest: loosely speaking, it realizes a character

variety as a “limit” of compact hyper-Kéhler manifolds.

(7.2.6.2) Let (X,Ax) be a dlt pair with AF! = 37", A;. For every stratum W
of (X,Ax), there exists a Q-divisor Diffj;(Ax) such that (Kx + AX)|W ~g Kw +
Diff};, (Ax); see [Kol13, §4.18]. By adjunction, we have that Diff};, (Ax)™! coincides with
the trace of Ax on W (as defined in 5.4.1.3), i.e

ng

In particular, any stratum W of a dlt (logCY) pair has an induced structure of (logCY)
pair (W, Diff};,(Ax)) such that

D(Diff}y (Ax)~!) (Z A|W) (7.2.6.3)
WZA,;

Lemma 7.2.6.4 (Global-to-local argument). Let (X, Ax) be a dlt pair such that the
dual complex of D(Ax) is a topological manifold. Then D(Diffyy, (Ax)) is homeomorphic
to a sphere for any stratum W of A)Zfl.

Proof. Up to baricentrical subdivisions, the link of a neighborhood of a cell associated to
W in D(Ax) is isomorphic to D(Diff};,(Ax)). Since D(Ax) is a topological manifold, this

link is homeomorphic to a sphere. ]

(7.2.6.5) We will construct a degeneration of Hilbert schemes of a K3 surface with a
component of the special fibre that, paired with the different of the special fibre, is crepant
birational to a dlt compactification of Mgy,,. This is then combined with the global-to-
local argument to compute the dual complex in Theorem 7.2.0.1. The properties of the

required degeneration are collected below.

Definition 7.2.6.6. A model 2" over C[[t]] is good minimal dit if 2" is Q-factorial, the
pair (27, Zored) is dlt, and Ko + 20 red is semiample.

Proposition 7.2.6.7. Let (X, Ax) be a lc logCY pair. Assume there exist

(a) a mazimal unipotent semistable good minimal dit model . of a K3 surface S over

C((®)),
(b) a good minimal dit model " of the Hilbert scheme of n points of S,

such that (X, Ax) is crepant birational to (D, Diff% (M%) for some irreducible com-

ponent D of the special fibre Yo[n]’dlt. Then D(Ax) is homeomorphic to a sphere.
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Proof. Tt follows from the combination of Lemma 7.2.6.4, [dFKX17, Proposition 11],
[BM19, Proposition 6.2.4], and [NX16, Propositon 3.3.3]. Note that we only use [BM19,
Proposition 6.2.4] to grant that the dual complex of the degeneration is a manifold, and

not the fact that it is actually homeomorphic to a complex projective space. ]

Proof of Theorem 7.2.0.1. Let .¥ be a semistable good minimal (although not Q-factorial)
model over C[[t]] of a quartic surface S in P%((t)), degenerating to the union of four hyper-

planes % = Z?:o D;. For example, take the Dwork pencil

3
S = {xoxlmgmg + th? = 0} C P?xo:xl:m:xs} x Spec(C[[t]])-
i=0

The degeneration .# is a model of the K3 surface S as in Proposition 7.2.6.7(a), and
the proof proceeds in two steps: we construct a model .ZMdlt of Sl a5 in Proposi-
tion 7.2.6.7(b), and then we identify a component of the special fibre Y()[n]’dlt which, paired
with the different of yo[n]’dlt, is crepant birational to a dlt compactification of Mgy, .

For the first step, let (.7, Yo(n)) and (. ["},5”0[”]) be the pairs given by the relative
n-fold symmetric product and the relative Hilbert scheme of n points on . respectively,

together with their special fibres. Consider a log resolution of (. ] 470”}), written
g: (¥, Dy =g A+ B) = (71, 7,

which is an isomorphism on the snc locus of (. [”],5”0["]), where E is the sum of the
g-exceptional divisors. Note that the composition g o ppc of g with the Hilbert—Chow
morphism pyc gives a log resolution of the pair (., 0 n)) as well. The (Kg /¢ +A»)-
MMP with scaling terminates with a Q-factorial, dlt, minimal model of S

B (b gl — p ot gl By o o,

» < 0,re

where E’ is the sum of the (g o pgc)-exceptional divisors that lie in the special fibre,
and Yo[z]e’glt is the reduced special fibre of . The existence of such a h follows
from [Kol13, Corollary 1.36]; note that the degeneration .7 is defined over a curve (see Defi-
nition 5.3.8.3), so we can run a relative MMP as usual. Note also that the pair ("), 5’0(”))
is (reduced) lc logCY, since (., %) is so. The pair (.4 Ygz}églt) is logCY as well, as
h is a crepant morphism of pairs (c.f. [Kol13, §1.35]). Hence, .#["d is a good minimal
dlt model of S as required in order to apply Proposition 7.2.6.7.

Now, we show that there exist irreducible components Agﬂt of 170[223“ such that the
pairs

(A8, Dty (S572"))

are crepant birational to a dlt compactification of Mgy, ~ (C* x (C*)(”), equivalently of
(C* x (C*)[”]. To this end, note that the special fibre 5”0(”) contains irreducible compo-
nents A; ~ (P2, e I ~ {0,...,3}, which are the n-fold symmetric products of the
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hyperplanes D;. Denote by Al and A?lt the strict transform of A; under pgc and h,

respectively. By [Kol13, Proposition 4.6], the following pairs are crepant birational:
. . . dl
(A, Diff oy (A7) ~ (D, Diffa, (F5™)) ~ (AM Diff yare (S3™).

Further, the inclusion of D; \ U;;D; ~ C* x C* into D; induces the embedding of Af :=
(D; \ UjziD;)I" into A], which is isomorphic to (C* x C*)"l. We need the following

technical lemma.
Lemma 7.2.6.8. Diff o/ (Yo[z]ed) = AL\ AY.

Proof. 1t is clear that Diff 5/ (Yo[z]ed) > (5”0[”] \ Aj)|a;. For the equality, it is enough to
prove that no divisor whose generic point is contained in Aj belongs to the support of
Diff 5/ (Yo[z]ed). By [Kol13, Proposition 4.5 (1)], it is sufficient to prove that 1] is regular
along A?. To this aim, let £ € A be a scheme of length n in .#y. Since the immersion of
a (formal) neighborhood of £ in yo[n] factors through A;, the subscheme ¢ is unobstructed
by [Fog68, Theorem 2.4]; it follows from [Kol96, Theorem 2.10] that . ] is regular at
£. O

Finally, we conclude that

D(0(MgL,) ~ DMR(A], Diff o, (yo[rld)) cf. Lemma 7.2.6.8 and (7.2.2.2)
~ DMR(AM, Difqult(yO[ZL’glt)) cf. [dFKX17, Proposition 11]
~ §2n—1 cf. Proposition 7.2.6.7.

7.3. Dual boundary complex of SL,-character varieties of a

genus one surface

In this section, we determine the homeomorphism class of the dual boundary complex of

the SL,,-character variety Mgy, associated to a Riemann surface of genus one.

Theorem 7.3.0.1. The dual boundary complex D(OMsy,,,) of a dlt log Calabi—Yau com-

pactification of Mgy, has the homeomorphism type of S*~3.

Proof. Observe that Mgy, is the fibre of the determinant morphism

(C* x €)™ ~ Mg, — C* x C* (7.3.0.2)
((as, b))y ~ [(A, B)] = (det A, det B) = ([T ai, [[1y bi) , (7.3.0.3)
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where the pair (A, B) of matrices in GL,, represents a point in Mgy,,, and (a;); and

(bi)i, are their eigenvalues; see for instance [BS19, Lemma 8.17]. We proceed in several

steps.

Step 1.

Step 2.

The character variety Mgy, admits a lc logCY compactification Mgr,,. Indeed,

consider the diagram

Li=m11)~ (C*xC)" ! —— (C* xC)" "= C*xC*>1=(1,1)

O .

]\45[1n (C* X (C*)(n),

where m,, is the multiplication map, and g the quotient by the action of the sym-
metric group &, permuting the factors. The projective closure L of L in (P?)" is

invariant with respect to the action
(C* % C*)n—l % (]PQ)TL N (P2)n
given by

((%bz‘))?z_ll RETRETE Zj])?:l = ([a1fc1 biyr 2], (@101t bpo1Yn—1 ¢ 2n-1],s

-1 -1 —1;-1
[ ?:1 a; - Tp: Hzn:1 b@' *Yn - Zn])

As L ~ (C* x C*)™ 1 is a dense orbit of this algebraic action, it follows that L is
a toric compactification of L. In particular, the pair (L,0L := L\ L) is a (normal)
lc logCY pair. Since L is &,-invariant and the restriction of the quotient map
q: (P)" — (P?)™ to L is quasi-étale, then the projective closure Mgy, = L/S,
of Mgy, in (P?)(™ is a lc logCY compactification of Mgy, . Thus, we can construct
the essential skeleton Sk®S(Mgr, ,0Mgy,) as in Definition 7.2.4.4. Although L is a
toric variety, it is worth pointing out that the embedding L < (P?)" is not toric.

Let A be the toric boundary of P? and N be the cocharacter lattice of the torus
C* x C* C P2. By Proposition 7.2.4.2, Sk®S(P?, A) is the skeleton of the log-regular
pair (P2, A), and hence the multiplication m,, induces a map ay,: Sk®(P?, A)" —
Skes(P2) A) by functoriality, as in 5.3.4.3. In particular, in this toric case, the
essential skeleton Sk®S(P? A) can be identified with Ng ~ R? (see Section 5.4.2),

and «, is given by the linear map

(Ng)™ ~ R?" — Ny ~ R?,
(@i, ¥i)iz1 — (Z?:l Tis )iy yi)-
Finally, observe that the symmetric quotient of the kernel of o, is isomorphic to the

additive group C" 1, i.e.
o, 1(0)/6, ~C" L.
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This follows from the diagram below:

a;1(0) ——— Sk®5((P?)", A") ~ C" ~ R?" -2 Sk®3(P2 A) ~ C ~ R?

n

i qjl /

0;1(0)/6, ——— Sk=S((P2)(™, AM) ~ ¢,

where the map pr is the linear projection to the &,-invariant coordinate «,.

Step 3. The essential skeleton of the pair (Mgy,, , Mgy, ) is homeomorphic to the symmetric

quotient of the fibre of a,,, namely
SkeSS(MSL'nJ 8MSLH) = O[;l (0)/6n

This statement can be shown following the same strategy of [BM19, Proposition
6.3.3]. Indeed, the latter relies on the functoriality of skeletons via finite quotients
and products, which we have reproved in the trivially-valued setting in Proposi-
tion 5.3.6.6 and Lemma 7.2.4.11.

Step 4. In the same fashion as in §7.2.5, we conclude that

D(OMsy,,) =~ DMR(Msy, , 0Msy,) ~ S2.

7.3.1. An alternative proof of Theorem 7.3.0.1

(7.3.1.1) Following the same strategy as in Section 7.2.6, one can invoke a global-to-local
argument to reduce the proof of Theorem 7.3.0.1 to the construction of a degeneration as
in the following proposition. Observe that the role of the Hilbert scheme of a K3 surface

in Proposition 7.2.6.7 is replaced by the generalised Kummer variety of an abelian surface.

Proposition 7.3.1.2. There exists a good minimal dlt model #,% of a generalised Kum-
mer variety and an irreducible component AN of the special fibre %d_lt170 such that the pair

(Adlt DiﬂAdlt(a%/TL(:Et1707red)) is crepant birational to a lc logC'Y compactification of Mgy, .

(7.3.1.3) The proof of Proposition 7.3.1.2 relies on some local computations on the
Tate curve. Following [DR73, VII], we recall that the Tate curve 4,, is a model over
C|[t]] of the multiplicative group G,, with special fibre given by an infinite chain of P!’s;
see Section 7.3.2 for the construction. In fact, ¢,, is the universal cover of the minimal
model of a Tate elliptic over C((t)), as in [Tat95] (see also [Sil09, C §14]). Mind that 4,,
is the completion of a C-scheme that is only locally of finite type over C.

The model ¥,,, obtained from %,, by removing the nodes of the special fibre, is the
Néron model of G, (cf. [DR73, VII, Example 1.2.c)]). In particular, 4, is endowed with
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a multiplication morphism
G =G X ... X G — G

which extends the multiplication G}, — G,, on the generic fibre. Let 7;,_; denote the
fibre of the identity section via the multiplication map 47 — %,,. By a local computation
in the coordinates of [DR73, VII], one can show that the pair (¥ ,,—1, ¥ ,—1,), given by the
closure of #;,_1 in the fibre product ?Z@ together with its special fibre, is normal, reduced,
and toric. Further, the intersection %,,_1 N (%, \ 4") has codimension two in #,,_;. The

proof of these facts appear in Section 7.3.2.

Proof of Proposition 7.5.1.2. Let E be an elliptic curve over C((¢)) with multiplicative
reduction (c.f. [Liu02, Definition 10.2.2]), and & be a semistable good minimal snc model
of E over C[[t]]. In order to later run a MMP, assume further that & is defined over a
curve in the sense of Definition 5.3.8.3. For example, take & to be the Dwork pencil of
cubic curves that appears in Fig. 5.3.8.1. The Néron model .4 of & is the group scheme
obtained from & by removing the nodes of the special fibre; see [Liu02, Theorem 10.2.14].

We first perform the classical construction of a singular generalised Kummer variety,
as in [Bea83, §7], but in the relative setting. Let 2,,_1 be the fibre of the identity section

of the multiplication morphism
mpy : (</V X JV)” = (</V X(C[[tﬂ JV) X(C[[t]] . X(C[[tﬂ (</V X(C[[t]] :/V) — (</V X(C[[t]] JV)

The closure 2,1 of Z,_1 in (& x &)™ is invariant under the action of the symmetric

group &,,, which acts by permuting the factors of (& x &)"™. As a result, the quotient

TS,

n—

is a model of the singular generalised Kummer variety K" associated to the abelian
surface £ x E. Let %sinlg’o be the special fibre of J#*"8,

Lemma 7.3.1.4. The pair (z%/:i_nfg,%sinlg’o) is reduced lc logCY.

Proof. We omit the subscript n — 1 for brevity. Since the quotient map 2~ — J#5"8 is
quasi-étale, it is equivalent to check that the pair (27, 27¢) is reduced lc logCY. To this
end, observe that the universal cover of (& x &)™ is the fibre product (4, x Z,,)" of Tate
curves. Therefore, the pair (27, 27¢) is reduced lc, since it is étale-locally isomorphic to
the pair (¥ x ¥, (¥ x ¥)g), which is the fibre product of the reduced toric pair (¥, %)
by Proposition 7.3.2.3.

In order to verify that K- sl 2 is trivial, it suffices to check that its restriction

(Ky/qm] + 70) |22 = Ko jeg) + 2o ~ Ko jeqp)

to 2 is trivial; indeed, 2~ \ 2 has codimension two in 2~ by Proposition 7.3.2.3. Let
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N ((A x A)") denote the normal bundle of 2" in (A x A)". As Z is a fibre of the
locally trivial fibration m,,, it follows that det (Ng ((.#" x .A47)™")) is trivial; in particular,
we have

Ko e ~ Kowsonyn el @ det (Ng (A x A))) ~ 0,

since (A x A)" is Calabi-Yau. Thus, the pair (27, Z7) is logCY, as required. O

Restrict now the construction of the relative generalised Kummer variety to the identity
component of the special fibre of .4, which is isomorphic to C*: this gives the construc-
tion of Mgy, in 7.3.0.2. As a consequence, an irreducible component of the special fibre
%Sinfo is a lc logCY compatification of Mgy, in (P* x P1)(® (c.f. Step 1 in the proof of
Theorem 7.3.0.1).

Finally, the good minimal dlt model ji/ncﬂtl of the generalised Kummer variety K, 1
associated to E' x E can be obtained, following [Kol13, Corollary 1.38], by extracting the
exceptional divisors of the Hilbert—Chow morphism ppc: Kp—1 — K Sifgl. O]

n

Proof of Theorem 7.5.0.1. 1t follows from Lemma 7.2.6.4, Proposition 7.3.1.2, and [BM19,
Proposition 6.3.4]. O

7.3.2. Local computations on the Tate curve

The goal of this last section is to prove Proposition 7.3.2.3, which is a technical ingredient
needed in the proof of Proposition 7.3.1.2. The former result involves the Tate curve
of [DR73, VII], whose existence and basic properties were discussed in 7.3.1.3. We begin

by recalling its construction.

(7.8.2.1) Let (z;);ez be a collection of indeterminates. The Tate curve 4, over the base

R = C[[t]] is the union of the affine charts (Uj;/2)icz given by

ina 2
Uit1/2 = Spec ([yﬂ})> .

(iyiq1 — t

For each i € Z, the charts U;_1/3 and U; /5 are glued along the open subscheme

T; :=Ui—1/2NU;11/2 = Spec (O(Ui+1/2)[$i_l]) = Spec (R[xi,l‘i_l]) (Yir1 = t/x;)
= Spec (O(Us-1)ly; ']) = Spec (Rlyyi ') (v =t/y)

via the identification z;y; = 1.

(7.3.2.2) The R-group scheme %, := |J;cy, T;, obtained from ¢, by removing the nodes in
the special fibre, is the Néron model of the multiplicative group G,,, as explained in [DR73,
Example 1.2.c]. In particular, the n-th multiplication map G, X ... x G, — G, extends
to a homomorphism

,un:grz 2:gm XR...XRgm%gm
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of R-group schemes, which (when n = 2) is given in local charts by

E XR CTJ —>,—TZ+]
Rlzs,x; ') @n Rlzy, ;'] «—Rlwisj, ;]

Ti @ Xj < Tjyj-

As z;_1y; =t and x;y; = 1, it follows that x; = t~'zg. In particular, the identity section
Zd of 4, is cut out in the chart 7; by the equation z; = ¢,

Let 7,1 = u, (Zd) be the fibre of the identity section Zd via the n-th multiplication
map ji,, and let ¥,,_1 denote the closure of #;,_1 in ¢4,,. The proposition below describes

the singularities of the pair (771_1,77%170), where 771_1,0 is the special fibre of ¥,,_1.

Proposition 7.3.2.3. The pair (¥ -1, n-10) is normal, reduced, and toric (i.e. it is
Zariski-locally isomorphic to a normal toric scheme with its reduced toric boundary). Fur-

thermore, the intersection ¥ p_1 0 (G0, \ 97) has codimension two in ¥ p_1.

The Proposition 7.3.2.3 is an immediate corollary of Lemma 7.3.2.4 below. Indeed, the

assertions in Proposition 7.3.2.3 are local: we may work on the the open subsets

Uat1/2 = Usy41/2 XR -« XR Uqp 412,

for any multi-index a = (v, ..., ay) € Z", since the U, 41/9’s cover g
For brevity, we omit the subscript n — 1 from now on; let ¥, be the restriction of ¥
to Ty =T, XR ... xR Tw,, ¥4 be its closure in Ua+1/2, and 70470 be the special fibre of

Y «. In local coordinates, we have

R[xa yYar1+15 -+ -y Lays Ya +1]
U — SpeC < 1 1 Y Y n’ n ,
CM+1/2 (ajaiyar‘rl - t)

Ta = Spec (R[ZEil ce 711:3:7”) C Ua+1/27

1)

Y, = {H:Jcal :t_zo‘i} cT,.

i=1
Lemma 7.3.2.4. For any o € Z", the pair (¥ o,V a0) s normal, reduced, and toric.
Furthermore, the intersection ¥ o N (Uag1/2 \ %) has codimension two in V.

Proof. The proof is divided into cases depending on the sign of |a| = >"1" ;| «;.

Case 1. Assume |a| > 0. In this case, ¥, is cut out of Uq+1/2 by the equation tled T, To, =
1, so t is invertible on # . In particular, ¥, and ¥, both coincide with the generic
fibre of U, 1/9, which is isomorphic to the Frac(R)-scheme Gj,. Thus, there is

nothing to prove.

Case 2. Assume |a] = 0. As [[! 24, = 1 on ¥, it follows that the z,,’s are invertible

there, and hence the variables yo,+1 = x;}xalyalﬂ can be eliminated. Thus, we
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have

¥ o = Spec (R[mfll, . ,xi}_l,yalﬂ]) ~ G%ﬁé X g Ak,

N

a,0 = {xa1ya1+1 = 0} = {ya1+1 = 0}7

al (Ua+1/2 \gfé) g?aﬂ {H"Eaz = 0} = @
=1

N

It is clear from the above equations that (7, 70[’0) satisfies the required properties.

Case 3. Assume |a| < 0. We will show that 7, is normal by showing the conditions Sg and

R1, and in the process we deduce that (70”7&70) is toric and 7@4,0 is reduced.

Step 1.

Step 2.

Observe that ¥, is contained in the closed, toric subscheme 25, of U, /2 given

by the equations
t . H?Zl xai — t_‘al"'l’
TogYar1+1 = -+ = Tap Yo +1 =1

in Spec (R[Zay, Yay+1s -« Loy s Yan+1))- The fibres of 2, over R are easily de-
scribed: over the generic fibre, Z, coincides with #,; over the special fibre, it

is (Ua+1/2)0, hence given by the equations

TayYor+1 = -+ = Tay,Yan+1 =t = 0.

Recall that if a Gorenstein scheme of pure dimension d is a union of two closed
subschemes of pure dimension n and one is Cohen-Macaulay, then the other
is Cohen-Macaulay; see [Kol11, Lemma 7]. Thus, since 2% = ¥ U (Uyt1/2)0
and both 2, and (U,41/2)0 are complete intersections, it follows that 7 is
Cohen-Macaulay, hence So. In particular, the pair (751,7%0) is toric, as both

Vo and ¥, are torus-invariant subschemes of Z,.

It is enough to check the condition R; at the generic point of each irreducible
component of 704,0- As 7, is a toric R-scheme, such components are toric
strata of (Ua41/2)0 of dimension n — 1. Let (J,j) be the datum of a non-empty
subset J C I :={1,...,n}, along with a distinguished element j € J. Consider
the (n — 1)-dimensional stratum Z;y of ¥ a0 given by the equations

To, =0 1€ J,

K3

Z2(1j) = Yas41 =0 i€ (I\J)U{j},
t=0.

Up to relabeling of the indices, we can assume that 1 € J and j = 1, in which
case we write Z( ;) simply as Z;. After localizing at the generic point of Z,
the functions {x4,: 7 € I'\ J}, and {ya,+1: ¢ € J \ {1}} become invertible, and
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hence the variables

-1 .
Yoi+1 = Loy Loy Yoy +1 el \ J,

La; = y;ilJrlxmym-l—l IS J\ {1}7

can be eliminated. Thus, locally at the generic point of Z;, we have

— 1 a
Vo = { ( H (% +1) (Za1Yar+1) | =t ( H xaz) (ZarYar+1)~ | |}
e\ {1} ie\J

— {(invertible) - (o )19 (g, 1) 1101 = 1)

in Spec (R[ aﬂ,yaﬁl ielI\JleJ\ {1}][xa1,ya1+1]).

If [J| + |a| > 1 or |J]| + |a| < 0, then ¥, does not contain Z;, and there is
nothing to prove.

If [J] + |a] = 0, then yq, 41 is invertible and it is a function of 2! and yal+1
with i€ I\ Jand € J\ {1}, so that

7 o € Spec (R[x(ﬂ;ilvyigl cieI\JleJ\{1}] [xal]) ~ Gk XR A

In particular, ¥4 0 = {z4, = 0}.
Finally, if |J| + |a| = 1, then z, is invertible and it is a function of 2Z! and
yilﬂ with i€ I\ Jand ! € J\ {1}, so that

7 loc . n—
Vo = Spec (Rlzz!, 2l 1i € I\ J,1 € I\ {1 11]) ~ G xr AR,
In particular, ¥ 4.0 = {Ya,+1 = 0}.

We conclude that ¥, is a normal toric irreducible scheme locally of finite type. The
local computation above shows also that the divisor 7(170 is reduced. Further, in
order to prove that ¥ N (Uyt1/2 \ ) has codimension two in #,,_1, it is enough
to check that this intersection does not contain the generic point of any stratum Z;.
A point in (Uyq1/2 \ 97 is characterized by the property that a pair of coordinates
(Zays Yo, +1) for @ € I vanishes simultaneously. However, this cannot happen at the
generic point of Zj, as the local equations above show. This concludes the proof
of Lemma 7.3.2.4.
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